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Abstract

A round-robin political tournament is an election format where multiple candidates contest in pairs, and
votes are aggregated using a general rule to form a social ranking. We formalize this tournament as a
strategic form game and provide a necessary and sufficient condition under which truthful voting is a Nash
equilibrium. Building on this analysis, we study the concept of effective power, defined as a voter's ability
to bring about a social ranking that maximizes his preferences. We show that the classical theories of
political power do not translate into effective power in general. We then provide a full characterization of
the classes of political tournaments and utility metrics for which these theories capture effective power. We
offer both structural and behavioral interpretations of the findings, and derive practical implications for
the design of political tournaments that are compatible with truth-telling.
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1 Introduction

We study voter behavior and effective power in round-robin political tournaments. A tournament involves
a finite number of competing political leaders or candidates. Fach candidate is pitted against each of the
other candidates in a series of independent pairwise contests. In each contest, each voter votes in favor of
one of the two candidates who are in competition or abstains. The winner of each contest is selected under a
deterministic voting rule that aggregates the expressed opinions of voters. The tournament (or social) ranking
is determined based on the outcomes of these local pairwise contests. Each voter derives utility from how close
his preferences over candidates are to the tournament ranking.

We address two main questions. First, we analyze voters’ behavior and identify conditions under which
truthful voting is always a Nash equilibrium. Second, we study a voter’s effective power in a tournament,
defined as his ability to bring about a social ranking that maximizes his preferences. Building on this analysis,
we further analyze conditions under which the classical theories of voting power—the influence relation, the
Shapley-Shubik power index, and the Banzhaf power index—translate into effective power.

In a political tournament, the utility that each voter derives from the social ranking is objectively measured
using a natural generalization of a classical measure of disagreement between preference relations. In our
setting, each voter i has a preference relation R’ over candidates, which is a weak order. Each local contest
involves two candidates a and b chosen from the set of candidates. Each voter supports one of the two
candidates or abstains. An aggregation function based on a voting rule aggregates individual votes and yields
the winner of the contest, if any, or equivalently the social ranking over the pair {a,b}. We use the large class
of voting rules with abstention (Tchantcho (2008)), which includes both anonymous and non-anonymous rules
(Freixas and Zwicker (2009), Guemmegne and Pongou (2014)), with majority rule (Dasgupta and Maskin
(2008, 2020) being a particular case. If the social ranking coincides with the preference of voter i over {a, b},
then i is fully satisfied and hence his dissatisfaction level is zero. If on the contrary, the social ranking
is the complete opposite of i’s preferences over {a,b}, then i is fully dissatisfied with the outcome and his
dissatisfaction level is normalized to 1. There are other possibilities between these two extreme cases. The
dissatisfaction level of a voter i is: « if ¢ is indifferent between a and b but the society strictly prefers a to b; 8
if i strictly prefers a to b but a and b are socially incomparable?; and X if ¢ is indifferent between a and b but
a and b are socially incomparable. The parameters «, 8 and \ are strictly positive and are no greater than 1,
the highest level of dissatisfaction. The utility of each voter ¢ is obtained by taking the sum of 7’s utilities (or
dissatisfaction levels) over all the pairs of candidates {a, b}.

In our environment, a voter’s utility function can be viewed as representing what is popularly known in
the utility theory literature as a hyper-preference relation or a moral meta-ranking (Sen (1974)). A hyper-
preference relation is a ranking of the rankings of a set of alternatives. Sen (1974) argues that resorting to
hyper-preferences is needed for a proper account of choice. The predominance of hyper-preferences in choice
theory stems from the fact that one generally has to assess individuals’ utilities from a social state or consensus
by evaluating how close their preferences are to this state (Sen (1974)), especially as the latter is generally
represented by a ranking of all possible social alternatives.

Our measure of utility belongs to a very large class of parameterized functions called dqy g . This class
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generalizes the well-known measure known as the Kemeny distance.” The Kemeny distance is defined over

4Social incomparability between two candidates occurs when neither beats the other. For this reason, it is popularly interpreted
as a social tie. But a proper social tie—a situation where candidate a beats candidate b and b beats a—is a mathematical impossibility
under majority-like voting rules, be they anonymous or not. This is because of the well-known properness condition that defines
these rules. According to this condition, the complement of any winning coalition is a losing coalition. This condition avoids
plausible social instability that could arise from two non-overlapping winning coalitions having completely opposite opinions on
how the society should be run.

5Can and Storcken (2018) note that the Kemeny distance goes back to the eighteenth century (Cramer (1750)). Kemeny
(1959) provided a first characterization of this metric on weak preferences, a beautiful refinement of which can be found in
Can and Storcken (2018). The Kemeny distance is a classical measure of disagreement between complete and transitive binary
relations. It measures the number of ranking disagreements between two binary relations over pairs of elements of a finite set.



the set of binary relations that are complete and transitive and so do not admit incomparability, whereas our
generalized functions are defined over the set of all binary relations, encompassing strict rankings, indifferences
and incomparability. Our dissatisfaction functions also generalize loss functions, a natural way to measure
dissatisfaction with an outcome when compared to an ideal.

It is well-known that in a tournament such as ours, voters might misrepresent their preferences. We
formalize a round-robin political tournament as a strategic form game, and provide a necessary and sufficient
condition on the parameters «, 8 and A for truthful voting to be a Nash equilibrium (Theorem 1). We find
that truthful reporting of preferences is a Nash equilibrium if and only if & = A. The latter condition is natural
and admits several interpretations in most real-life settings, especially those that use tie-break rules to resolve
situations of social incomparability. It says that an individual who is indifferent between two candidates a
and b is equally satisfied whether the society strictly ranks them or is unable to rank them. Under the class
of voting rules we analyze, two candidates are socially incomparable if neither defeats the other. When social
incomparability occurs in real-life politics, one candidate is generally selected using a probabilistic or a non-
probabilistic tie-break rule.® When such rules are used to resolve social incomparability, the condition o = A
becomes natural because an individivual who is indifferent between two candidates should be equally satisfied
whether the society considers one of them superior if the vote is decisive or by applying a tie-break rule when
the vote does not yield a clear winner; this is because in both situations, the two candidates are ranked, and
although the rankings may be different, this does not matter to an individual who is indifferent.”

The fact that the way in which social incomparability is resolved in practice affects neither the validity nor
the interpretation of the condition & = A means that our result is robust across different tournament formats.
Some tournaments use random rules to resolve social incomparability, whereas others use the alphabetical
tie-break rule, and still others use the status quo rule. Some institutions may also use a combination of these
rules. A policy implication is that the adoption of a tie-break rule in the design of political tournaments
is compatible with truth-telling. Since the nature of the tie-break rule does not matter, a wide range of
tournament formats can be accommodated.

The aforementioned result assumes that d, g x is a metric. Assuming that do g is a metric may indeed
be appealing if one is concerned about some form of consistency in the expression of utility. But we show that
our finding continues to hold even when d, g » is not a metric (Theorem 2). This is true because the proof
of Theorem 1 does not rely on the fact that d, g, is a metric. This result means that truthful voting is a
Nash equilibrium if only if & = A, wherein the parameters («, 5, ) belong to an even larger set than the set
implied by Theorem 1. This allows for a broader interpretation of our result. In particular, if the property
known as “triangle inequality” can be viewed as a form of consistency in the expression of hyper-preferences
(just like transitivity is for basic preferences), then our finding holds even when voters do not display such
consistency. Indeed, there is a behavioral interpretation of the condition o = A that is consistent with a voter
feeling an equal level of disappointment whenever the social ranking disagrees with his individual rankings of
candidates. For such a voter, &« = A =  (note that d, g » in this case is not a metric). We view the fact that
our results can be interpreted to accommodate both structural and behavioral interpretations as an appeal of
our analysis.

We extend this result to a sequential setting.® In this setting, pairwise contests between candidates are

In statistics, it is used to define measures of rank correlation (Kendall (1938), Kruskal (1958)). In utility theory, it is used as a
classical measure of hyper-preferences. The importance of the Kemeny distance in formal political theory is explained by the fact
one is usually interested in how an individual’s rankings of policy alternatives is far or close to the social ranking.

6For instance, the United Nations Security Council uses a tie-break rule that consists of just keeping the status quo. In fact,
in this institution, the incumbent policy is replaced with a new policy only if the latter policy defeats the former in the vote.

"To be more concrete, if candidate b defeats candidate a in the pairwise contest opposing them, then the society ranks b
above a; however, if neither candidate defeats the other and the society uses a tie-break rule to rank them, say the alphabetical
tie-break rule, a will be ranked above b. A voter who is indifferent between the two candidates should be equally satisfied in both
cases as the ranking does not matter given his indifference.

8We thank a referee for suggesting this setting.



conducted sequentially, and when a pair of candidates is presented to voters, they vote simultaneously over
this pair. We still find that truthful voting is a Nash equilibrium if and only if @« = A (Theorem 3). This
result again proves the robustness of our main finding.? In all, the findings do not depend on whether pairwise
contests are conducted sequentially or simultaneously. This again suggests a wide range of formats in the
design of a political tournament that is compatible with truth-telling.

Building on the analysis above, as our second goal, we study the concept of effective power and investigate
structural and psychological conditions under which the classical theories of political power capture this notion
in a tournament. A voter’s effective power is his ability to bring about a tournament ranking that maximizes
his preferences. Diffo Lambo and Moulen (2000) propose a binary relation, that we call the effective power
relation, to formalize the concept of effective power. According to this relation, a voter 7 is said to be at least
as effective as another voter j if for every preference profile, the effect of swapping preferences, so that ¢ now
has the preference relation of j and vice-versa and the preferences of other voters are unchanged, is that the
post-swap social preference (or tournament ranking) is at least as close to j’s original preferences as it was
before the swap. In other words, if given the same conditions as j with respect to preferences, ¢ will do better
than j in terms of minimizing his dissatisfaction with respect to the tournament ranking.

We analyze the ordinal properties of the effective power relation in order to evaluate its internal consistency.
This analysis uncovers a large class of voting rules and utility parameters for which this binary relation is
complete and transitive. We show that, for § < 1, the effective power relation is complete and transitive if and
only if the voting rule is swap-robust (or linear) (Theorem 5). The notion of swap-robustness is an extension
to voting rules with abstention of a similar notion defined for the class of voting rules known as simple games
(Taylor and Zwicker (1999)). The condition that 5 < 1 is natural in that it captures the fact that a voter’s
level of dissatisfaction is not the highest if that voter strictly ranks two candidates and the social ranking is
unable to compare them. This finding implies that the effective power relation yields a complete ranking of
voters in most real-life institutions. In fact, the voting rules used in most prominent institutions and legislative
bodies (such as the United Nations Security Council, the United States Senate, the International Monetary
Fund, the World Bank, the European Union, etc.) and in several large elections are swap-robust. The class
of swap-robust voting rules also includes symmetric (or anonymous) and non-symmetric quota rules.

Finally, addressing the question of whether the classical theories of voting power translate into effective
power leads to interesting characterizations. The classical theories we analyze are the influence relation (Isbell
(1958), Taylor and Zwicker (1999)), the power index proposed by Shapley and Shubik (1954), and the power
index proposed by Banzhaf (1965). These notions were initially defined for binary voting rules, where voters
can only vote yes and no on a proposal, and the outcome is the adoption of the proposal if it is supported
by a winning coalition or its failure otherwise. A voter i is said to be more influential than another voter
j under a given voting rule if whenever j can turn a losing coalition into a winning coalition by joining it,
i can do the same ceteris paribus. The Shapley-Shubik power index and the Banzhaf power index measure
how likely a voter can transform a losing coalition into a winning coalition by joining it, although they differ
in their mathematical formulation. These theories of power have since been generalized to voting rules with
abstention (see, e.g., Felsenthal and Machover (1997, 1998), Tchantcho et al. (2008), Pongou et al. (2011)),
and have been compared to one another in this large class of voting rules in Tchantcho et al. (2008), Pongou
et al. (2011), Parker (2012), and Pongou et al. (2014).

We find that the classical theories of power do not translate into effective power in general. We provide a
full characterization of the classes of voting rules and dissatisfaction functions for which they capture effective
power (Theorem 4 and Theorem 6). In particular, we find that the influence relation traduces the ability of

a voter to secure a social outcome that maximizes his preferences if and only if 8 < 1 (Theorem 4). The

90ur result also goes through if the election is conducted as ranked voting where all candidates are presented simultaneously
and voters submit a ballot consisting of their rankings of the candidates.



Shapley-Shubik and Banzhaf power indices measure such an ability if and only if 8 < 1 and the voting rule is
swap-robust (Theorem 6). It follows that more stringent conditions should be met for the latter theories to
measure effective power. These characterizations reveal that classical notions of voting power translate into
the ability to affect voting outcomes only under certain structural and behavioral (or psychological) conditions.
They have practical implications for how to design voting rules under which a priori voting rights effectively
translate into such an ability.

To our knowledge, our study is the first to analyze voter behavior and effective power in a round-robin
political tournament and derive conditions under which truth-telling is a Nash equilibrium. We view our
paper as contributing to two distinct literatures. Our characterization of conditions under which truthful
voting is a Nash equilibrium in a political tournament can be viewed as a possibility result. This result stands
in contrast to classical impossibility theorems such as those obtained by Arrow (1951), Gibbard (1973), and
Satterthwaite (1975). A literature has developed arguing that some of the assumptions underlying the results
in these pioneering works are too strong. As a result, possibility theorems have been obtained after relaxing
some of these conditions (see, e.g., Maskin (2020), Bahel and Sprumont (2020), Barbie et al. (2006)). Our
finding can be viewed as contributing to this latter literature. However, our setting and the questions we
address are very different. Indeed, all of our findings are new. These findings also have clear implications for
the design of political tournaments and ranked voting that are compatible with truth-telling, and where the
distribution of power is aimed at capturing the ability to affect social outcomes.

Our paper is also related to the literature on political power. Guemmegne and Pongou (2014) analyze the
structure of power in the class of (3,3) political games, but they do not study their equilibrium properties.
Laruelle and Valenciano (2005) propose a model for measuring a voter’s success and decisiveness in yes-no
voting games and assess different power indices on the basis of this model (see also Laruelle et al. (2006)).
Closer to our work is Diffo Lambo et al. (2012) who introduce the notion of locally generated metrics which
they use to study the ordinal equivalence between the effective power relation and the classical notions of
voting power. They however restrict their analysis to yes-no voting games and they do not study equilibrium
existence. Moreover, we find that the locally generated functions need not be a metric for our findings to
hold. Freixas and Parker (2015) study the existence of Nash equilibrium in games with multiple levels of
approval in the input and the output. Our paper differs in its setup and scope. To our knowledge, our paper
is the first to formalize a political tournament as a strategic non-cooperative game and to study truth-telling
behavior. We identify preference-based conditions under which truthful voting is a Nash equilibrium in the
class of voting games with abstention. Moreover, we uncover preference-based as well as structural conditions
under which the classical power notions effectively measure the ability to minimize voter dissatisfaction in a
political tournament. In this sense, our analysis can be viewed as an attempt to reconcile different approaches
to political power. All of our results are new.

The rest of this paper is organized as follows. Section 2 introduces the notion of a round-robin political
tournament. Section 3 formalizes a round-robin political tournament as a strategic form game. Section 4
provides a necessary and sufficient condition for truth-telling to be a Nash equilibrium. Section 5 studies the
effective power relation and provides necessary and sufficient conditions under which the classical theories of
political power translate into effective power. Section 6 concludes. For clarity in the exposition, all the proofs

are collected in the appendix.

2 Round-robin political tournaments: Definition

A round-robin political tournament is a series of pairwise voting contests among a finite set of candidates
taking place under a fixed voting rule. It is modeled as (N, A, P2(A), ( =i)ien,V, D), where N = {1,2,...,n}

is a finite set of voters, A is a finite set of candidates, P2(A) is the set of all the pairs of elements of A



representing the pairwise contests, ( =;);en is a profile of voters’ preferences over candidates, V' is a voting
rule, and D is an aggregation rule that combines individual votes to produce the tournament ranking of
candidates. We define each of these ingredients of the model below. These preliminary definitions provide the
basis for modeling a round-robin political tournament as a strategic form game and deriving a necessary and

sufficient condition under truthful voting is a Nash equilibrium.

2.1 Individual preferences

In a round-robin political tournament, each voter has preferences over candidates. A voter i’s preferences are
represented by a binary relation >=; over A, where >; is assumed to be complete, reflexive and transitive.'©
In a contest opposing two candidates, a voter who expresses truthful preferences votes in favor of one of the
candidates or abstain. The asymmetric and the symmetric components of »=; are denoted by >; and ~;,
respectively . A voter i’s preference relation will also be denoted R?. A preference profile is a collection of

individual preferences denoted ( =;)ien or R = (R%);en.

2.2 Pairwise contests

In a round-robin political tournament, each contest opposes two distinct candidates. Let A = {x1,za, ..., Zm }
be the set of candidates. A pair {z,,x,} represents a pairwise contest between candidates =, and z,. We
denote by Po(A) = {{zp, x4} : g € {1,2,...,m} and p < ¢} the set of all the contests. Remark that the
elements of P2(A) can be listed as follows:
{x1, 22}, {z1, 23}, ooy {21, T }
{za, x5}, ..., {z2, T, },
Pa(A) :
{xm—% mm—1}7 {xm—% xm}v
{Tm—1,Zm}
It follows that there are (m—1)+(m—2)+...4+24+1= W pairwise contests. Noting that R is voter
1’s preference relation over A, we denote by Rixp’zq} the restriction of R to a pair of candidates {z,,z,}. If
Zp ~; Tq, this is also denoted by Rz{mp%} = (2pxq), and if x, >; x4, this is also denoted by Rf{mp7mq} = Tpiy.

Thus, Riwp,xq} € {(zpxy), Tprq, Tqxp}

2.3 Voting rule

In a round-robin political tournament, all contests take place under a fixed voting rule. When invited to
choose between two candidates a and b in a local contest, each voter votes in favor of a or in favor of b, or
abstains. Let S7 be the set of voters who vote in favor of a, Sy the set of voters who abstain, and S3 the set
of voters who vote in favor of b. The vote profile is therefore S = (S, 52, 53), where the sets Sy, Sz, and S3
are mutually disjoint and their union is N. S is called a tripartition of IV and can be viewed as a function S
from N to {—1,0,1} such that S; = S~1{1}, S = S~1{0} and S3 = S~1{—1}. We denote by 3" the set of
all tripartitions of N. For S,S" € 3V, we write S C? S’ if S can be transformed into S’ by shifting one or
more voters to higher levels of approval, and S c? S’ if S C3 S’ and S # S'.

The outcome of any local contest {z,,z,} is determined by a voting rule that aggregates voters’ opinions

over the two candidates. A voting rule is a distribution of decisive power over tripartitions.

Definition 1. A voting rule for N is a function V : 3N — {0,1} such that:
1) For all tripartitions S, S’ € 3N such that S C* ', if V(S) =1, then V(') =1

10Preference transitivity is assumed to be consistent with the general view in the literature that this property expresses
individual rationality and consistency in decision making. However, it is not needed for the results uncovered in this paper to
hold.



2) V(N,0,0) =1; and
3) V (S3,52,51) = 0 whenever V (S1, S2,S3) = 1.

A tripartition S is said to be winning under a voting rule V' if V(S) = 1 and losing if V(S) = 0. A winning
tripartition is said to be minimal if whenever a voter decreases his approval level, the resulting tripartition is
losing. More formally, a winning tripartition S is minimal under a voting rule V if V' (S”) = 0 for all tripartition
S’ such that S’ C? S. We denote by W the set of winning tripartitions and by W,, the set of all minimal
winning tripartitions under a voting rule V.

In Definition 1, item (1) is a monotonicity condition which says that if a tripartition is winning, any
tripartition that results from any voter increasing his approval level is winning. Item (2) means that if
all voters vote for a candidate, that candidate will win against his opponent. And item (3) means that if
a tripartition is winning, its complementary is losing. This latter condition rules out the possibility of two
winning disjoint tripartitions supporting different candidates and creating unnecessary social instability. Items
(1) and (3) can be found in Rubinstein (1980).

A voting rule as defined above is also called a voting rule with abstention. It generalizes the class of voting
rules known as simple games, where voters can only vote yes and no. It is therefore a very large class of voting
rules generalizing majority rule (Dasgupta and Maskin (2008, 2020)) and other majority-like rules (Pongou
et al. (2008)). The class of voting rules with abstention includes both anonymous rules (Freixas and Zwicker
(2009)) and non-anonymous rules (Guemmegne and Pongou (2014)). Rules in this class have been widely
studied in the literature. They are a subclass of ternary voting games (Felsenthal and Machover (1997)), (3,2)
simple games (Freixas and Zwicker (2003, 2009)), and (3,3) simple games (Guemmegne and Pongou (2014)).

2.3.1 Tournament ranking

Let N be a set of voters, A = {1, 2, ...,z } a set of candidates, and Pa2(A) = {{zp, x4} : p,q € {1,2,...,m}
the set of pairwise contests over A. How do we obtain the tournament (or social) ranking under a voting
rule W7 In each pairwise contest, each voter votes in favor of one of the competing candidates or abstains.
A strategy for a voter i is a sequence z; = (2/?)1<p<q<m where 27 € {—1,0,1} is the vote cast by i in the

pq P

contest opposing z,, and x4; 2, = —1 means that ¢ has voted for x, against z,; 2;

i P4 = 1 means that ¢ has voted

for z, against zq; and z’? = 0 means that ¢ has abstained between x, and z,. A vote profile is a sequence
z = (Zi)ieN-

Let z = (2;)ien be a vote profile. For all p,q with p < ¢, we denote by N'(2P?) = {i € N : 2/" = 1}
the set of voters who have voted for z, against z,, by N7!(2P7) = {i € N : 2P’ = —1} the set of voters
who have voted for x, against x,, and by N9(zP?) = {i € N : 2P'" = 0} the set of voters who have abstained
between z, and z,. In general, for any pair z,y of candidates and any preference profile R, we denote by
N(z,y,R) = {i € N : Ri@y} = xzy} the set of voters who strictly prefer = to y at the profile R and by
NO(z,y,R)={i€ N : Rl{z,y} = (ay)} the set of voters who are indifferent between z and y at R.

The tournament ranking under the voting rule W induced by a vote profile z, which we denote by D(z),

is given by:

x,74 € D(2) if and only if (N!(2P7), NO(2P9), N1 (2P)) € W;

xp * T4 € D(z) if and only if (N1 (2P9), NO(2P1), N7 (2P1)) ¢ W and (N'(2%), NY(29), N~ (297)) ¢ W

where z,z, € D(z) means that z, beats x, in the pairwise contest opposing them and so is ranked above

Zq in the tournament ranking D(z); and z,*x, € D(z) means that =, and z, are socially incomparable, which



means that neither of the two candidates beats the other in the tournament. Remark that under our voting
rules, the social ranking cannot be indifferent between two candidates.'' In the sequel, zpxq € D(2z) will also
be denoted by x), >p(z) 4 or Diy, »,3(2) = 2p74.

The following example illustrates a round-robin political tournament.

Example. Consider a political tournament where N = {1,2,3}, A = {x1,22,23}, and the voting rule is
simple magjority rule. Under this rule, a tripartition (S1,Ss,Ss) is winning if and only if | S1 |>| S5 |. Voters’
preferences are defined as follows: R = (z3x1x2; x2(x321); 21 (2223))

It can be checked that the tournament ranking over the three pairs {x1,x2}, {x1,23} and {x2,x3} is given
by : D(R) = {x122, %1 * T3,%2 * T3}

It follows that x1 is ranked above x4 in the tournament, but z1 and x3 as well as To and x3 are socially

incomparable.

3 A round-robin political tournament as a strategic form game

In this section, we model a round-robin political tournament (N, A, P2(A), ( =:)ien, V, D) as a strategic form
game. A strategic form game is a tuple consisting of a set of players, a set of strategies for each player, and a

utility (or payoff) function that maps each vector of strategies to a real number for each player.

3.1 Utility function

In a round-robin political tournament, the utility that a voter derives from a strategy profile z is measured
by how much that voter is satisfied with the tournament (or social) ranking D(z) induced by z. A voter i’s
dissatisfaction with the social ranking D(z) induced by z is measured by how distant his preferences R’ are to
D(z). The distance is measured using a class of locally generated metrics defined on the set of binary relations.
This class of metrics, which generalizes the well-known Kemeny distance, was introduced in Diffo Lambo et
al. (2012).'2 We recall below the definition of a locally generated metric in Diffo Lambo et al. (2012).

Let Ry and Ry be two binary relations and {a, b} € P2(A). The distance between Ry and Ry over {a, b}
is measured by a function dicf’;}:\(’lel, Ra), «, B, A €]0, 1], defined in the table below, where a >~ b means that

a is better than b, a = b means that a and b are indifferent, and a * b means that a and b are incomparable.

R a-bla=b|la>=blavwb|axb|laxb|axd
Ro a-b|b>=al|laxb |axvb|a>=b|axb | axb
d"N(R1,Ra) | 0 1 3 0 « A 0

Following the property of symmetry defining a metric, the table above is completed by letting dia/}bi (R1,R2)
diaﬁb];\ (R2,R1). The distance between R; and R, denoted dy g ,x(R1,Rz2), is obtained by summing up

d{" (R1,Ry) over all the pairs {a,b} € Pa(A) : dapa(R1,R2) = X di%A(R1,Ra).
{abyeP2(4)
Diffo Lambo et al. (2012) show that the mapping dy g, is a metric if and only if the following property

Ag g, is satisfied:

A ) at+tA>82>
A Brazax

= N

!n fact, social indifference between two candidates x, and x4 would mean that x, beats x4 and x4 beats x, in the pairwise
contest opposing them. This is impossible because of the third property of a voting rule in Definition 1. In fact, z;, beats x4 under a
voting rule W if (N1 (2P7), NO(2P9), N~1(2P9)) € W and z4 beats z,, under the same rule W if (N!(29P), N°(2P), N~1(29P)) € W;
but it is impossible to have (N1(zP9), NO(2P9), N=1(2P9)) € W and (N!(22P), NO(2P), N~1(29P)) € W simultaneously because
of item (3) of Definition 1.

12This class generalizes the well-known Kemeny distance to an environment where alternatives can be equivalent or incompa-
rable. The Kemeny distance is defined on the set of complete, reflexive, asymmetric, and transitive binary relations. The metrics
we use are defined on a much larger set of binary relations.



To define a voter’s utility function in a political tournament, we apply the restriction of these metrics to
the subset of ordered pairs of binary relations (R1, Ra) where Rq is complete and transitive and Ro does not
admit ties. If R represents an individual’s preference relation and R, the social ranking, diaﬁb];\(Rl,Rﬁ is
interpreted as the level of dissatisfaction of that individual with respect to the social preference over {a,b}.
Overall dissatisfaction with respect to Rs is obtained by summing all of the local measures of dissatisfaction
diaﬂbi (R1,Rz2) over all the pairs {a,b} € P2(A). A particular appeal of the class of metrics d, g » therefore
stems from the fact that it is possible to measure a voter’s dissatisfaction with a tournament ranking D(2)
even if D(z) is not complete or transitive.

Given a metric do g x, we measure the utility that a voter ¢ derives from a strategy profile z = (21, ...z,) by

the function UZ(z) = ; UP%(z), where U/ (z) = 1 fdifg,’iq}(Ri,D(z)). In fact, given that difg:;"}(Ri, D(z))
p<q
is the level of dissatisfaction (or disutility) that ¢ derives from the tournament ranking of candidates x,, and z,

Ur(z)y=1- difg”iq}(Ri, D(z)) can be viewed as the utility that he derives from that ranking.'® It logically

follows, by summing up utilities over all the pairs of candidates, that Uf(z) = Y UP?(z) is the utility that i
p<q
derives from the tournament ranking D(z).'*

3.2 Strategic form game

We now model a round-robin political tournament as a strategic form game. Assume that in a tournament
(N, A, P2(A), ( =i)ien,V, D) (or (N,A,Ps(A), R = (R);en, W, D)), each voter i’s utility is measured by a
utility function U? as defined in the preceding section. We associate to this tournament the strategic form
game I'r = (N, (Z;), (U%)) = (N, Z,U) where:

o foralli e N, Z; = {z; = () 1<pcq<m}, with zP'? € {—1,0,1}, is the strategy set of i; and

o foralli e N, Ud(z) = > UPI(2), with z = (21, ..., z,) and UF¥(2) = 1 —difg,’f\cq}(Ri,D(z)), is the payoff
p<q
function of 3.

4 When is truthful voting a Nash equilibrium?

In this section, we provide a necessary and sufficient condition for truthful voting to be a Nash equilibrium of
a political tournament game I'g = (N, (Z;), (U?)). Define by s*(R) the profile of truthful votes as follows:

1if R?{:cp’zq} = TpTq

For all voter 4, sf(R) = (s;"/(R))1<p<q<m) With s;?Y(R) = ¢ 0 if R?{%M} = (zpq)
-1if R = T,Tp.
Tp,xq} qp

We provide below a full characterization of the parameters «, 3, A for which truthful voting is a Nash

equilibrium.

Theorem 1. Let d, g,» be a metric with o, 5, A €]0,1]. Given N and A with |[N| > 3 and |A| > 2, a necessary
and sufficient condition under which for all voting rule W, all preference profile R, the truthful vote profile
s*(R) is a Nash equilibrium for the associated strategic form game I'r = (N, Z,U) is that a = A.

13Note that all our findings go through if we replace 1 — d{zp’zq} R, D(2)) b, —d{zp’zq} R, D(2)) or L
gs g g P i ( (2)) by —dg, £\ ( (2)) T (R ()

or any decreasing function of dixg’fq}(Ri,D(z)). The idea here is simply to express the notion that a smaller value of

dif’):fq} (R?, D(z)) increases voter i’s satisfaction with the social ranking of z, and z.
4We remark that this definition of the utility function assumes that each voter cares equally about each comparison of
candidates. Our results are still valid if each comparison receives a different weight. That is, our results are maintained if the
utility function of a voter i is defined as Ug(z) = 3 6P9UP%(z), where 679 > 0 measures the importance that i places on the
p<q

comparison of the candidates xp and z4.



For clarity, the proofs of this Theorem 1 and of all the subsequent results are provided in the appendix.

Theorem 1 says that truthful voting is a Nash equilibrium for all voting rule and all preference profile if,
and only if, whenever a voter is indifferent between two candidates a and b, he is equally satisfied whether the
society strictly ranks these candidates or is unable to compare them (o = \). Note that although we provide
a proof that holds for any number of candidates, an alternative proof could be obtained by just focusing on
two candidates and then use the fact that utilities over all pairs of candidates are separable to generalize the
argument to any number of candidates.

Regarding the interpretation of the condition @ = A, we note that it is a natural condition in a large
majority of real-life settings, especially in those settings that use a tie-break rule to select a winner when
two candidates are socially incomparable. Indeed, in most institutions, a situation in which neither candidate
defeats the other in a pairwise contest is treated as a tie. When there is a tie, one candidate is generally
selected using a probabilistic or a non-probabilistic tie-break rule. When such rules are used to resolve social
incomparability, the condition & = A becomes natural because an individivual who is indifferent between two
candidates should be equally satisfied whether the society considers one of them superior following the vote or
by applying a tie-break rule when the vote does not yield a clear winner; this is because in both situations, the
two candidates are ranked, and although the rankings may be different, this does not matter to an individual
who is indifferent. To be more concrete, if candidate b defeats candidate a in the pairwise contest opposing
them, then the society ranks b above a; however, if neither candidate wins, and the society uses a tie-break rule
such as the alphabetical tie-break rule, a will be ranked above b. Note that a voter who is indifferent between
the two candidates is equally satisfied in both cases as the ranking does not matter given his indifference.
As argued in the Introduction, the fact that the way in which social incomparability is resolved in practice
affects neither the validity nor the interpretation of the condition & = A means that our result is robust across
different tournament formats.'?

Other interpretations of the condition « = A are possible. For example, there is a behavioral interpretation
of this condition that is consistent with a voter feeling an equal level of disappointment whenever the social
ranking disagrees with his individual rankings of candidates. For such a voter, we have « = A = 5. Remark
that d, g, in this case is not a metric as A, g, is violated; but Theorem 2 states that d, g x need not be a
metric for our result to hold. We view the fact that our results can accommodate different interpretations as
an appeal of our analysis.

The example below illustrates Theorem 1 and provides the intuition underlying its proof.

Example. Consider a political tournament where N = {1,2,3}, A = {1, 22}, and the voting rule is simple
magority rule, where a tripartition (S1,Sa, Ss) is winning if and only if | Sy |>| S3 |. Denote this rule by W.
Let R be a preference profile defined as follows: R = x122, R?> = xom1 and R = (z172).

The truthful vote profile is S*(R) = (1,—1,0) and the corresponding social ranking is D(S*(R)) = {z1 * z2}.

The wutilities of voters from this social ranking at the preference profile R are :
u1(S*(R)) = ua(S*(R)) =1— and uz(S*(R)) =1 — A

- If voter 1 deviates from 1 to 0, then D((0,—1,0)) = {z2x1} and his utility is u1((0,—1,0)(R)) = 0. If
he deviates from 1 to —1, then D((—1,—1,0)) = {221} and his utility is u1((—1,—1,0)(R)) = 0. Since

B €]0,1], voter 1 has no incentive to deviate from his true preferences.

- For the same reason as voter 1, voter 2 has no incentive to deviate from his true preferences.

151n results not shown here but available upon request, we prove that truthful voting is always a Nash equilibrium if we
explicitly incorporate into the tournament aggregation rule a probabilistic or an alphabetical tie-break rule to resolve situations
of social incomparability. This result, which imposes no conditions on the parameters o, A, and (3, confirms that our interpretation
of the condition o« = A is natural if a voting mechanism uses a probabilistic or an alphabetical tie-break rule to resolve social
incomparability in our setting.
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- If voter 8 deviates from 0 to 1, then D((1,—1,1)) = {x122} and his utility is uz((1,—1,1)(R)) =1 — a.
If he deviates from 0 to —1, then D((1,—1,—1)) = {xaz1} and his utility is us((1,—1,—1)(R)) =1 —«.
If x> a, then uz(S*(R)) =1 - A <1—a=u3(S*3(R),1). Hence in this case, voter 3 can deviate from
his true preferences to increase his utility. But if A = « (the condition stated in Theorem 1), he has no

such incentive, implying that truthful voting is a Nash equilibrium.

Remark that there are other Nash equilibria in the game defined in the preceding example when A\ = «;
such an equilibrium is the vote profile (1,0,—1). It is also be worth mentioning that truth-telling is not

necessarily socially optimal.

4.1 An extension: When d, 3, is not a metric

Theorem 1 assumes that d, g, is a metric. This is an appealing assumption if one believes that the properties
of a metric embed some form of consistency in the expression of utility or hyper-preferences. But we show
below that our finding continues to hold even when d, g, is not a metric (Theorem 2). In fact, one can argue
that since in the expression dy g A (R1,R2), R1 (individual preferences) and Ry (social ranking) do not have
the same properties in general in the context of a political tournament!®, d,, 5 need not be a metric. Consider
the following approach to measuring an individual’s dissatisfaction with the social ranking D(R) of a pair of
candidates {a, b} at a preference profile R = (R%);.n:

Individual preference : R’ a=bla=bla=blazb|axb
Social preference : D(R) a-b|b=a|axb |a=b|axb
Pairwise disagreement d({xaﬁb}A (R',D(R)) | 0 1 B a A

The dissatisfaction of a voter i with preferences R’, with respect to the social ranking D(R) is still given
by dapr(R,D(R)= di’fgﬁ(Ri, D(R)). We have the following result.
{a,b}eP(A)
Theorem 2. : Let a, 8, A €]0;1]. Given N and A with |[N| > 3 and |A| > 2, a necessary and sufficient
condition under which for all voting rule W, all preference profile R, the truthful vote profile s*(R) is a Nash
equilibrium for the associated strategic form game I'r = (N, Z,U) is that a = \.

The proof of this result is similar to that of Theorem 1; this is because the proof of Theorem 1 never really
uses the fact that dqo g x is a metric.

Theorem 2 implies that truthful voting is a Nash equilibrium even when the parameters («, 3, A = «) belong
to a larger set than the set assumed in Theorem 1. This allows for a broader interpretation of our result,

especially when psychological or behavioral considerations are taken into consideration as argued earlier.

4.2 An extension to a sequential setting

So far, we have assumed that pairwise contests take place simultaneously as in ranked voting. In this section, we
assume that the game is played sequentially in the following sense: pairwise contests are conducted sequentially,
and when a pair of candidates is presented to voters, they vote simultaneously over that pair. The tournament
therefore consists of m(m — 1)/2 sequential pairwise contests. We do not impose any particular order (or
agenda) on the contests. The theorem below offers a necessary and sufficient condition for truthful voting to

be a Nash equilibrium.

Theorem 3. : Let o, 8, €]0;1]. Given N and A with |[N| > 3 and |A| > 2, assume that pairwise contests are

conducted sequentially as described above. A necessary and sufficient condition under which for all voting rule

16For instance, individual preferences are complete whereas social preferences are not complete in general.
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W, all preference profile R, the truthful vote profile s*(R) is a Nash equilibrium for the associated strategic
form game T'r = (N, Z,U) is that a = A.

The proof is similar to that of Theorem 1. This is true because the proof of Theorem 1 does not depend
on the format of the tournament. Note also that although the pairwise contests are sequential, this does not
result in a game in extensive form because we do not assume that voters vote sequentially. It follows that the
Nash equilibrium is still a relevant equilibrium notion in this setting.

Theorems 1, 2 and 3 show that our findings are robust across a wide range of tournament formats.

5 Effective power and the classical theories of political power

In this section, we study the concept of effective power, defined as a voter’s ability to bring about a social
ranking that maximizes his preferences. Then, building on this study, we answer the question of when the
classical theories of political power translate into effective power.

Our notion of effective power is conceptually close to that of “outcome power” (Dowding (1991)), which
is the ability of an actor to bring about or help bring about an outcome. It is also consistent with the
definition of power given by the 17th century Political Philosopher Thomas Hobbes. Hobbes defines power as
an individual’s “present means, to obtain some future apparent good” (Hobbes (1651)). In a voting context,
an individual’s effective power can be seen as his ability to secure a social outcome that is as close as possible
to his preferences, given the institutional constraints. In our treatment of this problem, voters have voting
rights that they derive from a voting rule W. How a voter’s voting rights translate into his ability to obtain
desirable outcomes is formalized in the next section and illustrated in a few examples.

We then build on this analysis to uncover conditions under which the classical notions of political power—
the influence relation, the Shapley-Shubik power index, and the Banzhaf power index—translate into effective
power. This exercise is useful because the latter notions of power are generally viewed as measures of a priori
voting power, but we know very little about whether they reflect the actual ability of voters to secure personal
advantages in a competitive political context. Our analysis can therefore be seen as an attempt to reconcile
different views of political power. In doing so, we provide new “behavioral” characterizations of classical power

notions.

5.1 The effective power relation

In a political tournament, any voter ¢ with individual preference relation R’ uses his “effective power” to secure
a collective preference D(R) that is as close as possible to R’. This notion of effective power is formalized in
Diffo Lambo and Moulen (2000) and Moulen et al. (2012) as follows. Let ¢ and j be two voters involved in a

tournament. To any preference profile R = (Rk) we assign another profile R;; = (Rfj)ke N defined by:

keN’
RFif k¢ {i, 5}
R =¢ Riifk=i
R if k= j.

Put in words, the profile R;; is obtained from voters i and j swapping their preferences in R. Let dq g
be a dissatisfaction function defined over the set of binary relations. Then, dy g (R’, D(R)) measures the
dissatisfaction of j at the preference profile R and dq g \(R’, D(R;;)) measures the dissatisfaction of i when
the preference profile is R;;. When d, g A(R?, D(R;;)) < du g (R?, D(R)), the difference d, g x(R’, D(R)) —
da.p (R7,D(R;;)) quantifies the extent to which “i does better than j” at the profile R. Therefore, if
da,g A (BRI, D(R;j)) < da,p (R, D(R)) holds for every profile R, this can be interpreted as ”voter i being at
least as effective at influencing the tournament ranking (or social preference) as j”. The following definition

formalizes the notion of effective power.
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Definition 2. Let N be a set of voters, W a voting rule, A a set of candidates, do g x o dissatisfaction function
defined over the set of binary relations defined over A, and i and j two voters.

1) i is said to be at least as effective as j under the rule W for the function da. g x, denoted i >paq, ,, J,
if for every preference profile R, do g A\(D(Rij), R7) < do s (D(R), R7).

2) i is strictly more effective than j under the rule W for the function dap,x, denoted i >pa, 5, Jj, if
i >Pd, 5 J and not(j >pa, 4, ).

8) i is as effective as j under the rule W for the function du g x, denoted by i ~pa, , 7, if i 2P d, 5 J

and j ZPpdg 5.5 b

For ease of notation, we will sometimes denote the effective power relation >p g4, , , simply by >p_, ..

5.2 Illustrating the effective power relation

In this section, we illustrate the effective power relation using examples from real-life legislative bodies and

political institutions.

5.2.1 The United Nations Security Council

The United Nations Security Council (UNSC) has 5 permanent members and 10 non-permanent or rotating
members. It enforces a resolution if at least nine members support it and no permanent member opposes it.
This voting rule can be formalized as follows. Let P = {iy : K = 1,...,5} be the set of permanent members
and P = {j, : k =1,...,10} the set of non-permanent members. A tripartition (S, S2,S3) is winning if and
only if: |S1| > 9 and P N S3 = (). Denote this voting rule by W*".

We would like to rank the UNSC’s members using the effective power relation. Let A be a set of policy
alternatives, and dq,g,) a dissatisfaction function with @ < A. Let a,b € A € be two distinct policy alternatives.
We claim that:

1. forall w € {1,...,5} and v € {1,...,10}, iy, >pa, 5 Jus
2. for all u,v € {1,...,5}, iy ~pPd, 5 iv;
3. for all u,v € {1,...,10}, ju ~Pd, 5.1 Jo-

To show that for all u € {1,...,5} and v € {1,...,10}, iy, >pa, 5, jo, We have to show that:
(i) for all preference profile R = (R"),c p 5, da,p A (R, D(R;,;,)) < da g (R, D(R)); and
(ii) there exists at least one preference profile R = (R"),_ p g for which do g A(R7, D(R;,;,)) < da,p (R, D(R)).
To show (i), let R be a preference profile and let us assume for simplicity that there are only two alternatives
a and b.
- If do g A (R, D(R)) = 1, then there is nothing to prove.
- Assume that d, g \(R’*, D(R)) = a.
In this case, @ ~pj. band a =p(gy b. Then either i, € N(a,b, R) or i, € N°(a,b, R). Regardless, under the
voting rule W*, it is clear that |N(a,b, R;,;,)| > 9 and N(b,a, R;,;,) N P = 0; this implies that a =p(r, , ) b,
and therefore we have dy g\ (R'*, D(R;,;,)) = a = do g (R, D(R)).
- Assume that d, g\ (R’'*, D(R)) = 8.
In this case, a >pi. b and a *pgry b. Then, either a >pg, ;) b or axper,, ; )b, and this implies that
da.p (R, D(R;,;,)) € {0,3}. Once more, we have dy g A (R, D(R;,;,)) < da,p (R, D(R)).
- Assume that d, g \(R’*, D(R)) = .
In this case, @ ~pj. b and a*p(g)b. Thanks to the definition of the voting rule W*, we have a =pr

iwiv) b,

or b =p(r,, ;) @ OF a*p(g,, ;)b Remark that we will have a =p(g, , )b, for example, if N(a,b, R) contains

9 voters without containing player 4, who belongs to N (b,a, R). In this last case, do g (R, D(R;,;,)) =
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a <X =dqp (R, D(R)). In the other case where a *p(g, ; )b, we have do g A(R™, D(R;,;,)) = X and the
inequality holds.

In all of these cases, we have do g (R, D(R;,;,)) < da,p (R, D(R)), which shows that i, >pa, ,, Jjo-

To show (ii), let us again assume for simplicity that there are only two alternatives a and b. Let R be the
preference profile in which RF = ab for all k € P U {ji, ..., j4} and R* = ab for k € {Js, ..., j10}

For this preference profile we have: D(R) = ab, dop (R, D(R)) = 0, D(R;,;,) = a*b and thus
dopr(R™,D(R;,;,)) = 8> 0, which proves that not(j, >p.d, 5, iu). We conclude that i, = by gy J-

Showing (2) and (3) is obvious because same-type voters are interchangeable.

5.2.2 The United States Senate

Decisions in the two houses of the United States Congress are governed by a variety of voting rules, depending
on the nature of the issue at hand. We will focus on the rule used to pass an ordinary bill or an amendment in
the US Senate. The US Senate has 100 senators and the US vice-president. The US vice-president leads the
Senate and casts tie-break votes in certain circumstances. Passing a bill requires a simple (or strict) majority
of those who vote ‘yes’; when the number of ‘yes’ and ‘no’ votes is equal, the vice president casts a tie-breaking
vote.'” For example, if 81 senators abstain or are absent, 10 senators vote in favor of a bill, and 9 senators
vote against it, the bill passes regardless of whether or not the vice-president is opposed to it.

This voting rule can be modeled as follows:

N ={i: k=1,...,100} U {v} where iy is senator k and v is the vice-president. A tripartition (57, S2,53)
is winning if and only if: |Si| > [S3 \ {v}|. One can show that senators are equally effective and that the

vice-president is more effective than any senator: for all k, k" € {1,...,100}, iy ~pa, 5, ir and v >pgq, , , ik

5.2.3 Anonymous voting rules

The two legislative institutions described above use voting rules that are not anonymous in that certain
members do not hold interchangeable positions in the distribution of constitutional power, which results in
some members being more effective than others. Many institutions, however, use anonymous voting rules
(Freixas and Zwicker (2009)) to select policies. Based on the effective power relation, one can show that the
members of such institutions are equally effective. This is the case even if preferences are heterogeneous. In
fact, our definition of the effective power relation adjusts for preferences when comparing the ability of voters
to pull the social ranking as close as possible to their individual preferences.

Note that adjusting for preferences in the general evaluation of power is important because it avoids
situations in which a null player ¢ may be seen as detaining more effective power than another null player
j simply because i’s preferences happen to be closer to those of more powerful players than j’s preferences
are. For instance, in a dictatorship, if 4 has more power than j simply because i has similar preferences as
the dictator, then ¢ will lose his power in case the dictator changes his opinion on a matter. It follows that
a theory of power that evaluates a voter’s power based on the proximity of his preferences to those of other
voters is necessarily prone to externalities. By adjusting for preferences, one can see that in a dictatorship,
all null players have the same effective power and the dictator has absolute power. In this sense, our measure
of effective power is externality-free. In the same way, one can show that under any anonymous voting rule

W, voters are equally effective: for all voters ¢ and j, i ~p 4, ;5 J-

5.3 Effective power and the influence relation

In this section, we begin the analysis of the extent to which the classical theories of voting power measure a

voter’s ability to bring about a social outcome that maximizes his preferences. We uncover conditions under

17Note that this voting rule has a quorum requirement, but rules for quorums are somewhat complex, so we ignore them.
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which these theories translate into effective power. We first focus on the influence relation. This relation is
an ordinal measure of influence in a setting where output is produced by combining several inputs. It was
introduced by Isbell (1958) for simple voting rules. Also known as the desirability relation, its properties have
been extensively studied (see Taylor and Zwicker (1999) for an authoritative monograph). Tchantcho et al
(2008) generalize the influence relation to voting rules with abstention.!® The study of the influence relation

for this larger class of rules is still in its infancy. We recall the generalization in Tchantcho et al. (2008) below.

Definition 3. Let N be a set of voters, V a voting rule, and p and r two voters. p is said to be at least as

influential as r, denoted p > r, if for all tripartition (S1,S2,S3) € 3, the following statement holds:
e V(S1Up,S2\p,S3) >V (S1Ur,Sa\rS3) if p,r € Sa; and
o V(51,52 Up,S3\p) > V(S1,S2Ur, S\ ) if p,r € S3; and

o V(S1Up, 82,83\ p) >V(S1Ur, Ss,8\7) if p,r € Ss.

The interpretation of the influence relation is as follows. A voter p is said to be more influential than
another voter r under a voting rule V' if whenever r can turn a losing tripartition into a winning tripartition
by increasing his level of support, p can do the same ceteris paribus.

If N is a set of voters, A a set of candidates, and V' (or W) a voting rule with abstention, we will call
(N,A,V) (or (N, A, W)) a society.'?

We now derive a necessary and sufficient condition for the influence relation to be equivalent to the effective

power relation.

Theorem 4. Let o, 3, €]0, 1] such that « = A. Then, >p,
if and only if p < 1.

s and >7 are equivalent for all society (N, A, V)

This theorem says that, under truth-telling (o« = A), the influence relation translates into effective power
in all societies if and only if f—a voter’s level of dissatisfaction when he strictly ranks two candidates and
the society is unable to rank them—is not the highest. Truth-telling is assumed to accommodate an implicit
assumption made in the definition of the influence relation; according to this assumption, voters’ actions
are symmetric (although they may not have the same effect on the outcome) since two voters are compared
by swapping them within tripartitions (see Definition 3). Similarly, the truth-telling assumption guarantees
that when two voters swap their preferences, they also swap their actions, with these actions reflecting the
preferences they hold.2°

To understand Theorem 4, recall that the highest level of dissatisfaction is reached when a voter’s ranking
and the society’s ranking are completely opposite (that is, when a voter strictly prefers a to b and the
tournament ranking puts b above a). It is therefore natural to think that a voter’s dissatisfaction with the
social ranking is not the highest if this voter strictly prefers a to b and the two options appear to be socially
incomparable. In fact, to say that one is unable to compare a and b is not the strict opposite of a is better
than b. In this sense, the condition 5 < 1 is natural. This condition is also natural if social incomparability
is resolved using a tie-break rule. In fact, if when the society is unable to rank two candidates strictly ranked

by a voter, a probabilistic tie-break rule, for example, is used to rank them, the social ranking obtained from

18The influence relation has been studied in a variety of contexts. In a recent study, Pongou et al. (2017) derive a general
form of this relation as the ranking rule of a ladder tournament in organizations.

19As noted earlier, we use V and W interchangeably. In fact, for any tripartition (S1,S2,S3), V(S1,S2,S3) = 1 (that is,
(S1,52,53) is winning) is equivalent to (S1,S2,53) € W (which also means that V(S1, S2, S3) = 0 is equivalent to (S1, S2,S3) ¢
W). We use V or W when convenient for expositional purposes.

20Remark that the truth-telling assumption (a = A) is not needed in the definition (Definition 2) or the operationalization of
the effective power relation. Indeed, the analysis of its ordinal properties in Theorem 5 below is valid regardless of whether a = A
or not.
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this tie-break rule will coincide with the voter’s preferences with positive probability, resulting in a level of
dissatisfaction S that is smaller than 1 with positive probability.

It follows from this discussion that the influence relation translates into effective power under plausible
behavioral (or psychological) conditions, given that the condition 5 < 1 is natural. However, one should also
acknowledge the fact that for certain individuals, the highest level of disappointment may result from any
disagreement no matter how small the disagreement may be perceived. If voters display such psychological
conditions, the influence relation will not generally translate into effective power.

A final remark is that when 8 = 1, our result implies that there exists at least one society (N, A, V) for
which the influence relation does not translate into effective power. This is obtained by contraposition of the
“only if” part; an example of a society in which the influence relation does not translate into effective power
is given in the proof for # = 1. Our result does not say that when 8 = 1, there is no society for which the
influence relation captures effective power.21

Remark that the effective power relation compares two voters ¢ and j in a society (N, A, V) only if it
can compare them in all tournaments (N, A, P2(A), R, V, D) associated with this society. For this reason, on
may be tempted to believe that this relation is not fully operational. However, Theorem 4 shows that, for a
large class of behavioral parameters, it coincides with the influence relation, the latter being an established
theory of power that is considered to be very useful (Isbell (1958), Taylor and Zwicker (1999), Tchantcho et
al. (2008)). Another appeal of the effective power relation is that it can be defined more locally, by restricting
it to any tournament (N, A, P2(A),R,V, D). Moreover, we show below that it is locally more operational
than the influence relation. More precisely, we show that in any political tournament, whenever the influence
relation compares two voters, the effective power relation compares them as well; however, there exists at
least one political tournament in which two voters are ranked by the effective power relation whereas they are

incomparable by the influence relation.

Proposition 1. Let «, 8, A €]0,1] and (N, A, P2(A), R, V, D) be a political tournament. Then, > is included

in >p, 55 (Z1C>P, 5., ), and this inclusion may be strict.

This proposition shows that the effective power relation is more likely to compare individuals involved in

a tournament than the influence relation.

5.4 Effective power, the Shapley-Shubik power index, and the Banzhaf power

index

In this section, we study conditions under which the Shapley-Shubik and Banzhaf power indices measure
voters’ ability to secure desirable social outcomes. These indices were initially defined for simple games and
generalized to voting games with abstention by Felsenthal and Machover (1997). Given that the Shapley-
Shubik and Banzhaf power indices are real-valued functions, each induces a complete and transitive binary
relation on the set of voters. This provides a motivation for studying the conditions under which the effective
power relation is complete and transitive first. We show below that this is the case when the voting rule is
swap-robust and utility parameters satisfy a mild condition.

We recall the definition of a swap-robust voting rule with abstention. Let N be a set of voters, V' a voting
rule with abstention, i,j € N two voters, S = (S1, S2,53) a tripartition, and p(i, S) the position of 4 in S.22
We denote by 1I;;S the tripartition resulting from S by swapping the positions of ¢ and j while all the other

21By analogy, the Gibbard-Sattherwaithe impossibility theorem which states that all non-dictatorial rules (e.g., majority rule)
are manipulable does not mean that non-dictatorial rules are manipulable in all voting games. It simply means that non-dictatorial
rules are manipulable in some games.

22The position of i in S, p(4, S), simply indicates his level of approval (yes, no, or abstention) in S.
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individuals keep their respective positions in S. We have the following definition of a swap-robust voting rule

with abstention:

Definition 4. Let N be a set of voters, and V' a voting rule with abstention. We say that V is swap-robust
if for any winning tripartitions S = (S1,S2,53) and T = (T1, T, T3) (that is, V(S) = V(T) = 1), any voters
1,7 € N such that (p(i,S),p(4,S)) = (p(4,T),p(¢,T)), 11;;S or IL;;T is a winning tripartition.

In words, a voting rule V' is swap-robust if for any winning tripartitions S and 7" and any two voters ¢ and
j such that their respective positions in S are swapped in T', at least one of the tripartitions IL;;S or IL;;T'
resulting from swapping the positions of 7 and j in both S and T' is winning. This definition is a generalization
of the same notion defined by Taylor and Zwicker (1999) for simple voting rules under which voters can only
vote yes and no.

Tchantcho et al. (2008) show that the influence relation is a complete preorder for all swap-robust voting

rules.

Lemma 1. Let N be a set of voters, and V a voting rule with abstention. The influence relation > is
complete and transitive if and only if V is swap-robust. When > is a complete preorder for (N, V), V is also

satd to be linear.

We obtain the following result which provides a necessary and sufficient condition for the effective power

relation to be complete and transitive.

Theorem 5. Let a, 5, A €]0,1] such that 8 < 1, and (N, A,V) be a society. Then, >p

.5 18 complete and

transitive if and only if V is swap-robust.

The class of swap-robust voting rules is large. In real-life settings, these rules are also highly prevalent.
Most of the rules used in prominent organizations such as the United Nations Security Council, the United
States Senate, the European Union Council, the International Monetary Fund, the World Bank, and the
African Union are swap-robust. Anonymous and non-anonymous quota rules are also swap-robust. Moreover,
as argued in the preceding section, the behavioral condition f < 1 is natural. This implies that the effective
power relation is complete and transitive under a very large set of rules. However, it is still very useful even
in settings where it is not complete. In fact, if a political tournament is such that the effective power relation
is not complete, that simply means that there exist at least two voters such that neither is better than the
other in terms of influencing the social ranking. When this happens, we will see that the Shapley-Shubik and
Banzhaf power indices do not measure effective power either, even though they are complete. We recall the
definition of each of these power notions for voting rules with abstention as given in Felsenthal and Machover
(1998).

Definition 5. A ternary roll-call on N is an ordered pair R = (sR,dR) such that sR is a permutation on N
and dR is a tripartition of N. We denote by Jn the set of all ternary roll-calls over N.

Two ternary roll-calls, Ry and Ra, agree up to voter a if sRy = sRy and dRy(x) = dRs(x) for all z € N
whenever sRy(x) < sRi(a).

If (N,V) is such that V is a voting rule with abstention and R is a ternary roll-call on N, we say that
voter a is the pivot of R under V, denoted a = Piv(V, R), if a is the first voter in the ordering sR satisfying
the condition: V(dS) = V(dR) for every ternary roll-call S that agrees with R up to a.

For any (N, V) such that V is a voting rule with abstention and any voter a € N, the Shapley-Shubik index of

a, denoted ¢, is defined by
_|Re Iy :a= Piv(V,R)|
N 3nn!

¢a(V)
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This definition is interpreted as follows. It is implicitly assumed that voters are called to vote in favor of,
or against, a motion or abstain under a voting rule V. In a ternary roll-call R = (sR,dR), sR indicates the
order in which voters are called to vote, and dR is a tripartition. The vote of a voter x, denoted by dR(z),
takes the value 1 (in favor of the motion), 0 (abstention), or —1 (against the motion). Thus, to say that two
ternary roll-calls, R; and R, agree up to voter a means that the voters are called in the same order in both
roll-calls, and the votes of all voters up to and including voter a are identical in both roll-calls.

In a roll-call R, a voter is said to be pivotal, denoted by Piv(V, R), if he is the first voter in R whose
vote makes a difference to the outcome V(dR), and the outcome remains unaffected regardless of how the
voters that vote after the pivotal voter vote. Finally, the Shapley—Shubik index for a is the number of binary
roll-calls R such that a = Piv(V, R) divided by the cardinality of the set of roll-calls. In other words, the
Shapley-Shubik value of a voter measures the frequency at which this voter is pivotal.?3

We also recall the definition of the Banzhaf power index for voting games with abstention. We first
introduce the following notation. For a voter a € N, we denote by x, the tripartition of N defined for all
2 € N by xo(x) =1if £ = a and x,.(z) = 0.

Definition 6. Let (N,V) be such that V is a voting rule with abstention and let T be a tripartition of N. A
voter a is positively critical for T in'V if T(a) >0, V(T) =1 and V(T — xq) = —1.

The Banzhaf score of a under V, denoted by n,(V'), is the number of tripartitions for which a is positively
critical in V.. The (relative) Banzhaf index for a, denoted B,(N), is given by

1na(V)

ﬂa(v) = ZIEN na:(V) .

This definition is interpreted as follows. Under a voting rule V, a voter is positively critical (or is a swing
voter) in a winning tripartition 7' if the tripartition resulting from this voter reducing his level of approval for
a motion is losing. The Banzhaf score of a voter is simply the number of tripartitions in which this voter is
critical, and his relative Banzhaf value is obtained by dividing his Banzhaf score by the sum of the Banzhaf
scores of all voters. In other words, the relative Banzhaf score of a voter is the fraction of all swing votes this
voter can cast.2* The Banzhaf index is also called the Banzhaf-Coleman power index.

Denoting by >g and >p the preorderings induced by the Shapley-Shubik and the Banzhaf power indices,
respectively, Tchantcho et al. (2008) prove that these preorderings coincide in the subclass of weakly equitable
linear voting rules with abstention. Parker (2012) generalizes this result to the whole class of linear voting
rules with abstention. Pongou et al. (2014) obtain this result as a special case of a more general result in the

class of multi-choice rules. This result is summarized below:

Lemma 2. >p, >g and >p coincide in all linear voting rules with abstention V.

We obtain the following result:

Theorem 6. Let o, 3, A €]0,1] such that « = \, and let (N, A, W) be a society.
1- If B <1 and W is swap-robust, then >p, , |,
2- If B =1 or W is not swap-robust, then >p,

B <1 andV is not swap-robust, then ZPugrr 28 and >p are not equivalent.

>g and >p are equivalent.

s 25 and >p may not be equivalent. In particular, if

23The classical Shapley-Shubik power index (Shapley and Shubik (1954)) computes the power of each voter under the assump-
tion that the grand coalition forms, which is equivalent to assuming a voting profile in which all voters vote yes. Similarly, the
generalization to voting rules with abstention presented in Definition 5 above computes the power of each voter in the configura-
tion where all voters have expressed the highest level of approval. Relaxing this assumption, Pongou and Tondji (2018) generalize
the Shapley value to a more complex environment which allows to compute this value for any possible action configuration. See
also Aguiar et al. (2018) and Aguiar et al. (2020) for other generalizations and for a test of the axioms of the Shapley value with
a limited dataset.

24The absolute Banzhaf value of a voter is obtained by dividing his Banzhaf score by the number of tripartitions when this
voter is excluded. All the results that follow hold regardless of whether we use the relative or the absolute Banzhaf power index.
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In Theorem 6, truth-telling (o« = \) is assumed for similar reasons as in Theorem 4. In fact, the definitions
of the Shapley-Shubik and Banzhaf power indices assume that voters take symmetric actions, although these
actions may not carry the same weight on the voting outcome. The truth-telling assumption is made to
accommodate this assumption, as it ensures that when voters swap their preferences, they also swap their
actions, with the latter reflecting the preferences they hold.

Theorem 6 implies that the Shapley-Shubik power index and the Banzhaf power index measure effective
power under more restrictive conditions than the influence relation. One of its implications is that a greater
value of these indices for a voter does not necessarily mean a greater ability to influence the outcome of
the vote. However, according to Theorem 6, this is the case for an important class of political tournaments
and utility parameters. An immediate corollary of this result is that a necessary and sufficient condition for
>P. s =5 and >p to coincide for all linear society (N, A, W) (or society where W is swap-robust) is that
g <1

Corollary 1. Let o, 8, A € ]0,1] such that o« = X. Then >Pa s 28 and >p are equivalent for all linear
society (N, A, W) if and only if 8 < 1.
We illustrate these findings in the following example.

Example. Let N = {1,2,3}, A = {x1,22} and W the voting rule defined for every tripartition (S1,S2,S3)
by (S1,S52,53) € W if and only if 1 € Sy or 1 € Sy and |S1] > |Ss].

1. Let us determine the ranking induced by the Shapley-Shubik power index ¢(W) in (N, W).

Voter 1 is pivotal in any ternary roll-call R on N unless he votes first and abstains or he votes second and

abstains and one of the other voters votes yes or abstains. Thus we have: ¢1(W) = w =
132
162°

Moreover, given that 2 and 3 are symmetric, it follows from the fact that all the voters’ power indices
sum up to 1 that ¢po(W) = ¢3(W) = 155. Hence the ranking induced by the Shapley-Shubik power index
is1>g2>~g3.

2. Let us determine the ranking induced by the effective power relation >p, , .. Let R be a preference profile
on A.

- If R' = R?, then Ri» = R and so, daﬁ’)\(Rz,D(ng)) = da’gyA(Rz,D(R)).

- If R? = x1m9 or R? = xaxq, then D(Ri2) = Rly, = R? and so, dapr(R%, D(R12)) = 0 <
daﬁ,)\(RQ,D(R)).

- Assume R* = (z122) and R* = x125. Then D(R) = z122 and da g \(R?, D(R)) = a. On the other
hand, we have Riy = R? = (x115) and R3, = R' = x129; so the preference of voter 3 is needed
to determine the social decision D(Ri2). If R® = z129 or R® = (x112), then D(Ri2) = z172,
and it follows that do p x(R? D(R12)) = «; s0 dapr(R? D(R12)) = dapga(R?, D(R)). But if
R? = zomwy, then D(R12) = z1 * x2 and it follows that da p x(R% D(R12)) = A; this implies that
da.p2(R%, D(R12)) = da.pr(R%, D(R)) since a = A.

- The case where R? = (z122) and R' = xox is similar to the previous case.

Hence for any preference profile R, we have do g \(R?, D(R12)) < du s (R?, D(R)), that is,

1>p, 5 2. Moreover for R' = 2125 and R* = xox1, and assuming any R®, we have do g (R, D(R12)) =
1> 0=dqpga(R', D(R)); it follows that not(2 >p, , , 1), and we conclude that 1 >p,_ , , 2.

Also, remark that for any preference profile R, do g A(R?, D(Ra3)) = da g A(R?, D(R)), which is equiv-

alent to 2 ~p,_, . 3. Therefore, the social ranking induced by the effective power relation is 1 >p,_ , |

2 >~p, 5 3, which coincides with the ranking induced by the Shapley-Shubik power index.
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Similarly, we can show that this ranking coincides with the ranking induced by the Banzhaf power index.

Note that in the example above, the voting rule W is swap-robust. We did not need to assume that g < 1
for the ranking induced by the Shapley-Shubik and Banzhaf power indices to coincide with the effective power
relation. Below, we show an example where the Shapley-Shubik and Banzhaf power indices do not translate

into effective power when § = 1.

Example. Let (N, A, W) be a society where N = {1,2,3,4,5}, A = {x1,22} and W is such that W,,, =
{(1,25,34), (14,2, 35), (12,4, 35)}.

1. It can be checked that 1 >7 2 >17 5 >7 4 >7 3. Thanks to Lemma 1, this implies that W is swap-robust,
and thanks to Lemma 2, we can deduce the rankings of the Shapley-Shubik and Banzhaf preorderings as
follows: 1 >¢2>g5>54>53and1 >g2>5>54>p3.

2. Assume 3 = 1. We can show that 4 >p, , 5; that is, for all political tournament (N, A, Ps(A), R =
(RYien, W, D) in the society (N,A,W), 4 >p_, |
R = (zy, (2y),yx,yz, (xy)). We have D(R) = zy (given truthful voting (A = «) and the fact that
(1,25, 34) is a winning tripartition) and D(Rys) = xxy. It follows that d(R°, D(R) = «, d(R®, D(Ry5) =
A = a = d(R5 D(R), which implies that 4 ~P, 5. 5 at the profile R. However, 5 >5 4 and 5 >p 4,
which implies that >p, , ,, >s and >p do not coincide in general. It follows that the Shapley-Shubik and

5. In particular, consider the preference profile

Banzhaf power indices do not translate into effective power in general when B = 1, even if a society is
using a linear voting rule to select policies. This analysis reveals that the extent to which classical notions

of voting power measure the ability to affect a society’s preference depends on psychological parameters.

6 Conclusion

We study voter behavior and effective power in a round-robin political tournament. In this tournament,
candidates contest in pairs. In each contest, each voter votes in favor of one of the candidates or abstains.
Votes are aggregated using a general monotonic rule to determine the tournament ranking. Each voter’s utility
is measured by how close his preferences are to the tournament ranking.

We uncover a necessary and sufficient condition on utility parameters for truthful voting to be a Nash
equilibrium. This condition has both structural and behavioral interpretations, and it has implications for
the design of political tournaments in which truth-telling is a desirable goal. In particular, it points to the
importance of incorporating tie-break rules into tournaments to resolve social incomparability.

We also study a voter’s effective power in a tournament, defined as his ability to bring about a social
ranking that maximizes his preferences. We uncover a necessary and sufficient condition under which the
effective power relation is transitive and complete. We also show that the classical theories of political power—
the influence relation, the Shapley-Shubik power index, and the Banzhaf power index—do not translate into
effective power in general. We provide a full characterization of the classes of political tournaments and
psychological parameters for which these theories measure effective power. These characterizations have
practical implications for how to design rules under which a priori voting rights effectively translate into the

ability to affect voting outcomes for a natural category of voters.
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Appendix

Proof of Theorem 1
1) Assume that & = A. Let R be a preference profile. In order to show that s*(R) is a Nash equilib-

m(m—1)

rium of the associated game I'p = (N, Z,U), let i € N and t;(R) € {—1,0,1}" z , we will prove that

Ui(s*(R)) > U;(t:(R), s* ;(R)). Since for all profile @, U;(s(Q)) = > UP(s(Q)), it suffices to show
{zp,zq}€P2(A)
that: V{z,,z,} € Pa(A), U (s*(R)) > UM (ti(R), s*;(R)).

Let {zp, x4} € P2(A). Without loss of generality, assume p < g. Three cases are possible for D(s*(R)).
First case: z,z, € D(s*(R)).

1if R’{Ip’xq} = TpTq
In this case, U (s*(R)) = ¢ 0 if Rimp7rq} = T41p
l-—aif Ry, = (xpzq).

It Rizp,:,;q} = z,%4, then UM (s*(R)) =1 > U (t;(R), s* ;(R)).

’ 2 —4

If Riz,,,:,;q} = 242y, then s;7Y(R) = —1 and U(s*(R)) = 0. Now, if t¥*(R) € {0,1}, then

N*(s"(R)) € N (t}*(R), s (R)),

and by monotonicity of W, we have

(N (7 (R), s (R)), NO(t7*(R), s (R), N~ (]*(R), s (R))) € W since (N'(s""1(R)), N°(s""(R), N™' (s""(R))) € W;

3 3

thus,
UP(ti(R), s~ 3(R)) = 0 = UM (s™(R)).

If Rizp,:nq} = (xqxp), then s;P?(R) =0 and U/ (s*(R)) =1 — o
For t}9(R) = 1, D, o.3(ti(R),s" ;(R)) = xpxq and U} (ti(R), s* ;(R)) = 1 — a = U/ (s*(R)).

19 —q

For t??(R) = —1, by monotonicity, we have:
D{acp,zq}(ti(R)a s*;(R)) = xpzy OF D{zp,acq}(ti(R)a s*i(R)) = xp * xq.
It is obvious that if Dy, o 3(ti(R),s*;(R)) = zpxy, then U (t;(R),s* ;(R)) = U/ (s*(R)).

’S =1 ? S —1

And if Dy, o3 (ti(R),s* ;(R)) = xp * x4, then U/ (t;(R),s* ;(R)) = 1 — A; and from the hypothesis that
a =\, we obtain 1 — =1 — )\, that is, U’ (s*(R)) > UF*(t;(R), s* ;(R)).

—i
Second case: x4z, € D(s*(R)).
The proof is similar to that of the first case.

Third case: z, * z, € D(s*(R)).

1-pgif Ri%,xq} = T,x,

In this case, UM (s*(R)) =4 1—fif Rixp g} = TaTp
1—\if Rf'{xmmq} = (Tpq).
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i

If Rizp,zq} = z,7,, then s;"*(R) =1 and U/?(s*(R)) =1— 8.
If t;(R) = 0, then

(N (t:(R), 5" (R)), NO(ti(R), s* (R), N~* (t:(R), s (R))) = (N (" (R)\{i}, N°(s* (R)U{i}, N ™' (s*(R))) ¢ W.

—1

We know that z, x z, € D(s*(R)) implies that (N~1(s*(R)), N°(s*(R), N*(s*(R))) ¢ W, but
(N=1(s*(R)), N°(s*(R) U {i}, N'(s*(R)) \ {i}) might belong to W, which means that it is possible that

zqx, € D(ti(R), s* ;(R)). Therefore, for t{*(R) = 0, Dy, .3 (ti(R),s*;(R)) € {xqxy, xp * 24}, which leads

»9—1q —

to U™ (t;(R), s* ,(R)) € {0,1 — B}. Finally, we obtain UP!(t;(R), s* ,(R)) < UP(s*(R)) = 1 — B.

—1 ’2—1

If t7Y(R) = —1, then Dy, . 3(ti(R),s* ;(R)) € {zq2p, zp * x4} and, again, we obtain

U (t:i(R), s~ 3(R)) < U(s™(R)).

rT—1

i _ . . . . l _
When Ry, 1 = %q%p, the reasoning is similar to the case where Ry, ., = 274

Now assume that RZ{IP%} = (zpz4). In this case, sf(R) =0 and U’ (s*(R)) =1— \.

If t79(R) = 1, then either Dy, . 1(ti(R),s*;(R)) = xp * x4 or Dy 5 3 (ti(R), s ;(R)) = 2px,, which

)2 —4 ’ 2 —4

implies that U?(t;(R),s*;(R)) =1— X or U’ (t;(R),s* ;,(R)) =1 — a.

’ 2 —4 )2 —4

From the assumption that A = a, we have 1 —a =1 — X, that is, U"?(¢;(R), s*;(R)) = U (s*(R)).

’ 2 —1 i

2) Conversely, let us assume that A # «a, that is, A < a or a < A.
Assume that o < A. Consider simple majority rule, in which a tripartition (S1,S2,S3) is winning if and

only if |S1]| > |S3|. Let R be the preference profile defined as follows :

R : (2122)T3...T0m;

R? : 21203 T

R3 2o T

R¥ : (v129)x3...0,, for all k ¢ {1,2,3}.

The truthful vote profile s*(R) is given by: sj(R) = (0,1,1,...1), s5(R) = (1,1,...1), s5(R) = (—1,1,...1)
and s} (R) = (0,1,1,...1) for all k ¢ {1,2,3}.

Consider the following deviation ¢;(R) of player 1: ¢t;(R) = (1,1,1,...1). We have:

) ) 7

D(s*(R)) = A{wixaa}U{zprg:p <q,(p,q) #(1,2)}
Ui1(s*(R)) = [(1—A)+(m—2)]+(m—2)+...+2+1:W—/\
D(t1(R), s (R)) = A{zprq:p <q}
Ui(ti(R),s*(R)) = [1-a)+(m—-2)]+(m—-2)+..4+2+1= W —a
m(m—1)

—a> W — A, that is, U1 (t1(R), s*1(R)) > U1(s*(R)); this means
that s*(R) is not a Nash equilibrium for the game T'g.

Furthermore, o < A implies
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Assume that @ > A. Consider again simple majority rule with abstention W, where a tripartition

(S1, Sz, S3) is winning if and only if |S1]| > |S3|. Let R be the preference profile defined as follows:
R : (2122)T3...T0m;
R? : x1x0ms... T

RF : (zy29)x3...0,, for all k ¢ {1,2}.

The sincere voting profile s*(R) is given by:s;(R) = (0,1,1,...1), s5(R) = (1,1,1,...1) and
sp(R)=(0,1,1,..1) for all k£ ¢ {1,2,3}.

Consider the following deviation of player 1: ¢;(R) = (—1,1,1,...1). We have:

D(s*(R)) = {zprq:p<q}

Ui(s*(R)) = Kl*o‘)“m*m+(m*2)+-~-+2+1:wﬂy
D(t1(R),s* 1(R)) = {xprq:p<q (p,q) # (1,2)} U {x) * 22}
Ur(t(R). 524 (B) = (=N (m = 2)] + (= 2) 24 1= 2Dy

Furthermore, o > X implies W —A> W — a, that is, Ui (t1(R), s*1(R)) > Ui(s*(R)); again, we

conclude that s*(R) is not a Nash equilibrium for the game I'p.H

Proof of Theorem 2
The proof is similar to that of Theorem 1 since the proof of this theorem does not use the argument that

da,g,x is a metric.l

Proof of Theorem 3
The proof is similar to that of Theorem 1 since this proof does not rely on the assumption that all the

pairs of alternatives are presented simultaneously.ll

Proof of Theorem 4
Let «, 8, A €]0,1] such that & = A. The proof will proceed in two parts.

First part: We assume that 8 <1 and prove that > and >p,
(or (N, A, W)).

s are equivalent in all societies (N, A, V)

Let (N, A, W) be a society, and i,j € N two voters.
a) Assume that i > j.

We want to show that i >pas 5. j; that is, for all preference profile R € UYN, dy g (R?, D(R;j)) <
da.p (R, D(R)).

Let R € UN be a preference profile. It suffices to prove that for all {z,y} € Py(A), dizﬁyi (R7,D(R;;)) <
dirﬁy/}\ (R7, D(R)). We will distinguish four cases corresponding to the value of d({f/;"i (R7,D(R;;)) € {0,a, 8,1}

o If dixﬁyi (R7,D(R;;)) = 0, the proof is obvious.

o If dixﬁy}\ (R7, D(R;;)) = a, then two subcases are possible.
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Subcase 1: z ~p; y and z *p(g,,) Y-

From the definition of a political tournament and thanks to x ~pg; y, T ~p(g) ¥ is impossible; thus

dixﬁyi (R, D(R)) # 0. Furthermore, we have dimﬁyi (R7, D(R)) # 3 because & ~p; y. Finally we have

either '} (R7, D(R)) = a or d"}/} (R, D(R)) = 1, and hence, d\"}/}(R7, D(R)) > d\"'} (R?, D(Ry)).
Subcase 2: x ~pg; y and  =p(r,;) Y-

Again, we have diﬁfi(Rj, D(R)) # 0 and dimﬁyi (R, D(R)) # (3; thus, either diﬁ’fi(Rj, D(R)) =aor

a7 (B9, D(R)) = 1.

o If difg{}\(Rj, D(R;j)) = B, then x =pg; y and x *p(g,,) y- Since x > g; y and we cannot have x ~p(g) v,
it is the case that difgf}\(Rj, D(R)) # a. Now, we will show that difé%i(Rj, D(R)) # 0. Assume on the
contrary that dimﬁyi(RJ, D(R)) = 0, that is, = p(r) y. Then, (N(z,y, R),N°(z,y,R),N(y,z,R)) € W.

-Ifi € N(z,y, R), then

(N(z,y, Rij), N°(2,y, Ri;), N(y, 2, Ri;)) = (N(z,y,R), N°(z,y,R), N(y,z,R)) € W

and therefore, x = p( R.;) Y» which is a contradiction.

-Ifi € N°x,y, R), then

(N(x,y, Rij), N°(z,y, Rij), N(y, x, Rij)) = (N(z,y, R)\ {7} U {i}, N°(z,y, R) \ {i} U {j}, N(y, z, R)).

From the assumption that i > j, and from (N(x,y, R), N°(z,y, R), N(y,z, R)) € W, we have
(N(z,y, Rij), N°(z,y, Ri;), N(y,x, R;;)) € W, implying again that = =D(R,;) Y¥> Which is a contradiction.
-If i € N(y,z, R), then
(NG9, Rig)s N, Riy), Ny, Big)) = (N (s B)\ {7} U {1k, N(e,, R), Ny, 2 )\ {2} U 7).
As above, we obtain  >p(g,;) y, which is a contradiction because z xp(g,,) y-
As di"VL (R, D(R)) ¢ {0,a}, we deduce that d\"}'}(R7, D(R)) > d\"} (R?, D(Ry))).

o If dixﬁyi (R, D(Ry;)) = 1, without loss of generality, assume that x >~g; y and y >p(g,,) <.

Y »D(R;;) T implies that (N (y,z, Rij)7N0(y,33, Rij), N (sr:,y7Rij)) € W, and = >g; yimplies z >pi y,
&y
which implies that i € N(z,y, R;j;).

-If j € N(z,y, Ri;), then
(N(y,:r,R),No(y,x,Rij),N(x,y,R)) = (N(yaxaRij)’NO(y7zvRij)vN(‘ray7Rij)) € VV>
implying that y > p(g) = and dim,gf/}\(Rj, D(R)) = 1.
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- If j € N%(z,y, R;j), then

(N (g, 2, R), Ny, R), N(z,9, R)) = (N (g, Ris), Ny, 0, Reg) \ 7} Ui} N, Rig) \ {3} U {})-
But (N(y,x, R;j), N°(y,z, Rij), N(z,y, Ri;)) € W and i >r j; hence

(N(y,z,R), N°(y,z, R), N(x,y, R)) € W, implying that y >p(r) T, and hence diﬁ;{’i(Rj, D(R)) = 1.

-If j € N(y,z, Ri;), then

(N(y, 2, R), N°(y, 2, R), N(z,y, R)) = (N(y, 2, Rij) \ {j} U{i}, N°(y, 2, Rij), N (z,y, Rij) \ {i} U {5}):
and for the same reason as above, we obtain (N(y,z, R), N°(y,z, R), N(z,y, R)) € W, which implies that

Y = p(r) *, and hence difg/}\(Rj,D(R)) =1.

For each of these scenarios, we therefore conclude that dizﬁyi (R7,D(R)) = 1, which implies

(R, D(R)) =1 > d" Y} (B9, D(Ryj)).

b) We now assume that ¢ >py g, j and would like to show that ¢ > j. By contradiction, let us assume that
non(i > j). We should then show that non(i >pa..x 7). Following the definition of >p, g x, we have
to show that there exists a preference profile R € U such that dy g x(R7, D(R;i;)) > du (R, D(R)).

Let A = {1,229, ..., xm}. From non(i >r j), three subcases are possible:

(Sla 527 ‘93) S W
Subcase 1 : There exists (51, 52,53) € 3" such that: j € S1,i € S3 and

((S1\ {5} Ui}, Sa, (Ss\ {i}) U{j}) ¢ W.

Consider the following preference profile R:
Vk € 51,21 =gk To > pRek T3 >Rk ... >Rk T,
Vk € S3,21 Xk To >Rk T3 >Rk ... >Rk Tm,
Vk € Sg,xz >Rk X1 >Rk T3 >Rk .. ™Rk Ty

The computation of D(R) gives :
T1 = Dp(R) T2 > D(R) T3 = D(R) - = D(R) Tm, Which implies do g\ (R, D(R)) = 0.
But non(z1D(R;;)z2) since

(N (21,22, Rij), N°(x,y, Rij), N (z2,21, Rij)) = (S1\ {j} U {i}, S2, S5\ {i} U {j}) ¢ W.

Therefore, da757,\(Rj,D(Rij)) >B>0= da7g7)\(Rj,D(R)).
(Sl, SQ, Sg) ceW
Subcase 2 : There exists (S1,52,53) € 3V such that: { j e S;,ie S, and

(SN {FH Ui}, (Sa\ {i}) U {4}, 93) ¢ W

We consider the same profile defined in subcase 1.

Again we obtain : x1 =pr) T2 =p(rR) T3 =D(®R) - =D(R) Tm, Which implies dap (R, D(R)) = 0;

meanwhile, we have non(z1D(R;;)x2) since
(N (21,22, Rij), N°(2,y, Rij), N(w2, 21, Rij)) = (S \ {5} U{i}, S2 \ {i} U {5}, %) ¢ W.

25



It follows that dysA(R/, D(Ri;)) > B > 0 = da s A(RI, D(R)).
(51, SQ, 53) ceW
Subcase 3 : There exists (51, 52,53) € 3" such that: j € Sg,i € S3 and

(S1, (S2\ {7} Ui}, (Ss\ {ih) U {i}) ¢ W.
-IE((S3\ {i}) U{5}), (S2 \ {j}) U{i}, S1) € W, then let T = (S3\ {i}) U {j}, T> = (S2\ {j}) U {i} and
T3 = S7. From the definition of a voting rule with abstention, we have (T1,T5,T3) € W, j € T1,i € Ty

and (T \ {7} U{i}, T\ {i})U{j}, T5) = (S5, S2,51) ¢ W. Therefore, (11, T2, T5) satisfies the assumption
of subcase 2 that is already solved.

- Assume that (S5 \ {i} U {j}),S2\ {j} U {i}, S1) ¢ W. Consider the following preference profile @:

Vk e Sy : T2 =Qk L1 =Qk T3 =Qk - = Qk Tm
Vk € S \ {j} @] {’L} X1 =Qk Tg 2k T3 ZQk e 7 Qk T
Vk € S5 \ {Z} U {]} X1 QR T2 Qk T3 7 Qk e 7 Qk T

Clearly, we have (N (21,22, Q), N°(21,22,Q), N(22,71,Q)) = ((S3 \ {i}) U{j}, (S2\ {s}) U {i}, S1) ¢ W
and (N (22,21, Q), N°(w2, 21, Q), N (21,22, Q)) = (51, (S2 \ {5}) U{i}, (3 \ {i}) U{j}) ¢ W. This proves

that xo *D(Q) T1 (that is, x5 and x; are socially incomparable). We therefore obtain:

T2 *p(Q) T1 >‘D(Q) T3 >‘D(Q) >‘D(Q); hence daﬁ,)\(Qj,D(Q)) = ﬂ

Considering Q;;, we have x3 =p(q,,) 1 because (S1,52,53) € W. More generally,

T2 = D(Qi;) T1 7 D(Qi;) L3 7 D(Qsj) - 7~ D(Qs;) Tms which implies da)g’,\(Qj7 D(Q”)) =1>p= da”&)\(Qj,D(Q)).
Conclusion : If § < 1, then > and >p, g, are equivalent for all society (N, A, W).

Second part : We now assume that >p and >p, g, are equivalent for all society (N, A, V) (or (N, A,W))
and would like to show that g < 1. We proceed by contradiction. Assume that 8 = 1, and show that

there exists at least one society (N, A, W) for which >p_ , and > are not equivalent.
Consider N ={1,2,3,4,5}, A ={x,y} and W,,, = {(1,25,34), (14, 2,35),(12,4,35)}.

In this game, we have non(4 >7 5) because (1,25,34) € W but (1,24,35) ¢ W (in fact, 5 >1 4). We show
below that 4 >p_ 5.
Let R be a preference profile. Let us prove that do g x(R°, D(Rss5)) < da.px(R®, D(R)). Without loss of

generality, two cases are possible for player 5: either = >gs y or x ~pgs y.
First case: x >psy.
- If y = p(r~) 7, then the conclusion is straightforward.
- If 2 *p(r) y, then the conclusion follows since da g (R%, D(R)) = 8 =1.
- If = p(r) y, then dagA(R°, D(R)) =0 and (N(z,y,R), N°(x,y, R), N(y,x, R)) € W. By the definition

of W, we have 1 € N(x,y, R). So 5 € N(z,y, R).
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*1f 4 € N(x,y, R), then © = p(r,,) y and therefore, dq g A(R®, D(R4s5)) = 0.
*1f 4 € N°(z,y, R), then
(N(2,y, Ras), N°(2,y, Ras), N(y, 2, Ras)) = (N (2, y, Ras)\{5})U{4}, (N° (2, y, Ris) \ {4})U{5}, N (y, %, Ras))-
Since (N(z,y,R), N°(x,y, R), N(y,x, R)) contains a tripartition (Si, Sa,S3) € W,,, from the definition of W,
((N(z,y, Ras)\{5})U{4}, (N°(x,y, Ry5)\{4})U{5}, N(y, , Ry5)) contains the same tripartition (Sy, S2, S3);
this means that x = p(g,,) y (for example, if (N(z,y, R), N%z,y,R), N(y,z, R)) = (15,24, 3), then it
contains (1, 25,34). We have ((N(x,y, Ras)\{5})U{4}, (N°(x,y, Ras)\{4})U{5}, N(y,z, Ras5)) = (14,25, 3)
which still contains the same tripartition (1,25,34)) and consequently, dy 5.1 (R®, D(R45)) = 0).
*If 4 € N(y, z, R), then
(N(2,y, Ras), N°(2,y, Ras), N(y, ¢, Ras)) = (N (@, y, Ras)\{5})U{4}, N°(2,y, Ras), (N (y, 7, Raz) \{4})U{5}).
Again, similarly to the argument above, we obtain x > p(g,,) ¥ and thus da.p (R?, D(Rys5)) = 0.
We conclude that in this case, da g A (R®, D(R45)) < da.p A (R?, D(R)).

Second case: = ~ps y.

In this case, depending on the comparison of z and y by D(R), we have either d, g x(R®, D(R)) = « or

da.p (R?, D(R)) = A. But since A = « by assumption, it is the case that d, s (R°, D(R)) = a.. No matter
how D(Ry5) compares z and y, we get dy g1 (R%, D(Ra45)) = o

In both cases, we obtain dy g\ (R, D(Ry45)) < do g A(R%, D(R)), that is4 >p__ 5.0

sB,A

Proof of Proposition 1

Let o, 3, €]0,1]. Let us prove that for any political tournament, >7C>p_ . . Assume a tournament
(N,A,Py(A),R,V,D) and i, j € N such that i >7 j. The proof that i >p, , | j directly follows from part a)
of the first case of the proof of Theorem 4. In that part, we show that if for any society (N, A, V), i > j,
then >7C>p,
need to assume that 5 < 1.)

at any preference profile R defined on A. (Note that in that part of the proof, we did not

SB,A

Now, we would like to show a tournament (N, A, Py(A), R,V, D) such that there are two players i,j € N
such that i >p, . | j but not(i >r j) and not(j >r i). Consider the following tournament where N = {1, 2, 3},
A ={z,y}, R = (zy,yz, (zy)), and W is such that W,,, = {(1,3,2),(3,2,1)}. Consider players 1 and 2. We
have:

not(2 >7 1) because (1,3,2) € W and (2,3,1) ¢ W;

not(l > 2) because (3,2,1) € W and (3,1,2) ¢ W.

Also, D(R) = zy and D(R;2) = yx, which yields:

d(R?,D(R)) = 1 and d(R?, D(Ry2) = 0, and therefore d(R?, D(R12) < d(R?, D(R)).

It follows that 1 > Py gy 2
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We have shown that for any political tournament (N, A, P2(A), R,V, D), >7C>p,_ , ,, and that this inclu-

sion may be strict.ll
Proof of Theorem 5
Let «, 8, A €]0,1] such that 8 < 1 and (N, A, V) be a society.

If V' is swap robust, then it follows from Lemma 1 that the influence relation > is complete and transitive.
Given that 8 < 1, it follows from Theorem 4 that >7 and >p_

>Pp, 518 complete and transitive.

5. are equivalent. We then conclude that

We prove the converse implication by contradiction. Assume that V' is not swap-robust. It follows from
Lemma 1 that > is not complete. Since 3 < 1, it follows from Theorem 4 that >p, , , and >7 are equivalent,
which implies that >p,_ , | is not complete, which in turn logically implies that >p, ,, is not complete or

transitive. W
Proof of Theorem 6
Let a, 8, X €]0, 1] be such that o = A, and let (N, A, V) be a society.
1- Assume that § < 1 and V' is swap-robust.

Thanks to Theorem 4, >p_ and >7 are equivalent because [ < 1.

SB,A

From Lemma 2, >1, >g and >pg are equivalent because V is swap-robust. It follows that >p >g and

a,B,A7

>p are equivalent.

2- Assume that 8 = 1 or that V is not swap-robust. We want to show that >Pa g 25 and >p are not

equivalent in general. We will show that there exists at least one society for which they do not coincide. We

distinguish two cases below.

First case: Assume = 1.

Consider the following society taken from the proof of Theorem 4:

N = {1,2,3,4,5}, A = {z,y}, and W is such that W, = {(1,25,34),(14,2,35),(12,4,35)} (the set of

minimal winning tripartitions).
It can be easily checked that the influence relation gives the following ranking of voters:
1>72>7p5>p4 > 3.

It follows that W is swap-robust (Lemma 1). From Lemma 2, this implies that the Shapley-Shubik and

Banzhaf power indices give the following rankings:
1>92>55>94>53and1>p2>p5>p4>p3.

However 4 >p, | 5. Therefore, >p, >g and >p are not equivalent.

B,
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Second case: Assume that § < 1 and V is not swap-robust.

It follows from Theorem 5 that >p, , | is not complete or transitive. Therefore, >p, ; , cannot be equivalent
to >g or >p since and >g and >pg are complete and transitive. This also proves the second sentence of item
2) of Theorem 6.1

Proof of Corollary 1

Let o, B, X €]0,1] such that a = A. Assume that § < 1 and show that >p_, ., >5 and >p are equivalent
for all linear society (N, A, V).

Let (N, A, V) be a linear society. By definition, V is swap-robust. It follows from item 1) of Theorem 6
that Zp

500 =5 and >p are equivalent.

Conversely, assume by contradiction that § < 1. Then we need to show that there exists at least one linear
society for which >p_ .|, >g and >p are not equivalent. This is immediate from part 2) and the first case of
the proof of Theorem 6.1
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