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ABSTRACT

This thesis is a study of the natural algebraic
structure on the set of analytic maps between torl with
conformal structure. In particular, the set of analytic
self-maps of a torus is shown to be a monoidal semi-direct
product. The active monoid of the product is actually a
ring and 1is represented by a discrete lattice in the complex
plane. PFor conformally equivalent tori, these lattices are
identical. More generally, conformal invariants are assigned ‘
to these lattices and are used to determine relationships
between the lattices assigned to two torl when there exists
a non-constant analytic map from one torus into the other.
These invariants are of particular importance as a criteriz
for 1ifting an analytic I-structure from one torus to

another.
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INTRODUCTION

This thesis is a study of the natural algebraic
structure on the set of analytic maps between tori with
conformal structure. In particular, investigation of the
set of analytic seif-maps of a torus shéws it to be a
monoidal semi-direct product. The active monoid in this
product is in fact a ring and is represented as a discrete
lattice in the complex plane. The relationship between
the lattices of the different tori is of interest when
there exist non-constant analytic maps between the tori.

If the tori are conformally equivalent, these distortion
lattices, as they are called, are identical.

The study of these lattices is facilitated by the
introduction of imaginary quadratic number fields. The
necessary preliminaries to such an introduction are included
in Chapter 2. Chapter 2 also contains a development of the
monoidal theory required for this investigation.

Chapter 1 reviews the works of H.G. Helfenstein on
which this study is based. The main result 1s the represen-
tation theorem for analytic maps between tori with conformal
structure.

Chapter 3 establishes the structure on the set of
analytic self-maps and determines the analytic automorphism

group of an arbitrary torus with conformal structure. In

-
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each case, the torsion subgroup of the automorphism group
is explicitly described.

In Chapter 4, the family of lattices of complex

distortions associated with the set of analytic maps between

3

L s B B B

two tori is defined and some of its propertles determined.
The symmetry described in Chapter 1, that there exists &
non-constant analytic map from a torus Ty into the

torus T, 1ff there exists one from T, into T is

further displayed by the fact +hat the lattice of complex

distortions .f(tl, 12) of analytic maps from T4 into T,

is the reflection in the imaginary axis of ¢{(12, 11).

Chapter 5 investigates the distortion ring of a
torus. A necessary and sufficlent condition that the
distortion ring of one torus can be imbedded in the distortion

ring of some other torus is given, subject to the condition

that there exist a non-constant analytic map between the

A

two tori. This condition 1s phrased in terms of conformal
invariants of the tori, and appears in Chepter 7 as well.
The notion of analytic homotopy 1s introduced in
Chapter 6 in order to define analytic T-structure in
Chapter 7. The notion of analytic T=-structure is a variant
of the concept of T-manifoid, defined by H. Hopf in 1941 [61.
Chapter 7 glves 2 necessary and sufficient condition

‘that an analytic T-structure on one torus can pe lifted to

|
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another torus, if there exists a non-constant analytic
map between the tori.

In the following chapters, the symbol [a,b] shall
denote the greatest common divisor of the integers a and
b, and is assumed to be positive. The greatest common
divisor of three integers is alsc required, and shall be
denoted by [a,b,c] = [a,[b,c]] = [[a,b],ec] for arbitrary
integers a, b and c.

Finally, the abbreviation "i£f" shall be used 1n
place of the phrase "1 and only if", and the symbol v

shall denote the end of 2 proof.

Y 4




CHAPTER 1

AT KT w.,%
Gitiri t EEGE E s

CONFORMAL TORI AND THEIR ANALYTIC MAPS

;

§1.1 Conformal Structure

In order to formulate the notiox of a conformal

T
A

torus, we require a definition of conformal structure.

Thus we have the following:

(1.1.1) Definition. A topological space X has conformal

structurne 21 if there exists a set Y= {(f,u) | Uopen in X,
£:U » ¢}, where § denotes the set of complex numbers, and S|

satisfies the following conditions:

1) for all x € X, there exists an element

(£,0) eb such that x ¢ U and [ meps U homeomorphically
onto an open subset of §. Such an (f,U) is called 2
Local parameter.
11) for each (f,U) € b, f is analytic at each
x £ U in the sense that, if (g,V) is a local parameter

such that x € VC U, then (£]V) o g'l 1s analytic at glx).

gﬁ
=
=
=
=
§§
22
=e
£

%g
éﬁ
2
2
%g

111) if W = {(£,0) | U open in X, f:U ~ ¢} is a set
satisfying conditions (1) end (11) and hC'H , then b=,

(1.1.2) Definition. Let X and Y De Spaces with conformal

structure b and W respectively. A continuous function
£:X » ¥ is said to te analytic at x € X i2f for each
local parameter {g,V) € M such that £(x) € V, then

(g o (flf-l(V)), Ly e . Iz £ is enalytic at

[

every eiement of X, then f 1is said ¢ pe an analytic function
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from X to Y. If, in addition, f 1is a homeomorphism
and f£% 1is analytic, then f 1is called a confoamal
isomonphism between X and Y, and X is said to e
conformally equivalfent to Y. When Y =X, a conformal
isomorphism will be called a conformal automorphism.

The complex plane ¢ has conformal structure
consisting of the set of all restrictions of analytic
functions to open subsets of ¢.‘ Let us consider two elements
wy, 8y Of ¢ for which the imaginary part of ©;/w, ,
denpted by I(ml/mZ)’ is not zero.

(1.1.3) Definition. The group of transformations of ¢

generated by T, and' T,, where Tl(x) =z + 0,
T,(z) = 2 + v, for 211 z ¢ §, will be denoted by
r(wl, m2), and is defined for w;, u, € ¢ for which I(wl/wz)

is non-zero. Associated with thls group is the lattlce
3:(w1, “2)’ given by
o[(ml, wy) = {koy + Emzlk, L e 7}

where Z 1s the set of integers.

For such a group I'(w,, wz), the quotieﬁt space has
one and only one conformal structure sucn that the projection
mapping 7: -+ ¢/r(ml, w,) becomes an analytic function. The
space ¢/r(w1, m2) with this conformal structure 1is called
a tonus with conformal structure. Since thne relation of

conformal equivalence is an equivalence relation on the
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set of all spaces with conformal structure, the set of all
tori with confqrmal structure is partitioned by this

relation.

(1.1.4) Definition. An equivalence class of tori with

conformal structure will be called a conformal torus.

It is well-known that for w,, G, As Ay € ¢
with I(ml/mz) # 0, I(ll/lz) #0, ¢/r(ml, m2) is conformally

equivalent to ¢/r(xl, A,) 1ff there exist integers
@, By, Y, § with a8 - By = #l, and a u ¢ ¢ ~ {0} such that

Ji(ll, 12) = u‘i(wl, w2). This condition is clearly

sufficient. Conversely, if a function w:¢/r(m1,w2) - ¢/T(A1,A2)

is a conformal equivalence, then since ¢ 1is simply connected, \
¥ can be 1ifted to an entire function v from ¢ onto ¢
such that

¢ ¥

T L4

BT og)) 5 6710

is a commutative diagram. Thus there exist two functlons
m and n from 2 x Z into 2 such that for all

: N
(k,0) € T x 2, ¥(z + ko + 2u)) = ¥(z) + ml, A + 0k, D,

for a1l z € §. This in turn implies that Vv 1s a linear
4V
function, 1.e. there exist C, D € ¢ such that ¥(z) = Cz + D

for all z € ¢. Tt is easlly seen that D may be assumed to
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be zero without loss of generality. So we have Cw1 =

m(l,O)ll + n(l,O)k2 and Cw, = m(O,l)A1 + n(O,l)AZ. But

now if T(le, Cw2) # T(x,, Az), then ¢ can not be
injective, a contradiction. Thus (le, sz) is a basis for

J:(ll, 12), from which we conclude that m(1,0)n(0,1) -

m(0,1)n(1,0) = + 1.

In particular, for w,, &, € ¢ with I(wl/mz) #0,

it is evident that §/T(w;, w,) 1is conformally equivalent to
“y “1
voth ¢/T(31, ETJ and §/T(1, - ZTO‘ Thus the set
2 2

{¢/T(w1, w,) i I(wy/uy) > 0} contains representatives of

each conformal torus. If we let H denote the upper half-
plane, H={z e § | I(2) > 0}, then from the above remarks,
we see that the set {$/T(1,n) | h ¢ E} contains representatives
of each conformal torus. Furthermore, §/T(1,h) is conformzlly
equivalent to {/T(1,h') 1iff there exist integers a, B, v, 6

= o + 8
such that a8 - 8y =1 and h = e S

Let Q denote the set of rational numbers and Al
the pcsitive integers. Let the multiplicative group of
all square matrices of dimension two with entries in Q
and with positive determinant be called GL+(2,Q). Analogously,
let GL+(2,Z) be the multiplicative semigroup of square
matrices of dimension two with entrles in Z  and with

positive determinant. Finally, let SL'(2,2) be

Aif
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. +
che subset of GL' (2,Z) consisting of matrices with determinant
+
equal to one. Since SL (2,2) can be considered as z subgroup
+
of 617(2,Q), it follows that both GL' (2,Q) ané stt(2,2) act

on H by defining the transformation G:H - H for each

+
G = [: g] e 6L (2,Q) in the following manner: for 211

gz + 8

z € H, let G(2) = 2 T8

. Thus we obtain z useful representa-

tion of the set of conformal Tori as deseribed in the followlng:

(1.1.5) Theorem. The set of all conformal tori is parametrized

+
by the set H/SL (2,Z) with the correspondence given by mapplng
the conformal torus containing ¢/T(w,,w,) to the or it

SL+(2,Z)(m1/w2) if I(ml/mz) > 0, otherwise to the orbit

stt(2,2) (= wy/u,).

(1.1.6) Definition. Let T'(h) dencte the transformation

group I'(1,h).
+
With this notation, 2n element 7T ¢ E/SL (2,2)
represents the conformal torus containing the sel
; &né T
either there exists a2 non-constent analytic map from ¢/T(h;)

{¢/T(n) | n e 1} . Now for two conformel tori T

onto ¢/T(n,) for every hy € Ty, hy € Ty, OF else the only
analytic meps from ¢/T(hl) into §/T(n,) are the constant maps.

§1.2 Analytic Maps of Conformel Tori

(1.2.1) Definition. Let T, anéd T, be conformal tori. If

there exist 'nl € Ty h2 ¢ 7. such that there is 2 non=-constant

~
<

ﬂ{k
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analytic map from ¢/T(h1) to ¢/T(h2), then we say that

there is a non-constant analytic map from T to Ty -

Let An(Tl,TZ) be the set of all analytic maps from 7 to
Tos that is, for any h1 € Ty h2 € Tos the set of all

analytic maps from ¢/T(h1) to ¢/T(h2) represents An(Tl,TZ).

A necessary and sufficlent condition for the existence
of non-constant analytic maps between two conformal tori
was given by H.G. Helfenstein [4]. In order to state thls
condition, we require some additional notation. We shall
e H, h

say that for hl’ and h2 are immension-

5 1
equivalent in H Aff there exists T ¢ GL+(2,Q) such that

h, = T(hz). This 1s an equivalence relation and the
equivalence classes of H under this relation are called
analytic immension classes 0§ EH.

(1.2.2) Definition. Conformgl'téri Ty and 1, 2re said

to be immension-equivalent, written T, v Tos iff there

exist h1 € Tys h2 €T, such that hl and‘ h2 are

»
e ¢}

immersion-equivalent in . The equivalence classes into
which H/SL+(2,Z) is partitioned are called analytic immersion
classes of conformal tori.

(1.2.3) Theorem. Let T4 and T, be conformal tori.

Then there is 2 non-constant analytic map from 7 to T,
igf 7 ~ Ty . Since immersion-equivalence is an equivalence
relation, it follows that tnere exlsts 2 non-constant analytic

map from T, tO0 T, 1£f there exists 2 non-constant analytic

&
map from T, to 11 .
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In proving this theorem, i1t was shown that every
analytic map between two tori could be 1iftéd, via the
projections, to an analytic map of ¢ onto itself.
Furthermore, this map must be linear.

(1.2.4) Corollary. Every analytic map between two conformal

tori is either constant or a covering map.

In the same paper, 2 representation of An(rl,tz)
was given., It was shown that the properties of the sets
of analytic maps depend on number theoretic attributes of
the representatives of the conformal tori.

An element z € ¢ 1is sald to be ampfe iff both the

¥ 4

real part, @(z), of z and |zl2 are elements of Q.
Otherwise z 1s said to be non-ampfe. Since every element
of the orbit GL+(2,Q)(Z) is ample iff 2z 1s ample, we
have the following

(1.2.5) Definition. A conformal torus is said to be ample

iff it has an ample representative.

We shall see that the ample tori have rather distiact
properties from those of the non-ample tori.
(1.2.6) Lemme, If 7, and T, are conformal immersion-
equivalent tori, then there exist representatlves h1 €Ty

4
T = ay £
h2 £ T, such that h1 ah, for some 2 €2 .

The proof of this lemma also appears in [U43. It is

based on the fact that if T = [? g] € GL+(2,Z) is such that

+
det(T) = 2, then there exist 7, G € ST (2,Z) such that
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c O )
FIG = [0 d] , where d = [a, B, v, 8], and c=2a/d e A

With this process in mind; 1t 1is easily seen that in
mgeneral, a 1is not the only integer satisfying such 2
relationship between 1, and T, -

(1.2.7) Definition. Let 7, and T, be conformal tori.

Then let Rep(rl,tz) be the set of all pairs (a,h) where
+ P Lnad

aeZ and he P are such that ah ¢ 5 if 7 AR PY

else let Rep(tl,rz) = {(0,h)|h € B} .

(1.2.8) Definition. Let the index of two conformal tori T

and  1,, denoted ind(rl,Tz), be zero if T, and T, are

not immersion equivalent, otherwise let

ind(rl,rz) = min {det(T)!T ¢ GL+(2,Z), dne T, 3 T(h) € rl}.
From (1.2.6), it is apparent that if T,V ré, 1nd(7,,T,)

could eguivalently be defined to be min {al(a,h) € Rep(tl,rz)}.

In [3], H.G. Helfenstein has shown that if ind(rl,tz) #0,
then for each h1 € Tqs h2 € T, there exists an analytlc map

f:¢/r(h1) - ¢/T(h2) such thzt the number of sheets of f

(for by (1.2.4), £ 1s a covering map) is equal to ind(rl,rz),

and for any other analytic map g:¢/r(hl) + ¢/P(h2), the
number of sheets of g 1s not less then ind (11,12).

(1.2.9) Lemmz. For 2ll conformal tort 1, and T, ind(t,, 12)

ind (12, Tl).

-
=




3680 R BB

=
=

-0 -

Proof: If 1, 1is not immersion-equivalent to Y

then ind(rl,fz) and ind(TZ,Tl) are both zero by definition.
If 7y % 7, then for each (a,h) € Rep(rl, 12), J(h) = aj(ah),

e

| +
= v
1 0] e SL (2,2). _

where J = [

I+ is convenient tc introduce at this point some
functions which will be required throughout the paper.
For ample h ¢ H, there exist integers a, b, ¢, ¢ such
( < 2 1e _ .
that 2{(n) = a/b and [n]° = c/d, with [a,b] = [c,d] = 1.
Without any loss in generality, we shall assume Db, ¢ and

d to be positive.

(1.2.10) Definition. Let the functions p, g, T, S, {a,s],

q', s', ps', as', g'r:E + Z be defined as follows: for

each h ¢ H, p(h) = g(h) = r(h) = s(h) =0 1if h 1is non-
ample, else let p(h) = &, c¢(h) = b, r(h) =c, and s(h) = d.
Now let [g,s]{r) = 1 if h is non-ample, and if n is
ample, let [g,s](h) = [g(h), s(n)J. Then put q'(h) =
¢(n)/[a,s1(n), s'(n) = s(h)/[g,s](n) for 211 h e H. Finally,
let ps', as' ané g'r denote fhe product functions given by
ps'{n) = p{r)s'(n), gs'(n) = a(n)s'(h) and q'r(h) =
g'(h)r(h) for 211 h e X .

We shall also introduce z matrix-valued function

.o

on ¥, Por each h € H, let

ps'(h) -¢'r(n)

¥(n)
¢s'(n) 0
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Note that if h 1is non-ample, M(h) is the zero matrix.

It is an interesting fact that there is assoclated
with each analytic immersion class of conformal tori an
abstract group which provides all the information necessary
to describe the set of analytic maps between any two conformal
tori in the immersion class. This group is the stabilizer
subgroup Ih of GL+(2,Q) with respect to any representative
h e t for a conformal torus T in the immersion class. Since
the action of GL+(2,Q) is transitive on each analytic immersion
class, it follows that the structure of the stabilizer sub-
group is invariant as h varies in the immersion class of H.
The following representation of Ih is due to H.G. Helfenstein QEEE;

3

[4]. K

(1.2.11) Theorem. Let h e H. Then the stabilizer sub-

group Ih of GL+(2,Q) at h 1is given by:

I = (T + an) | (p,0) £Q Xy 00 (oq(n))? # 0} .

The following development also appears in gul,
and it will show that the set of analytic maps between
conformal tori is closely dependent on certain elements of
GL+(2,Q)/Ih, the set of left cosets of some stabilizer

subgroup Ih .

+
(1.2.12) Definition. For ezch 2 €1, define the function

3:H » Q as follows: for h € H, let 3(n) = 1/[2,q5'(n)].
"
It will be convenient to define a for 2 =0 as well, If

a=0, let a2 =1,
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(1.2.13) Lemma. Let a € Z+, and let T = [g g] . For

each h € H, the elements of the left coset TIh which
. +
also belong to GL (2,Z) are exactly the matrices

N
k,T + k2a(h)TM(h), for arbitrary kg, kK, € Z for which

K2+ xa(n) # 0 .

2
1
It is now possible to glve an effective method of

computing the index of two conformal tori.

(1.2.14) Theorem. Let T, and T, be conformal tori and

let (2,h) € Rep(1y,T,). Then, defining T = 2 0,

1nd(11,t2) is equal to min{det(le + kzz(h)TM(h))l

2
1

k., ko € Z, ko + kgq(n) # 0} .

12 72

Proof: 1If 7 1s not conformally equivalent to Tys

then ind(Tl,TZ) 1s zero by definition. Suppose that

v, . Foramy S 6Lt (2,2) such that there exist
1 ' + ' = 1
hy' € 195 h,' € 1, with by S(h2 ), there exist A, B
¢ s1¥(2,2) such thet h = T AT'SB(n). Then T s e T,

whence ATISB € TI, . Thus there exist integers k, and kz[ﬂ]

with ¥ +k3a(R) #0 , sueh that 17158 = T + kE(R)TH(R).

=N

Since A and B belong to SL+(2,Z), we have

det(S)

det(k,T + kzé(h)rm(h)). v

Thus 1f T, Vv Ty, ind(t,, 12) 1s the minimum integer

2
represented by the positive definite quadratic form




&
B
B
:
:
g
;
B
E
E
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N
S(x,y) = det(xT + ya(h)T¥(h)) for any (a,h) € Rep(rl, 12).
It follows that ind(rl,rz) can be computed in a finite

number of steps.

(1.2.15) Corollary. Let T, and T, be non-ample conformal

tori and let (a,h) € Rep(t;, 7,). Then ind(1y, Ty) = 2.

(1.2.16) Lemma. Let T, and T, be immersion-equivalent
conformal tori. Then for each element T of GL+(2,Z)

such that there exists a representative h e T, with

T(nh) € t., the set of all analytic maps from T4 to 1,

l’
is parametrized by the set TI, N GL+(2,Z).
In fact, the following representation theorem was

established by H.G. Helfensteln fu1.

(1.2.17) Theorem. Let Ty andé 7, te immersion-equivalent

conformal tori, and choose any (2,n) € Rep(rl, 12). Then
Ap(rl, 12), as represented by the 1ifts of the analytic
maps from ¢/T(ah) to ¢/T(n) to analytic self-maps of ¢,
is the set of all linear functions of the form

. _ h ] A, 0y - n -
r(k,z),D(Z) = Ca(k,l)z + D, where Ca(z,i) k + 2a(h)gs'(n)h

and k, 2 e¢2Z,Def.
If a = 1, the function C? w11l be denoted simply

by Ch. The values of Cz are czlled distortion coefflcients.
As a conseguence of the linezrity of the 1ifts of

analytic maps, we have the following

af



{1,2.18) Corciiary. Let 1, and 5 ve immersion-equiva-

lent conformel tori. Then an anglytic mep f:i 1, * 7

2

imege a2t a single point and

fel)
(e
et
tte
<t
(7]

is uniguely determine

1ts differentizl £, at that point.
In fact, if one considers f as an gnglytic map
of &/T(ah) onto §/T(n) for (&,n) € Rep (74, T,), then if the

- " s
A must nave the form k.1 + kza(h)qs'(h)b(n) for some

N

. 2 , .
ntegers k. and X, with ki + g(2)k5 # 0, and where

‘_..l

el
-~
8}
-
|
~
18 )
<

[
~
:
~
o
Lt
[a)
~

o T Y B R G T i et
|.h

vector form of £ 1s given by f*(X) = pX  for zll vectors X,



CEAPTER 2

ALGEBRAIC CONCEPTS AND TERMINOLOGY

In this chapter,.we shall establish some theorems
on monoids, specifly what we mean by ring, anc give some
structure theorems for certain algebrzic numoer fields.
These are the zlgebralc objects which will be most prominent

in the ensuing Gevelopments.

§2.1 Monoids

A monoid is just & semigroup with an identicy
element. Whnen the need arises, we shzll denote the
monold Wﬂ‘ vy (¥, %, e), where M ZIs the set on which
the operation # 15 gdefined, and e is <he identity
eienment. therwise, we shall simply talk adbout +he monoié ¥,
and denote the identity element by e The symbol for the
operation will be suppressed {rom ~we notation whenever
1¢ is possible to do sO.

By monoid homomorphism we shall mean & Semigroup

'[l

nomomorphism which preserves the 1dentity. cr é monoié M,
iet Hom(M) denote the sev of &1l monoid homomorphisms Ifrom
¥ into M. It is cbvious that Som(¥) is & moncié under

compcsition of meps.

(2.1.1) Definition. et ¥ and X be monolds zné let

3

y:M -~ Eom(N) be & monotd homomorphism. Delline an cperation ®

on the Cartesian product ¥yN %n the following way: for
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elements (ml,nl), (m2,n2) of M x N, let (ml,nl) ® (m2,n2) =

(mlmz,nlwml(nz)). Then M x N with this operation becomes

a monoid, with identity element (eM,eN). It is called the

monoidal semi-dinect product of M and N by ¥ and

we denote it by M xw N.

This is, of course, analogous to the seml-direct
product for groups. If M and N are groups, then

M xw N 1is exactly the semi-direct product.

Let M be a monoid and let A be a subset of M.
Then for any m € M, the set mA 1s defined to be

{mala € A} .

(2.1.2) Definition. Let M be 2 monoid and let N Dbe

P/
) ”’

2 submonoid of M. Then N is said to be normal in M

iff mN =Nm for all me M.

(2.1.3) Theorem. Let N be 2 normal suomonoid of the

monoid M. If N is 2 group, then M/N is a monoid.

Proof: Since N is a group, the set of left
cosets of M by N -is a partition of M. If an operation *
is defined on M/N by setting &N % pN = zbN for a1l aN,
bN € M/N, then M/N with this operation is a monold. That
the operation 1is well-defined is a consequence of the
normality of N in M. v

Now if WM+ N is a homomorphism of the monoid M

into the monoid X, the set {m e ¥ | ¥(m) = ey} 1s called
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Ker(y). It might be expected that Xer(y) would be normal
in M, but in general this is not the case. For example,
iet det:GL+(2,Z) + 7Y be the determinant function. It is
clearly a monoid homomorphism, and Ker(det) is the group

st*(2,2). But SL7(2,2) 1s not normal in GL'(2,2), for
1
let T = [g i], S = (i g] . Then Tce GL+(2,Z) and

s ¢ s.t(2,2). Suppose that T(SL¥(2,2)) = (SL'(2,2))T. Then

2st=) ¢ sut(2,2), but by computation, TSTL £ SL'(2,2).
There are, however, situations where the kernel

is known to be normal. In particular, let M and N be

monoids and let y:M > Hom(N) be a monoid homomorphism.

Then we have the following short exact sequence:

J 1
0+ N-+-Mx, N »M=>0
] %

8
with J:N - M Xy N defined by j(n) = (eM,n) for all

nelN, anég 7 is the projection map. Furthermore, it
splits at M, since T 0 B = ZL,‘,1 , the identlty map on M,

where B 1is given by 8(m) = (m,eN) for 211 m e M.

Ker(w) is normal

(2.1.4) Lemma. The submonoid J(N)

inMx, Nif N is a group, or if N 1s an abelian monoid.
0 y

.5+ be shown that for each (m,n) e M %y N,
, mnere exists L € N such that

(mn) @ (e,k) = ley,h) ® (m,n). But (mn) @ (eyk) =
(m,n wm(k)) and (e,,1) ® (m,n) = (m,2n). If N 1is abellen,

let & = wm(k); if N is a group, let &= nwm(k)n'l .V
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Tf we identify ‘N with J(N), then we obtain the

following

(2.1.5) Lemma. If N is a group, then M can be imbedded

in (M Xy N)/N. TFurthermore, M = (M X, N)/N iff ¢ s
surjective for every m e M.

Proof: By (2.1.3), (M %, N)/N is a monoid. Define
the function &:M + (M Xy N)/N by setting ¢(m) = (m,eN)N.
If ¢(m) = é(k) for some m and k € M, then (m,eN)N = (k,eN)N.
Thus there exists n € N such that (m,eN) = (k,eN) ® (eM,n) =
(k, wk(n)), whence m = k. It is clear that ¢ 1is 2
homomorphism and so ¢ 1is an imbedding of M 1in (M xw N)/N.
(m,2)N

Now 6 1s surjective iff for all k, ¢ N, (m,k)N

for 211 m e M. For any n € N, (mk) ® (eM,n) =

(m,kwm(n)) (m,ll’lkwm(n)). Since ¥ 1s surjective, there

exists %, € N such that g~y = wm(ll), whence

-

(my307Yp_(m) = (m, 2y (1ym) = (m,) @ (g 8ym). Thus

(m,k)N C (m,2)¥ and the converse follows in a similar wey.

(m,2)N, and thus ¢ is surjective. Cn

Therefore (m,k)N
the other hand, if ¢ 1is surjective, then for every . ¢ N,
{m,2)K = (m,ew)N for every m € M. Thus there exists n € N

with (m,%) = (m,eu) ® (m,n) whence 1 = t’.lm(n). v

The following lemmz will conclude the section on

monoids.
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(2.1.6) Lemma. Let N, XNy, M,, N, Dbe monoids and let
yiM, - Hom(N, ), viM, > Hom(N,) Dbe monoid homomorprisms.

Then every monoid homomorphisn :::M1 x¢ Nl - M2 Xy N2

induces 2 monoid homomorphism §:M, -+ i e

1
-

Proof: The map 8:M, » ¥, xw N. given oy

8(m) = (m,eN ) is z monoid homomorphism. I we now define

all m e Mz, nE N2, then 1%t Is easily seen that 7 is &

r n
monoid homomorphism. Finzlly, let £= 70608, Then €

is 2 monoid homomorphism from M into M2 .

§2.2 Pings and Ring Homomorphlsms

(2.2.1) Definition. & ring “Q is &z sequence {M,%,+,e,0)

such thatz {¥,*,e) is & monoid, (¥,+,0) is an zdelian
groug, andé the jeft and right distributive ilzws of * over +

are satisfied, i.e. for gil %, m, n € M:

"
o
-~
5
(1)

1) 2¥(m + n) = (L *m) + (2
11} (L +z) ¥n-= (2 ¥n) + (= *n).

(2.2.2) Defirizion. Let M, = <M,,*,,+1,e1,01> and

1ﬁ2 = (M2,*2,+2,ez,02> be rings. Then & ring hoOmOMOTphlsm

p: W, » M, ise funcvion v: M, - ¥, such thal

) (MZ,*,,e ) 1s 2z monoié homomorphlsm, and
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Thus a ring in our sense 1s the usual ring with
unity. We require a homomorphism to preserve the ring unit.

Otherwise, our ring theoretic conventions are the usual.
§2.3 Algebraic Number Fields

In this section we shall describe a class of
algebraic number filelds and show that there is a correspondence
between this class and the set of ample elements of ¢.

Let F be a principal ideal domain and denote ifs
quotient field by %. Let K be any extension of ?.
Then an F-modufe in X is an additive subgroup L of X such

that for each n € F, £ € L, the product n? € L. If there a

exists a finite number of elements Qs eeeees L of L \

such that every % ¢ L can be represented as a sum

t
L= JZ 240, for 2 ¢ F, then L is said to be finite

F-module in X,

For finite extensions X of %, we introduce the
concept of integral dependence. That is, if X is ez
finite extension of %, then an element o € X 1is sald to
ve integnally dependent on F 1ff there exists & finite
F-module in X containing the set {aJI J e Z+} .

(2.3.1) Definition. Let ¥ ©ve a finite extension of %.

Then the set of 21l elements of X which are integrally
dependent on F forms an integrel domein D, called the

principal onden of X wlth respect to Z.
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it is clear that D 1s an F-module in X, 1If by
the product MN of two F-modules M and N in X we

mean the set consisting of all firite sums 1 aJBJ with
arbitrary aj e M, B'j ¢ N, then a D-ideal in K 1is defined

as a finite non-trivial F-module M in K for which
DM = M, If, in addition, M EZ.D, then M 1s called an
integnal D-ideaf in X.

Certain integral D-ideals have a special importance,
and these are called the prime jgeals. An integral D-ideal
M in X is said to be paime iff for each integral D-ideal
N in K such that M C N, then either M=N or N=0D,
One can show [2] that the D-ideals of K form a group with
the operation of product of F-modules in XK. Furthermore,

every D-ideal can be expressed as & product of prime D-ideals.

(2.3.2) Definition. Let a € n. 1If there exists B8 €D

such that the product o8 1is the multiplicative identity,
then & 1is said to be 2 unif of D. The set of all units
of D forms 2 multiplicative subgroup of L.

In the chapters to follow, we shall be interested in
a2 specific principal 14ez1 domein, namely Z, and its quotient
field Q. The exteqsions which occur will pe subflelds of ¢
obtained by adjoining a single element of ¢ to Q. Such
imaginary number f1e1ds will te denoted by ofn] where
n e is the element adjoined £o G. In fzct, we shzll only
ve interested in ¢[n] for emple n € H, eand then Q[h] is an

imeginary quadratic number field.
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(2.3.3) Lemma. Let nh e H De ampie. Then

-

n
(o]

)

[3
2

_ plh) r{
h a h -

Q
w
1 d

-

Proof: It is sufficlent to show that M(n) e I

h
But this follows from (1.2.11). v

Thus for ample n € H, if we put o« = -
+ 3 : 5 qzns ’

~~

r(h)

B = , then @, B ¢ Q. Furthermore, h2 -ch+8=0,

J

whence the extension field Q[n] ic an imaginery guadratic

number field.

(2.3.4) Definition. Let m e Z . If for every prime

D E Al , [pz,m} divides p, then m 1is said to de square-
jree.

t can be shown [7] that..every imaginary quadratic
number field is of the form Qlvm i] for some square-free
me 2. Ifm# 3mod k), the prineipal order of olvm 1]
witn respect to Z IS tne set of elements of the form

Fad

kK + 3 /B L for erbitrary k, % € 7. If m = 3(mod b),

S e
paptts

the principal orcer consists of all elements of the fo
k+ &1+ /E1) for evertrary k, L€ Z.

(2.3.5) Definition. Let m pe z positive square-free

integer. Then the principal order of Q[v/m 1] with respect

to 2 will te Genoted oy Z(m) ,&nd 1g usuzlly referred to
3

as the ning 0§ integers cf Gi/m 11 .




CHAPTER 3

ANALYTIC SELF-MAPS OF A CONFORMAL TORUS

In the study of analytic maps between conformal
tori, we shall pay special attention to the situation
where both conformal tori are the same. One might
expect a monoidal structure to exist on the set of ali
such morphisms and indeed, if we choose the proper
representatives (see 1.2.17), that 1s precisely what
we obtain. The structure of this monoid is that of 2
monoidal semi-direct product.

It is possible to determine the analytic auto-
morphisms of 2 conformal torus and subsequently all analytic \

periodic self-meps can be determined.

§3.1 The Set of Analytic Self-Maps of a Conformal Torus
Let t be a conformel torus. For any heT,
the set of all anal&tic self-maps of ¢/T(n) is a monoid

under composition of maps, with identity element 1¢/r(h)’

the identity map of §/T(n). Since for any other nte1,
¢/T(n') 1is conformally eguivalent to ¢/T(h), the monoid

of znzlytic self-maps of ¢/T(n') is isomorphic to the
monoid of anszlytic self-meps of t/T(n). Thus we have the next

(2.1.1) Definition. By the monold of znzlytic self-meaps

An(T) of a conformal torus T W€ shz1l mezn the monoid of

snalytic self-meps of §/T(n) for eny neT.
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For each h € H, let T ¢ » ¢/T(n) denote the
projection mapping, and let (E').r1 = vh(z) for each

z ¢ §. When no confusion can result, the subscript h will
be suppressed from the notation.
Now define addition in §/T(h) in the usual way:

for each 2z, , 2, € §/T(n), let Z, + 2, =7; * Zp With

this operation, ¢/T(nr) becomes an abelian group.
Let An(f) denote the set of analytic self-maps of ¢.
Then by (1.2.15), the subset F(n) of An({) which consists

of 1ifts of analytic self-maps of ¢/T(n) 1is given by

F) = By gy ,p ) D 22T De g} .

Now define a relation r(k,l),ﬁ on ¢/T(h) for each

(k,8) € 2 x 2, DE ¢/r(h) in the following way: for

each z € ¢/T(h), let F(k,l),ﬁ(z) = Fle,0), Ne

(3.1.2) Lemma. For each (k,4) € 2 x Z, D e ¢/T(n),

7 = £
r(k,l),D is 2 function.

N
-

()

™

(&
-

Prcof: It must De shown that for w €

t e ="F . Y z »
then ‘(k,z),D(z) ‘(k,z),E(w) Since w € z , there

exist integers =, a4 such that © =2z + my + n,h.

o)

Similarly, since EZ €D,

tnere exist integers m,, Iy
nthat E=D+ + n,n., Thus 7 (w) =

such that D+m,+ 10, (% 2)’P( )

(x + fgs*{n)n)u+ E = (kK + tgs'(n)n)z + D

+ (k + zqs'(‘n)h)(ml + nlh) +my + noh.
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Now if h is ample then by (2.3.3), it follows

thet the expression (k + zqs'(h)h)(ml + nlh) can be
written as ms + n3h , Wwhere m3 and ng are the integers

as'(h) respectively.

- ! 1
km 2n,q r(h) and kng + an,ps (n) + Eml.

1

Thus F(k,l),E(w) = F(k,l),D(z) + (m2 + m3) + (n2 + n3)h,

and so F(k,z),E(w) = F(k,l),D(Z) .

If h is non-ample, then gs'(h) = 0 and so

= = -
F(k,l),E(w) ke + E = k(z + my + nlh) + D+ M, + n2h
r(k,l),D(Z) + (kmy + mz) + (kny + nz)h’ whence

F(k’l),E(m) = F(k,z),D(Z) . v

(3.1.3) Lemma. For each F(k,l),D e Jn), F(k,z),ﬁ is |

the unique analytic self-map of ¢/T(n) for which

" (k,2)D
&>

T¥
rh ¥ Wh

¢/T(n) + ¢/T(Rh)

commutes. Furthermore, the subset of f}(h) consisting

Po) 1 4 — > ny {7 D
of all 1ifts of F(y gy 3 is given by {‘(k,z),E |E e D} .
taus A1) = {F(y 0y 5 | (£,2) € 2 x 2, De¢/r(n)} .

3 ]

Proof: Since T 15 2 covering mep, if there

s

exists 2 map making the dlagrem commute, it is unique.

But F(k ),5 15 the function defined to make the dlagram
} ] ’

commutative.
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Now suppose that F(k,l),D and F(m n) ,E project
H] 3

onto the same analytic self-map of ¢/T(h).. If h 1is
ample, then we must have k + f2gs'(h)h =m + ngs'(h)h and
D=E. Thus k + %qs'(h)R(h) = m + nags'(h)R(h) and
%gs'(n)I(h) = ngs'(h)I(h). Since gs'(h) # 0, 2 =n,
whence k = m. Thus (k,%) = (m,n) and D=E. If h 1s

non-ample, then since gs'(h) = 0, k =mand D = E. v

§3.2 The Natural Monoidal Structure on the Set of Analytic
Self-Maps

(3.2.1) Lemma. For each ¢, 8 € Q, define an operation

M .
(a,8) on Q x Q@ as follows: Cfor each (rl,rz), (51’32) e QxQ,

let \
* = - r $ . \‘.-..
(r1,7)% (o g)(S1285) = (181 = T2%% » 715 + 7S+ TyS,8) S

Then {Q x Q,*(a 8)’(1’0)> is an abelian monoid. The non-
3
zero elements of @ z @ form a2 group under *(a 8) iff the
. b ]

guadratic form sz + xyv8 + yzya is definite, where
Y € 7¥ is such that both ye, YB Dbelong to Z,

Proof: It is readily verified that *(a,B) is an

assceiztive zbelian operation, and that (1,0) is an

identity for this operation. Thus { z q, i(a 8)? (1,0))
3

15 an abelian monoid. To prove that every non-zero element
of @ x Q 1is invertible 1ff the given quadratlc rorm is
definite, we compute what the Inverse of an arbitrary element

must be if it exists. Let (rj,rz), (51’52) e QxQn {(0,0)
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* =
be such that (rl,r2) (0,8) (51,52) (1,0). Since

. -1
% = {
(a,8) is abelian, this will imply that (51’52) (rl,rz)

] * = -
By definition, (rl,rz) (a,B) (§1,52) (rls1 T S50 5 TS, +

- r.s.a = 1 and

rys, t r2523) = (1,0). Thus r;S, 2S5

rys, + r,s, + r2526 = 0. We consider the three possible

cases:

1) r, = 0. Then r2 #0 and o cannot be zero

-

since r,s,0 = -1. So s, = - l/ur2 and Sq = B/ar2 .

2

ii) r, = 0. Then ry #0 and s, = l/rl, Sy = 0.

1+ r5S,%
i1i) ry, Ty # 0. Then s, = —-—;;;———- and so
2 2 _ 2 X
(rl + rerB + T, ) S, = ~Tps whence ry + rerB + T # 0.

2 . ;
Finally, (ri + rerB + rza)s1 =r, * r28 . Thus we conclude

. -1 + oo 2 2
that (rl,rz) exists 1ff ry ¥ rlrzs + To #0 . v

(3.2.2) Corollary. If a, 8 € Z, then (2 %2, *(q,8) (1,0))

is = submonoid of {Q % Q, *(4 gy (1,00) .

-
)

lex T Dbe é conformal torus and let heT.

sl
183

1]

a(n) = as'(h)g'r(h) and 8 = g8(n) = ps'(h), then

a, 8 € Z.

(3.2.3) Definition. For ¢ = a(n), 8 = &(r), the operation

* shall ce dencted by ¥,
(a,B)

o3

Thus (Z % Z,*n,(l,O)) 15 an zbelien monoid, for each

.
..
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) Lemma. = -
(3.2.4) Lemma or (kﬁ)D (anE

7 =07 ==F ;
(k,2),5 ° “(m,n),E T “(k,2) ¥, (mym), DA ¢ (x,2)E
for every h e T , and (k,2) € Z x Z.

proof: TFor each z € ¢/T(h), we have

-(E) =F = <F(m,n),E(25)

Flk,2),0 © F(m,n),E (k,8),D

=7 j w ™
Fk,2),D ° ‘(m,n),E(z) .+ But Fry 9),0 % “(m,n),E

Ch(k,l)Cn(m,n)z + Ch(k,l)E 4D and by (2.3.3) this is equal

to

{(¥m - gngs'(h)g'r(h)) + (kn + m + gnps'(h))gs' (h)h}z

S

+ Ch(k,i)E + D

%é = ¢?((k,2) * (myn))z + D+ Pk, L)E = (z)
= D S GUE = Ty, 2)¥, (m,n),D4C (y 2)E
g% Now recall that Hom( {¢/T(n), ® , T)) is the

E% set of 211 monoid homomorphisms of ¢/T(n) into itself, as

s

descerived in §2.1.
ret u: Z x Z ~ Hom(¢/T(h)) be the
for each (k,L) € 2 % Z.

(2.2.5) Definition.

function given 0} v =7 =
& YoY%, T (k2 0

(3.2.%) Lemma. ¥ it 2 monoié homomerphism of

§% (z x Z,*h,(l,o}) sato (Hom(§/7(2)), 0, 1¢/r(h)>
4

Ppoof: TFirstly, we have w(l,o) = ?(1,0),5 = 1¢/T(h) .

Xy

Now for any (k,2), (mn) € 2 % Z:

=(z)

AR Y

1

ORI HCRS I CRPLACR P 7@ = P1,0),5° T(mm),0

‘‘‘‘‘
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for 211 z € ¢/T(n), by (3.2.4) and thus
= {
Ve, 01, (mm) T Pe,0) © Flmem)
Thus we obtain the monoidal sepi-direct product of
(Z x Z, *h,(l,0)> and {¢/T(n}, ® , 5) by ¥ , which

we denote by Z X I X, ¢/T(n). Let the function

v.7 x 2 x, ¢/T(n) » An(1) be defined as follows: for each
]

(k,8) e 2x2, D¢ ¢/T(n), let ¥(k,%,D) = F(k’z)’-ﬁ- .

(3.2.7) Theorem. If 7T is an ample conformal torus,

then ¥ 1is 2 monoid isomorphism of 2 x I X, ¢/T(h)

onto An(T).

Proof: The identity of 2 x Z X, ¢/T(n) 1is (1,0,0)

and we have ¥(1,0,0) = F(1,00,0 " g /r(n) the identity

of An(t). For any (k,2), (mn) € Z %12, and D, E ¢ ¢/T(h),

we have

¥((k,2,0) ® (m,m,E)) = Py ye (myn),0 + C(k,2)E

=7 =0 r

¥(%x,2,0) ¢ Y(m,n,2) .

Thus ¢ is a monoid nomomorphism. 3¥ (3.1.3), ¥ 1is

pijective, hence it is a monoid isomorphlism.
Denote Z x {0} %, ¢/T(n) oy L % ¢/T(n) end let

the pestriction of ¥ toZ x {9} z &/T(n) be denoted by Y
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(3.2.8) Theorem. If T is a non-ample conformal torus,

then Y 1is a monoid isomorphism of Z Xy ¢/T(h) onto An(1).
Proof: This proceeds exactly as did the proof of

(3.2.7). v
Let ST be the set {z e § | |z = 1} with

addition on S1 defined to be addition of arguments,

modulo 27, Then Sl is an abelian group and ve may form

the group S1 X S1 with addition defined componentwise.

It is readily seen that the group <¢/I‘(h), @ ,0) is

isomorphic to st x st , whence the monoids Hom(¢/T (n))

and Hom(S1 X Sl) ave isomorphic. It follows that we

can consider the monoid homomecrphism v:Z x 2 + Hom(¢/T(n)) \
3

2s z monoid homomerphism v:Z x 2~ Hom(S1 x Sl). Thus

we nave

(3.2.9) Theorem. If T 15 an ample conformal torus,

then An(t) is a monoidal semi-direct product Z X Z xw Sl b4 Sl.

1¢ 1 1is 2 non-ample conformal torus, then An(1) is 2

. . . 1 1
monoidal semi-direct croduct Z x, ST % ST .
s U]

Furthermore, if 1 1is ample, then with the notation
of (2.2.L), the seguence

l . 1 j * - ® - l -+ S - ( * -> 0
0+S %8 ~ I*zl xw ST x5 271z Z,%,
8

ig 2 short split exact seguence of monoiés, where

Sl ot

7# = 7~ {0} . Since 4 St 1s a group, (2.1.5) applies,

-

1 1
and we obtain (Z%z Z*x, st x s7)/(sT x87) = (z*x &%) -
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Similarly, if 1t is non-ample, then we obtain the split

= )

short exact sequence

1 1

J :
0+S xS - I% xlb ST xS

and analagously, (Z*xw's1 X Sl)/(S1 X Sl) = 7% .

(3.2.10) Theorem. Let < pe 2 conformal torus. Then

for any h, h' e 1, {ZxZ, *h) = (2 x 2, *h'> .

Proof: As mentioned in §3.1, the monoilds
Z2x L% ¢/T(n) and Z x Z %, ¢/T(n') are isomorphic.

Then by (2.1.6) the theorem follows. v
§3.3 Analytic Automorphisms of z Conformal Torus

(3.3.1) Definition. Let < be 2 conformal torus. Then

1f £ ¢ An(1), £ 1s sald tobe an analytic automorphism

of 1 iff %

¢ An(t). The set of all analytic automor-
phisms of T 1s denoted oy tut(1).

It is clear that Aut(t) is a group under composition
of maps. To determine tnis group, we must determine the
invertible elements of the monoid An(t). 1In the non-zmple

case, this is readily done. For consider (k,D), (2,E)e 2 x ¢/T(n)

for any h € 1. Suppose that (x,D) ® (&,E) = (1,0). Then

(k2,5 @ KE) = (1,0) whence ki =1 and D = -kE . This
implies thet k = 2 =% 1. Por k=1, D =-E and for
v = -1, then D =% . Thus we have

(3.3.2) Lemmz. If T Is 2 non-ample conformel torus, then

sut(t) = {(#1,0) | S e ¢/T(R)} for e .
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Wwhen T is ample, Aut(t) is not so easily determined.
It is necessary to determine the invertivle elements of
<Z x Z, *h> first. Recall that this monoid 1s a submonoid

of {Q x Q, *h) .

(3.3.3) Lemma. Let T be an ample conformal torus.

Then for any h € 1, the quadratic form x2 + xyB(h) + y2a(h)
is positive definite.
Proof. It is necessary and sufficient to show
that 82'- bg < 0. But 82 - Lo = (ps')2 - lgs'q'r =
2 2 2 . . .
(2qs‘)2((%a)' - §)=(2qs'1‘(3(h)‘ - |n|2) < 0 since gs'(n)I(n) > 0.
i v

(3.3.4) Corollary. Let T Dve an ample conformal torus.

Then for any h e T, {Qx @~ {(0,00}, *h,(l,o)) is an 3‘.
abelian group.

Proof: By (3.2.1), it 1s necessary arnd sufficient
£oc show thzt x2 + xy8 + y2a 1s z definite quadratic form.
But by (3.3.3) it is positive definite. v

Thus every non-zero element of Q z 9 1is invertible.
Qur task is to determine the non-zero elements (k,L) of
7 x Z for which (Ic,P.)-:L velongs to Z x Z. 3y (3.2.1),

Kk + LB =1 y .

-l
(£,2) "= ( 5
’ w2+ xa8 + 1% Ko+ KB 4 2%a

2

-1 . 2 . .
1f (k,8) " €2 x Z, then x # 28 + 1°¢ divides both k

. 2 2
and %, whence [k,2] = 1, Since z #+ zy8 + y“a is positive
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definite, we must have k2 + kL8 + 22

if k2 + kLB + 2% = 1, then certainly (k,l)_l €2 xZ.

¢ = 1. Conversely,

Thus the group consisting of all invertible elements of
<Z *)-\' I 12 1 2. -
x 2, ¥) is ((k,0) e 2 x 2 | x° + k8 + &7es= 1} . We
. . . +
remark here that the mep from I x Z into Z2° U {0} which
takes (k,%) to K% + kLB + 2%¢ 1is 2 monoid hemomorghism of

(z x z, *,) into {zFu {0}, o) .

£ tnis stage, it is obvious that for every conformal
torus T, Aut(t) will contain the elements (+1, 0, D) for
every D ¢ §/T(n)., What is perhaps not 50 obvicus is that
in general, these are the only analytic sutomorpnisms of T .
in order to estzblish this, we shall choose special
representatives sor the conformal tori. It is well-known
tnat every conformal torus nzs exactliy one representative

h such that - % <am) <5, Irl 21 and la] =1 only
1f R(n) > 0.

(3.3.5) Definition. et 7t be a conformel Torus. Then

, Inf 21

POy

the representative 2 €T for wnlch - % < 2(n) <

and |n| =1 omly i 2(x) 20 is cziled the fundamental

Thus for the fundamentel representative n cf T

we shall calculzte the 1nvertibie eiements oF (Z 27, ¥
Since we are considering arpie conformel tori T, the

- o - =es —_l N -
rundementzl repgresentative *s gzple, Thus 23 h) = Gy

by -" v ne - 9
ané |h[2 = ;(:) Zor this secticn we shell assume that gli
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functions defined cn H are evaluated at h and hence

no specific indication of the varizble h shall appear.

. 1 _ D 1 r
Thus we have - = < &= <3 and T2 1, whence
2 2q¢ -2 s -
lpl <¢ and »2>s . (1)

Por (k,2) € 2 x 2~ {(0,0)} we have R(k + 2gs'h) =

;
k + Lgs'R(h) = k + ER%L = 5(2k + 2ps'). Let us define

Y = v, (k,2) = 2k + ps'. (2)
Then R(k + Lgs'h) = % . Now suppose that (k,z)’l eZxZ,

2 2
whence X° + kiB + 20 =1 . Observe that tx + Lgs'h|” =

K + k28 + 3%q . Thus |R(k + 2gs'h)| <1 and so Iyl < 2.

Since vy 1is an integer-value

QA
-y
=
3
(]
ct
[
(o]
3
“

it follows that N
-1
1f (x,2)”" Dvelongs to ZxZ, then y(k,1) = 0, #1 or #2.

Let us introduce the expression

A=4h =lbag'r-9s'. (3)

& > 3agg's. (k)

. . . L . -
Since |x + fgs'a| = 1, this impiles tnet 2¢gs'» = 0. ZEut

e}
n
(b )
"
o
“w
n
o3
(o]
n
(o]
ol
1}
o
N
!
o]
t
)
n
'.J
"
3
s
"
(o]
”~
+
-
-
o
L
Y
'y
(1
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the only pairs (k,%) for which v(k,%) = +2. There are
no restrictions on the conformal torl in thils case.
Case 2: Suppose v(k,%) = +1. Then

, whence (lqs'I(h))2 = % . Since

)

R(k + 2gs'h) =

ol

- R(h)g, this implies that (2qs')2(§ - (%E)z) = %’

2

hence that 225t (4gg'r - p°s') = 3. From (3), we have

22As’ =3 andé so &, 22 and s' divide 3. Thus

2 =41 anéd 84 =1or 3. By (L) we see thet 4 = 3. Thus

qa's <1 and g =s=1. This implies that m?=3,

whence lh|2 < 1. 3Buc n is z fundamental representative,

hence ]h!2 > 1. Therefore in} = E = 1. From (3), =
2 h

A=14 -p°, and sop = +l. Forp =-1, we obtain

1 om . Y -
R(R) = - 5, which is not possiblie since h 1s fundamertal

1 .
anéd |n| = 1. For p =1, A(n) = 5 and I(h) = £% . Thus
1,73

for tne confcrmal torus represented oy h = 5 + 5 i, Yy,

mey take the values #1 in zddition to +2. It has been

determined already that If y(k,2) = 41, then L = #i.
arom (2) we heve 2k + & = #l, Thus for & = 1, the possible
values for k are 0 anc -1 Tor & =-1, k mey be 1 or O.

Thus the possible pairs (k,1) for which v, (k,2) = 1 are
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Thus q = s = 1 and 4 = 11, If % =1 then k = -R(h).

If ¢ = -1, then k = R(h). In elther situation, since k

is an integer, it can only be zero. Thus k = R(h) = 0.

We have shown that only for the conformal torus h =1 can
Y take tﬁe value 0 in addition to +2. The possible pairs

(k,%) for which Yi(k,l) can egual zero are (0,%1).

(3.3.6) Theorem. Let T bea conformal torus. The

automorphism group aut(T) is a2 semi-direct product of 2
1

. 1
cyclic group of order four and the groud st x 8§ if =
is represented by i, & semi-direct product of 2 ecyecllic

1
group of order six and Sl £ S if T 1s represented by

% + ﬁ% i, and for 2ll other sonformal tori, Aut(t) is a igi

semi-direct product of 2 cyclic group of order two and

S1 X Sl.

Proof: The semi-direct product structure is just
tne restriction of the monoidel semi-direct product
structure to the group of aneaiytic automorphisms. For &
non-ample torus T, then as wés seen in (3.3.2), Aut(z) =
_§/v(n) for any nET. is a submonoid of

¥
,(l,O)) , {(+1,0)} is & cyclic group of order two.

{(+1,0)} x

zmple, 1let (k,%,D), (m,n,E) € An(1).
@ (n,n35 = (a,n,5) @ (k,%,0)=(1,0,0).

mhen (m,n,E) = (k,2,0) ~ . Mo (¥,%,D) ® (m,n,E) =

- - - -1
((k,i)*h(m,n),D ® w(’{.,i’.)(g)) (1,6,0), whence (m,n)=(¥,2) ~



!
(98]
O
1

and w(k,z)(§)= -5 . As well, (m,n,E) ® (k,2,D)
((m,n)*h(k,z),'}f @ V(n n)(I_)')) = (1,0,0) whence

(m,n) = (k,l)_l and - Z = w(m,n)(ﬁ)'

Thus if (k,z)-l ¢ 7 % 2, then for every D e §/T(h),
(k,:’L,D)-l exists. It is clear that every ample torus T
sdmits the conformal azutomorphisms (1,0 ,0) for all

De &/T(n), for any n e T . Furthermore, &5 in the non-ample

case, {{(+1,0)} , .,\*,O)) 1s & cyclic group of order two.
We have seen that for all conformal tori, except

; , .1
possibly the twWo represented oy 1 &ant 3
v 2

Nt

“+

i, these

are the only analytic zucomorphisms. We now consider the
remaining two conformel tori.
Case 1: Let T De the conformel TOrus represented
by h =3i. Then p(h) =0, o(n) = s(n) = r(n) =1, zné so
the operation *_  is given oy (k,Z}*h(m,n) = (im - in,¥kn + &m)

for 2il (k,%), (m,n) in 2 x Z. 27 the argument preceding

tne theorem, the candicates sor invertitle elements in

n! = -

-
3
o
(o]

3
(1)
wn
o
o }
1\
(&)

e
yor
-
-
£
ct
—~
-\
-~
bon
wn
)
17}]
-
oY
]

conformel torus

Girect product of & eyelic group oF order four gnéd ST % ST,

L
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Case 2: Let T be the conformal torus represented

. 1
by h = 5 + f% 1. Then p(h) = q(h) = r(h) = s(h) = 1. Thus

the operation ¥  1s glven by (k,l)*h(m,n) = (km - &n,

¥n + &m + &n) for all (k,&), (m,n) € Z x Z. The candidates
for invertible elements of (Z x Z, *h,(l,o)) are (41,0),
(0,#1), (1,-1) and (-1,1). Again it readily follows that
<{(i;,0),(O,i;),(l,-l),(-1,1)},*h,(l,0)> is a cyclic group

of order six, generated by (1,-1) or (0,1). In fact,

(0,-1), (1,-1)3 = (-1,9), (1,-1% = (-1,1),

=
(1,-1)5 = (0,1) and (1,-1)° = (1,0). Tous fus(s) is a
semi-direct product of a cycllc group of order six and

stxst. v
§3.4 Periodic Analytic Self-Maps

Since an enalytic mep between two conformal tori
was seen, in §1.2, to be & covering map, it follows that
if z periodic anelytic self-map of a conformel torus exists,
1t must be & one-sheeted map, hence an anzlytic automorphism.
mhis fact also follows from & purely group +tneoretic argument.
with the classification of the znalytic zutomorphisms
given In the previous section, i+ is now possible to
determine, for every conformal torus T, the torsion subgroup

of Eut(t), nemely the set of 211 pericdic znaiytic self-meps
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It is evident that if (1,0,D) 1s to be periodic, of

period n, then nD = T . This is of course only a necessary
condition. If D 4s such that n 1is the least positive
integer such that mD = D , then the condition is also

sufficient.

+
(3.4.1) Lemma. Let h e d and ne?Z,n>1, Then the

set of all z 1lying within the parallelogram with vertices
0, 1, h and h* 1 and such that nz =z +m + kh for
some integers m and X, and such that n 1s the least
positive integer greater than 1 for which this is true is

given by:

v

(Br¥ | gemken-l, [mk,n-11=11%

roof: It is clear thet S = {g}%}%?l | 0 <mk< n-1}

is the set of 21l elements of ¢/T(n) whose order divides
n -1 Let z € S and suprose that there exists an
integer & with 2 < £ <n, such thatl 2 - 1 divides n - 1,
sayn- 1= gl - 1), znd for wnich there exist integers &,0
such that ‘tz =2z + 2+ on. Then

o + ¥R(h) _ 2 + ba(n)
,=BE¥2 22 = eandso —jg T e ——

n - 7 — 1 ne-1 2 -1 , end

¥I(h} T - ¥y _n-=1 ‘
#:£:+ = %ié&l . Since I(x) > 0, % = g5 » Woence

= znéd b e&re ncn-zero. 12 either is 2zero,

:



o
0
!

the situation is very simple. So assume that they are

“oth non-zero. Then g divides k, m and of course

O

n - 1, hence g divides [mk,n - 1]. Conversely, if g

. - m . L - n -1
divides [m,k,n-1] then for a =%, 0 = K ang 2= + 1
g’ g ’

we have &z = z + & + bh, Thus those

O
3
o
o
3
'_J

L
ot
s
o
wn
®
®
'_l
o
.—:l
®
ot
1]

m + kh L a - - - R .
éf:rjf'for wnich [m,k,n - 1) = 1 are of period n. Thus

for any positive integer n > 1, every conformal torus T

has meps of period = and the set of zll such meps of the

= = m+ Kh
form (1,0,D) is the set P (h) = {(1,0,3) | D = == i ,
Im,k,n ~ 2] = 1} . v
P Rl ]

Consider now the analytic automorpnisms of T of

- . L =2 'J!l
the form (-1,0,D). Observe that, for any h € T, (-1,0,D)7= 3
((-1,0)% (-1,0),0 @ -5) = (1,0,0) and so every such map

is periodic of pericd three.

Tnus 211 periodic maps of every conformal torus,

exce-t possible the corformzl tori represented DY i and

Tt is ciear that the torsion subgroup of tut(7)

£ -t
-

son boin of the remaining conformal tori contalns the

.o

Tor the confcrmal torus represented by i, we may
- 2 -, r - . - - -~ d

1zionzi elements of the Iorx (0,#1,0). 1In this
- . - I4 . - P} - > -

monoid, We ¥ncw that {6,51) gre toTh ol Orcer iour. it

. .k
15 mezdily verified thet for 2eca S e £/T(a), (C,+1,D)
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Thus every analytic automorphism of the form (0,1},5),

5 ¢ ¢/T(n) is a periodic map, of period five.

Finally, for the conformal torus represented by

+ i, it is possible to nave periodic maps of the form

|-
Nw

(0,1},5), (1,-1,D), and (-1,1,D). We know that (0,1) and
(1,-1) are of order six, and (0,-1) and (-1,1) ere easily

shown to be of order three. In fact, for every D e §/T

3 - -6
(£ + 22 1), it is routine to show that (0,1,D)6 = (1,-1,D)" =
2

o

3,

(0,-1,1—5)3 = (-1,1,5)3 = (1,0,5). Taus every analytic
automorphism of the form (1,-1,5) or (0,1,D) is periodic of

period seven, wnile every analytic automorpnism of the form \
~

(-1,1,D) or (0,-1,D) 1is periodic of period four.

Thus we obtain the following

(3.4.2) Theorem., Let T ve & confcrmal torus. If 1 1is

not the conformal torus with fundemental representative

.
or 3 + f% i, then tne torsion subgroup T of

4]
el
ot
5
[\
"3
[wrs

tuc(t) is glven by
w

T = {UPn(h)} U {(-1,0,5) | T e ¢/1(2)}

for zny h e T . The elements of 2 &re of period n,

wnile the elements of the form (-1,0,D) are of period three.
e < 1is represented by 1, +nen the torsion

in zédition to the elements of T,

susgroug of Aut(t) contains,
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the set {(0,+1,0) | D¢ ¢/T(i)} . Each such elemert 1s

of period filve.

o

If 1t is represented by % ) i, then the torsicn

supbgroup of Aut(t) contains, in addition to T, the set
{(6,1,0), (1,-1,0) | D ¢ ¢/?(% + £§ 1)} , with elements

of period seven, and the set

(6,-1,5), (-1,1.0) | 5 ¢ &1+ B0

with elements of pericd four,



CHAPTER U

THE LATTICE OF COMPLEX DISTORTIONS

7o each ordered pair of immersion-equivalent
conformal tori there 1s associated a family of complex
lattices, and each such lattice provides 2 representation
of the analytic maps between the conformal tori. It is
our purpose in this cbapter to investigate the relationship
between memﬁers of this family of lattices and to further
display the symmetry of the immersion equivalence relation
by showing that the lattices associated with the pair T,

and Ty are the reflections in the imaginary axis of the

jattices associated with the pair 5 and Ty -

§4.1 The Distortion Coefficlents of Analytic Maps \

"~

Let 1, ané T, ve immersion-equivalent conformal
topi. In (1.2.17) it was shown tnat for ezch (2,n) € Rep(r1,12),

An(?l,rz) is given by {F(k’l),5§(k,£)s 7 %27, D¢ ¢/r(n)},

where

. T B ovs Yy
’(k,l),ﬁ((zyah) = (Ca(ﬁ,l)z + D)y Ca(k,l) k + fgs'(n)a(r)h.

(4,1,1) Definition. Let T, and T5 ve immersicn-eguivalent
conformel tori. For each (z,h) € 38?(11,12), let

. n .
{(a,n) = {Ca(k,l) | (k,2) € Z x2} . Then L(a,n) 1is

said to be & fatiice 04 complex distontions zssocizted

with An(Tl,Tz).
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It is clear thet if 1, ané T, are non-ample,

then for each (a,h) € Rep(11,12), i(a,h) =72C¢. Thus

for non-ample conformal tori, there 1s nothing more to ve
Getermined about thelr associated lattices. Ror the ample
tori, the situation 15 more interesting. For example,
every lattice of complex distorticns associated with
in{t.,7,) for ample immersion-equivalent conformal torl T4
and T contains, in addition to 27, a purely imaginary
sublattice. In general, the full lattice properly contalns
+ne sublattice generated by 7 and the largest purely
imaginary sublattice.

In order to provide an adequate spamework for such
an investigation, we shall examine the analytic immersion

class.

£
(L,1.2) Theorem. Let Wl ve an ample analytilc immersion

clzss in H., Then tnere exists a unigue positive square-
fpee integer m such that mie WM.
Proof: Let h € 'n\. Then there are integers

. : . . 2, c/m L
b, ¢, ¢ and ™ Suca that h = ¢ t = i, with cd > 0,

m>0 and m is sguare-iree. Define

c pe
T = .
0 1

en T e GLT(2,0) and T{p) = /m 1. Thus mie WM.
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Suppcse that n is a positive square-free integer such

that /A 1ie Y. Then there exist integers ¢, B, ¥, §

such thet o/m i + 8 =/n i(y/mi +¢), whence /% e Q.

2]
.
<

3ut this is only possitle if n =

¢

(4,1.3) Definition. L

[{]

+ @ be 2 positive, square-iree

i

(B

nteger. The ample analytic immersion class containing

o

T
3
=

- . PPN
Thus for each h ¢ W , there exists a T e 6L (2,Q)

T

fs

such that h = T(Vm 1).

(k.1.4) Corollary. For each R € ﬁﬁm, Q[nl = lvm 11 .

I¢ is now possible to uniguely assign an imaginery

guzératic number fieid to each ample znelytic immersion

W/

(4.1.5) Definition. ToO ezch analytic immersion class ﬂtﬂ

assign the imaginary quadratic numoer fleld K(m) = Q{v/m 13,

The ring of integers of Z(m) is denoted by Z(m).

133

By (L.1.1), %(m) is equal to q[n] for each h e W .

(5.1.6) Lemma. Let he E 3De ample. Then for each

gs' o T()I(T(R)).

23]
(
(&)
4
—~
n
-
[
~—
%
Re]
(4]
~—
jo
~—
-1
~~
o
—
"

Procf: Let 141 we the zmple analytic immersion
clzss containing h enc T(n). Then there are integers

- e e . & el #n T = 31 =
o, 8, v, § such that 5 =g+ L/, witn [o,8] - [v,81 = 1.

we now compute
2
n('ﬂ) = T__e—-' = s = (?"6)
- ;23,5j Z,SJ [236‘,(35)2]
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2
- 2(56) > 5 . Thus we have
[(a8)” + m(By)",(88)°]

and s(h) =

(88)20286°, (86)2, (28)% + (8Y)°n]

?i“ lq,s](h) = whence

= 72852, (88)21L (08)2 + m(8Y)%,(88)°.

= )

- qs' (h)I(h) = = 3 18 0/;‘; > ) .

= [(e8)° + m(8y)“,(88)",2868"]

= Now since T € SL (2,2), there exist integers a, b, C, d

E . - _ & D o ., _2ah +D

%g» such that T = L, d] . Tnus T(h) = =+ d whence

= . 2 2 .2

= o(n) = (ao + b3)(co + dB)8° + ac(By) m + 8 y6/m 1
(ca + d8)262 + (CBY)Zm

1f we define B ‘!

\ = 2(aa + 58)(ca + d8)&° + 22¢(8Y)°m

ot R R S

(co + a2)262 + (c8v)°m

h 4
1]

EslsE

(2o + b8)262 + (aSY)Zm

<
I

ther we obtain g o T(r) = ITBET and
bl

2
u

u- .
a + b8)(cu + d8)62+ ac(By)Zm}2+ 726 ozm, u2]

o
-
~~~
[\

2 2,52
Tortunately, we have ((aa+b8)(ca+ds)52+ac(8Y) m)2+y%8 6m= v .

Taus < o T(n) = tvuu . Tt can resdily be shown that
-2
gs' o T(h) = l,;,vj wnence
2
<86/m

gs'o T(n)I(T(a)) = Toe,v)



T

Thus gs'(R)I(h) = ¢s' o T(M)I(T(R)) iIf

[A,u,v] = [(a5)2 + m(BY)z, (86)2, 285°7. Suppose that

for Le32, » divides [(e8)2 + m(8y)%,(86)2,286%]. Then

¢ divides each of (a8)° + m(SY)Q, (86)2 ané 2862, whence 1

divides 2ac((a6)2 + m(BY)z) + 2a3y2(ad - 2¢)+ 2bd(86)2 =

2(ae + b8)(ca + d3)62 + Zac(sy)dm = A; 2 divides

a2((a5)2 + m(By)z) + b2(36)2 + 2aba862 (22 + b6)262 +

(aBY)2 m=v; anéd % Givides 02((a6)2 + m(Ey)z) + d2(86)2

+ 20da862 = (co + d8)262 + (cay)zm =y ., Thus £ divides
[A,u,v]. It follows thzat Z(aé)2 + m(Sy)Z,(Bé)Z,ZSGE]
Givides [i,u,vIi.
Conversely, suppose that 2 divides [x,u,v]. Then \

we pave the following situation: & divides A, whence

% divides 2ac((a6)2 + (By)zm) + 2a562(ad + oe) + 2bd(86)2 (5)

ané & divides v, whence
i divides 2((e8)® + (By)zm) + 62(88)% + 220084° (6)

anéd & divides u, whence

R 2 o\ 2 2 s oparl - el .
¢ aivides ¢{(ad)° + (8Y)m) + (G8E)" + 2claBé . (N
Trom (%) ané (7}, we cdbtelin
2 gl -~ 2/ - , . LY A r-2 ]

¢ divices (R8)“(zé + be) + Zacadé . (3)

Then from (5} and (6)
N2 ~ 2

£ divides 2p(88)" + 2zcdé , (g3
and from (5) aré (7)

- 2.2 A - r-2 10

5 divides 2¢{36)° + 2cefé . (18)
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Hence, from (10), we obtain that & divides
2ad(87)2 + 2aca862, and with (8),

L aivides (88)° . A (11)

From (10) and (11),we have & divides 2ca862, and from (9)

and (10) we have & divides 2aa862, whence £ divides

20852, But then & divides [2088%,(88)°] = [20,8186%=(2,8186°.
Thus

% divides 2662 . (12}

Finally, with (11) and (12),we obtain from (6) that £

divides a‘((ua)2 + m(BY)z), from (7) that 2 divides

c?((e8)? + (8y)%m), whence <
L divides (a8)? + m(s)° . a3

e T

i

S

aut now from (11), (12) and (13) we conclude that 1 divides

[(a6)2 + (BY)zm,(86)2,2862]. Thus [A,u,v] divides

[(a6)2 + m(BY)z, (56)2, v562]. 7
A rather more elegant proof of this lemma 1s given

pelow. However, the methods 1ntroduced in the proof of

(L.1.6) will be of use in the later developments.

(4.1.7) Lemma. Let h € ¥ Dbe zmple and let T € SL (2,2).

Then the set of 1lntegers representec by the cuadratic

rorm det(xI + y¥(n)) is eguzl to the set of integers

-1
(1.2.131), ¥I + 2¥{a) € I,, whence T 0 (kT + ¥(Rr)) o T e 1

)
=
)
o)
—
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Thus det(kI + M(h)) is an integer represented dy

-1
et(xI + yMoT(h)). Since 2 =T “(7(n)), the argument is

‘J.

n

yrmetricel, i.e. n can e replaced by T(h) and vice-versa.
Thus the sets of integers represented by the two quadratic
~orms are the same. v
T+ is known [T7] trhat if two guadratic forms represent

+he discriminants of the

ct
[y
i
[6]
&
®
12}
o
ct
Q
-y
'_)
3
ot
1]
o
[
o]
n
-
c
o]
13
3

+wo forms are equal.

+
5,2.8) Co”ollajz, ret h e E be ample and let T € SL (2,2).

Then (ps' (h)) - bgs'{n)g'r(n) = (ps'oT(n )) - lbgs'oT(n)g'roT(n).

. 2 .
Proof: Observe that det{xI + yM(n)) = x + xyps'(n) +

2 2

“gs'(n)q'r(h), whence the giscriminant is equal to {ps'(h))

A

- lgs'{n)g'r{h). Similerly, the discriminant of
set(xT + yloT(h)) is (ps'oT(h))2 - Hqs'oT(h)q'roT(h). v

It is now easy t¢c see that (4.1.6) follows. Zor

Lin-}
)

ezcn conformel torus T is an element of 5/SL (2,2). 1

. . BPNY:
1s ample, then for any B € T, ¢s'(r)I{n) = gs'(n) /In} -(R(n))

L /igs! (n)e'x(n) - (ps' (2))°

(25
2qin)
= - P ! wYatw(? ' 2 4
=y (4.1.8), the expressicn 1gs'(n)e'n(n) - (ps (n))° is

3 2 - ey i 1
imvyariznt 2s h ver:zes 1y 1. Thusg the expression

- - - % - - ) - 2 Fi
cs'(n)i(n) aisc remzins constant as n veries in T.




(£.1.10) Lemma. Let 17, and < be immersion-equivalent
conformal tori. If (a,h) € Rep(rl,rz), then for every
+
T g SLa(2,Z), (2,7(R)) € Rep(11,12).
F 44 ol ™ a B +"
Proof: For each T = [ 6] ¢ SL (2,2), n €2,

xe must show that aT(h) € T But

ar(n) = 2SS - 22 - O 283(an) and

an n(an)+ ¢ n
aé - ne8 = 1. Thus aT(n) € 79 . v
7f h is non-ample, it is easily seen that these

are all such elements of 5 witn this property. If &

is ample, however, the determination of all such elements

»eguires the integral solutlons (k,2) of the quadratic

form ak2 + kra(a(n))ps'(n) + iza(g(h))zqs'(h)q'r(h) = a.

e faet thet (1,0) is a solution is 211 that Lemma (4.1.10)
establishes.
(k.1,11) Lemme. ZLet T, eané 1, 3€ 1mmersion-eguivalent

) b [ = - -7 Yo, )..’}-' mlny far
conformel tori. If (&,n) € rep(t,, 12), cnen awn)=eo T(hj ror

+/ 4
each T € SLa(d,Z).
Snoof: It is true fcr non-zmple torl oy definition.

Suppose that T4 znd 5 z»e zmple, Then choose any
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Now calculate

2
- (yw)
N _ v - and
a(h) T2%,7] L2,vl [2yw2,(yW)2]

(yw)2
[(xw)2 + (VY)Zm,(yW)2]

s(h)

It follows now that

(yW)2 .
[2yw2,(yw)2,(xw)2 + (vy)°ml

gs'(n) =

Gasraew

]
L)
o)
~
[
IR
e k=
ja
.‘.
+
O
3
[
3
2]
(1]
"’
d
P

2 2
(ax + 8y)(ayx + éy)wz + aoy(vy)m + yova/m 1
2
(ayz + 6y)2w2 + (ayvy)'m

T(h) =

- and mlny b2 | &~
and so we can compute Q0 7(z) and s o T(n). Firstly,

we define

2
2(ax + 8y)(ayz + 6y)w2 + 2zey(vy) ™

~e
1

. 2
u= (ayx + éyJ2w2 + {ayvy) @

2
(ax + By}zwd + (evy) m .

v =
: T(h) = = and s 0 T(n) = == , Waence
Then ¢ o T(h} = o & 5 Tih I;:ET
LA
/ ¥
gs' ¢ T{n) = IT—;?GT .
E Al I

£
n
~~
R )
~
(24 ]
)
()
s
]
W2
wn
-
o
-
—~
}a)
~
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ysz/ﬁ
[2yw2,(yw)2,(xw)2 + (vy)zm]

"(n)I(n) =

2
as'o T(n)I(T T(h)) = ’b\——\"‘r . Thus

31

2
[2yw2,(yw)2,(xw)2 + (vy)¥°m] = [x,u,v]. By definition,

15

3(n) = 30 T(n) iff [a,as'(R)] = [a,as’0 T(h)]. Since

)

~

= (ay)2((xw)‘ + (vy)zm) + 6‘(yw)2 + ayéx(2yw2) and since

[»,u,v] divides each of the guantities in brackets, we have

vw)

[a,as'c T(r)] = [a, 52 TTLT_GT = [a,52qs'(h)], whence
b At}

yn s R | ..
[2,cs'(n)] divides [a,gs'o T(n)]. Since n = T ~(T(h)), the
symmetry of the argument has [a,as'c T(h)] éividing
. . T .

[z,gs'(n)] and thus 2(n) = 20 T(h).

Thus we 00 tain

(L.,1.12) Coroliary. Let < and 1, be immersion-

equivalent conformel cori. Then for eazch (a,h) € Rep(r1,12),

Z(z)es' (R)I(R) = % o T(r)gs'o T(n)I(T(n)) for every

T ¢ SLT(2,7)
-4

'k

: mmersicn-eqguivalent

conformel tori, ani let (z,n) € Eep(11,12). Tren for every

Lan)
e
n
[a]
vl
-~
R}
-,
|
w
[&2]
~~
9]
~
~
¢
Lo
3
~

o -

15 an integer.




Proof: This is true by deliniticn i? 1, and T
are non-ample. Suppose noW that 1, é&nd T, are
immersion-equivalent ample conformel tori. Let mﬂ ce
the anzlytic immersion class containing T, and Tye

for any (a,h) € Rep(11,12), tmeve exist integers X, ¥, V, ¥

|<.

such that h = ¥ /mi, with [7z,y0 =

zlw
-

&} +
et T =12 g] e SL7(2,2). Since our notation here
(=4

o

coincides with that of (4.1.11), we shzil make use oI the

o1

- s . _ 2xyw
caleulztions done there to cotain ps'lz) = 7713—37 an
Lt F)

\ 2
. _ 2(ex + 8y){eyx *+ 67 2 + 2zval{vy) = 2nd S0
)= - , &n
LAhau,v

i

o - 2 2
2(ax + 3v)(ayx * oy)w2 + zaay(vy) m=22y¥%
LA,u,v]

psto 7(h) - ps'(n)

" (xw)2+(vy)‘m L 2lyw) ac + 2¢3{\2{i”
Y !_}.,',1,'0_‘ r)‘s“: LA

n
N
o
Q

M
Iy F

s 2 2 L2 s
Since [A,u,v] divides (za)© + (vy) m, (yw) &nc 2xy¥ , ané

2(2) p

. 2 2{n) _ L

ss'o T(n) - ps'{n}. 3w W gefinition, =5 T 37z gs'(n). °
and sc gg‘z)(ps'o T(n} - ps'{x)) is an Integer. v

- ~y E - !/~ e
conformzl tori. Then for £22h 1&,7) € .eo(.-,.z),
<
T \ {2 = IO
7 ¢ 8L.(2,2), {{z,5) = { (g,7{zs).
=
- ' -v - e & - l’
Spool: 3y the symmelry cf tne situation, T 8
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By (4.1.12) and (4.1.11),

3 o T(h)as'o T(n)T(n)

3 o T(n)gs'o T(h)(g%%%%%% +1(T(h))1)

n
= 2 o T(n)ps'o T(n) Y o T(n)gs'o T(M)I(T(R)):

= Z(n){ps'o T(n) - ps’(n)) + &(n)as (a)n.

Thus we need only show that +ne fipst term is an integer.

PRSI

i

This however follows from (4,1.13). 7
§4,2 The Symmetry Between Rep(Tl,Tz) and Rep(rz,tl)

Let Ty and T, ve immersion-eguivalent ample

&
E]

TS s

conformel tori.

(4.2.1) Lemma. For each (z,h) € Rep(t1,12), there exists

a positive integer « = k(a,h) such that:

1) ps'(an) = -;-pS‘(n),
31) g'r(an) = kg'r(n), and

"
3
o]
O
14
\-
(4]
ct
|
.

imgt x e Z . In fact, € 2 0 zné so we simply shov

. - . . 2 47, .
cnzs 1t is an integer. IT % aivides 2°¢'(n), as'(n)

znd gs'(n), then 1 givides 2 (gt (n),s'(n)l =2 . Thus

+ ' ' 7
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(4.2.2) Definition., Let J denote the element [g 'é] of

"‘d'ﬁ
st

st (2,2).
It was shown in (1.2.9) that for each (a,h) € Rep(Tl,Tz),
(2,J(ah)) € Rep(rz,tl). 1t is a routine series of calculations

to see that for ample h ¢ H, p o J(h) = - ps'(h) and
? plh),r(n)] °?

g o J(h) = IET%%E%%%TT . Furthermore, lJ(h)|2 = %%%% R

whence r o J(h) = s(h), s o J(n) = r{h). Since [p{n),a(h)] = 1,

it follows that [q,s] o J(h) = I—T—§£5%—7T . Thus we obtaln
pth),r(h

gs' o J(h) = q'r(h), and ps'o J(nh) = -ps'(h). -

2
(4.2.3) Lemma. For each (2,h) € Rep{ty, )5 k(a,h)= __TE%Tfiﬁf .
S'(h) [ — g
Proof: By (4.2.1), ps'(eh) = k(a,h) E_a B) | and ‘a
R\

ps'{aJ(ah)) = x(a,J(ah)) BE:EEELEEl . But ps'o J(ah) = -ps’(ah)

and aJ(an) = J(n), whence ps'o J(h) = - K(a,J(ah))E'—_—s;.(ah) -

- x(2,J(ah) k(a,h) Eéléﬁl . Since ps'o J(n) = -ps'(h), we
2
. . 2
obtain k(a,Ji(ah) k(a,h) =2 . v
. afz, ¢'r(n)
(4.2.4) Lemma. For each (a,h) € Rep(tl,ra), K = -%gtagfzgjj—l .
Proof: By (4.2.1), this is equivalent %o proving

¢'r(zn) _ _zg'r(h) But
ia,q‘r(ah5l Ia,qs'zhij *

that

i 2%c(n)r(n) 2nd so
[[a ,s(h)}q(h),[a,q(h)ls(h)]

g'r(ah) =

r(ahn) ac'r(n)fg,s](n)
T(ah)]  [[a2,s(n)la(n),la,c(n)Is(n),2q(n)z(h)]
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_ ag'r(h){a,qs'(h)1lg,s1(h) )
[[2,as' (h)][a°,s(n)Ja(n),[a,a(h) Is(h),aa(R)r(n)]

Tt only remains to show that

[2,9s'(h)1lq,s](h) = [[az,S(h)]q(h),[a,q(h)]S(h),aq(h)r(h)].

Suppose that & divides [2,as'(n)1{g,s](h). Then £ divides
aa(h), as(h) and g(h)s(n). Thus & dlvides azq(h), a(h)s(h),
as(n) and a2q(h)r(h), whence 2 divides
[[a2,5(n)Ja(n),2,a(h) Is(n),2q(n)r(n)]. Conversely, if 1
divides each of a2q(h), a(h)s(h), as(n) and ag(nh)r(n), then L
divides each of as(h), a(h)s(h) and aq(h). To see that £

divides ac(h), we observe that £ dlvides [aa(h)s(h),aa(h)r(n)]

Al

shich 1s equal to ag(h)[r(h),s(h)] = ag(h). Thus & divides

[2,as'(n)1la,s](h). v

(L.2.5) Lemma. For each (a,h) € Rep(fl,tz),

as'o J(an) _ ar(n){a,gs'o J(ah)]
as'(h) s(hyla,qs'(h)] :

Troof: Since gs'o J(an) = g'r(ah), then dy

(t,2.1), gs'o J(an) = k(z,n)g'r(h). Thus
as'o J(an) _ k(2,n)o'r(n) _ _x(z,nir(h) . By
as'(n) gs'(n s(h)
(L,2.4),

c(a,n)r(n) _ zle, k(a,n)g'n(a)In(n) _ 2

[a,g'r(al t
s(n) lz,qs' (n).s(n) Tz,08' (7) Is(B)

cs'o J(zn) (ar(h))(:a,‘s'o J(an}]) 7
gs'(2) s(n) © La,as' ()] :
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Tt is now possitle to display the symmetry between
the lattices assoclated with Rep('rl,tz) ané those assoclated
with Rep(‘rz,‘rl). We shall mean by N the set of complex
conjugates of elements belonging to N, where N 1s any

subset of ¢.

(§.2.6) Theorem. Let <, ané 1, be immersion-eguivalent

ample conformel tori. Then for each (a,h) € Rep('rl,-rz),

L(2,n) = (&, 3(ar)) °

Proof: Let h' = J(ah). Since I(a,h) and {(a,h')

e N
nave the lattice beses {1, 2(n)gs'{r)n} and {1,a(n")gs"(a")n"} %

respectively, it is sufficlent To show that ~

- a(aV)es' (R = a(n)gs' (M)n.

— h h s{h) .
Ls =n' = = = , by (4.2.5) we have
alhl2 z r(h)

gs'(h' s(h
- a(h')es'(BVR' = Lafqg' ) -a—,_,q(gz-yh

= z(h)qs' (h)h. v
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CHAPTER 5

THE DTSTORTTON RTNGS OF AN ANATYTTC TMMERSTON CLASS

Let T be a conformal torus. In §3,2 1t was shown
tnat An(t) is a monoidal semi-direct product Zx1 Xy ¢/T(h)
for any h € 1, if T 1is ample, or Z X, ¢/T(n) 1f 71 is
non-ample. In a manner analagous to §4,1, we shall deline
a family of distortion rings ané correspoﬁding distortion
1z2ttices associated with T. In fact, the multiplicative
monoids of the distortion rings have been investigated in
Chapter 3. It was seen +hat there is essentially only one
multiplicative monoid associated with T. In this chapter,
4+ w111 be seen that there is really one distortion ring %
assoclated with T and in fact only one distortion lattice 1§
for T.
1t 1s 21so possible to define 2 pre-order on each
ampie anelytic immersion class of conformal tori, besed
on the relationship between the éistortion rings associzted
witn the confecrmel tori of the class. Thls pre-ordéering

s the basis of the results of the next chapter.

[

-

§5.1 The Distortion Ring of & Conformal Torus

As in §3.1, we shzll only consider the subset
{(1,n) | p e 1} of Rep(7,,T,). IB §3.2 1t was shown that

for each h € T, (Z xZ, 'b> 15 zn abelian monoid.

¥oreover, for 1, ' € T, then (Z xZ, 'h) is isomorphic

e

0 {z 212, *h,)

it can be ezsily verified that if addition i1s defined
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on Z x Z in the usual way, then for each h € T,

(Z x Z, *h’ +> is an abellan ring.

\5.1.1) Definition. Let 1 be a2 conformal torus. For

each he T, let On) ={Zx7,*%,+)if 1 1isewle,
else let Oh) = 2. D(h) is called a distortion ning
assoeizted with 1. Correspondingly, define l(h) = {(1,h) =
{Ch(k,l) | (x,2) ¢ 2 x2} . ForeachheT, L(n) is called
a Lattice of complex distontions assoclated with T.

It is rather'interesting to observe that the
multiplicative monoid An(T) with the natural addition
defined on it is not a ring. 211 axioms but one are satisfied.
1+ turns out that multiplication is not left distributive
over addition.

Now since for every non-ample conformel torus T,
+ne zssociated distortion rings and lattices are Just the
ring Z and lattice Z C ¢ respectively, ve shall be primerily

concerned with ample conformal tori,

(5.1.2) Theorem. Let h € E De zmple. Then for any

T ¢ SL7(2,2), An) is isomorphic to L(T(n)) and
Ln) = L(T(r).
Proof: Let ¥: H(n) » D(T(n)) be defined By
¥(k,2) = (k - 23,2)
where X = %(ps'o ?(h) - ps'(n)). By (5.1,11), » € 2. It
is obvious that ¥ preserves the addition, and the cholice

of ) ensures that ¢ preserves +he multiplication. By

Al
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the definition, Y 1s bijective. Thus ¥ 1s a ring
isomorphism.

mhat oL(h) = o((T(h)) is a corollary to (4.1.12).
ror £(0) = J(1,8), L(2(m) = L(1,7(n) and
SLY(2,2) = stt(z,2). v

(5.1.3) Definition. Let < be 2 conformal torus. Then

define (1) to be the unigue lattice of complex distortions
associated with 1T, given by of(h) for any h € T. Similzrly,
1et A(z) = JXn) for any h e T.

" We observe now that the distortion lattice associated

with 7T has a symmetry which is independent of T.

(5.1.4) Theorem. Let T be a conformal torus. Then

i('r) is symmetrical with respect to the imaginary axls,
that 1s, (1) = - LD .
proof: By (4.2.6), L(1) = L(1,n) = - ZTL,ITE])
for any h € 1. Since J € stt(2,2), £(1,3(m)) =
L (1,n) = L) . y
In fact, & (1) is symmetric with respect to both
+he real and imaglnary axis. This is obvlous if 7 is
non-ample., If T 1is ample, this follows from the fact
tnat gs'(n)h + gs'(h)h = os'(n), whence gst(n)h € L.
Let us now return to the distortion ring in the
context of the imaginary guaératic number field assigned
to the analytic immersion class contzining the ample

conformal torus.

y
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(5.1.5) Lemma. Let T be an ample conformal torus, and

let Tﬂm be the analytic immersion class containing T .
Tnen d(1) is a subring of Z(m).

Proof: Let h € T. Then the map &: A(h) ~ Q[h]
which takes (k,2) & O(h) to k + fgs'(h)h € Q[h] is an
injective ring homomorphism. Since h sTﬂm, Qlr] = X(m).
Thus we need only show that every element of the form
¥ + 2gs'(R)h € Z(m). But Z2(m) is a Z-module and so'if
gs'(h)h € Z(m), it will follow that for 21l integers,

k, L, k + Lgs'(h)h € Z(m). By §2.3, gs'(n)h € Z(m) 1ff

the Z-module generated by all powers of gs'(h)h in K(m)

is finite. Since (qs'(‘n)h)2 = ps'{h)gs'(n)h - gs'(n)q'r(h),
the Z-module generated by all powers of gs*'(h)h has

rank two. v

(5.1.6) Corollary. Let he ¥ . Then ifm # 3(mod 8),

ps'(n) is an even integer.

Proof: There exists an integer % such that

220 = lgs' (n)a'r(n) - (ps’ (n))°

Since gs'(n)n € Z(m), it

_ 1,ps'(n) + wm i

gs'(h) ’

follows that %(ps'(h) + /@ 1) ¢ Z{(m). By §2.3, if

o # 3(mod)4), then 2 divides ps'(n) and 2. v

(5.1.7) Coroilary. Tor each h €T, Lin) = & (Q(n)).

Since the distortion ring of every ample conformal

torus in the analytic immersicn class Tﬂm is a subring

p 4
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of the ring of integers Z(m), it is of interest to know
which conformal tori in 1ﬂm have Z(m) for thelr ring

of distortions.

(5.1.8) Theorem. Let 7t be a conformal torus in the

ample analytic immersion class Tﬁm. Then (1) = Z(m)
iff for any h € T, there exist integers 2, b such that

. _a+/mi
h = =——— and
5 2 b if m # 3(mod L)
[2ab,b“,2" + m] =

2b  if m # 3(mod 1)

-

Z(m). Then for any

Procf: Suppose that (1)

heT, D) = 2(m). Since h e W[n, there exist integers

a,B8,7,8 such that h = % + % V% i and [«,8] = [y,8] = L.

By (4.2.6), gs'(h)h e 7(m), hence there exist lntegers n
ané n! such that gs'(h)h =n+ n'(14;§§120 1f m=3(mod &),

or such that gs'(h)h =n +n'Wmi ifm #20med 1), By
nypothesis, Z(m) = A(h), whence there exist lntegers £,

g' such that /m i =& + &'gs'(h)h = &+ &'n+ L'n'/m 1

1 m # 3(mod 4), or such that /m 1 = 2(% ¢+ L'n) +

g'n'(1 + Y@ 1) if m = 3(mod L), In elther case, £ =n' =1,
Thus there exlsts an integer, which we shall call n, such

thet qs'(h)h = n + /m 1 if m # 3(mod 1) or gs'(h)h =
5—:-é§—i if m = 3(mod 4). As done previously, we compute

the values

N

2N
=
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B (85)°2
as'(h) = =7 7 3
[286,(B8) ,(a8)" + (BY) m]
and
2, a2ys/m
gs'(Wh = 0B5° + BSySVm i '

[2882,(86)2,(a8) + (BY)°m]

Suppose now that m # 3(mod 4y, Then 8276 divides
(66)2, whence y divides 6 . But [y,6] =1 and soy = 1.
Furthermore, 826 divides a862 and so 8 divides aé .
Since [a,B] = 1, this implies that B divides §&. Let
ymi_ot+/mi
6 = . -.:g- =
Bt. Then h g + %5 BT .

é-igii—i . As well

1f we set

a=at, b =8t, then h=

(2862, (882, (a6)2 + (8y)2m] = §2[2bt,0%,8° + m] = 8%,
whence [2bt,b2,a2 +m] =b. But t = [at, 8t] = [a,b].

2.2 2 2 2

Thus b = [2ab,2b°,b",a" + m] = [2ab,b",a" + m] .

Now suppose that m = 3(mod 4y, fThen gs'(h)h =

E_i;%?iﬁ& from which we obtain, by equating real and imaginary

parts, that 28276 = [2662,(86)2,(a6)2 + (By)zm] and
625 divides oBs° . Thus 2y divides § which again
implies that y = 1. Since 8 divides adé, we conclude
that B divides 6, again suppose thét § = B8t. Thus

at + /m 1
Bt

h as before, but now 2 divides Bt. Then

B = a.tbfe_i end [2862,(36)%,(as)? + (8y)°m] =

2

521282, (8812, (at)? + m] = 28%8t . Thus [2bt,5%,2%+ m] = 2b,
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2

and t = [ot, 8t] = [a,b], whence [Zab,bz,a + m] = 2b.

for integers

+ 1
Conversely, suppose that h i—fn[@—‘

2 znd b such that

2 2

[2ab,b",2 + m] =

€y m # 3(mod &)
{_Zb n = 3(mod 4)

We must show that gs'(h) =t ifm# 3(mod L) or else
2gs'(h) =b ifm= 3(mod 4). But
b2

[a2 + m,b2,2ab]

gs'(h) =

and thus 1%t follows. v

(5.1.9) Corollary. Let T be an ample conformal TOTUS

in the analytic immersion class Tﬂm. A necessary conéition
tnat O(1) = Z{m) is thet for any 2 €7 +here exist

. . + /m &
integers a ana 5 such that h = 5—1;——éi and [a,b]

divides m.

Another necessary and sufficient condition that
the distortion ring be the ring of integers of the field
assigned to the immersion class is ¥mown [1]. If we
consider T(n) as an additive subgroup of Q[h] by
identifying T, th 1 and T, with n, then T(h) 1Is

a Z-module, and we have

(5.1.10) Theorem. Let T ve zn ample conformal torus

contained in the analytic immersion class Tﬁm. Then
Rt = Z(m) 1ff T(n) is 2 Z(m)-iceel in X(m), for any

Ne Te
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Proof: Let h e 1. It is clear that T(h) C K(m).
We must show that A(h) = Z(m) iff Z(m)T(n) = I(n). If
Dn) = 2(m), then Z(m)T(h) = P(h) T(n) = r(h). Conversely,
suppose that Z(m)I'(h) = I'(h). Since H(n) C Z(m), we need
only show that every element of Z(m) belongs to A(h).
Let u € Z(m). Then u, uh ¢ I'(h) by assumption. Thus
the function F(z) = uz 1is the 1ift of an analytic seif-map
of ¢/T(h), whence u € J(n). Since N (h) is identifled
with o(D@)) = £ (h) in K(m), we have U € A(h). Thus
z(m) C Q). v
As a consequence of (5.1.8), we observe that if the
positive square-free integer m is not equal to 3{(mod 4y,

.1_1_'/:_1) = 2(m).

then D(VE 1) = Z(m), otherwise N In

= 2(3).

particular, we have H1) = 2(1), and A +2,r§ L

It also follows that if t € Z+ divides m, then

D& BL) < g(m) 1 m # 3(mod ) end :3(————3) = 2(n)

otherwise. One might-ask if every torus whose distortion

ring is the ring of integers of K(m) has a purely imaginary
representative 1f m # 3(mod 4) or the corresponding format
1f m = 3(mod 4). That this is not the case can be seen by

considering the conformal torus T Wwhose fundamental

representative is 1+/51 . For if T 1is to be

2
/5 1

-+
represented by T for t € Z such that ¢ divides 5,

then t = 1 or 5. Since 51 is a2 fundamental representative
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of a conformal torus, it is clear that Y5 1 does not

represent 1. Furthermore f%—i = J(/5 1), and so it
represents the same torus as Y5 1.

§5,2 Comparison of Distortion Rings in an Analytic Immersion
Class

In (4.1.6) it was shown that for each h ¢ H and
7 & stt(2,2), gs'(R)I(n) = gs'o T(MI(T(R)). Fora
conformal torus T, then, the expression gs'(h)I(h) remains

constant as h varles throughout T.

(5.2.1) Definition. Let Tt Dbe a conformel torus. Assign

a real number C(t) to T in the following way: If T 1s
non-ample, let C(t) = 1; 1f 7T 1s ample, let C(T) =

gs'(h)I(h) for any h € T.

Now suppose that Ty and 5 are immersion-

equivalent ample conformal tori. Then.let (a,h) € Rep(rl,rz)

and observe that gs?!(ah)I(ah) = aqs'(an)I(n).

(5.2.2) Lemma. For each (a,h) € Rep(Tl,Tz),

c(z,)
1! _ x(z,h)
CZTZS - 2

proof: Since C(t,) = gs'(2h)I(ah) and C(TZ) =

gs'(n)I(h) , we have

C(Tl) _ ags'(ah)
01125 = Tes'(ny

By (4.2.1), gs'(ah) = Eiéigl gs'(n), and so the lemm2
a2

follows.
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Now the ratio C('rl)/C(rz) is independent of the
representatives of T, and 1,, and sO C(Tl)/C(Tz) is
an invariant of Rep(tl,12). Thus the expression

k(a,n)/a 1s constant as (a,h) varies in Rep(rl,rz). It
follows that if (a,h), (a,h') € Rep(rl,tz), then k(a,h) =
k(a,h'). This implies that « depends only on a, and of

course the conformal tori T, and Toe v

(5.2.3) Theorem. Let 1, and '12 be immersion-equivalent

ample conformal tori. Then there exists 2 ring homomorphism

from L(t,) into Alr,) 1ff c(r,) divides c(ry). If

such a homomorphism exists, then it is injective, and is

an isomorphism iff C(‘rl) = C(‘l’z). Furthermore, there

exists a homomorphism from 13(1:2) into 49(11) 1ff there

exlst exactly two homomorphisms from 13(12) into D(tl).
Proof: Suppose firstly that C(rl) divides
C(‘rz). We prove that there exist two injective ring

homomorphisms from 13(1:2) into ﬂ(rl). By (5.2.2), k{a,h)

divides a for any (a,h) € Rep(tl,rz). Define two maps

from 0‘3(1:2) into D(tl) as follows: for each (k,2) € A(mn),

1et 8(k,2) = (k,l%), and let ¥(k,2) = (k + z% ps' (ah),- z%).
By assumption, both 8(k,%) and Y(k,2) are elements of

7 x 2. Now let (k,2), (m,n) € D(n). Then

(k,2) 'h(m,n) = (km - fngs'(n)a'r(h), kn + Im + gnps'(h)).
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3y (b.2.1),

2
0((k,2) ¥, (m,n)) = (km = in &5 qs(an)a'r(an), Gl + fm +
K

in £ ps'(ah))

and
?((k,2) *, (myn)) = (eq,e5)
where _
a? a a
¢, = km - &n =5 gs'(ah)q'r(ah) + = ps'(ah) (kn+ imtin = ps'(ah))
S

a
5 =g (kn + &m + ln%ps'(ah)) .

But 8(k,8) *0(mn) = (k, 2 e, (@ 20
22 a B
= (km - =5 gngs'(ah)q'r(an), = (kn + fm + inps'(ah)) ‘a
K

and -'ﬂ

1
1

¥(k,%) 'ah‘?(m,n) = (k + !,'-ac‘- ps'(ah), - %2) 'ah(m'l'n % ps'(ah),
a
- &)

2
= (km + %ps'(ah)(kn +#4m+ &n % ps'(ah) - -a-é- tngs* (ah)q'r(ah),
K

- -aE'- (kn + m + 4n % ps'(ah)) = (cqs c2)
Thus 8((k,2) %, (m,n)) = 8(k,2) ¥y 6(m,n) and
v((k,2) *, (m,n)) = ¥(k,2) ¥, v(m,n) for all (k,2),

(m,n) € O(n). Thus both & and ¥ preserve multiplication.
As well, 8(1,0) = ¥(1,0) = (1,0). Furthermore, for each

(k,2), (myn) € DH(h), we have

o((k,8) + (mm) = 8((c #m, £+ m) = (k+m, 5 (L +m)
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= (k, 22) + (m, 2 n) = 8(k,2) + 8(m,n), and

Yk +my2 +n) = (k+m+ (2 + n)% ps'(an),

¥((k,%) + (m,n))

-2 +n) . .
= (k + 82 ps'(an), - 3 + (m + n-i—'ps'(ah),
_%n)

i

¥(k,2) + ¥(m,n) .

Obviously, 6(0,0) = ¥(0,0) = (0,0). Thus both © and ¥

are ring homomorphisms of Q(h) into A(ah).

Suppose that for some (k,%), (m,n) € An),

8(k,2) = 6(myn). Then (k, % 2) = (m, % n), whence k = m,

2 =n. Thus 8 is injective. If now ¥(k,2) = ¥(m,n),

L) = (m+n%ps'(ah), -%n)

nip

then (k +% % ps'(anh), -

whence £ =n and k =m. Thus ¥ 1is also injective.

1t is clear that ©® and Y are {1somorphisms

iff x = a, l.e. C(Tl) = C(Tz).

B T T s S s A R

Conversely, we wilsh to prove that if there exlsts

2 ring homomorphism from Q(t,) Iinto Alt,), then

C(‘tl) divides C(TZ) and furthermore, that if there exlists

one hcmomorphism from 43(12) into 43(11), then there are

exactly two. So suppose that there exists a ring homomorphism

8: i)('rz) + A(1,). Then for any (a,n) € Rep(rl,tz),

g: D(h) +N(ah). Now € induces two functions

el, 92: 7 x 2 + 2 in the following way: for each

(k,2) € Z x 2, let
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8(k,1) = (6;(k,0), 8,(k,8))

Then 6(k,%)

8(k,0) + 8(0,2) = k8(1,0) + £8(0,1)

(k,0) + £(8,(0,1), 8,(0,1)).

Thus to determine 0, we must determine 61(0,1) and
92(0,1).
For (0,1) € H(h), we have

(- gs'{n)g'r(n),ps' (b))

(0,1) % (0,1)

2
(- 25 gs'(ah)q'r(ah), % ps'(ah))
K

by (4.2.1). Thus
2
8((0,1) *h (0,1)) = (- 35 gs'(ah)gq'r(ah) + % ps'(ah)el(o,l),

K
%pS'(ah) 8,(0,1)). \
X

But 6((0,1) % (0,1)) = 6(0,1)% = (85(0,1), 0,(0,1))°

|
= (0,(0,1)% - 8,(0,1)%0s" (an)a"r(an), 26,(0,1)85(0,1) *

0,(0,1)ps* (an)).
Thus we obtain

2 2
- 25 qs'(ah)q'r(eh) + % ps'(zn) 8,(0,1) = 6,(0,1)° -
K

ez(O,l)qu'(ah)q'r(ah) (14)

2
and % ps'(ah) 8,(0,1) = 261(0,1)62(0,1) + 6,(0,1)°ps (an)215)

Prom (15) we have

6,(0,1) (% ps'(zh) - 26;(0,1) - 62(0,1)95'(ah)) = 0.
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Thus either 62(0,1) = 0 or else % ps'(ah) - 2 61(0,1) -
8,(0,1)ps"(ah) = 0. If 8,(0,1) = 0, then from (18,
2 a 32
91(0,1) -z ps'(ah) 91(0,1) + :5 gs'(ah)g'r{an) =

whence

0,(0,1) = 2(2 ps(an) + 2 /(ps'(an))® - las' (anda'r(an)) .

But from (3.3.3), this implies that 61(0,1) is not real,
which is certainly a contradiction, since 61(0,1) € Z.
Thus 92(0,1) # 0, and so

2 pst(an) - 2 8,(0,1) - 8,(0,1)ps" (h) = 0.

Solving for 61(0,1), we obtain L

91(0,1) = %—(% - 62(0,1))ps'(ah). (16) \“"!

-

If we substitute this value for 61(0,1) into

(14) we obtain, after simplificationm,

(8,(0,1)7 - --)(qs (an)q'r(an) - @25EHE) -

2
But this means that 62(0,1) = 35 , whence 62(0,1) =&
K

Y

Since 82(0,1) ¢ Z, this implies that «x divides a,

whence C(tl) divides C(TZ).

It is now possible to determine all possible ring

homomorphisms from (t,) into })(-rl). From (16), and

3T

the fact that 62(0,1) = + =, we see that 61(0,1) =0
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1f 8,(0,1) = 2, and 8,(0,1) = 2 ps(ah) 1f 8,(0,1) = -

R

Thus if © 1is a ring homomorphism from o0(1:2) into

D()('rl), then 8 1is one of two possible maps:

1) for all (k,2) ¢ Q(n), 6(k,2) = (k, -2-9.), or

11) for all (k,2) € Q(h), 8(k,L) (k+—2= ps'(ah),- 22 ).

|

As we have seen, each of these 1s indeed 2 ring

R

|

homomorphism from d3(12) into J)('rl) when C('rl) divides

53 1 33!

C(r,) 2nd in fact each is an injective map. ' v

Thus each ample analytic immersion class of conformal
tori does have an lnherent pre-ordering, or quasi-ordering.

That is, for Tys T in the same ample analytic immersion

class, define 1 < T, irf C(rz) divides C(Tl). That

the relation is not 2 partial ordering follows from the

fact that Ty <1, and T, <1 do not imply that

For consider the conformal tori Tl end 1:2

represented by /5 1 and i +2'G E respectively. Then

Tl 12.

both T, and T, are contained in Tfls and
Aly) = 43('(2) = 7(5), whence C(t,) = c(t,). However,
7, 1,

We make one last observation in this chapter, this

time concerning the monolds An(‘rl) and An(tz). By (2.1.6),

it follows that a monoid homomorpaism of An(tl) into An('tz)
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2
In certain circumstances, we have a converse to thls

resuls.

(5.2.4) Theorem. Let T

1 and T, be immersion-equivalent

conformal tori. If there exists a ring homomorphism from
oﬂ(tl) into o0(1:2), then there exzists a monoid homomorphism
from An(‘rl) into An(‘r2).

Proof: There is nothing to prove if T, and T

are non-ample. If <t, and T, are ample, let

1
(a,h) € Rep(‘rl,rz). Suppose ncw that there exlsts 2

ring homomorphism from oD(‘I:l) into ,0(12). Then by (5.2.3)

there exist exactly two ring homomorphisms from 3(11)

N
into .0(12) and they are, respectively, the map which ™ |

takes every (k,%) € A(ah) to (k + lg: ps'(h), - %2) e A(h), 1

f

and the map which takes (k,2) € Alan) to (k, -;-9.) e HA(h).
Let the latter homomorphism be denoted by 6: A(ah) ~ A(n).

Then define the map ¥ An(‘cl) + An(‘rz) as foliows: for

each (k,%,(D),) ¢ An(t,), let
¥(k,2),(B),,) = (8(k,% (D))

Tt is necessary to show that for each E € (5)ah, ("E)h= (I_)')h.
But E ¢ (D) ah implies that there exist integers n and n'

such that E = D + n + n'ah, whence (E'.-")h = (ﬁ)h. Thus § 1s
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a well-defined funetion from An(rl) into An(12).

To show that % preserves the multiplication,

let (k,z,(ﬁ)ah), (m,n,(ﬁ)ah) € An(t;). Then

-

¥(k,0,(0) ) @ (myn, (B))) =H((k,0) #,, (m,0), (€300, 00E4D) )

= (6(k,8) ¥, 6(m,n), (C°(k,45E + D))

((k,25) *, (m,n ), (C7(k,1DE + D))

(28, D,) @ (@nf, @)

¥(k,2,(D) ;) ® ¥m,n, E),).

Thus ¥ 1s a monoid homomorphism of An(tl) into An(rz).v




CHAPTER 6

ANALYTIC HOMOTOPIES IN A CONFORMAL TORUS

When investigating the analytic maps between two
conformal tori, it seems natural to introduce the notion
of an analytic homotopy. As a result, the set of analytic
maps is partitioned in a rather useful fashion.

It would seem natural as well to consider the
concept of analytie homotopy type. However, the equivalence
relation defined on the set of conformal tori by partitioning
it into subsets by analytic homotopy type turns out to be
trivial.

§6.1 Analytic Homotopy Classes \

(6.1.1) Definition. Let X and Y De spaces with

conformal structure., Then a continuous function

F:X x T+ Y 1is called an analytic homotopy 1ff for

each t € I, the function Ft: X » Y, defined by

Ft(x) = F(x,t) for all x € X, is an analytic function. If
both £, g: X+ Y are analytic functions, we say that ¢
1s analytically homotopic to g, written £ = g, iff theré-
exists an analytic homotopy F: X x I+ Y such that

P, =f and Fl = g.

0
If 11 and L ape conformal tori belonging to

the same analytic immersion class, then An(tl,rz) is the

set of analytic maps between any representatives of 1, and Ty -
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Suppose that hl’ hé € Ty and hz, hé €Ty - Then if P,
denotes a conformal equivalence from ¢/T(h1) to ¢/I(h}), and p,
denotes a conformal eguivalence from ¢/F(h2) to ¢/r(hé),

it is easily seen that two analytically homotoplc maps

£, g: ¢/P(hi) + ¢/r(h§) are 1lifted to analytically homotopic

N
maps ?, g: ¢/r(hl) + ¢/F(h2) as in the commutative dlagrams:

¥ g
¢/T(n,) ¢/ (n,) ¢/7(h)) ~—— ¢/r(n,y)

[ bk I

¢/r(nl) =5 /riny)  $/T(R) — ¢/r(n3)

4

.i&"‘

Thus there exists an analytic homotopy F between f and

g. But since ¥ = p2'1 o f 0Py €= p2'1 0 80 Pqs

it follows that ? and E are analytically homotopic via

-1

¥= p, © Fo (p1 s II). Thus we may speak of analytically

homotopic maps between conformal tori, and so An(rl,tz) is

partitioned into analytic homotopy classes.

(6.1.2) Theorem. Let T4 and T, be immersion-equivalent

conformal tori. Then f, g € An(rl,tz) are analytically
homotopic iff the distortion coefficlents of £ and g
are equal.

Proof: Let (2,h) € Rep(tl,rz). Then suppose that

£ and g are analytic maps from ¢/T(2n) to ¢/T(n). If
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there exists an analytic homotopy F between f and g,
then for each t ¢ I, F: ¢/T(ah) » ¢/T(h) must be an
analytic map. Thus for all (Z,t) ¢ ¢/r(ah) x I,
F(z,t) = D(t)z + E(E) for some continuous functions
D, E: I+ ¢. Since D(I) C L(a,h), D must be a
constant function. But £(2) = Fy(z) = Dz @ E(0) and
g(z) = Fl(E) =Dz @ E(1), and so the distortion coefficients
of £ and g are equal,
Conversely, if f and 8 are analytic maps
differing only by a constant, say £(z) = Dz @ Ei and
g(z) =Dz @ §2 for all Z € §/T(ah), then F: ¢/T(h) x I+§/T(h)

given by —
£(z,t) =Dz @ (T- DE, @ TE; \
3
1s an analytic homotopy between f and g. v i

(6.1.3) Corollary. Let T, and 1, be immersion-equivalent

conformal tori. Then the analytic homotopy classes of

An('cl,‘rz) are parametrized by any distortion lattice

associated with An(tl,‘rz).
§6.2 Analytic Homotopy Type

(6.2.1) Definition. Let t—and—Y¥—be spaces with

conformal structure. Then X and Y are said to have
the same amalytic homotopy type 1ff there exist analytic
maps £:X+ Y and g:Y + X such that ng'-'lY and

gof=ly.
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Let T be a conformal torus. Then for any
h, h' € T, §/T(h) 1is conformally equivalent to ¢/T(h")
and so they have the same analytic homotopy type. Thus

we may extend the notion of analytic homotopy type to

conformal tori.

(6.2.2) Definition. Let T, and T, be conformal tori.

Then 1, and T, are said to have the same analyiic

homotopy type iff ¢/T(h;) and ¢/T(n,) have the same
analytic homotopy type for any h1 € Ty h2 €T, -
However, we have the following

(6.2.3) Theorem. Conformal tord T, and T, have the

same analytic homotopy type iff T, 5T

Proof: If Tl =1,

Suppose now that 13 and T, have the same analytlc

there is nothing to prove.

homotopy type, whence T{ v T, - let 2 = ind(rl,rz).
Then there exists h € T, such that (a,h) € Rep(rl,tz).
If £ and g are analytic functions £:4/T(an)» ¢/T(h),
g:4/I(h) + ¢/r(ah) such that £og= g ?

gof = 1¢/r(ah) , then T and g must be single-sheeted.

= =T - V
Thus a = 1, whence Tg )




CHAPTER 7

ANALYTIC T'-STRUCTURES ON A CONFORMAL TORUS

The analytic versions of topological H-space
and the more general I'~manifold [6] were considered by
H.G. Helfenstein [5]. 1In this chapter, we determine all
possible analytic I'-structures on a conformal torus.
Since every conformal torus T 1s an analytiec covering
of every other conformal torus immersion-equivalent to
T , it is natural to examine the problem of lifting an
analytic I-structure from one conformal torus to another.
We give necessary and sufficient conditions for the

1ifting of an analytic T-structure. ' g

\\.
§7.1 Analytic T-structures i

'f%

In §6.1, the definition of an analytic homotopy
was given. We now define analytic I-structure on a space
with conformal structure and, with this definition, proceed
to deseribe what is meant by an analytic T-structure on

a conformal torus.

(7.1.1) Definition. Let X be 2 space with conformal

structure. Then X 1s said to have an analytic T-structure u
1£¢ there exists a continuous functlon u: XxX-+1X
satisfying the following conditions:

1) for each w € X, the functions ¥, W X+ X,
defined by uw(x) = p(w,x) and w¥(x) = u(x,#) for 2ll

x ¢ X, are analytic, non-znalyticaliy null homotopic maps.
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v W
R

11) for all v, we X, u, =¥
If there exists an element u € X such that:
111) wu(u,u) = u, and

iv) o Tl 1y (relative to u),

then 1 is said to be an anafytic H-stnueture on X,
The element u is called an analytic homoiopy unit for u.
If u € X satisfies (iii) and u, = 1y (relative to u)
then u is called a left analytic homotopy unit for 1.
A right analytic homotopy unit for u is defined in an
analogous fashion.

By a left analytic homotopy invension & for
the analytic T-structure u we shall mean an analytic
map £:X + X such that the function u o(g, lx)o A
is null-homotopic. If u o(lx, £)o A 1s null-homotoplc,

then £ 1s called a right analytic homotopy inversion

for u. Finally, £ is an analytic homotopy inversion for
p iff E isboth a left and 2 right analytic homotopy
inversion for u.

If the dlagram
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iz analytically homotopy commutative, then u 1s said
to be analytically homotopy-associative. 11 the dlagram

commutes, then u 1is sald to be assoclative.

(7.1.2) Definition. Let u and n be analytic TI-structures

on X and Y respectively. Then an analytic function
Y:X » ¥ is an analytic T-homomorphism iff n o(y,9) = ¥ o u.
If there exists an énalytic T-homomorphism ¥:Y = X such
that Yo ¥ = 1Y , Yoy= lx, then ¢ is an analytic
T-isomonphism,

In order to remove the distinction between analytic
Tr-structures on a space which are essentially the same,

we have the following

(7.1.3) Definition. If 1 and n are analytlc T-structures

on X, then u 1is equivalent to n 1iff 1X is an analytic
T-isomorphism.

Thus two analytic T-structures are equivalent iff
they are analytically homotopic.

Let T be a conformal torus. Then for any h,
h' ¢ T, there exists a conformal equivalence p:$/T(n') » ¢/T(n).
If u 1is an analytic T-structure on ¢/r(n'), then there
exists an analytic T-structure % on $/r(n) such that p
i1s an analytic T-isomorphism. For let i=pou o(p‘l,p'l).
It is easily seen that % is an analytic T-structure on
¢/T(h) and that p 1is an analytic r-isomorphism. Let [u]

denote the set {p_o 1 o(ph'l, ph-l) | ph:¢/r(h') + ¢/T(h)

is a conformal equivalence, h € T} .
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(7.1.4) Definition. The set [u] is called an analytic

I-stnucture on the conformal torus T.

We proceed to determine all analytle T-structures
on a given conformal torus 1. For supbose that u 1is
an analytic T=structure on ¢/r(h). Since ¢ x ¢ 1is
simply-connected, and T is an analytic covering map,

u can be lifted to an analytic I'-structure ¥ on ¢.
For each z ¢ ¢, the maps ﬁz, $%:¢ » ¢ must be 1ifts of
analytic self-maps of ¢/r(h) and so they are non-constant
linear maps with distortions belonging to ‘[(h). Tnis
implies that there exist linear maps C, D:{ » ¢, with

distortions belonging to d(n), such that
Uz ,2,) = C(z,)z, + D(z,;)
Hl2q,25) = L1231 7% 1

for all (zl,za) e ¢ x ¢ . Suppose C(z) = C,2 + Dy,

D(z) = C,z + D, for all z € {. Then

47
u(zl,zz) = (2,2, + D2, + Cyzq + D,

for all (21’22) e $ x §. Since L(n) is a discrete
subset of §, it follows that C, = 0, and then one must

have D, € .((h). Thus
m(z z.) =C,2z, +D,2, +D
M2Zy525 221 T 9% T 2

for all (z,,2,) € ¢ x ¢. Prom this, we see that u

has the form

11(21,22) = czl @ Dz2 @

)
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for C, D e J(h), E e ¢/T(h). It is clear that any
function of this form is an analytic T-structure on ¢/T(n).
If we define

A= {[;(1 rgl'] | (k2 + 12.2)(m2 + n2) # 0; k,2, my n ¢ Z}

and let A(A) be the subset of A obtained by requiring

22 4 n? = 0, then the function u, 5: §/T(h) x ¢/T(n) > ¢/I(n),
3

for A € A, D ¢ ¢/T(h), given by
~(Z.,2,) = CP(k,2)z, @ Pln,m)z, ® D
Hy,5V%10%2 s%)2y B2

is an analytic P-structure on §/T(nh). Let A: A »A(4) De

the projection mapping defined by

MEE Ep =y o

K %4
for all [m n € A

Then we obtain the following

(7.1.5) Theorem. Let T be a conformal torus. The set

of all analytic l-structures on T is equal to

| Ae A, De¢/r(n)t if T 1s ample,

|

“’A,ﬁ
or

{y, 5 | &€ A(A), De ¢/r(n)} if T is non-ample,
]

for heT.
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(7.1.6) Theorem. Let T be a conformal torus. Then

two analytic I'-structures, represented by uA,ﬁ and

g g o0 ¢/T(h) for h e T, are analytically homotopic

1ff A = B for t ample, or A(A) = A(B) if A 1s non-ample.
Proof: It is clear that for ample T, A =13B

implies that Wy ¢ = U § - For non-ample T, A(4) = A(B)
] 3

is sufficient to conclude that ¥a 5 = Conversely
3

s E °
now, suppose that P % U E ° Then for each Z ¢ $/T(h),
H 2

b, b
bl b2], then
3 b4

_ - 2 a
z_ . 2% _ _r %2 .
Wy 5= ¥g,E e A [a3 au] ,and B=[

by (6.1.2) we must have Ch(au,a3) = ch(bu,b3) and

and D @ Ch(al,az)z; E @ Ch(bl,bz)z . Putting

- = h -
0 gives D = E , whence Ch(al,az) =C (bl,bz) . This

z

implies by (3.1.3) that 2, = b, and 3, = b, , whence
A(a) = A(B). If T is ample, we may 2lso conclude that

- = = B. v
a, = b2 and a3 b3 , whence A = B

(7.1.7) Theorem. Up to equivalence, there is exactly one

analytic H-structure [u] on each conformal torus. Every
analytic I'-structure which 1s equivalent to [u] is an
analytic H-structure.

Proof: Suppose that T 1s ample., Let uA,D be an
[al a2] , then
a3 2y
for 211 7 ¢ §/T(n), we nave C'(ag,2,) = 1.

n-structure on §/T(h) for any h € 7. If A=

z . -
from “A,ﬁ" 1¢/r(h)
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h
Similarly, C (au,a3) = 1, whence a; = 3y = 1, ag = a, = 0

Now let u € ¢/T(h) be the analytic homotopy unit for

uy, 5 - Then T ® u @ D=1u. Since it is clear that

y

for any D € ¢/T(h), u; 5 is an analytic H-structure with
3

unit - D , it follows that gll analytic H-structures are
analytically homotoplc. The case for non-ample tori is
similar. v
Certainly, every analytic H-structure on 2 conformal
torus admits an exact analytic homotopy inverse. It turns
out that there are analytic T'-structures which are not
analytic H-structures but which admit analytic homotopy

inversions.

(7.1.8) Theorem. Let T be a conformal torus. The set

of analytlc T-structures on T which admit left analytic

homotopy inversions, and the inversions, 1s represented by
a1 a2, _ 3 e
{(uA,ﬁ s EE) | &= [33 aH] e A, D e ¢/T(h), (k,2)e Zx2Z &(al,a2 =
(k,z)'h(au,a3), Eg = - Fk,z’g for £ € ¢/T(n)}
if <t is ample and h € T. Otherwise, it 1is represented by
24 0 _
ty 5.5 1 8= 0 au] e A(1), D e §/T(n), 3 k e 22 2;,7kay,

- — T 1
&g = - Fk’E , Ee t/r(n)} .

Proof: We shall assume that 1t 1s ample, since

the non-ample case 1s similar. Suppose that there exists 2
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left analytic homotopy inversion & for u, 3 on ¢/T(n),
3

heT. Then £ is an analytic self-map of $/T(h) and

so there exists (m,n) € Z x Z, E ¢ ¢/T(h) such that

£(3) = Pz © E
for all z ¢ §/T(h). By assumption, W, 6(5’1¢/r(h)) is

analytically null-homotopic. But for each z ¢ ¢/Tr(h),

——————————

ug 56 Lg/rmy) @ = Play,2)Pmmz @ Cay,2))E

—————————————

h -
® cC (au,a3)z ® D

4 % h h __h
where A = [ a JedA. Thus C (al,az)C (myn) = ~-C (au,a3),

3.3 1

whence (al,az)*h(m,n) = - (au,a3), or equivalently,

¥ (ot - =
(al,az) h( m,-n) (au,a3). The converse is obtalned by

retracing the argument. v
By the symmétry of the analytic T-structure, 2n

analogous theorem for right analytic homotopy inversions

is obtalned.

(7.1.9) Coroliéﬁ&, Every analytic self-map of 2 conformal

torus T 1s a left (rignt) analytic nomotopy inversion for

some analytic I'-structure on T .

(7.1.10) Corollary. Up to equivalence, the only analytic

I-structures on a conformal torus T which admit both left

and right analytlc homotopy inversions are the functions
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u(z,,7,) = Az ¥ 05,)

for A, Ue (1) such that U is a unit.

(7.1.11) Corollary. Up to egquivalence, the only analytic

Typrip T
it R I B

T-structures on a conformal torus 1 which admit two-sided

analytic homotopy inversions are the functions

u(zl,zz) =2y @ Z, -
Thus every abelian analytic I'-structure admits two-sided
analytic homotopy inversions.

(7.1.12) Theorem. An analytic I-structure on a conformal

torus is analytically homotopy-associatlve iff it is an

analytic H-structure, in which use i1t is associative.

4 %
Proof: Let p, =, A=1 ] e A, be an analytic
AD a3 ay
r-structure on §/I(h) forhe 1. If ¥ 3 1s analytically
b

‘ h 2
nomotopy-assoclative, then Ch(al,az) =C (al,az) and

h
C(az,a3) = C(au,a3)2, whence Ch(al,az) =C (au,a3) = 1.

=1 and if 1 is ample, 2, = 23 = 0.

Thus a; = gy
If t 1is non-ample, then A can be assumed to belong

to A(A), whence a, = 23 = 0. Thus A =1 and M1 5 is
an analytic H-structure. Conversely, it is easlly seen

that every anaiytic H-structure on 2 conformal torus is

assoclative.
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§7.2 Criteria for Lifting an Analytic T-structure

1t 15 well-known that a topologlcal H-structure on
a space X can be lifted to an H-structure on any nice
covering space of X . Furthermore, within the category
of spaces with conformal structure and analytic maps, it
follows that an analytic H-structure on a space can be
1ifted to an analytic H-structure on any covering space
of X in the category.

It is immediately clear, however, that a Ir-structure
cannot in general be lifted. For the essence of the
proof in the case of B-structures is the fact that the
induced structure on the loop space of an H-space 1s the
group structtire of the fundamental group. This in turn
relies on the fact that an H-structure has both a left and
a right homotopy unit.

In the category of conformal tori and analytic maps
we are able to determine exactly which analytic T-structures
on a conformal torus may be 1ifted to a covering conformal
torus. We remark once more that every non-constant map of

this category is a covering map.

(7.2.1) Theorem. Let 14 and T, be ample immersion-

equivalent conformal torl. Choose (a,h) € Rep(Tl,Tz). Then
an analytic T-structure [u] on To, represented by vy g 0f
¢/T(h), can be 1ifted via an arcitrary non-constant analytlc

map from ¢/T(ah) to ¢/T(h), to an analytic I'-structure on 7y
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4 &
iff «(a,h) divides ala,,a,], where A = L Jed.
2273 a3 2y

Proof: Consider the diagram:

t*
CxC -
" ¢

\¢/I‘(ah) x ¢/T(an) e t/r(an)
¥x ¥ £fxf 1 l £ ¥
§/T(n) x §/T(h) —= ¢/T(h)

‘r / uA’-E- \1

v
u

where the connecting maps are the respective projections.

The analytic T-structure p, 7 can pbe lifted to the
3

analytie I-structure % on § via the projection m . %
Every non-constant analytic map £:¢/T(ah) + §/T(h) can be

1ifted to a linear map ¥:¢ > ¢, say ¥(z) = Fz + G for all

z ¢ §, where F ¢ E((a,h), Ge (. Then ¥ induces an analytic
I-structure p¥ on ¢ such that % is an znalytic T-isomor-

phism. Thus if My E 1s to be 1lifted to §/T(an), ¥ must

cover the 1ift of u, ¥ - If we dencte c=2¢C (a ,a2) and
b}
D= Ch(au,a3), then for all (zl,zz) e x¢, u(zl,zz) =

Cz, + Dz, + E. The fact that the outer square of the diagrem

commutes is expressed by

4] -
Fu’(zl,zz) +G= C(Fz1 + G) + D(F22 +G)+E

for all (zl,zz) ¢ § x §. Thus %*(zl,zz) = C2; + Dz, +
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1
(CG + DG + E - G)? since F # 0, as a consequence of the
fact that f 1is non-constant. Thus i* 1is the 1ift of
an analytic T-structure on §/T(ah) iff both C and D

pelong to J(ah), which is true iff there exists

b, b

1
B = [b3 bi] e A such that C =D + bys'(ah)ah end
D =b, +bys'(ah)eh, that is, C = ¢ (b, ,b,) and
D= Cah(bu,b3). But by (4.2.1),

Suppose now that WA E can be 1ifted. Then, equating the
)

imaginary parts of the two equations glving C and D ;%
respectively, we conclude that k(a,h) divides both a2,
and aa, whence k(a,h) divides a[az,a3]. The converse
follows by reversing the argument.

Thus the 1ifts of an analytic I-structure obtained
by using different covering maps are equivalent and so we
may speak of lifting an analytic r-structure without making

specific mention of the analytic covering.

(7.2.2) Theorem. Let Ty and 5 be non-ample immersion-

equivalent conformal tori. Then every analytic T-structure

on T, can be lifted to Tl .

Proof: This theorem follows from 2 proof similar to

the preceeding theorem. v

e by e e e e sy _“.‘..-:n.‘g_ - - " vty e
SRR [ PR i i N I = in 7 IS - . Tty o iR+ . )
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(f.c.3) Corollary. Let 7y and T, be conformal tori

with analytic T-structures [u] and [n] defined on )
and Ty respectively. Then there exists an analytic
Ir-homomorphism from T to Ty iff every analytic map

from Ty to T, is an analytic T-homomorphism.

Proof: This was essentially proven in the

proof of (7.2.1). j

(7.2.4) Corollary. Let T, and T, be immersion-equivalent

conformal tori. Then every analytic F-structure on 1,

can be 1ifted to Ty iff C(Tl) divides C(TZ).

Proof: If Ty and T, are non-ample, then

c(ty) = (1) =1 by definition. Thus this case follows \

by (7.2.2). If 7 and T, are ample, then by (5.2.2), 3-“1

C(tl)/C(rz) = x(a,h)/a for each (a,h) € Rep(ty, 1,). Since
every analytic T-structure on T, can be 1ifted to 7y

if k(a,h) divides a, by (7.2.1)5—the-theorem follows. v

(7.2.5) Corollary. Let 1, and T, be immersion-equivalent
conformal tori. Then every analytic T-structure on T,
can be lifted to Ty 1ff there exists 2 ring homomorpnism
from P(1,) into 13(11).

Proof: This follows from (5.2.3) and (7.2.4) in

the ample case, and the non-ample case is obvious. v
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