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Abstract

In the course of evolution, genomes diverge from their ancestors either via global
mutations and by rearrangement of their chromosomal segments, or through local
mutations within their genes. In this thesis (Chapters: 2, 3 and 4) we analyze the evo-
lution of genomes based on different rearrangement operations including: in Chapter
2 both restricted and unrestricted double-cut-and-join (DCJ) operations, in Chapter
3 both internal and general reversal and translocation (IRT and HP, respectively)
operations, and in Chapter 4 translocation, weighted reversal (WR) and maximum
length reversal (MLR) operations. Based on the rearrangement operation chosen we
can model the evolution of genomes as a discrete or continuous-time Markov chain
process on the space of signed genomes.

For each model of evolution, we study the stochastic process by investigating the
time up to which the difference between the number of operations along the evolu-
tionary trajectory and the edit distance of the genome from its ancestor is negligible,
as soon as these two values starts diverging drastically from one another we say the
process escapes from parsimony. One of the major parameters in the known edit
distance formulas between any two genomes (such as reversal, DCJ, IRT, HP and
translocation) is the number of cycles in their breakpoint graph.

For DCJ, IRT and HP models by adopting the method elaborated by Berestycki
and Durret [4], we estimate the number of cycles in the breakpoint graph of the
genome at time t and its ancestor by the number of tree components of the random
graph constructed from the model of evolution at time t, which is an Erdös-Rényi.
We also proved that for each of the DCJ, IRT and HP models of evolution, the process
on a genome of size n is bound to its parsimonious estimate up to t ≈ n/2 steps.

Since the random graph constructed from the models of evolution for the translo-
cation, WR and MLR processes are not Erdös-Rényi, the proofs of their parsimony-
bound require more advanced mathematical tools, however our simulation shows for
the translocation, two types of WR, and MLR (except for reversals with very short
maximum length) models, the escape from parsimony do not occur before n/2 steps,
where n is the number of genes in the genome.

A basic result in this field is due to Berestycki and Durrett [4], from 2006, who
found that a random transposition (pairwise exchange of the elements in the corre-
sponding permutation of the genome) evolves along its parsimonious path of evolution

ii



ABSTRACT iii

up to n/2 steps, where n is the number of the genes. Although, this transposition
model is applicable solely for evolution of a unichromosomal ancestor which remains
unichromosomal at each step t of the process; however for the DCJ, IRT, HP and
translocation models the genomes are multichromosomal which increases the difficulty
of the problem at hand.

The models studied in Chapters 2 - 4 are all based on signed permutation repre-
sentations of genomes, where each "gene" occurs exactly once, with either positive or
negative polarity. The same genes occur in all the genomes being considered. There
is no distinction between the same gene in two different genomes. In Chapter 5 we
generalize our representation to genes that may have several copies of a gene, which
differ only by a few point mutations. This leads to problems of identifying copies
in two genomes that are primary orthologs, under the assumptions of differentials in
point mutation rate. We provide algorithms, software and test examples.



Dedications

To my parents

iv



Acknowledgement

First and foremost, I would like to express my greatest gratitude to my supervisor
Prof. David Sankoff for all he has done for me during my graduate studies. I would
like to sincerely thank him for his immense wisdom, vast knowledge, endless support
and patience. During these years, your kindness and priceless guidance have been
always a great ray of light and hope in my endeavors. Moreover, I would also like to
express my sincere appreciation to Dr. Arash Jamshidpey for devoting his valuable
time, effort and his generous supervision during this research. I am very grateful for
your careful guidance, valuable inspiration, infinite patience and insightful comments
which made this dissertation possible. In addition, I would like to thank Prof. Lafond
for all of his support and inspiration, I am grateful for his kindness and guidance.

My gratitude extends to my committee Prof. Tom Salisbury, Prof. Daniel Pa-
nario, Prof. Mike Newman and Dr. Termeh Kousha. In addition, I would like to
thank the Department of Mathematics and Statistics and its kind staff. Especially, I
am so grateful to Prof. Benoit Dionne for being tremendously kind and supportive
during these years and through ups and downs.

Furthermore, I am very fortunate to have worked alongside my amazing col-
leagues in the Sankoff lab. Especially, I am very thankful to Poly Hannah da Silva
for the inspiration during my research. Thank you Nicole Yu, Alma Oladi, Chun-
fang Zheng, Fatemeh Pouryahya, Yue Zhang, Yuji Jeong, Qiaoji Xu, Daniella Santos
Munoz, Eric Lam, Haitian Zhong and Sindeed Islam.

Lastly, I am beyond thankful to my parents, my sister and my brother in law for
always supporting me, my beautiful niece for being a blessing in my life, Zahra and
Sepideh for being the most amazing friends one can wish for.

v



Contents

List of Figures x

List of Tables xi

1 Introduction 1
1.1 Genome rearrangement operations . . . . . . . . . . . . . . . . . 2
1.2 Genome representations . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Breakpoint graph . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Adjacency graph . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.5 Genomic distances . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5.1 Breakpoint distance . . . . . . . . . . . . . . . . . . . . . . . 7
1.5.2 Genome edit distance . . . . . . . . . . . . . . . . . . . . . . 8
1.5.3 Reversal distance . . . . . . . . . . . . . . . . . . . . . . . . 8
1.5.4 DCJ distance . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.6 Different models of genome evolution process and their escape
from parsimony . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.7 Departing from the permutation model of genomes: problems
arising from gene duplication . . . . . . . . . . . . . . . . . . . . 13

2 Escape from parsimony of a double-cut-and-join genome evolu-
tion process 14
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Genomes and DCJ operations . . . . . . . . . . . . . . . . . . . . 16
2.3 DCJ evolution and DCJ parsimonious paths . . . . . . . . . . . . 21
2.4 Restricted DCJ evolution and DCJ parsimonious paths . . . . . 27
2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Escape from parsimony of a reversal and translocation genome
evolution process 34
3.1 Genomes and reversal and translocation operations . . . . . . . . 34
3.2 Concatenation, IRT and HP distance . . . . . . . . . . . . . . . . 40
3.3 Internal reversal and translocation (IRT) . . . . . . . . . . . . . 49

vi



CONTENTS vii

3.3.1 IRT evolution and parsimonious paths . . . . . . . . . . . . 53
3.4 General reversal and translocation (HP) . . . . . . . . . . . . . . 60

3.4.1 HP evolution and parsimonious paths . . . . . . . . . . . . 64
3.5 Translocation evolution process . . . . . . . . . . . . . . . . . . . 67
3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 Simulation 69
4.1 Different models of reversal genome evolution process . . . . . . 70
4.2 Different models of DCJ genome evolution process . . . . . . . . 80
4.3 HP, IRT, and translocation models of genome evolution . . . . . 88

5 Accurate prediction of orthologs in the presence of divergence
after duplication 92
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.2 Materials and methods . . . . . . . . . . . . . . . . . . . . . . . 94

5.2.1 Preliminary notions . . . . . . . . . . . . . . . . . . . . . . . 94
5.2.2 Orthology and divergence after duplication . . . . . . . . . . 94
5.2.3 The HyPPO orthology framework . . . . . . . . . . . . . . . 95

5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.3.1 Performance metrics . . . . . . . . . . . . . . . . . . . . . . 97

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.6 Supplementary material . . . . . . . . . . . . . . . . . . . . . . . 102

6 Conclusion 104

A Algorithms 106

Bibliography 122



List of Figures

1.1 The breakpoint graph of two unsigned linear chromosomes X and
X id denoted by GBP (X,X id), where X = 14 3 5 2 6 7 and X id =
12 3 4 5 6 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 BG(X⃗, X⃗
id
), where X⃗ = 1 − 4 3 − 5 2 − 6 7 and X⃗

id
= 12 3 4 5 6 7. . 5

1.3 GBP (Π,Π
id). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 AG(Π,Πid), where Π = {1−4 3−5, 2−6 7} and Πid = {1 2 3 4, 5 6 7}. 6
1.5 Reversal operations: a) i and j are in two different cycles of the

breakpoint graph and the reversal decreases the number of cycles by
1. b) i and j are in the same cycle of the breakpoint graph and the
reversal increases the number of cycles by 1. c) i and j are in the
same cycle of the breakpoint graph and the reversal does not change
the number of cycles. . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 DCJ operations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2 Effects of DCJ operations on the components of the breakpoint

graph of two genomes. . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3 Simulation for unrestricted DCJ model illustrating parsimony bind-

ing up to time cn, for c ≈ 0.5. The average DCJ distance estimates
are based on 100 runs, for p = 0, 0.5, 1. The ancestral genome con-
tains 1000 genes in 4 linear chromosomes of size 100, 200, 300 and
400. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4 Simulation for the restricted DCJ model illustrating parsimony bind-
ing for restricted DCJ up to time cn, for c ≈ 0.5. The average DCJ
distance estimates are based on 100 runs, for 1000 genes; p = 0.5. . . 31

viii



LIST OF FIGURES ix

3.1 GBP (π⃗, π⃗
id), the break point graph of two unichromosomal signed

genomes π⃗ and π⃗id. The component D is oriented, and the com-
ponents {A,B,C,E} are unoriented such that A,C and E are hur-
dles, and B is a non-hurdle. Furthermore, A and C are super-
hurdles, and E is the greatest hurdle. Although, we have odd
number of hurdles, since E is not a super hurdle then π⃗ is not a
fortress. So the reversal distance between π⃗ ans π⃗id is drev(π⃗, π⃗id) =
n+ 1− CBP (π⃗, π⃗

id) + h(π⃗, π⃗id) + f(π⃗, π⃗id)) = 17 + 1− 9 + 3 + 0 = 12 45
3.2 a) GBP = (π̃, π̃id). b) GPB = (˜︁Π, ˜︁Πid). c)GBP = (Π,Πid). . . . . . . . 48
3.3 HP-IRT Frankenstein . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.1 Simulation for different types of reversal models. The average re-
versal distance estimates are based on 50 runs, for 500 genes. The
dashed line represents dRev(Xt, X0) = t. . . . . . . . . . . . . . . . . 76

4.2 A closer look to Figure 4.1, where 200 ≤ t ≤ 250. . . . . . . . . . . . 76
4.3 Simulation for DCJ model illustrating parsimony binding up to time

cn, for c ≈ 0.5. The average DCJ distance estimates are based on
50 runs, for p = 0.1, 0.5, 0.7 of creating circular chromosomes. The
ancestral genome is unichromosomal and contains 1000 genes. . . . . 82

4.4 Simulation for restricted DCJ model illustrating parsimony binding
up to time cn, for c ≈ 0.5. The average DCJ distance estimates are
based on 50 runs, for p = 0.1, 0.5, 0.7 of creating circular chromo-
somes. The ancestral genome is unichromosomal and contains 1000
genes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.5 Simulation for unrestricted DCJ model illustrating parsimony bind-
ing up to time cn, for c ≈ 0.5. The average DCJ distance estimates
are based on 50 runs, for p = 0.1, 0.5, 0.7 of creating circular chro-
mosomes. The ancestral genome contains 1000 genes in 4 linear
chromosomes of size 100, 200, 300 and 400. . . . . . . . . . . . . . . 86

4.6 Simulation for HP model illustrating parsimony binding up to time
cn, for c ≈ 0.5. The average HP distance estimates are based on 50
runs. The ancestral genome contains 1000 genes in 3 linear chromo-
somes of size 250, 350 and 400. . . . . . . . . . . . . . . . . . . . . . 90

4.7 Simulation for IRT model illustrating parsimony binding up to time
cn, for c ≈ 0.5. The average HP distance estimates are based on 50
runs. The ancestral genome contains 1000 genes in 3 linear chromo-
somes of size 250, 350 and 400. . . . . . . . . . . . . . . . . . . . . . 90

4.8 Simulation for translocation model illustrating parsimony binding
up to time cn, for c ≈ 0.5. The average DCJ distance estimates are
based on 50 runs. The ancestral genome contains 1000 genes in 3
linear chromosomes of size 250, 350 and 400. . . . . . . . . . . . . . 91



LIST OF FIGURES x

5.1 An example of gene tree for the gene family {a, b, c}, along with the
underlying orthology and similarity graphs. The root of the tree is
a speciation, the square is a duplication, and the wiggly edge rep-
resents an event of divergence after duplication. The gene pairs ab
and ac are orthologs. However, a and c will not appear as ‘similar’,
as there was a significant divergence event on their evolutionary path 93

5.2 The four essential steps of the HyPPO pipeline. First, a similarity
graph is constructed from the gene sequences. This graph is re-
fined into orthology clusters, which are cliques of primary orthologs.
These clusters are used to infer a species tree, which is then used
to find the secondary orthologs (which we also call inter-cluster or-
thologs). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.3 Two orthology clusters C1 and C2 and two putative species trees
S1 and S2. The genes are named according to their species, e.g.
σ(a1) = ˆ︁A. Each internal node u of T1 (respectively, T2) is labeled
by its lca-mapping s(u, S1) (resp. s(u, S1)). The tree T1 is the DAD-
tree that could have given rise to C1 and C2 if S1 was the true species
tree, assuming that C1 was born during the history of the C2 genes.
T2 is the DAD-tree for C1 and C2 under the assumption that S2 is
the true species tree. In the case of T2, a loss in the clade {D̂, Ê}
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Chapter 1

Introduction

The genome of an organism contains all of its genetic information and consists of one
or more DNA molecules. Most of the information carried by the DNA is common to
all members of the same species, but a small proportion may be characteristic of a
few individuals.

A DNA molecule is made up of two long parallel strands, which take on the
form of a double helix. Each strand is an oriented sequence of nitrogenous bases
(or nucleobases) identified as adenine(A), thymine (T), guanine(G), and cytosine(C),
attached to a backbone of sugar and phosphate molecules. The two strands of DNA
bond together by pairing adenine(A) to thymine (T), and guanine(G) to cytosine(C),
positioned facing each other in the two strands, which are parallel but of opposite
orientation.

DNA consists of non-coding and coding segments, where the latter are called
genes. In other words, genes are sequences of the bases A, T, G and C. Genes contain
recipes for producing proteins. One can view DNA as an ordered sequence of genes.
Genes can be on either of the two parallel strands of DNA, so each gene has the
orientation of the DNA strand it is on.

The DNA in a genome is partitioned among one or more chromosomes. A linear
chromosome is a sequence of genes with two ends called telomeres, whereas circu-
lar chromosomes have no telomere. A genome can have several chromosomes. For
example, the human genome contains 23 pairs of linear chromosomes.

Similarities and divergences among genomes have long sparked scientists’ cu-
riosity about their role in the evolution of species. Comparative genomics is a field
in biology, armed with mathematics and algorithms, aiming to discover and put to-
gether the pieces of the genomic evolution puzzle by comparing genomes of related
organisms.

For decades, researchers had only access to segments of DNA sequences, such as
individual genes, without knowing the complete genomic map of an organism, i.e. all
of its DNA sequences. Analyzing those short sequences of DNA was significant in

1



1. INTRODUCTION 2

understanding the evolution of genes via deletion, insertion, and substitution in their
nucleotide sequence, called point mutations. More recently, access to the complete
genomic mapping of some organisms reveals that genomes also evolve at greater scales
via rearrangements of chromosomal segments, such as reversals of large segments. In
this light, genomes evolve locally through point mutations of the genes, and globally
via rearrangement of the their DNA sequences. The latter is known as genome rear-
rangement. It is worth noting that, genomic rearrangements do not occur as often as
point mutations.

1.1 Genome rearrangement operations
One of the main goals of comparative genomics is to find the optimal rearrangement
scenarios with the minimum number of allowed rearrangement operations to trans-
form one genome into another. There are several rearrangement operations including
reversal, transposition, block interchange, translocation, fusion, fission, and double cut
and join.

A reversal operation on a segment of a chromosome reverses the order and ori-
entation of the genes in that segment. That is to say, the mentioned changes in
the order and orientation are due to the migration of the reversed segment from its
initial location in one of the DNA strands to its parallel one. A transposition takes
two consecutive segments of a chromosome and swaps them. A more general case of
transposition is a block interchange which swaps any two segments of the chromo-
some. A translocation operation takes any two linear chromosomes within a genome,
choose a segment containing a telomere in each chromosome and swaps them in one
of the two possible ways. This translocation is called reciprocal. Let π1 =< A B >
and π2 =< C D > be two chromosomes, such that A,B and C,D are segments of
π1 and π2 containing telomeres, respectively. A translocation operation transform π1

and π2 to either π′
1 =< A D > and π′

2 =< C B > called prefix-prefix translocation,
or π′′

1 =< A − C > and π′′
2 =< −B D > called prefix-suffix translocation, where the

negative sign is addressing the inversion of the segment [17].
Fusion and fission are translocation operations, as well. Fusion takes two nonempty

chromosomes like π1 =< A T > and π2 =< T B > as inputs (T s are telomeres), and
transforms them into a nonempty chromosome π′

1 =< A B > and an empty chromo-
some π′

2 =< T T >, and fission does vice versa.
In 2005, Yancopoulos et al. [37] introduced double cut and join or in short DCJ

operation. Their innovative genomic operation had a great importance in the field
of comparative genomics since all the genomic operations mentioned so far can be
obtained by one or two consecutive DCJ operations.

DCJ is a genomic operation that makes two cuts in the same chromosome or
two different chromosomes of a genome, and rejoin the affected 4 parts in one of the
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possible ways, i.e. DCJ cuts 2 adjacencies among gene pairs like (a, b) and (c, d), and
rejoins them either as (a, c) and (b, d), or (a, d) and (b, c).

It is worth noting that DCJ on a unichromosomal genome can contribute to
either a reversal operation or appearance of a new circular chromosome; moreover,
applying another DCJ on the latter may result in a block interchange (a form of
transposition). In addition to the previous scenarios, DCJ on a multichromosomal
genome can result in translocation including fission and fusion.

A DCJ operation is restricted if creating a circular chromosome as the result of
joining the extremities is prohibited, in this case one needs to immediately treat the
intermediate circular chromosome with an appropriate DCJ and rejoin it back to an
existing linear chromosome.

1.2 Genome representations
In order to model genome rearrangements mathematically, signed (unsigned) genomes
are presented by signed (unsigned) permutations, where each integer corresponds to
a distinct gene and the signs indicates the orientations of the gene in the chromosome
i.e. its strandedness. This representation is possible by assuming no gene duplication
in the genome.

Definition 1.2.1. [13] A signed permutation on {1, . . . , n} is a permutation on

{−n, . . . ,−2,−1, 1, 2, . . . , n},

such that π−i = −πi, and is presented by

π =

(︃
−1 1 −2 2 · · · −n n
−π1 π1 −π2 π2 · · · −πn πn

)︃
.

Here, we equivalently present it by π = π1π2 · · · πn.

Representing genomes as permutations facilitated modeling reversals as permu-
tations. For a signed genome π = π1 · · · πi · · · πj · · · πn the reversal operation on the
segment [πi · · · πj] is represented by ρ(i, j), where:

ρ(i, j) = 1 · · · (i− 1) − j − (j − 1) · · · − (i+ 1) − i (j + 1) · · ·n,

which transform π into the composition of two permutations π and ρ(i, j) that is
π ◦ ρ(i, j), such that :

π ◦ ρ(i, j) = π1 · · · πi−1 − πj − πj−1 · · · − πi πj+1 · · · πn.
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The set of all signed permutations on {−n, . . . ,−2,−1, 1, 2, . . . , n} with group op-
eration ◦ (i.e. composition of permutations) is the signed symmetric group and is
denoted by S±

n . In this thesis (except Chapter 5 ) we assume the genes within each
genome are not duplicated which allows us to represents every signed chromosome
with n genes by a permutation in S±

n .
It is worth noting that chromosome itself is not oriented, and by assigning a

positive (respectively, negative) orientation to a strand of DNA, we assign positive
(respectively, negative) sign to the genes within that strand. In addition to permu-
tations, we can depict each genome via an individual graph. We will introduce the
graph representation of the genome in more detail in the upcoming chapters.

1.3 Breakpoint graph
Besides representing single genomes, graphs are employed for comparing two genomes.
Hannenhalli and Pevzner [18] following Bafna and Pevzner [1] introduced the break-
point graph of two signed unichromosomal genomes, see Pevzner [28] for more details.
Let X = x1 · · ·xn and X id = 12 · · ·n (the identity genome) be two unsigned linear
unichromosomal genomes on the same set of n genes such that xi ∈ {1, 2, . . . , n}, x′

i’s
are distinct. We add two telomeres 0 and n+1 to both ends of X and X id transform-
ing them into 0x1 · · ·xn n + 1 and 0 1 2 · · ·n + 1, respectively. The breakpoint graph
of X and X id, denoted by GBP (X,X id), has the following properties:

• GBP (X,X id) has n + 2 vertices representing the n genes and the two added
telomeres.

• The edges in GBP (X,X id) represents the adjacencies among the genes in X and
X id and are coloured in black and grey, respectively.

Each black (respectively, grey) edge in GBP (X,X id) is called a reality (respec-
tively, desired) edge. Figure 1.1 displays the breakpoint graph of two unsigned
unichromosomal genomes.

 4 3  6 71  5 20 8

Figure 1.1: The breakpoint graph of two unsigned linear chromosomes X and
X id denoted by GBP (X,X id), where X = 14 3 5 2 6 7 and X id = 12 3 4 5 6 7.

Let X⃗ and X⃗
id

be two signed linear unichromosomal genomes with n genes, rep-
resented by signed permutations on {−n, . . . ,−2,−1, 1, 2, . . . , n}, such that we have
X⃗

id
= 1 · · ·n and X⃗ = x⃗1 · · · x⃗n, where X⃗

id
(the identity permutation) represents the
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ancestral genome. Hannenhalli and Pevzner [18] showed how to obtain GBP (X⃗, X⃗
id
)

by first transforming X⃗
id

and X⃗ into two unsigned permutations on {1, . . . , 2n}, where
X id = 1 · · · 2n and X = x1 · · ·x2n, respectively. For i = 1, . . . , n, we transform X⃗ to
X by replacing each element in X⃗ into

• x2i−1 = 2a− 1 and x2i = 2a for a positive element x⃗i = a (in graph representa-
tion, equivalently x2i−1 = a− and x2i = a+), and

• x2i−1 = 2a and x2i = 2a− 1 for a negative element x⃗i = −a (in graph represen-
tation, equivalently x2i−1 = a+ and x2i = a−).

To put it in words, each positive gene a or negative gene −a is represented by
two extremities a− and a+, known as tail and head of the gene, respectively. In this
transformation and while depicting the breakpoint graph linearly, we start from left
with vertex 0, each positive gene a (negative gene −a) is being substituted from the
left by a− and a+ (a+ and a−). Also, x0 = 0 and x2n+1 = 2n + 1 are the added
telomeres, (in graph representation, equivalently x0 = 0+ and x2n+1 = (n+1)−). For
1 ≤ i ≤ n, GBP (X⃗, X⃗

id
) is obtained from GBP (X,X id) by deleting all the black edges

representing the {x2i−1, x2i} adjacencies in X (equivalently {x−
i , x

+
i }), and the grey

edges representing the {2i − 1, 2i} adjacencies in X id (equivalently {i−, i+}). Each
deleted black or grey edge is adjacent to the extremities of the same gene. Figure 1.2
displays the breakpoint graph of two signed unichromosomal genomes.

1 -4 3 -6 72-5
711

+
4
-

3 5
-

1
-
1 4 3

-
5 2

-
2 6 6

-
7
-+ + + +++

8
-0

+

Figure 1.2: BG(X⃗, X⃗
id
), where X⃗ = 1 −4 3 −5 2 −6 7 and X⃗

id
= 12 3 4 5 6 7.

As shown in Figure 1.2, the breakpoint graph of two signed unichromosomal
genomes decomposes into edge alternating even cycles. The breakpoint graphs for
the signed multichromosomal genomes are slightly different. The reason is that
[18] applied the breakpoint graph to formulate the reversal distance between two
signed unichromosomal genomes while operations like DCJ can be performed on both
unichromosomal and multichromosomal genomes. One way of representing the break-
point graph of two signed multichromosomal genomes is by labeling the telomeres of
linear chromosomes belonging to each genome via unique sets of symbols or numbers.
Figure 1.3 displays the breakpoint graph of two signed multichromosomal genomes
Π = {X⃗1, X⃗2} and Πid = {X⃗ id

1 , X⃗
id

2 }, where X⃗1 = 1 − 2 3 − 5, X⃗2 = −4 − 6 7

and X⃗
id

1 = 1 2 3 4, X⃗
id

2 = 5 6 7, and all are linear chromosomes. The unique set of
telomeres for Π and Πid are {T ′

1, T
′
2, T

′
3, T

′
4} and {T1, T2, T3, T4}, respectively.
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1 -2 3 -6 7-4-5

711
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-
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-
1
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-
52

-
2 6 6

-
7
-++ + +++ +

T T T T1 2 3 4
' ' ' '

T
1 T

3 T2 T
4

Figure 1.3: GBP (Π,Π
id).

As shown in Figure 1.3, the breakpoint graph of two signed multichromosomal
genomes decomposes into edge alternating paths and cycles.

1.4 Adjacency graph
Another graph representation for comparing genomes is the adjacency graph. Let Π
and Πid be two signed genomes, the adjacency graph of Π and Πid introduced by
Bergeron et al. [6] is denoted by AG(Π,Πid) such that:

• AG(Π,Πid) is a bipartite graph, whose vertices are partitioned into two sets of
adjacency pairs belonging to Π and Πid, respectively.

• Each edge in AG(Π,Πid) connects two vertices that share at least one common
non-telomeric extremity.

The degree of each vertex in the adjacency graph is either 1 or 2, such that every vertex
with degree 1 represents an adjacency incident to one non-telomeric and one telomeric
extremities. Whereas, vertices with degree two represent the adjacencies incident to
two non-telomeric extremities. Therefore, the adjacency graph of two genomes are
union of cycles and paths. A path in the adjacency graph is even (respectively, odd),
i.e. has even (respectively, odd) number of edges, if it starts and ends at the vertices
corresponding to the telomeres of the same genome (respectively, different genomes).
Figure 1.4 displays the adjacency graph of two signed multichromosomal genomes.

{T, 1}- {1, 4}
++ +

{4, 3}
- +

{3, 5}
- +

{5, T}- {T, 2} {2, 6}
+

{6, 7}
- +

{7, T}
--

{T, 1}- {1, 2}
+

{2, 3}- +
{3, 4}

- +
{4, T}-+ +

{T, 5} {5, 6} {6, 7}- +
{7, T}

-- +

Figure 1.4: AG(Π,Πid), where Π = {1 − 4 3 − 5, 2 − 6 7} and Πid =
{1 2 3 4, 5 6 7}.
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1.5 Genomic distances
Comparing the genomic sequences of different species initiated the mathematical
study of genomic distance. Genomes diverged from the same ancestor can have either
exactly the same set or only share a common subset of genes. The latter happens
due to insertions or deletions of the genes during the course of evolution. In addition
genes can be duplicated as well. In this thesis, except for Chapter 5, when compar-
ing genomes we assume they have unique set of genes, and no gene is inserted, lost
or duplicated. Consequently, the descendants inherit the same set of genes as their
common ancestor, and their differences are due to the order of genes being scattered
in their corresponding DNA sequences. The distance between two genomes measures
how much they diverged from one another in the course of evolution. For two genomes
Π, Π′ with the same set of genes, the genomic distance d is metric if it satisfies:

1. d(Π,Π′) > 0 if Π ̸= Π′, and d(Π,Π′) = 0 if Π = Π′,

2. d(Π,Π′) = d(Π′,Π),

3. d(Π,Π′) ≤ d(Π,Π′′) + d(Π′,Π′′), for any genome Π′′ with the same set of genes
as Π and Π′.

1.5.1 Breakpoint distance

Let π = π1 · · · πn be a chromosome with n genes, where πi ∈ {1, . . . , n} for 1 ≤ i ≤ n.
We can display the set of adjacencies in a genome as a set of unordered pairs of
adjacent genes, such that an adjacency between πi and πi+1 in π can be equivalently
presented as either {πi, πi+1} or {πi+1, πi}. Let γ = γ1γ2 · · · γn be a linear chromosome
with the same set of genes as π that is γk ∈ {1, . . . , n} and distinct for 1 ≤ k ≤ n. A
pair of adjacent genes {πi, πi+1} in π that are not adjacent in γ is called a breakpoint.
That is for 1 ≤ k ≤ n, there is no adjacency pair {γk, γk+1} in γ such that either
γk = πi and γk+1 = πi+1, or γk = πi+1 and γk+1 = πi. For two genomes with
a common ancestor a set of contiguous genes appearing in the same order in both
genomes is called a conserved segment. In other words, in each conserved segment
the genes kept their adjacency by escaping from disruptions during the course of
evolution. The breakpoint distance measures dissimilarities between two genomes by
finding the maximum number of breakpoints between them. For two unsigned linear
unichromosomal genomes π and γ with n genes, let απ,γ be the number of common
adjacencies among π and γ, then

bd(π, γ) = n− απ,γ − 1.

Note that the chromosome itself does not have an orientation, so that an unsigned
chromosome π can be equivalently represented by both unsigned permutations π1 · · · πn
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and πn · · · π1. Therefore, the breakpoint distance is a metric measure [15]. Although,
calculating the breakpoint distance between two genomes does not provide any in-
formation about the number and the type of rearrangement operations required for
transforming genomes into one another.

1.5.2 Genome edit distance

Edit distance between two genomes is the minimum number of rearrangement opera-
tions required to convert either of the genomes into another. The known algorithms
and formulas for the edit distance are based on the chosen operations belonging to
the repertoire of allowed genomic rearrangement operations.

1.5.3 Reversal distance

The reversal distance between two chromosomes is the minimum number of reversal
operations that transform one of them into the other. This distance is one of the
oldest and most studied edit distances. In 1982, Watterson et al. [36] studied the
reversal distance between the configurations of two circular chromosomes, and sug-
gested a heuristic algorithm for it. In 1993, Kececioglu and Sankoff [23] converted
the problem of finding the reversal distance between two unsigned unichromosomal
genomes into the combinatorial problem of finding the minimum number of reversals
transforming the corresponding permutation of either one of the genomes into the
other. Additionally, [23] conjectured that the reversal distance for unsigned genomes
is NP-hard, this conjecture was proved by Caprara [11], afterward. In 1995, Hannen-
halli and Pevzner [18] presented a polynomial time algorithm and an exact formula for
calculating the reversal distance between two signed unichromosomal genomes. The-
orem 1.5.1 presents the reversal distance formula between two signed permutations π⃗
and π⃗id belonging to S±

n . The problem of finding reversal distance between π⃗ and the
identity genome π⃗id is also known as sorting π⃗. Since π⃗id is an identity permutation
we can equivalently denote drev(π⃗, π⃗id) which is the reversal distance between π⃗ and
π⃗id as drev(π⃗).

Theorem 1.5.1. [18] drev(π⃗) = n+ 1− CBP (π⃗) + h(π⃗) + f(π⃗).

The parameters CBP (π⃗) and h(π⃗) are the numbers of cycles and hurdles in GBP (π⃗, π⃗
id),

respectively, and f(π⃗) = 1 if GBP (π⃗, π⃗
id) is a fortress, and f(π⃗) = 0 otherwise (see

Chapter 3 for definition of hurdles and fortress). Clearly, drev(π⃗id, π⃗id) = drev(π⃗id) = 0
and the breakpoint graph of π⃗id and π⃗id i.e. BG(π⃗id, π⃗id) has the maximum number
of cycles such that C(π⃗id) = n+ 1. While sorting π⃗ a reversal operation on two black
edges of GBP (π⃗, π⃗

id) belonging to two different cycles of G(π⃗, π⃗id) merges their cycles
into a larger one and reduces the number of cycles of the breakpoint graph by 1.
Meanwhile, if the two black edges belong to the same cycle of GBP (π⃗, π⃗

id) applying a
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reversal operation may or may not split their cycle. Figure 1.5 displays an example
of 3 different reversal operations on a same chromosome.

6+ 4+ 5+ 3+ 2+ 1
+

7+6- 4- 5- 3- 2- 1- 7
-

6+ 4+ 5+ 3+ 2+ 1
+

7-6- 4- 5- 3- 2- 1- 7
+

6+ 4+ 5+ 3+ 2+ 1
+

7+6- 4- 5- 3- 2- 1- 7
-

6+ 4+ 5+ 3+ 2- 1
+

7+6- 4- 5- 3- 2+ 1- 7
-

6+ 4+ 5+ 3+ 2+ 1
+

7+6- 4- 5- 3- 2- 1- 7
-

6+ 5- 4- 3+ 2+ 1
+

7+6- 5+ 4+ 3- 2- 1- 7
-

i j

i

i

j

j

a)

b)

c)

0+

0+

0+

0+

0
+

0+

8-

8-

8-

8-

8-

8-

Figure 1.5: Reversal operations: a) i and j are in two different cycles of the
breakpoint graph and the reversal decreases the number of cycles by 1. b) i
and j are in the same cycle of the breakpoint graph and the reversal increases
the number of cycles by 1. c) i and j are in the same cycle of the breakpoint
graph and the reversal does not change the number of cycles.

Figure 1.5 shows an example of changes in the number of cycles of the breakpoint
graph GBP (π⃗, π⃗

id) by applying different reversal operations on a unichromosomal
genome π⃗ = −6 − 4 − 5 − 3 2 − 1 7, where π⃗id = 1 2 3 4 5 6 7. As shown in Figure
1.5, applying a reversal operation increases the number of cycles in the breakpoint
graph by at most 1. While sorting π⃗ to π⃗id via reversals, ideally, we would like to
increase the number of cycles of the breakpoint graph by each reversal. Although,
due to existence of some impediments, this is not always the case. Hannenhalli and
Pevzner named such impediments hurdles and fortress, which we discuss in more detail
in Chapter 3. Studying reversal distance between genomes enhanced the analysis of
genomic evaluation drastically, although, sorting via reversals is most pertinent to
unichromosomal genomes. Kececioglu and Ravi [22] pioneered the study of sorting
multichromosomal genomes and via more than one type of rearrangement operation.
Afterwards, Hannenhalli and Pevzner [17] presented an exact formula and algorithm
for sorting multichromosomal genomes via internal reversal and internal translocation
operations. An internal reversal (respectively, translocation) operation on a genome
does not change the genes’ extremities at either end of the chromosomes. Clearly,
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fission and fusion are not internal translocations. Furthermore, [17] extended their
results and presented a polynomial time algorithm and an exact formula (known as
HP distance) for sorting multichromosomal genomes via reversal and translocation
(including fission and fusion) operations. Their method includes:

• capping the chromosomes,

• obtaining a permutation for the multichromosomal genome by concatenating
the permutations of the capped chromosomes, and

• imitating the reversal and translocation operations on the multichromosomal
genome as reversal operations on its concatenation.

Later on, Ozery-Flato and Shamir [27] found a special cases in which HP distance is
erroneous, and then corrected the formula, see Chapter 3 for more details.

1.5.4 DCJ distance

Yancopoulos et al. [37] presented an O(n) time algorithm for sorting genomes via
DCJ operations inspired by the capping procedure in [17]. The initial DCJ distance
formula [37] for two genomes Π and Πid with the same set of n genes is

dDCJ(Π,Πid) = b− c, (1.5.1)

where b and c are the numbers of breakpoints and cycles (excluding the cycles of
length 2) in GBP (Π,Π

id), respectively. Shortly after, Bergeron et al. [6] formulated
the DCJ distance by introducing the adjacency graph, such that

dDCJ(Π) = dDCJ(Π,Πid) = n−
[︃
CAG(Π) +

Po(Π)

2

]︃
, (1.5.2)

where CAG(Π) and Po(Π) are the numbers of cycles and odd paths in AG(Π,Πid),
respectively. After that, Bérard et al. [3] presented 1.5.2 based on the parameters of
the breakpoint graph, such that

dDCJ(Π) = dDCJ(Π,Πid) = n−
[︃
C(Π) + Pe(Π)

2

]︃
, (1.5.3)

where C(Π) and Pe(Π) are the numbers of cycles and even paths in GBP (Π,Πid),
respectively. Note, finding an appropriate capping for the genomes is not required in
1.5.2 and 1.5.3.



1. INTRODUCTION 11

1.6 Different models of genome evolution process and
their escape from parsimony

We analyze the evolution of genomes under different types of rearrangement opera-
tions (i.e. reversals, DCJs, HPs, translocations, etc) by modeling genome evolution
as stochastic processes on the space of genomes.

Definition 1.6.1. [30] A stochastic process is a collection of random variables that are
indexed by time. A stochastic process {X(t), t ∈ T } is a continuous-time (respectively,
discrete-time) stochastic process if T is an interval on the real line (respectively, a
countable set).

Definition 1.6.2. The state space of a stochastic process {X(t), t ∈ T } is all the
possible values of X(t) for t ∈ T .

Definition 1.6.3. [30] Let {X(n), n = 0, 1, 2, · · · } be a discrete-time stochastic pro-
cess with countable sample space S, then {X(n), n = 0, 1, 2, . . .} is called a discrete-
time Markov chain if

P(Xm+1 = j|Xm = i,Xm−1 = im−1, · · · , X0 = i0) = P(Xm+1 = j|Xm = i),

where j, i, im−1, . . . , i0 ∈ S. Moreover, P(Xm+1 = j|Xm = i) is called the transition
probability which measures the chance of moving to the state j at time m + 1 from
state i at time m. We can assume transition probabilities are independent of time,
and denote

Pij = P(Xm+1 = j|Xm = i).

Definition 1.6.4. [30] A continuous-time finite state Markov chain X(t) is defined
by two components: a jump chain, and a set of holding time parameters λi. The jump
chain consists of a set of states belonging to the countable state space S along with
transition probabilities Pij. For i, j ∈ S and t ∈ T , we assume

1. if X(t) = i, the time until the state changes has Exponential(λi) distribution;

2. if X(t) = i, the next state will be j with probability Pij.

The process satisfies the Markov property. That is, for all 0 ≤ t1 < t2 < · · · tn < tn+1,
we have

P(X(tn+1) = j|X(tn) = i,X(tn−1) = in−1, · · · , X(t1) = i1) = P(X(tn+1) = j|X(tn) = i),

where j, i, in−1, . . . , i1 ∈ S.
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Being parsimony-bound means that in transforming from genome Πid into genome
Π, Πid has evolved along the shortest path among all the evolutionary trajectories to
Π. Roughly speaking, any set of allowed genomic operations R on a space of genomes
G, under which the genome space is closed, induces an edit distance ρ on G that, for
G1, G2 ∈ G, is defined as the minimum number of elements of R needed to transform
G1 into G2 or vice-versa. Of course, we assume that this is possible in finite steps,
for any pair of genomes in G. When a random walk (ξt)t≥0 models the evolution of
genomes under R-operations, evolution is parsimony-bound up to time t, if

ρ(ξt′ , ξ0) ≈ t′, for 0 ≤ t′ ≤ t.

Let (Xt)t≥0 be a continuous-time Markov chain with a countable sample space
G and transition probability P(G,G′) for every G,G′ ∈ G, whose jump times are
according to the Poisson process with rate 1. In subsequent chapters of this thesis,
we investigate parsimony-binding for different models of genomic evolution obtained
from considering different Markov chains, these models include DCJ, restricted DCJ,
internal reversal and translocation (IRT) and general reversal and translocation (HP).

Edit distances (such as reversal, DCJ, HP) are maximum parsimony methods for
comparing genomes. Analyzing genome evolution modeled as a stochastic processes
under different genomic operations leads us to ask questions about the time up to
which the evolutionary trajectory is parsimony-bound. A genome that has only mod-
erately evolved under a model such as DCJ inevitably recovers the true number of
steps that actually occurred, i.e. the evolution is parsimony-bound.

After some time, however, parsimony methods will eventually find a shorter
path than the one actually traversed by the evolving genome. We say that evolu-
tion “escapes from parsimony” since parsimony underestimates the true length of the
evolutionary trajectory.

The point at which the trajectory escapes depends on the stochastic process
modeling evolution and the distance measure comparing points on the sample path
to the starting point.

The fundamental result in this field is due to Berestycki and Durret [4], who
proved that a random transposition process (exchange of two genes - not in the
repertoire of biologically meaningful operations) on a unichromosomal genome of size
n is bound to its parsimonious estimate up to t ≈ n/2 steps. Later on Jamshidpey
and Sankoff [20] proved a similar result for the reversal random process on the space
of unichromosomal genomes.

A review by [7] finds little mathematical work relevant to this direct question
for models of evolution under DCJ, HP, IRT, translocation, etc. Although there has
been much research on probabilistic modeling of evolution using DCJ operations.
In this thesis, we study this problem in the context of genomic evolution models
involving various Markov chains pertaining to DCJ, restricted DCJ, IRT, and HP, in
Chapters 2 and 3. Using the Berestycki and Durret method [4] for these models, we
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estimate the number of cycles in the breakpoint graph of a random genome at time t
and its ancestral genome by the number of tree components of an Erdös-Rényi random
graph constructed from the model of evolution. Then we prove for these models that
the process on a genome of size n does not escape parsimony before n/2 steps, where
n is the number of genes in the genome. Furthermore, we initiated the study of
the problem for other models such as maximum length reversal, weighted reversal,
and translocation, see Chapter 4 for more details. In order to adopt Berestycki and
Durret’s method, it is more difficult to prove whether the random graph constructed
from each of these models of evolution is an Erdös-Rényi random graph. We find
strong evidences that the majority of these random processes are parsimony-bound
up to time n/2, evolving from an ancestral genome with n genes. However, providing
mathematical proofs for parsimony binding requires more advanced mathematical
tools, which we will address in subsequent research. Finally, in Appendix A we
present the pseudocodes for the simulation algorithms.

1.7 Departing from the permutation model of genomes:
problems arising from gene duplication

In reality genomes have more than one copy of some genes, which limits the appli-
cability of permutation-based models. The "copies" are not identical, but differ by
a small number of point mutations. In comparing two genomes, then, it is often the
case where it is not obvious which copy of a certain gene in one genome corresponds to
which copy of the same gene in the other genome. This is the "orthology detection"
problem. In parallel to the permutation-based investigations described in the previ-
ous chapters, we undertook an analysis of the orthology problem under a particular
model of contrasting mutation rates, as reported in Chapter 5.
\ref{chp:Chp5} → Chapter 5 [24] [25]
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2 1 INTRODUCTION

constructed from the model of evolution. In both models, the process on a genome of

size n is bound to its parsimonious estimate up to t ≈ n/2 steps.

1 Introduction

The introduction of the “double-cut-and-join” (DCJ) methods, by Yancopoulos et al. (2005), and

in a slightly different formulation by Bergeron et al. (2006), greatly invigorated the field of genome

distance algorithmics. DCJ incorporated the operation of interchanging blocks of genes between

arbitrary regions of a chromosome (including “block transposition” of neighbouring regions) to the

two previously studied operations of reversing of a block of genes in a chromosome (“inversion”)

and interchanging the prefixes or suffixes of two chromosomes (“reciprocal translocation”, which

formally includes chromosome fusion and fission). As a result, the exact DCJ distance is easily

calculated in linear time, avoiding the cumbersome work necessitated by the ingenious solution

(called “HP”) of Hannenhalli and Pevzner (1995a) and Hannenhalli and Pevzner (1995b) a decade

earlier, where only reversals and reciprocal translocations were considered.

Edit distances for comparing genomes, like DCJ and HP, minimize the number of steps, chosen

from a small repertoire of operations, to transform one genome into another. A mistaken comment

sometimes heard, whether approving or critical, is that these methods assume that “evolution takes

the shortest path”. The methods, however, make no assumption at all about the preferences of the

evolutionary process; they are simply tools for inferring evolutionary history.

The minimization criterion basic to edit distances makes it a maximum parsimony method. As

such it is model-free, unlike probability-based models. Nevertheless, under any reasonable model

of evolution, calculations or simulations show that for a genome that has only moderately evolved,

DCJ or similar methods inevitably recover the true number of steps that actually occurred. In this

sense, evolution has indeed “followed” a most parsimonious path, but this is only an inferential

result, not an evolutionary tendency. We say that the evolution is “parsimony-bound” during this

initial period.

As a genome diverges more substantially from its initial state, however, parsimony methods
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will eventually find a shorter path than the one actually traversed by the evolving genome. Parsi-

mony underestimates the length of the evolutionary trajectory. When this occurs, we can say that

evolution “escapes from parsimony”.

The nature of this escape and the point at which it happens depends on the stochastic process

modeling evolution and the distance measure comparing points on the sample path to the starting

point. Little mathematical work has been done relevant to this direct question, although there has

been much research on probabilistic modeling of evolution using DCJ operations, as reviewed in

Biller et al. (2015). In the present paper, we model the evolution of genomes as a Markov jump

process on the space of genomes, and use DCJ as a tool for tracking it.

A basic result in this field is due to Berestycki and Durrett (2006), who found that escape from

parsimony for a random transposition (pairwise exchange) process does not occur before n/2 steps,

where n is the number of genes in the genome.

2 Genomes and DCJ operations

The genes or markers in a genome can be represented by different positive integers. We denote by

Gn,k the space of all genomes with n specific genes (or markers), denoted by 1, . . . , n, exactly k linear

chromosomes, and a number of circular chromosomes (possibly 0). For the purpose of this paper,

it is most convenient to represent a genome G ∈ Gn,k as an alternating graph G = (V (G), E(G))

on 2(n+ k) vertices, 2n of which are of degree 2 and the rest are of degree 1, as in Figure 1. More

precisely, we denote by +i and −i the extremities (head and tail) of gene (or marker) i ∈ [n] :=

{1, . . . , n}, and denote by τj , j ∈ [2k], the telomeres of k linear chromosomes, i.e.

V (G) = {±1, . . . ,±n} ∪ {τ1, . . . , τ2k}.

On the other hand, let E1(G) be invariant for all genomes G, and define it to be the set of edges

{−i,+i}, for i ∈ [n], and let E2(G) vary for different genomesG and be defined as a perfect matching

on V (G). Then, E(G) consists of the edges in E1(G) and E2(G), where multiple edges are allowed.
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4 2 GENOMES AND DCJ OPERATIONS

We call E1(G) and E2(G) the set of genes and set of adjacencies, respectively, of genome G. We

notice that |E2(G)|= n+k, for any G ∈ Gn,k. We suppose the edges in E1(G) and E2(G) are dotted

and solid, respectively. The solid edges which are incident to the telomeric vertices {τ1, . . . , τ2k} are

called telomeric edges, and those vertices in {±1, . . . ,±n} which are adjacent to {τ1, . . . , τ2k} are

called telomeric gene extremities. It is then clear that the graph G is a union of disjoint alternating

paths (linear chromosomes) and cycles (circular chromosomes). Indeed, deg(+i) = deg(−i) = 2

and deg(τj) = 1, for any i ∈ [n] and j ∈ [2k]. Note that, under this definition, a linear chromosome

may be null (i.e. with no genes). In this case, the null chromosome only contains two telomeres

τi, τj and their connecting edge {τi, τj}.

A natural orientation can be assigned to the connected components (chromosomes) of each

genome in Gn,k. To establish this, recall that an orientation of a graph G is a digraph whose under-

lying graph is G. In other words, we can assign a direction to each edge {u, v} ∈ E(G) by assigning

exactly one of the two possible arcs (u, v) or (v, u) to it. An orientation of G is then a digraph

obtained from G by assigning a direction to each of its edges. Clearly, there are 22(n+k) orientations

for G ∈ Gn,k. Let C be a cycle component, and let P be a path component of G. A direction of

C, namely
−→
C , is an orientation for which

−→
C is a directed cycle, that is deg+(v) = deg−(v) = 1, for

v ∈ V (C), where deg+(v) and deg−(v) denote the outdegree and indegree of v. Similarly, one can

give a direction to a linear chromosome P , by choosing one of its telomeres as a starting point. To

be more precise, an orientation
−→
P is called a direction for P , if it is a directed path. Hence, there

are exactly two directions for each component of G. Denoting by κ(G) the number of connected

components of G, this implies that the number of directions of G is 2κ(G). Now, let x be the gene

with the smallest label in a circular chromosome C (or a linear chromosome P , respectively). The

standard direction is the unique direction of C ( P , respectively) for which the direction of {−x,+x}

is given by arc (−x,+x). Moreover, the standard direction of G is the unique orientation of that

for which each component is assigned to its standard direction. We henceforth assume that each

genome G ∈ Gn,k is furnished with its standard direction.
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Figure 1: DCJ operations.

A double-cut-and-join (DCJ) operation is a genomic operation that cuts two given adjacencies

(edges) of a genome and rejoins the free extremities of the genes involved in one of the two possible

ways (Figure 1). Two types of the DCJ operations are defined as follows. For G ∈ Gn,k, and

e = (a, b), e′ = (c, d) ∈ E2(G), a first-type DCJ (DCJ-1 or δ1) operation, denoted by δ1(e, e
′) is

defined by G′ = G ◦ δ1(e, e′), where V (G′) = V (G), E1(G
′) = E1(G), and

E2(G
′) = E2(G) ∪ {(a, c), (b, d)} \ {e, e′}.

Similarly, a second-type DCJ (DCJ-2 or δ2) operation on G is defined by G′′ = G ◦ δ2(e, e′), where

V (G′′) = V (G), E1(G
′′) = E1(G), and

E2(G
′′) = E2(G) ∪ {(a, d), (b, c)} \ {e, e′}.

Note that for e, e′ taken from the same chromosome, δ1(e, e
′) is an inversion (reversal) operation,

as shown in Figure 1-I. From the definition, Gn,k is closed under the DCJ operations, and the DCJ

distance between two genomes G1, G2 ∈ Gn,k, d(G1, G2), is the minimum number of DCJ operations
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6 2 GENOMES AND DCJ OPERATIONS

required to transform G1 into G2 or vice-versa. Equivalently, this distance can be interpreted as

the length of the shortest path on the graph Gn,k with the set of vertices Gn,k where each pair of

vertices are connected with an edge if their DCJ distance is 1. The formula for the DCJ distance

of two genomes can be given in terms of the numbers of cycles and even paths in their breakpoint

graph. In mathematical terms, letting T := {τ1, . . . , τ2k} and T ′ := {τ ′1, . . . , τ ′2k}, the breakpoint

graph of two genomes G1, G2 ∈ Gn,k, denoted by BP (G1, G2), is a graph whose vertices are given

by {±1, . . . ,±n}∪T ∪T ′ and whose edges are the adjacencies (edges) of G1 and G∗
2 (multiple edges

are allowed), where G∗
2 is obtained from G2 by changing the labels of its telomeric vertices τj to

τ ′j , for j = 1, . . . , 2k. The adjacencies of G1 and G∗
2 are usually presented in two different colours,

say gray and black. We notice that every vertex of BP (G1, G2) which is obtained from a telomeric

vertex of G1 or G∗
2 has degree 1. The rest of the vertices of BP (G1, G2) are all of degree 2, that

is each such vertex is incident to exactly one gray edge and one black edge. Hence, BP (G1, G2) is

the disjoint union of some alternating cycles and 2k alternating paths (or lines). The DCJ distance

between two genomes G1 and G2 is then given by

d(G1, G2) = n−C(G1, G2)−
Pe(G1, G2)

2
, (1)

where C(G1, G2) and Pe(G1, G2) determine the number of cycles and the number of even paths

in BP (G1, G2), respectively. A line is called a TT -line or with TT ends if both telomeric vertices

of that line belong to T . Lines with TT ′ or T ′T ′ ends are defined similarly. It is straightforward

to see that a line is even (of even size) if and only if it has TT ′ ends. In the same spirit of the

standard direction assigned to linear and circular chromosomes of a genome in Gn,k, one can give a

natural direction to the cycles and lines of a breakpoint graph. This can be done by determining a

start and an end point for a line. More precisely, the direction of a TT ′ line is given by traversing

it, starting at its T telomeric vertex and ending at its T ′ telomeric vertex. For TT or T ′T ′ lines,

the starting point is the telomeric vertex with a smaller index. On the other hand, a cycle can be

traversed, starting at its gene extremity with the minimum index, through the unique black edge

incident to it. It is clear that the described direction of a cycle or a line of BP (G1, G2) does not
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necessarily coincide with its orientation induced from the direction of edges in genomes G1 and G2.

The effect of a DCJ operation on the distance between two genomes can be studied as follows.

Let G1, G2 ∈ Gn,k and e = [a, b], e′ = [c, d] ∈ E2(G2), where by [a, b] = [a, b]G1,G2
, we mean that the

direction of e is from a to b, in the natural direction of BP (G1, G2), described above. Note once

again that this direction may be different from the direction of {a, b} in the genome G2. The DCJ

operation ∆1(e, e
′) = ∆G1,G2

1 (e, e′) is defined on G2 by cutting e and e′ and joining a to c, and b to

d. Similarly ∆2(e, e
′) = ∆G1,G2

2 (e, e′) cuts e and e′ and joins a to d, and b to c. Note that δi and

∆i operations are different due to the different orders they use to join vertices.

Let αi := d(G1, G2 ◦∆i(e, e
′))−d(G1, G2). In fact, αi measures the displacement of the genome

G2, with respect to a reference genome, after a ∆i-DCJ operation is performed on it. If e, e′ are in

two different cycles of BP (G1, G2), then α1 = α2 = 1, since two cycles merge following the DCJ

operation on e and e′, as in Figure 2-III. If both are in one cycle (Figure 2-IV ), then ∆1 does not

change the number of cycles or paths, but ∆2 fragments it into two smaller cycles. Hence α1 = 0

and α2 = −1. If they belong to one line, then, similarly to the cycle case, α1 = 0. In this case, ∆2

splits the line into a cycle and a line whose length has the same parity as that of the original line

(e.g. if the original line is of an even size, then so is the size of the new line). In this case, since a

new cycle is added, we get α2 = −1. When one edge belongs to an odd line (TT or T ′T ′ line) and

the other belongs to an even line (TT ′-line), as in Figure 2-I, clearly, after splitting and rejoining

two lines together, both ∆1 and ∆2 operations result in an odd and an even lines, which means

α1 = α2 = 0. If both lines are odd, but all of their 4 telomeric vertices come from one genome, say

with TT ends, then both types of DCJ operator generate two odd TT -lines, i.e. α1 = α2 = 0. If

both are odd, one with TT ends and the other with T ′T ′-ends, then ∆1 and ∆2 operations generate

two TT ′-lines which are even, hence α1 = α2 = −1. For two even TT ′-lines, the ∆1 operation

gives two odd lines, one with TT ends and the other with T ′T ′ ends, while ∆2 operator gives two

even TT ′-lines. Therefore, α1 = 1, α2 = 0. Finally, as shown in Figure 2-II, if e belongs to a line

and e′ belongs to a cycle, the cycle and line merge after implementing ∆1 or ∆2 operations. This
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8 3 DCJ EVOLUTION AND DCJ PARSIMONIOUS PATHS

gives rise to a line whose length has the same parity as that of the original one. Hence in this case

α1 = α2 = 1.
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Figure 2: Effects of DCJ operations on the components of the breakpoint graph of two genomes.

3 DCJ evolution and DCJ parsimonious paths

As mentioned in the previous section, the reversals are, in fact, DCJ-1 operations. DCJ can also

generate translocations, fissions and fusions. In addition, two consecutive DCJ’s may generate a

genomic transposition or a block interchange operation (Yancopoulos et al., 2005; Bergeron et al.,

2006; Fertin et al., 2009). Consequently, DCJ’s provide a rich family of mathematical operations

which model the genomic evolution of some species and their edit distances. We can model the DCJ

evolution of genomes as a Markov jump process on the space of genomes Gn,k. Given an initial weight

p ∈ [0, 1], let ι1, ι2, . . . be an i.i.d. sequence of random variables with P(ιk = 1) = p = 1−P(ιk = 2),

for any k ∈ N. The DCJ processX(p) = (X
(p)
t )t≥0 starts at genomeX

(p)
0 = G0 ∈ Gn,k, and jumps at

random times 0 ≤ τ1 < τ2 < . . ., where {τ1, τ2, . . .} are points of a Poisson process on R+, with rate

1. At a jump time τi, having X
(p)
τi = G, we choose two different solid edges (a, b), (c, d) ∈ E2(G),
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uniformly at random, without replacement, and let the random walk jump to G◦διi((a, b), (c, d)). In

other words, at each time τi, X
(p) jumps toG◦δ1(e, e′) with probability pn,k := p/{(n+k)(n+k−1)},

and to G◦δ2(e, e′) with probability qn,k := (1−p)/{(n+k)(n+k−1)}, for any pair e ̸= e′ ∈ E2(G).

Equivalently, X(p) can be considered as a continuous-time biased nearest-neighbour random walk

on Gn,k starting at G0, for which at a Poisson time τi, it jumps to one of its neighbours with a

probability proportional to its weight where the weights of each δ1-neighbour and each δ2-neighbour

of G are given by p and 1− p, respectively. We can see that, for p = 1/2, X(p) is a continuous-time

(symmetric) simple random walk on Gn,k. Hereafter, we suppress the superscript p when p is fixed

and there is no risk of ambiguity.

We can generalize the above DCJ process as follows. Let p := (pt)t≥0, pt ∈ [0, 1] for t ∈ R+,

be a given function from R+ to [0, 1]. In order to obtain X(p) = (X
(p)
t )t≥0 from X(p), we mod-

ify the above definition by giving the weight pτk and 1 − pτk to δ1 and δ2 operations which can

be performed on the current genome at each jump time τk. Then, the probability of choosing

each δ1 operation and each δ2 operation, at time τk, are given by pτk/{(n + k)(n + k − 1)} and

(1− pτk)/{(n+ k)(n+ k − 1)}. In fact, X(p) is a special case of X(p), for pt = p; t ∈ R+.

Being parsimony-bound means that in transforming into another genome B, a genome A has

evolved along a shortest path to B. This is, in fact, the fastest way that A can be transformed into

B through the paths of evolution. Roughly speaking, any set of allowed genomic operations R on a

space of genomes S, under which the genome space is closed, induces an edit distance ρ on S that,

for G1, G2 ∈ S, is defined as the minimum number of elements of R needed to transform G1 into

G2 or vice-versa. Of course, we assume that this is possible in finite steps, for any pair of genomes

in S. When a random walk (ξt)t≥0 models the evolution of genomes under R-operations, evolution

is parsimony-bound up to time t, if

ρ(ξ0, ξt) ≈ t.

Setting S := Gn,k, and letting R include all DCJ operations, the simulation results in Figure 3 show
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10 3 DCJ EVOLUTION AND DCJ PARSIMONIOUS PATHS

that the parsimony binds the trajectory up to time cn, for c ≈ 0.5.
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Figure 3: Simulation for unrestricted DCJ model illustrating parsimony binding up to time cn, for
c ≈ 0.5. The average DCJ distance estimates are based on 100 runs, for p = 0, 0.5, 1. The ancestral
genome contains 1000 genes in 4 linear chromosomes of size 100, 200, 300 and 400.

Berestycki and Durrett (2006) proved that the transposition random walk is bound to parsimony

up to time n/2. Counting the number of hurdles of a reversal random walk, and making use of

their results, one can see this also holds for the reversal walk up to the same time n/2 (Jamshidpey

and Sankoff, 2013). Here, we make use of the Berestycki-Durrett method to show that the same

result is true for the DCJ stochastic process. To this end, we need a relabeling mechanism that is

updated at each jump of the DCJ process. This technique is important for constructing a random

graph process whose number of components estimates the number of cycles of the BP (X0, Xt), and

therefore the DCJ distance between the genomes X0 and Xt. A labeling of a genome G ∈ Gn,k is

a bijection from E2(G) onto [n + k] := {1, 2, . . . , n + k}. The labeling process L = (Lt)t≥0 can be

obtained from the DCJ processX as follows. We start from an arbitrary label L0 = L̂0 forX0. From

exchangeability, the results in the next theorems do not really depend on any particular choice of

L̂0. Let t be a jump time such that Xt jumps to Xt+ := Xt ◦ δi(e, e′) for e = (a, b), e′ = (c, d) ∈ Xt.

Let x := min{a, b, c, d}, and let ũx be the black edge of Xt, either e or e′, which is incident to
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x, while ṽx be the other edge, i.e. ṽx = {e, e′} \ ũx. Similarly, let ux be the edge of Xt+ which

is incident to x after performing δi(e, e
′) on Xt, and let vx be the other new edge in Xt+ that is

created as a result of joining the two other free gene extremities. We update the labeling process

L by

Lt+(w) =





Lt(ũx) if w = ux

Lt(ṽx) if w = vx

Lt(w) if w /∈ {ux, vx}.

(2)

Using L and X, we can now define a random graph process Z = (Zt)t≥0 whose number of tree

components estimates the number of cycles of the breakpoint graph, after a convenient rescaling.

Let Z0 be the trivial graph with vertices 1, 2, . . . , n+ k (representing the labels) and with no edges.

Let (λ1(i), λ2(i)) be the labels of two uniformly random edges (without replacement) in Xτi , which

is selected for a DCJ operation at time τi. Connect λ1(i) and λ2(i) by an edge in Zτi+, if they

are not already adjacent in Zτi . As a matter of fact, the number of times at which the random

sequence ((λ1(i), λ2(i)))i∈N: τi<cn takes an ordered pair of labels (ℓ, ℓ′) ∈ [n + k]2, is a Poisson

random variable with mean cn/{(n+ k)(n+ k − 1)}. Hence, the probability that each edge {ℓ, ℓ′}

appears in the random graph is given by

1− e−
2cn

(n+k)(n+k−1) ≈ 2cn

(n+ k)(n+ k − 1)
+O(n−2).

Thus, letting Z∗
cn be the Erdös-Rényi random graph on the vertex set [n + k] in which each edge

is independently present with probability 2c/n, the expected difference of number of edges in Zcn

and Z∗
cn is of order O(1). Therefore, from Bollobás (2001, Theorem 5.12) (see page 109),

E[Tcn] = (1− γ(c))n+O(1),

where Tcn denotes the number of tree components of Zcn, and, for c > 0,

γ(c) := 1− 1

2c

∞∑

j=1

jj−2

j!
(2ce−2c)j .
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12 3 DCJ EVOLUTION AND DCJ PARSIMONIOUS PATHS

In fact, γ(c) = c, for 0 < c ≤ 1
2 , and γ(c) < c, for c > 1. Similarly, once again from Bollobás (2001,

Theorem 5.12), we get

var(Tcn) = O(n).

We can then easily see that the Erdös-Rényi random graph Z∗
cn approximates Zcn. In mathematical

terms, from the Chebyshev’s inequality

Tcn − (1− γ(c))n

cn
√
n

p−→ 0, n→∞, (3)

for an arbitrary sequence (cn)n∈N, with cn →∞, as n→∞.

Theorem 1. Fix p = (pt)t≥0 and c > 0. Let (cn)n≥1 be an arbitrary sequence for which cn →∞,

as n→∞. Then, as n→∞,

d(X
(p)
0 , X

(p)
cn )− γ(c)n

cn
√
n

p−→ 0. (4)

Proof. We follow the proof of Berestycki and Durrett (2006, Theorem 3) and adapt it for the DCJ

stochastic process. First, note that the number of paths of even length in BP (X0, Xcn) is bounded

by 2k, and hence,

Pe(X0, Xcn)/{2cn
√
n} → 0,

pointwisely, as n→∞. Using (1), it then suffices to analyze the asymptotic behavior ofC(X0, Xcn).

The number of cycles of size greater than 2
√
n+ k is less than

√
n+ k. Therefore, we only need

to handle the cycles whose sizes are less than or equal to 2
√
n+ k. To this end, we say a cycle in

BP (X0, Xcn) is non-fragmented, if it is the result of a finite number of merging events, without

any fragmentation in its history. Otherwise, it is called a fragmented cycle. Note that a fragmented

cycle always has at least one fragmentation event (either a fragmentation on a cycle or on a line) in

its history. For any t ≥ 0, denote by C(f)t and C(nf)t the number of fragmented and non-fragmented

cycles of BP (X0, Xt), respectively, with size less than or equal to 2
√
n+ k. Clearly, C(f)cn is bounded

by 2 times the number of fragmentation events, up to time cn, which results in a fragmented cycle

of size at most 2
√
n+ k. In order that a DCJ operation on two black edges e, e′, located in one
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connected component of BP (X0, Xt), splits that component and produces a cycle of size less than

2
√
n+ k, e and e′ should be in distance at most 2

√
n+ k, in BP (X0, Xcn), from each other. At

each jump time τi, regardless of the value of pτi , the probability that (λ1(i), λ2(i)) takes a pair of

edges with the mentioned property is bounded by 2
√
n+ k/{n+ k − 1}. Therefore, the number of

such fragmentation events, up to time cn, is bounded by a Poisson random variable with parameter

cn · 2
√
n+ k/{n+ k − 1} ≈ 2c

√
n. This implies that, as n→∞,

C(f)cn

cn
√
n

p−→ 0.

To estimate C(nf)cn , for any pair of labels {ℓ, ℓ′}, let Icn(ℓ, ℓ′) = Icn(ℓ
′, ℓ) = 1, if the random sequence

({λ1(i), λ2(i)})i: τi<cn takes {ℓ, ℓ′} at least twice, and let it be equal to 0, otherwise. We have

E[Icn(ℓ, ℓ
′)] = P(Icn(ℓ, ℓ

′) = 1) = e−
2cn

(n+k)(n+k−1)

∞∑

j=2

(
2cn

(n+ k)(n+ k − 1)

)j

/j! = O(n−2),

and

var(Icn(ℓ, ℓ
′)) = P(Icn(ℓ, ℓ

′) = 1)−P(Icn(ℓ, ℓ′) = 1)2 = O(n−2)

Letting Icn =
∑

ℓ,ℓ′ Icn(ℓ, ℓ
′), we have E[Icn] = O(1) and var(Icn) = O(1), that means the number

of edges in Zcn for which the corresponding labels are taken more than once is negligible, and in

fact, as n→∞,

Icn
cn
√
n

p−→ 0.

We notice that the tree components of Zcn represent either the non-fragmented cycles and paths

of Xcn or those fragmented cycles and paths of Xcn for which a same pair of labels for a DCJ

operation is selected more than once (the number of these cycles or paths is bounded by Icn). As

the number of even paths is bounded by 2k, and the number of cycles or tree components of size

greater than 2
√
n+ k are both bounded by

√
n+ k, the tree components of Zcn can approximate

C(nf)cn , and

Tcn − C(nf)cn

cn
√
n

p−→ 0,

26



14 4 RESTRICTED DCJ EVOLUTION AND PARSIMONIOUS PATHS

as n→∞. Therefore (3) yields

C(nf)cn − (1− γ(c))n

cn
√
n

p−→ 0,

as n→∞, which finishes the proof.

Remark 1. For c ≤ 0.5, the convergence in (4) implies that DCJ stochastic evolution X is bound

by parsimony, since γ(c) = c.

4 Restricted DCJ evolution and parsimonious paths

In the previous section we studied the parsimony binding for the DCJ model when there is no

constraint for the number of circular genomes. In other words, an arbitrary number of δ2-operations,

say r, could be consecutively performed on one or more linear chromosomes in order to produce

r new circular chromosomes in the genome. In this section we study the parsimony problem for

the DCJ operations restricted to the unichromosomal linear genomes with the same genes, that is

we assume that consecutive δ1-operations (reversals) are allowed without any restriction, but on

the contrary, no two consecutive δ2-operations are allowed, which means that once an intermediate

circular chromosome appears as a result of a δ2-operation, two adjacencies (black edges), one from

each chromosome, are chosen and a DCJ on them generates a unichromosomal linear genome.

Another way of looking into this, is by considering a particular subgraph of Gn,1, denoted by G∗n,

induced by those vertices (genomes) in Gn,1 which have at most one circular chromosome. The

vertices of G∗n can be partitioned into U , the unichromosomal linear genomes, and Ũ , the genomes

with exactly one linear and one circular chromosomes. From the definition, it is clear that no two

vertices in Ũ are adjacent in G∗n. The edges between two vertices in U represent reversals, while

the ones between a vertex from U and a vertex from Ũ represent the non-reversal DCJ operations

needed to transform a unichromosomal linear genome into a genome with one linear and one circular

chromosome, and vice versa. The restricted DCJ distance d∗ between two genomes G1, G2 ∈ G∗n is

then the shortest path between G1 and G2 in G∗n. Yancopoulos et al. (2005) showed that, in fact,
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for any pair of genomes G1, G2 ∈ G∗n,

d∗(G1, G2) = d(G1, G2).

Hence, once again, one can use the number of cycles and even paths in BP (G1, G2), to find

d∗(G1, G2).

For p = (pt)t∈R+ , where 0 ≤ pt ≤ 1, t ∈ R+, we define a continuous-time biased nearest-

neighbour random walk Y (p) = (Y
(p)
t )t≥0 on G∗n, where Y (p) jumps at Poisson times with rate 1.

At each jump time t, if Y
(p)
t ∈ Ũ , then it chooses one of its neighbours, uniformly at random, and

jumps to it, and if Y
(p)
t ∈ U , then it jumps to each of its δ1-neighbours (obtained as a result of a

reversal DCJ) with probability 2pt/{n(n+1)} and jumps to each of its δ2-neighbours (obtained as a

result of a non-reversal DCJ) with probability 2(1− pt)/{n(n+1)}. The case pt = 1, for any t ≥ 0,

gives the reversal (inversion) random walk on the symmetric group of size n. It is known that the

reversal random walk diverges from its origin at its maximum speed up to time n/2, for large n,

where n is the number of genes in a unichromosomal linear genome (Berestycki and Durrett, 2006;

Jamshidpey and Sankoff, 2013).

We define the labeling L̃ = (L̃t)t≥0 and the random graph process Z̃ = (Z̃t)t≥0, from Y (P), in

the same manner as we defined L and Z from X(P). As before, we drop the superscript p when

there is no risk of confusion. The following theorem estimates d(Y0, Ycn) using the number of tree

components of Z̃cn.

Theorem 2. Let p = (pt)t≥0, such that 0 ≤ pt ≤ 1, c > 0, and let (cn)n≥1 be an arbitrary sequence

of real numbers such that cn →∞, as n→∞. Then, as n→∞,

d(Y
(p)
0 , Y

(p)
cn )− n+ T̃cn
cn
√
n

p−→ 0,

where T̃t denotes the number of tree components of Z̃t.
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16 4 RESTRICTED DCJ EVOLUTION AND PARSIMONIOUS PATHS

Proof. The proof is similar to the proof of Theorem 1. We define the number of fragmented and

non-fragmented cycles of Z̃t, as we defined the similar notions for Zt, and denote by C̃(f)t and

C̃(nf)t , the number of fragmented and non-fragmented cycles of Z̃t whose sizes are not greater than

2
√
n+ 1. As before, there are at most 2 paths and at most

√
n cycles of size greater than 2

√
n+ 1

in BP (Y0, Ycn). Therefore, we only need to handle the asymptotic behaviors of C̃(f)t and C̃(nf)t .

Once again, the former is bounded by 2ζ, where ζ ∼ Po(2c
√
n+ 1), and hence, as n→ 0,

C̃(f)cn

cn
√
n

p−→ 0.

Now , it suffices to show, as n→∞,

T̃cn − C̃(nf)cn

cn
√
n

p−→ 0.

To establish this, for any pair of labels {ℓ, ℓ′} in (BP (Z̃0, Z̃t))0≤t≤cn, we define the indicator func-

tions Ĩcn(ℓ, ℓ
′) = Ĩcn(ℓ

′, ℓ) and their total sum Ĩcn, similarly to their counterparts introduced in the

proof of Theorem 1. To find an upper bound for E[Ĩcn], first observe that the probability that any

pair of labels {ℓ, ℓ′} is picked for a DCJ at a jump time t is given by 2/{n(n + 1)}, if Yt ∈ U . If

Yt ∈ Ũ , given that the size of the circular chromosome is 2j (which means there are exactly j black

edges in the circular chromosome), this probability is given by 1/{j(n+ 1− j)}. Letting qj be the

probability that a non-reversal DCJ results in a circular chromosome of size 2j, this means that the

probability that any pair of labels {ℓ, ℓ′} is picked for a DCJ, at time t, for Yt ∈ Ũ is bounded by

n∑

j=1

qj
j(n+ 1− j)

≤ 2

n

n∑

j=1

1

j(n+ 1− j)

=
2

n(n+ 1)

n∑

j=1

(
1

j
+

1

n+ 1− j

)

=
4hn

n(n+ 1)
≈ 4 lnn

n(n+ 1)
,

(5)

where hn :=
∑n

j=1 1/j is the harmonic number. Therefore, integrating this on [0, cn] and letting
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ζ̃ ∼ Po(q∗cn) for

q∗cn := cn

(
2

n(n+ 1)
∨ 4hn

n(n+ 1)

)
≈ 4c lnn

n
,

we can couple the random variables Icn(ℓ, ℓ
′) with indicator random variables Jcn(ℓ, ℓ

′) defined

independently for any pair of labels {ℓ, ℓ′} by

P(Jcn(ℓ, ℓ
′) = 1) = 1−P(Jcn(ℓ, ℓ′) = 0) = P(ζ̃ ≥ 2),

such that Jcn(ℓ, ℓ
′) = 1 if Icn(ℓ, ℓ

′) = 1 (the converse is not assumed), i.e. Icn(ℓ, ℓ
′) ≤ Jcn(ℓ, ℓ

′). We

have

P(Jcn(ℓ, ℓ
′) = 1) =e−q∗cn

∞∑

j=2

(q∗cn)
j/j!

=O

((
lnn

n

)2
)
.

Defining Jcn =
∑

ℓ,ℓ′ Jcn(ℓ, ℓ
′), we get E[Jcn] = O(ln2 n) and var(Jcn) = O(ln2 n). Thus, by

Chebyshev’s inequality, Jcn/{cn
√
n} → 0, in probability, which implies

Ĩcn
cn
√
n

p−→ 0, n→∞,

since 0 ≤ Ĩcn ≤ Jcn. The same lines of arguments as those in the proof of Theorem 1 finish the

proof.

Remark 2. Note that Z̃cn is not an Erdös-Rényi random graph. Therefore, an exact analysis of

the number of trees components of Z̃cn is not easy and needs further investigation.

We have seen that the number of cycles in BP (Y0, Ycn) can be estimated by the number of tree

components of the random graph Z̃cn. This provides a method to see to what extent evolution by the

restricted DCJ process is bound by parsimony. Of course, this could also be checked by simulating

Y and deriving the DCJ distance between Ycn and Y0, using the existing linear-time algorithms for

computing the DCJ distance (cf. Yancopoulos et al. (2005); Bergeron et al. (2006)). But to make
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18 4 RESTRICTED DCJ EVOLUTION AND PARSIMONIOUS PATHS

use of the method described for the Erdös-Rényi random graph, we investigated the maximum time

for which evolution is bound to parsimony by counting the number of tree components in Z̃cn. The

simulation study summarized in Figure 4) shows that the binding holds up to time n/2, for large

n.

200 400 600 800 1000 12000

0

200

400

600

800

1000

1200

t

Figure 4: Simulation for the restricted DCJ model illustrating parsimony binding for restricted
DCJ up to time cn, for c ≈ 0.5. The average DCJ distance estimates are based on 100 runs, for
1000 genes; p = 0.5.
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5 Discussion

We have adapted the analysis of Berestycki and Durrett (2006), originally developed for mathe-

matical transposition random walk on permutations, to the biologically relevant DCJ operations.

We have shown that as n gets large, the parsimonious DCJ inference algorithms accurately reflect

the number of evolutionary steps traced by evolutionary processes as long as this remains less than

n/2. Parsimony binding and the escape from parsimony are illustrated by simulation experiments.
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Chapter 3

Escape from parsimony of a reversal
and translocation genome evolution
process

Following Chapter 2, in this chapter we analyze models of genome evolution based on
two types of reversal and translocation operations and study the time up to which they
evolve along their parsimonious paths of evolution. We model the internal reversal and
translocation (respectively, general reversal and translocation) process as a Markov
chain process on the space of genomes, and measure the dissimilarities between the
identity (ancestor) genome and the genome obtained at time t via the internal reversal
and translocation (respectively general reversal and translocation) distance. Both
distance formulas have been introduced by Hannenhalli and Pevzner [17], although
Ozery-Flato and Shamir [27] revised the general reversal and translocation distance
formula (known as HP distance) which is the one we apply here. We got inspired
by the simulation results of these models in discrete time, see Chapter 4 for more
details. We then proved (as expected from the simulations) both of these models do
not escape from their parsimonious paths of evolution before t ≈ n/2, where n is the
number of genes in the genome.

3.1 Genomes and reversal and translocation opera-
tions

We assume there is no duplication in genomes which means every gene or marker
can be represented by a unique positive integer. A genome is a set of linear and
circular chromosomes, where each chromosome is a sequence of genes or markers.
Let X⃗ be a signed linear chromosome with r different genes x⃗1, x⃗2, . . . , x⃗r, such that
x⃗i ∈ {−r, . . . ,−2,−1, 1, 2, · · · , r}, where |x⃗i| ∈ {1, 2, . . . , r} is unique for 1 ≤ i ≤ r,
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we denote the signed unichromosomal genome X⃗ by a signed permutation X⃗ :=
x⃗1x⃗2 · · · x⃗r. That is for 1 ≤ i ≤ r, every two genes x⃗i and x⃗i+1 are adjacent in
X⃗. Each chromosome has no orientation itself. By flipping a chromosome X⃗ or
reading it from the other side, the order and orientation of its genes get reversed such
that −X⃗ = −x⃗r · · · − x⃗2 − x⃗1, which is equivalent representation of the chromosome
X⃗ [17][27]. Each gene in the chromosome represented by either a positive integer
(marker) a or a negative integer (marker) −a has two extremities denoted by a+ and
a−, which are known as the head and the tail of the gene, respectively. The sign
of each gene indicates its strandedness or orientation within the chromosome. For a
gene in X represented by a positive (respectively, negative) marker +a (respectively,
−a), we denote an ordered pair (a−, a+) (respectively, (a+, a−)). The set of tails
T (X⃗) for a linear chromosome X⃗ = x⃗1x⃗2 · · · x⃗r, is defined as the left most extremity
of x⃗1, and the right most extremity of x⃗r in their corresponding ordered pairs of
extremities, therefore flipping a chromosome does not change its tails. A genome
with more than one chromosome is called a multichromosomal genome. We define
Π = {X⃗1, . . . , X⃗M} to be a signed multichromosomal genome with n genes and M

chromosomes. Furthermore, for 1 ≤ i ≤ M , each chromosome X⃗ i of Π can be
represented as −X⃗ i as well. Thus there are 2M distinct sets equivalently representing
Π. We denote T (Π) to be the set of tails for Π such that

T (Π) = M∪
i=1
T (X⃗ i).

For the purpose of this chapter, we present genomes with graphs as well. More
precisely, for the graph representation of a unichromosomal genome X⃗ = x⃗1 · · · x⃗r, we
define three sets V , ER and EB, where

V := {|x⃗1|−, |x⃗1|+, . . . , |x⃗r|−, |x⃗r|+}, ER :=
{︂
{|x⃗i|−, |x⃗i|+}|1 ≤ i ≤ r

}︂
, and

EB := {ei|1 ≤ i ≤ r − 1}.

Here, |x⃗i| is the absolute value of the integer representing the genome x⃗i. Each edge
in ER represents the adjacency among the two extremities of a gene. Furthermore,
for 1 ≤ i ≤ r−1, each ei ∈ EB represents the adjacency among two consecutive genes
x⃗i and x⃗i+1 in X⃗, and is one of the following:

• ei = {x⃗+
i , x⃗

−
i+1}, if x⃗i, x⃗i+1 > 0,

• ei = {|x⃗i|−, |x⃗i+1|+}, if x⃗i, x⃗i+1 < 0,

• ei = {|x⃗i|−, x⃗−
i+1}, if x⃗i < 0 and x⃗i+1 > 0,

• ei = {x⃗+
i , |x⃗i+1|+}, if x⃗i > 0 and xi+1 < 0.
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We represent X⃗ with an edge coloured graph GX⃗ = (VX⃗ , E
R
X⃗
∪ EB

X⃗
), where edges

in ER
X⃗

and EB
X⃗

are coloured in red and black, respectively. ER
X⃗

is the set of edges
representing the adjacencies between the two extremities of any gene in X⃗, and EB

X⃗
is

the set of proper adjacencies between the extremities of every two consecutive genes
in X⃗. Note that EB

X⃗
is slightly different for circular and linear chromosomes. To be

more precise, when X⃗ = (x⃗1 · · · x⃗r) is a circular chromosome, then VX⃗ = V , ER
X⃗
= ER,

and EB
X⃗
= EB ∪ {er}, where

• er = {x⃗+
r , x⃗

−
1 }, if x⃗r, x⃗1 > 0,

• er = {|x⃗r|−, |x⃗1|+}, if x⃗r, x⃗1 < 0,

• er = {|x⃗r|−, x⃗−
1 }, if x⃗r < 0 and x⃗1 > 0,

• er = {x⃗+
r , |x⃗1|+}, if x⃗r > 0and x⃗1 < 0.

In this case, cardinality of the sets VX⃗ , ER
X⃗

and EB
X⃗

are |VX⃗ | = 2r, |ER
X⃗
| =

|EB
X⃗
| = r, and the edge-coloured graph GX⃗ has only one edge alternating cycle as

its component. When X⃗ = x⃗1 · · · x⃗r is a linear chromosome, EB
X⃗

has two additional
adjacencies created by adding two telomeres to the both ends of X⃗. In this case VX⃗ =
V ∪{T1, T2}, where T1 and T2 are the telomeres, ER

X⃗
= ER, and EB

X⃗
= EB∪{er, er+1},

where

• er = {T1, x⃗
−
1 } if x⃗1 > 0,

• er = {T1, |x⃗1|+} if x⃗1 < 0,

• er+1 = {x⃗+
r , T2} if x⃗r > 0,

• er+1 = {|x⃗−
r |, T2} if x⃗r < 0.

It is worth emphasizing that, er and er+1 are the two black edges in GX⃗ representing
the telomeric adjacencies of X⃗. The non-telomeric extremities incident to er and
er+1 are actually the tails of X⃗. So, when X is linear |VX⃗ | = 2r + 2, |ER

X⃗
| = r, and

|EB
X⃗
| = r + 1, and the edge-coloured graph GX⃗ has only one component, which is an

alternating path.
In addition, for each unichromosomal genome X⃗ we assign a standard orientation

to GX⃗ . To do so, let
−→
GX⃗ be a digraph obtained by replacing each edge

{a, b} ∈ (ER
X⃗
∪ EB

X⃗
)

by two arcs (a, b) and (b, a) in
−→
GX⃗ . If X⃗ is a linear (respectively, circular) chromo-

some, there are exactly two directed subgraphs which are directed Hamiltonian paths
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(respectively, cycles). For a chromosome X⃗, we assign the standard orientation of
GX⃗ to be the same as the directed Hamiltonian path or cycle of

−→
GX⃗ , containing the

arc (|x⃗i|−, |x⃗i|+), where x⃗i is the gene whose marker has the largest absolute value
among the other gene markers in the same chromosome. In words, for such x⃗i we
choose the Hamiltonian path or cycle in which the direction of the arc between the
two extremities of x⃗i is from |x⃗i|− to |x⃗i|+. Hereafter, for any edge e ∈ ER

X⃗
∪ EB

X⃗
incident to {a, b}, we let dX⃗({a, b}) = (a, b), if the arc incident to {a, b} starting at a
and ending at b in the standard orientation of GX⃗ , and dX⃗({a, b}) = (b, a), vice versa.

Furthermore, for each linear chromosome X⃗, with graph representation GX⃗ and
telomeres T1 and T2, we define ˜︁GX⃗ = GX⃗ \ {T1, T2}, to be the graph obtained by
removing both telomeres of X⃗ and the two black edges incident to them. In other
words, ˜︁GX⃗ = (˜︁VX⃗ ,

˜︁ER
X⃗
∪ ˜︁EB

X⃗
) such that ˜︁VX⃗ = VX⃗ \ {T1, T2}, ˜︁ER

X⃗
= ER

X⃗
and ˜︁EB

X⃗
⊆ EB

X⃗
,

where | ˜︁EB
X⃗
| = |EB

X⃗
| − 2 = r − 1. Moreover, we can find the tails of X⃗ as the two

extremities with degree 1 in ˜︁GX⃗ , that is

T (X⃗) = {v ∈ ˜︁VX⃗ |deg(v) = 1}.

The graph representation of the multichromosomal genome Π = {X⃗1, . . . , X⃗M}
is an edge-coloured graph

GΠ = GX⃗1
+ · · ·+GX⃗M

,

which is the disjoint union of GX⃗i
’s for 1 ≤ i ≤ M . Assume Π has l linear chromo-

somes, where l ≤M , and {T1, T2, . . . , T2l} is the set of telomeres, then GΠ decomposes
into l alternating paths, and M − l alternating cycles. The standard orientation of
GΠ is the one considering the standard orientation of GX⃗i

’s, for 1 ≤ i ≤M . We also
define

˜︁GΠ = ˜︁GX⃗1
+ · · ·+ ˜︁GX⃗M

.

Note that for a circular chromosome X⃗, GX⃗ = ˜︁GX⃗ .
A reversal is a rearrangement operation which takes a segment of a chromosome

and reverses the order and orientation of genes within that segment. For 1 ≤ i ≤ j ≤
r, a reversal on a segment [x⃗i · · · x⃗j] of X⃗ = x⃗1 · · · x⃗i−1x⃗i · · · x⃗jx⃗j+1 · · · x⃗r denoted by
ρ(X⃗, i, j), transforms X⃗ into a new chromosome

X⃗ ◦ ρ(X⃗, i, j) = x⃗1 · · · x⃗i−1 − x⃗j · · · − x⃗ix⃗j+1 · · · x⃗r.

Let X⃗ be a linear chromosome, we call the segment [x⃗i · · · x⃗j] of X⃗ internal, if 2 ≤ i ≤
j ≤ r − 1. A reversal which inverses an internal segment of a chromosome is called
an internal reversal. For every internal reversal ρ(X⃗, i, j) on X⃗, the set of tails does
not change that is T (X⃗) = T (X⃗ ◦ ρ(X⃗, i, j)).
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We can define the reversal operation as a genomic operation that cuts two ad-
jacencies among genes belonging to the same chromosome of a genome (black edges
of the graph representation of the genome) and rejoins the free extremities, in a way
that no circular chromosome is created. To be more precise, let e1, e2 ∈ EB

X⃗
such that

dX⃗(e1) = (a, b) ( i.e. e1 is incident to {a, b} in GX⃗ and the direction of its arc con-
necting them in the standard orientation of GX⃗ is from a to b), and dX⃗(e2) = (c, d).
A reversal operation reversing the segment of a chromosome trapped between two
edges e and e′ transforms X⃗ into X⃗

′
whose graph representation is G

X⃗
′ = GX⃗ ◦ ρe1,e2 ,

such that

G
X⃗

′= (VX⃗ , E
R
X⃗
∪ EB

X⃗
′),

where

EB

X⃗
′ =

(︂
EB

X⃗
\ {e1, e2}

)︂
∪
{︂
{a, c}, {b, d}

}︂
.

In this light, a reversal is internal if e1, e2 ∈ ˜︁EB
X⃗

. It is worth remembering that,
reversal operations are genomic operations that act on a single chromosome of the
genome.

A translocation is another well known genomic operation which acts on two lin-
ear chromosomes. Let X⃗ =< A,B > and Y⃗ =< C,D > be two signed linear chro-
mosomes each partitioned into two non-internal (containing one telomere) segments
A,B and C,D, respectively. A translocation on X⃗ and Y⃗ is a rearrangement that
swaps their non-internal segments and transforms them into either < A,D > and
< C,B > (prefix-prefix translocation) or < A,−C > and < −B,D > (prefix-suffix
translocation). Fission and fusion are non-internal translocations. Fusion takes two
chromosomes X⃗ =< A, T > and Y⃗ =< T,B > (where T represents telomers), and
transforms them into a chromosome < A,B > and an empty chromosome < T, T >,
and fission does vice versa. Here, we assume an empty chromosome is linear and
has only two telomeres and no gene. Let X⃗ = x⃗1 · · · x⃗r and Y⃗ = y⃗1 · · · y⃗s, be two
signed linear chromosomes. For 1 ≤ i ≤ r + 1 and 1 ≤ j ≤ s + 1, we denote
δ1(X⃗, Y⃗ , i, j) to be a prefix-prefix translocation on X⃗ and Y⃗ transforming X⃗ and Y⃗

into x⃗1 · · · x⃗i−1y⃗j · · · y⃗s and y⃗1 · · · y⃗j−1x⃗i · · · x⃗r. Likewise, we denote δ2(X⃗, Y⃗ , i, j) to
be a prefix-suffix translocation transforming X⃗ and Y⃗ into x⃗1 · · · x⃗i−1 − y⃗j−1 · · · − y⃗1
and −x⃗r · · · − xiyj · · · ys [16]. A translocation either δ1(X⃗, Y⃗ , i, j) or δ2(X⃗, Y⃗ , i, j) is
internal, if X⃗ and Y⃗ are nonempty and neither i ∈ {1, r+ 1} nor j ∈ {1, s+ 1}. It is
worth noting that reciprocal translocations on two chromosomes of Π does not alter
the set of tails for Π i.e. T (Π).

We can also define a translocation operation as a genomic operation that cuts
two adjacencies among genes belonging to two different linear chromosomes of a
genome (black edges belonging to different components of the graph representation
of the genome) and rejoins the free extremities in one of the two possible ways.
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More precisely, let genome Π = {X⃗, Y⃗ }, where X⃗ and Y⃗ are linear chromosomes
and e1, e2 ∈ EB

Π such that e1 ∈ EB
X⃗

where dX⃗(e1) = (a, b), and e2 ∈ EB
Y⃗

where
dY⃗ (e2) = (c, d). We define the translocation δ1e1,e2 transforming genome Π to Π′

1, such
that GΠ transforms to

GΠ′
1
= GΠ ◦ δ1e1,e2 = (VΠ, E

R
Π ∪ EB

Π′
1
),

where

EB
Π′

1
=
(︂
EB

Π \ {e1, e2}
)︂
∪
{︂
{a, c}, {b, d}

}︂
.

On the other hand, we define the translocation δ2e1,e2 transforming Π to Π′
2, such that

GΠ converted into

GΠ′
2
= GΠ ◦ δ2e1,e2 = (VΠ, E

R
Π ∪ EB

Π′
2
),

where

EB
Π′

2
=
(︂
EB

Π \ {e1, e2}
)︂
∪
{︂
{a, d}, {b, c}

}︂
.

A translocation δ1e1,e2 or δ2e1,e2 is internal if e1 ∈ ˜︁EB
X⃗

and e2 ∈ ˜︁EB
Y⃗

, or equivalently
e1, e2 ∈ ˜︁EB

Π .
Let X⃗ and X⃗

id
be two signed linear unichromosomal genomes represented by

signed permutations on {−n, . . . ,−1, 1, . . . , n}, where X⃗ = x⃗1 · · · x⃗n and X⃗
id

=

1 · · ·n. We obtain the breakpoint graph of X⃗ and X⃗
id
, GBP (X⃗, X⃗

id
), with some

adjustments to the union of GX⃗ and G
X⃗

id . To do so, we assume the vertices repre-
senting the two telomeres of both genomes are T1 = 0+ and T2 = (n+ 1)−. We then
define

G′
X⃗
:= (VX⃗ , E

B
X⃗
) = GX⃗ \ ER

X⃗
, and

G′
X⃗

id := (V id
X⃗
, EB

X⃗
id) = G

X⃗
id \ ER

X⃗
id .

Clearly, VX⃗ = V
X⃗

id . We attain GBP (X⃗, X⃗
id
) as the union of G′

X⃗
= (VX⃗ , E

B
X⃗
) and

G′
X⃗

id = (V
X⃗

id , EB

X⃗
id), where multiple edges are feasible and the edges belonging to EB

X⃗

and EB

X⃗
id are coloured in black and grey respectively. For the purpose of this chapter,

while sketching the breakpoint graph, for a linear chromosome X⃗ we first depict GX⃗

linearly starting from the vertex 0+ and ending with vertex (n + 1)−, where 0+ is
the left most vertex. In this ordering the vertices representing the two extremities of
each gene in X⃗ appear from left as a− and a+ for +a, and a+ and a− for −a. We
then remove the red edges of GX⃗ obtaining G′

X⃗
= (VX⃗ , E

B
X⃗
), and finally add the black

edges of G′
X⃗

id = (V
X⃗

id , EB

X⃗
id) as grey edges.
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Every vertex in GBP (X⃗, X⃗
id
) has degree two and is incident to exactly one black

and one grey edge, and GBP (X⃗, X⃗
id
) decomposes into edge alternating even cycles.

We represent the number of cycles in GBP (X⃗, X⃗
id
) by CBP (X⃗, X⃗

id
). Each cycle of

size 2 in GBP (X⃗, X⃗
id
) represents a common adjacency between X⃗ and X⃗

id
.

As explained in Chapter 1, in order to obtain GBP (X⃗, X⃗
id
) for two signed per-

mutations X⃗ = x⃗1 · · · x⃗n and X⃗
id
= 1 · · ·n, where x⃗i ∈ {−n, . . . ,−1, 1, . . . , n}, in [18]

Hannenhalli and Pevzner defined a function transforming X⃗ and X⃗
id

into two un-
signed permutations X and X id of length 2n, where X = x1 · · ·x2n and X id = 1 · · · 2n,
respectively. More precisely, for 1 ≤ i ≤ 2n, the function defined in [18] transforms
every ith element in the signed permutation X⃗, into

• x2i−1 = 2a − 1 and x2i = 2a for each positive element x⃗i = a in X⃗ (in graph
representation, equivalently presented by x2i−1 = a− and x2i = a+), or

• x2i = 2a and x2i−1 = 2a− 1 for each negative element x⃗i = −a in X⃗ (in graph
representation, equivalently presented by x2i = a+ and x2i−1 = a−).

By assigning x0 = 0 and x2n+1 = 2n + 1 (in graph representation, equivalently
presented by x0 = 0+ and x2n+1 = (n + 1)−) and independent from the direction of
the edges in GX⃗ or G

X⃗
id , we can present every black and grey edges in GBP (X⃗, X⃗

id
)

as an ordered pair of extremities. To do so for 0 ≤ i < j ≤ 2n + 1, an edge {xi, xj}
in GBP (X⃗, X⃗

id
) is presented by an ordered pair (xi, xj)BP . Note that this ordering

is beneficial for explaining hurdles (see page 43) which is involved in the reversal
distance formula.

3.2 Concatenation, IRT and HP distance

Let Πid = {Π⃗id

1 , . . . , Π⃗
id

M} be a signed multichromosomal genome with n genes and M
linear chromosomes, represented by

Π⃗
id

1 =1 · · ·n1,

Π⃗
id

2 =n1 + 1 · · ·n2,

...

Π⃗
id

M =nM−1 + 1 · · ·nM ,

where nM = n. For 1 ≤ i ≤M , the set of tails for Πid is

T (Πid) = {1−, n1
+, (n1 + 1)−, . . . , n+

i , (ni + 1)−, . . . , n+}.
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Let Π = {Π⃗1, . . . , Π⃗M} be another signed multichromosomal genome with the
same set of n genes as Πid, and M linear chromosomes. The two genomes Πid and Π
are called co-tailed if T (Πid) = T (Π).

Definition 3.2.1. A concatenation for a signed multichromosomal genome Π is a
signed permutation obtained in the following two steps:

1. we choose one of the equivalent 2M representations of Π,

2. we then sequence the signed permutations of its M chromosomes with respect to
the representation in one of the M ! possible order.

Roughly speaking, each concatenation of Π represents a corresponding unichro-
mosomal genome obtained by lining up all the chromosomes of Π in a unique order
and orientation.

Let π⃗ be a concatenation of Π whose graph representations are Gπ⃗ and GΠ,
respectively. Then Vπ⃗ = ˜︁VΠ ∪ {T1, T2}, where T1 and T2 are telomeres of π⃗, and since
π⃗ and Π have the same set of genes ER

π⃗ = ER
Π . Let |EB

π⃗ | be the number of black
edges in Gπ⃗, then |EB

π⃗ | = n + 1 since π⃗ is a linear unichromosomal genome with n
genes. It is worth noting that, EB

π⃗ representing the adjacencies among genes in π⃗,
where EB

π⃗ ∩ EB
Π are the set of common adjacencies between π⃗ and Π. Therefore,

EB
π⃗

⋂︁
EB

Π = ˜︁EB
Π which is the set of non-telomeric adjacencies in Π and is the same

for any concatenation of Π, where | ˜︁EB
Π | = n −M . Furthermore, EB

π⃗ \ EB
Π are the

set of edges created in π⃗ as the result of concatenating the M chromosomes of Π, so
|EB

π⃗ \ EB
Π | = M + 1, and each edge in EB

π⃗ \ EB
Π is incident to two unique vertices in

T (Π) ∪ {T1, T2}, and the set of such edges is unique for any concatenation of Π.
The problem of sorting co-tailed multichromosomal signed genomes via finite se-

quence of internal reversals and internal translocations, which we call IRT operations
hereafter, have been initiated by Kececioglu and Ravi [22]. Hannenhalli and Pevzner
[17] proved their duality theorem and presented a polynomial time algorithm and a
distance formula for sorting co-tailed multichromosomal genomes via IRT operations.
They have done so by mimicking IRT operations on multichromosomal genomes as
reversals on the concatenation of their chromosomes. By extending their results for
IRT, Hannenhalli and Pevzner [17] found a polynomial time algorithm and a distance
formula for sorting any multichromosomal genome, via a finite sequence of reversals
and translocations. In the latter, the operations are not restricted to be internal,
and we call them HP operations, from now on. This method was inspired by IRT
and by mimicking HP operations on a multichromosomal genome as reversals on any
concatenation of the capping of its chromosomes. Later on, Ozery-Flato and Shamir
[27] corrected the HP distance formula and the algorithm have been revised by Tesler
[35], Ozery-Flato and Shamir [27] and Jean and Nikolski [21].
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Let π⃗ and π⃗id be any concatenations of two co-tailed signed multichromosomal
genomes Π and Πid with n genes and M linear chromosomes, respectively. For sim-
plicity, we assume π⃗id = 12 · · · n. Let GBP (π⃗, π⃗

id) be the breakpoint graph for the
unichromosomal genomes π⃗ and π⃗id, since we imitate the IRT operations on Π and
as reversals on π⃗, the reversal distance between π⃗ and π⃗id depends on the order and
orientation chosen for the chromosomes in the concatenations of Π and Πid. Note that
GBP (π⃗, π⃗

id) has 2n+2 vertices and n+1 black (respectively, grey) edges representing
the adjacencies among the extremities of the unichromosomal genome π⃗ (respectively,
π⃗id).

An edge (πi, πj)BP in GBP (π⃗, π⃗
id) is called intrachromosomal if both πi and πj

belong to the same chromosome of Π, and interchromosomal, otherwise. For any
concatenation π⃗ and π⃗id, GBP (π⃗, π⃗

id) has exactly (respectively, at least) M +1 black
(respectively, grey) interchromosomal edges, M−1 of which are obtained by concate-
nating the M chromosomes of Π (respectively,Πid), and the remaining two edges by
adding the telomeres 0 and 2n + 1, equivalently 0+ and (n + 1)−, to both ends of π⃗
(respectively, π⃗id). Thus, by choosing different concatenations of Π and/or Πid, the
number of interchromosomal black edges remains the same.

Denoted by CBP (π⃗, π⃗
id), the number of cycles in GBP (π⃗, π⃗

id), let e′1 ∈ c′ and
e′2 ∈ c′′ be two black edges i.e. adjacencies of π⃗ in GBP (π⃗, π⃗

id) such that c′ and c′′

are two cycles in GBP (π⃗, π⃗
id). Let Gπ⃗′ = Gπ⃗ ◦ ρe′1,e′2 be the graph representation of π⃗′

obtained by reversing the segment trapped between e′1 and e′2 in π⃗, one can see that
[2]:

• if c′ ̸= c′′, then CBP (π⃗
′, π⃗id)− CBP (π⃗, π⃗

id) = −1, and

• if c′ = c′′, then CBP (π⃗
′, π⃗id)− CBP (π⃗, π⃗

id) = 0 or 1.

That is if the two edges e′1 and e′2 are in two different cycles c′ and c′′, a reversal
operation on the segment of chromosome trapped between e′1 and e′2 merges their
cycles into a larger one, while if e′1 and e′2 are in the same cycle the same reversal
operation may or may not split their cycle into two smaller ones. Let e be a grey
edge incident to two black edges e′1 and e′2 in GBP (π⃗, π⃗

id), i.e. {e, e′1, e′2} ∈ c′, where
c′ is a cycle in GBP (π⃗, π⃗

id), and π⃗′ is obtained by reversing the segment trapped
between e′1 and e′2 in π⃗, then e is oriented if CBP (π⃗

′, π⃗id) − CBP (π⃗, π⃗
id) = 1, and

unoriented otherwise. In words, every grey edge (e) is called an oriented edge if
applying a reversal on the two black edges incident to it (e′1 and e′2), breaks its cycle
(c′) into two smaller cycles, and unoriented otherwise. A cycle of the breakpoint
graph that has only unoriented edges, is called an unoriented cycle, otherwise it is an
oriented cycle. Now, assume e′1, e

′
2 ∈ c′ are any two black edges in the the same cycle

c′ in the breakpoint graph GBP (π⃗, π⃗
id) such that they are not necessarily adjacent

to the same grey edge, and let π⃗′ be obtained by reversing the segment trapped
between e′1 and e′2 in π⃗ i.e. Gπ⃗′ = Gπ⃗ ◦ ρe′1,e′2 . We say e′1 and e′2 are convergent if
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CBP (π⃗
′, π⃗id) − CBP (π⃗, π⃗

id) = 1, and divergent otherwise. Based on this definition,
every two black edges of every unoriented cycle of the breakpoint graph are divergent
towards one another. One can check the orientation of a cycle in the breakpoint
graph of GBP (π⃗, π⃗

id) [32] by starting from any vertex of the cycle and traversing it
in a clockwise direction. For each black edge being traversed, we assign the label
zero if it agrees with its direction in the standard orientation of Gπ⃗, and label one
otherwise. This way, every two black edges of the traversed cycle with the same label
are divergent. Thus, the cycle is unoriented, only if the labels of the black edges
assigned this way are either all zeros or all ones.

Two grey edges (πi, πj)BP and (πk, πl)BP in GBP (π⃗, π⃗
id) are interleaving if 0 ≤ i <

k < j < l ≤ 2n+1. The upcoming notations closely follow the notations used in [18],
[27] and [21]. Two cycles c′, c′′ in the breakpoint graph GBP (π⃗, π⃗

id) are interleaving if
there exist at least two grey edges e′ ∈ c′ and e′′ ∈ c′′ such that e′ and e′′ are interleav-
ing in GBP (π⃗, π⃗

id). An interleaving graph is denoted by IG(π⃗, π⃗id), whose vertices are
the cycles in GBP (π⃗, π⃗

id) with size greater than two, such that every two vertex c′, c′′

in IG(π⃗, π⃗id) are connected if c′ and c′′ are interleaving in GBP (π⃗, π⃗
id). IG(π⃗, π⃗id)

decomposes into connected components, and the cycles corresponding to the vertices
of each connected components of IG(π⃗, π⃗id) are interleaving. A connected component
C in IG(π⃗, π⃗id) is unoriented, if none of its interleaving cycles have an oriented grey
edge, and oriented; otherwise. Similarly, each connected component C in IG(π⃗, π⃗id)
is intrachromosomal, if none of its interleaving cycles have an interchromosomal grey
edge, and interchromosomal, otherwise.

Let U(π⃗) be the set of unoriented components in IG(π⃗, π⃗id). We define two sets
of integers rg(C) and lg(C), for 0 ≤ i < j ≤ 2n+ 1, such that

rg(C) = {i : (πi, πj)BP is a grey edge in C},

lg(C) = {j : (πi, πj)BP is a grey edge in C}.
The interval corresponding to each component C of IG(π⃗, π⃗id) is

INT (C) = [min(rg(C)),max(lg(C))].

Let C, C ′, C ′′ be three components of IG(π⃗, π⃗id), then C ′′ separates C and C ′, if
there exist a grey edge (πi, πj)BP ∈ C ′′ such that INT (C) ⊂ [i, j] and INT (C ′) ̸⊂ [i, j],
or INT (C ′) ⊂ [i, j] and INT (C) ̸⊂ [i, j] [21]. A component H ∈ U(π⃗) is a hurdle if
there are no C, C ′ ∈ U(π⃗) such that H separates C and C ′. A hurdle H is the greatest
if its interval i.e. INT (H) contains the interval of all the hurdles, and it is minimal
otherwise. Let H,H′ ∈ U(π⃗), where H is a hurdle and H′ is a non-hurdle, then H
protects H′, if H′ becomes a hurdle in U(π⃗) \ H. A hurdle is simple if it does not
protect any non-hurdle, and super otherwise. The signed permutation representing
the unichromosomal genome π⃗ is called a fortress, if U(π⃗) has odd number of super
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hurdles, and no simple hurdle. Let h(π⃗, π⃗id), represent the number of hurdles in U(π⃗),
and f(π⃗, π⃗id) = 1 if π⃗ is a fortress, and f(π⃗, π⃗id) = 0, otherwise.

Theorem 3.2.2 presents the reversal distance formula for two signed permutation
π⃗ and π⃗id, representing two signed unichromosomal genomes, this distance represents
the minimum number of reversal operations that is required to transform π⃗ to π⃗id.
Figure 3.1 shows an example for the reversal distance between two genomes.

Theorem 3.2.2. [17] Let π⃗ and π⃗id be two signed unichromosomal genomes with the
same set of genes. Then drev(π⃗, π⃗id) = n+ 1− CBP (π⃗, π⃗

id) + h(π⃗, π⃗id) + f(π⃗, π⃗id).

Note that we assumed π⃗ and π⃗id are the concatenations of signed multichromo-
somal genomes Π and Πid, which are applied to mimic sorting Π to Πid via a sequence
of IRT operations as sorting π⃗ to π⃗id via a sequence of reversals. Furthermore, the
duality theorem ensures that there exist optimal concatenations π̃ and π̃id for Π and
Πid, such that sorting π̃ to π̃id via reversals is parsimonious and mimics the parsimo-
nious transformation of Π to Πid via IRT operations. Let dIRT (Π,Πid) be the IRT
distance between Π and Πid, i.e. the minimum number of IRT operations needed
to transform Π into Πid. All the parameters in the IRT distance formula for Π and
Πid presented by [17] are independent from the choice of the selected concatenations.
One can obtain the mentioned parameters by constructing the breakpoint graph of
any concatenations of Π and Πid.

We denote C(Π) to be the number of cycles in GBP (π⃗, π⃗
id) with no interchro-

mosomal black edges. Following closely the notations used in [17], [27] and [21] in
this subsection, let IU(Π) be the set of unoriented intrachromosomal components
in IG(π⃗, π⃗id), clearly IU(Π) ⊆ U(π⃗). Knots, super knots and fortress of knots are
hurdles, super hurdles and fortress of hurdles for the set IU(Π), respectively. We
represent the number of knots in IU(Π) by k(Π).

It is worth noting that for any concatenations π⃗ and π⃗id of Π and Πid, k(Π),
C(Π), f(Π), and the number of interchromosomal black edges in GBP (π⃗, π⃗

id) remain
the same. The independency of the mentioned parameters to the choice of con-
catenation is because each concatenation keeps the content and orientation of the
intrachromosomal components intact, while the orientation of the interchromosomal
components may differ.

Theorem 3.2.3. [17] Let Π and Πid be two co-tailed multichromosomal genomes with
n genes scattered into M linear chromosomes, then

dIRT (Π,Πid) = n−M − C(Π) + k(Π) + f(Π).

In order to introduce the HP distance formula, let Π and Πid be two multi-
chromosomal genomes with n genes and some linear chromosomes (and no circular
chromosomes), such that they are not necessary co-tailed. Following [17], we need to
find capping for the chromosomes of Π and Πid, and then concatenate them. This
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way sorting multichromosomal genomes Π to Πid via HP operations is like sorting a
capping of Π to a capping of Πid via IRT operations. Consequently, Hannenhalli and
Pevzner [17] displayed that sorting Π to Πid via a sequence of HP operations, can be
mimicked as a sequence of reversals on their capped concatenations. Furthermore,
the duality theorem proved that there exists an optimal capping and concatenation
π̂ and π̂id for Π and Πid respectively, such that the parsimonious sorting π̂ to π̂id via
a sequence of reversals mimics a parsimonious sorting of Π to Πid, via a sequence of
HP operations.

Let Π = {Π⃗1, . . . , Π⃗N} and Πid = {Π⃗id

1 , . . . , Π⃗
id

M}, be two signed multichromo-
somal genomes, with n genes, and respectively N and M linear chromosomes such
that N ≤ M . Clearly, Π and Πid can have different sets of tails. Without loss of
generality, we assume the M chromosomes of Πid are

Π⃗
id

1 = 1 · · ·n1, Π⃗
id

2 = n1 + 1 · · ·n2, . . . , Π⃗
id

M = nM−1 + 1 · · ·nM ,

for 1 ≤ i ≤ M , where nM = n. By capping the chromosomes of Π and Πid, we
artificially make them co-tailed. If M −N > 0, we add M −N empty chromosomes
to Π. A reminder that we assumed empty chromosomes are linear with two telomeres
and no gene. Let Cap = {c0, . . . , c2M−1} be the set of caps whose element are 2M
positive integers which are distinct from the n integers representing the genes. Out
of the two extremities corresponding to each cap one is going to be adjacent to a
tail of the original chromosome and the other is becoming a new tail for the capped
chromosome. Let ˆ︁Πid = {ˆ︁Πid

1 , . . . ,
ˆ︁Πid
M}, and ˆ︁Π = {ˆ︁Π1, . . . , ˆ︁ΠM} be one of the 2M !

capping of Π. For 1 ≤ i ≤M , each chromosome Π⃗i = πi,1 · · · πi,ni
of Π is capped into

ˆ︁Πi = c2i−2 πi,1 · · · πi,ni
c2i−1.

Let ˆ︁Πid = {ˆ︁Πid
1 , . . . , ˆ︁Πid

M} be a capping for Πid such that

ˆ︁Πid
i = (−1)αcα ni−1 + 1 · · ·ni (−1)β+1cβ,

where 1 ≤ i ≤M and 0 ≤ α ̸= β ≤ 2M−1. Note that the coefficient of each cap is for
keeping the consistency between the capping of Πid and Π such that T (ˆ︁Π) = T (ˆ︁Πid).

Let π̂ and π̂id be the capped concatenations of Π and Πid, respectively, and
GBP (Π,Π

id) be the breakpoint graph of multichromosomal genomes Π and Πid. We
obtain GBP (Π,Π

id) from GBP (π̂, π̂
id) by removing the following edges:

• all the M + 1 black (respectively, grey) edges in GBP (π̂, π̂
id) that exist due to

concatenation of Π̂ (respectively, Π̂
id
) and the two added telomeres to both ends

of π̂ (respectively, π̂id);

• the 2M grey edges connecting Πid-tails to Π-caps, i.e. the edges corresponding
to the capping assigned to Πid.
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GBP (Π,Π
id) has 2n+4M +2 vertices, where 2M +2 of those have degree 0 and

are called tails, 4M vertices have degree 1 such that 2M of which are Π-caps and the
other 2M are Πid-tails, and the remaining 2n − 2M vertices have degree 2. Thus,
GBP (Π,Π

id) decomposes into edge-alternating cycles and paths, and isolated vertices.
We denote c(Π,Πid) to be the total number of cycles and paths in GBP (Π,Π

id). Each
cycle of length two represents a common adjacency in Π and Πid, and each non-
empty path starts and ends with a black edge and it is alternating if it has more
than one edge. Each path in GBP (Π,Π

id) is named based on the type of vertices
it starts and ends with, and is called as one of: ΠΠ-path, ΠidΠid-path, ΠΠid-path,
or ΠidΠ-path. Among paths in GBP (Π,Π

id) with length more than one, a path is
oriented if it has at least one oriented grey edge, and unoriented otherwise. A Π-cap
(respectively, Πid-tail) vertex in ΠΠ-path (respectively, ΠidΠid-path) is called a ΠΠ-
vertex (respectively, ΠidΠid-vertex). We denote p(Π,Πid), to represents the number
of ΠΠ−paths (or equivalently, ΠidΠid−paths) in GBP (Π,Π

id).
Let IG(Π,Πid) be the interleaving graph corresponding to GBP (Π,Π

id), and let
IU(Π) be the set of intrachromosomal unoriented components in IG(Π,Πid). Since
some components of IG(Π,Πid) have unoriented intrachromosomal paths, we update
the interval of components in IG(Π,Πid) such that for a component C ∈ IG(Π,Πid),
the interval of C is INT (C) = [min(rg(C)),max(lg(C))], where

• rg(C) = {i : (πi, πj)BP is a grey edge or (πi, πi+1)BP is a black edge in C}, and

• lg(C) = {j : (πi, πj)BP is a grey edge or (πj−1, πj)BP is a black edge in C}.
A component R ∈ IU(Π) is called a real component if there are no Πid-tails

and/or Π-caps in INT (R). Let RU(Π) be the set of real components in IU(Π).
Hurdles, super hurdles, and fortress of hurdles forRU(Π), are called real-knots, super-
real -knots, and fortress-of-real-knots. Following [17], we denote r(Π,Πid) to represent
the number of real-knots in GBP (Π,Π

id).
A component SK in IU(Π)\RU(Π) is called a semi-knot if it is a knot in IU(Π),

and there are no ΠΠ-vertex or ΠidΠid-vertex in INT (SK). Although, there exists at
least one ΠΠid-path or ΠidΠ-path in INT (SK). A component RK in IU(Π)\RU(Π)
is called a semi-real-knot if it is a semi-knot and by closing all the ΠΠid-paths and/or
ΠidΠ-paths in the interval of SK, it turns to a simple real-knot and not a super-real-
knot [27]. Following [27], we denote s′(Π,Πid) to represent the number of semi-real-
knot in GBP (Π,Π

id).
A component C in GBP (Π,Π

id) is called a simple component if:

1. there is a ΠΠid-path in C, and

2. C is not a semi-real-knot.

A graph ḠBP (Π,Π
id) is obtained by closing all ΠΠid-paths in every simple com-

ponent of GBP (Π,Π
id). We close a ΠΠid-path by adding a grey edge connecting the

two ends of that path. A graph GBP (Π,Π
id) is a weak-fortress-of-real-knots if:
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1. it has an odd number of real-knots,

2. it has a greatest-real-knot,

3. all the real-knots except the greatest-real-knot are super-real-knots,

4. it has at least one semi-real-knot i.e. s′ > 0.

It is worth noting that if we close all the ΠΠid-paths in one of the semi-knots belonging
to a weak-fortress-of-real-knots GBP (Π,Π

id), it converts to a fortress-of-real-knots.
Furthermore, fr′(Π,Πid) can be either 0 or 1, such that fr′(Π,Πid) = 1 if either

• ḠBP (Π,Π
id) is a fortress-of-real-knots and there is no semi-greatest-real-knot in

ḠBP (Π,Π
id), or

• ḠBP (Π,Π
id) is a weak-fortress-of-real-knots,

otherwise fr′(Π,Πid) = 0. And similarly, gr′(Π,Πid) can be either 0 or 1, such that
gr′(Π,Πid) = 1 if there is a greatest-real-knot in GBP (Π,Π

id) and s′ > 0, otherwise
gr′(Π,Πid) = 0. The following theorem is the HP distance revised by Ozery-Flato
and Shamir.

Theorem 3.2.4. [27] Let Π and Πid be two signed multichromosomal genomes with
n genes and at most M linear chromosomes (and no circular chromosomes), then

dHP (Π,Πid) =n+M − c(Π,Πid) + p(Π,Πid) + r(Π,Πid)

+
⌈︂s′(Π,Πid)− gr′(Π,Πid) + fr′(Π,Πid)

2

⌉︂
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Figure 3.2: a) GBP = (π̃, π̃id). b) GPB = (˜︁Π, ˜︁Πid). c)GBP = (Π,Πid).
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In Figure 3.2, part (a) shows the breakpoint graph of π̃ = (14 −5 −6 1 3 2 4 7 15
16 − 8 9 10 13 12 11 17) and π̃id = (14 1 2 3 4 5 6 7 15 16 8 9 10 11 12 13 17),
where π̃ and π̃id are the concatenations of capping for Π and Πid, respectively. In
Figure 3.2, part (b) shows GBP (π̃, π̃

id) after removing the adjacencies appeared due to
concatenation of the capped chromosomes. In Figure 3.2 part (c) shows the breakpoint
graph of Π and Πid, GBP = (Π,Πid) which is obtained by removing the grey edges (to
distinguish them we coloured them red) connecting Π-caps (red filled circles) to Πid-
tales (red filled squares). One can see component A is a real-knot, components B and
C are simple, and component D is a semi-real-knot. Furthermore, fr′(Π,Πid) = 1
since ḠBP (Π,Π

id) is a fortress of real-knot, and gr′(Π,Πid) = 0 since there is no
greatest real-knot in ḠBP (Π,Π

id). By applying HP distance formula represented in
Theorem 3.2.4 we have:

dHP (Π,Πid) = 13 + 2− 8 + 0 + 1 +
⌈︂1− 0 + 1

2

⌉︂
= 9.

3.3 Internal reversal and translocation (IRT)
Prior to defining an IRT model of genomic evolution on the space of signed multichro-
mosomal genomes, we explain the procedure of mimicking IRT operations on a signed
multichromosomal genome Π as reversals on any desired concatenation of Π. The pa-
rameters in IRT distance formula between any two multichromosomal genomes are
dependent to the components of the breakpoint graph of any desired concatenation of
them. Let Π = {Π⃗1, . . . , Π⃗M} be a multichromosomal genome with n genes scattering
into M linear chromosomes, and Πid = {Π⃗id

1 , . . . , Π⃗
id

M} be a reference multichromoso-
mal genome that has the same set of n genes and is co-tailed with Π⃗. Without loss
of generality, we assume for 1 ≤ i ≤M we have

Π⃗
id

1 = 1 · · ·n1, Π⃗
id

2 = n1 + 1 · · ·n2, . . . , Π⃗
id

M = nM−1 + 1 · · ·nM ,

such that nM = n and π⃗id = 1 . . . n is a concatenation of Πid. Let π⃗ be any desired
concatenation of Π. We define ωBP

π⃗ (e) to be a function on the set of black edges in
GBP (π⃗, π⃗

id) (i.e. for every e in EB
π⃗ ), whose range is {−0.5, 0, 0.5} . Moreover, ωBP

π⃗ (e)
is defined based on the standard orientation of Gπ⃗ and GΠ. For each black edge
e = {a, b} in GBP (π⃗, π⃗

id):

• ωBP
π⃗ (e) = 0.5, if e ∈ EB

π⃗ ∩ EB
Π , and dπ⃗({a, b}) = dΠ({a, b});

• ωBP
π⃗ (e) = −0.5, if e ∈ EB

π⃗ ∩ EB
Π and dπ⃗({a, b}) ̸= dΠ({a, b});

• ωBP
π⃗ (e) = 0, if e ∈ EB

π⃗ \ EB
Π .
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In words, for a black e edge in GBP (π⃗, π⃗
id) that exists in both Gπ⃗ and GΠ, we define

ωBP
π⃗ (e) = 0.5 if e has the same direction in the standard orientation of Gπ⃗ and GΠ, and

ωBP
π⃗ (e) = −0.5, otherwise. And for every black edge e in GBP (π⃗, π⃗

id) that exists only
in Gπ⃗ and not in GΠ, ωBP

π⃗ (e) = 0. The edges with assigned zero value are the result
of concatenations. It is worth noting that this function is distinct from the labeling
we used for distinguishing the oriented cycles from the unoriented ones. Furthermore,
since Π and Πid are co-tailed, thus every grey or black edge in the breakpoint graph
for any concatenations π⃗ and π⃗id of Π and Πid is either incident to vertices both in
VΠ \ T (Π) or T (Π) ∪ {T1, T2}. As the result, the value of ωBP

π⃗ of the black edges
belonging to each cycle of GBP (π⃗, π⃗

id), are either all non-zero in the former or all
zero, in the latter case. We also assign a labeling function to the black edges of GΠ.
To do so, we first label the non-telomeric black edges in GΠ, i.e. elements in ˜︁EB

Π or
equivalently the black edges in ˜︁G(Π). As mentioned previously, | ˜︁EB

Π | = n−M , thus
we define the labelling l̃Π to be a bijection from ˜︁EB

Π to {1, . . . , n−M}. We then label
the black edges in GΠ such that lΠ is a function from EB

Π to {0, 1, . . . , n−M} where

lΠ(e) =

{︄
l̃Π(e) if e ∈ EB

Π ∩ ˜︁EB
Π ,

0 if e ∈ EB
Π \ ˜︁EB

Π .

This labeling assigns distinct labels to the black edges of GΠ corresponding to non-
telomeric adjacencies in Π, while giving zero labels to all the edges corresponding to
telomeric ones. Finally, we define a labeling function l̂π⃗(e) for the black edges of Gπ⃗

such that

l̂π⃗(e) =

{︃
l̃Π(e) if e ∈ EB

π⃗ ∩ EB
Π ,

l̂π⃗,1(e) if e ∈ EB
π⃗ \ EB

Π .

Where l̂π⃗,1 is a bijection from EB
π⃗ \ EB

Π to {n −M + 1, . . . , n + 1}. It is worth
reminding that |EB

π⃗ | = n+ 1, and |EB
π⃗ ∩ EB

Π | = n−M .
We choose two distinct black edges labelled by l̃Π(e1) and l̃Π(e2) in ˜︁G(Π) (corre-

sponding to two non-telomeric adjacencies in Π uniformly and at random. The labels
l̃Π(e1) and l̃Π(e2) are in {1, . . . , n −M} and let dΠ(e1) = (a, b) and dΠ(e2) = (c, d).
For i ̸= j ∈ {1, . . . ,M}, one of the two possible cases happens:

• Case 1: e1, e2 ∈ EB
Π⃗i

, i.e. edges e1, e2 are in the same chromosome of Π, which
we denote by e1 ∼

Π
e2. In this case the possible IRT operation is a reversal on

the segment of the chromosome Π⃗i trapped between e1 and e2, or equivalently
GΠ⃗i
◦ ρe1,e2 .

• Case 2: e1 ∈ EB
Π⃗i

and e2 ∈ EB
Π⃗j

, i.e. the edges e1, e2 are in two distinct
chromosomes of Π, which we denote by e1 ≁

Π
e2. In this case the possible IRT

operation is a translocation and is either δ1e1,e2 or δ2e1,e2 on GΠ.
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We imitate IRTs on Π as reversals on π⃗, and we then update π⃗ and GBP (π⃗, π⃗
id)

accordingly:
Case 1: since e1, e2 ∈ EB

Π⃗i
they have the same direction both in π⃗ and Π, and

ωBP
π⃗ (e1) = ωBP

π⃗ (e1) ̸= 0. The appropriate IRT operation turns Π to Π′, with graph
representation

GΠ′ = GΠ ◦ ρe1,e2 ,
such that

GΠ′ = (VΠ, E
R
Π ∪ EB

Π′),

where

EB
Π′ =

(︂
EB

Π \ {e1, e2}
)︂
∪
{︂
{a, c}, {b, d}

}︂
.

We can mimic this as a reversal on π⃗ transforming it into π⃗′ whose graph representa-
tion is Gπ⃗′ = Gπ⃗ ◦ ρe1,e2 such that Gπ⃗′ = (Vπ⃗, E

R
π⃗ ∪ EB

π⃗′), where

EB
π′ =

(︂
EB

π \ {e1, e2}
)︂
∪
{︂
{a, c}, {b, d}

}︂
.

Note that, π⃗′ is a concatenation of Π′. We also obtain GBP (π⃗
′, π⃗id) from GBP (π⃗, π⃗

id)
by removing the black edges e1 and e2, and creating the new black edges via joining
a to c, and b to d.

Case 2: since e1 ∈ EB
Π⃗i

and e2 ∈ EB
Π⃗j

, where i ̸= j, if e1 and e2 have the same
direction in π⃗ and Π then ωBP

π⃗ (e1) = ωBP
π⃗ (e2) ̸= 0, otherwise ωBP

π⃗ (e1) = −ωBP
π⃗ (e2) ̸=

0.
Case 2, (δ1e1,e2) : in this case Π transforms to Π′ whose graph representation is

GΠ′ = GΠ ◦ δ1e1,e2 ,

such that
GΠ′ = (VΠ, E

R
Π ∪ EB

Π′),

where
EB

Π′ =
(︂
EB

Π \ {e1, e2}
)︂
∪
{︂
{a, c}, {b, d}

}︂
.

Based on the values of ωBP
π⃗ (e1) and ωBP

π⃗ (e2), we can mimic the IRT operation on Π
by one or at most two consecutive reversals on π⃗.

• If ωBP
π⃗ (e1) = ωBP

π⃗ (e2) ̸= 0, δ1e1,e2 on Π can be mimicked as ρe1,e2 on π⃗, such
that GΠ′ = GΠ ◦ δ1e1,e2 and Gπ⃗′ = Gπ⃗ ◦ ρe1,e2 , and π⃗′ is a concatenation of Π′.
Furthermore, one can obtain Gπ⃗′ = (Vπ⃗, E

R
π⃗ ∪EB

π⃗′), and GBP (π⃗
′, π⃗id) as explained

in case 1.
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• If ωBP
π⃗ (e1) = −ωBP

π⃗ (e2) ̸= 0, δ1e1,e2 on Π can not be mimicked as a single reversal
ρe1,e2 on π⃗. This is due to creation of a new circular chromosome in π⃗ by
removing e1 and e2 and joining a to c and b to d. To solve this problem, we
first need to apply an appropriate reversal on π⃗, and turning it to π⃗1 which is
another concatenation of Π such that e1 and e2 have the same direction in Π
and π⃗1. We can obtain such π⃗1 by flipping either the chromosome Π⃗i or Π⃗j in
π⃗, here we choose to flip Π⃗j. Since Π⃗j is a linear chromosome in Π, so it has
two tails, let T (Π⃗j) = {v1, v2}, each are incident to two edges e3, e4 ∈ EB

π⃗ ,
where ωBP

π⃗ (e3) = ωBP
π⃗ (e4) = 0. Let x1, x2 ∈ Vπ⃗ such that e3 = {x1, v1} and

e4 = {x2, v2}.
Since one of the v1 and v2 is the rightmost and the other the left most genes’
extremities of Π⃗j in Π, thus either dπ⃗(e3) = (x1, v1) and dπ⃗(e4) = (v2, x2), or
dπ⃗(e3) = (v1, x1) and dπ⃗(e4) = (x2, v2). In any case Gπ⃗1 = Gπ⃗ ◦ ρe3,e4 such that

Gπ⃗1 = (Vπ⃗, E
R
π⃗ ∪ EB

π⃗1
),

where
EB

π⃗1
=
(︂
EB

π⃗ \ {e3, e4}
)︂
∪
{︂
{x1, v2}, {v1, x2}

}︂
.

It is worth to point out that π⃗1 is another concatenation of Π, where all the
chromosomes are in the same order and orientation as in π⃗, except Π⃗j which
is flipped. This results in ωBP

π⃗1
(e1) = ωBP

π⃗1
(e2) ̸= 0. Now, δ1e1,e2 on Π can be

mimicked as a single a reversal ρe1,e2 on π⃗1. So Gπ⃗′
1
= Gπ⃗1 ◦ ρe1,e2 , such that

Gπ⃗′
1
= (Vπ⃗, E

R
π⃗ ∪ EB

π⃗′
1
), where EB

π⃗′
1
=
(︂
EB

π⃗1
\ {e1, e2}

)︂
∪
{︂
{a, c}, {b, d}

}︂
, and we

update GBP (π⃗
′
1, π⃗

id) by removing e1 and e2 in GBP (π⃗1, π⃗
id) and connecting a to

c and b to d. Here, π⃗′
1 is a concatenation of Π′.

Case 2, (δ2e1,e2): in this case Π transforms to Π′′ whose graph representation is

GΠ′′ = GΠ ◦ δ2e1,e2 ,

such that
GΠ′′ = (VΠ, E

R
Π ∪ EB

Π′′),

where
EB

Π′′ =
(︂
EB

Π \ {e1, e2}
)︂
∪
{︂
{a, d}, {b, c}

}︂
.

Based on the values of ωBP
π⃗ (e1) and ωBP

π⃗ (e2), we can mimic IRT operation on Π as
one or at most two consecutive reversals on π⃗. Although, this time:

• If ωBP
π⃗ (e1) = −ωBP

π⃗ (e2) ̸= 0, δ2e1,e2 which transforms Π to Π′′, can be mimicked
as ρe1,e2 on π⃗. To be more precise Gπ⃗′′ = Gπ⃗◦ρe1,e2 , where Gπ⃗′′ = (Vπ⃗, E

R
π⃗ ∪EB

π⃗′′),
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and EB
π⃗′′ =

(︂
EB

π⃗ \{e1, e2}
)︂
∪
{︂
{a, d}, {b, c}

}︂
. Here, π⃗′′ is a concatenation of Π′′.

We can update GBP (π⃗
′′, π⃗id) by removing black edges e1 and e2 in GBP (π⃗, π⃗

id)
and connecting a to d and b to c.

• If ωBP
π⃗ (e1) = ωBP

π⃗ (e2) ̸= 0, this time δ2e1,e2 on Π can not be mimicked as a
simple reversal on π⃗ due to creation of a circular chromosome by connecting
a to d and b to c. Consequently, we need to flip one of the chromosomes
either Π⃗i or Π⃗j by an appropriate reversal on π⃗ transforming it to π⃗1. This
results in ωBP

π⃗1
(e1) = −ωBP

π⃗1
(e2) ̸= 0, where π⃗1 is another concatenation of

Π. Finally, δ2e1,e2 on Π can be mimicked as a single a reversal ρe1,e2 on π⃗1

such that Gπ⃗′′
1
= Gπ⃗1 ◦ ρe1,e2 . Furthermore, Gπ⃗′′

1
= (Vπ⃗, E

R
π⃗ ∪ EB

π⃗′′
1
), where

EB
π⃗′′
1
=
(︂
EB

π⃗1
\ {e1, e2}

)︂
∪
{︂
{a, d}, {b, c}

}︂
, and π⃗′′

1 is a concatenation of Π′′. We

can obtain GBP (π⃗
′′
1, π⃗

id) by removing e1 and e2 in GBP (π⃗1, π⃗
id) and connecting

a to d and b to c.

The purpose of this explanation is to state while mimicking IRT on any con-
catenation of Π, chromosomal flips do not change C(Π) or k(Π), where C(Π) is the
number cycles in GBP (π⃗, π⃗

id) with only intrachromosomal black and grey edges. It
is worth reminding that for every concatenation π⃗ and π⃗id of Π and Πid, the value
of ωBP for all the black edges in a cycle in GBP (π⃗, π⃗

id) are all nonzero (0.5 or -0.5)
or all zero. We call the latter zero cycles, hereafter. Thus, every chromosomal flip is
performed on two black edges in zero cycle(s). If those edges are in two different zero
cycles, the reversal (chromosomal flip) merges their cycles into one zero cycle. And
if those black edges belong to the same zero cycle, the cycle may split into two zero
cycles, or may not split at all. There are not going to be any mimicking reversals on
two black edges one having a zero label, and the other having a nonzero label. So,
chromosomal flip does not change the number of C(Π). Furthermore, since the knots
are made of intrachromosomal cycles of the breakpoint graph they do not interleave
with any zero cycles. So the chromosomal flips do not affect the knots, as well.

3.3.1 IRT evolution and parsimonious paths

Let Gn,M be the space of all signed multichromosomal genomes with n genes, M linear
chromosomes and no circular chromosomes. Let G ∈ Gn,M be the graph representation
of a given genome with n genes scattered into M linear chromosomes. As stated
earlier, G has n −M black edges representing the non-telomeric adjacencies of the
genome i.e. |EB

G ∩ ˜︁EB
G | = | ˜︁EB

G | = n −M . For every two distinct edges i, j ∈ ˜︁EB
G ,

we denote i ∼
G

j if i and j are in the same chromosome of G, and i ≁
G

j, otherwise.
Equivalently, there is an ij−path in G if and only if i ∼

G
j. When i ∼

G
j then the

only feasible IRT operation is a reversal ρi,j. On the other hand when i ≁
G

j, there
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are two feasible IRT operations, either a translocation δ1i,j or a translocation δ2i,j.
Let A = {(i, j)|{i, j} ∈ ˜︁EB

G and i ̸= j}. Then the set of all operators on G can be
described as

∆(G) = {ρi,j|(i, j) ∈ A, i ∼
G
j} ∪ {δ1i,j|(i, j) ∈ A, i ≁

G
j} ∪ {δ2i,j|(i, j) ∈ A, i ≁

G
j}.

Suppose that we have a probability distribution µ on A with weight µi,j on (i, j) such
that

∑︁
(i,j)∈A

µi,j = 1, µi,j ≥ 0.

Let Gn,M,G0 be the space of graph representations of all the genomes with n
genes, and M linear chromosomes co-tailed with G0. Thus, Gn,M,G0 is inside Gn,M .
Every genome G ∈ Gn,M,G0 can be obtained by a finite sequence of operators on G0.
More precisely, for every G ∈ Gn,M,G0 , there exists a finite sequence of operations
f1, f2, . . . , fm such that

G = G0 ◦ f1 ◦ · · · ◦ fm,

where f1 ∈ ∆(G0), f2 ∈ ∆(G0◦f1), . . ., fm ∈ ∆(G0◦f1◦· · ·◦fm−1). We will model the
genome evolution via IRT operations as a Markov chain with the following transition
probabilities:

p(G,G′) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

µij G′ = G ◦ ρij and i ∼
G
j,

θµij G′ = G ◦ δ1ij and i ≁
G
j,

(1− θ)µij G′ = G ◦ δ2ij and i ≁
G
j,

0 otherwise.

We establish our IRT evolution model as a random process (Xt)t≥0 on the space
of graph representations of multichromosomal genomes with n genes and M linear
chromosomes Gn,M . More precisely, let (Xt)t≥0 be a continuous-time Markov chain
on Gn,M , with transition probability p(G,G′) whose jump times are according to
the Poisson process with rate 1. We are going to focus on a special case when
µi,j is uniformly distributed on A and θ = 1/2. That is the pair of distinct edges
{i, j} (corresponding to non-telomeric adjacencies of the genome) picked uniformly
at random (without replacement) and if i and j are in different chromosomes the
transposition δ1i,j and δ2i,j are chosen with the same probability. We start at X0 =
G0 ∈ Gn,M , and jump occurs with the Poisson rate 1. Upon a jump time t, an ordered
pair of distinct non-telomeric adjacencies (i, j) ∈ ˜︁EB

Gt
are chosen uniformly at random

with probability 1
|A| , where |A| = (n −M)(n −M − 1). The Markov chain jumps

from G to G ◦ ρi,j if i ∼
G

j, that is i and j belong to the same chromosome of G.
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Whereas, if i ≁
G

j then the Markov chain jumps from G to either G ◦ δ1i,j or G ◦ δ2i,j
with probability 1/2.

The IRT evolution model implies that starting with the initial genome X0 = G0

then Xt ∈ Gn,M,G0 for t ≥ 0, this means the genomes at each step of the IRT evolution
are co-tailed with G0. Motivated by the method initially applied by Berestycki and
Durret [4] we prove the parsimony bound for IRT evolution that is

dIRT (Xt, X0) ≈ t,

holds up to time n/2, for large n. This means the IRT random process escapes
from G0 by getting one step away from G0 at each jump up to n/2. One of the
parameters in IRT distance formula dIRT (Xt, X0) (Theorem 3.2.3) is the number of
intrachromosomal cycles, i.e. C(Xt). These cycles exist in the breakpoint graph
of any concatenations of Xt and X0, and are made of only intrachromosomal edges
corresponding to non-telomeric adjacencies of Xt and X0. Each cycle in C(Xt) has the
same content in any concatenation of Xt and X0, although its orientation might differ.
Another parameter of dIRT (Xt, X0) is the number of knots denoted by k(Xt). It is
worth reminding that any intrachromosomal cycle of C(Xt) has the same orientation
in the breakpoint graphs of any concatenations of Xt and X0. Consequently, the
knots in any concatenations of Xt and X0 are the same.

Let (i, j) be two distinct non-telomeric adjacencies. Similar to the reversal, if i
and j belong to two different cycles of the breakpoint graph, then applying an IRT on
them merges their cycle into one. And if i and j lie in the same cycle of the breakpoint
graph, then an IRT may split their cycle into two smaller cycles or may not. Thus, the
evolution of the cycles that matter in the IRT distance formula depends only on the
edges representing the non-telomeric adjacencies. Inspired by Berestycki and Durret
[4], we leverage the properties of Erdös-Rényi random graph to study the evolution
of such cycles in the breakpoint graph in order to develop similar results. We need
to construct a random graph process, ( ˜︁Rt)t≥0.

First, we define a labelling process for the edges corresponding to non-telomeric
adjacencies in Xt, denoted by (˜︁Lt)t≥0. For each t ≥ 0, let ˜︁Lt be a bijection from ˜︁EB

Xt

to {1, · · · , n −M}. Without loss of generality, let ˜︁L0 = l̃X0 . From exchangeability,
the results in the next theorems do not really depend on any particular choice of l̃X0 .
Upon each jump t, we select (i, j) ∈ ˜︁EB

Xt
uniformly at random such that i = (a, b)

and j = (c, d). We remove i and j in Xt and define mt to be one of the extremities
{a, b, c, d}, whose corresponding gene has the smallest absolute value. For example,
let i = (5−, 2+) and j = (3+, 9−) be the two selected edges at time t, then mt = 2+.
We define ˜︁Lt+(e) for e = (f, g) ∈ ˜︁EB

Xt+
, such that

˜︁Lt+(e) =

⎧
⎪⎨
⎪⎩

˜︁Lt(e) if e ∈ ˜︁EB
Xt+
∩ ˜︁EB

Xt
,

˜︁Lt(i) if e ∈ ˜︁EB
Xt+
\ ˜︁EB

Xt
and mt /∈ {f, g},

˜︁Lt(j) if e ∈ ˜︁EB
Xt+
\ ˜︁EB

Xt
and mt ∈ {f, g}.
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Based on the IRT random stochastic process and the labeling process, we con-
struct a random graph process ( ˜︁Rt)t≥0. We start with ˜︁R0, a graph with n − M

vertices and no edge. The vertices of ˜︁R0 are labelled by 1, 2, . . ., n−M corresponding
to the labels of the non-telomeric edges in the breakpoint graph of GBP (Xt, X0). Let
{i, j} ∈ ˜︁EB

Xt
be the two distinct randomly picked non-telomeric edges in Xt, whose

labels are {˜︁Lt(i), ˜︁Lt(j)}. We connect ˜︁Lt(i) to ˜︁Lt(j) in ˜︁Rt+ , if they are not already
adjacent.

For l1, l2 ∈ {1, 2, . . . , n −M}, the number of times an ordered distinct pair of
edge labels (l1, l2) are chosen up to time t, is a Poisson random variable with the
expected value t

|A| , where |A| = (n −M)(n −M − 1). Therefore, the probability of
there existing an {l1, l2} edge in ˜︁Rcn/2 is

1− e−
cn

(n−M)(n−M−1) ≈ cn
(n−M)(n−M−1)

+O( 1
n2 ).

We assume R∗ to be an Erdös-Rényi random graph with n −M vertices, and
edge probability c/n. This means the probability of existing an edge between any two
vertices of R∗ is independent from the other edges and it equals to c/n. Thus, there
is an O(1) difference between the expected number of the edges in ˜︁Rcn/2 and R∗.
Hence the number of the tree components of ˜︁Rcn/2 can be estimated by the number
of the tree components of R∗.

Theorem 3.3.1. (Theorem 5.12 in [8]) Let c > 0 , c ̸= 1, R∗ be an Erdös-Rényi
random graph with n vertices, and with edge probability c/n. We denote Tcn/2 to be
the number of tree components of ˜︁Rcn/2. Then

E[Tcn/2] = α(c)(n) +O(1)

where

α(c) = 1
c

∞∑︁
k=1

kk−2

k!
(ce−c)k

and var(Tcn/2) = O(n). For an arbitrary sequence (bn)n∈N such that bn → ∞ as
n→∞, we have

|Tcn/2 − α(c)n| ≤ bn
√
n.

We can then easily see that the Erdös-Rényi random graph R∗ approximates
˜︁Rcn/2. By Chebyshev’s inequality as n→∞, we have

Tcn/2−α(c)n

bn
√
n

p−→ 0.
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Furthermore, 1− α(c) = c
2

for 0 < c < 1.
Let GBP (π⃗, π⃗

id) be the breakpoint graph of π⃗ and π⃗id which are concatenations
of Xt and X0, respectively. It is worth remembering that k(Xt) represents the num-
ber of knots which are made of intrachromosomal unoriented interleaving cycles of
GBP (π⃗, π⃗

id) for any concatenations π⃗ and π⃗id. The interchromosomal cycles of GBP

have the same content for any concatenation of Xt and X0, but their orientation de-
pend to the chromosomal flip and the order in which the chromosomes are placed into
the concatenations. This is not the case for the knots. For each knot, not only the
contents but also the orientations of its cycles are the same and independent from the
concatenations. In other words, cycles of the knots are sheltered against chromosomal
flips or different order of the chromosomes.

It is worth emphasizing that if we choose any concatenation π⃗ for Xt, we can
obtain the concatenation for Xt+ by applying the appropriate reversals on π⃗ (one
or at most two) simulating the IRT, although if we have to apply two reversals one
of them is just for flipping the chromosome which effects the number of zero cycles,
and any IRT whose equivalent reversal increases or decreases or does not change the
number of non-zero cycles of GBP (π⃗, π⃗

id) behaves similarly for any concatenation π⃗ of
Xt. A reminder that Berestycki and Durret (2006) [4] proved that the transposition
random walk is bound to parsimony up to time n/2. Jamshidpey and Sankoff (2013)
[20] by following [4], and counting the number of hurdles of a reversal random walk,
proved that the parsimony-binding holds for the reversal walk up to n/2, as well. In
the upcoming theorem we follow the proof of [4] and also counting hurdles in [20] and
extend it for counting knots.

Theorem 3.3.2. Let c be a fixed positive number, and (Xt)t>0 be a continuous-time
IRT Markov chain on the space of signed multichromosomal genomes with n genes,
M linear chromosomes and no circular chromosome as defined above. Let k(Xt) be
the number of knots in GBP (π⃗, π⃗

id), where π⃗ and π⃗id are any desired concatenations
of Xt and X0, respectively. Then

k(Xcn/2)

bn
√
n

p−→ 0,

where (bn)n∈N is an arbitrary sequence such that bn →∞ as n→∞.

Proof: Each knot in the breakpoint graph is made of one or several unoriented
intrachromosomal cycles. One or more of the cycles in each knot should have been
involved with at least an IRT operation on two edges of the same cycle of the break-
point graph, in their history. Otherwise, the component is oriented. We call such
operations non-merging IRT operations, hereafter. A non-merging IRT operation ei-
ther fragments the cycle into two smaller ones, or changes its orientation, or neither
of those. To be more precise, the unoriented intrachromosomal cycles resulting from
fragmentation are obtained via translocations (respectively, reversals) on two edges
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of the larger interchromosomal (respectively, interchromosomal or intrachromosomal)
cycles. Otherwise, the unoriented intrachromosomal cycle is created via reversals on
two divergent edges belonging to an intrachromosomal cycle. It is worth reminding
that a reversal on two divergent edges of the same cycle does not always create an
unoriented cycle.

We follow Theorem 3 in [4] and Theorem 3 in [20]. For t ≥ 0, let Ct be the set
of cycles in GBP (π⃗, π⃗

id) with non-telomeric edges, where π⃗ and π⃗id are any desired
concatenations of Xt and X0. It is worth remembering that, each cycle in Ct has an
even number of edges with an equal number of black and grey edges. Hence, we have
exactly n −M black edges so the number of non-zero cycles in Ct with size greater
than 2

√
n−M is less than

√
n−M . We define Cnft to be the set of cycles in Ct with

size at most 2
√
n−M that have never been involved in a non-merging IRT operation.

Besides, we define Cft to be the set of cycles in Ct with size at most 2
√
n−M that

have experienced a non-merging IRT operation at least once. Note that the sets Ct,
Cnft and Cft have the same content for any concatenation of X0 and Xt. It is worth
remembering that the non-merging IRT are performed on two black edges i and j
belonging to the same cycle of the breakpoint graph. The cycles of Cnft with size
greater than 2 have been solely engaged in coagulation process, up to time t. The
cycles of Cnft with length 2 never experienced any IRT, and the cycles of Cft might
have been fragmented, or not. Consequently, the number of cycles in Cft , i.e. |Cft |,
has an upper bound of two times the number of non-merging IRT operations up to
time t.

Each knot has one to several cycles (which are intrachromosomal) that each ei-
ther belong to Cft or the intrachromosomal unoriented cycles with length more that
2
√
n−M . Thus, for t ≥ 0, k(Xt) is less than or equal to |Cft | +

√
n−M . We need

to find an upper bound for |Cft |. Each cycle experienced a non-merging IRT oper-
ation with maximum size 2

√
n−M is either the result of fragmentation of a larger

cycle or change of the orientation of a cycle with the same size (non-merging IRT).
The former must have at most

√
n−M black edges separating i from j in the cy-

cle, while the latter requires the cycle itself to have at most
√
n−M black edges.

The probability that an ordered pair of edge labels belonging to the randomly se-
lected edges (without replacement) at time t has the mentioned property is at most
2
√
n−M/(n−M − 1). Therefore, the number of non-merging IRT operations re-

sulting to the cycles of length at most 2
√
n−M up to time cn/2, is bounded by a

Poisson random variable with parameter cn
√
n−M/n−M − 1 ≈ c

√
n. As n→∞,

|Cf
cn/2

|
bn

√
n

p−→ 0, and since k(Xcn/2) ≤ |Cfcn/2|+
√
n−M , then k(Xcn/2)

bn
√
n

p−→ 0.

Theorem 3.3.3. Let c be a fixed positive number, (Xt)t≥0 be a continuous-time IRT
Markov Chain on the space of signed multichromosomal genomes with n genes and
M linear chromosomes and no circular chromosomes as defined above, and let dIRT
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be the IRT-distance, (bn)n∈N be an arbitrary sequence diverging to ∞, and n → ∞
then

dIRT (Xcn/2,X0)−(1−α(c))n

bn
√
n

p−→ 0.

Proof: We follow Theorem 3 in [4] and apply it for the IRT random stochastic
process. We use Theorem 3.2.3 for the IRT distance formula. In Theorem 3.3.2, we
proved k(Xcn/2)

bn
√
n

p−→ 0. Clearly, f(Xcn/2)

bn
√
n
→ 0, since f(Xcn/2) is either 0 or 1. As we have

discussed in the proof of Theorem 3.3.2, at time t = cn/2 the number of cycles of
length greater than 2

√
n−M is bounded by

√
n−M and the number of cycles of

length at most 2
√
n−M is |Cfcn/2| + |C

nf
cn/2| where

|Cf
cn/2

|
bn

√
n

p−→ 0. The number of the
tree components of ˜︁Rcn/2 corresponds to the number of the cycles of the breakpoint
graph such that either they have never experienced a non-merging IRT operation up
to time cn/2, or they have experienced a non-merging IRT operation on a pair of
edges whose labels have been selected before. Occurrence of the latter is negligible
(proof is similar to unrestricted DCJ models). So the number of tree components of
˜︁Rcn/2 estimates |Cnfcn/2|, so we have

Tcn/2−|Cnf
cn/2

|
bn

√
n

p−→ 0.

Theorem 3.3.1 yields

|Cnf
cn/2

|−α(c)n

bn
√
n

p−→ 0.

Therefore, we have

dIRT (Xcn/2,X0)−(1−α(c))n

bn
√
n

p−→ 0.

Since for 0 < c < 1, 1− α(c) = c
2
, consequently

dIRT (Xcn/2,X0)− cn
2

bn
√
n

p−→ 0.

This means an IRT evolution process is parsimony-bound up to t ≈ n/2, where n
represents the number of genes in the genome.
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3.4 General reversal and translocation (HP)
In this section we study the HP model of genomic evolution. We will prove that
similar to the reversal, DCJ and IRT random stochastic processes, the HP stochastic
process does not escape from its parsimonious path before a certain time. More
precisely, this means for a large n, a multichromosomal genome with n genes under
the HP operation evolves around its parsimonious path of evolution up to time n/2.
A quick reminder that an HP operation on a multichromosomal genome Π, either
reverses a segment of a chromosome in Π, or involves two chromosomes of Π in a
translocation operation. No circular chromosome is created as the result of the HP
operations, although in the case of fusion two chromosomes get merged and create a
longer linear chromosome, and an empty chromosome. In addition, unlike the IRT
operations neither the reversal nor the translocation operations in HP is required to
be internal. Let Π and Πid be two signed multichromosomal genomes, with the same
set of n genes scattered into linear chromosomes. One can obtain Π form Πid by
a finite sequence of HP operations, where Π and Πid are not necessarily co-tailed.
The minimum number of such operations that transform Π to Πid is the HP distance
between Π and Πid, i.e. dHP (Π,Πid). The parameters of dHP (Π,Πid) are attained
from the breakpoint graph GBP (Π,Π

id) which is obtained by removing certain edges
from the breakpoint graph of any capped concatenations of Π and Πid, as explain
previously.

By capping the chromosomes of a genome, we artificially add fake genes to both
ends of each chromosome. These added fake genes enable us to mimic the HP oper-
ations on the original genome as IRT operations on any capping of the genome. To
be more precise, let Π be a signed multichromosomal genome with n genes and M
linear chromosome, and no circular chromosomes. Let ˜︁Π be any desired capping for
Π, and π̃ be a random concatenation of ˜︁Π. Then the HP operations on Π can be
mimicked as the IRT operations on ˜︁Π, which can be imitated as the reversals on π̃.
In other words, by applying the IRT operations on ˜︁Π, which can be simulated as the
HP operation on Π and transforms Π into a genome not necessary co-tiled with its
ancestor.

We can also obtain the graph representation of the original genome from the
graph representation of any of its capping, and vice versa. The following explains
this in more details.

HP-IRT Frankenstein

We call the following explanation HP-IRT Frankenstein since we explain how to cap
and uncap genomes, and also how to mimic an HP operation on a genome as an
IRT operation on its corresponding capping and vice versa. Let G˜︁Π be the graph
representation of ˜︁Π a capping of the genome Π. For 1 ≤ i ≤ 2M , let ci be a cap in ˜︁Π,
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such that it has two extremities c+i and c−i in G˜︁Π. To obtain the graph representation
of Π i.e. GΠ from G˜︁Π, we apply the following steps for each i, where 1 ≤ i ≤ 2M :

Step 1: Let ei be the red edge connecting c−i and c+i in G˜︁Π. We obtain G˜︁Π/ei
by contracting the edge ei in G˜︁Π. A reminder that contracting an edge in a graph
consists of deleting that edge and identifying its ends. Here by contracting ei we
identify c−i and c+i into ci. The vertex ci in G˜︁Π/ei is adjacent with two black edges,
and one of its neighbours is a telomere Ti, and the other one is an original tail of Π.

Step 2: Let e′i be the black edge connecting ci to the telomere Ti, we contract
e′i and name their identified vertex Ti.

Furthermore, based on the capping ˜︁Π of Π, we can obtain G˜︁Π from GΠ, by the
following three steps. A reminder that since all the chromosomes of Π are linear each
are being represented by an alternating paths in GΠ. Each of those paths starts and
ends with two distinct telomeres. The following steps explain how to get G˜︁Π which
is a graph representation of a desired capping of Π from GΠ.

Step1: We delete all the black edges connecting the tails of Π to the telomeres,
that means all the edges in EB

Π \ ˜︁EB
Π . There are 2M such edges.

Step 2: For 1 ≤ i ≤ 2M , each removed black edge ei = {Ti, ai} was incident
to telomere Ti, and Π−tail ai. With respect to the capping we insert two vertices c+i
and c−i , representing the two extremities for each cap ci instead of ei. Based on the
sign of ci, we connect one of the c+i or c−i to Ti and the other one to ai. These new
edges are coloured in black.

Step 3 Finally, for 1 ≤ i ≤ 2M , we connect each c+i to c−i via a red edge.
Assigning a capping to genome Π enables us to simulate HP operations on Π as

IRT operations on ˜︁Π. Assigning different capping is just giving different labels to the
added fake genes.

The graph representation of genome Π (GΠ) has n+M black edges representing
both telomeric and non-telomeric adjacencies in Π. The graph representation of
genome ˜︁Π (G˜︁Π) has n+3M black edges, n+M of which are non-telomeric. Moreover,
each edge belonging to 2M telomeric edges in G˜︁Π, is incident to exactly one extremity
of a distinct cap. Thus, GΠ and G˜︁Π have n −M common edges which are the non-
telomeric adjacencies of Π. For 1 ≤ j ≤ 2M , each edge ej in 2M telomeric adjacencies
of GΠ is incident to a tail of Π and a telomere Tj. For each such ej there exists a
corresponding non-telomeric adjacencies of G˜︁Π which is adjacent to the same tail of
Π and an extremity of a cap, while the other extremity of that cap is adjacent to Tj.
Thus, when we choose any two black edges e1, e2 in GΠ and apply an HP operation
on them, we can mimic this operation as an IRT operation on G˜︁Π such that:

• If e1 and e2 are both non-telomeric in GΠ i.e. they both belong to ˜︁EB
Π ∩ ˜︁EB

˜︁Π , we
simulate an HP operation on e1 and e2 in GΠ as an IRT operation on e1 and e2
in G˜︁Π.

• If e1 and e2 are both telomeric in GΠ i.e. both of them belong to EB
Π \ ˜︁EB

Π . This
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means e1 = {a1, b1} and e2 = {a2, b2} where a1 and a2 belong to the set of tails
of Π and b1 and b2 are telomeres. We simulate an HP operation on e1 and e2 in
GΠ as an IRT operation on the corresponding non-telomeric edges e′1 and e′2 in
G˜︁Π, such that e′1 is incident to a1 (a tail of Π) and a cap extremity (incident to
telomere b1) in G˜︁Π, and e′2 is incident to a2 and another cap extremity (incident
to telomere b2) in G˜︁Π.

• If e1 is a non-telomeric, and e2 is a telomeric edge in GΠ i.e. e1 ∈ ˜︁EB
Π ∩ ˜︁EB

˜︁Π
and e2 ∈ EB

Π \ ˜︁EB
Π , such that e2 = {a2, b2} where a2 is a tail of Π and b2 is a

telomere in Π. In this case we can mimic an HP operation on e1 and e2 in GΠ

as an IRT operation on e1 and e′2 in G˜︁Π, where e′2 is incident to a2 and a cap
extremity (incident to telomer b2) in G˜︁Π.

Figure 3.3 shows an example of IRT-HP Frankenstein for a given genome. Part a,
shows how to cap genome

Π = 1 − 7 4 − 8, −6 3 2 − 5,

into
˜︁Π = c1 1 − 7 4 − 8 c2, c3 − 6 3 2 − 5 c4,

and uncap ˜︁Π into Π, where c1, c2, c3 and c4 are the caps and can be any positive
integers except {1, 2, . . . , 8}. Part b, is an HP operation on two edges {1+, 7+} and
{4+, 8+} in Π and its corresponding IRT operation on ˜︁Π. Part c, is an HP operation
on two edges {7−, 4−} and {3+, 2−} in Π and its corresponding IRT operation on
˜︁Π. Part d, is an HP operation on two edges {T1, 1

−} and {6−, 3−} in Π and its
corresponding IRT operation on ˜︁Π. Part e, is an HP operation on two edges {8−, T2}
and {5−, T4} in Π and its corresponding IRT operation on ˜︁Π.
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Figure 3.3: HP-IRT Frankenstein
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3.4.1 HP evolution and parsimonious paths

In Mathematical language we have an operator Φ to embed the space of multi-
chromosomal genomes with n genes and M linear chromosomes into the space of
multichromosomal genomes with n + 2M genes and M linear chromosomes, that is
Φ : Gn,M → Gn+2M,M such that Φ(GΠ) = G˜︁Π. We provided an operator Ψ from
the space of all HP operators on the multichromosomal genomes with n genes and
M linear chromosomes into the space of all IRT operators on the multichromosomal
genomes with n+2M genes and M linear chromosomes (for more details see HP-IRT
Frankenstein).

The advantage of this is every transition probabilities on HP can be extended to
transition probabilities on IRT via Φ embeddings, which implies that every stochas-
tic process on HP operators on Gn,M will carry on to an stochastic process on IRT
operators on Gn+2M,M . We establish our HP model of evolution to be a continuous-
time Markov chain (Yt)t≥0 on Gn,M transforming into its corresponding IRT model (a
continuous-time Markov chain on Gn+2M,M , as defined in in Subsection 3.3.1). There-
fore, transforming stochastic HP models to IRT models enables us to provide an
analogue of Theorem 3.3.2 and 3.3.3 in the context of HP models. In the upcoming
theorem we follow the theorem of counting hurdles (Theorem 3) in [20] and Theorem
3.3.2 and extend it for counting real-knots and semi-real-knots.

Theorem 3.4.1. Let c > 0 be a fixed number, and (Yt)t≥0 be a continuous-time HP
Markov chain on the space of signed multichromosomal genomes with n genes, M
linear chromosomes and no circular chromosome, as defined above. Let r(Yt, Y0) and
s′(Yt, Y0) be the numbers of real knots and semi-real-knots in GBP (Yt, Y0), respectively.
Then

r(Ycn/2,Y0)+s′(Ycn/2,Y0)

bn
√
n

p−→ 0,

where (bn)n∈N is an arbitrary sequence of real numbers such that bn →∞ as n→∞.

Proof: Following [4], [20] and Theorem 3.3.2, let ˜︁Y0 be any desired capping of Y0,
and ˜︁Yt be a capping of Yt obtained after t corresponding IRT operation on ˜︁Y0. Thus,
˜︁Y0 and ˜︁Yt, are two co-tailed multichromosomal genomes with n+2M genes scattered
into M linear chromosomes. We can obtain the parameters r(Yt, Y0) and s′(Yt, Y0)
from the breakpoint graph of GBP (Yt, Y0) which we get by removing 2M grey edges
connecting Y0−tails to Yt−caps in GBP (˜︁Yt, ˜︁Y0) and the M + 1 black edges belonging
to the zero cycles (M − 1 of which the result of concatenation, plus the two telomeric
edges) and the gray edges incident to them. The breakpoint graph of GBP (Yt, Y0)
has M paths and n + M black edges (corresponding to non-telomeric edges in in
GBP (˜︁Yt, ˜︁Y0)). Let π and πid be any concatenations of ˜︁Yt and ˜︁Y0, respectively. The
number of non-zero cycles of size greater than 2

√
n+M in GBP (π, π

id) has an upper
bound of

√
n+M . Let ˜︁Cft be the number of cycles of size at most 2

√
n+M in
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GBP (π, π
id) that experienced at least one non-merging IRT operation up to time t.

Applying Theorem 3.3.2 yields to
˜︁Cf
cn/2

bn
√
n

p−→ 0, as n→∞.
Furthermore, the intrachromosomal cycles in GBP (˜︁Ycn/2, ˜︁Y0) (which are the same

for any concatenation of ˜︁Ycn/2 and ˜︁Y0) which have no grey edge connecting Y0−tails
to Ycn/2−caps keep their orientations, while removing such grey edges from the cy-
cles containing {Y0 − tails, Ycn/2 − caps} edges could create paths with different ori-
entations. More precisely, any oriented or unoriented cycle containing exactly one
{Y0 − tails, Ycn/2 − caps} grey edge becomes an oriented or unoriented path after re-
moving such edge. So, if an oriented or unoriented cycle (intrachromosomal or inter-
chromosomal) has α grey {Y0−tails, Ycn/2−caps} edges, where α ∈ {2, 3, · · · , 2M}, it
can create up to α unoriented intrachromosomal paths. Let C∗t and P∗

t be the number
of intrachromosomal unoriented cycles and paths in GBP (Yt, Y0), hence

C∗cn/2 + P∗
cn/2 ≤ ˜︁Cfcn/2 + 4M+

√
n+M.

Real knots and semi-real knots are made of unoriented intrachromosomal cycles and
paths in GBP (Yt, Y0), respectively. Although, each real knot does not have any Y0Yt-
path in its interval, every semi-real knot has at least one. Consequently,

r(Ycn/2, Y0) + s′(Ycn/2, Y0) ≤ C∗cn/2 + P∗
cn/2+

√
n+M ≤ ˜︁Ccn/2 + 4M+

√
n+M,

thus, for n→∞
r(Ycn/2,Y0)+s′(Ycn/2,Y0)

bn
√
n

p−→ 0.

Theorem 3.4.2. Let c be a fixed positive number, (Yt)t≥0 be a continuous-time HP
Markov chain on the space of signed multichromosomal genomes with n genes and M
linear chromosomes as defined above. Let dHP be the HP-distance, and (bn)n∈N be an
arbitrary sequence diverging to ∞, then

dHP (Ycn/2,Y0)−(1−α(c))n

bn
√
n

p−→ 0.

Proof: We follow Theorem 3 in [4] and adjust it for HP model. Based on the
Theorem 3.2.4

dHP (Ycn/2, Y0) = n+M − c(Ycn/2, Y0) + p(Ycn/2, Y0) + r(Ycn/2, Y0)

+
⌈︂
s′(Ycn/2,Y0)−gr′(Ycn/2,Y0)+fr′(Ycn/2,Y0)

2

⌉︂
.
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Since there are at most 2M paths, so clearly p(Ycn/2, Y0) ≤ 2M . Furthermore,
gr′(Ycn/2, Y0) and fr′(Ycn/2, Y0) can be either 0 or 1, thus by Theorem 3.4.1 as n→∞

p(Ycn/2,Y0)+r(Ycn/2,Y0)+

⌈︂
s′(Ycn/2,Y0)−gr′(Ycn/2,Y0)+fr′(Ycn/2,Y0)

2

⌉︂

bn
√
n

p−→ 0.

We obtain the breakpoint graph of GBP (Ycn/2, Y0) by removing grey {Y0−tails, Ycn/2−
caps} edges in GBP (˜︁Ycn/2, ˜︁Y0). Moreover, it is worth reminding that C(˜︁Ycn/2, ˜︁Y0)

represents the number of non-zero cycles in GBP (˜︁Ycn/2, ˜︁Y0) and c(Ycn/2, Y0) represents
the number of cycles and paths in GBP (Ycn/2, Y0), so

C(˜︁Ycn/2, ˜︁Y0) ≤ c(Ycn/2, Y0) ≤ C(˜︁Ycn/2, ˜︁Y0) + 4M .

The lower bound happens when all the grey edges connecting ˜︁Y0−tails to ˜︁Ycn/2−caps
in GBP (˜︁Ycn/2, ˜︁Y0) are in distinct cycles. It is worth remembering that ˜︁Y0, ˜︁Ycn/2 ∈
Gn+2M,M , where ˜︁Y0 and ˜︁Ycn/2 are cappings of Y0 and Ycn/2 such that each ˜︁Yt is obtained
by t equivalent IRT operations on ˜︁Y0. By Theorem 3.3.3 as n→∞

C(˜︁Ycn/2,˜︁Y0)−α(c)n

bn
√
n

p−→ 0.

Therefore, by squeeze theorem we have

c(Ycn/2,Y0)−α(c)n

bn
√
n

p−→ 0.

So, as n→∞ we have

dHP (Ycn/2,Y0)−(1−α(c))n

bn
√
n

p−→ 0.

Furthermore, since for 0 < c < 1, 1− α(c) = c
2
, consequently

dHP (Ycn/2,Y0)− cn
2

bn
√
n

p−→ 0.

This means the HP model does not escape from its parsimonious path of evolution
before t ≈ n/2, for genomes with n genes.



3. ESCAPE FROM PARSIMONY OF A REVERSAL AND
TRANSLOCATION GENOME EVOLUTION PROCESS 67

3.5 Translocation evolution process
The translocation evolution process is in fact a more restricted version of the DCJ
(Chapter 2) or the HP processes, in which upon each jump no two pair of black edges
belonging to the same chromosome of the genome are allowed to be chosen.

A reminder that the translocation distance between two signed multichromoso-
mal genomes is the minimum number of translocation operations converting either of
the genomes to the other one. Theorem 3.5.1 represents the translocation distance
formula between two multichromosomal genomes formulated by Hannenhalli [16].

Theorem 3.5.1. [16][5][13] Let Π and Πid be two signed multichromosomal genomes
with n genes and N linear chromosomes, where Πid represents the identity (ancestral)
genome. The translocation distance between Π and Πid denoted by dtd(Π,Πid) =
dtd(Π) is

dtd(Π) = n−N − C(Π) + |S|+ o+ 2b,

where C(Π) represents the number of cycles in GBP (Π,Π
id), S represents the set of

all minimal subpermutations of Π , and |S| is the number of such subpermutations.
If |S| is even then o = 0, otherwise o = 1. Moreover, b = 1 if there are even
number of minimal subpermutations (i.e. o = 0), all of which are inside a single
subpermutations, while residing in a single chromosome of Π,and b = 0 otherwise.

By modeling the evolution as a random translocation process and measuring the
distance between the starting point and any other points on a sample path of this
model via translocation distance, we can investigate the time when the evolution
escapes from parsimony. Although, adopting the previous methods for finding the
maximum period in which this model is parsimony-bound is more challenging than
before. In fact, the restriction on the choice of edges at each jump time, makes the
constructed random graph corresponding to the translocation process not to be an
Erdös-Rényi. Furthermore, the parameter |S|, in the distance formula increases the
complexity of the problem.

For the reasons mentioned above, we simulated the translocation model, see
Chapter 4 for more details. The simulation results shows that the random transloca-
tion process evolves along its parsimonious path of evolution at least up to t ≈ n/2,
where n represents the number of genes in the genome.

3.6 Discussion
In this chapter, we have adapted the analysis of Berestycki and Durrett [4], originally
developed for mathematical transposition random walk on permutations, to the bio-
logically relevant IRT and HP operations (more restricted than DCJ operations). We
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have shown that as n gets large, the parsimonious IRT and HP inference algorithms
accurately reflect the number of evolutionary steps traced by evolutionary processes
as long as this remains less than n/2, where n represents the number of genes.



Chapter 4

Simulation

In this chapter we present the simulation studies of different models of genomic evolu-
tion and investigate the time up to which they evolve along their parsimonious paths
of evolution. Let G be the space of genomes and A be the set of genomic operations
allowed in the model of evolution. For every two genomes G1, G2 ∈ G there exists a
finite sequence of operations σ1, σ2, . . . , σs ∈ A where

G2 = G1 ◦ σ1 ◦ σ2 ◦ · · · ◦ σs.

The edit distance ρ between any pair of genomes in G with respect to A is the
minimum number of operations in A that transforms either of the two genomes into
another.

We study the evolution of genomes under different types of rearrangement opera-
tions (such as: reversals, DCJs, IRTs, HPs, WRs, MLRs, translocations) by modeling
genome evolution as continuous-time or discrete-time stochastic processes on the space
of genomes G. Here, we analyzed different models of genome evolution processes via
simulation and by modeling them as discrete-time Markov chains {Xt : t = 0, 1, 2, . . .}
on the countable sample space G with transition probability (based on the model)
P(G,G′) for every G,G′ ∈ G. For each model, we investigate the time up to which
its evolutionary trajectory is parsimony-bound, which depends on not only the model
but also the distance measure comparing points on the sample path to the starting
point.

It is worth noting that, the discrete-time and continuous-time processes we used
for modeling the genomic evolution here behave similarly. Let Nt be the number of
jumps up to time t, for t = cn, where c > 0 and n → ∞. By the Central limit
theorem (CLT) we have

Ncn − cn√
cn

→ N (0, 1).

69
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Then, for an arbitrary sequence (bn)n≥1 where bn →∞ as n→∞

Ncn − cn

bn
√
n

p−→ 0,

which means after an appropriate rescaling the number of jumps up to time cn is
approximately cn.

We simulated different types of stochastic processes on the space of signed genom-
es sharing the same set of genes with no duplication. Inspired by the simulation
study of Bourque and Pevzner [9], Berestycki and Durret [4] proved that the random
transposition walk on a permutation of length n (representing a unichromosomal
genome with n genes) does not escape from its parsimonious path of evolution before
n/2 steps. In fact, Berestycki and Durret [4] found a relation between the speed
of escape of the random transposition walk and the number of tree components of
an Erdös-Rényi random graph. Later on, inspired by Berestycki and Durret [4],
Jamshidpey and Sankoff [20] proved that the reversal random walk does not escape
from parsimony up to the same time. Analogous to the transposition random walk,
the corresponding random graph for the reversal random walk is Erdös-Rényi, as
well. In the previous chapters, we proved similar results for DCJ, IRT and HP
stochastic processes. Although, the questions about other stochastic processes with
some sorts of restrictions are still open since their corresponding random graphs are
more complicated than Erdös-Rényi, consequently, the numbers of tree components
in their random graphs remain unknown. These models include weighted reversal,
maximum length reversal, and translocation. Here we employed simulation to study
various stochastic processes modeling the evolution and for each model we compare
the number of genomic operations along its evolutionary trajectory to the distance
measure (based on the model reversal, DCJ, HP, etc) of the genome from its ancestor.

4.1 Different models of reversal genome evolution
process

First, we simulate different reversal stochastic processes with additional restrictions
on the space of signed unichromosomal genomes and compare them with the reversal
random walk on the same space. In addition, for each process and at each time t we
find the average number of tree components of its corresponding random graph and
the average number of cycles in breakpoint graph of the genome at time t and the
ancestor at time t = 0.

For each model, we simulate {Xt : t = 0, 1, 2, . . .} which is a reversal (with special
properties) stochastic process on the space of signed unichromosomal genomes with
n genes and no circular chromosomes. Without loss of generality, we always assume
the stochastic processes starts at the identity genome represented by the identity
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permutation X0 = 1 · · · n, where X0 is a linear chromosome. We then add 0 and
n + 1, to both ends of its permutation corresponding to the two telomeres of the
linear chromosome. As mentioned previously, we can present each chromosome with
a graph representation as well. For example the graph representation of a linear
chromosome X0 = 1 · · ·n has 2n + 2 vertices. We represent the extremities of each
gene i ∈ {1, . . . , n} by two vertices 2i− 1 and 2i, which got connected via a red edge.
The two vertices labelled by 0 and 2n+1 represent the telomers in X0. Furthermore,
for i ∈ {0, 1, . . . , n}, we connect the pair of vertices {2i, 2i + 1} via a black edge
representing the adjacencies among the genes in X0. The two black edges {0, 1} and
{2n, 2n + 1} are telomeric adjacencies i.e. they are adjacent to vertices representing
the telomeres. Note that the graph representation of X0 is an edge alternating path.

Moreover, in order to study the number of tree components in the random graph
Gt where t = 0, 1, 2, . . . we define a labelling process for the black edges of Xt. The
labelling process starts by assigning the labels {1, . . . , n + 1} to all the black edges
of X0, such that for each i ∈ {0, 1, . . . , n} the black edge {2i, 2i + 1} is labelled by
i+ 1, although after each jump the edge labels get updated as well, which is similar
to the labelling process explained in Chapters 2 and 3. Following [4], we define the
random graph Gt such that G0 has n+ 1 vertices labelled by {1, 2, . . . , n+ 1} and no
edge. We simulate the stochastic process such that at each jump time t ≥ 1, we pick
two black edges, and apply a reversal operation between them, we then connect their
corresponding vertices in Gt.

For example for a jump time t, let e = {a, b} and e′ = {c, d} be two black edges
where a, b, c, d are vertices representing the extremities in Xt−1, applying a reversal
between e and e′ on Xt−1 is equivalent to:

• removing the black edges {a, b} and {c, d}, and

• connecting the two extremity pairs either {a, c} and {b, d}, or {a, d} and {b, c}
such that no circular chromosome is created.

Creating a circular chromosome results in the appearance of an edge alternating cycle
in the graph representation of the genome which increases the number of connected
components of the graph into two. Hence, while applying the reversal operations, we
are required to make sure no circular chromosome is created. We then update the
labels of the black edges in Xt, as explained in Chapters 2 and 3. More informally,
we label the edges of Xt that already exist in Xt−1 the same as Xt−1, and for the
remaining two unlabeled edges in Xt incident with {a, b, c, d}, we label the one edge
incident to x = min{a, b, c, d} by e, and the other one by e′.

The difference among our models of experiments are due to the restrictions we
place while choosing the two edges e and e′. The codes in this thesis are developed
in python and via the package NetworkX [14], since genomic operations including
reversals are applied on the graph representations of the genomes. In addition, our
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codes translate the graph representation of genome Xt, back into its equivalent per-
mutation. To do so, we start reading the graph (which is an edge alternating path)
starting from any of its telomeres either 0 or 2n + 1. For 1 ≤ i ≤ n, we obtain the
corresponding permutation such that while traversing the path we write:

• i, if we visit 2i− 1 and then 2i, and

• −i, if we visit 2i and then 2i− 1.

Note that we have to follow the order in which the vertices appear in the traversed
path. Furthermore, since the chromosome does not have any orientation itself (i.e.
X = x1 · · ·xn are equivalent to −X = −xn · · · − x1). So reading the vertices on the
path by starting from either of the telomers will result in the equivalent representation
of the chromosome. The purpose of translating the genomes back into their equivalent
permutation is to calculate drev(Xt, X0), which is the reversal distance of Xt from the
initial genome X0. To calculate this distance we applied the software UniMoG [19][10]
and obtained the reversal distance for each step, where the inputs are the two genomes
X0 and Xt. UniMoG calculates different edit distances (such as reversal, DCJ, HP,
etc) for unichromosomal and multichromosomal genomes with linear and circular
chromosomes. Although, while inserting the input we need to differentiate the linear
and circular chromosomes, such that for a chromosome Y (with 4 consecutive genes
y1, y2, y3, and y4) we enter "y1 y2 y3 y4|" if Y is linear, and "y1 y2 y3 y4) if Y is circular.
Our codes include different models of reversal random processes, each experiment had
been repeated a fixed number of times and the outputs present the average distance
to the identity genomes at each time. Here, we also compared our results with the
output of the simulation related to the reversal random walk where upon each jump
the two edges are selected uniformly at random.

For each model our codes take 2 positive integers n and R as inputs, where

• n is the number of genes,

• R is the number of reversal operations (steps of the experiment).

We start from the identity genome X0 = 1 · · ·n, for each t ∈ {1, . . . , R}, we
choose two black edges e and e′ belonging to the graph representation of Xt−1, and
apply the reversal operation on them. For the reversal model we pick e and e′ uni-
formly at random. This means we can apply the reversal operation on any segment of
the chromosome. The followings are the models with extra restrictions on the choice
of e and e′:

1. Maximum Length Reversal (MLR): this model is inspired by Chen and
Skiena [12], and in addition to n and R, it takes an extra integer M indicating
the maximum number of red edges separating e from e′ in Xt. It is worth
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remembering that Xt is an edge alternating path, and for e and e′ to be separated
with m red edges, where m ≤M , there should be 2m+1 edges on the shortest
path on the graph representation of the genome Xt containing the two edges
e and e′, where m of which are red, and the remaining m + 1 are black. This
means, we are only allowed to reverse the segments of the chromosome that do
not have more than M genes. For every two black edges e and e′ in Xt, we will
call the number of red edges on the shortest path containing e and e′ in Xt,
the distance between e and e′ in Xt and denote it by ∆e,e′(t), hereafter. For
this model, first we pick a black edge e uniformly at random from Xt, and we
calculate ∆e,e′′(t) for every black edge e′′ in Xt (e′′ ̸= e), and finally we choose e′

from the set of edges with maximum distance M from e, uniformly at random.
We present the pseudocode for this model in Algorithm 2.

2. Weighted Reversal (WR): this model is inspired by Pinter and Skiena [29]
emphasizing that from the biological point of view the probability of a reversal
on a segment of a genome depends on the length of that segment. Our codes
include two models such that: first, each model chooses a black edge e in Xt

uniformly at random, and then calculates the distance between e and any black
edge e′′ in Xt, i.e. ∆e,e′′(t), where e ̸= e′′. We then define a weight function
assigning different probabilities to every black edge e′′ based on ∆e,e′′(t). Finally,
we choose the edge e′ at random and with respect to the weight function, and
then apply a reversal on e and e′. Here, we have defined two different weight
functions:

• Weighted Reversal, Type I (Step Model): in this model, we define
the weight function such that the closer the black edge is to e, the more
probable it is for it to be chosen. In other words, after picking e uniformly
at random from Xt, the chance of picking e′ decreases as ∆e,e′(t) increases.
Thus, the chance is maximum for e′ with ∆e,e′(t) = 1. After choosing the
distance, if there are two edges with the same distance from e, we choose
either of them with probability p = 1/2. We present the pseudocode for
this model in Algorithm 3.

• Weighted Reversal, Type II (Uniform Model): biologically rever-
sals on very short and very long segments of a chromosome are probably
very scarce [29]. Therefore, we model this reversal process such that very
short and very long reversals have the smallest probability to occur. We
denote the maximum distance of black edges from e in Xt by me,t. In this
model, we define the weight function such that the probability of choosing
a black edge whose distance to e is 1 is the smallest, and the probability
linearly increases as the distance increases up to half of me,t, and then the
further the distance of an edge gets from the half of me,t the smaller its
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probability becomes. This way the probability of the farthest edge from e
(with distance me,t) is the lowest and the same as an edge with distance
1. Although, this model slightly changes based on the parity of the max-
imum distance. If me,t is an even number then we find pk,t such that the
probability of choosing a black edge with distance k from e in Xt is

pk,t =

{︃
pk if k ∈ {1, . . . , me,t

2
},

p(me,t + 1− k) if k ∈ {me,t

2
+ 1, . . . ,me,t},

and
me,t∑︁
k=1

pk,t = 1. A numerical example for this case is for a set of edge

distances from e like {1, 1, 2, 2, 3, 4}, we have p1 = p4 = p and p2 = p3 = 2p,
where p = 1

6
. If me,t is an odd number, we find pk,t such that

pk,t =

{︃
pk if k ∈ {1, . . . ,

⌈︁me,t

2

⌉︁
},

p(me,t + 1− k) if k ∈ {
⌈︁me,t

2

⌉︁
+ 1, . . . ,me,t},

and
me,t∑︁
k=1

pk,t = 1. A numerical example for this model is for a set of edge

distances from e like {1, 1, 2, 2, 3, 3, 4, 5}, p1 = p5 = p, p2 = p4 = 2p, and
p3 = 3p, where p = 1

9
. In both cases after choosing the edge distance, if

there exist two edges with the same distance in Xt, we can pick either of
them with probability p = 1/2. We present the pseudocode for this model
in Algorithm 4.

Our simulation results show the average reversal distances from the identity
genome (ancestor) of the unichromosomal genome under reversals, weighted reversals
(step model and uniform model), and maximum length reversals for different lengths.
Starting from an identity genome with n = 500 genes, and over R = 500 random
reversals, each simulation has been repeated 50 times. As [9] and [20] proved, the
reversal random walk does not escape from its parsimony-bound before t ≈ n/2. It is
theoretically more complex to present the same results for the other types of reversal
operations since while having restriction on selecting edge pairs to apply reversal, the
corresponding random graph of the stochastic process is not Erdös-Rényi any more.
Although, our simulation results show that for both models of weighted reversals we
can expect the same kind of behaviour from the stochastic processes, that is they
evolve along their parsimonious paths up to step n/2 which is t = 250, here. The
maximum length reversal stochastic process behaves similarly unless the maximum
length is too small in comparison to the size of the genome. Figures 4.1 and 4.2, and
Table 4.1 display the reversal distance from the identity genome at each step of our
models. Unlike the other reversal models, the maximum length reversal stochastic
process with k = 10 (the yellow curve) escapes from its parsimonious path at an
earlier step.
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For the maximum length reversal (MLR) model, we have MLR process but we
use drev to measure the distance of the genome at time t from the identity genome,
since dMLR is not available at UniMoG. This is not parsimony but we can easily fix
this issue since

drev(Xt, X0) ≤ dMLR(Xt, X0) ≤ t,

so

0 ≤ cn− dMLR(Xcn, X0)

an
√
n

≤ cn− drev(Xcn, X0)

an
√
n

, (4.1.1)

for t = cn, where c > 0, n→∞ and (an)n≥1 is an arbitrary sequence of real numbers
such that an → ∞ as n → ∞. So our simulation shows the right hand side of 4.1.1
is very small in probability, so the same is true for the middle term. We can justify
using the drev(Xt, X0), for both models of weighted reversal processes similarly.
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t

Figure 4.1: Simulation for different types of reversal models. The average
reversal distance estimates are based on 50 runs, for 500 genes. The dashed
line represents dRev(Xt, X0) = t.

t

Figure 4.2: A closer look to Figure 4.1, where 200 ≤ t ≤ 250.



4. SIMULATION 77

Ta
bl

e
4.

1:
T

he
av

er
ag

e
re

ve
rs

al
di

st
an

ce
af

te
r
t

re
ve

rs
al

op
er

at
io

ns
on

th
e

id
en

ti
ty

ge
no

m
e
X

0
=

1
..
.5
00

,
ap

pl
ie

d
on

di
ffe

re
nt

re
ve

rs
al

st
oc

ha
st

ic
pr

oc
es

se
s,

ba
se

d
on

50
ru

ns
.

T
he

Av
er

ag
e

R
ev

er
sa

lD
is

ta
nc

e
d
R
ev
(X

t,
X

0
)

t=
50

t=
10

0
t=

15
0

t=
20

0
t=

25
0

t=
30

0
t=

35
0

t=
40

0
t=

45
0

t=
50

0
R

ev
er

sa
l

49
.9

6
99

.9
2

14
9.

70
19

9.
36

24
8.

42
29

5.
42

33
6.

22
36

8.
90

39
5.

32
41

5.
60

W
ei

gh
te

d
R

ev
er

sa
l,

St
ep

50
.0

0
99

.9
2

14
9.

70
19

9.
36

24
8.

30
29

5.
28

33
5.

96
36

9.
08

39
5.

02
41

5.
10

W
ei

gh
te

d
R

ev
er

sa
l,

U
ni

fo
rm

49
.8

8
99

.2
4

14
8.

60
19

7.
26

24
5.

04
29

1.
80

33
3.

44
36

7.
04

39
3.

26
41

3.
56

M
ax

im
um

Le
ng

th
R

ev
er

sa
l,
k
=

10
49

.6
0

97
.7

6
14

4.
80

19
0.

64
23

4.
18

27
4.

54
31

0.
34

34
1.

54
36

7.
60

38
9.

56
M

ax
im

um
Le

ng
th

R
ev

er
sa

l,
k
=

50
49

.8
6

99
.6

2
14

9.
30

19
8.

62
24

7.
00

29
2.

46
33

4.
12

36
6.

90
39

3.
74

41
4.

80
M

ax
im

um
Le

ng
th

R
ev

er
sa

l,
k
=

10
0

49
.9

8
99

.8
4

14
9.

66
19

8.
98

24
7.

82
29

4.
44

33
5.

24
36

8.
18

39
4.

04
41

5.
10

M
ax

im
um

Le
ng

th
R

ev
er

sa
l,
k
=

20
0

50
.0

0
99

.9
4

14
9.

84
19

9.
46

24
8.

52
29

4.
94

33
5.

58
36

8.
82

39
4.

46
41

6.
04

M
ax

im
um

Le
ng

th
R

ev
er

sa
l,
k
=

30
0

49
.9

6
99

.7
4

14
9.

62
19

9.
36

24
8.

20
29

5.
22

33
6.

38
36

9.
48

39
5.

82
41

6.
02



4. SIMULATION 78

Furthermore, Table 4.2 presents the average number of cycles in the breakpoint
graph of the genome Xt and the identity genome X0, GBP (Xt, X0). And Table 4.3
shows the average number of trees in the random graph Gt corresponding to the rever-
sal stochastic processes at step t. In both tables, t represents the number of reversals
and 0 ≤ t ≤ 500. It is worth reminding that the the reversal distance between any two
genomes with the same set of genes depends on the number of genes, number of cycles
in their breakpoint graph, number of hurdles and existence of fortress. Jamshidpey
and Sankoff [20] proved that in the reversal random walk as n approaches to infinity,
the number of hurdles are negligible after a convenient rescaling. Furthermore, when
a jump occurs at time t, the number of tree components in the corresponding random
graph (which is a realization of Erdös-Rényi) estimates the number of cycles in the
breakpoint graph of the genome at time t and the ancestor. Note that the random
graphs corresponding to the reversal stochastic processes studied here (i.e. maximum
length reversal, weighted reversal) are not Erdös-Rényi. Although, by comparing the
values of Tables 4.2 and 4.3 one can observe at each step the number of cycles in
the breakpoint graph and the number of tree components in the random graph are
approximately close in all the models except the maximum length reversal random
process with k = 10. For example, for the the weighted reversal (step model) and
at t = 500, the number of cycles in GBP (X500, X0) is 85.76 and the number of tree
components of its random graph G500 is 81.86, while for the maximum length reversal
with k = 10 these numbers are 111.44 and 86.85, respectively.
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4.2 Different models of DCJ genome evolution pro-
cess

As mentioned in the previous chapters double-cut-and-join or in short DCJ operation
introduced by [37] is a genomic operation that cuts two adjacencies of the genome
like {a, b} and {c, d} and reconnect the four extremities in one of the two possible
ways, either {a, c} and {b, d} or {a, d} and {b, c}. The DCJ operation includes other
operations such as reversal, translocation (including fission and fusion), and block
interchange, and a DCJ operation on a segment of a single chromosome either reverses
that segment or extract it into a circular chromosome. If a DCJ operation is restricted,
then a DCJ resulting in creation of a circular chromosome should be followed only
by another DCJ reinserting that intermediate cycle into a linear chromosome. The
outcome of these two consecutive DCJ operations is a block interchange.

In Chapter 2 we proved both DCJ and restricted DCJ evolutionary models evolve
along their parsimonious paths up to n/2, where n is the number of genes in the
genome. Here we present the simulation methods and results for evolutionary models
evolving from unichromosomal genomes under DCJ and restricted DCJ operations,
with probability p of creating circular chromosomes (different than the DCJ models
in chapter 2). We then extend the DCJ evolutionary model for multichromosomal
genomes.

•DCJ Evolution Starting from UniChromosomal Genomes: let {Yt : t =
0, 1, 2, . . .} be a DCJ process on the space of signed genomes with n genes. We start
the process at the identity genome Y0 and construct the graph representation of Y0 =
1 · · ·n. We label the vertices and the edges of Y0. Similarly, we define the labelling
process and the random graph Gt, for t ∈ {1, 2, . . . , D}, where D is the number of
desired DCJ operation. We simulate a DCJ process in which at each jump time t we
pick two black edges labelled by e and e′ in Yt−1 such that e, e′ ∈ {1, 2, . . . , n + 1},
and apply a DCJ operation on them. Let 0 ≤ p ≤ 1 be a given number, we pick two
black edges e = {a, b} and e′ = {c, d} in Yt−1 uniformly at random. Applying a DCJ
operation effecting e and e′ on the genome Yt−1 is equivalent to:

• removing the black edges {a, b} and {c, d},

• if e and e′ were not on the same chromosome connect either {a, c} and {b, d},
or {a, d} and {b, c}, with probability 1/2,

• if e and e′ were on the same chromosome connect the extremities such that the
probability of non-reversal DCJ (creation of a cycle) and reversal DCJ be p and
1− p, respectively.

We update the labelling in Yt (as explained in Chapter 2) and connect the two
vertices labelled by e and e′ in Gt if they are not already adjacent. We then calculate
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the DCJ distance between Y0 and Yt, dDCJ(Yt, Y0), via UniMoG [10]. We present the
pseudocode for this model in Algorithm 5.

•Restricted DCJ Evolution Starting from UniChromosomal Genomes:
here again, we simulated restricted DCJ stochastic process {Y ′

t : t = 0, 1, 2, . . .} on
the space of signed uni-chromosomal genomes with n genes. We start our random
process at Y ′

0 = 1 · · ·n. Let D′ be the number of desired restricted DCJ operations.
The graph representation of Y ′

0 , the labelling process and Gt are defined similar as in
the previous models. Let 0 ≤ p ≤ 1 be a given number,we apply a restricted DCJ
operation based on the existence of a circular chromosome in Y ′

t−1, such that:

1. if Y ′
t−1 has no circular chromosome

• pick two black edges e = {a, b} and e′ = {c, d} in Y ′
t−1 uniformly at random,

• remove the black edges {a, b} and {c, d},
• connect the extremities such that the probability of a non-reversal DCJ

(creation of a cycle) and a reversal DCJ are p and 1− p, respectively.

2. if Y ′
t−1 has a circular chromosome

• pick e = {a, b} from the linear and e′ = {c, d} from the circular chromo-
some uniformly at random,

• remove the black edges {a, b} and {c, d},
• connect either {a, c} and {b, d}, or {a, d} and {b, c}, with probability 1/2.

Applying a DCJ operation on two edges of the genome, one belonging to a circular
and the other to a linear chromosome results in a longer linear chromosome. In our
models the number of linear chromosomes remains the same, and equals the number
of linear chromosomes in the identity genome. An empty linear chromosome is made
of two telomers that are connected with a black edge. For unichromosomal models
{0, 2n+1} is the empty linear chromosome. We present the pseudocode for this model
in Algorithm 6. Figure 4.3 and Figure 4.4 show the average DCJ distance from the
identity genome of the random genome sampled at time t for DCJ and Restricted
DCJ processes, respectively. The DCJ distance is obtained via the tool introduced
by [10] in UniMoG. Both models starting from the identity genome with n = 1000
genes, and over 1000 operations. Each simulation has been repeated 50 times and
with probabilities 0.1, 0.5 and 0.7 of creating circular chromosomes. Both models do
not escape from their parsimonious paths of evolution before t ≈ 500, and behave
very similarly for different probabilities.
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t

Figure 4.3: Simulation for DCJ model illustrating parsimony binding up to
time cn, for c ≈ 0.5. The average DCJ distance estimates are based on 50
runs, for p = 0.1, 0.5, 0.7 of creating circular chromosomes. The ancestral
genome is unichromosomal and contains 1000 genes.

t

Figure 4.4: Simulation for restricted DCJ model illustrating parsimony bind-
ing up to time cn, for c ≈ 0.5. The average DCJ distance estimates are based
on 50 runs, for p = 0.1, 0.5, 0.7 of creating circular chromosomes. The ances-
tral genome is unichromosomal and contains 1000 genes.

As presented in Tables 4.4 and 4.5, the average distance from the identity genome,
the average number of the cycles in the breakpoint graph and the average number of
tree components in the random graph at each step for different probabilities are quite
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similar in both models. Moreover, at each time t, the number of tree components
in the random graph estimates the number of cycles in the breakpoint graph with a
small error, in comparison to the size of the genome.
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•DCJ Evolution of MultiChromosomal Genomes: we present the pseu-
docode for this model in Algorithm 7. This model is very similar to the first DCJ
model, except the identity genomes have N linear chromosomes. Therefore, in ad-
dition to the number of DCJ operations D, we have N + 1 integers as input, where
N is the number of linear chromosomes and n1, n2, . . . , nN are the numbers of the
genes in each chromosome. In this case, since the identity genome has more than
one chromosome and we applied a different method to construct the graph represen-
tation of it, see Algorithm 8 for more details. Also, the codes for translating the
multichromosomal genomes to their permutations are more complicated.

Figure 4.5 shows the simulation of DCJ evolution model of multichromosomal
genomes (with different probabilities of creating circular chromosomes), and the DCJ
model does not escape from its parsimonious path before t ≈ n/2. Here, we simulated
the DCJ evolution starting from a multichromosomal genome with 4 linear chromo-
somes containing 1000 genes with probability 0.1, 0.5 and 0.7 of creating circular
chromosomes.

t

Figure 4.5: Simulation for unrestricted DCJ model illustrating parsimony
binding up to time cn, for c ≈ 0.5. The average DCJ distance estimates
are based on 50 runs, for p = 0.1, 0.5, 0.7 of creating circular chromosomes.
The ancestral genome contains 1000 genes in 4 linear chromosomes of size
100, 200, 300 and 400.

Table 4.6 presents more detailed data regarding this simulation. Similar to Table
4.4, by increasing the probability of circular chromosomes, the average number of the
circular chromosomes and their maximum length increase as well.
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4.3 HP, IRT, and translocation models of genome
evolution

In Chapter 3, we proved that a random HP process and a random IRT process do
not escape from their parsimonious paths of evolution before t ≈ n/2, where n is
the number of genes in the genome. Here we present the simulation results of these
two models under HP distance, which inspired their mathematical proof. We also
present the simulation result for random translocation process under DCJ distance.
The distances are chosen based on their availability in UniMoG software. In all of the
following models let Xt be the genome obtained after applying random t operations
on X0.

•General reversal and translocation (HP): this model is inspired by [17],
who obtained a linear time distance formula and algorithm for the minimum number of
reversal and translocation operations required to transform one genome into another
(HP distance). This model is very similar to the random DCJ process, except for each
randomly picked pair of black edges e and e′, if e and e′ are in the same chromosome
we must apply a reversal operation. We present the pseudocode for this model in
Algorithm 9.

•Internal reversal and translocation (IRT): this model is the restricted ver-
sion of the HP model and is inspired by the distance formula obtained in [17]. At each
step, we pick two non-telomeric edges of the genome uniformly at random (without
replacement). This means we are not allowed to pick any black edge incident to the
telomers. Similar to the HP model if the two edges belong to the same chromosome
we are only allowed to apply a reversal operation on them. We present the pseudocode
for this model in Algorithm 10. In our simulations we defined the IRT process but we
applied dHP (Xt, X0) to measure the distance between the genome at step t and the
identity genome (UniMoG availability). Similar to MLR and WR in order to check
the parsimony-bound for the IRT evolution process we have

dHP (Xt, X0) ≤ dIRT (Xt, X0) ≤ t,

so

0 ≤ cn− dIRT (Xcn, X0)

an
√
n

≤ cn− dHP (Xcn, X0)

an
√
n

, (4.3.1)

for t = cn, where c > 0, n→∞ and (an)n≥1 is an arbitrary sequence of real numbers
such that an → ∞ as n → ∞. So our simulation shows the right hand side of 4.3.1
is very small in probability, so the same is true for the middle term.

•Translocation: this model is inspired by [16], which formulated the minimum
number of translocation operations required to transform one genome into another.
At each step of this model, we are allowed to pick two black edges {a, b} and {c, d}
that do not belong to the same chromosome of the genome, and after deleting the two
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selected adjacencies, reconnect the extremities in one of the two possible ways: either
{a, c} and {b, d}, or {a, d} and {b, c}. We present the pseudocode for this model in
Algorithm 11. The translocation distance (dtd(Xt, X0)) available in UniMoG is only
applicable for genomes with the same tails; therefore, to demonstrate parsimony we
applied DCJ distance instead and since

dDCJ(Xt, X0) ≤ dtd(Xt, X0) ≤ t,

so

0 ≤ cn− dtd(Xcn, X0)

an
√
n

≤ cn− dDCJ(Xcn, X0)

an
√
n

, (4.3.2)

for t = cn, where c > 0, n→∞ and (an)n≥1 is an arbitrary sequence of real numbers
such that an → ∞ as n → ∞. So our simulation shows the right hand side of 4.3.2
is very small in probability, so the same is true for the middle term.

Table 4.7, and Figures 4.6, 4.7 and 4.8 represent the simulation results for HP,
IRT and translocation model. All of these simulations started from the identity
genome with 3 linear chromosomes and {250, 350, 400} genes, and repeated 50 times.
As proved the random HP and the random IRT processes do not escape their par-
simonious paths of evolution before t ≈ n/2, which is t = 500 here. The simulation
results are similar for the translocation random process.

t=100 t=200 t=300 t=400 t=500
dHP (Xt, X0) HP Random Process 100 199.86 299.86 399.45 498.23
dHP (Xt, X0) IRT Random Process 100 199.94 299.76 399.42 498.44
dDCJ(Xt, X0) Translocation Random Process 100 200 299.86 399.43 498.9

t=600 t=700 t=800 t=900 t=1000
dHP (Xt, X0) HP Random Process 592.36 673.45 739.72 793.84 831.59
dHP (Xt, X0) IRT Random Process 592.4 672.88 737.68 790.12 830.56
dDCJ(Xt, X0) Translocation Random Process 592.28 674.13 741.05 794.21 836.92

Table 4.7: The average data obtained from simulating HP, IRT and translo-
cation Models of Evolution starting from the identity multichromosomal
genome with 3 linear chromosomes of size 250, 350 and 400, based on 50
runs.
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t
t

Figure 4.6: Simulation for HP model illustrating parsimony binding up to
time cn, for c ≈ 0.5. The average HP distance estimates are based on 50
runs. The ancestral genome contains 1000 genes in 3 linear chromosomes of
size 250, 350 and 400.

t

Figure 4.7: Simulation for IRT model illustrating parsimony binding up to
time cn, for c ≈ 0.5. The average HP distance estimates are based on 50
runs. The ancestral genome contains 1000 genes in 3 linear chromosomes of
size 250, 350 and 400.
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t

Figure 4.8: Simulation for translocation model illustrating parsimony binding
up to time cn, for c ≈ 0.5. The average DCJ distance estimates are based on
50 runs. The ancestral genome contains 1000 genes in 3 linear chromosomes
of size 250, 350 and 400.
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Abstract

Motivation: When gene duplication occurs, one of the copies may become free of selective pres-
sure and evolve at an accelerated pace. This has important consequences on the prediction of
orthology relationships, since two orthologous genes separated by divergence after duplication
may differ in both sequence and function. In this work, we make the distinction between the
primary orthologs, which have not been affected by accelerated mutation rates on their evolution-
ary path, and the secondary orthologs, which have. Similarity-based prediction methods will tend
to miss secondary orthologs, whereas phylogeny-based methods cannot separate primary and
secondary orthologs. However, both types of orthology have applications in important areas such
as gene function prediction and phylogenetic reconstruction, motivating the need for methods that
can distinguish the two types.
Results: We formalize the notion of divergence after duplication and provide a theoretical basis for the
inference of primary and secondary orthologs. We then put these ideas to practice with the Hybrid
Prediction of Paralogs and Orthologs (HyPPO) framework, which combines ideas from both similarity
and phylogeny approaches. We apply our method to simulated and empirical datasets and show that
we achieve superior accuracy in predicting primary orthologs, secondary orthologs and paralogs.
Availability and implementation: HyPPO is a modular framework with a core developed in Python
and is provided with a variety of Cþþmodules. The source code is available at https://github.com/
manuellafond/HyPPO.
Contact: mlafond2@uOttawa.ca
Supplementary information: Supplementary data are available at Bioinformatics online.

1 Introduction

During the course of evolution, speciation and duplication create

pairs of homologous genes, which can be classified into two cate-

gories. Two genes are orthologs if they descend from an ancestral

gene that has undergone speciation and paralogs if they result from

duplication. Distinguishing orthologs from paralogs is of consider-

able importance in biology, owing to their functional and evolu-

tionary implications (Gabaldón and Koonin, 2013; Koonin, 2005).

Notably, the well-known ‘orthologs conjecture’ states that ortho-

logs tend to perform similar functions, in contrast with paralogs,

which tend to diverge in their functional role. The reasoning

underlying this conjecture is that when a gene creates a copy in

the same genome, then this genome has two genes that are able to

perform the same function. Hence, one of these copies may

become free of selective pressure, resulting in a higher rate of

mutations and facilitating a possible change in functionality. We

refer the reader to (Altenhoff et al., 2012; Chen and Zhang, 2012;

Nehrt et al., 2011; Studer and Robinson-Rechavi, 2009; Thomas

et al., 2012) for some recent developments on this conjecture.

The two traditional methods to predict orthology relations are

similarity- and phylogeny-based (see Altenhoff and Dessimoz, 2012;

Kristensen et al., 2011 for a survey). Similarity-based methods aim to

partition the set of genes into ‘groups’ of orthologs under the assump-

tion that genes that share similar sequences are orthologous. The pre-

cise notion of a group depends on the particular method used, since in

some cases, these groups include multiple genes from the same species

(e.g. recent paralogs). For instance in OrthoMCL (Li et al., 2003),

Markov clustering is used to identify groups of orthologs and close

paralogs. A similar idea is implemented in Proteinortho using spectral

clustering techniques (Lechner et al., 2011). The OMA software is

somewhat more stringent and aims to find cliques of pairwise ortholo-

gous genes (Roth et al., 2008). This was extended in later versions

with the addition of the GETHOGS algorithm (Altenhoff et al., 2013;

Train et al., 2017). The program is able to potentially find all
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This is an Open Access article distributed under the terms of the Creative Commons Attribution Non-Commercial License (http://creativecommons.org/licenses/by-nc/4.0/),

which permits non-commercial re-use, distribution, and reproduction in any medium, provided the original work is properly cited. For commercial re-use, please contact

journals.permissions@oup.com

Bioinformatics, 34, 2018, i366–i375

doi: 10.1093/bioinformatics/bty242

ISMB 2018

92



orthologous gene pairs by grouping genes into hierarchical ortholo-

gous groups (HOGs), which are the orthologs that belong to a set of

species within a given taxonomic range. Some other similarity-based

grouping methods and databases include COG (Tatusov et al., 2003),

EggNOG (Powell et al., 2012), InParanoid (O’Brien et al., 2004) and

OrthoFinder (Emms and Kelly, 2015). The OMG approach (Zheng

et al., 2011) identifies sets of pairwise orthogonal genes from a hom-

ology graph inferred from synteny.

On the other hand, phylogeny-based methods do not attempt in

the first instance to group genes together but rather aim to identify

orthologs by inferring the lowest common ancestor (lca) relation-

ships between genes directly. This can be done by inferring a gene

tree and identifying its speciation and duplication events using

reconciliation with a species tree (Stolzer et al., 2012; Ullah et al.,

2015). This approach is however sensitive to errors in the gene tree

and the species tree. Methods of this type include notably LOFT

(Van der Heijden et al., 2007) and COCO-CL (Jothi et al., 2006).

Recently, a number of methods exploit a fundamental property of

orthology graphs, in which vertices are genes and edges depict

orthology: a graph G is a valid orthology graph if and only if it is

P4-free (Dondi et al., 2017a; Dondi et al., 2017b; Hernandez-

Rosales et al., 2012; Hellmuth et al., 2013; Hellmuth et al., 2015;

Jones et al., 2016; Lafond and El-Mabrouk, 2014; Lafond et al.,

2016), i.e. G has no path on four vertices without a shortcut. The es-

sential reason underlying this characterization is that P4-free graphs

have a special tree representation called a co-tree, which turns out to

be interpretable as a gene tree that depicts all the lca relationships

prescribed by G. These methods usually construct an approximate

putative orthology graph and perform a minimum number of modi-

fications on the graph so that it becomes P4-free.

The output from similarity- and phylogeny-based methods can be

different, as some orthologies may be irrelevant from the perspective

of grouping genes with similar functions, but will be inferred by

phylogenetic methods. Consider the example of Figure 1. The node x

represents an ancestral duplication event in which neofunctionaliza-

tion hypothetically occurred, where one copy (here the left child of x)

retains its original functionality, whereas the other copy (the right

child of x) diverges and starts accumulating mutations at a higher

rate. As a result of this event, the a and b genes remain similar, as no

major divergence event separates the two. However, a and c will have

differentiated significantly, even though the two genes are ortholo-

gous (since their lca is a speciation). Consequently, similarity-based

methods are unlikely to mark a and c as orthologs, as the two genes

do not share sequence similarity. From the point of view of functional

annotation, this is not problematic, since the a, c orthology pair essen-

tially behave as paralogs and may differ in function.

This raises the question as to which type of inference is the most

relevant: should we focus on the groups of similar orthologs, or do we

need all the orthologs? Ideally, both types of orthologies should be

predicted, since similarity groups are useful for function-related appli-

cations (Doyle et al., 2010), while the complete set of pairwise relations

is useful for phylogenetic reconstructions (Hellmuth et al., 2015).

Of course, post-duplication phenomena other than neofunction-

alization as described above can arise. For instance, bifunctionaliza-

tion occurs when both copies preserve the parental function without

diverging, and subfunctionalization occurs when the functions of

the common ancestor are partitioned among the descending paral-

ogs (Zhang, 2003), in which case it is possible for both copies to

undergo a new rate of mutations. Nevertheless, the phenomenon of

a single copy undergoing functional change has been reported to

occur frequently (Cardoso-Moreira et al., 2016; Jordan et al., 2004;

Lynch and Conery, 2000; Woods et al., 2013; Soria et al., 2014), as

duplication models other than neofunctionalization, for instance,

adaptive radiation or modified duplication, also predict this type of

divergence after duplication. We redirect the reader to (Innan and

Kondrashov, 2010; Table 1) for more details.

In this work, we are interested in how the task of predicting

orthology is affected when divergence after duplication does occur.

We propose an orthology prediction framework that makes the dis-

tinction between the primary orthologs, the orthologous gene pairs

that have not been separated by an event of duplication followed by

an increased rate of mutation, and the secondary orthologs, which

consist of the pairs of orthologs that have had at least one such event

along their evolutionary path. For example in Figure 1, {a, b} are pri-

mary orthologs, whereas {a, c} are secondary orthologs. Note that

the relevance of making this distinction was also discussed by

Swenson and El-Mabrouk (2012), where the primary orthologs are

called isoorthologs. Also observe that this categorization is different

from the co-orthology relationship, which is usually defined with

respect to a given node of a gene tree. We formalize this notion of

primary orthology and show that they must form cliques in the

orthology graph, thereby providing a formal justification of the clus-

tering steps often performed by orthology prediction methods.

Our algorithmic framework is a hybrid approach that makes use

of both similarity clustering and phylogenetic reconstruction. More

specifically, we use exact graph partitioning techniques to find the

primary orthologs, construct a species tree from the orthology clus-

ters found and use this species tree to obtain the secondary ortho-

logs. The method also puts to practical use the theory of P4-free

orthology graphs developed recently. The framework, which we call

Hybrid Prediction of Paralogs and Orthologs (HyPPO), is imple-

mented as a fully modular pipeline in which each task can have its

own independent implementation.

We evaluate HyPPO on both simulated and real empirical

datasets. We compare our method with OrthoMCL and OMA-

GETHOGS—to the best of our knowledge, the latter is the only

other program that can distinguish primary and secondary ortho-

logs. We show that HyPPO achieves superior accuracy in the set of

predicted pairwise relations and is better at finding the primary

orthology clusters. Table 1 presents a summary of our results.

a b c

b a c

b a c

Orthology graph

Similarity graph

x

Fig. 1. An example of gene tree for the gene family {a, b, c}, along with the

underlying orthology and similarity graphs. The root of the tree is a speci-

ation, the square is a duplication, and the wiggly edge represents an event of

divergence after duplication. The gene pairs ab and ac are orthologs.

However, a and c will not appear as ‘similar’, as there was a significant diver-

gence event on their evolutionary path

Table 1. Average accuracy, precision, recall and cluster scores,
taken over the set of all simulated gene trees (see the Results sec-
tion for the definitions)

Accuracy Precision Recall Cluster score

HyPPO 0.940 0.911 0.875 0.915

HyPPO þ Species tree 0.949 0.924 0.905 0.915

OMA-GETHOGS 0.877 0.940 0.699 0.831

OrthoMCL 0.812 0.845 0.496 0.690
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2 Materials and methods

In this section, we first introduce the preliminary notions necessary

for the understanding of this paper. We then formalize the notion of

divergence after duplication in gene trees and its consequences on

distinguishing primary and secondary orthologs. We then present

the main algorithmic components of the HyPPO framework. Note

that due to space constraints, most of the proofs are relegated to the

Supplementary Material.

2.1 Preliminary notions
In this paper, every tree T is assumed to be rooted and binary, i.e.

each internal node has two children, and each node v has a unique

parent p(v), with the exception of the root, denoted r(T), which has

no parent. The set of vertices of T is denoted by V(T) and its set of

leaves by L(T). A node u of T is an ancestor of a node v if u is on the

path from v to r(T). Then v is a descendant of u, in which case we

write v"u. If v 6¼ u, we write v<u. If none of v"u nor u" v holds,

then u and v are incomparable, and we write u ! v. The least

common ancestor of a set of leaves X $ LðTÞ, denoted lcaTðXÞ, is

the node u of T that is the ancestor of every node in X, and that

is the most distant from the root. For convenience, we may write

lcaTða;bÞ instead of lcaTðfa; bgÞ. For a graph G, a clique is a set of

vertices of G in which each pair shares an edge. A Pk is a path on k

vertices with no chord.

A gene family C is a set of genes related by homology. A gene

tree for C is a tree T in which LðTÞ ¼ C. Likewise, if R is a set of

species, a species tree for R is a tree S satisfying LðSÞ ¼ R. Each gene

g 2 C belongs to a species denoted rðgÞ. If X $ C is a set of genes,

then we write rðXÞ ¼ frðgÞ : g 2 Xg.
A DS-tree ðT; ‘Þ is a pair in which T is a gene tree, and ‘ : VðTÞn

LðTÞ! fD; Sg is a function labeling internal nodes by either D or S,

respectively standing for duplication and speciation. We will often

omit mentioning ‘ explicitly and say that T is a DS-tree with the

understanding that its internal nodes are labeled by ‘. Given a

species tree S, we map each node of T to a node of S with the

lca-mapping s : VðTÞ! VðSÞ defined as follows: if g 2 LðTÞ,
then sðgÞ ¼ rðgÞ, and otherwise sðgÞ ¼ lcaSðfrðlÞ : l 2 LðTÞ and

l " ggÞ. By a slight abuse of notation, if C $ C, we denote

sðCÞ ¼ lcaSðrðCÞÞ. Note that s depends on the species tree S. In case

of ambiguity, we may write s(g, S) or s(C, S) to denote the lca-

mapping with respect to S. An example of lca-mapping is presented

in Figure 3.

We use the definition of Fitch (2000) for orthology and paralogy.

Definition 1. With respect to a DS-tree T, two genes a and b are

orthologs if ‘ðlcaTða; bÞÞ ¼ S, and paralogs if ‘ðlcaTða;bÞÞ ¼ D.

An orthology graph G ¼ ðV;EÞ is a graph in which V is a set of

genes and uv 2 E if and only if u and v are orthologs. An orthology

cluster C is a set of genes that are pairwise orthologous. In particu-

lar, C may contain at most one gene from any given species.

2.2 Orthology and divergence after duplication
As mentioned in the Section 1, duplication may introduce divergence

when one of the child copies is redundant. In this section, our goal is

to investigate the implications of this phenomenon on the structure

of orthology relations. That is, if divergence after duplication

occurs, what are the orthologs that are expected to be recovered

using similarity-based methods? Or using phylogeny-based meth-

ods? We present the tools that we will use to devise methods tailored

for this type of evolution. As we will demonstrate in the Section 3,

the methodology developed here can also be used in case that diver-

gence after duplication does not always occur, or even when if it

does not happen at all.

We formalize divergence after duplication as follows. Let T be a

DS-tree. Suppose that for each D node v of T, v has one child v1 that

evolved at a normal rate and another child v2 that underwent an

accelerated pace of evolutionary changes. We will say that the vv2

edge is a divergent duplication edge. Now, we will assume that if,

for two leaves g1 and g2 of L(T), there is a divergent duplication

edge on the path between g1 and g2, then g1 and g2 will be consid-

ered ‘not similar’. Conversely, we will assume that if there is no such

edge on the path between g1 and g2, then no unexpected differenti-

ation between g1 and g2 will be observed, and thus g1 and g2 will be

considered ‘similar’.

Note that here, we have not defined ‘similarity’ in a quantita-

tive manner. For our purposes, we prefer to leave this notion ab-

stract, and we will assume that divergence after duplication leaves

behind some traces that can be used to detect similarity versus

non-similarity (for instance, one could compare the sequence of a

gene to all its homologs in a given species). This is because our

goal is to evaluate the consequences of divergence in the orthology

inference process, and not necessarily to detect such divergence.

We thus prefer to keep the notion of similarity as general as pos-

sible. We do note however that in the future, further investigation

will be needed to establish concrete methods to recognize

similarity.

We now introduce divergence after duplication (DAD)-trees.

Definition 2. A DAD-tree T for C is a DS-tree for C in which each

D node v has exactly one child v0 such that the edge vv0 is marked as

divergent, and the other edges of T are marked as non-divergent.

Two genes g1; g2 2 LðTÞ are called similar if there is no divergent

edge on the path between g1 and g2 in T. Otherwise, g1 and g2 are

called non-similar.

It then becomes quite easy to characterize similarity graphs,

using the above notion of ‘similarity’.

Proposition 3. Let G be the graph in which VðGÞ ¼ C, and two

genes share an edge if and only if they are similar with respect to a

DAD-tree T. Then each connected component of G is a clique.

Therefore, unlike orthology, this notion of similarity is a transi-

tive relation. Proposition 3 then tells us precisely what we should ex-

pect from similarity graphs when divergence after duplication

always occurs: we should obtain cliques of genes. Moreover, the

genes in these cliques are pairwise orthologous, as two paralogous

genes cannot appear as ‘similar’ under the above definition. Hence,

the primary orthologs resulting from a DAD-tree form the cliques in

the similarity graph. For this reason, we may sometimes call orthol-

ogy clusters the cliques of primary orthologs. This motivates the first

essential step of our orthology prediction framework, which is to

transform the similarity graph into a cluster graph. However, this

will only identify a subset of all orthologies, as there may be inter-

cluster orthologies.

One idea might be to infer orthology between the ‘closest’ inter-

cluster genes. However, this may introduce invalid relations or

inconsistencies. Here, as by Hellmuth et al., (2015) and Lafond

et al. (2016), we take the viewpoint that for a set of relations to be

correct, there must be an evolutionary scenario that could have

given rise to the observed relations. In other words, there should

exist a DS-tree that displays the inferred orthologies, and the speci-

ation nodes on this DS-tree should agree with the species history.
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This notion of agreement with a species tree is defined as in (Jones

et al., 2016; Lafond and El-Mabrouk, 2014).

Definition 4. Let T be a DS-tree and S be a species tree. Moreover,

let v 2 VðTÞnLðTÞ be an S node of T, and let v1 and v2 be its chil-

dren. Then we say that v is S-consistent if sðvÞ 6¼ sðv1Þ and

sðvÞ 6¼ sðv2Þ.

Furthermore, we say that T is S-consistent if each of its S nodes

is S-consistent.

In the context of our work, the tree T is usually unknown, and

only the orthology graph G is known. We use the existence/

non-existence of a tree T corresponding to the relations in G to val-

idate the orthology graph.

Definition 5. An orthology graph G is S-consistent if there exists a

DS-tree T such that the two following conditions hold:

1. ab 2 EðGÞ if and only if a and b are orthologs in T;

2. T is S-consistent.

The property of S-consistency has been investigated in depth in

the recent years and admits a convenient graph-theoretical charac-

terization. First, we need to define a triplet. Let T be a tree, and let

x; y; z 2 LðTÞ be three distinct leaves. We say that T contains the

triplet xyjz if lcaTðx; yÞ < lcaTðx; zÞ ¼ lcaTðy; zÞ.

THEOREM 6. An orthology graph G is S-consistent if and only if

the two following conditions hold (Lafond and El-Mabrouk (2014):

1. G is P4-free, i.e. has no path on four vertices without a chord;

2. for every x; y; z 2 VðGÞ such that rðxÞ; rðyÞ and rðzÞ are

distinct and such that xy; yz 2 EðGÞ but xz 62 EðGÞ, we have

that rðxÞrðzÞjrðyÞ is a triplet of S.

Therefore, S-consistent graphs can be characterized by the ab-

sence of P4’s and a set of forbidden P3’s given by the structure of the

species tree. Given the set of primary orthology clusters, our goal is

to infer the inter-cluster orthologs in a way that the resulting rela-

tions could be generated from a DAD-tree in a S-consistent manner.

2.3 The HyPPO orthology framework
We may now describe the main ingredients of our orthology infer-

ence framework. The flow of the pipeline is illustrated in Figure 2.

Starting only from the DNA or amino acid sequences of a given set

of genes (or proteins), our ultimate goal is to identify the cliques of

primary orthologs, and the orthology relations between these cli-

ques. Recall that this framework is modular, and that an implemen-

tation can be provided for each step individually. We first provide

an outline of the tasks that each step must perform and then proceed

with the algorithmic details of how steps 2–4 were realized in the de-

fault implementation of our framework.

Step 1. We start by building a tentative similarity graph, in which

two genes share an edge if they are ‘similar’. The pairwise similarity

scores between the genes are typically used for this step. For in-

stance, the graph may contain an edge xy iff the BLAST score be-

tween x and y is above a certain threshold. The edges can also be

weighted by this score.

Step 2. As stated in Proposition 3, we expect the above similarity

graph to contain only cliques. In practice, this might of course

not always be the case and so in this step, we partition the graph

into cliques of pairwise orthologous genes, which are assumed to be

primary orthologs. Note that virtually every similarity-based infer-

ence method performs this task, although it should be observed that

our requirement of pairwise orthology is strict, and no in-paralogs

are allowed in the inferred groups.

Step 3. In order to obtain the inter-cluster relations in a S-consist-

ent manner, a species tree S is needed. If known, this step can be

omitted, but otherwise, a species tree can be inferred from the

orthology clusters. Indeed, as we will show, some phylogenetic sig-

nal can be extracted from these clusters.

Note that in Figure 2, step 3 points back to step 2. This is be-

cause the framework allows reinferring the orthology clusters, but

this time with the additional information of the species tree. The

new clusters can then be used to reinfer the species tree, and this pro-

cess can be looped until convergence. Although our framework sup-

ports such a loop, we did not use it in our experimentations and

leave this exploration for future work.

Step 4. In this final step, we assume that the orthology clusters

and the species tree are known, but the orthologous gene pairs con-

taining genes from distinct clusters are missing. Our goal is to re-

cover these inter-cluster relations in a way to ensure S-consistency

while preserving the properties of a DAD-tree. That is, we assume

that in their history, two genes from two distinct clusters are sepa-

rated by a divergent duplication edge, and that the predicted orthol-

ogy relations can be explained by this type of history.

In the rest of this section, we describe how steps 2, 3 and 4 were

implemented in HyPPO.

2.3.1 Prediction of orthology clusters

As partitioning a graph into cliques is a difficult algorithmic prob-

lem, most of the orthology prediction methods that perform cluster-

ing use a heuristic in order to deal with thousands, or even millions,

of genes. In our case, we assume that genes are partitioned into fami-

lies, which do not usually exceed a few hundred genes. In some

Fig. 2. The four essential steps of the HyPPO pipeline. First, a similarity graph is constructed from the gene sequences. This graph is refined into orthology clus-

ters, which are cliques of primary orthologs. These clusters are used to infer a species tree, which is then used to find the secondary orthologs (which we also

call inter-cluster orthologs)
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cases, this makes it possible to use exact algorithms instead of heu-

ristics. In fact, we provide two implementations for gene clustering:

an exact method and a greedy heuristic. The exact method can be

used on gene families with a reasonable number of genes (up to 200)

and the heuristic for the other families.

The exact algorithm solves the cluster editing problem, which

asks for the minimum number of edges to add or delete in a given

graph so that every connected component of the resulting graph is a

clique. We used the BBH graph, in which vertices are genes and

edges are bidirectional best hits (BBH), where two genes x, y form a

BBH if y is the gene of rðyÞ of maximum score with x, and vice-

versa. The cluster editing problem is well-studied, and there are mul-

tiple methods that can find an optimal solution in an acceptable

amount of time, including integer linear programming (ILP) formu-

lations (Böcker et al., 2011; Hartung and Hoos, 2015) and fixed-

parameter algorithms (Böcker et al., 2009). We used the ILP method

(see Böcker et al. 2011 for details), ensuring that genes a and b from

the same species would never belong to the same cluster by making

the cost of adding the ab edge infinite.

The greedy heuristic proceeds in an agglomerative fashion using

the pairwise scores. This can be seen as an adaptation of UPGMA

with the restriction that clusters with a common species can

never be joined. More precisely, at the start, we treat each individual

gene as a cluster. Then, we merge the two clusters C1 and C2 if rðC1

Þ \ rðC2Þ ¼1 and if they maximize maxa2C1 ;b2C2
scoreða;bÞ (i.e. C1

and C2 have the two closest genes among all possible pairs of clus-

ters). The algorithm stops when no more clusters can be merged.

Note that we also tested other join criteria, for instance, joining the

two clusters that minimize the average distance as in UPGMA, but

the above algorithm yielded the best results.

2.3.2 Inference of a species tree from orthology clusters

We now show how orthology clusters may guide the construction

of a species tree. In order to avoid confusion between species

and clusters, we shall denote species with a hat symbol, e.g. bC is a

species. Consider the example provided in Figure 3. Here, the set

of species rðC1Þ appearing in cluster C1 forms a subset of the spe-

cies rðC2Þ from cluster C2. This suggests that C1 was given birth

somewhere during the evolution of the C2 cluster. Moreover, the

duplication that gave rise to C1 should have occurred in a species

that existed at least as far back in time as the lca of rðC1Þ in the

true species tree S. This means that in the true gene tree for

C1 [ C2, the duplication node d must satisfy sðdÞ ' sðC1Þ (where

here s is with respect to the true species tree S). We argue that this

suggests that the true species tree S contains the clade f bA; bB; bCg,
meaning that some node u of S has exactly bA; bB and bC as its des-

cendant leaves.

To justify this claim, observe that some species trees may re-

quire losses to explain the clusters, in a way that is analogous to

gene tree and species tree reconciliation (see Doyon et al. 2011 for

more details on this topic). Consider the two species tree S1 and

S2 from Figure 3. If S1 is the true species tree and d is the duplica-

tion node that gave birth to the C1 cluster, then

sðd; S1Þ ' sðC1; S1Þ ¼ x, as argued in the previous paragraph. T1 is

an example of an S1-consistent DAD-tree that satisfies this condi-

tion. If S2 is the true species tree, then T1 does not meet this re-

quirement anymore. The tree T2 does satisfy

sðd; S2Þ ' sðC1; S2Þ ¼ y0. However, sðC1; S2Þ has bA; bB; bC; bD and bE
as its descendants, but bD and bE do not appear in C1. This can be

explained by a gene loss prior to the ancestor of bD and bE, result-

ing in a loss in the f bD; bEg clade. The tree T1 does not require a

loss to be explained, and therefore its corresponding species tree

is preferred. Observe that any species tree that contains the f bA; bB;
bCg clade leads to a loss-less history, suggesting that this clade

should be in the species tree.

Of course, the situation gets more difficult when rðC1Þ is not a

subset of rðC2Þ, or when there are more than two clusters. Below,

we formalize the problem of reconstructing a species tree from for

an arbitrary set of clusters while minimizing losses.

Let C be an orthology cluster. For convenience, we will make no

distinction between C and its set of species rðCÞ, as this has no bear-

ing on the inference procedure. For a species tree S and x 2 VðSÞ, the

clade of x is defined as cladeðxÞ ¼ fl 2 LðSÞ : l is a descendant of xg.
The set of clades of S is cladesðSÞ ¼ fcladeðxÞ : x 2 VðSÞg. For a given

cluster C, let SC be the subtree of S rooted at lcaSðCÞ. The number

of losses of C with respect to S, denoted lSðCÞ, is defined as the

minimum number of clades to remove from cladesðSCÞ so that the

union of the remaining clades is exactly C. Another way to view lSðCÞ
is as follows. Call a non-root node v of SC maximal C-free if

cladeðvÞ \ C ¼1 but cladeðpðvÞÞ \ C 6¼1. Then lSðCÞ is the num-

ber of maximal C-free nodes in SC. As an example, the reader can ver-

ify in Figure 3 that lS2 ðC1Þ ¼ 1 and lS2 ðC2Þ ¼ 0. We may now

formally define our species tree reconstruction problem.

The species tree using clusters (STUC) problem:

Given: a set of orthology clusters C ¼ fC1; . . . ;Ckg.
Find: a species tree S that minimizes

Pk
i¼1 lSðCiÞ.

Denote by OPTðC Þ the minimum number of losses of a species

tree for the STUC instance C . Note that C might not be sufficient

to determine the complete species tree exactly, as in Figure 3 where

any species tree containing the f bA; bB; bCg clade is optimal.

However, the more clusters there are, the more precisely S can be

inferred.

We do not know whether the STUC problem is NP-hard, al-

though we suspect that is it. Nevertheless, we borrow ideas from

(Mirarab et al., 2014) in order to limit the space of possible species

trees to those containing a predefined set of splits. For X ( R, a split

{A, B} for X is a partition of X into two non-empty subsets. We say

that S contains the split {A, B} if there is a node v with children v1,

v2 such that A ¼ cladeðv1Þ and B ¼ cladeðv2Þ. Suppose that we are

given a set of allowable splits A ¼ fAi;Bigr
i¼1, where for each i, Ai

and Bi are disjoint subsets of R. Then we may ask for a species tree S

that solves the STUC problem under the condition that every split

Fig. 3. Two orthology clusters C1 and C2, and two putative species trees S1

and S2. The genes are named according to their species, e.g. rða1Þ ¼ bA. Each

internal node u of T1 (respectively, T2) is labeled by its lca-mapping sðu;S1Þ
(resp. sðu;S2Þ). The tree T1 is the DAD-tree that could have given rise to C1

and C2 if S1 was the true species tree, assuming that C1 was born during the

history of the C2 genes. T2 is the DAD-tree for C1 and C2 under the assumption

that S2 is the true species tree. In the case of T2, a loss in the clade fbD ; bE g is

required to explain the birth of the C1 cluster at a time prior to

lcaS2 ðrðC1ÞÞ ¼ y 0
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contained in S appears in A. In the Supplementary Material, we

show that this restricted version can be solved in polynomial time by

dynamic programming, and then we discuss how a reasonable set A
can be constructed.

THEOREM 7. The STUC problem with species trees restricted to

the allowable splits A can be solved in time OðjAj2jC jjRjÞ.

2.3.3 Inference of inter-cluster orthology relations

In this final step, we assume that the orthology clusters C and the

species tree S are known, but the orthologous gene pairs containing

genes from distinct clusters are missing. Our goal is to recover these

inter-cluster relations in a way to ensure S-consistency while preserv-

ing the properties of evolution under divergence after duplication.

Note that unlike the last section, here we do not confound a cluster

C and its set of species rðCÞ.
Consider the orthology clusters C1 and C2 in Figure 3. As we

have argued in the previous section, the ancestral gene of C1 was

born off a duplication node d satisfying sðdÞ ' sðC1Þ. One implica-

tion of this is that if rðg2Þ < sðC1Þ, where g2 2 C2, then it is not be

possible for a gene of C1 to be orthologous to g2. As an example,

take the gene a2 2 C2 in Figure 3 and assume that S1 and T1 are the

true species tree and gene tree, respectively. We have rða2Þ < sðC1Þ,
and so a2 is orthologous with no gene of C1. However, this is not

true for d2 2 C2, for example, because d2 is a secondary ortholog

with all of C1. This is because rðd2Þ! sðC1Þ.
In our implementation, when inferring inter-cluster relations be-

tween C1 and C2, we simply make as many pairs of genes ortholo-

gous whilst preserving S-consistency. As earlier, we also require that

if rðg1Þ < sðC2Þ, then g1 is paralogous to all the genes in C2 (and

vice-versa). This results in Algorithm 1. This works as described

above in the case of k¼2 clusters. For larger k, we merge the clus-

ters iteratively in a greedy manner.

More specifically, we first pick the cluster C for which s(C) is the

the lowest in the species tree, breaking ties arbitrarily. We then ask:

what other cluster Cj could have spawned the C cluster? We call Cj

the favorite cluster of C and assume that we are given a function fav

ðC;C Þ that finds the favorite cluster of C among a set of clusters C .

We then merge C with Cj by making all possible orthologies - name-

ly, we make cj 2 Cj orthologous to every gene of C iff rðcjÞ! sðCÞ.
Afterwards, Cj is redefined as Cj [ C, C is emptied and we proceed

with the next cluster. We show that Algorithm 1 preserves S-consist-

ency as desired.

THEOREM 8. The orthology graph obtained from Algorithm 1 is

S-consistent.

In our implementation, we used the following simple fav func-

tion: for each x 2 C, find the gene y 2 CnC of maximum score. Then

x votes for the cluster that contains y. The favorite cluster of C is

then the one with the highest number of votes. Only the members of

the genes initially in C, as given in the input, are allowed to vote.

3 Results

We compare the default implementation of the HyPPO pipeline

with two other orthology prediction methods: OMA-GETHOGS

and OrthoMCL. To our knowledge, OMA-GETHOGS is the

method that is the most similar to ours, as it outputs both the 1-to-1

orthology groups, and the pairwise orthology relations. The groups

can be interpreted as the primary orthologs. As for OrthoMCL, it is

a similarity-based clustering method that focuses on grouping ortho-

logs, and so it is not expected to find all the secondary orthologs.

Nevertheless, we include it for the sake of comparison, as

OrthoMCL is one of the most popular orthology prediction tools.

HyPPO was tested under two settings: one in which the species tree

is unknown, and the other in which the true simulated species tree is

provided. OMA-GETHOGS was provided the true species tree in all

experiments. (The program does not require a species tree as input,

but OMA-GETHOGS produced an error message when not given

one—for reasons that are yet to be determined. Nevertheless, better

results are expected when the true species tree is known.)

We performed our experiments on both simulated and real em-

pirical datasets. In the simulated datasets, the true orthologs and the

primary orthologs are known. This is not true for the real datasets.

As in the study by Altenhoff et al. (2013), we used a set of gold

standard, manually curated, gene trees from the SwissTree database

(Wapinski et al., 2007). These trees are annotated with duplication

and speciation events, and so the underlying orthology/paralogy

relations can be considered as ‘gold standard’ relations. We did not,

however, include the analysis of the primary vs secondary orthologs,

as those are not determined in the real datasets. Note that in both

simulated and real datasets, the genes were already separated into

homologous families. All the programs were executed on the sepa-

rated gene families, thereby avoiding predictions between non-

homologous genes. For HyPPO, the sequences were aligned with

MAFFT (Katoh et al., 2002), and the similarity values for the first

step were obtained from the pairwise identity percentages computed

from these alignments (number of identical base pairs divided by the

length of the longest sequence, not counting gaps).

3.1 Performance metrics
In our experiments, we address two questions: is the set of all pair-

wise relations predicted correct? And, can the method distinguish

the primary orthologs from the secondary orthologs? For the pair-

wise relations, we used precision, recall and accuracy as our per-

formance metrics. The precision Prec and recall Rec values are

calculated from the orthology relations as follows: Prec ¼ TP
TPþFP and

Rec ¼ TP
TPþFN. Here, TP means True Positive (the number of relations

correctly predicted as orthology), FP means False Positive (a paral-

ogy relation incorrectly predicted as orthology) and FN means False

Negative (an orthology relation left undetermined or predicted as

paralogy). As for accuracy, it consists in the total number of rela-

tions predicted correctly (including both orthologs and paralogs)

divided by
n
2

! "
, the total number of relations. (Note that

Algorithm 1 Algorithm to infer inter-cluster orthologs.

1: procedure inferInterClusters(G; S;C ¼ fC1; . . . ;Ckg; fav) G

is the initial orthology graph, S is the species tree, C is the

set of clusters, and fav is a function that finds favorites.

We assume that in G, two vertices share an edge iff they

belong to the same cluster. The output is an orthology

graph obtained from G.

2: while C has at least two non-empty clusters do

3: Let C 2 C such that sðCÞ " sðCiÞ or sðCÞ!sðCiÞ
holds for every Ci 2 C

4: Let Cj ¼ favðC;C Þ.
5: for gj 2 Cj such that rðgjÞ!sðCÞ do

6: Add an edge in G between gj and every

vertex in C.

7: Cj  Cj [ C and C 1
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Ortho-MCL does not predict paralogs, aside from the recent ones.

In our computation of accuracy, we interpreted as paralogy the set

relations not predicted as orthology—otherwise, leaving these rela-

tions as undetermined made the accuracy too low for comparison.)

In the simulated datasets containing divergent duplication edges,

we also evaluated the ability to recover the primary orthologs. The

metric we used is the cluster score defined as follows: let P1 and P2

be two partitions of a given set of elements. Here, P1 would be the

predicted primary orthologs, and P2 the ‘true’ simulated primary

orthologs. Take a graph in which the vertices are P1 [ P2 (i.e. one

vertex for each subset), add an edge X1X2 between each pair

X1 2 P1;X2 2 P2 and weigh this edge by jX1 \X2j. Then the cluster

score between P1 and P2 is the value of a maximum matching in this

graph, divided by the number of genes. Hence the cluster score is 1

iff P1 and P2 are equal. The idea behind this score is that this value

yields the proportion of elements from P1 that must be moved from

one set to another in order to obtain P2 (if the score is c, then a frac-

tion of 1) c elements from P1 need to be moved).

3.2 Simulated datasets
For our simulations, we used SimPhy (Mallo et al., 2016) to gener-

ate a set of species trees along with a set of gene trees evolving with-

in these species trees. As SimPhy incorporates speciation and

duplication events in its simulations, the true sets of orthologs and

paralogs are known. We generated 40 species trees and 400 gene

trees—10 gene families for each species tree. The number of species

in each species tree was chosen uniformly at random between 30

and 50. The gene trees were subject to the events of speciation, du-

plication and losses. We then used the INDELiBLE (Fletcher and

Yang, 2009) module provided with SimPhy to simulate the evolu-

tion of gene sequences on each gene tree. The nucleotide evolution-

ary model was selected at random for each gene family, each

evolving under a general-time reversible (GTR) model with rates

sampled from a six-dimensional Dirichlet distribution. The only in-

put to the programs was the set of extant gene sequences and, de-

pending on the method, the true simulated species tree.

In order to evaluate the impact of the rates of duplications, losses

and substitutions, we used four sets of parameters for the simula-

tions, yielding four datasets named as follows: Standard, Eventful,

Fast and Slow. Standard uses default parameters, Eventful has an

increased rate of duplications and losses, Fast has high mutation

rates and Slow has low mutation rates. For each dataset, 10 species

trees were generated. In both the Standard and Eventful datasets,

the tree-wide substitution rate was set to 0.000005 (the default value

in SimPhy). In the Default dataset, the duplication and loss rates

were set to 0.0000005 each and to 0.000001 in the Eventful dataset.

Higher duplication rates led to trees with too many genes in the trees

(averaging in the thousands, making our analysis too computation-

ally intensive) while lower values yielded gene trees with too few

paralogs. In the Fast dataset, the duplication/loss rates were set as in

the Standard setting, but the tree-wide substitution rate was

increased to 0.00005, In the Slow dataset, this parameter took value

0.0000005. The Fast dataset led to difficulties in alignments, due to

the presence of many substitutions and very large gaps, whereas the

Slow dataset had a small amount of substitutions, resulting in

sequences with fewer differences.

These simulations do not consider the phenomenon of diver-

gence after duplication. That is, the children of D nodes in the gener-

ated gene trees do not differentiate from each other, and both copies

continue to evolve under the same model. Therefore, we also simu-

lated divergent edges by choosing, for every D node in the simulated

gene trees, one child edge arbitrarily and multiplying its length by

some factor ‘. Thus for each gene tree and each ‘ 2 f1; 2; 8;50g, we

used INDELiBLE to generate a set of extant gene sequences

obtained by multiplying the length each divergent edge by ‘. Each

gene family gave rise to four sets of sequences, resulting in a total of

1600 gene families to analyze. In the cases where ‘ > 1, the primary

orthologs can be deduced from the divergent duplication edges.

The average accuracy, precision, recall and cluster scores, taken

over the 1600 simulated gene families, are presented in Table 1.

Figure 4 shows the average accuracy per gene family, for each data-

set and possible value of ‘. HyPPO outperforms the other methods

on every dataset, even when not given a species tree. Moreover, the

accuracy of HyPPO always improves when the true species tree is

known. We observe that the accuracy of OMA tends to decrease as

‘ is increased, whereas for HyPPO and OrthoMCL, the impact of

changing ‘ seems to vary.

Figure 5 shows the average cluster scores per dataset. Note that

the scores for the trees having multiplication factor ‘ ¼ 1 are not

presented, as in these cases the primary orthologs cannot be deter-

mined with certainty. Here again, we see that HyPPO is better at

identifying the primary orthologs. Observe that knowledge of the

species tree is inconsequential here, as the species tree does not im-

pact the gene clustering step in our pipeline. We also observe that

for all methods, the best cluster scores are achieved at ‘ ¼ 50, which

is expected since this creates a greater separation between the pri-

mary and secondary orthologs.

The comparison of precision and recall is shown in Figure 6 for

‘ ¼ 8. The other values of ‘ yielded similar results. One can see that

OMA typically attains better precision values. This is at the cost of a

much lower recall, as HyPPO outperforms the other methods in this

Fig. 4. Accuracy of the methods for each dataset and each branch multiplication factor ‘ 2 f1; 2; 8; 50g. STD stands for Standard and EV for Eventful
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aspect. Therefore, the orthologs predicted by OMA are truly ortho-

logs slightly more often, but the method tends to miss more of the

orthology relations.

3.3 Empirical datasets
We used eight gene trees from the gold standard SwissTree database.

This included the Popeye domain family (POP), the NOX ’ancestral-

type’ subfamily NADPH oxidases (NOX), the V-type ATPase beta

subunit (VATB), the Serine incorporator family (SERC), the

Sulfatase-modifying factor 1 family (SUMF), the HOX cluster genes

family 9-14 (HOX), the Asterix family (ARX) and the Cited family

(CITE). These gene families were chosen because they belong to

Eukaryotes and, according to the curators, are not suspected to have

undergone horizontal gene transfer.

Figure 7 shows the accuracy of each method for each gene tree.

Contrary to the simulated datasets, HyPPO does not outperform

OMA on every single dataset, as it performs poorly on the VATB

and SERC families. Notably, Ortho-MCL attains almost perfect ac-

curacy on the VATB family (0.96), whereas HyPPO is not much

more than half as accurate (0.59). The reason appears to be that

most gene pairs are orthologous (95.7%), since the duplications are

low in this tree. HyPPO infers multiple orthology clusters joined to-

gether by duplications, resulting in many false paralogs (we predict

47% pairs as orthologous), whereas OrthoMCL puts almost all the

genes into one big orthology cluster, making its predictions more

accurate. A similar phenomenon appears to occur with SERC.

Nevertheless, HyPPO achieves similar or superior accuracy on the

other trees, and so it remains competitive. Observe that as in the

simulations, when HyPPO is given the species tree (provided by

SwissTree), the accuracy increases.

As for precision and recall, the four methods attained similar

values. Once again, OMA offers slightly better precision at the cost

of lower recall. The averages over all eight trees are presented in

Table 2.

4 Discussion

Although the results of HyPPO are promising, there is still room for

improvements. Each step of the pipeline could be implemented in a

more sophisticated manner, and the DAD model around which

HyPPO is built could be more realistic. When a duplication node is

not followed by accelerated mutations, there is no special post-

duplication divergent edge, and it could be argued that the orthology

clusters should contain in-paralogs. In the future, we might thus

consider merging the clusters that are share a high enough degree of

similarity. We have also ignored the effects of convergent evolution,

even though it is possible that two independent divergent duplica-

tion events lead to similar genes. If this occurs, one cannot guarantee

that similar genes are orthologs, and that primary orthologs form

cliques.

On the practical side, we assume that the genes are already parti-

tioned into homologous families, which allow the computation of a

multiple sequence alignement and eases the clustering phase. Future

versions of the framework should be able to predict orthologs

and paralogs from whole proteomes, as OrthoMCL and OMA-

GETHOGS do. However, one could also argue that partitioning

genes into homologous families and predicting orthology are two

different tasks. The aforementioned programs perform both simul-

taneously. A better approach might be to use methods dedicated to

homology clustering and then refine the orthology/paralogy rela-

tions within each family using HyPPO.

Also, the reconstruction of a species tree from the clusters is the

main bottleneck of HyPPO in terms of time. To give a rough idea, in

the worst case, some datasets resulted in a set of about 3000 allow-

able splits, which took our algorithm 4–5 h to solve. This motivates

the need to improve the complexity of the dynamic programming

formulation given in this paper. Also, in the near future, we plan to

evaluate the quality of the predicted species tree. Note however that

our current algorithm may take many arbitrary decisions, and we

must refine this process before performing a careful species tree

analysis. Finally, it will be interesting to include a wider range of

orthology prediction software in a future comparative study and

to establish a procedure to analyze primary orthologs on real

Fig. 5. Cluster scores of the methods for each dataset and each branch multiplication factor ‘ 2 f2; 8; 50g

Fig. 6. Precision versus recall values of each method and each dataset for

‘ ¼ 8. Each method has four corresponding points, one for each dataset, and

are ordered as follows: Standard—Eventful—Fast - Slow. For example the se-

cond point of each path for the analysis of the Eventful dataset
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datasets—for instance, by predicting these orthologs by comparing

the ratio of branch lengths following a duplication.

5 Conclusion

In this work, we have introduced the notion of orthology in the pres-

ence of divergence after duplication and have addressed the problem

that some orthologs may behave as paralogs from a functional point

of view. We therefore propose to make a distinction between the

orthologs that have or have not been separated by a divergent duplica-

tion event. As we have shown, the HyPPO framework is able to dis-

tinguish paralogs, primary orthologs and secondary orthologs with

better accuracy than its competitors. This is true even if divergence

after duplication does not always occur. Our work is far from over

though, as HyPPO offers many opportunities to improve these results

even further. Notably, it remains to evaluate alternative algorithms

for each step in our pipeline, and to identify which ones yield the best

results. Finally, our work raises some interesting questions from a the-

oretical standpoint. The complexity of inferring a species tree from

gene clusters is left open, and it remains to evaluate how many clus-

ters are necessary to reconstruct a high quality species tree.
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Proof of Proposition 3

It suffices to show that for any triple of distinct vertices u, v, w, uv 2
E(G) and vw 2 E(G) imply that uw 2 E(G). Let Euv , Evw and
Ewu denote the set of edges on the unique u� v, v �w and w�u paths
in T , respectively. In T , one can get from w to u by first going from w to
v, then from v to u. This implies that Ewu ✓ Evw [ Euv . As none of
the edges in Evw [ Euv is marked as divergent, by definition, we have
that u and w are similar, and thus uw is an edge of G.

An algorithm for STUC with allowable splits

We describe how to solve the STUC problem with allowable splits using
dynamic programming. Given X ✓ ⌃, a set of clusters C and allowable
splits A, denote by OPT (X, C , A) the minimum number of losses in a
species tree S, but only counting the lost clades that are strict subsets of X ,
and subject to the conditions that (1) X 2 clades(S) and (2) S has only
splits from A. To rephrase more formally, let lS(C, X) be the number
of maximal C-free nodes v of the species tree SC with the additional
condition that clade(v) ⇢ X . Then OPT (X, C , A) is the minimum ofP

C2C lS(C, X) over all possible species trees that contain the X clade
(and only splits from A). Define OPT (X, C , A) = 1 if no such species
tree exists. Clearly, OPT (⌃, C , A) yields a solution to our restricted
STUC instance, since every loss occurs at a clade that is a strict subset of
⌃, and any species tree contains the ⌃ clade. We would like to devise a
recurrence formula for OPT (⌃, C , A).

Towards this goal, first let {A, B} be a split of X ✓ ⌃ and let C 2 C .
Define the cost lA,B(C) of C with respect to {A, B} as

lA,B(C) =

8
>><
>>:

1 if C \ (⌃ \ X) 6= ;, and exactly one of

C \ A or C \ B is empty

0 otherwise

In words, we count a loss for lA,B(C) is C has something outside
X = A [ B, and C loses all of A or all of B. We can now state our
recurrence:

Lemma 1. If |X| = 1, then OPT (X, C , A) = 0. If |X| > 1, then
either OPT (X, C , A) = 1, or OPT (X, C , A) is equal to

min
{A,B}2spl(X)\A

0
@OPT (A, C , A) + OPT (B, C , A) +

X

C2C

lA,B(C)

1
A

where spl(X) is the set of all possible splits of X .

Proof. We prove the Lemma by induction on |X|. As a base case,
suppose |X| = 1. Then for any species tree S and any cluster
C, lS(C, X) must be zero since S does not contain a C-free node
v such that clade(v) ⇢ X (as otherwise, clade(v) = ;). Now
suppose that the Lemma holds for any strict subset of X , and assume
OPT (X, C , A) 6= 1. Let S be a species tree containing a node v

satisfying clade(v) = X and having every split in A, chosen such that S

minimizes
P

C2C lS(C, X). Let v1, v2 be the children of v and let
{A, B} = {clade(v1), clade(v2)}. Then {A, B} 2 spl(X) \ A.
Since in the recurrence, the range of splits over which we take the
minimum contains {A, B}, it suffices to prove that OPT (X, C , A) =

OPT (A, C , A) + OPT (B, C , A) +
P

C2C lA,B(C).
For some C 2 C , let F C

A (resp. F C
B ) be the set of maximal C-

free nodes w of SC such that clade(w) ⇢ A (resp. clade(w) ⇢
B). Moreover, let F C be the set of maximal C-free nodes that
belong to {v1, v2}. Then OPT (X, C , A) =

P
C2C lS(C, X) =

P
C2C (|F C

A | + |F C
B | + |F C |). To prove the Lemma, we will show thatP

C2C |F C
A | = OPT (A, C , A),

P
C2C |F C

B | = OPT (B, C , A)

and
P

C2C |F C | =
P

C2C lA,B(C).
To achieve this, we first show that the subtrees of S rooted at v1 and

v2 must incur OPT (A, C , A) and OPT (B, C , A) losses, respectively.
Consider a species tree S0 that contains a node v0 satisfying clade(v0) =

A, that has every split in A, and such that
P

C2C lS0 (C, A) =

OPT (A, C , A). Note that S0 exists since, in particular, S is a possible
solution. Let S0

v0 be the subtree of S0 rooted at v0. In S, replace the
Sv1 subtree rooted at v1 by the S0

v0 subtree. Observe that this new
tree obtained has cost OPT (A, C , A)+

P
C2C |F C

B |+P
C2C |F C |,

implying that
P

C2C |F C
A | = OPT (A, C , A). By a similar reasoning,P

C2C |F C
B | = OPT (B, C , A).

So far, we have shown that OPT (X, C , A) = OPT (A, C , A) +

OPT (B, C , A)+
P

C2C |F C |. It remains to argue that
P

C2C |F C | =P
C2C lA,B(C). Fix some C 2 C . If s(C) < v or s(C) � v, then

neither of v1 and v2 can be a maximal C-free node. If s(C) = v, the
same holds, because s(C) = v implies that C contains an element
from both clade(v1) and clade(v2). In both these cases, F C = ;.
Accordingly, lA,B = 0 in these cases (because when s(C)  v, we have
C\(⌃\X) = ;, and when s(C)�v, both C\A and C\B are empty).
Assume that s(C) > v. It follows that C \ (⌃ \ X) 6= ;, and also that
C \X 6= ;. The latter implies that v1 and v2 cannot both be maximal C-
free nodes. If only v1 is C-free maximal, then F C = {v1}. Accordingly,
lA,B(C) = 1, since C \ A = ;. The same holds if only v2 is maximal
C-free. Finally, if none of v1 and v2 are maximal C-free, then F C = ;,
and accordingly lA,B(C) = 0. In every case, we have equality between
|F C | and lA,B(C). This shows that

P
C2C |F C | =

P
C2C lA,B(C),

concluding the proof.

Observe that spl(X) \ A can be computed in time O(|A||X|), as
it suffices to iterate over every element of A and check whether the split
partitions X .

In the next section, we prove Theorem 7, i.e. that the above
dynamic programming formulation leads to an algorithm that runs in time
O(|A|2|C ||⌃|).

We construct the set A in a heuristic fashion as follows. We build a
collection D of subsets of ⌃, and A consists of all the pairs {D1, D2}
where D1, D2 2 D and D1 \ D2 = ;. To construct D, sort the species
of ⌃ by non-increasing order of frequency, where the frequency of x is
the number of clusters of C that contain x. This results in an ordering
(s1, . . . , sm) of ⌃. Then for any i, j 2 [m] with i < j, add the set
{si, si+1, . . . , sj} to D. For good measure, we also add every cluster
Ci 2 C to D, concluding the construction. The idea behind the ordering
is that if a set of species have a similar frequency, it is possibly because
they always appear together in the same clusters. This set may thus be part
of some split of S.

Proof of Theorem 7

Consider the algorithm that starts computing OPT (⌃, C , A) and
recursively computes OPT (X, C , A) for the necessary values of X

according to the formulation of Lemma 1. Assume that OPT (X, C , A)

is computed once for each value of X , and stored in memory if this
value is required later on. The value of OPT (X, C , A) only needs to
be computed if A contains a pair of the form {X, Y }. Therefore, at most
2|A| computations of OPT (X, C , A) are necessary. The time required
to compute OPT (X, C , A), without counting the time for the recursive
calls, corresponds to the time required to compute lA,B(C) for each
C 2 C and each {A, B} 2 spl(X)\A. The value lA,B(C) only needs
to compute intersections over subsets of ⌃ and thus takes time O(|⌃|).
Since there are at most |A| splits in spl(X) \ A, the time required for
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OPT (X, C , A) is O(|A||C ||⌃|). As mentioned before, X can take 2|A|
values, and the overall complexity is O(|A|2|C ||⌃|).

Proof of Theorem 8

First note that if �(x) = �(y), then no edge will ever be added between
x and y, due to the condition in line 5. Hence no two genes from the same
species are ever made orthologs. We must prove that the graph output
by the algorithm has no forbidden P3 and no P4. Beforehand we make
an important observation. Consider an iteration, when some cluster C is
merged with its favorite cluster Cj . Let z 2 Cj . Then either z becomes
orthologous with every member of C, or with none of them. Moreover,
these relations between z and C remain until the end of the algorithm.

Now, suppose that vertices x, y, z introduce a P3 in G (with edges
xy and yz) at the i-th iteration, for some i 2 [k � 1]. Assume that
�(x), �(y), �(z) are all distinct. We must prove that �(x)�(z)|�(y) is
a triplet of S, as required by S-consistency. Let the clusters C1, . . . , Ck

be the clusters at the beginning of the i-th iteration (in particular, there
are i � 1 empty clusters due to line 7). To avoid ambiguity, if we need
to refer to some cluster Cl at the beginning of the h-th iteration, we will
write C

(h)
l (hence, under our notation, we use Cl as a shorthand for C

(i)
l ).

Now, let C be the cluster chosen at the i-th iteration, and let Cj be the
favorite cluster of C chosen at this iteration. Since only edges between C

and Cj are added at this i-th iteration, C and Cj must both contain one
of {x, y, z}.

Assume that x, y and z all belong to a distinct cluster at the i-th
iteration, say the clusters C, Cj and Ch. Then there is an edge going
from Ch to at least one of C or Cj . This edge was added in an iteration
prior to i, implying that one of C, Cj or Ch must have been emptied,
a contradiction. We may therefore assume that C and Cj contain all of
{x, y, z}. We check all the possible locations of x, y and z:

• If x, z 2 C and y 2 Cj , then�(y)�s(C) (because every y�C edge
must have been added by the algorithm). Moreover, �(x), �(z) 
s(C) (by the definition of s(C)). This implies �(x)�(z)|�(y) is a
triplet of S, as required.

• If x, y 2 C and z 2 Cj , z is a neighbor of y but not x. But z should
be a neighbor of every member of C, or of none of them. Hence z

cannot form a P3 with x and y. Similarly, we cannot have z, y 2 C

and x 2 Cj .
• If x 2 C, y, z 2 Cj , then �(y) � s(C), �(x)  s(C) and

�(z)  s(C) (otherwise zx would be an edge). This implies the
�(x)�(z)|�(y) triplet in S, as required. The same idea works if z 2 C

and x, y 2 Cj .
• Finally, suppose that y 2 C and x, z 2 Cj . Then �(x) � s(C)

and �(z) � s(C). For the sake of contradiction, assume w.l.o.g.

that �(y)�(x)|�(z) is a triplet of S (the other contradicting triplet
is �(y)�(z)|�(x), and the same proof applies). Since x and z do not
share an edge, they did not belong to the initial set of given clusters.
Then there must have been some iteration h < i such that C

(h)
j was

the favorite of some cluster C
(h)
l , with either x 2 C

(h)
j , z 2 C

(h)
l

or vice-versa. Suppose x 2 C
(h)
j , z 2 C

(h)
l . As no edge was

added between x and z, we had �(x)  s(C
(h)
l ). Thus s(C

(h)
l )

is a common ancestor of �(x) and �(z). Since �(y)�(x)|�(z) is
a triplet of S and �(x), �(z) � s(C), we have s(C

(h)
l ) > s(C).

However, the algorithm iterates over the clusters in non-decreasing
order with respect to S, a contradiction since C should have been
handled before Ch at the h-th iteration. The same argument holds for
the case z 2 C

(h)
j , x 2 C

(h)
l .

This proves that every P3 satisfies the requirement of Theorem 6.
Now, suppose that vertices w, x, y, z introduce a P4 at the i-th iteration

(with edges wx, xy, yz), at which point C is merged with its favorite Cj .
Observe that as above, we may assume that C and Cj contain all of
{w, x, y, z}. Notice also that Cj cannot contain only one vertex from this
P4: this vertex must either be adjacent to the 3 others, or to none of them,
both cases preventing a P4. Also, Cj cannot contain exactly two of these
vertices. Indeed, if w, x 2 Cj and y, z 2 C, then since xy is an edge,
x shares an edge with every member of C. This includes the xz edge, a
contradiction. One can check that the type of argument holds for the other
five cases w, y 2 Cj , w, z 2 Cj , x, y 2 Cj , x, z 2 Cj and y, z 2 Cj

in which Cj has exactly two vertices of the P4.
It follows that Cj must have 3 vertices. In particular, we either have

both x, z 2 Cj , or only one of x or z is in Cj . Suppose x, y 2 Cj and
w.l.o.g. w 2 C, z 2 Cj . Then �(y)  s(C), �(z)  s(C) and �(x) �
s(C). Note that this implies �(x) 6= �(z). Moreover, �(x) 6= �(y) 6=
�(z), since xy and yz are edges. These fact imply that �(y)�(z)|�(x) is
a triplet of S, and that the x, y, z P3 should be forbidden, contradicting
the fact that every P3 is consistent. It remains to cover the case when
only one of x or y is in Cj . Suppose, w.l.o.g. that x 2 C, w, y, z 2
Cj . Note that �(w) � s(C), �(y) � s(C) and �(z)  s(C). As we
did before, consider the iteration h at which w and z both ended up in
Cj . Then either w 2 C

(h)
j and z 2 C

(h)
l for some l, or vice-versa.

If w 2 C
(h)
j and z 2 C

(h)
l , then �(w)  s(C

(h)
l ). Thus C

(h)
l is a

common ancestor of �(w) and �(z), which implies s(C
(h)
l ) > s(C)

since �(w) � s(C) and �(z)  s(C). This contradicts the ordering
of the iterations of the algorithm. If z 2 C

(h)
j and w 2 C

(h)
l , then

�(z)  s(C
(h)
l ), s(C

(h)
l ) is a common ancestor of �(w) and �(z), and

we reach the same contradiction. This concludes the proof.
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Chapter 6

Conclusion

Apart from some enumerative calculations about overlapping reversals by Sturtevant
and Novitski [34] in 1941, the mathematical study of breakpoints and genome rear-
rangements operations dates from Watterson et al. in 1982 [36]. This was some 60
years after the discovery of experimental demonstration of reversals [33] by Sturtevant
himself following the establishment of the chromosome theory of heredity by Thomas
Hunt Morgan in 1910 [26]. The Watterson article was neglected for some years, while
the algorithmic study of rearrangements was taken up in the Sankoff lab [31] and in
the the Pevzner lab [2] in the early 1990. After its discovery in 1995, the Hannenhalli-
Pevzner approach dominated mathematical approaches to genome rearrangement for
a decade [13], at which point it was supplanted by DCJ [37], [6].

The combinatorial optimization approach of this work was not conducive to prob-
ability modeling as an analytical way of calculating genomic distance, because of the
nature of the rearrangement operations. Although, such models are readily simu-
lated. Thus the escape from parsimony can be observed and measured, for various
values of the model parameters, but not proved mathematically. The breakthrough
by Beresticki and Durret [4] showed that this could be overcome, at least for very
simple rearrangements consisting only of pairwise transpositions of genes. This opera-
tion, however, does not have any biological counterpart. This motivates our research,
namely to explore the Berestycki and Durret insight, and to try to adapt it to bio-
logically well-motivated problems.

In the model studied by Berestycki and Durret, the distance measure between
a genome and its ancestor depends on the cyclic decomposition of the permutation
representing the genome, which approximates the number of tree components of the
Erdös-Rényi graph constructed during the random process.

By leveraging Beresticki and Durret’s insight and adopting their method to bi-
ologically more related problems (such as DCJ, HP, IRT, etc., including multichro-
mosomal versions) and constructing the random graph based on a different definition
of the graph representation of the genomes, we proved the number of cycles in the
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breakpoint graph of two genomes for our models also depend on the a random graph,
which is an Erdös-Rényi for genomes with large number of genes. Moreover, we proved
some of the the other parameters in the distance measures applied in our models are
negligible for large genomes.

In this thesis, we have achieved our goals with respect to both restricted and
unrestricted DCJ, IRT and HP and have made some progress with translocation, two
models of weighted reversal, and maximum length reversals.

Future work should try to complete these latter analyses, and investigate the
applications of our result as to the median problem [20], the small phylogeny problem
and other problems previously studied in the combinatorial optimization context.

Genomes have more than one copy of some genes, which gives rise to the "orthol-
ogy detection" problem. In parallel to the permutation-based investigations described
in Chapters 2-4, in Chapter 5 we also undertook an analysis of the orthology problem
under a particular model of contrasting mutation rates. We constructed an algorithm,
implemented software, and illustrated this problem with realistic examples.



Appendix A

Algorithms

Algorithm 1 Reversal Random Walk
Input: Two integers n and R representing the number of genes belonging to a

linear unichromosomal genome, and the number of reversal operations, respectively.
Output: Three integers, the reversal distance of the genome g from the identity

genome g0, the number of cycles of the breakpoint graph g and g0, and the number
of tree components of the random graph G.
1: Define the identity genome g0 with 2n+ 2 vertices, and for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for j = 1 : R do
5: Choose two edges e = (a, b) and e′ = (c, d) from genome g
6: Remove e and e′ from genome g
7: Add (a, c) and (b, d) to genome g
8: if g has two components then
9: Remove (a, c) and (b, d) from genome g

10: Add (a, d) and (b, c) to genome g
11: end if
12: Let x = min{a, b, c, d}
13: Assign two label e and e′ to the two new edges in g such that the one incident

to x is labelled by e
14: Join the two vertices labelled by e and e′ in G if they are not already connected
15: Report the number of tree components of G
16: Translate g into its equivalent representation
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17: Via UniMoG report the reversal distance between genome g and the identity
genome g0

18: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}
1. g′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′

3. Add (2i, 2i+ 1) edges to g′

19: Report the number of cycles in g′

20: end for
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Algorithm 2 Maximum Length Reversal Random Process
Input: Three integers n, R, and M (1 ≤ M ≤ n) representing the number of

genes belonging to a linear unichromosomal genome, the number of reversal opera-
tions, and the maximum length of reversals, respectively.

Output: Three integers, the reversal distance of the genome g from the identity
genome g0, the number of cycles of the breakpoint graph g and g0, and the number
of tree components of the random graph G.
1: Define the identity genome g0 with 2n+ 2 vertices, and for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for j = 1 : R do
5: Choose an edge e = (a, b) and from genome g
6: Find the shortest distance of all black edges from e i.e. the number of red

edges separating them in g
7: Choose an edge e′ = (c, d) such that there are at most M red edges separating

e and e′

8: Remove e and e′ from genome g
9: Add (a, c) and (b, d) to genome g

10: if g has two components then
11: Remove (a, c) and (b, d) from genome g
12: Add (a, d) and (b, c) to genome g
13: end if
14: Let x = min{a, b, c, d}
15: Assign two label e and e′ to the two new edges in g such that the one incident

to x is labelled by e
16: Join the two vertices labelled by e and e′ in G if they are not already connected
17: Report the number of tree components of G
18: Translate g into its equivalent representation
19: Via UniMoG report the reversal distance between genome g and the identity

genome g0
20: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}

1. g′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′

3. Add (2i, 2i+ 1) edges to g′

21: Report the number of cycles in g′

22: end for
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Algorithm 3 Weighted Reversal Random Process: Step Model
Input: Two integers n and R representing the number of genes belonging to a

linear unichromosomal genome, and the number of reversal operations, respectively.
Output: Three integers, the reversal distance of the genome g from the identity

genome g0, the number of cycles of the breakpoint graph g and g0, and the number
of tree components of the random graph G.
1: Define the identity genome g0 with 2n+ 2 vertices, and for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for j = 1 : R do
5: Choose an edges e = (a, b) from genome g
6: Find the shortest distance of all black edges from e that is the number of red

edges separating them from e
7: Remove e from genome
8: Find the maximum distance and denote it by me

9: Let pk for 1 ≤ k ≤ me be the probability of choosing an edge with distance k
from the edge e

10: Make a probability vector for the distance {1, 2, . . . ,me} such that the greater
the distance the smaller is the probability

11: Define a distribution function F based on the probability vector
12: Choose an edge e′ = (c, d) randomly using distribution F from genome g, in

case there exist two edges with the same distance we randomly pick one
13: Remove e′ from genome g
14: Add (a, c) and (b, d) to genome g
15: if g has two components then
16: Remove (a, c) and (b, d) from genome g
17: Add (a, d) and (b, c) to genome g
18: end if
19: Let x = min{a, b, c, d}
20: Assign two label e and e′ to the two new edges in g such that the one incident

to x is labelled by e
21: Join the two vertices labelled by e and e′ in G if they are not already connected
22: Report the number of tree components of G
23: Translate g into its equivalent representation
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24: Via UniMoG report the reversal distance between genome g and the identity
genome g0

25: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}
1. g′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′

3. Add (2i, 2i+ 1) edges to g′

26: Report the number of cycles in g′

27: end for

Algorithm 4 Weighted Reversal Random Process: Uniform Model
Input: Two integers n and R representing the number of genes belonging to a

linear unichromosomal genome, and the number of reversal operations, respectively.
Output: Three integers, the reversal distance of the genome g from the identity

genome g0, the number of cycles of the breakpoint graph g and g0, and the number
of tree components of the random graph G.
1: Define the identity genome g0 with 2n+2 vertices, such that for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for j = 1 : R do
5: Choose an edges e = (a, b) from genome g
6: Find the shortest distance of all black edges from e that is the number of red

edges separating them from e
7: Remove e from genome
8: Find the maximum distance and denote it by me

9: Let pk for 1 ≤ k ≤ me be the probability of choosing an edge with distance k
from the edge e

10: Make a probability vector for the distance {1, 2, . . . ,me} such that the prob-
ability increase up to distance me

2
and then decrease, such that p1 = pme and are

the lowest
11: Define a distribution function F based on the probability vector
12: Choose an edge e′ = (c, d) randomly using distribution F from genome g, in

case there exist two edges with the same distance we randomly pick one
13: Remove j from genome g
14: Add (a, c) and (b, d) to genome g
15: if g has two components then
16: Remove (a, c) and (b, d) from genome g
17: Add (a, d) and (b, c) to genome g
18: end if
19: Let x = min{a, b, c, d}
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20: Assign two label e and e′ to the two new edges in g such that the one incident
to x is labelled by e

21: Join the two vertices labelled by e and e′ in G if they are not already connected
22: Report the number of tree components of G
23: Translate g into its equivalent representation
24: Via UniMoG report the reversal distance between genome g and the identity

genome g0
25: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}

1. g′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′

3. Add (2i, 2i+ 1) edges to g′

26: Report the number of cycles in g′

27: end for
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Algorithm 5 Unrestricted DCJ Random Process with Probability p (UniChromoso-
mal Identity Genomes)

Input: 2 integers n and D, representing the number of genes belonging to a
linear unichromosomal genome, and the number of DCJ operations, respectively. A
real number p, where 0 ≤ p ≤ 1, representing the probability of producing circular
chromosomes.

Output: The DCJ distance of the genome g from the identity genome g0, the
number of cycles of the breakpoint graph g and g0, the number of tree components
of the random graph G, the number of circular chromosomes. The maximum length
of the circular chromosomes.
1: Define the identity genome g0 with 2n+2 vertices, such that for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for k = 1 : D do
5: Choose two edges e = (a, b) and e′ = (c, d) from genome g
6: Comp(g) = number of components of g
7: Remove e and e′ from g
8: coin ← uniformly pick a random number in [0,1]
9: Decision ← 0

10: if e = (a, b) and e′ = (c, d) are in the same component of g then
11: g′ ← g
12: Add (a, c) and (b, d) to g′

13: Comp(g′) = number of components of g′
14: if Comp(g′) > Comp(g) then
15: Decision ← 1
16: else
17: Decision ← 2
18: end if
19: end if
20: if ( Decision ! = 0 and 0 ≤ coin ≤ p) then
21: if Decision == 1 then
22: Add (a, c) and (b, d) to g
23: else
24: Add (a, d) and (b, c) to g
25: end if
26: else if ( Decision ! = 0 and p < coin ≤ 1) then
27: if Decision == 2 then
28: Add (a, c) and (b, d) to g
29: else
30: Add (a, d) and (b, c) to g
31: end if
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32: else if coin ≤ 0.5 then
33: Add (a, c) and (b, d) to genome g
34: else
35: Add (a, d) and (b, c) to genome g
36: end if
37: Let x = min{a, b, c, d}
38: Assign two label e and e′ to the two new edges in g such that the one incident

to x is labelled by e
39: Join the two vertices labelled by e and e′ in G if they are not already connected
40: Report the number of tree components of G
41: Translate g into its equivalent representation
42: Via UniMoG report the DCJ distance between genome g and the identity

genome g0
43: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}

1. g′′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′′

3. Add (2i, 2i+ 1) edges to g′′

44: Report the number of cycles in g′′

45: Report the maximum length of the circular chromosomes
46: end for
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Algorithm 6 Restricted DCJ Random Process with Probability p (UniChromosomal
Identity Genomes)

Input: 2 integers n and D′, representing the number of genes belonging to a linear
unichromosomal genome, and the number of restricted DCJ operations, respectively.
A real number p, where 0 ≤ p ≤ 1, representing the probability of producing circular
chromosomes.

Output: The DCJ distance of the genome g from the identity genome g0, the
number of cycles of the breakpoint graph g and g0, the number of tree components
of the random graph G.
1: Define the identity genome g0 with 2n+2 vertices, such that for i ∈ {0, 1, . . . , n}:

1. Connect two vertices 2i and 2i+ 1 in g0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g0 by a red edge

2: Translate genome g0 to its equivalent representation
3: Define the random graph G with no edge on the vertex set {1, 2, . . . , n+ 1}
4: for k = 1 : D′ do
5: Comp(g) = number of components of g
6: coin ← uniformly pick a random number in [0,1]
7: if Comp(g) == 1 then
8: Choose two edges e = (a, b) and e′ = (c, d) from genome g
9: Remove e and e′ from g

10: Decision ← 0
11: g′ ← g
12: Add (a, c) and (b, d) to g′

13: Comp(g′) = number of components of g′
14: if Comp(g′) > Comp(g) then
15: Decision ← 1
16: else
17: Decision ← 2
18: end if
19: if ( Decision ! = 0 and 0 ≤ coin ≤ p) then
20: if Decision == 1 then
21: Add (a, c) and (b, d) to g
22: else
23: Add (a, d) and (b, c) to g
24: end if
25: else if ( Decision ! = 0 and p < coin ≤ 1) then
26: if Decision == 2 then
27: Add (a, c) and (b, d) to g
28: else
29: Add (a, d) and (b, c) to g
30: end if
31: end if
32: else if Comp(g) > 1 then
33: Choose e = (a, b) from the linear chromosome and e′ = (c, d) from the

circular chromosome
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34: Remove e and e′ from g
35: if coin ≤ 0.5 then
36: Add (a, c) and (b, d) to genome g
37: else
38: Add (a, d) and (b, c) to genome g
39: end if
40: end if
41: Let x = min{a, b, c, d}
42: Assign two label e and e′ to the two new edges in g such that the one incident

to x is labelled by e
43: Join the two vertices labelled by e and e′ in G if they are not already connected
44: Report the number of tree components of G
45: Translate g into its equivalent representation
46: Via UniMoG report the DCJ distance between genome g and the identity

genome g0
47: Construct the breakpoint graph of g and g0, such that for i ∈ {0, 1, . . . , n}

1. g′′ ← g

2. Remove all (2i+ 1, 2i+ 2) edges in g′′

3. Add (2i, 2i+ 1) edges to g′′

48: end for
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Algorithm 7 DCJ Random Process with Probability p (Multichromosomal Identity
Genomes)

Input: N and D, representing the number of linear chromosomes, and the
number of DCJ operations, respectively. A set of integers {n1, . . . , nN} representing
the number of genes in each chromosome, and a real number p ∈ [0, 1] representing
the probability of producing circular chromosomes.

Output: The DCJ distance of the genome g from the identity genome g0, the
number of circular chromosomes, the maximum length of the circular chromosomes.
1: Construct the identity genomes g0 with N linear chromosomes, whose numbers

of genes in its chromosomes are {n1, . . . , nN}
2: Translate genome g0 to its equivalent representation
3: for k = 1 : D do
4: Choose two edges e = (a, b) and e′ = (c, d) from genome g
5: Comp(g) = number of components of g
6: Remove e and e′ from g
7: coin ← uniformly pick a random number in [0,1]
8: Decision ← 0
9: if e = (a, b) and e′ = (c, d) are in the same component of g then

10: g′ ← g
11: Add (a, c) and (b, d) to g′

12: Comp(g′) = number of components of g′
13: if Comp(g′) > Comp(g) then
14: Decision ← 1
15: else
16: Decision ← 2
17: end if
18: end if
19: if ( Decision ! = 0 and 0 ≤ coin ≤ p) then
20: if Decision == 1 then
21: Add (a, c) and (b, d) to g
22: else
23: Add (a, d) and (b, c) to g
24: end if
25: else if ( Decision ! = 0 and p < coin ≤ 1) then
26: if Decision == 2 then
27: Add (a, c) and (b, d) to g
28: else
29: Add (a, d) and (b, c) to g
30: end if
31: else if coin ≤ 0.5 then
32: Add (a, c) and (b, d) to genome g
33: else
34: Add (a, d) and (b, c) to genome g
35: end if
36: Translate g into its equivalent representation
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37: Via UniMoG report the DCJ distance between genome g and the identity
genome g0

38: Report the number of circular chromosomes
39: Report the maximum length of circular chromosomes
40: end for



A. ALGORITHMS 118

Algorithm 8 Graph Representation of the Multichromosomal Identity Genome
Input: An integer N , representing the number of chromosomes, and a set of

integers {n1, . . . , nN} representing the number of genes in each chromosome.
Output: Graph representation of the identity genome g0.

1: L = [n1, . . . , nN ]
2: n← n1 + . . .+ nN

3: Define a temporary graph g′0 with 2(n + N) vertices labelled by {0, 1, . . . , 2(n +
N)− 1}:

1. Connect two vertices 2i and 2i+ 1 in g′0 by a black edge and label it i+ 1

2. Connect two vertices 2i+ 1 and 2i+ 2 in g′0 by a red edge

4: Let E be the set representing the adjacencies among telomers of g in g′0
5: for i in range (N − 1) do:
6: E.append(2*(sum(L[:i+1])+i+1)-1),2*(sum(L[:i+1])+i+1)))
7: end for
8: g0 ← g′0/E
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Algorithm 9 HP Random Process
Input: N and H, representing the number of linear chromosomes, and the num-

ber of HP operations, respectively. And a set of integers {n1, . . . , nN} representing
the number of genes in each chromosome.

Output: The HP distance of the genome g from the identity genome g0.
1: Construct the identity genomes g0 with N linear chromosomes, whose numbers

of genes are {n1, . . . , nN}
2: Translate genome g0 to its equivalent representation
3: for k = 1 : H do
4: Choose two edges e = (a, b) and e′ = (c, d) from genome g
5: Comp(g) = number of components of g
6: if e = (a, b) and e′ = (c, d) are in the same component of g then
7: Remove e and e′ from g
8: g′ ← g
9: Decision ← 0

10: Add (a, c) and (b, d) to g′

11: Comp(g′) = number of components of g′
12: if Comp(g′) > Comp(g) then
13: Decision ← 1
14: end if
15: if Decision == 0 then
16: Connect (a, c) and (b, d) to g
17: else
18: Connect (a, d) and (b, c) to g
19: end if
20: else
21: Remove e and e′ from g
22: coin ← uniformly pick a random number in [0,1]
23: if coin ≤ 0.5 then
24: Add (a, c) and (b, d) to genome g
25: else
26: Add (a, d) and (b, c) to genome g
27: end if
28: end if
29: Translate g into its equivalent representation
30: Via UniMoG report the HP distance between genome g and the identity

genome g0
31: end for
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Algorithm 10 IRT Random Process
Input: N and I, representing the number of linear chromosomes, and the number

of IRT operations, respectively. And a set of integers {n1, . . . , nN} representing the
number of genes in each chromosome.

Output: The HP distance of the genome g from the identity genome g0.
1: Construct the identity genomes g0 with N linear chromosomes, whose numbers

of genes are {n1, . . . , nN}
2: Translate genome g0 to its equivalent representation
3: for k = 1 : I do
4: Choose two non-telomeric edges e = (a, b) and e′ = (c, d) from genome g
5: Comp(g) = number of components of g
6: if e = (a, b) and e′ = (c, d) are in the same component of g then
7: Remove e and e′ from g
8: g′ ← g
9: Decision ← 0

10: Add (a, c) and (b, d) to g′

11: Comp(g′) = number of components of g′
12: if Comp(g′) > Comp(g) then
13: Decision ← 1
14: end if
15: if Decision == 0 then
16: Connect (a, c) and (b, d) to g
17: else
18: Connect (a, d) and (b, c) to g
19: end if
20: else
21: Remove e and e′ from g
22: coin ← uniformly pick a random number in [0,1]
23: if coin ≤ 0.5 then
24: Add (a, c) and (b, d) to genome g
25: else
26: Add (a, d) and (b, c) to genome g
27: end if
28: end if
29: Translate g into its equivalent representation
30: Via UniMoG report the HP distance between genome g and the identity

genome g0
31: end for



A. ALGORITHMS 121

Algorithm 11 Translocation Random Process
Input: N and T , representing the number of linear chromosomes, and the num-

ber of Translocation operations, respectively. And a set of integers {n1, . . . , nN}
representing the number of genes in each chromosome.

Output: The DCJ distance of the genome g from the identity genome g0. And
a set of integers {n1, . . . , nN} representing the number of genes belonging to each
chromosome.
1: Construct the identity genomes g0 with N linear chromosomes, whose numbers

of genes are {n1, . . . , nN}
2: Translate genome g0 to its equivalent representation
3: for k = 1 : T do
4: Choose two edges e = (a, b) and e′ = (c, d) from different chromosomes of

genome g
5: coin ← uniformly pick a random number in [0,1]
6: if coin ≤ 0.5 then
7: Add (a, c) and (b, d) to genome g
8: else
9: Add (a, d) and (b, c) to genome g

10: end if
11: Translate g into its equivalent representation
12: Via UniMoG report the DCJ distance between genome g and the identity

genome g0
13: end for
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