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Abstract 

In the previous few decades, inequality measurements have particularly been interested in 

statistics and economics research. Among the foremost widely used measures of inequality are 

the measures based on complete, incomplete, and conditional moments. In this investigation, we 

introduce a new class of inequality measures based on weighted conditional incomplete 

moments.  Also, we compare the new class of measures with the class of inequality measures 

based on weighted incomplete moments introduced by Abouelmagd and Ahmed (2014). The 

new class measures are shown to include many previously discussed ones such as Butler and 

McDonald (1987), Ahmad (1998), Lorenz measures as well as others. A statistical analysis of the 

new measures is presented. The new measures also characterize the income distributions well. 

We study these new measures under Pareto distribution. A real data application is given to 

illustrate the benefits of the proposed inequality measures based on weighted conditional over 

the previous measures.  

 

Keywords: Income inequality measures, complete and incomplete moments, probability 

weighted moments, Lorenz curve, characterization on income inequality.   
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1. Introduction 

Equality of income distribution is found when each income unit receives the same proportional 

share from the whole population income. The income units could also be further defined as 

individual, household, and a consumption unit; see for example, Alesina et al (2016). 

Inequality is additionally outlined as any deviation from equality. Therefore, if any unit 

received less than his proportionate share of the aggregate income, the distribution would be 

uneven, see for example Hauser and Norton (2017).  

On the other hand, Stiglitz (2015) argues that economic growth will stop flowing until we deal 

with the problem of inequality. 

Measuring inequality is thus not easy because it first requires answering a series of questions. 

What population is the focus? What variables might interest us? And what properties of that 

variable’s distribution matter for our purposes, which we do summarize in a statistic?  

Income and wealth distributions are typically non-normal and may take various shapes. In view 

of this, distribution-free approaches are especially well-suited to the task of comparing 

inequality measures. However, despite a large literature, nonparametric methods for inference 

on such measures perform poorly in finite samples. As the sample size increases, the focus 

shifts from finite-sample distortions to asymptotic problems caused by the failure of the 

assumptions necessary to confirm size control. These problems are typically related to heavy 

tails, a common situation in applied work; see for example Zenga (2007) and Dufour et al 

(2019). 

It is a well-known fact that income distributions are commonly unimodal and skew with a heavy 

right tail. Therefore, different skew models such as the lognormal and the Pareto have been 

proposed as suitable descriptions of the income distribution, but they are usually applied in 

specific empirical situations. For general studies, more wide-ranging tools have been considered. 

The foremost commonly used theory relies on the Lorenz curve. The Lorenz curve can be 

defined as the relationship between the cumulative proportion of income units and the 

cumulative proportion of income received when units are arranged in ascending order of their 

income; see for example Habba et al (2018), Sen (1997), and Shahateet (2006).  However, 

several economic questions depend on the shape as well as the mean. Butler and McDonald 
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(1987) used incomplete moments to characterize income inequality and provide the basis for 

interdistributional Lorenz curves. The incomplete moments represent the proportion of each 

respective moment that is accounted for by income levels less than pre-chosen values. In defense 

of their approach, Butler and McDonald argued that these incomplete moments do explain the 

shape of distributions and also can be used readily to build measures of income inequality. They 

reintroduced Gini coefficient, Pietra measure, and Lorenz curve in terms of incomplete moments. 

Gastwirth et al (1989) gave a statistical analysis of a special case of the Butler-McDonald 

measures. They established its asymptotic normality under minimal conditions. Ahmad (1998) 

studied a conditional moments version of the incomplete moments and presented a good account 

of its inferential properties. Abouelmagd and Ahmed (2014) introduced the new class of 

inequality measures based on weighted incomplete moments using probability weighted 

moments. They showed that this class is a generalization of Butler-McDonald (1987). They 

illustrated that the new class measures characterize the income distributions well. They did not 

present applications for the new measures under real data or income distribution. 

In this article, we review inequality measures based on incomplete moments and conditional 

incomplete moments. Also, we redefine Probability Weighted Moments (PWM) in terms of 

expected value of order statistics and show how they can be used to estimate the inequality 

measures. In addition, we propose a general class of inequality measures using PWM which 

gives fast, straightforward and unbiased estimators. In section 2, we discuss the impact of 

income inequality on economic growth and vice versa. We review the desirable axioms of 

inequality measures to define which measure satisfies these axioms and determine the best 

measure. In addition, we discuss several famous inequality measures such as Lorenz curve and 

Gini coefficient. In addition, the PWM, a generalization of the usual moments of probability 

distribution, is introduced and how to use it to obtain unbiased estimators. We review the 

incomplete moments measure for income inequality presented by Butler-McDonald (1987) and 

conditional incomplete moments measure for income inequality proposed by Ahamd (1998). 

Finally, we discuss inequality measures based on weighted incomplete moments introduced by 

Abouelmagd and Ahmed (2014) and show its different special cases. In Section 3, we propose a 

generalized class of inequality using weighted conditional incomplete moments and give 

different special cases. In section 4, we propose the estimation of the proposed inequality 

measures based on weighted conditional incomplete moments measures.  In section 5, we study 
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the proposed measures of inequality under Pareto distribution. Also, we use real data from the 

Egyptian National Survey about individuals’ income in 2009, 2011, 2013, and 2015 to measure 

income inequality using weighted incomplete moments measures and weighted conditional 

moments measures.  Section 6 is devoted to the conclusion. 

 

2. Literature review 

 

  To begin with, we discuss the impact of income inequality on economic growth and the impact 

of growth on income inequality. We review the desirable properties of inequality measure to 

know which measure satisfies these properties and determine the best measure. In addition, we 

discuss the most famous inequality measures, Lorenz curve and Gini coefficient. The PWM, a 

generalization of the usual moments of probability distribution, is reviewed and how to use it to 

obtain unbiased estimators. Finally, we review the Butler-McDonald measure (1989), Ahmad 

measure (1998), and the class of inequality measures based on weighted incomplete moments 

introduced by Abouelmagd and Ahmed (2014) of income inequality. 

 

2.1. Inequality and economic growth 

There are many reasons why nations want to reduce inequality even if there is no impact on 

economic development. These reasons may include inequality’s impact on social cohesion. The 

studies on the impact of income inequality on economic development and the effect of 

economic growth on income inequality have created controversies and unconvincing results 

that cause doubts about the true effect of income inequality on economic development and vice 

versa. Specially, the variety of research findings, and the resulting lack of consensus among 

economists about the real effects. The inconsistency among studies may result from the range 

of income inequality measures that are being utilized in quantitative studies. Here, we discuss 

the impact of income inequality on economic growth and the effect of economic growth on 

income inequality. 
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2.1.1. Impact of economic growth volatility on income inequality 

Chambers (2007, 2010) uses real data to prove that there is sturdy proof that nations’ income  

distributions respond similarly to economic growth  over the short and medium run, regardless 

of economic growth. However, in the long-run, prior  economic growth affects developed and 

developing  countries in entlyconsist  different ways. Specifically,  prior long-run growth 

promotes inequality in  developed countries, while having the opposite  effect on developing 

countries.  

Checchi and Garcia-Penalosa (2004) show that economic shocks hit the poor more profoundly 

than the rich, as a result of the poorer sections of the population not having adequate safeguards 

to deal with uncertainty and economic shocks. They concluded that neither economic growth 

nor inflationary trends have worsened the distribution of income, but the volatility of economic 

growth significantly affects the distribution of income.  

Atkinson and Morelli (2011) explore the causality between income inequality and volatility 

during economic crises. Their research shows that income inequality increases if the probability 

of fluctuations in the economy increases. In keeping with their findings, the proportion of top 

income earners rises during periods of economic upswings; however, the decline during 

downswings is less in comparison to the income shares of the lower groups of income earners. 

Ling-Zheng and Xia-Hai (2012) show that, for China, financial deepening worsens income 

inequality and that there is an inverted ‘U’ shaped relationship between income inequality and 

financial development. The impact of financial development on income inequality is favorable 

if the share of the growth of average income for the poorer population is higher than that 

enjoyed by the top 20 per cent.  

Sotomayor (2019) accounted for the forces that drove inequality and poverty to decline by 

unprecedented extents and tried to determine the evidence for the relationship between 

economic growth and income inequality. 

Ghosh (2020) examines how income inequality is affected by financial development, inflation, 

human capital formation, trade openness, and fiscal policies, apart from the volatility nexus. 

His empirical findings strongly suggest a long-term cointegrating relationship between income 

inequality and growth volatility, with a positive and statistically significant impact. His study 
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reconfirms the theoretical underpinning in the literature that larger volatility in economic 

growth leads to a rise in inequality of the distribution of income. The findings continue to hold 

for the major ASEAN countries using other control variables, namely, financial development, 

human capital formation and trade oneness. 

2.1.2. Impact of inequality on economic growth 

Researchers investigate if inequality-growth relationship shows constant signs when calculated 

based on alternative measures of income inequality. Therefore, two research hypotheses have 

been put forward: income inequality has a negative effect on the rate of income development, 

and the strength of the estimated effects of income inequalities on the proportion of income 

growth varies for different measures of income inequality.  On the other hand, some other 

researchers try to determine the effects of poverty on economic growth. Theoretically, some 

authors have attempted to find a link between poverty and economic growth, with the 

assumption that low income puts people in a poverty trap as in Sachs (2005). 

Dabla-Norris et al (2015) explore the effect of inequality on economic growth and notice that, 

when the income of the wealthiest 20 per cent increases, then economic growth gradually 

decreases, whereas, when the income of the poorest 20 per cent increases, this has a positive 

effect on economic growth in the long-run. 

Bartak and Jabłoński (2020) verify that income inequality has a negative impact on income 

growth rates in developed OECD countries, and that the strength of the effect of income 

inequalities on income growth rates varies according to different measures of income 

inequality. 

Breunig and Majeed (2020) suggest that the proposition that inequality influences economic 

development on its own may be even stronger. However, inequality tends to interact with high 

levels of poverty to impact economic growth negatively and significantly. They argue that their 

findings do not suggest that inequality has a positive role to play in economic development.  

2.2. Axioms for inequality measures 

If 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑛 is an ordered income distribution among n individuals denoted by a 

nonnegative vector:  

𝑋 = (𝑥1, 𝑥2, … 𝑥𝑛) 



6 
 

the inequality measure 𝜃(𝑋) is defined as a unique function of 𝑥1, 𝑥2, … 𝑥𝑛 satisfying certain 

desirable properties. We will discuss these properties; however, not all axioms can be met by a 

single measure. Therefore, researchers choose the one satisfying most of these axioms. 

Property 1. Income scale independence: This axiom requires the inequality measure to be 

invariant to proportional income changes. In other words, this axiom implies that the inequality 

measure should remain unaffected if each income is increased (decreased) by the same 

proportion, therefore, the inequality measure should be independent of the scale of 

measurement.  

If       𝑌 = 𝛼𝑋(𝛼 > 0),     𝑡ℎ𝑒𝑛   𝜃(𝑋) = 𝜃(𝑌). 

Most standard measures pass this test except the variance since 𝑌 = √𝛼  𝑋 the 𝑣(𝑌) = 𝛼 𝑉(𝑋)  

where 𝛼 is a scalar and Y is a vector of incomes; see Ravallion (2004). 

Property 2. Principle of population: The population principle requires inequality measures to 

be invariant to replications of the population. This means that the inequality measure should not 

be affected if a proportional number of people are added at all income levels. In other words, 

the principle of population (sometimes called population independence) states that multiplying 

a society leaves income inequality unchanged; see Jancewicz (2016). 

Property 3. Transfer Principle: When an income is transferred from the poorest to the richest, 

this inequality must be increased (or at least not reduced) through measures of inequality. On 

the other hand, when an income is transferred from a richer person to a poorer person it should 

register a fall (or at least not increase). In other words, adding a constant to all incomes leaves 

income inequality unchanged; see Cowell (2011). 

Property 4. Symmetry: This axiom implies that if two individuals interchange their income 

positions, the inequality measure remains unchanged. Moreover, inequality depends only on the 

frequency distribution of incomes and not on the order in which individuals are ranked within 

the distribution: 

𝜃(𝑋) = 𝜃(𝜋(𝑋)),   

where 𝜋 is any permutation of X. 
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In addition, this axiom requires that the inequality measure be independent of any characteristic 

of individuals other than their income; Gaertner and Namezie (2003).    

Property 5. Decomposability: This axiom requires that If we expect overall inequality to 

increase (decrease) then this population needs inequality to increase (decrease) in each 

subgroup of the population. Total inequality should be the sum of within and between-group 

inequality, however, some measures when we sum the within and between-group inequality, 

they don’t sum to the total inequality. 

Property 6. Range: The inequality measure lies in the range of zero to one. The inequality 

measure is nil when all individuals have the same income, but it takes the value unity when one 

individual gets all the income. 

 

2.3. Examples of inequality measures 

2.3.1. Lorenz curve 

The Lorenz curve may be described as a tool used to represent income distributions: it tells us 

which proportion of total income is in the hands of a given percentage of the population. Also, 

The Lorenz curve can be defined as the relationship between the cumulative proportion of 

income units and the cumulative proportion of income received when units are adjusted in 

ascending order of their income. Alternatively, the Lorenz curve is a graphical representation of 

inequality of some quantity such as wealth or income. Individuals are arranged in ascending 

order by how much of this quantity they have, and the cumulative share of the total is then 

plotted against the cumulative share of the population. For complete equality of income, for 

example, it would be a straight line with a slope of one. The extent to which the curve falls 

below this perfect equality line is a measure of inequality. See for example Camargo (2019), 

Sen (1997), and Shahateet (2006).   

1. The first definition of the Lorenz curve 

Let a vector of income X (a positive random variable) from a continuous distribution with 

cumulative distribution function (cdf) F(𝑥)=F, density function𝑓(𝑥), x(F)=𝐹−1(𝑥) quantile 

function and let 𝑋𝑖:𝑛 denote the corresponding order statistics for a general distribution     

function F(𝑥). 
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                                                           F(𝑥) = ∫ 𝑓(𝑥) 𝑑𝑥
𝑥

0
                                                                               (1)                                      

where  F(𝑥) can be interpreted as the proportion of units having an income less than or equal 

to 𝑥; F(𝑥) varies from 0 to 1. Furthermore, if the mean 𝜇 of the distribution exists, the first-

moment distribution function of X is defined as  

                                                      𝐹1(𝑥) =
1

𝜇
 ∫  𝑥 𝑓(𝑥) 𝑑𝑥
𝑥

0
                                                       (2) 

Also, 𝐹1(𝑥) varies from 0 to 1 and 𝐹1(𝑥) can be interpreted as the proportional share of total 

income of the units having income less than or equal to 𝑥.  

If  𝑓(𝑥) is continuous, the derivative of 𝐹1(𝑥) exists and is given by  

𝑑𝐹1(𝑥) 

𝑑 𝑥
=
𝑥  𝑓(𝑥)

𝜇
,  

which implies that 𝐹1(𝑥) is a monotonically nondecreasing function of 𝑥. 

The Lorenz curve (𝐿(𝑝))  is the relationship between the variables F(𝑥) and 𝐹1(𝑥) and is 

obtained by inverting the functions  F(𝑥) and 𝐹1(𝑥), and eliminating 𝑥 if the functions are 

invertible. Alternatively, the curve can be graphed by generating the values of  F(𝑥) 

and 𝐹1(𝑥) by considering the arbitrary values of 𝑥.  

In addition, the slope of the Lorenz curve is obtained as  

𝑑𝐹1 

𝑑𝐹
=
𝑥 

𝜇
 

which is always positive for positive income. Similarly, the second derivative of the curve is  

𝑑2𝐹1
𝑑𝐹2

=
1

𝜇𝑓(𝑥) 
> 0, 

These two derivatives mean that the slope of the Lorenz curve is positive and increases 

monotonically. From this it follows that 𝐹1 ≤ 𝐹. The straight line  𝐹1 = 𝐹 is called the 

egalitarian line (equality line). 
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Figure 1. Lorenz curve 

If the curve coincides with the equality line, this means that each unit receives the same 

income; this is the case of perfect equality of incomes. In the case of perfect inequality of 

incomes, all income is received by only one unit in the population; see for example Idrees 

and Ahmad (2017) and Fellman (2018).  

Kakwani and Podder (1973) represented the relation as 

𝑝 = F(𝑥)            𝑎𝑛𝑑      𝐿(𝑝) = 𝐹1(𝑥)  

and 0 ≤ 𝑝 ≤ 1. Also, 𝐿(𝑝) is interpreted as the fraction of total income received by the 

lowest 𝑝𝑡ℎ fraction of the families. In addition, it satisfies the following conditions 

a) If  𝑝 = 0,       𝐿(𝑝) = 0; 

b) If 𝑝 = 1,       𝐿(𝑝) = 1;  

c) 𝐿ˊ(𝑝) =
𝑥

𝜇
 ≥ 0 𝑎𝑛𝑑 𝐿ˊˊ(𝑝) =

𝑥

𝜇 𝑓(𝑥)
 > 0; 

d) 𝐿(𝑝) < 𝑝. 
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2. The second definition of the Lorenz curve 

Gastwirth (1971) provided an alternative definition of the Lorenz curve, which is expressed 

in terms of the inverse of the distribution function  

                                                       𝐹−1(𝑡) = 𝑀𝑖𝑛[𝑥: 𝐹(𝑥) ≥ 𝑡]                                                      (3) 

This definition guarantees the existence of x for all values of   𝐹(𝑥), even though in the case 

of a discrete distribution corresponding to some values of  𝐹(𝑥),  x does not exist. Also, if 

the density function is continuous, this definition of the inverse is identical to the usual 

definition of an inverse function, because x = 𝐹−1(𝑡) and f(𝑥)𝑑𝑥 = 𝑑𝑡 where t varies from 

zero to unity when x varies from zero to infinity.  

The Lorenz curve can be rewritten as 

                              𝐿(𝑝) =
∫  𝐹−1(𝑡) 𝑑𝑡
𝑝

0

∫  𝐹−1(𝑡) 𝑑𝑡
1

0

 =
∫  𝐹−1(𝑡) 𝑑𝑡
𝑝

0

𝜇
,                                                       (4) 

where 0 ≤ 𝑝 ≤ 1. 

The advantages of the Lorenz curve are (Zegna, 2007):  

i. Lorenz curve is suitable for any population and variable.  

ii. Lorenz curve is easy to analyze.  

iii. Lorenz curve always starts at (0,0) and ends at (1,1).  

iv. Lorenz curve is scale invariant. It is based on how the variable values are distributed.  

v. Lorenz curve can be used to look at a distribution of a single year or the changes in the 

Lorenz curve over time.  

The disadvantages of the Lorenz curve are: 

i. The Lorenz curve can’t rise above the line of perfect equality and can’t sink below the X 

axis.  

ii. The Lorenz curve is not defined if the mean of probability distribution is zero or infinite.  

2.3.2. Gini index 

The Gini coefficient is the foremost utilized single measure of inequality. It is a measure of 

inequality of any quantity such as income or wealth, lies between zero (if there is no inequality) 

and one (if a single individual receives all of it). It depends on the Lorenz curve where it is a 

ratio of the areas on a Lorenz curve. Using the Lorenz curve, this coefficient is the ratio of the 
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area between the diagonal and the Lorenz curve and the whole area under the diagonal. The 

Gini coefficient is defined as A/(A+B), where A is the area between the line of perfect equality 

and the Lorenz curve and the area under the Lorenz curve is B. Since A+B = 
1

2
, the Gini 

coefficient, G= A/
1

2
= 2A= 1-2B; see Deutsch and Silber(1997), Fontanari et al (2018), and 

Gastwirth (1972). 

 

 

 

 

 

 

 

 

 

            

Figure 2     Gini index 

Gini proposed two forms to measure income inequality. In 1912, he presented the first one 

which is defined as 

                                                                  𝐺 =
∆

2𝜇
                                                                              (5) 

In the continuous case, ∆ is 

∆= ∫ ∫ |𝑥 − 𝑦|𝑓(𝑥)𝑓(𝑦)𝑑𝑥 𝑑𝑦.
∞

0

∞

0

 

and the estimated ∆ is  

∆=
1

𝑛(𝑛 − 1)
 ∑∑|𝑥𝑖 − 𝑥𝑗|,

𝑛

𝑗=1

𝑛

𝑖=1

 

𝑥𝑖 being the income of the 𝑖𝑡ℎ individual, and n the total number of individuals. 
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Note that ∆ is the arithmetic average of the 𝑛(𝑛 − 1) differences taken as absolute value. 

The 2𝜇 is the maximum value of ∆, which is obtained when one individual gets all the 

income, so the Gini index will be one. On the other hand, the minimum value of ∆ is zero 

when all individuals have the same income, so the Gini index will be zero. 

In 1914, Gini presented the second form of the Gini measure that is equal to one minus 

twice the area under the Lorenz curve. 

If the Lorenz curve is presented by the function y=L(x), the value of B can be found with 

integration and 

                                                     𝐺 = 1 − 2 ∫ 𝐿(𝑥)𝑑𝑥                                                                 (6) 

If A = 0 the Gini coefficient becomes zero which means perfect equality, whereas if B = 0 

the Gini coefficient becomes one which means complete inequality. 

We can prove that both of these forms are equal, i.e., 

𝐺 =
1

2𝜇
 ∫ ∫ |𝑥 − 𝑦|𝑓(𝑥)𝑓(𝑦)𝑑𝑥 𝑑𝑦 = 

∞

0

∞

0

1

𝜇
 ∫ [𝑥𝐹(𝑥) − 𝜇𝐹1(𝑥)]
∞

0

 𝑓(𝑥) 𝑑𝑥 

Note that 𝐹(𝑥) is the probability distribution function, and that 𝐹1(𝑥) is the first-moment     

distribution function. Integrating the first term by parts yields 

1

𝜇
 ∫ 𝑥𝐹(𝑥)

∞

0

𝑓(𝑥) 𝑑𝑥 = 1 −∫ 𝐹1(𝑥)
∞

0

 𝑓(𝑥) 𝑑𝑥 

which, on substituting into G, yields 

                                           𝐺 = 1 − 2∫ 𝐹1(𝑥)
∞

0

 𝑓(𝑥) 𝑑𝑥                                                            (7) 

which equals to one minus twice the area under the Lorenz curve. 

The advantages of Gini coefficient; see Zagier (1983) and Plata-Pérez et al (2015). 

i. If all incomes were doubled, the measure wouldn’t change.  

ii. If the population were to vary, the measure of inequality should not change.  

iii. Symmetry. The measure concentrates on the measured variable and two units swap incomes, 

there should be no change in the measure of inequality.  

iv. Gini coefficient satisfies the principle of transfer sensitivity. Under this criterion, the transfer 

of income from rich to poor reduces measured inequality.  
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v. Gini coefficient can be used to indicate how a distribution changes over time and if this 

change shows that equality is increasing or decreasing.  

The disadvantages of the Gini coefficient:  

i. Gini is not affected by the shape of the Lorenz curve.  

ii. Gini doesn’t indicate how inequality is distributed, only the total amount of inequality.  

iii. Gini index isn’t easily decomposable across groups. Gini is only decomposable if the 

partitions are non-overlapping. That is, the total Gini of society is not equal to the sum of the 

Gini coefficients of its subgroups.  

iv. When using Gini, we can’t test for the significance of changes in the index over time.   

2.4. Probability weighted moments  

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a random sample from a continuous distribution with density function 

𝑓(𝑥), quantile function 𝑥(𝐹) = 𝐹−1(𝑥) = 𝑄(𝐹), 0 < 𝐹 < 1, cumulative distribution 

function 𝐹(𝑥) = 𝐹, mean  𝜇 = 𝐸(𝑋), and 𝜎 is the standard deviation of the distribution. The 

probability weighted moments are a generalization of the usual moments of a probability 

distribution. The probability weighted moments of a random variable 𝑋 with distribution 

function F(𝓍) = P(x≤ 𝓍) are the quantities 

                                    𝑀𝑝,𝑟,𝑠 = 𝐸[𝑋
𝑝{𝐹(𝑋)}𝑟{1 − 𝐹(𝑋)}𝑠]                                                  (8) 

where 𝑝, 𝑟 and 𝑠 are real numbers. PWM are likely the most useful when the quantile 

function 𝑥(𝐹) can be written in closed form, so we can rewrite 

                                       𝑀𝑝,𝑟,𝑠 = ∫ [𝑥(𝐹)]𝑝
1

0

𝐹𝑟 (1 − 𝐹)𝑠𝑑𝐹                                                (9) 

It is easily noticeable that 𝑀𝑝,𝑟,𝑠 is the p-th moment of the (r +1)th order statistic in a sample 

of size  (r +s +1). Note that using 𝑀𝑝,𝑟,𝑠 involves information about the value and rank of a 

random variable in a group of (r +s +1) sample units; see Bartolucci et al (1999), 

Greenwood et al (1979), and Hosking (1990). 

The quantities 𝑀𝑝,0,0 are the usual non-central moments. When 𝑟 and 𝑠 are integers, 

𝐹𝑟(1 − 𝐹)𝑠 may be expressed as a linear combination of either powers of 𝐹 or powers of 

(1 − 𝐹), so it is natural to summarize a distribution either by the moments 𝑀1,𝑟,0 or 𝑀1,0,𝑠  , 

where 
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                             𝛽𝑟 = 𝑀1,𝑟,0 = 𝐸[𝑋{𝐹(𝑋)}
𝑟],       𝑟 = 0,1,2, …                                         (10) 

and   

                             𝛽𝑠 = 𝑀1,0,𝑠 = 𝐸[𝑋{1 − 𝐹(𝑋)}
𝑠],      𝑠 = 0,1,2, …                                   (11) 

Note that the expected value of order statistics is 

                       𝐸(𝑋𝑟:𝑛) =
𝑛!

(𝑟 − 1)! (𝑛 − 𝑟)!
∫ 𝑥(𝐹)
1

0

𝐹𝑟−1 (1 − 𝐹)𝑛−𝑟𝑑𝐹                            

Therefore, the probability-weighted moments can be written in terms of expected value of 

order statistics as   

                            𝛽𝑟 = ∫ 𝑥(𝐹)𝐹𝑟𝑑𝐹 =
𝐸(𝑋𝑟+1:𝑟+1)

𝑟 + 1

1

0

,          𝑟 = 0,1, …                            (12) 

and 

                          𝛽𝑠 = ∫ 𝑥(𝐹)(1 − 𝐹)𝑠𝑑𝐹
1

0

=
𝐸(𝑋1:𝑠+1)

𝑠 + 1
,        𝑠 = 0,1, …                        (13) 

Note that 𝛽𝑟 and 𝛽𝑠 are used in many applications such as linear moments, estimation of the 

generalized extreme value distribution, analysis of hydrological extremes, and estimating the 

three-parameter Weibull distribution; see for example, Hosking et.al (1985), Moisello 

(2007), and Muhammad and Riaz (2006). 

Hosking et al (1985) showed two unbiased estimators of 𝛽𝑟: 

                                 𝑏𝑟 =
1

𝑛
∑

(𝑗−1)(𝑗−2)(𝑗−3)…(𝑗−𝑟)

(𝑛−1)(𝑛−2)(𝑛−3)…(𝑛−𝑟)
𝑥(𝑗)

𝑛
𝑗=1                                            (14) 

is an unbiased estimator of 𝛽𝑟 (Greenwood et al 1979) 

and 

                                               𝛽𝑟̂(𝑝𝑗,𝑛) = 𝑛
−1∑  𝑝𝑗,𝑛 

𝑟 𝑥𝑗
𝑛
𝑗=1  ,                                                     (15) 

where 𝑝𝑗,𝑛 is a plotting position and can be either   

𝑝𝑗,𝑛 =
𝑗 − 𝑎

𝑛
  , 0 < 𝑎 < 1  𝑜𝑟    𝑝𝑗,𝑛 =

𝑛 − 𝑎

𝑛 + 1 − 2𝑎
 ,
−1

2
< 𝑎 <

1

2
 

These two estimates are equivalent. 
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2.5. Butler-McDonald measure 

The answers of several economic questions require knowing the mean and variance of a 

distribution, as well as the shape of the distribution. Butler-McDonald (1989) argued that the 

shape of many of those distributions may be usefully described by what they called the 

normalized incomplete moments of the underlying distribution. Furthermore, the effect of 

different shapes of distribution in the population is easily understood using moments rather 

than relying on indicators such as the Lorenz curve and the Gini index. 

Let 𝑋 denote the (random) income in an economic system (population) having cumulative 

distribution function (cdf) 𝐹(𝑥), probability density function (pdf) 𝑓(𝑥), 𝑦𝑟, 𝑦𝑠 pre-chosen 

values and 𝑟th non-central moment 

                                                      𝜇𝑋
(𝑟)
= 𝐸(𝑋𝑟) = ∫ 𝑥𝑟𝑑𝐹(𝑥)

∞

0

                                                              (16) 

The Butler-McDonald measure of income inequality is given by 

                                                   𝑀𝐵𝑀
𝑟 =

∫ 𝑥𝑟𝑑𝐹(𝑥)
𝑦𝑟
0

𝐸(𝑋𝑟)
=
𝐼(𝑦; 𝑟)

𝜇𝑋
(𝑟)

= 𝜙(𝑦𝑟; 𝑟)                                         (17) 

The first two incomplete moments provide particularly useful information for many 

applications about the shape of the distribution, so the most important case is when r = 0 or 

1. Gastwirth et al (1989) indicated that 𝑀̂𝐵𝑀
1  can be used to test the hypothesis that there is 

no income inequality versus there is income inequality. In terms of the income distribution 

setting 𝑟 = 0 yields the fraction of the population with income less than x, whereas r = 1 

yields the proportion of total income accounted for by those with income less than x, see; 

Butler and McDonald (1989). Note that 𝜙(𝑦𝑟; 𝑟) is a distribution function and for some 

distributions it exhibits the same properties and form as the original df. Gastwirth et al 

(1989) established the asymptotic normality of an estimate of 𝑀𝐵𝑀
(0)

 and a variation of it 

when the means are replaced by the medians. They also compared the asymptotic relative 

efficiency of their estimate of 𝑀𝐵𝑀
(0)

 to the Wilcoxon and t statistics for location and scale 

alternatives. 
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Butler-McDonald (1989) represented income quantiles, Lorenz curve, Gini coefficient, and 

Pietra measure in terms of incomplete moments. They expressed the income quintiles of a 

distribution as the proportion of total income held by a given fifth of the population. The 

first quintile can be expressed in terms of the normalized incomplete moments functions as 

the regular first quintile measure =  ∅ (∅−1(0.2; 0); 1. ) An alternative quintile is to rank 

what proportion of the people holds the lowest fifth of income: The alternative first quantile 

measure =  ∅ (∅−1(0.2; 1); 0. ) They reintroduced Lorenz curve as a plot of (∅(𝑥; 0),

∅(𝑥; 1)). In addition, they represented the Pietra measure (𝑃) of income inequality which is 

equal to twice the area of the largest Lorenz curve and the 45° line of perfect inequality in 

terms of incomplete moments as  

𝑃 = 𝐸(|𝑌 − 𝜇|) 2𝜇    ⁄                                                                                                                      (18) 

𝑃 =  
1

2𝜇
 [∫ (𝑦 − 𝜇)𝑓(𝑦)𝑑𝑦 − ∫ (𝑦 − 𝜇)𝑓(𝑦)𝑑𝑦

𝜇

0

∞

𝜇

] 

𝑃 =  
1

2𝜇
 [∫ 𝑦𝑓(𝑦)𝑑𝑦 − 2∫ 𝑦𝑓(𝑦)𝑑𝑦 − 𝜇

𝜇

0

∞

0

∫ 𝑓(𝑦)𝑑𝑦 + 2𝜇∫ 𝑓(𝑦)𝑑𝑦
𝜇

0

∞

0

] 

𝑃 =  
1

𝜇
 [𝜇 ∫ 𝑓(𝑦)𝑑𝑦 − ∫ 𝑦𝑓(𝑦)𝑑𝑦

𝜇

0

𝜇

0

] 

𝑃 =  ∅(𝜇; 0)  -  ∅(𝜇; 1),                                                                                                                   (19) 

which is the difference of the fraction of the population having income less the mean and the 

fraction of total income held by that group. 

Furthermore, they reintroduced the Gini coefficient in terms of incomplete moments as 

follows:  

                                𝐺 = 𝐸(|𝑌 − 𝑋|) 2𝜇⁄ =
1

2𝜇
∬|𝑦 − 𝑥|𝑓(𝑥)𝑓(𝑦)𝑑𝑥 𝑑𝑦                        (20) 

𝐺 =  
1

2𝜇
 [∫ 𝑓(𝑥) [∫ (𝑦 − 𝑥)𝑓(𝑦)𝑑𝑦 − ∫ (𝑦 − 𝑥)𝑓(𝑦)𝑑𝑦

𝑥

0

∞

𝑥

]
∞

0

] 𝑑𝑥 

   =  
1

2𝜇
 [2∫ 𝑥 𝑓(𝑥)∫ 𝑓(𝑦)𝑑𝑦 𝑑𝑥 − 2∫  𝑓(𝑥)∫ 𝑦𝑓(𝑦)𝑑𝑦 𝑑𝑥

𝑥

0

∞

0

𝑥

0

∞

0

] 
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   = ∫ 𝑓(𝑥) [
𝑥

𝜇
  ∅(𝑥; 0)   −   ∅(𝑥; 1)] 𝑑𝑥                                                                                   

∞

0

(21) 

 

2.6. Ahmad measure 

Ahmad (1998) introduced a measure of income inequality based on conditional moments as 

                             𝑀𝐴
(𝑟)
= 𝐸(𝑋𝑟 ∣∣ 𝑋𝑟 ≤ 𝑦 ) =

∫ 𝑥𝑟
𝑦𝑟
0

𝑑𝐹(𝑥)

𝐹(𝑦)
= 𝜓(𝑦𝑟; 𝑟)                                               (22) 

Note here that for 𝑟 = 0, 𝑀𝐴
(0)

=0. He illustrated that while 𝑀𝐵𝑀
(0)

 and  𝑀𝐴
(1)

 perform well in terms 

of the concept of asymptotic relative efficiency (a concept that measures how good a statistical 

procedure is) 𝑀𝐵𝑀
(1)

 seems to perform rather poorly. He also proved mathematically that   𝑀𝐴
(1)

 

when used to estimate income inequality based on sampled data, does perform well relative to 

𝑀𝐵𝑀
(0)

 and 𝑀𝐵𝑀
(1)

 . It seems also to be natural since it is a straight conditional incomplete moment 

and not a relative incomplete moment as 𝑀𝐵𝑀
(1)

.   𝑀𝐴
(1)

 may be explained as the fraction of poor 

people in the population who have income less than the 𝑦𝑟 income of the population. However, 

Ahmad measure has no upper limit and it takes unlimited values. 

 

2.7. Inequality measures based on weighted incomplete moments  

   Abouelmagd and Ahmad (2014) introduced a general class of inequality measures based on 

PWM 

A. Measure based on 𝜷𝒓 

They proposed first a linear version of a measure of inequality based on PWM: 

 

                       𝑀𝑃𝑊𝑀1
𝑟 =

∫ 𝑥𝐹𝑟𝑑𝐹(𝑥)
𝑦𝑟
0

∫ 𝑥𝐹𝑟𝑑𝐹(𝑥)
1

0

=
∫ 𝑥𝐹𝑟𝑑𝐹(𝑥)
𝑦𝑟
0

𝐸(𝑋𝐹𝑟)
=
𝐼𝐿(𝑦𝑟;𝑟)

𝛽𝑟
=
(𝑟+1)𝐼𝐿(𝑦𝑟;𝑟)

𝐸(𝑋𝑟+1:𝑟+1)
= 𝜙𝐿(𝑦𝑟; 𝑟)                   (24) 

This version gives more weight for income in the largest part of the distribution. 

B. Measure based on 𝜷𝒔 

They proposed second a linear version of a measure of inequality based on PWM: 
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𝑀𝑃𝑊𝑀2
𝑠 =

∫ 𝑥(1 − 𝐹)𝑠𝑑𝐹(𝑥)
𝑦𝑠
0

∫ 𝑥(1 − 𝐹)𝑠𝑑𝐹(𝑥)
1

0

=
∫ 𝑥(1 − 𝐹)𝑟𝑑𝐹(𝑥)
𝑦𝑠
0

𝐸(𝑋(1 − 𝐹)𝑟)
=
𝐼𝐿(𝑦𝑠; 𝑠)

𝛽𝑠
=
(𝑠 + 1)𝐼𝐿(𝑦𝑠; 𝑠)

𝐸(𝑋1:𝑠+1)
= 𝜙𝐿(𝑦𝑠; 𝑠)                      (25) 

 

This version gives more weight for income in the lowest part of the distribution.   

3. A unified general class of inequality measures based on weighted conditional 

incomplete moments  

3.1. A modification of Ahmad measure 

We propose an adjustment of Ahmad measure to make it scaled. The modified measure can be 

written as  

 

                𝑀𝐴𝐴
(𝑟)
= 𝐸(𝑋𝑟 ∣∣ 𝑋𝑟 ≤ 𝑦 ) =

(
∫ 𝑥𝑟
𝑦𝑟
0 𝑑𝐹(𝑥)

𝐹(𝑦𝑟)
)

𝐸(𝑋𝑟)
= 𝜓(𝑦𝑟; 𝑟).                                                   (26) 

In terms of the income distribution 𝑀𝐴𝐴
(𝑟)

 can be explained as the fraction of poor people in the 

population who have income less than 𝑦𝑟 of the population.  

3.2. Generalization of the modified measure  

A. Measures based on 𝜷𝒓 

The Adjusted Ahmed measure based on PWM can be defined as 

  

                  𝐴𝑃𝑊𝑀1
𝑟 =

(
∫ 𝑥𝐹𝑟
𝑦𝑟
0 𝑑𝐹(𝑥)

𝐹(𝑦𝑟)
)

∫ 𝑥𝐹𝑟𝑑𝐹(𝑥)
1

0

=
(
∫ 𝑥𝐹𝑟
𝑦𝑟
0 𝑑𝐹(𝑥)

𝐹(𝑦𝑟)
)

𝐸(𝑋𝐹𝑟)
= 𝜓𝐿(𝑦𝑟; 𝑟).                                                           (27) 

This can be explained as the fraction of total weighted income accounted for poor people with 

weighted income less than 𝑦𝑟. More generally  𝐴𝑃𝑊𝑀1
𝑟  can be explained as the proportion of total 

weighted income accounted for by those with weighted income less than 𝑦𝑟. This version will 

give more weight for income in the largest part of the distribution. 

B. Measure based on 𝜷𝒔 

The Adjusted Ahmad measure based on 𝛽𝑠 can be defined as 

  

                  𝐴𝑃𝑊𝑀2
𝑠 =

(
∫ 𝑥(1−𝐹)𝑠
𝑦𝑠
0 𝑑𝐹(𝑥)

𝐹(𝑦𝑠)
)

∫ 𝑥(1−𝐹)𝑠𝑑𝐹(𝑥)
1
0

=
(
∫ 𝑥(1−𝐹)𝑠
𝑦𝑠
0 𝑑𝐹(𝑥)

𝐹(𝑦𝑠)
)

𝐸(𝑋(1−𝐹)𝑟)
= 𝜓𝐿(𝑦𝑠; 𝑠).                                        (28) 
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This can be explained as the fraction of total weighted income accounted for poor people with 

weighted income less than 𝑦𝑟. More generally 𝐴𝑃𝑊𝑀2
𝑠  can be explained as the proportion of total 

weighted income accounted for by those with weighted income less than 𝑦𝑠. This version will 

give more weight for income in the lowest part of the distribution.   

4. Estimation 

Using the sample income data 𝑋1, 𝑋2, … . , 𝑋𝑛  and the empirical distribution function the above 

measures can be estimated as follows. 

 

                                             𝑀̂𝑃𝑊𝑀1
𝑟 =

∑ 𝐼(𝑤𝑟𝑖𝑋𝑖<𝑦𝑟)𝑤𝑟𝑖𝑋𝑖
𝑛
𝑖=1

∑ 𝑤𝑟𝑖𝑋𝑖
𝑛
𝑖=1

                                                                  (29) 

and 

                                             𝑀̂𝑃𝑊𝑀2
𝑠 =

∑ 𝐼(𝑤𝑠𝑖𝑋𝑖<𝑦𝑠)𝑤𝑠𝑖𝑋𝑖
𝑛
𝑖=1

∑ 𝑤𝑠𝑖𝑋𝑖
𝑛
𝑖=1

                                                                   (30) 

 

where 

𝑤𝑟𝑖 = (
𝑖 − 0.5

𝑛
)
𝑟

     and      𝑤𝑠𝑖 = (1 − 
(𝑖 − 0.5)

𝑛
)
𝑠

 

Moreover,  

                                 𝐴̂𝑃𝑊𝑀1
𝑟 =

(
∑ 𝐼(𝑤𝑟𝑖𝑋𝑖<𝑦𝑟)𝑤𝑟𝑖𝑋𝑖
𝑛
𝑖=1

𝐹̂(𝑦𝑟)
)

∑ 𝑤𝑟𝑖𝑋𝑖
𝑛
𝑖=1

                                                                              (31) 

and 

                                     𝐴̂𝑃𝑊𝑀1
𝑠 =

(
∑ 𝐼(𝑤𝑠𝑖𝑋𝑖<𝑦𝑠)𝑤𝑠𝑖𝑋𝑖
𝑛
𝑖=1

𝐹̂(𝑦𝑟)
)

∑ 𝑤𝑠𝑖𝑋𝑖
𝑛
𝑖=1

                                                                            (32) 

where 𝐹̂ is the empirical distribution function. 
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5. Applications 

5.1. Theoretical application 

It is widely known that income distribution in general is unimodal and skew with a heavy 

right tail. Hence, the Pareto distribution has been proposed as a suitable description of the 

income distribution. 

If 𝑋1, 𝑋2, …… , 𝑋𝑛 are random variables from a Pareto distribution with density function             

𝑝𝑑𝑓 = 𝑎𝑘𝑎 𝑥−(𝑎+1) , cumulative distribution function 𝐹 = 1 − (
𝑘

𝑥
)
𝑎

, quantile function                 

X(F) = k (1 − 𝐹)
−1

𝑎  , 𝑟𝑡ℎ noncertral moments  𝜇𝑟
ˋ = 𝑎𝑘𝑟(𝑎 − 𝑟)−1 and 

𝜇𝑋
(ℎ,𝑟) = ∫ 𝑥 𝐹𝑟𝑑𝐹

∞

0
   and    𝜇𝑋

(ℎ,𝑠) = ∫ 𝑥 (1 − 𝐹)𝑠𝑑𝐹
∞

0
 

then we can derive the general class of income inequality by using a Pareto distribution. 

A. Measures based on 𝜷𝒓 

𝑀𝑃𝑊𝑀1
𝑟      =

1

∫ [𝑥{𝐹(𝑥)}𝑟]
1

0
𝑑𝐹(𝑥)

∫ [𝑥{𝐹(𝑥)}𝑟]
𝑦𝑟

0

𝑑𝐹(𝑥). 

                  =
1

 ∫ 𝑥 𝐹𝑟𝑑𝐹
1

0

 ∫ 𝐼(𝑥 ≤
1

0

𝑦𝑟) 𝑥 𝐹
𝑟𝑑𝐹 

                 =
1

 ∫  𝑥(𝐹)𝐹𝑟𝑑𝐹
1
0

 ∫ 𝐼(𝑥 ≤
1

0
𝑦𝑟) 𝑥(𝐹) 𝐹

𝑟𝑑𝐹                                                                     

               =  
1

∫ k (1−𝐹)
−1
𝑎 𝐹𝑟𝑑𝐺

1
0

 ∫ 𝐼(k (1 − 𝐹)
−1

𝑎 ) ≤  𝑦𝑟)k (1 − 𝐹)
−1

𝑎
1

0
 𝐹𝑟𝑑𝐹 

             =
1

∫ ( (1 − 𝐹)
−1
𝑎 )

1

0
𝐹𝑟𝑑𝐹

 ∫ 𝐼 (𝐹 ≤ 1 − (
𝑘

𝑦𝑟
)
𝑎

) ((1 − 𝐹)
−1
𝑎 )

1

0

 𝐹𝑟 

 

Thus, 

    𝑀𝑃𝑊𝑀1
𝑟  =

1

∫ ( (1 − F)
−1
a )

1

0
FrdF

 ∫ (1 − F)
−1
a

1− (
k
yr
)
a

0

 FrdF 
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And by using Karl Pearson’s incomplete beta function, we find that  

𝑀𝑃𝑊𝑀1
𝑟 =

 I(
−1

𝑎
+1,   𝑟+1   ; (1− (

𝑘

𝛽(
−𝑟
𝑎 +1,   𝑟+1

)
)

𝑎

))

𝛽(
−1

𝑎
+1,   𝑟+1)

  

 

and   

𝐴𝑃𝑊𝑀1
𝑟 =

 I(
−1

𝑎
+ 1,   𝑟 + 1   ;  (1 −  (

𝑘

𝛽 (
−𝑟

𝑎
+ 1,   𝑟 + 1)

)

𝑎

))

𝐹(𝑦
𝑟
)

𝛽 (
−1

𝑎
+ 1,   𝑟 + 1)⁄  

Thus in the Pareto case, 

 𝐴𝑃𝑊𝑀1
𝑟

=

 I

(

 −𝑟
𝑎1
+ 1, 𝑠 + 1; (1 − (

𝑘1

𝛽 (
−𝑟
𝑎1
+ 1,   𝑠 + 1)

)

𝑎1

)

)

 

1 − (
𝑘
𝑦𝑟
)
𝑎 𝛽 (

−1
𝑎
+1,   𝑟 + 1)⁄    

 

 B. Measures based on 𝜷𝒔 

MPWM2
s =

1

∫ [x{1 − F(x)}s]
1

0
dF(x).

∫ [x{1 − F(x)}s]
yr

0

dF(x). 

 

Therefore, 

 MPWM2
s    =

1

 ∫ x (1−F)sdF
1
0

 ∫ I(x ≤
1

0
yr) x (1 − F)

sdF 

                =
1

 ∫  x(F)(1−F)sdF
1
0

 ∫ I(x ≤
1

0
yr) x(F)(1 − F)

sdF                                                            

                 =  
1

∫ k (1−𝐹)
−1
𝑎 (1−𝐹)𝑠𝑑𝐺

1

0

 ∫ 𝐼(k (1 − 𝐹)
−1

𝑎 ) ≤  𝑦
𝑟
)k (1 − 𝐹)

−1

𝑎
1

0
 (1 − 𝐹)𝑠𝑑𝐹 
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                =
1

∫ ( (1−𝐹)
−1+𝑠
𝑎 )

1
0 𝑑𝐹

 ∫ 𝐼 (𝐹 ≤ 1 − (
𝑘

𝑦𝑟
)
𝑎

) ((1 − 𝐹)
−1+𝑠

𝑎 )
1

0
 𝑑𝐹                             

              =  
1

 ∫ ( (1 − 𝐹)
−1+𝑠
𝑎 )

1

0
𝐹0𝑑𝐹

 ∫ (1 − 𝐹)
−1+𝑠
𝑎

1− (
𝑘
𝑦𝑟
)
𝑎1

0

 𝐹0𝑑𝐹 

And by using Karl Pearson’s incomplete beta function, we find that 

MPWM2
s =

 I(
−1+𝑠

𝑎
+1,   1   ; (1− (

𝑘

𝛽(
−1+𝑠
𝑎 +1,   1)

)

𝑎

))

𝛽(
−1+𝑠

𝑎
+1,   1)

  

Moreover, 

𝐴𝑃𝑊𝑀2                       
𝑠 =

 I

(

 −1 + 𝑠
𝑎

+ 1, 1   ;  (1 − (
𝑘

𝛽 (
−1 + 𝑠
𝑎

+ 1,   1)
)

𝑎

)

)

 

𝐹(𝑦𝑟)
𝛽 (
−1+ 𝑠
𝑎

+ 1,   1)⁄  

                                  =

  I

(

 −1 + 𝑠
𝑎

+ 1, 1   ;  (1 − (
𝑘

𝛽 (
−1 + 𝑠
𝑎

+ 1,   1)
)

𝑎

)

)

 

1 − (
𝑘
𝑦𝑟
)
𝑎 𝛽 (

−1+ 𝑠
𝑎

+ 1,   1)⁄    

 

5.2.  Real data application 

We will use real data to compute and compare inequality measures discussed in sections three 

and four. The income data is from the survey of national income and individuals’ incomes in 

Egypt in 2009, 2011, 2013, and 2015, we consider the applicability to calculate and compare 

among income inequality indicators. The data set was obtained from the Central Agency for 

Public Mobilization and Statistics (CAPMS), which is responsible for systematically researching 

and analyzing incomes and consumptions of people every two years regularly. The CAPMS 

sample is a random sample from all Egyptian Governorates and the sample size is around 25000 

units. The CAPMS gave us the data of incomes and consumptions of 12000 approximately 

individuals of the survey in the four years. Also, these data contain all details about incomes and 

consumptions of the individuals. For example, the individual income consists of salary and 
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wages, agrarian income, and inherited income etc.  Also, the individual consumption consists of 

the expenditure on cloths, food, and drinks etc.  

The following tables will be calculated for the four years to  Butler-McDonald measure(𝑀𝐵𝑀
𝑟 ), 

generalized Butler-MacDonald Measure based on 𝛽𝑟 (𝑀𝑃𝑊𝑀1
𝑟 ), and generalized Butler-

MacDonald measure based on 𝛽𝑠 (𝑀𝑃𝑊𝑀2
𝑟 ), using Ahmad measure (𝑀𝐴

𝑟), modified Ahmad 

measure (𝑀𝑀𝐴
𝑟 ),  generalized Ahmad Measure based on 𝛽𝑟 (𝐴𝑃𝑊𝑀1

𝑟 ), and generalized Ahmad 

measure based on 𝛽𝑠 (𝐴𝑃𝑊𝑀2
𝑠 ). 

TABLE 1.   Butler-MacDonald measure  (𝐌𝐁𝐌
𝐫 ) 

r 2009 2011 2013 2015 

1 0.4294541 0.4334777 0.4319503 0.4284827 

2 0.2905342 0.3166433 0.3176358 0.2050843 

3 0.0611858 0.1417554 0.1397938 0.006139318 

4 0.007200647 0.03876484 0.02947916 0.000346164 

5 0.001558777 0.0122654 0.006965823 9.28E-05 

 

Several points are noteworthy from the results of Table 1: 

1. To begin with, the Sensitivity for (𝑀𝐵𝑀
𝑟 ) measure decreases sharply when 𝑟𝑡ℎ increases. 

In 2009, income inequality is 0.4294541 when r =1, but it begins to decrease gradually 

when r =2 until it reaches 0. 001558777 when r=5. The results of 2011, 2013, and 2015 

show the same level of sensitivity. The first and second moments characterize the 

income distribution and the decline of 𝑀𝐵𝑀
𝑟  was expected when r increases.  

2. The values of income inequality for (𝑀𝐵𝑀
𝑟 )  measure lie between zero and one from          

r = 1 to r = 5 for all years.  

3.  It is clear that income inequality slightly fluctuates for the same rank among years. 

When we compare the values of (𝑀𝐵𝑀
𝑟 ) at r =  1 among years, we find that Butler-

MacDonald measure (𝑀𝐵𝑀
𝑟 ) is 0.4294541 in 2009, then slightly rose to 0.4334777 in 

2011, and remains at the same level in 2013, after that slightly drops to 0.4284827 in 

2015. 
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4. In 2009, income inequality is equal to 0.4294541 when r  =  1, this value can be seen as a 

middle-income inequality in the population. 

TABLE 2.  Generalized Butler-MacDonald Measure based on 𝜷𝒓 (𝑴𝑷𝑾𝑴𝟏
𝒓 ) 

r 2009 2011 2013 2015 

1 0.1649598 0.1650852 0.1622601 0.1630331 

2 5.08E-06 4.20E-06 3.37E-06 1.90E-06 

3 3.19E-11 5.79E-11 3.89E-11 5.00E-13 

4 4.02E-17 2.85E-16 1.13E-16 6.77E-20 

5 3.91E-23 8.29E-22 1.82E-22 8.86E-27 

 

Several points are noteworthy from the results of Table 2: 

1. To begin with, the sensitivity for (𝑴𝑷𝑾𝑴𝟏
𝒓 ) measure drops sharply when 𝑟𝑡ℎ increases. 

In 2009, income inequality is 0.1649598 when r =  1, but it begins to fall dramatically 

when r =  2 and continues to drop until approximately reaching zero when  r =  5. The 

results of 2011, 2013, and 2015 showed the same level of sensitivity.  

2. In addition, the values of income inequality for (𝑀𝐵𝑀
𝑟 ) measure have the same range 

from zero to one from r = 1 to r = 5 for all years.  

3. It is easy to see that income inequality remains the same for the same rank among years. 

When we compare the values of r  =  1 among years, we find that (𝑴𝑷𝑾𝑴𝟏
𝒓 ) is 0.1649598 

in 2009, then slightly rose to 0.1650852 in 2011, and fell to 0.1622601 in 2013, after 

that it slightly rose to 0.1630331 in 2015. 

4.  In 2009, income inequality is equal 0.1649598 when r  =  1, this value can be seen as a 

low-income inequality in the population. 
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TABLE 3.   Generalized Butler-MacDonald measure based on 𝜷𝒔 (𝑴𝑷𝑾𝑴𝟐
𝒓 ) 

r 2009 2011 2013 2015 

1 0.2644943 0.2683925 0.2696901 0.2654495 

2 4.70E-06 4.74E-06 4.11E-06 1.05E-06 

3 1.27E-11 3.42E-11 2.17E-11 1.69E-13 

4 1.17E-17 1.10E-16 3.99E-17 1.91E-20 

5 9.54E-24 2.45E-22 5.09E-23 2.20E-27 

 

Several points are noteworthy from the results of Table 3: 

1. To begin with, the sensitivity for (𝑴𝑷𝑾𝑴𝟐
𝒓 ) measure declines sharply when 𝑟𝑡ℎ 

increases. In 2009, income inequality is 0.2644943 when r =  1, but it begins to fall 

dramatically when r =  2 and continues to drop until approximately reaching zero when   

r = 5. The results of 2011, 2013, and 2015 present the same level of sensitivity.  

2. The values of income inequality for (𝑀𝐵𝑀
𝑟 )  measure lies between zero and one from       

r = 1 to r = 5 for all years.  

3. It is clear that income inequality approximately remains the same for the same rank 

among years. When we compare the values of r  =  1 among years, we find that 

(𝑴𝑷𝑾𝑴𝟐
𝒓 ) is 0.2644943 in 2009, then slightly rose to 0.2683925 in 2011, and slightly 

increased to 0.2696901 in 2013, after that slightly declined to 0.2654495 in 2015. 

4. In 2009, income inequality is equal 0. 2644943 when r = 1, this value can be seen as a 

low inequality in the population. 
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TABLE 4.   Ahmad measure (𝑴𝑨
𝒓 ) 

r 2009 2011 2013 2015 

1 13517.7 16779.64 20220.23 28585.68 

2 287017997 402192956 573528807 1733504424 

3 1.33E+13 1.51E+13 2.80E+13 2.09E+14 

4 1.24E+18 9.07E+17 2.27E+18 7.72E+19 

5 2.57E+23 9.96E+22 3.26E+23 1.41E+26 

 

Several points are noteworthy from the results of Table 4: 

1. To begin with, the sensitivity for (𝑴𝑨
𝒓 ) measure drops sharply when 𝑟𝑡ℎ increases. In 

2009, income inequality is 13517.7 when r = 1, but it begins to increase steeply when r = 

2 until reaching a huge number when r = 5. The results of 2011, 2013, and 2015 present the 

same level of sensitivity.  

2. In addition, the values of income inequality for (𝑴𝑨
𝒓 )  measure do not lie between zero and 

one where it is unlimited from r = 1 to r = 5 for all years. These values could not be explained 

precisely, because it does not have upper limits. 

TABLE 5.   Modified Ahmad measure (𝑴𝑴𝑨
𝒓 ) 

r 2009 2011 2013 2015 

1 0.6546032 0.6645052 0.6716104 0.6583761 

2 0.342869 0.3918702 0.401599 0.2147581 

3 0.0625092 0.1530133 0.1493879 0.006149578 

4 0.007230274 0.03985942 0.02995463 0.00034628 

5 0.001560909 0.01241007 0.007001629 9.28E-05 

 

Several points are noteworthy from the results of Table 5: 

1. To begin with, the sensitivity for (𝑴𝑴𝑨
𝒓 ) measure drops gradually when 𝑟𝑡ℎ increases. 

In 2009, income inequality is 0.6546032 when r = 1, but it begins to fall steeply when     
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r = 3 and continues to drop until it reaches 0. 001560909 when r = 5. The results of 2011, 

2013, and 2015 show the same level of sensitivity.  

2. It is worth noting that the proposed measure satisfies the range property while Ahmad 

measure does not.  

3. It is clear that income inequality slightly fluctuates for the same rank among years. 

When we compare the values of r = 1 among years, we find that (𝑴𝑴𝑨
𝒓 ) is 0.6546032 in 

2009, then slightly rose to 0.6645052 in 2011, and slightly increased to 0.6716104 in 

2013, after that it slightly declined to 0.6583761 in 2015. 

4. In 2009, income inequality is equal to 0.6546032 when r = 1, this value can be seen as a 

high-income inequality in the population. 

TABLE 6.   Generalized Ahmad Measure based on 𝜷𝒓 (𝑨𝑷𝑾𝑴𝟏
𝒓 ) 

r 2009 2011 2013 2015 

1 2.15E-05 6.56E-05 1.68E-05 2.09E-05 

2 5.12E-10 1.35E-09 2.83E-10 1.66E-10 

3 2.78E-15 1.62E-14 2.76E-15 4.17E-17 

4 3.45E-21 7.59E-20 7.64E-21 5.65E-24 

5 3.34E-27 2.17E-25 1.22E-26 7.39E-31 

 

Several points are noteworthy from the results of Table 6: 

1. To begin with, the sensitivity for  (𝑨𝑷𝑾𝑴𝟏
𝒓 ) measure drops sharply when 𝑟𝑡ℎ increases. 

In 2009, income inequality is 2.15E-05 when r = 1, but it begins to fall dramatically 

when r = 2 and continues to drop until it approximately reaches zero when r = 5. The 

results of 2011, 2013, and 2015 show the same level.  

2. In addition, the values of income inequality for (𝑨𝑷𝑾𝑴𝟏
𝒓 )  measure lie between zero and 

one from r = 1 to r = 5 for all years.  

3. In 2009, income inequality is equal 2.15E-05, when r = 1, this value can be seen as a 

very low-income inequality in the population. 

4. Finally, when we compare income inequality among years, it is easily seen that income 

inequality has the same level. 
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TABLE 7.   Generalized Ahmad measure based on 𝜷𝒔 (𝑨𝑷𝑾𝑴𝟐
𝒔 ) 

r 2009 2011 2013 2015 

1 3.44E-05 0.00010659 2.78E-05 3.40E-05 

2 4.74E-10 1.52E-09 3.45E-10 9.13E-11 

3 1.11E-15 9.56E-15 1.54E-15 1.41E-17 

4 1.00E-21 2.93E-20 2.69E-21 1.59E-24 

5 8.16E-28 6.43E-26 3.40E-27 1.84E-31 

 

Several points are noteworthy from the results of Table 5: 

1. To begin with, the sensitivity for  (𝑨𝑷𝑾𝑴𝟐
𝒓 ) measure drops sharply when 𝑟𝑡ℎ increases. 

In 2009, income inequality is 3.44E-05 when r = 1, but it begins to fall dramatically 

when r = 2 and continues to drop until it approximately reaches zero when r = 5. The 

results of 2011, 2013, and 2015 show the same level.  

2. In addition, the values of income inequality for (𝑀𝐵𝑀
𝑟 )  measure lie between zero and 

one from r = 1 to r = 5 for all years.  

3. In 2009, income inequality is equal 3.44E-05 when r = 1, this value can be seen as a 

very low-income inequality in the population. 

4. Finally, when we compare income inequality among years, it is easily seen that income 

inequality has the same level. 

 

6. Conclusion 

 

In recent years, the probability weighted method (PWM) played an important role in parameter 

estimation of the distributions. The power of PWM lies in its simplicity and efficiency of the 

estimates in comparison with the traditional method of moments and maximum likelihood 

method. On the other hand, Butler-McDonald (1989), Ahmed (1998) and Abouelmagd and 

Ahmed (2014) introduced measures of inequality which take into consideration the shape of the 

distribution based on traditional non-central moments and weighted incomplete moments. 
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 Therefore, the new class of inequality measures take in consideration the shape of the 

distribution based on weighted conditional moments. Two versions of this measure are defined 

and studied. Ahmad (1998) proved the mathematical advantages of his measure over the 

Butler-McDonald measure (1987) and (1989). In this paper we introduce a modification of 

Ahmad measure and general weighted conditional measures which can be used to derive most 

of the previous measures like the Lorenz curve, Gini coefficient and Entropy measures. The 

new class measures lie between zero and one whereas Ahmad measure does not satisfy this 

axiom. The estimators of these new measures are introduced, and we study these new measures 

under Pareto distribution. Moreover, the proposed measures characterize the income 

distribution which is proved in Abouelmagd and Ahmad (2014). A real data application is 

given that illustrates the benefits of the proposed measures. Finally, we applied the measures to 

the last four Egypt national surveys about income, and we found that the inequality has 

gradually increased. 
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