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Abstract

A family of subsets of a t-set is a d-cover-free family or d-CFF if no subset in the family is
contained in the union of any d other subsets. Let ¢(d,n) denote the minimum ¢ for which
there exists a d-CFF on a t-set with n subsets. Since a 1-CFF is the same as a Sperner
family, using Sperner’s theorem, we get ¢(1,n) ~ log,(n) as n grows. Erdés, Frankl, and
Fiiredi (JCTA 1982) proved that 3.106log,(n) < t(2,n) < 5.5121og,(n). This thesis focuses
on generalizing d-CFF using a graph and hypergraph where vertices correspond to subsets
in the set system. The main contributions of this thesis are in three main topics.

First, we focus on generalizing 1-CFF and 2-CFF using a graph G = ([1,n], E') where a
subset in the family corresponds to a vertex of G. A G-Sperner(t,n) is a family of subsets
of a t-set such that each edge of G specifies a pair of subsets that must not be contained in
each other, while a G-CFF(¢,n) is a family of subsets of a t-set such that it is G-Sperner
and the union of each pair of subsets corresponding to an edge of G does not contain any
other subset in the family. Let t(G) and ¢(G) denote the minimum ¢ for which there
exist a G-Sperner(t,n) and a G-CFF(t,n), respectively. In this way, t,(K,) = t(1,n) and
t(K,) = t(2,n). Firstly, we prove ts(G) = t(1,x(G)) for any simple graph G with no
isolated vertices, and provide various upper and lower bounds for ¢(G). The trivial bound,
t(1,n) < t(G) < t(2,n) holds for any simple graph G' with no isolated vertex, with the lower
bound tight for an infinite family of star graphs and the upper bound tight for complete
graphs. We study when these bounds can be improved and give better constructive upper
bounds for families of graphs such as stars, paths, cycles, wheels, and windmill graphs. In
particular, a construction based on mixed-radix Gray codes yields log,(n) < t(P,) < t(C,) <
1.89310g,(n) + O(1) where P, and C,, are paths and cycles with n vertices.

Second, we study a generalization of d-CFF for d > 2 using a hypergraph H of rank d
and n vertices. An H-CFF(t,n) is a family of n subsets of a t-set such that the union of the
subsets corresponding to the vertices in a subset of a hyperedge does not contain any other
subset in the family. Let t(H) denote the minimum ¢ for which there exists an H-CFF (¢, n).
In this way, t(H) = t(d,n) if H is a complete d-uniform hypergraph on n vertices, but can
be much smaller for hypergraphs in general. We study the connection between H-CFFs
and other generalized set systems used in group testing, such as H-separable set systems,
investigate their characterizations through directed hypergraph homomorphisms, and explore
bounds on ¢(H) using tools from hypergraph theory. Furthermore, we study CFFs on graph
and hypergraph products. We provide an upper bound for CFFs on the Cartesian product
of (hyper)graphs and investigate families of graphs that attain the upper bound, as well
as families for which the upper bound is close to the trivial lower bound. Moreover, we
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generalize some well-known constructions of d-CFFs through the lens of CFFs on the strong
product of (hyper)graphs.

Finally, we focus on the classical mixed-radix reflected and modular Gray codes by
providing their recursive constructions, which are necessary for proving a result concerning
cover-free families on paths and cycles. Their respective loopless algorithms can be found
as Algorithm H and Exercise 77 in Section 7.2.1.1 of The Art of Computer Programming
Vol. 4A by Knuth. Furthermore, we study their generation through the lens of their change
sequences. We observe that both of these Gray codes, built on a mixed-radix base, are guided
by the same change sequence, called the ruler sequence. We show how the generation of the
reflected and modular Gray codes can be fully parallelized, generating each new codeword
in constant time. We also show that modular Gray codes can be generated using a greedy
cyclic increment approach. Furthermore, we present a new family of modular Gray codes
starting from any tuple w that can be constructed using the same greedy cyclic increment
approach to generate the next word that is lexicographically greater than or equal to w. We
show that although this order is not a suffix of the original modular Gray code, its change
sequence is a suffix of the latter.
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Chapter 1

Introduction

Cover-free families (CFFs) were first introduced by Kautz and Singleton [42] as superim-
posed codes. Since then, they have been actively studied under different names, such as
families of finite sets in which no set is covered by the union of d others by Erdos, Frankl,
and Firedi [21, 22], and disjunct matrices by Du and Hwang [19]. Cover-free families have
several applications to combinatorial group testing (first studied by Hwang and Sos [30]),
cryptographic problems, and digital communications. Also, there have been various general-
izations of CFFs, for these applications [12] 26}, (38, [40] (61} 69, (70, [72]. For more information,
we refer the reader to the surveys [39, [72].

A d-CFF(t,n) is a set system (X, B), where X is a set of ¢ points and B is a set of n
subsets of X such that no subset in B is contained in the union of d other subsets. If d =1,
the set system (X, B) has the property that no subset is contained in any other, which is is
equivalent to a Sperner family [68]. The incidence matrix of a d-CFF(¢,n) is a t X n binary
matrix where the matrix restricted to any d 4+ 1 columns contains a permutation submatrix
of order d + 1 and such a matrix is also called a d-disjunct matrix. In other words, if we
choose any d + 1 columns, the presence of a row with 0’s in any d columns with a 1 in the
remaining one is guaranteed by the fact that the subset corresponding to the latter has an
element that does not belong to the union of the subsets corresponding to d other columns.
Du and Hwang [19] study disjunct matrices and their applications to combinatorial group
testing.

Combinatorial group testing is an efficient method of identifying d defective items from
a set of n items with ¢ tests where d < ¢t < n and this is accomplished by strategically
grouping the items into ¢ groups and testing the combined group instead. A negative test
result indicates all items in the group are non-defective, while a positive result indicates that
there is at least one defective item in the group. Eventually, based on the test results of ¢
groups, it is possible to identify up to d defective items. Thus, in a traditional group testing
problem GT(n,d;t), given n and d, the goal is to find the minimum possible ¢ to save time
and resources.

A d-CFF(t,n) is used in group testing where the columns of its incidence matrix cor-
respond to n items to be tested and the rows correspond to ¢ tests/groups and its defining
property ensures an efficient identification of up to d infected items in O(tn) time. This



motivates the study of finding the minimum such ¢, given n and d, for the existence of a
d-CFF(t,n), which is denoted by t(d,n). We provide further details about the application
of CFFs in group testing in Section m For d = 1, the exact value of ¢(1,n) is determined
due to Sperner’s theorem [68] and it is well known that ¢(1,n) ~ log,(n) as n — oo (a proof
is provided in Theorem [3.2.4). For d > 2, there are lower and upper bounds on ¢(d,n),
with more details given in Section . We provide an example of a 2-CFF(9,12) where
X =1{1,2,3,4,5,6,7,8,9} and

{1,2,3}, {4,5,6}, {7,8,9},
{1,4,7}, {2,5,8}, {3,6,9},
{1,5,9}, {2,6,7}, {3,4,8},
{1,6,8}, {2,4,9}, {3,4,7}

with |B| = 12. Note that such a set system is also a Steiner triple system of order 9. The
incidence matrix corresponding to the 2-CFF(9,12) presented above is given in Table .
It is proven that ¢(2,12) = 9 [46]. Furthermore, it is easy to verify that no subset in B is
contained in any other, which implies that this set system is also 1-CFF.

1 2 3 45 6 7 8 9 10 11 12
1/1 00100 T1TO0O0 1 0 O
2/10 001 0010 0 1 O
3|10 0001 001 0 0 1
40 10 1.0 00 01 0 1 0
50 1001 01 00 0 0 1
6/0 1 0001 010 1 0 0
70 01100 0 1 0 0 0 1
8/ 0101 0001 1 0 O
90 0 1. 0 01 1.0 0 0 1 0

Table 1.1: A 2-CFF(9,12)

Motivated by applications of CFFs in combinatorial group testing, Idalino and Moura
[38, [40] study a generalization of d-CFFs. To demonstrate the practical relevance of these
combinatorial objects, we provide an example of a real-world scenario such as the outbreak
of a contagious disease in a community (for example a school, university, office). Such
a community can be modeled in terms of a hypergraph where the vertices are associated
with individuals (such as community members or students) and hyperedges with households
or classrooms. Then, the generalized cover-free family [38] would help identify infected
individuals, as long as they are contained in the union of a small number r of hyperedges.
This motivates the introduction of this generalized cover-free family for group testing using
a hypergraph H, denoted by (H,r)-CFF. This thesis focuses on the case of r = 1, that is,
the case where all infected individuals are contained in an edge.

In this thesis, we study cover-free families based on graphs and hypergraphs from a
perspective where each subset of the set system corresponds to a vertex, and the hyperedges
specify the subsets whose union must not contain any other subset. Let H = (V, E) be a



1.1. CONTRIBUTIONS AND THESIS STRUCTURE 3

hypergraph with |V| = n. An H-ECFF(t1,n) is a set system F; = ([1, 1], By) with |By| =n
where the union of the subsets corresponding to the vertices within a hyperedge of H do not
cover any other subset in ;. An H-ECFF allows us to determine an edge e € E(H) that
contains all defective items. H-ECFFs, however, may not always allow us to identify which
items within an edge are defective. An H-InCFF(t9,n) is a set system Fy = ([1, t2], B2) with
|Bs| = n, which has the property that the union of subsets corresponding to the vertices of any
non-empty subset €’ of a hyperedge e does not contain any other subset in By corresponding
to a vertex in e \ /. An H-InCFF allows us to determine which items are defective, within
the vertices of an edge that contains all defective items. An H-CFF is a family of subsets
that is both an H-ECFF and H-InCFF. Let B = {{b+t,: b€ B} : B € By}. Then, the
set system F = ([1,¢; + to], By U BY) is an H-CFF(ty + t,n). In this sense, an H-CFF(t,n)
coincides with a d-CFF(t,n) when H = K¢ = ([1,n], ([1&"})). Such extension of cover-free
families are a special case of (H,r)-ECFF, (H,r)-InCFF, and (H, r)-CFF, studied by Idalino
and Moura where r = 1. We denote by t.(H),t;,(H), and ¢(H) the minimum ¢ required
for the existence of an H-ECFF(t,n), an H-In-CFF(¢,n), and an H-CFF(t,n), respectively.
Clearly, t(H) < t.(H) + t;,(H).

Idalino and Moura provided bounds on (H, r)-CFFs which immediately provide a bound
on t(H). Some of their constructions are of interest in this thesis. Using a construction involv-
ing vertex coloring, Idalino and Moura [40] showed that for a hypergraph H = ([1,n], E') with
strong chromatic number x(H ), we have t(H) < x(H)log(n). In particular, this gives an up-
per bound for paths (P,), even cycles (C,,), and trees (1},) with ¢(P,), t(C,), t(T},,) < 2logy(n),
which is interestingly smaller than the lower bound of ¢(2,n) provided by Erdés, Frankl, and
Fiiredi [21], namely, 3.106 log,(n) < t(2,n) < 5.5121logy(n). Let H = (V, E) be a hypergraph
with its hyperedge set E consisting of m pairwise disjoint hyperedges such that the size of
each hyperedge is bounded by k. Idalino and Moura [40] showed that t.(H) = ¢(1,m)
and t(H) < t(1,m) + k. When such H is a graph, denoted by &, this result implies
te(Eam) = t(1,m) and t(Ezp) < t(1,m) + 2.

This thesis explores cover-free families on graphs and hypergraphs. By using tools from
graph and hypergraph theory, extremal set theory, and coding theory, we provide constructive
solutions to build such families for different families of (hyper)graphs and explore bounds on
te(H), tin(H), and t(H).

1.1 Contributions and thesis structure

We summarize the main results in this thesis, which can be found in Chapters [ [5 and [0}

1. In Chapter [ we conduct an in-depth study of cover-free families on graphs for simple
graphs GG with no isolated vertices. The results discussed in this chapter are contained
in a recent preprint [56]. First, we provide the exact value of t;,(G), that is, t;,(G) =
t(1, x(G)) where x(G) is the chromatic number of G. As the traditional 2-CFF (¢, n) is
a special case of a G-CFF when G = K,,, such extension of 2-CFFs to graphs results
in extremal families which lie between 1-CFF and 2-CFF in terms of bounds. For a
graph G with n vertices, we prove t(1,n) < t(G) < t(2,n). Furthermore, for a graph G



1.1. CONTRIBUTIONS AND THESIS STRUCTURE 4

with minimum degree at least 2, we show that t.(G) = ¢(G), while for a graph G with
minimum degree 1 and no single-edge component, we have ¢(G) < t.(G)+ 1. Similarly,
for a graph GG with minimum degree 1 and with at least one component K5, we obtain
t(G) < t.(G)+2. In this way, the upper bound of ¢t(G) when G = &, coincides with the
one provided by Idalino and Moura. In addition, we provide two infinite subfamilies
of &, meeting the upper bound of ¢(G) < t.(G) + 2. Similarly, a star graph S,
with n vertices is proven to be an infinite family of graphs meeting the upper bound of
t(G) < t.(G)+1 as we prove t.(S,) = t(1,n—1) and £(S,,) = t(1,n—1)+1 = t.(S,)+1.
Furthermore, S,, with n = (L% J) + 1 is an infinite family of graphs meeting the trivial
lower bound, that is, t(S,) = t(1,n). For a graph G + {z}, which is constructed by
adding a universal vertex x to G, we prove t(G + {x}) < t(G) + 1, generalizing a well-
known bound for d-CFFs, which, by plugging in d = 2, gives t(2,n + 1) < t(2,n) + 1.
S, is also proven to be an infinite family of graphs meeting this upper bound, that is,
t(Sp+{z}) = t(S,)+1. We further generalize our construction for CFFs on star graphs
to produce CFFs on other families of graphs, in particular, windmill graphs (Wd(k, n)),
friendship graphs (Wd(3,n)), and wheel graphs (W,,) and provide their respective lower
and upper bounds. Moreover, we determine the exact value of ¢{(Wd(3,n)) for an
infinite family of friendship graphs.

Furthermore, in this chapter, a correspondence between a mixed-radix Gray code and
a C,,-CFF(t,n) (also a P,-CFF) is shown and such construction requires us to invoke
a very well-known problem in combinatorial optimization (provided along with a proof
in Theorem [2.3.2)). This results in obtaining an asymptotic upper bound for ¢(P,) and
t(C,,) which improves the upper bound of t(P,) < t(C,) < 2log,(n) and is closer to
the trivial lower bound, that is, log,(n) < t(P,) < t(C,,) < 1.893log,(n). Finally, we
examine the obtained upper bounds of ¢(P,), t(C,,), and ¢(W,,) for some small values
of n < 10 and show that all of them give exact values, except possibly for ¢(C,) when
n = 10, which is left as an open problem.

2. In Chapter [5 we study cover-free families on hypergraphs. We start with studying the
relationship among H-CFF, H-ECFF, and generalized separable families, which we call
H-separable and H-separable set systems. Du and Hwang [19] have studied separable
matrices (families) for their applications in group testing and they provide relationships
among disjunct and separable matrices (as displayed in Figure , which we extend to
hypergraphs (Figure . Furthermore, for a hypergraph H with the size of each hy-
peredge bounded by r and strong chromatic number x(H ), we provide a construction of

H-CFF that improves the upper bound of t(H) when r = o < %) . Generalizing

the construction provided for CFFs on windmill graphs in Chapter [4] a construction of
cover-free families on flower hypergraphs is provided, which leads us to find an exact
bound on t(H) for an infinite family of flower hypergraphs H. We further explore
cover-free families on graph and hypergraph products and study their bounds. In par-
ticular, for hypergraphs G' and H, we have (G O H) < t(G) + t(H). If H = K,, then
t(G O K,) < t(G)+2. Interestingly, a star graph S,, with n = (éj) +1 is proven to be
an infinite family of graphs meeting the upper bound of ¢(S,, O K3) < #(S,,) +2. More-
over, proving this result leads us to identifying a family of sparse graphs G C S,,[JK
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with minimum degree 1 and no K, component that also meets the upper bound of

HG) < t.(G) + 1.

Furthermore, two well-known recursive constructions of d-CFFs involving Kronecker
products (discussed in Theorems and are generalized to the setting
of CFFs on the strong product of hypergraphs. The doubling construction of 2-
CFF(t',2n) from a known 2-CFF(¢,n) (discussed in Theorem is also generalized
to produce a (G X K3)-CFF from a known G-CFF, obtaining a bound on #(G X K3)
analogous to the corresponding bound on #(2,2n).

3. In Chapter [ we initially provide an overview on the classical binary reflected Gray
codes R?, and their generalization to mixed-radix Gray codes. R? can be generated
using a greedy approach (introduced by Williams [73]) and it is also well known that
the position of the bit that changes at each step in the generation of R? is given by
the ruler sequence [66]. This observation further leads to a loopless generation of R?
(due to Bitner, Ehrlich, and Reingold [7]), where each successive tuple can be obtained
in O(1)-time. Mixed-radix reflected Gray codes, R and mixed-radix modular Gray
codes, M?, are natural extensions of R?, where we use b = (by, bs, . .., b,) such that the
base b; of each digit is not necessarily binary. R’ and M? are extensively discussed in
The Art of Computer Programming, Volume 4A by Knuth [43]; their respective loopless
algorithms can be found as Algorithm H and Exercise 77 in Section 7.2.1.1. We redefine
RY and M? by providing a recursive construction for each of these objects and analyze
their structure, which is crucial for proving the main result on CFF on paths and cycles
(Theorem , provided in Chapter , and further provide alternative proofs for the
conditions of R? and M? being “strongly cyclic”.

From this point onward, all presented results are from the article [51], which has re-
cently been published in the proceedings of the 37th International Workshop in Com-
binatorial algorithms (IWOCA 2026), and an extended version is being prepared for
submission to a journal. We discuss that both R% and M? built on a mixed-radix base
b are guided by the same change sequence, and show that the generation of R? and
M? can be fully parallelized with each new codeword generated in O(1)-time, which
requires the ranking and unranking of the internal state of their corresponding loopless
algorithms. We show that M? can also be generated using a greedy cyclic increment
approach, following the greedy approach by Williams. Furthermore, we present a new
family of modular Gray codes, M?(w), that can be constructed starting from any tuple
w, and then generating the next word using the greedy cyclic increment approach that
is lexicographically greater than or equal to w. We show that although this order is
not a suffix of the M?, its change sequence is a suffix of the change sequence of M?.

The structure of the thesis is as follows:

e Chapter |2 gives the necessary background on extremal set theory, basic graph and
hypergraph theory, and the proof of Theorem [2.3.2| required to prove Theorem |4.4.11}

e Chapter |3| provides an overview on cover-free families and their applications on group
testing, and bounds on t(d,n). We prove some auxiliary results on #(1,n) that are
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crucial in the proof of some results in Chapters [4] and [} We end this chapter by
discussing (H,r)-CFFs and some of their bounds.

e Chapter [4] provides a systematic study of cover-free families on graphs and contains
the materials of a recent preprint [50].

e Chapter [ approaches cover-free families on hypergraphs from a broad perspective,
with a lot of potential for future research. It contains the results discussed in item
of the main results listed above.

e Chapter [0 includes a reinterpretation of the classical reflected and modular Gray codes
[43], and a discussion of the results from our article [51].

Each of Chapters and [0 starts with an introduction to the results proven in the
chapter and concludes with a discussion of current ongoing work and future directions.



Chapter 2

Preliminaries

2.1 Two theorems from extremal set theory

The main objective of the problems in extremal set theory is to find an extremal set of
subsets satisfying certain restricted conditions. Sperner’s theorem [68] is one of the classic
results in extremal set theory which determines the maximum size of a Sperner family of
subsets of an n-set, which we discuss in Section [2.1.1]

For a € Z and b > a, [a, b] denotes the set {a,a+1,...,b}. For a set S, P(S) represents
the power set of S, which is the set of all subsets of S.

We begin by defining a family of subsets and its incidence matrix.

Definition 2.1.1. A family of subsets (also called a set system) is a pair (X', B) where:

e X is a set, called the ground set, and
e B C P(X) is a collection of some subsets of X.

Definition 2.1.2. The incidence matriz M of a set system (X, B) is a binary matrix with
rows corresponding to X and columns corresponding to B, such that M;; = 1 if and only if
x; € Bj, for all z; € X and B; € B .

2.1.1 Sperner’s theorem

Definition 2.1.3. A family F of subsets of [1,t| has the Sperner property if no subset in
F is contained in any other subset in F. Such a family is called a Sperner family or an
antichain.

The upper bound on the maximum size of a Sperner family on a given ¢-set was proved
by Sperner [68]. An elegant proof of Sperner’s theorem, due to Lubell, can also be found in
[47].
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Theorem 2.1.4. [68] If F is a Sperner family on [1,¢], then |F| < (sz). The upper bound
2

is only achieved by the following two families: the family of all L%J—subsets and the family
of all [5]-subsets of the t-set.

Cover-free families (discussed in Chapter [3|) generalize the concept of Sperner families.

Notation 2.1.5. We denote by SF(t) the maximum size of a Sperner family on [1,¢], that
is,
SF(t) = max{n : 3 a Sperner family ([1,¢], B) with |B| = n}.

By Theorem [2.1.4) SF(t) = (sz). Sperner’s theorem has many applications to other
2

problems in extremal set theory, poset theory, and combinatorial optimization, including
constructing optimal 1-cover-free families (See Section and binary covering arrays.
Dilworth’s Theorem is one of the classical results in combinatorics [I7, [18], and it can be
interpreted as a dual to Sperner’s Theorem.

2.1.2 Dilworth’s theorem

A comparable pair in a set B of subsets of [1,t] is a pair (A, B) € B x B such that either
A C Bor B C A, that is, one set is contained in the other. A chain in the partially ordered
set of all subsets of [1,] ordered by inclusion (the Boolean lattice P([1,])) is a collection of
subsets in which every pair of subsets is comparable. A chain decomposition of the poset of
[1,t] is a partition of P([1,¢]) into disjoint chains.

Theorem 2.1.6 (Dilworth’s Theorem). [17, 18] In any finite partially ordered set, the size
of the largest antichain equals the minimum number of chains in any chain decomposition
of the poset.

Thus, Sperner’s theorem imposes a lower bound on the number of chains in any chain
decomposition of P([1,¢]) and moreover, Sperner’s theorem and Dilworth’s Theorem imply
the following corollary.

Corollary 2.1.7. The poset of subsets of [1,¢| can be decomposed into exactly (Lé j) disjoint
2
chains.

Since each chain consists of subsets ordered by inclusion, with every pair being compa-

rable, it follows that each chain contains exactly one subset of size |£].

2.2 Graphs and hypergraphs

For a set V', we denote by (7‘;) the set of all subsets of size m of V.
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2.2.1 Basic graph theory

A graph G = (V(G), E(Q)) consists of a non-empty finite set V(G) of elements called vertices
and a set F(G) of subsets of V(G), each having size 1 or 2, called edges. An edge e with
le] = 1 is called a loop and an edge e with |e|] = 2 is called a proper edge. An edge e is
incident to a vertex v if v € e. If G has no loops, then G is a simple graph. A graph G is
complete if G is simple and |F(G)| = ('V(ZG”). A complete graph with n vertices is denoted
by K,.

A graph G' = (V' E’) is a subgraph of a graph G = (V, E) it V/ C V,and E' C ENP(V’).
We write G C G. The subgraph of G induced by V', denoted by G[V'], is the graph (V'  E")
such that £ = ENP(V’). For some I C V, we denote by G — I the subgraph induced by
V(G)\ I, that is, G—I = G[V'\ I]. A graph is bipartite if its vertex set V' can be partitioned
into two non-empty subsets U and W such that every edge has a vertex in U and a vertex in
W, and it is a complete bipartite graph if, in addition, for every vertex x in U and y in W,
there exists an edge e such that e = {z,y}. A graph with n vertices is a path, denoted by
P,, if its vertices can be ordered (vy, vg, ..., v,) where E(P,) = {{v;,v;iz1} :i € [I,n—1]}. A
graph with n vertices, denoted by C,,, is a cycle if its vertices can be ordered (v, va, ..., v,)
where E(C,) = {{vi,viz1} 17 € [1,n— 1]} U{{v1,v,}}. A graph G is Hamiltonian if it has a
cycle subgraph C,, such that V(G) = V(C,,). A graph is a tree if between any pair of distinct
vertices there exists a unique path.

The degree of a vertex v in a graph G, denoted by deg(v), is the number of edges incident
to v. The minimum degree of G, denoted by 0(G), is the smallest degree of a vertex in G,
and the mazimum degree, denoted by A(G), is the largest degree of a vertex in G. A vertex
v € V(Q) is isolated if deg(v) = 0, otherwise it is non-isolated.

Definition 2.2.1. A graph homomorphism from G to H is a mapping ¢ : V(G) — V(H)
such that for every edge {u,v} € E(G), we have {¢(u),p(v)} € E(H). If there exists a
homomorphism from G to H, we write it as G — H. If ¢ is a bijective homomorphism with
|E(G)| = |E(H)|, then ¢ is called a graph isomorphism and in this case, we write G = H.

A k-vertex coloring is a function f : V(G) — Zj, such that for every edge {a, b}, we have
f(a) # f(b). The chromatic number of a graph G, denoted by x(G), is the smallest integer
k such that a k-vertex coloring of G exists. A clique in a graph G is a subset of vertices
C C V(G) such that G[C] = K¢; a mazimum clique is a largest such clique and its size
is called the cliqgue number, denoted by w(G). A graph is related via homomorphism to the
following complete graphs.

Theorem 2.2.2. [33] K, — G = K@)

A k-edge coloring of a graph is a mapping f : E — Z; such that for any two distinct
edges €1, e5 incident to the same vertex, we have f(e;) # f(ez). The chromatic index or
edge chromatic number of G, denoted by x/(G), is the smallest integer k such that a k-edge
coloring of G exists. The following theorem due to Vizing [71] is well-known.

Theorem 2.2.3. 71| For any simple graph G, we have A(G) < xX/'(G) < A(G) + 1.
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A graph G is maximal with respect to some property X if G satisfies X and for every
graph H satisfying X with V(H) =V(G) and G C H, we have G = H.

2.2.2 Hypergraph theory

In this section, we discuss hypergraphs, which are a natural generalization of graphs where
the edges do not necessarily consist of one or two vertices. A comprehensive introduction to
hypergraph theory can be found in [§].

Definition 2.2.4. A hypergraph H is a pair (V(H), E(H)) where V(H) is a set of elements,
called vertices, and E(H) is a set of non-empty subsets of V(H), called hyperedges or edges.

A hypergraph is said to be k-uniform if all edges in F(H) have size k. A 2-uniform
hypergraph is a graph with no loops. A complete d-uniform hypergraph with n vertices,
denoted K¢, is the hypergraph with n vertices and edge set consisting of all possible edges of
size d, or mathematically, E(K?) = (V(gg)). The rank of a hypergraph H, denoted by r(H),
is the size of the largest edge in H. A hypergraph of rank 2 is called a graph. A vertex v is
said to be incident to a hyperedge e if v € e. Two vertices u and v are said to be adjacent
if there exists a hyperedge e € E such that {u,v} C e.

The following definitions are adapted from |3, [16].
Definition 2.2.5. Let H = (V| F) be a hypergraph.

o A subhypergraph G of H is a pair (V(G), E(G)) such that V(G) C V and E(G) =
{INV(G): 1€ E" INV(G) # (0} for some E” C E.

o A subhypergraph of H induced by V' C V is the subhypergraph H|y: = (V', E’) where
E'={INV(G): 1€ E,INV(G) # 0}.

e A subhypergraph G = (V' E') of H is called strong if V' CV and E' C ENP(V'). G
is strongly induced if E' = ENP(V").

We are also interested in the 2-section of a hypergraph, which is a graph defined below.

Definition 2.2.6. Let H = (V| E) be a hypergraph. The 2-section of H is the simple graph
[H]; = (V, E') where {u,v} € E’ if and only if there exists a hyperedge e € E such that
u,v € e and u # v.

A hypergraph H = (V| E) is conformal if every clique in [H], is contained in some
hyperedge of H. The hypergraph on the left of Figure is conformal and the graph on the
right of Figure 2.1] is its 2-section.

Next we present the definition of hypergraph homomorphism which is the natural exten-
sion of graph homomorphism. Some basic results presented below are proven in Raaphorst’s
PhD thesis [60].
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) =

Figure 2.1: A hypergraph (left) and its 2-section (right)

Definition 2.2.7. For any two hypergraphs G and H, a hypergraph homomorphism ¢ is a
mapping from V(G) to V(H) such that for any hyperedge I = {vo, v1,...,v,-1} € E(G), we
have ¢(1) = {p(vg), p(v1),...,0(vn—1)} € E(H) and |I| = |¢(I)|. If such a homomorphism
exists, then G is homomorphic to H, denoted by G — H.

Definition 2.2.8. A d-clique of size n of a hypergraph H = (V| F) is a set of vertices C C V
such that K¢ = (C, (g)) is a strong subhypergraph of H. The size of the largest d-clique in
H is called the d-clique number, denoted by wy(H).

Theorem 2.2.9. [60] If G and H are hypergraphs such that G — H, then for any d,
wa(G) < wq(H).

Definition 2.2.10. A strong c-vertex coloring of a hypergraph H is a function f: V(H) —
Z. such that for every I € E(H), we have |f(I)| = |1].

The strong chromatic number of H is the smallest integer ¢ such that there exists a
strong c-vertex coloring for H, and it is denoted by x(H).

Theorem 2.2.11. [60] A hypergraph H is r-uniform and has a strong c-coloring if and only
it H— K.

Definition 2.2.12. A c-edge coloring of a hypergraph H = (V, E) is a mapping from F to
[1, c] such that no vertex is incident to more than one edge mapping to the same color.

The edge chromatic number is the smallest integer ¢ such that there exists a c-edge
coloring for H, and it is denoted by x'(H).

2.2.3 Graph products

In this section, we present definitions of several types of graph products [32]. A graph product
is a binary operation on the set of all finite graphs that can be constructed in several different
ways. We focus on the following three well-studied standard graph products that have been
extended to hypergraphs (discussed in Section [p.5.1)):

1. the Cartesian product (OJ)

2. the direct product (x)
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3. the strong product (X))

We define the Cartesian product of graphs below.

Definition 2.2.13. (The Cartesian product of graphs) For graphs G; and G, the
Cartesian product of Gy and Gy (denoted by G; O Gs) is a graph with V(G; O Gy) =
V(Gl) X V(GQ) and

E(G, O G,) = {{(a, b, (a,b2)} @ € V(GY), {br,bs} € E(Gg)}

U {{(al,b), (as,b)} : {a1, a2} € B(G1), b€ V(Gg)}.

It is well-known that if G; and G5 are Hamiltonian, then G; [ G4 is also Hamiltonian
[41]. Similarly, for graphs Gi, G, ..., Gk, the graph G; O G, O G5 O --- O Gy, is defined
by

V(Gl [ G2 U G3 o--- D; Gk) = V(Gl) X V(Gg) X V(G3) X - X V(Gk)
and {(z1, 2, ..., 2%), (Y1,Y2,- .-, yk)} € E(G; O G, O G3 O --- O Gy) if and only if there
exists ¢ € [1, k] such that z; # y; and {z;,v;} € E(G;) and for j € [1,n]\ {i}, z; = y;.

We define some families of graphs obtained by taking the Cartesian product of some

well-known graphs.

Definition 2.2.14. The Hamming graph H(d,n) is obtained by the Cartesian product of d
complete graphs K,,. The hypercube graph Qg is the Hamming graph H(d,2). The general-
ized Hamming graph H,, 4, 4, is the graph K, U K,, O --- O K,,.

Definition 2.2.15. (The direct product of graphs) For graphs G; and G5, the direct
product of Gy and Go (denoted by G; x G3) is a graph with V(G x Gy) = V(G;) x V(Gs)
and

E(Gl X GQ) = {{(al,bl), (ag,b2>} : {CL17(12} S E(Gl) and {bl,bg} € E(Gg)}

Definition 2.2.16. (The strong product of graphs) For graphs G and Gs, the strong
product of G; and G5 (denoted by G; K Gs) is a graph with V(G X Gy) = V(Gy) x V(Gs)
and

E(Gl X GQ) = E(G1 U GQ) U E’(Gl X Gg)

It is well-known that K, X K, = K,,,.

2.3 Optimal integer partitions for product

A partition of a positive integer n is a sequence of positive integers aq, as, . .., a; > 0 such that
a1 + as + -+ + a; = n. We discuss a well-known combinatorial optimization problem: How
can a positive integer be partitioned to maximize the product of its parts? This well-studied
problem has been addressed in competitions [63] [64] and included in standard problem
collections [29] 31], 45, [53] and featured in various magazines [B, [6].
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Example 2.3.1. The integer 9 can be partitioned as 3 + 3 + 3, yielding the maximum
product of 3% = 27. For 10, the maximum product is 3? - 22 = 36, achieved by the partition
10 =3+ 3+ 2+ 2. Similarly, 11 can be partitioned as 3 4+ 3 + 3 + 2, giving the maximum
product of 3% - 2 = 54,

The sequence of the maximum values of products of positive integers whose sum is equal
to n appears as sequence A000792 in the online Encyclopedia of Integer Sequences [65]. We
present the following theorem that answers the problem along with a proof.

Theorem 2.3.2. [65] Let a(n) be the function that gives the maximum product of the parts
of n, that is,

l
a(n):rnax{l_[ai:al—kag—f—----|-al:n7 ai€Z+,l€Z+},

=1

Then,

3* if n = 3k,
a(n) =< 4-31 ifn =3k +1,
2.3k if n =3k +2.
Proof. Let aj,as,...,a; € Z,1 € Z* such that n = Zi 1 6; and a(n) = Hi‘:l a;. Suppose,

by contradiction, that a; > 5, for some ¢ € [1,1]. Without loss of generality, suppose a; > 5.
We have

n:al—l—ag%—---—l—al,l—l—al
=a+ay+---+a1+(a—3)+3

Let a’(n) be the product of the parts of n corresponding to ay,as,...,a;_1,a; — 3,3, that is,

d(n) = (1:[ aj> 3(a; — 3).

j=1
Since a; > 5, we have 3(a; —3) > a;, which implies that a’(n) > a(n). This is a contradiction
to the fact that a(n) is the maximum such product. Thus, we conclude a; < 4.

Now, suppose that a; = 1 for some 7. Without loss of generality, assume that a; =
1, that is, n = a; +as + -+ + a2 + a;—1 + 1. Let us denote a;—1; + 1 by aj_;. Then,
n=a +ay+- -+ a_y+a, ;. Let a'(n) be the product of the parts of n pertaining to

, .
ap,ag, . ..,a_2,a;_q, that is,
1-2
/ o /
a(n) = (H aj> a_q-
j=1
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Since a;_1 + 1 > a;—; and

I 1-2
a(n) = Haj = (H aj> ai— - 1,
j=1 j=1

this implies that a’(n) > a(n), which is a contradiction. Therefore, we must have 2 < a; < 4.

Suppose a; = 4 for some ¢ € [1,1]. Without loss of generality, let a; = 4. Then,

n=a+a+--+aq1+4
=artay+---+a1+2+2
It is easy to see that substituting two 2’s for 4 does not change a(n). Thus, we conclude
without loss of generality a maximum product occurs where a; € {2,3} for all i € [1,1].

Suppose there are more than two 2’s, that is, without loss of generality a; = ay = a3 = 2.
Then, n = 242+24a4+- - -+a;. Replacing three 2’s by two 3’s, we have n = 3+3+ay4+- - -+a;.
If a’(n) is the product of the parts of n pertaining to 3,3, ay, ..., a;, then

! !
a(n) = 9Haj > SHaj = a(n),
j=4 j=4

which is a contradiction. Hence, we conclude that at most two of the a;’s are equal to 2, and
all the remaining a;’s are equal to 3.

In conclusion, the partition n = ay +as+- - - +a,, is determined by the value of n mod 3.

If n = 3k, then we have l =k, and a1 =ay =---=a, =3. f n=3k+1,thenl =k +1
and without loss of generality, we have a1 = a3 = --- = a1 = 3 and ax = a1 = 2. If
n =3k + 2, then [ = k + 1 and without loss of generality, we have a; = as = -+ =a, =3

and agy; = 2. Thus, we have the desired result. |



Chapter 3

Cover-free families

This chapter consists of a brief overview of cover-free families, their generalizations, along
with the bounds that are of interest in our study of cover-free families on graphs and hy-
pergraphs. To demonstrate the relevance of these objects in real-world scenarios, we also
provide an introduction to combinatorial group testing, along with the application of cover-
free families in this area.

3.1 Cover-free families

Definition 3.1.1. For positive integers d < t < n, a set system F = (X,B) with |X| =
t and |B| = n is a d-cover-free family, denoted by d-CFF(t,n), if for any d + 1 subsets
B, B;,,...,B;, € B, we have

By ¢ B, UB;,U---UB (3.1.1)

iq°

Equation is equivalent to requiring that the set difference of B;, with the union of
d others will contain at least 1 element, that is,

|Bip \ (V=1 By,) | > 1.
The following proposition provides an important observation about a d-CFF(t,n).

Proposition 3.1.2. Let d < t < n be positive integers, and let M be a t X n binary matrix.
Then, M is the incidence matrix of a d-CFF(¢,n) if and only if any ¢ x (d + 1) submatrix
contains a permutation submatrix of order d + 1.

Proof. According to Definition [3.1.1} M is a d-CFF (¢, n) if and only if for any d+ 1 subsets

B, B;,,...,B;, € B, we have B, Q B;, UB,;,U---UB,,. This is true if and only if for

any d + 1 columns of its incidence matrix and any [ € {0,1,...,d}, we have B;, ¢ U B;,,
J#

which is equivalent to saying that any ¢ x (d + 1) submatrix of its incidence matrix contains
a permutation submatrix of order d + 1. |

15
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An example of a 1-CFF(6, 13) as the set system and the corresponding incidence matrix
is given in Table [3.1]

Example 3.1.3.
X ={1,2,3,4,5,6}

{]‘72’3}7 {17274}’ {]‘7275}7 {]"2)6}7
s ) L34}, {135}, {1,3,6}, {2,4,6},
—\ {2,5,6}, {3,4,5}, {3,4,6}, {3,5,6],

{4,5,6}

123 45 6 7 8 9 10 11 12 13
171711111100 O O O O
2/1 11 100O0T1T1 O O O O
310 001 1 100 1 1 1 0
410 1 0 01 001 01 1 0 1
5(0 01 001001 1 0 1 1
6/0 001001 1 1 0 1 1 1

Table 3.1: Incidence matrix of the 1-CFF(6, 13) in Example

Notation 3.1.4. We denote by ¢(d,n) the minimum possible value ¢ for which there exists
a d-CFF(t,n), that is,
t(d,n) = min{t : 3 a d&-CFF(¢t,n)}.

When d = 1, then a 1-CFF(¢,n) is also called a Sperner family, which is a set system
where sets do not contain one another.

We say that a d-CFF(t,n) with ¢t = t(d,n) is optimal. As a consequence of Sperner’s

Theorem, we get £(1,n) = min {t : <L§J) > n} and in Section |3.2.1| we provide a proof of the
2
well-known fact (Theorem [3.2.4) that ¢(1,n) ~ log,n as n — oo.

3.1.1 CFFs and combinatorial group testing

Combinatorial group testing (CGT) is a tool in discrete mathematics for identifying defective
items from a larger pool through tests conducted on groups of items. Traditionally, a group
testing problem consists of a set of n items combined into ¢ groups, which are tested together
to identify a subset of d defective items with d < n. Each test among the ¢ tests examines
a subset of the n items and provides a negative result if and only if all items in the subset
are non-defective. It gives a positive result if the corresponding subset contains at least
one defective item. This can be represented using a ¢t x n binary matrix M where each
row ¢ corresponds to a test ¢; and each column corresponds to an item j to be tested, and
Mli,j] = 1 if and only if j € ¢;. The main focus of CGT is to determine the minimum
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number of tests (or the number of rows in M) ¢, for given n and d, while identifying all
defective items.

Generally, group testing can be constructed in two ways, adaptive or non-adaptive. In
adaptive CGT, each test is chosen based on the result of previous tests. In non-adaptive
CGT, each test is fixed in advance and all the tests can be run in parallel based on a pre-
determined strategy without knowing the outcomes of previously run tests. For a ¢ xn binary
matrix M to solve a group testing problem, M must be d-separable under the assumption of
exactly d defective items, or d-separable under the assumption of at most d defective items.

The Boolean sum of two binary vectors is the resultant vector obtained by taking their
coordinate-wise OR, that is, an entry in the resultant vector is 1 if and only if at least one
of the corresponding entries in the two original vectors is 1. For two binary vectors A and
B, we say that A covers B, denoted by A D B, if every position where B has a 1, A also
has a 1. We provide the definition of d-separable and d-separable next.

Definition 3.1.5. A binary ¢ X n matrix M is called d-separable if the Boolean sum of any d
columns are all distinct. M is called d-separable if the Boolean sum of any up to d columns
are all distinct.

CFFs are used for non-adaptive group testing where rows of the corresponding incidence
matrix refer to the tests and the columns to the items to be tested. Since a d-CFF guarantees
the appearance of a non-defective item in one of the negative tests (because every non-
defective item must appear in a test that avoids up to d defective items), all defective items
can be identified, after excluding all non-defective ones by using this property of the CFF.
The goal of combinatorial group testing using a d-CFF(¢,n) is to identify up to d defective
items out of a set of n items, grouped into ¢ tests such that ¢ is minimum for any given n
and d, that is, to minimize ¢(d, n).

Example 3.1.6. Table gives an example of group testing using a 1-CFF, where candi-
dates numbered {1,2,3,4,5,6,7,8,9,10,11,12, 13} are tested. The test pools are as follows.

e Test 1 includes the candidates 1,2,3,4,5,6, and 7.

e Test 2 includes 1,2, 3,4, 8, and 9.

Test 3 includes 1,5,6,7,10,11, and 12.

Test 4 includes 2,5,8,10,11, and 13.

Test 5 includes 3,6,9, 10,12, and 13.

Test 6 includes 4,7,8,9,11,12, and 13.

By eliminating the items from the tests with negative results, we conclude that 7 is the
defective item.
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Test 11 1 1 1 1 1 1 0 0 0 0 0 O/ Positive
Test2|1 1 1 1 0 0 0 1 1 0 0 0 O/ Negative
Test3|1 0 0 0 1 1 1 0 0 1 1 1 O] Positive
Test4 |0 1 0 0 1 0 0 1 0 1 1 0 1| Negative
Test5/0 0 1 0 0 1 0 O 1 1 0 1 1| Negative
Test6/0 0 0 1 0 0 1 1 1 0 1 1 1| Positive

Table 3.2: Group testing using a 1-CFF(6, 13) with #(1,13) = 6.

Group testing has been extensively studied by Du and Hwang in [19], where they define
disjunct matrices. A binary t x n matrix M is called a d-disjunct matrix if the Boolean sum
of any up to d columns does not cover any other column. Similarly, a binary ¢ x n matrix
M is called a d-disjunct matrix if the Boolean sum of any d columns does not cover any
other column. This definition also implies that the Boolean sum of up to any d columns
does not cover any other column, which tells us that a matrix is d-disjunct if and only if it
is d-disjunct. By definition and Proposition m a t X n d-disjunct matrix is equivalent to
the incidence matrix of a d-CFF(¢,n).

A discussion of the relationships among d-disjunct, d-disjunct, d-separable, and d-
separable families, studied by Du and Hwang [19], is presented in Section

3.2 Bounds for cover-free families

In this section, we discuss bounds for cover-free families that arise from both direct and
algorithmic constructions. An optimal 1-CFF is determined by Sperner’s theorem and we
discuss more about it in Section[3.2.1] However, for d > 2, we rely on upper and lower bounds
on t(d,n). We discuss probabilistic bounds for CFFs in Section[3.2.3] There are several direct
constructions of CFFs in the literature, particularly those based on finite fields, codes, and
other combinatorial objects. We present a list of the constructions that are relevant to this
thesis in Section [3.2.2] Some of these constructions are generalized in the next chapters
to our setting of CFFs on graphs and hypergraphs. For further details on constructions of
CFFs, the reader is referred to the surveys [39, [72].

3.2.1 Optimal 1-CFFs
Since a Sperner family is equivalent to a 1-CFF, by Notation [3.1.4]

t(1,n) = min{t : 3 a 1-CFF(¢,n)}
= min{¢ : 3 a Sperner family ([1,¢], B) with |B| = n}.
Thus, Sperner’s theorem [68] gives an optimal construction for a 1-CFF which can be done

by taking n distinct sets out of all | £]-subsets (or all [5]-subsets) of a t-set for the smallest
possible t.



3.2. BOUNDS FOR COVER-FREE FAMILIES 19

Theorem 3.2.1. [39] For any n > 2,

t(1,n) = min {t ; (L%J) > n} . (3.2.1)

Equation [3.2.1| further implies that ¢(1,n) = k if and only if n € [(LEJ) +1, (LgJ)]
2

~

Example 3.2.2. For n = 6 and d = 1, we have t(1,6) = t = 4, and every subset has size
|5] = 2. Hence, for X ={1,2,3,4} and

B ={{1,2},{1,3},{1,4},{2,3},{2,4}, {3,4} },

B forms a Sperner system with the maximum possible cardinality 6. Table presents the
incidence matrix of an optimal 4 x 6 1-disjunct matrix.

1 2 3 4 5 6
11111 0 0 O
2/1 0 01 10
310 1 01 0 1
410 01 0 1 1

Table 3.3: A 4 x 6 1-disjunct matrix

We denote the entry in the i row and j column of a matrix A by A[i, j].

Proposition 3.2.3. For an odd ¢, let F; = ([1,¢], B1) and F» = ([1, t], Bz) be the 1-CFF(¢,n)
constructed by taking n distinct sets out of all |£]-subsets and all [5]-subsets of a t-set,
respectively. Let A; and Ay be incidence matrices of F; and JF», respectively. Then,

1. For any two columns i,j € [1,n], there exists a row = € [1,t] such that A;[z,i] =

Al[ﬂf,j] =0.
2. For any two columns 7,5 € [1,n], there exists a row x € [1,¢] such that As[z,i] =
Ag[f,j] =L
Proof.

1. For any By, B, € By, since |B; U By| < |By| + |Bs| < [£] + [5] < t, it follows that
there exists an element x € [1,¢] such that x ¢ By U By. This proves item 1.

2. Suppose that there exist two subsets By, By € By such that By N By = (). Then,

|B1 U Bs| = |Bi| + |Ba| = [5] 4+ [£] > t, leading to a contradiction. Thus, every pair

of sets in By intersect, implying item 2.
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Theorem 3.2.4. [39] t(1,n) ~ log, n.
. By Theorem [3.2.1] t is the smallest integer such

Proof. Consider an optimal 1-CFF(¢,n)
: ) > n. This also implies that ((;) > n. Therefore, we have

that (¢,
(5] ~\Izl)

Since t =1 ~ t, as t — 0o, we may assume without loss of generality that ¢ is even. Thus,

Inequality can be re-written as

() =)

(3.2.2)

2

) = 2(t_1) we have

Using( )
1(1 t
2\3 3

2

[SIECN

The lower and upper bounds on n are of the form

and ¢y = 1, respectively. Then, for an even t — oo, using Stirling’s approxi-

where ¢; = 3
mation of factorials [23], we get:

t! 2mt(L)! 2
G2~ G 7 =G
(GG g

C2

Taking logarithm (base 2) for the main inequalities, we obtain as t — oo:

t—logQ\/E%—logg% <log,n <t —log, vVt + log,
2
Simplifying lower and upper bounds on log, n, we get

log, <=
log, Vi 082 /%
—t 1—Og2t\[+ t\/; = t(1+ o(1)).

C;
t — log, vVt + log, —=
2
). Thus, we

N+

Hence, logon ~ t as t — oco. Also, n — oo as t — oo since (tzl) <n< (
2

conclude that ¢t ~ log,n as n — oo.
The following technical lemmas will be used later to prove some of the results in Chapters

[ and Bl
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Proposition 3.2.5. For k > 2, we have ¢ (1 L (Qk]jl)D = 2k.

k+1 k+1 k k

implies t(l L 2k+ ) < 2k. Tt remains to show that t(l [2(%;1”) > 2k — 1. Since

() = G+ (;f_’“l) and () = 3 (57) = 2(05), we have (*7) = 2(37) + (). Tn

addition, since k > 2, this implies 2k > &k — 1 and (2*,) > (%) > 4. Thus, E (Qk]jl)J =

E <2(2kk:11) + (k2k1)>J = L(2kk711) + l(kal)J = (Qkkill) + Ll (k2k1)J Since _(k 1) > 2, we have
%(%,;H)J > (Zk 1) + 2. Thus, we conclude that, by Equation |3.2.1}, t(l, E (%JI)D >
2k — 1.

Proof. Since (21:;1) = (%H) = 2’“—“(2,5) < 2(2:), we have B (2k+1)J < %(2’”1) < (2:) This
1

Lemma 3.2.6. If t(1,n) = 2k + 1 for some k > 1, then #(1,2n) = 2k + 2.

Proof. If ¢(1,n) = 2k + 1, then by Equation [3.2. 1', (%) <n < (2k+1). This implies

k k
2n < 2(2]“;1) = kkjl (2’“;1) = (2:;“12) Since n > (Zk) + 1, we have 2n > 2( ) +2 >
(2:) + (,ikl) +2= (Qk,jl) +2. Thus, (2k+1) <2n < (%fjf) This implies ¢(1,2n) =2k +2. 1

Lemma also implies that if SF(k) = n with k odd, then SF(k + 1) = 2n.

Lemma 3.2.7. Suppose t(1,n) = 2k for k > 2.
LoIfne [(*7) + 1 [3C5)]], then t(1,2n) = t(1,n) + 1.

2. Ine [[L(5)] +1. ()], then ¢(1,2n) = t(1,n) +2.

Proof. Ift(1,n) = 2k, then by Equation|3.2.1} n € [(zk 1) +1, ( )} This implies 2(% 1) +

2 <2n <2(°). Thus, 2n > 2(37) +2 =21 +2 = (%) + 2. Hence, t(1,2n) > 2k.
Now we provide a proof for items [I] and [2|

1. It is enough to show thatt( ( 2k 1 )) —2k+1andt( L 2’”1 J) =2k+1.
First, t(l 2((% 1) +1)) = 2k + 1 since (% 1) +2 > 2(2’C 1) +1= (Qkk) + 1. Let

rz = 1if (Qkﬂ) is odd and x = 0 if (2k+1) is even. Then, b (2’?1” = @
Thus, t(l 2{ (2"’“”) = t(l, (2'“;1) ) if (2k+1) is odd and t( %( ,j )J)

t <1, (2’?1)) if (lejl) is even. In both cases, it follows by Equation [3.2.1|t
(12|25 )]) =26+ 1.

2. It is enough to show that 2k +2 < ¢ (1,2 (E 2kl J )) < (1,2(%)) = 2k + 2.

t
First, {2 (2k+1)J +1 = & +1if 2k]:r1) is odd and b( +1)J +1= (2k+1) 41

if (%“) is even. Then, t( { %“ J —|—2> ( 2k+1) + 1) if (%’Ll) is odd and

k k

<1 2 L (2k+1)J + 2) < 2k+1 ) if 2’“;1 is even. In both cases, it follows by
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Equation [3.2.1] that ¢ (1,2 [1(*) | +2) > 2k +2. Also, ¢(1,2(})) = 2k + 2 as
(i) =20%7) = 2(557) > 2(0) > 7(0) = ().

Lemmas [3.2.6] and can be summarized as follows.

Proposition 3.2.8. Forn > 2, let 7 = min{(tﬁj) cx €N, (Lij) >n}. Ifn<|[i(@+1)],
then t(1,2n) = t(1,n) + 1. Otherwise, t(1,2n) = t(1,n) + 2.

Proof. Let x =t(1,n). Then, n € [(ng) +1, (L%)] ,and 1 = (L%J)' This implies 7 + 1 =
(Lij) +1,son+1= (L@J)' We can assume n > 3, since for n = 2, the result follows as
t(1,4) =4 and ¢(1,2) = 2. We consider two different cases depending on the parity of .

Case 1: v = 2k + 1 for some k£ > 1. In this case, n < (ng) = (2’“]:1) = [%2]57*12(%;1” =
2

E (2::12” = E(LﬁTﬂJ)J = [$(@m+1)]. In addition, since ¢(1,n) = 2k + 1, by Lemma [3.2.6]

we obtain t(1,2n) = t(1,n) + 1.

Case 2: v = 2k for some k > 2. In this case, [3(7+1)] = E( ol )J = E(L%LﬂJ)J =
2

L=+
E (%,;H)J The result then follows by Lemma |3.2.7|

3.2.2 Some explicit constructions of CFFs

Some cover-free families can be constructed recursively by building them from smaller CFFs.
We start with a simple construction provided by Li et al. [46] that builds a CFF from two
smaller ones, as described in the following lemma. By 1,,x, and 0,,x, we denote m X n
matrices with all entries as 1 and 0, respectively.

Proposition 3.2.9. [46] Let A; and A; be a t; x ny d-disjunct matrix and a to X ny d-disjunct
matrix, respectively. Then
A — |: Al 0t1 ><n2:|

Otg Xni A2

is a (t; + t2,n1 + ng) d-disjunct matrix.

Proof. Let the rows of A; and A, be labeled a;, for i € [1,t1], and b;, for i € [1,¢s],
respectively. Then the rows of A are labeled ay,...,a4,b1,...,b,. Let the columns of A
be labeled by the elements of [1,n 4+ ng] and I = {ig,i1,...,74} be a set of distinct d + 1
columns. If i; € [1,n4] for all [ € [0,d] , there exists a permutation submatrix of order d + 1
in A; formed by these columns. Therefore, such a submatrix can also be identified within A.
A similar argument can also be used for the case where i; € [n; + 1,n; + no] for all [ € [0, d].
Now, consider the case where I = I; U I with |I1|, |I5] < d+ 1 and |I;]| + |I2| = d + 1. Since
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A; and A, are d-disjunct, the submatrices of A; and A, restricted to I; and I, respectively,
contain permutation submatrices of orders |I;| and |I5|, respectively. Let the corresponding
row sets be Ry and Rs, respectively. Then, it is easy to see that the submatrix of A restricted
to the rows in Ry U Ry and the columns in [ is a permutation submatrix of order d +1. N

A proof similar to that of Proposition gives Proposition [3.2.10]

Proposition 3.2.10. Let A be a t X n d-disjunct matrix. Then

A 0
B — |: t><1:|
01t 1lixa
isa (t+1)x (n+1) d-disjunct matrix.
In general, we have:
td,n+1) <t(dn)+1, (3.2.3)

since from any d-CFF(t,n), F = ([1,t], B), we can build 7' = ([1,t+ 1], BU{{t+1}}), which
is a d-CFF(t + 1,n + 1), with incidence matrix B given in Proposition [3.2.10]

Definition 3.2.11. (Kronecker product of matrices) Let Ay be an my, X ny binary matrix for
k =1,2 and let 0 be the my X ny matrix of all zeroes. The Kronecker product A = A; ® A,
is an mymgy X nine binary matrix with blocks A; ; where

poy = { oo Al =1

0, otherwise.

The following theorem shows that taking the Kronecker product of two disjunct matrices
results in a larger disjunct matrix. The case for d = 2 was proved in [46], and the result was
generalized for any d in [37].

Theorem 3.2.12. (|37, 46]) For d > 2, let A; be a t; X n; d-disjunct matrix and A, be
a ty X no d-disjunct matrix. Then A = A; ® Ay is a t1ts X niny d-disjunct matrix. Thus,
t(d, nlng) S t(d, nl) . t(d, Tlg).

Corollary 3.2.13. Let A; be a t; X n; di-disjunct matrix and A, be a ty X ng do-disjunct
matrix. Then A = A; ® Ay is a t1ty X nyny d-disjunct matrix where d = min{d,, d,}.

Proof. Since d < dy,ds, we know A; and A, are d-disjunct. Thus, by Theorem (3.2.12]
A} ® Ay is d-disjunct. |

Next, we present a result arising from a recursive construction that provides an improved
bound on t(d, n1n,) whenever s < 82=%2. The case d = 2 was proved in [46], and the result
was generalized to any d in [37].

Construction 3.2.14. Let A, Ay, and B be t; X ny,ty X ny and s X ny binary matrices,
respectively. We construct an (st + t3) X nyny binary matrix as follows:
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1. We construct an st; x nin, matrix by computing the Kronecker product of B and Aj.
This results in a matrix having ny blocks of columns with n; columns each.

2. Then, for each i € [1,n], we append the i’ column of Ay to the bottom of every
column in the i** block.

Theorem 3.2.15. (Optimized Kronecker) (|37, 46]) For d > 2, let A;, A2, and B be a
t1 X ny d-disjunct matrix, a ty X ny d-disjunct matrix and an s X ny (d — 1)-disjunct matrix,
respectively. Then construction produces an (st; +t) X nyny d-disjunct matrix. Thus,
t(d,ning) < t(d —1,mn9) X t(d,nq1) + t(d, ns).

Next, we discuss a recursive doubling construction, which is applicable when d = 2.

Theorem 3.2.16. [46] Given a 2-CFF(¢(2,n),n) and a 1-CFF(¢(1,n),n), there exists a 2-
CFF(t(2,n) +t(1,n) 4+ 2,2n). If t(1,n) is odd, then there exists a 2-CFF(¢(2,n) + t(1,n) +
1,2n). Thus,

t(2,n) +t(1,n)+2, if t(1,n) is even,
H2,2n) < { #2,n) +t(1,n) + 1, if¢(1,n) is odd.

Proof. Let A; be a t(2,n) x n 2-disjunct matrix. Let Ay be the incidence matrix of a
1-CFF(t(1,n),n) that is constructed by taking n distinct sets out of all [£]-subsets of [1, ]
whereas A, is the complement of A,. If £(1,n) is even, then construct a (¢(2,n) + t(1,n) +
2) x 2n matrix M as shown in Figure [3.1a] Otherwise, construct a (£(2,n)+#(1,n)+1) x 2n
matrix N as shown in Figure [3.1b] It can be verified that M and N are 2-disjunct, using
Proposition for the case of t(1,n) odd.

1,...,n n+1,...,2n
Al Al
1,...,n n+1,...,2n
A2 A_2 Al Al
11><n 01><n A2 A_2
Oi1xn 1ixn O1xn 1ixn

(a) In case of t(1,n) even

(b) In case of t(1,n) odd

Figure 3.1: Doubling construction of 2-CFFs

Table provides upper bounds on #(2,n) for small values of n [39, [46] and the bold
entries imply the bound is exact.
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n 3<y<8[12 |13 |17 20|26 |28 |42 |48 |68 |69 | 76|90 | 120 | 176

253

t(2,n) y 9 10|11 |12 13|14 15|16 | 17|18 |19 |20 | 21 | 22

23

Table 3.4: Upper bounds of ¢(2,n) for small values of n

3.2.3 Probabilistic and algorithmic constructions of CFFs

It is known that for d > 2,

d*log, d

log, n

C1 < t(d,n) < cpd®logyn,

for some constants ¢; and cy. The value of this constant ¢; is proven to be approximately
3, 7 and ¢ in [20], [25], and [62] respectively. Furthermore, the existence of d-CFFs based on
the probabilistic method produces the best known asymptotic upper bounds on ¢(d, n), and
derandomization techniques can be used to obtain polynomial time algorithms to construct
a d-CFF (t,n) with t = ©(d?log,n) [9, 26, 58, [61]. Using a correspondence between a
linear code and a CFF provided in [72], a Reed-Solomon code with an appropriate choice
of parameters produces a d-CFF(t,n) with ¢ in O(dQ(ﬁi—ZZ)Q), and its proof can be found in
[, 130].

Porat and Rothschild [58] gave the first polynomial time algorithm to construct a d-
CFF(t,n) with t = ©(d?logy n) by showing the existence of linear codes meeting the Gilbert-
Varshamov bound and then derandomizing it using the method of conditional probabilities
[1] to obtain these codes. A detailed explanation of this algorithm has been provided in [14],
which further shows that the constructions using Reed-Solomon codes produce d-CFFs with
smaller ¢ than those produced by Porat-Rothschild’s algorithm for the values of n that are
feasible in practice.

Using the constructive algorithm of the Lovasz Local Lemma by Moser and Tardos
[49, 50], Gargano, Rescigno, and Vaccaro [26] and Rescigno and Vaccaro [61] provided
polynomial-time algorithms with ¢ = ©(d*log,n). The use of the Lovasz Local Lemma
to find a bound for ¢(d, n) is not new in the literature. Yeh [74] provided a bound on ¢(d, n)
while Deng et. al [I5] also used Lovész local lemma to show a probabilistic existence of a
generalization of CFFs.

Erdos, Frankl, and Fiiredi [21] provided the following lower and upper bounds on ¢(2, n):

3.106log,y(n) < t(2,n) < 5.5121logy(n).

3.3 Cover-free families on hypergraphs

Motivated by several applications, further generalizations of cover-free families, which satisfy
some additional properties, have also been studied. More details on cover-free families, their
generalizations, and their practical applications can be found in the survey by Idalino and
Moura [39]. In this thesis, we are interested in studying a generalization of cover-free families,
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first introduced by Idalino and Moura [38], 40], which uses a hypergraph to indicate which
subsets of the ground set must have the “cover-free” property.

3.3.1 Structure-aware cover-free families

Recently, a new version of the group testing problem has been considered in response to
the COVID-19 pandemic, where the set of defective items tends to appear in clusters
[13, 27, 54, B5]. This scenario is best described by assuming that the set of infected in-
dividuals, drawn from a pool of n items, appears in the union of at most r edges of a given
hypergraph. Idalino and Moura [38, 40] studied this problem by defining structure-aware
cover-free families (CFFs), which are applicable to contagious disease screening. In their
model, edges (or hyperedges) represent groups of individuals with close contact, and the
parameter r serves as an upper bound on the number of hyperedges whose union covers
infected individuals.

The goal is to minimize the number ¢ of tests given the hypergraph H and r, where
the vertices of the hypergraph correspond to the columns of the incidence matrix of CFF,
and hyperedges correspond to subsets of columns that are more likely to contain all infected
individuals together. Idalino and Moura provided several constructions that are discussed in
the next subsection, showing that the defective items can be efficiently identified using the
structure of the underlying hypergraph. The definition of structure-aware CFFs is presented
next.

Definition 3.3.1. 38, 40] For any positive integers n,t, let H = ([1,n], E(H)) be a hy-
pergraph with n vertices and m edges. Let F = ([1,¢],B) be a set system with B =
{By, By, ..., B,} and M be the associated ¢ x n binary matrix. For any r > 0, F is an (H,r)-
CFF(t,n) if for any [ < r, any l-set of hyperedges {I1,...,I;} C F(H), any S C U._,I;, and

]
any ig € [1,n]\ S, we have
By, \ (U Bi>
icS

The main focus of studying structure-aware CFFs is to minimize ¢ such that there exists
an (H,r)-CFF, given H = ([1,n], E) and r. Thus, we have the following notation:

> 1.

t(r,H) = min{t : 3 an (H,r)-CFF(¢,n)}.
Taking into account Definition 3.3.1} a d-CFF(¢,n) can be written in the following ways:
1. A d-CFF(t,n) is an (H,1)-CFF(t,n) where E(H) = ("), that is, H = K7.

2. A d-CFF(t,n) is an (H,d)-CFF(t,n) where E(H) = {{1},{2},...,{n}}, that is, H is
a graph with n loops.

Idalino and Moura |38, 40] also introduced a weaker version of structure-aware CFF,
called edge-identifying CFF and denoted by (H,r)-ECFF, which can identify infected com-
munities (or more formally, hyperedges) not necessarily being able to locate which individuals
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are infected within the community. They also define an intra-edge-screening CFF, denoted
by (H,r)-InCFF, whose property combined with (H,r)-ECFF produces an (H,r)-CFF. The
definitions of (H,r)-ECFF and (H,r)-InCFF are presented below.

Definition 3.3.2. [40] Let n,t,r, H, F, B, and M be as in Definition [3.3.1]

1. Fis an (H,r)-ECFF(t,n) if, for any [ < r, any [-subset of hyperedges {I3,...,[;} C
E(H),and S = U._,I;, and any i € [1,n] \ S, we have:

&A(UBJ
€S

2. Fisan (H,r)-InCFF(t,n) if, for any r-subset of hyperedges {I1,...,I,} C E(H), and
I CcS=U._1;and any iy € S\ I, we have:

&A(UBJ

By Definitions [3.3.1] and [3.3.2) F is an (H,r)-CFF(¢,n) if and only if F is an (H,r)-
ECFF(t,n) and an (H,r)-InCFF(¢,n). We use the following notation:

> 1.

> 1.

te(r, H) = min{t : 3 a (H,r)-ECFF(t,n)},
tin(r, H) = min{t : 3 a (H,r)-InCFF(t,n)}

The following proposition is obtained directly, by observing that we can vertically concate-
nate the incidence matrices of an (H,r)-ECFF(¢,n) and an (H, r)-InCFF(¢,n) to obtain the
incidence matrix of an (H,r)-CFF(t,n).

Proposition 3.3.3. [40] For a hypergraph H without isolated vertices,

t(r,H) <te(r,H) + tiy(r, H).

In this thesis, we study specifically the case of r = 1, that is, (H, 1)-CFF(¢, n), which we
call CFF on hypergraphs. In Chapter 5], we focus on these objects and simplify the notation
of (H,1)-CFF to H-CFF. We also write t(H),t.(H), and t;,(H) to denote t(1, H),t.(1, H),
and t;,(1, H), respectively.

3.3.2 Some bounds for (H,1)-CFFs

Idalino and Moura [38|, 40] provided general constructions of (H,r)-CFFs and specific con-
structions on some families of hypergraphs. We list their results that use edge coloring and
strong vertex coloring restricted to (H, 1)-CFFs, in Theorems [3.3.4] and |3.3.5| respectively.
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Theorem 3.3.4. [38,[40] Let H = (V, E) be a hypergraph with rank k. Then,

t(1,H) < \'(H) -t (1, m) Tk

Theorem 3.3.5. [40] Let H = (V, E) be a hypergraph and N1, N5, ..., N} be the sets of

vertices in each color class of a k-strong vertex coloring of H. For each i, let n; = |N;| and

Zle n; = |V| = n. Suppose there exists a 1-CFF(¢;,n;) for all 1 <i < k. Then, there exists
n (H,1)-CFF(t,n) with t = 3¢ ;.

We show the construction used to prove Theorem next.

Construction 3.3.6. Let t1,to,...,tg, n1,no,...,n; be as in Theorem [3.3.5] Construct a
matrix A consisting of blocks B;;,1 <14, j < k, where block column j corresponds to vertices
having color j. Each B;; is a t; X n; matrix given as follows:

1-CFF(t;,n;), ifi=jandn; >1
Bi7j = 1t¢><n¢ with t’L - 1, if 4 :j and n; = 1
0, xn; otherwise

A diagram illustrating this construction is given in Figure |3.2

./\/'1 N3 . Nk
]_—CFF(tl, n1> Ot1,n2 0t17n3 s Otl,nk
Ot27n1 1—CFF<t2, ng) 0t2,n3 cee Otg,nk
Ot3,n1 Otg,n2 ].—CFF(tg, ’I'Lg) cee OtSfka
| Otk,n1 Otk,ng Otk,n3 cee 1-CFF(tk, nk) ]

Figure 3.2: A k-strong vertex coloring construction of an (H, 1)-CFF.

The following corollary is an immediate consequence of Theorem when the color
classes have the same size m.

Corollary 3.3.7. [40] Let H = (V, E) be a hypergraph and N7, Ns, ..., N be the sets of
vertices in each color class of a k-strong vertex coloring of H such that for all i € [1,k],
IN;| =m. So, |[V| =n =mk. Let B be at(1,m) x m 1-disjunct matrix. Then, I} ® B is the
incidence matrix of an (H,1)-CFF(t,n) with t = k- t(1,m).
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Definition 3.3.8. A matching hypergraph H = ([1,n], E) is a hypergraph without any
isolated vertices in which any pair of hyperedges are disjoint. If H is 2-uniform, then H is
called a matching graph and we denote it as &,, where n must be even.

The following proposition provides an exact bound on t.(1, H) and an upper bound on
t(1, H) for a matching hypergraph.

Proposition 3.3.9. [38, [40] Let H = ([1,n], £/) be a matching hypergraph with the cardi-
nality of each hyperedge bounded by k < n. Then,

te(1, H) = t(1, |E]),
t(1,H) < t(1,|E|) + k.

We present the construction that obtains the bounds provided in Proposition [3.3.9]

Construction 3.3.10. Let H be a hypergraph as defined in Proposition with £ =
{e1,€2,...,em}. Let A be at(l,m) x m I-disjunct matrix with the columns labeled as A7
for each j € [1,m]. We construct a ¢(1,m) x n matrix C, and a k x n matrix D, where
columns of C' and D are labeled as C* and D?, respectively, corresponding to vertex i for
each i € [1,n]. Matrices C' and D are constructed as follows: for a vertex i € [1,n] incident
to an edge e; with j € [1,m], we have C* = A7 and D’ is identical to the i’* column of the
k x k identity matrix, I. It is easy to verify that matrix C' is an (H,1)-ECFF(¢(1,m),n)
and the resultant (¢(1,m) + k) x n matrix by the vertical concatenation of C' and D is an
(H,1)-CFF(t(1,m) + k,n).

A diagram illustrating this construction is given in Figure

61 62 ... €m
le1| copies of Al lea| copies of A% | -+ | |e,| copies of A™
le1| columns of I, les| columns of Iy, | -+ | |ey| columns of I

Figure 3.3: Construction of an (H,1)-CFF as described in Construction |3.3.10}



Chapter 4

Cover-free families on graphs

Before studying cover-free families on hypergraphs, we do a detailed study for the special
case of graphs. This chapter consists of the contents from the article [56].

In this chapter, we study a generalized version of 1-CFFs and 2-CFFs that extends these
definitions to include a graph G, where vertices of GG correspond to sets in the set system.
A G-Sperner(t,n) is a set system ([1,%],B) such that the sets corresponding to endpoints
of an edge do not contain one another (Definition . In this sense, a K,-Sperner(t,n)
coincides with a 1-CFF(¢,n) or a Sperner family. An edge cover-free family on a graph G,
denoted by G-ECFF(t,n), is a set system ([1,¢], B) such that for any e € E(G), the union of
the sets corresponding to vertices in e does not contain any other set in the set system. A
cover-free family on a graph G, denoted by G-CFF(t,n), is a set system ([1,¢], B) such that
for any () # ¢’ C e € E(G), the union of the sets corresponding to vertices in e’ does not
contain any other set in the set system. Thus, a K,-CFF(t,n) is equivalent to a 2-CFF (¢, n).
Furthermore, being G-CFF is equivalent to being both G-ECFF and G-Sperner. We denote
by t5(G), t.(G), and t(G) the minimum value of ¢ for which there exists a G-Sperner(t,n), a
G-ECFF(t,n), and a G-CFF(t,n), respectively, where n = |V(G)|. Clearly, t,(K,) = t(1,n)
and t(K,) =t(2,n). It is also known that t.(K,) = t(K,) = t(2,n) [38, 40], but in general,
we may have t.(G) # t(G) for some G (for example, t.(S,) = t(S,) — 1, for a star graph S,
[Corollary ) Let L,, be a graph with n vertices and the edge set consisting of loops on
all vertices. Then, t(L,) = t.(L,) = t(1,n).

In this chapter, we first prove the exact value of t4(G) for a simple graph G, that is,
ts(G) = t(1, x(G)) where x(G) is the chromatic number of G (Corollary [£.1.10)). We achieve
this by providing a characterization of G-Sperner families via graph homomorphisms to a
special graph, which we call a Sperner graph.

We further show that a G-CFF(¢,n) provides a richer combinatorial structure that
lies between being a 1-CFF and a 2-CFF in terms of bounds, giving the trivial bounds:
t(1,n) < t(G) < t(2,n) (see Corollary [4.2.8)), for any graph G with no isolated vertices. We
exemplify this claim in Figure for a cycle of length 12 (Ci5), where the incidence matrix
of a C15-CFF(7,12) is given. Using the known values of #(1,12) = 6 and ¢(2,12) = 9 [46],
we obtain the trivial bounds 6 < t(C12) < 9, and the existence of a C15-CFF(7,12) shows
that the trivial upper bound is not always tight, and that 6 < ¢(C2) < 7. This observation

30
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Figure 4.1: t(ng) = t(]_, 12) = 6, 6 S t(Clg) S 7, and t(K12> = t(2, 12) =9

motivates us to study conditions under which the trivial upper bound can be improved upon
and find which families of graphs meet either of these extreme bounds. We also find some
families of graphs where ¢(G) is close to the trivial lower bound.

From the above definitions and t5(G) = t(1, x(G)), it is easy to see that t.(G) < t(G) <
te(G) + ts(G) = t(G) + t(1,x(G)). Thus, we further investigate under which conditions
t(G) is close to t.(G), even when x(G) may be large. Surprisingly, for any graph G' with no
isolated vertex, we show that ¢.(G) < t(G) < t.(G) + 2 (Theorem [4.2.11]).

Tables and summarize various lower and upper bounds on ¢(G) proven in this
chapter, along with infinite families of graphs achieving these bounds. We assume that G is
a graph with no isolated vertex and |V (G)| = n > 3. We denote by S, the star graph with n
vertices (see Definition , by &, with n even, the graph with § single edge components,
by G + {z} the graph G with the addition of a universal vertex z (see Notation [£.2.12), by
K, U K, the graph K, with a pendant vertex attached, and by K, U K, the graph K, with

an edge component (see Notation [4.3.12)).

Table shows an infinite family of graphs that meets the trivial lower bound (first
row) and an infinite family of graphs that does not meet the trivial lower bound (second
row). It is also shown that §(G) > 2 is a sufficient condition for t.(G) = ¢(G) (third row)
and that &, is an infinite family of graphs not meeting the lower bound t.(G) < ¢(G) (fourth
row).

Table shows various upper bounds for ¢(G). We show that there are two infinite
subfamilies of &,, meeting the upper bound of ¢(G) < t.(G) + 2. If §(G) = 1 and G has
no connected component as Ky, then we have a tighter upper bound ¢(G) < t.(G) + 1 and
Sy is an infinite family of graphs meeting this upper bound. Recall from Table that
t(@) = t.(G) whenever 6(G) > 2. The bound t(H + {z}) < t(H) + 1 generalizes the bound
in Equation and is tight for any H with ¢(H) = t(1,|V(H)|) + 1, as well as for S,.

Finally, we obtain bounds on ¢(G) for specific classes of graphs G, as provided in Table
4.3l We denote by P,,C,, and W,,, the path, cycle, and wheel graph of n vertices, respec-
tively. Wd(k,n) refers to the windmill graph defined in Definition [4.5.1 For G = S,, and
G = S, + {z}, the value of ¢{(G) is determined. Similarly, for G = &,,,,, G = Wd(3,n), and
G = W41, the value of t(G) is determined up to a difference of 1. For G = Wd(k,n) with
k > 4, upper and lower bounds are provided. For G = C,,, an upper bound is provided in
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Lower bound is tight

Lower bound for ¢(G) | Extra assumptions for G infinitely often

1. S, withn=1(3)+1

(z)
t(1,n) < t(G) o (Corollary

2. gy with m > [2(m +1)]
(Proposition 4.3.7

t(1,n) + 1 < £(G)

(Corollary [£.2.9) n=(z) €(3)) With (%)) even

L5 2

(Theorem [4.3.8))

1. §(G) > 2

(Theorem part D

t.(G) < H(G) — 2. K, U Ky with £(2,n) = t(2,n + 1)
(Corollary 4.3.14])

3. K, U K, with (2,n) = {(2,n + 2)

(Corollary |4.3.14))

1<
(]t;r(oG )O;tio; , G = &, with n even &
’ — (Proposition |4.3.9))

T The bound is tight for &, not known if infinitely often.
Table 4.1: Lower bounds for ¢(G)

Theorem using a construction involving mixed-radix Gray codes [43]. This improves
the upper bound ¢(C,) < 2log,(n), which is a consequence of a construction by Idalino
and Moura [40], to t(C,) < 1.893log,(n) + O(1) (see Corollary [1.4.12). It further results in
having upper bounds for ¢(F,) and ¢(C,,) that are close to the trivial lower bound, that is,
we have log,(n) < t(P,) < t(C,) < 1.8931log,(n) + O(1) as n grows.

For small values of n, we are able to determine t(P,),#(C,), and t(W,), as given in
Proposition [£.6.1], Theorem [4.6.5 and Corollary [4.6.8] In Table [4.4] we display the known
values for t(F,),t(C,), and t(W,) or their upper bounds for n < 12. We also display the
exact values of ¢(K,) = t(2,n), to show how far the previous values are from the trivial
upper bound.

The structure of the chapter is as follows. Section [4.1] focuses on G-Sperner families and
provides all the necessary technical results before proving its main result, that is, t,(G) =
t(1, x(G)). In Section[d.2] we provide formal definitions of cover-free families on graphs, along
with lower and upper bounds on #(G), as summarized in Tables and [£.2] In Section [4.3]
we present infinite families of graphs G for which #(G) meets the extreme bounds proven
in Section .2l In Section [4.4] we provide an introduction to mixed-radix Gray codes and
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Upper bound for ¢(G)

Extra assumptions for G

Upper bound is tight
infinitely often

t(G) <t(2,n)
(Corollary |4.2.8))

K,

tG) <t (G)+2

(Theorem part D

5(G) =1

[5(m +1)]
1.3,

(Proposition

2. &, withn = ( p ),n even

15 ]
(Theorem |4.3.8))

HG) < t.(G) + 1

0(G) =1 with no

(Theorem 4.2.11| part single edge components Sy (Corollary [4.3.4))
HG) < t(H) + 1 G—H+{x) 1. H with t(H) =t(1,|V(H)|) + 1
(Theorem [£.2.13) with 6(H) > 1 (Corollary 4.2. 14)
2. H =5, (Corollary |4.3.6)
Table 4.2: Upper bounds for ¢(G)
G t(G)
Sp,n >3 _
(Corollary |4.3.4)) HSn) = t(Ln = 1) +1
S, +{x},n>3
(Corolfar};f 4.2.14]) U+ {a}) =t(lin—1) +2
(Pr(f;Zéigz)f % ) HLm) +1 < tém) <HLm) 12
— (the upper bound is tight for m > [$(m +1)])
PO 3 3k if n € (2-3%1 3% for some k > 1,
(Thz’orenrilnél_él ) t(P,) <t(C,) < {3k+1 ifne (34351 for some k > 1,
3k+2 ifne (4-3%1 2. 3% for some k > 1.
d(k >2 k>4
W ((Tilzz);r:m_lél._é.éll)_ t(1,(k—1)n)+1 <t(Wd(k,n)) <t(l,n)+t(2,k—1)+1
Wd(3,n), n > 2 t(1,n) 4+ 2 < H(Wd(3,n)) < t(1,n) + 3
(Corollary 4.5.5) (the upper bound is tight for n > E(ﬁ +1)|)
What,n >3
(Corolle;ry 4.4.18 max{t(Cn), H(Crnia)} < H(Wnia) S HCn) +1

Table 4.3: Bounds for ¢(G) for specific families of graphs G

describe a construction of CFFs on paths and cycles using such Gray codes, which yields the
upper bound in log,(n) < t(P,) < t(C,) < 1.8931ogy(n) + O(1). Section [4.5| generalizes the
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n | 4B | HCn) [ E(W,) | (K, [A0]
3 3 3 3 3
4 4 4 4 4
5 5 5 5 5
6| 5 5 6 6
71 6 6 6 7
S| 6 6 7 8
9 6 6 7 9
0] 6 7 7 9
1] 7 7 8 9
12 7 7 8 9

Table 4.4: Upper bounds for t(P,), t(Cy,), t(W,,), and t(K,,), where the bold entries indicate
exact values.

construction of CFFs on star graphs provided in Section to obtain bounds (tight bounds
in some cases) for windmill graphs and friendship graphs. In Section [£.6] we provide the

results for exact values of t(P,), t(C,,), and t(W,,) for small values of n, as provided in Table
4.4] (in bold). Conclusions and future work are provided in Section [4.7]

4.1 G-Sperner set system

Definition is the definition of G-Sperner set systems for a graph G. Definition is

an equivalent one, using the incidence matrix of the set system.

Definition 4.1.1. (via set system) Let n,t be positive integers with n > ¢, and let
G = ([1,n], E(G)) be a graph. Let F = ([1,t], B) be a set system with B = {By, Bs, ..., B,}
and |B| = n where B; corresponds to the vertex i. Then, F is Sperner for a proper edge

{a,b} € E(G) if
|Bo \ By| > 1 and |B, \ B,| > 1.

The set system F is G-Sperner, or a G-Sperner(t,n), if it is Sperner for every proper edge
in F(G).

Definition 4.1.2. (via incidence matrix) Let G = ([1,n], E(G)) be a graph, and let A
be a t X n binary matrix where each column corresponds to a vertex of G. We denote by
Ali, j| the entry of A in row i and the column corresponding to the vertex j € [1,n], and by
A7 the column vector of A corresponding to the vertex j. Then, matrix A is Sperner for a
proper edge {a,b} if there exist row indices [, m € [1,¢] such that A[l,a] =0 and A[l,b] =1,
and Alm,a] = 1 and A[m,b] = 0. Matrix A is G-Sperner if it is Sperner for every proper
edge in E(G).

It is easy to verify the equivalence given in the following proposition.
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Proposition 4.1.3. Let G = ([1,n], E(G)) be a graph and F = ([1,], B) be a set system
where |B| = n. Then, F is a G-Sperner(¢,n) if and only if its incidence matrix is G-Sperner.

We denote by ts(G) the minimum ¢ such that there exists a G-Sperner(¢, |V (G)|) set
system, that is,
ts(G) = min{t : 3 a G-Sperner(t, |V (G)|)}.

Observe that a G-Sperner(t, n) is equivalent to a (G, 1)-InCFF (¢, n), given in Definition[3.3.2]
Thus, t5(G) = tin(1, G).

In this section, we show that ¢,(G) is determined from its chromatic number for any
simple graph G. Our method is to characterize it using a special family of graphs, which we
call a Sperner graph, defined in this section. We first prove a series of fundamental results
before proving the main result.

For the rest of the chapter, we assume that G is a simple graph. Therefore, G has only
proper edges.

Proposition 4.1.4. Let G and H be graphs such that G — H. Then t,(G) < t,(H).

Proof. Let f: V(G) — V(H) be a homomorphism from G to H, and A be a t* x |V (H)|
H-Sperner matrix with t* = t;(H). Now, from A we construct a t* x |V(G)| matrix M
with every column corresponding to a vertex in G such that for every v € V(G), we set the
column MV identical to A7®). Let {z,y} € E(G). Since homomorphisms preserve edges,
{f(x), f(y)} € E(H). Since A is Sperner for the edge { f(z), f(y)}, then M is also Sperner for
{z,y}. Thus, M is a G-Sperner matrix with t* rows and this implies t,(G) < t* =t,(H). 1

Proposition 4.1.5. Let n > 2. Then, t,(K,) = t(1,n).

Proof. It is easy to see that a set system being K,-Sperner is equivalent to being Sperner,
which is equivalent to being a 1-CFF. |

Definition 4.1.6. The Sperner graph of order z, denoted S(z) is a graph (V, E) with

e vertex set V = {0,1}* = Z3, and

e edge set F such that {z,y} € FE if and only if there exist j,k € [1,z] such that
zj=0,y; =1and z, = 1,9, = 0.

where z; represents the j' position of the binary z-tuple x.

From the definition above, it is also clear that the vertices of a Sperner graph of order z
correspond to the elements in the power set P([1, z]) and there is an edge between z,y C [1, z]
if and only if * € y and y € . Figure [4.2] shows the Sperner graph S(3).

A chain in the partially ordered set of all subsets of [1,n] ordered by inclusion is a set
of subsets in which for every pair (A, B), either A C B or B C A. A chain decomposition
is a partition of P([1, n]) into disjoint chains. The following theorem provides the chromatic
number and the clique number of a Sperner graph of order z. The proof of this theorem is
inspired by work on qualitative independent graphs by Meagher and Stevens [48].
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® (1,23}

1,21/ 1,37\ (2,3)

el
*2
Figure 4.2: Sperner graph of order 3
Theorem 4.1.7. w(S(z)) = x(S(2)) = (éJ).

Proof. By definition of S(z), only Sperner families on [1,z] correspond precisely to the
cliques in 8(z). Hence, by Sperner’s theorem, w(S(z)) = (LEJ)'
2

Clearly, x(S(2)) > w(S(z)) = <L2J)' By Corollary [2.1.7, we have that the poset of

subsets of [1, z] ordered by inclusion can be decomposed into (Lz J) disjoint chains such that
2

each of the chains contains exactly one set of size [%]. Let C1,Co,. .. ,C( £ ) be such chains.

2

By the definition of Sperner’s graph, it is clear that there cannot be an edge in S(z) between

vertices corresponding to any two subsets in a chain. Thus, we can achieve a (? J)—coloring of
2

S(z) by assigning color 7 to all vertices in chain C;, for 1 < i < (LEJ)' Thus, x(S(z)) < <L§J)'

Hence, x(S(2)) = (ng)' i

Corollary 4.1.8. t,(S(2)) = 2.

Proof. Since Kysiz) — S(z) — K, (s(»)), by Proposition , we have tS(Kw(g(z))) <

ts(S(2)) < to(Ky(s(z)))- Then, by Theorem [£.1.7, Proposition .1.5, and Equation [3.2.1] we

have that t4(S(z)) =t (1, (é)) =z. i
2

In the next proposition, we give a characterization of ¢4(G) via a homomorphism from
the graph G to a Sperner graph.

Proposition 4.1.9. ¢,(G) = minen{l : G — S(I)}.

Proof. We claim that there exists an I x |V (G)| G-Sperner matrix A if and only if there exists
a homomorphism f from G to S(I). Indeed, if there exists such A, then f : V(G) — Z, with
f(v) = A" is a homomorphism because for any edge {a,b} € E(G), there exist j, k € [1,]]
such that A[j,a] =0, A[j,b] = 1 and A[k,a] = 1, A[k,b] = 0, and thus {A4%, A’} € E(S(1)).

Now, for the converse, if there exists a homomorphism f from G to S(1), then for every edge
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{a,b} € E(G), we must have {f(a), f(b)} € E(S(l)). Let A be an [ x |V(G)| matrix where
A = f(v). Then, if {f(a), f(b)} € E(S(I)), there exist j, k € [1,1] such that (f(a)); = 0,
(f(b); = 1, (f(a))k = 1, and (f(b))r = 0. This also means that in rows j and k of
A, we have Alj,a] = 0, A[j, b = 1, A[k,a] = 1, and A[k,b] = 0. This claim implies
ts(G) = mingen {! : 3 a G-Sperner (1, |V(G)|)} = minen{l: G = S(1)}. i

We have now provided all the foundational results needed to prove the main result of
this section.

Corollary 4.1.10. Let G = (V, E) be a graph without any isolated vertex. Then, t,(G) =
t(1,x(G))-

Proof. Since G — K, (@), from Propositions and {4.1.5, we obtain ¢,(G) < t,(Kya))
and £,(K () = £(1, X(G). Thus, £,(G) < (1,x(G)).

Assume t(1, x(G)) = k for some k € N. Suppose for the sake of contradiction that
ts(G) < t(1,x(@G)), that is, t, (G) < k — 1. Then, by Proposition [1.1.9, G — S(k —1). By
Theorem4.1.7, x(S(k—1)) = (L’“ 1j> Since we know that ¢(1, x(G)) = min{/ : <L J) > x(G)}
and x(G) < x(S(k —1)) = (L]Z;%J)’ the minimum [ occurs for some | < k — 1. Thus,

2
t(1,x(G)) <k —1<t(1,x(G)), which is a contradiction. So, t;(G) = t(1, x(G)). i

<
<

4.2 Cover-free families on graphs

We begin this section by giving two equivalent definitions of cover-free families on graphs.
Definition [4.2.T] uses the set system and is a specialization to graphs from the more general
cover-free families on hypergraphs defined in [40]. Definition is an equivalent one using
the incidence matrix of the set system.

Definition 4.2.1. (via set system) Let n,t be positive integers with n > ¢, and let
G = ([1,n], E(G)) be a graph. Let F = ([1,¢], B) be a set system with B = {By, Bs, ..., B,}
and |B| = n where B; corresponds to vertex i. The set system F is cover-free for an edge
{a,b} € E(G), if for any iy € [1,n] \ {a,b}, we have

By \ (Ba U By)| = 1.

Then,

1. Fisa G-ECFF(t,n) if F is cover-free for all edges in F(G).
2. Fisa G-CFF(t,n) if F is both G-ECFF(t,n) and G-Sperner(¢,n).

We now present equivalent definitions of the above definitions via incidence matrices.
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*—o—0o—0
1 2 3 4
o0 1 1
1 0 0 1
11 0 O

Figure 4.3: A P;-disjunct matrix

Definition 4.2.2. (via incidence matrix) Let G = ([1,n], E(G)) be a graph, and let A
be a t X n binary matrix where each column corresponds to a vertex of G. We denote by
Ali, 7] the entry of A in row i and the column corresponding to the vertex j € [1,n], and
by A’ the column vector of A corresponding to the vertex j. A is cover-free for an edge
{a,b} € E(G), if for any vy € [1,n] \ {a,b}, there exists a row index [ € [1,¢] such that
All,a] =0, A[l,b] =0, and A[l,vo] = 1. Then,

1. Matrix A is G-disjunct if it is cover-free for every edge in E(G).

2. Matrix A is G-disjunct if it is both G-disjunct and G-Sperner.

We remark that the notation G used here should not be confused with the standard
notation for the complement of GG. It is easy to prove the equivalences given in the following
proposition.

Proposition 4.2.3. Let G = ([1,n], E(G)) be a graph and F be a set system. Then,

1. Fis a G-ECFF(t,n) if and only if its incidence matrix is G-disjunct.

2. Fis a G-CFF(t,n) if and only if its incidence matrix is G-disjunct.

Since a 2-disjunct matrix is also a 2-disjunct matrix, being a 2-CFF(¢,n) is equivalent
to being a K,-ECFF(t,n) or being a K,-CFF(t,n). By Definition §.2.1 a G-CFF (or a
G-disjunct matrix) is a G-ECFF (or a G-disjunct matrix). However, in general, being a G-
ECFF (or a G-disjunct matrix) is not equivalent to being a G-CFF (or a G-disjunct matrix).
Figure shows a G-disjunct matrix that is not G-disjunct, since the matrix is not Sperner
for edges {1,2} and {3,4}. We denote by t.(G) and ¢(G) the minimum ¢ such that there
exist a G-ECFF(t,n) and a G-CFF(t, n); respectively:

t.(G) = min{t : 3 a G-ECFF(t, |V(G)])},
t(G) = min{t : 3 a G-CFF(¢, |V (G)])}.

It is clear that a G-ECFF(¢,n) and a G-CFF(t,n) are equivalent to a (G, 1)-ECFF(¢,n) and
a (G,1)-CFF(t,n), respectively, which were defined in Section [3.3.1] Thus, ¢.(G) = t.(1,G)
and t(G) = t(1,G). The following proposition is obtained directly from Definition and

is also an immediate consequence of Proposition [3.3.3]
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Proposition 4.2.4. [40] For a simple graph G, t.(G) < t(G) < t.(G) + ts(G).

For the graph L,, with n loops, we have t(L,) = t.(L,) = t(1,n). If G is a graph with
a set of isolated vertices I and at least 3 non-isolated vertices, then t.(G — I) = t.(G) and
t(G — I) = t(G); indeed, since isolated vertices are not part of any edges in the graph, to
obtain a G-disjunct matrix from a (G — I)-disjunct matrix or a G-disjunct matrix from a
(G — I)-disjunct matrix, it suffices to add columns of all 1’s as the columns corresponding
to the isolated vertices. Therefore, throughout the rest of the chapter, we assume that the
graph has no isolated vertices.

The following corollary is a direct consequence of Theorem [3.3.5] Recall that Idalino
and Moura [40] construct CFFs on hypergraphs using strong vertex coloring (Construction
3.3.6]), which can be adapted to graphs as a construction using vertex coloring.

Corollary 4.2.5. Let P,, C,,, T}, be respectively, a path, a cycle, a tree with n > 3 vertices,
and let K,,, ,, be a complete bipartite graph with n,,ny > 2. Then,

1.
3 itn=23
t(P,) < < 2t(1, 7) if n is even,n > 4,
(1, |2])+¢(1,[2]) ifnisodd,n>5
2.
3 if n =3,
t(Cn) < Q2t(1, %) if n is even,n > 4,
2¢(1, |2])+1 ifnisodd,n>5.
3.

t(Knth) < t(17n1) + t(la n2)~

4. t(T,) < t(1,n1) + t(1,ny) where n; and ny are the number of vertices in each of the
two color classes for a 2-coloring of T,.

Proof. The result follows from Theorem [3.3.5| and the fact that P,,T,, are 2-colorable and
C,, is 2-colorable for n even and 3-colorable for n odd. The size n; of each color class for a
2-coloring is computed in the case of each type of graph:

1. For P,,n; = [§] and ny = [§], for n > 3. For P3, see Proposition m

2. For Cy,ny = § and ny = § if nis even. If n > 5 is odd, construct a P,-disjunct matrix
by Theorem [3.3.5 and add a row with 0’s in the columns corresponding to its endpoints
and 1’s for the remaining vertices. See Proposition [4.6.1] for Cj.

3. K, n, is 2-colorable with color classes of size n; and ns.

4. The tree T, is 2-colorable with color classes of size n; and ns, as given.
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For all cases of graph G, with n vertices given in Corollary above, t(G,) <
2log,n + 1 as n grows. However, in Section we improve this bound for #(P,) and

t(Cy) to @ log, n + O(1) =~ 1.8931og,(n) + O(1).

Proposition 4.2.6. If G is a subgraph of H, then t(G) < t(H) and t.(G) < t.(H).

Proof. Let A be the incidence matrix of an H-CFF(t,|V(H)|). Let M be the t x |[V(G)|
matrix where each column corresponding to a vertex v; € V(@) is identical to the column
corresponding to v; in A. It is easy to see that M is H[V(G)]-disjunct since deletion of
vertices from H to obtain H[V(G)] does not affect the property that M is cover-free and
Sperner for all edges in H[V(G)]. Similarly, removing edges from H[V(G)] to obtain the
graph G does not affect the property that M is cover-free and Sperner for all edges in
G. Thus, M is G-disjunct and #(G) < t(H[V(G)]) < t(H). A similar argument yields
L(G) < L(HV(G)) < L(H). '

Theorem 4.2.7. Let G = (V(G), E(G)) be a graph with no isolated vertices. Then any
G-CFF(t,|V(G)|) is a 1-CFF(t, |V (G)|).

Proof. Let n = |V(G)| and A be a G-disjunct matrix. We want to show that A is 1-
disjunct. Let u,v € V(G). First, consider the case where {u,v} € E(G). Since A is a
G-Sperner matrix, there exists a row j; such that A[j;,u] = 0 and A[j;,v] = 1, and a row
Ja such that A[jo,u] = 1 and A[js,v] = 0. Second, consider the case where {u,v} ¢ E(G).
Let «/,v" € V(G) such that {u,u'} € E(G) and {v,v'} € E(G), which must exist since G
has no isolated vertex. Thus, since A is a G-disjunct matrix, then there must exist a row
iy with Aliy,u] = Aliy,w'] = 0 and Afiy,v] = 1 and a row iy with Alig,v] = Aliz,v] = 0
and Alig, u] = 1. From both cases considered, we conclude that for any u,v € V(G), there
exists a row in A that has a 0 and a 1 in the columns corresponding to vertices u and v,
respectively, and a row that has a 1 and a 0 in the columns corresponding to vertices u and
v, respectively. This implies A is a 1-CFF. |

Corollary 4.2.8. Let G = (V(G), E(G)) be a graph on n vertices, with no isolated vertices.
Then,
t(1,n) <t(G) <t(2,n). (4.2.1)

Proof. Since G is a subgraph of K,,, by Proposition 4.2.6, t(G) < t(K,) = t(2,n). Since,
by Theorem 4.2.7, a G-CFF(t,n) is a 1-CFF(¢,n), we have t(1,n) < t(G). i

Corollary 4.2.9. Let G be a graph with no isolated vertices and let n = |V(G)| with
n= (ng)’ x > 3. Then,

t(G)>z+1=t(l,n)+ 1. (4.2.2)

Proof. By Corollary t(G) > t(1,n). Then, by Equation [3.2.1]

=i () =+
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Suppose there exists a G-CFF (x, (LiJ )) . Since by Theorem 4.2.7] a G-CFF is also a Sperner
2

family with (Li J) subsets; by Theorem [2.1.4], this family must consist of every subset of size
2

|5] or every subset of size [§]. Thus, the union of any two subsets in the family must

contain at least one other subset in the family, a contradiction. Hence, it is impossible to
construct a G-CFF (x, (LiJ)> on a ground set of size z, so t(G) >z +1=t(1,n)+1. 1
2

4.2.1 Establishing that t(G) ~ t.(G)

From Definition te(G) < t(G). In this section, we show that, in many cases, t(G) =
t.(G) and in all cases, their difference is at most 2. First, we provide a necessary and sufficient
condition for a graph G such that any G-ECFF must be a G-CFF.

Proposition 4.2.10. For a graph G = ([1,n], E(G)), any G-disjunct matrix is G-disjunct
if and only if 6(G) > 2.

Proof. First, suppose §(G) > 2. We need to show that every G-disjunct matrix is also
G-Sperner. Let A be a G-disjunct matrix. For an edge {u, v}, let  and y be neighbors of u
and v, respectively, such that z,y ¢ {u,v}. Then, for the edge {u,z} and the vertex v, there
must exist a row i in A such that A[i,u] = 0, A[i,z] = 0, and A[i,v] = 1. Similarly, for the
edge {v,y} and the vertex u, there must exist a row j in A such that A[j,v] =0, A[j,y] =0,
and A[j,u] = 1. Thus, we have A[i,u] = 0, Ali,v] = 1, A[j,v] = 0, and A[j,u] = 1, which
proves that A is Sperner for the edge {u,v}. Thus, A is G-Sperner, which implies A is
G-disjunct.

Now, we show by contraposition that if §(G) < 2, there exists a G-disjunct matrix
that is not G-disjunct. Let {u,v} be an edge with deg(u) = 1. Let A be at x (n — 1)
(G — {u})-disjunct matrix. Let B be a ¢t X n matrix constructed by adding a column to
A, corresponding to u, which is equal to AY. It is easy to see that B is G-disjunct since
using that A is 1-disjunct, we conclude that B is cover-free for {u,v}. Note that B is not
G-disjunct because B is not Sperner for {u,v}. Hence, B is not G-Sperner which means B
is not G-disjunct. |

Theorem 4.2.11. Let G be a graph.

1. If 6(G) > 2, then
t(G) = t.(G). (4.2.3)

te(GQ) < H(G) < te(G) + 1. (4.2.4)

t.(G) < H(G) < t.(G) + 2. (4.2.5)
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Proof. By Proposition [4.2.4] we already know that t.(G) < t(G). Let Abe at.(G) x|V (G)|
G-disjunct matrix. In the proof of Proposition 4.2.10], we showed that A is Sperner for an
edge {u, v} if deg(u),deg(v) > 2. Now, we prove each of the statements:

1. By Proposition 4.2.10, if 6(G) > 2, every G-ECFF is also a G-CFF. This implies
t(G) < t.(G), which concludes this case.

2. Let A’ be a (t.(G)+ 1) x |V(G)| matrix created by appending a new row to A with 0’s
in the columns corresponding to vertices of degree 1, and 1’s in the remaining columns.
It is enough to show that A’ is Sperner for any edge with an endpoint of degree 1. Let
{u,v} be an edge such that deg(v) = 1, and let w be another neighbor of u. Such w
exists because no connected component of G is a single edge. Then, for the edge {u,w}
and the vertex v, there must exist a row ¢ in A such that Afi,u] = 0, Ali,w] = 0, and
Ali,v] = 1. The last row of A’ contains a 0 in the column corresponding to v and a

1 in the column corresponding to u. Thus, A’ is Sperner for {u,v}. This yields the
bound t(G) < t.(G) + 1.

3. The only case we need to consider is when 0(G) = 1 and G has at least one connected
component that is a single edge. Let A” be a (t.(G) +2) x |V(G)| matrix obtained by
appending two new rows to A for dealing with vertices of degree 1 as follows. First,
copy an identity matrix I5 under the columns corresponding to the vertices of each
single-edge component. Then, for the vertices that are not in a single-edge component,
add an extra row to the corresponding columns of A, in the same way as done for A’
in Case [2, and then add an arbitrary row to complete t.(G) 4+ 2 rows. Thus, A” is
G-Sperner, and since A is G-disjunct, then A” is G-disjunct. This yields the bound
tG) < t.(G) + 2.

Notation 4.2.12. Let G be a graph and let ¢ V(G). Then, G + {z} is a graph where
V(G+A{z}) =V(G)U{z} and E(G+ {z}) = E(G) U {{v,z} :v e V(G)}.

In other words, G + {z} adds a universal vertex = to G. A wheel graph W, is a graph
constructed by joining a single universal vertex to all vertices of a cycle of length n — 1.
Thus, W,, = C,,_1 + {n} and K, ;1 = K,, + {n + 1}.

Theorem 4.2.13. Let n > 3. Let G = ([1,n], E(G) be a graph with no isolated vertices.
Then,
max{t(1,n) + 1,t(G)} < t(G + {0}) < t(G) + 1. (4.2.6)

Proof. Let A be atxn G-disjunct matrix with t = t(G). Let M be a (t+1) x (n+1) matrix
0 A
f the f ( o
© ¢ o 11><1 01><n
as elements in [1,¢ 4 1]. We first show that M is G + {0}-disjunct. By Theorem [4.2.7, A
is 1-disjunct. Thus, for any vertices y, z € [1,n], there exists a row r € [1,¢] of A such that
Alr,y] =0 and Alr, z] = 1. Thus, for {0,y} € E(G +{0}), we have M[r,0] = 0, M[r,y] =0,

), with columns labeled, in order, by 0,1,...,n; and rows labeled
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and M|r,z] = 1. So, M is cover-free for {0,y}. Furthermore, since A is also G-disjunct,
for each edge {y,w} € E(G) and any vertex v € [1,n] \ {y, w}, there exists a row r € [1,]
of A such that A[r,y] = 0, A[r,w] = 0, and Alr,v] = 1. So, M[r,y] = 0, M[r,w] = 0, and
M]r,v] = 1. Hence, M is (G + {0})-disjunct. Thus, t.(G+{0}) < ¢(G) + 1. Since §(G) > 1,
§(G 4+ {0}) > 2. Then, by Theorem part [I, ¢(G + {0}) = t.(G +{0}) < #(G) + 1
(Using Proposition we also obtain that M is (G + {0})-disjunct).

Let M be a (G 4 {0})-disjunct matrix. Let I be the set of rows in M such that M[i, 0] =
0 for all i € I. Then, the submatrix M’ of M restricted to the columns M, M2, ..., M™ and
rows in I must be a |I| x n 1-disjunct matrix. Therefore, |I| > ¢(1,n). Since there must be at
least one row r such that A[r,0] = 1 and A[r,y] = 0 for y € [1,n], then t(G+{0}) > t(1,n)+1.
Furthermore, since G C G + {0}; by Proposition |4.2.6, t(G) < t(G + {0}). Thus, we have
the desired lower bound. |

Theorem generalizes the bound #(2,n) < t(2,n — 1) + 1 in Equation [3.2.3] which
can also be written as t(K,) < t(K,—1) + 1. In addition, if ¢ = ¢(G) — #(1,n), then from
Theorem [4.2.13] it follows that t(1,n) + ¢ < (G +{0}) < #(G)+1 =¢t(1,n)+c+ 1. For the
case of ¢ = 1, the next corollary provides an exact bound of ¢(G + {0}) in terms of ¢(G).

Corollary 4.2.14. Let G = ([1,n], F) be a graph without isolated vertices. If t(G)—t(1,n) =
1, then ¢t(G + {0}) = t(G) + 1.

Proof. Since t(G) = t(1,n) + 1, by Theorem we have t(1,n) + 1 < t(G + {0}) <
t(1,n) + 2. Suppose, for the sake of contradiction, that M is a (¢(1,n) + 1) x (n + 1)
(G + {0})-disjunct matrix. Let I be the set of rows in M such that M[i,0] = 0 for all
i € I. Then, the submatrix M’ of M restricted to the columns M, M2, ..., M™ and rows
in I must be a |I| x n 1-disjunct matrix. Therefore, |I| > #(1,n). Since M has t(1,n) + 1
rows, we have |I| = ¢(1,n) and the remaining row r ¢ I must be the only row such that
M][r,0] = 1 and MJr,y] = 0 for all y € [1,n]. This structure also implies M’ must be
G-disjunct, but t(G) = t(1,n) + 1 and M’ has t(1,n) rows, which leads to a contradiction.
Thus, t(G + {0}) =t(1,n) + 2 = t(G) + 1. i

4.3 Tightness of various lower and upper bounds

In this section, we provide families of graphs G for which ¢(G) achieves some of the extreme
bounds presented in Section . In particular, we show that for a star graph S, £(S,,) meets
the upper bound of Equation [£.2.4]in Theorem [£.2.11] and exhibit a subfamily of star graphs
where ¢(.S,,) meets the lower bound of Equation in Corollary Furthermore, S,
also achieves the upper bound of Equation in Theorem [4.2.13] We also provide infinite
families of graphs achieving the upper bound of Equation [4.2.5[in Theorem [4.2.11] and one
of them meets the lower bound of Equation in Corollary [£.2.8]

Definition 4.3.1. A star S, is the complete bipartite graph K ,,_.

Thus, a star graph S,, is G 4+ {z} where G is a graph with n — 1 vertices and no edges.
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Construction 4.3.2. Let A be a t X (n — 1) binary matrix. Let M; be a matrix with
columns labeled as 0,1,...,n — 1 such that M? = 0yx; and M] = A’ for all i € [1,n — 1].
Let M, be the matrix obtained by appending a row to M; such that Ms[t + 1,0] = 1 and
Myt +1,i] =0 foralli € [1,n —1].

Theorem 4.3.3. Let n > 3 and G = S,, be a star graph on n vertices. Then t.(S,) =
t(l,n—1).

Proof. We give label 0 to the universal vertex and labels 1,...,n — 1 to the other vertices.
We then create a t X n matrix M; by following Construction with A being at x (n—1)
1-disjunct matrix, with ¢ = ¢(1,n — 1). For every edge e = {0,4} with ¢ € [1,n — 1] and any
vertex j € [1,n—1]\{i}, there exists arow [ € [1,¢(1,n—1)] such that M;[l,0] = 0, M;[l,i] =0
and M [, ] = 1since M7 and M7 are the i and j*" columns of A. Thus, M is an S,-disjunct
matrix, which implies t.(S,) < t(1,n —1).

Now, let M be a t* x n S,-disjunct matrix. Let i,57 € [1,n — 1],7 # j. Then since
{0,i} is an edge, there must be a row [ € [1,t*] such that M[l,0] = 0, M]l,i] = 0, and
MIl,j] = 1. Similarly, since {0,7} is an edge, there must be a row k € [1,¢*] such that
M|k,0] =0, M[k,j] = 0, and M|[k,i] = 1. Therefore, the submatrix [M' M? M3 ... M"!]
is 1-disjunct, which implies t* > ¢(1,n — 1). Taking t* = t.(S,) implies ¢.(S,) = t(1,n — 1).

|

We show that ¢(.S,,) meets the upper bound of Equation in Theorem [4.2.11}

Corollary 4.3.4. Let n > 3 and G = S,, be a star graph on n vertices. Then t(S,) =
t(Sw) +1=t1,n—1)+1.

Proof. We construct the matrix M, using Construction [£.3.2] where A is a t x (n — 1)
1-disjunct matrix where ¢ = ¢(1,n — 1). In the proof of Theorem [4.3.3] we obtain that M
is S,-disjunct. It guarantees the existence of a row [ such that M,[l,0] = 0 and Ms[l,i] =1
for any ¢ € [1,n — 1]. For the last row I', we have M[l',0] = 1 and M,[l',i] = 0 for all
i € [1,n — 1]. This implies M, is Sp-Sperner. Thus, M, is an S,-disjunct matrix, which
implies ¢(S,) < t(l,n — 1)+ 1.

Let M be at*xn S,-disjunct matrix with M° having weight z. Let M’ be the submatrix
of M corresponding to the rows of M that contain a zero in column M° and to the columns
of vertices 1,2,...,n — 1. We claim M’ is 1-disjunct. Indeed, for any i,7 € [1,n — 1],7 # j,
since {0,i} and {0, 5} are edges and M is S,-disjunct, there must be row indices k,l such
that M[k,0] = 0, M[k,i] = 0, M[k,j] = 1 and M[l,0] = 0,M]l,j] = 0, M[l,i] = 1. Thus,
M'lk,i] =0, M'[k,j] = 1 and M'[l,5] = 0, M'[l,i] = 1. This implies that M’ is 1-disjunct.
So, t* —x > t(1,n —1). Also, x > 1 since there must exist a row that has a 0 in the column
M i€ [l,n—1] and a 1 in the column M°. Hence, t* = t* —x +z > t(1,n — 1) + 1. Thus,
t(S,) =t(1,n — 1) + 1 and by Theorem [4.3.3] ¢(1,n — 1) = t.(S,). i

We provide an example of an optimal S,-disjunct matrix for n = 9 in Figure .

The next corollary provides an infinite family of star graphs S,, such that ¢(S,) = t(1,n),
showing that the lower bound in Equation is tight.
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(a) Star graph So (b) A 6 x 9 Sy-disjunct matrix

Figure 4.4: An optimal Sy-disjunct matrix

Corollary 4.3.5. If n = <L J) + 1 for some = € N, then ¢(S,,) = t(1,n).

Proof. Ifn = (LiJ) +1, by Equation|3.2.1} t(1,n—1) = t(l, (L§J)> = z. Then, by Corollary
2 2

3.4 t(S,) =t(l,n—1)+1=a+1=1t(1,n). i

We show next that S, is an infinite family of graphs satisfying the upper bound of

Equation [4.2.6]

Corollary 4.3.6. For n > 3, t(S, + {z}) = ¢(S,) + 1.

Proof. By Theorem t(L,n) +1 < #(S, + {z}) < t(S,) + 1. By Corollary [4.3.4]
t(Sn) =t(l,n—1)+1. Ifn = (= )+1 for some = € N, then by Corollary(4.3.5, ¢(S,) = t(1,n)
2

L3)
and it implies (S, + {z}) = t(S,) + 1. For other values of n, we have t(1,n) = t(1,n — 1).
It further implies ¢(S,) —t(1,n) = 1. Then by Corollary [4.2.14] ¢(S, + {z}) = t(S,) +1. 1

We now show that there exists an infinite family of graphs meeting the upper bound of

Equation in Theorem which also meets the lower bound of Equation in
Corollary [4.2.8]

Pr0p051t10n 4.3.7. Itm < L (m 1)], then te(Eom) +1 < t(Eam) < te(Eom)+2. Otherwise,

Proof. By Proposition | te(Eam) = t(1,m) and by Theorem [4.2.11] item [3] (o)
te(Eom)) +2 =1(1,m) + 2. By Theorem [4.2.8] it follows that #(1,2m) < (&) < t(1, m) +

2. If m < L;(m—l— 1)], then by Proposition [3.2.8) #(1,2m) = t(1,m) + 1 and it yields
te(Eom) + 1 < t(&am) < te(Eam) + 2. Otherwise, t(1,2m) = ¢(1,m) + 2 and we obtain
t(Eam) = t(1,m) +2 =t(1,2m). i

Notice that Proposition - provides an infinite family of &, which meets the upper
bound of ¢(G) given in Equation of Theorem [4.2.11] that is, if n = 2m with m >

[3(m +1)], then t(E,) = te(é’gm) + 2. The next theorem provides another infinite family
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of &, which also meets the upper bound of ¢(G) given in Equation of Theorem 4.2.11]
as well as, the lower bound of ¢(G) given in Equation of Corollary

Theorem 4.3.8. Let £ > 4 be an integer such that (LgJ) is even. Then,

t(%%ﬁ) S “(‘9(@)) o

J)) <t (5(@)) +2 and by Proposition |3.3.9, we have
2

Proof. By Proposition 4.3.7] t(é’q%
2

te<g([%J)) = t(L%(L%J)> Since V(gq%J))‘ = (L%J), by Corollary 4.2.9, t(ﬁkgp) >

J)> S%(Q@) +2:t<1,%(L§J)) + 2. To complete the

proof, it is enough to show that t(l, %(LE J)> = x — 1. To prove this, we consider two cases:

2

x+ 1. Therefore, z +1 < t(é’(ﬁ:
2

Case 1: © = 2k + 1 for some k > 2. Then, t(l, %(L§J)> = t(l, %(2’“]:“1)) and by Proposition
2
3.2.5 we have t(l, %(%H)) = 2k, which is equal to x — 1.

k

Case 2: x = 2k for some k > 2. Then, t<1’%(L%J)) = t(l,%(Qkk)> = t(l,%(ik_*ll)) =
H1, () =2k—1=2-1.

J))—.%'—I—l—te(gq J)>+2. |
1.

Proposition 4.3.9. (&) =5 = t.(&) +

Thus, t(é'(

INIESE
N[88

Proof. Since 4 < |
V(&) =A{v;:i€[1,8

141)] = 5, by Proposition |4.3.7, we have 5 < (&) < 6. Let
a

E(&) = {{v1,v2}, {v3, va}, {vs,v6}, {v7, vs}}
With the ground set [1,5], let F ={B,, :i € [1,8]} be a set system where

Bvl = {172} Bvs = {174} Bvs = {274} Bv7 = {374}
BU2 = {173} Bv4 = {175} Bv6 = {275} Bvs = {3’5}

It is easy to verify that F is an &-CFF implying ¢(&) = 5. Also, by Proposition |3.3.9]
t(E) = t(1,4) = 4. 1

Propositions [£.3.7 and [£.3.9] lead us to the following open problems, which are worth
investigating.

Open Problem 4.3.10. Is there an infinite family of &,,, where t(&s,,) = t(Eapn) + 17
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Open Problem 4.3.11. Determine the values of m such that t(&,,) = t.(En) + 1 and
t(Eam) = te(Eam) + 2.

Now, we show that there are infinite families of graphs G with deg(G) = 1 meeting the
lower bounds provided in Equations 4.2.4] and [4.2.5]

Notation 4.3.12. e A complete graph K,, with a pendant vertex attached is a graph G
obtained from K, by adding a new vertex x and an edge joining = to exactly one vertex
of K,,. In other words, V(G) = V(K,,) U{z} and E(G) = E(K,) U {{z,v}} for some
v € V(K,). We denote this graph by K, U K.

e A complete graph K, with an edge component is a graph G obtained by adding two
new vertices x,y to K, and an edge {z,y}. In other words, V(G) = V(K,) U{z,y}
and E(G) = E(K,) U{{z,y}}. We denote this graph by K,, U K.

Proposition 4.3.13. 1. Let J,.1 be a simple graph with n 4 1 vertices such that K, C
Jor1. I t(2,n+ 1) =t(2,n), then t(J11) = te(Jns1).

2. Let Y,12 be a simple graph with n 4 2 vertices such that K, C Y40, If t(2,n 4+ 2) =
t(2,n), then t(Y,12) = te(Yoio)-

Proof.

1. Since K,, C Jp41 € K, 41, by Propositions 4.2.4] and |4.2.6, we have t(2,n) = t.(K,) <
te(Jnt1) < t(Jns1) < t(Kp1) = t(2,n + 1). Since t(2,n) = t(2,n + 1), we have
t(Jn-H) = tE(Jn—i—l)’

2. Since K,, C Y,12 C K, 12, by Propositions [4.2.4] and [4.2.6 we have t(2,n) = t.(K,) <
te(Ynio) < t(Ynio) < t(Kni2) = t(2,n + 2). Since t(2,n) = t(2,n + 2), we have
t(Yn-I-?) = te(Yn+2)-

Corollary 4.3.14. 1. If t(2,n+ 1) = t(2,n), then t(K, U Ky) = t.(K, U Ks).

2. If t(2,n +2) = #(2,n), then t(K, U Ky) = t.(K, U K3).

Proof. We get the desired results by applying Proposition {.3.13| with J,,+1 = K,, U K> and
Yiio = Ky U K. N

Remark 4.3.15. Since #(2,n) < 5.5121log,(n) [21], there must exist infinite families of n;
and n} with ¢(2,n;) = t(2,n; + 1) and ¢(2,n}) = t(2,n} + 2), respectively.

Example 4.3.16. We provide an example of K;; U K, and a Ko U K, in Figure . From
Table 3.4 we have ¢(2,10) = ¢(2,11) = #(2,12) = 9. By Proposition [4.3.13] in both cases,
we have t(G) = t.(G).
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Figure 4.5: A K1 U Ky (left) and a Ko U K, (right)

4.4 Cover-free families on paths and cycles

By Corollary and Proposition [4.2.6 t(P,) < t(C,) < 2t(1,|n/2]) + (n mod 2). Us-
ing a mixed-radix Gray code, we provide a construction that improves this upper bound to
1.8931og, n + O(1). Section provides an introduction to Gray codes and their general-
izations. Further details, together with proofs of certain propositions stated in this section,
are presented in Chapter [0]

4.4.1 Mixed-radix Gray code

The Hamming distance between two n-tuples is the number of positions at which the cor-
responding co-ordinates differ. A binary Gray code G, is an ordering of the 2" binary
n-tuples such that any two consecutive tuples have Hamming distance exactly one. Analo-
gously, a mixed-radix Gray code Gimemamn) g an ordering of the n-tuples (ay, as, ..., a,) €
Loy, X Liny X -+ X Ly, [ such that any two consecutive tuples have Hamming distance ex-
actly one. Hence, a binary Gray code G,, is GEE-2) A Gray code is cyclic if the Hamming
distance between the first and last codewords is 1. Knuth discusses mized-radiz reflected
Gray codes and mized-radiz modular Gray codes in [43], whose definitions and constructions
are discussed next. Throughout the rest of this chapter, the adjective “mixed-radix" will
be dropped from the mixed-radix Gray code, and we will simply refer to the Gray code

GYmm2mn) and simply  specify when it is binary.

Notation 4.4.1. For a Gray code D = [Dq, Dy,...,Dy1, Dyy), the reflection of D is
denoted D = [D,,, Dpy_1,..., D1, Dg]. For an n-tuple D = (ay,as,...,a,), v - D denotes
(x,a1,a9,...,a,) and x-D denotes [x- Dy, z-D1,...,x-Dy_1,x-Dy,]. Similarly, D-x denotes
(ay,as9,...,a,, ) and D - x denotes [Dy-x, Dy -z, ..., Dy 1 -, Dy, - .

The reflected Gray code RYmm2mn) g defined recursively in Construction .
Construction 4.4.2. (Reflected Gray code)

RI™ =Ry :=1[(0),(1),(2),...,(m, —1)]. For i > 2,

"We use Zy,, X+ =+ X L, to denote the Cartesian product of the sets Zy,, , ..., Zm, ; not the direct product.
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0-Ri,1-RE2-Ry,...,myu_i —1-RE], if m,_; is even

RETffi’mnfm """ ") = Ry = R : :
[ORl,lRI,QRZ,,mn_z—llR,@], lfmn_iISOdd

Examples of reflected Gray codes are provided in Examples 6.1.3, and 6.2.8|

The proof of the next proposition can be found as the proof of Proposition [6.2.9

Proposition 4.4.3. " is cyclic if and only if m; is even.

.....

that each successor is obtained from its predecessor by incrementing exactly one coordinate
(say at the M position) modulo m;. The term ‘modular’ indicates that the ordering is
generated by ‘cyclically wrapping around’. In general, transitions for reflected Gray code
are)0 >1—>2—>---—>m—-2—->m;—1—>m; —2—---—= 2 —1— 0 while transitions
for modular Gray codeare0 -1 —-2—---—>m; —2—>m; —1—->0—>1—>2— ...

Let MJ be an ordered list of tuples of length n where my = mg = --- = m,, = ¢q. For
n > 2, we express a construction of M recursively by referring to the individual codewords
in M7 .
Notation 4.4.4. For D € Z;~" and j € Zg, denote D - j* = [D - (j mod ¢),D - ((j + 1)
mod ¢),...,D-((j +¢—1) mod q)].
Construction 4.4.5. (Modular Gray code) Let ¢ > 1, n > 1. Define M{ = [(0),(1),...,(q—
1)], and if n > 2 and Ml = [Dy, Dy, ..., Dgn-1_1]; then

Mg == [DO 'O+,D1 . (q— 1)+,D2 . (q_2)+77Dz . (q_i)+7."7an71_l . 1+]

Examples of modular Gray codes are provided in Examples [6.2.14] and [6.2.15]

Proposition 4.4.6. Let ¢ > 1 and n > 1 be integers. The modular Gray code M given in
Construction is cyclic.

Proof. The proof is by induction on n. The result can be easily verified for n = 1.

Induction Hypothesis: Assume that M, is a cyclic modular Gray code for some
integer n > 2. We will prove that M/ is a cyclic modular Gray code.

It is clear that M contains all the ¢" n-tuples. For the order of the codewords listed in
D;-(g—i mod q)* forall 0 <i < ¢"!'—1, it is clear that the rightmost digit of the codewords
changes following the general transitions 0 1 —-2 — -+ —-¢—1—-0—>1—>2—---.

Now we consider two consecutive codewords, where one of them is the last codeword of
D; - 1™ and the other is the first codeword of D; ;- m™, with 0 < i < ¢" ' -2, l=q—1
mod ¢, and m = ¢ —i — 1 mod ¢q. Then the last codeword of D; - [T is D; - (2¢ —i — 1
mod ¢), which is D; - (—i—1 mod ¢), and the first codeword of D; 41 -m™ is Diy1-(g—i—1
mod ¢), which is D;; - (—i — 1 mod ¢). Since, by the Induction Hypothesis, D; and D;,4
are two consecutive codewords in M |, which is cyclic and modular, D; - (—i — 1 mod q)
and D;yq - (—i — 1 mod q) are also codewords following the general transition of a cyclic
modular Gray code.

The above claim also holds for the first and last codewords in M/, which are 0" and
(¢ — 1)0"~ . Therefore, M is a cyclic modular Gray code. |
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4.4.2 Constructions of cover-free families on paths and cycles using

Gray codes
Let n = Hlemi,t = Zle m;, and f(i,d) = - lml + d+1 where m;,d € Z*. Let
P, = {f(:,0), f(i,1),..., f(i,m; —1)}. Thus, [1, ] Pr U Py U -+ U Pr. We define a

bijection F' between tuples D = (dy,dy, ..., dg) in Zpy X Ly X -+ X Ly, and k-subsets of
[1,¢] that are transversals of {Py, Ps, ..., P}

F(D) = {f(l,dn, F2,da),... f(k,dy)}. (4.4.1)

Construction 4.4.7. Let chml’mz """ ") = [Dy, Dy, Dy, ..., D, 1] where t = Zle mi,n =
[T, mi and B (G{™ ™)) = {F( o), F(Dy), ..., F(Dy_1)} with B; = F(D;) for i €
(0,7 — 1] and take

F(amme=m)) = ([1,4), B (Grrme=m)).

Given two subsets A and B, AAB denotes the symmetric difference of A and B. We
prove the following lemma.

Lemma 4.4.8. Let F' be the function defined in Equation 4.4.1} Let D,,, D.,,, and D,, be
distinct tuples in Z,,, X Zp, X * -+ X Ly, . If the Hamming distance between D,, and D,, is
1, then F(D,,) € F(D,,) U F(D,,).

Proof. Assume D, and D,, have Hamming distance 1. Let [ be the unique coordinate in
which D,, and D,, differ, thatis, D,, = (dy,da,...,d,...,dy) and D,, = (d1,ds,...,d}, ..., d)
with d; € Zp,;, di,dj € Zp,, and d; # dy. Let A = {f(1,dy),..., f(l — 1,di—1), f(I +
Lidi), ..., f(k,dp)} /1 = f(l,dy), and fo = f(I,d)). Thus, F(D,) = AU {fi} and
F(D.,) = Au{f,}. f AC F(D, ) then F(D,,) = AU{f3} where f3 & {f1, f2}. So,

f3 ¢ F(D,)UF(D,,). It AZ F(D,,), then there exists = € [1,k] \ {/} such that the xth
coordinate of D,,, y, # d,. In thls case, f(x yz) € F(D,,) and f(z,y.) ¢ F(D,,)UF(D,,).
Therefore, in both cases, F(D,,) € F(D,,) U F(D.,). |

and define F(Gg) as in Construction Then f(Gk) isa P, CFF(t,n). If Gy, is cyclic,
then F(Gy) is a C,,-CFF (¢, n).

Proof. Since the sets in B(Gy,) are pairwise distinct and of size k, F(Gy) is a Sperner family.
Since any two consecutive codewords D; and D;q with i € [0, n — 2] have Hamming distance
1, by Lemma [{.4.8 F(D;) U F(D;11) does not contain any other subset of F(Gj). Thus,
]:(Gk) is a P,-CFF(t, n)

If Gy, is cyclic, then the first and last codeword Dy and D,,_; have Hamming distance
1. Thus, by Lemma {4.4.8, F(Dy) U F(D,_1) does not contain any other subset of F(Gy).
Thus, F(Gy) is a C,-CFF(t,n). i
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1,6] = {1,2} U {3,4} U {5,6).

1. 000 — {1,3,5}
2. 001 — {1,3,6}

3. 011 — {1,4,6} m

4. 010 — {1,4,5} 111 1 1 1 0 0 0 O
5. 110 — {2,4,5} 21 0 0 0 0 1 1 1 1
31 1 0 0 0 0 1 1
6. 111 — {2,4,6} 4l 0 o 1 1 1 1 0 0
7. 101 — {2,3,6) spto et o0
6/ 0 1 1 0 0 1 1 0

8. 100 — {2,3,5}

Figure 4.6: Cs-CFF(6,8) constructed from a binary reflected Gray code of length 3 (left)
and the corresponding 6 x 8 Cg-disjunct matrix (right)

Example 4.4.10. We present an example of the binary reflected Gray code of length 3
and construct the corresponding set system as described in Construction |[4.4.7. By Theorem

and Proposition [6.2.9) F is a Cs-CFF(6,8). See Figure [4.6]

The ability to construct C,-CFFs out of Gray codes ultimately leads us to the problem
of how a set of size t should be partitioned into distinct parts such that the product n of the
sizes of the parts is maximum, whose solution is provided in Theorem [2.3.2]

Theorem 4.4.11.

3k if n € (2-3*1 3% for some k > 1,
t(P,) <t(C,) < {3k+1 ifne(3*4-3*1] for some k > 1,
3k+2 ifne(4-312.3% for some k > 1.

Proof. We split the proof into three different cases depending on the parity of n modulo 3.

Case 1: n € (2- 3% 3] for some k > 1.

For k = 1, use the identity matrix of order 3 as P3-CFF or C3-CFF. For k > 2, use
Construction applied to the Gray code M} to obtain F(M}). By Proposition [4.4.6]
M3 is cyclic. By Theorem [4.4.9, F(M32) is a Cs.-CFF(3k, 3%). So, it remains to address the
case 2 - 3*~1 < n < 3*. By Construction [4.4.5] we observe that each triplet of codewords of
M} appears in the form D -4, D - (i + 1), D - (i + 2) with ¢ € Z3, where D is a codeword
of M} | and there are 3*~! such triplets. We delete a = 3* — n codewords D; with j =1
(mod 3), where 1 < a < 3*~! —1 to obtain the resultant ordering of the remaining codewords

(M2), where consecutive codewords also have Hamming distance 1. By similar argument
as in the proof of Lemma and Theorem F((MP)*) is a C,-CFF(3k, n).
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Case 2: n € (3*,4-3"7!] for some k > 1.

Use Construction [6.2.5 to build the reflected Gray code Ryy1 = R,({ifl’g’?”'”’g) and by Proposi-
tion m, Ry is cyclic. By Theorem F(Rpy1) is a Cpge1-CFF(3k+1,4-381) which
solves the case n =4 -3*1. For 3¥ < n < 43! we employ a similar technique as in Case

1. Note that each triplet of codewords of R,ﬁﬁf”?”'“’?’) appears in the form D -0, D-1, D -2 or

D-2 D-1,D-0, where D is a codeword of R,(f’z’g’g’”"g). Remove a = 4 - 3*~1 — n codewords
of type D - 1. This is always possible since 1 < a < 3*~! — 1 and there are 4 - 3872 > 3+-!
such codewords. Thus, we obtain a C,-CFF(3k + 1,n).

Case 3: n € (431 2.3 for some k > 1.

Use Construction|6.2.5/to build the reflected Gray code Ry, = R;ﬁ§’3""’3) and by Proposition
6.2.9) Ry11 is cyclic. By Theorem [£.4.9] F(Ry.41) is a Cy.g-CFF(3k + 2,2 - 3%), which solves
the case n = 2-3%. For 4-3* ! < n < 2-3%, we employ a similar technique as in Case 2, and

remove a = 2-3¥ —n codewords of type D-1. This is always possible since 1 < a < 231 -1
and there are 2 - 3#71 such codewords. Thus, we obtain a C,,-CFF(3k + 2,n). |

The following corollary gives asymptotic bounds for ¢(P,) and ¢(C,,).

Corollary 4.4.12. For n > 4, we have t(C,) < 3logsn + 2 < 1.893log, n + O(1).

Proof. By Theorem.4.11], +(C,,) < 3k when 2-3*~! < n < 3*. Taking logarithms base 3 and
multiplying through by 3 from the inequality 2-3*~! < n, we get 3k < 3logzn +3 — 3log, 2.
Theorem implies ¢(C,) < 3k + 1 for the case n € (3,4 -3*!] for some k > 1.
Going through similar calculations as above, from 3* < n we obtain 3k + 1 < 3logsn + 1.
Similarly, in the case ¢(C,) < 3k + 2, when n € (4 - 31,2 3%] for some k > 1, we obtain
3k+2 < 3logs n+5—3log, 4. Hence, from the above three cases, we have t(C,,) < 3logg n+2.
Since 3loggn = @ log, n < 1.893log,(n), we get the desired result. |

Example 4.4.13. An example of a C33-CFF and a C54-CFF built on the ground sets [1, 10]
and [1, 11], respectively, is given in Figure They are also P35-CFF and Ps4-CFF, respec-
tively. We also provide the reflected Gray code R22’2’3’3) used to construct the Cs-CFF in
Figure . In contrast, we present the Cs,-CFF(11,54) in Figure without including

the corresponding reflected Gray code Rf’?”g’?’). We also provide an example of a Pp7-CFF

(using R§3’3’3)) and a Cyr-CFF (using M3) built on [1,9] in Figure Figure 4.9 provides
an example of a C19-CFF(9,19) by shortening M3.

We further show that the set system produced in Construction £.4.7) is also a CFF
on a generalized Hamming graph. Let H = K,, O K,, O --- O K,, with V(K,,) =
{0,1,...,a4; — 1} for [ € [1,d]. Then, V(H) is a set of all d-tuples in V(K,,) x V(K,,) x
- x V(K,,) and, for a pair of vertices (z1,xa,...,24), (Y1, Y2, .., ya) € V(H), we have that
{(x1,22,...,24), (Y1, Y2, ..., ya)} € E(H) if and only if for some i € [1,d], we have x; # y;
with {z;,v;} € E(K,,), and for each j € [1,d] \ {i}, we have z; = y;. In other words,
K, O K, O --- O K,, has the vertex set consisting of codewords of Gflalm """ %) and
{(x1,29,...,2a), (Y1, Y2, ..., Ya)} € E(K, OK,, O --- O K,,) if and only if the Hamming
distance between (x1, s, ..., xq) and (Y1, Y2, ..., yq) is 1.



4.4. COVER-FREE FAMILIES ON PATHS AND CYCLES 53

[1,10] = {1,2} U {3,4} U {5,6,7} U {8,9,10}. [1,11] = {1,2} U {3,4,5} U {6,7,8} U {9,10,11}.
0) {1,3,5,

(1) o001 O hsne 0) {1,369 | @7 (2581)
(2) 0002 (2) {1,3,5,10} (1) {1,3,6,10} (28) {2,5,8,10}
(3) 0012 (3) {1.3.6,10} (2) {1,3,6,11} (29) {2,5,8,9}
o oo Gy (3) {1,3,7.11} || (30) {2,5,7,9}
(© 0020 © na7s) (4) {1,3,7,10} (31) {2,5,7,10}
(7) 0021 (7) {1,3,7,9} () {1,3,7,9} (32) {2,5,7,11}
(8) 0022 (8) {1,3,7,10} (6) {1,3,8,9} (33) {2,5,6,11}
REC I (M (L3810} | (34) (25,610}
(b otz an (s (3) {13,811} | (35) {2,5,6,9)
(12) 0110 (12) {1,4,6,8} (9) {1,4,8,11} (36) {2,4,6,9}
(13) 0111 (13) {1,4,6,9) (10) {1,4,8,10} (37) {2,4,6,10}
q-}) b q? {}jf’ ig} (11) {1,4,8,9} (38) {2,4,6,11}
oy o101 o) Lasey (12) {1,4,7,9) | (39) {2.4,7,11}
(17) 0100 (17) {1,4,5,8} (13) {1,4,7,10} (40) {2,4,7,10}
833 ﬂg‘f 82; gj’gi (14) {1,4,7,11} (41) {2,4,7,9}
Go) 1103 G et (15) {1,4,6,11} (42) {2,4,8,9}
(21) 1112 (21) {2,4,6,10} (16) {1,4,6,10} (43) {2,4,8,10}
(22) 1111 (22) {2,4,6,9} (17) {1,4,6,9} (44) {2,4,8,11}
(23) 1110 (23) {2.4.6.8) (18) {1,5,6,9} (45) {2,3,8,11}
gﬂ 1 E?; gj%g (19) {1,5,6, 10} (46) {2,3,8,10}
(26) 1122 (26) {2,4,7,10} (20) {1,5,6,11} (47) {2,3,8,9}
(27) 1022 (27) {2.3,7.10} (21) {1,5,7,11} (48) {2,3,7,9}
(29 1021 29 23.7.9) (22) {1,5,7,10} || (49) {2,3,7,10}
i C “‘7‘

(30) 1010 (30) {2,3,6,8} (gz) {1’5’7’ 9} <5(1)) {2’3’7’ ﬁ}
(31) 1011 (31) {2,3,6,9} (24) {1,5,8,9} (51) {2,3,6,11}
(32) 1012 (32) {2,3,6,10} (25) {1,5,8,10} (52) {2,3,6,10}
(33) 1002 (33) {2,3,5,10} (26) {1,5,8,11} (53) {2,3,6,9}
(34) 1001 (34) {2.3,5,9}

(35) 1000 (35) {2,3,5,8}

(b) A C54-CFF(11,54) built on [1,11] using R{***%

(a) R512’2’3’3) and the corresponding Clg-
CFF(10, 36) built on [1, 10]

Figure 4.7: Examples of a C35-CFF and a Cs54-CFF

Definition 4.4.14. Let F be a set system consisting of n > 3 subsets of a t-set. A graph G
is the CFF-mazximal graph for F if it is the maximal graph G on n vertices such that F is
a G-CFF(t,n). More specifically, G = ([1,n], E') where

E= {6 € ([1,2n]) : F is cover-free and in-cover-free for e} .

Proposition 4.4.15. Let G,iml’mz""’mk) be a Gray code and let ¢,n, and F (G,iml’mz""’mk))
be defined as in Construction 4.4.7, The CFF-maximal graph H for F (Géml’mz’""’m’“)> is the
Hamming graph H = H, my...m,- 10 addition, ¢(Cy) <t (Hpmy mg,mi) < Zle mi.

[1,9] = {1,2,3} U {4,5,6} U {7,8,9}.

(0) {1,4,7} (9) {2,6,9} (18) {3,4,7} (0) {1,4,7} (9) {2,6,7} (18) {3,5,7}

(1) {1,4,8} (10) {2,6,8} (19) {3,4,8} (1) {1,4,8} (10) {2,6,8} (19) {3,5,8}

(2) {1,4,9} (11) {2,6,7} (20) {3,4,9} (2) {1,4,9} (11) {2,6,9} (20) {3,5,9}

3) {1,5,9} (12) {2,5,7} (21) {3,5,9} (3) {1,5,9} (12) {2,4,9} (21) {3,6,9}

(4) {1,5,8} (13) {2,5,8} (22) {3,5,8} (4) {1,5,7} (13) {2,4,7} (22) {3,6,7}

(5) {1,5,7} (14) {2,5,9} (23) {3,5, 7} (5) {1,5,8} (14) {2,4,8} (23) {3,6,8}

(6) {1,6,7} (15) {2,4,9} (24) {3,6,7} (6) {1,6,8} (15) {2,5,8} (24) {3,4,8}

(7) {1,6,8} (16) {2,4,8} (25) {3,6,8} (7) {1,6,9} (16) {2,5,9} (25) {3,4,9}

(8) {1,6,9} (17) {2,4,7} (26) {3,6,9} (®) {1,6,7} (17) {2,5,7} (26) {3,4,7}
(a) A P»7-CFF(9,27) built on [1, 9] (b) A C27-CFF(9,27) and a Pay-
using R§3’3’3) CFF(9,27) built on [1,9] using M3

Figure 4.8: Examples of a P;-CFF and a Cy7;-CFF
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[1,9] ={1,2,3} U {4,5,6} U {7,8,9}.

0) {1,4,7)
(1) {1,4,8}
(2) {1,4,9)
3) {{1,5,9}}
@) {157
(5) {1,5,8) (0) {147}
(6) {1,6.8) (2) {1,4,9}
(7) {1,6,9} Egg %?g
o) 2o (6) {16.5)
(10) {2,6,8} ES% gg %
(e el 1y 26.9)
(13) {2,4,7} Elii §§’4’§{
(14) {2,4,8) (15) {2.5.8}
(15) {2,5,8} (17) {2.5.7}
(16) {2,5,9} (18) {375,7}
(17) {2,5,7} (20) {375,9}
(18) {3.5,7} (21) {3.6,9}
(19) {3,5,8} (23) {3,6,8}
(20) {3,5,9} (24) {3,4,8}
(21) {3,6,9} (25) {3,4,9}
(22) {3,6,7} (26) {3,4,7}
(23) {3,6,8}
(24) {3.4,8)
(25) {3,4,9}
(26) {3,4,7)

a) A Ca7-CFF(9,27) built on [1,9] using M3 b) A C19-CFF(9,19) built on [1,9] using
3
(M3)8. (M3)® is constructed by deleting the
first 8 highlighted codewords in [.9a]

Figure 4.9: A C97-CFF(9,27) and a C9-CFF(9, 19)

Proof. Let H be the Hamming graph Hyu, my. my With V(Hpymeomy) = Ly X -+ X
L, Let e = ([1’2"}), where n = Hle m;. If e = {D;,D;} € E(Hpn,my,. m), then the
Hamming distance between D; and Dj is exactly 1, by Lemma , for any D; # D;, D;,
we have F(D;) ¢ F(D;) U F(D;). Also, F(D;) ¢ F(D;) and F(D;) € F(D;) because
|F(D;)| = |F(D;)|. Thus, F is cover-free for e and in-cover-free for e. On the other hand, if
¢ ={D;,D;} ¢ E(Hpm, ms,..m,), then the Hamming distance between D; and D is strictly
greater than 1. Without loss of generality, let us assume that D; and D; differ in the
1% and 2" co-ordinates. Thus, D; and D; must be of the forms D; = (di,ds,ds, ..., dy)
and D; = (d},dy, ds, ..., d,) with d;,d; € Zy,,l € [1,k], and d; # d},dy # d). Let D, =
(dy,dy,ds, .. .,dy,). Then, F(D,) C F(D;)UF(D;), which implies that F is not cover-free for
e’. This shows that H,, m,....m, is the CFF-maximal graph for F, and that ¢ (Hp, my...m,) <
Zle m;. Since Hy, ..., is Hamiltonian, by Proposition 4.2.6, t(Cy,) < t(Hymy my...my ). B

-----

Next, we present Construction [£.4.16, which provides the bounds in Proposition [4.4.17]

Construction 4.4.16. Let A be a t; x n binary matrix and I5 be the 2 x 2 identity matrix.
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Let B be a matrix with columns of A in the reverse order. Using A and I, we create a
(t142) x 2n binary matrix C' by where columns are labeled by 1,2,... n,n+1,n+2,...,2n.
The construction is as follows. We copy the matrices A and B under vertices 1,...,n and
n+1,...,2n, respectively and call the resultant matrix C;. We copy the first column and
second column of I, under vertices labeled 1,...,n and n+ 1,...,2n, respectively and call
the resultant matrix Cy. Let C' be the vertical concatenation of C'; and Cy. We label the
rows of C' as the elements of [1,¢; 4+ 2] with rows labeled [1,#;] corresponding to the rows of
(' and rows labeled [t; + 1,¢; + 2] corresponding to the rows of Cj.

Proposition 4.4.17. t(Cy,) < t(C,) + 2 and t(Py,) < t(F,) + 2.

Proof. Let A be a t; x n C,-disjunct matrix and B be the matrix with columns of A in
the reverse order. We claim that the matrix C, obtained using Construction [4.4.16] is a
(t1 + 2) x 2n Cy,-disjunct matrix. Indeed, since A is cover-free for an edge {i,i + 1} with
i € [1,n — 1] and furthermore, C[t; + 2,i] = C[t; + 2,7+ 1] = 0 and C[t; + 2, j] = 1 for all
J € [n+ 1,2n], this implies that C' is cover-free for {i,7 + 1}. Using a similar argument, we
can conclude that C' is cover-free for the edge {j,j + 1} for all j € [n + 1,2n — 1]. Since
by Theorem , A is T-disjunct and for the edge {n,n + 1}, we have O} = C7*! = A",
Then for any j € [1,2n]\ {n,n+ 1}, there exists a row [; € [1,¢;] in C; such that C4[l;,n| =
Cy[ly,n+1] = 0 and Cy[ly, j] = 1. Thus, C is cover-free for the edge {n,n+1}. Using a similar
argument, we can also show that C is cover-free for the edge {1,2n}. Thus, C' is Cy,,-disjunct.
Since 0(Cy,) > 2, by Proposition , C is Cy,-disjunct. Thus, t(Cy,) < t(C,) +2. A
similar construction and proof can be applied to a t; x n P,-disjunct matrix A to obtain
t(P,) <t(P,) +2. i

Next, using t(C,,), we provide an upper and lower bound of t(W,,).

Corollary 4.4.18. For n > 3, max{t(1,n) + 1,t(C,,), t(Cpy1)} < t(Wpoi1) < t(Cy) + 1.

Proof. Since W,y is hamiltonian, by Proposition 4.2.6, t(Cpy1) < t(W,41), and since
Wit = C,, +{0}, by Theorem 4.2.13] t(1,n) +1 < t(W,41) < t(C,,) + 1. Since C,, C W41,
by Proposition 4.2.6| we have ¢(C),) < t(W,,41). Thus, we have the desired bound. i

4.5 Generalizing the construction of CFFs on star graphs

We generalize the construction of CFFs on star graphs to obtain CFFs for other families of
graphs, such as windmill graphs, friendship graphs, and wheel graphs.

Definition 4.5.1. Let k,n > 2. The windmill graph Wd(k,n) is an undirected graph
constructed by joining n copies of the complete graph K, at a shared universal vertex.
Thus, Wd(k,n) has n(k— 1)+ 1 vertices. The friendship graph is Wd(3,n), which has 2n+1
vertices and is denoted by Fy, 1.

Thus, the star graph S, 1 is Wd(2,n).
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(a) Friendship graph: Fy = Wd(3,4) (b) Windmill graph: Wd(5,4)

Figure 4.10: Examples of a friendship graph and a windmill graph

|U1,1 U1, Ul,k—lHUz,l OUpp = Uz,k71| |Un,1 Up,o vn,k—1|
[0]
t(1, n){ i || Columnlof A Column2of A | -+ | Columnnof A

0

=+ —
0

t : M M M

F e

1 {|[1J[00 —~00 (00 ~00 ][ 0000

Figure 4.11: A Wd(k, n)-disjunct

Example 4.5.2. We give an example of a friendship graph and a windmill graph in Figures
4.10al and 4.10bl

Below we give a construction for a Wd(k, n)-disjunct matrix.

Construction 4.5.3. Let Wd(k,n) be a windmill graph with & > 3 and n > 2. Let vy be
the universal vertex and for 1 < i < n, let the remaining vertices of the i'* subgraph Kj_; be
Vi1, Vi2,...,Uik—1. Let Abeat(l,n)xn l-disjunct matrix and let M bea t(2,k—1) x (k—1)
2-disjunct matrix if £ > 4, or a 2 x 2 identity matrix if £ = 3. Let ¢t be t(2,k — 1) if £ > 4,
and 2 if k£ = 3.

Let C1,Csy, and C3 be matrices where each column is labeled with the vertices of the
graph Wd(k,n) as described next. In Cy, Ci° = 041 ,n)x1 and C;"”7 = Alforall j € [1,k—1].
In Co, C5° = 04,51 and for all i € [1,n], Co = M7 with j € [1,k — 1]. C3 is the row matrix
such that C3[1,vp] = 1 and Cs[1,v;;] = 0 for all ¢ € [1,n] and j € [1,k — 1]. Let C be the
vertical concatenation of Cy,Cs, and Cs, as shown in Figure [4.11]

Theorem 4.5.4. Let n > 2. For k > 4,

t(1, (k — 1)n) +1 < t(Wd(k,n)) < t(1,n) + (2, k — 1) + 1.
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For k = 3,
t(1,2n) + 1 <t(Wd(3,n)) < t(1l,n) + 3.

Proof. We show that the matrix C created in Construction |4.5.3|is Wd(k, n)-disjunct. Since
d(Wd(k,n)) > 2, by Theorem 4.2.11| part , it is enough to prove that C is Wd(k, n)-disjunct.
Let {u,v} be an edge in Wd(k,n) for k > 3. We need to show that for any other vertex w,
there exists a row r with Clr,u] = C[r,v] =0 and C[r,w] = 1.
Case 1: {u,v} = {vp,v;;} fori € [1,n] and j € [1,k — 1],
Case 1.1: w = vy, where | € [1,n],m € [1,k — 1] and [ # i. According to Construction
4.5.3, C1° = 0y1.m)x1,C1" = A, and C/'™ = Al. Since A is 1-disjunct, there is a row 7 in C,
(thus, in C) such that Cy[r,vo] = Ci[r,v; ;] = 0 and Cy[r, vm] = 1.
Case 1.2: w = v;,,, where m € [1,k — 1] and m # j. According to Construction {4.5.3]
Cy° = 04,x1,Cy = M7, and C,"™ = M™. Since M is also 1-disjunct, there is a row r in Co
such that Co[r, vg] = Ca[r,v; ;] = 0 and Ca[r, v; ] = 1.
Case 2: {u,v} = {v;j,v;m} for i € [1,n] and j,m € [1,k — 1] with j # m.
Case 2.1: w =v,. It is easy to see that Cs[1,v; ;| = C3[1,v;,,,] = 0 and Cs[1, vp] = 1.
Case 2.2: w = v;, with p € [1,k — 1] and p # j,m. Note that in this case k¥ > 4. Since
Cy’ = MI Cy"™ = M™, and C,"" = MP and M is 2-disjunct, there exists a row 7 in Cy such
that CQ [7’, Uz‘,j] = CQ [T, Ui,m] =0 and C2 [7’, Ui,p] =1.
Case 2.8: w = vy, for | € [I,n],p € [1,k — 1] with [ # 4. Since C;"’ = C/"™ = A, and
Ci'"" = Al and A is 1-disjunct, there is a row r in C; (hence, in C) such that Cy[r,v;;] =
Ci[r,vim] = 0 and Cy[r,v,] = 1.

Thus, we have t(Wd(k,n)) < t(1,n) +t(2,k — 1) + 1. Since Sp_1)n+1 € Wd(k,n),
by Proposition and t(Sg—1ynt1) = t(1,(k — 1)n) + 1, by Corollary 4.3.4, we have
t(1, (k—1)n) + 1 < t(Wd(k,n)). i

Corollary 4.5.5. If n > [1(7+1)], then t(Fo,11) = t(1,n) + 3. Otherwise, t(1,n) + 2 <
t(F2n+]_) é t(l, n) + 3.

Proof. Since Fy, 1 is a Wd(3,n), by Theorem [4.5.4] we obtain ¢(1,2n) + 1 < t(Fopyq) <
t(1,n)+3. If n > [(7+1)], then by Proposition|3.2.8 #(1,2n) = ¢(1,n) + 2 and we obtain

t(Fony1) = t(1,n) + 3. If n < [2(@+1)], then by Proposition [3.2.8 ¢(1,2n) = ¢(1,n) + 1

and we obtain t(1,n) + 2 < t(Fo,11) < t(1,n) + 3. |

4.6 Values of t(P,),t(C,), and t(W,) for small n

In this section, we determine ¢(P,), t(C,,), and t(W,,) for some small values of n.

Proposition 4.6.1. If n = 3,4; then t(P,) = t(C,) = n.
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Proof. For n = 3,4; we have t(1,n) = n, and also, t(2,n) = n by [46]. Hence, by Theorem
4.2.8, t(P,) =n=1t(C,). |

To obtain the exact values of t(P,) and t(C,,) for some larger values of n, we provide
Lemmas [4.6.3| and 4.6.4, We prove these two lemmas by case analysis. In the case where all
subsets in a set system have size 2, we associate a graph with the set system, as explained
in the next remark.

Remark 4.6.2. Let F = (X, B) be a set system where |X| = t and for every B € B, we
have |B| = 2. Let M be the incidence matrix associated with F. Such F can be depicted
as a graph G where V(G) = X and E(G) = B.

For a graph H, let 7 be H-CFF. For {u,v} € E(H), let B, = {a,b} and B, = {¢, d}.
For {z,y} € B, U B, and {x,y} # By, By, {z,y} is said to be covered by sets B, and
B,. If {z,y} is covered by B, and B,, then by definition of H-CFF, {z,y} ¢ B. Hence,
{z,y} ¢ E(G). The pair (B,, B,) can be one of two possible types:

Case 1: (Type 1 pair) b = d and a # b # c. Then, {a,c} ¢ E(G). Figure shows the
type 1 pair {a,b} and {b,c} as black edges and the covered set {a,c} as a non-edge, since
{a, c} is prohibited in B.

Case 2: (Type 2 pair) a,b,c,d are pairwise distinct.  Then, none of the sets

{a,c},{a,d}, {b,c}, {b,d} belong to E(G). Figure4.12b|shows the type 2 pair ({a, b}, {c, d})
as black edges, and the covered subsets that are prohibited in B as the non-edges.

(a) Type 1 pair: {a,b} and {b, c} (b) Type 2 pair: {a,b} and {c,d}

Figure 4.12: Types of pair (B, B,) with {u,v} € E(H) as described in Remark

Lemma 4.6.3. Let F = (X, B) be a P,-CFF with |X| =4 and n > 3. Then n < 4.

Proof. Let X = {1,2,3,4} and let V(P,) = {v; : i € [l,n|]} and E(P,) =
{{vi,vis1} : 1 <i <n—1}. We split the proof into the following three cases:

Case 1: B has a set B with |B| = 3. Without loss of generality, let B = {1,2,3} and let v;
be the vertex such that B = B,, for some ¢ € [1,n]. Since there is an edge {v;,v,;} € E(P,)
for some j € {i — 1,7+ 1}, we have 4 € B,,. Thus, B,, U B,, = X, which contains any other
B, with I € [1,n]\ {7, j} leading to a contradiction.

Case 2: B has a set B with |B| = 1. Without loss of generality, let B = {1}. By Theorem
[1.2.7 F is a 1-CFF. Since 1 cannot be an element of other subsets in F, (X \ {1}, B\ {{1}})
is also a 1-CFF. Let X' = X \ {1} and B’ = B\ {{1}}. Since |X’| = 3, then by Theorem
2.1.4) |B'| < 3. This implies n = |B| < 4.
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Case 3: |B| =2 for all B € B. Then B C (/;) Suppose, for the sake of contradiction, that
n > 5. Let ' = (X,B') where B' = {B,,, By,, By, Bu,, Bo;} € B. Then, F' is Ps-CFF.
Suppose, without loss of generality, that {1,2} € (“;) \ B' and so, B’ = (“;’/) \ {{1,2}}. Let
B,, = {3,4} for some i € [1,5]. It is easy to verify that for any B € B'\ {B,,}, there exists
B' € B\ {B, B,,} such that B’ C B,, U B. Then by Remark we have B’ ¢ B’, which
further implies that n < 5, a contradiction. |

Lemma 4.6.4. Let F = (X, B) be a P,-CFF with |X| =5 and n > 3. Then n < 6.

Proof. Suppose, by contradiction, F is a P;-CFF(5, 7) and let A be the 5x 7 Pr-disjunct ma-
trix corresponding to F. Let V(P7) = {v; :i € [1,7]} and E(P;) = {{vi,vipa}: 1 <i < 6}f]
We split the proof into the following four cases:

Case 1: B has a set B, with |B| = 4. Without loss of generality, let B = {1,2,3,4} = B,,
for some ¢ € [1,n]. Then, 5 € B,, for j € {i —1,i+ 1}. Thus, B,, U B,, = [1,5], which
contains any other B,, with [ € [1,n]\ {i, 7} leading to a contradiction.

Case 2: B has a set B, with |B| = 3 and no other subset B’ € B exists such that |B’| > 3.
Without loss of generality, let B = {1,2,3}. This case is further split into 4 subcases where
B,, = {1,2,3} for i = 1,2,3, 4 since the cases for i = 5,6, 7 would be symmetric for P;.

Case 2.1: B,, ={1,2,3} or B,, = {1,2,3}. First, assume B,, = {1,2,3}. Since {v1,v5} €
E(P;), then B,, ¢ B,, which implies that there is a row r with Afr,v;] = 0 and A[r, vo] = 1.
Furthermore, for each I € {vs, v4, v5, vg, v7} there exists a row v’ with A[r’, v1] = 0, A[r’, vs] =
0, and A[r’,l] = 1. Since the column A" has two 0’s, such row 7’ is exactly one row with
Alr',v1] = 0, A[r',vs] = 0, and A[r',] = 1 for all | € {v3, v, v5,v6,v7}; see Figure [1.13a]
Similarly, if B,, = {1,2,3}, following the same argument, we conclude that there exists
a row r with Alr,ve] = 0 and A[r,v1] = 1, as well as exactly one row ' with A[r',v;] =
0, A[r',v5] = 0, and A[r',l] = 1 for all | € {wvs, vy, vs5, v, v7}; see Figure Now in both
cases, consider the submatrix A’ obtained by restricting A to the columns A3, A%, Av, A,
and A" and to the rows 1,2,3, and 7. A’ must be a 4 x 5 Ps-disjunct matrix, which is a
contradiction by Lemma [1.6.3]

0

o bW N -
-
0 O =2 4o o

b W N -
O O = A A
-

0

(a) The subset {1,2,3} corre-  (b) The subset {1,2,3} corre-
sponds to vertex 1 sponds to vertex 2

Figure 4.13: Case 2.1 of Lemma M

2In all the figures in Lemma the vertices are labeled 4 instead of v; for ¢ € [1,7], for convenience
and to save space in the figures.
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Case 2.2: B,, = {1,2,3}. Since {vy,v3} € E(P;); by the same argument as in Case 2.1,
there exist a row r € {4,5} with A[r,v3] = 0 and A[r,v] = 1, and a row " € {4,5}\ {r}
with Alr',ve] =0, Alr',v3] = 0, and Alr’,[] = 1 for all | € {vy, vy, vs,v6,v7}. Such entries are
marked in red in Figures [4.14a| and 4.14b|where r = 4 and v’ = 5. Since A is Pr-disjunct and
{vs,v4} € E(P;), the row r is the only one such that A[r,vs] = 0, A[r,v4] = 0, and A[r,l'] =1
for all I’ € {vy1, v, vs,v6,v7}. These entries are marked in blue in Figures |4.14a) and |4.14b|
Since {v1,v2} € E(P;), for each " € {vs, vy, v5, v6,v7}, there exists a row m € {1,2,3} with
Alm,v] = Alm,vy] = 0, A[m, "] = 1. We split this into two possible cases:

Case 2.2.1: Suppose there exists exactly one row m such that Alm,v;] = A[m,vy] = 0,
Alm,l"] = 1 for all I” € {vs,v4,v5,v6,v7} (See the entries in green in Figure where
m = 3). The submatrix obtained by restricting the columns to A%, A% and A" and to the
rows m” € {1,2,3}\ {m} must form a 2 x 3 P3-disjunct matrix, which is a contradiction by
Proposition [4.6.1]

Case 2.2.2: Assume there are two such rows my, ms € {1,2,3} within which the condition
Almg, v1] = Almy,va] = 0, Alm;, "] = 1 is satisfied for I” € {vs, vy, v5,v6,v7} and @ € {1,2}.
Then, the only remaining row ms must satisfy the condition A[ms,v1] = 0 and A[ms, vo] = 1
(See the green entries in Figure [1.14b). However, {vs,v;} € E(P;) and B,, C By, U B,.,
which is a contradiction.

1 2 3 4 5 6 7 12 3 4 5 6 7
[ S Y S A . — —o0—90—0 009
1 1 110 0 1
2 1 210 1 1
310 0 1 1 1 1 4 3/0 0 1
411 1 0 0 1 1 1 411 1 0 0 1 1 1
511 0 0 1 1 1 1 S{1 0 0 1 1 1 1

(a) Case 2.2.1 of Lemmam (b) Case 2.2.2 of Lemmam

Figure 4.14: Case 2.2 of Lemma M

Case 2.3: Let B,, = {1,2,3}. Since {vs,v4} € E(P;), there exist a row r € {4,5} with
Alr,vg) =0 and Afr,v3] = 1, and a row r" € {4,5} \ {r} with A[r',v3] = 0, A[r',v4] = 0, and
Alr'l] = 1 for all | € {vy,vq,v5,v6,v7} (notice the red entries in Figure where r = 4
and r’ = 5). Furthermore, since {vy,v5} € E(Pr), the row r is the one satisfying A[r, vs] =
0, A[r,vs] =0, and A[r,l']| =1 for all I’ € {vy, va,v3, 6, v7}. These entries are marked in blue.
Since {vg,v7} € E(P;), there exist rows 1,79 € {1,2,3} such that A[ry,vg] =0, A[r1,v7] =1
and Afrg,vg] = 1, A[ry,v7] = 0; as well as exactly one row r3 € {1,2,3} \ {ry,r2} with
Alrs,vg] = Alrs,v7] = 0, and A[rs, "] = 1 for all I” € {v1,vs,v3,v4,v5} (these entries are
specified in purple). The row r must satisfy the condition A[ry,vs] = Alry,vs) = 0 and
Alry, "] = 1 for all I"” € {vy, v, v3,v4,v7} since {vs,v6} € E(P;) (notice the green entries).
Since |B,,| > 4 > 3, this is a contradiction to our initial assumption that no subset in B
other than B,, has size > 3.

Case 3: B has a set B with |B| = 1 and no other subset B’ € B exists such that |B'| > 3.
Without loss of generality, let B = {1} and B = B,, for some i € [1,7]. Since Pr-disjunct
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1.2 3 4 5 6 7
—o oo 0o o
2/1 11 1 010 1
311 11 1 1o 0
411 11 0 0 1 1
5(1 1.0 0 1 1 1

Figure 4.15: Case 2.3 of Lemma m

is also 1-disjunct, 1 ¢ B,, for all j € [1,7] \ {i}. Now, consider the submatrix A’ formed
by the rows 2,3,4,5 of A and the columns {A% : j € [1,7] \ {i}}. Then the 4 x 6 matrix
A’ is also 1-disjunct, which implies that {B,, : j € [1,7] \ {i}} = ([2’354’5]). It is easy to
verify by Remark that for any B;, By € B\ {B;}, there exists B; € B\ {B;} such that
By C B; U By, which is a contradiction.

Case 4: |B| = 2 for all B € B. Let A be the 5 x 7 P;-disjunct matrix obtained by restricting
the incidence matrix of a 1-CFF(5, 10) to the first 7 columns. In other words, three sets must
be removed from the 1-CFF(5,10). The structure of F is then divided into four subcases,
according to the type of sets removed, as provided in Figure [4.16|

A A
y > CO®
(a) Case 4.1 (b) Case 4.2 (c) Case 4.3 (d) Case 4.4

Figure 4.16: Type of the three subsets removed from 1-CFF(5,10) as discussed in Case 4

of Lemma

Case 4.1: Without loss of generality, the subsets removed are {1,2}, {1,3}, and {1,4}.
The subsets in F are {1,5}, {2,3}, {2,4}, {2,5}, {3,4}, {3,5}, and {4,5}. Let B,, = {2,3}.
For any B € B\ {B,, }, if B,, = B; then it is easy to see that there exists B’ € B such that
B' C B,, U B,,, which is a contradiction by Remark [1.6.2]

Case 4.2: Without loss of generality, the subsets removed are {1, 2}, {2,3}, and {1,3}. The
remaining subsets are {1,4}, {1,5}, {2,4}, {2,5}, {3,4}, {3,5}, and {4,5}. Let B,, = {4,5}.
For any B € B\ {B,,} with B,, = B; there exists B’ € B such that B’ C B,, U B,,, which
is a contradiction by Remark [1.6.2]

Case 4.3: Without loss of generality, the subsets removed are {1, 2}, {1,3}, and {4,5}. The
remaining subsets are {1,4}, {1,5}, {2,3}, {2,4}, {2,5}, {3,4}, and {3,5}. Let B,, = {2,3}.
For any choice of B € B\ {B,,} for B,,, there exists a subset B’ € B covered by B,, and B.
This is a contradiction by Remark [4.6.2]

Case 4.4: Without loss of generality, the subsets removed are {1,2}, {2,3}, and {3,4}.
The remaining subsets are {1, 3}, {1,4}, {1,5}, {2,4}, {2,5}, {3,5}, and {4,5}. This case,
however, is a little different from the above cases. Notice that that for every B € B, there
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o—0—©° o—0 0o
{1,3} {1,4} {2,4} {1,5} {2,5} {3,5} {4,5}

Figure 4.17: Maximal graph H in Case 4.4 of Lemma m

exists a B’ € B such that there exists a subset {z,y} C BU B’ with {z,y} ¢ B. We list all
pairs (B, B’) below:

o ({1,3},{1,4}) o ({1,4},{2,4}) o ({1,5},{2,5}) o ({2,5},{3,5}) e ({3,5},{4,5})

Hence, Figure [4.17) shows the maximal graph H = (V, E) such that F is H-CFF with
each vertex v; corresponding to a subset B, with ¢ € [1,7] in F. This is a contradiction
since H C P; and H # P;.

Hence, in all the cases considered, we show that such A does not exist. Hence, n < 7.
|

Lemmas |4.6.3 and [4.6.4| are important tools used to obtain the exact values of ¢(P,) and
t(C)) for some small values of n, as shown in the following theorem.

Theorem 4.6.5. 1. t(Ps5) =t(C5) = t(Ps) = t(Cs) = 5.
2. t(Pr) =t(C7) = t(Bs) = t(Cs) = t(Py) = t(Cy) = t(Pro) = 6.

Proof. We provide a proof for each item.

1. By Proposition [£.2.6] Corollary [4.2.8 and ¢(2,5) = 5 (see Table [3.4)), we have that
4 < t(Ps) < t(Cs5) < 5. However, in Lemma we proved that with a ground set

of size 4, a CFF on a path has at most 4 columns. Hence, t(Ps) = t(C5) = 5. By
Proposition [4.2.6] and Theorem [{.4.11] we have t(Ps) < t(Fs) < t(Cg) < 5. Since
t(Pg,) = 5, we have t(P6> = t(C(,) = 5.

2. By Proposition [1.2.6], Theorem and the above, we have 5 = t(Fs) < t(Pr) <
t(C7) < 6. Since by Lemma , we have that with a ground set of size 5, a CFF
on a path has at most 6 columns. Thus, t(P;) = t(C7) = 6. By Proposition [4.2.6|
and Theorem [1.4.11] we have ¢(P;) < ¢(Ps) < t(Cs) < 6. Since t(P;) = 6, thus,
t(Py) = t(Cg) = 6. Again, by Proposition and Theorem 1.4.11) 6 = ¢(Fs) <
t(Pg) < t(Cg) < 6. Hence, t(Pg) = t(Cg) = 6.

Let V(Py) = {v; : 1 € [1,10]} and E(Pyo) = {{vi,vis1} : i € [1,9]}}. With the ground
set [1,6], let F ={B,, : 7 € [1,10]} be the set system where

B, ={1,2,3} B,,=1{1,2,5} B, ={1,3,5} B,,={2,3,5} B, ={2,4,6}
B,, ={1,2,4} B,, ={1,5,6} B, ={3,4,5} B, ={2,3,6} B,,=1{4,5,6}

It is easy to check that F is a P;p-CFF. Since 6 = ¢(Py) < t(Py) < 6, we have
t(Pro) = 6.
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Open Problem 4.6.6. Just as in the case of the Pjo-CFF built with [1,6] by carefully
eliminating subsets from its largest Sperner family, it would be interesting to investigate

whether this technique can be generalized for large n, to see whether this can improve the
bound presented in Theorem [1.4.11]

The fact that t(Ps) = 5 and t(Pyy) = 6 is an example of the relationship t(Pa,) = +
1. Similarly, ¢(Cy) = 4 and ¢(Cs) = 6 is an example of the relationship ¢(Cy,) = (C’n) 2.
It would be interesting to investigate when ¢(Cy,) = ¢(C,) + 1 and when ¢(Cy,) = t(C,,) + 2.
6.

Corollary 4.6.7. Let @),, be the Hamming graph H(n,2). Then, {(Q2) = 4 and ¢(Q3) =

Proof. Since H(n,2) = Ko O --- O Ky and it is Hamiltonian, by Propositions {4.2.6/ and

-~

n times

4.4.15) we have t(Con) < t(Q,) < 2n. For n = 2 and 3, since t(Cy) = 4 (by Proposition
4.6.1) and t(Cs) = 6 (by Proposition 4.6.5)), we have the desired results. |

We now determine ¢(W,,) for small values of n.
Corollary 4.6.8. 1. ¢(WW;) =5.
2. t(Wg) = t(W5) = 6.
3. t(Wg) = t(Wy) = t(Whg) =T.

Proof. In W,, we label the universal vertex by 0, and label the other vertices forming a
Ch_1 as [1,n —1].

1. By Corollary [1.4.18 max {t(C4), (05) t(1,4) + 1} <t(Ws) < t(Cy) + 1 By Equation

3:2.1] #(1,4) = 4, by Proposition 1, ¢(Cy) = 4 and by Theorem {4.6.5, ¢(C5) = 5.
Thus, t(W5) = 5.

2. By Corollary 4.4.18] t(Cs) < t(Ws) < t(C5) + 1. By Theorem {4.6.5, ¢(C5) = 5 and
t(Cs) = 5. Thus, we obtain 5 < ¢(Ws) < 6. Since t(1,5) = 4 (by Equatlon 3.2.1)
and t(Cs) = t(1,5) + 1, by Corollary we have t(Wg) = 6. By Corollary 4.4.18|
t(C7) < t(W7) < t(Cg) + 1. By Theorem [4.6.5 6 < t(W;) < 6. Thus, t(W;) = 6.

3. Since t(1,7) = 5 and by Theorem t(C7) = 6 = t(Cs); by Corollary [1.4.18] we
have 6 < t(Ws) < 7. Since t(C;) = t(l, 7) + 1, by Corollary [4.2.14] we have t(Ws) = 7.
Since t(Cs) = 6 and t(Cy) = 6 (by Theorem and t(1,8) = 5; by Corollary
we obtain 6 < t(Wy) < 7. Since t(Cs) = (1,8) + 1, by Corollary we have
t(Wy) = 7. Since Pyg € Wy, by Proposition t(PlO) § t(Whp). Since by Theorem
4.6.5, t(Pyo) = 6 we have t(Wy) > 6. By Corollary |4 L t(Who) < t(Cy) + 1 and
by Theorem | t(Cy) = 6. Thus, we obtain 6 < t(Wlo) < 7. Since t(1,9) = 5 and

t(Cy) = t(1, 9) + 1, by Corollary m 4.2 14 we have (W) = 7.
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4.7 Conclusion and further directions

This chapter continues the work done in [38, 40] and is the first to systematically explore
CFFs based on a graph structure. We provided several bounds on ¢(G), along with families
of graphs achieving the extreme bounds, as well as tight and non-trivial asymptotic bounds
for CFFs on several families of graphs. Along with some open problems mentioned earlier
(Open Problems [4.3.10} 4.3.11} and |4.6.6|), we ask the following questions that are also worth
investigating:

Open Problem 4.7.1. Since t(K,,) = t(2,n), it is also worth noting that some dense graphs
G C K,, may have t(G) = t(2,n). Our question is: what is the maximum number of edges
that can be deleted from K, such that the resultant graph G still has ¢(G) = t(2,n)? A
related question is: what is the minimum number of edges that need to be deleted from K,
such that the resultant graph G has t(G) < ¢(2,n)?

Open Problem 4.7.2. Does there exist a family of sparse graphs G (possibly highly struc-
tured) such that t(G) = t(2,|V(G)])?

In addition, finding exact values of or bounds on ¢(G) for several other classes of graphs
would be another interesting direction of research.



Chapter 5

Cover-free families on hypergraphs

The purpose of this chapter is to study a generalized version of d-CFFs by extending these
definitions to include a hypergraph of rank d > 1, where vertices of H correspond to sets
in the set system. Following the same reasoning from Chapter [d] we consider hypergraphs
with no isolated vertices and no hyperedge of size 1 throughout the rest of this chapter. An
H-ECFF(t,n) is a set system ([1,t], B) such that for any e € F(H), the union of the sets
corresponding to vertices in a hyperedge does not contain any other set in the set system,
whereas, an H-CFF(t,n) is a set system ([1,t], B) such that for any ¢/ C e € F(H) with
¢/ # (0, the union of the sets corresponding to vertices in ¢’ does not contain any other
set in the system. In this sense, cover-free families on graphs studied in Chapter [4] are a
special case where d = 2. Furthermore, the incidence matrices of an H-ECFF(¢,n) and an
H-CFF(t,n) for H = K2 coincide with a ¢t x n d-disjunct matrix and a t x n d-disjunct
matrix, respectively. While a t x n d-disjunct matrix is also d-disjunct, it is not always
the case that an H-ECFF(¢,n) is also H-CFF(¢,n); such example is already provided in
Figure for H = P;. Note that an H-CFF(t,n) and an H-ECFF(¢,n) are special cases
of (H,r)-CFF(t,n) and (H,r)-ECFF(t,n) with r = 1. An H-InCFF(¢,n) is a set system
([1,¢], B) such that for any ¢’ C e € E(H) with ¢ # (), the union of the sets corresponding
to vertices in €' does not contain any other set corresponding to a vertex in e\ €. Thus, the
property of a K-InCFF(t,n) is equivalent to a d-disjunct matrix with the property of being
k-disjunct for k < d. Similarly, an H-InCFF(¢,n) is also a special case of (H,r)-InCFF (¢, n)
with » = 1. Hence, being an H-CFF(t,n) is equivalent to being H-InCFF and H-ECFF.

In this chapter, we explore and further develop the theory of cover-free families on
hypergraphs from multiple directions. Although we have discussed applications of dis-
junct matrices in combinatorial group testing, such matrices are also separable matrices,
as studied by Du and Hwang [I9]. They also provide a relationship between d-disjunct,
d-disjunct, d-separable, and d-separable matrices, as depicted in Figure . This motivates
us to study the separable matrices extended to a hypergraph (such as H-separable(t,n) and
H-separable(t, n) defined in Definition . Such extensions have been studied by Gonen
et. al. [27]. We further study the relationships among H-separable(t,n), H-separable(t,n),
H-CFF(t,n) and H-ECFF(t,n), as provided in Figure The most important part of this
work is that we provide a sufficient condition for a hypergraph H such that any H-ECFF
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must be an H-CFF. Moreover, we also prove that if H is a clutter (see Definition [5.2.7)),
this sufficient condition is also necessary (Theorem [5.2.11)), which generalizes the result in
Proposition |4.2.10

We are also motivated to study the characterization of H-CFFs for a hypergraph H from
the lens of directed hypergraph homomorphism. We define the underlying cover-free directed
hypergraph based on H, denoted by H cp, and a cover-free directed hypergraph, denoted by
CF"(t). We further show that there exists an H-CFF (¢, n) if and only if there exists a directed

hypergraph homomorphism from ﬁCF to CE™1(t). While the above-mentioned result is an
initial contribution to this topic, we outline several future directions of our interest in Section
0.0l

Motivated by the optimal construction of CFFs on star graphs provided in Chapter
[, we provide an upper bound for CFF on hypergraphs with transversal number &, whose
upper bound is met by the star graph (Corollary . We further provide an upper bound
and a lower bound on CFFs on flower hypergraphs (defined in Definition , which leads
us to obtain an exact bound for an infinite family of flower hypergraphs of rank 3 (as
provided in Corollary . We give a construction for CFFs on hypergraphs with rank r
and strong chromatic number x(H) = k using strong k-vertex coloring. For the case when

r=o ( » gk; k), this improves upon the upper bound on t(H) previously obtained from the

strong vertex coloring construction by Idalino and Moura [40] (See Theorem [3.3.5)).

We also study cover-free families on some hypergraph products that have been studied in
the literature [34]. In particular, we focus on the Cartesian product ((J) of hypergraphs and

the “strong” product (X) of hypergraphs, which is also a generalization of the strong product
of graphs in a certain way. We prove that for two hypergraphs G and H, max{t(G),t(H)} <
t(GOH) <t(G)+t(H) (Corollary resulting from Theorem [5.5.8). This immediately
gives us an upper bound for G O H with G € {P,,C,}, H € {P,,C,}, and m,n > 3,
namely, the upper bound ¢(G O H) < 1.8931og,(mn)+O(1) (Corollary[5.5.11)), which is close
to the trivial lower bound established in Corollary [£.2.8] The construction corresponding to
t(G O H) < t(G) + t(H) also provides the result that for a hypergraph G, t(G O K3) <
t(G) + 2. Interestingly, we show that S,, with n = (LgJ) + 1 for some z € N is an infinite

family of graphs G meeting the upper bound for ¢(G O K,) (see Corollary [5.5.18). We
achieve this by identifying a sparse subgraph in S, O K5, which we denote by S, ©® S,
(defined in Notation and by proving that the exact value of #(S, ® S,,) is equal to
t(S,) + 2 (Corollary [5.5.17). Recall that such a family of star graphs also meets the trivial
lower bound of ¢(G) and the upper bound for ¢(G) in Theorem item [2, Moreover, it
turns out that S, ® S,, with n = ( é J) + 1 is also another example of an infinite family of

graphs meeting the upper bound for ¢(G) in Theorem item 2. Next, we study cover-
free families on the strong product of hypergraphs by providing reinterpretation of some
known constructions and bounds for d-CFFs from the perspective of the strong product of
hypergraphs. In particular, we provide a generalization of Theorems [3.2.12] and [3.2.15] in
Proposition [5.5.19| and Theorem [5.5.20} respectively. Furthermore, a generalization of the

doubling construction of 2-CFFs to cover-free families on strong graph products is provided
in Theorem [5.5.22]
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The structure of the chapter is as follows. In Section 5.1, we present the definition of
cover-free families on hypergraphs. In Section |5.2] we extend the definition of separable
matrices to hypergraphs, and present a relationship between cover-free families and sepa-
rable families on hypergraphs analogous to Figure 5.2l In Section [5.3 we first provide a
background on directed hypergraphs and directed hypergraph homomorphism along with
some auxiliary results followed by a proof of the existence of d-CFFs corresponding to the
existence of a directed hypergraph homomorphism from Hch to CF™1(t). In Section [5.4} we
provide constructions and bounds for cover-free families on hypergraphs that are generalized
from some constructions provided in Section and Chapter 4] Section provides a brief
overview on the Cartesian product and the strong product of hypergraphs in the literature,
and further explores cover-free families on the earlier mentioned hypergraph products. Fi-
nally, there is a lot of potential for interesting directions for further research, some of which
are discussed in Section 5.6

5.1 Preliminaries

We present the definition of cover-free families on hypergraphs, analogous to Definitions
and for graphs. Definition uses a set system and is a special case of the more
general notion of cover-free families on hypergraphs defined in Definitions [3.3.1] and [3.3.2]
Definition [5.1.2] is the reinterpretation of Definition [5.1.1] using the incidence matrix of the
set system.

Definition 5.1.1. (via set system) Let n,¢ be positive integers with n > ¢, and let H =
([1,n], E(H)) be a hypergraph. Let F = ([1,t], B) be a set system with B = {By, By, ..., B,}
and |B| = n where B; corresponds to vertex i. F is cover-free for a hyperedge I € E(H), if
for any iy € [1,n] \ I, we have

|Biy \ (Uier Bi)| > 1.

F is in-cover-free for a hyperedge I € E(H) if for any I' C I € E(H), and for any ig € I\ I,
we have

| Bio \ (Uier B;)| = 1.
Finally, we have:
1. Fis an H-ECFF(t,n) if F is cover-free for all hyperedges in E(H);
2. Fis an H-InCFF(t,n) if F is in-cover-free for all hyperedges in E(H);
3. Fis an H-CFF(t,n) if F is both H-ECFF(¢,n) and H-InCFF(¢,n).

It is immediate from Definition that F is an H-CFF(t,n) if and only if for any
I'C I € E(H), and for any iy € [1,n] \ I’, we have
|Biy \ (Uier Bi)| = 1.
When H is a graph, being an H-InCFF set system is equivalent to being H-Sperner. We

present the definitions of H-CFF(t,n), H-InCFF(¢,n) and H-ECFF(¢,n) via incidence ma-
trices.
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1 2 3 4 5

1 2 3 4 5 1 2 3 4 5 00 0 1 1
0O 0 0 1 1 0O 0 1 0 1 1.0 0 0 1
1 0 0 0 1 1 0 0 1 0 11 1 0 0
11 1 00 o1 0 0 1 0O 0 1 0 1
1.0 0 1 0

H-disjunct H-In-disjunct c 1 0 01
E-disjunct

Figure 5.1: Examples of an H-disjunct, H-In-disjunct, and H-disjunct matrix for the hyper-
graph H provided in Example

Definition 5.1.2. (via matrix) Let H = ([1,n], E(H)) be a hypergraph, and A be at xn
binary matrix where each column corresponds to a vertex of H. Let A[i, j] be the entry of
A in row i and the column corresponding to the vertex j € [1,n], and A’ be the column
vector of A corresponding to vertex j. A is cover-free for a hyperedge I € E(H) if for every
Jj € [1,n] \ I, there exists a row index [ € [1,¢] such that A[l,i] = 0 for all ¢ € I and
All, j] = 1. A is in-cover-free for a hyperedge I € E(H) if for every I' C I € E(H) and for
every j € I\ I', there exists a row index | € [1,t] such that A[l,i] = 0 for all ¢ € I' and
All, j] = 1. Finally, we have:

1. Matrix A is H-disjunct if it is cover-free for every hyperedge I € E(H);
2. Matrix A is H-In-disjunct if it is in-cover-free for every hyperedge I € E(H);

3. Matrix A is H-disjunct if A is both H-disjunct and H-In-disjunct.

Example 5.1.3. Let H = ([1, 5], ) be a hypergraph where ' = {{1,2,3},{2,3,4},{4,5}}.
We provide an example of an H-disjunct matrix, an H-In-disjunct matrix, and an H-disjunct
matrix formed by vertical concatenation of the former two matrices in Figure [5.1]

Thus, matrix A is H-disjunct if for every I' C I € E(H) and for every j € [1,n]\ I,
there exists a row index [ € [1,t] such that A[l,i] = 0 for all : € I’ and A[l,j] = 1. From
Definitions [3.3.1] 3.3.2] and [5.1.1] it is clear that an H-ECFF(t,n) is equivalent to (H,1)-
ECFF(t,n) and an H-CFF(t,n) is equivalent to (H,1)-CFF(¢,n). Similar to Propositions
[4.1.3|and [4.2.3] the following statements follow immediately from Definitions [5.1.1]and [5.1.2]
F is H-ECFF(t,n) if and only if its incidence matrix is H-disjunct. Similarly, F is H-
InCFF(¢,n) if and only if its incidence matrix is H-In-disjunct. Moreover, F is H-CFF (¢, n)
if and only if its incidence matrix is H-disjunct. We denote by ¢,(H), t;,(H), and t(H) the
minimum ¢ such that there exist a H-ECFF, H-InCFF, and H-CFF, respectively:

to(H) = t.(1, H) = min{t : 3 a H-ECFF(¢, |V (H)|)}.
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tin(H) = tin(1, H) = min{t : 3 a H-InCFF(¢, |V (H)|)}.
t(H) =t(1,H) = min{t : 3 a H-CFF(¢,|V(H)|)}.

By Proposition 3.3.3) ¢(H) < t.(H) + t;n(H). Note that if H is a simple graph,
tin(H) = ts(H). From Definitions [3.1.1} [3.3.1} and [5.1.1} it follows that an (H,r)-CFF(¢,n)
is equivalent to an H'-CFF(t,n) if H = ([1,n],E(H)) and H = ([1,n], E(H’)) with
E(H') = {U_E; : Ey,...,E, € E(H)}. Also, a d-CFF(t,n) is equivalent to a K%
CFF(t,n) where K¢ is the complete d-uniform hypergraph on n vertices. Thus, for d < n,
t(d,n) = t(K%).

Lemma 5.1.4. Let ¢ : V(H;) — V(H;) be an injective homomorphism from hypergraph
H1 = (Vi,El) to HQ = (%,EQ) Then t(Hl) S t(HQ)

Proof. Let C be a t x |V,| Hy-disjunct matrix. We build a ¢ x |V;| matrix A such that
for any v; € V; and vy € V5 such that ¢(v1) = vy, we take A" = C">. We show that A
is cover-free and in-cover-free for every hyperedge e € E(H;). Let e = {vy,...,v.}. Then,
ole) = {p(v1),...,6(v,)} € E(Hy) and |p(e)| = r. Since C' is in-cover-free for ¢(e), the
submatrix of C' restricted to columns C?V ... C?) contains a permutation submatrix
of order r. This implies the submatrix of A restricted to columns A",..., A’ contains
a permutation submatrix of order r. Hence, A is in-cover-free for e. Now, it remains to
show that A is cover-free for e, that is, for any v € V(H;) \ e, there exists a row z such
that Alz,v;] = 0 for all ¢« € [1,r] and A[z,v] = 1. Indeed, such a row exists since C is
cover-free for ¢(e). That is, there exists a row z such that Clz, ¢(v;)] = 0 for all i € [1,7]
and C[z,¢(v)] = 1. The desired result thus follows since C?(") = A¥ for all i € [1,7] and
C?¥) = Av. Thus, we establish that A is H;-disjunct, and so t(H,;) < t(Hs). |

Using Lemma m, it follows that if G is a strong subhypergraph of H, then ¢(G) <
t(H). Using the same argument in its proof, it can also be shown that t.(G) < t.(H) and
tin(G) < tyn(H). The next lemma states that this is also true for subhypergraphs that are
not strong subhypergraphs.

Lemma 5.1.5. If H; is a subhypergraph of Hs, then t.(Hy) < t.(Hs),ti(Hy) < tin(Hs),
and t(Hl) S t(HQ)

Proof. Let A and B be an Hs-In-disjunct matrix and an Hs-disjunct matrix, respectively.
Let A" and B’ be the submatrices of A and B, respectively, obtained by restricting to the
columns corresponding to the vertices in H;. We show that A’ and B’ are H;-In-disjunct
and H,-disjunct, respectively. Let e € E(H;) where e = ¢/ NV for some ¢’ € E(Hs). Since A
is in-cover-free for €’ in Hy, A’ is in-cover-free for e in Hy. This implies A" is H;-In-disjunct
and t;,(Hy) < t;,(Hz). Let ig € V(Hy) \ e. Then, iy ¢ €'\ e. Otherwise, € NV} D eU{ip}, a
contradiction. Since B is cover-free for €/, there exists a row j in B such that B[j,v] = 0 for
all v € ¢ and B[j,ip] = 1. This implies that B'[j,v] = 0 for all v € e and B'[j, ] = 1. Thus,
we establish that B’ is cover-free for e in H;. Hence, B’ is Hi-disjunct and t.(H;) < t.(Hs).

Let C' be an Hy-disjunct matrix and C” be the submatrix of C, obtained by restricting
to the columns CV for all v € V(Hy). Since C' is both Hs-disjunct and Hs-In-disjunct, using
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the previous arguments in this proof, we conclude C" is both H;-disjunct and H;-In-disjunct.
Hence, C" is H;-disjunct, which implies t(H,) < t(H3). |

Proposition 5.1.6. For a hypergraph H, t([H],) < t(H).

Proof. Let A be an H-disjunct matrix. We show that A is [H],-disjunct. Let e = {a,b} €
E([H]2). Then, there exists some ¢ € FE(H) such that e C €. Since A is in-cover-free
for €/, the submatrix of A restricted to the columns corresponding to the vertices in ¢’
contains a permutation submatrix of order |¢’| > 2. This further implies that the submatrix
corresponding to columns A® and A® contains a permutation submatrix of order 2. Thus, A
is Sperner for e.

Let vg € V([H]2) \e. If vg € V(H) \ €, since A is cover-free for ¢/, there exists a row
r such that A[r,v] = 0 for all v € € and A[r,v9] = 1. So, we have A[r,a] = Alr,b] = 0 and
Alr,vg] = 1. If vy € €'\ {a, b}, since A is in-cover-free for ¢’, there exists a row r such that
Alr,a] = Alr,b] = 0 and A[r,vg] = 1. Thus, in both cases, A is cover-free for e in [H]s.

Hence, we conclude A is [H]o-disjunct and t([H]s) < t(H). i

Proposition 5.1.7. For positive integers d,n with d < n, t;,(K%) = t(d — 1,n).

Proof. From Definition [5.1.1] it is easy to see that being K¢-InCFF(,n) is equivalent to
being (d — 1)-CFF(¢,n). Thus, we have the desired result. i

Lemma 5.1.8. Let ¢ : V(H;) — V(H3) be a homomorphism from hypergraph H; = (V1, F1)
to H2 = (‘/2, EQ) Then tln(H1> < t,m(HQ)

Proof. Let A be a t* x |V(H3)| Ho-In-disjunct matrix with t* = t;,(Hs). Now, from A we
construct a t* x |V (H;)| matrix M with every column corresponding to a vertex in H; such
that for every v € V(H,), we set the column M? identical to A%®"). Let e € E(G). Since
homomorphisms preserve edges, we have ¢(e) = {¢(v) : v € e} € E(H,). Since A is in-
cover-free for the edge ¢(e), then M is also in-cover-free for e. Thus, M is an H;-In-disjunct

matrix with ¢* rows and this implies t;,(H;) < t* = ;,(H2). |
Proposition 5.1.9. Let H = (V, E) be a d-uniform hypergraph. Then, t;,(H) < t(d —
Proof. By Theorem [2.2.11, H — K;l(H)' Hence, by Proposition m and Lemma m,
tin(H) <ty (K ) = t(d — 1, x(H)). "

Note that if H is a simple graph, d = 2 and t;,(G) = ts(G). Thus, by Proposition
4.1.10}, t;,(G) = t(1, x(G)), achieving the upper bound in ¢;,(H) < t(d — 1, x(H)).
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(d + 1)-separable [—>  d-disjunct <:> d-disjunct
@ * @ * means deleting a row
k-separable
(k <d) <3 d-separable <3 d-separable

Figure 5.2: Relationships among various types of separable and disjunct matrices in [19]

5.2 Connections between separable families and CFFs on
hypergraphs
Along with disjunct matrices, Du and Hwang [19] also study separable matrices and their

applications in group testing. We provide the definition of separable matrices in terms of set
systems as follows.

Definition 5.2.1. Let n, d and ¢ be positive integers. Let F = (X, B) be a set system where
X = [1,t] and B = {Bl,BQ, c. >Bn}

1. F is a d-separable(t, n) if for any distinct J, J' C [1,n] with |J| = |J'| = d, we have

Uies Bi # Uics B;.
2. F is a d-separable(t,n) if for any distinct J,.J' C [1,n] with |J| = [,]|J'| = I’ and
[,I' <d, we have

UiesBi # Uje B;.

Du and Hwang [19] have shown the relations between various types of separable and
disjunct matrices as shown in Figure 5.2 where an arrow from a matrix of type 77 to a matrix
of type T3 indicates that every matrix of type 77 is also of type T5. Chen and Hwang [10]
further provided a link from d-separable to k-disjunct or k-separable for some k < d, which
is not depicted in Figure [5.2l They prove the following results.

Theorem 5.2.2. [10]

1. Let M be a d-separable matrix. Then, M is k-separable, with 2 < k < d, if and only
if M is (k — 1)-disjunct.

2. Let M be 2d-separable. Then, there exists a d-disjunct matrix formed by adding at
most one row to M.

Corollary is a direct consequence of the above theorem.

Corollary 5.2.3. Let M be 2d-separable. Then there exists a d + 1-separable matrix formed
by adding at most one row to M.
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Similarly to extending a d-CFF(t,n) and a d-CFF(t,n) to an H-ECFF(t,n) and H-
CFF(t,n), respectively, it is possible to extend a d-separable(t, n) and a d-separable(t,n) to
an H-separable(t,n) and an H-separable(t, n), respectively, as defined below.

Definition 5.2.4. Let n, ¢, F, B be defined as in Definition [5.1.1} and let H = ([1,n], E(H))
be a hypergraph. Then,

1. F is an H-separable(t,n) if for any 1,1’ € E(H) with I # I,

UierBi # Uier B;.

2. F is an H-separable(t,n) if for any I,I' € E(H), I, CI,I, C I' and I, # I,

Uieh Bl 7é Uielz Bz

From Definitions and [5.2.4] it follows that a d-separable(t,n) is equivalent to
a K%separable(t,n) and a d-separable(t,n) is equivalent to a (K?)*-separable(t,n) where
E(KY* = {A C [1,n] : |A] < d}. Motivated by the extensions of d-disjunct and d-
separable set systems in Definitions and [5.2.4] we aim to generalize the results in
Figure to establish an analogous relationship between H-separable, H-separable, H-CFF
(H-disjunct) and H-ECFF (H-disjunct) set systems, as shown in Figure We prove the
result corresponding to each implication in Figure in the remainder of this section, where
n,t,H, E(H), and F are set up as in Definition [5.1.1] unless specified.

Proposition 5.2.5. If F is an H-separable(t,n), then it is also an H-separable(t, n).

Proof. The result is immediate from Definition [5.2.4] since the requirements for being H-
separable is stronger than the requirements for being H-separable. |

Definition 5.2.6. The reduction of a hypergraph H is the hypergraph H’ obtained from H
by removing any edge that is contained in another edge.

Definition 5.2.7. Let H be a hypergraph and H’ be its reduction. H is reduced if H' = H.
A reduced hypergraph is also called a clutter.

Hence, a uniform hypergraph is always a clutter.

Proposition 5.2.8. Let H be a hypergraph and H’ be the reduction of H. Then,

e Any H'-InCFF must be an H-InCFF.
e Any H'-CFF must be an H-CFF.

Proof. Let F be an H'-InCFF set system. Since F is in-cover-free for any ¢’ € E(H'), F is
also in-cover-free for any e € E(H) with e C ¢’. So, F is H-InCFF.

Let ¢ € E(H') and e € E(H) with e C €'. For iy € V(H) \ €, the subset corresponding
to 7¢ is not contained in the union of the subsets corresponding to vertices in e since F is
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O e I =Y
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S O = |

Figure 5.3: An H’-disjunct matrix, but not H-disjunct in Example m

cover-free for ¢/. Furthermore, for ig € €'\ e, the subset corresponding to iy is not contained
in the union of the subsets corresponding to vertices in e since F is in-cover-free for e’. Thus,
F is cover-free for the edge e, which implies F is H-ECFF, and since F is H-InCFF, then
F is H-CFF. |

It is not true that any H'-ECFF must be H-ECFF. We provide a counterexample in
Example [5.2.9,

Example 5.2.9. Let H = ([1,5], F) such that £ = {{1,2},{1,2,3},{2,3,4},{4,5}}. Let
H' = ([1,5], E') be the reduction of H, that is, £’ = {{1,2,3},{2,3,4},{4,5}}. The matrix
in Figure is H'-disjunct, while it is not H-disjunct because it is not cover-free for {1, 2}.

Definition 5.2.10. Let H = (V, E) be a hypergraph and let H' = (V| E’) be the reduction
of H. An ezcluded set of H is a set S = {e\ {v}:e € E' and v € e}. The excluded degree
of s € S, denoted by ExDeg(s), is the number of edges in E’ containing s. The minimum
excluded degree, denoted by e, (H), is the minimum ExDeg(s) among all s € S.

Theorem 5.2.11. Let H = (V, E) be a hypergraph.

o If §..(H) > 2, then any H-ECFF set system is also H-CFF.

e If H is a clutter, we have:
any H-ECFF set system is also H-CFF if and only if 6.,(H) > 2.

Proof. Let .,(H) > 2 and let F be an H-ECFF. We need to show that F is H-InCFF.
By Proposition [p.2.8] it is enough to show that F is H’-InCFF, where H' = (V, E’) is the
reduction of H. Note that 0.,(H') = d..(H) > 2. Next, for any I € E’, we show that F
is in-cover-free for I. Let ig € I. Since ExDeg(l \ {ip}) > 2, there exists [* € E’ with
I* # I such that I* = (I'\ {io}) U X for some X C V with |X| > 1. Clearly, iy ¢ X,
otherwise I C I*, contradicting to the fact that H' is reduced. Since F is H-ECFF, we have
|Biy \ (Uier=B;)| > 1, which implies |B;, \ (Usen iy Bi)| > 1. Thus, F is H'-InCFF, and
hence, H-CFF.

Now, we show by contraposition that if H is a clutter with J.,(H) < 2, there exists
an H-ECFF(t,n) that is not H-CFF. Let A be an |E| x |V| matrix where each row 7,
corresponds to an edge e with Afr.,v] =0 if v € e, and Alr,,v] = 1 if otherwise. Clearly, A
is H-disjunct, so it is the incidence matrix of an H-ECFF, F. Let I be an edge with iy € I
such that for any edge I* # I, we have I\ {io} ¢ I*. Such an edge exists since 0., (H) = 1.
However, by construction, no row r in A exists such that A[r,v] =0 for all v € I'\ {ip} and
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Alr,ig] = 1. Thus, A is not in-cover-free for I which means A is not H-disjunct, so F is not

H-CFF. |

Observe that for a simple graph G = (V, E), 6..(G) > 2 if and only if 6(G) > 2. Since
G is a clutter, Theorem [5.2.11| thus generalizes the result for graphs in Proposition [4.2.10]

Proposition 5.2.12. If F is an H-CFF(¢,n), then it is also H-separable.

Proof. (By contraposition) Suppose F is not H-separable. Hence, there exist hyperedges
I.I' e E(H) and I} C 1,1, C I, with I} # I, such that U;c;, B; = User, B;. Since I # I,
without loss of generality, there exists at least one vertex i such that iy € Iy, but ig ¢ Is.
Then, B;, C User, B;, which implies B;, C U;er, B; and it follows that F is not cover-free for
Iy and so F is not H-CFF. |

Proposition 5.2.13. If F is an H-ECFF(¢,n), then it is also an H-separable(t,n).

Proof. (By contraposition) Suppose F is not an H-separable(t,n). Then there exist Iy, I €
E(H) with I; # I such that Usep, B; = U, B;. Since I} # I, without loss of generality,
there exists some j € I; such that j ¢ Io. Then, B; C U, By, and by assumption B; C
User, Bi- Thus, F is not cover-free for [ and therefore F is not H-ECFF. |

Notation 5.2.14. Let F = ([1,t],B) be a set system and = € [1,¢]. We denote by F \ {z}
the set system (X', B’) where X’ = [1,t]\ {z} and B' = {B\ {z} : B € B}.

The next proposition gives a stronger result, in the case of a clutter.

Proposition 5.2.15. Let H be a clutter. Let F = ([1,¢],B) be an H-ECFF(t,n) and
€ [1,t]. Then, F \ {z} is an H-separable(t — 1,n).

Proof. Let F = (X,B) where B = {By,...,B,} and F\ {z} = (X \ {z},B) where
B ={B,=B;\{z}:1 <i<n}. Let us consider I, [, € E(H) such that I; # I;. We want
to show that U;ep, B # U;er, Bi. We prove this inequality using two cases, depending on the
relationship of x with I; and I».

Case 1: x € (Ujer, Bi) N (User, Bi) or « ¢ (Ujer, Bi) U (Uier, B;). Since Iy # Iy, without loss of
generality, there exists y € I; \ I. Then B, g Uier, B; since F is H-ECFF and B, C Uj¢, B;.
Since in both cases, we have B, \ {2} € Uicr,(B; \ {z}) and B, \ {z} C Uier, (B; \ {2}), this
implies that B;, € Uier, Bj and B, C Uicr, Bj. Hence, there exists some w € By such that
w & Uier, Bl, but w € Useq, Bl. Thus, we have U;er, Bl # Uier, B.

Case 2: x € Ujer, B; and « ¢ U;ep, B;. Since H is a clutter and I; # I, there exists y € 17\ I
and z € I\ I1. Then, B, C U;cr, B; and since F is H-ECFF, we have B, SZ User, Bi- Then,
there exists w € B, such that w ¢ U;ep, By, so w # . So, w € B, C Uie, By, w & Uier, By,
and w # x. Thus, w ¢ User, Bl, but w € U, B.. Therefore, we have Ujcr, B) # Uier, B, 1

The statement of Proposition [5.2.15 however, does not hold for an arbitrary hypergraph
H. We provide an example below.
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0O 0 0 1

Figure 5.4: A 4 x 4 H-disjunct matrix (left) and therefore H-separable, but the matrix
obtained by deleting its first row (right) is not H-separable.

Example 5.2.16. Let H = ([1,4], E) such that F = {{1,2,3},{2,3},{3,4}}. H is not a
clutter since {2,3} C {1,2,3}. Figure[5.4 shows a 4 x 4 H-disjunct matrix C' (left) and the
matrix C, obtained by deleting the first row of C' (right). We note that C, is not H-separable
since the Boolean sum of C}, C2, and C? is identical to the the Boolean sum of C? and C?.

Notation 5.2.17. For a hypergraph H = ([1,n], E) with rank r < n, let H* = ([1,n], E(H*))
be a hypergraph with E(H*) = {IU{x} : I € E(H),z € [1,n]\I}. We denote the hypergraph
with vertex set [1,n] and hyperedge set E(H) U E(H*) as H U H*.

Proposition 5.2.18. If F is an Hi-separable(t,n), then it is also an H-CFF (¢, n).

Proof. (By contraposition) Suppose F is not H-CFF. Then, there exists some [ € E(H)
with I C I and iy € [1,n]\ I’ such that B;, C UjcpB;. This implies Ujecpugigy B = Ujer B;.

If ig € I\ I’, then there exists a vertex x € [1,n] \ I such that I U {z} € E(H*) and
we have I' C I' U {ip} € I U {z}. Such z exists because |I| < n. On the other hand,
if i € [1,n] \ I, then I U {5y} € E(H*) and clearly, I' C I' U {iy} C I U {iy}. Hence,
note that regardless of iy belonging or not to I, there exists an edge e € E(H?*) such that
I' CI'U{ig} Ce. Since I' # I' U{ip} and we have Ujc iy B = Ujer Bj, we conclude that
F is not Hi-separable. |

Proposition 5.2.19. If F is an (H U H*)-separable(¢,n), then it is also an H-ECFF(t,n).

Proof. (By contraposition) Suppose F is not H-ECFF. Then, there exists [ € E(H) and
’L.() S [1, n] \I, such that Bio - UjGIBj- This 1mphes UjEIU{io}Bj = UjGIBj and {I, ]U{Zo}} -
E(H U H*). So, we conclude F is (H U H*)-separable. |

Thus, the results of this section establish the H-analogues of the relationships in Fig-
ure connecting H-separable, H-separable, H-CFF (H-disjunct), and H-ECFF (H-
disjunct) set systems, as summarized in Figure [5.5]
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H.ECFF =3  [.CFF

(H-disjunct) <= (H-disjunct)

| [ !

H-separable <———= H-separable

(H U H%)-separable =— < Hi-separable

Figure 5.5: Relationships among cover-free families and separable families on hypergraphs

og is a hypergraph with 6., (#)>2
If m is a clutter, this holds even after deleting any point from the base set of an #-ECFF (or any row of
its incidence matrix).

5.3 Characterizing H-CFFs through directed hypergraph
homomorphisms

In this section, we study the characterization of H-CFFs via the existence of a directed hy-
pergraph homomorphism from the underlying directed hypergraph of H to a special directed
hypergraph. These concepts are discussed in Section [5.3.2] following a brief background on
directed hypergraphs in Section [5.3.1}

5.3.1 Directed hypergraphs

A directed hypergraph is a natural generalization of a directed graph or digraph. A directed
graph is a graph where edges have directions, with each directed edge called an arc.
Definition 5.3.1. [2] A directed hypergraph ﬁ is a pair (V (ﬁ) N (ﬁ)) where V/ (ﬁ) is
a set of vertices and N <ﬁ> is a set of hyperarcs with each hyperarc being a pair (I,v) such
that I is a non-empty subset of V' (ﬁ), called the tail of the hyperarc, and v € V (ﬁ) \ I
is the head of the hyperarc. For some r < |V (ﬁ) |, if |[I| = r for all (I,v) € N (ﬁ), then
H is called (r + 1)-uniform.

Notation 5.3.2. We denote by [_{)Z the r-uniform complete directed hypergraph on n vertices

where [V (K7) | =n and N (K7,) = {(I,v) Te (V @f)) and v e V (K7) \1}.

r —

Definition 5.3.3. o A directed subhypergraph 8 of ﬁ has V(B) C V<ﬁ) and
/\/'<a> = {(IﬂV(8> ,v) c(I,v) e N' (ﬁ) LU E V(@), and IﬂV(@) 7&@} for
some N’ (ﬁ) Q/\/(ﬁ)
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e A directed subhypergraph 8 of ﬁ is induced by V (8) if V (8) cCV (ﬁ) and

N (@) ={(1nV (C).w): (o) eN(H) weV(d), and InV (C) #0}.

e A directed subhypergraph 8 of ﬁ is strong if V (8) c Vv (ﬁ) and
N(ﬁ) C {(],U) eN (ﬁ) ICV (8) andv eV <8)} A directed subhy-
pergraph 8 of ﬁ is strongly induced if V(8> C V(ﬁ) and N(g) =
{(I,v) EN(ﬁ) 1 C v(@) and v €V (8)}

Definition 5.3.4. A subset C' of the vertex set of a directed hypergraph ﬁ is a t-clique if
l?ltq is a strong directed subhypergraph of ﬁ The size of the largest t-clique in ﬁ is called

the t-cligue number, denoted by w; (ﬁ)

Definition 5.3.5. A strong c-coloring of ﬁ is a function f : V (ﬁ) — Z. such that for
every hyperarc (I,v) € J\/’(ﬁ) with I = {vo,...,v-1} C V(ﬁ) and v € V (ﬁ) \ I,
H{f(), f(vo),..., f(vy—1)} = |I| + 1. The strong chromatic number x (ﬁ) is the smallest

integer ¢ for which there exists a strong c-coloring of ﬁ

Definition 5.3.6. Let ¢ — (V,N) and H = (V/,N") be two directed hypergraphs. A
directed hypergraph homomorphism from 8 to ﬁ, denoted by 8 — H,isamapping f : V —
V' such that if J = ({v1,v9,...,0},v) € N, then f(J) = ({f(v1), f(v2),..., f(v)}, f(v)) €
N and [{v,v1,v9, ..., 0 = [{f(0), f(v1), f(v2),..., fv)} =t+ 1.

Theorem 5.3.7. Let ¢ — (V,N) and H = (V',N") be two directed hypergraphs and

8 — ﬁ Then for any t, we have w; <8) < wy (ﬁ) .

Proof. Let w; (6) =k and let V; C V be a t-clique of size k in 8 Let f:V — V' be the
directed hypergraph homomorphism. For any J = {vy,vs,...,v;_1,v:} C Vi of size t, there
must exist a hyperarc N = (I,v) € N such that I = {v;,,vip,...,v;,_,} C Jandv =v;, € J\
I. Since f is a directed hypergraph homomorphism, then ({f(v;,), ..., f(vi_,)}, f(vi,)) € N
and |{f(v1), f(v2),..., f(vi—1), f(ve)}| = t. Since this is true for every J C V;, we must have
f(v) # f(v') for every v,v" € V| with v # v/. Thus, we conclude that {f(v) : v € Vi} has

size k and forms a t-clique of size k in ﬁ Hence, w; (ﬁ) >k=uw <8) |

Theorem 5.3.8. Let ﬁ = (V,./\/ <ﬁ)) be an r-uniform directed hypergraph. Then ﬁ has
a strong c-coloring if and only if F[) — ?Z.

Proof. Assume ﬁ has a strong c-coloring f : V — Z. and assume without loss of gen-
erality that V ([?Z) = Z¢. Then for any (I,v) € N(ﬁ

|I| = r — 1, and we write I = {vy,...,v,_1}. Since f is a strong c-coloring, we have
| {f(v1),..., f(vy—1), f(v)}| = r. This further implies that %f(vl), o flom) ) flv) €
/\/( 2) Then, by Definition [5.3.6, we have that f : V — V(KT) is a homomorphism.

), since ﬁ is r-uniform, we have
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Let f : H— ?Z be a homomorphism. Then, for any ({vq,...,v,_1},v) € N (ﬁ), we
have ({f(v1),..., f(v,.—1)}, f(v)) €N (T(}Z) Since H is r-uniform, then [{vy,..., v, 1,0} =
{f(v1),..., f(v,_1), f(v)}| = r. Hence, f induces a strong c-coloring of H. i

Corollary 5.3.9. Let 8 and ﬁ be r-uniform directed hypergraphs, and 8 — ﬁ Then

V(@) = x (i)

Proof. Let f : V (8) -V (ﬁ) be a homomorphism from 8 to ﬁ Let us assume
X (ﬁ) = c. Then, there exists a homomorphism g : V' (ﬁ) -V <[_(>Z) from ﬁ to [_(2

Hence, fog:V (8) -V (?T) induces a strong c-coloring of 8 Hence, x (8) <c=

(1), C

5.3.2 Characterization of H-CFFs

In this section, we study the characterization of H-CFFs for a hypergraph H. For this
purpose, we define two special directed hypergraphs, namely, the underlying cover-free di-
%cted hypergraph of H, denoted by H ¢, and the cover-free directed hypergraph, denoted by
CF"(t).

Definition 5.3.10. For any hypergraph H = (V, E), let ﬁCF = (V,N) be a directed
hypergraph such that N' = {(I',vy) : 0 #£ ' CI € E and vg € V' \ I'}. We call ﬁCF as the
underlying cover-free directed hypergraph of H.

Proposition 5.3.11. Let H be a hypergraph with |V(H)| = v with rank » < v. Then

on (Her) =y (Her) =

Proof. By Definition [5.3.10/and recalling our general assumption of no isolated vertices, [4()3
is a strong directed subhypergraph of H cg. The desired result thus follows. |

Definition 5.3.12. Let r,¢t > 0. For any v € Z, we denote by v[j] the entry in its

3t position. A cover-free directed hypergraph denoted by C’—}>7 "(t) is a directed hypergraph
(V,N) with:

o V=175

e For any s > 1 with s < r and any s distinct vertices wvg,...,vs_1, we have
({vi,v2,...,vs_1},v9) € N if and only if there exists j € [0,t — 1] such that
vilj] = v2lj] = -+ = vsa[j] = 0 and vo[j] = 1.

Theorem 5.3.13. Let n,t, H, E(H) be defined as Definition and r be the rank of H.
There exists an H-CFF(¢,n) if and only if there exists a directed hypergraph homomorphism

Hor — CE(1).
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Proof. Let F be an H-CFF(¢,n), and A be its t X n incidence matrix. Consider the mapping
f:v (ﬁ@) -V (Cﬁ”l(tn where f(v;) = A’. For any hyperarc (I,vy) € N (ﬁCF> with
I'=Avi,...,op} €T € EH), |I'| <|I| <randwvy € V(H)\ I', then for (f(I'), f(vo))
where f(I') = {f(v1),..., f(vp))}, there exists j € [0,t — 1], f(v1)[j] = - = f(vp)]j] =0,
f(vo) =1, and |I'| = | f(I")| < r. Hence, (f(I'), f(v)) is a hyperarc of Cﬁ’"“(t). Thus, f is
a directed hypergraph homomorphism from H cp to CF™1(t).

Assume that there exists a directed hypergraph homomorphism f from ﬁcp to
C?T“(t). Consider the array A = [f(vo), f(v1), ..., f(vy—1)]. Since f(v;) € V (C’—}%rﬂ(t)) =
Z%, then for every (I,vg) € N(ﬁCF) with I = {vi,...,yn} € I' € E(H), |[I| < r and
vo € V(H) \ I, there exists a j € [0,t — 1] such that f(v)[j] = --- = f(v)ly] = 0,
f(vo)lj] = 1, and |I| = |f(I)| < r. Hence, this guarantees that for any I C I’ € E(H),
the subset corresponding to the column vy € V(H) \ I is not contained in the union of the
subsets corresponding to columns indexed by I. Thus, A is H-disjunct, and there exists an

H-CFF(t,n). |
Notation 5.3.14. Let » > 2. We denote by ]?Z the directed hypergraph such that
N(ED) = |J ~M(EY).
2<r'<r

Corollary 5.3.15. There exists a d-CFF(¢,n) if and only if there exists a directed hyper-
graph homomorphism ?,‘iﬂ ~CF drL(t).

Proof. The proof immediately follows from Theorem [5.3.13| as (?g)CF = [—g‘ffil |

Proposition 5.3.16. Let G and H be two hypergraphs such that there exists a directed
hypergraph homomorphism 8017 — ﬁCF. Then t(G) < t(H).

Proof. Let A be t* x |V(H)| H-disjunct matrix with t* = #(H) and r be the rank of
H. Then, by Theorem |5.3.13] there exists a directed hypergraph homomorphism ﬁcp —

CFE™(t*). Since Gor — Hcr is a directed hypergraph homomorphism, there exists a

directed hypergraph homomorphism from 3CF to CF "+1(¢*). Thus, there exists a t* x|V (G)|
G-disjunct matrix, and ¢(G) < t* = t(H). i

5.4 Constructions of H-CFFs and bounds on #(H)

We begin with a simple construction that builds a CFF on a hypergraph from CFFs on
smaller ones. Proposition [5.4.2, thus, generalizes the construction presented in Proposition
3.2.9

Theorem 5.4.1. Let H; = (V;, E;) be a hypergraph with no isolated vertices and |V;| =
n; > 1, for i = 1,2 with |V; N V5| = 0. Let H = (V4 U V4, E) be a hypergraph where

E:E1UE2U{]1U12®7£IZQ6’Z fOTiZI,Q and (61,62)€E1XE2}.
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Then, there exists a ¢ x (n; + ny) H-disjunct matrix where ¢ = t(Hy) + t(Hy). If Hy is a
hypergraph with a single hyperedge, then there exists a ¢ X (n; +ns) H-disjunct matrix with
t= t(H1> + Na.

Proof. Let A and B be t; x ny Hy-disjunct and ¢, X ny H,-disjunct matrices, respectively.
If |E5| = 1 with ny > 1, then B is the identity matrix of order ny. Let C be a matrix of the
A . . ..
form ( 0 OtlBX”Q) with the first and second column blocks corresponding to vertices in
toXny
V1 and V3, respectively and rows in the first and second row blocks labeled as (1,4) and (2, j)
for i € [1,#,] and j € [1, 5], respectively. We now prove that C is H-disjunct. We show that
C is cover-free and in-cover-free for every hyperedge I € E. We consider two different cases
depending on the choice of I:

Case 1: [ € Fy or I € E,. Suppose I € Ey. Let vg € V' \ E;. For the case of vy € V5,
there exists a row j in B with B[j,vo] = 1. This implies C[(2,7),v] = 0 for all v € I and
C[(2,7),v0] = 1. For the case of vg € V; \ Ej, since A is cover-free for I, there exists a
row j in A such that A[j,v] = 0 for all v € I and A[j,ve] = 1. This further implies that
C[(1,7),v] = 0 for all v € I and C[(1,7),v] = 1. Hence, in both cases, we see that C is
cover-free for I. Furthermore, since A is in-cover-free for I, then C is in-cover-free for 1. The
argument for I € F5 follows similarly.

Case 2: | = I U, with O # I; C ¢; € E; for i = 1,2. Without loss of generality, let
vo € Vi \ I1. If vg € V1 \ ey, since A is cover-free for e; in Hj, there exists a row j in A such
that A[j,v] = 0 for all v € I} C ey and A[j,v9] = 1. Then, we have C[(1,j),v] = 0 for all
v e Ul and C[(1,7),v0] = 1. On the other hand, if vy € e; \ I3, since A is in-cover-free for
e1 in Hj, there exists a row j in A such that A[j,v] = 0 for all v € I; and A[j, vo] = 1. Then,
we have C[(1,j),v] =0 for all v € I; U I, and C[(1, j),ve] = 1. Hence, C is cover-free for I.

Let vg € I. Then, vy € I or vy € I,. Without loss of generality, assume vy € ;.
Since A is in-cover-free for e; in Hy and I; \ {vo} C I; C ey, there exists a row j in A such
that A[j,v] =0 for all v € I} \ {vo} and A[j,v9] = 1. Then, we have C[(1, j),v] = 0 for all
ve (I Ul)\ {v} and C[(1,4),ve] = 1. Hence, C is in-cover-free for I.

Thus, we conclude that C is H-disjunct with ¢; + t, rows. |

The following corollary is a consequence of Theorem

Corollary 5.4.2. Let H = (V, F) be a hypergraph with |V| = n. Let V' be partitioned into
two nonempty subsets Vi and V, and H; = H|y, be a hypergraph for i = 1,2. Then, there
exists a t x n H-disjunct matrix where t = t(H,) +t(Hs). If H; is a hypergraph with a single
hyperedge, then there exists a ¢ x (n; + ny) H-disjunct matrix with ¢ = ¢(H;) + n.

Proof. Let E; = E(H;) for i € {1,2}. Then, H is a subhypergraph of H' = (V; U V3, E)
where E is defined as in Theorem [5.4.1} Then, by applying Theorem Lemma [5.1.5] we
conclude there exists a (t(H;) + t(Hy)) x n H-disjunct matrix. If |Ey| = 1, there exists a
(t(Hy) + ny) x n H-disjunct matrix. i
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5.4.1 Using transversal

In this section, we study bounds on ¢(H) using a subset of V(H) called a transversal, if one
exists.

Definition 5.4.3. Let H = (V,E) be a hypergraph without an isolated vertex. A set
T C V is a transversal if every hyperedge contains exactly one point from the set 7', that is,
TNV (I)| =1, for every I € E.

The minimum cardinality of a transversal is called the transversal number, denoted by
7(H). By convention, if a transversal does not exist, then we define 7(H) = co. If 7(H) =1,
the only vertex in a minimum transversal is called a universal vertex. Note that, for a
windmill graph Wd(k, m) with k£ > 2, {(Wd(k,m)) = oo as a transversal does not exist.

Definition 5.4.4. A flower hypergraph F(r,m) is a hypergraph (V) E) such that |V| =
(r —1)m + 1,|E| = m, and there exists a universal vertex vy such that for any hyperedges
e1,e2 € B, we have e; Ney = {wp}.

Each hyperedge in F(r,m) is also called a petal. 1t is clear that 7(F'(r,m)) = 1. F(2,n)
is the star graph S,41. Also, note that [F'(r,m)]s = Wd(r,m), and F(r,m) is a conformal
hypergraph.

Example 5.4.5. We give an example of a flower hypergraph and the corresponding 2-section
in Figures and [5.6b

(a) F(3,6) (b) [F(3,6)]2 = Wd(3,6) = Fy3

Figure 5.6: Examples of a flower hypergraph and its 2-section
Corollary 5.4.6. Let H = (V, E) be a hypergraph with |V| = n, rank r, and let T be a
transversal of H with |T'| = k. Let V' =V \ T Then,
t(H) < t(H|y)+t(1, k), if k>2 4.
HH) < t(H]yv) + 1, if k= 1. (5.4.2)
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|U1,1 U1,0 - vl,r—1||Uz,1 Uy vZ,r71| |Um,1 U2 vm,r71|
0]
t1, m){ 2 || Columnlof A Column2of A | - | Columnmof A
0
+ —
0
r=1 : L4 I L4
- Lle]
1 { |00 00 J[00 00 ][00 00

Figure 5.7: An F(r, m)-disjunct

Proof. Let T be a transversal of H size k and L, be a graph with k vertices and the edge
set consisting of loops on all k vertices. Then, H|; = L; and we know that ¢(L,) = t(1,n)
for n > 2 and t(L;) = 1. Let A be a t; x (n — k) H|y~disjunct matrix and B be a ty x k
I-disjunct with k¥ > 2. If k = 1, then B = 1;,; (that is, t, = 1). Then, let C be the
A 0t1><k
0t2><n—k: B
to vertices in V'’ and T, respectively and rows in the first and second row blocks labeled as
(1,7) and (2,5) for i € [1,#] and j € [1,t5]. By Corollary , C is H-disjunct. Thus,
t(H) < t(H|y) + t(Lx) and the desired result follows. |

matrix of the form < > with the first and second column blocks corresponding

In case of a star graph S, since 7(S5,,) = 1 and H|y» = L,,_1, by Corollary [5.4.6, we have
t(S,) < t(l,n — 1)+ 1. However, in Corollary [4.3.4] we showed that ¢(S,) =t(1,n — 1) + 1,
achieving the upper bound in Equation [5.4.2]

Construction 5.4.7. Consider a flower hypergraph F'(r,m) where the universal vertex is
labeled as vy. For 1 < ¢ < m, we label the non-universal vertices of the " petal as
Vi1, Vigs - -5 Vig—1. Let Abeat(1,m)xm 1-disjunct matrix. Let Cy,Co, and C3 be the matrices
where each column is labeled with the vertices of the graph F(r,m). For convenience, we
arrange the vertices of the i petal as consecutive columns in each matrix. Let C; be the
matrix where C}° = Oy(1 )1 and C;™’ with j € [1,7 — 1] be identical to the i column of
matrix A for each i € [1,m]. Let Cy be the matrix where C3° = 0(,_1)x1 and C,"” be identical
to the 5 column of the identity matrix I,_; for all i € [1,m]. Let C3 be a row matrix with
C3[l,v0] = 1 and Cs[1,v;;] = 0 for all ¢ € [1,m] and j € [1,r — 1]. Let C be the vertical
concatenation of Cy,Cy, and Cs, as shown in Figure [5.7

Corollary 5.4.8. For r > 3 and m > 2,
te(F(r,m)) =t(1,m), (5.4.3)

t(Wd(r,m)) < t(F(r,m)) <t(l,m)+r. (5.4.4)
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Proof. We show that C; constructed in Construction is F'(r,m)-disjunct, that is, C; is
cover-free for every petal i. Let v;; be a vertex with with j € [1,m]\ {i} and [ € [1,r — 1].
According to Construction [p.4.7, C** = A’ for all z € [1,7 — 1] and C;*' = A’. Since A is
T-disjunct and C}® = Oy1,m)x1, there exists a row with 0’s in C°,C,"*, for all z € [1,7 — 1],
and 1in C,'. Thus, t.(F(r,m)) < t(1,m).

Now, let V' = V(F(r,m)) \ {vo}. Then, F(r,m)|ys is a matching hypergraph with m
disjoint hyperedges and by Proposition [3.3.9) we have t. (F'(r,m)|y/) = t(1,m). In addition,
since F'(r,m)|y- is a subhypergraph of F'(r, m), by Lemmal5.1.5] t. (F'(r,m)|y) < t.(F(r,m))
Thus, we have t(1,m) < t.(F(r,m)). Hence, t(1,m) = t.(F(r,m)).

By Corollary[5.4.6, we have t(F(r,m)) < ¢ (F(r,m)|y/)+1since T = {uv,} is a transversal
and |T'| = 1. Since F(r,m)|ys is a matching hypergraph with each hyperedge of size r — 1,
by Proposition [3.3.9] we have ¢ (F(r,m)|y) < ¢(1,m) +r — 1. Thus, we have t(F(r,m)) <
t(1,m)+r. Note that C in Constructionlwlis F(r, m) disjunct with ¢(1, m)+r rows. Since
Wd(r,m) is the 2-section of F'(r,m), by Proposition t(Wd(r,m)) < t(F(r,m)). i

Note that for r = 2, we also have t.(F(2,m)) = ¢(1,m) = t.(Sm+1) by Theorem [4.3.3]

Corollary 5.4.9. If m

> [$(m +1)], then t(F(3,m)) = t(1,m) + 3. Otherwise, we have
t(1,m)+2 <t(F(3,m)) <t(l,m)+

+ 3.

Y

Proof. Since Wd(3,m) = Fyni1, by Corollary [5.4.8) we obtain ¢(Fyni1) < ¢(F(3,m)) <
t(1,m) +3. Ifm > [J(m+ (@ + 1), by Corollary [4.5.5, we have t(Fynys1) = t(1,m) + 3 and

we conclude that ¢(F(3,m)) = t(1,m) + 3. If m < |$(m + 1), then by Corollary 4.5.5, we
have t(1,m) + 2 < t(FQmH) < t(1,m) + 3, which implies that ¢(1,m) + 2 < ¢(F(3,m)) <
t(1,m) + 3. i

5.4.2 Using strong vertex coloring

We present a construction of H-CFFs using a technique involving strong vertex coloring.
Note that Theorem [3.3.5 works in general and we know that the rank r of any hypergraph
is less than or equal to the number of colors £ in a strong vertex coloring. Theorem
works in the case r < k.

Theorem 5.4.10. Let H = (V, E) be a hypergraph of rank r and Ny, Ns, ..., N be the
sets of vertices in each color class of a strong k-vertex-coloring of H. Assume that [N;| =
IN2| =+ =|Ni| =m >1and |V|=mk. If r <k, then if there exists an r-CFF(¢y, k) and
a 1-CFF(ty,m), then there exists an H-CFF(t,n) where t = t; - to.

Proof. Suppose the vertices in V' are labeled as (x,y) where 1 <z < kand 1 <y < m,
and vertex (x,y) is in color class z. Let A and B be t; x k F-disjunct and t5 X m 1-disjunct
matrices, respectively, where the columns of A and B are respectively labeled as 1,2,...,k
and 1,2,...,m. Let C be the matrix A ® B where the columns correspond to the vertices in
the order (1,1),...,(1,m),(2,1),...,(2,m),...,(k,1),...,(k,m) and the rows are labeled
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as (i,7) where 1 <7 <t; and 1 < j <t,. In this way, the columns of A correspond to the
color classes NV, with [ € [1,k] and the columns (1,1),(1,2),...,(l,m) correspond to the m

vertices in N;. Now, we show that C'is a ¢ty x n H-disjunct matrix.

Let I = {(c1,d1),(ca,da),...,(c,d))} € E with vertex (c,,d.) € N, for z € [1,1],
e, € [1,k], and I <r. We need to show that C' is cover-free and in-cover-free for the edge I.
For I' C I, we consider the following cases depending on the choice of (¢p,dy) € V \ I":

Case 1: I' C I and (cp,dy) € I\ I'. Since |I'| < r and A is 7-disjunct, there exists a
row a € [1,t1] such that Ala,c,] = 0 for all ¢, such that (c,,d,) € I’ and Ala, )] = 1. Let
b € [1,t5] be a row such that B[b,d;] = 1. Thus, C|(a,b), (c.,d.)] =0 for all (c,,d,) € I' and
Cl(a,b), (¢}, d;)] = 1. Hence, C'is in-cover-free for the hyperedge I.

Case 2: (cy,dy) ¢ 1.

Case 2.1: ¢y # c, for all ¢, such that (c.,d,) € I'. Since |I'| < r and A is 7-disjunct, there
exists a row a such that Afa,c.] = 0 for all ¢, such that (c,,d,) € I’ and Ala,cy] = 1. Let
b be a row in B such that B[b,dy| = 1. Thus, C|(a,b), (c.,d,)] = 0 for all (c,,d.) € I’ and
C[(a, b), (Cl/, dl/)] =1.

Case 2.2: ¢y = ¢y for some ¢, such that (c,,d,) € I'. Let I" = I' \ {(c.,d.)}. Since
|I"| < r and A is r-disjunct, there exists a row a such that Ala,c,] = 0 for all ¢, with
(c,,d,) € I" and Ala,c./] = 1. For any dy # d.., let b be a row in B such that B[b,d./] =0
and B[b,dy] = 1. Thus, C|(a,b), (c.,d,)] =0 for all (¢,,d,) € I' and C|(a,b), (c.r,dy)] = 1.

Since C is cover-free and in-cover-free for every edge, we conclude that C is H-disjunct.
|

Note that in the case covered by Corollary [(3.3.7] that is, if » = k, then the matrix A
corresponding to the r-CFF(t1, k) in Theorem [5.4.10|is replaced by the k x k identity matrix

I;.. However, we have for r < k, t(r, k) < cr?log(k) for some constant c. If r = o (, /@),

then O(r?log, k) is asymptotically smaller than k. Thus, in this case Theorem|5.4.10|provides
an asymptotically smaller bound on #(H) than Corollary [3.3.7, Combining Corollary
and Theorem [5.4.10, we obtain the following result.

Theorem 5.4.11. Let H = (V, E) be a hypergraph of rank r and Nj, N>, ..., N; be the
sets of vertices in each color class of a strong k-vertex-coloring of H. Assume that |N;| =
IN2| =+ =|Ni| =m >1and |V| =mk. Then, t(H) < min{t(r,k) - t(1,m), k- t(1,m)}.

Theorem [5.4. 10l can also be extended to the case of color classes of different sizes and the
proof is the same as in Theorem [5.4.10, We provide the construction and the corresponding
theorem next.

Construction 5.4.12. Let H = (V, E) be a hypergraph of rank r and N1, N>, ..., N}, be the
sets of vertices in each color class of a strong k-vertex-coloring of H. Assume that |[N;| = n;
and |V|=n= Zle n;. Let A be a t* x k r-disjunct matrix. For i € [1, k], let B; be a t; X n;
1-disjunct matrix with n; > 1. If n, = 1, then B; = 1,4; Construct a matrix C consisting of
the blocks C,, 1 <2 <t" and 1 <y <k, where block column y corresponds to vertices of
H having color y. For an = € [1,¢*], let ) be the set of columns with 1’s in row x in A and
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for each i € Y, let t, = max{t; : i € Y} and for B;’s with t; < t,, append t, — t; copies of
01xn, to it and call it B..

B, with t, rows , ifye€ Yandt, =t,
Coy =14 B, ifyeYandt, <t,
0t xn, otherwise

The proof of the following theorem is similar to that of Theorem [5.4.10]

Theorem 5.4.13. Let H = (V, E) be a hypergraph of rank r and Ny, Ns, ..., N be the
sets of vertices in each color class of a strong k-vertex-coloring of H. Assume that |[N;| = n;

and |V| =n = Zle n;. If r < k, then the matrix C' produced in Construction [5.4.12]is a

t x n H-disjunct matrix where t = >0 t,.

5.5 Cover-free families on products of hypergraphs

The main motivation behind studying CFFs on the product of hypergraphs is to provide
constructions that produce cover-free families (with relatively small number of rows) on
larger hypergraphs that can be obtained from the cover-free families on smaller hypergraphs.
In this initial work, we consider the Cartesian product and the strong product of graphs and
hypergraphs.

5.5.1 Hypergraph products

In this section, we present definitions of several hypergraph products [34]. A hypergraph
product is a binary operation on finite hypergraphs, and several different notions of such a
product have been defined.

Definition 5.5.1. (Cartesian Product of Hypergraphs) The Cartesian Product of two hy-
pergraphs H; and Hs, denoted by H; [ H,, is the hypergraph with the set of vertices
V(H) x V(H3) and the set of hyperedges F(H; O Hy) where

E(HiOHy)={{u} xe:ueV(H) and e € E(Hy)} U {e x{u}:e€ E(H,) and u €
V(H2)}}

In other words, for two hypergraphs H; and Hs, if
e = {(a1,b1), (a2, 02), ..., (ar, by)} € E(H1 O H),
then the hyperedge e is:

e cither {(a,b1),(a,bs),...,(a,bx)} with a € V(H;) and {by,...,bx} € E(H3)
e or {(ay,b), (as,b),...,(ar,b)} with {ay,...,ar} € E(H;) and b € E(H).
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The Cartesian product of graphs is a special case of H; [ Hy when H; and H, are graphs.
Similarly, the Cartesian product of hypergraphs Hy, Hs, ..., H;, denoted by

mO0H 0. OH,

is the hypergraph with vertex sets V(H;) x V(Hs) x --- x V(H;) and the set of hyperedges
E(H, O H, O --- O H;) where two vertices (uy, us,...,u;) and (vy,ve,...,v;) are adjacent
if and only if {u;,v;} C e € E(H;) for exactly one index 1 < j <7 and uy = vy, for k # j.

Unlike Cartesian product, generalizing the direct product of graphs to hypergraphs is
not so straightforward. While it is simpler to extend the definition of the direct graph
product to r-uniform hypergraphs, generalizing it for non-uniform hypergraphs can be done
in many possible ways. We first present the definition of the direct product of r-uniform
hypergraphs.

Definition 5.5.2. (Direct product of r-uniform hypergraphs) For two r-uniform hypergraphs
H, = (V}, Ey) and Hy = (Vs, E5), their direct product Hy x, Hs has vertex set V; x V5 and
e ={(a1,b1), (az, b2),...,(ar,b,)} is an edge in Hy X, Hs if and only if

{al,ag, .. ,CLT} € F; and {bl,bg, .. ,br} € Es.

If r = 2, Definition is restricted to 2-uniform hypergraphs, and x, coincides
with the direct graph product of graphs without loops. In order to extend the definition
of the direct product to non-uniform hypergraphs, the survey [34] discusses three possible
extensions:

1. The minimal-rank preserving direct hypergraph product (;) (introduced by Sonntag
in [67], see [34]),

—~

2. The maximal-rank preserving direct hypergraph product (%),

3. The direct hypergraph product preserving no rank (;)

Direct products % and x coincide with Xy when restricted to r-uniform hypergraphs.
For 2-uniform hypergraphs, direct products X, X and X comcnde with the direct product of

simple graphs. However, unlike >< direct products % and x are not applicable for direct
graph product in the family of graphs with loops. Thus, throughout the thesis, we refer the
maximal-rank preserving direct hypergraph product as the direct hypergraph product.

Definition 5.5.3. (Direct product of hypergraphs) For two hypergraphs H; = (V4, E;) and
Hy = (Vy, Es), their direct product Hy x Hs has vertex set V; x V5 and edge set

E(Hy x Hy) = {e € (“X%) |e; € E; and p(e) = e;,i = 1,2},
where r = max {|e;|, |e2|} and p;(e) is the projection of e onto H;. In other words,

e = {(a1,b1), (az,b2), ..., (ar,b;)}

is an edge in H; x H, if and only if
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1. {a1,a9,...,a.} € E; and there exists an edge ey € Es such that {by,bs,...,b.} is a
multiset of elements of es, that is, es C {by,bs,...,b.}, or

2. There exists an edge e; € Fy such that {aq,as,...,a,.} is a multiset of elements of ey,
that is, e; C {a1,as,...,a,}, and {by,bs,...,b.} € Fs.

The strong product of hypergraphs is the union of the cartesian product and the direct
product.

Definition 5.5.4. (Strong product of hypergraphs) For any two hypergraphs H; = (Vi, E})
and Hy = (Va, Ey), their strong product Hy X Hy has vertex set V; x V5 and

e = {(a1,b1), (az,b2), ..., (ar,b,)}

is an edge in H; % H, if and only if

1. e={(a,b1),(a,be),...,(a,br)} with a € V} and {by,...,bx} € Es, or
2. e ={(ay,b), (asz,b),...,(ax,b)} with {ay,...,ar} € Ey and b € V3, or

3. {aj,as,...,a,} € E; and there exists an edge e; € F such that {b;,bs,...,b.} is a
multiset of elements of eq, that is, es C {by,bs,...,b.}, or

4. There exists an edge e; € F; such that {ay,as,...,a,} is a multiset of elements of e,

that is, ey C {ay,a9,...,a,}, and {by,bs,...,b.} € Fs.

Note that if H; = (V4, Ey) and Hy = (V3, Ey) are r-uniform hypergraphs, then x
coincides with x,.. In this case, we write X as K,.

We provide an example for each of the hypergraph products we discussed above.

Example 5.5.5. Let H, = ({a1, a2}, {{a1,a2}}) and Hy = ({b1, b2, b3}, {{b1, b2, b3}}). Then,
V(Hy) x V(Hz) = {(a;,b;) i € [1,2] and j € [1,3]}.

1. H1 ] HQ = ((V(Hl) X V(HQ),E(Hl ] Hg)) where

E(H, O Hy) = {{(al,bl), (a2, b1)}, { (a1, b2), (az, b2)}, {(a1,b3), (a2, b3)},
{<a1’ bl)? (ab b2)7 (alv b3)}’ {(a% bl)? (a2> 62)7 (aQ’ b3>}}'

—~ —~

2. Hy % Hy = ((V(Hl) x V(Hs), E(H, HQ)), where
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Note that each hyperedge has size 3 and so H; % H, is uniform. Furthermore, each
hyperedge projects onto both factor hyperedges. In other words, for a hyperedge e =
{(ai, b;) =i €[1,]e]]} of Hy x Hy, the projection of e with respect to the first coordinate
is p1(e) = {a; : i € [1,|e|]} € E(H;). For example, for e = {(ay, b1), (a1, b2), (as,b3)},
we have py(e) = {a1,as} and py(e) = {b1, bo, b3}.

3. Hy R Hy = ((V(Hl) x V(H,), E(H, %Hz)) where E(H, R Hy) = E(H, O Hy) U
B(H; x H,).

While it is known that K¢ K, K¢ =~ K¢ when d = 2, this statement is not true for
general d. Moreover, K;fl X, KgQ is a strong subhypergraph of Kgm. To illustrate this, we
provide an example below.

Example 5.5.6. Let H, = H, = K; with V(H,) = {a,bc}, V(Hy) =
{1,2,3}, E(H,) = {{a,b,c}}, and E(Hy) = {{1,2,3}}. Let V(H, K3 Hy) =
(@, 1), (a,2), (a.3), (b, 1), (b,2). (6,3), (e, 1), (. 2), (¢,3)} — K2. Then E(H) Ky Hy) —
E(H, O Hy) U E(H, x5 Hy) where

E(Hl U HQ) = {{(a’v 1)7 (b7 1)7 <C7 1)},{(0,, 2)? (bv 2)7 (C, 2)}7{ CL,S), (b7 3)?( 73>}7
{(a,1),(a,2), (a,3)},{(b,1), (. 2), (b, 3)},{(c. 1), (c.2), (c.3) } }
and
E(Hl X3 HQ) = {{(a’ 1)’ (bv 2)7 (Cv 3)},{(&, 1)7 (b’ 3)’ (C’ 2)}’{((172)7 (b’ 1)7 (C’ 3)}7
{(a,2), (5,3), (¢, D}, {(a,3), (b, 1), (¢, 2)}, {(a. 3), (b, 2), (¢, 1)} }.

Let e = {(a,1),(b,1),(c,2)}. Clearly, e ¢ E(H, X3 Hy) while e € E(K3).

5.5.2 Cover-free families on the Cartesian product of hypergraphs

In this section, we provide a construction of an (H; [0 H,)-CFF using an H;-CFF and an
H,-CFF, and thus obtain an upper bound on ¢(H; O Hs).

Construction 5.5.7. Let H; = (Vi, Ey) and Hy = (V4, Ey) be two hypergraphs. Let A and
B be t; x |Vj| Hy-disjunct and ty x |Vs| Hy-disjunct matrices, respectively. If Hy = K¢,
then let B be the s x s identity matrix, I,. Let C; and Cy be matrices, each with columns
corresponding to vertices (a;, b;) for each a; € Vi and each b; € V5, such that Cfai’bj) — BbY
and Céai’bj) = A%. In this way, C; and Cy are to X |V} X V| and ¢; X |V} x V3| matrices,
respectively. Let C be the vertical concatenation of C; and Cy, and label the rows of C by
elements in [1,#; + to].

Theorem 5.5.8. Let H; = (Vi, Ey) and Hy = (V3, E3) be hypergraphs with |V;| = v; and
[Va| = va. Let A and B be t; x v; Hy-disjunct and ¢, X vy Ho-disjunct matrices, respectively.
Then, there exists a t* X vjvy (Hy O Hy)-disjunct matrix where t* = ¢; + t5. In addition, if
Hy = K3, then t* =1, + s.
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Proof. We show that matrix C in Constructionl&.?lis (H, O H,)-disjunct. We need to show
that C is cover-free and in-cover-free for any hyperedge e = {(a, b1), (az, b2), ..., (ar,b,)} €
E(H, O Hy). If {(a1,b1), (ag,b),...,(ar,b,)} € E(H, O Hy), then by Definition we
have either a; = --- = a, and {by,...,b,} € Ey or {ay,...,a,} € Fy and by = --- = b,.
Without loss of generality, we consider a; = -+ = a, = a and {by,...,b.} € Fs.

For ¢ C {(a,b1),(a,bs),...,(a,b.)}, let ¢ = {a} x I where I C {by,bs,...,b.}. Let
(@, ) € (Vi x V) \ €. We consider the following two cases, depending on the choice of a,:
Case 1: a,» = a. Since B is Hy-disjunct, for I C {by,...,b,} and any b, € V5 \ I, there
exists a row [ € [1,%5] in B such that B[l,v] = 0 for all v € I and B[l,b,] = 1. Thus, there
exists the row [ € [1,15] in C; such that Cy[l, (a,v)] = 0 for each v € I and C[l, (a,b)] = 1.
A similar argument can also be applied for the case of Hy = K.

Case 2: a,» # a. Since A is H;-disjunct, there exists a row [ in A such that A[l,a] = 0 and
All,a.] = 1. Thus, ¢y + 1 is the row in C such that Clts 4+, (a,b)] = 0 for each b € I’ and
Clta + 1, (ay, byr)] = 1.

Thus, we establish that C is (H; O Hs)-disjunct with t; + t rows. |

Corollary 5.5.9. Let H; = (Vi, Fy) and Hy = (V4, Es) be two hypergraphs with [V;], [Va| >
3. Then,

If Hy = K for some s > 2, then
t(Hy) < t(H, O Hy) <t(Hy)+ s. (5.5.2)
In addition, for any hypergraph H with |V (H)| > 3,
t(H) <t(HOH) <2t(H). (5.5.3)

Proof. The upper bound is achieved by Theorem [5.5.8] Consider an injective homomor-
phism ¢, : H; — Hy O Hy such that ¢, (v) = (v, u) for a fixed u € V(H;) and any v € V(Hy).
Then, by Lemma [5.1.4] we have ¢(H;) < t(H; O H,). Similarly, ¢(Hs) < ¢(H; O H,). Thus,
we have the desired lower bound. |

Corollary 5.5.10. Let H = H; J H, [0 --- O Hg, k > 2. Suppose for each 7, there exists an
H;-CFF(t;,v;). Then, there exists an H-CFF(t*, Hle v;) where maxt_ {t;} < t* < Zle ti.
Hence, maxt_, {t(H,)} < t(H) < 2F  t(H,).

Proof. For the upper bound, since the Cartesian product of hypergraphs is an associative
operation, that is,

H=(--(--(HHOH,)OH;)O --- OH;) --- OHy),

we can obtain an 1'1T-CFF(Z:';:1 t(H,), Hle vi> by applying Theorem |5.5.8/ & — 1 times. The
lower bound can be achieved similarly to the proof of Corollary [5.5.9] |
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Since the Hamming graph Hy, 4y 0, = Koy O Ko, O --- O K,,,, by Corollary
we have t(Hyy gy, am) < D oreq t(Ky,) = > v 1(2,a;). Referring to Table it is easy to
note that for large values of a;’s, this upper bound is better than the one given in Proposition
. Now, using Corollary , we provide an upper bound on ¢(G O H) for some families
of graphs GG and H, which is closer to their trivial lower bounds, as provided in Equation

421

Corollary 5.5.11. For m,n > 3, let G € {P,,,C,,} and H € {P,,C,}. Then, log,(mn) <
t(G O H) < 1.893log,(mn) + O(1).

Proof. For any combination of G and H, it is clear that P,,, C G O H and thus, by
Proposition [4.2.6] ¢(Py,,) < t(G O H). Furthermore, by Corollary [5.5.9 (G O H) < ¢(G) +
t(H) and by Corollary 4.4.12} ¢(G) < 1.893log,(m)+ O(1) and t(H) < 1.8931og,(n) + O(1).
Thus, t(G O H) < 1.893log,(m) + 1.8931log,(n) + O(1) = 1.893log,(mn) + O(1). By

Corollary and Theorem [3.2.4] we have log,(mn) < (G O H). i

Corollary 5.5.12. For m; > 3, let G; € {P,,,,Cpp,} and let G =G, 0 G, O --- O Gy, k >
k k
2. Then, log, (TT5_, m:) < #(G) < 1.8931og, (1L, m:) + O(1).

Proof. By Corollary |4.2.8| and Theorem [3.2.4] we have log, (Hle mi> < t(G). Since the
Cartesian product of hypergraphs is associafive, the desired upper bound can be obtained

by applying Corollary [5.5.11] k£ — 1 times. |

In Equation [5.5.2} if s = 2, then ¢(H;) < t(H; O K5) < t(H;) + 2. In the remaining
part of this subsection, we establish that there is an infinite family of star graphs S,, meeting
the upper bound in Equation [5.5.2} that is, ¢(.S,, O K3) = t(S,,) + 2.

Notation 5.5.13. By 5, ® S, we denote the graph which is formed by taking two copies
of S,, and joining their universal vertices by an edge.

We first provide the following construction to build an (S,, ® S, )-disjunct matrix.

Construction 5.5.14. Let G and H be two star graphs on n vertices with V(G) = {a; : i €
0,n—1]}, V(H) = {b; : i € [0,n — 1]}, and a( and by being the universal vertices in G and
H, respectively. Let A beat(1,n—1)x (n—1) I-disjunct matrix. We create a t(1,n—1) x2n
matrix C; and three row matrices Cy,C3, and C4 where columns are labeled corresponding
to the vertices of G and H in the following order: ag, ay,as, ..., a,_1,b9,01,02,...,0,_1. Let
C; be the matrix where C° = 0y1n-1)x1 = Ci’o and C{" = Cfi = i'" column of A. Let C,
and C3 be the row matrices such that Cy[1,a;] = 1 = C3[1,b;] and Cy[1,b;] = 0 = Cs[1, a4
for each i € [0,n — 1]. Let C4 be the row matrix such that C4[1,ao] = C4[1,bp] = 1 and
Cy4[l,a;] = C4[1,b;] = 0 for each i € [1,n — 1]. Let C be the matrix formed by the vertical
concatenation of Cy, Cs, and C3 whereas D be the matrix formed by the vertical concatenation
of C1,Cy, C3 and Cy, as provided in Figure [5.8

Next, we show that C and D are (S, ®S,)-disjunct and (S, ©® S,,)-disjunct, respectively.
We further determine the exact values of t.(S,, ®.S,) for all n, and of ¢(S,, ®S,,) for infinitely
many n.



5.5. COVER-FREE FAMILIES ON PRODUCTS OF HYPERGRAPHS 91

|ﬂ1 ay -+ (-1 ||b1 by - by |
t(1, n-1) 1 - disjunct 1 - disjunct
+
1 T 1 oo o
. oo 0 0o Jt 1 1. 1 |
T [0 o0~ o Jtjlo o 0 ]

Figure 5.8: An (S, ® S,)-disjunct matrix

Theorem 5.5.15. For n > 3, t.(S, ® S,,) =t(1,n — 1) + 2.

Proof. First, we show that C obtained in Construction [5.5.14|is (.S,, ® S,,)-disjunct, that is,
we show that C is cover-free for every edge. Taking any e € E(S,, ® S,,), we split the proof
into two cases depending on the type of the edge:

Case 1: e € E(S,,), for one of the copies of S,,. Without loss of generality, e = {ag, a;} for
i € [1,n —1]. For a vertex a; with j € [1,n — 1] \ {¢}, there exists a row z € [1,#(1,n — 1)]
in C; such that Cy[z,a¢] = Ci[z,a;] = 0 and Cy[z,a;] = 1. Indeed, such a row exists because
A is 1-disjunct. Similarly, for a vertex b; with j € [0,n — 1], we have C3[1, ao] = C3[1,a;] =0
and C3[1,b;] = 1. Thus, C is cover-free for the edge {ag, a;}.

Case 2: e = {ag, by }. Without loss of generality, let v = a; for some i € [1,n — 1]. Let z be
a row in C; such that C;[z,v] = 1. This implies that C [z, ag] = Ci[z,bo] = 0 and C;[z,v] = 1.
Thus, C is cover-free for the edge {ag, by}

We conclude that C is (S, ® S,)-disjunct and t.(S, ® S,,) < t(1,n — 1) + 2. Now, we
show that t.(S, ® S,,) > t(1,n — 1) + 2. Assume for the sake of contradiction that there
exists a (t(1,n — 1) + 1) x 2n (S, ® S,)-disjunct matrix C.. We consider two possible cases
depending on the relationship between t(1,n) and t(1,n — 1):

Case 1: t(1,n) = t(1,n — 1) + 1. With ag as the universal vertex, there exists a maximal
subgraph S, 1 with its edge set {{ag,a;} : i € [1,n — 1]} U {ao, bo}. Let I be the set of rows
in C, such that C,[i,aq] = 0 for all i € I and let w be the weight of C2. Then, the submatrix
C! of C, restricted to the columns C*,C2, ... ,Ci" ", C% and rows in I must be a |I| x n
T-disjunct matrix. Therefore, |I| > t(1,n) = ¢(1,n — 1) + 1. However, w > 1 since there
must exist a row that has a 0 in the columns C%, i € [1,n—1], and C%, and a 1 in the column
C% since {by, b;} is an edge. Thus, C, has at least t(1,n) +1 = t(1,n — 1) + 2 rows, which is
a contradiction to our initial assumption.

Case 2: t(1,n) = t(1I,n — 1) = z. Let G and H be the maximal star graphs S, with
universal vertices ag and by, respectively. Then, E(G) = {{aop,a;} : i € [1,n — 1]} U {aop, b}
and E(H) = {{bo,b;} :i € [1,n—1]} U {ao,bp}. Let I and J be the set of rows in C,
such that C.[i,ag] = 0 for all i € I and C.[j,by)] = 0 for all j € J, respectively. Let w;
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and wy be the weight of C% and C%, respectively. Then, |I| > t(1,n). Moreover, there
must exist a row z; such that C.[z1,a0] = 1,Cif[21,b0] = 0, and C.[z1,b;] = 0 for some
i € [1,n — 1] as {bo, b;} is an edge, obtaining wy; > 1. Using a similar argument, we also
obtain |J| > t(1,n) and wy > 1 as {ag, a;} is an edge and there must exist a row zy such
that C.[z2,b0] = 1,Ci[22,a0] = 0, and C.[22,a;] = 0 for some ¢ € [1,n — 1]. Such rows z;
and zo must be the only rows to satisfy C.[z1,a0] = 1,Cy[21,b0] = 0,Cy[21,b;] = 0 for all
i € [1,n — 1] and Cy[22,b9] = 1,Cu[22,a0] = 0,Cy[29,a;] = 0 for all i € [1,n — 1]. Since C.
has t(1,n) + 1 rows, we further observe that z; € J and 2z, € I with IAJ = {21, 22} and
|[INJ| =t(1,n) — 1since Ci[z1,a0] = 1,Cy[21,b] = 0, Ci[22, a0] = 0, and C.[z2, bo] = 1. Since
the submatrix restricted to rows in I and the columns in {C*,C%,...,Ci"™",C%} forms a
1-disjunct matrix and C,[z9, ;] = 0 for all ¢ € [1,n— 1], the submatrix corresponding to rows
in I\ {2} and the columns in {C2*,C%, ... C{" '} forms a 1-disjunct matrix with ¢(1,n) — 1
rows. This implies that ¢t(1,n — 1) <#(1,n) — 1 = & — 1, which is a contradiction.

Thus, we have t.(S,) > t(1,n — 1) + 2, which completes the proof. |

Corollary 5.5.16. Forn >3, t(1,n — 1)+ 2 < (S, ® S,) <t(l,n—1)+ 3.

Proof. Since t.(S, ® S,) < (S, ® S,), by Theorem [5.5.15, we obtain the desired lower
bound. Now, we show that D obtained in Construction [5.5.14]is (S, ® S, )-disjunct. By
Theorem [5.5.15] D is (S, ® S,)-disjunct. So, we only need to show that D is (S, ® S,)-
Sperner. There are row matrices Co and Cs such that Cs[1, ag] = 0,C3[1,bo] = 1,C2[1, ag] = 1,
and Cs[1, by] = 0, concluding D being Sperner for the edge {ao, bo}. For an edge {ag, a;},i €
[1,n — 1], there exists a row z in C; such that Ci[z,a¢] = 0,C1[z,a;] = 1 and we also have
Ca[l,ap] = 1,C4[1,a;] = 0. This means that D is Sperner for the edge {ao,a;} and using a
similar argument, it can be shown that D is Sperner for the edge {bo, b;} for each i € [1,n—1].
Thus, we obtain the upper bound ¢(S, ® S,,) < t(1,n — 1) + 3. |

Corollary 5.5.17. For n > 3, let n = (LﬁJ) + 1 for some = € N. Then, t(S, ® S,) =
2
t(l,n—1)+ 3.

Proof. By Corollary [5.5.16, we have t(S, ® S,) < ¢(1,n — 1) + 3. Now, we show that

(S, ® Sy) = t(1,n — 1) + 3. Since n = (|5)) + 1, then {(L,n) = t(l,n — 1) + 1=z + L
2

Assume for the sake of contradiction that there exists D, a (t(1,n — 1) 4+ 2) x 2n (S, ® S,)-
disjunct matrix. Figure [5.9]is provided to illustrate the main idea of the proof, where we
repeat the column D for convenience.

Let G and H be the maximal star graphs S,,; with universal vertices ay, and
bo, respectively.  Then, E(G) = {{ap,a;}:i€[l,n—1]} U {ap,b} and E(H) =
{{bo,b;} :i € [l,n—1]}U{ap,bo}. Let I and J be the set of rows in D such that D[i, ag] = 0
for all i € I and DJj,by] = 0 for all j € J, respectively. Let w; and wy be the weight
of D% and D%, respectively. Then, |I| > t(1,n). Moreover, there must exist a row
z1 such that D[z1,a9] = 1,D[z1,b0] = 0, and D[z1,b;] = 0 for some i € [1,n — 1]
as {bo,b;} is an edge, obtaining w; > 1. Using a similar argument, we also obtain
|J| > t(1,n) and wy > 1 as {ag,a;} is an edge and there must exist a row 2z, such that
D(za,b0] = 1, D[22, a0] = 0, and D|zs,a;] = 0 for some ¢ € [1,n — 1]. Such rows z; and =z,
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ag a dp - Ap-1 bg bl bz v bnfl ag
] | 0 | | 0 |_ b))
1901° 1 - disjunct 1-d "
—disjunc — disjunct
] 0 isjunc i
Z1 | 0 | | 0 IR

Figure 5.9: An attempt to construct a (¢t(1,n — 1) + 2) x 2n (S, ® S,)-disjunct matrix in

Corollary

must be the only rows to satisfy D]z, ag] = 1,D[z1,b0] = 0,D[z1,b;] =0 for all i € [1,n — 1]
and D|zs, by] = 1, D[22, a0] = 0,D]z2,a;] = 0 for all i € [1,n — 1], respectively. Since D has
t(1,n)+1 = t(1,n—1)42 rows, we further observe that z; € J and z, € I with IAJ = {z1, 25}
and [INJ| =t(1,n) — 1 =t(1,n — 1) since D|z1,a0] = 1,D|z1,by] = 0,D|z22,a0] = 0, and
Dz, by] = 1 (see black entries in Figure [5.9). Furthermore, D must be Sperner for edges
{ap,a;} and {by,b;} for all i € [1,n — 1]. Therefore, D[z, a;] = 0 and D[zy,b;] = 0 for all
i € [1,n — 1] (see red entries in Figure [5.9).

Since the submatrix restricted to rows in I and the columns in {D%, D%, ... D1 Db}
is a 1-disjunct matrix and D[z, a;] = 0 for all i € [1,n — 1], the submatrix corresponding
to rows in I\ {2} and the columns in {D* D .. . D1} is a 1-disjunct matrix with
t(1,n) — 1 = x rows and (ng) columns. Then, by Theorem [2.1.4] the weight of D for

all i € [1,n — 1] is either [3] or [5]. Using a similar argument, we also have that the

submatrix corresponding to rows in J\ {z;} and the columns in {D* D% ... D1} forms
a I-disjunct matrix with 2 rows and the weight of D" for all i € [1,n — 1] is either |£] or

[5]. Furthermore, note that I\ {22} = J\ {z1}. This leads us to two possibilities:

e z is odd and for all 4,j € [1,n — 1], the weights of D% and D% are |%] and [%],
respectively. Then, there exist two columns a;, b; for some i,j € [1,n — 1] such that

D% =10,1,1,...,1,0,...,0] and D% = [0,1,1,...,1,1,0,...,0]. This implies that D
15] (51t
5| times 31 times

is not cover-free for {bg, b;}, as D% U D" D D%,

e Without loss of generality, for all i, € [1,n — 1], the weight of each of D% and D% is
|£]. Then, there exist two columns a;, b; for some ¢, j € [1,n — 1] such that D% = D%,
This clearly implies that D is not cover-free for {ag,a;} and {bo, b;}.

This leads to our desired contradiction. Thus, D must have at least t(1,n — 1) + 3 rows. 1

Now, we have all the ingredients to prove that S,, with n = <L§ j) +1 is an infinite family
2
of graphs satisfying the upper bound in Equation [5.5.2
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Corollary 5.5.18. For n > 3, let n = (LgJ) + 1 for some z € N. Then, ¢(S, O K3) =
2
t(Sy) + 2.

Proof. By Corollaries and [4.3.4] we have ¢(S,, O K3) < t(S,) +2 =t(1,n— 1) + 3.
Furthermore, S, ®S,, C S, O Ky. Then, by Proposition and Corollary [5.5.17], we have
t(l,n—1)+3=1%(S,®S5,) <t(S, O Ksy). Thus, the desired result is obtained. i

5.5.3 Cover-free families on the strong product of hypergraphs

In this section, we study bounds for cover-free families on the strong product of (hy-
per)graphs. All the results presented in this section generalize some well-known bounds

on t(d,n). In particular, Proposition [5.5.19] Theorem [5.5.20 and Theorem [5.5.22| generalize
the bounds presented in Theorem [3.2.12] Theorem [3.2.15] and Theorem [3.2.16] respectively.

Despite having interesting properties, the direct product preserving maximal-rank, % is
not very well-studied in the literature. However, Proposition [5.5.19|indeed provides a natural
starting point for the study of cover-free families on the strong product of hypergraphs.

Proposition 5.5.19. Let H, = (Vi = [1,m], E1) and Hy = (Vo = [1,ns], E2) be two
hypergraphs with rank_s r1 and 7, respectively. Let A; and Ay be a t; x n; Hi-disjunct
matrix and a ty X ny Ha-disjunct matrix, respectively. Then, A = A; ® Ay is a tity X ning

(Hy X H,)-disjunct matrix. Thus, t(H; X Hy) < t(Hy) - t(Hs).

Proof. Let the columns of A correspond to the vertices in the following order:

(]_, 1)7 ey (].,’I’LQ), (2,n1), ey (2,712), ey (Tll, ].), N (nl,ng)

and the rows of A be labeled as (1,1),...,(1,t2),(2,1),...,(2,t2),...,(t1,1),..., (t1,t2). In
this way, columns corresponding to vertices (z, 1), (x,2), ..., (z,ny) for x € [1,ny] correspond
to column block x and rows corresponding to (y, 1), (y,2), ..., (y,t2) for y € [1,t;] correspond
to a row block y. We wish to show that A is cover-free and in-cover-free for every hyperedge
e = {(Cll, bl), (CLQ, bg), ey ((lr, br)} S E(HI&HQ) Since E(Hl &Hg) = E(H1 ] HQ)UE(Hl ;
Hs), we have four different possibilities, depending on the type of hyperedge. However, since
there exist permutation matrices P and @ such that A; ® A; = P(A; ® A2)Q [35], it is
enough to consider the following two cases:

Case 1: e = {(a,b1), (a,ba), ..., (a,b,)} where a € V} and {by,bs,...,b.} € Ey with r < ry.
In this case, the columns corresponding to {(a,b1), (a,bs),...,(a,b,)} are in one column
block. For ¢’ C {(a,by), (a,bs),...,(a,b,)}, denote ¢’ = {a} x I for some I C {by,bs,...,b}.
We further consider two subcases, depending on the choice of (a,/,b) € V(H; X Hy) \ €”:
Case 1.1: a,» = a. Since A, is Ho-disjunct, there exists a row [ € [1,t,] such that A,[l,v] =0
for v € I and As[l,b] = 1, since b, € Vo \ I. Thus, in A, there exists a row block y such
that Al(y,1), (a,v)] =0 for all v € I and A(y, ), (a,b)] = 1.

Case 1.2: a, # a. Then, the column corresponding to (a,, b) is not in the column block
a. Since A; is Hy-In-Disjunct, there exists a row = € [1, ;] in A; such that A;[x,a] = 0 and
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Ay[x,a,] = 1. Let y € [1,t5] be one of the rows in Ay such that As[y,b.] = 1. Thus in A,
(x,y) is a row such that A[(x,y), (a,v)] = 0 for all v € I since the column block z in A is a
zero matrix and A[(z,y), (a, b)) = 1.

Case 2: e = {(a1,b1), (a,bs), ..., (a.,b.)} where {aj,as,...,a,} € E; and there exists an
edge f € E, such that {by,...,b,} is a multiset of elements of f. Taking any ¢’ C e such
that the projection of ¢’ with respect to the first coordinate, pi(e’) = I C {ay,aq,...,a,},

and (a,,b) € V(H; X Hy) \ €, we consider the following two subcases.

Case 2.1: a. ¢ {ay,as,...,a,}. Since A; is E—disjunct, there exists a row x such that
Ajlz,a;] = 0 for a; € I and Alz,a,] = 1. Let y be a row in A, such that Asly, b.] = 1.
Then, Al(x,y), (a;,b;)] =0 for a; € I and A[(z,y), (a,, b)) = 1.

Case 2.2: a, = a; for some i € [1,7]. Suppose, without loss of generality, a,» = a,. Let
I' C{ay,as,...,a.} \ {a.} such that for each a; € I'; we have (a;,b;) € ¢/. We again split
this into two subcases:

Case 2.2.1: (a;,b,) ¢ €. Since Ay is Hy-In-disjunct, there exists a row z in A; such
that Ai[z,a;] = 0 for a; € I' and Ay[z,a,] = 1. For a by, let y be a row in Ay such
that Asly, by = 1. Thus, A[(z,y),(a;,b;)] = 0 for a; € I' such that (a;,b;) € € and
Al(z,y), (ar, by)] = 1.

Case 2.2.2: (a,,b,) € €. Then, b, # b,.. Since A; is Hy-In-disjunct, there exists a row z in
Ay such that Aj[z,a;] = 0 for a; € I’ and Ay[z,a,] = 1. Since Ay is Hs-In-disjunct, there
exists a row y in A, such that As[y, b,] = 0 and Asy, b] = 1. Thus, A[(z,y), (a;, b;)] = 0 for
all (a;,b;) € €, and A[(z,y), (a,,b)] = 1.

—~

So, we establish that A is (H; X Hy)-disjunct, which implies that t(Hy X Hy) < t1ts.
This also means t(H; X Hy) < t(H;) - t(H2). |

If H;, = Kgi for i = 1,2, then H; &I Hy, = Hy X, Hs is a strong subhypergraph of

K¢ ... Thus, by Theorem [3.2.12| and Lemma [5.1.4] we have t(H; My Hy) < t(d,nins) <
t(d,ny) x t(d,ng) = t(KZL ) x t(KZ).

Now, we present an optimized Kronecker-type construction, as shown in Theorem [5.5.20]
to obtain a result, which generalizes the result presented in Theorem to the case of
CFFs on hypergraphs.

Theorem 5.5.20. Let Hy = ([1,n4], E1) and Hy = ([1,n2], F3) be r-uniform hypergraphs.
Then, t(Hy W, Hy) < t(r — 1,x(Hz)) - t(H1) + t(H2).

Proof. Let A; and A, be a t; x ny H;-disjunct matrix and a ty x ny Hy-disjunct matrix,
respectively. Let C' be a t3 x x(Hz) (r — 1)-disjunct matrix. We label the rows of A, A,
and C with elements in [1, ], [1, %], and [1, ¢3], respectively. Now, we construct a matrix M
as follows. Let M; and M, be matrices with columns corresponding to vertices (i,7) such
that i € [1,n4] and j € [1,ny]. For convenience, we keep the vertices of (i, j) together in the
following order:

(1, 1), ceey (nl, ]_), (1,2), ey (n1,2), ceey (1,712), RN (TLl,TLQ).
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Let C, be a t3 x ny matrix with columns corresponding to vertices [1,ny] such that CJ =
C*, where C* denotes the k'™ column of C, if j belongs to the k' color class of H,, for
k € [1,x(H3)]. Let My = C, ® Ay, where the rows are labeled (a,b) with a € [1,%3] and

b € [1,t;] and M, be the matrix such that MY = Al with rows labeled as [1,t5]. Let M
be the vertical concatenation of M; and Ms.

Now, we show that M is (Hy X, Hy)-disjunct. Let e = {(z1,v1), (z2,%2),. .., (xr,y;)} €
E(H, X, Hy). We show that M is cover-free and in-cover-free for the edge e. We consider
the following cases for each type of e with ¢’ C e and (2,41, y,41) € V(H1 K, Hy) \ €”:

Case 1: ¢ = {(21,v), (2,v),...,(zr,y)}. This implies I = {zy,29,...,2,} € E;. Let
¢ ={(zi,, ), (@i, y), ..., (x,,y)} for some r' <rand I' = {z;,2i,,...,7;,} C 1.

Case 1.1: y,., = y. Since A, is H,-disjunct and x,,; € [1,n1] \ I’, there exists a row b in
A; such that A;[b,z;] =0 for all x; € I' and A;[b, x,11] = 1. Let a be a row in C, such that
Cyla,y] = 1. Thus, Mi[(a,b), (x;,y)] =0 for all (z;,y) € € and M;[(a,b), (x,11,y)] = 1.

Case 1.2: y,,1 =y # y. Since As is Hs-In-disjunct, there exists a row z in A, such
that As[z,y] = 0 and As[z,y'] = 1. Then, for x,.; = 2/, we have M(z/’y,) = AY and for
any (z,,y) € ¢, we have M{™¥ = AY. Thus, Ms[z, (z1,9)] = 0 for all (z;,4) € ¢ and
Mz, (2, y')] =

Case 2: ¢ = {( v1), (T, y2),. .., (z, yT)} This implies I = {y1,92,...,y-} € Es. Let € =
{(z, i), (2, 95,)s s (2,5 ,) ) for some v’ < rand I' = {yi, Yip, - - -, ¥, } C 1.

Case 2.1: z,,1 = x. Then y,,1 € [1,n9] \ I'. Since A, is Hy-disjunct, there exists a row
2 such that As[z,y] = 0 for all y, € I’ and As[z,y,41] = 1. Since M) = AY. we have
M|z, (z,y)] = 0 for all (z,y;) € €, and Ms[z, (x,y,41)] = 1.

Case 2.2: x,.1 # x. We split this case into two subcases, depending on the choice of ¥, 1.

Case 2.2.1: y,+1 = y; for some y; € [1,n9] \ I’. This can be proven using the same technique
as in Case 2.1.

Case 2.2.2: y,+1 = y; for some y; € I'. Since I’ C I, the vertices of I’ belong to distinct
color classes of Hj, and let the set of these color classes be {ci,c,...,cv} C [1, x(Hs)].
Assume that each y; € I’ belongs to ¢ for [ € [1,7]. Then, C¥ = C“. Since |I'| < r and
C'is (r — 1)-disjunct, there exists a row a such that C.[a,y] = 0 for all y, € I'\ {y;} and
Cyla,y;] = 1. Since A; is Hi-In-disjunct, there exists a row b in A; such that A;[b,z] = 0
where (z,y;) € ¢ and Ai[b,z,41] = 1. Thus, M[(a,b),(x,y)] = 0 for all (z,y,) € ¢ and
Ml[(a7b)’ (xr-l—lyyi)] =1

Case 3: ¢ = {(z1,y1), (%2, y2),. .., (s, y.)}, where I} = {x1,29,...,2,} € E; and I, =
{yi,ye, -y y € By Let € = {(2i, %), (Tiy, Vi) - - (i, 43, )} for v < r, where I =
{Ti, @iy oy, } © Iy and Iy = {Yiy, Yig, -+ 5 Yi, ) C .

Case 8.1: y,.1 ¢ I, We have (2,41, y,41) € V(Hy K, Hy) \ €. Since M{"¥") = A% and

Ay is Hy-disjunct, there exists a row z in Ay such that Ay[z,y] = 0 for all y, € I’ and
Aslz, Y1) = 0. Thus, there exists a row z in My such that Ms|z, (z;, ;)] = 0 for (x;,y;) € e

and Ms|z, (r41,Yrs1)] = 1.
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Case 3.2: y,..; € I,. Without loss of generality, let y,..; = v;;. Thus, z,.1 # x;,.
Using the same approach as in Case 2.2.2, we have C¥% = (% where every vertex y, € I}
belongs to color class ¢;. Thus, there exists a row a such that C.la,y] = 0 for all y, €
I'\ {y;,} and C.la,y;,] = 1. Since A; is Hi-In-disjunct, there exists a row b in A; such
that Ay[b, z;] = 0 and A;[b, x,11] = 1. Thus, Mi[(a,b), (z;,y)] = 0 for all (x;,y;) € ¢ and
Ml[(av b)v (IT—I—h yu)] =1

Thus, we establish that M is (H; X, Hy)-disjunct, which implies that ¢(H; X, Hy) <
t3 - t1 + to. This also means t(H; X, Hy) < t(r — 1, x(Hy)) - t(Hy) + t(H>). i

Let H; = K2 for i = 1,2. Since x(H>) = ny and t(H;) = t(d, n;), by Lemma and

Theorem [5.5.20} ¢(H Xy Hy) < t(KE ) < t(d—1,n9) x t(d, n1) +t(d, no), which generalizes
Theorem |3.2.15] The following corollary is also an immediate consequence of Theorem [5.5.20,

Corollary 5.5.21. Let G; = ([1,n1], 1) and Gy = ([1,n2], F2) be two loopless graphs
without isolated vertices. Then,

tH(G1 R Gy) < t,(Gs) - t(G1) + t(Ga).

Proof. Graphs G and G, are 2-uniform hypergraphs and by Corollary [4.1.10] #(1, x(G2)) =
ts(G2). The desired result then follows from Theorem [5.5.20 |

The following theorem is applicable only to graphs and it is a generalization of the

result presented in Theorem [3.2.16| If G = K,,, then GX Ky, = K,, K Ky = K,,. Since
t(Ka,) = t(2,2n) and x(K,) = n, Theorem [5.5.22| implies Theorem [3.2.16

Theorem 5.5.22. Let G = ([1,n], E) be a graph and A; be a t; x n G-disjunct matrix.
Then, there exists a t x 2n (G X K;)-disjunct matrix with ¢t = ¢, +t(1, x(G))+2. If t(1, x(G))
is odd, then there exists a t x 2n (G X Kj)-disjunct matrix with ¢t = t; +¢(1, x(G))+1. Thus,

X(G))+2, ift(1,x(G)) is even,
HG M K) < { (@) +1, i #(1, (@) is odd.
Proof. Let V(K,) = {a,b}. Let t(1,x(G)) = ' and A, be a t' x x(G) 1-disjunct matrix
which is the incidence matrix of the Sperner family consisting of subsets of size [%1 of a
t'-set. Label the columns of A, as elements in [1, x(G)]. Now, we construct matrices M
and My as follows. Let My, My, M3, and M4 be matrices where each column is labeled by
the vertices of the graph G X K», that is, (v,a) and (v, b) for v € V(G). For convenience, we
arrange the vertices (v, a) for all v € V(G), followed by the vertices (v,b) for all v € V(G).
Let M = M = AY for each v € V(G). If a vertex v € V(G) belongs to the i*" vertex-
color class of G, then M{"™ = Al and M{"” = A} where A} is the complement of A%. Let
Mj; and M, be row matrices such that M;[1, (v,a)] = 1, M3[1, (v,b)] = 0, My[1, (v,a)] = 0,
and M1, (v,b)] =1 for all v € V(G). Let M; be a vertical concatenation of My, My, Ms,
and M, and let My be a vertical concatenation of My, M,, and My, as illustrated in Figure

0. 101
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(v, a) (v, b)
Ay Ay
(v, a) (v, b)
A2 A_Q Al Al
]-1><n 01><n A2 A_2
O1xn 1isn O1xn 1ixn
(a) In the case of even t(1, x(G)) (b) In the case of odd t(1, x(G))

Figure 5.10: A (G X K,)-disjunct matrix

We show that M; and M (in case of £(1, x(G)) odd) are (G X Kj3)-disjunct. Since
§(GRK,) > 2, by Proposition|4.2.10} any (GRK5)-disjunct matrix is also (G K K, )-disjunct.
Hence, it is enough to show that M; and My are (GX K5)-disjunct. Let {(i1, j1), (42, j2)} be
an edge in GRK,. We need to show that for any vertex (i3, j3) € V(GREK)\{(i1, j1), (i2, J2) },
there exists a row r such that M,[r, (i1, j1)] = M[r, (i2, j2)] = 0 and M,[r, (i3, j3)] = 1 for
[ =1and [ =2 when t(1, x(G)) is odd.

Case 1: (ilyjl) = (il,a) and (iz,jg) = (i27a>.

Case 1.1: (i3, j3) = (i3,a). This implies i3 ¢ {i1,i2}. Then, ]\/[1(“’“) = A’f,]\/[l(iz’a) = AP,
and M = A% Since A; is G-disjunct and {i;,is} € E(G), there exists a row r such
that Al[’l”,il] = Al[r, 22] = 0 and Al [T, 13] =1. Thus, M1 [T’, (il,a)} = M1 [T, (ig,@)] = 0 and
Ml[T', (’ig, CL)] = 1.

Case 1.2: (i3, j3) = (i3,b). It is easy to see that My[l, (i1,a)] = My[l, (iz,a)] = 0 and
M4[1, (ig, b)] == 1

Case 2: (i1, j1) = (i1,b) and (i2, j2) = (i2, ).

Case 2.1: (i, j3) = (i3,b). This implies i3 # i1,45. This case is similar to Case 1.1, so r is
a row of M.

Case 2.2: (i3, j3) = (i3,a). It is easy to see that Mj[l, (i1,b)] = Ms[l, (iz,b)] = 0 and
M;3]1, (i3,a)] = 1. Now we consider the case when t(1, x(G)) is odd showing that we do not
need to rely on Mj. This is further split into two cases.

Case 2.2.1: i3 ¢ {i1,i2}. This case can be proven using the same argument in Case 1.1,
using M;.

Case 2.2.2: i3 € {iy,i2}. Without loss of generality, i3 = i;. Since {i1,is} € E(G), let us
say 71 and iy belong to color classes ¢; and ¢y, respectively, for some ¢y, ¢z € [1, x(G ] with
¢1 # ¢y Then, M{"" = AZ M{>" — AZ and MY = AS'. By Proposition [3.2.3 there
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exists a row 7 such that As[r,c;] = As[r,cy] = 0. This also implies Ay[r,c;] = 1. Thus,

MQ[’I“, (Zl,b)] = MQ[’I“, (Zg,b)] =0 and MQ[T, (il,a)] =1.

Case 3: (i1,j1) = (i,a) and (ig, j2) = (4,b). Without loss of generality, assume (is,j;) =
(i',a) for some i’ # i. Then, M = Ai M = Al and M = A”. Since A, is G-
Sperner, there exists a row r such that A;[r,i] = 0 and A;[r,7] = 1. Thus, M[r, (i,a)] =
Mlr, (i,b)] = 0 and Mi|r, (V,a)] = 1.

Case 4: (i1, j1) = (i,a) and (i, jo) = (j,b), where i # j. Then, we have {i,j} € E(G).
Case 4.1: (i3, j3) = (i,0). In this case, 7,5 belong to color classes ¢; and cg, respectively,
where c1, ¢y € [1,x(G)] with ¢; # ¢5. Then, M = AL M = Ay, and M{"" = Ai.
Since Aj is I-disjunct, there exists a row r such that As[r,j] = 0 and Ay[r,i] = 1. This
implies that As[r,i] = 0. Thus, Ms[r, (i,a)] = Mar, (j,b)] = 0 and Ms[r, (i,b)] = 1. We can
also prove a similar result for the case when (i3, j3) = (j, a).

Case 4.2: Without loss of generality, (i3,j3) = (i',a) where i' ¢ {i,j}. It is clear that
MO = A1 MUY = A7 and M = A¥. The remainder of the proof follows as in Case
1.1.

Thus, we show that M; is (G X K,)-disjunct whereas if t(1, x(G)) is odd, M, is

(G X K,)-disjunct. i

5.6 Future Work

In this section, we list several future directions, most of which are currently under investi-
gation by us.

1. In Section [5.2] we studied relationships between cover-free families and separable fam-
ilies on hypergraphs, and illustrated their relationship in Figure 5.5 analogously to
Figure 5.2l We also showed that &,,(H) > 2 is a necessary and sufficient condition for
a clutter H so that any H-ECFF set system is also H-CFF. We are further interested
in exploring bounds on ¢(H) for such hypergraphs H when d.,(H) < 2 and possibly
generalize the results obtained in Theorem [£.2.11] We also ask for a hypergraph H,
under what condition any H-separable matrix is also H-separable. Such a result would
be a generalization of Theorem item 1.

2. In Section [5.3] we characterized the existence of d-CFFs based on the existence of
a directed hypergraph homomorphism ﬁCF — ﬁ "t1(t). We are interested in an
analogous study about the existence of H-ECFFs. In this case, the corresponding
underlying directed hypergraph is clearly less dense than ﬁCF. We are motivated to
study the properties of such directed hypergraphs, which could help us understand the
structure of H-ECFFs as we show ¢.(H) to be close to t(H) in many cases. Note that by
Theorem , we have the following: if H is a clutter hypergraph with d..(H) > 2,
then t.(H) =t(H).
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3. Furthermore, we generalized the doubling construction in Theorem [3.2.16|for the case of
graphs, obtaining an analogous bound on (G X K3) in Theorem [5.5.22, An interesting

question is to identify some infinite families of graphs meeting some of the upper bounds
on t(G X Ks).

4. Generalization of (H,r)-CFF: Motivated by the application of (H,r)-CFFs in combi-
natorial group testing arising from real-world scenarios, we are further interested in
the generalization of (H,r)-CFF(t,n) by assuming a bound on the number of infected
items inside a hyperedge. In the application related to infectious diseases within a
community, there would be up to » communities infected with up to d infected items
within each community.

5. Finally, investigating probabilistic existence of H-CFF (¢, n) would be another interest-
ing avenue of research.



Chapter 6

Gray codes and their generalizations

Sections and of this chapter provide an expository overview of Gray codes and their
generalizations. The classical binary reflected Gray code was patented by Frank Gray [28]
in 1953. Williams [73] provided a simple greedy algorithm that unifies the classical Gray
codes in the literature into a general framework. Mixed-radix Gray codes, which are a
generalization of the binary Gray code, have also been studied [I1}, 24]. An excellent resource
for studying Gray codes and their generalizations is Donald Knuth’s The Art of Computer
Programming 4a [43], which also describes two extensions of binary reflected Gray codes into
a mixed-radix setting: the mixed-radix reflected Gray code and the mixed-radix modular
Gray code. In Section we define Gray codes and their connections to Hamming graphs.
We begin Section with a discussion related to lexicographic ordering in a mixed-radix
setting and further move our discussion to mixed-radix reflected Gray codes and mixed-
radix modular Gray codes in Sections [6.2.1] and [6.2.2] respectively. In Section [6.2.1], we
present a recursive construction of reflected Gray codes and show its equivalence to a greedy
increment /decrement based approach presented by Qiu et al. in [59]. In Section , we
provide a recursive construction for modular Gray codes, namely local recursion. We also
provide a greedy cyclic increment algorithm, generalized from the greedy Gray code algorithm
introduced by Williams [73], and further conclude that the local recursion method, and the
greedy cyclic increment algorithm generate the same order.

While the work presented in Sections and has been instrumental in proving the
results related to CFFs on paths and cycles in Chapter [4] (in particular, Theorem [4.4.11)),
our greedy reinterpretation of modular Gray code by Knuth [43] led to an interesting ob-
servation in Section and the novel work presented in Sections [6.4] and [6.5] The new
work presented in these latter sections is largely independent of the rest of the thesis and so
this chapter is somewhat self-contained. Given that this work has significant scope in the
area of combinatorial generation and forms part of our joint work titled “One Sequence to
Rule Them All: O(1)-Time Parallel Generation of Mixed-Radix Gray Codes” [51], which has
been published at the 37th International Workshop in Combinatorial algorithms (IWOCA
2026), we present an overview along with relevant discussion and illustrative examples to help
understand the new results presented in this paper, without going deeply into the proofs.
Readers interested in the full proofs are encouraged to consult the complete version of the

101
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paper when it becomes available. Moreover, Chapter [d] gives us a motivation for this work,
as we were interested in constructing a cyclic ternary Gray code of length £k to obtain a CFF
on the cycle of length 3% that improved best known bounds. The author of this thesis wrote
Section 7 which also contributed to a section of the corresponding paper [51], and also
contributed to the development of the algorithm presented in Section [6.5.2] The remaining
parts of Sections and are adapted from the joint work [5I] based on collaborative
discussions.

We give a brief overview of Sections [6.3] [6.4] and [6.5] as follows. It is well known that
binary ruler sequences guide the generation of the binary lexicographic order and the binary
reflected Gray code. We further generalize the definition of the binary ruler sequence to a
mixed-radix setting and discuss that the mixed-radix ruler sequence guides the generation of
the mixed-radix lexicographic order, the mixed-radix reflected Gray codes, and the mixed-
radix modular Gray codes. In addition, we show that the generation of these three orders
can be fully parallelized, and moreover, we also show that the reflected and modular Gray
codes can be generated in parallel in worst-case O(1) time per codeword. Furthermore, we
provide a generalization of the modular Gray code that greedily cyclically increments any
codeword that is lexicographically greater than or equal to a given codeword w on a mixed-
radix base b. We show that, while the modified modular Gray code may not be a suffix of the
modular Gray code, its change sequence is indeed a suffix of the mixed-radix ruler sequence.
We further provide a loopless algorithm (one that generates each new codeword in constant
time) for generating this modified modular Gray code.

6.1 Preliminaries

A list L is an ordered sequence of elements, that is, L = [x1,2o,..., x| where z; is the
element at position 7, for 1 < ¢ < [. In this case, the length of L, denoted by |L|, is . In
this chapter, we will be discussing lists of n-tuples from some finite alphabet. The Hamming
distance between two n-tuples is the number of positions in which the corresponding co-
ordinates differ. A binary Gray code G, is a list of the 2" binary n-tuples such that any two
consecutive tuples have Hamming distance exactly one. Analogously, a mixed-radix Gray
code G with b = (my,my,...,m,) is a list of n-tuples ajay...a, with 0 < a; < m; such
that only one digit is changed at a time. Hence, every binary Gray code G, is G® where
b=1(2,2,...,2).
n times

Throughout the rest of this thesis, the adjective “mixed-radix” will be dropped from the
mixed-radix Gray code, and we will simply refer to the Gray code G% and often omit the
superscript for binary Gray codes.

Example 6.1.1. We provide an example of a binary Gray code Gy:

G, — 2222 _ [0000, 0001, 0011, 0010, 0110, 0111, 0101, 0100,
am - 1100, 1101, 1111, 1110, 1010, 1011, 1001, 1000]

In Example [6.1.1] note that the first and last codewords also have Hamming distance 1.
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Minimal change ordering | Characteristic vector

0 000

{3} 001

{2,3} 011

{2} 010

{1,2} 110

{1,2,3} 111

{1,3} 101

{1} 100

Table 6.1: The G5 corresponds to a minimal change ordering of the subsets of {1,2,3}

Definition 6.1.2 (Cyclic Gray code). A Gray code is cyclic if the Hamming distance between
the first and last codewords in the list is 1.

Constructing a Gray code (cyclic Gray code) is equivalent to finding a Hamilton path
(cycle) in its flip graph, which is the graph where each vertex is a tuple and an edge connects
two tuples if and only if they have Hamming distance 1 [52]. The flip graph for a binary Gray
code of length n is the hypercube graph of dimension n (Q,,). Similarly, the flip graph for a

Binary Gray codes can also be viewed as the characteristic vectors of the subsets of an
n-set in a minimal change ordering [44], where one set differs from the next by the addition
or the removal of an element.

Example 6.1.3. In this example with n = 3, Table 6.1 provides a list of subsets in P([1, 3])
using a minimal change ordering, while the corresponding characteristic vectors in this order

produce a G3 = Gé2’2’2).

6.2 Lexicographic order and Gray codes

Unless otherwise specified, throughout the rest of the section, let b = (my, mo,...,m,). We
denote ]}, m; by bl.

Notation 6.2.1. Denote by W(b) the set of mixed-radix codewords with b =
(my, ma,...,my).

For example, W(b) = {00,01,02,10,11,12} for b = (2,3). The number of such code-
words is [W(b)| = b!. A list of tuples in lezicographic ordering, denoted by L’ is the ordering
of the n-tuples a; ...a, with 0 < a; < m,;, obtained by arranging the tuples in increasing
order of their unique integer value j € [0,b! — 1] where a; ...a, is the representation of j
using base b; that is, 7 is uniquely determined by the formula:

b! b! b!

J=—0a1+ Qy+ - -+ ——a; + -+ MpQp_1 + Ay
my my1ms myma -« =My
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L
000
001
002
010
011
012
020
021
022
100
101
102
110
111
112
15 | 120
16 | 121
17 | 122

O[O | | U =] W N —| O,

—_
e}

—_
—_

—
[\

—
w

—
s

Table 6.2: L for b = (2,3,3)

Definition 6.2.2. The lezicographic rank of w € W(b), denoted by Rank’(w), is the number
of codewords in W(b) that are lexicographically smaller than w. In other words, if L? =
[wo, w1, . .., wy_1], then Rank”(w) = r where w, = w.

Definition 6.2.3. For a given base b = (my, ma,...,m,), two n-tuples v,w € W(b), v is
lezicographically greater than w if Rank®(v) > Rank®(w).

Let W,y (b) € W(b) be the subset of codewords that are lexicographically greater than or
equal to w. We also denote this set by W,.(b), where r = Rank’(w). Thus, we have W,.(b) =
W) (D), since the codewords in W,(b) and W, (b) are precisely those with lexicographic
rank at least r.

Example 6.2.4. Let b = (2,3,3). Table provides the orders L and Lj.
Note that Rank’(101) = 10. Let w = 101. Then, Wo(b) = Wy(h) =
{101,102, 110,111, 112, 120, 121, 122}.

In the next sections, we discuss the reflected Gray code and the modular Gray code
constructed on a base b = (my, my, ..., my), which are denoted by Rmamase.mn) (or Rb)

corresponding reflected Gray code and the modular Gray code by R and M*, respectively.
If k = 2, then it is easy to see that R2 = M?.
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6.2.1 Reflected Gray codes and the greedy increment/decrement
algorithm

For a list of m codewords, C' = [Cy, C, ..., Cp_2, Cru_1], the reflection of C' is denoted CF =
[Cr1,Cr—a, ..., C1, Cy]. For an n-tuple C; = (aq, as, ..., a,), x-C; denotes (x, ay, as, . . ., ay)
and z-C denotes [x-Cy, z-C1, ..., 2-Cp_o, x-Cyy_1]. Similarly, C;-x denotes (a1, as, . . ., ay, )
and C - x denotes [Cy - x,Cy - x,...,Cpo-2,Cpq- 2]

A simple recursive construction of the reflected Gray code R’ is provided below.

Construction 6.2.5. (Reflected Gray code)

Rgmn) =C :=[0,1,2,...,m, —1]. For i > 2,
0-C,1-Ct2-Ci...,(my_y —1)-CE], if m,_; is even

1

Rigpom-ssm) ¢,
' [OCZ,1CZR,QCZ,,(mn,l—l)Cl], 1fmn,z is odd

R? is famously known as the binary reflected Gray code. In Examples |6.1.1| and [6.1.3]
the G§2’2’2’2) and Géz’Q’z) are also the reflected Gray codes RL(12’2’2’2) (or R?) and R§2,2,2) (or
R2), respectively.

Qiu, Sawada, and Williams [59] observe that R can also be “greedily” generated starting
from the zero-word 0", as discussed next. For each 1 < [ < n, Let +bit; denote the
operation that increments or decrements the [ bit of an n-tuple in R’, where increment
takes precedence over decrement. Thus, we define the following sequence of prioritized
operations for RY:

Bit(n) = (£bit,, £bit, 1, ..., £bity, £bity).

Using Bit(n), we can generalize the greedy approach introduced by Williams [73] for gener-
ating R?, which prioritizes flipping bits from right to left; that is, at each step, it flips the
rightmost bit of the current codeword whose flip produces a new codeword. In R”, the bit
is either incremented or decremented, instead of flipped.

Example 6.2.6. The order of the codewords in the reflected Gray code RL(LQ’S’Z’Q) is provided
below:

pza22) _ [0000,0001,0011,0010,0110, 0111, 0101, 0100, 0200, 0201, 0211, 0210,
4 ~ 1210,1211, 1201, 1200, 1100, 1101, 1111, 1110, 1010, 1011, 1001, 1000]

Table lists the codewords of Rf’g’z’Q) that are greedily generated via the greedy incre-
ment /decrement algorithm. At each step, we specify the operation with the highest priority,
which also determines the bit to be incremented or decremented. The bit that is changed at
each step is marked in bold.
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31(1273’2’2) prioritized operation

0000 +bity
0001 +bits
0011 —bity
0010 +bit,
0110 +bity
0111 —bits
0101 —bity
0100 +bity
0200 +bity
0201 +bits
0211 —bity
0210 +bity
1210 +bity
1211 —bitg
1201 —bity
1200 —bity
1100 +bity
1101 +bits
1111 —bity
1110 —bits
1010 +bity
1011 —bitg
1001 —bity
1000

Table 6.3: The greedy interpretation of Rf’3’272)

Example 6.2.7. An example of the reflected Gray code R§4’3’3’2) is given below:

R(4,3,3,2) o

(0000, 0001, 0011, 0010, 0020, 0021, 0121, 0120, 0110, 0111, 0101, 0100,
0200, 0201, 0211, 0210, 0220, 0221, 1221, 1220, 1210, 1211, 1201, 1200,
1100, 1101, 1111, 1110, 1120, 1121, 1021, 1020, 1010, 1011, 1001, 1000,
2000, 2001, 2011, 2010, 2020, 2021, 2121, 2120, 2110, 2111, 2101, 2100,
2000, 2001, 2011, 2010, 2020, 2021, 2121, 2120, 2110, 2111, 2101, 2100,
2200, 2201, 2211, 2210, 2220, 2221, 3221, 3220, 3210, 3211, 3201, 3200,
3100, 3101, 3111, 3110, 3120, 3121, 3021, 3020, 3010, 3011, 3001, 3000]
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Example 6.2.8. An example of the reflected Gray code Rig’3’3’2) is given below:

(0000, 0001, 0011, 0010, 0020, 0021, 0121, 0120, 0110,

0111,0101, 0100, 0200, 0201, 0211, 0210, 0220, 0221,

peas) _ 1221,1220,1210, 1211, 1201, 1200, 1100, 1101, 1111,
4 ~ 1110, 1120, 1121, 1021, 1020, 1010, 1011, 1001, 1000,
2000, 2001, 2011, 2010, 2020, 2021, 2121, 2120, 2110,

2111, 2101, 2100, 2200, 2201, 2211, 2210, 2220, 2221]

In Examples [6.1.1], [6.1.3], [6.2.6] and [6.2.7], the first and last codewords have Hamming
distance 1, so these Gray codes are cyclic. The following proposition provides a necessary
and sufficient condition for the reflected Gray code to be cyclic.

Proposition 6.2.9. The reflected Gray code RY™ ™2™ ig cyclic if and only if m is even.

Proof. From Construction [6.2.5] it is easy to see that the first codeword is always the all-
zero tuple, and if m; is even, the last codeword is an n-tuple starting with m; — 1, followed
by all zeros, since we append the reverse order of Rﬁ:ﬁzl """ ™) to my — 1. Thus, R{™ ™2
is cyclic.

For the other direction, assume R ™™ is eyclic. Then, the first and last codewords

also have Hamming distance 1. Hence, by Construction [6.2.5], the last codeword must be the
n-tuple starting with m; — 1 followed by all 0 and this is possible only if m; is even. |

Construction [6.2.5] implies that each codeword is greedily generated by identifying the
rightmost bit that can be changed by +1 or —1 to produce a new valid codeword. In general,
the transitions for the reflected Gray code at the i** co-ordinate are 0 — 1 — 2 — 3 —
= my—=2—=-m—-1—-m;—-2—=---=3=2-=1-=0.

6.2.1.1 Strongly cyclic reflected Gray codes

Knuth also discusses a stronger notion of cyclic Gray codes in [43]. In Example , the
codeword after 1000 is 0000, thus following the natural transition 0 — 1 — 0 for the first
bit. In Example [6.2.7] the codeword after 3000 is 0000, which does not follow the transition
for the first bit, whichis0 -1 —-2—-3—-2—1—0.

Definition 6.2.10 (Strongly cyclic reflected Gray Code). A reflected Gray code is strongly
cyclic if the transition from the last codeword to the first follows the usual transition in the
bit ¢ that changes.

Therefore, the Gray code presented in Example [6.2.6] is strongly cyclic, while the one
in Example is not. Given the Gray code R ™) by Construction , the first
and last codewords are 0" and (m; — 1)0”_1 if my is even. Since the natural transition at the
first co-ordinateis0 -1 — ... > m;—1— --- — 1 — 0 and since the first codeword is the
zero-word, it implies that R{™™> ™) is strongly cyclic if and only if the first co-ordinate
from the last codeword to the first codeword follows the transition: m; — 1 — 0. It follows

that m; — 1 must be 1, that is, m; = 2. This proves the following theorem provided in [43].
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Theorem 6.2.11. [43] The reflected Gray code R? is strongly cyclic if and only if m; = 2.

It is easy to see that if a Gray code is strongly cyclic, then it is also cyclic, whereas the
reverse is not necessarily true.

6.2.2 Modular Gray codes

Knuth also discusses modular Gray codes in [43] where successive codewords differ in one
bit (say at the i* position) by +1 modulo its base m;. The term ‘modular’ indicates that
the ordering is generated by a sequential rule in Z,,, or ‘cyclically wrapping around’. Hence,
the transition for the modular Gray code at it" co-ordinateis 0 = 1 — 2 =3 — ... —
mi—1—-0—->1—2—---.

the construction of G ™2Mn=1mn) yecyisively by referring to the individual codewords

in GSTl’mQ """ m1-1) and we refer to this method as local recursion. Now, we provide a simple
local recursive construction for modular Gray codes, M?.

mod m,),C - ((j +1) mod m,),...,C - ((j +m, —1) mod m,)].

Construction 6.2.13. (Local recursion method) Let my,ms,...,m, > 1, n > 1.

MM =101, my — 1]

then M;mlmm 7777 m—1.m;) = [Co : O+, Cl : (m]’ - 1>+, e Cz : ((m] - Z) mod mj)+, ey
Clmymg-m,_1)-1 * ((m; —mymg---mj_y +1) mod m;)*].
Example 6.2.14. An example of the modular Gray code M2(3’3) given below:

M = 100,01, 02,12,10,11, 21, 22, 20].
Example 6.2.15. An example of the modular Gray code M£4’2’2’4) is given below:

[0000, 0001, 0002, 0003, 0013, 0010, 0011, 0012,
0112,0113,0110,0111,0101, 0102, 0103, 0100,
1100,1101,1102,1103, 1113, 1110, 1111, 1112,
1012, 1013, 1010, 1011, 1001, 1002, 1003, 1000,
2000, 2001, 2002, 2003, 2013, 2010, 2011, 2012,
2112, 2113, 2110, 2111, 2101, 2102, 2103, 2100,
3100, 3101, 3102, 3103, 3113, 3110, 3111, 3112,
3012, 3013, 3010, 3011, 3001, 3002, 3003, 3000].

M2
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6.2.2.1 The greedy cyclic increment algorithm

We provide the generation of M? using a greedy cyclic increment approach [51].

Construction 6.2.16. 1. Initialization: Let £ be an empty list. Set the initial code-
word to Cy = 0". Add Cj to L.

2. Generation: While the size of £ is less than []_ m;, let C; be the current last
codeword in £, for some 0 < j < ([[_, m;) — 1. For each bit in C;, starting from
the rightmost bit (highest index) to the leftmost bit (lowest index), change the bit ¢
for some [ € [1,n] in a cyclic manner (0 -1 —-2 — -+ - m —1—-0— ---) by
incrementing the bit value modulo m;. After changing the bit, check if the resulting
codeword is already in £. If it is not, add it to £. If it is in £, continue to the bit on
its left. This process is continued until a new codeword is found and added to L.

3. Terminate when £ has [];_, m; distinct codewords.

4. Return L.

Let us denote £ = Greedy%it(n)(()”). For each 1 <[ < n, let bit; be the operation that
increments the [ bit of an n-tuple, that is, for a codeword C' = cics. .. cp_1¢p, We define
bit;(C) = c1¢a ... c-1(¢r+1 mod my)epyq - . . ¢y_1¢,. As we prioritize increments from right to
left, we define the sequence of prioritized operations as

Bit(n) = (bit,, bit,_1, ..., bity, bity).

Example 6.2.17.

000, 001, 002, 012, 010, 011, 021, 022, 020,

M; = Greedyyy) (0%) = 120, 121, 122, 102, 100, 101, 111, 112, 110,

210, 211, 212, 222, 220, 221, 201, 202, 200
where overlines reflect the bit to be incremented in order to create the next codeword.
Proposition 6.2.18. Given integers my,mso,...,m, > 1land n > 1,

M = Greedy%it(n)(on).
Proof. The proof is by induction on n. For n = 1, it is clear that
Greedy (i) (01) = [0,1,2,..., (my — 1) = G

Induction Hypothesis: For some n > 2, assume that

Greedy (™" (0" 1) = [Co, C1, . .., Conymgrm_y—1] = Ghry™ 21

Since Cy = 0!, then C; must be 0"72 for 1 < i < m,_; — 1. Then the first m,,_1m,

(m1,m2,...;Mpn—1,mn) (On)

n-tuples generated by GreedyBit(n) are
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0"~t0,0"*1,...,0"  (m, — 1),
0"?1(m,, — 1),0"210,0"211,...,0" *1(m,, — 2),
0"22(m,, — 2),0" 22(m,, — 1),...,0" ?2(m,, — 3),

0" 2(mp_1—1)((I+1) mod m,,), 0" *(m,_1—1)((I+2) mod m,,), ..., 0" *(m,_;—1)(Il mod m,,).

where [ = m,, — m,_1. The above n-tuples can also be represented as
Co-07,C1 - (mp — 1), Co - (mp —2)T, ..., Crpy -1+ (Mg — M1 + 1) mod m,,) ™.

(m1,me2

Now, let us assume that Greedyp; """ n=tmn) (g

starts with

CO'O+, C’l-(mn—l)+, CQ'(mn—2)+, ey

)-I—7 ceey Oz . ((mn _ Z) mod mn)_;.. (621)

Conpy-1 - ((my — my—q + 1) mod my,

for some m,_y <@ < ([, m;) — 1.

The n-tuple following C; - (m, — ¢ — 1 mod m,) in must also have m,, —
1 — 1 as its rightmost bit. Note that the tuples ending with m, — ¢ — 1 within
are precisely Cy,C1,...,Ch 1,...,Ci. Assume that GreedyBT;Ml’j“’m"’l)(0”_1)
generates Co,Cy,...,Cp —1,...,C}, C’iﬂ, ... with Cj;; resulting from C; via a prior-
itized operation bit, for some [ € [I,n]. This implies that the subsequent n-tuples
of Greedy](;ftlnn)12 =mn-tmn)(On) - appearing in (6.2.1) must be codewords in the ordering
Cis1 - ((mn — i — 1) mod m,)*. In particular, the successor of C; - (m, — ¢ — 1) in
Glreedanft1 e m"‘l’m")(O”) must be C;1; - (my, — i — 1), which follows from the prioritized
operation bltl.

Therefore, ((6.2.1]) holds for 7 + 1, and by induction, it follows for i = ¢"~! — 1. Hence,
Greedy%it(n) (0") and G produce the same Gray code. This completes the induction proof. §

Corollary 6.2.19. Let M? be a mixed-radix modular Gray code constructed using Con-
struction [6.2.13] Then, its last codeword/tuple is

Crnymg-mp—1 = <m1 — 1, (mg — my) mod my, (mg — myms) mod ms, . . .,

k—1 n—1
(mk — H'rm) mod my, ..., (mn — H mi> mod mn>

i=1 i=1
Proof. The proof is by induction on n. According to Construction [6.2.13] the result is true
for n = 1, since the last codeword is m; — 1.

Induction hypothesis: Assume that the result is true for a mixed-radix modular Gray

code M™M= constructed recursively, for some n > 2. Thus, we have

Crnymyemy, 1 —1 = (m1 — 1, (mg — my) mod my, (mg — myms) mod ms, . . .,
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n—2
(mn_l - H mi> mod mn_1>.

=1

In the inductive step, we would like to find the codeword Ci,,my-m,, ym,—1 i Gl
By induction hypothesis and the definition of C' - j*, the sublist Cyimyoin, -1 - (My —
mimg - +myu_1 + 1) mod m,)* begins with the codeword

n—2 n—1
(ml — 1, (mg —my) mod ma, ..., (mn_l — H mi) mod m,,_1, (mn — H m; + 1) mod mn>

i=1 i=1
and ends with the codeword
n—2 n—1
<m1 —1,(mg —my) mod ma, ..., (mn_l — H mi> mod m,,_1, (mn — H mz) mod mn),
i=1 i=1

which is exactly Chyymy-omy,ymn—1- |

6.2.2.2 Strongly cyclic modular Gray code

Analogous to the definition for strongly cyclic reflected Gray code, we also provide the same
for the modular Gray code.

Definition 6.2.20 (Strongly cyclic modular Gray code). A modular Gray code is strongly
cyclic if the transition from the last codeword to the first follows the usual transition in the
first bit, that is, 0 =1 — -+ —=>m; — 1 — 0.

In Examples[6.2.14] and [6.2.15] the last and first codewords follow the natural transition
for modular Gray code for the first bit, whichis0 -1 —+2 —=0and 0 -1 —2 — 3 — 0,
respectively.

cyclic if and only if Clmymy-mny—1 = (m1 —1,0,0,...,0) = (my — 1)0""'. This happens if
and only if

m2|m1

ms | mimes

n—1
my, | Hmi.
i=1
This provides an alternate proof to the following theorem proven in [43)].

if mymg---m; modm;y; =0for1 <j<n-—1.
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6.3 Change sequences of reflected and modular Gray
codes and their loopless generations

6.3.1 Loopless algorithm for binary reflected Gray codes

While two consecutive codewords in a Gray code differ in exactly one bit, two consec-
utive codewords in lexicographic order can differ in every bit. For example, in L% for
b = (my1,ma,...,m,), the codeword 0(my — 1)(mgz — 1) ... (m, — 1) is followed by 10"
However, it is possible to explain this order of changing bits based on b through a sequence,
called the ruler sequence and we denote it by Ruler(b). To further discuss this, we compare
L% and R} for b= (2,2,2).

L5 = 000,001,010, 011, 100, 101, 110, 111 (6.3.1)
M? = Rb = 000,001,011,010, 110, 111, 10T, 100 (6.3.2)
Ruler(h) = 1, 2, 1,3, 1,2, 1 (6.3.3)

Here, the overlines denote bits that are flipped to create the next codeword. Note that
when L} flips the rightmost 4 bits, RS only flips the i rightmost bit. Successive values of
i create a mutual change sequence, denoted by Ruler(b) = 1,2,1,3,1,2,1, famously known
as the binary ruler sequence (OEIS A001511) [66]. It is well known that, the binary ruler
sequence provides the index of the single bit that changes in R? and the indices of the bits
from right-to-left in L2. This sequence gives the largest power of 2 that divides 2n,n > 1:

1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,5,1,2,1,3,1,2,1,4,1,2,1,3,1,2, 1,6, 1, ...

Given sequence S = s1,S9,...,Sk, a subsequence is any sequence of the form
SiySit1s---, 55 it is a prefir if ¢ = 1, a suffiv it j = k, non-empty if i < j, and strict if
1# 1orj#k.

The greedy generation of R2 is not suitable for its efficient generation since it needs to
memorize an exponential number of codewords relative to n. However, the concept of change
sequence of R? leads to an efficient algorithm provided by Bitner, Ehrlich, and Reingold
[7] to generate R? where it takes a worst-case O(1)-time to generate the successor of the
current codeword. Such an algorithm is called a loopless algorithm. We have presented it in
Algorithm [I] with the codeword positions indexed starting from 0.

Algorithm (1| produces each new codeword from its predecessor by efficiently computing
the position of the bit to be flipped using a constant number of operations, independent of
n. For this purpose, the algorithm uses an array F with n+ 1 positions, called focus pointers,
F to keep track of the bits to be changed in each iteration. In particular, in every iteration
of the algorithm, j = F[0] corresponds to the index of the bit in the current codeword R that
is to be flipped to generate the next codeword. After the execution of this particular step,
F is updated in a way so that the next required index to be flipped eventually moves to 0%
position of F. Such sequence of j is indeed the change sequence of R, which also guides the
generation of L2. Since we use 0-based indexing in the algorithm, each such j is one less
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than the corresponding value in the binary ruler sequence. In particular, the generation of
F interacts particularly well with the generation of L2.

Let b= (2,...,2) and r = Rank”(w). In other words, w is the binary representation of
~———

n times

r. When the rank is incremented by 1, a suffix of w of the form 01...1 changes to 10...0,
corresponding to the effect of “carry” in binary base. The length [ of such suffix is the value
of the element of rank r in Ruler(b). The focus pointers, F, are used to keep track of maximal
strings of 1s as a codeword w changes according to L2, without storing w explicitly, in such
a way that an increment in w can be equivalently updated in F in constant time.

We provide a formal definition of focus pointers as follows.

Definition 6.3.1. Let w = a,,_1 ... ajap be a codeword of length n in L2. Let S be the set
of pair of indices (4, j) where a;a;11 ...a; is a maximal substring of 1’s in w; that is, S =
{(t,§j) rai=aiy1=---=a;=1and (a,;-; =0o0r i =0) and (a;41 =0 and j =n—1)}.
Then, the focus pointer f = f,fn_1... fifo is
1. if (i) €S,
fi= {J 1 i (@5) (6.3.4)

1, otherwise.

Example 6.3.2. Let n = 6 and w = asasazasaiag = 011011. In this case, S =

{(0,1),(3,4)}. Hence, by Definition [6.3.1) we have fo = 1+ 1 =2,f = 1,fo = 2, f3 =
44+1=5,f,=4,f5s =5, and fg = 6. Thus, f = 6545212. Since fy; = 2, thus we flip the bit
asayag to generate the next word in L2, which is w’ = 011100.

Now, we compute the focus pointer f corresponding to w’' = asasazasaiag = 011100.
Since S = {(2,4)}, by Equation [6.3.4] we have f = 6543510. With f, = 0, we flip a¢ to get
the successor of w’, which is 011101.

Algorithm (1] is the loopless algorithm to generate R? using focus pointers.

Algorithm 1 The classic loopless algorithm [7] for generating R2. Array R has length n
while array F has length n + 1 and both use 0-based indices.
function looplessBinary(n)

1: R« [0,0,...,0] > current codeword in R2
2: F<+[0,1,...,n] > focus pointers |F| = n+1
3: yield R > first codeword in R?
4: while F[0] < n do > R[n| is invalid
5. j < F[0] > index of change
6: R[j] 1 —R[j] > flip that bit
7. F[0] + > reset focus pointer
8:  F[j] + [ + 1] > inherit focus pointer
9 Fj+1]+j+1 > reset focus pointer
10:  yield R > next codeword in R?

We argue the correctness of Algorithm [I] with the understanding that at iteration
r = Rank”(w), with w in L?, the index of the bit that changes in R is the largest index that
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changes when incrementing w. That is precisely j, the length of the largest suffix of 1’s in the
binary representation of w. For instance, as discussed in Example the next iteration
after incrementing w = 011011, we get w’ = 011100. In R?, we must flip the bit with index
j = 2. The focus pointers are keeping track of the positions of the maximal substrings of
I’s in w. So, S, = {(0,1),(3,4)} and f, = 6545212. A position 7 in f,, that contains value
j # 1, indicates (i, j — 1) € S,. Thus, (fy)o =2 and (f,)s; = 5 indicate S,, = {(0,1), (3,4)}.
Because (fy)o = 2, we know asajay will change in w from 011 to 100 and this means the
corresponding codeword in R? must flip the digit with index (f,)o = 2. That explains the
updates in lines 5 and 6 of the algorithm:

j < Flo]
R[j] = 1 —R[j]

We now argue that the focus pointers are updated correctly. As the suffix aja;_1 ... ag
changed from 01...1 in w to 10...0 in w'; the last suffix of 1’s starting at position 0 was
destroyed, so we must do this update in line 7:

F[0] «+ 0

This corresponds to removing (0,1) from S, in Example [6.3.2] However, a new substring of
1’s now starts at position j. Where it ends, depends on the value of F[j+1]. If F[j+1] = j+1,
it indicates aj;1 = 0 and (j, j) must be added to S,,. If F[j + 1] = 2z # j + 1, it indicates
the next bit equals to 0 is a, = 0 and (j, z — 1) must be added to S, and (j + 1,z — 1) must
be removed. In both cases, this can be accomplished with the updates in lines 8 and 9:

F[3] - F[j + 1]

F[j+1]+ j+1
In our example, since j = 2 and (f,)2 = 5, we have S,y = S, \ {(0,1),(3,4)} U {(2,4)},
which corresponds to w’ = 011100. Line 10 uses the command yield R, which indicates the
current codeword R is “visited” at this point.

Example 6.3.3. We provide a simulation of Algorithm [I] for n = 3 in Figure [6.1] Note
that the array positions are displayed in their natural order, opposite to their corresponding
positions in words f and 7.

6.3.2 Loopless algorithm for mixed-radix Gray codes

Now, we discuss the loopless generation of reflected and modular Gray codes over a mixed-
radix base, b. Throughout the remainder of this chapter, unlike in the previous two Sections
and we write b = (by,...,b;) a mixed-radix base, or b = (b,_1,...,by) when using
0-based indexing. The concept of focus pointers is generalized in the following way. While in
the binary case, focus pointers keep track of substrings of 1’s in the binary representation of
w in L2, in the mixed-radix case, focus pointers keep track of substrings of digits 7 attaining
their maximum values b; — 1 in the mixed-radix representation of w in L. The definition of
the focus pointers is given next.
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iterationg# (rank) | F [j=F[0]| R |["TB"|f=fiffifo | Twm
0 0,1,2,3]| — [[0,0,0]| 000 3210 000
1 [1,1,2,3] 0 [1,0,0] | 001 3211 001
2 0,2,2,3] 1 [1,1,0]| 010 3220 011
3 2,1,2,3] 0 0,1,0]| o011 3212 010
1 0,1,3, 3] 2 0,1,1] | 100 3310 110
5 [1,1,3,3] 0 [1,1,1]| 101 3311 111
6 [0,3,2, 3] 1 [1,0,1] | 110 3230 101
7 3,1,2,3] 0 0,0,1] | 111 3213 100

Figure 6.1: A simulation of Algorithm [1{for n = 3 that generates R corresponding to z.

Definition 6.3.4. Let w = a,_1...a,a9 be an n-tuple in L° where b = (b,_1,...,b1,bp).

Let S be the set of pair of indices (7, j) where a;a;1; ...a; is a maximal substring of b, — 1

inw withi <1 <j. Thatis, S ={(i,j) :ay=b —1,i <l <jand (a;_1 #b_1 —lori=

0) and (a;41 # bjy1 — 1 or j = n — 1)}. Then, the focus pointer f = f, fo_1... fifo is
1, i () €S,

fi= {‘H i G, ) (6.3.5)

1, otherwise.

Example 6.3.5. b = (6,2,7,5,4,3) and w = 405211, the rightmost digit with a bar over it
is given the highest priority to increment. Since each digit is strictly less than the maximum
allowed digit corresponding to the base, we have f = 6543210.

Example 6.3.6. b = (6,2,7,5,4,3) and w = 403432. Since the digits ag, a1, ay are at their
maximum, the digit a3 is the top priority to increment. Thus, f = 6543213.

Example 6.3.7. b = (2,3,6,2,5,4,3,4) and w = 10014123. Since the digits ao, a1, as, aq, ar
are the maximum corresponding to their bases, fy = 2 as the digit as has the highest priority
to increment. Furthermore, f3 = 5 since the digits a3 and a4 are at their maximum while
the digit as is not. Similarly, f; = 8. Thus, F' = 886545212.

Examples [6.3.5 are summarized below.

b=(6,2,7,54,3) w = 405211 f = 6543210 (6.3.6)
b=(6,2,7,5,4,3) w = 403432 f = 6543213 (6.3.7)
b=(2,3,6,2,5,4,3,4) w = 10014123 £ = 886545212 (6.3.8)

While in the binary case, focus pointers have 1-to-1 correspondence with words in L? the
same is not true for the mixed-radix case. The reason is because a digit is now incremented
b; — 2 times until it reaches its maximum value b; — 1.

For the reflected Gray code, we use R and an array D, storing current directions for
each digit in R, in order to detect when a bit reached its “limit” (maximum value) and
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to trigger the update of the focus pointers. Basically, R[j] reached its 1limit if (D[j] = +1
and R[j] = b; — 1) or (D[j] = —1 and R[j] = 0). After this, direction D[j] is updated to
the opposite direction. Algorithm [2| shows this modified algorithm; Knuth [43] gives this
algorithm (Algorithm H in The Art of Computer Programming 4a - Page 300).

Algorithm 2 The classic loopless algorithm for generating RE. Arrays have length n (except
for F of length n + 1) and use 0-based indices.

function looplessReflected(B)

1: R« [0,0,...,0] > current codeword in RY
2: D+ [1,1,...,1] > directions for R
3: F«[0,1,...,n] > focus pointers |F| = n+1
4: yield R > first codeword in R?
5: while F[0] <n do > R[n| is invalid
6: j < F[0] > index of change
7. b < B[j] > base of change
8:  F[0]« 0 > reset focus pointer
9:  R[j] < R[] +D[j] > change digit by £1
10:  limit <~ R[j] =0 or R[j] =Db—1 > test
11:  if limit then > R[j] at limit
12: D[j] + —DIj] > direction for R[j]
13: F[j] < F[j + 1] > inherit focus pointer
14: F[j+1]+j+1 > reset focus pointer
15:  yield R > next codeword in R2

For the modular Gray code M?, we use M and an array of targets T to detect when
a digit achieved its 1imit. The targets are initialized with maximum bit values, that is,
T=1[bp— 1,00 —1,...,b,—1 — 1]. However, the targets will change dynamically. Basically,
when a focus pointer is updated for a digit j, M[j] had just changed and reached the value
of the target T[j], so the target must be decremented modulo b;, to make sure that M[j]
only changes again after it has been incremented b; — 1 times. These ideas are reflected
in Algorithm [3] This algorithm is given as Exercise 77 in Section 7.2.1.1 of The Art of
Computer Programming 4a [43].

Example 6.3.8. We provide a simulation of Algorithms [2] and [3] for b = (2,3,3). Let
F;,R;, D;,M;, and T; be the corresponding arrays in i‘" iteration for 0 < i < 17. The algorithms
start with the codewords R = M = 000 and F = [0, 1,2,3]. The corresponding directions D,
and targets T, in the respective algorithms are initialized as [1, 1, 1] and [2, 2, 1], respectively.
Let us consider the iteration # 8, where f = 3212. Thus, in iteration # 9 of Algorithm [2]
j = 2. Since the corresponding Dg[j| = 1, then Rg[j] = Rs+Ds[j] = 0+1 = 1. Thus, Rg = 221
and corresponding codeword in RS is 122. Similarly, in iteration # 9 of Algorithm , we also
have j = 2. Since the corresponding Tg[j] = 1, then Mg[j] = (Mg + 1) mod2 =0+ 1 = 1.
Thus, Mg = 021 and corresponding codeword in R is 120. Since in both cases, R and M hit
their respective limit as provided in Algorithms [2] and [3] respectively, F is subsequently
updated as in Equation [6.3.5]
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#| R | R D i=fh| F | f=rffhfo| L}
0000 | 000 | +++ 0123 3210 000
11100 | 001 | +4 + 0 0123 3210 001
21200 | 002 | —++ 0 1123 3211 002
31210 {012 | —++ 1 0123 3210 010
41110 | 011 | — ++ 0 0123 3210 011
51010 | 010 | ++ + 0 1123 3211 012
6 020 | 020 | + —+ 1 0223 3220 020
71120 | 021 | +—+ 0 0223 3220 021
81220 | 022 | ——+ 0 2123 3212 022
91221 122 | — — — 2 0133 3310 100

10121 121 | — — — 0 0133 3310 101

111021 | 120 | + — — 0 1133 3311 102

121 011 | 110 | + — — 1 0133 3310 110

13 | 111 | 111 | + — — 0 0133 3310 111

14 1211 112 | — — — 0 1133 3311 112

151201 [ 102 | —+ — 1 0323 3230 120

16 | 101 | 101 | — 4+ — 0 0323 3230 121

171001 | 100 | ++ — 0 3123 3213 122

Table 6.4: A simulation of Algorithm [2| for b = (2, 3, 3)
MM T | j=fo| F | f=fafafifo | L}
0 | 000 | 000 | 221 0123 3210 000
1| 100 | 001 | 221 0 0123 3210 001
21200 | 002 | 121 0 1123 3211 002
31210012 | 121 1 0123 3210 010
41010 | 010 | 121 0 0123 3210 011
5 | 110 | 011 | 021 0 1123 3211 012
6 | 120 | 021 | 011 1 0223 3220 020
71220 | 022 | 011 0 0223 3220 021
81020 | 020 | 211 0 2123 3212 022
9 1021 | 120 | 210 2 0133 3310 100
10 | 121 | 121 | 210 0 0133 3310 101
11 221 | 122 | 110 0 1133 3311 102
12 1 201 | 102 | 110 1 0133 3310 110
13 | 001 | 100 | 110 0 0133 3310 111
14 | 101 | 101 | 010 0 1133 3311 112
15 | 111 | 111 | 000 1 0323 3230 120
16 | 211 | 112 | 000 0 0323 3230 121
17 | 011 | 110 | 200 0 3123 3213 122

Table 6.5: A simulation of Algorithm |3| for b = (2, 3, 3)
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Algorithm 3 The classic loopless algorithm for generating MP. Arrays have length n (except
for F of length n + 1) and use 0-based indices.

function looplessModular(B)

1: M« [0,0,...,0] > current codeword in M
2: T4 [bo—1,b31—1,...,b, 1—1] > targets for M
3: F+[0,1,...,n] > focus pointers |[F| = n+1
4: yield M > first codeword in MP
5. while F[0] < n do > M[n] is invalid
6: j« F[O] > index of change
7. b < B[j] > base of change
8:  F[0]« 0 > reset focus pointer
9:  M[j] < (M[j]+1) mod b > cyclic inc
10:  limit < M[j] = T[j] > equivalent test
11:  if limit then > M[j] at limit
12: T[j] + (T[j]—1) mod b > M[j] target
13: F[j] < F[j + 1] > inherit focus pointer
14: F[j+1]+j+1 > reset focus pointer
15:  yield M > next codeword in ME

From our previous explanation and Example [6.3.8, we thereafter observe that, for a
given base b, the focus pointer F is identical at every step in Algorithms [2| and |3| and this
further implies that the change sequence j also remains the same. Such j also provides the
change sequence of L%, which is the mixed-radix representation of the iteration number. For

instance, see Example [6.3.11}

Now, we define the ruler sequence Ruler(b), for a mixed-radix base, b. It is defined
recursively for bases b = (b,, b,_1,...,b2,b1) where O’ = (b,_1,...,b1) if n > 1.

Definition 6.3.9.
b1—1 copies

/_M .
1,1,...,1 ifn=1

Ruler(b) = (6.3.9)
Ruler(b'), n, Ruler(d), ..., n, Ruler(d') ifn>1

/

TV
by, —1 copies of n

Example 6.3.10. Ruler(b) = Ruler(d'), n, Ruler(d'), n, Ruler(d') = 1,2,1,2,1 for b = (3,2)
and b’ = (2).

Note that the mixed-radix ruler sequence Ruler(b) has b! — 1 numbers. In Example
[6.3.11] we show that Ruler(b) provides the index that changes in R} and M}. Furthermore,
Ruler(b) gives the number of digits that change in L. To generalize this further, let w =
WpWp_1 ... w; € W(b) for any mixed-radix base, b = (b,,b,_1,...,b1). Then, the next
codeword in L% can potentially be created by incrementing w; for some i € [1,n] and setting
w;_1 ... wy, for e > 1, to 0 whenever they are at their maximum values corresponding to their
base b;. Equivalently, the digits w;w;_; . ..w; are cyclically incremented modulo their base b;
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for some i € [1,n]. These observations further imply that L? is indeed generated starting from
0™ by greedily cyclically incrementing the shortest suffix allowed of the codeword a,, ... a; at
each iteration r, and the suffix length is determined by Ruler(b); specifically, it is precisely
the value at the r** position of Ruler(b). Example clarifies this discussion.

Example 6.3.11. Let b = (2,2, 3). We generate L}, RS, and M} where overlines and under-
lines indicate how the digits change. Note that underlines are especially used in RS where
overlines and underlines correspond to increments and decrements, respectively. For every
codeword w, we describe it using the index order as in wzwsw; .

L5 = 000,001,002, 010,011,012, 100, 10T, 102, 110, 11T, 112 (6.3.10)
RS = 000,001, 002,012,011,010, 110, 111, 112, 102, 101, 100 (6.3.11)
M? = 000,001, 002,012,010, 011, 11T, 112, 110, 100, 101, 102 (6.3.12)
Ruler(b) = 1, 1, 2, 1, 1,3, 1, 1,2 1, 1 (6.3.13)

The main conclusion of this section (also observed in [51]), is that for a base b =
(b, ..., b1); the ruler sequence Ruler(b), rules the digit that changes in the orders L, R®,
and M?. In addition, focus pointers can be used to generate the ruler sequence. Moreover,
R and M? can be generated looplessly.

6.4 Ranking and unranking algorithms

In the context of lexicographic orders and Gray codes, the rank of an object is its position
in the order. Similarly, the unrank of a position is the object in that position. To start
Algorithm , , or [3] at its 7' iteration, we can set its variables to their respective values at
this iteration. That is, we can unrank the algorithm’s internal state. Similarly, if Algorithm
[0 [2 or 3] unexpectedly terminates and we only have the most recently generated word in
RY or M?, then we can first rank the word relative to B2 or M? and resume the algorithm
starting from that rank. The same concept also applies to an algorithm for generating L”.
We provide O(n)-time Python code for these tasks in [57].

In this section, we derive O(n)-time ranking and unranking algorithms for mixed-radix
codewords in L2, R’, and M?. Then, we unrank the data structures from the classic loopless
Algorithms|[1}, ] and [3]in O(n)-time. While similar results for mixed-radix codewords appear
in the literature [43], we believe that the data structure results have not been previously
published. The most difficult and novel of these problems is unranking the focus pointers.
The work in this section supports efficient resumption and the loopless generation of our
‘modified” modular Gray codes discussed in Section [6.5

Throughout this section, we use 0-based indexing to match the indexing of most pro-
gramming languages. More specifically, we index and denote bases and individual codewords
asb = (by_1,...,b1,b0) and a = a,_1 ... ajag, respectively. We denote by m; the value b; — 1
for 0 <i <n — 1. In our pseudocode, the modular operation is denoted mod. We also refer
to the position i in an order of codewords as the sequence of digits in the " index of the
codewords in that order.
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6.4.1 Ranking and unranking mixed-radix codewords

Here we efficiently rank and unrank mixed-radix codewords in the lexicographic order, the
reflected Gray code, and the modular Gray code. Note that these results are relative to
the three individual orders, so there are a total of 2 -3 = 6 distinct algorithms. For a base
(bn—t, - -, b1, bo), we define p(i) as p(i) = L if i = 0 and p(i) = [['_y b; if 1 <i < n. In other
words, p(7) is the product of the i least significant base values where the entire product is

p(n) = bl.

First, we consider the ranking and unranking algorithms for the mixed-radix codewords
in the lexicographic order, L®. Consider b = (2,3,3) and L} as shown in Table The
middle digit (that is, position 1) of L repeats the pattern 0,0,0,1,1,1,2,2,2 twice. We
denote this (03,13,23)? or simply (03132%)? where exponents denote repetition. Then in the
order of L}, at any i'" position, the following sequence (Op(i) 170 .. m? (Z)> P0H occurs. This
provides the basis for the ranking and unranking algorithms of L} provided in Algorithm .

Algorithm 4 Unranking and ranking algorithms of codewords in LZ. The arrays B and a
have length n. For base B, codeword a, and its corresponding rank r, rankLex (B, a) returns
its rank in L2 while unrankLex (B, r) returns the corresponding word in the order.

function unrankLex(B, r) function rankLex(B, a)

1: a=10,0,...,0] 1: p < [1,B[0],...,B[0] - B[1]---B[n — 2]|

2: p <+ [1,B[0],...,B[0] -B[1]---B[n — 2]] 2210 > Initial rank
3: fori<n—1,...,1,0do 3: fori<n—1,...,1,0do

4 b=[F7] 4t r<4r+pli]-ali] > Update r
5: a[i] = b mod B[i] 5 return r

6: return a

Example 6.4.1. Let b = (5,4, 5) and a = asa;ap = 332. We compute the rank r of a in L§.
Since a; = 3 the 3 must appear in position 2 in L}, starting from rank 60 = (by - by ) - as, after
the sequence 02°12°22°, Hence, r > 60. At rank 60, position 1 must have the digit 0 with
3 being the previous element in that sequence as 60 mod 4 = 0. Since a; is 3, beginning
at rank 60 it appears first after the sequence 0°1°25. This implies 7 > 60 + (by - a3) =
60 + (5-3) = 75. Now, at rank 75, the digit corresponding to position 0 in L} must be 0 as
75 mod 5=0. Thus, r =75+ (1-ao) =75+ (1-2) =T77.

Example 6.4.2. Given b = (5,4,5) and rank 77, we determine the corresponding word
a = apaay in LY. First, since L%j = 3, it means that ay is 3 as it appears in position 2 in L}
after 020129220 starting at rank 60. Since |Z'] =15 and 15 mod 4 = 3, the digit in position
1 in L} at ranks from 75 to 79 is 3. Thus, a; = 3. Since the position 0 has digits in the
sequence 012012012... and 77 mod 5 = 2, it implies that ag = 2. Thus, a = asa,a¢9 = 332.

The idea behind the ranking and unranking algorithms of reflected and modular Gray
codes are slightly different. In the order of R, at position 7, the values alternately go up
and down, that is,

<0p(z‘) 17 . P P (D) Op(i)) L‘zp(?ﬂ)J ‘

(2 (2
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However, in case of M?, the values cyclically wrap around modulo b;. For example, let
b= 3,3,2. Observing the generation of M? in Table we notice the following sequence of
digits. At position 2, the sequence is 0°1°. At position 1, it is 03132323031 while at position
0, it is (012201120)2. We provide the corresponding ranking and unranking algorithms in
Algorithms [5] and [6]

Example 6.4.3. Let b = (by, b1, b9) = (5,3,4) and a = asayag = 413. We compute its rank r
in R}. We have p = [p(0),p(1),p(2)] = [1,4,12]. Since ay = 4, the 4 must appear in position
2 in RS, starting from rank 48, after the sequence 0121221232 Thus, r > 48. Since
|£] = 12, it implies that in position 1 in R}, the sequence 0*142%2*1*0*0*142* 2414 0*
appears before rank 48. Note that it is also concluded from the fact that L%J = 4 is even
and since the sequences 0* 14 2* (initially covering ranks 0 to 11, then 24 to 35 and so on) and
24110* (initially covering ranks 12 to 23, then 36 to 47, and so on) appear alternately, the
sequence 0 1* 2% appears starting at rank 48. Since a; = 1, r > 48+4-4-1 = 52. Since position
0 in RS has sequences 0123 and 3210 appearing alternately and L%j = 13 is odd, it is clear
that rank 52 has digit 3 in this position. Since ap =3, 7 =52+1-(3—-3)=52+1-0=52.

Example 6.4.4. Let b = (by, b1, by) = (5,3,4) and r = 52. We determine the corresponding
word in R}. Note p = [p(0),p(1),p(2)] = [1,4,12]. Since [%2]| = 4 and in position 2 in
RS the sequence 0'2112212312 appears covering ranks 0 to 47, a; = 4. Again, we have
z = Lﬁj = |2] = 13. Further calculating k = lZ] = |3] = 4, which is even and
observing that the position 1 in R} has sequence 0* 14 2* and 24 14 0* alternately, tells us that
the digit corresponding to rank 52 in position 1 must be within the sequence 0* 14 2%, Since
1 =zmod by =13 mod 3 = 1, we further conclude that the digit is within the subsequence
14, thus, a; = 1. Since z = | 55] = |[¥] =52 and k = [Z] = [F] = 13 is odd, the digit
in position 0 in rank 52 must be in the sequence 3210. Since z mod by = 52 mod 4 = 0, we
have ap = (4 —1 —0) mod 4 = 3. Thus, a = asa,ay = 413.

Algorithm 5 Unranking and ranking algorithms of codewords in RE. The arrays B and a
have length n. For base B, word a, and its corresponding rank r, rankReflected(B, a)
returns its rank in R?, while unrankReflected(B, r) returns the corresponding word in
the order.

function unrankReflected(B, r) function rankReflected(B, a)

1: a=][0,0,...,0] 1: p< [1,B[0],...,B[0] - B[1]---B[n — 2]]
2: p <+ [1,B[0],...,B[0] - B[1]---B[n — 2]] 22140

3: for i< n—1,...,1,0do 3: fori<n—1,...,1,0do

4: Z I_ﬁj 4: Z Lﬁj

5: 1+ z mod B[i] 5 k<« Lﬁj

6: k< Lﬁj 6: if k mod 2 =0 then

7. if k mod 2 =0 then 7: r < r+pli] - ali]

8: a[i] <~ 1 mod BJ[i] 8: else

9: else 9: r < r+pli]- (B[i] — 1 — a[i])
10: a[i] = (B[i] =1 —1) mod B[i] 10: return r

11: return a
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Example 6.4.5. Let b = (by,b1,b9) = (5,3,4) and a = asajay = 413. We compute the
rank r of a in M. Note p = [p(0),p(1),p(2)] = [1,4,12]. We compute its rank r in
Mj}. Since a; = 4, the 4 must appear in position 2 in M2, starting from rank 48, after
the sequence 0'21'22'2312. Thus, r > 48. Since [?¥] = 12, in position 1 in M, the
sequence 0%14242%0*141420*0*1*2* appears before rank 48. Since k = 2] = 4, ¢
appears after the sequence 0% 1%2%2%0%1414240%0* 1 2%, that is, in the sequence 2*0*1%.
Since in position 1, 0* 124, 210%1%, 11210 keep rotating, for k mod 3 = 1, a; appears
in the sequence starting with * such that i = (b — k) mod b, = 2. In this particular
subsequence, 1* appears after 210%, therefore r > 48 + 8 = 56. (the reader can check that
8 = 4-[(a1—(b;—k)) mod b;]). In position 0 of M¢, the sequences 0123,3012,2301,1230
appear cyclically. Since k = L%J = 14, it means that the digit ap = 3 appears after
the sequence (0123301223011230)?01233012. Furthermore, 14 mod 4 = 2, which

confirms that the sequence we are looking at is 2301. Thus, r =56 + 1 = 57.

Example 6.4.6. Let b = (by, b1, by) = (5,3,4) and r = 57. Since [2T] = [2I] =4, we
conclude az = (by — 0+ 4) mod b, = 4. Now, [3]] = 14 and k = | 4| = 4. The digit o
corresponding to the rank 57 appears in the sequence i*(i + 1)*(i +2)* for some i € {0, 1,2}.
Furthermore, since 1 = 14 mod 3 = 2, it must appear in the last subsequence (i + 2)* of the
sequence 74(i+1)4(i+2)%. In position 1 of M2, the sequences 0* 112% 210* 14,1121 0? appear
cyclically. Noticing this pattern, it is easy to see that since k mod 3=1,i=0; —1 =2 (or
(by —k) mod by). Thus, a; = (by —k+ 1) mod by = 1. We further proceed to find ay. We
have k = L%j = 14. Assume the digit a¢ corresponding to rank 57 appears in the sequence
i(i+1)(i+2) (i + 3) for some i € {0,1,2,3}. Moreover, since 1 = 57 mod 4 = 1, the digit
ap = i + 1. Note that in position 1 of MY, the sequences 0123,3012,2301,1230 rotate
cyclically. Since k mod 4 = 2, we know i = (by — k) mod by = 2. Then, ag =2+ 1 = 3.
So, we have a = 314.

Algorithm 6 Unranking and ranking algorithms of codewords in MP. The array B and a
has length n. For base B, word a, and its corresponding rank r, rankModular (B, a) returns
its rank in M? while unrankModular (B, r) returns the corresponding word in the order.

function unrankModular(B, r) function rankModular(B, a)

1: a=[0,0,...,0] 1. p<+ [1,B[0],...,B[0] - B[1]---Bn — 2]|
2: p <+ [1,B[0],...,B[0] - B[1]---B[n — 2]] 2: T+ 0

3: fori<n—1,...,1,0do 3: fori<n—1,...,1,0do

4z« [ﬁj 4 z Lﬁj

5. 14 z mod B[i] 5 k< Lﬁj

6: k< [ﬁj 6: r<«r+p[i] - ((k+ali]) mod B[i])
7. ali] « (B[i] —k+1) mod B[i] 7: return r

8: return a

6.4.2 Unranking Data Structures

We give a brief summary of the data structures used in Algorithms [I} 2| and 3] In their
loopless generation algorithm for R?, Bitner, Ehrlich, and Reingold [7] introduced an array of
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focus pointers, denoted by F, to keep track of the digits to be flipped. Generalizing this idea,
Knuth [43] gave loopless algorithms for reflected and modular Gray codes over a non-binary
base b, using additional data structures called directions for the reflected case and targets
for the modular case.

6.4.2.1 Focus pointers

In Algorithms|[I], 2| and [3] F is initialized as an array with a sequence of integers in the range
[0,n]. The first index of F, F[0], in each step points to the digit to be flipped (in case of R?)
or altered in a “certain” way (in case of R. and M? for a non-binary base b). Since L? shares
the underlying data structures with R® and M?, as discussed in Examples|6.3.8 and [6.3.11)),
F[0] = 7 means that the i** digit of the word is to be changed while the first i — 1 digits are
at their maximum corresponding to their bases.

Algorithm [7] follows the ideas explained in Examples [6.3.5] [6.3.6] and [6.3.7] and returns
the focus pointer corresponding to the codeword of rank r in Lz. Let w = w,,—1...wy be
the codeword in L! such that Rank’(w) = r. In the algorithm, we consider three arrays
b, x, and y. Array b stores the indices ¢ of the word w whenever w; = b; — 1, its maximum
value. Array b may have some sequences of consecutive indices. Furthermore, the default
focus pointer F is set as [0,1,...,n — 1,n]. Let S, be the set of pair of indices (7,7) as
defined in Definition . If S, = {(i1,71), (42, 42), - - -, (ik, jx)}, then lines 6-8 computes
b= [ir,i1+ 1,...,j1,02,92 + 1, o, ig,ix + 1,...,jis]. Note that |b| = |S,| = k. If
S, = 0, this implies |b| = 0 and by definition, F = [0,1,...,n — 1,n], which explains
lines 9-10 of the algorithm. Lines 12-19 compute x and y. That is, x = [iy, 4s, ..., 4] and
y=[j1+1,ja+1,...,jr+ 1]. Since by Definition F(iy) =51+ 1 with 1 <1 <k, we
have y = [F(i1),F(i2), ..., F(ix)], which explains lines 20-21 of the algorithm.

Revisiting Example [6.3.7] since S, = {(0,1),(3,4),(7,7)}, we have b = [0,1,3,4,7].
Then, x stores the minimum value in each pair in S, that is, x = [0, 3, 7] while y stores 1

higher than the maximum value in each pair in S, that is, y = [2,5,8]. Then, we update
the default focus pointer F as F[0] = 2,F[3] = 5, and F[7] = 8.

6.4.2.2 Directions

At position i in RY, the sequence 0P(®) 1P ... mf @ is followed by m? @ ... 126 gp@), Ingu-

itively, position 4 at direction D corresponding to the sequence 0P() 17() ... (m; — 1)P() my @)

in RY is 470 4r@) ... 4P _P() hecause the values in this position in R% go up follow-

ing(")che direction 0 — 1 — --- — m,. Moreover, —P() corresponding to the subsequence
plT

m;, ~ allows the algorithm to start decrementing following the direction m; — .- —

1 — 0. Similarly, D must have —?®) ... -2 420 corresponding to the following se-
quence m} @ 1) gr) ip RP. Hence, position i in D starts with the following sequence

+p("))mi (—P@)bi (@Yo (—P(D)bi ... Note that in unrankDirections(B,r) in Algorithm
, the definition of p’ also means that p'[i] = p(i)b; = p(i + 1) if 0 < i < n. For a rank r, if

—(m;-p(i

r > m; - p(i) and we calculate x = | - o7l |, it tells us whether the rank is covered within
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Algorithm 7 Unranking the focus pointers F at iteration r of Algorithm [1} 2, or [3] Lists b,
x, y are built based on runs of consecutive digits at their maximum values.

function unrankFocus(B, r) > Bases B rank r

1: a < unrankLex(B,r)

> Rank » word

2: F<+[0,1,...,n] > Default focus pointers
3: b+ | > Indices in a at max value
4: x | > Start indices of runs
5y < || > Indices after each run
6: for i <~ 0,1,....n—1 do > Check all indices
7. if a[i] = B[i]—1 then > Value at max?
8: APPEND(D, i) > Add it index to list
9: if |b| = 0 then > No max values?
10: return F > Return default values
11: else

12:  z < b0] > Start current run
13: for j <« 1,2,...,|b|]—1 do > Indices at max
14: if v[j] 7& b[J — 1]+ 1 then > End of run?
15: APPEND(x, z) > Start of run
16: APPEND(y,b[j — 1] + 1) > End of run
17: z < Db[j] > Start new run
18:  APPEND(x,z) > Start of last run
19:  APPEND(y,b[|b] — 1] + 1) > End of last run
20: for i < 0,1,...,|x| —1do

21:  F[x[i]] « y[i] > Update the focus pointer
22: return F

the sequence (—
that after the sequence (+p( ) "in RY, (—

6.4.2.3 Targets

Similarly, at position 7 in M?,

PE)Yoi and (4P

PO)(Qf 2 i even) and (+P0)b (if z is odd) It indeed follows from the fact
())b appear alternately.

.m" is followed by

m¥ @ gp@) 1p0) oo (my = 1P (). Clearly, position 7 at T corresponding to the sequence

Op(z’) 1p(i) (mz . 1)p(i) mf(i) in Mb is m ()m p(i)

— 1)p(i) because the values

in this position in M? increment followmg the dlrectlon 0 — 1 — -+ — m,;. Additionally,

(m; — 1)P in T corresponding to the subsequence m?
crementing cyclically following the direction m; - 0 — 1 — -
have (m; — 1)@ (m; — 1)P0) (m; — 1)PO ...
' (m; — 2)P@ (m; — 1)P@ in M?. Hence, position i in
h ((m; — 2)p(i))bi ---. For rank

following sequence mf (@ gp() 1906) ...

T starts with the following sequence (mf (i))mi ((mi; —

) allows the algorithm to start in-

- — m; — 1. Thus, T must

(m; — 1)P9 (m; — 2)p(i) corresponding to the

r > m;-p(i), x = =20 | tells us the number of times sequences of the form (7))t

p'ld]
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for some 0 < j < m; have appeared after (mf (i)>mi. Also, note that after the sequence

(mp(i))mi’ ((mZ _ 1)p(z’))bi ((ml — 2)p(i))bi e (1p(i))bi (Op(i))bi <m7?(i))bi appear cyclically.

Thus, calculating (m; — 1 —x) mod b; gives us the exact value of the target at position i.

Algorithm 8 Unranking algorithms of directions and targets in LE. The array B has length
n. For base B, unrankDirections(B, r) returns the corresponding direction d in RE, while
unrankTarget (B, r) returns the corresponding target T in M?. d and T have length n.
Also, in both the algorithms, p’ and t have length n.

function unrankDirections(B,r) function unrankTarget(B, r)
d=[1,1,...,1] 1: T=[mp,my,...,my 4]

2: p’ = [B[0],B[0] - B[1],...,B!] 2: p’ = [B[0],B[O] - B[1],...,B]

3: t = [mo,my - P'[0],...,my_q - p'[n— 2]] 3: t = [mp,my - p'[0],...,my4 - p'[n— 2]
4: for i+ 0,1,....n—1do 4: for i+ 0,1,...,n—1do

5. if r > t[i] then 5. if r > t[i] then

6 x | S| 6 x | S

7 if x mod 2 = 0 then 7 j < (B[i] — 2 — x) mod B[i]

8 dfi] + —1 8 T[i] + j

9: return d 9: return T

6.4.3 Loopless parallel generation of R’ and M’

Suppose that we want p processors to each looplessly generate roughly ¢ = (%} distinct
mixed-radix words from W(b). We can accomplish this with the results of Sections and
6.4.21

Let looplessReflected(B,r,c) be the algorithm obtained by modifying Algorithm
so that it initializes R <— unrankReflected(B,r),D < unrankDirections(B,r), and F <
unrankFocus(B,); in addition, the main loop is modified to iterate ¢ — 1 times. Thus,
the algorithm starts at the rth iteration of Algorithm 2] and produces ¢ codewords. We can
achieve fully parallelized generation by invoking looplessReflected(B,r,c) independently
for different values of r. Suppose we invoke looplessReflected(B,r, c) in parallel with
r = 0,¢2c,...,(p — 1)c, with each invocation producing ¢ codewords. Then, for each
i € [0,p — 1], invoking looplessReflected(B,ic,c) produces the codewords of R? having
ranks ic,ic+1,...,(i+1)c—1.

Similarly, let looplessModular(B,r,c) be the algorithm obtained by modifying Algo-
rithm [3| so that it initializes M <— unrankModular(B,r), T < unrankTarget(B,r), and F <«
unrankFocus(B, ), and stops after ¢ — 1 iterations. Following the explanation above, invok-
ing looplessModular(B,ic,c) for i € [0,p— 1], produces the codewords of M having ranks
ic,ic+1,...,(i+ 1)c — 1, making the parallelization of the generation of M?Z possible.

In both cases above, the codeword generated at each iteration of Algorithms
looplessReflected(B,r,c) and looplessModular(B,r,c) also takes worst-case O(1) time,
making the generation loopless.
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6.5 The ‘modified’ modular Gray code

Notation 6.5.1. We use [n]* to denote the set of sequences of length k whose entries are in
[1,n].

For example, (1,3,4,4,1) € [4]° and we prefer to simply write it as 1, 3,4, 4, 1 by omitting
the parentheses.
We further study several interesting properties of Ruler(b) and its generalization

Ruler, (b) (defined later in this section) in our work [51], which helped to prove Proposi-
tion [6.5.3, and Theorems [6.5.7] and [6.5.8] We omit these proofs.

6.5.1 Reinterpretation of modular Gray codes and further general-
ization

Motivated by Example |6.3.11, we can generate the modular Gray code M? as follows. Given
a word w = wy, - - - wowy € W(b) with bases b = (by, ..., bs,b1), we let @;(w) be the result of
incrementing digit ¢ modulo its base, that is,

@l(w) =Wy .. . Wi+10;W;—1 ... W1 (651)

where v; = 0 if w; = b; — 1 and v; = w; + 1 otherwise. Given a codeword w € W(b) and
a sequence S = sy,89,...,8, € [n]f we let w @ S be the sequence of words obtained by
repeatedly cyclically incrementing the digits given in the sequence. That is,

wd S =w, By (W), By, (s, (W)), . ... (6.5.2)

For example, M? for b = (2,2,3) in (6.3.12)) uses Ruler(b) in (6.3.13).
Definition 6.5.2. The modular order for b is M? = 0™ @ Ruler(b).

In other words, M? starts at w = 0" and then repeatedly increments digit w; modulo
b;, where 7 is the next value in Ruler(b).

Proposition 6.5.3. [51] M? is a Gray code of W(b) using cyclic increments modulo b.

Definition 6.5.4. (Mixed-radix ruler suffix sequence) Let w = w, ... wyw; € W(b)
and b = (b, ...,bs,b1) with w' =w,_1...w; and ¥ = (b,_1,...,b1) if n > 1. Then,

b1 —1—w; copies
—— .
1,1,...,1 ifn=1

Ruler(, (b), n, Ruler(t), ..., n, Ruler(t)) if n > 1; (6.5.3)

Ruler(w) (b) =

TV
by, —1—wy, copies of n

observe that Ruler,)(b’) is a (possibly strict) suffix of Ruler(d').
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If Ruler(b) = sq, s1, ..., Sk, then Ruler,(b) = s, 8,41,..., S is its suffix starting at the
r'" entry. Alternatively, we specify the suffix using the corresponding word in L. That is,
Ruler(,(b) = Ruler,(b) if r = Rank’(w). Furthermore, Ruler(b) in (6.5.3) is obtained with
w = 0" (or r =0).

Now, we present the definition of Gray code for W, (b).

Definition 6.5.5. Let w = w, ... wow; € W(b) and b = (by,...,b2,b1). The modified
modular order for b is M} (w) = w & Ruler ) (b).

In other words, M"(w) starts at w and then repeatedly increments digit w; cyclically
modulo its base b;, where ¢ is the next value in the mixed-radix ruler suffix, Ruler,)(b).
Thus, M? = M?E(0™) since 0 is the first codeword in M?. Therefore, applying Rulergn(b) =
Ruler(b) gives the same order. We can also say that M°(r) = M?(w) for r = Rank’(w).
Also, Ruler(,(b) has b! — 1 — r numbers if and only if r = Rank’(w).

Example 6.5.6. (Revisiting Example(6.3.11) b = (2,2, 3) and w = 011. Then, Rank’(011) =
4 and W,)(b) = {011,012,100,101,102,110,111,112}. Furthermore, we provide the order
M2(w), where overlines correspond to the bits cyclically incremented. Let L§(w) be the
suffix of LY starting from the codeword w.

Li(w) = L5(4) = 011,012,100, 101, 102,110, 111,112 (6.5.4)
M (w) = M2(4) 011,012,112,110, 111, 101, 102, 100 (6.5.5)
Rulery(b) = 1,3, 1, 1,2 1, 1 (6.5.6)

M? = 000,001,002, 012,010,011, 111, 112, 110, 100, 101, 102 (6.5.7)

Ruler(b) = 1, 1, 2, 1, 1,3, 1, 1,2, 1, 1 (6.5.8)

L5 = 000,001,002, 010, 011,012, 100, 101, 102, 110, 11T, 112 (6.5.9)

Note that M2(w) in is not a suffix (or even a subsequence) of M? in whereas
Ruler,(b) in[6.5.6]is a suffix of Ruler(b) in . Furthermore, M2 (w) greedily reorders the
codewords of L§(w) in M using cyclic increment. Interestingly, the generations of MJ(w)
and L4(w) are guided by the same sequence, Rulery(b).

The observations from Example [6.5.6] motivates the following theorem, which is gener-
alized from Proposition [6.5.3]

Theorem 6.5.7. [51] M?(w) is a Gray code of W, (b) using cyclic increments.

We further prove that M?"(w) can instead be created greedily, as described in the fol-
lowing theorem.

Theorem 6.5.8. [51] The Gray code M?(w) is created greedily starting from w by cyclically
incrementing the least significant digit giving a new word greater than w.
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Theorem and Proposition |6.2.18| further clarify that Constructions [6.2.13] |6.2.16},
and Algorithm |3 produce the identical object, M?. Moreover, our modified modular Gray

code M°(w) (or MP(r)) generalizes the original modular Gray code M? in two ways:

1. Greedy cyclic increment algorithm: M’(w) starts at w and cyclically increments

the rightmost digit that gives a new codeword lexicographically greater than w (that

is, higher lexicographic rank).

Rank’(w).

2. Change sequence: Ruler,(b) is simply the suffix of Ruler(b) starting at rank r =

6.5.2 Loopless generation of our modified modular Gray code

We further provide a loopless algorithm for generating M?(w) for any w € W(b). Algorithm
9] initializes the current word M and the focus pointers F to be the smallest in W(B) using
unrankLex and unrankFocus from Algorithms [4] and [7] respectively. Furthermore, the tar-
gets T are initialized for each digit w; to be B; — 1 or one less if it is already equal to this
maximum value (that is, B; — 1); this is compactly represented in line 3 of Algorithm |§]

Algorithm 9 A loopless algorithm for generating M2(r). As usual, arrays have length n

(except for F of length n + 1) and use 0-based indices.

function looplessModularModded(B, r)

1: M < unrankLex(B, r)

e e e
e o

—
o

>—~
e

F < unrankFocus(B,r)

Ti%Bi—l—l{Mi:Bi—l},

yield M
while F[0] < n do
j + F[o]
b < B[j]
F[0] «+ 0
M[j] <~ (M[j] + 1) mod b
limit < M[j] = T[j]
if limit then
1(3] + (T[j]—1) mod b

F[3] < F[j + 1]
Flj+1]«j+1
yield M

fori=0,...,|B| -1

> codeword of rank r in L2
> rank of F in L3

> initial targets for M

> first codeword in M2 (r)
> M|n] is invalid

> index of change

> base of change

> reset focus pointer

> cyclic inc

> equivalent test

> M[j] at limit

> M[j] target

> inherit focus pointer

> reset focus pointer

> next codewords in M7 (r)

6.6 Future work

We summarize our work in Sections and [6.5] and future interest as follows:
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Given a base b = (b,, ..., by, b)), the generations of L2, R’ and M? are guided by the
same change sequence, Ruler(b). Our main contribution in this work is to show that each
of these three orderings can be generated in parallel. Furthermore, each of R’ and M? can
also be generated fully in parallel in O(1)-time in the worst case. Our future interest is to
provide an implementation of such loopless parallel generation.

We also introduced a new family of modular Gray code, M?(w), whose change sequence
is a suffix of Ruler(b) and provided a loopless algorithm for its generation. We are further
interested in ranking and unranking of codewords in M?(w).
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