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Notation

H(P) height of a polynomial P € C[T] ...........coooiiiii it §2.1
M(P) Mabhler measure of a polynomial P€ C[T] .................... §2.1
H(a) height of an algebraic number o ............. .. ... ... L. §2.1
M(«a) Mahler measure of an algebraic number v ............. ... ... §2.1
R[T] ring of polynomials in 7" with coefficients from the ring R
R[T)<n polynomials of R[T] with degree < n
N* the set of positive integers, excluding 0
@] some conjugate of an algebraic number o
|z] the largest integer m with m <z
[z] the smallest integer M with z < M
Q the set of algebraic numbers of C over Q
>, K Vinogradov symbols ...... ... i - §2.2
D(c) discriminant of an algebraic number o ......... ... ... L §2.3
[ag, - . ., an] finite continued fraction with partial quotients ag,...,a, ..... §2.4
[ag, a1, .. .| infinite continued fraction with partial quotiens ag,a,... ..... §2.4
V(H) co-volume of alattice H ... §2.5
w(S) Lebesgue measure of an integrable set S ...................... §2.5
AC i-th minimum of a convex C ......... ... .. i, §2.6
(81,..-,8i)g  subspace of R™ generated over R by the vectors g,,...,g; € R*
E(Q) a Q-structure for a real vector space £ ................. ... .. §2.7
(x]5 coordinates of the vector x in the basis B
AT transpose of a matrix A
c* dual of a convex body C ........ .. ..o i §2.8
A* dual of alattice A ... oo §2.8
Ai(C) i-th minimum of the dual of C
PEl(z) = L P (z), the k-th divided derivative of P € C[T]
sC dilatation of a convex body C by a factor of s > 0
Ok ring of integers of a number field X' ........... ... ... . 84.1
Tr(z) trace of T ... . §4.1
N(z) NOTIN Of T ot §4.1
Dg discriminant of a number field K ........... .. .. .. ... 84.1
Ix set of fractional ideals of Oy ... i §4.2
N{(a) norm of a fractional ideal a ............. .. . ... ... §4.2
(E)o, set of linear combinations over Ok of elements of E
H(S) height of a subspace S of K™ ......... .. i i, §4.3
St orthogonal of S ... ... §4.3

f(z) = O(g(z)) standard “Big-Oh” notation

Vectors are usually denoted in boldface font. When we refer to their individual coefficients.
we use regular font with indices. For example, x = (2o, ..., 2,) and x; = (Zi0, .. ., Tin)-
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Abstract

In 1969, Davenport and Schmidt provided upper bounds for the approximation of a real
number by algebraic integers. Their novel approach was based on the geometry of numbers
and involved the duality for convex bodies.

In the present thesis we study the approximation of a real number by conjugate algebraic
numbers. We find inspiration in Davenport and Schmidt’s method, but ultimately our
approximations come from the theory of continued fractions. We get a general optimal
result for which we offer two different proofs. '

We then extend two of Davenport and Schmidt’s important results to the context of an
imaginary quadratic number field. Our method follows that of Michel Laurent who simplified
Davenport and Schmidt’s argument in 2003. One of their original results is optimal and so

1s our extension.

Résumé

En 1969, Davenport et Schmidt ont établi des estimations pour l'approximation d’un
nombre réel par des entiers algébriques. Leur approche utilise de maniere astucieuse la

géométrie des nombres, en particulier la dualité des corps convexes.

Nous nous penchons premierement sur 'approximation d’un nombre réel par des nombres
algébriques conjugués. Notre approche est basée sur la méthode de Davenport et Schmidt,
mais nous construisons nos approximation a l’aide de la théorie des fractions continues. Nous

obtenons un résultat général qui est optimal et pour lequel nous fournissons deux preuves.

Nous adaptons ensuite deux résultats importants de Davenport et Schmidt & un corps
quadratique imaginaire. Pour ce faire, nous suivons la simplification de Michel Laurent pour
la méthode de Davenport et Schmidt. Un de leurs deux résultats est optimal et il en va de
méme pour notre adaptation.



1. Introduction

An outstanding problem in Diophantine approximation, motivated initially by Mahler’s and
Koksma's classification of numbers, is to provide sharp estimates for the approximation of a
real number by algebraic numbers of bounded degree. Starting with the pioneer work [Wi] of
E. Wirsing in 1961, this problem has been studied by many authors and extended in several
directions. A good account of this can be found in Chapter 3 of [Bu].

For our purpose, let us simply mention that, in 1969, H. Davenport and W. M. Schmidt
gave estimates for the approximation by algebraic integers [DS] and that, more recently,
D. Roy and M. Waldschmidt looked at simultaneous approximations by several conjugate
algebraic integers [RW]. While the latter work was limited to at most one quarter of the
conjugates, we consider in the present thesis the problem of simultaneous approximation of
a real number by all (resp. all but one) conjugates of an algebraic number (resp. algebraic
integer).

Upon defining the height H(P) of a polynomial P € R[T] to be the largest absolute value
of its coefficients, and the height H (o) of an algebraic number o € C to be the height of its
irreducible polynomial in Z[T), our main result reads as follows.

Theorem A. Let £ € R\Q and let n € N*. There exist positive constants c;,co depending
only on & and n with the following properties :

(i) There are infinitely many algebraic numbers o of degree n such that
max |§ — @] < c;H(a)™ "
84

where the mazximum is taken over all conjugates @ of .
(ii) There are infinitely many algebraic integers o of degree n + 1 such that

max | — @] < c;H(a)™2/"
aFo

where the mazimum is taken over all conjugates of & of a with & # a.

The statement of part (i) is optimal up to the value of ¢; for each & € R\Q, while the
statement of part (ii) is optimal up to the value of ¢, at least for quadratic irrational values
of £&. This seems to be the first instance where an optimal exponent of approximation is
known for all values of the degree n in this type of problem. The fact that we can control the
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degree of the approximations originates from an observation of Y. Bugeaud and O. Teulié in
(BT).

Definitions and preliminarics concerning the above result will be found in Chapter 2, while
a complete proof along with other results will be given in Chapter 3. In pursuing such a
result, we followed Davenport and Schmidt’s method closely and came up with a longer proof
than the one given in the first part of Chapter 3. We then found a way to avoid using the
duality of convex bodies and to simplify our proof. The last part of Chapter 3 contains the
alternative demonstration that we first had.

The second part of this thesis deals with the two following important results found in the
original article [DS] by Davenport and Schmidt in 1969.

Theorem DS2a. Let n > 2 be an integer and let £ € R. Suppose that € is either tran-
scendental over Q or algebraic over Q of degree > n/2. Let A = |n/2|™". Then there are
arbitrarily large values of X such that the inequalities

lzol < X, \xofk—ﬂck‘SCX—A (k=1,...,n)

where ¢ is a suitable positive number depending on n and &, have no monzero solution
(Io, S ,fEn> S Zn—{-l‘

Davenport and Schmidt provide sharper and optimal bounds in the case where n = 2.

Theorem DSla. Let £ € R. Suppose that € is either transcendental over Q or algebraic
over Q of degree > 3. Let A = (=1 ++/5)/2 ~ 0.618. Then there are arbitrarily large values
of X such that the inequalities

'IUI SX ) |$0£*£B1| SCX_/\ y ‘xofz'—xg‘ SCX-)‘

where ¢ is a suitable positive number depending on £, have no nonzero solution (xg, T1, Ty) € Z3.

Let K be a quadratic imaginary number field and let Ok be its ring of integers over Z.
In Chapter 5, we extend the above two theorems by replacing in their statements R, Q and
Z by C, K and Og respectively. This is motivated by the well-known analogy that exists

between the ring Z of integers of Q and the ring Ok of integers of an imaginary quadratic
field.

Davenport and Schmidt’s Theorem DS1la refines their Theorem DS2a for n = 2 under the
condition that £ is not algebraic of degree at most 2. The same applies also to our extensions
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of their theorems. The optimality of Theorem DSla was recently shown by Roy in [RoC]
and applies also to our extension of this theorem.

Chapter 4 provides the necessary preliminaries about mumber ficlds, rings of integers.

ideals and norms.

Finally, in Chapter 6 we discuss some questions that arise naturally from the material
covered in this thesis.



2. Preliminaries and basic results of diophantine
approximation

For any ring R, we let R[T] denote the ring of polynomials in T over R. For any n € N, we
denote by R[T]<, its additive subgroup formed by polynomials of degree < n.

2.1. Height and Mahler measure.

Let P(T) =ao+a;T+ -+ a,T" € C[T] and let a1, ...,a, € C be the roots of P. We
define the height of P as

H(P) =max{|ao],.-.,la.|}

and the Mahler measure of P as
M(P) = |an| [ [ max {1, o]}
i=1

Proposition 2.1. The Mahler measure of P is also equal to

M(P) = exp (/01 In |P(e*™)| d9) .

Note that this integral converges even if P has zeros on the unit circle. The equality of
the two formulas for M(P) follows from Jensen’s formula (see [Wald] p.22).

Using either of the above definitions for the Mahler measure, we have that
M(PQ) = M(P)M(Q) for P,Q € C[T)].

Proposition 2.2. The Mahler measure and the height of P are equivalent in the sense that
M(P)

5 SH(P) < 2°M(P).

The first of the above inequalities follows casily from the representation of the Mahler
measure given by Proposition 2.1. The second one follows from the other representation (as

a product) upon noting that H(P) < |a,| (1 + |aq|) - (1 + |awn|).

Using Proposition 2.1 and the definition of the height, it is easy to obtain :
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Proposition 2.3.

H(P)H(Q) < 298 F+deeQ (deg P + deg Q + 1) H(PQ)

H(PQ) < min{deg P+ 1,degQ + 1} H(P)H(Q)

Both notions of height and Mahler measure are extended to algebraic numbers a € Q by
defining H(a) and M(«) to be respectively the height and Mahler measure of the unique
(up to sign) irreducible polynomial of « over Z.

2.2. Vinogradov symbols.

In dealing with infinite sequences, some terms or constants of lesser importance are often
omitted for the sake of clarity. Let us take for example the Proposition 2.3. If we consider
polynomials of degree bounded by n € N and we are not interested in the precise value of
multiplicative constants depending only on n, then we may restate it as

Proposition 2.4. There exists constants co > ¢y > 0 depending only on n such that for all
polynomials P,Q € R[T)<, we have

cH(P)H(Q) < H(PQ) < H(P)H(Q).

This way of hiding constants terms can be done efficiently in some situations, but in many
others it can completely clutter the exposition.

The Vinogradov symbols < and > provide a clean way to hide details of no importance
in a similar way that the “Big-Oh” notation simplifies the study of algorithmic complexity.
For example, we can rewrite the conclusion of the above proposition as

H(P)H(Q) < H(PQ) < H(P)H(Q)

If it is clear from the context that constant factors involving only n are not important,
we may use the < and > symbols without specifying what we are hiding. The expression
“X < Y7 reads as “X is smaller than some constant times Y”. Both “X « Y” and
“X > Y7 statements can be combined into “X > Y.



Throughout this document, the constants implied by the Vinogradov symbols will depend
only on € and n, except in Chapter 5 where they will also involve a dependence on the
quadratic imaginary field K chosen.

2.3. Resultant and discriminant.

A good introduction to resultants can be found in chapters 27-28 of [Wae] or in §10 of
[Lang].

Let f,g € C[X] be polynomials written as
FX) =0X"+ ...+ v, =0(X —t1) - (X — tn),
g X)=we X"+ ...+ U =0(X —up) - (X — up),

with vy # 0 # wy. We define their resultant as the following (m +n) x (m +n) determinant

vO ... ’l}n
_ Vo [P Un
(1) R(fag) - wy - Wy )
wo DR wm
where the first m rows involve the coefficients vy, . . ., v, of f(X), the last n rows involve the
coefficients wy, ..., wy, of g(X), and the unspecified entries are all zeros. With the above
notation, we have the following :
Proposition 2.5.
n m n m
R(f,9) =vgws [ [t —w) = vi [ [ ott:) = (=1 wp [ ] £(wy).
i=1 j=1 i=1 j=1

Proposition 2.6.

R(f,g) =0 <= f and g have a common root.

We define the discriminant of f to be
£ =v? [t —t;) = v3'R(f. ).
1]
If f,g € Z[X], their resultant is an integer since all entries of the matrix found in (1) are
integers. Moreover, if g = f’, then vy divides all entries in the leftmost column of the matrix



7

in (1), thus vg divides R(f, f') in Z and so D(f) € Z. We have that D(f) =0 <= f has
double roots.

For an algebraic number «« € C, we let f be its minimal polynomial over Z and we define
the discriminant of « to be D(«) := D(f).

For the purposes of this thesis, we will simply require the following proposition about the
discriminant.

Proposition 2.7. For an algebraic number o € C, let f(X) =a(X —ay) - (X —a,) be its
minimal polynomial over Z.. Then we have that

1< D@ =laf"? [] los—ayl”.

1<i<j<n

2.4. Continued fractions.

A good general reference for this section is chapter 7 of [NiZ].

Given ag € Z and aq,as,...,a, € N*, we define
1
[ap,a1,...,a,] == ag + ;
a; + ' .\ 1
' 1
Gp-1+ —
an
The above expression is called a finite continued fraction. The ay,...,a, terms are called

the partial quotients. It is easy to collect terms in the numerator and denominator to write
[ag, a1, ...,an] = pn/qn for some relatively prime p,,q, € Z with g, > 1. One can give
a broader definition to finite continued fractions that allows partial quotients to be real
numbers, but for our purposes we shall only consider the case where they are positive integers
(except for ay € Z).

There is a way to use the Euclidean algorithm to write any rational number as a continued
fraction of the form [ag,a1,...,a,] for some n € N. This expansion as a finite continued
fraction would be unique if it were not for the fact that [ag, a1, . . ., as] = [a0, a1, ...,a, — 1,1]
when a, > 2. In §7.2 of [NiZ] we find the following :
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Theorem 2.8. If [ag,a1,...,aj] = [bo,b1,...,b,) and ifa; > 1 and b, > 1, then j = n and
ai:bi fOT‘i=O,1,...,7L

Example 2.9.
1,1,1,1] =5/3 , 23/7=[3,3,2] = [3,3,1,1].
Given aqg € Z and an infinite sequence of positive integers aq, as, ... € N*, let p,/q, = [ag, a1, . ..
with relatively prime p,, g, € Z. We use the expression [ag, a3, ...] to denote
lag, a1, ...] := lim Pn |
n=c0 gp

The assumptions on the partial quotients ensure that the right hand side converges to some
irrational real number &. An infinite continued fraction is such an expression

1 n
ag+ —— =lag,ay,...] = limp—zg.

1 =00 Gn
a +

as + .
Every € € R\Q can be written in a unique way as a infinite continued fraction.

Example 2.10. If we look at the case where all the partial quotients are 1, we have

1 3 1 )
Llj=14-=_ L1L=14 ——=-
[’] +1 2’ [”] +1+1 37

1
8 13
1,1,1,1 == 1,1,1,1,1} = —.
[7va] 5a [av”] )

Let

1 1
6= lim[l,1,...,1]=1+ =1+

- 1+ .
n times
We get that 62 =0+ 1 and 8 > 1, 800=(1+\/5)/2.

The sequence of p1/q1, pa/ge, . .. in this case is 2,2,8, 38

in numerators and denominators. Thus when the partial quotients are all 1 the associated

. with the Fibonacci numbers

infinite continued fraction converges to the Golden Ratio.

The sequence of rational numbers p;/q1, p2/ge, ... coming from the continued fraction
expansion of £ € R are referred to as the convergents of §&. We henceforth always assume
that the pairs (p;,q;) € Z? are relatively prime integers with ¢; > 1. When £ ¢ Q there
are infinitely many of them, they are uniquely determined and they satisfy the following
equality.



Proposition 2.11. For alli > 1, we have

Didi-1 — Di—14: = (_1)i_1-

The main interest for the theory of continued fractions in this thesis lies in the following
result.

Theorem 2.12. Let £ € R\Q and let {p,/qn}n>0 denote the sequence of convergents of .
Then for each n > 0 we have that

1

< .
qndn+1

-
dn

Moreover, if a/b € Q satisfies |b — a| < |gu€ — pn| for some n > 0, then we have |b| >

Gn+1-

The last part of the theorem explains why the convergents {p,/q,} are said to be the best
rational approximations for &.

A number ¢ € R\Q is said to be badly approzimable if one of the following equivalent
conditions holds

(1) the partial quotients ag, ay, ... of £ are bounded,
(2) there exists constants ¢y, c; > 0 such that the denominators of the convergents satisfy

C1Gn < Gn+1 < Cofp

foralln > 1,
(3) there is a constant € > 0 such that for each a/b € Q we have

5 <le=3l
b7 bl

It follows from a theorem of Khintchine that the set of badly approximable numbers is of
Lebesgue measure 0 (see Chapter 1 of [Bu]). A short argument shows that its cardinality is
that of R. The following general result of Liouville shows that all real quadratic numbers
are badly approximable.
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Theorem 2.13 (Liouville, 1844). Suppose that o € R is an algebraic number of degree d.
There is a constant c(a) > 0 such that

for every rational p/q distinct from c.

It is an open problem to determine whether or not all algebraic numbers of degree > 2
are badly approximable. However, we have the following result.

Theorem 2.14 (Roth, 1955). Suppose that o € R is algebraic of degree d > 2. Then for
each 6 > 0, the inequality

has only finitely many solutions in rationals p/q.

2.5. Convex set and convex bodies.

A convez set in Euclidean space R™ is a subset C of R™ such that for any z,y € C and any
t € [0, 1] we have that

tr+ (1 -ty €C.

A convex body is a compact convex set which contains a neighborhood of 0 and which is
symmetric with respect to 0 in the sense that —z € C for each z € C. Note that the
symmetry implies that 0 needs to be in the convex body and that (C) > 0 as it contains a
neighborhood of 0.

A lattice of R™ is a sub-Z-module of R™ generated over Z by a basis of R" over R. Lattices
can equivalently be defined as discrete subgroups of R™ of rank n.

If H is a lattice and {ei,...,en} is a basis of H over Z, we dcfine the co-volume or
determinant of H as the volume of the parallelepiped supported by the vectors of that basis.
It is denoted by V(H) and we have that V(H) = |det(es,...,e,)|. It does not depend on
the choice of basis for H. This explains why we can write V(H) without any mention to a
particular basis.
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Theorem 2.15 (Minkowski's first convex body theorem, 1896). Let H be a lattice of R"

and let C be a convez, integrable set, symmetric about 0. If one of the following properties
holds

() 1(C) > 2"V (H),
(if) p(C) > 2"V(H) and C 1is compact

then C N H contains some nonzero point.

This theorem can be used in various situations to infer the existence of integer solutions to
particular inequalities. For example, it gives an alternative proof to the following proposition
for which the pigeon-hole principle is usually used.

Proposition 2.16. For any £ € R*, there cxists infinitely many puirs (p, q) € Z* with g > 0
such that

(2) ¢ —p| <

X

Proof. Consider the lattice Z2. For X > 1 define the convex body
Cx = {(z,y) e R*Jz| < X, |y < X7}

Put S = T7!(Cx) where T : R? — R? is the linear transformation whose matrix relative to
1 0
S={(z,y) e R% x| < X, |y ~ x| < X'}

the canonical basis is i: } . We have that S is also a convex body and that

The volume of S is given by u(S) = det{T) 'u(Cx) =1-4 =4.

As V(Z?) = 1, we have that u(S) > 4 V(Z?) and so S must contain some nonzero
(p,q) € Z°. We may assume that ¢ > 0 because of the symmetry of S and thus the
proposition is proven. O

2.6. Successive minima of convex bodies.

Fix a lattice H and a convex body C of R™. Note that the convexity of C implies that for
any two a,b € R, we have that a CCbC <= a <b.
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For all A € R, we have that u(A\C) = |A|"u(C). Since (C) > 0 by the definition of a convex
body, there exists A > 0 such that H N AC contains a basis of R". In fact, any given point
of H is contained in AC for a sufficiently large value of A.

For 1 <1t < n, we define
A= /i\ng {A : AC contains a set of i linearly independent points of H} .
>
The compacity of C implics that those infima arc in fact minima. The real munber A; is
called the i-th minimum of C with respect to H. The mention of the lattice H may be

omitted when, for example, various convexes are studied and the lattice H is fixed. Since
A1 < ... < A, they are often referred to as the successive minima of C.

To each minimum A; can be associated (recursively) an element g; € A,C N H not lying
in the subspace (gl, e gi_1>R of R™ of dimension i — 1 generated by gi,...,8i-1- The
selection of the gi’s is not unique. For all 0 < A < A; we have that g; ¢ AC by construction.

Example 2.17. For the following convex body and the lattice Z?

we have that Ay = 0.5 and Ay = 2. We can choose g1 = (1,0) along with g2 = (0,1) or
g2 = (2, 1)

The following result generalizes Theorem 2.15. For more details see chapter 4 of [Sc].

Theorem 2.18 (Minkowski’s second convex body theorem, 1907). Let n € N* and let H be

a lattice of R™. Let C be a convex body in R™ and let Ay, ..., )\, be its successive minima.
Then

—V(H) <A Aap(C) < 2°V(H).
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We say that Minkowski's second convex body theorem generalizes his first convex body

theorem because if we assume that p(C) > 2"V (H) and use the above theorem, we get that

A p(C) < M- Anp(C) < 2°V(H) < ul(C).

It follows that A; < 1 and thus C contains a nonzero point of H as asserted by Theorem
2.15.

2.7. Q-structures and bilinear forms.

Let E be a real vector space of finite dimension over R. A Q-structure is a Q-subspace of
E generated by some basis of E over R. It is denoted by E(Q) and it depends on the initial
choice of basis.

Let E, F be vector spaces over R of the same dimension n < Voo, with respective Q-
structures E(Q) and F(Q). We say that a bilinear form g : E(Q) x F(Q) — Q is non-
degenerate if one of the following equivalent conditions holds :

1. The matrix (g(z;,y;)) of g is invertible for some choice of bases B = {z;} of E(Q)
and B* = {y;} of F(Q).

2. For each z € E(Q) with = # 0, there exists y € F(Q) such that g(z,y) # 0.

3. For each y € F(Q) with y # 0, there exists z € E(Q) such that g(z,y) # 0.

The equivalence of the conditions is established by considering the matrix representation
of the bilinear form

o(2.) = olE (9601 ) ol

For a non-degenerate QQ-bilinear form g : F(Q) x F(Q) — Q, we can extend g by linearity
into a R-bilinear non-degenerate application

g:ExF—-R

also denoted g.
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2.8. Duality for convex bodies and lattices.

Let the notation be as in previous section §2.7. Let C C E be a convex body. We define
the dual of C in F' as

C'={yeF;, YVzel |g(z,y)<1}

It is also a convex body.

Let A C E(Q) be a lattice in . We define the dual lattice of A with respect to g as
N={yeF, VzeA |g(zy) €L}

Note that A* C F(Q).

The lattice A can be written as A = Zz1®- - -&Zzx, for some z1, ...,z, € E(Q). Moreover,
there exists y1, ..., y, € F(Q) such that g(z;,y;) = 6;; and A* =Zy, @ - - - & Zy,.

We denote by A\;(C) the i-th minimum of C with respect to A and by X;(C*) the i-th
minimum of C* with respect to A*. When the Q-structures and the bilinear form g are clear

from the context, one often uses the notation A(C) := A;(C*) without explicit references to
A* or C*.

2.9. Duality of the minima.

The next proposition due to Mahler (see [Sc|) relates the successive minima of C with
those of C*. It provides information about the integer points in C from the study of its dual.

Proposition 2.19 (Mahler, 1939). Let n € N*, let A be a lattice of R™ and let C be a convex
body of R™. Then we have

Ai(C)An-is1(CT) >k 1

where the constant implied by the Vinogradov symbol depends only on n.

Note that Theorem 2.18 implies that we have both

AM(C) - M(C) >»< 1 and  A(C*)--- A (C) > 1.
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2.10. A particular application.

We now give a few interesting results for a particular situation that will be encountered
in Chapter 3. The use of the following bilinear form g comes from [RW].

Fix £ € R\Q and n € N*. We work in the vector space R[T]<,. All results concerning
convexes can be translated to R[T]<, if we simply identify R**! with R[T]<, in the usual
way by associating the point (xo,...,z,) to the polynomial z,7" + ...+ zo. We will use the
Q-structure Q[T']<, and the lattice Z[T|<, in R[T]<,. We define g to be the non-degenerate
bilinear form g : R[T)<, x R[T]<, — R given by

n

9(P,Q) ==Y (-1)*P¥ (0) Q" (0).

k=0

Let G(T) = Sr_, (=1)* P® (T) Q=) (T). Since G'(T) = 0, we have another way to

evaluate g as
n

g(P,Q) =) (-1)*P® (£)Q"M (¢).

k=0

In this context we have the following result :

Proposition 2.20. Let My,..., M, € Ry. Define convez bodies of R[T|<, by
C={PeRT]n; |P¥ ()] < M},
D={Q€eR[T]e; |QW(©)]< M1}

and denote by C* the dual of C with respect to the bilinear form g defined above. Then we

have

1
——DCC*CD.
n+1

Proof. For P € C, Q € D, the triangle inequality gives that |g(P, Q)| < n+ 1. This implies
that n—hD c C*.

For k =0,...,n we have that

So for each Q(T) € C* and k = 0,...,n, we have that | Q™9 (¢)| < M ' HenceC* CD. O
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It is difficult to work directly with the convex C*. Proposition 2.20 suggests that a better

approach is to work with the successive minima of D for which we have

(D) > N(CY) >< Apya—i(C).
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3. Approximation of a real number using all conjugate
roots of a polynomial

3.1. Introduction.

The object of this chapter is to prove the following two theorems.

Theorem A. Let £ € R\Q and let n € N*. There exist positive constants ci, co depending
only on € and n with the following properties.

(i) There are infinitely many algebraic numbers o of degree n such that
— -2/n
max | —a| < ¢ H(«)
Q

where the maximum is taken over all conjugates & of «.
(ii) There are infinitely many algebraic integers a of degree n + 1 such that
max [¢ — @] < e H(a) ™"

where the maximum is taken over all conjugates of @ of o with & # «.

Badly approximable real numbers are defined in §2.4 and for each such numbers, we have
the following refinement of Theorem A.

Theorem B. Let £ € R\Q be badly approzimable and let n € N*. Then there exist positive
constants ci,...,cq depending only on & and n with the following properties. For each real
number X > 1, there is an algebraic number o of degree n satisfying (i) and c3X < H(a) <
caX. There is also an algebraic integer o of degree n + 1 satisfying (i1) and csX < H(a) <
ca X .

We start by fixing a £ € R\Q and a positive integer n > 1. We construct a sequence
of polynomials of Z[T| whose derivatives at & satisfy certain conditions (Proposition 3.1).
Then we use them to produce a new sequence of irreducible polynomials satisfying specific
inhomogeneous Diophantine properties (Proposition 3.2). With Proposition 3.3 we conclude
that their roots satisfy Theorem A. Theorem B follows from an observation concerning badly
approximable numbers.
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We also prove that both results are optimal up to the value of the implied constants
1, Co. Finally, in the last part of this chapter, we provide an alternate proof to a crucial

intermediate result (Proposition 3.1) using an argument based on the duality for convex
bodies.

3.2. Construction of polynomials.

Fix an irrational real number £ € R\Q and a positive integer n > 1. For each integer ¢ > 1,
we denote by C, the convex body of R[T]<, which consists of all polynomials P € R[T]<,
satisfying

IPHE) <™ (0<k<n)
where PIl(¢) = P®)(€)/k! denotes the k-th divided derivative of P at & (the coefficient of
(T — €)% in the Taylor expansion of P at £). We first prove :

Proposition 3.1. Let g be the denominator of a convergent of £&. Then the last minimum
-1
of C; with respect to the lattice Z{T )<y, is < 2", and its first minimum is > (2”2 (n + 1)!) .

Moreover, the convex body 2"C, contains a basis of Z[T)<, over Z.

Proof. Put Ly = ¢T — p where p/q denotes a convergent of £ with denominator q. If ¢ > 1,
we also define Ly = goT — po where pg/qo is the previous convergent of ¢ (in reduced form).
If ¢ =1, we simply take Ly = 1. The theory of continued fractions tells us that these linear
forms satisfy

(3) | |Li(€)| < ¢! and |Li(€)] < g

for 7 = 0,1, and moreover that their determinant (or Wronskian) is £1 (see Proposition
2.11). The latter fact means that {Lg, L1} spans Z[T]<; over Z. Therefore the products
P, = L)L} (0 < j < n) span Z[T)<, over Z and, since the rank of Z[T]<, is n + 1, they
form in fact a basis of Z[T'|<, over Z. Using (3), we also find that

1P ()] < (Z) gFm < g (0< 5,k < n).

Thus {Fy,..., P} is a basis of Z[T|<, contained in 2"C,. This proves the last assertion of
the proposition as well as the fact that the last minimum of C, is < 2™

Identify R[T|<, with R™*! under the map which sends a polynomial ag + a1T + ... + a,T™"
to the point (ag,ay,...,a,). Then the linear map 6 : R[T]<, — R™™ given by §(P) =
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(P(€), P1(¢),..., P"(£)) has determinant 1 and so C; has volume [];_g (2¢*7") = 2n*.
Since the lattice Z[T]<, has co-volume 1 (it is identified with Z™**), it follows from Minkowski’s

second convex body theorem that the successive minima Ay, ..., A,41 of C, with respect to

Z[T)<n satisfy ((n+ 1)!)_l < A1 Agr < 10 Since Mg <L < Apgp < 27, this implies that
-1

A > (2”2(n+ 1)!) . O

The construction of polynomials given by the next proposition uses only the last assertion
of Proposition 3.1.

Proposition 3.2. Let q be the denominator of a convergent of . There ezist an irreducible
polynomial P(T) € Z[T) of degree n and an irreducible monic polynomial Q(T) € Z[T)] of
degree n+ 1 satisfying

esq™ " < [P 1QM(E)] < Besg™ ™ (0< k<)

where cs = (n + 1)2".

Proof. The last assertion of Proposition 3.1 tells us the existence of a basis {Fy, ..., P,} of
Z|T) <, satisfying

(4) IPH(e)] < 2°¢* ™ (0 <3,k <n).

Since { Py, ..., P,} is a basis of Z[T]<, over Z, we can write T"+2 = ", b;P;(T) for some
by, ..., b, € Z. Consider the polynomial

R(T) =2c;5 Y ¢ (T - ¢

k=0
where cs = (n + 1)2"*!. Since {F,..., P} is also a basis of R[T]<, over R, we can also
write R(T) = >_7_,0,;P;(T) for some fy,...,0, € R. Choose integers ao,...,a, such that
a; =b; mod 4 and |a; — ;] < 2for j =0,...,n, and define P(T) =3 7_; a; P;(T).

By construction P(T’) belongs to Z[T']|<, and is congruent to 7™ + 2 modulo 4. Thus it

is a polynomial of degree n that is irreducible over Q by virtue of Eisenstein’s criterion (for
the prime 2). Since P(T) — R(T) = >77_, (a; — 0;) P;(T), we deduce from (4) that

IPH(e) = B¥(6) <> la; — ;] |PM(E)| S cs® ™ (0 k<)
j=0

Since RIFI(€) = 2¢5¢% ™, it follows that c5q®* ™ < |PH(€)| < 3csq®* " for k = 0,...,n, as
required.
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The construction of Q(T') is similar. Write

T 42 =T £ Y W P(T) and (T — &)™ +R(T) =T+ > 6;P,(T),
=0

7=0

with bp, ..., b, € Z and 6, ... .0, € R. Choose integers ay, ..., a, such that a; = b, mod 4

and |a’ — @] <2 for j =0,...,n. Then the polynomial
7Y

QIT) =T + Z a;P;(T) € Z[T]

=0
is irreducible (by virtue of Eisenstein’s criterion for 2), monic of degree n+ 1, and it satisfies
also |QW (&) — RIE(€)| < csq®* " for k =0,...,n. O

3.3. Proof of the theorems.

Theorems A and B will be proven by combining Proposition 3.2 with the following result.

Proposition 3.3. Let £ € R, let n € N*, let § > 0 and let P be a subset of Z[T] . Suppose
that the elements of P are either polynomials of degree n or monic polynomials of degree
n+ 1. Then the following conditions are equivalent :

(i) There exists a constant cg > 0 such that |P¥(€)| < cgH(P)'~™=%)? for each P € P
and each k =0,1,...,n.

(ii) There exists a constant c; > 0 such that |€ — «| < ¢t H(P)™° for each P € P and for
n of the roots o of P, counting multiplicity.

Proof. Fix P € P and write it in the form
P(T)=ao(T — 1) (T — apy)

where m = deg P and a4, ..., a,, are the roots of P ordered so that | —a;| < ... < [§ =yl
We put € = H(P)~% and consider the polynomial

R(T) = P(eT + &) = ape™ H (T+e ' (€— o).

k=1
The height of R is
H(R) = max |R¥(0)| = max \P[k](ﬁ)\sk,

0<k<m 0<k<m
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and its Mahler measure is
M(R) = |agle™ Hmax {1,7Y¢ — aul} = |aol Hmax {e, € — aul}-
k=1 k=1

For convenience, we also define

L_{|a0| if m=n

7] max{e, | —an|} f m=n+1

so that the formula for M (R) becomes
M(R) = LHmaX {e,]€ — ax|}
k=1
(recall that aqp = 1 when m = n 4+ 1). Our argument below is based on the standard
inequalities relating these notions of heights, namely
M(R) < (m+ 1)H(R) and H(R) <2™M(R).

If condition (ii) holds, we find that M(R) < max{1,c}}e"L. We also have L <« H(P) since
lag| < H(P) and since |€ — | < max {1, |a|} < H(P) for any root « of P. Then, for each
k=0,...,n, we obtain

|PH(€)] « e *H(R) < e *"M(R) < " *H(P)

which shows that condition (i) holds.

Conversely, assume that condition (i) holds. In this case we find that H(R) < cee™H(P).
We claim that H(P) < L. If we take this for granted, we deduce that

Le" '€ — a,| < M(R) < H(R) € €"L

which implies that condition (ii) holds.

To prove the claim, we observe that

H(P) >< H(P(T +¢€)) = max |PH(¢)].

0<k<m
By hypothesis, we have |P(¢)] < cgH(P)*™ for K = 0,...,n — 1 and we also have
|Pt"(&)| = 1 if m = n + 1. Finally, we have |PP(¢)| = |ag| if m = n, and |PM(¢)| =
| S°1 (€ — ap)| < m|€ — a| if m = n+ 1, showing that |P"(€)] <« L. All this implies that
H(P) <« max{1, L}.

If L > 1, we deduce that H(P) < L as requested. If L < 1, then this gives H(P) < 1 and
we find L > e = H(P)™® > 1, thus H(P) < L is again satisfied. O
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Proof of Theorems A and B. We simply prove Part (ii) of Theorems A and B since the proof
of Part (i) is similar and slightly easier.

For each denominator q of a convergent of &, Proposition 3.2 shows the existence of an
irreducible monic polynomial () € Z[T] of degree n + 1 satisfying H(Q) >< ¢" and

|Q[k](€)| < CGH(Q)(%—")/H — CGH(Q)l_("_k)(Q/”), (0< k <n)

for some constant cg = ¢5(€,n). The family P of these polynomials satisfies the condition
(i) of Proposition 3.3 for the choice 6 = 2/n, and so it satisfies also the condition (ii) of the
same proposition for the same value of 6 and for some constant ¢;. For each Q) € P, choose
a root a of @) for which |¢ — af is maximal. Since @ is irreducible, this root « is an algebraic
integer of degree n + 1 and height H(a) = H(Q), whose conjugates @ over QQ are the n + 1
distinct roots of Q. Therefore, we get maxgq |€ — @| < c7H(a)~%™. This proves Part (ii) of
Theorem A since we find infinitely many such numbers o by varying Q. u

If € is badly approximable, the ratios of the denominators of consecutive convergents of £
are bounded. Thus, for each X > 1, there exists such a denominator ¢ with ¢ >< X/,
and so there exists @ € P with H(Q) >< X. Consequently, the root o of ) that we chose
above satisfles H(«) >« X and this proves Part (ii) of Theorem B.

3.4. Optimality of the exponents of approximation.

Let £ € R\Q and let n € N*. If n = 1, the result is optimal for any badly approximable &
(see §2.4).

If n > 2, we have that for any algebraic number « of degree n with conjugates oy, ..., ap,
the discriminant D(«) of « satisfies

n(n—1)
D(@)| < H@™ ™ T oy - il < B (2 max [£ — ai|> |

1<i<n
1<j<k<n

upon noting that, for any 7, k, we have that |a; — ax| < oy — €] + ok — €] < 2max |a; — €.
The discriminant D(«a) is a non-zero integer, its absolute value is > 1 (see Proposition
2.7), and thus we deduce that

1
max |§ — a;| > iH(a)’Q/"

1<i<n
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(compare with §5 of [Wi]). This implies that part (i) of Theorem A is optimal up to the
value of the implied constant.

Similarly, the result in part (ii) of Theorem A is optimal up to the value of the implied
constant when £ is a quadratic irrational number. To prove this, suppose that an algebraic

integer « of degree n+1 has conjugates a1, . .., v 41 distinct from € with the first n satisfying
— oyl <
(5) max € -l <1

Let Q(T') € Z[T] be the irreducible polynomial of ¢ over Z. Since « is an algebraic integer,
the product Q(a1)--- Q(c,+1) is an ordinary integer (see Proposition 2.5 ) and since it is

non-zero (because £ is not a conjugate of o), we deduce that
n+1

1< HIQ(%’)I-

For each i =1,...,n, we have |Q(a;)| < | — o since £ is a root of @ and |o;| < 1 because
of (5). We also have |Q(a,41)| < max{1,|an1]|}? since Q has degree 2. This gives

n

1<<H(a)2_HIE—ail

and consequently maxi<;<, |§ — a;| > H{a)=%".

Remark. The case where £ € Q is not interesting as it leads to much weaker estimates.
In this case, one finds that, for each algebraic number a of degree n with o # &, one has
maxg |€ — @] > H(a)~Y/", and that, for each algebraic integer a of degree n + 1 with o # &,
one has maxg, |€ — @] > H (o)™
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3.5. A different approach to Proposition 3.1.

In the proof of Proposition 3.1 we constructed explicitly a basis of solutions by using the
consecutive convergents of £&. We will now show a very similar result using an argument
involving duality of convex bodies. To this end, we first prove several technical lemmas.
Recall for any ring R, we denote by R[T]<, the set of polynomials of R[T] of degree < n.

Lemma 3.4. Let £ € R and n € N*. Suppose that a polynomial @ € R[T)<, factors as
a product Q(T) = L(T)"M(T) for some linear form L(T) € R[T)<1, some integer r €
{0,...,n} and some M(T) € R[T)<p-r. Write |L'(€)] = |L'(0)] = X for convenience and
suppose that for some 0 < ¢ < 1 we have that

ILEOI< X and  |QW(Q)| <X forall k=0,...,n.
Then we have that
(6) lM(t)(f)’ L cX2 " forall t=0,...,n—7

where the symbol K involves a constant depending only on n.

Proof. We prove (6) by descending induction on ¢, starting with ¢ = n—r. Here, the constants
implied in the Vinogradov symbols depend only on n. Looking at Q™ (¢), we find
ILEOF M ()] < 1QM(E)] < eX™
= |M®=)(€)] < X
Now assume that (6) holds for each t € {N + 1,...,n — r} where N is some integer with
0< N<n-—r. Wefind

r—1

QUHNI(€) = (Z %L(é)“%’(@sw*””(&)) +a. L& MP(¢€)
s=0
for some positive integers ay,...,a, depending only on r,n and N. For all terms in the

sum, we use the upper bound (6) provided by the induction hypothesis and the fact that
M®(€) =0 when t > n — r since deg(M) <n—r. For s=0,...,7 — 1 this gives

LE L M=) « X0 xecx2rs-d-mis
< Cx?(r-}-N)—-n
As |QUH(€)| < eXHr+N)=n by hypothesis, we deduce that
IL'(E)TM(N)(§)| < CXQ(T+N)-n
= [MWN()] < X
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which completes the induction step. 0

Corollary 3.5. Let ¢ € R,n € N* and L(T) = ¢qT — p € Z[T) be such that |L(§)] < ¢!
and ged(p, q) = 1. There exists a constant ¢ = c(n) > 0 with the following property. Any
polynomial Q(T) € Z{T)<, which satisfies

(7) Q)] < ™™ VE=0,...,n

has the form Q(T) = agL(T)" for some ag € Z.

Proof. Suppose that a polynomial Q(T) € Z[T)<, satisfies (7) for some constant ¢ with
0 < ¢ < 1. Let r > 0 be the largest integer such that L” divides @ in Q[T"]. Write @ = L™ M,
and put X = |¢|. By Gauss’ lemma we have that M(T') € Z[T] since ged(p,q) =1. lf r =n
we are done, so assume that 7 < n. We have that M(p/q) # 0 by the maximality of r.

By the previous Lemma 3.4, we have that |M® ()] < ¢;cX?~ ™" foreacht =0,...,n —r
and some constant ¢; = ¢1(n) > 0. Since ¢""M(p/q) € Z\{O} we have
. n—r M(t t
1< g™ " M(p/g)| = ( —5))

g p - g6)*

Mwm

Y (&)L (€)L&

t=0

< cchXQt_("-T)X"*T_tX"t < (n+1)age.

t=0
This is impaossible if ¢ < ((n 4 1)c;) . d

Proposition 3.6. Let £ € R,n € N*. For ¢ > 0 sufficiently small, there are arbitrarily large

values of X € R* such that
(8) QW) <eX® ™ (k=0,...,n)
has no nonzero solution Q(T) € Z[T)<n.

Proof. Suppose that this proposition does not hold. Then for all ¢ > 0 there exists Xj such
that for all X > Xj we have a nonzero Q(T') € Z[T<, satisfying (8). Choose ¢ to be the
minimum between % and the constant c¢(n) > 0 provided by Corollary 3.5. We proceed to
the construction of a sequence of best approximations. Our construction here is inspired by



26

Davenport and Schmidt’s method in [DS]. Their method shall be followed more closely in
§5.3. Refer to that section for more information.

Define
E(X) = {Q € Z[T]<\{0} ‘ QW) <X (k=0,... m)}
and for Q € E(X), define
W(Q) = Sup, {X | QeEX)}.

For any X we have that E(X) is finite. Since E(X) C Z[T)<, and since £ ¢ Q, we have that
W(Q) < oo for each Q) € E(X). Therefore the large inequality in the definition of F(X)
ensures that the supremum in the definition of W(Q) is achieved, so @ € E(W(Q)).

For the given choice of X, mentioned above, choose @y € E(Xj) to be such that

W(Qo) = max W(Q).

QEE(Xo)

The choice of g is not unique, but it is of no consequence. We say that () is the best
approzimation available at Xj.

Let X; > Xy be the smallest positive real number such that there exists Q € E(X;) with
W(Q) > W(Qo). Choose ¢); € E(X;) to be such that

W(@Q1) = Q£?§1)W(Q)'

Repeat the process to have X; > X; and some ()5 defined in an analogous way. Continuing
indefinitely, we get a sequence {(X;, Q:)};», such that

(1) Xo< X1 < ...

(i) W(Q) < W(Qy) < ...

Note that this construction of the sequence of best approximations does not depend on our
initial hypothesis that Proposition 3.6 does not hold.

The hypothesis that E(X) is not empty for X > Xy, in conjunction with the above
property (iii), implies that for all X € [X;, X;41) thereis a Q € E(X) with W(Q) < W(Q;).
Thus, for any index ¢ > 0 and for all € > 0 sufficiently small, we have that Q; € E(X;41 —¢)
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and so
QP ()] < e(Xan =™ (k=0,...,m).
Hence for all i > 0 we have that
QP | < exBr (k=0,...,m)
and thus, as Q; € E(X;), we have that
‘ng) (5)‘ < max {cXF " XY (k=0,...,n).

Note that by the maximality condition involved in the construction of the Q);, we have that
they are all of content 1 and that @); and ();;; are linearly independant.

From the theory of continued fractions (see §2.4), there are infinitely many convergents
p/q of € such that |q€ — p| < ¢~!. Choose a convergent p/q with ¢ > Xj, and choose i > 0
such that X; < ¢ < X;,;. We find that

X*m < g i 2k—n>0
X< if 2k—n <0

and hence IQEk) (5)} <cg?®fork=0,...,n. Let L(T) = qT—p. We have that |L(£)| < ¢!
and that L has content 1.

Applying Corollary 3.5 to L and Q, we get that Q;(€) = ag (¢T — p)™ with ag € Z. It then
Q" (0)] <

follows that IQE") (f)l = |ag|nlg™, in contradiction with the assumption that

2n—-n

cq < ¢". This concludes the proof.

Remark. The presence of the convergeﬁts of ¢ are the essential ingredient to this proof by
contradiction. When ¢ is badly approximable so that the convergents (p;/q;)i>o are such
that ¢; >< ¢;y1, the proof can be adapted to show that (8) admits no nonzero solution for
any sufficiently large X € R*, as asserted by Theorem B.

O
Proposition 3.7. Let £ € R,n € N and let ¢, X € R*. Let Cx be the convex body defined by
Cx ={PeR[T)<n ; [PP()]< X},

If ¢ 1s sufficiently large, then there are arbitrarily large values of X € R such that Cx contains
n+ 1 points of Z|T)<, that are linearly independent over R.
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Proof. Consider the lattice Z[T'|<, in R[T]<, and the bilinear form g : R[T]<, x R[T]<, — R
given by (see §2.10)

n

g(P,Q) =) (-1)" PP (6 Q"M (¢).

k=0
Let

Dx = {Q€R[T<n; [QW(§)] < T XEIH™ = 71 x%n)
By Proposition 3.6, for ¢ sufficiently large there are arbitrarily large values of X € R* such
that Dx N Z{T]<, = {0}. Moreover, from Proposition 2.20 we have that
1
n+1
so for those values of X we have that C} NZ[T|<, = {0}. Proposition 2.19 connects the first
minimum of Cx with the last minimum of Cx. So there is a constant ¢y = co(n) such that

Dx CCx € Dx

when A;(C%) > 1, we have that A,11(coCx) < 1. Thus if we choose c in the definition of Cx
to be large enough, there are arbitrarily large values of X € R* such that Cx contains n + 1
points of Z[T)<, that are linearly independent over R. O
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4. Preliminaries and basic results on number fields

4.1. Number fields, ring of integers and discriminant.
A number field is a field K C C of finite degree over Q.

Let n = [K : Q] be the degree of K over Q. Since Q is of characteristic 0, we have n
different isomorphisms of K into C fixing Q. Let o04,..., 0, be those Q-isomorphisms. For
each z € K. we define

n

Tr(z) = Z oi(z) € Q, called the trace of z,

i=1

N(z) := Hai(x) € Q, called the norm of z.
i=1

Example 4.1. Let K be a number field of degree 2. Then there exists a nonzero square-free
integer d € Z such that K = Q(\/E). The two Q-isomorphisms of K into C are

id : K — C d o K - C
a+b/d — a+b/d an a+b/d — a—bJ/d

We find that Tr(a + bv/d) = 2a and N(a + bv/d) = a® — db®.

The ring of integers of K, denoted by Ok, is the set of x € K such that z is the root of

a monic polynomial with coefficients in Z. As the name suggests, Ok is a subring of K. It
is a free Z-module of rank n = [K : Q).

The discriminant of K is defined to be Dy := det (0;(w;))* where B = (wy, ... ,wy) is any
basis of Ok over Z. It can be shown that it is independent of the choice of the basis B.
Moreover, we have that Dg = det (Tr(wiw;)) € Z. '

Example 4.2. Let d € Z be square-free and K = Q(+/d) be a quadratic number field.
Then
(1,v/d) if d#1 mod4
B=
(1, 1%‘/—‘—1) otherwise
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is a basis of Ok over Z. The discriminant of K is

2 0 )
det[O .‘Zd}_[ld if d#1 mod4
K =
det { ? 1_41__(1 } =d otherwise.
D)

Number fields of degree 2 over Q are said to be quadratic. As mentioned in Example
4.1, they are all of the form Q(\/E) for some nonzero square-free d € Z. 1If d < 0, then
K = Q(\/c_l) is said to be an imaginary quadratic field. In such a case, we have that Ok is a
discrete subgroup of C of rank 2. If d > 0, we say that Q(\/c_i) is a real quadratic field.

4.2. Fractional ideals, unique factorization and norms.

A fractional ideal of Ok is an Og-module a of K such that there exists a nonzero t € Og
satisfying ta C Og. The product of two fractional ideals a, b is defined as the set of all finite
sums »_ z;y; with z; € a and y; € b. We denote it by ab. It is also a fractional ideal of O.
The set of all fractional ideals of Ok is denoted by Ix. The ideals of Ok in the traditional
sense are referred to as integral ideals of Ok to avoid possible confusion.

The ring of integers O is a Dedekind ring. From this we get that every fractional ideal a
can be written in a unique way as a product a = HpeP p™ (%) where P is the set of all prime
integral ideals of Ok and the ny(a) € Z are almost all zero. Thus the set Iy of fractional
ideals of Ok forms a free abelian group with respect to the product of ideals.

We define the norm of an integral ideal I of Ok as N(I) = card (O /I). It is multiplicative
in the sense that N(1J) = N(I)N(J) for any ideals I and J of Ok. For any nonzero z € O,
we note that the previous definition of the norm of z agrees with the norm of the principal
ideal 2Ok of Ok in the sense that N(z) = card (Ok/zOk). In the case of a fractional ideal
a= Hpe73 p™ (%) we extend the notion of norm by putting

N(a) = [[ Ve
peP

Then, for any two nonzero fractional ideals a and b of Ok (which could be integral ideals),
we have that N(ab) = N(a)N(b) in the same way that for z,y € Ok we have that N(zy) =
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N(z)N(y). In both those situations, we have that the norm of a nonzero integral element is
a nonzero integer.

A principal fractional ideal is a fractional ideal generated over Ok by one element of K.
The set F(K) of principal fractional ideals of Ok forms a subgroup of Ix. The quotient
I /F(K) is called the group of classes of fractional ideals of K.

In chapter 5, we will make repeated use of the fact due to Minkowski (see §4.3 of [Sam])
that in any class of fractional ideals of K, there is an integral ideal J of Ok such that

N(J) £ +/|Dkl|.

We now look at the multiplicative subgroup O3 of Ok formed by the invertible elements
of Ok. It can be shown that for z € Ok, we have that x € O}, <= N(z) = £1. Moreover,
the group of roots of unity in K is finite and cyclic. In general, O} is a finitely generated
abelian group (see §4.4 of [Sam|). For quadratic imaginary fields K, the group O} is finite
and we have :

Example 4.3. Let d € N* be square-free and let K = Q(v/—d), then we have that

+1 if d#1,3
O = (21,4} if d=1
{£1,4p, +p*} if d=3
where p = ¢’ = “1+T‘/__3 See §4.5 of [Sam)] for details.

4.3. Height of a subspace, orthogonal subspaces.

Let K be the field Q or imaginary quadratic field and let Og be its ring of integers. Let
I < m be positive integers, let S be a subspace of K™ of dimension [, and let M be an [ x m
matrix with coefficients in K whose rows form a basis of S over K. Finally, let E be the

set of minors of order | of M and let <E>(9K denote the fractional ideal generated by E over
Ok. We define the height of S as

max,eg |w|

N({(E)o,)

H(S) :=

We claim that H(S) is independent of the choice of M.
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Proof. For the purposes of this demonstration, let Hj;(S) denote the height of S computed
using the matrix M.

Let M; be a matrix obtained from M using only elementary row operations over K (i.e.
adding a row multiplied by a factor in K to another row, permuting rows). Let E; be the
set. of minors of order [ of M;. The minors of M are unaffected by adding a multiple of a

row to another row and permutations of rows may only change the sign of the minors, so
Ey = +FE as sets. It follows that (E1), = (E)y, and so Hy,(S) = Hy/(S).

Let t € K\{0} and let Mj be the matrix obtained from M by multiplying some row of M
by t. Using the same notation as above, we have that Ep =tE and (Ey),, =t(E)g,, s0

maxge g, |6'| . omaXyuepltw| | maxuerp|w|

SN (Be) N (B)ey) VNG N ((E),)

Hyp,(S) = Hp(S).

Finally, let M3 be any [ x m matrix with coefficients in K whose rows form a basis of S
over K. We can obtain M3 by performing elementary row operations on M and multiplying
rows by factors in K* if required. Hence the height H(S) is not affected bv the choice of
M. Note that this also implies that, without loss of generality, we may choose the matrix
M with coefficients in Og. O

Given a subspace S C K™ of dimension [, we define the orthogonal of S, denoted by S+,
to be
St= {y € Km‘ (x,y)=0 forall xe S},

where ( , ) is the standard non-degenerate bilinear form on K™. From classic linear
algebra we know that St is a subspace of K™ with

dim(S) + dim(S*) = m.
Moreover, from Schmidt in [ScE] we have that

H(S) = H(SY).
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5. Approximation over an imaginary quadratic field

5.1. Introduction.

In the first part this chapter, we extend the main result of Davenport and Schmidt’s paper
[DS] to the context of an imaginary quadratic field K. The original result is the following :

Theorem DS2a (1969). Suppose that n > 2 and that ¢ € R is not an algebraic number of
degree at most n/2. Let A = [n/2|™'. Then there are arbitrarily large values of X such that
the inequalities

lzo| < X, |5U0§k—$k[SCX_’\ (k=1,...,n)

where ¢ is a suitable positive number depending on n and &, have no solution in integers
Zg,...,Zn not all 0.

This result has been slightly improved by Michel Laurent in [Lau] who proved it with
A= [n/2]~!. His proof also simplifies that of [DS] and so we follow more closely Michel
Laurent in extending the above result. Our objective is to demonstrate the following, which
is the main result of this section.

Theorem 5.1. Let K be an imaginary quadratic number ficld and let Ok be the ring of
integers of K. Let £ € C and n € N* be such that £ is not algebraic of degree at most n/2
over K. Let A = |n/2|™!. Then there are arbitrarily large values of X € RY such that the
inequalities

|zo| < X, |zot® — | <X (k=1,...,n)

where ¢ is a suitable positive number depending onn and &, have no solution g, ..., z, € Ok
not all 0.

We will start with a few general lemmas concerning vector spaces over K and then proceed
to the construction of the sequence of best approzimations. Reasoning by contradiction, we
will assume in §5.4 that Theorem 5.1 does not hold and deduce strong properties for our
approximations. The lemmas on vector spaces will then lead to the required contradiction.

In the case where n = 2, Davenport & Schmidt had a stronger result. In their article [DS]
they prove the following
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Theorem DS1a (1969). Suppose that € is neither rational nor a quadratic irrational. Let
A = (=1 4++5)/2 = 0.618. Then there are arbitrarily large values of X such that the
inequalities

Tl <X, Jwol — x| <X, |zl -z <eXH
where ¢ is a suitable positive number depending on &, have no solution in integers xqg, T1, T2,
not all 0.

In the second part of this chapter, we will extend Theorem DSla to the context of an
imaginary quadratic field K :

Theorem 5.2. Let K be an imaginary quadratic number field and let Ok be the ring of
integers of K. Let € € C be transcendental over K or algebraic over K of degree > 2. Let
A= (=14 +/5)/2 ~ 0.618. Then there ezists a constant ¢ = c(&, K) > 0 for which there are
arbitrarily large values of X € R such that the inequalities

(9) ol <X, Jzef— @] <X, o€ —xa| < X7

~ 3
have no nonzero solution (xg,z1,72) € Ok.

D.Roy shows in [RoC] that Theorem DSla is optimal. His result also shows the optimality
of our Theorem 5.2.

We work over a quadratic imaginary number field K because, apart from Q, this is the
only field whose ring of integers is discrete in C.



Main result of Davenport & Schmidt, general case n > 2

5.2. Some lemmas on vector spaces.

The results of this section apply in general to any number field K C C and its ring of
integers Og. The first lemma is a special case of a result of Roy and Waldschmidt (sce §5
of [RW]). Our proof, however, is different.

Lemma 5.3. Let ag,...,a, € K. Consider the matrix
a - a
A= m rows
ap - ap

with m rows, m + h columns and zeros in the unspecified entries. Let Z be the mazimum
of all the absolute values of its minors of order m. Then Z >< max {|ag|,...,|an|}™ for
some constants depending only on m and h.

Proof. Let M = max{]agl,...,|an]}. We start by noting that Z < m!M and that Z = 0 iff
M = 0. Thus we need only to prove that Z > M™ assuming that M # 0.

For this proof we use a function ¢ : {1,...,n} — R satisfying the inequalities
(10) 0<p(0) <p(l)<...<ph)=1
(11) wlk+1)™ > mlp(k) for k=0,...,h— 1L

An example of such a ¢ will be given at the end of the proof.

If |ag] > Mp(0), we have that the absolute value of the determinant of the first leftmost
m columns of A is M™p(0)™ > M™ and the lemma is proven. Hence we can assume that
lag| < M(0). Under this hypothesis let s < h be the largest integer for which |as| < M(s)
holds.

If s = h, we have that |ax| < Mp(k) < M = max {|ag|,...,|an|} forall k =0, ..., h which
contradicts the fact that the maximum comes from some element among |agl, ..., |ax|.

As s < h, we now have that

lag] < Mp(k) for k=0,...,s and |as1|> Mp(s+1).
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We turn our attention to the m x m submatrix

Us+1 As42
as Qg1

AO =
Us41
extracted from columns s+ 2 to s +m + 1. We expand its determinant as a sum of m! terms
ayg, — asa5+2agﬁr’12 + -+ and we denote by M, the maximum over the absolute values of all
terms other than the leading term af} ;.

It is easy to see that each terms except a7}, is a product of m coefficients of Ay with at
least one below the diagonal of Ag. The coefficients below the diagonal are either 0 or of the
form a, for some 7 < s+ 1. Since |a.| < Mp(r) < My(s) for r =0, ..., s, we deduce that

My < o(s)MM™ ! = p(s)M™
Thus we have that
| det(Ao)| > lagiq| — mlp(s)M™ > M™ (p(s + 1)™ —mlp(s)) > M™

The constant in the last symbol > depends only on m, h and the choice of ¢. Indeed the
condition (11) ensures that

: m
Jin, (p(k+1) mlp(k)) > 0.

As Z > |det(Ag)| we conclude that Z > M™ . It remains only to give an example of an
appropriate function ¢. We set ¢(h) = 1 and define recursively

_ph—k+1)" _
olh —k) = o] for k=1,...,h
Since I
—k+1)m
olh—k) < il m'+ ) <ph—-k+1)
the function ¢ satisfies both required inequalities (10) and (11). O

The following lemma computes the ideal generated by the minors of maximal order of a
certain matrix.

Lemma 5.4. Let h,m € N*, let ag,...,a, € Ok and let [ = (ay, .. .,ap) be the ideal of Ok
generated by ag,...,ay. Let
ag - ap
A= m  rows
ag -+ a
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where the unspecified coefficients in A are all zeros. Let [, be the ideal of Ok generated by
the minors of order m of A. Then I, = I™.

Proof. Let E be the set of all monomials of degree m in ay, .. ., a, with leading coefficient 1.
All elements of F can be written in a unique way as a,, - - - a,,, forsome0 <r; < ... <7, <h.
We use this to define the usual lexicographical ordering on E, that is

Qry - A, < Qg, -+ Qg,, <= the minimal index j for which r; # s; is such that r; < s;.

m

We have quite trivially that 74 C I™ as the minors of order order m of A are homogeneous
polynomials of degree m in ay, ..., a.

Suppose now that I4 # I™ and let ag, - - - a5, be the minimal element of £ with respect

to our ordering which satisfies ag, - - - as,, ¢ Ia.

By choosing the appropriate m columns from A, it is possible to form a matrix having

Qg,, .- -, Qs,, as diagonal entries :

as,
s,

asm

For j = 1,...,m, the coeflicients of the j-th column below the diagonal consists either of
zeros or coefficients a, with r < s;. We expand the determinant of S along the leftmost
column. Because of the particular form of S, we get that

g,

a
. are strictly smaller than ag, - - - a5, with re-

Qsy linear combination of elements of £ which®
- aSI + < >
s spect to the ordering defined on F.

Qg m

m

We repeat this process once more, again expanding the sub-determinant with respect to the
leftmost column, to have that

As, sy

. linear combination of elements of £ which
a81 - = asl asz

are strictly smaller than a;, - - - a;

m'’

asm. Qs

m

We eventually get that

det(S) = as, - - as

m

linear combination of elements of E which
are strictly smaller than ag, -- - as,,.
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Since as, - - - a,,, is the minimal element of E not belonging to /4, we have that all the other

m

terms in the expansion of det(S) are in I4. But det(S) € I, since det(S) is a minor of order
m of A. Thus we get that a,, - --as,, € [4. This contradiction comes from the assumption
I™\1, is non-empty. Hence I4 = I™. O

The next lemma is due to Michel Laurent (Lemma 2 of {Lau]).

Lemma 5.5. Let ag,...,a, and by, ...,by be two sequences of h + 1 complex numbers. Let
m be a positive integer. Suppose that the two vector subspaces of C*™ generated over C by
the m rows of the m x (h +m) matrices

ao PR a’h bo PSS bh
and
aO o o a’h, bO PR bh

are equal. Then there exists a nonzero complex number p such that ay = pby for 0 < k < h.

Proof. Consider the polynomials
A=ap+...+apX" and B=by+...+bX"

We look at the equality of the vector spaces spanned by the rows of the two above matrices
as an equality between the two vector spaces

A-ClX]<m1 = B - ClX]<m

in C[X]<pim-1. As 1 € C[X]<m-1, we have that A divides B and B divides A in C[X], so
A = pB for some p € C. If p =0, we have A = B = 0 and we can choose p' = 1 instead of p
to have A =0 = p’B. So without loss of generality we can assume that p # 0, proving the
lemma. g

5.3. Construction of the sequence of best approximations.

For the remainder of this chapter, we let K be a quadratic imaginary number field so that
its ring of integers Of is discrete in C. We also fix £ € C with [K(§) : K] > n/2.
For x = (20, ...,T,) € O™, define

Ble) = o lmol” —
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and
E(X,L)= {(xo,...,a:n) € Ot 1<|zg| £ X and L(zg,...,z,) < L}.

Note that as £ ¢ K we have
L(X) > |£EQ§ - SL‘ll >0

for any x € OF'! such that zy # 0. Moreover, if L(x) < L for some nonzero x € O}t! and
some L < 1, then we must have that o # 0 (because otherwise L(x) = max |zx| > 1) and
so, X belongs to E(X, L).

We start with the construction of the sequence of best approximations and deduce a few
interesting properties that result from this construction. Theorem 5.1 claims that there
exists a ¢ > 0 such that E(X,cX~*) = 0 for arbitrarily large values of X. By assuming in
§5.4 that Theorem 5.1 does not hold, we obtain additional properties for the sequence of
best approximations. Ultimately, these properties will lead to a contradiction.

5.3.1. General construction.

We first note the following consequence of Minkowski’s first convex theorem. It shows
that for some ¢ = c(n, K) we have that E(X,cX /") is not empty for any X > 1.

Lemma 5.6. There exists ¢ = c(n, K) > 0 such that the inequalities

lzo] < X
(12) ook ~ | X7
| o™ — a:n] < exTUn
have a nonzero solution (g, ..., x,) € OF" for each X > 1.

Proof. The volume of the convex body of C**! defined by (12) is #"*!c™ and the co-volume

n+1
of O in C**! is (%\/]DKD . By Minkowski’s first convex body theorem, (12) has a
ntl

nonzero solution in Q%" if ¢ > <%\/ |DK|) T O

The next lemma provides the construction of the so-called sequence of best approzrimations.
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Lemma 5.7. There ezists a sequence (Xi),», of points of OB such that, if we put X; = |z;0],
then the following properties hold :

(a) 0<X1<X2<X3<..,
(b) 1> L(x1) > L(x2) > L(x3) > ...
(¢) if L(x) < L(x;) for some x € OF™ with g # 0 and i > 1, then |zo| > Xiy1.

Proof. Note that, since Ok is discrete in C, the set E(X, L) is finite for each X and L. As
¢ € K, we have that L(x) > 0 for all x € O%"'. By Lemma 5.6 we know that for each L > 0
there exists X € R* sufficiently large so that E(X, L) # 0.

Let X7 > 1 be the smallest positive real X such that E(X,1) # . As F(Xi,1) is finite,
we can choose x; € E(X1,1) so that
L = in L(x).
o) = i, L
There can be more than one candidate for the choice of x; but it is of no consequence. Note

that by the minimality of X; we have that X; = |z10|, where z; ¢ is the first coefficient of
x,. Write L = L(x;) for convenience.

Since L, > 0, there exists a smallest value of X, € R* such that F(X,, L;) # 0. Note the
strict inequality in the definition of E(X, L). By the definition of L;, we have that X, > Xj.
We choose x; € E(X3, L1) such that

By the minimality of X, we have that Xy = |z2¢|, where z50 is the first coefficient of x,.
We let Ly := L(x2) and we note that L; > Lo and X; < X5 by construction.

This process can be repeated indefinitely to produce a sequence (x;) i>1 satisfying properties
(a) and (b) of the lemma. To show that it satisfies property (c) as well, let x = (o, ..., z,) € OF'!
with zo # 0 be such that L(x) < L(x;) for some i > 1.

Recall that X, is defined to be smallest positive real for which we have that E(X; 1, L;) # 0.
As L(x) < L; the minimality of X;,, implies that |zo| > X;41. This proves the last property
(c) and concludes the proof of the lemma. O
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5.3.2. Special properties.

We deduce a few more interesting properties for the sequence (x;) i>1 Just constructed.

Lemma 5.8. The coordinates of x; = (Zig, Zi1,---,Zin) cannot share a common factor in
Ok other than a root of unity. Moreover, the ideal of Ok generated by the coordinates of X;

has norm < /| Dk].

Proof. Suppose that a nonzero t € Ok is a common factor of the coordinates of x; and write
x; = tz with z € O}, Then

Xi = [t]]20] and L (x;) = [t|L(2).

Recall that |t > 1 for any nonzero t € O and that |t| = 1 only if ¢ is a root of 1. If
|t| > 1 we have L(z) < L(x;) and |z| < X;. By property (c) of Lemma 5.7, we have that
L(z) < L(x;) implies |zp| > X;4+1 > X; which is a contradiction. Hence [t| =1 and ¢ is a
root, of unity.

Let I be the ideal of O generated by the coordinates of x;. To show that N(I) < /|Dk],
suppose that on the contrary we have N(I) > /| Dk].

By a theorem of Minkowski (see §4.2), there exists an ideal J of Ok of norm N(J) <
\/|_D—K| in the same class as I. Choose a € K* such that J = al and put z = a x;.
Then z belongs to Q%! since its coordinates are in J. Moreover, we have |a| < 1 since
N(J) = |a|>N(I) by properties of the norms and N(J) < N(I) by hypothesis. This implies
that |29] < X; = |z:0| and L(z) < L(x;), which gives a contradiction like that of the previous
paragraph, using property (c) of Lemma 5.7. O

Lemma 5.9. For each © > 1, the elements x; and x;11 are linearly independant over K.

Proof. Assuming this to be false, we have that x; = tx;41 for some t € K. If |t| > 1 we have
that X;41 < X; and if |t| < 1 we have that L(x;) = |t|L(xi+1) < L(Xit+1), both contradicting
the construction of the sequence in Lemma 5.7. 0

5.4. Specific properties coming from the negation of Theorem 5.1.
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The negation of Theorem 5.1 is the statement that for any ¢ > 0 there is some Xy € R
sufficiently large so that for all X > X there exists x = (zg,...,3,) € E(X,cX ) with
1 < |zp| < X and L(x) < ¢X~*. Fix such a choice of ¢ and Xj,.

Recall that the inequality 1 < |zg| follows from L(x) < 1 if x # 0. The value Xq here is
not to be confused with the X1, Xy, ... in the sequence of best approximations. For the next
result we will ask that the indices ¢ involved are such that X;.; > Xj.

Lemma 5.10. For each sufficiently large 1, we have

(13) Lix;) < X,

Proof. By property (c) of Lemma 5.7 we have that X < X;4; and x € E(X,1) imply

L(x) > L(x;). The negation of Theorem 5.1 gives in particular that for any small € > 0 there

is some nonzero x € F (Xi+1 —€,¢c(Xip1 — e)”’\) such that L(x;) < L{x) < ¢(Xi41 — e)_’\.

As this holds for all small € > 0, we get our result. 0

Finally, note that from |z;9| = X; and (13) we deduce that
max {|zi1], ..., [Tial} < (1+ max{|¢, [¢]"}) Xi < (2+[€]") X;
and that for 0 < k,[ < n we have

(14) |2k — 27! = |win€ ™ — @0 + mio — €7 < (JE17F +1€17Y) e XA

5.5. Relations between coordinates of the best approximations.

We will now study different properties of the points (x;),-, forming the sequence of best
approximations. As we first deal with only one such point at a time, we let X; = (yg,..-,Yn)
to lighten the notation.

For integers h < n, we define the h-th circulant matriz of (yo,...,yn) to be the following
(h+1) x (n— h+ 1) matrix
Yo Y1 - Yn-h
M, = y_1 y.2 T y'n—‘h+1

Y Yn+1 o UYn
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Lemma 5.11. Suppose that n > 2h and cXijrA1 < 1. Let S be a square matriz formed by
taking h + 1 distinct columns from the h-th circulent matriz My. Then

|det(S)] < (h+ 1)lc" (2 + €)™ X X3P

Proof. We can write S as

Yio Yi T Yin

S — . . .
Yio+h Yn+h *°° Yinth

for distinet jo < -+ < j, € {0,...,n — h}. From (14) we have that
lye —w* Y <@+ M) eXyy  for0<i<k<n

The determinant of S is unchanged if we subtract from each column (except the first) the

product of the first column by an appropriate power of £ , so

Yo Y =&y Y — ER Ty

|det(S)| = : :
Yiorh Ynth = Yjon o Yjprn — EP Yo un

The coefficients from the first column have absolute value < (2 + |£|") X; and those from all

the others have absolute value < (2 + [£|") cX;}}, hence
n n — h n —_
|det(S)] < (h+ D)H2+IE1") Xi (c(2+ €M) X)) < (h+ DI 2+ €)™ XX
O

Let h; be the smallest non-negative integer h such that rank (M) < h. Note that if h = 0
the matrix M} has rank 1, so we have at least 1 < h;.

Lemma 5.12. Suppose that ¢ is small in terms of n and €. Then for any i > 1 we have the
upper bound h; < A7t = |n/2].

Proof. Assume that ¢ < (2+ [€]") % (n + 1)~ and put h = A~! = |n/2]. By the previous
Lemma 5.11, all minors of order (h + 1) of M}, have absolute value bounded above by

(h+ DI 2+ 16 XX < (h+ Dk 2+ ¢ < 1.
- +

As the minors are elements of Ok, we must have that all minors of order (h + 1) of M,
are zero, so rank (Mp) < h. Now h; is the smallest integer for which this happens, so
h; < |n/2]. m
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It follows from the minimality of h; that

Yo h  Yn—h,
My, = | : : has rank < A,
Yr, Yni+1 - Yn
Yo Y1 0 Yn-hi+1
My, , = : : : has rank h;.
Yri-1 Yn; - Yn

Note that although these matrices share a large portion of entries, none is a submatrix of
the other.

As M, has rank < h;, some nontrivial K-linear combination of its rows is equal to zero.
Let a((f), . ,af;) be the coefficients of such a linear combination, which can be assumed
without loss of generality to be in Og. Moreover, we claim that we may assume that the

ideal I = (a(()i), . ,affi)) of Ok has norm N(I) < +/|Dgl|.

Indeed, by a theorem of Minkowski (see §4.2), there is an ideal J of Ok of norm N(J) <
VIDk| in the same class as I. Let t € K* be such that J = ¢I and write b; = tag-i) for
0 < j < h;. We have that by,...,bs, € J C Ok and (by,...,by,)p, = J. Using the
coefficients b; we get a nontrivial K-linear combination of the rows of M;, which vanishes.
This proves the claim.

We have
af)i)[yo oo yn—hi]+a§i)[y1 Y2 oo oo yn—hi+1]+"'+a§f,.)[yhi Yoo 0 Ya] =0

which can be written in a more compact form as

(15) aly; +allyi o+ ayi =0 (G =0,...,n—hy).
Let P(T) =al + T+ + agi)Thi so that H(FP;) = max {]agi’)L C IaSi)I}.

Lemma 5.13. For any sufficiently large i, we have that H(P;) < xHn

i .



Proof. Let

a(()hi) L ag:i)
A= n — 2h; + 2 rows, n — h; + 2 columns
CL(Ohi) . ag’:i)

where the unspecified coefficients in A are all zeros. Let I be the ideal of Ok generated by
the a(()h’), . ,aﬁl}:") of norm < \/W Let I4 be the ideal of Ok generated by the minors of
order n — 2h; + 2 of A. By Lemma 5.4 we have that I, = [""2%+2_ Since N(I) < +/|Dk|
we get that N(I,) < |Dg|m~2h+2/2 « 1.

Let Lq,..., Ly, denote the rows of My,_; and Ry, ..., R,_on,+2 denote the rows of A. Let
S=(L1,...,Lp)x C K" "+2 Because Mp,_; has rank h;, we have that dim S = h; and so
the orthogonal space S+ has dimension n — 2h; + 2. The rows Ry, ..., R, _op, 42 are linearly
independent over K and they belong to St since they satisfy L,RT = 0 for all 1 < 7 < h;
and 1 < s <n— 2h; + 2 by virtue of (15). Hence S* = (Ry,..., Ro_on,42) -

By Lemma 5.11 we have that the maximum of the absolute values of the minors of order
h; of My,_y are < X, (cXijr’\l)hﬁl. Hence. using the definition of the height given in §4.3
and the fact that integral ideals have a nonzero integer norm, we have that

H(S) < X: (eX )M < X1,

Let Z be the maximum of the absolute values of the minors of order h; of A. By Lemma
5.3, we have that

) }n—2h¢+2

Z >« max {‘a(()i)|, R Iagl? - H(]Di)n—ghi+2.

The height of St is
Z

VN (1)

As 1 < N(I4) < 1, we deduce that H(S*) >« Z. Again from the theory presented in
§4.3, we have that H(S) = H(S") and thus

H(S*) =

1—(h;—=1)A
(16) H(Pz) < Zl/(n_QhH'Z) & Xin—2hi+2
Let f(z) = l—n% and compute its first derivative

(n — 2z + 2)?  (n—20+2)2
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As A = |n/2|7! > 2/n, we have that f'(z) < 0 for z € [1,n/2] and so f(z) is decreasing on
that interval. By the inequality h; < |n/2] we have
— (h; = A 1= (z— 1A
T« ——=f(1)=1
nothr2 S o2z IR

and so by (16) we conclude that H(P) < X" O

Lemma 5.14. For any sufficiently large i, we have

IPz(fﬂ < CXin Xz-i-)i

Proof. Recall that

So, we can write

wFi(€) = Z yf _Zak yk—iaﬁf)(yoﬁ’“—yk).
=0

k=0
Using the estimates

|yo&" —yk|<c 2 (0<k<n),

' A Yol =
‘ 1/" (0<k<n) (coming from Lemma 5.13 )
- 1/n vy —
we deduce that |B,(€)| < ¢X; ' X X = cX" thl O
In the same way that we wrote x; = (vq, . - ., y») for simplicity, we now let x;_1 = (2q, ..., 25)

to work on relations between x; and x;_; for some general index 1.

Lemma 5.15. Suppose that i is large enough. Then the coordinates of xi_1 satisfy the same

linear recurrence relations
(17) a((f)z]—l—a()zjﬂ+---+a§3zj+hi=O (7=0,...,n—hy).
as the coordinates of x; (see (15)).

Proof. For j =0,...,n — h; we have

hi
1 1 i hi
5P() = a2 + alzjer + -+ 0 zjun, + Zafg (76"~ 2j4x)
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It follows that

0f'zj + a2 4+ + a2, | < Xiot |PiE) + H(P)Licy

1 1
< X X! X A+cXr XM <e

The left side of an integer. So it must vanish if we assume that c is sufficiently small. g

There was a priori no connection between h; ; and h;, but now that we know from (17)
that the coordinates of x;_; satisfy the same linear relations (15) that the coordinates of x;
satisfy, we have a nontrivial linear relation between the rows of

20 21 "t Zn—hy

Zh; Rhi+1 Zn
So this matrix has rank at most h;. This implies that h;_; < h;. As the sequence (h;),, is
bounded above by |n/2] (see lemma 5.12), we deduce that there exists a positive integer h
such that h; = h for all sufficiently large <.
Lemma 5.16. For alli sufficiently large, we have that
B =piPiq
for some p; € K.

Proof. Taking ¢ to be large enough so that we have h; = h;,_; = h fixed, we consider the
matrix or rank h

20 21t RBn—h4l
Z = : :
Zh—1 2Zh - Zn
constructed from the coordinates of (zg, ..., z,) of x;_1. We consider the following matrices :
a(()i) T a;_z)
A, = n —2h + 2 rows, n — h + 2 columns
agi) e ag)
aéi_l) o agli—n
A= n — 2h + 2 rows, n — h + 2 columns
a(()'i—l) o a§11—1)

Let V be the subspace of K" "*? generated over K by the rows of Z. The rank of Z is h
so the dimension of V over K is also h. The orthogonal V+ in K™"~**2 with respect to the
usual scalar product must then have dimension (n —h+2) —h=n—2h +2.
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By virtue of the relation (15) applied to x;_, = z rather than x; =y with i replaced by
i — 1, we have that ZAT | = 0. As the rows of A;_; are linearly independent and there are
n — 2h + 2 of them, they must span V+. Moreover, by Lemma 5.15 we have that ZAT = 0
so we deduce in a similar way that the rows of A; also span V.

We now apply Lemma 5.5 to A; and A;_; to get that P, = p; P;_; for some nonzero p; € C.
Since the coefficients of P, and F,_; are in Ok so we have that p; € K and this proves the
lemma. O

Now using Lemma 5.16 repeatedly, we get that for all ¢ sufficiently large, we have that
P(T) = p; P(T) for some p; € K and a fixed P(T) € Okg[T)].

As € is not algebraic of degree < |n/2] over Ok, we have that P(€) # 0. By Lemma 5.14
we have that |P;(€)] — 0 as i grows. As |P(€)| > 0 is constant, we must have that |p;] — 0
as 1 grows.

However, as the coefficients of P, are in O we have that 1 < H(P,) = |p;|H(P) and so
|p;| cannot assume arbitrarily small values. This final contradiction concludes the proof of
Theorem 5.1.
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Main result of Davenport & Schmidt, specific case n = 2

We now wish to prove Theorem 5.2. We begin with a lemma. We construct the sequence
of best approximations as in the first part of this section. We then assume that Theoremn 5.2
does not hold and we deduce strong consequences for the sequence of best approximations.
We reach a contradiction and thus we show that Theorem 5.2 holds.

5.6. A lemma on ideals.

Proposition 5.17. Let Ok be the ring of integers of a number field K and let Dy be its
discriminant. Let a,b € Ok with b # 0 be such that \/a/b € K. Then there ezists a, 3 € O
with B # 0 such that

Va/b=a/3 , |N@) <V|Dk

N(@)? | |N(B)| < V|Dk|N(®)Y2

Proof. Let py,...,ps be the prime ideals of Ok that appear in the factorization of aOg or
bO. We can write

aOkg=p3p® and bOg=pl'pf
for integers ey, ..., e, f1,..., fs > 0. We have

—Oxngl"'pés with g, = e; — fi.

Without loss of generality, we may assume that the p’s are ordered so that ¢;,...,9, > 0
2
and gry1,...,9s < 0. As a/b Ok = (wa/b OK> , all the g;’s are even. Define

I:p?1/2p31/2 and sz;_f;“ﬂ---p;gsm

so that I and J are ideals of Ogwith /a/b O =1 LJ

Let R = {I1,..., I} be asystem of representatives of the finitely many classes of fractional
ideals of K. According to a theorem of Minkowski, we know that every ideal class of K
contains an ideal of Ok of norm < /|Dk| (see [Sam] p.70 corollary 1). Without loss of
generality, we can assume that I, ..., I, are ideals of Oy, that I; belongs to the class of ™1
and that N([;) < /|Dk|. AsI- J~1is a principal fractional ideal, we deduce that I; is also
in the class of J1.



We obtain
\/%OK = (LI (L) = %OK

upon choosing o, 3 € O such that I;] = a Og and I;J = 3 Ok. We have

[N(a)| = N(LD) = N(I) [T Np)/? < N(1) [T N(pi)/ < IN(@)2V/] D]

=1

as g; < e; fori=1,...,s. In a similar way, we have

IN(B)] = N(IJ) = N(&L) [T N < N(I) ] N2 < IN@)2V/| Dx|

i=r+1 i=1
as —g; < f;fori=1,...,s. Upon replacing 3 by Bu for some unit u € Oy, we can arrange
that o/ = \/a/b. This does not affect the absolute value of the norm of 3. g

5.7. The sequence of best approximations.

The construction of the sequence of best approximations found in §5.3 is valid for the case
when n = 2. All the lemmas found in that section hold if we let n = 2.

Let A = (—14+/5)/2 for the rest of this section. Suppose that Theorem 5.2 does not hold.
This implies that for any choice of ¢ > 0, there are nonzero solutions x = (g, z1, 2) € O%
to

1< |zl <X , Lw)= max{|m0§ — 1), |oé? ~ :cz]} <eX A

for all sufficiently large values of X € R*.

Section 5.3 provides us with a sequence of best approximations (x;);>; in O% (for the
choice of n = 2). The lemmas of §5.4 remain valid for this sequence, provided that we set
n=2and A = (—1+ /5)/2 ~ 0.618 instead of A = |n/2]7".

5.8. Specific properties of the sequence of best approximations.

Lemma 5.18. For all sufficiently large 1 we have that

Tio i1
Ti1 Ti2

#0
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Proof. If this determinant is zero, we have that z; gz, 9 = xfl This implies that (z; 0/ xiwl)Z =
T;0/%i2 € I so we can use Proposition 5.17 to obtain «, J € Ok with § # 0 such that
Tip @ 1/2 1/2
2% lal< VDX 18 < VITRPYIDAIX)
il
where Dy denotes the discriminant of K.

We find
X, . . et
Fo(ué - ﬁ)’ = |z — 331 < CXi+)i

(y p—
= Jag - 6] < XA ', < oy/[Dl XA X2,

Iﬂiz‘.o
As x;_1, X; are linearly independent over K, the matrix

Zi—10 Ti-11 Ti-12
Zi0 I Zi2

has rank 2. For ¢ sufficiently large. both z;_1 1, ;1 are nonzero, and so we must have that

. Tic10 X Tio Tie . .
either | 70 TimLl £ g gp | TiTBE imL2 £ g Say the first determinant in nonzero.
4,0 Tit Tia Zi2
o Ti_ Ti- . .
This implies that Lal‘o ¢ 51,1 is a nonzero element of Ok. We look at its absolute value
denoted by | || and we have that

Ti—10 Ti-11 — &ETi—10

o p—af
& lalL(xis1) 4+ Xi|8 — of] < X} Pe X+ Xipe X A X7

Ti-10 Zi-1,1

<
1 - « /j

The above upper bound tends to 0 as i grows, providing a contradiction for ¢ sufficiently large
as A > 1/2. A very similar calculation leads to a contradiction with the other determinant
and this concludes the proof of the lemma. O

Lemma 5.19. For all sufficiently large i we have that
(18) 1 < X X))

Proof. Consider the absolute value of the determinant \ Yo Tin | o Ok. It is nonzero by

Ti1 Ti2
the previous lemma, so it must be bounded below by 1. Recall that

|16 = Tin] < |2i0€? — Tig — E(@i0€ — mi1)| < {1+ [€)) XA

SO
Tio Tin
Ti1 T2

Tio Ti1 — &Tip

1<
Til Tio —Exi

L X XA
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Lemma 5.20. Suppose that X;_1,%; and X4 are linearly independant over Ok . Then

(19) 1< XX

Proof. By performing elementary column operations just like in the proof of Lemma 5.19 or

Lemma 5.11, we get

. 2
Ti10 Ti—11 Ti-1,.2 Ti-1,0 Ti—11 — §Tic10 Ti-1,2 -§ Zi-1,0
— . 2 23y —Ayl-A
;0 Ti1 Ti2 = Ti0 Ti1 — €T Tio — Ty L XX
. 2
Zi+1,0 Ti+1,1 Ti4+1,2 Tir10 Tit11 — Tiv10 Tiv12 — E Tiqio

The determinant itself is a nonzero element of Ok and so it has absolute value > 1. Hence
we get
I« CQX;'\X};{\
O

Lemma 5.21. For infinitely many 1, the munimal points X;_1,X; and Xir1 are linearly inde-
pendant over K.

Proof. Assuming the contrary to be true, there is some N € N* such that for all ¢ > N, the
points X;, X;11,X;42 are linearly dependant over K. As any two consecutive minimal points
are linearly independant over K by Lemma 5.9, there exists a;, b;, ¢; € Ok with ¢; # 0, such
that
a;X; + b;Xj11 + ¢iXiro = 0.

This implies that X2 € (Xi, Xit1) 5 and so (Xi, Xit1) g = (Xit1, Xit2) . Using this argument
repeatedly, we get that for any ¢ > N, we have that (X;,Xit1)x = (XN, XNt1) g thus
X; € (XN, XN+1) g and so

IN,0 IN1 IN2
0= . TN IN,2 IN,0 IN,2 IN0 IN1
= | IN+1,0 TN411 TN412 | = - 1,1 Zi2-
ITN+1,1 TN+12 IN+1,0 TN412 IN+1,0 TN4+1,1
Zi,0 Tia Ti2

The linear independence of x;, and xp4; implies that at least one of the above 2 x 2 constant
determinants is nonzero. This shows the existence of a,b,c € Ok not all 0 and independent
from 7 such that '
azio+bx;1 +crio =0 Vi > N.
Substituting z;; = £z;0 + O(X;5)) and 7, = €2z, + O(X;})) in the above linear combina-
tion, we deduce that
|20 (@ + b6 + c8?)] < X3
= la+b+cf < XAXD = a+bi+c?=0,
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which would be possible only if £ were algebraic of degree 2 or less over Ok. O

Now combining the previous lemmas, we have that the inequalities in (18) and (19) must
hold for infinitely many i. Keeping in mind that A ~ 0.618 and A\*> + A = 1, we find

X < (XA < A (eX) M = X
Note that the constants in the Vinogradov symbol <« depend only on & and thus for our
value of ¢ which is fixed from the beginning, we can find some value of ¢ > 0 such that the

above inequality does not hold. For this choice of ¢, we get a contradiction. This concludes
the proof of Theorem 5.2.

5.9. Optimality.

In [RoC], D. Roy shows the optimality of Theorem DSla with the following result.

Theorem 5.22 (Roy, 2004). Let A = (=1 + v/5)/2 ~ 0.618. There exists a real number
& which is meither rational nor quadratic irrational and which has the property that, for a
suitable constant ¢ > 0, the inequalities

o] <X, mef —m| <X, € — @] <X

_ have a non-zero solution (zg,x1,T2) € Z> for any real number X > 1. Any such number is
transcendental over Q and the set of those real numbers is countable.

These extremal numbers £ are transcendental over K as well since
[K(§) : K][K : Q] = [K(¢) - Q(E)NQ(¢) - Q

with [K : Q] =2 and [Q(£) : Q] = o0. As Z C Ok, these numbers £ are also extremal in the
context of Theorem 5.2 and so the latter result is optimal.



6. Conclusion

The original results presented in Chapter 3 and the extension of Davenport and Schmidt’s
theorems in Chapter 5 suggest natural questions. Here are some of them, most of which
scem within reach (except maybe the first one). yet one has to draw the line at some point.

Mathematics generates more problems than it actually solves.
1. Optimality for part (ii) of Theorem A

In §3.4 we have shown that part (i) of Theorem A is optimal for all £ € R\Q and that
part (ii) of Theorem A is optimal for all quadratic irrational £ € R. It would be interesting
to see if we could find transcendental numbers £ € R for which the exponent —2/n of H(«)
in part (ii) of Theorem A is best possible. The best we can say about a general ¢ € R\Q is
that there exists a constant ¢z > 0 such that all algebraic integers « of degree n + 1 satisfy

2 _
csH(@) 771 < max|¢ — al.

We don’t know how to sharpen the exponent —n—ii into —%, if possible at all.
2. Extending Chapter 3 to any number field

In Chapter 5, we extended Davenport and Schmidt’s Theorems DS1a and DS2a to qua-
dratic imaginary fields. Our results from Chapter 3 could probably be extended in a similar
way, to any number field using its canonical embedding.

3. Extension of other results of Davenport and Schmidt

In the original article by Davenport and Schmidt, Theorem DS2a is used to prove the
following :

Theorem 6.1 (DS2). Suppose that n > 2 and that £ € R is not an algebraic number of
degree at most n/2. Then there exists ¢ > 0 such that there are infinitely many algebraic
integers o of degree at most n+ 1 which satisfy

0< |6 —al<cH(a)™

where § = |n/2| + 1.
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Our Theorem 5.1 is an extension of Theorem DS2a. It would be interesting to provide a
similar extension of the above Theorem 6.1 (DS2). We expect the following result :

“Let K be an imaginary quadratic number ficld and let Ok be the ring of integers of K.
Let £ € C and n € N* be such that € is not algebraic of degree at most |n/2] over K. Then
there exists ¢ > 0 such that there are infinitely many algebraic integers o« € Ok of degree
n 4+ 1 over K which satisfy

0< |6 —al <cH(a)™?
where 0 = |n/2] + 1.”

Davenport and Schmidt had Theorem DS1a which is stronger than Theorem DS2a when
n = 2. They used it to show the following :

Theorem 6.2 (DS1). Suppose that £ € R is not algebraic of degree 2 or less. Then there
exists ¢ > 0 such that there are infinitely many algebraic integers a of degree at most 3 which
satisfy

0<|¢~a|l<cH(a)™®
where 6 = % (3 + \/5) ~ 2.618.

Our Theorem 5.2 is an extension of Theorem DSla. We expect the following to hold :

“ Let K be an imaginary quadratic number field and let Ok be the ring of integers of K.
Then there exists ¢ > 0 such that there are infinitely many algebraic integers a € Og of
degree 3 which satisfy

0<|€—al <cH(a)™?
where 6 = 1 (3 +1/5) ~ 2.618.”

4. Lowering the exponent A
M. Laurent shows in [Lau] that Theorem DS2a holds when A = [n/2] ! instead of |n/2]7}.
This is no improvement when n is even, but when n is odd it sharpens Davenport and

Schmidt’s result.

We think that it should be straightforward to do the same thing concerning our Theorem
5.1.
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