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AJISTRACT

We are concerned here with the problem of measuring consumer
surplus from ordinary demand functions, in those situations where
changes in the budget lead to variations in utility that are not
monotonic. An example of such nonmonotonic utility changes are
rectangular paths describing multiple price changes, where price
increases are mixed with price decreases.

The literature on consumer surplus has primarily focussed on
budget changes that lead to monotonic changes in utility, despite
the common occurence of nonmonctonic paths in empirical work. We
will show that many of the problems that arise for nonmonotonic
paths either do not exist, or are insignificant when consumer
surplus is measured for monotonic paths.

The first problem considered is the integrability gquestion:
the conditions which guarantee that the demand functions can be
integrated to yield the generating utility function. We begin
with a background chapter on the Slutsky matrix in a finite
dimensional topological vector space. The link between the
integrability conditions in terms of the Slutsky matrix and the
Frobenius theorem in its classical form is derived in terms of
differentiable manifolds. Alternatively, the problem is cast in
terms of Grassmann manifolds, using the algebra of differential
forms. A iemma of Poincare is used to obtain the conditions for
path independent surplus measures.

The problem of obtaining a valid surplus measure that is

7



Abstract

consistent with consumer preferences is considered. It is shown
that if the underlying preferences are nonhomothetic, the
Marshallian surplus and the compensating variation are not wvalid
utility indices, and may even give rise to incorrect ranking of
the situations. oOnly the equivalent variation is a valid surplus
measure for paths that lead to nonmonotonic changes in utility.

In most practical applications of welfare analysis, use is
made of the Marshallian surplus, on the grounds that it varies
only slightly along alternate paths, and along any particular
path, will provide a good approximation to the Hicksian
variations. While this is true for monotonic paths, we show that
it is not so for paths that lead to nonmonotonic utility changes.

Such approximations are not necessary, as the equivalent
variation can be calculated directly from ordinary demand
functions. When preferences are quasihomothetic, expansion paths
are linear, which allows us to calculate the integrating factor,
and hence the indirect utility function. 1In the more general
case, compensated changes in income are considered for the budget
path, which gives us the expenditure function corresponding to
the final utility level. This approach involves solving a
differential equation. Closed form solutions as well as the
method of numerical integration are considered.

As an example of paths that lead to nonmonotonic changes in
utility, we consider the effects of a move to time differentiated
electricity rates on the welfare of the consumer. We show that

8



Abstract

many of the studies use invalid methods to measure the changes in
consumer surplus. Using data from time-of-day experiments in
Connecticut, an exact measure of consumer welfare effects is

calculated.



Introduction

The basic objective in the search for a surplvs measure is to
find one that will allow us to make welfare judgements’about
alternate equilibria, by telling us how an individual is affected
when some variables affecting his decisions are altered. It is
assumed that the changes are brought about by a policy, and the
welfare judgement that we are looking for is the desirability of
alternate policies.

We assume here that the consumer is the best judge of his
own welfare, and that his choices in different situations are
outcomes of a constrained utility maximization process. Hence it
would be desirable to measure the surplus change in terms of his
own actions, that is, in terms of his utility.

The problem however, is that the consumer's utility is not
directly observable, and is in general, unknown. For exampile,
when the consumer's budget changes, only the quantities consumed
at these different prices and incomes are observed. Hence for
purposes of applications, surplus measures have to be constructed
from ordinary demand functions, in the process »f which, numerous
difficulties arise. We examine these problems in the context of
changes in the budget of the consumer that lead to nonmonotonic
changes in utility.

Since a policy change will be described entirely in terms of
its effects on prices and incomes, much of the analysis will take
place in the consumer's budget space, and certain topological

10



Introduction

properties of this space will be of particular interest.
Let E" denote the n dimensional Euclidean coordinate space,
consisting of n tuples of real numbers. Let X denote a commodity

bundle, defined in the commodity space ar,

Qn = { x€EB"; x=20 1} (1)
For every commodity in x, that is x;, there exists a price
p;, defined in the price space . Each element in 2, is a

vector of n positive prices:

Q, = { peEl; p>0 } (2)
The consumer also has a level of income, denoted by m 2 0,
defined in E!,.

The set of positive prices and income together form the

budget space, dencoted by &,

Q = { (p,m) €eE™; peQ, meE p>0,m20 } (3)
We refer to the elements (p,m) as the budgets.
A budget correspondence can be defined as a mapping B from
0 to a'. TIts image is the budget set, and consists of elements

which satisfy:

Blp,m) = { x:p%™<m} {4)

1. Defining a Policy Change

Consider a policy, which if implemented, alters some of the

11



Introduction

variables facing the consumer. We assume here that the policy
can be completely characterized in terms of its effects on the
income of the consumer and the prices that he faces.

Let the policy lead to changes in the consumer's budget from
an initial point (p%m% to a final point (p',m!). Let I = [a,b]
denote this finite interval in E. We can then define a policy

change formally as a mapping

(p°,m% e Q ~ (pl,m!) e Q (5)
from the initial vector (p%m°) to the final vector (p!,m!) in the
budget space .

The direction of moveient from the initial to the final point
is crucial for much of our analysis. We follow Vartia's approach
and view this movement as a sequence of continuous changes in

prices and incomes, that can be partitioned sequentially:

a = tH <t <t, = b (6)
(Vartia, 1983).

Let a be a differentiable curve connecting (po,mo) to

(pl,ml), that is, e: [a,b] » E**l, TLet

al(t) = p,(¢t) for i =1....n

7
a™ (L) = m(t) (7

be the parametric equations of a, for t ¢ I = {a,b]. A path is

therefore a mapping

12



Introduction

t = a(t) (8)

and defines the direction in which prices and income change in
the budget space, as t moves in the interval I = [a,b].

For our analysis here, we require that the paths in Q0 be
continuously differentiable. To do so, we impose an additional
topological property on the budget set B. We assume that B is an
open polygonal set; and hence B is also simply connected (Apostol
1967). That is any path o’ connecting the points (po,mo) and
(p',m') can be continuously deformed into another curve «”, also

joining these two points, with all the intermediate curves during

the deformation lying completely in B.

2. Changes in Utility Due to Budget Changes
The consumer is assumed to have a binary preference relation R on
", which is assumed to be connected and separable. If R is
complete, reflexive, and transitive, then (from a theorem of
Debreu), there evists a continuous, real valued utility function
U,

U: xe€Q? » R (9)

which represents the preferences R such that

XRX = Ulx) 2 Ux) (10)

Debreu, 1957. The utility function is a continous, quasiconcave

13



Intreoduction

function of class C?, nondecreasing in x, and unique up to a
strictly monotonic tranformation.

Under the hypothesis of rational behavior on the part of the
consumer, maximization of utility, subject to the budget
constraint, yvields the demand function. As the consumer's budget
changes, the quantities demanded, and hence the level of utility
changes.

Although welfare comparisons can be made by computing the
utility of alternate commodity bundles in 0", it is often more
convenient to compare in terms of his indirect utility associated
with the various (p,m). We assume that the consumer has indirect

preferences R*, induced by the direct preference relation R:

(p,m) R* (p',m) = x(p,m) R x{(p/,m’) (11)

The direct utility function U has associated with it an indirect
utility function V, which is a mapping

v o: Q = R {12)

and is defined as

Vip,m) = sup [ Ux), x€ Q% pTx=m ] (13)

Since the solution to the constrained utility maximization is

unigque, the above equation can be written as

Vip,m) = Max [U(x); x€ Q% pTx=m ] = Ulx(p.m) (14)

(Afriat, 1980).

14



Introduction

The indirect utility function is a continuous, finite function of
class C2. It is quasiconvex in p, and homogeneous of degree zero
in (p,m). Given that U is nondecreasing in X, V is nonincreasing
in p, and nondecreasing in m. Hence for all (p°,m°) and (pt,ml),
if v(p°,m%) > v(p!,m'), then the consumer's welfare is greater
under (p°,m%) than under (p!,m'). Thus the change in consumer
welfare can be measured in terms of the indirect utility function

as well.

3. Nonmonotonic Paths in the Budget Space

Cconsider a sequence of changes in prices and income such that the
changes in utility along this path is strictly increasing or
decreasing. Such a path in the budget space along which
preferences vary strictly monotonically has been defined by Zajac
as a complete strictly monotonic path (Zajac 1979). We therefore
define a nonmonotonic path in the budget space as one along which

preferences both increase and decrease.

RECTANGULAR PATHS:

The term path refers to any continuous polygon curve of class c!
defined for the interval I = [a,b]. Since B is assumed to be
simply connected, any number of paths joining the initial and
final points are possible. This places restrictions only on the
initial and final points, but for any intermediate point t ¢ I =

[a,b], prices and income can take on any value. For example, if
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Introduction

the price p; does not change, it only implies that pio equals pil;
but the change in p;, that is dp;, does not have to equal zero
for the entire path.

While the set of admissable paths include a large number of
paths, most of them would be impractical in actual applications.
For practical purposes, the typical choice is a rectangular path.
These are step polygons where each side of the path is drawn
parallel to the coordinate axes. Along such a path, prices and
income move from their initial values, one at a time, while those
that have moved stay at their new values (see Willig 1979).
Hence these paths are easier to use in actual computations. It
should be pointed out that for multiple price changes, several
rectangular paths are possible, depending on the order in which
prices are changed.

When a single price changes, or when several prices change
but all the same direction, rectangular paths trace out paths in
the budget space along which utility varies monotonically.
Consider now the case of multiple price changes, where price
increases are mixed with price decreases and rectangular paths
are used to describe these changes. Utility would be increasing
for segments of the path along which prices decrease, while
decreasing for those segments of the path along which prices
increase. Hence these are paths along which utility varies

nonmonotonically.
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4. Surplus Measures and the Line integral
The welfare change due to a policy is the difference in the
consumer's utility between the initial and final points, measured
in monetary units. Let & represent this money measure of surplus
change. For the interval I = [a,b], defined by a path o, & is
pounded by a, and is defined in the budget space {l. The function
& is of class ¢!, and defines a vector field; that is, it assigns
to each point in 0 a vector based at that point.

Consider a change in the consumer's budget from an initial
point (p°,m%) to a final point (p',m'). The surplus change in

money terms along a path ¢ & is called a line integral
fdl(a(t), o' (t)) dt (15)
<

defined as the integral of the vector valued function & over the
interval [a,b]. The function ¢ is an n+l valued vector function,

parametrically represented as

d(a(t)) = ®(ar,....,a?) = ®(p,....Dy M (16)

The component functions of &, given by gt, i = 1...n+1 are
single valued functions defined at each point t on ¢, and form
the coordinate functions of &. Hence the line integral can be

written in its component form as:

17



Introduction

b b
[ X ot@en £ g - % (o) d (17)
a a

5. The Marshallian Surplus
The early approach of Dupuit (1844) and Marshall (1890) was to
measure the surplus change in terms of the changes in utility,
converted into monetary units, using a ‘converting factor'
between money and 'utiils’.

Consider the marginal utility of income A:

ovV(p, m)

3m = Ap,m) > O (18)

Its reciprocal, that is 1/A, is the marginal cost of utility, and
gives the number of dollars per 'util’ . The Marshallian surplus
uses this reciprocal tec convert changes in utility into monetary

units, and is given as & = 1/A 4V, where ¢ is a mapping
® : Q x E* » Q (19)
The Marshallian surplus can be related to the ordinary

demand function. Using Roy's identity and (18), we get:

av{p, m) = - Ax

1

Hence the Marshallian surplus can be measured in terms of the
ordinary demand functions plus any change in income between the

two situations:

18



Introduction

b
- (2 = - (D, . 1o o (21)
-[tb '[ T dv y £xl(p m) dp; + m' -m

The problem with the Marshallian surplus is +that the
marginal utility of income is not observable and hence unknown.
Unless A is constant along the path with respect to the variables
being changed, a unique correspondence between utility and money
is not possible. It is well known that constancy of the marginal
utility of income has implications that are quite restrictive
(Samuelson, 1942). While the meaning of constancy of the
marginal utility of income and its implications will be discussed
in chapters I.2 and I.3, it should be pointed out that in the
absence of these restrictions, the use of the Marshallian surplus

is gquestionable.

5. The Hicksian Variations

Hicks' approach to the problem was to measure the value of a
budget change to a consumer in terms of an egquivalent change in
income. This can be done using the expenditure function, e: 0,

x E! » E!

e(P,U*Y = inf [PTX : U(X) 2 U*] ‘(22)

which is the minimum income that the consumer requires in order
to achieve the level of utility U*, given the prices p of the

various commodities.

19



Introduction

The Hicksian variations can be measured as that amount of
income, which at some reference price vector, affords the same
level of utility as can be attained under a given budget
constraint. This can be seen as a movement along an expansion
path from the initial indifference surface to that corresponding

to the final level of utility:

&() = de(p*, 10 = e(p*,UY) -e(p",U" (23)

Using the final price vector as the reference prices gives the

compensating variation:

d(C) = e(p,UY)Y - el(pt UM (24)

Similarly the equivalent variation is obtained using the initial

price vector as the reference prices:

®(E) = e(p,UY) - e(p® U (25)

Since the Hicksian variations measure the surplus change in terms
of the value of money before and after the budget change, these
measures do not require that the marginal utility of income
remain constant.

The Hicksian variations can also be defined as the amount of
expenditure required to be on the same indifference surface for
the change in prices from the initial to the final levels. This
relates the Hicksian variations to areas left of the Hicksian

demand functions. The latter is a mapping

20



Introduction

h: Q x& ~» Q° (26)
defined so that any changes in prices has compensating changes in
income to keep the consumer at some fixed level of utility. The

Hicksian variations can be written as
o) = (m-m - Y [ hp, U dp (27)

where U equals U° for the compensating variation and equals ul
for the equivalent variation.

Given the different surplus measures, we are concerned with
the problem of finding an appropriate one for budget changes that
lead to nonmonotonic changes in utility. Further, the surplus
measure has to be constructed purely from information that is

observable, that is the ordinary demand functions.

21



Part I

SOME THEORETICAL ISSBUES
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I.1

The Integrability Problem

Given that a consumer's preference ordering can be represented by
a utility function, we can analyze the welfare of a consumer in
different situations in terms of utility, measured in monetary
units. However, the preferences of the consumer are not directly
observable, and are unknown. Surplus measures therefore have to
be constructed from information that is available; that is, the
ordinary demand functions.

Here the theoretical problems that arise in constructing
surplus measures from demand functions are examined. The first
issue that we address is the integrability problem. Since the
surplus measure is constructed from the gradient of the utility
function, we need to find conditions sufficient to assure that
the demand functions can be integrated to yield the generating
utility function.

The problem of integrability is a familiar topic in utility
theory, and its long history, which goes back to Antonelli in
1886, has been well documented (Hurwicz, 1974; Hurwicz and Uzawa,
1974; Afriat, 1980). Central to the integrability guestion is
the Slutsky matrix. The conditions for the integrability of the
direct demand functions in the budget space require that the
Slutsky matrix be symmetric and negative definite. This allows
the demand functions to be integrated to yield an integral

23



Integrability

surface, which is the income compensation function.

As a background to the integrability problem, we begin with
a chapter on the Slutsky equation, which states that the observed
variations in the gquantities demanded due to a price change can
be decomposed into a substitution and income effect. A unique
approach to the description of this decomposition can be found in
Afriat 1980, who has shown that the Slutsky matrix by being the
product of a Jacobian and a projector, translates a decomposition
in the budget space, into a corresponding decomposition in the
commodity space.

In chaptér 1.1, we prove that the Slutsky matrix is the
product of a projector and a Jacobian. To begin with, a finite
dimensional space is considered, whose elements are the inner
product of the commodity and the normalized price vectors. We
prove that this topological vector space can be uniquely written
as the sum of two complementary linear subspaces. A projector,
or a linear transformation of this topological vector space to
its subspace is then considered, and it is shown that the matrix
of this projection is a square one, which is idempotent. The
link between projectors and idempotent matrices is established
from certain standard properties of vector spaces, from which the
results of Afriat follow.

In chapter 1.2 we address the integrability problem in its
classical form. The sufficient conditions for the integrability
of demand functions are obtained from a standard theorem of

24



Integrability

differential equations, as related to Frobenius (Spivak, 1970).
The link between the Frobenius theorem in its classical form and
the condition of Slutsky symmetry is explained by approaching the
integrability question as an application of a problem 1in
differential geometry.

In chapter 1.3, an alternative approach to deriving the
integrability conditions is considered. This approach uses
Grassmann algebra to define a differential form con a manifold.
(Grassmann algebra has been used in the context of general
equilibrium by Balasko (1988)). Here the special properties of
this algebra is used to characterize the integrability of a

distribution, and this constitutes the dual form of the Frobenius

theorem.
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1.1 The 8lutsky Matrix, Idempotent Matrices, and Projectors

The Slutsky equation, which states that the observed variations
in guantities demanded due to a price change can be decomposed
into a substitution and income effect, is well known in consumer
theory. Afriat (1980) has shown that the decomposition of a
budget differential in the budget space into the sum of a
substitution and an expansion term can be translated into a
corresponding decomposition in the commodity space, the key to
this translation being the Slutsky matrix.

The purpose here is to prove that the Slutsky matrix is the
product of a Jacobian and a projector, and hence permits such a
translation to take place. The proof lies in showing thrat the
matrix of a linear transformation of a topological vector space
to its subspace results in a projector. We do this by showing
that if a topological vector space can be written uniquely as the
sum of two complementary subspaces, then the matrix of such a
projection is idempotent. The link between idempotent matrices
and projectors is then established through certain properties of
linear spaces and matrices.

The analysis is conducted in a normalized budget space.
Given that m > 0, we may divide all prices by m and define the
vector of normalized prices as g = mlp. For the sake of
notational convenience, let us define g as a row vector, that is
g = m~1pT. This space is a replica of the price space, and hence
can also be represented by 0.

26



From the Marshallian demand function x = x(p,m), defined as

x : {pmeQ » Q7 € E? {1)
is derived a functiocon

f{g) = x(g,1) (2)

which we define as the 'normal’ demand function, whose values are

X € 0%, with arguments g € fi,, and f is a mapping

f: geQ, » Q*eE" (3)
The spaces A", 0, avre dual and symmetric; that is, each
represents the space of positive homogeneous linear functions
defined in the other.

The normal demand functions, like the Marshallian demand
functions, are mappings of class cl, and are differentiable at
every point in 2. Let L(Q,, ") denote the set of 1linear
mappings from I, to Q. The differential of f at some point g €

n_, denoted by Df(g), is a linear mapping of £, into 7,

nt

Df : Q, » L(Q, Q%) (4)

n
Since g is itself a differentiable function of its arguments, we
can consider the composition of differentiable mappings. Every

component x; of f(g) has an associated set of n mappings

xp, = Xx;(g(p,m) - g (p,m) (5)

which gives the elements of the matrix

X

“ X;-g;' (6)

where xg is an n ¥ n Jacobian matrix and

27



gT - agf
P apj

= &,;m™ (7

Sij being the Kronecker delta, 51j =0 for i » 3, and sij = 1 for

i = 3j. Hence ng = 1 m"!, and we have

mgy = 1 (8)
and

X, m = X (9)
Similarly, a mapping

X, = X,'Gn (10)

is obtained, where the components of the vector ng are

dg _ d(m™p,)
om om
11
= -m?p/ ()
= -mtgf
Hence
mg, = -g
(12)
Xpm = - X, g7

The path described by x, as m varies while p remains fixed
is the expansion paths for prices p.

Consider a change in income from an initial level m by an
amount v. We define the term 7 = 1+v as the expansion factor or
the amount of expansion.

Any price vector, with constant price ratios, lies on a line
in the price space, that is, a ray through p. Since x is

28



homogenous in (p,m), the changes in % due to changes in m can be
seen to move along this ray through p.
The expansion path for the Marshallian demand function, is

the linear operator which maps o inte L(23, 0%),

d
= x(m, (x-1)m, p) |emz (13)

X, I

X

fl

which represents the rate of change of x as one departs from m in

the direction of p.
Similarly, the expansion derivative of g
d

g = = gim, (v-1)m, P} |eey (14)

which, from (12), gives
g = (-gm3*)m = -g (15)
Hence for a normal demand function x = f£(g), the elements

d(f;(1-1) g} /07| ,=;, define the vector

d
% = — fm (1-1)m, g) |eaz

T
_xgg

(16)

1

which is the expansion path for the normal demand function, and

is identical with the vector in (13).

Consider a space W in E", with elements k = gx. Since for
any two elements x° = (gx)*° and k!l = (gx)' in W, and a scalar 8
¢ ®, the mappings (k% Xk!) = k®+kx! and ({,a) » 6a are continuous,
the space W is equipped with a product topology that is

compatible with the vector space structure. Hence W is a finite
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n dimensional topological vector space under its natural
topology.

Let W, and W, be twc linear subspaces of W, of dimensions n
and m respectively, such that W is the algebraic direct sum of W,
and W,, denoted by W = W, ® W,. Then the two spaces W; and W, are
said to be complementary. For any subspace W;, a complementary
subspace can always be found: choose a basis (say G) for W,
expand it to a basis of W, and let W, be the linear span of the
basis vectors not in W;. If H denotes the basis of W,, then it
can be seen that the join of the basis (G,H) is also a base, and
the span of (G,H) is the union of W, and W,, which is equal to
the entire space W.

Given that a space W can be written as the direct sum of two
complementary subspaces W, and W,, we now wish to represent each
vector k = gx in W uniquely as y + z, for y € W, and 2 € W,.
However, unless W; = W or W, = {0}, an infinite number of
subspaces exist which are complementary to W,. Hence we have to
ensure that the vectors y and z do belong to the vector spaces W,
and W,.

Consider the space W of dimension n over the field of real
numbers. Any set of g vectors of gx in W is taken to compose a
matrix Q of order n x g, which constitutes a vector array in W,
with the vectors k = g% as elements. The span of these vectors
is the subspace W; of W. Let us denote the vectors in W) by y =
Qy, having the g vectors as generators.

For the subspace W,, let s be the array of the maximal set
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of the independent vectors of W;, any such set having n members
Then s defines a base for W,, such that the.vectors y of W, are
uniquely given by y = sy.

We invoke the following theorem by Afriat (1956):

THEOREM 1: A necessary and sufficient condition for a vector y to

belong to a subspace W;, with base s is

]

I,y

where I

Y
s(sTs)tsT (17)

It

Then we obtain:

¥

sy (18)
where y '

(sTs)tsTy

Hon

A necessary and sufficient condition that y belongs to the

orthogonal complement of W; with base s is

= 0

19
y, where J = 1 - I, (19)

I,y
or Jg¥

Moreover, the dimension of W; is equal to the rank of I,, which

is egual to the trace of I..

Consider the space W, with a subspace W,;. ~Fix another
subspace W,, such that W= W; & W,; W; N W, = {0}. -If Sy énd Sq
are the bases of W, and W, respectively, then the join ﬁf their
bases defines a regular square matrix A = (s,,s,) which forms the

base for the vector space W.

Since the space W is a topological vector space, equip W,
and W, with the relative topologies. Then the space Wy x W, is

equipped with the product vector space structure. Consider a
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mapping:

T : WxXW, = W (20)
defined by T(y, z) =y + 2. Evidently T is linear, surjective,
(because W, @ W, = W), and injective (because W, N W, = {0}), that
is T is a vector space isomorphism. Thus the space W is
structurally decomposable, with W; and W, as factors. Further,
since the mapping T : W, x W, » W is bicontinuous, W is the
topological direct sum of W; and W,, and hence W; and W, are
topological complements. Hence if v, y, and z are the elements

of W, W,;, W, respectively, then any vector v in W has a unique

resolution:
Y
v = A, = (s,5,) (z) = 8+ 8, (21)

which from Theorem 1 gives:

V = y+2 (22)

THEOREM 2: Let W be a topological vector space, and let W; and
W, be complementary linear subspaces of W. Thus every vector v
in W has a unique representation: v =y + z, with y ¢ W, and z ¢
W,. The following statements are equivalent:

(a) W is the topological direct sum of W; and W,;

(b) the mapping ¥y + 2 » y(y € W,, z € W,;) is continuous;

(c) the mapping y + 2z » 2 (y € W;, z € W;) is continuocus.
PROOF: Define mappings u,, u,: W » W as follows: if v € W, write
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v=y+ 2 withy € W;, 2 € Wy and define u,(v) = y and u,(v) = z.
By the uniqueness of such representations v = y + 2z, u; and v,
are well defined and linear. Since u;(v) + up(v) = v; for all v,
clearly u, is continuous iff u, is continuous, thus (b), (c) are
equivalent. If T: W; x W, » W is the wapping T(y, 2) =Y + 2,

then

Tl (y+z) = (y,2) = (n(y+2), L{(y+2)) (23)
for all y € W, and z € W,. That is, T"1(v) = (u;(v), uy(v)) for
all v € W. Thus u;, and u, are the compositions of T™! with the
coordinate projections of W; x W,. Therefore 71 is coatinuous
if and only if u; and u, are continuous; but the continuity of 7l

is, by definition, precisely the condition (a).

COROLLARY: If W is a topological vector space of dimension n,
and W; is a linear subspace of W of dimension n, then for any
n x n matrix, say Q, the transformation T which assigns to each

vector v its product Qo:
T: v » y O« (24)

is a linear mapping; every component of W, is expressible as a

homogeneous linear polynomial in the components of W.

Consider the topclogical vector space W in E" of vectors k
= gx. Let us assume, without any loss of generality, that the
two topological complementary subspaces W, and W, of W have
unitary bases. From the results in (23), the vector gx in W can
be decomposed uniquely in the form
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gx = [(g)T+ (1-gx)T]T
= (xg)T + (1-xg)7 (25)
= gTxT+ (1-gTx7)
with y = g¥x¥ € W, and =z = 1-gTxT € W,.

The linear mapping T: gx » gT xT which sends gx to its "W,
component * is called the projection of W onto W;, along W,. The
corollary of this is that if W = W; @ W, is a decomposition of W
into complementary subspaces, such that each k = gx in W can be
expressed uniquely in the form v = y + z; with y = g7 xT € W, and
z= (1 -gT xT) € W,. If we send each gx to its gT x* component

g® xT in W, then this mapping is linear.

Let I represent the matrix of this projection. The above

endomorphism is an idempotent element, that is I2 = I.

DEFINITION: Let W be a topological vector space. A linear

mapping I: W —> W is called a projector if Iz = I.

THEOREM 3: Let W have the topological dirsct sum composition

W=W; ® Wy. Let I be the matrix of the linear mapping T: W = W

such that I is a projector. Then

(i) I (g xT) = gT xT for all gT x* € Wy;

(ii) T (1 -gfx¥) = o0 for all 1 -g® x* € W,

PROOF: Given that I denotes the transformation of gx to g® xT,
Ilgx) = gTxT (26)

Suppose we decompose g® x' as we did gx. Then
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gTxT = gTxT+0 (27)
with gT xT ¢ W, and 0 € W,. Now

I(gTx7)

I(Igx) = I®({gx) 28
I (gx) (28)

It

since I is idempotent. It therefore follows that
I(gTxT) = gTxT (29)
Consider the space W, with elements 1 - g7 xT. Since the spaces
W is the topological direct sum of the spaces W; and Wy, it
follows that gx = g% x* + 1 - g° x'. Hence
1-g7xT = gx-g7™xT (30)
Therefore
I(gx-gTx7 = I(gx)-I(gT7x7) (31)
But I{gx) = gT xT and I(gT x%) = gT x*. Therefore
I(1-g7Tx7% =0 (32)
Hence if I is an idempotent endomorphism of W, then the subspace
W, = I(W) is mapped identically onto itself by I. Similarly, the
set of all gx - g* x', which forms a subspace W, of W is sent to
zero by I. The decomposition
gx = I(gx) + (gx-TI(gx)) = gTxT+1-gTx" (33)
is unique. Since
gx = I(gx) +1-g¥xT (34)

it follows that
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1 -g7xT = J(gx) where J=1-1 (35)
Hence J = 1-I is the projection of W onto W,, with null space W,,
and
I(L-I) = (1-0)I =0 (36)
Thus we have established:

To every complementary decomposition W

W, ® W,, there
correspond two projections I and J, with W, = I(W), W, = J(W),
IJ=J3JI=0,and I + J = 1.

We have seen earlier that the expansion derivative of g is
given by .g = = g. Consider a small change in income of the

amount 7. This gives a change in g, a differential of the form

dg = (dt)g = -(dt)g (37)

where dr is any differential at a point g in the budget space.
Since x = £f(g), and gx = 1, we get

dt = -(dg)x (38)

For dr = 0, which is the absence of any income changes, - (dg) x
therefore defines the substitution differential.
Any budget differential dg at a point g is decomposible in

a unique way into a sum of an expansion and a substitution:

dg = (dt) g + dg* (39)

where dg” is the substitution term; (dg*)x = 0. Multiply the

above equation by X, and we get
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(dg) x = - (drt) (40)
Therefore dr = - (dg) x, and hence (38) can be written as
(de)g = -{(dg) x) (-g) = dg xg (41)
Concider the term dg*. From (39) and (41), we get

dg* dg - (dg) xg (42)

dg(l - xg)

nn

Hence the decomposition in 39 can be restated as
dg = (dg) Xg + (dg) (1 - Xg) (43)
by the transposition of which, we get

dg T (gTxTdgT+ (1 -gTxTdg” (44)

TdgT + Jdg?7

The matrices I = gT xT and J = 1 - g7 xT have been shown earlier
to be idempotent, and hence projectors.
Consider the Marshallian demand function x = x(p,m). The

matrix (S) of the Slutsky coefficients is given by

S = mlx, + Xpx 7 (45)
We have shown that X, m = X5 and X, m = - X4 g’. Hence the
Slutsky matrix (S") corresponding to the normal demand function

x = f(g) is written as

S* = x,(1~gTx7) (46)
from which it follows that the Slutsky matrix is the product of
a Jacobian and a projectoer.

The decomposition of the budget differential can be
translated into a similar decomposition in the commodity space
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through the Slutsky matrix. Since x = f£(g), a budget differential

dg leads to a corresponding commodity differential

dx = x,(IdgT+ Jdg?) (47)

where I = gT xT and J =1 - gT x*. Hence

dx

97 (xTdg7T) +x,(1 - g7 x7) dg”

48
X, 9T (dg x) + x,(1 -gTxT)dg” (42)

Now X gT = -x, dg x=~-dr, and Xy (1 - gT xT) = s". Thus

dx = Xdv + 8" dg” (49)

Consider the term S* dgT. It can be shown that g S* equals zero,

gs*

gx,(1-gTx7

'XT(l - TXT)

xT 4 (ngr)xr (50)
2T & 37T

[ T | ||
i

0
The first term on the right hand side of (50) is the expansion
term, and the second term is the substitution term, such that
g S* dgT = o.

We have the following theorem due to Afriat (1980):
THEOREM 4: For a differentiable demand function x = f£(g), and
for any budget differential dg, the corresponding commodity

differential dx has a unique resolution into a sum

dx = %dt+8°dgT (51)
where the first term is the income effect; dr = - dg x, and the
second term the substitution effect, such that g 8" dgT = o, and
§* is the Slutsky matrix.
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1.2 The Classical Probenius Theorem

The integrability gquestion is concerned with the problem of
providing conditions that assure that the demand functions can be
integrated to yield the generating utility function. These
conditions are obtained from a standard theorem of differential
equations, as related to Frobenius. The implications of this
theorem for the integrability of direct demand functions in the
budget space can be expressed in terms of certain restrictions on
the Slutsky matrix. This allows the direct demand functions to
be integrated in the budget space to yield an integral surface,
which is the income compensation function.

Although the integrability conditions in terms of the Slutsky
matrix is well known, the link between the Frobenius theorem in
ite classical form and the condition of symmetry of the Slutsky
matrix has never been shown. In this chapter, we explain this
1ink, in terms of the conditions for the existence of an integral
manifold of a system of differential equations, the latter being
described as a distribution on a manifold. This condition, as
given by the Frobenius theorem, requires the distribution to be
involutive. We will show how this translates into the familiar

restriction of symmetry of the Slutsky matrix.

The Problem Defined:

If m denotes the consumer's income; p the vector of prices, then
the set of prices p and m together define the budget space il.
The indirect utility function has been defined earlier as the
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adjoint of the direct utility function U:

Vio,m} = sup {U{x); pTxs<m x20} (1)

If % denotes the set of reals then the function V is a mapping

V: Q € EM » R® (2)
that associates to each element (p,m) € i, an element V of R.

Consider the income compensation function developed by

McKenzie (1957). It is defined on Q1 as

pp* p*,m®) inf {m> 0; (p*,m R* (p*,m*) } (3)

inf {m>Q; V{ipt,m) 2 V" }

where R* denotes the indirect preference ordering, and p® denotes
some reference price (see Hurwicz and Uzawa, 1971). The function
¢ is a mapping

H: Qo x M~ R {4)

where M = { m € E!; such that for any p € 22, (p,m) R" (p",m") }.

The function u satisfies the following

p(p*; pl,m7) = m
Ou(p; B°MY) -y (p, pip: pm)  i=1.....n )
api

The income compensation function is a modified expenditure
function, and derives its properties from the latter. Consider
the following lemma by Hurwicz and Uzawa (1971):

LEMMA: If R" is continuous, then the function VP* defined for any

fixed p* by:
Vp' (plm) = IJ'(P‘:' P:m) (6)
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is an indirect utility function representing R*. Given the one-to
-one correspondence between the direct and the indirect utility
functions, the function u can be used to construct, on the range

a® of the demand function, the utility function U(x):

U(x) = UP'(x) = p(p*i p.m) (7)
for any pair (p,m) in @, for which x = x(p,m).

The problem of integrability of the direct demand functions
in the budget space is therefore one of finding the conditions
under which the demand functions can be used to construct the
income compensation function, such that the conditions in (6) are
satisfied. Once the income compensation function has been shown

to exist, the utility function can be derived from it.

Given that the functions V and g are inverses of each other,

we can define a function y as follows:

x(w) [p,m]

Max { V; m2 pu(p: p,m) } (8)
(W Ip, V']

Min {m; Vip,m) 2 V*}

where the function y is a bijection with an inverse x~! between
the class of income compensation functions 1 and the indirect
utility functions. Hence the function x is homeomorphic, or the

sets 1 and ® are homeomorphic to each other.

Consider the domain (3, x M) of the income compensation
function pu. For notational convenience, let us denote this
topological space by N. We can define a local chart of dimension
n+l on N as a pair (G, y), where G is an open set in N and y: G
n+l

» E,™! is a homeomorphism from G to an open set y(G) in E,
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An atlas X of dimension n+l is a collection of local charts whose
domains cover N and such that if (G,y), (G',y') ¢ X and G N G' +
@, then the map ¥'°yl: y(G N G') =» y'(6 N G') is a
diffeomorphism between open sets of E,M*:.

For every integer i, let

B, : B ~» R (9)
denote the natural projection. gl denotes the canonical
coordinates on EP*! which maps a point e = (el,...,e™?!) e E°*!
into & by

B;(e; ... v 8p) = €y (10)

Let B; ° ¥y be abbreviated by ot (where a¢: I = [a,b] = E“*l). The
composite mappings Bi=y: G » & = yi is the ith coordinate
function in G with respect to y, and maps N into & by o = al.
The coordinates (al,...,e™l) = (Dys+++¢/Py, M) of the image y(G)

¢ E"1 are the coordinates with respect to the chart, and hence

form a local coordinate system.

Consider the domain N of the income compensation function p.
We can say that N is an n+l dimensional manifold since for every
point in N there is an open neighborhood which is homeomorphic to
an open set in E™!, This is motivated by the fact that for
every point in N, there is an n+l dimensional chart, with
coordinate functions defined by a = (el...a™?!) = (p;...p,, M.

Throughout this chapter, we are interested in differential
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equations which are defined in an open subset of the space N. The
underlying geometric features of this differential equation are
independent of any particular coordinate system on the subset
which may be used to define it, although the functions V and u
are defined with respect to a coordinate system.

Let g denote any given point of the n+l dimensional manifold
N. Let {(N,q) denote the set of all local smooth functions at
the point g of N. If the set {{N,q) permits the operations of
addition and multiplication, as well as scalar multiplication for
any arbitrary elements in {(N,q), then it defines an algebra over
the field R of real numbers which is associative and commutative.

Tt should be pointed out that the operations of scalar
multiplication, addition and multiplication, are not adequate by
themselves to make any set of smooth functions, say 0(N,q) an
algebra over . In fact 0(N,q) is not even a linear space over
R, since for any two smooth functions f£,: B; » ® and f,: B, » ¥,
we have

£,+4 (- £1) » £, 4 (- £)

unless B, = B,. To remove this undesirable behavior of #(N,q),
let us define a relation ~ in the set #(N,qg) as follows. For any
two local smooth functions £, : B; » & and £, : B, »~ & in O (N,q),
we have f; ~ £, iff there exists an open neighborhood W <« B; N B,
of g in N such that f;(w) = f,(w) for every w in W. Since this
relation in ®(N,q) is reflexive, symmetric, and transitive, it is
an equivalence relation. Hence ~ divides the members of d(N,q)

into disjoint equivalence classes called the germs of local
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smooth functions at the point g of N. Let
{(N,gq) = O&(N,q) / ~
denote the set of all smooth germs at the point q of N, and let
B : ¥(N,q) » {(N,q)
be the natural projection of the set 8#(N,q) into its quotient set
{(N,q). From the definition of the relation ~ in {(N,q), if f,
~ £, and h; ~ hy in {(N,qg), then
af, + bh; ~ af, + bhy, £, h; ~ £, h,
for every a, b in &. The operations of scalar multiplication,
addition and multiplication in {(N,q) now define an algebra over

&, which is obviously associative and commutative.

Given the class {(N,q) of all smooth real valued functions,
we can define a tangent vector as a derivation on the algebra of
germs of differentaible functions at q ¢ N. A tangent vector ¢

is a mapping of {(N,q) into the field of real numbers:

¢: {(Ng - R (11)
which satisfies the following two conditions:
{i) ¢ is a linear functional on the space {(N,q);
that is, for any f,, f, € {(N,q), and a,b € & we have:
p(af, + bf,} = a ¢(f,) + Db ¢(£fy)
(ii) ¢ is a derivation that is for any £,, £, € {(N,q)

e(f,£5) = e¢{£f;) f(a) + £;(q) @(f,)

Let us dencte the set of all tangent vectors of N at the
point gby T(N,q). For any v, w in T(N,q) and a, b in &, the
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function
av + bw : {(N,q) = %
defined by
(av + bw) (@) = av(e) + bw(w)
for every w ¢ {(N,q) is in T(N,q). This makes T(N,q) a linear
space over the field of ®, called the tazngent space of N at the
point q.

If vy : 6 » E™! is a local chart, and {el,...e?1} is a
canonical basis for E™!, then the set {rytee®) 1,000
1(te*l) 1} = 3/at,...,8/8e™! is a basis for T(N,q), tel being the
curve t =~ tel, t € R. The space T(n,q) has a natural structure
of a real vector space, and its dimension is the dimension of N,
that is, n+l1. Hence the chart (G,y) induces an isomorphism of
T(N,q) onto EP*L,

Let g € N, (G,y) be a coordinate system with q € G, and yi
ai, i = 1...n+1. For a function f in {(N,q), we can define, for

each i, a tangent vector ol in T(N,q)

¢ - (32") r = i(J;—:,?'}-i(*((c;r)), fel(Nq (12)
q

It can be easily checked that the tangent vectors ¢! at the point
q € N is a linear derivation of the algebra {(N,q).
Given that a = al...a"™! is the coordinate system at g, then

for every integer i = 1...n+1, the operators

i = 0 f) = _QEJ 13
v (&) - (), s
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define the components of the tangent vector ¢ with respect to the

local coordinate system al...e™?., We therefore have

o = ) :é (14)

We interpret (14) as the directiocnal derivatives of f at g, in

the ol coordinate direction.

Vector Analysis on Manifolds
Consider the differentiable manifold N, and T(N,g) its tangent
space. A map Y on a subset Q of the manifold N which assigns to
each q in N, a tangent vector ¢(gq) € T(N,dq) at g by the mapping
Y: N = ¢ (15)
is a vector field on N. The vector field Y is also referred to
as an infinitesmal transformation, a mapping which assigns to
every point g in N, a tangent vector ¥(q) to N at this point.
For any manifold N and its tangent space T(N,q) there is a
natural projection w: T(N,q) =~ N, which maps T(N,qg) on to the
point g. A vector field Y is a map ¥: N » T(N,q) such that meYX
= identity on N. Geometrically a vector field describes a cross

section of the projection of T(N,qg) onto the manifold.

Derivations and Lie Algebra
Let us denote the set of all vector fields on N by h(N). Let

C2 (N} denote the set of all continous functions of class €2, If

f is a function in C2 (N),
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fec? g = Y{(g) () (16)
it defines another function on N which also belongs to C2(N). ¥

is therefore a linear mapping

C:(N) = C*(W) (17)
called the Lie derivative of £ by Y, and Y s a derivation of
C2. We will see below that in terms of local coordinates, a

derivation is nothing but a first order differential operator.

For any Y', Y2 € »(N), and £,,f, in €2, the correspondences

g~ fl@ ¥; and g = Y;+Y; (18)
again define vector fields on N. These vector fields denoted by
fY and Y' + Y2 respectively, and are the product of £ and ¥, and

the sum of ¥' and Y2, The rules for products and sums are:

(a) FALY) = (L)Y
(by f(Y* + ¥?) = £Y'+ fY? (19)

Consider the set Q defined as an open subset of the manifold

N, with al...a?!

S Pje-+Pps1r defined as a local coordinate
system for the manifold N. Let Y € h(N) assign a tangent vector

to each g in N. Setting

Y'igp = 3‘301:_1 = _g@.& (20)

we obtain a tangent vector at g, and the mapping g = Y;(g) is a

vector field defined on the open set Q. If we set
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ol a1
Y. ( = =
i(@) o 30, (21)

we obtain n vector fields which are linearly independent.

If u is the income compensation function, and ¥Y; and Yj any
two vector fields defined on the manifold N, the operation Y'Yy
is not a vector field, since as an operator, it is a second order
partial differential operator. Since Y¥;(u) = du/dp; and Yy (u) =
a“/apj, we have Yin(u) = g2u/dp; apj, which is not a tangent

vector. However the operation Y ¥y - YjYi is a derivation, since

(¥ - Yy (w) = Y (Y;(p)) - Yu(Y;(p)) (22)
cancels out the middle terms: Y;Y;(u) and Y;¥; (k). Hence YYy -
YyYy defines a vector field, called the Jacobi or Lie Bracket of
¥y ¥y, and is denoted by [Y; Y¥;].

This bracket operation, which assigns to every pair of vector
fields (Y; Y;) the infinitesmal transformation [Y; ¥4], is a law

of composition for the vector fields. If Y;, Y., Y, are three

jl'
vector fields on N, the following formal laws follow from direct

computation:
(1) The Lie bracket is additive in each variable:
(Y; + Yj, Y] = [¥;, ¥l + [Yj, Y]
[Y5, ¥y + Y] = [Y;, ¥4 + [¥;5, Yyl
(2) The Lie bracket is skew symmetric:
[Y¥;,Yy) = - [¥5,Y]
hence [Y; ¥;) = 0
(3) The Lie bracket is not associative:
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[[Y;,Y5], Y] * [Yif[erYk]]
but satisfies the following:
[[Y;,¥5],Y] + [[erYk]!Yi] +  [[¥y,¥31,¥4] = 0

which is referred to as the jacobi identity.

Submanifolds and Distributions:

We now address the system of partial differential eguations

om
op

= x;(p,m(.))} i=1....n (23)

i
where m = p(p) is the unknown function of p, with values in E!,
and the given function x(p,m) is a mapping x: 0, X El » Q" of

class cl.

In the function u(p;p,m) fix p at p*. From (6), let

Ve = pip*ip.m {(24)

be the solution equal to V* for p = p", and we have

vt = Vip.m) (25)

where V is of class ¢l. Thus the functioﬁ V(p,m) is defined on
El, and is constant on every solution i = p(p), supposed
completely integrable.

The problem of finding the integrability conditions on x is
therefore eguivalent to the solution of the system of partial
differential equations in (23).

Given an n+l1 dimensional manifold N in which the function u

is defined, it has (pj...P,, M) as a coordinate system. Consider
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the subspaces spanned by the function ¥;. Let us assign to every
g in the manifold N, an n dimensional subspace D(g) of N at q.
A function D which assigns to each g in N an n dimensional
subspace D(q) < T(N,q) is called an n dimensional distribution.
A distribution is smooth (of class cly, if for every q € N, there
is a neighborhood of G of g, in which there are cl vector fields
¥y...Y¥,, such that for s in N, Y¥,(s)...Y,(s) is a local basis of
D(s). The Yy, j = 1...n are said to generate D on G.

We now wish to relate the n dimensional distribution D(q),
with a coordinate system ol...a", to the n+l dimensional manifold
N with al...e™! as the coordinate systenm.

Let Z be a subset of N, such that each 2 € Z is in the

domain of a chart (G,y) of N such that

y:GNZ = EPXEDby y(p) = (Pys+++sPp M) (26)
Then Z is a submanifold of N. This submanifold Z has to be
placed in the containing manifold N in quite a special way. To
describe the special relationship between the submanifold Z and
N, we introduce the notion of a coordinate slice. We define an
n dimensional slice in a manifold N as a set of points in a
coordinate neighborhood with n+l coordinates (pP;....Pp: m) of the

form:

{g; gegG o™ =m = ¢} (27)

where the c is a constant determining that slice. A coordinate
slice is the image under the inverse of a coordinate map of that

part of the n dimensional plane which lies in the coordinate
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range.

PROPOSITION 1: If Z is a submanifold of N, then for every q € N,
there are coordinates al....a"! for N in a neighborhood G of g
such that the coordinate slice corresponding to constants o™l =
¢ is a neighborhood of g € Z. Further, the restriction of al,..a®
to that slice are coordinates of Z.

The submanifold 2 is an integral manifold of the n

dimensional distribution D(g), if for every z € Z, the tangent

space of z, T{Z,z) is contained in the distribution D(z).

DEFINITION: The distribution D is completely integrable, if for

1 n+l
r

any q € G in N, there is a coordinate system a = a”...« and

zZ = {a€G e =cl (28)
such that the submanifolds given by Z are integrals of D.
Consider an n dimensional subspace of the manifold N. The
vector field ¥, defined as Y; = d / dp; for i = 1...n, belongs to
the distribution D, since for every q in N, Y(g) & D(g). We can
say that the distribution D is involutive, if for any q € N there
is a neighborhood G and vector fields Y!...Y™ generating D, such

that we have
(vy; ¥;1 € D for i,7=1..... n (29)

Note that Y;(#) =0 / dp; (#) = %x; > 0. The interpretation
of (29) is that since Y is a vector field which is nonvanishing

the hypersurface D through g, orthogonal to u(p;p,m), is tangent
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at g to the indifference hypersurface of ¢, and 4 indicates a
direction of preference.

A one dimensional distribution in a plane which corresponds
to some nonvanishing vector field is always integrable, since the
local basis field will always have integral curves. In fact, a
one dimensional distribution possesses a family of integral
curves, which reduces to a field of parallel lines by a
diffeomorphism (see Katzner 1970 for an intuitive proof).
However, in a three or more dimensional space, a distribution
whose dimension is greater that one, need not have an integral
surfaces at all. For example, the vector fields dy, and 3, + 8,
in a 3-dimensional space %3, span a 2-dimensional distribution
but (38, ay + x3,]1 = 8, does not belong to the distribution. The
problem of characterizing those distributions that do posess

integral surfaces, is the integrability problem.

Frobenius Theorem

The theorem of Frobenius is concerned with the problem of
determining integral submanifolds of vector fields, with the
property that each vector field is tangent to the submanifold at

that point.

THEOREM: Let D be ann dimensional smooth distribution defined in

the manifold N. If D is involutive, that is

then D is completely integrable. Locally there are coordinates
at for i = 1...n, such that a/aai are a local basis for D, and
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the coordinate slice o™ is an interal submanifold, and a™1l =m

is the solution function.

We now wish to apply the Frobenius theorem to the system of

partial differential equations:

api = xi(p,M) i=1....01 ‘ (31’

where m = p(p) is a funEtion in N, with values in E!, such that
(1) (p,k(p)) € N, for every p € fi,,

(ii) u'(p) = x(p,u(p)), for every p € f,

is called a solution of equation (31).

The n dimensional subspace D of X is a distribution. The
operators ¥; = d/dp; form a vector field on 2. Since du/dp; = X;
hence ¥;..Y¥, are independent vector fields spanning D. Therefore
the vector fields Y;(p) Dbelong to D, and D is a smooth
distribution.

Let us now consider the Lie bracket [¥;, ¥s1. Given the
definition of the bracket (Y, Yj](p) =¥, ¥y (B) = Y5, ¥, (4)
we have:

_ 8 emy . 0 (&
[y, ¥y (p) a, { apj) 3, ( 3131-) (32)

Since du/dp; = X (P,pu(")), we have:

_ ax_j (p; u(')) _ axj (Po p'(.))
[y;, ;0 () = 35, 35, (33)

By the theorem of Frobenius, the distribution D is completely

integrable, if the Lie bracket in (34) also belongs to D, which
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would imply that D is involutive.

PROPOSITION: Let Y ...Y; be vector fields on 2 which are linearly
independent at every point z in 2. If [¥;,¥5] =0, then for any
z in 2, we have a coordinate system such that Y,...¥Y,

3/9p,..-9/9p, is the associated vector fields. This implies that
Y{(z) span the tangent space T(Z,z) and therefore generate D(q)

for q € G. Hence we can say that if

and the distribution D(q) is involutive.

If the bracket [Y;, Yj] equals zero, then

dh,(P,U) dhy(P, ) .
= 3 i =
apj 3D, 1,7, 1....n {35)

which implies the symmetry of the Slutsky matrix S(p,m) -
Equation (35) defines the sufficient conditions for the
existence of integral surfaces, which is stated in terms of the
existence of a solution to the system of differential equations
in (31). This solution is unigue, that is there is only one
indifference surface through some initial conditions m° = p°Xx°,
provided the demand functions x(p,m) are of class ¢!; that is,
differentiable everywhere. However, this differentiability
condition can be weakened to require that the demand functions
merely be Lipschitzian in m.
DEFINITION: The function x(p,m) satisfies a Lipschitz condition

in m, if there exists a constant K > 0 such that:
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| x(p, m}) - x(p, ) | < K | m - m? |

for each m* m? in E.

The above symmetry conditions are sufficient for the
existence of integral surfaces. For these to be interpreted as
the indifference surfaces corresponding to the generating utility
function, these integral surfaces have to be convex, such that
guasiconcavity of the utility function is guaranteed. This
imposes an additional restriction on the Slutsky matrix: the

condition of negative semidefinite. (Hurwicz, 1971; and Hurwicz

and Uzawa, 1971; Afriat, 1980)
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2.3 Integrability Revisited: The Dual Form Of The Frobenius'
Theorem

In section 2.2, the integrability question was considered in
terms of the conditions on the demand functions that would yield
hypersurfaces in the price space which corresponds to the income
compensation function. This problem was formulated in terms of
the solution to a system of partial differential equations. The
Frobenius' theorem in its classical version characterizes the
integrability of a distribution by a condition on the Lie bracket
of the generators of the distribution. An alternative approach to
the integrability problem is considered here: the integration of
a system of first order partial differential equations reduces to
the integration of a system of ordinary differential equations.
The basis of this reduction is a geometric analysis of the
formation of surfaces from families of curves. We begin with
these geometric arguments and then apply them to the partial
differential equations.

To do this we use the notion of differential forms which
play a key role in the topological aspects of differential
geometry. This approach uses Grassmann or exterior algebra,
composed of functions called alternate multilinear functions with
the Grassmann multiplication as the law of composition. We use
this algebra to define the exterior differential forms of Cartan
on a manifold. The special nature of alternate mapping results
in certain unique properties for the multiplication as well as
the differentiation of these forms. We use these results to
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Frobenius Theorem: Dual

characterize the integrability of the distribution, and this
constitutes the dual form of the Frobenius' theorem.

Consider the income compensation function

w(p®; p*m*) = inf [m> 0; (p%,m) R* (p*,m") ] (1)
The domain of u, denoted by N, is an n+l dimensional manifold.
In the last section, the integrability of a distribution D was
defined in terms of the solution to a system of partial

differential equations:

d ,
-é—g: = x;(p,m) i

1]
[}
w]

(2)

where x; = ¥; was shown to be a vector field on N, defined as a
mapping which assigns to every point q € N, a tangent vector to

N at gq.

The Differential of the function u(P; P,M)
Let g denote a point in the n+l1 dimensional manifold N. If
0 (N,q) denotes the set of all local smooth functions at the point
g of N, then {(N,q) = 0(N,q) / ~ denotes the set of all smooth
germs at the point q of N, consisting of the equivalence class of
local smooth functions at the point g € N (see chapter 2.2). The
algebra of the 1linear space {((N,q) is associative and
commutative.

Consider a subset K(N,q) of {(N,q), which consists of all
smooth germs © € {(N,q), such that ¢(w) = 0 holds for every
tangent vector ¢ ¢ T(N,q), where T(N,g) denotes the union of all
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Frobenius Theorem: Dual

tangent spaces to the manifold N. If {(N,q) is an algebra, then
K(N,qg) is a subalgebra of the algebra {(N,q). In particular,
K(N,q) is a linear subspace of the space {(N,q). The quotient

linear space

T*(N,@) = {{N.q) /K(N,q) (3)

is the cotangent space of N at the point q.

Consider the composition

® = wntom?: B(N, @ = TN, Q (4)

of the natural projections nl: O(N,q) » {(N,q) and m2: {(N,q) =
T*(N,q). The n+l dimensional space T*(N,q) is the dual of the
tangent space T(N,q) and is the collection of all linear real
valued functions on the vector space. T (N,q) is called the
cotangent space at q, or the space of covariant vectors.

In chapter 2.2, we considered the system of partial

differential equation

om
op;

= x;(p.m i=1,...,.n (5)

where the n functions x; are given functions of class cl defined
in . We required that, for (p,m) in 0, this equation possess a
solution m = u(p), with the initial value u(p%) = m°.

Consider the differential of the function g at the point g

(di)y = Bl (6)

which in term of the local coordinates is
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Frobenius Theorem: Dual

wo B ) e o
q

is1 3

We define a cotangent vector & in T"(N,q) as
Fri
® = dm- ): x;(p,m) dp; (8)
iml

The cotangent space T*(N,qg) of the n+l dimensional manifold
N at an arbitrary point g of N is an n+l dimensional linear space
over R, For the smooth chart a: ol...a™?, dal...da?! =
(dp;...dp,, dm) form the basis of T*(N,q), dual to the basis of
the tangent space T(N,g). Since al...a™1 form a coordinate

system at g, their differentials are linearly independent.

Multilinear Alternating Mappings
Let & denote an arbitrary n dimensional linear space over the

field ® of real numbers. For any positive integer r, let

o = Be....000 (9)

of r linear spaces, each of which is identical to ®.

An r linear function on @ is a mapping f:

f: w8 » R (10}

such that for every i = 1...r, f is linear in the ith variable,
when the remaining r-1 arguments are kept fixed. Let us dencte
the space of t‘he mapping of the r-linear function by T*r, where

the subscript r denotes the degree of linearity.
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Frobenius Theorem: Dual

The mapping & defined as the differential of the function 4,
is therefore a l-linear function; that is, & is a linear mapping
of T into R. We denote the subspace of this mapping as T*,, or
simply as T".

The mapping & is alternating, in the sense that it is skew
symmetric. That is % (al..a™1) changes signs whenever neighboring
arguments are permuted. To explain this, we require a few

preliminaries concerning permutation groups.

PERMUTATION GROUPS

Let Tm denote the group of all permutations of the set {1,..,m}
of the first m integers. We know that it contains m! elements.,
A transposition is a permutation o € IZm, such that there exist

integers i,j, for i * j, and 1 £ i «m, and 1 < j € m, for which

o(i) =7 and o (j) =1 (11)

Note that o interchanges i and j. It is evident that o2 is the
identity element. It can be shown that any permutation ¢ € Zm,
can be written as the product of transpositions, each of which
interchanges two consecutive integers. The signature of a
permutation o, is denoted by €(0), and is equal to +1 if o is the
product of an even number of transpositions, and -1 if g is the
product of an odd number of transpositions.

We can now define an alternating mapping as follows:
Let & € T" be a multilinear alternating mapping. Then
(i) each time a' = aJ for a pair (i,j) of distinct suffixes:
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Frobenius Theorem: Dual

G(al....a®?) = 0 (12)

(ii) for each permutation o of {1...n} we have

B (Qgyyr v v Copmey) = €(0) O(at.....a™?) (13)

where €(0) = + 1, which is the signature of the permutation.
Given that & is a multilinear alternating mapping, it

follows that it is skew symmetric or antisymmetric. Simply

stated, it implies that & changes signs Wwhen neighboring

arguments are permuted:

O (al, a2, a?,...a™) = - &(a?, af, a,...a™) (14)

Exterior Product

Let &,(g) and &,(h) be two alternating mappings defined in T*,
with &,(g) € T," and &,(h) € T,*. The product of &, and &,
defines a function & A &, : T, = & as follows: If r = 0 or s
= 0, &; N &, is defined by scalar multiplication; otherwise &, A

$, is defines a new function @(g,h) e Troig
O A®, = T e(c) 8(®,(0), ©,(R) (15)

where the summation is over all permutations ¢ of {1....g+h}, and
it can be easily checked that there are (r + s)! / r! s! such
permutations.

The assignment & : (&,,%;) = & A &, is multilinear and
continuous, which is referred to as exterior product and has the
following properties:
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Frobenius Theorem: Dual

(a) A is associative.
(b) A has 1 ¢ & T," as a two sided unit; 1A & =98 =28 A1

holds for every element & of T".

(¢) A is not commutative, but we have &, A &, = ( -1)® &, A &,

for every &, € T," and &, € T;".

Hence the exterior multiplication A makes the linear space T"
an algebra over ®. This algebra consisting of the alternate
multilinear functions, with the exterior multiplication as the
law of composition, is called Grassmann algebra of the linear

space N. Because of the direct sum decomposition

Irel
™M = Y T (16)

k=0

the Grassmann algebra is a graded algebra over R.

The Differential Forms of Cartan

Let © be an arbitrary n+l dimensional linear space over the field
§ of real numbers. Then ®* denote the direct sum of r linear
spaces. A mapping £ as an r linear function which assigns to

every point in ®* an element of order r in the subset Tr*:

f: & - T; (17)
is called a differential form of order r. 1In its canonical form,

a differential form of degree r is

£f=Xf 4 do.... .do (18)

Consider the income compensation function u(p; p,m),
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Frobenius Theorem: Dual

where the domain N of the function is an n+l dimensional
manifold. The Grassmann algebra associated with the space
T*(N,g) is called the Cartan differential algebra at the point g

in N.

We are interested in differential forms on N as a cross
section of the vector bundle T"; such that it assigns to each
peint g, a multilinear, skew symmetric form on the tangent
vectors to N.

In addressing the integrability problem, differential forms
of orders 0, 1, and 2 will be of interest._ A O~form is none
other than the function g itself. This is evident from the fact
that p is a mapping p: N » T," = 8. A differential 1-form is the
alternating mapping &: N » T;* = T". In its canonical form, the

1-form can be writizn as
® = dm- X x;(p,m) dp; (19)

A differential 2-form is a bilinear alternating mapping which

assigns to each point ¢, an element of degree two in T,":

The multiplication of two forms is given by the exterior
product of the forms. Let ¢, be an r-form and ¢, an s-form. The
exterior product of ¢; and &, therefore defines the graded

Grassmann algebra, and is associative and anticommutative. Given
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Frobenius Theorem: Dual

that & is a differential 1-form, we have

& AP, = -, AD, (21)

Moreover, for every %; € T",

,A®, = 0 (22)

This follows from the fact that &; A &, = ( -1) ®; A &§;, which
implies 2(%; A ;) = 0, and hence &; A &; = 0.

Consider two 1 forms: &, = § f; de', and &, = £ gy dad. The
product of ¢, and &, can be written as:

¢, Ne, = T I g5 det dal
Now the term da! dad can be viewed as the product of the 1-form
dal with the 1-form daJ. Hence dal doJ is an exterior product and
has the property:
dot dad = - dad @a! and  del del =0

Hence

Qi A Qj - 1‘_‘%‘“ (¢J‘.¢j - °j @i) d(!i d(!j

(23)

Exterior Derivatives

We now consider an important operation which is unigue to
differential forms. We shall associate with each differential
form ¢ of degree r, a differential (r+1) form, denoted by d?,

*

called the exterior derivative of ¢ and d% € T,.,, . If ¢ is of

class cK, then d% is of class ck-1;
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Frobenius Theorem: Dual

=

do = B d(®,, . ., da®...da's (24)

1sd;...i,20+1
For example, if & is a differential 1-form, & = X &; dal, its

exterior differential is a 2-form:
If the differential form is of degree zero, for example, the

function g: N » &, then the differential of 4 is the gradient of

p, which defines the vector field:

a = ¥ (_al‘-J da (26)

dai
which corresponds to the l-form ¢&.
PROPERTIES OF EXTERIOR DERIVATIVES:
Let & be a differential form of class C¥ (k 2 2). Then

d (db) = 0 (27)

That is, the operation d, applied twice, gives zero. We can see
this easily for the simplest case of a differential 0-form. Let

f be some differential O-form; that is, f: N = R. Then

del

df = ¥ (af] do.? (28)

from which we get
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Frobenius Theorem: Dual

d(df)y = Y d{(gf,) dai} 129)
u.l

Now d{(df/8al) dal} = = (32£/8ad dat) dal. Hence:

ddn = Y (%) da’ da (30)

The indices i,3j vary independently in the summation. The terms
with i = j are zero, since de* A det = 0. For i » j, group
together the (i,]j) terms and the (j,i) terms to obtain

- _Pf ) dat da? F£ I ged
d (df) Yy (aai aaj]da dal + (W] ded de (31)

From Young's theorem d82f/da' dal = 32f/3e’ dal, and we have seen
that del A dad = - dod dal. Hence d (df) = 0. This result holds

for differential forms of any degree.

Theorem of Frobenius:
Earlier, the integrability of a demand function, as given by the

Frobenius' theorem, was defined in terms of a differential

equation of the form

an , ) 32
a x(p, m) (32)

Let x(p,m) be a given function of class cl, A function m = &(p)
of class €2 with values in &, such that

(1) (p, 4(p)) € N, for every p in 0,

(ii) wp'(P) = x(p,u(p)) for every p € 0,
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Frobenius Theorem: Dual

is called a solution of equation (32).
Consider the differential 1-form &: N » T'(N,g). At the
point (p,m) € 0, and at the vector (dm, dp), it generates the

vector (dm - x(p,m) dp) € EM1l. By this 'change of variable’
m = pip (33)

it defines a differential form

p'(p)-dp - x(p, pip)) dp (34)
in N and with values in E!. To say that m = u(P) is a solution of
the system of partial differential equations is to say that the
differential form obtained by the change of variable (34) is
zero.

This suggests a generalization of the notion of a solution of
the partial differential equations in (32). This will be a
systen of two functions p(t), and m(t) of a variable t, such that
the change of variable p = p(t), m = m(t) gives zero for the

differential form. In other words,

dm

dm . do
ac x(p(t), m(E)) (35)

dt

or the equality of two functions with values in the commodity
space 1", which is the tangent space T(N,q). In particular, if
t is a real variable, we say that p = p(t), m = m(t) is an

integral curve of equation (32) if these functions satisfy (35).
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THE CLASSICAL FROBENIUS THEOREM: A STATEMENT

consider the differential equation in (32): dm/dp = x(p,m)
where x is the given function of class c¢l. We now regquire that
for arbitrary (p°,m°) € 0, this eguation possess a solution m =
u(p) defined for p sufficiently close to p°, with the initial

value m° = p(p°).

THE FUNDAMENTAL THEOREM

For this to be the case, it is necessary and sufficient that for

every point (p,m) € Q,
X,(p,m) + xX,(p,m) * xX(p,m)

define a symmetric element in T,"; that is,

0X; 0x . ox. ax.
) —3x e 2 J
op; Y am % ap; Y om X4 (3€)

for all p;, Py in Q,. When condition (36) is satisfied, we say

that the equation (32) is completely integrable.

INTERPRETATION IN TERMS OF DIFFERENTIAL FORMS

Let us now define the problem in terms of differential forms. We
have seen that the tangent hyperplanes to the manifold can be
given locally by a differential 1-form € which is nowhere equal
to the differential O-form; that is du * 0 on N. 1Its exterior

differential is

dd = -dx A dp (37)

where d¢ defines a bilinear mapping T* x N = ®. Explicitly
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Frobenius Theorem: Dual
4o = -(_3£ dp) Adp - (-a—" dm) A dp (28)
dp om
In this, replace dm by x(p,m) dp, to obtain the differential form

of degree two:

ax 0x ; . ox; Ax;
E:-(_a?)f+ ;ﬁ’oxi]+(.a_‘.p§+.aﬂ:oxj] {(39)

for any p; Pj in Q@,. The condition of complete integrability
expresses the fact that this differential form { vanishes. That
is, the hyperplanes given by dm/dp = x(p,m) is completely
integrable, if the differential 2-form E, obtained by replacing
dn by x(p,m) dp in d?, is identically zero.

We shall now interpret this condition: take the distribution
given as the tangent vector of m = u(p). This tangent space
T(N,q), which is the space of the commodity space, is of
dimension n+l1 with coordinates al....a™l = Pj++++Py, M. If the
differential 1-form which is obtained from the dual T*(N,q) of
the tangent space T(N,q), defined as the total differential of
the function m = u(p), is of dimension (n+i) - n = 1, and the
field T*(N,q) defined in this way, is itself a distribution of

dimension 1. That is, locally there exists a i-form &, which

generates T (N,q) .

THEOREM: Let ¢ is a differential 1-form, defining a family of
hypersurfaces such that & = Z &; dol whose coefficients do not
all vanish simultaneously. 1In order that the equation & = 0 be
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completely integrable, it is necessary and sufficient that it

satisfy the integrability condition of & A d® = 0 of Frobenius.

For n = 3, P;., Pjr Pxr

ox . ox ox ax ox; ox (40)
(% . %% x. [FFr - ) o 9% _ 9%\ . ¢
xl [apk apj) T [apk api) xk ( ap; aPi)

where the left hand side of the equation is the coefficient of

dx; A dxy A dx, in the canonical expression of the form & A d@.
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I.2

Surplus Measures As A valid Index Of Utility Change

In this chapter, we address the question of the ability of a
surplus measure to evaluate the effects of a change in the
budget, that is consistent with the consumer's underlying
preference ordering. That is, we examine the ability of the
surplus measure to vary monotonically with changes in the utility
function. Suppose a policy leads to changes from an initial
point {p°,m°} to a new level (p',m'). If the two situations are
such that the consumer prefers the new situation to the old,
(p',m') R* (p°,m°) implying V(p',m') 2 V(p°,m°), then the value
of a surplus measure, evaluated from the old to the new situation
for an appropriate path should be nondecreasing, in order that it
provide a correct comparison between the two situations. 1In
other words, we are looking at the question of the surplus
measure providing a correct evaluation of a policy change purely

in terms of a loss or gain; that is the sign of welfare change.

2.1 The Marshallian Surplus as a Valid Utility Index

The Marshallian surplus &(M) is measured as the change in utility
valued at the marginal utility of income, at the point at which
the change is taking place. For a given interval I = (a,b], and

a path a(t), t € [a,b)], the Marshallian surplus &(M) is

[ece) - fT(J“'E)“ av(t) (1)
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Valid Utility Index

The Marshallian surplus can correctly rank two situations in
terms of a gain or a loss, if it has the same sign as the change
in utility d@v. The ability of &(M) to vary monotonically with av
depends on how A varies along the path from the initial to the
final point; that is on the sign of the derivatives of A with
respect to its arguments.

Consider the lagrangian associated with the constrained
utility maximization. The solution to this Lagrangian is a system
of n+1 equations, which can be sclved to obtain the demand
function, and the Lagrangian multiplier A, which is the marginal
utility of income.

While the demand function is invariant under monotonic
increasing transformation of U(x), the function A(p,m)} is not.
Hence the derivatives of A with respect to its arguments are also
not invariant for monotonic transformations of the utility
function.

Let U be a utility function and A" the multiplier obtained
from the constrained maximization of U. Consider a monotonic
transformation of U, F[U(x)], where F' > 0. The corresponding

transformation of A", denoted by A is
= i: = . ﬂj (2
A o= A (GF) )

Consider the derivative of A with respect to p:
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a2 . (ﬂ.] . (ﬂr)(ar)z (3)
op oF| \ op oF? op
While dU/3F > 0, and (di/dp)2 > 0, there is no restriction on the
sign of 32U/3F2, Provided dA/dp * 0, by a suitable transformation
of the utility index, the derivative of A with respect to p can
be of any arbitrary magnitude and sign. In fact dA*/3p need not
be of the same sign as 8A/9p. Similarly diA/dm can be of any sign
as well (Samuelson, 1947).
Hence, as utility varies along a path in the budget space,
the marginal utility of income may either remain constant, or may
vary along the path. For nonconstant A, there is no a priori

restriction that A vary in any definite manner with av.

CONSTANCY OF A: If the marginal utility of income A is constant
over the path, then so is the 'converting factor' 1/a. This
implies that not only does &(M) vary monotonically with dv, but
the value of & is proportional to dV, providing a ‘cardinal’
measure of the surplus change. Thus, constancy of A 1is a
sufficient condition for the Marshallian surplus to be a valid
index of surplus change. This is true for paths describing
mohotonic and nonmonotonic changes in utility. (The meaning of
constancy of the marginal utility of income is discussed in

chapter I.3.)
NON CONSTANT A: Suppose 4 is not constant, but varies along the
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path. Consider a strictly monotonic path of utility change,
along which dv{(t) either monotonically increases or decreases.
Since A is strictly positive, &(t) will also monotonically
increase or decrease along this path. Hence for strictly
monotonic paths of utility changes, the Marshallian surplus will
have the same sign as dV even if A is not constant along the
vath.

However, for nonmeonotonic paths in the budget space, if A is
not constant for this path, & (M) need not vary monotonically with
dv. It is possible in such cases for the Marshallian surplus to
give an incorrect ranking of the two situations. For example,
for multiple price changes, where price increases are mixed with
price decreases, the utility gain due to the price decreases may
be greater than the loss in utility due to the price increase,
giving a net welfare surplus. If A is not constant with respect
to these price changes, it may be possible that &(M) = 1/4 AV is
negative, implying a welfare loss, when actually the consumer
incurred a gain.

2.2 Invalidity Of The Compensating Variation For Nonmonotonic
Paths

The Hicksian variations are defined as &(*) = de(P*,U); P" = P!

for the compensating variation, and P* = P° for the equivalent

variation. Since the function e(P,U) is non decreasing in U,

it follows that for monotonic changes in utility, de(p”,U) varies

monotonically with dV, and both the Hicksian variations correctly

74



Valid Utility Index

compare the two situations, by providing the same sign as the
utility change.

The situation however, is different for paths along which
utility varies nonmonotonically. As before, consider the case of
multiple price changes, where price increases are mixed with
price decreases, and rectangular paths are used to describe these
changes. For each segment of this path, along which utility
varies monotonically, the Hicksian variations have the same sign
as the utility change. However, for the entire path, the net
effect would depend on the relative magnitudes of the decreses
and increases in utility, as measured by the surplus measure.

Although both the Hicksian variations are derived from the
expenditure function, the compensating vaiation allows only
binary or pairwise comparisons. On the other hand, the
equivalent variation can correctly compare several situations
(McKenzie, 1983; Chipman and Moore, 1980; Hause 1975). This is
because of the manner in which the two measures are constructed.
The compensating variation measures the change in terms of the
difference in the expenditure functions between the two utility
levels, with the new price vector p' as the reference prices.
Hence the surplus gain due to a price decrease from the initial
sitvation will be measured using the lower prices as the
reference prices. Similarly, the surplus loss due to price
increase from the initial situation is measured using the higher
prices as the reference prices. While each of these surplus
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changes are valid when the price change is compared to the
initial situation, the magnitude of the surplus gain cannot be
compared to that of the surplus loss.

As pointed out by Boadway and Bruce (1984), the only way in
which this ambiguity can be avoided is if the surplus change due
to the price increase is compared directly with that due to the
price decrease, instead of comparing it to the base or initial
situation. However this requires that the value of U® (or p°) in
the expenditure function be appropriately modified, whenever a
change in the direction of the price change takes place. This may
not only be extremely cumbersome, but also not feasible, given
the nature in which the Hicksian variations are measured, as
discussed in subsequent chapters.

It has been shown (Chipman and Moore, 1980) that in some
restrictive cases (homothetic preferences with constant income;
and parallel preferences with constant price of the numeraire)
the compensating variation can compare several situations. 1In
the absence of these restrictions, the compensating variation
cannot be used to measure surplus changes for paths along which
utility varies nonmonotonically, unless the appropriate

modifications are made to compare price increases directly with

price decreases.

2.3 Equivalent Variation: A Valid Index Of Utility Change

In comparison, the equivalent variation uses the prices in the
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initial periocd as the reference level. Hence any number of
situations can be compared with the base situation, and therefore
with each other. It is therefore a valid numerical indicator of
the consumer's preferences even for paths along which utility

varies nonmonotonically.

2.3 A Numerical Illustration

We use a simple exémple to illustrate the possible ambiguities
that may arise in using the Marshallian surplus and the
compensating variation for nonmonotonic paths, when the
underlying preferences are nonhomothetic. Consider the Linear
Expenditure System (LES) obtained from the Stone Geary utility
function, which is quasihomothetic (Stone, 1954; Deaton and
Muellbauer, 1980). The corresponding demand functions are

written as:

Pi) % bj

X = ¢y - (Bi)szck o Bum (4)

where c; 2 0, and 0 < 8; < 1; T B; = 1.

For the sake of illustration, consider two goods, x; and Xx,.
Let B, = 0.25, B, = 0.75; c; = 12.75, ¢, = 6.4. Further, let
income m = $100, and prices initially be at p;° = 1.0, p,° = 1.0.

Suppose the price of the first good p; increases from its
initial value 1.0 to 1.8, and the price p, decrease from 1.0 to
0.7. The consumer surplus for this budget change, as measured by
the equivalent variation:
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EV = - [e(p*,UY) - e(p®,UY] + m' -nm® (5)

which for the Stone Geary system is:

P
0
(pi] lm-Xepjl +Xcypy - m (6)
pj J I

is found to show a surplus gain of $§ 1.01839.
We calculated the Marshallian surplus, by integrating the
demand function x; with respect to p; to get the area left of it

between the price lines:

MS; = - (1ln(py cypy ) + c;psdB; + mln(p)c; + ¢;p; (7)
We used a rectangular path, changing p; first and then p,. The
surplus loss due to the price increase is § - 21.40421, and the
surplus gain due to the fall in price was found to be $ 21.09135,
showing a net surplus loss of $ - 0.31286.

When the compensating variation was calculated,

vV = - [e(pt,U% - e(p°%U%] + m' -nm° (8)

which for the Stone - Geary system is

1&1
(%] (m-%cpj) + Teypy - m (®)

showed a surplus loss of $ - 0.90294.

For changes in the consumer's budget which result in non
monotonic changes in utility, the Marshallian surplus and the
compensating variation need not be a valid indicator of the

78



valid Utility Index

surplus change, even in terms of measuring a surplus loss or
gain. Unless preferences are homothetic, only the equivalent

variation can correctly represent the welfare effects of the

proposed change.
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I.3

Surplus Measures And The Problem Of Path Dependence

We have seen that the changes in a consumer's utility in money

terms, due to a budget change, can be measured as a line integral
[ o) = [ £ &,(a) da* (1)
c

The different surplus measures of Marshallian surplus and the
Hicksian variations are obtained by taking the appropriate path
@ from the initial to final points. An important property of line
integrals is that its value depends not only on the end points,
but also on the path along which it is integrated. If the value
of the integral varies from one path to another, then the line
integral of ¢ is said to be path dependent. However in some
cases we may be able to find line integrals which are independent
of the path of integration. In such cases the integral is path
invariant, and its value is unique.

We have seen that for any surplus measure, several different
paths may be defined for the interval I = [a,b]. Even for the
subset of rectangular paths, it can be seen that different paths
can be generated, by just changing the order in which the prices
and income are changed. Since the choice of the order in which
prices and income are changed is purely arbitrary, a surplus
measure should give us the same value along any path; that is

it should be path independent.
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3.1 Poincaré's Theorem: Conditions For Path Independence

Let N (denoting the domain of the income compensation function u)
be a smooth manifold of dimension n+l. We have seen that the set
of tangent vectors at some point g, denoted by T(N,q) is caled
the tangent space of N at g. The space Tr* of differential
r—-forms at g is the set of all r linear alternating functions &:
N » T,". We have seen that a 0-form at g is, by convention, just
a real number. The space T* of 1-forms is the cotangent space to
the point q at N. It is the space of linear functions on N, or
the dual vector'space to the tangent space T(N,q).

Consider the line integral in (1). We have seen that @,
given as I &;(a) dot is a smooth differential 1-form on the
manifold N. From henceforth we shall refer to the mapping & as
a differential 1-form, with all the related properties, as
discussed in chapter 1.1.

If (al...a™?) is the local coordinates of a neighborhood of
q, then the tangent space T(N,q) has a/aal....a/aan+1 as its
basis. The dual cotangent space has a dual basis, denoted by
(dal...da"*!). The differential 1-form & thereby has the local
coordinate expression: ¢ = dm + &, dp- +.....+ &, dp,, where each
coefficient function &;, i = 1,...,n has been shown to be the
Marshallian demand function when ¢ is the Marshallian surplus, or
the appropriate Hicksian demand fr.action h(p,U"), if & is the
compensating or equivalent variation.

Let & be a non vanishing differential 1-Zorm, defining a
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family of hyperplanes. Let Y denote a nonvanishing vector field.
This field defines a tangent field ¢, which at each peoint q,
belongs to the hyperplanes of zeros of the 1-form &(q) = 0. The
field of zeros & will be invariant with respect to the phase flow
of the field ¥, if /[ ¢ is independent of the path of integration.
THEOREM 1: Let & be a differential i-form of class Cl, that is
continuously defined in a simply connected budget set, defining
the change in utility in money terms. The integral of &, which
defines a vector field in 0, is independent of path, if ¢ is the
gradient of some scalar field f of class C* in 0, called a

potential function (Apostol, 1957}.

It may be recalled that if & is a differential 1-form and
of class ¢!, then f is a differential 0-form of class C2. A
differential O-form is none other than a scalar function in N.

If the budget set in which the line integral is defined is
simply connected {see Introduction), then the condition in the

above theorem is both necessary and sufficient for the integral

to be path independent.

EXACT DIFFERENTIAL FORMS: We say that a differential 1-form ¢ is
exact in a simply connected space, if there is a function f of
class €2, such that df = & everywhere in 0.

Consider a differential 1-form &: N ~ T*. We now define
conditions under which & is the gradient of a scalar field. That
is, the conditions which guarantee the existence of a scalar
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function f
f: N~ & df = & (2)

The necessary and sufficient conditions for (2) are given by:

POINCARE'S THEOREM: Let QI be an n+1 dimensional manifold, and T
the dual of the tangent space of a simply connected subset B of

0. If & : N » T", and satisfies
dd = 0 (3)

then there exists a scalar function, or a differential O-form f

of class C2, where f : B € 0 = R, such that

daf = ¢ (4)

That is, if ¢ is a differential l1-form that obeys d¢ = 0, then it

is the gradient field; and hence ¢ is exact.

COROLLARY: If & is a differential i-form which is exact, then it
obeys d% = 0. Hence the integral of & is independent of path in

the simply connected subset G of .

CONDITIONS FOR d® = 0: Let & be a differential 1-form of class
cl, whose component functions &; are nonvanishing. Suppose $

satisfies d® = 0. Then it follows that

oo,

o =E[af

) del A dat = © (5)
a

wnhere A denotes exterior product (see chapter I.l). Note that
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the indices i,j vary independently in the summation. The terms
with i = j equal zero, since dal A dal = 0. For the remaining

terms, let us group together the (i,j) terms and the (j,i) terms

to obtain
o, o®
ae = i) ded A dal — dai/\daj) (6)
T ( (5] - (%)
Now, dad A dal = - dai A daj. Hence, we have
o0, _ %, -
dad da*

The corollary of this is that if a scalar function f exists, such

that df = &, then

dd = d (df) (8)

and hence

ddh =Y ((L) da? A dat = [—B-L.)dai daj) (9)

ol dat da’ dul

which from Young's theorem gives the equality of the cross
partials, and hence d( df ) = d¢ = 0. Thus the condition for the
path independence of the integral of & is the condition in (7)
for i,j = 1,...,n+l.
IMPLICATIONS OF PATH INDEPENDENCE:

If & is a differential 1-form, then the following are
equivalent:

(i) ® is the gradient of some scalar function f in &,
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(ii) If c; and ¢, are any two smooth curves in Q, described by
al and o? respectively, with the same initial and final

points a and b, then:

®(at) = [ @(a?) (10)
- =
(iii) If c is a closed curve in a, then
f ® = 0 (11)
[

3.2 Exact Forms And Integrating Factors

Consider a differential 1-form ¥ that is not exact; that is there
is no scalar function, such that its gradient equals the
differential form ¥. However, it may be possible to find a
multiplier v, which if used to multiply the differential form ¥,

may result in a differential form that is exact:
div?®?) = ¢ (12)
Now, it may be possible to find a scalar function F, such that
dF = v¥ (13)

The multiplier v that converts the differential form ¥ into an

exact equation is called an integrating factor.

EXISTENCE OF INTEGRATING FACTORS
A differential 1-form ¥ of class ¢!, which is nowhere equal to
the zero form on a manifold N, has coefficients ¥;, such that
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¥ = ZF; (a) dat. For the form ¥ to possess an integrating
factor v, such that v¥ is exact it is necessary and sufficient

that

ALY = 0 (14)

THEOREM: Let ¥ be a form that satisfies conditions defined in
(14), and v be a function that vanishes nowhere. Then it implies

that d(v¥) = 0; or that the form v¥ is exact.

PROOF: Consider the exterior derivative of the form v¥, that is

d(v¥). The exterior differential of a product is written as
d(v®) = vA(dE) + (dE) AT (15)
Multiply (15) by ¥. Now Y A ¥ = 0. Hence,
d(vP)ATP = vA(dE) AT (16)

Since exterior product is associative, it follows from (14) that

dF A ¥ = 0. Hence, d (v¥) A ¥ = 0. Since ¥ > 0, it follows
d(v¥?) = 0 (17)
and the conditions for path independence can now be written as:

ICR ANNEICE #

de’ dal (18)

3.3 Implications For A Path Independent Marshallian Surplus

Let & be a differential 1-form of class C!. For a particular
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route of price - income changes, Wwe <an write ¢ as
- 1 - £ x.(p 19
=1

and the Marshallian surplus is obtained by integrating this
differential form.

We have seen that the integrability conditions for the
equation ¢ = 0 define the conditions for the existence of an
indirect utility function V of class ¢?, and a function A of

class ¢!, where A is the marginal utility of income, such that:
dd = A® = Adm - > A x,(p,m) dp; (20)
i=1

Hence the equation A & is exact, and implies:

d(A®) = 0 (21)

Hence the path independence conditions in (18) imply

(ay 2Gx) _ 80x) . i-1...n
ien % (22)
(py LAX) 02 for i =1...n
om dp;

From this we get

ox o ox ax

(a) A __i) . x (_] - A(___j) (__)
(apj * \ 9py ;) = " \%p; (23)
ax; Ay _  9A

o5 =3 - &

I1f we impose the conditions that
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di 1 _ | oA 1
(a) _— = = || =
dp; ) Xy dp; ) x; (24)
(b) N (_3&.] 1
om D, ] Xj
then we obtain
(a) ox, _ ng
gpj D; (25)
(b) %‘i =
m

a sufficient condition for the Marshallian surplus, given by the
integral of (19) to be path independent.

The Marshallian surplus differs along different paths
because the value of A, and hence of the converting factor 1/A
varies along different paths. The imposition of the conditions
in (25) implies that the variations of A along different paths
are cthe same, and hence the process of converting dVv into money
terms are identical along any path, giving a unique value of 2.

A sufficient condition for (25) is that A be constant with

respect to the variables that change. That is
(a) -gﬂL =0 fori=1....n
(b) - =0
om

Tt is well known that since it is homogeneous of degree minus
one, A cannot be constant with respect to all its arguments

(Samuelson 1%42). Conditions in (26) cannot therefore hold
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simultaneously; constancy of A can have meaning only if the price

income changes are restricted to some subset of the n+l price -

income space. The following possibilities have been considered

(Silberberg 1972; Burns 1972; Chipman & Moore 1980).

(1) All n prices change, but income remains constant. The path
independent conditions relevant are 26 (a). In this case
A is a function only of M, then 1 is * constant’ with respect
to the variainles that change. It has been shown by Samuelson
that A is a function of ¥ and independent of all prices only
if the underlying preferences are homothetic.

(2) only n-1 prices and income change; and one price (say nj,
remains unchanged. Then conditions 26 (a) for 1...n -1 and
26 (b) hold. If A is a function only of py, it is constant
with respect to the variables that change. It has been shown
that this implies that preferences are gquasilinear with
respect to the nth good.

{3) Some subset of prices p,...pyx change, and py4q1--- Py Prices
remain unchanged. In this case conditions 26 (a) hold only
for i,j = 1...k. This requires that A not be a function of
the py...Pg prices and hence is constant with respect to the
changing variables.

Tt should be emphasized that when we require some variables
to remain constant, we imply that they remain unchanged for the
entire path.

The path independence conditions imply that that the process
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of converting dV into money units is identical for all paths,
giving a unique value of ¢. For example, let prices p; and P4

change. Since

O _ | 8x: A 27
2 -a(%) (g @

A 1 _ o1 (axi]_l_ ] (a"j)i (28)
op; X; Opy Xy Xy am ) x;

from which it follows fthat the income elasticities of the two
goods are equal. However, if A is not constant, the converting
factor 1/A depends on the path of integration, and the value of
(M) would differ along different paths. The magnitude of the
divergence in the values of the Marshallian surplus depends upon
the difference in the values of the income elasticities for the

goods in the region of the budget space considered.

3.4 The Path Independent Hicksian Variations
The Hicksian variations in terms of the differential form ¢ can

be written as

u

@(x) = dm - iﬁ h(g,U*) dp; U°
=1
U‘

Un for CcV; (29)
Ut for EV

giving the compensating and equivalent variations respectively.
Since &(*) = 1/dA dV = de(P,U"), the corresponding differential
forms are gradients of a scalar function. The equation 2(*) in
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(29) is exact and hence the path independece conditions

opy op;

are always satisfied. This is easily seen from the fact that the

existence of the expenditure functions e(P,U") implies that

dp{+) = d (de)
oh; - Fe {31)
apj op; apj

Hence from Young's theorem (30) follows. The compensating and
equivalent variations are independent of path and are therefore
uniquely defined. Therefore they can be measured along any

arbitrary path in @ for the interval I = [a,b].
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ON THE MEASUREMENT PROBLEM

92



IT.i

Approximating The Equivalent variation

We have seen that the Marshallian surplus need not be a valid
measure of surplus change, for budget changes that lead to
nonmonotonic changes in utility. It is a valid measure only if
we impose restrictions either on the underlying preferences, or
on the of paths of integraticn. 1In the absence of these
restrictions, the Marshallian surplus does not bear a one-to-one
correspondence with changes in the utility, and hence fails to
provide a correct ranking of different situations.

Oon the other hand, the equivalent variation can provide a
valid ranking of different situations that are consistent with
the consumer's underlying preferences. However, unlike the
Marshallian surplus which can he computed from ordinary demand
functions, the equivalent variation requires knowledge of the
expenditure function, or the Hicksian demand functions, which are
not directiy observable.

Two developments in the literature have evolved to cope with
this problem. On the one hand, practitioners of cost benefit
analysis have continued to use the Marshallian surplus, on the
grounds that it provides a good approximation to the Hicksian
measures. Such an approach has been justified by the work of
Willig (1976), who has derived precise upper and lower bounds on
the percentage errors incurred in approximating the Hicksian
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variations with the Marshallian surplus. He has shown that for
a wide range of circumstances, the Marshallian surplus varies
only slightly from path to path, and for any path, will closely
approximate the Hicksian variations. The other and more recent
approach has been to find a methodology to directly calculate the
Hicksian variations using only Marshallian demand functions
(McKenzie 1976; Hausman 1981; Vartia 1983), which is discussed in
subsequent chapters.

In this chapter we consider the approximation problem in the
context of budget changes that lead to nonmonotonic changes in
utility. It is our aim to point out, that the approximation
results of Willig hold only in those situations that lead to
monotonic changes in utility. The cases considered by Willig are
single price changes, and multiple price changes where all prices
move in the same direction. Since Willig considers only
rectangular paths, these budget changes clearly lead to changes
in utility that are monotonic. As cautioned by Willig himself,
when _price increases are mnixed with price decreases, the
v, .compensated demands can stray significantly from Marshallian
demands along the path of integration and consequently the
Marshallian surplus can fail to closely approximate [sic] the

compensating and equivalent variations" (1979, pg. 472).

1.1 The Approximation Results For Monotonic Paths

consider the Marshallian surplus and the equivalent variation.
The difference in the two measures lies in the fact that the
Marshallian surplus is measured as the area left of the
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crdinary demand functions between the price lines, while the
equivalent variation is the correspcnding area left of the
compensated demand functions. As seen in the Slutsky equation,
the Hicksian demand functions diverge from the Marshallian ones
by the compensation in income that is continously made for the
former as prices change, while income is kept unchanged for the
latter. The difference in the two surplus measures depends on
this income effect; if there is no income effect, it follows that
the Marshallian measure equals the iii:ksian variation.

The divergence of the two measures can be quantified in
terms of two factors: the proportion of the consumer's income
spent on the goods whose prices change, as well as the size of
their income elasticities. This was first pointed out by
Hotelling, and was later given a precise formulation by Willig,
in terms of upper and lower bounds on the percentage deviation of
the Marshallian surplus from the Hicksian variations.

let x denote the vector of commodities, and €;(p,m) the
income elasticity of the ith good. Consider a multiple price
change, where the prices are increased from some initial value
p;® to a final value p;', for i = 1,....n, and income remains
unchanged at m°= m' = m. We shall consider only rectangular
paths; hence such paths describe strictly monotonic changes in
utility.

Although several rectangular paths are possible, Willig
considers a specific one along which the surplus measures are
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calculated: the n prices are charged in order from their initial
toc their final values, one at a time, while those that have
moved, stay at their new values. Consider a linear segment a; of
this path, where the price of the ith good (p;) is beiné changeqd,
all other prices remain unchanged either at their new or initial
values:

ai = { p: (p%:---fp%-ly pif pf«-l:---:pg); (1)
p; = (1 - )pj + tpi}

For this segment of the path, the equivalent variation is:

EVi = P(pllr . -:p}-lt P_%: pf«-lr --:Pgi lel) (2)
- w(pt,...Di1, P, Divs e+, Ppi Pt M)

The Marshallian surplus (MS;) is measured as

Py
M5; = fxi(Pf- «.Di-+ Dys Dirae - -+Ppi m) dp; (3)

P}
(Note that for a price increase the EV; would have a negative
sign). The equivalent variation for the entire path is the sum
of the EV, for each segment of the rectangular path, where the
appropriate compensation in income is made for each price
change. Similarly, the total Marshallian surplus is the sum of
the changes for each segment MS = £ MS;; that is, it is the sum
of the areas left of the ordinary demand curves between the price
lines, sequentially shifted as prices change, one at a time, from
their initial to their final values.
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To begin with, the relationship between the Marshallian
surplus and the equivalent variation is derived. From this, the
bounds for the percentage error in approximating the equivalent
variation with the Marshallian surplus is obtained.

Consider the segment al of the path where only the price p;

is changed. The income elasticity of the good Xx;,

ox; m
€, = 2. — 4
: om X (4
can be rewritten as:
€
Loax, = = dm (5)
X m

Since we are considering changes only in the price p;, let us

simplify the notation as follows:

1 1 1 1 0 Q
Pi = PiseeerPio1e D1+ Pisrree»ePn

and

- 1 1 Q Q 0
Pi = PiresesPiae Pis Disre s v e Pn

It

For simplicity of notation let m® = u(p;p',m), m? = p(p°;pt,m).

Since income does unot change, m! = m® = m. Integrate (5) with
respect to m! and m?,
ml
€
x,(P,m?*) = x,(p,m*) exp f ?1 dm (8)
m!
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Consider the income compensation function u(p; p,m). The
derivative of u with respect to price p; gives the following

differential equation

o, 1
0l(p’;i p*,m x;(p, p(p® pt,m) = x;(p,m?) (9)
op;
for initial conditions p(p°; p°,m) = m° = m. Substituting (8)

into (9), and given that m? = u(p°;p!,m) and m! = u(p'; pl,m),

mz
€
du (p; p*.m°) = x;(p,m) dp; exp f ?i dm (10)

poy
The equation (10) can be used to find the relationship between
the EV; and the MS;. For example, if €; equals zero, then EV;
defined on the left hand side equals the MS;. If preferences are

homothetic, such that €; equals one, then

R(p% pl.,m) = m exp I—:;fxi(p,m) dp; (11)

from which the EV; in terms of the MS; can be calculated.
For the general case of nonhomothetic preferences: let €; be
constant in the price income region under consideration. Then

equation (10) reduces to:
1
Pl T-e
f x;(p,m) dp;
pi |

l-¢€
m

pip%:pt,m) = m |1+ (12)

and the following relationship between the equivalent variation
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and the Marshallian surplus follows:

MS; -~ EV; , & M5 (13)
MS; 2m
However, if €; is not constant along the path, an explicit

solution for (10) is not possible. In this case, €.l and Eiz

1 r

denoting the lower and upper values of the income elasticities of
good X;, can be used to derive bounds on the divergence of the
Marshallian surplus from the Hicksian variations. Willig shows
that for an increase in the price p;, the bounds on the deviation
of MS; from the EV; is defined by

€1 |Ms,] MS; - EV, € |Ms;]
2m |M3,] 2m

(14)

If all prices are increased, then for each linear segment of
the path ¢., jJ = 1...n, the above ineguality holds, where the
bounds are determined by the elasticities of the good whose price
is being changed for that segment. Given that u(p; p'm) is a

monotonic function of p;

p(pr...p} by, ..DY) < uw(pl...Dk4. PR..-D3) (15)

and pg(p'; p'm) = m; these inequalities can be summed to yield:

. |Ms| _ mMs-mv _ elms|

(16)
2m |MS| 2m

where €, = min {eil} and €' = max {eiz} are bounds on the income

elasticities of all the goods whose prices change and MS = EIMS;.
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If all prices decrease, then the EV; exceeds the MS;, and the
bounds on the percentage deviation of the EV from the MS; that is
(EV - MS) / MS are identical to (16).

Willig has shown that the percentage deviations of the
Marshallian surplus from the equivalent variation will be small
if the MS;s are a small fraction of the consumer's income, and if

the ircome elasticities ¢; are not large.

1.2 Approximation Results For Nonmonotcnic Paths

Consider the case of multiple price changes, where price
increases are mixed with price decreases. Although the bounds on
the percentage deviation between the Marshallian surplus and the
equivalent variation in (14) with the appropriate signs, apply to
each segment «; of the path, these inequalities can no longer be
summed up to provide bounds for the deviation of the two measures
for the entire path. This is because the changes in prices along
such a path no longer lead to monotonic changes in the income
compensation function. Hence we cannot infer about the closenass
of the two measures merely from the size of MS/m and the income
elasticities of the goods. It is possible for the Marshallian
surplus to deviate substantially from the equivalent variation
even if MS/m and the income elasticities were small. A numerical
example is provided at the end of this chapter.

A nonmonotonic path can be viewed as consisting of two

segments, along each of which, changes in the budget lead to
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monotonic changes in the income compensation function. For
multiple price changes, where price increases are mixed with
price decreases, this can be done by partitioning the vector of
prices into two subsets such that one contains all prices whose
value increases, while the other groups all those whose value
decreases. Then each of these paths, describing either price
increases or decreases, are ones along which utility, and hence
the function p(:), varies monotonically. The approximation
bounds in (14) can now be applied for each of these sub paths.

Let pj..... Py be the prices whose values increase, and
Pg+1+++-+P, be those whose value decreases. Let Ms! denote the
Marshallian surplus for the p,;...p, price increases and Ms? for
the py,;....P, Price decreases. Using the notations in (6) and
(7), let u(p,) = u(pil) - u(pio) denote the compensated change in
income associated with the change in the price p;. Then the EV
for the entire price change is

ke = () = wpyh) - (e

The relationship between the Marshallian surplus and the
equivalent variation can be broken into:

p(pl) - p(p® - (MSP-MST) =

(MST - (p(p) - p(p)) + pipy - p(p® - mso 27

First consider the path along which prices increase:
Pk > Pievveobi > P = B(Dg) <.oo < p(PY) (18)
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For this segment of the path, the Marshallian surplus exceeds the
equivalent variation: u(p,) - u(p°) < Ms?; and the percentage
deviation between the two measures are as in (16), with the most
extreme of the income elasticities of the k goods providing the
bounds.

Consider now the remaining path along which the n - k+1
prices decrease. Again the path describes changes along which

the income compensation function varies monotonically:

Pa < DPnveverDipey <D = w0y > ... pipy) (19)
and the equivalent variation for these price changes is B(p,) -
4 (py). However, the bounds in (16) no longer apply for these
price changes. This is because the equivalent variation for this
path is measured using u(p,) as the base income, whereas the
income (m) is used to calculate the bounds in (16). Since this
segment of the path is preceded with price increases, the
compensated income p(p,) is smaller than m. If the percentage
deviations of the two measures is calculated using m and not
B(py), it will understate the difference in the two measures.
However u(py) is not known, and unlecs appropriate adjustments
for the income (m) are made so that it approximates u(p,), the
bounds as derived in (16) can no longer apply fcr this segment of
the path.

Now consider the Marshallian surplus, which for the entire

path consisting of all price changes, is equal to the sum of Ms!
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and MSP. Since these two components are of opposite signs, it
may be possible for the net MS to be small, even though the
components MS! and MSP are not. However, the smallness of the
deviation of the two measures for the entire path depends not on
the net MS, but on the absolute value »f MS! and MSP. The price
changes as a whole may have a moderate effect on the welfare of
the consumer, but if the price increases or price decreases by
themselves result in large income effects, the Marshallian
surplus will fail to provide a good approximation to the
equivalent variation. Hence for price changes that lead to
nonmonotonic changes in the income compensation function, the
smallness o2f the net MS/m, or of the income elasticities is not

sufficient to guarantes that the two measures will be close in

value.

1.3 A Numerical Example

Consider again the demand functions corresponding to the Linear
Expenditure System obtained from the Stone Geary utility

function:

Bi B; m
x, = ¢, -|—-| Xec z (20)
i i [ N kK Pr t D,

For the sake of illustration, consider two goods %X, and x,, whose
marginal budget shares are 8, = 0.22 and B, = 0.78, and income m
= 100. Let c¢; = 14.6 and ¢, = 3.2, and the prices initially be
at p;® = 1.0 and p,° = 1.0.
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Suppose the price of both goods increase, say p,'= 1.25 and
p,'=1.3. For these ranges of prices, the extremes of the product
specific income elasticities are €, = Min {0.62, 1.16} and e =
Max {0.67, 1.21}.

The Marshallian surplus calculated sequentially for these
changes in p; and p, showed a loss of 7.6 and 16.94, giving a
total of 24.54. The equivalent variation was found to be 22.0.
Hence (EV - MS) / MS is (24.54 - 22.0) / 24.54 = 0.1035. The
bounds on the percentage deviation of the MS from the EV shows a
range of 0.08 and 0.11, which is consistent with the results.

Consider now the case of price increases mixed with price
decreases. Let p;'= 1.5 and p,'= 0.7. For these prices, the
income elasticities range between 0.6 and 1.3. Let us first
consider the price increase. The MS! showed a surplus loss of
14.32878. For the price decrease, the MsP showed a surplus gain
of 21.23513. Hence the net MS for the entire price change is a
gain of 7.61035.

If we calculate the bounds on the percentage deviation of
this net MS from the EV using income elasticities, it shows a
very small deviation in the two measures, ranging between 0.026
and 0.045. However, when the EV was actually calculated for
these price changes, it showed a surplus gain of 9.44. Hence the
percentage error due to the approximation of the eguivalent

variation by the Marshallian surplus is actually gquite large;
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(EV - MS) / M§ = (9.44 =7.61) / 7.6 = 24.1

Thus the value of the net MS does not give any indication of the
size of the errors when price increases are mixed with price
decreases.

Consider the equivalent variation for each segment of the
path. For the price increase the EV was a loss of 13.69, and for
the price fall, a gain of 23.13. The difference between the two
measures for the entire path can be obtained from the components:
EV - MS = 14.33 - 13.69 + 23.13 - 21.94 = 1.83.

Hence the percentage deviation of the EV from the MS is 24.1.
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II.2
Measuring The Egquivalent vVariation Directly: Linear Expansion

Paths and Integrating Factors

We have seen that for paths in budget space along which utility
changes nonmonotonically, deviations of the Marshallian surplus
from the equivalent wvariation may be substantial and may even
provide an incorrect ranking of the situations. Hence the use of
the Marshallian surplus to measure welfare changes in such
situations may be unjustifiable. It is a common belief that the
computation of the Hicksian measures is intrinsically more
difficult since it requires knowledge of the compensated demand
curves: ",.,..it is usually rather difficult to calculate the
compensated demands, for they require that our data on price and
income be integrated twice, which in turn requires not only
integrability but a large amount of information not commonly
available, whose normal content of errors will necessarily be
increased by these complicated manipulations" (Seade 1978 p 511).
The aim here is to calculate the equivalent variation directly
from the observable demand functions. In this chapter, we
restrict attention to demand functions whose expansion paths
are linear. The class of preferences giving rise to such paths
has been extensively studied by Afriat (1972), and will be the

basis of the analysis here.
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2.1 Implicit Definition Of The Equivalent Variation
The equivalent variation is defined as the amount of income
required instead of the price change being contemplated, which

would produce the same utility change as the latter:

Vipt,m) = v(p°,m® + EV (1)

which can be rewritten as

vipt, m*} - V(p®,mY) = Vv(p°, m®+ EV) - V(p® m') (2)
The two sides give the same change in utility brought about by
the change in prices and the compensated income respectively.

Using Roy's identity, and the relation A = dV / 0M, we obtain:

m* pt
[ A@m dm = [ £ Ap,mh) x(p.n") dp, (3)
izl
pD

mé+EV
which defines the equivalent variation implicitly in terms of
the ordinary demand functions.

Solving the equation in (3) for the equivalent variation
requires knowledge of the marginal utility of income A{(p,m). The
integrability conditions only guarantee the existence of the
integrating factor; neither the functional form of A, nor its
values over the budget changes are known or observed. Hence to
solve for the equivalent variation from (3) requires that the
function A(p,m) be calculated from observable data.

The function A(p,m), defined as JdV(p,m)/dm is a mapping

in the n+1 dimensional budget space:
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A QR oxE - R (4)

The derivative of A with respect to the price vector defines the

following n partial differential equations:

3 _ 9 (8v/om)

op; op;
. a \ ax, (5)
h i Bm om

However to solve for the i as a function of n+l variables, the
above system is indeterminate, unless one more equation can be
obtained. ©One possibility is to place restrictions on A such
that its movement in the budget space is constrained, making it
independent of one or more variables. The preferences that
result in such restrictions in A are those which give rise to

linear expenditure functions and straight line expansion paths.

2.2 Linear Expenditure Functions And Expansion Paths

Consider the vector of commodities Xx defined in 0%, and the
vector of prices p in 0. Let us define y = pTx. The product
pTx defines an n dimensional space; y: &, X n" = E". Let S denote
a subset of the commodity space ", such that for all x € 5, U(x)
> U°, for some level of utility U°. Then the set Yy(5)

corresponding to x € S, defining the expenditure: X € S, P > 0O:

y = {pTx: pTx=y(x), x€8] (6)

is the set of values attained by y in § ¢ 07. The set y(5) is
nonempty; S > 0, p > 0. Further pTx, and hence the set y(S) is
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bounded from below, which implies that the epigraph of this set
has a lower limit. The greatest lower bound of y(S) defines the
expenditure function e(p, U") as the lower limit of expenditure
at prices p of attaining the utility of a bundle x. It implies
that the cost pTx of x at the prices p is also the minimum cost
of attaining the utility of x.

Consider the function y = pTx. It is positively homogeneous
of degree one in p; (1y = (1p)Tx, 1 > 0 ). Hence the epigraph of
the function y is a cone. Thus for every p € f,, the half line

D given by

pl‘
D, = {w, 1>0; pef,} (7)

is contained in e(p,U). Hence e(p,U) is a union of half lines
coming through the origin for p > 0. Therefore the expenditure
function is linearly homogeneous and concave in p.

Let R be a preference ordering for which the associated

expenditure function which takes the form:

e(p, 0 = alp) B8(x) + b{p) (8)

called a linear expenditure function (Afriat, 1972). The
function e(p,U) is increasing in U for every p in ;. Hence for
any p, 0(x) is a utility function which represents R; Xx'R x? =
B(x') = B(x2). Since the order R is concave, the function 6
representing it is quasiconcave.

Consider the indirect utility function associated with 8(x),
ocbtained by inverting the expenditure function e(p,U) = plx = m

109



Linear Expansion Paths

Vip,m) = ——== (9)

The marginal utility of money, defined as the partial derivative

of the function V with respect to m:

1
= — 10
A o) (10)

is independent of income: Jdi/dm = 0. Hence, linearity of the
expenditure function implies that they admit representation by a
utility function, such that the corresponding partial derivative
with respect to income, that is the marginal utility of income,
is independent of income.

The converse is also true. Consider the inverse of A: the

marginal cost of utility:

—ae (p' U) = i =
o = alp) {(11)

m
which upon integrating yields e(p,U) = a(p)U + ¢ where c = b(p)
is the constant of integration.

The partial derivative of V with respect to m is linear,
and is therefore concave. Hence the quasiconcavity of 8(x) can
be replaced by strict concavity.

The term b(p) represents overhead or fixed costs, giving the
expenditure when utility 8(x) is zero. Since e(p,U) is linearly
homogeneous in p, both a(p) and b(p) are also linearly
homogeneous.

Consider the expansion locus:
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E, = lx : xE]

(12)
defined as the set of x, which for a given preference ordering R
and prices p, is the utility maximizing guantities demanded as
income m changes.

The demand function x(p,m), derived from the constrained
maximization of the utility function, is therefore the point of
intersection of the expansion set Ep with the indifference
surface. Since the utility function is strictly concave, the
corresponding indifference surfaces are convex. Hence there is
a unique x for every level of income and the expansion loci are
therefore paths.

Consider two points X'Ep and x2Ep in the expansion set Ep.
By definition, x' and x2? are utility maximizing bundles when
prices are p for different levels of income. By the assumption

of strict concavity of the preference ordering R, these utility

maximizing bundles are unique at these levels of income. Hence:

1)

p Tx? (13)

(1) a(p) 8(x?) D)
) pTXZ

+ b{
(1i) al(p) B8(x?) + b(p
Consider a > 0, B > 0, such that a + # = 1. Let x denote the
line segment joining x' and x2; x = ax' + Bx2. Therefore

0( ax'+ Bx2 ) = O6(x). By the strict concavity of 6, we have

B(x) 2 a B(x) + P O (x?) (14)

Consider the expenditure functions in (13). Multiply (13) (i) by
a and (ii) by B, and the sum of the two gives
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alp) [aB(xt) + PB(x2)] + b(p)le + Pl = pTlax® + px?) (15)

Hence

a(p) [@B(x!) + BB(x®)] + b(p) = pTx (16)

But given the inequality in (14) we can obtain

a(p) 8(x) + bip) =2 pTx (17)

In general, for any bundle x € 0", e(p,U(x) < p'x, implying

a(p) 0(x) + b(p) < pTx (18)
From (17) and (18), it follows that

(19)
a(p)8(x) + b{p) = pTx

Hence the commodity bundle x is also a utility maximizing bundle
at prices p, implying xEp, or that x is also a point in the
expansion set Ep. Since the line segment joining the points x',
X? € Ep is contained in Ep, therefore it follows that the set Ep
is convex.

When the preference ordering R is strictly concave, the
expansion sets are paths; which implies that it intersects the
indifference surfaces at a unique point. Hence for the expansion
set Ep to be convex, it must be a straight line.

Consider the converse of this: let x' and x? be two points
in an expansion set. If the expansion set between these two
points is convex, then the corresponding expenditure function
is linear.
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For some gprices p, let Ep denote the expansion set, such
that x', x2 € Ep. By definition x'and x2? are utility maximizing
bundles at prices p. Let us denote the utility associated with
x' and x2 by U' and U2 respectively.

Let %, be a commodity bundle obtained by linearly combining

x' and 2

Ik

(1-t)x(p) + tx?(p)
x'(p) + (x*(p) -xY(pP)) ¢t

x.(p) (20)

at prices p, where 0 < t < 1. Giver that the set Ep is convex,
X, (p) 1is also contained in Ep. Since x'(p) 1is a utility
maximizing bundle at prices p, it implies x'(p) R x'(p") for all
p* € 2,. Hence

pTxY(p) = Min [pTx: U(x) 2 Ulx'(p))] (21)

and
pTx*{p) s pTx'(p") (22)
Similarly, for the utility maximizing bundle x2(p), we have
pTx*(p) s pTx%*(p") (23)
Multiply (22) by t and (23) by (1 - t), and add to obtain

pTx.(p) < pTx Ap*) (24)

0 £t £ 1, By the convexity of Ep, x.(p) € Ep. Therefore

x.(p) R x.(p") (25)
which implies that the bundle x (p} is a utility maximizing
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bundle, and is the point of intersection between Ep and the
indifference surface corresponding to the utility level U.. It
therefore follows that O(x . (p)) = t, and 6(x) is a utility
function representing the preference ordering R.

consider the total expenditure associated with utility t at

prices p:

e(p,U,) Min [ pTx : Ulx) 2 U, (26)

pTx.(p)

Substitute (22) for x, in (28) to get

elp,U) = px*(p) + p(x¥(p) - x*(p)) ¢t (27)

noting that t = U., we can rewrite the above as
e{p.U,) = alp) 0(x,) + bip) (28)

where a(p) = p(x2(p) - x'(p)) and b(p) = px'(p). Hence for the
expansion set between x' and x?, the corresponding expenditure

function takes the form:

e{p,U) = a(p) 8(x) + b(p) (29)

The utility function representing a preference ordering R
which can be normalized to have a linear expenditure function as
in (10) is called guasihomothetic. Such a utility function has
expansion paths that are straight lines, but unlike those
associated with homothetic preferences, need not pass through the
origin. The marginal utility of income associated with such a
utility function is independent of income, and is a function only
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on the n prices. Conversely, a linear expansion path is
associated with a linear cost function, which therefore implies

that the associated marginal utility of income is independent of

income.

2.3 Solving For the Integrating Factor: Linear Expansion Paths:
Let U be a utility function representing preferences that are
homothetic. Then a normalization of this utility function can be
found, such that the corresponding marginal utility of income can

be written as a function only of income, A = 1/m (Samuelson 1942)

Substituting this in (3), we get

EV = m® - m* exp

g

pl
f x(p,m') dp (30)
pﬁ

Consider the utility function representing a preference
ordering that is quasihomothetic, with properties described
above. Since the marginal utility of income is independent of
income; dA/3m = 0, we have the following differential equations

as functions of n variables (Seade 1978):

a4 0x;
= - a
dp; A om (31)
which can be integrated to yield
fooe dx; (p', m)
Ap) = A(pY) expl -[ Y = ap, (32)
pﬂ

which can be substituted into (3) to yield:
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pO

pl
EV=dm+fexp -;!;E

pl

Ox;
om

Y x;(p,.m") dp; {33)

Linear expansion paths which are associated with either
homothetic or quasihomothetic preferences, have implications
for the marginal utility of income which makes it possible to
solve for Hicksian variations from ordinary demand functions.
For nonlinear expansion paths, the marginal utility of income
is a function of n+l1 variables, which makes implicit solutions
more complex. McKenzie and Pierce (1976) have shown that the
equivalent variation can be obtained in such cases, using a
more detailed calculation. Quasihomotheticity, on the other
hand, aliows a more elegant solution without placing overly

restrictive assumptions on the underlying preferences.
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II.3

Measuring The Equivalent Variation Exactly: Nonlinear Expansion
Paths

Integrability theory tells us that the ordinary demand functions
give us all the information needed to determine the underlying
utility function; hence the expenditure function can, at least
theoretically, be calculated from the observed demand functions.
However, it was not until recently (Hausman 1981, Vartia 1983},
that a practical computational procedure to calculate the
Hicksian variations directly from demand functions, without
imposing any restrictions on the underlying preferences, has been
developed. The basic idea is that the indirect utility function
can be recovered from the demand functions if the integrability
conditions are satisfied, and the expenditure function can then
be obtained by inverting it. Alternately the expenditure function
can be calculated directly from ordinary demand functions by
considering price and income changes that Keeps the consumer on
an indifference surface. Since utility remains constant for such
budget changes, the compensated income corresponding to these

price changes gives the expenditure function corresponding to

this indifference surface.

3.1 Calculating The Expenditure Function From Ordinary Demand
Functions
Let a(t) = a(p(t),m(t)) be a differentiable path in the budget

space N1 joining the initial point (p°,m) and the final point
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(p',m). Let I = [a,b] be the interval describing the change in

prices and income. For simplicity, let a = 0, and b 1; hence
for 0 < t € 1, p(t) is the price path joining p° and p',

and m(t) is the income path beginning at m°. Let V(a(t)) =
V(a(p(t), m(t))) be the indirect utility function, whose value
changes as we move along a(t), and e(p(t),U(x')) = m(t) be the
expenditure or compensation function, defined for the final
utility level, which gives the change in income required to
maintain the utility level obtained when the individual consumes

%' at the final situation. We can differentiate the indirect

utility function with respect to t, and using Roy's identity

davie) _ dm{t) _ dp
. l(p(t).m(t))[ o Y xptor,men) 2B )

It gives the rate of change in utility at every point t, as p(t)
and m(t) move from their initial to final values.

Consider the Hicksian demand function h(p(t),U'), which for
changes in t Kkeeps the consumer on the indifference surface
corresponding to U'. It implies that dv = 0 for all t € [0,1].
Since A > 0, the above equation reduces to the following

differential equation:

dm{t)
de

= ¥ xip(o),me)) 2210 (2)

where the demand function x(p(t),m(t)) and its derivatives are
known, and m(t) is the unknown function which when solved gives
the compensating income, e(p(t),U(x')) = m(t) required to keep
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the consumer on the indifference surface corresponding to U'.

3.2 Solutions To First Order Differential Equations
The demand function x: Q =~ Q" is continuous, and defined for the

real p € {a,b] and all real m. The equation in (2) written as

dm(t) _ dp
e £(t, m(t)) x(p(t), m{t)) e (3)

is an ordinary differential equation of the first order. A
solution of this differential equation is the function
w(p(t);p(t),m(t)) = m(t), defined as the compensating income. The

function u is of class C2, and satisfies the following two

conditions:

(i) (t, p{t) € Q; teTI

(11) E'Pd%’— = F(E, u(t)); tel (4)

The general solution of the differential equation will involve
one arbitrary constant which can be determined if we impose the
condition that the solution must satisfy an initial value

constraint. The determination of the solution of

% = Fle,m(E)); m(t) =m, terl (5)
is the initial value problem at hand. If there exists an

interval I containing t;, and an m satisfying (5), it can be

referred to as a solution of (3) passing through (ty, m°).
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EXISTENCE AND UNIQUENESS OF SOLUTION
The gquestion about the existence and the unigueness of the
solution of (3) are answered by an existence theorem referred to

as the Picard - Lindelof theorem (see Hartman, 1964).

THEOREM: Cecnsider the function f(t, m) defined on a domain Q in
the n+l1 dimensional space. If:
(i) £(t,m) is defined and continuous in 2 for P <psptim>0

(ii)} £(t,m) is locally Lipschitzian with respect to m in Q, that

ig, if for a bounded set p in I, 3L = Ly such that

|£(E, mY) - £le,m?)| < Lim* - m?| forall (t,mY), (t,m?) € p(s)

then there exists a unique solution f£(t,tg,m°), and f(tg,m°®) = me

of (3) passing through (tg,m°).

Further, if the Slutsky matrix associated with the function
f(t,m) is symmetric and negative semidefinite, then the solution
m(t) is the compensation function p(p; P, n*) and u(p°®; p°,m°)
= m°.

The existence theorem implies that if the function £(t,m) is
continuous in the domain @, and with continuous first partial
derivatives with respect to m, then there exists one and only one
solution passing through 2 given point (%g, m®) in p.

For any (tg, m°) € o in @, let (yl(tg, m°), Y?(tg, m°)) be
the maximal interval of existence of f(t, tq. me) and let T be
defined by
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' = {(t, t° m% r ¥y (tE,, m%) < ¥ty m®) ; (£,.m%) € p} (7)
The trajectory through (tg, m°) is the set of points given by

(t,f(t,ty,m°)) for t varying over all possible values for which

(t, t3, m°) belong to T.

3.3 Closed Form Solutions To Differential Equations
For scome differential equations, the solution can be expressed in
terms of elementary functions, or in terms of indefinite
integrals of such functions. Such a solution is called an
explicit solution. Hausman (1981) and Mohring (1971) consider
explicit solutions for the caze of single price changes.
Although generalizations for multiple price changes are not
possible, their approach is a useful starting point in
understanding more complex solutions of differential equations.
Consider the case of only two goods, where X; is the good
whose price p, changes from some initial value p;° to p;' and the
price of the other good is normalized to equal one., Let us write
the differential equation in (3) as:

dm(p,)

= 8
o, x (p,m) (8)

From henceforth we shall drop the subscript and it is understood
that it is the price of the first good that is being changed; all
cther variables remaining unchanged. Some of the simplest types

of equations can be solved by the computation of integrals. For
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example, Hausman considers a linear demand function of the form
X = ap + bM + dz (9)

Thi - function can be integrated to give
m{p) = ¢ exp (bp) - Y (ap + 2 44z (10)
b b /

where c is the constant of integration. Since U is an ordinal
function, we can let ¢ = U', where U' is the final utility level.
The above equation can then be solved for the indirect utility

function

¢ = V{p,m = exp -(bp) (m + = (ap + % + dz)) (11)
which can be substituted into (10) to yield the expenditure

function.

Consider another example, a CES function

x = exp(dz) p®m® (12)

This can be integrated using the technique of separation of

variables. To do this, the equation can be divided by mP,

dm

— = a b
a5 exp (dz) p%m (13)

and integrated

1
wF dM = fexp (dz) p® dp + c {14)
from which the expenditure function can be calculated, using the

value of ¢ = V(p',m).
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SOLVING DIFFERENTIAL EQUATIONS USING MACSYMA ODE 2

More complex specifications of the demand functions, which
require involved computations, can be more conveniently handled
using a suitable computer software. For example, consider the

demand function which is quadratic in prices:

x = ap + bp? + gm + dz (15)
To integrate this, we used MACSYMA, a symbolic differential
equation solver. This is the most advanced program available
that can be used for explicitly solving ordinary differential
equations of the first and second order. It consists primarily
of a set of routines based on techniques from Moses' SOLDIER ODE
program (Moses, 1967) and Boyce and DiPrima (1969). A copy of
the program by Golden, J.P., taken from the proceedings of the
1977 MACSYMA users conference, U.S. Department of Commerce, is
enclosed.
The differential equation dm(p)/dp = ap + bp? + gm + dz

was solved using MACSYMA ODE 2 to obtain:

m{p) = + V exp (gp) (16)

-b(g?p?+2gp+2) _ algp +1) _ dz
g? g? g

where

_ _ gim + bg?p? + (ag? + 2bg)p + dzg? + ag + 2bK17)
V= exp (gp)( e

MACSYMA's ordinary differential equation solver ODE 2 may be
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used for solving elementary ordinary differential equations:
linear, exact, homogeneous, Bernoulli's eguation. However, for
more complex specifications of demand functions, resulting in a
nonlinear differential equations, an analytical solution is often
not possible. This is also the case when more than one price
changes. We discuss this in some length at the end of this

chapter.

3.4 Numerical Solution Of Differential Equations

If an explicit solution of the differential equation is not
feasible, it may be possible to solve it using nunmerical methods.
Consider the initial wvalue problem for the first order
differential equation in (3) with the initial value m°. We seek
a solution in the range 0 < £ < 1. We assume that the function
f(t, m(t)) satisfies the conditions in (3), which guarantee that
the problem has a continuously differentiable solution, which we
shall indicate by m(t).

The idea behind numerical integration is to approximate the
solution to (3) at a sequence of points called mesh points. We
divide the price interval [a,b] into equidistant intervals
through the mesh points a = t;, t;, t,,..ty;, t, = b, with the
step size h = (b-a)/k, such that t; = ty+ih. The approach of a
numerical solution is therefore that of discretization; that is
we seek an approximate solution, not on the continous interval a

< t € b, but on the discrete point set {ty; j = 0,1..(b-a)/h}.

124



Calculating EV Directly

Let mg4y be an approximation to the theoretical solution at Xy,
that is, to the actual compensated income m(tj), and let fj =
£(ty,my) .

The idea of this algorithm is to move by small steps along
the indifference surface corresponding to the final utility, as
prices are changed from their initial to their final values. The
values of the my; gives the approximate value of the true
compensated income m(tj) corresponding to Pt and x'.

The computational method that we use for determining the
sequence {Mt} takes a linear relationship between mey, feys j =
0....k called a linear multistep methed of step number k. A

general form of a k - step method may be written as

k k
;;ij mcj = hgvi fl‘.‘j (18)

where §; and vy are constants which are arbitrary up to a
constant multiplier, since (18) can be multiplied on both sides
by the same constant without altering the relationship We can
remove this arbitrariness by assuming throughout that 6k =
1. Thus the problem of determining the compensated income m(t)
in (3) is replaced by that of finding the sequence {mt} which
satisfies the difference equation in (18).

This is done by expressing the solution at ty, that is
m(t;), in terms of numerical approximations of j-1 successive

steps. At each stage of the computation the method will call for
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the solution of the egquation:
mcl = b vi f(ti' Mti) + A (19)

where A is a known function of the previously calculated values
Meyr feye j =0, 1....1i=1. It should be pointed out that if the
original differential equation in (3) is linear, for example if
the demand function is linear, or loglinear, then (12) is also
linearlin m.;, and there is no problem in solving it. But for
more complex forms of demand functions like gquadratic, indirect,
addilog, which result in nonlinear differential equations, the
condition in (6) guarantees that there exists a unique solution
for m_;, which can be approached closely by an iteration process.

The solution will converge to the actual solution if

1
h < (20)
L.vﬂ

where it may be recalled that L is the Lipschitz constant of X
with respect to m.

We now turn to the problem of determining the coefficients
§5, vy in (18). Any multistep method may be derived in a number
of different ways, each of which is primarily an exercise in
judicious extrapolation. The principle criterion for choosing
any one method over another are ones of efficiency, stability,
and accuracy. The whole method of calculation is governed
decisively by the number of steps k, wnich also determines the

degree of accuracy.
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To explain the method that we used, it would be useful to
begin with the simplest numerical method, known as the Euler

method. Consider the Taylor expansion for m(tj+h) about tj:

- h?
m(ty + h) = m(t;) +hm’(tj) + ?l-mz(tj) + ... (21)

If we truncate the expansion after two terms and substitute for

m(ty) from the differential equation (3), we have

m(ty; + ) = m(t;) + hf(t;, m(ty)) (22)

a relation which is in error by

2 = _h_z 2 h3 3
0 (h%) ZIm (tj) + -iTm (tj) + ... (23)

Equation (22) expresses an approximate relation to the exact
values of the solution of (3). We can also interpret it as an
exact relation between approximate values of the solution of (3)

if we replace m(tj), m(tj+h) by mtj, mtj+h respectively:

M, = M + hf

& (24)

which is an explicit linear one step method. This is Euler's
rule, which is the simplest of all linear multistep methods. The
basic idea is that the points (t, m) 'near’ the solution curve of
the problem are calculated successively by (22). Hence the
solution is obtained by integrating the differential equation

over the interval (t,t+h) and then the integral of f(t,m(t)) dt

is replaced by an approximation
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t+h

m(t + h) -m(t) = ff(t,m(c)) dt (25)
t

The error associated with it in (23) is called the local
truncation error, which for this method is 0(h2), and is equal to
zero if the solution of (3) is a polynomial of degree not greater
than one.

The above method was a single step integration, where the
numerical solution was obtained solely from the differential
equation and the initial value. This is a naive method of
limited accuracy, because it requires the value at one mesh point
to compute the value at the next. Once the values at a number of
points of the numerical approximation have been computed, they
could be used to aid in the computation of later points. A
multistep method does exactly this; and hence is a more efficient
method providing a more accurate solution. We therefore chose a
multistep method, called the predictor - corrector method to
solve our differential equation in (3).

The algorithm consists of two parts: first, a starting
procedure in which an approximation to m,., is computed from mg,
by linear extrapolation, providing my.....m;_;, which are the
approximation to the exact compensated income at the points
tg...t;.;. This is called the prediction. Since this process
does not make use of the differential equation in any way, a

correction process is applied to the approximate values.
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The method becomes efficient and keeps the number of
iterations to the minimum, if the initial starting values can be
made as accurate as possible. We did this using an explicit
difference method, called the Adams -~ Bashforth method, to
estimate fairly reasonable values for My This value is used as
the initial estimate, which is then corrected using an implicit
formula by iteration, until there was convergence.

This process is applied recursively based on the numerical
approximations of the k successive steps, to compute m(t,),....
We repeated this process for 1000 iterations until there was no
further change in the predicted value of m, which indicated

convergence.

3.5 A Numerical Example
We illustrate the above algorithm using the demand function
estimated by Parks R.D. and D.Weitzal from the data generated by
the Wisconsin Time-of-Day electricity pricing experiment. The
experiment was designed to distinguish four time periods in a
typical day with x;, i = 1..4, denoting the quantity demanded in
each time period, and p; the associated price of electricity for
that period.

Homothetic separability was used as a maintained hypothesis
in this study, making the quantity demanded in any time period a
function only of electricity prices and the total electricity

expenditure. The authors estimated a generalized Leontief model
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of demand, ard was of the following form:

x; = 7 1) (26)

E_ ; djj Piz sz
1

with d;y = dy;7 B3 24 d;y = 1. The movement from a flat rate to
a time differentiated tariff can be represented by the change in
the price vector p°= (p;°,pP,°,P3°,P;°), with p,;°= 4 cents/Kwh to
P'= (p;',P2'/P3',Py'). For purposes of illustration we use 8, 4,
2, and 1 cent as the prices for the peak, shoulders, and offpeak
periods respectively.

The change in the consumer's welfare, as measured by the
equivalent variation, was calculated using the differential
equation in (3). The initial condition used for this problem was
the average monthly expenditure on electricity, which was
estimated by the authors to be $§ 26.82.

A program called ISLM ROUTINE - DGEAR was used to find
approximations to the solution of the first order differential
equation in (3), with initial conditions m(t,;) = 26.82. Two
classes of implicit linear multistep methods were used in the
process: the first is the implicit Adams methods (described
above) up to order 12, and the second is the backward
differentiation formula, up to order 5 (See Gear, C.W., 1971 for
details). The demand functien in (28) with values of the
coefficients (d,_j) estimated by the authors was used in the
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subroutine. A multistep predictor - corrector method was used,
whose order was automatically chosen by the subroutine as the
integration proceeded. The starting method is automatic, and the
information retained by the program about the previous steps was
stored in such a way as to make the interpolation to a nonmesh
point straghtforward.

We divided the interval [0,1] into 1000 steps. The distance
between two mesh points had a step length h = 0.0001, and the
error tolerance was set at (0.000001). Since the Lipschitz
cendition was satisfied, the step length used was adequate for
the convergence of My to m(tj). The value of m, was found to be
23.335, showing a surplus gain of $3.485. The values of the
compensated income estimated at each mesh point was plotted, and

is enclosed.

3.6 cCalculating The Equivalent variation and Marshallian
Surplus: A Comparison Of Computational Ease

Despite the well known theoretical problems underlying the use of
the Marshallian surplus, actual practitioners of cost-benefit
analysis continue to use it in the belief that it is easier to
calculate the Marshallian surplus than the equivalent variation,
requiring merely the integration of ordinary demand functions
with respect to the price changes. As shown in the above
sections, the availability of advanced software has made the

computation of the equivalent variation from ordinary demand
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functions feasible.

Calculating the Marshallian surplus may not always be easy,
often requiring the use of advanced computing software. While it
is true that for certain kinds of demand functions like linear,
or loglinear, the integral can be expressed in terms of
elementary functions, it may not be possible to do so for more
complex specifications of demand functions. Examples of this are
the frequently used demand functions associated with the addilog,
translog, and other utility functions that are not separable in
income. Even demand functions obtained from additive utility
function that are linear in income 1like the members of the
Bergson family pose considerable difficulties for integration.

The problem in computing the Marshallian surplus arises when
the demand function takes the form x = g(p;)/h{p;), and we
require to integrate it with respect to the changes in p;. Let
the demand function x(p;) be a rational function with a domain in
(p,m); the objective is to express the integral of x in terms of
(p,m, log).

Without loss of generality, let g(p;), h(p;) be coprimes,
and g(p;)/h(py) be a proper fraction. Basically the method is to
split the integrand into the sum of simple functions, which can
be integrated directly. That is, we have to break up the
function x into parts which are easy to integrate, with the
restriction that if x is integrable, then each of the parts that
we split it into must likewise be integrable. An example where
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this could go wrong is given by :

L exp (p; + 1) = f (p; + 1) exp {p; + 1)?

2 (27)

- fpi exp (p; + 1)? + [ exp(p; + 1)?
However exp (p;+1)? has no elementary integral.

The partition that is applied to x is the natural one of
splitting it into a polynomial and proper fraction. Then from
Liouville's theorem, the function x has an integral of the
following form:

fx =y, + ; c; log y;(p;) (28)
where y, is a rational function in p;, and y;(p;)....¥x(pP;) are
square free coprime polynominals, and the cj's are constants.
The problem in integrating the function x arises due to the
presence of p; in the denominator of x, and hence also in the
denominators of y, and the yys. Let us consider each of these
terms. We can deduce some facts about the denominator of yg by
differentiating the equation above. First, notice that the
derivative of ¢y log yy(p:) is C4 Y’ 3{P;i) / ¥5(Pi) - Since Y5 (F;)
is square free and thus coprime to its derivative, it therefore
has a square free denominator. Hence the derivative of the sum
of the logarithms is a rational function with square free
denominator; in fact, the denominator will be precisely the
product of the arguments of the logs. Now consider the term y,.
Differentiating this shows that any factor appearing in the
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denominator of y; will appear in the dencminator of x to a higher
power and we know that the power is exactly one greater. In
other words, given x we can computs the denominator of y,
directly from the denominator of x.

This leads us directly to the basis of the method behind
integrating the function x. Given a function x; = g(p;)/h{(p;},

we need to factored h(p;} into linears, such that
Alp;) = (p; -~ ¢ (29)

which will then allow us to write g(p;) / h(p;) into partial

fractions:

gb) g 9 (30)
h(pl) =1 (pi - Ck)ej

Then each term can be integrated independently:

91 - -
IT_C})— = g4 log (p_., Cj) (31)

Of course not all functional forms of demand need to have
the denominator factored. For example, consider the demand

function corresponding to the Linear Expenditure System (LES).

B, B
X; = €5 - = p;c; + — m (32)

P; ); 777 by
To integrate this function with respect to p; does not require us
to factor the denonminator, since we can integrate in parts. For
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example if there are three goods i=1..3, the demand function for

x; can be integrated with respect to p; to get

-[logp, (c.p, + C3p0;) + ¢,py1B, + mlog(p) By, + &b (33)

In general, the situation will not be as convenient. For
example, consider the demand function obtained from the indirect

addilog function:

X, = (34)

The denominator contains the term p; to the power of B;. We know
that the only restriction that we can place on the B;s is that B;
> =1 for all i, with the equality holding for at most one
commdity (see Parks 1969, and Yoshihara 1969). Since the B; are
in general nonintegers, we have a complex variable in the
denominator. Complex variables have nonunique roots; hence it is
impossible to factorize the term linearly. We cannot express the
integrals of such functions as c¢losed forms, and can only be
integrated numerically. Calculating the Marshallian surplus in
such cases is not any easier than calculating the equivalent
variation. Given that the latter can be computed from knowledge
only of the ordinary demand function, the change in consumer

surplus'can be measured exactly.
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An Application: Measuring Censumer Welfare Effects Of Time
Differentiated Electricity Rates

The literature on surplus measures has traditionally focused on
situations where changes in the consumer's budget 1lead to
monotonic changes in utility. oOur objective here is to consider
those paths in the budget space along which utility varies non
monotonically, and to show that the standard results of surplus
measures derived for monotonic utility changes may not apply in
these situations. Budget changes that lead to non monotonic
changes in utility are not uncommon: price increases are often
accompanied by lump sum transfers; a subset of prices may be
changed such that some prices are increased, and others
decreased. An exanple of the latter kind, which has received
considerable attention recently, is the proposed change of
electricity prices from the current flat rates to peak load or
time differentiated rates. Typically, such a change would
involve an increase in the price of electricity for the peak
periods with a simultaneous reduction in off-peak prices. If
rectangular paths are used to describe such changes, we have a
situation where the price changes lead to nonmonotonic changes in
utility. Hence for purposes of illustration, we consider the
problem of measuring consumer surplus, when electricity prices
are changed from a flat to time differentiated rates.

Several projects have been conducted to study the effects of

time-differentiated rates in the U.S. (see D.J.Aigner 1984).
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Many of these studies (for example, Parks and Weizel 1984), use
the Marshallian surplus to measure the changes 1in consumer
welfare. It is argued that since a consumer's expenditure on
electricity is only a small part of his income, the Marshallian
surplus can be used to approximate the true surplus change. We
will show that this assumption does not hold, since these are
paths describing nonmonotonic utility changes. The Marshallian
surplus does not approximate the equivalent variation closely,
even when the income elasticities and expenditure proportions are
small.

Some effort to measure the changes in consumer welfare in
terms of the Hicksian variations has been done (Caves, Schoech,
Christensen & Hendricks, 1984; Howrey and Varian, 1984; Gallant
and Koenker, 1984). They use the more common approach of first
specifying the utility function, and then estimate the unknown
parameters from the derived demand functions. Qur approcach
differs from their work in that we begin with the observed demand
function and then derive the expenditure function from it. This
is considered to be the preferred approach, since it does not
force the demand data to fit a pre-specified utility function
(Hausman, 1981). Further, this method can be applied for any
specification of the demand function as long as the integrability
conditions are satisfied. No restrictions need be placed either
on the preferences of the consumer, or on the paths of
integration.
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We begin with a brief background on the rate structures and
energy policy in the United States and the present crisis facing
the energy sector. We then look at the different demand
functions estimated under the time-of-day experiments, and the
assumptions underlying their specifications. Using the data from
the peak-load experiment conducted in Connecticut, we show that
the changes in the consumer surplus due to the proposed change
can be measured exactly using the equivalent variation. We do
this wusing only the observed demand functions estimated by
Lawrence and Braithwaite (1979). Given that the underlying
preferences corresponding to these demand functions were non-
homothetic, we also found that the Marshallian surplus diverged
substantially along alternate paths. Further, our calculations
showed that the Marshallian surplus failed to approximate the

equivalent variation closely.

1. The Problem Of Electricity Pricing

Until the early seventies, the electric utilities 1lived in so
favourable a world, that the problem of designing optimal rate
structures in terms of marginal cost pricing could be ignored in
the United States and Canada. Several unusual conditions existed
at that time that led to decreasing costs: technical innovations
in generation and transmission of electric power, extensive scale
economies as generating facilities grew. Fuel costs were stable

and low with little concern about future supplies. Apart from
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this, generating power sites were not scarce, since the aggregate
emissions of thermal and air pollutants were not considered
significant social costs. Most utilities had excess capacity;
reserve margins were about twenty five percent above peak loads.
Marginal costs even in the peak periods were therefore low, and
the early rates, such as declining block rates, were aimed at
promoting the consumption of electricity to allow utilities to
benefit from the eccnomies of scale.

It took an abrupt reversal of these conditions to create a
critical public attitude towards traditional utility pricing.
Since 1970, scale economies reached their limit in generation.
Fuel costs began to rise rapidly with the energy crisis of the
seventies. Not only did the concern of nuclear hazards and
pollution become major hindrances to electricity growth, but have
decreased the potential for more cost reductions through further
technical innovations. The attitude now is to conserve capacity
rather than to enlarge it, and marginal cost pricing is receiving
increasing attention.

Although electric power is physically a homogeneous
commodity, its value to consumers is not the same at different
times of the day or during different seasons of the year. Hence
the demand for electricity varies at different times in terms of
the level of industrial and human activities, and the need for
weather control. A typical daily load curve shows that the
demand for electricity peaks for a few hecurs, and for any
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utility, the timing of peak demands follows regular patterns.

The cost of supplying electricity can be divided broadly
into operating costs, and the cost of resources used to provide
capacity. Since electricity once generated cannot easily be
stored, to supply electricity with some level of reliability,
utilities have to maintain an amount of capacity depending on the
demand in the peak periods. Hence, the peak periods are
associated with larger invested capital costs than off-peak.

Although capital costs often constitute the major portion of
the total costs, the cost of fuel is also quite significant. The
opportunities for trading off capital costs for fuel costs
depends in great part on the technology used by the utility in
terms of the primary energy used to generate the power. The bulk
of the power in the United States is generated by thermal units
which use fossil fuels or nuclear energy to drive the turbines.
Nuclear plants have high capital costs but low fuel costs,
compared to gas turbines, which have relatively high running
costs but 1low capital costs, Generally, utilities have a
combination of generating plants using different fuels. As
demand increases during peak periods, the use of fuel intensive
units increase. Hence peaks in the load curve are associated
with both increased operating and capital costs.

Given the differences in the marginal costs between peak and
off peak periods, significant savings are possible, if the demand
in the peak periods can be reduced or shifted to of f-peak
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periods. One way to achieve this is by establishing time-of-use
rate structures which will reflect the cost of supplying
electricity in different periods. If the price in each period is
set at the marginal cost of its supply, it will ensure that each
customer will use only that amount of electricity whose value to
him is at least equal to the costs of supply. Such a price
structure is expected to increase energy conservation by
encouraging consumers to choose more efficient use of energy in
terms of the load factor, the choice between alternate sources of
enerqgy, as well as their choice of capital equipment.

In spite of this, there is considerable caution on the part
of utilities and regulators towards tariff revisions. Although
time differentiated pricing promises benefits in the form of
elimination of certain welfare losses resulting from current
failure to price optimally, there will be substantial metering
costs in administrating a more detailed tariff under peak-load
pricing. A move to time-of-day (TOD) rates requires investment
in time-of-use meters, the costs of which varies between $80 and
$160, depending on particular features. Acton and Mitchel (1980)
assume an installed cost per meter of $150. With an estimated
life of 15 years, and an 8 percent discount rate, they estimate
a monthly cost of $1.42.

Given this cost of implementing time-of-day rates, a move to
such a system of pricing will be worthwhile only if the net
benefits to society exceeds this cost. For a utility's largest
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customers such as the industrial sector, these costs of
implementing peak load tariffs are only a small fraction of their
total costs of electricity, and hence they gain from peak-load
pricing. However in the case of of smaller customers like
residential users, the size of these gains relative to the costs
of implementation is uncertain. Hence whether time
differentiated prices should be implementated or not depends
critically on measuring the benefits of the change, and then
comparing these gains to the costs of implementing them. To
quote D.J.Aigner, "the issue to be addressed at the present
moment is in a word, welfare. For residential customers - do the
benefits to society of placing households on TOD rates out weigh

the costs of implementation" (Journal of Econometrics 1984).

2. Residential Demand For Electricity

The consumer’'s demand for energy, whether electricity, gas, or
oil is derived from the demand for the services it can perform.
The object of choice is the services of a stock of appliances
that use electricity as an input. Since appliances are durable
goods, there is accordingly z well defined distinction between
the short run, during which the stock of appliances is fixed, and
the long run during which it can be varied. Here, we are
concerned only with short run demand for electricity, which can
be viewed as the choice of a utilization rate of the existing

fixed stock of appliances.
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In considering the short run demand for electricity under
TOD rates, the day is divided into a series of periods t,...%t;.
The electricity consumed in each of these periods is treated as
a distinct commodity, denoted by the vector x = (%;...%;). Let
p = (p;--.P,) be the price of electricity in each period. It is
assumed that, apart from electricity, there is also a vector of
non electricity goods z = (2;...2_ ), whose prices may be denoted
by @ = (dj---Gg)-

Consider a household whose preferences can be represented by

a utility function:

U = Ulx, 2) (1)

The household is assumed to choose elements of x and z, in order
to maximize the utility function in (1), subject to a total

expenditure or income constraint:

n
IR YA s @)

SEPARABILITY OF THE DEMAND FOR ELECTRICITY

The TOD experiments conducted by the various groups were designed
to provide detailed information about the response of residential
demand to time differen*iated rates. Since the data from such
experiments does not permit complete modeling of the household's
choices with respect to all the commodities, these models assume
that the demand for electricity is separable from all other
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goods, and implies the following weakly separable direct utility

function:

U = U(F{), 2) (3)

where U(.) and F(.) are continuous, and U(.,2Z) is strictly
increasing. The function F(.) is viewed by Parks and Weitzel
(1984) as a household production function that combines a
predetermined stock of capital and electricity as inputs to
produce F. Consumers therefore make decisions about the cost
minimizing input combinations of capital and electricity for
producing F. These determine the unit cost of the produced
commodity, and consumers then determine the cptimal level of
consumption of X, as well as the other goods and services.
Separability of the utility function allows a two level
budgeting procedure. This approach implies that the household
decides on the total expenditure on electricity along with the
amount to be spent on other goods. This decision uses a price
index for electricity consumption at different times of the day
along with the prices of all other goods. Given the expenditure
on electricity, the share of expenditure allocated to each time
period is then decided upon, depending on the relative prices of
electricity. Partitioning the analysis into two stages allows us
to focus only on the electricity prices and expenditure in the

second stage, and disregard the effects of all other variables.
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HOMOTHETICITY OF THE SUBUTILITY FUNCTION

Estimation of the electricity demand equations requires the
specification of the functional form for F(.). Most studies
assume the subutility function to be homothetic. For example,
Caves and Christensen (1980) and Howrey and Varian (1984} use a
CES specification. Atkinson (1979), and Hausman, Kinnucan, and
McFadden (1979) assume a translog, and Parks and Weitzel (1984)
estimate demand functions based on the generalized Leontief
system.

The homothetic restrictions may be interpreted as requiring
ceteris paribus, that the share of expenditure on electricity in
each time period be independent of the total expenditure on
electricity. It is well known that this places strong a priori
restrictions of unitary income elasticities and expansion paths
that are not only linear, but pass through the origin. Whether
such restrictions are justifiable depends on whether homothetic
separability is consistent with observed behaviour.

In a recent article by Kohler and Mitchel (1984), it has
been pointed out that the assumption of homothetic separability
for demand under TOD rates has not been tested. While these
assumptions of homotheticity and separability can in theory, be
statistically tested, the TOD experiments that were conducted
were such that either the experimental design did not allow it,
or the results were ambigous. Imposing homothetic separability
as an untested hypothesis carries the risk of misspecification
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and restrictions that do not reflect true consumer behaviour.

While separability is necessary for consistent multistage
budgeting, homotheticity is not (Barnett, 1983). This is because
the role played by homotheticity in multistage budgeting can be
satisfied by quasihomotheticity, which is a more reasonable
assumption to make. The translation from homothetic to
guasihomothetic preferences is easily accomplished for any demand
model. All that is needed is a.a affine translation of the origin
of the consumption space to a ' committed consumption bundle' (see
Deaton and Muellbauer, 1980).

Whether the subutility function is assumed to be homothetic
or nonhomothetic has important implications for the measurement
of consumer surplus, as discussed earlier. If the function is
assumed to be homothetic, then the Marshallian surplus can be
validly used to measure the surplus change. However if it is a
nonhomothetic function, then only the equivalent variation is a
valid surplus measure. The Marshallian surplus is not only path
dependent, but may vary considerably from one path to another,
since these are nonmonotonic with respect to utility changes.
Further, it may may fail to provide a good approximation to the
equivalent variation.

3. Measuring Consumer Surplus Under TOD Rates: A Review

The question of whether on strict cost benefit grounds, TOD
pricing for residential consumers will be a worthwhile
undertaking has been raised (Aigner, 1984), but still remains
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unanswered, Several cost benefit studies have been conducted
using different case studies, but differ in their conclusions,
mainly due to the differences in the cost-benefit methods used
(Caves et al, 1984). Given that the decision to implement TOD
rates depends on whether society benefits by such a change, the
importance of measuring the cost and benefits accurately can be
scarcely overemphasized.

To avoid the problem of path dependence of the Marshallian
surplus, Turvey has suggested the use of a non rectangular path,
where all prices are changed proportionately (Turvey 1976). The
surplus change for any time period is measured as the area left
of an interpolated curve. To obtain these curves, the guantity
consumed under flat and TOD rates xoi(PO) and xli(Pl) are first
calculated. These consumption levels and the associated prices
are used to draw a linear demand function, obtained by joining
points (x%,P°) and (x';,p') for each period i. The slopes of
these interpolated curves equals Jdx; / dp; + ox; / apj, i, ]
l....n; 1 # j. Turvey suggests the approximation of the area
left of this interpolated cure by a first order Taylor series
expansion, which yields

E AD; X; + —;— {ap;ax;) (4)
1

Such an approach assumes that the demand functions are
locally linear and will differ from the true value to the extent
that the demand functions are nonlinear.
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While the values of ap; are known, there still remains the
guestion of calculating the values of aX;. Some of the studies
(Wenders and Taylor 1976; Acton and Mitchel 1980) obtain these
values from price elasticities. This approach assumes that the
demand functions have elasticities that are locally constant. To
the extent that they are not, these elasticities can give only an
approximate value of the x; s, The limitations of using a
summary statistic like elasticities to calculate the impact of
TOD rates on load curves has been pointed out by Malko and Farugi
(1980), "....even a complete set of point elasticity estimates
will not generate accurate predictions of 1load shape
modifications, except in cases where the underlying consumer's
preferences are characterized by constant elasticity demand
functions. 1In general it will be preferrable to utilize the full
system of demand functions to predict the impact of TOD rates on
utility loads rather than a set of point elasticity
estimates."”

The other approach is to calculate these values of x; from
the demand functions. &' . 2 method requires information on the
demand functions in each period, as functions of prices in all
periods. Then the old values of the prices of electricity and
the rates under TOD can be used to calculate the change in the
gquantities demanded in each period.

There has also been some attempt to measure the Hicksian
variations (Caves et al 1984; Parks and Weitzel 1984). The
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approach of Caves et al is to specify the utility function first
and then estimate the unknown parameters from the derived demand
functions. Since the only observed data are demand data on
econometric grounds, it is considered preferable to fit the
demand curve, and not the utility function, to observed data.

In their approach, Parks and Weitzel assume that the
subutility function F is homogeneous, and hence the corresponding
indirect utility function is written in a separable form as
mé(p;...p,), wWhere m = Z; p; X; 1is the sum of the total
expenditure on electricity, and ¢ is interpreted as the inverse
of a price index. This allows the cost or expenditure function
to be separable into a price and quantity index. The welfare
change is then calculated by measuring the effect of a change in
the aggregate electricity price on the aggregate quantity. Such
a procedure requires that the consumer preferences be homothetic,
an assumption that is highly questionable.

The method that we use differs from the above, in that we
begin with the ordinary demand functions, and then measure the
consumer surplus exactly in terms of the equivalent variation,
without any resort to approximations. This is done without
placing any restrictions on the preferences, or on the paths of
price change. The method is general, and can be applied ror any
kind of multiple price changes, and for any specification of the
demand function, provided they satisfy the integrability
conditions.
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4. Measuring Exact Consumer Surplus Using Data From Connecticut
TOD Experiments

For purposes of illustration, we use the results of the
Connecticut Peak Load Pricing Test, one of the projects funded by
the U.S. government to study the effects of TOD pricing on
demand. The experiment involved the customers of Connecticut
Light and Power Company; a Northeast Utilities subsidiary. Using
this data, Lawrence and Braithwaite (1979) have estimated demand
functions for electricity by time of day which corresponds to the
Linear Expenditure System. Qur reasons for choosing this
functional form is because such a demand system implies quasi
homothetic preferences. The corresponding expansion paths are
linear, but are not forced through the origin. Linearity of
expansion paths are sufficient to allow for the two level
budgeting procedure described above.

The data used to estimate the LES demand system are from the
Connecticut peak 1load pricing test from July 1974 through
December 1976. Demand was integrated into six time-of-day blocks

corresponding to the TOD rate schedule:

1. off peak 9 P.M, to 8 A.M.
2. normal 8 A.M, to 10 A.M.
noon to 1 P.M.

3 P.M, to 9 P.M.
3. peak 10 A.M. to noon

1l P.M. to 3 P.M.
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Meters were installed in approximately 200 households and
readings of electricity consumption was recorded every fifteen
minutes.

Prior to the TOD experiment, customers faced a declining
block rate. However for purposes of illustration, we will assume
an average flat price of of 4 cents per Kwh. The TOD rates used
for the experiment were 1, 3, and 16 cents for the offpeak,
normal, and peak periods respectively.

The authors estimated demand functions corresponding to the
Linear Expenditure System, which took the following form

x; = b, +-a—i(m—2pkbk) (5)
Dj k
where x; refers to the quantity of electricity consumed in period
i per day.

The demand for electricity in each period also depends on
other variables such as the stock of appliances, the weather,
demographic and socioeconomic variables (see Acton and Mitchel
1980) . The study by Lawrence and Braithwaite incorporate these
variables into the committed quantities b;, making them linear
functions of the characterestics of the households. These
characterestics include appliance stock, demographic and socio-
economic characteristics of the household, and other functions of
these variables including iterative terms. The values of the

parameters a; and b; are then estimated. We estimated the values

152



Application: Electricity Pricing

of the parameters from information of the elasticities provided

by the authors:

a, = 0.0763 b, = 9.79406
a, = 0.2478 b, = 8.77126
a3 = 0.6759 by =  4.12840

The total expenditure on electricity under the TOD rates was
found to be $1.2043 per day. In the study by Hausman et al,
(1979) for Connecticut, they found that the total expenditure
under TOD rates declined by 5%. Hence we took the initial
expenditure on electricity to be $1.2677.

The effect of the change in prices from a flat rate to the
TOD rates on the consumer can be measured using the equivalent
variation. We used the method described in chapter II.3, which

involved a numerical solution of the differential equation

where x; is as given in (5). The differential equation was

solved numerically using the Adams - Moulton Predictor Corrector
method, using the algorithm DIFSUB 407 by C.W.Gear. Given the

initial value m°® = 1.2677, the value of the equivalent variation

was calculated to be - $§ 0.2449.

5. Comparing The Marshallian surplus With The Exact Measure
In some of the studies dealing with the measurement of the
welfare effects of a change to TOD rates, use is made of the
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Marshallian surplus, in the belief that approximation errors
would be small (Parks and Weitzal, 1984; Caves, Christensen,
Schoech and Hendricks, 1984). .The justification for this is the
argument that the consumer's expenditure on electricity is only
a small proportion of the consumer's total income. For example,
Parks and Weitzel calculate the size of the budget share for
their data to be 0.016, and the income elasticity to be 0.229,
and hence concluda that the use of the Marshallian surplus would
provide a good approximation to the egquivalent variation.

We calculated the Marshallian surplus for the above price
changes, for the LES demand function. Using rectangular paths,
we calculated the Marshallian surplus along alternate paths, and
found that the values varied significantly. The range of values
varied from $ - 0.2147 to $ - 0.4852; a substantial difference of
0.2704.

Taking a path along which the prices of the offpeak, normal,
and peak period prices are changed consecutively, the value of
the Marshallian surplus was found to be $ - 0.4735. Hence the
percentage deviation of +the Marshallian surplus from the
equivalent variation is therefore a significant 48.28%

We also tried Turvey's method using the interpolated demand
curve. The change in quantities was calculated exactly using the
demand functions in each time period, and not through price
elasticities. The change in consumer's surplus was found to
equal 0.4310, showing only a marginal improvement, since the
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percentage deviation from the egquivalent variation is still a
substantial 43.18%.

Rectangular paths used to describe multiple price change,
where price increases are mixed with price decreases, are ones
along which utility varies non monotonically. In such cases,
only the egquivalent variation can be validly used to measure
changes in consumer surplus. The Marshallian surplus is not only
path dependent, (if the underlying preferences are
nonhomothetic), but diverges substantially along alternate paths.

Moreover, it fails to approximate the squivalent variation within

small errors.



CONCLUSIONS

The traditional approach to the problem of measuring consumer
surplus has been to focus only on those situations which result
in monotonic changes in utility. This can be seen from the fact
that the literature has mainly dealt with single price changes,
or even when multiple price changes have been considered, it has
been one where all prices move in the same direction. Since the
kind of paths commonly used in practical applications are
rectangular, these are clearly situations where utility varies
monotonically.

However, there are many practical situations where policy
changes result in paths in the budget space along which utility
varies nonmonotonically. Measuring changes in consumer welfare
in these situations is far more complex, and the problems that
arise are quite distinct from those that are encountered for
monotonic paths. Hence a detailed analysis of the theoretical
and practical issues in measuring consumer surplus for non -
monotonic paths, from ordinary demand functions, is warranted.

The integrability conditions in terms of the symmetry and
negative semidefiniteness of the Slutsky matrix, provide the
necessary conditions for constructing a surplus measure from
demand functions. The Marshallian surplus and the Hicksian
variations can be expressed as a line integral which measures the

areas left of the appropriate demand functions, between the price
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lines. However, the integrability conditions are not sufficient
for the Marshallian surplus to be a valid surplus measure. Some
additional restrictions either on the underlying preferences, or
on the paths of integration have to be imposed for the
Marshallian surplus to be a valid measure.

While this is a well known problem, it can usually bhe
ignored for paths along which utility varies monotonically. This
is because for monotonic paths, the Marshallian surplus moves in
the same direction as the utility change, and hence can at least
provide an ordinal measure of utility change However, this no
longer holds for nonmonotonic paths. In the absence of constancy
of the marginal utility of income, the Marshallian surplus need
not bear the same sign as the utility change, and hence can give
an incorrect ranking.

The Marshallian surplus has the added problem of being
dependent on the path of integration, unless the marginal utility
of income is constant along the path. Again, this does not
Create any serious problem for monotonic paths, since the
Marshallian surplus varies only slightly from path to path
between two end points. For nonmonotonic paths, the dependence
of the Marshallian surplus on the path of integration can be a
serious problem, resulting in substantial divergence in the
values of the Marshallian surplus.

It is well known that the compensating variation is not a
valid index of utility change, which does not permit it to

correctly compare several situations. This creates problems in
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the use of the compensating variation for budget changes that
lead to nonmonotonic changes in utility. Like the Marshallian
surplus, the compensating variation can give rise to incorrect
rankings of situaticns for nonmonotonic paths.

Only the equivalent variation is a valid index of surplus
change for budget changes that lead to nonmonotonic changes in
utility. However, the equivalent variation is measured as the
areas left of the Hicksian demand functions, which are not
generally observed. While for monotonic paths, the equivalent
variation can be reasonably approximated by the Marshallian
surplus, it is no longer possible to do so for nonmonotonic
paths. In these situations, the Marshallian surplus fails to
approximate the Hicksian wvariations closely, even in those
situations where it would have for monotonic paths.

The equivalent variation however, can be calculated from
just the ordinary demand functions. No restrictions need be
placed either on the underlying preferences. The equivalent
variation can be calculated for any specification of the demand
function, provided the integrability conditions are satisfied.
Hence the consumer surplus can be calculated exactly even for

nonmonotonic paths.
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APPENDIX I: MACSYMA OLE 2

The MACSYMA code for ODE2 follows. {This code comes from the file JPS.ODER 77.
Cortain 1033 tmportant sections have baen omittad.) '

/s The Ordinary Differential Equation Solver.
This package consists primarily of 8 set of routines taken from Moses’
thesis and Boyce & DiPrima for solving 0.D.E.s of 1st and 2nd order.
The top~level routines are ODE2, ICI, IC2, snd BC2. =/

ODE2(EQ, YOLD,X):s5UBST{YOLD, YNEW,ODEZA(SUBST(YNEW, YOLD,EQ), YNEW,X) )8

ODEZA(EQ, Y, X):3BLOCK([DE,A1,A2,A3,A4,Q],

INTFACTOR: FALSE, METHOD: “NONE,

IF FREEOF(“DIFF(Y,X,2),EQ)

" THEN IF FTEST(ODEI(EQ,Y,X)) THEN RETURN(Q) ELSE RETURN(FALSE),

IF DERIVDEGREE(DE: EXPAND(LHS(EQ)-RHS(EQ)},Y,X) # 2
THEN RETURN(FAILURE(MES!,EQ)),

Ai: COEFF(DE,’DIFF(Y.X,2)),

A2: COEFF(DE, DIFF(Y,X)),

- A3: COEFF(DE,Y),

Ad: DE - Als/DIFF(Y,X,2) - A2x’DIFF(Y,X) - AlaY,

IF PR2(A1) AND PR2(A2) AND PR2{A3) AND PRZ(A4) AND
FTEST(HOM2(AL,A2,A3,Y,X))
THEN IF A4z0 THEN RETURN(Q) ELSE RETURN(VARP(Q,-A4/Al1,Y,X)),

{F FTEST(REDUCE(EQ,Y,X)) THEN RETURN(Q) ELSE RETURN(FALSE))$

ODE1(EQ, Y, X):sBLOCK([DE,F,5,Q],
IF DERIVDEGREE(DE: EXPAND{LHS(EQ)-RHS(EQ)),Y.X) # 1
THEN RETURN(FAILURE(MES],EQ}},
IF LINEAR2(DS,”DIFF(Y,X)) = FALSE THEN RETURN(FAILURE{MES?2,EQ)),
DE: SOLVEL(DE, DIFF(Y,X)),
IF FTEST(SOLVELNR(DE,Y,X)) THEN RETURN(Q),
IF FTEST(INTFACTOR(G,F,Y,X)) THEN RETURN(EXACT(QeG,OQsF,Y,X)),
/s LINEARZ binds F and 6 =/
It FTEST({SOLVEHOM(DE,Y,X)) THEN RETURN(Q),
+ IF FTEST(SOLVEBERNOULLI(DE,Y,X)) THEN RETURN(Q),
1F FTEST(GENMOM(DE,Y,X)) THEN RETURN(Q) ELSE RETURN(FALSE))S$

PR2(F):=«FREEOF(Y, "DIFF(Y,X), DIFF(Y,X,2),F)$
FTEST(CALL):eIS(NOT((Q: CALL)sFALSE})S

SOLVE1(£Q,Y):=
BLOCK([DISPFLAG,EQ1], DISPFLAG :FALSE, EQL:SOLVE(EQ, ¥), FIRST(EV(EQL)))$



SOLVEIERNOULLI(EQ.Y X):=BLOCK([ALl,AZ,N],

P

.

Al: COEFF(EQ: EXPAND(RHS(EQ)),Y.l1),
N: HIPOW(RATSTMP(EQ-AlsY),Y),

AZ: C“FF(EQIYIH’I

Al: INTEGRATE{Al.X),

HETHOO /BERNOULLI, ODEINDEX: N,

RETURN(Y & XE~Al & ({1-N)®INTEGRATE(A28%E~((N-1)8A1),X) ¢ 7C) = (1/(1-N}1))8

/s Generslized homegeneous ecuation: y” = y/x & H(yx"n)

Reference: Moses’” thesis. =/

CENHMOM(EQ,Y,X):sBLOCK([G,U.N ALl A2, A3],

G: RHS(EQ)sX/Y,

N: RATSIMP(X=DIFF(G,.X}/{YsDIFF(G,Y))),
IF NOT(FREEOF{X,Y,N)) THEW RETURN{FALSE),
Al: RATSIMP(SUBST{U/X"N,Y,8)),

A2: INTEGRATE(1/(Um(N+Al)} . U),

AR3: RATSIMP(SUBST(YaX"N, U, AZ}),

METHOD: “GEMHOM, OQDEINDEX: N,

RETURN(X = “CxXE~A3))S

/& Chain of solution methods for second order linaar homogeneous ecuations

HOMZ(A1,A2,A3,Y,X):=

IF FTEST(CC2(A2/A1,A3/A1,Y,X}) THEN Q ELSE
IF FTEST{EXACT2(Al,AZ,A3,Y,X)) THEN Q ELSE
IF FTEST{XCC2(Al,A2,A3,Y, X)) THEN Q ELSE FALSES

/s BADIP, pp. 106-112 =/

CC2(F,6,Y,X):2BLOCK([A,SIGN, RADPRODEXPAND,ALPHA],

IF NOT(FREEOF(X,Y.F) AND FREEOF(X,Y,G)) THEN RETURN(FALSE),
METHOD: “CONSTCOEFF, RADPRODEXPAND: FALSE,
SIGN: ASKSIGM(A: F~2-4sG),
IF SIGN = ZERO THEN RETURN(Y = XE~(-FaX/2) = (’K1 + “K2=X)),
IF SIGN = POS THENM
RETURN(Y = “K1&XE“((-F+SQRT(A))&X/2) + “K2sXE~((~-F-SQRT{A))=xX/2)),
A: =A, ALPHA: XeSQRT(A)/2,
IF EXPONENTIALIZE = FALSE THEN
RETURN(Y = XE~(-FeX/2) = (“K1sSIN{ALPHA) + “K2sCOS{ALPHA)}),
RETURN(Y = XE~(-FsX/2) 8 (‘KIsEXP(XISALPHA) + “K2sEXP(-XI=ALPHA)}))$

/x 8a3D1P, pp. 98-99, prodblea 17 =/

=/



SOLYE2(EQ, ¥) : »BLOCK({[ DISFFLAG,EQ1],
DISPFLAG:FALSE +EQ1:SOLVE(EQ,Y),

IF MOT(LENGTH(EQ1)=1) THEN RETURN(FAILURE(KES4, EV(EQL))),
FIRST(EV{EQI)))S '

HATCHDECLARE([F.G].FREEOF(X))3"
DEFMATCH(LINEARZ,FeX+5,X)8

/s BAD{IR, pp. 13-14 wn/

SOLVELNR(EQ, Y, X):3BLOCK([F,6,¥],
IF LINEAR2(RHS(EQ).Y) = FALSE THEN RETURM(FALSE),
W: XE~{ INTEGRATE(F,X)),
METHOD: “LINEAR,
RETURN( YaWa( INTEGRATE(6/W,X)+°C)))8

/= 8&01?. Pp. 34-41 =/

IMTFACTOR(H,N.Y.X)::BLOCK([BI.BZ.DHDX.DHDY,DNDX.DNDY.OD].
DMDX: RATSIMP(DIFF(M,X)), DMDY: RATSIMP(DIFF(M.Y)),
ONDX: RATSIMP(DIFF(N,X}), ODNDY: RATSIMP(DIFF(N,Y)),
IF (DD: DMDY-DNDX) s 0 THEN RETURN(1},
IF DMOX-DNDYs0 AND DMDY+DNDX2G THEN RETURN{1/(M~2 + N*2)),
IF FRIEQOF(Y, (81: RATSIMP(DD/N))) THEN RETURN{XE~(INTEGRATE(B1.X))),
'IF FREEOF(X, {B2: RATSIMP(DD/M)))

THEN RETURN(XE~(INTEGRATE(-B2,Y))) ELSE RETURN(FALSE) )8

EXACT(M,N,Y,X):=BLOCK([A,B],
INTFACTOR: SUBST{YOLD,YNEW,Q),
A: INTEGRATE(RATSIMP(M),X),

B: RATSIMP(A + INTEGRATE(RATSIMP(N-DIFF(A,Y)).Y)),
METHOD: “EXACT,

RETURN(B=-C))8
/= B3DiIP, pp. 43-44 «/

SOLVEHOM(EQ, Y, X) :28LOCK({QQ,AL,A2,A3),
Al: RATSIMP(SUBST(X+QQ,Y,RHS(EQ))),
IF NOT(FREEOF(X,A1)) THEN RETURN(FALSE),
*A2: INTEGRATE(1/(A1-0Q).QQ),
A3: SUBST(Y/X,QQ,AZ),
METHGD :. “HOMOGENEOUS,
RETURN(RATSIMP(“CaX » KE‘A3)))3

/= B&DiIP, p. 21, problem 15 =/
6



EXACT2(A1,A2,A3,Y,X):2BLOCK([B1],
IF DIFF(A1,X,2) - DIFF(AZ,X) + A3 s 0
" THEN Bl: XE~(-INTEGRATE({(AZ - DIFF(AL,X})/AL, X))
ELSE RETURN(FALSE),
METHOO: “EXACT,
RETURN(Y » “K1sB1xINTEGRATE(1/(Al#B1),X) + “K2s81))$

/& BA&DIP, pp. 113-114, problem 16 =/

XCC2(Al,AZ,A3,Y,X):2BLOCK([D,B1],
IF A3=0 THEN RETURN([FALSE)},
D: RATSIMP( (AlaDIFF{A3/AL,X) + Z:AZaASIAl)I(Zt(AalAl)‘(3/2))),
IF FREEOF(X,Y,D) THEN Bl: €C2(D,1,Y,Z) ELSE RETURN(FALSE),
METHOD: “XFORMTOCONSTCOEFF,
RETURN(SUBST(INTESRATE(SQRT{A3/Al),X),Z,B1)))8

/= B&DIP, pp. 124-127 =/

VARP(SOLN,G,Y,x):=BLOCK([Y1,Y2,Y3,Y4,WR],
Yl: RATSIMP(SUBST([’Klsl,”K220],RHS{SOLN))),
Y2: RATSIMP(SUBST([“K1x0,’K2s1),RHS(SOLN))),
WR: Y1=DIFF(Y2,X) - Y2#DIFF(Y1,X),
IF WR=0 THEN RETURN{FALSE),
Y3: RATSIMP(Y1&G/WR),
Y4: RATSIMP(Y22G/WR),
YP: RATSIMP(YZ=INTEGRATE(Y3, X) - YI=INTEGRATE(Y4,X)),
METHOD: “VARIATIONOFPARAMETERS,
RETURN(Y = RHS(SOLN) + YP})$

/% Methods o reduce sicond-ordor equations free of x or y =/

REDUCE(EQ, Y,X):xBLOCK([B1,QQ],
Bl: SUBST([“DIFF(Y,X)=QqQ, ‘DIFF(Y,X,2)sQQ}, EQ),
IF FREEOF({Y,B1) THEN RETURN(NL!(EQ,Y,X)),
IF FREEOF(X,Bl) THEN RETURN{NL2(EQ,Y,X)) ELSE RETURN{FALSE))S$

/s B&DIP, p. 89, problem | =/

NLI(EQ.Y.X):-BLOCK([DE.B.AI.AZ.V},
DE: SUBST([“DIFF(Y,X)aV, “DIFF(Y,X,2)s’DIFF(V,X)], EQ),
IF (B: ODEI(DE,V,X)} = FALSE THEN RETURN(FALSE),
Al: SUBST([V:’DIFF(Y.X).’CI’KI]. 8).
AZ: SOLVE2(AL,”DIFF(Y,X)),
IF A2aFALSE THEN RETURN(FALSE),
IF FTEST(ODE1(AZ,Y,X))



APPENDIX II: Algorithm 407 DIFSUB

IMSL ROUTINE NAME

PURPOSE

USAGE

ARGUMENTS

FCHN

FCNT

- DGEAR

= DIFFERENTIAL EQUATION SOLVER - VARIARLE ORDER

ADAMS PREDICTOR CORRECTOR METHOD OR
GEARS METHOD

- CRLL DGEAR (N,FCN,FCNJ,X,H,Y,XEND,TOL,METH,

HITER,INDEX,IWK,WR,IER)

- INPUT NUMBER OF FIRST~ORDER DIFFERENTIAL
EQUATIONS.

~ NAME OF SUBROUTINE FOR EVALUATING FUNCTIONS.

(INPUT}

THE SUBROUTINE ITSELF MUST ALSO BE PROVICED
2Y THE USER AND IT SHOULD BE OF THE
FOLLOWING FORM

SUBRQUTINE FCN (N,X,Y,YPRIME)
REAL X,Y(N),YPRIME(N)

FCN SHOULD EVALUATE YPRIME (1),...,YPRIME (N)
GIVEN N,X, AND Y{1),...,Y(N). YPRIME(I)
IS THE FIRST DERIVATIVE OF Y(I} WITH
RESPECT TO X.

FCN MUST APPEAR IN AN EXTERNAL STATEMENT I
THE CALLING PROGRAM AND N,X,Y(1),...,Y(N)
MUST NOT BE ALTERED BY FCN.

~ NAME OF THE SUBROUTINE FOR COMPUTING TEE

JACOBIAN MATRIX OF PARTIAL DERIVATIVES.

(INPUT)

THE SUBROUTINE ITSELF MUST ALSO BE PROVIDED
BY THE USER.

IF MITER=1 IT SHEOULD BE OF THE FOLLOWING
FORM

SUBROUTINE FCNJ (N,X,Y,PD)
REAL X,Y (N} ,PD(N,N)

FCNJ MUST EVALUATE PD(!,J), THE PARTIAL
DERIVATIVE OF YPRIME(I) WITH RESPECT TO
Y(J), FOR I=1,N AND J=1,N.

IF MITER= -1 IT SHOULD BE OF THE FOLLOWING
FORM

SUBROUTINE FCNJ (N, X,Y,PD)
REAL X,Y(N),PD(1l)

FCNJ MUST EVALUATE PD IN BAND STORAGE MODE.
THAT IS, PD(N®(J-I+NLC)+I) IS THE PARTTAL
DERIVATIVE OF YPRIME(I) WITH RESPECT TO
Y(J). NLC IS THE NUMBER OF LOWER
CODIAGONALS FOR THE BAND MATRIX.

FCNJ MUST APPEAR IN AN EXTERNAL STATEMENT IN
THE CALLING PROGRAM AND N, X, Y(1),...,Y(N)



TOL

METH

MUST NOT BE ALTERED BY FCNJ.

FCNJ IS USED ONLY IF MITER IS EQUAL TO
1 OR -1. OTHERWISE A DUMMY ROUTINE CaN
BE SUBSTITUTED. SEE REMARK 1.

INDEPENDENT VARIABLE. (INPUT AND OUTRUT)

ON INPUT, X SUPPLIES TEE INITIAL VALUE
AND 1S5 USED ONLY ON THE FIRST CALL.

ON QUTPUT, X IS REPLACED WITH TEHE CURRENT
VALUE OF THE INDEPENDENT VARIABLE AT WHICH
INTEGRATION HAS BEEN COMPLETED.

INPUT/OUTPUT.

ON INPUT, H CONTAINS THE NEXT STEP SIZE IN
X. H IS USED ONLY ON THE FIRST CALL.

ON OUTPUT, B CONTAINS TEE STEP SIZE USED
LAST, WHETHER SUCCESSFULLY OR NOT.

DEPENDENT VARIABLES, VECTOR OF LENGTH N.

(INFUT AND OQUTPUT)

CN INPUT, Y(1l},...,Y{N) SUPPLY INITIAL
VALUES,
ON OUTPUT, Y(1),...,Y(N) ARE REPLACED WITE

A COMPUTED VALUE AT XEND.

INFUT VALUE OF X AT WHICH SOLUTION IS5 DESIRED
NEXT. INTEGRATION WILL NORMALLY GO
BEYOND XEND AND THE ROUTINE WILL INTERPOLATE
TO X = XEND.

NOTE THAT ({X-XEND)*H MUST BE LESS THAN
ZERO (X AND H AS SPECIFIED ON INPUT).

INPUT RELATIVE ERROR BOUND, TOL MUST BE
GREATER THAN ZEROD., TOL IS USED ONLY ON TEE
FIRST CALL UNLESS INDEX IS EQUAL TQ -1.
TOL SHOULD BE AT LEAST AN ORDER OF
MAGNITUDE LARGER THAN THE UNIT ROUNDOFF
BUT GENERALLY NOT LARGER THAN .001.
SINGLE STEP ERROR ESTIMATES DIVIDED BY
YMAX (I) WILL BE KEPT LESS THAN TOL IN
ROOT-MEAN-SQUARE NORM (EUCLIDEAN NORM
DIVIDED BY SQRT(N)). THE VECTOR YMAX OF
WEIGHTS IS COMPUTED INTERNALLY AND STORED
IN WORK VECTOR WK. INITIALLY YMAX(I) IS
TEE ABSOLUTE VALUE OF Y(I), WITH A DEFAULT
VALUE OF ONE IF Y({(I) IS EQUAL TO ZERO.
THEREAFTER, YMAX(I) IS THE LARGEST VALUE
OF THE ABSOLUTE VALUE OF Y{(I) SEEN SO FAR,
OR THE INITIAL VALUE OF YMAX(I) IF TEAT IS
LARGER.

- INPUT BASIC METHOD INDICATOR.

USED ONLY ON THE FIRST CALL UNLESS INDEX IS
EQUAL TO =-1.

METH = 1, IMPLIES THAT THE ADAMS METHOD IS
TO BE USED.

METH = 2, IMPLIES THAT THE STIFF METHODS OF
GEAR, OR THE BACKWARD DIFFERENTIATION



FORMULAE ARE TO BE USED.
MITER - INPUT ITERATION METHOD INDICATOR.

MITER = 0, IMPLIES THAT FUNCTIONAL
ITERATION 1€ USED. NO PARTIAL
DERIVATIVES ARE NEEDED. A DUMMY FCNJ
CAN BE USED.

MITER = 1, IMPLIES THAT THE CHORD METHOD
IS USED WITH AN ANALYTIC JACOBIAN, FOR
THIS METHOD, THE USER SUPPLIES
SUBROUTINE FCNJ.

MITER = 2, IMPLIES THAT THE CHORD METHOD
1S USED WITH THE JACOBIAN CALCULATED
INTERNALLY BY FINITE DIFFERENCES.

A DUMMY FCNJ CAN BE USED.

MITER = 3, IMPLIES THAT THE CHORD METHOD
1S USED WITH THE JACOBIAN REPLACED BY
A DIAGONAIL APPROXIMATION BASED ON A
DIRECTIONAL DERIVATIVE.

A DUMMY FCNJ CAN BE USED.

MITER = -1 OR -2, IMPLIES USE THE SAME
METHOD AS FOR MITER= 1 OR 2, RESPECTIVELY,
BUT USING A BANDED JACOBIAN MATRIX. IN
THESE TWO CASES BANDWIDTH INFORMATION
MUST BE PASSED TO DGEAR THROUGH THE
COMMON BLOCK

COMMON /DBAND/ NLC,NUC
WHERE NLC=NUMBER OF LOWER CODIAGONALS
NUC=NUMBER OF UPPER CODIAGONALS
INDEX -~ INPUT AND OUTPUT PARAMETER USED TO INDICATE

THE TYPE OF CALL TO THE SUBROUTINE. ON

QUTPUT INDEX IS RESET TO 0 IF INTECRATION

WAS SUCCESSFUL. OTHERWISE, THE VALUE OF

INDEX IS UNCHANGED.

ON INPUT, INDEX = 1, IMPLIES THAT THIS IS THE
FIRST CALL FOR THIS PROBLEM.

ON INPUT, INDEX = 0, IMPLIES THAT THIS IS5 NOT
THE FIRST CALL FOR THIS PROBLEM.

ON INPUT, INDEX = -1, IMPLIES THAT THIS 1S NOT
THE FIRST CALL FOR THIS PROBLEM, AND THE
USER HAS RESET TOL.

ON INPUT, INDEX = 2, IMPLIES THAT THIS 15 NOT
THE FIRST CALL FOR THIS PROBLEM. INTEGRATION
IS TO CONTINUE AND XEND IS TO BE HIT EXACTLY
{(NO INTERPOLATION IS DONE). THIS VALUE OF
INDEX ASSUMES THAT XEND IS BEYOND THE
CURRENT VALUE OF X.

ON INPUT, INDEX = 3, IMPLIES THAT THIS IS NOT
THE FIRST CALL FOR THIS PROBLEM. INTEGRATION
IS TO CONTINUE AND CONTROL IS TO BE RETURNED
TO THE CALLING PROGRAM AFTER ONE STEP. XEND
IS IGNCRED.



-

IWK
MITER

WK
THE VALUE
METH,

IF METH
NMETH
IF METH
NMETH
THE VALUE
MITER.
IF MITER
NMITER
IF MITER

INTEGER WORK VECTOR OF LENGTH N.
1;2'-1 OR -2.
- REAL WORK VECTOR OF LENGTH 4*N+NMETH+NMITER.

OF NMETH
Is
IS
IS
IS
OF

EQUAL
EQUAL
EQUAL
EQUAL
NMITER

IS EQUAL
IS EQUAL
IS EQUAL

USED ONLY 1IF

DEPENDS ON THE VALUE OF

TO 1,
TO N*13.
TO 2,
TO N*6.
DEPENDS ON THE VALUE OF

TO 1 OR 2,
TO N*{N+1)
TO -1 OR -2,

IS EQUAL TO (2*NLC+NUC+3)*N
NLC=NUMBER OF LOWER CODIAGONALS
NUC=NUMBER OF UPPER CODIAGCNALS
1S EQUAL TO 3,
1S EQUAL TO N.
IF MITER IS EQUAL TO O,
NMITER IS EQUAL TO 1.
WK MUST REMAIN UNCHANGED BETWEEN SUCCESSIVE
CALLS DURING INTEGRATION.
- ERROR PARAMETER. {(OQUTPUT)
{AFNING ERROR
IER = 33, IMPLIES THAT X+H WILL EQUAL X ON
THE NEXT STEP. THIS CONDITION DOES NOT
FORCE THE ROUTINE TO HALT. HOWEVER, IT
DOES INDICATE ONE OF TWO CONDITIONS.
THE USER MIGHT BE REQUIRING TOO MUCH
ACCURACY VIA THE INPUT PARAMETER TOL.
IN THIS CASE THE USER SHOULD CONSIDER
INCREASING THE VALUE OF TOL. THE OTHER
CONDITION WHICH MIGHT GIVE RISE TO THIS
ERROR MESSAGE IS THAT THE SYSTEM OF
DIFFERENTIAL EQUATIONS BEING SOLVED
1S STIFF (EITHER IN GENERAL OR OVER
THE SUBINTERVAL OF THE PRCBLEM BEING
SOLVED AT THE TIME OF THE ERROR). IN
THIS CASE THE USER SHOULD CONSIDER
USING A NONZERO VALUE FOR THE INPUT
PARAMETER MITER.
WARNING WITH FIX ERROR
IER 66, IMPLIES THAT THE ERROR TEST
FAILED. H WAS REDUCED BY .l ONE OR. MORE
TIMES AND THE STEP WAS TRIED AGAIN
SUCCESSFULLY.
IER = 67, IMPLIES THAT CORRECTOR
CONVERGENCE COULD NOT BE ACHIEVED.
H WAS REDUCED BRY .1 ONE OR MORE TIMES AND
THE STEP WAS TRIED AGAIN SUCCESSFULLY.
TERMINAL ERROR :
IER 132, IMPLIES THE INTEGRATION WAS
HALTED AFTER FAILING TO PASS THE ERROR

NMITER
WHERE

IF MITER

NMITER

IER



TEST EVEN AFTER REDUCING B BY A FACTOR
OF 1.0E10 FROM ITS INITIAL VALUE.
SEE REMARKS.

IER = 133, IMPLIES THE INTEGRATION WAS
HALTED AFTER FAILING TO ACHIEVE
CORRECTOR CONVERGENCE EVEN AFTER
REDUCING B BY A FACTOR OF 1.0E10 FROM
ITS INTTIAL VALUE. SEE REMARKS.

IER = 134, IMPLIES THAT AFTER SOME INITIAL
SUCCESS, THE INTEGRATION WAS HALTED EITHER
3Y REPEATED ERROR TEST FAILURES OR BY
A TEST ON TOL. SEE REMARKS.

<ER = 135, IMPLIES THAT ONE OF THE INPUT
“APAMETERS N, X,H,XEND,TOL,METH,MITER, OR
“NZEX WAS SPECIFIED INCORRECTLY.

IR = 136, IMPLIES THAT INDEX HAD A VALUE
CF -1 ON INPUT, BUT THE DESIRED CHANGES
*F PARAMETERS WERE NOT IMPLEMENTED
SECAUSE XEND WAS NOT BEYOND X.
INTERPQOLATION TO X = XEND WAS PERFORMED.
“0 TRY AGAIN, SIMPLY CAIL AGAIN WITH

<NDEX EQUAL TO -1 AND A NEW VALUE FCR
LEND.

PRECISION/HARDWARE SINGLE AND DOUBLE/H32

- SINGLE/H36,H48,H60

REQD. IMSL ROUTINES CGRCS, DGRIN, CGRPS,DGRST, LUDATF,, LUELMF, LEQT1B,
“ERTST,UGETIO

NOTATION = INFCRMATION ON SPECIAL NOTATION AND
CONVENTIONS IS AVAILABLE IN THE MANUAL
INTRODUCTION OR THROUGH IMSL ROUTINE UHELP

REMARKS 1. THE EXTERNAL SUBROUTINE FCNJ IS USED ONLY WHEN
INPUT PARAMETER MITER IS EQUAL TO 1 OR ~l1. OTHERWISE,
A DUMMY FUNCTION CAN BE USED. THE DUMMY SUBROUTINE
SHOULD BE OF THE FOLLOWING FORM
SUBROUTINE FCNJ (N,X,Y,PD)
INTEGER N
REAL Y(N),7D({N,N),X
RETURN
END
2. AFTER THE INITIAL CALL, IF A NORMAL RETURN OCCURRED
(IER=0) AND A NORMAL CONTINUATION IS DESIRED, SIMPLY.
RESET XEND AND CALL DGEAR AGAIN. ALL OTHER
DARAMETERS WILL BE READY FOR THE NEXT CALL. A CHANGE
OF PARAMETERS WITH INDEX EQUAL TO -1 CAN BE MADE
AFTER EITHER A SUCCESSFUL OR AN UNSUCCESSFUL RETURN.
3. TH: COMMON BLOCKS /DBAND/ AND /GEAR/ NEED TO BE
PRESERVED BETWEEN CALLS TO DGEAR. IF IT IS NECESSARY
FOR THE COMMON BLOCKS TO EXIST IN THE CALLING PROGRAM



THE FOLLOWING STATEMENTS SEOULD BE INCLUDED

COMMON /DBAND/ NLC,NUC

COMMON /GEAR/ DUMMY (48),SDUMMY (4), IDUMMY (38)
WHERE DUMMY, SDUMMY, AND IDUMMY ARE VARIABLE NAMES NOT
USED ELSEWHERE IN THE CALLING PROGRAM. (FOR DOUBLE
PRECISION DUMMY IS TYPE DOUBLE AND SDUMMY IS TYPE REAL)
THE CHOICE OF VALUES FOR METH AND MITER MAY REQUIRE
SOME EXPERIMENTATION, AND ALSO SOME CONSIDERATION OF
THE NATURE OF THE PROBLEM AND OF STORAGE REQUIREMENTS.
THE PRIME CONSIDERATION IS STIFFNESS. IF
THE PROBLEM IS NOT STIFF, THE BEST CROICE IS PROBABLY
METH = 1 WITH MITER = 0. IF THE PROBLEM 1S STIFF TO A
SIGNIFICANT DEGREE, THEN METH SHOULD BE 2 AND MITER
SHOULD BE 1,2,-1,-2 OR 3. IF THE USER HAS NO RNOWLEDGE
OF THE INHERENT TIME CONSTANTS OF THE PROBLEM, WITH
WEICH TO PREDICT ITS STIFFNESS, ONE WAY TO DETERMINE
THIS IS TO TRY METH = 1 AND MITER = 0 FIRST, AND LOOK
AT THE BEHAVIOR OF THE SOLUTION COMPUTED AND THE STEP
SIZES USED. IF THE TYPICAL VALUES OF H ARE MUCH
SMALLER TEAN THE SOLUTION BEHAVIOR WOULD SEEM TO
REQUIRE (TEAT IS, MORE THAN 100 STEPS ARE TAKEN OVER
AN INTERVAL IN WHICH THE SOLUTIONS CHANGE BY LESS
THAN ONE PERCENT), THEN THE FROBLEM IS PROBABLY STIFF
AND THE DEGREE OF STIFFNESS CAN BE ESTIMATED FROM THE
VALUES OF H USED AND THE SMOOTHNESS OF THE SOLUTION.
IF THE DEGREE OF STIFFNESS IS ONLY SLIGHT, IT MAY BE
THAT METH=1 IS MORE EFFICIENT THAN METH=2.
EXPERIMENTATION WOULD BE REQUIRED TO DETERMINE THIS.
REGARDLESS OF METH, THE LEAST EFFECTIVE VALUE OF
MITER IS 0, AND THE MOST EFFECTIVE 1S 1,-1,2,0R -2.
MITER = 3 IS GENERALLY SOMEWHERE IN BETWEEN. SINCE
THE STORAGE REQUIREMENTS GO UP IN THE SAME ORDER AS
EFFECTIVENESS, TRADE-OFF CCNSIDERATIONS ARE
NECESSARY. FOR REASONS OF ACCURACY AND SPEED, THE
CHOICE OF ABS (MITER)=1 IS GENERALLY PREFERRED TO
ABS (MITER)=2, UNLESS THE SYSTEM IS FAIRLY COMPLICATED
(AND FCNJ IS THUS NOT FEASIBLE TO CODE). THE
ACCURACY OF THE FCNJ CALCULATION CAN BE CHECKED BY
COMPARISON OF THE JACOBIAN WITH THAT GENERATED WITH
ABS (MITER}=2. IF THE JACOBIAN MATRIX IS SIGNIFICANTLY
DIAGONALLY DOMINANT, THEN THE OPTION MITER = 3 IS
LIKELY TO BE NEARLY AS EFFECTIVE AS ABS (MITER)=1 OR 2,
AND WILL SAVE CONSIDERABLE STORAGE AND RUN TIME.
IT IS POSSIBLE, AND POTENTIALLY QUITE DESIRABLE, TO
USE DIFFERENT VALUES OF METH AND MITER IN DIFFERENT
SUBINTERVALS OF THE PROBLEM. FOR EXAMPLE, IF THE
PROBLEM IS NON-STIFF INITIALLY AND STIFF LATER,
METH = 1 AND MITER = 0 MIGHT BE SET INITIALLY, AND
METH = 2 AND MITER = 1 LATER.
THE INITIAL VALUE OF THE STEP SIZE, H, SHOULD BE
CHOSEN CONSIDERABLY SMALLER THAN THE AVERAGE VALUE
EXPECTED FOR THE PROBLEM, AS THE FIRST-ORDER METHOD



WiTH WHICH DGEAR BEGINS IS NOT GENERALLY THE MOST
EFFICIENT ONE. HOWEVER, FOR THE FIRST STEP, AS FOR
EVERY STEP, DGEAR TESTS FOR THE POSSIBILITY THAT
THE STEP SIZE WAS TOO LARGE TO PASS THE ERROR TEST
(BASED ON (OL), AND IF SO ADJUSTS THE STEP SIZE
DOWN AUTOMATICALLY. THIS DOWNWARD ADJUSTMENT, IF
ANY, IS NOTED BY IER HAVING THE VALUES 66 OR 67,
AND SUBSEQUENT RUNS ON THE SAME OR SIMILAR PROBLEM
SHOULD BE STARTED WITH AN APPROPRIATELY SMALLER
VALUE OF H.
SOME OF THE VALUES OF INTEREST LOCATED IN THE
COMMON BLOCK /GEAR/ ARE
A. HUSED, THE STEP SIZE H LAST USED SUCCESSFULLY
(DUMMY (8))
B, NQUSED, THE ORDER LAST USED SUCCESSFULLY
(IDUMMY (6) )
C. NSTEP, THE CUMULATIVE NUMBER OF STEPS TAKEN
(IDUMMY (7))
D. NFE, THE CUMULATIVE NUMBER OF FCN EVALUATIONS
(IDUMMY (8))
E. NJE, THE CUMULATIVE NUMBER OF JACOBIAN
EVALUATIONS, AND HENCE ALSO OF MATRIX LU
DECOMPOSITIONS (IDUMMY (9))
THE NORMAIL USAGE OF DGEAR MAY BE SUMMARIZED AS FOLLOWS
A. SET THE INITIAL VALUES IN Y.
B. SET N, X, H, TOL, METH, AND MITER.
C. SET XEND TO THE FIRST OUTPUT POINT, AND INDEX TO 1.
D. CALL DGEAR
F. EXIT IF IER IS GREATER THAN 128.
F. OTHERWISE, DO DESIRED OUTPUT OF Y.
G. EXIT IF THE PROBLEM IS FINISHED.
H. OTHERWISE, RESET XEND TO THE NEXT OUTPUT POINT, AND
RETURN TO STEP D.
THE ERROR WHICH IS CONTROLLED BY WAY OF THE PARAMETER
TOL IS AN ESTIMATE OF THE LOCAL TRUNCATION ERROR, THAT
IS, THE ERROR COMMITTED ON TAKING A SINGLE STEP WITH
THE METHOD, STARTING WITH DATA REGARDED AS EXACT. THIS
IS TO BE DISTINGUISHED FROM THE GLOBAL TRUNCATION
ERROR, WHICH IS THE ERROR IN ANY GIVEN COMPUTED VALUE
OF Y{X) AS A RESULT OF THE LOCAL TRUNCATION ERRORS
FROM ALL STEPS TAKEN TO OBTAIN Y({X). THE LATTER ERROR
ACCUMULATES IN A NON-TRIVIAL WAY FROM THE LOCAL
ERRORS, AND IS NEITHER ESTIMATED NCR CONTROLLED BY
THE ROUTINE. SINCE IT IS USUALLY THE GLOBAL ERROR THAT
A USER WANTS TO HAVE UNDER CONTROL, SOME
EXPERIMENTATION MAY BE NECESSARY TO GET THE RIGHT
VALUE OF TOL TO ACHIEVE THE USERS NEEDS. IF THE
PROBLEM IS MATHEMATICALLY STABLE, AND THE METHOD USED
1S APPROPRIATELY STABLE, THEN THE GLOBAL ERROR AT A
GIVEN X SHOULD VARY SMOOTHLY WITH TOL IN A MONOTONE
INCREASING MANNER.



o, IF THE ROUTINE RETURNS WITH IER VALUES OF 132, 133,
OR 134, THE USER SHOULD CHECK TO SEE IF TOO MUCH
ACCURACY IS BEING REQUIRED. THE USER MAY WISH TO
SET TOL TO A LARGER VALUE AND CONTINUE. ANOTHER
POSSIBLE CAUSE OF THESE ERROR CONDITIONS 1S AN
ERROR IN THE CODING OF THE EXTERNAL FUNCTIONS FCN
OR FCNJ. IF NO ERRORS ARE FOUND, IT MAY BE NECESSARY
TO MONITOR INTERMEDIATE QUANTITIES GENERATED BY THE
ROUTINE. THESE QUANTITIES ARE STORED IN THE WORK VECTOR
WK AND INDEXED BY SPECIFIC ELEMENTS IN THE COMMON BLOCK
/GEAR/. IF IER IS 132 OR 134, THE COMPCONENTS CAUSING
THE ERROR TEST FAILURE CAN BE IDENTIFIED FROM LARGE
VALUES OF THE QUANTITY

WK (IDUMMY (11)+I)/WK{(I), FCR I=1,...,N.

ONE CAUSE OF THIS MAY BE A VERY SMALL BUT NONZERO
INITIAL VALUE OF ABS(Y(I)).
IF IER IS 133, SEVERAL POSSIBILITIES EXIST.
IT MAY BE INSTRUCTIVE TO TRY DIFFERENT VALUES OF MITER.
ALTERNATIVELY, THE USER MIGHT MONITOR SUCCESSIVE
CORRECTOR ITERATES CONTAINED IN WK (IDUMMY (12)+1), FOR
I=1,...,N. ANCTHER POSSIBILITY MIGHT BE TC MONITOR
THE JACOBIAN MATRIX, IF ONE IS USED, STORED, BY
COLUMN, IN WK(IDUMMY(10}+I), FOR I=1,...,N*N IF
ABS (MITER) IS EQUAL TO 1 OR 2, OR FOR I=l,...,N IF
MITER 1S EQUAL TO 3.

Algorithm

DGEAR finds approximations to the solution of a system of first order

orédinary differential equations of the form y'=f(x.y) with initial
conditions. The basic methods used for the solution are of implicit
linear multistep type. There are two classes of such methods avail-
able to the user. The first is the implicit Adams methods (up to
order twelve), and the second is the backward differentiation formula
(BDF) methods (up to order five), also called Gear's stiff methods.
In either case the implicitness of the basic formula requires that an
algebraic system of equations be solved at each step. A variety of
corrector iteration methods is available for this.

DGEAR and the associated nuclei are adaptations of a package designed
by A. C. Hindmarsh based on C. W. Gear's subroutine DIFSUB.

See references:

1. Hindmarsh, A.C., "GEAR: Ordinary Differential Equation System
Solver”, Lawrence Livermore Laboratory, Report UCID-30001,
Revision 3, December, 1974.

2. Gear, C.W., Numerical Initial Value Problems in Ordinary Differen-
tial Equations, Prentice-Hall, Englewood Cliffs, New Jersey, 1971.

Examgle

This example illustrates the basic usage of DGEAR. A table of solution
values for x = 1.0,2.0,...,10.0 is obtained for the predator-prey
problem:



Input:

= 2Y (l-y ) Y = 1
1 2 1 at x =0
= Yz(yl'l) Yo

n
Lt

INTEGER N,METH,MITER, INDEX, IWK{2),IER,K

2) ,WK({35),X,TOL,XEND,H

1
1

(K}
(N,FCN,FCNJ.X.H,Y,XEND,TOL,METH,MITER,INDEX,IWK,WR,IER)
128) GO TO 20

Y{1}) anéd Y(2) are current solution values at X.
Insert write statement here.

Handle IER.GT.128

Items that may help diagnose the problem should be
output here.

TOL,N,Y(I),...,Y{N),XEND,H,X,METH,MITER. AND INDEX.

FCN (N, X,Y, YPRIME)

N

Y (N}, YPRIME (N) ,X
2.0*Y (1) *(1.0-Y(2))
¥Y(2)*(Y(1)-1.0)

CNJ (N,X,Y,PD)

(N),PD(N,N),X

Y (1) Y (2)
0.08 1.46
0.085 0.58
0.29 .25

REAL Y (
EXTERNAL FCN,FCNJ
N = 2
X = 0.0
¥Y(1l) = 1.0
Y{2) = 3.0
TOL = .0000
H = .0000
METH = 1
MITER= O
INDEX= 1
DO 10 K=1,10
XEND=FLOAT
CALL DGEAR
IF(IER.GT.
c
o
10 CONTINUE
STOP
20 CONTINUE
c
c
c
C
STOP
END
SUBROUTINE
INTEGER
REAL
YPRIME(l) =
YPRIME (2) =
RETURN
END
SUBROUTINE F
INTEGER N
REAL Y
RETURN
END
Qutput:
IER = 0
X
1.
2.
3.
4.

1.45 0.19
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