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ABSTRACT

In this thesis we investizete the distortion caused
by en enalytic mep 2 : B » W, between the Bergman metric.
~

dsB of a beunded dozzin 3 in the camplex z-plane and

the Zuclideen metric or the complex w-rlane Y.

T A

17

We deduce shorp inecuralities in the cases of the unit
d&isc, the puncturad hypersolic plaze gnd the annuli, and the

minimizing maps ere determined.
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Chapter I

INTRODUCTIOE

Conformal meppings with least distortion of'z'z.-simp:ly connected
demain into the complex w-plene hafre been investigated in [1]. A
distortion theoren for e.nalyfic covering maps of znnuli has been
proved recently and its result has been applied so far to the ‘nature.l
locally hyperbolic meiric of annuli [2] and 21s0 to the pseudosphere
[31.

In this thesis, this theorem is o Piicd to the Bergman metries
of the annuli, the punciured hyrerbolic plane zad the wait disc of

the ccemplex z-plene,




Chapter II

DEFINITIONS AND NOTATIONS

l. The Beremen Metric.

Let B be 2 bounded demzin of the ccuplex z-plane, then an

[¥3

analytic function w = (z), defined at every point z = x + iy of
B ond such that f£'(z) # 0 evesywhere, maps the domain B locally
conrormally onto the range of the values of #{z) in the w-plane.

A function £(z), holomorrhic in B, is s2id to be square—inte—

grahle over B if

o P 2 .
(1) Ty o= 1 in(2)]® dw
5
is Tinite, vhere dw = ax dy ené the invezrusion is understood in

et 2(z2) @nd z{z) be oy two s vare-integrable funetions over -

Schwarz inequality.

A sequance {¢_ (2)} of coxplex, single-vzived reguler funections

Gl @ complex verieble z = ;o + iy is said to Be m orthonorzal systen

11

with resteoy o & deomain B o the ccmplex nlaone i
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where the Kronecker dequals 1if m=1n and 0 otherwise,

An orthono-mal system {é (z)} is called comolete or closed

if the relation
(1) Iz, 6012 = (e, )

holds for every square-intesrsbl h olomorzghic funecticn f  defined
in B, By such a system £(z) cun be approximeted in the mean to any
degree of accuracy.

The fwmetion

(5) Ky (2, T)

i
It~ §
O
N
1
——”
.0.
™

T the two complex varishies =z  and Z is called the kernel of the

complete orthonormal system {¢_}. The series on the right-hand side

o (5) cenw rges absolutely, wmifo ormly wiith respeet to 2z for fixed G,
end wiformly with respeet o L Tor fixed 3z in any ,clesed svbdemzin
2% of 3. Iis sum is, by Weierstrass! theorenm, en analytic functicn of

= 2nd . ’ [(%), n. 9]

the special cacice of the ortaoaornra

The Bevmman wetrvc which is invariont wizh r250edt to conformal

mappings [(4), p. 32] is given by the first fundarment.l form

o

(6) &g = g (2,
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Since KB (z, 2) >0 this rform is pogitive definite and hence

dsB defines a Riemenn metric en B.

The curveture C(z) of the Bergman metric at any voint z in B is

given oy

2 '
(1) cclz) = -2 2~ (1eg %),

9zoz

Ao

where K = KB (z, 2), the Borzman kernel function of B. This curvature

is elways negutive, [(4), p. 261.

Dl L0 ORI ¥ D
2. Distortion Yeovs.

et T : B+ W be any s-ooth covering nzp of B into the finite
ccmplex nlane W, The functica w = ©(z) is holomorphic in B end satis-
ies 2'(z) # 0 =zt every moint = of B.

-

We may define an intesral distorition For eny such rmep T by tae

with integretion in the lLebesgue sense and where

~—
i

(9) s (=

ilccal distoriicn 2t z

= ]dvl/dsB
Sy o sl

= |3 & L T
z B asg
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Obviously Dz[:‘] = 0 implies 6&(z) = 1 almost everywhere in B, i.e.
avsence of distortion.

Since w = f(z) we have .

(20) L = e (2)]

and froz (6) we cbtain

ol
1~
[s]
a1
—~~

o
-~
3
-
38|
A
e

and
(13) o(z) = tn [ = @ j21(2)]
= Ze log £i(z), (Re = real paxt oF)
then ‘
(1%) loz & {z) = ¢ (2) + ¢ (z).

Any simnly connected miane remicn with &t lezst <we bouwndaxry

voints is conformaelly squivelent <

(15) :—:={zf|z|<1} .
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ore and only one of the following canonical domains: [(5), p. 247]

(&R
1

(2)

(16) (v) =

e}

These are the only s

group withk one generator,

{ z

0 < |z] < e}

.

the sunctwsed Euelifcan plane.

~—

z | 0 < |z} <1}

the vunctured hyvverbolic vlane.

s 0 <q <121}

an in¥inite cet of conformally different snnuli.

rfaces whose covering grouwp is a free cyelic
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LEAST DISTORTION MAPS FOR H AUD K

1. Iet B dencte any of the surfeces H and H, then & complete

orthonormel system in B is given oy

-1
(z) = (a/m)? 227 ,n o= 1, 25 ¢ o o .

(27) 9

n

The Bergnen kernel fuaction of B is

@ [
. - S —n_,l
Koz, 2y = § ¢ (2) 9z = § B ()
n=1 o n n=1 v
= -J—-. ('l - e -2 = 1
= (1 - 22 s

‘e curvature C(z) o this metric is given by
) "2 ’

C(z) = - = (:‘ =r ——— [loz X, {z, 2)]

“plEs = 3zdz -
(29)
- 2
= - 22(1 - =2)%, = = L7,

{1 - zz)°

I2 3 is simply connected then the curveiure of the Bergman retric

of 5 is rnecessarily ceustant, Sut ir the Surveoture is censtasnt then B

Li:

need nov be simply cennected 25 ic shown by = = 4,




2. Theorem 1,

Any smeooth covering map # : H » W satisfies

(20) b [£] >,
with equality holding then if wid enly if

(21) o pz) = {exo (1 + iX)}z + p,

L
YT

-

Hence the minimal covering mcn is ‘'schlicht?,

Proor:

(20

etz =re = x + iy, so thot

X=rcos 8, y = r sin 6,
then
AR /2 2
$(z2) = 31(17-% = {5/ (L= [2{%)}
“x
(22)

1

(M

Since I'(z) # 0, and ¢(z) = Re log =*(z), so o(z)

e (=} + § {e(r) ccs 28 + & (x) sin ns).

o
e

wnera A and p are arbitrary ceastants, reol and camplex respectively.

is a harmenice




-9 -

s0 that
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cos nd +'bn sin no)
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1 ) ‘2 T . ai + bi
= & b = - » 1 -— .
or Dz[:] i ( ot 3 inw - L)° + 1] + 5 nzl )

>

The harmonic conjugate of ¢(z) is
>

(25) ¥z) = § (o sinnd - b cos né)r® + A,
aoy B n

vhere A is an erbitrary resl constant.

w
H,
lJ
3
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[3)
13
]
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ct
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H
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Prem (23) ané (25) w

£0(z) = exs {(o{z) + i v(z))

”~
(20) %)
= eux {ac +ix+ ) (2 - iv,)z")
w:l
¥ow D [2] = 7 implies that
1
(27) e, =l-F4nw, 2 =b =0, =n2>1
and

Thus the znelyvic functicns with least cistorticn are given by

exp (1 + iX) + y,

) p ~ o - -— - % ~ 1 -
where A &nd p are aroitrary cenctanis, real end complex respectively.




*

3. Iet 5

H
s
ct
8
(6]
3
o
[$]
(o2
£
&
ct
g
(e
-,
o)
l.J
'.J
(o]
=
-
o

a3
ct
.5
]
[
H
[
i3

Theorem 2,

et f :H VW be eny smooth covering mep then

(29) D, (] > w(f - 7)),

with equality holding only for

(30) 2z) = F— exp (2 + 2\) +q,
o Ja 2
a "
vaere A ic an arbiirery reol constant ondyp is an aroitrary ccaplex

Procf: In tzais case zlso

R
o(z) = 72':- iaw -+ n(l - r2)
35
with z = a7,
Since 1'(z) # 0 and 2(z) is holcmerohic in X, 3(z) = Re log £'(z) -

be the Fourier expensicn of ¢(z).

T : 2
Integrating v©

<
n
(&]
o
-t
2
(0]
T
e
19
f2:
(42
3
)
e

ne o kS k P 3 33 \
where I _, ¥ sare real ccastants depending upen £(z).
We can now write

o(z) + o(z) = P -:--;‘-'-m:: + Z inr e n{l - %)

(=]
+ ¥ (E_ cos ne + T sin ng)r
n=1 - -
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E NN

For the minimizing max Eo must be a nesrest integer to

2
% -2 =1,2808, i.e. E =1,

Taus, by taking

(35) E =1, F_ = S inm,

ST
T
!

we have

L ad _2.‘. .:::. K 2 1 E... =3 B -":‘-
Dz[‘33_21r£8( - 3) ’*‘0 - ]-11(14--6)

Equality 2olds only if £ =F =0 {n=13,2, ... ), i.e., only

'3 1 .
(35) 21(z2) = z exp (=~ I fam + i)
= et
R
- \2 -‘)

T+ vy S~y
Integrating vais we ootain

=~ - S L. e -
vaere p 1s an arbitrary cemplex consiant.
L. The

—pm e Lo . v . A . = .
vet (e} im j [ in® 6(z) ex ay # win [ [. 227 8(z) ax &
(b)  tze minimel covering meps in the firsT cose ove one~to-one

walla in the second cese they ore no% cae-to-cne.



LI

l. et B=4 ,

(370 - & ={z]| /A<

q

The Bergman kernel functica

]

(38) K, (z,¢g)=-—==

(4]
(o]
(4]
HA
£
ot

=] <

of A is
Q

L “3. —1n
(= + ] e (2 7))

2n ®

1 ¢ na® 2
— - y pes |z| ‘.’1}
z 1 - 2n

240~ @ 3 e

_ A ;o . 3 s ;2«
= e e
= — + 202z (gizi®)}],
. — 0 —
TiE n—
erm e =iam e e s vy e . - 2
vaere the YWelsrstression gefuneticn wfu) hos mexicds 2 fn = znd
e ¥ a
IS e - - - - -~ - -3 S A - — ~ -
2wi, .=d 2n 2s tThe increzens cof the VWelersirassisn Z-Sunction

rmalated tc the pericd 2 in

Tne Eergmen meiric of A&

(o) és, =




The Gaussian curvature of this

the formula

(41)

wnere

we obtain

e(z) = =27

with

ta

]
]
w

Settingy

-

&nd since

~~

13

- 15 =

[
“

3

metric at any point =z g

o
3° (loz K)

c{z) = -

i

oy
2
Q2
13

y (2, 2) = === {p{ana|a|®) +
Q T

i1
2n(

- log ™ - log z - leg 2z + log {p(1og(qzz)) +

1

Q
P L 2 2 2
{p{2nar®) + —=7=} ® (2ner™) - »'“(2ner®)
9.."1(':)
o
n, 3
{p{f2qr7} + —=—1}
1
£n(=)
g
i 2 i
£n-c—-s, AngrT o= u, n:l)=>.
- N e
a.-\q
‘2 o) ’
p* (u) = Lk p (u)--sapm)-s3
2(u) = 6 55w - 55, ,
4 .
3 1 . 1 :
gxvlul = 55y () + 5+ Fa(22 v (n) - g5)

L2
*J

(p(w) + 2]

’ . - -
2p7{wiinlal + 322 2 0

ven by

b,
).



(1) plu) veries frem + ® to p(s) as u varies fr'o;n 0 to s,
and plu) veries from p(s) to + ® g5 u varies from s to

2s, thet is p(u) > p(s) > 0 <Zor ell velues of u in (0, 2s).

2(e§ + e2 * e%)

(ii) 8o -

e are real cnd

B3 T 3

e, >0 22, >e, scxhm g, 20,5,70 {(6), n. 633]

i 3

(ii1) op(s) + X = ps) + ===+~
2 , § Zx-2 2k
==yt L ooy e, s >
= k=2 <% =

k-2

3
where ¢. = =g C. = T gL, C T mmmmrSmpem—e c ¢ >4
) 2~ 20 ®2° 28 °3” "k (2x+lj(k-3) L, m kem® T =

.,
=
10
o
w3
~
w0
N
]
>J
i
Wit~ 8
)
]
E e
1
v

YR - { -
and 2 p7(u) {p{u) + 3xF + =z, {p{v) =2} + 3. >0
z z 3
A3 etmrrm mimat almY e rm g e
WOLLQL SACWs TLAV [ A LE QLWVEVES nEeSSTLVE.
- - - " - - - - - - ~ . B v, - A
2., Ve onply now the reneral distortica thaccrex of [2] to A

wrovided with the Eergman meiric and supply siveny nuzerical evidence

for the validity of the Zcllouwing:

13 fons RO | Y W
LOE0TET e
—trm o

- - - < e e TS e ——n > LA PO Py
Tor an cnnulus with Tine ZorTion metric (40), sny Lnalyltic map

-

T: Ao + W satisfies tae Tolleoving iInequality vrich is best possidles
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3 (=)

(h2)  p,l2] 2 2wiz2zy A,(s) = x(2)|® + e (s))
2 a (s o o
with the cguelity holding then only if
Al
. ©
(43) flz) = exni{B_ = i) T T+ Xy o
©

waere X

respectively.

The syrbols

iy
!

(o]
)
[&]

QO

(k)

S

eo = J{
U

e, = |
= S
~

i

and

cccurring in thoe T

arbivrary coanst

Xy

agoren

¢ = sinh s,

o] c
1
= (s cosh & - sinh s),
1 2 2
T 5 sirh £ - Z 3 ¢ceshh s
& 2
X (s: .2 2.
T ASXT E - £ )
L

{z).
==} cozh (=

o

tn {p{u) +

tn {p(u) + =} (s - uj
2 glc)
zn {olv) + ===} cosx (s

(o]

ands, resl and complex

have the Tollowing meoning:

|
+ §-31nh s
- ) éu

sirh (g - u) ¢éu
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' s
(46) x(s) = -3+ o= ey 0 - 28 ¢) = -1+ [ salota) 52

(= u cosh(2s = u) = (25 - u) cosh u + sinh(2s ~ u) + sinh u

1du

Ao(s) = nearest integer to x(s).
Droof's

Let o(z) = n(|az]

u
[»]
2(siz:has - s7)

/as, )

- X 1 2 (s
= 5 a7+ dnr - §-Zn[p(£nqr ) + i )]
be square integrodle on A end let
(%8) o{z) = {1 (z)] = Re log £ {z), He = real pars’ of .

Since #(z) is holomorshic In AQ md T¥{z) # 0, o(z) ig hermenic
in A, let
[=-) . 5
, - im
{49) Voo (x)e
-
te the Fourier represeantaticn o ofz).

\ - L .
»} satisiies the

E)
1T
[N
" P ph

B P
- o6

13 P am e e 3 )
crIieranTaicl



- 19 -

where primes denote differenticiion with respect to r.

Integrating these differential equaticons, we obtain

-
a_ (r) = E ¥ +F », m# 0

(50)

e (r) =E for+ 7,

where E and ¥ era ccumplex constants depending wpon £(z).

11
£

Since ¢(z) is a resl wvelued funeticn, we aave

n - n "f"
2_. (r) o, (2)
E_ =F,E =¥ ,E = ,F =F .
-= on? Tm -z* 7o o’ "o o
Taus ¢(z) can be writien os
;\7;' . a
= - Voo < -~
R ’ - : . D O =Ciy &0 . _
(317 olz) = 2 anr +' 2+ 3V (2 57 e 2 2 TE)R0 Y' cmits m = 0,
c G - o pro
-
y —n st oo Y KO
The nzrymonic conjusase of ef-) iz
(—J! . 6
- N . U - by =Ty 10
(52) Wz) =Z 0+ x ~:2§ (Er -rFrTe R
e} [v] - pes3 -
-2
wners Xg iz a rezl ccnstant.
Zence
TH{z) = exp {(o(z) + iv(z))
14
{53}
B @
. s o] . n
=exs (F +ix )z “exp (2 = z7).
- o]} < _‘m o
Since =) is = single wvoluzd aralytic Duncetizz, we cconclude that
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1 o
o(z) + ¢f(z) = (F_ + §-£nn) + (Ab + 1l)fnr - %&n[p(ﬁnqr“) +

©

(54)

o
~ 1 ~ - 3

* >‘ (Ew’ r... + P » m)el‘.’!‘ﬁ’
-w e m

50 oy the lLebesgue-Fupini thecran and the cempleteness relatio

/2 ' o
rdr [ (¢ + 0)° e
0

(55) L 2

= wt T m T 2 "z’ o
-
ST - 1 4 b e
vhers a = —= sinh (o + 1)z, = # -1,
m o mo+ L
and &, = 5.
ha
. . N 2 :
Let S_ = a ¢« - onoF O,
- - - -
e poes - ara o

Clearly & >0 Zfor eli = wudéd & > 0, oy the Schwer

r'} r50| 2 2 i
Dl =za(—A - x|+ e (F_ +Finm)+3& +1)=-3Fe
z= Laﬂ’ o x| c i“o\ s 2 J Slag )
o} o
s 1 1 2 L 2
5) + e - T (el o Bele, PR o}
(5 5537 L L 1z T So T2
. L&)
w, 3
§ - o k] -
* z fezin V¢ L=y P oe o @ 121;
Yo Tal ¢ 'Sofm T Tmomt CC
e & E - o} m Tr

1=
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s¢ that we

6
-]

l-_L‘*o = X]

Q

{r] > 2u{

D

e}

2

enly if

<

hold

guality :

A
-d

(57)

,
F =1,

A
o

provided

Xl 2

alue ¢

cnding v
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