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Abstract

In modern scientific research, collecting large amounts of data has become increasingly
prevalent. For example, in genomics, there have been more than 500, 000 microarrays that
are publicly available with each array containing tens of thousands of expression values
of molecules; In biomedical engineering, there have been tens of thousands of terabytes of
fMRI images with each image containing more than 50, 000 voxel values [36]. Compared
to traditional datasets, massive datasets usually hold great promises for extracting crucial
information and discovering subtle patterns. However, their characteristics such as huge
volume (large sample size and high dimensionality), heterogeneity (multiple latent sub-
populations), and corruption (complicated noise) pose substantial challenges to traditional
data analysis. These features require an application to deal with not only huge volumes
but also complex structures and uncertainties in the data. There is no doubt that Big
Data are something of double-edged sword, which has been fundamentally changing and
transforming the way we live and think especially in scientific research. Its emergence has
spawned new research paradigms to solve some of the general analytical difficulties, which
will be addressed here.

To ease the analytical difficulties, one viable route is to remove most redundant infor-
mation from a massive dataset before analyzing it. In this spirit, this dissertation develops
effective statistical tools to screen out variables (features) and observations that are less
relevant to the analysis. Specifically, the dissertation consists of the following three self-
contained research projects.

1. Distributed hard screening for massive data.

Massive datasets with a huge number of features are commonly encountered in many
scientific areas. Nevertheless, existing classic screening methods are inefficient or
even infeasible due to the high computational burden for a large-N -large-p dataset,
where N is the sample size and p is the features size. When both N and p are large,
this raises the so-called large-N -large-p regime, which creates opportunities for ex-
tracting crucial information and poses substantial challenges. Developing effective
tools to manage and utilize large-scale data is an attractive and important topic in
statistics and some related fields. To address this research problem, I develop a dis-
tributed screening method for the large-N -large-p regime. The new method is built
upon an ADMM updating procedure for fitting l0-constrained consensus regression,
where data are processed at m manageable segments by multiple local computers.
Compared to the existing methods, the new method can not only fit the need of
computational efficiency for processing massive data, but also screen out most non-
influential features while retaining influential ones with high probability. Under mild
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conditions, I show that the new method is convergent and leads to an effective screen-
ing when the starting value is appropriate specified. The promising performance of
the method is supported by extensive numerical and real data studies.

2. Joint feature screening for mixture regression.

Finite mixtures of regression models are ubiquitous for analyzing complex data. They
aim to detect heterogeneity in the effects of a set of covariates on a response over
a finite number of latent classes. When the number of covariates is large, a direct
fitting of mixture regressions can be numerically costly and often leads to a poor
interpretive value. One practical strategy is to screen out most irrelevant covariates
before an in-depth analysis. Such a strategy is referred to as feature screening,
which has attracted a great deal of attention in the past decade. Despite the surge
of research on feature screening, the existing methods are mainly developed based
on certain dependence measure between the response and features over the entire
population. In finite mixture of regressions, however, the sets of relevant features
in the model are class-specific. This makes feature screening in mixture regression
a challenging task that has not been carefully studied. To address this research
problem, I propose a novel method for covariate screening in ultrahigh-dimensional
Gaussian mixture regressions. The new method is built upon a sparsity-restricted
expectation-approximation-maximization algorithm, which allows a precise control
of the number of covariates to be retained in each latent class. In the screening
process, the joint effects between covariates are naturally accounted and the class-
specific screening results are produced without ad hoc steps. These merits give the
new method an edge to outperform the existing screening methods. The promising
performance of the method is supported by both theory and numerical examples
including real data analysis.

3. Low-gradient based subsampling for corrupted massive data.

Subsampling is one of basic methodologies used for coupling with massive data,
among which “the gradient of loss” based subsampling is accepted as the most effec-
tive strategy. In past studies, the large-gradient subsampling is normally suggested,
which assigns the subsampling probability directly proportional to the gradient of
loss. Such a strategy is effective for uncontaminated massive data but not for cor-
rupted massive data, which is unavoidably encountered in real-world applications. We
thus must deal with those corrupted massive data cases. Based on an observation that
the use of large-gradient brings the danger of assigning higher sampling probabilities
to the heavily corrupted observations, I propose a low-gradient subsampling proce-
dure for corrupted massive data. The new procedure iteratively draws “low-gradient
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observations” and updates sampling probabilities according to the new prediction
performance. In this way, the procedure excludes the most corrupted observations
and leads to a robust subsampling strategy. I show that the procedure is statisti-
cally consistent with achieving a nearly optimal estimation precision. The promising
performance of the procedure is supported by a variety of numerical simulations and
real data applications.

The effective statistical methods I develop in this dissertation are not only significant
attempts but also abreast of explorations to tackle the challenges in Big Data. Based on
the core idea of removing redundant information that contributes insignificantly to the
analysis, this dissertation provides promising results and reliable guidance to further the
frontiers of research analysis of massive data.
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Chapter 1

Introduction

In recent years, the rapid development of data generation and acquisition have led to
the explosive growth of the size and number of available data sets. Big Data have rapidly
become a hot topic that draws large attention from almost every industry and business area.
The world’s technological per-capita capacity to store information has roughly doubled
every 40 months since the 1980s [50]. It can be asserted that Big Data have integrated
into every area of industry and business in 21 century and has played an important role in
production. O’Reilly Media, an American learning company and online learning platform,
affirmed that “the future belongs to the companies and people that turn data into products”
[75]. Big data analysis is becoming more and more prominent in modern research.

In Wikipedia, Big Data are “fields that treats ways to analyze, systematically extract
information from, or otherwise, deal with data sets that are too large or complex to be
dealt with by traditional data-processing application software”. Fox [42] in 2018 also states
“Big Data are where parallel computing tools are needed to handle data”, and notes,
“This represents a distinct and clearly defined change in the computer science used, via
parallel programming theories, and losses of some of the guarantees and capabilities made
by Codd’s relational model.” There is no doubt that Big Data are very significant and
have been fundamentally changing and transforming the way we live and think especially
in scientific research. Companies use Big Data in their systems to improve operations,
provide better customer service, create personalized marketing campaigns and take other
actions that, ultimately, can increase revenue and profits. Businesses that use it effectively
hold a potential competitive advantage over those that don’t because they’re able to make
faster and more informed business decisions. Bioscientists could also use Big Data to
identify disease signs and risk genes to help diagnose illnesses and medical conditions in
patients. Moreover, a combination of data from electronic health records, social media
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sites, the web, and other sources gives healthcare organizations and government agencies
up-to-date information on infectious disease threats or outbreaks. In short, Big Data have
already been an integral part of many areas of our lives, which brings opportunities for
scientific community to re-examine its methodology of scientific research and trigger a
revolution in scientific thinking and methods. Abreast of the opportunities of Big Data,
scientific researchers still face some challenges involved in performing inferences on Big
Data: 1) Massive dataset (large sample size) combined with high dimensionality creates
issues such as heavy computational cost and algorithmic instability; 2) The massive samples
in Big Data are potentially collected from multiple sources at different time points using
different technologies. This creates issues of heterogeneity, in which the behaviors of a
statistical estimator or procedure may vary from one class to another; 3) The massive
data may be unavoidably contaminated by heavy corruption or high level of noise. The
presence of corruption and noise in Big Data can be inevitably caused by accidental outliers,
transmission loss, or even adversarial data attacks. Directly analyzing such data without
pre-processing procedure may degrade the accuracy and the efficiency of the algorithm.

To handle these challenges of Big Data, we need new statistical tools and computational
methods. One viable route is to remove most redundant information from a massive dataset
before analyzing it. For high dimensional dataset, the assumption that only a small portion
of all features are predictive of the response has been widely adopted. It entails that we
only need to identify influential features and build an interpretive model to link them
to the response variable. Therefore, there should be a pre-processing procedure to first
screen out a large number of noninfluential features before an elaborative analysis. This
preprocessing step is referred to as feature screening. With dimensionality reduced from
high to low, analytical difficulties are reduced drastically. For corrupted massive data,
subsampling is a natural strategy to remove the most non-informative observations. This
strategy draws useful informative observations to infer instead of using the whole data,
which provides a way to tackle an untractable problem with a confined limited computation
resource. This dissertation focuses on three self-contained research topics related to the
challenges I discussed above. Particularly, I develop three effective statistical tools to
screen out variables (features) and observations that are less relevant to the analysis. All
these methods hold great promises for handling the challenges of Big Data, in addition to
balancing statistical accuracy and computational efficiency.

1.1 Research Topics

Valid statistical analysis for Big Data is becoming increasingly important. To handle the
challenges of Big Data, we need new statistical thinking and computational methods. For
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example, many existing traditional methods are designed and perform well for moderate
sample size. When the sample size is large, they are significantly hampered due to compu-
tational efficiency, statistical accuracy, and algorithmic stability. Similarly, many statistical
methods that perform well for low dimensional datasets are facing significant challenges in
analyzing high or even ultra-high dimensional datasets. Specifically, large sample size and
dimensionality may bring heterogeneity to massive datasets, which are often created via
aggregating many data sources from different sub-populations. Each sub-population might
exhibit some unique features which are not shared by others. Another severe challenge is
the high cost incurred from data storage. Their huge volume poses substantial challenges
to traditional data analysis, where a dataset is typically processed on a single machine.
From the perspective of noise, almost all of the existing studies are only for massive data
without contamination or with relatively low levels of noise. Nevertheless, heavy corrup-
tion or high level of noise is unavoidably encountered in real-world applications. Such a
corruption effect is especially severe in Big Data and may even dominate the true signals,
which leads to systematic biases in inference and interpretation. In short, these features of
Big Data make traditional statistical methods less efficient or even invalid. In this section,
the major research topics I consider are stated as follows:

1.1.1 Distributed Feature Screening for Massive Data

In modern scientific research, collecting data with huge size are increasingly frequent.
Massive data sets with a huge number of features are commonly encountered in many
scientific areas. For instance, customs scan information of thousands of shipments every
week. In health care research thousands of personal health or drug-usage records are
collected. Thousands of keywords in a URL are analyzed in Internet studies. Given a set
of observations in these applications, statisticians are confronted with the task of exploring
the relationship between a univariate response and a p-dimensional covariate vector.

When the dimensionality is high, one practical assumption that only a small number
of predictors contribute to the response is frequently adopted and deemed useful. This
strategy aims to screen out a large number of noninfluential features before an elaborative
analysis. By doing so, an interpretive model can be built to link the influential features with
the response variable. This step is called feature screening, which has been extensively stud-
ied in the literature. Specifically, the seminal work of Fan and Lv [38] proposed a marginal
screening method called sure independence screening (SIS) for ultrahigh-dimensional lin-
ear models. This method has been extended to generalized linear and additive mod-
els [35, 40], proportional hazards models [46], and quantile regression [107]. There also
is vast research on joint screening methods such as iterative sure independence screening
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(ISIS) [39], forward regression (FR) [102], sparsity restricted maximum likelihood estima-
tor (SMLE) [108], and high dimensional ordinary least squares projection (HOLP) [104].
These methods improve the marginal approaches by incorporating the joint effects among
features into the screening process. However, almost all of these works are designed for the
small-N -large-p regime. Large-N -large-p regime challenges these methods in terms of both
theoretical optimality and practical feasibility. For example, when a DC-SIS [68] is used
in a regression with ten thousand observations and features, it can be computationally
infeasible and unstable in the screening process. In other words, new statistical procedures
with these issues in mind are crucially needed. Developing effective tools to manage and
utilize large-scale data is a recent focus in statistics and some related fields. In addition,
to overcome the storage bottleneck, the divide-and-conquer framework was developed for
distributed data storage and parallel processing. With the aid of the divide-and-conquer
framework, many machine learning methods have been adapted to a distributed version
for analyzing big data [67,77,81,114,115]. To apply the divide-and-conquer framework to
feature screening, one may consider approaches based on aggregation. This distributive
learning framework divides full data into m manageable segments and m sub-estimates
are generated from m independent implementations. Then the m local machines transfer
their sub-estimates to a master machine. The final estimator is obtained by aggregating
the local outputs via an aggregating function. However, there are still several important
challenges that are not appropriately handled concurrently: 1) Choosing an appropriate
aggregating function for divide-and-conquer framework is not straightforward; 2) Neglect-
ing the influence of joint effects; 3) Lacking efficient communications between local and
master computers. All these characteristics make distributed feature screening for massive
data as an interesting topic to be considered.

1.1.2 Joint Feature Screening for Mixture Regression

In modern scientific research, data analysts frequently deal with high-dimensional complex
data. One challenge in the analysis of such data is that observations are often created
by aggregating many data sources corresponding to different sub-populations. Each sub-
population might exhibit some unique features not shared by others and the behaviors of
a statistical estimator or procedure may vary from one class to another. These unique
features make traditional statistical procedures inefficient or even inappropriate. How to
systematically explore the underlying heterogeneity and unveil the commonality across
different sub-populations remains an active research area. On the other hand, in a tradi-
tional setting where the sample size is moderate, observations from small sub-populations
are generally treated as outliers and it is hard to systematically model them due to a lack
of information. However, in big data, the large sample size enables us to better interpret
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heterogeneity, shedding light on studies such as exploring the association between certain
covariates (e.g., genes or SNPs) and rare outcomes (e.g., rare diseases or diseases in small
populations) and understanding why certain treatments (e.g. chemotherapy) benefit a sub-
population and harm another subpopulation. In short, the main advantage brought by Big
Data is to understand the heterogeneity of sub-populations such as the benefits of certain
personalized treatments, which are infeasible when the sample size is small or moderate.

In regression analysis, we could assume that multiple relationships exist between a
response and a set of covariates within a population. To this end, the finite mixture of
regression models (FMR) have been widely used to obtain the class-specific regression
coefficients for better inference and interpretation [5,64,83]. In the last decades, increasing
studies have been conducted on this topic and all kinds of algorithms have been designed
[30, 60, 93]. However, while these methods are inspiring, when dimensionality p is of the
exponential order in the sample size, those methods can be significantly hampered due to
several implementation difficulties such as computational efficiency, statistical accuracy,
and algorithmic stability. To ease the implementation difficulties for the heterogeneous
large p situation, one can also consider using feature screening to screen out most irrelevant
features before an elaborate analysis. With dimensionality reduced from ultrahigh to low,
analytical difficulties are reduced drastically. Despite the surge of research on feature
screening, the existing methods are mainly developed based on certain dependence measure
between the response and features over the entire population. These kinds of methods are
not suitable for finite mixture of regression models since the sets of relevant features in
the model are often class-specific. For example, in structural biology, each protomer of
a protein structure may contribute a different set of residues to the binding interface; in
marketing, the behaviors of different types of customers may be influenced by different
social or economical factors. Feature screening in mixture regression especially in Big
Data is still a challenging task that has not been carefully studied.

1.1.3 Subsampling for Corrupted Massive Data

Nowadays, the presence of noise and corruption in real-world data have become ubiquitous.
Due to the uncontrolled collecting process in big data, heavy corruption or high level of
noise is unavoidably encountered in real-world applications. The presence of such noise
and corruption in real-world massive data might be ineluctably caused by many factors
such as accidental outliers [90] or adversarial data attacks [24]. All these factors raise a
complicated corruption pattern, where the proportion of corruption could be large, the
corruption level could be high, and even exists on both covariates and response simulta-
neously. This amounts that the data contain many anomalies and unwanted information
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which cannot be utilized or can be known as noise. The main effects of heavy noise in data
are that it reduces the regression/classification accuracy, increases the computation time,
and results in the interpretability of the model. We thus must deal with those corrupted
massive data cases. Generally, to overcome the burden of limited computation resources,
researchers adopt two basic methodologies. One is the divide-and-conquer strategy and
the other is the subsampling strategy. The divide-and-conquer strategy solves the problem
by partitioning the massive data into several segments, runing a specific algorithm for each
segment in parallel and then aggregating these individual outputs into a final estimate.
The subsampling strategy solves the problem by carrying out an intended calculation on
a representative subset drawn from the full data. These methods draw useful informative
observations to infer instead of using the whole data, which provides a way to tackle an
untractable problem with a confined limited computation resource. For corrupted massive
data, the subsampling strategy naturally gears the idea that removing most redundant
information from a massive dataset before analyzing it. Therefore, subsampling can be
considered as a pre-processing procedure to first screen out a large number of observations
that are less relevant to the analysis. I observe, however, that almost all of the statistical
procedures are based on unrealistic assumptions that can not be validated by data. These
methods are basically designed for the massive data without contamination or with simple
corruption patterns. When the corruption of massive data is complicated, a large pro-
portion of both covariates and response are contaminated by exogenous noise, making it
infeasible to apply these methods. Other robust methods such as robust regression, outlier
detection and self-paced learning are seldom practical to set the parameter or computa-
tionally expensive. Hence, analysis of the corrupted massive data calls for new statistical
methodologies and theories.

1.2 Review on Feature Screening and Subsampling

1.2.1 Feature Screening

Feature screening is a pre-processing procedure to first screen out a large number of nonin-
fluential features before an elaborative analysis. It implies to approximate the (ultra)high-
dimensional model coefficients on a designated low-dimensional subspace. With dimension-
ality reduced from high to low, analytical difficulties are reduced drastically. Meanwhile, an
accurate estimation can be obtained by using well-developed lower dimensional methods.
Many authors have developed various procedures for feature screening.

Before I pursue further, I should introduce some notation first. Throughout this chap-
ter, {(xi, yi)}Ni=1 is an independent and identically distributed sample collected from a
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population {x, y}, where x = (x1, . . . , xp)
T is a vector of p features, and y is a real-valued

response variable. Denote Y = (y1, . . . , yn)T and X = (x1, . . . ,xn)T, the N × p observed
feature matrix.

1.2.1.1 Marginal screening methods

Linear models

Consider a linear regression model

Y = Xβ + ϵ, (1.1)

where β = (β1, . . . , βp)
⊤ is a p × 1 vector of parameters. When the dimensionality p is

greater than the sample size N , the least squares estimator of β is not well defined due to
the fact that X⊤X is singular. The ridge regression, defined by

β̂λ = (X⊤X + λIp)
−1X⊤Y

with λ being a ridge parameter, is a useful technique to deal with the singularity of the
design matrix in the classical linear regression. It can be seen that if λ → 0, β̂λ tends
to be the least squares estimator; if λ → ∞, λβ̂λ tends to X⊤Y . This result implies
that β̂λ ∝ X⊤Y . If all covariates are marginally standardized, X⊤Y /N becomes the
vector consisting of the sample version of Pearson correlations between the response and
individual covariates. Motivated by this, we can use Pearson correlation as a marginal
utility for feature screening. Specifically, denote

ωj =
1

N
X⊤

j Y, forj = 1, . . . , p.

ωj is the sample correlation between the jth covariate and the response variable. Fan and
Lv [38] suggest ranking all covariates according to |ωj| and select the top s covariates as
the strongly correlated covariates with the response. Specifically, the selected submodel
with top s ranked covariates can be obtained by

Ms = {1 ≤ j ≤ p : |ωj|is among the first s largest of all}. (1.2)

In this way, one can reduce the high dimensionality p down to a relatively moderate scale s,
and then an elaborative analysis can be implemented for further modeling. The screening
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procedure defined in (1.2) is referred to as sure independence screening (SIS) in Fan and
Lv [38]. They also show that, under mild conditions,

P (M∗ ⊂ Ms) = 1 −O

(
exp

(
−Cn

1−2κ

logN

))
→ 1, (1.3)

where M∗ = {1 ≤ j ≤ p : βj ̸= 0} is the true model and C is some positive constant.
The property (1.3) is referred to as sure screening property. It ensures that the submodel
would not miss any true influential covariate with an overwhelming probability.

Generalized linear models

Recall that given the predictor vector x = (x1, . . . , xp)
T, the conditional distribution of y

belongs to an exponential family, whose density function has the canonical form

f(y|x) = exp{yθ(x) − b(θ(x)) + c(y)},

for some known functions b(·) and c(·). Parameter θ is called the natural parameter and
set Θ = {θ :

∫
f(y|x)dν < ∞} is the natural parameter space, where ν is a σ-finite

measure. We assume that θ ∈ Θ with Θ denoting a compact subspace of Θ and b(·) is
twice continuously differentiable. Further assume E(y|x) = b′{θ(x)}. Denote the negative
log-likelihood of i-th observation {xi, yi} to be ℓ(xT

i β, yi). Note that the minimizer of the
negative log-likelihood

∑N
i=1 ℓ(x

T
i β, yi) is not well defined when p > N .

Assume that each predictor is standardized to have mean zero and standard deviation
one, and define the maximum marginal likelihood estimator (MMLE) β̂M

j for the j-th
predictor xj as

β̂M
j = arg min

βj

N∑
i=1

ℓ(xijβj, yi).

It is reasonable to consider the magnitude of β̂M
j as a marginal utility to rank the impor-

tance of xj and select a submodel for a given pre-specified threshold γ,

M̂γ = {1 ≤ j ≤ p : |β̂M
j | ≥ γ}.

This is proposed for feature screening in generalized linear model by Fan and Song [40].
To establish the theoretical properties of MMLE, Fan and Song [40] define the population
version of the marginal likelihood maximizer as

βM
j = arg min

βj

Eℓ(xT

j βj, y).
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They first show that the marginal regression parameters βM
j = 0 if and only if cov(y, xj) = 0

for j = 1, . . . , p. Thus, when the influential variables are correlated with the response,
βM
j ̸= 0. Under some technical assumptions, Fan and Song [40] prove that the MMLEs are

uniformly convergent to the population values and established the sure screening property
of the MMLE screening procedure. That is, for any c1 > 0, there exists some c2 > 0 such
that

P
(

max
1≤j≤p

|β̂M
j − βM

j | ≥ c1n
−κ
)
≤ p{exp

(
−c2n1−2κ/(knKn)2 + nm1 exp(−m0K

α
n )
)
}

with κ > 0, where kn = b′(KnB + B) +m0K
α
n/s0, B is the upper bound of the true value

of βM
j , Kn is the supremum norm of x.

In addition, under some technical assumptions, the following inequality holds,

P (M∗ ⊂ M̂γ) ≥ 1 − s{exp
(
−c2n1−2κ/(knKn)2 + nm1 exp(−m0K

α
n )
)
} → 1,

as n → ∞. It further implies that the MMLE can handle the ultrahigh-dimensionality
as high as log p = o(N1−2κ) for the logistic model with bounded predictors, and log p =
o(N (1−2κ)/4) for the linear model without the joint normality assumption.

Additive models

Fan et al. [35] also propose a nonparametric independence screening (NIS) for the ultrahigh-
dimensional additive model

y =

p∑
j=1

mj(xj) + ϵ,

where {mj(xj)}pj=1 have mean 0 or identifiability. An intuitive population level marginal
screening utility is E(f 2

j (xj)), where fj(xj) = E(y|xj) is the projection of y onto xj.
Suppose that {xi, yi}Ni=1 are sample from (x, y), fj(x) can be estimated via a normalized

B-spline basis Bj(x) = {Bj1(x), . . . , BjdN (x)}T: f̂Nj(x) = β̂
T

jB
x
j , 1 ≤ j ≤ p, where

β̂j = (βj1, . . . , βjdN )T is obtained through the componentwise least squares regression:

β̂j = arg min
βj∈RdN

N∑
i=1

(yi − βT

jBj(xij)).

Thus the screened model index set is

M̂ν = {1 ≤ j ≤ p : ∥f̂Nj∥2N ≥ νN}
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for some predefined threshold value νN with ∥f̂Nj∥2N = N−1
∑N

i=1 f̂Nj(xij)
2.

Fan et al. [35] advocate the sure screening property of NIS of including the true model
M∗ = {j : Emj(xj)

2 > 0} based on a set of regularity conditions. Specifically, they show
that

P (M∗ ⊂ M̂ν) → 1

for p = exp{N1−4κd−3
N +Nd−3

N }. In addition, if var(Y ) = O(1), then the cardinality of M∗
is bounded by the polynomial order of N and the false selection rate is under control.

Other model setups

The method of sure independence screening has also been extended to other models. Gorst-
Rasmussen and Scheike [46] introduce a SIS method for survival data based on the notably
simple FAST statistic. They show that FAST-SIS may admit the formal SIS property
within a class of single-index hazard rate models. Wu and Yin [107] propose a conditional
quantile screening method, which could select features that contribute to the conditional
quantile of the response given the covariates. Their method can naturally handle censored
data by incorporating a weighting scheme through redistribution of the mass to the right.
They also establish sure independent screening properties for both the complete and the
censored response cases. In the same spirit, a series of model-free screening methods have
been developed solely based on marginal utilities between the response and features. Zhu
et al. [116] propose a novel feature screening procedure under a unified model framework,
which covers a wide variety of commonly used parametric and semiparametric models.
Their method does not require imposing a specific model structure on regression functions,
and thus is particularly appealing to ultrahigh-dimensional regressions, where there are a
huge number of candidate predictors but little information about the actual model forms.
They demonstrate that the new procedure possesses consistency in ranking, which is useful
in leading to consistency. Li et al. [68] develop a sure independence screening procedure
based on the distance correlation. Unlike the Pearson correlation coefficient, rank correla-
tion coefficient and generalized correlation coefficient, which all are defined for two random
variables, the distance covariance are defined from two random vectors which are allowed
to have different dimensions. DC-SIS is also a model-free feature screening methods which
does not require model specification (e.g., linear model or generalized linear model) for
responses or predictors.

1.2.1.2 Joint screening methods

Despite the convenience of implementation, the marginal screening methods are often found
to be unreliable in practice, as the joint effects among features are ignored. Features

10



with significant joint effects but showing weak marginal effects are likely to be wrongly
screened out. Researchers have made attempts at improving the marginal approaches by
incorporating the joint effects among features into the screening process.

Iterative sure independence screening

The SIS methodology may break down if a feature is marginally unrelated, but jointly
related with the response, or if a feature is jointly uncorrelated with the response but has
higher marginal correlation with the response than some important features. In the former
case, the important feature has already been screened at the first stage, whereas in the latter
case, the unimportant feature is ranked too high by the independent screening technique.
Fan and Lv [38] propose an iterative version of SIS procedure (ISIS) by iteratively replacing
the response with the residual obtained from the regression of the response on selected
covariates in the previous step. ISIS seeks to overcome these difficulties by using more fully
the joint covariate information while retaining computational expedience and stability as
in SIS.

In the first step, they apply SIS to pick a set Â1 of indices of size k1, and then employ
a penalized (pseudo)-likelihood method such as Lasso, SCAD, MCP or the adaptive Lasso

to select a subset M̂1 of these indices. This is the initial estimate of the set of indices of
important features. The screening stage solves only bivariate optimizations and the fitting
part solves only a optimization problem

ℓ(β) = N−1

N∑
i=1

L(yi,x
T

i β) +

p∑
j=1

pλ(|βj|)

with moderate size k1, where pλ(·) is a penalty function and λ > 0 is a regularization
parameter. This is an attractive feature in ultrahigh dimensional statistical learning.

Then, for each j ∈ {1, . . . , p}/M̂1, they compute

L
(2)
j = min

βM̂1
,βj

= N−1

N∑
i=1

L(yi,x
T

i,M̂1
βM̂1

+ xijβj).

L
(2)
j can be considered as the additional contribution of the j-th predictor given the ex-

istence of predictors in M̂1. Then, after ordering {L(2)
j : j ∈ M̂c

1}, we form the set Â2

consisting of the indices corresponding to the smallest k2 elements. After the prescreening
step, they employ a penalized (pseudo-)likelihood method such as the LASSO and SCAD
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on the combined set M̂1 ∪ Â2 to select an updated selected set M̂1, i.e., use the penalized
likelihood to obtain

β̂2 = arg min
βM̂1

,βÂ2

N−1

N∑
i=1

L(yi,x
T

i,M̂1
βM̂1

+ xT

i,Â2
βÂ2

+
∑

j∈M̂1∪Â2

pλ(|βj|).

The indices of β̂2 that are non-zero yield a new estimated set M2 of active indices. The
process, which iteratively recruits and deletes features, can then be repeated until obtaining
a set of indices Ml which either has reached the prescribed size, or satisfies Ml = Ml−1.
This iterative method could better control the false negative rate in the finite sample case
than the one-step screening procedures.

Forward regression

Another way to cope with the situation with some variables being jointly correlated but
marginally uncorrelated with the response is forward regression, which is proposed by
Wang [102] in 2009. It is a stepwise regression approach that begins with an empty model
and at each step gradually adds variables to the regression model to find a model that best
explains the data. This procedure builds a sequence of models by successively including
one covariate at a time up to a pre-specified number of steps or until all the covariates
are included. The forward regression algorithm is summarized below. Recall that XM is
the subdesign matrix corresponding to M. Wang [102] studies the property of forward
regression with the ultrahigh-dimensional case. He also proposes using the extended BIC
to determine the size of the active variable set. However, forward regression has been
found to be unstable in the screening process; a small change in data could cause a very
different screening result. The reason resulting in this fact is that once a covariate has been
added to the model at any step in the screening procedure, it is never removed from the
final model. Therefore, for complex and massive data, it can easily lead to a local optimal
model.

Sparsity-restricted maximum likelihood estimator

The iterative feature screening procedure significantly improves the simple marginal screen-
ing such as SIS in that it can select weaker but still significant predictors and delete inactive
predictors which are spuriously marginally correlated with the response. However, Xu and
Chen [108] claims that the computational cost and increased complexity are higher than
the gain of the iterative procedure. To this end, they propose the sparsity-restricted MLE
(SMLE) method for the generalized linear models and demonstrate that SMLE enjoys sure
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Algorithm 1.1 The forward regression algorithm.

Input: Data {X, Y }, F = {1, . . . , p}.
Output: a solution path S.

1: (Initialization). Set S(0) = ∅.
2: (Forward regression). In the k-th step (k ≥ 1), we are given S(k−1). Then, for every

j ∈ F/S(k−1), we construct a candidate model M(k−1)
j = S(k−1)∪{j}. We then compute

RSS
(k−1)
j = Y T(I −H

(k−1)
j )Y,

where
H

(k−1)
j = XM(k−1)

j
(XT

M(k−1)
j

XM(k−1)
j

)−1XT

M(k−1)
j

is a projection matrix and I is the identity matrix.
3: We then find

ak = arg min
j∈F/S(k−1)

RSS
(k−1)
j

and update S(k) = S(k−1) ∪ {ak}
4: Repeat for n times, which leads a total of n nested candidate models. We then collect

those models by a solution path S = {S(k) : 1 ≤ k ≤ n} with S(k) = {a1, . . . , ak}.

screening property as the iterative procedure in a conceptually simpler and computationally
cheaper manner.

Suppose that a random sample was collected from an ultrahigh-dimensional generalized
linear model and its log-likelihood function is

ℓ(β) =
N∑
i=1

{(x⊤
i β)Yi − b(x⊤

i β)}.

Xu and Chen [108] define the SMLE of β to be

β̂s = arg max
β

ℓ(β), subject to∥β∥0 ≤ s. (1.4)

where ∥β∥0 is the number of nonzero entries of β. The SMLE method can be considered
as a joint-likelihood-supported feature screening procedure. Of course, the maximization
problem (1.4) can not be solved directly when dimensionality p is large. To tackle the
computation issue, Xu and Chen [108] propose the following approximation of the joint
likelihood function,

h(γ;β) = ℓ(β) + (γ − β)⊤S(β) − u

2
∥γ − β∥22, (1.5)
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for some step parameter u > 0, where ∥ · ∥2 is the L2 norm and S(β) = ℓ′(β) is the score
function. The first two terms in (1.5) come from the first order Taylor’s expansion of ℓ(β),
while the last term is a quadratic penalty to avoid γ too far away from β. One advantage
of this approximation is that there is a closed-form solution for β at each step. Specifically,
given the tth sparse estimate β(t), β(t+1) can be obtained by

β(t+1) = arg max
γ

h(γ;β), subject to∥γ∥0 ≤ s,

whose solution has an explicit form β(t+1) = Hk(γ̃), where

γ̃ = β(t) + u−1x⊤(Y − b′(xβ(t)))

and Hk(γ̃) is the s largest components of γ̃ in absolute value. Xu and Chen [108] refer
to this algorithm as the iterative hard thresholding (IHT) algorithm. They further show
that the IHT algorithm has the non-decreasing property, i.e. ℓn(β(t+1)) ≥ ℓn(β(t)). This
property features the SMLE a promising method for feature screening. Therefore, one can
start with an initial β(0) and carry out the iteration until the convergence criteria are met.
Xu and Chen [108] further demonstrate that the SMLE method enjoys the sure screening
property.

High-dimensional ordinary least-squares projection

As aforementioned, sure screening property strongly relies on the assumption that the
important variables in the model have large marginal correlations with the response. To
overcome this, Wang and Leng [104] propose a novel and simple screening technique called
the high-dimensional ordinary least-squares projection (HOLP). Recall the ridge regression
estimate

β̂(r) = (rI + XTX)−1XTY,

where r is the ridge parameter. By letting r → ∞, it is seen that rβ̂(r) → XTY . Let

r → 0, the ridge estimator β̂(r) becomes

(XTX)+XTY,

where A+ denotes the Moore-Penrose generalized inverse. An application of the Sherman-
Morrison-Woodbury formula gives

(rI + XTX)−1XTY = XT(rI + XXT)−1Y.

Then letting r → 0 gives that

(XTX)+XTY = XT(XXT)−1Y.
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They name this estimator β̂ = XT(XXT)−1Y the High-dimensional Ordinary Least-
squares Projection (HOLP) due to the similarity to the classical ordinary least-squares
estimate. For variable screening, they follow a very simple strategy by ranking the com-
ponents of β̂ and selecting the largest ones. More precisely, let d be the number of the
predictors retained after screening. They choose a submodel Md as

Md = {xj : |β̂j|are among the largest d of all |β̂j|s}or Mγ = {xj : |β̂j| ≥ γ}

for some γ. HOLP gives a diagonally dominant projection matrix XT(XXT)−1X, such
that the product of this matrix and β would be more likely to preserve the rank order of the
entries in β. In contrast, tilting and forward regression both rely on some goodness-of-fit
measure of the selected variables, aiming to minimize the distance between fitted Ŷ and Y .
The HOLP estimator can be seen as the other extreme of the ridge regression estimator by
letting r → 0, as opposed to the marginal screening operator XTY in Fan and Lv [38] by
letting r → ∞. Wang and Leng [104] also show that HOLP possesses the sure screening
property and gives consistent variable selection without the strong correlation assumption,
and has a low computational complexity.

Feature screening vs. feature reduction

The concept of feature screening is often confused with feature reduction techniques [1,
71, 72]. While both methods can be used to simplify a high-dimensional feature set, they
intrinsically serve for different research purposes. Feature screening aims to obtain a refined
set by removing redundant features; the refined feature set is a subset of the original feature
set and the retained features maintain their original meanings. Feature reduction aims to
find a low-dimensional approximation of a high-dimensional feature space; it typically needs
to construct new representative features from the the original feature space without keeping
the original meanings. As such, feature screening is often preferred in the interpretation-
based research, where the goal is to identify influential factors to a response of interest.
Feature reduction is more popular in the tasks, where accurate prediction is the major
concern.

1.2.2 Subsampling

Data with enormous sizes and complex frames under limited computational resources is
another issue of big data which has received much attention. When the sample size is enor-
mous, the assumption that not all observations are useful and informative has been widely
adopted. Subsampling motivates us to a solution for processing the corrupted massive
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data. Specifically, by defining a suitable subsample strategy, subsampling method draws
useful informative observations to infer instead of using the whole data, which provides a
way to tackle a large-scale and corrupted data analysis problem with a confined limited
computation resource.

Subsampling method draws a subdata set from the full dataset and estimates the in-
terested parameters by the chosen subdata. The fundamental step of the subsampling
method is how to select the subdata. The more informative observations we choose, the
better approximation performance we could expect. Uniform subsampling is a basic and
straightforward method but is not preferred because every observation is treated equally
without considering how much information one observation carries. For linear regression,
leverage sampling has been discussed by [32] [31] [91]. The subsamples obtained by this
method are drawn from the full dataset with replacement based on the normalized lever-
age scores or their variants. The asymptotic normality and asymptotic unbiasedness of
the leveraging sampling estimator are studied in Ma et al. [76]. Besides the probabilistic
method for linear models, a deterministic method named information-based optimal sub-
data selection (IBOSS) is proposed by Wang et al. [100] aiming at finding a subdata that
has maximal information matrix under D-optimality. The IBOSS approach is extended to
include the logistic regression in Cheng et al. [25].

Optimal subsampling method is a probabilistic approach, where subsamples are ex-
pected to be drawn based on the optimal subsampling probabilities that are derived by
minimizing the asymptotic covariance matrix of the random sampling-based estimators un-
der certain optimality criteria. The optimal subsampling method for logistic regression is
introduced by Wang et al. [101], which formulates the optimal subsampling probabilities by
minimizing the asymptotic mean squared error (MSE) of the subsample estimator. Since
the expressions of the optimal subsampling probabilities involve the maximum likelihood
estimator (MLE) of the full data, the authors proposed a two-stage adaptive algorithm
that uses a pilot sample estimator to substitute the full data MLE. This method is named
as optimal subsampling methods motivated by the A-optimality criterion (OSMAC) and
is improved in Wang [99] by adopting unweighted target functions for subsamples and
Poisson subsampling.

For the corrupted massive data case, Camponovo et al. [14] propose a robust subsam-
pling procedure for the linear regression model by elaboratively selecting the subsampling
size which is derived by a formula for the breakdown point of subsampling quantiles.
Dalalyan and Thompson [28] consider the case where the response is contaminated by
at most τ adversarial outliers. They prove that the sampled L1-penalized Huber’s M-
estimator based on n subsamples can approximate the M-estimator with full data at an
estimation precision O((s/n)

1
2 +(τ/n)), where s is the sparsity of the problem. McWilliams
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et al. [84] study the case of the covariates corruption and assumed that the corruption can
be described in an additive noise model. They suggest a subsampling algorithm called the
influence-weighted subsampling and they show that the algorithm can yield an estimator

approximating the oracle β∗ at precision O(C
√

p log p
n

+ ϵ
√
p||β∗||), where ϵ is the propor-

tion of the corruption. Gong et al. [45] also consider the linear regression in the highly
noisy cases and they developed a robust gradient-based Markov subsampling(GMS) pro-
cedure. They prove that the GMS estimator can approximate the oracle β∗ at an optimal

estimation precision O(
√

p log p
n

).

Optimal subsampling methods under the A-optimality criterion

Suppose that {xi, yi}Ni=1 are N independent and identically distributed observations, where
xi ∈ Rp, i = 1, . . . , p, are covariates and yi, i = 1, . . . , p, are responses. For a logistic
regression, yi ∈ {0, 1} is a binary variable. Given xi, the response yi satisfies that

P (yi = 1 | xi) =
exp
(
x⊤
i β
)

1 + exp
(
x⊤
i β
) , i = 1, . . . , N,

where β ∈ Rp is the known regression coefficient and can be estimated by the MLE β̂MLE

which is the maximizer of

ℓ(β) =
N∑
i=1

[yix
⊤
i β − log{1 + exp

(
x⊤
i β
)
}].

This optimization problem can be solved by the Newton-Raphson method in O(ηNp2) time
where η is the number of iterations for the Newton-Raphson method to converge. To reduce
the computational burden when N is large, an optimal subsampling method named OS-
MAC targeting at approximating the full data MLE β̂MLE is proposed in Wang et al. [101].
Different from the traditional arbitrary subsampling algorithm (denote the corresponding

estimator by β̂sub), the underlying idea of the OSMAC is to find the optimal subsampling

probabilities which minimize the asymptotic variance-covariance matrix of β̂sub − β̂MLE.
To compare matrices, the A-optimality criterion is adopted, which minimizes the trace of
this asymptotic variance-covariance matrix. The optimal subsampling probabilities under
the A-optimality criterion are

πoptA
i =

|yi − p(xi, β̂MLE)|∥M−1
L xi∥∑N

j=1 |yj − p(xj, β̂MLE)|∥M−1
L xj∥

, (1.6)
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where ML = N−1
∑N

i=1 p(xi, β̂MLE)(1 − p(xi, β̂MLE))x⊤
i xi. A-optimal subsampling prob-

abilities depend on the response and covariates, and contain β̂MLE, which is the quantity
that we are approximating. To solve this problem, a pilot sample estimator is used to
substitute β̂MLE. The pilot sample can be drawn from the full dataset by uniform sub-
sampling or case-control subsampling whose subsampling probabilities are π0

i = N−1 and

π0
i = (2

∑N
i=1 yi)

−yi(2N−2)yi−2
∑N

i=1 yi , respectively. Furthermore, ML can be approximated
by the pilot sample to reduce the computational complexity. It takes O(Np2) time to com-
pute πoptA

i . Theoretical results in Wang et al. [101] show that the asymptotic normality
of the estimator obtained by OSMAC conditionally on the full data and the pilot sample
estimator and the convergence rate is at the order of n

−1/2
1 , where n1 is the subsample size

in OSMAC and is not related to the full data size.

Influence-weighted subsampling for corrupted massive data

Influence-weighted subsampling uses the effective impact of an individual datum on the
overall estimate in order to detect and avoid sampling corrupted points. This method is ro-
bust to corrupted observations and exhibits reduced bias compared with other subsampling
estimators.

Consider a variant of the standard linear model

y = Xβ + ϵ, (1.7)

where ϵ ∈ RN is a noise term independent of X ∈ RN×p. However, rather than directly
observing X we instead observe Z where

Z = X + UW . (1.8)

U = diag(u1, . . . , un) and ui is a Bernoulli random variable with probability π of being 1.
W ∈ RN×p is a matrix of measurement corruptions. The rows of Z therefore are corrupted
with probability π and not corrupted with probability (1 − π).

We consider the specific instance of the linear corrupted observation model in (1.7) and
(1.8), where X,W and ϵ are sub-Gaussian with parameters (σ2

x/N,Σx/N), (σ2
ω/N,Σω/N)

and (σ2
ϵ/N, σ

2
ϵI/N), respectively.

The key challenge is that even when π and the magnitude of the corruptions, σω are
relatively small, the standard linear regression estimate is biased and can perform poorly.
Sampling methods that are not sensitive to corruption in the observations can perform even
worse if they somehow subsample a proportion rN > πN of corrupted points. Furthermore,
the corruption may not be large enough to be detected via leverage based techniques
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alone. McWilliams et al. [84] propose influence-weighted subsampling (IWS-LS) to handle
the issue that ordinary least squares and the random approximation to ordinary least
squares obtain poor predictions in the corrupted observation model. IWS-LS subsamples
points according to the distribution, pi = c/di where c is a normalizing constant so that∑N

i=1 pi = 1 and di is the influence defined by expected mean squared error. Ordinary least
squares are then estimated on the subsampled data. The sampling procedure ensures that
points with high influence are selected infrequently and so the resulting estimate is less
biased than the full ordinary least squares solution.

The influence-weighted subsampling is described in the Algorithm 1.2 as below. In

Algorithm 1.2 Influence-weighted subsampling(IWS-LS).

Input: Data Z, y
Output: β̂IWS

1: Solve β̂OLS = arg minβ ∥y −Zβ∥2
2: for t = 1 to N do
3: ei = yi − ziβ̂OLS

4: li = z⊤
i (Z⊤Z)−1zi

5: di = e2i li/(1 − li)
2

6: end for
7: Sample rows (Z̃, ỹ) of (Z,y) proportional to 1/di
8: Solve β̂IWS = arg minβ ∥ỹ − Z̃β∥2

practice, McWilliams et al. [84] also propose an approximation version of Algorithm 1.2
which combines the approximate leverage computation of [31] and the randomized least
squares approach of [80].

Outlier-robust estimation of a sparse linear model

Outlier-robust estimation of a sparse linear model is another framework for handling cor-
rupted data. The problem of outlier-robust estimation considers how to estimate a p-
dimensional s-sparse vector in a linear model with Gaussian design and additive noise.
In the case where the labels are contaminated by at most o adversarial outliers. Such
problem is relatively similar to the issue we want to cope with for corrupted massive data.
By defining the sparsity of contamination term θ∗ = (θ∗1, . . . , θ

∗
N), they build a connec-

tion between sparsity of sample (the assumption that only a small number o of labels are
contaminated by outliers implies that the vector θ∗ is o-sparse) and subsampling from a
corrupted dataset. The model they consider is the case where the response is contaminated
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(the adversarial corrupted response model), which is also a special case of the corrupted
data model we consider. Thus, it is worthy to introduce their models and methods here.
More details please check Chapter 4.

Let Do
N = {(xi, y

o
i ); i = 1, . . . , N} be i.i.d feature-label pairs such that xi ∈ Rp is

Gaussian with zero mean and covariance matrix Σ and yoi are defined by the linear model

yoi = x⊤
i β

∗ + ξi, i = 1, . . . , N,

where the random noise ξi, independent of xi, is Gaussian with zero mean and variance
σ2. Instead of observing the “clean” data Do

N , we have access to a contaminated version of
it, DN = {(xi, yi); i = 1, . . . , N}, in which a small number o ∈ {1, . . . , N} of labels yoi are
replaced by an arbitrary value. Setting θ∗

i = (yi − yoi )/
√
N , and using the matrix-vector

notation, the described model can be written as

Y = Xβ∗ +
√
Nθ∗ + ξ, (1.9)

where X = [x⊤
1 ; . . . ;x⊤

N ] is the N × p design matrix, Y = (y1, . . . , yN)⊤ is the response
vector, θ∗ = (θ∗1, . . . , θ

∗
N) is the contamination and ξ = (ξ1, . . . , ξN)⊤ is the noise vector.

They aim to estimate the vector β∗. The dimensionality p is assumed to be large, possibly
larger than the sample size N but, for some small value 1 ≤ s ≪ p, the vector β∗ is
assumed to be s-sparse: ∥β∗∥0 ≤ s. In such a setting, if the clean data Do

N is known

and measure the quality of an estimator β̂ by the Mahalanobis norm ∥Σ1/2(β̂−β∗)∥2, the
optimal rate is

σ
(s log(p/s)

N

)1/2
.

In the outlier-contaminated setting, if we only access the corrupted data D, the minimax-
optimal-rate [19] is

σ
(s log(p/s)

N

)1/2
+
σo

N
.

The assumption that only a small number o of labels are contaminated by outliers implies
that the vector θ∗ in (1.9) is o-sparse. In order to take advantage of the sparsity of both
β∗ and θ∗ while ensuring computational tractability of the resulting estimator, a natural
approach studied in several papers [85] [27] is to use some version of the L1-penalized
empirical risk minimization. This corresponds to defining

β̂ ∈ arg min
β∈RN

min
θ∈RN

{ 1

2N
∥Y −X⊤β

√
Nθ∥22 + λs∥β∥1 + λo∥θ∥1

}
, (1.10)
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where λs, λo are tuning parameters. This estimator is very attractive from a computational
perspective, since it can be seen as the Lasso for the augmented design matrix M =
[X,

√
NI]. The best known rate for this type of estimator is

σ
(s log(p)

N

)1/2
+ σ
( o
N

) 1
2 ,

which is sub-optimal, obtained by Nguyen and Tran [86] under some restrictions on (N, p, s, o).
Dalayan and Thompson [28] show that this sub-optimality is not an intrinsic property of
the estimator (1.10), but rather an artefact of previous proof techniques. By using a re-

fined argument, they prove that β̂ defined by (1.10) does attain the optimal rate under

very mild assumptions. They refer β̂ as L1-penalized Hubers M-estimator and provide its
rate-optimality, up to logarithmic terms that can be avoided, in the setting of robust linear
regression with adversarial contamination.

1.3 Contributions

The major research contributions in this dissertation can be summarized as follows:

� Distributed hard screening for massive data

To address feature screening in large-N -large-p data, I Develop a new distributed
feature screening approach DHS. The new method is built upon an ADMM updat-
ing procedure of L0-constrained consensus regression, where data are processed in
m manageable segments by multiple local computers. Specifically, at each commu-
nication round, local computers communicate learning information with the master
computer; between two rounds, local computers work on their own to update the lo-
cal vectors in a parallel manner. The joint effects between features are also accounted
for naturally in the screening process.

Unlike other distributed methods, it provides a computationally viable and reliable
route for screening features with big data. The new design of the divide-and-conquer
framework makes new methods dig much more information and knowledge efficiently
when the data size becomes large. From the prospective of theoretical analysis,
I provide a convergence property of DHS procedure relative to non-convex, non-
smooth and non-Lipschitz continuous L0 norm which enriches the existing ADMM
convergence theory. In addition, I prove that DHS enjoys the sure screening property
which provides an effective result for correctly identifying true models. I also provide
guidance on the sure screening property under finite step set-up, which gives a good
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way to implement the DHS algorithm in practice. In addition to establishing the
theoretical analysis, The proposed DHS procedure is evaluated with four competing
methods in both synthetic and real-world datasets. The results demonstrate that
the new approach consistently outperforms existing methods in screening features,
delivering a competitive running time.

� Joint feature screening in ultrahigh-dimensional finite mixture of regres-
sions

To address feature screening in ultrahigh-dimensional finite mixture of regressions, I
propose a new method sEAM for covariate screening. The new method is built upon
a sparsity-restricted expectation-approximation-maximization procedure, which si-
multaneously detects varying sets of important features for multiple latent classes. It
effectively screens out a large number of redundant features that contribute insignifi-
cantly to the joint mixture likelihood. Different from the existing screening methods,
sEAM allows users to precisely control the number of features to be retained for each
latent class. In the screening process, sEAM naturally incorporates the joint effects
among features and classes, and flags the sets of key features that receive the most
support from the joint mixture likelihood.

From the prospective of theoretical analysis, I prove that the penalized log-likelihood
function of sEAM procedure is non-decreased after every iteration, which results in
the general convergence of the sEAM procedure. Especially, the estimation converges
to a local maximum of penalized likelihood function subject to sparsity constraint.
Also, I show that the sEAM procedure enjoys sure screening property. This finding
gives a good way to implement the sEAM algorithm in practice. I conduct several
simulations and real-world data studies to compare the sEAM procedure with three
methods in terms of accuracy and computation time. The results show that the new
approach consistently outperforms existing methods in terms of retaining capacity
and positive selection rate.

� Low gradient-based subsampling for corrupted massive data

To address corrupted massive data, I formulate a model for corrupted massive datasets
where both covariate and response are contaminated. The proposed model considers
contamination on both input data X and response Y . This corrupted observation
model may be more realistic with respect to real data which may be subject to many
different sources of measurement noise or heterogeneity in the datasets, especially
in the massive cases. Compared to systematic errors in measurement error, where
biases in measurement lead to a situation wherein the mean of many separate mea-
surements differs significantly from the actual value of the measured attribute in one
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direction, the new model considers the case where points may be contaminated in
different directions which may result in a more complicated case.

Based on the new model, I develop a new gradient based subsampling procedure
which can degrade influence of the heavy corruption in large extent. Based on an
observation that the use of “large-gradient of loss” brings very often the danger of
assigning higher sampling probabilities to the heavily noised observations, I show that
“the low-gradient of loss” corresponds to the uncontaminated data in high probability
and therefore, it may exclude the possibility of assigning high sampling probability
to the heavy corrupted data. I establish the error bounds of the sampled estimator at
each step from the oracle, which shows that the proposed low-gradient subsampling
is statistical consistent with an nearly optimal precision. Also, I conduct extensive
experiments for performance evaluations. The new method is evaluated on both
synthetic data and real-world datasets with various corruption settings. I compare
the new algorithm with four methods in the linear and logistic models. The results
demonstrate that the proposed approach runs efficiently and consistently outperforms
the best of the existing methods along multiple metrics.

1.4 Organization of the Dissertation

The remainder of this dissertation is organized as follows. Chapter 2 introduces a novel
feature screening method for the large-N -large-p situation, where a massive dataset is nat-
urally or manually partitioned into segments. The new method is shown to be convergent
and enjoys sure screening within a finite number of iterations. Chapter 3 depicts a new
method for feature screening in ultrahigh-dimensional finite mixture of regression models.
Different from the existing screening methods, the new method allows users to directly
control the number of features to be retained for each latent class. I justify the method
by showing that it enjoys all-class sure screening property and is computationally effi-
cient. Chapter 4 presents the corruption pattern of data and formulates the low-gradient
subsampling procedure. I establish the error bounds of the sampled estimator to the esti-
mator based on the true model and justify the statistical consistency of the new procedure.
Chapter 5 gives a summary of the dissertation and puts forward a few directions for future
research.

Chapters 2-4 are self-contained with chapter-specific notations. A reference list is pro-
vided at the end of the dissertation. The proofs of theorems are given in the Appendices.
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Chapter 2

Distributed Hard Screening for
Massive Data

2.1 Introduction

In modern scientific research, collecting large amounts of data has become increasingly
prevalent. Massive datasets with a huge number of features are commonly encountered in
many scientific areas. For instance, customs scan information of thousands of shipments
every week. In health care research thousands of personal health or drug-usage records are
collected. Thousands of key words in a URL are analyzed in Internet studies. Given a set
of observations in these applications, statisticians are confronted with the task of exploring
the relationship between a univariate response and a p-dimensional covariate vector.

The assumption that only a small portion of all features are predictive of the response
has been widely adopted in high dimensional models. It entails that we only need to
identify influential features and build an interpretive model to link them to the response
variable. Therefore, there should be a pre-processing procedure to first screen out a large
number of noninfluential features before an elaborative analysis. This preprocessing step is
called feature screening, which has been extensively studied in the literature. For example,
Fan and Lv [38] proposed a strategy to quickly compute the marginal correlation between
each of the p features and the response. Features with top absolute correlations are then
retained for an elaborative second-stage analysis. This procedure is referred to as the sure-
independent-screening (SIS, for short). Since then, there have been further developments
in SIS-based screening methods, such as sure independent ranking and screening [116],
a SIS procedure based on the distance correlation [68] and iterative sure independence

24



screening (ISIS, for short) by [39]. Wang [102] considered feature screening via forward
regression. Xu and Chen [108] proposed a screening approach based on a sparse restricted
maximum likelihood estimator. Huang et al. [54] and Reese et al. [89] investigated feature
screening for ultra-high dimensional categorical data. Barut et al. [6] proposed conditional
sure independence screening (CSIS, for short) assuming that prior knowledge about some
influential variables is available.

Nevertheless, almost all of the existing works are designed for the small-N -large-p
regime, where the number of observations N often remains small or at most moderately
sized, whereas the features size p is exceedingly large. When both N and p are large, this
raises the so-called large-N -large-p regime, where the high computational demand becomes
a major issue. For example, it takes around 60 hours to run DC-Screening [68] on a dataset
with p = N = 10000 on a computer with a 3.2 GHz processor and 32GB memory.

On the one hand, massive data create opportunities for extracting crucial information
and discovering subtle patterns. On the other hand, their huge volume poses substantial
challenges to traditional data analysis, where a dataset is typically processed on a single
machine. In particular, a severe challenge is the high cost incurred from data storage and
computing algorithms. Developing effective tools to manage and utilize large-scale data is
a recent focus in statistics and some related fields. To overcome the storage bottleneck,
the Hadoop system was developed for distributed data storage and parallel processing.
It utilizes the divide-and-conquer framework, which divides a large problem into several
manageable subproblems and aggregates all sub-outputs to yield a final output. With
the aid of Hadoop, many machine learning methods have been adapted to a distributed
version for analyzing big data. For examples, McDonald et al. [81] proposed a distributed
training approach for the structured perceptron. Recently, similar ideas have been applied
to point estimation [67], kernel ridge regression [114], matrix factorization [77] and principal
component analysis [115].

To apply the divide-and-conquer framework to feature screening, simple aggregation
may be the easiest way. Compared with the aforementioned screening methods, this dis-
tributive learning framework leverages the computing power of multiple machines to avoid
operations directly on the original full dataset. Thus it fits the need of efficiently processing
big data very well. Panel (a) in Figure 2.1 in Section 2.2 illustrates the simple aggrega-
tion framework. Particularly, a full dataset is first divided into m manageable segments
and m sub-estimates are generated from m independent implementations. Then the m
local machines transfer their sub-estimates to a master machine. The final estimator is
obtained by aggregating the local outputs via an aggregating function. One example of
simple aggregation is screening based on marginal correlation measures. We first calculate
the marginal correlation between each feature and the response for each data segment,
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and then take a specific aggregating function to obtain final marginal correlations. Lastly
feature screening is conducted by choosing features with the top largest correlations in
absolute value. Actually, SIS can be regarded as a distributed screening procedure with
simple averaging. However, choosing an appropriate aggregating function is not straight-
forward for non-linear correlation measures. Another drawback with respect to SIS is that
it considers marginal effects of features only while ignoring their joint effects. Distributed
screening via majority voting (MV) is another simple aggregation method, which differs
from the SIS-based methods at the aggregation step. Chen and Xie [21] developed a dis-
tributed MV approach based on the frequency of each feature being retained at every local
machine. Both methods, as two examples of simple aggregation, are easy to implement
and computationally efficient, but their drawbacks should be noted as well. One particular
drawback is that local computers do not interact with each other until the final aggregation
step. In addition, the performance of the final estimator obtained from simple aggregation
is usually unstable and highly sensitive to the segmentation number [109].

One way to improve simple aggregation is to enhance interactions between local comput-
ers. This can be achieved by allowing for more rounds of communication between a master
computer and all local computers. Information stored at local computers gets further ex-
changed from interactions; consequently, the final output may extract more information
contained in the full data. In light of this fact, Huang and Huo [53] proposed a distributed
estimator with one extra round of communication after simple averaging. Jordan et al. [58]
proposed a unified communication-efficient surrogate likelihood (CSL) framework through
more rounds of communication. This framework provides a communication-efficient surro-
gate to the full likelihood function in the sense that it yields an estimator with the same
convergence rate as the maximum likelihood estimator (MLE) in regular parametric models
or the penalized MLE in high-dimensional models.

In this chapter, we aim to develop a reliable screening algorithm originated from a
consensus regression model with an l0-constraint. To fit the constrained consensus model,
we propose to combine the augmented Lagrangian method with the alternating direction
method of multipliers (ADMM). We refer to our Distributed Hard Screening procedure as
the DHS. At each communication round of DHS, local computers communicate learning
information with the master computer; between two rounds, local computers work on
their own to update the local vectors in a parallel manner. Computational efficiency is
thus greatly enhanced. It should be noted that direct communication only occurs at the
master machine. More specifically, the master machine first aggregates all of the results
from the local machines and then broadcasts the aggregated result as guidance to each local
machine, as shown in panel (b) of Figure 2.1. The DHS procedure is superior to the existing
methods in several aspects. First, it can not only fit the need of computational efficiency for

26



processing massive data, but also screen out most non-influential features while retaining
influential ones with high probability. Second, it naturally takes into consideration the
joint effects of features and enables indirect communications between local computers.
Therefore, it has a good potential to provide more reliable screening results. Compared with
the averaging method, DHS leverages much more information in the dataset through more
communication between local machines to screen features. Furthermore, accounting for
joint effects of features allows DHS to identity features that are marginally uncorrelated but
jointly dependent of the response. In addition to developing numerical implementations,
we also establish convergence of the DHS algorithm and show that it enjoys the sure
screening property in the sense of Fan and Lv [38] in the large-N -large-p regime. We
further show that the sure screening property can be achieved within finite iterations of
DHS. It is worth noting that the ADMM procedure in DHS involves a non-convex, non-
smooth and non-Lipschitz continuous constraint, which makes it different from classic
ADMM convergence theories. The promising performance of DHS is further demonstrated
by extensive numerical studies conducted by a real distributed computing platform Spark.

2.2 Methodology

2.2.1 Problem Setup

Let y denote a scalar response and x = (x1, . . . , xp)
T denote a p-dimensional covariate. We

postulate a linear regression model between y and x: y = xTβ + ϵ, where ϵ is the random
error following a normal distribution with mean 0 and variance σ2. Given N independently
and identically distributed (i.i.d) observations {(xi, yi) : i = 1, . . . , N} on (x, y), statistical
inference on β is usually the main focus. This may be not feasible without imposing any
extra conditions on β when p is ultrahigh. In the literature, it is a common practice to
assume that the underlying true model is sparse, namely, a large portions of x is not
influential on y. For example, when analyzing the shipment risk, x represents millions of
shipment records while y denotes risk of the shipment. Usually, only a small number of
record features have meaningful influences on the risk, thus feature screening is desirable in
this application. Nevertheless, serious challenges from both analytical and computational
aspects would be encountered when we conduct feature screening in the large-N -large-p
regime. This is the main problem we aim to address in this chapter.

For an arbitrary subset of {1, . . . , p}, denoted by s, let xis = {xij : j ∈ s} and βs = {βj :
j ∈ s}. We use ∥A∥0 to denote the number of nonzero components of an arbitrary vector
A. Let s∗ = {j : β∗

j ̸= 0} denote the index set of all influential features in the true model.
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A feature screening problem amounts to estimating s∗ from {(xi, yi) : i = 1, . . . , N}. When
both N and p are excessively large, addressing this problem with one single machine may
be not computationally feasible. To facilitate feature screening, distributed algorithms
with several machines are desirable. In particular, we randomly split the whole dataset
into m segments of equal size n, i.e., N = mn. For l = 1, . . . ,m, let X l ∈ Rn×p and
Y l ∈ Rn denote the observed feature matrix and the response vector in the lth segment,
respectively. With a prespecified screening bound k (k < p), also called sparsity, we
consider the following distributed consensus sparse regression model with an l0 constraint:

θ̂ = arg min
α1,...,αm,β

1

2

m∑
l=1

∥Y l −X lαl∥22, such that ∥β∥0 ≤ k, αl − β = 0, l = 1, . . . ,m, (2.1)

where θT = (αT
1, . . . , α

T
m, β

T), and αl is the auxiliary vector at the lth local machine. Note
that αl’s from different local machines are required to be identical in (2.1). That is why it
is called distributed consensus sparse regression. The resulting estimator of β minimizes
sum of squared residuals across all segments and indicates which features are retained.

2.2.2 Distributed Hard Screening Procedure

In this subsection, we introduce the DHS algorithm to solve the minimization problem
(2.1).

To facilitate parallel computing, we apply the ADMM algorithm to the minimization
problem with a nonconvex and non-Lipschitz continuous constraint. More specifically, the
augmented Lagrangian function for (2.1) is given by

Lη(α, β, ρ) =
1

2

m∑
l=1

∥Y l −X lαl∥22 +
m∑
l=1

ρT

l (αl − β) +
η

2

m∑
l=1

∥αl − β∥22 (2.2)

subject to ∥β∥0 ≤ k,

where αT = (αT
1, . . . , α

T
m), ρT = (ρT

1, . . . , ρ
T
m) denotes m Lagrange multiplier vectors and

η ∈ R is a step parameter. We update the parameter estimates in (2.2) iteratively as
follows:

β(t+1) = arg minβ Lη

(
α(t), β, ρ(t)

)
, subject to ∥β∥0 ≤ k

α
(t+1)
l = arg minαl

Lη

(
α, β(t+1), ρ(t)

)
, l = 1, . . . ,m

ρ
(t+1)
l = ρ

(t)
l + η

{
α
(t+1)
l − β(t+1)

}
, l = 1, . . . ,m.

For the β update, we employ the hard thresholding scheme. Consequently, the closed-form
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solution to the three minimization problems above is
β(t+1) = Hk

(
1
mη

∑m
l=1

{
ηα

(t)
l + ρ

(t)
l

})
,

α
(t+1)
l =

{
1
η
Ip − 1

η2
XT

l (In + 1
η
X lX

T

l )
−1X l

}(
XT

lY l + ηβ(t+1) − ρ
(t)
l

)
, l = 1, . . . ,m

ρ
(t+1)
l = ρ

(t)
l + η

{
α
(t+1)
l − β(t+1)

}
, l = 1, . . . ,m,

(2.3)
where Hk(x) is the hard thresholding function retaining the k largest components of vector
x in absolute value. The ADMM-based iterative updating procedure bypasses involved
operations such as massive matrix inversion. Particularly, to update α, we only need to
find the inverse of the n × n matrix In + η−1XT

lX l, whose computational complexity is
O(n3). With the aid of the ADMM, computational efficiency of the DHS framework is
greatly enhanced.

(a) (b)

Figure 2.1: Simple aggregating (Left) vs. Communication-enhanced screening (Right)

Furthermore, the auxiliary vector αl and the Lagrange multiplier vector ρl are updated
in a parallel manner, that is, each local machine only utilizes the segment-specific informa-
tion to update these two vectors. Nevertheless, the update of β, which is conducted only
at the master machine, aggregates results obtained from all local machines, and then the
updated β is broadcast as guidance to update local parameters at each local machine in the
next iteration. Such an updating procedure entails more effective communications among
all machines. Figure 2.1 illustrates this essential difference between the simple aggregating
framework and our proposed DHS framework. Additionally, in contrast to SIS, which con-
siders marginal effects of all features only, DHS accounts for their joint effects in parameter
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updates. Therefore, DHS is a communication-enhanced feature screening method and is
able to capture joint effects of features.

It should be noted that DHS achieves a trade off between computational efficiency and
approximation accuracy of the solution to the minimization problem (2.1). The closed-
form solution to (2.2) is not necessarily identical to that of the distributed consensus sparse
regression in (2.1). However, we are only concerned about the sure screening property of the
final estimator, and this DHS procedure via the ADMM indeed satisfies our need. Though
it is appealing to find the global minimum of (2.1), developing a computationally efficient
method to find an estimated β that retains all influential feature is more desirable. In next
section we show that the estimator obtained from DHS enjoys the sure screening property
under some mild conditions. These arguments justify our motivation to implement DHS to
find an approximate solution to (2.1). The details of parameter updates are summarized
in Algorithm 2.1.

Algorithm 2.1 The DHS Procedure

Input: Training dataset D = {(xi, yi)}Ni=1, step parameter η, data segment number m,

initialization {(α
(0)
l , β(0), ρ

(0)
l ) : l = 1, . . . ,m}.

Output: The index set of influential feature ŝt.

1: Data preprocessing: randomly split training data into m parts, and store them on m
local machines; initialization: {(α

(0)
l , β(0), ρ

(0)
l ) : l = 1, . . . ,m} at t = 0;

2: for t = 0 to end until some stopping criterion is satisfied. do
3: Master machine updates variable β(t+1):

β(t+1) = Hk

{
1

ηm

m∑
l=1

(
ηα

(t)
l + ρ

(t)
l

)}
.

Each local machine updates variables α
(t+1)
l and ρ

(t+1)
l :

α
(t+1)
l =

{
1

η
Ip −

1

η2
XT

l (In +
1

η
X lX

T

l )
−1X l

}(
XT

lY l + ηβ(t+1) − ρ
(t)
l

)
, l = 1, . . . ,m,

ρ
(t+1)
l = ρ

(t)
l + η

(
α
(t+1)
l − β

(t+1)
l

)
.

4: end for
5: return ŝt = {indices of nonzero components of β(t)}

Remark 1. All numerical implementations and the following theoretical results are based
on the assumption of equally sized data segments. This entails that each local machine
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receives the same amount of information. However, this assumption can be easily violated
in practice, especially when the entire dataset is naturally gathered from different sites. To
tackle this problem, we suggest assigning different weights to each local segment. This part
will be left for future research. In addition, due to the block mechanism of Spark, getting
equally sized data segments is not always feasible. The numerical studies shown in Section
2.4 demonstrate superior performance of the DHS procedure for unequal data segments.

2.3 Theoretical Analysis

In this section we study theoretical properties of the DHS algorithm, including convergence
and sure screening of the resulting estimator.

2.3.1 Convergence of DHS Algorithm

Although we are not interested in finding the exact solution to (2.1), it is critical to verify
whether the sequence of updated parameters in the DHS procedure can converge eventually.
Theorem 2.1 below shows that the sequences of both the augmented Lagrangian functions
and the primal and dual residuals are able to converge.

Theorem 2.1. In Algorithm 2.1, let λ = maxl=1,...,m λmax(X
T

lX l), where X l is the ob-
served feature matrix in the lth segment. If

η > max
{

2, (1/2)mλ2 +
√

(1/4)m2λ4 +mλ2
}
,

then the sequence {Lη(α
(t),β(t),ρ(t))}t is convergent, and the primal and dual residues are

convergent, i.e., ∥α(t+1)
l − α

(t)
l ∥ → 0, ∥β(t+1) − β(t)∥ → 0 and ∥ρ(t+1)

l − ρ
(t)
l ∥ → 0 for

l = 1, . . . ,m as t→ ∞.

The proof of Theorem 2.1 relies on the monotonically decreasing property of Lη. To
establish this property, we find bounds on the descent of Lη after each complete update of
αl, β and ρl. Specifically, we show that Lη may increase or decrease after one update of αl,
β, ρl or the hard thresholding function but will eventually decrease after each complete
update of all vectors.

Theorem 2.1 states that, Lη is convergent with an appropriate scale parameter η, and
the changes of β and ρ in two consecutive iterations, which determine the primal and
dual residuals in Algorithm 2.1, converge to zero eventually. Hence we can terminate the

31



updates in Algorithm 2.1 when the difference in two consecutive iterations is sufficiently
small.

Theorem 2.1 is different from other convergence results established for the ADMM
[18, 74, 92, 105]. The convergence property of the ADMM in convex problems was firstly
established in [44]. When the objective function is nonconvex, some recent results [57,
79, 110] imposed assumptions directly on the updates of α, β and ρ. Hong et al. [52] and
Li and Pong [66] studied theoretical properties of the ADMM in nonconvex optimization
problems. In the aforementioned literature, both Lη and constraints are assumed to be
Lipschitz-differentiable, which leads to an analytical expression of ρ(t+1) in terms of β(t)

and β(t+1). But in this chapter, we develop a convergence property of DHS with an l0
constraint, which is non-convex, non-smooth and non-Lipschitz continuous. Hence we
provide new insights into theoretical frameworks of the ADMM.

2.3.2 Sure Screening of DHS Algorithm

We now provide theoretical results about feature screening based on the DHS procedure.

Suppose a screening procedure retains k out of p features such that ∥s∗∥0 = q < k.
Then we define

Sk
+ = {s : s∗ ⊂ s : ∥s∥0 ≤ k} and Sk

− = {s : s∗ ̸⊂ s : ∥s∥0 ≤ k}

as collections of subsets containing all influential features and subsets missing some influ-
ential features, respectively. Let β(t) be the updated β at the tth iteration from DHS. The
following assumptions are needed to establish asymptotic properties of β(t).

Assumption 1. log p = O(Na) for some 0 ≤ a < 1.

Assumption 2. There exist constants ω1 > 0, ω2 > 0, τ1 > 0 and τ2 > 0 such that
τ1 + τ2 ∈ (0, (1 − a)/2),

min
j∈s∗

|β∗
j | ≥ ω1N

−τ1 and q < k ≤ ω2n
τ2 .

Assumption 3. There exists some constant c1 > 0, c2 > 0, such that |xij| ≤ c2 and for
any data segment number l ∈ {1, . . . ,m},

λmin(n−1XT

lsX ls) ≥ c1

where λmin denotes the smallest eigenvalue of a matrix, s ∈ S2k
+ , and X ls ∈ Rn×k represents

the matrix consisting of features in the lth data segment indexed by s with cardinality k.
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Assumption 1 shows that dimensionality p grows at an exponential rate compared to
the sample size N . In this case, the number of features can be substantially larger than the
sample size. Assumption 2 entails that the minimal true nonzero coefficient does not decay
too fast, such that all true signals can be distinguished from noninfluential features; This
assumption also specifies a proper range of k to ensure the satisfactory performance of ŝ.
Assumption 3 plays the same role as the UUP condition in [15], which has been commonly
adopted as a mild condition in the literature of high-dimensional regression models; see [16]
and [102] and references therein. We establish the sure screening property for the proposed
DHS algorithm under such assumptions.

Theorem 2.2. Suppose that Assumptions 1 and 3 are met. Let ŝ be the set of features
obtained from the DHS with step parameter η ≥ c1n. Then, we have

P (s∗ ⊂ ŝ) → 1, as N → ∞.

Theorem 2.2 claims that, under Assumption 1-3 and appropriate conditions of η and
λ, the DHS procedure enjoys sure screening property with an overwhelming probability.
Namely, it could identify important feature set which contains true model as a subset.
However, Theorem 2.2 provides us a theoretical justification that DHS has such screening
property under the assumption t→ ∞. Although it implies the feasibility of the proposed
procedure for sufficient large iteration steps, it is computationally unaffordable in practice.
In aspect of practical use, it is encouraged to have a sure screening property within finite
iteration step. Theorem 2.3 and Corollary 2.1 below provide such a result.

Theorem 2.3. Under the assumptions of Theorem 2.1, if DHS is initiated with β(0) sat-
isfying ∥∥β(0) − β∗∥∥

2
≤ ω1

6
m1−τ1 log p · n−τ1 , (2.4)

and the number of iterations T satisfies

T ≥ T0 = C logm

for some constant C > 0, then we have

P (s∗ ⊂ ŝT ) → 1, as N → ∞.

Theorem 2.3 shows sure screening of DHS after T ≥ T0 = C logm iterations, where m
is the number of data segments. This property assures that s∗ can be correctly retained
through the DHS procedure with an appropriately chosen initial value of β. It is interesting
to show that the communication bound T0 we derived matches those required in [103] and
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[114], and slightly less than the bound O(log(logN/ log n)) in [58] when logm ≥ (logN +
(log2N − 4 logN)1/2)/2 and logN ≥ 4. These show that the proposed DHS procedure
possesses the sure screening property while keeping communication cost low. From the
prospect of initialization, a natural questions arises whether the proposed DHS procedure
with an arbitrary initial value necessarily leads to ŝ that enjoys the sure screening property
in practice. Unfortunately, due to the complexity of the distributed consensus sparse
regression model, there is no guarantee in practice that ŝ obtained through an arbitrary
initial value enjoys sure screening. When DHS starts with β(0) = 0, the update at the first
iteration corresponds to the ridge learning with regularization parameter η−1. When will
β(0) = 0 be a suitable choice of initial values that leads to a desirable screening eventually?
Theorem 2.3 provides a sufficient condition: maxj∈s∗ |β∗

j | ≤ ω1/6 · q−1/2m1−τ1 log p · n−τ1 .
Intuitively speaking, when the true model consists of adequately weak signals, taking the
initial value β(0) = 0 is more likely to yield an estimate with the sure screening property, as
in such situations β(0) and β∗ are reasonably close. It should be noted that, the relative error
upper bound of an appropriate initialization β(0) in Theorem 2.3 is O(m1−τ1 log p · n−τ1),
which is relative loose since τ1 ≤ 1/2 from our Assumption 2. Such a relaxed assumption
of initial leads to an edge obtaining initialization in a crude way such as LASSO on one
data segment, where the estimation precision is O(

√
log pn−1/2)(see [43] and [48]). Thus,

in prospect of practical use, it is encouraged for user to choose LASSO-type initial value
on one data segment as a crude but good enough initialization. Our simulation studies
suggest that the penalty parameter in the LASSO that gives rise to ∥β(0)∥0 = n − 1 is
usually a good choice.

While a fine tuning of β(0) is not practically needed for DHS, an accurate β(0) may help
to further boost the screening efficiency of ŝ(t). The sure screening of the well-initialed DHS
is stated as the following corollary. Specifically, we show that, with stronger restrictions
on the initial value, the DHS procedure does enjoy the sure screening property within any
finite number of iterations.

Corollary 2.1. Under the setting of Theorem 2.3, if β(0) further satisfies∥∥β(0) − β∗∥∥
2
≤ ω1

6
log p ·N−τ1 , (2.5)

then we have
P (s∗ ⊂ ŝ(t)) → 1

for any finite t ≥ 1, as n→ ∞.

Corollary 2.1 shows that the DHS procedure enjoys sure screening even with an one-step
iteration if β(0) is taken delicately with an error bound of O(log p ·N−τ1). In this corollary,
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the initialization of β(0) is required to be appropriate to guarantee the effectiveness of DHS.
Such relative error upper bound of β(0) is achievable but stronger than that in Theorem
2.3. It worth to note that, the l2-norm, ∥β̂ − β∗∥2, where β̂ is the LASSO estimate under
a Gaussian linear regression model, is bounded above by C1N

−1
√

log p for some positive
constant C1. Thus the constraint (2.5) is still automatically fulfilled when β(0) is set to be
the LASSO estimate. By Corollary 2.1, the well-LASSO-initialed estimator of β ensures
sure screening within finite iterations of DHS.

Nevertheless, Theorem 2.3 and Corollary 2.1 do not provide guidelines on the choice of
sparsity k for implementing DHS in practice. Generally speaking, sure screening is more
likely to ensue from a larger k. Inspired by [39], we set k = aN1/3 logN for some constant
a in our numerical studies. It turns out this choice works quite well. Actually, we consider
various choices of k in the DHS algorithm and compare their performances in Section ??.
It turns out that the performance of the DHS is robust to the choice of k, as long as it is
reasonably large.

Remark 2. Although we focus on feature screening in linear regression and study its the-
oretical properties, the proposed framework can be extended to generalized linear regression
with a convex loss function.

2.4 Numerical Studies

In this section, we assess the finite sample performance of the DHS algorithm through
simulated examples and a real-world application. In particular, we compare DHS with
CSL, MV, SIS, and ISIS. The performances of these methods depend on the correlation
structure between features, the number of (influential) features, sample size, level of noise,
and the number of data segments. For an honest comparison between different algorithms,
we consider various simulation settings, and in each setting 200 independent runs are
conducted for each algorithm, except for the case of (N, p) = (10000, 30000). Due to its
heavy computational burden, we only repeat 50 simulation runs for this particular case. All
numerical studies are implemented on a Spark distributed computing platform consisting
of 30 computers, each of which is equipped with a 12-core CPU and 64GB memory.

In numerical experiments, we choose the step parameter η in DHS adaptively as sug-
gested by [49]. More specifically,

η(t+1) =


hincrη(t), ∥r(t)∥2 > µ∥s(t)∥
η(t)

hdecr , ∥r(t)∥2 < µ∥s(t)∥
η(t), otherwise

(2.6)

35



where the parameters satisfy µ > 1, hincr > 1 and hdecr > 1, and r(t) =
∑m

l=1 η(ρ
(t)
l − ρ

(t−1)
l )

and s(t) = −η(β(t) − β(t−1)) denote the primal residual and the dual residual, respectively.
This gives rise to an adaptive choice of η throughout the DHS algorithm. In the simulations,
we take a relatively small η as its initial value. Then we follow the rule in (2.6) to update
η at each iteration until the algorithm converges; that is, the difference in two consecutive
steps is sufficiently small. This adaptive choice of η works well in the numerical studies.

2.4.1 Summary of Simulation Settings

We examine the five screening methods under linear models, while we do not include ISIS
under one special design (the case of a small N/p) due to its high computational cost. Three
correlation structures between candidate features are considered: the first one considers
i.i.d. features; the second one considers features with an auto-correlation structure, where
the neighboring features are correlated but distant ones are virtually uncorrelated; the
last one sets every feature either influential or correlated with some influential features.
Obviously, the first structure is the most straightforward for feature selection, while the
last one is the most challenging.

More specifically, the correlation structures under consideration are listed as follows.
They actually have been investigated in many relevant works; see [39] and [102] for instance.
We specify other parameter values like N , p and m and generate βj’s for each model in
the following subsections.
C1: Candidate features x1, . . . , xp are independently generated from N(0, 1).
C2: Candidate features x1, . . . , xp follow multivariate normal with mean 0 and covariance
matrix Σ = (σij), where σjj = 1, σj,j−1 = 2/3, σj,j−2 = 1/3 and σjh = 0 for |j − h| ≥ 3.
C3: Candidate features x1, . . . , xp follow multivariate normal with mean 0 and covariance
matrix Σ = (σij), where σjh = 0.15 for j, h ∈ s∗ and σjh = 0.3 for either j or h ∈
{1, . . . , p}\s∗.

The five screening methods are compared in terms of retaining capacity (RC), positive
selection rate (PSR), minimal selection rate (MSR) and computational time. These metrics
are defined as follows:

RC =

∑200
h=1 1(s∗ ⊆ ŝh)

200
, PSR =

∑200
h=1 ∥s∗ ∩ ŝh∥0
200∥s∗∥0

, MSR =

∑200
h=1 1(s∗min ⊆ ŝh)

200
,

where ŝh denotes the set of features retained in the hth replicate by any of these five meth-
ods, s∗min denotes the weakest signals (in absolute value) in the true model and 1(·) denotes
the indicator function. RC measures the capability that a method can retain all influential
features. PSR and MSR characterize selection performance from two perspectives: a high
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PSR indicates that most of the influential features are retained, while a high MSR entails
that features with weakest effects are retained. A good screening method should be high in
both of them. Besides these selection metrics, we also report the averaged computational
time (in seconds) of running each algorithm.

2.4.1.1 Data Generation under Four Different Designs

In this example, N i.i.d observations (xi, yi)i are generated from the linear model y =
xTβ + ε, where ε follows a mixture Gaussian 0.8N(0, σ2

1) + 0.2N(0, σ2
2) (σ1 < σ2). We

treat the 20% of data, namely, the second mixture component, as outliers to demonstrate
the performance of our algorithm. The model parameters in each of the three correlation
structures (C1-C3) are enumerated below:
S1: (N, p, σ2

1, σ
2
2) = (10000, 10000, 5, 20). The index set of true influential features s∗ is

randomly chosen from {1, . . . , p} with ∥s∗∥0 = 8. For j ∈ s∗, βj is generated independently
from U(4

√
n log n + |Z|), where U is a binary random variable with P (U = 1) = 0.6 and

P (U = −1) = 0.4 and Z follows N(0, 1). For j /∈ s∗, βj = 0.
S2: (N, p, σ2

1, σ
2
2) = (10000, 10000, 5, 20) and s∗ = {1, 3, 5, 7, 9}. For j ∈ s∗, βj is generated

the same as S1 and β(s∗)c = 0, where (s∗)c = {1, . . . , p} \ s∗ is the complement of set s∗.
S3(a): (N, p, σ2

1, σ
2
2) = (10000, 10000, 5, 20) and s∗ = {1, 2, 3, 4}. For j ∈ s∗, βj is generated

the same as S1 and β(s∗)c = 0.
S3(b): (N, p, σ2

1, σ
2
2) = (10000, 10000, 5, 20) and s∗ = {1, 2, 3, 4}. βs∗ ={1, 1, 1, -0.45}

and β(s∗)c = 0. The correlation structure is the same as S3(a), but X4 is generated to be
marginally uncorrelated but jointly dependent of Y .

Setting S1 is taken from Example 1 of Wang [102] with the correlation structure C1.
Under setting S2, βj’s are generated in the same manner as under S1 but features are
generated from the correlation structure C2. In S3(a) and S3(b), candidate features are
both generated from the structure C3. But in S3(b), we fix βs∗ to be some specific value
to ensure X4 is marginally uncorrelated but jointly dependent of Y , which renders it the
the most challenging setting for feature screening. A similar setting was considered in
Example II of Fan and Lv [38]. But Fan and Lv [38] ruled out this possibility in their
theoretical results. Fan and Song [40] asserted that SIS is likely to miss features that have
weak marginal correlations with Y , but strong joint effects on Y .

In our experiments, following the suggestion in Fan et al. [39], we choose the sparsity
k = (1/4)N1/3 logN , which is 50 under these settings. When implementing the DHS, β(0)

is set as the LASSO estimate, which is obtained from applying the fast iterative shrinkage
thresholding algorithm [7] to the first data segment with sparsity n−1. The DHS procedure
is terminated when ∥β(t+1) − β(t)∥22 < 0.01.

37



2.4.1.2 Preliminary Analysis under Setting S1

(a) (b)

Figure 2.2: (a)Convergence for influential features; (b)Updates of primal and dual residuals.

(a) (b)

Figure 2.3: (a)Convergence of the augmented Lagrange function; (b)Convergence of the
L2-Loss function.

We first present some convergence results of DHS under setting S1. As displayed in
Figure 2.2, the parameter estimate (β(t)) and primal and dual residuals become stabilized

after fewer than ten iterations. It entails that β
(t)
j , where j ∈ s∗, in the DHS algorithm

converges to an estimator of βj. Additionally, Figure 2.3 depicts both the trace of the
augmented Lagrange function Lη defined in (2.2) and that of the associated L2 loss function.
This further justifies that the DHS procedure is convergent.

Figure 2.4 shows the RC of DHS, CSL and MV under different numbers of data segments
(m); more detailed results are presented in Table 2.1. For a relatively large m, DHS
outperforms both CSL and MV. The CSL algorithm leverages n samples stored at one single
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local machine to approximate the global loss function; this explains why its performance
is sensitive to n or m. For those no interaction-involved distributed methods like MV,
m also plays a critical role: a larger m entails faster computations on local machines,
but less accurate results due to fewer samples, while a smaller m ensures more accurate
results on local machines but demands more computational costs. Thus m controls the
trade-off between accuracy and computational efficiency on local machines for those no
interaction-involved distributed methods. In contrast, the DHS algorithm enables more
communications between local machines; this particular merit leads to a more robust result.
Both Figure 2.4 and Table 2.1 demonstrate that the RC of DHS is less sensitive to the
choice of m than MV. It should be noted that computational time is an important concern
when choosing m in DHS, since the communication between local machines and the master
machine to broadcast and update relevant parameters increases the computational cost,
especially in the large-N -large-p regime. In these studies, we find m = 8 is a reasonable
choice.

Figure 2.4: Retaining capacity(RC) of DHS and MV for different data segments number
m.

We investigate the finite-sample performance of DHS for linear regression under settings
S1 - S3(b) in this subsection. Tables 2.2 to 2.5 display simulation results of the five methods
under different settings, and in each table we mark the best results in red and the second
best in blue.

Features are independent under setting S1. Even though both p and N are large,
all screening methods have a relatively high RC, PSR and MSR. The good performances
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Table 2.1: Summary of the RC and computation time for the DHS, CSL and MV under
different m under setting S1.

S1 m 5 10 15 20 25 30 40 50

DHS RC 0.98 0.93 0.91 0.89 0.86 0.90 0.88 0.92
Time 1.81 1.61 1.21 0.93 0.74 0.72 0.70 0.67

CSL RC 0.97 0.92 0.90 0.88 0.82 0.74 0.62 0.58
Time 3.59 3.82 3.62 3.26 3.34 3.17 2.92 2.77

MV RC 0.97 0.45 0.18 0.09 0.06 0.02 0.02 0.01
Time 1.36 1.62 1.55 1.39 1.47 1.34 1.26 1.21

Table 2.2: Summary of simulation results for S1.

S1 RC PSR MSR Time

m = 8

DHS 0.96 0.99 0.97 2.12
CSL 0.98 0.99 0.98 4.80
MV 0.96 0.99 0.97 2.09
SIS 0.78 0.97 0.81 0.29
ISIS 0.84 0.97 0.89 3.24

m = 10

DHS 0.94 0.99 0.95 1.78
CSL 0.92 0.99 0.92 4.45
MV 0.46 0.86 0.52 1.88
SIS 0.78 0.97 0.81 0.29
ISIS 0.84 0.97 0.89 3.24

are due to the parsimonious correlation structure between features. DHS, CSL and MV
outperform SIS and ISIS in terms of the RC and MSR. As for the computational cost, SIS
and MV are the best and second among the five methods. There is no communication
between local machines for SIS and MV, hence they can be implemented quickly. Though
communications are indeed involved in DHS, it can be conducted in a relatively short
time. In contrast, long iterations involved in ISIS demands substantial computational
time, while a local LASSO problem needs to be solved elaborately in CSL, which makes it
time consuming. Taking both the performance in feature screening and the computational
cost into consideration, we find MV is superior to the other competitors under setting S1.

Under setting S2 where the features are autocorrelated, the performance of SIS deteri-
orates obviously. If two features are highly positively correlated, then they have a similar
correlation with the response variable. Since SIS only accounts for marginal information of
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Table 2.3: Summary of simulation results for S2.

S2 RC PSR MSR Time

m = 8

DHS 0.75 0.92 0.82 4.08
CSL 0.46 0.87 0.54 4.68
MV 0.63 0.91 0.80 1.99
SIS 0.37 0.84 0.59 0.24
ISIS 0.48 0.86 0.68 2.93

m = 10

DHS 0.73 0.92 0.81 3.36
CSL 0.51 0.88 0.56 4.52
MV 0.37 0.75 0.43 1.95
SIS 0.37 0.84 0.59 0.24
ISIS 0.48 0.86 0.68 2.93

Table 2.4: Summary of simulation results for S3(a).

S3(a) RC PSR MSR Time

m = 8

DHS 0.88 0.96 0.90 3.38
CSL 0.56 0.87 0.56 4.71
MV 0.47 0.79 0.53 1.99
SIS 0.20 0.67 0.41 0.27
ISIS 0.24 0.73 0.39 2.86

m = 10

DHS 0.90 0.96 0.92 2.79
CSL 0.60 0.85 0.62 4.35
MV 0.32 0.73 0.38 1.87
SIS 0.20 0.67 0.41 0.27
ISIS 0.24 0.73 0.39 2.86

each feature, two highly positively correlated features cannot be retained simultaneously
with a high probability by SIS. Actually, after retaining one of the two features, the other
one only has a weak effect on the residual. The performances of MV and CSL are badly
effected by this structure too; thus more information is needed at local machines to achieve
a good performance for these two methods. DHS, however, can leverage efficient communi-
cations and account for joint effects between features to weaken the negative effect caused
by this correlation structure. Consequently, as shown in Table 2.3, SIS and MV have a
relative low RC, PSR and MSR, while ISIS only slightly improves the performance of SIS
with substantially greater computational costs. Nevertheless, our proposed DHS can still
achieve a relatively high RC, PSR and MSR without extra computational costs than under
setting S1.
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Table 2.5: Summary of simulation results for S3(b).

S3(b) RC PSR MSR Time

m = 8

DHS 0.99 0.99 0.99 3.30
CSL 0.30 0.82 0.30 4.65
MV 0.01 0.75 0.01 1.98
SIS 0.00 0.75 0.00 0.24
ISIS 0.10 0.65 0.11 2.81

m = 10

DHS 0.94 0.97 0.96 2.79
CSL 0.11 0.79 0.11 4.34
MV 0.01 0.75 0.01 1.86
SIS 0.00 0.75 0.00 0.24
ISIS 0.10 0.65 0.11 2.81

Under setting S3(a), a feature is either influential or correlated with other features. It
is rather challenging to distinguish the influential features from non-influential ones, espe-
cially when some weak signals are involved. Table 2.4 shows that ISIS slightly outperforms
SIS with considerably more computational costs. Nevertheless, MV and CSL are not as
seriously affected by this correlation structure as SIS; they achieve almost half RC. We
find that DHS displays a remarkably better screening performance with a high RC, PSR
and MSR and a negligible increase of computational time.

Under setting S3(b), the strong correlation among xs∗ with a specific βs∗ causes X4 to
be marginally uncorrelated but jointly dependent of Y ; it renders X4 hardly identified by
most screening methods. Appealing theoretical properties of SIS and MV do not apply
to this unusual situation. This is further demonstrated in Table 2.5. Since SIS and MV
cannot identify X4 as an influential feature, their RC and MSR are quite low. ISIS shows
a marginally better retaining power than that of SIS. CSL compares favorably with these
three methods in terms of feature screening at the cost of considerably longer computational
time. However, our proposed DHS achieves a remarkable increase of RC, PSR and MSR
with a lower computation cost than that of CSL. A critical reason why DHS dominates the
four competitors is that it accounts for joint effects of features and allows for interacting
information between local machines. This is the essential difference between our algorithm
and the others.

In summary, since communications between local machines and the master machine
are needed to update parameters over iterations, our DHS algorithm requires slightly more
computational costs than MV and SIS. However, this cost is accompanied by a remarkable
improvement in feature screening. In practice, a slight increment in the computation time is
acceptable for most applications.. For the linear model, DHS is among the best performers
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under all settings that we consider. The discrepancy between DHS and its competitors is
more distinct under settings S2-S3(b), where features are strongly correlated.

2.4.1.3 Results for logistic regression under settings S1-S3(b)

In this subsection, we examine the finite sample performance of DHS for generalized linear
models. In particular, we consider logistic regression models, where the binary response y
is generated from a Bernoulli distribution with

P (Y = 1|x) =
exp
(
x

T
β
)

1 + exp
(
xTβ

) .
The model parameters in each of the three correlation structures (C1-C3) are the same as
in Section 2.4.1.1 except for the noise setting. With slight abuse of notation, we still use
S1 - S3(b) to denote the four settings in this section. We still consider the five methods,
CSL, MV, SIS, ISIS and DHS, for comparison. We carried out 200 independent simulation
runs for each method under each design.

It should be noted that, for logistic regression, there is no closed-form solution to the αl-
minimization problem, as opposed to (2.3) for linear regression. We instead employ gradient
descent to solve the minimization problem. Then we calculate the screening performance
measures in the same way as for the linear regression models. The comparison results are
summarized in Tables 2.6-2.9.

Table 2.6: Summary of simulation results for logistic regression under S1.

S1 RC PSR MSR Time

m = 8

DHS 1.00 1.00 1.00 2.66
CSL 0.90 0.98 0.95 5.50
MV 0.87 0.98 0.87 1.88
SIS 0.99 0.99 0.99 0.24
ISIS 1.00 1.00 1.00 2.33

m = 10

DHS 1.00 1.00 1.00 2.02
CSL 0.93 0.99 0.96 5.22
MV 0.82 0.97 0.86 1.65
SIS 0.99 0.99 0.99 0.24
ISIS 1.00 1.00 1.00 2.33

Similar to linear regression models, in setting S1, we find that all methods have a good
performance in feature screening when features are independent of each other. Moreover,
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Table 2.7: Summary of simulation results for logistic regression under S2.

S2 RC PSR MSR Time

m = 8

DHS 0.86 0.97 0.92 2.19
CSL 0.77 0.95 0.80 3.90
MV 0.73 0.94 0.90 1.79
SIS 0.60 0.92 0.75 0.24
ISIS 0.74 0.94 0.82 2.15

m = 10

DHS 0.84 0.96 0.87 1.93
CSL 0.77 0.92 0.82 3.81
MV 0.58 0.92 0.86 1.36
SIS 0.60 0.92 0.75 0.24
ISIS 0.74 0.94 0.82 2.15

Table 2.8: Summary of simulation results for logistic regression under S3(a).

S3(a) RC PSR MSR Time

m = 8

DHS 0.82 0.94 0.85 3.13
CSL 0.77 0.91 0.84 3.39
MV 0.42 0.77 0.45 2.16
SIS 0.38 0.75 0.42 0.06
ISIS 0.42 0.76 0.45 2.32

m = 10

DHS 0.82 0.94 0.85 2.70
CSL 0.77 0.93 0.83 3.15
MV 0.30 0.72 0.37 1.67
SIS 0.38 0.75 0.42 0.06
ISIS 0.42 0.76 0.45 2.32

DHS performs slightly better than the other four competitors. In setting S2, RC of all
methods becomes smaller than that in setting S1. Nevertheless, DHS still dominates the
competitors in all of the three metrics. In setting S3, the correlation structure is least
favorable to feature screening. Consequently, as observed from Tables 2.8 and 2.9, MV,
SIS and ISIS have a low MSR, especially in setting S3(b). The comparison between DHS
and CSL is not sharp in terms of retaining capacity. Yet the significant improvement of
DHS over CSL under this setting is a lower computational cost.
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Table 2.9: Summary of simulation results for logistic regression under S3(b).

S3(b) RC PSR MSR Time

m = 8

DHS 1.00 1.00 1.00 2.54
CSL 0.97 0.98 0.98 3.18
MV 0.00 0.75 0.00 1.82
SIS 0.00 0.75 0.00 0.25
ISIS 0.00 0.75 0.00 2.34

m = 10

DHS 1.00 1.00 1.00 2.08
CSL 0.94 0.97 0.96 2.79
MV 0.00 0.75 0.00 1.68
SIS 0.00 0.75 0.00 0.24
ISIS 0.00 0.75 0.00 2.14

2.4.1.4 Performance under Other Feature Dimension

To fully assess the proposed DHS algorithm, we vary the ratio of sample size N and feature
dimension p. Previous empirical studies have demonstrated the performances of the five
screening methods when this ratio is relatively large. In this subsection, we consider three
smaller ratios of N and p than that in Section 2.4.1.1. To make results comparable, we
remove the outliers of setting S1 in Section 2.4.1.1 and ISIS is not implemented due to its
high computational cost in the large-p regime.

Table 2.10: Summary of performances of DHS, CSL, SIS and MV under different feature
dimension p (without outliers).

S1 Methods RC PSR MSR Time

(N, p) = (1000, 5000) DHS 0.97 0.99 0.98 0.13
CSL 0.76 0.96 0.82 0.99
MV 0.56 0.93 0.60 0.48
SIS 0.66 0.94 0.72 0.02

(N, p) = (1000, 10000) DHS 0.88 0.98 0.90 0.15
CSL 0.66 0.94 0.86 2.12
MV 0.37 0.89 0.43 1.04
SIS 0.51 0.92 0.59 0.04

(N, p) = (1000, 20000) DHS 0.81 0.97 0.85 0.24
CSL 0.58 0.93 0.72 4.42
MV 0.16 0.81 0.23 2.10
SIS 0.43 0.90 0.48 0.08
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Table 2.10 summarizes the comparison between DHS and CSL, MV and SIS under three
feature dimensions: p = 5000, 10000, 20000. We take N = 1000 and m = 10 in all three
cases. Under setting S1, we find that CSL, MV and SIS perform worse in feature screening
when N/p decreases. More specfically, when this ratio decreases from 1/5 to 1/20, RCs of
MV and SIS drop sharply and end up with smaller than one half. CSL compares favorably
with MV and SIS, but its RC is only marginally larger than one half when N/p = 1/20.
However, our DHS algorithm can achieve a high RC, PSR and MSR regardless of the
ratio. It indicates that our method is applicable to problems with high-dimension features
or a small ratio of N and p. It should be noted that the advantage of DHS in feature
screening is at the cost of longer computational time, which is needed for communications
between machines. Further, we find that the computational time of DHS increases rapidly
with the decay of N/p. Given that we only use m = 10 local machines in all three cases,
this rapid increase seems reasonable since 10 seems to be a small number when screening
p = 20000 features. This finding suggests that to meet requirements of computational
costs, the number of data segments should be chosen carefully.

2.4.2 Additional Simulation Studies

As mentioned in Section 2.4.1.1, we choose sparsity k = 1/4N1/3 logN in our previous
simulations; it closely matches the recommenced k value in Fan et al. [39] for SIS and
ISIS. Thus the comparisons we have made so far are pretty fair. To evaluate the impact
of sparsity on the performances of these screening methods, we conduct simulation studies
under various sparsity: k = 25, 30, 35, 40, 50. By definition, RC (PSR, MSR) is positively
correlated with k. This assertion is demonstrated in Figure 2.5, which displays the traces
of RC obtained from the five algorithms. Obviously, a larger k provides each method with
more chances to retain influential features, while a smaller k enforces a small number of
retained features. When sparsity of one method is smaller than that of the true model,
this method would definitely miss some influential features. Furthermore, regardless of the
sparsity we choose, DHS always enjoys the highest RC, and almost attains 0.9 eventually.
This reveals the advantage of the proposed DHS algorithm from another perspective.

2.4.3 Real Data Examples

We now apply the proposed DHS to two real world datasets, Buzz (http://archive.ics.
uci.edu/ml/datasets/Buzz+in+social+media+) and Million Song (http://archive.ics.
uci.edu/ml/datasets/YearPredictionMSD), to further investigate its performance on
feature screening. The Buzz dataset consists of 583,250 instances of Twitter discussions on
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Figure 2.5: Retaining capacity(RC) of DHS, MV, SIS and ISIS with different sparsity k.

topics related to new technologies in 2013. Each instance contains p = 77 features related
to that discussion. It is of interest to predict the number of active discussions Y based
on these features denoted by x. To facilitate computations, we only include the instances
with Y ∈ [20, 200] in our analysis. The Million Song dataset consists of 463,715 training
instances and 51,630 testing instances. Each instance is a song (track) released between
1922 and 2011, and each song is represented as a 90-dimensional vector of timbre infor-
mation about that song. In our studies, the training set size is set to be 100,000 and the
testing set size is 5,000. To mitigate the effect of the feature magnitude, we standardize
each attribute in x such that it has a zero mean and a unit standard deviation.

Note that p is much smaller than N in these two applications. To mimic the large-
N -large-p regime, we employ kernel ridge regression (KRR) to generate N features. In
particular, we choose the Gaussian kernel with r = 10 for the Buzz dataset and r = 6
for the Million Song dataset when conducting KRR. We consider various numbers of data
segments: m = 200, 400, 600, 800, 1000 for both Buzz and Million Song when running DHS,
MV and SIS. Due to the heavy computational burden, ISIS is not implemented.

In these two applications, we apply the screening methods to select a smaller number say
100 of relatively “high-quality” samples as the training data; more details about conducting
distributed KRR can be found in Xu et al. [109]. Then we conduct KRR on this selected
sample and calculate the root mean square error (RMSE) on the testing data. As shown
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(a) (b)

Figure 2.6: The generalization performance in terms of RMSE when DHS, MV and SIS
applied to (a) Buzz dataset and (b) Million Song dataset.

in Figure 2.6, DHS achieves a much smaller RMSE than MV and SIS when sparsity is 100
regardless of m. This results indirectly demonstrates that, compared with other screening
methods, DHS enjoys a greater power of retaining influential features.

2.5 Summary and Conclusion

In this chapter, we develop a new distributed feature screening approach, which is com-
putationally convenient and is therefore suitable for huge data. The proposed algorithm
outperforms the existing marginal-information-based distributed methods by taking into
consideration joint effects between features. Furthermore, we establish convergence of the
algorithm and its sure screening property within a finite number of iterations.

Empirical studies demonstrate that compared with existing screening methods, DHS
has a remarkable capacity of retaining relevant features under all designs that we consider.
In contrast to simple aggregating methods, DHS enables more communication among all
machines to leverage more information contained in the whole dataset. These advantages
render the DHS promising for feature screening in the large-N -large-p regime.
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Chapter 3

Sparse EM Screening for
High-Dimensional Mixture
Regression

3.1 Introduction

In modern scientific research, data analysts frequently deal with high-dimensional complex
data [37]. One challenge in the analysis of such data is that observations are potentially col-
lected from heterogenous populations that are made up of multiple latent sub-populations
(classes); the behaviors of a statistical estimator or procedure may vary from one class to
another. In regression analysis, this amounts to varying relationships between a response
and a set of covariates (features) across the sub-populations. To tackle this challenge, finite
mixture of regressions have been widely used to model population heterogeneity for better
inference and interpretation [5, 51,64,83].

In many applications, data are often collected on a large number of features at the
initial stage of a study. For example, in bacteriology, researchers may hybridize a certain
bacterium under different fermentation conditions and investigate its varying vitamin pro-
duction rate linkable to thousands of genetic makers [93]. In functional genomics, tens
of thousands of regulating motifs may be examined in order to identify those that con-
tribute to different sets of genes [2]. When the number of features p is large, fitting a
finite mixture of regression to a dataset is numerically challenging and often leads to poor
interpretative estimates. To cope with the large p situation, it is often reasonable to as-
sume that only a handful of features are relevant to the analysis. With this assumption,
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penalized likelihood methods have been proposed for fitting sparse finite mixture of regres-
sions [30, 60, 93]. While these methods are inspiring, when p is of the exponential order
in the sample size (ultrahigh-dimensionality), they can be significantly hampered due to
computational efficiency, statistical accuracy, and algorithmic stability [39].

To ease the implementation difficulties for the ultrahigh-dimensional situations, one
practical strategy is to screen out most irrelevant features before an elaborate analysis.
Such a strategy is referred to as feature screening, which has attracted a great deal of
attention in the past decade. With dimensionality reduced from ultrahigh to low, analytical
difficulties are reduced drastically. In the literature, there is vast research on feature
screening. The seminal work of [38] proposed sure independence screening for ultrahigh-
dimensional linear models. This method has been extended to generalized linear and
additive models [35,40], proportional hazards models [46], and quantile regression [107]. In
the same spirit, a series of model-free screening methods have been developed solely based
on marginal utilities between the response and features [26,68,116]. Researchers have made
attempts at improving the marginal approaches by incorporating the joint effects among
features into the screening process [59, 102, 108]. Recently, the partition-based techniques
have been also used in the context of feature screening [59,70,94].

Despite the surge of research on feature screening, the existing methods are mainly
developed based on certain dependence measure between the response and features over
the entire population. In finite mixture of regressions, however, the response-feature-
dependence varies across the latent classes; hence, the sets of relevant features in the
model are class-specific. This makes feature screening in mixture regression a challenging
task that has not been carefully studied. In the spirit of [38], [112] considered a marginal
screening method for mixture regressions using Bayesian information criterion. [61] de-
veloped a boosting-based screening technique that requires multiple rounds of sequential
scanning over the feature space. While these methods are encouraging, both require ad
hoc steps to conduct class-specific screening. Also, as to be revealed in Section 3.4, their
practical performance can be less satisfactory for data with complex structures.

In this chapter, we propose a novel screening method for ultrahigh-dimensional Gaus-
sian mixture regressions. The new method is built upon a sparsity-restricted expectation-
approximation-maximization procedure, which simultaneously detects varying sets of im-
portant features for multiple latent classes. It effectively screens out a large number of
redundant features that contribute insignificantly to the joint mixture likelihood. Unlike
the existing penalization techniques, the new method allows users to directly control the
number of features to be retained in each latent class. In the screening process, the joint
effects between features are naturally accounted and the class-specific screening results are
produced without ad hoc steps. Numerically, the new method seeks to locally fit a mix-
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ture of L0-sparse regressions under a modified expectation-maximization framework. An
approximation step is designed to facilitate solving the involved non-convex and discrete
optimization problem. In practice, each step of the proposed method can be explicitly car-
ried out without the need of conducting sub-iterations or complex numerical operations.
These merits give the new method an edge to potentially outperform the existing screen-
ing methods. Under mild conditions, we show that the proposed method enjoys the sure
screening property for each latent class in the sense of [38]. The promising performance of
the method is supported by a series of numerical examples.

3.2 Screening with sEAM

3.2.1 Model and Problem Setup

Let y be a real-valued response variable and x = (x1, . . . , xp)
T be a vector of p features that

may have effect on y. In a Gaussian mixture regression with K components (classes), the
conditional distribution of y given x is

f(y | x, θ) =
K∑
k=1

πk ϕ(y; xTβk, σ
2
k), (3.1)

where ϕ(·;µ, σ) is the Gaussian density with mean µ and variance σ2, βk = (βk1, . . . , βkp)
T is

the vector of regression coefficients in the k-th component, and the mixing proportions πk >
0 satisfying

∑K
k=1 πk = 1. Here, βk1 can be treated as an intercept when x1 = 1. The collec-

tion of all Kp+ 2K − 1 parameters is denoted by θ = {π1, . . . , πK , β1, . . . , βK , σ2
1, . . . , σ

2
K}.

In what follows we assume K is fixed, and we refer to (3.1) as the full model containing
all the features.

Suppose that {yi, xi}ni=1 are collected independently from (3.1), where the sample size
n is much smaller than the number of features p. We assume that model (3.1) is sparse
in the sense that only a subset of features are influential on y. Specifically, let β∗

k be the
true value of βk and ∥ · ∥0 denote the L0 norm of a vector indicating the number of its
non-zero elements. We assume β∗

k is sparse such that ∥β∗
k∥0 ≪ p, for 1 ≤ k ≤ K. Thus,

only features with indices in M∗
k = {j : β∗

kj ̸= 0, 1 ≤ j ≤ p} are considered to be relevant
for the kth class.

The goal is to design a data-dependent method that screens out most irrelevant features
in each class of (3.1). Features after screening form a refined model, on which a subsequent
analysis can be carried out with an affordable cost and an improved accuracy. Since M∗

k
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may vary across different classes, a desirable screening procedure should produce class-
specific screening results for a better interpretative value.

3.2.2 Joint Screening in Mixture Regressions

Feature screening in model (3.1) is challenging since the class memberships of observations
are unknown and the effect of a feature may vary across the K classes. Two or more
classes may share the same feature, whose class-specific effects can be masked or distorted.
Moreover, the features xj are usually correlated and may have joint effects in some classes
of (3.1).

The aforementioned challenges make the conventional single-population-index-based
screening methods less effective, which we have also observed in our simulation study.
This motivates us to design a new screening method via the joint likelihood based on model
(3.1). Specifically, with a random sample {yi, xi}ni=1, the (conditional) joint log-likelihood
of θ is

ℓn(θ) =
1

n

n∑
i=1

log(f(yi | xi, θ)). (3.2)

For the screening proposes, we consider a sparsity-restricted optimization problem

max
θ
ℓn(θ) −

K∑
k=1

ψ(σ2
k), subject to ∥βk∥0 ≤ sk, k = 1, . . . , K, (3.3)

where sk > 0 is a user-specified screening size showing the number of features to be retained
after screening in the kth class. The penalty function

ψ(σ2
k) =

1

n

{
ν2n
σ2
k

+ log

(
σ2
k

ν2n

)
− 1

}
with ν2n being the sample variance of {yi}ni=1 is introduced to protect ℓn from approaching
to infinity in the extreme cases where σk → 0, for some k. [17].

The sparsity constraint ensures that a solution to (3.3) in βk would have a sparse
structure with the total number of its non-zero elements controlled by sk. This amounts
to identifying sk features supported most by the joint likelihood. Hence, these sk features
form a refined feature set, while all other p− sk features are screened out for the kth class.
With a small number of features retained in each class, one can readily obtain a reduced
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model from (3.1). Thus, with a sk ≪ p, a solution to (3.3) can be viewed as a feature
screener, which naturally takes the joint effects among classes or features into account.

While (3.3) is conceptually simple, finding its global solution can be numerically chal-
lenging, due to the complexity of ultrahigh-dimensional combinatorial optimization, as
well as the compound structure of the mixture density. However, since our goal is feature
screening, finding the global solution to (3.3) is not necessary. In fact, it suffices if we
can obtain a good local solution that retains all relevant features for different classes. This
inspires us to develop a joint feature screener based on a sparse expectation-approximation-
maximization updating procedure associated with (3.3), to which we now turn.

Let zik be a binary indicator with zik = 1 if the ith observation belongs to class k and
zik = 0 otherwise, such that

∑K
k=1 zik = 1. If ziks were all observed, the log-likelihood of θ

based on the so-called complete data {yi, xi, zi1, . . . , ziK}ni=1 is

ℓcn(θ) =
1

n

n∑
i=1

K∑
k=1

zik

{
log(πk) + log ϕ(yi, x

T

i βk, σ
2
k)

}
.

Of course, zik are unknown in practice and one typically needs to work with an expected
ℓcn(θ). Specifically, with an initial value θ(0), the proposed screening procedure recursively
carries out the following three steps.

Expectation step: Given the current estimate θ(t), compute the conditional expectation
of ℓcn(θ) with respect to zik given {yi, xi}ni=1 and θ(t), by

E(ℓcn(θ) | {yi, xi}ni=1, θ
(t)) = Q(θ; θ(t)) =

K∑
k=1

g(βk, σ
2
k; θ(t)) +

1

n

n∑
i=1

K∑
k=1

r
(t)
ik log(πk), (3.4)

where

g(βk, σ
2
k; θ(t)) =

1

n

n∑
i=1

r
(t)
ik log

(
ϕ(yi, x

T

i βk, σ
2
k)
)

and

r
(t)
ik = E(zik | yi, xi, θ(t)) =

π
(t)
k ϕ(yi, x

T
i β

(t)
k , σ

2(t)
k )∑K

k=1 π
(t)
k ϕ(yi, xT

i β
(t)
k , σ

2(t)
k )

.

Approximation step: Approximate g(βk, σ
2(t)
k ; θ(t)) in βk at βk = β

(t)
k by

h(βk; θ(t)) = g(β
(t)
k , σ

2(t)
k ; θ(t)) + (βk − β

(t)
k )Tg′(β

(t)
k , σ

2(t)
k ; θ(t)) − u

2
∥βk − β

(t)
k ∥22, (3.5)
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where ∥ · ∥2 denotes the L2 norm, u > 0 is a scale parameter, and

g′(β
(t)
k , σ

2(t)
k ; θ(t)) =

∂g

∂βk
|
βk=β

(t)
k

=
1

n

n∑
i=1

r
(t)
ik σ

−2(t)
k (yi − xT

i β
(t)
k )xi.

Maximization step: For k = 1, . . . , K, update the model parameters by

π
(t+1)
k = arg max

πk

n∑
i=1

r
(t)
ik log(πk),

σ
2(t+1)
k = arg max

σ2
k

g(β
(t)
k , σ2

k; θ(t)) − ψ(σ2
k),

β
(t+1)
k = arg max

βk

h(βk; θ(t)), subject to ∥βk∥0 ≤ sk.

(3.6)

Unlike the expectation-maximization algorithm used in the existing penalization meth-
ods, the β

(t)
k -updating here involves solving an ultrahigh-dimensional L0-constrained opti-

mization problem, which is numerically costly. To facilitate the computation, we design
an Approximation step to first approximate g(βk, σ

2
k; θ(t)) in (3.4) by a simple quadratic

function h in (3.5), which is additive and separable in the elements of βk. We then update

β
(t+1)
k in the Maximization step by solving (3.6) using h, which serves as a surrogate of

g based on the current estimate β
(t)
k . By doing so, we essentially convert a p-dimensional

non-convex optimization problem into p univariate problems, each of which can be solved
explicitly (see Section 3.2.3).

The form of (3.6) ensures that β
(t)
k has at most sk non-zero elements corresponding to

a set of sk features retained for class k; features associated with zero coefficients can be
regarded as irrelevant and to be removed from the kth class. Hence, after t = T iterations,
the method retains only a set of features in class k with indices in

M̂(T )
k = {j : β

(T )
kj ̸= 0, 1 ≤ j ≤ p}. (3.7)

The class-specific screening is done simultaneously for all classes in model (3.1), as the

β
(t)
k -updating can be carried out in parallel with respect to k in the M-step. Also, since the

procedure is developed based on a complete joint likelihood ℓcn(θ), the joint effects among
classes and features are naturally incorporated into the screening (updating) process.

The technique used in (3.5) is inspired from an iterative hard-thresholding algorithm,
which was studied in [9] for numerically solving a compressed sensing problem. We embed
the quadratic approximation into an expectation-maximization framework and focus on
feature screening in ultrahigh-dimensional mixture regression from a statistical point of
view. As mentioned, our goal is to screen out most redundant features for different classes
of (3.1) rather than solving the motivating problem (3.3).
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3.2.3 Implementation Details

While the proposed method provides an attractive route for joint feature screening in mix-
ture regression, its efficiency depends on a few implementation factors. In this subsection,
we discuss how to carry out the proposed method in practice.

Carrying out the Maximization step: It involves solving three simple maximization
problems (3.6), each of which has closed-form solution. In particular, one can conveniently
use the standard derivative method to obtain the updates

π
(t+1)
k =

1

n

n∑
i=1

r
(t)
ik ,

σ
2(t+1)
k =

∑n
i=1 r

(t)
ik (yi − xT

i β
(t)
k )2 + 2ν2n∑n

i=1 r
(t)
ik + 2

.

(3.8)

For the β
(t)
k -updating, the special form of the surrogate function h makes the corresponding

L0 problem analytically solvable. For the convenience of presentation, let Y = (yi, . . . , yn)T

be the n × 1 response vector, X = (x1, . . . , xn)T be the n × p data matrix, and R
(t)
k be a

n × n diagonal matrix with element (i, i) equaling to (r
(t)
ik )1/2/σ

(t)
k . It can be shown that

(3.6) has an explicit solution

β
(t+1)
k = Hsk

(
β
(t)
k +

1

nu
(X̃

(t)
k )T(Ỹ

(t)
k − X̃

(t)
k β

(t)
k )

)
, (3.9)

where X̃
(t)
k = R

(t)
k X, Ỹ

(t)
k = R

(t)
k Y, and Hsk(·) is a truncation operator setting all but the

largest (in absolute value) sk entries of a vector as zero.

It is seen that the implementation of the Maximization step only involves simple nu-
merical operations, which ensure the efficiency of the proposed screening procedure.

Choice of sk and u: The screening size sk controls the number of features to be retained
for the kth class after screening. The choice of sk should reflect a user’s belief or prior
knowledge on the total number of relevant features in the kth class. Intuitively, a larger
sk increases the chance of retaining all relevant features, while a smaller sk brings more
interpretive value and computational convenience for the subsequent in-depth analysis.
One practical strategy is to set sk to be three times larger than the anticipated number of
relevant features. In Section 3.4, we implement the method with sk = 0.85n1/3 log n. In
fact, the proposed method is able to conduct accurate screening over a wide range of sk
(see Section 3.4.2).
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The scale parameter u in (3.5) controls the distance moved from β
(t)
k to β

(t+1)
k . While a

smaller u helps to obtain an improved β
(t+1)
k in terms of the value of the objective function

in (3.3), the procedure may fail to converge when u is overly small. In Section 3.3, we
derive a lower bound of u that ensures the convergence of the proposed procedure. In
practice, to balance algorithm convergence and iteration efficiency, one may begin with
a small u at each iteration and gradually increase its value until obtaining an improved
value of the objective function in (3.3). This seems to be an effective way for achieving
sufficiently fast convergence in our numerical studies.

Initialization and termination: Since our goal is feature screening, our experience shows
that a fine tuning on initialization θ(0) of the algorithm is not necessary. In our simula-
tion study, for {π(0)

k }Kk=1 we choose a set of random values between 0 and 1 that satisfy∑K
k=1 π

(0)
k = 1, and set σ

(0)
k = νn/K with νn being the sample standard deviation of {yi}ni=1.

For β
(0)
k , we use a standard L1-penalized least squares estimate [95] with a sparsity close

to ksk. These empirical choices seem to work satisfactorily in our examples.

The algorithm can be terminated when the change of objective value in (3.3) is small
enough. Alternatively, one may stop the algorithm when the memberships of the non-zero
entries in β

(t)
k for k = 1, . . . , K remain unchanged in a number of consecutive iterations.

3.3 Theoretical Analysis

In this section, we provide theoretical justification for the proposed screening method.
In particular, we aim to answer two key questions: 1) is the expectation-approximation-
maximization updating procedure convergent; 2) does the method leads to sure screening
for each latent class in the sense of [38].

For the convenience of presentation, we introduce a few additional notations as follows.
Let

ℓ̃n(θ) = ℓn(θ) −
K∑
k=1

ψ(σ2
k) (3.10)

denote the adjusted log-likelihood which is the objective function in problem (3.3). Let
Mk ⊂ {1, 2, . . . , p} be an arbitrary feature index set for class k; we denote XMk

as the sub-
matrix of X containing the columns that are specified in Mk. We measure the cardinality
of a set by τ(·) and let ρ be the largest eigenvalue of XTX/n. Moreover, let s∗k = τ(M∗

k)
denote the number of relevant features in the kth class and let (β∗

k , σ
2∗
k , π

∗
k) be the true

value of (βk, σ
2
k, πk), for k = 1, . . . , K.
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Clearly, the screening performance of the proposed method relies on a stable updating
of model parameters in (3.6). It is thus important to first check whether the parameter
updating would stabilize over the iterations. In Theorem 3.1 below, we show that the
updating procedure is convergent in terms of the objective value of (3.3).

Theorem 3.1. Let θ(t) = (π
(t)
1 , . . . , π

(t)
K , β

(t)
1 , . . . , β

(t)
K , σ

2(t)
1 , . . . , σ

2(t)
K ) be the tth update of

the parameter θ based on (3.4)-(3.6). With any given θ(0), if u > maxk{ρ/σ2(t)
k }, we have

ℓ̃n(θ(t+1)) ≥ ℓ̃n(θ(t))

for t ≥ 1.

Theorem 3.1 indicates that, when the scale parameter u is large enough, the proposed
procedure necessarily improves the adjusted likelihood within the feasible region of θ. The
new procedure thus enjoys a similar monotonicity property of the standard expectation-
maximization algorithm [82]. Since ℓ̃n(θ) is bounded above, ℓ̃n(θ(t)) will stabilize as t→ ∞.

At each iteration, {β(t)
k }Kk=1 is updated in parallel to receive a better support from the

adjusted joint likelihood, while it fully complies with the requirement of ∥β(t)
k ∥ ≤ sk. It

thus simultaneously leads to reliable and class-specific screening results for all the K classes.

In Theorem 3.1, we derive a lower bound of u to guarantee the improvement of ℓ̃n(θ(t)).
This bound is purely theoretical and may not necessarily provide a practical guidance
for the choice of u, as computing ρ can be computationally costly when p is large. Our
empirical experience shows that the proposed procedure usually enjoys the monotonicity
property with a u below this bound at certain iterations. In practice, one may use an
adaptive tuning strategy for u, as discussed in Section 3.2.3.

While Theorem 3.1 justifies the convergence of ℓ̃n(θ(t)), it does not rule out the possibil-
ity that θ(t) itself does not have a limit; this may hinder us from obtaining a stable screening
result. In the next theorem, we give a sufficient condition to ensure the convergence of θ(t).

Theorem 3.2. Suppose that the conditions of Theorem 3.1 are satisfied. If XT
Mk
XMk

is
positive-definite for any Mk ⊂ {1, . . . , p} with τ(Mk) ≤ sk, k = 1, . . . , K, then

θ(t) → θ̃ as t→ ∞,

where θ̃ is a local maximum of ℓ̃n(θ) subject to ∥βk∥0 ≤ sk, k = 1, . . . , K.

Theorem 3.2 implies that, when X has a proper structure, θ(t) converges to a local
solution of (3.3) and thus M̂(t)

k in (3.7) stabilizes after a sufficient number of iterations.
This finding echoes the existing convergence results of a standard expectation-maximization
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procedure [11,82,97]. The structural requirement of the theorem corresponds to condition
2 of [93] and condition A4 of [16]. With a moderate sk, this requirement is usually satisfied
when the features are not strongly correlated.

By Theorems 3.1 and 3.2, we have gained insights on the convergence of the proposed
updating procedure. We now turn to evaluate the screening performance of the method.
To this end, we investigate the behavior of M̂(T )

k asymptotically, when both the sample
size n and the number of features p diverge to infinity. Our investigation is based on the
following technical assumptions.

Assumption 1. log p = O(na), for some a ∈ [0, 1).

Assumption 2. There exists κ1, κ2 ≥ 0 and positive constants ω1, ω2, ω3 such that

ω1n
−κ1 ≤| β∗

kj |≤ ω2n
κ2 and

∥β∗
k∥1
σ∗
k

≥ ω3

for any j ∈ M∗
k and k = 1, . . . , K.

Assumption 3. Suppose that E(xj) = 0 and | xj |≤ ω4, j = 1, . . . , p, for some ω4 > 0. Let
Σ = cov(x) be the covariance matrix of x. There exists positive constants ω5, ω6 such that

ω5 < λmin(Σ) ≤ λmax(Σ) < ω6,

where λmin(Σ) and λmax(Σ) are the smallest and largest eigenvalues of Σ, respectively.

Assumption 4. There exist constants ω7, κ3 > 0 such that the screening size sk satisfies

max
{

1,
16

(η−1 − 1)2

}
s∗k ≤ sk ≤ ω7n

κ3 ,

where η = 1 − C1 + α, for some α ∈ (0, 1/3) and C1 ∈ (α, 1).

Assumption 1 is typical in ultrahigh-dimensional regression; it allows the number of
features to grow up to an exponential rate of na. Assumption 2 requires moderate de-
caying and diverging rates of β∗

k in the asymptotic process; it also sets a lower bound
on signal-to-noise ratio so that M∗

k is detectable. The first part of Assumption 3 corre-
sponds to a boundary condition on the features; it is merely introduced to facilitate the
theoretical proofs. This condition may be relaxed to a random xj with a sub-Gaussian
distribution [40, 112]. The second part of Assumption 3 corresponds to a model identifi-
ability condition introduced in [102]. Since ω4, ω5, ω6 are arbitrary, this assumption does
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not impose additional restrictions for using the proposed screening method in practice. As-
sumption 4 specifies a proper range of sk to ensure the satisfactory performance of M̂(T )

k ;
this assumption is compatible with the structural requirement of X in Theorem 3.2.

With the assumptions above, we justify the screening effectiveness of the new method
in the following theorem.

Theorem 3.3. Suppose that Assumptions 1-4 are satisfied with κ1 + 2κ2 + 3κ3 < (1−a)/2
and procedure (3.4)-(3.6) is implemented with a θ(0) such that∥∥β(0)

k − β∗
k

∥∥
2
≤ ω1

8
(log p)

1
2n−κ1 and | σ2(0)

k − σ2∗
k |≤ ω8σ

2∗
k

for some ω8 > 0 and k = 1, . . . , K. If ω6σ
−2(t)
k < u ≤ C−1

1 ω5σ
−2(t)
k and T ≥ C3 log

(
C−1

2 (n/s∗k)
1
2

)
with constants C2, C3 > 0, then when n is sufficiently large, we have

pr
(
M∗

k ⊂ M̂(T )
k

)
≥ 1 − 4s∗k exp(−C4n

a) (3.11)

for some C4 > 0 and any k ∈ {1, . . . , K}.

Theorem 3.3 implies that, with an appropriate initial value θ(0) and sufficient iterations
T , the proposed procedure removes most irrelevant features while retaining all the relevant
features for each class of a mixture regression, with an overwhelming probability. This
property is referred to as the sure screening property, which is desired for a good screening
method [38]. More specifically, (3.11) indicates that, when the number of iterations is in

the same or higher order of log(n/s∗k)1/2, the probability of missing a relevant feature by

M̂(T )
k goes to zero at an exponential rate as n → ∞. Our rate here is nearly optimal in

the sense that it matches the common screening rate of the conventional feature screening
in a non-mixture setup [20,116]. This justifies both effectiveness and efficiency of the new
method.

Theorem 3.3 requires β
(0)
k to be in an O((log p)1/2n−κ1) neighborhood of β∗

k for some

κ1 ∈ (0, 0.5). This is due to the fact that β
(t)
k may only lead to a local solution of (3.3) and

not all local solutions are good for feature screening. This requirement specifies a sufficient
condition to ensure the screening consistency of M̂(T )

k in theory. For mixture regressions, it
is known that a regularized expectation-maximization estimator of βk can achieve an error
bound of O((s∗k log p/n)1/2) [111]; it thus serves as a good initial choice for the proposed
method. Our experience shows that the new method works reasonably well even with a
crude initial value. See Section 3.2.3 for the practical choices of the initial values.

While a fine tuning of β
(0)
k is not practically needed, an accurate β

(0)
k may help to further

boost the screening efficiency of M̂(T )
k . We illustrate this point in the following corollary.
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Corollary 3.1. Under the conditions of Theorem 3.3, if ∥β(0)
k − β∗

k∥2 ≤ ω1(log p/n)1/2/8,
for k = 1, . . . , K, then we have, for any finite t ≥ 1,

pr
(
M∗

k ⊂ M̂(t)
k

)
→ 1, as n→ ∞.

Corollary 3.1 implies that, with an accurate β
(0)
k , the proposed method enjoys the sure

screening property even with a one-step iteration. This, together with the monotonic-
ity property (Theorem 3.1), suggests that the proposed method can also be used as a
sparsity-restricted refining procedure for a regularized estimator or other screening meth-
ods designed for mixture regression.

3.4 Numerical Studies

We assess the finite sample performance of the proposed method via a series of numerical
examples and a real-world application. All numerical experiments are conducted using
software MATLAB on Windows computers with 3.6 GHz CPUs and 32GB memory.

3.4.1 Screening Performance

In order to evaluate the proposed method, we generate n = 250 random copies of {y, x}
based on model (3.1) with K = 2, where x = (x1, x2, . . . , xp)

T follows a p = 1000 dimen-
sional multivariate normal distribution with mean zero. We set var(xj) = 1 for j = 1, . . . , p
and consider three different correlation structures of x as follows.

Correlation 1 : corr(xj, xl) = 0, for j ̸= l ∈ {1, . . . , p}.

Correlation 2 : corr(xj, xl) = 0.35 when |j − l| = 1; corr(xj, xl) = 0.15 when |j − l| = 2
and corr(xj, xl) = 0 elsewhere.

Correlation 3 : corr(xj, xl) = 0.1 when j or l ∈ M∗
k, and corr(xj, xl) = 0.2 elsewhere.

In Correlation 1, features are independent from each other; feature screening under
this setup should be fairly straightforward. In Correlation 2, we increase the level of
difficulty by making features correlated with their neighbors. In Correlation 3, we consider
a compound symmetry structure, where a correlation presents for any pair of features; in
this challenging setup, the true relevance of a feature is likely to be masked or distorted.

For each of the above correlation structures, we consider the index sets M∗
1 and M∗

2 of
relevant features under the following two scenarios.
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Scenario 1 : M∗
1 and M∗

2 are formed by 4 and 6 randomly selected indices from
{1, . . . , p}, respectively.

Scenario 2 : M∗
1 = {1, 3, 5, 10} and M∗

2 = {1, 2, 3, 4, 7, 25}.

In both scenarios, the regression coefficients for features in M∗
1 are (3.7,−2.9, 3.2,−2.2);

the regression coefficients for features in M∗
2 are (3.2, 3.3, 4.5, 2.3,−4.0, 2.7). All other re-

gression coefficients are set to zero and the corresponding features are considered irrelevant.
In comparison with Scenario 1, Scenario 2 is likely to pose more challenges for sure screen-
ing, as the relevant feature x3 has opposite effects’ signs in the two classes; this makes the
detection of x3 harder by the conventional single-index-based methods.

We consider both balanced and unbalanced mixtures. In the balanced case, we set
(π1, π2) = (0.5, 0.5) and (σ1, σ2) = (3, 5); in the unbalanced case, we set (π1, π2) = (0.3, 0.7)
and (σ1, σ2) = (3, 3).

For each of the simulated dataset, we use the proposed method for feature screening
by retaining sk = 0.85n1/3 log n ≈ 30 features for each class. We follow the discussion in
Section 3.2.3 to initialize the algorithm and terminate the updating after T = 50 iterations.

We compare our method with the marginal screening method of [112] and the boosting
method of [61]. Since both of them do not conduct the class-specific screening, their generic
screening results apply to each of the classes. We also include the penalized method of [93]
in our comparison, although it is not mainly designed for ultrahigh-dimensional feature
screening. Since the penalized method does not allow the precise control on the number of
features to be retained, we follow the tuning strategy in [93] to obtain a sparse penalized
estimate of βk and use it for the screening purposes on class k.

For each method, we assess its screening accuracy in terms of the sure screening rate
and the positive selection rate based on V = 100 repetitions. Specifically, let M̂k(v) denote
the index set of the retained features for the kth class at the vth repetition and τ(·) denote
the cardinality of a set. We calculate the two rates for the kth class and over all the classes
as below.

SSRall =
1

V

V∑
v=1

I(M∗ ⊂ {∪kM̂k(v)}), SSRk =
1

V

V∑
v=1

I(M∗
k ⊂ M̂k(v)),

PSRall =
1

V

V∑
v=1

τ
(
M∗ ∩ {∪kM̂k(v)}

)
τ(M∗)

, PSRk =
1

V

V∑
v=1

τ
(
M∗

k ∩ M̂k(v)
)

τ(M∗
k)

,

where I(·) is a 0-1 indicator function and M∗ = ∪kM∗
k. We also report the average com-

putational time (in seconds) of each method as a measure of the screening efficiency. The
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Figure 3.1: Updating paths of the adjusted log-likelihood over iterations of the sparse
expectation-approximation-maximization procedure. The four paths shown in the figure
(black solid, blue dashed, red doted, fuchsia dot-dashed) are based on four randomly
generated samples under Scenario 1 with Correlation 1 and unbalanced classes.

results are summarized in Tables 3.1–3.3 corresponding to Correlations 1–3, respectively.
The methods in comparison are marginal screening (green doted), forward screening (black
dashed), L1-penalized method (blue dot-dashed), and sparse expectation-approximation-
maximizati Before turning to the analysis of the results on screening performance, it would
be of interest to first check the convergence of the proposed procedure. In Figure 3.1, we
show the updating paths of the adjusted log-likelihood ℓ̃n(θ(t)) in (3.10) for four simulated
datasets from an unbalanced mixture under Scenario 1 and Correlation 1. It is seen that
the adjusted log-likelihood substantially increases within the first 15 iterations and quickly
reaches a stable status in about 30 iterations. The high efficiency of the parameter updating
echoes Theorem 3.1 in Section 3.2 and lays a foundation of effective feature screening.

From Table 3.1, we observe that, except for the marginal method, all methods work
reasonably well when π1 = π2 and features are independent with each other. From Tables
3.2 and 3.3, when correlations present among features, the accuracy of both the forward
and penalized methods start degrading, while our method still maintains high overall sure
screening rate. When π1 = π2, the penalized method seems to struggle in Scenario 2,
where one relevant feature x3 has the opposite effects in two classes; in particular, under
Correlation 3, its overall sure screening rate drastically drops from 88% in Scenario 1 down
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Table 3.1: Screening results for a two-component mixture regression under Correlation 1
with (n, p) = (250, 1000). The methods in comparison are the marginal screening method
of [112] (GAUMIX), the forward screening method of [61] (Boost), the L1-penalized method
of [93] (FMRLasso), sparse expectation-approximation-maximization screening (sEAM).

Class Method Scenario SSRall SSR1 SSR2 PSRall PSR1 PSR2 Time(s)

Balance

GAUMIX
1 0.52 0.72 0.73 0.94 0.93 0.95 0.47
2 0.35 0.45 0.44 0.87 0.84 0.89 0.48

Boost
1 0.87 0.90 0.92 0.97 0.97 0.98 10.61
2 0.80 0.82 0.85 0.95 0.95 0.96 10.51

FMRLasso
1 0.95 0.96 0.98 0.99 0.99 0.99 6.80
2 0.86 0.91 0.88 0.97 0.97 0.98 6.43

sEAM
1 0.97 0.98 0.98 0.99 0.99 0.99 1.94
2 0.96 0.97 0.97 0.99 0.99 0.99 1.93

Unbalance

GAUMIX
1 0.02 0.02 0.87 0.77 0.45 0.98 0.47
2 0.02 0.03 0.95 0.77 0.46 0.99 0.47

Boost
1 0.68 0.68 0.99 0.96 0.91 0.99 11.20
2 0.55 0.55 0.99 0.94 0.85 0.99 11.59

FMRLasso
1 0.90 0.90 1.00 0.99 0.97 1.00 6.84
2 0.90 0.90 1.00 0.98 0.97 1.00 6.23

sEAM
1 0.98 0.98 1.00 0.99 0.99 1.00 2.04
2 0.96 0.96 1.00 0.99 0.98 1.00 1.76

to 49% in Scenario 2. In comparison with the balanced classes, the setup of unbalanced
classes brings more challenges for sure screening of the smaller class. This is reflected by
the reduced sure screening rate of class 1 in all three tables. The forward method seems to
be particularly sensitive to the class size, as we observe about 20%-30% loss in its overall
sure screening rate for the unbalanced cases.

In summary, the proposed method shows a promising performance in all the settings
we considered. Even in the most challenging setup, it still leads to a decent overall sure
screening rate of 67% which is substantially higher than that of its competitors. As for the
computational cost, our method is the second best among the four methods by being about
3 times faster than the penalized method and 5 times faster than the forward method. All
these make the proposed method an efficient and reliable tool for feature screening in
ultrahigh-dimensional mixture regression.

To further test the performance of the method for a more complex model, we generate
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Table 3.2: Screening results for a two-component mixture regression under Correlation 2
with (n, p) = (250, 1000).

Class Method Scenario SSRall SSR1 SSR2 PSRall PSR1 PSR2 Time(s)

Balanced

GAUMIX
1 0.56 0.69 0.84 0.95 0.92 0.97 0.47
2 0.31 0.57 0.63 0.91 0.88 0.93 0.47

Boost
1 0.86 0.88 0.92 0.97 0.96 0.98 10.82
2 0.74 0.85 0.82 0.96 0.96 0.96 10.73

FMRLasso
1 0.90 0.93 0.95 0.98 0.98 0.99 5.41
2 0.66 0.77 0.76 0.95 0.94 0.95 6.19

sEAM
1 0.99 1.00 0.99 0.99 1.00 0.99 2.10
2 0.97 0.97 0.98 0.99 0.99 0.99 1.92

Unbalanced

GAUMIX
1 0.05 0.05 0.93 0.78 0.47 0.98 0.48
2 0.05 0.05 0.97 0.79 0.48 0.99 0.47

Boost
1 0.65 0.65 1.00 0.95 0.89 1.00 11.44
2 0.47 0.47 1.00 0.93 0.84 1.00 11.05

FMRLasso
1 0.89 0.89 1.00 0.98 0.97 1.00 5.40
2 0.57 0.57 1.00 0.95 0.98 1.00 5.45

sEAM
1 0.99 0.99 1.00 0.99 0.99 1.00 1.95
2 0.95 0.95 1.00 0.99 0.98 1.00 2.01

n = 250 independent copies of (y, x) from model (3.1) with K = 3, p = 1000, (π1, π2, π3) =
(0.3, 0.3, 0.4), and (σ1, σ2, σ3) = (0.5, 2, 6). In this example, Correlation 2 is used and three
sets of relevant features are M∗

1 = {1, 3, 5, 10}, M∗
2 = {1, 3, 8, 12}, M∗

3 = {1, 2, 3, 4, 7, 25}
with coefficients (4.7,−3.9,−4.2,−3.2), (2.2,−3.9,−3.2, 3.2), (4.1, 4.0,−4.3, 3.3,−4.1, 3.7),
respectively. We summarize the results based on V = 100 repetitions in Table 3.4. It is
seen that, with the number of classes increased from 2 to 3, the difficulty for all-class sure
screening elevates significantly. In this case, the out-performance of the new method is even
better observed; it consistently achieves the highest screening accuracy with a moderate
cost. We also examined the performance of the methods with K = 4, 5, and the results
show that the screening task becomes more difficult as K increases while our method is
still the overall winner.
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Table 3.3: Screening results for a two-component (K = 2) mixture regression under Cor-
relation 3 with (n, p) = (250, 1000).

Class Method Scenario SSRall SSR1 SSR2 PSRall PSR1 PSR2 Time(s)

Balanced

GAUMIX
1 0.00 0.00 0.00 0.70 0.50 0.83 0.47
2 0.00 0.00 0.02 0.79 0.73 0.82 0.47

Boost
1 0.76 0.78 0.89 0.95 0.92 0.98 11.04
2 0.68 0.69 0.79 0.93 0.89 0.95 11.75

FMRLasso
1 0.88 0.94 0.94 0.98 0.98 0.99 6.27
2 0.49 0.54 0.61 0.90 0.87 0.92 5.57

sEAM
1 0.96 0.96 1.00 0.99 0.99 1.00 2.01
2 0.92 0.93 0.96 0.98 0.98 0.99 2.03

Unbalanced

GAUMIX
1 0.00 0.13 0.04 0.81 0.77 0.84 0.47
2 0.00 0.03 0.01 0.72 0.56 0.83 0.48

Boost
1 0.43 0.43 1.00 0.93 0.84 1.00 11.48
2 0.28 0.28 1.00 0.90 0.77 1.00 12.12

FMRLasso
1 0.51 0.51 1.00 0.94 0.85 1.00 5.37
2 0.45 0.45 1.00 0.92 0.81 1.00 5.41

sEAM
1 0.78 0.78 1.00 0.97 0.94 1.00 1.93
2 0.67 0.67 1.00 0.96 0.91 1.00 2.03

Table 3.4: Screening results for a three-component (K = 3) mixture regression under
Correlation 2 with (n, p) = (250, 1000).

Method SSRall SSR1 SSR2 SSR3 PSRall PSR1 PSR2 PSR3 Time(s)

GAUMIX 0.12 0.47 0.33 1.00 0.90 0.85 0.82 1.00 1.93
Boost 0.18 0.63 0.59 0.22 0.86 0.89 0.87 0.86 12.37
FMRLasso 0.43 0.87 0.50 0.98 0.93 0.95 0.83 0.99 8.27
sEAM 0.92 0.98 0.94 0.99 0.99 0.99 0.98 0.99 1.62

3.4.2 Sensitivity Analysis

We assess how sensitive the proposed method is with respect to the choice of screening
size sk, feature dimensionality p, and model misspecification on the number of classes K.
To this end, we re-conduct a few simulations in Section 3.4.1 with the following extended
setups. As before, the results are averaged based on 100 repetitions.

To check the impact of sk, we re-conduct the analysis on a two-class mixture regression
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by retaining sk = (10, 20, 30, 40, 50, 60, 70) key features for each class. We exclude the
penalized method of [93] from this experiment as it does not allow users to precisely
control the number of features to be retained. In Figure 3.2(a), we show the overall sure
screening rate of each screening method over varying screening sizes under Correlation 2
and Scenario 2 with the unbalanced classes. It is clear that a larger sk helps to improve
the chance of retaining all relevant features for all methods. Yet, as discussed in Section
3.2.3, one may not want to make sk overly large. From Figure 3.2(a), we observe that
the proposed method is able to conduct accurate screening over a wide range of sk. This
provides the users a high flexibility of using it in different applications.
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Figure 3.2: (a) Overall sure screening rate of the selected methods over different screen-
ing sizes sk under Scenario 2 with Correlation 2 and the unbalanced classes for (n, p) =
(250, 1000). (b) Overall sure screening rate of the selected methods over different dimen-
sionality p under Scenario 2 with Correlation 1 and the unbalanced classes for n = 100.
The methods in comparison are marginal screening (green doted), forward screening (black
dashed), L1-penalized method (blue dot-dashed), and sparse expectation-approximation-
maximization screening (red solid).

To check the impact of p, we re-conduct the analysis on a two-class mixture regression
by reducing the sample size down to n = 100 and gradually increasing p from 1000 to 8000.
We set sk = 20 + p/100 and focus on the case of unbalanced classes with σ1 = σ2 = 1. In
this experiment, both marginal method of [112] and forward method of [61] are excluded
due to their relatively inferior performance in the “small-p” examples shown in Section
3.4. In Figure 3.2(b), we show the overall sure screening rate of the proposed method
and the penalized method over different values of p under Correlation 1 and Scenario 2.
As anticipated, the higher dimensionality poses more challenges for sure screening. In
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comparison with the penalized method, the new method leads to a higher accuracy for all
values of p under our consideration. In particular, even when p is as large as 7000, the
proposed method still achieves a decent overall sure screening rate of 81% with merely
n = 100 observations. Thanks to its efficient updating, the proposed method is able to
maintain a moderate computational cost over a wide range of p (see Table 3.5). These
seem to give the new method an edge on its competitors for the ultrahigh-dimensional
applications.

In the previous examples, the proposed screening method is used with a pre-specified
number of classes K matching the underlying model. However, in practice, the value of
K may be wrongly specified. To check the impact of the potential model misspecification
on K, we re-conduct the analysis by running the method with a variety of anticipated
values of K in [1, 9] on a mixture regression with three classes. In this experiment, we set
(n, p, sk) = (200, 1000, 15) and use the same model setup as the last example in Section
3.4. In Figure 3.3, we report the overall sure screening rate of the proposed method
over different anticipated values of K, where the K = 3 case corresponds to the correct
specification of model (3.1). It is seen that, when K < 3, one under-specifies the number
of classes and this leads to insufficient degrees of freedom for the method to retain relevant
features in all three classes. When K ≥ 3, the K is correctly or overly specified and the
performance of our method is fairly promising. These observations seem to indicate that
the proposed method is relatively robust against the over-specification of K. Therefore,
in practice, when one has little knowledge about the number of classes in (3.1), it may be
beneficial to use the proposed method with a slightly liberal choice of K.

Table 3.5: The averaged computational time (in seconds) of the penalized method and the
proposed method over different p on a dataset of n = 100 under Scenario 2 with Correlation
1 and unbalanced classes.

Method p=1000 2000 3000 4000 5000 6000 7000 8000
FMRLasso 0.9 8.2 21.5 41.0 67.0 94.7 133.1 179.0
sEAM 0.9 2.0 2.9 4.0 5.1 6.3 7.6 9.0

3.4.3 A Real Data Example

We apply the proposed screening method to analyze a genetic dataset, which contains the
expression levels of p = 4088 genes measured on n = 71 samples of genetically engineered
mutants of Bacillus Subtilis (a common bacterium in soil). It is believed that the amount
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Figure 3.3: Sure screening rate of sparse expectation-approximation-maximization screen-
ing over different anticipated values of K on a three-component mixture regression with
(n, p) = (200, 1000).

of vitamin B2 produced by Bacillus Subtilis is affected by genetic factors; it is of interest
to identify the genes that are influential in this regard. To this end, the analysts measured
the vitamin B2 production rate for each of the Bacillus Subtilis samples and attempted to
associate the production rate (y) with some of the genes (x). This dataset is available at:
http://www.annualreviews/org. Readers may refer to [13] for more details.

The dataset is known to be fairly heterogenous, as the Bacillus Subtilis samples were
hybridized repeatedly during a fed-batch fermentation process under different conditions.
As such, we build a Gaussian mixture regression of the vitamin B2 rate on all the 4088 genes
and use the proposed screening method to remove the irrelevant genes. We follow [93] to set
the number of classes K = 3 and adopt a “leave-one-out” screening strategy as follows. For
each i ∈ {1, 2, . . . , 71}, we create a training set to retain (s1, s2, s3) = (10, 8, 6) key genes

for the three classes, respectively. The retained genes together with the final β
(t)
k -update

in (3.6) form a refined mixture regression model, which is used to predict the vitamin B2
rate of the ith sample.

In Figure 3.4, we show the top 10 genes in terms of their relative frequencies of being
retained for different classes over the 71 repetitions. Accordingly, our method suggests 7
influential genes for all classes of Bacillus Subtilis, while gene 4006, gene 942, gene 946
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Figure 3.4: Relative frequencies for the top 10 genes that are retained most by the proposed
screening method in the real data example. The bars in blue, turquoise, and red represent
the three latent classes in the analysis.

seem to be influential only for one or two classes. To justify the obtained screening results,
we show in Figure 3.5 the boxplots of the prediction errors for the models refined by the
proposed method. For comparison, we also report the results obtained by the forward and
penalized methods. It is seen that the proposed method leads to the best predictive model
among the three methods. This seems to indicate the effectiveness of the new screening
method.

3.5 Concluding Remarks

In this chapter, we proposed a new method for feature screening in ultrahigh-dimensional
finite mixture of regression models. Different from the existing screening methods, our
method allows users to directly control the number of features to be retained for each latent
class. In the screening process, the proposed method naturally incorporates the joint effects
among features and flags the small sets of features that receive the most support from the
joint mixture likelihood. The new method enjoys the all-class sure screening property and
is computationally attractive in practice. Its promising performances were illustrated in
extensive numerical examples.

69



0

1

2

3

4

5

6

Pr
ed

ic
tio

n 
er

ro
r

Boost FMRLasso sEAM

Figure 3.5: Boxplots of the prediction errors in the real data example. The methods in
comparison are forward screening (Boost), L1 penalized method (FMRLasso), and sparse
expectation-approximation-maximization screening (sEAM).

The current work focuses on Gaussian mixture regressions. One may naturally ex-
tend the proposed method to mixture of generalized regression models. Also, in the pro-
posed method, we assume that the number of classes K is pre-specified. Our simulation
study seems to indicate that the proposed method is relatively robust against the over-
specification of K. Therefore, in practice, when K is unknown, one may apply the method
with a more liberal choice of K. A careful analysis of this situation is a promising topic
for future research.
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Chapter 4

Low Gradient-based Subsampling for
Corrupted Massive Data

4.1 Introduction

Nowadays, massive data are encountered frequently in many scientific areas, which brings
unprecedented opportunities and challenges to machine learning and statistics. Although
many traditional methods are still valid, it is computationally infeasible to implement in
typical personal computers due to a limited computation resource. To overcome the bur-
den, researchers adopt generally two basic methodologies. One is the divide-and-conquer
strategy and the other is the subsampling strategy. The divide-and-conquer strategy solves
the problem by partitioning the massive data into several segments, runing a specific al-
gorithm for each segment in parallel and then aggregating these individual outputs into a
final estimate. Such a strategy makes the untractable problem into a tractable problem
and has been generalized to dealing with the distributively stored data [33, 58], forming
a so-called distributed machine learning and statistics [10, 36]. The subsampling strat-
egy solves the problem by carrying out an intended calculation on a representative subset
drawn from the full data [29, 41]. These methods draw useful informative observations
to infer instead of using the whole data, which provides a way to tackle an untractable
problem with a confined limited computation resource. In this dissertation, we focus on a
study on subsampling strategy for corrupted massive data case.

The key idea of subsampling is to select the most informative observations so that
the sampled data with small size convey most of the information contained in the full
data. Subsampling normally adapts three different schemes. The first scheme is to draw
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observations according to a deterministic pre-specific probability model, in which uniform
subsampling is the most common way. It is most straightforward but difficult and even
impossible to set an appropriate probability model. The second scheme of subsampling is
drawing observations based on an informative score system, where each observation is given
a different chance to be selected from a pre-fixed score system or according to an influence
function. One representative informative score based subampling is the leverage score
subsampling, which assigns nonuniform sampling probabilities according to the empirical
statistical leverage scores of covariates [31, 32, 91]. The leverage score scheme performs
fast but does not take it into account the relationship between covariates and the response
variable and therefore, results in often insufficient utilization of data. The third scheme
of subsampling is the task-driven subsampling, which connects the sampling probabilities
with the prediction performance of a pilot estimate. The gradient-based subsampling is the
typical example of such scheme, where the sampling probabilities are proportional to the
gradient of loss associated with the pilot estimate [117]. It differs from the leverage-based
sampling in that the sampling probabilities are allowed to hinge upon the covariates as
well as the response. Those three subsampling schemes are all extensively studied and
applied, and especially, the gradient-based subsampling has been accepted as one of the
most efficient strategies to gain performance improvement. We observe, however, that
almost all of the studies are only for the massive data without contamination or with
relatively low level of noise. In all the cases, the large-gradient subsampling has been
suggested in use, namely, the sampling probability for each datum is directly proportional
to the gradient of loss.

Nevertheless, heavy corruption or high level of noise is unavoidably encountered in
real-world application. The presence of noise and corruption in real-world massive data
might be ineluctably caused by many factors such as accidental outliers [90] or adversarial
data attacks [24]. All these factors raise a complicated corruption pattern, where the
proportion of corruption could be large, the corruption level could be high and even exists
on both covariates and response simultaneously. We thus must deal with those corrupted
massive data cases. To tackle this issue, many works have been done for robust regression
[47,55,56,98], compressed sensing [69,86] and high dimensional spare regression [23,28,73].
The subsampling in the corrupted massive data case has also attracted attention in recent
years. Camponovo et al. [14] proposed a robust subsampling procedure for the linear
regression model through elaboratively selecting subsampling size which is derived by a
formula for the breakdown point of subsampling quantiles. Dalalyan and Thompson [28]
considered the case where the response is contaminated by at most o adversarial outliers.
They proved that the sampled L1-penalized Huber’s M-estimator based on n subsamples
can approximate the M-estimator with full data at an estimation precision O((s/n)

1
2 +

(o/n)), where s is the sparsity of the problem. McWilliams et al. [84] studied the case of the
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covariates corruption and assumed that the corruption can be described in an additive noise
model. They suggested a subsampling algorithm called the influence weighted subsampling
and they showed that the algorithm can yield an estimator approximating the oracle β∗

at precision O(C
√

p log p
n

+ ϵ
√
p||β∗||), where ϵ is the proportion of the corruption. Gong

et al. [45] also considered the linear regression in highly noisy case and they developed a
robust gradient-based Markov subsampling(GMS) procedure. They proved that the GMS

estimator can approximate the oracle β∗ at an optimal estimation precision O(
√

p log p
n

).

In this dissertation, we consider a more general realistic corrupted data case, namely,
that the collected data could be corrupted with very complicated noise (say, with larger
proportion and higher level of corruption) on both covariates and response. We will develop
a new gradient based subsampling procedure which can degrade influence of the heavy
corruption in large extent. Based on an observation that the use of “large-gradient of
loss” brings very often the danger of assigning higher sampling probabilities to the heavily
noised observations, we propose a low-gradient subsampling procedure, that assigns the
subsampling probability to each datum inversely proportional to the gradient value of loss
at the datum. We show that “the low-gradient of loss” corresponds to the uncontaminated
data in high probability and therefore, it may exclude the possibility of assigning high
sampling probability to the heavy corrupted data. The proposed procedure is iterative
in nature. The basic steps are as follows: we begin with a given crude pilot β(0) and
perform the low-gradient subsampling, yielding a first sampled dataset D̃0. Then, we
update the pilot by optimizing a memorized cost function on D̃0, resulting the updated
pilot β(1), and we perform again the low-gradient subsampling based on β(1). This process
is repeated until a stopping criterion is met. We establish the error bounds of the sampled
estimator (pilot) at each step from the oracle, which shows that the proposed low-gradient

subsampling is statistical consistent with an estimation precision O(C
√

p log p
n

), where C

depends on the pattern of corruption. We provide a series of numerical simulations and real
data applications to demonstrate the effectiveness and efficiency of the proposed procedure.
In particular, we show the much improved robustness of the new procedure as compared
with the large-gradient based subsampling.
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4.2 Methodology

4.2.1 Problem Set up

Let y be a response variable depending on p covariates x ∈ Rp. Given N independent
observations D = {(xi, yi)}Ni=1, where xi = (xi1, xi2, . . . , xip) ∈ R1×p, yi ∈ R. Let X =
(x1, . . . ,xN )T ∈ RN×p, Y = (y1, . . . , yN)T ∈ RN . We postulate the standard regression
model between response y and covariates x as follows.

y = f(x,β∗) + ξ, (4.1)

where ξ ∈ RN is a noise term independent of x, f is a unknown regression function which
has a linear or logistic form. Due to uncontrolled process of data acquisition, we can only
obtain the corrupted observations X̃ and Ỹ instead of the idea observations X and Y .
We assume the corrupted and idea observations obey to the following model,

X̃ = X + aUW ,

Ỹ = Y + bUO,
(4.2)

where U = diag(u1, u2, . . . , uN) and ui is a Bernoulli random variable with parameter ϵ

that takes values 1 when xi is corrupted, and 0 otherwise. The rows of X̃ and Ỹ therefore
are corrupted with probability ϵ and not corrupted with probability 1−ϵ. W ∈ RN×p,O ∈
RN×1 are the matrices of corruption whose form defines the corruption pattern. Parameters
a,b control the corruption level, where large a, b indicate that the observation is corrupted
heavily and a = 0, b = 0 mean the observation is not corrupted.

The model described in (4.2) summarizes many realistic corrupted data cases. For
example, when a = 0, b ̸= 0, the model is the case called the adversarial corrupted
response model discuessed in [8], [28] and [113]. When a ̸= 0, b = 0, the model degenerates
the corrupted covariate model studied in [84]. When a = 0, b ̸= 0 and U is of sparsity, the
model is the case discussed in [28] for high dimensional robust regression. We will discuss
the more general case when a ̸= 0, b ̸= 0 and without sparsity assumption. Our aim is
to develop an effective subsampling procedure for approximating the oracle β∗ under such
heavily corrupted data case.

4.2.2 A Low-Gradient Subsampling Procedure

In this subsection, we formulate a new gradient based subsampling procedure for the
heavily corrupted massive data. Suppose D̃ = {(x̃i, ỹi)}Ni=1 is the corrupted data with x̃i
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being corrupted covariates, ỹi being corrupted response, β∗ is the p-dimensional oracle and
L(f(x̃i, β), ỹi) is the prediction discrepancy of f measured by the loss L. We define the

average loss of an estimator β on a subset D̃s by

LD̃s
(β) = |D̃s|

−1∑
D̃s

L(f(x̃i,β), ỹi)

and define the gradient matrix of β by

G(β) =


∂L(f(x̃1,β),ỹ1)

∂β1
. . . ∂L(f(x̃1,β),ỹ1)

∂βp

...
...

∂L(f(x̃N ,β),ỹN )
∂β1

. . . ∂L(f(x̃N ,β),ỹN )
∂βp

 = (Gij)N×p. (4.3)

Let gi be the i-th row of G. Different from the traditional large-gradient based subsam-
pling, in which the subsampling probability is directly proportional to the gradient value,
we propose to use the low-gradient subsampling, that is, the subsampling probability is
inversely proportional to the gradient value. Thus, if pi ∝ ||gi||−1 is a probability corre-
sponding to (x̃i, ỹi) with the convention that pi = 0 if ||gi|| = 0, we can assign pi as the
subsampling probability for (x̃i, ỹi) in which the observations with lower gradient values
are assigned larger pi and the observations with larger gradient values assigned smaller
pi. We will show in the next subsection that such low-gradient subsampling does can ex-
press the effect of corruption of data, in particular, the values of gradient of β at (x̃i, ỹi)
can give an indication of corruption extent of the data. More precisely, the large-gradient
corresponds to the highly corrupted data and the low-gradient corresponds to the uncon-
taminated data. This indication holds in probability and therefore, purely ignoring the use
of large-gradient data might lose some information contained in the large-gradient data.
As a compromise, we propose the following rule of assigning probability for subsampling,

πi =
α

N
+ (1 − α)pi (4.4)

where α < 1
2

is a non-negative parameter, which means that we mainly subsample data
according to the low-gradient of loss while the large-gradient data are also sampled in small
probabilities.

Note that assigning pi in (4.4) depends on the estimator β. A delicate choice of the
estimator is the key to achieve a satisfying performance. In heavily corrupted data case,
it is unlikely to specify a desirable initial pilot estimator for guidance of the assignment of
probability. Thus, in this chapter, we propose to update the estimators recursively and use
the timely updated estimator to guide the low-gradient subsampling. Given the (t− 1)-th
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estimator β(t−1), we then can get the subsampled dataset D̃t of size n by the rule (4.4)

from D̃. The t-th estimator β(t) will be updated by minimizing the following memorized
regularization function

β(t) = argmin
β

[LD̃t
(β) + g(β,β(t−1))] (4.5)

where LD̃t
(β) is the average loss defined on subset D̃t and

g(β,β(t−1)) =

p∑
j=1

νj(βj − β
(t−1)
j )2 (4.6)

is the memorized regularization function, within which

νj = c

[
t

log(1 + |µG
j |)

]d
, µG

j = N−1

N∑
i=1

Gij (4.7)

is the regularization parameter. This regularization function g(β,β(t−1)) is a weighted
measurement on discrepancy of the current estimator β from the previous estimator β(t−1)

in all covariates and, νj is a quantity direct proportional to step t and inversely proportional

to µG
j , a quantity characterizing the prediction performance of β

(t−1)
j (the smaller the better

performance) on all observations. We take the regularization function as (4.6) is for the
purpose that we tend to consist in the previous estimator β(t−1) whenever the estimator
already has good performance, otherwise we prefer to get a new estimator by drawing new
observations.

By the procedure (4.5), we can recursively get better and better pilot estimators that
then can be used to provide more and more reliable guidance for subsampling. We will
show that such an iterative subsampling procedure is statistically consistent and empiri-
cally effective and efficient. The proposed subsampling procedure can be summarized as
Algorithm 4.1 below.
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Algorithm 4.1 LGS: A Low-Gradient Subsampling Procedure

Input: The observated dataset D̃ = {(x̃i, ỹi)}Ni=1, a pilot estimator β(0), the subsampling
size n < N , the hyperparameters 0 < α < 1, c, d and a stopping criterion.
Output: The output estimator β̂ of β∗.

1: Initialize parameters ν = 0 ∈ Rp, compute G = G(β(0)) by (4.3).
2: for t=1 until the stopping criterion is met do
3: Compute probability πi using G;
4: Draw a subset D̃t of size n from D̃ according to probability πi;

5: Set β̂ = β(t) = argminβ

[
LD̃t

(β) +
∑p

j=1 νj(βj − β
(t−1)
j )2

]
;

6: Update G = G(β(t));
7: Compute µG

j = N−1
∑N

i=1Gij for j = 1, . . . , p;
8: Update

νj = c

[
t

log(1 + |µG
j |)

]d
.

9: end for

Some remarks on Algorithm 4.1 are as follows.

Remark 3. (i). The pilot β(0) in Algorithm 4.1 can be simply taken as the estimator

through n uniformly sampled observations from D̃. Certainly, other more delicated estima-
tors can be applied. Due to the recursive feature of the suggested procedure, such choice of
pilot is not so sensitive by our simulations. The subsampling size n is a crucial variable
determining the computation complexity and prediction performance of the estimator. It
can however be conveniently set according to the available computing resources in hand(say,
the storage space limitation) and approximation precision requirement. The stopping cri-
terion can be taken either as the maximum number T of update steps or as the tolerance ε
between successive two estimators(say, ||β(t) − β(t−1)|| < ε).

(ii). There are many possible ways to implement the subsampling to draw subset D̃t

in step 4. The sampling with replacement and Poisson sampling both can be simply used.
Though Poisson sampling has slight advantages in computational load for massive data,
there is no significant difference in prediction performance by our experiments. Therefore,
we suggest the use of sampling with replacement.

(iii). Algorithm 4.1 can be assuredly terminated in finite steps since regularization
parameter νj approaches to infinity as t tends to, which enforces the regularization term
to dominate the cost function in step 5. If Algorithm 4.1 terminates within T steps, it
can be easily seen that the computation complexity of the algorithm is around O(TNp).
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Such complexity can be further reduced if we adapt a K-Nearest-Neighbor technique(that
is, we compute gi confined to K neighboring observations of xi). However, for the sake
of justifying feasibility of the proposed subsampling for the heavily corrupted data case, we
consider the slightly higher complexity form (Algorithm 4.1) only in this chapter.

4.2.3 Why Low-gradient?

We provide a further explanation on rationality of using low-gradient when dealing with
the heavily corrupted massive data case. We take the linear model as an example(that is,
f(x,β) = xβ).

Observe that the gradient of the i-th observation (x̃i, ỹi) is given by

gi =
∂L(f(x̃i, β), ỹi)

∂β
= x̃i(ỹi − x̃iβ). (4.8)

Thus, ||gi|| = |ỹi−x̃iβ|||x̃i||. This shows that the magnitude of gi is controlled by |ỹi−x̃iβ|
and ||x̃i||. This first quantity |ỹi − x̃iβ| reflects the prediction deviation of β at (x̃i, ỹi)
and the second term ||x̃i|| contains the corruption information of datum. With reference
to (4.1), we define the residual of oracle β∗ at i-th observation as

θ∗i = ỹi − x̃iβ
∗ − ξi (4.9)

which implies that θ∗i = 0 means the exact coincidence of the observation (x̃i, ỹi) with the
oracle relation. We can accept the observation (x̃i, ỹi) as an uncontaminated datum in
this case. In this criterion, a nonzero θ∗i can be identified as a corrupted observation with
high probability and the magnitude of θ∗i is proportional to the contamination level. Thus,
subsampling less contaminated observations need to select observations with smaller θ∗i .
Note that θ∗i can be rewritten as

θ∗i = (ỹi − x̃iβ) + x̃i(β − β∗) − ξi, (4.10)

that can be small only if |ỹi − x̃iβ| and ||x̃i|| both are small for a given estimator β.
Equivalently, this means that θ∗i is small only if the gradient value of β is small. Thus,
we conclude that “the low-gradient of loss” corresponds to the uncontaminated data in
high probability and “the large-gradient of loss” corresponds to the corrupted data in high
probability. This explains why “the low-gradient of loss” is suggested in use in this chapter
(due to the pursuit of dismissing the effect of corruption).

A toy example to demonstrate such rationality of the using low-gradient is provided
in Figures 4.1 and 4.2, where the proposed low-gradient subsampling is compared with
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the uniform subsampling, the leverage subsampling and the large-gradient subsampling.
Figures 4.1, 4.2 show clearly that the uniform subsampling, leverage subsampling, and
large-gradient subsampling all perform poorly due to the mistreatment of the corrupted
observations while the low-gradient subsampling performs well, supporting the explana-
tions given in above.

Figure 4.1: A toy example with N = 100, p = 4, n = 10, and ϵ = 0.4. The subsampling results and
corresponding estimators generated by using the uniform, the leverage, and the large-gradient subsampling
are shown from left to right. All these three procedures have chosen large portion of highly corrupted data
and small portion of the uncontaminated observations, corresponding to the low-gradient observations
shown in the shaded purple region.

4.3 Theoretical Analysis

In this section, we provide a theoretical analysis on validity and effectiveness of the proposed
low-gradient subsampling procedure. In particular, we derive an error bound of the sampled
estimator from the oracle and show the statistical consistency of the procedure. We also
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Figure 4.2: The resulted subsampling and estimators when the low-gradient subsampling is applied to
the toy example. The results are shown when iteration steps t=1, 3 and 5(from left to right). It can be
seen that the less corrupted observations, corresponding to the low-gradient values, are always sampled in
high probability and as iteration step goes, more and more less corrupted observations are sampled, which
leads to a very satisfying final estimator.
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derive a lower bound on the maximum number of iteration steps necessary for the procedure
to reach a given approximation accuracy.

The main results are stated in Theorems 1 and 2 below.

Recall that a random variable xi ∈ R1×p is said to be sub-Gaussian with variance proxy
σ2 if E[xi] = 0 and its moment generating function satisfies

E[exp(sxi)] ≤ exp(
σ2s2

2
), ∀s ∈ R.

In the following, xi,wi,o, ξ are the sub-Gaussian random variables with magnitudes 1
N
σ2
X ,

1
N
σ2
W , 1

N
σ2
O and 1

N
σ2
ξ , respectively, and all are independent of each other.

Theorem 4.1. Let R = max
i=1,...,N

{||xi||2}, ΣN = 1
N
X̃

T
X̃, σ2

N = 2
N2

∑N
i=1

1
πi
||x̃i||4 and T is

the number of update steps Algorithm 4.1 runs. If the subsampling size

n >
σ2
N log p

δ2[min{1
2
λmin(ΣN), 1

2
λmin(ΣN)(1

2
λmin(ΣN) − 1)} − R log p

3Nδ
]
, (4.11)

then the estimate β̂ for β∗ generated by Algorithm 4.1 satisfies the following estimation in
probability 1 − δ when T → ∞,

||β̂ − β∗|| ≲ C

√
p log p

n
. (4.12)

where

C =
(σX + aϵσW )(σξ + bϵσO)

a2σW + 2aσW + 1
+
aϵσW (σX + aϵσW )

a2σW + 2aσW + 1
||β∗||.

The proof of Theorem 4.1 will be given in Appendix.

Theorem 4.1 states that the proposed low-gradient subsampling is statistical consistent

with an estimation precisionO(C
√

p log p
n

), where C depends on the proportion of corruption

ϵ, the magnitudes of corruption σW , σO, the magnitude of uncontaminated data σX and
the corruption levels a, b. This precision approximately matches the optimal error bound

O(
√

p log p
n

) known for the uncontaminated data case with a slightly larger constant C.

Note that it is the first time to have such nearly state-of-art error bound for the sampled
estimator in the corrupted massive data case.
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Remark 4. (i) The lower bound of subsampling size in (4.11) roughly scales with p4 log p
N

,
that is dominaned by 1/N in the “large-N-small-p” case and thus would not tend to infinity
as N → ∞. This shows that the subsampling size n is not needed to take too large in
practice for achieving a satisfying approximation precision. In the “large-N-large-p” cases,
a similar result can be derived by assuming certain sparsity on covariates.

(ii). The error bound shown in (4.12) generalizes those previously established for the
uncontam-inated data case [22,45] (corresponding to a = b = 0 and ϵ = 0 in Theorem 4.1),
the adversarial corrupted response data case [85](corresponding to a, σW = 0, b, ϵ, σO ̸= 0)
and the corrupted covariates data case [84] (corresponding to b, σO = 0, a, ϵ, σW ̸= 0). We
build the bound in the general corruption cases(a, b, ϵ, σW , σO ̸= 0). Except for some extra

terms caused by additional assumptions, all derived bounds are of the order O(
√

p log p
n

),

nearly optimal.

(iii). It should be noted that the corruption patterns considered in Theorem 4.1 is
rather general. In particular, the assumed data could have larger portion of contamination
(larger ϵ), allow higher level of corruption (larger a, b) and more complicated contamination
forms(larger σW , σO). Theorem 4.1 supports that the proposed low-gradient subsampling
can apply to those heavily corrupted data cases.

Theorem 4.1 provides us a bound of approximation error under the assumption T → ∞.
Although it implies the feasibility of the proposed procedure for sufficient large iteration
steps, it is computationally unaffordable in general, especially for the massive data case. In
prospect of practical use, it is expected to have an error bound estimation for the sampled
estimator at any iteration step, which then can be served as clarifying the minimum number
of iteration steps necessary for the procedure to achieve a given approximation tolerance.
Theorem 4.2 below provides such an estimation.

Theorem 4.2. Let R = max
i=1,...,N

{||xi||2}, ΣN = 1
N
X̃

T
X̃, σ2

N = 2
N2

∑N
i=1

1
πi
||x̃i||4 and T is

the number of update steps Algorithm 4.1 runs. If subsample size

n >
σ2
N log p

δ2[min{1
2
λmin(ΣN), 1

2
λmin(ΣN)(1

2
λmin(ΣN) − 1)} − R log p

3Nδ
]
,

and

T ≳ log
||β(0) − β∗||

ε
.
= T0, (4.13)

then the T-step estimator β(T ) for β∗ satisfies the following estimation in probability 1− δ

||β̂(T ) − β∗|| ≲ C

√
p log p

n
+ ε.
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where C is the same as in Theorem 1.

We present the proof of Theorem 4.2 in Appendix, also. Theorem 2 shows that T0 in
inequality (4.13) provides a lower bound of iteration steps for Algorithm 4.1 to obtain a
sampled estimator meeting the approximation tolerance ε. It is seen from (4.13) that T0 is
controlled uniquely by the approximation precision of pilot β(0), which reveals the impor-
tance of choice of the initial pilot. In particular, whenever the initial pilot has attained the

precision O(
√
p log pn− 1

2 ) and ε = O(
√

p log p
n

), one step of iteration is enough to achieve

such ε-accurate estimator by (4.13). There are many one-step subsampling procedures
that can yield the pilot approximately with such high precision, say, the subsampling pro-
cedures developed in [22,45,84,85] for the considered particular cases. Nevertheless, to our
knowledge, there is no procedure available for generating such precise pilot for the general
corruption case we consider in this work. Accordingly, we suggest the use of the uniform
subsampling to define the initial pilot for simplicity.

4.4 Numerical Studies

In this section, we assess performance of the proposed low-gradient subsampling proce-
dure (LGS) compared with some other tightly related procedures, including the uniform
subsampling (UNIF), the gradient-based Markov subsampling [45] (GMS) in the linear
regression case, the optimal subsampling method motivated from the A-optimality crite-
rion [101] (OSMAC) in the logistic regression case and the maximum likelihood estimator
(MLE) with full data. Among those competing procedures, the uniform subsampling is a
well-known and very commonly applied one-step procedure, GMS is one of few low-gradient
based subsampling procedures, OSMAC is a lately well-developed iterative subsampling
procedure, and MLE is a traditionally useful estimator normally taken as a benchmark
for comparison. Several large-gradient based subsampling methods [101, 117] have also be
tested and it is found that most of them do not apply for the considered corrupted data
cases and therefore, no comparison is made in this section.

The performance of the respective procedures is evaluated on a set of numerical sim-
ulations and real data applications. While the deviation of estimator β̂ with maximum
likelihood estimator βMLE is often taken as the performance measure, we take the devia-

tion(EE) of estimator β̂ with the oracle β∗, namely,

EE(β̂) =
1

M

M∑
i=1

∥β̂ − β∗∥2
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as the measure, where M is the total number of trials. This is because that in the un-
contaminated data case, βMLE is very close to the oracle β∗ but, in the corrupted data
case, they are significant different. To make comparison fair, we enforce every procedure
using a totally same number of samples R to get its estimator, and therefore, for one-step
procedures, R is the subsampling size while for iterative procedures, n = R/T is the sub-
sampling size at each update step. Simulations are repeatedly conducted 500 times and the
average performance over 500 times is taken as the final result. All numerical simulations
are conducted on a personal computer using R v3.6.0 [88] with an Intel i7 processor with
12 logical processors and 16G of RAM. The real data application is conducted by using R

v3.6.0 on Compute Canada’s Cedar cluster with 32 logical processors and 200G of RAM.

4.4.1 Simulations

We present two simulations for comparison with artificially designed corruption datasets,
one is for the linear regression and the other is for the logistic regression. Beside estimation
error (EE), two other criteria, the positive screening rate (PSR) and the computational
time (Times), are also evaluated and reported.

4.4.1.1 The Linear Regression Problem

In this simulation, the dataset D = {(xi, yi)}Ni=1 is generated by the model

Y = Xβ∗ + ξ,

where X ∼ Np(0, 3Ip), ξ ∼ N(0, 5), β∗ is fixed oracle. With reference to the corruption
model (4.2), we consider the case of contamination level a = b = 1, the proportion of
corruption ϵ = 0.2, 0.3, 0.4 and the four types of corruption mode O1-O4 below. The
contamination is characterized by W,O in (4.2) with each component independently and
respectively generated according to

O1 (mixed design): Wij ∼ 0.5N(−10, 3) + 0.5N(10, 3), Oi ∼ N(−10, 5).

O2 (Negative contamination with centered design): Wij ∼ N(0, 10), Oi ∼ N(−10, 5).

O3 (Background Noise): Wij ∼ N(0, 10), Oi ∼ N(0, 5).

O4 (Sub-Gaussian Noise): Wij ∼ Unif(−10, 10), Oi ∼ Unif(0, 10).

In the simulation, N = 10, 000, p = 100, c = 0.01, d = 1, n = 500 and β∗ = (β∗
j )1×p with

β∗
j = 2 or −2 in probability 0.5. The simulation results are shown in Tables 4.1-4.4.
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Contamination Prop. EE Time (s) PSR
R 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.36 (0.07) 0.23 (0.08) 0.16 0.32 99.63% 99.76%
UNIF 1.38 (0.04) 1.40 (0.03) 0.01 0.03 80.01% 80.00%
GMS 0.85 (0.11) 0.91 (0.07) 0.33 0.59 94.00% 95.77%
MLE 1.41 0.08 NA

ϵ = 0.3

LGS 0.48 (0.10) 0.45 (0.09) 0.16 0.30 99.12% 99.54%
UNIF 1.54 (0.04) 1.56 (0.02) 0.01 0.03 70.01% 69.95%
GMS 1.25 (0.05) 1.25 (0.07) 0.32 0.59 87.40% 87.89%
MLE 2.04 0.07 NA

ϵ = 0.4

LGS 0.81 (0.10) 0.61 (0.08) 0.15 0.29 97.57% 98.44%
UNIF 1.65 (0.02) 1.65 (0.01) 0.01 0.03 59.95% 60.10%
GMS 1.45 (0.04) 1.47 (0.03) 0.30 0.61 80.04% 82.84%
MLE 2.02 0.07 NA

Table 4.1: Comparison results under O1 contamination mode.

Contamination Prop. EE Time (s) PSR
R 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.40 (0.07) 0.19 (0.05) 0.16 0.33 99.74% 99.77%
UNIF 1.33 (0.04) 1.34 (0.02) 0.01 0.03 80.11% 80.15%
GMS 0.82 (0.07) 0.82 (0.05) 0.32 0.60 93.81% 94.62%
MLE 1.35 0.07 NA

ϵ = 0.3

LGS 0.59 (0.08) 0.40 (0.07) 0.16 0.31 98.98% 99.28%
UNIF 1.55 (0.03) 1.55 (0.02) 0.01 0.03 70.40% 70.23%
GMS 1.24 (0.05) 1.24 (0.03) 0.31 0.58 88.20% 88.97%
MLE 2.07 0.08 NA

ϵ = 0.4

LGS 0.82 (0.08) 0.73 (0.08) 0.15 0.30 97.20% 97.78%
UNIF 1.63 (0.02) 1.62 (0.01) 0.01 0.03 59.90% 59.94%
GMS 1.41 (0.05) 1.43 (0.03) 0.31 0.60 81.43% 84.05%
MLE 2.02 0.08 NA

Table 4.2: Comparison results under O2 contamination mode.
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Contamination Prop. EE Time (s) PSR
R 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.38 (0.08) 0.28 (0.06) 0.16 0.32 99.49% 99.65%
UNIF 1.34 (0.04) 1.36 (0.02) 0.01 0.03 80.15% 80.07%
GMS 0.81 (0.09) 0.83 (0.07) 0.31 0.63 93.75% 94.12%
MLE 1.36 0.08 NA

ϵ = 0.3

LGS 0.56 (0.10) 0.45 (0.08) 0.17 0.30 99.08% 99.12%
UNIF 1.52 (0.03) 1.52 (0.02) 0.01 0.03 69.74% 69.99%
GMS 1.20 (0.05) 1.24 (0.05) 0.32 0.58 87.88% 88.37%
MLE 2.05 0.07 NA

ϵ = 0.4

LGS 0.83 (0.10) 0.65 (0.09) 0.17 0.35 97.39% 97.96%
UNIF 1.60 (0.02) 1.61 (0.01) 0.01 0.03 59.92% 60.17%
GMS 1.41 (0.03) 1.44 (0.03) 0.33 0.67 81.14% 82.22%
MLE 2.04 0.08 NA

Table 4.3: Comparison results under O3 contamination mode.

Contamination Prop. EE Time (s) PSR
R 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.32 (0.09) 0.26 (0.06) 0.11 0.20 99.09% 99.18%
UNIF 0.85 (0.04) 0.84 (0.02) 0.01 0.03 79.94% 79.93%
GMS 0.44 (0.05) 0.44 (0.04) 0.20 0.39 93.59% 93.86%
MLE 0.86 0.07 NA

ϵ = 0.3

LGS 0.45 (0.08) 0.37 (0.09) 0.16 0.30 97.86% 98.16%
UNIF 1.04 (0.03) 1.05 (0.02) 0.01 0.03 70.19% 70.39%
GMS 0.75 (0.05) 0.76 (0.07) 0.32 0.59 86.00% 87.46%
MLE 2.33 0.07 NA

ϵ = 0.4

LGS 0.77 (0.12) 0.63 (0.11) 0.11 0.21 94.70% 95.78%
UNIF 1.19 (0.03) 1.18 (0.02) 0.01 0.03 60.10% 60.08%
GMS 0.96 (0.05) 0.96 (0.03) 0.20 0.40 79.29% 80.49%
MLE 2.15 0.07 NA

Table 4.4: Comparison results under O4 contamination mode.
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EE O1 O2 O3 O4

ϵ = 0.2
LGS 0.36 (0.07) 0.40 (0.07) 0.38 (0.08) 0.32 (0.09)

UNIF-Multi 1.42 (0.01) 1.40 (0.01) 1.36 (0.01) 0.89 (0.01)

ϵ = 0.3
LGS 0.48 (0.10) 0.59 (0.08) 0.56 (0.10) 0.45 (0.08)

UNIF-Multi 1.56 (0.01) 1.55 (0.01) 1.55 (0.01) 1.07 (0.01)

ϵ = 0.4
LGS 0.81 (0.10) 0.82 (0.08) 0.83 (0.10) 0.77 (0.12)

UNIF-Multi 1.65 (0.01) 1.63 (0.01) 1.65 (0.01) 1.22 (0.01)

Table 4.5: Comparison results of LGS and UNIF under same computation time(0.16s) for
different contamination modes O1-O4.

Tables 4.1-4.4 demonstrate a consistent performance of all 4 procedures under different
contamination modes. It can be seen from Tables 4.1-4.4 that the estimation error for
LGS tend to decrease monotonically as the total subsampling size increases. The proposed
procedure LGS outperforms the other 3 procedures UNIF, GMS and MLE in the sense of
always achieving the lowest estimation error (EE) and the largest positive screening rate
(PSR). It costs also less computation time than GMS, but it takes more time than UNIF
and MLE. MLE and UNIF are the typical one-step estimation methods and the fast speed
of implementation is their distinct advantage. Their precision can be obtained however
is hardly improved, as shown in Tables 4.1-4.4 (EE). We have also re-implemented UNIF
multiple rounds within the time constrains as listed in the Times LGS costs in the tables.
We record the best over those multiple round results in Table 4.5. It is found that the
best result can not still attain the same precision as LGS does. More precisely, as Table
4.5 indicates(for example, ϵ = 0.2 under O1-O4), the best results of UNIF in the multiple
rounds attain precision 1.42, 1.40, 1.36, 0.89 within the same time LGS costs, while LGS
attain 0.36, 0.40, 0.38, 0.32. This shows that LGS is capable of attaining the highest
precision estimation with a comparable or acceptable time for the considered corruption
data cases.

Note that in the simulation, we have set n = 500, R = 0.2N, 0.4N and thus LGS
terminates at 4-th, 8-th update step. This shows that the LGS can generate a satisfying
estimator with the lowest error in few steps, supporting the theoretical claims of Theorems
4.1 and 4.2.

4.4.1.2 The Logistic Regression Problem

In this simulation, the dataset D = {(xi, yi)}Ni=1 is generated according to the model
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πi =
exp(xiβ

∗)

1 + exp(xiβ
∗)
, yi ∼ B(πi),

where X ∼ Np(0,Σ). Corresponding to the corruption model (4.2), we consider the case of
proportion of corruption ϵ = 0.2, 0.3, 0.4 and two types of corruption mode B1-B2 below.
The contamination is characterized by W, Ỹ in (4.2) with each component independently
and respectively generated according to

B1(Random Contamination): Wij ∼ N(0, 1), ỹi ∼ B(0.5),

B2(Orthogonal Signal Contamination):

Wij ∼ N(0, 1), ỹi =

{
1, πi < 0.5,

0, πi ≥ 0.5.

This B2 mode contains a heavy corruption case where the response variable might have an
opposite change.

In this simulation, we fix N = 10, 000, p = 10, 50, Σ = Ip, c = 0.01, d = 1, n = 500 and
β∗ = (β∗

j )1×p with β∗
j = 1 or −1 in probability 0.5. The simulation results are reported in

Tables 4.6-4.9.

Contamination Prop. Estimation Error Time (seconds) PSR
R = 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.32 (0.02) 0.30 (0.15) 0.022 0.035 92.41% 92.26%
UNIF 0.59 (0.03) 0.59 (0.02) 0.004 0.005 79.99% 80.01%

OSMAC 0.59 (0.04) 0.59 (0.04) 0.006 0.009 87.00% 91.50%
MLE 0.93 0.011 NA

ϵ = 0.3

LGS 0.32 (0.02) 0.32 (0.02) 0.022 0.033 87.48% 88.66%
UNIF 0.71 (0.02) 0.70 (0.01) 0.004 0.005 69.87% 70.12%

OSMAC 0.71 (0.02) 0.70 (0.02) 0.005 0.009 82.70% 85.05%
MLE 1.00 0.011 NA

ϵ = 0.4

LGS 0.35 (0.05) 0.34 (0.05) 0.023 0.034 77.77% 79.87%
UNIF 0.78 (0.02) 0.78 (0.01) 0.004 0.005 59.93% 60.00%

OSMAC 0.78 (0.03) 0.78 (0.03) 0.005 0.009 77.63% 78.82%
MLE 1.01 0.011 NA

Table 4.6: Comparison results under B1 contamination mode with p = 10.

Tables 4.6-4.9 demonstrate a similar performance with the linear case. That is, LGS
can yield the estimator with the highest precision and the largest PSR within a comparable
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Contamination Prop. Estimation Error Time (seconds) PSR
R = 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.67 (0.01) 0.66 (0.01) 0.097 0.156 88.52% 89.48%
UNIF 0.76 (0.02) 0.77 (0.02) 0.018 0.035 79.81% 79.81%

OSMAC 0.77 (0.02) 0.77 (0.03) 0.027 0.048 86.74% 88.07%
MLE 0.96 0.075 NA

ϵ = 0.3

LGS 0.65 (0.05) 0.66 (0.06) 0.095 0.160 88.24% 88.70%
UNIF 0.84 (0.01) 0.84 (0.01) 0.016 0.030 70.27% 70.07%

OSMAC 0.85 (0.01) 0.84 (0.02) 0.026 0.049 81.62% 85.68%
MLE 1.00 0.070 NA

ϵ = 0.4

LGS 0.64 (0.09) 0.66 (0.06) 0.093 0.163 89.52% 88.68%
UNIF 0.88 (0.01) 0.89 (0.01) 0.014 0.028 59.85% 59.83%

OSMAC 0.89 (0.01) 0.89 (0.01) 0.026 0.046 77.17% 83.48%
MLE 1.00 0.068 NA

Table 4.7: Comparison results under B1 contamination mode with p = 50.

Contamination Prop. Estimation Error Time (seconds) PSR
R = 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.27 (0.02) 0.27 (0.02) 0.026 0.039 93.68% 93.79%
UNIF 0.58 (0.03) 0.59 (0.02) 0.002 0.004 80.02% 80.01%

OSMAC 0.59 (0.03) 0.59 (0.03) 0.005 0.008 87.00% 93.48%
MLE 0.93 0.008 NA

ϵ = 0.3

LGS 0.32 (0.02) 0.31 (0.02) 0.025 0.037 82.92% 84.12%
UNIF 0.70 (0.01) 0.70 (0.01) 0.003 0.004 70.02% 70.15%

OSMAC 0.69 (0.03) 0.69 (0.03) 0.005 0.009 82.10% 84.01%
MLE 1.00 0.008 NA

ϵ = 0.4

LGS 0.36 (0.05) 0.35 (0.05) 0.026 0.035 78.19% 80.43%
UNIF 0.78 (0.02) 0.78 (0.01) 0.002 0.003 59.94% 60.03%

OSMAC 0.78 (0.02) 0.78 (0.02) 0.005 0.006 77.66% 79.80%
MLE 1.00 0.006 NA

Table 4.8: Comparison results under B2 contamination mode with p = 10.
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Contamination Prop. Estimation Error Time (seconds) PSR
R = 0.2N 0.4N 0.2N 0.4N 0.2N 0.4N

ϵ = 0.2

LGS 0.66 (0.03) 0.66 (0.01) 0.094 0.152 88.36% 87.72%
UNIF 0.78 (0.01) 0.78 (0.01) 0.018 0.027 79.08% 79.86%

OSMAC 0.77 (0.02) 0.76 (0.02) 0.025 0.043 86.28% 86.11%
MLE 0.96 0.058 NA

ϵ = 0.3

LGS 0.69 (0.03) 0.67 (0.04) 0.090 0.159 92.16% 92.80%
UNIF 0.84 (0.01) 0.84 (0.01) 0.017 0.027 70.16% 69.76%

OSMAC 0.84 (0.01) 0.85 (0.01) 0.022 0.040 81.57% 84.96%
MLE 1.00 0.050 NA

ϵ = 0.4

LGS 0.70 (0.04) 0.63 (0.06) 0.089 0.161 89.84% 91.80%
UNIF 0.89 (0.01) 0.89 (0.01) 0.015 0.028 59.75% 60.34%

OSMAC 0.88 (0.01) 0.89 (0.01) 0.021 0.036 77.15% 82.43%
MLE 0.99 0.045 NA

Table 4.9: Comparison results under B2 contamination mode with p = 50.

or slightly higher computation time. Note that OSMAC here is a typical large-gradient
based subsampling method that has not yielded a high precision estimator(say, in the high
corruption cases ϵ = 0.3, 0.4.). This supports the observation that the large-gradient does
not apply to the highly corrupted data case, nevertheless, the low-gradient subsampling
works well.

The simulations conducted above uniformly illustrate that the proposed low-gradient
subsampling does work well for highly contaminated massive data, and it can yield sat-
isfying estimators with lower approximation error within finite steps. All the simulation
results support the correctness of Theorems 4.1 and 4.2, and also support the feasibility
and effectiveness of the proposed procedure.

4.4.2 Applications

In this subsection, we further access the proposed low-gradient subsampling by applying
it to two application problems, the housing price prediction (HPP) problem and the su-
persymmetric particle classification (SPC) problem. The HPP problem is asked to predict
the price of a house based on its properties like the lot size, living area and etc.. The
SPC problem is to distinguish between a background process and a process where new
supersymmetric particles are produced, utilizing the 18 kinematic features in the dataset.
Statistically, the HPP is a regression problem and the SPC is a classification problem. Due
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to the data collection process that unavoidably involves lie statement for privacy protection
purpose and unavoidable effect of measurement environment in modern accelerators, the
collected data are corrupted and unreliable. These two problems thus have been used as
benchmark applications for robust regression and classification study.

In these applications, neither the oracle β∗ nor the corruption pattern is known. To
make it possible to compare the respective procedures, we, instead of using the estimation
error ||β̂−β∗∥|, use the prediction error of estimator tested in a testing set to compare the
performance. Since the datasets we are dealing with are the contaminated ones, directly
taking observations from the dataset is inappropriate as the testing set, which in principle
should be consisted purely of the uncontaminated observations. To dismiss this difficulty,
we apply in each case a well-developed machine learning algorithm to approximately iden-
tify the uncontaminated data and constitute the testing set. The algorithms are all run
200 times and the average performance is taken as the final results to be reported.

4.4.2.1 The House Price Prediction Problem

The HPP problem we apply is the SaratogaHouses dataset [87] (N = 1728, p=15) that
contains 15 covariates including the lot size, living area, percent of college-educated resi-
dents in the neighbourhood, number of bathrooms and etc.. Among the 15 covariates, 6 of
them(type of heating system, type of sewer system, whether the house has central air and
etc.) are discrete variables. To make it applicable for the gradient based procedures to
work, that is developed only for continuous variables, we dismiss those 6 discrete covariates
for application. For such HPP problem, the procedure that combines a S-estimation, a M-
step, a D-estimation and another M-step (SMDM) is a well-known state-of-art algorithm
for defining a robust regression estimator [62], included in package robustbase [78]. We
apply SMDM to help us for selection of the testing set.

We write the considered dataset D̃ = {(x̃i, ỹi)}Ni=1. For implementation of the involved

procedures, we need to define the training set D̃train and the testing set D̃test, the former
has to be selected from D̃ consisted of the contaminated observations while the later
consisted of the uncontaminated data. With the help of SMDM, we firstly sort out all
the contaminated observations from D̃1 , denoted by D̃cont, and then select a random
subset D̃sub from D̃ \ D̃cont. The training set is defined as D̃train = D̃sub ∪ D̃cont, with

variable size of D̃sub, and the rest subset of D̃ \ D̃cont being defined as the testing set D̃test.

1Suppose SMDM defines its estimator β̂ through minimizing the cost function l(·). ψ(·) is the linear-
quadratic-quadratic (lqq) function which is proportional to the derivative of l(·). An observation xi is

identified as a corrupted one if ψ(ei)/ei < 0.5, where ei = yi − xiβ̂.
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The number of D̃sub controls the proportion of corruption ϵ = |D̃cont|/|D̃sub ∪ D̃cont| and

therefore, varying the number of D̃sub provides a way to observe the effect of corruption
level for the procedures in comparison.

We apply the low-gradient subsampling LGS to D̃ together with other 4 procedures,
UNIF, GMS, MLE and SMDM on the full training set, in comparison. The total number
of samples is fixed at R = 0.1N , the hyperparameters α = 0.1, c = 1, d = 0.01, the
contamination proportion ϵ varies from 0.091, 0.124, 0.166, 0.250 to 0.334, and the other
related tuning parameters are set as the references [45, 62]. Computation time is not
reported as all procedures run near instantaneously.

The application results are listed in Table 4.10 and Figure 4.3. It can be seen that the
prediction errors of all procedures monotonically decreases as the proportion of corruption
ϵ decreases. They all have a similar prediction error when the data contains less corrup-
tion and however, LGS can achieve consistently greater predictive accuracy in all higher
corruption cases as compared with UNIF, GMS, MLE and SMDM. As Table 4.10 shows,
LGS has significantly improved prediction precision particularly in the heavily corrupted
cases(say, ϵ=0.250, 0.334).

Prediction Error (PE)
|Dsub| = 0.5N 0.35N 0.25N 0.15N 0.1N

ϵ 0.091 0.124 0.166 0.250 0.334
LGS 0.27 (0.02) 0.29 (0.04) 0.31 (0.06) 0.38 (0.09) 0.49 (0.14)
UNIF 0.29 (0.03) 0.33 (0.06) 0.38 (0.08) 0.51 (0.14) 0.68 (0.15)
GMS 0.27 (0.04) 0.29 (0.07) 0.32 (0.08) 0.40 (0.09) 0.54 (0.14)
MLE 0.27 (0.01) 0.30 (0.01) 0.38 (0.03) 0.46 (0.04) 0.62 (0.06)

SMDM 0.24 (0.01) 0.25 (0.01) 0.27 (0.01) 0.38 (0.03) 0.55 (0.07)

Table 4.10: Performance comparison of LGS as compared with UNIF, GMS, MLE and
SMDM when applied to the house price prediction problem.
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Figure 4.3: Predictive error of LGS, MLE and SMDM as corruption proportion varies.

4.4.2.2 The Supersymmetric Particle Classification Problem

We apply LGS together with UNIF and OSMAC, a well-developed classification algorithm
[101], to the supersymmetric particle classification problem. The dataset collected for
this problem is the supersymmetric dataset [4] where N = 5, 000, 000 and p = 18. The
problem is to classify the supersymmetric particles according to 8 low level measured
kinematic features and 10 high level computed kinematic features. The dataset is massive
(N = 5, 000, 000) but lightly corrupted. To well observe the impact of corruption, we
therefore add a variable contamination on the data according to the corruption model
(4.2) with a = 1, ϵ ranging from 0.05 to 0.15 and

Wij ∼ U(min(X.j),max(X.j)), for all j = 1, 2, . . . , 18, yi ∼ B(0.5).

In this application, following [4] and [101], the first 4, 500, 000 observations are used as
a training set, and the last 500, 000 as the testing set. Comparisons are made in terms of
classification precision for the obtained estimator β̂ to correctly classify the testing set. The
comparison results are shown in Figure 4.4, where the total subsampling size R = 2, 000
for all methods, and LGS is run for 5 iterations at α = 0.1, c = 1 and d = 0.01.

We can see from Figure 4.4 that the classification precision of all the procedures de-
crease as the contamination level increases and all the methods are comparable in precision
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when no noise is artificially added. When the data have corruption, however, LGS always
outperforms at all noise levels.
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Figure 4.4: Classification error of LGS, UNIF and OSMAC as corruption proportion varies.

The applications in subsections 4.4.2.1 and 4.4.2.2 all show that the proposed LGS
does can deal with heavily corrupted massive data as compared with other well-developed
estimation procedures. It can yield more precise prediction estimator and can be practically
applied to complicated massive data even contamination pattern unknown.

4.5 Conclusion

In this chapter, we have proposed a low-gradient subsampling procedure for dealing with
corrupted massive data. Through uncovering the special role of low-gradient observations
that corresponds to the less corrupted data, it is suggested the use of low-gradient sub-
sampling in opposite to the traditional approach for prediction performance subsampling
that use the large-gradient. In cooperation with a memorized regularization iteration,
the proposed procedure recursively draws low-gradient observations and updates sampling
probabilities according to the new prediction performance. It is shown that the procedure

is statistically consistent with achieving a nearly optimal estimation precision O(C
√

p log p
n

),

the same as that known for uncontaminated data case. It is also shown that procedure
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can terminate in a finite step. The simulations and applications all support the validity
of the established theories, and demonstrate its effectiveness and efficiency. In particular,
the outperformance of the suggested procedure over other commonly used subsampling
methods is demonstrated when the data contain heavy contamination or corruption.

There are several ways to improve the current research, say, establishing similar pro-
cedures and theories for more general nonlinear model and more complicated corruption
pattern; reducing the computation complexity for gradient based subsampling(especially
avoiding the use and computation of gradient matrix) and increasing the estimation pre-
cision by using more delicate iterative update scheme. All these problems are under our
current research.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In this dissertation, I developed new statistical methods for feature screening and sub-
sampling with massive data, which can be distributively stored, heterogeneous, and highly
corrupted.

Specifically, for feature screening with distributed data, I proposed a new distributed
feature screening approach DHS, which is computationally convenient and is therefore
suitable for huge data. The new algorithm enables the master machine to aggregate all
of the results from the local machines and broadcast the aggregated result as guidance
to each local machine. In this way, the new algorithm leverages much more information
in the dataset through more communication between local machines to screen features.
The proposed algorithm outperforms the existing marginal-information-based distributed
methods by taking into consideration joint effects between features and rich communica-
tions between computers. We also established convergence of the algorithm and its sure
screening property within a finite number of iterations. Empirical studies demonstrate that
compared with existing screening methods, DHS has a remarkable capacity of retaining
relevant features under all designs that we consider. In contrast to simple aggregating
methods, DHS enables more communication among all machines to leverage more infor-
mation contained in the whole dataset. These advantages render the DHS promising for
feature screening in the large-N -large-p regime.

For the research of feature screening for ultrahigh dimensional heterogenous data, I pro-
posed a novel method to screen irrelevant covariates for ultrahigh dimensional Gaussian
mixture regression in Chapter 3. Specifically, the new method is built upon a sparsity-
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restricted expectation-approximation-maximization procedure, which simultaneously de-
tects varying sets of key features for multiple classes (mixture components). I also proved
that sEAM procedure is non-decreased after every iteration, which extend the existing
convergence theory in the general analysis of EM algorithm. The new method enjoys the
all-class sure screening property and is computationally attractive in practice. Extensive
experiments on synthetic and real datasets demonstrated that the new approach is supe-
rior to those of existing methods in accuracy, retaining capacity, positive selection rate
and computational time. All these results showed that the new approach consistently
outperforms existing methods.

For the research of analysis in corrupted massive data, I formulated a model for com-
plete corrupted massive datasets where both covariates and response are contaminated.
This model is more realistic with respect to real data which is subject to many different
sources of measurement noise or heterogeneity in the datasets. To cope with the corrupted
massive data, I proposed a low-gradient subsampling procedure. Through uncovering the
special role of low-gradient observations that corresponds to the less corrupted data, it is
suggested the use of low-gradient subsampling in opposite to the traditional approach for
prediction performance subsampling that use the large-gradient. Specifically, I obtained a
crude estimator based on a simple pilot selection and constructed subsets by selecting sam-
ples of small gradient to achieve a reliable improvement in each step. I showed that under
mild conditions, the procedure is statistically consistent with achieving a nearly optimal es-
timation precision, the same as that known for uncontaminated data case. The simulations
and applications all support the validity of the established theories, and demonstrated its
effectiveness and efficiency. In particular, the outperformance of the suggested procedure
over other commonly used subsampling methods is demonstrated when the data contain
heavy contamination or corruption.

5.2 Future Research

In the remainder of this chapter, we present several possible directions for future research.

5.2.1 Large-N-large-p Data

Unbalanced data segments.

Currently, all analysis and theoretical results are based on equal size data segments. How-
ever, it isn’t common in the real world, especially if the entire dataset is stored at different
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locations and even the data segments are not I.I.D. To tackle this situation, I will consider
a weight which proportion to data quality and sample size of sparse regression model or
mixture of noise distributions.

Other model setups such as GLM.

I will extend the current distributed consensus sparse regression model to generalized linear
model. The convergence and sure screening theories including finite-step theory will also
be updated by rewriting the closed-form ADMM updating procedure.

More real-world large-N-large-p datasets.

So far, I considered several datasets generated synthetically and one real-world dataset,
which is not enough for exploring the effectiveness and performance of the procedure. I
will try to utilize DHS procedure in more real-world data in the application such as gene
analysis of COVID-19 or shipment safety inspection of customs auto-scan.

5.2.2 Ultra-high Dimensional Heterogeneous Data

Estimating the number of components K

In the proposed method, I assumed that the number of classes K is pre-specified. The
simulation study seems to indicate that the new method is relatively robust against the
over-specification of K. Therefore, in practice, when K is unknown, one may consider a
liberal model with an upper bound of K and carry out the proposed method with a sparsity
restriction ∥β∥ ≤ s on the overall β = (β1, . . . , βK). With a proper s, the extended method
may help to simultaneously screen out both irrelevant features and redundant classes. A
careful analysis of this situation is a promising topic for future research.

Mixture of generalized regression models

The current work focuses on Gaussian mixture regressions. One may naturally extend the
proposed method to mixture of generalized regression models.

More real data applications.

Due to technology limitations and resource constraints, the public data contain enormous
amounts of heterogeneity that have not been fully exploited so far. It is essential and
necessary to verify sEAM procedure on different applications. We will seek more suitable
datasets and implement our procedure on them.
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5.2.3 Corrupted Massive Data

A new adaptive probabilities criterion on observations.

Currently, I set probabilities according to gradient matrix, which is a preliminary explo-
ration of sampling approach. Besides, the calculation of gradient matrix on the whole
sample is time consuming. In the future, I will attempt to propose a new adaptive proba-
bilities setting criterion to reduce computing time and improve performance of procedure.

Spare structure in LGS procedure.

Due to the computational burden, the dimension of datasets is usually low in our exper-
iments. I will try to extend the proposed LGS procedure for high-dimensional corrupted
massive datasets. Specifically, the LGS procedure will be extended by existing sparse
regularization such LASSO, SCAD, L1/2 or MCP.

Hyperparameters in LGS procedure.

LGS procedure contains many hyperparameters such as convex parameter α, regularization
parameters c and d or even subsampling size n. All these hyperparameters make current
LGS procedure difficult to set and run in practice. It would be better if a deep exploration
of hyperparameters is implemented. I will trial statistical criterions such as AIC, BIC to
gain a deep understanding on setting these hyperparameters.

5.3 Final Remarks

When the aim of a dissertation is to further the frontiers of a research discipline, it is
arguable as to whether or not a dissertation can be completed at all. There is always one
more question to answer, one more topic to discuss, or one more example to give. Thus
there is always one more thing to write or to append to the dissertation at any given
stage. However, although the dissertation cannot be completed, it must be concluded,
which is where I should stop now. Although I have covered serval applications in writing
this dissertation, there are still many areas of research to explore. I am sure that what I
have learnt from writing this dissertation will serve me well in my future endeavors.

99



References
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Appendix A

Supplementary Information for
Chapter 2

The Appendix contains the proofs of the lemma and theorems in the Chapter 2.

A.1 Proof of Theorem 2.1

To prove Theorem 2.1, we need to introduce some notation first. Let X ∈ RN×p and
Y ∈ RN are the overall feature matrix and the overall response vector. Recall that, for l =
1, . . . ,m, X l ∈ Rn×p and Y l ∈ Rn are the observed feature matrix and the response vector
in the lth segment, respectively. Denote α = (αT

1,α
T
2, . . . ,α

T
m)T as the master auxiliary

vector of m sets of αl, l = 1, . . . ,m. Similarly, we use ρ = (ρT
1,ρ

T
2, . . . ,ρ

T
m)T to represent

the master of all Lagrange multiplier vectors ρl’s. Let hl(αl) = 1
2
∥Y l −X lαl∥22, h(α) =

1
2

∑m
l=1 ∥Y l − X lαl∥22 and λ = maxl=1,...,m λmax(X

T

lX l). Let β
(t+1)

denote the β-update

without the hard thresholding function Hk(·), i.e., β
(t+1)

= arg minβ

∑m
l=1⟨ρ

(t)
l ,α

(t)
l −β⟩+

η
2

∑m
l=1 ∥α

(t)
l − β∥2. Before proving Theorem 2.1, we need to show the following lemma

first.

Lemma A.1. In the DHS procedure in Algorithm 2.1, for any 1 ≤ l ≤ m and every t, the
following results hold:

(a). ρ
(t)
l = −∇hl(α(t)

l ).

(b). ∥∇hl(α(t+1)
l ) −∇hl(α(t)

l )∥22 ≤ λ2∥α(t+1)
l −α

(t)
l ∥22.
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(c). η
2
∥α(t)−β

(t+1)∥22−
η
2
∥α(t)−β(t+1)∥22 =

∑m
l=1⟨ρ

(t)
l ,β

(t+1)−β̄
(t+1)⟩−mη

2
∥β(t+1)−β̄

(t+1)∥22.

Proof of Lemma A.1. Part (a) follows directly from the optimality of α
(t)
l . For any l =

1, . . . ,m, we have

0 = ∇hl(α(t)
l ) + ρ

(t−1)
l + η(α

(t)
l − β(t)) = ∇hl(α(t)

l ) + ρ
(t)
l ,

and therefore,
ρ
(t)
l = −∇hl(α(t)

l ).

For part (b), by the definition of hl(αl), it follows that

∇hl(αl) = −X⊤
l (Y l −X lαl). (A.1)

Therefore,

∥∇hl(α(t+1)
l ) −∇hl(α(t)

l )∥22 = ||X⊤
l X l(α

(t+1)
l −α

(t)
l )||22 ≤ λ2||α(t)

l −α
(t+1)
l ||22

The last inequality follows from the fact that ∥Bz∥2 ≤ λmax(B
TB)∥z∥2 for any z.

For part (c), since

β
(t+1)

= arg min
β

m∑
l=1

⟨ρ(t)
l ,α

(t)
l − β⟩ +

η

2

m∑
l=1

∥α(t)
l − β∥2,

we have
m∑
l=1

ρ
(t)
l + η

m∑
l=1

(
α

(t)
l − β

(t+1)
)

= 0.

Thus, it follows that
m∑
l=1

α
(t)
l =

1

η

m∑
l=1

ρ
(t)
l +mβ

(t+1)
.

Therefore, the left-hand side of part (c) equals to

LHS =
η

2

m∑
l=1

⟨β(t+1) − β
(t+1)

, 2α
(t)
l − β

(t+1) − β(t+1)⟩

=
η

2
⟨β(t+1) − β

(t+1)
,

2

η

m∑
l=1

ρ
(t)
l +m(β

(t+1) − β(t+1))⟩

=
m∑
l=1

⟨ρ(t)
l ,β

(t+1) − β̄
(t+1)⟩ − mη

2
∥β(t+1) − β̄

(t+1)∥22.

(A.2)
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Proof of Theorem 2.1. Note that the augmented Lagrangian function L(α, β, ρ) is strong
convex with respect to each αl and β with the uniform convexity coefficient η/m. This
entails that

Lη(α
(t),β(t),ρ(t)) − Lη(α

(t),β
(t+1)

,ρ(t)) ≥ η

m
∥β(t+1) − β(t)∥22, (A.3)

Lη(α
(t),β(t+1),ρ(t)) − Lη(α

(t+1),β(t+1),ρ(t)) ≥ η

m
∥α(t+1) −α(t)∥22. (A.4)

By the definition of β
(t+1)

, L(α, β, ρ) and part (c) of Lemma A.1, one obtains

Lη(α
(t),β

(t+1)
,ρ(t)) − Lη(α

(t),β(t+1),ρ(t))

=
m∑
l=1

⟨ρ(t)
l ,β

(t+1) − β
(t+1)⟩ +

η

2
∥α(t) − β

(t+1)∥22 −
η

2
∥α(t) − β(t+1)∥22

=
m∑
l=1

2⟨ρ(t)
l − ρ

(t+1)
l ,β(t+1) − β

(t+1)⟩ +
m∑
l=1

2⟨ρ(t+1)
l ,β(t+1) − β

(t+1)⟩ − mη

2
∥β(t+1) − β̄

(t)∥22

=
m∑
l=1

2⟨∇hl(α(t+1)
l ) −∇hl(α(t)

l ),β(t+1) − β
(t+1)⟩ +

m∑
l=1

2⟨ρ(t+1)
l ,β(t+1) − β

(t+1)⟩

− mη

2
∥β(t+1) − β̄

(t)∥22

≥ −
m∑
l=1

(
∥∇hl(α(t+1)

l ) −∇hl(α(t)
l )∥22 + ∥β(t+1) − β

(t+1)∥22
)

+
m∑
l=1

2⟨ρ(t+1)
l ,β(t+1) − β

(t+1)⟩

− mη

2
∥β(t+1) − β̄

(t)∥22

≥ −λ2∥α(t+1) −α(t)∥22 −m∥β(t+1) − β
(t+1)∥22 +

m∑
l=1

2⟨ρ(t+1)
l ,β(t+1) − β

(t+1)⟩

− mη

2
∥β(t+1) − β̄

(t)∥22,
(A.5)

where the second inequality holds from part (b) of Lemma A.1.

Since β(t+1) minimizes the augmented Lagrangian function, we have
m∑
l=1

{
hl(β

(t+1)
) + ⟨ρ(t+1)

l ,β
(t+1) − β(t+1)⟩ +

η

2
∥β(t+1) − β(t+1)∥22

}
= Lη(β

(t+1)
,β(t+1),ρ(t+1))

≤ Lη(β
(t+1)

,β
(t+1)

,ρ(t+1)) =
m∑
l=1

hl(β
(t+1)

).

(A.6)
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Inequality (A.6) implies

m∑
l=1

⟨ρ(t+1)
l ,β(t+1) − β

(t+1)⟩ ≥ mη

2
∥β(t+1) − β

(t+1)∥22. (A.7)

Combining (A.5), (A.7) and by the optimality property of β
(t+1)

, we obtain

Lη(α
(t),β

(t+1)
,ρ(t)) − Lη(α

(t),β(t+1),ρ(t))

≥ −λ2∥α(t+1) −α(t)∥22 +
m(η − 2)

2
∥β(t+1) − β

(t+1)∥22.
(A.8)

By Lemma A.1, a direct calculation from the ρl-update of (2.3) leads to

Lη(α
(t+1),β(t+1),ρ(t)) − Lη(α

(t+1),β(t+1),ρ(t+1))

= −1

η
∥ρ(t+1) − ρ(t)∥22 = −1

η

m∑
l=1

∥∇hl(α(t)
l ) −∇hl(α(t+1)

l )∥22

≥ −λ
2

η
∥α(t+1) −α(t)∥22.

(A.9)

Combining (A.3), (A.4), (A.8) and (A.9), one obtains

Lη(α
(t),β(t),ρ(t)) − Lη(α

(t+1),β(t+1),ρ(t+1))

= Lη(α
(t),β(t),ρ(t)) − Lη(α

(t),β
(t+1)

,ρ(t)) + Lη(α
(t),β

(t+1)
,ρ(t)) − Lη(α

(t),β(t+1),ρ(t))

+ Lη(α
(t),β(t+1),ρ(t)) − Lη(α

(t+1),β(t+1),ρ(t))

+ Lη(α
(t+1),β(t+1),ρ(t)) − Lη(α

(t+1),β(t+1),ρ(t+1))

≥ η

m
∥β(t+1) − β(t)∥22 +

(
η

m
− λ2 − λ2

η

)
∥α(t+1) −α(t)∥22 +

m(η − 2)

2
∥β(t+1) − β

(t+1)∥22.

As the step parameter η satisfies η > max{2, (1/2)mλ2 +
√

(1/4)m2λ4 +mλ2} one has

η

m
> 0,

η

m
− λ2 − λ2

η
≥ 0, and

m(η − 2)

2
≥ 0.

Therefore, Lη(α
(t),β(t),ρ(t)) is monotonically decreasing. Also, Lη(α

(t),β(t),ρ(t)) is lower

bounded because (α(t),β(t),ρ(t)) belongs to the feasible set. Together with the fact that it
is monotonically decreasing, we conclude that Lη(α

(t),β(t),ρ(t)) is convergent.

By the convergence of Lη(α
(t),β(t),ρ(t)) and the non-expansive property of the hard

thresholding function, ∥α(t+1) − α(t)∥2, ∥β(t+1) − β(t)∥2 and ∥ρ(t+1) − ρ(t)∥2 converge to
zero as t→ ∞.
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Before presenting the detailed proof of Theorem 2.2, we first show one technical lemma
as follows.

Lemma A.2. Let {Yi}i=1,...,n be independent random variables from the exponential family
of distributions with natural parameters θi ∈ Θ. Let µi and σ2

i denote the mean and
variance of Yi, respectively. Let {νi}i=1,...,n be real numbers satisfying

n∑
i=1

ν2i σ
2
i = 1, max

1≤i≤n
ν2i = O(n−1).

Then, there exists a positive sequence dn = o(n1/2) such that

P
( n∑

i=1

νi(Yi − µi) > dn
)
≤ exp

(
−d2n/3

)
for sufficiently large n.

Lemma A.2 establishes an important property of the exponential family, which will be
used in Theorem 2.2. The proof of Lemma A.2 can be found in [16] and is thus omitted.

A.2 Proof of Theorem 2.2

We now prove Theorem 2.2.

Proof of Theorem 2.2. We prove this theorem by showing that at the t-th iteration, the
estimator ŝt asymptotically falls into the collection of overfitted models that contain s∗ as a
submodel. This is guaranteed by the fact that the minimum of the augmented Lagrangian
function based on an overfitted model is asymptotically less than that of any underfitted
model with at least one feature in s∗ excluded.

For convenience, let Lη(βs′) = Lη(α,βs′ ,ρ). Let βs be the unrestricted β- update
estimator of β based on model s. The theorem is proved if P{ŝ ∈ Sk

+} → 1. Thus, it
suffices to show that

P

(
min
s∈Sk

−

Lη(βs) ≤ max
s∈Sk

+

Lη(βs)

)
→ 0, as N → ∞.

For any s ∈ Sk
−, define s′ = s ∪ s∗ ∈ S2k

+ . Take one βs′ that is close to β∗
s′ such that

∥βs′ − β∗
s′∥ = ω1N

−τ1 , wehre ω1 and τ1 > 0 are defined in Assumption 2. Let SN(β) and
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HN(β) be the gradient and the Hessian of the augmented Lagrangian function Lη(α,β,ρ),
respectively. By Taylor’s expansion, we have

Lη(β
∗
s′) − Lη(βs′) = (β∗

s′ − βs′)SN(β∗
s′) −

1

2
(βs′ − β∗

s′)HN(β̃
∗
s′)(βs′ − β∗

s′)

≤ ω1N
−τ1∥SN(β∗

s′)∥2 −
ηm

2
∥βs′ − β∗

s′∥22

≤ ω1N
−τ1∥SN(β∗

s′)∥2 −
c1ω

2
1

2
N1−2τ1 ,

where β̃
∗
s′ is an intermediate value between βs′ and β∗

s′ . Thus, it follows

P
(
Lη(β

∗
s′) − Lη(βs′) ≥ 0

)
≤ P

(
ω1N

−τ1∥SN(β∗
s′)∥2 −

c1ω
2
1

2
N1−2τ1 ≥ 0

)
= P

(
∥SN(β∗

s′)∥2 ≥
c1ω1

2
N1−τ1

)
.

Since Lη(βs′) is convex in βs′ , the above result holds for any βs′ satisfying ∥βs′ − β∗
s′∥ ≥

ω1N
−τ1 . Now consider t-iteration with α

(t)
l , β(t) and ρ

(t)
l . For any s ∈ Sk

−, let β̆
(t)

s′ be

augmented β(t)
s with zero entries corresponding to the elements in s′ \ s∗. By Assumption

1, ∥β̆
(t)

s′ − β∗
s′∥2 ≥ ∥β∗

s′∥2 ≥ ω1N
−τ1 . Therefore, it suffices to show that

P
(
∥S(t)

N (β∗
s′)∥2 ≥ c1ω1/2 ·N1−τ1

)
= o(1). (A.10)

By the definition of Lη(α,β
∗
s′ ,ρ), one has

S
(t)
N (β∗

s′) = −
m∑
l=1

ρ
(t)
l − η

m∑
l=1

(α
(t)
l − β∗

s′).

Additionally, by the αl-update and ρl-update in (2.3), one has

X⊤
l X lα

(t+1)
l = X⊤

l Y l + ηβ
(t+1)
l − ηα

(t+1)
l − ρ

(t)
l = X⊤

l Y l − ρ
(t+1)
l .

It is equivalent to
ρ
(t+1)
l = X⊤

l Y l −X⊤
l X lα

(t+1)
l . (A.11)
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Hence,

∥S(t)
N (β∗

s′)∥2 =
∥∥ m∑

l=1

ρ
(t)
l + η(α

(t)
l − β∗

s′)
∥∥
2

=
∥∥ m∑

l=1

(X⊤
l Y l −X⊤

l X lα
(t)
l + ηα

(t)
l − ηβ∗

s′)
∥∥
2

= ∥
m∑
l=1

X⊤
l (Y l −X lβ

∗
s′) −

m∑
l=1

(ηI −X⊤
l X l)(β

∗
s′ −α

(t)
l )∥2

≤ ∥X⊤(Y −Xβ∗
s′)∥2 +

m∑
l=1

∥(ηI −X⊤
l X l)(β

∗
s′ −α

(t)
l )∥2

:= (i) + (ii).

(A.12)

For term (i) in (A.12), we have

P
(
∥X⊤(Y −Xβ∗

s′)∥2 ≥
c1ω1

6
N1−τ1

)
≤
∑
j∈s′

P

{ n∑
i=1

(yi − xT

iβ
∗
s′)xij

}2

≥ k−1c21ω
2
1/36 ·N2−2τ1


=
∑
j∈s′

P

{ n∑
i=1

(yi − E(yi|xi))xij

}2

≥ k−1c21ω
2
1/36 ·N2−2τ1

 .

(A.13)

Let νi = xij/
√∑N

i=1 x
2
ij. Thus

∑N
i=1 ν

2
i = 1. By Assumptions 2 and 3, one has maxi{ν2i } ≤

N−1,
∑N

i=1 x
2
ij ≤ c22N and k ≤ ω2N

τ2 . Therefore, the conditions in Lemma A.2 are all
satisfied. By Lemma A.2,

P

(
n∑

i=1

{yi − E(yi|xi)}xij ≥
c1ω1

6
k−

1
2N1−τ1

)

≤ P

(
N∑
i=1

νi{yi − E(yi|xi)} ≥ c1ω1

6c2
N

1
2
(1−2τ1−τ2)

)

≤ exp

(
− c21ω

2
1

108c22
N1−2τ1−τ2

)
.

(A.14)
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Using the same strategy, we obtain that

P

(
n∑

i=1

{yi − E(yi|xi)}xij ≤ −c1ω1

6
k−

1
2N1−τ1

)
≤ exp

(
− c21ω

2
1

108c22
N1−2τ1−τ2

)
. (A.15)

Combining the inequalities (A.14) and (A.15), we have

P
(
∥X⊤(Y −Xβ∗

s′)∥2 ≥
c1ω1

6
N1−τ1

)
≤ 4k exp

(
− c21ω

2
1

108c22
N1−2τ1−τ2

)
≤ 4ω2 exp

(
τ2 logN − c21ω

2
1

108c22
N1−2τ1−τ2

)
= o(1).

(A.16)

For term (ii) in (A.12), we have

m∑
l=1

∥(ηI −X⊤
l X l)(β

∗
s′ −α

(t)
l )∥2 ≤ (η − c1n)

m∑
l=1

∥β∗
s′ −α

(t)
l ∥2

and

∥β∗
s′ −α

(t)
l ∥2

= ∥β∗
s′ − (X⊤

l X l + ηI)−1(ηβ(t) + X⊤
l X lα

(t−1)
l )∥2

= ∥(β∗
s′ −α

(t−1)
l ) − (X⊤

l X l + ηI)−1η(β(t) −α
(t−1)
l )∥2

≤ ∥(β∗
s′ −α

(t−1)
l ) − (X⊤

l X l + ηI)−1η(β
(t) −α

(t−1)
l )∥2

= ∥(β∗
s′ −α

(t−1)
l ) − (X⊤

l X l + ηI)−1X⊤
l (Y l −X lα

(t−1)
l )∥2

= ∥(β∗
s′ −α

(t−1)
l ) − (X⊤

l X l + ηI)−1[X⊤
l X l(β

∗
s′ −α

(t−1)
l ) + X⊤

l (Y l −X lβ
∗
s′)]∥2

= ∥(X⊤
l X l + ηI)−1η(β∗

s′ −α
(t−1)
l ) − (X⊤

l X l + ηI)−1X⊤
l (Y l −X lβ

∗
s′)∥2

≤ η

η + c1n
∥β∗

s′ −α
(t−1)
l ∥2 +

1

η + c1n
∥X⊤

l (Y l −X lβ
∗
s′)∥2

≤ . . . ≤
(

η

η + c1n

)t

∥β∗
s′ − β(0)∥2 +

t∑
j=1

ηj−1

(η + c1n)j
∥X⊤

l (Y l −X lβ
∗
s′)∥2.

(A.17)

The first term of last inequality of (A.17) approaches to 0 as t → ∞. Following the
same strategy in (A.13)-(A.16) of term (i), the second term of last inequality of (A.17) is
sufficiently small with probability approaching to 1 as n→ ∞.
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Combining the above inequalities and letting t→ ∞, we get

P (Lη(β
∗
s′) − Lη(βs′) ≥ 0) ≤ 4ω2 exp

(
τ2 logN − c21ω

2
1

108c22
N1−2τ1−τ2

)
.

Consequently, by Bonferroni inequality and condition τ1 + τ2 ≤ (1 − a)/2, we have

P{min
s∈Sk

−

Lη(βs′) ≤ Lη(β
∗
s′)} ≤

∑
s∈Sk

−

P{Lη(βs′) ≤ Lη(β
∗
s′)}

≤ pkP{Lη(βs′) ≤ Lη(β
∗
s′)}

≤ 4ω2 exp
(
τ2 logN + ω2N

a+τ2 − c21ω
2
1/108c22 ·N1−2τ1−τ2

)
= o(1).

(A.18)
Consequently,

P{min
s∈Sk

−

Lη(βs) ≤ max
s∈Sk

+

Lη(βs)} ≤ P{min
s∈Sk

−

Lη(β̆s′) ≤ Lη(β
∗
s′)} → 0 as N → ∞.

The theorem is therefore proved.

A.3 Proof of Theorem 2.3

Next we prove Theorem 2.3.

Proof of Theorem 2.3. To access the performance of the finite-iteration DHS procedure,
following the similar strategy of Theorem 2.2, it is sufficient to show that the first term of
(A.17) is small enough for a large iteration T . Namely, for mη ≥ c1N , we need to choose
appropriate initialization β(0) and T such that(

η

η + c1n

)T

∥β∗
s′ − β(0)∥2 ≤

ω1

6
N1−τ1 .

From the initialization of β(0) in Theorem 2.3, we have(
η

η + c1n

)T

∥β∗
s′ − β(0)∥2 ≤

(
η

η + c1n

)T
ω1

6
log p ·m1−τ1n−τ1

≤
(

η

η + c1n

)T
ω1

6
mN1−τ1 .

(A.19)
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The theorem then follows from the requirement that(
η

η + c1n

)T
ω1

6
mN1−τ1 ≤ ω1

6
N1−τ1 . (A.20)

Without lose of generality, we take logarithmic function here with a natural basis e. Then,
the inequality (A.20) amounts to

(A.20) ⇔
(

η

η + c1n

)T

≤ 1

m

⇔ T log

(
η

η + c1n

)
≤ − logm

⇔ T ≥ logm

log(1 + c1n/η)

(A.21)

By the assumption mη ≥ c1N , the above inequality holds if

T ≥ 1/ log 2 · logm = T0.

Theorem 2.3 is verified.

Now we prove Corollary 2.1.

Proof of Corollary 2.1. Following the similar steps of Theorem 2.3, if the initialization β(0)

further satisfies
∥β∗

s′ − β(0)∥2 ≤
ω1

6
log pN−τ1 .

We have (
η

η + c1n

)T

∥β∗
s′ − β(0)∥2 ≤

(
η

η + c1n

)T
ω1

6
log pN−τ1

≤
(

η

η + c1n

)T
ω1

6
N1−τ1 .

(A.22)

The theorem thus follows from the requirement that(
η

η + c1n

)T

≤ 1. (A.23)

It is easy to see that the above requirement (A.23) holds for any T ≥ 1. Hence Corollary
2.1 is proved.
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Appendix B

Supplementary Information for
Chapter 3

In this appendix, we provide the proofs of theorems in the Chapter 3.

B.1 Proof of Theorem 3.1

Proof of Theorem 3.1: For the convenience of presentation, let

∆(πk, βk, σ
2
k; θ(t)) =

1

n

n∑
i=1

K∑
k=1

r
(t)
ik log

( πkϕ(yi;x
T
i βk, σ

2
k)

π
(t)
k ϕ(yi;xT

i β
(t)
k , σ

2(t)
k )

)
,

where r
(t)
ik = E(zik | yi, θ(t)) ∈ [0, 1] is defined in the Expectation step of the proposed

procedure and θ(t) = (π(t), β(t), σ2(t)) is the parameter update at the tth iteration.
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By the definition of adjusted likelihood (3.10), we have

ℓ̃n(θ(t+1)) − ℓ̃n(θ(t)) =
1

n

n∑
i=1

[
log
{ K∑

k=1

π
(t+1)
k ϕ(yi;x

T

i β
(t+1)
k , σ

2(t+1)
k )

}
− log

{ K∑
k=1

π
(t)
k ϕ(yi;x

T

i β
(t)
k , σ

2(t)
k )

}]
+

K∑
k=1

{
ψ(σ

2(t)
k ) − ψ(σ

2(t+1)
k )

}
=

1

n

n∑
i=1

[
log
{ K∑

k=1

r
(t)
ik π

(t+1)
k ϕ(yi;x

T

i β
(t+1)
k , σ

2(t+1)
k )r

−1(t)
ik

}
− log

{ K∑
k=1

π
(t)
k ϕ(yi;x

T

i β
(t)
k , σ

2(t)
k )

}]
+

K∑
k=1

{
ψ(σ

2(t)
k ) − ψ(σ

2(t+1)
k )

}
.

(B.1)

Since
∑K

k=1 r
(t)
ik = 1, Jensen’s inequality implies that

log
{ K∑

k=1

r
(t)
ik π

(t+1)
k ϕ(yi;x

T

i β
(t+1)
k , σ

2(t+1)
k )r

−1(t)
ik

}
≥

K∑
k=1

r
(t)
ik log

{
π
(t+1)
k ϕ(yi;x

T

i β
(t+1)
k , σ

2(t+1)
k )r

−1(t)
ik

}
,

and the second term of (B.1) can be expressed as

log
{ K∑

k=1

π
(t)
k ϕ(yi;x

T

i β
(t)
k , σ

2(t)
k )

}
=

K∑
k=1

r
(t)
ik log

{ K∑
k=1

π
(t)
k ϕ(yi;x

T

i β
(t)
k , σ

2(t)
k )

}
.

Thus, we further have

ℓ̃n(θ(t+1)) − ℓ̃n(θ(t)) ≥ ∆(π
(t+1)
k , β

(t+1)
k , σ

2(t+1)
k ; θ(t)) +

∑K
k=1

{
ψ(σ

2(t)
k ) − ψ(σ

2(t+1)
k )

}
.

(B.2)
To prove the theorem, it suffice to show that the right-hand side of (B.2) is non-negative
for t ≥ 1, to which we now turn.

Recall that
β
(t+1)
k = arg max

βk

h(βk; θ(t)), subject to ∥βk∥0 ≤ sk,

where

h(βk; θ(t)) = g(β
(t)
k , σ

2(t)
k ; θ(t)) + (βk − β

(t)
k )Tg′(β

(t)
k , σ

2(t)
k ; θ(t)) − u

2
∥βk − β

(t)
k ∥22

with g(β
(t)
k , σ

2(t)
k ; θ(t)) defined in the Expectation step.
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When t ≥ 1, we have

g(β
(t)
k , σ

2(t)
k ; θ(t)) = h(β

(t)
k ; θ(t))

≤ h(β
(t+1)
k ; θ(t))

= g(β
(t)
k , σ

2(t)
k ; θ(t)) + (β

(t+1)
k − β

(t)
k )Tg′(β

(t)
k , σ

2(t)
k ; θ(t)) − u

2
∥β(t+1)

k − β
(t)
k ∥22

= g(β
(t+1)
k , σ

2(t)
k ; θ(t)) − u

2
∥β(t+1)

k − β
(t)
k ∥2 +

1

n

n∑
i=1

r
(t)
ik

{σ−2(t)
k

2
(yi − xT

i β
(t+1)
k )2

− σ
−2(t)
k

2
(yi − xT

i β
(t)
k )2 + σ

−2(t)
k xi(yi − xT

i β
(t)
k )(β

(t+1)
k − β

(t)
k )
}

= g(β
(t+1)
k , σ

2(t)
k ; θ(t)) − u

2
∥β(t+1)

k − β
(t)
k ∥2 +

1

n

n∑
i=1

r
(t)
ik

{
b(β

(t+1)
k ) − b(β

(t)
k )

− b′(β
(t)
k )(β

(t+1)
k − β

(t)
k )
}
, (B.3)

where b(β) = σ
−2(t)
k (yi − xT

i β)2/2, b′(β) = ∂b(β)/∂β = −σ−2(t)
k xi(yi − xTi β). Since

b(β
(t+1)
k ) − b(β

(t)
k ) − (β

(t+1)
k − β

(t)
k )Tb′(β

(t)
k ) =

σ
−2(t)
k

2
(β

(t+1)
k − β

(t)
k )Txix

T

i (β
(t+1)
k − β

(t)
k ),

inequality (B.3) further implies that

g(β
(t)
k , σ

2(t)
k ; θ(t)) ≤ g(β

(t+1)
k , σ

2(t)
k ; θ(t)) +

1

n

n∑
i=1

r
(t)
ik

{1

2
σ
−2(t)
k (β

(t+1)
k − β

(t)
k )Txix

T

i

(β
(t+1)
k − β

(t)
k )
}
− u

2
∥β(t+1)

k − β
(t)
k ∥2

≤ g(β
(t+1)
k , σ

2(t)
k ; θ(t)) +

1

2
(σ

−2(t)
k ρ− u)∥β(t+1)

k − β
(t)
k ∥2

≤ g(β
(t+1)
k , σ

2(t)
k ; θ(t)), (B.4)

where the last inequality holds as we require u ≥ σ
−2(t)
k ρ.

∆(πk, βk, σ
2
k; θ(t)) can be expressed as

∆(πk, βk, σ
2
k; θ(t)) =

K∑
k=1

g(βk, σ
2
k; θ(t)) +

1

n

n∑
i=1

K∑
k=1

r
(t)
ik log(πk) −Q(θ(t); θ(t)).

Inequality (B.4) further implies that

∆(πk, β
(t+1)
k , σ

2(t)
k ; θ(t)) ≥ ∆(πk, β

(t)
k , σ

2(t)
k ; θ(t)) (B.5)
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for t ≥ 1.

Also, with ∆(πk, βk, σ
2
k; θ(t)), we can re-express σ

2(t+1)
k and π

(t+1)
k by

π
(t+1)
k = arg max

πk

∆(πk, βk, σ
2
k; θ(t)),

σ
2(t+1)
k = arg max

σ2
k

∆(πk, βk, σ
2
k; θ(t)) − ψ(σ2

k).

Therefore, by definition, we have

∆(πk, βk, σ
2(t+1)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t+1)
k ) ≥ ∆(πk, βk, σ

2(t)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t)
k ), (B.6)

and
∆(π

(t+1)
k , βk, σ

2
k; θ(t)) ≥ ∆(π

(t)
k , βk, σ

2
k; θ(t)). (B.7)

Inequalities (B.5)-(B.7) imply that

∆(π
(t+1)
k , β

(t+1)
k , σ

2(t+1)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t+1)
k ) ≥ ∆(π

(t+1)
k , β

(t+1)
k , σ

2(t)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t)
k )

≥ ∆(π
(t)
k , β

(t+1)
k , σ

2(t)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t)
k )

≥ ∆(π
(t)
k , β

(t)
k , σ

2(t)
k ; θ(t)) −

K∑
k=1

ψ(σ
2(t)
k ),

where ∆(π
(t)
k , β

(t)
k , σ

2(t)
k ; θ(t)) = 0. This indicates that the right-hand side of (B.2) is non-

negative when t ≥ 1. The theorem is therefore proved.

B.2 Proof of Theorem 3.2

Proof of Theorem 3.2: We prove the theorem in the following four steps. 1) First, we
show that, with a given dataset (Y,X), θ(t) is confined in a bounded region for any initial
θ(0). Thus, θ(t) has at least one cluster point θ̃. 2) Using the boundedness of θ(t), we then
show that ∥θ(t+1) − θ(t)∥22 → 0 as t→ ∞. 3) Next, we show that any cluster point of θ(t) is
a local maximum of ℓ̃n(θ) subject to ∥βk∥0 ≤ sk. 4) Finally, we show that θ̃ is the unique
cluster point, which implies θ(t) → θ̃ as t→ ∞.
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We first prove the boundedness of θ(t). By (3.6), β
(t)
k has a sparse structure; its non-

zero entries are indicated by Mk with τ(Mk) ≤ sk. With a given dataset, there are at
most finite number of sparse structures. On any of these sparse structures, we require the
corresponding XT

Mk
XMk

to be positive-definite and thus ℓ̃n(θ) is strictly concave in βk with

respect to Mk. By Theorem 3.1, we have ℓ̃n(θ(t+1)) ≥ ℓ̃n(θ(t)), which implies that β
(t)
k is

confined in a bounded region. Since β
(t)
k is bounded, equation (3.8) further implies that σ

2(t)
k

and π
(t)
k are both bounded. Therefore, θ(t) = (π

(t)
1 , . . . , π

(t)
K , β

(t)
1 , . . . , β

(t)
K , σ

2(t)
1 , . . . , σ

2(t)
K ) is

confined in a bounded region.

With the boundedness of θ(t), we then show that the difference between θ(t+1) and θ(t)

goes to zero as t→ ∞. For the ease of presentation, let ℓ̃n(πk, βk, σ
2
k) stand for ℓ̃n(θ) and

∆̃(πk, βk, σ
2
k; θ(t)) = ∆(πk, βk, σ

2
k; θ(t)) −

K∑
k=1

ψ(σ2
k).

Using the same technique in obtaining (B.2), we have

ℓ̃n
(
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)
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(
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)
− ∆̃

(
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)
≥ 0, (B.8)

where the last inequality is implied by (B.6). Similarly, by (B.7) and (B.5), we have

ℓ̃n
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π
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and
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(B.10)
Inequalities (B.8)-(B.10) together imply that

ℓ̃n
(
π
(t+1)
k , β

(t+1)
k , σ

2(t+1)
k

)
≥ ℓ̃n

(
π
(t+1)
k , β

(t+1)
k , σ

2(t)
k

)
≥ ℓ̃n

(
π
(t)
k , β

(t+1)
k , σ

2(t)
k

)
≥ ℓ̃n

(
π
(t)
k , β

(t)
k , σ

2(t)
k

)
.

(B.11)

By Taylor’s expansion, there exists a σ̌2
k between σ

2(t)
k and σ

2(t+1)
k such that
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,
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where ∆̃′(πk, βk, σ
2
k; θ(t)) and ∆̃′′(πk, βk, σ

2
k; θ(t)) denote the first and second partial deriva-

tive of ∆̃(πk, βk, σ
2
k; θ(t)) with respect to σ2

k. By the definition of σ
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This together with (B.11) and (B.8) implies that
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By (B.11), ℓ̃n(π
(t)
k , β

(t)
k , σ

2(t)
k ) is increasing with respect to t and is bounded above due to

the boundedness of θ(t). Thus, the left-hand side of (B.12) goes to zero as t→ ∞. By (3.8),

σ
2(t)
k is bounded away from zero and thus σ̌2

k is also bounded away from zero. Inequality

(B.12) thus implies that ∥σ2(t+1)
k − σ

2(t)
k ∥22 → 0 as t→ ∞.

Using (B.4) and (B.9), one can similarly show that
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and
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(
π
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)
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where ζ > 0 is a lower bound of
∑n

i=1 ϕ(yi, x
T
i β

(t)
k , σ

2(t)
k )/2

∑K
k=1 ϕ(yi, x

T
i β

(t)
k , σ

2(t)
k ). The

above two inequalities imply that ∥β(t+1)
k − β

(t)
k ∥22 → 0 and ∥π(t+1) − π(t)∥22 → 0 as t→ ∞.

These results together with ∥σ2(t+1)
k − σ

2(t)
k ∥22 → 0 imply that

∥θ(t+1) − θ(t)∥22 → 0 as t→ ∞. (B.15)
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Since θ(t) is bounded, it has at least one cluster point θ̃ = (π̃1, . . . , π̃K , β̃1, . . . , β̃K , σ̃
2
1, . . . , σ̃

2
K).

Let θ(tm) be a subsequence of θ(t) such that θ(tm) → θ̃ as m→ ∞. By (B.15), we also have
θ(tm+1) → θ̃ as m → ∞. In the next step, we show that θ̃ is a local maximum of ℓ̃n(θ)
subject to ∥βk∥0 ≤ sk.

Recall that
π
(tm+1)
k = arg max

πk

Q
(
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)
,

and

σ
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With m→ ∞, we immediately obtain
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ψ
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)
. (B.16)

We now look into β̃k. Since ∥β(t)
k ∥0 ≤ sk, we naturally have ∥β̃k∥0 ≤ sk. By (B.6),

β
(tm+1)
k = arg max

βk

h
(
βk; θ(tm)

)
, subject to ∥βk∥0 ≤ sk.

With m→ ∞, we have

β̃k = arg max
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h
(
βk; θ̃

)
, subject to ∥βk∥0 ≤ sk. (B.17)

We investigate β̃k in the following two cases.

Case 1 : ∥β̃k∥0 < sk. Equations (3.9) and (B.17) imply that

β̃k = Hsk

(
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1

u
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)
.

Since ∥β̃k∥0 < sk, we have
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u
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which implies g′(β̃k, σ̃
2
k; θ̃) = 0.

Case 2 : ∥β̃k∥0 = sk. By definition of h(βk; θ̃), we have
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(B.17) implies that
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βk; θ̃

)
∂βkj
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=
∂g
(
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2
k; θ̃
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for any j such that β̃kj ̸= 0.

Combining the results from both cases, we know β̃k is the maximum of g(βk, σ̃
2
k; θ̃) with

respect to its sparsity structure. This indicates that β̃k is a local maximum of Q(θ; θ̃)
subject to ∥βk∥0 ≤ sk.

The role of β̃k together with (B.16) suggests that θ̃ is a local maximum of Q(θ; θ̃) −∑K
k=1 ψ(σ2

k) under the sparsity constraint. Thus, we have

∂
{
Q
(
θ; θ̃
)
−
∑K

k=1 ψ
(
σ2
k

)}
∂θ

|θ=θ̃ = 0 (B.18)

at π̃k, σ̃2
k and the non-zero part of β̃k. ℓn(θ) can be expressed as

ℓ̃n
(
θ
)

= Q
(
θ; θ(t)

)
−

K∑
k=1

ψ
(
σ2
k

)
+G

(
θ; θ(t)

)
, (B.19)

where

G
(
θ; θ(t)

)
=

1

n

n∑
i=1

K∑
k=1

r
(t)
ik log

( πkϕ(yi;x
T
i βk, σ

2
k)∑K

k=1 πkϕ(yi;xT
i βk, σ

2
k)

)
.

By Jensen’s inequality, we have

G
(
θ; θ(t)

)
−G

(
θ(t); θ(t)

)
=

1

n

n∑
i=1

K∑
k=1

r
(t)
ik log

( πkϕ(yi;x
T
i βk, σ

2
k)

r
(t)
ik

∑K
k=1 πkϕ(yi;xT

i βk, σ
2
k)

)
≤ 1

n

n∑
i=1

log
( K∑

k=1

r
(t)
ik

πkϕ(yi;x
T
i βk, σ

2
k)

r
(t)
ik

∑K
k=1 πkϕ(yi;xT

i βk, σ
2
k)

)
= 0,

which implies that θ(t) = arg maxθG(θ; θ(t)). Therefore, we have

∂G
(
θ; θ̃
)

∂θ
|θ=θ̃ = 0. (B.20)

Taking derivative on both sides of (B.19), we then obtain

∂ℓ̃n
(
θ
)

∂θ
|θ=θ̃ =

∂
{
Q
(
θ; θ̃
)
−
∑K

k=1 ψ
(
σ2
k

)}
∂θ

|θ=θ̃ +
∂G
(
θ; θ̃
)

∂θ
|θ=θ̃ = 0
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at π̃k, σ̃2
k and the non-zero part of β̃k. This implies that θ̃ is a local maximum of ℓ̃n(θ)

subject to ∥βk∥0 ≤ sk.

We finalize the proof of theorem by showing the uniqueness of θ̃. With a given dataset,
there are at most finite number of sparse structures of βk. The concavity of ℓ̃n(θ) with
respect to Mk further implies that ℓ̃n(θ) has at most finite number of local maxima subject
to ∥βk∥0 ≤ sk. Suppose that θ(t) has two distinct cluster points, say θ̃1 and θ̃2 with
∥θ̃1− θ̃2∥2 = ϵ > 0. Following the previous arguments, both θ̃1 and θ̃2 are the local maxima
of ℓ̃n(θ) under the sparsity constraint. Since θ(t) is bounded and ∥θ(t+1) − θ(t)∥2 → 0 as
t → ∞, there must be infinitely many θ(t) which are at least ϵ/3 distance from θ̃1 and θ̃2.
Those θ(t) would have another cluster point θ̃3, which is also a local maximum of ℓ̃n(θ).
Following this strategy, one can then find infinitely many local maxima of ℓ̃n(θ). This
contradicts the argument on the finite number of local maxima. Therefore, θ̃ is the unique
cluster point of a bounded sequence θ(t). This implies that

θ(t) → θ̃, as t→ ∞.

The proof is therefore complete.

B.3 Preliminaries for the Proof of Theorem 3.3

To facilitate the proof of Theorem 3.3, we first state a few technical lemmas as below. Our
Lemmas B.1 - B.3 correspond to Lemmas 5.9, 5.14, 5.46 of [34], respectively. Readers may
refer to Chapter 5 of [34] for their proofs. Here, we use ∥v∥Ψ2 and ∥v∥Ψ1 to denote two
types of the Orlicz norm of a random variable v; their expressions are respectively given
by

∥v∥Ψ2 = sup
q≥1

q−1/2(E|v|q)1/q and ∥v∥Ψ1 = sup
q≥1

q−1(E|v|q)1/q.

Lemma B.1. Consider a finite number of independent centered sub-Gaussian random
variables vi. Then,

∑n
i=1 vi is also a centered sub-Gaussian random variable. Moreover,∥∥ n∑

i=1

vi
∥∥2
Ψ2

≤ c

n∑
i=1

∥∥vi∥∥2Ψ2
,

where c > 0 is an absolute constant.

Lemma B.2. Let v1 and v2 be two sub-Gaussian random variables, v1v2 is a sub-exponential
random variable with ∥∥v1v2∥∥Ψ1

≤ cmax
{∥∥v1∥∥2Ψ2

,
∥∥v2∥∥2Ψ2

}
,

where c > 0 is an absolute constant.
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Lemma B.3. Let v1, . . . , vn be the n independent random variables valued in some Banach
space and F be a function class defined on this Banach space. For any increasing convex
function ϕ(·) we have

E
[
ϕ
{

sup
f∈F

|
n∑

i=1

f(vi) − Ev|
}]

≤ E
[
ϕ
{

sup
f∈F

2|
n∑

i=1

ξif(vi)|
}]
,

where ξ1, . . . , ξn are independent and identically distributed Rademacher random variables
that are independent of v1, . . . , vn.

We prove Theorem 3.3 by showing that, with a good θ(0) and a sufficient number of
iterations t, β

(t)
k falls within a neighborhood of β∗

k , which ensures the sure screening of

M̂(t)
k . To this end, let

γk = arg max
γ

h(γ; θ) (B.21)

with h(γ; θ) defined in (3.5). Let Y and X denote the support of response y and feature x,
respectively. We define the population version of function g(βk, σ

2
k; θ) by

gp(βk, σ
2
k; θ) =

∫∫
Y×X

rk log
(
ϕ(y, xTβk, σ

2
k)
)
f(y | x, θ∗)ϱ(x)dydx,

where ϱ(x) is the density of x and rk = πkϕ(y, xTβk, σ
2
k)/
∑K

k=1 πkϕ(y, xTβk, σ
2
k). Let

γ̄k = arg max
γ

hp(γ; θ)

with
hp(γ; θ) = gp(βk, σ

2
k; θ) + (γ − βk)Tg′p(βk, σ

2
k; θ) − u

2
∥γ − βk∥22,

where g′p(βk, σ
2
k; θ) = E(rkσ

−2
k x(y − xTβk)) is the partial derivative of gp with respect to

βk. Let∥.∥∞ denote the infinity norm of a vector or matrix. As a preliminary result to the
proof of Theorem 3.3, we first derive a probability bound of ∥γk − γ̄k∥2 in the following
proposition.

Proposition 1. Suppose that Assumptions 1 and 4 are satisfied and γk in (B.21) is ob-
tained based on a θ = (π1, . . . , πK , β1, . . . , βK , σ

2
1, . . . , σ

2
K) with ∥βk − β∗

k∥2 ≤ w∥β∗
k∥2 for

some w ∈ (0, 1). Let ϑk = max{1,maxk(∥β∗
k∥1 + σ∗

k)2}. Then, there exists constants
C4, C5 > 0 such that

∥γk − γ̄k∥∞ ≤ C5u
−1σ−2

k

(
ϑk + ∥βk∥

1
2
0 ∥β∗

k∥2
)( log p− log

(
δ
4

)
n

) 1
2

with probability at least 1 − δ for any δ ∈ (4 exp(−C4n+ log p), 1).
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Proof. By definition, γk can be expressed by

γk = βk + u−1

n∑
i=1

rikσ
−2
k (xiyi − xix

T

i βk)/n

with rik = πkϕ(yi, x
T
i βk, σ

2
k)/
∑K

k=1 πkϕ(yi, x
T
i βk, σ

2
k) and

γ̄k = βk + u−1g′p(βk, σ
2
k; θ) = βk + u−1E(rkσ

−2
k x(y− xTβk)).

Thus, we have∥∥γk − γ̄k
∥∥
∞

=
∥∥∥u−1 1

n

n∑
i=1

rikσ
−2
k (xiyi − xix

T

i βk) − u−1E(rkσ
−2
k x(y− xTβk))

∥∥∥
∞

≤ u−1
∥∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥∥
∞

+ u−1
∥∥∥ 1

n

n∑
i=1

rikσ
−2
k xix

T

i βk − E(rkσ
−2
k xxTβk)

∥∥∥
∞
.

(B.22)
We first work on the first term of (B.22). For any λ > 0

E
[

exp
{
λ
∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞

}]
(B.23)

= E
[

max
j∈{1,...,p}

exp
{
λ | 1

n

n∑
i=1

rikσ
−2
k xijyi − E(rkσ

−2
k xjy) |

}]
≤

p∑
j=1

E
[

exp
{
λ | 1

n

n∑
i=1

rikσ
−2
k xijyi − E(rkσ

−2
k xjy) |

}]
≤

p∑
j=1

E
[

exp
{

2λ | 1

n

n∑
i=1

ξirikσ
−2
k xijyi |

}]
, (B.24)

where the last inequality is implied by Lemma B.3 with ξ1, . . . , ξn being the independent
Rademacher random variables.

Since rik ∈ [0, 1], the Ledoux-Talagrand contraction for Rademacher processes [65]
further implies that

E
[

exp
{

2λ | 1

n

n∑
i=1

ξirikσ
−2
k xijyi |

}]
≤ E

[
exp

{
4λ | 1

n

n∑
i=1

ξiσ
−2
k xijyi |

}]
. (B.25)
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By model (3.1), yi can be expressed as

yi =
K∑
k=1

zik(xT

i β
∗
k + εk),

where zik is a binary indicator with zik = 1 if the ith observation belongs to class k and
zik = 0 otherwise, and εk ∼ N (0, σ2∗

k ) is a random term independent of zik. Since εk is
a zero mean normal random variable with variance σ2∗

k , by Example 5.8 in [34], we have
∥εk∥Ψ2 ≤ c1σ

∗
k for some constant c1 > 0. Also, by Assumption 3, | xij |≤ ω4 for some

ω4 > 0. Thus, we have

∥xT

i β
∗
k + εk∥Ψ2 ≤ ∥xT

i β
∗
k∥Ψ2 + ∥εk∥Ψ2 ≤ ω4∥β∗

k∥1 + c1σ
∗
k.

This implies that

∥yi∥Ψ2 =
∥∥ K∑

k=1

zik(xT

i β
∗
k + εk)

∥∥
Ψ2

≤
∥∥max

k

{
| xT

i β
∗
k + εk |

}∥∥
Ψ2

≤ max
k

{
ω4∥β∗

k∥1 + c1σ
∗
k

}
.

Since ξi is a Rademacher random variable independent of xij and yi, by Lemma B.2, we
further have

∥ξixijyi∥Ψ1 = ∥xijyi∥Ψ1 ≤ max
{
ω2
4,max

k
(ω4∥β∗

k∥1 + c1σ
∗
k)2
}
≤ c2ϑk,

where c2 = max{ω2
4, c

2
1} and ϑk = max{1,max

k
(∥β∗

k∥1 + σ∗
k)2}. Therefore, the right-hand

side of (B.25) is bounded by

E
[

exp
{

4λ| 1
n

n∑
i=1

ξiσ
−2
k xijyi|

}]
≤ E

[
max{exp

(
4λ

1

n

n∑
i=1

ξiσ
−2
k xijyi

)
, exp

(
− 4λ

1

n

n∑
i=1

ξiσ
−2
k xijyi

)}]
≤ E

[
exp

(
4λ

1

n

n∑
i=1

ξiσ
−4
k xijyi

)]
+ E

[
exp

(
− 4λ

1

n

n∑
i=1

ξiσ
−2
k xijyi

)]
. (B.26)

Note that E(ξixijyi) = E(ξi)E(xijyi) = 0. By Lemma 5.15 of [34], when λ ≤ c3σ
2
kn/ϑk for

some c3 > 0, the first term of (B.26) is bounded by

E
[

exp
(
4λn−1ξiσ

−2
k xijyi

)]
≤ exp

(
c4λ

2σ−4
k n−2ϑ2

k

)
, (B.27)
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where c4 > 0 is a constant. Following the same arguments, the second term of (B.26) is
also bounded by (B.27). This indicates that (B.26) is bounded by

2 exp
[
c4λ

2σ−4
k n−1ϑ2

k

]
. (B.28)

By (B.25) and (B.28), we obtained an upper bound of (B.23) as below.

E
[

exp
{
λ
∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞

}]
≤ 2p exp

[
c4λ

2σ−4
k n−1ϑ2

k

]
. (B.29)

With (B.29), we derive a probability bound for the first term of (B.22) as follows. Let δ′1
be an arbitrary positive value. By Markov inequality, we have

pr
[∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞ > δ′1

]
= pr

[
exp

{
λ
∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞

}
≥ exp(λδ′1)

]
≤
E
[

exp
{
λ∥ 1

n

∑n
i=1 rikσ

−2
k xiyi − E(rkσ

−2
k xy)∥∞

}]
exp(λδ′1)

≤
2p exp

[
c4λ

2σ−4
k n−1ϑ2

k

]
exp(λδ′1)

= 2 exp
[
c4λ

2σ−4
k n−1ϑ2

k − λδ′1 + log p
]
, (B.30)

where λ ≤ c3σ
2
kn/ϑk. Especially, (B.30) holds for λ = nσ4

kδ
′
1/2c4ϑ

2
k with δ′1 ≤ 2c3c4ϑkσ

−2
k ,

we have

pr
[∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞ > δ′1

]
≤ 2 exp

(−nσ4
kδ

′2
1

4c4ϑ2
k

+ log p
)
. (B.31)

Denote the right-hand side of (B.31) by δ1/2; we can then express δ′1 in terms of δ1.
Therefore, (B.31) implies that

u−1
∥∥ 1

n

n∑
i=1

rikσ
−2
k xiyi − E(rkσ

−2
k xy)

∥∥
∞ > 2c

1
2
4 u

−1σ−2
k ϑk

( log p− log
(
δ1
4

)
n

) 1
2

(B.32)

with probability at most δ1/2 for δ1 ∈ (4 exp(−nc23c4 + log p),min{2, 4p}). We have thus
obtained a probability bound on the first term of (B.22).
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We next work on the second term of (B.22). Let A = 1
n

∑n
i=1 rikσ

−2
k xix

T
i −E(rkσ

−2
k xxT)

be a p× p random matrix. We use

ajl =
1

n

n∑
i=1

rikσ
−2
k xijxil − E(rkσ

−2
k xjx

T

l )

to denote the (j, l)th element of A for j, l ∈ {1, . . . , p}. Then, we have

∥∥ 1

n

n∑
i=1

rikσ
−2
k xix

T

i βk − E(rkσ
−2
k xxTβk)

∥∥
∞ = ∥Aβk∥∞ ≤ amax∥βk∥1, (B.33)

where amax = max{j,l} | ajl | . Let δ′2 be an arbitrary positive value. By Proposition 5.16
of [34] (Bernstein-type inequality), we have

pr
(
| ajl |> δ′2

)
≤ 2 exp

(
− c5ω

−4
4 σ4

knδ
′2
2

)
for some c5 > 0. Consequently, by Bonferroni inequality, we have

pr
(
amax > δ′2

)
≤

p∑
j=1

p∑
l=1

pr
(
| ajl |≥ δ′2

)
≤ 2p2 exp

(
− c5ω

−4
4 σ4

knδ
′2
2

)
. (B.34)

Denote the right-hand side of (B.34) by δ2/2; we can express δ′2 in terms of δ2. We then
have

amax > c
1
2
5 2

1
2σ−2

k ω2
4

( log p− log δ2
4

n

) 1
2

(B.35)

with probability at most δ2/2 for δ2 ∈ (0, 2). By condition of the proposition, ∥βk∥1 is
bounded by

∥βk∥1 ≤ ∥βk∥
1
2
0 ∥βk∥2 ≤ ∥βk∥

1
2
0 (∥β∗

k∥2 + ∥βk − β∗
k∥2) ≤ (1 + w)∥βk∥

1
2
0 ∥β∗

k∥2.

This inequality together with (B.33) and (B.35) indicates that

u−1
∥∥ 1

n

n∑
i=1

rikσ
−2
k xix

T

i βk−E(rkσ
−2
k xxTβk)

∥∥
∞ > c

1
2
5 2

1
2 (1+w)u−1σ−2

k ω2
4∥βk∥

1
2
0 ∥β∗

k∥2
( log p− log δ2

4

n

) 1
2

(B.36)
with probability at most δ2/2. We have thus obtained a probability bound on the second
term of (B.22).
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Let E1 and E2 be the events indicated in (B.32) and (B.36), respectively. We then have

pr(Ec
1 ∩ Ec

2) = 1 − pr(E1 ∪ E2)
≥ 1 − pr(E1) − pr(E2)
≥ 1 − δ1/2 − δ2/2

≥ 1 − δ

with δ = max{δ1, δ2} ∈ (4 exp(−C4n+ log p), 1) and C4 = c23c4.

When Ec
1 and Ec

2 both occur, inequality (B.22) together with (B.32) and (B.36) implies
that

∥γk − γ̄k∥∞ ≤ C5u
−1σ−2

k

(
ϑk + ∥βk∥

1
2
0 ∥β∗

k∥2
)( log p− log

(
δ
4

)
n

) 1
2
,

where C5 = max{2c
1/2
4 , (2c5)

1/2(1 +w)ω2
4}. This completes the proof of Proposition 1.

Proposition 1 indicates that, when βk is not far away from β∗
k , the distance between γk

and γ̄k is well controlled as n→ ∞. This result is helpful in obtaining an error bound for
∥β(t)

k − β∗
k∥2, which is a core part in the proof of Theorem 3.3.

B.4 Proof of Theorem 3.3

Proof of Theorem 3.3: Note that

pr
(
M∗

k ⊂ M̂(t)
k

)
≥ pr

(
min
j∈M∗

k

| β(t)
kj |> 0

)
≥ pr

(
min
j∈M∗

k

| β∗
kj | − max

j∈M∗
k

(| β(t)
kj − β∗

kj |) > 0
)

≥ pr
(

max
j∈M∗

k

| β(t)
kj − β∗

kj |< ω1n
−κ1
)
, (B.37)

where the last inequality is based on Assumption 2. Since

max
j∈M∗

k

| β(t)
kj − β∗

kj |≤
∥∥β(t)

k − β∗
k

∥∥
∞ ≤

∥∥β(t)
k − β∗

k

∥∥
2
,

it suffices to show that ∥∥β(t)
k − β∗

k

∥∥
2
< ω1n

−κ1 (B.38)

with an overwhelming probability. Recall that

β
(t+1)
k = arg max

βk

h(βk; θ(t)), subject to ∥βk∥0 ≤ sk (B.39)
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and
M̂(t)

k = {j : β
(t)
kj ̸= 0, 1 ≤ j ≤ p}.

Let
γ
(t)
k = arg max

γk
h(γk; θ(t)).

Since h(βk; θ(t)) is a simple quadratic function in βk, solving (B.39) amounts to choosing

the largest sk components in γ
(t)
k . That is, β

(t+1)
k = Hsk(γ

(t)
k ).

For an arbitrary p-dimensional vector γ = (γ1, . . . , γp), we use

H(γ,M̂(t)
k ) =

{
γj, j ∈ M̂(t)

k

0, otherwise

to denote a truncating operator on γ with respect to M̂(t)
k .

In order to show (B.38), we derive an upper bound of ∥β(t)
k − β∗

k∥2, which consists

of two types of error terms. Specifically, let γ̄
(t)
k = arg maxγk hp(γk; θ(t)) with hp defined

in Proposition 1. Later, we will show that, for a given iteration number T and all t ∈
{1, . . . , T},

∥∥β(t)
k − β∗

k

∥∥
2
≤ C6sk

(
ϑk + ∥β∗

k∥2
)( log p− log(δ/4)

n

) 1
2

+ η
t
2

∥∥β(0)
k − β∗

k

∥∥
2

(B.40)

with probability at least 1 − δ, where C6 > 0, η ∈ (0, 1) and δ ∈ (4 exp(−C4n+ log p), 1).

By Assumption 1, when n is large enough, log p ≤ d0n
a for some non-negative constant

d0. By setting δ = 4s∗k exp(−C4n
a), we have

C6sk
(
ϑk + ∥β∗

k∥2
)( log p− log(δ/4)

n

) 1
2
> C6s

∗
k∥β∗

k∥2
( log p− log(δ/4)

n

) 1
2

≥ C6d1ω1(s
∗
k)

1
2 (log p)

1
2n

−2κ1−1
2 , (B.41)

where d1 = (C4/d0)
1/2. Since we require ∥β(0)

k −β∗
k∥2 ≤ ω1

8
(log p)

1
2n−κ1 and T ≥ C3 log

(
C−1

2 (n/s∗k)
1
2

)
,

the second term of (B.40) is bounded by (B.41) with C2 = d−1
1 C−1

6 and C3 = 2 log−1(η−1).
Hence, when n is large, (B.40) is dominated by its first term.

By Assumption 2, we have

ϑk + ∥β∗
k∥2 ≤ (1 + ω−1

3 )2 max
k

{
∥β∗

k∥21
}

+ ∥β∗
k∥2 ≤ c6 max

k
s2∗k n

2κ2 ,
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where c6 = ω2
2(1 + ω−1

3 )2 + ω2. This together with Assumption 3 implies that

C6sk
(
ϑk + ∥β∗

k∥2
)( log p− log(δ/4)

n

) 1
2 ≤ C6c6d2 max

k
s2∗k n

2κ2+(a−1)/2

≤ C6ω
3
7c6d2n

3κ3+2κ2+(a−1)/2 (B.42)

with d2 = (d0 + C4)
1/2. As κ1 + 2κ2 + 3κ3 < (1 − a)/2, (B.42) further implies that, when

n is large enough, ∥∥β(T )
k − β∗

k

∥∥
2
< ω1n

−κ1

with probability at least 1−4s∗k exp(−C4n
a). Property (B.38) is therefore justified and the

sure screening of M̂(T )
k is ensured.

With the discussion above, we complete the proof by showing (B.40) via mathematical
induction. To this end, we first verify (B.40) when t = 1. By Triangle inequality, we have∥∥β(1)

k − β∗
k

∥∥
2
≤
∥∥Hsk(γ

(0)
k ) − β∗

k

∥∥
2
≤
∥∥Hsk(γ

(0)
k ) −H(γ̄

(0)
k ,M̂(1)

k )
∥∥
2

+
∥∥H(γ̄

(0)
k ,M̂(1)

k ) − β∗
k

∥∥
2
.

(B.43)

For the first term of the right-hand side of (B.43), we have∥∥Hsk(γ
(0)
k ) −H(γ̄

(0)
k ,M̂(1)

k

)
∥2 = s

1
2
k

∥∥Hsk(γ
(0)
k ) −H(γ̄

(0)
k ,M̂(1)

k )
∥∥
∞ ≤ s

1
2
k

∥∥γ(0)k − γ̄
(0)
k

∥∥
∞.

(B.44)

We now work on the second term of the right-hand side of(B.43). To ease the presen-
tation, denote λmin(A) and λmax(A) the smallest and largest eigenvalues of an arbitrary
positive definite matrix A, respectively. Let λ1 = λmin(Σ) and λ2 = λmax(Σ). By definition,
we have∥∥γ̄(0)k − β∗

k

∥∥
2

=
∥∥β(0)

k + u−1g′p(β
(0)
k , σ

2(0)
k ; θ(0)) − β∗

k

∥∥
2

≤
∥∥β(0)

k + u−1g′p(β
(0)
k , σ

2(0)
k ; θ∗) − β∗

k

∥∥
2

+ u−1
∥∥g′p(β(0)

k , σ
2(0)
k ; θ(0)) − g′p(β

(0)
k , σ

2(0)
k ; θ∗)

∥∥
2
,

(B.45)

and

g′p(β
(0)
k , σ

2(0)
k ; θ∗) = E

{
r∗kσ

−2(0)
k x(y− xTβ

(0)
k )
}

= E
{
r∗kσ

−2(0)
k xxT(β∗

k − β
(0)
k )
}

+ E
{
r∗kσ

−2(0)
k xxTεk

}
= σ

−2(0)
k E(r∗kxx

T)(β∗
k − β

(0)
k ), (B.46)
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Also, since r∗k ∈ (0, 1], we have λmax{E(r∗kxx
T)} ≤ λ2. Following similar strategy of A.2

of [63], we have λmin{E(r∗kxx
T)} ≥ λ1 − dλ2 with d ∈ (0, λ1/λ2). Thus, gp(β

(0)
k , σ

2(0)
k ; θ∗) is

σ
−2(0)
k (λ1−dλ2)-strongly concave and σ

−2(0)
k λ2-smooth. More details of condition of strongly

concave and smooth function can be found in Condition 2 and 3 of [3] or Condition 3.2
of [106]. By Theorem 3.7 of [12], which is a classical result that ensures linear convergence
of gradient ascent when applied to a smooth and strongly concave function, we have∥∥β(0)

k + u−1g′p(β
(0)
k , σ

2(0)
k ; θ∗) − β∗

k

∥∥2
2

≤
(

1 − 2u−1σ
−2(0)
k

λ1λ2 − dλ22
λ1 + (1 − d)λ2

)∥∥β(0)
k − β∗

k

∥∥2
2

+
(
u−2 − 2u−1σ

2(0)
k

λ1 + (1 − d)λ2

)
σ
−4(0)
k λ22

∥∥β(0)
k − β∗

k

∥∥2
2

=
(
1 − u−1σ

−2(0)
k λ2

)2∥∥β(0)
k − β∗

k

∥∥2
2
. (B.47)

(B.47) implies that the first term of (B.45) is upper bounded by∥∥β(0)
k + u−1g′p(β

(0)
k , σ

2(0)
k ; θ∗) − β∗

k

∥∥
2
≤| 1 − u−1σ

−2(0)
k λ2 |

∥∥β(0)
k − β∗

k

∥∥
2
. (B.48)

By (B.46), the second term of (B.45) can be rewritten as

u−1
∥∥g′p(β(0)

k , σ
2(0)
k ; θ(0)) − g′p(β

(0)
k , σ

2(0)
k ; θ∗)

∥∥
2

= u−1σ
−2(0)
k

∥∥E{ | r(0)k − r∗k | xxT
}

(β∗
k − β

(0)
k )
∥∥
2
.

(B.49)
Remark A.1 of [63] further indicates that

| r(0)k − r∗k |≤ α, (B.50)

where α ∈ (0, 1/4). (B.49) together with (B.50) implies that

u−1
∥∥g′p(β(0)

k , σ
2(0)
k ; θ(0)) − g′p(β

(0)
k , σ

2(0)
k ; θ∗)

∥∥
2
≤ u−1σ

−2(0)
k αλ2

∥∥β(0)
k − β∗

k

∥∥
2

(B.51)

Since we require uσ
2(0)
k > λ2, we have 1 − u−1σ

−2(0)
k λ2 > 0. Plugging (B.48) and (B.51)

into (B.45), we further have ∥∥γ̄(0)k − β∗
k

∥∥
2
≤ η′

∥∥β(0)
k − β∗

k

∥∥
2
,

where η′ = 1 − (1 − α)u−1σ
−2(0)
k λ2. Straightforward computations give the claim that

η′ ∈ (0, 1). To further simplify the statement, we require the step size u ≤ C−1
1 σ

−2(0)
k ω5

with C−1
1 ∈ (α, 1). This requirement of u together with Assumption 3 indicates that

η′ ≤ η = 1 − C1 + α ≤ 1 and ∥∥γ̄(0)k − β∗
k

∥∥
2
≤ η′

∥∥β(0)
k − β∗

k

∥∥
2
, (B.52)
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By the requirement of β
(0)
k in Theorem 3.3 and Assumption 1, we have∥∥β(0)

k − β∗
k

∥∥
2
≤ ω1

8
(log p)

1
2n−κ1 ≤ 1

8
p

1
2 min
j∈M∗
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| β∗
kj |≤

1

8

∥∥β∗
k

∥∥
2
. (B.53)

(B.53) shows that β
(0)
k falls in a neighborhood of β∗

k . Thus, (B.52) together with (B.53)
implies that ∥∥γ̄(0)k − β∗

k

∥∥
2
≤ η

8

∥∥β∗
k

∥∥
2
. (B.54)

Clearly, γ̄
(0)
k falls into a small neighborhood of β∗

k , so that Lemma 5.1 of [106] becomes
applicable. Thus, we have∥∥Hsk(γ̄

(0)
k ,M̂(1)

k ) − β∗
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2
≤ c6s
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} 1
2
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2
.
(B.55)

Plugging (B.44), (B.52) and (B.55) into (B.43) further implies that∥∥β(1)
k − β∗

k
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2
≤ (s

1
2
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2
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k

∥∥
2

with c7 = c6 + 1, where the second inequality holds from the assumption that sk ≥ s∗k and
last inequality is from the assumption of sk that

sk ≥
16s∗k

(η−1 − 1)2
.

By the requirement of u in Theorem 3.3 and (B.53), Proposition 1 implies that∥∥β(1)
k − β∗

k

∥∥
2
≤ c7C5s

1
2
k u

−1σ
−2(0)
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(B.56)

≤ C6sk
(
ϑk + ∥β∗

k∥2
)( log p− log(δ/4)
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) 1
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+ η
1
2

∥∥β(0)
k − β∗
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∥∥
2

(B.57)

with probability at least 1−δ/T , where δ/T ∈ (4 exp(−C4n+ log p), 1), C6 = c7ω
−1
6 C5/(1−

η1/2) > 0 and the last inequality is from the fact that 1 − η1/2 < 1. Since T ≥ 1, this

verifies (B.40) when t = 1. Also, since we require | σ2(0)
k − σ2∗

k |≤ ω8σ
2∗
k . Following the

similar decomposition strategy of B.3 in [63], we have

| σ2(1)
k − σ2∗

k |≤ ω9σ
2∗
k . (B.58)
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We next show that (B.40) holds at the tth iteration with the assumption that it is valid
at the (t− 1)th iteration for 1 < t ≤ T . By (B.40), we have∥∥β(t−1)

k − β∗
k

∥∥
2
≤ C6sk
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2
, (B.59)

where the last inequality is from (B.42) and η(t−1)/2 ≤ η1/2. (B.59) implies that β
(t−1)
k

also falls into the neighborhood of β∗
k . Similar to (B.58), we have | σ2(t−1)

k − σ2∗
k |≤ ω8σ

2∗
k .

Following the similar strategy of (B.45)-(B.52), we then have∥∥γ̄(t−1)
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∥∥
2
≤ η
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2
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2
.

Similar to (B.56), by taking union bound we have∥∥β(t)
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2
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(B.60)

with probability at least 1 − δ/T , where δ/T ∈ (4 exp(−C4n+ log p), 1). This verifies
(B.40) at the tth iteration for 1 < t ≤ T . (B.57) and (B.60) together implies (B.40) holds
for any t ∈ {1, . . . , T}. This completes the proof of Theorem 3.3.

B.5 Proof of Corollary 3.1

Proof of Corollary 3.1: To prove the corollary, it suffice to show that

pr(
∥∥β(t)

k − β∗
k

∥∥
2
< ω1n

−κ1) → 1, as n→ ∞ (B.61)

for any t ≥ 1. We use similar strategy in Theorem 3.3 to prove (B.61). To use the tricks
in Theorem 3.3, we firstly need to check conditions (B.53) and (B.54). By the requirement

of β
(0)
k and κ1 + 2κ2 + 3κ3 < (1 − a)/2, we have

∥∥β(0)
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2
.
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Also, following similar arguments of (B.45)–(B.52), we have∥∥γ̄(0)k − β∗
k

∥∥
2
≤ η
∥∥β(0)

k − β∗
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∥∥
2
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2
.

By mathematical induction, we then have, for any t ≥ 1,

∥∥β(t)
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∥∥
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(B.62)

with probability 1 − δ. By setting δ = 4s∗k exp(−C4n
a), the first term of (B.62) is upper

bounded by

C6sk
(
ϑk + ∥β∗

k∥2
)( log p− log(δ/4)

n

) 1
2 ≤ C6ω

3
7c6d2n

3κ3+2κ2+(a−1)/2 < C6ω
3
7c6d2n

−κ1 .

(B.63)

As we require ∥β(0)
k − β∗

k∥2 < ω1n
−κ1/8, (B.63) implies that, when n is sufficiently large

and for any T ≥ 1, ∥∥β(T )
k − β∗

k

∥∥
2
≤ ω1n

−κ1

with probability at least 1 − 4s∗k exp(−C4n
a). (B.61) is therefore justified and the sure

screening of M̂(T )
k is ensured. This completes the proof of corollary.
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Appendix C

Supplementary Information for
Chapter 4

In this appendix, we provide the proofs of Theorems 4.1 and 4.2.

C.1 The proof of Theorem 4.1

We begin with statement of two lemmas that will be used in the proofs.

Lemma C.1. Suppose X ∈ Rn×k and V ∈ Rn×m are two zero-mean sub-Gaussian matrices
with parameters 1

n
σ2
X and 1

n
σ2
V . Then for any fixed vector v and n=1 we have with high

probability
||(V TX − E[V TX])v||∞ ≤ σXσV ||v|| log p.

Lemma C.2. Consider a finite sequence {Xk} of independent, random, Hermitian ma-
trices with dimension p. Assume that

EXk = 0 and λmax(Xk) ≤ R.

Define the random matrix

Y =
∑
k

Xk.

Then
σ2 = σ2(Y ) = ||E(Y 2)||,
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and

Eλmax(Y ) ≤
√

2σ2 log p+
1

3
R log d.

Furthermore, for all t ≥ 0,

P (λmax(Y ) ≥ t) ≤ p exp

(
−t2/2

σ2 +Rt/3

)
.

The proof of Theorem 4.1: We prove Theorem 1 by four steps.

Step 1. Establishing a relation between ||β(t) − β∗|| and ||β(t−1) − β∗||.
Recall that by Algorithm 4.1, the update of LGS at t-th iteration satisfies

(
1

n
X̃

T

Dt
X̃Dt + diag(ν(t))I)β(t) = (

1

n
X̃

T

Dt
Ỹ Dt + diag(ν(t))β(t−1)). (C.1)

Let Σ
(t)
n = 1

n
X̃

T

Dt
X̃Dt ,D

(t)
ν = diag(ν(t)) and b(t)n = 1

n
X̃

T

Dt
Ỹ Dt . The update of β(t) can

then be rewritten as

β(t) = (Σ(t)
n + D(t)

ν )−1(b(t)n + D(t)
ν β(t−1)). (C.2)

From equation (C.2), we have

||β(t) − β∗|| = ||(Σ(t)
n + D(t)

ν )−1(b(t)n + D(t)
ν β(t−1)) − (Σ(t)

n + D(t)
ν )−1(Σ(t)

n + D(t)
ν )β∗||

≤ λmax(Σ
(t)
n + D(t)

ν )−1||(b(t)n − Σ(t)
n β∗) + D(t)

ν (β(t−1) − β∗)||.
(C.3)

To estimate ||β(t) − β∗||, we first establish a relation between λmax(Σ
(t)
n + D(t)

ν )−1 and
λmax(ΣN + D(t)

ν )−1 below. Note that

λmax(Σ
(t)
n +D(t)

ν )−1 − λmax(ΣN + D(t)
ν )−1 ≤ λmax((Σ

(t)
n + D(t)

ν )−1 − (ΣN + D(t)
ν )−1)

≤ λmax(Σ
(t)
n + D(t)

ν )−1λmax(ΣN + D(t)
ν )−1λmax(Σ

(t)
n − ΣN),

we have

λmax(Σ
(t)
n + D(t)

ν )−1[1 − λmax(ΣN + D(t)
ν )−1λmax(Σ

(t)
n − ΣN)] ≤ λmax(ΣN + D(t)

ν )−1. (C.4)

If
λmax(Σ

(t)
n − ΣN)

λmin(ΣN + D(t)
ν )

≤ 1

2
, (C.5)
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we then can obtain

λmax(Σ
(t)
n + D(t)

ν )−1 ≤
λmax(ΣN + D(t)

ν )−1

[1 − λmax(ΣN + D(t)
ν )−1λmax(Σ

(t)
n − ΣN)]

=
1

1

λmax(ΣN+D
(t)
ν )−1

− λmax(Σ
(t)
n − ΣN)

=
1

λmin(ΣN + D(t)
ν ) − λmax(Σ

(t)
n − ΣN)

=
1

λmin(ΣN + D(t)
ν )

1

1 − λmax(Σ
(t)
n −ΣN )

λmin(ΣN+D
(t)
ν )

≤ 1

λmin(ΣN + D(t)
ν )

[1 + 2
λmax(Σ

(t)
n − ΣN)

λmin(ΣN + D(t)
ν )

]

≤ 1

λmin(ΣN + D(t)
ν )

+ 2
λmax(Σ

(t)
n − ΣN)

λ2min(ΣN + D(t)
ν )

.

(C.6)
This first inequality holds by inequality (C.4) and the second inequality holds by combining
the fact that 1

1−x
< 1 + 2x for any 0 < x < 1

2
and inequality (C.5). The inequalities (C.3)

and (C.6) thus imply that

||β(t) − β∗|| ≤ [
1

λmin(ΣN + D(t)
ν )

+ 2
λmax(Σ

(t)
n − ΣN)

λ2min(ΣN + D(t)
ν )

]||(b(t)n − Σ(t)
n β∗) + D(t)

ν (β(t−1) − β∗)||.

That is,
||β(t) − β∗|| ≤ ∆(t)||(b(t)n − Σ(t)

n β∗) + D(t)
ν (β(t−1) − β∗)||, (C.7)

where

∆(t) =
1

λmin(ΣN + D(t)
ν )

+ 2
λmax(Σ

(t)
n − ΣN)

λ2min(ΣN + D(t)
ν )

. (C.8)

The inequality (C.7) shows the discrepancy between two steps of update. Apparently,
such discrepancy depends on two factors, one is the similarity of Hessian matrices between
sampled subset D̃t and the whole dataset D̃, and the other is the prediction deviation of
β∗ at current sampled subset D̃t. We will show a sufficient condition of (A.5) in Step 4.

Step 2. Concluding an upper bound of ||bn − Σnβ
∗||.

With reference to (4.2), we have ||UW || ≤ ϵ||W ||,||UO|| ≤ ϵ||O||. For simplicity of

presentation, we write UW as W , UO as O and assume the subset D̃s is generated from
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a given β . Note that

||bn −Σnβ
∗|| = ||(SX̃)T (SỸ ) − (SX̃)T (SX̃)β∗||

= ||[S(X + aW )]TS(Xβ∗ + ξ + bO) − [S(X + aW )]TS(X + aW )β∗||
≤ ||(SX)TSξ|| + ||a(SW )TSξ|| + ||b(SX)TSO|| + ||ab(SW )TSO||

+ ||a(SX)TSWβ∗|| + ||a2(SW )TSWβ∗||,
(C.9)

where S =
√

1
n
PD, P is the n×N subsampling matrix, D = diag{di} and di ∝ ||gi||−1.

From definition (4.8) of gi, we have

||gi|| = ||x̃i
T (ỹi − x̃iβ)|| = ||(xi + aW i)

T [(xiβ
∗ + ξi) + bOi − (xi + aW i)β]||

= ||(xi + aW i)
T [(xi + aW i)(β

∗ − β) + ξi + bOi − aW iβ
∗]||

≤ ||[xi
Txi + 2axi

TW i + a2W i
T
W i](β

∗ − β)|| + ||xiξi|| + ||aW i
T
ξi||

+ ||bxi
TOi|| + ||abW i

T
Oi|| + ||axi

TW iβ
∗|| + ||a2W i

T
W iβ

∗||.

To show that the influence of corrupted points is decreased under LGS procedure, we
multiply all observations from the whole dataset by

σ2
x||β∗ − β||√plogp.

This is equivalent to scaling the diagonal matrix D to make the diagonal entries di pro-
portional to the following term

σ2
x||β∗ − β||

(σ2
x + 2aσxσw + a2σ2

w)||β∗ − β|| + (σx + aσw)(σξ + bσo) + (aσxσw + a2σ2
w)||β∗||

≜ qi.

(C.10)

144



Combining with Lemma C.1, the following inequalities hold with high probability,

||(SX)TSξ|| ≲ σXσξ

√
p log p

n
q2i ,

||a(SW )TSξ|| ≲ aϵσWσξ

√
p log p

n
q2i ,

||b(SX)TSO|| ≲ bϵσXσO

√
p log p

n
q2i ,

||ab(SW )TSO|| ≲ abϵ2σWσO

√
p log p

n
q2i ,

||a(SX)TSWβ∗|| ≲ aϵσXσW ||β∗||
√
p log p

n
q2i ,

||a2(SW )TSWβ∗|| ≲ a2ϵ2σ2
W ||β∗||

√
p log p

n
q2i .

(C.11)

We observe that the inequalities (C.11) all contain term qi. To clarify the effect of using
low-gradient, we consider without loss of generality the heavily corrupted data case that the
previous estimator is totally misleading(say, ||β∗−β|| → ∞) and set σX = 1. Consequently,
by (C.10), we have

lim
||β∗−β||→∞

σx=1

q2i =
1

a2σw + 2aσw + 1
.

Applying (C.11) to (C.9), we obtain

||bn −Σnβ
∗|| ≲ C

√
p log p

n
, (C.12)

where

C =
(σX + aϵσW )(σξ + bϵσO)

a2σW + 2aσW + 1
+
aϵσW (σX + aϵσW )

a2σW + 2aσW + 1
||β∗||.

Step 3. Showing that ∆(t) in (C.7) is monotonically decreasing.

By definition of ∆(t) in (C.7) and D(t)
ν = I, we have

∆(t) − ∆(t−1) = 2
λmax(Σ

(t)
n − ΣN) − λmax(Σ

(t−1)
n − ΣN)

λ2min(ΣN + I)

≤ 2
λmax(Σ

(t)
n − Σ

(t−1)
n )

λ2min(ΣN + I)
.
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Recall that Σ
(t)
n = 1

n
X̃

T

Dt
X̃Dt = 1

n
(SX̃)T (SX̃), we have (Σ

(t−1)
n − Σ

(t)
n ) = (σij)p×p, where

σij =
∑

s∈Dt−1
x̃six̃sj −

∑
s∈Dt

x̃six̃sj ≥ 0. This latter inequality clearly holds by (4.10).

Thus, (Σ
(t−1)
n −Σ

(t)
n ) is semi-positive and λmax(Σ

(t)
n −Σ

(t−1)
n ) ≤ 0, which implies the monotone

decreasing of ∆(t).

Step 4. Completing the proof of Theorem 4.1.

For a fix iteration step T , the following inequality can be obtained from (C.7), Step 3
and by mathematical induction,

||β(T ) − β∗|| ≤
T∑
t=1

∆t||bn − Σnβ
∗|| + ∆T ||β(0) − β∗||, (C.13)

Letting T → ∞, we get the following inequality from (C.13),

||β̂ − β∗|| ≤
∞∑
t=1

∆t||bn − Σnβ
∗||

=
∆

1 − ∆
||bn − Σnβ

∗|| ≤ ||bn − Σnβ
∗||,

(C.14)

This second inequality holds under the condition ∆ ≤ 1
2
. That is, (C.14) is established if

∆ ≤ 1
2
. This condition however can be deduced from assumption (4.11) in Theorem 4.1.

In fact, applying Lemma C.2(also see Th6.1.1 from Tropp [96]), we have

λmax(Σn − ΣN) = λmax(
1

n
X̃

T

DX̃D − 1

N
X̃

T
X̃) = λmax(

1

N

N∑
i=1

(
τi
pi

− 1)x̃i
T x̃i) ≜ λmax(Ai),

where τi ∼ B(1, pi), we have E[ 1
N

( τi
pi
− 1)x̃i

T x̃i] = 0 and

λmax(
1

N
(
τi
pi

− 1)x̃i
T x̃i) ≤ λmax(

1

N
x̃i

T x̃i) =
R

N
, where R = max

i=1,...,N
{||x̃i||2}.

Thus, the variance of Ai is

E(Ai
2) = E[

1

N2

N∑
i=1

(
τ 2i
p2i

− 2
τi
pi

+ 1)||x̃i||2]

=
1

N2

N∑
i=1

(
1

pi
− 1)||x̃i||2

≤ 1

N2n

N∑
i=1

1

πi
||x̃i||4.
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By Lemma C.2,

E[λmax(Σn − ΣN)] = E[λmax(Ai)] ≤

√√√√2
1

N2n

N∑
i=1

1

πi
||x̃i||4logp+

R

3N
logp = σNn

− 1
2

√
logp+

R

3N
logp,

where σ2
N = 2 1

N2

∑N
i=1

1
πi
||x̃i||4. For any given δ, from Markov’s inequality we have that

P{λmax(Σn − ΣN) > σNn
− 1

2

√
logpδ−1 +

R

3Nδ
logp} ≤ δ. (C.15)

Thus, condition (C.5) holds if

n ≥ σ2
N log p

δ2(1
2
λmin(ΣN + I) − R log p

3Nδ
)2
. (C.16)

Applying (C.15) to (C.8), we have ∆ ≤ 1
2

if

n ≥ σ2
N log p

δ2(1
2
λmin(ΣN + I)(1

2
λmin(ΣN + I) − 1) − R log p

3Nδ
)2
. (C.17)

Combining (C.7), (C.12), (C.14), (C.16) and (C.17) gives

||β̂ − β∗|| ≲ C

√
p log p

n
,

where

C =
(σX + aϵσW )(σξ + bϵσO)

a2σW + 2aσW + 1
+
aϵσW (σX + aϵσW )

a2σW + 2aσW + 1
||β∗||,

that complete the proof of Theorem 4.1.

C.2 The proof of Theorem 4.2

The proof of Theorem 4.2: A completely similar argument with Steps 1-3 of the proof
of Theorem 4.1 shows

||β(T ) − β∗|| ≤
T∑
t=1

∆t||bn − Σnβ
∗|| + ∆T ||β(0) − β∗||.
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For any given tolerance ε, when T ≳ log ||β(0)−β∗||
ε

, we have

∆T ||β(0) − β∗|| ≲ e−(1−∆)T ||β(0) − β∗|| ≲ ε. (C.18)

Applying (C.12) and (C.18) to (C.13), we obtain

||β̂(T ) − β∗|| ≤ ||bn − Σnβ
∗|| + ∆T ||β(0) − β∗|| ≲ C

√
p log p

n
+ ε.

The theorem is therefore proved.
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