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ABSTRACT

This study discusses the protlem of the optimization of the length of test sequences
for FSM-based protocol conformance testing. The discussion focuses on finding the extent
to which the length of a test sequence for an FSM can be optimized, and obtaining
algorithms to optimize the length of a test sequence for an FSM. For a special case (i.e., for
a class of FSM’s), we give the greatest lower bound (GL.B) on the length of test sequences
generated by any method employing a distinguishing sequence (D-method) without
overlapping test segments. For the general case, we give lower bounds (i.e.,
approximations to the GLB) on the length of test sequences generated by any D-method
without overlapping test segments as well as by any method employing a W-set (W-
method) without overlapping test segments. We then establish a lower bound (i.e., an
approximation to the GLB) on the length of test sequences generated by any D-method (or
W-method) that overlaps test segments. It is observed that the reduction in the length of test
sequences generated by any D-method (or W-method} due to overlapping is significant.
Thus, two types of efficient algorithms based on overlapping test segments are established
for both a method employing a distinguishing sequence and a method employing a W-set.
The first type of efficient algorithms utilize the maximum-cardinality minimum-cost
matching algorithm. The second type of efficient algorithms utilize the rural Chinese
postman tour algorithm. Moreover, the sufficiency conditions for the second type of
algorithms to find a minimum-length test sequence in polynomial time are indicated.
Furthermore, the sufficiency conditions for the second type of algorithms to achieve the

optimal length test sequences are discussed.
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1. INTRODUCTION

1.1 Background

Protocols are rules and conventions that define the possible interactions among the
communicating entities in a communication network. In order to eliminate ambiguities and
incompleteness in the protocol specification, protocols are typically modeled as extended
finite-state machines [BOC82} where the control portion is a finite-state machine (FSM)
and the data portion consists of program segments, The discussions on the data portion of
protocols can be found in [URA91b][SARS87]. In this thesis, we will focus on the control
portion of a communication protocol (henceforth referred to as protocol or FSM-based
protocol for simplicity). The state of a protocol is defined as a stable condition in which the
protocol rests until a stimulus, called an input, is applied. The protocol generates a
response to the stimulus, called an oufput, (which may be null) when an input is applied,
and moves into the next state (which may be the same as the previous state) where it stays

until the next input is applied.

To ensure the successful exchange of information between the communicating
entities, every protocol iid:plcmentation must be tested for conformance against the
specification of the protocol. This procedure is called protocol conformance testing. It is
usually carried out by applying, by means of an upper and a lower tester, a selected
sequence of inputs to an implementation under test (IUT) and verifying that the
corresponding sequence of outputs is as expected according to the specification of the

protocol [SAR87][AHO88][SID89b).

Practical limitations make the protocol conformance testing impossible to be
exhaustive, and economic considerations may restrict testing still further [RAY87].

Therefore, only a partial behavior of an implementation will be checked for conformance



with the protocol specification. It is assumed that by checking a limited set of behaviors of
a protocol implementation, its conformance to the specification can be assured to an
acceptable level [SIDS0b]. In general, the transition level behavior is chosen as the partial

behavior to be checked for the implementation of an FSM [KOH78].

Various formal methods have been proposed to generate a sequence of inputs and
outputs from an FSM-based protocol specification, known as a test sequence, which, when
applied to an implementation of the F'SM, is capable of verifying all specified transitions.
These formal methods can be viewed as consisting of three phases. In the first phase, one
may determine and derive some special input/output (I/O) sequences, called srate
identification/verification (SIV) sequences, for all states in the FSM such that each state is
uniquely characterized by its SIV sequence(s). Some commonly used SIV sequences are
derived from distinguishing sequences (DS) (GON70][KOH78]), characterizing sequences
[GIL62])[CHO78][KOH78], and unique input/output (UI0) sequences [SAB85][SAB88].
In the second phase, a test segment for each transition in the FSM is formed. A test
segment for a transition is a sequence of I/O’s which consists of an input (with its expected
output) that forces the FSM undergo the transition, and an SIV sequence that checks
whether the FSM has reached the expected state. Finally, in the third phase, the test

segments are joined to construct a test sequence for the FSM.

According to whether SIV sequences are used or not, or the kind of SIV sequences
utilized, these formal methods can be classified as the transition tour method {(or T-method)
[NAI81][UYAS86] where no SIV sequences are used, the distinguishizg sequence method
(or DS method or D-method) {KOH78)[GON70], the characterizing sequence method {or
W-set method or W-method) [CHO78][KOH78], and the unique input/output sequences
method (or UIO-method or U-method) [SAB85]{SAB88][AHO88] where the SIV
sequences which are derived from the distinguishing sequence, the characterizing

sequences and the unigue input/output sequences, respectively, are used.



Except the T-method, all other formal methods reveal faults both in the output and
in the next state function of the FSM. The test sequences generated by the T-method can
only detect faults in the output function [SID89a]. The ability of detecting faults for a test
sequence generated by a formal test sequence generation method is called the fault coverage
of the method [SID89a). In general, a test sequence generated by formal methods is
expected to be as short as possible, while to cover as many faults as possible. For example,
a modified W-method called Wp-method [FUJ91] is considered to be better than the W-
method since the Wp-method generates shorter test sequences than those generated by the
W-method while maintaining the same fault coverage as the W-method. Similarly, the UIO-
method is considered to be better than the D- and W-methods [SID89a]. However, contrary
to this claim, it is found that the actual fault coverage of the UIO-method is weaker than that
of the D-method and the W-method [CHA89], since the uniqueness of UIO sequences may
not hold in a faulty implementation of an FSM. A method called UIOv-method has been
proposed to overcome the weakness of the UIO-method [CHAS89].

Reductions in the length of the test sequences have been achieved by integrating
graph theoretic approaches into the third phase of the formal methods, that is, combining
test segments optimally, while maintaining the fault coverage of the formal methods. The
method proposed by Uyar & Dahbura [UYAB86] (henceforth called the T/CPT method)
combines the T-method with the solution for the Chinese Postman Problem (CPP)
[KUAG2], for which efficient algorithms exist [EDM73]. The method proposed by Aho et
al. [AHOS88] (henceforth called the SUIOQ/RCPT-method) employs the solution for the
Rural Chinese Postman Problem (RCPP) [KUAG62] to optimize the test sequence generated
by the UIO-method. Finding the solution for the Rural Chinese Postman Problem is known
to be NP-complete in the most general case [LEN76]. However, it is shown in [AHO88]
that a polynomial-time algorithm exists for determining a minimum-cost test sequence if the

graph representation of the protocol possesses certain structure (i.e. the protocol satisfies



certain sufficiency conditions). The solution for the Rural Chinese Postman Problem has
also been applied to the D-method and the W-method, which forms the D/RCPT-method
and the W/RCPT-method, respectively [URA91a].

Shen et al.’s method [SHES89] (henceforth called the MUIO/RCPT-method)
attempts to further reduce the length of the test sequences generated by the SUIO/RCPT-
method, It improves the SUIQO/RCPT-method by calculating multiple UIO sequences for
each state of a given FSM in the first phase of the formal method, and forming test
segments through selecting the proper UIO sequence to follow each transition in the second
phase of the formal method. The result is a reduction of 4%-37% in the length of the test
sequences required in {AHO88] with no noticeable increase in the time required to generate
the test sequence [SHE89]. However, there are problems remained unsolved due to the
manner multiple UIO sequences are used in the MUIO/RCPT-method, such as the
sufficiency condition for a polynomial-time algorithm to solve RCPP in the SUIQO/RCPT-
method is not met in the MUIO/RCPT-method, and the systematic selection of appropriate
UIO’s proposed in the MUIQ/RCPT-method does not necessarily minimize the length of
the resulting test sequence. These problems are resolved by an improved MUIO/RCPT-
method proposed by Ural & Lu [URA90], which constructs test sequences that are at least
as short as those that can be obtained by the MUIO/RCPT-method [URA90].

As indicated in [AHCS88], further reductions in the length of a test sequence can be
achieved by overlapping test segments. However, it has been proved that the problem of
constructing the optimal length test sequence through finding maximal overlapping of test
segments is NP-complete [BOY91]. Different heuristic approaches to generate optimal
length test sequences by overlapping test segments for a given FSM have been proposed by
Yang and Ural [YAN90], M.S. Chen et al. [CHE90], and Miller and Paul [MILS0].



1.2 Motivation & Objectives

The results achieved in optimizing the length of test sequences have been promising
in reducing the time requireq to test a protocol implementation [SID90a]. In this thesis, we
study the extent to which the length of test sequences for FSM-based protocol conformance
testing can be optimized and provide algorithms to optimize the length of test sequences for

FSM-based protocol conformance testing. Our objectives are to:

a) find lower bounds on the length of test sequences generated by any D-method and any

W-method with or without overlapping test segments.

b) develop polynomial-time algorithms that are based on overlapping test segments and

approach the lower bounds given in a).

1.3 Contributions
The main contributions of this thesis are as follows:

a) lower bounds on the length of test sequences generated by any D-method and any W-

method with or without overlapping test segments are established.

b) two types of efficient algorithms based on overlapping test segments are established for
both a method employing a DS and a method employing a W-set.

(1) The first type of efficient algorithms utilize the maximum-cardinality minimum-

cost matching algorithm [PAP82].

(2) The second type of efficient algorithms utilize the rural Chinese postman tour

algorithm [AHGR8].



c) the sufficiency conditions for the second type of algorithms to find a minimum-length

test sequence in polynomial-time are indicated.

d) the sufficiency conditions for the second type of algorithms to achieve the optimal

length test sequences are discussed.

1.4 Organization of the Thesis

The organization of this thesis is as follows: In chapter 2, related terminology is
introduced, and protocol conformance testing is reviewed. Chapter 3 gives the proofs on
the lower bounds of the length of test sequences generated by any D-method with or
without overlapping test segments, and presents two types of algorithms for a method
employing a DS that overlaps test segments. Chapter 4 provides the proofs on the lower
bounds of the length of test sequences generated by any W-method with or without
overlapping test segments, and describes two types of algorithms for a method employing a
W-set that overlaps test segments. Finally, conclusions and directions for future research

are given in chapter 5.



2, PRELIMINARIES
2.1 FSM Model and its Graph Representation

An FSM M can be characterized by a quintuple M=(S, I, O, §, 1), where
S : is a finite set of states {s1, $2,..., Sn};
I:is a finite set of input symbols (i1, i2,...,ig};
O : is a finite set of output symbols (01, 02,..., Or};
0 : is amapping S x I -> §, called stare transition function;

A :is a mapping S x I -> O, called output function;

A state transition from state sj to state sx in M is denoted by tjk = (5j, si; ¥/0). The
initial state s1 € S of M is a designated state for M. Often, there is a designated inputrie 1,
called reset input, which brings M to s1 from every state with a single transition producing
a null output, i.e., null € O, An FSM M which has such a reset input is said to possess
reset feature. An FSM M is said to possess self-loop feature if for every state in M, there is

a transition starting and ending at that state.

An FSM M is said to be minimal if every pair of its states does not produce
identical output sequences when excit2d by any sequence of input symbols [KOH78]. An

FSM M is said to be deterministic, if for each input i e I, there is at most one transition

defined at each state of M. An FSM M is said to be completely specified, if for each input i

€ ], there is a transition defined at each state of M.

An FSM M can be represented by a directed graph G=(V, E) where a set of vertices
V=(v1,v2,+,vp} represents the set S of states of M, and a set of directed edges
E={(vj,vk:i/0): vj,vk € V} represents all specified transitions of M. Each edge
ejk=(vj,vk:i/0) € E, represents a state transition from s; to sy with input i and output o,

where vj, Vi, and i/o are called the head, the tail, and the label of the edge ek, and denoted

7



by Head(ejw), Tail(e) and Label{ej), respectively. A state transition is called a-transition

if the input symbol associated with the label of the transition is a.

In the following, G and M, vertices and states, edges and transitions are used

interchangeably.

2.2 Graph Theoretic Definitions

In this section, definitions related to a directed graph D=(V, E) will be given. It is
assumed that the label of an edge in D can be empty (denoted by @) or a sequence of
input/output pairs, i1/o1, i2/02,..., iK/ok, k > 0, denoted by L. The length of the label L of

an edge in D is defined as the number of input/output pairs in L.
Let L, L) and L be sequences of input/output pairs:
I represents the length of L (i.e., the number of input/output pairs in L).

Li@L; represents the concatenation of Ly and Ly, which forms a new sequence such that

L; is followed by Ls.

Li-Ly  represents the deduction of L2 from L), which forms a new sequence from L

such that L in L; is removed.

1Ql, Q1@Qn, Q1-Q2 are defined similarly for Q, Q), Q2 that denote sequences of only input
or only output symbols.

Given a directed graph D=(V, E), the indegree and cutdegree of a vertex v of D is
defined as: d,-li(v) =I1{(w,v; L) : (w,v; L) e E}| and doEm(v) =l{(v,w; L) : (v,w; L) € E]l
The index £ (v) of & vertex v € V is defined as: E-(v) = di(v) - doy(¥). D is said to be

symmetric, if foreveryve V, d,-lf'l(v) = d(::n(v), ie., T;E(v) =0.



A path P=(v1, v2; L1)(v2, v3; Lp) ... (vk-1, vk; Lk-1), k > 1, is a finite sequence of
adjacent and not necessarily distinct edges, where vi, vk, and Li@L2@...@Lk.1 are called
the kead, the tail, and the label of the path P, and denoted by Hzad(P), Tail(P) and
Label(P), respectively.

D is said to be strongly connected, if for every pair of vertices vj and vy, there
exists a path from vj to vk, D is said to be weakly connected if its underlying undirected

graph is connected.

The cost or length of each edge of D is equal to the length of its label. The cost of a
path (or length of a path) P in D is the sum of the costs (or lengths) of edges included in P.
A path with the minimum length among all paths from v; to vy is called a shortest path from

Vg to Vi.

A tour in D is a path in D which starts and ends at the same vertex of D. An Euler
tour of D is a tour which contains every edge in E exactly once. A postman tour (PT) of D
is a tour which contains every edge in E at least once. A rural postman tour (RPT) of
D=(V, E) over a set Ec ¢ E is a tour traversing every edge in Ec at least once. A Chinese
postman tovr (CPT) of D is a minimum-cost tour which contains every edge in E at least
once. A rural Chinese postman tour (RCPT) of D=(V, E) over a set Ec ¢ E is a minimum-

cost tour traversing every edge in Ec at least once.

A graph D=(V, E) is a subgraph of D'=(V',E") if V ¢ V' and E ¢ E'. A subgraph
D which contains all the vertices of & graph D' (i.e., V=V') is called a spanning subgraph
of the graph D'. An edge-induced subgraph D{Ec] of D' is the subgraph of D' whose
vertex set is the set of heads and tails of edges in Ec, and whose edge set is Ec where
Ec c E' [AHO88]. An edge-induced subgraph D{Ec] of D' is called an edge-induced
spanning subgraph of D' if its vertex setis V'



A matching H of a directed graph D=(V, E) is a subset of the edges with the
property that no two edges of H share the same vertex [PAP82].

A bipartite graph is defined as a directed graph D=(V, E), where V=XUY, XY=¢
and each edge has its head in X and its tail in Y. D is said to be a complete bipartite graph if

D is a bipartite graph, and each vj € X is connected to each vj € Y by an edge.

2.3 Optimization Problems on Graphs
2.3.1 The Rural Chinese Postman Problem

Given a directed graph D=(V, E) and a set Ec ¢ E, the Rural Chinese Postman
Problem (RCPP) is to find an RCPT of D over the set Ec [AHOS88].

It is known that computing an RCPT is NP-complete in the most general case
[LEN76]. Nevertheless, if D is strongly connected and the edge-induced spanning
subgraph D[Ec] is weakly connected, then any minimum-cost rural symmetric
augmentation D* of D over Ec is strongly connected [AHOS88). Here, D*=(V*, E*) is a
minimum-cost rural symmetric augmentation (RSA) of D over Eg if D* is symmetric,
V*=V, and E* contains every edge in Ec at least once and every edge in E-E¢ zero or more
times such that the total cost of edges in E* is minimized. Since a strongly connected and
symmetric digraph has an Euler tour [EDM73], an RSA D* has an Euler tour which is an
RCPT of D over Ec. Therefore, in this special case, the RCPP can be solved in two steps:

(1)  constructing an RSA D* of D over Ec;
(2) finding an Euler tour of D*,

Efficient algorithms exist for both of the above steps [AHO88].

10



If D[Ec] is not weakly connected, edges from E can be added to Ec to obtain Eq*
such that D[Ec*] is weakly connected. An Euler tour of the RSA D* of D over Ec* is then
an RPT of D over Ec, but not necessarily an RCPT.

2.3.2 The Maximum-Cardinality Minimum-Cost Matching Problem

Given a bipartite graph D=(V, E) where V=XUY, IXI=IY| (i.e., a complete bipartite
graph with two sets of nodes that are equal in size), the maximum-cardinality minimum-
cost matching problem is to find a matching with the maximal cardinality 1X| and the

smallest possible sum of costs [PAP82].

As indicated in [PAP82], a bipartite graph that is not complete can always be
transformed into a complete vipartite graph by simply letting the costs of those edges that
were missing in the noncomplete bipartite graph be equal to a number that is large enough.
Then, for a complete bipartite graph with two sets of nodes that are equal in size, the

maximum-cardinality minimum-cost matching problem can be solved in O(IVI3) [PAP82].

2.4 Protocol Conformance Testing

Protocol conformance testing is to check if a protocol implementation under test
(IUT) has the same input/output behavior as that of the specification of the protocol
(henceforth denoted by FSM). This is often carried ont (1) in a test architecture, where the
TUT is tested as a black-box by two remote testers, calied the lower tester and the upper
tester; (2) by applying, by means of the upper and the lower testers, a selected sequence of
inputs to the IUT and verifying that the corresponding sequence of outputs is as expected
according to the FSM. If two sequences of outputs match, the IUT is said to conform to the
FSM. Otherwise, the IUT is said to be faulty.

11



2.4.1 A Testing Procedure

In general, a testing procedure will only check a limited set of behaviors of an IUT
for conformance with an FSM, since an exhaustive testing of a protocol (i.e., checking all
possible input/output behaviors} is not feasible. However, it is not always clear which
subset of behaviors is meaningful to ensure the conformance of an IUT to the FSM it

implements [SID90].

Current research on protocol conformance testing has included only those behaviors
that correspond to testing of the states and individual transitions of an FSM-based protocol.
For example, a transition-level approach originating from sequential circuit checking
experiment [KOH78] has been adopted by most formal methods for generating a selected
sequence of inputs and corresponding outputs. Accordingly, the procedure of checking
whether a transition tjx=(sj,sk;i/0) of a given FSM is correctly implemented by an IUT

consists of three steps:

1) The IUT is brought to state s;;
2) Inputi is applied to the IUT and the output produced by the IUT is checked whether it
iso;

3) The state the IUT reaches after the application of input i is checked whether it is sk.

Steps 2) and 3) are used to detect the errors in the output function (i.e., output
errors) and in the state transition function (i.e., transition or tail state errors), respectively.
However, this proczedure is complicated by the limitations on the controllability and the
observability of the IUT due to the black box nature of protocol conformance testing.
Because of the limited controllability, the IUT cannot be directly put into a desired state and
thus a transfer sequence (i.c., the shortest sequence of inputs to bring the JUT to a desired

state, s; in step 1)) is usually required. Limited observability prevents the direct observation

12



of the state of the IUT, and thus an SIV sequence (i.e., a sequence of inputs and outputs to

verify that the IUT reached a designated state, sk in step 3)) is required.

Therefore, the input sequence required to test the transition tjx=(sj,sk:i/0) consists
of

Ta= an optional transfer sequence to bring the IUT from its current state to state s;;
Tp = input symbol i for stimulating tansition tj;

Tc = the input portion of an SIV sequence for state s.

The sequence of inputs (together with their expected outputs) that force an IUT to
undergo all transitions of a given FSM is called a test sequence (TS) for the FSM. The
sequence of inputs (together with their expected outputs) which cover Ty, and T, portions of
an input sequence 1o test a transition is called a test segment (denoted by S;, 1 Si < |El) for
the transition. For convenience, sometimes only the input sequence is mentioned as & test

sequence or test segment.

2.4.2 SIV Sequences and Formal Methods

As mentioned in section 1.1, the most commonly used SIV sequences are derived
from distinguishing sequences (DS), characterizing sequences and unique input/output

(UIO) sequences.

A sequence of inputs is said to be a distinguishing sequence (DS) of FSM M if the
output sequence produced by M in response to the input sequence is different for each state
of M. A distinguishing sequence may not exist for every FSM [KOH78}. An SIV sequence
for a state based on a DS for the given FSM (henceforth denoted by DS(s;) for state s;) is 2

sequence of inputs and corresponding outputs where the sequence of inputs is the DS.
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A set of characterizing sequences (W-set) for an FSM M is a set of input sequences
w1,W2,...,w such that each state is uniquely identified by the set of output sequences
produced by M in response to the set of input sequences [GIL62]{CHO78]. There always
exists a set of characterizing sequences for a given FSM. A W-set for an FSM M is said to
be a minimal W-set if none of its components is a prefix of another component [GIL62}). A
set of SIV sequences for a state can be derived from & W-set (henceforth denoted by W-
set(s;j) for state s;), each of which is a sequence of inputs and corresponding outputs
(henceforth denoted by wi(s;), k=1,2,...,]1 for state s;) where the sequence of inputs is one

of the input sequences wy in the W-set,

A unique inputiousput (UI0O) sequence for a state of FSM M is an I/O behavior that
is not exhibited by any other state of M. UIO sequences may not exist for some states of a
given FSM [SAB88]. In that case, a unique signature [SAB88] is constructed for each state
which does not have a UIO sequence. An SIV sequence for a state based on a UIO
sequence or a unique signature for that state (henceforth denoted by UIO(s;) for state s;) is

simply a UIO sequence or a unique signature for that state,

If an SIV sequence SIV is used in a formal method for test sequence generation, the
corresponding formal method is classified as SIV-method. In general, the test segment for
the transition tjk=(sj,sx;i/0) is defined as i/o@SIV(sy) where @ is the string concatenation

operator.

2.4.3 Optimization of Test Sequences

It should be noted that the formation of a test sequence may be subject to certain
constraints, such as the type of SIV sequences and the number of SIV's for each state
employed to construct test segments, the existence of a requirement on the starting and

terminating states of the test sequence, and whether overlapping between test segments is
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allowed. Based on these constraints, different optimization problems may be formed.
Therefore, a test sequence for an FSM M is called optimal if no shorter test sequence for M

satisfying the same set of constraints exists.

In tie following, we assume that a deterministic, minimal, completely specified
FSM M is represented by a strongly connected digraph G=(V, E) in which the cost (or
length) of each edge is one. Also, it is assumed that the test sequence derived from an FSM
M is a tour, which starts and ends at the initial state sy of M. This implies the assumption
that a given TUT always starts from its initial state in the conformance testing. Finally,
minimum-length or minimium-cost test sequence will be specifically used to refer to a test
sequence derived by an algorithm using certain optimization approaches, and a minimum-

length or minimum-cost test sequence may or may not be an optimal test sequence.

There are two kind of optimization problems for test sequences with respect to
whether overlapping between test segments is allowed. The first one is to find an optimal
test sequence for an FSM M in which no two test segments overlap and only one SIV for
each state is used (henceforth called OTS problem). To solve the OTS problem, a new
directed graph G' =(V', E') is constructed from the directed graph G=(V, E) representing a
given FSM M, where:

V'=V,
E'=EUEC,
Ec={(vj, vz; /0@SIV(vy)): (vjs vki /o) € E,i€ 1,0 € O, and Tail(SIV(vy))=v; € V}

(i.e., ejz € Ec represents a test segment for the transition ejx € E).

The cost or length of (vj, vz; i/o@SIV(vy)) is equal to the length of SIV(vy) plus one
according to the definition given in section 2.2. Therefore, the minimum-cost test sequence
which contains all test segments in M such that no two test segments are overlapped

corresponds to the minimum-cost tour of G' such that each edge in Ec is traversed at least
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once. Such a tour is a rura) Chinese postman tour (RCPT) of G' over Ec. Computing such
a tour is known to be NP-complete in the most general case [LEN76]. Nevertheless, as
discussed in section 2.3.1, if the edge-induced spanning subgraph G[Ec] of G'is weakly
connected, then finding an RCPT of G' over Ec is reduced to:

(1)  constructing an RSA G* of G' over Ec, where G* is symmetric, V*=V',
and E* contains every edge in Ec at least once and every edge in E zero or
more times such that the total cost of edges in E* is minimized;

2) finding an Euler tour on G*.

Both problems can be solved by efficient algorithms [AHOS88]. As it was shown in
[AHOB88][SID90b], as long as G possesses reset feature, or self-loop feature, G[Ec] of G'
is a weakly connected spanning subgraph of G'. Thus, an Euler tour of the RSA G* of G'

is an RCPT of G' over Ec which in turn is a minimum-cost test sequence for G.

The other optimization problem is to find an optimal zst sequence for an FSM M in
which test segments are allowed to overlap and one or several SIV's for each state can be
used (henceforth called OTSO problem). Given the graph represeniation G of an FSM M, a
checking path for a state vi € V is a path which starts from vi and corresponds to an SIV
sequence for vk. A checking traversal of G is a tour which includes at least one occurrence
of every transition ejx=(vj,vk;i/0) € E which is immediately followed by a checking path of

Vk.

In graph-theoretic terms, the OTSO problem can be defined as follows: given the
graph representation G of an FSM M and, fcr each state, one or more checking paths, find
the shortest checking traversal of G which starts and ends with v;. It was shown [BOY91]
that OTSO problem is NP-complete. Therefore, only heuristic approaches may be found to

reduce the length of a test sequence by attempting to overlap test segments.
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One such heuristic approach is to reduce the OTSO problem to a maximum-
cardinality minimum-cost matching problem. It was first proposed in [CHE90] where a
single UIO sequence is used as an SIV sequence for each state. This approach can be
extended to use other SIV sequences for each state. To formulate the OTSO problem, a

new directed graph G'=(V', E") is constructed from the graph representation G of an FSM

M, where

V'=Yuu,
U=(u;:vie V},
E'=EUECUEWE,,
Ec={ej:=(0juzi/0@SIV(v) : (v}, Vi; Vo) € E,i € L, 0 € O, and Tail(SIV(v))=vz € V},
Ev={(vj;u;D) : vj € V, uj=Head(ej;) € U, ¢jz € Ec}u
{(uzvz@) : vz € V, u=Tail(ejy) € U, ejz € Ec),
Eo={(uz,u;i%) : uzuj € U, exz, ejy € Ec, uz=Tail(exz), uj=Head(ejy), the test segment

corresponding to ejy overlaps the test segment corresponding to exz}.

A test segment S; is said to overlgp another test segment 5; if the possible overlapping part
between S; and §; is not null when §; is immediately followed by S;. The cost or length of
(uj, uz; Yo@SIV{vy)) € Ec is equal to the length of SIV{vy) plus one, and the cost or
length of (vj,uj;@) or (uzv;9) € Ey is zero, but the cost or length of (uz,uj;9) € Eo is

defined as a negative number equal to the length of the corresponding overlapping part.

Informally, each edge ej, € Ec represents a test segment for each transition
ejk € E, each edge (vj,u;;@) or (uz,vz@) € Ey represents a link between U and V, and
each edge (uz,u;;0) € E, represents the possible overlapping part with which the test
segment ejy € Ec can overlap the test segment ex; € Ec. This formulation enforces the
constraint that a tour on G' must have the segment S; immediately followed by the segment

8jif the overlapping part with which S; can overlap 5; is used. Therefore, the optimal test
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sequence which contains all test segments in FSM M (allowing two segments overlapped)
corresponds to an RCPT of G' over Ec. However, G[Ec] is no longer weakly connected
because of the additional nodes from U, and the optimum solution is in general not
obtainable [CHE90]. Nevertheless, if segments have significant overlapping, efficient
heuristics that utilize overlapping are still likely to yield better resuits than the exact
solutions used in solving OTS problem [CHE90). It is shown in [CHE90] that the so
formulated RCPP can be solved as a maximum-cardinality minimum-cost matching
problem in a bipartite graph. If the solution is & tour, then it is a valid and optimal test
sequence. Otherwise, it is possible that only a minimum-cost test sequence can be obtained

via heuristics to connect these resulting disconnected tours.
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3. D-METHOD

In the D-method [GON70, KOH78, SAR84, SID§9a], a test segment for each
transition consists of the transition and the distinguishing sequence (DS) which follows the
tail of the transition. The test sequence for an FSM M is then constructed by combining test
segments for all transitions of M. Some transfer sequences may be required for connecting
two consequent test segments. If test segments are overlapped, the result of overlapping
two test segments will not only eliminate the transfer sequence for connecting them, but

also the overlapping part of two test segments will be used only once.

3.1 Lower Bounds on the Length of Test Sequences

The main goal of this section is to find a lower bound on the length of test
sequences generated by any method employing a DS with overlapping, i.e., a lower bound
on the length of test sequences for the OTSO problem employing a DS. The OTSO problem
employing a DS is called the OTSO_D problem henceforth, and the lower bound on the
length of test sequences for the OTSO_D problem is denoted by LBoTso_p. Similarly, the
OTS problem employing a DS is called the OTS_D problem, and the lower bound on the
length of test sequences for the OTS_D problem is denoted by LBoTS_D.

In fact, the OTSO_D problem is related to the OTS_D problem since overlapying of
two test segments in the OTSO_D problem will not only eliminate the possible transfer
sequence for connecting them which is required in the OTS_D problem, but also the
overlapping part of two test segments will be used only once. Therefore, we reduce the

problem of finding LBotso_p to the problem of

(a) finding a lower bound on the length of test sequences for the OTS_D problem,

i.e., LBoTS_D-
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(b) calculating the sum of the length of the possible overlapping parts between any
two test segments {denoted by TSOPp), and the sum of the length of the possible
transfer sequences eliminated by overlapping (denoted by TROPpD).

Thus, LBoTso_p = LBots_p - TSOPp - TROPp.

The following theorem establishes a lower bound on the length of test sequences

for the OTS_D problem,

Theorem 1: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, 1, O, 6, A), ISl=n, |ll=q,
with a DS of length L. Let Ec={(vj, vz; i/o@DS8(vy)) : (vj, v; i/0) € E,
ie I,0e O, and Tail(DS{vk))=v, € V},

(a) If G[Ec] is weakly connected, then the length of a test sequence for the
OTS_D problem can not be below

nq(1+L) + o
where

o=l{e : e € E* - Ec }|; that is, the total length of those edges added to
G[Ec] for constructing an RSA G*=(V*, E*) of G' over Ec.

(b) Otherwise, the length of a test sequence for the OTS_D problem can
not be below

nq(i+L) +7- B

where
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Proof:

=3 IEECtw)l, vi € V, EECvy) < 0

B=1,if §Cv1) < 0;
B=0, if £EC(vy) 2 0.

nq is the number of transitions, and (1+L) is the length of the test segment
for each transition. Without overlapping, the total length of the test sequence

should be at least equal to the total length of all test segments, nq(1+L).

(a) From the discussion in section 2.4, the minimum-length test sequence
is equal to & minimum-length tour in G' that traverses every edge in
G{Ec] at least once; i.e., it is equal to a rural Chinese postman tour
(RCPT) of G' over Ec. Computing such a tour is known to be NP-
complete in the most general case [LEN76].

However, due to the fact that G[Ec] is weakly connected, any
minimum-cost rural symmetric augmentation (RSA) G* of G' over Ec
is strongly connected [AHOS88]. Since a strongly connected and
symmetric digraph has an Euler tour [EDM?73], the problem of finding
an RCPT of G’ over E¢ is reduced to constructing an RSA G* of G'
over Ec and finding an Euler tour of G*. So, at least a total length of
l{e : e € E* - Ec }| of transfer sequences has to be used for

constructing a test sequence.

Therefore, the length of a test sequence for the OTS_D problem

can not be below

nq(1+L) + o where a=l{e:ee E*-E¢ }l.
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(b) Forvije V, and F,Ec(vi) < 0, to test all transitions initiating from v;,
I!’;Ec(vi)l transfer sequences, each of which consists of at least one
transition, will be employed to transfer M to vj. Thus, at least an extra
length I§Ec(vi)l, vie V, E_,Ec(vi) <0, of transfer sequences has to be
used for constructing a test sequence. If E_.Ec(vl) < 0, 1 should be
deducted from the total added length of transfer sequences since no

transfer sequence is required for the first test segment starting from vi.

Therefore, the length of a test sequence for the OTS_D problem

can not be below

ng(l+L) +1- 1 if £5C(vy) <0,
nq(1+L) + 1 if E5C0vp) 2.0,

where ©=3 EECv)l, vie V, EECv) <0, o

In Theorem 1, (a) gives the greatest lower bound on the length of test sequences if
G[Ec] is weakly-connected. However, if G[E(] is not weakly-connected, it is not possible
to find the greatest lower bound on the length of the test sequences. Therefore, Theorem
1(b) gives an approximation to the greatest lower bound in the general case, including the
case where G[Ec] is weakly-connected. Furthermore, the way to calculate the lower bound
given in Theorem 1(b) provides the relevant information for finding the lower bound on the
length of test sequences for the OTSO_D problem. So, the lower bound given in Theorem
1(b) will be used as LBots_p henceforth.

In fact, the lower bound on the length of test sequences consists of two parts: the

minimum requirement on the length of test segments (denoted by MRTS) and the minimum
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requirement on the length of transfer sequences (denoted by MRTRY). In Theorem 1,
MRTR=a, a=l{e : ¢ € E* - E¢ }l if G[Ec] is weakly-connected; otherwise, MRTR=1-
where t=3, IE_,EC(vi)I, vie V, §Ec(vi) <0 (henceforth denoted by MRTRoTS D).

Meanwhile, MRTS is always equal to nq(1+L) (henceforth denoted by MRTSots_p).

It is obvious that if G[Ec] is strongly-connected and symmetric, MRTR will be 0
and the lower bound becomes ng(1+L). Indeed, this is the best case for the test sequences
generated by any method employing a DS without overlapping.

Since LBoTso_p = LBoTs_p - TSOPp - TROPp, what need to be found next is
TSOPp and TROPp for establishing the lower bound on the length of test sequences for
the OTSO_D problem, i.e., LBoTso_p. Before we give a theorem to establish LBo1s0_p»
we will make some observations highlighting the analysis required for the derivation of
TSOPp and TROPp, and define the termns that will be used in the theorem. First, the

following observations are made:

1) If test segment Sp can overlap test segment S, with a length at most /,p, then the

length I, should be added to TSOPp. [, can be determined in two steps:

a) In the first step, only the input portion of each test segment for an FSM is
considered. Thus, the prefix of each test segment with which the test segment
can potentially overlap another test segment can be identified. Such a prefix of
the maximum length for each test segment is called the potential maximal
overlapping part of the test segment. The corresponding length is called the

potential maximal overlapping length.

b) In the second step, test segments that can never overlap other test segments with
their potential maximal overlapping length are identified. Thus, an adjustment

factor for the potential maximal overlapping length for each of these test
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segments are determined and deducted from its potential maximal overlapping

length. The result is the /,p for the test segment.

2) If test segment Sp can overlap test segment Sy, and Sp starts from vie V,
Lf,EC(vi) < 0, then the length of the transfer sequence which is required for the
OTS_D problem and counted in MRTRoTS_p of LBoTs_p should be added to
TROPp since the transfer sequence will be eliminated due to the overlapping.

In order to make use of these observations, the following definitions are needed: let
the set of input symbols I in an FSM be {aj, a3....,8q}. Then, there are only q forms of
input portions a;@DS (j=1,...,q) among nq test segments for an FSM. Henceforth, a test
segment with the input portion 2;@DS is called a test segment with the form a@D8

(denoted by test segment [a;@DS]).

Formally, we introduce the following terms for a DS for a given FSM. Zj; is said to
be the potential overlapping suffix of the DS w.r.t. a{@DS (1 S j < q), if Zj; is the suffix of
the DS and the prefix of a;@DS$, where 1 <i S bj. b; is the number of the potential
overlapping suffixes of the DS w.r.t. ai@DS (1 £j S @). Zji (=1,...,q, i=1,...,bj) are
listed in such a way that 1Z;1 > 1Zjpl > ... > IZjbjl. Z;) is said to be the potential maximal
overlapping suffix of a DS w.r.t. 3;@DS (henceforth denoted by Z;). The corresponding
length is called the potential maximal overlapping length of the DS w.r.t. a@DS.
Accordingly, X; is said to be the intrinsically nonoverlapping prefix of a DS w.r.t. a@D5,
if Xjis aprefixof aDS and X; =DS - Z;.

Similarly, we introduce the following terms for each test segment [a;@DS§]
(1 £j<q) fora given FSM. Z; s said to be the potential maximal overlapping part of the
test segment [a;@DS] if Z; is a maximum length prefix of the test segment with which the
test segment can potentially overlap another test segment. The corresponding length is

called the potential maximal overlapping length of the test segment [a;@DS], and denoted
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by zj. It is clear that n test segments with the same form a;@DS (1 < j < q) initiating from n

different states will have the same potential maximal overlapping length.
A DS of length L can only be in one of the following three formats:

(1) ajajy--ay, that is, the DS consists of L repeated input symbols (without loss
of generality, it can be assumed that the input symbol is ay);

2) Xi@aj, where X1 is the intrinsically nonoverlapping prefix of the DS
w.r.t. a1@DS (without loss of generality, it can be assumed that the last
input symbol in the DS is a)).

3 Dr1@Dy2=Dy3@D1=Xx@ax@Dy1 (k=1,...,h), where IDgal=IDgsl > 1; at
least one Dy satisfying IDgjl 2 1; at most one Dyj=@; and X is the
intrinsically nonoverlapping prefix of the DS w.r.t. ay@DS (without loss
of generality, it can be assumed that k=1,...,h € q, i.e., ax (k=1,...,h) are
the first h input symbols in I, and if there is one Dy1=@, then Dy1=0);

It is clear that a DS in format (2) can be written as X1@a1@D11, where D;=@.
Also, a DS in format (1) can be written as X1@a1@D 1, where X1=0,

Dj1=aj---aj.

The following theorem gives & lower bound on the length of test sequences for the

OTSO_D problem and formally presents the observations given above in detail.

Theorem 2: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(§, 1, O, §, &), iSl=n, [ll=q,
with a DS of length L. The length of a test sequence for the OTSO_D

problem can not be below
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Proof:

Case 1:

a4y +-Bl- 10 £ 5-2)- 3 % yi-t

where

=3, IEEC(wpl, vi e V, EXCvp) < 0;

B=1, if E¥(vy) <O;
B=0, if E5C(vp) 2 0;

zj, 1 €£j S q, is the potential maximal overlapping length of each test
segment [a;@DS], aj€ 1(1€jsq);

Yji» 1 £j S q, 1 i £ n, is the adjustment factor for the potential maximal
overlapping length of each test segment [a;@DS], aje 1 (1<j<q)

initiating from each state vie V (1 i <n);

zj - ¥jis 1 £j S q, 1 Si<n, is the [pp of each test segment [a;@DS], aje I

(1 £j S q) initiating from each state vie V(1 Si<n);

zr=min(zj : j=1,....q), 1Sr<q;

o .
t= min(1&“C(vi)l, Hz; - yji : 2j - ¥ji # 0, j=1,...,a}.

vie V; &EC{V§)<0
There are three possible cases for a given DS.

DS is in the format of ajaj--+---aj, that is, the DS consists of L repeated
input symbols (without loss of generalily, it can be assumed that the input
symbol is aj).

There are q test segments [3;@DS] (aj € I, 1 <j < q) initiating from
each state vi € V (1 £i < n). The potential maximal overlapping length of

each test segment [a1@DS§] initiating from eachvie V(1 <i<n)isL,i.e.,
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z1=L. On the other hand, each test segment [2;@DS$] (2 < j < q) initiating

from vj € V (1 <i < n) cannot overlap any other test segment, i.c., zj=0.

Since DS is in format (1), X;=0, and thus, the adjustment factors
for the potential maximal overlapping length for all test segments are O (i.e.,

in':O: j=1$"-,q, i=1,...,l‘l).

In the best case, each test segment [aj@DS] can overlap another test
segment with its potential maximal overlapping length L, and the first test
segment in a test sequence initiating from the initial state corresponds to a
transition other than an aj-transition. Since, there are n test segments
[21@DS], the maximal saving of length nL on test segments can be

obtained, compared with MRTSoTs_p. i.e., TSOPp =nL.

Meanwhile, due to the overlapping, no transfer sequences are
required for the test segments [a)@DS] initiating from vie V and
§Ec(vi) < 0 (1 1 £ n), Therefore, a saving of length t=I{i : vie V,
§Ec(vi) < 0}) on transfer sequences can be obtained, compared with

MRTRoTs_D. i.e., TROPp =t.

Therefore, the length of a test sequence for the OTSO_D problem

can not be below

MRTSoTs_p - TSOPD)HMRTRoTs_p - TROPD)
= [nq(1+L) +©-B]-nL-t, wheret=I{i:vie V,E- (v;) <0)l.

Since z1=L, zj=0 (j=2....,9) and yji=0 (=1,...,q, i=1,...,n), we get
zy =min{z: j=1,...,q}=0,2Sr<q, and

n
w3z-2- 3 yi=ol
j=1 j=li=1
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Case 2:

Meanwhile, we get
I(zj-yji:zj-yji#0, =hesgll={z 1= 1.

Thus,

. E .
t= min(I&Cvill, 1(2; - yji  zj - ¥ji # 0, 3=1,...,q}))
vie Vi EEC(vi)<0

1=1{i:vie V,EEC(v)<0)l.

vie V; éc(vi)d)
So, the lower bound is proved in this case.

DS is in the format of X{@aj, where X is the intrinsically nonoverlapping
prefix of the DS w.r.t. aj@DS (without loss of generality, it can be

assumed that the last input symbol in the DS is a1).

There are q test segments [8;@X1@a1] (aj € I, 1 S j < ) initiating
from each state vj € V (1 £i <n). The potential maximal overlapping length
of each test segment [a1@X1@aj] initiating from eachvie V (1<i<n),
is 1, i.e., z;=1. On the other hand, each test segment [aj@X1@21]
(2 £j £ q) initiating from v; € V (1 <1i < n) cannot overlap any other test

segment, i.e., z=0 2 < j<q).

However, if vi e V and dEi’lfl(vi)=0. then the test segment [2)@DS]
initiating from v; cannot overlap any other test segment with its potential
maximal overlapping length (i.e., 1). Here, Ex; is the set of edges from a
new graph G[Ex,]}=(V, Ex,), where Ex ={(vjvnXi1(vj) : X1 is the
intrinsically nonoverlapping prefix of the DS w.r.t. ai@DS, X;#@,
Tail(X1(vj))=vr € V), and |[Ex,|=IVI. Thus, vi € V and dE.xl(vi)=0 means

mn

that there is no path in G corresponding to X1 that can reach vi.
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Accordingly, the test segment [a;j@DS$] initiating from v; cannot overlap

any other test segment a;@X1@a; with its potential maximal overlapping
length (i.e., 1).

Thus, the adjustment factor for the potential maximal overlapping
length for each of the test segments [a;@DS$] initiating from v; € V and
d"X1(vp)=0 should be 1, i, yi=1 (i€ {i:vie V and d"Xi(v)=0)).
Also, the adjustment factor for the potential maximal overlapping length for
each of the test segments [21@DS] initiating from vi € V and d"X1(v;)#0 or

for each of the test segments [3;@DS] (j=2,...,q) initiating from each
vie V (i=l,...,n) should be 0, ie., y1i=0 i e {i:vie V and
" X1(v)#0}) of Yji=0 (=2,er.,G, i=1,...,0).

In the best case, each test segment [a}@DS] can overlap another test
segment with its potential maximal overlapping length except the test
segments [a;@D8] initiating from vj e V and dl?r'fl(vi)=0. and the first test
segment in a test sequence initiating from the initial state corresponds to a
transition other than an aj-transition, There are n test segments [aj@D$],

among which p=I{i: vie V and dEi}rfl(vi)=0]l test segments cannot overlap
any other test segment with its potential maximal overlapping length
(i.e., 1). So, the maximal saving of length (n - p) on test segments can be

obtained, compared with MRTSqTS D, i.¢., TSOPp =n - p.

Meanwhile, due to the overlapping, no transfer sequences are
required for the test segments [a;j@DS] initiating from vie V, &Ec(v;) <0
and dEi’rfl(vi)an (1 £1i £ n). Therefore, a saving of length t=l{i : vie V,

EEc(vi) <0 and dEi;‘l(vi);&O}l on transfer sequences can be obtained,

compared with MRTRoTs_D. i.¢., TROPp =t.
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Therefore, the length of a test sequence for the OTSO_D problem

can not be below

(MRTSoTts_p - TSOPp) + MRTRoTS_D - TROPD)
=[ng(l+L) +T-Bl-(n-p) -t

where p=1(i:vie V and d"X1(vj)=0}l, t = I{vi : vi e V, £"C(vi) <0 and

dX1tv0)l.

Since z1=1, zj=0 (j=2,...,q) and
yii=l Gie (i:vie Vaud dX1(v)=0)),
yii0 (e (i:vie Vand dKi(v)=0)),
yji=0 (=2.....q, i=l,...,n),
we get
zy =min{z; : j=1,...,4)=0,2<Sr<q, and

i 3 . Ex
(n _g",lzj -2r) - | 1 _Z‘,lyji =n-i{i:vie Vandd inl(vi) =0}l=n-p.
= Jj=l1=

Meanwhile, we get

I{zj- yji: 2 -yji# 0, i=L,...qH =l{z1 - y1i: 21 -ni # 0}| =
1 whenie (i:vije Vand dEi’lfl(vi)#O];and
0 whenie {(i:vie Vand dEi}[fl(vi)=O].

Thus,

. E .
t= min(IE “C vy, 1{zj - yji : 2 - yji # 0, j=1,....a}1)

vie V; §§C(v;)<0

) 1 whenie (i:vie Vand dXi(v)=0)
vie V; §5C(vi)<0

=I(i:vie V,E%v) <0 and d X1 (v}0)l = .

So, the lower bound is proved in this case.
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Case 3:

Dy 1@Dx2=D3@Dy1=Xy@3ax@Dy (k=1,...,h), where IDgal=IDys3l > 1; at
least one Dy satisfying IDkil 2 1; at most one Dy1=@; and X is the
intrinsically nonoverlapping prefix of the DS w.r.t. ax@DS (without loss of
generality, it can be assuiued that k=1,...,h €q, i.e., ax (k=1,...,h} are the
first h input symbols in I, and if there is one Di1=@, then Dp1=@). Note
that IDg2l=IDgsl > 1; otherwise, it should belong to Case 1.

There are q test segmens {3;@DS] (a; € 1, 1 £j <) initiating from
each state vj € V (1 £i < n). The potential maximal overlapping length of
each test segment [a @Dy 1@Dy2] (1 £k < h) initiating from eachvie V
(1 £i<n), is lag@Dx1l, i.e., zx=IDx1l+1 (1 € k £ h). On the other hand,
each test segment [a;@DS] (h+l < j £ q) initiating from vie V
(1<i<n) cannot overlap any other test segment, i.e., zj=0

(h+1 €j < q).

However, if vie V and dEiffk(vi)=0 (1 <k < h), then the test
segment [a@DS] initiating from v; cannot overlap any other test segment
with its potential maximal overlapping length IDil+1 (i.e., IZyl). Here, Ex,
is the set of edges from a new graph G[Ex ])=(V, Ex), where
Exi={{vj,vr;Xk(vj)) : Xk is the intrinsically nonoverlapping prefix of the
DS w.r.t. ax@DS, Xy#@, Tail(Xx(vj))=vr € V}, and |[Ex|=IVI. Thus,
vi€e Vand dEi"fk(vi)=0 means that there is no path in G correspondiag to
Xy tizat can reach vj. Accordingly, the test segment [ap@DS$] initiating from
vi cannot overlap any other test segment [a;@ Xx@ax@ Dy1] with its

potential maximal overlapping length |Dg 141 (i.e., 1Zxl).

Therefore, the adjustment factor for the potential maximal

overlapping length for each of the test segments [ax@DS] (1 Sk £h)
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initiating from vi e V and d°X%(v{)=0 should not be 0, i.e., yii#0
(1€k<h,ie {i:vie Vand d2%v)=0)). Also, the adjustment factor
for the potential maximal overlapping length for each of the test segments
[ax@DS] (1 Sk < h) initiating from vi & V and d"X¥(v;)#0 or for each of
the test segments [a;@DS] (h+1 < j < q) initiating from each vie V
(i=1,...,n) should be O, ie., yxi=0 (1 Sk <h,ie {i:vie V and
dEiifk(vi)a&O}) or yji=0 (j=h+1,...,q, i=1,....n).

For the same reason, if vi € V and dEiﬁk“(vi)=0 (1<k<h,

2 € u £ by, by is the number of the potential possible overlapping
suffixes of the DS w.r.t. a@DS), then the test segment [ap@DS] initiating

from v; cannot overlap any other test segment with the potential overlapping
length 1Zgyl of the DS w.r.t. ax@DS. Here, Exp (1 Sk <h, 2Su<by)

is the set of edges from a new graph G[Ex; 1=(V, Ex;,), where
Expo={(vjsviiXku(v§) : Xku=DS-Zxy, Zky is the potential overlapping
suffix of the DS w.r.t. ay@DS$, TailXku(vi))=vr € V}, and [Ex; |=IVI.

Thus, the adjustment factor for the potential maximal overlapping
length for each of the test segments [ax@DS] (1 £ k < h) initiating from
vie Vand d*Xiuvi)20 (2 u < by), but dXk(vi)=0 and dXs(vy)=0
(s < u) should be the difference between the potential overlapping length
IZku! of the DS w.r.t. a@DS$ and its potential maximal overlapping length
IZ), e, yii = 12l - Ziol (1SkShyie {i:vie V and dX(y)0,

(2 S u < by), but dXk(v))=0 and d"Xes(v)=0 (s < W)).

Moreover, the adjustment factor for the poteantial maximal
overlapping length for each of the test segments [ay@DS] (1 <k £h)
initiating from vi € V and d"Xk(vi)=0, d" Xki(v{)=0 (2 <5< by) should
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be its potential maximal overlapping length 1Zyl, i.e., yki = [Zgl (1 Sk <h,
ie (i:vie Vandd Mv)=0, d"Kks(vi)=0 (2 <5 S by))).

In the best case, each test segment with 2320 (i.e., each test segment
[ax@DS]) can overlap another test segment with its potential maximal
overlapping length (i.e., lag@Dx!), with the following exceptions: a) the
first test segment in a test sequence initiating from the initial state cannot

overlap any other test segment, b) test segments initiating from vj € V and

dEi}Ifk(vi)=0 (1 £k £ h) cannot overlap any other test segment with their

potential maximal overlapping length.

So, the maximal saving on test segments compared with
MRTSoTs_p can be represented by the difference between the sum of the
potential maximal overlapping length z; for each test segment except the first
test segment in the test sequence initiating from the initial state and the sum

of the adjustment factor for the potential maximal overlapping length yj; for

those test segments initiating from v € V and d' Xk(vi)=0 (1 Sk < h), ie.,

1
TSOPp =(n i_z_i -Z) - i’,l 'Ely'ii' where z; is the potential maximal
J: [ j: 1=

overlapping lex;zth for the first test segment initiating from the initial state.

It is clear that the first test segment should be one of those test
segments with the minimum of zj (j=1,...,q), so that TSOPp can be
maximized i» the best case. So, zr = min{z; : j=1,...,q), 1 ST < q. When
h < q, the first test segment in a test sequence initiating from the initial state
should correspond to a transition other than an ag-transition (i.e., z=0,

h+1 €£r < q).
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Obviously, a test segment initiating from vje V with zj - yji# 0
indicates that the test segment can overlap another test segment in the best
case. Thus, due to the overlapping, no transfer sequences are required for
these test segments [4;@DS] (1 < j < q) initating from vie V and
&Ec(vi) < 0 with zj - yji # 0 (1 Si S n). The total number of test segments
initiating from v; € V that can overlap other test segments is I(z; - yji :
z; - yji # 0, j=1,...,9}I. So, for each vie V and l’;EC(vi) < 0, the total
length of transfer sequences that may be saved compared with
MRTROTS_D, cannot be larger than the minimum of I&Ec(vi)l and I{z; - yji :

zj - yji # 0, j=1,...q}l. Therefore, a saving of length

. E .
t = % min(€“C(vi, I{zj - y5i : Z; - ¥ji # 0, j=1,....q)1) on
vie V; EXC(v)<0

transfer sequences can be obtained, compared with MRTRoTS_D, i.€.,
TROPp =t.

Therefore, the length of a test sequence for the OTSO_D problem

can not be below

(MRTSors_p - TSOPp) + MRTRoTs_p - TROPp)

= [nq(1+L) + - B] - [(n j%lzj - Zp) - j)q_;,l ii‘,lyji] -t ¢

The lower bound given in Theorem 2 is LBoTso_p, in which TROPp =t,
n

representing the observations described in 2), and TSOPp = [(n _ilz,- -2Zr) - f}l _Elyji],
= j=l=

representing the observations described in 1). When a DS is in the format of (1) or (2),

LBgTso_D can be simplified as the following corollaries.
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Corollary 1: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, I, O, §, A), |SI=n, lil=q,
with a DS of length L, in the format (1). The length of a test sequence for
the OTSO_D problem can not be below

[ng(1+L) +t-p]-nL-t

where

=X liEc(Vi)l. vie 'V, T;EC(Vi) <0;

B=1, if £°Cvy) < 0;
B=0, if E°(v1) 2 0;

t=I{i: vi e V, EEC(vi) <O)L.

Corollary 2: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, I, O, §, &), ISi=n, ll=q,
with a DS of length L, in the format (2). The length of a test sequence for
the OTSO_D problem can not be below

[nq(1+L) +T-B]-(n-p)-t

where

=2 ECw)l, vie V, EXCw) < 0;

B=1, if E5C(vy) <0;
B=0, if E5C(vy) 2 0;

p=l(i:vie Vand dXi(v)=0}l;
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t=I{i : vie V, EEC(v) < 0, and & X1(vj)=0).

and

G{Ex,1=(V, Ex))

Ex={(vjvr;X1(vj)) : X1 is the intrinsically nonoverlapping prefix of the
DS w.r.t. a1@D8, X243, Tail(Xi(vj))=vr€ V), and [Ex,|=iVi;

Example:
A DS for the FSM M1 shown in Figure 1 is aaa or aab. We have L=3, n=6, q=2.
(1) DS=aaa

When DS=gaa is used, G[Ec] of Ml is shown in Figure 2, where
EFC(y1)=EEC(v3)=2, EEC(v)=EEC(v5)=0, EEC(v4)=E"C(ve)= -2. Table 1 lists all the test

segments, i.e., the edges in G[Ec].

b/1

Figure ] FSM Ml
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Si
S2
S3
S4
S5
S6
S7
S8
S9
S10
S11
S12

Figure 2 G{Ec] for M1 when DS=aaa
(Only input symbols are shown)

(1,3;a/1)(3,5;0/0)(5,2;a/0%(2,1;8/0) = (1,1;2/1@D35(3))
(1,5;b/1)(5,2;a/0)(2,1;0/0)(1,3;8/1) = (1,3;b/1@DS(5))
(2,1;2/0)(1,3;2/1)(3,5:2/0)(5,2;a/0) = (2,2;a/0@DS(1))
(2,:4;/0)(4,6;a/1)(6,2;2/1)(2,1;a/0) = (2,1;6/0@DS(4))
(3,5;a/0)(5,2;8/0)(2,1;3/0)(1,3;a/1) = (3,3;2/0@DS(5))
(3:4;b/1)(4,6;2/1)(6,2;2/1)(2,1;8/0) = (3,1;b/1@DS(4))
(4,6,3/1)(6,2;a/1)(2,1;2/0)(1,3;a/1) = (4,3;2/1@D5(6))
(4,1;6/1)(1,3;a/1)(3,5;2/0)(5,2;/0) = (4,2;b/1@DS(1))
(5,2;2/0)(2,1;2/0)(1,3;a/1)(3,5;8/0) = (5,5;2/0@DS(2))
(5.6:b/0)(6,2;2/1)(2,1;0/0)(1,3;2/1) = (5,3;b/0@DS(6))
(6,2;a/1)(2,1;2/0)(1,3;3/1)(3,5;2/0) = (6,5;8/1@D5(2))
(6,3;b/1)(3,5;:0/0)(5,2;a/0(2,1;2/0) = (6,1;b/1@DS(3))

Table 1 Test Segments for M1 when DS=an
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From Theorem 1(b), we have t=IE-C(va)l+EEC(vg)i=4 since EEC(v4)=tEC(ve)=
-2 < 0 and P=0 since §Ec(v1)=2 > 0. So, the lower bound of the length of a test sequence
for the OTS_D problem LBots_p = nq(1+L) + 7 - p = 52.

Since DS=aaa is in format (1), from Corollary 1, we have t=I{i : vie V,
EEC(v;) < 0)1=2 since EEC(v4)=EEC(vg)= -2 and X=@. Thus, the lower bound of the
length of a test sequence for the OTSO_D problem LBoTrso_p = EBoTts_p - TSOPp -
TROPp =LBots_p-nL-t=32.

(2) DS=aab

When DS=aab is used, G[Ec] and G[Ex] of M1 is shown in Figure 3 and

Figure 4, respectively. We have E-C(v1)=EEC(v2)=E"C(va)= -2, EFC(vg)=4, EEClvs)=2,
E . E E

E¥C(v6)=0 in G[EC], and d-X(v1)=d"X(v2)=2, d;X(va)=d;X(vs)=1, A3 (v4)= d ;X (ve)=0

in G[Ex]. Table 2 lists all the test segments, i.e., the edges in G[E¢].

Figure 3 G[E(] for M1 when DS=aab
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=aa

Figure4 G[Ex] for M1 when DS=aab

S1 (1,3;2/1)(3,5;a/0)(5,2;8/0)(2,4;b/0) = (1,4;a/1@DS(3))
Sz (1,5:6/1)(5,2;a/0)(2,1;a/0)(1,5;b/1) = (1,5;b/1@DS(5))
§3 (2,1;2/0)(1,3;2/1)(3,5;a/0)(5,6:b/0) = (2,6;a/0@D5(1))
S4 (2,4;b/0)(4,6;a/1)(6,2;a/1)(2,4;b/0) = (2,4;b/0@DS(4))
S5 (3,5;2/0)(5,2;8/0)(2,1;a/0)(1,5;b/1) = (3,5; a/0@DS(5))
S6 (3,4;b/1)(4,6;a/1)(6,2;2/1)(2,4;b/0) = (3,4;b/1@DS(4))
57 (4,6;2/1)(6,2;a/1)(2,1;8/0)(1,5;b/1) = (4,5:2/1@DS(6))
S8 {4,1;b/1)(1,3;a/1){3,5;a/0)(5,6;b/0) = (4,6;b/1@DS5(1))
S9 (5,2;a/0)(2,1;2/0)(1,3;a/1)(3,4;b/1) = (5,4;a/0@DS(2))
S10 (5,6;b/0)(6,2;a/1)(2,1;a/0)(1,5;b/1) = (5,5;b/0@DS(6))
S11 (6,2;a/1)(2,1;2/0)(1,3;a/1)(3,4;b/1) = (6,4;a/1@DS(2))
S12 (6,3;b/1)(3,5:2/0)(5,2;a/0)(2,4;b/0) = (6,4;b/1@D5(3))

Table 2 Test Segments for M1 when DS=aab
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From Theorem 1(b), we have 1=I§Ec(v1)I+I§Ec(v2)l+l§Ec(V3)l=6 since
&EC(V1)=§EC(V2)=§EC(V3)= -2 <0, and B=1 since §Ec(v1)= -2 < 0. So, the lower bound
of the length of a test sequence for the OTS_D problem LBoTs_p = nq(1+L) + - p=53.

Since DS=aab is in format (2), from Corollary 2, we have p=2 since
05 (v)=d"X(v§)=0, and 1=3 (since EZC(v)=E"C(v2)=E*C(v3)= -2 < 0 and d X(v1)=
d}ff(vz):?,vﬁO, d?:‘(vg,)ﬂ#{)). Thus, the lower bound of the length of a test sequence for
the OTSO_D problem LBotso_p = LBoTs_p - TSOPp - TROPp =LBoT1S_D - (n-p)-t
= 46.

3.2 Algorithm-D1

As indicated in section 2.4.3, the OTSO problem can be solved as a maximum-
cardinality minimum-cost matching problem in a bipartite graph. If the solution is a tour,
then it is a valid and shortest test sequence. Otherwise, it is possible that only a near

optimum test sequence can be obtained.
Algorithm-D1 combines this approach with the DS, which is described as follows.
Algorithm-D1:

1. Given a strongly connected digraph G=(V, E) representing a deterministic,

minimal, and completely-specified FSM M which possesses a DS.

2. Construct a test segment for each transition by concatenating the transition with the
DS.
Denote each test segment by Sj, i=1,2,-+-++,nq,

3. Construct a bipartite graph Gy=(Vt, Ep) where
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V=ViUV}

Vi={v1}Uvj : vi=Tail(Sg) for k=1,2,-++++,ng)
Vi={v1)}u{v; : vj=Head(Sy) for k=1,2,:-+-,nq}
(Here, the inclusion of the initial state guarantees that the test sequence starts and

ends at the initial state.)

Ep={(vi,vj) : vie Vi, vj € Vp; vj # Tail(Sy), vj # Head(Sy) for some kj
(Note that each edge in Ep, represents a connection from the tail of one test segment

to the head of another test segment. Thus, for a test segment S, the edge from

Tail(Sy) to Head(Sy) should not be included in Ey,.)
Assign cost Cjj to edge (vj,vj) € Ep according to the following rules:

(@) Let (vj,vj)=(Tail(Sx), Head(Sy)). If Sy can overlap Sy, then a length equal to

the negative of the overlapping length is assigned to edge (vi,v)) as its cost.

(b) Otherwise, the length of the shortest path from v; to vj in G is assigned to edge

(vi,vj) as its cost.

(c) The length of the shortest path from v to vj and from vj to v; in G is assigned

to (v1,vi) and (vj,v1), respectively, as their costs.
Use a maximum-cardinality minimum-cost matching algorithm for graph Gy,

The solution to the above matching problem is an alternating sequence of test
segments, overlapped test segment groups and transfer sequences connecting them.
If the solution is a tour, it is a valid test sequence. Otherwise, we may have to

connect the disconnected components using, for example, a greedy heuristic, which
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is very similar to the algorithm for constructing a directed spanning graph or

arborescence [PAPS82].

Algorithm-D1 described above applies overlapping approach for reducing the length
of test sequences, which uses an idea similar to that in the algorithm proposed in [CHE90)
which employs UIO sequences as SIV sequences. The time complexity of Algorithm-D1 is
of order EI2 which is the same as that discussed in [CHE90].

3.3 An Exemple Using Algorithm-D1

For the machine M1 shown in Figure 1 and DS=aaa, Table 3 gives a solution
obtained by the maximum-cardinality minimum-cost matching algorithm applied to Gp,. In
Table 3, row i contains the cost Ci; of the path from Tail(S;) to Head(S;) if segment S; is
followed immediately by segment S;. So, if Cj is circled in a solution, then S; is followed
immediately by S; in the solution. Only one cost in each row or column of the table is

circled to form a solution.

Based on the solution shown in Table 3 and the test segments listed in Table 1, the
test sequence generated by Algorithm-D1 is shown in Table 4. For example, from the
solution, we know that 83 is followed by Sg with a cost -3 between them. Accordingly, in
the first two lines of Table 4, Sz is followed by S9 with an overlapping part
(5,2;2/0)(2,1;8/0)(1,3;a/0). Also, from the solution, we know that Sg is followed by 812
with a cost 1 between them. Thus, there is a transfer sequence (5,6;b/0) shown in the third

line of Table 4, which is between Sg and Sy2.
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01 2 2 2 o @ 1 1 1 - 3 2
1|2 2 1 -1 2 "2 2 0 0 - 1
2fo o 1 2 3 1 2 2 2O 2 -

1—Cil between Si and S1 O Si --> §j is chosen in the solution

Solution: $2-->89-->812-->810-->86-->87-->811-->83-->81-->85-->88-->84-->82
(cost=33)

Table 3 A Solution Obtained by the Maximum-Cardinality Minimum-Cost Matching
Algorithm for M1 when DS=aaa

The length of the test sequence is 33, which approaches the lower bound 32 except
that one more transfer sequence of length 1 (i.e., the transfer sequence (1,5;b)) than the

estimation for the lower bound is used.
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Transition Test Segment

(1,5:b/1)  (1,5;b/1)(5,2;a/0)(2,1;a/0)(1,3;a/1)

(5,2;a/0) (5.2;a/0)(2,1;2/0)(1,3;a/1)(3,5;2/0)
(5,6;b/0)

(6,3;b/1)  (6,3;b/1)(3,5;a/0)(5,2;3/0)(2,1;a/0)
(1,5:b/1)

(5,6;b/0)  (5,6;b/0)(6,2;a/1)(2,1;2/0)(1,3;8/1)

(3,4;b/1)  (3,4;b/1)(4,6;a/1)(6,2;a/1)(2,1;a/0)

4.6;0/1) (4,6;a/1)(6,2;a/1)(2,1;a/0)(1,3;a/1)

(6,2;3/1) (6,2;a/1)(2,1;8/0)(1,3;a/1)(3,5;3/0)

(2,1;2/0) (2,1;a/0)(1,3;a/1)(3,5;a/0)(5,2;2/0)

(1,3;a/1) (1,3;a/1)(3,5:2/0)(5.2;2/0)(2,1;2/0)

(3,5;a/0) (3,5:2/0)(5,2;&/0)(2,1;2/0)(1,3;2/1)
(3,4;b/1)

@,1;b/1)  (4,1;b/1)(1,3;2/1)(3,5;2/0)(5,2;2/0)
(2,4;b/0)  (2,4;b/0)(4,6;2/1)(6,2;a/1)(2,1;2/0)

Test Sequence = b/1, a/0, a/0, a/1, a/0, b/0, b/1, 2/0, a/0, 2/0, b1,
b/0, a/1, a/0, a/1, b/1, a/1, a/1, a/0, a/1, a/0, a/0,
a/0, a/1, b/1, b/1, a/1, a/0, a/0, b/0, &/1, &/1, a0,

(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length = 33

Table 4 A Test Sequence Generated by Algorithm-D1 for M1 when DS=aaa

3.4 Algorithm-D2

One problem in Algorithm-D1 is that the solution of the maximum-cardinality
minimum-cost matching algorithm may not be a tour cven though there is such a solution
that forms a tour. For example, both solutions in Table 3 and Table 5 have the same cost
33, but the latter does not form a tour. This arbitrariness resulting from the maximum-
cardinality minimum-cost matching algorithm can be solved by an adjustment procedure so

that the final solution will be a tour if there is one.
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o)1 2 =2 2 0 0o 1 1 1 - (3 2
m{2 2 3 1 1 2 2 2 o o - (D
2o o a1 2 3 1 2 2 2 (O 2 -

T_Cn between Si and Si O Si --> §j is chosen in the solution

Solution: §2--589-->83-->84-->82, S12-->810-->811-->812,

S6-->87-->86, S1-->85-->88-->81.
(cost=33)

Table 5 Another Solution Obtained by the Maximum-Cardinality Minimum-Cost
Matching Algorithm for M1 when DS=aaa

Another problem in Aigorithm-D1 is that if no tour can be found based on the
solution of the maximum-cardinality minimum-cost matching algorithm, and the number of
the disconnected components is considerably large, the generated test sequence will be far
from the optimal one. If we assume that only the solution in Table 5 is available, then at
least three more transitions will be added to connect thoge disconnected components, which

represents an increase of almost 10% in the length of the test sequence.
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To avoid these problems, a different approach should be used which reduces the
OTSO problem to the RCPP and applies the Euler tour algorithm instead of the matching

algorithm, For describing this approach, following terms are defined:

A maximum overlapping test segment group (MOG) is a sequence of test
segments which achieve the potential maximal overlapping length between
consecutive ones. A maximum-length MOG (MMOG) is an MOG that can not be

contained in any other MOG.

If the first test segment of an MOG can overlap another test segment, we
say that the MOG can overlap another test segment. Also, the potential maximal
overlapping length (or part) of the first test segment of an MOG is said to be the
potential maximal overlapping length (or part) of the MOG.

It is assumed that the given DS is in one of the following three formats:
(1) ajay......a1 (X1=0), 2) X1@a), (3) X1@2a1@D11=D11D)2 (X| is the intrinsically
nonoverlapping prefix of the DS w.r.t. a1@D8, 21@Dj is the only potential overlapping
suffix of the DS w.r.t. aj@DS8). In all cases, only those test segments corresponding to an

a)-transitions can overlap other test segments.
Thus, in this approach, the OTSO_D problem is solved in two levels:

Level 1; for n test segments [aj@DS$] initiating from n states, find MOG's or
MMOG's within these n test segments (called the local optimization
problem of the OTSO_D problem);

Level 2; transform every MOG obtained in Level 1 into an MMOG by finding a
test segment to be overlapped by the MOG with its potential maximal
overlapping length; and combine all MMOG’s and all the remaining test
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segments optimally (calied the global optimization problem of the
OTSO_D problem).

The main feature of this approach is that not all test segments are considered at

once,

When X 1=, the local optimization problem stated in Level 1 can be solved by
constructing a minimum number of paths in G which cover every aj-transition exactly
once. This can be done by an efficient algorithm similar to that in [GON70]. Then, each of
these paths corresponding to aj-transitions can be transformed into an MOG by appending
a path corresponding to the DS to the end of the path, since every test segment [a1@DS]
except the first one in the extended path overlap its previous one with its potential maximal

overlapping length IDSI.

When X3#@, to solve the local optimization problem stated in Level 1, a new
duplex graph G4=(V4, Eg) is constructed from a strongly connected digraph G=(V, E)

representing a deterministic, minimal and completely-specified FSM M as follows:
Vd=VYUU' where U'={u;:vie V};
Eq = Eq)'UEqp where

Eq1  each edge in Eq) connects a vertex in V to a vertex in U’ which corresponds to the

aj-transition of a test segment [a;@DS];

Ex  each edge in Eg» connects a vertex in U’ to a vertex in V which corresponds to the

X of a test segment [21@DS]).

Obviously, traversing an edge in Eg) will be followed by traversing an edge in E¢2,
and vice versa. Then, a minimum number of paths in Gg4, which cover every edge in Eq)

(i.e., aj-transition) exactly once, can be constructed with the restriction that each path
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should start with an edge in Eq; and also end with an edge in Eq1. This can be done by an
efficient algorithm similar to that in [GON70]. Moreover, each of these paths can be
transformed into an MOG by appending a path corresponding to the DS to the end of the
path, since each test segm:2nt [a1@DS] except the first test segment in the extended path can
overlap its previous one with its potential maximal overlapping length. Such an MOG may
already be an MMOG if there is no path corresponding to X which can reach the head of
the MOG.

To solve the components of the global optimization problem stated in Level 2, i.e.,
how to transform every MOG obtained in Level 1 into an MMOG by finding a test segment
corresponding to a transition other than an aj-transition to be overlapped by the MOG with
its potential maximal overlapping length, and how to combine all MMOG's and all
remaining test segments optimally, a new digraph G'=(V', E') is constructed from a
strongly connected digraph G=(V, E) representing a deterministic, minimal and completely-
specified FSM M as follows:

V' = VU where

U each vertex in U corresponds to the head of an MOG obtained in Level 1;
E'= EUEyUEgUEC' where
Ey = ERUEpUE,,

Ep- each edge in Ep, connects a vertex in V to a vertex in U, which corresponds
to the prefix of each test segment that can be overlapped by an MOG with its
potential maximal overlapping length.. This prefix of the test segment is
chosen in such a way that it can be appended in front of the MOG to
transform the MOG into an MMOG;
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Eg

Ec'

each edge in Ep connects a vertex in U to a vertex in V, which corresponds

to an MOG obtained in Level 1;

It can be noted that traversing a pair of edges from Ey, and Ep, respectively,
will force the first test segment [a)@DS] in an MOG to overlap a test
segment [a;@DS] (1£j<q) with its potential maximal overlapping

length, In other words, this pair of edges becomes an MMOG.

es-h edge in Eq connects a vertex in U to a vertex in V, which corresponds
to the suffix of each test segment that can be overlapped by an MOG with its
potential maximal overlapping length. The suffix of the test segment

corresponds to the potential maximal overlapping part of the MOG.

It can be noted that a test segment will be covered completely if a pair of
edges from Ep and E,, respectively, are traversed. One of these test
segments which can be overlapped by the same MOG with its potential
maximal overlapping length, is not considered in Ey, since one of them will
be covered completely through traversing a pair of edges from Ep and E,,

respectively;

each edge in Eg corresponds to an MMOG obtained in Level 1;

each edge in E¢’ corresponds to one of the remaining test segments that are not

covered by any edges in Ep, Ep, E;, and Eg.

Obviously, traversing one edge in Ey, will be followed by traversing one edge in Ep

or E;. We know that such a pair of edges corresponds to an MMOG which is generated

from an MOG obtained in Level 1, cr a test segment that can be overlapped by an MOG

with its potential maximal overlapping length. Therefore, the components of the global
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optimization problem mentioned in Level 2 can be solved simultaneously by finding an

RCPT of G' over EUUERUEC'. In other words, the problem of finding an optimal test

sequence is reduced to finding an RCPT of G' over EUUEGEC'. As stated earlier, there

are efficient algorithms to solve this problem if G[EyUEZUEC'] is a weakly-connected

spanning subgraph of G'.

Algorithm-D2 which uses the approach discussed above is given as follows:

Algorithm-D2

1.

Given a strongly connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M which possesses a DS in one of the
following formats: (1) ajaj......a1 X1=@), (2) X1@aj, (3) X1@21@D11=D11D12
(X1 is the intrinsically nonoverlapping prefix of the DS w.r.t. )@DS, a)@Dg; is
the only potential overlapping suffix of the DS w.r.t. a)@DS).

Construct a test segment for each transition by cor:catenating the transition with the
DS.

Compute ali MOG's or MMOG's.
Cusc A: DS is in the format of ajay...... aj.

(i) Find the minimum number of paths which consist of only aj-trans:.ions and

cover all aj-transitions in G (denote this minimum number by &).

(ii)  Append a path corresponding to the DS to the end of each path, which
forms the MOG's required, which is denoted by P;i (1 <1< 8).

Case B: DS is in the format of X1@a; or X1@a;@D;:=D11D12.
(@) Construct a new duplex graph Gg=(V4, Ep)
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where Vg=VUU',
U'={uj:vie V)

E¢=Eq1VEn
Eqi={(vjuK;a1/0) : vje V,up € U, (vjvisay/o) € E, vg e V)

Eg={(uk,vz:X1(v©)) : ug € U', vy € V, Tail(X){vp))=v. € V}

(i) Find the minimum number of paths which cover all aj-transitions, and start

and end with an a)-transition in G4 (denote this minimum number by 5).

(iii) Append a path corresponding to the DS to the end of each path, which
forms the MOG’s or MMOG’s required, which is denoted by Py
(1 £1i<93).

Construct a new graph G'=(V', E"), where

V'=VUuU,
U={u;j : Head(Pmi)=vj € V, Ppi is an MOG}

E'=EUEyUEgUEC

Ey=EqUEpUE,
Ep={(vx,uy;i/o@X1(vk)) : vx € V, uy € U, (vx,vi;i/0) € E, i»aj, vg e V,
Tail(X(vi))=Head(Pmj)=vy € V, P is an MOG)
Ep=((uy,vziLmi(vy)) : uy € U, Head(Ppj)=vy € V, Tail(Pmj)=vz€ V,
Ppi is an MOG, Lpi=Label(Pmi)};
E={(uy,vw; DS(v)-Xi(vi)) : uy € U, Head(Ppyj)=vy € V,
Pryi is an MOG, (vx,uy;i/o@X1(vi)) € Ep - (exy), exy € Ep,
and Tail(DS(vi)-X1(vi))=vw € V)
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Eg={(vjvi:Lmi(vj)) : Head(Pmi)=vj€ V, Tail{Ppi)=vk € V, Pmj is an MMOG,
Lmi=Label(Pmi)};

Ec'={(vx, vz /0@DS(vy)) : (vx, Vk; i/0) € E, TailDS(v)=vz € V, i=ay,
Tai](X](Vk))=Vy € V, lly € U}

The cost of each edge in G' is defined as the number of input (or output) symbols

in its label,

5. Find an RCPT of G' over EyJEgUEC. It can be done by constructing an RSA G*

of G', and then finding an Euler tour in G*.

It seems reasonable to obtain a minimum-cost test sequence by setting an
optimization goal as achieving the maximal overlapping, since the saving by overlapping is
the most significant part. This two-level optimization approach designed for the D-method
is similar to that described implicitly in [YAN90] which is applied to the UIO method.
However, taking advantage of the special features of a DS, Algorithm-D2 solves the local

optimization problem as well as the global optimization problem efficiently.

The sufficiency condition for Algorithm-D2 to solve the problem efficiently can be:

summarized as follows.

Theorem 3: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, I, O, 8, A) with a DS and

the reset feature, Algorithm-D2 can find a minimum-length test sequence in

polynomial-time.

Proof: It is obvious that steps 1-4 in Algorithm-D2 can be doue in polynomial-

time.
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Since M has the reset feature, the test segment [ri@DS§] starting
from each state connects that state to Tail(DS(v1)) if the test segment
{ri@DS§] is not used in overlapping, i.e., the test segment [ri@DS] € Ec¢'.
Otherwise, ri or ri@X; connects each state to the same u;j € U, where X is
the intrinsically nonoverlapping prefix of the DS w.rt. a;@DS. So,
G[EyVEgUEC'] is a weakly-connected spanning subgraph of G'.
Therefore, an RCPT of G' over EyUEGUEC' can be found in polynomial-

time. ¢

The following theorem gives the sufficiency condition in which Algorithm-D2

obtains the optimal test sequence.

Theorem 4: Given a strongly-connected digraph G=(V, E) representing a deterministic,

B TR Rl e

e
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minimal, and completely-specified FSM M=(S, I, O, 8, A) with a DS,
Algorithm-D2 obtains the optimal test sequence if the potential maximal
overlapping length for each test segment corresponding to an aj-transition is

achieved during constructing all MOG’s and MMOG's except for those test

segments initiating from vje V and d%:fl(vi)=0 when X120, and the

number of edges from G added to G[Ey/VEgUE('] in constructing an RSA
G* is equal to

T-B-t

where

=3 [EEC ), vie V, E°C(v) <O;

B=1, if £EC(vy) < 0;
B=0, if E-C(v1) 2 0;
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t=I{i : vie V, EXCvp < O)1 if X1=0;
t=1{i: vie V,E5w)) <0, and d X1 (vi)#0)! if X120.

and

GlEx;}=(V, Ex)),

Ex={(vj;v: X1(v})) : X] is the intrinsically nonoverlapping prefix of the
DS w.r.t. ai@D8, X1#0, Tail(X1(vj))=vr € V), and [Ex,!=IVI;

Proof; It follows from Theorem 2, Corollary 1 and Corollary 2. ¢

3.5 An Example Usiug Algorithm-D2

For the machine M1 shown in Figure 1, DS is aaa or aab, Note that output symbols

will not be listed in the following for simplicity.
(1} DS=aaa

When DS=aaa, a path which consists of only a-transitions and covers all

a-transitions is constructed as follows:

(va,v6ia)(vev2;a)(va,v1;a)(v1,v3ia)(v3,vs;a)(vs,va;a).

Then, a path corresponding to the DS is appended in the end of this path to form an
MOG, i.e.,

Pm1=(v4,v6:a)(v6,v2:2)(v2,v1;8)(v1,v3;2)(V3,V5;2)

(vs,v2;a)(va,vi;a)(v1,v3;ia)(v3,vs;a).

Based on Algorithm-D2, G[EyUEgUEC'] is constructed as shown in

Figure 5, where
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L1 = aaaaaa@DS
Figure 5 G[EJEgE(] for M1 when DS=am

Lm1=aaaaaa@DS

U={ug}, since the only MOG Py starts from v4 of G;

En={(v2,us;b), (v3,u4;b)},
since the test segments corresponding to (v2,v4;b) and (v3,u4;b) can
be overlapped by the MOG P with the potential maximal
overlapping part (v4,ve;a)(ve,v2ia)(v2,v1;:a);

Ep=({(u4,v5:Lm1)}, since the MOG Pm) ends at vs of G;

Ei={(us,v1;DS}},
since the test segments corresponding to (v2,v4;b) and (v3,v4;b) can
be overiapped by the MOG Py with the potential maximal

overlapping part (va,vg;a2)(ve,v2;a)(v2,v1;a), but only one of these
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two test segments will finally be overlapped by Py1; in other words,
the other one should be completed here;

Ey=EnVEpUE=((v2,u4:b), (v3,u4;b), (u4,v5iLm1), (u4,v1;DS))

Eg=0

Ec'={(v1,v3;b@DS8), (v4,v2;b@DS8), (v5,v3;b@D8), (v6,v1;b@DS))

Note that the edges in Ey cover those test segments corresponding to
transitions {v2,v4;b), (v3,v4;b) and all a-transitions; while the edges in E¢' cover
the test segments corresponding to transitions (vi,v3;b), (v4,v2;b), (v5,v3;b),

(ve,v1;b). So, all test segments are covered by the edges in EYUEQUEC'

Then, the RSA G* of G' is constructed as shown in Figure 6, where
(v1,vs;b), (v5,ve;b) and (v3,v4;b) are three edges from G added to GIEyJEgUEC']
(shown by bold lines).

L1 = aaaaaa@DS

Figure 6 RSA G* of G' over FyUEgUE ¢ for M1 when DS=uaa
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Finally, an RCPT of G' over EyuUEgUEC' is found as follows:

(v1,v3;b@D8), (v3,v4;b), (v4,v2;5@DS), (va,u4;b), (ug,vs;Lm1),
(v5,v6:b), (v6,v1;6@DS), {v1,v5:b), (vs,v3;b@DS), (v3,us;b), (u4,v1;DS)

The final test sequence corresponding to the RCPT is shown in Table 6,

whose length is 33, the same as that of the test sequence generated by

Algorithm-D1.

Transition  Test Segment

(1,5;b/1) (1,5:5)(5,2;2)(2,1;a)(1,3;2)
(3.4;b)

(4,1;b/1) (4,1;b)(1,3;2)(3,5;a)(5,2;a)

(2,4;b/0) (2,4;0)(4,6;2)(6,2;2)(2,1;a)

(4,6;a/1) (4,6;a)(6,2;a)(2,1;a)(1,3;a)

(6,2;a/1) (6,2;a)(2,1;2)(1,3;a)(3,5;2)

(2,1;a/0) (2,1;a)(1,3;a)(3,5;a)(5,2;a)

(1,3;a/1) (1,3;a)(3,5:a)(5,2;2)(2,1;2)

(3,5;a/0) (3,5;8)(5,2;8)(2,1;a)(1,3;a)

(5,2;a/0) (5,2;2)(2,1;2)(1,3;2)(3,5:2)
(5,6:b)

(6,3;b/1) (6,3;b)(3,5;a)(5,2;2)(2,1;2)
(1,5;b)

(5,6:b/0) (5,6;:b)(6,2;2)(2,1;2)(1,3;2)
(3,4:b/1) (3:4:0)(4,6,2)(6,2;2)(2,1;a)

Test Sequence = b/1, a/0, &/0, a/1, b/, b/1, a/1, a/0, a/0, b/0, a/1,
a/l, a/0, a/1, a/0, a/0, a/0, a/1, a/0, b/, b/1, a/0,
a/0, a/0, b/1, b/0, a/1, a/0, a/1, b/1, a/1, a/1, a/0.

(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length = 33

Table 6 A Test Sequence Generated by Algorithm-D2 for M1 when DS=aaa
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(2)  DS=aab

When DS=aab, X=aa. The duplex graph G4=(Vd, Eq) is shown in
Figure 7, where

Va={v1,v2,v3,v4,vs,v6) U {u1,u2,u3,u4,u5,u6)

Egi1=((v1,us5;b), (v2,u4;b), (v3,u4;b), (v4,u1;b), (vs.ug;b), {ve,u3;b))

Ed2=((u1,v5:X), (u2,v3;X), (u3,v2;X), (ug,v2:X), (us,v1;X), (U6,v1:X)}

Eg=Eq1VE

X=aa

Figure 7 Gy for M1 when DS=aab

Three paths which cover all b-transitions, and start and end with a b-

transition are constructed as follows (X=aa):
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(v3,u4;b)(ug,v2; X)(v2,u4:b),
(v4,u1;b)(u1,v5; X){vs,u6:b)(ug,v1; X)(v1,us:b),
(v6.u3;b).

Then, a path corresponding to the DS (=X@b) is appended to the end of each of
these three paths. The first path forms an MOG, i.e.,

Pr1=(v3,u4;b)(ug,v2: X)(v2,u4:b)(ug,v2; X){v2,u4:b);
while the latter two paths already form MMOG's since d?f(\!4)=d?lf(v6)=0 (refer to
Figure 4), i.e.,

Prz=(v4,u1;b)(u1,v5:X)(v5,u6:0)(u6,v1: X) (v 1,u5:0)(us5,v1; X)(v1,u53b)

Pm3=(ve,u3;b)(uz,va2; X)(va,u4;b).

The graph G[EyWEgUEC'] and the RSA G* of G' are constructed as

shown in Figure 8 and Figure 9, respectively. In Figure 8:

Lm1=b@X@b@DS8, i.e., the label of the MOG Ppy;
Lm2=b@X@b@X@b@DS$ i.c., the label of the MMOG Pp;2;
Lm3=b@DS$S i.e., the label of the MMOG Pyy3;

U={u3}, since the MOG Pp starts from v3 of G;

En={(vs,u3;a@X), (v6u3;2@X)},
since the test segments correspording to (vs,v2;a} and {vg,vz;a) can
be overlapped by the MOG Pmy with the potential maximal
overlapping part (v3,v4;b);

Ep=((u3,v4iLm1)},  since the MOG Pmj ends at v4 of G;

Ei={(u3,v4;b)},
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since the test segments corresponding to (vs,vo;a) and (vg,v2;a) can
be overlapped by the MOG P with the potential maximal
overlapping part (v3,v4;b), but only one of these two test segments
will finally be overlapped by Pp1; in other words, the other one
should be completed here;
Ey=EnVEpUE=((v5,u3:a@X), (v6,u3;2@X), (u3,v4iLm1), (u3,v4;b)}
Tg={(va,v5;:Lm2), (v6,v4;Lm3)},  since Py2 and Ppy3 are MMOG's;
Ec'={(v1,v4;a@DS3), (v2,v6:a@DS), (v3,v5;a@DS), (v4,v5;a@DS))

a@DS$

b v4) (W ¥3)
a@DS L2 a@DS L1
L3 ‘
V3 @x
a@DS
u3

X=aa a@x
Lm1=b@X@b@DS5
Lm2=b@X@b@X@b@DS
Ln3=b@DS§

Figure 8 G[HRjWUEgUEC] for M1 when DS=aab

Note that the edges in Ey cover those test segments corresponding to

transitions (vs,v2;a), (vé,v2;2) and all b-transitions; while the edges in E¢' cover



the test segments corresponding to transitions (vi,v4;a), (v2,v6:a), (v3.vs:a),

(v4,v5;2). So, all test segments are covered by the edges in EyUERUEC'.

In Figure 9, the edges from G added to G[EyUEgUEC] is shown in bold
lines. An RCPT of G' over EytUEg\UE(' is found as follows:

(v1,v4;a@DS8), (v4,v5:Lm2), (vs5,u3;:a@X), (u3,v4;Lm1), (v4,v5;a@DS),
(vs,v2;2), (v2,v6:a@DS), (v6,v4;L.m3), (v4,v6:2), (v6,u3;a@X), (u3,v4;b),

(v4,v1;b), (v1,v3;2), (v3,v5;8@DS), {vs,v2:a), (v2,v1;a).

L1

. A
®

%’é

o

<)

g &

a a a@X
a@DS
u3
@ a@X

X=aa
Lm1=b@X@b@DS
Lm2 = b@X@b@X@b@DS$S
Lm3=b@DS

Figure 9 RSA G* of G' over yUEgUE( for M1 when DS=aab

The corresponding test sequence is shown in Table 7, whose length is 50,
while the lower bound is 46. The extra length over the lower bound is due to the
transfer sequence (4,1;b)(1,3;a) and (5,2;a)(2,1;a) used in the test sequence beyond

what is expected.
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Transition

(1,3;a/1)
(4,1;b/1)
(5,6;b/0)
(1,5:b/1)
(5,2;a/0)
(3,4;b/1)
(2,4;b/0)
(4,6;a/1)

(2,1;2/0)
(6,3;b/1)

(6,2;a/1)

(3,5;a/0)

Test Segment

(1,3;2)(3,5;2)(5,2;8)(2,4;b)
(4,1;b)(1,3;2)(3,5;8)(5,6:b)
(5,6:b)(6,2;a)(2,1;2)(1,5;b)
(1,5:b)(5,2;2)(2,1;a)(1,5;b)
(5.2;a)(2,1;a)(1,3;8)(3,4;b)
(3,4;b)(4,6,a)(6,2;2)(2,4;b)
(2,4;0)(4,6;a)(6,2;a)(2,4;b)
(4,6;2)(6,2;2)(2,1;8)(1,5;b)
(5.2;2)
(2,1;2)(1,3;a)(3,5;2)(5,6;b)
(6,3;b)(3,5;2)(5,2;8)(2,4;b)
(4,6;a)
(6,2;2)(2,1;a)(1,3;a)(3,4;b)
(4,1;b)
(1,3;2)
(3,5;2)(5,2;2)(2,1;8)(1,5;b)
(5,2;a)
(2,1;a)

Test Sequence = a/l, a/0, a/0, b/), b/1, a/1, a/0, b/, a/1, a/0, b/1, a/0, a/0,

b/1, &/0, a/0, a/1, b/1, a/1, a/1, b/0, 8/1, a/1, b/0, a/1, a/l,
ﬂfo, bllr alos aIO. a/lr aloi bﬂ)n bllt W: 3/0, bm, ﬂll, allv
a/0, a/1, b/1, b/l, a/l, a/0, a/0, a/0, b/1, a/0, a/0.

(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length = 50

Table 7 Test Sequence Generated by Algorithm-D2 for M1 when DS=aab

For the machine M1 using a DS, the results can be summarized as follows:

Lower Bound R b Lower Bound
DS Without Overlapping Algorithm-D1 | Algorithm-D2 With Overlapping
asa 52 33 33 32
aab 53 - 50 46
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4. W-METHOD

In the W-method [CHO78, SAR84, SID89a, DAH90], a test segment for each
transition consists of the transition and cach component of the W-set that follows the tail of
the transition. The test sequence for an FSM M is then constructed by combining test
segments for all transitions of M. Some transfer sequences may be required for connecting
two consequent test segments. If test segments are overlapped, the result of overlapping
two test segments will not only eliminate the transfer sequence for connecting them, but

also the overlapping part of two test segments will be used only once.

4.1 Lower Bounds on the Length of Test Sequences

The main goal of this section is to find a lower bound on the length of test
sequences generated by any method employing a W-set with overlapping, i.., a lower

bound on the length of test sequences for the OTSO problem employing a W-set.

Similar to the definitions and notations used in section 3.1, the OTSO problem and
the OTS problem employing a W-set are called the OTSO_W problem and the OTS_W
problem, respectively. Also, the lower bounds on the length of test sequences for the
OTSO_W problem and the OTS_W problem are denoted by LBoTso_w and LBots_w,
respectively.

As discussed in section 3.1, the OTSO_W problem is related to the OTS_W
problem since overlapping of two test segments in the OTSO_W problem will not only
eliminate the possible transfer sequence for connecting them which is required in the
OTS_W problem, but also the overlapping part of two test segments will be used only

once. Therefore, we reduce the problem of finding LBorso_w to the problem of
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(a) finding a lower bound on the length of test sequences for the OTS_W problem,

i.e., LBoTS_W-:

(b) calculating the sum of the length of the possible overlapping parts between any
two test segments (denoted by TSOPw), and the sum of the length of the possible
transfer sequences eliminated by overlapping (denoted by TROPw).

Thus, LBoTtso_w = LBoTs_w - TSOPw - TROPw.

As discussed in section 3.1, it is not possible to find the greatest lower bound on
the length of test sequences for the OTS_W problem in the general case. The following
theorem establishes a lower bound on the length of test sequences for the OTS_W problem

(i.e., LBoTrs_w) which provides an approximation to the greatest lower bound.

Theorem 5: Given a soongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, I, O, §, A), 1Sl=n, lli=q,
with a minimal W-set={w1,w2,...,wyp}, Iwkl=Ly, k=1,2,...,t. The length
of a test sequence for the OTS_W problem can not be below

unq+nqk§_1Lk+t-ﬁ

where

Ec=((vj, vz; i/0@wk(vx)) : (v} vi; /o) € E,ie L0 € O, wx e W-set,
and Tail(wg(vy))=vz € V};

=3 IEECwpl, vi € V, EFC(v;) <0

B=1, if EX(vp) < 0;
B=0, if EE(vy) 2 0.



Proof: nq is the number of transitions, and y + kﬁ 1Lk is the length of the set of

test segments for each transition. Without overlapping, the total length of
the test sequence should be at least equal to the total length of all test

segments

UQ(IJ- ¥ kﬁz lLk) =unq+ng kﬁ.—. lLk

Forvje V, and E_,Ec(vi) < 0, to test all transitions initiating from v;j,
I&Ec(vi)t transfer sequences, each of which consists of at least one
transition, will be employed to transfer M to v;. Totally, at least an extra
length 3 l&F‘C(vi)l. vie V, E,Ec(vi) < 0 of transfer sequences have to be
used for constructing a test sequence. If £5C(v1) < 0, 1 should be deducted
from the total added length of transfer sequences since no transfer sequence

is required for the first test segment starting from vj.

Therefore, the length of a test sequence for the OTS_W problem can

not be below
1.mq+nqkﬁlLk+1-l ifﬁEC(vl) <0,
png+nq 5 Ly + if E5(vy) 20,

where 1=, [EEC(vi), vie V, EEC(v) < 0. o

Henceforth, png + nq kﬁ lLk and (t - B) are denoted by MRTSoTs_w and

MRTRoTS_w, respectively. So, LBors_w = MRTSots_w + MRTRoTs_w = Hnq +
Ly+1-P.
nq él k B
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Since LBotso_w = LBoTs_w - TSOPw - TROPyy, the next step is to find TSOPw

and TROPy to establish LBoTsg_w. Before we give a theorem to establish LBoTso_w.

we will make the following observations highlighting the analysis required for the
derivation of TSOPyw and TROPw:

1y

2)

If test segment Sp car overlap test segment Sy with a length at most lyp, then the
length l5p should be added to TSOPw. Due to the complexity of a W-set, lyp is
determined by considering only the input portion of each test segment in an FSM.
Then, the prefix of each test segment with which the test segment can overlap
another test segment can be identified. Such a prefix of the maximum length for
each test segment is called the porential maximal overlapping part of the test
segment. The corresponding length is called the potential maximal overlapping
length. So, the potentiai maximal overlapping le:igth of a test segment is taken as

the Iy, of the test segment.

If test segment Sy can overlap test segment Sg, and Sy starts from vje V,
§Ec(vi) < 0, then the length of the transfer sequence which is required for the
OTS_W problem and counted in MRTRoTS_w of LBoTs_w should be added to
TROPyy since the transfer sequence will be eliminated due to the overlapping.

Let the set of input symbols I for an FSM be (ay, 82,..., aq) and W-set for the FSM

be (w1, wa,...,wu}. Then, there are only jq forms of input portions a;@wy (j=1,....q,

k=l,...,)t) among njq test segments for an FSM. Henceforth, a test segment with the input

portion aj@wy is called a test segment with the form aj@wg (denoted by test segment
[3;@wg]).

Obviously, n test segments with the same form aj@wg (1Sj<q, 1<k <)

initiating from n states will have the same potential maximal overlapping length (denoted
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B

[ e e e i e Rt R

henceforth by zjt). Thus, among all ung test segments, we only need to compute the
potential maximal overlapping length for q forms of test segments [aj@wk] (j=1.....q,
k=1,....jt).

It can be found that a W-set={w1, w2,...,wp}, Iwil=Lyg (k=1,...,1), can only be in

one of the following two formats:

(1) for each wy € We-set, wi= agag...ak, that is, wi consists of Ly repeated
input symbols (without loss of generality, it can be assumed that wy

(k=1,...,]0) consists of the first W input symbols aj,...,ay in I, respectively);

(2) for some wig € W-set (1 Sk S W), wg # agag...ax.

The following theorem gives a lower bound on the length of test sequences for the

OTSO_W problem and formally presents the observations given above in detail.

Theorem 6: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(S, 1, O, 3, A}, ISl=n, lli=q,
with a minimal W-set={w1,w2,...,wp}, Iwgl=Lg, k=1,2,...,u. The length
of a test sequence for the OTSO_W problem can not be below

(unq + nq E’, Lk+1:-B)-(ni E Zjx - irs) - t
k=1 i=1 k=1

where

=3 1), vi e V. EEC(v) <0;

B=1, if E=C(v1) <0,
B=0, if E5C(v1) 2 0;

Zjk, 1 £j<q, 1 Sk <, is the potential maximal overlapping length of each
test segment [aj@wk] (1<j<q, 1sksp), aje [
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Proof:

Case 1:

zrs=min{zjx : j=1,...q, k=1,...,n}, 1 SrSq, 1 Ss<;

= min(€=C(vi)l, Hzjx : zj#0, j=1,...,.q, k=1,...0]0).

vie V; &éc(vi)‘co
There are two possible cases for a given W-set.

Each wy of the W-set is in the format of agag:----ag, that is, each wy
consists of Ly repeated input symbols, 1 € k < p (without loss of
generality, it can be assumed that wg (k=1,...,]L) consists of the first L input

symbols ay,..., 8, in I, respectively).

ag, k=1,...,, are different input symbols due to the feature of a

minimal W-set. So, we have i < q.

There are g test segments [aj@wi] (aje I, 1Sj<q, 1sksy)

initiating from each state vie V (1<i<n). They can be listed as

follows:
Bt B2
[a1@w1] [12@w)] ...... [,@w1] [aus1@w1] ...... [ag@w1]
faj@wz2] [a2@w2] ...... [4,@w2] [a+1@w2] ...... [ag@w2]
(21@wy] [a2@wy] ...... [aqp@wpl [ayg41@wWy] ... [ag@wpl

The potential maximal overlapping length of each test segment [a@ wy]
(1 sk <y) initiating from each state vie V (1 £i<n) (i.e., the test
segments in the diagonal entries of By) is Ly, i.e., zgx=Lx (1 Sk Sp).
Meanwhile, the potential maximal overlapping length of each test segment
[ax@wy] (k#v, 1 Sk <, 1 £v <) initiating from each state vie V
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(1 £isn) (i.e., the test segments in the non-diagonal entries of B})is 1,
ie., zxy=1 (kev, 1 Sk <y, 1<vsyp). Finally, each test segment [aj@wi]
(u+l £j<q, 1 £k <) initating from each state vie V(1 <i<n) (ie,,
the test segments in B2) cannot overlap any other test segment, i.e., Zjx=0

(Wlsj<q, l<sksp).

In the best case, each test segment [ax@wg] (1 Sk <) (i.e., the
test segments in the diagonal entries of B1) can overlap another test segment
[a;@wi] (1 <j <q, 1 <k Sp) with its potential maximal overlapping length
Ly, and each test segment [ax@wy] (k#v, 1 Sk <y, 1 Svsp) (ie., the
test segments in the non-diagonal entries of B]) can overlap another test
segment [aj@wk] (1Sj<q, 1 <k < y) with iis potential maximal
overlapping length 1. Moreover, when § < q, the first test segment in a test
sequence initiating from the initial state should correspond to a transition
other than ay-transition; and when pi=q, the first test segment in a test
sequence initiating from the initial state should be one of test segments
[ax@wy] (ktv, 1 Sk S, 1 Sv S (e, the test segments in the non-
diagonal entries of B1).

Since there are njL test segments in the diagonal entries of By (i.e.,

fax@ wy} (k=1,...,n) initiating from n states), the total length of the
potential maximal overlapping length for these test segments is n :ZL', lLk.

Also, since there are nji(j1-1) test segments in the non-diagonal entries of By
(i.e., [ax@wy] (k#v, k,v=1,...,)1) initiating from n states), the total length
of the potential maximal overlapping length for these test segments is nj(u-
1). Therefore, if 1 < q, the maximal saving of length n{ é_lLk + H(p-1)) on

test segments can be obtained, compared with MRTSoTs_w. Otherwise,
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H=q, and thus, the maximal saving of length n( kﬁlLk 4+ U(p-1)) - 1 on test

segments can be obtained, compared with MRTSqTs_w, where the
deduction 1 is due to the fact that the first test segment in the test sequence
initiating from the initial state cannot overlap any other test segment with its

potential maximal overlapping length 1. So, TSOPw=n( ki 1Lk + p(p-1))

when U < q, or TSOPw=n( kflLk + 1(u-1)) - 1 when p=q.

Meanwhile, due to the overlapping, no transfer sequcn.ces are
required for the test segments [ax@wy] (k,v=1,...,)t) in B initiating from
vie VY, and E,Ec(vi) <0 (i=1,...,n). In the best case, the total number of test
segments initiating from state v; that can overlap other test segments is P2,
So, for each vj e V, and §Ec(vi) <0 (i=1,...,n), the total length of transfer

sequences that may be saved cannot be larger than the minimum of IﬁEC(vi)l

and p2. Therefore, a saving of length t= min(l&Ec(vi)l,

vie V gEC(V,).:(}
H2) on transfer sequences can be obtained, compared with MRTRoTS W,
i.e.,, TROPw =t.

So, the length of a test sequence fcr the OTSO_W problem can not
be below (MRTSpts_w - TSOPw) + (MRTRQTs_w - TROPy) that is
equal to

(unq +nq kéllak""f- £ -n( éILk +Uu-1)) - when | < q;
or (unq+nq £ Li+7-B)-[n( 2 L+ w-1) - 11-t when =g

Since zxkg=Lx (k=1,...,1); zxy=1 (k#v, k,v=1,...,.); zZjk=0

(=p+1,...,q, k=1,...,n), we get

Zrs=min(zj : j=1,...,9, k=1,...,u}=0, (p+1 €15 q, 1 Ss <),
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Case 2:

when | <q,

or Zrg=min{zj : j=1,...,9, k=1,...,0}=1, (s, 1 Sr<q, 1 S5 <),

when i =q.
Consequently, we get
(n '§'1 kﬁ 2k Zrg)=n( kEILk + piu-1)) when |t < q, or
J: = -
3 5 ap-z9=ln £ Leruw1)-11 wheap=g

Meanwhile, we get i{zj : zjx#0, j=1.....q, k=1,....u}l = 2.
So, the lower bound is proved in this case.

Some or all wi’s of the W-set is in the general format; that is, not all wi's

or none of them consists of Lg repeated input symbols, k=1,2,.._ 1.

Similar to Case 1, there are pq test segments [a;@ wk] (aj€ I,
1<j<q, 1 <£k<y) initiating from each state vie V (1Sisn). It
can be found that the potential maximal overlapping length of each test
segment [3;@wi] (1 Sj £q, 1 Sk S ) is zjg, with which it can overlap
another test segment [a,@wy] (1<u<q,1svsy).

In the best case, each test segment with zjx=0 can overlap another
test segment with its potential maximal overlapping length, except that the
first test segment in a test sequence initiating from the initial state cannot
overlap any other test segment. But, the first test segment should be one of
those test segments with the minimum of zjk (j=1,...,q, k=1,...,4), so that
the total length of the potential maximal overlapping part (i.e., TSOPy) is
maximized in this best case.
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Thus, the maximal saving on test segments compared with
MRTSoTs_w can be rep::sented by the sum of the potential maximal

overlapping length zjx for each test segment except the first test segment in
the test sequence initiating from the initial state, i.e., TSOPw =(n _§_,1 kﬁlzjk
= =

- Zrg), wWhere Zys=min(zjk : j=1,...,Q, k=1,...,u} (1sr<q, 1 £s< )
represents the minimum of zjx (j=1,...,q, k=1,...,) among all test

segments initiating from the initial state.

Obviously, a test segment initiating from vj € V with zjk=0
indicates that the test segment can overlap another test segment in the best
case. Thus, due to the overlapping, no transfer sequences are required for
these test segments [aj@wk] (1Sjsq,1s k € ) initiating from vie V
and EEC(v;) < 0 with z,#0. The total nurmber of test segments initiating
from vj € V that can overlap other test segments is 1{zjk : zjk=0, j=1.....q,
k=1,....u}!. So, for eachi vie V and §Ec(vi) <0, the total length of
transfer sequences that may be saved compared with MRTRoTS_w, cannot

be larger than the minimum of I§Ec(vi)l and {zjk : zjx=0, j=1.....q,
k=1,...,n0} . Therefore, a saving of length

= min(EECvpl, Hzjk : 2jk#0, j=1,.q, k=1,...0)1)

vie V; g'EC(Vg)d)
on transfer sequences can be obtained, compared with MRTROTS_w; i.€.,
TROPw =t

So, the length of a test sequence for the OTSO_W problem can not
be below (MRTSoTS_w - TSOPW) + (MRTRoTS_W - TROPW) that is

@q+ig S Le+t-B-0 2 2 gzt 0
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The lower bound given in Theorem 5 is LBoTso_w, in which TROPw=t,
representing the observations described in 2), and TSOPw=(n il kilz,'k - Zrs),
jﬂ =

representing the observations described in 1). When a W-set is in the format of (1),

LBoTso_w can be simplified as the following corollary.

Corollary 3: Given a strongly-connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M=(§, I, O, §, A), ISI=n, lli=q,
with a minimal W-set={w],w2,...,wy}, wg=agax...... ag (ag e 1),
Iwgl=Lg, k=1,2,...,. The length of a test sequence for the OTSO_W

problem can not be below

(ung + nq é lLk +1-B) - [n( éll.k +H-1)-9] -t

where

1= IEECw)l, vi e V, 5w <0
B=1, if E%(v1) <0,

B=0, if E°C(v1) 2 0;

¥=0,if p <q,

=l,ifp=gq;

t= min(EEC(vil, p2).

vie V; &C(Va)-:O
Example:

The W-set for the machine M1 shown in Figure 1 is {aa, ab, b} or {aa, bb}. We
have n=6, g=2.

(1) W-set=(aa, ab, b)
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When W-set={aa, ab, b} is used, we know p=3, L;=2, Ly=2, L3=1,
G[Ec] of M1 based on this W-set is shown in Figure 10, where §F‘C(v1)=§EC(V3)=
&E’C(vs)=0. gEC(V2)=E‘,EC(V5)=-2, E(v4)=4. Table 8 lists all the test segments, i.e.,
the edges in G[Ec).

From Theorem 5, we have 1=I§Ec(v2)l+l.§5c(ve)l=4, since

EEC(vp)=tEC(vg)=-2 < 0, and B=0, since EZC(v1) 2 0. So, the lower bound of the
length of a test sequence for the OTS_W problem = ynq + nq kf', lLk +1-B=100.

(21)
(14)
@)
(20,23) an
. n 19) . (13.18) \ .
3

(15)

(...) indicates the identification number of test segments

Figure 10 G[Ec] for M1 when W-set = {aa, ab, b}
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S1 (1,3;a/1)(3,5;2/0)(5,2;a/0) = (1,2;a/1@w1(3))
S2 (1,3;a/1)(3,5;2/0)(5,6:b/0) = (1,6;a/1@w2(3))
53 (1,3:a/1)(3,4;b/1) = (1,4;a/1@w3(3))
4 (1,5;b/1)(5,2;a/0)(2,1;a/0) = (1,1;b/1@w1(5))
Ss (1,5;b/1)(5,2;a/0)(2,4;b/0) = (1,4;b/1@w2(5))
Ss (1,5;b/1)(5,6;b/0) = (1,6;b/1@w3(5))
S7 (2,1;2/0)(1,3;2/1)(3,5;0/0) = (2,5;2/0@wi(l1))
S8 (2,1;2/0)(1,3;a/1)(3,4;b/1) = (2,4;a/0@w2(1))
S9 (2.1;a/0)(1,5;b/1) = (2,5;a/0@w3(1))
S10 (2,4;b/0)(4,6;a/1)(6,2;a/1) = (2,2;b/0@w1(4))
Si11 (2,4;b/0)(4,6;a/1)(6,3;b/1) = (2,3;b/0@w2(4))
S12 (2,4;,b/0)(4,1;b/1) = (2,1;b/0@w3(4))
513 (3,5;a/0)(5,2;a00)(2,1;a/0) = (3,1;2/0@w1(5))
Si4 (3,5;a/0)(5,2;2/0){2,4;b/0) = (3,4;2/0@w2(5))
S15 (3,5;a/0)(5,6;b/0) = (3,6;a/0@w3(5))
Si6 (3,4;b/1)(4,6;8/1)(6,2;a/1) = (3,2;b/1@w1(4))
S17 (3,4;b/1)(4,6;a/1)(6,3;b/1) = (3,3;b/1@w2(4))
S18 (3,4;b/1)(4,1;b/1) = (3,1;b/1@w3(4))
S19 (4,6;a/1)(6,2;2/1)(2,1;a/0) = (4,1;a/1@w1(6))
S20 (4,6;a/1)(6,2;a/1)(2,4;6/0) = (4,4;2/1@w2(6))
S21 (4,6:2/1)(6,3;b/1) = (4,3;a/1@w3(6))
S22 (4,1;b/1)(1,3;a/1)(3,5;0/0) = (4,5;b/1@w1(1))
S23 (4,1;b/1)(1,3;a/1)(3,4;b/1) = (4,4;b/1@w2(1))
S24 (4,1;b/1)(1,5:b/1) = (4,5;b/1@w3(1))
S25 (5,2;a/0)(2,1;2/0)(1,3;a/1) = (5,3;a/0@w1(2))
S26 (5,2;2/0)(2,1;2/0)(1,5;b/1) = (5,5;a/0@w2(2))
827 (5,2;a/0)(2,4;b/0) = (5,4,:2/0@w3(2))
S28 (5,6;06/0)(6,2;a/1)(2,1;2/0) = (5,1;b/0@w1(6))
529 (5,6;b/0)(6,2;a/1)(2,4;b/0) = (5,4;b/0@w2(6))
S530 (5,6;b/0)(6,3;b/1) = (5,3;b/0@w3(6))
S$31 (6,2;:a/1)(2,1;2/0)(1,3;a/1) = (6,3;a/1@w1(2))
S32 (6,2;a/1)(2,1;a/0)(1,5;b/1) = (6,5;a/1@w2(2))
S$33 (6,2;a/1)(2,4;b/0) = (6,4;3/1@w3(2))
S34 (6,3;b/1)(3,5;a/0)(5,2;a/0) = (6,2;b/1@w1(3))
S35 (6,3;b/1)(3,5;a/0)(5,6;b/0) = (6,6;b/1@w2(3))
S36 (6,3;b/1)(3,4;b/1) = (6,4;b/1@w3(3))

E
:
E:
e
3
a
b

Table 8§ Test Segments for M1 when W-set = {aa, ab, b}
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(2)

From Theorem 6, W-set={aa, ab, b} belongs to case 2. We can obtain zjk

corresponding to each test segment [2j@wx] (=1.2; k=1,2,3):

k=1 k=2 k=3

wi=aa wo=ab wi=b
=1 ai=a zn1=2 (w1} z12=2 {w1) z13=2 (w2}
=2 a=b zz1=1 {w2,W3} z2=1 {w2,w3) z23=1 (w2, w3}

where {) indicates the wy (1 € v < 3), such that test segment [a@wi]l (1)< 2,
1 Sk < 3) can overlap another test segment [a,@wv] (1 Sus2, 1 <v<3) with
its potential maximal overlapping length. For example, the item in row 1 and
column 2 indicates that test segment [a)j@w2) can overlap another test segment
[a1@ w1] or [a2@w1] with its potential maximal overlapping length. Thus,
t=IEEC(vo)HEEC (vg)i=4, since I{zjx : z#0, j=1,2, k=1,2,3}1=6 > £ C(va)i=
IF,EC(VG)I=2, and zg=min{zj : j=1,2, k=1,2,3}=1. So, the lower bound of the
length of a test sequence for the OTSO_W problem = (unq + nq éll,k +7-B)-

(n _)'fl kﬁlzjk-zm)-'t:100-(54-1)-4=43.
j=1k=

W-set={aa, bb}

When W-set={aa, bb}, we know p=2 and Lj=L2=2. G[Ec] of M1 based
on this W-set is shown in Figure .11, where §Ec(v1)=4, §Ec(v2)=§Ec(v3)=

ﬁEC(V5)=0. §EC(V4)=€EC(VG)=-2.

From Theorem 5, we have 1=IE_,EC(V4)I+I§EC(VG)I=4, since

§BC(V4)=§EC(VG)=-2 <0, and p=0, since §Ec(v1) > 0. So, the lower bound of the
length of a test sequence for the OTS_W problem = jng + nq kilLk +1-p=76.
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(...) indicates the identification number of test segments

Figure 11 G[Ec] for M1 when W-set = {aa, bb}

Since W-set=(aa, bb} is in format (1), from Corollary 3, we know ¥=1
since =g, and t=lEEC(va)+IEEC(vg)l=4, since p=4 > IEEC(va)=lE"C(vg)i=2. So,
the lower bound of the length of a test sequence for the OTSO_W = (unq +

nqéILk-i-‘l:-B)-[n( kE',_1L1c+|.l.(|.l.-1))-';v']-t=76-(36- 1)-4=37.
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Si (1,3:a/1)(3,5;a/0)(5,2;a/0) = (1,2;a/1@w1(3))
S2 (1,3;a/1)(3,4;b/1)(4,1;b/1) = (1,1;a/1@w2(3))
S3 (1,5:b/1)(5,2;a/0)(2,1;2/0) = (1,1;b/1@w1(5))
4 (1,5;b/1)(5,6;b/0)(6,3;b/1) = (1,3;b/1@w2(5))
Ss (2,1;a/0)(1,3;a/1)(3,5:a/0) = (2,5;a/0@w1(1))
S6 (2,1;a/0)(1,5;b/1)(5,6;b/0) = (2,6;,a/0@w2(1))
S7 (2,4:b/0)(4,6;a/1)(6,2;a/1) = (2,2;b/0@w1(4))
S8 (2,4;b/0)(4,1;b/1)(1,5;b/1) = (2,5;b/0@w2(4))
So (3,5;2/0)(5,2;a/0)(2,1;a/0) = (3,1;a/0@w1(5))
S10 (3,5:a/0)(5,6;b/0)(6,3;b/1) = (3,3;a/0@w2(5))
Sil (3,4:b/1)(4,6;a/1)(6,2;a/1) = (3,2;b/1@w1(4))
S12 (3,4;5/1)(4,1;b/1)(1,5;b/1) = (3,5;b/1@w2(4))
S13 (4.6:a/1)(6,2;2/1)(2,1;a/0) = (4,1;a/1@w1(6))
S14 (4,6;a/1)(6,3;b/1)(3.4;b/1) = (4,4;3/1@w2(6))
S15 (4,1;b/1)(1,3;a/1)(3,5;a8/0) = (4,5;b/1@w1(1)}
Si6 (4,1;b/1)(1,5;b/1)(5,6;b/0) = (4,6;b/1@w2(1))
S17 (5.2;a/0)(2,1;a/0)(1,3;a/1) = (5,3;a/0@wi(2))
S18 (5,2;a/0)(2,4;b/0)(4,1;b/1) = (5,1;a/0@w2(2))
S19 (5,6;b/0)(6,2;a/1)(2,1;3/0) = (5,1;b/0@w1(6))
S20 (5,6;b/0)(6,3;b/1)(3,4;b/1) = (5,4;b/0@w2(6))
S21 (6,2;8/1)(2,1;8/0)(1,3;a/1) = (6,3;a/1@w1(2))
S22 (6,2;a/1)(2,4;b/0)(4,1;b/1) = (6,1;a/1@w2(2))
S23 (6,3;b/1)(3,5;a/0)(5,2;a/0) = (6,2;b/1@w1(3))
S24 (6,3;b/1)(3,4;b/1)(4,1;b/1) = (6,1;b/1@w2(3))

Table 9 Test Segments for M1 when W-set = {aa, bb)

4.2 Algorithm-W1

As in section 3.2, Algorithm-W1 combines th-. approach using a maximum-
cardinality minimum-cost matching algorithm w .- ¥-set, which is described as

follows:
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Algorithm-W1:

1. Given a strongly connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M which possesses a minimal W-set

={w1,w2,...,wpu}.

2. Construct a set of test segments for each transition by concatenating the transition

wi*'y each wg (k=1,2,...,1) in the W-set.
Denote each test segment by S;, i=1,2,-+-,unq.

3. Construct bipartite graph Gp=(Vy, Ep) where
Ve=ViuVy

Ve={vi Julvi : vi=Tail(Sg) for k=1,2,-+++++,tnq}
Vh={v1)}u{v;j: vj=Head(Sy) for k=1,2,+--,unq}
(Here, the inclusion of the initial state guarantees that the test sequence starts and

ends at the initial state.)

Ep={(vi,vj) : Vi€ Vi, vje Vp; vj # Tail(Sy), vj # Head(Sy) for some k)
(Note: for a test segment Sy, the edge from Tail(Si) to Head(Sk) should not be
included in Ey,.)

Assign cost Cjj to edge (vj,vj) € Ep according to the following rules:

(@) Let (vi,vj)=(Tail(Sx), Head(Sy)). If Sy can overlap Sx, then a length equal to

the negative of the overlapping length is assigned to edze (vj,vj) as its cost.

(b) Otherwise, the length of the shortest path from v to vj in G is assigned to edge

(vi,vj) as its cost.
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(c) The length of the shortest path from v to v and from v; to v; in G is assigned

to (v1,vj) and (vj,v1), respectively, as their costs.
4, Use a maximum-cardinality minimum-cost matching algorithm for graph Gy,

The solution to the above matching problem is an alternating sequence of test
segments, overlapped test segment groups and transfer sequences connecting them.
If the solution is a tour, it is a valid test sequence. Otherwise, we may have to
connect the discbnnected components using, for example, a greedy heuristic, which
is very similar to the algorithm for constructing a directed spanning graph or

arborescence [PAP82].

Similar to the analysis for Algerithm-D1, the time complexity of Algorithm-W1 is
of order p2IEI2,

4.3 An Example Using Algorithm-W1
(1)  W-set={aa, ab, b}

For the machine M1 shown in Figure 1, if W-set={aa, ab, b} is used, the test
sequence generated by Algorithm-W1 is shown in Table 10. The icngth of the test sequence
is 46. It is interesting to note that this length is equal to the lower bound of the length of
the test sequence for M1 (i.e., 43), plus the total length of the part in the test sequence
which is expected to be an overlapping part, but can not be (i.e., the length 1 of (4,1:b) in
the test segment (4,1;b)(1,3;a)(3,5;8)), plus the total length of the transfer sequence needed
to terminate the test sequence at state 1 (i.c., the length 2 of the transfer sequence

(5,2;2)(2,1;a)).
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Transition

(1,5;b/1)
(5,2;2/0)
(2,1;a/0)
(1,3;a/1)
(3,5;2/0)
(5,2;a/0)
(2,1;2/0)
(1,5;b/1)
(5,2;2/0)
(2,4:b/0)
4,6;8/1)
(6,2;a/1)
(2,1;2/0)
(1,3;a/1)
(3,4;b/1)
(4,6;a/1)
(6,2;a/1)
(2,4;:b/0)
(4,6;a/1)
(6,3;b/1)
(3,5;2/0)
(2,4:5/0)
(4,1;b/1)
(1,5;b/1)
(5,6;b/0)
(6,3;b/1)
(3,4:b/1)
(4,1;b/1)
(3,4;b/1)
(6,3;b/1)
(5,6;b/0)
(4,1;b/1)
(1,3;a/1)
(3,5;2/0)
(5,6;b/0)
6,2;a/1)

Test Segment

(1b5)(5a2)(2al)
(5a2)(2a1)(1a3)
(2al)(1a3)(3a5)
(123)(3a5)(5a2)
(3a5)(5a2)(2al)
(5a2)(2a1)(1b5)
(2a1)(1b5)
(1b5)(5a2)(2b4)
(5a2)(2h4)
{2b4¥4a6)(6a2)
(4a6)(6a2)(2al)
(6a2)(2al)(1a3)
(2a1)(1a3)(3b4)
(1a3)(3b4)
(3b4)(4a6)(6a2)
(4a6)(6a2)(2b4)
(6a2)(2b4)
(2b4)(4a6)(6b3)
(4a6)(6b3)
(6b3¥3a5)(5a2)
(3a5)(5a2)(2b4)
(2b4)(4b1)
(4b1)(1b5)
(1b5)(5b6)
(5b6)(6b3)
{(6b3)(3b4)
(3b4)(4b1)
{4b1X1a3)(3b4)
(3b4)(4a6)(6b3)
(6b3)(3a5)(5b6)
- {5b6)(6a2)(2b4)
(4b1X1a3)(3a5)
(123)(3a5)(5b6)
(3a5)(5b6)
(5b6)(6a2)(2al)
(6a2)(2a1)(1b5)
(5a2)
(2a1)
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(Note: each transition is denoted by (s i ") due to the space limitation.

Underline is used to show the overlapping part between two test segments which:
can not be shown by indentation due to the space limitation.

Bold is used to show the part of a test segment which is expected to be
the overlapping part, but can not be.)

Test Sequence = b/1, a/0, a/0, &/1, &/0, 8/0, a/0, b/1, 8/0, b/0, a/1, a/1,
a/0, a/1, b/1, &/1, &/1, b/0, a/1, b/1, &/0, a/0, b/0, b/1,
b/1, b/0, b/1, b/1, b/1, a/l, b/l, a/1, b/1, a/0, b/0, a/1,
b/0, b/1, a/1, a/0, b/0, a/1, 8/0, b/1, /0, a/0.
(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length = 46
Table 10 A Test Sequence Generated by Algorithm-W1 for M1 when W-set={aa, ab, b)
2 W-set={aa, bb)

If W-set={aa, bb} is used, the test sequence generated by Algorithm-W1 is shown
in Table 11. The length of the test sequence is 42, which is equal to the lower bound of the
length of the test sequence for M1 (i.e., 37), plus the total length (i.e., Z) of the part in the
test sequence which is expected to be the overlapping part, but can not be (i.e., (2,4;b) in
the test segment (2,4;b)(4,6;8)(6,2;a) and (4,6;2) in the test segment (4,6;a)(6,3;b)(3.4;b)),
plus the total length (i.e., 3) of the transfer sequences (1,5;b)(5,2;a) and (3,4;b).

4.4 Algorithm-W2

As discussed in section 3.4 for any method employing a DS, the OTSO problem
can be reduced to the RCPP and the Euler tour algorithm can be applied instead of the
matching algorithm. In the following, such an algorithm, Algorithm-W2, is proposed, in
which a W-set for a given FSM M=(S, I, O, §, A) is in the following format: every wg
(k=1,...,1) in the W-set consists of repeated input symbols a € 1.
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Transition Test Segment

(1,3;a/1) (1a3)(3b4)(4b1)
(3:4;b/1) (3b4)(4b1)(1b5)
(4,1;b/1) (4b1)(1b5)(5b6)
(5,6;b/0) (5b6)(6a2)(2al)
(1b5)
(5a2)
(2,4;b/0) (2b4)(4a6)(6a2)
(4,6:a/1) (4a6)(6a2)(2al)
(6,2;a/1) (6a2)(2al)(1a3)
(2,1;2/0) (2a1)(1a3)(3a5)
(1,3;a/1) (1a3)(3a5)(5a2)
(3,5;a/0) (3a5)(5a2)(2al)
(5,2;a/0) (Sa2)(2al)(1a3)
(3b4)
(4,6;2/1) (4a6)(6b3)(3b4)
(6,3;b/1) (6b3)(3b4)(4b1)
(4,1;b/1) (4b1)(1a3)(3a5)
(3.5;2/0) (3a5)(5b6)(6b3)
(5,6;b/0) (5b6)(6b3)(3b4)
(3,4:b/1) (3bd)(4a6)(6a2)
(6,2;a/1) (622)(2b4)(4b1)
(2,4;b/0) (2b4)(4b1)(1b5)
(1,5;b/1) (1b5)(5a2)(2al)
(2,1;2/0) (2a1)(1b5)(5b6)
(1,5;b/1) (1b5)(5b6)(6b3)
(6,3;b/1) (6b3)(3a5)(5a2)
(5,2;a/0) (5a22)(2b4)(4b1)

(Note: refer to Table 10 for the notation,)

Test Sequence = a/1, b/1, b/1, b/1, b/0, a/1, a/0, b/1, a/0, b/0, a/1, a/1, a/0, a/1,
a/0, /0, a/0, a/1, b/1, a/1, b/1, b/1, b/1, a/1, a/0, b/0, b/1, b/1,
a/l, a/1, b/0, b/1, b/1, a/0, a/0, b/1, b/0, b/1, a/0, a/0, b/0, b/1.

(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length =42

Table 11 A Test Sequence Generated by Algorithm-W1 for M1 when W-set=(aa, bb}
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The main idea of Algorithm-W?2 is to solve the OTSO_W problem in three levels:

Level 1: for every n test segments [ax@wk] (1 < k < p) initiating from n states,

find MOG's within these n test segments;

Level 2: find all MMOG's by considering the MOG's obtained in Level 1 and the
test segments [a;@wi] (=1,2,....q, k=1,2,... .14, j#K);

Level 3: combine all MMOG's optimally.

The problems stated in Level 1 and Level 2 are called the local optimization
problems of the OTSO_W problem; while the problem stated in Level 3 is called the global
optimization problem of the OTSO_W problem.

The local optimization problem stated in Level 1 can be solved by constructing a
minimum number of paths in G which cover every ag-transition (1 <k <) exactly
once. This can be done by an efficient algorithm similar to that in [GON70]. Then, each of
these paths corresponding to ay-transitions (1 €k < y1) can be transformed into an MOG
by appending a path corresponding to the wy to the end of the path, since every test
segment [ax@wy] except the first one in the extended path overlap its previous one with its

potential maximal overlapping length Iwgl.

To solve the local optimization problem stated in Level 2, a new digraph
Gm=(Vm, Em) is constructed from a strongly connccted digraph G=(V, E) representing a
deterministic, minimal and completely-specified FSM M as follows:

Vi = VUULVILVL.. .UV, where

Vj (=1,2,...,9) the vertex set V is duplicated into q ve:: ~sets Vj (=1,2,...,9);
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2 herid e 2t b S

Em = EyUEy

Ey

each vertex in U corresponds to the head of an MOG obtained in

Level 1;

each edge in Ey is connected with a vertex in U and Vj (1 £j < q), respectively.

Ey consists of Eyy1, Eyz and Eya:

Ey -

Eyz -

Eys -

each edge in Ey) connects a vertex in Vj (1 £j<q) to a vertex in U and
corresponds to the aj-transition in a test segment [aj@wk] (1 Sj<q,
1 sk <, j#k), where the tail of the aj-transition is the head of an MOG
for test segments [ax@wkl;

each edge in Ey) connects a vertex in U to a vertex in Vi (1 <k <y) and

corresponds to an MOG for test segments [ax@wy] (1 < k < ) without

the last ag-transition.

It can be noted that traversing a pair of edges from Ey; and Eya2,
respectively, will force the first test segrent of an MOG for test segments
[ak@wk] (1 Sk <)) to overlap a test segment [aj@wk] (1 Sj<q,
1 <k <, j=k) with its potential maximal overlapping length.

each edge in Ey3 connects a vertex in U to a vertex in Vi (1 £k S ) and
corresponds to the wg in a test segment [aj@wx] (1<j<q, 1 Sksy,
j#k) without the last ax-transition, where the tail of the aj-transition is the

head of an MOG for test segments [ax@wk].

It can be noted that traversing a pair of edges from Ey; and Eys,
respectively, will cover one of the test segments [aj@wk] (1<j<q,

1 £k S|, j#k) except the last ag-transition. Onge less than the number of
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the test segments [aj@wy] need to be considered here, since one of them

will be covered through traversing a pair of edges, one from Ey and the
other from Eyjz.

Ev each edge in Ey coniiects a vertex in V to a vertex in Vj (1 €j<q) or vice versa.

Ev consists of Ey) and Ey2:

Ey; - each edge in Ey1 connects a vertex in Vj (1 £j Sq) to a vertex in V and
corresponds to the aj-transition in a test segment [aj@wk] (1 s jsq,
1 <k €y, j#k), where the tail of the aj-t:ransition is not the head of any
MOG for test segments [ay@wy];

Evyz - each edge in Eyy connects a vertex in V to a vertex inVg(1<sk<p)and
corresponds to the wg in a test segment {aj@wy] (1 < igq, 1sksy,
j#k) without the last ay-transition, where the tail of the aj-transition is not

the head of any MOG for test segments [ax@wy].

It can be noted thz: traversing a pair of edges from Evi and Evy3,
respectively, will cover one of the test segments [aj@ wkl (1€j54q,

1 <k <), j#k) except the last ag-transition.

Obviously, there is no edge

a) from a vertex in V to a vertex in U or vice versa;
b) from a vertex in Vj (j=1,...,q) to a vertex in Vy ('=1....,9)

c) from a vertex in U or V to a vertex in Vj (j=p+1,....9).

It is important to note that traversing an edge from Vj(1£jsq to U (or V)
should be followed by traversing an edge from U (or V) to Vi (1<ksi, k#j) so as to

guarantee a test segment [a;@wi} (1Sj<q, 1sksy, j#k) be covered instead of a
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test segment [ax@wy] which has already been covered in Level 1. This can be guranteed by
constructing a minimum number of paths in Gy, which cover every edge in G, exactly
once with the restriction that an edge from Vi (1 Sk S) to U {& V) cannot be followed
by an edge from U (or V) to Vg (1 Sk sSH), and each of the paths in Gy should start
from a vertex in Vj (1 £j<q) and end at a vertex in Vi (1 £k < ). Thae minimum
number of such paths can be constructed by an efficient algorithm similar to that in
[GON70]. Furthermore, each of these paths can be transformed into an MMOG by
appending an ag-transition to the end of the path, since each test segment [ax@wv]
(1<k<Sp, 1SvsSy, kev) except the first test segment in the extended path can
overlap its previous one with its potential maximal overlapping length 1 and each test
segment [ap@wi] (1 Sk <) in the extended path can overlap its previous one with its

potential maximal overlapping length Iwyl.

Finally, to solve the global optimization problem stated in Level 3, a new digraph
G'=(V', E") is constructed such that V' = V and E' = EUEg where Eg is the set of edges
corresponding to all MMOG's. Thus, this problem can be solved by finding an RCPT of
G' over Eg. As stated earlier, there are efficient algorithms to find an RCPT of G' over Eg

if G[Eg] is a weakly-connected spanning subgraph of G'.
Algorithm-W2 which uses the approach discussed above is given as follows:
Algorithm-W2:

1. Given a strongly connected digraph G=(V, E) representing a deterministic,
minimal, and completely-specified FSM M which possesses a minimal
W-set={wi,w2,...,wp ), in which every wy (k=1,2,...,1) consists of repeated

input symbols ayx € 1.
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Construct a set of test segments for each transition by concatenating the transition

with each wy (k=1,2,...,1t) in the W-set.

Compute all MMOG's.

3.1

3.2

For each wy=akak...ax (k=1,2,...,}).

@

(if)

®

Find the minimal number of paths which consists of ag-transitions

only and covers every ag-transition in G exactly once (denote this

minimum number by py).

Append a path corresponding to the wi to the end of each path. The

resulting path which corresponds to an MOG is denoted by Py,

(1<sr<pyk).
Construct a new graph G,=(Vm, Em)

where
Vmn=VUUUY1UVaL.. UV
Vi=lviitvie V) j=1.2,...9
U={u; : Head(P; 3, )=vi € V, Prp, corresponds to an MOG]

Eq=EyUEy

Ey=Eu1VEu2VEDs
Ey1={(vjx, uy; 8j/0) : vjx € Vi, uye U,
(vx, Vy; 8jf0) € E, j=k,
Head(Pra)=vye V, k=1,...,1}
Eya=((uy,VkziL'ra) 1 uy € U, vkz € Vi,
Head(P'ra)=vy € V, Tail(Prg)=vz€ V,
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4.

(i)

(i)

P'ta, =Pra, - last ak-transition ir Pra,,

L'r g, =Label(P'ra), k=1,.. M)
Eus={(uy.vkziwk'(¥y)) : uy € U, Head(P'ra)=vy € V,

P'ra, = Prg, - last ag-transition in Py,

Viz € Vi, Tail(wi'(vy))=vz € V,

wi'=wg- ag, k=1,...,1, j#k

(Vixolly; 3/0) € Eyr-(exy), exy € Eyu1}

Ev=EviVEv2
Ev1={(Vjx.Vy: 2§0) : Vix € Vj, vy € V, 3je |,
(vx, Vy: 8/0) € E,
uy e U, j=12,...q)
Evo={(vy,Vkz; Wk'(Vy)5 : vy € V, (¥jx,Vy; aj/0) € Evi,
Vkz € Vi, k#j, Tail(wi'(vy))=vz € V,

wk'=Wk - ak, k=1,2,...,1}

Find the minimum number of paths which cover every edge

in Gp, exactly once (denote this minimum number by ).

Append an ay-transition to the end of each path in Gm. Each
resulting path which terminates at a vertex in Vg
(1sksp) to form an MMOG is denoted by Pni
(1 sis39).

Construct a new graph G'=(V', E'), where

Y
E'=EUE,
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Eg={(Vx,Vy;Lmi(vx)) : Head(Pmi)=Vx € v! Tail(Pm1)=Vy € VI
Pmj is an MMOG, Lyi=Label(Pmi))

The cost of each edge in G' is defined as the number of input (or output) symbols

in its label.

5. Find an RCPT of G' over Eg. It can be done by first constructing an RSA G* of

G', and then finding an Euler tour in G*.

As Algorithm-D2, Algerithm-W2 also obtains an minimum-cost test sequence by
setting an optimization goal as achieving the maximal overlapping, since the saving by
overlapping is the most significant part. However, due to the complexity of the approach
using a W-set, a three-level optimization approach is used here instead of the two-level
optimization approach that is used in the approach using a DS. It can be found that the local
optimization problems in the first two levels can be solved efficiendy by step 3.1 and 3.2 of
Algorithm-W2. However, the global optimization problem in the third level can be solved
efficiently in step 4 of Algorithm-W2 if G[Eg] is a weakly-connected spanning subgraph of
G' [AHOS3].

When G[Eg] is weakly-connected but not a spanning subgraph of G', we can
construct yet another graph G"=(V", E"), where

V"={vyx : x=Head(Pp) € V}U{vy : vy=Tail(Pmi) € V) where Pp,; is an MMOG;

E"=EpUEg

Ep=((vx,Vy; SPxy(vx)} : vx, vy € V", SPyy is the label of the shortest path from vy to vy in
G')

Eg={(vx,Vy;Lmi(vx)) : Head(Pmi)=vx € V, Tail(Pmi)=vy € V, Lpi=Label(Pmi)}




It can be noted that the way for constructing the new graph G" guarantees that G[Eg] is a

spanning subgraph of G". Thus, G[Eg] becomes a weakly-connected spanning subgraph

of G". Therefore, finding an RCPT of G" over Eg can be solved in polynomial-time.

The following lemma indicates that an RCPT of G" over Eyg is also an RCPT of G'

over Eg.

Lemma 1:

Proof:

If G[Eg] is weakly connected, then an RCPT of G"=(V", E") over Ey is
also an RCPT of G'=(V', E') over Eg.

Since G[Eg] is weakly connected and is a spanning subgraph of G", an

RCPT of G" over Eg can be found in polynomial-time.

Such an RCPT of G" over Eg can be found in two steps: first, an
R3A G"*=(V"*, E"*) of G" over Eg can be constructed; then, an Euler tour
is found on G"*. The E"* consists of all edges in Eg and the minimum cost

of edges from E" which are required to make G[Eg] symmetric.

Based on G"*, we can construct a rural symmetric augmentation of
G' over Eg simply by extending these edges that are in E"* and belong to
E"-Eg into paths in G', since every edge in E"-Eg corresponds to a shortest
path between two vertices of GiEg] in G'. This rural symmetric
augmentation of G' over Eg must be an RSA G™ of ¢ over Eg. If not, it
implies that there is another rural symmetric augmentation (denoted by
G'+=(V**, E")) of G' over Eg which costs less than G'*. Also, if there is
such one, we can always find one such that all edges in E*-Eg (which are
also belong to E') forms several shortest paths between vertices in G[Eg].

Otherwise, we can replace those paths between vertices in G{Eg] with the
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shortest paths between them to get a rural symmetric augmentation with less

cost.

Based on G'f, we can also construct a rural symmetric
augmentation (denoted by G"+) of G" over Eg simply by combining those
shortest paths between vertices in G[Eg] that consists of edges in E*-Ey
into edges in G", since all edges in G" corresponds to a shortest paths
between vertices in G[Eg] that consists of edges in G'.  So, we get another
rural symmetric augmentation with less cost than the RSA G™* of G" over

Eg. This is contrary to the given condition.

Therefore, an RSA of G" over Eg corresponds to an RSA of G'
over Eg. Consequently, the RCPT of G" over Eg that is found by finding an
Euler tour on the RSA is also an RCPT of G' over Eg. ¢

The following theorem gives the sufficiency condition in which Algorithm-W2

obtains the optimal test sequence.

Theorem 7: Given a strongly-connected digraph G=(V, E) representing a deterministic,

minimal, and completely-specified FSM M=(S, I, O, 8, A) with a minimal

T I e <

W-set={w{,w2,....Wn }, Wk=akak...... ay (ag € I), lwyl=Lg, k=1,2,...,1,
Algorithm-W2 obtains the optimal test sequence if the potential maximal
overlapping length for each test segment is achieved during constructing all
MMOG'’s, and the number of edges from G added to G[Eg] in constructing
! an RSA G* is equal to

T-P-t

where

=3 IEEC(vp)l, vi € V, EC(v) < 6;
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B=1, if E(v;) < O,
B=0, if EC(v)) 2 0;

= min(IEEC(v)l, p2).

Vie V; &C(ka

Proof: It follows from Theorem 6 and Corollary 3. ¢

4.5 An Example Using Algorithm-W2

For the machine M1 shown in Figure 1, we consider W-set={aa,bb}. Note that

output symbols will not be listed in the following for simplicity.

In step 3.1, P13 and P} are obtained as paths consisting of all a-transitions

followed by w and all b-transitions followed by w, respectively:

P1a=(va.v6:a)(v6,v2;8)(v2,v1;8)(V1,V3;8)
(v3,vs5;8)(vs,v2;2)(v2,v1;8)(V1.V3:2),

P1o=(v2,v4ib)(v4,v1;b)(v1,v5:b)(vs,ve:b)
(v6,v3ib)(v3,v4;b)(v4,v1;b) (v1,v5:D).

In step 3.2.(i), graph Gy, is obtained as shown in Figure 12:

Vm=VUULY UV,

Vi={v11, v12, V13, V14, V15, Vi6}

Va={va1, v22, v23, V24, V25, v26)

U={uy, ug), since Py and P}, starts from v, and v4 of G, respectively;
Eq=EyuEy

Eu=Eu1VERVEL3

P1a'=(v4,v6:a)(ve,v2;:a)(v2,v1;2) (V1,v3:a)

(v3,vs:a)(vs,va;a)(vz,v1;a), i.e., P14 without the last transition;
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P1p'=(v2,v4;b)(v4,v1;0)(v1,v5:b)Vs,v6:b)

(v6,v3;b)(v3,va;b)(va,v1;b), i.e,, P1p without the last transition;
Lia'=a3aaaaa i.e., the label of Pyg";
Lip'=bbbtbbb i.e., the label of Pyp’;
wi'=a i.e., wi without the last input symbol;
w2'=b i.e., wz without the last input symbol;

Eui1=({(vig.uza), (v15,u2:a), (v23,us;b), (vaz,us;b)},

since the test segments (vg,v2;a¥@w2 and (vs,v2;a)@w3 can be overlapped

by Pip with the potential maximal overlapping part (v2,v4;b)(v4,v1;b); and

also the test segments (v3,v4;b)}@w1 and (v2,v4;b)@w can be overlapped

by P1a with the potential maximal overlapping part (v4,v6.a)(v6,v2:d).

EU2=[ (UZ,V?,];le'), (114,"1 I;Lla') } »

since Pyp' starts from v7 and ends at vy; and Py’ starts from v4 and ends at

Vi

Eys={(uz,v24;w2"), (ua,vie:w1)}

since the test segments (v6,v2:a}@w2 and (vs,v2;a)}@w3 can be overlapped

by P1p with the potential maximal overlapping part (v2,v4:b)(v4,v1:b), but

only one of them will in fact be overlapped by Py, only one of these two

test segments should be completed here; and also the test segments

(v3,v4;b)@w) and (v2,v4;b)@w) can be overlapped by Py, with the

potential maximal overlapping part (v4,v6;a)(v6,v2;a), but only one of them

will in fact be overlapped by P, only one of thesc twco test segments

should be completed here.
Evi=(({v11.v3:a), (viz,v1:2), (v13,v5:a), (V14.v6:2),

(v21,V5;D), (va4,v1:b), (v2s5.v6:D), (v26,v3:b)),

since the test segments (v1,v3;a)@w2, (v2,v1;2)@w2, (v3,v5;a)@w2, and

(v4,v6;a)@w2 cannot be overlapped by Pip; and the test segments
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(V1.v5;b)@w1, (v4,v1;D)@W1, (v5,v6:DX@W1, and (v6,v3;b)@w) cannot
be overlapped by P1a;
Ev2={(v3,v24;w2), (v1,v25:w2), (V5,v26:w2'), (V6,v23;W2),
(vs,v12sw1), (v1,v13:w1), (VeV12iwW1), (V3 V1siwiD),
since these test segments which cannot be overlapped by P1p or P1a should

be completed here;

After step 3.2, we find the following paths that cover all edges in Gy, i.e., cover

all test segments:

Pmi= (v22.u4:b)(us,v11;L12)(V11.v24;3@W2) (v24,V13;b@ wW1')(V13,V26:2@ W2))
(v26,¥15:b@w1)(V15,u2;3)(uz,v21;L16)(v21,v12: D@ W1')(v12,v25:3@ W2')
(va5.v12:b@w1')(v12,v1;2)

Pm2= (v14,v23:2@w2')(v23,04;b)(u4,v16:W1)(V16,u2;8) (U2, v24: W2 ){(v24,v1;b)

In step 4, G' is constructed. However, G[Eg] is not a spanning subgraph of G'
since P and Py connect with vy, v2 and v4 only. Thus, G" is obtained as shown in

Figure 13, where

V'={vy, v2, v4}, since Py and P2 connect with vy, vz and v4 only;
Ep={(v1,va;ba), (va,v1;a), (V1vasab), (va.v1sb), (v2:vaib), (va,v2ian) ),
since the input portions of the labels correspond to the shortest paths from
v1 10 V2, V2 10 V1, V] tO V4, V4 10 V], V2 10 V4 and v4 to v2 are ba, a, ab,b, b
and aa, respectively;
Lini= b@L1;'@2@w2'@b@w1'@2@w2'@b@w1' @a@L1,'@
b@w; @a@w2'@b@w)'@a, ie., the label of Ppi;
L= a@w2'@b@w)'@2@w2'@b, i.e., the label of Pp2;
Eg={(v2.v1iLm1), (v4,vi;Lm2)}.
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Lig=aaaaaaa

Lyp=bbbbbbb
wl'=3a
w2'=b

Figure '2 G for M1 when W-set={aa,bb}
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L.m1=b@L1:@2a@W2'@b@WI'@2@w2'@b@w!'@2@LIb@b@w! @a@w2'@b@w1'@2
Lm2=2@w2@b@w1'@a@w2@b

Figure 13 G" for M1 when W-set={aa,bb}

Finally, G[Eg] and the RSA G* of G" over Eg is constructed as shown in Figure
14, where the edges from E" added to G[Eg] are shown in bold lines.

ab
G)( Lm2

ba

2

Lm1 =b@L1:@2@w2 @b@w1'@2@w2'@b@ Wl @a@LIV@b@wi' @a@ w2 @b@w1'@a
Lm2 =a@w2'@b@w1'@2@w2'@b

Figure 14 G[Eg] and the RSA G* of G" over Eg for M1 when W-set=(aa,bb}
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An RCPT of G" over Ey is found as follows:

(v1,vz;ba), (v2,v1;Lm1), (v1,v4:ab), (v4,v1;Lm2)

The final test sequence is shown in Table 12, whose length = Ly 1i+HLy2l+4 = 42.

For the machine M1 using a W-set, the results can be summarized as follows:

W-set Lower Bound Algorithm-W1 | Algorithm-W2|Lower Bound
Without Overlapping With Overlapping
(aa, ab, b} 100 46 - 43
{aa, bb} 76 42 42 37
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Transition  Test Segment

(1b5)
(5a2)
(2,4;b/0) (2b4)(4a6)(6a2)
(4,6;a/1) (4a6)(6a2)(2al)
(6,2;a/1) (6a2)(2a1)(1a3)
(2,1;2/0} (2a1)(1a3)(3a5)
(1,3;a/1) (1a3)(3a5)(5a2)
(3,5;2/0) (3a5)(5a2)(2al)
(5.2;a/0) (5a2)(2a1)(1a3)
(1,3;a/1) (1a3)(3b4)(4b1)
4,1;b/1) (4bl1)(1a3)(3ad)
(3,5;4/0) (3a5)(5b6)(6b3)
(6,3;b/1) (6b3)(3a5)(5a2)
(5,2;2/0) (5a2)(2b4)(4b1)
(2,4:b/0) (2b4)(4b1)(1b5)
(4,1;b/1) (4b1)(1b5)(5b6)
(1,5;b/1) (165)(5b6)(6b3)
(5,6;b/0) (5b6)(6b3)(3b4)
(6,3;b/1) (6b3)(3b4)(4b1)
(3,4;b/1) (3b4)(4b1)(1b5)
(1,5;b/1) {1b5)(5a2)(2al)
(2,1;2/0) (2a1)(1b5)(5b6)
(5,6;b/0) (5b6)(6a2)(2al)
(1a3)
(3b4)
4,6;a/1) (4a6)(6b3)(3b4)
(3,4:b/1) (3b4)(4a6)(6a2)
(6,2;2/1) (6a2)(2b4)(4b1)

(Note: refer to Table 10 for the notation.)

Test Sequence = b/, /0, b/0, &/1, /1, a/0, a/1, &/0, a/0, 8/0, a/1, bf1, b1, a/1,
a/0, b/0, b/1, 8/0, a/0, b/0, b/1, b/1, b/0, b/1, b/1, b/1, /1, a/0,
a/0, b/1, b/0, &/1, /0, a/L, b/1, a/1, b/1, b/1, &/1, a/1, b/0, b/1.
(Transfer sequences are bold-faced in the test sequence.)

Test Sequence Length = 42

Table 12 A Test Sequence Generated by Algorithm-W2 for M1 when W-set=(aa, bb}
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5. CONCLUSIONS

We have studied the problem of the optimization of the length of test sequences for
FSM-based protocol conformance testing. This study focuses on finding the extent to
which the length of a test sequence for an FSM can be optimized, and obtaining algorithms

to optimize the length of a test sequence for an FSM.

For a special case (i.e., for a class of FSM’s), we give the greatest lower bound
(GLB) on the length of test sequences generated by any method employing 2 DS
(D-method) without overlapping test segmants. For the general case, we give a lower
bound (i.e., an approximation to the GLB) on the length of test sequences generated by any
D-method without overlapping test segments. Based on this lower bound for the general
case, we establish a lower bound (i.e., an approximation to the GLB) on the length of test

sequences generated by any D-method that overlaps test segments.

It is observed that the reduction in the length of test sequences generated by any
D-method due to overlapping is significant. Thus. we propose the first type of algorithm
(i.e., Algorithm-D1) for a method employing a DS that overlaps test segments, which
utilizes the maximum-cardinality minimum-cost matching algorithm. The time complexity

of Algorithm-D1 is polynomial.

However, some deficiencies in using the maximum-cardinality minimum-cost
matching algorithm in optimizing test sequences are identified. To overcome these
deficiencies, we propose the second type of algorithm (i.e., Algorithm-D2) for a method
employing a DS that overlaps test segments, which utilizes the rural Chinese postman tour
algorithm. We also discuss the sufficiency conditions for Algorithm-D2 to find a minimuin-
length test sequence in polynomial-time, and the sufficiency conditions for Algorithm-D2 to

achieve the optimal test sequence for an FSM.
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Considering any method employing a W-set (W-method), we give a lower bound
(i.e., an approximation to the GLB) on the length of test sequences generated by any
W-method without overlapping test segments in the general case. Based on this lower
bound, we establish a lower bound {i.e., an approximation to the GL.B) on the length of

test sequences generated by any W-method that overlaps test segments.

Also, it is observed that the reduction in the length of test sequences generated by
any W-method due to overlapping is significant. Thus, we propose the first type of
algorithm (i.e., Algorithm-W1) for a method employing a W-set that overlaps test
segments, which utilizes the maximum-cardinality minimum-cost matching algorithm. The

time complexity of Algorithm-W1 is polynomial.

The same deficiencies exist in Algorithm-W1 as that in Algorithm-D1. To overcome
these deficiencies, we propose the second type of algorithm (i.e., Algorithm-W2) for a
method employing a W-set that overlaps test segments, which utilizes the rural Chinese
postman tour algorithm. We then discuss the sufficiency conditions for Algorithm-W2 to
find a minimum-length test sequence in polynomial-time, and the sufficiency conditions for

Algorithm-W2 to achieve the optimal test sequence for an FSM.

Algorithm-D2 and -W2 can easily be incorporated into TSG (which is a FSM-based
test sequence generator developed in the University of Ottawa) [URA91a]. It must be noted
that these algorithms which utilize the rural Chinese postman tour algorithm (i.e.,
Algorithm-D2 and -W2), are discussed only for limited formats of DS's or W-sets. Further
research is needed to extend these algorithms for the general format of a DS or a W-set.
Also, more research is required to investigate the possible usage of the LB's in comparing

different algorithms,
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