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Abstract 

In this thesis I study a parametrized definition of gene clusters that permits control 

over the trade-off between increasing gene content versus conserving gene order within 

a cluster. This is based on the notion of generalized adjacency, which is the property 

shared by any two genes no farther apart, in the linear order of a chromosome, than 

a fixed threshold parameter 0. We discuss the the statistical properties of generalized 

adjacency (GA ) and derive the limiting probability distribution of the number of G A 

for random genomes. We also propose a test for gene clusters satisfying the generalized 

adjacency criterion under the null hypothesis that the genes are ordered randomly 

along the genomes. 
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Chapter 1 

Introduction 

The increasing availability of comprehensive linkage maps and complete genomic se­

quences from many prokaryotes, eukaryote organelles and more recently eukaryote 

nuclei has led to the burgeoning of a new area of Comparative Genomics based 

on the macrostructure of entire genomes rather than on the traditional comparison of 

a single homologous gene 1 or a protein sequence in different organisms. Comparing 

chromosomal gene order in two or more related species is an important approach to 

reconstruct chromosomal rearrangements in different evolutionary lineages and make 

phylogenetic inference; in addition, a genome self-comparison approach has been used 

to identify the evidence of large scale or whole genome duplication [12, 13, 15]. Other 

applications of this area include detecting operons, horizontal transfer, and functional 

selection in bacteria [5]. 

One of the fundamental tasks in the above studies is the identification of ho­

mologous chromosomal segments, pairs of chromosomal regions, one in each genome, 

that are descended from a single contiguous region in the ancestral genome, either 

through speciation or duplication. 

1Homologs: Genes or features that share common ancestry, usually detected by structures of 
similarity. 

1 
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1.1 Biological Background 

Following speciation, offspring genomes initially have identical gene content and order. 

Similarly, a whole genome duplication yields a new genome with two identical copies of 

the ancestral genome. In both cases the two genome copies will invariably diverge over 

time. Genomes, containing the entire genetic complement of an organism, will evolve 

as the genes in them evolve through the processes of nucleotide substitution, insertion 

and deletion. Gene duplication, gene loss and horizontal transfer will also alter the 

gene complement, the set of genes appearing in the genome. In addition, larger scale 

genome rearrangements including translocation, transposition and inversion (Figure 

1.1) disrupt gene order and syntenic2 structure [14]. The evolutionary events result 

in closely related genomes sharing a few large conserved chromosomal segments while 

more distantly related genomes have many short segments. 

According to the most stringent definition, conserved chromosomal segments are 

defined as any maximal contiguous chromosomal regions with the same gene content, 

order, and even orientation (the transcription direction associated with each gene) in 

two or more compared genomes. However, in practice it is useful to relax the stringent 

definition to some extent to detect evolutionary signal in conserved similar regions, to 

avoid unstable estimates of the number of segments if these may be as small as one or 

two genes [3], and to diminish the effect of experimental error and other noises. The 

experimental errors can be attributed to gross mistakes in chromosomal assignment 

of genes, quantitative errors in map positions as well as the errors occurring when 

integrating mapping results from different sources [8, 16]. A less strict concept is gene 

clusters, pairs of regions with similar, but not identical gene content and gene order. 

2Two genes located on the same chromosome in a genome are said to be syntenic in that genome. 
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Chromosome A 

Chromosome A 

Chromosome A 

Chromosome B 

....1 2*3 -4 5*6.... 

1 J2 3J-4 5«* 

...1 2 3*4 5 6 

7 8*9 10 11 .... 

Inversion 

becomes Chromosome A' 

Transposition 
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.1 -4 5 2 36 

1 2 3 9 10 11 

7 8 -4 5 6 

Figure 1.1: Schematic view of three most common genome rearrangement processes. 

Integers represent genes of interest and the sign indicates gene orientation. Black 

arrows represent breakpoints introduced into original genome. Inversion reverses both 

the order and the signs of genes between two breakpoints. Transposition removes a 

segment defined by two breakpoints and insert it at another breakpoint. Reciprocal 

translocation exchanges end segments of two chromosomes. 

1.2 Cluster Identification 

Gene clusters are usually detected based on the locations of genomic markers, rather 

than direct comparison of the primary sequence. Here, the genomic markers could 

be genes, motifs, anchors or, indeed, the results of any decomposition of the chromo­

some into disjoint ordered fragments identifiable in the two or more genomes being 

compared. Genes are commonly used as markers since their sequences tend to be 

conserved over long periods of evolutionary time, they usually exist in large numbers 

in a genome, and they are the unit of interest in many genomic studies [8]. 

In this thesis I assume that genes are used as markers and each gene has been 
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determined and its homologs in other genomes have also been identified. Then a 

genome is considered as a set of chromosomes, each represented as a sequence of 

genes. However, the discussion in this thesis is general enough to be applied to other 

types of markers as well. Gene orientation, which is not considered in most existing 

cluster definitions, is also disregarded in this thesis. 

1.2.1 Cluster Definitions 

Since in most cases evolutionary histories are unknown, it is difficult to characterize 

what such genomic regions suggesting common ancestry look like. Consequently, a 

number of definitions of gene clusters have been proposed, based on intuitive no­

tions, characteristics of genomic data sets or the goals of studies [3, 4]. A number of 

algorithms have been developed to search for gene clusters following these definitions. 

Criteria for identifying gene clusters, in two or more genomes entail a trade-off 

between increased content versus stricter order: if we require genes of the cluster to be 

ordered identically within different genomes, so that we can have great confidence that 

these are genuine, evolutionary conserved or functionally determined configurations. 

However, only relatively small clusters are likely to satisfy this restrictive condition, 

and the corresponding analysis will miss large common genomic regions that only 

suffer small, perhaps insignificant, disruptions of common order. On the other hand, 

by allowing unrestricted scrambling of genes within the clusters (e.g., r-windows [3], 

max-gap [5] or "gene teams" [2]), we may be able to detect larger, more loosely 

structured groupings, but at least in the first analysis, must forgo accounting for 

local genome rearrangement, missing an important aspect of evolutionary history, 

and we relinquish the possibility of pinpointing extensive local conservation of order 

within the group. 
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Now I will introduce four commonly applied definitions of gene cluster: conserved 

segment, common interval, r-window cluster and max-gap cluster (also referred as 

"gene teams" [2]). 

• The most conservative definition is conserved segment as defined in Sec­

tion 1.1. However, the stringent definition will exclude many regions that did 

indeed descend from a single ancestral region but have undergone a series of 

small rearrangements. 

• A common interval is defined to be a set of genes occurring contiguously in 

each of the genomes compared, ignoring gene order, but without allowing gene 

insertions and deletions. 

• An r-window cluster is defined as a pair of windows, each containing r genes, 

in which at least k genes are shared. This definition allows rearrangements as 

well as a limited number of insertions and deletions. If k=r, an r-window cluster 

reduces to a common interval of size k. How to best choose the values of r and 

A; is a problem in practice. 

• A max-gap cluster is a set of marked genes where the number of intervening 

genes between adjacent marked genes in each genome compared is not larger 

than a given gap parameter, g. This definition also ignores gene order and 

allows insertions and deletions, but does not constrain the maximum length 

of the cluster. When g=0, max-gap clusters reduces to common intervals. A 

max-gap cluster is maximal if it is not contained within any larger max-gap 

cluster. 

Now I provide an example to illustrate the four different cluster definitions. 
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Given two genomes: d = l 2 * 3 4 5 * * 6 7 * 8 

and G2 - 2 * 6 7 * 8 1 * 5 3 4 

where the integers denote homologous gene pairs and the stars indicate genes with 

no homolog in the other genome, then we can find 

1. Conserved segments: {3, 4} and {6, 7}. 

2. Common intervals: {3, 4, 5} and {6, 7}. 

3. r-window clusters 

(a) when r=5, k=3: {1, 3, 4}, {3, 4, 5} and {6, 7, 8}; 

(b) when r=6, k=4: {1, 3, 4, 5}. 

4. Maximal max-gap clusters 

(a) when g=2: {1, 2, 3, 4, 5, 6, 7, 8}; 

(b) when g=l: {6, 7, 8} and {3, 4, 5}. 

In Chapter 3, I will introduce a parametrized definition of gene clusters, GA-

cluster, that allows us to control the emphasis placed on conserved order within 

a cluster [21] and hence to systematically explore the details of the content/order 

trade-off. I have presented some of the methods used in this chapter elsewhere [20]. 

1.2.2 Statistical Tests for Gene Clusters 

Once gene clusters have been identified, it is imperative to determine the significance 

of gene clusters by rejecting the hypothesis that such a cluster could have occurred 

by chance. A number of tests have already been proposed based on randomization, 

combinatorial analysis, as well as formal statistical frameworks. 
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The significance of gene clusters does not only depend on how "closely" the genes 

in the cluster distribute in the genomes, which is what most existing tests focus on, 

but also on the searching strategies, i.e. how the cluster was found. Durand and 

Sankoff [3] have modeled three common search strategies. 

• Reference region. Given a set of prespecified genes, which may be found con­

tiguously located in a reference genome or share a particular functional property, 

our goal is to search along the whole genome and find a cluster, which contains 

all or part of these genes. 

• Window sampling. Given a pair of windows of genes, a cluster may be 

identified by determining whether they share a significant number of homologs. 

These windows are selected may because they share a pair of previously known 

homologs of particular interest. 

• Whole genome comparison. Given two genomes, our goal is to identify 

all gene clusters locating in close proximity in both genomes. Individual gene 

clusters are usually found in this scenario. 

The searching strategies have been systematically discussed in the statistical tests for 

r-window clusters [3] and max-gap clusters [5]. 

A lot of other factors also contribute to cluster significance, such as gene order 

and orientation, however, most statistical tests for gene clustering ignore them since 

the interactions between these factors are extremely complex, and how to combine 

them in one test is still an open problem ([5], [9], [3], [17]). Recently, some statistical 

tests have began to take multiple (more than two) genomes and gene families into 

account ([10], [3]). 

In Chapter 2 I will discuss statistical tests for r-window clusters and max-gap 

clusters in more detail. In Chapter 4, under the null hypothesis that the genes are 
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ordered completely randomly on the genomes, I propose tentative statistical tests for 

GA-clusters through whole genome comparison based on a simplified model of 

genomes. I have presented some of the methods used in Chapter 4 elsewhere [20]. 



Chapter 2 

Statistical Tests for r-window and 

max-gap Clusters 

r-window and max-gap cluster definitions have been widely used in empirical studies, 

however, very few formal statistical models have been developed to test the signif­

icance of clusters, while most current approaches estimate the distributions of test 

statistics based randomization. Recently, Durand and Sankoff [3] constructed statisti­

cal tests for r-window clusters under different scenarios; Hoberman, et al. [5] present 

analytical statistical models for clusters satisfying max-gap criterion. Discussions in 

this chapter are mainly based on the two papers. 

We will not consider the genomes with circular chromosomes. A genome is 

modeled as a set of n genes, ordered by their positions in the genome: G={1, 2, . . . , 

n}, ignoring physical distances between genes. We assume genes do not overlap and 

the distance between two genes is simply the number of genes between them. 

9 
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2.1 Statistical Tests for max-gap Clusters 

In the rest of this thesis we use the term max-gap clusters as shorthand for maximal 

max-gap clusters. Hoberman, et al. [5] develop statistical tests for max-gap clusters 

found in two different searching strategies, reference region and whole genome 

comparison. Due to the nature of max-gap definition, a max-gap cluster cannot be 

identified through the local searching strategy, window sampling [9]. 

2.1.1 Reference Region 

In this scenario, m genes are prespecified (or marked), each of which has exact one 

homolog in the genome of n genes, our goal is to test the significance of a cluster 

containing all or part of the m specified genes, identified through searching the whole 

genome. The null hypothesis is that the m genes are randomly distributed in the 

genome. 

1. Complete cluster case. The test statistic is the maximum gap between the 

marked genes. Under the null hypothesis, the probability of observing that m 

marked genes form a max-gap cluster with maximum gap less than or equal to 

g (equation(2) in [5]) is: 

1 \ (n - wmg + 1 + ^^)(g + l)m-\ [fwmg<n+l 
P(n,m,g) = -pr< 

\do(m,g,n) otherwise. 

(2.1.1) 

where wmg = m+(m-l)g and d0(m, <?,n) = X £ T ) / ^ 1 H - l ) < ( V ) ( n i f X ) ) 

2. Incomplete cluster case. The maximum gap value g is fixed in advance. 

Unlike complete cluster case, the m marked genes can form different clusters 

in the same genome, and the size of the largest cluster is used as test statistic. 
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Under the null hypothesis, the probability that this test statistic is not less than 

the observed value h (equation(4) in [5]) is: 

n/ u \ 1 r)[n,m,g +1,0] (01 0, 
Q(n,m,h,g) = l -^ (2.1.2) 

Ira/ 

where r)[n, m,j, c] can be calculated as the following recursion formula: 

0, if c = h or n < m 

1, else if m = 0 

t][n — 1, m, j + 1, c] + rj[n — 1, ra — 1,0, c + 1], else if jf < gr 

r;[n — l,m,j + l,c] +r/[n — l ,m — 1,0,1], otherwise. 

r)[n,m,j,c] 

Based on Equation 2.1.1, the probability of observing a complete cluster as a 

function of m for n = 1,000 is shown in Figure 2.1 (FIG.2. in [5]). The probability 

of observing a complete cluster is an increasing function of g, however, it does not 

increase monotonically with m, as expected. When m=n, we can always observe a 

complete cluster for any value of g. The similar trend is also found for the probability 

of observing an incomplete cluster as a function of m given h = y . So, for max-

gap cluster definition without constraints on the length or order, larger clusters do 

not always imply greater significance, which disagrees with "a widespread belief that 

cluster significance grows with the number of homologs in the cluster" [5]. 

2.1.2 Whole Genome Comparison 

In this scenario, we only consider pair-wise comparison. We are given two genomes, G\ 

and G2, each containing n genes sharing m genes. The null hypothesis is that the m 

genes are randomly distributed in G\ as well as in Gi- Like reference region scenario, 

we also assume that each of the m genes in G\ has exact one homolog in G2, and 



2.2. STATISTICAL TESTS FOR R-WINDOW CLUSTERS 12 

100 200 300 400 500 600 700 800 

Number of genes of interest (m) 

Figure 2.1: (FIG.2. in [5])Probability of a complete max-gap cluster of m marked 

genes in a genome of size n=l,000 as a function of m, for g={5, 10, 20, 50}. 

vice versa. Through whole genome comparison between d and G2, the probability 

of observing a complete max-gap cluster of m common genes is [P(n, m, g)}2, where 

P(n,m,g) is denned in Equation 2.1.1. If Gx and G2 are closely related and share a 

high percentage of genes, this quantity can approach I {e.g. m = n). Consequently, in 

whole genome comparison scenario, rather than calculate the probability of observing 

a cluster of size at least h, Hoberman, et al. [5] tried to determine the probability of 

observing a cluster of exactly size h, and present the upper and lower bounds for this 

quantity. 

2.2 Statistical Tests for r-window Clusters 

Durand and Sankoff [5] present a comprehensive analysis on statistical tests suitable 

for r-window clusters. We begin with a simple model under reference region scenario. 
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Given a genome G of n genes, and m prespecified genes each of which has exact 

one homolog in G, our goal is to test the significance of a r-window cluster containing 

all of the m genes, identified through searching the whole genome. The null hypoth­

esis is that the m genes are randomly distributed in a genome with n genes. The 

probability of observing that the m genes span at most r slots in G (equation(2) in 

[3]) is given as follows. If this quantity is less than a given level a, then we reject the 

null hypothesis, and think the observed r-window cluster is significant. 

{n-r)(r-\) + (r) 

2.2.1 Gene Family Model 

Since virtually all genomes contain gene families, sets of genes with similar sequence 

and function, that arose through duplication of genetic material [5], and identifying 

true homologs is still much debated, a more realistic and complicated model, the 

Gene Family Model has also been studied. 

We assume that homology relationships have already been determined and the 

genes in a genome can be partitioned into non-intersecting gene families. Every gene 

in gene family fj is homologous to all the other members in the same family. Genes 

in different families cannot be homologous. Define the gene family size, 0^, as the 

number of genes in gene family /_,- in genome d. Let T = {fj} be the set of all 

gene families in genomes under consideration and n/ = |T\ the number of total gene 

families. Let rii be the number of genes in genome G{. 

Based on the gene family model, Durand and Sankoff [5] have constructed statis­

tical tests against null hypotheses of random gene order, taking incomplete clusters, 

multiple genome comparison and self-genome comparison into account. However, the 

treatment presented is mainly of theoretical interest and the expressions for calcu-
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lating the p-values of their test statistics are not computationally tractable. They 

also give the formulae for calculating the expected number of clusters of a given type 

under different cases, which can be used as informal tests. 

2.2.2 Window Sampling 

Unlike max-gap clusters, r-window clusters can be obtained by window sampling. 

1. Two genomes without gene families. Given two genomes G\ and G<i each 

containing the same set of n genes, and a pair of windows of length r, W\ and 

Wii drawn from G\ and Gi respectively. Under the null hypothesis that genes 

are randomly distributed in G\ and G2, the probability that W\ and W2 share 

at least m genes (equation (22) in [3]) is: 

r / r \ fn—r\ 

i=m \r) 

2. Two genomes with gene families. Under gene family model, a r-window 

cluster is redefined as a pair of windows, each containing r genes, in which at 

least k gene families are shared. We are given two genomes G\ and G2 contain­

ing rii and n<i genes respectively and having the same set of gene families T. 

Two windows of length r, W\ and W2 are selected from G\ and G2 respectively. 

Durand and Sankoff [5] give an expression for calculating the probability that 

W\ and Wi share at least m genes (equation(23) in [3]), but it is computation­

ally intractable. Based on further assumption of fixed gene family size, i.e., 

all 4>ij (as defined in Section 2.2.1) take the same value, 0, Raghupathy and 

Durand [9] provided a computationally tractable expression for this probability 

using generation function approach: 
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k=m ^ ' l=m ^ ^ 

where, Pl(k) = ( " / p - D ' E K - D ' Q ( ? ) 

z=max(0,i—k(j>) 



Chapter 3 

Statistical Properties of 

Generalized Adjacency 

Zhu et al. [21] presented a new parametrized definition of gene clusters that allows 

us to control the emphasis placed on conserved order within a cluster and hence to 

systematically explore the details of the content/order trade-off. The basis for this 

is the notion of generalized adjacency, which is the property shared by any two 

genes no farther apart, in the linear order of a chromosome, than a fixed threshold. 

Then a generalized adjacency cluster in two or more genomes is just a maximal 

set of genes, where in each genome these genes form a connected chain of generalized 

adjacencies. Increasing the size of the threshold relaxes the degree of common ordering 

required, within a cluster, in different genomes. 

Nevertheless, for any fixed threshold, evolutionary rearrangements continue to 

disrupt the orders of genes on chromosome and will create, alter or destroy generalized 

adjacency clusters. Since even pairs of randomly constructed genomes may have some 

generalized adjacency clusters in common, the question arises of whether the number 

or size of these common clusters is significantly larger than the random case. To 

16 
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answer such questions, in this chapter we study the statistical properties of generalized 

adjacency] in Chapter 4 we will propose tentative tests for generalized adjacency 

clusters identified through whole genome comparison under the null hypothesis that 

the genes are ordered completely randomly on the genomes. 

3.1 Definitions 

An undirected graph is represented as G = (V,E), where V is a set of vertices 

or nodes of this graph, and E denotes the set of unordered pairs of vertices, called 

edges. 

Let Vx be the set of genes (treated as vertices) in the genome X. These genes 

are partitioned among a number of total orders called chromosomes. For genes g 

and h in Vx on the same chromosome in X, let the pair gh G Ex if the number 

of genes intervening between g and h in X is less than 9, where 9 > 1 is a fixed 

neighbourhood parameter. 

Given two genomes X and Y, and the graphs Gx — (Vx, Ex) and Gy = (Vy, EY) 

with a non-null set of vertices (genes) in common VXY — Vx H Vy. We say a subset of 

C C VXY is a generalized adjacency cluster (GA-cluster for short) if it consists 

of the vertices of a maximal connected subgraph of GXY = (VXY, Ex n Ey). If 

gh G EXY, where g G VXY, h G VXY and EXY = Ex C\ Ey, then we call there is a 

generalized adjacency(GA for short) in genomes X and Y. 

Our definition of generalized adjacency clusters is illustrated in Figure 3.1. This 

definition of clusters decomposes the genes in the two genomes into identical sets 

of disjoint generalized adjacency clusters of size greater or equal to 2, and possibly 

different sets of singletons belonging to no cluster, either because they are in VXY, 

but not in Ex PlEy, or because they are in Vx U Vy \ VXY- For simplicity, we do not 
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Generalized Adjacency Clusters: 

0-2:{2,4,5}, {6,8}, { l l , 12J3}, {16,17} 
G= 3: {1,2,4,5}, {6,7,8,9,10,11,1213}, {14,16,17} 
0-4:{l,2,3,4,5}, (6,7,8,9,10,11,1213), {14,16,17} 

Figure 3.1: Graphs constructed from two genomes using parameter 9 = 3. Thick 

edges determine generalized adjacency clusters. Clusters listed for 9 = 2 and 9 = 4 

as well. 

attempt to deal with duplicate genes in this paper, i.e. we do not take gene families 

into account, and we also assume Vx — Vy = VXY- In practice, depending on the 

relative emphasis to be placed on order rearrangement versus gene insertion/deletion, 

we can delete all genes in V^UVy \VXY before calculating Ex and Ey, so as to exclude 

the effect of the markers unique to X or unique to Y. 

When 9 = 1, a GA-cluster reduces to a conserved segment conserving exactly the 

same gene content and order (or reversed order) in both genomes. When 9 = oo, the 

definition returns simply all the synteny sets, namely the sets of markers in common 

between two chromosomes, one in each genome. 
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3.2 The number of GAs in two random genomes 

In our model, each genome can be represented as a permutation of the first n positive 

integers. We denote by / the reference genome 1,2, ...,n and by R the random 

genome sampled from all n\ possible genomes, each with probability of ^ . 

Given two random genomes, we can always relabel genes to convert either of the 

genome to reference genome, without changing any property (e.g. number, location 

and size) of generalized adjacencies and GA-clusters except the "names" of genes, 

since two genes adjacent in two genomes are still adjacent in both genomes after 

conversion while two genes without sharing common adjacency can not be adjacent 

in both genomes after conversion either. It is also easy to show that the distribution 

of the number of GAs between two random genomes is the same as the distribution 

when one genome is fixed as / while the other genome is randomly picked from the 

set of n! possible genomes. 

Let n2 = \Ej n ER\ denote the number of common edges, i.e. the number of 

GAs. For a random genome i? = ri, r2, • • •, r„, if ru = i, we define the position of i 

in R to be gi — h. Then 

\EInER\ = \{l<i<j<n\j-i< 0, \9i -9j\< 0}\. (3.2.1) 

Next we will study the probability distribution of n2. 

3.2.1 For large 6 

A potential problem with generalized adjacency clustering, which it shares with other 

methods such as max-gap, is that beyond certain values of 6, instead of large clusters 

being statistically significant, the absence of such clusters becomes significant. We 

examine these cases first, before analyzing the more useful, smaller values of 0. 
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1. 9 > n - 1. In this case n2 = \Er\ = \ER\ = g ) , so that P[n2 = g)] = 1. This 

is because all pairs </» and Qj , i ^ j , satisfy |i — j ' | < 9 and |^ — ^-| < 9. 

2. 6 = n-2 

(a) If two ends of the genome are occupied by 1 and n, which occurs with the 

probability of ^zrj, n2 = (") - 1. 

(b) If \(gi,gn) H { l ,n} | = 1, which occurs with the probability of nfa-i)> n2 = 

6) - 2. 

(c) If \(gi,gn) n { l ,n} | = 0, which occurs with the probability of (n~(
2^n~3), 

n2 = © - 2 

Thus, P[n2 = g ) - 1] = ^ and P[n2 = © - 2] = ^ | ^ 

3. 9 = n — k, where fc is a positive integer and smaller than f. In this case, 

i n i in i i/ n (n —fc)(n —A; — 1) 
|£771 = |£7fl| = fc(n - k) + ± ^ '-. 

Now, IE1/ fl ER\ > \Ei\ — ~ 2 ~ , because the number of the pairs ($, gj), i ^ j 

satisfying both \i-j\<9 and \gi — gj\ > 9 can not be greater than k(k~V, Then 

So, for small A;, the value of n2 can be very large, and the information on gene order 

is weak. 

3.2.2 For small 6 

9 = 1. The definition of generalized adjacency reduces to the ordinary notion of 

adjacency. In this case n2 has been used to measure the similarity of two genomes. 

The asymptotical distribution of n2 was proved to be Poisson distribution with mean 
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value 2 by Wolfowitz, 1944 [18]. The exact expression for its probability distribution 

has already been given by Kaplansky [6] and Robbins [11]. Recently this problem 

is restudied by Xu and Sankoff [19], using generating function approach, and gener­

alized to more realistic cases taking multi-chrosome, circular chromosome and gene 

orientation into account. 

In our model the probability that n<i=Y is of the following form (equation(2) in 

[6]) 

i / c „ - 2 r 7̂ 2 g/„ 7,4 c7„3 i n?„2 i oo7„ ic~ l 

+ 0{n~z) 
r>kp-2 

P{n2 = *0 = ^ p 1-

Hence, it is easy to get 

k2 -3k k4- 8k3 + 9k2 + 22k -
2n ' 8n(n - 1) 

2 f c
e-2 

lim P(n2 = k) = —rr-, 

-16" 

the Poisson distribution with mean value 2. 

We now present our main analytical results. We first examine the expected value 

E(n2) of the number of adjacencies common to / and R. 

Proposition 3.2.1 For 6 > 1, 

= ̂  _ 4^-pi^f 
2n(n — 1) 

so that for a given 9 

lim E(n2) = 202 

n—>oo 

Proof: Counting the total number of edges in Ei, we have 

\EI\ = (n-0)0 + J2i = nB-^ + 1>) 

Each of these edges has the same probability 

2 ( n - 2 ) ! ^ , 

i=l 
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of occurring in En- Thus 

\Ei | 

E(na) = ^ ( p - l + ( l - p ) - 0 ) 
2 = 1 

= l̂ /b 
2 g 2 4nfl3-fl2(l + fl)2 

2n(n - 1) 

3.2.3 The limiting probability distribution of n<i 

We can say more about the limiting behaviour of n^. We begin by introducing some 

theorems on convergence in distribution. 

Theorem 3.2.2 (Theorem 30.1 in [1]). let fj, be a probability measure on the line 

having finite moments a^ = /f^ xk/i(dx) of all orders. If the power series ]T)fc a^rk jk\ 

has a positive radius of convergence, then /i is the only probability measure with the 

moments a.\, a<i,- • •. 

A probability measure is called determined by its moments if it satisfies the conclusion 

of Theorem 3.2.2. 

Theorem 3.2.3 (Theorem 30.2 in [1]). Suppose that the distribution of X is deter­

mined by its moments, that the X n have moments of all orders, and that \imn'E\X^] = 

E[Xr] for r=l,2, Then the distribution ofX n converges to the distribution of X. 

From Theorem 3.2.2 and Theorem 3.2.3, it is easy to get 

Corollary 3.2.4 (Theorem 2 in [19]). For probability distributions of Xn, if their 

kth factorial moment, E[X(fc)] = / ^ x ( x — l)---(x—(k — l))/j,(dx), converges to Xk, 

then their probability distributions converge to Poisson distribution with mean A. 
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Theorem 3.2.5 For 6 > 1, n^ converges in distribution to a Poisson distribution 

with mean value 262. 

Proof: Here we only prove the limiting probability distribution of n-i is Poisson(S) 

for 9 = 2. Using same approach we could get the required results for general cases. 

Define random variables 

1, if there exists a cluster of size 2 starting with gene % in the random genome R, 

0, otherwise, i = 1,2,..., n. 

The probability that gene i will be the initial element of a cluster of size greater than 

two is 0(^2), and hence that the probability of the occurrence of a cluster of size 

greater than two anywhere in the genome is 0(~). So the limiting distribution of n^ 

is the same as that of 
n 

provided either exists. 

Now we consider the kth factorial moment of y, 

E[y(y-l)...(y-k + l)}= £ E [yhyi2.. .yik], (3.2.2) 
ii,i2,---,ik£V 

where V={1,2,3,4,... ,n}, and no two elements are equal for all k tuples, i\, %i,..., iu-

Equation 3.2.2 holds because its both sides represent the expectation of the number 

of ways to choose k non-zero elements from {yi, yi,..., yn}. By Corollary 3.2.4, to 

prove the limiting probability distribution of y is Poisson(8), we only need to show 

t h a t i ts kth factorial m o m e n t converges t o 8k. 

E [yixyi2... yik] is just the probability that yh = 1, yi2 = 1 , . . . , yik = 1, simulta­

neously, since all yi can only take two values, 1 and 0, and 

E[ynyi2...yik] = P(yh = l,yi2 = l,...,yik = 1) • 1 + 0 

= i'Q/tl = 1,2/13 = 1, • • • , & * = 1 ) 
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This probability is either zero (e.g. when i\ = 1 is the initial element of the cluster 

1,2 and i2 = 2 is the initial element of the cluster 2,1, or when some of them form 

a cluster with size larger than 2) or is of the form of ( | ) + O (^FFT) (except the 

A;-tuples which contain at least one of the four genes, 1, 2, n — 1 and n), where the 

number 8 comes from the fact that gene i (i = 3,4, 5 , . . . , n — 2) can be the initial 

element of a cluster of size 2 in the following 8 forms: (i, % — 2), (i, % — 1), (%, i + 1), 

(i, i + 2), (i,* ,i — 2), (i,* ,i — 1), (i,* ,i + 1) and (i,* ,i + 2), where * denotes a gene. 

Moreover, the ratio of the number of fc-tuples ii,h,...,ik for which the proba­

bility is zero or which contain at least one of the four genes 1, 2, n — 1 and n, to the 

number of A;-tuples for which the probability is the form of ( | ) k\ + 0 (^FFT) is O(^). 

So, 

km E[y(y-l)...(y-k + l)] = lim V E [yhyi2.. .yik] 
n—»oo n—>oo *—" 

ili*2,—.*fc€V 

= 8 f c . 

3.3 Experiments 

We generated 10,000 random permutations for n = 100 and calculated n2 for various 

values of 0. In Figure 3.3, we compare the simulated distribution of rii (with means 

indistinguishable from 292 — ine
2n(n-u^ m e a c n c a s e ) t o *n e Possion distribution 

with mean value 202, for 8 — 2,5 and 10. For fixed n, the difference is larger as 9 

increases, though as n increases the Poisson is the limiting distribution. We also did 

simulation for other values of n and #, and some results are shown in Figure 3.3. We 

can find that for 0 = 5, the difference becomes smaller as n increases. 
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Figure 3.2: Empirical distribution of n<i compared to the related Poisson distribution 

for 9=2, 5 and 10. 
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Figure 3.3: Empirical distribution of n-i compared to the related Poisson distribution 

for (9= 5, n= 150, 200, 300 and 500 



Chapter 4 

Testing GA-Clusters 

In this Chapter we use the same model in Section 3.2. Given an observed GA-cluster 

of size k through comparison between two genomes, we may want to know whether 

the expected number of GA-clusters of size at least k or the probability that at least 

one GA-cluster can be observed, under the null hypothesis of random gene order, is 

significantly small. 

4.1 Clusters of larger size 

We use nk to denote the number of connected components1 of size k in Ej D ER, with 

no disjointness requirement or restriction against the component being contained in 

a larger cluster. If a connected component of size k is not contained within any 

larger connected component, then it is a GA-cluster. In this chapter, we try to find 

some analytical results for the expectation of n^, rather than the expected number of 

GA-clusters of size k. 

We have already studied the distribution of n<i in Chapter 2. We now consider 

1In graph theory, two vertices g and h are called collected if there is an edge between them, and 
a connected component is a maximal connected subgraph of G. 

27 
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the expectation of n^. Extending the counting approach we used in the proof of 

Proposition 3.2.1, we can list all the connected components of size 3 in genome / and 

calculate the probability it is also in R. Adding all the probabilities together, we find 

E(n3) = - ( 5 0 2 - 2 0 - l ) + O ( ^ ) 
n n* 

Similarly, with additional effort, we find that 

but the number of different kinds of components of size 5 precludes extending our 

method, based on listing all possibilities, to TO5 and beyond. 

Despite the fact that we have only partial results for n^, we can still use standard 

statistical methods to test for the relatedness of two genomes or the significance of a 

GA-cluster, especially if E(r&4) is small. 

Emperical CDF for n=100,8=2,5,8,10 Emperical CDF for n=150,9=2,5,8,10 
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Figure 4.1: Empirical cumulative distribution functions for fcmax as a function of k, 

for fixed n and various values of 9 
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4.2 The maximum size of GA-cluster 

The ideal and intuitive statistic to use to test the relatedness of genomes or to detect 

clusters would be the size of the largest cluster £;max, and the probability of observing 

at least one cluster of size at least k is k — P(A;max > k), which is not suitable for 

max-gap clusters, as stated in Chapter 2. 
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Figure 4.2: Empirical cumulative distribution functions for kmax as a function of fc, 

for fixed 6 and various values of n 

While analytical techniques have not produced useful information about the dis­

tribution of fcmaX) it is a straightforward matter to simulate random genomes and 

estimate this distribution empirically. Figure 4.1 shows the cumulative distribution 

functions for kmax as a function of 9 for a number of different fixed n. This kind of 

result can be directly used for testing. 

Figure 4.1 shows that P(fcmax < k) is an decreasing function of 9 for fixed n 

and k while it is an increasing function of n given 9 and k, shown in Figure 4.2. Of 
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particular interest is the dramatic change in the structure of the function between 

9 — 8 and 9 = 10, when n = 100. Suddenly the mass of the distribution shifts from 

values around 20 to values around 75. We will investigate this phenomenon in more 

detail in next section. 

4.3 Square-root law for parameter selection 

As exemplified in Figures 4.3 and 4.4, each based on 10,000 pairs of random genomes, 

it is remarkable how quickly the distribution changes between 9 = 9 and 9 = 10 for 

n = 100, and between 9 = 31 and 9 = 33 for n = 1000. 
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Figure 4.3: Histograms for fcmax when n=100 

On the basis of 10,000 pairs of random genomes, we determined the change-point 

6* (a value of 9, after which the average of kmax jumps from below 0.5n to above 0.5n 

immediately and dramatically) for a range of values of n(shown in Table 4.1 ), and 

in Figure 4.5 plotted these points against y/n. This suggests that the change-point 
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Figure 4.4: Histograms for kmax when n=1000 

satisfies 9* = \fn or some similar relation. To characterize the abruptness of the 

Table 4.1: Change-point for different n 

The value of n 50 100 300 500 1000 3000 5000 10000 

Change-point 6 9 17 22 32 56 73 104 

change around the change-point, we calculated how much of the probability mass 

falls to the right of 0.5n, for each value of 8. Figure 4.3 shows that the change 

behaviour, in proportion to y/n, tends to a sharp "cut-off' at or near 9 = ^fn. 

Testing significance of clusters is not only useful for making right decision but 

also helpful for selection of parameters for cluster definitions. In practice the value 

of 9 we choose to characterize a GA-cluster should not be greater than i/n, based on 

the knowledge of the cut-off behaviour. 
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Chapter 5 

Discussions and Future Directions 

I have studied a new definition of gene clusters, GA-clusters, that allows us to 

control the emphasis placed on conserved order within a cluster by adjusting the 

neighbourhood parameter 0. It is easy to show that every GA-cluster with parameter 

6 satisfies the max-gap criterion with parameter 0—1, but not vice versa. A simple 

example is: when 0 = 1 (6 — 1 = 0), a GA-cluster reduces to a conserved segment 

conserving exactly the same gene content and order (or reverse order) while a max-gap 

cluster reduces to a common interval which only keep the same gene content. 

Besides gene order, most existing cluster definitions characterize clusters accord­

ing to their size, length and density. Hoberman and Durand[4] also summarized 

additional "desirable" properties for cluster definitions, such as nestedness and dis-

jointness. Next I will explore some properties of GA-cluster in more detail. 

5.1 GA-Cluster Properties 

• Size is the number of genes constituting a cluster. Like max-gap cluster defini­

tion, GA-cluster definition does not constrain the maximum size of the cluster, 

allowing it to be as large as the whole genome length. 

33 
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• Length is the total number of genes a cluster spanning in a particular genome. 

GA-cluster definition does not constrain the length of the cluster either. In 

Figure 3.1, when 6 = 2, the size of the cluster {2, 4, 5} is 3, and its length is 4 

for Genome S and 3 for Genome T. 

• Density: GA-cluster definition constrain "local density" that the gap between 

any two adjacent genes in a cluster must be less than the neighbourhood pa­

rameter, 6. For a GA-cluster, the global density, defined as its size k divided by 

its length, can be as small as k+{k_
k
1){6_x) = {kJ)e+1 • 

• Nestedness: A cluster of size k is nested if it contains a "sub-cluster" of size 

h, for h—1, 2, ..., k — 1. Max-gap cluster definition does not satisfy this 

property[4, 2] while GA-cluser definition does. Suppose a GA-cluster of size k 

is determined by a set of m different common edges (aj., &i), (a2, 62), • • • > (im. 

bm), where "( )" denotes edge. By definition of GA-cluster, for any i=\, 2,..., 

m, (OJ, hi) must share at least one end-point with at least one of other edges. 

We can delete some edges (if required), to get a set of "new" common edges 

satisfying that at least one of them, denoted as J, share exact one endpoint 

with others , and they still produce the same GA-cluster of size k. Delete the 

endpoint unique to J, then we get a sub-cluster of size of k — 1. Repeat this 

step, we can get sub-clusters of any size from 2 to k — 2. 

• Disjointness: Two clusters are disjoint if they do not share common genes. Ob­

viously, all GA-clusters and max-gap clusters identified through whole genome 

comparison are disjoint, without taking gene families into account, r-window 

cluster definition dose not have this property. For example, in the example 

given in Section 1.2.1, when r = 5, k = 3, the r-window clusters {1, 3, 4} and 

{3, 4, 5} are not disjoint. 
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• Isolation: For any genome under whole genome comparison, the clusters are 

isolated if the maximum gap within clusters is always less than the minimum 

gap between any two adjacent clusters. This property is satisfied for max-gap 

clusters, but not for GA-clusters. For example, in Figure 3.1, when 6 = 3, 

in Genome S, the maximum gap within clusters is 1 (e.g. there is one gene 

intervening between gene 2 and gene 4), but there is no gene intervening between 

GA-clusters {1, 2, 4, 5} and {6, 7, 8, 9, 10, 11, 12, 13}. 

• Symmetry: For some cluster definitions, the clusters identified through whole 

genome comparison can be different depending which genome is selected as a 

"reference" genome[4]. For r-window, max-gap and GA-cluster definitions, once 

two genomes are given, the set of clusters is uniquely determined. 

5.2 Future Directions in testing gene clusters 

The advent of the new biological area, Comparative Genomics has presented a lot 

of statistical problems such as gene clustering tests discussed here. How to design 

effective and computationally tractable statistical tests incorporating genomic infor­

mation, such as gene content, order and orientation, is still an open problem. Even 

only taking gene order [17] or gene content [9, 3, 5], to construct statistical tests 

is very difficult. The generating function seems a powerful tool to deal with some 

enumeration problem to derive distributions of tentative test statistics [19, 9]. 

In this thesis, based on a very simplified genome model, we have begun the 

investigation of statistics related to GA-clusters. The behaviour of the number of 

clusters for a given n and 9 seems amenable to analytical investigation, as we have 

demonstrated with a number of new results. The distribution of kmax, a tool for 

suggesting the biologically most interesting clusters, does not seem as accessible, but 
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is easily simulated. Knowledge of the cut-off behaviour serves to delimit the region 

for meaningful tests to 6 suitably less than y/n. In the future we should explore 

the distribution of &max further; we also should construct statistical tests based on 

more realistic and complicated genome models, taking multi-chromosome, circular 

chromosome and gene duplication into account. 
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