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Abstract

This thesis proposes an algorithm for the efficient detection of overlapping communi-
ties in large graphs. Only super-fast local algorithms like Louvain are really practical
for very large datasets, but they tend to give hierarchical rather than overlapping
partitions. We develop some techniques that let you get reasonable families of over-
lapping partitions while preserving most of the good properties of Louvain. We build
off an advance in the efficient detection of separated communities, the multilevel Lou-
vain method, and draw inspiration from the Wang-Landau efficiency improvement to
Markov chain Monte Carlo sampling. Partitions are iteratively proposed by Lou-
vain, with the internal edges of the best parts downweighted after each step. This
suppresses the dominant parts in subsequent partitions, allowing alternative parts to
appear. The result is an ensemble of parts describing the overlapping structure of the
network.
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Chapter 1

Introduction

Each of us belongs to a multitude of communities, whether through work, hobbies,
family, as alumnus of our past schools, etc. If asked to reduce our identity to just one
community, much about who we are and many of our relationships would be unex-
plained. Yet this is what most community detection algorithms do, uncovering only
the dominant and separated communities. Instead we are interested in uncovering
communities with overlapping structure. This property of overlapping communities
is well known in sociology [30], but it is not just social networks that exhibit it; for
instance many words in a word association network and proteins in a protein-protein
interaction network have been shown to belong to more than one community [63].
Further, many proteins belong to several protein complexes that are used for differ-
ent cellular functions [35]. Current algorithms developed for overlapping communities
suffer from computational inefficiencies that prevent them from being applied to truly
large networks. We build off an advance in the efficient detection of separated commu-
nities, the multilevel Louvain method, and draw inspiration from the Wang-Landau
efficiency improvement to Markov chain Monte Carlo sampling to develop an efficient
method for detecting overlapping communities.

We now describe a simple model of the underlying data generation process. Let
V be a set of vertices and A and B be two partitions of V. We will construct a graph
by considering each pair of vertices from V one at a time. If two vertices belong
to the same part A; of partition A, then we will form an edge between them with
probability ps > 0. Edges are similarly created for vertices that belong to the same
part B; of B with probability pg > 0. Let £ be the set of all edges created this way.
Thus we get the graph G = (V, E).

Given graph GG, can we recover the partitions A and B that were used to generate
it? Since the partitions determined edge formation, one strategy is to look for subsets
that have dense internal edges and sparse external edges. A subset of vertices with
this property is said to be modular. Thus we want many edges within each part,
and few edges between the parts.
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There exist graph partitioning algorithms for this task, however most algorithms
return only a single partition. If A, B are similar-looking partitions with py > pg,
then this is likely to be a partition close to A as its parts are more modular. Mod-
ularity will be formally defined in Section 2.3.1 and can be used to determine which
partitions are expected to be more attractive to a partitioning algorithm. If the par-
titioning algorithm is non-deterministic and hence has a stochastic component, then
repeatedly asking it for partitions may eventually return both A and B. However
this could require a prohibitive number of replicates, or may never occur. This is a
problem of recovering multiple overlapping communities, as each vertex belongs to a
part of both A and B.

This thesis proposes a method for efficiently detecting overlapping partitions. In
a given graph there may be a dominant partition like A was above, whose communities
have denser internal edges than the alternatives and that broadcasts a stronger signal
to the partitioning algorithm. Some partitioning algorithms accept edge weights
that give the strength of the relationship, with the definition of modularity naturally
extending to trying to maximize the sum of weights within parts and minimize the
sum between. Assigning a weight to each edge and downweighting the internal edges
of the dominant parts then makes these parts less attractive to the partitioner, thus
increasing the probability that inferior parts will be proposed. This procedure is
described in Algorithm 1.

Algorithm 1: Overlapping Community Detection (Sketch)
Input: graph G = (V, F),
graph clustering algorithm f : G —  where 2 is the space of all partitions
of V
If G is unweighted, assign each edge a weight of 1
Sett=—1and Gy =G
repeat
t=t+1
Sample a partition C; = f(G;)
Compute how modular each part of C} is
Select some number of the most modular parts
Downweight the edges of G; that are internal to these parts
(so that they are less likely to be chosen by the clusterer next time)
Set G411 to be this downweighted graph
until C; is near span(Cy, ..., Ci_1);
Cluster the parts of partitions C1, ..., C;, only keeping the best
representative from each cluster
return the representative parts from C,...,C;

Consider the set of all partitions of a graph. We can construct a graph from
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this set of partitions by creating an edge between two partitions if they differ by the
membership of exactly one vertex. Local partitioning algorithms can be viewed as
a walk over this graph as they change the community of one vertex at each step.
Our algorithm seeks to influence this walk to steer a partitioner away from previously
visited regions and make unexplored regions more attractive.

Proceeding in this manner gives a sequence of partitions of decreasing quality,
probability and explanatory power. Section 3.3.1 develops a stopping criteria for de-
termining when the algorithm stops providing previously unseen parts. Section 3.3.2
proposes a method for taking the final ensemble of partitions and producing a mixture
of parts.

Previous results are covered in Section 2, specifically covering models with com-
munity structure (Section 2.2) and methods for their detection (Section 2.3). Over-
lapping communities are by definition multi-modal, i.e. having multiple competing
partitions that each explain part of the observed community structure. This is likely
to give rise to the related challenges of low ergodicity, when some partitions are un-
likely to be sampled, and bottlenecks, when sampling algorithms are unable to move
between competing partitions. These are discussed in greater generality in Section 2.4.
Section 2.4.3 discusses the Wang-Landau sampling method that seeks to solve these
problems, and whose core idea of decreasing the probability of sampling already seen
states we applied to our algorithm’s downweighting.

Overlapping | Efficient | Stable | Algorithm Section
X Multilevel Louvain 2.3.2
X X Ensemble Clustering for Graphs | 2.3.3
X X Clique Percolation Method 2.3.4
Spectral Clustering 2.3.5
X X Bayesian Inference 2.3.6
X X X Ego-Splitting [25]
X X X Our Algorithm 3.1

Table 1.1: Informal Comparison of Community Detection Algorithms

Table 1.1 gives an informal comparison of existing algorithms and shows where
our contribution fits in. It details whether they can detect and describe overlapping
community structure, whether they are computationally efficient i.e. have a fast run
time, and whether they are stable and so produce the same partitions repeatedly. The
multilevel Louvain method is the fastest, however it is stochastic and so unstable. It
also cannot describe overlapping communities as it returns only a single partition.
Ensemble Clustering for Graphs uses multilevel Louvain to generate an ensemble
of partitions that it uses to create a stable final partition. It also only proposes a
single partition and so does not handle the overlapping case. Spectral clustering relies
on a stochastic subalgorithm such as k-means clustering and so is not stable. It is
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also inefficient as it involves computing eigenvectors of a large matrix. The Clique
Percolation Method was developed specifically to detect overlapping communities,
and is deterministic and hence stable, however it is also computationally inefficient.
Bayesian inference has been proposed as a method to detect overlapping communities;
however as a Markov chain Monte Carlo method it is inefficient. In theory it is stable
if allowed to sample for long enough, however in practice may be unstable given
different starting conditions and a finite run time.

It is in this context that we introduce a method for detecting overlapping com-
munities. Our algorithm is computationally efficient as it uses the efficient multilevel
Louvain to generate a small ensemble, and is stable as it enumerates the likeliest
partitions when generating this ensemble. Additionally our reweighting method can
be configured to upweight and converge on a stable partition if only a single partition
is desired.

Section 3 contains our contributions. Section 3.2 develops formulas for deter-
mining the appropriate downweight and discusses the possible approaches. In Sec-
tion 3.4.1 we show that for graphs generated from multiple overlapping partitions,
multilevel Louvain will always choose only one of the constituent partitions and will
never pick a more refined partition with more parts that captures all the partitions.
In Section 3.4.2 we describe a nucleation phenomenon that biases Louvain and other
greedy algorithms toward specific partitions. Section 4 applies the proposed algo-
rithms to two datasets.



Chapter 2

Previous Results

2.1 Networks as Graphs

A graph is a mathematical construction that captures the relationship between ob-
jects. More formally, a graph is a pair G = (V| E) where V is a set of objects
called vertices, and FE is a set of pairs of vertices called edges. For example the sets
V = {a,b,c,d} and E = {(a,b),(b,c)} define the graph in Figure 2.1. A network
that captures relationships between objects induces a graph where the objects in the
network become the vertices and where an edge is placed between two objects if a
relationship exists between them. For example in a social network, the people are the
vertices and an edge exists between two people if they are friends.

d C
|
a—D>b

Figure 2.1: An example undirected graph. Vertex d forms its own discon-
nected component.

Graphs can be categorized by special named properties. Figure 2.1 is discon-
nected as there is no edge between vertex d and any other. It is also an undirected
graph, as the edges between nodes were not given a direction. However there exist
graphs where relationships are not reciprocated; for example, it is possible to follow
someone on Twitter without them following you back. This would be an example
of a directed graph. A weighted graph has numeric values assigned to each edge.
For example in Figure 2.2, the vertices are a subset of Canadian cities with an edge
placed connecting two cities if there exists a direct flight between them. The edges
were then weighted with the corresponding flight time. As the flight time is not the
same in each direction (e.g. due to the polar jet stream above Canada), each edge
has a different weight.
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Ottawa
0:59 (057
2:00
Toronto Halifax
2:26

Figure 2.2: A weighted directed graph showing flight times between some
Canadian cities.

Some graphs are famous and have been given special names. The complete
graph K, on n vertices is the graph where every pair of vertices is connected with an
edge, for example Figure 2.3. A subgraph H of G is a graph formed from a subset
of the vertices and edges of G with the condition that the vertex subset must contain
all endpoints of the edge subset. A clique is a subgraph that is complete. A tree
is a graph where any two vertices are connected by exactly one path, for example
Figure 2.4. A path graph P, has n vertices, 2 with degree 1 and n — 2 with degree
2, and can be drawn so that all vertices and edges lie on a line.

d
|
a

| X

c
|
b

Figure 2.3: The complete graph on 4 vertices.

d c—¢€
|
a

—b
Figure 2.4: A tree on 5 vertices.

A lattice graph or square grid graph has vertices that correspond to integer
coordinates in some d-dimensional space, with an edge exists between a pair of vertices
if their corresponding points have a distance of 1. We invent some notation to describe
them by counting the number of points on each dimension of the lattice. For example
the [2, 3, 2]-block lattice depicted in Figure 2.5 has 2 points along first up-down axis,
3 along the second left-right axis, and 2 along the third in-out axis. It can also be
thought of as the Cartesian product of path graphs P,L1P;L1P,. More generally, the d-
dimensional [ny, ..., ng]-block lattice will have vertices corresponding to points in R?
with first coordinate in the range 1,...,n;, second coordinate in the range 1,...,no,
etc. It is generated by the Cartesian product P,,00F,,0---OF,,.
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e
e S I
b=—d=f 8—i—k
|
a——c—e" "

Figure 2.5: The [2, 3, 2]-block lattice graph.

Let G = (V,E) be a graph and V' C V a subset of vertices. The induced
subgraph of graph G with respect to the subset of vertices V' is the graph with
vertices V' and all the edges from F that connect pairs of vertices in V’. A k-core of
a graph is the largest induced subgraph such that every vertex has degree at least k.
The k-core can be computed by recursively removing all vertices of degree less than £,
which changes the degrees of the remaining vertices, until no vertices can be removed.
For example, the 2-core of Figure 2.4 is the empty graph, because a tree does not
contain a subgraph where each vertex has at least degree two. This is despite the fact
that vertex a has degree 3; vertices b and d have degree 1 and so must be removed,
and once they are removed vertex a has a degree of only 1.

A graph can be represented as an adjacency matrix. Suppose G = (V| F) is
an unweighted graph with vertices are labelled 1,2, ...,|V| and adjacency matrix A.
Then the (7, j)-th position of A is one if there is an edge from vertex i to vertex j,
and zero if there is not. More formally,

4 - 1 (i,j) €eFE
T0 Ga)¢E
If the graph is undirected, the adjacency matrix is symmetric. If the graph is weight,

the value at A;; is replaced with the weight assigned to edge (7,7). The graph from
Figure 2.1 has the adjacency matrix given by Figure 2.6.

QO o e

SO = O Q2
O = O = o
OO = O O
O O OO

Figure 2.6: Adjacency matrix of Figure 2.1.

The degree of a vertex v is the number of vertices that v shares an edge with.
A k-regular graph is one where each vertex has the same degree k. In a directed
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graph, the in degree of v is the number of edges coming into v and the out degree
is the number of edges going out from v. In a weighted graph, the weighted degree
of v is the sum of all edge weights for edges adjacent to v. In Figure 2.2, Toronto has
an in degree and out degree of 2 while Ottawa and Halifax have in degree and out
degrees of 1.

2.2 Network Modelling

A model for a network graph is a collection
{Po(G), GegG, 60O}

where G is an ensemble of possible graphs, Py is a probability distribution on G,
and 6 a vector of parameters from the space of all possible parameters ©. In some
cases only a generative procedure will be specified and the probability distribution
this induces will not be explicitly stated. Csardi and Kolaczyk broadly define two
classes of network models; mathematical models that lend themselves to mathematical
analysis, and statistical models that lend themselves to model fitting and assessment
[23]. Both can be used to analyze graph data as well as generate random graphs
and differ in how they specify P. Robins and Morris articulate the difference as, “a
good [statistical network graph| model needs to be both estimable from data and a
reasonable representation of that data, to be theoretically plausible about the type
of effects that might have produced the network, and to be amenable to examining
which competing effects might be the best explanation of the data” [78].

In this thesis we are interested in recovering the community structure parameter
that created an observed graph. Of especial interest in solving this problem is the
stochastic block model (SBM), one of the simplest statistical models that gives rise
to community structure. We first introduce some mathematical graph models before
moving on to the SBM and some of its generalizations, including those that create
overlapping communities.

2.2.1 Mathematical Models

The simplest random graph model is the Erdés-Rényi random graph G(n,p) with
0 < p < 1. Under it each of the n(n — 1)/2 possible edges between the n vertices are
included independently with probability p.

Unsatisfied with the ability of the Erdds-Rényi random graph to describe real-
world networks, Watts and Strogatz introduced the idea of small-world networks
that possess two properties [36]. The first is the average shortest path length
or characteristic path length which gives how close we expect any two randomly
chosen vertices to be to each other. A small average shortest path length is sometimes
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(confusingly) called the small-world effect. A graph is said to possess the small-world
effect if the average shortest path length is proportional to the logarithm of the
number of vertices. Erdés-Rényi random graphs along with most real-world networks
have small average shortest path lengths, while lattices have large values. The second
property is the clustering coefficient, which they introduced to measure the extent
that vertices in a graph can be clustered together such that there is a high edge density
within these clusters. In social networks, it measures whether all the friends of an
individual know each other. The coefficient for vertex v is the number of edges between
the neighbours of v divided by the total possible number of edges (§) = n(n — 1)/2
which would occur if the neighbours of v formed a clique. The clustering coefficient
for the graph is then the average of all individual clustering coefficients. Erdos-Rényi
random graphs have a small clustering coefficient whereas real-world networks have
a large value.

Small-world networks capture the colloquial idea of six degrees of separation,
i.e. where any two people are six social connections or less away from each other.
Watts and Strogatz showed that small-world networks appear in the neural network
of worms, the power grid of the western United States, and the collaboration graph
of actors appearing in the same film [36]. The co-occurrence of consecutive words
in sentences has been shown to be a small-world network [15]. A small average
shortest path length of 2.63 was observed and roughly agreed with the expected
average shortest path length of 3.03 in a random graph of the same number of edges
and vertices. A large clustering coefficient of 0.687 relative to the expected value
of 0.000155 was also reported. Note that [32] claim the prevalence of small-world
networks in the real world has been overstated as they argue the clustering coefficient
should be compared to an equivalent lattice graph instead of random graph.

The Watts-Strogatz model was introduced to generate small-world networks,
i.e. to have a high clustering coefficient and small shortest average path. It starts with
a ring lattice, a special k-regular graph, which by construction has a high clustering
coefficient. Some percentage of the edges are then randomly rewired to decrease the
average shortest path. These graphs have a homogeneous degree distribution centered
around k. More details can be found in their original paper [36] or in Section 5.4.1
of [23]. Figure 2.7 gives an example of a k-regular graph, a Watts-Strogatz graph
generated by rewiring the first graph’s edges with probability 0.1, and an entirely
random graph generated by randomly rewiring all the edges from the first.

A graph’s degree distribution is another property that has received attention
when comparing models to real-world networks. In the Erdos-Rényi random graph the
degree of a given vertex follows a binomial distribution as the existence of each edge
is the outcome of a Bernoulli random variable. Recall that the Poisson distribution
is the limiting distribution of the binomial distribution when the expected number
of successes is fixed and the number of trials goes to infinity. Hence a Poisson with
A = np can be used as an approximation for a binomial if n is sufficiently large and
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.\-\. =" '\\__. P
Figure 2.7: From left to right, a 4-regular ring lattice, a Watts-Strogatz graph
with rewiring probability 0.1, and an Erdés-Rényi random graph of fixed edge
count. All graphs were on 12 vertices and 24 edges. The randomness of the
graphs increases from left to right.

p sufficiently small, with a good approximation for n > 20 and p < 0.05, and an
excellent approximation for n > 100 and np < 10 [11]. Thus in that regime the
degree distribution for the Erdés-Rényi random graph is approximately Poisson(np)
for large n.

It has been argued that real-world networks follow a power-law distribution
for their degree where P(deg(v) = k) ~ k™7 as n — oo and where 2 < v < 3 [J].
Such graphs are said to be scale-free. Power-law distributions notably possess a long
tail which manifests in the existence of well connected “hub” vertices that have high
degree. However there has been skepticism about this result, and more recently it
was shown that few real-world networks display convincing evidence for scale-freeness

[14].

The Lancichinetti-Fortunato-Radicchi (LFR) family of artificial networks
was designed to resemble real-world networks and is commonly used to benchmark
clustering algorithms [51]. They notably have heterogeneous distributions for ver-
tex degrees and community sizes. A comparative analysis of community detection
algorithms using this benchmark was conducted in [39]. They were later extended
to produce overlapping communities [19]. LFR has mixing parameter p which con-
trols the expected percentage of edges that connect vertices of differing communities.
They were used for benchmarking [75] by the authors of ensemble clustering for graphs
(introduced in Section 2.3.3) .

2.2.2 Stochastic Block Model (SBM)

The stochastic block model (SBM), or planted partition model, is a generative
model of a random graph originally proposed in [11]. It is significant in that it
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produces definite communities, i.e. subgraphs with greater edge density within than
without. The model assumes that the n vertices {1,2,...,n} are partitioned into r
disjoint subsets, i.e. communities, C1, ..., C,. This partition can be described by the
membership vector ¢ € {1,...,7}" where ¢; indicates the community membership of
vertex ¢. The symmetric r x r preference matrix P has entries p;; that denote
the probability of an edge forming between a vertex in community ¢ and a vertex
in community j. The simplest case is when matrix P has value p € [0, 1] along the
diagonals and ¢ € [0, 1] elsewhere. There p is the probability of edge formation within
a community and ¢ the probability of edge formation between communities.

Vertices then need to be assigned to a block. This could be the outcome of a
random variable with vertices assigned to a block randomly. Alternatively, a vector
of block sizes n = [ny,...,n,] satisfying » ', n; = |V could be specified, where n;
vertices are assigned to block C;.

A graph is then randomly generated according to this matrix P; each vertex in
C; and each vertex in C} are connected with an edge with probability p;;. Given a
graph that has been generated this way, the problem then becomes how to recover
the original partition, i.e. to assign each vertex to their correct communities.

Under this model all vertices within a given community are exchangeable, i.e.
indistinguishable, and have the same expected degree. However as we noted earlier
real-world networks are observed to have non-uniform power-law degree distributions,
and thus this oversimplification makes the SBM poorer at fitting naturally occurring
networks. This is argued in Section V.G of |92] where it is noted that real networks
are not generated by the SBM. The degree-corrected stochastic block model [17]
corrects for this by taking a degree sequence as an additional parameter. Nevertheless
for the sake of simplicity we will use the standard SBM in our analysis instead of the
more complex degree-corrected version.

The statistic of counting the number of edges within and between communities
is sufficient for edge formation probabilities, i.e. no other statistic that can be cal-
culated from the same sample provides any additional information as to the value of
the parameters. This is due to the exchangeability of vertices under the stochastic
block model. If A is the adjacency matrix of GG, then the number of edges between
communities ¢ and j is given by

oo = {3 D Al )0eg) i
Yowrec v, 8(cr, ) i=

The factor of § is because for ¢ # j there are two ways {(4,7), (j, i)} to count the
same quantity as e;; = ej;, and so this overcounting needs to be accounted for. An
r X r-matrix £ of all inter-community edge counts can then be formed from these e;;
and is equivalent to the parameter P.

In the first formulation involving P, individual edges were placed according to
a Bernoulli distribution. Under the edge count formulation, communities can be
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thought of as nodes in a multigraph that allows multiple edges, with the number of
edges following a geometric distribution.

Given a graphon, defined as a symmetric measurable function W : [0,1]* —
0, 1], you can construct a random graph of size n by sampling U;, U;, U; ; ~ Uni form[0, 1]
and then adding (7,7) to the edge set if and only if U; ; < W (U;,U;). It turns out
that all exchangeable random graphs are of this form.

The Erdés-Rényi random graph G(n, p) corresponds to a graphon W (x,y) = p for
all z,y € [0,1]. The SBM corresponds to graphons of the form W (z,y) = c,p1(¢, <
x < rely <y <rp), where 0 = by <19 =4 <13 =¥ < ... <rp =1 define the
block boundaries and P(a,b) = ¢, defines the edge formation probabilities between
blocks a, b.

SBMs can be further generalized in another way. In the latent space model
[12], each vertex is assumed to have a position in some underlying latent space. The
probability that two vertices share an edge is then defined to be dependent on their
distance and increase the closer they are to each other. In the latent position
cluster model |10], vertices are assumed to be grouped in clusters within this space,
resulting in more of a community structure.

2.2.3 Models with Overlapping Communities

The edge formation process that creates communities within the SBM can be thought
of as separate Erdos-Rényi random process restricted to the vertices of each commu-
nity. In this way the stochastic block model can be viewed as a mixture model of
Erdos-Rényi processes restricted to disjoint subsets of the vertices. However the sub-
sets defining the communities need not be disjoint, and allowing for unconstrained
subsets gives rise to overlapping communities.

An “overlapping community” is obtained by combining two “single community”
graphons Wy, W5 into a single “overlap” graphon W. Natural pointwise operations for
combining might be addition W = min(1, W} + W5), maximum W = max(W;, W),
the “or” operation W = W, + Wy — W1 W5, and so on.

Stochastic block models assign each vertex to only one community, whereas in re-
ality a vertex could belong to multiple overlapping communities. Consider the follow-
ing generative procedure that produces overlapping communities. Let C, ... C®)
be k partitions of a vertex set V', let Py, ..., P, be preference matrices corresponding
to a respective partition, and SBM(C™M, Py),..., SBM(C®, P,) be the SBMs gen-
erated from these parameters. Let Simplify(G) take a multigraph G and return a
simple graph with all multi-edges replaced with only a single edge. A graph sum
of a set of graphs is the graph whose adjacency matrix is the sum of the adjacency
matrices of the graphs being summed [$7]. Then the graph sum

G = Simplify (SBM(CY, P)) + - -+ SBM(C™, B,)) (2.2.1)
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is a mixture of SBMs. Thus there is a simple latent-parameter model comprised of
the multiple independent generative processes that produce the edges. Note that this
is in contrast to the standard definition of a mixture, i.e. where f is said to be a
mixture distribution of k& component distributions fi, ..., fi if f(z) = S5, Aifi(x)
with A; being the mixing weights, A\; > 0, > . A\; = 1.

In practice by the homophily property the preference matrices P; are likely to
be non-independent, with some individuals belonging to several common groups of
interest. This can be modelled. For simplicity in our experiments where synthetic
graphs are generated the partitions are assumed to be independent.

A mixture of SBMs can still be captured by a larger, more complex SBM. To see
how this is possible we must first introduce the idea of a partition refinement. Sets
form an algebra, and the refinement is just the algebra generated by some collection
of sets. In the case of partitions the collection is the parts of each partition as sets.

SBMs can still describe multiple memberships, albeit at the cost of a much more
complex model. This larger model is introduced as the overlapping stochastic
block model (OSBM) in Section 4 of [2|. Let there be n vertices, ¢ communities,
and a probability distribution p on {0,1}" i.e. over community membership profiles.
Then for each vertex v a membership vector C'(v) € {0, 1} is drawn under p. Let there
be a symmetric function f : {0,1}' x {0,1}* — [0,1] that assigns edge probabilities
to pairs of membership vectors. Then for each unique pair of vertices (v, u), an edge
forms with probability f(C(v),C(u)). They note that the overlapping SBM can be
represented as an SBM with k& = 2! communities where each community represents a
possible membership vector in {0, 1}".

The OSBM is even more complex than the refined SBM we introduced above.
This is because it does not take advantage of the fact that some communities will be
disjoint if they come from the same SBM. Furthermore we might expect that many
of the 2! communities under the OSBM are empty, with no vertices belonging to
that combination of the ¢ communities. Under the refined partition these empty sets
will not appear, and thus the OSBM would be sparser. Even knowledge of which
parts come from the same partition and hence are disjoint does not reduce the size of
the OSBM compared to the mixture of SBMs. Suppose there are R partitions each
with r; parts (i.e. communities), and hence ¢ = Zf;l r;. Then the OSBM lets every
possible combination of parts from each of the R partitions become the blocks of the
new larger model. Thus there are Hil r; such combinations of parts when one part

2
is chosen from each partition, and % (Hil ’I"Z'> parameters corresponding to each of

the edge formation probabilities. This is significantly more parameters than in the
mixture model we described in Equation 2.2.1 with its 1 S (ry)” parameters.

A further generalization is the mixed membership model (MMM) which
allows every vertex to partially belong to every community according to that vertex’s
individual community membership vector. Each individual’s proportion represents
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how much they reflect each community, such as how many people they know from
school, from a club, from their neighbourhood, etc. More information can be found
in David Blei’s notes on MMM |[¢] or in another introduction to MMM coauthored
by Blei [3]. MMM'’s membership expression for each community lies in the interval
0, 1] whereas under the OSBM it is a boolean true/false value from {0, 1}.

Example 2.2.1. Let A and B be partitions of n, with A labelling vertices as either
a or —a and similarly B labelling them as either b or —b. If two vertices both have
label a then they will share an edge with probability p,, and similarly two vertices
with label b share an edge with probability p,. Otherwise if they share no labels then
two vertices share an edge with probability 0. This constructs a graph as the mixture

G ~ SBM (A, {0“ SD +oBM (B’ {%b SD

Figures 2.8 and 2.9 give the contingency table for edges occuring under each of
the component partitions. We expect partition A and B to each correspond to a
separate mode. Figure 2.10 gives the contingency table for the larger model given
by the refinement of A and B. Algorithms to recover the latent partitions prefer the
smaller models over the larger ones. Further, they may prefer one mode over the other,
even if the algorithm is stochastic and run multiple times. For instance if p, > py, the
mode corresponding to partition A would be favoured, and partition B may never
be seen. This multi-modality is an artifact of the algorithm’s preference for smaller
models. Our objective is to see all significant partitions, and hence learn the larger
model by learning the components of the mixture individually. This enumeration
of the smaller models will allow us to use existing algorithms; to get around their
affinity for the a particular mode we will modify the graph after each run to make
that dominant mode less attractive.

‘ a —a
a| patp-(POla)® p-P(0]a)-P(0]|-a)
~a|py-P(b]=a)-P(bla)  p-(P(b]-a))

Figure 2.8: SBM A

| b b
b | po+pa-(P(alb)’® po-Plalb) P(al]-b)

=b | pa-Pla]=b)-P(alb)  pa-(P(a]-b))*
Figure 2.9: SBM B
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anNb an-b —-anNb —an-b
aNb | patp  Pa Po 0
a M -b Da Da 0 0
—aNb D 0 D 0
—a N —b 0 0 0 0

Figure 2.10: SBM of Refinement of A and B

2.3 Community Detection

“Birds of a feather flock together”. It has been well established that this old proverb
holds true; we are likely to resemble our friends, a property called homophily [57].
Thus in trying to understand individuals, it is useful to understand the communities
they belong to. In epidemiology, infectious disease spreads between neighbours, com-
puter viruses between connected computers, the popularity of items among friends,
etc., and so understanding the underlying network that these stochastic processes are
directed by is crucial to understanding the processes themselves. Further, when per-
forming network based sampling such as snowball or respondent-driven sampling,
bias resulting from homophily needs to be taken into account. This section presents
methods to identify communities.

A graph partition is a grouping of its vertices into disjoint sets. A community
(also referred to as a block or part of a partition) is a subset of the vertices that are
densely connected internally and sparsely connected externally. A network has com-
munity structure if its vertices can be partitioned into sets of vertices that are each
communities. A partition with dense edges within each community and sparse edges
between communities is desirable. The definition of community is problematically
vague, leading to a multitude of community detection algorithms that each try to
optimize different objective functions derived from different definitions of community.

Community detection is an ill-defined problem [33] as there is no definition of
what constitutes a good partition into communities. This has led to many different
approaches to community detection. Divisive algorithms [32, 38, (1] detect weak links
between communities and remove them. Agglomerative algorithms [73] recursively
merge similar vertices and communities. This family includes the Clique Percolation
Method (CPM) that merges together cliques (the best possible community structure)
[63]. Optimization algorithms |18, 88, 59] maximize some community quality function.
Our approach focuses on the family that appears most promising, namely the Louvain
method that greedily optimizes a partition’s modularity.

The following Sections present some different definitions of communities, algo-
rithms that make use of them, and their strengths and weaknesses. Section 2.3.4
presents a definition that a community is defined by cliques. The Clique Percolation
Method, an algorithm that detects overlapping communities but does not scale to
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large graphs, is then briefly discussed. Section 2.3.1 introduces the modularity defini-
tion of a community, with Section 2.3.2 using this definition to develop the Louvain
community detection algorithm. This is the method that is used in our algorithm
as it has a fast run time for large graphs. Louvain is improved upon in the Ensem-
ble Clustering for Graphs algorithm described in Section 2.3.3, which increases the
quality and stability of partitions at the cost of running Louvain more than once. Sec-
tion 2.3.6 Section 2.3.6 presents a Bayesian community detection method capable of
finding overlapping communities, but which faces performance issues for large graphs
as it is an MCMC method. Section 2.3.5 introduces the spectral clustering algorithm
that produces a single partition. While not appropriate for large graphs due to its
high computational costs, it will be used by us to cluster the partitions themselves
that are returned from multiple calls to our method.

2.3.1 Modularity

The quality of a partition C' can be measured by its modularity [12], Q(C) € [—1, 1],
which measures the density of edges within a community against edges between com-
munities. More specifically, it measures the number of edges within the communities
compared to the expected number of edges within subgraphs on a random graph
that have the same size and degree. Let G = (V| E) be a weighted graph. Let
C ={C,...,C.} be a partition of the vertices of G into r communities. It neces-
sarily follows that V = C; U Cy - - - U C, since C' is a partition. For v € V, let C(v)
denote the community C; € C that v belongs to, i.e. v € C;.

The notation proposed in the original Louvain paper [I1] can be made clearer.
Let Y g7 denote the sum of edge weights for all edges between sets S and T of vertices.
If S'is a singleton set we simply write its sole member i.e. X, instead of Yy, (. Let
V' be the set of all vertices on the graph, C; C V a subset that we call a community,
and v € V be some vertex. Then the following notations are equivalent.

Proposed | Louvain Meaning
Svv m= % Zu,vEV Ay or |E| | sum of all edge weights

sum of all edge weights that have at least one
Xvo, o1 OF do endpoint in C’gz i
Yoo Y or |Eq| sum of all edge weights for edges inside C;
Y k,, sum of all edge weights that have v as an endpoint
Yo Eoin = uey Avu sum of all edge weights between v and vertices in C;
Y A edge weight between vertices u and v

Table 2.1: Correspondence between the Louvain paper’s and our proposed
notation.

Three equivalent definitions of modularity will be introduced. Intuition for why
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modularity is a useful value is provided by looking at the community-level formula-
tion. The Louvain community detection algorithm uses the vertex-level formulation
to iteratively construct communities. A matrix formulation will later be introduced
as Equation (3.2.2) and will appear in this thesis’s proposed method.

The community-level definition of the modularity of partition C' is

Q(C) = lzcj [20—0 - (S;VCV)QI (2.3.1)

by
i=1 | 7VV

The term 2;3075 is the fraction of edges that lie within community C;, while

2%
generated.

Suppose that all edges are split in half and then randomly reconnected to another.
This produces a random graph with the same degree sequence as the original, i.e. the
number of vertices each vertex has is preserved. Note that this may not produce
a simple graph; self-loops could form if two of a vertex’s half-edges are connected
together, or multiple-edges between the same two vertices. For sparser graphs this is
less likely, and furthermore as it is the aggregate count of edges within and between
communities. The total number of half-edges is 2| E|. Considering a specific half-edge
of vertex v, there are 2|F| — 1 remaining half-edges that it Could connect to. Then

the probability it connects to any half-edge of vertex w is ;eEg‘ - Thus the expected

As an approximation

2
<EVVCé> is the expected number of edges within C; if the graph were randomly

AT 275]
is used instead of ;=— SET E‘ - under the assumption that the total number of edges |E| will
be large. A further assumption is that there will be at most one edge between vertices
and no self-loops, which is likely for large graphs. The probability of an edge between
two nodes then becomes W This then gives the vertex-level definition of
modularity (2.3.2).

If this first term is larger, then there are more links within that community
than one would expect, providing evidence that C; is a community. The individual
subgraph induced by C; can be considered a community if

Yoo Yo\
i < VC’1> >0
Yyv 2y

number of edges between vertices v and u is deg(v)

The first term can be rewritten in terms of vertices. The sum over community
degrees Yy ¢, and X, ¢, can be split into a sum over the individual vertex contributions

C] IC|

ZCC 1
Z :ZZZVV Z_Zuv

Z:VV
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Note >, e,
the sum) and so the factor of % is introduced to not overcount. The sum over vertex
pairs within a community can be replaced with a sum over all vertex pairs and a
Kronecker delta function to indicate community agreement.

Y. counts each vertex twice (i.e. the pair (u,v) and (v, u) appear in

1 )y
S S v = Y (), C)
=1 2ZVV u,veC; u, eV 2ZVV
For the second term,
IC| 2 IC| 2
see) ~2 (o)
- = ) uE v
The likelihood that a half-edge connects to a half-edge inside community C; is QEEV;&

Summing over each of the Xy, half-edges in C; gives the expected number of edges
within C;. This double counts the half-edges, requiring dividing by 2 as a correc-
tion. (Xy¢,)? = Zuweci Yvudive As before, replacing the summation over vertices in
community C; with the Kronecker delta function gives a vertex level term.

IC|

1 ? ZVuEVv
Zl (QEVV) Z EV'uZV'u - Z m5(0(u),0(v))

u,veC; u,veV

Modularity can equivalently be written at the vertex-level as

1 YVedvu
A =5 3 {zm_u

2>
u,weV Vv

} 5(C(u), C(v)) (2.3.2)

where §(C'(u), C(v)) is the Kronecker delta function

5(C (), C(v)) = { (1) g(u) = C)lie. v e Clu) and u € C(v)
(u) # C(v)][ie. v ¢ C(u) and u & C(v)]

Direct modularity maximization is one possible strategy for finding the best
partition. However as the number of partitions is given by the Bell number, which
grows super-exponentially, this quickly becomes intractable. It is in this context that
a greedy algorithm such as Louvain is considered. Modularity will be central to the
Louvain community detection algorithm.
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2.3.2 Multilevel Louvain Method

The Louvain method [11] (also called the multi-level method) currently presents the
best trade-off between speed and quality of communities [29]. It does this by greedily
and iteratively maximizing each candidate partition’s modularity. As the number of
possible partitions grows exponentially in the number of vertices, direct maximization
of modularity is not feasible and is known to be at least NP-complete [13], this greedy
heuristic leads to low computational cost while beating the modularity of competing
algorithms. It is available as a pure Python package [], as community_multilevel in
the Python igraph package that calls a faster C implementation, or in the R igraph
[22] package as cluster_louvain.

Algorithm 2: Louvain Method of Community Detection
Input: graph G = (V, E)
Initialize the set of communities C' by assigning each vertex to its own
community
C={{v}|veV}
while modularity keeps improving do
First phase: modularity optimization
while modularity keeps improving do
for v € C' do
AC?best =0
vllJest = (Z)
for v € Neighbours(v) do
AQout = AQ (Community(v) — v)
AQin = AQ (v — Community(v'))
Achrr = AQm + AQout
if AQpest < AQcyrr then
AC)beszﬁ - Achrr
Ul/)est = Ul
if AQpest > 0 then

| Community(v) = Community(v;,,,)

Second phase: community aggregation

for community C; € C' do

Contract all internal edges (u,v) for all u,v € C;, leaving a single
vertex

Collapse multiple edges to a single edge by summing their weights
return C

The algorithm (Algorithm 2) starts with every vertex assigned to its own com-
munity (Figure 2.11) and repeats two phases until no improvement in modularity is
made. The first phase considers each vertex one at a time and tries to maximize
the modularity of the overall partition. For each vertex, its neighbours (i.e. vertices
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Figure 2.11: The partition of the 3-barbell graph that Louvain is initialized
to. This partition has a modularity -0.17.

connected to it by an edge) are considered. The difference in modularity that would
result from moving the current vertex into its neighbour’s community is computed. If
changing the community of the current vertex does not lead to an improvement then
its community is left unchanged. Otherwise it is moved to the community that gives
the best improvement in modularity. This process repeats sequentially with the next
vertex until no further improvement in modularity can be made. At this point the
algorithm enters the second phase.

This computation can be sped up. Instead of computing the modularity of the
entire partition when considering each vertex, only the difference in modularity re-
sulting from the moving the current vertex needs to be computed. The difference in
modularity for moving an isolated node v into community C' is given by

Yoo +Xow (Zvc + EVU>2]

AQ(v — C) = S S

| e [ Eve 2_ Yo\ (2.3.3)
2 v 22Xy 2y -

This can be further simplified as in the Louvain paper |1 1]

Yoo Yiow Y20+ 2%yl + 32, Yeo 2 2

EE DR 152 Tonyy A, a2,
_ Zou N —¥20 =28y, — X3, + 358 + 32,
25y 12,
Seo SveSve
Qv VeV (2.3.4)

TSy 252,

To compute the change when v is removed from community C', the change when
v is added to a copy of C that doesn’t contain v can be computed and the negative
of this value taken. Le., AQ(C — v) = —AQ(v — C). With both of these formulas,
the effect of moving v from C to C' is AQ(v — C') — AQ(v — C). (Note that the
notation Q(v — C') is not standard; the literature forces the reader to infer what is
changing).
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Example 2.3.1. Consider vertex 5 in the yellow community in Figure 2.11, and
suppose all edges are initialized with a weight of 1. Then there are two choices for
where to move this vertex; into the green or teal communities. When moving it
into the green community, the variables have values Xgrcen green = 0, Xvgreen = 2,
Ygreens = 1, Xys = 2, and Xy is the number of edges in the entire graph which is

7. Then
el (22’
i () - ()]

14 16 4 4 6

=196 196 196 196 _ 196

AQ(5 — green) =

To calculate the change of removing vertex 5 from the yellow community, consider
the change of adding this vertex if the yellow community did not contain it. In this
case the yellow community would be empty. Then the variables would have values
Z:yellow,yellow = 0; EV,yellow = 07 2yellow,'f) = 07 EV,'E) = 27 and EV,V = 7. Then

022;)0 - (022;)2)2

o ) ()]
4 4

= 106 " 106 "

Hence AQ(yellow — 5) = —AQ(5 — yellow) = 0.
For the teal Communitya Eteal,tezzl =0, ZV,teaLl = 3, Zteal,5 =1, ZV,5 = 2, and

Svy =T.
5 - ()

) 6]

14 25 4 9 2

=196 196 T 196 T 196 _ 196

AQ(5 — yellow) =

AQ(5 — teal) =

Thus to move vertex 5 to the green community gives a change of AQ(5 —
green)+AQ(yellow — 5) = &4—0 = 1%:6, and to move it to the teal community gives
a change of AQ(5 — teal) + AQ(yellow — 5) = 1% + 0 = 2. Thus the algorithm
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moves vertex 5 to the green community as this results in the greatest improvement in
modularity. This continues for the rest of the vertices, finally producing the partition
in Figure 2.12.

Figure 2.12: The partition returned by the first phase of the Louvain method.
This partition has a modularity 0.36.

The second phase is to aggregate the resulting communities. That is, all vertices
in the same community are collapsed into one vertex. All edges that stay inside the
community become a self loop on the new vertex. The weights of the new edges
between the new vertices are equal to the sum of all edges from one community to
the other.

2.3.3 Ensemble Clustering for Graphs (ECGQG)

Consider the network in Figure 2.13 comprised of four cliques, with all edges added
between each pair of cliques except for two. These four cliques on two vertices are
themselves part of larger cliques on four vertices. The Louvain method does not
select these subcliques, instead greedily selecting the larger cliques as in Figure 2.14.
However the order that it considers vertices in determines which subcliques to pair
in the same community, for example producing the different partition in Figure 2.15.
Is there a way to recover the partition of Figure 2.137 Or at least to improve the
stability of the algorithm by decreasing the variance in partitions?

This example also highlights a further problem in community detection, namely
the resolution limit [31]. That is, modularity optimization fails to identify commu-
nities that are smaller than some value depending on the total number of edges in the
network and the degree of interconnectedness between communities. The probability
that the subcommunity structure of a community is undetected is greatest when that
community has a number of internal edges less than or equal to /2|E| where |E)|
is the total number of edges [31]. In the example from Figure 2.13, |E| = 8 and so
\/2|E| = v/16 = 4. Thus the subcliques on two vertices contained within the cliques
on four vertices are very likely to be undetected, as was the outcome of the Louvain
method in Figure 2.14 and Figure 2.15. Thus for such communities obtained through
modularity optimization it is impossible to tell whether it is a single community or
agglomeration of smaller communities.
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=

Figure 2.13: A network with its four cliques given their own communities.
This has a modularity of -0.05 .

5

%/ ;
2/3

Figure 2.14: A Louvain partition of the graph from Figure 2.13 with a mod-

ularity of 0.1 .

Figure 2.15: The Louvain method producing a different partition of the same
graph from Figure 2.13 with a modularity of 0.1 . The different partition was
caused by the vertices being considered in a different order.
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Yioincycine;y = Yo, + Xc;0; + Yoo, since the set of edges internal to Cj is
disjoint from the set of edges internal to Cj. Yy (c,nc;y = Xve; + v,

AQ(Ci = C5) = [RUC N C3})] — [Q(G) + Q(C5)]

_ E{Cincj}{cincj} - (EV{Ciij}>2
Yyv 2y
| Zce <2v01.>2+ So0 (zvc )
Yyy 2y Yyv 2Yyv
| oo T 00 +Xae;  (Bve, + v,
B 2Yyy

Yvv

| Bee (zm>2+ Yoo, (zvc )
Yyy 2y Yyv 2Yyv
| Zag (Zve,)” + 28ve,Sve, + (Evcj)
EVV 4 (EVV)2

Z:VCq; 2 + EVCJ’ 2
2Xyv 2 vy

_ Yaog  XveXvg,
EVV 2 (Zvv)Q

Merging communities C; and C; creates a change in modularity of

Yoo, YveXve,
ARG ) =T ~ o

Sve S
If % < 1 and there is at least one edge between C; and Cj, i.e. Y¢,0; > 1,

then AQ(C; — Cj) > 0 and so the two communities will be merged. If Xy ¢, = Yy,
then Yy, < /2|E| implies that merging C; and C; will improve modularity. This
will be true even if C; and C; “should” be distinct communities. If Xy ¢, and Yy ¢, are
less than 2|E| then the expected number of edges between them is less than 1, and so
will be merged to maximize modularity. Communities of total degree less than 2|F)|
will be undetectable by direct modularity maximization. Since real networks contain
many small communities, direct application of modularity is problematic when trying
to detect fine structure. There is a plateau in modularity which makes it difficult to
distinguish the maxima from “close” partitions.

The authors of the Louvain method argue that at intermediate steps the reso-
lution limit is overcome, because before agglomeration the algorithm is only making
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individual local decisions for each vertex (or later for each agglomeration of vertices).
While it may improve over other algorithms, the Louvain method is clearly still faced
with the resolution limit.

Algorithm 3: Ensemble Clustering for Graphs (ECG)
Input: graph G = (V| F), minimum edge weight wy,;,, ensemble size k.
Compute the 2-core of G.
Run the first modularity optimization stage of the Louvain method k times
independently on G with different random seeds to produce k partitions of
G.
Integrate the ensemble results by constructing a reweighted graph:
for edge (u,v) € E do
Compute the number of partitions where u and v were assigned to the
same community, i.e. a(u,v) =S¥ §(Ci(u), Cs(v)) where C;(v) is the
community of v in partition ¢ and §(-,-) is 1 if both arguments are the

same, 0 otherwise.
(u,v) & 2-core of G

((,0)) = ¢
w((u,v)) = i ‘
Wimin + (1 — Wiin) (k’ ) otherwise

Run the Louvain method on this reweighted graph.

One approach to improve the stability of partitioning is Ensemble Clustering
for Graphs (ECG) [7/| which improves the stability of the Louvain algorithm by
combining it with ensemble clustering. It was benchmarked favourably by its authors
in [75]. Ensemble clustering combines multiple partitions of the graph into one.
Consensus on a final partition is achieved by either looking for the co-occurrence
of vertices in a cluster or finding a median partition that maximizes the similarity
between all found partitions.

The first step of ECG is to run the first optimization phase of the Louvain
method multiple times over the graph. This creates an ensemble of partitions. The
partitions from this ensemble are then integrated together by reweighting the edges
of the graph according to how often that edge appeared inside a community. That
is, if two connected vertices appeared in the same community in every partition, the
edge between them will be given a weight of 1. If they never appeared in the same
community, the edge is given some minimum weight w,,;,. All other edges are assigned
a weight between wy,;, and 1 proportional to how many times the endpoints appear
in the same community. The authors recommend an ensemble size of £ = 16 and
wmin = 0.05. After this weighted graph is obtained, it is passed as input into the
Louvain method to produce a final partition.

Vertices of degree one, i.e. that have only a single neighbour, are guaranteed to
appear in the same community as their neighbour in any partition that maximizes
modularity (this follows from Corollary 3.5 of [12]). Thus to simplify computation,
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these vertices can initially be removed from the graph and afterwards added to their
neighbour’s community.

The authors go beyond this to improve the results of their algorithm. The non-2-
core induced subgraph is a collection of trees, which they argue cannot have commu-
nity structure. Further, if they were not assigned the minimum edge weight then they
would be assigned very high weights. This is because trees are stable under the Lou-
vain method, and so their vertices are likely to be assigned to the same communities
for each partition in the ensemble.

ECG is not able to correctly partition the tiny graph from Figure 2.13. However
it does perform better on another well-known example of the resolution limit; the
ring of cliques. This graph is constructed by taking n complete graphs and adding
a single edge between these graphs to connect them all in a ring (see Figure 2.17;
note the ring has been twisted to fit on the page). Algorithms that try to directly
optimize modularity will end up combining multiple cliques into the same community,
as the Louvain method did in Figure 2.16. ECG was able to correctly recover the
true partition (Figure 2.17).

Figure 2.16: The partition produced by the Louvain method on the ring of
24 cliques with clique size of 5. This partition has a modularity 0.871 . Most
communities incorrectly contains two cliques.

Figure 2.17: The partition produced by ECG on the same graph as Fig-
ure 2.16. This partition has a lower modularity 0.867, but correctly assigns
each clique to its own community.

2.3.4 Clique Percolation Method (CPM)

What has been tried to detect overlapping communities? The Clique Percolation
Method (CPM) |63, 52, 31] was motivated by the problem of detecting overlapping
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communities. It is an agglomerative algorithm that recursively merges similar vertices
and communities together. As the best possible community structure occurs when all
vertices of a subgraph are connected, i.e. when they form a clique, the CPM uses the
k-cliques present in a graph to determine communities. Two k-cliques are said to be
adjacent if they differ by only one vertex, and a collection of adjacent k-cliques then
forms a community. This allows communities to overlap as a vertex may be part of
two separate k-cliques that are not adjacent, for example vertex “o” in Figure 2.18.

NN
NN

Figure 2.18: Overlapping communities returned by CPM. The red (o, a, b,
c) and blue (o, d, e, f) communities are both composed of two adjacent
3-cliques. Vertex “0” is a member of both communities.

This definition of a community is a local property of a subgraph. This is in
contrast to the global property of the next community definition we introduce, mod-
ularity, where the addition or removal of edges and vertices to a graph changes the
perceived community structure of even far away unchanged regions. It also avoids
a resolution limit where the number of vertices determines the size of the smallest
community that can be detected.

Unfortunately CPM is not efficient as a graph can contain many cliques that all
need to be considered. For example for any k < K, a K-clique contains (Ik{ ) distinct
k-cliques. This presents one speedup of instead finding all maximal cliques, i.e. those
that cannot be extended by adding an additional adjacent vertex. However even this
problem is not easy as it requires finding the maximum clique. The clique decision
problem of determining whether a graph contains a k-cliques is NP-complete [10],
and the more difficult problem of finding the maximum clique in a graph is NP-hard.
While faster algorithms exist for sparse graphs, without making any assumptions
about the graph, we must conclude that CPM has potentially exponential run time.
Thus we must continue to look for a community detection method that scales to large
graphs.

2.3.5 Spectral Clustering

Another general clustering technique considers the spectrum of a matrix, i.e. the set
of its eigenvalues. Spectral methods provide both a means of determining the optimal
number of clusters as well as a natural dimension reduction that allows clustering in a
lower dimensional space. [31] offers a good treatment of this subject. This method can
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be applied to clustering vertices into communities, however as this involves computing
at least part of the spectrum of a |V| x |V| matrix it is not computationally feasible
for large graphs. Instead we will use this technique to cluster the clusterings of
vertices themselves that our algorithm produces. A similarity measure between parts
of partitions will be constructed in Section 3.3.2, and the resulting similarity matrix
will be given to a spectral clusterer. We now go over how spectral clustering works.

Let G be a graph on n vertices with associated adjacency matrix A. The degree
matrix of A is the diagonal matrix with diagonal entries D;; = deg(v;) and zeros
everywhere else. If G is a weighted graph, then A;; is the weight of the edge between
vertices v; and v;, and the degree deg(v;) is taken to be the sum of all edge weights
of edges incident to v;.

Example 2.3.2. Suppose A is the 5 x 5 block diagonal matrix with blocks of size 3
and 2. Then it has adjacency matrix and degree matrix

01100 20000
10100 02000
A=|11000/,D=[002 0 0
00001 000710
00010 0000 1

Properties of this graph are revealed by considering a matrix representation called
the graph Laplacian, defined as L := D — A where

deg(vi) i=
Lij=<¢-1 © # j and v; is adjacent to v; i.e. A;; #0
0 otherwise

The symmetric normalized Laplacian is defined as L, := D~ Y2LD7Y2 =
[ —D7'V2ADY?

1 1=17
[Lsym]z‘,' = —1/\/deg(vi) deg(v;) i # j and v; is adjacent to v; i.e. A;; # 0

J
0 otherwise

The random-walk normalized Laplacian is defined as L,,, ;= D"'L =1 — D 'A

1 i =
[Lywl; j = —1/\/deg(vi) i # j and v; is adjacent to v; i.e. A;; #0

0 otherwise
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Example 2.3.3. The Laplacian, symmetric normalized Laplacian, and random-walk
Laplacian of Example 2.3.2 are then

2 -1 -1 0 0
-1 2 -1 0 O
L=|-1 -1 2 0 O
o o0 0 1 -1

0O 0 0 -1 1

)

1 —1/2 -1/2 0 0 1 —1/vV/2 -1/¥V2 0 0
-1/2 1 -=1/2 0 0 —1/v/2 1 —1/¥/2 0 0
0 0 0 I -1 0 0 0 1 -1
0 0 0 -1 1 0 0 0 -1 1

Theorem 2.3.1. Let L be the Laplacian of some graph. Then L is block diagonal
with as many blocks as there are components in the graph. Further, each block of L
has an associated eigenvector x with eigenvalue 0 where x; is one if 7 is in that block
and zero otherwise.

This is Proposition 2 of [34].

Proof: Let G be some graph and A the associated weighted adjacency matrix.
Suppose G has k components. Then A can be arranged into a block diagonal matrix
with k blocks. As D is also block diagonal, this implies the sum L = D — A will
also be block diagonal. It is sufficient to show the theorem holds for a single block,
as each of the eigenvectors are orthogonal and hence linearly independent. Let L; be
the submatrix associated with block i. Let w(v, u) be the weight of the edge between
vertices v and u. Then w(v,u) = A,,. Consider row [L,,};.

[Lm]z,z = deg(vz> = Z w(v, U) = Z Ai,u = Z _Li,u
UE L UELm UE Ly ,uz#

Without loss of generality we only need to consider one row of L;.

L1, =Lpl=[Di;— ) Ayl =0

Example 2.3.4. By inspection of L and Ly, in Example 2.3.3 it is clear that the

vectors r; = [1 110 O}T and xy = [0 0 01 1]T are eigenvectors with eigen-
value 0 as Lz; = 0z and Lxy = Oxs.
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A stronger statement than Theorem 2.3.1 holds, namely that these are all the 0
eigenvalues.
Proof: Recall that the spectrum of a block diagonal matrix is equal to the union
of the spectra of each block, with eigenvectors equal to each block’s eigenvectors
embedded in the larger space. The Laplacian of a graph with £ components will be
block diagonal with k£ blocks. Thus it suffices to show that for each block 0 is an
eigenvalue with multiplicity 1.

Suppose that the graph is connected and hence k£ = 1. If x is an eigenvector with
eigenvalue 0, then

0=2a"Le = Z Lij(z; — x;)°

7:7‘7‘

This theorem says that the multiplicity of the 0 eigenvector is equal to the number
of clusters. However in reality the eigenvalues will be perturbed by noise and will not
be exactly equal to 0. A more robust method involves looking at the spectral gap
or eigengap, which is the difference between two consecutive elements in the sorted
list of eigenvalues. This thesis assumes they are sorted in non-decreasing order. The
position of the largest eigengap then demarcates the zero and non-zero eigenvalues,
thus giving the number of components k. This eigengap heuristic is useful for finding
the optimal number of clusters.

Characterizing the rest of the spectrum will make why there is a significant
spectral gap clear. Again it suffices to consider the spectrum of a single block to
describe them all. Initially consider the case of homogeneous degree distribution
within a cluster where each vertex has the same degree. This would correspond to
the expectation when using a SBM without degree correction. Suppose L; is the ¢; x ¢;
block of corresponding to a component of a Laplacian. Then 1;, . There will be a
further ¢; — 1 eigenvectors of the form z; = [—1 0O ---0 1 0 ~-O] i,e. —1 in the
first position and 1 in the j-th position. All of these eigenvectors will have eigenvalue
¢;. Thus there will be a significant eigengap equal to the size of the smallest block.

Now consider the other extreme case where a cluster corresponds to the star
graph S,, on n vertices comprised of a single vertex hub of degree n — 1 with the
remaining n — 1 vertices connecting as spokes to this hub and each having degree 1.
It has n x n Laplacian matrix

(n—1 -1 —1 1]
-1 1 0 0
I—| -1 o0 1 0
-1 0 0 1




2. PREVIOUS RESULTS 31

Clearly 1 is still an eigenvector with eigenvalue 0. Vector [—(n -1) 1 1} is a
multiplicity 1 eigenvector with eigenvalue (n — 1) 4+ 1. The remaining eigenvalues are
1 with multiplicity n — 2 and eigenvectors of the form [0 -1 0---0 1 0--- 0}
i.,e. —1 in the 2nd position and 1 in the j-th position for j > 2. Thus the eigengap
between the 0 eigenvalue and the next largest exists even in this extreme case. Such
an imbalanced degree distribution causes problems for the eigengap heuristic; it will
see that the maximum eigengap occurs between 1 and n, essentially saying that the
n — 1 leaf nodes each belong in their own community. One could argue that this is a
better result than claiming a star graph is a single community. This example is fairly
degenerate and so not expected.

Some authors sort eigenvalues in non-increasing order. For example the authors
in [03] define L := D™Y2AD™Y2 = [ — (I — D~Y2ADY?) = [ — Ly,,,. As noted
in [62], replacing L with I — L only changes the eigenvalues (from A; to 1 — ;) and
not the eigenvectors. Thus instead of the smallest £ eigenvalues corresponding to
the 0 eigenvalues with multiplicity £, the largest k eigenvalues correspond to the 1
eigenvalues with multiplicity k.

In Figure 2.19, the symmetric perturbation matrix H was generated such that
H,;=H;; ~N(0,1/4).

Eigenvalues of L

Figure 2.19: The spectrum of L from Example 2.3.3

Theorem 2.3.1 also gives a means of identifying the members of each cluster by
looking for the all ones indicator eigenvectors. In practice numerical eigensolvers may
not return the cluster indicator vectors as a basis of the 0 eigenspace, instead returning
some other orthonormal basis. Let 1; for i« € {1,...,k} denote the i-th cluster

indicator vector. Then each eigenvector is some linear combination z; = > ., a;1;
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for some coeflicient a;.

In practice algorithms to recover eigenvectors are unlikely to find this indica-
tor vector, instead finding some other basis of the block’s eigenspace. Instead the
eigenspace associated with each block may be rotated. A basis is rotated if a lin-
ear combination This thesis’s proposed method will not use the indicator eigenvector
method to identify clusters.

Once the optimal number of clusters k has been determined through the eigengap
heuristic, it remains to reduce the dimension and employ a clustering method over
this smaller space. The first k eigenvectors {z1,...,x;} (i.e. those associated with
the k smallest eigenvalues) are computed. For unnormalized spectral clustering, these
will be eigenvectors of L. Alternatively, the eigenvectors of L,,, or Ls,,, can be used
with some modifications as detailed in Section 4 Spectral Clustering Algorithms of
[34]. These eigenvectors then become columns in the n x k matrix [z4]- - - |zg]. Each
row is taken to be the k-dimensional embedding of its corresponding vertex in the
original graph. Finally these rows are clustered using a technique such as k-means
clustering.

Example 2.3.5. The normalized indicator vectors of Example 2.3.3 are
{1 = 1/V3,1/V3,1/3,0,0]" 2 = 0,0,0,1/v/2,1/v2]" |

Suppose an eigensolver returned the orthonormal basis

{fl = [1/\/57 1/\/3? 1/\/57 1/\/37 1/\/5]T7 }
Ty = [—+/2/15,—+/2/15,—/2/15,4/3/10,+/3/10]"

Then 7, = %xl + %xg and To = —4/ %xl + 4/ %332. The basis {Z1, Z2} produces the

embedding

[1/V6 —\/2/15]
1/v/5 —
[Z1|72) = |1/V5 —+/2/15
1/v5  /3/10
1/v/5  /3/10

A clustering method like k-means would then cluster the points [1/v/5, —/2/15] and
[1/4/5,+/3/10] into separate clusters, thus correctly separating them.

In reality we do not see the true block diagonal adjacency matrix associated
with a graph whose vertices we are trying to cluster. Instead we observe this matrix
with some added noise. Let H be a random Hermitian matrix, say H;; ~ N(0,€?)
for some “small” ¢ € R. Suppose A + H is what is observed. Then one can ask if
the above techniques apply here. Thankfully the Davis-Kahan theorem states that
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the eigenspace of this perturbed matrix is close to the eigenspace of the unperturbed
matrix. There have been more recent improvements 27| on the Davis-Kahan bound.

Computing the spectrum of a large matrix is expensive, making spectral cluster-
ing infeasible for clustering large graphs. Our proposed method uses spectral clus-
tering to cluster the parts of partitions that are returned by our partition sampling
method. The core idea of our sampling method is derived from Wang-Landau sam-
pling.

One final consideration is that the Laplacian is not well-defined for vertices with-
out neighbours as this involves an empty sum. This situation is likely to occur in our
use case as we are aiming to only observe each unique part once in order to im-
prove sampling efficiency. This requires identifying and removing disimilar parts, i.e.
isolated vertices in the associated graph, before proceeding with spectral clustering.

2.3.6 Bayesian Inference on Graphs

Given an observed network G generated from a SBM, it remains to find the likeliest
block partition C' that generated it (i.e. to fit a model). The procedure is described
in [71] which serves as documentation for the Python graph-tool package [67] for
performing SBM inference. Further details can be found in [68]. Blei also introduced
a Bayesian approach for detecting overlapping communities [39)].

To find the likeliest partition, the Bayesian posterior probability P(C|G) must
first be computed or approximated

where P(P, () is the prior probability of the model parameters and

P(G) =) P(G|P,C)P(P,C)
PC

is the evidence, which is the total probability of the observation summed over all
possible model parameters. In practice models where C' determines P can be used,
since the likeliest edge formation probabilities are those actually computed from the
empirical edge counts within the communities of a fixed partition C' and graph G.
Thus the above simplifies to

P(G|P,C)P(P,C)
P(G)

P(C|G) =

where P is the only inter-community edge probability matrix compatible with C' and
G.

To perform inference requires either finding a partition C' that maximizes P(C|G)
or sampling different partitions according to the posterior probability. As is standard
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in Bayesian inference, a Markov chain Monte Carlo (MCMC) method to find the
maximum or sample from the posterior distribution has been proposed in [65] and
implemented in [67]. With these samples, a weighted average over the different model
fits and with weights based on posterior probability can be constructed. At each
step of the MCMC method, the community membership of each vertex is randomly
modified with the modification being accepted or rejected with a probability that is a
function of the difference in entropy that this change creates. After sufficient mixing
this should produce partitions C' with probability proportional to P(G|C).

SBMs suffer as well from the resolution limit, where they can find at most
O(+y/]V]) communities [4]. Hierarchical SBMs attempt to avoid the resolution limit
by describing the network hierarchy on multiple scales [G0].

Label Swapping Problem

Methods like the above MCMC sampling that consider many partitions face the prac-
tical concern of label swapping or group identification. This is caused by not having a
canonical representation for partitions that lends itself to efficient computation. For
computational reasons set partitions are represented by a membership vector in Z7
where n is the number of elements, where the i-th entry of the membership vector
gives the label of the community that element i is a member of. This requires only
constant O(1) time to look up the membership of any element, versus potentially
O(n) time if partitions were represented as a set of sets of elements. This space of
membership vectors can also be thought of as the space of all colourings of n objects.
The restriction that there be no more than n choices for each element comes from
the fact there need not be more colours than objects to colour, as the most colours
needed are when each of the n elements is given its own.

The problem is that for n > 2 the set of all membership vectors is not isomor-
phic to the set of all partitions, and in fact there will be many membership vectors
that represent the same partition. For instance the trivial partition {1,2,3} has
corresponding membership vectors [0, 0, 0], [1, 1, 1], [2,2, 2] that are all equivalent.

[70] discusses the group identification problem in community detection, noting
that the numeric values chosen for the group labels have no meaning. They further
argue that MCMC algorithms based on moving a single node at a time get stuck with
one choice of labelling, as a label swap is very unlikely to occur in an algorithm that
moves single nodes at a time as it requires passing through low probability states.
The posterior probability of a partition should be invariant under permutation of the
labels, which won’t be the case if only one choice of labelling was seen while sampling.

This will cause problems later in Example 2.4.6 when an MCMC partition sam-
pler is constructed. This thesis’s sampling algorithm will not suffer from this problem
as it does not perform random walks or work with posterior probabilities, instead us-
ing a greedy Louvain method to propose likely partitions. It will however be a problem
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when we reconcile the ensemble of partitions produced by our sampling algorithm and
will be addressed in Section 3.3.

First, some means of comparing partitions that does not depend on the choice
of labelling is needed. We introduce two metrics that can disambiguate community
labels in an ensemble of partitions. The maximum overlap distance [70] finds
a bijection (i.e. permutation) between the labels of two partitions that maximizes
overlap. The split/join metric [25] (in places called the Dongen metric) just finds
any map from one partition’s labels to the other that maximizes overlap, dropping
the injectivity condition. Other graph partition measures are discussed in [76] in the
context of evaluating clustering algorithms.

Definition 2.3.1. Let A, B € Z? be membership vectors representing partitions of
n elements, and n4 and ng be the number of parts of A and B respectively. Without
loss of generality we can permute the labels of A so that they are consecutive integers
from 0 to ny — 1,1e. A€ Z , and similarly B € Z}, .

Let &,, denote the symmetric group on n elements. Then G,, acts on Z] elemen-
twise, i.e. if A = [A;,...,A4,] then for 0 € &,, we have 0(A) = [0(A1),...,0(A,)]
The maximum overlap distance dy0(A, B) is given by

n

dyo(A,B) =n — max d(o(4;), By)
oebn
i=1

Equivalently,
dMO(Aa B) = min {dHamming(U(A)v B)}

oeG,

In fact we do not need to consider all of &,,, only the subgroup that acts on the labels
seen in A and B, i.e. Gnax(nanp)-

This can be interpreted as the minimum classification error, i.e. elements with in-
correct community label, when one partition is assumed to be the true one. Appendix
A and B of [70] prove that this distance is a metric.

Suppose we are trying to find a permutation of the labels in the first partition
that maximizes the overlap with the labels of the second partition (or equivalently
that we are trying to minimize the Hamming distance between two vectors). Then
this problem of finding the maximum overlap distance between two partitions is an
instance of the assignment problem, also called the two-dimensional assignment prob-
lem, the linear sum assignment problem, and the bipartite matching problem.

The assignment problem involves matching “workers” to “tasks” where entries C
in a cost matrix C' correspond to the cost of assigning worker ¢ to task j. The problem
is then to minimize the cost (or in our case to maximize the amount of overlap). The
algorithm can then return a permutation matrix that sends workers to tasks. More
compactly, it can return only the positions of the ones in the permutation matrix,
which corresponds to the pairs of assignments.
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First, each pair of one label from the first with one label from the second is
considered. The number of positions that would agree under such a permutation is
computed. Let M, ; store the number of positions that would agree if label ¢ were
permuted to label j. This matrix can be constructed in linear time i.e. with one pass
of the partition by incrementing M,, ;, for k € {0,...,|a| —1 = |b| — 1}. This matrix
then becomes the cost matrix passed to an algorithm that solves the assignment
problem.

There exists the polynomial time Kuhn-Munkres algorithm (sometimes called the
Hungarian algorithm) for solving the assignment problem [21|. There also exists an
approximation algorithm [26] that for e > 0 computes a (1—e¢)-approximate maximum
weight matching in O(me 'log(e™1)).

Alternatively we could consider a greedy algorithm that for each column (i.e.
label from the first partition) picks the previously unpicked row with the largest
agreement. This would have O(n) run time and would likely perform well, especially
if rows were ordered by their max value which would bound the worst case error.
Example 2.3.6

Example 2.3.6. Consider the partitions A = {{1,2,3},{4,5,6,7}} and B = {{1},{2,3,4,5,6,7}}
with membership vectors vy = [0,0,0,1,1,1,1] and vg = [0,1, 1,1, 1, 1, 1] respectively.
The associated cost matrix for the assignment problem is

B

A

O =IO

1
0 2
1 4

Figure 2.20: Overlap for sending each label to the other.

Suppose we are greedily maximizing the overlap between the labels of v, and
vp, and that we start by considering what the label of part {1,2,3} from A should
be. If we give it the same label as part {1} of B it will only overlap in one location,
whereas with the same label as part {2,3,4,5,6,7} of B it will overlap in two. Thus
at this step we would greedily choose to give {1,2,3} from A and {2,3,4,5,6,7} of B
the same label. However this would be a mistake globally as in the next step we are
forced to give {4,5,6,7} of A and {1} of B the same label even though they share
no overlap, whereas we could have achieved an overlap of four by aligning the labels
of {4,5,6,7} of A with {2,3,4,5,6,7} of B. This later choice would have lead to the
global maxima for number of overlaps. Sorting the rows of 2.20 by max value would
have meant row 2 would be considered first and a better distance achieved.

Alternatively, the injectivity condition for relabellings could be relaxed and any
map between the labels considered, instead of the bijective permutations that the
maximum overlap distance is restricted to. This could be computed with a single pass
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over the labels by greedily choosing the relabelling that maximizes overlap, without
caring if multiple labels are sent to the same target label. Implementing this idea we
define the split-join distance.

Definition 2.3.2. Consider two partitions of n elements A = A; U---U A, , and
B =B, U---UB,, where A; is a subset of the elements.
The partition number of B with respect to A is given by

na
pa(B) = Y ik {|A; 0 B, )
i=1

The split/join distance dg;(A, B) is then
dsj(A, B) =dsj(A, ANB)+dgs (B, ANB) = n—pa(B)4+n—pp(A) = 2n—pa(B)—pr(A)
In Theorem 4 of [25] it was shown that this distance is a metric.

A small projection number p4(B) indicates that A is close to being a subpartition,
i.e. refinement, of B. This distance comes closer to capturing the number of single
element moves required to move from one partition to another, which is of interest in
algorithms that make such moves.

Example 2.3.7. Consider the partitions {{1,2,3},{4,5,6}} and {{1},{2,3,4,5},{6}}
with membership vector A =1[0,0,0,1,1,1] and B =[0,1,1, 1,1, 2] respectively. The
maximum overlap distance would be achieved by without loss of generality the iden-
tity permutation, giving a distance of 6 — 1 — 2 = 3. However if both labels of A
were sent to 1 then the overlap would be 4, producing a distance of 2. The projection
number p4(B) captures this with a value of 6 — 2 — 2 = 2. The split/join distance is
6—-2-2)+(6-1-2-1)=2+2=4.

2.3.7 When Recovery is Feasible

When is recovery easy or even possible? There are two important thresholds regarding
recovering the defining partition of a stochastic block model [1|. Consider the two
block SBM with equally sized clusters and edge formation probabilities p within a
block and ¢ between blocks. Define detection or partial recovery to be correctly
recovering 1/2 + € vertices for some € > 0, i.e. doing better than randomly guessing.
Detection was first shown possible when (a — b)*> > 2log(a + b)(a + b) [19]. The
stronger threshold (a — b)? > 2(a + b) was more recently shown [54, 55].

Define exact recovery to be when the partition can be recovered correctly with
probability tending to one as the number of vertices goes to infinity. A necessary
condition for exact recovery is that each block is connected, otherwise it is impossible
to know which disconnected components of a block belong together. Consider a
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single block, which internally is a G(n,p) Erdés-Rényi random graph. Thinking of p
as a function of n, we can consider the asymptotic properties of G(n,p) as n — oo.
We have P (G(n,p) is connected) ~ 1 — n(l — p)" asymptotically as n — oo, and
an explicit formula also provided [37]. Letting € > 0, if p > (1 + €)In(n)/n then
G(n,p) will be connected asymptotically almost surely, and if p < (1 — €)In(n)/n
then G(n,p) will be disconnected asymptotically almost surely [29]. Thus In(n)/n is
a sharp threshold for the connectedness of G(n, p).

Now suppose there are n vertices in total in the graph. If p = a/n and ¢ = b/n,
asymptotically the graph will be disconnected with high probability and so exact
recovery will not be possible. With p = alog(n)/n and ¢ = flog(n)/n, exact recovery
is possible when (o + 3)/2 > 1+ /a8 and impossible otherwise [1]. Note that
(v + B)/2 > 1 is the connectivity threshold which is a necessary condition.

|2] introduces exact recovery conditions for SBMs with more than two blocks.
They define the Chernoff-Hellinger (CH) divergence

D (u,v) := tfgﬁ;ﬁ %k:] (tu; + (1 — t)v; — ufv; ") (Definition 11 of [2])

where u,v are two nonnegative vectors and k the number of communities. Let
p € (0,1)% with |p| = 1 denote the prior probability of membership in each com-
munity, and P = diag(p). Finally let Q € (0,00)*** be a symmetric matrix with no
two rows equal, with the edge probability between communities ¢ and j taken to be
min (1, Q;;log(n)/n). Then by their Theorem 6, exact recovery is possible if and only
if for all ¢+ and j in different subsets of the partition

D, ((PQ);, (PQ);) > 1 (Equation 29 of [2])

where (PQ); denotes the i-th row of the matrix PQ.

Corollary 3 of [2| extends their result about exact recovery to the overlapping
stochastic block model (OSBM) that they introduce in their Section 4. Recall from
our discussion of OSBM in Section 2.2.3 that every possible combination of the la-
tent communities is assigned a new community under this model. Redefining the
communities this way and considering this much larger model eliminates the problem
of a vertex belong to multiple communities. They then apply their results on exact
recovery of the SBM to the OSBM.

We end by noting that there is a gap between the accuracy promised by informa-
tion theoretic results and the accuracy that current algorithms can actually achieve
[77]. They specifically looked at the belief propagation algorithm [15] for community
detection, calculating the limit of its accuracy as its number of steps was allowed to
go to infinity. With respect to the signal-to-noise ratio (SNR) of the probability of
edges within blocks (signal) to edges between blocks (noise), they observed an unde-
tectable phase for low SNR where the algorithm had no accuracy but the theoretical
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accuracy was nonzero, followed by an easy phase where the algorithmic accuracy
matched the theory. For 2, 3, or 4 communities, the optimal and algorithmic accura-
cies were in agreement, however for 5 or more communities a gap appeared. This is
captured in their Figure 1.

Our goal in this thesis is not specifically to shrink the gap between the theoretical
and current best algorithmic accuracies in the hard low-SNR case. Instead we are
focusing on a new approach to the overlapping community detection problem, and in
reducing the required computational complexity.

2.4 Markov Chain Monte Carlo (MCMC)

When studying Markov chains we are interested in computing their limiting distribu-
tion. However for some chains it can take a long time for the empirical distribution
to converge. This section develops this problem and some means of quantifying it.
Finally we provide an overview of a solution to increase the speed of convergence,
the Wang-Landau sampling method. Wang-Landau inspired this thesis’s sampling
method for graph partitions, detailed in Section 3.2.

2.4.1 FErgodicity

A sequence of random variables (X, X1, ...) is defined as a Markov chain with state
space {2 and transition matrix P if for all xg,..., 2,1 € Q, all ¢ > 1, and all well
defined events satisfying

P(Xy =24, Xio1 =a¢1,...,Xog=20) >0
we have

P(Xi1 =xa| Xs =2, Xyo1 =241, ..., Xo = x0) = P(Xi1 = 21| Xy = ) =: P(x,y)
(Equation 1.1 of [53])

This condition is called the Markov property. A simple example is the random
walk on a graph G = (V, F), which is defined as the Markov chain with 2 = V where
at current state v € V the next state is chosen from amongst the neighbours of v
according to P(v,-). A random walk is defined as simple if the next vertex is chosen
uniformly at random from amongst the current vertex’s neighbours.

A Markov chain is defined as finite if its state space €2 is finite. Consider a finite
Markov chain with transition matrix P and state space §2. A chain is reversible if
it satisfies the detailed balance equations defined as

mw(x)P(z,y) = w(y)P(y,z) forall z,y €

Define the chain P as irreducible if for all states z,y € 2 there exists some t > 0
such that P!(z,y) > 0. In other words, it is possible to get from any state to any other
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using only transitions of positive probability. Let 7 (z) := {t > 1 | P*(xz,z) > 0}. The
period of z is defined as the greatest common divisor of 7 (x). If P is irreducible
then ged(7 (z)) = ged(T (y)) for all x,y € Q (Lemma 1.6 of [53]). Define the chain
as aperiodic if all states have period 1.

A distribution 7 on €2 is defined as stationary if 7 = 7P, ie. if 7 is an
eigenvector of P with eigenvalue 1. Proposition 1.14 and Remark 1.15 of [53] state
that every Markov chain has a stationary distribution. A Markov chain P is defined
as ergodic if it converges to its stationary distribution =, i.e. |P'(x,y) — m,| — 0 as
t — 00, and is geometrically ergodic if it converges at a geometric rate, i.e. there
exists some § < 1 such that |P*(z,y) — m,| < M,, 5" as t — oo and where M is some
constant matrix [15]. Theorem 4.9 of [53] shows that irreducible aperiodic Markov
chains converge to their stationary distributions. We are especially interested in how
quickly a Markov chain converges to its stationary distribution as this determines the
computational cost of sampling. In particular if the cost is too great then a problem
can be computationally intractable.

At state x the next state is chosen according to probability distribution P(z,-)
(which is the row of the transition matrix P corresponding to x). Similarly the
distribution at time ¢ given initial state xq is denoted P*(xy, -), We then want to bound
the maximal distance between distribution P!(zg,-) and the stationary distribution
7. To do this we define the distance

d(t) = maéiHPt(az, ) =7y (Equation 4.22 of [53])
TE

where ||-||7v is the total variation distance. A Markov chain’s ergodicity is ex-
plicitly quantified by its mixing time, denoted t,,;,(€), which measures the time
required before the distance to stationarity is small.

tmiz(€) == min {t : d(t) < €}

Define the hitting time of a Markov chain to be the number of steps before
it enters a set for the first time. The authors of [72| show that “if the Markov
chain has not hit a big set, then it cannot have mixed” and so relate hitting and
mixing times. Let d(t) := max,cq| P'(x,:) — 7|l7v. We must consider the lazy
version of the chain to avoid issues of periodicity. Let P! be the transition probability
in t steps of the lazy chain, i.e. the chain with transition matrix (P + I)/2. Let
dp(t) == maxeq| Pi(z,) — 7||rv. The lazy mixing time is then defined as ty(€) :=
min {t > 0| dp(t) < e}. Let a < 1/2 and define the maximum hitting time of “big”
sets as

tg(a) = I7Ar:17}84>§2a E. [T4] (2.4.1)
where 7,4 is the first hitting time of the set A by the Markov chain with transition
matrix P. [72] shows that for every o > 0 there exists a positive constant ¢/, such



2. PREVIOUS RESULTS 41

that
tr(1/4) >ty (@)

They show that when the chain is reversible the converse is true, stating that for
a = 1/2, there exists positive constants ¢/, and ¢, so that for every reversible chain

ct(a) <tp(1/4) < cotp(a) (Theorem 1.1 of [72])

]

tave suffices as an alternative to considering the lazy chain. That is ¢ < ta..(1/4), i.e.
there exist universal positive constants ¢ and ¢’ such that for every reversible Markov
chain

Define the average over two successive times as

Pi(x,-) + P (x,)
2

— T

tave(€) = min {t > 0 | max
e

ctr, < tawe(1/4) < dtg (Theorem 1.4 of [72])

We now relate this back to the problem of interest to this thesis. Let €2 be the set
of all partitions of a graph. We can construct a graph from this set of partitions by
creating an edge between two partitions if they differ by the membership of exactly
one vertex. Louvain can be viewed as a random walk over this graph as it changes
the community of one vertex at each step. The Markov chain Louvain induces on {2
contains many transient states that are only visited once. These are the lower modu-
larity partitions along the path to a local modularity maxima as Louvain eventually
settles on a stable partition from which it does not move. Since it has transient states
it cannot be reversible.

In practice most implementations of Louvain are not true Markov chains as they
break the Markov memoryless property in the following way. In its first phase Louvain
considers each vertex sequentially when deciding whether to or into which community
to move a vertex. Let the vertices be numbered [1, ..., n] and considered in that order.
Then if at step t vertex ¢ was moved this means that at step t + 1 vertex i+1 mod n
is most likely to be moved, followed by vertex :4+2 mod n, etc. This is more efficient
than randomly selecting a vertex to try moving. However when only the current state
is known, the last vertex to change membership cannot be inferred, and hence the
chain does not have the Markov property.

Example 2.4.1 (Lack of ergodicity in a real-world graph). The karate club graph
[91] is a real-world social network capturing friendships within a university’s karate
club. Figure 2.21 labels each vertex with the resulting change in modularity if it were
removed from the single-part partition and placed in its own community. As can
be seen, each move results in a decrease in modularity and so would not be chosen
by Louvain. This is because the new part with only one vertex will not have any
internal edges itself, and so will not have a positive modularity, and since removing
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Figure 2.21: The karate club graph. Each vertex is labelled with the change
in modularity if it were moved from the single-part partition to its own.

the vertex removes at least one internal edge from the single-part community, which
is penalized. The only scenario where this penalty would not be incurred is if a dis-
connected singleton vertex were placed in its own community, resulting in no change
in modularity. Thus the single-part partition is an absorbing state that cannot be
left by Louvain. Louvain has many such states.

Louvain strictly increases the modularity at every step. Since modularity is
strictly increasing and the state space is finite, eventually Louvain will reach a local
maximum. Hence the Markov chain induced by Louvain is an absorbing Markov
chain, i.e. one where every state can reach an absorbing state, and the absorbing
states are exactly the local maxima. Thus Louvain is guaranteed to terminate. As
far as we know there are some unknowns in the theory behind Louvain. With respect
to the Markov chain induced by Louvain, the hitting time of the set of absorbing
states, i.e. the time until the algorithm terminates, appears unknown. Likewise a
general bound on the computational complexity of the algorithm appears unknown.
The authors of [50] claim without proof that Louvain is “essentially linear in the
number of links of the graph”.

This problem of a lack of ergodicity was identified by Peixoto in [69]. That paper
proposes the split-merge algorithm for sampling partitions. In contrast to Louvain,
the Bayesian split-merge sampling algorithm is constructed to be a MCMC method.
These single-vertex communities will have a very small acceptance probability, and
so the single-part partition is again an absorbing state. To overcome this Peixoto
introduces “split” moves that allow more than one vertex to be moved at once into a
new community. This greatly increases the number of states obtainable at each step
from at most n if every vertex belongs to its own community, to something on the
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order of B,,.

The number of partitions of n vertices is the n-th Bell number B,. In Louvain
the number of moves for a given vertex is bounded by the number of neighbours, and
is realized in the worst case when every neighbour belongs to a different community.
In split-merge there are in theory n possible moves for a single vertex. This is much
higher than the average degrees of most families of random graphs we have looked
at. Thus split-merge allows many more moves.

2.4.2 Bottlenecks

Another way to rephrase the problem of ergodicity is as a problem of the graph
having bottlenecks between regions in the state space. More formally, a graph can
be said to contain a bottleneck if there exists some subgraph with more vertices than
neighbours. Having |U| > |0U]| is the same as saying that the ratio % < 1. This
ratio will be developed below into a more formal measure of bottleneckedness.

The graph-theoretic Cheeger constant, also called the conductance, is a mea-
sure of whether a graph has a bottleneck, i.e. if there exists a partition of the graph
into two sets with few edges between them. Let G = (V, E) be a graph and U C V
a subset of the vertices. Then the edge boundary of U is the set of edges between

vertices in U and the remaining edges in V| i.e.
oU ={(u,v) € E||lueUwveV\U}

Selecting U induces a 2-part partition on V. Define the Cheeger ratio or bottleneck
ratio to be the number of edges leaving a subgraph, normalized by the number of
vertices in that subgraph. Then define the Cheeger constant h(G) to be the minimum
of the Cheeger ratio over all possible subgraphs

SR 0U|
MG) = stvcv | |U]

0<|U|<2 V]

The constraint that the size of U be not more than half the number of vertices in
G ensures that the Cheeger ratio is well-defined with respect to the proposed 2-part
partition. Otherwise both U and its complement V' \ U represent the same 2-part
partition and share an edge boundary, but will have different Cheeger ratios if their
sizes do not agree. In particular the larger set will have a smaller Cheeger ratio. By
only considering the smaller of this pair a unique value is assigned to each 2-part
partition.

The Cheeger constant can be extended to Markov chains. Intuitively we expect
an ergodic Markov chain to Let G = (V, E) be the underlying graph of an ergodic
reversible Markov chain with stationary distribution 7. Let U be a non-empty set of
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states with non-empty complement U. Define the capacity of U to be

Cy = Zﬂ'u

uelU

and the ergodic flow of U to be

Fy = Z Zpuvﬂ-u

uelU yelU

Note that 0 < Fy < Cy < 1. Then the Cheeger ratio is &y = Fy;/Cp, which is the
conditional probability that the stationary process leaves U in a single step given that
it starts in U. The Cheeger constant is then defined as

® = min &y
Ucv
Cy<1/2

We can relate the bottleneck ratio directly to ergodicity. Consider a Markov chain
with transition matrix P and state space 2. Suppose it is irreducible and aperiodic

with stationary distribution 7. The bottleneck ratio relates back to ergodicity by
providing the following lower bound on the mixing time

Z 1h(G) (Theorem 7.3 of [53])

We can also get an upper bound on the mixing time from the bottleneck ratio.
Let Ay be the second largest eigenvalue of a reversible transition matrix P, and define
the spectral gap v =1 — A\y. Then

<~ < 2h(G) (Theorem 13.14 of [53])

It follows that
i (E

Let Mmin 1= min,eq 7(z) and define the absolute spectral gap 7. = 1 —max;>1 |)j].
Then
tmia(€) < —10g(€mmin) Vs " (Theorem 12.3 of [53])

If our chain is lazy, that is it remains in its current state with probability at least
1/2, then A = A, (Exercise 12.3 of [53]). Thus we get the upper bound

tmiz(€) < — log(emmin)2h(G) 72
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Example 2.4.2 (Cheeger constant of complete graph). The complete graph on n
vertices obtains the maximum Cheeger constant as each vertex is connected to every
other, thus having no bottlenecks. By symmetry and the indistinguishability of the
vertices, it suffices to consider each possible size of subset to determine which is
the minimizer of the Cheeger ratio. Note that each subset of k& vertices will form a
k-clique.

Let U be some k-clique of K,,. The allowed values of k are [1,...,[5|V][|]. U
has |[OU| = k(n — k) edges in the boundary as each of the k vertices is connected to
the n — k vertices outside U. The Cheeger constant is the minimum of @ =n—Fk
which is decreasing in k. Thus k* = [$|V]] is the largest allowable subset, producing
the Cheeger constant of

n even

1 n
MK, =n— |=n| =42
( ) n \‘QnJ {nT_l n odd

Figure 2.22: The 6-barbell graph obtained by connecting two copies of Kjg
by a bridge.

Example 2.4.3 (Cheeger constant of barbell graph). Consider the barbell graph
composed of two copies of the complete graph on n vertices (i.e. K,) and a single
edge connecting these two components. We refer to the edge connecting these two as
a bridge.

For the barbell graph, the Cheeger constant will achieve its minimum when
partitioning the graph into its two n-cliques. The edge boundary will have cardinality
|OU| = 1 as it only includes the bridge edge, giving h(n — barbell graph) = % Note
that each copy of K, could be replaced with any connected graph on n vertices and
the Cheeger constant would remain the same.

Consider a random walk on the barbell graph where at each vertex a neighbour
is chosen uniformly at random as the next state. Then it is likely the walk would
remain trapped in the clique containing as the probability of choosing the bridge edge
to the other clique is small. The expected waiting time before leaving the starting

clique follows a geometric distribution. At time step ¢, there is a % chance if the
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current state is the endpoint of the bridge, or otherwise a ﬁ% probability to first go
to the bridge endpoint and then leave. A simpler upper bound is given by picking an
edge and direction uniformly at random from the edges incident to the starting clique.
This follows a Bernoulli distribution with a m probability of picking the bridge.
The expected waiting time for the first success follows a geometric distribution and
is (n — 1)n 4+ 1 time steps. Now compare this to the complete graph on the same
number of vertices, namely Ks,, where the vertices have similarly been partitioned
into two disjoint cliques of equal size. There the probability of leaving the starting
clique is 5"+ at each step, and so the expected waiting time to leave is % < 2 time
steps. Thus the required number of samples before observing a member of the other

clique is quadratic in n for the barbell graph but constant for the complete graph.

The barbell and complete graphs give lower and upper bounds respectively on
the Cheeger constant. Thus 2 < h(G) < % for any connected graph G on n vertices,
and h(G) = 0 if G is disconnected.

2.4.3 'Wang-Landau Algorithm

Often we want to get past bottlenecks faster than standard Markov chain Monte Carlo
sampling techniques allow. This motivated the development of sampling techniques
that modify the density of states over the course of the algorithm. Importance
sampling is a family of techniques that estimate properties of a distribution from
samples of a different but related distribution. Umbrella sampling [33] is a related
method that seeks to overcome bottlenecks. In Example 2.4.4 we will see that the
mean-field Ising model has exponential mixing time, whereas the Wang-Landau pro-
cess converges to a Markov chain with mixing time in O(nlogn). This is a significant
potential improvement. This section introduces the Wang-Landau sampling method
that inspired this thesis’s proposed sampling method.

The Wang-Landau algorithm [$5] estimates the density of states in a Markov
chain with respect to some cost function. It does this faster than the standard random
walk by performing a specific non-Markovian, i.e. non-memoryless, random walk. As
states are visited the walk becomes biased away from states with costs that it has
already seen. This process eventually converges to a Markov chain with a uniform
distribution over the possible costs, and hence has fast mixing. While modifying the
original Markov chain to produce faster mixing, the true densities of the cost function
are calculated. We now describe the algorithm more carefully.

Let € be the state space. Under the Ising model described in Example 2.4.4,
Q = {—1,+1}Vl'is all possible labellings of the vertices of a graph G = (V, E) with
either positive or negative one. Equivalently, it is the space of all 2-part partitions of
the graph. In community detection, {2 would be all possible partitions of the graph’s
vertices. In general we are often interested in limiting the choice of valid partitions on
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Algorithm 4: Wang-Landau Density Estimation Algorithm

Input: graph G = (V, F),

space of allowed partitions 2 C Py where Py is the space of all partitions
of G

random proposal function o : 2 —

energy function F : Q — [Enin, Fmnax,

number of bins N € N,

density tolerance § used as a termination condition

Initialize: Let Ay = % and
In = {[Fumin + (1 — 1)An, Epin + iAN]}ﬁil

Set energy level histogram H(I;) = 0 and density g(I;) = 1 for each I; € Iy

Let D : [Ewin, Emax] — In be the map that identifies the interval containing
the argument

Set convergence factor f(t) = exp(1/t)

Set t =0

Generate a valid starting partition

repeat
| Select random Cj € €2

until F(Cy) € [Emin, Puax;
Random Walk:
while |1 — f(t)| < ¢ do
Generate a valid proposal
repeat
| Select random move proposal C' = o(C;) € €
until E(C’) € [Ewin, Prax);
Compute the acceptance probability

AN 9(E(Ch))
A(C") = min {1, g(E(C,))}

Sample U ~ Uniform(0,1)
if U < A(C') then
| Accept the proposal Cy,1 = C’
else
| Reject the proposal and keep the current state C; 1 = Cy
Update energy level histogram H(D(E(Ci41)) = H(D(E(Ciy1)) + 1
Update energy level density by convergence factor
9(D(E(Cri1)) = g(D(E(Cri1)) - f(2)
Set t =t +11 t(I)_ increment time
gnorm([z’) = % for i € [17 s 7N]
return g,.rm
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a graph to the subset that generate connected subgraphs for each part, thus reducing
the state space. This can be achieved by defining €2 to be this set.

Let F : Q — [Emin, Emax) be a cost function. In statistical physics the cost func-
tion is often the energy of a partition. Later in Example 2.4.6 the cost function will
be the negative of the modularity of a partition. For N € N, let Ay = @ and
let Iy = {[Ewmin + (i — 1)Ay, Epin + Z'AN]}Z.N:1 be the usual partition of the interval
[Ermin, Emax) into N parts.

Let g : In — [0,00) be a density we assign to each interval in Iy, and let
H : In — {0} UN record the number of times the algorithm has visited each interval
in Iy. The values of these functions will be updated at each step of the algorithm’s
random walk. H is initialized identically to zero as no states have yet been visited
and so no values for the cost function yet observed. ¢ is initialized identically to the
uninformed prior of one as a cost value from any of the intervals is a priori equally
likely to be seen.

A random initial partition C' € €2 is chosen and the algorithm begins its random
walk by proposing new states and either accepting or rejecting each proposal. Under
the Ising model that Wang and Landau originally worked with this involved randomly
selecting a vertex and flipping its label’s sign. In the community detection setting
it would again involve randomly selecting a vertex but then changing its community
assignment. Suppose C’ € ) is proposed as a move. The transition probability for
moving from cost E(C) to E(C") is given by

P(E(C) — E(C")) = min {1’ %}

This probability is also taken to be the probability of accepting state C’. In the
traditional Metropolis algorithm, a function f(z) that is proportional to the desired
probability distribution P(z) is used to construct the acceptance ratio f(z)/f(z) =
P(z")/P(z) for moving from state x to z’. In the Wang-Landau algorithm the accep-
tance ratio is the inverse of the Metropolis construction.

Let D : [Emin, FPmax] — In be a function that discretizes an energy value by
sending it to the interval in Iy that it is contained by. After each proposal the
histogram H is updated by incrementing the count for the interval D(E) containing
the new energy level E, ie. H(D(E(C"))) = H(D(E(C"))) + 1 if the proposal is
accepted or H(D(E(C))) = H(D(E(C)))+ 1 if the proposal is rejected. Additionally
the corresponding density g is updated by multiplying by a convergence factor f, with
g(D(E(C"))) = g(D(E(C"))) x f or similarly if C' was chosen. The authors suggested
f = e. Changing the acceptance probabilities at each step is the central idea of the
Wang-Landau algorithm as this update makes it less likely that states of already seen
energy levels will be visited in the future. This speeds up traversal of the image of
the cost function. Updating this probability makes the algorithm non-Markovian,
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as the stochastic process now depends on the previous states visited and so is not
memoryless.

Proposals are repeatedly made until the histogram H(Iy) becomes sufficiently
close to the uniform distribution. The authors define this as the flatness condition
and require the histogram value H(I;) for each I; € Iy not be less than 80% of
the average of all the histogram values. Alternatively the condition could be that
a fixed number of steps at the current stage have been taken. At this point the
convergence factor is decreased, usually by fir1 = \/fr where f. is the convergence
factor at stage k. The histogram H is then reset to zero identically everywhere. These
stages continue until f becomes sufficiently close to 1, for example the authors suggest
f < exp(1078) ~ 1.00000001 as a termination condition. This can be written more
compactly by specifying a density tolerance ¢ and terminating when |1 — f| < 6, i.e.
§ = 1078 for their suggestion.

After terminating we are left with g(F([;)), which is the exponential of the
relative density of each interval I;. To get the absolute density the normalization

In(g(E()))
> n(g(E(1))

Gnorm (Ez> =

is performed for each interval I; in Iy.

It was later shown in |7] that decreasing f faster than 1/¢, where ¢ is the Monte
Carlo time, causes the error to converge to some nonzero value and hence causes the
density to not converge to the true value. Instead the 1/t algorithm was proposed to
avoid this problem. It sets the convergence factor to f(t) = exp(1/t) and is updated
at each Monte Carlo time step. While this may make the estimate more accurate than
the original algorithm, the longer run time makes it less efficient. In Example 2.4.6 it
will be shown that the 1/t convergence factor leads to convergence that is far too slow
to be practically useful. The authors that proposed the 1/t algorithm later suggested
a hybrid version in [0] that uses f = e for the first 1000 steps and then switches to
f(t) = 1/t. This provides faster convergence while also some theoretical guarantee of
convergence to the correct value.

Example 2.4.4 (Ising model). The Ising model on a graph G = (V| E) at inverse
temperature 5 > 0 is a probability measure on labels C': V' — {—1,1}. The energy
of a partition C' is defined to be

H(C)=- ) C@)C(w) (Equation 3.7 of [53])

v,weV

(vyw)eE
The Ising model has likelihood proportional to u(C) = exp(—FH(C)) (see Equa-
tion 3.8 of [53]). At each step a vertex is chosen uniformly at random and its label
updated according to the distribution p conditioned on the labels of the other ver-
tices. The inverse temperature 5 determines the importance of the energy function.
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At infinite temperature (8 = 0) the energy H plays no role and p is the uniform
distribution. For larger 3, p becomes biased towards low-energy partitions. In the
low-energy setting the most likely partitions are those with all -1 or all +1.

Define the mean-field Ising model to be when G' = K, is the complete graph.
For B = yn~t, if v < 1 then t,,;, = O(nlogn), and if v > 1 then there exists some
positive function r(y) such that ¢, > O(exp[r(v)n]) (Theorem 15.3 of [53]). Thus
at low temperatures (7 > 1) the mean-field Ising model has slow mixing.

The Wang-Landau process on the mean-field Ising model converges to the simple
random walk on the n-dimensional hypercube, where at each step a vertex is chosen
uniformly at random and its label flipped. Its mixing time has the upper bound

tmiz(€) < nlogn —log(e)n (Equation 6.15 of [53])

This is much smaller than the exponential mixing time of the mean-field Ising model.
It is for this improvement to mixing time that the Wang-Landau algorithm is used.

Above we identified a phase transition in the dynamics of the mean-field Ising
model; for inverse temperature 3 less than n~! there was fast mixing, and for 3 greater
than n~! there was slow mixing. These phase transitions are of especial interest in
statistical physics. Matter can be given a simple representation by taking G to be
a lattice graph, which allows only neighbouring particles to interact. These phase
transitions then occur when a more ordered and a more disordered form of the same
material are in thermal equilibrium with each other. One example is the changes
between states of matter. At the melting point a highly structured crystalline solid
transforms into a liquid with weaker interactions between atoms/molecules. At the
boiling point even these weak interactions disappear and individual particles begin
moving independently. Another example is the magnetic phase transition between
ferro- and para-magnetic states. Magnetic interaction energy comes from the mag-
netic spins of neighbouring particles being aligned. The £1 labels of the Ising model
then correspond to up and down orientations of the individual magnetic particles. Fer-
romagnets have greater magnetic interaction energy and lesser thermal energy, while
paramagnets have greater temperature and randomly aligned spins. Other examples
of phase transitions include super versus normal conducting states, crystallographic
(structural) changes within solid phases, etc. Much of the motivation (and language)
for the method presented in this section comes from statistical physics.

Example 2.4.5 (Wang-Landau on the barbell graph). Recall the barbell graph from
Example 2.4.3 that consists of two copies of K,, connected by a single edge for a total of
2n vertices. A random walk is defined on this graph by choosing a neighbouring vertex
uniformly at random. For simplicity we will consider a chain merely inspired by the
barbell. To construct it we “collapse” the associated Markov chain into four states;
the exchangeable vertices within the left and right bells become their own states
and the unique left and right vertices that form the bar remain as is. Figure 2.23



2. PREVIOUS RESULTS 51

depicts this Markov chain and its transition probabilities. We’'ll see that this chain
has hitting/mixing time on the order of n?, but that the limiting Wang-Landau chain
has hitting/mixing time on the order of n.

1/(n—1) (n—1)/n

e \
n2 Left Be Right Bar Right Bell 2=
>

(n—1)/n 1/(n—1)

Figure 2.23: “Collapsed” Markov chain of the barbell graph.

This has transition matrix

(n—2)/(n—1) 1/(n—1) 0 0
p_ (n—1)/n 0 1/n 0
N 0 1/n 0 (n—1)/n
0 0 1/(n—1) (n—2)/(n—1)

and stationary distribution 7 satisfying 7P = m where

1 2 2
W:2+2[n/(n—1)2](1 n/(n—1)* n/(n—1)* 1).

It has eigenvalues

2(n—1)n
o n2—vn44+2n3—9n2+4+6n+1—3n+1
(n—1)n> 2(n—1)n

{ 1 n2+v/n%+2n3—9n+6n+1—3n+1 }
) )
1

and hence spectral gap

n24+vVnt+2n3 —9n2+6n+1—3n+1

V(n) =1 2(n—1)n
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1 VnA+2n3 —9n2 +6n + 1 n N 3 1 49
2 (n—1)n (n—1) (n—1) (mn—1)n

which converges to zero as n goes to infinity. For n > 2 we have v(n) < 3, and

hence y(n) = O (#) Thus this chain will have very slow mixing as the spectral gap
converges to zero like n—12 i.e. very quickly.

We now compute the Cheeger constant of this Markov chain. There are only
finitely many cases, and it can be shown that the minimizer of the Cheeger ratio is
the subset containing a bell and bar of the same half. Without loss of generality we
consider the left half. Let U be this subset containing the left bell and left bar. Its
capacity is Cy = % and its ergodic flow is Fyy = %(an)Q = (n_ll)Q. Then its Cheeger

ratio is &y = Fy/Cy = (W% Thus for n > 3, & = (n31)2‘ This gives us the lower

bound on the mixing time o

1 (n — 1)
tmia(1/4) 2 15 A

which again shows this chain will have very slow mixing on the order of at least O(n?).

The collapsed barbell graph is an instance of a birth-and-death chain as de-

fined in Section 2.5 of [53]. Note that every birth-and-death chain is reversible (Propo-

sition 2.8 of [53]). For a < b we have

Ea[Tb] = Z EZfl[TE]

{=a+1
where
1 -1
E/q|lm| = — W, Equation 2.16 of
v 1[€] (sze; j ( q [ ])

Let the states {left bell, left bar, right bar, right bell} correspond to the labels {0, 1, 2, 3}.
The hitting time of the right half starting from the left bell is then

Eo[Tz] = Z Eeq[ﬂz]

Il
—_
_|._
—_
1
[a—
_l’_
S
| IS |
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In Equation 2.4.1 we defined the maximum hitting time of “big” sets where, for

a < 1/2, we have

t = E.

H(Oé) :I:,Arzgrl(aA)(;Za [TA]
Let « = (n—1)/(2n) < 1/2 and A be the right half. By symmetry m(A) = 1/2 which
is greater than «. By inspection the maximizer of ¢y («) is A as above and x equal to
the left bell. Hence tg(a) = Eg[rs] = n%. Then by Theorems 1.1 and 1.4 of [72] there
exists positive constants ¢ and ¢/, such that

/

%"tH(a) < tare(1/4)

This providing a lower bound on the average mixing time.

C/
2n? < tape(1/4)
c

We would like to proceed similarly by computing the hitting time for the Wang-
Landau algorithm, and then using the result from [72] to get an upper bound on
the average mixing time. With an upper bound on the Wang-Landau algorithm’s
hitting time and lower bound on that of the original chain, the improvement in rate
of convergence should be apparent. Unfortunately the real Wang-Landau algorithm
isn’t a Markov chain on the original state space, and so does not have a mixing
time (or spectral gap). It does have worst-case hitting times. There are two further
problems when trying to apply this theory to a non-Markovian chain like the Wang-
Landau algorithm. The first is that the chain must be reversible in order to get the
upper bound from Theorem 1.1 of [72] of t;, < ¢4ty () for some constant ¢,. The
second is that 7 is the stationary distribution of the original Markov chain and this
is not equal to the limiting distribution of the Wang-Landau process, which is the
uniform distribution.

Instead we will sketch how Wang-Landau improves mixing. Let {2 =V and cost
function £ : V' — Z, simply identify which state of the collapsed barbell we are in. At
each step of the random walk Wang-Landau will increment the density of the current
state, biasing future steps away from it. Without loss of generality suppose the walk
starts in the left bell. We collapse into one state the two states of the right bell, i.e.
states 2 and 3.

The acceptance ratio for moving from states 1 to 2 will be 1 until we first hit
state 2. Moving between states 0 and 1 will be affected by the Wang-Landau process.
Let g:(z) denote the density of state = at time t. Note that ¢;(x) is a statistic of the
previous random states the walk visited. When computing the hitting time we are
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interested in the truncated chain with the following transition matrix

n ¢ (1) n—2 ¢ (1)
ﬁ<1—m1n{1,§t(0)}> L2y {1 gt 5 0
P = n—1_: (0) +(0) 1
2= min 1,2(1) ( n{ o 1)} -
0 1 n—1
This converges to
1 1 0
n721 1 n721 1 1
P=1%"3 "2 &
0 1 n—1

This has stationary distribution

The expected hitting time of this limiting truncated chain is then

1

= wo + [wo + w1]
g1 goWo
B 1 N 1 {1_1_ n}
T n=11 n 1 n

St Sl n—1
=2+(n—-1)+n
=2n+1

As a linear hitting time this is significantly faster than the quadratic hitting time
before. As it takes time for the Wang-Landau process to converge to this chain, this
is only a lower bound on the hitting time.

Example 2.4.6 (Wang-Landau estimation of partition density at each modularity
level). This example gives an estimate of the density of partitions at each modularity
level using the Wang-Landau method. The original Wang-Landau paper considered
the Ising model with G equal to the 50 x 50 square lattice graph This small size was
chosen as the exact energy distribution could be calculated. Here a similarly small
example is chosen in the community detection setting where every partition can be
enumerated and its modularity computed to yield the exact modularity distribution.
This is just a toy example and as far as we know not a problem that is actually
studied.
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To generate a proposal the Wang-Landau algorithm picks a vertex at random
and flips the sign of its label. For this two community case there is a bijection
between < 2-part partitions and 2-colourings and so sampling by randomly picking
2-colourings is equivalent. In the case where there are more than two communities
a vertex could belong to this will not work as the number of colourings grows faster
than the number of partitions. For instance the number of partitions of 8 vertices is
Bg = 4140 and the number of 8-colourings of 8 vertices is 8%, so the partitions only
represent approximately 2.4 x 1074 of all colouring states. As this is far from injective,
sampling from the colourings is insufficient and so a different proposal generator must
be used. Instead a vertex can be selected at random and a label randomly chosen
from among the communities of the other vertices. Additionally if the selected vertex
is not the sole member of a community, then a new label is also proposed as a choice.
If it did belong to a singleton community, then suggesting a new community would be
simply proposing the existing state. Thus sampling is equivalent to a random walk on
the poset of partitions ordered by whether they are one move away from each other.

Consider the graph on 8 vertices introduced in Figure 2.13 and comprised of four
2-cliques with all edges added between each pair of cliques except for two. In this
configuration there are actually two disjoint pairs of 2 4-cliques; one vertical and one
horizontal pair. This graph will be referred to as a [2,2]-block lattice graph; with
the cliques forming the corners of a lattice, there are two ways to partition them into
4-cliques. In total there are Bg = 4140 partitions of 8 vertices so it is feasible to
enumerate every possible partition, calculate the associated modularity, and update
the histogram to get the true density. In fact, due to the symmetry of the blocks
and indistinguishability of the vertices within each block, less partitions need to be
considered, but for the simplicity of computation this was not done. In general it will
not be possible to calculate the exact entropy, however studying this small example
allows the accuracy of Wang-Landau to be tested.

The termination condition exp(1/t) < 1+ 107° is achieved when ¢ = 10° so this
number of time steps will be used as an equivalent termination condition.

Figure 2.29 gives the true density of partitions at each energy level, computed
by enumerating each possible partition and computing its modularity. The energy
spectrum was discretized into 41 energy levels from -0.3 to 0.1. Figure 2.30 gives
the estimated density computed after taking 100,000 steps of the modified 1/t Wang-
Landau method. Figure 2.28 gives the difference in the densities, capturing the error
in this case for the Wang-Landau method. In this example we had 100,000/4140 ~ 24
times the number of samples as the total number of partitions and still had a sizable
error between the true and estimated distributions. However because this example
was so small it is not surprising that Wang-Landau did not perform well, as MCMC
and related methods like Wang-Landau work very poorly for small problems. For
“sufficiently large” problems we would expect MCMC to outperform enumeration.
Tuning the parameters of Wang-Landau may also have improve performance.
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The energy landscape can be visualized through an embedding of the partitions
into R? as in Figure 2.24. This was created via multi-dimensional scaling (MDS) using
the split/join metric introduced in Section 2.3.6. Just the partitions with positive
modularity can be embedded as in Figure 2.26. The two maxima are the two modes.
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Figure 2.24: MDS embedding of all partitions of 8 elements using the
split /join metric. Coloured by the number of parts in each partition.
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“Moufialarlt-y

Figure 2.25: Energy landscape of the 8-vertex [2,2]-block lattice graph. The

embedding from Figure 2.24 was used along with the modularity of each
partition. Coloured by the modularity of each partition.
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Figure 2.26: Energy landscape of the 8-vertex [2,2|-block lattice graph re-
stricted to partitions with positive modularity. The two maxima are the two

modes.
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Figure 2.27: True and estimated modularity distribution for the 8-vertex
[2,2]-block lattice graph. Estimate produced by a 100,000 step run of the

Wang-Landau 1/t algorithm.
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Figure 2.28: Error in the estimate from Figure 2.27 calculated as the differ-
ence between the Wang-Landau 1/t estimate and the true modularity distri-
bution for the 8-vertex [2,2]-block lattice graph.
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Figure 2.29: True modularity distribution for the 8-vertex [2,2|-block lattice

graph.
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Figure 2.30: Estimated modularity distribution for the 8-vertex [2,2]-block
lattice graph from a 100,000 step run of the Wang-Landau 1/¢ algorithm.



Chapter 3

Results

3.1 Algorithm Description

This section first presents the algorithm that we settled on and then discusses the
choices and tradeoffs that were made. We now provide more details about how our
algorithm works, with Algorithm 5 describing more specifics than were given earlier
in Algorithm 1.

Our algorithm should have a computational complexity close to multiple runs of
Louvain. At each step Louvain is run on the updated graph. Then the the downweight
is calculated, which can be done by sampling a small number of vertices. In practice
the total number of rounds can be limited to some fixed value. The final component
is the spectral clustering, with the number of parts it is given to cluster bounded by
the total number of rounds and Louvain’s resolution limit.

60
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Algorithm 5: Overlapping Community Detection (Detailed)
Input: graph G = (V, E)
If G is unweighted, assign each edge a weight of 1
Set t = —1, Gy = G, and R = the trivial single-part partition
repeat
t=t+1
Sample a partition C* = Louvain(Gy)
Find the part Cf,,, of C* with the greatest modularity i.e.
Oliest = arg InaXC’fEC’Zt {Q(Czt)}
for v € C},,, do
Calculate the downweight oy, required to move vertex v from C}
(Equation 3.2.1)
Calculate the required downweight oy to make Cf,,, unattractive to
Louvain i.e.
Qy = min{{at,v|v € Ogest}}
(For large graphs taking only a random sample of v € C},,, may be
feasible)
G = Gy
Downweight the edges of Gy;; that are internal to Cj,,, i.e.
for each edge e = (u,v) € Eyy1 where u,v € Cj,,, do
| Downweight edge e by weight(e) = oy - weight(e)
R = the refinement of R’ and C*
until C! is not near the set algebra formed by RY;
Compute the similarity matrix from the parts of C*,..., Ct!
Identify and remove the singleton parts from this matrix
Spectral cluster the parts of partitions C!,..., C?, only keeping the best
representative from each cluster
return the representative and removed singleton parts from C!, ..., C!

est
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3.2 Choosing the Right Downweighting Approach

The following is a discussion of the decisions that were made when designing our
Algorithm 5 for sampling graph partitions. To inform which approach to use in
our algorithm we ran our algorithm with the different parameters on a synthetic
SBM and the real-world karate club graph. The SBM had two modes, which we
call vertical and horizontal with respect to the layout we provide. The karate club
graph is a very small social network and is expected to have only a single mode and no
overlapping community structure. To see how the algorithms degrade after visiting all
modes, no stopping criteria was considered so as to take more samples than would be
recommended. Being able to identify such degradation is important in constructing
a stopping criteria that only returns useful partitions.

Cold or warm start?

The usual picture for a “greedy” descent algorithm is as follows. We have a state space
(possible partitions), a “height” or loss function on the state space (the modularity
function), and a notion of which points are next to each other (partitions that differ
by swapping one vertex’s label). A greedy descent algorithm will then start at one
point and basically roll downhill until it comes to a local minimum in the height
function. Since a height function can have many minima, different initializations will
result in different outputs. We call the set of initializations leading to a given output
P the “domain of attraction” of P, since balls started in P’s domain of attraction will
be attracted to P.

When we discuss downweighting, we are trying to ensure that our Louvain “ball”
rolls to a new local minimum P’ and thus gives us a new partition. While there is a
way to force this to happen, doing this well turns out to be subtle and difficult for
reasons we explain here.

The simplest approach is to smash the height function completely flat in the
neighbourhood of the previous best partition P, ensuring that any initialization of
Louvain cannot possibly stop near P. We can do this by downweighting the edges
that are internal to the old partition, decreasing the modularity of any partition that
is similar to the old one. This works, but requires a very large downweight to the loss
function.

If our state space were 1-dimensional, this would be the only possible strategy -
you would need to smash flat all local minima to make sure they weren’t traps. But
in high dimensions, another approach is possible. Smaller downweights might leave
P alocal minimum while radically decreasing the size of its basin of attraction. This
might seem counter-intuitive, but it can happen for essentially all nontrivial examples
- consider e.g. gradient descent for simple functions like (x — 1) + C(z + 1)? as C
changes.
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This leads us to consider the problem of “warm” or “cold” starts - do we want to
start a new run at P or somewhere else? An algorithm has a coldstart if subsequent
runs start from a random or uninformed state. In our case, Louvain would be rerun
each time from the partition of singletons that Louvain normally starts from. An
alternative is a warmstart where the algorithm resumes from a previous state or a
state informed by previous runs. Each iteration of our algorithm would then look
like running Louvain until it reaches a stable partition, downweighting that partition
until it is no longer stable, resuming Louvain from this partition and following as it
moves on to a new stable partition.

Starting from a stable partition requires more energy to move away, thus requiring
a greater downweight than if starting from the initial unstable position. In fact
our analytical results overestimate the amount of downweighting necessary to force
mode swap. This is due to a nucleation phenomenon described in more detail in
Section 3.4.2.

Hence in a warmstart when starting from the previous partition, i.e. one that is
stable and likely to have the best modularity, a greater downweight will be required.
This required downweight is easy to calculate as the change in modularity needed to
move vertices out of their current community is given by an explicit formula.

Otherwise in a coldstart when starting from a random partition or the initial-
ization partition of singletons, a lesser downweight is required to make alternative
modes more attractive. In this case the minimal required downweighting is harder to
calculate due to the ergodicity of Louvain. The problem of moving between modes
is further discussed in Section 3.2.4. Thinking about our heuristics, it is clear that
we should expect to be able to get away with a smaller downweight if we have a cold
start - this allows us to escape from our old optimum P even if it remains a local
optimum.

For the SBM with two modes, we can see in Figure 3.1 that the coldstart algo-
rithm recovers these two modes in its first two samples.

The warmstart option of Figure 3.2 did not perform as well. After the first step
the best cluster from the first sample, coloured blue, was downweighted. In the sec-
ond step when t = 1, the vertices from this best cluster were absorbed by the two
unchanged vertical communities from the first mode. At the third step, an agglom-
eration of the horizontal communities is found. Later steps return partitions that
generally lie in the algebra formed from the parts of the refined partition. Thus the
warmstart option did not identify the two modes like the coldstart method did, first
getting stuck near the dominant mode and then visiting low resolution agglomerations
of parts of the second mode.

For the karate club graph we expect there to be only one mode. The warmstart
option of Figure 3.4 became progressively lower resolution. The first four steps were
simply a back and forth agglomeration of the best mode after downweighting. The
final 3 steps reach a stable partition with only a few vertices changing membership
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at each step. The coldstart option of Figure 3.3 It appeared to explore more of the
partition space and had a higher resolution i.e. greater number of parts for most
partitions it proposed.

Based on these experiments the coldstart option was chosen. It appears better
at exploring the partition space, and in particular does not get trapped near the
dominant mode. Additionally it appears to produce higher resolution partitions.

t=0 Q=0.401

Figure 3.1: Coldstart multi-level Wang-Landau sampling on a SBM.
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Figure 3.3: Coldstart multi-level Wang-Landau sampling on the karate-club
graph.
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t=0 Q=0.416 t=1 Q=0.61 t=2 Q=022 t=3 Q=0.161

Figure 3.4: Warmstart multi-level Wang-Landau sampling on the karate-club
graph.

Multi- or one-level Louvain?

The authors of ECG decide to use only the one level version of Louvain, saying “It has
been shown that using weak clustering algorithms in the generation step can produce
high quality results. Running a single level of the ML algorithm is a good example a
weak learner, where vertices are grouped into many small clusters” [741]. Using only
one level may avoid the resolution limit as the original Louvain authors note, saying
“the intermediate solutions found by our algorithm may also be meaningful and that
the uncovered hierarchical structure may allow the end-user to zoom in the network
and to observe its structure with the desired resolution” [11].

As our algorithm does not have as explicit an integration step, using the weaker
one-level option to get higher resolution partitions does not seem as beneficial. Our
post-processing step does attempt some level of integration, detailed in Section 3.3.
Downweighting itself appears to solve some of this problem. If two communities
are agglomerated and the internal edges of this agglomeration downweighted, at the
next step it is likely they would be either agglomerated with different communities
or end up alone. If again agglomerated, considering the refinement (i.e. disjoint
intersections) of the two partitions reveals the individual communities. For example
in Figure 3.5 the individual communities are mostly recovered by the third step. Post-
processing should resolve the remaining agglomerations into the higher resolution
refined parts. In the example the three 5-cliques that were agglomerated in the third
step appeared in two unique agglomerations in the preceding two steps.
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Figure 3.5: Coldstart multi-level Wang-Landau sampling on the ring of 24
cliques with clique size of 5. The first two steps suffer from the resolution
limit where small communities are undesirably agglomerated. This is largely
resolved by the third step.
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With respect to the SBM, the warmstart multi-level (Figure 3.2) and one-level
(Figure 3.7) produced the identical sequence of partitions. This is likely because the
community structure was strong enough in the SBM to be found at the first level of
Louvain. As the first two samples corresponded with the two modes of the SBM, this
was the best possible result.

For the karate-club graph, the initial sample of the multi-level option (Figure 3.3)
does not have the very small communities found in its one-level counterpart (Fig-
ure 3.8). Thus the multi-level option was deemed preferable.

= 0.401

Figure 3.6: Coldstart one-level Wang-Landau sampling on a SBM.
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Figure 3.8: Coldstart one-level Wang-Landau sampling on the karate-club
graph.
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Figure 3.9: Warmstart one-level Wang-Landau sampling on the karate-club
graph.

Downweight only one cluster, everything, some weighted mix-
ture?

How far should you go between the smallest downweight that causes a vertex to switch
and obliterating the cluster?

We take the approach of downweighting only the best community (i.e. the one
with the greatest contribution to the overall modularity) at each iteration. This
approach felt more surgical and accommodating of a heterogeneous energy landscape
with varied edge densities. While it is conceivable that it may take longer to force a
mode swap as each part would need to be downweighted individually, for the example
SBM of Figure 3.1 it was enough to force a mode swap in the second step. This may
be because eliminating a single part is enough to make the alternative mode more
attractive.

Experimental or analytical approach?

Without any knowledge about how edge weights affect the partitions Louvain pro-
duces, the natural way of downweighting would be to make many small downweights
until a change is produced. However this has the downside of being slow. Instead
the downweight that breaks up the best community is used, and is analytically de-
termined.

An alternative would be to use the gradient of the modularity in the energy
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landscape to determine the downweight. Around each local modularity maxima there
exists a basin of attraction, i.e. a neighbourhood of partitions upon which Louvain
is drawn to this local maxima. The size of this basin and the gradient of the modu-
larity around the maxima could be estimated. These values could then be fed into a
downweight calculation. With this the internal edges within the maximizing partition
could downweighted so that this maxima and basin no longer exist, forcing partitions
in the basin to be attracted to other maxima. This would be faster than making in-
cremental, uninformed downweights until a change is produced. However calculating
the size of the basis and gradient is non trivial and would be more computationally
intensive than our downweight.

3.2.1 Analytic Warmstart Downweight

In this section we determine the downweight required to make Louvain take at least
one step away from its current stable partition, i.e. move v to another community by
switching its label. We call such a downweight and resumption of Louvain a warmstart
for our algorithm. It will take exactly one step away if v had the weakest attraction to
its current community out of all vertices. (Recall that ¥ 45 denotes the sum of edges
between the set A of edges and B. Refer to Table 2.1 for a detailed explanation of
the notation.) Recall Equation 2.3.4 that says the change in modularity for moving
a vertex v into community C; is given by

Yo, YveXve
A=) =o5 0~ o2,

The change when v is removed from community C; is the negative of the change if
it were added, i.e. AQ(C; — v) = —AQ(v — C;). With both of these formulas, the
effect of moving v from C; to C; is AQ(v — C;) — AQ(v — C;).

Suppose we want to find the largest o € [0,1] such that downweighting the
internal edge weights of C; by «, i.e. taking aw, to be the new edge weight for each
edge e internal to C}, causes vertex v to change communities.

After downweighting the internal edges of C; by a the components of the mod-
ularity formula become

Q/V = Zw; = Z AW, + Z We = OCECZCZ- + (EVV — Ecici) s

ecFE ecC} e€E\C;
%/C’i = aXic,c; + (EVCH' - EC’z‘Cz‘) )
E/Civ = QECW’
Vo = 0Zcw + (Bve — Eow)

With the internal edges of C; downweighted by «, the change AQ(C; — v) for
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removing v from Cj; is then
AQ(C; —v) = —-AQ(v — ()
Yow | Xve Xy
Ty, | 2vR,
X
2(aXc,c, + Cvv — Xe,q,))

n (aXc,c; + (Bve, — Xoo))(@Xo + (Bve — X))

2(aXcie; + Bvv — Xe,e,))?
With respect to community C}, the only terms that are changed by downweighting

C; are the total edge weight sum Xy and the degree Xy, of v as these are the ones
that involve internal edges of C;. The change AQ(v — C;) for adding v to C; is then

Yo Tvg By,
AN 252,
_ Xc0 v (g + (Bve — Yew))
 2(aSge + Bvv —Zaa)  2(aSee, + Svy — o))’
We can then calculate the value of a at which there is a positive change in
modularity for moving vertex v, and hence v would be moved by Louvain.

0=AQ(v—Cj) — AQ(v — C;)

AQ(U — Cj)

B { Yc;v g (@gw + (Bve — Xow))
e (O[EC'LC'L' + (EVV - EC'LCZ')) 2 (OCECZCi + (EVV - EC,Ci))2
n [_ aXicw L (aXc,c; + (Bve, — Xeo))(@X0w + (Bve — Xepw))
2(aX e, + Bvy — X)) 2(aXgc, + Bvv — Xec;))?

= Ycpw (X0, + (Bvv — Xoe,)) — Bve,; (@Xcpn + (Bve — X))
— X (aXc0 + vy — X)) + (@B, + (Bve, — Boe)) (@Xc + (Zve — Xepw))
= aXic,0, X0 + XvvEcw — 20050 — OXcw2ve; T Lvedive; — Lowlve;
— &*Ye,0, 800 + aSvvEce — aSc,e X + @ Xaic, Sow + aXcic Sve — aSe,c ey
+ aXye, Yo + Xve, Xve — My Yo — aXe,c N0 — Xoicilve T o Xcw
= (Be,0.Ec — Lo, Bow) + a (Be,aBc0 — Sepve, + BvvEow — Se,a S
+0,05ve — S, Bow + SvaeSew — Lo Sow) + (BvvEee — Saie, Sope + SveSve,
—YewEve, + Sve,Sve — Sva, e — Saic Sve + Seye Sew)
= a (S0, 00 — Bepdve, + SvvEew + ZeoEve + Sve Sew — 3860, Sci)
+ (SvvEce — Bea, B + Zvelve, — ScwSve; + SveSve — SveScw — B, Sve
+X¢,0.%00)
(3.2.1)

The quadratic formula then gives the desired downweight « (if one exists).
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3.2.2 Analytic Coldstart Downweight

To develop some understanding of how downweighting affects modularity we will
consider a situation where we know all modes a priori and need to determine the
required downweight to move between them. Note that in practice we would not
have this information and so must rely on the analytic warmstart downweight. Let
G = (E,V) be a weighted undirected graph and let C'p and C} be two partitions (i.e.
modes) of the vertices of G such that Cp dominates the inferior mode C; (i.e. Cp
has higher modularity than C7). Suppose we want to find a downweight « € [0, 1]
such that when the internal edges of Cp are downweighted by a the modularity of
Cp is equal to that of C; (both modularities are computed with respect to this new
downweighted graph). Note that the greatest downweight corresponds to the smallest
change in the edge weights of G. This section will give a formula for the required
downweight «. In practice if Louvain first returned C'p we would not know about
C7 a priori, and so would need to make incremental trial downweights until Louvain
arrived at this inferior mode. Nevertheless knowing for what downweight Louvain has
a phase transition between the modes it proposes is important for informing what the
incremental downweights should be, and for our understanding of the behaviour of
Louvain.

In order to find such a downweight it is easier to consider the matrix formulation
of modularity as given in Equation 2 of [60]. We will switch to the original notation
that, while less clear, is more compact. The modularity matrix is defined as B =
A— % where k is the n x 1 degree vector for the vertices in G, i.e. k; is the degree of
vertex ¢. For our weight graph, degree is the sum of the edge weights adjacent to the
vertex. The degree vector can be rewritten as k = A1 and k; = deg(i) = >_; Aj; =
e; A1 where 1 is the n x 1 ones vector and e; is the i-th standard basis vector. Thus
kk? = A1[A1]T = A11T AT = A117 A since A is symmetric.

Let C be a partition of V into r communities. Let .S be the n xr matrix where S,;
is 1 if v is in community ¢ and 0 otherwise. Thus the columns of S are the membership
vectors for each of the respective communities. Note each row has exactly one 1 as
each vertex can be assigned to only one community.

Then the matrix definition of the modularity of C' is given by

Q(C) = ﬁTr(STBS) (3.2.2)

In order to downweight edges internal to the communities of C', we need to decom-
pose A into its internal and inter-community edges. Here we will be downweighting
all communities of C'; however the following results generalize to downweighting e.g.
only the community with the best community. Let A be the matrix of edges internal
to communities of C, i.e.

-~ J Ay (4,7) is an internal edge of a community in C
Y00 otherwise
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Equivalently, A; can be viewed as A; “masked” by the membership vector of the

community that vertex ¢ belongs to. We similarly set A to be the “complement” of
A, i.e. the matrix of non-internal edges. Hence

~ 0 Aij 7é 0
Ajj = .
A;;  otherwise

Thus A = A + A. Then downweighting the internal edges of C' by a produces the

matrix a4 + A. Note that this downweighting and the construction of A and A are
with respect to a specific partition.
The sum of all edge weights in the graph (counted twice) is given by

i ij
After downweighting this becomes
om =17 [04121 + 2} 1=0a1741 +17A1

The normalized degree vector km gives the proportion of all edges that have ¢ as
an endpoint. Under our generative process, we “split” these edges into two and assume
vertex ¢ is responsible for the creation of half of these, giving us 21‘—7;1 Multiplying by
k; gives the expected weight of edges between vertices 7 and j that were generated
by 1.

After downweighting the n x n matrix kk” becomes

kk” = A117A
= [oz;l + ;l} 117 [ouzl + ;1]
- [aAnT + leT} [aA + Z}
— aA1170A + A117aA + aA117A + A117 A
= a?A117A + [Z11T21 + 2111@1} +A117A

We develop an equivalent statement for when the modularities of the two parti-

tions are equal.

Q) = Q(D)
1 1
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& Tr(BS;S}) = Tr(BSpSE)
by trace’s invariance under cyclic permutation

& 0 = Tr(BSpSEH) — Tr(BS;ST)
= Tr(BSpSE — BS;ST)
== TI‘(B [SDSE - S[S?})

setting A := [SpSE — 5157 ]
= Tr(BA)

The product S A selects the vertices that are in each community. Here the i-th
column of S¢St gives the membership vector for the community that vertex i belongs
to, and is repeated for each vertex. Thus the product A [SCSE} selects the neighbours
of vertex ¢ that belong to the same community and sums their edge weights. The
columns of A € {0,£1}™*" capture the difference in neighbours between the modes

Cp and Cf.

0 1,7 are not neighbours in a common community in either mode

1,7 are neighbours in a common community in both modes

Aij = [SDSg — S]Sf}

= O

K 1,7 are neighbours in a common community in D but not [

—1 4,7 are neighbours in a common community in I but not D

We can now isolate for o

0= Tr(BA)
~ = kK"
=T A+A——| A
r( {a + 5 1 )
~ ~ T
= 2mTr( [aA +A-— &} A)
2m

by the linearity of trace

— Ty( :Zm [aA + Z} - kkT] A)

— Ty( :[alTAl + 1T211} [aA + Z} - kkT} A)

— Ti( :a1TA1aA +17A1aA + a1TA1A + 1TA1A — kkT] A)
— Ti( :0421sz11121 +a [1@1121 + 1%1?1] F1TA1A — kkT} A)
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—Tr ( 21T A1A + o [1@1121 i 17711?1] +17A1A

24117 A — o [leTA + A11T§1} . leTZ} A>

_ ( :oz2 [1TA121 - A11T21}
+a[17A1A 4+ 17414 - A1TA - A117 A
+ [17711?1 - Z11T§1H A)
— Ty <a2 [1TA1AA - AllTAA}
+a[17A144 +17A1AA — AT1TAA - A117 A4
+ [1T21?1A - leTiAD
= o2 [1TA1T1~(AA) . Tr(A11TAA)}
ta [1T21Tr(AA) 1T AITE(AA) — Tr(A117AA) — Tr(AnTZA)]
+ [1TZ1T1~(ZA) . Tr(leTZA)}

The quadratic formula then gives the desired downweight a (if one exists).

3.2.3 Monte Carlo Downweight

Figure 3.10 plots the modularity of the dominant and inferior modes as the best
community of the dominant mode is downweighted. The two analytic downweights
developed above, the analytic coldstart downweight from Section 3.2.2 and analytic
warmstart downweight from Section 3.2.1, were added to the plot as vertical lines.
The min, median, and max values of the analytic warmstart downweight were plotted.

To see how closely the theory matches the reality of Louvain’s behaviour, Monte
Carlo experiments were conducted with varying downweights counting the number of
times Louvain returned each mode. A partition was marked as belonging to “neither”
mode if it did not perfectly agree with either the dominant or inferior mode. A 250
vertex [3, 10]-block SBM with edge formation probabilities [0.3, 0.6] and random
assignment of vertices amongst the blocks was used for these experiments.

Figures 3.11 and 3.12 present two separate Monte Carlo experiments after down-
weighting the best community of the dominant mode, the former considering down-
weights in the interval [0, 0.05] and the later downweights in [0, 1]. Figure 3.13
presents a Monte Carlo experiment where all the communities of the dominant mode
were downweighted. Of interest is a mode swap visible in Figure 3.12 that occurs
before the analytic coldstart downweight, which is when we might have expected it
to occur. This is likely explained by an emergent “nucleation” behaviour in Louvain,
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Figure 3.10: Modularity of the dominant and inferior partition as the best
community of the dominant mode is downweighted. The vertical lines at the
left of the plot are the min, median, and max downweights needed to move
individual vertices out of the best community, with values [0.02, 0.09, 0.2].
The vertical line at the right is the analytic coldstart downweight of 0.77 to
make the two modes have the same modularity.

explained further in Section 3.4.2. From these plots we can conclude that the chosen
downweight strategy will with high probability produce a mode swap, which is what
we desire when trying to improve the efficiency of partition sampling.

Figure 3.14 shows the each mode’s empirical probability under warmstart Lou-
vain, where the algorithm is initialized at the dominant mode. The dominant mode
is stable under Louvain until just before the downweight that would move a single
vertex from the best community of the dominant mode. At this point it abruptly
begins returning neither mode instead of the dominant one.
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Empirical Probability

Figure 3.11: Empirical probability of each mode over 101 replicates of cold-
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Figure 3.12: Empirical probability of each mode over 101 replicates of cold-
start Louvain downweighting best community of dominant mode. The ver-
tical lines at the left of the plot are the min, median, and max downweights
with values [0.02, 0.09, 0.2] needed to move individual vertices out of the best
community. The vertical line at the right is the analytic coldstart downweight
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of 0.77 to make the two modes have the same modularity.
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Figure 3.13: Empirical probability of each mode over 101 replicates of cold-
start Louvain downweighting all communities of dominant mode.
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Figure 3.14: Empirical probability of each mode over 101 replicates of warm-
start Louvain downweighting best community of dominant mode.
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3.2.4 Moving Between Modes

Can we downweight until Louvain finds the tunnel between modes? What does this
tunnel look like? How likely is Louvain to find it?

To appreciate the difficulty that single-move MCMC methods have in moving
between modes it is instructive to look at the paths (i.e. tunnels) they must take
between modes. Figure 3.15 visualizes the shortest paths between the vertical and
horizontal modes of the 8-vertex [2,2] block lattice graph with edge formation prob-
abilities of [1.0, 1.0]. These shortest paths are the best tunnels between the modes.
From this Figure it is clear that in order to move between modes we must pass through
states that have significantly lower modularity, thus making such swaps unattractive.
If the modularity of one of the modes was reduced to zero and Louvain started from
there, then Louvain would move to the other mode.

Even amongst these shortest paths there is variability in the cost of taking them,
with some paths having a greater modularity cost. In this example two partitions
that appear on the shortest paths (coloured yellow) have negative modularity, and
are [0,1,0,1,1,1,1,1] and [0,0,0,0,0,1,0,1].

Modularityv

Figure 3.15: The 4! = 24 shortest paths between the horizontal and ver-
tical modes of the 8-vertex [2,2] lattice graph. All partitions with positive
modularity were also plotted.
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We can ask what the optimal tunnel through the energy landscape looks like, if
forced to make only individual Louvain moves i.e. one vertex at a time. We present
two algorithms to do this, both of which give a characterization of the tunnels between
modes. They both work with the blocks of the refined partition,

They both work with the blocks of the refined partition, which we can think of
as working over the algebra induced by both partitions. We should move each block
at a time to maximize the internal edge counts and hence the overall modularity.
Two natural choices for algorithms to move between two modes present themselves;
a split-then-merge approach and a merge-then-split approach.

In the split-then-merge approach, for each horizontal cluster the corresponding
block in each vertical cluster is split off one vertex at a time and then merged. An
example is given in Figure 3.17.

In the merge-then-split approach, for each horizontal cluster, split off the corre-
sponding block from each vertical cluster not in the first vertical cluster. Merge each
of these blocks into the first vertical cluster. Once they are all merged, split off the
remaining vertical nodes that have not yet been assigned to a horizontal cluster. An
example is given in Figure 3.18.

Figure 3.16 compares the modularity of the partitions visited by each approach.
The merge-then-split passes through states of lower modularity, and so is not the
optimal tunnel between the modes. Some local maxima are observed whenever all
vertices within the same block of the refined partition have the same label.

— Merge-Then-5plit
Split-Then-Merge
— Modularity of Refined Partition

NS

Expected Modularity

T T T
1 2 24

: Move Nll.llmber t
Figure 3.16: Change in modularity when moving between modes. The split-

then-merge has the lower cost. Neither path visits a state with modularity
as low as the refined partition.
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Figure 3.17: The split-then-merge approach to moving between modes. The
Figure moves between the vertical and horizontal modes of the expectation
graph of the [2,4]-block SBM on 32 vertices with edge formation probabilities
of [0.3, 0.6].
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Figure 3.18: The merge-then-split approach to moving between modes. The
Figure moves between the vertical and horizontal modes of the expectation
graph of the [2,4]-block SBM on 32 vertices with edge formation probabilities
of [0.3, 0.6].
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3.3 Post-Processing

Iterative downweighting and calls to Louvain give us a procedure for producing a
sequence of partitions. However at some point these partitions will deteriorate in
quality by suggesting random partitions or parts that were already seen. Thus we
need some heuristic for deciding when to stop sampling partitions.

One heuristic for deciding to stop sampling is if the current step returns a parti-
tion that is similar to those previously seen. At step ¢ + 1 Wang-Landau will down-
weight the best community from step . If the other communities in the partition
proposed by step ¢ + 1 only absorb the orphaned vertices from this best community,
and do not materially change themselves, one could conclude that Wang-Landau has
not proposed a new mode and therefore should stop after step 7. This is evidence
that Louvain is staying near a local extrema (i.e. mode) and not moving to another.

3.3.1 Stopping Criteria

We need some criteria for deciding when to stop sampling partitions. To inform this
decision, after each step of sampling we can consider the partition refinement of all
previous samples. Given a new partition, we can then ask if it is different enough
from those already seen that we want to keep it and continue sampling.

The first heuristic we can apply is to check if partition C},; has stayed near the
mode described by partition C;. As our algorithm downweights the best part of C,
if the only difference between C;,; and C} is that the vertices of the best community
have been redistributed amongst the others, then the sampler has stayed close to the
previous mode.

An algebra of sets is a pair (V,C) of a set V' and family C of subsets of V. It
contains the empty set as an element and is closed under taking complements in V,
finite unions, and finite intersections. The refined partition gives us a set of disjoint
parts that can be used to form such an algebra. Thus we can construct an algebra of
sets from all previously seen parts, and use this to determine how similar the parts
of a new partition are based on how closely they belong to this algebra.

Suppose {C1,...,C;} are the first ¢t partitions generated from our sampler, and
that R({Cy,...,C}}) is the refinement of these partitions. Note that R itself is a
partition, and so the subsets it contains are all disjoint. We now consider the algebra
over V given by (V, R({Cy,...,C})) where V is the vertex set and the family of
subsets is the refinement of all previous partitions.

If partition Cpy; lies near this set algebra, then it is similar to what has al-
ready been seen and should be rejected. At that point sampling could be stopped,
however the sampler may simply be stuck near a modularity maximum and require
more downweighting to move away. This would especially be a concern if only the
community with the greatest modularity were being downweighted at each step.
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Alternatively this algebra of sets can be thought of as a subspace of Z‘QV| with
basis consisting of the indicator vectors of each part of the partition refinement. The
distance from the indicator vector of each part of Cyq to this subspace can then be
computed.

Once we have decided to stop we essentially have all the information we need and
just need to decide on the resolution we want. This will determine to what extent
intersections of observed parts are accepted into the final parts returned. We also
need to define a distance to compare parts to the algebra.

3.3.2 Clustering Parts

Once we have a sequence of partitions from our algorithm some final post-processing
is required to remove redundant parts that appeared in multiple samples. To do this
we will construct a similarity measure between pairs of parts that will then be used
to cluster the parts from these partitions.

Given two parts from two partitions, we want to know the likelihood they describe
the same SBM. Let A and B be two partitions of n vertices. Suppose graphs G and
G’ were generated from the SBMs of A or B. Can we tell if they were both generated
from the same SBM? If so, how many vertices do we expect to differ between the two?
Roughly speaking, Louvain guarantees that v will be assigned to the community it
has the greatest edge density within. What is the probability that v ends up in the
wrong community? How many vertices do we expect to see mislabelled? What is the
probability of seeing more than a given number of vertices mislabelled? Suppose we
have a classifier that places a vertex in the part that it has the greatest edge density
within. This is a simplification of what late stage Louvain does but will serve as a
heuristic. What is the rate of misclassification?

Suppose we generate a graph G from an SBM defined by partition C' and a
matrix of edge probabilities P. Let C be the partition inferred from G. Suppose we
have aligned the labels of the estimated part C; and true part C;, for instance by
permuting the labels in order to maximize the maximum overlap distance. What is
probability of observing a diference greater than or equal to A between C; and C;,

i.e. what is P (A <|C; \ @Z|>7 To answer this we first need to know the probability

of a vertex being misclassifed. That is, if v has true membership C;, what is the
probability it is not classified as belonging to C;? To make this problem tractable,
we assume our classifier has a simple criteria for making decisions; it will assign v to
whichever community its edges are densest in. This is a rough approximation of how
Louvain’s decision based on modularity works. We further assume that all previous
vertices were correctly classified. This is going to make our bound optimistic.

Recall that P;; is the probability of an edge between communities ¢ and j. The
number of edges between v and vertices from its true community ¢ is given by a
X, ~ Binomial(|C;|, P;;) random variable, while the number of edges between v and
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an alternative community is a X; ~ Binomial(|C}|, P;;) for all j # . Then the
probability v is misclassified as community C; is

Xi _ Xj)
Cil ¢

ICi| 1G]

= > > P(Xi = 2)P(X; = 2;) L0y jicui<ay /10|

P(v is misclassified) = P (

=> > P(Xi = 2;)P(X; = z;)

zi=0z;=[(2:|C;])/1Ci[]
|Ci IG5

> 2 (- e (90 era-pyer)
0 = | ) i T
=0 z;=[(2:|C;])/|Cil]

Vertex v will be misclassified if it has a greater edge density within any commu-
nity other than its true one C;. Thus the probability of misclassification is

X, X
P —=- < max —]})
<|Cz'| i {|Cj|

which can be computed as

X X, X X, X X.
P (o <ma{ 2 h) =1-p (2l ) =TI (62 )
(!Ci! #i LGl |Gl 7 LG H Gl 1G5

As the true value of probability matrix P is unknown, the empirical probabilites
from C can be used as an estimate.

Let A :=|C; \ C;]. Then A ~ Binomial(|Cy|, P(v is misclassified)) and we get a
one-sided right-tail p-value that for another sample C” at least |C] \ C’:] vertices will
be misclassified from

P(az(C/\C)

We take this as a similarity between parts.

To evaluate this p-value we compare it to a Monte Carlo p-value. Consider a
2-block SBM on 100 vertices evenly divided between blocks. Figure 3.19 shows that
this anayltic formula is a good approximation. For the sake of comparison, a block
size of 50-1 was used for v’s block, i.e. v was taken to be the 50-th vertex of the
block of interest in the analytic calculations. The 50-th vertex was found to have an
analytic misclassification rate of 0.139816 and a Monte Carlo misclassification rate of
0.139986.
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Figure 3.19: Monte Carlo and analytic probabilities of a given number of
vertices being misclassified. 10,000 replicates were generated of a 2-block
SBM with 50 vertices in each block, edge probablities of 0.5 within blocks
and 0.4 between blocks. This was compared to the analytic value.

Does the above heuristic of comparing edge density to determine misclassification
actually coincide with misclassification by Louvain? To answer this another Monte
Carlo experiment was conducted with the same parameters as above. The maximum
overlap distance was used to align Louvain’s estimate of the membership with the
true membership. This is the most charitable alignment possible and did not at-
tempt to maximize alignment with the second part. From Figure 3.20 it is clear that
the heuristic is much more optimistic than the reality of Louvain, with many more
misclassifications in Louvain. The signal-to-noise ratio for this example is too high
for Louvain to succeed, i.e. it is not in the feasible region. A Monte Carlo probability
of a given difference between the heuristic and Louvain misclassification is given in
Figure 3.21. The empirical probability of misclassification was 0.144 for the edge
density heuristic and 0.329 for Louvain.

In practice we do not know the true parameters, however we can obtain empirical
estimates for the edge probabilities p,q, Dys, P15 from the number of edges within and
between the parts of C' if we assume C' is correct. These probabilities are not going to
be true probabilities since we observe the data twice, once to place vertices in parts
and again to obtain edge probality estimates, but they will still allow us to separate
the parts.

Note that P(Y > |C\C;]) is not symmetric i.e. P(Y > |C\C4]) # P(Y >
|C;\Cy]). To symmetricize this in order to handle containment relationships, we take
the larger of the two probabilities.

This probability gives us a similarity between parts, and taking one minus this
probability gives a distance. The pairwise distance matrix can be computed and
given to a spectral clusterer, about which more details can be found in Section 2.3.5.
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Figure 3.20: Monte Carlo probability distributions for the number of mis-
classifications according to the edge density heuristic and Louvain. 10,000
replicates were generated of a 2-block SBM with 50 vertices in each block
and edge probablities of 0.5 within blocks and 0.4 between blocks.
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Figure 3.21: Difference between the number of misclassifications made by
Louvain and predicted by the edge density heuristic. 10,000 replicates were
generated of a 2-block SBM with 50 vertices in each block and edge proba-
blities of 0.5 within blocks and 0.4 between blocks.
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From each cluster only a single representative belonging to the earliest step is re-
turned. The returned parts are ordered by which step of the algorithm they came
from as an ordering of quality. Alternatively they could be ordered by their respective
modularities.

Example 3.3.1. Consider the graph with two modes detailed in Figure 3.22. The
first three samples from our algorithm are displayed in Figure 3.23, and the similarity
matrix between all parts is visualized in Figure 3.24. The first two samples capture
the two modes of this graph, with the third sample devolving into a perturbation of
the previously seen parts. This is captured in the similarity matrix where the parts
of the third partition have high similarity to the preceding parts. The Erdds-Rényi
component is fairly stable throughout all the samples, and is identified in the (1,4)
and (4,1) entries of the similarity matrix comparing the first two partitions, and again
in (4,11),(11,4), and (1,11) entries. Note that the (11,1) pair of parts was not deemed
similar, a consequence of the asymetric similarity used. However they will still be
reported as similar after clustering because of the chain of similarity between them
through other parts.

Figure 3.22: The disjoint union of an Erdds-Rényi random graph (n = 10,p =
0.4) and a lattice (n = 60, p = [0.4,0.4], and number of parts r = [2,3]).
Edges were then added as noise between all vertices from these two discon-
nected components with p = 0.05.



3. RESULTS 90

Figure 3.23: A sequence of partitions returned by our algorithm.
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Figure 3.24: The similarity matrix of parts of the partitions from Figure 3.23
visualized as a heatmap. The red squares delimit the internal parts of each
partition.
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3.4 Some Properties of Louvain

3.4.1 Louvain Never Proposes the Refined Partition

Theorem 3.4.1. Let A = A,U---UA,,, and B = B;U---UDB,,, be partitions of a set
of vertices V, i.e. V =[] ;e Ai = Uicjem, Bj- Let G = (V, E) be a graph with
vertex set V' and edge set E. An edge forms within part A; with probability p4 and
within B; with probability pg. With high probability this graph is then multimodal
as it is a mixture of the SBMs defined by A and B. Let R =| |,c;c,,, 1<jcm, Ai N Bj
be the refined partition with respect to A and B. Then Louvain will never choose the
refined partition. Furthermore, during Louvain’s first phase this refined partition will
not be stable. The refined partition will always have modularity smaller than one of
the modes A or B, i.e. Q(A) > Q(R) or Q(B) > Q(R).

We can see an intuitive argument for why this is true. Suppose Louvain was
initialized to, or in the first phase of the first level chose, the refined partition. The
second phase then sees the aggregation of each community’s vertices into one vertex,
i.e. each intersection A; N B, becomes one vertex. Since it is multimodal, these
aggregated vertices will be well connected and hence this induced graph will still
be very modular. Consider the refinement of each part A; of A with respect to
B,ie. A, = (AiNBy)U---U (A N B,), and similarly for part B; of B B; =
(BjNA;)U---U(B;jNA,). Then there will be many edges between the new vertices
(A;NBy), ..., (AiNB,,) for each A; of A and similarly amongst (B,;NA;),. .., (B;NA)
for each part B; of B. Thus Louvain will further group these individual refined parts,
leading to one of the modes being chosen. Note this is different than the resolution

limit which assigns higher modularity to agglomerations of communities. We will
explicitly show that Q(A) > Q(R) or Q(B) > Q(R).

Lemma 3.4.1. max{Q(A),Q(B)} > Q(R)

Proof:  Let graph GG and partitions A, B, R be as above. For simplicity assume all
blocks have the same size, i.e. n :=|A; N B;| Vi, j, and that each partition has the
same number of parts, i.e. m :=my = mp. Then |A;| = |B;| Vi, j, |Ai| = |B;| = m-n,
and |V| = |A| =|B|=m-|Ai| =m-|B;| = m?* - n.

Let pa,pg € [0,1] be the probabilities of an edge forming between two vertices
in a part A; of A or B; of B respectively. These parameters control the density of
edges within G. Following the notation we introduced in Section 2.3.1, let ¥¢,c; be
the sum of weights of all edges between the sets of vertices C; and Cj. Let E4[YX¢,c;]
be the expected number of these edges generated by the SBM defined by partition A
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and probability p4. Then

EXa,4] = EalXa,4,] + EB[X(a:08,}(in08,)]
mn(mn — 1 “n(n—1
1) Sl = 1)

9 : 9 bB
7j=1
mn(mn — 1) n(n —1)
= ———F——PAat+Mm——/—DPB
2 2
E[Saa] = ) E[Eaal]
i=1
= Z (EalZa,4,) + EB[Zainm,3{08,3])
i=1
= | mn(mn—1) " n(n—1)
= Z 9 pa+t Z 5 Pn
i=1 7j=1
mn(mn — 1 n(n—1
=) 1)
2 2
which is the sum of a Binomial(m%, pa) and a Binomial(m2@, pp) random

variable. Similarly E[Xpp] = m@pg

Since edge formation is independent by assumption, the expected sum of all edge
weights is

E[Xvv] = Ea[Xa4] + Es[XB5]

= EalSaal+ ) Es[Ss )]
i=1 j=1

mn(mn — 1) mn(mn — 1)
=mM——————Pa+tmM———— DB
2 2
m2n(mn — 1
= 5 )(pA +pB)

The sum of the expected degrees of each vertex in A;, i.e. total expected degree
of A;, is given by

E[Sval =2-Ea[Saa]+ Y EsSransiansy) + Y EslSas)]

= [mn(mn — 1)]pa + m[n(n — 1)]pg + m[n(mn — n)|pp
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For the refined SBM where each A;NB; is given its own community, the expected
number of internal edges is

E[E{AZHBJ}{AZQBJ}] - EA[Z{AzﬂBJ}{AZOBJ}] + EB[E{AZHBJ}{AZQBJ}]

_n(n—1) n(n —1)
= 5 P4 + 5 PB

= 4 )

Z E[¥X{a:nB,}{4inB;}]
1

WE

E[Xrr] =

.
Il
-

<.
Il

|
NE
NE

[EalZan8,34408,3) + EB[S 1408, 1408,}]]

1 1

-
Il
<.
Il

PB

Il
NE
NE

[n(n; l)pA N n(n2— 1)

1

17
on(n—1)

— w2 (pa + i)

—~

E[XvianB;] = E[Xa,nB,314,08;3] + EalXia\a14in8,}) + EB[E(B\Bi}{AinB,}]
= [n(n — 1)[(pa + pp) + [n(mn —n)](pa + p5)
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—pe(mn — )m — pa(n — 1)m? — pg(n — 1)m? + pa(mn — 1)
+ pp(mn — 1)

& 0 < pal(mn — 1)m? — (mn — D)m — (n — 1)m? + (mn — 1)]
+pgl(n —1)m?* — (mn — I)m — (n — 1)m? + (mn — 1)]

& 0 < pa[m®n —m® —m*n+m —m’n+m®> + mn — 1]
+ pplm®n —m® — m’n +m — m*n +m* + mn — 1]
& 0 < palm®n —2m*n +mn +m — 1] + pp[—m*n +mn +m — 1]
© 0 < pam’n — (2pa + pp)m*n + (pa + ps)mn + (pa + pp)m — (pa + ps)
< 0 < npam® —n(2pa + pp)m* + (n + 1)(pa + p)m — (pa + ps)
= 0 < [pam — 2pa — p|m®n + (pa + pg)[m(n +1) — 1]
& 0 < [pa(m —2) — pp]m?n + (pa +p)[m(n +1) — 1]

Since pa,pp € [0,1], (pa + pp)[m(n + 1) — 1] will always be positive. [pa(m —
2) — pg]m?*n could be negative if pa(m — 2) < pp. However without loss of generality
we can assume py > pg. Thus by symmetry max(Q(A), Q(B)) > Q(R).

1
0 < palm—2) — ps & —pa(m —2) < —pp < pa(m —2) > pp < 24 >
PB (m—2)

Thus when 5_2 < ﬁ partition A will have smaller modularity than the refined

partition R. This is the only case when both of the partitions will not have modularity
greater than the refined partition.

Figure 3.25 gives an example of this relationship for a small graph on 100 vertices.
The number of parts of A and B range from a singleton partition to each vertex being
in its own. The regime where A has modularity less than R is restricted to the region
of the top left corner in blue, when there is a small number of parts and py << pg.

The black vertical line corresponds to when p4 = pp and hence log;y(1) = 0. For
a fixed ratio p4/pp and fixed m, the difference in modularity Q(B) — Q(R) will be
somewhere on the other side of the vertical black line i.e. at the corresponding pg/pa
value.

Theorem 3.4.2. Suppose p := ps = pg. Then Q(A) does not depend on p.
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Figure 3.25: Difference between expected modularity of partition A and re-
fined partition R as the ratio pa/pp of probabilities and number of parts
m is varied. The number of vertices is fixed at |V| = 100. The colour is
the difference Q(A) — Q(R) between the modularity of partition A and the

refined partition.
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3.4.2 Nucleation

This section describes an emergent phenomenon in the early decisions of Louvain and
other greedy algorithms that explains why the downweight required to switch modes
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is significantly smaller than expected. Suppose that we have a lattice graph where
the edges generated by one mode have weight 1 and those from the other have weight
1—e. Recall that at the beginning of Louvain each vertex starts in its own community,
and that the algorithm at each steps decides whether to move a vertex into one of its
neighbour’s communities. At the beginning a vertex that has at least one neighbour
with shared edge weight of one will be merged together and it will not merged with
any neighbours it shares an edge weight of 1 — e with. Thus Louvain will choose these
2-cliques with edge weights of 1 as these will have superior modularity compared to
a 2-clique with weight 1 — e. This will carry on as 3-cliques, etc. are formed. Then
after downweighting, during the initial stages it is more likely that these cliques will
form within one mode, i.e. there will be a “nucleation” within that mode. This will
bias the algorithm into choosing that mode over the other.

Suppose we have a SBM with a 2-mode lattice community structure. Let C' =
C;UCyU---UC,and " = ClUCy U ---UC/, be the two partitions that were
used to generate the internal edges of each mode. Let C' be the dominant mode, i.e.
Q(C) > Q(C"). This means that the edge formation probability within the parts of
C' is greater than the probability within parts of C’. Suppose each edge that exists
is initially given a weight of 1. Now suppose that the internal edges of the dominant
mode C have been downweighted by 1 — €. Initially Louvain will not select these
edges, instead choosing the internal edges of the inferior mode C’ that have weight 1.
Thus initially cliques within the inferior mode’s blocks will be chosen.

For each community C}, j € [1,...,7’], of the inferior mode, the edges inside
each refined part C; N C’ will be downweighted as they are internal to C;. Thus these
edges will not be chosen during the nucleation phase. Instead edges between the
refined parts Cy N C%, ..., C, N C} will be chosen. Hence there will be 7 independent
r-partite graphs that are formed during nucleation. That is, C' induces a multipartite
graph with respect to each community C'J'». The expected number of k-cliques in a
multipartite graph will tell us the state that nucleation will leave Louvain in when it
starts choosing edges with weight 1 — €.

3.5 Ensemble Topic Modelling

Community detection algorithms have previously been applied to natural language
processing, specifically topic modelling of text data [30]. Let the vocabulary V be
an ordered set of words, and corpus of text documents {D;, ..., D,} be row vectors
in NIVl where the i-th entry of D; gives the number of occurrences of the i-th word
of V' in document D; for i € {1,...,|V|} and j € {1,...,n}. For simplicity assume
each document contains the same number of words, i.e. for all j € {1,...,n} we have
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|Djlly = N for some N € N. The matrix

D,
D=]":
D,
is defined as the document-term matrix. Define topics 1, ..., 5 to be probability

distributions over the words in vocabulary V. A generative probabilistic topic
model is defined as a generative process by which the documents were created and is
specified in Algorithm 6 from [9]. Each document D; is given a document-topic vector
0; € [0, 1]* where ||6;]|; = 1. This document-topic vector determines which topics the
document’s words are drawn from. Thus this is a type of mixed-membership model
as each document can express multiple topics.

Algorithm 6: Document Generative Process
for topic §; where j € {1,...,k} do
| Draw a topic distribution 3; over words in V'
for document D; where i € {1,...,n} do
Draw a topic proportion 6;
for word-token W, where m € {1,..., N} do
Draw a topic Z,, with probability 6;
Draw a word W,,, € {1,...,|V|} with probability gz,
Record word W, as having appeared in the document by setting
Diw,, = Diw,, +1

return corpus of documents Dy, ..., D,

Given a corpus of documents { Dy, ..., D, } generated in this way, the task is then
to determine the latent parameters, i.e. the topic-word distributions i, ..., 8x and
document-topic distributions 6y, ...,6,. Probabilistic latent semantic analysis

(PLSA) or indexing (PLSI) [43] makes no assumptions about the distribution of
the unknown parameters and uses an expectation-maximization (EM) algorithm
[24] to find point estimates of them. Latent Dirichlet allocation (LDA) [10] is
a Bayesian method based on PLSA that is commonly used. It specifies the topic-
word and document-topic distributions as Dirichlet-multinomial distributions and
uses techniques from Bayesian inference such as MCMC, Gibbs sampling, variational
Bayes, etc. to learn these parameters. For both of these algorithms, the number of
topics must be chosen beforehand. As the number of topics is generally unknown a
priori, many models with differing numbers of topics are trained and the one with
the best fit is chosen. However it may not be clear which to choose.

We now introduce our ensemble PLSA (EPLSA) algorithm 7 which extends

ensemble clustering for graphs (ECG) (described in Section 2.3.3) or other consensus
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clustering techniques on graphs to PLSA. Let D be the n x |V| document-term matrix

of a corpus and {59, . ,/3,9)} the k topics first returned by PLSA. We then append
these topic vectors to the corpus to get a new corpus

D
(1)
pw — (71

1)
k

This procedure of calling PLSA and appending the outputted topics is repeated, with
the matrix at time ¢ given by

(t-1)
D(t) _ ﬁl

53—1)

Adding previously found topics to the corpus makes future partitions more like what
was already seen. To speed up this rate of convergence, w(t) copies of each of these
topic vectors can be added, for some w(t) > 0. Equivalently a weight of w(t) can be
specified for each of these vectors within the PLSA algorithm.

Algorithm 7: Ensemble PLSA
Input: document-term matrix D, number of iterations 7" € N, number of
topics k € N.
forte{l,...,T} do

(89.... .3} = PLSA(DY, k)
D®
D — B%(t)
e
return topics {5?), ey ;E,T)}

D1 can be adjusted with the following transformation to row i.
t t—1 t—1 t—1
DY =DV () (6] >)jﬁ§. ),
j=1

That is, the document at time ¢ is equal to a mixture of the document at time (¢t —1)
and the estimate of the document obtained by the sparse methods. Note that j; is a
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distribution on words so the dimensions are correct. Now the size of D is static and
the update instead makes D closer to the estimated low-rank matrix L where

o] A

Lo — —. 0 ppW).

(9](:) 6/(:)
After rescaling this is equivalent to
DY = (1 —e) DY 4L,

This is what ensemble clustering does, replacing the adjacency matrix A®=1 by A®) =
(1—€) A 4Lt where now L*~ is the matrix given by the partition estimated
at time (¢ — 1).

When w(t) grows sufficiently quickly Algorithm 7 should converge to some stable
set of topics. When m(t) is very large, the difference || D' — L'™!|| is very small. In
that situation, the Davis-Kahan theorem [90] tells us that the top eigenvectors and
eigenvalues of D! are very close to the top eigendata of L!~!. The top eigendata then
“contract” with ¢, implying convergence.

We can restate the problem of topic modelling as one of partitioning a graph.
Let D be the document-term matrix D with normalized rows, i.e. D; = D;/||D;|:.
Using D we can construct the following adjacency matrix of a bipartite graph

oD

- [ e wam]
This bipartite graph has documents as one part and words the other, with an edge
between a given document and word if that word appears in that document. These
edges are then weighted with the frequency that word occurs within that document.
With respect to the graph statement of the problem, EPLSA (Algorithm 7) adds new
vertices to the associated bipartite graph. However instead of adding new vertices,
there should exist some equivalent reweighting of edges that produces the same change
in PLSA.

Alternatively a community detection algorithm could be run on this graph. Words
can have different meanings in different contexts and so could belong to multiple topics
and documents can discuss multiple topics. Hence topic modelling is an instance
where overlapping communities are likely to occur. Thus our overlapping community
detection algorithm 5 could be applied here. It alternately downweights communities
to recover overlapping communities and upweights them to improve stability. Our
algorithm possesses the additional advantage of not needing to be told the number of
topics beforehand as the communities emerge organically during the detection process.



Chapter 4

Application to Datasets

Heuristically, we expect to get very different clusterings of the same graph in the
following conditions: (i) every vertex has two characteristics (e.g. city, university),
(ii) edges are more likely if you share a value in a characteristic (e.g. people in the same
city are more likely to become friends), and (iii) the two characteristics are somewhat
independent (at the least, they should not have a very strongly positive correlation).
For example considering relationships that formed from city and university affiliations,
we might not expect (iii) to hold while people live within the same city they are going
to university, and so the set of university students is a subset of the city’s residents.
For university graduates we might expect these two to be less correlated, as many
people move for work after graduating. We applied our algorithm to two datasets.
Unfortunately after doing so, neither appeared to have the overlapping community
structure that would make applying our algorithm interesting.

First our algorithm was run over a dataset of email metadata [1(]. It contains
the sender, to, cc, bcc, and time fields for all emails sent or received by employees of
the City of Seattle. The computer used to process this dataset was RAM i.e. memory
limited; as such only the sender and to fields were kept. from 2017-01-01 to 2017-
04-04. It was provided to Matt Chapman after he filed a Freedom of Information Act
(FOIA) request; the story of how he obtained this data can be found at his blog [17].
Matt confirmed over email that this data can be used for research and education.

This dataset was augmented with the employee directory obtained from [30]. In
August 2021 this directory was taken offline and a snapshot made available [$1]. Thus
the department labels of some employees were known and could be used to evaluate
the proposed clusters.

The multilevel Louvain algorithm was run on this graph, followed by down-
weighting and another run. The employees whose department was known were used
as landmarks of a true clustering, under the assumption that employees within a de-
partment were more likely to email each other. The dispersion of the employees of
each department across the proposed communities was visualized with the heatmaps
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in Figure 4.1 and Figure 4.2. Each row of the heatmap sums to 1.

Downweighting caused the communities to aggregate together. This sort of hi-
erarchical, lower resolution clustering was not desired. We didn’t find evidence for
other structure, and so believe that this dataset may not satisfy condition (i) of our
heuristic for overlapping community structure, namely that vertices have more than
one characteristic. In this case it appears an employee’s department dictates which
departments they correspond with, and that there is no secondary function within
departments that would produce a significantly different alternative clustering.

We next looked at Reddit, a social media site where users organize in communities
called subreddits to comment on submissions other users have made. Subreddits
corresponding to major Canadian cities and universities were chosen. Comments on
the 100 top submissions were downloaded, and the commenters on each submission
noted. To construct the graph, the commenters comprised the vertices and an edge
was formed if two commenters had commented on the same submission. Figures 4.3
and 4.4 show the conditional probability of a commenter in community X belonging
to subreddit Y for the communities proposed before and after downweighting. Note
the columns do not sum to 1 as users can comment in multiple subreddits, i.e. do not
belong to a separated partition. There is little difference except for the emergence of
a third community corresponding to the Vancouver community.

The communities suffered from a class imbalance that we believe affected the re-
sults, resulting in a case that was beyond what was information theoretically possible
to recover. In particular having a true community greater than the others causes a
resolution limit. The Vancouver community had significantly more comments by top
commenters (2804 versus the next most of 723) as well as top commenters (239 versus
the next most of 89). The number of comments for each community was {Vancouver:
2804, Calgary: 723, Toronto: 708, Ottawa: 600, UBC: 338, Montreal: 309, uCal-
gary: 225, UofT: 214, GeeGees: 172, Carletonu: 165, McGill: 152} and commenters
was {Vancouver: 239, Calgary: 89, Toronto: 86, Ottawa: 74, UBC: 41, Montreal:
39, uCalgary: 24, UofT: 23, McGill: 21, Carletonu: 19, GeeGees: 16}. The city
communities also contained significantly more comments and commenters than the
university communities, creating a further imbalance. In an attempt to correct for
the first imbalance only a subset of similarly sized city and university communities
was considered. Figures 4.5 and 4.6 visualize the quality of the proposed clusters.
Again they did not change significantly after downweighting.

From this it appears that condition (iii) of our heuristic, that the characteris-
tics not be positively correlated, was not satisfied. Figures 4.7 and 4.8 show the
conditional probability of commenting in true Y given a user has commented in true
community X. It is clear that given a user has commented in a university community,
they are likely to comment in the city community where that university is situated.
Thus the city and university characteristics are not independent. This produced the
hierarchical clustering with clusters in Figures 4.5 and 4.6 where there were clusters
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Figure 4.1: Dispersion of departments across the communities proposed by
multilevel Louvain.
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Figure 4.2: Dispersion of departments across the communities proposed after
downweighting.
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Figure 4.3: The conditional probability of posting in subreddit Y given a
commenter was placed in community X before downweighting.
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Figure 4.4: The conditional probability of posting in subreddit Y given a
commenter was placed in community X after downweighting.
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Figure 4.6: The conditional probability of posting in subreddit Y given a
commenter was placed in community X after downweighting.

for the city and the city plus its university.
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Figure 4.7: The conditional probability of posting in subreddit Y given a
commenter has posted in subreddit X.
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Figure 4.8: The conditional probability of posting in subreddit Y given a
commenter has posted in subreddit X for the top 1% of commenters (i.e.
those that made 9 or more than comments.



Chapter 5

Conclusion

This thesis presented an algorithm for detecting overlapping communities. We en-
deavoured throughout to construct an algorithm that scales efficiently to large graphs.
In many places there was not an obvious best set of choices for the algorithm and
so we provided variable options and some suggested tools for analysis. In particular
this includes the decisions made at the beginning of Section 3.2 about how many and
which clusters to downweight, and by how much, as well as the stopping criteria in
Section 3.3.1 when to stop downweighting.

Unfortunately the two datasets we examined did not exhibit the overlapping
structure that would necessitate applying our algorithm. Finding a real-world dataset
with these properties, and then running our algorithm against it, is warranted to guage
its effectiveness. Further to this, it would be nice to benchmark our algorithm against
others on synthetic data, for instance on the artificial LFR benchmark of increasing
noise and overlapping communities [19]. Our algorithm should be compared with
other algorithms such as ego-splitting [28] and Bayesian inference [67]. We can also
employ measures to evaluate the quality of the returned overlapping communities
given the ground truth, such as the Normalized Mutual Information (NMI) measure
for sets of overlapping clusters [56, 55| and the Omega measure |20, 79]. Applying
the algorithm to topic model text data as discussed in Section 3.5 would also be
interesting.

There is also further theory that could be developed, for instance around nu-
cleation or Louvain’s dynamics. The downweight could alternatively be informed by
the gradient of the modularity around a stable partition. In Section 3.3.2 on clus-
tering parts we constructed a similarity measure between two parts which required
estimating the probability a vertex was misclassified. This estimate could be further
improved by assuming there was misclassification before the final vertex v was added.

In Section 2.3.7 we discussed some results from Abbe about when recovery is
feasible. New exact recovery and identifiability theorems for the overlapping case
could be proven. Under certain conditions, you can get recovery for the overlapping

110



5. CONCLUSION 111

SBMs by using the Abbe result. This is not in the Abbe paper but follows as a
consequence. Further, we believe that overlapping SBMs are heuristically different
than how they are treated in that paper as they are much smaller than the associated
full SBM, and as evidenced by Abbe’s result, smaller objects are easier to recover.
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