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Abstract

Many angiosperms have undergone some series of polyploidization events over the
course of their evolutionary history. In these genomes, especially those resulting from
multiple autopolyploidization, it may be relatively easy to recognize all the ξ sets
of n homeologous chromosomes, but it is much harder, if not impossible, to parti-
tion these chromosomes into n subgenomes, each representing one distinct genomic
component of ξ chromosomes making up the original polyploid. Thus, if we wish to
infer the polyploidization history of the genome, we could make use of all the gene
trees inferred from the genes in one set of homeologous chromosomes to construct a
consensus tree, but there is no evident way of combining the trees from the ξ different
sets, because we have no labelling of the chromosomes that is known to be consistent
across these sets. We suggest here that lacking a consistent leaf-labelling, the topo-
logical structure of the trees may display sufficient resemblance so that a higher level
consensus could be revealing of evolutionary history. This would be especially true of
the peripheral structures of the tree, likely representing events that occurred more re-
cently and have thus been less obscured by subsequent evolutionary processes. Here,
we present a statistical test to assess whether the subgenomes in a polyploid genome
could have been added one at a time. The null hypothesis is that the accumulation
of chromosomes follows a stochastic process in which transition from one generation
to the next is through randomly choosing an edge, and then subdividing this edge
in order to link the new internal vertex to a new external vertex. We analyze the
probability distributions of a number of peripheral tree substructures, namely leaf- or
terminal-pairs, triples and quadruples, arising from this stochastic process, in terms
of some exact recurrences. We propose some conjectures regarding the asymptotic
behaviours of these distributions. Applying our analysis to a sugarcane genome, we
demonstrate that it is unlikely that the accumulation of subgenomes has occurred
one at a time in this genome.
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Chapter 1

Introduction

Virtually all known flowering plants1 evidence at least one polyploidization event in
their lineage, many of them two, three or more. These may have been autopoly-
ploidizations, where a new genome is created consisting of two or more exact copies
- subgenomes - of the parent genome, leading to high rates of multivalent pairing of
chromosomes during meiosis, or allopolyploidizations, where the subgenomes come
from distinct parental species, and where normal bivalent pairing is more general.
In both processes, the entire genome, including each chromosome and each gene, is
present in two or more copies or versions. It is not uncommon for a present-day flow-
ering plants to have undergone two, three or even more of these events. For example
the canola (Brassica napus) genome was formed by the tetraploidization of cabbage
(Brassica oleracea) and Napa cabbage (Brassica rapa), which are divergent species
originating in an earlier Brassica hexaploid. Furthermore, the preceding history of
this lineage contains two successive tetraploidization events and a hexaploidization,
known as α, β and γ, respectively, the latter reaching back some 120 Mya [16]. Maize
(Zea mays) is the product of three or four tetraploidizations, the most recent one some
12 Mya [19], as well as the earlier ρ, σ and τ events dating as far back as 50 Mya[17].
These examples illustrate the important fact that two polyploids with m ≥ 1 and
n ≥ 1 subgenomes may combine to form a polyploid with m+ n subgenomes.

As a consequence of polyploidization, the genomes of these plants will contain
multiple versions of each of the ξ chromosomes. In autopolyploids, these “homeolo-
gous” chromosomes are initially identical copies, while in allopolyploids they will be
similar but may have small differences. In any case the homeologous chromosomes
eventually diverge due to random point mutation, gene loss or gain and intra- or
inter-chromosomal rearrangements.

1Except Amborella trichopeda [6], the single extant species that diverged first from all the other
angiosperms 200 Mya.
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1. INTRODUCTION 2

In polyploids, it is important to the study of their evolution to understand the
sequence of polyploidization events that gave rise to the current genome. This is not
a trivial question. For instance, in the octoploid strawberry genome, the sequence
of polyploidy events is controversial [11, 7]. In another example, the alloploidization
origin of the octoploid Alpine Grey Willow is a matter of speculation [8].It is in the
context of this general question that we investigate the evolutionary history of an
octoploid species of sugarcane.

In an autopolyploid like sugarcane, where there is little or no exchange between
non-homeologous chromosomes, each of the ξ sets of n homeologous chromosomes
could be studied as if it were a set of n independent species related by a phylogenetic
tree T , descending from a common ancestor and diverging through random mutation.
For present purposes, we assume tree T has a binary branching form. And if we were
to observe the ξ sets of n homeologous chromosomes, these could be studied as ξ
independent observations of T . More specifically, for each of the genes contained in
the ξ original chromosomes, the n present day descendants of each of these genes
could be considered to be related by the same phylogeny T .

A crucial difficulty in this approach is that the there is usually no clear corre-
spondence connecting the non-homeologous chromosomes deriving from each of the ξ
constituent subgenomes, no labelling of the leaves in one set of n homeologs that has
a given relationship with a labelling in any of the other sets. Thus we can only com-
pare unlabelled trees, and see whether they share common structural characteristics
derived from a common evolutionary history.

As a result of substantial variability in the rates of evolutionary divergence of the
chromosomes, the resemblance between two of the n homeologs no longer perfectly
reflects the time elapsed since their common ancestor. Nevertheless, the effects of this
divergence would affect the most closely related chromosomes the least. Even if the
topology of a tree inferred from the resemblances among the n homeologous chromo-
somes is no longer statistically reflected the earliest branching events, in particular
the root of T , there might still be enough signal to detect the most recent events.
In general the recent events should be reflected in the peripheral subtrees of T , such
as the pairs or triples of the leaves. The goal here is to devise a test of whether the
number of these subtrees differs from those predicted by a null hypothesis.

Perhaps the best known pathway to polyploidy of degree greater than tetraploid, is
the formation of a tetraploid followed closely in evolutionary time by the recruitment
of a third subgenome. This appears to be the process underlying the γ hexaploidy as
well as the Brassica hexaploidy mentioned above. And this may be a more general
way for polyploids to accumulate subgenomes. Our statistical tests for the number
of terminal pairs, triples, etc., is based on the null hypothesis that the subgenomes
are added one at a time to a vertex inserted on some existing branch of the tree.



1. INTRODUCTION 3

Under this hypothesis, we derive a recurrence for P2i,n, the probability of i terminal
pairs in a binary tree after n generations. We explore a number of avenues to find
a closed form for P2i,n. Though in applications, n is not a very large number, there
is mathematical interest in studying the asymptotic behaviour of the model. We
compute the probabilities for a large range of n. It appears that the expected values,
normalized by the number of terminals, are asymptotically equal to 1

4
. Furthermore,

the normalized variances approach 1
16

, so that the limiting distribution is under-
dispersed. In addition, we recursively calculate the probability distributions of other
peripheral structures in a binary tree generated after n steps under the null hypothesis.
The peripheral structures explored in this thesis are triples and the two possible
types of quadruples. We can conjecture that the normalized expected values of the
number of triples, type I quadruples, and type II quadruples asymptotically equal to
1
8
, 1

64
, and 1

16
, respectively. Similar to the distributions of terminal pairs, the limiting

distribution of the number of triples and of the numbers of two types of quadruples
are under-dispersed as well.

We apply our analysis to data on sets of homeologous genes from the sugarcane
species Saccharum officinarum [14], where n = 8 and ξ = 10. We find that the
necessary resemblance data from the genes in sets of homeologous chromosomes are
usually incomplete, either because one or more genes have been lost over the course
of evolution, or because of other experimental and measurement difficulties. This
leaves us with very few sets of genes as samples to infer a consensus T in any of
the ξ subgenomes. Thus we adapt our methods to cases where there are only 7
or only 6 homeologous genes. We apply the same phylogenetic procedure and derive
appropriate weightings for the tree bipartitions obtained as evidence for T . We discuss
the implications for alternative hypotheses after rejecting the null hypothesis.

This thesis composed of six chapters. Chapter 2 provides a discussion of the related
works. In Chapter 3, we present the new model to analyze polypoloidization events,
formulate the distribution of paired terminals under the model, and give the analytical
results. Chapter 4 analyzes other peripheral structures of the trees including triples
and two types of quadruples. In Chapter 5, we describe the framework developed to
analyze polyploidization events in S. officinarum, and discuss the result under the
model. Chapter 6 gives a summary of the remarks and conclusions.



Chapter 2

Background

This chapter sheds light on some approaches used to find recurrence relations for
the number of some type of binary trees. This includes the recurrence relation for
the number of unlabelled unordered unrooted full-binary trees. Our one-branch-at-
a-time model induces a distribution over these type of trees. Then, it describes some
basic concepts in polyploidization and differnt types of polyploidy. Furthermore,
this chapter briefly introduces Saccharum officinarum, and explains the necessity of
conducting research in this realm. It, also, describes the difference among cultivars,
and last but not least, in this chapter, you will find some remarks on the techniques
used in establishment of consensus trees.

2.1 Binary trees

Binary trees have been the subject of numerous studies due to their substantial ap-
plications, especially in engineering and computer science [21], [22].

Binary trees are classified in many types based on specific characteristics. A tree in
which the degree of each vertex is at most three is called a binary tree. A binary tree
where the degree of each internal vertex is exactly three is a full-binary tree. If some
labels have been assigned to every vertex of a tree, the tree is called labelled tree.
In phylogentic analysis and hierarchical classification studies usually the terminally-
labelled trees are a subject of interest. In these trees only terminal vertices have labels.
In this thesis by labelled tree, we refer to terminally-labelled tree. An unlabelled tree
is a tree where no labels have been assigned to any of its vertices. If a vertex of a tree
has been distinguished to be the root of the tree, the tree is rooted. Otherwise, it is
called an unrooted (or free) tree. Note that in computer science, roots are usually
considered as a vertex of degree two, while in classification studies roots are of degree
one similar to terminals. If a fixed order (e.g. left and right child) is imposed upon the

4



2. BACKGROUND 5

edges incident to each vertex, the tree is called an ordered (or plane) tree. Otherwise,
if the relative order of the edges is not important, the tree is known as an unordered
tree.

Counting trees may become a subject of interest since the 17th century when Euler
counted the number of unlabeled ordered rooted full-binary trees which are the so-
called Catalan numbers. The number of this type of binary trees with n terminals is
equal to the nth Catalan number, satisfying the following recurrence relation:

Cn =
n−1∑
i=1

CiCn−i for n ≥ 2 (2.1.1)

with initial values: C0 = 1 and C1 = 1.

To see this, by definition of this type of tree, it is equal to recursively have this
type of trees with i vertices in the left subtree and with the remaining n− i vertices
in the right subtree, for 1 ≤ i ≤ n− 1. The closed-form solution can be drawn using
a generating function U(z) = C0 + C1z + C2z

2 + ....

Now, for (U(z))2, we have

(U(z))2 = C0C0 + (C1C0 + C0C1)z + (C2C0 + C1C1 + C0C2)z2 + ....

= C1 + C2z + C3z
2 + ...

(2.1.2)

This leads to the following quadratic equation which can be easily solved.

U(z) = C0 + z(U(z))2 (2.1.3)

Note that from two solutions, only U(z) = 1−
√

1−4z
2z

is acceptable due to the initial

condition U(0) = C0 = 1. We can then manipulate the binomial expansion of (1−4z)
1
2

and use it to simplify the formula to Cn = 1
n

(
2n−2
n−1

)
.

Ordered trees are more important to the computer science community, and the
majority of the previous work found in literature that revolved around enumeration
of binary trees focused on the ordered ones. There have been several attempts to
facilitate random generation of some type of binary trees by developing some methods
with better computational complexity in time and space. Note that this problem can
be broken down into developing methods to carry out some general steps: enumeration
of non-isomorphic binary trees of desired type, listing and numbering elements (e.g.
using ranking/unranking functions), and then generating random samples usually
from a uniform distribution over the trees (See e.g. [24, 25, 26, 28, 27, 29]).

In contrast, in hierarchical classification and phylogenetic studies the order of the
subtrees is not important, and considering an underlying uniform distribution is not
applicable/informative in some analyses.
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For unordered trees, the number of labeled rooted full-binary trees denoted by An
can be drawn recursively as follows (see [32, 31, 30] for more details). Note that a
rooted full-binary tree with n − 1 terminals has 2n − 3 edges. Each of these edges
can be subdivided to link the new internal vertex to a new terminal (external) vertex.
Thus, for n ≥ 4,

An = (2n− 3)An−1

=
(2n− 3)!

2n−2(n− 2)!

(2.1.4)

With initial A3 = 3 (the number of way to place 3 distinct labels on the only possible

tree topology on 3 terminals ), and in this case, the number of unrooted ones
with n terminals would be simply equal to rooted ones with n − 1 terminals as we
may swap the position of the root in the rooted case for the position of additional
terminal in the unrooted case.

It is clear that the enumeration of unlabelled trees is a harder problem than the
labelled ones due to the isomorphic trees with different layouts. The number of full-
binary unlabeled unordered rooted trees satisfies the following recurrence relation [33,
p. 54].

wn =



bn
2
c−1∑
i=1

wiwn−i +

(
wn

2
+ 1

2

)
n ≥ 1 and n is even

bn
2
c∑

i=1

wiwn−i n ≥ 2 and n is odd

(2.1.5)

with initial values: w1 = 1 and w2 = 1

This formula came from the same logic used to get the recurrence for the Catalan
numbers, as we explained. Here, the difference is due to the fact that for unordered
trees, there is no difference between left and right subtrees, counting up to the mid-
point would suffice. No closed-form solution has ever been established for the recur-
rence relation 2.1.5 (See [34, 35] for the work on its generating function). If we let
∆(k) =

(
k+1

2

)
(and wx = 0 for non-integer x), we can write the recurrence 2.1.5 in

one line as follows:

wn =

<n
2∑

i=1

wiwn−i + ∆(wn
2
) (2.1.6)

In [23], Furnas used this recurrence to recursively find the number of unlabelled
unordered unrooted full-binary trees. To do so, he introduced a root and an ordering
to these type of trees, and then enumerated them. He used the concept of a center
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of a graph to root the trees. We recall that the center of a graph is a vertex that
has minimal eccentricity1. Based on bicentroidal theorem, a tree is either a centered,
having only one center, or bicentered, having two adjacent centers, but not both. If
the tree is centered, let the center be the root. Otherwise, subdivide the incident
edge of the two centers, and let the new internal vertex be the root of the tree.
Then, in order to introduce an ordering, note that in any layout of a rooted tree, we
can drag and drop each vertex together with its incident edges such that for each
internal vertex, subtrees are ordered from lightest to heaviest from left to right, and
being lighter means not including more number of terminal vertices. To put it more
formally, denote the number of terminal vertices of a tree T with |T |, and denote its
left and right subtrees with TL and TR, respectively. We say a tree T is lighter than
T ′, T < T ′, if and only if

1. |T | < |T ′| or

2. |T | = |T ′| and |TL| < |T ′L| or

3. |T | = |T ′| and |TL| = |T ′L| and |TR| < |T ′R|

Furnas refers to this layout as left-light-rooted trees. It is clear that there is a one
to one correspondence between the left-light-centrally-rooted trees and the original
unrooted unordered ones. If we denote the number of the centered and bicentered
ones with Ψn and Υn, respectively, the total number of the trees would be

Pn = Ψn + Υn (2.1.7)

Using the recurrence relation 2.1.5, it is straightforward to see that the number of
centered ones are

Ψn =
∑

0<i≤j≤k<n
2

i+j+k=n

F (i, j, k) (2.1.8)

Where F (i, j, k) are

F (i, j, k) =


wiwjwk if i < j < k

∆(wi)wj if i = j < k

wi∆(wj) if i < j = k

∆3(wi) if i = j = k

(2.1.9)

1In a graph G(V,E), the eccentricity of a vertex v ∈ V denoted by e(v) is the maximum distance
from vertex v to any other vertices of the tree. i.e.,

e(v) = max
v′∈V

distance(v, v′)
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Where ∆3(k) =
(
k+2

3

)
(choosing 3 objects from k objects with replacement), and the

number of bicentered ones are
Υn = ∆(wn

2
) (2.1.10)

Furnas depicted a scheme for ranking and unranking functions. Although one can
manipulate his approach to develop a method for non-uniform sampling, but the
paucity of an explicit formula for equation (2.1.7) makes it generally not efficient to
quickly determine the corresponding tree topology in the random sampling.

In this thesis, our one-branch-at-a-time model induces a non-uniform distribution
over the unlabelled unordered unrooted full-binary trees that can be recursively enu-
merated by equation (2.1.7). Enumeration, listing, or more precisely determining
the probability of occurrence of each non-homomorphic tree topology based on our
one-branch-at-a-time model seems to be a prerequisite to our study in order to make
an assessment of whether the constructed phylogenetic trees of the data followed our
model or not. However, we got around this problem by narrowing down our focus
to peripheral structures of the tree. We successfully determined recurrence relations
for some peripheral substructures of the trees, which is sufficient to make a decision
about the data with high confidence.

2.2 Polyploidization

Each cell of an organism (somatic cell2or gamete) has a certain number of homologous
chromosomes. The number of homologous chromosome sets that a cell possesses is
called ploidy level. In the literature, the ploidy level and the basic chromosome
number (the number of chromosomes in the monoploid set) are shown with the letter
N and X, respectively. For example in Figure 2.1, the first one (the haploid cell) is
cytologically designated as N = 4 or X = 4, the second one (the diploid) is designated
as 2N = 8 or 2X = 8.

Cells may undergo chromosomal variation which can be generally classified into
two groups of euploidy and aneuploidy. In euploids, the number of all of the chromo-
somes is a multiple of basic chromosome numbers. On the other hand, in aneuploids,
the total number of chromosomes is abnormal. They may have some extra chro-
mosomes (ascending aneuploidy) or some chromosomes may be missing (descending
aneuploidy) [50]. Aneuploidy is a genetic disorder. It can happen to a polyploid or
a diploid species. Note that ascending aneuploidy can be tolerated better than the
descending one, and although the loss of chromosomes in diploids can be lethal, it
often can be tolerated by polyploids due to the duplicated genetic materials [51].

Euploids can be monoploids, diploids, or polyploids. Haploids are individuals or

2All cells of individuals except their gametes (sex cells) are called somatic cells.
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Figure 2.1: An illustration that shows the number of homologous
chromosomes in a haploid(ploidy number of one), diploid (ploidy
number of two), triploid (ploidy number of three), and tetraploid
(ploidy number of four) cell.

gametes who have the same number of chromosomes as the gametes. The term is
often applied to species that are derived from diploids. A well-known example of
haploids is a species of Drosophila. There are more examples of animal haploids
such as some species of frog, salamanders, chicken, etc. Haploidy in normally diploid
animal individuals usually leads to a detrimental physiological condition that results
in miscarriage. On the other hand, monoploid plants can survive, but they are usually
sterile. They are especially important in genetic improvement. Note that monoploidy
paves the way to distinguish recessive/dominant alleles, for example in testing the
plant’s resistance to particular herbicides.

The majority of eukaryotes are diploids which means in their somatic cells they
have two sets of chromosomes each inherited from one of their parents. The number
of chromosomes in gametes of diploids is the same as the number of their basic
chromosome number.

Polyploidy is a condition in which there appear more than two subgenomes in so-
matic cells. Although few animal species are polyploids, and no mammals, polyploidy
is widespread among plants. It is a key component of adaptation and speciation.
Thus, it plays an important role in plant evolution and diversity. Polyploids can
arise naturally and artificially. They can form through the whole genome duplication
of embryonic somatic cells but more importantly through developments of diploid
gametes in meiosis owing to the non-disjunction of homologous chromosomes [48].
They can also be generated artificially through drug treatment of organism’s cells
that prevent cell division (e.g. via colchicine), see [50] for more examples.

Polyploids can be classified based on the evolutionary path to their formation.
Although there has been some variation in the definition of different types of poly-
ploids [53], the classification of Stebbins in [52] is generally acceptable. He decently
categorized polyploids into three major types of autopolyploids, allopolyploids, and
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segmental allopolyploids.

Figure 2.2: An illustration that describes two evolutionary paths
leading to the formation of autotetraploid: (a) Fusion of unreduced
gamete (diploid) with a normally reduced gamete (haploid) within
a single species. (b) Spontaneous whole genome duplication within
a single species.

Autopolyploidy happens by whole genome duplication within a zygote or fusion of
unreduced gamete and normally reduced gamete, see Figure 2.2. Note that autopoly-
ploids arise within or between populations of a single species. Thus, subgenomes in
an autoploid have a high level of similarity, which leads to having a complete pair-
ing in meiosis [55]. In comparison to their progenitors, autopolyploids show usually
significantly different phenotypes such as morphological characteristics and ecological
behaviors [49]. They usually possess a larger overall body mass as well as a bigger
nucleus and cytoplasm. These phenotypes make the autoploids more favorable for
agricultural purposes. Therefore, there has been a certain number of attempts over
the past years to provide genetic improvement by focusing on varieties of them.
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On the other hand, allopolyploidy sometimes occurs during the hybridization of
different species followed by whole-genome doubling or fusion of unreduced gametes
of different species. Allopolyploids consist of two or more distinct subgenomes from
different evolutionary lineage [48]. These chromosomes differ in DNA sequence (al-
lelic differences), gene order (chromosomal rearrangements), and their total numbers.
Although the formation of both autopolyploids and allopolyploidy involves dupli-
cated subgenomes, hybridization of different species in allopolyploids results in their
separate behavior in chromosomal pairing during meiosis. In autopolyploids, multi-
valent pairing is generally formed during meiosis. However, in allopolyploids, bivalent
chromosomal pairing within the same subgenomes is common.

Segmental allopolyploids contain more than two partially distinct subgenomes. In
this case, some of the chromosomes within a set may be homologous with some of the
chromosomes in another set or sets, but the rest of the chromosomes in the set are
non-homologous or homeologous to those chromosomes in those sets. This type of
polyploidy may occur through hybridization of two species followed by partial genome
duplication, see Figure 2.3, and it covers all polyploids within the spectrum between
autopolyploids and allopolyploids. The fact that segmental alloploids composed of
more than two different subgenomes can result in formation of both bivalents and
multivalents in chromosomal pairing [54].

2.3 The autoploid octoploid S. officinarum

Sugarcane is an indispensable crop. It is one the most cultivated crops in tonnage.
In 2017, its cultivation even exceeds major grass species including rice, wheat, and
maize[4]. It provides 80% of the world-wide sugar and it plays a pivotal role in bioen-
ergy production. Bagasse, sugarcane biomass, and also bioethanol that comes from
the sugar in sugarcane are the most efficient source of biofuels, great replacements for
oil which contributes to reducing the greenhouse gas emissions and diminishing the re-
lated air pollution[5]. Developing genetic improvements is the central key to optimize
its sugar yield and decent biomass for bio-energy production. This requires sufficient
awareness of sugarcane genomics. Despite all the advancement in biotechnology, a
thorough knowledge of the sugarcane genome is a significant barrier.

Sugarcane has one of the most complex genomes on the planet. High level of
ploidy, heterozygosity, and the genome size of around > 10 Gb pose a great challenge
in its sequencing and consequently a delay in the process of developing its genome
reference in comparison with other grass species such as rice, maize, and sorghum[3].

The genus Saccharum includes Saccharum spontaneum, Saccharum robustum, Sac-
charum officinarum, Saccharum barberi, Saccharum sinense, and Saccharum edule.[1]
The last three species are hybrid of two of the first three ones. Saccharum officinarum
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Figure 2.3: Different types of polyploids: autopolyploids, allopolyploids,
segmental allopolyploids, and autoallopolyploids (from [55]).
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is high in sugar content whereas Saccharum spontaneum is harder and more resis-
tant to diseases. Thus, the modern cultivars of sugarcane are hybrid of these two
varieties[2]. While, other Saccharum species have different levels of ploidy and dif-
ferent number of chromosomes in their monoploid chromosome set, S. officinarum
accessions possess 10 chromosomes in its monoploid chromosome set and 8 level of
ploidy; S. officinarum genome comprises 80 chromosomes overall.

In 2018, a team of CIRAD researchers led by Angélique D’Hont made use of the
collinearity of sugarcane (Saccharum spontaneum) and sorghum genomes to produce
its reference sequence [20]. In the same year, a team led by Ray Ming sequenced
the Saccharum spontaneum [12], and recently they sequenced Saccharum officinaum,
from which the data used in our study is drawn[14].

2.4 Consensus trees

In 1972, Edward N. Adams III drew attention to the need for some methods to
amalgamate information in a set of phylogenetic trees and to represent it with a single
tree, named a consensus tree [37]. He developed a method to compute the consensus
tree for a collection of fully labelled and terminally-labelled trees, and later, he also
showed that the consensus trees of his method preserve the nesting properties of the
clusters3 (see [39] for the proof). A straightforward version of the algorithm can be
found in [40]. Adam’s consensus tree is not necessarily a binary tree for a set of binary
trees. Besides, it cannot be used in case of unrooted trees (see [38] for a proof), which
makes it unsuitable for our study.

Since then, more methods has been developed to capture the agreements among
the members of a set of phylogenetic trees. Among these methods, strict consensus
method and majority rule are also well-known. These methods can be used for both
rooted and unrooted trees. Strict consensus trees discard all the clusters/bipartitions
which are not in all the input trees, and only keep those that exist in all the input trees
[41]. Majority rule consensus trees keep all clusters/bipartitions that exist in more
than half of the input trees [40]. It must be obvious that the clusters/bipartitions
drawn with these methods are compatible and the result would be a tree. The problem
is that these two methods do not necessarily give a binary tree as an output. Indeed,
it is not rare to get a non-binary tree as an output even for a small set of binary trees.

Other methods are not as well-known as the three methods mentioned above, and
it depends on the purpose of the study which method is the proper one. For instance,
in [44], Nelson’s consensus trees are built on the replicated components (clusters that
appears in at least one of the input trees) and all the clusters that are compatible
with the replicated components. The idea behind this approach is repeated clusters

3Clusters for rooted trees are analogous to bipartitions for unrooted ones.
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could not be random. In [46], Neumann’s method takes an intersection of maximal
clusters of each input tree for each height. The goal of the Neumann’s method is to
retain as much information as possible. There are various versions of this method
(interested readers can see [47, 45] for other methods.)

Up to now, all methods that have been developed construct a consensus tree on a
set of phylogenetic trees of the same set of terminals. In 5, we describe our framework
that is applicable to a set of phylogenetic trees so that the terminal sets of some
trees can be proper subsets of largest one. The method used in this thesis bears a
resemblance to the extention of majority rule consensus tree in [43, 42] where a greedy
strategy is applied to extract the consensus tree. Note that all the bipartitions in a
strict consensus tree would appear in a majority rule tree, and all the bipartitions in
a majority rule consensus tree would show up in a greedy consensus tree. Perhaps
greedy consensus trees are not as popular as majority rule due to the computational
complexity or the possibilities of having ties (some bipartitions are compatible with
all the bipartitions that already selected and they have the same frequency), but as we
explain in chapter 5, our framework differs in that instead of counting frequencies of
bipartitions, we sum over their weights. Thus, it is highly unlikely that we encounter
ties.

Moreover, at first glance, this problem might appears as finding the maximum
weight k-clique problem where employing other optimization algorithms may be
preferable. However, it is better to focus on including the maximum weight bi-
partitions than on an objective function which maximizes the sum over the weights
as in maximum weight k-clique problem. This is due to the fact that this approach
guarantees an agreement of a larger number of input trees in the worse case. We
explain this further in chapter 5.



Chapter 3

A mathematical model for
accumulation of
subgenomes

In this section, we introduce and analyze a model for the accumulation of subgenomes
in a polyploid. This model is built on full-binary unlabelled unordered trees.

3.1 Distribution of paired terminals

Consider a stochastic process defined on a full-binary free unlabelled unordered trees
such that transition from one generation to another is by subdividing a randomly
chosen edge and linking the new internal vertex to a new terminal vertex.

In this section, the quantity of interest is the number terminal pairs and the initial

state is a tree on n = 4 terminals(b4 = ). Let the random variables βn be

the number of terminal pairs in nth generation with the probability distributions
{Pr{βn = i} := P2i,n ; i = 2, 3, ..., bn

2
c}. The distributions can be obtained through

the following procedure.

Proposition 3.1.1. For i = 2, 3, ..., bn
2
c and n = 4, 5, ..., the probability distributions

P2i,n satisfy the following bivariate recurrence relation:

P2i,n =


1, if n = 4 and i = 2

0, if i < 2 or
n

2
< i

(n + 2i− 4)

2n− 5
P2i,n−1 +

(n− 2i + 1)

2n− 5
P2(i−1),n−1, otherwise

(3.1.1)

15
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Figure 3.1: An illustration to depict possible changes in cardinality
of subsets A, B, and Γ as a result of subdividing an edge labelled by
β, α, and γ and linking the new internal vertex to a new terminal
vertex. The binary tree in Figure (a) has N = 7 terminals and we have
|A| = 4, |B| = 2, and |Γ| = 3. Figures (b) is the result of subdividing an
edge labelled by β where the |A| increases by 2 and |B| decreases by 1, while
Figure (c) and (d) are the result of subdividing an edge labelled by α and γ,
respectively, the cardinality of subset A remains the same and the cardinality
of subset B increased by 1. In all figures (b), (c). and (d), |Γ| increases by 1.

Proof: For arbitrary n = 4, 5, ..., we partition edge set E(bn) of a tree bn at nth

generation into three subsets A, B, and Γ corresponding to the set of paired terminals,
non-paired terminals, and internal edges, respectively. We label every edge with one
of α, β, and γ according to being a member of subsets A, B, or Γ , respectively.
Suppose bn−1 at (n − 1)th generation has |A| = 2i, |B| = j, and |Γ| = k where
2i+ j = n−1 and k = (n−1)−3, then for bn either of the following cases is possible:

• Subdivision occurs on an edge labeled by α or γ. Then bn has |A| = 2i, |B| = j+1,
and |Γ| = k + 1

• Subdivision occurs on an edge labeled by β. Then for bn, we have |A| = 2i + 2,
|B| = j − 1, and |Γ| = k + 1

This can be proved by induction. See Figure 3.1 for an example. A tree bn with 2i
paired terminals can be derived from a tree bn−1 with either 2i or 2i − 2 paired ter-
minals. Regardless of number of paired terminals, a tree bn−1 has |E(bn−1)| = 2n− 5
and |Γ| = n − 4. The probability of having a tree bn−1 with 2i paired terminals is
P2i,n−1. In order for this tree lead to a bn with same number of paired terminals, an
edge labeled by either α or γ from all the edges in bn−1 must be picked for subdivision
and linking to a new terminal. Thus, the probability of this case is 2i+n−4

2n−5
P2i,n−1. On

the other hand, a tree bn−1 with 2i− 2 paired terminals has (n− 1)− (2i− 2) edges
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labeled by β that can be picked to raise the number of paired terminals. Therefore
the probability of this case is n−2i+1

2n−5
P2i−2,n−1. Overall, the probability of having 2i

paired terminals for bn is n+2i−4
2n−5

P2i,n−1 + n−2i+1
2n−5

P2i−2,n−1.
A tree on n terminals has at least 2 and at most bn

2
c terminal pairs. Therefore, if

i < 2 or n
2
< i, we have P2i,n = 0. At initiation of the process, the probability of

having 2 terminal pairs in a tree on n = 4 terminals is one, since it is the only possible
tree topology. This completes the proposition.

Figure 3.2: Probabilities of number of terminal pairs in trees gener-
ated by the stochastic process of linking to a new terminal vertex.
Trees are from 6th to 100th generation with two gaps in between generations.

We computed the probabilities of the random variable βn for the first 5,000 gen-
erations. The results, as shown in Figure 4.3, lead us to the following conjectures.

Conjecture 3.1.2. Let β̄n be the expected value of the number of terminal pairs in
the nth generation of the process of randomly subdividing an edge in order to link the
new internal vertex to a new external vertex. Then,

β̄n
n
→ 1

4
as n→∞ (3.1.2)

Conjecture 3.1.3. Let β̄n and σ2
n be respectively the expected value and variance of

the number of terminal pairs in the nth generation of the stochastic process of randomly
subdividing an edge in order to link the new internal vertex to a new external vertex.
Then, based on the index of dispersion, the limiting distribution is under-dispersed.

σ2
n

β̄n
→ 1

4
as n→∞ (3.1.3)
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Although we can use the recurrence relation to compute the probability distri-
butions exactly, finding its closed-form solution is challenging. In what follows, we
explain our attempt regarding its closed-form solution.

3.1.1 On the closed-form solution

Let us first clarify the distributions mentioned in the Proposition 3.1.1. The recur-
rence relation for the probability distribution of P2i,n is equivalent to picking any
weighted lattice path from (4, 4) to (2i, n) while moving along an arrow to north or if
it is possible to north-east as it is shown in the Figure 3.3. Each point (2i, n) on the
lattice corresponds to some tree bn with |A| = 2i, |B| = n− 2i, and |Γ| = n− 3, and

the probability of choosing a north or north-east step is |A|+|Γ||E(bn)| or |B|
|E(bn)| , respectively.

Figure 3.3: Lattice paths of the recurrence relation in proposition
3.1.1. Point (2i, n) on the lattice corresponds to some tree at nth generation
with i terminal pairs.

A general approach to draw a closed-form solution of a recurrence relation is to
rely on its generating function [9]. If we define G(x, y) :=

∑
4≤n

∑
2≤i≤bn

2
c
P2i,nx

2iyn with

boundary conditions G(x, 0) = 0 and G(0, y) = 0, then by summing over two variables
of the recurrence relation, we have:∑
3≤i

∑
2i+1≤n

(2n−5)P2i,nx
2iyn =

∑
3≤i

∑
2i+1≤n

(n+2i−4)P2i,n−1x
2iyn+

∑
3≤i

∑
2i+1≤n

(n−2i+1)P2i−2,n−1x
2iyn

(3.1.4)
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For the LHS of equation 3.1.1, we have:∑
3≤i

∑
2i+1≤n

(2n− 5)P2i,nx
2iyn =

∑
2≤i

∑
2i≤n

(2n− 5)P2i,nx
2iyn

− [
∑
5≤n

(2n− 5)P4,nx
4yn +

∑
3≤i

(4i− 5)P2i,2ix
2iy2i + 3P4,4x

4y4]

(3.1.5)

where∑
2≤i

∑
2i≤n

(2n− 5)P2i,nx
2iyn = 2y

∑
4≤n

∑
2≤i≤bn2 c

nP2i,nx
2iyn−1 − 5

∑
4≤n

∑
2≤i≤bn2 c

P2i,nx
2iyn

= 2y
∂G(x, y)

∂y
− 5G(x, y).

(3.1.6)

For the first term on the RHS of equation 3.1.1, we have:∑
3≤i

∑
2i+1≤n

(n+ 2i− 4)P2i,n−1x
2iyn =

∑
2≤i

∑
2i+1≤n

(n+ 2i− 4)P2i,n−1x
2iyn−

∑
5≤n

nP4,n−1x
4yn (3.1.7)

where∑
2≤i

∑
2i+1≤n

(n + 2i− 4)P2i,n−1x
2iyn

=
∑
4≤n

∑
2≤i≤bn2 c

(2i + n− 4)P2i,n−1x
2iyn

= xy
∑
4≤n

∑
2≤i≤bn2 c

(2i)P2i,n−1x
2i−1yn−1 + y2

∑
4≤n

∑
2≤i≤bn2 c

(n− 1)P2i,n−1x
2iyn−2

− 3y
∑
4≤n

∑
2≤i≤bn2 c

P2i,n−1x
2iyn−1

= xy
∑
4≤n

∑
2≤i≤bn2 c

(2i)P2i,nx
2i−1yn + xy

∑
2≤i≤bn2 c

(2i)P2i,3x
2iy3

+ y2
∑

3≤n−1

∑
2≤i≤bn2 c

(n− 1)P2i,n−1x
2iyn−2 − 3yG(x, y)

= xy
∑
4≤n

∑
2≤i≤bn2 c

(2i)P2i,nx
2i−1yn + y2

∑
4≤n

∑
2≤i≤bn2 c

nP2i,nx
2iyn−1 − 3yG(x, y)

= xy
∂G(x, y)

∂x
+ y2

∂G(x, y)

∂y
− 3yG(x, y).

(3.1.8)

And for the second term on the RHS of equation 3.1.1, we have:∑
3≤i

∑
2i+1≤n

(n− 2i + 1)P2i−2,n−1x
2iyn =

∑
3≤i

∑
2i≤n

(n− 2i + 1)P2i−2,n−1x
2iyn −

∑
3≤i

P2i−2,2i−1x
2iy2i

(3.1.9)
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Where∑
3≤i

∑
2i≤n

(n− 2i + 1)P2i−2,n−1x
2iyn

=
∑
4≤n

∑
2≤i≤bn2 c

(n− 1)P2i−2,n−1x
2iyn −

∑
4≤n

∑
2≤i≤bn2 c

(2i− 2)P2i−2,n−1x
2iyn

= x2y2
∑
4≤n

∑
2≤i≤bn2 c

(n− 1)P2i−2,n−1x
2i−2yn−2

− x3y
∑
4≤n

∑
2≤i≤bn2 c

(2i− 2)P2i−2,n−1x
2i−3yn−1

= x2y2
∂G(x, y)

∂y
− x3y

∂G(x, y)

∂x
(3.1.10)

From the recurrence relation formula, we have:∑
5≤n

[(2n− 5)P4,n − nP4,n−1]x4yn +
∑
3≤i

[(4i− 5)P2i,2i − P2i−2,2i−1]x2iy2i = 0 (3.1.11)

Now overall, we have:

2y
∂G(x, y)

∂y
− 5G(x, y)− 3x4y4 = xy

∂G(x, y)

∂x
+ y2

∂G(x, y)

∂y
− 3yG(x, y)

+ x2y2
∂G(x, y)

∂y
− x3y

∂G(x, y)

∂x

(3.1.12)

Simplifying this, we get the following partial differential equation:

(xy − x3y)Gx(x, y) + (y2 + x2y2 − 2y)Gy(x, y) = (3y − 5)G(x, y)− 3x4y4 (3.1.13)

Alternatively, we can also define the generating function of the recurrence relation
with f(x, y) :=

∑
2≤i

∑
2i≤n

P2i,nx
n+2i−8yn−2i+1 with boundary conditions f(x, 0) = 0 and

f(0, y) = y. A similar procedure leads to the following partial differential equation.

(x2y2 − xy)fx(x, y) + (x3y − y2)fy(x, y) = (2y + x3 − 5xy2)f(x, y)− 3y2 (3.1.14)



Chapter 4

On small peripheral structures

In the previous chapter, we discussed the probability distributions of the number of
terminal pairs in the trees generated by our one-branch-at-time model. This chapter
presents the distribution of other peripheral structures including the number of triples
and two types of quadruples.

4.1 Distribution of triples

In this section, the quantity of interest is the occurrence of a substructure, which
we refer to as a triple, consisting of a pair of terminals and an unpaired terminal in
addition to two internal edges, as shown in Figure 4.1.

Figure 4.1: The layout of a triple.

Let τn be the random variable defined by the number of triples in nth generation
of our one-branch-at-a-time model with probability distributions {Pr{τn = m};m =
0, 1, ..., bn

3
c}. By marginalizing over the number of terminal pairs, we have:

Pr{τn = m} =

bn
2
c∑

k=max(m,2)

Pr{τn = m,βn = k} (4.1.1)

21
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We denote Pr{τn = m,βn = k} by Pm,k,n. Through the following procedure, we
obtain a recurrence relation for the the number of triples:

Proposition 4.1.1. For 0 ≤ m ≤ min(k, bn
3
c) and 2 ≤ k ≤ bn

2
c, the following

recurrence relation holds for the distribution Pm,k,n:

Pm,k,n =
n− 4 + 3m− k

2n− 5
Pm,k,n−1+

3k − 3m + 3

2n− 5
Pm−1,k,n−1

+
n− 2k −m + 1

2n− 5
Pm,k−1,n−1 +

m + 1

2n− 5
Pm+1,k−1,n−1

(4.1.2)

Without loss of generality, we let the initial condition be the probabilities for n = 6:
P0,2,6 = 1

7
, P1,2,6 = 0, and P2,2,6 = 6

7
.

Proof: Assume the tree bn at nth generation contains m triples and k terminal
pairs. This tree can be derived from a tree bn−1 with m + 1, m or m− 1 triples and
with k or k − 1 terminal pairs.

If the tree bn−1 also had k terminal pairs, then either a paired terminal α or an
internal edge γ has been chosen for the subdivision. In this case, the tree bn−1 could
not have m + 1 triples, since the number of triples decreases only if a non-paired
terminal β of a triple is picked for subdivision. If the tree bn−1 had m − 1 triples,
then there are k − (m − 1) substructures, each of which consists of a terminal pair
α in addition to an adjacent internal edge γ such that the substructure is not a
subgraph of any triples in the tree. There are 3(k − (m− 1)) edges involved in these
substructures. Hence, the probability of this case is 3k−3m+3

2n−5
Pm−1,k,n−1. However, if

the tree bn−1 had the same number of m triples as the current tree bn, then any edge
of the tree bn−1 could have been picked unless through its subdivision and then linking
to a new external vertex, there would be an increase or a decrease in the number of

triples. Hence, there would be (2n−5)−
(

3(k−m)+
(
(n−1)−2k

))
edges which can

be picked in order that the number of triples remains the same. Thus, the probability
of this case is n−4+3m−k

2n−5
Pm,k,n−1.

On the other hand, if the tree bn−1 had k − 1 terminal pairs, then a non-paired
terminal β was picked for subdivision. In this case, the tree bn−1 could not have m−1
triples, since the number of triples increases only if the subdivision occurs on any of
three edges forming a substructure, consisting of a terminal pair α and the adjacent
internal edges γ, which is not a subgraph of a triple. If the tree bn−1 had m + 1
triples, then a non-paired terminal of a triple was picked for subdivision. Therefore,
the probability of this case is m+1

2n−5
Pm+1,k−1,n−1. However, if the tree bn−1 had the

same number of m triples, then there are (n − 1) −
(

2(k − 1) + m
)

edges can be

picked so that the number of triples does not change. Hence, the probability of this
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case is n−2k−m+1
2n−5

Pm,k−1,n−1. This completes the proposition.

Figure 4.2: Probabilities of number of triples in trees generated by
the stochastic process of linking to a new terminal vertex. Trees are
from 6th to 100th generation with three gaps in between generations.

Figure 4.3: (a) Normalized expected value of number of terminal
pairs, triples, and quadruples. (b) Indices of dispersion of number
of terminal pairs, triples, and quadruples.

We computed the probabilities of the random variable τn for the first 1000 gener-
ations. The results lead us to the following conjectures.

Conjecture 4.1.2. Let τ̄n be the expected value of the number of triples in the nth

generation of the process of randomly subdividing an edge so as to link the new internal
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vertex to a new external vertex. Then,

τ̄n
n
→ 1

8
as n→∞ (4.1.3)

Conjecture 4.1.3. Let τ̄n and σ2
n be respectively the expected value and variance of

the number of triples in the nth generation of the stochastic process of subdividing a
random edge in order to link the new internal vertex to a new external vertex. Then,
based on the index of dispersion, the limiting distribution is under-dispersed.

σ2
n

τ̄n
→ 3

8
as n→∞ (4.1.4)

4.2 Distribution of quadruples

4.2.1 Type I quadruples

In what follows, we analyze the distribution of another peripheral substructure of the
trees. This substructure which we refer to as a type I quadruple comprises of a pair of
terminal pairs descending from a single ancestor along with two internal edges which
are adjacent to the ancestor and the pairs’ ancestral nodes, as shown in Figure 4.4.

Figure 4.4: The layout of a type I quadruple.

Let φn be the random variable defined by the number of type I quadruples in
nth generation with probability distributions {Pr{φn = f}; f = 0, 1, ..., bn

4
c}. By

marginalizing over the number of terminal pairs and of triples, we have:

Pr{φn = f} =

bn
3
c∑

m=0

bn
2
c∑

k=max(m,2)

Pr{φn = f, τn = m,βn = k} (4.2.1)

We denote Pr{φn = f, τn = m,βn = k} by Pf,m,k,n. The following procedure yields a
recurrence relation for the distribution Pf,m,k,n.

Proposition 4.2.1. For 0 ≤ f ≤ min(bk
2
c, bn

4
c), 0 ≤ m ≤ min(k, bn

3
c), and 0 ≤ k ≤

bn
2
c, the following recurrence relation holds for the distribution Pf,m,k,n:
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Pf,m,k,n =
m + 1

2n− 5
Pf−1,m+1,k−1,n−1 +

6f + 6

2n− 5
Pf+1,m−1,k,n−1

+
3k − 6f − 3m + 3

2n− 5
Pf,m−1,k,n−1 +

n− 4− k + 3m

2n− 5
Pf,m,k,n−1 +

n− 2k −m + 1

2n− 5
Pf,m,k−1,n−1

(4.2.2)

Without loss of generality, let the initial conditions be the probabilities for n = 7:
P0,2,2,7 = 42

63
, P1,1,3,7 = 21

63
, otherwise Pf,m,k,7 = 0, for n = 7.

Proof: Consider a tree bn containing f type I quadruples, m triples, and k terminal
pairs. A tree bn having f type I quadruples can be derived from a tree bn−1 with f−1,
f , or f + 1 type I quadruples.

The number of type I quadruples increases only if the subdivision occurs on a
non-paired terminal β of a triple. As a result, an increment of the number of type
I quadruples is always accompanied by a reduction of the number of triples and by
an increment of the number of terminal pairs. Therefore, if the tree bn−1 had f − 1
type I quadruples, it must have had m + 1 triples and k − 1 terminal pairs, and the
subdivision must have occurred on a non-paired terminal β of a triple. The probability
of this case is m+1

2n−5
Pf−1,m+1,k−1,n−1.

On the other hand, If the tree bn−1 had f + 1 type I quadruples, then each of the
six edges involved in any of the type I quadruples of the tree bn−1 could have been
picked for the subdivision; thus, the probability of this is 6(f+1)

2n−5
Pf+1,m−1,k,n−1.

Finally, if the tree bn−1 embraced f type I quadruples, then it must contain either
m−1 or m triples. Provided that the tree bn−1 had m−1 triples, the subdivision must
have occurred on any of three edges involved in a substructure consisting of a terminal
pair and their adjacent internal edge such that the substructure is not a subgraph of
any triples or of any type I quadruples in bn−1. In this case, there are k−2f− (m−1)
of such substructures; therefore, with a probability of 3k−6f−3m+3

2n−5
Pf,m−1,k,n−1, the

tree bn−1 give rise to the traced tree bn. On the other hand, if the tree bn−1 also had
m triples, then the number of terminal pairs either remained the same or increased
through the transition. If the number of terminal pairs has remained the same as

k terminal pairs, then there exist (2n − 5) −
((

(n − 1) − 2k
)

+ 3(k − m)
)

edges,

none of which is a non-paired terminal β or is one of the three edges involved in the
substructures on which the occurrence of subdivision contributes to an increment of
number of triples; hence, the probability of this case is n−4−k+3m

2n−5
Pf,m,k,n−1. On the

other hand, if the number of terminal pairs has been increased by the transition, then
the subdivision must have occurred on an non-paired terminal which is not involved
in the construction of any triple. The number of such edges is (n−1)−

(
2(k−1)+m

)
.

Therefore, the probability of this case is n−2k−m+1
2n−5

Pf,m,k−1,n−1. This completes the
proof of the proposition.
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Figure 4.5: Probabilities of number of type I quadruples in trees
generated by the stochastic process of linking to a new terminal
vertex. Trees are from 7th to 100th generation with three gaps in between
generations.

We computed the probabilities of the random variable φn for the first 500 genera-
tions. The results lead us to the following conjectures.

Conjecture 4.2.2. Let φ̄n be the expected value of type I quadruples in the nth gen-
eration of the process of randomly subdividing an edge so as to link the new internal
vertex to a new external vertex. Then,

φ̄n
n
→ 1

64
as n→∞ (4.2.3)

Conjecture 4.2.3. Let φ̄n and σ2
n be the expected value and variance of the number

of type I quadruples in the nth generation of the stochastic process of randomly sub-
dividing an edge in order to link the new internal vertex to a new external vertex.
Then, based on the index of dispersion, the limiting distribution is under-dispersed.

σ2
n

φ̄n
→ 57

64
as n→∞ (4.2.4)

4.2.2 Type II quadruples

In this section, we shed light on the distribution of another type of quadruples con-
sisting of a terminal pair, and two non-paired terminals in addition to three internal
edges, one of which is adjacent to the terminal pair and one of the non-paired ter-
minal, and the other two internal edges are adjacent to the non-paired terminals in
consecutive order. as shown in Figure 4.6. We refer to this substructure as a type II
quadruple.
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Figure 4.6: The layout of a type II quadruple.

Let θn be the random variable of the number of type II quadruples in nth generation
with probability distributions {Pr{θn = e}; e = 0, 1, ..., bn

4
c}. By marginalizing over

the number of terminal pairs and of triples, we have:

Pr{θn = e} =

bn
3
c∑

m=0

bn
2
c∑

k=max(m,2)

Pr{θn = e, τn = m,βn = k} (4.2.5)

We denote Pr{θn = e, τn = m,βn = k} by Pe,m,k,n.

Proposition 4.2.4. For 0 ≤ e ≤ min(k, bn
4
c), 0 ≤ m ≤ min(k, bn

3
c), and 0 ≤ k ≤

bn
2
c, the following recurrence relation holds for the distribution Pe,m,k,n:

Pe,m,k,n =
4m− 4e + 4

2n− 5
Pe−1,m,k,n−1 +

e + 1

2n− 5
Pe+1,m,k−1,n−1 +

e + 1

2n− 5
Pe+1,m+1,k−1,n−1

+
m + 1− e

2n− 5
Pe,m+1,k−1,n−1 +

3k − 3m + 3

2n− 5
Pe,m−1,k,n−1 +

n− k −m + 4e− 4

2n− 5
Pe,m,k,n−1

+
n− 2k −m + 1− e

2n− 5
Pe,m,k−1,n−1

(4.2.6)

Without loss of generality, let the initial conditions be the probabilities for n = 8:
P0,0,4,8 = 21

693
, P0,2,3,8 = 168

693
, P1,1,3,8 = 168

693
, P2,2,2,8 = 336

693
, otherwise Pe,m,k,8 = 0, for

n = 8,

Proof: Suppose the tree bn contains e type II quadruples, m triples, and k terminal
pairs. A tree bn with e type II quadruples can be derived from a tree bn−1 with e− 1,
e+ 1, or e type II quadruples.

The tree bn can rise from a tree bn−1 with e − 1 type II quadruples only if a
triple which is not a subgraph of a type II quadruple contributes to the formation
of a type II quadruple. In other words, the tree bn−1 must also have had m triples
and k terminal pairs, and the subdivision must have occurred on any of four edges,
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consisting of a terminal pair and two internal edges, involved in a triple which is
not a subgraph of a type II quadruple; there are 4

(
m− (e− 1)

)
edges which can be

subdivided such that by linking the new internal vertex to a new external vertex, the
number of type II quadruples would increase; therefore, the probability of this case
is 4m−4e+4

2n−5
Pe−1,m,k,n−1.

On the other hand, if the tree bn−1 had e + 1 type II quadruples, the subdivision
must have occurred on either of the two non-pair terminals β of a type II quadruple,
and therefore, the tree bn−1 must have had k − 1 terminal pairs. If the subdivision
has occurred on the closest non-paired terminal to the terminal pairs of a type II
quadruple, then the tree bn−1 must have had m + 1 triples. Thus, the probability of
this case is e+1

2n−5
Pe+1,m+1,k−1,n−1. Otherwise, if the subdivision has occurred on the

second closest non-paired terminal to the terminal pairs, then the tree bn−1 must have
had m triples; thus, the probability of this case is e+1

2n−5
Pe+1,m,k−1,n−1.

Finally, suppose the number of type II quadruples has not been altered through the
transition. The tree bn−1 could have had m+1, m−1, or m triples. If bn−1 had m+1
triples, it must have had k−1 terminal pairs, and the subdivision must have occurred
on a triple which is not a subgraph of a type II quadruples; the probability of this case
is m+1−e

2n−5
Pe,m+1,k−1,n−1. Alternatively, if the tree bn−1 had m−1 triples, then there are

k− (m− 1) substructures, each of which are consist of a terminal pair in addition to
an adjacent internal edge such that the substructure is not a subgraph of any triples
in the tree. There are 3(k − (m − 1)) edges included in these structures that can
be chosen for subdivision. Hence, the probability of this case is 3k−3m+3

2n−5
Pe,m−1,k,n−1.

Otherwise, if the tree bn−1 had m triples, then, based on its number of terminal pairs,
there are two possible cases. If the tree bn−1 also had k terminal pairs, then there

are (2n− 5)−
((

(n− 1)− 2k
)

+ 3(k−m) + 4(m− e)
)

edges which can be picked in

order that the number of terminal pairs, triples, and type II quadruples remain the
same. Therefore, the probability of this case is n−k−m+4e−4

2n−5
Pe,m,k,n−1. However, if the

tree bn−1 had k − 1 terminal pairs, then a non-paired terminal which is not involved
in formation of a triple or of a type II quadruple must have been subdivided to link

to a new external vertex. There are (n − 1) −
(

2(k − 1) + 2e + (m − e)
)

of such

edges. Hence, the probability of this case is n−2k−m+1−e
2n−5

Pe,m,k−1,n−1. This completes
the proof of the proposition.

The probabilities of the random variable θn for the first 500 generations are com-
puted. The results lead us to the following conjectures.

Conjecture 4.2.5. Let θ̄n be the expected value of type II quadruples in the nth

generation of the process of randomly subdividing an edge so as to link the new internal
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Figure 4.7: Probabilities of number of type II quadruples in trees
generated by the stochastic process of linking to a new terminal
vertex. Trees are from 8th to 100th generation with three gaps in between
generations.

vertex to a external new vertex. Then,

θ̄n
n
→ 1

16
as n→∞ (4.2.7)

Conjecture 4.2.6. Let θ̄n and σ2
n be respectively the expected value and variance of

type II quadruples in the nth generation of the process of randomly subdividing an edge
so as to link the new internal vertex to a new external vertex. Then, the indices of
dispersion shows that for the limiting distribution, we have:

σ2
n

θ̄n
→ 9

16
as n→∞ (4.2.8)



Chapter 5

Looking for evidence of
polyploidization events in
S. officinarum

The preceding combinatorial analyses were carried out in the service of a null hypoth-
esis that each increment in genome ploidy is the result of the addition of a complete
complement of distinct chromosomes to the n−1 copies already present, and that this
addition is described by the attachment of a new edge to any branch of the existing
phylogeny with equal probabilities.

5.1 The framework

Here we illustrate how to adapt our analysis to study the evoluton of a variety of
sugarcane, Saccharum officinarum, (L.A. Purple) [14]. The genome has 80 chromo-
somes in all, partitioned into 10 sets Ci (1 ≤ i ≤ ξ = 10), each of which consists
of 8 homeologous chromosomes. There is no given or known subgenome structure,
i.e., for any choice of 10 chromosomes, one from each set of 8 homeologs, there is
no information whether these chromosomes were, or were not, added to the genome
during the same polyploidization event.

We first calculated the sequence similarities (percent identity) in the set of all
homologous gene pairs found by SynMap in syntenic blocks [15, 13].

For any labelling of the 8 chromosomes in each set of homeologs, say A,B,...,H, it
would thus be futile to try to consider the 10 phylogenies constructed from the 10 sets
as samples from some distribution of trees with labelled terminals, since there is no
known one to one correspondence between the chromosomes in different sets. On the

30
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other hand, were there some well-supported, well-resolved phylogeny in common in
some or all of the sets, though these consist of unlabelled trees, we might be justified
in concluding that this gene tree represented the evolutionary history of the genome,
solely on the basis of a common topology. Thus we will analyze each of the 10 sets
of homeologous chromosomes, determine the tree that best fits the data on that set,
and finally compare the 10 phylogenies, without labels, to see to what extent they
share common structural features.

For each set of homeologous chromosomes, we first compile all gene families, sets
of 8 paralogous genes one on each chromosome, that have no other paralogous links
within the set or elsewhere. Because of the extensive pattern of missing genes and
ambiguous paralogy, however, there are actually few complete gene families with 8
replicates. To address this problem, we extend our study to gene families with only
7 or 6 replicates. The numbers of families of each size are presented in Table 5.1.

Table 5.1: The number of extracted gene families of homeologous
chromosomes in Saccharum officinarum.

Homeology set 8-genes 7-genes 6-genes Total

1 0 3 15 18

2 0 2 36 38

3 0 7 23 30

4 0 8 43 51

5 0 6 12 18

6 0 5 28 33

7 0 1 16 17

8 5 6 17 28

9 1 6 24 31

10 0 3 19 22

Total 6 47 233 286

Since our phylogenetic reconstruction in each gene family is based on bipartitions
shared by the largest number of gene trees, we pay careful attention to the statistically
fair weighting of bipartitions coming from the 6,7 and 8-replicate cases.

For each gene family, we calculate its maximum likelihood phylogeny via the
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RAxML wrapper contained in the Python package Dendropy. We carry out the
rest of our analysis based on the non-trivial bipartitions of these phylogenies.

We recall that the compatibility of a pair of bipartitions means that the two
bipartitions can co-exist in a tree. For instance, consider two bipartitions d1 = {X,R\
X} and d2 = {Y,R\Y },whereR is the set of all the leaves’ labels. The two bipartitions
are compatible if and only if at least one of the intersections X ∩ Y , X ∩ (R \ Y ),
(R\X)∩Y , and (R\X)∩(R\Y ) is empty [36]. Constructing a tree on eight terminals
entails inferring five compatible non-trivial bipartitions. While we are combining
evidence from all the gene families in a homeology set, however, we should weight
more heavily bipartitions that discriminate among the set of possible trees than those
bipartitions that are compatible with a larger set of trees. Thus {A B C D}{E F G
H}, which is compatible with only 225 unrooted binary branching trees, should be
weighted more heavily than {A B}{C D E F G H}, which is compatible with 945
trees.

Moreover, bipartitions derived from 7-gene families and 6-gene families will be
compatible with (i.e. constitute evidence for) many more 8-terminal trees, and should
thus carry much less weight in constructing the “consensus” tree of all the gene
families in the homeology set.

5.1.1 Weighting the compatible bipartitions

For each homeologous chromosome set Ci, let m(i) be the number of gene families that
has been extracted. Let phylogenetic tree T ij corresponds to gene family Gij where
1 ≤ i ≤ ξ = 10 and 1 ≤ j ≤ m(i). Suppose R is the set of labels of chromosomes of
n replicates( here, R = {A,B, ..., H}), bij = {bij1 , ..., b

ij
2n′−3} is a bipartition set of T ij

where n′ ≤ n = 8, for some 1 ≤ i ≤ ξ and 1 ≤ j ≤ m(i). Let R′ be the set of missing
terminal labels of T ij , and dij = {dij1 , ..., dijρj} be the new non-trivial bipartition set
consisting of all non-trivial bipartitions of n terminals compatible with bipartitions
in bij. Now, we assign weight ωijk to dijk where dijk = {Sijk , R \ S

ij
k } for some Sijk ⊂ R,

for 1 ≤ k ≤ ρj, such that:

1. The new set of compatible non-trivial bipartitions must support all possible
bipartitions fairly. We provide this balance through the following criteria:

ωijk1Λ
ij
k1

= ωijk2Λ
ij
k2

∀1 ≤ k1 6= k2 ≤ ρj (5.1.1)

where Λij
k is the number of all full-binary trees with n′ terminals with which

dijk is compatible. That is the number of all full-binary trees with n′ terminals
compatible with bipartition {Sijk \(Sijk ∩R′), R\(R∩(Sijk ∪R′))}, for 1 ≤ k ≤ ρj.
More explanation on this and counting Λij

k is provided later.
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2. The new set of bipartitions dij must contribute a total weight of 1 to the for-
mation of the consensus tree; thus, we let

ρ∑
k=1

λijk ω
ij
k = 1 (5.1.2)

where λijk is the number of all bipartitions in the set dij such that there is same
number of Λij

k full-binary trees compatible with them.

Hence, we have a system of ρ equations involving ρ weights that can be easily solved
to get the weights.

For each dijk , we count Λij
k through the following procedure. Note that the bipar-

tition dijk arises from the bipartition bijk′ = {Sijk \ (Sijk ∩ R′), R \ (R ∩ (Sijk ∪ R′))}, for
some k′, on n′ terminals corresponding to the phylogenetic tree of the gene family Gij.
The bipartition dijk can arise from all the binary trees with co-existing bipartition bijk′ .
We know Λij

k is the number of all these trees. Now, suppose bijk′ = {R1, R2} where
|R1 ∪R2| = n′. Then, Λij

k is

(2|R1| − 3) !(2|R2| − 3) !

2(|R1|+|R2|−4)(|R1| − 2) !(|R2| − 2) !
(5.1.3)

The bipartiton bijk′ corresponds to an edge linking R1 and R2. Therefore, the number
of all full-binary trees compatible with bipartition bijk′ is product of the number of
full-binary terminally labelled trees with labels in R1 and with labels in R2. Each of
these two trees is rooted at one of the two incident vertices to the edge linking R1

and R2. There are (2n−3) !
2n−2(n−2) !

full-binary rooted labelled trees with n terminals. See
Table 5.2 for an example.

5.1.2 Consensus trees

After assigning weights to each new non-trivial compatible bipartition, let Di =
{di1, ..., dili} be the set of all distinct bipartitions appearing in at least one of the new
non-trivial compatible bipartition sets of the ith homeologous chromosome set. Note
that li is at most equal to the number of all possible non-trivial bipartition on a set
of n labels ( e.g., if n = 8, then li ≤ 119). Now, for each dil ∈ Di, we let the weight
ωil of dil be the sum of the weights of all the same bipartition appearing in a new
non-trivial compatible bipartition set of the ith homeologous chromosome set. That
is,

ωil =
m(i)∑
j=1

ωijkj s.t. dil = dijkj , 1 ≤ kj ≤ ρj (5.1.4)
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Table 5.2: An example of computed ωij and Λij for a 7-gene family.
The original bipartition set corresponding to the phylogenetic tree of one of
the gene families is given in the first column. Second column indicates the
new non-trivial bipartitions compatible with the phylogeny shown in the first
column. Computed ωij and Λij shown in 3th and 4th columns corresponding
to the new compatible bipartition in the same row in the second column.

bipartition set bij Non-trivial bipartiton set dij ωijk Λij
k

{{{E,G}, {F,A,D,C,B}}, {{E,G,H}, {F,A,D,C,B}} 0.07087 105

{{E,G}, {H,F,A,D,C,B}} 0.07087 105

{{E,A,G}, {F,D,C,B}}, {{E,A,G,H}, {F,D,C,B}} 0.16535 45

{{E,A,G}, {H,F,D,C,B}} 0.16535 45

{{E,A,D,G}, {F,C,B}}, {{E,A,D,G,H}, {F,C,B}} 0.16535 45

{{E,A,D,G}, {H,F,C,B}} 0.16535 45

{{E,A,D,C,G}, {F,B}}, {{E,A,D,C,G,H}, {F,B}} 0.07087 105

{{E,A,D,C,G}, {H,F,B}} 0.07087 105

{{E}, {A,B,C,D, F,G}}, {{E,H}, {A,D,C,G, F,B}} 0.00787 945

{{A}, {E,D,C,G, F,B}} {{A,H}, {E,D,C,G, F,B}} 0.00787 945

{{D}, {A,B,C,E, F,G}}, {{D,H}, {E,A,C,G, F,B}} 0.00787 945

{{C}, {A,B,D,E, F,G}}, {{C,H}, {E,A,D,G, F,B}} 0.00787 945

{{G}, {A,B,C,D,E, F}}, {{G,H}, {E,A,D,C, F,B}} 0.00787 945

{{F}, {A,B,C,D,E,G}}, {{F,H}, {E,A,D,C,G,B}} 0.00787 945

{{B}, {A,C,D,E, F,G}}} {{B,H}, {E,A,D,C,G, F}} 0.00787 945
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Afterwards, for 1 ≤ i ≤ ξ = 10, we let the non-trivial bipartition set CST (i)

corresponding to the consensus tree of the ith homeologous chromosome set be a
subset of Di with cardinality of n − 3 (here, 5) such that the bipartitons have the
highest weights among the bipartitions in Di that are compatible with one another.
This consensus was estimated by applying a greedy algorithm, at each step selecting
the highest weight remaining bipartition compatible with all the bipartitions already
selected. As opposed to maximizing the sum over the weights, this approach promises
a better consensus tree when the subsequent compatible bipartitions belong to the
same former gene-trees(e.g. in the worse case, all the compatible bipartitions belong
to the gene-trees corresponding to the bipartition with the highest weight in the new
bipartition set).

5.2 Results

The consensus trees of homeology sets of Saccharum officinarum revealed overall
three tree topologies. Seven out ten homeology sets had three terminal pairs. Both
possible tree shapes with three terminal pairs appears among the trees, but with ratio
of 6:1. The rest of the homeology sets had four terminals. Tree topologies are shown
in Table 5.3, and the frequency of each peripheral configuration is shown in Table 5.4.

Table 5.3: Tree topologies and frequencies.

Consensus tree topology Frequency

6

1

3

We examined the probability of observing such phylogenetic trees under the null
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hypothesis, the assumption that the phylogeny was generated by the one-branch-at-
a-time model. The results , as shown in Table 5.3, are statistically significant for all
the peripheral substructures discussed in this thesis based on the Multinomial Exact
Test (P-value < 0.05). Thus, we reject the null hypothesis that the homeologous
chromosomes were added one at a time.

Table 5.4: Frequency of each peripheral substructure in the consen-
sus trees and the expected value based on the null hypothesis. The
test result for each of the peripheral structure is statistically significant based
on the Multinomial Exact Test ( P-value < 0.05).

Peripheral structure Configuration Expectation Observed frequency P-Value

2 4.8 0

Terminal pairs 3 4.8 7 0.0001

4 0.3 3

0 0.3 3

Triples 1 2.4 1 0.0043

2 7.3 6

0 7.3 6

Type I Quadruples 1 2.4 1 0.0043

2 0.3 3

0 2.7 9

Type II Quadruples 1 2.4 1 0

2 4.8 0



Chapter 6

Discussion and conclusion

In this thesis, we have introduced an approach to deciphering the history of multiple
polyploidizations of crops and other flowering plants. This is particularly pertinent
for autopolyploids and for allopolyploids derived from closely related genomes. [12]

In contrast to most phylogenetic analyses, our calculations involved unlabelled
unrooted trees, because there is no matching between the different sets of homeolo-
gous chromosomes. Enumeration involving unlabelled unrooted trees is notoriously
difficult, but we have succeeded in developing easily computed recurrences for the
expected number of occurrences of small structures on the periphery of the tree.

We apply our analysis to data on sets of homeologous genes from the sugarcane
species Saccharum officinarum. Indeed, even though we have not specified any alter-
native hypothesis, the results are suggestive of one or two successive whole genome
doublings underlying the gene similarity data. And although our null hypothesis is
motivated by known examples of subgenomes being recruited on at a time, other null
hypotheses may be equally reasonable in particular contexts.

Finally, we note that our data form but a very small subset of the homeologous
gene sets in the S. officinarum genome, because of the stringent requirements on gene
families for our tree construction method. Whether or not consideration of a larger
data set may suggest different conclusions than ours, is an open question.
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Glossary

gene family A set of closely related genes originating from the same ancestral gene
by replication and mutation processes. They may either be clustered on the
same chromosome or be dispersed throughout the genome. 31

heterozygosity Describes the condition in which the progeny inherited different
alleles at a locus from its parents. 11

homeologous chromosomes Partially homologous chromosomes, as a result of an-
cestral homology. Homeologous chromosomes are created through chromosome
duplication events. 30

paralogous genes Homologous DNA sequences in two organisms A and B that are
descendants of two different copies of a sequence originally created by a gene
replication event in the genome of a common ancestor. 31

polyploid A cell or organism that has more than two haploid sets of chromosomes.
For instance, triploids have three sets, tetraploid have four, etc. 15

polyploidization The process of chromosome replication without subsequent nu-
clear division, that leads to polyploidy. 1

polyploidy The occurrence of more than two complete sets of chromosomes within a
cell, a tissue, an organ, or an organism, resulting from chromosome replication
without nuclear division or the recombination of two gametes with differing
chromosome sets. The normal set is then diploid (diploidy), a triple set is
triploid (triploidy), a quadruple set is tetraploid (tetraploidy), and so on. 2
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