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Abstract

In the present study, it is demonstrated that the traditional superposition method lends itself
successfully to obtaining of eigenvalues and mode shapes for rectangular shear deformable plates
resting on uniform elastic edge supports. The effect of transverse shear deformation is taken into
account by means of the first order shear deformation relationship developed by Mindlin. Uniform
elastic rotational and translational supports of any stiffness magnitudes are considered to act
simultaneously along the four edges. The effects of twisting edge restraint are investigated for the
first time. The governing differential equations are satisfied exactly throughout the plate domain.
Eigenvalues are tabulated for the first six vibration modes of square plates with identical stiffnesses
along all edges. It is shown that all the three classical boundary conditions, namely, free, simply
supported, and clamped, are approached when the stiffness coefficients are allowed to take on
appropriate limits. These appear to be the first analytical solutions to these important elastically
supported plate vibration problems obtained by the superposition method.
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plate dimensions in x and y directions, respectively

flexural rigidity, D = Eh/12(1 - v?)

Young’s modulus

shear modulus

plate thickness

actual number of terms used in series of Levy type solutions
clastic translational stiffness along plate edge

elastic bending stiffness along plate edge

elastic twisting stiffness along plate edge

dimensionless translational stiffness along plate edge, K, = LG,
dimensionless bending stiffness coefficient along plate edge,
K, = Rba/D whenn =0, 1, K, = Ra/D when § =0, 1
dimensionless twisting stiffness along plate edge, K. = 2aT/D(1 - v)
bending and twisting moments

dimensionless bending and twisting moments

shear forces on planes x = const. And y = const., respectively
dimensionless shear forces

displacements in x, y, and z directions, respectively

lateral displacements divided by side length a

Cartesian coordinates

dimensionless in-plane coordinate, £ =x/a

dimensionless in-plane coordinate, n =y/a

plate aspect ratio, ¢ =b/a

plate thickness-to-length ratio, ¢, =h/a

plate density per unit area



rotations with respect to x and y, respectively
rotations with respect to £ and n , respectively

plate strain components

plate stress components

Poisson ratio

shear correction factor

circular frequency of plate free vibration
eigenvalue of plate free vibration, A2 = wa?/p/D



List of Figures

Figure A.1.  Plate coordinate system.

Figure A.2.  Schematic representation of forced vibration solutions (building blocks) utilized in free
vibration analysis of rectangular Mindlin plates resting on uniformly distributed elastic
edge supports.

Figure A.3.  Schematic representation of eigenvalue matrix generated in free vibration analysis of
rectangular Mindlin plates resting on uniformly distributed elastic edge supports.

Figure B.I.  Convergence trend of the fifth vibration modes of square plates (~: ¢,=0.01,-: ¢,=
0.1,0: K,= K,=100000, K,=0, *: K,= K=K, = 100000).

Figure B2.  Effects of twisting rotation restraints on square plate free vibrations (K, = 100000,
*. $,=0.01,0: $,=0.1, -: K,=100000, —-: K. = 100000).

Figure B.3.  First vibration mode shape of a thicker square plate ( ¢, = 0.1, K, =0,
K, = K, = 10, A2 = 25.78).

Figure B4. Second vibration mode shape of a thicker square plate ( ¢, = 0.1, K, = 0,
K, = K, = 10, A* = 50.83).

Figure B.5. Fourth vibration mode shape of a thicker square plate ( ¢, = 0.1, K, = 0,
K, = K, =10, A* = 71.67).

Figure B.6.  Fifth vibration mode shapc of a thicker square plate ( ¢, = 0.1, K, =0,
K, = K, = 10, A* = 85.83).

vii



Figure B.7.  Sixth vibration mode shape of a thicker square plate ( ¢, = 0.1, K, = 0,
K, = K, = 10, A* = 86.82).



List of Tables

Table B.1.

Table B.2.

Table B.3.

Table B.4.

Table B.5.

Table B.6.

Eigenvalues for a thin square plate with all four edges resting on equal translational
elastic supports with no bending and twisting restraints ( ¢, = 0.01, K, = K. = 0,
v = 0.3, €& = 0.8601).

Eigenvalues for a thin square plate with all four edges resting on equal translational
and bending supports with no twisting restraints ( ¢, = 0.01, K. = 0, v = 0.3,
x> = 0.8601).

Eigenvalues for a simply supported thin square plate with all four edges subject to
equal bending restraints and with no twisting restraints ( ¢, = 0.01, K, = 100000,
K. =0,v =103,k =08601).

Eigenvalues for a thicker square plate with all four edges resting on equal translational
elastic supports with no bending and twisting restraints ( ¢, = 0.1, K, = K;. = 0,
v =03, =0.8601).

Eigenvalues for a thicker square plate with all four edges resting on equal translational
and bending supports with no twisting restraints ( ¢, = 0.1, K, =0, v = 0.3,
k2 = 0.8601).

Eigenvalues for a simply supported thicker square plate with all four edges subject to
equal bending restraints and with no twisting restraints ( ¢, = 0.1, K, = 100000,
K. =0,v=03,x=08601).



Table B.7.

Table B.S.

Table B.9.

Table B.10.

Table B.11.

Table B.12.

Table B.13.

Comparison of first mode free vibration eigenvalues for thin square plates with all four
edges resting on equal translational elastic support with no bending and twisting
restraints (¢, = 0.01, K, = K, =0, v = 0.3, % = 0.8601).

Comparison of first mode free vibration eigenvalues for simply supported thin squares
plate with all four edges subject to equal bending elastic restraint (¢, = 0.01,
K, = 100000, K, = 0, v = 0.3, x* = 0.8601).

Comparison of first mode free vibration eigenvalues for thin square plates with all four
edges resting on equal bending and translational elastic supports with no twisting
restraint (¢, = 0.01, K. = 0, v = 0.3, x? = 0.8601).

Comparison of first mode free vibration eigenvalues for simply supported thicker
square plates with all four edges subject to equal bending elastic restraint (¢, = 0.1,
K, = 100000, K. = 100000, v = 0.3, x*> = 0.8601).

K,, K,, and K values for free, simply supported, and clamped boundary conditions.

Comparison between sixth mode free vibration eigenvalues for thin square plates with
classical boundary conditions and those approached as limiting cases with the present
analysis (¢, = 0.01, v = 0.3, x? = 0.8601).

Comparison between sixth mode free vibration eigenvalues for thicker square plates
with classical boundary conditions and those approached as limiting cases with the
present analysis (¢, = 0.1, v = 0.3, k* = 0.8601).



Chapter 1

Introduction

1.1 Literature Review

In recent years, numerous advances have been made in connection with free vibration of thick plates,
and a wide variety of plate theories as well as analytical techniques have been developed. Many
numerical methods, such as the finite element method and the boundary element method, have also
been used successfully in this area. A review of existing literature on the vibration analysis of thick
plates can be found in [1]. In this thesis, reference will only be made to those publications which are

considered to have direct relevance to problems under discussion and their solutions.

[t is well known that results obtained by means of classical plate theory based on the Kirchhoff
hypothesis are not truly applicable to plate vibration problems when the plate length-to-thickness
ratio falls below certain levels. The Kirchhoff hypothesis assumes that straight lines originally normal
to the plate median surface remain straight and normal during the deformation process. This simplifies
the problem considerably but produces errors since the effects of transverse shear deformation are
neglected. The classical plate theory overestimates the vibration frequencies of thick plates since the
plate flexibility is underestimated. This phenomenon was well recognized by many researchers, like
Reissner [2] and Mindlin [3]. Based on discarding the Kirchhoff hypothesis and incorporating
transverse shear deformation effects, many refined plate theories, ranging from the first order Mindlin
plate theory, the modified Mindlin theories to various higher order plate theories, were subsequently
developed. It was Mindlin who first developed a mathematical free vibration formulation of the thick
plate problem which not only incorporated the effects of deformation associated with transverse shear

but also considered the effects of rotary inertia of the plate elements.



[n the vibration analysis of isotropic moderately thick plates, the first order Mindlin theory will usually
suffice. A comparison prepared by Yu and Cleghorn [4] indicates that there is excellent agreement
between the results obtained by using the Mindlin plate theory and those by the higher order plate
theories. Therefore, the Mindlin plate theory is adopted in this study.

In the Mindlin plate theory, any straight line originally normal to the plate median surface will, during
deformation, remain straight but not generally normal to the plate median surface. In the true situation
such a line is generally curved but the assumed straight non-normal line can well approximate this
curved line in an average sense at all points. One can think of the work of Mindlin as an extension of
the Timoshenko thick beam theory to the two dimensional rectangular plate problem. Although in the
theory, a constant shear stress distribution through the thickness is assumed, it can give reasonably

accurate solutions when used in conjunction with a shear correction factor k on the shear modulus.

The superposition method for free vibration analysis has been used with considerable success to
obtain accurate solutions to numerous thin plate free vibration problems. These solutions have been
widely reported in the literature with the principal reference being the work of Gorman [5]. More
recently, the superposition method has been employed to analyze completely free Mindlin plates by
Gorman and Ding [6] [7] and Mindlin plates with combinations of clamped and simply supported
edge conditions by Yu and Cleghorn [4] [8] [9].

An attractive feature of the superposition method centers around the fact that, unlike the Rayleigh-
Ritz method which is often employed by many researchers in their papers, no shape functions need
to be selected to represent the deformed plate. Exact Levy type solutions are obtained for rectangular
plate forced vibration problems(building blocks). Each building block is driven by a harmonic moment
or force distributed along one edge. After superimposing these solutions, Fourier coefficients
appearing therein are adjusted in order to satisfy the various boundary conditions. All solutions
obtained by the superposition method satisfy the governing differential equations exactly throughout
the domain of the plate. The boundary conditions are satisfied to any desired degree of accuracy.



1.2 Motivation and Objectives

It is generally accepted that edge support provided along the boundaries of rectangular plates is
always elastic in nature. One may, for convenience, choose to idealize such support as being of the
classical clamped or simple support type, but it is recognized that such idealized conditions are never
fully achieved in reality. The achieving of such conditions would imply infinite stiffness in the support

structure. Research studies for non-classical boundaries therefore need to be emphasized.

Reviewing the literature, it is noticed that very little has been done regarding free vibration of thick
rectangular plates resting on uniform elastic edge supports since Mindlin established the improved
plate theory. Only two works are found in this area, one is due to Chung, Chung and Kim [10] who
have considered orthotropic Mindlin plates with edges elastically restrained against bending rotation
using Rayleigh-Ritz method, another is done by Saha, Kar and Datta [11] who have used a variational
method to analyze rectangular Mindlin plates with elastic transiational and rotational (bending)
restraints uniformly distributed along the edges.

Activated by the work of Gorman [12] regarding the free vibration of rectangular thin plates with
uniform elastic edge supports, in this thesis, the superposition method is further exploited to obtain
solutions for the natural frequencies and mode shapes of rectangular Mindlin plates resting on uniform
elastic edge supports. All the three types of elastic supports, rotational (bending and twisting) and
translational, are considered. To the author’s knowledge, those solutions represent the first analytical
solutions to be achieved for these challenging problems by the superposition method.



Chapter 2

The Underlying Theory

[n this chapter, the dimensionless goveming differential equations for free vibration analysis of thick
isotropic plates, based on Mindlin plate theory, are developed for the sake of completeness. Also, the

associated various boundary conditions will be presented.
2.1 Governing Differential Equations

The rectangular plate is referred to an x, y, z system of rectangular coordinates shown in Figure A.1.
The faces of the plate are the planes z = + h / 2. The notation for plane stress and strain components

as well as materials properties are defined in customary manner [3].

Considering the general Hooke’s law for isotropic materials in three-dimensional elasticity theory with
the expressions for the six components of strain in term of six components of stress. Of the six
equations, the one containing unit elongation, €, normal to the faces of the plate is dropped, and o,
is also neglected. The remaining five equations are then solved for stress components o,, ¢, T, ,
T...T,, interms of strain components €, , €,, Y, Y. Y,,- We obtain the following plate stress-
strain relationship

g = E (e, + ve_v),

1 - v?

Q
1}




T = G‘Y‘_y . (2' l)

From the three-dimensional elasticity theory, we also have the following plate strain-displacement

relationships by ignoring the equation containing strain ¢,

8 = .a_u.,
T o
dv
€ = —,
v ay
du dv
= == + 22, 2.2)
Yo dv ox
y 2O, dw
= 8z ox
ow dv
sz T — —_—
. dv oz

where u, v, w are plate displacements in x, y, z directions, respectively.

The plate bending and twisting moments and transverse shear forces, all per unit of length, are now

defined as follows

A2
M_ = f G, zdz,
w2
P2
My = f oyzdz,
hn



M_ = [t _zdz, (2.3)
kP2
Qx = frzrdz’
)
A2
0, = fty:dz
wn

[t is assumed in the Mindlin plate theory that u and v are proportional to z and w is independent of
z,

u =zy (x,p1),
v = zy, (x).0), 2.4)
w = w(x,y,t),

where , and §, are the local rotations (change of slope) in the x and y directions, respectively, of
lines originally normal to the plate before deformation.

Substituting equations (2.4) into strain-displacement equations (2.2), then into stress-strain equations
(2.1), we obtain

Ez ay, ay,

o, = l -Vz(ax +Vay'),
d
o = _Ez ( v, . va"’,),
Yool -yt oy ox
d d
1:_ : = Ez ( w't + ‘l,}' ), (2’5)




t, = Gy, + Y,
: ox

La)
|

ow
=G + =—).
"= G0+ 5

The first three of equations (2.5) are multiplied by z and integrated over the plate thickness, the last
two are integrated over plate thickness directly. We finally achieve, after incorporating equations
(2.3), the expressions for bending and twisting moments and shear forces in terms of plate

displacements

Mx =D (a"l’x + V%),
ox oy
d
MV = D ( l"y + va‘”x)9
’ X
M, =L-vp ¥, %%,
2 dv ox
) dw
Q, = «Gh (¢, + —),
ox
0, = ©@Gh (y, + ),
: oy

where D is the plate modulus

Eh’

p=_Eh__
12(1 - v?)

and 2 is the constant, introduced here as transverse shear correction coefficient.

(2.6)

2.7

Now, consider the well-known stress equation of motion of three-dimensional elasticity theory

aox-ﬁ-a‘tx’v-#atn:_p..&

ox dy oz h 32




T , 9% %% _p v @2.8)
ax dy 0z h 422
I + aty"' + do, =P ﬁ,
ox dy oz h o2

where p is the mass per unit area.

The first two of equations (2.8) are multiplied by z and integrated over the plate thickness, and the

third one is integrated over the plate thickness directly. After making use of equations (2.3), (2.4) and
the condition that the plate is free of in plane forces, transverse external loading or body forces, and

neglecting the stress o,, equations (2.8) become

4 32
aMr + aMw _ Q - Ph d q’x,
ox dy ¥ 12 92
2 32
Vo Mg - p2TW 2.9
ox dy ¥ 12 3¢2
00, 99,  Fw
* =p

ox dy a2

Substituting equations (2.6) into equations (2.9), we finally get the governing differential equations

for Mindlin plates
Fw oY, Y Pw
x>Gh + —=5 4+ L) =gl 2.10)
Sa y = P
D, oY, i SN w, _ ph?2 ¥,
_[2 pw; (1 -v) > ( v) ] *Gh(y, + ax TR
&y, >y, _ ph? 8’1]:
__[2 + (1 - v) + (1 v) ] KZGh(lll > = T 6t2

2 2 ox?

[t is possible to express the displacement w(x,y,?) , edge rotations ¢ _(x,y,) and ¥, (p.0) asa
product of two functions, respectively, one involving only the space coordinates x and y and another

involving the time variable,



wx,y,t) = wx.y) 1),
V(.0 = ¥ (o)1), .11
V(.0 = ¥ () T0).
Substituting equations (2.11) into equations (2.10) and separating the variables, it can be shown that
I(t) = Asin(wt + a), (2.12)
where w is known as circular frequency, A and o represent the amplitude and the phase angle,

respectively. For the sake of brevity, w, {_and ¥, will be used hereafter to represent the space
functions, w(x,y). ¥ (x.y) and ¥, (x,v). The equations (2.10) then become

Kth(a'w . aw . alll‘. . a‘l’

L w =0, 2.13

ox? gy* or ay) e @.13)
D ., & ¥ &y ow,  pwh?
—[2 =+ (1 - = 1 ] - x*Gh —) + ——Vy, =0,
2[ dx? t=» dy? s axay] W, + ax) 12 V.
D, %V, Y Py ow, . pwh?
—[2—= 1 - < | X1 - x>Gh —) + ——¢_=0.
2[ >° +(1 - e (+v axay] Gh(y, + ay) 3 v,

Experience has shown that it is always advantageous to use the non-dimensional governing
differential equations. After introducing the following transformations [4]

a1}
n
8%

=3
1]
o e

WE,n) = —"@



v, =¥,
M
M, = =2,
D
Mpb
Mn - —y,
D
_ ZMxya
Nopa -
0,
QE = ., )
k>Gh
0
0, = =
kG

The non-dimensional governing differential equations for Mindlin plates may be written as

44 2
FW 162W+ﬂ'£+la'l'n+l¢;,wzo’

og* ¢*am* 9§ é on 2

2 2 2 44 2
a_‘he.q»iawz + %2 a‘l’n = V3(‘|’5+8W)+ Ad’h

ll,E:oO

98 ¢ on? v 3B ¢ 3 12
2 2 2 44 2
atln,+ 1 B‘I'n+v2 Y, v o +laW)+l¢"¢,,=0,
9g? ¢?v, dn? ¢v, d&on ¢, v, T ¢ an 12v,

where

(bh = ;’

v, = (a- V)’
2

v, 1+ v),

- 2

10

(2.14)

(2.15)

(2.16)



and A* is the eigenvalue.

The corresponding non-dimensional shear forces, bending and twisting moments become

th - aaq:]n " “”ia?"
0 = ¥, + %’,

2.2 Boundary Conditions

Four types of classical boundary conditions and the non-classical elastic one in their dimensionless
form, which have been studied thoroughly in the literature, e.g., [5], [12] and [13], are presented
here. In all the following expressions of boundary conditions, we take those on the edge y =b or n

= 1 as an illustrative example.

2.2.1 Simply Supported Edge

For a simply supported edge at i} = 1, we have

I



Using equations (2.17), the third condition becomes

M

Hence, the boundary conditions for a simply supported edge at n} =1 are

n

1
(=]

W _

an

o, _
an

2.2.2 Clamped Edge

The boundary conditions for a clamped edge at n =1 are

W=0,
q’f]:o’
Y, = 0.

12

(2.18)

(2.19)

(2.20)

.21)



2.2.3 Free Edge

For a free edge at n = |, we have

M, = 0,
M, =0,
g,=0

+ vp—= =0,

2.2.4 Slip Shear Edge

(2.22)

(2.23)

The slip shear support requires that the edge is free of transverse shear forces and twisting moments.
[n addition, the plate cross-section lying along such a boundary, cannot rotate about an axis parallel
to the edge. This kind of boundary condition is of a type that would rarely be encountered along the
cdges of an actual plate. Nonetheless, it will serve as a valuable mathematical device in analyzing plate

vibration problems by the superposition method. For a slip shear edge at n = 1, we have

M-En =0,

13



Q, = 0, (224)

Considering equations (2.17), these boundary conditions become

l a"’g

- + = 0,
¢ dn o€
W _
Feal) (2.25)
¥, = 0.
2.2.5 Elastic Edge

Along an elastic edge at n = | with translational and rotational (bending and twisting) restraints, the

following three equilibrium conditions must be satisfied
M, + Ky, =0,
o, +KW=0, (2.26)
MEn ¥ T“’E =0.

where K, K, and K are dimensionless bending, translational, and twisting stiffness coefficients,
respectively, which are defined in Nomenclature.

Using equations (2.17), those conditions become

14



ALYLLT
—2 + K =0,
an + a& R‘l’q
| oW
—— + KW =0,
w"+d>8n ‘

1 a‘l’g + a",“ + KT"’E = 0.

¢ dn

9§

15
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Chapter 3

The Superposition Method for Analyzing Rectangular
Plates Resting on Uniform KElastic Edge Supports

In chapter 2, we developed thc governing differential equations for isotropic thick plates. Now, we
exploit the superposition method to obtain accurate solutions for the natural frequencies and mode

shapes of these plates with elastic supports uniformly distributed along edges.

3.1 Mathematical Procedure

The superposition method described in reference [12] is employed in the present study. Essentially,
one obtains exact Levy type solutions for a number of rectangular plate forced vibration problems
(building blocks). Each is driven by a harmonic edge rotation or lateral displacement distributed along
onc cdge. After superimposing these solutions, we obtain a system of homogeneous algebraic
cquations constraining the driving coefficients so that the assembled blocks satisfy the prescribed
boundary conditions. The eigenvalues are those values of the dimensionless frequencies which permit
a non-trivial solution for the homogeneous equations. In the problem under study here, twelve
building blocks are required. They are represented schematically in Figure A.2. Only the first three

are described in detail since the steps required to obtain solutions to the other nine will be obvious.

3.1.1 First Building Block

The solution for the first building block is actually obtained in a manner identical to that described
in reference [6]. The first building block is driven by a harmonic edge rotation (bending) distributed

16



along the edge 1 = 1. The amplitude of this distributed edge rotation is expressed in series form as

¥, = Y EcosinE. aG.1)
1=0.1
[n addition, this driven edge is free of transverse shear force and twisting moment. The other three
non-driven edges are given slip shear supports. This type of supports are indicated in the figure by

two small circles adjacent to the edges.

We have the option here of driving the building block instead with a distributed harmonic bending
moment. It is found preferable to utilize distributed harmonic edge rotation when analyzing plates
with frec edges. One thereby avoids the problem of uncovering false eigenvalues (rejection mode

eigenvalues) as discussed by Gorman [5].

Levy type solutions are obtained for each of the independent variables, W, ¢, ¥, . The
trigonometric functions in the following expressions are selected so that the boundary conditions at

extremities of their arguments will be satisfied, as required by Levy solution. We therefore write

W(E,n) = i X(m)cosinE, (3.2)
1=0,1

Ye(E,n) = lz Y(n)sin/xE, 3.3)
=1.2

¥, (E.n) = Y Z(n)cosinE. (3.4)
1=0.1

Substituting the above expressions for the plate lateral displacement and rotation functions into the
governing differential equations (2.15), we obtain, for / > 1 , the following set of coupled ordinary

homogeneous differential equations which are written in matrix form as
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X/ 0 0 g, X/ b, b, 0|4, 0
Yl” +10 O a,| + YII + le bu 0{3Y,¢t =10¢, (3.9)
z/| las ay 0O z/| |0 0 b2 0

where the primes indicate differentiation with respect to the variable 1.

Performing the above substitution, it is found that, for the problem under study, the matrix elements

become

a, = $.
Py, (/)

ap = —— )

" 3.6)

v;$

s = /-
b,

R
&
|
<
>
i~
)
~—
*

and

14 2

b, = L - (In)21?,
V3

b, = (Im)?,

2
b, =2 v’(lf), G.7

vid,”

l4 2

b = L2 gy - By

v, 12 ‘b;.z

. AMd,? Vy
bs = @ [—3"— - vl - 5]

h
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We now seek solutions for the functions X(n), Y(n) and Z(n), for / > 1. Introducing the symbol
D to indicate differentiation with respect to 1, we find that the three equations of matrix equations

(3.5) can be written as

(D* + b)X(n) + b,,Y(n) + a,DZ(n) = 0. 3.8)
b X{(n) + (D* + b, )Y(n) + a,DZ(n) = 0, (3.9)
b;DX(n) + a,DY(n) + (D* + b)Z(n) = 0. (3.10)

Operating on these equations with judiciously selected operations, and combining equations (3.8) and
(3.9), and then (3.8) and (3.10), we can easily arrive at a pair of equations from which the

quantity Z(n) is eliminated. These two equations are
[4,(D* + by) - aybi)X(n) + [azhy, - @ (D* + b1¥(n) = 0 @11
and

[(D? + b(D?* + b,) - a,a,D*1X(n) + [b,(D* + b)) - a,a,D*Y(n) = 0.
(3.12)

We are now in a position to combine equations (3.11) and (3.12) in order to obtain an ordinary
differential equation involving one of the independent variables, only. It has been found to be highly

desirable by Gorman and Ding [6], from a computational point of view, to eliminate the variable

X(n).

After eliminating the variable X(n) the ordinary differential equation governing the variable Y(n)

may be written as
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where

and

(D¢ + «,D* + @,,D* + a,)Y(n) =0,

b, + by - a,a;.

b, by,
asb,, - ayb,,

a;.

aph, - a,a;,

= a;.

= b, - a,a,,

= bjsbys,
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Oy, = Q0 + Q0.

We look on the characteristic equation related to equation (3.13) as a cubic equation with associated
roots R,,R, and R, . For isotropic materials, thcoretical discussions put forth by Cleghorn and Yu
[4]. indicate these roots will always be real although they may be positive or negative. One of these

roots is obtained through a numerical search. Denoting the first root as R, , the other roots become

R - - ¢, +R - )O(‘ (3.16)
- 2
LTS R+ XX G
2
where
4a
XX = (o + R+ —2 (3.18)
1

Now, redesignating the roots R, , R, andR, if necessary, so that R,> R, > R;, we introduce «, f§

and vy associated with each value of / where

a = /IR,

B = /IR,I, (3.19)
Y= |R3|-

It will be appreciated that associated with negative values of R, R, and R,, there will be a pair of
solutions involving trigonometric functions. Conversely, associated with positive values, there will
be a pair of hyperbolic functions. It is found expedient at this time to introduce a case number which
decides which path the computations are to follow. The parameter “case” is assigned values as

follows
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case=1: R,, R, and R; <0,

case = 2: R, R, <0, R, >0,
(3.20)

case = 3: R, <0, R, and R, >0,

case = 4: R,, R, and R; > 0.
It will be apparent from the prescribed boundary conditions, at the edge 1 = 0, that the functions
X{(n) and Y(n) must be symmetric with respect to the £-axis. Similar reasoning allows us to
conclude that the functions Z(n) must be antisymmetric with respect to the same axis. This means
that X(n) and Y(n) are even functions of 1, and Z(n) is an odd function of . We are thus able

to climinate three of the six constants associated with each function. For illustrative purposes, we

consider the solution when case = 1. We then have
Y(n) = Agosan + BeosPn + Ceosyn. (3.21)

Of course, had the case been equal to two, the last term of equation (3.21) would have involved cosh

yn. It is not difficult to write solutions associated with other case numbers.

Because of the coupling of the three differential equations, solutions similar in form to equation (3.21)
can be written for functions X(n) and Z(n). For the situation, case = 1, they take the form

X(n) = AR, cosan + BR,cospn + CR,cosyn, (3.22)
Z(m) = AS,sinan + BS,sinfn + CS;sinyn. (3.23)

Similar forms of these equations exist for the other case numbers. It is now necessary to develop

cxpressions for the quantities R,,, S,,, etc..



Consider the first terms of equations (3.21) and (3.22). Substituting them into equation (3.11) and

performing differentiation indicated, it is easily shown that

a,b, - &) - alszz' (3.24)

a,(b, - a?) - a,b,;

R, =

[dentical expressions are obtained for R,, and R, of equation (3.22), where « is replaced by B and
Y. respectively. Expressions for R,,, R, and R,; for other case numbers are obtained in an identical

fashion.

The functions Y(n) and Z(n) may be uniquely related by combining equations (3.8) and (3.10) and
climinating the function X;(n). We then obtain

[ab, - a,(D* + b,)IDY(n) - [D* - (ayay - b, - by)D* + b,b1Z(n) =0 .
(3.25)

Focusing now on the first term of equations (3.22) and (3.23), and substituting them into equation

(3.25), we obtain

la,a® - (a,b, - a;b )] - (3.26)
a* + a*(a,a, - b, ~ by) + byb

Sy = -

Expressions for S;,, S, andS,; for other case numbers are obtained in an identical fashion.

Finally, in order to solve for the response of the building block in terms of the Fourier driving
coefficients. with / > 1, it is necessary to establish values for the coefficients 4,, B,, etc., of the
above equations. Focusing attention on the edge, n = 1, of the first building block, we require that
the twisting moment M. and the transverse shear force @, should vanish. This is in keeping with
Mindlin plate boundary conditions as discussed by Dawe and Raoufaeil [13].
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We look on the conditionQ, |, ., = 0 first. Utilizing the expression of O, provided in (2.17) and
considering the solution (3.2), (3.4), (3.22) and (3.23), we obtain

A(S,, - %R,,)sina + B(S,, - %R,Z)sinﬂ * A8, - ERpsiny = 0. (3.27)
Similarly, from the second condition M, tnln-1 = 0, wehave
A - xS )sine + BB - IxS )sinB + C(Y - IS, )siny = 0. (3.28)
I( ¢ 1) l(d, 2 ¢ 3

After solving the above two equations (3.27) and (3.28), we obtain B, andC, in terms of 4, as

B, = X4,
(3.29)
C, = X,4,,
where
[(%R" + INS,XS,, - %) - %RL, + IS,)(S, - -%)]sina
X, = - ; :
[(%R,z + IRS,XS,, - %) - (%RB - IRS,)S,, - lsinp
(3.30)
S, - %)sina + X,(S,, - %)sin B
X, = -
(S, - Lisiny
o
We now may rewrite expression (3.23) as
Z(n) = A(S;sinan + XS, sinfn + X.§,sinyn). 3.31)
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Next. enforcing the condition of matching of the imposed edge rotation, equation (3.1), and the

parameter {_, equation (3.4), along the driven edge, we obtain

E = A(S,sne + X\Spsinp + XS, siny). (3.32)
Denoting the quantity within braces on the right side of equation (3.32) as X,

X; = §ysine + XS, sinf + X,S,siny, (3.33)

then we have

E
A, = 2. 3.34
! X, ( )

Considering (3.29) and (3.34), the expressions (3.21), (3.22) and (3.23) for X(n). Y(n) andZ(n)

become

E
X(m) = YI(R,,cosan + X,RcosBn + X,R cosyn),
3
EI
7(cosan + Xcos Bn + Xcosyn), (3.35)
3

Y(n)
E ¢ . .

Z(m) = Y(S,,sman + X\ Spsinfn + X,S,sinyn).
3

There is no difficulty in developing similar expressions for solutions with case =2, 3 and 4.

We thus have available an analytical solution for the first building block driven by a harmonic
distributed edge rotation where the Fourier subscript / > 1. Before going further, we must examine
the case when / =0, which is a simpler problem where the first building block is driven by a single

uniformly distributed harmonic edge rotation.
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This is essentially a strip problem. The response of the first building block to this uniform harmonic
cdge rotation will be a function of the dimensionless space variable n. Only two equilibrium

differential equations are applicable,

W azwn . MW -

an? ¢ an? 0
2 2 v
Y, vé . + L9, Voo w, _
m* 2 " bon 12
The independent variables W and ¥, both functions of n, are written as
W) = X(n),
3.37
¥, (m) = Z().
We therefore have, following the earlier nomenclature and substituting (3.37) into (3.36),
X"(m) + ay,Z'(m) + by X(n) = 0,
(3.38)
Z"'(m) + a,, X'(n) + bZ(n) = 0,
which are the one-dimensional counterpart of equations (3.5) and
ay, = b,
2 —iﬂ:’ ’
g (3.39)
A4¢2¢h2
by, .
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) l4¢2¢h2 _ V3¢2

b .
0s 12 9,

Again, introducing the differential operator D, we have

(D?* + by )X(n) + a,,DZ(n) = 0,

(3.40)
a,;,DX(n) + (D + by)Z(n) = 0.
Here, we choose to eliminate the quantity Z(n) from equations (3.40) and obtain
(D* + &;,D* + a,,)X(n) = 0, (3.41)
where
oy = bys + by - a4,
(3.42)
oy = byshy, -

The characteristic equation associated with equation (3.41) may be considered as a quadratic equation

with roots R, and R,.

We now have three possible cases as follows

case = I: R, and R, <0,
case = 2: R, <0, R, >0, (3.43)
case = 3: R, and R, > 0.
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Designating the roots in such a way that R, < R,, and introducing

a = JIR,]|,
(3.44)
B = V|R2l9
we write for case = 1
X(n) = A,cosan + BcosPn,
(3.45)

Z(m) = AySy,sinen + B,S,,sinfn,

with similar expressions involving hyperbolic and trigonometric functions or hyperbolic functions only
for case =2 and case = 3, respectively. Again, two of the constants have been eliminated because of

the boundary conditions along the edge n = 0.

Following the same steps as described earlier, we are able to develop expressions for the quantities

Sp, and S, .

b, - a
Sor = -,
a, o
) (3.46)
S = bou - B
02 - T T o
a, B
Enforcing the boundary conditions along the edge 1 = 1. we obtain
B, = X\A,, (3.47)

where
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o

(-5 - SO[ )Sil'l o
X =- . (3.48)
(% - oz)Sin p
Matching the imposed edge rotation with the variable y  along the driven edge, we obtain
A, = %- (3.49)
3
where
X; = S acose + X,S,BcosP. (3.50)

Finally, we can express X(n) and Z(n) as

E
X(m) = -i;‘l(cosan + X,cos Bn),
3 3.5

E :
Z(n) ?"-(Smsina'q + X,S,,sin pn).
3

Similar expressions can be obtained for the other two cases.

3.1.2 Second and Third Building Blocks

The second building block differs from the first one in that it is driven by a harmonic edge twisting
rotation and has zero bending moment and shear force along the edge n = 1. The amplitude of this

distributed edge rotation is expressed in series form as
¥, = Y E,snmng. (3.52)
m=1.2

We also have the option here of driving the building block instead with a distributed harmonic
twisting moment. But it is preferable to utilize distributed harmonic edge rotation for the same reason
as indicated for the first building block.
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The Levy type solutions are written as

WEN) = T X (m)cosmrE, (3.53)
m=0.1

¥ (E.n) = Y Y, (m)sinmnE, (3.54)
m=1.2

¥ (§.n) = };_, Z,(n)cosmmE. (3.55)
m-=0.1

Following the same steps as those for the first building block, we obtain

X.(m) =A4,R, cosan + B R cospn + CR, cosyn, (3.56)
Y. (n) = A,coseny + B cosfn + Ccosyn, 3.57
Z,Mm) = 4,8,sinen + B.S, sinfn + C,S, sinyn, (3.58)

where R, ,, S,,, etc. have the same expressions as R,,, S, etc.. and &, B. yhave the same

definitions as given before.

Along the driven edge, n = 1, we require that the shear force O, and the bending moment M,

should vanish.

We look on the condition M |, ., = O first. Utilizing the expression of M, provided in (2.17) and
considering the equations (3.54), (3.55), (3.57) and (3.58), we obtain

A, (aS,, + mrvd)cose + B, (BS,, + mrvd)cosB + C,(YS,; + mrvd)cosy = 0.
(3.59)

Similarly, from the second condition @, |, ., = 0 we can obtain
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A,(S

. %Rm,)sina +B(S,, - BR )sinp + C (S, - %Rm)siny = 0. (3.60)

¢

After solving the above two equations (3.59) and (3.60), we obtain B, andC, in terms of 4, as

B, = X4,
3.61)
Cm = /YZAm’
where
S, - %Rm,)(ysm + muvd)sine - (S,; - -})—Rm,)(asm, + mrvd)cosa tany
Xl = - ’
S,, - %Rm_,)(ysm + muvd)sinB - (S,; - EY)-RM)(BSM_, + mrvd)cos ftany
(3.62)
X - - (aS,, + mrvd)cosa + X, (BS,, + mrv)cos P -
2 (¥S,; + mmvd)cosy
We now may rewrite expression (3.56) as
X, (M) = A4, (R, cosan + X,R ,cosBn + X,R ,cosyn). (3.63)

Next, enforcing the condition of matching of the imposed edge rotation, equation (3.52), and the

parameter yf ., equation (3.54), along the driven edge, we obtain

E, = A,/(cose + Xcosp + X,cosy). 3.64)
Denoting the quantity within braces on the right side of equation (3.64) as X,

X; = cosa + X,cosB + Xcosy, (3.65)

then we have
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4 - E (3.66)

m 7}'
Considering (3.61) and (3.66), the expressions (3.56), (3.57) and (3.58) for X (1), Y,(n), and
Z,(n) become

E
X,(n) = Y’"(R,,,,cosa'q + X,R_,cospn + X,R_cosym),
3

E
7"’(cosur| + Xcospn + X,cosyn), (3.67)
3

Y.(m)

E . X .
Z,() = 5~ (Sysinen « XS, sinfn + XS, sinyn).

3

There is no difficulty in developing similar expressions for solutions with case =2, 3 and 4.

We thus have obtained an analytical solution for the second building block driven by a harmonic
distributed edge twisting where the Fourier subscript m > 1. When m =0, the second building block

actually is not driven.

The third building block differs from the first one only in that it is driven by a harmonic edge
displacement and has zero bending and twisting moments along the edge 1 = 1. The amplitude of

this distributed edge displacement is expressed in series form as

W = f: E cosnm§. (3.68)

n=0.1

We also have the option here of driving the building block instead with a distributed harmonic shear
forcc. But it is preferable to utilize distributed harmonic edge displacement for the same reason as

indicated for the first building block.

The Levy type solutions are written as
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-

WE.n) = Y X(n)cosnnE, (3.69)

n=0.1

Y (E.n) = Y Y(n)sinnng, (3.70)
n=1.2

¥, (En) = Y Z(n)cosnnE. G.71)
n=0.1

Following the same steps as those for the first building block, we obtain

X,m) = AR, cosan + BR cospn + C.R, cosyn, (3.72)
Y(n) = A cosan + B cospn + Ccosyn, 3.73)
Z(n) = A,S,sinan + B,S, sinfn + C,S, ;sinyn, 3.74)

where R, §,,. etc. have the same expressions as R, S;;, etc.. and «, , y have the same

definitions as given before.

Along the driven edge, n = 1, we require that the twisting moment M, and the bending moment M,

should vanish.

We look on the condition M, |, _, = O first. Utilizing the expression of M, provided in (2.17) and
considering the solution (3.70), (3.71), (3.73) and (3.74), we obtain

A(aS,, + nmvd)cosa + B (BS,, + ntvd)cos P + C (vS,; + nmvd)cosy = 0.
(3.75)

Similarly, from the second condition M, | ., = 0 we can obtain
A,,(% + nuS, )sina + B,,(% + nuS, )sinp + C"(% + nnS, )siny = 0.  (3.76)
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After solving thc above two equations (3.75) and (3.76), we obtain B, andC, in terms of 4, as

B, = X,A

n

317
C, = X,A

n

where

(% + nwS, NYS,; + nnvd)sine - (-:;—) + nnS, NaS,, + ntvd)cosatany

X, = - ,
(% + nwS ,NYS,, + nuvd)sinp - (7}; + nnS )NBS,, + nwvd)cos ftany
(3.78)
X = - (aS,, + nevd)cosa + X (BS,, + nmvd)cosf -
? (vS,; + nmvd)cosy
We now may rewrite expression (3.72) as
X(m) = 4,(R,,cosan + X|R ,cosPn + X,R, ,cosyn). 3.7

Next, enforcing the condition of matching of the imposed edge displacement, equation (3.68), and

the parameter W, cquation (3.69), along the driven edge, we obtain
E, = A(R,cosa + XR cosB + X,R cosy). (3.80)
Denoting the quantity within braccs on the right side of equation (3.80) as X,

X

, = R,cose + X,R cosf + X,R, cosy, (3.81)

then we have
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(3.82)

b
"
2xfm

Considering (3.77) and (3.82), the expressions (3.72), (3.73) and (3.74) for X, (1), Y,(n) andZ (n)

become

E
XMm) = -)—(i'-(Rn,cosan + X,R cospn + XR, cosym),
3
ER
Y(m) = —X—(cosa'q + X,cos fn + X,cosyn), (3.83)
3
Ell d - .
Zm) = -X—(S,.,S“l“'ﬂ + XS, sinfn + XS sinyn).
3

There is no difficulty in developing similar expressions for solutions with case =2, 3 and 4.

We thus have obtained an analytical solution for the third building block driven by a harmonic
distributed edge displacement where the Fourier subscriptn > 1. When n=0. the third building block
is actually driven by a uniformly distributed harmonic edge displacement. Following the same steps
as presented for the first building block, the solution for this case can be obtained easily. It is found
almost the same as the one of the first building block except that we have here

X, = _aSucose (3.84)
BS,,cos B
X; = Rycosee + X|Rcosf, (3.85)

because of the different boundary conditions along the drivenedge n = 1.

3.1.3 Other Building Blocks

The fourth, fifth and sixth building blocks differ from the first three only in that they are driven along
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the edge £ = 1. For convenience, we will designate the Fourier driving coefficients for those threc

building blocks by the symbols E,.E, and E_, respectively. The solutions for the responses of those
three building blocks are available from those of the first three provided that we take the following
steps [6]

a) replace A with A2¢?,
b) replaced, with ¢,/
c) replaced with 1/,
d) interchange 1 and &.

The solutions of the seventh, eighth and ninth building blocks differ from those of the first three only
in thatn should be replaced by 1 -n. We use r, s and t, respectively, for the Fourier driving

coefficient subscripts here.

Similarly, the last three building block solutions are extracted from those of the second three by
replacing & with | - . The Fourier driving coefficients for those three building blocks are designated
byE,, E,6 and E_, respectively.

3.1.4 Eigenvalue Matrix

With the building block solutions available, we are now ready to construct the eigenvalue matrix. The
matrix is developed in a manner similar to that described in [12] for thin plates. Such a matrix, based
on a three term expansion for each building block, is shown schematically in Figure A.3. The actual
number of terms employed can be arbitrarily increased in order to achieve any degree of desired

convergence.
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Rectangular figures along the right edge of the schematic matrix of Figure A 3 indicate whether the
associated group of equations are related to moments or edge force equilibrium and to which edge
they pertain. The first group arises because of the requirement to satisfy the bending moment
equilibrium condition in (2.27) along the edgen = 1. Toward this end, all moment and rotation
distributions along the edge which are not available in a cosine series are expanded in such a series.
Note that we must employ the same number of terms in such a series as in the building block solutions
to obtain a square eigenvalue matrix. The first, second and third equations, etc., in the group are then
obtained by requiring that the sum of the contributions to the left side of the first equation in (2.27)
of each building block must equal zero, for the first, second, third terms, etc., of the series. This gives
rise to a set of K+1 homogeneous algebraic equations relating the Fourier driving coefficients E,, E_,

etc. K equals the upper limit of subscripts in the Fourier expressions.

The second group of equations is due to the requirement to satisfy the twisting moment equilibrium
condition along the edge n = 1. All twisting moment and rotation distributions along the edge
which are not available in a sine series are expanded in such a series. Another set of K+1 equations
are then obtained by requiring that the sum of the contributions to the left side of the third equation

in (2.27) of each building block must equal zero for each term of the sine series.

The third group of equations is due to the requirement to satisfy the vertical edge force equilibrium
condition along the edge n = 1. All shear force and displacement distributions along the edge
which are not available in a cosine series are expanded in such a series. The third set of K+l
equations are then obtained by requiring that the sum of the contributions to the left side of the

second equation in (2.27) of each building block must equal zero for each term of the cosine series.

It will now be appreciated that, as we continue around the plate in counterclockwise fashion, all of
the twelve groups of equations can be written. We thus arrive at a set of 12K+12 equations relating
the 12K+12 unknown Fourier driving coefficients. The coefficient matrix of the set of equations
forms our eigenvalue matrix. The procedure for computing eigenvalues is well established. First we

choose a trial value of A? and compute the determinant of the associated matrix. The trial value is
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increased in increments until a value is obtained which causes the matrix determinant to vanish.
Higher eigenvalues may then be computed. With an eigenvalue obtained and one of the driving
coefficients set equal to unity, a solution for the remaining driving coefficients can be obtained and

the associated mode shape plotted.

[t is worth noting that with the aid of physical reasoning, much of the work normally required in
generating the eigenvalue matrix can be avoided. It will be observed that there is a 4 by 4 array of
segments in the matrix of Figure A.3. Let us suppose that the elastic supports are distributed
uniformly along all the edges and we have computed the four segments immediately underneath the
first three building blocks. An identical computcr algorithm can be used to generate the four segments
immediately beneath the second three building blocks provided that we make the changes as indicated

carlier for generation of the second three building blocks.
There is no need to generate the matrix segments below the other six building blocks. They can be
transferred from the segments underneath the first six building blocks, with sign modifications as
required. Let us denote the segments by subscripts (i, j). It will be found that the following pairs of
matrix segments are identical [6]

segment (1, 1) = segment (3, 3),

segment (3, 1) = segment (1, 3),

segment (4, 4) = segment (2, 2),

segment (2, 4) = segment (4, 2).

Other segments below the last six building blocks may be obtained from the corresponding segments
of the first six building blocks by changing signs in the second, fourth rows, etc.,
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segment (2, 3) = tsegment (2, 1),
segment (4, 3) = tsegment (4, 1),
segment (1, 4) = tsegment (1, 2),
segment (3, 4) = tsegment (3, 2).

Taking advantage of these observations reduces computer running time and also reduces the
possibility of error. It is noted that we need to change the above procedure slightly when the four

cdges have different stiffness values.

3.2 Computed Results

The eigenvalues and mode shapes of square plates with uniformly distributed elastic supports along
all four edges are obtained for illustrative purpose. It should be emphasized that the four edges are

allowed to take on different stiffness coefficients in the superposition method.

A value of the parameter k> equal to 0.8601 and Poisson ratio v = 0.3 used by many researchers are
cmployed in all computations. There are two other very close commonly used values of k2, 5/6 and
1°/12, which were first introduced by Reissner [2] and Mindlin [3], respectively. However in the
tests conducted during the present research, it was found that changing the value of x* from 0.8601
to 5/6 or */12 had no significant effect on the computed eigenvalues.

In running the Fortran codes for the entitled vibration analysis, it is found that the rate of convergence
for the first six eigenvalues is excellent. Figure B.1 shows the convergence trend for the fifth vibration
modes of square plates. It can be seen that the eigenvalues converge monotonically to the exact
values from the low side, while convergence is a little slower for the simply supported plates with

K, = 0. Howcver we found that four digits of accuracy for all computed data may be obtained when
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ten terms in Levy type solutions are used in the test. Ten term expansions for the plate displacement

and rotation functions are therefore utilized in computation.

In order to study the effect of twisting restraint, eigenvalues of the first vibration modes are computed
and then plotted in Figure B.2 for simply supported square plates resting on rotational supports with
or without twisting restraint. It can be seen that the twisting restraint has more significant effect on
thicker plate vibration, particularly when not acting with bending restraint simultaneously. However,
its effect is trivial when compared with those of translational and bending restraints.

It is obvious, in view of the numerous parameters involved, that only a very limited amount of data
can be presented. The main body of computed results appears in Table B.1 ~ B.3 and Table B.4 ~ B.6
for thin and thicker square plates, respectively. Eigenvalues of first six mode vibration modes are
recorded for various rotational and translational stiffnesses. Mode shapes associated with some

cigenvalues are plotted In Figure B.3 ~ B.7.

[n Table B.7 ~ B.9, first mode eigenvalues computed by the superposition method described here are
compared with those reported in reference [14] for thin square plates with various elastic stiffnesses.
Comparison is also made between data generated by the present method and corresponding data
extracted from the publication of Chung [10] in Table B.10 for simply supported thicker square
plates with rotational restraint. It is seen that there is good agreement between those sets of results.
Where there are slight differences the results of the present study are seen to be slightly lower. This
is to be expected since the Rayleigh-Ritz energy method is used in their analysis.

Finally, tests are conducted to approach the known eigenvalues for plates with classical boundary
conditions. The results are presented in Table B.12 and B.13. FFFF, SSSS, and CCCC represent
completely free, simply supported, and fully clamped boundary conditions, respectively. In each case
the appropriate stiffness coefficients are given values of zero or 100000 to simulate zero or infinite
stiffnesses as indicated in Table B.10. It will be noted that all of the limiting cases are approached

with no deviations.
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Chapter 4

Summary

4.1 Conclusions

[n the present study, the superposition method has been used successfully to obtain the accurate
analytical solutions for the natural frequencies and mode shapes of shear deformable plates resting
on uniformly distributed translational and rotational elastic edge supports. The solutions obtained
satisfy the governing differential equations exactly throughout the domain of the plate, and the
boundary conditions can be satisfied to any desired degree of accuracy by taking more terms in the
slope and displacement solutions. The effects of transverse shear deformation and rotary inertia have
been taken into account by means of the first order shear deformation relationship as developed by
Mindlin.

The convergence was found excellent and four digits of accuracy was obtained by utilizing ten terms
in Levy type solutions. All the three classical boundary conditions, namely, free, simply supported,
and clamped, were approached when the stiffness coefficients were allowed to take on appropriatc
limits. [t is well known that the results for Mindlin plate theory must approach those of thin plate
theory as plate thickness approaches zero. We therefore compared our results with corresponding

thin plate ones and obtained good agreecment.

[n our study, the effects of twisting edge restraint were investigated for the first time. It was found
that the twisting restraint has more significant effect on thicker plate vibration, particularly when not
acting with bending restraint simultaneously. However, its effect is trivial when compared with those
of translational and bending restraints.

41



Eigenvalues were tabulated for the first six vibration modes of square plates with various stiffness
coefficients and some mode shapes were also plotted. To the author’s knowledge, these solutions
constitute the first analytical approach to resolve those important plate vibration problem by the
superposition method. It is expected that the tabulated eigenvalues may prove useful to designers as
well as providing reference values against which future researchers may compare their resuits.

4.2 Further Research Possibilities

The present research involves rectangular plates with uniformly distributed elastic edge supports.

Further research can be extended to the following areas,
(1) Free vibration analysis of rectangular plates with varying elastic edge supports,
(2) Free vibration analysis of composite plates with elastic edge supports,

3) Applications of higher order shear deformation plate theories for free vibration analysis

of thicker plates using superposition method.
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Appendix B

Computed Eigenvalues and Associated Mode Shapes
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Figure B.I.  Convergence trend of the fifth vibration modes of square plates (--: ¢,=0.01,-: ¢, =
0.1.0: K,= K;=100000. K,=0, *: K,= K,=K, = 100000).
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logK,

Figure B.2.  Effects of twisting rotation restraints on squarc plate free vibrations (K, = 100000,
* ¢$,=0.01,0: $,=0.1,-: K,=0, --: K, =100000).
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Figure B.3.  First vibration mode shape of a thicker square plate ( ¢, = 0.1,
K, = K, = 10, A? = 25.78).
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Figure B4. Second vibration mode shape of a thicker square plate ( ¢, = 0.1, K, = 0,
K, = K, = 10, A* = 50.83).
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Fi ibrati
gure B.5. Fourth vibration mode shape of a thicker square plate ( ¢, = 0.1, K. =0
K, = K, =10, A? = 71.67). h o |
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Figure B.6.  Fifth vibration mode shape of a thicker square plate ( ¢, = 0.1,
K, = K, = 10, A> = 85.83).
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Fi . I
igure B.7.  Sixth vibration mode shape of a thicker square plate ( ¢, = 0.1, K, = 0
K, = K, = 10, A* = 86.82). o |
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Mode
K. 1 2,3 4 5 6
0 0 0 13.42 19.59 24.26
0.000001 0.3801 0.5375 13.43 19.60 24.27
0.00001 1.199 1.699 13.57 19.69 24.34
0.0001 3.718 5.350 14.82 20.54 25.00
0.001 9.787 16.13 23.58 2747 31.25
0.01 16.36 36.31 50.76 58.11 61.58
0.1 19.10 47.89 72.59 91.62 91.75
1 19.57 48.89 77.71 97.54 97.69
100000 19.64 49.14 78.41 98.31 98.37
Table B.I.  Eigenvalues for a thin square plate with all four edges resting on equal translational

clastic supports with no bending and twisting restraints ( ¢, = 0.01, K, = K; = 0,

v =03, x* = 0.8601).
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Mode

K Ke | 2,3 4 5 6
0 0 0 13.42 19.59 24.26
0.001 9.787 16.13 23.58 2747 31.25
0.01 16.38 36.32 50.76 58.11 61.58
0.1 19.30 47.21 72.75 91.77 91.88
1 21.35 50.74 79.60 99.39 99.51
10 28.46 60.05 90.40 110.8 111.0
100 34.64 70.64 104.2 126.6 1272
1000 35.81 72.96 107.5 130.6 131.2
100000 35.95 73.24 107.9 131.1 131.8

Table B.2.  Eigenvalues for a thin square plate with all four edges resting on equal translational
and bending supports with no twisting restraints ( ¢, = 0.01, K. = 0, v = 0.3,
x> = 0.8601).
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Mode

Ke 1 2,3 4 5 6
0 19.64 49.14 78.41 98.31 98.37
0.01 19.66 49.16 78.44 98.33 98.39
0.1 19.84 49.34 78.62 98.51 98.57
1 21.42 51.00 80.34 100.2 100.3
10 28.47 60.09 90.50 110.9 111.1
100 34.64 70.64 104.2 126.6 127.2
1000 35.81 72.95 107.5 130.6 131.3
10000 35.93 73.21 107.9 131.1 131.7
100000 35.95 73.24 107.9 131.1 131.8

Table B.3. Eigenvalues for a simply supported thin squarc plate with all four edges subject to
equal bending restraints and with no twisting restraints ( ¢, = 0.01, K, = 100000,
K. =0,v =03, =08601).
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Mode

K. 1 2,3 4 5 6
0 0 0 12.73 18.96 23.34
0.0001 0.3801 0.5349 12.75 18.97 23.35
0.001 1.200 1.690 12.89 19.05 23.42
0.01 3.708 5317 14.19 19.88 24.08
0.1 9.717 15.95 23.05 26.67 30.26
1 15.84 34.79 48.37 55.29 58.32
10 17.99 43.16 64.40 80.37 80.62
100 18.31 44.36 67.24 83.85 83.98
100000 18.34 4451 67.59 84.24 84.37

Table B.4.  Eigenvalues for a thicker square plate with all four edges resting on equal translational
clastic supports with no bending and twisting restraints ( ¢, = 0.1, K, = K = 0,
v = 0.3, x* = 0.8601).
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Mode

Ki Ke | 2,3 4 5 6
0 0 0 2.73 18.96 23.34
0.001 1.200 1.690 12.89 19.06 23.42
0.01 3.718 5338 14.20 19.93 24.11
0.1 9.766 15.99 23.09 26.97 30.43
| 17.15 35.30 48.58 55.50 58.40
10 25.78 50.83 71.67 85.83 86.82
100 31.41 60.10 84.11 99.58 100.7
1000 32.40 61.86 86.50 102.3 103.4
100000 32.52 62.07 86.79 102.6 103.8

Table B.5. Eigenvalues for a thicker square plate with all four edges resting on equal translational
and bending supports with no twisting restraints ( ¢, = 0.1, K. = 0, v = 0.3,
K = 0.8601).
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Mode

K 1 2,3 4 5 6
0 18.34 4451 67.59 84.24 84.37
0.01 18.36 4453 67.61 84.25 84.38
0.1 18.54 44.68 67.76 84.38 84.51
1 20.08 46.12 69.16 85.59 85.75
10 26.49 53.31 76.65 92.40 92.90
100 31.52 60.49 84.87 100.6 101.6
1000 3241 61.90 86.58 102.4 103.5
10000 32.51 62.06 86.77 102.6 103.8
100000 32.52 62.07 86.79 102.6 103.8

Table B.6.  Eigenvalues for a simply supported thicker square plate with all four edges subject to
equal bending restraints and with no twisting restraints ( ¢, = 0.1, K, = 100000,
K.=0.v =03, x* = 0.8601).
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Boundary condition K, K, K,
Free 0 0 0
Simply supported 100000 0 100000
Clamped 100000 100000 100000
Table B.11.

K, K,,and K, values for free, simply supported. and clamped boundary conditions

Case designation FFFF SSSS CCCC
Actual eigenvalue 2441 98.52 131.8
Gorman(6] Mindlin{15] Yu[4]
Approached value 24.26 98.52 131.8
(24.41,v =0.333)
Deviation (%) 0.00 0.00 0.00
Table B.12.

Comparison between sixth mode free vibration eigenvalues for thin square plates with

classical boundary conditions and those approached as limiting cases with the present
analysis (¢, = 0.01, v = 0.3, x* = 0.8601).
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Case designation FFFF SSSS CCCC
Actual eigenvalue 23.45 85.30 103.9
Gorman([6] Mindlin[15] Yuf4]
Approached value 23.34 85.30 103.9
(23.45,v =0.333)
Deviation (%) 0.00 0.00 0.00

Table B.13.  Comparison between sixth mode free vibration cigenvalues for thicker square plates
with classical boundary conditions and those approached as limiting cases with the
present analysis (¢, = 0.1, v = 0.3, * = 0.8601).
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