=—=x| UNIVERSITE D'OTTAWA
= UNIVERSITY OF OTTAWA



NUCLEAR STRUCTURE CALCULATIONS

FOR ODD-MASS COPPER ISOTOPES

by

Jennifer Tan

Submitted in partial fulfillment of
the requirements for the degree of
MASTER OF SCIENCE

at the

Department of Physics
Faculty of Science and Engineering
University of Ottawa

Ottawa, Canada

July, 1972,

({:) Jennifer Tan, Ottawa 1972.



To My Father and Mother



- ii -

ACKNOWLEDGMENTS

The author would like to express her most sincere gratitude
to her advisor, Dr. R. J. W. Hodgson for suggesting this thesis topic
and for providing continual professional guidance throughout the
course of this investigation.

The author is also fortunate in having the opportunity to
acquire some experimental experience under Dr. I. L. Fairweather. His
interest in the work as well as financial assistance is deeply
appreciated. Her appreciation is also extended to Dr. B. Hird, for his
valuable comments and discussions.

Finally, the author would like to express her gratefulness
to Mr. Samuel Tan for his encouragement and useful suggestions in
computer programming. Special thanks are extended to Miss L. Sawyer

for typing this thesis.




AN ABSTRACT

NUCLEAR STRUCTURE CALCULATIONS

FOR ODD-MASS COPPER ISOTOPES

by

Jennifer Tan

Advisor: R. J. W. Hodgson
Submitted in partial fulfillment
of the requirements for the

degree of Master of Science.

The structure of the odd-mass copper isotopes are studied
using the intermediate coupling model and the projected Hartree-Fock
model. In the intermediate coupling model, each copper isotope is
described as a proton in the 2p3/2, 1f5/2 and 2p1/2 orbits coupled to
an even-even core of quadrupole vibrations. An anharmonic term is
included in the phonon spectrum to describe the non-degeneracy of the
two-phonon triplet. The effects of considering quasiparticles are
also studied and comparison is made with the original version.

In the projected Hartree-Fock model, the variational

procedure is carried out after the projection of angular momentum



from a deformed intrinsic state. An additional vibrational correlation
of the hexadecapole type is included.

In each approach, calculated and observed energy levels and
transition probabilities ére discussed in detail. Comparison between

results from different approaches is also carried out.
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CHAPTER I INTRODUCTION

I. Puarpose of Study

As we all know, the main difficulty behind theoretical
studies of nuclear structure lies in the fact that the basic laws of
nuclear forces are still unknown. One is faced with two problems:
first, to find the laws of the nuclear forces and then, to calculate
the nuclear properties resulting from those forces. The nature of
these forces are not known at bresent, so it can.only be studied by
careful analysis of the broperties of the nuclei. The basic problem
now becomes the one in finding the law of force, which, when apblied
to the nuclei, can reproduce the observed bropérties. Since the
nuclear interaction is not known, the ekact Hamiltonian for a nuclear
system cannot be written. A model Hamiltonian which is solvable is
then used instead. The solution of this model Hamiltonian can offer a
description of the behaviour of the real nuclei.

In recent years due to highly developed exberimental
technology, much work has been done successfully on odd mass nuclei
whose double even neighboring nuclei exhibit a vibrational spectrum.
The purpose of this investigation, is to account for a number of the
experimentally observed proberties sucﬁ as energies, spins, and

electromagnetic transition rates for the odd -A Cu‘isotopes in the



mass region 59 < A < 65.

In this present study, the theory of intermediate coupling
approach in the unified model develobed by Chaudhury1 from the outline

2,3,4 is apblied. This model has been apblied

of‘Bohr and Mottelson
exéensively to light nuclei as well as heavy nuclei and is proven to
be quite successful in general. Not many studies using this model
have been conducted on the intermediate nuclei. Therefore the ﬁurpose
of this study is to show that the apflication of intermediate cou?ling
model to the odd-mass nuclei in the sbecific region of 59 < A < 65

can meet with equal success.

Ample experimental information has been accumulated for

Cu63 and Cu65 but very scarce experimental data is available for Cu

59
and Cuél, especially Cusg. In caiculating the 4 isotoPes, and
comparing the theoretical results of Cu63 and Cu65 with the experi-
mentally observed properties, an attempt is made to predict the
properties of Cu59 and Cu61 not yet observed.

In this study, an alternate approach is also used to
investigate the odd Cu isotopes theoretically. This is the Hartree-
Fock model and it has been applied mainly to light nuclei where the
many-body system is simpler. Besides serving as a comparison to the
intermediate coupling model approach, the Hartree-Fock calculation is
alsﬁ intended to show the degree of success in its apblication to the

heavy nuclei.




II. Scope Covered

Some background material is bresented in Chabter 11,
describing the historical develobments and basic theories of the
different models up to and including the unified model. The back-
ground around the Hartree-Fock model is also discussed.

The mathematical formulation of all the theory used in
this investigation is given in Chaﬁters ITI and IV. In Chabter III, the
classical intermediate.coupling model as well as an extended version in
which quasiparticles are considered and discussed in parallel. In
both cases, the even-even core is taken to include anharmonic effects.
In Chapter 1V, the projected Hartree-Fock model is develobed
mathematically. In addition to the classical theory, vibrational
correlations of the quadrubole and hexadecaﬁole types are included.

The theoretical results obtained from applying the theory
discussed to the odd-mass Cu isotopes are given in the next two
Chapters. Comparisons between the theoretical energy levels and
electromagnetic transition rates, spectroscopic factors and the
corresponding observed values are shown and analysed in all cases.

The last part of the thesis deals with the general
conclusions that can be drawn from the entire study. Certain suggestions

for future studies in this area are also presented. .



Part of the author's time as a graduate student was spent
in acquiring some experimental exberience in the Niss(p, Y)Cu59
reaction. The dynamitron was available for berforming angular -
distribution experiments. Some ekperimental results were obtained
and can be compared with the theoretical angular distributions. An
additional Chafter (Chabter IX), is devoted to describing the

experimental techniques studied. It is hoped that perhaps this may be

of some use to future studies.




'CHAPTER II  BACKGROUND

I. Historical Background and'Develquent of the Unified Model

\,

1. Liquid-drop Model

5,6,7,8 were

Niels Bohr, Frenkel, Kalckar and Wheeler
pioneers of the Nuclear Collective Theory. They fostulated and
developed the liquid droﬁ model. This model associates the proberties
of a liquid drop with the nucleus. Certain analogies can be made, such
as: the nucleus has closely-backed particles forming a well-defined
nuclear surface like the liquid surface. The nucleus can also support
surface oscillations as the liquid drob does. The binding energy of
a nucleus (which is proportional to its mass number) is analogous to
the energy needed to evaPorate the drop of liquid into separate
molecules (Which is proportional to the number of molecules).

Thenliquid drop model has met considerable success, treating
thé nucleus as a deformable body, in the theory of nuclear fission as
well as in predictions of some static nuclear broperties with atomic
number.

The deficiency of this model is in certain unliquid-like

features of nuclear matter. Molecules in liquids have short-range

forces whereas nucleons have long-range forces. The liquid molecules



are much less mobile than the nucleons. The liquid-drop model there-
fore over simplifies the dynamical motion in the nucleus. It was
indicated that:
'The liquid drop model of the nucleus is not very success-
ful in describing the actual excited states. It gives too
large level distances.' ’
'The liquid drop model is more successful when used to
determined the stability of the ground states of nuclei
against deformation. The 1limit for stability against
fission is well reproduced, and the underlying idea is

well borne out by the fact that nuclei near this limit
show the phenomenon of induced fission.' 9

According to the model, the fundamental modes of nuclear
excitation corresbond to collective types of motion, such as surface
oscillations and elastic vibrations. These collective as?ects as
indicated by the liquid-drob model are considered significant despite

the suspicion of the model itself.

2. Independent Particle Model

At the time when the liquid-drop model was developed,
M. Mayerlo, Haxel et al.11 (both in 1949) introduced the Independent
Particle Model (IPM) as an alternative that was equally successful.
The IPM assumes that the nucleons in a nucleus move indebendently in

an average field of force created by all the other nucleons. The sum



of these internucleonic forces can be represented in a first order
approximation by a static sbherically symmetric ﬁoteptial.

Certain analogies can also be drawn between the nucleus
and the atomic case in this model. Similar to the above assumbtion,
the electrons in an atom move indebendently with respect to the
other electrons. Another analogy is that the nucleus has a shell
structure similar to the atomic shell structure. This conclusion was
drawn as a result of the observed feriodicities in the éroperties of
the nuclei, after investigations of nuclear stability were made.
First such indications were given by G. Gamow12 and W. Elsasserls.
Corresponding to the magic numbers of the periodic table are the
magic numbers of the nucleus. Nuclei containing 2, 8, 20, 28, 50, 82

or 126 protons or neutrons are more stable than their neighbors.

These magic numbers are not as strong as in the case of the atomic

structure.

3. Nuclear Shell Model

The shell model can be divided into three sub-models
according to their different principles, methods of treatment and
their representation of different phases in the development of the
shell model itself. They are: the extreme single-ﬁarticle model
(ESPM) , the single-particle model (SPM) and the Individual

(Independent)-Particle Model (IPM).



In the ESPM, nucleons are assumed to move independently in
a central potential. It is found that a central botential intermediate
between an infinite square-well potential and a harmonic-oscillator
should be used. One such potential is the woods—Saﬁcon15 Potential.
Mayer16 and Haiel, Jensen and Suess17 showed that a strong spin—orbit
potential should be added in order to split the degenerate levels with
the same orbital angular momeﬁtum (i.e. the j = 2 * 1/2 levels). 1In
. this model, the nucleons are paired so that a pair of nucleons con-
tribute zero spin and zero magnetic moment. The paired nucleons form
an inert core with total angular momentum and magnetic moment being
zero. This is the case with even-even nuclei. A nucleus with odd
mass-number A is considered to consist of such a core with a single
unpaired nucleon. The properties of the nucleus are ascribed to this
single outer nucleon. The core angular momentum is zero while the
angular momentum state of the single particle is determined by the
level scheme of the central potential modified by a strong spin-orbit
potential.

A refined version of the ESPM became the SPM. Instead of
considering states of one single particle only, states of several
particles are involved. The nucleus now consists of fil.ed (or closed)
shells containing the maximum number of protons and neutrons permitted
by the Pauli exclusion principle. The remaining particles are in the

unfilled (or open) shells and they contribute to the properties of the



nucleus just as the single outer nucleon before. States of these
'1oose'.partic1es are considered. Degeneracy of the states of these
particles with the same quantum numbers n, £, j is removed by using a
two-particlé interaction. This shell structure is related to the
'magic numbers' such that a shell closure occurs when there are 2, 8,
20, 50, 82 or 126 protons or neutrons. The energy level just above a
closed-shell level has amuch larger spacing than that within a shell.
Progressing further, the IPM is developed. In this model,
in contrast to the first two, all the particles in the nucleus are
taken into account. It is therefore also known as the many-particle
shell model. The potential consists of two parts: A single particle
Potential and an interparticle potential. To produce a complete set
of wave functions, the L-S and j-j coupling schemes have been developed.
Significant contributions to the development of thé nuclear
shell model have been made after its introduction. Haxel et al.16
and Mayer17 established definite evidence for the shell structure in
1949. 1In 1954, Brueckner et a1.18 and later, Gomes, Walecka and
Weisskoff (1958)19 proved the coexistence of independent particles and
hard cores. Before that, the main difficulty with the shell model was
that the nucleon-nucleon interaction, having a hard repulsive core
should scatter the nucleons far from their shell modei orbitals, thus
destroying the fundamental principle of the model itself. However,

Brueckner theory shows that the Pauli principle restrains this scattering
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action. In 1955 and 1959,Nilsson20’21 introduced a successful form

of potential consisting of an axially anisotropic, symmetric
oscillator, a spin-orbit term and an additional term proportional to
the square of the angular momentum. The first two terms represent a

self-consistent, deformed potential. The last term depresses states

of higher angular momentum.

4. Unified Model

As more and more experimental data was collected, some
phenomena became evident:

1. The lifetimes of nuclear gamma transitions of electric
quadrupole type predicted by the shell model are much longer than
those observed in some heavy nuclei. The observed lifetimes are about
a2 hundred times shorter than the single-particle estimates.22

2. Nuclear quadrupole moments definitely give evidence of
shell structure. On the other hand, for some heavy nuclei, the
quadrupole moments predicted by the shell model are much larger than
@he observed values. In some cases, the observed values are more
than twenty times larger than thg single-particle estimates.23

In both cases, the nuclei are in the regions away from the
magic numbers or closed shells. Rainwater24' offered an explanation

in 1950, suggesting that deviation from the magic numbers results in

deviation from the spherical shape (into spheroidal shape), and this .
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increases the electric quadrupole moments. This deformation is caused
by the centrifugal pressure exerted'by the nucleons in the unfilled
shells and the filled shells (or core). The quadrupole moments
calculated using this assumption have the same sign and the same order
of magnitude as those observed.

Bohr and Mottelsons indicated that the existence of
collective transitions with such short lifetimes is a characteristic
feature of the excitation spectra of strongly deformed nuclei. The
long lifetimes predicted by the shell model as described in the above
phenomenon (1) is thus explained.

By then, it had become evident that even though the shell
model and the liquid-drop model apprdach the problem of nuclear
structure in opposite directions, éach describes essential features
which should be taken into account simultaneously to offer a more
complete picture. The phenomena described above indicate that both
the collective aspects of the liquid-drop model and the shell
structure of the single particle model are equally significant and so
there is the necessity of combining the two models.

A quantitative formulation of this combined model based on
Rainwater's theory was developed by A. Bohr in 19522. This became
the Unified Collective Model and was further expanded in 1953-1955
by Bohr and Mottelson.s’4 In this model, mptions of the individual

particles are coupled to nuclear surface oscillations. By shifting
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the emphasis from the collective motion of the density~t° the
corresponding motion of the shell model field, the Unified Model was
able to incorporate both individual particle and collective effects.

The properties of the Unified Model are dependent on and
hence categorized according to the strength of the
coupling: i.e. strong coupling, weak coupling and intermediate
coupling. The last was discussed in detail by Chaudhury in 1954.1

Properties of systems in the intermediate coupling region
were analyzed in detail by Chaudhury1 in 1954. He developed methods
along the line of Tamm-Dancoff method of field theory25 (1954-1950).
States containing up to a certain number of quanta of the surface
oscillations are included in the diagonalization of the Hamiltonian,
and, representation of the uncoupled motion is used.

In recent years, much work has been done on nuclei in the
mass wmgion A < 150 and 190 < A < 222 using Chaudhury's method.26’27’28
with much success in accounting for a number of experimentally observed
properties of the 1ow:1ying levels. In these calculations, an assumption
that a quadrupole phonon spectrum underlies the core spectrum is made.

In this phonon spectrum, there exists a triplet of degenerate states
5t twice the energy of the first excited state. However, the harmonic
core vibrations used in these calculations do not describe the non-

degeneracy of the two-phonon triplet. A definite improvement on the

predictions of the classical mode can be brought about by including an
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anharmonic term in the phonon spectrum.29 In the present work,

anharmonic core effects are therefore considered.

| In 1956 and 1957, the BCS theory of superconductivity was
establishedso. Bohr, Mcttelson and Pines>! suggested the adoption
of the BCS theory to nuclear physics. This was later explored by

Belyaevsz.

In this approach, nuclear properties are investigated,
using a short-range pairing force and a long-range quadrupole force.
The pairing forces destroy the independent-particle structure, causing
a diffused Fermi surface. In the IPM, there is a sharp cutoff at the
Fermi energy, so, all of the single-particle states below the Fermi
energy are definitely occupied (hole states), and all of those above
the Fermi energy are definitely unoccupied (particle states). The
pairing forces cause some of the particles to be excited from the
occupied states to the unoccupied states. The probability of
occupation of a singl?—particle state is V2 and the probability of
non-occupation is Uz.l

Hybrid particles known as the Independent Quasi-particles
are introduced. They move in the pairing field and are generalized
fermions which are partly particles (with probability amplitude V)
and partly holes (with amplitude U).

Since a single-particle state does not have to be fully

occupied or empty, quasiparticles are also considered in the present
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work. The effects of this inclusion can then be compared with the
calculation using the classical form. It was found that the

P . il s . 34
modification could bring a definite improvement.

5. Hartree-Fock Theory

In the present work, calculations outlined above are
restricted to the simplest system of a single particle coupled to
quadrupole nuclear surface oscillations (i.e. of the lowest order).
For a fuller description of nuclear states, many-particle configuration
should be considered. Also, particle states with different values of
angular momentum j can be coupled due to the interaction with the
surface oscillations. Calculations become complicated because now,
~ the wave function must accomodate a number of unperturbed states.
Searches into other branches of many-body theory were made in order
to find solutions to the many-body problem in nuclear structure.
Important advances were stolen from other fields, for example, the
pairing force theory from the BCS theory of superconductivity,
quantized field theory from elementary particles, etc. Atomic physics
allowed the development of the Hartree-Fock Self-consistent field method.
The HF theory provides an approximation for reducing the problem of
many interacting particles to one of non-interacting particles in a
field. This HF approximation is based on the assumption that each

nucleon of the nucleus moves independently in a potential field. This
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field consists of the sum of all the interactions of this nucleon with
all the other'nucleons; averaged over their wave functions. >°

However, the nucleon interactions contain a strong short-
raﬁge repulsive core which produces short-range two-bcdy correlations.
This 'residual interaction' is neglected in the independent particle
wave functions used in the HF theory. As described above, the 'pairing
force theory' or Quasiparticle theory is developed to take into account
this short-range part of the residual interaction. It can therefore
be regarded as a 'generalized HF (or Hartree-Bogolyubov (HB)) theory'.36
The 'Random Phase Approximation (RPA) or time dependent (TDHF) theory!
is also another extension of the HF theory to describe excited states
and to consider the long-range part of the residual interaction. The
advantages of these extensions are further developed, combining to give
the quasi-particle RPA (QPRA) or generalized TDHF. Even though several
theories branch out, there is the common theme throughout.

As we can see, collective motion is contained in the Unified
Model while the HF theory implies the independent movement of nucleons
with respect to each other in an averaged field. But it is established
that the HF treatment is well-adapted for the description of collective
motion. The explanation of the'paradox lies in the fact that the
averaged field summarized the effects of all other particles, so in
this sense, the description is really collective. The self-consistent

field becomes time-dependent when the nucleons vibrate or rotate collectively.
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The Unified Model and HF theory also agree in certain

aspeCts,‘the'most important of which is the similar rotational spectrum
of the type - o :
. J@ £

23

due to the non-spherical shape of the nucleus given by the model. The

E

above formulation of rotation originates from Bohr and Mottelson'53
description of the strong-coupling model. The two models differ only
in their predictions of J, the moment of inertia. The 'cranking
model' is used in the strong-coupling approach to calculate f quanti-
tatively but it is now believed that the HF theory offers a more correct
expression for \1.37

The HF method has been used extensiﬁely to investigate the
- structure of light nuclei. It becomes a relatively simple method when
both neutrons and protons are present outside closed shells, causing
strong configuration mixing and hence making the shell-model calculations
jmpractical. The main difficulty in HF calculations is the nucleon-
nucleon interaction inside the nuclei. Various attempts have been
made to solve this difficulty.s8 Calculations in which an effective
internucleon potential inside the nucleus is assumed are also made,39
thus, avoiding this problem (e.g. G. S. Warke and M. R. Gunye in 1966).
Work limited to the closed- shell nuclei is widely explored.40 In

such calculations, the HF potential is assumed to be spherically
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symmetric, thus simplifying the HF equations. For non-closed shell
nuclei, it is inconsistent with the HF equations to assume such
sfmmetry. Ripka35 shows that the HF method is especially convenient
for treating configuration interaction inside a closed shell, as well
as to calculate the configuration interaction between major shells
which produce quadrupole deformation and the effective charge.

One main feature of the HF theory is the variational
principle used to derive the HF equatibns. A many body wave function
is described as a product of single particle wave functions, wj.
Starting with some trial set of these single particle wave functions,
the average potential, Vj’ is calculated. This is inserted into the
HF equations and recalculate fhe wj. With the new wj's, V.'s are
recalculated. The cycle is continued until the same wj's are obtained
from successive calculations. Self-consistency is therefore achieved.

The HF Hamiltonian H is then defined by the variational

equation

) f_il_H_Lﬁ = 0

<¢|¢>

where ¢ are the trial wave functions.

| Self-consistency ensures that the HF Hamiltonian will be
invariant under rotation so that angular momentum can be preserved as
a good quantum number. The solutions to the above equation mix several

values of J. The description of a nuclear level thus requires the
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use of a projection operétor PJ to extract the component of a good
quantum number J. The projection_technique was developed by Peierls
and Yo_ccoz41 in 1957; If variation is done before projection, the
procedure is the HFP process. An improved version is the variation
after projection, the PHF process in which the angular momentum is
projected from the trial wave functions; and the resulting projected
determinants inserted in the variational equation.

Considerable interest in the HF calculations has been

shown-in recent years42-48 . PHF theory is also studied in much

detail49-57 . The PHF and HFP processes are compared,49’50’55’56’57
and it was concluded that the PHF method is superior over the HFP
approach. In one case57 however, the HFP was found to be a fairly
good approximation.

The HF model tends to compress the energy spectrum; Das~
Gupta and Harvey58 suggested thaf there are residual correlations (B
vibration) which are of importance. Rowe59 has also discussed
several methods of describing 'vibrational' correlations in finite
nuclei.

In the present calculation, the PHF method is used and an

additional vibrational correlation is included in the variational

procedure, following the line of Castel and Parikh.
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CHAPTER III FORMULATION OF THE UNIFIED NUCLEAR MODEL

I. 'General Theory

It was mentioned before that the properties of the Unified
Model can be divided into three systems depending on the coupling
strength. This in turn depends on the correlation between nucleons in
the nucleus. (Mottelson, 1960) There are two major types of
correlatioﬁ attributed to two different schemes by which the particles
can couple. One type is favored by the tendency of each nucleon to
align its orbit with the long-range average field produced by all the
other nucleons. This gives rise to the 'aligned coupling' scheme.
The other type is favored by the tendency of particles coupling in
pairs to J = 0 configuration. The latter is due to short-range inter-
nucleonic forces and gives rise to the 'pair coupling' scheme. The
aligned coupling scheme produces a deformed equilibrium shape while
the pair coupling scheme makes for a spherical equilibrium shape.
Rowe36 has developed in detail the wave functions in both cases.
| These two kinds of forces tend to compete with each other
and the equilibrium shape of the nucleus depends on the balance bet-
ween them. It seems that the shell structure is definitely related

to the domineering strength of the two opposing schemes. At the

a—
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beginning of the shell, ?air coupling dominates whereas aligned
coupling overrides towards the end of the shell. This conclusion can
be drawnvfrom'the following:

If N particles in 22 more or less degenerate magnetic
substates are considered and, if -F is the potential energy of a nucleon
in the field created by one other, then the potential energy for aligned
coupling is

AE(aligned) ~ - ¥N(N - 1)F (N<< @)

For pair coupling, the potential energy for a single-pair state in a
(j)2 configuration is -QG. Therefore the potential energy for N/2
pairs is

AE (pairing) N - LNQG (N<< @)

Also G < F since shell structure exists and fhis is only so if

- pairing forces dominated over field fbfces (Mottelson, 1960). From
the above argument, it can be seen that pair coupling dominates when
N<< QG/F, i.e. at the beginning of the shell and gives way to aligned

coupling when N > QG/F near the end of the shell.

1. Strong Coupling Model
When the strength of the aligned force exceeds that of the
pairing force, then the long range forces become strong and so does

the coupling between the singleiparticle and the core. This is then
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the strong coupling system which covers the region of nuclear mass
number A, where 150 < A < 190 and A > 222: This is then the region of
nuclei far from either neutron or proton closed-shells. Nuclei of
large surface deformation are found in this region.

The mathematical formulation of the strong coupling model
of Bohr and Mottelson is well presented in their worksS. An
approximate solution is obtained, depending on the condition that the
particle motion is fast compared to that of the deformed nuclear
surface. The relatively slow vibration and rotation of the entire
system can then be considered. Certain spatial orientation stability
of the nuclear surface is required due to the large deformation.

The particle exerts a centrifugal pressure, giving the
surface an axially symmetric shape. The resulting nuclear coupling

scheme is illustrated here,

Fig. .4 (from A. Bohr)
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The angular momentum 7 of the particle precesses around
the nuclear axis with a constant projéction'g; The total angular
momentum ? is the sum of J and the angular momentum ﬁ of the surface.
The coupled'system of particle and surface rotates like a symmetric
top with quantum numbers I, k (i.e. projection of T on nuclear axis)
and M (i.e. projection of T on space fixed axis).

The angular momentum components j; and Iz are approximately
constants of motion for existing solutions to the wave function. The

Hamiltonian can be written as

H = Ho + U : (111.1)

where Ho is the part of H commuting with jz and Ié (the unperturbed
Hamiltonian), while the perturbation U contains no diagonal elements
in the jz and Iz representétion. It is found that3 the perturbation
term U can be neglected within the limit of this strong coupling
approximation.

The strong coupled system is best described by means of the
Eulerian angles 0, specifying a coordinate system fixed in the nucleus
as well as the two surface coordinates B and § where B is the
deformation parameter and y is an angular coordinate characterizing the
eccentricity of the nuclear shapé.

Ho consists of a kinetic energy part T and a function of g

and vy, i.e. W(B, v)
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Ho = T+ W(B, y) (1I11.2)
Since for each particle state, there is a spectrum of

vibrational and rotational states,

T B Tvibrational * Trotational

W(B; y) = wrotational * wvibrational (111.3)
For strong coupling; the dominant term is the vibrational energy
Tvibrational’ therefore;

Ho = Tvibrational * wrotational * wvibrational (111.4)
and

Hstrong coupling - Ho - Tvibrational * W(B,) (111.5)

A Bohr and B. Mottelson give the wave functions for the

strong coupling approximation as

wstrong coupling = ‘Q;HBny;IkM>
vz (8:v) X, Dy (8) + (773 x o by (63}
= ( 16 2 ) pan‘Y Y o Dux (93 o DMk :

(II11.6)
where Xn describes the motion of the particle with respect to the

deformed nucleus, Ph n

represents vibrations in B and Yy characterized
By :
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by the quantum numbers ng and nY » and D;k .describes the nuclear

rotations. They are also eigenfunctions of the Symmetric top. This

wave function ¥ - is valid for mp >> W (i.e. for the precession

frequency of the particle large compared to the collective

frequencies).

Since the surface is invariant under the rotation of 180°
about an axis perpendicular to the nuclear symmetry axis, one can see
the reason behind the simultaneous occurence of both signs for € and k

in the ¥ . . The total parity of ¥ is therefore made
strong coupling S.C.

sure to be the same as that of the particle state.
The strong coupling model has been extremely successful in
predicting the rotational spectra of heavy nuclei. It was shown above

that the rotational spectrum consists of wrotafionalcs’Y) 51n§e

Trotational(B’Y) i.e. the rotational part of the kinetic energy is

. . . . 3
negligible. wrotational(B’Y) is given as”.

ﬁZ 2 2

2 H H1°
wrotational(B’Y) - 29;'(k - Q)7 + fzy;'+ 33;9 {1(x + 1}

2

I-j .
K e G -0 - (DT G rmaem x sy, 8,0

1
2 /2

(I11.7)
where Sx’ Sy’ Sz: are the components of the effective moment of

inertia
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For even-even nuclei, the total angular momentum I is
equal to the surface angular momentum R. The above equation simplifies

and the rotational spectrum is given by

E = —'5—2—(1(1 +1) - K2 I1I.8
rotational 24 ) - ) ( -8)

for even particle number, k = 0, it follows that

2

h
Erotational ‘—‘—2:( I(I + 1) (I11.9)

The symmetrized wavefunction Ws c vanishes unless I = 0, 2, 4. So

the allowed values of I are 0, 2, 4, 6,----

In an odd-A nucleus, the last odd particle has an angular
-
momentum j and a projection @ along the nuclear axis. If the ground

state spin is I > then for I, > L,

Erotational = "f;-';" @@ +1) -1, +1] (111.10)
where

I>g in magnitude,
therefore

Io =Q

So, I = I, I +¢ 1;'10 + 2;' ------ where each I has only

one rotational state.
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For a k = ) band, the equation

2 :
‘h 2 .
FrOtational = —;—"[I(I + 1) - k"] generalizes to
become
E = ;ﬁf__ - 1j e 5. acennItE 1.
rotational =~ [ ky 201 ( )]

(I11.11)

where a is the 'decoupling parameter'36 which measures the breakdown
of the strong coupling of the particle to the deformed core. Using

the above sequence the rotational states are: 1/2, 3/2, 5/2, 7/2, 9/2---

2. Weak Coupling Model

In the weak coupling region, i.e. in the immediate vicinity
of closed-shells, the pair coupling scheme dominates. The short-range
pairing forces override the long-range forces, hence the weak coupling
between the single particle and the core.

In the weak coupling model, the motions of the particle and
the surface are approximated to be independent of each other. The
particle is described by the same shell model quantum numbers, while
the surface oscillations are represented by N phonons, each with total
angular momentum R and its z- component MR" Usually, two additional
quantum numbers are required to describe thé state of the surface

completely, but for small N (N < 3), R and MR are sufficient.
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The wave function can be expanded in the representation of
uncoupled motion even though the effect of the coupling implies

a certain interweaving of particle and surface motion.

= 2 3 . . I . '
% oak coupling SR | 5 sNR; IM><j;NR;IM|> (I11.12)
The weak coupling causes the angular momentum j to be shared
between the particle and the surface, which is reflected in a reduction

of the expectation value of jz. If j remains a constant of motion,

15 (25 - 1)(25 + 3) k2

<j> =(1_
1287 jz(j + 1)2 HhwC

z

M (I11.13)

where k is the coupling constant, «© the surface frequency and C the

deformability.

From here, a dimensionless parameter x is extracted

5 1 k
= / I111.14
x=Ji6r Vi VAuC C )

X is a measure of the strength of the coupling.

<j> = (1 - cons. (x/?)z)M (I1I1.15)

where x/j becomes the relevant parameter for perturbatipn.expansion.
One sees that the validity of the weak-coupling approximation is

determined by the smalless of x. x/j also represents the order of
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magnitude of the amplitude of the one-phonon state. InvérSely, for

x >> 1, the strong coupling approximate solution becomes valid.

3. Interme&iate Coupling Model

This model is applied to the gap between the regions of
validity of the perturbation approximation (x/j << 1) and the strong
coupling approximation(x >> 1). Intermediate coupling is especially
important for large j. Increasing number of phonons are required to
achieve the strong coupling situation for increasing j.

By illustrating the process of transfer of angular
momentum to the surface as a function of x, it has been shmm136 that
a coupling strength of x = 0.9 /f for A =20 increases rather sléwly
“with A to a value of x = 1.4 /3 for A = 200. This then corresponds to
the intermediate region in which neither the weak coupling perturbation
nor the strong coupling approximation would work.

In this region; the weak coupling wave function can be used,
with the expansion carried sufficiently far for an adequate representation
of the nuclear state. The determination of the coefficients of the wave
function fequires the solution of the corresponding secular determinant.
In 1945 and 1930, Tamm and Dancoff25 developed the method of field theory.
In 1954, Chaudhury; explored techniqueé to analyze the properties of the

intermediate coupling system, using the representation of the uncoupled
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motion and diagonalizing the Hamiltonian; including states containing
up to a certain number of quanta of the surface oscillations. His
method is somewhat similar to that of Tamm-Dancoff. Later,28 Chaudhury
anngailey refined the method but complication still arises in the
calculation when the number of unperturbed states included in the wave
function becomes too many. The simplest system which is studied here
consists of a single particle coupled to quadrupole nuclear surface
oscillations. This technique has proven to be very successful in
calculations of low-lying levels of odd-A nuclei in the regions A < 150

and 190 < A < 222,

In the next section, the mathematical formulation of the

ICM is discussed.

II. Mathematical Formulation of the ICM :

The basic concept of the ICM is that the nucleus is a system
consisting of single nucleons coupled to an even-even core. As a result
of the interaction between the nucleons outside the core and the core
the nuclear surface supports oscillations about a spherical shape when
certain modes of oscillation are excited. Since the core exhibits
collective motion, its oscillation is analogous to that of the classical

liquid-drop. In other words, the even-even nucleus can be visualised as
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a'guantiieé liquid drop.

The mathematical formulation of the ICM is concerned
basically with three parts, i.e. the part describing the motion of the
nucleons outside the core, the part describing the collective motion
of the core surface and the part describing the interaction between
the core and the nucleons outside it. Along this line, A Bohr2 has
developed the explicit Hamiltonian which is given in the following
section. The nuclear spin of the nucleus is therefore the vector sum
of the spins of the core and the nucleons outside the core, i.e. for

an odd-mass nucleus,

>
I = R +

R + 3 (I111.16)
where

I is the resultant spin of the nucleus

R is the spin of the core

j is the spin of the nucleon outside the core.

In the ICM, the coupling between the core and the single
particles is strong enough to cause splitting of the energy levels of the
nucleus but not to deform the nuclear surface appreciably from its

equilibrium.shape.
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1. Hamiltonian in the ICM

The Hamiltonian in its classical form! is separated into

three parts:
|

H = Hc + Hs.p. + Hint. (I11.17)

where Hc is the usual Hamiltonian for the core vibrations, modified in
this study to take into account the splitting of the two-phonon states,
H is the usual single-particle shell-model Hamiltonian describing

s.p.

the motion of the nucleons outside the core, and Hin is the interaction

t.
Hamiltonian describing the interaction between these outside nucleons

and the core.

2. Hc’ the core Hamiltonian

From the analogy to the liquid-drop mentioned above, the
classical solution is developed, which is then quantized to give the
explicit surface Hamiltonian.

The shape of a liquid-drop, having a constant density
throughout can be described in terms of its radius in polar coordinates
R(6, z). .Assuming that oscillations from a spherical shape are small,

this can be expanded in terms of the spherical harmonics,

. , )
R(e, z) = R,Q1 +‘ f“p' gm _qu (6, z)) + 0(a) (I11.18)
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where

R radius of the nucleus in its spherical
equilibrium shape

\ YMl normalized spherical harmonic function of

order A,y and with the Condon and Shortley

phase convention

axﬁ expansion parameters which are coordinates

| describing the deformation of the nuclear
surface.

Unlike the liquid-drop, nuclear density is not constant
throughout, but has a radial shape. Assuming that the density maintains
its radial shape as it oscillates for collective modes known as 'volume
conserving modes' or 'irrotational flow', then the above expression
for R(®, z) applies to each equi-density surface and is hence still
valid.

(1) can take on all non-negative integers while (ﬁ) for a
given (1) can assume all integers from (-2) to (A) including zero.

Terms corresponding to A = 0 and A = 1 can be omitted because they

both occur at high excitation energies only. The former represents

an isotropic volume change of tﬁe nucleus, whereas the latter; of

three terms, correspond to the collective dipole oscillations of the
neutrons with respect to the protons. There are five terms corresponding

to A = 2, representing the quadrupole oscillations of the core and
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seven terms corresponding to ) = 3; representing the octupole
vibrations of the core.  The terms for A = 2 are the leading terms
and will be the only ones considered.in this study. Hence from now
on (1) will only assume the value (2) and the subscript can be
neglected.

For small coefficients (where {AZﬁ} are much less than

%2
H v
unity), it is possible to show that the potential energy for such a

system of small deformation, to first order, is given by

<
n

2
L I

2
e Cleyl (I1I.19)

and the kinetic energy by

(I11.20)

B and C are hydrodynamic parameters because pure surface oscillation is
assumed. B is the 'mass parameter' and C is the 'nuclear deformability'.

2 2

Z_e 111.21
R, ( )

5 :
C = 4Ro S -

v

3
27

‘where Ze is the uniformly distributed electrostatic charge of the
nucleus.
S is the surface tension and

4wROZS - 15.4 A%/3 Mev & (111.22)
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3 2 ‘ '
B = AR (1I1.23)

where A is the atomic number and M the nucleon mass. The collective

Hamiltonian of the core surface is:

H, = %

KN

Bla |*+ Cla |® (I11I.24)
u=-2 u H

Such a harmonic oscillator Hamiltonian has the familiar

classical solution

" - %_ (I11.25)
a = g COs wt (I11.26)
o Cu .
2
E = 3 4 |?u°B | | (111.27)
p=-2 ¥

The motion is quantiied, in the usual way, by introducing

momentum coordinates

c = Bg (111.28)

P .and ¢ are now quantum mechanical operators required to
H H

obey the following commutation relations:

* % '
[o, » @] = 0 (II1.29)

=
R
.
Q -
= .
-y
[—
1

%* *
[pu 3 Pul]

—
J
=
A
o
= .
Lt
|
|
o
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. * * _

Lofs P = Lo, By 1= wims
with solution,

P = -ih — (I11.30)
The quantized Hamiltonian is now,

2 C, 2
H o= & GglP[?+ a9 (111.31)
p=-2 H H
Following the usual procedure, for solution of the harmonic
oscillator problem, the creation and annihilation operators are

introduced: (Villars, 1963)

¥ C . % * P Y-

bu = ~(2hw au -1 (Zth) PU | (I11.32)
S e ol % p*

b= G ey tilmpp P (111.33)

*
It follows directly from the above two expression that (bu,)

and (bu) satisfy the usual commutation rules:

(III.34)

Lammy)
(2
=
-
=5
=
Lt
n
—
=3
=
-
o
=
—
1l
(=)
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By inversion of the expressions for the creation and annihilation

operators, the coordinates and momenta can be expressed as:

o = (j%;) b - -O* b_J) (1I1.35)

_ . hBy . *
P = —_— - (-)H .
i = 6, -F0b ) (111.36)

Substituting these into the expression for Hc’ yields
2 .
H = 5 I;‘—‘*’(b"b +bb )
Hou IR
tiw (b: b+ %) (111.37)

It is apparent now that the quantized liquid-drop behaves
as a collection of independent harmonic oscillators with energies hy.

The creation and annihilation operators are connected to the

occupation numbers nu by:

bb  =n- +1 (I11.38)
H H H

*
b b = n
H U © H

The surface Hamiltonian Hc is diagonal in the nﬁ representation

and the corresponding eigenvalues become:
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Ey = he = (nﬁ + L) (I11.39)
u=-2
But,
2
N = T n = 0,1, 2, .eveen
o p=-2 ¥
Therefore,
Ey = ho(N + 5/2) (111.40)

From the equation of motion,
* *
[Hc, bu ] = hwbu all yu, (I11.41)

it follows that, a band of excited states can be generated from the

*
ground state, by the successive application of the step-up operators bu .
This band gives rise to a harmonic spectrum of energy levels, i.e.

the quadrupole vibrational spectrum:

4hw 0, 2, 2,4, 4, 5, 6, 8+
E)

3ho 0, 2, 3, 4, 6+
E2

2hw h 4 0, 2, 4+
E,

hw b4 2+
E2

0 4 0+

E R

Fig. m.2
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The energy levels are equally spaced with each energy diffe?ence being fiw.
Each level is as many times degenerate as there are ways to distribute
the N excitation quanta among the five degrees of freedom. Each quanta
is a Bose-Einstein particle or phonon of spin (2). n, is the number of
phonons with a M, component.of angular momentum ﬁh. Therefore the
surface having N phonons each of angular momentum 2h, has a resultant
angular momentum Rh due to the coupling of these phonons. Only certain
R's are allowed because the N oscillator quanta are identical bosons

and consequently can only couplg such that the combination is symmetric.
The possible angular momentum states can be obtained by a tedious counting
scheme discussed by Hecht62 (1964) in his lecture notes.

The spectrum shown in the diagram is actually the general form
of the experimental excitation spectra in even-even nuclei in a broad
region of the nuclear mass spectrum, 50 < A < 150.

From the above diagram, it can be seen that for each N, the

allowed values of R are:
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N R

0 0

1 2

2 0, 2, 4

3 0, 2, 3, 4, 6

4 0, 2, 2, 4, 4, 5, 6, 8

For N less than 3, the surface state can be completely described by the
number of phonons N and the surface angular momentum Rh. For N greater
than 3, degeneracy results and it is necessary to include another
quantum number (seniority) for a complete descriptiom.

In the present calculations, only cases of N < 3 are

. considered.

3. Hs.p.’ the particle Hamiltonian
In the present study, only the case of a single nucleon out-
side an even-even core is studied. This nucleon can occupy several
shell-model single particle states. The odd nucleon has an orbital
angular momentum quantum number £ and an intrinsic spin quantum number

-> >
such that j = ¢ .+ 3, where j is now the total angular momentum

quantum number. The z-component of j is m. Again, using the formalism
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of second quantization, the set of fermion creation and annihilation

N .
operators aJ.m and a, , respectively, is introduced:

jm
* . .
fa. ,, 2.1 = &§...8& (I11.42)
\ jm Jjms jj' “mmt )
*

[aj'm" ajnJ+= 0 = [aj'm" ajng+

* -

m [o0> = |jm> (I11.43)

Therefore, the particle Hamiltonian can be written as:

H = T *

€. a._ a. III.
S.p. jm J Jm “jm ( 44)

where ej is the excitation energy of the j level.
EJ is the single particle eigenvalue of Hp, and is used as
an adjustable parameter, being varied around the single-particle

excitation energy ej, taken from experiments.

Hint.’ the Interaction Hamiltonian
A first order estimafe of the interaction between the last
odd nuéleon and the collective oscillations of the nuclear surface
was derived by Milfani63 and is presented here.

The interaction between nucleons is taken to be a two-body
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interaction, depending only on the internucleonic distance. The core
is also taken to be a liquid-drop of A-1 nucleons. The interaction
between the last odd nucleon and the éore is then a function of the
cooEdinates (rp, Qp) of the nucleon and the collective coordinates

(au) of the core surface,

INT. = J V(p)av (I11.45)
core
where
P -> -> @

Vip) = V(lrP - rcl) = zio gz(rp, rc)P2 (cos v) (I11.46)

;p is the radius vector of the last odd nucleon

;c is the radius vector of a volume element dV of

the core

-> ->

Y is the angle between rp and T,

Pz(cosy) is the set of Legendre Polynomials. (Rose 1957)

Using the spherical Harmonic Addition Theorem, this is

expressed as:

© % 4n 3 Réa ) ( )e 24
INT. = I : (3757 J de f < g, (xr ,r Jr_ “dr_
2=0 m=-g ?2 +1 ¢ o TP ¢
. * .
x Y _()IY () (I11.47)

em e’ Tam Qp
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orYr

INT. = éo m{_f_l (ﬁ)ﬂdnc 6, (s R(2)) Y;m(ﬂc)

i x Y, @) (111.48)
where
R(Qc) 2

Gy (ry» R = Jo g, (xp,» TIT dr, (I11.49)
and

R(a) = R, + 2 oy Y,,(00) + 0(a?) (111.50)
and

2 = (ep, ¢p) o, = (e, o)

Assuming the surface oscillations to be small, Gz(rp, R(Qc))

can be expanded in a Taylor series about Ro’ and to first order,

_ S 3 2
Gz(rp, R(QC)) g Gl(rp, Ro) + gz(r » RIR T

(e)
p° oo y=—-2 c

aﬁYZu
(III.51)
Substituting back into eq. (IIX.48) and using the orthogonality of the
spherical harmonics,
Al 3 2
INT = /&7 G (z,» R)) + (gI°R, ui-z G, (xy5R,)

Y. (@ : (I11.52)
x o Zu( p)
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The first term is the effective single-particle potential, representing
the interaction of the odd nucleon with the undistorted core. This is
included in Hp. The second term is the particle-core coupling inter-
action, and is usually written in the form:
2
HINT. = —k(rp) ui—z auqu(Qp) (I11.53)
The matrix elements of k(rp) depend on the initial and final state of

the system, but this dependence is negligible so that if a nucleus is

assumed to have a sharp boundary, k(rp) becomes a surface delta function:
k(rp) = ROVOG(rP - R) (I11.54)

where v, is the nuclear potential. If n is the principal quantum number

-and 2 the orbital quantum number, ¢n2(r) the radial wave function, then

3 *
<n'£'|k(rp)|n2> = VR ¢ .00 (RIS (R | (111.55)
According to Bohr and Mottelson, this is approximately independent of n
and 2 for binding energies in the range of 5 - 10 MeV. This can be
treated as a constant of 40 MeV, assuming a kinetic energy of 25 MeV

inside the nucleus.

Expressing @ in terms of the creation or annihilation

operators, HINT can now be written as:
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H = <k (‘p_u_, 4 g (b ub*
INT., © 2C) L )b Y,, @) (I11.56)
OR
W B he s Hp*
e, T @RI G, (TR, (@) (I11.57)
where

s k (—2 )
27hwC

7

a dimensionless coupling parameter defined by Chaudhury2

5. Explicit Hamiltonian In the Classical Model

Combining Hc’ HS and H the total Hamiltonian

P- INT.’
becomes:
He s (bb + % T e.an
= z Ao + + €.a. _a.
=2 uou jm J Imim
dn ® LR (I11.58)
= (= + (- Q .

The basis vectors for the space are chosen following
Chaudhury's standard technique in order to obtain the eigenfunctions
and eigenvalues of the Hamiltonién in the ICM. These are formed from
the eigenvectors of the uncoupled system in the angular momentum

representation, and are of the form:
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|5;NR:IM> = mjme C(SRL;m;m M) [ jm, > [NRmp> (111.59)
where
jh is the angular momentum of the‘last odd nucleon
Rh is the angular momentum of the surface vibration
N is the number of phonons in the vibrational surface
Ih is the total angular momentum of the system
> > >
and I = j +R.
mjh is the z-projection of the odd nucleon and
mRh is the z-projection of the core surface
Mh is the z-projection of the total system
and |

C(jRI;mijM) is the Clebsch-Gordan coefficient. The

- following eigenvalue equation is satisfied by the basic eigenvectors:

H_[35NR;IM> = (N + 5/2)Fw|j;NR;IM> (111.60)
H_ _ |3;NR;IM> = E_.[j;NR;IM> (II1.61)
S.pP-. J
such that
Mg + B ) 5NRsI = [0V + 5/2)Re + E ] | 35NR;IM>

(I11.62)
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As we can see, both HC and Hs

the diagonal matrix elements of the total Hamiltonian are contributed

are diagonal in the basis chosen, and

by them:

<j3NR;IM[Hg + H_ > [55NR;IM> = (N + 5/2)he + E, (I11.63)

The off-diagonal elements due to HC and Hs p are zero, but the elements

of HINT. are given by:

<j', N'R';I'M'IHINT.Ij;NR;IM> = -/.g.-ﬁw r

2 . _
X <jUN'RUI'M'| 3 , b, + (-)ub_u)qu(Qp)Ij;NR;IM> (I1I.64)
u:—

Since the creation and annihilation operators do not connect

states with the same N, all the diagonal elements due to H - are zero.

INT.

A complete matrix of the total Hamiltonian can now be
obtained, where the diagonal elements are completely and only given by

HC and Hs and the off-diagonal elements by H Certain

P INT.°

selection rules must be obeyed, they are,

AN = 1
AR < 2
Aj < 2
AL = 0 or 2.

In the actual calculation of <j';N'R'}I'M‘lHINT.[j;NR;IM>, bu is
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redefined in terms of an irreducible tensor, A u? so that it can be

*
dealt with just as b_].l and Y2u are components of irreducible tensors of

second rank;

i.e bu ) A_u R (I11.65)
so that
<j';N'R';I'M'[H [§;NR;IM> = -/ hus <j*;N'R';IM|
INT. [
" ~H -p’T2ppt Y

T

HINT now is the sum of two scalar products of two irreducible tensors
*

of second rank operating on two independent spaces. A-u’ b_u operate

on the collective space whereas Y acts on the single nucleon space.

2u

Using the following general relationship derived by Bailey

from Racah Algebra, i.e. t

. PR PR
Syttt T () L T @5 m = 88, ()

VT D@, F D x WG3,0,, i<, [T () |53
x <i,'| [T (] ]3> (II1.67)

where TL[I) and TL(Z) are spherical tensor operators operating in
~ .
different spaces, the matrix elements of HINT for N' < N becomes:

T Bailey, Appendix Al, eq. 17.

See Reference no. 64.



- 48 -

<j';N'R';I'M'IHINT lj;NR;IM> = (_)j' + RY" = I +1
w : -
L /3 hws Y (25" + 1)(2R + 1) W(jRj'R';I2)
x <2's'j'||Y2H2,sj> <N'R'|[ |b| [NR> (111.68)

W(jRj'R';I2) is a Racah coefficient, <2's'j'[|Y2||25j> and
<N'R'[[b| [NR> are reduced matrix elements. The latter two can be

derived+ since,
- 4 1 .
<2's'3t Y, s3> = (F T3 T E S 204 p2j ¢

X <g 2 000[2'0>W(zjz'j';’/2 2) (I11.69)

: it +R' -1+
<IN'RUGIM[Hp [35NR;IM> = ()70 7 !

X Sy 8110 /-’ST— fiws J @it + 1)(2R + 1) W(jRj'R';I2)

<  ()* -J+3% ,7%%_ V(22 + 1)(2] + 1) . <% 2 000[2'0>

R'" -1 3/2
x  W(2je'j';% 2) <N'R'[|b[[NR> = (-) +3/2+ 2

X St S LAws v/ (23' + DR +1) / (22 + 1)(27 + 1)

Bailey, Appendix III and 1IV.
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x W(IRj'R';I2) W(RjL'j';% 2) <22 000[|2'0><N'R'[|b||NR> (111.70)

Since HINT. is Hermitian, its matrix is symmetric in (N,R)
andﬁN',R').
The eigenvectors of the total Hamiltonian H can be expressed

as a linear combination of the basis vectors.

[E;IM> = §  A(NRI[E)|j;NR;IM> (I11.71)
jNR

where A(jNRI|E) are expansion coefficients representing the amplitudes of

the basis states., The eigenvalue equation of H is:
H|E;IM> = E|[E:IM> (I11.72)

where E is the eigenvalue of the nﬁclear state [E;IMs>.

This equation can be solved by diagonalizing the total
Hamiltonian H in the space of the basis states. In the present
calculation, computation of this sort is done on an IBM-360/65 computer

systen.

6. Inclusion of Anharmonic Core Effects

In the classical version of the ICM; one basic assumption is
that there is a quadrupole phonon spectrum underlying the core spectrum,
(Fig. 2). The first excited state (R = 2+) has an energy of fin. The
second excited state consists of a triplet of degenerate states

(R = 0+, 2+, 4+) at 2ho.



- 50 -

In the present study, an anharmonic term is included in the
phonon spectrum to describe the non-degeneracy of the two-phonon
tfipletzg’ 31 Before, it is assumed that each triplet states has an
energy of 2hw. Now, it is taken to have an energy (2 + nR)hub where

Y is not necessarily zero, and is defined by the core spectrum, i.e.:

R=4
Ea
N=2Yy—— R =2 (2 + nR)'hm l:’.22
R=20 E20
N=1 R=2 hw E12
N=20 R=20 0 0
core spectrum
E12 = how
2 + no)hm = EZO
= : I11.73
2+ nz)ﬁm = E22 ( )
(2 + ngfe = Eyy
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From the above equations, no, n, and n4 can be determined.  The

core Hamiltonian HC can now be written as:

* 1 * % R R
H. = hw® (bb) + = z hon, (b b ) (b b)) (I11.74)
C H U 4 o o R uu WM
u R_O’Z"4

(c.f. eq. (I1I.37))

and
EN=q = o
Ey - o = @+ nphu,
H and H of course remain unchanged. The total
s.p. INT.

Hamiltonian becomes

2 * **R
H= 3  ha(b)+F T feng®b) (bR +

p=-2 L R=0,2,4,

Ze, a JT h 3 G+ "IY (@)

e. a. a. =-9Y ¢ hy -)b_ )Y,
jm 3 Jmm 5 no==2 u Wwo2utp
(II1.75)
The diagonal elements are given by:

<j;NR;IM[(HC + Hs.p.?lj;NR;IM> = [EN + Ej] (111.76)

where EN is defined above for N =1 and N = 2. The off diagonal

elements are the same as before (eq. (I11.70).
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ITI. Nuclear Electromagnetic Transitions in the Intermediate Coupling Model

In addition to the theoretical prediction of energy levels,
spiPs and eigenfunctions, the theoretical analysis of electromagnetic
properties is important because it yields further insight into the nuclear
Structure. For example, the magnitude of the electromagnetic transition
- rates is strongly dependent on the nature of the wave functions
describing the levels.

The theory describing the quantized electromagnetic radiation
from a nuclear source is presented in detail by Blatt and Weisskopf (1952),65
Preston (1962)66 as well as de-Shalit and Talmi (1963)67. In the present
study, the electric quadrupole (E2) and magnetic dipole (M1) transitions
are of main concern between 1ow—lfing levels of the same parity.

Expfessions for calculating these within the ICM will be developed.3
First, the matrix elements of the multipole operator M(A, u) are cal-
culated. Then, the explicit expressions for the multipoie transition
rates are presented in terms of the expansion coefficients of the
nuclear eigenfunctions.

The transition probability T(A) for electromagnetic
radiation of multipole order, A, and angular frequency w is derived by>

means of the standard long-wavelength approximation to be:-

T(O) = 8r(a + 1) — £ (%)2" *1pm (111.77)
af(2y + 1! :
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where B(A) is the reduced transition probability between the initial

state |E;IM> and the final state |E';I'M'> given by:-

B(A) = E|<E';I'M'| M@, »)|E;IM>|? (111.78)

The summation should be over the final states and the average over the

initial states since the orientation of these states is unknown.

Therefore,
1

BOA) = =o—a—o % [<E';I'M'|MQ\, p)|E;IM>|2 (I11.79)
22 +1 MuM?

1. Electric Quadrupole Transitions
Matrix elements of the Electric Quadrupole Operator.

The electric multipole operator for this model is given as'f3

'_i'e)\ 3 o, oA ¥
me(l, v = ;?— T qu(e, ) + i ZeRQoz)\u (111.80)

68 69
According to Kisslinger and Sorenson and others » an

effective charge €t is required for the last odd nucleon so that

polarization is accounted for, therefore,

*

A (III.81)

' = Z_e_ A 3 _ 7R
me(l’ w) = (eeff + AZ) T Ylu(e’ ) * 47 Ze o%
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where Ro is the equilibrium radius given by:

R, = 1.18 x 1071321/ 3.

The eq. above can be separated into two parts, i.e. one contributed by

the odd nucleon and the other by the core surface:

méz)(k, W) = (e _ge * i%')rkau(e’ %)  (II1.82)

(e) 3 A, *
m (A, W) = i geRoalp (111.83)

For A = 2, the matrix elements between the initial state |E;IM> and

the final state |E';I'M'> are:

<E';I'M'|me(2, w) |E; IM> <E';I'M'Im£p)(2, v) |E; 1M>

+

<1 [n{® 2, w[E;> (111.84)

Using eqs. (III.82) and (III.83) and expressing in terms of the

expansion coefficients,

<E';I'M'|mcp)(2, W |E;IM> = I A(j'N'R'I'|E'")A(GNRI|E)
€ SIN'R?
: J
jNR
. Ze
x <3UNRGIM [P (2, W [5NRIM = (e gy + 2
le‘R'
jNR
AGWN'RITEDAGNRIIE) <r?>  <GNRUIMIY, (6, ¢)]55NR;IM>

(III.BSj
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<E';I'M'|m§e)(2, w[E;IM = ¥  A(§'N'R'I'|E')A(jNRI|E)
lelRl
jNR
x éj';N'R';I'M'Imée)(z, u) |3;NR;IM> = %;-Zekg z
J"NIRI
jNR

A(j'N'R'I'[E')A(jNRIlE)[j';N'R';I'M'[a;u[j;NR;IM>

3 2 . .
5 3 ZeR. (EEZP% oy A(3'N'R'I'|E')A(NRI|E)
j'N!RI
jNR
*
x <j';N'R';I'M'[(bu + Au)|j;NR;IM> (I11.86)

According to Moszkowski7o, <r2> can be assumed to be

independent of the quantum number n and £ so that

2 3 .2 | '
= 2R, (111.87)

Re-expressing eq. (III.85) in terms of the reduced matrix

elements <j'[[Y2||j>T using the expression
R aq s jo + L -"j. = §°!
<Gy tip'i'mt T (Wi 3w = CGL'mmt) ()72 S SRR

1
. . %5 s oo sy . .
x 8 (23 + D@J* + DIWGI5, 555,00 <3 1T )

1272

Bailey Appendix I eq. A.I.14.
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1 + j2 R we get

<E';I'M'lmép)(z,u)[E;IM>= g—(eeff + Z%akg (21 + 1);2
- A

| x C(I2I';M M') £ AQ'N'R'I'|E')A(iNRI|E)
lelRl
jNR
_-1-Tt
ORI GTET <l Iyl [5W G T T sR2) (I11.88)

Re-expressing eq. (III.86) in terms of the reduced matrix

elements <N'R'||b]||NR> and <N'R'|[[A| [NR>, using the expression+

ey sgs . . . - N 2§7-F+5 1 +31-25+L
<313simt [T @ 15,3,dm> = c@Lj'smmt)  (-)FI17ITI Iz

x 8 .o x V(23 * D@3y + 1 WG,LIisiuiL<isllT (15,7

i1dg
we get
e 3 2 Ao : S
<E';I'M'|m§ dwler m> = 2zer2 B yor ey v 2
. I-j'
x C(I21';M M") z A(j'N'R'I'|E')A(JNRI|E) )1 s..,8
u SIN'R!? IR 2
A Jj :
jNR

x [RVER + D avr'[[b*][NR> + (VR + 1) <N'R'[[b[[NR>

x W(RIR'I';j2)] _ (111.89)

Bailey, Appendix I, eq. A.I.15.
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where g has been introduced.

Reduced Electric Quadrupole Transition Probability
Using the expression for B(A) and the above expressions for
<E';I'M'[me(2,u)|E;IM>, the reduced transition probability for electric

quadrupole transitions, B(E2) can be obtained. In this case, A = 2,

therefore,
B(E2) = 2_11T1 £ | C(I2I';MuM') v21 + 1) £ A(j'N'R'I'[E")
MLIM' leIRI
jNR
. 3 Ze 2 L+g+jr+j+R-1!
X AGNRI[E) [ g (e pp + A—Z)Ro (-) Syt SRR !

x C(222';000) x /-3? (25" + 1)(25 + 1)(22 + 1) W(Ij'I';R2)

ZeR2

I-5° » :
x W(Ljg'jt;h2) + 43.}5? 2 g (=) 6554800 WIRIR'T';52)

R 2

x (R VIRTFI <R o[ [NR> + (-)N VIR F T <N'R'[|B[[NR>)]]

(I11.90)

The Clebsch-Gordan coefficient C(I2I';MuM') can be taken out-
side the summation over j', N', R' and j,N,R. Squaring and summing over

M, ﬁ, and M', as a result of the orthogonality of the Clebsch-Gordan
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coefficients, arfactor (2I' + 1) is obtained so that the above

expression becomes:

B(E2) = (2I' + 1)| £ A(j'N'R'I'[E')A(JNRI|E)
jN'R!
jNR

] 3 T
L+l+j'+j+R-1I 5 s

. Ze,\p2
x L[5 Cegge + (DR NN SRR

x C(22%;000) /;51—1; (25' + 1)(2j+ 1) (22 + 1)

3 ZeR
4v/5nw k

oOnN

x WGIj'I'V;R2) W(Lje'j';k2) +

. -1 . [ ]
x thu(-)tI 8551840 WIRIR'I';32) (R vRTET

2
x <N'R'|[b*[[NR> + (R R F T <N'R'[[b][NR>)]

(111.91)

according to eq. (II.77),

TE2) = [Sf"]z flT (%)5 B(E2) (111.92)
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2. Magnetic Dipole Transitions

Matrix Elements of the Magnetic Dipole Operator
The magnetic dipole operator is given by:
H
= NJ3
mm(l’ W= 2 /:T(glzlz * gseff Slz * gRRlz) (111.93)

where

¥y is the nuclear magneton

gy is the orbital gyromagnetic ratio

gr is the effective gyromagnetic ratio of the core and

Z
g is the effective spin gyromagnetic factor introduced to
eff
account for polarization effects phenomenologically
L

12° S1z and RlZ are spherical tensors corresponding to £,
S and R. Similar to the matrix elements of the electric quadrupole

' operator,

. M
<E',I'M'|m (1, W) |E;IM> = N/3 5 AG'N'R'I'[E')A(§NRI|E)
m 2 ™ jYN'R'
jNR

x <UNTRUGIMY| gof, o+ B ee Sy, * ggRy,l3sNR;IM>

(1I1.94)

Separating into three parts, we get:
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H
<E';I'M'[mm(1, W) |E;IM> = Eﬁ-J %— [g2<E';I'M'[zlzlE;IM>

+ g, <EI'MY[S) [E;IM> +

<E';I'M'|R,_[E;IM>]  (III.95)
1z .
eff

gr

Each part is now considered separately.

<E';I'M'[2, [E;IM> = £ A('N'R'I'|E')A(JNRI|E)
1z CINID T .
j'N'R
jNR

X <5';N'R';I'M'[zlzlj;NR;1M>

where

R+1-j-I"
<GINTRUGIMY 2, |3sNR;IM> = C(ILI';MuM') (-) *+1-3

X Sqiéppe ¥ (2L * D(23' + 1) WEII'IGRY <jt{fe] ]3>

= C(ILI';MuM') (=) 2R+ +3 121 8,0 V2I+D) (Z5+1) (25 T+ 1) 2 (+1) (22+1)

x W(IF'I';RL) W(eje'j';kl) (111.97)

Therefore, substituting into eq. (I11.95), the first term is calculated
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<E';I'M'lzlz[E;IM>

-1
x AGNRI[E) (-)F*1731 6

C(I1I';MpM') ©  A(j"N'R'I'[E")

j'N'R!
jNR

v(2I+1) (2j+1) (2j'+1) 2 (2+1) (22+1)

X SqiSpge W(III'I';RI) W(RjL'j"35%l) (111.98)
<E';I'M'|S, |E';IM> = & A(j'N'R'I'[E')A(GNRI[E)
lz lelRl
jNR

x <j';N'R';I'M'[Slz[j;NR;IM>

Again, using ref. * and ref.t .

<j';N'R';I'M'[Slz[j ;NR ; IM>

x Y2I + 1)(23' + 1) W(jI

622'

= (It M) (R T

x W(II'I';R1) W(zj%j';e1)

*

‘Bailey, Appendix IV. eq. (A.IV.24).

(I11.99)

= C(I1I';MaMy) (0)RFEI-T

j'I';R1) <j'|[s]|3>

§ /‘% (21+1) (25+1) (25 '+1)

8!

(II1.100)
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Substituting into eq. (IiI.99), one obtains the second term,

<E';I'M'|S._|E;IM> = C(I1I';MuM') £ A(j'N'R'I'|E')A(JNRI|E)
12 SINIR!?
j'N'R
jNR
' R+£ " +35-1" 3 A -
x () Sggr V3 (21+1) (25+1) (23" +1) G, Spps
x WEGIFUI™;RL)  WCsi%)';e1) (1I1.101)

Proceeding to the third term, we have,

<E';I'M'|R,_|E;IM> = P A(j'N'R'I'|E)A(JNRI |E)
1z s INID :
j'N'R
jNR
x <j';N'R';I'M'[Rlz[j;NR;IM> | (I11.102)

By the expression of * and t <j';N'R';1'MY| Rlz[j;NR;IM> becomes :

2§-I+j'+R?-21"'+1
<j';N'R‘;I‘M'[Rlz[j;NR;IM> = C(I1I';MuMY) ()7

JYRLIPY V(21 + 1) (2R" + 1) W(RIR'I';j1) <N'R'|[|R[[NR>

(III.103)

* % .
Using the expression <N'R'[[R[[NR> = 8,8/ R(R + 1) , this is

expressed as:

** Bailey, Appendix IV. eq. (A.IV.24)
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<j':N'R':I'M" . o = . 1 I"'j"R'
i'; ;I™ lRlzlJ,NR,IM> = C(I1I';MM")(-) zz'djj'

(I11.104)

Y (21+1) (2R'+1)R(R+1) W(RIR'I';51) 8, 8pr,

Substituting this into the eq. (II11.102), the third texrm is obtained

as:
<E';I'M'[Rlz[E;IM> = C(I1I';MuM") I A(F'N'R'I'[E')A(JNRI|E)
lelRl
jNR
x (-)yI*Ii'-R! 89015550 /2I+D) (RT+DR(R+ 1)

x W(RIR'I';jl)GNN,GRR, (II1.105)

Inserting there three terms into eq. (III.95), we can get
. the matrix_elements:

Uy

<E';I'M'"|m_(1,w) |E;IM> = 5—-/ 3 3 C(ILI';MyM") z
m L) M Ml lelRl
' jNR
' R+1-j-I!
A 'N'R'I'[E")A(FNRI[E) [g, ()77 s,

WOGI IYGR) W(RjR' ' 5%41)

Y2T+1) (23+1) (23 + DR (1) (221D 8y S,
141 _T1? R N
+og,  ORVEEs /S (2101) (2541) (251 +1) 8y g
eff :
.1 I+j'-R!
WIS I'RL) W0 5") + gp(=)770 70 8 165, ,

_JIFT) (R+DRERAD) 8y Sppe WRIR'I'551) 80 8pp. ]

(III1.105)

4
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Reduced Magnetic Dipole Transition Probability
Using the above expression into the eq. (III.78), where A =1

we can obtain B(M1).
2

BM1) = N 1 £ |C(ILI';MuM') V21 + 1
- 4 2I + 1 .
\ MuM
3 T Y _0_T?
E AG'N'R'I'|ENAGNRI|E) x [g, ()R ET s s
. 2 NN ORrr' 802
J N'R'
jNR
Vi237+1) (23+1) (22+1) % (2+1) WG I3'I'3R1) W(RjR'5'3%1)
R+2"+1/2"I' _:’l s s STSITY .
s g () Nt SRR Spgt V5 (23413 (25'41) W(FT3'I'5R1)
eff
. T+j'-R
X w(”ij’f}';ll) + gR(—) J )GNN'GRR'ij'Gll'
2
Y (2R'+1)R(R+1) W(RIR'I';jl)]l (111.107)

Again, using the same procedure on the Clebsch-Gordan coefficient

C(I1I';M M'), the final expression for B(Ml) is:
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2
BM1) = 322 (21'+1) £ A(§'N'R'I'[E')A(JNRI|E)
le'Rl
jNR
R B | . -
x [gsz'(-);i-"R.*.:H.J I Sy Srrr S0t V(25 1+41) (2j+1) (22+1) 2 (2+1)

. <oy R+2'+35-11
x  WOII'IUGRL) WRIL'G'sEL) + g () TE S Sapi 800

Seff

' 1 _Rt
x /' 3(25'+1)(23+1) WGTIIUGRL) WCsk 'sel) + gp(-) TR

2
x 6NN'5RR'555'522' Y(2R'+1)R(R+1) W(RIR'I';jl1)]
(I111.108)
Using eq. (I11.77), T(Ml) is obtained, i.e.:
Ty = —387_ L @3 gy (I11.109)
[3!!]2 5
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IV. Quasiparticles

In the classical version of the ICM discussed above, two
basic assumptions are made. One is that the single particle states are
either fully occupied or empty. The other assumption is that the quad-

2,2

rupole operator % which is approximately equal to ¥y Y211 is simply

. %
proportional to the phonon operator, i.e. ¢ «(b + (-)"b, ). Or,
u u

specifically, o ' is defined to be (see eq. (III.35)
u

‘ h *
a, = 75 Gy * (I (111.35)

According to this latter assumptioﬁ,the quadrupoie moments of phonon
states are zero and electric quadrupole transitions only exist between
states differing by one phonon, i.e. |[N' - N| = 1.

Data gathered from vibrating nucleiAshow evidence that
~ these assumptions are not entirely valid. In Chapter I, quasi-
particles have already been introduced. The short-range pairing forces
cannot be neglected and they destroy the Fermi picture of single
particle states, causing a diffusion in the Fermi surface. Quasi-
particles are then the hybrid particles which are partly particles,
with probability amplitude v and partly holes, with probability
amplitude u, such that

W v2= (I11.110)
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The Bogolubov-Valatin71’72canonica1 transformation can be used
.to replace the actual system of interacting nucleons by a system of
non-interacting quasiparticles. The quasiparticle creation or
annihilation operator becomes a linear combination of a shell model
particle and a shell model hole creation or annihilation operator.

Since quadrupole moments are definitely observed in the core

nuclei studied in the present work, the second assumption should be
dropped. Hence in this modified version of the ICM, the phonon states
are allowed to have the experimental quadrupole moments. Instead of
dealing with the phonon operator bu’ the explicit quadrupole operator
% is used.

In the following, the mathematical formulation used in

this modified version is presented.

1. Explicit Hamiltonian and its matrix Elements in the Modified ICM

The total Hamiltonian still consists of Hs s Hc and HI

P NT.
Hs remains the usual single-particle shell-model Hamiltonian, and H,

is the same Hamiltonian for the core vibrations, with anharmonicity
included, i.e. eqs. (III.44) and (III.74).
The effects of including quasiparticles appear in the inter-

action Hamiltonian HINT.

w _ u, *
Hpp, = /T E G, + ()Y, @) (II1.57)



- 68 -

*
Replacing (bu + (-)ub_u) by oy the revised form becomes:

Hynre, = ";h“”"/sfl“ZﬁYZump) Where 2, = 8pdy

Yzﬁ;is the angular part of the quadrupole operator a.

The total Hamiltonian now becomes:

H = Hs.p. * Hc * HINT.
z * + % ho(b b ) 5 £ hena b byRe bR
= €.a._a. W + wn )
im §95m%jm u B U R=0,2,4 R* u B
- Yn/5 thw i aZuYZu(Qp) (I11.111)
The matrix elements of Hc and Hs "~ remain the same as in the classical

form and contribute the diagonal elements in the total matrix of H.

The matrix elements of HINT contribute the off-diagonal

members again, and in the revised form, are given by:

. j+-RY-I+1
C<GUN'RYIM [Hpe [33NR;IM> = =)’ SypeS ppr V5 hws

x /@I @D WGRi'R';I2) (VIR E7E YD) (254D

X <22000[2'0> W(2je'j";%2) <N‘R'[[a[[NR>(ujuj, - VyV50)

(I11.112)
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where uj and vj represent the quasiparticle and quasihole amplitudes
in state j, respectively.

In its classical form, <N'R'||b|[NR> is non-zero only when
IN* - N| = 1, and is taken to be the pure harmonic value. In the
revised model, <N'R'|[a|[NR> is dependent upon the observed transition

73
rates and quadrupole moments of the core nucleus, i.e., for N' # N,

<N'R'||a||[NR>« ¥2R + 1 V/B(E2:R - R') ' (111.113)
For N' = N,
5 f7
<NR| [a| [NR> « 775 ©Qn (I11.114)
where QNR is the observed quadrupole moment for the state |[NR> . These
values are normalized, so that <12||e|[00> = 5  which is its

pure harmonic value. The normalization is required so that the

coupling parameter ¢ has similar magnitude to that in the classical

model.

2. Nuclear Electromagnetic Transition Rates in the Modified ICM
The reduced electric quadrupole and magnetic dipole transition

rates are as given in the classicél form (eqs. (III.91) and (III.108)),

with the addition of the factor (uJ. uj, - VJ. vj,) for E2 and (uJ. uj, + VJ. vj,)
for M1 24 in the summation over j and j'. Again the matrix elements

<N'R'||b|[NR> are replaced by <N'R'|[a|[NR> defined as above. The

explicit expressions for B(E2) and B(M1) in the modified model are
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given here:

B(E2) = (2I'+1) T A(§'N'R'I'[E')A(SNRI|[E)

jIN'R!
jNR
[ 3 (e . EED RZ (_)%+2+j'+j+R—I' 5 s
S eff A2 o NN' "RR

x C(224; 000)¢/ (25'+1) (2j+1) (22+1) W(Ij'I';R2)

ZeRg
0ttt .] -
X W(QJ‘Q' 3'5%2) (uj uj ' Vj vj' V) M 4vV57w k

2
x the(-)'? Tij08gr WRIR'I';52) ()} Vare1) <N'R'[[a [NR>]

(I11.115)

3up2
4N (21'+1) z A 'N'R'I'|E")A(JNRI|E)
ﬂ j|N|R|
jNR

1l

B(M1)

x [g, (-YTRMIH A 68,0 /2T D) (2341) (22 DR (R4 )

x W(Ij'I';R1) W(zjlj';%l)(ujuj' + vjvj,)

ReL1+%-T's &

e v Sae Sagr V223141 (23+1)

s ' I+j'-RY)
x W(Ij'I';R1) W(%J%J';zl)(ujuj'+vjvj') + gR(-)

2

X v Sprs 5550 Saan J(ZR'+1)R(R+1) W(RIR'I';j1)]

(111.116)
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Using the same expressions for T(E2) and T(M1) as before,

(eqs. @I1.92) and (I1I.109)) the respective transition probabilities

can be obtained.

3. Spectroscopic factors

One of the most useful methods of studying the low-energy
structure qf the odd-mass nuclei (comprised of A nucleons) is to
investigaté stripping reactions on the adjacent (A-1) even-even nucleus
and/or pickup reactions on the adjacent (A+l) even-even nucleus. Since
we are ‘studying the case of a single nucleon coupled to an even-even
nuclear core, we are only concerned with the stripping reactions. The
application of pairing theory to these reactions was studied by
Yoshida (1961)74. After applying stripping theorf, single-particle
transfer experiments determine the spectroscopic factor leading to a

state of angular momentum :
2

R)>| . (I11.117)

S(IG) = l< WIMIWIM(J’

where wIM is the odd-mass parent nucleus and TIM(j;R) is the

(unnormalized) coupled-channel state of nucleon j and even daughter R:

. .
- . I11.118
¥iy = i Aa(JNR[I) ajm[ YR ( )

where
A (jNR|I) are the expansion coefficients in eq. (III.71).
o

Suppose the daughter nucleus is the quasi-particle vacuum and the

’
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parent a quasi-particle state:

*
ijm> = ajm|> gndleR> = |> (111.119)
where
*
®5m here is a creation operator.
The targets are usually residing in the ground state,
therefore,
N =R =0.
. iI * 2
s(1) = |<raija(Joo[ )ajmleR>[ 813
» * 2
= [<laija(JOOlI)ajm[>l. 815
= A2(500|D) | <[ a. a: [>]%s.. (III.121)
o . Jmjm I)
But:
*
. = .a, - v.a, Bogolyubov-Valatin transformation)
%m = Y3%m " V3Pjm  (BosobyY
(111.121)
* *
“im*im T Y5 7 V3%emym
In the first order,
2., 2
= §_. u“ I111.122)
s(1) Aa(JOOlI) 1 Y5 (

Thus single-particle transfer reactions provide a means of measuring

the coefficients uj, Vj directly.




- 73 -

CHAPTER IV FORMULATION OF THE HARTREE-FOCK CALCULATIONS

I. Hamiltonian Wave Functions and Energy in the Hartree-Fock Method

The Hartree-Fock theory is based on the theory of a self-
consistent field which is an approximation for reducing the problem of
many interacting particles to one of non-interacting particles in an
average nuclear field. A large part of the internucleon forces, i.e.
residual interaction is neglected in this approximation. In Chapter I,
we have already discussed how the Hartree-Fock tﬁeory serves as a basis
for extended ideas which take into consideration the residual inter-
action.

The physical principles of self-consistent field theory are
" illustrated by deriving it intuitively and neglecting particle exchange
first, as in Hartree theory and then including particle exchange, as in
Hartree-Fock Theory.36

Some basic ideas of the Hartree-Fock theory will be presented

here and then developed to a full mathematical formulation specifically

for our present study.

1. Basic Hartree-Fock Theory

The fundamental assumption of HF theory is that the nuclear
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wave function is an antisymmetrized product of independent particle

wave functions:

¢(12....A) = Awl(l)wz(Z) .o wA(A) (Iv.1)

where A represents an antisymmetrization operation generating the

normalized Slater determinant:

b (1) V(1) b, ()
¥(2) 4,(2) ....9,(2)

1 . .

¥y (A) U, (A) ... ¥, (A)

(IV.2)
OR
$(12....A) = —1 det [v, (5) | (IV.3)
(Ar)?

where ¢i(j) are the single-particle wave-functions. The ground state
has the first (lowest) A orbits filled. The most general wave function
must be a linear combination of infinitely many such wave functions, due
to the interaction-potential. The best possible wave function of this
form is determined by application of a variational principle. The
variational principle states that for small variations of an eigenstate,
the energy expectation is stationary; for the ground state in particular
it is a minimum, i.e.:

s<¢|[H|¢> = <8¢[H[¢> =0 (1v.4)
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for small variations 8¢ which preserve the normalization of the single-

particle wave functions:
2 .
I Iwi(r)l dr = 1 - (IV.5)
Asshming a two-body potential, V, the Hamiltonian is:
H=T+V (1v.e6)

where T is the kinetic energy. Therefore,

A A
H= I T, +% I V(ij)
i=1 ij
A ps2 A
= L > + % T V(@Ej) (Iv.7)
ifl i#j

In order to reveal explicitly the residual two-body interaction, Wick's
3 -
Theorem is used (Appendix C of D. J. Rowe 6) to derive a general

Hamiltonian in the language of second quantization:

H= I T..a.a.,+% I <ij|v]ke> alala a

2
ij ¥ 3 ijke 132k

' .. + +
L eg(i,jla, a, +% I <ij|V|kg>a.a.a,a (1v.8)
i

2
3 ijka 1Jrx

4

¥

with a§[0> = |j> and €(i,j) is.the single-particle energy, and

where <ij|V|k2>is between antisymmetrized two-particle states. It has

the antisymmetry properties:

<ij[V]es> = - <ij|V]ea> = <ij[V[k2> (1v.9)
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The notation of second quantization is used again in the A-body wave

function |¢> which can be defined as:

_ ot ot Lt + t _
4> = bm1 bm2 bo‘3 ... baA|0> , bai|0> = [a;> (1vV.10)

where b; is a creation operator creating a particle in orbit A and bx
1 1
is the corresponding annihilation operator. These obey the anti-

commutation rules:

+ _ R T ST
[ba, bB]+ = § [ba, b.] = [ba, b']. =0 (IV.11)

aB o gt

The orbits o described by the nucleons are eigenstates of a single-
particle Hamiltonian h.

h|a> = ea|a> (Iv.12)

The single-particle orbits b: |0> have been chosen to minimize the

i
total energy EHF so that:
A A
Eyp = <p|H|¢> = I <a|t]e>+ % E <aB|V]|ap> (1IV.13)
a=1 a,B=1

where EHF is the H.F. energy, and <a]t[a> is the kinetic energy of the
orbit o and

<aB|V[aB> = - <aB|V|Bge> (1v.14)

It is advantageous to expand the orbits |a> in terms of a complete basis
. . . . + . I
j of known wave functions, i.e. [j> = aj|0> and [i> = ai]0>

(IV.15)
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la> = = cfli (IV.16)
i
OR
+ a t
b, = ICa, (1IV.17)
i
with
a* _af a* _a
ZC C =6 rC.C., =86 Iv.18
3 373 aa' > 7§ 3 ii’ ( )
therefore, '
glc® |12 = 1 (1V.19)
s )
J
SO now,
A * ~A * *
Eyp = 2 poc (ift]i>cl+ & 2 r ¢ c
a=l 1i,j 7 a,B=1 1jke
i ~ a8 (1V.20)
x <ik|C |J£>C5C£
The stationary condition is then given by,
3 * - @2 _ =0 Iv.21
e [Byp - &, G167 - 1] ( )
i J

where e, is introduced as a Lagrange multiplier, with the help of
expansion (IV.16) of the orbits; the energy EHF in eq. (IV.20) can be
expressed in terms of the known matrix elements of t and V in the known
basis j. The derivatives of (eq. (IV.21) may then be calculated directly,

so one obtains:




where

This is an

since h|a>

where h is

orbits .
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A .

v;; [<1!tl]> + a§1 <ia|V]je> ] cg‘ = euC‘; (1v.22)

<ia|V]je> = £ ¥ <ic[V[je>C) (1V.23)
3

eigenvalue problem and can be restated as:

Z:ilh|j>Cct = o :
J<1| [J>Cj eaCi (1Iv.24)

= e la>
a

a Hamiltonian given by its matrix elements.
A

<i|h|j> = <i|t]j> + I <ia|V][je> (1Iv.25)
a=1

Eqs. (IV.24) and (IV.25) are the H.F. equations for the

They can be solved by the Iteration Procedure:

1) An initial set of coefficients C? is chosen, as well

as the orbits occupied.

2) With this set of coefficients, C?, <i|h|j> can be
computed

Sj The Hamiltonian matrix (eq. (IV.25)) is diagonalized.

4) A new set of coefficients C? is obtained and A orbits are
chosen to be filled by nucleons (often the ones with

lowest energy)
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5) One returns to step 2), 3) and 4). This process is

repeated until the change in Cj is negligible.

The iteration process is somewhat complicated by the fact
thaF there are many local minima of the energy EHF and therefore many
solﬁtions of the HF equations. Various minima can be reached by
various initial guesses which then become crucial. Furthermore, after
each diagonalization, new filled orbits have to be chosen and the
energies of the orbits vary from one solution to another. The HF
Hamiltonian h can have various symmetries, which, when assumed in a
given step of the iteration process (and in particular in the initial
guess), are preserved in the successive iterations. These symmetries,
e.g. axial symmetry, parity symmetry, spherical symmetry, and time-
reversal symmetry are discussed in.detail, by Ripka?5 We can see
that 'educated' initial guesses lend some control over the iteration
process.

The basis j on which the HF orbits of eq. (IV.15) are

expanded is chosen to be the shell model states in this study, 1i.e.

|3> |ngjmr> (IV.26)

These are convenient to use because of the general availability of matrix
elements of the two-body interaction in this representation. n and g
are the radial and orbital angular momentum quantum numbers of the

harmonic-oscillator wave function; j and m are the total angular
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momentum and its projection on the z-axis of the intrinsic frame of
reference attached to the nucleus, and T the third component of iso-

spin, distinguishes proton and neutron states. Eq. (IV.15) becomes:

o s
g la> = ji Cim [im 1> (1v.27)

Hartree-Fock calculations at this point are usually divided
into two classes depending on the number of terms included in the above
expansion of the orbits a.

1. Single major-shell calculations in which the expansion

of each orbit is limited to states IjmT> belonging to a

major shell of the spherical oscillator.

2. Major-shell mixing calculations which can include states

of several major shells in the expansion.

In the present work, we are only concerned with class 1, and

shall discuss it in the following section.

2. Single Major-Shell Hartree-Fock Calculations

In eq. (IV.26), j is limited such that:

j 151/2 for 1s shell orbits

j = 1pg;, and 1p, ,, for 1p shell orbits

j = - 1 bits
j 1d5/2, 251/2 and 1d3/2 for 2s-1d shell orbi
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e

= 1f7/2, 2p3/2, 2p1/2 and 1f5/2 for 2p-1f shell orbits,

etc. (1Iv.28)

It is found that nuclei with a filled major shell, e.g. 016

Ca40 and N156, etc., can be used as reference nuclei because the wave

>

functions of their orbits are known. The filling of the orbits in
another nucleus can be compared with the filling in a closed-shell

nucleus by writing the sum over occupied orbits,

A M N
ST = z + I -z (1Iv.29)
a=1 a=1s,1p g=1 v=1
or
a=1s,1p,2s,1d,
etc.

where B are the orbits that are filled in the nucleus in question but
empty in the reference nucleus. These are particle orbits. The orbits vy
are empty in the nucleus under consideration but filled in the reference

nucleus and are the hole orbits. Another way of representing this is

bajl Ref. Nucleus> (1IV.30)

where

S

and

Q
v
N

™

(@)

o
=

~
v
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Similar to C?, the coefficients C? may be found by solving

the HF eqs. by iteration,

: 1cBs = 8
§<1lhlJ[Cj> = ey (Iv.31)

provided axial symmetry is assumed.

For example, let us consider 016 as the reference nucleus
with four 1s-shell orbits and twelve'lp-shéll orbits filled. Thus Nezol
would consist of M = 4 particle orbits and no hole orbit in its ground
state and C12 would consist of N = 4 hole orbits.

The HF Hamiltonian matrix now becomes:

A

<jmt|[h]j'm't> = <jmr|t|{i'm't> + 3 <jmT,a|V]|i'm'T,e>
. a=1

<jm|t]|j'm'> + T <jmT,a|V]{i'm'T,q>
a=1s,1p

+

M . N
I <jmt,B|V|j'm't,8> - I <jmr,y|V]i'm'T,y>
B=1 ' v=1

-

(Iv.32)

16 . .
where O 6 is used as a reference. Since

<jm|t]j'm'> + % <jmg,olV]jm't,e> = €5855 S (IV.33)
a=1ls,lp’

. 16
i.e., this is the HF Hamiltonian of the closed-shell solution of 077,

therefore we have,
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M

<jmT|h|j'm"t> = ejsjj,amm, + 21 <jmt,g|V|ji'm'T,B>
B:

N
- I <imT,y|V]|i'm'T,y> (Iv.34)
| -Y=1
where
€. is the single particle energy of the 016 field.
. St t = a* s - e s 8
<jmr,a|V]|i'm't,a> I le <jmT, JlmaTalVlJ m t,szBrB>Cjz
192 :
(Iv.35)
and
<jmt,g|V|i'm'T,8> = T cB* <jmt, jom T _[V[i'm't, jom T >cB
j1j2 I 1’88 27278 B Jo
(1Iv.36)
] j i'm't, j Mm,T >= X T <jj,mm, |[IM><j'j. m'm, {JIM>
<jmt, JlmlTGIVlJ miT, Jom,T, i TMT 33y .ll 33, 2[
2 .. ‘g
x<kk TalTMT> <JJIIVIJ'JZ>JT (Iv.37)
and
<j s mt, |vli'm'e; jom,T,> = & £ <jj'mm'|IM><j'j.m'm, |IM>
Jmt, Jlml Bl [J Ts 32 2B I TMT 2 2

x <KL o1 TBITMT>2<jj1|Vlj'j2>JT (Iv.38)
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In terms of the 016 closed-shell Slater determinant [¢°>

the HF state of eq. (IV.10) may be written as:

[¢> = b_b, ... b

6 b, ...bo [e> (IV.39)

b
2 By Y1 Yp N

The HF energy of the intrinsic state is then given by:

Eyp = <¢[H[¢>
= E_+ I <B|T|B> - Z <y|T|y> +% =& <gs'|vV|BBR'>
o
B Y B8
+ L 5 <YY'IVIYY'> -z <BY[VIBY> (Iv.40)
vy' BY
16

where Eo is the ground state energy of O

E, =<|¢olH]¢o> (1v.41)

and T is the 0°° spherical field operator defined by its matrix
elements

<jmt|T[j'm't> = ejsjj,amm, (IV.42)

which is usually taken from experiments.

The expression for EHF can be simplified as follows:

*
z <glTle>= = 1 c° c?' <jv|Tl3>
B B jj' J ]
2
-z oz |c®e (IV.43)
B j 33 v
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Similarly,

EHF
with
n,
€
and
n,
€
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<lnle> = = cf'cB, <lnlyr

Zlc.| e, + % I, Cg*C?' <j,B'|v]|j', B'>

*
oz C} C} <jsvlvlit,y >
Y 33

2
Zlc. . T <ABR! > - ¥ <
J.I J| e * § <88 |v|ggr> z By|v|By>

£ |cY] e, + = <yBlvlye> - I <yy'|v[yy'>
3 Y '

M n N n
E + % £ (eB + eB) -3 z (eY + ey)
° B=1 v=1
<g|T|e> = = |cf]%,
L R
j
2
= £ |cY|%.
<y|T|v> l J| €5

(IV.44)

(IV.45)

(Iv.46)

(Iv.47)

(IV.48)

(IY.49)
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II. Angular Momentum Projection

The intrinsic states |¢> constructed in the manner discussed
above are not eigenfunctions of the total angular momentum J of the
nuclear state. The HF energy EHF is not the eigenvalue then. Such
eigenfunctions are constructed by a so-called projection operator Pi
to a state |¢>.

In the following sections, the projected wave functions and

projected energy levels are calculated.

1. Projected Wave Function

Applying the projection operator, we obtain:

o= Pyle> (IV.50)

where k is the projection of Jz on the z axis of the intrinsic frame.
Theoretical discussions of the rotational spectra thus
produced are based on the unified model of Bohr and Mottelson3 in
which single-particle and collective rotational motions are
distinguished and uncoupled. For example, the state of spin J
belonging to the ground-state rotational band of an even-even nucleus

is described by the product wave functions,

low = 221 p? @e> JT=0, 2, 4... (Iv.51)
8n2 Mo o
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The rotational motion is described by the symmetric top

. 4
wave function ;

D@ = Gra—)* Yy (8, ) (1v.52)

The single-particle motion is described in the intrinsic state |¢°>.

Similarly, rotational bands in deformed nuclei are generated

by the HF intrinsic states.

J._ oJ
H’k> - pk|¢k>
27 +1 %, J J+k J*
) (——1_6'"7—) D @ o> + (777 Dy @6 4>}
(Iv.53)
where
I¢_k> = e-i'n‘Jyl¢k> ) . (IV°54)

An alternative way is by using the projection method of Peierls and

- 75
Yoccoz41 which uses the Hill Wheeler integral @

J _ 2J + 1 J * IV.S5

8w NJk

where R(Q) is the rotation operator.

R(Q) = e'iWJz e‘i“Jy e'i“Jz (1v.56)

Q stands for the Euler angles a, B and y.
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and D‘:dk @ = <IM|R(R)[Jk> (IV.57)

The projected wave function of Peierls and Yoccoz is the
projection of the intrinsic deformed wave function on the subspace

of angular momentum J.

NJk is a normalization constant defined as:

_ 23 +1 J*
Ny = —;2_ Jdgnkk(9)<¢k[R(9)[¢k> (Iv.58)

It can be shown that

-zi-iz—l-J aopY (MR@) = E|oIk>|aTk> (IV.59)
8T

a

where o is any complete set of quantum numbers other than J and k.
lw&k> projected from [¢k> by eq.'(IV.SS).are then the

eigenfunctions of the nuclear state of the total angular momentum J

and projection M in the laboratory frame.

2. Projected Energies
From the wave functions Iw&k> , one can obtain projected
energies for the low-lying states in the nucleus. The energy

spectrum is given in the Peierls-Yoccoz theory by:
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<y [Hlvg >

<¢klwﬂk>

<o, [H PY| o, >

<

]

<o, Py l6,>

J J
V| H¥g>

(Iv.60)

It can be shown that when projected wave functions are used,

k

a tensor operator T

A(B )).

has the following matrix element: (see Appendix

<¢J1 ITk[sz - 2J12 + 11 [32
Mk, T gl Mk, 8w2N§ (L NE M,
1%1 92k,
a1 (@)<s. [R@)TN |6, >
x k, k, v! %k,

(IV.61)

The intrinsic state [¢k> are eigenstates of Jz with eigenvalues k due

to axial symmetry.

The normalization constant (eq. (IV.58)) and the

integral in expression (IV.59) then reduce to:

and

Jk

0

2

2y +1 f ag sing 4, (B)<y |e
(o) .

-iBJ

y[¢k> (1v.62)
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*

23 + 1 J3
—23 1 f aan,® (@) [¢, IR@TX[o, >

8K 1 1 2
20 +1 [ ! BJ, .k
e eI ¥ 1 ; -iBJ
| | 5 Jo dg8 sing dklu(8)|¢k1|e y Tv|¢k > (IV.63)
~ 2
where the reduced matrix dﬂk(ﬁ) is defined as:
J _ -igJ
de(B? = <aJM|e YIaJk> _ (IvV.64)

The nuclear Hamiltonian H is a tensor operator of rank zero,
can then be substituted for Tz in éq. (IV.61). The projected energy
EJ of the state of spin J belonging to the rotational band generated
by the intrinsic state |¢k> can be obtained readily,

U
I dg sing dik(3)<¢k|e'13JY H[¢k>
E. = o (Iv.65)

J T .

I -igJ

f dg sing dy, (B)<¢, |e B9 >
o

These overlap integrals are usually assumed to be small,
for largely deformed nuclei, except in the region of B ~ 0. Expanding

J
4, (8) in powers of B, we get:

dik(s) = 1- %[J(J_+ 1) - kz]s2 F oireeees (IV.66)
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Inserting this into the above expression for EJ, a rotational
spectrum of J(J + 1) in leading order is obtained.

The overlap integrals are also sizeable76 in the region of
B~ w, i.e. when the overlapping nuclei are pointing in almost
opposite directions. Thus there are contributions from dik(n - B).

For k = %, for example,
g -8 = 507 Eg s me ... (Ve

giving an energy spectrum of rotational model form,

2
_ h _1yJs 1

Ejpat, = Eo v 33 [0 + 1) + a(-1)""2@ + 3%)] +....

(IV.68)
where
2 A
a= I IC(;I G+weE)? T (IV.69)
j

I1I. Projected Hartree-Fock Method

So far we have discussed the HF method followed by pro-
jection of angular momentum (HFP). An improvement over this is the
PHF method which is the projected Hatree-Fock method. The reason and

proof of it being an improved method was already introduced in Chapter I.
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1. PHF Method

In the HFP method, the intrinsic state |¢> remains the
same for all the states in a band. This has the disadvantage of
being restrictive. The PHF method is an improved variational pro-
ceéure where the variation is carried out after the angular momentum
projection. Different states in a band are then allowed to have
various deformed determinants, thus giving important corrections to
the HFP method. The resulting self-consistent wave function is a
better approximation to the eigenstate of the Hamiltonian.

In the HFP method, variational procedure is first carried

out, i.e.:

6<¢|H|¢> = 0 (Iv.70)

so that an intrinsic state |¢> can be chosen. This is then used to
project the eigenfur.ction Iwgk> of the nuclear state with angular
momentum J.

In the PHF method, projection is first carried out on
different intrinsic states |¢$(i)> , so that for each {¢i>, there is
a projected wave function [¢;k(i)>. Then the variational procedure

is practiced on these eigenfunctions, i.e.:

J .
s<yiy [H|vpg>= 0 (IV.71)

At the end, the best [w;k> is chosen and hence the corresponding energy

level.
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2. Vibrational Correlations and Modified Hamiltonian

Calculations using the HF model have exhibited two short
comings in general: the energy levels are too dense and the electro-
magnetic transition rates are not in good agreement. Das Gupta and
Harvey (1967)58 suggest that this indicates residual correlations
(B- vibration) which are of importance. Recently, Rowe59’77’78
discussed several methods describing vibrational'correlations of the
quadrupole and octupole nature. These correlations are found to be
responsible for considerable enhancement of sbme electromagnetic

transition rates. The inclusion of these correlations have been used

in the calculation of nuclear collective vibrational excitations.

55
A modified Hamiltonian H' can now be defined as:
o o
= H - - = - Iv.72
H' = H - A,Q,, - 3, H-H ( )
where H is the usual Hamiltonian defined in eq. (IV.8).
Q - /18T 2y (quadrupole operator) (1v.73)
20 5 20
Q = Ay (hexadecapole operator) (IV.74)
40 9 40

and Ag and Az are Lagrange multipliers.

The vibrational correlations are embodied in Hv’ i.e.:

N ° (IV.75)
H, = 2%, * %Yo
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A PHF calculation is calculated for different values of

the Lagrange multipliers Ag and_AZ. Separate minima with respect to

g and_AZ for each angular momentum state in the band

the parameters A
are obtained. Axial symmetry is preserved in this two-parameter
variation while the important quadrupole and hexadecapole correlations

are still allowed for.



- 95 -

CHAPTER V. RESULTS AND ANALYSIS OF Cu ISOTOPES APPLYING THE UNIFIED
NUCLEAR MODEL

I. Anharmonic Core and Particle

In this section, the ICM is applied to the odd Cu isotopes
with the inclusion of anharmonic core effects discussed in section 6.
Chapter III. The classical line based on the assumption that a single

particle state is either fully occupied or empty is followed here.

1. Energy Levels and Eigenfunctions

The following odd mass Cu isotopes: Cusg, Cu61, Cu63 and Cu

. .58 .60
were investigated using the theory discussed in Chapter II. Ni™ ", Ni

Ni 62 and Ni® are the respective neighbouring doubly-even core nuclei.

65

>

Each odd mass nucleus is described in terms of a core coupled to a last
odd proton, which has available to it the 2p3/2, 2p1/2 and lfs/2
single-particle shell model states. Since the excited states of the
doubly-even nuclei show quadrupole vibrational character, the core
surface is taken to be susceptible to collective qﬁadrupole vibrations.
The coupling between the doubly-even core and the single-particle states
of the last odd proton is assumed to be of intermediate strength, strong

enough to cause splitting of energy levels but not enough to deform the
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nucleus appreciably from its equilibrium shape.

a) Parameters used in the Calculation

All collective states up to and including three phonon states

were included. The summations over j, N and R include the following

values:

1/2, 3/2, 5/2

b4 Lo
1l

[

-

N

-

[7)]

R= 0, 2, 3, 4, 6
From the independent-particle spectrum as given by the shell model, one
would expect the spin of the ground state of the nuclei investigated to
be 3/27. This is verified by experimentally observed values. To be
consistent, the ground state spin of these isotopes Cusg, Cu61, Cu63
and Cu65 is taken to be 3/2 . The following spins are expected:
I=23/2, 5/2, 7/2, 9/2, 11/2
There are seven parameters which enter into these calculations, i.e.

e,e', 7z, ho, Ny and n,. e and €' are the "effective' spacings

n2
in energy between the 2p3/2 and 1f5/2 states, the 2p1/2 and 2p3‘/2
States respectively. These are in units of fiw in this study. The
barameter g is the coupling strength between thé odd proton and the
core vibrations.

The last four parameters hw, Ng» Ny and n, are extracted

from the collective surface vibrations of the core. Hw is the phonon

energy and its value is taken to be the experimental energy of the first
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excited (2+) state of the neighbouring doubly-even nucleus. The ny

values (J = 0, 2, 4) are obtained from the N = 2 triplet in the even-

even vibrational spectrum as seen from the following diagram:

E24 4
(2 + nJ)hm Ezz-————————-z N=2
E20 0
how E12 2 N=1
. = 0
0 Eo 0 N
Energy J
Figure V.1
E12 = hw
Ezo = (2 + no)'hm
Eyy = (2 + ny)he
E24 = (2 + n4)hm
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Figs.V.2, V.3, V.4, and V.5 are the experimental doubly-even
vibrational spectra of the core nuclei Niss, NiGo, Ni62 and Ni64
respectively, from which the data hy, ngs Ny and n, are exfracted for
the calculation of the Cu isotopes.

The above seven parameters are regarded as adjustable, being
varied within reasonable limits, around the values extracted from the
experimental core spectrum. The values of these parameters are chosen
when the agreeimnent is best between the calculated energy levels and those
determined by experiments. Table I lists two sets of parameters, one
giving the original experimental parameters before any variations are

made and the other set giving the best-fit parameters after adjusting.

b) Results and Analysis

For each isotope, the total Hamiltonian was diagonalized in
a truncated Hilbert space for each value of spin I between 1/2 and 11/2
for various reasonable values of g,e' and z. Finer adjustments are

given by variations in Ny and ny- These diagonalizations yielded

n2
the energy eigenvalues and the expansion coefficients of the eigen-
vectors. The phonon energy hw was also varied. The values of these
parameters were then chosen when they gave the best agreement between
theoretical energy levels and experimental ones.

Figs. V.6, V.7, V.8 and V.9 show the energy eigenvalues of
cu>® 61 63

» Cu™”, Cu™” and Cu65, respectively, plotted as functions of the

coupling strength ¢ for fixed values of e,e', fiw, and ny, indicated in
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Table V. I Parameters used in the Classical ICM

(Anharmonic Core and Particles)

Isotope Core g it > e! C n

n n
(MeV) (hw)  (iw) ° 2 4
cu®® Ni”® 1.450 0.537 0.744 1.4 -0.307 -0.092 -0.004
ce®  ni®% 1.333 o0.585 0.810 1.4 -0.281 -0.381 -0.120
cu®  Ni®% 1.172 0.665 0.922 1.0 -0.253 -0.035 -0.0034
ce® Ni® 1.340 0.582 0.806 1.0 -0.306 -0.157 -0.0522
cw’® Ni®®  1.452 0.830 0.956 1.80 -0.660 -0.085  0.12
cu®  Ni®® 1.400 0.895 0.840 1.70 0.36  -0.360  0.30
w® ni®  1.200 0.963 0.970 1.20 -0.20  -0.400  0.10
ce®  Ni® 1.377 0.965 1.540 1.89 0.55 0.22 2.20
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Table I. The energy level diagrams are shown in figs. V.10 through
to V.13. These were constructed using the two sets of parameters as

shown in Table I. Comparisons were made with the experimentally

determined levels in each isotope.

2. Electromagnetic Transition Rates

As discussed previously in section III.1 of Chapte? III,
an effective charge should be assigned to the last odd proton to
account for polarization effects of the core. In calculating the electro-
magnetic reduced transition rates, two sets of values are given for each
isotope, one with the last odd proton having its normal charge and the
other set with the last odd proton assigned an effective charge ep = 0.5e
For a similar reason, an effective spin gyromagnetic ratio should be
" used as discussed in section III.2 of Chapter III. Hence 8Sepr = 0.5gs.
a) Parameters used in the Calculation

In the calculations of both B(E2) and B(M1l), we can see from
eqs. (II1.91) and (III.108) that expansion coefficients A(jNRIIE) are
required for the actual computations. The reduced transition
probabilities of the first six levels for each isotope are studied here,
so the expansion coefficients A(JNRI|E) for I = (3/2);, (1/2),, (5/2)4>
(7/2)1, (3/2)2, (5/2)2 are listed for éll 4 Cu isotopes in Tables

V.II, V.III, V.IV and V.V.
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