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ABSTRACT %ﬁ' '
N .

A ring R in.which every principal left ideal is
pr;jective is called a left P,P, ring. In this thesis, the
behaviour of left P.P, rings and related rings is ?xamined
ungi? various-ring coﬂstrucﬁ&ons. ‘The ring constructions
studied are polynomial rings, power seéies rings, skew-poly-
nomial rings, direct limits of rings, rings of continuous
functions, direct proéucts of rings and rings of fractions.
The concept of a weakly P.P; ring is introduced and it is

studied similarly. -
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INTRODUCTION

. A ring R in which every principal left ideal is projective

is called a left P.P. ring. Equivalently a ring R 1s left P.P. -

ring if, and only 1if, thejleftlahnihilator of .any element in R 1is
generaEEd by an idemﬂbtent element. Tﬁis é;pe of ring has been
é&plicitebystudied by Kaplansky, Small, Bergman, J¢ndrup, Armendariz
and others. J¢ndrup [9] prov%d that 1f a ring R is commutative,
then R is a'.P. ring/ if, and only iflits:po}ynomial ring R[x]
is P:P. Armendariz [2] generalized this‘property to non-—commutative
rings with no nén-zero nilpotent elements, which he called redugsh
rings. 1t was this paper which prompted the work of this thesis.
The purpose of this thesis is to study the gtabilization of P.P,
propéfty in the case of power series rings, skew-polynomial rings
and other types of ring constructions. These types of stabilizations
; . :
are also studied for the stronger property of Baer rings and the
weaker property of i-demse rings. .

The first chapter presents most of the preliminary notions
of ring theory that are used in the seéﬁel, that is, aLnihilators,
regulaf rings and reduced rings. The concepts of P.P. and Baer
ringsvarg also presented. Most of the detaills be found in [10].

‘ The second chapter begins with thé introduction of power
series rings and skew-polynomial rings. EzgngaiLion 2.4 ghows that
1f R is a reduced ring, then R is Baer if, and only Af R[[x]]

is Baer. However a counterexample 1is given to show that P.P,

property 1s not preserved by power series rings. A new property of
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<

rings called (*) property is introduced wﬁich'is‘strénger than the

~

P.P. property, but weaker than-the. Baer property. It is shown in

_ Proposition 2.6 that a reduced ring R satisfies (*) pfoperty if,

and only if R[(x]] 4s a P.P. ring. The concept of i-dense rings
is studied relative to P.P. rings and its stabilization for poly-
nomial rings is studied in Proposition 2.9. R*[x] by a ring whose
v n i .
elements are polynomials f = Einl % a; , ?rom a ring R \

/
R¥{x] 1is called a skew-polynomial ring in x over R with rgspect

, to homomorphism a:R -+ R if we define addition as usual adﬁ 1ei-

plication ;x\the commutation!fule ax = xa° , ae€ R, Proposition 2.17

states that if R 1s a reduced ;ing and o a monomorphism which

preserves idempotent eleménts,‘then R is a P.P., ring if, and only

if R*[x] 1s a P.P. ring. Thesé skew-polynomial rings giﬁe a nice

generalization of the results of Armendariz [2] for polynomial rings. ‘
At the start of the third chapter, semlprime and weakl; s

P.P. rings are introduced. It is shown that weakly P.P. ring

property 1s stable in thle formation of polynomial rings. After the

introduction of a concept of direct limit, it is seen, in Example 3.9,

that the direct limit of P.P. rings is not necessarily P,P., However

Pfoposition 3.10 glves aﬁ}amily of P.P. rings whose direct limit is

a P.P. ring. 1In a similar fashion, it is shown in Prdpog}tion 3.11

that a direct.product of P.P. rings is P.P. The Baer and i-dense

properties are also stud;gd for direct products‘of rings. If X 1is

a completely'regular topological space, the ring of all conti;uous

functions from X to R 1is denoted by C(X). We have characterized

those spaces X for which C(X) 4is P.P., by showing that c(X) is



P.P. if, and only RE: X~ 1is basically disconnected. Let C(X,R} be '

the set of all continuoﬁs functions £rom é topological space X 1into
: N :
a ring R which is given a.discrete topology. We have proved in

Proposition 3.19 that if R 1is left P.P., then C(X,R) 1is left P.P,

) @ . :
In the fouth chapter, it is shown that if a ring R {is

P.P., then its ring of fractioms, S-lR, is P.P., S being any
I
multiplicatively closed set. Similar results are also proved for

-

Baer and i-dense rings, by putting certain conditions®”on S. At .
the end of this section, we have tried to expose the concept of P.P.
rings in relation with other concepts such as hereditary, semi-

The fqﬂ%owing propositions, while in @93t cases modelled

on known reslxlts are believed to be new: Propositions 2.4, 2.6, 2.8, ‘
E

I - .
2.17, 3.6, 3.8, 3.10, 3.11, 3.18, 3,19 and 4.2. Also Examples 2.5,

hereditary and complet;I;\reducible riﬁgs.

2.7 and 3.9 are new. These results were worked out from outlines = -

suggested by W, Burgess i ‘
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. annihtlators and the proofs are very easy.

§1. Description of annhilators

CHAPTER I - '

. PRELIMINARY NOTATIONS

This section presents’ the basic definitions and properties

~

of anuihi%ators. Most of these are standard, hoﬁevqr, they are pre-

<

sented here for easy reference (for further details see [10]).
Throughout this thesis, we will be considering rings with identity 1.

Let R be a *ing and § be a subset of R. ~

Definition. The set of all elements r in R satisfying rS = o,

that 18 rs = o for all s e 5, 1is called the left annihilator of

AT . .
S. It is denoted bz//}annR(S). The suffix R here specifies the
partic‘tar ring R, In a similar fashion, the right annihilator of

2'set S is defined and 1s denoted by rannR(S).

T

The.following proposition giveé some of the basic properties of

‘.
LY

¢

Propogition 1.1. ‘Let R be a ring, and"%, T, Si be subsets of
Lol . .

\ . -
R, 1€ A. Then *

P 3 :
J 3 : - .
(b) S c T implies lannR(S > 1annR@T),

(a) S c lannR(FannR(S)).

(¢) S and 1annR(§ (S)) have the same right annihilators,

P

t - '
{% ‘ lannR(UAsj:f) - A1.a::mR(S'i:1

At this juncture, the conceptsééf'idempbtenteelements and

-~

\_. N G
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nilpotent elements are also worth recalling.

Definition. An element e of a ring R 1s called an idempotent

element 1f e2 = e. An element r in a ring R 1s called a nil-

! ™

' n
potent element if r = o for some positive Integer n.

Proposition 1.2: Let e be ih\igggggpént element in a ring R.

Then raan(Re) = (1-e)R.

Proof. Re(l-e)R = o shows that ’(%)R c rannR(Re). If Rex = o
for x in R, then ex=o0 and x = (l-e)x ¢ (l-e)R.
Q.E.D.

The following proposition gives the incentive to define a

very useful class of rings, Baer rings.

Proposition 1.3. In a ring R, the following statements are

equivalent:
(a) Every right anmihilator is of the form eR, e being an
idempotent element in R.

(b) Every left annihilator 1; of the form Re, e being an

idempotent element in R.

Proof. (b) dimplies (a). Given any subset 5 of R, we should

show that rannR(S) = eR with e an idempotent element in a ring R,
By (c¢) in Proposition 1.1, we can assume that 3 is a left anﬁihilator,
.say S = Rf with £ an idempotent element in a ring R. Then by
Proposition 1.2, rannR(S) = eR with e = 1-f.

Al

(a) implies (b). It is easy to prove along similar lines

as in the proof of (a) implies (b).



.follows; . ‘ L
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Based on the above proposition, a Baer ring is defined as

- ’

Definition. .A Baer ring is a ring satisfying the two equivalent con-

. w
ditions of Proposition 1.3. Hence a ring R  is called a Baer ring
if the left annihilator of any-subset of R’ is generated by -an

idemPotent element.

-»

Examples of Baer rings.

< -
Remarks (see-[10]). ™~

( o
(1) Infegral domains and products of integral domains.

- .

(2) The ring of all linear transformations of a vector space

[N

over a division ring.
. ! Dty

(3) The ring of all bounded operators on.,a Hilbert space (see

[10], p. 11). 3 ‘

We will mention some remarks about Baer rings.

- ~

(1) If R 1s a Baer ring and e an ldempotent element in R,

then eRe 41is a Baer ring.

(2) The centre of a Baer ring is a Baer rinmg.

Since we will be dealing with /the central idempotents and

non-zero-divisors ip this thesis, we/give the respective definitions.

R
Definition. An idempotent element e 1in a ring R is called a-
Zernitlon, ez

b ¥

central idempotent if it commutes with all the elements in R, that

is, if it lies in the centre(ofthé ring R. An element a in R 1is

termed a non-zero—-divisor 1f ar # o and ra % o for all o%r e R

" and 1is called a zero-divisor if sa =0 or as = o for some

oF s e R, -
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Closely related to Baer rings are P.P. rings. In this
thesis, most of the qork is. related to this class of rings. To -

understand the definition of P.P. rings, it 1s important to quote

two more definitions.

Definition. Suppose {Mi} is a non—empty'collection of R-modules
with a corresponding collection of mappings fi:Mi — Mi+1‘ spch\

that kernel of fi is equal to -image pf fi—l' Then the sequence

.1g called an exact sequence of R-modules. \</

An R-module P 1s calle& projective R-module if the diagram

“
N
m -
A———3B————>o0 exact

dacg?e embedded in the diaggam..

A

Y=

in such a way that the latter diagram is commutative, that is,
. _.’
‘ITE‘ = U,. ‘ : . »

b ]

If "a 1s an element in a ring R, the right ideal TaR

will be projective if, and only if the kernel of the left multipli-

cation map R-+aR i1s a direct summand of R. An equivalent state-
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ment for this 1s given by the next proposition.
B~

Proposition 1.4. A principal right ideal aR in a ring R is |
projective 1f, and only'lf - Tann {ﬁ} is ‘ganerated by an

idempotent element of R. -

Proof. Let a be an element in a ring R. Assume that aR is
projective. Suppose Mo 1s the left multiplication map from R

"into aR, K the ke;nel of thls map. Consider the diagram

t

Lla e [
o—K * R * aR * 0

Since aR 1s projective, there exists a map v:aR — R
such that uav = {identity map on aR. Then there exists B ¢ R such
that K ® B = R. Indeed, let B = v(aR). If r e R, 1 = (r-v(ar))

+ v(ar), where r-v(ar) ¢ K. Let r e KnB. Then r = v(as) for

some s € R and ua(r) = gn=o0.  Hence as = o and r = oO.

Conversely, if K = erR for some idempotent element e in

\\\\ a ring F, then:- R = eR ® (l-e)R. Hence aR Z (1l-e)R.
e U
: _ Q.E.D.

The above proposition is equivalent to saying that aR is
projective if, and only if the right annihilator of a equals the

right annihilator of some idempotent element e in a ring R.

Definition. A ring in which every principal right ideal is projective

s
inggiied a 'right P.P. ring.

f\\irhus a'ﬁing R 1is called a right P.P. ring 1f, and only

1f the right annipiilator of any element a € R is generated Dby
/ .

some ildempbtent/element e of R, that is rannR(a) = eR,

N\



22 = e ¢ R.
Analogously we can define the concept of a left P.P. ring.
A ring which is left and right P.P. is called a P.P. riﬁg. It is
not always true that a right P.P. riﬁg is a left P.P. ring. (However,
if we assume thé%'all idempotent elements in a ring .R are central, K 7
then R is a left P.P, ring if, and only if R is a right P.P.

ring. The following example gives a ring which is left P.P., but
. &

not right P.P.

Example 1.5. (see [6]). Let F be a field. lConPider the rings

s' = m,F, I =6F and S = 8'/I. Let R be the ring of all 2 x 2-
a

o'l

upper triangular matrices, q_o c

], with a€S, be$S and
¢ € S'., We will prove that this ring R 1s left P.P. but not

right P.P.

Cor;sidér rannR[ [Z i]) It is not generated by an ‘

idempotent element in R. for, 'if it were generated by some

idempotent element, say [ 2 2 ]; then [ : i ][: 2 } = [ g 2 ] ,

gives ¢ =0 and hence c¢ ¢ I. Also from [ a b][a ] = [ a b },
o cjlo c

i T

we get three equations aa = a, ab + be = b and cec = c. Since

o
o Tl

c € §', its components are either 1 or 0. If [ ] were the

0
requireg idemgftent element, then ¢ would have generated I; but
I 1is not generated by an idempotent.. Hence .k is not righ£ P.P.

.It is obvious from [6] that R is a left P.P. ring; since
itlis left semi-hereditary (see p. 66). However, we will give a direct

proof. Let [ 2‘»2-] be an-element in- R.. Werwant-to find an idempotent

element [ e ¥ ] which generates lann ([ a b ]) . '"Henceiin
. o ¢ R o ¢ )



particular we need equations

Ga=o, fe=o, B +Ji=0 and & =3, £ =f F+FE=Y

(L
Let £ generate anns,(c). Let us try to find suitable e and 7¥.
For this, pick representatives a, b in 8' for a, b. Then we meed

to solve for each o ¢ A, the equations

ea =o,e b+y ¢ = o, ei =g ,ey+y f =y (2)

oo, ao‘ao o’ oa oo a
1{9 th .
almost everywhere. Here the suffix o denotes the « component.
l, ¢ =o -

= . Llet e =f{e ) ¢ 8" be the
o . o

Define c' ¢ 8' by '
a a o, ¢,

idempotent element which generates lanns,({n,bc'}). Then

' _
. - o, a to or b and ¢ #.0 ‘
a Y1, a =0 and b or ¢' =o' ’
o o

a
When a, + o and e, = the equations in (2) reduce to

YoCo = © and yufa = Yot However, these equations can always be solved

given the definition of f. I/

b
Next if a =o and e = 1l, we get ba+yaca = o and

ya+yufu =Y Given b and ¢, these equations can be solved if

f = o, Finally when a_ =o0, £ =1 and e =1, we have no
o a @ o
problem if bOl = g. However if ba + o, we can see that the

equations bu+ Yoy = O and yu+ yufu =y can be solved given f

a

and b, by definition of e¢'. Thus we have seen that-in all cases,

all the equations in (1) ‘have solutions. Hence the idempotent

F

e

] satisfies our needs, and so R 1s a left P.P. ring.

Q.E.D.

2



Example.l.6. J¢ndrup [9] quofes the mext example which is due to

P.M. Coﬁ;. We will explain that example in detall here. Let

Zz[x] = (Z[x])2 be the ring of 2 % 2-matrices with entries from °
Z{x], the polynomial ring over the set of in;Fgers, Z, We will !

¥

show that Zz[x] is not a left P.P. r:f:ng. <

Conslder the element [ i 0 1 of Zz[x]. We are going to

o

2 o
X o

: 2 o _ a b, a b
Suppose lannzz[x] [ % o ] = Zz[x]{ e d ], where [ . d ] is

an idempotent element in Zz[x]. Then from [ 2 b ] [ 2 o J,:: 0, we

gshow that iann is not generated by ildempotent element.
* : Zz[x] v .

d X o
g‘et
2a +bx = o — (1)
2c + dx =0 ’ (2)
Since [ 2 3 ][ 2 2 ] = [ 2 3‘], we have four equations:

2

a~ +bc=a — (3

ab +bd =b — (4)

ac + cd = ¢ —— (5)-
2 .

d-  +bec=d — (6)

"

From equations (1) and (2), we see ;hat the coefficilents of b and
d are even. Again equation (4) shows that either at+td = 1 or
b=o0. If atd = 1, then the constant term in a is odd, since
the coefficient of d are even. However from equation (1), the
constant term of a 1is zero,\fzf hence we get a contrﬁdigtion.

If we assume that b o; then equation (1} shows that

]
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a = 0. Then from equation {5}, it is clear that either c = o or

d=1. If d=1, we get a contradiction to the fact that the

coefficients of d are even. Hence the idempotent element [

0

is [ g 2 . However, this contradicts the fact that

lann ( z o ) contains non-zero elements, for example X
Zz[x] X o o

‘]

-2
0

Thus lannz ([ 2 o ]] ig not genmerated by an idempotent element.
, 2[x] X o —— >

"Q.E.D.

.

Remark: (1) Since Zz[xj = (Z[x])z, thig also givés an example of

\\a P.P. ring whose polynomial ring is not P.P.

(2) Consider the ring, Qﬁ[x] = (Q[x])z, of 2 x 2-matrices

with entries from the polynomial ring Q[x]

numbers, Q. Then we can see that  lann [ 2 o
. L x]M x 0

by the idempotent element

X - %—x x - 1

2
X

&= 8=
Fa]
[
L)

1 1
X - Z X=X 1- 7 ¥ +

[

This example is a special case of a result discugsed later in

Chapter 4.

§2. Regular rings

over the set of rational

]) 13 generated

Definition. A ring R dis called (von Newmann) regular ;f for every

element a in R, there exists an element b in R such that

a = aba.

We will call a ring R as strongly regular if for every

element a in R, there exists an element b in R satisfying

Ik

ey
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2 : ' \
a = a‘b. We can see that a commutative regular ring is~strongly regular.

The next proposition shows the relationship between atrongly regular

and regular ring.

'

Proposition 1.7. A strongly regular ring is regular.

Proof. Every strongly regular ring is without nilpotent elements;
because if for some x €. R, x2 = o, then there exists b in R
such that x2b = x and that gives x = o. ‘Also in such a ring R, if
a, b in R _are such that ab = o, then ba = o -(see p. 1l1). So-if x
i3 en element in R, there exists b in R such that'-xzb = X which -
'gives x{xb-1) = o. This shows that (xb-1)x = o. Hence xbx = x;
and R 1is a regular ring.
U Q.E.D.

From the definition of a regulaf‘ring, we can see that ab
and ba are idempotent elements having, respectively, the ;ame left
and right annihilator as a. Hence a regular ring R is a right -
ana left P.P. ring. We give a few examples of regular-rings which

will assist us in the study of P.P. rings.

‘Examples of regular rings (See [11])

(1) Any divisioﬁ ring is regular.

(2) A direct product of regular rings is regular,

(3) The n X n-matrix ring over a regular ring is regular. This
is not true in the case of P.P, rings as we have seen in example 1.6,

(4) More generally, the ring of all linear transfo;mations on

a vector space (not necessarily finite dimensional) over a division

ring is regular.
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(5) A homomorphic image of a regular ring is regular. This,
too, is false in the case of P.P. rings. Consider the ring I of
integers and its ;;;;ﬁorphic image Z/(4), the ring of integers ™~

nodulo 4. We know that the ring Z gs P.P. (but not regulax); how-

ever Z/(4) 1is not a P.P. ring.

§3. Reduced rings

We will call a ring reduced if it has no non-zero nilpotent
elements. In a reduced ring R, it can be easily seen that ab = o
if, and only 1f ba = o for any two elements a, b in R. Iﬁpeed,
left qpltiplying by b and right multiplying by a; ab‘J‘o gives
baba = o, that 1s, (ba)2 = 0. Since R 1is a reduced ring, we have
ba =-o.

Because of this remark, the left and right annihilators
coincide for any subset of a reduced ring - R. Hence if § 1is a

subset of a reduced ring R, we will write,
rannR(S) = lannR(S) = annR(S)

We are going to write R[x], for the ring of all poly~
nomials in an indeterminate x with entries from a ring R. Both
Baer and P.P. rings have been extensively studied, and it is known
that both of these properties are not stable relative to the
formation of polynomial rings, as seen from P.M. Cohn's example 1.6.

Jéndrup [9] studied the stabilization of P.P. rings with
respect to polynomial rings in the éase of commutative rings. He

has shown that a commutative ring R is P.P. 1f, and only if R[x]
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is P.P. He proved it by‘using‘the tecbnique of localization of

" rings. R

. e
However J¢ndrup's theofem does not touch upon the study of

<fon—commutative rings. Armendariz [2] proved that if a ring R is
reduced, then R 1s a-P.P. (Baer) ring if, and only if R[x] is a

P.P. (Baer) ring. Since the condition of commutativity on P.P.

rings implies the condition of reducedness, Armendariz's theorem

-

generalizes that of J¢ndrup.  For.our reference, we will give

Armendariz's results, utthgut proof here (see [2]). The first

three are special cases of Propositions 2.1, 2.2 and 2.3 below, for

power series rings. <

Lemma 1.8. Let R be a reduced ring and f,g e R[x] with

. vn i _Tnm 1/ _
£ = 21=° ax, 8= zi=o bix . Then fg = o if, and pply if

ab, =0 forall o<i<n, o<j<m

13

2

Corollary 1.9. If R 1is a reduced ring and £ e Rix] ruch that
f" = £, then f ¢ R.

Corollary 1.10. Let £ ¢ R[x] of degree n and f = zn a xi

i=p 17 °
.,an}. Let R be a reduced ring and U_E,R[x]..

Let Sf = {ao,a

"If T =

100
s o Sf, then annR[x](U) = (annR(T))[x].

Proposition l.l;l let R be a reduced ring. Then R[x] is a P.P.

ring 1f, and only if R 1is a P.P. ring

Proposition 1.12. Let R be a reduced ring. Then R[x] 1s a

Baer ring if, and only if R 1s a Baer ring.
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" In example 1.6, the ring 22 of 2 x 2-matrices over the
ring I of integers is not reduced (because it has non-zero nilpotent

elemi?ts such as [ _i _i ]); and Zz[x] = (Z[x])2 is not a P.P.

ring.leowever there exist some rings which are not reduced; but the
polynomial‘rings over those are P,P. rings. Here is an example of
such a ring. Let F be a field, Consider the ring _F2 of all

2 x 2-matrices over F. F2 is clearly mot a reduced ring; but F2
being a regular ring is P.P. However anﬁg’fis also a P.P. ring.
Néturally this example again shows the need to weaken the condition
of reducedness on the given rings.

It seems difficult to generalize‘Armendariz's result by
finding some conditions weaker than reduced. Two rather trivial
results follow.‘.ﬂowever a characterization of those rings R such
that R 1left P.P. implies R[x] left P.P. eludes us; because the

new conditions on a left P.P. ring force it to be reduced. Our first

" step of the generalizations is as follows:

Lemma 1.13. If all the idempotent elements in a ring R are central,

then R 1s a left P.P. ring if, and only if R[x] is a left P.P.

ring.

Proof. It is sufficient to show that if all the idempotent elements
in a‘left.P.P. ring R are central, then R 1is reduced. If a is
an element in R with a2 = o, then a = o. Indeed, a2 = o gives

ae lannR(a). Since R is left P.P., 1annR(a) = Re for some
idempotent e;ement e in R. Hence a = ae and ea = ¢. Since

the idempotent elements are central, a = ae = ea = o.

Q.E.D.
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Thex{g&lowing t:0 corollapy rojllows~ﬁcdi£t°1" from this lemma.

Corollary 1.14. If for every element a in a rimg R,

3

lannR(a) = rannR(a), then R 1is a left P.P. ring if, énd only if

R[x] 1is left P.P.

Proof. From Corollary 1.13, it is sufficient to.show that all the
idempotent elements in a ring R are central; that isj\fghghow that

for any idempotent element e in a ring R, ae +/ea for all a
in R. Since e(l-e)a = o, by hypothesis we have (1-e)ae = o,

and so ae = eae. Since (l-e)ea = o, by hypothesls again we get

*y
ea(l-e) = o, anddhence ea = eae.

~

If 'we try to distinpuish the properties of the rings Z

Q.E.D.
X 2
and F2, we can see that 22 is not regular but FZ is regular.
Hence it is quite natural to conjecture that "If a ring R s
regular, then R[x] *is P.P." The proof of this conjecture is not

attempted in this thesis. . .

We will now prove the following proposition which

simplifies most of the remaining work in this thesis. ~
—

?

Proposition 1.15. ILf R[x} is a left (right) P.P. ring, then R

is a left (right) P.P. ring.

Proof. Let @a be an element in R. Then a 1is an element of R[x].

Since R[x] is a left P.P. ring, there exists an idempotent element

(1

e in R[i] such that lannR[x](a).= R[x]e
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5 n . i : . -
Suppose e = zi=o ax". We claim that lannR(a) Ra . Indeed if

t is an element in Rao, for some element y in R we can write
that t = ya, - However since e 1is an element in 1annR[x](a), we

»

have ea = o, Hence aa=o giving ya a =~o and ta = o. There-

fore ¢t e-lannR(a) and hence Ra < lannR(a)

(2)

o
Conversely, let b be an element in lannR(a). We have

— ’
to show that -b € Rao. Then we should show that b = ca, for some

\

element ¢ 1in R. But it is sufficient to show that b = bao and

this follows since ba = caa =c¢a = b, Since lann {a) = Re,
0 o o o R[x]

b = be. By comparing the coefficlents on both sides, since b is

an element in R, we have b = bao.

& Q.E.D.

On the similar lines of the proof of the abcif—BngQEEEiggi;
we have: ' ' | ‘

£ Y
Proposition 1.16. If R[x] is a Baer ring, then R is Baer.

Proof. Let S be a subset in Rﬁ\hThen S 1is a subset of R[x].

Since R[x] 1is Baer, there exists an idempotent element e in R[x]

n i

such that ann 1=0 aix .

](S) = R[x]e. Suppose e = { .We claim

R[x
that annR(S) =:Rao. Indeed, if ¢t € Rao, then t = ya for some
y 1in R. Since e ¢ annR[x](S), we have ea = ¢ for all a in
R. Hence aoa\r o giving yaa=o and ta = o. Therefore
Rao c annR(S).

gonversely, let b ¢ annR(S). To show b € Rao, that is

to show b = ca for some element c¢ din R} 1t is sufficient to

show that b = ba , and this follows since ba_ = ca a = ca2 = ¢ca = b.
o] o oo 0 0

\
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v

Since annR[x](S) = Re, b = be. By compa}ing the coefficlients on

~

both sides, since b € R, we have b = bao.

Q.E.D. -
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.
CHAPTER 2

'

- " POWER SERIES RINGS AND SKEW-POLYNOMIAL RINGS -

§1. Results for power series ringé

In this séctioﬁ, we will consider analogous questlons to

_Armeﬁdarii's results t2]'in the cése of power serles rings. Let
R be a given ring. Then the ring of ;il formal power series

f = iz=o anxn with coefficients in R 1s called the ring of
(formal) power series and is denoted by Rf[x]]. Let us first

prove the following key lemma.

K

Lemma 2.1. (cf. Lemma 1.8) Let R be a reduced ring and £, g be

0 1 _ 5 i .
tn R[[x])] with £= } _ ayx - 8 Zj=° bx'. Then fg=o if,

and only if ‘aibj =0 for all i >0, j > o.

Proof. Suppose that £g = o. Then [2;=0 aixi)[2§=o bjxj] = o.

From this, we get a family of equations as follows:

a,b + aobl = 0

(&)
a,b + alb1 + aob2 = 0

o
+

agb aZbl + alb2 + aob3 =0

I

Since R 1is glven to be a reduced ring, aibj =g 1if, and

only if bjai = p. Consider the equation albo + aobl = o. Left

multiplying by bo’ we get boalb0 + boaobl = 0. Since boa0 =

®

N
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+ 2 )
we have boalbo = o and, he?ce (albo) o. Again as 3 is a *

reduced ring, albo = o. The same equation now gives that aob1 = 0.

) ‘ [ = a
Now consider the equation azbo + alb1 + aob2 o. Left

multiplying by bo’ we have boazb0 + boalbl + boaobZ = 0. Since
_ 2

boa1 o and boao o, we get banbo -_o glving (azbo) o.

Again using that R 1s reduced, it follows that azb0 = o, Using

this argument siccessively in all other remaining equations in {A),

we see théE_'aibo = o for all 1 > o. Thus the original system of

‘equations in (A) will be reduced to the new system of equations as

follows:
-
p albl + aob2 =0
) . | i L _ — ®
a2b1 + alb2 + ac'b3 o] -
. J ‘-—-—
Right multiplying the equation albl + aob2 = o by a s
we get albla0 + aobza0 = ¢o. Since blao = g, this feduces to
ab.a = o and, therefore (ab )2 = 0. Since R 1s a reduced
o 2o o2
ring, ab, = o. The same equation now gives us a'lb1 ="o.
I1f we right multiply the equation a2b1 + alb f.aob3 = g
: : “+ = . 9 = ?
by ag, we have azblao albza0 + aob3ao 0. Since -blao o
= 2 _ .
and b,a = o, this gives ‘a0b3ao = o, and hence (?obS) = o.

Again as R 1is a reduced ring, aob3 = 0. Right multiplication of

the equation aZbl + alb2 = o by b1 gives use blaZbl + blale = o,

and hence blaZbl = p, which follows since blal = g. Hence

H

(azbl)2 = ¢ and, therefore a2b1 = o, since R 1s-a reduced fingﬁ
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L Using this fact successively in other reTaining equations
iﬁ (B),-weihaﬁé aibl = o for all 1 o. Similar repetition yields
aib2 = 0, aib3 = 05 eevy aibj = o, /for all 1 > o0, j > o.

This conﬁ%rse is quite gpvious, since aibj = o0 1implies
fg = o.
Q.E.D.

We will now prove below two important corollaries of the

above lemma.

Corollary 2.2. (cf. 1Cox: 1.9) If R.is a reduced ring and f is

an element in R[[x]] such. that f2 = f, then f is an element

in R.

’ o i h | . o i
Proof. Let £ = Eifo ax . Then 1-f = (l—ao) + zj=l ax”. Given
f2 = f://de have E—fz = o0, and hence f(1-f) = o. Therefore by
Lemma 2.1, we get ao(l—ao) = o, ai = o for all i > 1. Thus
a, = ai and"ai = o for all i > 1; since R 1is a reduced ring.
. ) v
Consequently f = a, is an element in the ring R.
‘ » .
Q.E.D.
. co i
Let £ be an element in R[[x]] such that f = Ei=o a;x".

Let Sf = {ao’ai""}’ the set of all coefficlents of f.

Corollary 2.3. (cf. Cor. 1.10) Let R be a reduced ring and U

by

be a subset of R[[x]]. Lf T = then (0) =

VeeuSes Annplix1}

' (ann (T [ [x]].

Proof. Let g be an elemenafiﬁ¢3R[[x]] sugh that g = zz=o.bixi'

If ge annRI[x]](U), then gU = P, that 1is, gf = o ‘for all f
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in U. Application of Lemma 2.1 gives biaj =¢o for all f ¢ U,

where a are éoefficients of £ in U. Therefore the b are

3 1
elements in annR(T) and thus g is an element in (annR(T))[[x]].

To prove converse, suppose g 1s an element in -
o i .
(annR(T))[[x]]. Let g Ei=o bix wh?fe the bi are elements
in annR(T). Then biaj = g for all elements aj in T. _By

applying Lemma 2.1 we see that gf = o, for any element g in

R{[x]] and £ in U. Thus g 1s an element in 'annR{[x]](U).

I Q.E.D.

Remark (A). Simllar to Proposition 1.15, we éan see that 1f R{[x]]
is a.Baer ring, then R is Baer.

Let S be a subset im R. Then S 1s a subset of R[ [x]].

A)
A_Since R[[x]] s Baer, there exists an idempotent element

e = Ez_o a, X in R[[x]] such that annR[[x]](s) = R[[x]]e. We

claim that annR(S) = Ra_. Indeed, if ¢t € Ra;f/ then t = ya

al

for some y in R. Since e e annR[[x]](S), we have ea = o for
all a in R. Hence aa=o giving ya a=o and ta = o. Thus

Rao c annR(S). ‘ /

r

. e
Conversely, let b € annR(S). To show b < Rao, that is

s

to show b = caO for some c € R.‘ It is sufficient to show that

b = ba , and this follows since ba_ = ca a = ca2 =ca_ =b,
o' - o oo o o
Since annR[[x]](S) = Re, b = be. By comparing the coefficients
on both sides, since b ¢ R, we have b = bao. ‘l\n
Q.EsD.

The following proposition demonstrates that the Baer

property is stable with respect to the formation of power serles ring.
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Proposition 2.4. (Cf. Proposition 1.12) Let R be a reduced ring.

Then R 1is a Eper ring if, and only 1f R[[x]] " is a Baer ring.

Proof.- Suppose R 4s a Baer ring. Take U a subset of R[[x]].
B .3, 1f T = = .
y Corollary 2 ,-i Ve e u sfi thén ‘?nnR[[x]](U) ‘(annR(T))[LT]]
Since R 1is a Baer ring, annR(T) = Re for some idempotent element
e in a ring R. He§ce annRI[x]](U) is gep?ra:éd by e. Thus
R{{x]] 4is a Baer ring. '
The converse is a special case of Remark (&) abdve.
Q.E.D.
From the above Proposition 2.4, we are tempted to conjecture
that {f 'R is a P.P. ring, then R[[x]] dis a P.P. ring when R 1is

a reduced ring. However here is ‘a counterexample.

Example '2.5. Let F be a field. Let

R = {(ao,gl,az,...) Pay e F such.that the sequence is eventually
constant}. 7

It ? easy to prove that R 1s a commutative ring Qith unity
i=(1,1,1,...) wunder the operati;ns of ordinary addition and

multiplication of sequznﬁgéi R is also a regular ring. Indeed, for
any element a = (ao,al,az,...) in R, we can choose x = (xo,xl,...)

satisfying axa = a, by defining

. al 1f a + o
g a o

0 if a = o

Evideatly R 1is a P.P. ring. Ho&gﬁz:\FR is not a Baer

ring. Becauselqonsider the countable subset

A~
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is an element of annR(xl), then gx
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5 = {x; = (1,0,0,..4)5 %, = (0,0,1,0,0,...),

Xy = (0,0,0,0,1,0,0,...),...}1 .

Let g = (al.az,...) be an element in annR(S). If g

1 =0° gives that

(al,az,...)(l,O,o,...) = (al,o,o,...) = (0,0,...), and hence a, = o. ’

- d

If g 1is an element in annR(xz), the similar argument leads us to

conclude ay = o. Proceeding in the similar fashion, we see that

ai =

o if i 1s odd. However, if 1 1s even, a;, can take any

value in R. Thus an element g 1in annR(S) has the form

(o,az,o,aa,u,...).

If annR(S) were generated by an idempotent element, the

form of an element g in annR(S) indicates that the idempotent

element should have beem (o0,1,0,1,0,1,0,...). Certainly

(O,l,

0,1,...) is not an element in R, This shows that annR(S) is ‘

not generated by an idempotent element in R, and hence R is n?}.

g&er.

For this ring R, we can easily show that R[[x]] dis not

a P.P. ring. Consider the elements a, in R as follows:

Vi 1
a = (l,0,0,...7, a; = (0,0,1,0,...), a, = (0,0,0,0,1,0,...), ...
and let f(x) = a, + a,x + azx2 4+ ... be the power series. Consider
now annR[[x]](f(x)). 1f Sf = {ao,al,...}, Corollary 2.3 gives
g
= . . t
that annR[[x]](f(x)) (annR(Sf))[[x]] From the foregoing discussion,

we know that annR(Sf) is not generated by an idempotent element in

R. Consequently, annR[[x]](f(x)) is not geﬁerated by an idempotent

element in R. Thus R[{x]] 4is not a P.P. ring.

Q.E.D.
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Let us denote the following property by (*): "The left

annihilator of every countable subset in a ring R 1is generated by

an' idempotent element in R."

Proposition:\2.6. Let R be a reduced ring. Then (*) holds in R

if, and only if R[[x]] is a P.P. ring. -
/—-

Proof. Let f(x) be an element in R[[x]] given by f(x) =

2
a + a;x + a,x + ... . Let Sf = {ao,al,az,...}. Then ?f is a
* countable subset of R. From Corollary 2.3 we know that annR[[x]](f)
= (annp(s ) [[x]]. |
1f R satisfies (*) property, annR(Sf) is generated
by an idempotent element, say e, in R. The annR[[x]](f) is

generated by an idempotent element e in R[[x]]; by Corollary 2.2.

Hence R[[x]] 1is a P.P. ring.
Conversely if Sf is a countable subset of R; then we i
can find corresponding £ 1in R[[x]] ‘such that annR[[x]](f) =
(annR(Sf))[[x]]. Since R[[x]]) is a P.P. ring, annR[[x]](f) is
generated by an idempotent element e in R{[x]]; which is in R

¥

by Corollary 2.2. Hence annR(Sf) is generated by an idempotent

element e in R, Thus R satisfies (*) property.
7 Q.E.D.

We shall now look at the next example from which we can
infer that the (*) property is stronger than the P.P. property,

but weaker than the Baer property.

Example 2.7. Let F be a field. R be the set of all real numbers.
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Let R= {x = {x_} i x € F are constant on the complement of

a ae R
some countable set in R.}
It can be easily verified that R 1s a commutative ring

with unity under the operations of the usual addition and multi-

plication of sequencés defined as follows: If x = {xa}ue R and

y = {f } R’ then xty = {xu+ ya}

Hae and xy ={x y_}

ae R: a'aeR °
Clearly if x, y are elements in R, them x+y and xy are
elements in R, because they are Eonstant on the complement of

some countable set.

R is a regular ring. To show this, for any element

a={a} in R, we can choose an element x = {x } in
a'aeR . Z1 e aeR
) 2 - ay o if a, + o
R satistying a x = a by defining: X, =0 , If a =o

o
Thus R is a P.P. ring.

Now we shall show that the annihilator of any countable
subset of R 1is penerated by an idempotent element in R. Let N

(n)

be the set of natural numbers. Let § = {x :n ¢ N} be a countable

subset of R and let y = {y }

be an element in ann_(S}.
a' aeR R

Clearly vy ¢ annR(S) if, and only i1f, and only if yx(n) = o for
all n. Hence ¥y € annR(S) if, and only if Yy~ © whenever

xin) $ o for some n. Define e = {Ea}u cp Dby the following:

o, 1f x(n) + o for some n
81

1, otherwise .

Then e will be an idempotent element in R, and

annR(S) will be generated by an idempotent element e = {e“}a R
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in R 1if we show that y = yve for all. y ¢ annR(S) and either
{a : e, = 1} or {a:e = o} are countable. Obviously by defini?ion
of e, if e 1is an element in R theé e 1s an element in
ann (S) and y=ye all ye annR(S);

Suppose {a:eu = 0} is uncountable. By definition of e,
{a:xin) $ o ' for some n} is uncountable. Since we have {a:xin) + o
for some n} = un'{a:xin)+ o} ; for some m, {u:xém) $ o} is
uncountable. By the definition of R, for this m, {a:xém) $ 0}
is countable. Hence {a:eu =1} = {u:ea = o}° = (un {a;xin) $ o) € =
a {a:xin{ $ 0}° shows that {a:ea = 1} 1s countable, because
oneg set in the intersection is countable.

A aimi}ar'explanatioﬁ/EEﬁrQE,given if we assume that
{a:eGl = 1} 1is uncountable, and then show that {a:eu = o} .is
countable. Thus the ring R 1is certainly a P.P. ring since it i

satisfies the (%) property.

However R 'is not a Baer ring. Let A be the set of all

positive real numbers. Conglder the uncountable subset § of R

such that

(N
cqnsisting. of the e}ements {xu }u eR e
‘ 1, 1f a= A
KON .
y o, otherwise
We can see that if y = {y } is an element in J/
aw € R

o, if a=12
annR(S), then y {Fon—zero, otherwise

If annR(S) were generated by an ldempotent element

e = {e} , then e would be such that
a'a € R

o, if a = A

o 1, otherwise
?7 .
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However the set A = {u:ea = 0} and AS = {a:eOl = 1} are
both uncountable. Hence e 1s certainly not an element in the ring

R. Thus R 1is not .a-Baer.ring,

Q.E.D.

§2. d-dense rings
In this section, the following generalization of P.P. ringg

is studied.

Definition. The ring R 1s left (right) i-dense if every non-zero

left (right) annihilator contains a non-zero idempotent element. If

a ring is left and right i-dense, it is called i-dense.

Proposition 2.8, If R is a right P.P. ring, then R 1is left

' i-dense,.

Proof. If not, suppose for some subset S of R, its annihilator

lannR(S) +‘o, does not contain any non-zero idempotent element. Let
0% a be an element in lannR(S). Since {a} < lannR(S),

rannR(a) 5 rannR(lannR(S)). As R is given to be a right P.P. ring,
suppose rannR(a) = eR for some idempotent element lo F e 1In R,

Hence eR 2 rannR(lannR(S)). “This will again mea; that

1annR(eR) e 1annR(rannR(lannR(S))) = lannR(S). Thus R(l-e) c© 1annR(S).
Thf@lgiﬁes that (l-e) 1s an element of lannR(S). Clearly if )
l-e = o, then e = 1. However this is impossible, since e =1 will
mean eR = R and then rannR(a) = R, and hence a = o. This

contradicts our assumption that. a # o. Thus R 1is a left i-dense

ring.
Q.E.D.

N
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In analogy with P.P. rings, we have the following

proposition,

wxyid

T

Proposition 2,9, Let R be a reduced ring. Then R is an i-dense

ring 1f, and only if R[x] 1s an i-dense ring.

Proof. .Let f be an element in R[x] such that f = zz-o aixi.
Let Sf = {ao,al,...,an}, and let U < R[x]. If T = Vs ey Sf,
then annR[x](U) = annR(T) [x]. (Refer to Proposition 1.10)

Suppose R 1is an i-dense ring. Let o ¥ annR[x](U)..
Then annR(T) is non-zero. Since R is an i-dense ring, annR(T)
wili contain a non-zerc idempotent element; say o + e in R.

Obviously the same idempotent element will be an element
in‘ annR[x](U), Hence R[x] 1s an i-dense ring. -

The converse 1s a special case of the following ‘[

Proposition 2,10.

Proposition 2.10, (Cf. Propos;;}on 1.15) If R[x] 1s a left

i-dense ring, then R 1s a left i-dense ring.

Proof. Let T be a subset of a ring R with non-zero lannR(T). *

Then T 1ig a subset of the. left-i-dense ring: R[x]. -Suppose

n i
o % lannR[x](T) contains some idempotent element e = {i=o a,x

-

in R[x]. Since e = e", e(l-e) = o, and hence

n i n i
+ - =
[ao Ei=1 asx ] [ (1 ao) + 21-1 aux ] o. Then we get the

_system of equations as follows:
L

: 2
ao(l—ao) = o, al(l—ao) +aa =o, az(l—ao) +a +aa, =0, ...

(1.
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if a = \then from (1), all the remaining .ai are zero and
ﬁhus e ® 0 . If aq =1, ‘thén again from (1), all other
a; are zero, and hence e = a = 1 in R. Suppose that e $ 1 and
a, + 0. Then lannk(T) contains ‘the idempotent o # a = ai in
R. Thus R 1is a left i-dense ring. |
Q.E.D.

§3. Skew-polynomial rings
This 1s a very interesting type of polynomial ring. Start-
ing from any given ring R, let us construct a ring R*[x] whose

elements can all be expressed as polynomials

2 n
£ a_ + xa) + x a, + ,.. + x,?n (1)‘

To multiply two elements given by (1), say f = Exiai
and g = ijbj, we have hy distributivity fg = Exi(aixj)bj.
Hence it will only be necessary for us to prescribe a xj. Let

i

ax for any element a in R be such that

- o
\ ax xa

(2)

where a -+ a° 1is a homomorphism of the ring R into itself.

We observe that this is enough to fix the multiplication
in R*[x], since we can work out ax" by induction 6n r as

follows:
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Let us now investigate the .consequences of (2). We have

(atb)x = x(a+b)® and  ax + bx = xa® + xb%,

and hence (atb)® = a¥ +b° (4)

Also (ab)x = x(ab)a and a(bx) = a(xbu) = (ax)ba = xa“ba, énd 80

! ,
(ab)® = a%p® . " (5)

Further Ix = x1 = x1* and therefore 1% =1 . (6)
. ’ “
The set of all expressions (1) can be made into a ring by

defining addition as usual and multiplication by the commutation

rule (2). Then the resulting ring'is called the skew-polynomial ring

in x over R with respect to « and we will denote it by R¥[x].
The skew-polynomial ;ings are much more c0mﬁlicated_than
the usual polynom;gl rings. Our.immedlate objective is to prove a
supply of skew—polynomia;l rings which are P.P. rings. To simplify ‘
the matter still further and to get a specific class of rings, we'
will prove the next proposition. The following proposition describes

a particular class of rings by putting some conditions on the

endomorphism a.

Proposition 2.11.- Let a : R + R be a ring homomorphism and R

be a:reduced. P.P. ring. Then annR(a) = énnR(aq) for all a e R

if, and only 1f the homomorphism « is one-one and in addition iE\~S

preserves the idempotent elements in R. o -

Proof. Let us assume that annR(a) = annR(aa) for all ae¢ R. We

first observe that o is one-one. TFor, 1f not, let a be a non-zero
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"\

element belonging to ker a. Then a”.= 0. However this indicates

that annR(au) = R, by assumption this leads us to the fact that

annR(a) = R. This means the element a i1s zero. Henée§ ker a = o.

o

Now 1f e 1s an idempotent element in R, we need to pgove e =eg

‘New e is an idempotent element in R and, as R 1s a reduced

.

ring, all idempotent elements are central. Now annR(l-e) = Re =

annR(l-eu) = Re®. Then by Exercise (2) in ([1], p. 102}, we have
o

e =e .

To prove the converse, w. assume that « 1s one-one and
that a preservés.the idempotent elements in R, To show -
annR(a) = annR(aa), it is sufficient to show that for any element

r in R, ra =o if, and only if ra® = 0. We will establish this

fact as follows: ~

Suppose ra® = 0. This means that 1 is an element in

L 4

annR(au). Since R 1is a P.P. ring, we can assume that

ann = e, for some idempotent element e 1in R. Hence
a ‘
ea =0 and TEe =T (7N
o G oo
We now see that (ra)® = (rea)® = r%e”a”, since a_ 1s a homo-

morphism. . As « preserves the idempotent elements we have by n,
(ra)® = r%ea® = t% = 0. Since « is a monomorphism, (ra)® = o
implies that ra = o. In order to ﬁrove the remark in an other way,
let us assume that ra = o. Then r is an element in annR(a).
Since R 1s a P.P. ring, we can again assume that annR(a) = fR for

some idempotent element £ in R. Hence we have

-

r=rf and fa=o0". _ — (8)
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Now fa = ¢ implies that (fa)a = o, and hence, faaq = 0. Since'
o preserves the idempotent elements, we have £a” = o. Uéing this
and (8) we can see that ra’ = rfaa, Hence iaa = rfa” = o.
' Q.E.D;

By studying the previous proposition, the question naturaily
arises whether this type of endomorphism exists or not, Next we will
give a very simple example in a riﬁg, which has non-trivial idempotents,
exhibiting the properties of the previous proposition. Of coursé, we
can find many examples proceeding on similar linés.
_ Example 2.12. Let C be the field of all compléx numbers, with the
usual operations. Clearly C 1is reduced andaP.P. We hav; also
proved in this thesis (see Proposition 3.11) that ; product of reduced
and P,P, rings is reduced and P.P. Let R =.C x . If 2z = xtly 1is
any complex number, we will dénote as psual the conjugate complex
number of z by .E = x-iy. Let us define a homomorphism f : C > C
such that £(z) = z. Obviously f is a ring homomorphism. Now we
can define homomorphism o = f x f from R=C x C into itself by' ‘
a(zl,zz) = (21,52). It can be easily verified that the homomdrphiém
a preserves the idempotent elementsin the ring, wviz. {o,0), (0,1},
(1,0), (1,152 a is clearly‘;ne-one. The proposition proved ju;t
now indicates that annR(a) = annR(aa) for any element a in R.
This can also be easily-verified by direct computation.

-~ Q.E.D.

The next proposition shows that if R*[x] 1s a left P.P.

ring then R 1is a left P.P. ring. We note that there are no

" conditions on the ring homomorphism o.
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‘Proposition 2.13. If R*[x] is a left P.P. ring, then R is a left

P.P. ring.

Proof. Let a be an element in R. Then a is an element in .R*[x].
Since R*[x] is a left P.P, ring, 1annR*[x](a) = R*[x]e , for

some idempotent element .e = 22=0 xiai in- B*[x]. Then proceeding

as in the pfoof of Proposition 1.15, we can easily prove that

2 .
lannR(a} = Rao, a =2 Hence R 1s a left P.P. ring.

. ) ' Q.E.D.
Let+ R be a ring with unity and o : R+ R be a ring
. homomorphism. Let us denote the condition {(*) as:
"For any two elements a and b in a ring R, ab = o
if, and‘énly if a% = o if, and only if ab” = o."
‘This condition holds for o satisfying the conditions of ‘
Proposition 2.1l. A
Suppose that a ring R is reduced and o : R+ R satisfieé
the (*) property and is one-one. As expiained at the start of this
Isection, let us form a skew-polynomial ring R*[x] from the given

. ring R with conditions above and with the commutation rule

ax = Xxa — (D)

We wil]l prove the following key lemma which characterizes

the zero-divisors in the above skew-polynomial ring.

Lemma 2.14. Llet f and g be two elements in a ring. R*[{x] as

defined above, such that f£ =z z=0 xiai, g = E?=o ijj. Then

’

fg = o 1if,and only if aibj =0 forall 0<41i<n, o0<j<m



Proof. Let us suppose that

fg = (aobd) + (aoxbl

3
+ (aox b3

Using the relatigﬂ/ﬁ;; = xaé,

above equation reduces to:

fg = (a b ) + x(aub +a_.b

171
3

3 .
+ x (ag b3+a

Since fg = o,

) 2
+xa1b°) + (aox b

33 -

-J

fge = 0o .and n =m.

2 270

1 2771

ixa. x2b. +x%a.xb +x333b0)'+ e

2

r
ra

r
we have ax = xa ,

+a,.b +aab )

2
) + x (a b LA

(o]

2

b2+a“b tasb )+ ...
-1

+

7

3

.a b = o0
00
agb1 + alb0 = o
2 ’ .
go by * Ay +agh, = o ’
a3 az .
ao b3 + al b2 + agb1 + a3b0 =0

Consider the equati

a; 1b1+aib Yy + ..

We have

+xza b +xa Xbl)

1

and hence the

y -

this gives fise to a family of equations:

(a)

Multiplying by

on azbl + albb = o,
' = *
bo’ we get boaﬁbl + boalbo o. Due to the (*) property, since
apb0 = o, this yiel%s boalb0 = o, Multiplying by a,, we have
(albo)2 = o, and hence, since R 1is a-reduced ring, alb0 = o.
-Therefore the equatiour.a:bl + albo = o shows that ag'bl o. By
the (*) property, this establishes
- &
4 \b
bja,=o andso ab,=o (2)
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2

' a
Left multiplying the eq?ation a_ b2 +.a;b1 + a2b° = o0

a
by bo we get boaO b2 + boa;b1 + boazbo = o, and henc? boazb0 =0

by (k) property and a°b°'= o, albl = o0 which follows since R

is a reduced ring. Hence we have (azbo)2 = o and azbb = o.

Using this argument successively in the remaining equations

from the family (a), we have the relations a b0 = o for all

i

o <1 < n. The equations in (a) now after simplification can be

written as;'

albl =0
a; o
a byt ab, =0 y (v)
a3 w2 ,
01 T = A
a, b3 + a; b2 + azbl o
- . . \
. J
: 2
Right multiplication of the equation a%_ + a* b, = o by
2 11 o 2 2
a _ ‘g -
a, glves a;blao +a bZao = o0, which using (2) giv;s a_ bzao o.

Since R 1is a reduced ring, we can write this as az aob2 = o, and
hence, '(az)a(aobz) = o. Applying the (*) property this simplifies
a
to ao(aob2) o and again to ao(aobz) o. Thus (aobz)ao 0,
and so (a b )2 = po. Since R 1is a reduced ring, abb =g and
o2 2 2
a .. _
bza0 = 0, From the same equation a;b1 + a b2 = o, we get
a;bl = g, Evidently by the ’ (%) property, alb1 = g, Ultimately
bysthe successive repetition of above procedure with the remaining
equations from a family (b}, we obtain new relations as: a b, = o

il
for all o < 1 < n.
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The subsequent repetition of the above process again shows
{

that aibj = 0 fof al; o<1<n, o<3j<n. The converse in
the above lemma 1s quite‘clear.
Q.E.D.
As the consequence of the above lemma, we have the

following two corollaries:

Corollary 2.15. Let .  f be an element in the ring R¥*[x] conifdered

in Lemma é.l4. Let f2 = f. Then® £ 1s an element in R,

-

?

2

Proof. Suppose f= a + xa, + xa, + ... F xnan. By hypothesis,

2

2 o. The application 'of Lemma 2.l4 shows

f° = f which means £(1-f)

that ao(l—ao) = o and ai =o for all 1> 1. Since R 1is a

reduced ring, this leads to the conclusion that a is an idempotent

element in R and all other a; are zero for 1 > 1. Hence we can

2
conclude that £ = a = a, is an element in R.
Q.E.D.
The above corollary characterizes idempotent elements of

such a ring R*[x]. Let an element f in such a ring R*[x] be

n

i A 13- Ped -
f =0 % B, - Let §f ‘{as,al?...,an}.

I

Corollary 2.16. Let U be a subset of the ring R*[x] 1in Lemma 2.14.

It T S then we have

= Uy e annR*[x_](U) = (annR(T))*[x]-

|

Proof. Let g be an element in the above ring R*[x] such that

m i
g zi=o Xb,- 1f g belongs to annR*[x](U), we get gl =o. In

otherrwords, we have gf = o for all elements £ in U, From the

//;gmma 2.14, we get bia =¢o forall £ in ¥ and all a, in R,

3 3

A
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Hence all bj “are ellﬁents of annR(T). Naturally this indicates

that g belongs to (annR(T))*[x].
To prove the converse, let us consider an element g in

(annR(T))*[x]. Then this means all bj are in- annR(T). Consequently
this gilves that biaj = o for all aj. Again application of Lemma
2.14 shows gf = o, for all g din R*[x] ‘and all £ in U. Hence

-.‘a..',_._“

we conclude that g 1is in annR*[x](U). This completes the proofA

of the corollary.
Q.E.D.
Corollary 2.16 gives the incentive to study the’stabi-
lization of the P.P. ring property for the original ring and its
skew-polynomial ring. Though it is not true in general, it holds
for the ring with conditions as in Lemma 2.14. This is established

in the following proposition.

Proposition 2.17. Let R be a reduced ring satisfying the (*)

property and « : R - R be a ring monomorphism with the commutation

rule ax = xa°. Let R*[x] be its skew-polynomial ring. Then R

is a P.P. ring 1f, and only if R*[x] 1s a P.P. ring.

Proof.dhiét us first assume that R 1is a P.P. ring. If a and
b are any two elements in the ring R such that annR(a) = Rel and
, y
'annR(b) = Re, 1{here and e, are idempotent elements, then we
' \
e %hat annR({a,b}) = Re where e = e + e, - €8,

which is also an idempotent element. Inductively we can establish

can easily -se

that for any finite subset T in a ring R, annR(T) = Re for some

idempotent element e 1in a ring R. If f e R*¥[x], the set Sf
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is finite. By Corollary 2.16, we get
annR*[x](f) = (annR(Sf))*[x]= (Re)*[x] = R.I*[x]e ’

for some idempotent element e in a ring R. Thus wé reach to the
conclusion that ﬁ*[x] is a P.P. ring.
The converse is a special case of Proposition 2.13.
Q.E.D.
On the similar lines of the proof of Proposition 1.16 and
Proposition 2.13, we can prove the next proposition: We will state

the propeosition without proof.

Proposition 2.18. If R*[x] is a Baer ring, then R is Baer. 3\

- Q.E.D.
‘The next proposition can be proved very easily on the

lines of the proof of Proposition 2.17.

Propogition 2.19. Let R be a reduced ring satisfying the (*)
property and a : R+ R a ring monomorphism with the commutation
rule ax ='xa". Let R*[x] be its skew-polynomial ring. Then R

is a Baer ring if, and only if R*[x] is Baer.

Proof. Let us assume that R is a Baer ring. Let U be a subset

of R*[x], By Corollary 2.16, if T

= Uf€ U Sf, tﬁen

= * =
annR*[x](U) (annR(T)) [x]. Since R 13 a Baer ring, annR(T) Re

for some idempotent element - e 1in a ring R. Hence annR*[x](U)
is generated by e in a ring R*[x]. Thus R*[x] 1s a Baer ring.
The converse is a special case of Proposition 2.18.

. Q.E.D.

N
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We know tha? ordinary-polynoﬁial rings are the special
cages of'the skew-polynomial rings, if we take the map a as an
‘identity map. From all the propositions proved here, it is quite
ébvious that all the results proved in Armendariz [2] can be given

as the corollaries to the above results.
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CHAPTER 3

WEAKLY P.P. AND OTHER RINGS

§1. Semiprime rings and weakly P.P. rings

Up to now, we have developed our work with the study of
P.P. rings, andﬁwe have mostly used the condition of reducedness
for the rings. We will now.try to éind some analogies to the
condition of reducedness and P.P, rings, respectively semiprimeness
and weakly P.P. rings. It will then be possible to develop some-
thing more general, very much like our previous work. Let us now

recall the notion of a semlprime ring:

-

Definition. A ring R 1s said to be a semiprime ring_lf it has no

non-zero nilpotent ideals. In other workds, if I 1s an ideal in ‘-

aring R and if I2 = ¢, then I = o. -
The above definition shows that if a ring R 1is c0mmutativek

then R 1is semiprime if, and only if,it is reduced. For, in the

case of commutative rings, the property of a ring having no nillpotent

ideals means that a ring has no nilpotent elements. We can also see

that the ring 12 of 2 x 2-matrices over a ring I of integers

is semiprime but not reduced.
The notion of a semiprime ring involves ideals and from

this we get a clue to what we should define instead of P.P. rings.

Before giving that definiti;n, note that in a semiprime ring, left

and right annihilators of ideals coincide.
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F s

Definition. The ring R 1s said to be a weakly P.P. ring if for

every eiement a in k, annR(RaR) is generated by a central
idempotent elemeﬁt e.— This means that annR(RaR) = eR for some
central idempotent element,
uAl?O it is clear that if R is left weaRly P.P., then it
\

is semiprime.\ Indeed, for some ideal I of R, suppose 12 = o.

Then this means II = o, that is, a € lannR(RbR) for all a,b ¢ 1.

Since R d1s weakly P.P., lannR(RbR) Re for some central idempotent
element in R. Then for all ae¢ I, a=ae and eb = o. In par-
ticular, b = be = eb = 0. Hence 1 = o,

With the introduction of these notions, let us evaluate the

validity of analogous propositions to thgse proved earlier for P.P.

and reduced rings. As before, let us construct the first key-lemma

and prove it. ' i
Lemma 3.1. Let R be a semiprime

ring. Let f and g be two

elements in the ring R[[x]] such that f = z:=o aixi. and
g = Z§=° bjxj_ Then fR{[x]]g = o 4if, and only if ainj = o for

all 1 > o, j 2>’o.

Proof. Clearly fR[[x]]g = o 1f, and only if fRg = o. Then
(Em a xi)R[Em b xj) = o. This gives rise to a family of equations
1=0 °1 j=0 3

for all r € R, as follows:

aoRbo = 0 1
alrbo + aorbl = 0
azrbo + alrbl + aorb2 = 0 Y (A)

anrb0 + an_lrb1 + ...t alrbn_

+ rb =
1 ao n °

. R 4
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.Since R 1is a semiprime ring, aoRb0 = o 1f, and only 1if
boRao = 0. Conaider the equation alrb0 +.éorb1 T o. Right multiply-
ing by 8a_, s ¢ R, we get alrbOSao + aorblsa6 = 0, which means

y
aorblsao 0., This shows that (aoRbl) = p. Since R 1s a semi-

prime ring. aoRbl = o, and hence blRaO = 0. The same equation now

. 1 1

gives a,Rb = o0 and b Ra, = o.
o o ,
Proceeding in the similar fashion as in the proof of

Lemma 2.1 and reducing the equations by the substitutions obtained,

we get ainj =¢ forall 1 >0, jJ2>o.

The converse 1s clear.

Q.E.D.

Corollary 3.2. Let R be a semiprime ring. Let f be a central~

idempotent element in the ring R[[x]] with £ = E:=o aixi. Then

f 1s an element in the ring R. -\)

Proof. Since f2 f is a central idempotent element in R[[x]],

It

we can write fgf fg for all g e R[[x]]. This will give us
fg(1-f) = o, for all g ¢ R[[x]]. Consequently with the appliéation

of Lema 3.1, we immediately conclude that aor(l-ao) = g for all

reR andQ~aiRai = o forall i=1,2,... . Since we are as;uming
that R has a ufilt element, we see that ai =a and aiRai =0
for all i = 1,2,... . Therefore az = a, and _ a = o for all
i=1,2,... . Hence f = a, = ai 1s an element in R.

Q.E.D.
The above corollary characterizes the central idempotent

elements in the semiprime ring R[[x]]. Let f be an element in

R[[x]] with f = Ez=o aixi. Let Sf = {ao,al,...}. ;
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Corollary 3.3, Let R be a semiprime ring. Let U be a subset

of R[[x]] and let T = Then we have

Ve ey Sg

annp 1y (RUEx]IU RI(x]1) = Canng (RTR)) [{x]]

Proof. Let g be an element in R[[x]] with g = i?=o bjxj.

Clearly g is an element in aan[[x]](R[[x]]U R[[x]]) 4if, and only
if gR[[x]]U = o, which means gR[[x]]f = o ‘for all elements £

in U. However Lemma 3.1 reduces this to the fact that b _Ra = o

h|

for all j and for all elements* a in T. Therefore g 1is an
element in annR[[x]](R[[xi]U R[[x]]) if, and only if bjRaR = o,
which means b, are elements in annR(RaR) for all 3 and all

]

elements a in T.

Q.E.D.

Since the polynomial rings are particular type of power

series rings, the next corollary follows immediately.

ks

Corollary 3.4. Let R be a semiprime ring. (1) Let £, g be two

elements in a ring R[x] such that £ = zz=o aixi and g = Z?=o bjxj

Then fR[x]g = o if, and only if ainj =0 for all o <i <n and

o <j <m )

‘(2)_ Let f be.a central idempotent element in a ring R[x]

with £ = 22=0 aixi. Then £ 'is an element in the ring R.
(3) Let U be a subset of 3[x] and let T = s e Sf.
Then annR[x](R[x]U R{x]) = (annR(RTR))[%];:
Q.E.D.

We will now see that if R[[x]] 1is a weakly P.P. ring

the so is R.
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Proposition 3.5. If R[x] is a weakly P.P. ring, then R 1s weakly

P.P. Also, 1f R[[x]] is weakly P.P., s0 is R.

Proof. Let a be an element in the ring R. Then a € R[x]. Since

R[x] is a weakly P.P. ring, annR[x](R[x]aR[x]) = R[x]e for some

central idempotent element e = :*o ay

ao(l—ao) = g, and since e 1s central, a is a central idempotent

xi in R[x].. -Since

eleﬁent in R. We claim that annR(RaR) = Rao. Indeed, if t is
- an element in Rao, t =‘yao for some y € R. Howevqi‘since
e € anhR[x](R[x]aR[x]), we have eR[x]aR[x] = o. Heﬁce
aoR[x]aR[x] = ¢ giving yaoRaR = o, that is, t ¢ aan(héRj, and
RaD c annR(RaR).
Conversely. let b annR(RaR). To show b € Rao, we have
to shéw. b = ca for some ¢ ¢ R. But it is sufficient to show '

that b = bab, gsince ba = ca a_ = ca2 = ca_ = b. Since

. o o o o o 1!..

annR[x](R[x]aR[x]) = Re, b = be. By comparing.the Foefficients on
both sides,,fince b is an element In R, we have- b = bao.
The remaining part:of the proef is clear from the proof of
Proposition 1.16.
'Q.E.D.

The foregoing corollaries are very useful i; proving the

next proposition.

Proposition 3.6. Let ‘R be a'semiprime ring. Then R is a weakly

P.P. ring 1f, and only 1f R[x] is weakly P.P.

T e
—
N

Proof. Suppose R is weakly P.P. If a, b are any-two elements

in R such that annR(RaR) = Re, and annR(RbR) = ReZ’ where e

&
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and e, are central idempotents in R, then e = ele2 is also a

central idempotent in R such’ that ~ann, (R{a;b}R) = Re. There-

fore we can prove, by induction, that for any finite subset | T of a

‘ring 'R, annR(RTR) = Re for some central idempotent element e in -
¥
¥

R. Thus if f 1s an element in R[x] with f = :ﬂo aixi and

Sf = {ao,al,...,an} , then annR(RSfR) = Rg for some central
idempotent element e in R. However from Corollary 3.4, since
Sf is a finite subset of R, we have anné[x](R[x]fR[x]) =
(annR(RSfR))[x] = Re[x] = R[x]e. Since £ is an arbltrary element
in R[x], we have thus established that R[x] 41s a weakly P.P. ring.

The converse is the specilal case of Proposition 3.5.

| Q.E.D.

From all this discussion above, we can see that the notiouns

of weakly Baer and weakly i-dense rings can also be defined and

results like those proved earlier can also be obtained here.

§2. Direct limit of rings

A partially ordered set T 1is sald to be a directed sét
if foE'each pair i,j in I, ctherxe exists k 1in I such that
1 <k and j < k. (8ee [3], p. 32)

Let 1 be a directed set and let A be a ring. {Mi}ie 1
be a family of A-modules indexed by "I. For each pair 1,j iﬁ I
‘ + M, + M, be aa—hkpomomorphiém and

| S S o
suppose that the following axioms are satigfied:

such that 1 < j, let

(1) w is the identity mapping of L for all 1 in I.

ii
(2) Pik = ujk ° “ij whenever 1 < J < k.
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Then the modules Mi and‘hq@?morphiﬁms uij are said to

form a direct system M= (Mi,uij) over the directed set I.

~

We shall construct an A-module M called the direct limit

of the direct system M. Let C be the direct sum of the M,, and
identify each module M, with the canonical image in C. Let D’
be the submodule of C generated by all elements of the form
xi-uij(xi) where i <j and x, in -M;. Let M = C/D. Let

py : C+M be the projection and let be the restriction of u

By

to Mi'

The module M, or more exactly the palr consisting of M

and the family of homomorphisms My : Mi - M//is called the direct

1imit of the direct system M . and is written as lim M
Ll —_— 1

From the construction, it is clear that wy = “j ° pij

whenever 1 < j. Now let {Ri}i eI be a family of rings indexed by

a directed set I, and for each pair 1 <j in I, let
.uij : Ri -+ Rj be now a ring homomorphism sq;isfying the conditions
(1) and (2) above. Regarding each Ri as I-module, we can then

form a direct limit R = lim R,. Then R inherits a ring sttucture

i

from Ri so that the mappings Ri + R are %ing homomorphisms. R

is then the direct limit of the system (R

-i’uij)' We will quote the

following result without proof: .

"

Lemma 3.7. Every element of R can be written in the form ui(xi)
for some {1 in I and some X, in Ri' Also if ui(xi) = o,

then there exists j > i such that (xi) = ¢ in R,.

£ ;| ,

Let {Ri} be a family of subrings of a ring R, éuch

iel
that for each pair of indices 1i,} in I, there exists k in I

«
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c . A
such that Ri+Rj Rk Define 4 < ] to mean Ri.g Rj and let

uLj : Ri -+ Rj be the embedding of Ri in Rj' Then

‘
lin Ry = IR =R .
Owing to the above discussion of direct limit, we will
check whether a direct 1limit of left P;P. rings is left P.P. or not.
The answer for this is 'no', however we can see that tﬂe left anni-
hilator of any eiement in a direct limit contaiﬁs many idempotent

elements, and, in fact, it is generated by idempotent elemehts. This

is indicated in the next proposition,

Proposition 3.8. Let {R/}, _; be a direct system of rings. If each

Ri is a left P.P. ring, the left annihilator of any element in the

direct limit \R = lim R iéAgenerated by idempotent elements.

— 1

Proof. Let us start the proof by considering 1annR(x) of any
element x 1in a direct limit R. Suppose b is an element in
1annR(x). Then bx = o. From the above discussion, there exists

P

i in I and b.,x, in R h that b = u (b d x= .
j n I an 3 X n suc a uj( j) and x uj(xj)

] h
Due to the fact that bx = o, we have uj(bj)uj(xj) = o; and
hence, uj(bjxj) = 0. Again there exists k > j such that
u, (b,x,) = 0o in the rin . We also get that
305" he Ting
I L - (D
Since ujk(bjxj) = o, we havg ujk(bj)ujk(xj) = o, and hence
ujk(bj) € lanan(ujk(xj)). Since R i{s a P.P. ring, suppose

lanan(ujk(xj)) =.Rkek for some ildempotent element in the ring

Rk' Then
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(;~Sb

-eg(ujk(xj)) = 0 | and ujk(bj) = Hy by {f

@

Now consider the element uk(ek). Evidently this is
and idempotent element in R. Again from (1), we get pk(ek)x
. 1
uk(ek)uj(xj) = uk(ek)uk(ujk(xj)) = uk(ekujk(xj))- By applying (2)

this reduces to uk(ek)x = uk(o) = o, Thus uk(ek) is an ﬁiement '
in lannR(x). Also for the element b € 1annR(x) considered above,

we get b = p,(b,) = (p

50y K ° u%f)(bj) = uk(ujk(bj)). by (1). Using
(2), we have b = uk(ujk(bj)ek) = uk(ujk(bj))uk(ek) = buk(ek). How-

ever since the idempotent element uk(ek) depends on the element

‘b in lagnR(x); and since b wvaries in 1annR(x); we may get

different idempotent elements uk(ek) in lannR(x)fk Hence the

proof. .

Q.E.D.

. r

From the Proposition 3.8, the question naturally arises
whether a direct limit of left P.P. rings {s'a left P.P. ring. How-

ever we will indicate an example which shows that a direct limit of

P.P. rings is not necessarily a P.P. ring. ) ‘

. . N
Example 3.9. To start, let s consider a prime number  p in the
- ‘/A\ — .- - - N hY
ring I of integers. We will constructzﬂ new ring R such that

i

R = {(a,El,E

2,...) :ae l, Ei e 2/(p) and eventually Ei = a}.

It can be easily verified that R 1s a ring under the
operations of ordinary addition and multiplication of sequences.
However this ring R 1s not a P.P. ring. To prove this, take the
element x = (P,0,0,...) in1rR. It is evident that vy & annR(x)

1f, and only 1f y = (0,51,52,...) where Ei are in Z/(p) but
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eventually o.

If annR(x) were generated by .an idempotent element e
¢ ‘

in R, the idempotent element e should have the form
e = (0,1,1,...) ‘and eventually o. However it does not justify

the choice of an idempotent élement, becauge we do not know where
: -
1 stops. If it stops at the nth place, we can find y ¢ annR(x)

which has non-zero component at the (n+l)th place. Hence

annR(x) is not generated by an idempotent element and thus R 1is

not a P.P. ring.

=

Now consider the ring Ri of the form

R, = 2 x2/(p)y x 2/{p) % ... x Z/(p)

the product of Z/(p) taken 1 times.

Since 2 and Z/(p) are P.P. rings, and since the .
product of P.P. rings is always a P.P. ring (see Proposition 3.11),
each Ri is a P.P. ring. Let the set N of'ail natural numbers

be the directed set. If j > 1, we can define a hogomorphism

uij : Ry R.j such that uij(a’bl’bZ""’bi) = (a,bl,...,bi

a repeated (j-1) times. <Clearly is a ring homomorphism.

uij

Indeed, cons%def

uij(a’bl"-.’bi) + uij(bacl""!ci)

o'l
o

= (a,Bl,...,Ei,E,E,...,E) + (b,El,...,Ei,

= (atb;b +c ..,Ei+Ei,E+S,...,E+E)

=l
Y
S
L]

(a+b,b. +C ;-

It is readily seen that lim Ri = R, Thus in this example, we

—

b

\ Vo

!ala!' hd ,a) »
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have demonstrated that e a P.P. ring, but their direct

limit R 1is not a P.
A .
Q.E.D.
Though we have proéed that a direct limit of left P.P.
rings, in general, is not a left P.P,. ripg, we can give some examples

where this is the case. In the next proposition, we give a family

of P.P. rings, whose direct limit is a P.P. ring.

Proposition 3.10. Let R be a reduced ring and let x = {x } c A
- = o a
by any infinite set of indeterminaqu, A being an index set. Then

R is a P.P. ring if, and only if RIEJ is a P.P. ring.

Proof. We-can write R[EJ = ug R[{xa}ueF]’ the union over all
finite subsets F of A.

Suppose R{x] i1s a P.P. ring. Consider a;nnR(a) of an ‘
element a ¢ R. Then a is an element of R[EJ' Since R[x] 1is
a P,P. ring, we have annR[x](a) = eR[x], for some idempotent
element e in R[EJ' Sin;; R 1is a reduced ring, we can prove
that if e 1s an element of R[;j, e will be ah element of
R[{xu}u EF] for some finlte subset F of A. Hgnce by induction,_

from Corollary 1.7, e 1is an element in R. Hence

annR(a) = R n ann x](a) = R n eR[x] = eR. Thus R is a.P.P. ring

R(
Conversely, suppose that R’ 1s a P.P. ring. Let f be

an element in R{x]. Then § will be an element of R[{xu}a ¢ F

]

for some finite subset F of A, However by a generalization obtained
by induction on Proposition 1.9, since R 1s a reduced ring, we

can-show thjt R is P.P. if, ﬁnd.only if R[{xu}a eFJ iz, Hence
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a

.annR[{x } eF](f) = eR[{:_:u}ue F]; for some idempotent element e

in R[{xa}u EF]. But again this will mean that e is an element

in R. Moreover, it is evident that e .depends not on element g -
in R[x] which satisfies a relation gf = o, but only on the
cpefficients of pblynomial £. Consequently, annRtEJ(f) = R[x]e.

Thus R[x] is a P.P. ring.

( Q-.E.D.

§3. Direct product of rings

The following three propositions are concerned about the
stabilization of the left P.P. property, Baer ring property, and left

i-dense ring property for the direct products.

4

Proposition 3.11. R = HA Ra is a left P.P. ring if, and only if

Ra is a left P.P. ring for all a in index set A.

Proof. Conslider an element x = (xa) in HA Ra' 1f each Ra is

a left P.P. ring, lannR (xa) = Raea for some idempotent element
a

e, in R. let y = (yB) be an element in lannR(x). Then
yx = o 1if, and only if Yg¥y = © for all «,B in A, However
Yg =Yg, and e x = o. Take e = (ea) in R. Then clearly

e 13 an ldempotent element in R. Also we have ye

n

(YB)(ed)

= (yBea) = (yB) = y. We can see that ex = (eq)(xu) (eaxu) = o.

Thus e = (eu) is an idempotent element which generates lannR(x);

and hence R=1, R 1is a left”P.P. ring.

Conversely, let X € Ru; and consider lannRu(xu).

Clearly the element having a.th component X, and all other remaining
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comp?nents 1 is in HA Ru' Since R = HA Ru is a left P:P. ring;
lannR(x) = Ke for some idempotent element e in R, Then e
t .
should have <« h component e and all other remaining components
0, T : = ;
hen it can be easily seen thaF lannRa(xu) Raea, wherel e,
ig an idempotent element in Ra' Hence Ra is left P.P.
Q.E.D.
N
Let us now prove a similar result to the above propesition,

for Baer rings. ’ . .

Proposition 3.12, R = HA Ru is a Baer ring if, and only if each

Ra is a Baer ring for all o« in index set A.

Proof. Consider annR(U) of any subset U of a ring R. Let

u = (uu) be an eiement in U. If‘ anny ({ua : ue U}) is generated
by an idempotent element e then ahnR(U) is generated by the

. ide?potent element e = (eu) as above.

To prove the converse, consider ann, (Uu) of subset Ua‘
a

of a ring R. As in the previous proposition, form an element X
in R with ath component Xx € Ua and all other remaining

components 1. Let U be the set of all these x constructed as
above. Siqce R is a Baer ring, annR(U) = Re, where e 1is an
idempotent eleﬁent in R. Clearly e has ath component e and
all other remaining components o. Then it is easy to see that
annRakUu) = Ruea’ where e, is an idempotent element in Ra' Thus
Ra is a Baer ring.

Q.E.D.

In the next proposition, we are going to show that the
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direct product of i-dense rings is an i-dense ring, and conversely.

Proposition 3.13. R = HA Ru is a left i-dense ring if, and only if

each Ra is a left i-dense ring for all o« 1n index set A.

Proof., Llet U be a subget of R. Let. 0 + y = (yB) be an element
in lannR(U). Then vyu = o0 for all u ¢ U. Hence Yoy © o for
all u = (uu) in U, and for.ali a In A, Hence

Vo € lann ({ua : ue U}, Then lann ({ua tue UD + o for some
g, since lannR(U) + 0. As each Ra is i-dense,

° + lannR ({uB : ue U contains a non—zero idempotent elgment,

B

say eg. Then e = (fa)’ where fu =0, at B, f

8 = eB; is
a non-zero ldempotent element in lannR(u) for all u e U. Hence

e € lannR(U).' Thus R 1is i-dense.

N

Conversely, suppose lanng (Uu) +.o for a subset U of
Ra' As in the previous proposition,uform an element x in R with
uth componenf X, in Uu and all other remaining components 1.
Let U be the set of all these x constructed as above. Since
lannR (Uu) + o, lannR(U) % o. R 1is given to be left i-dense.
: Suppo:e lannR(U) contains a non-zero idempotent element e = (ea).
Clearly e has ath component e and all other remaining components
zero. Then e + o 1is contained in lanng (Uu)' Thus R is

o
left i-dense.

Q.E.D.
We will discuss now the relation between direct product

and power series rings in the next proposition.

Proposition 3.14. Let Rs © in index gset A, be a famiiy of rings.

r
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Then (HA Ru)[[x]] and Hu(RA[[x]]) are isomorphic.
Proof. Define the map £ : (l'IA Ra)[[x]] -+ Ha(RA[[x]]) by:

El(a_) + (

a
on'aeA 1o

x+ ...
o )

1

+ ...] = +
)aeAx ] (aoa a de A

Clearly £ is well defined, because

{a ) +(ala)ae_Ax+""=(b ) + (b

o’ a €A oa' e A l&ueA*+ Tt

only 1f a, =0b for all « in A and for all i = 0,1,2,...
ia ia ‘
Also E 1is onto, since we can collect the corresponding
coefficients and for every element q in Ha(RA[[x]]), we can
show the existence of an element p in (HA Ru)[[x]] such that

E{p) = q. £ is also monomorphism. Indeed if

E;[(aocf.)c:t €A + (ala)ae A* LIEEEY gl(boa)ué:A + (bla)ae A* MIREER B
then
= + ... .
(aoa+alax+ "')aeA (boa+blax )aeA

Hence a + a, x+ ... =50 +b, x+ ..., forall ao in A, This

oo 1o X oa la -
means a, = b for all o ¢ A and for all 1i.= o0,1,2,... . Thus

ia ia
(aiu)a ea” (biu)ue A for all i = ¢,1,... . Therefore we have
(aou)agEA + (alc;)ae Ax-ﬁ"' = (boa)aeA+ (blu)aeAx * ... » and
hence ‘£ 1s the isomorphism.

Q.E.Db.

Rgmark: ‘
(1) Consider (IIA Ra)[x] _and Hu(RA[x]). The above defined

isomorphism £ resatricted to the polynomial'ring, does not work
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here since the degrees'%f the polynomials are not preserwved if the

!

index set A is infinite.
(2) If each Ra is reduced, the Proposition 3.13 and

Proposition 2.4 gives that (IIA Ru)[[k]] is Baer if, and only if

each Ra is ﬁaer.

-§4, Rings of continuous functions

Let X be a topological space and yC(X) be the ring of
continucus-funcfions from X to the real.field R. Under the point-
wise operations of a&dition and multiplication, C(X) becomes a ring,
Zero and unity elements of C(X) are the constant functions o and

1 respectively.

Definition. The topological space X 1is called completely regular

1f X is a Hausdorff space, and for any neighbourhood U of a
point x in X, thtte exists {'fﬁnction £ in C(X) such that

f wvanishes outside U but nof at X.

———

For any topological space X, there exlsts a cbmpletely

e

regular space Y and a continuous mapping T of X .onto Y such
that the mapping g + goT is an isomorphism of €(Y) onto C(X).
(See [8], p. 41.) Hence in studfing C(X), we will assume without
loss of generality that the space X 1s completely regular.

A subset S of X 1is dense im X 1f the closure of S,
c2(S), is X. If a subset § of X i1s dense in X, then the
homomorphism £ = £ 5 from C(X) into C(S) is a monomorphism,
since two continuous functions on X, which colncide on a dense

subset of X, coincide on X, (See [8], p. 48).



_ 55 -

While studying com;:;atively‘topologtcal properties of a
space X and algebraic properties of c(X), 41t is natural to
consider the subsets having the form f_l(a) = {xe X : £(x) = al}
where £ 1s in C(X) and a in R, If we substitute o for
a, we get a subset £ 1) of X which is often called a
zero set of f, and is denoted by z(f). Any set which is a xero

gset of some function in C(X) is called a zero set in X. Obviously

zero sets are closed. It is alsc true that every zero set is a G6

{countable intersection of open setg), since {o} 1is a G6 in R.
Moreover, z(f)‘= z([fl) = z(fn), for all n e N. Also z(o) = X
and z(1) = ¢. Again =z(fg) = 2(f) .u Z(g), and a countable inter-

section of zero sets 1s a zero set (see [B], p. 16).

The complement of z(f) is called the cozero set of f,

and is denoted by coz (f) or coz f£. Clearly cozero aet; ére
open. Any set of the form {x : f(x) > o} 1is a zero set; since
{x : £(x) > o} = z(E-| £]) . Similarly {x : £(x) < o} = z(f+]£]).
Thus the open sets pos f = {x : £(x) > o} and neg f = {x : f(x) < o}
are cozero sets, But if the function is an idempotent e, its only
values are o and 1, then the zero set and cozero set are both
open and closed, which is clear from z(e) = {x : e(x) = o} = e—l(—l,l).
We call a set clégen if it is both open and closed.

‘ Conversely if a subset S of X is clopen, then let us
define a function e : X+ R 1in such a way that

¢

o, if xe S
e(x) = .
1, otherwise

Clearly e is an ldempotent elementlgnd is continuous on X. Again
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z{e) = § and coz e = ~§ (we will denote complement of a set by the
aymbol ~). Thus S is the zero set of an idempotent element.

The next proposition shows the relationship between dense

ideals of C(X) and dense sets of+ X.

*

Proposition 3.15. If D 4s an ideal in C(X), then the following

are equivalent:
(1) D is dense ip c(X). & .
(2) For all g in C(X), if cos (D) = vicoz £ : £ ¢ D} ,
then coz (D) < z(g) impiies g = o.

(3) coz (D) 1is dense.

Proof. To prove (1) imblies (2}, suppose X is an element in
coz £ For some f 1in D. Then x'e¢ coz (D) and x ¢ z(g). Thus
g(x)£(x) = o which meéns gf =0 for f in D. But D is denmse
in C(¥), hence g = o. |
For the praof of (2) implies (3), cénsgder an element x
in ~ c2(coz (D)). Then by complete regularity there exists an h
in‘ C(X) such that h(x) ¥ o and h(ct(coz (D))) = o. This gives
ck(coz (D)) « z(h) which further implies éoz (D) c'z(h). Hence
by (2), we have h = o, a contradiction. So X = c{coz (D)).

To prove (3) implies (2), suppose coz (D) < z(g). Then

-

cl{coz (D)) = X < z(g), for all g in C(X); which implies g = o.
Finally to prove (2) implies (1), suppose gD = o for
some ge C(X). So gf=o forall £ in D. If x e coz (m,

that i1s, x ¢ coz (f), for some f imn D, then £(x) ¢ o. But
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gf = o implies g(x) = o. Hence coz (D) < z(g); whicQ again gives
that g = o.

Q.E.D.

3

, With this much introduction, let us now turn to the study

of P.P. rings. Let us first recall the following definitions.

Definition (See [8]) A space X 1is sald to be extremally discon-
™ .
nected if every open set has an open closure. This is equivalent

to saylng that, for any two disjoint open sets U and V in X,

c2(U) n ck(V) = ¢..

Definition. (See [8]) A space X is sald to be basically dis-

connected If every cézero set has an open closure.

Clearly any extremally disconnected space is basically
disconnected, but the éoqverse fails. An examplg of such a space
is noa—diéérete p-space. -No? le; us switch our attention ove; ché
characterigation of those spaces X for which c(X) 1is i-dense,

Baer and P.P.

Proposition 3.16. (See [5]) C(X) {1s i-dense 1f, and only if every

non-empty open set.of * X .contains a non-empty clopen set.

Proof. Suppose C(X) is i-dense. Let ¢ + U be open in X.
P
Since X 1is completely regular, the zero set neighbourhoeods form a A

basis for the neighbourhoods of each point, (see [8], p. 38). For

x e U, let z(f) be a zero set heighbourhood of x in U, Now i

-

g ¢ ann (f) means coz g < z(f). By complete regularity,

ann (£f) ¥ o. So for some idempotent element e % 0, cozecz(f).

-~

%
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Conversely, if I = ann (S) 1is a non-zero annihilator,
<; Ufe g €0z f is not dense. Hence there is a non—eﬁpty clopen set

E .in ;[Cﬂ(u coz £)]. Define e by

feb

.0, if x & E
e(x) = .
1, 1f x ¢ E

Then e 1s a non-zero idempotent element in ann (8).
Q.E.D.
The following proposition gives the characterization of

X when C(X) 1s a Baer ring.

Proposition 3.17. (See [5]) C(X) is a B

[

X is extremally disconnected.

r ring if, and orly if

Proof. Let S be a subset of C(X). f ann (S8) is non-zero,

L]

uf€ g €0z f is not dense. Also ~[c2(UErES coz £)] 1is open. If

X 1is extremally disconnected, c!,{~[c9.(ufe g €0z %)]} = E 1s open.
Define e by

o, 1f x ¥ E
e(x) = .
' 1, if x e E

Then e 1s the idempotegzﬁziement generating ann (5), since if

-

g € ann (S), then gS'= o,) and hence gf = o for every f ¢ §,

which gilves coz g c z(f) for every f ¢ S: Thus coz e c z(f)
which implies e e ann (S). It remains to show that ge = g if
g e ann (S). If xe€ E, then (ge)(x) = g(x)e(x) = g(x). If
x & E'\ then g(x) = o and.(ge)(x) = géxie(x) = o; since

U .coz £ 1s dense in [ca(u coz £}]. Thus C(X)‘ is Baer.

feS feb
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Conversely suppose C(X) 1is Baer. Let & + U he open

.in X. Consider S = {f : coz f € U}. Then U = coz £f. As

) “fes
C(X) 4is Baer, ann (S) = eC(X), for e2 =e ¢ C(X). Now
e € ann (S) 1if, and only if coz e < z(f) for every f ¢ 5. That
is, coz f < z(e) for every f eSS, Hence U c z(e). But as =z(e)
is a clopen set, cf(U) < ;(e). If possible suppose z(e) ¢ c(U).
Then there existsN x ¢ z(e) such that x X c2(U). By definition
of complete regulérity, there exists a continuous function h such
that h(x) =1 and h(y) = o for all y in ct(U). Then
x e.coz h and c&(U) < z(h). Clearlf h €-ann (S), because .
coz h € z{(e), But as x € z(e),l e{x) = o .aqd for the function h;
h(x) = 1. Thus h = he, which means ann (S) is not generateé
by the idémpotgnt element e. Hence z(e) = cZ(U). Thefefore
ct(U) 1is open. Consequently X 1is extremally disconnected.
Q.E.D.
" A similar type of result is proved in the following

v

proposition for P.P. rings.

Proposition 3.18. C(X) is a P.P. ring if, and only if X 1is

basically disconnected.

Proof. If £ 'is an element in C(X) with ann (f) = o, then
-coz f 1s not dense. If we assume that X 1is basically disconnected,
L4

ct{coz £) 1s open. Let E = cf(coz f); and define e by

o, ..Xx¢€E

e(x) = .
i, x % E

Then e 1s an idempotent element generated annt€f). Indeed,
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g € ann (f) 1f, and only if gf = o 1if, and only if coz g = z(£f).
However coz e = ~E and ~E c é(f)."Hence coz e < z(f) .which shows
that e € ann (f). The proof ;f this will be completed 1f we show
that ge = g for any g ¢ ann (f). If x K E, (ge) (x} = g(x)e(x)
= g(x); If xe E, (ge)(x) = g(x)e(x) =‘o and g(x) = o, sgince
coz g < ~E, Thus C(X) 1is ; P.P., ring. ‘

| Conversely suppose that :S(X) 'is a P.P. ring. Let f be
ag element in C(X), and consider coz f. 'Supposé that
ann (f) = eC(X) for some idempoteﬁt elemen£ e in C(X). Then
e ¢ ann (f) if, and only 1f «coz e c z(f) if, and only if
z(ez > coz £. Sinc; z(e) . is a clopen set, ci(coz £f) c z(e)y. If
possible, suppose z(e) ; c(coz f); Then there exisfﬁ\hx such
that x ¢ Z(;) ~and x & c%(coz £f). By definition of complete
regularity, there exists a continuous function h such that hi(x) = 1
and h(y) - o for all y e ci(coz f). éo X € coz h and
c(coz £) < z{(h). Since coz (h) < z(e), h ¢ ann (f). Since
x ¢ z(e), e(x) = 0. However h{(x) = 1. Hence h = he, which
shows that anﬁ () is.not generated by the idempotent element e,
This gives the contradiction to our assumption. Thus z(e) = cf{coz £)
and ﬁence cE(cbz‘f) 1s ope&. Therefore X 1s basically disconnected.

Q.E.D.

§5. Rings of continuous functions with values in a discrete ring
In the. previous section, we dealt with the ring C(X). Now
we will look the problem through a different angle. Suppose X is

a topological space and R is a ring. Let‘ R be with the discrete
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topology. C(X,R) be the set of all continuous functions from X
into R. Then we know that C(X,R) 18 a ring under the usual
operations. We will investigate in the next prbposition when

C(X,R) 1s a P.P. ring.

Proposition 3.19. If R is a left P.P. ring, then C(X,R) {is left

Yo

P.P.

Proof. Let f be any element in C(X,R). Consider an elemént g

in lann (f), s0 that gf = o. This means g(t)f(tf = g for

C(X,R)
all t in X. Hence g(t) ¢ lannR(f(t)), for all t in X.

Since R is a left P.P. ring, for every t ¢ X, lannR(f(tj) = Ret

for some idempotent element e, in R. Then g(t) =‘g(t:)et and

etf(t) = 0. For some fixed r ¢ R, let Xr = {x : f(x) = rl.

Since f 1is continuous each Xr is open, because Rji;; discrete

[SEp———

Lét lannR(ffx)) = 1annR(r) = Re_ for some idempotent element e,

in R. ‘Define e on X- by e(x) = e. foreny xeX. Thus e
is continuous on Xr. Sinée X ;an be written as a union of all

X forﬁa{?tinct re R, e is continuocus. e is also an.tdpmpotent

element in C(X,R). Also for all g in 1lann )(f), g = ge.

C(X,R

Thus lann )(f) is generated by the idempotent element e; and

C(X,R
hence C(X,R} 1is a left P.P. ri;g.

- Q.E.D.
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CHAPTER 4

RINGS OF FRACTIONS AND HEREDITARY RINGS

§1. Rings of fractions

In this section, all rings are assumed to be commutative.
We will first state the definition of ring of fractions, (see [3]).

Let R be a ring. A subset S of R is said to be multiplicatively

closed 1f the identity 1 belongs to S and S5 1is closéd under
multiplication. Let us define a relation ~ on R x 5 by:
(a,s8) ~(b,t) if, and only 1f (at-bs)u = o for some wu ¢ S. This

relation is clearly reflexive and symmetric. AIt is also transitive.
Indeed, suppose (a,s) ~(b,t) and {b,t) ~(c,u). Then there exists
v, w in S such that {(at-bs)v = o and (gu—ct)w = o._.By eliminat-
ing b from these two equations, we obtain (au-cs)tvw = o. Since

S 1s closed under multiplication, tvw € § and thus (a,é)'v(c,u).
Hence ~ is an equivalence relation. Denote the equivalence class

3 (é,s) by a/s and let SR denote the Set of equivalence

classes. Then S-IR' is a ring if the addition and muifiplication

is defined as follows:

’

o=

(as)+(b/t) = (at+bs)/st and (a/s)(b/t) = ab/st .

The ring S—IR is then called the ring of fractions of R with

regspect to S.
If. N and P are submodules of the R-module 3, we have

(N:P) = {xeR : xP c N}. The next reauit is very useful and we
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will state it without proof, (see [3], p. 43).

Proposition 4.,1. If N, P are submodules of an R-module M and 1if
7

P 1is finitely generated, then S-I(N;P) = (S_lN:S-lP).

In particular, if N = o and F = (a), the principal

ideal generated by an element a in a ring R, then we have

S-l(annR(a)) = ann _; (S—la)

S "R

(L

In the next proposition, we show that 'S_lR is a P.P.

ring if R 4is a P.P. ring and this for any multiplicatively closed

get S.

Proposition 4.2, If S 1s a multiplicatively closed subset of a

P.P. ring R, then SulR is-a P.P. ring.

Proof. Let a be an element in a ring R. Since R .is a P.P.
ring, suppose annR(a) = eR, for some ldempotent element e in

R. Applying (1), we have ann (S a) = S—l(eR) = E—S_lR. How-—

s~1r 1

ever %— is an idempotent element in S_lR. Hence S_lR is a

P.P. ring.

Q.E.D.

E;amgle 4.3. We can see from the next example that the converse

of the above Proposition 4.2 is not true. Take R any ring. Let
P be a minimal prime ideal of R. Then S—lR = BP if S = R-P
_1s a P. P. ring, since R.P iz a field.

This example alsowshows that 1if S lR is an i-dense ring,

then R is not necessarily an i-dense ring; since we know that if
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a ring R 1s right P.P., it is left i-dense.

Q.E.D.
If we suppose that S is a multiplicatively closed.set

of non-zero-divisors of R, we get the folldwing two important

propositions. Before that, we will give the.following lemma.

-

Lemma 4.4. Let S be a multiplicatively closed set of non-zero-

divisors of a ring R. If T is a subset of S—lR, then

o

ann _, (T) = S_l(annR(B)); wher; B={beR: € T}.
R

5

Proof. Clearly,

ann _,; (T) = LS € S—IR :-s T = o}
SR
={E:E£=o for all EeTl'
s 8t t

= {2 : ab =0 for all b T} .
8 t

Indeed, 1if %-% = o then there exists u ¢ S such that abu = o;
IRY

and since u is a non-zero-divisor, ab = o. Hence we-have

a b a
anns_lR(T) = {E tae annR(b) for all T € T} {;-. ace annR(B)}

= S_l(annR(B)); where B = {b.€ R :

-

- Q.E.D.
The following proposition shows-that if we put some con-—
ditions on the multiplicatively closed set 3§, then R 1s a Baer

ridg implies that S-lR is a Baer ring.

Propogition 4.5. Let S5 be a set of non-zero-divisors, If a ring

R 1s a Baer ring, then S-lR is a Baer ring.
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Proof. Let T be a subset of S—lR. Then by Lemma 4.4.,

.

(T) = S—l(ann (B)); where B = {b e R : E—e T}.
S-lR R t

ann

. Since . R 1s a Baer ring, suppose that annR(B) = S-l(eR) == S_lR.

1
Clearly -% '{s an idempotent element in S—lR. Thus S 'R is a

Baer ring.

Q..

Similar result is obtained for i~dense ring as follows.

'Proposition 4.6. If R is an i-dense ring, and 1f S 1s a set of

non-zero—divisors of R, then S_lR is an i-dense ring.

Proof. Let T be a subset of S_lR with o % ann {T). By

. s1r
applying Lemma 4.4, we have ann -1 (T) = Sfl(annR(B)), where
' S "R

B=1{beR: %-e T}. Clearly annR(B) + o; because if

annR(B) = o, then ann _, (T) = o, contradicting our assumption.
SR
Since R 1is i-dense, suppose a non-zero ldempotent element e

3

is in annR(B). Since S 1is a set of non-zero-divisors and
o# e, %- will be a mon-zero-fdempotent élement in San, and
% € ann _; (T). Thus S_lR is an i-dense ring.

I
Q.E.D.

§2, Hereditary and other rings
In this section, we are going to throw some light on the
structure of semihereditary rings and their global properties.

_Let us state the definitions of a few more ringg; (See [11]).
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Definition. A ring R 'Is left hereditary if every left ideal is

projective. A ring R .1s called left semihereditary if every

finitely generated left ideal is projective.

There are similar definitions for right heredipary and
right semihereditary rings. From the above definitions, it is
obvious that any left hereditary ring is left semihereditary, how-
ever, the converse is not trée. The left semihereditary property
- would seém‘to be oniy a slight strengthening of the left P.P.
propergy. But we shall see that it behaves quite differeﬁtiy.

For commutative rings one also speaks of hereditary and

semi:zpéditary rings. We call a commutative hereditary domain a

Dedeklind domain and a commutative semihereditary domain -a Prufer

domain. z‘my‘ principal ideal domain R is hereditary and hence a
Dedék d domaln, since it‘is quité~evident that evéry non-zero
idaallis isomorphic to R. It is also clear that every regular ring
is both left and right semihereditary.

We know that an& module M can be represented as the

image of a free module F, with kernel K as:

o r K » F M —+ 0 . (1)

We can see that another simple type of module to study ig one for
which K is free. However, in gemeral, it is not independent of
the particular type of resolitionn (1). But it is true 1f we

take "projective" instead of "frée". Hence.consider a projective

-

resolution as:

o—*r K— P—M~—o0o . — (2
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We will term two modules M and N as equivalent if there
exist projective modules P 'and Q such that M ® P 1is isomorphic
to N @ Q. We denote by P(M) the equivalence class of K in (2}.

g Let M be a module. We will call the class P (M)

= {Po,Pl,...,Pn}, class of projective modules if there is a

projective resodution

.

o —+ Pn —r ... — P, —* PO —+ M— 0.

1

We define the projective dimension, d(M), or dR(M),

of M as_ the smallest positive integer n such that Pn(M) is
the class of projective modules. If there does not exist any

such ¥, ‘we will say that the projective dimension of M 18 =

Definition. The global dimension of a ring R, written as D(R),

is the supremum of d(M) taken over all R-modules M.
,
Let us state the Artin-Wedderburn theorem: "If every
R-module is projective, then R ig isomorphic to & finite productsof
nyu¥ niwrma&mix~rings‘over divisioniriogs. By pEor: some.positiven.”

Autegers! ni." A ring of this type isicalled completely reducible.

. It is easy to see that D(R) = o if, and only iff/R is
a completely reducible ring (thét is, a left Artinian rtipg with
Jacobsbn radical zero), Alsc D(R) =1 1f, and only if R is a
hereditary ring. .
Let R[x] be a polynomial riné o;er R. The indeterminate

x 1is in the centre of R and is a non-zero-divisor. Kaplansky ([11],.

p. 174) gives a very important result stating the relationship between
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the global dimensions of rings R and R{x]. The result reads as:
" D(R[x]) = 1+ D(R) ." This result shows that if R 1z a
completely -reducible ring; then global dimension of R[x] is one;
hence R[x] is a gsemlhereditary ring, which is, in particdlar, a
P.P. ring. | '

We kngw that R is a left sémihereditary if, and only if
every fin;tely generated submodule of a projective R-module 1s
projective (éee [12], p. 80). Also if R 1is left hereditary,
every submodule of a projective R-module is projective (see [12],
p: 74). These and many other properties can be discribed in terms
of module categories.

Let C and U be arbitrary categories (see [1], p. 251).

Then a covariant function F : C+ P is a category equivalence

1f there is a functor G : 0+ C  and natural isomorphism GF T 1.
and FG 3 1p. Two categories C and 07 are equivalent 1f there
exists a category equivalence from one to the other, and we denote

itby C=0D.

- Definition. Two rings R and S are (Morita) equivalent, denoted

M

by R= S 1f the module categories

SM; that is, 1f there

are additive equivalences between these categories of modules.

-

Hence 1f R ~ S, then the behviour of 2 and M is’
the same ""to within isomorphism".
Let us denote by Rh’ the n * n-matrix ring over a ring

R. Properties of rings which can be expressed in module’ theoretic

terms and which are preserved by equivalence of module categories,

\
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‘are preserved by Morita equivalence. Now R < Rn for any n > 1.

From this we get the following table:

R left P.P. (= R left <—— R left < = R completely
semihereditary hereditary reducible

R le'ft P.P.C—=R_ left _..llln left
semihereditary hereditary ‘ -

The important peint to note here will be that we do not

have the above table completed for P.P. rings; that is, we do not

have "R left P.P. 1f, and only if Rn left P.P.". This is proved

by the famous Example 1,6 dut td P.M. Cohn.
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