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ABSTRACT

By the term functional (more precisely functional operator)
is meant a transformation (not necessarily linear) of a linear vector

space E_  into a linear vector space E

2°

The methods of analysis and synthesis of linear systems have

1

a unifying basis. This is due to the fact that the set of all bounded
linear operators acting within the same Banach space forms a ring.
For such systems it is only necessary to choose a suitable element

from the ring. In contrast nonlinear systems have no such unifying

basis.

There are two possibilities: one possibility is to pick up a
particular nonlinear device and perform its detailed analysis. The
other possibility is to choose a class of nonlinear operators, as large
as possible, and develop techniques for analysis and synthesis of
systems belonging to the class.

In mathematical literature, a great deal of work has been done
on systern analysis based on the two basic classes of nonlinear operators;

the class of Hammerstein operators and the class of Uryson operators.

It appears from engineering literature that the Volterra-Frechet

functional series has occupied the interest of many workers in the field.

The author feels that there is a need of introducing a larger
class of operators so that a larger class of systems may be considered
in the problems of engineering analysis and synthesis. In this thesis
two new classes of operators, which are natural extensions of the
Hammerstein and the Uryson operators, have been introduced.
Volterra-Frechet functional series is a subclass of these new classes
of operators.

This thesis is largely devoted to the development of methods of

analysis and synthesis of nonlinear systems belonging to the larger class.
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Some interesting results have also been obtained for the class of
Volterra-Frechet operators.

The thesis has been planned into two parts. The first part,
consisting of chapter one and chapter two, considers mainly analysis
and the second part, consisting of chapter three and chapter four,

considers mainly synthesis.

In chapter i, an algebra of nonlinear systems is developed
after studying some of the fundamental properties of the basic nonlinear

operators; which will be useful. in the following chapters.

In chapter II, this algebra is used in the analysis of feedback
control systems. The plant is assumed to be an element belonging
to the algebra. Application of feedback gives rise to interesting
nonlinear functional equations. The properties of the resolvents of
the se functional equations are studied in some detail by use of the
principle of contraction mapping. It is also shown that solutions to
nonlinear functional equations of Volterra-Frechet type (with variable
upper limits of integration) can be obtained under much less restrictive
conditions than usually demanded by the principle of contraction mapping.

Stability of steady state solutions of these equations is briefly studied.

In chapter III, two types of problems of optimum synthesis are
considered.

In the first type of problem the plant is assumed to be some
undetermined element belonging to the algebra. The statistical
properties of the input and the desired output are assumed to be known.
An element from the algebra must be chosen such that the system

performance is optimized in some sense.

In the second type of problem, the plant is assumed to be any

functional operator possessing two Gateaux derivatives at each point
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in some Banach space E. The problem considered is the design of
an optimal control signal in E, from the knowledge of the desired
output, the characteristics of the plant and a suitable performance
criterion.

Analysis and synthesis of nonlinear systems become sub-
stantially simplified if a set of orthogonal functionals, complete and
closed in the class of functionals under consideration, can be cons-
tructed. This problem is considered in chapter IV. A set of ortho-
gonal functionals is constructed on the measure space (2,B,pn. )
[where 2 may be either a separable Hilbert space H or the space
C, B is the d-ring of measureable cylinder setsin  and p is
the Gaussian measure on the g -ring]. This set of orthogonal
functionals is complete in the class Lz (Q, B,u) and therefore any
functional g () € LZ (Q, B,1) has a Fourier development. This leads
to a systematic method of analysis and synthesis of a class of non-

linear systems.

The techniques developed in the first three chapters are
applicable to a large class of nonlinear systems. The practical
disadvantage is the complexity. In this respect the technique presented
in chapter IV is superior but suffers from many limitations which are

discussed in the context.

Most of the propositions appearing in the context are proved
by the author. Those propositions which have been borrowed are

indicated by the name of their original authors.

Useful comments on the results, their limitations, and

possible extensions are made at the end of each chapter.
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CHAPTER 1

ALGEBRA OF OPERATORS



1.1 INTRODUCTION

In the design of a system it is sometimes necessary to
combine a set of subsystems whose characteristics may be known
to the designer. The properties of the overall systens depend very
much on how the subsysteins are combined. Therefore, in order to
be able to predict the behavior of the overall system from the know-
ledge of the properties of the subsystems, it is very essential to
study the algebraic structure of the operators.

In section 1.2, we study the algebraic properties of linear
operatros of Fredholm type. Linear operators of Volterra type,
being a special case of those of Fredholm type, will possess similar

Properties even under less restrictive conditions.

In section 1.3 we study the algebraic structure of a few
basic nonlinear integral operator s in which we are interested in

the following chapters.

1.2 LINEAR OPERATORS

We consider linear operators acting on Lz spaces.

We will denote by A the class of all linear ..operators of
Fredholm type acting within I.-2 spaces. There are two reasons for

the choice of this special space as the domain of this class of operators:

(i) This is the most commonly encountered space in the
study of engineering systems. |
(ii) Mathematically, the properties of this class of spaces

are very wellknown and can be easily treated.



Definition 1.1
By a linear operator of Fredhom type we mean the following

integral operator,

vy= Kx 1.1
ie y(t) = g K(t,7) x(7) dr
I

VvVt €I,
where I is any fixed interval on the real line.

We will assume that the Kernel K(t, T) eLz(Iz), where
IZ =IxI, and that x(t) € D(K) the domain of the operator K and
that it is an .'l..2 function on I. The Lebesgue measure of the set
I may be finite or infinite. The set A(Ki’ Ll' Ri’ Ml"") will
be used to denote the class of all Fredholm operators, and the

elements K L etc will be used to denote the Kernels corres-

1 ’ 1 PRI I
ponding to these operators which are Lebesgue square integrable on

IxI.
Theorem 1.4

Let K1 € A and let x GLZ (I), then the function =z
defined by, |

z = le (a.e on I) also belongs to L2 (I).
Proof: Since K1 € Lz (IZ), it is a measurable function of
(t, T) € (IxI). Hence by Fubini's theorem [1,2] for almost all
tel, Kl(t’ T) is a measur;ble function .of T on I, Moreover fo;
almost all t€l, Ki(t T) €L (I) as a function of T . Since x €L"(I)
as a function of T, it follows from Scharz inequality that for almost

all' t €I, ‘the integral z(t) = g Ki(t T) x(T) dT exists and that whenever
1
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z does exist,

2
|z(t)| £ (S; ‘Kl (t;r)‘ 2 dr S-I \x('r)\ 2 ar) . 1.2

By use of Fubini's theorem on measureability of plane sets it
can be proved that z(t) is a measurable function of ton I. Since
z is measurable on I, it follows on squaring both sides of the
inequality 1.2 and integrating over I, that z € LZ(I) and

IzV & VKD I x)-

This theorem shows that K, carries Lz functions into

2 1
L function.

It is clear that the properties of the integral operator (1. 1)
depend on those of the L2 Kernel K. In the following we study
the algebraic structure of the class A of Fredholm operators.

We now define the following operations on the set A :

[} ’
(i)~ \\P: AxA“»A is a binary operation on A, which assigns
to any two elements Ki' L1 € A an element M1 which is also in A

and is defined by ‘\;(xl. L,) = K +L,

(ii) "~" this is an equivalence relation on A.
If for each x € I..z (I) and for any two elements K1 and L1 €A,
K, x=L_,x holds a.e on I, then: K

1 1 1

L1 and this will be written as Klz L

will be said to be equivalent to
T

" . _ . . = a.

(iii) "\Y," : F xA-»-A is defined by Y, (a,K,) =a.K, for
every a € F (the field of real or complex numbers) and for every K1 €EA.

(iv) "\\/" : AXA9A is also a binary operation on A, which
3

assigns to any two élements of A an element which also belongs to A,
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and is defined by, Y, (K,,L ) = K,® L,. Thatis, for every

(i) The set A (that is the class of integral operators as
defined, in this sectiox}) is closed under the operation \fl.

The proof of this fact follows directly from Minkowski's
inequality [1].

Let x € I..2 (I) and let K
inequality we have,

L L1 € A then by Minkowski's

|M1x\\ = |(K1+L1)xn < “K1+L1h I x|
S (ikp+ ALl ) bl

Hence M, k6K @ K1+L also carries every Lz function into an L2

1 1
function and IM} & ¥k} +lL\ . 1.3
Thus M1 also belongs to A, that is the set A is closed with
respect to addition and Mlx = K1x+L1x a.e on L,

(ii) "~", the equivalence relation on A asdefined
muét be consistent, in the sense that if any two elements Kl’ L1 € A.

satisfy the relation

2
Kix = le ¥x € L (I), then le Ll’

Thus we have the following theorem:
Theorem 1.2

Any two elements, Kl' I..1 belonging to the class A are

equivalent if, and only if for all x€ Lz(I) Kix = le a.e on I.

Proof: The "only if" part follows from the definition. We prove

the "if" part. Let us define R1 = Ki-Ll' Then from the hypothesis

y(t) = g Ri(t’T) x(T) d&r = 0a.e on l. 1.4
1 v x e L3 .
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since x € LZ(I), and otherwise arbitrary we can define x on (I\Io),
where the Lebesgue measure of the set Io = 0, by the function

R,(£,7) witht €(INL). Itis clear that R (5,7 € L3I x I). Hence

y(t) = g R, (t,7 Rl(t.'n dr
I
= g. \Ri(t.'r)‘z dT = 0 a.e onl. 1.5
1

Since R1 € Lz (I x I), on integrating both sides of 1.5 with

respectto t on (INI ), we will have,

o
g y(t) dt = g g ‘Rl(t,'r)lzd'r dt = 0
I--I° I

I-1
o

Thus, Rl(t,'r) =0 a.e on (IxI) which implies that KIZLl. Q.E.D.

It follows from this theorem that if K1 and L1 are any two operators

belonging to the class A then for any x € L2 (1)

(K1 -Li)x = le - Lix. 1.6

Further it is easily seen that the relation "~-" is an equivalence

relation on A, satisfying the relations (a)-(c) .

(a), Klz K1 (reflexivity)
~r "~
(b).If Ki'—' L1 then Ll_Kl (s etric)
(c) If KIC‘_’LI. I...i’_\:R1 then Kl".:.’R1 (transitivity)

(iii) It is easily seen that the set A is closed with respect
to ordinary multiplication by any real or complex number.
Let a be any real or complex number and let K1 €A,

then R, & a.K, also belongs to A for IR | = lal \\Ki\\ .
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(iv) The set A is closed under the operation Y 3¢
Let K, and L, €A, thenY3: A x A-»-A,

For any x €LZ (D)
M;x = (K, O L )x & S;( fx K,(t, 8)L, (s, Tids ) x(7) d7

where

Ml(t’T) & g K1 (t,s) Ll(.’” ds 1.7
I

Theorem 1.3

The operation " " as defined above assigns to each pair
of elements Kl' and L1 belonging to A an element, say, M
which also belongs to A.

1

Proof: Let x be any element in LZ(I). then
Mlx(t) = g Ml(l;l') x(T) dr 1.8
I
= gg Kl(t’ 8) Ll(gr) x(T) ds dr 1.9
IxI

By Fubini's theorem [2], we have

Mix(t) = S; Ki(t’ 8) le(s) ds

(KlQ Li)x = K1 (le) 1. 10

So that

M, x= K, (Lx) ¥x € L2(1). 1.11

By the previous theorem, any other operator belonging to the

Class A satisfying this property is equivalent to Ml’ so that
= L L[]

M; KPL, and \Mii < “Kll \ Li“ Q.E.D.
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Remark:
In general (time varying system), the product by compo-
sition of the elements belonging to the class A does not satisfy
the commutative law, since the operator (L ® K ) -S- L (t,a) Kl(s.'r)ds
is generally different from that defined by equa.hty 1. 7
Tlua is illustrated by the figure (1. 1) below.

I e I e
Ky ‘ Ly ..Z_ - 1_1' LD K, "_;t—

Fig. 1.1: Composition of two linear operators.

R
N
2

The product by composition does satisfy the associative

law since for all Kl’ Li’ R1 €A we have,
(K, ©(LIOR))x = K1 ((L,® R))x) - by 1.10,
= K1 ( Ll (Rlx) ) by 1.10
Similarly
( (K1® Li) O Rl) x = (K1® Li) (Rlx) by 1.10
= K1 (L1 (Rlx) ) by 1.10
This provesthat
K1C?(L1® Rl) = (K1® Li)@R’l 1. 11

and that both are equal to Kle L1® R1



This is illustrated in the figure below.
~ | T T o
> K L—a LOR, LZ»— ~ —7-(‘{ KoL % R -
= x ,, ?
K, L“ L, —% R }-—E—

Fig.:1.2: Associative Law,

The product by composition satisfies both the distributive

laws (left and right), since for left distribution we have,
(K1® (L1+R1) ) x = K, ((I..1 + Ri)x)

= Kt (le + Rlx)

, (K1®_L1)x +(x1@ R.i)x
= (cha Ll;.—fﬁ ,K1®R1)x . 1.12

The fir st equality follows from 1. 10, the second follows from the
equation 1.6, the third equality follows from the linearily of the
class A and 1.10, and again the fourth equality follows from 1. 6.
By theorem 1.2 and equation 1.12, we have,

K1 (0] (L1 +R1) = K1® L1 +K1® R1 1.13

Similarly it can be shown that the product by composition "@ "
satisfies the riéht distribution, ie.

(L, +R)OK, = L OK +ROK, 1.14

The equalities 1.13 and 1.14 are illustrated by the following
diagram. Fig. 1.3.
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Fig. 1.3: Left and Right Distributive Laws.

From the above considerations we see that the class A
of linear operators satisfies the following relations with respect
to addition and ordinary multiplication,

For all Kl' L‘. R1 €A and a, b €F (the field of reals
or the complex numbers) we have,

Lt: : Kl:+L1 = L1 + K1

L2: K1 +(L1+R1) = (K‘ +L1) + R1

L3: K1 -!-I..1 = K1 +R1 > Ll_'\_'.R1 i
La4: a.(K1 + Li) = aK1 -l-al..1

L5: (a+b) K1 = al(1 *’-bK1

Lé6: a(bKt) = (ab) K1

L7: 1.K1 = K1 .

These are precisely the postulates of a linear vector space.
Thus the set A of all linear operators on Lz; with addition,
multiplication by a scalar and the equivalence relations, consti-

tutes a linear vector space over the complex field. That is we now
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have the linear space (A, VY,, \-\fz. £X), which for abbriviation
will be denoted simply by A.

From the equivalence relation on the space A we have,

Liz Rl = ‘Ll-l'(-l)n1 > 9, the null vector ie
@(t,7) =0 a.e on(IxI). It can be easily proved that this null
Kernel is unique in A, and that to every element K1 € A there

corresponds a unique element (-1) K1 = -K1 such that K1 - l{1 9.

In addition to satisfying the postulates of linear vector space
over the complex field, the class A of linear operators satisfies also
a ring structure, with respect to addition "+" and product by
composition @® .

Definition: 1.2

A set R is a ring, if it is an additive Abelian group, and 9
is also a semigroup under the operation "®" and further it satisfies i
the left and right distributions under addition.

We have already seen that, the following relations are

satisfied V Kl’Ll’Rl €A:
Rti: Additive closure, K1 + I..1 €EA
R2: Additive Associativity, K1 +(L1+R1) = (K1+L1)+R1
R3: Additive identity , K_l +6=0+ K1 = K1
R4: Additive inverse, K +(-K,) = (-K,) +K,6 =8
1 1 1 1 1.16

RS: Additive commutativity, K1 + L1 = L1 + K1 :
R6: Closure under the operation " ®"

KIGJI..1 €A, VKi. I..1 €EA
R7: Associativity

K, o (L1® Rl) = (K1® Ll) ®R1



- 11 -

RS8: Left and Right distribution,
(L) K,O(L, +n‘)-xie L, +x1® R,
(R) (I..1 +Ri)©K‘ = Lle K‘ + nle 1(1

Thus according to the definition 1.2, the class of linear operators A
constitutes a ring (in general noncommutative) with respect to the two
important operations \-Y‘ and \-\3 . This ring may be denoted by
R, =(A, \y. \K. "« " g) where A is a non empty set - the set

of linear operators as defined before, Y and \1’3 are bLinary opera-

) §
tionson A, "- " jg a UDAMrY operation on A, and 0 is the zero of the
ring RA'

Definition: 1.3

R is a ring with zero divisors if for any two elements a and
b in R satisfying a ® b = § does not necessarily imply, that, if
a# 0,b=9.

It can be easily verified that the ring RA is a ring with zero
divisors, i.e the cancellation law does not hold in this ring. For
example let I= [0 T], T<w, andlet K (t,7) =t and L (t,7) =

2T
(t - 3 )T, then T
K1© L1 =S° K1 (ts) Ll("r) ds

T
=g c(l-z?.r)'rda=0
o .

whereas K, and 'L, belonging to p.2 (IxI) are both different from €.
8o far we have not defined any identity element in this ring. In order
to carry out algebraic operations it is convenient to introduce an
identity operator e defined by

ex =x ¥x€ I.-2 (I) 1.17
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That is, e carries each Lz function into itself. If the measure
of the set I is infinite then there exists no I..2 Kernel corresponding
to this identity operator e, so it does not belong to the class A.
Similarly for each real or complex number a we may define the
operation,

(ae)x = afex) = ax ¥xeL? ().

According to this definition for each K1 €A

eK1 = K108 I(1 1. 18

ie e(Kix) = Kl(ex) = K, x ¥x eLz (1) .

1
An important property of the class A of operators is that,

the nth itex_-ated Kernel corresponding to any Kernel K1 €A, also

belongs to A. Let n be any positive integer, then we define the

nth iterated Kernel K(m by

K gx (n-m) . o K(m)(a T ds forall 1< m<n

(n) (t,7) = YJ ‘K (t.c ) K (’ls | ..Ki(sn__l‘l')clg1 c:lan_1 1.19

By Schwarz inequality it can be easily proved that
| xl(“)n < (WK ? for all n 3 1. 1.20
Thus K:n) €EA.

A simple application of this algebra is found in the

formal inversion of the equation,

x = y+AKx A,
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It is easily verified that if | AV ( IKI) )-1 then
(e--kK)-1 is defined and x is given by,

x = (e-XK)-iy
=y 4+ ; \B-1 K(n)y
n=1
= y+\ r{ v A,
where K(n) is the nth iterated Kernel corresponding to the Kernel

K and FX is the resolvent of the Kernel K corresponding to the
scalar A. Substituting x from A

verified that A1 is satisfied.

2 in, (e -AK)x it is easily

Remark:

In this section we have presented only some salient =
properties of linear integral operators useful to the engineer.
The theory of linear operators [5] is so highly developed that
even a brief presentation of its most interesting results may take
hundreds of pages. This section is only intended to help in distin-
guishing the basic differences between the algebra of linear and

nonlinear operators.

1.3: NONLINEAR OPERATORS

CLASSIFICATION

The classification of nonlinear opertors is no doubt a

difficult task. It is however very desirable to construct a few ope-
rators that represent a wide class of nonlinear systems. The
discussion of these selected but general nonlinear operators should
provide answers to problems that may arise in the study of any

concrete problem.
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The following classes of operators appear to be sufficiently
general to cover a wide variety o problems arising in the study of non-

linear systems:

(i) Uryson operator Au: The class of Uryson operators

is described by the following functional series,

N
Au_x(t) = ,::o gﬂl:( Us[t:Tl"”Ts: x('l’l)...x('rs)JdT...dT‘-t\.EI 1.21

defined for almost all t € I. The sequence of functions {Ua] may be
assumed Lebesgue measurable in t and 'ri (i=1,2,...8) and
continuous in x(T,), (i =1,2,...8). N may be finite or infinite. 1° is
defined as the Cartesian product of 8 copies of the set I, where 1I.
may be a linear or an n-dimensional Lebesgue measurable set of

finite or infinite measure.

(ii) Hammerstein operator A The class of Hammerstein

H
operators is described by a series of the following form,
N ( . g
AHx(t) = sz—:c:. . Ke(t;'rl,.. .-rs) g(Tl'x(Tl))"'g(Ts’x(Ts»drl'"de

tel 1.22
where the Kernels [Ks} are assumed to be Léi)ésgde measurable in R
t and 'l'i ,(i=1,...8) and the function g(. =x(-)) may be assumed to
be measurable in t and continuous in x. Again N may be finite'or

infinite and I as before.

(iii) Lyapunov operator AL : The class of Lyapunov

operators is described by the following series,

A x = = L (x;v) 1.23
s a a B ..B a,...agiB,...Bg
o. e e s, O B

(x;y) is defined by the following integral
8

where, L

ag..agiBy..B
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8 8
power form of degree m, = Z a. in x and of degree m, = P2 Bi in y.
i=o i=o

Qa
L H = o o 0 [o]
8-+ 0 gBone- By (x;y) gls Y K"'o---as;%“as (6,7 T ) x (1),

a B

cee X S(Ta)...yao(t)...y (ry) dr coed .

1
tel. i.24

a, (i=o,...s) and Bi(i=o. +..8) are any two sets of non-negative
integers, y is any fixed element in some Banach space E and x

is its variable element. The set I° is, as defined previously.

(iv) Volterra-Frechet operator Av: The class of Volterra-

Frechet operators is described by the following series,

N .
= o s ® K .
Avx Bfo 8 f B(tsTl. . 'rs) x(Ti)' . .x('rs) d1'1. . .de

t€I. 1.25
Here also, the Kernels {KB} may be assumed to be Lebesgue
measurable in t and 'I'i (i=1,...8). The integer N may be finite
or infinite. Theset I8 is as defined previously.
It is noticed that the class Av is contained in AH which
in turn is contained in AU. We propose the first two classes of

operators as extensions of the more familiar Uryson and Hammer stein

operators [3] as noted below.

*
A x=S- K(t,T ; x(1)) dT 1.26
u I

and,

*

A _x = § K(tr) g(T1, x(1) ) d7. 1.27
H 1
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CONTINUITY, BOUNDEDNESS AND COMPACTNESS OF OPERATORS.

In the study of nonlinear systems with the use of the operators
defined above, it is necessary to have complete knowledge of such pro-
perties as continuity, boundedness and compactness of these operators
on a given function space. Therefore the following definitions are

important.

Definition 1.4: Continuity.

An operator A acting from a Banach space E1 into another
Banach space Ez is said to be continuous at the point x, eE'1 . if it
transforms every sequence of elements {xn]eE1 which converges
strongly in E

{Ax_} €E

to an element x, €E,, into a sequence of elements

1 1

which also converes strongly in EZ to an element Axo €EE._.

2 2

An operator is said to be continuous on the subset MC‘E1

if it is continuous at each point of the set M.

Definition 1.5: Boundedness.

An operator is said to be bounded if it transforms every
bounded (in the sense of norm) subset of IEZ1 into a set which is bounded

(in the sense of norm) in EZ'

Remark

In contrast with linear operators, one cannot conclude for
nonlinear operators that a bounded operator is continuous or con-
versely that a continuous operator is bounded. If, however, the

space E1 is of finite dimension then continuity implies boundedness.

Definition 1.6: Compactness,

An operator A is said to be compact if it transforms

every bounded set into a compact set.
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Definition 1.7: Complete Continuity.

An operator is completely continuous if it is continuous

and compact.

Definition 1.8: Strong Continuity.

An operator is said to be strongly continuous if it trans-
forms every weakly convergent sequence into a strongly convergent
one.

Definition 1.9: Weak Continuity

An operator is said to be weakly continuous it it trans-

forms every weakly convergent sequence into a weakly convergent one.

Definition 1.10: Lipschitz Condition

An operator A acting from the Banach space E1 into the

Banach space E_ is said to satisfy on the subset McE1 the

2
Lipschitz condition with a constant a if

\\Ax1 -A_gc__z\\ £ a \\xl-xz“ » ¥x,x, EM. 1.28

In general a may be a function of M.

Remark: operators which satisfy the Lipschitz condition are

obviously bounded and continuous.

We will mainly consider the development of an algebra of

operators of type A and Av. Before we can do so, we must study

the continuity and bol:l:mdedness properties of these operators consi-
dered acting on some Banach space E. We will prove re sults for
LZ(I) spaces which immediately apply to the space C(I) with the
appropriate norm used. The results can be generalized to Lp(I)
spaces also. The reasons for restricting our discussion to the two

classes of operators A

A :
H and v are
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(i) These operators are sufficiently general to cover a
wide class of nonlinear physical systems.

(ii) The study of such properties as continuity,boundedness
and compactness of these operators is comparitively easier than that

of Uryson operator.

CONTINUITY AND BOUNDEDNESS OF AH AND Av

We will prove the continuity and boundedness of the operator

AH and obtain the corresponding result for Av as corollary. To

prove the continuity and boundedness of the operator AH we will make

use of the following theorem (3]

Theorem 1. 4:

If the operator G defined by Gx

1 1
function x € L9 into a function in Lp, (; +—=

g(t, x(t) ) , maps every
=1; p,q>1) then G

is continuous and bounded and the following inequality holds,

lgtx(t) )| € \z(v)] + 8 ‘x(t)\q/p 1.29
where 0 B<= and z €LP.

We now present the following theorem on the boundedness

of the operators A_, and Av'

H
Theorem 1.5:

If N = and the operator G satisfies conditions of

N +1

theorem 1.4 and the set of Kernels {Ks}sao eLd (Is ) and are
measurable in all the variables on IS'H, then AH acts within rLd

and is bounded.

Proof:

Let us rewrite the operator AH as
N
= £ A t), i.30a
AHX(t) s=1 HB X( )

with tel, and x €L%(D),
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where

A = o o @ - -
m x() g ) g K (6,7 o oo T )BT (T ). (T 3 x(T)))
I
d'li. .o d'rs,
tel 1. 30b
Let us prove that AH acts within L%, It is clear that by Holder's
inequality we can writ‘e,

1/ p ‘Ip
‘AH' x(t)‘£ (YZI-?.Y‘Ks(t;rl...'l")\qd'ri-dr’) q(g;\g('r;x('r))\ aT)

a.e in I, 1. 31

By Fubinis theorem [2] the function on the left of the above inequality
is defined almost everywhere on I and is measurable in t. Now since

by hypothesis the operator G satisfies the inequality 1.29, we have,
1\

p
(f, \ate. xton) Fan "¢ {hzl,+ 8 (U=l q)q/p}. 1.32

N

According to the hypothesis of the present theorem, since K8 € Lq(lsﬂ),
the function AHs x (t) GLq(I). Thus by raising either side of the
inequality 1. 31 to the power q and integrating the re sulting function
over I and finally performing the:qth in root of the resulting quantity

we obtain,

Yp &
“Ast Iy <IKN q[l\Z\\ L 8 !x| 2 P

] 1.33
(s =0, 1, ... N).

This inequality ensures that each of the terms in 1. 30a belongs to LY,
Hence by Minkowskis inequality the left hand side of 1. 30a also
belongslto L9 for each finite N.
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Thus N
fA x| < zZ JAa, x
H* 8=o H, 'q
N Y
< s
= z Ikl (wza +B(Wx1_) Py, 1.34
s=0 1 P T

and AH maps L% into L1 (q » 1) and therefore bounded.
In particular if K‘e I..z (I°+1) and G: Lz—-b-Lz, then
the inequality 1. 34 reduces to,

N
"-‘H.l"llz-‘—':o|1<,|lz(IZ|I,_+B\le2)'. 1.35

If g(t;x(t)) = 6a.e. onIfor x(-) =6 a.e onl, then i1.34 and

1.35 become respectively,
N

8 2q
I ) qssfo | ¥,llg BOx1g) P) 1.36
and N -
fagx b, €= WK N, (& 1xi3) .37
8=0

This completes the proof that for N finit:e the operator AH
acts within L% (q > 1) and is bounded. Q.E.D.

Corollary:

In the case of Volterra-Frechet operator Av, if the Kernels
K’5 eLP (Is+1) and x €L%YI) then by a similar procedure as above,
it can be shown that Av maps LY into LP (q’p > 1) and the inequality

corresponding to 1. 34 is given by,

N
8
la,<1,& 2 VK Clhx)g) 1.38

which in the case of Lz spaces becomes,

N

P P R LS PO L P
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Thoughout our discussion we will consider our operators to be
. 2
acting on L~ spaces.
In the case of strong nonlinearities, it may be necessary
to let N =o. In this situation the boundedness of the operators of

either of the types A__or Av does not follow simply from the

H
facts as mentioned above. The question of convergence of the

resulting infinite series must be settled now.

If R, defined as

1
R= 1.40

im MKW
[ ]

is greater than zero, then the operator Ay is bounded if in addition
to satisfying all the conditions of theorem 1.5, it satisfies the
following additional conditions:

(1 xy & =

1.41

(ii) R > iz)
The Vplterra-Frechet operator Av is bounded in a sphere SR
of radius R as given by 1.40, where S, LZ.

R
As mentioned in the remark following definition 1. 10,
boundedne ss of nonlinear operators does not necessarily imply
continuity or conversely. So we will prove the continuity of these

operators in the following theorem.

Theorem 1.6:

Let the operator G satisfy a Lipschitz condition with
constant ¢ >0 in addition to satisfying the inequality 1.29 corres-
ponding to L2 space, and let R, as defined by 1.40, lie in the
interval (o ®). Under these assumptions, each of the operators

AH and Av satisfies a Lipschitz condition in a sphere Sp of
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radius p in the space Lz with constants,

[ -4
= a8-1
aP) = E sc NK ) (4z) +87) "<, 1. 42
and a @) = ;.': s‘Klp’*s-i ) 1.43
v 8=0 8 ’ .
respectively. In the case of operator of type AHJ?\ = &B__z_

and in the case of Av’ P = R, and both are completely continuous

and bounded in 'p"

Proof:

Let x, and x, be any two elements belonging to LZ(I)

such that len , lxz| < p then for any finite s,

~

-1
) AH.x1 - AH.xz'$ s |K_| (sup | (T xCI° T Rg(maph-g(Tix, ¢ ML 44

x€s

By hypothesis on the operator G, we have

sup § Gx|| = sup |g(., x(-))]
x esp x€sp_ | . .
& \z) tHBe ' 1. 45

By substituting 1.45 into 1.44 and using the Lipschitz condition

for G, we obtain,
s-1
"AH x, - Ay xzﬂ & scl KBII ( Nzl +B8e-) [ETReY | 1.46
8 8

Hence, N

s-1
- : + - .
»AHx1 AszK{lxm s;:.o 8C “KBI ( 1z} +Bp) }“x1 le 1. 47

If pis chosen as assumed in the theorem the series inside the
bracket converges to a limit o,H(p») and 1.47 becomes,
|AHx1 - Aszns aH(o\) “xi-xz“ in.xzé Sp 1.48

R- 1z\

with p = B
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In the case of operators of type Av it can be similarly shown that,

|Avx1 - Avxz | < av(p») ||x1-xz“ , Vxlxze‘s'p, 1. 49
with . p = R.
The values of R in the two cases need not be related at all.

The continuity of the operators A__ and Av follows from the

H
inequalities 1.48 and 1.49 respectively. Q.E.D.
Remarks:

It is important to notice that in case N is finite both o.H(p)
and o.v(D) tends to infinity only when P »®o, but in case N is
infinite

_ R - Izl

énd a.vP~) = o, ¥p >R.

Thus in ‘the former case, the domains D‘.(AH) and D(Av) of the
operators .%{ and Av respectively, are the whole of L2 space
and in the later case, these are only some suitable closed and

bounded subeets of the space Lz.

THE ALGEBRA:
Let us denote by B(H, G, F...) a nonempty set of continuous

and compact operators of either of the class AH or ;v acting
on suitable closed and bounded subsets of the space L., H,G,F...
etc. are the elements of B. Those algebraic properties. of the set
B, which are most important for engineering work, are stated here
without making any attempt at a rigorous proof.

It may be shown that B is an additive Abelian group.
Let s define 2 map \t|: BxB->-B by\\/l (H,G) =H + Gie ]
assigns to any two elements of B a new element which also belongs

to B. The closure property with respect to addition holds if, and
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only if, the domain of the resulting operator R is defined as
the intersection of the domains of H and G; thatis R is
defined on a subset D(it) of I..z such that

D(R)S  D(H) ND(G)

1.50

and Rx = {H+G)x =Hx + Gx V x€D(R).
It is the second equality that requires proof.
Al: Additive closure:

Let R1 =H+G with H,G€B
Then R.1 € B provided D(Rl) = D(H) ND(G).
In case H, and G both belong to BNc B, where BN is
defined as the set of all operators of type AH and Av consisting
of finite series (i.e N =) only, then D(Rl) is the whole of LZ

space.

A_: Associativity:

2
R.z = H + (G+F) = (H+tG)+ F

and RZ € B provided D(Rz)g D(H)N D(G). ND(F).

A3: VHE B, - HEB and D(H) = D(-H)

because V x € D(H), I HxW = |-Hx]| .

A4= It can be proved that there exists an unique null element
2

¢ € B such that for all x € L. ¢$c =9, where 6 is the null of the
LZ space. By A3, HH-H) € B, hence ¥x € D(H),Hx + (-Hx) =
Hx - Hx = BGLZ. Since, D(H)CLZ, p€EB, and Hhg=¢g+H = H
V H € B.
This shows that B is an additive Abelian group.
We can define another operation on the set B. Let us
denote by F the field of real or complex numbers and let us
define by \rz a map such that \"’2: FxB-~>B by\t/2 (a,H) = a.H, VHEB
and ¥ a €F. The set B is closed with respect to the operation \1/2,

because ¥ x€ D(H), (a,H)x = a,Hx and |(a.H) x| =lal KHx} .
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Therefore a.H€B YHe€ B and ¥a € F and D{(a.H) = D(H).
It is easily verified that with respect to this operation, the following

relaﬁons hold true.

AS: a.(G+F) = a.G+a.F VG, FeEBand VacF with D{(a. G+a. F)=
D(G) N D(F)
A6: (a+b).G =a.G +b. G, ¥ GEBand ¥ a,b€F, with

D({a+b). G)= D(G)

A7: a.(b.G) =(a.b).G VGEB and Va,b€F with D (a. b). G)
= D(G).
A8: i.H =H, VHEB and 1€ F.

We can also define an equivalence relation "2¢«" on the set B such
that

H+G = H+F = GXF VH,G,F€B and that D(G) = D(F) and
V x € D(G), Gx = Fx. This equality must be understood in the sense
of the norm of the space Lz.

For example in the case of Volterra-Frechet operator two
operators are equivalent if, and only if, each of the corresponding
kernels are pairwise equivalent in the L2 sense.

let G and F both belong to B and
Let  Gx@ I Fis-['l{s(t,'ri,...'rs) X(T,)eee x(T )T, . AT, 1.51

with t €I and x € D(G)
and Fx };..FI-B'[LB (l;ri...'l's)x('ri)...x('lé)d'rl...d'l’s 1.52
' with t €I and x € I} (F)

then for G to be equivalent to F it is necessary and sufficient that

D(G) = D(F) and that

z |k -L =0 1.53
s=o0 8 8
which implies that K_beequalto L  almost
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everywhere on I for all s =(O, 1, 2, ... .)In the case of operators

of type AH' the equivalence relation is not so straight-forward.

In case, K' = L’ a.e on I'ru for all s =0, 1, 2,... then g
must be equal to f for all x¢ L2 and for almost all T €I. Conversely
if g=1£, ¥xe€ I..z and almost all T €I thenfor the equivalence of the
corresponding operators it is necessary and sufficient that K = L’ a.e
on 1° s+i for each s. However it is important to note that an qperator
G could be equivalent to an operator F, both belonging to the class AH’
without actually any of the Kernels of G being equivalent to any of the
corresponding Kernels of F. This is simply due to the presence of

the corresponding zero memory operators g and f.

All the relations A1 - A8 resulting from the two operations
\-'/1 and \-t; defined on B are precisely the postulates of a linear
vector space in which an equivalence relation "2z" is alsc defined.
Thus B(H,G,F,... \-\’1. "rz. 2, ¢ ) is a linear vector space whose
elements are the set of all continuous bounded nonlinear operators

defined on suitable subsets of the space L°.

Another important operation that can be defined on the set
B is "the product by composition". Let H and G ¢B, and let \‘/3 3
Bx B —» B be defined as

\1’3(1{.0) = HOG = VR3 1.54

so that,

R3x = (H®OG)x = H(Gx), ¥x GD(R3)

where D(R3) = D(G) N {x,xED(G): GxeD(H) } . 1.55

Thus, B is closed with respect to this operation provided D(R3)
is chosen as defined by 1.55. We note the following properties of

the set B with respect to the operation\\/3:
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A9: VH,GeB, HOG €B

with D(H®G) = D(G)N {x,x€ D(G) : Gx€D(H)} 1.56

AlO ¥H,G, FEB

HO(GOF) = ( HOG)OF HOGOF

with D(HO®G OF) = D(F) N {x,x€D(F): Fx€D(G)}N {x,x EDF) :
(GOF)x €ED(H) } . 1.57

In general the set B does not sati“s:t:y the left distributivity
property but it does satiasfy the right distributivity.

Aii-: H®(G+F) # HOG + HOF. 1.58

The equality holds only when H is linear.

Alzz (G+F)®H = GOH + F®H

with D( (G+F)®OH) = D(GOH) N D(FOH) 1.59
= D{H) N{x,x € D(H) : Hx € D(G)]} N ,x€ED(H) : Hx €D(F)}

with re spect to the operation \\/3, B is a semigroup and it would

be a Ring if A,  were true. We note that the set of all bounded

linear operators defined on any Banach space forms a Ring, which

makes the study of linear operators comparitively simpler.

With respect to the operation \-\/3, we may define an identity
element I by,

HOI = I®OH = H 1.60
so that
(H®OI) x =(I®H)x = Hx Vx € D(H).
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with this new element included, B is an algebra closed under

the operations of addition, multiplication by scalars, and product

by composition. This algebra may now be denoted by B(H,F,G,...
Yt’ \‘/z. \r, >, ¢, I), where, H,F,G etc. are the elements of B,
Yl’ \.rz. \‘/3 are the operations as defined, "2¢" is a relation, and

¢ and I are the two special elements of B.

In this algebra cancellation law does not hold since
HOGXXHOF #G&F. 1.61

As we have seen, the negation of this implication is true even in
the case of linear operators. Therefore, the element I may not
be unique. Also there may not exist inverses for the elements of B

since y = Hx, may rot have a solution for x, for an arbitrary y € Lz.

An important point associated with the operation \|’3,
defined on B, is the domain of the combined operator HOG
for all H and G in B. The entries in the following table indicate
the domain of the operator H®G. It will be clear that D(H®G)
is a function of the domains of the individual operators and the nature

of the leading operator G.

Table of D(H © G).

G D(G) = D(H) D(G)> D(H) D(G) c D(H) P(G)NDH) =¢
Reducing _ D(G) o HO®G)= D(G -
GD(GED(G) |PHOG)=DH) | nyegopm) [HHO G MG
Expanding D(HO©G)=D(H) | D(H® G)=D(H) |D(H® G) € D(G) -

G D(G)=D(G)
G D(G)= D(G) | D(H®G) = D(H) | D(H®G) = D(H) | D(HO G) = D(G) -

The situation represented by the last column of the table may arise in
case the zeroth order terms in ouroperators are present and are not

identical.
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Remark:

In this chapter we have studied some important properties

of the two classes of operators A__ and Av. The se will be useful

H
in the following chapter. It remains to study the continuity and

boundedness of the operators of type A This is a more difficult

U.
problem and is not attempted here.

Proof of complete continuity of the first order Uryson
operator in the spaces C and LP are given in the book of
Krasnosel'skii [3] . From the complexity of his proof for this
smaller class, it is quite conceivable that the proof of complete

continuity of the larger class will be too complex.

Some simpler properties, such as functional derivatives of
these operators which will be required in the problems of synthesis

in chapter III, are studied there.

s

The algebra developed in this chapter is meant to be useful
in system engineering where a complete system is built out of

many subsystems.



CHAPTER 1II

NONLINEAR FUNCTIONAL EQUATIONSINTHE ANALYSIS
OF FEEDBACK CONTROL SYSTEMS
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2.1-1: INTRODUCTION

In the preceeding chapter we presented the algebra of
nonlinear integral operators of general character. It is interes-
ting to note that many physical problems of apparently different
nature can be conveniently formulated in terms of functional
operators presented. The main interest in this chapter lies in the
study of nonlinear feedback control systems where the plant is
described by anyone of those operators or their suitable combina-
tion. Before considering this problem, some examples of this
class of operators will be presented.

In the analysis of feedback control systems to be consi-
dered in section 2.2 of this chapter, the operator A may be
assumed to be an element of the algebra B or its sﬁbalgebra. BN.

2.1-2: SOME EXAMPLES OF NONLINEAR PHYSICAL
SYSTEMS.

(a) examples of first order Hammer stein operator.
(i) As an example of a first order operator of Hammer stein
type equation 1.27, let us consider the following variable coefficient

nonlinear differential equation.

(n-k)

y o+ 2 a v g yo. .y ) = xo

k =1

with, t €I: [a,8] and yn-r(a) 2y

(1' = lszt n)’ and ms< n.

It will be shown that we can reduce this equation to its
corresponding nonlinear volterra integral equation, where the

operator involved turns out to be of Hammerstein type.
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Let us write,
(n) ., _
y (8= U (¢
. : (n-k) . . .
Then it can be easily shown, that y (t) is given by,

k’ k- t K-1
y k(t)=zY (t-a)""T+| (t-s) U (8) ds

1 T (k-r)r  To(K-1)

for all (k=1,2,...n)

Particularly y(t) is given by,

r=1

s = v szgz“'ﬁgt (t-¢)""*

Substituting (2.3) in (2. 1) we obtain,

U () = x(t) - £t y(8), yPoy™e )

2.5

" Mp B

n k-r t n

(t-a) - (t- s!

. :-1 2 Y Tkor)! X 121 2 %oy U nte) ds
’ a

let us define, .

n

(t-s)k-l
K(t,8) = = (-1) ak.(t) (€-1)!
=1 °

2.6
and n K ( t-a)k-;r
g(t) = (x(t) - k?=1 r2=1 ak'(t) Yn-r (k=) )

Substituting these quantities in equation 2.5 we obtain, 2.7
Un(t) = [ g(t) - f(t,y(t),y(l)(t). . (m)(t) ]+S\ K(t, s)U (s)ds
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If the function f, were absent from the system 2.1 we would obtain
a linear integral equation of Volterra type with Un(t) as the unk-
nown function. It is obvious that if the coefficients ak.(t)(k=1,'-'n)
are continuous then K(t, 8) is also continuous. By the usual method
of solution of linear Volterra integral equations (7,8], the solution
of equation 2.7 is given by,

U (8 = 1) _(m), (" §m)
o= B(t)-£f(t,y.y ..y J+] R(t, s) [g(s)-£(s, y(s).. (s)ids
a

2.8
where, o
R(t, s) = k™ (¢, 8)
n=1
and k™) (¢, 8) = f K2 D r) Kire) 7 2.9
' '
K'Y (t,8) = K(t. o)

-

(N.B. It can be shown [8] that if the Kernel K is continuous
then the above series converges absolutely and unifromly every-
where on the triangle a ¢ s € t€B.) By substituting 2.8 in

equation 2.4, we obtain,

n t n-1
t-8
y(t) = 1 Y (n r)' I‘ y (Sn-—ll)l R(s,T)ds]
r=

C g(M-£7, y(1). . .v"™N1) ) Jar 2.10

which reduces to the form,

t
y(8) = L_(t -f L(t, 8) £(s.y(s), v (s)s...v"™Ns)) s 2. 11
. .
where
=z S‘ 2.12
Lo(t)' = r_fl Yn oy (n r)' ) 1{t, 8) g(s) ds .
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and

I(t,

( (n “. R(§,s) dg . 2.13

Equation 2. 11 is a nonlinear integro differential equation of
Volterra type. If the nonlinear term were absent equation

2.12, written as

t
y(t) = Io(t) + y 1At, 8) x(8) ds 2. 14
a
2.15
Where, n t-a)®T -t n k : ‘k-r
I(t)= = Y (t-a) * _ -z T v L(t‘,)a(,)iﬂ). ds
o raf BT (n-r)! k=1 p=t BT k' "(k-r)!

provides an explicit input output relation. If all the initial
conditions are assumed to be zero then . Io(t) = O and in this

case equation 2. 14 becomes

y(t) = ft L{t, s) x(s) ds. 2.16
3 .
This is just the transient part of the solution. of the corresponding
linear differential equation. It can be shown easily that L{t, s)
satisfies the following differential equation,
L(n) n (n-K°)

(t,8) + T ap(t) L
k=1

(t,s8) = & (t-8) 2. 17

where 6&(t) is the familiar impulse function. In the absence of the
nonlinear part the same equation 2.1 can be shown to lead to a
linear Fredholm integral equation of the second kind in case the

-1 o
terminal conditions, y(B),... y(n )(B) are laso specified.
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In any case the integral equation corresponding to the
differential equation 2.1 appears in the following more general

form,

y(t) = z(t) + XS’ K(t, s) (s, y(8),.. .y(m)( s) ) ds 2.18
I

where A is a parameter, and I is either [a,t] or [a,m]
depending on whether it is an initial value or boundary value
problem. In many physical situations, the function f is inde-

pendent of the derivatives of y, in which case equation 2. 18 becomes
y{t) = z(t) +\ ( K(t, s) f(8, y(8) ) ds. 2.19
I

Remark:

(i) Looking at the equation 2.7, it appears logical to
consider the possibility of differential equations with infinite order.
If we let np > Un(t) may converge to a limit function U(t), which
will represent the solution of a differential equation of infinite order.
This seems possible if the two series (equation 2. 6) converge to
certain limit functions. In any case the form of the final equations
2.18 and 2.19 remain the same.

(ii) If in equation 2.1, the leading coefficient is taken to

be a function ao(t) then equation 2.7 becomes,

ao(t) Un(t) = [g(t)-f(t,y,yu). . .y(m))] +r K(t, s)Un( s) ds. 2.20
a

equations 2. 6 remaining the same. If ao(t) # 0 on, agt £ then
there is no change whatsoever, howeverif ao(t) assumes zero values
at certain points in [a, ] then equation 2.20 represents a singular

integro differential equation.
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(iii) Another important point in favour of integral equations
is that the interval I, may be finite or infinite with a=» -», but this
does not seem to have any meaning in the case of differential equations

unless y'™(-®) = 0 for all n.

(iv) In the case of differential equations, of the form discu-
ssed here, the solution y(t) has to be necessarily continuous or at most
pPiecewige continuous, but in the case of integral equations the solution
may be allowed to be unbounded on sets of measure zero, and may only

be demanded to belong to any of the LP spaces,

(v) The solutions of equations of the form 2. 19 when the upper
limit is variable (i.e of Volterra type) can be discussed under ‘much
less restrictive conditions on the functions K(t, s), f(t,u) and z(t).

It is sufficient to suppose that
| K(t. o) £(s,y,(8)) - Kit, 8) f(s,y,(sD)|< B(t,8) |y -y,

t
and If K(t, s8) f(s,z(8)) ds ls J(t), } 2.21
a

where h(t,s), and v(t) are any two I..z functions. If these conditions
are satisfied, then it can be proved that with I = [a t], equation 2. 19
pPossesses an unique L2 solution, for all \ € Rl. The solutions of
equations of the form 2. 18 can also be studied under similar condi-

tions.

Examples of nonlinear oscillatory systems.

(-ii‘ An important example of a nonlinear differential
eguation that can be easily reduced to either of the forms 2.18 or
2.19 is given below.

Let us consider the following electric circuit with a nonlinear

inductance (Fig: 2.1, 2.2), in which ¢and i are approximately
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Fig. 2.1: Nonlinear R, L. C Circuit: Fig.2.2: Inductance Charac-

teristics:

related by the following equation,

i=aw+t b§o3, a, b>0 2.22
The relevant differential equation is,

SL + Rlap+b ) +‘C(‘“"¢+ bq’3) dt =0 2.23
which on differentiating once reduces to

%fi + Wl = (@, &) | 2.24
where.. w2 = % , and£(%, @) = (R(a+3b %) + g <e3) 2.25

and A =1,

Equation 2.24 can be easily reduced to the following integro

differential equation,

t
@) =2t +{  Lit.e) f(P(a), $(a)) as, 2.26
(o]
where ¢
2(t) = @(o) + o)t +.uf sinu(e-E) plo)+ ¢ o)EIaE
o)
2.27

and

I1{t, 8) = (t-8) +r w. sinw(t-B). (E-8) d§ .
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Apparently, equation 2.26 looks more oo mplex than equation 2. 24,
however, when higher order differential equations are considered
the reduction always leads to the same form. Moreover, in pro-
ving the existence and uniqueness of solutions of differential equa-
tions the integral form is known to be best suited. We mention a
few more important examples of nonlinear oscillatory systems,
which appear as differential equations of the form 2.24 and can

always be reduced to an equation of the form 2. 26.
(iii) Vanderpol equation:
x +x-p.(1-xz);c=0, mH o 2.28

(iv) Rayleigh equation:

X +ax-(b-cx%)x=0, a,b,c>0 2. 29

Both these equations arise in self oscillatory systems, in which
the dissipation coefficient can change its sign depending on the am-
plidue of oscillation as in (iii) or on its derivative as in (iv). Thus

small oscillations will expand and large-oscillations will die down.

(v) Let us consider two rotating shafts connected through

a nonlinear elastic bar. Let .’I1 and Jz be their moments of inertia,

and @, and 6, their angles of rotation, and £(6) = £(6,-6,) the

nonlinear characteristic of the coupling. The differential equation

for this system is
.. J1+Jz
e +af(9) =0, a=( ) 2.30
I3,

All these examples involve differential equations of the same form

as 2.24.
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(vi) In the study of phenomenon of wave propagation,

the following differential equation has been widely studied.
1 1
(a(x) ¢( )(x)( ) + b(x)g(x) =0 » X €1 2. 31

This equation is immediately reduced to the following integral
equation,

(1)

X
b(x) = (o) +a(o) ¢ Vo) by +{_ B-h@BEOI BRIy 2.32

1
a(o)

x
where  h(x) = [ g0 with a(x)# 0 V¥V x €I.
o

The differential equation 2. 31 represents a wide variety of phy-
sical phenomenon, such as:-

propagation of electric waves along transmission lines,
in which case @ is the voltage difference between the lines, 1/a.(x).
b(x) are the distributed series impedance and the distributed shunt
impedance respectively.

the one dimensional motion of periodic soupd waves in
fluid with ¢ interpreted as the pressure in the fluid at the 'point
x and\fas the velocity at that point, where Y(l)(x) = b(x) ¢ (x).
Here a(x) = i/wp and b = “’/ipcz. where, pis the density of the
fluid and c the velocity of sound in fluid.

In quanturm mechanice2. 31 represents the time independent
schrodinger's equation for a particle. In this case a(x) = t/im
and b(x) = '%‘(E - v(x) ), where E is the total energy of the
particle a.nc:l2 v{x) is the field in which the particle is moving, and
¢ the wave function. In case v depends bothon x and ¢, the

equation 2. 31 becomes a nonlinear equation and the corresponding

integral equation becomes

@ (%) = Plo) + a(o) V(o) hix) +r (h(x)-h€ ))b(Z,¢@)aE 2. 32’
- ‘0



This equation may be used to study the effects of nonlinearities

on wave motion.

(b) From the previous considerations it appears that the
first order Uryson operator, (equation 1.26) may be encountered
in systems where there is a complex interaction within the system
itself. A simple example may be constructed from the following

differential equation,

(alx, ) GPx) ) 4 bix, @(x)) =0, xe€l, and }
2.33
a(x, @(x)) #0 ¥ x € I,

This equation can be reduced to the following integral equation,
x
®(x) = (o) +f R (x,7 ., P(n)) dn 2.34
o

2o, o)) ) _ (¥ bln. (1)) 4
als » @l ) o € @D

where, R(x,%, f(h)) =

(c) Examples of nonlinear integral operators of more complex
nature can be encountered in systems whose present state depends
“on all the preceeding states through which the systems has passed.
As an example let us consider an elastic bar Fig. 2.3
subjected to a tor sional couplcla m with the corresponding angle of

torsion 8 .

T

Fig. 2.3. Elastic Bar Under Torsion.

4 gm C‘ls/?/
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To a first approximation, § and m is related by, 8 =cm
where c is a constant of the material. The instantaneous defle-
ction 6 is an instantaneous function of torsional couple exerted

on the bar. Accurate experiments reveal that this is only an
approximation; more correct description of the phenomenon
requires the consideration of all the preceeding torsional moments
to which the bar was subjected to. In this case, the equation

8 = cm, may be replaced by the more accurate functional equation,

t
8(t) =cm(t) + F (m(1), t] 2.35

-0
where, F represents the heriditary nature of the system. I
F is assumed to be an analytic function of the element m(:) within
the interval - u § mg u, then e‘qua.ti.on 2. 35 can be expanded into

a functional series of the following form,
@

t t
g(t) = cm(t) + 8;2.1 L . [@ Ks(t’Tl' . .'rs) m(Ti)‘ .o m('rs)d'ri- d'r§ 2. 36

whe re _the Kernels {Ks] are the heriditary co-efficients of the bar.
This gives us an example of volterra-Frechet operator equation 1.25.
It is expected that magnetic hystere sis may also be accu-

rately represented by a functional equation of the form,
t
B(t) =p H(t) +F[(H(-) , t] 2. 37

-0

which relates magnetic induction with the magnetic field.

If the loop is continuous then equation 2. 37 can be expanded
into the form 2. 36. It is clear that the first term in the series on
the right hand side of equation 2. 36 represents the linear part of
the heridity.

Let us now consider some examples of control systems
where various operators, as classified in section 1. 3 chapter I,

may be encountered.
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(d) (i) Let us consider the example, Figure 2.4, of a linear

system B preceeded by a variable nonlinear zero memory operator
G.

Pre s B2 2f e e

| S

Fig: 2. 4: linear System Pre- Fig. 2.5: Same in Reverse
ceeded by a Nonlinear Zero : ' Order.
Memory System.

Let, Bx(f = Y K(t,T) xtr)dr , t€elc R1 2. 38
I
and,
G @(t) = g(t, P(t)).
Then vy = BG® = { K(t,T) g(t, @(T) ) dr . 2. 39
I

This is an example of basic Hammerstein operator. This
operator may represent a detector followed by a linear time
variable filter. )

(ii) If the two operators in Fig. 2.4 are interchanged

such that B precedes G, Fig. 2.5, then y is given by
vy = GB® = glt, f K(t,T)®(T ) dr) 2.40
I,

If g(t,u) is assumed to be analytic in a certain disk D in the

complex plane, then for all u € D we have,

_ . s (.. lm(tw) |
y=GBe = Z YIS@ = T - K ) lry) oo 4t )

dr dl's . 2.41

1-0-
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This is a special case of an operator of type Av as defined by
equation 1.25, chapter I. The situation represented by Fig. 2.5

is quite common in control and communication engineering.

(iii) An example of a higher order Hammerstein operator

is given by the following configuration.

e {1

Fig. 2.6: Higher Order Hamnerstein Operator:

Here F and G are two nonlinear zero memory operators and B

is a linear operator.

vy=GBF¢

g(t; f K(t,T ) £(T, Q(T ) dr) 2.42
1

Provided g satisfies the analyticity property as before, this

gives, . s

y = Z f..s.(ta_sﬂ';_-‘&)_jx(t,'rl) K(t,'rs) £(r,,(T,). ..
s=o 1 du

u=o

2.43
f(r_, v )ar,. codr

which is a special case of the operator of type AH equation 1.22

chapter I.

Another example of Hammerstein operator is provided by
a combination of a Volterra-Frechet operator preceded by a non-

linear zero memory operator,

y=Aq>= AGe
H v 2.44

s=20 fl-é.st(t,'r 1...'rs) g(T1 G (-ri)\ s g('l‘s, <e('rs) )

drl'”&rs°
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Remark

It is important to note that an Higher order Hammerstein
operator ‘cannot be represented by a Volterra-Frechet operator
without introducing products of multiple impulse functions, into
the corresponding Kernels. This is true even if one assumes for
maximum generality that the Kernels of the operator are Lebesgue

measurable .

(iv) A higher order Uryson operator,equation 1.21i may be
constructed by a basic first order Uryson operator,equation 1. 26,

(both of chapter I) followed by a nonlinear zero memory operator,

Fig. 2.7.

©
Ny « P

Fig. 2.7: Higher Order Uryson Operator.

Thus,
y = GA*@ = g(t.f K(t,7, @) ) dr) 2.45
v I

If g satisfies the usual conditions, we can expand the right
hand side and obtain a special case of an higher order Uryson

operator,

. A ceGaTe = o (.2 . .
e  y=AgsGAR = T ( f SO LIRS USEULAL AN

u=0o

d'rl...dq-S . 2.46

tel.
In this section we have presented some basic examples of nonlinear

operator s each of which belongs to either of the classes of operators

as described in section 1.3 chapter I. In the study of control
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systems, the plant may, in general, be described by either of the

operators AU’ A _, or Av. For better performance and stability

reasons, it is sorl;{xetime absclutely necessary to provide feedback
loops around the plant. This leads to complicated nonlinear
integral equations and to the questions of the existence and unique-
ness of their solutions. This problem is considered in the following
section. The principle of contraction mapping and topological fixed
point principles are employed to solve feedback problems.

In subsections 2.2-1, 2.2-2 and 2.2-3 we study the analysis
of systems which are represented by integral operators with upper
limit fixed, and in subsection 2.2-4, with upper limit variable.

2.2 NONLINEAR FUNCTIONAL EQUATIONS
AND THEIR RESOLVENTS.

2.2.1 : The Principle of Contraction Mapping.

The following theorem will be used in the solution of a

class of feedback control problems.

Theorem 2.1

Let T be a closed sphere in a Banach space E and let A
be an operator defined on T and suppose A satisfies the Lipschitz

condition

1A® -AF, ) <2 |9 - %Y Y@ PeT 2.47

where a <1. Let ATc T (i.e A transforms T into itself).

(i) Then the equation
® = A@ 2.47a

sk
has a unique solution @ in T and the solution can be computed
by the method of successive approximations by the formula

e =a P, (m=t12,...) 2.47b
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where (fo is any arbitrary element in T.

(ii) The rate of convergence of the process is governed by the

inequality,
n

le - €1 € 2 e - Gl (a=t2...)  2.48

Proof :

(i) Let (Po € T and let [@n} be the sequence given by
2.47b. By 2.47, for an arbitrary n we have

oy -l = NAG -AG g 2 19, -F gl -
ee. € a" e, - @ 2.49

Hence,

WP, -F. 0 g a" Ve - @

n k
€a ! 2_ (‘Ps- ‘Ps-l)'
s=1
n K
L a z " (F - ? '
- 8 s-1
s=1
n k s-1
Sa” le, -l = 2
s=1
Since a lies in the interval o € a < 1 we have
an
NP - Bl 7 IFy - @M 2.50

(n=O,1,2,....)

Hence the sequence { (Pn} forms a cauchy sequence in the Banach
space E.
Since the Banach space E is complete with respect to the

metric induced by its norm, the sequence & converges in the norm
n
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* *
to a limit (¢ in E. Obviously ¢ isin T.

* .
Now we show that § is a solution of equation 2. 47a.
* * * *
la e - U =126 -6, +6 . -¢I
* *
& -
lae - e 0t - ¢
_ * *
- 1AQT-AG N e, - €]
* *
€alle - eall Ny @l

singce the expre ssion on the left is independent of n and is true for
all n, we let n approach to infinity on the right, Then both terms

on the right tend to zero and the desired result follows.

IA?* - q: ¥ = 0 ie. (P*= ACP* a.e..

The uniqueness of the solution of the equation 2. 472 is
established very simply.

Let Y* be another solution of 2.47a.
Then

* e * *
e - YV = Hae - Ayl
% *
€ a ¢ - VY
since a <1, itis impossible to satisfy the inequality unless

* *
®" = ¥ . This proves the uniqueness of the solution.

(ii) In order to obtain the rate of convergence expressed

by inequality 2.48 we let k -»® in 2. 50 and obtain

Lo - P N< :: he, - €0 - Q.E.D.

This theorem, originally proved by Banach himself, esta-

blishes the so called principle of contraction mapping in complete
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metric spaces. The fixed point principle of Schauder (6] is
similar to the p rinciple of contraction mapping as pre sented above.
Because, both principles require that AT ¢ T. But these principles

are independent of each other.

Schauder's principle states that if a continuous operator A
transforms a closed convex set T of a Banach space E into a
compact subset of T then there exists a point(PE T such thatP= Aé.
Schaxtier's principle and the prihciple of contraction mapping are
particular cases of the following fixed point theorem as pointed out by
Krasnoselskii (3].

lLet T be a closed, convex, and bounded set of a Banach
space E. Let A and B be operators defined on T and assume A
and B satisfy the following conditions:-

(i) A9+ BY ¢ T ¥ ¢, e T

(ii) The operator A satisfies the lipschitz condition,

Naw -AP, | <a i, - &,

(iii) The operator B is continuous and compact.

*
Under these conditions there exists a point ¢ € T such that
*

ACP*+B('>* = ¢

2.2-2: Resolvent of Nonlinear Operators and
its Properties.
In many feedback control problems we are required to solve
certain integral equations of either of the following kinds.
(i) Y= x+\AfP
(1) = rac.
where the operator A may be anyone of the types AU, ‘?H’ AL or Av

or their suitable combination belonging to the algebra B as in chapter I.
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This is very easily seen from the following consideration.

P

Fig. 2.8: A Feedback Configuration.

In figure 2.8, the operator A may be any one of the types mentioned
and A\ is the static gain of an amplifier connected in the feedback

loop. The relevant equations of the feedback system are:

¢

Yy

x + \y
A?.

therefore @=x+NAPp 2.51

In the case of regulators we arrive at the second equation,

= ra¢. 2.52
In the following theorem we will study the properties of the resolvent
operator corresponding to the operator equations 2.51 and 2.52. The
measure of the set on which the functions x(-) and y(*) are defined

may be finite or infinite.

Theorems: 2.2

Let A be a nonlinear operator (one of the types mentioned
in section 1. 3) defined on some Banach space E and let A satisfy
on the sphere Tp of radius p about the origin § in E, the Lipschitz

condition

fa® -2F, 1l € 2) VP -RIN . ¥§. ge T,

where a(p) >0 is a number as defined before.
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Under this condition the equation ® = x+\ A® has a unique
-3
solution @ € Tp provided, .in addition, the following inequalities
are satisfied:-

(a) |Na(p))<t
(b) fIx N < (1 - |na(p)] do-

Two cases may arise, (i) Ag = 8, (ii) Ae¢ $ 0.

Proof: (i) A8 = ¢

Let us define an operator B such that

?: B?. 2.53
where B® = x+\NAfp 2.54

oo |IB® -Bo,islr VAP -AG, )
S\N alp )] e - e, 2.55

V(eicheTp

Therefore if the condition (a) is satisfied ie if |Aalp )\ &< 1 then the
operator B satisfies the Lipschitz condition with a constant less
than unity.

Again for ¥ ?1. sz € Tp

IBPl 1x1 + [N DA - Asl
IBeW £ ixk + |[Nalp)|ie)
Zyxt + Inalp)lp 2.56

Thus, if {x\< (1- INa(p )| )p then the operator B as defined by
2.54 transforms the sphere Tp into itself, V¥ ¥¢€ Tp .
Hence the dperator B satisfies the principles of contraction

mapping and therefore by the theorem 2.1, there- exists a unique
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%*
solution @ € T for the equation @= x + MA@ , and the solution is

computed by the previous method.
(ii) A # ©

If condition (a) as stated in the theorem 2.2 is satisfied,
inequality 2.55 still remains valid.

In order that B transforms the sphere Tp into itself the
condition (b) is modified to

(b") Ux + Agli&(1 - |xa ¢p)| )p .
The rest follows as in (i) Q.E.D.

Let us now present the following definition for the re solvent

operator corresponding to the equation 2.51.

Definition 2.1

An operator Rx is defined as the resolvent of the operator
equation 2.51 corresponding to the parameter \ if it transforms
each element x € E satisfying the inequality (b) or (b') in theorem 2.2
on to the solution® ’:af the equation 2.51.

»

Definition 2.2

Resolvent set: The resolvent set of the operator A is the
set of .all complex numbers M\ such that R)\ exists. This set will be
denoted by p (A). The spectral set of the operator A to be denoted
by o (A) is the complement of the set p (A) in the complex M\ plane.

By definition 2.1, R)\ is the resolvent of the equation,

= x+NAP VEEDP (A)
if C? is given by the equality,
@-= R, x 2.57
¥ x € E such that,
pxig (1 -|rna(p)] e & E(p)
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CONTINUITY OF THE OPERATOR R)\.
Theorem 2.3

The resolvent operator R, corresponding to the operator

A
€ quation = x-i-XA(? , i8 continuous in the sphere & (P)CE of radius

less than (1 - |Aa{)|)p whenever the operator A is continuous

in TCE.
p

Proof
Substituting 2.57 in the integral equation $=x + AA@ we have
Rxx= x+XAth. 2.58

¥ A€p(A) and x €8 (p):

Hence
R)‘x1 = x, +)‘AR)‘x1 } 2.59a
R)‘x2 = x2+)\AR)\x2 Vxl,xzeg(p) 2.59b

Subtracting 2.59b from 2.59a and taking the norm on either side

we obtain,
“R)\x1 - R)\le <|x, - xz' + | nalp)) 'ka1 -Rxxzn

Therefore,

ixy =%l .

|R)\x1 - R,x, |l & Vx,,x,€8(p ) 2.60
(1 - Ia(p))

This inequality proves that RX is a continuous operator in the

sphere & (p ) .
Moreover, from the identities 2.59 we have
“xl - x2|| < |R.)\:-:1 - Rxle + |)\a(o)l 'RXXI-RXXZH

which yields the following inequality.
il Xy xz“ .

(1 + xa(p)l)

- . .61
lexl Rxxzuy ¥V x,,%x;€8 (p) 2.6
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From 2.60 and 2.61 we have,

(1+ |xa(p)])

ix, - x|
(1 -|na(p)])

&WRx, - R x |& 2.62

L !

This inequality remains valid for both (i) A =8 and (ii) A6 # 6.
If AB=9, RO=96 and it follows from 2.62 tkat

Ixd 2R x| -2 x 2.63
(1 + xae)l) (1 - |na(p)])
¥V x €8 (p)
If, on the other hand, Ap9# 6 then the inequality 2.63 becomes,
121 cir gl « —1& 2.63"
(1 + |nao)] ) (1 - Aalp) )

where g = x + \A 6, with l]x+k.A9“<(1-|)\a(o)l Yo .

This case arises when the system A has an output even in the absence
of any input. For example in the case of operators of type Av and

A the zero-input responses are XKo(t) and AAGO respectively.

H.
Theorem 2.4
The resolvent operator RK is a continuous function of the

parameter A\ provided \ €p (A), and x €8 (p ).

Proof:
Let A and p both belong to the resolvent set p (A). Then

the resolvents R)\ and Rp. are defined provided

ixieCt-( Dal(p) VvV lealp)l ). 2. 64

If these conditions are satisfied then we have from 2.58,
x + KARxx,
x + F-ARHX’ and hence,

R)\x

R x
1

i Rgx - Rpxl] I )\AR)\x - p.ARp.x ]
I XARxx - p.AR)\x + p.AR)\x - p.ARpxn

€ In-pl WAR x|l + lpa(p)l IR,x -R x|
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Thecrefore, |X—p) IARX"'
IR, x - R x | & 2.65
(1 = jpa(p )] )

If A = 86, R6=06, Hence it follows that
(A-p) a(p )] IR, x
|Rxx -Rpx“ < ' ‘ \ A I 2.66
(1 - Jpa(p)] )

Substituting the value of nR)\x | fram the inequality 2. 63, into the

inequality 2. 66 we have,

IIR,\x-Rp‘"" < alp) 1xl In-p| . 2.67
(1 - |pa(p)} M1 -1xa(p )} )

This proves that the resolvent R, is a continuous operator function

A
of the parameter )\, in the real case the amplifier gain.

(ii) Ag # ©

We now prove the continuity of the resolvent Rx with respect to

N\ for the zero input response case (ie A8 # ).
In this case the inequality 2.64 is to be replaced by

Wx +xa08l) , fx+pasf L1 -(Ixalp)] Vipalp) Ip . 2.68

Let us rewrite the equation

= x+ NP  as

®= x+xap + AP 2.69
where Aia = 0.

Let us define R)\ as before, such that

: L] ) L] O
¢ R,x 2.7
Substituting 2. 69 in 2.58 we obtain for all A and p €p (A) the
following pair of equations.
ka = x + NMAS + )\AiR)\x }
and Rx = x+ g + R x,
n u A p\A1 "

for all "  x satisfying the condition 2.68.
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From 2.71 we obtain,
Ix-p| §ABY + |n-u] A R x)
] Rxx - Rp.x W< 1A 2.72
(1 - |ralp)))

Since A19 = 0, 2.72 becomes,
i) 1As) + 1(-plalp )] IR,
IRxx-Rp.x" € 2,73
(1 - Jpa(p)])

From 2.71a we obtain

Ir,xl < Uxl + N V&OY 2.74
(1 - |xa(p))l)

Substituting the value of lexI from 2. 74 into the inequality 2. 73

we obtain,

“Rxx-Rpx| < a(p) hx} * jAe) |x-p)  2.75
(1 - |pa(p ) ) (1 = na(p)})

for all x satisfying the inequalities 2. 68. Q.E.D.

Remarks

Another obvious property of the resolvent R)\ is that

if A is odd (ie A(-() = -A QD) then R)\ is also odd.

The resolvent operator R_ corresponding to the value of the

A
parameter A and the operator equation ®= x+\A@ , is the so
called Banach space inverse of the operator (I-\A), ie

R)\(I-)\.A) = (I-XA)RX = L

2.2-3 EXISTENCE OF LOCAL AND NONLOCAL
SOLUTIONS.

The conditions on the existence theorems for equations of the

type
P=x+r\AQ 2.76

as shown in this section frequertly consist of upperbounds on the
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absolute value of A. Such theorems are usually referred to as
local theorems relative to A. Nonlocal theorems relative to \
are those existence theorems in which A can take on values in
some other regions, for example, in a system of irtervals.
The principle of contraction mapping is applicable to
proofs of both local and nonlocal existence theorems.
Let A be defined in the sphere Tp c E and let x €E.

Furthermore let us assume that A satisfies the Lipschitz condition,

‘A(f’l"-‘\q’z|\<a(p) ‘?1'?2' ’ Cﬂ.’ ?zeTp‘

As shown in this section, for local existence theorems in the sphere
Tp of the solution of the above equation, two conditions are imposed
on \; one of these assures the inequality |Aa} <1, the second one
also restricts A\ from above and requires thatx + NAQP € T

whenever (pe Tp .

Nonlocal existence theorems, are obtaired in the case when the

operator A can be split into a linear and a ronlinear part,ie A =A1 +A2,

where Ai is linear.

Examples of such operators are: The volterra operator Av;

the operators of type A_. with the operator G containirg a linear

H
term in (p; the operators of type AL with a term of first degree in ¢

and of degree zero in Y.

If 1N 4- o} (Al). then equation 2.76 can be written as
= + .17
@ \"Xx DA, 2
-1
where r\)‘= (I - XAi) . 2.78

It is easily seen that the solution of equation 2.77 is the solution
of equation 2. 76.

The operator defined by the right hand side of equation
2. 76 will satisfy a Lipschitz condition in Tp with a constant less

than unity if A2 satisfies a Lipschitz condition with a constant
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(3 such that

Ixpinn < 1
1-Inpl W
i

then the principles of contraction mapping are satisfied and therefore,

If further ||x} < (

*
the equation 2.77 will have a unique solution ¢ ETp . This solution
can be computed by the method described in section 2.2-1.
That is,
choose, CPO = \"'x x

and compute,

P.=Nx+tx N A, Py

There is no particular reason for choosing (Fo as r'kx, one may
choose any element y € Tp . Therefore, the conditions in nonlocal
existence theorems are the following two: (i) A % U(Al) (ii) the non-
linear part AZ satisfies a Lipschitz condition with a suitable constant.
The resolvent R (2. 78) of the linear operator A1 corresponding to
the parameter \ is similar to Neumann series [7] arising in the
theory of linear integral equations.

Here,

n-1 (n)

[--]
=1+ = N .80
\': I x(n=1 Ay 2.8

where the expression inside the bracket is usually known as the

Neumann series, and A(n) = A, O A1® cee @A, is called the nth

1 ¢ T U g}

Y_
e ot n times

iterated kernel defined by,
A(’;)(t T) = Y Ain'k)(t € ) Afk-) (2,7)d8; k=1,2,...n-1;
I

with t, 7€ L.
(1) =
and A . (t,7) = A1 (t,T) .
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Remarks:
If in a feedback loop of the system A in figure 2.8, we add
a linear operator K, then the equation 2.51 may have either of the

two forms,

(i) ® = x + \KAP
(i) @ = x +\AK®P
In this situation the inequalities (a) and (b) in theorem 2.2 need to be
replaced by &, b1 and & 'b11 respectively,
where,
(a) Ixa(p)) IKN <1
(b,) = € (- ha(p) IKN)p
(a;,) |Xalp ) KR <1 2.8#
(b Wxl € (=) 1Kl e

: T
and @, € T and @, €\

It is clear from these inequalities that by adjusting the amplifier

and the linear system K itis possible to increase the sensitivity
of the overall system. In particular, if the linear operator Kis
chosen such that |Kll = 1 then the inequalities 2.81 reduce to the

original form thus presenting the possibility of improving the

dynamic response of the system without affecting its static gain.

2.2-4: NONLINEAR CAUSAL SYSTEMS,

A large class of nonlinear systems can be described by
the volterra functicnal polynomial of some finite degree with the
upper limits of integrations variable (in case of control systems
the upper limit is the present time) and the lower limits fixed say

at "ao" where "ao" may take the value -, if the system has
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infinite memory. It will be shown in the following theorem, that,
in this case, the parameter \ appearing in the feedback system
can take values on any arbitrary finite interval on the real line.

Let us assume that the plant A in the forward loop is described by,

N(o
Ag= 2 g f K (6,70 eeeT Vo QT JT o 2,82

a ‘Tx €t Qbo; i=1,"8s,

and the equation to be solved is the integral equation = x + \AQp

arising from the corresponding feedback system. It is clear

that this equation is quite complicated and there exists no direct

method of solution. The only possibility is to construct a sequence

of approximations and prove that the sequence converges to the

soh;t‘ion of the equation. This leads us to the consideration of the

following theorem.

~Theorem 2.5:

Let the set of kernels {K } be Lebesgue measurab}e and
Le'beague square 1ntegrab1e real valued functions in I° 1 for all
8 € J N (the set of non-negative integers, including N) and let

{KB }be symmetric in the variables T ,1i = 1,2,...8 .

Let the functional HN (t,7: () ) defined by,

N ot .t
HN(t,T; ®(-)) = rf {-;--(a Kr(t’T;Ti"Tr-i) @(T,)- @(-rr_l)
o

r-1 ar dT

1... r-l
t,Te 1: aog‘Tétsbo,
satisfy the inequality,

sup |H (t,7 ; @(-))| £ H(t,T) in every sphere
®eS, . 2 2, 2
Sa of finite radius a in the space L° guch that H(t,7) €L (I")
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under these hypothesis, the feedback equation
= x +2\AQ 2.83

as described before, has a unique Lz solution for every x € Lz.

Proof:
The equation ¢= x+\A G can be rewritten as,
= (x+2AK) +\A, @ . 2.84

where Ko(t) € L2 (I) is the zero input response of the operator
A and A1 represents the rest of A.

Let CPo = 0 and let us consider the sequence
Pu=x+tME  (n=0,1,2,3,... ) o
since (Po =0, ‘(’1 = xAK e g(t). }

since both x and Ko belong to LZ(I), g(t) € LZ(I) for each finite A\.
Now by the corollary to the theorem '{.5 we know that the operator
A maps every element of the space I.:z 'into an element which
also belongs to Lz. Therefore, the sequence {ffn} is an I..2
sequence. Let "Pn“ = a_ for each n € J+ . Since {an] is a
bounded sequence of real numbers, sup an is defingd and since

n
the sphere s can be chosen as the closure of Ta.e US , the

n={ 3n
hypothesis made on the functional HN can be satisfied.
Now,

[ “’1 - %]2 = [ g(t)] 2 and since g € Lz (I) we have,

t .
{a C &(®) f,..d%“’é' M< o 2.85"
o "

where M is sbme real number.
similarly,

%, - %

s=1 a

ao o

MA Py - A R) 2.86

N t st 8 8
X {g K (6T LT By (0) 1 7], .dr,
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It is easily verified that we can express the quantity inside the bracket

as,

8 r-1

8 s 8
(r, R m BT = rfi(?l(Tr)- Y AURDE SV 41 QL1 % )5 2.87

where the terms I:v.ke1 1 Cfl('r ) and 1r CP ('r )

in which the upper limit in the product is smaller than the lower
limit must be interpreted as one.
By substituting 2. 87 into 2.86 and recalling that each of the kernels

K8 is symmetric in the vanables T. , i=1,2,...,8, we obtain,

N t .t s s-1 r-1
( -p)y=\ Z { K (t,7,7,,T =z (. ul -
) =r B aoga ICSEAR IR ALK XL L
dr dTi"'de-i‘ 2.88
t N t t 8 s-1 r-1 )
= KY (sfl QJ £‘ Ks(t,'f, ...T )g_z ?1(Ti)J:1cfo(TJ)]de,d'B-1)x
a o o0
o s=1
(@ (T)- ®(T) ar 2.89

The interchange of the order of integration is justified by the fact
that the kernels Ks are measurable in all the variables and

symmetric with respect to T, T ...T Writing the expression

1 s-1°
inside the first bracket as HN (t,53 (fi (+), QDO( +)) we have,

t
( (FZ - ?1) = x[ HN(t,'r; <P1( ), ?,o(.) ) cei(".-)-q:o('r)) d+ 2.90

a
(o]

Since both Cﬂ and(e) € 8, it follows from the khypothesis on the

functional HN that,
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t

t :
[f,- Crljzé ()‘N)ZS' [H(t,-r)]Z d-rs’ R AUE ?g('r)]z dr
ao ao
t

< MZ(XN)zy [H(t'r)]z ar 2.91

a
(o]

t
Let Bz(t)é( [H(t,'l’):'2 dT ; since H(t,T) is

a
o

measurable in both t and T and is in Lz, Bz(t) is defined almost

everywhere on I and that,

b
g_ °B3(t) dt ¢ b <.
a

o

Thus,
(¢, - %1% ¢ MPoN? B
t
(%, - ‘f,_JZ < MPam? Bz(t)f B%(E) ag
£ &
[fy - P31 < MA()° Bz(t)f B?‘(gi)'( Bz(gz)dgz.éi.
: 20 a,
t . ‘
Let ( B” (g)de = h(t). 2.92
a

(o]
then, h (t) = B(t)

t
(¢, - BT & MZBZ(t)(xm"L h(z ) Dh(E )
: (o]

2
< M2 B2(Han°® %—t)—

2 n 8 t
4, - 6,7 < 2EBH0M { T2y ok
° a

o
< MZBZ()(AN)® h3(t)
3
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In general, for n=0,1,2,3,..., we have,

[Pz - Burrd” € OWMIZ B30 “‘“’:}‘N’Z’n
< oNm)? B3 (1) %Z-n
which yields,
| €45~ %4y! & ONNM) B(B) &f-'b-)i a.e 2.93

on I.

It follows from equation 2.93 that the infinite series,
[
%k
¢ - (‘91 +a=% (f+z h ﬁﬂ) 2.94

converges absolutely, whenever g(t) and B(t) are finite, since

neglecting the first term it admits the majorant
® 8
Z(t) = (A\NM)B(t) Z

s=o V!

which is always convergnet.

2.95

Obviously, n(Fn'l"p - q;n | —> 0 for any fixed positive integer p ) 1.

Therefore {q:n} is a cauchy sequence and szince Lz is a complete
metric space an converges to a timitin L .
Since the nth partial sum of the series is q:n and the series admits a
majorant whenever B(t) is finite, it is even true, that an converges
almost uniformly to the function ¢ .

That is, Cfn-’ ‘P* (a.n).

%k
This however does not imply that ‘F is the solution of the equation
2.83. So we must prove that the limit function CP’ is actuzally a

solution of the equation. That is, we must prove that,

(CP*-x-)\Aqi*) =0 a.e.
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3 *—
If we define R_ by, = Cen +R . 2.96

then,
-]

8
|R_| < (A\NM) B(t) = 1:_—""‘2— . This follows from
s=n-1 s !
equations 2.94 and 2.95. Since B(t) € L?, R_€L? andit

follows from the above inequality that l\Rnn —»0.

From equations 2.85, 2.94 and 2.96 we have,

(‘(’* -%x - xAcP*) R_+X\ (ACPn_l-Aqo*)

2.97
t . %
R_+ xg H(tm @, (1.8 (R _ -G mar

™)

Since each of the members of the sequence {CP }belongs to L2 and
the series 2.94 converges almost uniformly, (P also belongs to the
class LZ. So by hypothesis of the theorem on the functional HN’
we have,

t

t :
(¢ -x-ra¢ 1% 2r% (0 + z(xN)"'{ (H(e,97d (M- _mT e
), N
o]

(o]
2 2.2 (" *
< 2r%(n+200M%8 (t){ tr__,far.  2.98
a
o

hence,
2

“(.é* - x-\A Cé"\\ ZS 2R\ 2 + 2(ANb)% ir__\° 2.99
The right hand side of this inequality tends to zero as n « .
Therefore, (P* -x - XA(P* = 0, whic};: proves that C; satisfies the
equation 2.83 almost everywhere. So{p is a solution of equation 2. 83.
It remains to prove that CP* is the only L2 solution of equation 2.83,
(modulo the set of almost everywhere null functions). Let us assume

*
that\\/ is another Lz solution of equation 2.83. Then,

(&Y - @) = Maw - A
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and
5 b3 t . %k %k % %
(Y -®)-= Xg HN(t-"’s“l’(').‘f’(°).-)(‘r('n-c€’('r)) ar .
. . © . * * 2
where HN is as defined before, since both ¥ and ¢ belong to L

H__ satisfies the hypothesis of the theorem and therefore,

N
t
14" -¢" | glomlf  [aEn (Fo- @) ar.  a.e.
a
(o]
* ok 2t t oo *
e (¥-¢Fgonm?( tH(t.mzd'r-£ (¥ m-PmFfar

a
o o]

2. 2 . (F * * 2
€ (A\N)" B (t) (Y (D-¢(nN7 ar 2.100
a
o

Substituting inequality 2. 100 into itself n times and then setting

o), * *
S— |\r('r)- ¢ (1’)| 2d'l' =p 2’ the following inequality is obtained.
a

o
t
* % 2
g [¥- €1%ar.¢ (aN)® (aNp)®? 2. 101
a n!
o
In the limit, as n-» =, the right hand side tends to zero thus implying
* %
that &y = @ a.e.

This completes the proof of the theorem.

Remarks:

(a) By suitable assumptions on the properties of the
operator G it is possible to prove a similar theorem for the
operators of type AH.

(b) It is to be noted tkat if the zero-input response of the
open loop system is nonzero ie if Ko(t) # 06 then, even if the loop
is closed, the error { remains nonzero. If however Ko(t) =. 6

and x = 6 then @= 6. This is because the present equation = )\Afe

corresponding to the nonhomogeneous equation studied in the previous
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theorem has only the null solution; which is easily proved by
substituting the null vector for the vector ff* in the inequality
2.101.

(c) the steady state solution of the feedback system is
stable. ,. This follows from the fact that the equation of variation
of the system@= x + AA@ is a linear homogeneous volterra
integral equation the solution of which is the null vector.

The proof is quite simple. For let @o be the steady
state solution of the equation®P=x + NAG .

Then,

@, =x +MAGp  with x, ¢ € L2, 2.102

Let x be the fixed L2 input to the system.

Let us assume that the system has been perturbed by application of

an impulse at the input. Let the corre spondlng change in the steady state
solution CF of the systerm be denoted by ph where h € LZ and pois

a real number lying in the interval ’.( 0 1].

Under these conditions equation 2. 102 reduces to
- ) 2.102°
( (fo+p.h) x + NA( (Fo+p.h) 2

Taking the derivative on either side of this equation with respect

to p and assuming that the kernels are symmetric in T 's we have,

t
h(t) = XL grad A h(T) dr 2.103
%
)
where,
grad A = f".f K (t T,T 0-0T8_1)¢°(Tl)co. ?o('rs_i) 2. 104
T «..dT

Let us denote grad At‘f by R(t,T)
o
Then the equation 2.103 reduces to the following linear homogeneous

volterra integral equation,
h(t) = xf R(t,7) h(r) dr 2. 105

o
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which has the solution h =@ a.e.

This proves the proposition made in the previous remark.

(d) It is important to mention that in all the above functional
equations we have used t as the independent variable. In dynamical
problems, such as control, t signifies time, but since similar kind
of equations may also arise in problems of mechanics, t may be

interpreted as required.

EQUATIONS OF THE FIRST KIND:

In many control problems, it is often required to analyze the
input data from the record of the output data which is available to the
analyser.

Examples are, data telemetering, 'ivind gust velocity prediction in
aircraft control etc.

Let us consider the following system Fig. 2.9. in which the
plant characteristics is known, and the output y(¢) as a function of
time is being continuously recorded, at the station. The problem

is to determine the input x(+) that gave rise to the recorded output y(-).

UNKNOWN 9 KNOWN
Fig 2.9: Data Telemetering:

The equation to be solved is,
v = Asx 2.106
Let us assume that A is a continuous functional operator possessing
at least one continuous Gateaux derivative (see definition 3.1, chapter III)

at every point x in some Banach space E.
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Let us also assume that x°(°) and yo(-) are the steady state inputs
and outputs respectively. It is observed over a given interval of
time that the‘output yo('r) has changed to yo('r) + H(T), T€ I: (tos TLt)
The problem is to determine the corresponding change in the input
over the interval I. Let this undetermined change in the input state

be denoted by xo+h.

Then the equation 2. 106 can be written as:
(y°+PH) = A(x°+ph) with @ € [ 01] 2.107.
Similarly as before, the corresponding equation of variation is
given by, ¢
H(t) = Y grad Ax h(g) d 2.108
o
t

o .
where, grad Ax e B(xo | t € ) is in general a nonlinear functional

o
of x, and an ordinary function of t and §. Therefore, the equation
2.108 can be written as

t
H(t) =Y B(x_| t,&) h(§) 4. 2.108"
t
o

This is a linear volterra integral equation of the fir st kind which must
be solved for h(*). This can be solved very conveniently if we assume

that the function B(xo| t,€) is continuous in § .

t
Let us put g(t) = Y h(g) d§ . 2.109
t

o
Then equation 2. 108' reduces to,

t
HW = Bx| t 8)dg @

t
o
which on integrating by parts reduces to
t
1
H(t) = Blx_| t.00g(t) - [ Bylx | £ 980 &, 2.110
t

O
where, 13(1)(xo ¢, E) = 3B(xo| t. &) ]

g dE
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If B(xo| t,t) # O then the equation 2.110 can be written as,

t BU(x¢)
Hy . g(t) -S o g(g) de. 2.111
B(xol t, t) B(xo| t,t)

(o]

This is a volterra integral equation of the second kind and by the usual
method of solving such equations g(:) can be determined. This gives
the unknown function h(*) = g(l)(- ).
It may turn out that B(xo| t,t) = 0, in that case equation
2.110 reduces to,
t
H(t) = -f Bu)(x o) t:8) g(8) a8
%o
which is again an equation of the fir st kind. By the same procedure as
above, we cah convert this equation to
t B(5 lx [t 8

H(t) = - G(t) +]' = G(g) dae . 2.112
gzx | t,t)

B( 1)(xo| t, t)

If B(gl) (x |t.t) # O then we have again an equation of the
second kind which can be solved for G(°) and obtain h(-) = (2)( ).
This may be repeated until we obtain an equation of the second kind.
But it is important to notice that it requires that B(xol t, &) be continuous
in € and possess requisite number of derivatives with respect to §.

Another method of solving the equation 2.108' consists of
taking the derivative on either side with respect to t. This requires
that: (a) H(-) be differentiable on ty, € T<t and (b) B(xo\ t, £) be
differentiable with respect to the first variable t unlike the previous
case in which it was required that B(xo\ t,€ ) be differentiable with
respect to £. If the systern B changes continuously with time and

if the function h is bounded then both the conditions (a) and (b) are
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satisfied, and on taking the first derivative of H, we obtain,

(1) " gl
H' (t) = B(x_| t.t) h(t) +[ Bt&op, E)h(E) d&. 2.113
o
If B(xo t,t) # O, then equation 2.113 provides the equation of
the second kind which we are seeking, and can be solved by the
usual method; otherwise the procedure may be repeated until the
desired equation of the second kind is obtained.

In some instances, the above method breaks down if
there is a singularity in the kernel B(x°| t,€) at £=t. In that
case we obtain a singular integral equation. Any discussion of
thig singular case requires the exact knowledge of the nature of
singularity.

In control problems singularity may arise only if the
system remains completely insensitive, over some interval of

time, to any change in the input condition.

This is illustrated in the figure 2. 10.
/ t=%

B( x| £5%) |

)

Fig. 2.10: A Plot of grad A_ .
Xo

such a system proves to be useless at least in data telementering

work but is not very uncommon in chemical process control. The
) ) ’A t- .

system A can be anyone of the types AU,AH L °F AV satisfying

the appropriate continuity conditions.
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Remarks:

(a) In sections 2.2-2 and 2.2-3 we treated control problems
in which the terminal conditions are specified. This gives rise
to functional equations in which the upper limit of integration is
fixed. It was observed that the conditions that the functional must
satisfy for the existence and uniqueness of solutions is quite restri-
ctive. In contrast in sections 2.2-4 :where causal systems are treated
with the upper limits of integrations \‘rariable, the conditions are not
80 restrictive,

(b) By similar considerations, as in remark (c) following
theorem 2.5, it can be shown that in the case of functionals with
fixed upper limits, the equation 2.105 becomes

h(z) = xg boR(t.'r)h('r) ar 2.114

%o
which is a homogeneous Fredholm equation (7] and its solution
h(-) = 0if X is not an eigen value of the kernel R. If however X\
corresponds to an eigen value of the kernel R there may exist -
several solutions, the number of solutions depending on the index
of the eigen value \A. Obviously for stability reasons the feedback
loop gain N\ must be chosen away from the spectral set of R.

Similarly the equation 2. 108' becomes

t
H(t) =f 1 B(xol t, §€) h(§) d§ 2.115
t

O
tel: [t ,t ]

which is a Fredholm equation of the first kind. For a fixed xo(- )»
we can very easily reduce this equation to a corresponding equation

with symmetric kernel by simply multiplying both sides of equation
2.115 by B(x°| t,7 ) and then integrating the resulting function with

respect to t over [ totl'].
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This gives,

t ty
( i B(x| t, T) H(t)dt =I 1dgh(g)f B(x_| t,1)B(x | t.5)dt 2.116
to t
O (o]
writing
H'(x { 7)2\B(x | t,7) H(t)dt and
° te O 2.117
Lix | 7.8 )=( 1 B(x_| t,7)B(x_| t,8) dt,
t .
° T, g €[t .t]
we have, ¢
i
H'(xo| t) =( L(xo| t,7) hit) dr. 2.118
t

o
The kernel L is symmetric and even positive. If we assume

that for every xo € LZ, L(xol t, 7 GLZ(IxI) and H'(xol t) GLZ(I)
th'en\_we‘. may conveniently apply Hilbert schmidt theorem [77]to
solve for h(*). The necessary and sufficient condition for the
existence of an unique LZ solution is that L. be closed and that

z Ikl(xo) (H', @) 2< ® . 2.119

[l

Here, {xi(xo) } and {@i } are the eigen:values and the eigen

functions of the kernel L and h is given by,
n
. ' \
4.i.m ifl Xi(xo) (H', Cfi) Cfi . 2.120

CONCLUDING REMARKS:

In this chapter we were mainly concerned with the problem
of analysis of nonlinear control systems. The class of systems
considered are quite general, therefore the results obtained can be
applied to a fairly large class of problems.

Though the class of systems considered is quite general,

the work done is very little; this is mainly because we restricted
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our operators to be acting on some LP space (for some p)
and demanded the solution to belong to some LP space (for

some p) also.

By extending the domain of the operators to some
measure space and demanding measurable functions as the
solution to equations of the form previously dealt with. we-

would have exploited the full potentiality of the operators defined.

For the existence of a solution, Schauder's principle [19]
demands only that the operator be continuous and compact and that
it transforms a closed, convex subset of a Banach space into the
same subset.

The introduction of Orlicz spaces {20], which is a
generalization of the classical Banach spaces, makes it possible
to consider completely continuous operators acting on this larger
class of spaces.

Krasnosel' skii and Rutickii [ 21] have proved the exis-

tence theorems for solutions of equations of Uryson and Hammerstein

types:~-

y(t) x(t) + X{ K(t,T; y(r)) dr . 2.121
I

and y(t) Xf K(t,7) g(7; y(1) dt. 2.122
I

Their methods require the construction of suitable Orlicz spaces,
for example in the case of the second equation it is required to
construct two spaces LM and LN (where M is a convex function
complementary to N) such that g carries each function y € LN
into one which belongs to LM and then K carries the resulting

function into one which belongs to LN. If there exist two such
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spaces satisfying the schauder's fixed point principle then the
equation 2. 122 has a solution in LN for every value of \.
It is shown [ 21,227 by Krasnoselskii and others that in the
case of Hammerstein operators of type 2. 122, even exponen-

tial nonlinearities may be treated if the problem is formulated

in the frame work of Orlicz spaces.

in future it may be possible to prove similar theorems
for the larger class of Uryson and Hammerstein operators

introduced in this work.

In the following two chapters we will be mainly concerned

with synthesis of Nonlinear control systems.



CHAPTER II1

"OPTIMUM SYNTHESIS OF NONLINEAR SYSTEMS"
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3.1: INTRODUCTION.

In the previous two chapters only problems of analysis
were considered. The problem of synthesis, (which may be roughly
described as designing a suitable system (operator) knowing the class
of inputs and the corresponding class of outputs such that the overall
performance is optimum in some sense), is always a difficult engi-
neering problem. The degree of complexity of the problem depends
upon the degree of accuracy of the performance demanded. For high
degree of accuracy in performance, more complex systems must be
taken into consideration.

We will consider the following two typical design problems
of optimal control systems.

(i) The plant input and the desired output defined cver a
given interval of time I are specified in terms of either their
stochastic characteristics or interms of their higher order moments
with respect to time. The class of Nonlinear operators to be consi-
dered is specified, (for example it may be mentioned which of the
types AU, AH, AL or Av will be considered). The problem is to
design the parameters of the control systems (for example the kernels
of the operators) such that the difference between the desired output
and the actual output is minimized in some sense.

We consider this problem for operators of type A__ and AV

H
in section 3. 2.

(ii) The plant is fully specified (for example the functional
representing the plant has known properties). The desired output of
the plant is also specified.

The problem is to design a control signal with or without
constraints such that the overall cost of control of the plant is minimized

in some sense.
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This problem is considered in section 3.3. The class of
systems considered is quite general; it is only required that the
functional representing the system possesses two continuous Gateaux
derivatives at every point in the space in which it acts.

3.2: INTEGRAL EQUATIONS IN THE OPTIMUM

SYNTHESIS OF A CLASS OF NONLINEAR
TIME-VARIANT SYSTEMS.

In this section we consider the optimum synthesis of time-
varying (including the time invariant system as the special case)
nonlinear systems subject to an arbitrary nonstationary nonGaussian
(including Gaussian as the special case) input process. In any opti-
mization procedure, it is necessary to know a priori the class of
systems on which the optimization is to be performed. We will
restrict our selves mainly to the two classes of operators A__ and Av

H
and denote them by A.

ADDIT)V DESIRED
NOISE ouTpUT

m z

INPUT x PL:NT —-z—”J

Fig. 3.1: Optimum Synthesis of Nonlinear Systems.

Let {n(t), tcI} and s(t), t€I be the nonstationary noise and signal
pProcesses respectively and {x(o,t)} defined as x(o,t) = n(o,t) + s(t)
be the input to the system A, Fig. 3.1. It will be assumed that x(J, t)

is Borel measurable in 0 € B. and Lebesgue measurable in t € M_,

I I

where BI is the g -ring of Borel sets in the function space QI and MI

is the class of Lebesgue measurable sets on I. The interval Iis the

pPeriod during which the system operates on the element x(g ,» t).
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Let y{ ,t) be the corresponding actual output and z(t) be the corres-
ponding desired output. z(t) may be taken as some desired functional
of the signal component s(t) of the total input. For example z(t) may
be taken as s(tda), a >0 in the case of prediction, or any other desired

functional of s(t). For convenience of discussion of the physical realizac

bility of the optimum system, we will rewrite our operators AH and Av
as,
N¢o
Ay = z_o f.i‘..fxs(t;'rl,...Ts)g(t-'ri. X(0 1 t=1)) .. g(E-T b, £ ). dT ...dT
tel: [o T] 3.1
and, N«¢=

Avx = 2— f"s'glls(t:‘riooo.rs)x(c, t-Tl)-QOX(U. t"g)d'rlnco de
s=o " I
t€l: (o T]. 3.2

where o { N <® and Ks(t,'rl....'rs) = 0 for .'ri< 0 (i=1,2,... 8) for all
s > 1. This last condition is imposed by the fact that physical systems
cannot respond to future inputs. This is known as the socalled causality
relation. The interval I is assumed to be of finite Lebe sgue measure.
It is assumed that the operator A is continuous and that it maps
Lz(QIxI, BIx MI’ pB.m) into LZ(QIxI, BIx MI’ p.B.m) where, QIxI
is the product space, BIxMI is the producto-field generated by the

of Borel cylinders on _and the o-ring M_ of Lebesgue

I 1 I
measurable sets on I. (p.B. m) is the product measure with Py the

o-ring B

Borel measure on QI and m the Lebesgue measure on 1.

The above conditions are satisfied by the operator Av if we
assume that x{o,t) € LZ (QIxI, BIx MI’ p.B.m) and Ls € Lz (Is+1) for all
0L S¢N<K>, sgince according to measure theory a continuous function
of a measurable function is a measurable function. In the case of operator

AH we need the additional condition that G-defined by, Gx = g(t; x(o,t))

be continuous in x and that G: L2—> Lz. Since the class of volterra-

Frechet operators is a subclass of the class of Hammerstein operators,



- 77 -

we consider the later class, and denote this class by HN. Since the
operator G affects the optimal choice of the Kernels of the Hammer -
stein operator, we will assume that G has been chosen to be the optimal

zero memory operator. For the optimal choice of the Kernels, we have

the following, theorem,

Theorem 3.1

For almost all t €I, let x(o,t) € Lz(uI B r pB) be the input to the
+
system A GHN Let [K }GI..z s+1) for all s € J (the set of positive
integerg up to N) and let yb t) € L (QI B i p.B) be the output of the system
A, Let A be assumed continuous in the sense that for every €>0 9a
8(c)>o a<x "Xy, X, x)(%{é) implies CAx -sz Axi-Ax 7<€ Let G

B
be the fixed optimal zero memory operator continuous exactly in the

same sense,

Then a necessary and sufficient condition that A € HN’ be the
optimum system is that the corresponding Kernels { Ks] , (8=0,1,2,..Ne)
satisfy the following system of integral equations.

N
CPB (t,t-6,, t-6) = E_ ~-Ii_f\\’s. L85 t-8 3 toTy .. t=T )K (¢,7 ..7 )d7...dT, 3.3
for almost all t €I, and almost all (61...68) GIS, (s =1,2,...N).
Proof:

2
Let us define the functional F7 (A, t) > 0 by,

F3(A,t) =f |Ax@,t) - z(t)} 2 dpp, t€ L 3.4

9
) §
This expression gives the ensemble average of the square of the error
as a functional of the operator A EHN and as an ordinary function of t € 1.
We are interested to choose an element A from HN such that FZ(A,t)

attains its infimum. That is we are interested in the quantity,



- 78 -
Inf F2(A,¢)
Aé HN: Bn
such that . ¥B € H and all B in F(R/C)(the field of. "
real or complex numbers), and for almost all t €I,
F(A +8B ,0) A F2(A, 1) = F(A, 1).
For abbriviation, we will write the equation 3.4 as

FZ(A,t) = <Ax—z, Ax--z)aB 3.4

Let us assume that A € HN be the optimum system for any finite N.

Let GZ(D.t) be the error functional corresponding to the operator D GHN.
where D=A +8B, with B eHN and B is any real number.

Then,

G2(D,t) = F3(A +8 B, ) 3.5

Fi(a,t) +82 <Bx.Bx>pB- 28 Re<z-Ax, By . 3.6
B
If we assume our stochastic processes to be real valued functions and

the Kernels corresponding to the operators, all real valued Lebesgue

measurable Kernels, then the equation 3.6 becomes simply,
G2(D,t) = F2(A,t)+82 <Bx,Bxp - 2B<a-Ax, B> 3.7
B B

The last term in the equation 3.7 can be written explicitely as,

<z-Ax, Bxa =
B -
N N
= f.is-f L_(t:8,...0 ) (P (t;t=8 ,...t-8)- Z_§oiref \\;’ L8 e t-0_5 T, t-T)

Kr(t;Tl...'l‘r)dl'-idl'r] @1...008 3.8

for: almost every t €I, where, {KB] are the Kernels corresponding
to the optimum system A and {Ls} are the Kernels corresponding to the
operator B.

The functions q;s and \'ls/ . are defined by,
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P,(tit-g..t-0,)= (1), glt-8  , xb »t-8,)).. g(t-es,x(c'.t-es))>pB 3.9

and

3.10
\:’r(t-ei..t-es,tarl...t-'rr)-<g(t-e ,k(o}-q))....g(t-Tr,x(o,t-'rr))>pB
The result of the theorem will follow if we can show that FZ(A, t) is

minimum if, and only if <z-Ax, Bx >p. (as in 3. 8) is zero almost every-
where except on subsets of sets of Lebesgue measure zero; for any
arbitrary choice of the operator B € HN (i. e the corresponding set of
Kernels {Ls} ).

If <z-Ax, Bx >“B = 0 a.e. on I, then

G2(D,t) = F3(A,t) +8 2<Bx,Bx7“ >F2A,t) a.e on I

. B
for any B. Hence FZ(A,t) is minimum and A is the optimum system.

This proves the sufficiency condition of the thorem.

For the proof of the necessary condition let us note the following,
Let us rewrite 3.7 as,

G%(D, t) = F2(A, 1) - 28 (<o-hx,Bx> - %{Bx,Bx}p Y 311

B
Let {z-Ax,Bx >|.L # O, then, since B is an arbitrary element of HN,

we could choose Bthe operator B ie the corresponding Kernels {Ls}
such that<{z-Ax, Bx >|"'B >0. Then since {Bx, Bx7pB) 0 andBis

any arbitrary positive real number, B can be chosen so small that

the term inside the bracket becomes positive. This immediately leads
to the contradiction that FZ(A.t) is minimum.Hence for any arbitrary

B EHN it is necessary and sufficient that,

<z-Ax, Bx >|~"B = 0, VBe HN. 3.12

Since B is arbitrary, {Ls} are all arbitrary except that B €H__ and

N
Ls € LZ(IB+1). Therefore, setting Ls(t, q .o es) equal to the conjugate

of the quantity inside the bracket (equation 3.8), we have,
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N N ' o
z f"i.'f RACIEPLCREE 3 fref Yo, attogo e e8 sty ey

2
. .
Kr(t'Tl"'Tr)dTl"dTr cwl_,,des
= 0 a.e 3.13
onl.
for every N <o ,

This implies that
N

cPs (t:t-el...t-OJ:.rEo f 1"‘( L|~!”r(t-91,...t~e’$;t-1-1....t-»rr)

Kr(t,'ri...'rr)d'i... drr 3.14

for almost allt € I and almost all (91. .o es) € IB, where,
8 =0,1,2,°N, Q.E.D.
N. B:

In the case of operators of type Av, the equations 3.9 and
3.10 reduce to

Pltt-8,...t-8) = Cav). xb.t—ei),...X(c.t-Gs)ZLB

and

\r (t-el. ceoe t‘os; t‘l se e t:r) '-‘Q‘bl » t-el)‘ - x(J' » t-e.)-°xb', t"rl). . x(O, t-‘l‘r l?
sxr B

respectively.

Cor ollary:

The minimum of the error functional FZ(A,t) resulting from
the optimum choice of the operator A, whose corre sponding kernels

[Kr} satisfy the system of integral equations 3. 14 is, FZIn(A,t) where
F2 A,t z,2 - Ax,z >. .

3.15

N
g, (t1) L 2 flsf 2(tit-8;, ... t-0,)K (t,6...8)x

ﬁdelocodes . 3. 16
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Proof:

FZ(A, t) = <Ax-z, Ax-z P4
"B

=<Ax-z, Ax> +<,z> -{Ax,z> 3.16
a2} B s -

The necessary and sufficient condition for optimality was found to be,
Lz -Ax, Bx>“B = 0 VBe¢ HN for any finite N.

Since A EHN the first term in equation 3. 16 is zero for
almost all t € I. Hence it follows that if A is the optimum operator
then

F2 (A, 1) =<z,z>p_B -<Ax,z>“B which is

the desired result. Equation 3. 16 follows from writing out all the
terms explicitly and interchanging the order of integration on QI with

respect to Mg with those of Lebesgue integration, and denoting,

<z, z>“B by g z(t, t)

and <z(t) . x(o t-61)...x(0, t-98)>“ by
B

¢8 (t; t-el- e o oy t-68)°
The interchange of the order of integration is justified by Fubinis

theorem (1,2] .
Q.E.D

Remarks:

The preceding theorem is quite general in the sense that it
covers the problem of optimization of a large class of time variable
nonlinear systerns. The input is not required to be deterministic but
can be some arbitrary nonstationary stochastic process.

It is clear that the volterra functional series does not admit

delat functions in its Kernals even though the Kernels are assumed
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to be Lebesgue measurable. On the other hand the Hammer stein

functional series (proposed in this thesis ) does admit delta functions
of all possible orders through inclusion of the operator G. In addition
the Kernels are also assumed Lebesgue measurable. This theorem

utilizes both these classes of operators.

Solution of Equations 3. 14

In general it will be very difficult to solve the system of
integral equations 3. 14 by any available analytical method. However
computer techniques may be employed. For this purpose, the method
of steepe st descent may be utilized to obtain an approximate solution.
Before considering the steepestdescent method, we will slightly modify
our problem.

Instead of minimizing the functional FZ(A,t) equation 3. 4!, let us

consider the quantity,

Iaf ( F2(A,t) dm(t)
I
AEHN
This is completely equivalent since if
F2a,0) = F2A+€ By) AF3(A,t) then,
§ F2(A,t) dm(t) € Y F2(A+€B,t) dm(t) Vv B €H
1 1

for every € # 0. The converse need not be true, since we

may be interested only in minimizing,
( FZ(A, t) dt = ( <Ax-z,Ax-z> dm(t )=<Ax—z,Ax-z> 3.17
I I e -} H

where pu = g X m, is the product of Borel and Lebesgue measure on
2 .

the product space L (S?IxI, BIXMI’ p.me). NII is the class of

Lebesgue measurable sets on I, and m the Lebe sgue measure.

Thus,
<Ax-z, Ax-z>“.

(YK, K) - (P,K) - (K,]) +<z.22) 3.18
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where,
<Ax, Ax> = (YK,K)
{Ax,z>» = (K, d) |
‘3. 19
<z Ax> = (d K)
and
- N<es N «
(VK,K) = z z f -+r+1ﬁ5r "Op e t0, tT 6T ) K (66, 0K (67..7)
d6;...de, dr;dr dt 3,20
N<K= *
(K,$) = ,i O-I,-,,f[cp. (t;t-q..t-ea)xa(t;ei..e.)dei..des dt. 3.21
N<= *
(&, K) -z 1":’if Pe.t-0,. (tB 0K (t,0,...6) d8,...d8_dt.  3.22

‘Wwhere * means the complex conjugate.
Itis clear that\yis a linear operator on a Hilbert space H, defined as the
direct sum of N+t copies of the Hilbert spaces Hm,
N+1
ie H= Z ®4y m 3.23
mei
The elements of Hm are Lebesgue measurable and square integrable
functions defined on I™. Hence the elements of H are N+i tuples.

An element K of H has the form,
C Ko(t), Ki(t’Ti)' coe KN(t,Ti. . .'rN)] .
4" maps an element K €H ,into an élemerit L€ H such that, L=YK and

N

Ls(t’Ti"'Ts) = _o Irf\rsr(t-tr t-T st- e c..t-0 )

Kr(t,ei...er)dei...der, 3.24

1
with, (£,T,..7T ) 3 0,1,2,...N).
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S1m11ar1y, the inner product on this space is defined by,

(L,K) = z ( . g L (t,8,.. .\es) KB (t,ei...es)dei..desdt. 3.25
e | .
Inpa.rticular.
z 2
K = Z f-';lflx (t,0,...6,)| d8,...dg at. 3.26

From 3.22, and 3.24 it is clear that @ and Waatisfy, the following
linearity properties,

(aKbL, P) a(K,p) + b(L, ) 3.27

Y (aK+bL) a’' YK +bl4L 3.28

To avoid notational difficulties we will assume that the stochastic
processes under consideration are real valued functions and the
kernels {Ks} are also real valued. This will imply that the Hilbert
space H is real.

We are interested in m1n1r;uz:.ng the expression 3. 18, over

HN and therefore over H. Since the last term in this expression is
independent of K, and H is real we need to consider only,

QK) = (YK,K) - 24, K). 3.29

Extension to complex Hilbert space is not difficult, It is clear from

the expression 3.19 that whether H is real or complex, the map Y

is at least positive semi-definite and self adjoint.

ie (YK,L) >0 VK,Le H 3.30
and (YK,L) = (XK, ¥ L) = (K,%1) 3.31
In this case, the oprator is in fact positive definite.

That is,

(YK, K) >0 VK # 8 € H.

Let (YK,K) =0 and K# 9 then it implies that,

(YK, K) _<( zf [K (t,T .7 RE-( 'l‘l,x(o',t-'r ))..g(t-‘r »x(q, t-T )
...dT) > 0 3.32
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If the stochastic process x(o ,t) is non-singular that is the measure

N induced by the process on the function space QI' is a nondegenerate
Borel measure then there exists an element o, € B 2 (g (t-‘ri,xbl, t-T ))
...g(t -T ,x(oi,t-’r ) =K (t, g-*+T,) are with N ) > 0. In that case

3. 32 becomes,

(YK, K) = p b)) s, {%: f...ﬂxr(t-,'ri. . .Tr)\zdrl. .dTr}z dt= 0
I I

This implies that K 2 0 a.e, which contradicts the assumption that
K# 6. Hence (YK,K)»0 VK # 6 € H.

The Hibert space H on which\ha defined can be decomposed
into the form H = H'®H® such that (H H° ) = 0 and an element L € H
has the representation L = L.1 +L where I.,1 €H1 ‘and L en®
The subspaceé H° may be deﬁned as the null space of t.he operator 4’
such thatWY'L = ¢ Y LeH® and L# 6.
with this preparation, we now consider the pProblem of minimization of
the quadratic functional Q(K). A geometrical interpretation of the
method of stée.;)e st de scent on the Hilbert space H can be given'as follows.
Let us define a set Ar by

{ KEH > Q(K)£ r}

where r is some real number and Ar C H.

For each value of r€ R.i, dATr defines the surface of a closed elliposid
in H. Therefore [Ari} > T, € Rl, defines a family of elliposids with
centre at the minimum point.

Let K € H! be given as the initial approximation then Ko lies on the
surface of some elliposid of the family {A } . The essential idea of
the method lies in the fact that from the po1nt K € 3 A one moves
along the direction of the gradient at tkis.point, ie alongothe normal to

aAr0 at Ko and reaches a point K1 where Q(Kl) is the least on this
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normal, that is, a point K1 where the normal line is tangent to some

elliposid of the family {Ar }. Let dA  be the surface of the corres-
i 1

ponding elliposid with K1 eaAr - The next step is to move from this

point along the normal to 3 Ar .1 at the point K This process is

repeated until the desired accuracy is rea.ched.1
It is important to note that solving the integral equation K = ¢
is entirely equivalent to minimizing the finctional, (VK, K) - 2(¢, K).
So the quadratic functional to be minifnized is,
Q(K) = (WK, K) - 2($, K) | 3.33
Let us choose Ko ¢ H® as the initial approximation and let L be any

arbitrary element of Hand B €R'.

Then,
= 2
QK, +B L) =Q(K)) +28 (YK_-9.L) +8°( YL, L), 3.34
and the variation of the functional Q(K) at the point K = Ko and for
any L €H is
dQ _ .
(38 B=o 2(YK_-&.L). 3.35

By Schwarz inequality, the expression ("l"Ko -49, L) attains its maximum
if L is chosen to be equal to“"Ko -4).' which may be called the gré.dient
of the functional Q(K) at K = Ko.
Let us denote this L by Lo that is,
L=L =YK _-¢.

with this choice for the value of L, equation 3. 34 becomes,

- - 2 )
f6) = QK _#L ) = Q(K ) + 28(L_,L_) +8 ("\’LO,LO).
Since'\Yis at most.- positive semidefinite, this quadradic polynomial in
B will attain it minimum for some value of B . This value of B

is obviously obtained from,

df _ _
ap - 2L L) +B(YL ,L )= o.
2
Therefore, 5.8 - _ (Lo, Lg) =_“_L_Cl_

O
( L,L) (YL, L)
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with this choice of 50 equation 3. 34 becomes,
4
Iy
+ = —
Q(Ko So Lo) Q(Ko) (YL, L)
o’ "o
at the point K1 = Ko +B° L° € H.

This is an improvement over the initial choice for K = Ko.
By repeating the above procedure, it can be shown that at the nth step

we obtain,

(i) L =YK , - ¢

n-1

(i) B__, = YL L . h =1 3.36

(;ii) Kn = Kn-l +Bn-1 Ln-l
4
d Q(K_) ak__) - dla-il
andg, = -
n n-l (\kLn-l’ Ln_l)

4
ak, . 2 1%l 3.37
o s=1 (YI_"s-l’Ls-l)

Equation, 3.37 shows,- that at each step Q decreases steadily. If at

certain stage (say nth step) the sequence terminates ie

Lm =0 then,‘YKm = ¢ and Km is given by Km = Km-i*am-lLrn-i'

such an ideal situation can be hardly expected and hence the que stion
of convergence of the sequence {Q(Kn)} needs special attention.
Instead of considering the ccnvergence of Q(Kn) let us consider the

convergence of an equivalent quantity, (\kwn,wn) where w is the error

vector defined as follows. If K€ H, be the exact solution of the €quation

\\’K =@ , then the error vector at the nth step may be defined as,

w = K -K with w ¢ H. o 3.38
n n n e



- 88 -

Thus, by 3.36 and 3. 38, we obtain
w.o =YKk -YK = \YKn -¢= L, } 3.39

and w = w +8 L
n n

Therefore,

(Ywn'wn) (\Ywn l\kL -1’ ¥n- 1‘*Bn-1Ln-1)

(L__ L-Z 3.40

, )
n-1" "n-1
Nw"'l'wn'i){l -(YLn-i'Ln-i)(wn-i'wn-i)}

A theorem due to Greub and Rheinboldt [9] which is a generalization of
a corresponding theorem proved by Kantorovich (10] states that if \{
is a self adjoint linear operator on the Hilbert space H and if Y satisfies
the condition,
d(K,K)€ (YK,K)¢ D(K,K) and 0<d
then,

2
(WK, KW !k, K)é—‘-%ni;iL(K. K)? , ¥K cH. 3. 41

In our case,Yis a real and symmetric linear integral operator on H
and further if we assume that Yis positive definite then all the
hypothesis of the above theorem are satisfied and we can uee the ine-

quality 3.41 in equation 3.40 and obtain,

D-d .2
N’wn.wn)s (\-\’wn_i.wn_l) (B )

. -3 2n
€ (\kwo’wo) (PD_-ig-d- )

since -D—.‘-i) <1, th1s shows that (‘f'w ,w ) and therefore Q(K ) -
Q(IQ, converges to zero with the geometric progression. In fact
since\Yis positive definite, the error |\£::tor wn converges strongly

to the null vector in H, since \wé\éq'-:l—)- ( )n B w ‘ . 3.42
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This in turn implies that the sequence {Kn} constructed by the method

of steepest descent converges strongly to the optimal solution K.

But if the operator \Yis only positive semidefinite then the sequence Kn
converges weakly i.el YKn-¢‘90 and liﬁn Q(Kn) = Inf Q(K).

Recently an elegant proof of the weak convergence of a sequence cons-
tructed by the method of steepest descent has been given by Balakrishnan
(11] . The weak convergence ensures that an approximate solution can
always be computed even when there is no element K €H that satisfies

the equation YK = 47.

Remarks: (a) Theorem 3.1 is quite general in the sense that (i) optimi-

zation is considered over the whole class HN of nonlinear time variant : -
systems. (ii) the input to the plant can be an arbitrary nonstationary
stochastic process and (iii) the interval I over which the stochastic
Process is defined is arbitrary.

The principal limitation js that it requires the complete knowledge
of stochastic properties, in terms of multiple distributions, of the input
Process. In the case of time invariant nonlinear systems the necessity
for multiple distributions may be replaced by that of multiple time averages
provided the additional assumptions of stationarity and ergodicity is
satisfied.

(b) Another possible method for solving the equationVYK = 49
is the Hilbert-schmidt method. For let | A\J£IN,\g|M ;| ... be the
eigenvaltes arranged in the nondecreasing order and il'l, '112. .o 'u"n. .o
the corresponding eigexi functions belonging to the real symmetric Kernel

Y, such that &_ =\ Yu_.

If both Yand ? belong to their appropriate L2 spaces and if YK=¢>
has a solution K of class p.2 then by Hilbert-schmidt theorem [7]
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we have, - (K,u )

_ 8
‘P sz=:1 A us
8
and the series on the right hand eideaconver ges almost unifosmly to the

given function ¢. If the series, s}=:1 \xs (P, us)l 2 converges then

there exists an I..2 function Ko tc which the sequence Kn defined as,

n
Kn = s}=:'1 )‘l (¢,u') Us

converges inthe limit in the mean. That is

Ko = {.iﬁm Kn

This follows from Riesz-Fischer theorem.
If further H° is empty that is if Yis closed then Ko is the unique Lz
solution of the equation\YK =¢.

This method requires the knowledge of the eigenvalues and
eigen functions of the operator which is not always easy to evaluate.
However there exists [7] definite variational r'riethods for their
computations. .

On the other hand steepest descent method requires only the

evaluation of multiple integrals which can be performed by computers.

(b) It is important to note that in equation 3.23, we defined H as
the direct sum of a finite number of Hilbert spaces, but in fact there
is no theoretical limitation on the consideration of a countable number

of spaces giving H = Z @ H m’ 5° long,

2
|K°ll z: ';;i“ goe-T )| d'r...d'rcu:qn .

3.3 FORMULATION OF AN OPTIMAL CONTROL
PROBLEM AND ITS SOLUTION.

In the consideration of the second problem as stated in the
introduction, the following definitions and remarks will be useful.

The operator A appearing in the following context may be
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any one of those defined in chapter, I. Since the following work applies
to even more general functional operators, A may be interpreted as
Ax = F[{ x(-),t]. For compactness F[(x(-),t] will often be written as
simply Fx.

Definition 3.1: G-"Derivative."

The operator A acting from the Banach space E i into the |
Banach space E, is said to possess a Gateaux derivative at the point
x € E1 if there exists a linear operator B from E, into E_ such

1 2
that

lim | A(x+uh) - A(x) - pB(h) | = o 3. 43

Kh-p»o B
¥ h € El’ where p is a real number.
If B exists, it will be called the G-derivative of A at x and will be
denoted by

B = A' = grad A
X X

Definition 3.2: F-Derivative.

If the operator B satisfies the more restrictive condition that

1im  LAGcH) - A -BRI . 3.44
Ihij»o ih) .
then A is said to be Frechet differentiable at x G-iEi and will also
be dénoted by
B = A' = grad A 3.45
x x R

Remark

If Ax is F -differentiable at xo € E1 then its G-derivative

also exists at x, € E1 and equals its F-derivative.

On the other hand, if Ax is G-differentiable at xo € E, and if A;c ,

i
o .
the G-derivative of Ax at xo, is continuous at xé, then its F-derivative

exists and eéluals the G-derivative.
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An example of an operator possessing both the G- and F-
derivatives at anx point x € E1 is the operator of type Av (valterra
Frechet operator).

The operator A corresponding to the functional

0
Ax = F [x(-);t] = .Eo §£'- f Ks(t; Tl' 'Ts)x(Tl)"'x(Ts)dTi"'de 3. 46
has the derivative A"‘ at x, € E, where A' is given as
. N 3. 47
! = * e e e .
Axo -§1 e f ‘(K (t,g, T, seee Ty )x (1' )...x (1‘ 1)d'l' ces 9_1

A /\ (t, 8 Ixo) .
And for any h € E A 'h 'is a linear functional of h.

f/\ (t.;lx)h(g)dg. 3.48

In deriving the equation 3,47 it is assumed that the set of Kernels

{KB} is symmetric in all its variables. This is not a restriction since

the Kernels can be symmetrized.

Similarly, we can define the G and F-derivatives of the operators of
U

assumptions.

In the case of operator of type AH’ we assume that g(t,u) is

type A__ and AH (equations 1.21 and 1.22) under certain simplifying

measurable in t and continuous in u for allt€ I and |u|gr =
where r is some real number.

In this case the gradient of the operator AH at the point X G'.I‘ch1 is
given by,

N .
1

cees g(Ts-i'xo(Ts-l))dTi' "de-i

(t,8) EIZ : 3.49
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where P; is a cyclic permutation of the variables (Tl'°'Ts) of order
8 with respect to the symbol & and gl(t,u) = g-& (-t,u)! In case
the Kernels are symmetric

N 1
grad Ax = s§1 !F.ﬁ(s(t' g’Ti'"Ts-l)g (g,xo(g))...g(‘l's_lato('l's_l))
° 18-
dTl... de-i.

Denoting grad Ax by /\H(t.§ ‘xo(' )), the first derivative of the

3.50

o
functional corresponding to the Hamme rstein operator AH at the point
x, € T, 1is given by,

(grad Axo. h) = (I/\H(t.§|xo(-))h(g) dae 3.51

for eachx €T and YVhe€ E
o P 1

similarly in the case of operators of type AU’ the gradient of AU

is given by,

N
= s (1), . )
grada_ = z . P U T x @ )k ()
o I8
ar . ..dr_ 3.52

for almost all (t,2) EIZ.

p; is as defined before and U(:)

3 U

A d
con{inuous in the variable (d eeo ) in a suitable s-d1mens1ona1

is defined as U(izt.‘l' eeT u,...u )=
8 1 s 1 8

» under the obvious assumption that each of the functions U are

Euclidian space, and the der1va.t1ves are integrable. The first derivative
of the functional corre sponding to the Uryson operator is given by,
(grad A_ ,h) = fl Nyt 8] %, (-) ) h(g) ag 3.53

o
for eachxoe ’]B and VheEi.

Since most of our subsequent discussions are valid for all the three

classes of operators we will ommit the subscripts of the functional A .
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Another important example of a functional which has a derivative
in both the Gateaux and Frechet sense at each x € LP is the functional

¢ (x) defined as,

1
¢tx) = Jxh_ = (f =) Paw’® vxerP. 3.54
I
It can be easily shown that grad ¢, at the point x € LP ig,

{- P
grad ¢, = ("xlp) plxl /a aignx.(p,q)l,%'i-é: 1) 3.55

and the cortresponding differential of the functional ¢ at an arbitrary point
x € LP for any h is,
(1)(x h) = (grad ¢ h)
¢ o’ xo’

= (|xo\| p)i-p (|x°| l7‘1 sign xo,h). 3.56

Clearly this is also a linear functional in h.
In the case of I..z space,

¢ m) = )™t Gem) 3.57

In the theory of nonlinear analysis another important concept which
i

is often encountered is concerned with potential operators.

Definition 3. 3: Potential operators.

A real differentiable functional Gx with domain D(G) < E1
is called the potential of an operator Fx, also acting in El’ if Fx

is the gradient of Gx.

Definition 3.4: Critical points of functionals.

A point x, € E1 at which grad Gxo = Glxo' = 0 is called a

critical point of the functional Gzx.

Definition 3.5: Relative extremal points of functionals.

An interior point x, of asetTcC Ei’ such that ¥x €T, G xo>,Gx

is called a relative maximum. Similarly if Gx06 Gx Vx€T then the point
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x_€ T is called the relative minimum point of Gx: in T. Relative
maximum and minimum points of Gx are called relative extremal

points of Gx.

Theorem 3.2

A relative extremal point x € T of a differentiable functional
Gx is the critical point of Gx.
Proof:

Let g(p) = G(x°+|.|h). h e El’ M eR1 then it follows immediately

that the real function g(p) has the extremal point p=0,

dg = G =
(dp )“=o ‘oh 0 ¥YheE,
Hence G; = Q! (xo) = 0. This proves the theorem,
o

For a functional to possess a critical point it is not even
necessary that jt be weakly continuous (see definition 1.9). Itis
sufficient if it is only weakly lower or weakly upper semicontinuous .

The following definitions will make this fact clear.

Definition: 3.6

A subset T in a Banach space E is said to be weakly
compact if every infinite sequence of elements of T has a weakly
convergent subsequence, the limit of which may not belong T.

It is known that all reflexive Banach spacesgi [ 5] and this

all Hilbert spaces have weakly compact spheres.

Definition 3.7: Weakly lower /upper semicontinuity.

A functional Gx is said to be weakly lower semicontinuous
at X, € E if (.‘zxo doe s not exceed the limit inferior of the sequence
Gxn, i.e \; ®

N G 3.58
Gxo‘ n=1 ksn xk'



- 96 -

for all sequences [xk] that converge weakly to x_.
Similarly the functional Gx is said to be weakly upper
semicontinuous if the following condition is satisfied for all

sequences{ xk.} converging weakly to x _:

L -]
G x N\ \/ Gx 3.58!
o)n=1 k;n k ,

A theorem due to Vainberg [12] which will be used subsequently is
quoted below: '

Theorem 3. 3

A weakly lower semicontinuous functional Gx is bounded

below and attains its lower bound on every bounded and weakly
compact subset of the Banach space E.

Since we consider only reflexive Banach space E, all
bounded subsets of E are weakly compact.
Proof: See Vainberg [12]

Definition 3.8 m-property [12]

A weakly lower semicontinuous fynctional Gx is said to have
the m-property on a bounded, and closed subset T of E if there
exists a point x, € T such that for all x on the boundary of T denoted
by a T ‘

Gx°< Gx, Vx€3 T - 3.59

Theorem 3. 4

A Gateaux differentiable functional Gx with the m-property
hag at least one critical point.
Proof:

The proof follows from theorem 3. 3 and the definition 3. 8.
By theorem 3.3 Gx attains its lower bound on the set T for which

3.59 holds.
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If now Gx is assumed to possess the m property on T, then it

attains its relative minimum at the point X €T.

Q.E.D
Now we can consider the problem (ii) as stated in the introduction

to this chapter. To be specific, let us consider the following

control system, Fig. 3.2 where,

Fig:3.2: Optimum Synthesis of Control Function.

P is the plant described by the functional operator Fx = Flx(.),t]»
x(t) € p2 (I) is the control signal defined over the interval I, the
period of operation of the system. The set I may be finite or
infinite, depending upon the memory of the system. The function
z(t) € Lz(I) is the desired output also defined on I. The actual

input to the plant i8 the sum of a steady input xo(-) and the control
8(*) determined by the performance of the system. Let Ao be
the cost per unit of energy délivered to the input ‘of the’

Plant and p»0 the cost per square unit of the norm of error.

Let us denote by Gx = G[ x(*)] -the total cost of control of the plant - P.

Gx(-)] = xf [x(t)]z dt +p f[F[x(- ), t] - z(t)f dt 3.60
I I .
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Thus the problem of optimizing the control system is reduced
to minimizing the functional Gx with respect to x. The control
input § (<) = x(-) - x_(°).
Theorem 3.5

The necessary condition for the optimality of the control
system P described by the functional operator F[ x(-)$t],t €I,
and the cost: functional G[x(*)], is that F possesses the Gateaux

derivative at the point x € E and satisfies the functional equation,

x(t) = ")(/\(t.glx(-)) (2(® -F[x(-);27] ae 3.61
1
t €1
Proof:

Let us compute the first variation of the functional G
about the point x € E (here LZ(I) ). Let B be any real number and

h any element in E. From equation 3.60 we obtain the equation 3.62.

G[x8h] = x( [ x(t)+8 h(t) ]zct-}-p.y [ F[x+8 h(:), t] -z(t) 7 at 3.62
1 I

d L aF |
3;3_ = zx£ [ x(t)48 h(t)]h(t) dt + prl S [F [#h(-),t]-z(t)]dt  3.63

. aG
substituting B = 0 in equation 3.63 and equatlng(as—g = 0 we

obtain the following condition.

0= 7\( x(t)h(t)dt + p ff grad Fx‘(F[x(-),t]-z(t)) h(g)dt & 3.64
I Ix1
where grad Fx is a functional of x and a functionof t and §,
which is denoted by /\(t,§ | x).
grad F_ = A\(t,E | x(*) ) 3.65
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Substituting the expression 3.65 in equation 3. 64 we obtain

0=\ f x(t)h(t)dt + p ff/\(t.;l x(- N[ Fx(-), t] -z(t)] h(B)atde,
I IxI

Vhe E. 3.66

This can be written as,

0 = fd; h(8) [ Ax@) - k[ Alt.E)x(-)z(t)-Flx(-),t] )dt ] . 3.67
I I

For 3.67 to hold for any h€ E and otherwise arbitrary it is

necessary and sufficient that

x(€) = *;— f/\(t.g | x(*)) [z(t)-FE(-); t]]dt
I
g €1 3.68
Letting -)‘L = Y\ and assuming /\(t,g'x) to be symmetric in t
and & we obtain the necessary condition
x() =M [A®E]x()) (=€) - FUx(*) ; £1] 3.69
I vtel
as stated in the theorem. Q.E.D
Remark Equation 3.69 is in general a nonlinear integral equation,

which must be satisfied by the control signal x(°), so that the cost

functional may attain an extremum.

Theorem 3.6

Let us assume that the functional Gx (equation 3.60) is
Gateaux-differentiable twice at x € E. Then the sufficient conflition
for the element x € E to be the optimal control signal is that G

satisfies the following inequality

1"
.70
le?(f >ieisliel) Ve E 3.7
where g(B) is continuous and non-negative for 8 >0 and tends to

infinity as B tends to infinity.
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Proof:
It can be shown [16] that if Hx is the gradient, it has
the unique potential say Gx which is given by the following relation

1
Gx = Crxo +( (H{xo'i'e (x-xo)} ’ x-xo) dae 3.71a
o

which asaumes the value (.':xo at x =x_.
The quantity inside the bracket under the integral sign represents
the inner product on E between H and (x-xo). In case x = 0,

. - 1
equation 3,71a reduces to, Gx = f{5(o) +§ (H@® x), x) d® . 371b
' o

If Gx is a'ssumed to be G-differentiable twice, then it
follows from 3.71 that

1
Hx = H(o) +f (H' (ex), x) dé 3.72
o
e | 1
G'x = G'(o) +§ (G""(6x), x) db 3.73
o .
Computing the inner product of G'x with x in E, we have from 3. 73,
.
(G'x,x) = (G (o), x) +f (G™(8x) x, x) dé 3.74
o
By 3.70 and 3. 74 we obtain the following inequality,
: 1
G'x, x) »(G%(0), x) +{ Ixy gllixl)de =
o
= (G'(0), x) + x| eglhxi) 3.75

which is valid for all x € E.
By substituting the expression (G‘ x,x) from 3. 75 into equation

3.71b we obtain

1 .
Gx » Glo) +§ {(G*0), B x) +HBx) gl “ex“)}%ﬁ. 3.76
(o]

1 .
= G(o) + (G*'(o),x) +l|x"{ g(Q’]xl ) dé 3.77
o

but [(G"(o),x)| & HG" (@ 1=}




- 101 -

Hence, (G' (0), x) Z - IG' ()4 Uxi 3.78
Combination of 3.77 and 3. 78 yields the following inequality,

Gx »Glo) + Mxi ({1 @ Uxl) a0~ UG* (o)) ) 3.79
o

This is valid for any x in the ball Tp of radius p in the
space E.

It is clear from the inequality 3. 79 that for sufficiently
large P , the quantity in the braces will be positive for all x
on the boundary of the set 'IE, .

That is

Gx > G(o) ¥ x €2 T 3.80

Thus the functional Gx satisfies the m-property (definition
3.8) since the set Tp is bounded and weakly closed.

Hence Gx satisfies the hypothesis of theorem 3.4,
therefore by theorem 3.4 there exists at least on critical

point x, € 'I‘p » which is the relative minimum.
Q.E.D

Theorem 3.7

For the cost functional Gx to satisfy the condition
as stated m the theorem 3.6, it is sufficient that the system
described by the functional operator Fx = F[ x(-), t] satisfies

the following condition:

" ' 2 . b-2\ 2
(Flog ., Fx -2) + |F_ ¢|” > (F) 12} 3.81
for every given z € E , and for all ¢ €E and some real
nuber bPo. p and N\ are positive real numbers as in

theorem 3.5.
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Proof:

We can write 3,60 as,

Gx = ANx,x) + p (Fx-z, Fx-z). 3.82

It is clear that for Gx to be G-differentiable twice at x €E
itis necessary that Fx be also G-differentiable twice at x.
Since we are concerned with real functionals, the derivative

of the functional Gx taken twice at x €E gives,

o

) v ' n
Gx = 2\ + 2p (Fx. Fx ) + ZM(Fx » Fx-z) 3.83
Thus,
G’; ¢ @ = 2\ u¢||z + 2p nr,"'gslz +2p (F" ¢ ¢, Fx=z) 3.84
Substituting the inequality 3. 81 in the equation 3. 84 we obtain,
Gles 3 ble}’. Vs €E. 3.85

Theorem 3.6 demands that

G o0 Ioll 8 |loll), ¥o € E.

If in 3.85, g(§¢f) is defined as,

gllgl) = blg] . ¥ ¢ €E 3.86

with b o, then it clearly satisfies the original hypothesis

on the function g. This completes the proof of the theorem.

Remark:

The consequence of the above theorem is that a function
g satisfying the given hypothesis may not always exist. Much
depends on the characteristic of the plant being controlled
and on the desired output. That is, it depends on the properties
of the functional Fx and on the function z. However a function
g satisfying the givewn hypothesis can always be found if for
every x and 'z € E, (F:‘¢ ¢, Fx-2z) is bounded below.~ |
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In other words,
lim (F; o®, 2-Fx) €= 3.87

o>
¥ x, z € E.

Thus an arbitrary combination of system and desired signal
may not be admissible for optimal control in the sense of

the theorem 3.5 and 3.6.

If certain cost functionals fail to satisfy the hypo-
thesis on the function g some other admissible cost
functional satisfying the hypothesis may be adopted.

The following theorem gives the conditions under
which the equation 3. 69 will have a unique solution in Lz(I).

Theorem 3. 8

Let the operator F and its gradient A satisfy the
Lipschitz condition with constants aF(p) and a A(p) res-
Pectively in the sphere Tp of radius p around the origin
in the space E.

Further let,

sup "F[x('),t] ] QMF <= 3.88
xe'lr;

and sup ||[A[t, §]x() J|€ M <= 3.89
X ETp

under these assumptions the functional equation 3.69 has a
unique solution in E, provided, for a given system,
D> :P-.,{anb) M, @) +a,(p)Mg @) 7} . 3.90
and the desired output z(*) is bounded above in norm by
the inequality,
1 A
z ——— —_— M + M . 3.91
121€ gy (e M@ ta 0 M) ) 9
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Proof:
Equation 3.69 reads,

x(t) = " f/\(tng ‘ x(-))(z() - F [ x(-), £])dg

I
Let us define a functional Hx by, |

Hx AW (;/\(t.qx(-), (@) - F{ x(-), § 7) dg 3.92
Then equation 3.69 can be written as,

x = Hx, 3.93

Let x, and x, be any two elements in Tp. then by 3.92

we have,

Hx, - Hx, =")£ [ AGE ] x,) -A(LE | x,)] =(8) a8

+ \'\ fl [A(t,g ‘ xz)F [x2,§ ]-/\(tsg\xl)l:fxl.gj dg
tel

=')(/\E (£8 | x,)- A(t.8| x,) ] =(8) d§ +
1
"'\L CA@S] x,) -ALE | x)] F[x,5] &

G L ( F[x,.5 J- Fx,,8) IA(t.8 |x,)dE. 3.94
t €1

Therefore,

I Hx, -Hx, g Y {n/\(mxi)-/\(t,g | ) (hzh +H Flx, £11)

+ "F[x1§]'F[ngll.“/\(t,glxi)"}. 3.95
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By the hypothesis of the theorem, equation 3.95 becomes,

nI-le-Hx2|sY\{cA(p)|z|| + a, E)M_0)+a b )MA(p)}.|x1-xz|| 3.96

Now by the principle of contraction mapping (see chapter 2), we
- know that the equation x = Hx has a fixed point in Tpc E
provided H satisfies the following inclusion relation

HT)c T .
That is, if P
N{ea®) zt + a @M €) +a k) Mo(P} < 1 3.97

then there exists a unique solution of the equation 3.93 in Tp

(by theorem 2.1).
Recalling that \1 = ’77\, we have, from 3.97

| A
\I-znéa—'\(p—, {T - (ap(p) M, (p) +“A(°) Mg () )}

This proves the inequality 3.91, Inequality 3.90 follows from
the non-negativeness of the norm.

The solution of the equation

x =Hx is given by x = lign x where

x = Hx . 3.98
n n-1

and the limit is taken in the sense of the metric induced

by the norm of the space. This completes the proof of the theorem.

Remarks:
The inequalities 3.90 and 3. 91 shows that the larger

is the cost of control relative to the cost of error, the larger

is the domain of control.
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3.4 DISCUSSIONS:

There are two possible extensions of the work pre-
sented in this section. The first is the extension towards
multivariable systems. The second is the consideration of
optimization on LP spaces.

Let us briefly indicate the extension of the first type.
_ Let LPERRE x be the inputs to the plant and let
xiE Lz (I). Let the functional operator describing the system

be denoted by,

F, [x1(°)....xs(°), t],(i=1,2,...7r), t €1

Xy — F 4,
'xz"_ ——— Ff———— 9.
xs by — e

Fig. 3.3: Multivariable System.

Then the ith output of the plant is given by,
yi(t) = Fi t xl(.), xs(°), t] .

Let N\ be equal to )‘i associated with the input x. and p be
equal to L associated with the jth output.

Assuming similar cost functional as in equation 3.60, the one
corresponding to the jth output can be written as,

Gj [ xi. LR J xs ] =

1
-zj(t) ]2 dt

j=1,2,..».l'.

8 ]% .
= xiL [ (1) t+p.j£[Fj[x1(°)..xs(.),t]-

3.99
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Let us consider the optimization of any particular output and
ommit the subscripts j in the above functional. By similar
considerations as in theorem 3.5, it can be shown that the
system of Functional equations that must be satisfied by the set

of inputs [xl...x.] is,

Mg = LR FDry e de e O € IAL Rk )38, 1108

L) L] L] * L] L ] L] L] L L L L] 3. 100

2y = [ Do) - Oxn o O1 D INEC x5 0
) §

where /\r[xl(' )...xa(° ); £,t)=grad F [x1(°)...x (<) 7.
x_(t) ®
r
In the case of single input and single output, and integro differential
operators, the same set of equations 3. 100 can be used with the

obvious modification,
A, X(0) = i; £ 2(@-Fix- ), 4900, o 4900 ) 8 IA fx( ) R 038 L 100

L] - L d . L] 3. 101

n, x B = Pf C2(€)-Flx- ot ), e x® g ALY, 4% 5e, 1) .
I

where,

(s)

/\r[x(' ),x(l)(')...x(s)s g,t]= g(rad F [x('),...x(r)('),..x (*)>8].

x "(t)

Similarly, the corresponding sufficiency conditions may be proved.
A modified contraction mapping method may be developed for solving the

system of functional equations.
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In the first problem of this chapter we considered
optimization on I..2 (nI'BI; i) space. If we consider LP(QI. BI,/-()
space (p3 1, q>»1, T‘) + ; = 1), then it can be shown that the
necessary and sufficient condition that A be the optimum system

(Theorem 3.1) is that,

<'Ax-z |I7‘1 sign (Ax-z), Bx> = 0 3.102
v
for all B € HN. Here~) is the Borel measure on the LP space.
It is clear from the above expression that for all p and q sa-

tisfying p,q )l and %+ i = 1, the integrand may not be even

measurable. However if ‘p/q is any odd integer, then the

equation 3.102 reduces to,

P,q
<(Ax-z) . Bx% = 0, V¥Beg HN 3.103

which further reduces to equation 3. 12 in the case of LZ(QI, BI,p.).
In general, the equation 3.103 is quite complicated.
In the second problem considered in this section, we may

consider optimization on LP(I) space that leads to functional equation,

x()] /9 signtx(e) = - L/\(g,t\xw ) |FEe(-)s 8.7 - 29 | a ]
sign (F(x(-); g - z(g))'dg . 3.104

If P/q is an odd integer, we obtain,

P P
(x(t)) /2 = f/\(; ot |x(-)) (2(8)-F{x(-), €1) /a4 . 3.105
I

A more interesting case arises, when, in addition to usual energy

constraint, a constraint on the amplitude of the control signal x(-)
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is also imposed. For example, a constraint of the form,

4(t) gx(t) u(t), where Aty gult), ¥ tel,
may be very useful. This constraint may be incorporated in the

functional G[ x(-)] by adding the extra term,
( CvinP at » P2
1
where, yit) a Xt -a®) 3.106

b(t)
and, at) = I (e )
b(t) = u(t) - 4(t) .

The functional G now becomes,

Gx(*)]= ftx(t)]z dt + f[F[x(- ), t}z(t)ode + ([y(t)]pdt. 3.107
1 I I

and by similar considerations as before it can be shown that the
optimal control signal x(°) must satisfy the functional equation,

3.108
x(t) = —‘—(a(t)-x(t))"“+qf/\(g.t|x(-))[z(;)-F[x(-).gJJ dg .
22bP(t) X

t €l

where p has been assumed to be any even integer. \\and A are

as defined before. To increase the sharpness of the constraint,

P can be taken as large as desired. The investigation of the

technique for solving the functional equation 3.108 is an interesting
problem, specially for large p.

Another interesting case arises when an additive noise is acting at

the input of the plant. In the presence of an additive noise {n(t),t €1}
(Fig. 3.4) acting at the input of the plant, the functional to be minimized
is the expectationof G [x(*), n(c.)], where,

G[x(-), n(c,.)]= xf (x(t))zdt+p. f (Fx(*)m(o.), tT=z(t) )2 dt 3.109
) § I
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ADDITIVE NOISE

n(a,) DPESIRED OUTPUT
. £40)

Freep o) [ |

INPUT

eC)

CON'TROL

]

i

:

INPUT CONTROLLER ,- --------- S

Fig. 3.4. Optimum Synthé sis of Control Function
in Presence of Noise.

Thus we must minimige, 3.110

CEOECEND S £(x(t))zdt +ug[ (Fix( )l gFa(tnae >
I B

where, ppg is the measure induced by the stochastic process
{n(t),t € I} on the o-field of measurable sets of the Hilbert space
H. We assume thatthe functional F is B. measurable in o and

I
Lebesgue measurable in t for each x € H and that for every fixed

x€ H, F € L(HxI, B

m(I) {=». Under these assumptions the equation 3.110 reduces to,

<Ax(*).nle.)1>, = f(x(t))"dt +p fl z"'(t)dtm_fI E,[x(+),t] dt
B I

1 MI' Hge m). Itis also necessary that

2 Y EI[x(-),t]z(t) dt, 3.111
I

where,

Ezt"(°),t]= fH FZ[,‘(.).-;fn(o 2e)s t1 dp-B>,0

and EIE x(+), t] =1;:F[x(')+nb,.), t] de
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If the Functional F is continuous and bounded then both E L

and EZ are continuous and bounded. It can be shown, similarly
as in theorem 3.5, that the necessary condition that x(°) be the
optimal control signal is that it satisfies the following functional

equation,
1
x(t) = B fl ECY x(+), £,t75€) ag = 5(IE;1)&(').g,t]d§ 3. 112

where E(:) and Ez“) are the first derivatives of the functionals

I-.‘.1 and Ez in the sense of Gateaux at the point x € H.
For x(+) to be the optimal control signal it is sufficient that both

Ei(l) and E (1) possess Gateaux derivative at x(*) € H and that there

2
exists an € »0 such that for the given z(-) € H the following

inequality holds:
(n 2\-€ 2 1, (")
Ede g Gl + 3 e, 1)
Ve H,

This follows exactly as in theorem 3.7.




CHAPTER 1V

THE PROBLEM OF CANONICAL REPRESENTATION OF

NONLINEAR SYSTEMS BY ORTHOGONAL
FUNCTIONALS.
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4.1 INTRODUC TION:

In the preceding chapters we considered that a physical
system is represented by either of the operators of type Av’
AH or AU and discussed several problems arising in nonlinear
systems. In engineering practice it is often desirable to re-
present the system in a form suitable for experimental evaluation
of the parameters determining the system. Just as it is conve-
nient to have a complete orthonormal set of functions for the
Fourier expansion of a given function belonging to some class,
so also is it convenient to have a complete orthonormal set of
functionals that can be used to develcp any functional belonging
to some class. In the case of Fourier expansion of a function,
the domain of the function is either an interval on the real line or
some subset of Euclidian n-space (n<=o). In the case of Fourier

expansion of a functional, the domain is invariably an infinite

dimensional function space for example any of the Banach spaces.
Let us assume that g is a countably additive measure defined

on some Banach space B and let I be an interval on which the
elements of B are defined; Let {Fi (x(-),t] } be a set of complete
orthonormal functionals defined on B with x(*) € Band t € 1.

If F(x(-),t] is an element of the corresponding measure space

2
l__(B, M, p) then F could be represented as,
in
Flx(), t] = Z ai(t) Fi {x(-),t] [ measure]
i

and the Fourier co-efficients would be given by,

a (t) = L FOx(-), €] F [x(-),t] dpix(-) ).
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The problem is not quite that simple. In fact there exists no
countably additive measure on an arbitrary Banach space, and
the theory of integration on such spaces is just beginning to
develop. Several examples of nonexistence of countably additive
measure on Hilbert space are presented by Gross, Loewner

[ 13,14].

To avoid this delicate question, we-will concentrate on the so-
called tame subsets of the Hilbert space H.

A tame subset of a real Hilbert space H is a subset A defined
by A = {x€EH: Pxé€ B} where, P is a finite dimensional
projection and B is a Borel set in the range of P to be denoted
by R(P). Then, A is said to be based on R(P). For such a set

A, one may define its measure by,

I)/z
p(A) = (%) g‘ exp-k“x“zdm(x) ' 4.3
B

where dm(x) denotes Lebesgue measure on R(P) and n is the
dimension of R(P), and A> 0 is a parameter. Here P may be
thought of as an orthogonal projection of dimension n of H

onto {2. Let P' be another projection of dimension m>n such
that R(P') o R(P), then A is also based on R(P;) ie. A is
based on all subspaces of dimension larger than that of R(P).

A tame set is usually known as a cylinder set. The
cylinder sets form a ring £ and p is additive on Z since any
two cylinder sets are based on a common finite dimensional subspace.
However it can be proved that p as defined by equation 4. 3 is not
countably additive on Z, [13a].

However, when p is restricted to the g - ring BR(P) of cylinder

sets based on a fixed finite dimensional subspace R(P) then clearly p,
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as defined by equation 4. 3, is countably additive.

A functional F[ x(*) ] defined on H is called a tame
functionon H if F(x(+)] = F[Px(*)] for some finite dimen-
sional projection P and if F is measurable with respect to Z.

In that case F is said to be based on P.

4.1-1 STOCHASTIC PROCESSES:

A stochastic process {x(T), T €1} is a family of real
or complex valued functions defined on an arbitrary index set I
such that for each T € I, x(T) is a random variable taking values

on the real line RT = (=, t=),

In order to satisfy the countable additivity property
demanded by probability measures it is necessary that the class
of intervals on RT form ao-ring. This is because all classes of ¢
subsets of R_ are not measurable {2]). The minimal o-field
over the class of all subsets of the real line R‘r satisfying the above
property is the Borel field B_. The elements of B_ are Borek
sets in R'r’ and the corresponding measurable space (R'r’ B'r)
is the Borel line.

Let “1 be a linear space of functions defined on I and

n JAY l?ri:" Ebe a projection operator which assigns to each
element in ﬂI a set of n-tuples.
= .4
P'rl' . ,rn[ x(T) ] (x(7,), x(T) ) 4

i T LN ] - .
with T 'rz,. Tn €1
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Let R‘r be the family of real lines (i = 1,2,...n) and B'r be the

corre slponding family of Borel sets. Then an n-dimensional Borel

measurable space (QI ’ BI ) is defined by the cartesian product

of the sequence {(R.'_n BT ?} of Borel lines, and is given by
i i
@ ,B ) = = B
» I ) = .:1 (R,r' ’ T.) 4.5
n n 1 i i

It is clear that T plays only the role of a parameter and P'r - (x(“))
i'.. n
can be written more conveniently as,

R A R

Shice, the value of x depends on the element x(-) EQI, it is further
convenient to introduc}e a parameter to explicitly indicate this

dependence. Thus we may write

P (x()) = ( c);... () )
Tieo T *r, *r

‘'where 0 is an element in BI . BI may be generated by a class
n n

C of sets of the form

In
k., _ k k .k k
{Cln} = {(31- cee @ bl....bn]) where,

kK k. .k

A e o 0 »
faY (a.1 a.n b

k 4 _ Lk k . _
Kk bn]—{oea.ai<ci<bi,1 1,2,..n}.

1.... I

In this case BI is said to be generated by the class CI of n-dimen-

n
sional cells in lbl .
n

If the linear space QI is known to possess a complete orthonormal
basis, the projection Pn may be taken as& the usual orthogonal

Projection of ﬂI into its:n-dimensional subspace. In this case,

Pn x(*) = ( (x, q’i) (G)s...5(x, (Pn) ©)) 4.6
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k
Let A be an element of B_ (the class of Borel sets in ﬂI )
n

In I
. . . k (o]
then a Borel cylinder in is defined by, {A Q £
Y QI v, { L x I ]k or

any/finite n with Ak as the base. For a fixed n, the cylinders

demands that

k c -

so defined form a o-ring 6 Kolmogorav's consistency relation

k
I ). 4.7

n

It is known that the measure Ky defined by
4.8
A \P/2 L

dp.BI ) = ( ") \J‘?K_n‘ exp - x(x:Anxn) dxi...clxn

n
where; An is a nxn positive definite moment matrix,

o A xn = (xl...xn) € QIn. and A\ €(o ®), is a

parameter; provides an important example of countably additive -
measure function for any finite n. Here the sequence {xn} may
be either equal to { (x, CPn)} or {xT }. It is clear that all finite
dimensional measure functions kg ™ obtained from some suitable
family of distribution functions deﬁlvﬁ'e ‘the measure of all finite
dimensional Borel cylinders in Q.[ thrlough the consistency relation
of Kolmogorov.

The measurable space corresponding to the function space

QI may be given either of the following two forms, a and b

(a) (@, B) = = (Q, B) 4.9
9 By dep e T
(b) (‘zll BI) = w (nt, Bt) ’ 4.10

tel
c
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where Ic is a dense countable subset of the set I such that

I =1L
c

Sets characterized by, {o: tsugl xt(o) £ a} corresponding to the
former class do not even belong to any 0-ring and they are not Borel
measurable. However, if the sets { 0 : sup x b) ¢a } and

{o : sup x, (0)¢A} differ at most by a sei of measure zero then

(a) al.& will .{orm & - measurable space. Stochastic processes
satisfying this condition: are called separable (157 We will concern
ourselves . with separable processes and define the corresponding

measure space by the three tuples (nl. BI' kg ) where kg is

I 1
the Borel measure induced by the stochastic process (x(t,o0)tel, o EBI).

In summary, stochastic processes may be considered as elements of a

measure space with kg (nI) = 1,

4.1-2 MEASURABLE FUNCTIONALS:

A functional F ([ x(+) ] defined over QI is called a cylinder

or tame function if there exists at least one QI , a finite dimensional
subspace of QI, such that F tan (¢) )= F [x?-) ] for some finite n.

Here R( Pn) = ﬂln.
Let g, (ul. .o un) be a continuous function defined on ﬂI

and let u, be identified with x('ri o) then g, (x (1’1,6 ),.. .x('rn, g))

is a Baire function on Q[ , with 0 ¢ BI .
n n

We define a Borel measurable functional of order n

by the n-fold Lebesgue integral on r A IxI. .'..x;

Bn [x(c, .),0] = ﬁn Kn (Ti' . .'rn) gn(x(o,'rl), . .,x(o,'rn))d'l:-l-drn, 4.11
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for every 0 € B, and for all positive integers n, where {Kn}
n

are Lebesgue measurable and Lebesgue square integrable Kernels
on I". Since in this section we will be mainly concerned with
Volterra-Frechet operators [167], we will define gn(x(c,‘rl); ce oo
x(o,Tn) ) = xb’Tl) . x(o,‘l‘z) ...x(o,'rn). The corresponding sequence
of functionals measurable with respect to the o-ring are the volterra
homogeneous functionals F_ {x(c,.), 0]+ We will consider that
the sequence Fn (x(6,T),0 ] is B, measurable and Lebesgue
square integrable on nI with respect to the measure u,. That is,

( |F [x(o..).ollz a (0)geo, ¥n & 4.12
g ° a

B
kg = kg is as defined by expressions 4.7 and 4. 8.
1

According to measure theory, the volterra regular functionals of any

where,

finite degree defined by,

a ‘
+
Rn(c) = ‘Z‘éo F.[x(c..).o] s ¥ne€7J 4.13

are BI measurable. By repeated application of Minkowskis
inequality, it is easily proved that Rn(o) is also square integrable
on ﬂI with respect to the measure p,. It is now clear by 4.12 and
4.13, that the class of BI measurable and volterra homogeneous
functionals form a linear vector space. If condition 4. 12 is satisfied
it is exactly the Hilbert space LZ (QI, BI’ p.B) since it is easily
verified that V satisfies all the postulates of Hilbert space.

The following relations are well defined,

¥ F, G, H eL? (@, B,pu) and ¥a € F (R/C)
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(i) QFRHY - alRHy e Q&r:(a) A AMa ()

i F +G,H = <F,H ,
(ii) < >“.B < >’*B + <G H>pB

(iii) <F, H>pB = <H,F>

B

and
(iv) L<F,.F>» 3 0
B

where the bar indicates the complex conjugate. The equality in (iv)
holds if and only if ¥ = @€ Lz (01, BI’ p.B) almost everywhere
except on sets of Hp - Measure zero. F(R/C) is the field of real

or complex numbers.

Multiple Correlation.

In the construction of orthogonal functionals on the measure
space (ﬂl’ BI’ p.B) using the sequence of measurable functions -.{Rn(é)}

we need the following quantity,

q(‘rl. .o 'rn) = ( x(o,-ri). .o x(o,'rn) de.

%

By use of equation 4.8 it can be shown that,
q(Tl' . .'rn) = 0 for n-odd. @
. n=2p

1 =n ai.'1 forn=2p (b) }4.14
2P *F i#y Y

i,j= 1,2...2p.

where p is any non-negative integer, aij are the elements of the
. -1 . s
variance co-variance matrix An and the * indicates the sum

over all ~distinctways of pairing 2p objects among themselves.
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The product is taken over all distinct pairs of indices. For conve-

nience in orthogonalization we will assume that a....1 6 (r.-T.) for
each i and j. In that case the parameter \ ma;;] be inte:prJeted
as the reciprocal of the power density of the process and the
process may be referred to as the white Gaussian process. In
fact this process is stationary both in wide and strict sense [sl.

Many of these restrictions will be removed in the sequel. .

4.2. ORTHOGONAL FUNCTIONALS AND THEIR .
PROPERTIES:

4.2-1 Construction of Orthogo‘nal Functionals on
the Measure Space (ﬂI, BI.p.B).

The procedure of orthogonalization is very similar to that
of Hilbert schmidt and can be described as follows. The zero degree
functional R'o is normalized. The first degree regular functional
R1 is orthogonalized with respect to all zero degree functionals
and the jlinner product of the resulting functional with itself may be
evaluated. The second degree regular functional Rz may be
orthogonalized with respect to all BI measurable zero degree and
fir st degree homogenous functionals, and the inner product of the

resulting B. measurable orthogonal functional with itself may be

evaluated. Similarly the regular functional Rn may be orthogonalized

with respect to all B. measurable homogeneous functionals of degree

I
m<n and the inner product of the resulting orthogonal functional with

itself is to be evaluated.

By the term "all BI measurable functionals” we mean

any arbitrary sequence [Hn ()]} of B, measurable homogeneous

functionals associated with a corresponding set {Ln} of Lebesgue
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measurable and Lebesgue square integrable Kernels defined on
e (IxIx.. xI), which are otherwise arbitrary. That is,

Hn- (0) is expressed as,

Hn(c) = frn -f :l..m (Tl’ . .'rn) x(o.'rl). . .x(o,'rn)d'rl. . .d'rn 4,15
for all o € BI and all Ln € 1..2 (In), and Rnb') is expressed
by,
. n
Rnb‘) = .z=° cece K.(rl...'r’) xb,'rl)...x(o,'rs) dTl"de 4.16

I®
for VO € BI and ¥ K. € Lz(I°). Since we are mainly interested
in real valued stochastic processes we will consider LZ(QI, BI’ “B)
to be the real Hilbert space of all BI measurable functions. The
inner product of any two elements £f(0) and glo) € LZ(OI, BI’ p.B) will
be denoted by <f, g 7“3 A fo) glo) dp.B(o). The set of

%
Kernels {K.} and f{ L‘} will be assumed to be symmetric in all
the variables. If they are not symmetric they can be symmetrized

1
by writing, K (T1,..T ) = X PnKn(Ti' "Tn)
n 1""'n n ol

where Pn effects the permutation of all the variables (1'1. . .'rn)
of K;z in all possible ways.
We illustrate the procedure of orthogonalization by constructing few

orthogonal functionals. We normalize Rn(c) by setting

2
<R, ©), Rob)>“B =1 = |K|
Taking Ko = 1 we have the normalized zeroth degree BI measurable

orthogonal functional

G, [K_, x(), 0] = 1.

we orthogonalize R1 (0) with any zeroth degree functional, and since
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a zero degree functional is any constant, it is equivalent to

orthogonalizing Rl(o) with unity, thus,
<R, 0,1 > =<KF ,1> +t<F,,1> =0
1 Ky o Ky 1 Mg
ij
have, Ko = 0, Hence the corresponding orthogonal functional

to be denoted by G, L Ki’ x@,T)g ] is,

By using 4.14 and the fact that a = § (l'i-'rj)fo'r alli and j we

G1 [Ki' x(@,7),0 ] = s, K1 (T) x(o,7) AT 4.17
I

and,
o 2

Next, we consider Rz(o), orthogonalize it with zero degree
functional, then with first degree functional and finally evaluate

the inner product of the corresponding orthogonal functional (}2

with itself.
<R, (o), 1 =F ,1> . +F , 1> +{F_, 1 =O
2 >"B ° >“B 1" 7prg T2 Yeg
= K+ K (rht)dr = 0
T o o 2xnJrT2M
Therefore K = - i K_ (T,7) dr 4.19
! : o 2\ 1 2 ’ ’
. 1
assuming that K2 r,T) € L~ (I).
<R,F), H, () =<{F_,H > +<F, H,p +{F,,H) = 0
2 1 >,;B o’ 10 "1, 2/
1
= L = .20
by 4. 14 n 5% | K (M Ly(nar 0, 4.2

I
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2
Since 1-1 @) € L~ (I) and otherwise arbitrary we can rewrite
equation 4. 20,

?:l (1 lxi m’z

Hence K1 (Y = 0 a.e except on sets of Lebesgue measure zero.

Therefore, G, is given by,

G, [Kz(‘f ), xE,7), 6= ‘( fl(z('r )x(o,T,)x6,T,)dr a7,

!
- 3 g; K, (1,7) dr 4.21

and

<Gz. G,>
B

le( lx (71,2)| dr, o, 4.22

Similarly we consider R3 ©), orthogonalize it with any zero-degree,

(20

fir st degree, and second degree BI measurable homogeneous

functionals and finally obtain the inner product of the resulting
orthogonal functional 63 with itself :

<R3p)' 1>'.|.B =<Fo'l>p,B +¢1.1>“B+<F2. l>pB+¢3' 1>|.LB=°
by 4.14a, <F,, ‘7,‘3 =<Fy ‘>.;B =0 and by 4.14 b
- = 1 (. .
Pug T % ‘“d<Fz’1>pB TN sz@':"') dv
I

1
Hence, Ko Ty fl KZ (‘r,‘l’) ar _ .4.23
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<R3(°)o Hlb)>p =<F°'Hl>“ +<F1’H1>“ +<F2'H1->p_ +<F3'H1>p =0
B B B B B
By 4. 14a, <F°.H1>“B =<FZ,H1>“B = 0 and by 4.14b, we have,

= L
<F1.H1>“B = 5% f K (r) L (T) dr and

<F3.HD (sz F sToTp) Ly (1)) dr, ar,

*p (zx)

Hence,

1 3 )
<R3'H1>pB‘ E Ly )03 B+ (22 gxa"'i?'z;'z"*’z Jar, = 0

Since, this must be true V¥ I..1 € LZ(I) it is necessary and sufficient that,

N

3
Kgr) = - 5% £K3“1"’z;"z )dr, a.e. onl 4.24
Again,

<R, H, 7"3 = <F°.HZ>FB +<F1,H2>MB+<F2,H27:FB+<F3,HZ7FB =0

By 4. 14a, KF,,H,> g = <F3’HZ>F-B= 0 and by 4. 14b,

X
_<F°,H2>“B = > £ L, (T,7) dr 4.25
and
<F2'Hz7p3= (202 ( [ ®ptr y575) Ly 7y ary ar,
e ( fx (1,57,) L, (1,7,) d7, d, 4.26
Hence, by-4.23, 4.24 and 4.25, we have,
<R3.H?Z‘: (ZX) g‘ fK fro,7,) L, (r,,7,) o ydr, = 0 4.27

for all L, € L2(1%). Therefore, K,(T,,1,) = 0
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almost everywhere on 12, which in addition implies that K =0,

(equation 4.23). Thus, we obtain the corresponding orthogonal

functional G3 of degree three,

G [K(Tl, 273 3)s x0.7), o]

3[ K .7, ,) x6,7,) x(oy ) x(0,7,) ar dr,

3 (f
- _zx IZ K3 (TI’ZT )x(o'r)d'r d'rz 4,28

and

= 2
<G3’GS> = (zx) X‘ fIK (TsT5 1'3)\ dr, dt, dr, 4,29

In general an nth degree orthogonal functional Gn is given by,

Gn [ kn(Tl' . -rn). x(0,T) ,0 ]

(n) 4. 30
= S'YK T ) ;z; (-1)p —= S_(x(qF,), --- x(of-))dr, .. dr_
o ol n o, (4\)P(n-2p)! p! P
where, n
Sp (x(o,‘l‘l), . ee x(o,'l“n) ) = 1:1 x(o 'l'i) for p=0, 4. 30a

and for pp1

2p -1 n
S (x67 ),... X0, T ))=( 7w a,.). = x(0,T.) 4.30b
p 71 >'n it; P i=z2p+t 1

2p
-1
h , a. = &6 (r,-T.)... &(T -T. ). 4, 30c
where i.:j ij 1772 2p-1""2p
n! 2
G » G = f.... K (T ocoT ) dr onodT - 4. 31
< n n 7“'3 (z»n rn n 1 n 1 n

+
¥ne€ld.
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4.2-2: PROPERTIES OF THE ORTHOGONAL FUNCTIONALS:

The properties of the set of BI measurable orthogonal
functionals {Gn] can be summerized as follows.
vk €L? (™) and L_eL?(1™) and m# n,

4.32
<Gn[ Kn('ri-;'rn)a xvs'l').d ] ’ Gmch(ei' coe ern) xp, Q,O JZB= 0

<Gn[1(n('ri...'rn) x@r), a] , Gnth(ei,..en) x(0, 9, o ]>“B

n!

(2n)"

(x"f K () L:(Tl...‘rn) ar ..ar_ 4.33

In case Kn = Ln a.e in I", this reduces to the equation 4. 31.

The natural question that arises in connection with any orthogonal
system of functions is, can a given function defined on the same basic
set as the given orthogonal system, be represented by their suitable
combination? This question can be answered relatively easily if we
conside‘r the representation in the mean square sense. That is, the
sequence fn (0) defined as, fn(o) = s§o Gst Ks(‘l’l. .Ts). x©,.).0]

is said to converge in the limit in the mean of order two, to a function

flo ) € Lz (OI, B ) if to every €50 a a number n(e) such that

'"s
f ’f(o‘) - fn(o)lzdp.B<€, V nzn (€).
9

. 2
Convergence in the mean is usually assured if the function f(g) € L.

. . . 2
(QI. BI' p.%) and the sequence {GJ is complete in the class L (ﬂI, BI,p.B).
The following theorems which are analogous to those arising in the
theory of Fourier series of functions defined on finite dimensional

spaces will clarify this fact.
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Theorem 4.1

Let {Gs[K’(l'l...‘r'), x{0.)0]} be a denumerable sequence
of orthogonal functions defined on the Borel measurable sets of the
function space ﬂl with each of the Kernels K belonging to L (1%).

Let, for every f{) €L (QI BI’ ""B)’

<Lf6), G_[K (1,..T ), x0,.)0 ]>

(2n)*®

F.-fL('r...'r)K ('r..1') d71 dl". 4, 34

+
for some Kernel L' € I..2 (Is) and for every s €J .
Then,

8! 2
I £b)ll a Zo o0 fl-’-ﬂLs('ri. vt )| “ar.ar 4.35

This inequality is analogous to the Bessel's inequality arising in

the theory of Fourier series.

Proof:
_ 2
Let '.I'n A fﬂllf(o) - Zo G [K ('r . .'rs)g:b.)’:]' dp.B. 4, 36

I, =<) - £G [K_,x0] f6) = T Gmulﬁx’x'c’]>pB

- <o) 0>, - <G, ¥;.x07], f0) >
- L£6) | E Gmflﬂn-x";J?,. +@ G L Kyx0) 2O K, x0Ty

2 n
= fb) - z_ eeo T )L (r eeeT ) &r ..-d‘-.r
Jee” - & (2n)° 8
n 8! * V
- Z, " { '[Ls('l'l...'rs) K_(T,...T ) d7 ...d7

4.37
2
f ﬂKS( Tt )| dr .dr 30

+2



2 n s 2
= > 8L
S E] +°=°(zx)" LG(LB( g T K (T, T ), dr, ..dr
; s 6 2
- E —'—(z =\, @ ..'rs)| dr ...dt_ >0 4.38
N 18-

Since the fir st and the third terms are independent of the choice

of the Kernels of the orthogonal system {Gs[Ks,x,o] } it is
clea.r_tha.t the non-negative integral J n attains its minimal value

if and only if for each s, Ks = I.,s a.e on I°. That is,the Kernels
Ks in the expansion of f with respect to the orthogonal system
{GB} must be chosen as those arising from taking the inner-
product (equation 4. 34). Let the corresponding minimal value of

Jn be denoted by J' . Then,

2
_||fb)I e—o _( ﬂLs('rl...'rs)‘ dTi"dT_s >0 4.39
(2)\) +
¥neJJ

Thus for any f(©) € I..2 (QI,B ) and any positive integer n,

rts
< f..éj'lLs(Tl...'rs” 2 dr,...dT .  4.40
(27\) I

This is exactly equivalent to the Bessel's inequality encountered in

2 n
btol"> 2,

the theory of Fourier series. This inequality shows that the

infinite series, is always, convergnet,

L (7.0 )| dr,..dT <= . 4.41
B-O (ZX)

and J;1 can be put into the form,

= I z_ ( ‘(\L (TyeeeT )\ dr,...d7 )
(Zk)

+E

2
—ﬂL g7 | &, .dT - 4.42
8= n+1(2)\)
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.‘I'n =N+ Gn, where the first term inside the bracket
is replaced by Yl and the second term by en.
It is clear that M2 0 and by the inequality 4.40, lim € = 0.
Hen;e we see that a necessary and sufficient condition for a
function f£@)€ Lz (QI. BI,p.B) to be approximated in the mean
by a suitable choice of L Kernels {Ks} of the orthogonal
system { G.] is that N= 0. This immediately leads to an equa-
lity analogous to Parsevals equality in Fourier theory,

2 _ e ! . 2
nfmn = s§o Y f;J‘LB (71...1-3)\ dry..ar_ . 4.43

Q.E.D
Remark:
It is clear that if the Kernels {Ks} in the system of ortho-
gonal functionals {Gs('xb,x,c)] were chosen such that,

8! 2 _
"y F;[IKS(TV"TS)‘ dr...dr_ = 1 4,44
1

+
¥ 8 € J , then <Gs’ GB> = 1 and the set gcs} becomsm
orthonormal set. In that case a function f(og) €L, (nI, BI,p.B) can be

represented as,

n
flo) = {,1nm sz;o a_ (}s [Ks,x,o].

In this case the Bessel's inequality 4.40 and the Parsovals equality

4.43 become respectively,

2 = 2 4. 40"
£ © > Z, |a8| )
and 2 hia 2
= =z 4.43"
iten® = = |al

where a8 = 4'(0), Gs> . These have exactly the same form
Hp
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asg those arising in the theory of ordinary Fourier series. This
is very advantageous from the point of view of representation

of a system provided for a given I and a given power spectral
density A of the process, a complete set of Kernels {Ks} with
the property 4.44 can be found. This is evidently a defficult job
for an arbitrary choice of 1. |

It can be lhown that if the set [G [K x,0]} is complete m the

class of L ((‘lI B )funcnons then any function £(g) GL (f} BI pB)

'
I''B
can be uniquely represented in terms of the set {GB}.

For let n
fo) =_{.1i1.m(82;° Gsti%.x.a]=fn) 4. 45
and
n
go) =4.d.m (SEO GB[ L .x,0 1= gn) 4. 46

where K_, L_ € L? (1°) for each s.

If fO) = g(©) a.e on QI except on sets of BI measure zero
n

i - = 11 f tion.
Then,{.;.m 82;:0 Gs [Ks Ls,x,o] ¢ the null function

That is,
n . n
: . - . - = ()
11:; Z, G [K -L.xf ], Z G, (K, Ls,x,c]>uB
oo (1K (1,..7 )-L (T -r)jz at...dr = 0  4.47
s 1" '8 s 1°° 8 1 8

° (2n)°

+ 8

The above equality holds if, for each s €J , K8 = Ls a.e onl .
+

Conver sely, if Ks = Ls(a.e) on I° for each s € J  then fg) = g(o)

a.e in QI except on sets of BI measure zero.
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For,

Ve-gl| =) £-£_+ 8,78 *£ -g J< Vf-£) +lg-g]) +le £

Since the left hand side is independent of n,

n '
| £-gl ¢ imig, £ | = lim 2 = J L, o7 ) -K (77 )] 2

80 (2\)
Is dr, ar =0
1 8
Hence f =g a.e.
This proves the uniqueness of representation of an L (Q BI’ |.LB)

function with respect to the orthogonal set {Gs} .
An important theorem analogous to the celebrated theorem of
Riesz~-Fischer in the theory of Fourier series can also be proved

for the orthogonal set [Gs}

Theorem 4.2
Given the orthogonal set { G [K x,0J]} and the sequence of
Lz Kernels {K } associated with the set then a necessary and

sufficient conditzon that there exists an L (nI B ) function with

;!
{ K'} as its Kernels is that the series,

= o eeeT )l ...dl' converges.
s=o (ZX) 8
Proof:
I fo) € L (@, B,ug) and
= -2 (i er....t)| ®ar,...ar 4.48
<f(0). G, >P'B (20)° {pﬂ s 1" s ‘ 1 s

then the necessary condition follows from the Bessel's inequality,
4. 40.
For the proof of the sufficient condition let fn(c) be

defined as, n
= L ] 4. 49
fn(c) a§o Ga [Ks' x,0 ]
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Let m = n+p where P>1, then,

m
fmfa= I, G K.x 0]
and
m 8!
£ -£ ), £ - = _8!

<L) £, 6,0 - L, =B =, A ( Sx (yeeer )| 2er, T
ie for all p)1
. 2 o g f
eyt 2 =2, =2 Vs |K (T oee )| dr,...dr_ . 4.50

(2n)°

By hypothesis the series on the right is convergent; so for every

€>0 Jan integer n(€) 3 for every pp1

fn?-fnlge ¥ nyn(€) . 4.51

This proves that the sequence {fn.;} as defined by equation 4. 49

2

is a cauchy sequence in the LZ(QI B ) space. Since an L

) B
space is complete it implies that, tl:e sBequence fn converges in the
limit in the mean to a function f also belonging to LZ(QI, BI’ |.|.B).
This function f has the given Kernels {Ks} as the Fourier Kernels
in the expansion with respect to the set {Ge} . We can prove
this by establishing contradiction.

Let {Ls} be the corresponding Kernels instead of the
given set {Ks}
Then,

- - = + - -
<f fn £ fn> . <f'f>ﬂs <fn’fn2lg <f’fna(e <fn' f>Ht>

n
1£1% + Z, (sz.)\) {ﬂK (T ...‘r)\

n

..d'r -
8 s—o (2)\)

Ls(Tl'"Ts) d'l'l...d'l's .

z ..
= 8 1
8=0 (ZX)
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= (“f“ —o (z)‘) (...f ‘L (l' eeoT )\ ar ...d'r)

M

+

T ) K (T ...T ) 10..drs 4. 52

8=0

(ZX)

By Bessel's inequality the first term is equal or greater than

zero for a.ny n and hence,

hmlf-f ‘

2
oo T =K (T e ) ‘ dr .edr_ .

'° (2n°

Hence even if one of the Kernels say L #
lim ||f - £ \ g L (T )-K_ (T ... ) goeedT . 4.83
n 7 (zx)m rv-\ﬂ \ ,

This leads to the contradiction that

l.iom £ = f.
n n
Hence for each s, I..s must be equal a.e on I° to the given
Fourier Kernels Ks' Q.E.D

Some additional properties of the orthogonal set are:

(a) Gn is an nth degree B_ measurable homogenous functional

I
of x, for eachne€ J.

+
(b) Gn is a linear functional of Kn € Lz(In) for eachn € J .
2
For, each K and L € L (I") and a,b€F
. = ,x,0 J+bGL ,x$9 ] .
G ['_aKn+bLn ; x,0 ] a G[Kn x,0 ] [Ln x40 ]
(c) Since Lz (RI, BI. p.B) is a metric space, the distance between

two systems 8, and s, is given by

Is,-s,0 =1, b) -f cr)l

f ﬂx (T o)=L (7 .uT ) dr..dl‘
n-o (2)\)

where { Kx} € L (In) are the Kernels corresponding to the system 8,
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2
and [Ln] € L (In) are those corresponding to the system 8,
Therefore two systems are equivalentiff K = L a.e on I

+ n n
for each n € J .,

~

. . 2 . .
(d) A system S is unstable in L (QI, BI’ p.B) sensc.a if and only if,

g {o GBI : lfs(c)\>a} = 1, for every aERl, ie if the

system is unstable with probability one.

A system which is unstable in the present sense is also

unstable in any other sense, and vice versa.

REMARKS:

R1: The orthogonal functionals t}n} constructed above
are different from those of Wiener (17] only in the factor A\ > o.
In the case of Wiener's G functionals this factor is taken equal to

% - The factor M\ is inversely proportional to the power density
of the process i.e pl(w) X % . The advantage of using this factor
is that if the power content in the signal is low the sequence fn(o)
will converge rapidly to the output £f(c). thus leading to the practical

advantage of using fewer number of terms in approximating the

system output. However, both these classes of orthogonal functionals

suffer from few principal limitations both with respect to the signal

and system.,

(a) Signal: .
(1) The input is Gaussian.
(2) The input is white.

(3) The input is stationary

(b) System:
(4) The system is time-~-invariant.

(5) ° The system is of Volterra-Frechet type.
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We will reserve comments on the.limitation (1) until the end of
this section. The second limitation can be removed by simply

replacing the equation 4. 30c by 4. 30c'

2p
-1
= - s e s s e -T
i*;j 243 R(T, T,) R('l'zp_1 Zp) 4.30c'

where,
R(T -T. = . pT . = .
( i J) ( xb'Tx) x© J) d'p'B R(‘l‘J 'ri)
for i and j=1,2,...2p. Itis only necessary to assume that
the autocorrelation function is positive definite.
The third and foruth limitations can also be removed by intro-
ducing the following assumptions.

The input process, z(o ,t) € Lz(ﬂlx I, B.xM, p.me) and for

I

almost every t€l, z is BI measurable and that

O’: (t) = (nlzz(o’t) dFB< o witht €l: [0, TJ

and mz(t) = L z(o,t) 4, is measurable on I and finite
T

almost everywhere on I. Let us define a random process x(o,t) by,

x(c,t) = zb,t) - m(t) and let the measure induced by the
stochastic process x(,t) be Gaussian as before with the elements
of the matrix A.1 = " a,-.l. " redefined as,

n ij

-1 _ .
a., = R(ti'tj) = ( z(O,ti) z(G,tj) dp.B - m(ti)m(tj) .

ij a
The function R(t,T) is assumed to be symmetric and positive definite

as before. Equations 4.15 and 4. 16 are replaced by,

H ©0,t) = (-Ih{Ln(m(- DT e ) X0, T, )P, £ )T T 415!
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and n 4.16'
RG,0 = Z_ fl-s-(xs(nu-);t,«rl..rs)xo,t«-f e e XBET YT ar

and are assumed to belong to Lz({llx I, B.xM, prm) for each

n and the Kernels are symmetric in T v:riable 8.

With these assumptions a similar set of orthogonal
functionals can be constructed. In this case the equation 4.30 =
repre senting a general member of the sequence of orthogonal

functionals becomes,

Gn[ K (m(-); t, 1'1...'rn)...xp,.).°. t]

(3]
= 2 P n!
= ;---[K (m(-); ;57,,..T.) 5 (-1) S_(xpt-T)..x0,t7 ))
- n 1 N p=o (47\)P(n-2p)! p! P =

J 1. L] 'uTn” 4- 30'

n
&y x(o,t-r.) , for p = 0 ‘

where
Sp_ (x(’,t-’l'l), ... xb, t-'rn))

and for p>1

S {xb,tF,)...x0,t-T )) = =« a, ™ x,t-T. )
P ! n if; M i=2p#t :
where,
2p -1
™ a = R(t-T » t-'r ). s e e oR(t-T ’t-'r )
. . i3 1 2 2p-1 2
it j i) ' P &P

The properties of these orthogonal functionals are similar to those
corresponding to the previous ones.

So far as the question of construction of orthogonal functionals
is concerned, challenging theoretical problems are pre sented by the
first and the fifth limitations. The fifth restriction excludes discon-

tinuous nonlinear systems and even nonlinear systems with Kernels
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containing products of impulse furctions. To the knowledge of
the writer there seems to be no immediate prospect of lifting
this restriction. A theory of distribution for functionals,
analogcus to what has already led to the concept of generalized
functions, may prove to be useful in this direction. Even if this
problem is overcome in future and a theory of generalized
functionals is developed it is quite conceivable that measurable
functions may be transformed into non-measurable ones under

these generalized transformation.

An attempt to lift the first limitation brings in several
questions: Any other suitable measure defined on the function
space say QI may be another special measure just as the one
induced by Gaussian processes. If the input process is other
than Gaussian then Wiener’s orthogonal functionals cannot be used

since these are only complete in the class L2 (QI, BI ) where

o
Y is the Gaussian measure. It is therefore, desirableBto construct

a suitable and useful family of measure spaces on a given function
space say LZ(I) and the corresponding family of orthogonal functionals.
The author made an attempt towards this direction by using a family

of multi-dimensional probability functions discovered by P. W,

Cooper [18]. These probability functions are defined as,

/2) {\A m
Pm,n (X) mrinla) exp -( (5-&)+ Alx-p)) & 4.54
’ 2 Mn/m)r /2 V m e (c ©

where x is n vector, A- nxn moment matrix and p is

the mean of the n-vector x . For m=2, Pm, n’(ﬁ) reduces to

the Gaussian probability function. The writer faced few difficulties
while using these probability functions in the construction of a
similar set of orthogonal functionals as those of Wiener. We could

evaluate the multiple correlation of this process and it was found
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for the case p = 0 that,

]
(@)

q(l'1 coo ‘rn)

, for n: odd
1
n=2p » }4. 14

a(p, m) { Ry -aij . , for n even

This expre ssion has the same form as that of equation 4, 14

except that ( )p is replaced by a(p,m)

3
a(p, m) = zzP(E"z—) (E§+%) ,
N(p+ = )

for all p € J+ and mé€ (oo ). F or, m=2 this reduces to
the multiple correlation of the corresponding Gaussian process.
A typical problem that was faced in the process of ’
orthogonalization of the sequence [Rnb) } with respect to the
measure corresponding to the probability functions 4.54 is the
following;
Let us consider orthogonalization of R 3b) with the
zeroth, the first and the second degree homogeneous functionals
as in section 4.2-1 by use of 4. 14'.

Similarly as before, it can be shown that

Ko = -a(l m)g. K (1','r YdarT 4.23!
K,y = a(l ) L 304.72:T) ¥, 4. 24

and <R3 R H2> leads to the following relation for an

arbitrary l.,z (r,.T.) € Lz (IxI).

1’2

2 a(2, m) (JL tr,,m,) K00, 7,) &, dr,

4.27!
+ (a(2,m)-a (1 m)) ( sz 1,1‘ )KZ(T292)dr dr = 0
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For an arbitrary Lz(;l'l,Tz) € LZ (Iz), equation 4.27 is satisfied
if and only if, KZ =0 a.e, where as K2 =0a.e, is only a
sufficient condition for 4.27' to be satisfied.

Similar situations are encountered in the process of
orthogonalization of other members of the sequence {Rn(c) }.
Prof. Wonham expressed /private communication), his doubt
about the consistency of the family of probability functions defined
by equation 4. 54, which escaped the notice of this author.

It is believed that this is the reason why problems like

the one described above were encountered.

R2: Synthesis and analysis (including identification) of
nonlinear systems subject to Gaussian noise are-substantially
simplified if the Wiener orthogonal functionals are used, [23,24,25]
In many engineering problems Gaussian process is almost a fiction.
This leads to the guestion of construction on Banach spaces measures
other than Gaussian. The answer to this problem is partly available
in the famous Radon-Nikodym theorem (267 which asserts the exis-
tence of a continuous tr ansformation between two absolutsly conti-
nous measures defined on the same O -field of Borel measurable
sets of the given Banach space. This shows that, if for a given
non Gaussian process we can find a continuous transformation which
when applied to the given non Gaussian process results in the
Gaussian process, we can still use Wieners re sults. In this case
we can replace x by g(x) (equation 4. 30) and obtain a set of
orthogonal functionals for the non-Gaussian process. But if there,
exists no such continuous transformation then we have to construct

the orthogonal functionals again from basic considerations.
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CONCLUSION:

In this thesis the main emphasis was on the functional
approach to analysis and syﬁthe sis of nonlinear control problems,
rather than differential equation approach. Functional represen-
tation includes differential systems, integral systems and also

integro-differential systems. For example a representation of

the form.
t t
y() = Flx (+),. .. ,x_ () 3t]
ai na
n

includes differential systems when F depends only on the values
of the functions xi(- )--xn(‘) taken at the point t, i.e when a,=a,
= a = t. In certain problems of synthesis (such as the first
problem of chapter III) such an abstract representation is not
possible since it is the functional F that must be determined
from the knowledge of y(*) and =x(:). In this dis se‘rtation such
abstract representation was attempted at wherever it was found

convenient.

Limitations and possible extentions of the work presented
_here have been discussed as far as possible at the end of each
chapter.

The author feels that in future functional approach is

going to be the principal tool in system engineering.
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