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INTRODUCTION

The Dirichlet and Neumann problems commonly known
as the First and Second Boendary Value Problems of classi-
cal potential theory with respect to a closed, bounded sur-
face are suggested by physical problems [4] as well as the
identity of Green [10]. These problems have been extensively
discussed mainly around the turn of the century.

This thesis 1s devoted to the study of generalizatiops
of these problems, referred to herein as the Neumann-Poincaré
and Robin-Poincaré [31; (1) Ch. VII] problems respectively.
The purpose is to inveséigate the various analytical repre-
sentations of the solutions of the pair of integral equations
associated witﬁ these problems.

The whole project is being studied in the background
of computational schemes of linear algebra, some of which
have originated in the last two decades.

The motivation for the above investigation 1s to develop
an existence and uniqueness theory best suited to numerical
computation and which may be extended to surfaces with edges
and corners or to infinite smooth surfaces. |

This work 1s divided into four chapters. In the first
chapter, the problem i1s formulated and Neumann's [27] method
of the arithmetic mean, one of the earliest attempts in sol-
ving the Dirichlet problem ﬁith fespect to a closed convex

surface, is briefly discussed. Mention is made of Robin's
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[34] attack on the Neumann problem, the method is on
somewhat identical lines.

' The assumption of convexity of the surface proved
to be very restrictive. Poincaré, motivated by the
efforts of Schwarz [38] and Picard [43] in tackling the
problem of certain minimal surfaces and his own experience
with the vibrating membrane problem [31; (iii), p. 119],
was led to ﬁhe introduction of a paraméter A in the boun-
dary conditions, since the Laplace's equation did not
contain a convehient parameﬁer as was the case with the
vibration'problem. This was a significant step in the
solution of the potential problem. Poincaré reformulated
the First and Second Boundary Value Problems now called
the Neumann-Poincaré and Robin-Poincaré problems respec-
tively.

Formal solutions of these problems, in terms of
spherical harmonics, in the case of tpe unit sphere, led
Poincaré to conjecture that the solutions of these problems
were siﬁilarly meromorphic functions of the parameter A.
Birkhoff [1] has noted important physical interpretations
of the generalized single layer problem called the induced
potential problem, which corresponds to || < 1 in the
Robin-Poincaré problem.

The methods of Neumann. [27] and Robin [34] were re-

formulated by Poincaré [31; (i1i)] and the required poten-
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tials were sought in the form of infinite series in
powers of A, the coefficients being potentials of double
and single layers respectively. The convergence of these
series was established by the method of the arithmetic
mean, in the case of convex surfaces.

One of the direct methods of solving the pair of
adjoint integral equations,assopiated with these problems,
1s the method of successive substitution. The solution is
obtalned in terms of Neumann series in powers of A and
glves the corresponding moment of the double layer and the
density of the single layer respectively. |

Here an expression for truncation error is given,
when a finite number of terms of thls seriles is taken‘for
the solution. The error estimate is given in terms of the
sequence which arises when a special algorithm, the so-
called quotient-difference algofithm, is used. The notable
feature of this estimate is that it avoids the conventional
form of error estimates ilnvolving derivatives of integrands.
Furthermore a repeated application of the above generates
an interesting algorithm. The error estimate, or for that
matter, the solution of the inteéral equation, may be repre-
sented as a continued fraction, the elements of which are
terms of certain sequences that are minimizing sequences
in the sense above. The difficulties that remain to be

overcome in this-approach will be touched upon later.



viii

In the second chapter, a résumé of important
results on integral equations due to Ffedholm (8; (1),
(11)] 1s given.' The solution, in two dimensions at least,
1s given as quotient of entire functions. Plemelj [30]
has thoroughly analyzed, the integral equations of potui-
tial theory, by the method of the Fredholm resolvent. The
principal results, valid in two and three dimensions, are
also noted. It is also shown by a simple method that the
Fredholm resolvent is an analytic continuation of the
Neumann and Robin serlies. The chapter concludes with the
theorems of Marty [24] and their abstract interpretation.

In the third chapter the analytic representation of
the solution from the eigen-value aspect 1s given in terms
of Mittag-Leffler éxpansions. The connection between the .
residue at the pole and the solution of the corresponding i!!
homogeneous equation can easily be established. Plemelj
[30, (11)] has given a canonical decomposition near a
singular point. Here a non~trivial extension is made to
the case of a finite number of simple poles, and some
further properties of the residues at these poles are noted.
This effectively yields an approximation to the solution
of the integral equation. The reason why we call it an
approximation is that we retain only a finite ﬁumber of

terms in the expansion, the entire spectrum being denumerably

infinite..
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The Robin-Poincaré and the Neumann-Poincaré

pboblems have been solved by means of the so-called

s fundamental functions of Poincaré. These functions are,
in general, potentials of single layers with densities
proportional to the eigen-functions of the Fredholm-
Poincaré integral equations. In case of a co-ordinate sur-
face in a system of co-ordinates in which the Laplace's
equation separates, the method of seﬁaration of variables
furnishes examples of fundamental functions. It may be
that in the case of infinite co-ordinate surfaces or sur-
faces with corners, partial separability of Laplace's equa-
tion obtains. The thing to look for is the continuous spec-
trum as is the case'in two-dimensions discussed by Carleman
(5, (1i1)].

The original discussion of the eilgen-value aspect of

o

the integral equations of potential theory is due to
Blumenfeld and Mayer [2] who -establish the existence of
Poincaré fundamental functions and prove the convergence

of the Mittag-Leffler expansions in the interior and exterior
regions bounded by a closed, smooth surface, but not on the
surface itself. The.completion at this point has recently :
been achieved by Howland and Vaillancourt [18] who establish -
that the series indeed converges everywhere, uniformly and
absolutely. They use a functional analytic approach and
employ the fact that the kernel of the intégral equation,

corresponding to the Robin-Poincar€ problem, is symmetrizable




ix

The Robin-Poincaré and the Neumann-Poincaré

problems have been solved by means of the so-called _

v fundamental functions of Poincaré. These functions are,
in general, potentials of single layers with densities
proportional to the eigen-functions of the Fredholm-
Poincaré integral equations. In case of a co-ordinate sur-
face in a system of co-ordinates in which the Laplace's
equation separates, the method of seﬁaration of variables
furnishes examples of fundamental functions. It may be
that in the case of infinite co-ordinate surfaces or sur-
faces with corners, partial separability of Laplace's equa-
tion obtains. The thing to look for is the continuous spec-
trum as is the case'in two-dimensions discussed by Carleman
[5, (111)].

The original discussion of the eigen-value aspect of
the integral equations of potential theory is due to
Blumenfeld and Mayer [2] who establish the existence of
Poincaré fundamental functions and prove the convergence
of the Mittag-Leffler expansions in the interior and exterior
reglons bounded by a closed, smooth surface, but not on the
surface itself. The.completion at this point has recently
been achieved by Howland and Vaillancourt [18] who establish
that the series indeed converges everywhere, uniformly and
absolutely. They use a functional analytic approach and
employ the fact that the kernel of the integral equation,

corresponding to the Robin-Poincare problem, 1s symmetrizable




on the left, by a positive definite and symmetric
transformation. The transformation in question gives
rise to potentlals due to single layers. Furthermore
the second iterated kernel is completely continuous on
the prehilbert space of continuous functions on the
bounding surface in the ordinary sense, with L2 norm.
Then arguments due to Reid [32] and Mercer [25] are
utilized to achieve the desired result.

Here we construct linear subspaces of increasing
‘dimension, spanned by functions generated by the minimized
iteration scheme [22] and endowed with the Dirichlet norm.

- An invariant subspace of infinite dimensions 1s defined,
which 1s the closure, with respect to the norm, of the union
of the linear finite diménsional subspaces and which is
complete with respect to this norm.

The procedure of constructing the orthonormal system
by the above scheme gives, for the kernel of the integral
equation, a symmetric, tridiagonal matrix representation of
infinite order. The finite 'sections' of this matrix aré
employed in the approximate solution of the homogeneous
and non-homogeneous integral equations.

Here the existence of elgen-values 1s established
with the aid of the maximum principle, which 1s concerned
with the maximum of the Rayleigh quotient [15; p. 175]
and some modification of Reid's [32] methods. The argu-
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ments are made to depend upon the Fredholm alternative

and the discreteness of the spectrum. The mini-max
property [15; p. 31-33] of the eigen-values is also stated
which implies the monotonicity of the approximate eigen-
values when successive finite sections of the tridiagonal
matrlx, representing the kernel, are taken. The extremi-
zing sequences yleld eigen-functions.

Some expansion theorems are also stated which help
to prove an important identity. Arguments due to Riesz
and Nagy [33; p. 234-235] together-with the maximum
principle combine to establish the complete contlnuity
of the linear transformation, associated with the potential
theory, with respect to the Dirichlet norm.

However, Mikhlin [42; p. 78] establishes complete
continuity of a non-symmetric, weakly singular transforma-
tion, with respect to the L2 norm. This provides an alter-
nate approach, since Reid's [32] results are then directly
applicable, to establish the existence of eigen-functions.
But for the present, from the computational aspect, the
former  view point 1s belng pursued.

It 1s noticed that the assumptions on the linear
transformation, made by Karush [20] are met by the linear
transformation, associated with potential theory. In view
- of the equivalence, established by him, of the projection

technique and the minimized iteration scheme, analogous
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results on approximate solution, eigen-values and

elgen-functions with truncation-error estimate have
‘been stated. The above arguments depend on the equi-

valence of two definitions of complete continuity.

The results suffer from the fact that only conver-
gence in norm obtains. It is conjectured that the conver-
gence 1s in fact, pointwise and uniform on the surface.

In the fourth chapter a rational approximation to
the solution of the integral equation has been carried
out using Lanczos' [22] method of minimized iteration out-
lined above. The convergence is noted to be geometric with
small ratio. Rational approximation to the solution is
equivalent to the approximation of the kernel by degenerate
kernels. )

The four different analytic representations of the
solution of integral equation, noted above, suggest that
they may be linked with one parent.representation, that
of a continued fraction. Such a representation would have
some advantages. The convergence properties may be formid-
able, in view of the dependence, of the elements of the

continued fraction on the point of the surface and the

parameter A,



CHAPTER I
PROBLEMS OF CLASSICAL POTENTIAL THEORY

1. Statement of the Problem

This thesis is concerned with the First and Second
Boundary Value Problems of classical potential theory in
three dimensions.

Let R denote a finite region of three-dimensional
space, bounded by a surface S of class B [23] and R' its

exterior.

RI

Fig. 1
The assumptions on the surface S assure the validity
of the formulae of Green [21; pp. 212-218] and the Diver-
gence Theorem [21; p. 113]. We will denote points on S
by small lettérs p,q, etc. and those not on S, by capital
1ettefs P,Q, etc. P may be a point of R or R' according.
as the interior or exterior region is implied.

The Dirichlet Problem or the First Boundary Value Problem

[21; p. 236].
We wish to find a function W(P) which is harmonic in



the reglons R or R', subject to the conditions:
1) W(P) is regular at infinity, if P¢ R',
i1) on S, it takes pre-assigned continuous value,
say, g(p).
In the two-dimensional case,
W(P) = 0 at infinity, for P € R',
- The Neumann Prchlem or the Second Boundary Value Problem

(21; p. 246]

We wish to find a function V(P) which is harmonic in
the region R or R' subject to the conditions:

1) V(P) is regular at infinity, if P& R',

11) the normal derivative on S takes pre-assigned
value, say, f(p).

In the case of two dimensions we assume that £(p)
satlsfies the condition

[ £(p) aS =0,
S

where dS denotes the element of the arc, and add to the
condition i) the requirement V(P) = 0 at infinity.

I shall consider these problems only in three dimen-
slons.

2. The Potential of a Single Layer

The potential V(P) of a single layer of density u(q)
on $ is defined by [21; p. 55]

1 1
(1) V(P) = 5= é u(q) o 4,



where qu is the distance between the points PE R or

R' and q € S and dSq 1s the element of surface area at q,
. .

the integration is taken over the whole surface S.

V(P) has important prbperties when u(q) satisfies
different conditidns:

(1) If u(q) is a continuous function of q € S, then
V(P) is also defined at points P = p of § énd is a con-
tinuqus function of P as P crosses S [5; pt I, p. 2477,
In particular the boundary values V(p) of V(P) on S are
continuous., Furthermore, V(P) is harmonic throughout R
and R' and 1s regular at infinity. Then, the limiting values

iz(po) Ez(po).
: b

| on_ an+

exist at every point of S, where n denotes the outward nor-

mal to S at P, and the limits are as P = Po from within or
without S, and are taken uniformly with respect to Py

These limiting values are continuous functions of position
on S and are related [30; (11) pp. 349-353] by the following:

(2) _]é-_ (_Q_V_(p) aV(p)

(3) %_ (_8_!(p) + BV(P)) =

A ds
an_ an,, ) 65q»

mli—'
=3

[w) & &
5 anp rpq

where np denotes the outward normal at p.
(11) Suppose that u(q) satisfies a Holder condition

[17; pp. 36-42] uniformly on S.

PRSI



Then, the function V(P) is continuously differen-
tlable throughout R and R'. The tangential derivatives
of V(P) are continuous [17; pp. 36-42] as P crosses S.

(111) The existence of derivatives of V(P) of higher
orders has been discussed by E. Schmidt [37, (1); (i1)].
This requires that S and p(q) possess derivatives of
higher orders.

Potentlals of this type are also sometimeé referred
to as due to simple distribution. They are normally em-
ployed in solving the Second Boundary Value Problem in
which we seek a harmonic function in R or R' whose normal
derivative is given on S.

3. The Potential of a Double Layer

The potential W(P) of a double layer of moment v(q)
on S 1s defined [21; p. 66] by

(1) W) =5 [ v &= & ) e,

S q qu g
where nq is the direction of the outward normal at q, and

qu is the distance between P and q.
W(P) has important properties when v(q) satisfies
certain conditions:

(1) Suppose that v(g) is a continuous function of
the co-ordinates of q € S. Then, W(P) is harmonic [9; pt I,
p. 250] throughout R and R', and 1s regular at infinity

[21; p. 216]. Furthermore,W(P) is continuous in the regions




(21; p. 168] R + S and R' + S, but experiences a jump
when P crosses S. This discontinuity is expressed [30;

(11) pp. 355-357] by the relations:

(5) 3 (0,(p) = W_(p)) = v(p);

[ aad

(6) ) ds

q

o[

(W, (p) +W_(p))= &= [ v(q) & ¢
+ B T AR o7 é vid My T

In addition, the following limit [21; p. 170] holds

i

uniformly with respect to p.

W(p,) aW(p )
lim (=% = =F=/) = 0
0 on on ’

where P, and p_ are points of ﬁ' and R lying on the normal

to S at p at equal distance ¢ from p.

(11) Suppose that v(q) has continuous partial deriva-
tives of second order on S, then, W(P) possesses continuous
normal derivatives [21; p. 172] in the closed regions S+

and S_ constructed from S by moving along the normal a

distance +¢ and -¢ at each point of S, 1.e. %% is continuous

on S and Green's formula may be applied to W(P).

(111) Suppose that v(q) is bounded and integrable, then
W(p) satisfies a HSlder condition [21; p. 300] uniformly
on S.

(iv) Suppose that v(q) satisfies a Holder condition
uniformly with respect to S, then W(p) also satisfies a
Holder condition with a different exponent [36; (1)].



Potentials of the type W(P) arise in magnetic distri-
butions. They are normally employed in the solution of

‘the First Boundary Value Problem i.e. the Dirichlet
Problem.

4, The Method of Arithmetic Mean

C. Neumann was the first mathematician to seek a
solution of the Dirichlet Problem with respect to the
region R in the form of the potential of a double layer
[27; (1), (11)] on S. Neumann's method, called the Method
of Arithmetic Mean (see for summary [21; pp. 281-283]) is
applicable to closed smooth, convex su;faces S. Briefly

the argument is as follows:

y

Let WO(p) denote the value of the following surface

integral

1
(7) W = T

wa—
<
~~
=)
-
21

then by virtue of the relation [21; p. 68]

L (2 ) as, = -do;
a "pg

=3

where dQ 1s the element of the solld angle subtended at

p by the element of the surface S at q, we have

(8) W0 = = [ v(g) an.

Let W~ and W' denote the limiting values of W, then

- +
(9) Wo=-v+ WO; W =v+W




The integral in (8) may be interpreted geometrically

as the arithmetic mean of the values of v, transferred

along the radii, to the hemisphere of the unit sphere

about p. Since S is convex it follows that the extreme

values of -W° lie strictly between those of the moment

of the double distribution on the surface, and thus vary

less in this sense, than do those of v.

The method involves the construction of a sequence of

double layer potentials by iteration, thus
| 1

: 1 3
W, == 5=[v(q) = (% )ds ;
1 2m 5 anq rpq qQ’
1 03 1
Wy = =5 [W, = (5 )ds ;
2 2’ & 1 anq rpq q’
oLl oo 3l :
W = = 57 g Wn-1 anq <rpq) dSq’
which yield the limiting relations:
- o ., F. 0,
W1 =y + wl R Wl v+ Wl,
- _ 1,0 o, +=_0 0,
w2 = w1 + w2 R w2 w1 + w2,
- _ w0 L yO t o O o,
W = Wpey F W 5 Wy = W g+ WS

ete.

ete.

Neumann showed from the arithmetlic mean property that

wg + ¢, a constant



as n + =, whence the uniform convergence of

[+

% (Wppey = Wap) » v -c .

Consequently the serles of potentials

(Wopoy = Wag) + o =W

18

i

solves the Dirichlet Problem for the region R.

For the region R', the solution [21; p. 283] is

given as

v c (1l

% W o+ (ZHC-V) =W, +c
where V is regular at infinity.

A similar method for the solution of the Second
Boundary Value Problem or the Neumann Problem with respect
to a convex surface S, in terms of the potentials of single
layer, was developed by Robin (34; (11), (i11)]. |

5. Integral'Equations of Potential Theory

Poincaré [31; (11i)] generalized the method of Robin
and Neumann in a significant way and reformulated the prob-
lems with the introduction of a parameter A into the boun-
dary conditions.

The Robin-Poincaré Problem [31; (i) p. 134]

Let S be the surface defined in Section 1 and A a
given parameter. Let f(p) be a given continuous function

of p€ S. We wish to find the potential V(P) of a single




layer on S which satisfies the condition

(10) %%ip) - %%ip) = A(%%fp) + %%ip)) + 2 f(p) on S.

We may note that no restrictions are made upon the
behaviour of V(P) at infinity. The Second Boundary Value
Problem or the Neumann Problem (see [21; p. 287]) is a
particular case of the Robin-Poinéaré Problem. For the
region R, we have X = -1 and f(p) as the value of the
normal derivative of V on the boundary and for the region
R', A =1, and f(p) is taken as the negative of the given
value, |

The Neumann-Poincaré Problem [31; (i), p. 291]

Let g(p) be a given continuous function defined for
points pe S. We wish to find the potential W(P) of a
double layer on S which satisfies the condition

(11) W (p) = w_(p) = a(W,(p) + W_(p)) + 2 g(p) on S.

Solutions of the Neumann-Poincaré Problem are regular
at infinity (zero at infinity in two dimensions).

As before, the First Boundary Value Problem or
Dirichlet Problem is a particular case of the Neumann-
Poincaré Problem (see [21; p. 286]). For the region R,

A = 1 and g(p) = -(boundary value); and for R', X = -1,
and g(p) =(boundary value).

The Fredholm-Poincaré Integral Equations

Suppose that
(1) V() = 3= [ ula)




- 10 -

and

(4) W) =3 [v@) & () as

qa Tpq

l\)ll—-‘
=3

q

are solutions of Robin-Poincaré ard Neumann-Poincaré
Problems respectively. As potentials of single and double
layers V(P), W(P) satisfy conditions (2); (3) and (5); (6)
respectively. Using (10) and (11) we see that u(q) and

v(q) satisfy the pair of adjoint integral equations,

(12) MM=MH¢%M®L(l)®;
2m anp rpq q
(13) WM=MMlﬁW®L(l)®,
2m anq rpq q
respectively.

6. Properties of the Kernel of Potential Theory

The Fredholm-Poincaré Integral equations (12) and (13)

may be written as

(14) u(p) = £(p) + 1 [ K(p, ) u(q) dS;
and
(15) v(p) = g(p) + A [ v(qa) K(q, p) @S,

q

respectively, where

1 9 1
(16) - Klp, q) =5 (=)
N 2m 8np rpq
and
1l 9 1
(17) K(q, p) = 5= == (= )
2m Bnq rpq

K(p, q) and K(qg, p) are called the kernels of the
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integral equations (14) and (15) respectively. In case

f(p) and g(p) are zero, we have a pair of adjoint homo-

v geneous integral equations

(18) u(p) = A [ K(p, @) u(q) as 3
(19) v(p)

A [ v(a) K(q, p) ds;.

An elegant and powerful method for proving the existence
and studying the properties of the solutions of (14) and
(15) is due to Fredholm [8, (1), (11)]. This method; in
particular, has been applied in detail, by Plemelj [30]
to the integral equations (14) and (15) of the Classical
Potential Theory. A brief summary of these results is
given in Chapter II. Here we only note some important
properties [21; pp. 299-300] common to the kernels K(p, a)
and K(q, p), glven by (16) and (17) respectively.

(1) K(p, q) is continuous for p 7 q

(11) [K(p, Q)| <3 jroq # 0, holds for all 5, M

pq
being a constant

(111) K(p, q) has continuous derivatives of the first
order with respect to the co-ordinates of projection of p

and q on any fixed tangent plane to S at a point and 1s

subject to the inequality
3 M
|55 K(ps @] <2 T * 0
pq
where s is any arc on the surface S.

(iv) Let f(p) be a continuous function.
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Then, ¢(p) = [ K(p, q) £(q) s,
¥(p) = [ £(q) K(q, p) as,»

satisfy uniform HOlder condition on S. If F is a bound
of |£(p)|,there is a constant A independent of these func-
tions such that [21; p. 300]

lo(p)| < AF 5 |u(p)| < AF,

(v) The second iterated kernel

k) (p, @) = | Kp, q;) K(qy, a) dsql

is continuous for p # q, and

IK(Z) M
Yoq

holds uniformly on S. B and M are constants [21; p. 303]

(p, a)| < B log

(vi) The third iterated kernel

K(3) K(2) (ql’ q) dsq

(ps @) = [ K(p, qp) i
is everywhere continuous on S [21; p. 301]

(vii) The order of integration in iterated integrals
over integrands containing K(pT q) as a factor may be in-
verted [21; p. 304]

(viii) Property (iv) holds if in the integrals any

iterated kernel K(;? (p, q) be substituted for K(p, q)

[21; p. 307]
(1x) The geometric interpretation of the kernels 1s

simple, since
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= :8 (Ll oy Ll pg
K(p, q) 2T anp (rpq) e r2 s
Pq
K( ) 1 3 (1 ) p cos(n,, rpq)
Q:p='§—_ oy s 5 ,
T anq rpq 2m 2 ’

where cos(np, rpq) denotes the cosine of the angle

between the inward normal at p and the chord pa- Similarly

cos(nq, rpq) denotes the cosine of the angle between the

inward normal at q and the chord qB.

7. Neumann's Method (Method of Successive

Approximations)

One of the direct methods of solution of the equations
of potential theory is the Neumann Method [27; (1), (ii)]
and is commonly known as the method of successive approxi-

_mations. We may write equations (14) and (15) in a symbolic

form as

(20) w(p) = £(p) + AKu(a),
and

(21) v(p) = g(p) + K v(q),

corresponding to the Robin-Poincaré and Neumann-Poincaré
Problems. For purposes of illustration we treab equation

(20) and seek the solution in the form

(22)  u(p) = £40) * A £3(p) + 2% £5(0) * o

Substituting this in (20)
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£o(p) + A £1(p) + \2 £o(p) vv =

= f(p) + A é K(p, @)fyla) + 2 £1(q) .. ] as,

and comparing the coefflcients of like powers of A, we
have

£o(p) = £(p) . !

[ (b, @) £(a) as;

L]
—
—
o]
~
n

-y
()]
—
T
~
1]

[ X(p, @) £, (a) dsy

ooooooooooooooo

Introducing the iterated kernels

!
ke, o) = K(p, @) | ‘l.‘

2 (s, o) = | K(p, ;) K@, @) 654

(3) . (2) :

=
—
—
kol
~
n
—
=
—
o
-
Ne]
~
H
—
$£O
~r
(o7
[72]

More generally:

(23) £, = [ k0o, @) £(@) a5, m =1, 2, ...

and the series solution of (20) becomes

u(p) = f(p) + AIK(1)<p,q)f(q)dsq + Azfx(z)(p,q)f(q)dsq + o

i
{
|
x
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which may be written in a compact form indicating the
dependenée of the éolution on the parameter A in the

y following form:
(24) wu(p,n) = £(p) + k(P 4+ 2@ 4 3By

Let us define R(p, q, A) by the following relation:

(25) Rp,a,0) = K (p,0) + i@ (p,0) + 2% p,q) + ...
and call 1t the Neumann Resolvent for the kernel K(p,q).
Since the series of continuous functioﬁs on the right hand
side of (24) converges uniformly, term by term integratioﬂ
is permissible, and we may write the solution as:

(26)  u(p,A) = £(p) + A [ R(p, q, A) £(q) as -
A similar treatment may be gi?en to (21) and the solution

written as an infinite series in powers of A,

(@7) vip, A) = glp) + A k¥ Mg 4 32 @@y y |

The analytic properties of u(p,A) and v(p, A) will
be discussed, in the following pages, from various aspects.
The Taylor series representatioﬁ'of the solution (24) or
(27) 1s valid for small values of the parameter A and thus
heavily restricts its usefulness.

8. Poincaré Method (Method of Undetermined

Coefficients

A more informative method of solution of the Robin-
Poincaré and Neumann-Poincaré Problem is the method of
Poincaré [31; (ii), (iii1)] or the method of undetermined
coefficients in which the required potentials V(P) and

W(P) are sought in the form of the series

ERpY

)

t

{

!
]
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V o+ AV # A%V

3
0 1 + ATV, 4

(28)  v(P) ) 3t

2
(29) W(P) WO + A Wl + AW

3
o T A w3 t oo,

where V(P) and W(P) satisfy the boundary conditions (10)

and (11) respectively;

1,9V oV A oV oV _
(10) 5 (§H - 35;) -5 (Eﬁ + T ) = f,
- - +
(11) L, -w) -2 ) =g
2 Ve TR M TR TR

Upon substitution of (28) and (29) in (10) and (11)

and comparing coefficients, we have

4

}.(Ey_o_-?zo)=f.
2 an_ 8n+ ’

(30) < 1(3‘_’1_3‘11) 1(3Y_o+ﬁo)=o
2 Sn_ 3n+ 2 an_ an+ ’
BB

| 2 Bn_ 3n+ 2 an_ 8n+
ete.
and
( 1
' = (W, -W,) =g;
2 0+ 0_
1 ! a
(31) § 3O =W ) -5 (g +g) =05
| + - + -
Ly Wy ) =% (M +W ) = 0;
L 2 2+ 2_ 2 1+ 1 ?
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Thus the Vi and Wi may be constructed recursively, as

single and double layer potentials respectively. The
method of arithmetic mean establishes the convergence

of the series

c__.
(32) W-r=3; <1

in the case of a convex surface S, where ¢ is a constant.
In this procedure we successively approximate the
potentials V(P) and W(P) as opposed to the Neumann Method
in which the u(p) and the v(q) are successively approxi-
mated and then the potentials V(P) and W(P) evaluated
through (1) and (4).
9. Method of Schwarz

Schwarz [38] was the first to demonstrate the exis-
tence of the fundamental harmonic of a membrane while dis-
cussing the vibration problem. His method may be related
to the present situation to show that the Neumann series

(24) has at least one pole [9; pt II, p. 101].

Let
(24) (e, = 24(p) + Afy(p) + A°8,5(0) + A305(0) + ..,
where
(23) 1,00 = [ K™ (p,q) £5(0) dq;  £,(p) = £(p)

be the Neumann series solution of the Robin-Poincaré
Problem. Multiplying (24) by a bounded function h(p) and

integrating term-wise, we have
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(33) (u(py, A), h) = ag + Aay + A2a2 + e,

n_ ‘'n’
Suppose that (24) has no pole, then (33) 1s convergent
everywhere. This is not true, since we may choose f and

h such that

(1) The a's in (33) are positive and satisfy Schwarz'

inequality
2
8 28 4+l
. an
(11) The ratio o - lncreases with n, but being bounded
n-1

above, tends to a finite limit &,

(34) 1im 5-2- =4 # 0.

Thus (33) has a finite radius of convergence Ao = % and hence
a singularity. Therefore (24) has a pole and consequently
the Neumann resolvent (25) too, has a pole.

Furthermore, if

no.o_
(35) | lim Xy £ = u,

n-
then Mo 1s a solution of the homogeneous equation (18)

corresponding to AO' Mo 1s called the eigen-function

corresponding to the eigen-value AO'
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On somewhat similar lines Schmidt [37; (1)] proved
that a real symmetric kernel possesses an eigen-value and
v hence a countable discrete spectrum of eigen-values. Thie
model helped Marty [2U4; (1),.(11)] to establish the exis-
tence of a spectrum for kernels of Fredholm type that are

symmetrizable by a symmetric definite kernel.

Blumenfeld and Mayer [2] have applied Marty's argu-
ments to the equatlons of potential theory using a symme-
trizing kernel noted by Plemelj [30; (1)]. They obtained’
a proof of the existence of Poincaré's fundamental func-
tions and established expansion theorems for the Robin-
Poincaré and Neumann-Poincaré Problems. These results and
recent improvements [40] are discussed in Chapters II and
III.

10. Error Estimation in Truncation of Neumann Serles

Solution

Now we seek bounds for the error in the solution of
(20) u(p) = £ + AKy
when the first n terms of the Neumann series (24) are taken
for its solution. The bound is given in terms of an iteration
éequence which arises when a special algorithm, the so-called
quotient-difference algorithm [35, 14] is used. This algo-
rithn is a generalization of the‘Bernoulli-Aitken method of
finding the root of the smallest modulus of a given polynomial.
Theorem: If Mo denotes the nth. approximat{on of
(24) u=f0+)\fl+A2f2+... y

the Neumann series solution of (20), then
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n
AP E,

(36) o=y | <

where {xi} is the iteration sequence generated by the

quotient-difference scheme for the smallest root of

2

(37) Po ¥ Mpyy # AT+ e =0,
Proof: Let
- ' n-1
My = f + Afl + .00t A fn-l
and
n n-1 n, .
R R T R e A o
obviously,
‘ - AL Lo ASE .+
(38) Mo Pne _ Mion n¥2 e
M= By fn + Afn+l S S

Let the serles expansion of the right hand side of (38)

be
a Am+l
m=0 '
where
fn+1 fn 00
fn+2 fn+l r 0 n n+l
= | ' o -
(39) a, = |' ! / (-1)™(E)
. . £,
fn+m+1 fn+m tee fn+1
m=0,1,2, ...
If we try to solve
2 -
fn + Afn+1 + A fn+2 + . =90

——s 2
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for the smallest root with %he help of the quotient-

difference algorithm we are led to a sequence {xi} where

X,
(40) 1n 2o L
o 71 .70
and Xy are given by
fn+l fn 0
1 1 1
1 1 1
() x = | ' B ASIEtN
1 1 f n
1 ! n
Poet Tawi-1 0 T
fordl=1,2, ... . ‘
Comparing (39) and (41), we have
f
n+l
x~ = —a - e  eee—————
3 0 fn
fn+l fn 2
(42)  « Xy = =8y = . . /£
n+2 n+l
\ L R I
therefore we can write (38) as
b=
.__.:__ni}. = - E X )\i .
L i=1
H L+ § x A%) = tu 7 ox al
ence | P Hpe1 T4y, LM >
: i
IR SR TR S SR
L - n+l n =1 i ,
i
L+ ] %2
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i
Un(l + iZl xi )\ ) + (Un+1 - Lln)
u = - ’
1+ .z xixl
i=1
A £,
(43) TRE I TR .
n Z xi }‘1
i=0

and taken Xy = 1, in accordance with the algorithm.

Thus, we get the bound for the error as
n

P e,

!

i=0

lw = ugl < q.e.d.

Xy Ai
It is of interest to note that the above expression
for the truncation error avoids the conventional form em-
ploying the derivatives of the integrand, which 1in the
present case 1s not of much help, since the integrand in-
volves the unknown quantity p. Furthermore, a repeated

application of (36) generates an interesting algorithm

and the error may be evaluated in terms of certain sequences

analogous to {xi} that are minimizing sequences in the sense

above. The result may formally be written in the form of a
continued fraction, whose elements are given by the above

sequences.

e et e



CHAPTER II !

THE METHOD OF I. FREDHOLM AND H. MARTY

11. The Fredholm Theory

We briefly outline the method of solving integral
equations originally due to Fredholm [8; (1), (ii)]. |
Main results are stated from the point of view of their
application to Potential Theory [21; Ch. XIJ; (33; Ch. IV].

Let us consider the pair of adjoint integral equations:

(4b) ¢(p) = A é K(p, q) ¢(q) as, + £(p)

(45) ¥(p)

A [ K(q, p) ¥(q) as, + £(p)
S

where p, q represent points in a finite dimensional space,
and the integrals are taken over a closed bounded region S

of this space.

N

Hypothesis: We suppose that

1. The kernel K(p, q) is a given, bounded continuous,
real function of the co-ordinates p and q; and is defined
for p, q €S8.

2. The given non-homogeneous term f(p) is a continuous
real function of the co-ordinates of p 8.

Definitions: We define for n =1, 2, 3y en

K(p57)  K(py,dy) .. K(pp,qp)

1 1
; Py ++ Py _ ! ! ’
4y ++ Qp ' '

Kppeqy) o v K(p,»a,)
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Ny(p,a) = K(p, q)

PPy Py eer D

1
N (5,0) = - [[ v | K (
" n QP Py «oe P

The iterated kernels are defined by

K(l)(p, q) = X(p, q)

K(n)(

(n-1)
P, q) é K (p,0p) K(ay,9) a5

1

'Preliminary Results:

1. The functions Nn(p,q) satisfy the recurrence for-

mulae

(46) N _(p,q) = 6 K(p,a) - [ Kpsap) ¥y (@) o5

N (p,a) = § K(p,q) - é K(ay,q) N_;(p,q;) a8q,

from which we may write

N.(p,q) = 6 K(p,a) -8 K2 (p,0) ... (1) k),
2. The series
(47) (0 = [ (0"
n=0
(48) N(p,q,A) = [ (-1 N (p,q)
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are uniformly and absolutely convergent for all . The
convergence is established with the help of Hadamard's
result on determinants. [12; (ii)]

Series (U7) and (48) are entire functions. They
define the determinant §()) and the minor determinant of
the first order N(p,q,A) of the kernel K(p,q).

3. If A =c is a zero of 8(A) of order j, then A = ¢
is a zero of N(p,q,A) of order at most j - 1.

4, The Fredholm determinants &6(A) and N(p,q,\) satisfy
the following equations

(49) N(p,q,r) = K(p,q) 6(1) + 1 [ K(p,qy)-N(qy,q A)dS,
5 TS

(49') N(p,q,A) = K(p,q) 6(X) + A é N(p,a;,1) K(ql,q)dsql.

5. The series defining the Neumann resolvent [33; p. 175]

n (n+1)(

A

K

R(p,q,A) = K(p,q) + A k2 (p,q) + ... = P»a)s

o~ 8

has a finite radius of convergence Aj and for [A] < Aol

R(p,Q:)‘) = M%%%f)\_)' .

I shall give a simple proof of this which depends on
the recurrence relation (46).
Theorem: The Neumann resolvent R(p,q,A) is identical with

the Fredholm resolvent whenever the former is defined

Rp,a,0) = KBM e ).
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Proof: Let
-2 N
n o) cn('x)n
L(-2)" 8,
The coefficients c_ are giéen by
N0 60 0 0
Nl 61 60 !
1 ! 1 1 +l
(50 e =l . s |/ (-1 e
1 t t 0
Nn 6n 6n—l e 6l

using the recurrence relations (46) in the form

(51) N,= 6 K-KN_5 o Ny=d K,

where KNn_ is to be interpreted in the light of (46);

1

and may further be written as

where K(a) is the second iterated kernel. Replacing the

first column in (50) with the help of (51), we have

GOK -0 60 0 ?

GlK - KNO 51 50 :

6. K - KN ! ' !

2 1 n .n+l
Cn = ' 1 1 ' / (-1) 60 .

1 1 1
1 1 1 60

GnK - KNn—l Gn Gn-l Ce 61

This decomposes into two determinants [3; p. 19] one

of which vanishes because one column is a multiple of the
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other, so
0 60 0 0
KN0 61 60 !
_ n-1 n+l
¢, = |KN; 8, v/ (-) 8y .
' 1 1
1 !
KNn-l 6n dn-l ) 61

Using the same argument on the first column of the

above determinant, we have

0 60 0 ;
[
0 61 60
_ | (2) n-2 .n+l
¢, = K NO 62 ' .. / (-1) 60 ,
1 1 1
1 t 1 l
(2)
K Nn—2 6n Gn-l ) 6l
and finally
0 60 .0 0
0 61 60
O 1 1
- | ' ' n+l
®n ' / 60 .
. ] 1
0
(n)
K N0 dn 6n-l 61
Since 60 =1, No = K, we have
n n ,(n)
n n+l '
%

Thus,
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I (0w
= S - Toms, - Leald)™ = Jen )
n

P am k(M) C rip ).

‘ g.e.d.
6. The series | A" g(n+l) defining R(p,q,A) is
dominated abSolutely and uniformly by the series

M+ A M S+ 524 ..

where

|K(p,a)| <M ; s=[as. §

Thus the solutions of (U4) and (45) are defined for

|A| < 1/MS, and in this region are analytic functions of A.

12. Equivalence to Numerical Integration

The develophgﬁt of Fredholm Theory came as a conse- }
quence of the fact that the integral equation (44) was
treated as a limiting case of a linear system of algebraic
equations. As such it has a striking resemblance to the
technique of numerical'integration. In the two dimensional
case, Hilbert, [15; Ch. I & II] using the trapezoidal rule{
of integration, arrived at Fredholm's results. Nystrom [28]
applied the technlque of numerical interpolation to the
potential theory problems in two dimensions. A separate

bibliography has been prepared in which some of the numer-

ical techniques for handling integral equations, in general,




- 29 -

are discussed at length. Here,we make some comments of
an elementary nature.
Any linear formula for approximate integration has
the form
b n
(53) [ x(pdap = [ A, x(py) + o,
a i=1
where Ai and py are numbers which are constant for the

given interval and for a given formula, p 1s the error.

Here

A 20 and | A =D - a.

Various quadrature formulae are in use, e.g. rectangular,
trapezoidal, Simpson, Chebyshev or Gauss. The choice de-
pends on the accuracy desired.

Using (53) in (44), the integral equation may be
written as

(54)  o(p) = A [ A, K(p,py) ¢(py) = £(p) + Ap(p),

In particular, putting p = pj, j=1,2, ... n,

where p, = p(pj) .
Neglecting pj on the right, we obtain a system of n

equations in the unknowns

(541) 6(py), 0(py), von 0(p)

(55)  &(py) - A ] Ay K(pyspy) 8(py) = 2(py);
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Solving this system of equations we find approxi-

mations (54Y) to the values of the function at Py- Conse-

quently we may write

n
(56) §(p) = £(p) + A 121 A; K(p,p;) 9(p,)
as an approximation to ¢(p).

Kantorovich and Krylov [19; pp. 103-ib7] have noted
expressions for the error p, when different quadrature
formulae are used.,

It 1s generally desirable to use the most exact of
the formulae i.e. Gauss or Chebyéhev. When f(p) and
K(p,q) are periodic of period (b - a), the rectangular
formula 1s more éonvenient and equally accurate., Higher
quadrature formulae may be used when the integrands satisfy

regularity conditions.

13. Fredholm's Theorems

An important feature of the development outlined in

§ 11 is that the equation (52) shows that the quotient
N(G ) \) is an analytic continuation, over the complex

\-plane, of the function R(p,q,A). We may define I'(p,q,A),

by the following

(57) 2p,q,0) = M)

and call T'(p,q,A) the Fredholm resolvent of the kernel

K(p,q). Clearly}P(p,q,A) is a meromorphic function of the
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parameter A whose poles are just the zeros of §(A).

(n+l)(

Thus the series | A" K p,q) is convergent for all

Ix] < lxol, where X, is the zero of 6()) with least abso-

lute value. Then I'(p,q,A) furnishes the solution of (44)
and (45) in the form

(58) ¢(p)

£(p) + X [ rlp,q,A) £(q)ds ;

f£(p) + X [ rla,p,A) {CILEN

(59) ¥(p)

respectively, for all values of A, 8(A) # 0.

The precise statement of Fredholm's fundamental
results 1s the following:
Theorem 1: Suppose A is not a zero of 6(A). Then, (i)
(44) and (45) possess unique continuous solutions given

by (58) and (59). (i1i) The corresponding homogeneous

equations
(60) o(p) = A [ K(p,q) ¢(a)as

possess only the trivial solutions.

Theorem 2: Suppose that X = ¢ is a zero of the determi-
nant 6(A) of order m (necessarily finite). Then, the
homogeneous equations (60) and (61) with A = ¢ will each
have at least one and at most m linearly independent non-

trivial solutions ¢i(p) and wi(p), i=1,2, ... m respec-

tively.

Theorem 3: ‘Suppose that A = ¢ is a zero of §{A). Then,
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for thHe existence of a solution of ¢(p) of (44) with
A = ¢, 1t is necessary and sufficient that f(p) be

orthogonal to all the solutions wi(p) of the adjoint

nomogeneous equation (61), i.e.

(6 [26) yy(0)as, =0, 11w

If these conditions are fulfilled, the general solu-
tion of (44) is formed by adding to the particular solu-

tion ¢(p) any linear combination of the solutions ¢i(p)

of the corresponding homogeneous equation (60).

The following are the important consequences of the
above three theorems.

1. The homogeneous equations (60) and (61) have
solutions for A = ¢, when ¢ is a zero of &§(A). Also every
- zerc of §(A) is a pole at least of order one of T'(p,q,A).
We may,however, have m > n linearly independent non~-trivial
solutions of the homogeneous equations associated with a
pole of the resolvent of order n.

2. Whenever the homogeneous equations (60) and (61)
have no non-trivial solution, the corresponding non-homo-
geneous equations have unique solutions.

3. The Fredholﬁ alternative is valid i.e. either the
homogeneous equations have a non-trivial solution or the
non-homogeneous equations have unidue solutions.

4, The two homogeneous egquations (60) and (61)
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have the same number of linearly independent solutions
and these can be so chosen as to form a biorthogonal set.
If {¢1,Ai} and {wi,ki} are the solutions of (60)
and (61), then |
[ 04(p) ¥y(p)as, = 0,4, 5iJ={é i 7
5. If A =}, is a pole of F(p,q,A) of order m,
then

A,(p,a) . A _1(p,q) . A,(p,q) 5o.0.2)
cer + + B(p,q,
(A=2g)" (A-Ao)m'l (-X) p.4

I'(p,q,A) =

where Am(p,q) are continuous and not ldentically zero
and B(p,q,A) is holomorphic in a neighbourhood of AO.
6. Am(p,q) and Am(q,p) are the solutions of (60)

(61) respectively, for any fixed q for which they do not
vanish identicalﬂy.

Definitions: The values A = Ai, i=20,12, ... for

which the homogeneous equations (60) and (61) have non-
trivial solutions i.e. the poles of I'(p,q,A), arranged in

order of magnitude (| | < |A ,q]) are called the eigen-

values of the integral equations (44) and (U5); each eigen-
value is repeated as many times as there are linearly inde-
pendent non-trivial solutions of the corresponding homo-

geneous equation ¢i and wi associated with it. These
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solutions are called eigen-functions.

14, Further Development of the Fredrolm Theory

Now we replace the hypnothesis of Section 1l with
that of the hypothesis on the kernel of the potential
theory, Section 6, property (vi).

Hypothesis:

1. K(p,q) is a given real function of the co-

ordinates p,q, continuous for p # q, but ﬁnbounded as

p + q. However, the third iterated kernel

(3) -
(63) K*'(p,a) = é é K(p,ay) Klag,0p) Klapp0) 85, a5y

is a bounded and continuous function of the co-ordinates
of p, g € S.
2. f(p) is a real, continuous function of p & S.

Under this hypothesis the quantities Gn and Nn lose
their significance because of the undefined quantity K(pl’pl)’

and consequently the same applies to I'(p,q,A) and its quo-

tient form (57). However, we may define the quantities with

respect to K(3)(p,q) which 1s bounded and continuous.

Let

(64) S(p,a,1) = K(p,a) + A K2 (p,q)

(3)

and P(3)(p,q,k) be the resolvent corresponding to X*°/(p,q),

then, it can be shown [9; pt II, p. 60] or [21; p. 307] that
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(65) R(p,g,A) = S(p,q,A) + 22 P(3)<p,q,k3)

S
+ A é (p>ql,>\) r (ql:Q: A ) dsql

and consequently the resolvent and its analytic continua-
tion may be defined under the general hypothesis (1) and

(65) may be written as

(66)  R(p,q,A) = K(p,q) + A K (p,q) + M(nfxik) ’

where M and n are entire functions of A3. The second

member on the right of (65) is a meromorphic function of A

Theorems: With this definition of the resolvent, the
Fredholm Theorems hold if we replace the words "zero of
§(X)" with the expression "pole of the resolvent R(p,q,A)".
The definitions of eigen-value and eigen-function given
above may be extended to the present case [21; p. 3071.
The Fredholm theory has been developed and applied to
the integral equations of potential theory by J. Plemelj
(30; (ii)]. His results valld in two or three dimensions
are:
1. R(p,q,\) has only simple, real poles,A = -1 is
a pole, A =1 is not. All poles are greater than or equal

to one in absolute value.

2. If M. is a k-tuple zero of &(x), it is (k-1)-

0
tuple zero of N(p,q,A) and the residue of R(p,q,A) has the

form

¢11Pl + ¢2\P2 t ool 7 ¢kwk

2
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where ¢i and wi are linearly independent solutions of

the homogeneous equations. They may be so chosen that
¢'s are the densities and y's the boundary values of the
corresponding potentials of single layers, and that ther
are bilorthogonal.

3. The three theorems of Fredholm, hold for the
equations of potential theory.

15. The Theorems of H. Marty on Integral Equations

With Symmetrizable Kernels.

Theorems of Marty [9; pt II, p. 145] are particularly
important in the context of the integral equations of
potential theory. We suppose that G(p,q) and K(p,q) satisfy
the hypothesis of Section 14 of the extended Fredholm theory.
Definition: Let XK(p,q) and G(p,q) be two arbitrary kernels
satisfying condition 1 of Section 14. We obtain kernels

Sl(p,q) and 32(p,q), in general distinct, by composition of

X(p,q) and G(p,q) on the left and on the right respectively

as

n

s,(p,a) = [ G(p,qy) K(qp,q) as

Sp(p,a) = [ K(p,qy) Glay,a) o5, -
If G(p,q) is symmetric and furthermore, S, or S, is symmetric,

then K is said to be symmetrizable either on the right or on

the left, by G.

Theorem 1: Every kernel K(p,q) whose resolvent has only




- 37 -

real, simple poles is symmetrizable on both éides,
[24; (iv)]; (9, pt II, p. 145],
Theorem 2: If ¢(p) is a solution of the homogeneous

equation

o(p) = 1 [ K(p,q) f£(q) dSq

and K(p,q) is symmetrizable on the right by G(p,q), then

¥(p) = [ G6(p,a) ¢(q)dq

is a solution of the adjoint homogeneous equation [9; pt II,

p. 146]

¥(p) = ) [ K(q,p) ¥(q) dsq.

Theorem 3: Suppose that K(p,q) is symmetrizable by com-

position with a symmetric definite kernel.

Then all the poles of the resolvent of K(p,q) are
simple and real. ([24; (iii)]; [9; pt II, p. 147].
Theorem 4: Every non-zero kernel K(p,q) which is symme-
trizabie by cbmposition with a symmetric definite kernel
has at least one eigen-value. [24; (iii)]; [9; pt II,

p. 147]

By repeating the arguments of Theorem 4 we can con-
clude that the kernel K(p,q) has a countable number of
real eigen;values and corresponding to these, a countable
fi...oer of eigen-functions. In case there exists at most
a finite number of eigen-values, we may write [2; p. 2019]

¢;(p) ¥, (q)

(67) K(p:Q) = E Ai
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The above theorems have an elegant interpretation
in abstract operator theory [18].
Definition: Let H denote a class of real functions £(p),
defined and continuous for p & S. Let

K+ é K(p,a) fla)as,, 6f é 6(p,a) £(q)as,
and K:H-+H, G :H~H,

(f,g) = [ £(p) g(p)ds
$ p

defines the scalar product in H.
Hypothesis:
1. Suppose that G is symmetric and positive definite
i.e.
(Gf,g) = (£,G6g);  (Gf,f) > 0.

2. Suppose that Sl = GK 1s a symmetric operator.

Conclusion: If we define a second scalar product in H as
[f,g] = (Gf,g) = (f,Gg)
then K is symmetric with respect to this new scalar pro-
duct, i.e. [Kf,g] = [f,Kgl, since,
[(Kf,g] = (GKf,g) = (f,GKg) = [f,Kgl.
The method outlined above is applicable to the kernel
of the potential theory using the symmetrizing kernel G
corresponding to the potential of a single iayer. G 1s
the principal solution of Laplace's equation in three-

dimensions i.e. G = % . This i1dea 1s worked out in detail

Pq

by Vaillancourt [40], a summary of which appears in the

next chapter (Section 16).




CHAPTER III
EIGEN-VALUE ASPECT (PARTIAL FRACTION REPRESENTATION)

16. Separation of Variables

The Robin-Poincaré and Neumann-Poincaré Problems
stated in Section 5 have been solved by means of the so-
called fundamental functions of Poincaré. These func-
tions are, in general, potentials of single layers with
densities proportional to the eigen-functions of the
Fredholm-Poincaré integral equations., In case S is a
co-ordinate surface in a system of co-ordinates in which
the Laplace's equatibn separates, the method of separa-
tion of varilables furnishes examples of fundamental func-
tions.

Suppose that S is a co-ordinate surface p = Pg =

constant, in the (p,8,¢) system of curvilinear co-ordinates

and that
(68) Vy=o0
is separated in this system. We obtain a family of particular

solutions [26; p. 1264]

(69) V,(p,8,8) = Fy(p) 6](6,0) in R

2

Fy

(p) G5(6,4) in R!

where Fi(p) are selected in such a way that the functions

Vi(p,6,¢) are harmonic throughout R and R' and regular at
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infinity. Now

1
aVv oF
i_ 71 n
-a_ﬁ - ap - Gi(e’¢) 3
- p=p
v, )F° ;
— = = G.(0,9)
an ) LA
+ 0 P lpep, 7
therefore
3V, 3V,  oFY,  oF°
on 3n+ ap | _ ap | _
- p’po p‘po

Case of a Sphere

In the particular case of a sphere, the above quan-

tities become [26; p. 1274] \
1 1 2 _ -(i+l) m _ 5
(71) Fi =0, Fi =P b} Gi(e:¢) - Ymi(e’¢) \

The eigen-values are

Ai = (21 + 1)

and for each eigen-value Ay, there correspond (2i + 1)

linearly independent eigen-functions, given in the normal-

ized form by
em(i - m)!
3+ Jomrmr P

-
[
kel
N
n
y—

€ (1 - m)!

W) = amE T

where YIri are the spherical harmonics
1




- b1 -

Ymi = P?(cos 6) cosm ¢ (even)
sinm ¢ (odd)

and € is the Neumann factor,

¢§m) and ¢§m) in (72) correspond to the single-

layer and double-layer distributions respectively. The

functions~Vi(p,6,¢) in (69) are just the Poincaré funda-

mental functions with respect to the surface S and are, in
general, single-layer potentials. The corresponding densi-

ties ¢i are solutions of the homogeneous integral equation

(60).
The adjoint homogeneous equation (61) may also be dis-

cussed in an analogous manner and in place of Vi(p) we may
consider a family of double layer potentials wi(p), gener-

ated by the double layer distributions corresponding to the

cigen-functions of the homogeneous equation (61). wi(p) are
known to be simple multiples of Vi(p) [30; (ii)].

The original discussion of the eigen-value aspect of
the integral equations of potential theory is due to
Blumenfeld and Mayer [2], who establish the existence of
Poincaré fundamental functions and prove the convergence of
the solutions of (14) and (15), when expressed as Mittag-

Leffler type expansions, in the regions R and R' and not

‘-“J

AT TIRaE B
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on S itself. The completion at this point has recently

been achieved by Howland and Vaillancourt [18] who establish
that the series indeed convergeé everywhere, uniformly and’
absolutely, through a functional analytic approach. Here
use is made of the fact that K(p,q) is symmetrizable on the

left by a positive definite and symmetric transformation G

(Section 15); furthermore, K<2)(p,q), the second iterate of
K(p,q), is completely continuous on the prehilbert space of

continuous functions on S, in the ordinary sense, with

L2 norm. Then arguments of Reid [32] and Mercer [25] are
utilized to achieve the desired result. Here, in Section
18, we make some adaptations of Reid's [32] results with a
view to applying them to the integral equations (14) and
(18).

17. Eigen-Value Theory

In this section we approach the eigen-value question
from the computational and more basic point of view i.e.
that of a pole and its residue. Plemelj [30] has thoroughly
analysed the question by means of Fredholm's resolvents and
has given explicit formulae for the canonical decomposition
near a singular point. These and other results are summar-
ized in Section 14. Here we make a non-trivial extension
of these results to the case of a finite number of poles, :
and calculate their residues in terms of iterated kernels |

i.e."the coefficients of the Neumann resolvent R(p,q,A). |
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This, effectively, yields a method of approximating

R(p,q,)) and consequently, the solution of the integral
equations (14) and (15). '

The Case of a Simple Pole

Suppose that A = Ay is a simple pole of R(p,q,)),

then we may write

(73)  R(p,q,A) = A%?fil + B(p,a,A)5  Alp,q) § 0,

where B(p,q,A) remains finite for A = AO' A(p,q) is a

continuous function and satisfies the pair of adjoint homo-

geneous equations for A = Age [21; p. 296]

(74) A(p,q) = Ay [ Alp,q;) K(gy,0) as,

1

(75) A(p,a) = Ay [ K(p,q;) Algy,q) dSql

A repeated application of either (74) or (75) results in

the following:

2 (2)
(76)  Alp,a) = &g [ K7(p,qy) Alay,a) 68,

1
where K(2) is the second iterate of K. We may write (76)
as
A
(1) I k) (p,0,) Alay,q) as = £B;0)
1 1 qy 12
0

Taking an analogy from (77), we hope to extend the

result of a single pole to that of a finite number of poles.

|
2
14
q
{
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The Case of a Finite Number of Simple Poles i

Let K(p,q) be the kernel of the potential theory ' |
satisfying the hypothesis of the Section 14 and Al, A2,
Voo An be the simple poles of

R(p, a4, A) = K(p, q) + A K(2)<p, Q) +2° K(3)(p, q) + ...
and let a "welghted" expansion of R(p, q, A) be the

following:

o 0 A (p,q)

(78) R(p:q,}‘) = K(p,Q) + >\ K(2)(p:Q) + >\ _2—— .
m=1 Am(Am-A)

Then, we wish to establish the following:

(1) Am(p,q) form =1, 2, ..., n furnish continuous

solutions of the pair of homogeneous integral equations (18)

and (19) corresponding to A = Am form=1,2, ..., n.

PRI LS B

(11) Also,

(19) | Am(p,p)dSp =1, form=1,2,.,.,n,

where the trace Ti of the ith. iterated kernel K(i) is de-

fined as usual by

. n
(80) T, = / K(l)(p,p)dS = ] i »m=1,2, ..., n, 1>3
S =

and conversely.

Proof: Expanding the right hand side of (78) in powers of
A and equating terms with those in R(p,q,)), we have the
following?
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(61) 4

K(n+2)(

P,a) = ]

K(n+3)(

p,q)

The first n equations of (81) form a system of linear

non-homogeneous equations for n unknowns Am(p,q),

m=1, 2, ... n. The determinanrt of the system is

11 1
SRS S

(82) T
S
A?+2 Ag+2 A2+2

n-1 n-1

xl . An
1 H
l ! !
(83) b= ne2 '

(A, A A)

172 n Al ..... An

1 -..... 1

A is of Vandermonde Type [3; p. 34] and has the value

i
i
’
2
<
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!

(84) 1 T (A =205 1,5 =1,2, ..., n.
(Al . An)n+2 j<i i J

For distinct Ai, A # 0, hence the system (81) can
be solved uniquely for Am(p,q), m=1,2, ..., nasa
linear combination of the iterated kernels

85 x3)(p,q), K(g)(p,q), v KPR (g,
Since each of the iterated kernels involved is continuous,

Am(p,q) will also be continuous functions.

Application of Cramer's rule [3; p. 54] gives the

explicit values of Am(p,q), m=1,2, ..., n.
53 l3 3 (p,0) 53 . l3
A A A A
1 n-1 m+l
!
= t < n
(86) A (p,q) ! A :
)
1 1 (n+2) 1 1 ]
2 T T2 K (p,a) \H2 Tt ne2
1 m-1 m+l n

where the mth. column in the determinant A of (82) has been
replaced by the column given by (85).

Now we show that Am(p,q) identically satisfies the

homogeneous integral equations for A = Am, m=1,2, ..., n,

@7)  Ay(psa) =2y [ K(poqy) Aplag,q)es,

1

(88) A (p,a) = [ A (p,a;) K(a;,q)as

q;’

Substituting the value of A (p,q) from (86) into (87)
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and usir : additional results of the form

89)  &"(p,q) = [ K(p.qy)

etc.

determirzntal equation

. 1
'];3 o0 ']:'3 K(3)(p,Q) "'3
A A A
1 m-1 m+l
1 1 (nt+2) 1
w2 e e BT (800 T
1 m-1 m+l
oot
A3 A3
1 m=-1
= >\m
Lo L
>\n+2 T nte
1 m-1

K(3)(q1,q)dsql

1
.3
>‘n
1
"3
>‘n
u)(p,q) 13
A
m+l
n+3) 1
(p,q) ;h+2 .
m+l

1

A

in the determinant on the right, we gcv the following

m+2
n

which can be simplified, by induction,'to the following:

(90) 13 (p,0) - (1) KM w0 + (T apy) &

n

(=17 A

172

(n+2)
A\ K (

p,q)

(5)

p,q) + ..

0,

and it can easily be seen that (90) holds in view of the

assumption that Al, cos An

7 k3 (p,q) AL,
i

order to establish (ii), we put p = q in (86) and integrate.

are the poles of

This proves the statement (i) above.

In

ArivEmnes  ceses vj
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By using (80), the condition reduces to

1 1oy L 1 1

C TR S S T B

Ay S G 5

!

1

(91) fAm(p,p)dSp= \ i A

1 Loof1l 1

nt2 "t Tnd2 Lo Tnd2 Tnd2 U0 nt2

M Aoy LA AL A

The determinant in the numerator on the right has n
terms in the mth. column, and thus may be decomposed into
n determinants all of which vanish because two columns
become identical, except the one in which the mth. column
has for its elements,

1

3 y o ;n+2 '
m m m

i
A

-

>

This determinant is exactly A and consequently the right

}
]
4
3
{

hand side in (91) reduces to unity.
The converse statement may easily be seen in the light
of set of equations (81). |

We may call Am(p,q) of the above development, the

residue at the pole A = A , m= 1,2, ..., n. We have shown

n,’

that the residue Am(p,q) is a solution of the homogeneous !

equation (18). It may also be shown to be so for the ad-

joint homogeneous equation (19) corresponding to A = A .

Some oI the easily verifiable properties of the residues

may be noted.
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(1) Am(p,q) if integrated with respect to p or g

yield respectively solutions of (18) and (19) corres-

ponding to A = A, and for that matter, Am(p,q) when inte-

grated after multiplication with any continuous function
of p or q yield respectively solutions of (18) and (19)

corresponding to X = Am.

(i1) Property (i) above suggests the following de-
composition

(92) Am(p,q) = ¢m(p) ¥ (q)

m

wnere ¢m and wm are the solutions of the homogeneous equa-

tions (18) and (19). They may be chosen to form an ortho-

normal set.

(i:3) The iterated kernels have the following decom-

position:
n ¢ _(p) v _(q)
939 kMg = ] 27—, 123
m=1 Am

With the help of the approximation to the resolvent
R(p,q,A) as given in (78), we can formally write the solu-
tion of the non-homogeneous integral equations (14) or (15)
by using (58) or (59) respectively.

If ) is not an eigen-value of the kernel, then (58)
becomes:

TR I LT
(94) o(p) = £+ ATy #2705 + ) E

3
i

AL W Coass s
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where

(95) " (b ) = [ vy (p) £(p)aS
and

(96) £, = [ K(i)(p,q) f(q)dsq.

We may note that the form of the solution (94) has
an advantage over Fredholm type solution (quotient of two
entire functions) because it displays the meromorphic
character of the solution with respect to the parameter
and indicates the residue at each pole. Furthermore, the
Fredholm alternative may be argued for the integral equa-
tion (14). Similar arguments may be made in relation to
(15).

In the next section we turn to the remark made at the
end of Chapter II, and pursue the idea of symmetrizability
of the kernel K(p,q) of the potential theofy. This gives
insight into the question of existence of eigen-values which
we assumed in this section.

18. Certain Inequalities and the Space H

In Section 15 we noted that the kernel K of potential
theory is symmetric with respect to the scalar product denoted
by square bpackets. In the following, we utilize this fact
together with an elegant scheme for the computation of the
solutions of (18) and (14) in functional spaces.

Let.Hi be the linear subspace spanned by the set of

v m...,.l
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functions

(97) Pofs Byfy oo 5 Py 1y

orthogonal with respect to the scalar product, where

Pi is the polynomial of degree i in K, generated by the
ninimized iteration scheme [22]. We denote by H the in-
variant subspace which is the closure, with respect to the

norn generated by the scalar product, of the linear sub-

space spanned by all Hi

and is complete with respect to the norm. A procedure
for completing an incomplete functional space is due to
Friedrichs (see for summary [33; p. 331-332]).

We now recall the essential argument by which the set
(97) is generated.

Since K is symmetric with respect to the scalar

product, we let

P, = 1,

and KPOf = be)

where prime indicates composition with K on the left.

Now we choose a new polynomial Pl as a linear combination

of P!

0 and P

0

Plf = Péf - aOPOf

such that [Plf, Plf] is a minimum. This gives

\
’
14
1]
t
i

S ® anare s



. . [Péf, POf].
obviously, [Plf, Pof] = 0. Again, we choose P, as 2
linear combination of P1, P, and Py
P2f = Pif - alPlf - SOPOf’

such that [sz, P2f] is a minimum. This leads to

(p!f, P.f] [(P!f, P f]
Rl Sl PO S
1 TR T, Py 7> Po " TB, L, B L ?

[Paf, P,£] =0, [P0, Pofl =0,

Once again, wé choose P3 as follows

f= Péf - a2P2f,— BlPlf - YOPOf)

F3

)
'
:
’

and minimize-[P3f, P3f], which yields

(P42, P,f] [pyf, Pyf] o
%2 7 TP,T, P,ET e e Yot

ey v asrarn e

[P3f, P2f] =0, [P3f, Plf] =0, [P3f, Pof]= 0.
Thus there are only two correction terms in P3f. Clearly,

P. is of degree 3 in K. This scheme leads to a general

3

recurrence relation,
(98) Py = (K - oy g8y g f - By oF;of,

where Pi is a polynomial of degree 1 in K. By their very

construction, Pi form an orthogonal set of polynomials with

respect to the scalar product. They may further be normalized
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[0 1#7,

s 6., =
S A

with the help of a scale factor with Pif' In this case

[Pif, ij] =6

the following recurrence relation holds

(9§) 8, P,f=(K-a

1-1F1 )P

f -8, ,P. ,f

i-171i-1 i-271-2""°
where

a, = [PIf, P,£1; By = [P}, f, 2,f].

Thus the scheme furnishes a particularly useful
orthogonal system complete in H. From the above we get
the following matrix representation for K, which is evi-

dently symmetric and tri-diagonal

(0 8, 0 O 1
Bp o1 By O
(99) 0 8 9, By
0 0 32 u3

It is with the finite "sections" of this matrix
that we will be concerned in the main, while seeking appro-
ximate solutions of (18) and (1h).

Now K is a linear operator in H

Kf = [ K(p,q)f(q)dS ; f&H

5 e
and is symmetric with respect to the scalar product which

defines the Dirichlet norm in H. By a straight-forward
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application of Green's formulae [11l; p. 108] it may be

shown that

(f,f] > 03 f $ 0,
since
/e _ 1 .
(100) (£,01 =[] £(p) 3 f(q)dSpauq

Pq

J+Jy

where J and J' are the Dirichlet integrals for the regions
R and R' (Fig. 1) respectively and are essentially positive
quantities. Also it can be shown that

(101) (Kf,f)} =J - J".

Thus, we have

(102) | [kf,f] < [f,f].

The Schwarz's inequality also holds

1/2 1/2

[g’g] ) f’gé H s §

and from the arithmetic and geometric mean property

(103) (f,g] < [£,f]

(T09) 0,6 < 3U0£,0] + [g,e)}, f6€ H.

The above inequalities play an important part in the
discussion of the existence of eigen-values and eigen-
functions which follows in the next section.

19. Existence of Eigen-values and Eigen-functions

We noted in Section 16 that the existence of eigen-
values and eigen-functions of K was established by Blumen-
feld and Mayer [2]. They used the method of Marty [24],

the basic concept being that of Schwarz [38].
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Howland [18] showed that these eigen-values and

eigen-functions satisfy a maximum principle, but did
not use this principle to establish their existence.
This, however, may easily be done in the light of argu-
ments due to Reid [32] which require ti. following prop-
erties of X (Chapter II)

(i) K satisfies the Fredholm alternative for all
values of A.

(ii) K has a discrete spectrum with no finite accumu-
lation point i.e. the Fredholm resolvent (66) is a mero-
morphic function of A in the whole A-plane.

The maximum principle referred to above 1s concerned

with the maximum of the Rayleigh quotient, defined by the

following ratio

(105) no) = B ren

In view of the inequalities given in Section 18, we
may suppose that there exists a f &€ H such that the quan-
tities involved in (105) are positive and that [Kf,f] has

a finite positive least upper bound Ail on the set
{£; [£,£1 =1}, fE&€H |

and hence there exists a sequence {fn} such that

-1 L
(106) [Kfn,fn] + Al ; [fn,fn] = 1.

Then Ail can be shown to be an eigen-value of K. The proof
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is made by contradiction employing the Fredholm alterna-
tive [32; p. 44-45].

‘ The above result may be stated in a conclse way.
Theorem 1: The least upper bound of M(f), f &€ H is a
positive eigen-value of K, where the extremlzing sequence

{fn} is normalized with respect to the scalar product,

1.e.

[fn,fn] = 1.
Let us denote by ¢l’ the function for which the
least upper bound le is attained. ¢1 then defines the

eigen-function corresponding to the eigen-value Ailg and

we have

(107) 61 = A Koqe

It can easily be seen that if ¢1 and ¢2 are eigen-

functions of K corresponding to AE and Agl; Ail # Agl,
then
|

We may also note that K is fully symmetrizable |
[32; p. 47] with respect to the scalar product i.e. the .

potential of a single layer of density ¢i, corresponding
to each eigen-function of X for non-zero A;l, cannot be

zero on S unless ¢i = 0. Thus the following more general

result obtains [32].
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Theorem 2: If the set
{¢; (Ko, ¢] > 0}
is non-void, then there exists a maximal set of linearly

independent orthonormal set of eigen-functions ¢i’ corres-

ponding to positive eigen-values

-1 -1 -1

M7 AT e > T e,
such that
(109) max (Ko, ¢] = A7,
6 €E,

where Ei 1s the set of all ¢ € H such that

[¢:¢1 =1; [¢:¢j] =0, J=1,2, ... ,1-1.

The set {¢,, All} is denumerably infinite and A;l > 0.

In the above theorem the eigen-values are obtained by
solving a series of.maximum problems, each one depending on
the solution of the preceding one. From this, hoﬁever, a
somewhat different characterization may be obtalned which

avoids any reference to the previous eigen-values [32].

are arbitrary

-1
If An exists and fl, f2, ver s fn-l

elements of H and

-1 , £) = l.u.b. [&0,f],

(110) A cee
1 n f€En

£

where Eh is the set of all f, such that-

(2,61 = 25 (5,512 0,3 = 3,2, o, -1,
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then

(111) vl AN, L, 1),

1° n

“1s 1is xnown as the mini-max property of the eigen-
values. This property [15; p. 31-33] implies the mono-
tonicity of the approximate eigen—vélues when successive
finite sections of (99) are taken for the matrix corres-
ponding to K. We will have some occasion to make use of
this fact in the next chapter.

20. Expansion Theorems

The set {¢i, A;l} is infinite, where ¢, are the eigen-

functions of K corresponding to the eigen-values Azl, and

[¢i: ¢J‘] = dij'
Then we may easily establish the following analogous ex-

pansions [32].

Theorem 1: For arbitrary f, g& H

(112) £,61 > ] 106,6,1(°
i
(113) [Kf,f] = ; Azl l[f,¢i]|2
(114) (Kg,£) = ] 477 [£,0,0g,0,] |
' 1
= ] [Kf,90,10e,¢, 1.
1l
Proof: Let
(n) _ »_ v
(115) AR SE O N & P

i=1
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then, obviously

n

DREXNIE

i=1

(116) 0 < el ey p e

which yields (112), known &3 the Bessel's inequality.
Also

e ke ey o ke - 'f a7 e,e,)

and since
[f(“),¢i] =0, 1i=1,2, ... ,n,
then, by the maximum principle

(118) [Kf(n),f(n)] < Ikgil|l[f(n)’f(n)]|

A

Aoiyl (5,21, by (116)

+ 0 asn -+ o,
Thus (117) gi2s Hilbert quadratic expansion (113).
Similarly the bilinear expansion (114) may be obtained.

qg.e.d.
With the help of the above expansions we may establish
the following identity. |

Theorem 2: For f&€ H,
(119) ke 2] = [ -k )r,00,

where

n
(120) f(n) =f - ] ¢y 6.5 c.=[f,0,]
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—~
s
no
—
~
=
il
13

-1 1
AsT bl Ves o V. = [ = 9.(q)dS
R 1 rpq i q

vy being the solution of the adjoint homogeneous equation

(19) corresponding to A;l.

Proof: We may expand f & H in terms of the first n elgen-

functions ¢i of K

where ¢, T [f,¢i]; [f(n),¢i] =0,1i=1,2, ... , n,

thus

and from (117)

n
ke 20y 2 [ke,e1 - ] Azl ci
i=1
LI |
= [kl - 1D ey by, 1]
n -1
= [Kf - izl [T ey 845 T)
= [(K - K )f,1],
oA
where K f = izl AT ey 053
since ¢ = [£,9,]1 = [ £(p) % 6. (q)ds dSq
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and b= [ 1 05 (a)ds .

e = [ o) £lp)as

and

? 1
K = AT 0, W,
R B

Definitions: We may also write

rzl -1
Kf= A7 e, 0
n 4= + 174

n

which defines the transformation.of finite rank (33; p. 158].
In the following the concept of completely continuous
transformation is essential. There are various definitions
of this [33; p. 178,206]. For the present we recall that
(1) All linear transformations of finite rank as well
as their uniform limits are completely continuous.

(11) Every linear transformation which can be approximated
in norm arbitrarily closely by a completely continuous linear
transformation is itself completely continuous.

Theorem 3: K is completely continuous with respect to the
Dirichlet norm.

Proof: From Theorem 2, we have

(119) ke (7 2k - K )E,015
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also from (116)

[f(n) ,f(n)] < [f,f],

therefore
- [(X - K)f,f] . [Kf(n),f(n)]
Lf,f] - [f(n)’ f(n)] :
[((K - K )f,f] (n) .(n)
S0P — 77 Z sup [Kfn) ’f<n>] '
fEH ) reH Y, )

Since [f(n),¢ 1=0,j=1,2, ... n, then by the maxi-

J
mum principle, we have
[(K - K )f,f]
n -1
oy T I6T] S Ani

We define the norm of K in the usual manner

[|K|] = sup l[Kf,Kf]|1/2

. fEH "ll‘
under the condition that the norm of f,

el | = 08,8122 = 1,

By using the following result in case of symmetric trans-

formations [33; p. 231]

sup [L(K - K )2,81] = sup [[(K - K1, (K - Kn)f]|l/2

fEH fe H

= 1K - |1,
(122) yields
(123) IR NI W

-1
Since An+l + 0 as n + <, we conclude that Kn tends to
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K uniformly in norm, therefore K 1s completely continuous.
qg.e.d.
Evidently the argument above depends on the ortho-

normal system constituted by the elgen-functions ¢i‘of K.

What caﬁ we say about the convergence in the norm in case
some other basis is referred to ? In order to answer this,
we recall an equivalent definition of complete continuity
[33; p. 178]. A transformation is said to be completely
continuous if it transforms every infinite bounded set
into a compact set. The following theorem [33; p. 204]
shows that the convergence in norm obtains under more
general conditions.
Theorem: If K is a completely continuous linear transfor-
mation, the 'reduced' transformations Kn defined by

n
(124) K f = 1?3 [£,6,1[Ko, 0410,

tend uniformly in norm to K when n + «, {¢i} being a com-

plete orthonormal sequence in H.
Thus in particular, we may conclude that the conver-

gence in norm obtains when the orthonormal basis constituted

by Pif 1s used. This fact together with the complete con-

tinuity of XK will be needed in the next chapter.




CHAPTER IV

RATIONAL APPROXIMATION

21. Convergence of Eigen-values and Eigen-I"nctions

Rational functions rurnisn important approximate
representations of analytic functions. From a practical
standpoint, the solution of integral cquations (18) and
(14) can, at best, be accomplished approximately. To
this end, we propose to apply the elegant method of mini-
mized iteration [22], outlined in the beginning of Section
18, to the integral equation associated with the Robin-
Poincaré Problem which is of more general interest [18; 1].

This effectively gives the approximate solution as a ration-

ol function of A'l.

As before, we may write (18) and (14) in the following

form:
(125) u = AKu,
(126) u= AKp + f,

where £ # 0 is a given initial function prescribed for
(126) and arbitrary for (125). The procedure for obtaining
the solution may be described as follows:

For a given f we generate the subspaces Hi and H as
in Sectiorn 18 and define m,oa projection operator onto

H. and reduce the problem to a finite-dimensional one by
i
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~replacing X by niK on Hi viz. solve the following:

Am, Ky on H,;

(127) RN ¥

(128)

=
n

AﬂiKu + £  on H,

and tnhen allow 1 » «,

We note that ﬂiK is symmetric with respect to the
scalar product, i.e. for f, g& Hi
[ﬂin, g] = [Kf, g] = [fs Kg] = [f, WiKg],

and that the Rayleigh quotient for the finite dimen-

sional operator ﬂiK has tne form

(129) n(p) = Pkl

independent of i, provided u is restricted to Hi’

Note that H reduces K and that we can consider only
those eigen-functions of K which lie in H. Also it is
possible that one arbitrary function f may not yield all
the eigen-functions of (125) and another may be necessary.

Let the eigen-values of ﬂiK in the finite dimensional

subspace Hi be denoted by

1 -1
11 > Aag > e A

(130) A
znd the corresponding eigen-functions by
(131) pli, U2i> et Uii >

we may assume that

(132) [uji,uji] = 1 [f,uji] >0, J =12, ... 1,




Since K has a countable discrete real spectrum,
let the eigen-values be

(133) gt

and the corresponding eigen;functions be

(138) I

such that

(135) [uj, uJ] =1; [f, uj] >0; J=1,2, «oer .

Then the following result on convergence due to Karush

[20; p. 842] obtains

Theorem 1: {Agi} is a monotonically increasing sequence
and the following limits hold:
-1 _ -1, -
(136) . iﬂ A,ji - )\J ’ .j l) 23 H
(137) iiﬁ Uji = UJ$ J = l’ 23 . 3

in the sense -of norm.

Since K is completely continuous with respect to
the scalar product the following additional results on
the rate of convergence of the eigen-values and elgen-

functions may be stated [20; p. 8447,

Theorem 2: Let § be an afbitrary number with 0 < 6 < 1.
Then for each eigen-value Ail of X there is a constant A
independent of i such that

-1 -1
(138) Dy - Mgl < AT
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and for each eigen-function Hy of X,

i
(139) l“k - uki\ < AS
in the sense of norm.
- the next section we turn our attention to the

cquation (126) and seek its approximate solutiocn in Hi

and the estimates analogous to those given above.

22, Approximate Solution of the Robin-Poincaré

Probien
e now seek the solution of the integral ecuation

(126" u = AKu + f.

It is known that if v is not an eigen-value of K, then

[

(x"*I - X) has a bounded reciprocal and a unique solution

of (126) is given by

1

1 Cxy7te.

(140) y o= x"l(x'

Let Pi(K) be the polynomial of degree 1 in X, generated

by the minimized iteration scheme, then with the help of the

operator identity

-1 .
P, (A7) - P (K) i-1
X i 1 -1y, M
(141) = § P, (MK,
(A-l - X) n=0 i-m-1
ve have
_ . P(K)f
(142) Aot - )"l - 27O Logt 2 .=
P.(A7)
i
-1 i-1
P e e
P.(A ") m=0 o
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Now Pi(x'l) can be shown to be the characteristic
polynomial of niK,on Hi [20] and thus by taking Pi(K)f =0,
we get the approximate solution u(i)ez Hi’ given by

-1 1=l
3y M e A 20 Pi_m_l(x‘l

=) )K"t
Pi(A‘ ) m=

which is essentially a rational function of AL, The

advantage of (143) over the Neumann series solutlon (24)

is that the weights

Pi—m—l

-1

ah

wim

of K'f in (143) help the series to converge Ior all values

of A-l. Furthermore, K"t may be expressed as a linear com-

bination of the polynomials me generated by the minimized

iteration and the solution written as

-1 i-l
() ) e A 20 Fi_m_l(x'l) P (K)f
m:

where the coefficients, ?} are called the 'reversed poly-
nomials' [22; p. 269]. The following result gives the rate

vergencé of u(i), in the light of the equivalence of the two

methods, viz. that of projection operator ﬂiK and the mini-

mized iteration, established in [20; p. 849-850].

Theorem 1: If A~L 1s not an eizen-value of K, then the
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(1) of

ith approximate solution u
(126) p=AKu + T
onstructed through the minimized iteration scheme

satisfies the following

(155) lu(i> -ul < Aﬁi; 0<§<1,

in the sense of norm, where A is a suitable constant,

independent of 1.

The zeros of the polynomial Pi(x—l) coincide with
that of the characteristic polynomial of niK and hence
give approximate eigen-values to Agl, jo=1,2. ..., 1.

The following theorem indicates how the eigen-functions

may be computed.

Theorem 2: If pjéi H is the jth eigen-function of X corres-

ponding to Agl, then

s -1
P,(A,7) PL(K)f
i=0 L J 1

0 5
P (A,
[izo ey

(146) by 7 11172

Proof: Let

where
(148) ¢y = (f, uj], [uj, uj] = 1

and
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} .7
(149) hy 120 dji P, (K)T.

Then

[o N
]

i = [NJ: Pi(K)f]

-1
¢ Pi(Aj );

thus
R = v | -1
(15") Hy 120 c; Py (37) Ry (L.
“Also
T 22,4
1= s = . PL(A,
[uJ uJ] 120 ] Pl(AJ )
or
(151) C2 = - .__l.__-—-—

] PParh
1=0 J
substituting the value of cj.in (150) we get the desired

expression for uj. The cj are the Fourier coefficients of
f relative to the orthonormal system {“j}' g.e.d.

However, in practice, approximate values of uj will be

obtained, since Agl in (146) is a zero of the polynomial

Pi(A'l) and the summation stops at 1 - 1.

- From the above development we may conclude that the

eigen-values, eigen-functions, and the solution of the
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integral equations of potential theory may be computed
approximately by the minimized iteration scheme.

23. Concluding Remarks

In the foregoing, we studled four different represen- !
tations of the solution of integral equations.corresponding |
to the Robin-Poincaré and Neumann-Poincaré?Problems. We
conjecture that these representations may be linked with
one parent representation, that of a continued fraction

-‘There exists a very well developed analytic theory of con-
inued ‘fractions [29; 41]. Moreover, continued fractions
i are also efficient computationally. ; _‘
We may note that there is a striking similarity oe-v
. tween the principal results of classical potential theory,

o . N
e obtained by Fredholm theory and those related to the ‘

"successive approximants of continued fractions. In View of

vfthe'fundamental work of Stieltjes [39] on continued fractions
| *i-and that of Hadamard [12 (1)] on polar singularities of an
v.“analytic function, represented by a Taylor series, it would -
seem probable to arrive at a theory, comparable to that of
Fredholm. o :%" N
Furthermore, alfew significant results t39,ip; 396]
in the theory of continuedhfractions indicate-a'poSSible
approach for the investigation»of solutions:in the case
of infinite smooth surfaces or surfaces with edges and.
corners. In two dimensions, however, Carleman [5, (1ii)]

has obtained Fredholm's pesults for contours having a

finite number of corners.
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