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“But don’t stop looking. The triptych is about ways of never stopping. It is culture.
On the right we have the boys. Two forms, but one shape, could be female, could be
male, we can just about decipher four little legs and four little arms (the newborn calf
of the right-hand panel!) and tiny little hopeful faces. And sense is suddenly made of
the previous panels, this is pure mathematics, this is ancient logic. It is nature.”

- MAX PORTER, GRIEF IS THE THING WITH FEATHERS
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Abstract

Majorana fermions promise potential applications in quantum computing, super-

conductivity, and related fields. In this thesis, an analysis of A. Y. Kitaev’s “Kitaev

Chain”, a quasi-one-dimensional quantum wire in contact with a p-wave supercon-

ductor, designed as a model exhibiting unpaired Majoranas, is performed. Described

by tunneling of spinless fermions between quantum dots, and formation of Cooper

pairs on neighboring dots, Kitaev’s chain Hamiltonian serves as a basis for emergent

Majorana Zero Modes (zero energy Majorana fermions localized at either end of the

chain) and artificial gauges (phases) to appear.

By exact diagonalization, energy spectra and wavefunctions of a chain of spinless

fermions on discrete quantum dots described by Kitaev’s Hamiltonian are generated.

By transforming the system into a basis of Majorana fermions and “bond fermions”,

where Majoranas on neighboring dots are paired, emergent Majorana Zero Modes

(MZMs) are found at the ends of the chain. These emergent MZMs are paired in a

non-local, zero energy bond fermion, which is found to allow degenerate energy states

of the system to occur.

Joining the ends of the chain by allowing tunneling and pairing of fermions on end

sites, a ring topology is considered, where an “artificial gauge” emerges. This artificial

gauge, or phase, causes a phase change on tunneling and Cooper pairing Hamiltonian

matrix elements as a result of operator ordering within the Hamiltonian’s ring terms.

These required operator orderings are derived by comparison of energy spectra of the

Kitaev ring in the fermion and bond fermion bases. Matching of calculated energy

spectra in the Majorana and fermionic bases is used to confirm the presence of the
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artificial gauge, where this phase is found to be necessary in order to maintain a

consistent energy spectra across the transformation between bases.

This analysis is performed in order to understand the concept of Majorana Zero

Modes and the emergence of Majorana fermions in 1D chains. By doing so, it is

determined what Majorana fermions are, where they come from, and why Majorana

Zero Modes are considered to be zero energy. These results contribute to the under-

standing of Kitaev chains and rings, as well as serve as a starting point for discussions

regarding physical implications of the artificial gauge’s effect, fermion statistics, and

the emergence of Majorana Zero Modes in quasi-one-dimensional systems.
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Chapter 1

Introduction

Since their conception in 1937 by Ettore Majorana [1], the potential applications of

the Majorana fermion, or simply, “Majorana” - an elementary particle characterized

by its existence as its own antiparticle, which arose from Majorana’s proposition of

a real, symmetric solution to the Dirac equation [2–4] - can be found in quantum

computing [1, 3, 5, 6]. For a 1D chain of spinless fermions, Majorana fermions on

nearest-neighbor sites will “bond” - leaving topologically protected Majoranas of zero

energy at either ends of the chain [1, 5–10]. Although there is some evidence of their

existence, both in superconducting chains and in ferromagnetic systems [11–13], these

zero energy Majoranas, specifically called “Majorana Zero Modes” or “MZMs”, have

not been proved to exist experimentally; as many other quantum particles exhibit

similar behaviour to that observed in Majorana experiments [14]. However, MZMs

have continued to inspire theoretical study in part due to their resistance to decoher-

ence and phase error in quantum systems [3, 6, 15] - making them ideal for future

ventures in quantum computing [15–18].

In this thesis, the focus will be upon the in-depth analysis of Alexei Kitaev’s “Ki-

taev chain” [6], a 1D model designed to serve as a basic example of the realization

of MZMs. Inspired by the idea that phase error in quantum computing systems may

be eliminated physically rather than with error correction algorithms, Kitaev’s solu-

tion proposes using topologically protected, non-abelian anyons as a basis of qubits.
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MZMs, which display non-abelian statistics, would form this qubit basis - leading

Kitaev to conceive of the Kitaev chain, showing emergence of MZMs. Hence, within

this thesis, by transforming fermions in Kitaev’s chain to a system of bond fermions

[19, 20], properties of MZMs for use in quantum computing [21–35] are explored.

Section 1.1 describes the Majorana fermion, while Section 1.2 introduces the Kitaev

chain and offers a physical discussion of the system. Section 1.3 gives a brief overview

of the role of Majorana fermions for topological quantum computing, introducing

Kitaev’s motivations for modeling emergent MZMs.

1.1 The Majorana Fermion

The Majorana fermion, although characterized by its status as being its own anti-

particle, originally arose as a mathematical concept from Ettore Majorana’s attempt

to describe a strictly real solution to the Dirac equation for spin-1
2

particles [36, 37].

As a result, the Majorana fermion is characterized as its own anti-particle.

Majorana fermions, however, can be described by defining a single Majorana as a

linear combination of fermionic creation and annihilation operators [6]. The concept

of “breaking” a single fermion on a site i into two single Majorana fermions γi,1 and

γi,2 is the key concept behind both the physical realization of Majorana fermions, as

well as the usefulness of Majorana fermions.

1.2 The Kitaev Chain

Kitaev’s model can be realized in a 1D InP quantum wire of N InAsP quantum

dots, which may be occupied by spinless fermions. This quantum wire is in contact

with a p-wave superconductor under the influence of an external magnetic field B, as

shown in Fig. (1.1) below.
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Figure 1.1: Kitaev chain consisting of a 1D quantum wire (a) in contact with a p-wave
superconductor (b), under influence of an external magnetic field (c).

The configuration of this theoretical system is specifically designed in order to

give rise to MZMs. Within this system, each of the quantum wire, superconductor,

and magnetic field play a role, with their interaction resulting in the Kitaev chain

model. Firstly, with the inclusion of the magnetic field, one spin degree of freedom is

“projected away”, allowing only for either spin up or spin down fermions - resulting in

a system which may be considered effectively spinless, as all fermions have the same

spin. In order to maintain superconductivity under the influence of this magnetic

field, a p-wave superconductor is required; where a p-wave superconductor allows

Cooper pairing of parallel-spin fermions (as opposed to s-wave superconductors, which

only allow Cooper pairing of opposite-spin fermions). Finally, placing the quantum

wire in contact with the superconductor allows superconductive properties within the

quantum wire due to the proximity effect, i.e. Cooper pairs may then travel between

the superconductor and quantum wire.

Firstly, consider that spinless fermions may only singly occupy sites - hence, each

site, or quantum dot i, may be empty or occupied by a single fermion. An explicit

diagram detailing the Kitaev chain sites and possible single fermion operators is shown

in Fig. (1.2) below. In this case, fermionic operators may create or annihilate a single

spinless fermion on each site.

The Kitaev Hamiltonian ĤK representing this system can be written in terms of
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Figure 1.2: Kitaev chain of N sites, each of which site i may be occupied by a single
spinless fermion.

the spinless fermionic creation and annihilation operators ci, c
†
i as:

ĤK = t

N−1∑︂
i=1

(c†i+1ci + c†ici+1) + ∆
N−1∑︂
i=1

(c†i+1c
†
i + cici+1) − µ

N∑︂
i=1

(c†ici) (1.1)

In this Hamiltonian, representing a chain of N sites, t is the nearest neighbor

hopping (or “tunneling”) integral describing the probability of a fermion hopping to

an adjacent site. It should be noted that in this Hamiltonian, the nearest-neighbor

(NN) approximation is assumed, i.e. fermions are considered to tunnel only to nearest-

neighbor sites.

∆ is the Cooper pair energy describing the creation or annihilation of a pair of

fermions on neighboring sites. Cooper pairs may travel in or out of the quantum

wire due to its proximity to the p-wave superconductor, essentially “inheriting” the

superconductor’s pairing abilities.

µ is the chemical potential, counting the average number of electrons in the chain.

It should also be noted that the second term in each of the tunneling and pairing

summations is the Hermitian conjugate of the first.

Within this thesis, the focus will be on the three-site Kitaev Hamiltonian, where

the three-site chain (as shown in Fig. (1.3) below) is the minimum number of sites

required to form a ring.

In addition, a smaller number of sites ensures that any calculations can be per-

formed analytically if required, and that matrix representations of Hamiltonians do
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Figure 1.3: Kitaev chain of 3 sites, each of which may be occupied by a single spinless
fermion.

not exceed computational ability to perform exact diagonalization. Thus, the Kitaev

Hamiltonian for three sites becomes:

ĤK = t
2∑︂

i=1

(c†i+1ci + c†ici+1) + ∆
2∑︂

i=1

(c†i+1c
†
i + cici+1) − µ

3∑︂
i=1

(c†ici) (1.2)

The three site Kitaev Hamiltonian may then be written explicitly as:

ĤK = t(c†2c1 + c†1c2 + c†3c2 + c†2c3)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3)

− µ(c†1c1 + c†2c2 + c†3c3)

(1.3)

Within this thesis, an investigation of the three-site Kitaev chain is done in order

to show the emergence of Majorana Zero Modes. The explicit t = ∆, µ = 0 case is

considered, where:

t = |t| = 1

µ = |µ| = 0

∆ = |∆| = 1

(1.4)

For the purposes of this work, only the relations of the values of t,∆, and µ are

considered. In particular, it should be noted that in the t = ∆, µ = 0 case, the

Hamiltonian of Eq. (1.3) becomes exactly diagonal in the basis of bond fermions
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(as shown in Sec. 3.2.1). By considering this particular set of values, one may

consider this “simplest case” by calculating the system’s wavefunction configurations

and energy spectra exactly.

In addition, when letting one of the above values equal 1, it is then possible to

define the spectra energy scale in terms of said value. In this case, it is considered

that t = 1, and energy values will be defined simply in terms of t.

Although Kitaev’s chain serves as the most basic example of MZM occurrence - and

hence, contains only those parameters which are necessary to observe the emergence

of MZMs - it should be noted that alternate, similar models may be considered. For

instance, the Su-Schrieffer-Heeger model (which considers dimerization, or differing

bonds between sites) may be used on its own or in a hybrid Kitaev model to display the

emergence of MZMs on a chain [38, 39]. Alternately, models considering the system

at large (e.g. including Hamiltonian terms which explicitly describe parameters such

as applied magnetic field strength, spin-orbit coupling, effective mass, etc.) may be

used to show the emergence of Majorana fermions in superconducting systems [7, 40,

41]. However, in order to analyze the emergence of MZMs within a simplistic “base”

system, within this thesis, only the Kitaev chain model will be considered.

Hence, using these values and conventions, an analysis of the zero, one, two, and

three electron states in the fermionic basis is performed, where the system’s energy

spectra and wavefunction configurations are calculated through exact diagonalization.

The system is then transformed to the bases of Majorana and bond fermions, where

spectral and wavefunction calculations are repeated in the bond fermion basis. As a

result, the origin and role of the zero-energy MZM can then be observed and discussed.
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1.3 Majorana Fermions for Topological Quantum

Computing

Quantum computing has long been of interest due to its potential applications

in efficient problem solving. In particular, when attempting to perform calculations

in NP (nondeterministic polynomial time), including optimization and eigenvalue

problems often required in computational physics - and which are considered to be

lengthy or time consuming operations [42–45].

In quantum computation systems, however, several types of error (eg. decoherence

of qubits, phase error, “bit flip” or classical error) can accumulate or occur due to

interference within the system, resulting in information loss in performed calculations

[46, 47]. Although many different methods of error-reducing quantum algorithms and

corrections have been proposed [46–50], it has been considered that errors which arise

due to interference within the system, or a qubit’s interaction with the ‘environment’

[46], can be reduced or prevented physically rather than algorithmically in two main

ways through the use of Majorana fermions. In one part by the spatial separation

and topological protection of qubit sites [3, 6, 15, 16] which can occur in 1D chains

of Majorana fermions; in the other, by using the inherent non-abelian statistics of

individual Majoranas [1, 5, 8, 15–18, 51].

Classical error, or ‘bit flip’ error denoting the change of occupation of a qubit

site, as well as errors resulting from accumulation of phase, are common sources of

inaccurate computational results, and can occur due to electron tunneling between

sites or on-site operations [6].

Kitaev’s concept of spatially separated Majorana fermions on a 1D chain [6] is sim-

ple, and derives from these problems - what if these phase errors could be eliminated

due to physical separation of sites? Kitaev’s chain describes a superconducting system

in which this separation may be found. Here, Kitaev describes individual Majorana

fermions on nearest-neighbor sites pairing to form so-called “bond fermions”. [1, 5–9,
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52]. These nearest-neighbor pairings leave a zero-energy set of two single, unpaired

Majoranas on either end of the chain, or a “non-local bond fermion”. The non-local

bond fermion, consisting of two Majorana Zero Modes, is hence immune to phase

error due to spatial separation of the two sites (preventing interaction), and classical

error due to charge conservation requirements of the system [6, 8]. In addition, in

more realistic derivative models of superconducting systems, the MZMs are topolog-

ically protected within the system (meaning it is well protected against decoherence

or perturbation) [5, 7, 10], and display non-abelian anyon braiding statistics [5, 8, 10,

17, 51, 53–55].

The basis of fault-tolerant quantum computation lies in the exchange of multiple

particles, resulting in an accumulated phase which can be used to store information

- where this information is protected from decoherence. [3, 5, 8, 10, 16, 17, 47, 51,

53]. In 2D, a process which “loops” a particle around another to return to its starting

position can result in a non-trivial “winding phase”, eiθ, on the pair wavefunction

[8, 51, 53]. In the case of bosons and fermions, this “winding phase” is equivalent

to θ = 0, 1, respectively; however, particles called “anyons” are defined by a winding

phase of θ ̸= 0, 1. For a so-called “abelian” anyon, each “winding” or exchange of

particles creates a commutative phase, and only the total number of exchanges is

important - for instance, in the case of bosons or fermions [53]. For a non-abelian

anyon, however, the degenerate states of the system result in a non-commutative,

higher dimensional winding phase under exchange represented as a rotation matrix

between degenerate states [51]. Hence, under multiple exchanges, or “braiding” of

non-abelian anyons, the accumulated phase upon the pair wavefunction acts as a

“memory” of exchanges due to non-commutative matrix multiplication [8, 51, 53].

These exchanges are topologically protected from decoherence due to the topological

nature of rotation matrices [5, 16, 17, 51] - and hence, a topologically protected

“quantum memory” is created.

It is clear that the zero-energy, non-local MZMs are the key to fault-tolerant quan-
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tum computation. Hence, in this thesis, further study of the non-local bond fermion

in Kitaev’s chain are undertaken, revealing the emergence of MZMs and their relation

to the fermionic Kitaev chain.

1.4 Thesis Contributions

The contents of this thesis include analyses of the 3 QD Kitaev Hamiltonian in

various configurations and bases, and as such are included in the following article

written for publication:

David J. Gayowsky, Amintor Dusko, Jacob Manalo, Mahan Mohseni, and Pawel

Hawrylak, Kitaev chains and rings: Majorana Zero Modes and artificial gauges, forth-

coming in 2022.

For the given article, all calculations and derivations have been performed by myself

in full using methodology described in Appendix A, in collaboration with Dr. Amintor

Dusko. Examples of these derivations and source codes used in calculations are shown

in Appendix B and C respectively.

Within this thesis, Chapter 2 and Chapter 3 are based on this article, and the

various methods described in Appendix A were used to achieve its results.

If further reading is desired, a full manuscript describing the Kitaev chain and ring

systems, as well as the Kitaev chain and ring in a system of spins for use in quantum

algorithms, is available.

1.5 Outline

The contents of this thesis are organized as follows, beginning from the introduction

in Chapter 1:
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Chapter 2 focuses on a classical analysis of Kitaev’s chain in the basis of fermions,

starting with the tight binding (TB) model. Cooper pairing is then introduced, and

its role discussed.

Chapter 3 transforms Kitaev’s chain into the basis of Majorana and bond fermions,

where the emergent MZM and its role are discussed.

Chapter 4 considers the Kitaev ring, where artificial gauges, or phases, are found

to emerge, and their effect on movement of fermions in the ring are discussed.

The Appendix contains an in-depth discussion of methodology used to achieve the

results of Chapters 2 and 3, as well as explicit example calculations, derivations, and

source codes.
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Chapter 2

The Fermionic Kitaev Chain

This chapter will focus on the 1D Kitaev model of spinless fermions, and will serve

as a basis for comparison with such a system of Majorana and bond fermions. When

comparing the system in fermions and bond fermions, it is assumed that the system

will exhibit the same energy spectra regardless of basis. Therefore, it is possible

to ensure the accuracy of a transformation by comparison of energy spectra, where

matching spectra implies the basis transformation has been performed correctly. As

a result, the focus of this chapter will be to perform an analysis of the Kitaev chain

for the purpose of both gaining an initial understanding of the system, as well as to

provide a base comparison to ensure validity of future transformations.

Within this chapter, Section 2.1 introduces possible configurations of the three

site Kitaev chain, and derives or computationally generates Hamiltonian matrices

as required. Section 2.2 then performs an analysis of the Kitaev chain, calculating

energy eigenvalues and wavefunctions, focusing first on the tunneling Hamiltonian,

then introducing Cooper pairing to the system.

2.1 The Three-Site Kitaev Chain

Firstly, recall the explicit Kitaev Hamiltonian on three sites of Eq. (1.3):
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ĤK = t(c†2c1 + c†1c2 + c†3c2 + c†2c3)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3) (1.3)

− µ(c†1c1 + c†2c2 + c†3c3)

For such a system, it is first important to note that ĤK does not conserve the

number of particles - the three site Kitaev chain may be occupied by 0, 1, 2, or 3

spinless fermions. Considering all possible occupation numbers, it is then possible

to explicitly write all possible electron configurations (as discussed in detail in Sec.

A.2). The number of configurations of this system will hence be:

k =

(︃
3

0

)︃
+

(︃
3

1

)︃
+

(︃
3

2

)︃
+

(︃
3

3

)︃
= 1 + 3 + 3 + 1

= 8

(2.1)

The 8 possible electron configurations may be written explicitly, beginning with

the vacuum state (zero-electron configuration):

|0⟩ (2.2)

The one-electron configurations are:

|1⟩ , |2⟩ , |3⟩ (2.3)

The two-electron configurations are:

|12⟩ , |13⟩ , |23⟩ (2.4)
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Finally, the three-electron configuration is:

|123⟩ (2.5)

The set of all possible electronic configurations {k} may then be written explicitly

as:

{|0⟩ , |1⟩ , |2⟩ , |3⟩ ,

|12⟩ , |13⟩ , |23⟩ , |123⟩}
(2.6)

Wavefunctions |ψj⟩ (for j ∈ {0, 1, 2, ...7}) of the system can be written as a linear

combination of all possible configurations, over all possible electron numbers. Hence,

for the three site case, |ψj⟩ can be written explicitly for all the above electronic

configurations as:

|ψj⟩ = Aj
0 |0⟩ + Aj

1 |1⟩ + Aj
2 |2⟩ + Aj

3 |3⟩

+ Aj
4 |12⟩ + Aj

5 |13⟩ + Aj
6 |23⟩ + Aj

7 |123⟩
(2.7)

Where in order to know the allowed wavefunctions (i.e. know the wavefunction

coefficients Aj), acting on Eq. (2.7) with ĤK will hence give:

∑︂
{q},Q

⟨{p}, P | ĤK |{q}, Q⟩Aj
Q,{q} = EjAj

P,{p} (2.8)

Where this is a matrix equation describing the Kitaev Hamiltonian matrix in the

space of all possible electron configurations {q}, {p} ⊆ {k} for a given electron occu-

pation number Q,P ∈ N ≤ N = 3.

As such, in order to obtain the allowed wavefunctions and energy spectra of this

system, the following matrix may be constructed, and exact diagonalization performed

to find its eigenvalues and eigenvectors:

13



⟨{p}, P | ĤK |{q}, Q⟩ = HK
p,q (2.9)

2.1.1 Matrix Hamiltonians and Subspaces

From the set of possible configurations given by Eq. (2.6) the matrix representation

of the Kitaev Hamiltonian, HK
p,q, can be written generally as shown in Eq. (2.10) on

the following page.

Thus, in order to obtain the explicit matrix Hamiltonian, it is required to explicitly

calculate all k2 = 82 = 64 matrix elements HK
p,q. However: there are, in fact, two

observations which reduce the number of calculations required to derive such matrices.

ĤK =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

HK
0,0 HK

0,1 HK
0,2 HK

0,3 HK
0,12 HK

0,13 HK
0,23 HK

0,123

HK
1,0 HK

1,1 HK
1,2 HK

1,3 HK
1,12 HK

1,13 HK
1,23 HK

1,123

HK
2,0 HK

2,1 HK
2,2 HK

2,3 HK
2,12 HK

2,13 HK
2,23 HK

2,123

HK
3,0 HK

3,1 HK
3,2 HK

3,3 HK
3,12 HK

3,13 HK
3,23 HK

3,123

HK
12,0 HK

12,1 HK
12,2 HK

12,3 HK
12,12 HK

12,13 HK
12,23 HK

12,123

HK
13,0 HK

13,1 HK
13,2 HK

13,3 HK
13,12 HK

13,13 HK
13,23 HK

13,123

HK
23,0 HK

23,1 HK
23,2 HK

23,3 HK
23,12 HK

23,13 HK
23,23 HK

23,123

HK
123,0 HK

123,1 HK
123,2 HK

123,3 HK
123,12 HK

123,13 HK
123,23 HK

123,123

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.10)

The first method of reducing the number of calculations has already been noted

in Appendix A.6, which is that for any matrix element HK
p,q, H

K
p,q = HK∗

q,p so long as

ĤK is Hermitian (which it is). In addition, as all coefficients of ĤK are real, it is not

even required to find the complex conjugate - therefore we take directly that:

HK
p,q = HK

q,p (2.11)
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The second observation is realized from noting that both the tunneling and chemi-

cal potential terms of ĤK conserve the number of particles in the chain - however, the

pairing term, which creates or annihilates pairs of fermions on neighboring sites, alters

particle numbers only in sets of 2. Therefore, any given configuration will only have

interactions with configurations of the same occupation number parity (i.e. for the

3-site chain, the configuration of 3 fermions will interact only with configurations of

1 fermion, and a configuration of 2 fermions will interact only with the configuration

of 0 fermions).

As a result, any matrix element describing the interaction between two configura-

tions of different occupation number parities will be 0; or, written explicitly:

⟨{p}, P = 0| ĤK |{q}, Q = 1⟩ = 0

⟨{p}, P = 0| ĤK |{q}, Q = 3⟩ = 0

⟨{p}, P = 2| ĤK |{q}, Q = 1⟩ = 0

⟨{p}, P = 2| ĤK |{q}, Q = 3⟩ = 0

(2.12)

Thus the Hamiltonian of Eq. (2.10) can now be simplified to:

ĤK =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

HK
0,0 0 0 0 HK

0,12 HK
0,13 HK

0,23 0

0 HK
1,1 HK

1,2 HK
1,3 0 0 0 HK

1,123

0 HK
2,1 HK

2,2 HK
2,3 0 0 0 HK

2,123

0 HK
3,1 HK

3,2 HK
3,3 0 0 0 HK

3,123

HK
12,0 0 0 0 HK

12,12 HK
12,13 HK

12,23 0

HK
13,0 0 0 0 HK

13,12 HK
13,13 HK

13,23 0

HK
23,0 0 0 0 HK

23,12 HK
23,13 HK

23,23 0

0 HK
123,1 HK

123,2 HK
123,3 0 0 0 HK

123,123

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.13)

Where this matrix can then be re-arranged through simple row and column oper-

ations, and written in block-diagonal form as:
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ĤK =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

HK
0,0 HK

0,12 HK
0,13 HK

0,23 0 0 0 0

HK
12,0 HK

12,12 HK
12,13 HK

12,23 0 0 0 0

HK
13,0 HK

13,12 HK
13,13 HK

13,23 0 0 0 0

HK
23,0 HK

23,12 HK
23,13 HK

23,23 0 0 0 0

0 0 0 0 HK
1,1 HK

1,2 HK
1,3 HK

1,123

0 0 0 0 HK
2,1 HK

2,2 HK
2,3 HK

2,123

0 0 0 0 HK
3,1 HK

3,2 HK
3,3 HK

3,123

0 0 0 0 HK
123,1 HK

123,2 HK
123,3 HK

123,123

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.14)

For any block-diagonal matrix, the set of eigenvalues and eigenvectors will simply

be the union of the sets of eigenvalues and eigenvectors of its sub-matrices (or “con-

tributing blocks”). Thus, it is then possible to divide the matrix Kitaev Hamiltonian

into two separate ‘subspace’ matrix Hamiltonians, each representing the configura-

tions of either even or odd occupation number parity. The subspace matrices can

thus be written:

ĤEK =

⎡⎢⎢⎢⎢⎢⎢⎣
HK

0,0 HK
0,12 HK

0,13 HK
0,23

HK
12,0 HK

12,12 HK
12,13 HK

12,23

HK
13,0 HK

13,12 HK
13,13 HK

13,23

HK
23,0 HK

23,12 HK
23,13 HK

23,23

⎤⎥⎥⎥⎥⎥⎥⎦ (2.15)

ĤOK =

⎡⎢⎢⎢⎢⎢⎢⎣
HK

1,1 HK
1,2 HK

1,3 HK
1,123

HK
2,1 HK

2,2 HK
2,3 HK

2,123

HK
3,1 HK

3,2 HK
3,3 HK

3,123

HK
123,1 HK

123,2 HK
123,3 HK

123,123

⎤⎥⎥⎥⎥⎥⎥⎦ (2.16)

Where, from the above matrices and the assumption of Eq. (2.11), it can be seen

that the number of required matrix element calculations has been reduced from 64

to 20 (as it is still required to calculate the diagonal elements, which occur only once

in each matrix). The complete set of matrix element calculations will not be shown

here, as they are repetitive, however in the style of Appendix A.4, an explicit example
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from each term of ĤK is shown below, using the fermionic relations in Eq. (A.16),

Eq. (A.18), and Eq. (A.19).

Example 1: Tunneling Term (Two-Electron Configuration)

The Kitaev Hamiltonian tunneling matrix element HK
12,13 is calculated as follows:

HK
12,13 = ⟨12| ĤK |13⟩

= ⟨12| t(c†3c2 + c†2c3) |13⟩

= t ⟨0| c2c1(c†3c2 + c†2c3)c
†
1c

†
3 |0⟩

= t ⟨0| c2c1c†3c2c
†
1c

†
3 |0⟩ + t ⟨0| c2c1c†2c3c

†
1c

†
3 |0⟩

= t ⟨0| c1c†3 c2c2⏞⏟⏟⏞
0

c†1c
†
3 |0⟩ + t ⟨0| c1 c2c†2⏞⏟⏟⏞

1

c3c
†
3⏞⏟⏟⏞

1

c†1 |0⟩

= 0 + t ⟨0| c1c†1 |0⟩

= t ⟨0|0⟩⏞⏟⏟⏞
1

= t

Example 2: Pairing Term (Two-Electron Configuration)

The Kitaev Hamiltonian pairing matrix element HK
12,0 is calculated as follows:

HK
12,0 = ⟨12| ĤK |0⟩

= ⟨12|∆(c†2c
†
1 + c1c2) |0⟩

= ∆ ⟨0| c2c1(c†2c
†
1 + c1c2) |0⟩

= ∆ ⟨0| c2c1c†2c
†
1 |0⟩ + ∆ ⟨0| c2c1c1c2 |0⟩

= −∆ ⟨0| c2c†2⏞⏟⏟⏞
1

c1c
†
1⏞⏟⏟⏞

1

|0⟩ + ∆ ⟨0| c2 c1c1⏞⏟⏟⏞
0

c2 |0⟩

= −∆ ⟨0|0⟩⏞⏟⏟⏞
1

+0

= −∆

17



Example 3: Chemical Potential Term (Two-Electron Configuration)

The Kitaev Hamiltonian tunneling matrix element HK
12,12 is calculated as follows:

HK
12,12 = ⟨12| ĤK |12⟩

= ⟨12| − µ(c†1c1 + c†2c2) |12⟩

= −µ ⟨0| c2c1(c†1c1 + c†2c2)c
†
1c

†
2 |0⟩

= −µ ⟨0| c2c1c†1c1c
†
1c

†
2 |0⟩ − µ ⟨0| c2c1c†2c2c

†
1c

†
2 |0⟩

= −µ ⟨0| c2 c1c†1⏞⏟⏟⏞
1

c1c
†
1⏞⏟⏟⏞

1

c†2 |0⟩ − µ ⟨0| c1 c2c†2⏞⏟⏟⏞
1

c2c
†
2⏞⏟⏟⏞

1

c†1 |0⟩

= −µ ⟨0| c2c†2 |0⟩ − µ ⟨0| c1c†1 |0⟩

= −µ ⟨0|0⟩⏞⏟⏟⏞
1

−µ ⟨0|0⟩⏞⏟⏟⏞
1

= −2µ

After performing all required element calculations, the Kitaev Hamiltonian in the

even and odd subspace matrix representations becomes:

ĤEK =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −∆ 0 −∆

−∆ −2µ t 0

0 t −2µ t

−∆ 0 t −2µ

⎤⎥⎥⎥⎥⎥⎥⎦ (2.17)

ĤOK =

⎡⎢⎢⎢⎢⎢⎢⎣
−µ t 0 −∆

t −µ t 0

0 t −µ −∆

−∆ 0 −∆ −3µ

⎤⎥⎥⎥⎥⎥⎥⎦ (2.18)

Where these subspace matrices can then be diagonalized to calculate system energy

spectra and wavefunctions.
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2.1.2 Computational Generation of the Matrix Hamiltonians

For large N systems, the matrix representations of Kitaev Hamiltonians can be

tedious to derive analytically - recall that a chain of N = 3 sites requires 20 calcula-

tions. However, subspace matrices can be generated computationally using a program

of the form described in Fig. (A.1) of Appendix A.5.

In this case, an input of the number of sites N , numerical values of t,∆, and µ,

and whether the user would like to return the even or odd subspace matrix is given

to the function call, and a numerical Kitaev Hamiltonian matrix is returned.

The function defined to generate subspace matrices of the Kitaev Hamiltonian for

N sites is shown in Fig. (2.1) on the following page, with source code in Appendix

C.1.

It should be noted that as the form of the Hamiltonian does not change with

the number of sites N , if-else statements populating subspace matrices do not change

based on N . In addition, computationally generated matrix Hamiltonians were found

to match those derived analytically for N = 2, 3, 4.
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Figure 2.1: Program flowchart for computational generation of matrix Kitaev Hamil-
tonian for N sites. a). Main function call, b). Hamiltonian generation function.
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2.2 Analysis of the Kitaev Chain

Within this section, the roles of the various terms of the Kitaev Hamiltonian are

investigated, where energy spectra and system wavefunctions are generated. Initially,

in Sec. 2.2.1 the tight binding, or “tunneling” Kitaev Hamiltonian is explored, then

pairing terms are added in Sec. 2.2.2, and effects on system energy spectra and

configurations are observed.

2.2.1 The Tight Binding Kitaev Chain Hamiltonian

Initially, consider only the first term of the Kitaev Hamiltonian. The tight binding,

or “tunneling”, Kitaev Hamiltonian contains only the nearest-neighbor hopping term

of the Kitaev Hamiltonian in Eq. (1.2), i.e. the tunneling Hamiltonian on three sites

becomes:

ĤK = t
2∑︂

i=1

(c†i+1ci + c†ici+1) (2.19)

Explicitly, this can be written in the form of Eq.(1.3) as:

ĤK = t(c†2c1 + c†1c2 + c†3c2 + c†2c3) (2.20)

Taking the form of the even and odd subspace matrix Hamiltonians (Eq. (2.17) and

(2.18), respectively) derived in Sec. 2.1.1, the matrix form of the tunneling Kitaev

Hamiltonian can then be written simply by letting ∆, µ = 0 in these equations. Thus,

including the numerical values and conventions imposed in Eq. (1.4) above, the even

and odd tunneling matrix Kitaev Hamiltonians are:
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ĤET =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 0

0 0 t 0

0 t 0 t

0 0 t 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 0

0 0 1 0

0 1 0 1

0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.21)

ĤOT =

⎡⎢⎢⎢⎢⎢⎢⎣
0 t 0 0

t 0 t 0

0 t 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 1 0 0

1 0 1 0

0 1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.22)

Thus, through the use of computational matrix generation and exact diagonal-

ization, the even and odd subspace energies, as well as even and odd wavefunction

configurations, are calculated as in Fig. (2.2), (2.3), and (2.4) on the following page

(respectively).
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(a)

(b)

Figure 2.2: Energy spectra of three-site ∆, µ = 0 Kitaev chain, (a) even and (b) odd
subspaces.

(a) (b)
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(c) (d)

Figure 2.3: Wavefunction configurations of ∆, µ = 0 Kitaev Hamiltonian, even sub-
space.

(a) (b)

(c) (d)

Figure 2.4: Wavefunction configurations of ∆, µ = 0 Kitaev Hamiltonian, odd sub-
space.
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From Fig. (2.2a) and (2.3) above, consider the separation of the vacuum and two

electron states, and their respective energies. The vacuum state, |0⟩, is completely

decoupled from all two-electron states as shown in Fig. (2.3) (i.e. there is no allowed

transition from the vacuum state to any two-electron configuration). However, the

vacuum state is degenerate in energy with respect to |ψ2⟩, where:

|ψ2⟩ =
1√
2

(|12⟩ + |23⟩) (2.23)

Expecting that emergent MZMs occur as degenerate “zero” energy states, with no

change in system energy under occupation, this result is promising. Similarly to the

appearance of MZMs, occupying states |12⟩, |23⟩ results in no change of energy with

respect to the vacuum (unoccupied) state.

However, it is not yet apparent how, or if, this leads to the appearance of MZMs

in the Kitaev chain, and further investigation is required. As the two electron states

are not actually coupled to |0⟩ through allowed transitions in the system, occupation

number coupling must now be considered.

2.2.2 Effect of the Pairing Term

In this subsection, the effect of the pairing term on energy spectra and configura-

tions of the Kitaev chain will be observed. In this case, both the pairing and tunneling

terms of Eq. (1.2) will be used, and the Hamiltonian becomes:

ĤK = t
2∑︂

i=1

(c†i+1ci + c†ici+1) + ∆
2∑︂

i=1

(c†i+1c
†
i + cici+1) (2.24)

Explicitly, this can be written in the form of Eq. (1.3) as:
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ĤK = t(c†2c1 + c†1c2 + c†3c2 + c†2c3)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3)

(2.25)

Taking the form of the even and odd subspace matrix Hamiltonians (Eq. (2.17)

and (2.18), respectively) derived in Sec. 2.1.1, the matrix form of the Hamiltonian

described above in Eq. (2.24) can be written by letting µ = 0 in these equations.

Recall, the |t| = |∆| case of Eq. (1.4) will be considered. Thus, including the

numerical values imposed in Eq. (1.4) above, the even and odd matrix Kitaev Hamil-

tonians given by t = ∆ are:

ĤEP1 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −∆ 0 −∆

−∆ 0 t 0

0 t 0 t

−∆ 0 t 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −1 0 −1

−1 0 1 0

0 1 0 1

−1 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.26)

ĤOP1 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 t 0 −∆

t 0 t 0

0 t 0 −∆

−∆ 0 −∆ 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 1 0 −1

1 0 1 0

0 1 0 −1

−1 0 −1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.27)

Thus, through the use of exact diagonalization, the even and odd subspace energies,

as well as even and odd wavefunction configurations, are calculated as in Fig. (2.5),

(2.6), and (2.7) on the following page (respectively).
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(a)

(b)

Figure 2.5: Energy spectra of three-site t = ∆, µ = 0 Kitaev chain, (a) even and (b)
odd subspaces.

(a) (b)
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(c) (d)

Figure 2.6: Wavefunction configurations of t = ∆, µ = 0 Kitaev Hamiltonian, even
subspace.

(a) (b)

(c) (d)

Figure 2.7: Wavefunction configurations of t = ∆, µ = 0 Kitaev Hamiltonian, odd
subspace.
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From Fig. (2.5a) and (2.6), consider once again the potential coupling of degenerate

energy states.

Previously, in Sec. 2.2.1, the two degenerate energy states of the even subspace were

decoupled, with the vacuum state having no allowed transitions to any two-electron

state. However, from Fig. (2.6), it can now be seen that by allowing Cooper pairing

within the system, the vacuum state may now couple two-electron configurations,

resulting in the two degenerate energy configurations:

|ψ1⟩ | =
1√
2

(|12⟩ + |23⟩)

|ψ2⟩ =
1√
2

(|0⟩ + 0.5 |13⟩)
(2.28)

Thus, it can be seen that two-electron configurations may be occupied without

changing the system energy from the vacuum state. Although it is not immediately

apparent from this result how MZMs appear in the Kitaev chain, further investigation

may yield a more concrete physical explanation. Particularly in the two-electron

configurations - where, as will be seen in Chapter 3, bond fermions are formed by

pairing Majoranas on neighboring dots. This corresponds with two adjacent sites in

the fermionic basis - hence, the continued appearance of degenerate zero-energy states

is encouraging. Hence, further investigation is performed in order to realize MZMs in

the 1D Kitaev system.
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Chapter 3

Majorana and Bond Fermions on
the Kitaev Chain

Majorana fermions, as a mathematical construct, arose from Ettore Majorana’s

strictly real solution to the Dirac equation, where the usual charge conjugation re-

quirements of particles and their anti-particles were no longer valid. This resulted in

the construction of a particle, which, characteristically, is its own anti-particle.

Alexei Kitaev later considered the uses of such a particle and its inherent statistics

for quantum computing applications, and sought to construct a model which would

exhibit such Majorana fermions - in fact, the Kitaev Hamiltonian is defined in such

a way in order to allow for observation of isolated Majoranas.

Hence, within this chapter, the emergence of Majorana fermions on Kitaev’s chain

and ring will be examined. Initially, in Sec. 3.1, the transformation to the Majorana

fermion basis is performed. Following this, a further basis transformation to that of

“bond fermions” is undertaken, where neighboring Majoranas are paired, in Sec. 3.2.

3.1 Majorana Fermions

Majorana fermions can be constructed mathematically by a conversion from fermionic

operators to Majorana operators - or, they may be physically defined simply as

“breaking” a spinless fermion into two Majorana fermions γi,1 and γi,2 localized on
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site i, as shown in Fig. (3.1) below.

Figure 3.1: Majorana fermions γi,1 and γi,2 formed by “breaking” a spinless fermion
on site i.

Majorana operators γi,1 and γi,2 may be defined as a linear combination of fermionic

operators ci, c
†
i for some arbitrary site i as:

γi,1 = ci + c†i

γi,2 = i(c†i − ci)
(3.1)

Additionally, fermionic creation and annihilation operators can be expressed in

terms of Majorana operators for some site i as:

ci =
1

2
(γi,1 + iγi,2)

c†i =
1

2
(γi,1 − iγi,2)

(3.2)

Additionally, Majorana operators obey the following relations:

γα,β = γ†α,β

γ2α,β = 1

{γi,α, γj,β} = 2δijδαβ

(3.3)

As a result, it is then possible to use Eq. (3.2) and (3.3) to transform a given

system of spinless fermions into a system of Majorana fermions.
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3.1.1 The Kitaev Hamiltonian in Majorana Fermions

The Kitaev chain of N sites, each of which may be occupied by a single spinless

fermion, can be transformed into Majorana fermions as shown in Fig. (3.2) below.

Figure 3.2: Kitaev chain of N sites, “broken” into individual Majorana fermions.

By using the fermionic and Majorana fermion relations in Eq. (3.2), as well as the

Majorana fermion operator relations of Eq. (3.3), firstly the original Kitaev chain

Hamiltonian for N sites given by Eq. (1.1):

ĤK = t
N−1∑︂
i=1

(c†i+1ci + c†ici+1) + ∆
N−1∑︂
i=1

(c†i+1c
†
i + cici+1) − µ

N∑︂
i=1

(c†ici) (1.1)

This Hamiltonian can hence be transformed into the basis of Majorana fermions.

Derived fully in Appendix B.1, the Kitaev Hamiltonian can then be written explicitly

in terms of Majorana operators γ as:

ĤM =
i(t+ ∆)

2

N−1∑︂
i=1

γi,1γi+1,2 +
i(t− ∆)

2

N−1∑︂
i=1

γi+1,1γi,2 −
iµ

2

N∑︂
i=1

γi,1γi,2 −
Nµ

2
(3.4)

However - this Hamiltonian is not diagonal, as it involves Majoranas on neighboring

sites, as shown in Fig. (3.3) of the following page.
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Figure 3.3: “Pairing” of individual Majorana fermions on a single site, consistent
with fermionic occupation basis.

Hence, the question may be asked - is it possible to transform this Hamiltonian

such that it is diagonal? To do so, a further transformation will be considered.

3.2 Majorana Pairing in Bond Fermions

In order to calculate eigenvalues and wavefunctions for the Kitaev Hamiltonian in

Majoranas, it is required to transform this Hamiltonian into a basis in which it is

diagonal. Luckily, this is achievable simply by defining a new Majorana pairing basis.

The Kitaev Hamiltonian may exist in two possible regimes, which describe two

possible Majorana pairings - a non-topological, or “trivial” strong pairing regime,

and a “topological” weak pairing regime. The “trivial” regime describes the pairing

of Majorana fermions on a single quantum dot, essentially coupling Majoranas back

into their original spinless fermions, as previously shown in Fig. (3.3).

The “topological” regime, however, is characterized by the coupling of Majoranas

on neighboring sites, and the formation of a complete basis of states describing paired

neighboring Majoranas. In this regime, the system is described by the conception of

a “bond fermion”, where the bond fermionic operators for a system of N sites are

defined explicitly for some sites i, i+ 1 ∈ N as:
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ai =
1

2
(γi,1 + iγi+1,2)

a†i =
1

2
(γi,1 − iγi+1,2)

(3.5)

Hence, bond fermions perform the action of explicitly pairing Majorana fermions

γi,1 and γi+1,2 as shown in Fig. (3.4) below.

Figure 3.4: Creation of bond fermions by pairing of Majoranas on neighboring sites.

Where, as bond fermionic operators are no longer their own anti-particle and are

hence characterized by fermionic statistics, once again obey the following commuta-

tion relations (for some sites i, j ∈ N):

{a†i , a
†
j} = 0

{ai, aj} = 0

{ai, a†j} = δij

(3.6)

Hence, the action of the bond fermionic creation and annihilation operators on a

state |i⟩, and the vacuum state |0⟩, are:

a†i |0⟩ = |i⟩ , a†i |i⟩ = 0

ai |i⟩ = |0⟩ , ai |0⟩ = 0
(3.7)
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Where by using these relations, the Kitaev Hamiltonian can be transformed into

the basis of bond fermions, and hence diagonalized to calculate energy spectra and

wavefunctions.

3.2.1 The Simplified Kitaev Hamiltonian in Bond Fermions

Initially, consider the case where t = ∆, µ = 0. Thus, the Kitaev Hamiltonian in

the Majorana basis of Eq. (3.4), simplifies to:

ĤM = i∆
N−1∑︂
i=1

γi,1γi+1,2 (3.8)

Hence, using the Majorana and bond fermion transformation of Eq. (3.5), as

well as the bond fermion commutation relations of Eq. (3.6), the simplified Kitaev

Hamiltonian (as derived in Appendix B.2.1) can be written in the basis of bond

fermions on N sites as:

ĤB = ∆
N−1∑︂
i=1

(2a†iai − 1) (3.9)

Where it is noted that this Hamiltonian is now fully diagonal in the bond fermionic

basis.

3.2.2 Initial Emergence of the Zero Energy State

Once again, consider the simplified Kitaev chain Hamiltonian in the bond fermionic

basis, as in Eq. (3.9). Explicitly, this Hamiltonian is written for a system of three

fermions as:

ĤB = ∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) (3.10)
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However, there appears to be something missing here - this equation describes only

two bond fermions, but this is supposed to be a three site system. In order to deter-

mine where the “missing” bond fermion has gone, consider the physical representation

of this system, as shown below in Fig. (3.5).

Figure 3.5: Representation of the simplified t = ∆ Kitaev chain in the bond fermion
basis for three sites.

From Fig. (3.5), it is observed that the Kitaev Hamiltonian creates two non-local

bond fermions, a1 and a2, however, shows two “dangling Majoranas” on either end of

the chain. These two dangling Majoranas, γ1,2 and γ3,1, are shown explicitly in Fig.

(3.6) below.

Figure 3.6: Dangling Majoranas in the simplified t = ∆ Kitaev chain for three sites.
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The appearance of dangling Majoranas within the Kitaev Hamiltonian is an in-

tentional inclusion by Kitaev - in fact, the observation of dangling Majoranas is the

purpose of Kitaev’s toy model, as it is these particles which are essential to Kitaev’s

purpose in quantum computing.

However, when considering the entire physical system, it is still required to find

a representation for these dangling Majoranas. In order to do so, the neat trick of

forming by hand a “zero energy” bond fermion is performed. The bond fermion

a3 (as shown in Fig. (3.7) below) is mathematically constructed from the dangling

Majoranas as:

a3 =
1

2
(γ3,1 + iγ1,2)

a†3 =
1

2
(γ3,1 − iγ1,2)

(3.11)

Where, by defining the Hamiltonian term representing the occupation of this bond

fermion with zero energy as:

0(2a†3a3 − 1) (3.12)

This term may be added to the Hamiltonian while leaving it essentially unchanged.

Figure 3.7: Construction of zero-energy bond fermion in the simplified t = ∆ Kitaev
chain for three sites.
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Thus, the system Hamiltonian for a chain of three bond fermions becomes, explic-

itly:

ĤB = ∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) + 0(2a†3a3 − 1) (3.13)

Hence, this Hamiltonian may be used to calculate energy eigenvalues and wave-

function configurations of the system.

3.2.3 The Zero Energy State and Degenerate Energies of
Configurations

Noting that the Hamiltonian of Eq. (3.13) is entirely diagonal, it is hence possible

to calculate the system’s eigenvalues and eigenvectors analytically - its eigenvectors

will simply be the possible configurations of the system, and its eigenvalues the pro-

jection of the Hamiltonian on each possible state.

Hence, the energies of the system may be calculated as in the example calculation

of Appendix B.2.2, giving the energy spectra and wavefunction configurations of the

system as in Fig. (3.8), (3.9) and (3.10), respectively.

(a)
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(b)

Figure 3.8: Energy spectra of three-site t = ∆, µ = 0 Kitaev chain in bond fermions,
(a) even and (b) odd subspaces.

(a) (b)

(c) (d)

Figure 3.9: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev chain in
bond fermions, even subspace.
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(a) (b)

(c) (d)

Figure 3.10: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev chain in
bond fermions, odd subspace.

Firstly, it is of note that the energy spectra of the system is exactly that given in

Fig. (2.5) for the three site, t = ∆, µ = 0 Kitaev chain, as demonstrated explicitly on

the following page in Fig. (3.11).

Due to the matching of energy spectra in the fermion and bond fermion bases, this

implies that the transformation into bond fermions is performed correctly, as, recall,

the spectra of the system does not change across bases.

Importantly, it can be observed that the inclusion of this zero energy bond fermion

in the possible system configurations leads directly to the calculated energy spectra

(noting that without the creation of bond fermion a3, there would be only four possible

states of the system, rather than eight as shown above in Fig. (3.9) and Fig. (3.10)).

Hence, this zero energy bond fermion is necessary not only to describe the system
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physically, but also in order to ensure proper basis mapping between the fermionic

and bond fermionic bases.

Figure 3.11: Degenerate energy spectra of three-site t = ∆, µ = 0 Kitaev chain in
fermions and in bond fermions.

In addition, it may be noted that, indeed, the zero energy state described by a3 does

not change the energy of any configuration it is added to (e.g. the occupation of bond

fermion a3 creates state |13⟩ from state |1⟩, which share a degenerate energy value).

By observation of Fig. (3.9) and Fig. (3.10), it is seen that in the space of the three

site Kitaev Hamiltonian, any state in which a3 is occupied results in a degenerate

energy of configurations. Explicitly, these degenerate energies of configurations are:

|0⟩ , |3⟩ −→ E = −2 [∆]

|1⟩ , |13⟩ −→ E = 0 [∆]

|2⟩ , |23⟩ −→ E = 0 [∆]

|12⟩ , |123⟩ −→ E = 2 [∆]

(3.14)

Interestingly, these are not states which are directly coupled through use of the

pairing term, as they exist in separate subspaces - it is merely the occupation of bond

fermion a3 which creates energy degeneracy.

As a result, it can be said that the non-local bond fermion a3 behaves as expected
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within the system, allowing spectral matching across bases, and creating energy de-

generacy within the bond fermion chain.
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Chapter 4

The Kitaev Ring

4.1 The Fermionic Kitaev Ring

Within this chapter, Kitaev’s chain described in Sec. 1.2 is expanded to a ring

system. In this case, the model once again describes a chain of N ∈ Z+ sites, or

quantum dots, each of which may be empty or occupied by a single fermion. However,

in the ring model, sites 1 and N are brought into proximity as shown in Fig. (4.1)

below.

Figure 4.1: Kitaev ring of N sites, each of which site i ∈ N may be occupied by a
single spinless fermion.
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The geometry of this system is characterized by allowed tunneling between sites 1

and N , and allowed creation or annihilation of a Cooper pair of fermions on sites 1

and N .

The Hamiltonian of this system is once again given in the nearest-neighbor approx-

imation. However, in this case, the summations in the tunneling and pairing terms of

the Kitaev chain for N sites (given in Eq. (1.1)) are expanded to include the N th term

in the summation (rather than terminating at N − 1). As such, this allows tunneling

and pairing of sites 1 and N as described above, and the Kitaev Hamiltonian ĤKR

can be written as:

ĤKR = t
N∑︂
i=1

(c†i+1ci + c†ici+1) + ∆
N∑︂
i=1

(c†i+1c
†
i + cici+1) − µ

N∑︂
i=1

(c†ici) (4.1)

Recall that the three-site Kitaev ring is the minimum number of sites required to

impose periodic boundary conditions for such a system. Thus, the analysis of the

Kitaev ring will once again (like the chain case) be performed for three sites. Then,

the Kitaev Hamiltonian for a three site ring becomes:

ĤKR = t
3∑︂

i=1

(c†i+1ci + c†ici+1) + ∆
3∑︂

i=1

(c†i+1c
†
i + cici+1) − µ

3∑︂
i=1

(c†ici) (4.2)

However, the explicit form of this Hamiltonian depends on some sites i and i+ 1 -

i.e. some site, and a neighboring site “greater” in index. As a result, for the ring case,

it now must be considered whether site 1 or site 3 is considered to be the “greater”

index when travelling around a ring. Thus, the periodic terms of the Kitaev ring

Hamiltonian, denoted by the coefficients t13 and ∆13 may take two possible forms.

The first, assuming that site 1 is “greater” in index than site 3:
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t13(c
†
1c3 + c†3c1)

∆13(c
†
1c

†
3 + c3c1)

(4.3)

And the second, assuming that site 3 is “greater” in index than site 1:

t13(c
†
3c1 + c†1c3)

∆13(c
†
3c

†
1 + c1c3)

(4.4)

In both Eq. (4.3) and (4.4) above, the tunneling ring term described by t13 has

identical terms (although in opposite order, addition of Hamiltonian terms is com-

mutative, therefore order of terms does not matter).

However, the ordering of the ∆13 ring terms in Eq. (4.3) and (4.4) is opposite

in terms of ordering of operators, and cannot be considered identical. In order to

determine which is the correct ordering of the ∆13 ring terms, spectral matching will

be used. As energy spectra must be consistent across basis transformations, these

calculated spectra are later compared to spectra of the Kitaev ring transformed to

a system of bond fermions. It follows directly from this that the matching spectra

occurs in the correct canonical ordering of the ∆13 ring terms, at which point the

correct ordering can be observed.

4.1.1 The Tunneling Kitaev Ring and Artificial Phase

The tunneling Kitaev ring contains only the nearest-neighbor hopping term of Eq.

(4.2), such that the tunneling Hamiltonian for a three site ring becomes:

ĤKR = t
3∑︂

i=1

(c†i+1ci + c†ici+1) (4.5)
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Where considering the case where site 1 is “greater” in index than site 3, explicitly,

the tunneling ring Kitaev Hamiltonian can be written:

ĤKR = t(c†2c1 + c†1c2 + c†3c2 + c†2c3)

+ t13(c
†
1c3 + c†3c1)

(4.6)

Or, equivalently, where site 3 is “greater” in index than site 1, the tunneling ring

Kitaev Hamiltonian can be written explicitly (and equivalently):

ĤKR = t(c†2c1 + c†1c2 + c†3c2 + c†2c3)

+ t13(c
†
3c1 + c†1c3)

(4.7)

While both of the above two orderings are technically correct, the analysis of the

pairing term will determine the proper ordering, and t13 ordering will be chosen to

match for consistency. However, to initially choose one indiscriminately for matrix

element calculations, the site 1 “greater” in index than site 3 case will be considered.

Thus, the subspace matrix Hamiltonians will be the same as those given in Eq.

(2.21) and (2.22), however, with the addition of the t13 matrix elements describing

tunneling of a fermion between sites 1 and 3. These elements, HKR
1,3 and HKR

12,23, can

then be calculated explicitly as given in the derivations on the following page.

(Recall that HKR
1,3 = HKR

3,1 and HKR
12,23 = HKR

23,12, thus symmetric matrix elements are

not calculated).
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Calculation: Tunneling element HKR
1,3 (= HKR

3,1 )

The Kitaev Hamiltonian tunneling matrix element HKR
1,3 is calculated as follows:

HKR
1,3 = ⟨1| ĤKR |3⟩

= ⟨1| t13(c†1c3 + c†3c1) |3⟩

= t13 ⟨0| c1(c†1c3 + c†3c1)c
†
3 |0⟩

= t13 ⟨0| c1c†1c3c
†
3 |0⟩ + t13 ⟨0| c1c†3c1c

†
3 |0⟩

= t13 ⟨0| c1c†1⏞⏟⏟⏞
1

c3c
†
3⏞⏟⏟⏞

1

|0⟩ − t13 ⟨0| c1c1⏞⏟⏟⏞
0

c†3c
†
3⏞⏟⏟⏞

0

|0⟩

= t13 ⟨0|0⟩⏞⏟⏟⏞
1

−0

= t13

Calculation: Tunneling element HKR
12,23 (= HKR

23,12)

The Kitaev Hamiltonian tunneling matrix element HKR
12,23 is calculated as follows:

HKR
12,23 = ⟨12| ĤKR |23⟩

= ⟨12| t13(c†1c3 + c†3c1) |23⟩

= t13 ⟨0| c2c1(c†1c3 + c†3c1)c
†
2c

†
3 |0⟩

= t13 ⟨0| c2c1c†1c3c
†
2c

†
3 |0⟩ + t13 ⟨0| c2c1c†3c1c

†
2c

†
3 |0⟩

= t13 ⟨0| c2 c1c†1⏞⏟⏟⏞
1

c3c
†
2c

†
3 |0⟩ − t13 ⟨0| c2c†3 c1c1⏞⏟⏟⏞

0

c†2c
†
3 |0⟩

= t13 ⟨0| c2c†2⏞⏟⏟⏞
1

c3c
†
3⏞⏟⏟⏞

1

|0⟩ − 0

= −t13 ⟨0|0⟩⏞⏟⏟⏞
1

= −t13

Thus, it can be seen that there is an artificial gauge (phase) imposed on t13 in

the even subspace purely as a result of the ordering of Hamiltonian operators, and

47



fermionic anticommutation relations. As a result, the even and odd matrix subspace

Hamiltonians ĤET and ĤOT , respectively, describing the tunneling Kitaev ring can

be written:

ĤET =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 0

0 0 t −t13
0 t 0 t

0 −t13 t 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 0 0 0

0 0 1 −1

0 1 0 1

0 −1 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.8)

ĤOT =

⎡⎢⎢⎢⎢⎢⎢⎣
0 t t13 0

t 0 t 0

t13 t 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 1 1 0

1 0 1 0

1 1 0 0

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.9)

Thus, through exact diagonalization, even and odd subspace energies and wave-

function configurations are calculated as in Fig. (4.2), (4.3) and (4.4), respectively,

below.

(a)
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(b)

Figure 4.2: Energy spectra of three-site ∆, µ = 0 Kitaev ring, (a) even and (b) odd
subspaces.

(a) (b)

(c) (d)

Figure 4.3: Wavefunction configurations of three-site ∆, µ = 0 Kitaev ring, even
subspace.
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(a) (b)

(c) (d)

Figure 4.4: Wavefunction configurations of three-site ∆, µ = 0 Kitaev ring, odd
subspace.

Initially, it should be noted that the even and odd subspace energy spectra degen-

eracy observed in Section 2.2.1 for the tunneling Kitaev chain is no longer present

due to the inclusion of ring terms.

In addition, it can be seen by comparison to Fig. (2.3) and (2.4) to Fig. (4.3)

and (4.4) that the energy degeneracy of the vacuum state no longer occurs in the

ring configuration. In this case, energy degeneracy occurs between multi-electron

configurations, and does not occur between differing electron numbers.
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4.1.2 Effect of the Pairing Term and Artificial Phase

The pairing term of the Kitaev Hamiltonian can now be introduced to the Kitaev

ring. Once again, the |t| = |∆| case is considered. The Kitaev Hamiltonian with

pairing and tunneling components on a three site ring can be written:

ĤKR = t

3∑︂
i=1

(c†i+1ci + c†ici+1) + ∆
3∑︂

i=1

(c†i+1c
†
i + cici+1) (4.10)

Where once again the cases where either site 1 is “greater” in index than site 3,

and vice versa, must be considered. Hence, where site 1 is considered “greater” in

index than site 3, this Hamiltonian may be written explicitly as:

ĤKR = t(c†2c1 + c†1c2 + c†3c2 + c†2c3) + t13(c
†
1c3 + c†3c1)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3) + ∆13(c

†
1c

†
3 + c3c1)

(4.11)

Equivalently, where site 3 is “greater” in index than site 1, the three site Kitaev

ring Hamiltonian may be written explicitly as:

ĤKR = t(c†2c1 + c†1c2 + c†3c2 + c†2c3) + t13(c
†
3c1 + c†1c3)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3) + ∆13(c

†
3c

†
1 + c1c3)

(4.12)

Initially, the site 1 “greater” in index than site 3 case will be considered. Thus, the

subspace matrix Hamiltonians will be the same as those given in Eq. (4.8) and (4.9),

with the addition of the pairing elements ∆, and ∆13 matrix elements describing the

formation of a Cooper pair on sites 1 and 3. These elements, HKR
0,13 and HKR

2,123, are

calculated explicitly in the derivations below (where recall that HKR
0,13 = HKR

13,0 and

HKR
2,123 = HKR

123,2, thus symmetric matrix elements are not calculated).

Calculation: Pairing element HKR
0,13 (= HKR

13,0)
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The Kitaev Hamiltonian pairing matrix element HKR
0,13 is calculated as follows, for

the case where site 1 is considered “greater” than site 3:

HKR
0,13 = ⟨0| ĤKR |13⟩

= ⟨0|∆13(c
†
1c

†
3 + c3c1) |13⟩

= ∆13 ⟨0| (c†1c
†
3 + c3c1)c

†
1c

†
3 |0⟩

= ∆13 ⟨0| c†1c
†
3c

†
1c

†
3 |0⟩ + ∆13 ⟨0| c3c1c†1c

†
3 |0⟩

= −∆13 ⟨0| c†1c
†
1⏞⏟⏟⏞

0

c†3c
†
3⏞⏟⏟⏞

0

|0⟩ + ∆13 ⟨0| c3 c1c†1⏞⏟⏟⏞
1

c†3 |0⟩

= 0 + ∆13 ⟨0| c3c†3⏞⏟⏟⏞
1

|0⟩

= 0 + ∆13 ⟨0|0⟩⏞⏟⏟⏞
1

= ∆13

Calculation: Pairing element HKR
2,123 (= HKR

123,2)

The Kitaev Hamiltonian pairing matrix element HKR
2,123 is calculated as follows, for

the case where site 1 is considered “greater” than site 3:

HKR
2,123 = ⟨2| ĤKR |123⟩

= ⟨2|∆13(c
†
1c

†
3 + c3c1) |123⟩

= ∆13 ⟨0| c2(c†1c
†
3 + c3c1)c

†
1c

†
2c

†
3 |0⟩

= ∆13 ⟨0| c2c†1c
†
3c

†
1c

†
2c

†
3 |0⟩ + ∆13 ⟨0| c2c3c1c†1c

†
2c

†
3 |0⟩

= −∆13 ⟨0| c2 c†1c
†
1⏞⏟⏟⏞

0

c†3c
†
2c

†
3 |0⟩ + ∆13 ⟨0| c2c3 c1c†1⏞⏟⏟⏞

1

c†2c
†
3 |0⟩

= 0 − ∆13 ⟨0| c2c†2⏞⏟⏟⏞
1

c3c
†
3⏞⏟⏟⏞

1

|0⟩

= −∆13 ⟨0|0⟩⏞⏟⏟⏞
1

= −∆13
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Thus, it can be seen that there is an artificial gauge (phase) imposed on ∆13 only

in the even subspace. As a result, the even and odd matrix subspace Hamiltonians

ĤEP1 and ĤOP1, respectively, describing the Kitaev ring of tunneling and pairing

terms can be written:

ĤEP1 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −∆ ∆13 −∆

−∆ 0 t −t13
∆13 t 0 t

−∆ −t13 t 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −1 1 −1

−1 0 1 −1

1 1 0 1

−1 −1 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.13)

ĤOP1 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 t t13 −∆

t 0 t −∆13

t13 t 0 −∆

−∆ −∆13 −∆ 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 1 1 −1

1 0 1 −1

1 1 0 −1

−1 −1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.14)

Thus, through exact diagonalization, even and odd subspace energies and wave-

function configurations are calculated as in Fig. (4.5), (4.6) and (4.7) on the following

page (respectively).
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(a)

(b)

Figure 4.5: Energy spectra of three-site t = ∆, µ = 0 Kitaev ring, (a) even and (b)
odd subspaces, considering site 1 “greater” than site 3.

(a) (b)
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(c) (d)

Figure 4.6: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring, even
subspace, considering site 1 “greater” than site 3.

(a) (b)

(c) (d)

Figure 4.7: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring, odd
subspace, considering site 1 “greater” than site 3.
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Next, the site 3 “greater” in index than site 1 case will be considered. Thus,

the subspace matrix Hamiltonians will be the same as those given in Eq. (4.8) and

(4.9), with the addition of the ∆, and ∆13 matrix elements describing the formation

of a Cooper pair on sites 1 and 3. These elements, HKR
0,13 and HKR

2,123, are calculated

explicitly in the derivations below.

Calculation: Pairing element HKR
0,13 (= HKR

13,0)

The Kitaev Hamiltonian pairing matrix element HKR
0,13 is calculated as follows, for

the case where site 3 is considered “greater” than site 1:

HKR
0,13 = ⟨0| ĤKR |13⟩

= ⟨0|∆13(c
†
3c

†
1 + c1c3) |13⟩

= ∆13 ⟨0| (c†3c
†
1 + c1c3)c

†
1c

†
3 |0⟩

= ∆13 ⟨0| c†3c
†
1c

†
1c

†
3 |0⟩ + ∆13 ⟨0| c1c3c†1c

†
3 |0⟩

= ∆13 ⟨0| c†1c
†
1⏞⏟⏟⏞

0

c†3c
†
3⏞⏟⏟⏞

0

|0⟩ − ∆13 ⟨0| c3 c1c†1⏞⏟⏟⏞
1

c†3 |0⟩

= 0 − ∆13 ⟨0|0⟩⏞⏟⏟⏞
1

= −∆13
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Calculation: Pairing element HKR
2,123 (= HKR

123,2)

The Kitaev Hamiltonian pairing matrix element HKR
2,123 is calculated as follows, for

the case where site 3 is considered “greater” than site 1:

HKR
2,123 = ⟨2| ĤKR |123⟩

= ⟨2|∆13(c
†
3c

†
1 + c1c3) |123⟩

= ∆13 ⟨0| c2(c†3c
†
1 + c1c3)c

†
1c

†
2c

†
3 |0⟩

= ∆13 ⟨0| c2c†3c
†
1c

†
1c

†
2c

†
3 |0⟩ + ∆13 ⟨0| c2c1c3c†1c

†
2c

†
3 |0⟩

= ∆13 ⟨0| c2c†3 c
†
1c

†
1⏞⏟⏟⏞

0

c†2c
†
3 |0⟩ − ∆13 ⟨0| c2c3 c1c†1⏞⏟⏟⏞

1

c†2c
†
3 |0⟩

= 0 + ∆13 ⟨0| c2c†2⏞⏟⏟⏞
1

c3c
†
3⏞⏟⏟⏞

1

|0⟩

= ∆13 ⟨0|0⟩⏞⏟⏟⏞
1

= ∆13

Thus, it can be seen that there is an artificial gauge (phase) imposed on ∆13 in the

odd subspace. As a result, the even and odd matrix subspace Hamiltonians ĤEP2

and ĤOP2, respectively, describing the Kitaev ring of tunneling and pairing terms can

be written:

ĤEP2 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −∆ −∆13 −∆

−∆ 0 t −t13
−∆13 t 0 t

−∆ −t13 t 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 −1 −1 −1

−1 0 1 −1

−1 1 0 1

−1 −1 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.15)

ĤOP2 =

⎡⎢⎢⎢⎢⎢⎢⎣
0 t t13 −∆

t 0 t ∆13

t13 t 0 −∆

−∆ ∆13 −∆ 0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0 1 1 −1

1 0 1 1

1 1 0 −1

−1 1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎦ (4.16)
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Then, through exact diagonalization, even and odd subspace energies and wave-

function configurations are calculated as in Fig. (4.8), (4.9) and (4.10) below, respec-

tively.

(a)

(b)

Figure 4.8: Energy spectra of three-site t = ∆, µ = 0 Kitaev ring, (a) even and (b)
odd subspaces, considering site 3 “greater” than site 1.

(a) (b)
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(c) (d)

Figure 4.9: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring, even
subspace, considering site 3 “greater” than site 1.

(a) (b)

(c) (d)

Figure 4.10: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring, odd
subspace, considering site 3 “greater” than site 1.
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Here, it can be seen that inducing an opposite phase in the pairing term of the

ring Kitaev Hamiltonian changes the spectra and wavefunctions of the system, when

compared to those given in Fig. (4.5), (4.6) and (4.7).

However, comparison with energy spectra calculated in the bond fermion ring is

required in order to deduce the correct operator ordering of the pairing term of the

ring Kitaev Hamiltonian.

4.2 The Fermionic Kitaev Ring

Within this section, the ring Kitaev Hamiltonian is considered in the bond fermion

basis - meaning the formation of the ring will involve consideration of the allowed

bond fermion occupation.

Thus, Sec. 4.2.1 will consider the formation of the Kitaev ring in bond fermions,

the new role of the “zero energy” bond fermion in the ring topology, and its effect on

system energy spectra and configurations. Sec. 4.2.2 will then conclude the analysis

of required ordering of the Kitaev Hamiltonian pairing term by comparison of energy

spectra, originally beginning in Sec. 4.1.2.

4.2.1 Removal of the Zero Energy State

For the Kitaev Chain in bond fermions, recall that the two unpaired Majoranas

at either end of the chain form a single non-local bond fermion, added “by hand” to

the system Hamiltonian with zero energy. This zero energy bond fermion, while a

necessary representation in the system, does not actually change the Hamiltonian -

in the chain configuration.

However, in order to convert the system to a ring configuration, the zero energy

state is used. Consider the three site, t = ∆, µ = 0 Kitaev Hamiltonian in bond

fermions of Eq. (3.13):
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ĤB = ∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) + 0(2a†3a3 − 1) (3.13)

In the Kitaev chain, the term 0(2a†3a3 − 1) is explicitly denoted with a zero coef-

ficient, such that the state’s energy to zero. However, in the Kitaev ring, this zero

coefficient may be changed to a nonzero “ring pairing energy” denoted ∆3 (where,

similarly, the “ring tunneling energy” becomes t3, and in this assumption, t3 = ∆3).

Thus, the ring Kitaev Hamiltonian in bond fermions can be written:

ĤBR = ∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) + ∆3(2a
†
3a3 − 1) (4.17)

Hence, the system becomes as shown in Fig. (4.11) of the following page, where the

non-local bond fermion a3 is now shown to be occupied, and the ring is “connected”

through a3.

Figure 4.11: Occupation of non-local bond fermion in the simplified t = ∆ Kitaev
ring for three sites.
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Then, given the diagonal Hamiltonian of Eq. (4.17), it is possible to use this Hamil-

tonian to calculate the system’s energy eigenvalues and wavefunction configurations

directly from this equation.

4.2.2 Confirmation of Artificial Phases

The Kitaev ring in bond fermions given by the Hamiltonian of Eq. (4.17) is entirely

diagonal, hence it is possible to calculate the system’s eigenvalues and eigenvectors

analytically. Recall in this case, the eigenvectors will simply be the possible configu-

rations of the system, and its eigenvalues the projection of the Hamiltonian on each

possible state.

Hence, the energies of the system may be calculated as in the example calculation

of Appendix B.2.2. In combination with the giving the following energy spectra and

wavefunctions of the system (where it is assumed ∆3 = ∆), as in Fig. (4.12), (4.13),

and (4.14) on the following page (respectively).
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(a)

(b)

Figure 4.12: Energy spectra of three-site t = ∆, µ = 0 Kitaev ring in bond fermions,
(a) even and (b) odd subspaces.

(a) (b)
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(c) (d)

Figure 4.13: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring in
bond fermions, even subspace.

(a) (b)

(c) (d)

Figure 4.14: Wavefunction configurations of three-site t = ∆, µ = 0 Kitaev ring in
bond fermions, odd subspace.

In this case, it is of note that the degenerate energies of configurations as seen

in Sec. 3.2.3 as a result of the zero energy bond fermion are no longer present.
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Degenerate energy states are present in the spectra, however, these occur in the one

and two site occupations, and do not occur with differing occupation numbers.

It is also noted that this is the only allowed spectra given by the ring Kitaev

Hamiltonian of Eq. (4.17) - there is only one possible Hamiltonian of the system

given by this derivation, therefore the energy spectra given above for the Kitaev ring

in bond fermions must be correct. Thus, the spectra of Fig. (4.12) is used to confirm

the correct ordering of the fermionic system by direct comparison.

By considering Fig. (4.12), Fig. (4.5) and (4.8), it is observed that the t = ∆, µ = 0

Kitaev ring spectra in the fermion and bond fermion bases match only in the case

where site 1 is considered “greater” in index than site 3. The spectra given by the

Kitaev ring in bond fermions, and by the Kitaev ring in fermions of Eq. (4.11) is as

shown in Fig. (4.15) below.

Figure 4.15: Degenerate energy spectra of three-site t = ∆, µ = 0 Kitaev ring in
fermions and in bond fermions, considering site 1 “greater” in index than site 3.

As a result, it must be considered that the correct ordering of operators in the

fermionic system is:

t13(c
†
1c3 + c†3c1)

∆13(c
†
1c

†
3 + c3c1) (4.3)
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Therefore, the correct three-site ring Kitaev Hamiltonian is (explicitly) written as:

ĤKR = t(c†2c1 + c†1c2 + c†3c2 + c†2c3) + t13(c
†
1c3 + c†3c1)

+ ∆(c†2c
†
1 + c1c2 + c†3c

†
2 + c2c3) + ∆13(c

†
1c

†
3 + c3c1)

− µ(c†1c1 + c†2c2 + c†3c3)

(4.18)

Importantly, this result depends on the presence of the artificial phase of ∆13. By

comparison of Eq. (4.13), (4.14), and Eq. (4.15), (4.16), it can be seen that the only

difference in these matrices is the sign of ∆13.

In the case where site 1 is considered to be “greater” in index than site 3, the

Cooper pairing matrix element is given by:

{︄
∆13 in even subspace

−∆13 in odd subspace
(4.19)

Representing a phase change in the even subspace compared to the chain pairing

matrix elements ∆, which are usually given as −∆ in both the even and odd subspace

matrix Hamiltonians.

The dependence of the artificial gauge to matching spectra between the fermion and

bond fermion Kitaev rings implies that the presence of this artificial gauge is necessary

in the fermionic ring system. However, the physical significance of the artificial gauge

is not yet known - although this phase affects the movement of Cooper pairs in the

ring, such a concept must be further studied in order to realize its full implications.
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Chapter 5

Conclusions

In this thesis, an analysis of Kitaev’s chain and ring of spinless fermions on a

quantum wire, as well as the resultant emergent Majorana zero modes and artificial

gauges, has been presented.

Within this work, Chapter 2 discusses the Kitaev system in the fermionic basis,

where initial energy spectra and wavefunctions are calculated through exact diago-

nalization. In Sec. 3.2, the Kitaev chain is transformed into a chain of Majoranas,

and Majoranas are paired on neighboring sites to form “bond fermions”, creating a

diagonal Hamiltonian. Emergent Majorana zero modes - two zero energy, dangling

Majoranas on either end of the chain - are found to be necessary to find degenerate

energy states, and in turn, allow the energy spectra of the Kitaev chain in fermions

and bond fermions to match exactly. In this case, matching spectra occur only when

considering the zero-energy eigenvalue given by the non-local bond fermion (consist-

ing of the two MZMs). In addition, degenerate energy wavefunctions occur only when

the difference in two states is the occupation of the non-local bond fermion.

Under expansion to the ring system in Chapter 4, it is noted that one must deter-

mine a correct ordering of fermionic operators, where an emergent “artificial gauge”

occurs under specific orderings. From exact diagonalization results in the fermion ba-

sis compared to those of the bond fermion basis, it is found that the order of operators

affects the energy spectra of the ring. An artificial phase on tunneling and Cooper
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pairing Hamiltonian matrix elements emerges, describing transitions at the “ends” of

the ring. As a result, is determined that site 1 must be considered “greater” in index

than site N (of an N site ring) in order for the energy spectra of the Kitaev ring in

fermions and bond fermions to match. These results suggest that the movement of

Cooper pairs on a fermionic ring occur in a particular manner, and are affected by

the emergent artificial gauge.

In conclusion, the purposes of exploring the Kitaev chain and ring systems, ob-

serving emergent MZMs, and deriving the origin of the ring’s artificial gauges, were

achieved by analytical derivation and matching of energy spectra across transforma-

tions via exact diagonalization. Properties of electronic Hamiltonians are explored,

considering the effect of artificial gauges and fermion statistics, and serving as a

starting point for future research and discussion about these physical implications.

Overall, these results contribute to the understanding of Kitaev chains and rings, and

the origins of MZMs in 1D chains, which may have future applications in topologically

protected quantum computing.
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Appendix A: Methodology

In order to compare and confirm mappings of Kitaev’s “toy chain” in various

bases, system wavefunctions and energy spectra are calculated using analytical and

numerical methods. This section describes various methodology used in obtaining

results throughout this work.

A.1 Second Quantization and Coherent Summa-

tion

Second quantization notation is an occupation notation taking advantage of many-

particle systems consisting of identical particles. In particular, second quantization

defines systems based simply on the occupation of states, taking into account only the

number of identical particles in any given state, rather than attempting to distinguish

between particles. Essentially, the occupation number basis does not consider if a

specific particle is in a particular state, only if there is some particle (or particles) in

a particular state.

Beginning with the wavefunctions and eigenenergies of some Hamiltonian Ĥ (for

some α in the set of possible eigenstates with associated eigenvalues):

Ĥ |ψα⟩ = Eα |ψα⟩ (A.1)

The eigenstates of the system can be written in terms of the occupation num-

ber states. Consider a system with a complete set of M distinct states, or particle

configurations:
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|1⟩ , |2⟩ , |3⟩ , ... |m⟩ , ... |M⟩ (A.2)

This system may hence contain some number of particles nm in each state |m⟩,

where the allowed number of particles in a given state will depend on particle type:

nm =

{︄
0, 1 if fermions

0, 1, 2, ... ∈ N if bosons
(A.3)

Then, the state |ϕm⟩, can be defined in terms of the occupation numbers nm as:

|ϕm⟩ = |n1, n2, n3, ...nM⟩ (A.4)

Where |ϕm⟩ is some state with n1 particles in the state |1⟩, n2 particles in the state

|2⟩, etc.

It is then possible to write down any state of the system |ψα⟩ as a linear combina-

tion of multi-particle occupation number states using coherent summation. Coherent

summation assumes that all quantum states |ϕm⟩ may be present in a given state of

the system, regardless of the total number of particles Nm =
∑︁

i ni in any given |ϕm⟩.

Thus, under this assumption, eigenstates of the system |ψα⟩ may be written:

|ψα⟩ =
∑︂
m

Am |ϕm⟩ (A.5)

Where Am is some normalization coefficient corresponding to the multi-particle

state |ϕm⟩, and allowed multi-particle states and wavefunctions are defined by the

given system and its constituent particles.

Hence, this is the basis for second quantization - a language of multi-particle sys-

tems which takes into account only the occupation numbers nm of any given state

(site, orbital, etc.). Importantly, second quantization also does not distinguish be-

tween individual particles when defining the Hamiltonian, operators, or mathematical

relationships of a given system - allowing the entire system and its various properties
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to be written consistently in the occupation number basis, as will be used throughout

this thesis.

A.2 Spinless Fermions

Essentially, a spinless fermion is a particle which, while still considered to follow

Fermi-Dirac statistics and the Pauli exclusion principle (resulting in restrictions upon

occupation numbers and symmetry), no longer takes spin into account. As a result,

spinless fermions may only singly-occupy sites.

It is now possible to further define the second quantized number and multi-particle

states (from the previous section) in accordance with this condition. Firstly, the

occupation number nm of a given single particle state |m⟩ must be:

nm =

{︄
1 if |m⟩ occupied

0 if |m⟩ unoccupied
(A.6)

As a result, any multi-particle occupation number state of the system |ϕm⟩ will

only contain nm ∈ {0, 1}. As the single particle states are now distinguished simply

by whether they are occupied or not, in order to more easily distinguish occupation

of states, occupied single particle states can be given simply by their state number

m, and unoccupied single particle states can be omitted from the multi-particle state.

Then, |ϕm⟩ as described in Eq. (A.4) may be rewritten as:

|ϕm⟩ = |m1,m2,m3, ...mM⟩ (A.7)

Where:

mm =

{︄
m if |m⟩ occupied

Omitted if |m⟩ unoccupied
(A.8)
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Example: Explicit State Representation

Consider a system of 3 sites in a state |ϕβ⟩, of which sites 1 and 3 are occupied. In

this notation, the occupation of each site may be written:

m1 occupied =⇒ m1 = 1

m2 unoccupied =⇒ m2 omitted

m3 occupied =⇒ m3 = 3

Then, plugging in the above to the state representation of |ϕβ⟩:

|ϕβ⟩ = |m1,m2,m3⟩ = |13⟩

Note that for any system, the vacuum state |ϕ0⟩ of zero occupied sites is written

simply as:

|ϕ0⟩ = |0⟩ (A.9)

Then, a system with M distinct single particle states, or sites, may have all possible

electronic states written explicitly in terms of the occupied sites. Here it is assumed

the number of particles of the system N may fluctuate such that 0 ≤ N ≤ M . In

this case, the number of possible electronic configurations k is given by:

k =

(︃
M

0

)︃
+

(︃
M

1

)︃
+ ...+

(︃
M

M − 1

)︃
+

(︃
M

M

)︃
(A.10)

Where the binomial coefficient “M choose N” for some N particles on M possible

sites is represented as the binomial coefficient for combinations without repetition:

(︃
M

N

)︃
=

M !

N !(M −N)!
(A.11)
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Where for a system of M sites, which may be either occupied or unoccupied by a

single particle, the binomial coefficient gives the number of possible electronic config-

urations to be:

k = 2M (A.12)

Thus, the system wavefunction can now be written as a linear combination of all

k possible configurations of spinless fermions, |ψα⟩ (as described in Eq. (A.5)):

|ψα⟩ =
k−1∑︂
α=0

Aα |ϕα⟩ (A.13)

Written explicitly for all k electronic configurations:

|ψα⟩ = Aα
0 |0⟩ + Aα

1 |1⟩ + ...+ Aα
k−1 |12...M⟩ (A.14)

In a fermionic system, the occupation number states may also be represented by

the action of the fermionic creation operators on the vacuum state |0⟩. Starting with

the fermionic creation and annihilation operators acting on some site i ∈ M of an

M -site system:

c†i , ci (A.15)

Where it should be noted that the fermionic creation and annihilation operators

on some sites i, j ∈M obey the following commutation relations:

{c†i , c
†
j} = 0

{ci, cj} = 0

{ci, c†j} = δij

(A.16)
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Hence, the action of the fermionic creation and annihilation operators on a state

|i⟩ representing the occupation of a single site i ∈M by a single spinless fermion, and

the vacuum state |0⟩ are:

c†i |0⟩ = |i⟩ , c†i |i⟩ = 0

ci |i⟩ = |0⟩ , ci |0⟩ = 0
(A.17)

Following directly from the above equations, the following relation can be written:

⟨0| cic†i |0⟩ = ⟨0| ci |i⟩

= ⟨0|0⟩

=⇒ cic
†
i = 1

(A.18)

In this thesis, for some state consisting of N particles, these states are written in

the following notation and ordering of fermionic operators:

|1, 2, ..., N − 1, N⟩ = c†1c
†
2...c

†
N−1c

†
N |0⟩

⟨1, 2, ..., N − 1, N | = ⟨0| cNcN−1...c2c1
(A.19)

Where it should be noted that the decided and maintained canonical ordering, ie.

the ordering of the fermionic creation and annihilation operators in state representa-

tion, is maintained consistently throughout this work.

A.3 Configuration Interaction and The Matrix Hamil-

tonian Representation

The configuration interaction method is used for determining electronic system

and excitation energies. The configuration interaction method is an alternative to

the Hartree-Fock method, and operates in second quantization formalism, considering

system wavefunctions as a linear combination of all possible states.

Eq. (A.14) of the previous section is already defined in the configuration interaction

based formalism, where by writing the single and multi-particle occupation states |ϕα⟩
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as fermionic operators acting on the vacuum state, configuration interaction methods

can be used to solve for further information about the given system. Recall Eq.

(A.14) describing a wavefunction ψα of some system of spinless fermions:

|ψα⟩ = Aα
0 |0⟩ + Aα

1 |1⟩ + ...+ Aα
k−1 |12...M⟩ (A.14)

For a given system described by a Hamiltonian Ĥ (again, as described in Eq

(A.1) of the previous section) of which ψα is a wavefunction, ψα is dependant on

the allowed electronic configurations determined by this Hamiltonian. For instance,

any given Hamiltonian defined in second quantization in terms of fermionic creation

and annihilation operators may allow only certain particle numbers N , number of

sites M , transitions between particle numbers, etc. In order to know the allowed

wavefunctions of any given system, the coefficients Aα of the above equation must be

determined in terms of the specific Hamiltonian of the system described.

Hence, by acting on Eq. (A.14) with the Hamiltonian Ĥ, the following matrix

equation is obtained: ∑︂
β

⟨ϕγ| Ĥ |ϕβ⟩Aα
β = EαAα

γ (A.20)

By the configuration interaction methodology, in order to solve for the allowed

wavefunctions and energies of the system, it is hence sufficient to diagonalize the

Hamiltonian matrix
∑︁

β ⟨ϕγ| Ĥ |ϕβ⟩. This matrix represents the Hamiltonian in terms

of the orthonormal basis states, |ϕα⟩, of the system, and can be written explicitly in

terms of the occupation number basis states given in Eq. (A.14) as:

Ĥ =

⎡⎢⎢⎢⎢⎢⎢⎣
H0,0 H0,1 . . . H0,12...M

H1,0
. . .

...

H12...M,0 H12...M,12...M

⎤⎥⎥⎥⎥⎥⎥⎦ (A.21)

Where the matrix element ⟨ϕγ| Ĥ |ϕβ⟩ is written as Hγ,β for simplicity.
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By diagonalizing the Hamiltonian matrix above, the configuration interaction method

returns the energy eigenvalues Eα and corresponding eigenvectors, or wavefunctions

|ψα⟩. In this case, the system wavefunction is given in terms of coefficients Aα as the

eigenvector:

|ψα⟩ =

⎡⎢⎢⎢⎢⎢⎢⎣
Aα

0

Aα
1

...

Aα
k−1

⎤⎥⎥⎥⎥⎥⎥⎦ (A.22)

Hence, allowing the energy values and wavefunctions of a given system to be found

(relatively painlessly), provided the matrix Hamiltonian can be constructed either

analytically or computationally through calculation of the Hamiltonian matrix ele-

ments.

A.4 Matrix Element Calculation

In order to prepare matrices for diagonalization, it is required to perform the ex-

plicit matrix element calculations for all k2 elements Hγ,β. Although it is possible to

write programs to generate Hamiltonian matrices computationally, the initial calcu-

lations must be done analytically to ensure correct computational results.

Matrix element calculations are done simply by writing matrix elements explicitly

using Eq. (A.19), and simplifying using Eq. (A.16). As a result, any elements of a

second quantized Hamiltonian with constant coefficients (as given by the configuration

interaction method, and where coefficient integrals are not computed within this

thesis) will either be a combination of matrix coefficients, or will be 0.

As this is a difficult concept to explain and be understood generally, an example

matrix element calculation is shown below.

Example: Generalized Matrix Element Calculation
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Consider a system of three arbitrary sites p, q, r, such that p, q, r ∈ Z+, and p <

q < r. In addition, consider an example Hamiltonian written in second quantization

formalism describing tunneling of a single spinless fermion between sites p and q of

such a system of singly-occupied sites to be:

Ĥex = t(c†qcp + c†pcq)

Where t is the constant nearest-neighbor tunneling (or hopping) coefficient, and

c†i , ci for i ∈ {p, q} are the spinless fermion creation and annihilation operators.

Then, the matrix element calculation of an element Hex
pr,qr is performed as follows,

using the fermionic relations in Eq. (A.19) and Eq. (A.16):

Hex
pr,qr = ⟨pr| Ĥex |qr⟩

= ⟨pr| t(c†qcp + c†pcq) |qr⟩

= t ⟨0| crcp(c†qcp + c†pcq)c
†
qc

†
r |0⟩

= t ⟨0| crcpc†qcpc†qc†r |0⟩ + t ⟨0| crcpc†pcqc†qc†r |0⟩

= −t ⟨0| crc†q cpcp⏞⏟⏟⏞
0

c†qc
†
r |0⟩ + t ⟨0| cr cpc†p⏞⏟⏟⏞

1

cqc
†
q⏞⏟⏟⏞

1

c†r |0⟩

= 0 + t ⟨0| crc†r |0⟩

= t ⟨0|0⟩⏞⏟⏟⏞
1

= t

A.5 Computational Generation of Matrix Hamil-

tonians

Although is it possible to derive matrix Hamiltonians for a given system of M sites

analytically by calculating matrix elements by hand, it is a rather tedious process

given a number of k2 matrix elements (where k is the number of possible electronic

configurations).
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One possible method of increasing the efficiency of this process is to generate the

matrix Hamiltonian computationally by using differences in occupation number states

represented by computational arrays (or vectors) to infill elements directly.

Essentially, terms in a second quantized Hamiltonian describe changes to fermion

occupation of sites, eg. an exchange of particles on neighboring sites, creation of a

cooper pair on neighboring sites, etc. By mapping occupation number states to com-

putational arrays, iterating through each possible combination of states, and compar-

ing them, Hamiltonian coefficients can be mapped to each comparison and placed in

a corresponding empty array representing the matrix Hamiltonian.

Although each generation program is required to be tailored to the individual

Hamiltonian represented due to the large number of possible terms and operator

combinations, an example of one possible occupation state comparison method is

shown below.

Example: Computational Mapping of Hamiltonian Matrix Tunneling Element

Consider the matrix element H12,13 = t describing the tunneling of a spinless

fermion from site 2 to site 3. Computationally, the states |12⟩ and |13⟩ can be

represented by the vectors:

|12⟩ = (1, 2)

|13⟩ = (1, 3)

By noting that the length of each vector is identical, and that the norm of (1,3) -

(1,2) = 1, the “rule” can be made that for each set of two configurations p, q where

the lengths are identical and the norm of their difference is 1, the corresponding

Hamiltonian matrix element Hp,q = t.

(It should be noted that for proper mapping, a casual application of “proof by

induction” should be used, where numerous coefficients are calculated analytically

for each Hamiltonian term to ensure any given “rules” are correct for all elements k2

in any given system of M sites.)
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A generalized algorithm and program structure are shown as a flow chart in Fig.

(A.1) below, where Fig. (A.1) a). describes the general function call for Hamiltonian

generation, and Fig. (A.1) b). describes the Hamiltonian generation function.

The generalized mapping procedure and analytical Hamiltonian terms are used in

the generalized algorithm of Fig. (A.1) to determine the exact if and if-else statements

as shown in the figure. These ‘if’ and ‘if-else’ statements are used (as shown in the

example above) to add Hamiltonian coefficients to the rows p and columns q of the

computationally generated matrix Hamiltonian, where these correspond directly to

elements p and q of the list of all possible electronic configurations.

An explicit example of such a Hamiltonian matrix generation function is described

in detail in Section 2.1.2, with source code in Appendix C.1, where the matrix Hamil-

tonian of Kitaev’s “toy chain” is generated computationally.
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Figure A.1: Program flowchart for computational generation of a Hamiltonian matrix
of M sites. a). Main function call, b). main function.

84



A.6 Exact Diagonalization, Energy Spectra, and

Wavefunctions

In general, to know information about the probability of the system being in certain

states (eg. in the case of this thesis, the focus is on the occurrence of the system being

in such a state such that unpaired majorana fermions may emerge), it is first necessary

to solve the eigenvalue problem of the system given by Eq. (A.1):

Ĥ |ψα⟩ = Eα |ψα⟩ (A.1)

As per Sec. A.3 and the configuration-interaction method, it is possible to per-

form diagonalization upon a given matrix representation of a Hamiltonian, where

the returned eigenvalues of the matrix will be the energy spectra of configurations,

and the returned eigenvectors will be the system wavefunctions - hence, allowing the

eigenvalue equation Eq. (A.1) to be solved.

In general, any Hamiltonian matrix representing a system of k possible config-

urations will be a square k x k matrix, where such a square matrix is said to be

diagonalizable if and only if it has k linearly independent eigenvectors. Such a diag-

onalizable matrix can be written in the form:

Ĥ = WDW−1 (A.23)

Where D is a k x k diagonal matrix consisting of the eigenvalues of Ĥ, and W is

a k x k matrix consisting of the associated eigenvectors.

Depending on the characteristics of such a Hamiltonian matrix Ĥ, various diago-

nalization methods (either analytical or computational) may be used, with varying

degrees of difficulty, problem scope, and accuracy. The calculations and computa-

tional work in this thesis were performed in Python 3, therefore pre-built diagonal-

ization methods were available through Python’s packages and functions, and it was

not required to explicitly write any eigenvalue calculators.

Within Python 3, if Ĥ is a Hermitian matrix of this form, the eigenvalue prob-

lem can be solved exactly by decomposing Ĥ into its constituents of Eq. (A.23),
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and returning the eigenvalues Ĥ given by D. The function linalg.eigh of the

numpy package performs this matrix decomposition through spectral factorization on

a given Hermitian matrix, returning a complete list of eigenvalues. Alternately, if

both eigenvalues and eigenvectors are calculated, eigh uses an iterative QR decom-

position instead. In general, the eigh function uses symmetry of Hermitian matrices

to reduce computational time, where recall a Hermitian matrix Ĥ and its matrix

elements Hγ,β are defined by the symmetry relations:

Ĥ
†

= Ĥ

H∗
γ,β = Hβ,γ

⟨ϕγ| Ĥ |ϕβ⟩∗ = ⟨ϕβ| Ĥ
†
|ϕγ⟩

(A.24)

Where † represents the Hermitian conjugate, and in the case of scalar matrix

elements, will simply be equivalent to the complex conjugate ∗.

In this thesis, the Hamiltonians studied are all Hermitian operators. From the

definition of states in the occupation number basis, the matrix elements Hγ,β will also

follow the condition of Eq. (A.24). This can be shown using the canonically ordered

definition of occupation number states of Eq. (A.19), and conventional Hermitian

conjugation rules for operators:

(c)† = c†

(c†)† = c

(cacb)
† = c†bc

†
a

(A.25)

Where it should be noted that in general, for any product of multiple bras, kets, and

operators, the Hermitian conjugate can be taken by taking the Hermitian conjugate

of each individual component, and swapping the order of all components.

Hence, using these relations, any matrix element Hγ,β in the occupation number

basis can be written:
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H∗
γ,β = ⟨ϕγ| Ĥ |ϕβ⟩†

= ⟨0| ...cγ+1cγcγ−1...Ĥ...c
†
β−1c

†
βc

†
β+1... |0⟩

†

= ⟨0| (...cγ+1cγcγ−1...Ĥ...c
†
β−1c

†
βc

†
β+1...)

† |0⟩

= ⟨0| ...(c†β+1)
†(c†β)†(c†β−1)

†...(Ĥ)†...(cγ−1)
†(cγ)†(cγ+1)

†... |0⟩

= ⟨0| ...cβ+1cβcβ−1...Ĥ
†
...c†γ−1c

†
γc

†
γ+1... |0⟩

= ⟨ϕβ| Ĥ
†
|ϕγ⟩

As it is already known that the Hamiltonian Ĥ is Hermitian such that Ĥ = Ĥ
†
, it

follows that the above may be written:

⟨ϕβ| Ĥ
†
|ϕγ⟩ = ⟨ϕβ| Ĥ |ϕγ⟩

= Hβ,γ

∴ H∗
γ,β = Hβ,γ

(A.26)

Thus, for any matrix element Hγ,β of a Hermitian Hamiltonian Ĥ in the occupation

number basis with canonical ordering as defined in Eq. (A.19), it can be said that

the corresponding matrix representation of Ĥ is also Hermitian.

Hence, by using the Python 3 function eigh on such Hermitian Hamiltonians, ex-

act diagonalization was performed in order to calculate energy eigenvalues and wave-

function eigenvectors of the given systems. These eigenvalues could then be plotted

through the use of Python 3’s matplotlib package, generating visual representations

of energy spectra.

Similarly, by taking the square of each eigenvector of the system (where eigh

returns the normalized eigenvectors), the system probability densities | |ψα⟩ |2 (or

probabilities of each configuration occurring in each state of the system) could then

also be plotted using the matplotlib package.

A.7 Accuracy of Numerical Methods

In order to ensure accuracy of numerical and computational methods used, several

methods have been employed to minimize error and prevent inaccurate reporting of
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results.

For results reported in the publication described in Sec. 1.4, analytical results and

derivations were compared with those of publication co-authors and were found to

match exactly. These analytical results compared consisted of matrix Hamiltonian

representations of Kitaev’s chain in the fermion and bond fermion representations

described in Chapters 2, 3, and 4.

For generalized eigenvalue calculations, Python’s eigh function of the numpy pack-

age returns results with double-precision floating point accuracy, ie. performs calcu-

lations with up to 64-bit precision, or roughly 15-17 digits of precision.

This is confirmed with the comparison of returned eigenvalues after basis mapping,

where a set of example system eigenvalues (for a Kitaev chain of 3 sites) on the order

of 0.5×101 were compared and found to be exact to minimum 15 digits of accuracy, as

shown in Fig. (A.2) below. The compared matrix Hamiltonians in the example case

are not equivalent, however the eigenvalue calculations for each of the four matrix

Hamiltonians converge to the same values with minimum 15 digits of precision.

This error found is minimal in comparison to the order of magnitude of calculated

eigenvalues, where eigenvalues on the order of 0.5 × 101 gave a greatest error on the

order of 4.0 × 10−15. As a result, any computational error as a result of Python’s

exact diagonalization routines can be considered insignificant on the scale of these

results, and are not considered to affect the results and conclusions of this work.

Figure A.2: Example comparison of energy spectra of three-site t,∆, µ finite Kitaev
chain, odd subspace, between fermionic and bond fermion bases.
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Appendix B: Derivations and
Example Calculations

B.1 Derivation of the Kitaev Hamiltonian in Ma-

jorana Fermions

By using the fermionic and Majorana fermion relations in Eq. (3.2) and (3.3), the

original Kitaev chain Hamiltonian for N sites given by Eq. (1.1) can be transformed

into the Majorana basis. Beginning with Eq. (1.1):

ĤK = t
N−1∑︂
i=1

(c†i+1ci + c†ici+1) + ∆
N−1∑︂
i=1

(c†i+1c
†
i + cici+1) − µ

N∑︂
i=1

(c†ici) (1.1)

Beginning with only the tunneling term, subbing in Majorana operators:

t
N−1∑︂
i=1

c†i+1ci + c†ici+1 = t
N−1∑︂
i=1

{1

2
(γi+1,1 − iγi+1,2)

1

2
(γi,1 + iγi,2)

+
1

2
(γi,1 − iγi,2)

1

2
(γi+1,1 + iγi+1,2)}

=
t

4

N−1∑︂
i=1

γi+1,1γi,1 − iγi+1,2γi,1 + iγi+1,1γi,2 − i2γi+1,2γi,2

+ γi,1γi+1,1 − iγi,2γi+1,1 + iγi,1γi+1,2 − i2γi,2γi+1,2

=
t

4

N−1∑︂
i=1

γi+1,1γi,1 + iγi,1γi+1,2 + iγi+1,1γi,2 − i2γi+1,2γi,2

− γi+1,1γi,1 + iγi+1,1γi,2 + iγi,1γi+1,2 + i2γi,2γi+1,2γi,2

=
t

4

N−1∑︂
i=1

2iγi,1γi+1,2 + 2iγi+1,1γi,2

=
it

2

N−1∑︂
i=1

γi,1γi+1,2 + γi+1,1γi,2
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Then, the process is repeated with only the pairing term:

∆
N−1∑︂
i=1

c†i+1c
†
i + cici+1 = ∆

N−1∑︂
i=1

{1

2
(γi+1,1 − iγi+1,2)

1

2
(γi,1 − iγi,2)

+
1

2
(γi,1 + iγi,2)

1

2
(γi+1,1 + iγi+1,2)}

=
∆

4

N−1∑︂
i=1

γi+1,1γi,1 − iγi+1,2γi,1 − iγi+1,1γi,2 + i2γi+1,2γi,2

+ γi,1γi+1,1 + iγi,2γi+1,1 + iγi,1γi+1,2 + i2γi,2γi+1,2

=
∆

4

N−1∑︂
i=1

γi+1,1γi,1 + iγi,1γi+1,2 − iγi+1,1γi,2 + i2γi+1,2γi,2

− γi+1,1γi,1 − iγi+1,1γi,2 + iγi,1γi+1,2 − i2γi+1,2γi,2

=
∆

4

N−1∑︂
i=1

γi+1,1γi,1 + iγi,1γi+1,2 − iγi+1,1γi,2 + i2γi+1,2γi,2

− γi+1,1γi,1 − iγi+1,1γi,2 + iγi,1γi+1,2 − i2γi+1,2γi,2

=
∆

4

N−1∑︂
i=1

2iγi,1γi+1,2 − 2iγi+1,1γi,2

=
i∆

2

N−1∑︂
i=1

γi,1γi+1,2 − γi+1,1γi,2

Where it can be noted that the tunneling and pairing terms contain the same terms,

and are contained over the same summation. Therefore, combining the tunneling and

pairing terms to further simplify:

it

2

N−1∑︂
i=1

(γi,1γi+1,2 + γi+1,1γi,2) +
i∆

2

N−1∑︂
i=1

(γi,1γi+1,2 − γi+1,1γi,2)

=
i

2

N−1∑︂
i=1

{t(γi,1γi+1,2 + γi+1,1γi,2) + ∆(γi,1γi+1,2 − γi+1,1γi,2)}

=
i

2

N−1∑︂
i=1

{(t+ ∆)γi,1γi+1,2 + (t− ∆)γi+1,1γi,2}

=
i(t+ ∆)

2

N−1∑︂
i=1

γi,1γi+1,2 +
i(t− ∆)

2

N−1∑︂
i=1

γi+1,1γi,2
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Hence, the pairing and tunneling terms of the Kitaev chain Hamiltonian in Majo-

rana fermions can be written as above.

Finally, the chemical potential term can be derived (once again in the same process

as above):

−µ
N∑︂
i=1

c†ici = −µ
N∑︂
i=1

1

2
(γi,1 − iγi,2)

1

2
(γi,1 + iγi,2)

= −µ
4

N∑︂
i=1

γi,1γi,1 − iγi,2γi,1 + iγi,1γi,2 − i2γi,2γi,2

= −µ
4

N∑︂
i=1

γ2i,1 + iγi,1γi,2 + iγi,1γi,2 + γ2i,2

= −µ
4

N∑︂
i=1

2 + 2iγi,1γi,2

= −µ
2

N∑︂
i=1

1 + iγi,1γi,2

= −Nµ
2

− iµ

2

N∑︂
i=1

γi,1γi,2

Then, combining all three terms above gives the final form of the Kitaev chain

Hamiltonian in Majorana fermion operators (as in Eq. (3.4)):

ĤM =
i(t+ ∆)

2

N−1∑︂
i=1

γi,1γi+1,2 +
i(t− ∆)

2

N−1∑︂
i=1

γi+1,1γi,2 −
iµ

2

N∑︂
i=1

γi,1γi,2 −
Nµ

2
(3.4)
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B.2 Derivation of the Kitaev Hamiltonian in Bond

Fermions

B.2.1 Simplified Kitaev Hamiltonian in Bond Fermions

In order to transform the simplified Kitaev Hamiltonian into the basis of bond

fermions, consider the simplified Kitaev Hamiltonian in the basis of Majorana fermions

as given by Eq. (3.8):

ĤM = i∆
N−1∑︂
i=1

γi,1γi+1,2 (3.8)

As the bond fermionic operators are defined in terms of two Majorana operators

γ, using the bond fermion operator definitions of Eq. (3.5) and Majorana operator

relations of Eq. (3.3), firstly calculate the bond fermion number operator:

a†iai =
1

2
(γi,1 − iγi+1,2)

1

2
(γi,1 + iγi+1,2)

=
1

4
(γi,1γi,1 − iγi+1,2γi,1 + iγi,1γi+1,2 − i2γi+1,2γi+1,2)

=
1

4
(1 + iγi,1γi+1,2 + iγi,1γi+1,2 + 1)

=
1

4
(2iγi,1γi+1,2 + 2)

=
1

2
(iγi,1γi+1,2 + 1)

(B.1)

Where it is noted that the term iγi,1γi+1,2 is exactly the one which appears in

our Majorana Hamiltonian above. Hence, solving for iγi,1γi+1,2 in terms of the bond

fermionic number operator:

a†iai =
1

2
(iγi,1γi+1,2 + 1)

2a†iai − 1 = iγi,1γi+1,2

(B.2)

Thus, substituting the above relation into the simplified Kitaev Hamiltonian:
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i∆
N−1∑︂
i=1

γi,1γi+1,2 = ∆
N−1∑︂
i=1

(2a†iai − 1)

Which gives the final form of the simplified Kitaev Hamiltonian in bond fermions

(as in Eq. (3.9)):

ĤB = ∆
N−1∑︂
i=1

(2a†iai − 1) (3.9)

B.2.2 Example of (Simplified) Kitaev Hamiltonian Eigen-
value Calculation in the Bond Fermion Basis

For the Kitaev Hamiltonian on three sites in the bond fermion basis, of Eq. (3.13):

ĤB = ∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) + 0(2a†3a3 − 1) (3.13)

An example eigenvalue calculation is computed below, using the bond fermionic

relations in Eq. (3.6) and Eq. (3.7).

Example: Pairing Term (Two-Electron Configuration)

The Kitaev Hamiltonian eigenvalue corresponding to bond fermion occupation

state |13⟩ is calculated as follows:

HB |13⟩ = [∆(2a†1a1 − 1) + ∆(2a†2a2 − 1) + 0(2a†3a3 − 1)] |13⟩

Where recall the number operator a†iai = 1 if acting on an occupied site, or = 0 if

acting on an unoccupied site:

HB |13⟩ = [∆(2 a†1a1⏞⏟⏟⏞
1

−1) + ∆(2 a†2a2⏞⏟⏟⏞
0

−1) + 0(2 a†3a3⏞⏟⏟⏞
1

−1)] |13⟩
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HB |13⟩ = [∆(2 − 1) + ∆(0 − 1) + 0(2 − 1)] |13⟩

= [∆ − ∆ + 0] |13⟩

= 0 |13⟩

Thus, the energy of the configuration |13⟩ is 0 [∆].

B.2.3 Full Kitaev Hamiltonian in Bond Fermions

In order to transform the chain Kitaev Hamiltonian into the basis of bond fermions,

consider the chain Kitaev Hamiltonian in the basis of Majorana fermions as given by

Eq. (3.4):

ĤM =
i(t+ ∆)

2

N−1∑︂
i=1

γi,1γi+1,2 +
i(t− ∆)

2

N−1∑︂
i=1

γi+1,1γi,2 −
iµ

2

N∑︂
i=1

γi,1γi,2 −
Nµ

2
(3.4)

As the bond fermionic operators are defined in terms of two Majorana operators

γ, using the bond fermion operator definitions of Eq. (3.5) and Majorana operator

relations of Eq. (3.3), firstly recall the bond fermion number operator from the

previous Appendix B.2.1:

2a†iai − 1 = iγi,1γi+1,2 (B.2)

Thus, the first term of ĤM becomes (straightforwardly):

i(t+ ∆)

2

N−1∑︂
i=1

γi,1γi+1,2 =
(t+ ∆)

2

N−1∑︂
i=1

(2a†iai − 1)
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Then, in order to transform the other terms of the Hamiltonian, an expression

must be found for γi,2 and γi+1,1. Firstly, consider the bond fermionic relations in

terms of Majorana fermions, as given in Eq. (3.5), and letting index i −→ i+ 1:

ai+1 =
1

2
(γi+1,1 + iγi+2,2)

a†i+1 =
1

2
(γi+1,1 − iγi+2,2)

(B.3)

Thus:

ai+1 + a†i+1 =
1

2
(γi+1,1 + iγi+2,2) +

1

2
(γi+1,1 − iγi+2,2)

=
1

2
(γi+1,1 + iγi+2,2 + γi+1,1 − iγi+2,2)

ai+1 + a†i+1 = γi+1,1

(B.4)

Repeating these calculations for a further index:

ai−1 =
1

2
(γi−1,1 + iγi,2)

a†i−1 =
1

2
(γi−1,1 − iγi,2)

(B.5)

Thus:

ai−1 − a†i−1 =
1

2
(γi−1,1 + iγi,2) −

1

2
(γi−1,1 − iγi,2)

=
1

2
(γi−1,1 + iγi,2 − γi−1,1 + iγi,2)

ai−1 − a†i−1 = iγi,2

(B.6)

Finally, in order to derive the γi,1 operator required to calculate the chemical

potential term of the Hamiltonian, consider Eq. (3.5):

ai =
1

2
(γi,1 + iγi+1,2)

a†i =
1

2
(γi,1 − iγi+1,2) (3.5)
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Thus:

ai + a†i =
1

2
(γi,1 + iγi+1,2) +

1

2
(γi,1 − iγi+1,2)

=
1

2
(γi,1 + iγi+1,2 + γi,1 − iγi+1,2)

ai + a†i = γi,1

(B.7)

Then, as all required operators have been derived, plugging in to the required terms

of the Hamiltonian:

i(t− ∆)

2

N−1∑︂
i=1

γi+1,1γi,2 =
(t− ∆)

2

N−1∑︂
i=1

(ai+1 + a†i+1)(ai−1 − a†i−1)

iµ

2

N∑︂
i=1

γi,1γi,2 =
µ

2

N∑︂
i=1

(ai + a†i )(ai−1 − a†i−1)

Finally, plugging all terms back into Eq. (3.4), the full chain Kitaev Hamiltonian

in the bond fermion basis becomes:

HB =
(t+ ∆)

2

N−1∑︂
i=1

(2a†iai − 1)

+
(t− ∆)

2

N−1∑︂
i=1

(ai+1 + a†i+1)(ai−1 − a†i−1)

− µ

2

N∑︂
i=1

(ai + a†i )(ai−1 − a†i−1) −
µN

2

(B.8)
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Appendix C: Source Codes

C.1 Generation of the Matrix Kitaev Hamiltonian

def c reate numer i ca l H (N, t n , Delta n , mu n , evenodd , r i ng ) :

#Create range o f i n d i c e s from 1 to N.
i n d i c e s = range (1 ,N+1)

#Making sure a l l our va l u e s are okay . . . t h e s e are s imply the
convent ions we use to submit to code .
t n = −1∗abs ( t n )
Delta n = −1∗abs ( Delta n )
mu n = abs (mu n)

#Create the l i s t o f p o s s i b l e s i t e occupat ions , where t h e s e are
combinat ions wi thout r e p e t i t i o n .
#These are o f course d i f f e r e n t f o r the even and odd subspaces o f the
Hamiltonian . . .

i f evenodd == ”Even” :
s i t e i n d i c e s = l i s t ( i t e r t o o l s . combinat ions ( i nd i c e s , 2) )

#Note we need to i n s e r t the vacuum s t a t e when cons i de r ing
#even occupat ion .
s i t e i n d i c e s . i n s e r t ( 0 , ( 0 , ) )
i f N >= 4 :

for i in range (4 ,N+1 ,2) :
s i t e i n d i c e s 2 = l i s t ( i t e r t o o l s . combinat ions ( i nd i c e s , i ) )
for j in range ( len ( s i t e i n d i c e s 2 ) ) :

s i t e i n d i c e s . append ( s i t e i n d i c e s 2 [ j ] )

e l i f evenodd == ”Odd” :
s i t e i n d i c e s = l i s t ( i t e r t o o l s . combinat ions ( i nd i c e s , 1) )
i f N >= 3 :

for i in range (3 ,N+1 ,2) :
s i t e i n d i c e s 2 = l i s t ( i t e r t o o l s . combinat ions ( i nd i c e s , i ) )
for j in range ( len ( s i t e i n d i c e s 2 ) ) :

s i t e i n d i c e s . append ( s i t e i n d i c e s 2 [ j ] )

#Create an empty Hamiltonian which we can then f i l l w i th our
numerical parameters .
s i t e i n d i c e s = np . asar ray ( s i t e i n d i c e s )
print ( s i t e i n d i c e s )
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no con f i g = len ( s i t e i n d i c e s )
H = np . z e ro s ( ( no con f i g , no con f i g ) )

#F i l l the e lements o f the matrix Hamiltonian by i t e r a t i n g over s i t e s
.
#For the ”normal” fermion Hamiltonian , t h i s i s r e l a t i v e l y s imple .
for i in range ( no con f i g ) :

for j in range ( no con f i g ) :
i f len ( s i t e i n d i c e s [ i ] ) == len ( s i t e i n d i c e s [ j ] ) :

#No change in the e l e c t r on occupat ion i n d i c a t e s
#tunne l i ng i f one s i t e i s changed to NN.
i f l a . norm(np . asar ray ( s i t e i n d i c e s [ i ] )
− np . asar ray ( s i t e i n d i c e s [ j ] ) ) == 1 :

H[ i ] [ j ] = t n

i f ( evenodd == ”Even” ) and ( r i ng == ”Ring” )
and (N >= 3) :

i f ( set (np . se txor1d ( s i t e i n d i c e s [ i ] ,
s i t e i n d i c e s [ j ] ) ) == set ( [ 1 ,N] ) ) and
( len (np . i n t e r s e c t 1d ( s i t e i n d i c e s [ i ] ,
s i t e i n d i c e s [ j ] ) ) == ( len ( s i t e i n d i c e s [ i ] ) − 1) ) :

H[ i ] [ j ] = −1∗ t n

e l i f ( evenodd == ”Odd” ) and ( r i ng == ”Ring” )
and (N >= 3) :

i f ( set (np . se txor1d ( s i t e i n d i c e s [ i ] ,
s i t e i n d i c e s [ j ] ) ) == set ( [ 1 ,N] ) ) and
( len (np . i n t e r s e c t 1d ( s i t e i n d i c e s [ i ] ,
s i t e i n d i c e s [ j ] ) ) == ( len ( s i t e i n d i c e s [ i ] ) − 1) ) :

H[ i ] [ j ] = t n

#Next cons ider the case where the l e n g t h s d i f f e r by 2 :
e l i f len ( s i t e i n d i c e s [ i ] ) == len ( s i t e i n d i c e s [ j ] ) − 2 :

#When s i t e index j has two more e lements than i ,
#i n d i c a t e s c r ea t i on or ann i h i l a t i o n o f cooper pa i r .
d i f f e l emen t s = np . s e t d i f f 1 d ( s i t e i n d i c e s [ j ] ,
s i t e i n d i c e s [ i ] )

i f (abs ( d i f f e l emen t s [ 1 ] − d i f f e l emen t s [ 0 ] ) == 1)
and ( len ( d i f f e l emen t s ) == 2) :

H[ i ] [ j ] = Delta n
H[ j ] [ i ] = Delta n

e l i f ( evenodd == ”Odd” ) and ( r i ng == ”Ring” )
and (N >= 3) and ( len ( d i f f e l emen t s ) == 2)
and ( ( d i f f e l emen t s [ 0 ] == 1) and d i f f e l emen t s [ 1 ] == N) :

H[ i ] [ j ] = Delta n
H[ j ] [ i ] = Delta n

e l i f ( evenodd == ”Even” ) and ( r i ng == ”Ring” )
and (N >= 3) and ( len ( d i f f e l emen t s ) == 2)
and ( ( d i f f e l emen t s [ 0 ] == 1) and d i f f e l emen t s [ 1 ] == N) :
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H[ i ] [ j ] = Delta n
H[ j ] [ i ] = Delta n

i f np . asar ray ( s i t e i n d i c e s [ 0 ] [ 0 ] ) == 0 :
i f len ( s i t e i n d i c e s [ j ] ) == 2 :

d i f f e l emen t s = np . s e t d i f f 1 d ( s i t e i n d i c e s [ j ] ,
s i t e i n d i c e s [ 0 ] )

i f (abs ( d i f f e l emen t s [ 1 ] − d i f f e l emen t s [ 0 ] ) == 1)
and ( len ( d i f f e l emen t s ) == 2) :

H [ 0 ] [ j ] = Delta n
H[ j ] [ 0 ] = Delta n

e l i f ( evenodd == ”Even” ) and ( r i ng == ”Ring” )
and (N >= 3) and ( len ( d i f f e l emen t s ) == 2)
and ( ( d i f f e l emen t s [ 0 ] == 1)
and d i f f e l emen t s [ 1 ] == N) :

H [ 0 ] [ j ] = −1∗Delta n
H[ j ] [ 0 ] = −1∗Delta n

e l i f ( evenodd == ”Odd” ) and ( r i ng == ”Ring” )
and (N >= 3) and ( len ( d i f f e l emen t s ) == 2)
and ( ( d i f f e l emen t s [ 0 ] == 1)
and d i f f e l emen t s [ 1 ] == N) :

H [ 0 ] [ j ] = Delta n
H[ j ] [ 0 ] = Delta n

#Now l e t ’ s add in chemica l p o t e n t i a l . . .
i f i == j :

H[ i ] [ j ] = −1∗mu n∗ len ( s i t e i n d i c e s [ i ] )

i f np . asar ray ( s i t e i n d i c e s [ 0 ] [ 0 ] ) == 0 :
H [ 0 ] [ 0 ] = 0

return H
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