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Abstract

In this thesis, we study traveling wave solutions of the integro-differential

equations

wlt o) = flu,w) +a / K(x — y)H(u(t,y) - 0) dy

and

wlts ) = fluw) = A=) | Ko = g)Hu(t,9) - 0)dy

which are used for modeling propagation of activity in one-dimensional neu-
ronal networks. Under some moderate continuity assumptions, necessary and
sufficient conditions for the existence and uniqueness of monotone increasing
(decreasing) traveling wave solutions of these integro-differential equations
are established by applying geometric methods of ordinary differential equa-
tions. Symmetry of monotone traveling wave solutions in opposite directions
in a one-dimensional network is obtained. We seek solutions of the form
u = U(z + v(w, 0)t,w), where v is the wave speed. The dependence of the
wave speed, v, on the threshold # and on the parameter w respectively are
discovered. These results enrich the understanding of the dynamical behavior

of neuronal networks.



The existence and uniqueness of traveling wave solutions for the first
equation has been studied by other authors, but the conditions required to
ensure the existence of the desired solutions are not soundly derived. Some
errors in previous research are found and corrected.

The second equation is a singular perturbation problem of the system
of equations modeling propagation of activity in one-dimensional neuronal
networks. It is a more realistic model than the first one, and has not been

studied by other authors.
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Chapter 1

Introduction

1.1 Problems

One-dimensional neuronal networks, coupled with direct synapses, are mod-

eled by the system of equations [5]

0

I st [ e

%—l: = eg(u, w), (1.1)
% =a(l—s)H(u—0) — pBs.

Here, u(t, x), w(t,z), and s(t,x) are state variables of the neuronal network,
x stands for the network spatial coordinate and ¢ is the time variable. K (z,y)
is the weight function. Finally, o, gsyn, Usyn, 0, and S are constants. (See
Chapter 2 for details.)

The study of traveling wave solutions of this kind of systems is of crucial
interest and has been pursued in recent decades by numerical simulations or

theoretical approaches [34, 32, 31, 30, 24]. A simplified form of this model,
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studied by Zhang [38], is

w(t, ) = flu,w) + oz/RK(x —y)H (u(t,y) — 0) dy. (1.2)

However, the main theorem on the existence of traveling wave solutions pro-
posed in [38] is not correct. We investigate this problem again in this thesis
in order to offer a correct answer.

The second problem is the equation

w(t, ) = fu,w) — A(u — usyn) / K(x —y)H (u(t,y) — 0)) dy, (1.3)
R
which is a simplified form of (1.1) under the following assumption:

1. € is small so w varies slowly and can be treated as a parameter.

2. «ais about ten times bigger than 3, so s(t, y) rises fast to its stable value

el and can be approximately treated as a constant once u(t, y) > 6.
e

It is a better model than (1.2) because it contains the factor of (u — ugyy,) in
the last term.

In this thesis, the traveling wave solutions we look for have the form
u(t,z) =U(x+o(w,0)t,w) =U(z,w), z=x+v(w,b)t,
with initial condition
U(0,w) =0,

and boundary conditions

lim U(z,w) =1 (w), lim U(z,w)=1_(w).

Z—+00 Z——00
Monotone traveling wave solutions model the two important behaviors of

neuronal networks. Monotone increasing traveling wave solutions model the
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propagation of neurons firing in one-dimensional neuronal networks. Mono-
tone decreasing traveling wave solutions describe the propagation of neurons

returning to the rest phases in the one-dimensional neuronal networks.

1.2 Thesis contributions

The first contribution is that we establish necessary and sufficient condi-
tions for the existence and uniqueness of monotone increasing (decreasing)
traveling wave solutions of the integro-differential equation (1.2). The same
problem has been studied by Zhang [38] using analytic methods. In [38] the

following conditions:
(1) a+ f(u,0) =0 has a unique positive solution § > 1 and f'(5) < 0.

(2) There exists a unique number wq such that 2f (6, wg) +a =0, 2f(0, w) +

a < 0 for all w > wyp, and 2f(0,w) + a > 0 for all w < wy,

are used as sufficient conditions for the existence and uniqueness of monotone
traveling wave solutions. However, these two conditions cannot ensure the
existence of the desired solutions. A counterexample is presented. Our results

give the correct conditions

(1) f(u,w)+ a =0 has only one solution ¢,(w),
1

(2) flu,w)+ 50> 0 for u < 6,

which are necessary and sufficient for the existence and uniqueness of mono-

tone increasing traveling wave solutions, and
(1) f(u,w) =0 has only one solution ¢, (w),
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1
(2) f(u,w)+§oz < 0 for u > 0,

which are necessary and sufficient for the existence and uniqueness of mono-
tone decreasing traveling wave solutions.

The second contribution is that we prove the symmetry of the mono-
tone traveling wave solutions of (1.2) in opposite directions along the one-
dimensional network, and discover the dependence of the wave speed, v =
v(w, ), on the threshold # and on the parameter w, respectively. These
results are helpful in understanding wave propagation in neuronal networks.

The third contribution is that we establish necessary and sufficient con-
ditions for the existence and uniqueness of monotone increasing (decreasing)
traveling wave solutions of the integro-differential equation (1.3). Equation
(1.3) is an original model which is a simplification of model (1.1). Compared
to equation (1.2) it considers the effect of reverse potential, and describes
neuronal networks more realistically than the former one.

The fourth contribution is that we prove the symmetry of the mono-
tone traveling wave solutions of (1.3) in opposite directions along a one-
dimensional network and discover the dependence of the wave speed v =
v(w, #) on the threshold # and on the parameter w, respectively.

The fifth contribution is the bifurcation analysis of the general Morris—
Lecar model, which includes a complicated case where the system has five
fixed points. In this context, the existence of a limit cycle and the limit
position of the limit cycle are proved by using an elementary method.

The sixth contribution is the methodological feature of this thesis, that
is, the use of geometrical methods of ordinary differential equations. Since

the kernel function K(x,y) = K(xz — y) is not smooth, not even continuous,
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and the integral f_zoo K (&)d¢ appears in the ordinary differential equations,
only the first derivative of the solutions can be used in the proofs. Moreover,
since the solutions we are interested in are heteroclinic orbits of ordinary
differential equations, which are uniquely defined on the infinite interval,
then the continuous dependence of solutions on the initial values and on the
parameters cannot be used to prove the properties of the desired traveling
wave solutions, which depend on the threshold 6 and the parameter w. By

using geometrical methods, these technical difficulties are overcome.

1.3 Thesis contents

Chapter 2 gives a general view of cellular neurophysiology and the chrono-
logical development of mathematical models for neuron membrane potential.
Fundamental models, such as Hodgkin-Huxley equations, FitzHugh-Nagumo
model, Morris—Lecar model, and whole cell models are introduced. The dy-
namical behaviors of the solutions to the Morris—Lecar model are studied in
detail. The models for neuronal networks are reviewed, and we propose the
mathematical problems, which are investigated in this thesis.

Chapter 3 presents the necessary and sufficient conditions for the exis-
tence and uniqueness of monotone traveling wave solutions of the integro-
differential equation (1.2). The faults in [38] are discussed, and a counterex-
ample, which satisfies the requirements of [38], is presented. The symmetry
of monotone traveling wave solutions of (1.2) in opposite directions along a
one-dimensional network are proved. The dependence of the wave speed v

on the threshold # and on the parameter w are discussed. The main content
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of chapter 3 will appear in [17].

Chapter 4 presents the necessary and sufficient conditions for the exis-
tence and uniqueness of monotone traveling wave solutions of the integro-
differential equation (1.3). The symmetry of the monotone traveling wave
solutions of (1.3) in opposite directions along a one-dimensional network are
proved. The dependence of the wave speed v = v(w, 0) on the threshold 6 and
on the parameter w are discovered, respectively. Thus we have proved that
the results for equation (1.2) also hold for equation (1.3). Both equations
(1.2) and (1.3) are models for excitatory coupled neuronal network.

Chapter 5 discusses the connection between our results and the dynam-
ical features of excitatory coupled neuronal network. Future work is also

considered in this chapter.
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Chapter 2

Review of Cellular
Neurophysiology and its

Mathematical Problems

The purpose of this chapter is to introduce basic facts from neurophysiology
for the benefit of the nonexpert. The contents of this chapter claims no
originality. It is based on [5, 6, 11, 19, 20, 33]. The expert may skip this

chapter and go directly to Chapters 3 and 4.

2.1 Basic facts from neurophysiology

The nervous system mainly consists of a special type of cells called neurons.
Although neurons vary in shape and function, a neuron generally has two
parts, cell body (or soma) and neurite. There are two kinds of neurite. They

are dendrite and azon. A soma is the metabolic and nutrient center of a
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neuron. A dendrite is a tree shaped neurite growing from a soma. It can
receive signals and transfer them to the soma. A neuron has one or more
dendrites but only one axon. An axon can transfer the signals to another

neuron or other organs such as muscles or glands.

Dendrites

Axon

Figure 2.1: A Neuron. Adapted from: carrie on Clker.com.

Like other types of animal cells, a neuron is surrounded by a membrane,
which mainly consists of lipid bilayer. The membrane separates the inside of
a neuron from the outside. There are ions inside and outside the neuron. The
most important of them are K, Na™, Ca®*", and Cl~. The concentrations
of ions is very different inside and outside the neuron. This difference in the
concentration results in a potential difference between the inside and outside
of the neuron, called membrane potential.

The neuron can maintain membrane potential for two reasons. The first is

that the plasma membrane has low permeability to ions. The other reason is
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the ion pumps in the neuron. These pumps are special types of proton which
can pump ions from the low concentration side to the high concentration
side. The membrane potential can vary rapidly under certain conditions.
This is due to the ion channels embedded in the membrane. Ion channels are
integral membrane proteins through which ions can move rapidly from high
concentration side to low concentration side. This fast movement results in

a quick change in membrane potential.

2.2 Mathematical description of membrane
potential

Using circuit models to describe cell membrane potentials and ionic currents
began in 1968 [2]. Because of its bilayer structure the membrane of the neuron
can be considered as a capacitor. The ionic permeabilities of the membrane
act as resistors in an electronic circuit. The electrochemical driving forces
act as batteries driving the ionic currents. The typical equivalent electrical

circuit for one neuron is as in Figure 2.2.
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Extracellular

T 4

Intracellular

Figure 2.2: Equivalent electrical circuit.

In fact, a neuron is a highly complicated cell. Only in the most idealized
sense, the electrical behavior of neurons is modeled. The circuit model is just
a point model for a patch of membranes, or the whole cell is idealized as a
point. The electrical current flowing out of the cell is defined positive. The

membrane potential is defined as

V:Vm:v;n_‘/out-

The conductance is defined as

where R; is the membrane resistance to the ionic electrical current for the

ion species 7.
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2.2.1 Resting membrane potential of neuron.
Nernst equation and reversal potential of ions.

For a given neuron and an ion species, the cross-membrane movement of ions
is driven by concentration gradient and electrical field. Using physical laws,

we can describe the ion movement as
dV
dz’

where D is the diffusion coefficient, [C] is the ion concentration, x is the site

J=—-D—— — uz|[C] (2.1)

ordinate in the membrane from inside to outside, z is the ion valence, pu is
the ion drift mobility, and J is the ion flux from inside to outside. According

to the Einstein relation

D_ ,uk;T,
q
equation (2.1) can be transformed into the Nernst—Planck equation
av d[C]
I =—uF[C] — T—— 2.2
{uz [C] I +uzR ie } (2.2)
with
R p

k F'=qNy, I =JzF, u =

- N_A7 N_A,
where N, is Avogadro’s constant, ¢ is the charge of electron, R is the ideal

gas constant, and T is temperature in degree Kelvin. At equilibrium, I = 0,

by integrating (2.2) the membrane potential can be written as

RT . [Clout
By = Vi = Vo = =1 .
7 V V t ZF n [C]in

Equation (2.3) describes the potential for the specified ion at equilibrium

(2.3)

state, at which there is no net ion current flow through the membrane. This
potential is called the Nernst (equilibrium or reversal) potential of this kind

of ion at the specified temperature in the neuron.
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Goldman—-Hodgkin—Katz equation and resting potential

Consider the movement of the K, Na™, and Cl~ ions in neuron membranes

and assume that:

1. Each species of ion obeys equation (2.2),

2. Tons move independently,

3. The electric field in the membrane is constant, i.e. % is constant.

Denoting V' = Vi, —

Viut and [ the membrane thickness, then 4% = %, and

dx
equation (2.2) has the form

I = uz*F[C}) % —uzRT % (2.4)

for the ion species 1.

Under the above assumptions, the electric current across the membrane

should be constant and satisfy the boundary conditions
[Ci](o) = ﬁi[cz']in and [Cl](l> = Bi[ci]outv

where 3; < 1 is the relative solubility of ions in the membrane compared to

that in an aqueous solution. I; in equation (2.4) is an unknown constant.

Solving the differential equation (2.4) gives

Il
uz?FV

[Ci](x) =

wz?FVx/luzRT
+ Ae / ,

where A and [; are unknown constants. By the boundary conditions we can

determine the constant I; as

I = P:Fo [Ci]ml_ (Cilow e (2.5)
— e ag

19



with

2V F p_ BiuRT
RT "’ - IF

Here, P represents the membrane permeability for the specified ions. Since

g =

the membrane is permeable to K, Nat, and CI~, the total electric current
isthe sum I'x +Ino,+ 1oy =1 =0. For K and Na, z =1, and for Cl, z = —1.
Applying (2.5) to these three kinds of ions, we get

RT = Pr+[K%]out + Pno+[Na™|ow + Por-[Cl |in
V= VGHK =—1In .
F Pre+ [KHin + Pno+ [Nat]in + Por- [Cl Jout

(2.6)

Here [K "], [Na™], [C17] stand for the concentrations and P; are the perme-
ability for the ion i, i = K, Na™, and Cl~. This equation is called the
Goldman—Hodgkin-Katz (GHK) voltage equation [20], and gives the resting
(reverse) potential of the neuron in terms of the ion concentrations and the
permeabilities of membrane for the ions.

Another form for the resting potential of a membrane can be obtained in
the following way. We consider the ion currents flow through the membrane
in an equivalent circuit. The electrical current equation of the circuit is

av
Iy = —gx(V — Ex) — gna(V — Eng) — gai(V — E¢i) = C T

where g; is the conductance of the membrane for ion ¢, and Ej; is the Nernst
potential of ion 7. Since the resting potential V' is constant, the total cross-
membrane current must be zero. We have the resting potential of membrane

expressed in conductances of membrane and Nernst potentials for ions

_ Ik Bk + gnaEne + g Bt

V=V,
9k + 9na + gcu

The primary character of neuron is that, under some conditions, the mem-

brane potential of neuron can increase rapidly and transmit signals to other

20



neurons. This increased potential is known as action potential and one says

that the neuron fires.

2.2.2 Voltage-dependent gating and gating variables

An important character of neuron membranes is their nonlinear property in
the current-voltage relation. The conductance, g;, of a membrane is depen-
dent on the membrane potential. The voltage-gated model developed by
Hodgkin and Huxley is used to elucidate the mechanism of nonlinear con-
ductance of membranes [12].

The mathematical description of voltage-dependent gates is based on the
assumption that the ionic channels in membranes are gated with particles and
the states of gates, decided by the particles, change in response to variation
of the membrane potential. The change in gate states can be expressed by

the schematic diagram

B(V)
Open state = Closed state

Open states change to closed states at the rate S(V'), whereas closed states

change to open states at the rate a(V'). Let the fraction of open channels in
all channels be fy and the fraction of closed channels be 1 — fy. The rate of

channel transitions, «(V') and g(V'), are functions in the form
a(V)=age™™, B(V)=pe ", (2.7)

where «p, 8y, a, and b are constants. The function f; satisfies the equation

Yoot gy - gy = "I 2.9
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where

a(V) 1

V)= —2) oy = — 2.9
S A g N (4 o a N
By putting (2.7) into (2.9) and simplifying the expressions, we obtain the

following expressions which frequently appear in modeling equations,

vV — % eV(a+b)/2
=) [ s } ") = 3 e comh I8
" lng—g 1
O SO_b—a'

If the function f, is an increasing function of V', then the channel gate is
called activation (more channels open for higher potential). If f,, is a de-
creasing function of V', then the channel gate is called inactivation (fewer
channels open for higher potential). The function f. has range (0,1) and
7 is the time constant which reflects the speed of the transients of the gate
state, from closed to open, at the fixed membrane potentials. The solution
fo of equation (2.8) depends both on time t and potential V', which is the
probability of open gate for a specified ion species, and is called gating vari-
able. Furthermore, the gating variables determine the conductance of the

membranes.

2.2.3 Hodgkin—Huxley Model

In live neurons, the conductance g; of a membrane for the ion species ¢ de-
pends on the states of the specified voltage-gated channels, which are func-
tions of time ¢ and potential V. The model of the squid giant axon has
been developed by Hodgkin and Huxley [12, 13, 14, 15, 16] in 1951. The HH

model describe the behavior of ion channels and the propagation of action
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potentials in neurons. If the current along the axon is included, then the

electrical current equation of the equivalent circuit is (the cable equation)
2
Oaa—‘t/ - 2%0887‘2 —;gi(V—Ei) + Lopp,

where C' is the membrane capacity, V' is the membrane potential, F; is the
Nernst potential of ion ¢, g; is the membrane conductance for ion ¢ which
depends on the potential V' and time ¢, x is the ordinate along the axon, a is
the radius of the cylindrical axon, Ry is the resistance along the axon per unit
length, the second partial derivative expresses the current along the axon,
and I, is the applied electrical current to the neuron. In the Hodgkin—
Huxley model, the K™ and Na™ ionic currents and the leak current are
considered. The conductance for the leak current, gy, is constant. The key
problem is to decide the conductances gx and gy,. Based on experimental
data on the conductances gy, (V,t) and gx(V,t) with the properties of the
gating variables, Hodgkin and Huxley set

gr(Vit) =n'(Vit)gx,  gna(Vet) = m(V.)R(V,1)gna.

The constants g and gy, are the maximal conductances for K™ and Na™,
respectively, which can be measured by experiments. The gating variable
functions, m(V,t), n(V,t), and h(V,t), satisfy the differential equation (2.8)
with specified a,,,(V'), an(V), an(V) and B, (V), B.(V), Br(V), of the form
as (2.7), respectively. The system of modeling equations of the membrane
potential, without current along the axon nor applied current, is the following
Hodgkin-Huxley (HH) equation [5]:
awv-_ o3
er—r = —grn (V= Ex) = gna"h(V — Ena)) = gr(V = EL),
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dn 0.01(V + 55) (en s
E = an(l - TL) - 571”7 Oén(V) = 1— e_(V+55)/10> ﬁn(v) =0.125¢ (V+65)/ ;

dm:am(l—m)—ﬁmm, o (V) 0.1(V + 40)

5m(v) _ 46—(V+65)/187

dt T 1 _ o—(VF40)/10°
d_, (1 —h) — Byh an(V) = 0.07e VB2 5, (V) = =
e " i ¢ ' o (1+ e~ (V=39)10°

The parameters are taken as:

Jx = 36mS/cm®,  Gne = 120mS/em?®,  gr = 0.3mS/em?,

Ex =50mV, En,=—TTmV, FEp=—-544mV, cy = 1uF/cm?.

Here, mV is the abbreviation for millivolt, which is a unit of potential, mS
is the abbreviation for millisiemens which is a unit of electrical conductance,
and pF' represents microfarads, which is a unit of capacitance. The values
of a(V) and (V) are empirical experimental data. It can be found from

equation (2.8) that
__a(V)
V) = )+ )

is a decreasing function and h is an inactive channel gating variable. The

full form of the HH equation, including the term %27‘2/ of the current along the
axon, is more complicated.

For the Hodgkin—Huxley model equation, only numerical solutions can
be obtained. It is widely used to simulate neuron dynamics. A detailed

description of the Hodgkin-Huxley model is contained in the book [11].

2.2.4 FitzHugh—Nagumo Model

While the Hodgkin—Huxley model is realistic and biologically sound, the
HH equations are too complicated for mathematical analysis. It is a 4-

dimensional system of partial differential equations with nonlinear right-hand
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sides. The only way to obtain its solutions is by numerical methods. More-
over, its orbits (phase trajectories) are curves in 4-dimensional space; hence
only their projection to lower dimensional space could be viewed. For this rea-
son, simpler, reduced models for a single neuron were developed. FitzHugh,
in the 1950s, tried to reduce the HH model to a 2-dimensional one [8, 9]. The
facts that the gating variables n(V, t) and h(V,t) have slow kinetics compared
to the gating variable m(V,t), and n(V,t) + h(V,t) = 0.8 (approximately)

were observed. Thus, the HH model was reduced to a 2-dimensional model

of the form
dV 1 - 3
Cm% = —ggn (V — EK> — gNamoo(V)(OB — TL)(V — ENa)
— gL(V — EL) + Lapp: (2.10)
dn _ no(V)—n
d — 1,(V)

In equation (2.10) the gating variable m was approximated by its steady
value mq, and h(V,t) was substituted by 0.8 —n. By now, many other sim-
plified models have been developed. FitzHugh’s other important discovery
is that the V-nullcline has a shape similar to the one of a cubic polynomial
in which the cubic term has a negative coefficient and the n-nullcline can be
approximated by a straight line in the varying range of V. This observation

suggests to reduce the model equation to the simpler dimensionless form:

i =BV(V —-a)b—V)—cw+1,
gfu (2.11)
i e(V — kw).

The parameters B, a, b, ¢, and k are constants. The small positive number,

e > 0, emphasizes that the “gating variable” w varies slowly compared with
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the potential V. Finally, I is the injected current. System (2.11) was inde-
pendently proposed by FitzHugh in 1961 and Nagumo in 1962 and is known
as the FitzHugh-Nagumo model [9, 29]. Equations (2.11) are amenable to
qualitative or quantitative methods of ordinary differential equations. One

can adjust the parameters to produce an oscillating solution.

2.2.5 Morris—Lecar Model

The study of the C'a®* channel started in the 1950s. The results of a number
of research groups suggested that there must be some mechanism different
from that reflected in the experiments conducted by Hodgkin and Huxley
for the squid giant axon. Morris and Lecar [28] in 1981 proposed a simple
model to explain the observed electrical behaviors of the barnacle muscle
fiber. The model was tested against a number of experiments in designed
conditions and the simulations of the model provided a good explanation of

the experimental data. Following [6], the model equations are

C— = —gcaMeo(V — Eca) — gxweo(V — Ek)

- gL(V - EL) + Iappa
d_w - ¢(woo - U))

dt T ’
1+ tanh(V — V, 9.12
mao(V) = 0.5 —- anh( 1), (2.12)
A
1 + tanh(V — Vi
woo (V) = 0.5 L3 tanh(V = Vo)
Vi
Vy=—1
(V)= ———.
coshvz;/ff
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Typical parameters for oscillatory solutions are

Vi = —84mV, gx =8mS/em?, Ec, =120mV,  gca = 4.4mS/cm?,
Ep = —60mV, g =2mS/cm?, Vi=—-12mV, V,=18mV,
Vs = 2nV, Vi = 30mV, ¢ =0.04/ms, C =20uF/cm>.

The functions me (V) and ws (V) are, at the equilibrium state for fixed V,
the fractions of open channels for Ca?* and K™, respectively, which are only
dependent on voltage. Here, w is the gating variable for K and 7(V') is the
activation time constant. These constants are determined by experiments.
Under these settings, the Morris—Lecar equations have a V-nullcline like a
cubic curve, and the w-nullcline is an increasing curve in the (V,w) plane,

see Figure 2.3.
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v-nullcline

—— w-nullcline

v

Figure 2.3: Nullclines of the Morris-Lecar equations.

The main character of the Morris-Lecar model is that it has a stable
limit cycle for an extensive range of parameters. This limit cycle shows that
the membrane potentials of the neuron oscillate periodically. The dynamical
behavior of the solutions of system (2.12), which shows that the membrane
potential variable V' increases and decreases during the period of oscillation,
describes the fact that the neuron fires repeatedly.

Many dynamical features of neuron membrane potentials can be displayed
through numerical simulation by using the Morris—Lecar model with appro-

priate parameters. Moreover, this model can be analyzed by using many
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methods of ordinary differential equations, especially, phase plane analysis
and bifurcation theory, so that an overview of the changes of membrane
potentials can be obtained.

Two-dimensional systems of ordinary differential equations, like the Fitz-
Hugh—Nagumo system and the Morris—Lecar system, where one variable has
a cubic-like nullcline and the other variable has an increasing (or decreasing)
nullcline, have become a general module for building more comprehensive

mathematical models of neurons [5, 33].

2.2.6 A whole cell model

Most neurons have several different ion channels. In one neuron there are
different compartments that take up or release ions in different ways. Whole
cell models have more variables and consist of more equations. In this kind of
models, the Morris—Lecar model is used as the modular subsystem to describe
the membrane potential and the channel variable for KT, coupled with equa-
tions for other channel variables or ionic currents, especially, the equations
for the concentration of Ca®*" and the additional KT current activated by
intracellular Ca?*. A simple whole cell model can be constructed by adding
the Morris—Lecar model with the K current activated by the intracellular

Ca** in the current equation and an equation for the concentration of Ca?™.
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This model can be written as in [6]

Cna = —gu(V = 1) = gin(V = E) = geamoe( V)V = Fea)
B (O
“ [C(l] + kKC’a

dn  ®(ne(V) —n)

(V = Ex),

at (V)
d[ZCL] = e(—pleq — kea|Ca)),

where gxca, €, 1, kxca, and ke, are constants empirically determined by ex-
periment. Whole cell models share a common dynamical feature that the ac-
tive phase, during which the neuron rapidly spikes repeatedly, and the silent
phase, in which the neuron stays in a resting behavior of near-steady-state,
appear alternatively. This kind of dynamical behaviors is called bursting os-
cillations. Typical examples of whole cell models are contained in the book
[6]. We are not pursuing this topic further because it is not discussed in the

later part of this thesis.

2.2.7 Remarks

There are many models that describe the dynamics of membrane potentials
of neurons. The models describing the propagations of membrane potentials
along dendrite fibers or axons are systems of partial differential equations.
What was introduced in the above section is only to show typical forms
of neuron models. In numerical simulation, the dimensions and measure
units of the variables and parameters are treated carefully. Fortunately, the
theory of ordinary differential equations, including the qualitative theory,

asymptotic analysis and numerical methods, offer a sound foundation for
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the mathematical analysis of the Morris—Lecar model. Understanding the
dynamical behaviors of the solutions of the Morris-Lecar equation is very

helpful for building more realistic models.

2.3 Dynamical behavior of the Morris—Lecar
model

The general mathematical form of the Morris-Lecar model is

dv
% = f(va ’LU) + [app>

(2.13)
dw _ (v,w), €>0
dt - Eg ) 9 .

The following conditions are satisfied:

1. f and g are continuously differentiable functions of (v, w).

2. The v-nullcline f(v, w)+ I p, = 0 defines a curve C like the cubic curve
viv—a)la+b—v)—w =0, a,b> 0. Ithas one w-minimum point
L = (v7,w”) and one w-maximum point R = (v™,w*). Moreover,
fo < 0, fy # 0, except for f,(v7,w™) = f,(vF,w") = 0. The w-
nullcline g(v, w) = 0 defines a monotone increasing curve Cy and g, <

0.

3. Ipp is a constant or a function of v and ¢.

Many results and methods from the theory of ordinary differential equa-
tions can be used to study the dynamical behavior of equation (2.13). We
mention the following points, which are interesting for computational simu-

lations in neuron science.
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The nullcline € divides the phase plane into an upper and a lower part.
In the upper part f(v,w) < 0, whereas in the lower part f(v,w) > 0. The
nullcline C5 divides the phase plane into left and right parts. In the left part,
g(v,w) < 0, whereas g(v,w) > 0 in the right part.

The characteristic equation of (2.13) is

- _|._ € —
99 99 ov ow
ov ow

e :AZ_A(af 3g)+€(6‘f89 afag)
A

€ €

Let (vo, wp) be a fixed point of system (2.13). Denote

0
I = a—i(’l)o,wo) + Ea_i(voaw())a
and
_0f 9g of dg

D= % a—w(’vo,wo) — % %(Uo,wo).

At the fixed point (vg, wy), the characteristic equation is transformed into
N —I\+eD=0.

The following three observations are helpful for the consideration of the
dynamical behavior of system (2.13).
Firstly, if (vg, wp) is on the left branch of C} then

%(Uo,wO) <0, (214)

because f(v,wy) > 0 for v < vy and f(v,wg) < 0 for v > vy. Furthermore,

0 0
I = a—i(@o,wo) +€ a—i(vo, ’LU()) < 0, (215)
because g, < 0. If (vg,wp) is on the middle segment of C; then
0
a—i(vg,wo) > 0,
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because f(v,wy) < 0 for v < vy, and f(v,wy) > 0 for v > wvg. If (vo, wy) is on
the right branch of C then inequalities (2.14) and (2.15) also hold for the
same reasons as in the case of the fixed point being on the left branch of C}.

Secondly, the sign of D is decided by the slopes of the curves C; and
C5 at their point of intersection. The inequality D > 0 is equivalent to the
condition that the slope of Cy is bigger than the slope of C| because the

following inequalities are equivalent:

of 8 af 9 (vy, w 99 (1, w
L S A P L LLLD PR L LD
v w S (o, wo) 52 (vo, wo)
Thirdly, we have
)
a—g(vo,wo) >0

because Cy is an increasing curve, g(v,wp) < 0 for v < vy, and g(v,wg) > 0

for v > vg. If

0
8_.1]2.(/00’ wO) — € 8_3)(”0’ 'lU[)) = 07
then
2
af g af 9y
— 72 _ — -4 2T —ZJ ZJ
A=1°—4eD [(81} € aw) (vo,wo) | + 4e 5 8U(vo,w0) < 0. (2.16)

These observations from the geometrical view point are useful in studying
the stability of the fixed point. We list the configuration patterns of the
nullclines in the phase plane and the stability of the fixed points in the

following propositions.

Proposition 2.3.1. If Cy intersects Cy on the left (or right) branch, then

the fixed point is a stable node or spiral.
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Proof. Since I < 0 and D > 0 in this case, the characteristic roots have
negative real parts for any € > 0. It is possible from (2.16) that for some

€ > 0 such that I < 0 and A < 0 the fixed point is a stable spiral. n

Proposition 2.3.2. If (5 intersects Cy in the middle segment with smaller

slope, then the fixed point is a saddle.

Proof. Since D < 0, the characteristic roots are real numbers with different

signs. O

Proposition 2.3.3. If Cs intersects Cy in the middle segment with bigger
slope, then the fixed point changes from unstable node to unstable spiral, stable
spiral surrounded by unstable limit cycle, and stable node gradually while €

mcreases.

Proof. In this case, %(vo, wp) > 0 and D > 0 for any € > 0. Since D > 0 and
for small €, both A > 0 and I > 0 and the characteristic roots are positive
numbers, the fixed point is an unstable node. There is a unique €; > 0 such
that I = 0 and, furthermore, A < 0. This fact shows that there is an interval
such that A < 0 and I > 0 for ¢y < € < €. The fixed point is an unstable
spiral. For ¢; < € and close to €1, I < 0 and A < 0, the fixed point is a
stable spiral. By the Hopf bifurcation theorem, there is an unstable limit
cycle for € > € in the vicinity of €; wrapping around the fixed point with

small amplitude. If € increases sufficiently, then I < 0 and A > 0. Hence the

fixed point is a stable node. O
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2.3.1 Qualitative behavior patterns of solutions of gen-

eral Morris—Lecar models

(1) The resting state. If the two nullclines intersect at the left branch of
C} only then the fixed point of (2.13) is a stable equilibrium. It is a node
when € > 0 is small enough. As € increases, the characteristic roots become
complex numbers and the orbits approach the equilibrium with fluctuations.
Proposition 2.3.1 corresponds to this pattern. A typical phase portrait is

shown in Figure 2.4.

v-nullcline |
—— w-nullcline

v

Figure 2.4: Typical phase portrait of pattern (1).
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(2) Oscillation. If the two nullclines uniquely intersect at the middle seg-
ment of C then the fixed point of (2.13) is an unstable node and there exists
a stable limit cycle when € > 0 is small enough. Otherwise, if € is not small,
it is possible that there is no limit cycle or there are two limit cycles by the
bifurcation theory. Proposition 2.3.3 describes the properties of the fixed
point in this case. The existence and the properties of limit cycles will be

discussed later. A typical phase portrait is shown in Figure 2.5.

v-nullcline |
—— w-nullcline

v

Figure 2.5: Typical phase portrait of pattern (2).

These two cases are the basic patterns of dynamical behaviors of the

Morris—Lecar model used in computational neuron science. The following
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patterns may appear for certain parameters.

(3) Fixed point on the right branch. If the two nullclines intersect on
the right branch uniquely, then the fixed point is a stable equilibrium. It
is a node when ¢ > 0 is small enough. As ¢ increases, the characteristic
roots become complex numbers and the orbits approach equilibrium with

fluctuation. This pattern is shown in Figure 2.6.

T T
- v-nullcline _
—— w-nullcline

v

Figure 2.6: Typical phase portrait of pattern (3).

(4) Two stable equilibria. If the two nullclines intersect at three points

on the left, middle, and right branches, respectively, then the system has two
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stable equilibria on the left and right branches, respectively. The stable man-
ifolds of the saddle point separates the phase plane into two parts. The orbits
in the right part approach the node on the right branch of C;. The orbits on
the left part approach the node on the left branch of C;. See Figure 2.7. At
the fixed point in the middle segment of C the slope of C] is greater than
that of Cy, and the fixed point is a saddle point by Proposition 2.3.2.

T T
v-nullcline i

—— w-nullcline

(%

Figure 2.7: Typical phase portrait of pattern (4).

(5) Saddle-node invariant cycle. If the two nullclines intersect at three
fixed points (one fixed point is in the left branch of C4, and the other two
are in the middle segment of () as in Figure 2.8, then the fixed point on
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the left branch of ('} is a stable equilibrium, the fixed point on the bottom-
left part of the middle segment of C] is a saddle point, and the fixed point
on the top-right part of the middle segment is an unstable node for small
e > 0. In this case, the orbit starting from the saddle point, as its unsta-
ble manifold, leaving the saddle in the direction of both v-w increasing then
wrapping around the unstable node in counterclockwise way, approaches the
stable node. Meanwhile, the orbit starting at the saddle point, as the other
unstable manifold of the saddle, leaving the saddle in the direction of both
v-w decreasing, approaches to the stable node in a clockwise way. See Fig-
ure 2.8. These two orbits, the saddle and the stable node, form a saddle-node
invariant cycle (SNC) enclosing the unstable node. The stable manifold of
the saddle outside the cycle, as a separator, separates the orbits outside the
cycle into two categories: the orbits in the right side of the separator, go
around the unstable node and approach the stable node, whereas the or-
bits in the left side of the separator go to the stable node without wrapping

around the unstable node.

39



v-nullcline |
—— w-nullcline

v

Figure 2.8: Typical phase portrait of pattern (5).

(6) Node-saddle-node-saddle-node. If C; intersects C in five points,
the first point A being on the left branch, the next three points of intersection,
B, C, and D, being in the middle segment, and the fifth one, F, being on
the right branch of ('}, as shown in Figure 2.9, then the dynamical behavior

of the solutions of (2.13) is quite complicated.
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v-nullcline
—— w-nullcline

v

Figure 2.9: Fixed points in pattern (6).

For small €, the fixed points A and E are stable nodes, B and D are
saddle points, and C' is an unstable node. The unstable manifolds of the
saddle points approach to nodes A and F, respectively. The four orbits and
the four points A, B, D, and E form an invariant cycle. See Figure 2.10.
These four stable manifolds of the saddle points, B and D, divide the phase
plane into two parts. All the orbits in the right part approach to node FE.
The orbits in the left part approach to node A. See Figure 2.10.
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—— w-nullcline
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Figure 2.10: Invariant cycle connecting A, B, D, and E.

As e varies, the property of the fixed point C will change from an unstable

node to unstable spiral, stable spiral, and stable node and the dynamical

behavior of the orbits will change drastically. For example, it is possible that

there is a critical case where the heteroclinic orbit BD, from saddle point B

to saddle point D, and the heteroclinic orbit DB, from saddle point D to

saddle point B, form an invariant cycle, named saddle separatrix cycle and

denoted by SSC. The other stable manifold of the saddle point B and the

other stable manifold of the saddle point D divide the phase plane into two

parts: the orbits in the right part approach to the stable fixed point £ and
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the orbits in the left part approach to the stable fixed point A. Inside the
cycle SSC, the orbits spiral and approach to the cycle SSC. This case is very
rare and subtle, and a little perturbation of the parameters can destroy the
invariant cycle SSC.

More complicated cases than that of an SSC are also possible. We will
exhibit them in the next section on bifurcation analysis. All cases share a
common feature that two stable states coexist. In some special cases, three
stable states coexist: two stable equilibrium states and one stable oscilla-
tion. Analyzing this pattern in detail may be an interesting theoretical issue
because there are few reports on this pattern both in theoretical study and

computational simulations.

2.3.2 Bifurcation analysis

By varying the parameter I,,, in (2.13) we may change the position of the
curve (] in the phase plane and shift the fixed point to different positions.
This also changes the characteristic equation and the characteristic roots at
the fixed point. The parameter ¢ may also affect the characteristic roots
of system (2.13) at the fixed point. When the complex characteristic roots
change across the imaginary axis at a nonzero pure imaginary point, Hopf
bifurcation theory [25] can be employed to explore the changes of the dy-
namical behavior of systems according to the changes of parameters. The
bifurcation arising by varying I,p,, and € in (2.13) has been studied thoroughly

in a computational way [5]. The following cases are worthy of mention.
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(1) Hopf bifurcation. In the oscillation pattern, Proposition 2.3.3 as-
sumes that while the parameter e increases beyond ¢€;, the characteristic
roots of the Jacobian of system (2.13) at the unique fixed point first change
from two positive real numbers (the unstable node) to complex roots with
positive real parts (unstable spiral), then to a pair of imaginary roots (only
for € = €;), then to complex roots with negative real parts (stable spiral), and
lastly to two negative real roots (stable node). The Hopf bifurcation theorem
gives conditions that for 0 < € — €; small enough, there is an unstable limit
cycle wrapping around the fixed point with small oscillation amplitude of the
order /e — e [25].

It is possible, Hopf bifurcation theory is local, that there is also a stable
limit cycle with bigger oscillation amplitude enclosing the extreme points

L= (v ,w)and R= (vF,w").

(2) Bifurcation analysis for node-saddle-node pattern. In the pat-
tern of a saddle-node invariant cycle, both I,,, and e can play the roles of
bifurcation parameters. If I,,, is fixed, then the fixed points are invariant
with respect to €. Denote the fixed point on the left branch of C| by A, the
one at the bottom-left part of the middle segment of C; by B, and the one at
the top-right part by C'. By gradually increasing €, the property of the fixed
point C' can gradually change from unstable node to unstable spiral, stable
spiral, and stable node. The dynamical behavior of system (2.13) can be
explored by numerical simulations. The unstable manifold RU of the fixed
point B, leaving B in the direction of both v and w increasing, will change

its route correspondingly. RU approaches the stable node A for small e. This
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insures that a SNC exists. As € increases, RU approaches B as a homoclinic
orbit for a value of €, and, as € becomes bigger, RU wraps around the fixed
point C' and converges to a stable limit cycle. The SNC disappears for such
€. The orbit between RU and the stable manifold of the saddle point B will
converge to the stable limit cycle. Meanwhile, as the real parts of the char-
acteristic roots at the fixed point C' change signs, an unstable limit cycle,
with small oscillation amplitude around the point C', appears by the Hopf
bifurcation theorem.

We use the following system as an example,

d 2

. —v(l—v)(1+v)—w,

dt 3 (2.17)
dw

— = e{1.2tanh(3.5(v — 0.4)) —w + 0.8},

When € is small, the fixed point C' is an unstable node. Figure 2.11 shows
the phase portrait of (2.17) when e = 0.1.
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v-nullcline |
—— w-nullcline

v

Figure 2.11: Phase portrait of (2.17), when ¢ = 0.1.

As € increases, the fixed point C' changes from unstable node to unstable

spiral. Figure 2.12 shows the phase portrait of (2.17) when ¢ = 0.5.
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Figure 2.12: Phase portrait of (2.17), when ¢ = 0.5.

If € increases more, the fixed point C' becomes a stable spiral. In this
case, the system has a limit cycle wrapping around the fixed point C'. Fig-

ure Figure 2.13 shows the phase portrait of (2.17) when e = 1.1.
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Figure 2.13: Phase portrait of (2.17) when ¢ = 1.1.

If € increases a bit more, the fixed point C' can still be a stable spiral, but
the limit cycle disappears. Figure 2.14 shows the phase portrait of (2.17)

when € = 1.6.
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Figure 2.14: Phase portrait of (2.17), when ¢ = 1.6.

If € increases a lot more, the fixed point C' becomes a stable node. Fig-

ure 2.15 shows the phase portrait of (2.17) when € = 8.
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Figure 2.15: Phase portrait of (2.17) when € = 8.

Bifurcations of system (2.17) are summarized in the following table.

€ C Figure
0.1 Unstable node 2.11
0.5 Unstable spiral 2.12

1.1 | Stable spiral surrounded by a limit cycle | 2.13
1.6 Stable spiral 2.14
8 Stable node 2.15
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(3) The saddle-heteroclinic bifurcation analysis for the node-saddle-

node-saddle node pattern. We use the model

% _ §U(1 — o)1 +v) — w,
@ 1 (2.18)
=€ {é[tanh(fw) — w]} ;

and change € gradually to see the features of the dynamical behavior. System
(2.18) has five fixed points as Figure 2.9 shows. The fixed points A and E
are always stable nodes or spirals. When ¢ is small, the fixed point C' is an
unstable node. Figure 2.16 shows the phase portrait of (2.18) when ¢ = 0.1

in which two stable states coexist.

v-nullcline |

—— w-nullcline

v

Figure 2.16: Phase portrait of (2.18), when e = 0.1.
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As € increases, the fixed point C' changes from unstable node to unstable
spiral. Figure 2.17 shows the phase portrait of (2.18) when € = 0.8, where a

bistable state coexists.

—
B v-nullcline |
—— w-nullcline

1 \ L

v

Figure 2.17: Phase portrait of (2.18), when € = 0.8.

If € increases more, the fixed point C' can still be an unstable spiral, and
the system has a limit cycle wrapping around the fixed point C'. Figure 2.18
shows the phase portrait of (2.18) when € = 1.42. Two stable states and one

stable oscillation coexist.
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—— w-nullcline

v

Figure 2.18: Phase portrait of (2.18), when ¢ = 1.42.

When € changes from 1.49 to 1.50, the sign of the real parts of the eigen-
values of the Jacobian of the fixed point C' changes from plus to minus.
By the Hopf bifurcation theorem, there exists a small unstable limit cycle
wrapping the fixed point C' for some € in the interval (1.49,1.50).

If € increases a little more, the fixed point C' becomes a stable spiral, and
there is no limit cycle. Figure 2.19 shows the phase portrait of (2.18) when
e =1.92.
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Figure 2.19: Phase portrait of (2.18), when ¢ = 1.92.

If € increases a lot more, the fixed point C' becomes a stable node. Fig-

ure 2.20 shows the phase portrait of (2.18) when € = 8.
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v-nullcline |
—— w-nullcline

Figure 2.20: Phase portrait of (2.18), when ¢ = 8.

Bifurcations of system (2.18) are summarized in the following table.

€ C Figure
0.1 Unstable node 2.16
0.8 Unstable spiral 2.17
1.42 | Unstable spiral surrounded by a limit cycle | 2.18
1.92 Stable spiral 2.19

8 Stable node 2.20

95



2.3.3 Dynamical feature of neurons

The dynamical behavior of system (2.13) reflects the dynamical features of
neurons. The patterns listed in section 2.3.1 are the possible dynamical
patterns of neurons. We now discuss the important ones.

The resting state pattern reflects that in this regime the neuron will return
to its resting state even if the initial state is far away from equilibrium.

In the oscillation pattern, the unique stable limit cycle corresponds to the
fact that the neuron fires repeatedly with almost fixed period and amplitude.
Hodgken [15] called this oscillation pattern type 2 (or class 2) spiking.

The pattern of fixed point on the right branch shows that in this regime
the neuron will arrive and stay at the depolarized state from any initial state.
When the applied current I, is large enough such that the two nullclines
intersect at the right branch of C} the neuron will have this behavior.

The pattern of two stable equilibria stands for the case in which a de-
polarized state and a hyperpolarized state could be reached by starting at
different initial states, respectively. The practical applications of this pattern
are rarely reported.

The pattern of saddle-node invariant cycle and the pattern of saddle-
homoclinic bifurcation say that under the initial states, outside the cycle
and right to the separator, the neuron will fire one time and return to the
resting state. This course could be arbitrary long but the amplitude is almost
fixed. Hodgken [15] called this kind of dynamic type 1 (or class 1) spiking. If
starting at the left side to the separator the neuron will return to the resting

state without firing.
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2.3.4 Limit cycle

Stable limit cycles are meaningful for the Morris—Lecar model because they
represent neurons that fire repetitively. For the pattern of oscillation it has
been shown in Proposition 2.3.3 that if C5 intersects C; in the middle seg-
ment of C; with a bigger slope and ¢ is large, then the fixed point is stable.
Consequently, there are no stable limit cycles around the fixed point. Limit
cycles exist in the pattern of oscillation provided e is small enough. We give

a proof following the method in Lefshetz’s book [23].

Theorem 2.3.4. System (2.13) has a stable limit cycle if the w-nullcline
Cs uniquely intersects the v-nullcline Cy in the middle segment with a bigger
slope and € is small enough. Moreover the limit cycle approaches the limit
position that is the cycle formed by horizontal lines starting from the w-
mazimum point and w-minimum point of Cy, respectively, and the left and
right branches of Cy between the two lines. This cycle is called singular

periodic orbit.

Proof. We shift C; up by [ to get a curve denoted by C,. We shift C
down by S to get a curve denoted by C;. We choose 8 small enough such
that Cy intersects C), and Cy in their middle parts. Let A = (v,,w,) be the
left minimum of the curve C. Let A; = (v1,w,) be the point on the left
branch of C,; with the same w coordinate as A. Let Ay = (v9,w, — () be
the point on C5 with the same w coordinate as the left minimum of Cj;. Let
By = (v3,w, — ) be the point on the right branch of C, with the same w
coordinate as Ay. Let C' = (v, w,.) be the right maximum of the curve Cj.

Let Ay = (v4,w.) be the point on the right branch of ¢, with the same w
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coordinate as C. Let A5 = (vs,w. + ) be the point on Cy with the same
w coordinate as the right maximum of C,. Let Ag be the point on the left
branch of C; with the same w coordinate as As. Let A;Ag denote the part
of the left branch of C; between A; and Ag. Let AsA4 denote the part of
right branch of C, between A3 and A;. The segments A; Ay, AyAsz, AyAs,
AsAg and the curves A;Ag, A3A, consist of a closed curve denoted by C
(the red closed curve in Figure 2.21). We consider the vector fields on this
close curve. On the segment AsAg w’ < 0, so the vector field points down.
On the segment Ay A3, w’ > 0, so the vector field points up. On the curve
A1 Ag, vV >0, w' <0, so the vector field points bottom-right. By choosing e
sufficiently small we can make the vector field points to the left side of A; Ag.
On the segment A;A; v/ > 0, w’ < 0, so the vector field points bottom-right.
By choosing € small enough, we can make the vector field points to the right
side of A1 As. On the segment A4As, v < 0 and w’ > 0, so the vector field on
Ay A5 points top-left. When € is small enough the vector field points to the
left side of A4As. On the curve AzA4, v < 0 andw’ > 0, so the vector field
on AsA,4 points to top-left. When € is small enough, the vector field points
to the left side of A3A4. In summary, we can find an €; > 0 such that the

vector fields on Cj point inside if € < €.
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Figure 2.21: Positive invariant polygon.

Let By = (vq,w, + B) be the left minimum of C,. Let By = (v7,w, + ()
be the point on C5 with the same w coordinate as the left minimum of
By. Let By = (vs,w, + 2/3) be the point on the right branch of C;. Let
By = (ve, w.— ) be the right maximum of the curve Cy. Let Bs = (vg, w.—f3)
be the point on Cy with the same w coordinate as By. Let Bg = (v19, w.—20)
be the point on C,. Let By Bg denote the part of the left branch of C,; between
By and Bg. Let B3B,4 denote the part of right branch of C, between B and
B,. The segments BBy, BsBs, ByBs, BsBg and the curves BBy, B3By

consist of a closed curve denoted by C; (the blue closed curve in Figure 2.21).
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We consider the vector fields on this close curve. On the segment B;B,,
w’ < 0, so the vector field points down. On the segment ByBs5, w' > 0, so
the vector field points up. On the curve B;Bg, v < 0 and w’ < 0, so the
vector field points bottom-left. On the curve B3By, v > 0 and w’ > 0, so
the vector field on B3 B, points top-right. On the segment By Bs, v > 0 and
w’ > 0, so the vector field points top-right. By choosing e sufficiently small,
we can make the vector field point to the right side of By B3. On the segment
BsBg v' < 0, w' < 0, so the vector field on BsBg point bottom-left. When ¢
is small enough, the vector field points to the left side of B5Bg. In summary,
we can find an €5 > 0 such that the vector fields on C; point outside if € < €,.

The ringshaped region between C; and Cj is a positive invariant set if
e < min{e, e2}. By the Poincaré-Bendixson theorem, there exists a limit
cycle in this region. As 3 goes to zero, this region converges to the singular

orbit (the green curve in Figure 2.21), and so does the limit cycle. O]

2.3.5 Singular perturbation

The Morris-Lecar system (2.13) contains a small parameter e. It indicates
that the variable w changes more slowly than the variable v. In the real world,
this is true because the channel gating is a biological process, whereas, firing
an action potential is an electrical process. When e is small, the stable limit
cycle of system (2.13) exists and is close to the singular periodic orbit. The
solutions of system (2.13) will be wrapping around the singular periodic orbit.
By geometric singular perturbation theory [7] and the theory of differential
equations with small parameters [27], we can dissect the wrapping process

into four pieces according to the different time scales following many authors
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[5, 33, 34, 35].

—— w-nullcline
v-nullcline

Figure 2.22: Singular orbit of system(2.13).

We introduce the time variable 7 = et, which is called slow time, and the
original time ¢ is called fast time. Along the segment A to B, the variable v

increases much faster than the variable w because f(v,w) > € and g(v,w) >
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0 during this course. As ¢ — 0, system (2.13) reduces to

dv
% = f(va U)),
dr (2.19)

This equation approximately governs the course from A to B. This is a
fast process which describes the fact that the neuron fires (the membrane
potential increases rapidly). When the orbit arrives at the right branch of
(1, it intersects 'y in the up direction, increasing along the right branch and
goes up to the maximum point. In this case f(v,w) < 0 is small in absolute
value. This means that both variables v and w change slowly. We use the

slow time scale 7 = et to transform the system into

d
€ % = f(va U)),
d
d—:l_} = g(v,w).
As e — 0, we get the system
0= f(v,w),
dw ( ) (2.20)
o =9 w).

This equation approximately governs the course from B to C. This is a
slow process that describes the evolution of the neuron in the active phase.
Similarly, the course from C' to D is governed by (2.19) to describe the fact
that the neuron rapidly returns to the silent phase. The course from D to
A is governed by (2.20) to describe the evolution of the neuron in the silent

phase. This method can be applied to study neuron networks.
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2.4 Neuron Networks

2.4.1 Synaptic connection: biological foundation

In the real world, neurons communicate through synapses. Biological signals
are carried by action potentials. There are two types of synapses, the gap
junction and the chemical synapses. The important and frequent type is the
chemical synapses. The mechanisms and biological process in synapses are
discussed in many excellent books [6, 11, 20].

The basic biological mechanisms of chemical synapses is as follows:

1. The action potential comes down along an axon to a synapse and elicits
a sequence of events that make the presynaptic cell release chemicals,

named neurotransmitters, into the synaptic cleft.

2. The neurotransmitters diffuse across the cleft and bind to the special-

ized receptors anchored on the postsynaptic membrane.

3. The binding of the neurotransmitters to the receptors causes a rapid
opening of ion channels. The opening of ion channels causes a change
in conductance of the membrane for specific ions, and a change of the
membrane potential of the postsynaptic cells, depolarization or hyper-

polarization, completing the transferring of the signals.

This process can repeat if the presynaptic cell repeatedly fires. This
process actually happens in the synapse and the changes in synapse will cause
further events in postsynaptic cell. One neuron may have many synaptic

connections with other neurons, both presynaptic and postsynaptic.
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The neurotransmitters mainly are two kinds of molecules, glutamate and
v-aminobutyric acid (GABA). There are two classes of receptors for gluta-
mate neurotransmitters. They are AMPA receptors and NMDA receptors.
The receptors of GABA neurotransmitters mainly belong to GABAA class
or GABAB class. We do not care for their full names although they have
definite meanings. There are many kinds of neurotransmitters and receptors.
Those mentioned above are general and typical ones in synapses.

The glutamate transmitters are used in the synapses that increase the
possibility of firing an action potential in the postsynaptic cell. This kind
of synapse is called ezcitatory synapse. The GABA transmitters are used
in the synapses which decrease the possibility of firing action potential in
postsynaptic cell. This kind of synapse is called inhibitory synapse.

The AMPA receptors and the GABAA receptors quickly and directly
produce the responses to open the ion channels in postsynaptic cells. The
other two classes of receptors, NMDA and GABAB, slowly and indirectly

produce responses to open the ion channels in postsynaptic cells.

2.4.2 Synaptic connection: mathematical modeling

In modeling neuronal networks, we need to describe the responses in post-
synaptic cells, especially the conductance change and the added ion current
into the postsynaptic cells.

Let an individual cell be modeled by the Morris-Lecar equation

d

d_: = f(va U)),

du (2.21)
% = 69(?1710)



We make the same assumption on the gating variable as Terman [33]. We
assume that the gating variable of the fast synaptic receptors satisfies the

equation
ds

E:

where the gating variable s represents the proportion of open channels in the

a(l — 8)Hoo(Vpre — v1) — 5, (2.22)

postsynaptic cell, vy, is the membrane potential of the presynaptic cell, vy
is a threshold in the presynaptic cell for the release of transmitters, function
H is defined as Hy(z) = 0 for x < 0, and Hy(x) = 1 for 2 > 0 and the
parameters «, 5 > 0 are the rates of the channel gate opening or closing,
respectively. Equation (2.22) describes the fact that once the propagation
of the action potential in the presynaptic cell arrives at the synapse, the
membrane potential v, exceeds the threshold vy, and the channels in the
postsynaptic cell will open according to equation (2.22) because Hoo(Vpre —
vp) = 1. When the presynaptic cell is in the silence phase, vpe < vr, S0
Hoo(Vpre — v7) = 0, and the gating variable s decays according to a negative
exponential law.

The change of conductance in the membrane of the postsynaptic cell

causes an ion current to the postsynaptic cell in the form
]syn = gsyn5<vpo - 'Usyn)-

The constant gy, is the maximum conductance, vgyy is the reversal potential
of the postsynaptic receptor, v, is the potential of postsynaptic cell. The
reversal potential, different from the resting potential, is just for the synaptic
receptors and measured by experiment for specific ions. Thus, two cells

mutually coupled by a synaptic connection will be modeled by the system of
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differential equations:

d’Ui
dt = f(via wz) - gsynsi(vi - Usyn), (223&)
dw;
;flt) = eg(vi, wy), (2.23b)
ds;
d—st = a(l = si)Hu(v; —vr) = fsi, i 7, (2.23c)

i,7 = 1,2. Here, the negative sign before the last term of (2.23a) represents
the ion current (positive charge) flow into the neuron. Equation (2.23c)
means that, if the presynaptic cell j fires, then v; > vp. The gating variable
s; of the postsynaptic cell will increase according to the governing equation
(2.23c).

This system has six equations to describe the dynamics of the two neu-
rons. When the propagation of the action potential arrives at the terminal
of presynaptic cell 1 (= j), its membrane potential (at the terminal) exceeds
the threshold vy. This causes the variable sy of cell 2 (= i) to increase ac-
cording to equation (2.23c). The increase of the gating variable s, causes the
change of ion current injected into cell 2. This event corresponds to the last
term of equation (2.23a).

For more synapses of one postsynaptic cell, equation (2.23c) changes into

dSij

di = Oéj(l — Sij)Hoo(Uj — UTj) — ﬁjsij- (224)

Here s;; stands for cell ¢’s fraction of open receptor channels in the synapse
coupling with the presynaptic cell j, vz, is the threshold potential in the

synapse coupling with cell j. The total synaptic current of cell ¢ is
Isyn = — Z gZ]S’L] (Ui — 'Ujsyn).
J
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Here the reverse potential v, is only for the synapse coupling cells ¢ and j.

In this case, equation (2.23a) changes into

dv;
= f (i, wy) Zgzasw — Vjoyu)-

To describe synapses with NMDA and GABAB receptors we introduce a
middle dynamical variable for the synapse. The simple form is an equation

for the middle variable inserted before (2.23c) as in [5],

(ZZ = o, (1 — 2;)Hoo(vj — vp) — Bo, (2.25a)
% =a(l — s)Hoo(x; — 0,) — Bs;. (2.25b)

Equation (2.25a) describes the event that the neuron transmitter activates
the middle process in which the middle variable x; rises. When x; crosses
the threshold 6, the action of the gating variable s; is governed by equation
(2.25b).

2.4.3 Neuron network models

The models for neuron networks are systems of differential equations. Even
a model for two mutually coupled cells consists of, at least, six ordinary
differential equations. The model for a network coupled with a finite number

of neurons is

dv;

dt = fZ (%8 w’L ZQUSW Ujsyn), (226&)
dw;

ch) = €.9i(vi, i), (2.26Db)
dSij
5 = 4l = sig) Hoolvy —vry) = Bysiy, (2.26¢)
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1,5 = 1,2,---  N. All the functions and parameters are specified for every
individual neuron. This is quite close to the real situation but it is a compli-
cated system for mathematical analysis. The only way to know the dynamics
of its solutions is by numerical methods through heavy computational work.

In order to study neuron networks theoretically, we need to break the
system into smaller systems, and some idealization on the network is also
necessary. We suppose the neurons are homogeneous so that the functions
and parameters are the same for each neuron. Thus, only one function,
f(v,w), and eg(v,w), appears in (2.26a) and (2.26b), respectively. Next,
we suppose only one class of synapses exists among the neurons so that
the synapses are homogeneous and the parameters in equation (2.26¢) are
independent of the subscripts j. The equation becomes

dSZ' i
d_tj = CY(l — Sij)Hoo(Uj — ’UT) — ﬁsij. (227)
In this equation, the presynaptic membrane potential v; reflects the fact
that cell 7 is coupled with cell ¢. We can understand the variable s;; as the
influence of cell j on cell 7. This influence is the same for another cell £ if

cell j is the presynaptic cell coupled with cells ¢ and k, respectively. This

influence is to change the ion currents of cell ¢ or k£ by the terms

Iy = —rjski (Ve — Vs,
j 3 Skj Jsy (2.98)
Lij = —gijsij(vi — Ujsyn)a
respectively. By the assumption of homogeneous synapses, the reverse po-
tential v, can be replaced by vsy and the maximum conductance g;; can

be replaced by gsyn in (2.28). Moreover the subscript 7 in (2.27) is only to
indicate the fact that cell j is the presynaptic cell coupled with cell i. The
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real influence emitted by cell j is governed by the equation

ds;

e a(l — s;)Heo(v; — vr) — Bs;j.

If cell 7 is influenced by cell j then the term

[ij = _gsynsj(vi - Usyn)

will appear in the equation governing the membrane potential v; of cell 1.
We can use a matrix
W = (w;;)

to indicate if cell ¢ is influenced by cell 5 through the entry

1, influenced; (coupled with j)

wij =

0, not influenced. (no coupling)

Thus, for homogeneous neurons and homogeneous synapses, the system of

the network equations is

d’Ui
a filvi, wi) — Gsyn Zwijsj(vz‘ ~ Vjiyn)
J

dwi

dt = Eg(vi7wi)>
Ci;: = a(l — s;)Hoo(v; — v1) — Bs;.

Here, we dropped the subscript 7 in s;;, and describe the gating variable s;
by the third equation. We represent the coupling between cells ¢ and j by
w;j, which can be viewed as a weight to represent the probability of cell i
coupling with the presynaptic cell j, 7,7 =1,2,... N.

If the number of cells in the network become large then the continuous

form is convenient. Suppose the network is distributed on the space domain
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D C R, and v(x,t) is the membrane potential at the site z € D and time

moment t. The system of equations is

2, t) = fw(a, ), wlz,0)
= a0 ) — ) [ WCa,y)s(0.0)
. D (2.29)
P a,1) = eqlvta, 1), wl 1),
%(w, t)=a(l —s(z,t)Ho(v(z,t) —vr) — Bs(x, t),

where the weight function satisfies W (z,y) > 0 and [, W (z,y)dy < 1.

2.4.4 Excitatory / inhibitory coupling

We use the Morris—Lecar system to find the effect of the applied current on

the dynamical behavior of a neuron. We suppose that the system

d

= = f(v,w),

d

d_z: =eg(v,w), €>0,

has the fixed point (vg, wp) at the left branch of C near the minimum point.
This means that the neuron is in the rest state (v, wp). If a positive current

is applied to the neuron then the equation changes to

d
d_v = f(v,w)+ 1,
¢ (2.30)
dw _ (v,w), €>0
dt €g 7 7 °

The curve Cy, defined by the equation f(v,w)+ I =0, is a shift upward of
the original C'. If I is appropriately large such that the fixed point of system
(2.30) is in the middle segment of C7; and the original fixed point (vg, w)
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is below the minimum point of C1; then the orbit of system (2.30), starting
at (v, wp), will rapidly go to the right branch and wind around the singular
periodic orbit of system (2.30). This means that the neuron fires repeatedly.
In this case, we say that the applied current excites the neuron fires.

Conversely, if a negative current, I < 0, is applied to the neuron, then
the curve C1; will be a shift downward of C; and the orbit of system (2.30),
starting at (v, wp), will go to the left and converge to the new fixed point
(v, wy) with v; < vy. In this case, we say that the applied current inhibits
the neuron firing.

In excitatory synapses, the reversal potential, vgy,, of the synaptic recep-
tor for the specific ions is greater than the resting potential of postsynaptic

cell. The ion current through the synaptic channel is

Isyn = _gsyns(vpo - Usyn)-

It is positive for v,, varying in some intervals. In the inhibitory synapses,
the situation is just the converse, the ion current is negative for v,, varying
in some intervals.

In the Morris—Lecar model, the current circuit equation is written as
C— = —gcaMee(V — Vo) — ggw(V — Vi) — go.(V = V1) + Lapp.
The synaptic current is added to the equation as the term
Lapp = Isyn = —Gsyn8(Vpo — Usyn)-

It is positive in excitatory synapses, and negative in the inhibitory synapses.
The effects of synaptic currents on the postsynaptic cell are consistent with

the above mathematical analysis.
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2.4.5 Two mathematical problems on neuronal net-

work

The study of traveling wave solutions of equations modeling neuronal net-
works led to many results [3, 24, 30, 31, 32, 35]. The equation for infinite
networks, like equation (2.29) has been studied in [34, 37, 38]. If we consider
a network coupled by excitatory synapses, then it is reasonable to guess that
there exists a traveling wave solution, which reflects the firing dynamics of
neurons. A numerical simulation can show the neurons in an excitatory cou-
pled network fire to form a traveling wave. But to prove this conjecture

mathematically is difficult. Zhang [38] studied the simplified equation

ov

2 (1) = Fo(a, ), w) — /D W(e— ) H@(y.t) — 0)dy,  (231)

where the last term on right-hand side of (2.29) is simplified into a form
without the variables w and s. But there are some serious faults in the
results and the proof of his main theorem. This simplified model equation
is investigated again in the next chapter, the wrong results on the existence
and uniqueness of traveling wave solutions for this equation contained in [38]
are corrected, and the necessary and sufficient conditions for traveling wave
solutions are established. Furthermore, the properties of the traveling wave
solutions are considered. Thus, we get a comprehensive understanding of
this model equation. The details on this equation will be defined in the next
chapter.

A more realistic model equation than (2.31) is

ov

G0 = F0(.0.0) = ol ) = van) [ Wia =) H(0(.0) = 0)dy.
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Here the term (v — vgyy) in (2.29) is reserved. This equation is studied in the

Chapter 4.
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Chapter 3

Existence and Uniqueness of
Traveling Wave Solutions for a

Simplified Equation

3.1 Introduction

We consider the one-dimensional integral equation

wlt,x) = f(u,w) +a / K(e—y)H(u(t.y) - 0)dy,  (3.1)

as a simplified model of a neuronal network. This is the same as (2.31)
except that v is changed to u, because we want to use v for the wave speed.
The space variables z,y € R specify the sites of cells in the network (at
each site there is a collection of neurons), ¢ is time, u(t, ) stands for the
potential averaged over the population of cells at z, the constant w is the

ion channel parameter, H(s) is the Heaviside step function, the constant 6
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is the threshold, and @ > 0 is the synaptic constant.
The integral term in (3.1) represents the global influence of the network
on the cell at site . The kernel, K(x), is an even function which satisfies

the conditions

0< K(z) < Cell > o,/K(I) iz — 1,/ K'()|dz < 400, (3.2)
R R

where C' and v are constants.
This equation has been investigated by Zhang [38], where a theorem on
the existence and uniqueness of traveling wave solution for system (3.1) was

proposed as follows:

“Suppose that f € C'(R?) and f,, < 0. Let a be appropriately
large such that o + f(u,0) = 0 has a unique positive solution
B > 1 and that f’(8) < 0. Suppose that the threshold 6 satisfy
0 € (p—(a),ps+(a)) and there exists a unique number wy such
that 2f(0,wp) + « = 0, 2f(0,w) + a < 0 for all w > wy, and
2f(0,w)+a > 0for all w < wy. Then, for each fixed w € (w_,w, )
with w # wy, there exists a unique traveling wave solution U =

U(v,w, z) to the integro-differential equation
UUZ = f(U(Z,’LU),U))
+ a/ K (= — (y + v(w, 0)) H(U(y + v(w, 0)t, w) — 0) dy
R

with the wave speed —v(w), such that U (v, w,0) = 6 and U, (v, w, z) #

0 on R. Moreover the following exponentially fast limits hold:

2112100 Uv,w, z) = ¢_(w), legloo Uv,w, z) = ¢4 (w),
lim U,(v,w,z) =0,
z—rFoo
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for w € (w_,wp), and

Zgr_noo Uv,w, z) = ¢y (w), zgrfoo Uv,w, z) = ¢_(w),
lim U,(v,w,z) =0,
z—+oo

for w € (wo, wy).”

This theorem is the main result of [38]. The proof consists of eight lemmas.
However, the theorem is not true. The conditions required in the theorem
cannot guarantee the existence of the wanted traveling wave solution. The
requirement that there is a unique wy such that 2f(6,w) + o < 0 for all
w > wp, and 2f(0,w) + o > 0 for all w < wy is not used because f,, < 0
already ensures that. In this chapter, we study the same problem again by
using a geometric methods for ODE [10, 19, 33]. The problem of existence
and uniqueness of traveling wave solutions of equation (3.1) is transformed
into a problem of existence and uniqueness of heteroclinic orbits of plane
autonomous systems, which may have six fixed points in the phase plane.
Counterexamples of non-existence of traveling wave solutions are provided in
this chapter, and an example to the results of [38] is presented, which satisfies
all the condition required by [38], but does not have the wanted traveling wave
solution. Necessary and sufficient conditions for the existence and uniqueness
of traveling wave solutions are established. The result corrects the faults in
[38]. Moreover, the properties of traveling wave solutions are studied.
Assume the function f(u,w) satisfies the following conditions, which are

the same as in [38].
(a) f € CYR?), £(0,0) = f(a,0) = f(1,0) =0,0 < a < 1, f, <O.
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(b) The cubic-like curve C; = {(u,w); f(u,w) = 0} has a unique w-
minimum (p;,w; ) and a unique w-maximum (p;, wy) with p; < pi.
On the left segment of C, the function u = ¢;(w) is defined implicitly

by the equation f(¢;(w),w) = 0 for u < p; and w; < w. Moreover,

fu(Pr(w),w) < 0.

(¢) The cubic-like curve Cy = {(u,w); f(u,w) + o = 0} has a unique w-
minimum (p;,w, ) and a unique w-maximum (py,wy) with p; < p3.
On the right segment of Cy, the function u = ¢9(w) is defined implicitly
by the equation f(¢(w), w)+a = 0 for p5 < uand w < wy . Moreover,
$2(0) = f > 1 and fu(¢2(w),w) <O0.

(d) The threshold 6 satisfies the inequality p; < 0 < p;.
(e) The parameter w satisfies the inequality w; < w < wsy .

Typical curves Cy and Cy are shown in Fig. 3.1. Here p, = p; and p3 = p;.

An example of such a curves is f(u,w) = u(1l —u)(u — a) — w.
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(p3,wy)

(p1,wy)

Figure 3.1: The pattern of the curves C; and Cs.

Our notation corresponding to Zhang’s notation in [38] is in the following

table:

constants in [38]: | p_(a) | p(a) | w™ | wT | ¢_(w) | o1 (w)

constants in this chapter: | py o |wy | wy | ¢1(w) | do(w)

In order to simplify the reasoning, we assume that the kernel function
is continuous and K(x) > 0. The general case for piecewise continuous

K (x) > 0 will be discussed in section 3.5.3.
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Now we define traveling wave solutions as in [38].

Definition 3.1.1. A non-constant bounded smooth solution of equation

(3.1) is called a traveling wave solution if the function
u(t,z,w) = U(x + v(w,0)t,w) = U(z,w), z=z+v(w,0)t, (3.3

with some abuse of notation, satisfies equation (3.1) for some constant v =

v(w,#) > 0 and boundary conditions

lim U(z,w) =l (w), lim U(z,w) =1_(w). (3.4)

zZ—+00 Z——00

Finding the traveling wave solution of equation (3.1) is equivalent to

finding the solution U(z,w) of the integro-differential equation

UUZ = f(U<Z7w)7w)
+ a/ K(z—(y+v(w,0)t)HU(y + v(w,0)t,w) —0)dy (3.5)
R
with boundary conditions (3.4). Our strategy is to prove the existence of trav-
eling wave solutions for equation (3.1) by transforming the integro-differential
equation (3.5) into an ODE and employing the geometric theory of ODEs.

Let & = z — (y + v(w,0)t), then the integral part of equation (3.5) is

transformed into
[ KOG -gw) - 0)ds
R
and equation (3.5) can be written as

wU, = f(U(z,w),w) +04/RK(§)H(U(Z — &, w) —0)de. (3.6)

We are interested in monotone solutions of equation (3.5). For monotone

increasing solutions with U, > 0 and U(0,w) = 6, we have U(z — &) > 0 for
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¢ < zand U(z —€) < 6 for € > 2: hence the equation
HU(z = €,w)— 0) =1
holds only for z > ¢. Then we can get
[ K@HUE-cw 0= [ Kias
and equation (3.6) becomes
vU, = f(U(z,w),w) + a/z K)d¢, U,>0, UO,w)=86. (3.7)

If we prove that equation (3.7) has solutions satisfying the boundary
conditions (3.4), these solutions will be monotone increasing traveling wave

solutions of equation (3.1).

3.2 Monotone increasing traveling wave solu-

tions
As in [38], let
1. 1+7 vy
=—1 k< — -1,1 .

2(7) ST 0< <3 7€ (—1,1), (3.8)
and

N T N S

z2(—-1) = Tli,n_llﬁln = % 2(1) = ll_}lrr%ﬁln T, = (3.9)

We denote



If we substitute expression (3.9) into the above integral, we obtain

I(7) :/lﬁK (imiZ) dn. (3.10)

With equations (3.9) and (3.10), equation (3.7) is transformed into an equiv-
alent autonomous system in the phase space (7,U). Then, a monotone in-

creasing traveling wave solution of (3.5) must satisfy the system

o=k r) ") =0
cgi(j' 1 (3.11)
E:U/:;[f(U,w)—i—ozI(T)], U0) =6

System (3.11) is defined on the domain D consisting of the infinite strip
D={(1r,U);—1<7<+41,—00 < U < +0o0}. (3.12)

It is easy to see from the properties of the kernel function K (z) that I(7) is
monotone increasing, [(0) = 1/2, I(1) = 1, and I(7) > 0 for —1 < 7 < 1.
Boundary conditions (3.4) now correspond to an orbit of equation (3.11)
that approaches some fixed points when z — +oo. Thus, the traveling
wave solution is a heteroclinic orbit of (3.11). Our aim is to find conditions
that ensure that this heteroclinic orbit passes through the specified initial
point S = (7,U) = (0,0) and links the fixed points on the lines 7 = +1,
respectively.

We see that the fixed points of system (3.11) on D should satisfy f(U, w) =
0 on the line 7 = —1, and f(U,w)+«a = 0 on the line 7 = +1. In both cases,
there is at least one and at most three fixed points, depending on the values
of w (see Fig. 3.1). A careful case study is required to find the specified

heteroclinic orbit.
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Now we prove an existence and uniqueness theorem for heteroclinic orbits

of system (3.11) in the case that f(U,w)+ o = 0 has only one solution.

Theorem 3.2.1. Given the parameter w € (wy ,wy ) and the threshold 6 €
(p1,p1), if f(U,w) 4+ a/2 >0 for U <6, and the equation f(U,w)+a =0
has only one solution, U = ¢o(w), then there is a unique value v = v(w, 0) >
0 such that equation (3.11) has a unique heteroclinic orbit passing through
the point S = (1,U) = (0,0), linking the fized points (1,U) = (=1, ¢1(w))
and (1,U) = (1, ¢a(w)), and its U-coordinate is monotone increasing as z

mcereases.

Proof. We shall prove this theorem by proving four lemmas in two cases.
For w € (wy,wy) the functions ¢ (w) and ¢o(w) are defined implicitly. The
two fixed points (7,U) = (—1,¢1(w)) and (7,U) = (1, ¢2(w)) exist with
¢1(w) < ¢o(w). There are two cases to be considered.

Case 1. The case of the parameter w > w;. Figure 3.2 shows the

solutions of f(U,w) = 0 and f(U,w) 4+ a = 0 in this case. At 7 = —1, the
derivative satisfies U’ = %f(U, w), because I(—1) = 0.
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¢1(w) \2<w>
u

\

Figure 3.2: The case of w > wy .

In this case, it is easy to see from Figure 3.2 that f(U,w) = 0 has only
one solution, so (7,U) = (=1, ¢1(w)) is the only fixed point of system (3.11)
at 7 = —1. The domain D is divided into three parts by the horizontal lines

L, = {(7_7 U);T € [_1’ 1]7 U= ¢1(w)}
and
Ly ={(r,U);7 € [-1,1],U = ¢o(w)}.

The part where U < ¢1(w) is denoted by Dy, and the one where ¢ (w) < U <
¢o(w) by Ds. (See Fig. 3.3.) We need to consider the geometric properties
of the fixed points.

Lemma 3.2.2. The fized point (1,U) = (=1,¢1(w)) is a saddle point and

its local unstable manifold is in Dy and tangent to the line Ly.
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—1.5 -1.0 —0.5 0 0.5 1.0 1.5

Figure 3.3: The domains D; and Dsy. Arrows show the direction of the vector

fields on the lines L; and L.
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Proof. The Jacobian of the system (3.11) is

—2kT 0
J=11 (3.13)

1
sal'(r) —fu(é1(w),w)
The derivative of I(7) is

1 1 1+7
') =— K (=1 .
") == (% n1—T)

According to the properties of the kernel function K(z),

1.1 1.1
0<K|(—1In T <Cexp|—v|=In hall
2k 1—1

SO

C
<7 < - —~ |
O—I(T)—k(1—72)eXp< 7'21<:1n1—¢

_CO4nEt
B k(1 —7)'*zk ‘

as 7 — —1 and k < «/2. The Jacobian (3.13) evaluated at the fixed point
(1, U) = (=1, ¢1(w)) is

2k 0
0+ hulor(w),w)

According to condition (b), the entry % f,(¢1(w),w) < 0, hence this fixed
point is a saddle point. From the Hartman—Grobman Theorem [10], there is
a unique local unstable manifold, say I', tangent to the characteristic vector
(1,0). We claim that I" must be in the domain D,. In fact, in the interior of
the domain

Dy ={(r,U);7 € [-1,+1],U < ¢1(w)},

85



we have

U — %[f(U, W)+ al(r)] > 0,

because ol (1) > 0 and f(U,w) > f(é1(w),w) = 0 for U < ¢1(w). Mean-
while, 7 = k(1 — 72) > 0. The vector field defined by system (3.11) points
in a top-right direction. If I" entered into Dy, it had to go top-right (see Fig-
ure 3.4). According to the vector field, it then left the domain D; by passing
through the boundary L; where U’ = f(¢1(w),w) + al(1) = ad(7) > 0 for
—1 < 7 (see Figure 3.4). Thus, there would be a point P = (19, Uy) € ' Dy
such that U = f(Uy,w) + al(79) = 0. But we have proved that U’ > 0 in
the interior of D;. This contradiction shows that the claim is true and the

proof is complete.
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(1, g2 (w))

D,

_ )
(=1 ¢1(w)) L

Dy

-1.5 -1.0 —0.5 0 0.5 1.0 1.5

Figure 3.4: A schematic graph for Lemma 3.2.2.

]

Now we need to follow the evolution of the manifold I' in D, as z — +00.

Lemma 3.2.3. The unstable manifold I" of the saddle point (1,U) = (—1, ¢1(w))
approaches the fived point (1,U) = (1, ¢a(w)) as z — +oo. It is the unique

heteroclinic orbit linking the two fixed points.

Proof. On the line Lq, the vector field points in a top-right direction because

f(d(w),w)+al(t)=al(r) >0 for —1<T.
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On the line Ly, the vector field points in a bottom-right direction because
f(pa(w),w) + al(1) < f(p2(w),w) +a=0 for 7 < 1.

On the line 7 = 1, the vector field points vertically up since f(U,w)+ a > 0
for U < ¢(w). On the line 7 = —1, the vector field points vertically down
since f(U,w) < 0 for U > ¢1(w). Thus, D, is a positive invariant set. By
Poincaré-Bendixson theorem, I" has to go to a fixed point. Because 7/(z) > 0,
[ must go to the fixed point (1, ¢o(w)). Thus, I', as the unique local unstable
manifold of the saddle point (—1,¢;(w)), is the unique heteroclinic orbit
linking the fixed points (7,U) = (=1, ¢1(w)) and (7,U) = (1, pa(w)). O

Lemma 3.2.4. The U-coordinate, U(z), of the unstable manifold I' is a

monotone increasing function of z.
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(1, po(w))

(=1, ¢ (w))

Dy

Figure 3.5: U-nullcline in Case 1.

Proof. The U-nullcline of (3.11), denoted by 3, is defined as
Y={(r,U) e D;7 e (-1,1), f(U,w)+al(r)=0}.

Figure 3.5 shows a U-nullcline of (3.11) in Case 1. Since the kernel function
is positive, we have I’(7) > 0, Thus, ¥ never has a horizontal tangent. As
z decreases, the orbit starting at > will enter into the left side of ¥ because
the vector field on 3 is (k(1—72),0). The U-nullcline divides the domain D,
into two parts. We consider U’ in the left part. Let (U, 7;) be a point lying
to the left of ¥, and (U, 7,,) be the point on 3 with the same U-coordinate.
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Clearly, ; < 7,,. We then have
U'(U,m) = f(U,w) +al(n) < f(U,w) +al(r,) =0

by the properties of I(7). If an orbit of (3.11) passes through a point lying
to the left of X or a point on X, then it cannot approach the saddle point
(—1, ¢1(w)), because U increases when z decreases in the left part by U’ < 0.
(See Figure 3.5). Hence a heteroclinic orbit cannot pass the left part. This
fact ensure that I" must stay in the right part. We next consider the U’ of
points in the right part. Let (U,, 7.) be a point lying to the right of ¥, and
(U, 7c) be the point on ¥ with the same U-coordinate. Clearly, 7, > 7.. We

then have
UU.,7)=fU,w)+al(r.) > f(U,w) +al(r,) =0

by the properties of I(7). Since I" stays in the right part, U’(z) of I is always

positive, which means that U(z) is an increasing function of z. ]

Now, we prove that there exists a unique value vy such that the het-
eroclinic orbit I" of (3.11) with v = vy passes through the initial point
S = (r(0),U0(0)) = (0,0).

Lemma 3.2.5. If f(U,w) + 3 > 0 for U < 0, then there exists a unique
vo > 0 such that the heteroclinic orbit of (3.11) with v = vy passes through
the point S and links the fized points (1,U) = (=1,¢1(w)) and (1,U) =
(1, g2 (w)).

Proof. In the proof of Lemmas 3.2.2 and 3.2.3, we have shown that system
(3.11) has a unique orbit linking the fixed points for v > 0 under the con-

ditions of Case 1. Moreover, Lemma 3.2.4 shows that its U-coordinate is
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an increasing function of the 7-coordinate, because both U(z) and 7(z) are

increasing functions of the independent variable z. Denote this orbit as
L) ={(7,U) = (r,U(r,0));7 € (=1, 1)},

We prove this lemma in four steps.

Step 1. There exists 0 < v; such that U(0,v,) > 0, and 0 < vy such
that U(0,vy) < 6.

By continuity of f(U,w) + al(7), we can find a closed rectangle

R={(r,U); =0 <7<0,¢1(w) U<} C Dy, 0<d<1,

such that f(U,w)+al(1) > n for some n > 0. Take a small v; > 0 such that

n _0—di(w)

_>—

Ulkf ) )
Then the orbit O(z, =4, ¢1(w)) of (3.11), starting from the point (7 = =6, U =
¢1(w)) at z = 0, has the derivative

dU  f(U,w)+al(7)

dr — wvk(l—72)

9 — ¢1(U))
)

v

vllk >
on R. This means that the orbit O(z, —d,¢;(w)) will get to the position
(1,U) = (1(20) = 0,U(z9) > 6) for some z; > 0 as z increases. By the
properties of phase flows of autonomous ODEs [1], the orbit I'(v;) cannot
intersect with the orbit O(z, —¢, ¢1(w)). Thus the unstable manifold I'(v;) of
the fixed point (7, U) = (=1, ¢1(w)) will stay above the orbit O(z, —0d, ¢ (w)),
and get to the point (7,U) = (0,U(0,vy)) with U(0,v,) > 6. See Figure 3.6.
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(1, 92 (w))

Nullcline

TTT—0(z, -6, 61 (w))

(=1, ¢1(w))

-1 0 1

Figure 3.6: U-nullcline, O(z, =4, ¢1(w)), and I'(v;) in Case 1.

If we let M = max{f(U,w)+ al(r); —1 <7 <0and ¢;(w) < U <6},

then M > 0. Consider the U-nullclinic curve
Y=AnU);7 e [-11], f(U,w) + al(r) = 0}.

Since fy(¢1(w),w) <0, al(7) > 0, and I'(—1) = 0, ¥ is in a neighborhood
of (1,U) = (—1,¢1(w)) for 7 > —1 and U > ¢;(w), and has the horizontal
tangent line U = ¢ (w) at the point (—1,¢;(w)). Let (79, Uy) be a point on
the U-nullcline X near the fixed point (—1, ¢; (w)) with —1 < 75 < —1. Then
the orbit O(z, 1y, Up), starting from (7o, Up) € 3 at z = 0, will stay in the
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(1, 92 (w))

Nullcline

(=1, ¢1(w))

Figure 3.7: O(z, 19, Up) and I'(vs).

right side of ¥ as z increases (See Figure 3.7). Take v, large enough such

that v; < vy and

fUw) tall) M _6-U
U2]€(1—T2) - Uzk(l—TOQ) —T70 ’

-1 <7 <7<,

then the orbit O(z, 79, Up) of (3.11) will get to a point (7(z9) = 0,U(20) < 0)
for some zy > 0. By the properties of phase flows of autonomous ODEs [1],
the unstable manifold I'(vy) of the fixed point (—1,¢1(w)) will stay below
O(z, 710, Up) and get to a point (7 = 0,U(0,vs) < 0).

Step 2. For any 0 < vy < v, U(1,v1) > U(7,v2), T € (—1,1).
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If U(rg,v1) = U(79,v2), then
f(U(70,01),w) + al(ro) = f(U(7o,v2), w) + al(70) = po > 0.

Consider the tangents to I'(vy) and I'(ve) at the point (7o, U(79,v1)) =

(70, U(70,v2)); then the following inequality holds:

Ho Ho
. .14
nk(l—72) - vok(1 — 73) (3.14)

On the left side of the intersecting point, I'(v;) is below I'(vy) for 7 € (19 —
J,70), when 0 is small enough. We claim that I'(v;) cannot meet I'(vy) again

for 7 < 79. In fact, if they met at some 7 < 7y, then we would have
f(U(Tl, ’Ul), 'UJ) —+ OéI(Tl) = f(U(Tl, ’UQ), w) —+ Oé[(Tl) = U1 > 0. (315)

Since I'(vy) enters I'(vq) from below, we would have

H1 251
< . 1
0< vk(l—718) = vk(1—172) (3.16)

This cannot be true, because we assumed v; < vs.
Let @ be a point below ['(vy) and above I'(v;). See Figure 3.8. Consider
the orbit O(Q,vy) of system (3.11) with v = v; which passes through Q. As

z — —00, O(Q, v1) must intersect I'(v2) at some point (7, U(7, v2)) € I'(v2).
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(1, 92 (w))

(=1, ¢1(w))

-1 0 1

Figure 3.8: The schematic diagram of I'(vy), I'(ve), and O(Q, vy).

By comparing the tangents of O(Q, v1) and I'(vq) at the point (7, U(7,vq) €

['(vy), we also get
U v),w)+al(T) = f(U(T,v2),w) +al(T) = >0,

and the false inequality

ft fi

0 < .
S k(1= 72) = k(1 — )

This contradiction proves that U(7,v) # U(7,vq) for 7 € (—1,1).
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Next we prove that U(r,v;) > U(r,vy) for 7 € (—1,1). In fact, if
U(r,v1) < U(t,v9) for 7 € (—=1,1), we can take a point @) = (7, U’) below
I'(ve) and above I'(vy). By repeating the reasoning for O(Q,v;) we get the
same false inequality, and this contradiction proves that U(r,v1) > U(T,v2)

for 7 € (—1,1). See Figure 3.9.

(1, $2(w))

(=1, ¢1(w))

Figure 3.9: The schematic diagram of I'(vy), I'(v2), and O(Q, vy).

Step 3. If w = sup{v;U(0,v) > 0} and Q = inf{v,U(0,v) < 6}, then
w =€

From the result of step 2, it is easy to see that w and 2 exist. If w > ,

96



then there exists v such that w > v > Q. From w > v we have U(0,v) > 6.
From v > Q we have U(0,v) < 6. This is a contradiction. If w < § then
there exists v such that w < v < Q. Then, from v < Q we have U(0,v) > 6.
From w < v we have U(0,v) < 6. Thus, we would have U(0,v) = 6; but we
can find a v” such that w < v' <v” < Q and U(0,v") = U(0,v") = 6. This
contradicts the result of step 2. Because of these two contradictions we must
have w = 2, and U(0,w) = U(0, Q).

Step 4. U(0,w) =60 =U(0,9Q).

Suppose that U(0,w) > 6. Consider the orbit O(z, 0, 6, w) of system (3.11)
with v = w and the initial value set to (0,6) at z = 0. Then O(z,0,6,w) will

stay below I'(w) and intersect the line segment

Ly ={(1,1(w)); =1 <7 < 0)}

at some moment zy < 0. On the closed interval [zp — 1,0] D [20, 0], by the
continuous dependence of the solution on parameters, there exists v' > w
such that the orbit O(z,0,6,v’) of system (3.11) with v = ¢/, starting at the
initial point (0,6) at z = 0, sufficiently close to the orbit O(z,0,0,w) so that
0O(z,0,0,v") also enters the line segment L; at some moment 2’ € [z — 1,0].
Thus, I'(v') will stay above O(z,0,0,v") and we will have U(0,v") > . This
contradicts the definition of w. See Figure 3.10.
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(1, 92 (w))

(=1, ¢1(w))

Figure 3.10: I'(w), I'(v"), O(2,0,6,w), and O(z,0,0,v")

Assume that U(0,) < 6. We consider the orbit O(z,0,6,) of system
(3.11) with v = ©Q and initial value set to (0,6) at z = 0. Then O(z,0,6, Q)
will stay above I'(2) and enter the U-nullclinic ¥ in a neighborhood of
(1,U) = (—1,¢1(w)) at some moment z; < 0. By a similar reasoning as
above, we can find a v" < Q such that the orbit O(z,0,6,v") of system (3.11)
with v = ¢/, starting at the initial point (0,6) at z = 0, sufficiently close to
the orbit O(z,0,6,$) so that O(z,0,0,v") also enters the U-nullclinic ¥ at

some moment 2" € [zg—1,0]. Thus, I'(v') will stay below O(z,0,6,v") and we
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will have U(0,v") < 6. This contradicts the definition of Q. See Figure 3.11.

(1, ¢2(w))

Nullliﬁ

0(z,0,0,v")

(=1, ¢1(w))

-1 0 1
Figure 3.11: I'(Q?), I'(v'), O(z,0,6,9), and O(z,0,0,v")

Thus, there exists unique w = = v such that U(0,w) = 6 = U(0,92). O

At this stage, Theorem 3.2.1 has been proved for Case 1.
Case 2. Let w; < w < wi". Then there are three fixed points (—1, ¢ (w)),
(=1, ¢11(w)), and (=1, ¢12(w)) on the line 7 = —1.
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u

T ww) =0

Figure 3.12: The solutions of f(u,w) =0 and f(u,w)+ «a = 0.

According to the assumptions on the curves C} and Cy (see conditions

(a), (b), and (c)), we have (see Figure 3.12)

P1(w) < d11(w) < Pra(w) < do(w).

It is easy to see that the fixed point (—1,¢;(w)) is a saddle point and
(—1, $11(w)) is an unstable node. On the other hand, (—1, ¢12(w)) is a saddle
point, and (1, ¢o(w)) is a stable node. In this case, Lemmas 3.2.2, 3.2.3, 3.2.4,
and 3.2.5 also hold. The difference with Case 1 is that the U-nullcline curve
¥ has two branches; see Figure 3.13. One branch connects (—1, ¢ (w)) and

(=1, ¢11(w)) and lies in Dy with ¢ (w) < U < ¢11(w) and —1 < 7 < 719 < 0.
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The other one connects (—1, ¢15(w)) and (1, ¢o(w)). The proof of Theorem

3.2.1 is complete.

(17 (,252(10))
(L) 1
Two branches
(=1, 11 (w)) of Nullcline
(=1, ¢1(w)) 7
1 0 1

Figure 3.13: The two branches of ¥ in the case of w < w; .

]

Remark 3.2.6. The conclusion of Theorem 3.2.1 is still true even if the

fixed points (—1, ¢11(w)) and (=1, ¢12(w)), or (=1, ¢11(w)) and (=1, ¢1(w)),
overlap since Lemmas 3.2.2, 3.2.3, 3.2.4, and 3.2.5 are still true in these

critical cases.

When f(U, w)+a = 0 has three solutions, we have the following theorem.
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Theorem 3.2.7. Given the parameter w € (wy,wy ), if the equation f(U,w)+
a = 0 has three solutions, then system (3.11) has no heteroclinic orbits link-

ing the fized points (—1, ¢1(w)) and (1, po(w)).

Proof. Let (1, ¢91(w)), (1, doz(w)), and (1, p2(w)) be three fixed points on
the line 7 = 1, and ¢o1(w) < @aa(w) < do(w). See Figure 3.14.

w

f(u,w)—i—a:O\

\¢2l(w) P2(w)

¢1(w) Pz (w)

\f(u,w) =0

Figure 3.14: The solutions of f(u,w) =0 and f(u,w) 4+ a = 0.

According to the assumptions on the curves C and Csy (see conditions (a),
(b), and (c)), ¢1(w) < pa1(w), and we have f(U, w)+a < 0 for ¢g(w) < U <
¢ao(w). Tt is easy to see that the points (1, ¢o1(w)) and (1, ¢o(w)) are stable
nodes and (1, ¢oo(w)) is a saddle point. On the segment of the horizontal
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line
Lo = {(7, paa(w)); —1 <7 < 1},

we have the inequality

f(pa(w),w) +al(7) < f(d(w),w)+a = 0.

This means that the vector field defined by system (3.11) cannot point up

on this segment.

(1, ¢2(w))

Lo /
(R S S A R e ey (§ S CD))

(1, $21(w))

(=1, ¢1(w))

-1 0 1
Figure 3.15: Segment Ly and its vector field.

Thus, there exists no orbit, in the domain D,, entering through the line
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Ly in the top direction as z increases. Moreover, there is no heteroclinic orbit,

linking the fixed points (—1, ¢;(w)) and (1, ¢o(w)), in this domain. O

Remark 3.2.8. The conclusion of Theorem 3.2.7 is still true even in the
critical case where (1, ¢91(w)) and (1, ¢9a(w)) overlap since the vector field
on the line Ly still points in the bottom-right direction and there is no het-

eroclinic orbit intersecting this line and linking the fixed points (—1, ¢1(w))

and (1, g2(w)).

Remark 3.2.9. If w, < w < w3, then the equation f(U, w)+a = 0 certainly
has three solutions. If w; < w < wy, then the function f(U,w)+a = 0 has a

unique solution, U = ¢o(w), and f(U, w) = 0 admits the solution U = ¢ (w).

The condition f(U,w) + a/2 > 0 for U < 0 is necessary by the next

theorem.

Theorem 3.2.10. If f(Uy,w) + s < 0 for some ¢(w) < Uy < 0, then
there is no heteroclinic orbit passing through the point (1 = 0,U = 6), link-
ing the fized points (—1,¢1(w)) and (1, pa(w)), and having its U-coordinate

INCTeasing as z increases.

Proof. In fact, if there is some ¢;(w) < Uy < 0 such that f(Up,w) + 3a < 0,
then f(Uy, w)+al(7) < 0 on the segment L = {(Uy, 7); —1 < 7 < 0} because
of the inequality I(7) < 1/2 for —1 < 7 < 0. The vector field on L points
in a bottom-right direction. The orbit starting at the point S could not
penetrate this segment from above in a bottom-left direction as z — —oo.

See Figure 3.16.
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(1, $2(w))

v v v v v v 0o

(=1, é1(w))

-1 0 1
Figure 3.16: Segment L and its vector field.

If f(Up,w)+a/2 =0and f(U,w)+ 3a >0 for ¢;(w) < U < Uy, then at
the point P = (7,U) = (0,Up) € ¥ the vector field defined by system (3.11)
is (k(1—72),0). By what has been proved in Lemma 3.2.4, the orbit starting
at P will go into the left side of ¥ and its U-coordinate will increase as z
decreases.

If f(6,w)+ «/2 < 0, then the U-coordinate of the orbit starting at
S = (0,0) also increases as z decreases. Thus, in all these cases, there is no
heteroclinic orbit passing through S and having its U-coordinate increasing

as z increases, and linking the fixed points (=1, ¢1(w)) and (1, ¢o(w)). O
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Remark 3.2.11. From conditions (a), (b), and (c), the inequality f(¢1(w),
w) + a/2 > 0 holds. Moreover, f(U,w) + a/2 >0 for U < ¢(w). It is clear
that the condition f(U,w)+ /2 > 0 for U < 6 is equivalent to the following

condition:

The function f(U,w) + «/2 has no zero point on the interval ¢;(w) <
U<é.
From Theorems 3.2.1, 3.2.7, and 3.2.10 we have a necessary and sufficient

corollary for monotone increasing traveling wave solutions of equation (3.1).

Corollary 3.2.12. Suppose equation (3.1) satisfies conditions (3.2) and (a)-
(d). Then, there is a unique v = v(w, ) > 0 such that equation (3.11) has a

unique heteroclinic orbit
{(r(z,w),U(z,w)); 7(0,w) = 0, U0, w) = 0},

if and only if wi < w < wy and the function f(U,w)+ «/2 has no zero
for p1(w) < U < 0. The function U(z,w) is monotone increasing in z. The

orbit satisfies the boundary conditions

ZEELO U(Za w) = (b?(w)v ZEI_ILO U(Za U)) = (bl(w)?

(3.17)

ZEIJPOOT(Z,U)) =1, ZEI_nOOT(Z,w) =—1,

linking the fized points (—1, ¢1(w)) and (1, po(w)). The function
u(t,z) = U(x +vt,w) = U(z,w), where z = x + vt,

with some abuse of notation, is the unique traveling wave solution of equation

(3.1) such that
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(a) U(z,w) is a monotone increasing function of z,

() U0, w) =0,

(v) the limits (3.17) hold and lim U,(z,w) = 0.

z—Foo

Remark 3.2.13. Let

Co = {(U,w); FUw) + %a = o} .

It is a curve in the U-w plane, lying between C7 and C5. Denote its w-
minimum and w-maximum points by (py, wy ) and (pg, wq ), respectively. If
po < pyi, then the conditions w; < w < w; and f(U,w) + sa > 0 for
é1(w) < U < 6 and p; < 0 < pl are equivalent to w; < w < wy . In fact,
when wy < w < wy, we can obtain wy < w < wy and f(U,w) + 3o > 0 for
é1(w) <U <@ and p; <6< pf. Conversely, w; < w < wy is the necessary
condition of f(U,w) + 2o > 0 for ¢y (w) < U < 6 and p; < 6 < pf. Thus,

provided p, < pj, Corollary 3.2.12 holds if and only if w; < w < wy .

Next, we consider the relationship between the wave speed v = v(w, 6)

and the threshold 6.

Theorem 3.2.14. Given w] < w < wy, if there is p; < 0y < pi such that
f0,w) +a/2 > 0 for < Oy then v = v(w,0) is a monotone decreasing
function of the threshold 6 € (py ,6).

Proof. The conditions in this theorem guarantee that the monotone increas-
ing traveling wave solution for equation (3.1) exists, and the function v =
v(w, ) is well defined for the threshold values 6 € (p;,6y). Let v; = v(w, 6;),
1 = 1,2, and 0; < 0y. At first v; # vy. Otherwise, there would be two
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unstable manifolds for system (3.11) at the fixed point (—1, ¢1(w)). This
contradicts the uniqueness of the unstable manifold of saddle points. Sec-
ondly, we assume v; < vy. Let I'(v1) and I'(v2) be heteroclinic orbits of
systems (3.11) with v = v; and v = v, and passing through the initial points
(0,6,) and (0, 02), respectively. In Step 2 of the proof of Lemma 3.2.5 we have
the result U(7,vy) > U(T,vp) if v; < vy for the heteroclinic orbits. From this
inequality it is easy to see that ¢, = U(0,v;) > U(0,v9) = 65. This means

that v(w, #) is a monotone decreasing function of 6. O
We also consider the relationship between v and w.

Theorem 3.2.15. Given 6 € (p7, p7). If f(U,w)+35a > 0 forw < w* < wy

and U < 0, then v(w, 8) is a monotonic decreasing function of w € (wy ,w®*).

Lemma 2.5 in [38], claims that v is monotonic decreasing with respect to
w (see the end of its proof). In that proof, U is differentiated with respect
to v. This is not reasonable since v is uniquely determined by fixed 6 and w,
so there is no traveling wave solution for any v, which passes through (0, 6).

We here give a correct proof of this theorem.

Proof. For a fixed 6 € (p7, pi), the conditions in the theorem guarantee that
the traveling wave solutions exist for every w € (wy,w*). Thus, v(w,0), as
function of w, is well defined. Let w',w” € (w;,w*) and w' < w”; then

fUw") > f(Uw"), because f,, < 0. We claim that
v(w',0) > v(w", ).

In fact, if v(w’, 0) < v(w”, ), noting that both of them are positive, we would
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have
fO,w)+ia  f(O,w")+ la

v(w', 0) v(w”, ) >0

(=1, ¢1 (w));
(=1, 61 (w"))

Figure 3.17: The schematic diagram of I and I'”

Let I'" be the heteroclinic orbit of system (3.11) with w = w" and I'” be
the orbit with w = w”. At time z = 0, I and I'” would meet at the point
(1,U) = (0,60). On the left side of this point, where —0 < z < 0 for some
0 > 0 small enough, I'V was below I'”. Both of them would approach their
limit points (7,U) = (—1,¢1(w’)) and (7,U) = (=1, ¢1(w")), respectively.

According to the condition on the curve C, we have ¢1(w’) > ¢1(w”). Thus,
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I' had to penetrate IV with bigger slope from above at some point, say

(10, Up), —1 < 19 < 0; but at this point

f (U, w") + al (7o) - f (U, w") + al (7o)

U(w’7 Q)k(l - Tg) U(w//7 e)k‘(l — Tg) > 0.

We have a contradiction. OJ

3.3 Monotone decreasing traveling wave so-
lutions

Finding monotone decreasing traveling wave solution of equation (3.1) is
equivalent to finding the solution that satisfies equation (3.6), the boundary
condition (3.4), and U, < 0. We are concerned with solutions with initial
condition U(0,w) = 6. For this class of solutions, we must have U(z —¢&) < 6

for ¢ < zand U(z — &) > 0 for £ > z, hence the equation
HU(z—-&w)—0)=1
holds only for z < &. Thus we obtain
[ K©HUE - -0a = [T K@
and equation (3.6) becomes
U, = f(U(z,w),w) —I—Oz/oo K(&)d¢, U, <0, UO,w)=0. (3.18)
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If we substitute z in (3.9), then I(z) is transformed into

! 1 1. 1+n
IN=[] — K(=—In—") an.
™ /T k(1 —n?) (% nl—n) !

It is easy to see from the properties of the kernel K (z) that I(7) is monotone
decreasing, I(0) =1/2, I(—1) =1, and I(7) > 0 for —1 < 7 < 1. With I(7)
and transformation (3.9), equation (3.18) can be transformed into an equiv-
alent autonomous system in the phase space (7,U). A monotone decreasing

traveling wave solution of equation (3.1) must satisfy the system

T - ), ~(0) =0,
j(j ) (3.19)
E:;[f(U,w)—i-od(T)], U(0) =6.

System (3.19) can be studied in the same way as system (3.11). We
consider the fixed points defined by the equations 7 = —1, f(U,w) + «a =0,
and 7 = 1, f(Uw) = 0, respectively, and search for heteroclinic orbits
linking the fixed points with decreasing U-coordinate as z increases. For

w; < w < wy, the fixed points (—1, ¢o(w)) and (1, ¢1(w)) certainly exist.

Theorem 3.3.1. Given the parameter w € (wy,wy) and the threshold
0 € (py,pl), if f(Uw)+a/2 <0 for U > 0 and the equation f(U,w) = 0 has
only one solution U = ¢1(w), then there is a unique value v = v(w,d) > 0
such that system (3.19) has a unique hetroclinic orbit passing through the
point S = (1,U) = (0,0) linking the fized points (1,U) = (—1, pa2(w)) and
(1,U) = (1,¢1(w)), and its U-coordinate is monotone decreasing as z in-

creases.

Proof. We shall prove this theorem by proving four lemmas in two cases.

Similar to system (3.11), system (3.19) has at least two fixed points (7,U) =
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(—1, po(w)) and (7, U) = (1, ¢1(w)) with ¢1(w) < ¢2(w). There are two cases
to be considered.

Case 1. w < w,. At 7 = —1, the derivative U" = 1[f(U,w) + o],
because I(—1) = 1. In this case, we can observe from Figure 3.18 that

f(U,w) + a = 0 has only one solution, so (7,U) = (=1, ¢2(w)) is the only

fixed point of system (3.19) at 7 = —1. We then consider the geometric
properties of the fixed points.
w
v
p1(w) p2(w)

Figure 3.18: The solutions of f(u,w) =0 and f(u,w) + a = 0 when w; <

w < Wy .

Lemma 3.3.2. The fized point (17,U) = (=1, pa(w)) is a saddle point and
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its local unstable manifold is in Dy and tangent to the line L.

Proof. The Jacobian of system (3.19) is

—2kT 0
J=11

(3.20)
;Oé],(T) %fu(U, w)

We have the derivative

o 1 1 147
I'(r) = k(1—¢2)K<2kln1—r)'

According to properties of the kernel function K(x),

1 1 1 1
O§K<—ln +T> < Cexp (—7‘—111 T

2k 1 —1 2k 1 —71

) |

1 1+7

C
. . / . - . .
OSTIEEH ”T)STIEEH k(1 —712) exp( 7‘2]{:1111—7

As7T— —1and k < /2,

)

Thus I(—1) = 0. The Jacobian (3.13) evaluated at the fixed point (7,U) =

(—1, po(w)) is
2k 0

1
0 fu(Balw),w)
According to condition (b), the entry f,(¢1(w),w) is negative, hence this
fixed point is a saddle point. From the Hartman—Grobman Theorem [10],

there is a unique local unstable manifold, say I', tangent to the characteristic

vector (1,0). Just like system (3.11), system (3.19) is defined in the same
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domain D which is divided into three parts by the same horizontal lines L,

and Ly, and we denote the part where U > ¢o(w) by
D3 ={(r,U);7 € (=1,41),U > ¢o(w)}.

We claim that I" must be in the domain D;. We consider the direction
of vector field in Dj. In the domain Ds, we have f(U,w) < f(¢2(w),w),
because U > ¢o(w) and f,(¢2(w), w) < 0. According to the properties of
I(1), I(1) < I(—1) for —1 < 7 < 1, we obtain

fUw)+al(r) < f(do(w),w) + al(—1) =0,

hence, U" < 0 in D3. Noticed that 7/ > 0 for —1 < 7 < 1, so vector fields in
D3 point in the bottom-right direction. If an orbit of system (3.19) passes
through a point in Ds, then it cannot approach (—1, ¢o(w)) as z goes to —oc.

Thus, the heteroclinic orbit I' cannot enter Ds. O

Lemma 3.3.3. The unstable manifold " of the saddle point (1,U) = (—1, ¢o(w))
approaches the fized point (1,U) = (1, ¢1(w)) as z — +oo. It is the unique

heteroclinic orbit linking the two fixed points.

Proof. On the line Lo, the vector field points in the bottom-right direction

because
f(do(w),w) + al(1) < f(pa(w),w) +a = 0.
On the line Ly, the vector field points to top-right direction because

f(o1(w),w) + al(r) = al(r) > 0.

On the line 7 = —1, the vector field points vertically up since f(U,w)+a > 0
for U < ¢o(w). On the line 7 = 1, the vector field points vertically down
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since f(U,w) < 0 for U > ¢1(w). Thus, D, is a positive invariant set, and by
Poincaré-Bendixson theorem, I' must go to the fixed point (1, ¢ (w)) because
T is monotone increasing in Dy as z increases.

Thus, I, as the unique local unstable manifold of the saddle point (—1, ¢o(w)),
is the unique heteroclinic orbit linking the fixed points (7,U) = (—1, ¢o(w)
and (1,U) = (1, ¢1(w)). O

Lemma 3.3.4. The heteroclinic orbit I' must stay on the right side of the
U-nullcinic curve of system (3.19), and the U-coordinate, U(z), of I is a

monotone decreasing function of z.

Proof. The U-nullcline of (3.19), denoted by ¥, is defined as
Y={(r,U) e D;7 € (-1,1), f(Uw)+ al(r) =0}.

Figure 3.19 shows a U-nullcline of (3.19) in Case 1.
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(=1, ¢2(w))

/Solution

U—Nullcline/

(1, ¢1(w))

-1 0 1

Figure 3.19: The U-nullcline of system (3.19) divides the domain D, into
two parts. U’ > 0 in the left part, and U’ < 0 in the right part.

The U-nullcline divides the domain Dy into two parts. If a point P is on
Y., then the orbit O(z, P), starting at P when z = 0, will enter the left side
of ¥ as z decreases. We consider the set U’ of points in the left part. Let
(U, 1) be a point lying to the left of ¥, and (U, 7,,) be the point on ¥ with

the same U-coordinate. Clearly, 7, < 7,,. We then have
U,(Ul,’/’l) = f(Ul,w) + Oé[(Tl) > f(Ul,w) + Oé[(Tn) =0
by the properties of I(7). If an orbit of (3.19) passes through a point lying to
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the left of X, then it cannot approach the saddle point (—1, ¢o(w)), because
U decreases when z decreases in the left part by U’ > 0 (See Figure 3.19).
Hence a heteroclinic orbit cannot pass into the left part of 3. This fact
ensures that the heteroclinic orbit I' must stay in the right part. Next, we
consider the set U’ of points in the right part. Let (U,,7.) be a point lying
to the right of ¥, and (U, 7.) be the point on ¥ with the same U-coordinate.

Clearly, 7. > 7.. We then have
U Ur,77) = f(Ur,w) + al(7,) < f(Up,w) + al(7,) =0

due to the decreasing properties of I(7). Since I" stay in the right part, U’(2)
of I' is always negative, which means that U(z) is a decreasing function of

z. OJ

Lemma 3.3.5. If f(Uw) + 3o < 0 for § < U < ¢o(w), then there ex-
ists a unique vy > 0 such that the heteroclinic orbit of (3.19) with v = vy

passes through the point S and links the fixed points (1,U) = (—1, ¢o(w)) and
(T7 U) = (17 ¢1<W))

Proof. In the proof of Lemmas 3.3.2 and 3.3.3, we have shown that system
(3.19) has a unique orbit linking the fixed points for v > 0 under the condi-
tions of Case 1. Moreover, Lemma 3.3.4 shows that this orbit can define its
U-coordinate as a decreasing function of the 7-coordinate, because U(z) is a
decreasing function of the independent variable z, and 7(2) is an increasing

function of the independent variable z. Denote this orbit as
L) ={(r,U) = (r,U(1,v));7 € (-1,1)}.
We prove this lemma in four steps.
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Step 1. There exists 0 < v; such that U(0,v;) < 0, and vy > 0 such
that U(0,vy) > 0.
On the segment

by assumption we have

1
f(U,w)+§a<O.

By the continuity of f(U,w) 4+ al(7) we can find a closed rectangle
R={(r,U); =0 <7<0,0<U < ¢o(w)} C Dy, 6>0,

such that f(U,w) + al(1) <n <0 for (1,U) € R. Take a small v; > 0 such

that
At 1C))

Ulk )
Then the orbit O(z, —6, ¢o(w)) of (3.19), starting from the point (7 = —§,U =

¢2(w)) at z = 0, has the derivative

dU  f(U,w)+al(7)

it 0 = do(w)
dr — vk(l—72)

J

Ui
< —<
_Ulk’

on R. This means that the orbit O(z, —d, ¢2(w)) will get to the position
(1,U) = (1(20) = 0,U(20) < 0) for some 2y > 0. By the properties of phase
flows of autonomous ODEs [1], the orbit I'(v;) cannot intersect with the
orbit O(z, =9, ¢a(w)). Thus the unstable manifold I'(v;) of the fixed point
(1,U) = (—1, po(w)) will stay below the orbit O(z, —6, ¢p2(w)), and get to the
point (7,U) = (0,U(0,vy)) with U(0,v;) < 6.(See Figure 3.20.)

118



(~1,6a(w)) \\
N

ullcline——

T(v1)~”

\O(Z, —5, o (w))

(1,1 (w))

-1 0 1

Figure 3.20: The heteroclinic orbit I'(v;) must stay under the orbit
O(Za_(s?(bZ(w))'

Let M = min{f(U,w) + al(7)} for =1 < 7 < 0 and § < U < ¢a(w).

Then M < 0. Consider the U-nullclinic curve
Y={(r,U); 7 € [-1,1], f(U,w) + ol (1) = 0}.

Since fy(¢pa(w),w) <0, al(7) >0, and I'(—1) = 0, ¥ is in a neighborhood
of (1,U) = (=1, ¢o(w)) for 7 > —1 and U < ¢(w), and has the horizontal
tangent line U = ¢o(w) at the point (=1, ¢a(w)). Let (79, Up) be a point

in the U-nullclinic curve ¥ near the fixed point (7 = —1,U = ¢o(w)) with
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—1 <19 < —( <0 for some ¢ > 0, then the orbit O(z, 79, Up), starting from
(10, Up) € ¥ at z = 0, will stay on the right side of ¥ as z increases. Take vy
large enough such that v; < vy and

fU,w) + al(7) S M >0—U0
vak(1—72) 7 wek(l—13) —T0

—1§7'0§T<0,

then the orbit O(z, 19, Up) of (3.19) will get to a point (7(29) = 0,U(zo) > 6)
for some zy > 0. By the properties of phase flows of autonomous ODEs [1],
the unstable manifold I'(vy) of the fixed point (—1, ¢o(w)) will stay above
O(z, 10, Up) and get to a point (7 = 0,U(0,ve) > 6).
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(=1, ¢2(w))
N W
N

ullcline——

(1,1 (w))

-1 0 1

Figure 3.21: The heteroclinic orbit I'(vy) must stay above the orbit
0(27_7-07¢2(w))'

Step 2. For any 0 < vy < v, U(1,v1) < U(T,v2), T € (—1,1).

Here we prove

Lemma 3.3.6. Let I'(vy) and I'(va) be two heteroclinic orbits of system (3.19)
with speed vy and vq, respectively. If 0 < vy < vy, then U(T,v1) < U(T,v3)
for T € (—1,1).

Proof. We assume that U(7y,v1) = U(7p,v2) at some —1 < 75 < 1, which
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means that I'(vy) and I'(ve) intersect at 7 = 7y. Let

Mo = f(U(To,’Ul),UJ) + aI(T()) = f(U(To,Ug),U/) + O./[(To).

Since heteroclinic orbits are monotone decreasing, py < 0. Consider the
tangents to I'(v1) and I'(ve) at the point (79, U(10,v1)) = (70, U(70,v2)); then

the following inequality holds:

Ho < Ho
vk(l1—78)  wk(l—178)

(3.21)

On the left side of the intersecting point, I'(v;) is above I'(vy) for 7 € (19 —
J,70), when ¢ is small enough, hence we can find a point @) above I'(vy) and

below I'(vy). See Figure 3.22.
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(=1, ¢2(w))

(1, ¢1(w))

-1 0 1

Figure 3.22: If ['(vy) intersect with I'(vy) at some —1 < 75 < 1, then we can
find an orbit O(Q, vy) intersecting with I'(ve) at (7, U(7,v2)) € ['(vg).

Consider the orbit O(Q,v;) of system (3.19) with v = v; which passes
through Q. As z — —o0o, the orbit O(Q,v;) cannot approach the fixed
point (—1, ¢o(w)) because the heteroclinic orbit I'(v;) is the only unstable
manifold. Because of the properties of phase flows of autonomous ODEs, the
orbit O(Q,v1) cannot cross ['(vy). Since 7/ > 0 for —1 < 7 < 1, O(Q, vy)

must enter I'(vy) at some point (7,U(7,v9)) € T'(v2) as z — —o0.
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At the intersecting point (7, U(7,v2) € I'(vq), we have
fUT,v),w)+al(7) = f(U(T,v2),w) +al(7) = 1 < 0.

By comparing the tangents of O(Q,v;) and I'(vy) at this point, we obtain

the following false inequality

fi _ fi
vak(1—72) " uik(1—72)

This contradiction proves that U(7,v) # U(7,vq) for 7 € (—1,1).

T

(=1, ¢2(w))

(Tq7 U(Tq7 UQ))
(—_O(Qv 1)1)

(1, ¢1(w))

-1 0 1

Figure 3.23: The orbit O(Q, v1) intersects with I'(vy) at (7, U (7, v2)) € ['(vy).

Next we prove that U(r,v1) < U(r,vy) for 7 € (—=1,1). In fact, if

124



U(r,v1) > U(1,v9) for 7 € (—1,1), we can take a point @ = (7/,U’), be-
low I'(v;) and above I'(vy). See Figure 3.23. By repeating the reasoning for
O(Q,v1) we get the same false inequality again, and this contradiction proves

that U(7,v1) < U(7,v2) for 7 € (—1,1). O

Step 3. If w = sup{v;U(0,v) < 0} and Q = inf{v,U(0,v) > 6}, then
w = (.

From Lemma 3.3.6, it is easy to see that w and 2 exist. If w > €2, then
there exists v such that w > v > Q. From w > v we have U(0,v) < §. From
v >  we have U(0,v) > 6. This is a contradiction. If w < §2 then there
exist v such that w < v; < Q. Then from v; < Q we have U(0,v;) < 6.
From w < v; we have U(0,v1) > 6. Thus, we would have U(0,v,) = 6; but
we can find a vy such that w < v; < vg < Q and U(0,v1) = U(0,vy) = 6.
This contradicts Lemma 3.3.6. Because of these two contradictions we must
have w = Q.

Step 4. U(0,w) =60 = U(0,1).

Suppose that U(0,w) < 6. Consider the orbit O(z, 0, 6, w) of system (3.19)
with v = w and the initial value set to (0,6) at z = 0. Then O(z,0,0,w) will

stay above I'(w) and intersect the line segment

Ly = {(1,02(w)); =1 <7< 0)}

at some moment zy < 0. On the closed interval [zg — 1,0] D [z0, 0], by the
continuous dependence of the solution on parameters, there exists v; > w
such that the orbit O(z,0, 6, v;) of system (3.19) with v = vy, starting at the
initial point (0,0) at z = 0, sufficiently close to the orbit O(z,0,0,w), will

also cross the line segment Ly at some moment 2’ € [zg — 1,0]. Thus, I'(v;)
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will stay below O(z,0,0,v;) and we will have U(0,v;) > 6. This contradicts
the definition of w. See Figure 3.24.

(=1, da(w))

(1, ¢1(w))

—1 0 1
Figure 3.24: U(0,w) < 6, orbit O(z,0,60,v1), I'(vy) and I'(w).

Assume that U(0,€2) > 6 and consider the orbit O(z,0,6,€) of system
(3.19) with v = Q and initial value set to (0,6) at z = 0. Then O(z,0,6,Q)
will stay below I'(2) and enter the U-nullclinic ¥ in a neighborhood of
(1,U) = (—1,¢2(w)) at some moment zy < 0. By a similar reasoning as
above, we can find a vy < € such that the orbit O(z,0, 6, vg) of system (3.19)
with v = vy, starting at the initial point (0,60) at z = 0, sufficiently close
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to the orbit O(z,0,6,€), will also enter the U-nullclinic ¥ at some moment
2 € [z — 1,0]. Thus, I'(vg) will stay above O(z,0,6,v) and we will have
U(0,v9) > 0. See Figure 3.25. This contradicts the definition of .

(=1, ¢2(w))

Nullclinc/

(1, ¢1(w))

-1 0 1

Figure 3.25: U(0,9Q) > 6, the orbit O(z,0,0,9), O(z,0,0,v), I'(vg), and
().

Thus, there exists a unique w = © = v such that U(0,w) = 0 = U(0,1).
[

Case 2. wy, <w < wy.

Then there are three fixed points, (—1, ga(w)), (=1, P21 (w)), and (—1, oz (w)),

127



on the line 7 = —1. According to the assumptions on the curves C; and Cy

(see conditions (a), (b), and (c)), we have

P1(w) < dan(w) < Paa(w) < Po(w).

In the proof of Lemma 3.3.2, we proved that the fixed point (—1, ¢o(w)) is a
saddle point. Evaluating the Jacobian of (3.19) at (—1, ¢a1(w)) gives

2k 0
%04]/(—1) %fu(ﬁb?l(w)’ w)

thus, we have a saddle point. On the other hand, (—1, ¢92(w)) is an unstable
node, and (1, ¢1(w)) is a stable node. In this case, Lemmas 3.3.2, 3.3.3, 3.3.4,
and 3.3.5 also hold. The difference with Case 1 is that the U-nullclinic curve

> has two branches.
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(=1, pa(w)) )
(_ la ¢22 (’lU))
Two branches
of Nullcline

(=1, ¢a1(w))

(1, ¢1(w))

-1 0 1

Figure 3.26: In Case 2, the U-nullclinic curve of (3.19) has two branches.

One branch connects (—1, ¢2(w)) and (—1, ¢oo(w)) and lies in Dy with
Go1(w) < U < ¢o(w) and —1 < 7 < 0. The other one connects (—1, ¢a1(w))
and (1, ¢1(w)). The proof of Theorem 3.2.1 is complete. O

Theorem 3.3.7. For w; < w < wy, system (3.19) has three fized points on

the line T =1, 1. e.

(17¢1(w>>7 (17¢11(w))7 (17¢12<w))7

where

P1(w) < dp11(w) < Pra(w) < Po(w),
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and has no heteroclinic orbit linking (—1, g2(w)) and (1, ¢1(w)) with the U-

coordinate, U(z,w), which is a decreasing function of z.

Proof. From conditions (a), (b), and (c), system (3.19) obviously has three

fixed points on the line 7 = 1. On the segment
Ly ={(r,U); -1 <7< 1,U = ¢11(w)}
the vector field points in a top-right direction because of the inequalities
K1=72)>0 and % [Fpuw),w) +al(r)] = % 1(r) > 0.

Figure 3.27 shows the pattern of the vector field in this case.

T T ™3

(_1a (;52(’(1)))

i (1, g12(w))

I N N Y N S S Y N S S A A (1, p11(w))

i (L, ¢1(w))

-1 0 1
Figure 3.27: Vector field on L3 points in a top-right direction.
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Thus, there is no orbit passing through L3 in the bottom-right direction
and linking the fixed points (—1, ¢2(w)) and (1, ¢ (w)) with the U-coordinate,

U(z,w), being a decreasing function of z. O

Theorem 3.3.8. Iff(UO,w)—i—%a > 0 for some ¢o(w) > Uy > 0, then there is
no heteroclinic orbit passing through the point (1 = 0,U = 0), linking the fized
points (—1, p2(w)) and (1, ¢1(w)), and having its U-coordinate decreasing as

Z 1ncreases.

Proof. In fact, if there are some ¢o(w) > Uy > 0 such that f(Up, w)+3a > 0,
then f(Uy,w) + al(7) > 0 on the segment

L ={(U,7); =1 <71 <0}

because of the inequality I(7) > 1/2 for —1 < 7 < 0. The vector field on L
points in a top-right direction. The orbit starting at the point S could not

cross this segment from below in a bottom-left direction as z — —oo.
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(=1, da(w))

(T S S S [T

(1, ¢1(w))

-1 0 1
Figure 3.28: The vector field on L3 points in a top-right direction.

If f(0,w)+ /2 =0and f(U,w)+ 1o <0 for ¢o(w) > U > 6, then at the
point S = (7,U) = (0,0) the vector field defined by system (3.19) is (k,0).
The U-nullclinic curve 3 has the tangent vector (fy (0, w), —al’(0) # 0) at
the point S. The orbit starting at S will go into the left side of ¥ and its
U-coordinate will decrease as z decreases.

If f(0,w)+a/2 >0, then the U-coordinate of the orbit starting at S also
decreases as z decreases. Thus, in all these cases, there is no heteroclinic orbit

passing through S and having its U-coordinate decreasing as z increases, and

linking the fixed points (—1, ¢2(w)) and (1, ¢1(w)). O
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Summing up what has been proved by Theorems 3.3.1, 3.3.7, and 3.3.8,

we obtain

Corollary 3.3.9. Suppose equation (3.1) satisfies conditions (3.2) and (a)-
(d). Then, there is a unique v = v(w,8) > 0 such that equation (3.19) has a

unique heteroclinic orbit
{(r(z,0),U(z,w)); 7(0,w) = 0, U0, w) = 6},

if and only if wi < w < wy, and f(U,w) + /2 < 0 for § < U < ¢o(w).
The function U(z,w) is monotone decreasing in z. The orbit satisfies the

boundary conditions

lim T(Zaw) = _17 lim T(Zﬂw) - ]'7

o oo (3.22)
lim U(z,w) = ¢o(w), lim U(z,w) = ¢1(w),

z2——00 z—+00

linking the fized points (—1, ¢o(w)) and (1, ¢1(w)). The function
u(t,z) =U(x +vt,w) =U(z,w), where z=vt+z,

with some abuse of notation, is the unique traveling wave solution of equation

(3.1) with the properties

(a) U(z,w) is a monotone decreasing function of z,

() U(0,w)) =0,

(v) the limits (3.22) hold and lim U,(z,w) = 0.

2—F oo

Remark 3.3.10. Similar to Remark 3.2.13, if pj > p;, the conditions w]” <
w < wy and f(U,w) + ta < 0for U >0 and § € (p;, p{) are equivalent to

wy > w > wy.
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For decreasing solutions, the relationship between the wave speed v =

v(w, #) and the threshold 6 is in the following theorem.

Theorem 3.3.11. Let w7 < w < wy. If there is 0y € (py,p]) such that
f0,w) +a/2 <0 for 0 > 6y, then v = v(w,0) is a monotone increasing
function of the threshold 6 € (0y, p7).

Proof. The conditions in this theorem guarantee that the monotone de-
creasing traveling wave solution for equation (3.1) exists, and the func-
tion v = v(w, ) is well defined for the threshold values 6 € (g, pf). Let
v; =v(w,0;),i=1,2, and 6 < 0. At first v; # ve. Otherwise, there would
be two unstable manifolds for system (3.19) at the fixed point (—1, ¢2(w)).
This contradicts the uniqueness of the unstable manifold of saddle points.
Secondly, we assume v; > vg. Let I'(v1) and I'(vg) be heteroclinic orbits
of systems (3.19) with v = v; and v = vy and passing through the ini-
tial points (0,6;) and (0,6s), respectively. By Lemma 3.3.6 we must have
0, = U(0,v1) > U(0,vy) = 0o, which is a contradiction. O

Theorem 3.3.12. Let p| < 0 < pf. If there is w* € (w;,wy) such that
fUw) + 300 <0 for w* < w < wy and U > 0, then v(w,8) is a monotone
increasing function of w € (w*, wy)

Proof. For a fixed 6 € (p7, pi), the conditions in the theorem guarantee that
the traveling wave solutions exist for every w € (w*,wy), thus v(w, ), as
a function of w, is well defined. Let w,wy; € (w*,wy) and w; < ws; then
f(U,wy) > f(U,wy), because f,, < 0. Correspondingly, we have v(wy,6) and
v(ws, 0). We claim that

v(wy, 0) < v(ws, ).
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In fact, if v(wy, 0) > v(ws, ), noting that both of them are positive, we would

have
f(ev wl) + %a f(ga wQ) + %OZ
v(wy, 0) v(wy, 0)

Let I'; be the heteroclinic orbit of system (3.19) with w = w; and I'y be

0>

the orbit with w = wq. At 7 =0, I'; and ['y meet at the point (7,U) = (0, 0).
In the left side of this point, where —§ < z < 0 for some o > 0 small
enough, I'y was below I';. As z — —oo, both of them would approach their
limit points (7,U) = (—1, ¢2(wy)) and (7,U) = (=1, ¢2(ws)), respectively.
According to the condition on curve Cy, we had ¢o(wy) > ¢a(wsy). Thus, I'y
had to penetrate I'; from above at some point, say (7, Up), —1 < 79 < 0. If
we compare the tangents to ['; and I' at this point we have

f(Uo, ’LU1) + Ck[(’/'o) < f(Uo, ’LUQ) -+ OéI(TO)

v(wy, 0) v(we, ) <0,

which is a false inequality.
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-1 0 1

Figure 3.29: I'; and I's intersect at right of 7 = 0.

3.4 Symmetric traveling wave solutions

Now we consider traveling wave solutions of (3.1) in the positive z-direction

with positive speed v > 0. For the wave front, the function

u(t,z,w) =U(x —v(w,0)t,w) = U(z,w), z=z—v(w,0)t, (3.23)
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is monotone decreasing, satisfies the initial condition U(0,w) = 6 and the

boundary condition
lim U(z,w) = ¢1(w).

ZEI_HOO U(Z, 'UJ) - ¢2 (U)), Z—+00

Plugging (3.23) into (3.1) we have

+00
—oU, = f(U(z,w),w) + « K(¢)d¢, U,<DO. (3.24)
The corresponding autonomous system is
d
= =k(1-7), 7(0) =0,
d(j ) (3.25)
=) +al()], U©) =0,
where
L | 1, 1+n
I(t) = — K =1 dn.
") /T k(1 =n?) <2k‘n1—n) !

We search for the heteroclinic orbit of system (3.25) that has a monotone

decreasing U-coordinate as z increases and links the fixed points (—1, ¢o(w))

and (1,(}51(11)))
Let 0 = —7 and s = —z. Then system (3.25) is transformed into the
System
d
ST = k(1 - o?), 7(0) = 0,
ds (3.26)
v _1 U I U) =20 |
25 = o fUw) +al(o)], U0) =0,
where
7 1 1. 147
I(o) = K — | d
) / k(L —n?) <2k 1 —n) !




because the integrand is an even function on the interval [—1,1]. The fixed
points are transformed into (—1, ¢1(w)) and (1, ¢s(w)). We are searching
for the heteroclinic orbit of system (3.26) that has a monotone increas-
ing U-coordinate as s increases and links the fixed points (—1, ¢;(w)) and
(1, p2(w)). Now we face the same problem as with system (3.11). This means
that system (3.25) is the symmetric form of system (3.11), and similar results
on system (3.11) are also correct for traveling wave solutions with wave speed
v > 0.

If system (3.26) has orbit {o(s),U(s)} satisfying the conditions

7(0) =0, Tim (0(),U(5)) = (=1, 61(w),
U(0) =, i (o(5). U(s)) = (L, da(u)).
[im Us(s) =0,
and U(s) is an increasing function of s, then 7(z) = —a(—s), U(z) = U(—s)

is the orbit of system (3.25) satisfying the conditions

0(0) =4, i (7(2), U(2)) = (=1, da(w)
#0) =0, Tim (7(2), 0(2) = (1, o2 (w)),

lim U,(z) =0,

z—*+oo

and U(z) is an decreasing function of z.

We sum up all results in the following theorems.

Theorem 3.4.1. Suppose equation (3.1) satisfies conditions (3.2) and (a)-
(d). Then there exists a unique v = v(w,d) > 0, such that equation (3.11)

has a unique heteroclinic orbit
{(r(z,w),U(z,w)); 7(0,w) =0, U(0,w) = 6}
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if and only if wy < w < wy and the functionf(U,w) + %Of has no zero for
o1(w) < U < 0. The function U(z,w) is monotone increasing in z. The

orbit satisfies the boundary conditions

lim 7(z,w)=-1, lim U(z,w) = ¢1(w),

z——00 z——00
lim 7(z,w)= 1, lim U(z,w) = ¢a(w),
2—+00 z2—r+00
lim U,(z,w)= 0,
z—rFoo

linking the fized points (—1, ¢1(w)) and (1, ¢o(w)). The function
u(t,z) = U(x +vt,w) = U(z,w), where z =z + vt,

with some abuse of notation, is the unique traveling wave solution of equation

(3.1) such that

(a) U(z,w) is a monotone increasing function of z,

() U0, w) =0,

(v) the following limits hold

lim U(z,w)=¢1(w), lim U(z,w)= ¢o(w), lim U,(z,w)=0.

Z——00 z—+00 z—Foo

Meanwhile, system (3.25) has a unique heteroclinic orbit
{(7(s,w), U(s,w)); 7(0,w) = 0,U(0,w) = 0}.

The function U(s,w) 1s monotone decreasing in s. The orbit satisfies the
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boundary conditions:

lim U(s,w) = ¢o(w),

lim 7(s,w) = —1,

5§—+—00 §——0o0

Jm Few) =1 lim Uls,w) = é:(w)
lim U,(s,w)= 0,

s—+too

linking the fized points (—1, ¢o(w)) and (1, ¢1(w)). The function

a(x,t) = Uz —vt,w) = U(s,w), s=ux—ut,

is the unique traveling wave solution of equation (3.1) such that

(a) U(s,w) is a monotone decreasing function of s,

(b) U(0,w)) =40,

(c) the following limits hold:
lim U(s,w) = ¢o(w), liljrn U(s,w) = ¢ (w), lim Uy(s,w) = 0.
s——00 s—+o00 s—Foo

The wave speed v = v(w, 0) is a decreasing function the threshold 6 and the

parameter w.

In a similar way, the problem for wave back with speed v > 0 is given by

) #(0) = 0,
ddg . ) (3.27)
where )
N 1 1 . 1+n
0= [ ()
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We search for the heteroclinic orbit of system (3.27) that has a monotone
increasing U-coordinate as s increases and links the fixed points (—1, ¢y (w))
and (1, ¢2(w)). It can be transformed into the same problem as system (3.19).

We can obtain the following corresponding result.

Theorem 3.4.2. Suppose equation (3.1) satisfies conditions (3.2) and (a)-
(d). Then there exists a unique v = v(w,d) > 0, such that equation (3.19)

has a unique heteroclinic orbit
{(r(z,w),U(z,w)); 7(0,w) =0, U(0,w) = 6},

if and only if wi < w < wy and the functionf(U,w) + %a has no zero for
0 < U < ¢o(w). The function U(z,w) is monotone decreasing in z. The

orbit satisfies the boundary conditions:

lim 7(z,w)=—1, lim U(z,w)= ¢2(w),

Z——00 Z—r—00
zgg—noo,r(z’w) = 1’ zEI—Poo U(Z>w): @1(10),
lim U,(z,w)= 0,

z—+o00

linking the fized points (—1, ¢o(w)) and (1, ¢1(w)). The function
u(t,z) = U(x +vt,w) = U(z,w), where z = x + vt,

with some abuse of notation, is the unique traveling wave solution of equation

(3.1) such that

(a) U(z,w) is a monotone decreasing function of z,
(5) U0,w) =0,
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(v) the following limits hold:

lim U(z,w) = ¢o(w), lim U(z,w) = ¢1(w), lim U,(z,w) =0.

Z——00 z—r+00 z—Fo0

Meanwhile, the system (3.27) has a unique heteroclinic orbit
{(7(s,w), U(s,w)); 7(0,w) = 0,U(0,w) = 0}.

The function U(s,w) is monotone increasing in s. The orbit satisfies the

boundary conditions:

lim 7(s,w)=—1, lim U(s,w) = ¢1(w),

s——00 §——00

Jm Few)= 1, I Ulsw) = da(w),
lim U,(s,w)= 0,

s—+oo

linking the fized points (—1, ¢1(w)) and (1, po(w)). The function
(z,t) = U(:E —vt,w) = U(s,w), s =x — ut,
is the unique traveling wave solution of equation (3.1) such that
(a) U(s,w) is a monotone increasing function of s,
(b) U(0,w)) =9,
(c) the following limits hold:

lim U(s,w) = ¢y (w), lim U(s,w) = ¢o(w), lim Us(s,w) = 0.

s§——00 s—+00 s—F o0

The wave speed v = v(w, 0) is an increasing function of the threshold 6 and

the parameter w.
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These two theorems show that both the wave front and the wave back
are traveling symmetrically, with the same speeds and forms, along the two
directions of the one-dimensional net. This can be verified by numerical

simulation.

3.5 Discussions

3.5.1 What is the difference from the results of [38]7

Now we compare our results with those of [38]. The problem considered in
both cases is the same. Conditions (3.2) and (a)—(d) are the same as in [38].
Our results are different from Theorem 1 of [38] in the following points. In
order to ensure the existence of a monotone increasing traveling wave solution
for equation (3.1) we set more conditions on the function f(u,w), the synaptic
number «, and the parameter w, such that f(u,w) + «a = 0 has only one
solution ¢o(w), and the function f satisfies f(u,w) + 3o > 0 for u < 6. We
have proved these two conditions are necessary and sufficient. For monotone
decreasing traveling wave solutions, the corresponding conditions are that
the equation f(u,w) = 0 has only one solution and that f(u,w)+ ja < 0
for u > 6.

In [38], by its first condition, « is required to be large enough so that
f(u,0) + a = 0 has only one solution 5 > 1 and f,(3,0) < 0. By its second
condition, it is supposed that the threshold @ satisfies p; < 6 < p] and there
exists a unique number wy, such that 2f(0,wy) + a = 0, 2f(0,w) + a < 0
for w > wy, and 2f(0,w) + a > 0 for w < wy. Under these two conditions,

Theorem 1 of [38] claims that a monotone increasing traveling wave solution
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exists for w; < w < wy and a monotone decreasing traveling wave solution
exists for wy < w < wy. Apparently, our conditions for the existence of
traveling wave solution are stronger than those of [38], but our conclusions
are stronger than those of [38]. We set necessary and sufficient conditions for
the existence and uniqueness of traveling wave solutions, while [38] gives only

sufficient conditions. In fact, the conditions of [38] are too weak to ensure

the existence of traveling wave solutions.

3.5.2 A counterexample

We give the following counterexample to the result of [38] as follows. Let
flu,w) =u(u—0.5)(1 —u) —w and o = 0.07. We calculate that

_ 3-v3 V3 - 3+v3 V3
(Plawl):< 7__>a (P17w1)2< _>

6 36 6 36

and f(u,0)+a =u(u—0.5)(1 —u)+0.07 = 0 has a unique positive solution
B > 1, because at its extreme point the function w = u(u —0.5)(1 —u)+0.07

attains its minimum value

1
0.07 — %\/5 ~ 0.07 — 0.0481 = 0.0219 > 0.

The equation f(#,w)+1ia = 0is equivalent to w = #(6—0.5)(1—0)+0.035. In
the interval %ﬁ <f< %3, it is an increasing function. For given 6, there
is a unique wy such that f(6,w) + 3o = 6(6 — 0.5)(1 — 6) +0.035 — wy = 0,
f(0,w) + 2a > 0 for w < wy, and f(f,w) + 1o < 0 for w > wy. Thus, the
requirements of Theorem 1 in [38] are fulfilled.

We set # = 0.6 and wy = 0.059. Then, for any 0.0219— < w < wy,
f(U,w)+a = 0 has three solutions. By Theorem 3.2.7, there is no heteroclinic
orbit linking the fixed points (—1, ¢1(w)) and (1, pa(w)).
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Forw =0, f(u,0)+a =u(u—0.5)(1—u)+0.07 = 0 has a unique positive
solution 3 = ¢»(0) > 1. On the other hand f(py,0)+2a ~ —0.0481+0.035 <
0. According to Theorem 3.2.14 there is still no heteroclinic orbit passing
through (0,6 > p;) linking the fixed points (—1, ¢1(w)) and (1, ga(w)). See
Figure 3.30.

0.16 |

0.12 |

0.08 |

—0.04 |

—0.08 |

Figure 3.30: Figure of w = u(u—0.5)(1—u)40.07 and w = u(u—0.5)(1 —u).

The fault of [38] is in its Lemma 2 where the existence of the global

solution for equation (3.7) was proved in the following way. The existence of
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the solution defined on the interval (—oo, —M) having the property

lim U(z) = ¢1(w),

Z——00

and the existence of the solution defined on (M, 4+00) having the property

lim U(z) = ¢a(w)

Z—r+00

were proved by using the Banach contraction mapping theorem. Then the
author assumes that these two local solutions can be extended step by step
to a global solution. In view of the equivalent system of ordinary differential
equations (3.11), these two local solutions are orbits which approach the
fixed points (—1, ¢1(w)) and (1, ¢2(w)), respectively. It is not always possible
that these two orbits extend to a heteroclinic orbit. Our results clarify the

conditions under which a heteroclinic orbit uniquely exists.

3.5.3 On the kernel function

To simplify the reasoning procedure we assumed that 0 < K (z) is continuous
and satisfies condition (3.2). Now we assume that K (z) is a nonnegative and
piecewise continuous function and satisfies condition (3.2). Thus, K (z) may

have the form

=0, M<|zlanda; <z <b;, =M <a;,b;<M,i=1,2,... N,
K(x)

> (0, otherwise,
which is piecewise continuous. The shape of this kernel function will cause

changes in the properties of the function I(7). In this generalized case, (1)

is nonnegative, continuous, nondecreasing, and piecewise differentiable. At
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a point of non differentiability, the left and right derivatives are continuous.
Here we need to carefully consider the points to be addressed in proving the

theorems of this chapter. We only discuss this issue for system (3.11).

On the invariant set D,. On the line
{(r,U); =1 <7< 1,U = ¢1(w)},

I(1) = 0 for some 7 < 715 < 0 and I(7) > 0 for 7 > 7.

The vector field defined by system (3.11) is
(k(1—72), f(¢1(w),w) + al (1) = al(T)).

The vector field points in a top-right direction for 7 > 7y because I(1) > 0
for 7 > 79. The segment of L, for 7 < 7y is a piece of the orbit of system
(3.11), which is a piece of the unstable manifold, I', of the saddle (—1, ¢ (w))

because the vector field on this segment is
(k(1—77), f(¢1(w),w) + al (1) = al(r) = 0)

for 7 < 7.
On the line
{(r,U); =1 <7< 1,U = ¢o(w)},

I(t) =1 for some 0 < 7y <7 and I(r) < 1 for 7 < 7.

The vector field defined by system (3.11) is

(k(1 —72), f(¢2(w), w) + o (T)).

The vector field points in a bottom-right direction for 7 < 7 because I(7) < 1

for 7 < 7. The segment of Ly for 7 > 7y is a piece of the orbit of system
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(3.11), which approaches the stable node (1, ¢o(w)) because the vector field

on this segment is
(k(1 = 72), f(¢2(w),w) + I(r) = I(r) = 0)
for = > 7.

Thus, Ds is also a positive invariant set for system (3.11) in this situation.

On the nullcline . The U-nullcline is defined by
Y ={(r,U); f(Uw)+ al(r) = 0}.
It is possible that ¥ contains a horizontal line segment
Ly ={(1,Up); 72 < T < 73}
In this case,

=0, formn<71<73,
f(Uo,'lU) —f-Oé](T)
<0, for7 <1,

and

f(Uy,w) +al(r) >0, form <.

The line segment Ly is a piece of the orbit of system (3.11) because the

vector field on this line segment is
(k(1 —72), f(Up,w) + al(1) =0), form <7 <713

At the point (72, Ujp), the orbit goes to the left side of ¥ because the orbit

has the tangent vector
(k(1 =72 >0, f(Uy,w) + al(r) = 0).
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On the left side of I, the orbit will go in a top-left direction as z decreases

because the vector field is
(k(1 —72) >0, f(U,w) + al(7) < 0),

which points in a bottom-right direction. The orbit has derivative

dU  f(U,w)+ al(7)
I Fo(l— 72) <0, for7<m

Similarly, on the right side of X, the orbit will go in a top-right direction as
z increases. Y consists of the minimum points of the orbits. Thus, the orbit

starting from a point on 3 cannot approach to the fixed point (—1, ¢1(w)).

On the heteroclinic orbit I'. In this case, for any v > 0, if the heteroclinic

orbit (7(z),U(z)) contains the piece of the line segment
Loy={(r,U); -1 <7 <1,U = ¢1(w)},

then the U-nullcline ¥ also contains L as its left piece. The function U (T, v)
which appeared in the proof of Theorem 3.2.1 and step 2 of Lemma 3.2.5
can be defined by letting z = 27(7) and U = U(z7'(7)), where 271(7) is
the inverse function of 7(z). All the statements on heteroclinic orbits hold
on the interval 7 € (79, 1).

In this case, we cannot use Poincaré-Bendixson theorem to prove that
the unstable manifold of (—1, ¢;(w)) is a heteroclinic orbit, because I(7) is
only piecewise differentiable. However, we can prove it by monotonicity of
the manifold. Both % and Z—: of the manifold are monotone increasing, so
the manifold can only approach the stable fixed point (1, ¢o(w)) as z goes to
infinity.
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Thus, all the theorems in this chapter are also true for the general form

of the kernel function K ().
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Chapter 4

Improved Model

4.1 Improved model

The model for excitable neuronal network is

G = 00) = gl = ) [ Ko=) u(t.9) = 0s(t.0)
aa_’l::‘fg(u7w)v

05 _ WH(u(t 0)(1

o —aH(u(t,7) ~0)(1 — )~ Bs

Here H(z) is the Heaviside function, u = u(t,z), w = w(t,x), s = s(t,x),
and —oo0 < x < +00.

In real neuronal networks, the commonly known excitatory synapses have
AMPA receptors. The postsynaptic conductance rises rapidly with time of
the order of one millisecond [6]. We may take s = 295, A = ggu 795, and

e = 0 to simplify the equations of the system to

8u_

5 fu, w) — A(u — ugyn) /R K(x —y)H (u(t,y) — 0)) dy. (4.1)
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In this equation w is constant. We have analogous results for system (4.1)

to those for system (3.1) of Chapter 3.

We propose the following assumptions as basic conditions for the im-

proved model.

Al

A2.

A3.

Ad.

Ab.

0 < K(z) = K(]z|]) < Ce™kl is a piecewise continuous function and
fj:: K(x)dx = 1. In the following, we suppose that 0 < K(z) and
continuous. The general form of K(x) will be discussed at the end of

this chapter.

f(u,w) satisfies the requirements listed in Chapter 3. The curve C; =
{(u,w); f(u,w) = 0} is a cubic-like curve. f,(u, w) < 0; the w-minimum
point (u;,w] ), and the w-maximum point (u;,w;), satisfy u; < uf <
Usyn. The unique implicit function u = ¢ (w) is defined by f(¢1(w), w) =

0 for u < uy,w > wy . Moreover f,(¢1(w),w) < 0.

The curve Cy = {(u, w); f(u, w) — A(u — ugyn) = 0} is a cubic-like curve.
The w-minimum point (u,,w, ) and the w-maximum point (us,wy)
satisfy u; < uj < Ugy. The unique implicit function ¢s(w) is defined
by f(¢a(w),w) — A(d2(w) — tusyn) = 0 for u > ug ,w < wy. Moreover,

fu(¢2(w>7w) —-A<O0.
0 is a threshold which satisfies u] < 6 < uf.

The synaptic reversal (equilibrium) potential wugy, is sufficiently large so

that ugm > u} > uf, where f(uj,wy) = 0.
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(p3,w3)

(py s wy) (pT,wy)

N

(u*, wy)

(P wy)

Figure 4.1: Typical pattern of C, Cy, and Cj

The last assumption is reasonable since, in excitatory synapses, the re-
versal potential is above the rest potential by 100mV [6] and it is bigger than
the amplitude of action potentials. This model is more realistic and more
complicated than the one discussed in Chapter 3, because the coupling term
is the ion current determined by the membrane potential (v — ugyn). By the
geometrical singular perturbation theory, we may first study equation (4.1)

to find whether a traveling wave solution exists when the network is excited.
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4.2 Monotone increasing traveling wave solu-

tions

Suppose u(x,t) = U(x + vt) = U(z), 2 = x + vt, where v > 0 is a constant.
The monotone increasing traveling wave solution of (4.1) should satisfy the

equation

oUu z
Vo = I = AU — ) [ K6 (12)

and the conditions

U(0) =0, lim U(z) =1_(w), lim U(z) = 4 (w), I_(w) <l (w).

Z——00 Z—00

Here, we suppose U(0) = 6 and U(z) > 6 for z > 0. This solution describes
the wave front traveling along the z-axis in the negative (left) direction.

Letting

1 1
T 0<k<z, (4.3)

DT 2

from (4.2), we obtain the autonomous system:

dr = k(1 —12), 7(0) =0,

dz

JU (4.4)
v = fU,w) — AU — ugyn)I(1), U(0) =6,

where

i 1 1. 14
=[] — K([=1 d
) /_1 k(1 —n?) (% nl—n)

It is easy to see from the properties of K (x) that I(7) is monotone increasing
and differentiable, I(—1) = 0, 1(0) = 1/2, and I(1) = 1. System (4.4) is
defined on the strip

D={(r,U); -1<7<1,—00 < U < +00}.
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A monotone increasing traveling wave solution of (4.2) corresponds to a
heteroclinic orbit of system (4.4) which links the fixed points located on the
border lines 7 = —1 and 7 = 1, respectively, and has the U-coordinate being
a monotone increasing function of z.

Now we study the existence of traveling wave solutions. Under the above

conditions, the following facts hold.
Proposition 4.2.1. If u < sy, then the curve Cy is located above Cf.

Proof. Take ug < usyn. If f(ug,wo) = 0, then f(ug, wp) — A(ug — tsyn) > 0.
If there is w; such that f(ug, wr) — A(ug — usyn) = 0 then wy > wy because

fw <O. n

Proposition 4.2.2. If f(uj,w;) = f(uo,w;) — A(up — usyn) = 0, then

uy < Up.

Proof.

f(uo, wy') = A(uo — tsyn) < 0= f(ug,wy).
Then uj < wugp because, in the right-hand side of the right branch of Cf,
flu,w) < 0. O

From these two propositions, we get the following inequalities:
wy < wi < w;y.

If ¢1(w), ¢11(w), and ¢19(w) are the solutions of f(u,w) = 0, and ¢ (w) <
gbll(’LU) < ¢12(’LU), then leg(w) < qbg(w)

Theorem 4.2.3. For given w; < w < wy and u; < 0 < uf, there is a

unique v > 0 such that system (4.4) has a unique heteroclinic orbit linking
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the fized points (—1, ¢1(w)) and (1, po(w)), passing through the initial point
7(0) = 0, U(0) = 0, and its U-coordinate is an increasing function of z, if
pa(w) = U is the unique solution of equation f(U,w) — A(U — ugyn) = 0 and
fU,w) = AU — ugyn) > 0 for U < 6.

Proof. The fixed points (—1, ¢1(w)) and (1, ¢2(w)) exist because ¢;(w) and
¢o(w) are defined such that f(¢1(w),w) = 0 and f(¢o(w), w) — A(¢e(w) —

Usyn) = 0.

At the fixed point (—1, ¢1(w)) the Jacobian of (4.4) is

2k 0

0 fuldr(w),w)
Since 2k > 0 and % f,(¢1(w), w) < 0, the fixed point (—1, ¢ (w)) is a saddle
point. For the eigenvalue 2k, the eigenvector is (1,0). The unstable manifold,
denoted by I', of (—1,¢1(w)) is tangent to the vector (1,0). The manifold
I' must stay above the horizontal line U = ¢;(w) because the vector field
defined by (4.4) points in the top-right direction for —1 <7 < 1, U < ¢ (w).

Consider the rectangle
R={(r,U); =1 <7 < 1,¢1(w) U < ¢y(w)}. (4.5)

On the lines 7 = —1 and 7 = 1, 7/ = k(1 — 7%) = 0; hence the vector field
defined by (4.4) is straight up or straight down, respectively.
On the line U = ¢;(w), the vector field defined by system (4.4) points in

the top-right direction because

%—k‘(l—TQ) >0,
W = L0 0) ~ AW — ) I(7)] =~ A1 () — 1) (7) 2 0



The equality in the first line holds for 7 = +1, but the equality in the second
line holds only for 7 = —1. On the line U = ¢y(w), the vector field defined
by system (4.4) points in the bottom-right direction because

dr

E=k:(1—r2) >0,
o = 27 (@a(w), ) — Alga() — ) [(7)
< L {F(@a(w), w) — ABo(10) ~ )] = 0.

The first equality holds for 7 = +1, but the second one holds only for 7 = —1.
Thus, the rectangle R is a positive invariant set for system (4.4). It is easily
seen that (1, ¢o(w)) is a stable fixed point. The unstable manifold I' must
approach the fixed point (1, ¢2(w)). This heteroclinic orbit exists uniquely
for any v > 0 because the unstable manifold of the fixed point (—1, ¢1(w))
is unique.

Consider the U-nullcline of system (4.4)
E={(r,U) e D; f(Uw)— AU — ugyn)I(1) = 0}.

The orbit starting from any point on X will go into the left side as z decreases
because, at this point, the tangent vector is (k(1 — 72) > 0,0). In the left
side of X

f(U,w) — A(U — uggn)I(7) <O.

The orbits on the left side of ¥ go in the top-left direction as z decreases
and cannot approach the fixed point (—1, ¢ (w)). If the unstable manifold T’
contacts with ¥, then it must go into the left side of 3 as z decreases. Thus,

[’ must be on the right side of 3. On the right side of ¥,
f(U,w) — AU — ugyn ) (1) > 0,
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which implies that the U-coordinate of I' is a monotone increasing function

of z.

Lemma 4.2.4. The heteroclinic orbit I'(v) = {7(2),U(z)} defines U =
U(r,v) as a monotone increasing function of 7. If vi < vy, then sufficiently

and necessarily U(T;v9) < U(T;v1) for =1 <1 < 1.
Proof. For arbitrary v > 0, we denote the heteroclinic orbit of (4.4) as I'(v) =
{7(z,v),U(z,v)}. Since

dU 1 f(Uw) — AU — ug)I(7)
dr v k(1 —1712)

> 0,

['(v) defines U as an increasing function of 7, denoted by U(7,v). We claim
that I'(v;) and I'(vy) cannot meet at any point for any vy < ve. If U(7g,v5) =

U(71o,v1), then

dU(T ’U)
ar \70, V1 U2
d(;———>17

E(TO,UQ) U1

which means that U(r,v1) < U(7,v;) and I'(vq) is below I'(v2) in a neigh-
borhood of 7y with 7 < 7. Both I'(v1) and I'(vy) approach the fixed point

(—1,¢1(w)) as z — —oo. Let (7, U;) be a point satisfying the inequalities
71 < To, U(Tl,U1)<U1<U(T1,’U2).

Let O(z, 1, Uy, v1) denote the orbit of (4.4) with v = v; and the initial value
set to (11,Up) at z = 0. As z — —o0, O(z, 11, Uy, v1) will penetrate through
I'(v9) with a smaller slope (from below) at some point (75, Us). If we compare
slopes at this point, we will have

dU(T U)
d 2, V1 (%)
a2 12

dr (T2 ’ U2) U1 7
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which is a contradiction. At this stage, we have proved that, provided v; < vy
and U(1y,v1) < U(7,ve) for only one value of 75, we shall have a contradic-
tion. Thus, the inequality U(7,ve) < U(7,v1) must hold for —1 < 7 < 1
provided vy < vs.

Conversely, if U(7,ve) < U(7,v1) for —1 < 7 < 1 and v; = vy, then the
uniqueness of an unstable manifold is violated. If v; > vs, then, by what we
just proved, we have U(7,v;) < U(T,vy). This contradicts the precondition.

Thus v; < (OB [

The uniqueness of v such that U(0,v) = 6 is obvious because, if there
are v; < vy such that U(0,v,) = 6 = U(0,vs), then this is a contradiction to
Lemma 4.2.4.

We prove the existence of a v such that U(0,v) = 6 in four steps.

Step 1. P={v>0;U(0,v) >0} #0,Q ={v>0;U(0,v) <0} #0, and
PNQ=1.

Since f(U,w) — 2A(U — ugyn) > 0 for U < 6, there is some § > 0 such
that

fU,w) — AU — ugyn)I(7) > 0
on the closed rectangle
Ry ={(1,U); =6 <7 <0,01(w) <U < 6}.
Let
m = Hzl{iln{ﬂU’ w) — A(U — ugyn) (1)} > 0.

Take vy > 0 such that
0= ou(w) _ m _ J(Uw) = AU — us)1(7)

) kvg — vok(1 — 72) ’
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for (1,U) € Ry. Let O(z, -4, ¢1(w),vy) be the orbit of (4.4) with v = vy
starting at point (=6, ¢1(w)) when z = 0. This orbit intersects the vertical

line 7 = 0 at a point with U(z) > 6 because

U(r =0) = ¢1(w) + /_5 f(U’wzk‘?(U — ) I(7) )

1—172)
>¢1(w)+%1(w>5:9.

The heteroclinic orbit I'(vg) goes above O(z, =9, ¢1(w),vy) as z increases,
hence we have U(0,v9) > 6 and vy € P.

Let 6 > 0 be small enough such that the point (—+/1 —§,U;) be on the
U-nullcline ¥ and Uy < QH’TI(“’). This point certainly exists because ¥ is

defined in the neighborhood of (—1, ¢1(w)). Let
Ry ={(r,U); =1 <7 <0,¢1(w) <U <0},
and
M = max{f(U,w) = A(U — ttsyn)I(7)}-
Take v; > 0 such that

0 — ¢1(w) - M S FU,w) — AU — ugyn)I(T)
2 kvid — vik(1 —72) ’

for (1,U) € Ry and 7 > —+/1 — d. The orbit O(z, —v/'1 — ¢, Uy, v1) of system
(4.4) with v = vy, starting at (—v/1 —6,Up) when z = 0, will intersect the
vertical line 7 = 0 at a point with U(z) < 6 because
0
S(U,w) = AU — usyn) I(7)
p— = d
e (=

0+ ¢r(w) | 0—¢1(w)
ST T

=0.
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As z increases, the heteroclinic orbit I'(vy) will stay below O(z, —/1 — 9, Uy, v1).
Thus U(0,v1) < 6§ and v; € (). From the definitions of P and @ it is clear
that PN Q = 0.

Step 2 Any p € P is a lower bound of the set (). Any g € @ is a upper
bound of P.

We have p # ¢ because PN Q = (. By definition, U(0,p) > 6 and
U(0,q) < 6. If p=q then U(0,p) = U(0,q) by the uniqueness of unstable

manifold. This is also a contradiction. Thus, p < ¢ for any p € P and ¢q € Q.

Step 3 Let w = sup(P) and Q = inf(Q), then w = Q.

According to Step 2, we have w = sup(P) < Q = inf(Q). If w < Q,
then there exist v; and vy such that w < v; < vy < Q. If U(0,v1) > 6 then
this contradicts the definition of w. If U(0,v;) < 6, then this contradicts the
definition of Q. So the only possibility is U(0,v;) = U(0,v2) = 6, but this is

a contradiction to Lemma 4.2.4. Thus, we proved w = ().

Step 4 U(0,w) = 6.

If U(0,w) < 6, then the orbit O(z,0,60,w) of system (4.4) with v = w,
starting at (0,6) when z = 0, will intersect the U-nullcline ¥ at some point
(1(20),U(20)) € 2, 20 < 0 as z — —oo. By the continuous dependence of
solution on the parameters of ordinary differential equations, there is v; < w
such that the orbit O(z,0,6,v,) of system (4.4) with v = vy, starting at (0, 0)
when z = 0, will intersect 3 at some point (7(21),U(z1)) € 2, 21 € [20—1,0].
Then the heteroclinic orbit I'(vy) will stay below O(z,0,6,v,), and we shall
have U(0,v;) < 6 and v; € (). This contradicts the definition of w = inf(Q).
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If U(0,w) > 6, then the orbit O(z,0,60,w) of system (4.4) with v = w,
starting at (0,6) when z = 0, will intersect the horizontal line U = ¢ (w)
at some point (7(zp), ¢1(w)) for zp < 0. We can find vy > w such that the
orbit O(z,0,6,vy) of system (4.4) with v = v, starting at (0,6) when z = 0,
will intersect the horizontal line U = ¢;(w) at some point (7(21), $1(w)),
z1 € [20 — 1,0]. The heteroclinic orbit I'(vy) will stay above O(z,0, 6, vs),
and we shall have U(0,v2) > 6 and vy € P. This contradicts the definition
w = sup(P).

At this stage we have proved that U(0,w) = 6. ]

Remark 4.2.5. The function v depends on w and #. We denote v = v(w, 0).

Theorem 4.2.6. If equation f(U,w)—A(U—usym) = 0 has three real solutions
Go1(w) < paa(w) < ¢o(w), then there is no heteroclinic orbit linking the fized
points (—1, ¢1(w) and (1, pa(w)) for any v > 0.

Proof. On the horizontal line
L={(r,U); 7€ (—-1,1),U = ¢aa(w)},
the vector field points in the bottom-right direction because
k(1—7)>0

and

f(paz(w), w) = A (w) —usyn) [(7) < f(Paz(w), w)—A(d2a(w)—ugym) = 0.

Hence no orbit of system (4.4), for any v > 0, can penetrate L from below

into the top and get to the fixed point (1, ¢o(w)) as z increases. O
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Theorem 4.2.7. If f(Up,w) — AUy — usyn) < 0 for Uy < 0, then there
is no heteroclinic orbit passing through the point (0,0) and linking the fized
points (—1, ¢1(w) and (1, po(w)) with increasing U-coordinate as z increases

for any v > 0.

Proof. Let Uy < 0 and f(Up,w) + %A(Uo,usyn) = 0. We consider the orbit
0(2,0,Uy) = (7(2),U(z)) starting from (0,Up) at z = 0. O(z,0,Uy) has
tangent vector (k,0) at point (0,U;). X has tangent vector (f,(Up,w) —
T A, A(Up — usyn)I'(0) # 0). O(z,0,Up) will enter the left side of ¥ and its U-
coordinate will increase as z decreases. Thus, if Uy < 6, then the orbit passing
through (0, 6) cannot penetrate O(z,0,Uy) and approach (—1, ¢1(w)).

If Uy = 0, then O(z,0,60) will increase as z decreases, and will not ap-
proach (—1, ¢1(w)).

If Uy < 6 and f(Up,w) + 2A(Upy — tgyn) < 0, then on the line

Ly = {(’7'0, Uo), —1<7< O}
the vector field is in the bottom-right direction. No orbit can penetrate L
into the top-right direction and approach (—1, ¢;(w)) as z decreases. ]
Summing up what have been proved by Theorems 4.2.3, 4.2.6, and 4.2.7
we get

Corollary 4.2.8. For given w; < w < wy and u; < 0 < uf, there is a
unique v > 0 such that system (4.4) has a unique heteroclinic orbit, linking
the fized points (—1,¢1(w)) and (1, po(w)), passing through the initial point
7(0) =0, U(0) = 0, and with increasing U-coordinate as a function of z, if

and only if U = ¢o(w) is the unique solution of the equation
fU,w) — AU — ugyn) =0,
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and

fUw) — %A(U — Ugyn) >0 for U < 6.

Theorem 4.2.9. If 0, < 0y and v = v(w,0;), vo = v(w,by) exist, then

V1 > Vs.

Proof. By Lemma 4.2.4, the functions U(7,v;) and U(T, v,) are well defined.
If v1 = vy then the uniqueness of the heteroclinic orbit is violated. If v; < vg
then U(1,v9) < U(7,v1) by Lemma 4.2.4. This means that 6y = U(0,v) <

U(0,v1) = 61, which is a contradiction. Thus, v; > vs. O

Theorem 4.2.10. Given wy < wq, if v1 = v(wy,0) and vy = v(wsy, 0) ezist,

then vy > vy.

Proof. At the point (0,6) the heteroclinic orbit I'(v;) has the slope
f(ea 'LUl) - %(9 - usyn)

S1 =
1)1]{3 ’

and the heteroclinic orbit I'(v) has the slope

F(0,ws) — 5(6 — tsyn)
ng '

S9 =
If v; < vg, then s1 > s9 > 0 because
1 1
f(@, wl) — 514(9 — usyn) > f(@, UJQ) — 514(9 — usyn) >0

due to f, < 0. For 7 < 0 and close to 0, I'(vy) is below I'(v9). As 7 goes to
—1, I'(v1) will approach the point (—1, ¢1(w;)) and I'(vy) will approach the
point (—1, ¢1(ws)). Since ¢1(wy) > ¢1(ws), I'(v1) must penetrate I'(vy) from
below at some point, say (79, Up). If the two orbits intersected like that, at

that point their slopes would satisfy the inequality

f(Uo, w1) = (Up = usyn) (7o) < f (U, wg) — (Up — usyn) I (70)
vk(1—78) vok(1 — 75) ’
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which is a false inequality. Thus, twe have v; > vs. O

4.3 Monotone decreasing traveling wave so-
lutions

Now we consider monotone decreasing traveling wave solutions. Let u(t, z) =
u(z +vt) = U(z), z = x + vt, v > 0 be a monotone decreasing function of
z, and U(0) = 6. If u(x + vt) is a solution of (4.2) then it should satisfy the
equation

ouU +oo

vy, = f(Uw) = AU — usy) K(&) d¢ (4.6)

and the boundary conditions

z

U(0) =6, lim U(z) =1_(w), lim U(z) =l (w), [—(w) >l (w).

Z——00 Z—+00

Transformation (4.3) transforms equation (4.6) into the system

dr
— =k 1—7'2 s 7(0 —07

au
v = fU,w) — AU — ugyn)I(7), U0) =6.
Here I(7) = le WK(i In %) dn, and I(7) satisfies I(1) > 0, I(—1) =1,

I(0) = 1/2, I(1) = 0 and I(7) is monotone decreasing. System (4.7) is defined
in the same domain as system (4.4). We search for the heteroclinic orbit of
this system which links the fixed points located on the border lines 7 = 1 and
T = —1, respectively, and has the U-coordinate being a monotone decreasing

function of z.

Theorem 4.3.1. Given u; < 0 < uf and wy < w < wy, if the equation

f(U,w) = 0 has only one solution U = ¢1(w) and f(U,w)— AU —ugn) < 0
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for U > 6, then there is unique v = v(6,w) > 0 such that system (4.7) has
a unique heteroclinic orbit I' = (7(z),U(z)), which links the fized points
(=1, ¢a(w)) and (1, ¢1(w)), goes through the initial point (0,0), and U(z) is

a monotone decreasing function of z.

Proof. Although the proof of this theorem is similar to the proof of Theo-
rem 3.3.1, for completeness we write down the proof in detail.

(a) The fixed points.

Since w; < w < wy, the points (—1,¢(w)) and (1,¢;(w)) are well
defined. (1, ¢1(w)) is the unique fixed point on the line 7 = 1. At (—1, ¢o(w))

the Jacobian is
2k 0

0 %fU(¢2(w)>w)
This fixed point is a saddle point. Its unstable manifold I' = {7(2),U(2)}
has tangent vector (1,0). I' is inside the domain D below line U = ¢o(w)

because

f(@2(w), w) = A(@2(w) = ugym) (1) < f(¢2(w), w) = A(¢2(w) = tigyn) [(=1) = 0

and f(U,w) + A(U — usgn) L (1) < f(U,w) + A(U — tsgn) < 0 for U > ¢o(w).
The equality holds only for 7 = —1.
The fixed point (1, ¢;(w)) is a node since its Jacobian

—2k 0
0 3fu(di(w),w)

has two negative eigenvalues.

(b) The invariant set.
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The rectangle R defined by (4.5) is a positive invariant set. On the
vertical lines 7 = 1 the vector field defined by system (4.7) is parallel to the
vector (0,1). On the line U = ¢1(w), the vector field points in the top-right

direction because

%:m—#) >0,
% - %[f (01(w), w) = A(¢1(w) = usyn)(7)]
— %[—A(qﬁl(w) — Ugyn) I[(7)] > 0.

The first equality holds for 7 = £1 and the second equality holds only for
7 = —1. On the line U = ¢(w), the vector field points in the bottom-right

direction because

Z—Z =k(1—77) >0,
= 27 (@alw), ) — Algalw) — ua) (7]
< L [F(6a(w), ) — A(Bo(u) — ) I(~1)] = 0.

The first equality holds for 7 = £1 and the second equality holds only for
7 = —1. Thus, the unstable manifold I' must go to the right border of R and
approach the unique fixed point (1, ¢;(w)). This heteroclinic orbit exists for
any v > 0 and is unique because the unstable manifold of (—1, ¢o(w)) is the
unique orbit approaching it.

(c) U(z) is a decreasing function of z.

Consider the U-nullcline of system (4.7)

Y={(1,U) e R; f(U,w) — AU — ugym)I(7) = 0}.
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It has no horizontal tangent for 7 > —1 because I'(7) # 0. On the left side
of ¥, f(U,w) — A(U — ugyn)I(7) > 0, the orbits of system (4.7) go in the
bottom-left direction as z decreases. If the heteroclinic I' contacts with ¥
then I' must go into the left side of ¥ as z decreases. Thus, I' must be on
the right side of ¥ and approach the fixed point (1, ¢;(w)) as z — oo. On
the right side of X

F(U,w) — AU — ugyn ) (1) <0,

and U(z) is a monotone decreasing function of z.

(d) The heteroclinic orbit I'(v) = {7(z),U(z)}.

Lemma 4.3.2. If the heteroclinic orbit T'(v) = {7(2),U(z)} ewists, then it
defines U = U(1,v) as a monotone decreasing function of T for v > 0 . If

vy < vg, then sufficiently and necessarily, U(T,v1) < U(1,v9), =1 <7 < 1.

Proof. For given v > 0, we denote the heteroclinic I as I'(v) = {7(z,v),U(z,v)}.

Since
dU 1 f(Uw)— AU — ugm)I(7)
dr v k(1 —72)

I'(v) defines U as a decreasing function of 7, denoted by U(,v). We claim

<0,

that I'(v1) and I'(vy) cannot meet at any point for any vy < ve. If U(19,v2) =

U(1,v1) then

dU (o,v1)

a2 >1

dU(ro,v2) o ’
dr

which means that U(7,v1) > U(T,v,) for 7 < 79, and I'(v1) is above I'(v3) in
the vicinity of 7o with 7 < 75. Both I'(v;) and I'(vy) approach the fixed point
(=1, ¢2(w)) as z — —oo. Let (71, U;) be a point satisfying the inequalities

71 < To, U(Tl,U1)>U1>U(7'1,U2).
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The orbit O(z,7,U;,v1), starting at (m,U;) when z = 0, of system (4.7)
with v = vy will penetrate through I'(v,) with bigger (negative) slope (from

above) at some point (72, Us) as z — —oo. At this point we still have

dU (m2,v1) v
2
dr =2 1’
dU (12,v2) o
dr

This is a contradiction. At this stage, we have proved that, provided v; < vy
and U(7y,v1) > U(7y,vq) for only one value of 71 we shall have a contradic-

tion.. Thus, we must have
U(r,v) > U(T,v1)
for —1 < 7 < 1, provided vy > v;. O

(e) The uniqueness of v such that U(0,v) = 6.

If there are v; < wy such that U(0,v;) = 6 = U(0,vy) then this is a
contradiction to Lemma 4.3.2.

(f) The existence of v such that U(0,v) = 6.

We prove this statement in four steps.

Step 1. Suppose P = {v > 0;U(0,v) > 0} # 0, Q = {v > 0;U(0,V) <
0} #0, and PNQ = 0. Since f(U,w) — $A(U — ugyn) < 0 for U > 6, there
is 0 > 0 such that

M = mgx{f(U, w) — AU — ugyn) (1)} <0
on the closed rectangle

R={(r,U); =6 <7<0,0 <6< ¢po(w)}.
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Take ¢ = vg > 0 small enough such that

0 — ¢o(w) M _ f(Uw)— AU — usyn)I(7)
0> ) ~ kv = vok(1 — 72)

for (1,U) € R. Let O(z,—6,¢a(w),vg) be the orbit of (4.7) with v = vy

starting at the point (=9, ¢o(w)) when z = 0. This orbit intersects the

vertical line 7 = 0 at a point with U(z) < 6 since

U(r =0) = ¢a(w) + /_5 (S0, w)v;ké((i ;27;Syn>l(7-) dr
<@@»+91%&Q5:a

The heteroclinic orbit, I'(vg), of system (4.7) decreases below O(z, —d, ¢o(w), vo)
as z increases. So we must have U(0,vy) < 6 and vy € Q.

Let 6 > 0 be small enough such that the point (—+/1 —§,U;) be on the
U-nullcline ¥ and U, > %2(“’). This point certainly exists because X is

defined in the neighborhood of (—1, ¢o(w)). Let
A={(7,U); -1 <7<0,0 <U < ¢s(w)}

and
m = mAin{f(U, w) — A(U — ugyn)I (1)} <O.
Take vy > 0 large enough such that

0 — po(w) m fU,w) — AU — ugyn)I(7)
2 < kU06 = Uok(l — T2)

for (1,U) € A and 7 > —y/1 —d. The orbit O(z, —v/1 — 9, Uy, vp) of system
(4.7) with v = vy, starting at (—v/1 —6,Up) when z = 0, will intersect the

vertical line 7 = 0 at a point with U(z) > 6, zo > 0, since

ZUO+9_%M\/1—5>UO+%M>0.
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The heteroclinic orbit of system (4.7) with v = vy goes above O(z, —v/1 — §, Uy, vg)
as z increases. Thus, U(0,vy) > 6 and vy € P. From the definitions of P and
Q it is clear that PN Q = 0.

Step 2 Any p € P is an upper bound of the set (). Any ¢ € Q) is a lower
bound of P.

By the definitions of P and @ we have U(0,p) > 6 and U(0,q) < 6. If
q > p then U(0,p) < U(0,q) by Lemma 4.3.2. This is a contradiction. If
p = q then PN @Q # (. This is also a contradiction. Thus, p > ¢ for any
p€ Pandqeq.

Step 3 If Q =inf(P) and w = sup(Q), then w = Q.

By Step 2, we have w = sup(Q) < Q = inf(P). If w < Q, then w <
v < vy < Q. If U(0,v1) > 6 then this contradicts the definition of w.
If U(0,v1) < 6, this is a contradiction to the definition of 2 . The only
possibility is U(0,v;) = U(0,v9) = 6. This is a contradiction to Lemma 4.3.2.

Thus, we have proved that w = (.

Step 4 U(0,w) = 6.

If U(0,w) > 6, then the orbit O(z,0,60,w) of system (4.7) with v = w,
starting at (0, ) when z = 0 will intersect X at some point (7(29), U(20)) € X,
20 < 0, as z — —oo. By the continuous dependence of solutions on the
parameters of ordinary differential equations, there is v’ < w such that the
orbit O(z,0,6,v") of system (4.7) with v = v/, starting at (0,60) when z = 0,
will intersect ¥ at some point (7(z1),U(z1)) € X, 21 € [20 — 1,0]. The
heteroclinic orbit I'(v') must satisfy U(0,v") > 6 and v" € P. This contradicts
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the definition of w = 2 = inf(P).

If U(0,w) < 6, then the orbit O(z,0,60,w) of system (4.7) with v = w,
starting at (0,0) when z = 0 will intersect the horizontal line U = ¢o(w)
at some point (7(zg), Pp2(w)), 20 < 0 as z — —oo. We can find v" > w
such that the orbit O(z,0,60,v") of system (4.7) with v = v”, starting at
(0,0) when z = 0 will intersect the horizontal line U = ¢9(w) at some
point (7(z1), p2(w)), z1 € [20 — 1,0]. The heteroclinic orbit I'(v”) must have
U(0,v") < 0 and v” € ). This contradicts the definition w = sup(Q).

At this stage we have proved U(0,w) = 0. O

Theorem 4.3.3. If equation f(U,w) = 0 has three solutions ¢1(w) < ¢11(w) <
¢12(w), then there is no heteroclinic orbit linking the fized points (—1, ¢o(w))
and (1, ¢1(w)) for any v > 0.

Proof. Consider the line segment

L=A(r,on(w)); -1 <7 < 1}.

On L, the vector field is in the top-right direction because

flon(w), w) — A(¢11(w) — usym) (1) = —A(p11(w) — ugyn)I(7) > 0.

Thus, no orbit can penetrate L in the bottom-right direction to approach

(1, $1(w)) as z increases. O

Theorem 4.3.4. If f(Uy,w) — $A(Up — usyn) > 0 and Uy > 0, then there
are no heteroclinic orbits passing through the point (0,0) and linking the fized
points (—1, pa(w) and (1, ¢1(w)) for any v > 0.
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Proof. Let Uy > 0 and f(Uy,w) — 3A(Up, usyn) = 0. We consider the orbit
O(z,0,Up) = (7(2),U(2)) starting from (0,Uy) at z = 0. Then the vector
(k,0) is tangent to O(z,0,Up) at the point (0,Up). ¥ has tangent vector

(U, ) — %A, AUy — 1) T'(0) £ 0).

O(z,0,Up) will go into the left side of ¥ and its U-coordinate will decrease
as z decreases. Thus, if Uy > 6, then the orbit passing through (0, ) cannot
penetrate O(z, 0, Uy) to approach (—1, ¢o(w)). If Uy = 6, then O(z,0,0) will
decrease as z decreases, and will not approach (—1, ¢2(w)).

If Uy <6 and f(U,w)+ %A(UO — Ugyn) > 0, then, on the line
Lo = {(m,Up); =1 <7 <0},

the vector field is in the top-right direction. No orbit can penetrate L in the
top-left direction and approach (—1, ¢o(w)) as z decreases. O

Corollary 4.3.5. For given w; < w < wy, and u; < 6 < uj, there is a
unique v > 0 such that system (4.7) has a unique heteroclinic orbit, linking
the fized points (—1,po(w)) and (1, ¢1(w)), passing through the initial point
7(0) =0, U(0) = 0, and its U-coordinate being a decreasing function of z, if

and only if U = ¢1(w) is the unique solution of the equation
fU,w) =0

and

1
fUw) — §A(U — Ugyn) <0 for U > 6.

Theorem 4.3.6. Given 0 < 6, if vi = v(w,60,) and vo = v(w,0s) exist,

then vy < vy.
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Proof. By Lemma 4.3.2, the functions U(7,v;) and U(T, v,) are well defined.
If v1 = vy then the uniqueness of the heteroclinic orbit will be violated. If
vy > vy, then U(7,v2) < U(7,v1) again by Lemma 4.3.2. This means that
0y = U(0,vy) < U(0,v1) = 61, which is a contradiction. Thus, v; < vs. O

Theorem 4.3.7. Given w; < wy, if v1 = v(wy,0) and vy = v(wy,0) ezist,

then v1 < vy.

Proof. At the point (0,6) the heteroclinic orbit I'(v;) has slope

f(ea wl) - %(9 - usyn)

’Ulk,’ ’

S1 =

and the heteroclinic orbit I'(vy) has slope

£(6.105) = 36 — o)

’ng‘

S9 =
If v1 > vy, then 0 > 51 > s5 because
1 1
0> f(e, ’LUl) — 514(0 — usyn) > f(e,’LUQ) — 514(9 — usyn).

For 7 < 0 and close to 0, I'(vy) is below I'(vg). As 7 goes to —1, I'(vy)
will approach the point (—1,¢9(w;)), and I'(vy) will approach the point
(—1, po(ws)). Since fu(pa(w)) < 0, we must have ¢o(wy) > ¢po(ws), so ['(vy)
must penetrate I'(vq) from below at some point, say (79, Up). If the two orbits
intersected like that, at that point the slope of the orbits would satisfy

f(ro,w1) = Uo — usyn)I(7) _ f(70,w2) — (Uo — tsyn) I(7)
v k(1 —78) vok(1 — 75) 7

which implies v; > vo. This contradicts our assumption v, < vs. ]
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4.4 Symmetric traveling wave solutions

Now we consider the traveling wave solutions of system (4.1) propagating
along the z-axis in the positive (right) direction. We guess this kind of
solution exists since the architecture of the network is symmetric in space.
The traveling wave solution, which describes the wave front, is a monotone

decreasing function of the form
u(z,t) =U(x —vt) = U(z), 2 =1x— v, v >0,
with boundary conditions

U0)=46, lim U(z)=1_(w), lim U(z) =4 (w), lw)— > 1 (w).

z——00 Z—00
Plugging U(z) into (4.4) and noting that U(z) > 6 for z < 0, we get

+oo
—Uaa—[zj = f(U, U)) — A(U - usyn) (5) df

This form of solution describes the wave front traveling along the z-axis in
the positive (right) direction. By the transformation of variable (4.3) we

obtain the autonomous system

ﬁ:k(l—TQL T(O):O,

dz

JU i (4.8)
U= fU,w) — AU — usyn)I(7), U(0) = 0.

Here

. ! 1. 1+ 1
I(M=[ K(=1 dn.
") /T <2k nl—n) K1—p) "

It is easy to see from the properties of K (x) that I(7) is monotone decreasing,

I(r) >0, I(~1) = 1, I(0) = 1/2, and I(1) = 0. System (4.8) is defined in
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the same domain as system (4.4). The traveling wave solution corresponds
to a heteroclinic orbit of system (4.8) which links the fixed points located on
the boundary lines 7 = —1 and 7 = 1, respectively, and has the U-coordinate
being a monotone decreasing function of z. The fixed points of system (4.8)

are the solutions of the equations
1-72= 0,
F(U,w) — A(U — uggn)I (1) = 0.
We search for a heteroclinic orbit of system (4.8) which is symmetric with

respect to that of system (4.4) with the following properties:

(1) linking (=1, ¢po(w)) and (1, ¢1(w)) as z goes from —oo to 400,
(2) passing through the point (0,6) when z = 0,

(3) U(z) is a monotone decreasing function of z.

Let

The function I(7) is transformed into

i(T):i(—o—):/_l K(ilni;;) k(lirﬂ) dn

7 1. 1+n 1
- K| =1 d
/_1 (% nl—n) Ki—m) "
= I(0).

Here the symmetry K(z) = K(—=x) and the definition of /(o) as in system

(4.4) were employed. System (4.8) is transformed into

9 k1 - o?), ~(0) =0,

ds

JU (4.9)
v = f(U,w) — A(U — ugyn)I(0), U(0)=06.

176



The fixed point (—1, ¢a(w)) of system (4.8) now corresponds to (1, ¢o(w))
and the fixed point (1, ¢;(w)) corresponds to (—1, ¢1(w)). The heteroclinic
orbit of system (4.8) corresponds to the heteroclinic orbit of system (4.9)
with the properties:

(a) Linking the fixed point (—1, ¢ (w)) and (1, pa(w)).
(b) Passing through the point (¢ = 0,U = 6) when s = 0.

(c) U(s) being a monotone increasing function of s.

Now we face the same problem as that for system (4.4). All the results
for system (4.4) can be adapted to system (4.8) in symmetric form. For
example, in 4.2.3 the conditions for the existence of the heteroclinic orbit
I' = {7(2),U(2)} with properties (a), (b), (c), now for system (4.4) are
that the equation f(U,w) — A(U — ugn) = 0 has a unique solution and
f(U,w) = 3A(U — ugyn) > 0 for U < 0. These conditions also ensure that
there exists a heteroclinic orbit with properties (1), (2), (3) for system (4.8).
We propose the following theorem, as the symmetric form of Theorem 4.2.3,
for system (4.8) without proof.

Theorem 4.4.1. For given w; < w < wy and u] < 6 < uf, there is

a unique v > 0 such that system (4.8) has a unique heteroclinic orbit which
links the fized points (—1, pa(w)) and (1, ¢1(w)), and passes through the initial
point 7(0) =0, U(0) = 6, and its U-coordinate is a decreasing function of z,
if p2(w) = U s the unique solution of equation f(U,w) — A(U — vggm) = 0
and inequation f(U,w) — AU — ugyn) > 0 for U < 0.

Theorems 4.2.6, 4.2.7, 4.2.9, and 4.2.10 have their versions for system

(4.8), respectively. We omit them.
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The back-wave described by the traveling wave propagating along the

positive (right) direction of the z-axis is in the form
u(z,t) =U(x —vt) =U(z), z=x—vt, v>0,

where U(z) is a monotone increasing function satisfying the boundary con-

ditions

U0)=0, lim U(z)=I[0_(w), lmU(z)=1(w), [-(w)<lIl(w).

Z—r—00 Z—00
If such solution exists, then it is the solution of the equation

ou :
U= f(U,w) — AU — usgn) /Oo K(r)dr, U(0)=6.

By transformation (4.3) we obtain the autonomous system

I k-, 7(0) =0,
dd(f' ) (4.10)
0 = FUw) = AU =~ uga) (1), U(0) =0,

Here

~ T 1 1. 1+n
I(1) = —— K| —=Inh—)d
") /_1 E(1=1?) <2k nl—n> "
where I(—1) =0, 1(0) = 1/2, and (1) = 1. System (4.10) is defined on the

same domain as system (4.4). We search for the heteroclinic orbit of (4.10)

which is symmetric to that of system (4.7) with the following properties:

(4) linking (—1,¢1(w)) and (1, ¢a(w)) as z goes from —oo to +oo, where
f(da2(w), w) = Alda(w) = tsyn) = 0, and f(¢1(w), w) = 0.

(5) passing through the point (0,60) when z = 0.
(6) U(z) being a monotone increasing function of z.
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Let

o=-T,8=—2.

The function I(7) is transformed into
= = I 1 1407 1
i()=I(-0)= [ K[-—1 d
) =1=0) /_1 (% - n) RI=mp)

! 1
:/ K —lml—{_77 L dn
. A2k 1) BT =)

= I(o).

Here the symmetry K(z) = K(—=z) and the definition of I(7) as in system
(4.7) were employed. System (4.10) is transformed into

do

o p1— o2, 5(0) = 0
jg (4.11)
v E = f(va) - A<U - uSyn)[<J)7 U<O) =0

The fixed point (—1, ¢;(w)) of system (4.10) now corresponds to (1, ¢ (w))
and the fixed point (1, ¢2(w)) to (—1, pa(w)). The heteroclinic orbit of system
(4.10) corresponds to the heteroclinic orbit of system (4.11) with the following

properties:

(d) Linking the fixed point (—1, ¢2(w)) and (1, ¢1(w)).
(e) Passing through the point (¢ = 0,U = 6) when s = 0.
(f) U(s) being a monotone decreasing function of s.

Now we face the same problem as with system (4.7). All the results for
system (4.7) can be adapted for system (4.10) in the symmetry form. For

example, for the symmetric form of 4.3.1 we have the following theorem.
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Theorem 4.4.2. Given u; < 0 < uf and wy < w < wy, if the equation
f(U,w) =0 has only one solution U = ¢1(w) and f(U,w) — AU — ugyn) <
0 for U > 6, then there is a unique v = v(f,w) > 0 such that system
(4.10) has a unique heteroclinic orbit I' = (7(z), U(2)), linking the fized points
(—1,¢1(w)) and (1, p2(w)), and passing through the initial point (7(0), U(0)),

and U(z) is a monotone increasing function of z.

4.5 Summary

Equation (4.2) was studied under the assumptions A1-A6 . We sum up the

main results briefly in the following theorems

Theorem 4.5.1. For given w; < w < wy and u] < 6 < uf, there is

a unique v = v(w,d) > 0 such that system (4.4) of ordinary differential
equations has a unique heteroclinic orbit I'(z) = (7(2),U(z)), where U(z) is

a monotone increasing function of z, 7(0) =0, U(0) =6, and

tim 7(2) = -1, Jim U(2) = én(w),
lim 7(z) =1, lim U(z) = da(w),

if and only if
fU,w) — AU — ugyn) =0

has a unique solution U = ¢o(w), and
1
f(Uw)+ §A(U — Ugyn) > 0

for U < 0. Then the traveling wave solution, u(t,z) = U(x + vt) = U(z),

z = x +vt, of equation (4.2) propagates along the negative (left) direction of
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the x-axis such that

U0)=46, lim U(z)=¢i(w), lim U(z) = ¢o(w), lim U'(z) =0.

Z——00 z—Foo
Meanwhile, system (4.8) has a unique heteroclinic orbit T'(z) = (7(2),U(z)),

where U(z) is a monotone decreasing function of z, 7(0) =0, U(0) = 6, and

lim 7(z) = —1, lim U(z) = ¢a(w),
ILm 7(z) =1, ILm U(z) = ¢1(w).

The traveling wave solution, u(t,x) = U(x — vt) = U(s), s = x — vt, of
equation (4.2) propagates along the positive (right) direction of the z-axis,
such that

UW0)=6, lim U(s) = ¢s(w), lim U(s) = ¢y(w), lim U'(z) =0.

Z——00 s—Foo
The parameter v = v(w,0) > 0 is decreasing and depends on both w and 6.

Theorem 4.5.2. For given w; < w < wy and u; < 6 < uf, there is

a unique v = v(w,0) > 0 such that system (4.7) of ordinary differential
equations has a unique heteroclinic orbit I'(z) = (7(2),U(z)), where U(z) is

a monotone decreasing function of z, 7(0) = 0, U(0) = 0, and

lim 7(z) = -1, lim U(z) = ¢a(w),
lim 7(z) =1, lim U(z) = ¢1(w),

if and only if
fU,w) =0

has the unique solution U = ¢1(w), and
1
fU,w) + §A(U — Ugym) < 0
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forU > 0. The traveling wave solution u(t,z) = U(z+vt) = U(z), z = x+vt,
of equation (4.2) propagates along the negative (left) direction of the x-azis
such that

U)=26, lim U(z) =¢e(w), lim U(z)=d¢(w), lim U'(z)=0.

Z——00 Z—00 Z—F0o0

Meanwhile, system (4.10) has a unique heteroclinic orbit T'(z) = (7(2), U(z)),

where U(z) is a monotone increasing function of z, 7(0) = 0, U(0) = 6, and

lim 7(z) = —1, lim U(z) = ¢1(w),
lim 7(z) =1, lim U(z) = ¢o(w).

The traveling wave solution, u(t,x) = Uz —vt) = U(s), s = x — vt, of
equation (4.2) propagates along the positive (right) direction of the xz-axis
such that

UW0)=0, lim U(s)=¢i(w), lim U(s) = ¢o(w), lim U'(z)=0.

zZ——00 S—00 s—Foo

The parameter v = v(w,d) > 0 is increasing and depends on both w and 6.
In assumption A5 we assume that the kernel function K (z) is positive
and continuous. For a general form, such as non-negative piecewise contin-

uous functions, all the results proved in this chapter are also true. We have

discussed this issue in section 3.5.3 of Chapter 3.
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Chapter 5

Conclusions and Future Work

In this thesis, we establish the necessary and sufficient conditions for the
existence and uniqueness of monotone traveling wave solutions of the two
integro-differential equations (1.2) and (1.3). These two equations are used
for modeling one-dimensional neuronal networks. The monotone traveling
wave solutions can describe inhibitory processes and fire processes of neuronal
networks. With these results we can predict if neuronal networks will fire or
inhibit under given conditions. This thesis also shows how the wave speed v
of traveling waves rely on the threshold ¢ and on the parameter w for these
two models, and these relationships agree with theories and observations
in biology. Another result of this thesis is the symmetry of the monotone
traveling wave solutions in opposite directions in a one-dimensional network.

With this symmetry the results in both directions are obtained.
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5.1 Conclusions and future work on equation
(1.2)
Equation (1.2) is a singular perturbation of the system

w = () + o | K- pHuty) - 0)dy
R (5.1)

wy = eg(u,w).
The mathematical results on equation (1.2) are summarized in Theorems
3.4.1 and 3.4.2. In view of neuron physiology, Theorem 3.4.1 gives the fol-
lowing results. When a neuronal network is in the silent phase, the channel
variable satisfies the inequality w > w; . Provided the excitatory coupling
effect is strong, that is, @ > 0 is big enough such that f(u,w) + o = 0 has
only one solution and f(u, w) 4+ 3a > 0 for u < 6, then the whole neuronal
network will go into the active phase if a local part of the network is stim-
ulated and stays in active phase. The spatial time dynamical behavior of
the network can be described by symmetric traveling waves going along the
one-dimensional network in both (left and right) directions. The forms of the
traveling waves are uniquely determined, and the wave speed is a decreasing
function of the threshold # and the parameter w. Similarly, Theorem 3.4.2
describes the dynamics of the network going to its rest phase. When the
network is in the active phase, the channel variable satisfies the inequality
w < wy. If f(u,w) = 0 has only one solution and f(u,w)+ s < 0 for
u > 6, then the whole neuronal network will go to the rest phase if a local
part of the network goes to the silent phase. A similar statement holds for

the traveling wave.
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Future work on problem (1.2) could be the study of the evolution of the
network, especially, to find a traveling wave of w when the neuronal network
is in the rest phase or the active phase, respectively. If we let 7 = et and set
e = 0, then the singular perturbation of system (5.1) becomes

0= f(u,w)+a,
wr = g(u, w),
when the neuronal network is in the active phase and
0= f(u,w),
wr = g(u, w),
when the neuronal network is in the rest phase. These equation can be used
to model ion channel permeabilities in the network. They are differential-

algebraic equations [21]. Searching for their traveling wave solutions is an

interesting and challenging problem.

5.2 Conclusions and future work on equation
(1.3)

Model (1.3) is a singular perturbation of the system

% = J(u,w) — Gsyn(u — Usyn) /RK(x —y)s(t,y) dy,

80_1:) — eglu,w), (5.2)
0s

i aH (u(t,x) — 0)(1 —s) — Bs.

Our results on model (1.3) are summarized in Theorems 4.5.1 and 4.5.2.

In view of neuron physiology, Theorem 4.5.1 describes the dynamics of a
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neuronal network that goes from the silent phase to the active phase. In
the silent phase, the channel variable satisfies the inequality w > wy. If
f(u, w)— A(u—ugy,) = 0 has only one solution and f(u, w)+3A(u—ugn) > 0
for u < 6, then the whole neuronal network will go into the active phase
when a local part of the network is stimulated and stays in active phase.
The spatial time dynamical behavior of the network can be described by
symmetric traveling waves going along the one-dimensional network in both
(left and right) directions. The forms of the traveling waves are uniquely
determined and the wave speed v is a decreasing function of the threshold 6
and the parameter w. Theorem 4.5.2 describes the dynamics of the network
going from active phase to silent phase. When a network is in the active
phase, the channel variable w satisfies the inequality w < w3 . If f(u,w) =0
has only one solution and f(u,w) + $A(u — ugy,) < 0 for u > 6, then the
whole neuronal network will go into the silent phase when a local part of the
network arrives in silent phase. A similar statement on the traveling wave
holds.

Future works on problem (1.3) could be to study the evolution of the
network, especially, to find the traveling wave of w when the neuronal network
in the rest phase or the active phase, respectively. Let 7 = et and set € = 0,

then the singular perturbation of system (5.2) becomes
0= f(u,w) — A(u — Usyn),

Wr = g(“» "LU),

when the neuronal network is in active phase, and
O = f(u7 w)7

w, = g(u,w).
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when it is in rest phase. Thus the study of equations (1.2) and (1.3) is similar.

The steady state (ug,wg) of system (5.1) satisfies f(ug,wy) = 0 and
g(ug,wp) = 0. It stands for the silent phase of the network. The steady
state (ug, wo, So) of system (5.2) satisfies f(ug, wo) = 0, g(up, wy) = 0, and
so = 0. It stands for the silent phase of the network. For each model, the ul-
timate objective is to put the four pieces of traveling wave solutions together
to construct one solution with the steady state as its boundary condition.
Thus, this solution could describe the whole dynamic procedure of the net-
work: get stimulated, go into active phase, evolve in active phase, and return

to silent phase.
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