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Abstract

This thesis presents analytic and computational advances in the prediction of perturbative nonlinear optical spec-
troscopies. The contributions of this thesis are packaged together in an open source, freely available piece of software
called ultrafast spectroscopy suite (UFSS). It is designed to automatically simulate nonlinear optical spectroscopies
for any phase-matching or phase-cycling condition, including finite pulse effects. UFSS includes an algorithm called
the diagram generator (DG) that automates the process of writing out all of the Feynman diagrams that contribute
to a desired phase-matching or phase-cycling condition, and includes all pulse overlap diagrams when relevant,
paving the way toward automation of perturbative calculations. Further, many diagrams can be automatically
combined into composite diagrams, giving an exponential decrease in computation time of high-order calculations.
Composite diagrams even allow for the efficient study of Rabi oscillations as a function of pulse amplitude, by
summing many orders of perturbation theory. The perturbative calculations are done using a novel algorithm
presented in this thesis called Ultrafast Ultrafast spectroscopy (UFQ). UF? is an efficient method for determining
diagrammatic contributions to spectra including arbitrary (whether analytical or experimentally measured) pulse
shapes. It uses the speed of the fast Fourier transform to be as much as 500 times faster than direct propaga-
tion techniques for small model Hamiltonians (for Hamiltonian dimension of 100 or less). UF? outperforms direct
propagation techniques for a wide range of model systems, with the speed boost diminishing as the dimension of
the model Hamiltonian increases. UF? can predict spectra for any model system whose relevant Hilbert space that
can be described using a finite basis and that can be diagonalized numerically, and users are free to specify their
own model. UFSS includes a model generator that generates Hamiltonians and Liouvillians of vibronic systems,
allowing users to easily simulate NLOSs for a wide range of model system parameters. UFSS is a fully functional

piece of software for simulating any NLOS, to any desired order in perturbation theory.
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Chapter 1

Introduction: Nonlinear Optical

Spectroscopies

Optical spectroscopy is a huge field that can perhaps be most simply described as methods using light to understand
and characterize atoms, molecules and materials. Linear absorption and emission spectra provide fingerprints
for atoms and small molecules, with applications ranging from chemistry to astrophysics. Linear absorption of
molecules at low temperature in the gas phase can give beautifully detailed snapshots of the electronic, vibrational
and rotational energy levels. Though rich with information, it is, at the end of the day, a picture. It is a static
measurement. Nonlinear optical spectroscopies (NLOSs) are a wide class of techniques that allow us to probe the
dynamics of molecules and materials, and gain insight into their properties, in both the gas and condensed phases.
However, the experimental data from NLOSs are complex and often difficult to interpret. It is therefore important
to develop efficient methods for simulating NLOSs, so that we can fit a model to the data. This thesis describes
open source, freely available python code that combines all the ingredients needed for modelling NLOSs into an
efficient and easy to use software package we call the ultrafast spectroscopy suite (UFSS).

In order to probe the dynamics of a system, two key ingredients are required: some way to bring the system
out of equilibrium, and some way to monitor the resulting dynamics with high time resolution. Ultrafast optical
pulses as short as 5-10 fs provide both of these ingredients [1, 2]. These pulses are ideally suited to excite optically
sensitive molecules and materials, bringing them out of equilibrium. The same pulses can then be used to monitor
the resulting dynamics via changes in the system’s optical response to a subsequent pulse. The ultrashort time
period of both excitation and detection makes it possible to map out the optical response in steps of 10 fs or less,
which means that we can, in some sense, film the molecular dynamics with a frame rate up to the order of 100 THz.

There are many different types of NLOSs, each of which is sensitive to different system dynamics. We give more

detailed examples of a few of the most popular NLOSs in Chapter 4. Briefly, each NLOS is defined by the number of
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Figure 1.1: (a) Schematic of transient absorption (TA) spectroscopy. The absorption of the probe is measured for
each delay time between the pump and probe pulses. (c) Simulation of the transient change in probe absorption
spectra (same as Fig. 4.2(c) in Sec. 4.2). (c¢) Schematic of 2D photon echo spectroscopy. Pulses 1-3 interact in the
sample to generate a nonlinear signal, shown in purple. The signal is typically measured using a reference pulse
call the local oscillator (LO). The LO does not participate in generating the 2D photon echo signal. (d) Simulation
of the 2D photon echo signal as a function of excitation frequency and detection frequency (same as Fig. 4.5(d) in
Sec. 4.4). For more information about these TA and 2DPE simulations, see Chapter 4.

pulses that are used, and something called a phase-discrimination condition, which we define in Chapter 7. In many
cases, the phase-discrimination condition corresponds to where a detector is placed, relative to the pulse propagation
directions. For example, transient absorption (TA), shown schematically in Fig 1(a), involves measuring the change
in absorption of a probe pulse due to the pump pulse, where the probe pulse arrives some time 7" after the pump
pulse. Another way of saying this is that a detector monitors the signal generated along the direction of the probe
pulse. In contrast, 2D photon echo spectroscopy (2DPE), shown schematically in Fig 1(c), involves 4 pulses, with
a detector monitoring the signal generated along the direction of the 4th pulse. Changing the placement of the
detector changes the phase-discrimination condition, which changes the signal that is measured.

The signals that are detected in a NLOS are, of course, not 3D movies of the electrons and nuclei of the system
under study. Rather, they are complex, information rich spectra that can be quite difficult to interpret, as evidenced
by the decade long debate that ensued about the interpretation of NLOS data taken for a photosynthetic complex
from purple sulphur bacteria called the Fenna-Matthews-Olson complex (see Sec. 4.4 for a brief description of this
issue) [3-6]. The fact that NLOSs can be difficult to interpret should not come as a surprise, because they are
essentially the projection of the motion of many (10s, 100s, perhaps more) degrees of freedom onto, typically, 2 or
3 dimensional data sets.

In order to accurately interpret the data that come from NLOSs, we need an efficient way to fit a model to the
experimental data. In order to simulate NLOSs, we need three key ingredients: (1) the model for the molecular

system that we are attempting to fit to the data, (2) a model for the interaction between the ultrafast pulses and the
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system, and (3) a method for predicting the specific signal that is determined by the phase-discrimination condition.
The process of going from model system to spectra can be quite computationally intensive, and therefore fitting a
model to experimental spectra, which requires repeated simulations using varying system parameters, is that much
more computationally demanding than a single simulation [7-10].

Furthermore, in many cases, simulations of NLOSs often ignore the shape of the ultrafast pulses, opting to work
in the so-called impulsive limit, which we discuss in more detail in Chapter 3. Quantitative prediction of spectra
benefits from the inclusion of the pulse shapes used in the experiment. In this thesis, we introduce a novel algorithm
that is an efficient method for simulating NLOSs that we call ultrafast ultrafast (UF2) spectroscopy, and detail in
Chapters 5 and 6. UF? uses the speed of the fast Fourier transform to efficiently include any pulse shape (either
analytical or experimental).

Perhaps the most general contribution this thesis makes to the field of simulating NLOSs lies in codifying
the concept of a phase-discrimination condition, distilling it into a simple input parameter. The algorithm we
have written for this purpose is called the diagram generator (DG), which is detailed in Chapter 7, and which
we further improve in Chapter 8. The DG allows us to automate the calculation of any NLOS by simply writing
down the phase-discrimination condition as a short list of tuples. With the power of the DG, the difference
between simulating TA and 2DPE lies in defining two additional pulses, their associated delay times, and altering a
simple tuple representing the phase-discrimination condition. The DG interprets the phase-discrimination condition,
automatically determines what calculations are needed, and dispatches them to UF2. A user who moves their
detector to monitor a different signal (changing the phase-discrimination condition), can change the associate
simulation just by changing a single input parameter.

It is worth taking a moment to discuss the philosophical approach to modeling molecular systems that we
take in this thesis, which is to seek the simplest effective model that can accurately predict the data from a NLOS
experiment. We demonstrate in Chapters 5 and 6 that UF? can be hundreds of time faster than alternative methods,
and that UF? gains the biggest speed advantage for small model systems, which is consistent with the goal of finding
the simplest model that can fit the experimental results. If a small model will not suffice (dimension of the system
Hamiltonian is greater than ~ 10° for closed systems or greater than ~ 103 for open systems coupled to a Markovian
bath; see Chapters 5 and 6 for detailed analysis of where UF? outperforms direct propagation techniques), UF? will
not be a suitable choice.

Before moving further into this thesis, we briefly describe two types of NLOS, and direct the reader to Chapter
4 for a broader (though far from exhaustive) overview of some of the signals that can be simulated using UFSS.
Returning to TA, the absorption of the probe is measured for many different delay times between the arrival of
the pump and probe pulses. The absorption of the probe pulse can be measured either using a photodiode, or
using a diffraction grating and a CCD, in order to obtain spectral resolution of the absorption process, as shown

schematically in Fig. 1.1(a). Oscillations in the absorption of the probe as a function of pump-probe delay time
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reveal the energy differences between energy levels (either electronic or vibrational) in the electronic excited and
ground states of the molecules under study, as seen in Fig. 1.1(b). Decay of certain absorption bands can reveal
energetic relaxation of the excited states, as well as relaxation to the nuclear equilibrium position in the electronic
excited state. Decay of the entire TA signal gives insight into the relaxation rate to the electronic ground-state of
the molecule. For example, TA has been used to study the rapid internal conversion process crucial to vision that
takes place in rhodopsin [11, 12]. An example TA spectra is shown in Fig. 1(b). This simulation is done using UF2,
and an explanation of the simulation can be found in Chapter 4.

Although a powerful technique, TA sacrifices spectral control during the excitation process in order to obtain
high time resolution. The time-resolution of TA is limited by the time duration of the pulses. However, ultrashort
pulses necessarily include many different wavelengths. It is therefore not possible to selectively excite at a single
wavelength, and also obtain high time resolution. However, by using two pump pulses, instead of one, 2D photon
echo (2DPE) spectroscopy can obtain spectrally resolved information about the excitation process, allowing for the
study of 2D frequency-frequency correlation plots [13]. 2DPE involves 3 pulses that interact with the sample and
create a nonlinear signal, and a fourth reference pulse that is used to detect that signal. By varying the time delay
between the first two pulses, one obtains the temporal profile of the excitation process, the Fourier transform of
which shows excitation as a function of frequency. The time delay between pulses 2 and 3, called the population
time, serves the same role as the delay between pump and probe in TA. 2DPE allows one to study dynamics, just as
with TA, but now as a function of both excitation frequency and detection frequency. An example 2DPE spectrum
as a function of both excitation and detection frequency is shown in Fig. 1(d). Fig. 1(d) shows a simulation for a
single population time, but typically many population times are studied. The simulation in Fig. 1(d) is done using
UF2, and an explanation of the simulation can be found in Chapter 4.

From a theoretical perspective, NLOSs are analogous to nonlinear optics, but typically involve studying the
resonant aspects of the nonlinear response [14]. NLOSs are often thought of as methods for measuring the nonlinear
response of the material under study, due to a perturbation caused by weak optical pulses. Much of the intuition for
these experiments comes from constructing the third-order response functions (introduced in Sec. 3.3), based upon a
mathematical model for the material system of interest. Accurate prediction of experimental signals should involve
the convolution of these response functions with the optical pulses used in experiments. However, this last step is
often not done. Or if it is, it is done in an incomplete manner, for example by using approximate methods and/or
by using idealized pulse shapes like Gaussians or Lorentzians [15-20]. Further, fitting experimental data ideally
would involve recalculating the signal (including exact pulse shapes) many times by varying the model parameters.
However, calculating the signal once, without the inclusion of pulse shapes, is often a very expensive process, and
so the fitting process is often not done. The motivation of this thesis is to develop a fast and convenient numerical
method for simulating NLOSs, including arbitrary pulse shapes, to make this fitting procedure fast, thus enabling

the quantitative prediction of NLOSs.
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1.1 Outline of Thesis

Chapters 2 and 3 represent summaries of well-known, standard foundational elements of the field of NLOSs. Chap-
ter 2 describes models of molecular systems, introduces the Born-Oppenheimer approximation, and describes the
model systems that we study. Chapter 3 describes the light-matter interaction, including time dependent per-
turbation theory, the electronic dipole approximation, and introduces the concepts of response functions. After
establishing the formalisms of NLOSs, Chapter 4 shows simulations of a few of the most well-known NLOSs using
a simple model system, with the aim of giving a brief look at what NLOSs are, and some of the effects that can be
studied using NLOSs.

The remaining chapters describe our own work. Chapters 5-7 are published articles, while chapters 8 and 9
are unpublished. T am the first author on all published works, with my advisor being the sole other author, and
all published work represents my own work under the direction of and in collaboration with my advisor. The
unpublished work similarly represents work done by me under the supervision of my advisor. Chapter 5 introduces
an efficient algorithm for calculating NLOSs for closed systems, called ultrafast ultrafast (UFQ) spectroscopy. It
challenges the conventional wisdom that diagonalizing the model for the molecular Hamiltonian is computational
more costly than direct propagation of the Hamiltonian dynamics. We show, by comparison to a direct-propagation
algorithm we include in the software, called RKE, that UF? outperforms direct propagation techniques over a wide
range of system sizes.

Chapter 6 extends UF? to treat open systems. This extension is based upon diagonalizing the equations of motion
for the density matrix (the Liouvillian), which is rarely done. However, we point out that when working with the
Redfield equation, one must diagonalize the system Hamiltonian. In the secular approximation, diagonalizing the
Liouvillian is no more costly than diagonalizing the Hamiltonian, and that in this case, UF? always outperforms
direct propagation methods. We also demonstrate the range of system sizes for which UF? outperforms direct
propagation for the full Redfield equations, as well as for the diabatic Lindblad formalism.

Chapter 7 describes the Feynman diagram generator (DG), which is a component in UFSS that automatically
generates all of the Feynman diagrams that give non-zero contributions to any perturbative spectroscopy that can
be described by a phase-matching or phase-cycling condition. The DG generates all pulse overlap diagrams when
they are relevant (when pulses overlap), and generates only the time-ordered diagrams when pulses do not overlap.
The DG can generate diagrams for any order of perturbation theory, which allows us to automate spectroscopic
calculations to any desired order. The DG can also output the diagrams as pdf files so that the diagrams can be
visually inspected.

Chapter 8 is unpublished work that demonstrates how to combine many single Feynman diagrams together
into what we call composite diagrams. This essentially replaces the DG for calculation purposes, and offers an
exponential speed-up in calculation of higher-order perturbative calculations, opening the door to studying higher-

order spectroscopies including pulse overlap effects, and to studying non-perturbative effects in the field-strength.
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We use the composite diagram method to efficiently simulate damped Rabi oscillations in transient absorption as
a function of pump pulse amplitude in a two-level and a three-level system.

Chapter 9 goes into the details of how we represent and diagonalize the model systems introduced in Chapter 2.
We represent (an)harmonic vibrational modes using the ladder operators of the quantum harmonic oscillator. We
compare using the ladder operators of the ground-state configuration to ladder operators that represent fictitious
vibrational modes that have an equilibrium geometry halfway between the equilibria of the ground and excited
states, and have vibrational frequencies that are the geometric means of the ground and excited state vibrational
frequencies. We demonstrate that we can represent the model Hamiltonian more efficiently in this basis, and also
discuss an efficient method for truncating the basis states used to represent the Hamiltonian.

Chapter 10 gives concluding remarks.

1.2 Software testing and validation

Since one of the primary goals of this thesis is to describe a freely available piece of software, we briefly discuss the
tests that have been done to ensure that the algorithms described here and implemented in the Python package
UFSS produce accurate results. As mentioned in Chapter 5, we have compared a simulation done using UFSS to a
simulation done using a different, independently developed, piece of software introduced in Ref. 21. The results of
each simulation agreed to within less than 1%, which is the convergence threshold we have typically used throughout
our work, unless otherwise stated. This validation of the results from UFSS by an outside source give confidence in
the reliability of UFSS.

In addition, as discussed in Chapters 5 and 6, we have developed two independent methods for calculating
nonlinear optical spectra. One is the novel algorithm introduced in those two chapters, Ultrafast Ultrafast (UFQ),
while the other is our own implementation of one of the standard methods from the literature, which we call Runge-
Kutta Euler (RKE). Throughout the development of UFSS, we have tested to make sure that the results of UF?
and RKE agree, providing a strong internal check. In section 6.4 we present runtime comparisons for how long it
takes to generate transient absorption (TA) spectra using both UF? and RKE. We calculated TA spectra, which
are 2-dimensional datasets consisting of the frequency-detected change in absorption for many different delay times
between the pump and probe pulses, using both methods for a variety of different model systems. For each model
system, we compared the spectra generated by UF? and RKE by computing the ¢5-norm difference between the two
spectra. Specifically, for each runtime ratio presented in Figures 6.3 and 6.4, we verified that the spectra produced
by UF? and RKE agreed within 2%.

Further, in chapter 6 we show that UF? converges to an analytical result from Ref. [19] as dt2.

Each of the tests described above is included in the software repository as a test that can be run, to check (a)

that UFSS gives the same result as a spectrum generated using the code from Ref. 21, (b) that UF? gives the same
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result as RKE for a test case, and (c) that UF? gives the same result as the analytical solution from Ref. [19].



Chapter 2

Simple Models for Molecular Systems

In this chapter we discuss the way that we model molecular systems, and aggregates or polymers of such systems.
The field of developing accurate models for specific molecules is a vast and rich field. The starting point for
modeling molecules ab initio usually begins with electronic structure calculations using density functional theory
[22, 23]. However, we do not seek to model any particular molecule, but rather use a model that can capture a few
of the most generic features of molecules, with the hope that we can make qualitative predictions about molecular

systems as a class, rather than predictions for particular molecules.

2.1 Molecular Hamiltonians and the Born-Oppenheimer Approximation

We begin by discussing some of the common approximations that are made when developing models for molecular
systems. This section represents a brief summary of material drawn largely from chapter 9 of Ref. 24. Molecules
consist of n electrons and N atoms. Each particle has its own mass, charge and spin. Although electrons can be
thought of as point charges, nuclei are made up of many individual charges, and thus the electric fields produced
by each of the nuclei are more complicated. If we neglect the effects of spin, we arrive at the rovibronic (rotational-

vibrational-electronic) Schréodinger equation,

h2 n+N VQ hg N+n N+n
i

qiq;
—? Z E‘Fm Z Vi-Vj—k Z ﬁ \I/k(T,R)ZEk\I/k('I‘,R),
i=1 i,j=1 i<j=1 0-%ij
T T’ \%

where m; are the masses of each particle, M is the total mass of the molecule, ¢; are the charges of each particle,

R;; indicates interparticle distance, r are the positions of the electrons and R are the positions of the nuceli. These
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terms can be broken down as follows

2 n 2 N o2
T:,LZVLE 3 Vi
2m,, 2 m;
=1 1=n+1
Te T~
+N +N
4 - 4 Ameo|R; — Ry
52 7'('60"1“1 r]\ Pt 7760|r, R, e meo|Ri — Rl
Vee Ven VNN

By invoking the Born-Oppenheimer approximation, we separate the rovibronic Hamiltonian into a purely elec-
tronic part that depends only parametrically upon the nuclear positions, and a purely rotational-vibrational part
that is independent of the electron positions. The Born-Oppenheimer approximation is intuitively a statement that
the electrons, which are many orders of magnitude lighter than the nuclei, move much more quickly than the nuclei,
and thus rearrange instantaneously on the scale of nuclear motion. Thus the electrons create a potential energy
surface upon which the nuclei move. This is generally an accurate assumption only when the energetic separation
between different electronic states is much larger than the energetic separation between different nuclear states. By
taking the ansatz that U(r, R) = ¥ (r; R)x(R), and neglecting the term 7”, we separate the rovibronic Schrodinger

equation into the electronic part,

(Te + Vee(r) + Ven (r, R)) ¥i(r; R) = Velee,is (R)i (7 R), (2.1)

where Veec,i (R) is the R-dependent eigenvalue of the i*® electronic state. Since the Hamiltonian in Eq. 2.1 commutes
with R, it can be solved with R fixed. By solving for Ve ;(R) at many different values of R, a potential energy

surface in the i*" electronic state is mapped out for the rotational-vibrational Schrédinger equation, which is

(Tn + Viyw (R) + Vatee,s(R)XY (R) = E) X (R). (2.2)

Even after making so many approximations, the task of solving Eq. 2.1 is a very computationally challenging task,
since there are still 3n degrees of freedom. Further, some essential effects of the neglected electron spin degrees of
freedom must be taken into account (at a minimum the Pauli exclusion principle must be satisfied).

However, from the perspective of this thesis, the form of ¢(r; R) is practically unimportant. We will assume
that there are two independent electronic states of interest, the ground and excited state, denoted |g) and |e),
respectively. We will also assume that the combination Vyn + Vilec,i; Which defines the total potential energy

surface of the nuclei, is either harmonic, or nearly so, and well approximated by a power series expansion in R. By
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writing Vy = VN + Velee,g and Ve = Vyn + Velec,e; We can write the vibronic Hamiltonian of a two-level system as

H =Ty +Vy(R)|g) (9] + Ve(R) |€) (e],

or

H =Ty + Vy(R) + Vi (R), (2.3)

where cf is the electronic excitation creation operator, and V.(R) = V.(R) — V,(R). Eq. 2.3 represents the
fundamental building block that we use to describe aggregates and polymers.

Molecules that consist of N atoms have 3IN —6 vibrational degrees of freedom, 3 translational degrees of freedom,
and 3 rotational degrees of freedom. A change of basis allows one to separate out the motion of the center of mass
of the molecule, and express Ty and V(R) in terms of the normal modes of the molecule. In this case, the real-
space coordinates R are replaced with mass-weighted coordinates g that have units of \/m;R. We will further
neglect the rotational degrees of freedom. Even so, including all of the vibrational degrees of freedom in a quantum
mechanical simulation would require working in a Hilbert space whose dimension grows exponentially with the
number of vibrational degrees of freedom, which is computationally unfeasible even for small N. A great deal of
work has been done to include the effects of these vibrational modes at various levels of approximation. One method
of overcoming the exponential scaling of quantum-mechanical calculations is to treat all of the nuclei classically,
using nonequilibrium molecular dynamics simulations. By treating each nucleus as a classical massive point charge,
the scaling cost can be reduced to polynomial scaling in V. Hybrid methods have also been developed to simulate
several nuclei quantum mechanically, while treating the rest of the system classically. Several approximate quantum
mechanical methods have been developed that can simulate hundreds of vibrational modes. The multi-layer multi-
configurational time-dependent Hartree (ML-MCTDH) method is an approximate quantum mechanical simulation
that has been used to treat 300 degrees of freedom [25]. The Tree Tensor Network state (TTNS) algorithm has
been used to simulate 252 degrees of freedom using [26].

Rather than trying to explicitly model all of the vibrational modes in a molecule, an alternative method involves
identifying “important” degrees of freedom that will be studied exactly, and treating the remaining degrees of
freedom as a perturbation. In many cases, a relatively small number of degrees of freedom are actually relevant
to the system dynamics of interest. For example, simulations of the absorption spectrum of pyrazine showed that
only 4 of the 24 degrees of freedom are important for the qualitative dynamics of the conical intersection, while the
remaining 20 degrees of freedom are primarily responsible for relaxation and dephasing [27].

The idea that most degrees of freedom of complex systems serve primarily to cause relaxation and dephasing
leads to the concept of the reduced density matrix (see Sec. 2.2.1 below for a brief description of open systems
and density matrices). In the density matrix formalism of open systems, a small number of degrees of freedom are

identified as being the “system”, while the others are identified with the “bath”. By performing a partial trace over
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the bath, a reduced density matrix is obtained, which is small enough to be computationally tractable. In order to
propagate the reduced density matrix, approximate equations of motion are derived by treating the bath degrees
of freedom as a perturbation on the system.

The heierarchical equations of motion (HEOM) algorithm is a method for propagating the reduced density
matrix to any level of precision in the system-bath coupling (though as with all approximate methods, higher
accuracy requires more computational resources, making a practical cut-off of the accuracy) [28-30]. If the system-
bath coupling is weak, less computationally expensive methods can be employed. In many cases a quantum master
equation can be derived to give approximate equations of motion for the system (see for example Ref. 31 and
Sec. 2.2.1 below). If the bath retains information about the system dynamics, the bath is said to have memory,
and the master equation is time-dependent. If one approximates that the time-scale on which the bath relaxes is
faster than any of the system dynamics, the time-dependence (and memory) of the bath is neglected, which greatly
simplifies the master equation. This neglect of the bath memory is known as the Markovian approximation.

We rely on the Markovian approximation throughout this thesis. We harness two different formalisms for
describing Markovian processes: Lindblad and Redfield theory, which we discuss in further detail below. The
overall approach taken in this thesis is to include a small number of vibrational modes in the system, and, in the
case of open systems, treat the bath using either the Redfield or the Lindblad formalism. We start by introducing

the vibronic Hamiltonian, and then discuss coupling to the bath.

2.2 Polymer Model

The goal of this section is to introduce a model of s coupled two-level systems (TLS), each with an electronic
ground state |g), and a single optical excitation |i) = c;-r |g), interacting with K vibrational modes with generalized
momentum and coordinates p = {pi,p2,...,prx} and ¢ = {q1,q2,...,qx }, respectively. The general form of this

Hamiltonian that we consider is

»

H =T(p) +Vyla) +D_cleiVila) + D cle;Vis(@), (2.4)

where 7' is the momentum operator, Vj is the potential energy hypersurface associated with ground electronic state
of the system, V=V, — Vg is the change to the potential energy hypersurface due to excitation of site i, V;; are
the possibly coordinate-dependent couplings between excitations ¢ and j, and c;r is the creation operator for an
excitation of site i. Eq. 2.4 is a sum of s individual Hamiltonians given by Eq. 2.3, with the addition of the inter-site
coupling term V;;(q).

By expressing V, and V; as power-series in ¢, we can solve Eq. 2.4 using the harmonic oscillator wavefunctions

as a basis. To do this we can make the substitution g, — 4/ Qwh (ba + bL), where b, are the lowering operators for
@,g

each vibrational mode with ground-state frequency w, 4. By using a finite‘’ number of basis terms, we can express
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H as a matrix that can be diagonalized numerically for a small number of vibrational modes. When working with
closed systems, we identify a small number of vibrational modes k < K, which are most strongly coupled to the

electronic states, and partition the total Hamiltonian as

H=Hs®Ig+Is® Hg + Hgsp,

with
HS' - T(p17p27 7pk) + %(qh q2, 7(]k) + ZCICZ‘Z(O) (qla g2, ..y Qk) + Zcicj‘/;gp)(qh q2, 7(]k) (25)
i=1 i
Hp = T(prt1,Pr+2, - Pi) + Vo(Qrrts G2, - Qrc) (2.6)

HSB = Zczci (‘Z(QMQQy <y ks aQK) - ‘71‘(0)((]1#27 J]k)) + ZCIC]' (Vij(%aQ% v 4k41, aQK) - %gO)(QIaq27 7Qk)> )
i=1 i
(2.7)

where f/i(o)(ql, G2, -.-, qx) is the zeroth-order expansion of Vi(ql, g2, ..., i ) with respect to the bath modes {qa}gzk_H.
Ip is an identity operator on the bath, while Is is an identity operator upon the system subspace. In the case of

closed systems, we ignore the bath, and work exclusively with Hg.

2.2.1 Open systems

In the case of open systems (the following brief discussion of open quantum systems is largely drawn from chapter
3 of Ref. 31), we expand Hgp to lowest order in the bath degrees of freedom, leading to a linear coupling to the

bath .
HSB ~ ZO’F,S ® Z )\r,a’qq/v

a'=k+1

OpB,r

where O, s are system operators, such as c;fci, o, etc. Assuming that the linear couplings A, o/ are small, master
equations can be derived by treating Hgp perturbatively in A, s to arrive, for example, at the Redfield equation.
By approximating the bath to be a continuum of oscillators, and invoking the Markov approximation, one derives
a time-independent master equation.

When working with open systems, we define equations of motion for the density matrix, which is an operator

on the Hilbert space of H and can represented as

p=aun)(nl,

where |n) are wavefunctions. If there is a basis such that ap = 1 and a,, = 0 for all n > 0, p is said to be a pure
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state. Otherwise, p is a mixed state. The time-dependent Schrédinger equation for the density matrix is

i

.l (28)

p
and the expectation value of an operator A is
(4) = Tr [4g].

Eq. 2.8 represents the equations of motion for a closed system, and the solutions to Eq. 2.8 are the same as
the solutions to the time-dependent Schrédinger equation for wavefunctions. The power of working with density
matrices lies in the formalism of open systems and quantum master equations, which allows us to write down
effective equations of motion for a small number of degrees of freedom, rather than having to treat all of the degrees
of freedom explicitly.

We work with a quantum master equation that defines effective equations of motion for the reduced density

matrix, which is defined as

ps(t) = Trppsp(t),

where Trp indicates a partial trace over only the bath degrees of freedom. We assume that the initial density matrix

is a product state:

psB(0) = ps(0) ® pp(0).

The state of the system at some later time is, in principle, given by

ps(t) = Tep {U(£,0)phUT (1, 0)}

=V (t)ps(0),

where V(t) is called a dynamical map. In order to describe a physical process, V(t) must preserve the positivity
and Hermiticity of the complete density matrix psp. In the Markovian limit, we have time-independent equations
of motion

p=2p,

where £ is a superoperator, and is the generator of the quantum dynamical semigroup V' (¢). It has been shown
that the most general form of the generator £ that satisfies the physicality conditions of preserving the Hermiticity
and complete positivity of the system and bath, is the Lindblad form, which can be expressed as

. N2-1
)

p 5 (H, p] + ; Yk (AkPAL - % {ALA/WO}> ;
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where N is the dimension of the system Hilbert space, A are operators on the system Hilbert space, and ~; are
coupling constants that have dimensions of inverse time [32, 33].

Redfield theory allows the derivation of a form for V(¢) that arises from a microscopic treatment of the bath
(see Sec. 3.3 of Ref. 31 for a general derivation of the Redfield equation, and see Sec. 6.3.2.1 of this thesis for our
implementation of Redfield theory in the context of vibronic systems, which follows the form used in Ref. 34).
However, it cannot be cast into Lindblad form, and therefore does not guarantee total positivity of psp (in other
words, Redfield theory can allow probabilities of the system and/or bath to become negative). Lindblad theory,
in contrast, is often criticized due to the fact that it requires parametrization that is often not motivated by a
microscopic treatment of the bath. However, Redfield theory has recently been shown to be mappable to Lindblad
theory [35] in the range of parameters where the Redfield propagator preserves total positivity, which provides a

very compelling way forward.



Chapter 3

Light-matter interaction

The previous chapter’s focus was upon constructing model systems of interest, and here we turn to how to probe
those systems using light (the following discussion is adapted from pages 92-103 of Ref. 14). Let us assume that we

are interested in studying a system that evolves (in the absence of light) as
p= $0p7

where % is the Liouvillian (see Section 2.2.1) describing the time evolution of the system density operator, p. Let
us assume that the system is in a stationary state py of the system, such that %ypg = 0 (before any optical pulses
are incident on the system). Since the goal of nonlinear optical spectroscopies is often deducing the dynamics of
the excited states, it is of crucial importance to understand the light-matter interaction, which is responsible for
creating the initial states on each excitation manifold and probing the final states at various delay times. In general,

nonlinear optical spectroscopy involves the use of L optical pulses, whose electric field we will treat classically as

E(t) = J_Zb: Lejsj(t) + et . (3.1)

rotating counter-rotating

where e; is the possibly complex polarization vector, and the complex amplitude €; of each pulse is defined as
gi(t) = A;(t - tj)e—i(wj'(t—tj)—kj-r—¢j)’ (3.2)

where A; is the pulse envelope, w; is the central frequency, ¢; is the arrival time, k; is the wavevector, and ¢; is the
phase. €;(t) is typically referred to as the rotating term, while 5;7(15) is typically referred to as the counter-rotating
term. In the rotating-wave approximation (see Section 3.3) the rotating term excites the ket and de-excites the bra
of the density matrix, while the counter-rotating term de-excites the ket and excites the bra. The rotating-wave

approximation in optical spectroscopies is related to the use of rotating coordinate systems used in the context

15
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of nuclear magnetic resonance (NMR) [36-38]. We will assume that the interaction of the pulses with the system
can be well approximated using the electric dipole approximation (described below in Section 3.1), so that the

interaction Hamiltonian is given by

Hl(t) = —p - E(1),

where p is the electric dipole operator. The full equations of motion in the presence of the electric fields are then
p=Lop+ L t)p, (3.3)

where £/(t) = —+ [H'(t), p]. After all L pulses have finished interacting with the system, it will be in a final state
p(t), which depends upon both the system dynamics %, and the interaction with the pulses H'(t), and can be
determined by solving Eq. 3.3.

At this point the goal is to perform a measurement of the system, which will ideally give insight into the system
dynamics .%5. The most common measurement modes either look for the optical field produced by the excited
system [13] or a signal proportional to the excited state population, such as fluorescence or photocurrent [39].We
will briefly describe how both of these signal types are related to the phases of the optical pulses.

In the most common cases, the desired quantity will be the signal field, E(¢), that is emitted by the sample.
The emitted field is generated by the macroscopic dipole moment P(r, ) of the entire sample. Up to this point we
have considered only a single molecular system, but in the common experimental case there are actually many of
them dispersed over a macroscopic volume. If we assume that there are many identical, non-interacting molecules

that fill a volume {3, each with a dipole operator u, then we can calculate the macroscopic dipole moment using

P(r,t) = Z Tr [ppi(1)], (3.4)

where p; is the density matrix for a single molecule at position r;, and the sum runs over all molecules in the
volume [3. Given the initial assumption that all of the molecules are identical, the r dependence comes from the r
dependence of the optical pulses.

The bulk dipole moment P(r,t) acts as a source term in Maxwell’s equations and gives rise to far-field radiation,

which is the signal that is ultimately detected. In this case, we write Maxwell’s equations as

1 02 47 92
v X V X E(I‘,t) + E@E(r,t) = —Cﬁﬁp(r,t), (35)
where Egs. 3.3, 3.4 and 3.5 are all coupled and must be solved self-consistently throughout the volume 3. We will,
however, assume that the sample is optically thin, so that the sample does not absorb a large fraction of the incident

fields, and that the generated signal fields are much weaker than the incident fields.

We can therefore solve Eq. 3.3 using only the incident electric fields from Eq. 7.3, and solve for the bulk
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polarization in Eq. 3.4 using a single molecule at a single location in space. The r dependence of P is then due
entirely to the accumulation of phase-factors e from the incident fields. P(r,t) is therefore proportional to
Y os e TP (r) + c.c., with many different signal wavevectors k, = mgk, + mpky + ... + mpky, where m; are
integers. Assuming that % < kg, constructive interference builds up for each signal F; along the associated phase-
matching direction kg, which allows us to pick out individual components of P by placing a detector in the kg
direction. Solutions to Eq. 3.5 (for example see pages 96-98 of Ref. 14) show that the generated signal fields obey
E;(r,t) o iP4(r,t), where the factor of ¢ indicates that the radiated field is /2 out of phase with respect to the
bulk polarization vector. Without being concerned about the prefactors, which are generally not important for
spectroscopies, we will take iP(t) to be a proxy for the emitted signal field .

That emitted field is often detected as a function of frequency by using a diffraction grating and a CCD. The
field can either be detected directly, in which case the intensity, I oc E? is measured (termed homodyne detection),
or (more commonly) can be heterodyne detected using a local oscillator Ero = eroero(t) + e pelo(t) traveling

along the k; direction, giving a total measured signal

Stotal (W) = leroero(w) +iPs(w)|?.

Stotal(W) = lezo(W)[® +icloW)eLo - Ps(w) —icro(w)ero - PL(w) + [ Ps(w)I%, (3.6)

where we use the convention that

fr= [ swe,

In perturbative spectroscopies, |Ps(w)| is easily smaller than even a relatively weak reference pulse, such that

|2. The intensity profile of the local oscillator can be obtained

leLo(w)| > |Ps(w)|, so we can neglect the term | Ps(w)

by measuring |ero(w)|? alone, and then subtracting it from the total signal in Eq. 3.6 to give the desired nonlinear
signal

S(w) o< Im &} o (w)eto - P(w)] . (3.7)

Eq. 3.7 shows that it is possible to determine the complex-valued P(w), if the relative phase between e o and P
can be controlled. Extracting the relative phase of P is not possible in a homodyne experiment.

The other common spectroscopic observable is the fluorescence or photo-current of the sample instead of the
coherent emitted radiation from the molecular polarization. In such cases, we must still assume that the sample
is optically thin. However, we no longer require that % < ks, because the measured quantity does not retain
the phase-matching information encoded in the pulse propagation direction k;. Experiments that measure fluores-
cence or photo-current often use collinear beam geometries where all the pulses travel along the same path. The
measurements instead use phase-cycling in order to pick out only the signals that are proportional to e*?s, where

bs =, j m;¢; [39-41].We describe phase-cycling in more detail in Chapter 7, where we unify phase-matching and
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phase-cycling under the umbrella term phase-discrimination.

This chapter will describe the standard methods for theoretically treating the light-matter interaction, and
highlight two common approximations that this thesis has the capability to move beyond: (1) the Condon ap-
proximation, and (2) the impulsive limit. We begin with a brief discussion of the electric dipole approximation.
We then give a short derivation of time-dependent perturbation theory (TDPT), followed by the optical response
function. This chapter will lay the groundwork for discussing nonlinear optical spectroscopies in more detail in the

next chapter.

3.1 Electric Dipole Approximation

This section represents a brief summary of material drawn largely from chapter 14 of Ref. 24. All matter is composed
of positively charged nuclei that are surrounded by negatively charged electrons. Neutral atoms and molecules can
be thought of as complicated charge distributions that have a net zero charge. The electric field of any neutral
material can be described by expanding into electric moments, with the largest moment typically being the dipole

moment (followed by quadrupole, and so on). The dipole operator is defined as

n

N
wlr,R)=ey Z;R;—ey i,

j=1 i=1
—_—
un (R) l"e(T)

where R; and r; are the nuclear and electron positions, respectively, measured relative to the molecular center of
mass, e is the fundamental electric charge, and Z; are the atomic numbers of the nuclei. Most molecules do not have
a permanent magnetization, and thus the magnetic moments are typically much smaller than the electric moments.
Higher-order electric moments and /or magnetic moments are typically ignored unless the dipole transition strength
vanishes (typically referred to as a forbidden transition). We assume that all interactions between external electric
fields and molecules proceed via the dipole interaction, ignoring all higher moments.

The Born-Oppenheimer approximation (introduced in Sec 2.1) splits the total molecular wavefunction into two
parts:

Wi, (r, R) = ¢i(r; )X (R),

where x,(j) (R) is the nuclear wavefunction in the i electronic state, and 1;(r; R) is the i*® electronic wavefunction,

depending parametrically upon R. In the event that the Born-Oppenheimer approximation breaks down, the

functions ¥, ,, can be used as a basis to represent the true wavefunctions.
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We can calculate the dipole matrix elements within the Born-Oppenheimer approximation as

pison = [ AR BRI (R) [ o o By Routr )
bz = [ AR RXPR) [ dri rs B s Ryne(r) + [ aRx (BIXD (R (R) [ dr (r5 B )
The term involving uy(R) drops out because the electronic wavefunctions are orthogonal. Thus if the Born-

Oppenheimer approximation holds, only the positions of the electrons (and not the nuclei) are important for

calculating the dipole matrix elements. Thus we have

%W:/MMWmMMm/wwmmwmme

wij(R)

where the r-integral must be performed for each relevant nuclear configuration R. In his 1928 paper, Condon

expands the dipole operator as a power series in R

#(R) = pio (1 + (R — Ro) + O(R?))
where Ry should be taken to be the value at which Xl(,i)*(R)XELj)(R) is maximal [42]. The optical spectroscopic
literature almost universally takes only the constant term of this expansion, which has become known as the
Condon approximation. !
There is a small body of literature that studies the implications of the breakdown of the Condon approximation
within the Born-Oppenheimer approximation (see for example Ref. 43). It is worth noting that if the Born-
Oppenheimer approximation breaks down, that the derivation of the object y;;(R) is no longer valid, since it relies

on the separation of the electronic and nuclear wavefunctions. If this separation does not occur, then the matrix

elements of the dipole operator must be calculated as

Ha,3 :/dR/dr\I/:;(r, R)WUs(r, R)pu(r, R).

There is a larger body of literature that investigates dipole transitions when the Born-Oppenheimer approxima-
tion fails. A coordinate dependence upon the dipole operator emerges in the BO basis when the true wavefunctions
are given by a superposition of different electronic wavefunctions, with coordinate-dependent coefficients. Taking

an example from page 436 of Ref. 24, if one of the true eigenstates can be approximately represented as

U(r, R) = Nxu(R) (¢1(r;0) + CRy1p2(r;0)), (3.8)

iNote that vibrational spectroscopy typically does not involve a change in electronic state, and so tii,wp = 0if p(r, R) is independent
of R. In the context of vibrational spectroscopy, the Condon approximation refers to the lowest-order non-vanishing term, which is
w(R) = por(R — Ro).
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where R; is taken to be the coordinate of the ¢**

vibration, then following the procedure outlined above, one will find
that, in the BO basis, p(R) = p1g + CRyfiag, where p1;4 = (i| ue(r) |g) are the dipole strengths associated with each
BO electronic state. The types of vibronic couplings that lead to eigenstates that have the form Eq. 3.8 are typically
referred to as Herzberg-Teller effects. Ref. 44 studies vibronic systems, and compares absorption spectra that arise
from Herzberg-Teller couplings to absorption spectra that follow the BO approximation but include non-Condon
terms in the dipole operator.

Throughout this thesis, we will assume the Condon approximation, unless stated otherwise. However, it is worth

noting that the techniques presented later in this thesis are well suited to exploring the breakdown of the Condon

approximation.

3.2 Time-dependent perturbation theory

In this section we outline time-dependent perturbation theory for the light-matter interaction with weak electric
fields. The derivation in this section is somewhat similar to derivations in Ref. 14 on pages 26-28 for wavefunctions
and pages 61-62 for density matrices (in both cases for closed systems). The most important difference is that here

we do the derivation for open systems. The full Hamiltonian of the molecular system and laser pulses is given by
H(t) = Ho(t) + H'(t),

where H, describes the molecular system, and H'(t) = —p - E(¢t) is the light-matter interaction in the dipole
approximation.

Since the goal of many spectroscopies is to use light as a perturbation, most spectroscopies are performed using
low-power pulses. For a detailed derivation of what constitutes “low-power”; see Ref. 7 , Appendix B. The basic
idea is that the laser pulses should be weak enough that only a small percentage of molecules in the sample will be
excited by the pulse. In this regime, we are able to take the full Hamiltonian of the molecule and optical pulses,
and treat the pulses perturbatively. This has the advantage of both providing intuitive insight into the processes
that are being probed, and of offering a more tractable analytical or computational problem.

The total equations of motion for the density matrix are given by

7

P:h

1

ALSONE

[HO (t)7 P]

for a closed system. The equations of motion for an open systems (see Sec. 2.2.1) include an additional term D(%) ,

1 1

p=—7 [Ho(t),p] + D(t)p — = [H'(t). pl,
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where D(t) is a possibly time-dependent superoperator that describes the dephasing and dissipation processes that

result from a coupling to the bath. We define two superoperators

1

Zo(t)p = —+ [Ho(t), ] + D(t)p
and
20) = —3 (1)),
which allows us to write the EOM compactly as
p=L(t)p+ L t)p. (3.9)
If Z'(t) = 0, then we have
p=Z(t)p, (3.10)
which we can formally integrate, defining 7o (¢,%0) to be
p(t) = To(t, to)p(to)- (3.11)

Now substituting Eq. 3.11 into Eq. 3.10, we have

ST (1, t0)nlto) = Lo(0To( o)),

and since this must be true for any initial state p(to), we have

STolt, 1) = Lo (0)To(t o). (3.12)

We define the interaction picture by saying that there is a state pr(t) such that

p(t) = To(t, to)pr (). (3.13)

Now substituting Eq. 3.13 into Eq. 3.9, we get

& (Tt or(1) = () + 2/(0) To(t t0)or (),
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and by Eq. 3.12 we have

Lo To (0 o) (1) + Tolt, to) o

Tolt,t0)grpr(t) = 2/ (VTo(t, to)pr (1)

& (1) = T (1 10).2 (Tolt to) (1),

pr(t) = Zo()To(t, to)pr(t) + L (t)To(t,to) pr (t)

For shorthand purposes, we can define
Li(t) =Ty 't t0)ZL" (t)To(t, to) (3.14)

which gives us

o prlt) = ZH0)pu ()

Integrating both sides from ¢ to t, we get

[ argont) = [ ar it

to

where by the fundamental theorem of calculus, we get

pr(t) — pr(to) = / drZ((7)p1(7),

to

p1(t) = pi(to) + / dr ZL)(7)p1 (7).

Making repeated re-substitutions into this integral form we get

to

oo t Tn T2
p1(t) = pr(te) + Z/ dTn/ dTn,l.../ dr L} (1)L} (Tn-1).. L} (11) pr(to),
n=1"to to
which naturally leads to the perturbative expansion

(1)

pr(t) = p (1) + oV (8) + o (1) + .

where p(IO)(t) = p1(to) and

t
o) = [ drim)el ),

to
for n > 0. Multiplying both sides by Tq(¢, o), and using Eqgs. 3.13 and 3.14 to move back to the Schrédinger picture
we get

™M (1) = To(t, to) / dr Ty (7, t0) L (1) p™ V(7).

to
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We now make a change of variables t’ =t — 7 to arrive at
t—to
P () = To(t, o) / AT Nt =t t0) L (t — ) p (¢t —t).
0

Using the composition theorem for the time-evolution operator To(ts,t2)7o(t2,t1) = To(ts,t1) and the fact that the

inverse time-evolution operator moves the state backwards in time, so 76_1(251, ta) = To(te, t1), we have
t—tg
p(”)(t) _ / dt/%(t7t . t/)f/(t . t/)p(n_l)(t . t/).
0

Now assuming that p(®) = p(t,) is a stationary state of .Z(t), we are free to take the limit as to — —oo, which
gives

P = [Tt - )27 O e 1),
0

or equivalently

P (t) :%(t,o)/ dt' Tt (t—1,0).2" (t — )" V(¢ —t). (3.15)
0

We note here that this derivation can be followed precisely the same way for the wavefunction |¢), since Eq. 3.9

has the same relevant mathematical properties as

D) — Ly o)) — (0 o).

By replacing p with [¢), % (t) with —%Ho(t), £'(t) with —£ H'(t), and To(t, to) with Uy(t, to) we arrive at

() = —%Uo(t,o) /OO AU (= O H (L= 1) [p (e - 1)) (3.16)

0

and so we see that TDPT is a technique for solving time-dependent ordinary differential equations.

At this point, we have a formal solution to Eq. 3.9, which demonstrates the validity of the perturbative expansion
even if Hy and/or D are time-dependent. However, in such situations, the object To(t, tp) cannot be expressed in a
useful analytical form, and must be numerically approximated. This thesis focuses on the case where both Hy and

D are time independent, and therefore we have
%(ta to) = efo(t—to)’

which can be solved numerically by diagonalizing .%,. This concept of diagonalizing the equations of motion lies at
the heart of the numerical techniques derived in this thesis. Expressing egs. 3.15 and 3.16 as an efficient numerical
algorithm (which we call UFZ) is described in Chapter 5 for closed systems and Chapter 6 for open systems.

Briefly, we note that %, can either be expressed as a superoperator acting on the N x N matrix p (where N is
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the dimension of the Hilbert space of Hy), or as a N? x N? matrix acting on the Liouville-space vector |p). The

expectation value of A can be expressed as

(Alp) = Tr{Ap).

3.3 Optical Response Functions

Having derived Eq. 3.15, we are ready to discuss the optical response function (ORF). The ORF forms a conceptual
foundation for NLOSs, and is a convenient way to introduce the concept of phase-discrimination, which lies at
the heart of NLOSs, as well as two commonly used approximations, the rotating wave approximation (RWA) and
the impulsive limit. The numerical techniques outlined in this thesis are designed around the concept of phase-
discrimination, and are designed specifically to go beyond the impulsive limit. We will often invoke the RWA, but
our numerical methods can do calculations beyond the RWA if desired.

The ORF is an appealing object because it is independent of the details of the electric field E(¢), and depends
only upon properties of the system, namely %, and u. We begin the discussion of ORFs by considering linear
absorption of an ultrafast pulse. The total induced polarization of the molecular system can be expanded in powers
of the electric field amplitude as

P(t) =PV (1) + PO (1) + PO(t) + .,

where we have assumed that the material has no permanent dipole moment (as is the case for centrosymmetric
crystals and randomly oriented molecules), so that the even orders P (27) cancel. Linear absorption of a macroscopic

medium is related to the microscopic polarization that is linear in F, which is

PO () = T [mp V(1))

In order to determine the total signal that is measured in the far field, we must solve Maxwell’s equations by
using the linear molecular polarization P(t) as a source term. Following the derivation on pages 96-98 of Ref. 14,
we assume that there are many identical non-interacting molecules that occupy a cube of volume 3. We specify
that the incoming electric field E(t) is traveling along the z-direction, and ignore the spatial variation of the field

along the x and y axes.*
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From Eq. 3.15, and explicitly writing p as a Liouville-space vector, we have that

P () = To(t,0) /O T AT (=002t — )|p®)
- [T w02 -0
0

= % /Oo aeTo(t',0) (5t = )" o) + 5t = ) pO) — gt = ) 1p®) — &5t~ ¢)uP1p0))
0

— ;/{;Oo dt/Ej(t — t/)%(t/70) (MK|p(0)>> _ MB|p(O)>>) . ;i/ooo dt/E;(t . t/)%(tl,O) (MB|P(O)>> _ NK|p(O)>>) 7

where p|p) = pp and pP|p) = pu. Since both p and p(®) are Hermitian operators, u[p(®)) is the Hermitian
conjugate of u[p(®). The time-evolution operator To(t,to) must preserve the Hermiticity of the density operator,
and thus if A and B are Hermitian conjugates, then To(t,t9)A and Tg(¢,to)B must also be Hermitian conjugates.

Thus we have

pI(t) = %/ dt’e(t — ') To(t', 0) (qu(O) - MBP(O)) + h.c.
0

At this point it is informative to expand ¢; using Eq. 3.2 to get

p(l)(t) _ %ei(kj-r-i-(i’j)/ dt/Aj(t _ t/)e—iwj'(t—t/)%(t/’o) (MKP(O) _ qu(O)) + he.
0

p(l)(t) _ %ei(kj'r+¢j)76(t, 0) / dt’ (A] (t o t/)efiwj(tft’)%—l(t o t/, O)MKP(O) _ Aj (t _ t/)efiwj(tft'),]a—l(t _ t/, O),qu(O)) + he.
0

As long as the envelope A;(t) is wide enough to resolve the optical carrier frequency, the term involving up(®)
will be much smaller than the term involving < p(®). Neglecting the uZp(® term for this reason is called the
rotating-wave approximation (RWA). To see why it is negligible, let us assume that D = 0 (so we have a closed

system), and therefore

%(ta tO)‘p» = UO(t7 tO)pUT(ta tO)

Expressing [p(®)) in the eigenbasis of Hy, we have
) = "pili) (il
where p; are the thermal occupation probabilities of each eigenstate of Hy, where Hy |i) = hw; |i). Then

1 1p0) = uZpi i) (i

pX o) =" pigui |K) (il
i,k
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and

To (60 |p ) = D pipwie’ = k) (il
ik

while

To ' (60010 ) = Y pipane’ i) (K]
ik

The dipole matrix elements puy; connect states that are separated by energies on the order of the optical gap. In
general optical pulses will be used that have a carrier frequency similar to the optical gap of the material system,
so that w; ~ wy — w; for the relevant 4, k in the system under study. Thus the integrand involving | p(o))> has the

form

At =)@ DT 0K [p0) = Ayt — 1) Y prpiie’ @D [k (]
ik
~ At —t) D prpmie™ ) (k) (il

ik

where wgow <K wj. In contrast

Aj(t = t)e TN =1 0)uP p D) = Aj(t — 1) Y pipape™ @k 13y (k|
ik

~ At =) pipiger = ) (k|
ik
where Weast & 2w;. Since Wow < Weast, the integrand involving 1Z[p(®)) (the counter-rotating term) will oscillate
many more times in the region of integration as compared with the integrand involving p*<p(®) (the rotating term).
Thus upon integration, the rotating term will make a much larger contribution to p*) than will the counter-rotating
term. The only circumstance under which this would not hold is if A;(¢) is too short to resolve wgsi, in which
case it is possible for the counter-rotating term to make a significant contribution. In general, the rotating term
excites the ket and de-excites the bra, whereas the counter-rotating term excites the bra and de-excites the ket. By

invoking the RWA, we have

pD(t) = / dt' A (t — t’)%ei(kﬂ"f+¢’f>e—"“’f<t—t')’ro(t’, 0)u™|p DY + h.c.,
0
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The linear polarization is

PO(t) = (up™)

= / dt’ A (1 — t')e— i (0=t ) gilkj r+0)) %e(t’)«ulTo(t’, 0)u[p V) + c.c.

= / dt' A (t — t")e i =) gili 46 RO (1) 4 e e

—0o0

where R() is the linear response function of the material. If we assume that A;(t) is short with respect to all of the
relevant time-scales contained in R (¢), but is simultaneously long enough to resolve the optical carrier frequency

w;, then we can approximate that A;(t) ~ 6(¢), and thus that
PO(t) x etir+e) R (1),

This is called the impulsive limit.

The conceptual advantage of the response function is thus two-fold. First, it is in some sense the “ideal” signal.
The goal of nonlinear optical spectroscopy experiments is often to use pulses to deduce the properties of the system,
contained in RM, not the convolution of the system properties with the pulse shape, contained in P(Y). Given that
the response functions are often complicated enough by themselves, and that connecting the results of experiments
with theoretical predictions are often hard enough, without including the details of the pulse shapes, it is tempting
to ignore the pulse shapes. There has been some work done trying to understand in general how finite pulse
effects modify the true signal, as compared with the response function. However, when comparing experiment to a
theoretical model, the pulse shapes are often ignored.

The exponential factor in front of R™(t) is the phase-discrimination condition (see the beginning of this Chapter
for a discussion of phase-discrimination). In this case, the phase-discrimination condition shows that the sample
will radiate the signal E, oc iP™")(t) only along the direction k;. This comes as no surprise when measuring linear
absorption. We expect to measure the linear absorption signal by placing a detector behind the sample, in the
path of the original laser. However, for non-linear signals, this will not necessarily be the case. Instead, signals will
radiate in many different directions defined by ks = > j m;k;, where m; are integers.

Moving on to the nonlinear case, we write down the third-order response function as

-\ 3
R<t1,t27t3)=(;) 0(t)0(t)0(ts) > (ulTolts, t2)n® To(ta, t1)n® To(tr, 0)uC o),

0,0’,0"=K,B
R (ta,ta,t1)

where we suppress the (3) superscript, since the presence of three time arguments implies that this is a third-order
response function. Since there are 2 options for each p©, there are 2% = 8 different third-order response functions.

However, these 8 can be broken down into 4 complex conjugate pairs of response functions. Following Mukamel’s
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numerical identification on page 120 of Ref. 14, we have

i

3
Ra(t. ta.ts) = (h) 0(00)0(02)0(t3) (u To L £2) 1P To s 1) 1P To (11, 00 )

3

Ro(ty,ta,t3) = (;) ot (ts) (] To (ts, to) B To (ta, t1) ™ To (t1, 0) Blp(0)>>
3

R3(t1,to,t3) = (;) ot (t3) (1| To (tz, t2) ™ To(ta, t1) P To (t1, 0) ® [ pO)
3

Ry(ty,ta,t3) = (;—L) o(t (t3) (| To (t3, to) ™ To (te, t1) ™ To (t1, 0) | p(0Y.

Third-order spectroscopies are often performed using 3 pulses, so that

3
t)=> eit)+(t)
j=1

In this case, the third-order polarization field that builds up in the sample is
PO(t) /dt3/dt2/dt1E t —t3)E(t —tg — to)E(t — t3 — ty — t1)R(t1, ta, t3).

Since E(t) is composed of 6 terms, and there are 8 response functions, this in principle involves 8 x 63 terms.
Half of these will be overall complex conjugate partners. At this point, it is of crucial importance to remember
the exponential phase factors e!®i*+95) If we are only interested in the signal proportional to e’ ™+%:) where
ks = £k +kotks and s = £¢1 £ o £ 3, then there are only 8 x 3! = 48 terms, since we are only interested in terms
where, after expanding E?3, the product 55 )5(2 )sg ) is present, where €; contributes +k;, and £} contributes —k;. For
example, if we are interested in the rephasing signal, which is proportional to e’k 7+¢<) where k, = —k; + ko + k3
and ¢5 = —@1+¢p2+¢p3, then we are only interested in terms where the product ejeae3 appears. Note that 5?5253R§3)
is not the complex conjugate of €T€2€3Rg3)*, so all 8 response functions are needed for this counting argument. In
addition, if all three pulses are coincident in time, there are 6 different unique ways of permuting the electric-field
indices of the product e} (t —t3)ea(t —t3 —ta)ez(t —t3 —ta —t1), that give the desired phase-discrimination condition.

By invoking the RWA, and by using the fact that the thermal occupation of electronic excitations is negligible

at room temperature, we can neglect 32 of the 48 terms, leaving us with 16 well-known terms. An example of one

of the 32 neglected terms is

-\ 3
/dtg/dtz/dtﬂ;‘g(t—tg)&g(t—tg—tg)&f(t—t3—t2—t1) (;) 9<t1)9(t2)0(t3)<<1u’|76(t3atZ)MK%(tz,tl)/LB%(tl,O)MK|P(0)>>-

In the RWA the term %1% de-excites the ket, and assuming that |p(®)) has no population in an excited electronic
state, that term will be zero.

When calculating nonlinear optical spectroscopy, a final assumption is often invoked, which is called time-
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ordering. When the three pulses arrive in the order implied by their index, and do not overlap in time, only 3 out

of 16 terms contribute to the rephasing signal. Those three terms are

Pr(ezghasing(t) = /dtg/dtg/dt1€3(t—t3)€2(t—t3—t2)61‘(t—tg—tg—tl) (Ri(tl,tg,tg) =+ RQ(tl, tg,tg) + Rg(tl,tg, tg)) .

In the impulsive limit, the other 13 overlap terms only contribute when two or more pulses are perfectly coincident.
Otherwise, those terms are strictly zero in the impulsive limit, and are thus ignored in impulsive calculations.

Each of the terms that contribute to a given polarization field P (t) can be visualized using double-sided
Feynman diagrams. All 16 diagrams that contribute to third-order signals are displayed in Figure 7.1, and the three
that contribute to the rephasing signal when the pulses are time-ordered are surrounded by a black box in that
figure. Double-sided Feynman diagrams are constructed using two vertical lines, one representing the ket-side , and
the other representing the bra-side, of the density matrix. Arrows that point up and to the right are referred to as
rotating terms (and are associated with ¢;), while arrows that point up and to the left are called counter-rotating
terms (and are associated with £7).

Double-sided Feynman diagrams used for describing NLOSs originally developed from single-sided diagrams
describing the absorption and emission of photons as pioneered by Feynman (see Ref. 45). Single-sided diagrams were
used to describe resonant linear and off-resonant nonlinear light-matter interactions (for example in Ref. 46). Double-
sided diagrams were introduced initially to show the evolution of the wavefunction and its complex-conjugate (in
other words a density matrix) during multiple-photon absorption/emission processes, for the purpose of calculating
the transition probabilities between different excited states (for example see Ref. 47). Ref. 48 uses this double-sided
diagram approach to study resonant Raman processes. Perhaps the first formal use of double-sided diagrams for
the organization of different NLOS signals occurs in Ref. 49, although the diagrams shown there look visually
dissimilar to the modern double-sided diagrams (rather than two separate lines, the diagrams in Ref. 49 involve
circles, indicating that the density matrix begins in a population, ends in a population, and in between the bra and
ket sides evolve along different trajectories). Double-sided Feynman diagrams have become ubiquitous throughout
the field.

Although inconvenient, performing calculations using finite-pulses at 3rd-order is certainly doable. Although
some studies of finite pulse effects consider only the impact of including finite pulse shapes in the time-ordered
diagrams [17, 19, 20], in order to self-consistently account for finite pulse effects, one must include all of the relevant
overlap diagrams as well [13, 18]. Calculating 16 diagrams instead of 3 may be tedious, but it is well within reason.
However, when one considers higher-order spectroscopies, the number of necessary diagrams grows rapidly. For

example, the total fifth-order polarization field is given by

PO(t) = /dtg/dtg/dtlE(t—ts)E(t—t5—t4)E(t—t5—t4—t3)E(t—t5—t4—t3—tg)E(t—t5—t4—t3—t2—t1)R(t1,t27t37t47t5),



CHAPTER 3. LIGHT-MATTER INTERACTION 30

where

.\ O
Rty ta,t3,ta, 15) = <;) 0(t1)0(t2)0(t3)0(ta)0(ts) > (1| To(ts, ta) " Tolta, ts) " Tota, t2)u” Tolta, 1) To(t1,00u°p ),

R (t1,t2,t3,ta,ts5)

where O,0’,0",0",0"" can be either K or B. For the 5"-order case, there are 2° = 32 different combinations
of u® /P, with half being complex conjugate partners, as above in the case of the 3"d-order response functions. If
E(t) is a sum over 5 separate pulses, we will have 5! = 120 different pulse permutations that yield a given phase-
matching condition associated with a signal that goes to first-order in each pulse. This will yield 3840 different
diagrams. Invoking the RWA in combination with taking the initial state to be entirely in the ground state brings
the total down to 960 (according to the automated diagram generation process, introduced in Chapter 7). Nearly
1000 diagrams really requires automation, which is what we do in Chapter 7.

Although the numerical algorithms we call UF? (derived in chapters 5 and 6) can be used to calculate response
functions, the motivation of those algorithms, and this thesis, is to provide a computationally convenient and
efficient method for moving beyond the impulsive limit by directly calculating P (¢) for any n and any phase-
discrimination condition. We achieve this by writing an efficient algorithm, UF?, to calculate p(™ given p(™~1),
and by writing an algorithm to automatically generate all of the necessary diagrams associated with any phase-
discrimination condition. We will discuss phase-discrimination, and how it is achieved experimentally, further in

the next section.



Chapter 4

Examples of Nonlinear Optical

Spectroscopies

Having developed the foundational theory needed to calculate NLOSs in Chapters 2 and 3, we pause here to give
a brief (non-exhaustive) overview of optical NLOSs, to give a flavor of some of signals that are measured. This
chapter gives several examples of NLOSs using a simple model system, described in Sec. 4.1. All of the simulations
presented below are performed using ultrafast spectroscopy suite (UFSS), the software suite that is described in
Chapters 5-9, and which is available at github. UFSS is designed to calculate any order perturbative NLOS due
to any number of optical pulses, interacting resonantly with the bound states of a model system. UFSS does not
treat chemical reaction dynamics or photoionization, which involve coupling to continua of unbound states, or non-
resonant processes, which involve coupling to virtual states. With some very minor development, UFSS could be
adapted to simulate IR vibrational spectroscopies as well.

All of the spectra presented in this chapter can be produced in the Jupyter notebook ThesisChapterl.ipynb
(which is included in the GitHub repository). This notebook gives a guide of how to use UFSS to calculate
linear and transient absorption, 2 pulse photon echo, and 2D photon echo simulations, including inhomogeneous
broadening and isotropic averaging. Although the default is set to study a simple system with only 2 coupled
excited electronic states (outlined in Sec. 4.1), the notebook includes options to include additional electronic states,
as well as vibrational modes. This chapter, and the associated Jupyter notebook, thus serve as an introductory
user’s guide to UFSS. This chapter does not include any novel contributions to the field. It is the final chapter that

lays the foundation for the novel results presented in all subsequent chapters of this thesis.
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4.1 Example System

In order to describe NLOSs, it is helpful to discuss simulations of spectra using a simple example system. NLOSs
directly probe electronic states in molecules by virtue of the fact that the optical pulses couple to the system via the
electronic dipole of the system (see Sec. 3.1). In many cases they indirectly probe vibrational degrees of freedom,
due to the fact that the vibrational degrees of freedom are coupled to the electronic degrees of freedom, and it
is usually of critical importance to understand those couplings in order to correctly interpret spectra. However,
the intuition about NLOSs is often founded on considering just the electronic states. Here we consider a system
consisting of two coupled subunits, each with a ground state and a single electronic excited state. Each subunit is
an identical two-level system (2LS), and their singly excited states interact via a simple Coulomb interaction term.

The Hamiltonian of the system is

H=~nh Z wgapc;(ci + 0.5wg (cJ{cQ + clcg) , (4.1)
i=1,2

t

where c; creates an excitation on site ¢ and fwg,p is the energetic gap between the ground and excited electronic
state of each isolated subunit, and wq sets the energy scale for the excited states in the model. Note that Eq. 4.1
corresponds to the case s = 2,k = 0 of Eq. 2.5, with V;(q) = hwgap and Via(q) = 0.5wp (note the lack of g-
dependence, due to the fact that we do not include any explicit vibrational degrees of freedom in this model).

The eigenstates of H include one ground state, one doubly excited state, and two singly excited states that have
energies wWgap — 0.5wy and wgap + 0.5wp. Although we wish to keep this model as simple as possible, closed systems
exhibit unrealistic, perfectly sharp absorption lines. We therefore include dephasing and relaxation processes via
the secular Redfield equations, which we describe in more detail in Sec. 6.3.2.1. Briefly, we model the coupling of
the electronic states to a bath using an Ohmic spectral density of coupling strength 0.05wg, and a Lorentz-Drude
cut-off function with cut-off frequency wp, and temperature Ty, = fiwg/kp, where kp is Boltzmann’s constant (with
the exception of Fig. 4.6(a-c), which shows results for kgTy, = 0.25wp). To put this into perspective, at room
temperature kpTy, = 25 meV, corresponding to a frequency fo = wo/2m of about 200 cm™! or 6 THz, and a period
of about 160 fs. The coupling to the bath implies a relaxation rate of about 250 fs, with a corresponding dephasing
time of 500 fs, both of which can be seen in Fig. 4.6(e).

We model the light-matter interaction (introduced in Chapter 3) using the electric dipole approximation (see

Sec. 3.1), giving us the interaction Hamiltonian
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We treat the electric fields classically, as a sum over L pulses

Et)= Y eci(t)+esilt)
i=a,b,..., L
For the simulations in this section, all of the pulses are linearly polarized in the same direction (e; = x for all 7),

the electric field amplitude is modeled as a Gaussian

1
N V2ro

e (t) e—t2/202—i(wc—ki~r+¢i)’
where the standard deviation of each pulse is taken to be o = wy ! and the pulses are centered on the optical gap
of an isolated 2LS, so that w. = wgap (except for Fig. 4.1(d), where the pulse is centered at w. = wgap — 0.5wp). All
pulses are taken to be identical, except that the pulses may travel along different directions (k; are not the same
for all pulses). If we take fo = 6 THz, then we have o = 25 fs, or a full-width half maximum (FWHM) of about 60
fs, which is easily attainable in current experimental labs.

We model the light-matter interaction using the electric dipole approximation, where both molecules are taken

to have equal dipole magnitude, but are perpendicular to one another, so that

i = (] + o)
H2 = ( g"" CQ)yv

and the total dipole operator for the system is
p=p Qs +1; ® po

All simulations in the following section include isotropic averaging assuming a random, static, distribution of

molecules in the lab frame (see Appendix B of Ref. 50.

4.2 Linear and Transient Absorption

We begin exploring NLOSs by first considering linear absorption spectroscopy. Figure 4.1(a) shows an experimental
schematic of linear absorption, which usually involves scanning a tunable light source (either a variable CW laser or
a white light source with a monochromator) across many different wavelengths. The laser is directed into a sample,
and then a detector on the other side of the sample. Fig 4.1(b) shows an alternative experimental schematic for
acquiring part of the absorption spectrum in a single shot by using an ultrashort laser pulse, a diffraction grating,

and a detector. The absorption spectrum acquired using an ultrashort pulse is equivalent to the CW absorption
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Figure 4.1: (a) Schematic of CW absorption spectrum, obtained using a tunable CW laser or a white-light source
and a monochromator. (b) Schematic of ultrafast absorption spectrum. (c) Linear absorption spectrum obtained
by using a variable continuous wave laser. Note the higher-energy state has a larger homogeneous line-width, due
to the relaxation rate that couples it to the lower energy state. The integrated peaks are roughly equivalent, as
both transitions have equal dipole strength. (d) Linear absorption spectrum obtained by using a single ultrafast
probe pulse, centered on the lower energy absorption peak. The probe amplitude is displayed in black. Each peak
is weighted by the probe intensity, showing how the bandwidth of ultrashort pulses can effect the spectra that are

measured.
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Figure 4.2: (a) Schematic of transient absorption (TA) spectroscopy. The absorption of the probe is measured for
each delay time between the pump and probe pulses. (b) Change in probe absorption due to the pump pulse for
a simple dimer of two identical two-level systems with coupling 0.5wg (see Eq. 4.1). Note that the negative signal
at Wgap  0.5wp indicates that the absorption of the probe pulse is diminished at the linear absorption peaks. (c)
Change in probe absorption spectra with transients only (static change in the probe absorption at a delay time of
1000w, ! has been subtracted away). (d) Line-cuts of TA spectra shown in (b) at w = 0.5wp + Wgap (cyan) and
w = —0.5wp + wgap (purple), which reveals that the magnitude of the signal at w = 0.5wp + wgap is smaller than
the magnitude of the signal at w = —0.5wy + wgap. Note that the oscillations are consistent with a dephasing time
of 20w ! and if we take wy = 27 x 6 THz, this dephasing rate would be 500 fs. The relaxation time is somewhat
difficult to see, but is also visible with a time constant of 10wy *.
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Figure 4.3: (a) Absorption spectrum for two coupled 2LS’s (same as Fig. 4.1(a)). (b) Absorption spectrum for the
same system as (a), but including inhomogeneous broadening of the optical gap with standard deviation 0.4wy. We
do not include inhomogeneous broadening over the coupling or the individual site energies .

spectrum, multiplied by the intensity of the laser pulse as a function of frequency. Fig. 4.1 shows the CW absorption
spectrum in panel (c¢), and the ultrafast absorption spectrum in panel (d), along with the the pulse amplitude profile
(note that in this simulation only, the pulse is centered at w. = wgap — 0.5wp, instead of we = wgap, in order to
highlight the fact that the absorption peaks are weighted by the laser pulse).

The ultrafast absorption spectrum is an important starting point for understanding transient absorption (TA),
which uses the ultrafast absorption of a probe beam as a reference. TA begins by measuring the absorption spectrum
using a probe pulse, just as in Fig. 4.1(b). Then, as shown in Fig. 4.2(a), a pump pulse is added, traveling along
a different spatial path. The time delay between the pump pulse and the probe pulse is varied. For each value of
the delay time, the absorption of the probe is measured. By subtracting the baseline probe absorption, measured
in the absence of the pump, the change in absorption is plotted as a function of delay time. Fig. 4.2(b) shows a TA
simulation. Panel (c) shows the TA simulation after subtracting out the static absorption (technically obtained at
a delay time of 1000wy '), and panel (d) shows two linecuts from panel (b). The dynamics of the excited states of
the system are visible as oscillations that decay due to the coupling to the bath. The average strength of signal at
Wgap — 0.5wp increases slightly, while the strength of the signal at wgap + 0.5wo decreases slightly as a function of

the delay time, due to thermal relaxation of the initial excitation created by the pump pulse.

4.3 Inhomogeneous Broadening and 2 Pulse Photon Echo

The example spectra from Section 4.2 do not include inhomogeneous broadening, which is the variation of molecular
properties, both in time and in space, due to interactions with the environment. In Fig. 4.3(b) we show the
absorption spectrum when including a Gaussian distribution of static disorder for the optical gap of the coupled

2LS. We take the standard deviation of the disorder to be ¢ = 0.4wy. As can be seen, the individual peaks have
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Figure 4.4: (a) Schematic of 2 pulse photon echo experiment. Signal is measured in the —k, + 2k, direction. The
delay time between pulse a and b is called the coherence time, and is usually labeled 7. The signal field is usually
mixed with a reference pulse called a local oscillator. Data can be collected using a diffraction grating and CCD, as
shown, in order to obtain data as a function of w;, the detection frequency, for each 7. Alternatively the diffraction
grating may be replaced by a photodiode. In this case both the coherence time, 7, and rephasing time, ¢, must
be varied independently. The rephasing time is defined as the delay between pulse b and the local oscillator. In
some cases, the experiment is done for t = 7, so as to extract the homogeneous decay time. (b) Feynman diagram
describing the stimulated emission process in the 2 pulse photon echo experiment (see Chap. 7 for more details on
Feynman diagrams). (c) 2 pulse photon-echo simulation without inhomogeneous broadening shown as a function of
7 and ¢t. (d) 2D Fourier transform of (c¢), showing the 2 pulse photon-echo simulation as a function of the Fourier
conjugate variables w, and w;. (e) 2 pulse photon-echo simulation with inhomogeneous broadening shown as a
function of 7 and t. Note that the decay along the line 7 = ¢ is unchanged by inhomogeneous broadening of the
optical gap. (f) 2D Fourier transform of (e), showing the 2 pulse photon-echo simulation as a function of the Fourier
conjugate variables w, and w;. The diagonal shows the inhomogeneous broadening modeled as Guassian disorder
with standard deviation ¢ = 0.4wp, with a similar shape to the linear absorption spectrum in Fig. 4.3(b), while
the anti-diagonal shows the pure homogeneous linewidth, with similar shape to the linewidths seen in Fig. 4.3(a),
controlled by the relaxation process with a time constant of 10w ! modeled using secular Redfield theory.
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been smeared out to the point that they are no longer distinguishable.

A technique called the two pulse photon echo (2PE) can remove the inhomogenous broadening and reveal the
homogeneous line shapes. The photon echo experiment is the optical analogue to the spin-echo experiment in NMR.
When working with spin-1/2 systems, it is straight-forward to create 7/2 and 7 pulses. A 7/2 pulse moves the
entire ensemble into the excited state. A m pulse moves the entire ensemble from ground, to excited, and back
to ground (or from excited, down to ground, and back to excited). However, in many cases the 2 pulse photon
echo experiment has been carried out in the perturbative regime, owing to the difficulty of creating x/2 and 7
pulses for optical excitation of complex molecular systems [13]. However, there is ongoing interest in using two
pulse photon echoes for all-optical memory and multimode quantum memories [51] in solid-state systems. Highly
localized excitations of quantum dots can be treated as 2LSs, and have been shown to exhibit Rabi oscillations [52].
Rabi oscillations have also been studied in CdTe/(Cd,Mg)Te quantum well systems [53].

For our purposes, we will focus on the perturbative regime, so that we are not considering 7/2 and 7 pulses.
Rather, we are considering the case where only a small percentage of the ensemble interacts with the incident fields.
2PE can be used to obtain the homogeneous linewidth from condensed phase samples. 2PE can be done using
two pulses, just as with transient absorption. However, for the photon echo experiment, the detector is placed in
a different location, as shown in Fig. 4.4a, in order to measure the signal in the —k, + 2k; direction. In the case
of TA, the change in absorption of the second pulse is measured, and so the nonlinear signal that is probed is
generated in the same direction as the second pulse. The second pulse thus acts both as the final interaction with
the system, as well as the reference pulse used when detecting the non-linear signal. The fact that the second, probe,
pulse is also the reference pulse, leads to the expression “self-heterodyne detection”, which is distinguished from
homodyne detection because TA is sensitive to the amplitude of the nonlinear signal, rather than the intensity (see
the beginning of Chapter 3 for a discussion of heterodyne and homodyne detection). In the case of 2PE, however,
the detector is placed in a different location, and is therefore sensitive to a different type of nonlinear signal. Since
detectors measure intensity, a detector in the —k, + 2k; will only be sensitive to the intensity of the nonlinear
signal, and not the amplitude. However, by using a reference pulse with a controlled phase, one can measure the
complex amplitude of the 2PE signal, if desired.

We can use time-dependent perturbation theory (TDPT) to gain insight into NLOSs by visualizing each of the
perturbative calculations in the form of a Feynman diagram (introduced in Chap. 3 and discussed in more detail in
Chap. 7). One of the two diagrams that contribute to the 2PE signal is shown in Fig. 4.4(b) (this figure shows the
stimulated emission term; the other term is called excited-state absorption, and can be seen in Figure 7.1). Briefly,
when looking at a Feynman diagram, time advances moving upwards. Arrows that point towards the right are
associated with the rotating term, and thus with the e’%* phase term, while arrows that point towards the left are
associated with the counter-rotating term, and thus with the e~ phase term. The left vertical line represents

the ket-side of the system density matrix, while the right vertical line represents the bra-side of the system density
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matrix. In the rotating-wave approximation, arrowheads that touch the bra or ket vertical lines cause electronic
excitation to the bra or ket, respectively, while arrow tails that touch the bra or ket vertical lines cause electronic
de-excitation of the bra or ket, respectively. Thus we see from Fig. 4.4(b) that the stimulated emission term involves
excitation of the bra-side by the first pulse. The second pulse both excites the ket-side, and de-excites the bra-side
of the density matrix. This gives insight into the system evolution between pulses, as described in the following
paragraph.

In the photon echo experiment, the first pulse excites the bra-side of the density matrix, causing the system to
evolve in the coherence |g) (¢/|. Considering only the unitary evolution of the system, this means that each individual
molecule evolves at a frequency (W' ~wo)7 xy giwsapT (approximate due to the fact that there are really two states
with eigenenergies of wgap &+ 0.5wp). We can understand the first pulse as setting up a bulk polarization field in
the sample that oscillates at the same frequency as the optical transition frequency of the molecules, wgap, and
decays due to the homogeneous linewidth of the molecule. In the case of dissolved molecules, each molecule in the
solution is surrounded by a slightly different environment. The difference in environment introduces inhomogeneous
broadening, and causes wg,p to be slightly different for each nominally identical molecule in the solution. The bulk
polarization field rapidly loses spatial coherence because wg,, acts as a randomly distributed variable across the
solution. When a second pulse, delayed from the first by a coherence time, 7, arrives, the polarization of each
individual molecule has acquired a phase e*=a»7. The second pulse causes the polarization field of each molecule
to “flip”, because after interaction with the second pulse, the system is in a coherence |e) (g|, and so picks up phase
e!Ws—we)t ~ g~weart  Thus the polarization field then begins accumulating a phase e~ “==»! where ¢ is the time
measured from the second pulse. When t = 7, the polarization field of each individual molecule has returned to a
total phase of €” = 1, and the bulk polarization is once more spatially in phase (it has rephased). At this point, the
signal field is maximum. Thus if the detected signal field is plotted as a function of ¢ for any value of 7, the field
shows a peak at ¢t = 7 (so at a time 27 after the first pulse). This peak is often called an “echo”. The magnitude of
the echo is diminished be a factor of e 277, where « is the homogeneous dephasing rate. This echo effect does not
occur throughout the sample. The sample experiences a bulk rephasing effect only for detection along the particular
direction —k, 4+ 2k;. By placing a detector along this direction, the echo can be detected, typically using a reference
pulse called a local oscillator.

Figure 4.4(a) shows a schematic for an experimental setup that could measure the 2PE. Fig. 4.4 shows the
simulated signal field emitted along the —k, + 2k, direction as a function of the interpulse delay, 7, and the time
after the second pulse, ¢, for (b) no inhomogeneous broadening and (d) with inhomogeneous broadening. The echo
effect is seen in Fig. 4.4(d) as a slowly decaying signal along the 7 = ¢ line. The decay rate along the 7 = ¢ line
reveals the homogeneous dephasing rate for a single dissolved molecule, without the ensemble averaging inherent
in an absorption spectrum. The Fourier transform along this line thus reveals the homogeneous lineshape, which

is seen along the antidiagonal of Fig. 4.4(e), which shows the 2D Fourier transform as a function of the conjugate
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variables w, and w;. Along the diagonal (w; = w,) we see the inhomogeneous lineshape, analogous to the lineshape
in Fig. 4.3(b). In contrast, Fig. 4.4(c) shows the 2D Fourier transform of panel (b), without any inhomogeneous
broadening.

Figs. 4.4(c) and (e) are called frequency-frequency correlation plots, and are somewhat analogous to CW double
resonance spectra [13]. In a CW double resonance experiment the change to the absorption spectrum is measured
due to excitation at a particular frequency. By plotting the change to the absorption spectrum at many differ-
ent excitation frequency, a frequency-frequency 2D spectrum is obtained. In the 2PE experiment, the w,-axis is
analogous to the excitation axis, and the w; is the detection axis. The difference, of course, is that in the 2PE
experiment, all frequencies are simultaneously excited and detected, due to the use of ultrashort pulses that contain
many frequencies. In the absence of inhomogeneous broadening, we see two diagonal peaks along the line w; = w-.
The diagonal line is associated with excitation at some frequency, followed by detection at the same frequency.
There are also two cross-peaks visible, which correspond to excitation at one frequency, and detection at another
frequency. The cross-peaks are thus sensitive to couplings between states. If, for example, the system under study
consisted of two uncoupled 2LSs (perhaps two molecules dissolved in the same solution), one with an optical gap

of wWgap — 0.5wp, the other with an optical gap wgap + 0.5wp, we would see only the diagonal peaks.

4.4 2D Photon Echo and 2D Electronic Spectroscopy

The addition of a third pulse to the 2PE experiment yields 2D photon echo (2DPE) spectroscopy (shown schemat-
ically in Fig. 4.5(a)), which allows for the study of the excited state dynamics. The delay between the second
and third pulses, T, called the population time, reports on the electronic excited- and ground-state dynamics,
just as with TA. The advantage over TA lies in the frequency resolution of the excitation, provided by taking
the Fourier transform with respect to the coherence time 7, the delay between the first two pulses. 2DPE yields
frequency-frequency correlation plots as a function of T', allowing for the study of frequency-dependent excitation
and detection as the excited system evolves. If one integrates along w, (which is equivalent to measuring at 7 = 0),
one recovers the TA spectrum, along with additional phase information, which is provided by the reference, or local
oscillator, pulse. At a population time T' = 0, the 2DPE signal is the same as the 2PE signal. This similarity can
be seen by comparing the Feynman diagrams from Fig. 4.5(b) and Fig. 4.4(b). When the third pulse arrives at the
same time as the second pulse, the stimulated emission signal is the same for both the 2DPE and the 2PE.

2DPE is an information rich experiment, but can be very difficult to interpret. Intuition that comes from the
impulsive limit, and a neglect of vibrational motion, leads to very simple interpretation of spectra. Fig. 4.6(a) and
(b) show 2DPE simulations with kT, = 0.25wg, where kp is Boltzmann’s constant and Ty, is the temperature,
and for population times T = 0 and T = 257 /wy, respectively. Both panels clearly show four peaks, two along

the diagonal w; = w,, and two off diagonal peaks, called cross-peaks. Fig. 4.6(c) shows each of those peaks as
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Figure 4.5: (a) Schematic of the rephasing 2D photon echo experiment, where the delay between pulses a and
b is the coherence time 7, and the delay between pulses b and c is the population time 7. The signal field is
detected as a function of frequency wy, for many values of 7 and T'. The Fourier transform along the 7 axis yields
the excitation frequency w.. The non-rephasing signal is measured by changing the order of the first two pulses
(in which case T is the delay between pulse a and pulse ¢), or maintaining the pulse order and placing a detector
in the k, — k; + k. direction (which preserves the definition of 7" as the delay between pulse b and pulse c).
Adding the rephasing and non-rephasing spectra yields the 2D electronic spectroscopy (2DES) signal. Feynman
diagrams describing the stimulated emission process in (b) the rephasing experiment and (c) the non-rephasing
experiment (see Chap. 7 for more details on Feynman diagrams). Rephasing 2DPE at population time 7' = 0 (d)
with inhomogeneous broadening and (g) without inhomogeneous broadening. Non-rephasing 2DPE at population
time T = 0 nonrephasing 2DPE, (e) with inhomogeneous broadening and (h) without inhomogeneous broadening.
Sum of rephasing and non-rephasing at population time 7" = 0 (f) with inhomogeneous broadening and (i) without
inhomogeneous broadening.
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a function of population time 7. Figs. 4.6(d-e) are directly analogous to (a-c), except that (d-e) are simulated
for kgTip = Awp. In Fig. 4.6(c) we see that the lower energy diagonal peak is nearly constant as a function of
T, while the higher-energy diagonal peak decays as a function of 7. This is interpreted as energy relaxing from
the higher-energy state to the lower-energy state, and is a common signature seen in 2DPE, displaying excitations
thermalizing and flowing “downhill” in the energy landscape. We see a corresponding rise in the signal at the lower
cross-peak at w, = wgap + 0.5wp, Wy = Wgap — 0.5wp, which corresponds to excitation at high energy and detection
at low energy. Both cross-peaks oscillate with frequency wy as a function of T', showing that the system was excited
into a coherent superposition of two states separated by an energy Awg. In this model system, we of course know
that the oscillations represent a coherent superposition of two different excitations, which only exists due to the
coupling J included in our model. However, a model that includes a single 2LS linearly coupled to a vibrational
mode of vibrational frequency wy would also exhibit cross-peak oscillations at wy as a function of 7.

In fact, the difficulty of distinguishing between vibrational coherences and electronic coherences in 2DPE ex-
periments lies at the heart of a contentious debate that was sparked when Ref. 3 claimed that oscillations with
a dephasing time of about 700 fs observed in their experiment were due to electronic coherences in the Fenna-
Matthews-Olson (FMO) complex. However, others, including Ref. 4 pointed out that the oscillations observed in
Ref. 3 could also be interpreted as arising from vibrational coherences. Ultimately it was concluded that the original
oscillatory signals reported in Ref. 3 were vibrational in nature, although electronic coherences that dephase rapidly
(dephasing time of about 100 fs) can also be observed in FMO [5, 6].

In the limit of no relaxation or dephasing processes, where the linewidths of the excitation and detection peaks
are perfect delta functions, the diagonal peaks in 2DPE for the current model system would not oscillate as a
function of T. However, Fig. 4.6(c) shows that the diagonal peaks do in fact exhibit small oscillations, which
are caused by the shoulders of the homogeneous linewidth of the cross-peaks. This effect is more pronounced in
Fig. 4.6(e) due to the higher temperature in the simulation, which increases the linewidths of the peaks. It is also
important to remember that when vibrational modes are included in the system Hamiltonian, the diagonal peaks
will oscillate due to ground-state bleach effects. Both of these facts mean that diagonal peaks often exhibit some
oscillations. We also see in Fig. 4.6(e) that the lower-energy diagonal peak decreases in energy, and that the upper
cross-peak shows a corresponding increase as a function of 7. When kpT;, = fuwg, we expect that excitation at the
lower energy eigenstate will lead to some population in the higher energy state due to thermalization effects.

One drawback of 2DPE is that the lineshapes of the peaks are a combination of absorptive and dispersive. The
purely absorptive and purely dispersive lineshapes can be obtained by adding what is called the non-rephasing
spectra, which can be detected using the same setup outlined in Fig. 4.5(a) by swapping the order of pulses a and
b, or by moving the detector to the k, — k; + k. direction. The delay between the first two pulses is still denoted
7, and the population time T is defined as the time after the arrival of the first two pulses, and before the third.

As shown in the Feynman diagram in Fig. 4.5(c), in the non-rephasing experiment, after the arrival of pulse a, the
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Figure 4.6: Rephasing 2DPE simulations for (a) kpTi, = 0.25wp and 0 population time, (b) kT, = 0.25wy and
257 /wo population time, (d) kpTy, = wo and 0 population time, (e) kpTi, = wo and 257/we population time.
Panels (c¢) and (f) show linecuts at the indicated circles for the diagonal and cross peaks for kpTy, = 0.25wy and
kpTin = wo, respectively.

system evolves in the coherence |e) (g| and so the bulk polarization evolves as /(s ~@e)™ x ¢~™sapT (approximate
due to the fact that there are really two states with eigenenergies of wgap £ 0.5wp). As with 2DPE, during the
interval T the excited molecules evolve in the excited states. After pulse c, the system is once again evolving in the
coherence |e) (g|, and so the bulk polarization does not flip (as it does for 2PE/2DPE), but again evolves as e ~#“sart,
For this reason, the bulk polarization decays at roughly the rate e~*ssr(7+%) and so the maximum non-rephasing
signal is always at t = 0, regardless of 7 (and therefore the non-rephasing signal does not exhibit a photon echo).
Figs. 4.5(e) and (h) show the non-rephasing signal at population time 7' = 0 with and without inhomogeneous
broadening, respectively.

By adding the real parts of the rephasing and non-rephasing signal, one obtains the purely absorptive signal (one
can similarly obtain the purely dispersive signal by adding the imaginary parts), shown in Figs. 4.5(f) and (i). The
sum of the rephasing and non-rephasing signal is often called 2D electronic spectroscopy (2DES). Fig. 4.5(f) shows
that with inhomogeneous broadenings, the 2DES retains some of the narrow linewidth along the anti-diagonal.
Fig. 4.5(f) shows that the diagonal peaks are much rounder in the absence of inhomgeneous broadening. It is worth
noting that in the model system under study the non-rephasing signal has static cross-peaks, while the oscillations
occurring at wg as a function of T appear in the diagonal peaks (though other effects can contribute oscillations
to the cross-peaks of the non-rephasing signal, such as vibrational coherences from the ground-state bleach signal).
Adding the non-rephasing to the rephasing signal thus adds oscillatory signal to the diagonal peaks.

Polarization control of the pulses can be used to enhance cross-peak signals [54, 55|, which is an idea borrowed
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from vibrational spectroscopy (see pages 93-100 of Ref. 56). However, as pointed out in Ref. 57, this polarization
control can also greatly enhance pulse overlap effects, and suggest that long pulse tails can make the interpretation

of cross-peak oscillations very difficult for short population times 7. We discuss the importance of overlap diagrams

in the context of higher-order spectroscopies in Chap. 7.
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Closed UF?

Reproduced from Journal of Chemical Physics 150 214105 (2019), with the permission of AIP Publishing

Original title: Numerical Method for Nonlinear Optical Spectroscopies: Ultrafast Ultrafast Spectroscopy

Peter A. Rose and Jacob J. Krich

Original Abstract: We outline a novel numerical method, called Ultrafast Ultrafast (UF2) spectroscopy, for
calculating the n*-order wavepackets required for calculating n-wave mixing signals. The method is simple to
implement, and we demonstrate that it is computationally more efficient than other methods in a wide range of use
cases. Resulting spectra are identical to those calculated using the standard response function formalism but with
increased efficiency. The computational speed-ups of UF? come from (a) non-perturbative and costless propagation
of the system time-evolution (b) numerical propagation only at times when perturbative optical pulses are non-zero
and (c) use of the fast Fourier transform convolution algorithm for efficient numerical propagation. The simplicity
of this formalism allows us to write a simple software package that is as easy to use and understand as the Feynman
diagrams that organize the understanding of n-wave mixing processes.

Notes:

e Since the publication of this paper, two errors in Table 5.2 have been corrected. In the original publication,
the definition of [ggn was incorrectly given as N, spa /Ny sem, and the definition of Ipgas was incorrectly
given as N. pepa/Ny¢,pem. These definitions have been corrected in this thesis, so that Table 5.2 now shows

that lSE'M is defined as Nf,DEIvI/Nc,SEJVI and lDEM is defined as Nf,DEM/Nc,DEM~

e Added a brief discussion that did not appear in the original publication comparing a simulation done using
UF? to a simulation done using a different piece of software (which uses the split-operator technique). The

added discussion is in section 5.3.3.

e Since the publication of this paper, an error in Section 5.3.3 has been identified and corrected. We previously

stated that UF? calculates spectra at least 10° times faster than the code from Ref. 21, for systems of the

45
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type described in Section 5.4. This has been corrected to say that UF? calculates spectra at least 103 times

faster for a particular test case, detailed in the text.

5.1 Introduction

Ultrafast nonlinear optical spectroscopies, in the perturbative light-matter limit, are powerful tools for elucidating
details about the electronic structure and ultrafast dynamics of optically active systems. Interpreting such spectra
often requires understanding what signals would be produced by a range of parametrized system Hamiltonians;
one then seeks the best agreement with experimental results by varying system parameters such as energy lev-
els, couplings, dephasing rates, and more. This kind of fitting, as in Ref. 10, involves repeatedly rederiving the
spectroscopic signals as system parameters change, which can be computationally expensive.

Simulations of nonlinear spectroscopies can be particularly challenging when the optical pulse durations are
similar to relevant timescales in the system dynamics, especially when one must consider the pulses overlapping in
time. The response-function formalism, described further below, provides a powerful way to understand nonlinear
spectra and can be computationally efficient when considering the limit of impulsive optical pulses, those with
durations shorter than any relevant system dynamics [14]. For spectroscopies that rely on varying pulse durations,
simulating those variations can be computationally expensive, limiting the range of systems and pulses one can
study [58].

The effects of finite pulse durations can be studied using perturbative [15, 17-19, 21, 30, 58-66] and nonpertur-
bative [67-69] methods [70]. Except in special cases, where the dynamics can be solved analytically [15, 18, 19, 58],
generic methods numerically solve the time-dependent Schrodinger equation to determine the system response and
spectroscopic observables. In the frequently studied cases of electronic excitations coupled to vibrations or optical
cavities, without breaking of chemical bonds, this integration is performed efficiently in a basis of electronic and
vibrational /optical excitations, with respect to which the system Hamiltonian is generally highly sparse. The nu-
merical integration is frequently performed using Runge-Kutta (RK) methods [66, 71-76], with other frequently
used quantum dynamics packages using Adams-Bashforth [77] or Bulirsch-Stoer [62, 78] methods. An alternative
approach, especially valuable in cases with bond breaking, where a continuum of vibrational states become relevant,
uses a real- and Fourier-space pseudospectral representation of the wavefunction, frequently using the split-operator
method to propagate the system dynamics [64, 69, 79, 80].

There has recently been an increased interest in understanding the role of finite-pulse-duration effects in nonlinear
spectroscopies, and there are several analytic methods for the propagation of the states required for calculating 4-
wave mixing signals using particular shapes of finite pulses [18, 19, 58]. Each of these methods assumes a particular,
idealized pulse shape, such as a Gaussian [19, 58] or Lorentzian [18] profile, and some include pulse overlap effects.

These methods require that the eigenvalues and eigenvectors of the unperturbed system are known, allowing use of



CHAPTER 5. CLOSED UF? 47

analytic results for the time-dependent perturbation theory (TDPT), which can be summed over all required states.

We present a complementary numerical technique we call Ultrafast Ultrafast (UF2) spectroscopy, which com-
bines features of the analytic and full numerical integration approaches. UF? assumes that the eigenvalues and
eigenvectors of the unperturbed system are known but solves the integrals arising from TDPT numerically and can
therefore treat arbitrary pulse shapes. UF? works for arbitrary perturbative order n, including pulse-overlap ef-
fects. It is a fast implementation of the standard results in perturbative nonlinear spectroscopy in the electric dipole
approximation[14]. The version we present here is for closed systems.! It assumes that the system Hamiltonian is
time-independent and has a finite relevant eigenbasis. When the pulses are finite, we perform the time propagation
using the convolution theorem and the fast Fourier transform (FFT) and therefore benefit from the speed of the
FFT. Working in the energy eigenbasis allows non-perturbative and costless time evolution of the system at times
when the optical pulses are negligible, and UF? also solves the TDPT integrals during the pulses with such a small
cost that they may not be computationally limiting even for reasonably large system Hamiltonians. These speed-ups
give a dramatic improvement over algorithms that involve numerical integration of the wavefunctions or density
matrices for each time-step.

In many cases, the limiting step of UF? is evaluating the expectation value of the dipole operator after the
pulses have passed. The computational cost of UF? is dominated by the cost of matrix-vector multiplication, and
so benefits from all the speed of linear algebra optimization on modern computers. As it relies on diagonalizing the
Hamiltonian, it is clear that at some system size UF? will cease to be a competitive technique.

Conventional wisdom holds that diagonalization of the system Hamiltonian is too expensive to be worthwhile
for prediction of nonlinear spectroscopies [70]. Especially for sparse matrices, as occur in e.g., vibronic systems, full
or partial diagonalizations to attain the relevant eigenvalues and eigenvectors can be relatively efficient [81]; more
importantly, if one desires to study 2D spectra with a large number of different pulse delays, the diagonalization cost
must be paid only once. Further, one can consider the effects of different pulse shapes, durations, and polarizations;
various dipole coupling matrices; and thermal or rotational averaging, all without needing to rediagonalize. In many
such cases, the diagonalization cost can be insignificant compared to the cost of generating the spectra, even for
relatively large systems.

In Section 5.2 we derive the mathematical framework of UF?, show how it is used, and describe some of
the techniques that increase its efficiency. As with any perturbative technique, it is most efficient where the
rotating wave approximation and phase matching can be assumed (see Section 5.2.4), but it does not require
these assumptions. In Section 5.3 we compare the computational cost of UF? to two alternatives: a Runge-Kutta-
based direct propagation method, and a split-operator pseudospectral method, where we focus on example vibronic
Hamiltonians. For sufficiently large systems, the direct propagation methods become more efficient than UF?, but

we show that for Hamiltonians with dimensions up to O(10*), which includes a large number of widely studied

IUF? can be extended to work with open systems, but we do not do so here.
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cases, UF? outperforms the direct propagation methods. In the frequently studied case of systems with dimension
less than 100, UF? can be two orders of magnitude faster than direct propagation methods. We demonstrate how
UF? enables computationally efficient studies of the effects of varying system parameters and optical pulse shapes
in Section 5.4, where we show transient absorption (TA) spectra for a system with a Hamiltonian of dimension 28
and demonstrate how UF? can be used to perform rapid parameter sweeps.

UF? is not only efficient but also easy and intuitive to use. The method is built around single-sided Feynman
diagrams and their double-sided counterparts, which describe the perturbative pathways contributing to desired
spectroscopic signals. Using the method is a simple process of translating a desired Feynman diagram into a
set of iterative function calls. A python implementation of UF? is available for download at github. This code
includes examples of how to translate Feynman diagrams into the language of UF? and an example implementation
that calculates TA spectra. It also contains a comparison Runge-Kutta integration method, usable with the same

convenient interface.

5.2 Algorithm

5.2.1 Overview

We begin with a Hamiltonian of the form

H=Hy,+H (), (5.1)

where the light-matter interaction in the electric-dipole approximation is
H'(t) = - E(t), (5.2)

and is treated as a perturbation, where /i and E(t) are the dipole moment of the system and the external electric
field, respectively. Bold face symbols indicate Cartesian vectors. Hy describes the material system (e.g., a molecule
or quantum dot) and has eigenstates |¢) and eigenvalues fuvy, which are assumed to be known (either analytically

—iHo(t—to)/

or numerically). Therefore the unitary time-evolution operator Uy(t — to) = e " is known. We assume

that the set of eigenstates {|¢)} is finite, and that all relevant wavefunctions in this problem can be expressed using

N eigenfunctions as

N
[W(t) =Y e eyt |6). (5.3)
p=1

The electric dipole operator i must be known in the eigenbasis of H,, where we define matrix elements as

pos = (Ol ]¢') .
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Note that only wg and 1144 are needed. The eigenfunctions themselves are unnecessary if p144/ can be calculated in
some other way.

We describe the electric field classically as a sum of pulses, where each pulse is denoted by a lowercase letter
starting from a. A typical 4-wave mixing signal would be calculated by using up to 4 pulses. We write the electric

field as a sum over L pulses,

E(t)= Y eclt)+ejef(t),

i=a,b,..., L
where e; is the possibly complex polarization vector, and the amplitude ¢; of each pulse is defined with envelope

A;, central frequency w;, wavevector k;, and phase ©; as
ei(t) = Ayt — t;)e Lttt "kt O] (5.4)

where t; is the arrival time of each pulse, and we define the Fourier transform of the pulse as

gi(w) = \/% /_00 dte;(t)e™".

Then the light-matter interaction is a sum over rotating (¢;) and counter-rotating (e}) terms. We express these

terms individually as
1o (t) = —ji- e (1) (5.5)

so that

H'(t)= Y Ht)+H.(1). (5.6)
=a,b,.

In general, 4-wave mixing signals are calculated from the third-order perturbed density matrix [14]. For closed
systems, as described here, we can decrease the computational complexity of the problem by calculating the necessary
perturbed wavefunctions up to third-order. We expand the true time-dependent wavefunction using the usual

perturbative expansion

[0 = [pO ) + v W) + [P ®)) + . (5.7)

where |1/)(0) (t)> is the initial time-independent (ignoring a trivial phase) state, and |1/J(”) (t)> is proportional to

(H'(t))". UF? is a fast method for calculating |¢(”) (t)). The total polarization field is

P(t) = (L(0) 2 [(1))

=PY)+POt) + PO () + ...
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To calculate P(™(t), we expand |¢(t)) using Eq. 5.7 and keep only terms proportional to (ﬁ’(t)) .[66] As an
example, the 3"d-order polarization field is
i

PO (1) = (v (1) i

¥O) + (w2 ()

w(1)> + c.c.

From P(3)(t) any 3"d-order spectroscopic signal can be determined. P(3) (t) is the material response coupled to
emitted radiation after three optical interactions. In 2D photon echo (2DPE) spectroscopy, the response is due to
a single interaction with each of 3 separate pulses, with arrival times t,,t,t.. The delay times between pulses are
ty —ty = 7 and t, — t, = T. The polarization field is therefore a function of 7 and T: P®)(r,T;t). Typically the

quantity of interest is actually the Fourier transform partner

1 o0 )
p® (1, T)w) = — dtP® (1,T;t)e™".
s Ly /—27‘_ . s L

The polarization field produces a radiating optical field, which can be heterodyne detected using a fourth local

oscillator (LO) pulse. For the case of the 2DPE rephasing signal, the desired signal is calculated as [14]
S$) (7, T,w) = Im |} o - PY(r T, 5.8
op (7, T w) = Im €7 o (w)eLo - Pop (1, Tiw) | - (5.8)

We derive UF? for the classic example given in Eq. 5.8. In Section 5.4, we show example TA spectra, which
arise due to the interaction of two pulses, a pump and a probe, separated by the delay time 7. In the TA case,
the first two interactions happen with the pump pulse, and therefore 7 = 0. The third interaction comes from the

probe, which also acts as the local oscillator. TA calculations are thus a function of only two variables:

S’(I?X (va) =Im 5;()robe("‘))e;robe : P’(I:‘)).g (T7w)} . (59)

Returning to the more general case with 7 varying, the canonical formula for calculating the third-order time-

dependent polarization field is

PO (7,T,t) = /// dtsdtodt, E(t — t3)E(t —tg —to +T)

XE(t—tg—tQ—tl +T+7')R(t1,t2,t3) (510)

where we follow Mukamel and suppress the polarization of the fields, and R(t1, t2, t3) is a material response function
containing all of the factors arising from Hy and i [14]. This formulation separates the material properties (ﬁo and
i1) from the shapes of the electric fields. If the electric fields are impulsive (i.e., short compared with any system

timescale), then the convolutions in Eq. 5.10 are trivial and spectral signals may be calculated directly from the
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response function.

In this paper we focus on the case where the shape of the electric field cannot be ignored, and therefore studying
the response function alone is insufficient to predict, interpret or understand spectroscopic observables. The triple-
nested convolutions of Eq. 5.10 are so costly that they are rarely carried out. We present a fast method for
calculating the nt"-order wavefunctions, and thence the desired polarization P(™) (t), with arbitrary pulse shapes.

The wavepackets can be studied in conjunction with the signal, giving intuition for the underlying physics [82].

5.2.2 Derivation

We follow standard time-dependent perturbation theory by considering that at time ty the system begins in a
time-independent state |1/)(0) (t0)>, i.e., an eigenstate of Hy. The perturbation H”(t) is zero before to and produces

[(t)) as in Eq. 5.7, where |w(")> has contributions proportional to (H’)". Then the standard result has [56]

]wﬂ (t)> - —% /tt dsUs (s — t)H'(s) ‘¢<”*1>(s)>. (5.11)

Since ‘¢(0)> is time-independent (up to a trivial phase), we are free to send ¢ty — —oo. We also substitute ¢’ = ¢ —s

to arrive at

‘w(”)(t)> — _% /OO dt'Us(¢YVH' (t — 1)

0

pr=D (¢ — t’)> :

Using the decomposition of ﬁ’(t) in Eq. 5.6, we define |1/J(")(t)> as a sum over 2L terms

@)= > (KK ) o),

j=ab,...,.L

where

N 7 o N A
K = -7 /O dt'Up(t') i (t — t).
A small rearrangement of terms allows us to perform this integral numerically much more quickly:

- i

Kj(*) =

hUO(t) /OOO dt'Us ™ (t — ') Hoy (8 — 1), (5.12)

Most spectroscopic signals are not calculated using the full perturbative wavefunction |1/J(”)(t)>, because only
specific pathways give nonzero contributions, which are visualized using Feynman diagrams, as in Fig. 5.1.[14]
Each operator K j(= represents a single interaction arrow in a Feynman diagram, as in Fig. 5.2. UF? calculates
the wavefunctions contributing to each diagram separately. For example, as shown in Fig. 5.1, the excited state
absorption (ESA) contribution requires two wavefunctions that we label [¢y.(t)) = K.Kj ’1/1(0)> and |4 (t)) =

Ko [¢(©@).



CHAPTER 5. CLOSED UF?

R

(3) (

‘¢//> <¢///‘

|6} (&'l
)i

o

)
e

P

Q)

3
PGlp(t)
| III> <¢//‘

|6

52

LLl_LP géA(t)

|¢”’> (']
\¢>”> (']

)@ /\¢>< {
><¢>\\ " 9 (0
a :

/' | ><¢/'b

b/ \¢>>§<¢>| \a 0 \a

Figure 5.1: From left to right, stimulated emission (SE), ground-state bleach (GSB), and excited-state absorption
(ESA) double-sided Feynman diagrams for the rephasing 2D photon echo signal. The dashed lines down the centers
of each diagram emphasize that the ket and bra evolve independently for closed systems. We calculate the left and
right sides of the diagram separately. These are the only three diagrams that contribute to the rephasing signal
when the pulses are well-separated in time, though additional diagrams must be considered when pulses overlap.
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Figure 5.2: Building blocks of Feynman diagrams for the interaction with optical pulse j. The left two diagrams
are for kets and the right two are for bras. Time moves from bottom to top, as the system begins in a linear
combination of states |¢), and evolves to a linear combination of states |¢). The arrow sloping up to the right is a
contribution of the operator K, and the arrow sloping up to the left is a contribution of the operator Kj-.
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Figure 5.3: Sequence of three pulse envelopes, as would be used in a rephasing 2DPE experiment, showing the time
intervals (t; min,tjmax) during which the pulses are non-negligible. UF? only performs time propagations during

these time periods, using efficient FFT convolutions. At other times, the system time evolution operator Uy gives

exact time evolution.

Following Eq. 5.3, we write
|,(/}p Z e_w¢/tc¢/ |¢ >

where p can be a multi-index, such as ac*. Then we use Egs. 5.5 and 5.12 to write

[pic (0)) = Koo [9p(0))
= %Uo(t) /Ooo dt/Uo_l(t o t/) Z | > <¢| ( 5*) g*) (t o t/)) Zefiwqb/(tft')cqb/’p(t o t/) ‘¢/>

@ ¢’

Z —iwgt ‘QZ) / dt'o t/ zw¢ (t—t") Z <u¢¢/ . .*) 5*)( t')) efiw¢/(t7t’)c¢/7p(t . t/),

¢

Yo (t—t')
where 0(t) is the unit step function. We rewrite Eq. 5.14 as
[ 0) = 37 €74 10) 110 %] 1),

¢ \W_'/
C4.ps(») (1)

where

e 0= [ Tty (t — 1)

— 00

(5.13)

(5.14)

(5.15)

is a convolution. Thus we arrive at a compact description of the coefficients c¢,pj(*>(t). If we make the physical

assumption that the incident pulse is localized in time, i.e., €;(¢) is negligible for ¢ < ¢; min Or t > t; max, then it is
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also true that Yp,aj (t) is negligible when t < ¢j min Or £ > t; max. This assumption implies that

0 t < tj,min
Co,pjeo (1) = T¢(t) tjmin <t <tjmax - (5.16)

C¢ t> tj,max

Therefore, we need only calculate this convolution for ¢j min < t < t;max (see Fig. 5.3). Note that without the
rearrangement of Eq. 5.12, the convolution in Eq. 5.15 would be more difficult to evaluate numerically because
the functions c¢7pj<*>(t) would include the phase factor e~*“! even after t;max and thus not be constant. This
trivial definitional difference when working symbolically makes a large difference when working numerically, and
constitutes one of the primary novel contributions of this work.

While Eq. 5.14 is a rearrangement of the response function formalism, and forms of it appear in References
18, 19, 21, 69, the integral in Eq. 5.14 is usually incorporated into the numerical propagation in direct propagation
methods [21, 59, 60, 64, 69], or is handled analytically [17-19, 65]. By expressing this integral as a linear convolution
over a small set of points, we are able to include the effects of pulse shapes at a modest cost, as shown in Appendix 5.6,
depending on the desired signal accuracy.

Physically, we only need to solve for the time dependence due to the interaction while the pulse is non-zero. The
rest of the time-dependence is contained entirely in Hy, and is therefore known exactly. This realization drastically
reduces the computational cost of UF? compared to techniques that must use time-stepping for both the system
dynamics and the perturbation. We solve for the function rg(t) in Eq. 5.16 numerically using the convolution
theorem and FFT. With Gaussian pulse shapes of any duration, for convergence of spectroscopic signals to a
tolerance of 1%, we find that 20-40 points is sufficient for calculating each convolution in Eq. 5.15. With such a
small number of required points, the evaluation of the dipole expectation value P (t) =< ¢|f]yp > is as expensive
as the propagation, as we detail in Appendix 5.6.

Translating the operators K. into computational algorithms is straightforward. We discretize the time interval
(t;,min, tj,max) to have M equally spaced points with spacing dt, which must be small enough to resolve the pulses.

Therefore, the wavefunctions that give rise to the ESA signal are calculated in three steps:
1. Calculate [1,(t)) = K, |w(0)>,
2. Calculate [1y(t)) = K, |4 for fixed T,

3. Calculate |¢hpe(t)) = K, |1y (t)) for fixed T

The polarization field is then

PELA (O] = (Wa(t)] £106e(1)) |1 (5.17)

This process is repeated for all 7 and T' of interest.
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We demonstrate how this conceptual procedure is implemented using the syntax of UFZ.
psi_a = uf2.up(uf2.psi0 ,pulse _number = 0)
psi_b = uf2.up(uf2.psi0 ,pulse _number = 1)
psi_bec = uf2.up(psi_b,pulse number = 2)
P _ESA = uf2.dipole expectation(psi_a,psi_bc)

S _ESA = uf2.polarization to signal(P_ESA)

In the syntax of UF?, pulse a is pulse 0, pulse b is pulse 1, etc., and the up and down methods implement K;
and K-, respectively. This snippet is adapted from the Jupyter notebook Example.ipynb included with the source
code.

One of the strengths of UF? is that the user interacts with it by translating Feynman diagrams into nested calls
to the f(i(*) functions. The goal of this algorithm is to make calculating spectra as easy as writing down Feynman
diagrams. We have used 3"4-order diagrams for the derivation because they are the most familiar, but calculating
arbitrary order diagrams is just as straightforward. UF? is therefore easy to use and avoids the necessity of first
writing out lengthy symbolic expressions for each diagram and translating each expression into code. UF? can also
be used in the impulsive limit to calculate response functions, allowing this ease of use to be applied to the study

of response functions as well.

5.2.3 Optical dephasing

For closed systems, P (t) oscillates for all time after the n optical interactions. This undamped oscillation is
unphysical. In order to include optical dephasing in general, we would need to solve for the third-order density
matrix, ,0(3)(75)7 instead of the wavepackets. In order to include optical dephasing in our polarization signals, we
convolve P(™(w) with a lineshape function, as in Ref. 69. Whereas that work used a Gaussian shape to model
inhomogeneous broadening, in the examples below we use a Lorentzian lineshape to model homogeneous broadening

due to an exponential dephasing.

5.2.4 Useful standard approximations

The derivations in Section 5.2.2 do not require the rotating wave approximation (RWA) or phase matching. However,
these approximations significantly reduce the cost of the calculations, as in all perturbative spectroscopies.[14, 56, 83]
In the RWA, only one of either the rotating or counter-rotating terms of Eq. 5.6 contributes to an interaction.[56] !
Since [ (1)) o (I:I’(t))n, the n**-order wavefunction is composed of (2L)" terms. The standard RWA and phase-
matching conditions reduce the number of terms relevant to spectroscopic signals. The RWA is valid in the limit
that the pulse durations are long compared to the optical carrier frequencies, which are roughly degenerate with the

optical energy gap of Hy. If the material system is dispersed over a volume much larger than the wavelength of the

iThe rotating term excites a ket and de-excites a bra. The counter-rotating term de-excites a ket and excites a bra.
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light then the phase-matching condition ensures that signal fields will be produced only in directions corresponding
to sums and differences of wavevectors of the optical pulses [14]. For example Fig. 5.1 shows the signals produced
in the rephasing direction (—k, + ks + k.) of 2D photon echo (2DPE) spectroscopy.

In addition to reducing the number of relevant diagrams, the RWA speeds up calculations because we do not
need to keep track of the optical carrier frequency. This advantage is significant because UF? performs calculations
using M time points with spacing dt from ¢; min t0 ¢j max. In the RWA, we set the optical carrier frequency to 0,

and therefore dt only needs to resolve the pulse envelope and not the carrier frequency.

5.2.5 Efficiency improvements

We increase the efficiency of UF? by decreasing the required dimensionality of the Hilbert space from the full size,
Niotal, to a compressed subspace of dimension N,, over which the sums in Eq. 5.14 run. We perform the reduction
from Nigoga1 to N, before running any propagations by determining which elements of the dipole operator i will not
contribute appreciably to the calculation and ignoring them. We can prune the required set of states in two ways.
First, many systems have elements p4¢ ~ 0. Second, we determine which energetic transitions will not be allowed
by the electric field shape.

We use Bessel’s inequality to define which states |¢’) are important in order to resolve pi44 accurately. If we
begin in the eigenstate |$), one interaction with the dipole operator (as occurs in each application of Kj.)) yields

the state

Niotal
@) =ilo) = D norsld)
¢'=1
We seek to restrict the sum to the smallest number of terms without significantly altering the norm of this state,

which implies that we have captured all of the physically relevant states. We write the norm of |®) as

Niotal

@19) = > luosl = @72 10) = (42),,-
¢'=1
We find the smallest set of states, N., such that

(1) g — > g
(U2)¢>¢>

>1—¢ (5.18)

for small €, where Z’ represents the restricted sum over the required N, states. We perform this analysis for all
required states |¢@).
We make this concept concrete by giving an example using the non-rephasing ground state bleach signal, which is

not included in Fig. 5.1. The polarization field produced by that diagram is P(Cf’.‘)SB,NR(t) = <¢(0) | 1| Yapc(t)). If we
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begin, say, in the state |¢(0)> = |1), the lowest energy eigenstate of Hy, then we must determine the smallest number
of states, Nc(l), that satisfy Eq. 5.18 for ¢ = 1. Then we know before calculating Eq. 5.14 that |1, (t)) = > ¢4 (2) |¢)
will be composed of N,El) terms. To find the states required to describe |14+ ), we use Eq. 5.18 for each of the Nc(l)
states needed for |1, (t)), which gives a new set of Nc(2) states, where the superscript indicates the number of times
[+ has been applied to the initial state.

The next obvious step is to use Eq. 5.18 for each of those NC(Q) states, but that step is actually unnecessary. Such
an analysis would allow us to determine the N * states required to resolve [tap+c(t)). However, the final signal
depends upon <z/)(0) | 1| Yapc(t)), and therefore the only components of |tp4p+.(t)) that matter spectroscopically are
those that overlap with |1/)(0)>. These are precisely the Nc(l) states we determined in the first step of this process.
Therefore we only need the same N states when calculating [tgp-c(t)).

For many systems relevant to optical spectroscopy, there are well-separated manifolds of states with 0, 1, 2, etc.
electronic excitations. When there are well-separated manifolds, the RWA allows a further reduction to the relevant
size N.. In the same non-rephasing GSB example, |1),(t)) is in the singly excited manifold (SEM), and fi [¢4(t))
has components in both the ground state manifold (GSM) and the doubly excited manifold (DEM). In the RWA,
however, |45+ (t)) is only in the GSM, so N can be divided into its GSM and DEM portions, with only the GSM
portion, N¢ gsm, required for this diagram. The DEM portion of Néz) = N, prnm is required for the ESA diagram.

In addition, we can use basic knowledge of the shape of the electric field to further restrict N.. UF? performs
discrete convolutions for times ¢ with spacing dt (see end of Section 5.2.4). The spacing dt is chosen in order to
resolve the shape of the electric field and implies a frequency range in which E(w) is non-zero. The maximum

frequency resolved is J;. Each element 144 has an associated frequency difference wy — wgy. If |wy —wy| < 72,

then the transition is energetically allowed by the pulse. If |wy — wy| > the transition is not allowed, and

i
we set pgs = 0 for all those energetically inaccessible transitions, further decreasing the relevant size N..1' For
long-duration pulses, this reduction is highly significant and allows treatment of long propagation times without
increased cost.

In practice, to obtain the eigenstates of Hy, it generally must first be truncated from dimension Niqa to a finite
dimension Ny, which must be chosen to be large enough that the N, required eigenstates are resolved sufficiently
accurately. Obtaining the N, eigenstates requires diagonalizing all or part of the truncated Hamiltonian of size
Ny. Full diagonalization is well-known to scale as N }3 Since Ny is sparse, iterative methods can be used to obtain
the necessary subset N, iterative methods can give better scalings in some cases. We will present our method
for diagonalizing vibronic systems, including anharmonicities and varying vibrational frequencies, in a separate
manuscript. The reduction from dimension Ny to N, not only makes UF? more efficient but also dramatically

expands the range of systems for which UF? is tractable. In Section 5.4 we calculate TA spectra for a vibronic

system, which formally has Niota1 = 00. In practice we require Ny ppy = Nygsym = 15 and Ny spy = 30. With

1iiThis procedure is not only helpful for speeding up calculations, but actually necessary for accurate calculations. If included, any
frequency differences \wqy —wg| > ﬁ would cause spurious signals to appear in the signal due to aliasing.
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€ = 0.001 the spectra converge to within 1%. Using the procedure outlined here, we determine that N. spy = 8
and Ne pea = Negsy = 10. Ne spar would be 35 in order to correctly resolve |tqp+c(t)), but we only need to use

N¢.sem = 8 of those states to accurately reproduce the TA spectra.

5.3 Computational Cost

In this section we discuss in brief the computational cost of UF? and compare it to two alternative methods
of obtaining nonlinear spectra: direct propagation (DP) of the Schrodinger equation without diagonalization of
Hy and a Fourier-space pseudospectral method. These alternative methods are commonly used in predictions of
nonlinear spectroscopies and each has a domain where it is the most efficient method.

In contrast to UF?, DP methods propagate the perturbative wavefunction using the Schrodinger equation in the

form
d[p™ (1))
dt

= 2 A [0(0)) — A [0 (). (5.19)
UF? performs the same integration in the eigenbasis, where Eq. 5.11 permits rapid evaluation. There are a number
of methods of directly integrating Eq. 5.19, and to give a sense of where UF? is most effective, we compare here to
an adaptive step-size 4-5'" order Runge-Kutta solver for the Hy term and an Euler method for the perturbation,
which is described in Section 5.7.1 and which we call the RKE method. We believe the general scaling trends of
these results will be similar for other DP methods, whether they be Adams-Bashforth [77], Burlisch-Stoer [62], or
others. While the above derivation is general, we perform these comparisons for sets of vibronic systems, which we
introduce in Section 5.3.1. In all cases, we use the RWA to increase step sizes as much as possible.

The cost of obtaining all eigenvalues and eigenvectors of a matrix of dimension Ny scales as IV ? for large Ny.
If N¢ is sparse, efficient iterative algorithms exist to extract the subspace N., which can scale more favorably. In
contrast, direct propagation scales as Ny in the case that H, is sparse and NJ% if Hy is not sparse. Therefore it is
clear that for sufficiently large N; the DP methods will eventually be the more efficient option. We find, however,
that N¢ needs to be quite large before this crossover occurs. Defining this break-even size is somewhat difficult,
as diagonalization only needs to be performed once, and the timing comparison depends upon how many times
the eigensystem is to be reused. In Section 5.4, we compute isotropically averaged TA spectra of a model system
for hundreds of different dipole moments and 3 different electric field pulse shapes, which requires thousands of
diagrams to be calculated, all with the same H,. Even if the diagonalization time were greater than the cost of
obtaining a single spectrum, that diagonalization cost may be negligible compared to the cost of producing all of
the spectral predictions. It is also therefore important to compare the cost of UF? separately from the cost of
diagonalization. The cost of propagation with UF? is also asymptotically worse than DP methods, but we show
in Sec. 5.3.2 that UF? remains faster for vibronic systems up to size ~ 10%. For frequently studied systems with

dimension less than 100, as in Sec. 5.4, UF? can be over 100 times faster than direct propagation methods.
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5.3.1 Properties of Vibronic Systems

The relative costs of propagation methods depend on the structure of the Hamiltonian, and we use vibronic systems
for our examples. Vibronic systems consist of two or more coupled electronic states, each of which is coupled to
one or more vibrational degrees of freedom, which are often harmonic. There is no known general solution to the
time-independent Schrodinger equation for such systems. A common choice of basis for DP methods is the number
basis of the harmonic oscillator of each vibrational mode, and in this basis, Hy is highly sparse [70]. This basis is
infinite and therefore must be truncated to some finite size, which we call Ny.

For the purposes of cost comparisons, we consider vibronic systems with optically separated manifolds. We focus
in particular on s coupled two-level systems (TLS), each with an electronic ground state, |g), and a single optical

excitation |s), described by the Hamiltonian

e = lg) ol + 32 Bl i1+ 3 s 1 Gl

i

where F; is the site energy and J;; is a Hermitian matrix of couplings. Vibrations are described by the Hamiltonian

k
] 1 ~2 2 ~2
HPh = 5 (;pa +waqa> 9

where k is the number of independent vibrations, and p, and ¢, are the generalized momentum and coordinate
operators for each vibration, with frequencies w,. Standard linear coupling of the position of each oscillator to its

site excitation gives

S

k
Heoph =YY wada,idali)il,

i=1 a=1

where d,; are the coupling strengths, corresponding to Huang-Rhys factors

Sa 1T o ad2
s 20‘} o,
The total system Hamiltonian is
Hy = H, + Hpp + He_ph. (5.20)

This Hamiltonian is block diagonal, and in third-order spectroscopies there are three relevant manifolds: the
GSM, SEM, and DEM as described in Section 5.2.5, with higher manifolds becoming relevant in higher-order
spectroscopies. Only the perturbation, H’, mixes these manifolds. Propagation within each manifold can be
handled independently, and each manifold can be truncated with dimension Ny x, where X can be GSM, SEM,
DEM, .... If we consider only the first three manifolds, then Ny = Ny asm + Ny sem + Ny pEMm.

The relevant dimension Ny ggay can be dramatically smaller than Ny gga and Ny pgra. The reason for this
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Table 5.1: Summary of symbols used to describe computational cost of a 2DPE rephasing signal. M and M; are
convergence parameters.

Symbol Definition

Ny x Full size of Hilbert space of manifold X

Ne¢ x Compressed size of Hilbert space of manifold X
M, Number of time points to resolve P(t) in UF?

Mpk Number of time points to resolve P(¢) in RKE
«a Cost of complex floating point multiplication
m, Number of desired values of 7 =t — ¢,

mr Number of desired values of T'=t. — tp

Table 5.2: Summary of symbols used to describe computational cost of a 2DPE rephasing signal. Particular values
are stated for the range of k = 2-8 vibrations, corresponding to the systems studied in Figure 5.4.

Symbol Definition Range
Isem Ny pem/Nesewm 2-60
IpeMm N¢.pEm/Ne,pEM ~ 2

Mpg /M, Ratio of field-free step sizes 2-10
r Number of nonzero entries per row of Hy 2k + 1
q Sparse matrix overhead ~ 2

smaller size can be illustrated with the case s = k = 1. In this case, the vibrational system can be diagonalized
when the electron is in state |g), giving a vibrational basis |g, n), where n is the vibrational quantum number; it can
be rediagonalized when the electron is in the excited state |e€) to give a vibrational basis |e, n), and the union of the
two bases is a basis for the full system. For the first pulse interaction, with small values of d, the ground vibrational
state |g,0) only couples to the first few vibrational levels of the excited state via the dipole interaction (e.g.,
le,0), e, 1) ,]e,2)), due to the rapidly decaying Franck-Condon overlaps. With the second pulse interaction, these
three levels in turn couple to the bottom 5 or 6 ground state levels. Each optical transition couples more vibrational
levels. However, as described in Section 5.2.5, 4-wave mixing signals only require correctly resolving amplitudes in
the basis states required for the first- and second-order wavepackets. In this case, the required numbers of states in
the manifolds are different, so Ny spym < Nypgsm and Ne spm < Ne,gsy - This result remains true for vibronic

systems with s > 1 and k > 1, and similar arguments lead to the conclusion that N, sgnm < Ne.pEm-

5.3.2 Comparison to Direct Propagation

The most difficult part of calculating any n-wave mixing signal is the calculations that correspond to the last two
arrows of a Feynman diagram. In Fig. 5.1, for example, these are the interaction with pulse ¢ and the emission of
the polarization field. These steps are the most costly because they must be repeated for all m., desired values of
delays between pulses a and b and all mp desired values of delays between pulses b and c.

In Appendix A, we show in Eq. 5.29 that the cost of calculating third-order signals using UF? scales asymptot-
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ically as

Cup2 = mymrolNe spavNe, pEnv My, (5.21)

where « is the cost of multiplying two complex floating-point numbers, and symbols used in this section are defined
in Table 5.1. In Appendix B, we introduce the RKE method and show in Eq. 5.30 that the same calculation using
RKE scales asymptotically as

Crix g = 6m:mraqrNy pemMRxk, (5.22)

where ¢, r, and Mgy are defined in Table. 5.2.

We now estimate the break-even system size where RKE becomes less expensive than UF? and compare to
timings with our sample systems. In each of our comparisons, the nonzero d, ; are identical, and the w, are within
10% of one another. We study systems with s ranging from 2 to 8, k ranging from 2 to 8, and k/s ranging from
1 to 4. We also study S, ; ranging from 0.02 to 4.5, with S, ; equal for all modes in a given system. We use a
homogeneous linewidth of 0.1w, ! where wy is the smallest value of w,. We use identical pump and probe pulses
with a Gaussian profile centered on the transition from the lowest energy GSM eigenstate to the lowest energy SEM
eigenstate. Both pulses have a Gaussian time-domain standard deviation of o = wy 1

To compare Egs. 5.21-5.22, we must relate N, x to Nfx and M; to Mrg. In order to correctly determine
the N, x eigenvalues and eigenvectors in manifold X, Ny x must be made large enough. For third-order signals
to converge to better than 1%, we find that No x < N X /2 in the systems we have studied. Stricter convergence
requirements tend to leave N, x unchanged while increasing the required N, x. As a wavefunction propagates with
a DP method, it obtains weights in ever higher vibrational states and thus requires Ny x to be sufficiently large
to ensure accurate calculations; this requirement is similar to the requirement that Ny x must be large enough
to resolve the relevant N x eigenvalues of the system, and we assume that, given the accuracy of the predicted
spectrum that is desired, the required Ny x are approximately equal for both UF? and DP methods. An important
factor in determining Ny is the longest propagation time required. The required Ny is smaller for a TA spectrum
that includes delay times out to 27, than it is for a TA spectrum that includes delay times out to 157, where
T, = 27 /w, is the vibrational period.

For the numerical comparisons in Fig. 5.4, we use both UF? and RKE to calculate spectra for my = 90 delay
times between 0 to 89w, !, which is half the number used for all calculations in Section 5.4. Both UF? and RKE scale
linearly with the number of delay times, so the number of delay times is important only for the ratio including the
cost of diagonalization. For the cost of calculating a 2DPE, we scale the cost per delay time by 1000, corresponding

to m, = 50 and my = 20.

Nt pEM
IpEM

. _ Nypem
We write Ne spm = Isem

and Ne penm = , where lggns ranges from 2 for k = s =2 and S = 0.02, to
60 for k = s =8 and S = 0.02. For all the cases studied here, Ipgy =~ 2.

Ignoring the small effect from the J;; couplings, given k vibrational modes, » = 2k + 1. Generally Mpx > M,
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since UF? is limited only by the pulse, whereas RKE is limited both by the pulse and the system. In particular,
the RKE step size, and therefore Mgy, is limited by the largest eigenvalues included in the truncated Hamiltonian
of size Hy. We have found in the sparse matrix implementation of scipy running on a MacBook Pro, 2.3 GHz Intel
Core 15, that ¢ = 2. We have also found for systems ranging from s = k = 2 to s = k = 8 that Mg /M, ranges
from 2 to 10. The ratio of the costs of the two methods is then

Cri Mpr 1

= 6qrlspamlpEm ——
Cupe qriSEMUIDEM M, Nf’

(5.23)

which predicts that UF? will outperform the RKE solver until the system Hamiltonian reaches a size in the range
of 103 — 10°. This estimate is rough, and depends upon the details of each system.

In Fig. 5.4 we plot the ratio of observed runtimes for RKE to UF? for a range of different vibronic systems.
Simulations were run on an Intel Xeon E5-2640 v4 CPU with a 2.40GHz clock speed. We compare UF? and RKE
by calculating spectra with better than 1% convergence for UF?, and better than 5% convergence for RKE. We
hold RKE to a lower standard because our implementation requires the same time step while the pulse is on and
while the pulse is off. We have found that for RKE to reach 1% convergence, dt must be so small that it fails to
take advantage of the adaptive RKE step size. We therefore run tests in a regime where RKE can take advantage
of its adaptive step size, in order to give a fair comparison. To achieve 1% convergence in its current form, RKE
would take about 4-5 times longer to run for all of the cases in Fig. 5.4, and we are not sure that extra time can
truly be eliminated, so we are giving the RKE method an advantage in Fig. 5.4.

The results in Figure 5.4 indicate that UF? is 150 times faster than RKE for systems with Ny ppy < 100 and
is competitive until Ny pgar is over 104, with the exact break-even point depending on how many different times
the eigenvectors can be reused. For all but the largest systems studied, the diagonalization cost is not a significant
contribution to runtimes. Including rotational or thermal averaging, or variations in g would further reduce the
importance of the diagonalization costs. Systems with required dimensions over 10° would benefit from the RKE
method.

We note that the cost of the current implementation of UF? is determined by resolving the final polarization
with M; points having the same step size dt as needed to resolve the last pulse interaction. There is no fundamental
reason that the polarization must be resolved with the same time spacing as the last optical pulse, and we anticipate
that future developments could reduce the UF? runtimes by a further factor of 5, until the wavefunction propagation

and final polarization evaluation have similar cost.

5.3.3 Comparison to split-operator pseudospectral methods

Another large class of methods useful for numerical prediction of nonlinear spectroscopies is pseudospectral methods,

which use real- or Fourier-space representations of nuclear wavepackets, rather than explicit eigenstates or a basis
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Figure 5.4: Ratio of runtimes of RKE to UF? for an array of vibronic systems, as described in the text. We include
the diagonalization time when we calculate a single TA spectrum with 90 delay times, and a single 2DPE with 50
values of 7 and 20 values of T'. In most cases, the cost of diagonalization is negligible. Stars indicate systems with
s = k ranging from 2 to 8 with S = 0.02. Open circles are systems with s = 2 and k ranging from 2 to 8, with S
ranging from 0.02 to 0.08. Filled circles are systems with s = 3 and k£ = 3 or k = 6, with S ranging from 0.02 to

4.5.
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of vibrational quanta [70, 79, 80]. The widely used split-operator pseudospectral method (SOP) uses a plane-wave
basis and an associated evenly-spaced real-space basis, with the efficient FFT to move between them. Briefly, SOP
performs part of the time evolution due to Hy in position space and part in momentum space, with FFT operations
between. The perturbative interaction with the pulses is also handled numerically, using a Euler method similar
to that in Appendix 5.7.1. The time step dt must be short enough to resolve both the system and perturbative
dynamics. It is not trivial to compare UF? directly to SOP methods, as the convergence parameters (e.g., N, for
UF? and the grid-spacing in SOP) are not directly comparable. We compare UF? to the SOP implementation
detailed in Ref. 21.

For problems where a small number of eigenstates are required to describe the system dynamics, the eigenbasis
used by UF? is considerably more efficient than a real /Fourier-space representation, which can still need many
discretization points to resolve the wavepackets. In such problems, which include most of the class of problems
described by Eq. 5.20, we expect UF? to greatly outperform SOP methods. Additionally, since UF? handles the
evolution due to Hy exactly, UF? can evolve the wavefunctions forward in the absence of the pulses for near zero
cost. In addition, the time step dt used by UF? to evaluate the convolutions during the pulses is determined solely
by the pulse shapes and need not be small enough to accurately resolve the dynamics in H,. We have used the code
from Ref. 21 to calculate the frequency-integrated TA spectrum for the same system used in Section 5.4 (which
corresponds to the smallest value of Nt pgy shown in Fig. 5.4). To achieve 1% convergence on the £ norm of the
total frequency-integrated spectrum, the code from Ref. 21 took 1000 times longer than it takes UF? to compute
the frequency-resolved TA spectrum. The code from Ref. 21 does not include functionality to compute frequency-
resolved TA spectra. We estimate that the SOP code we are comparing to could take as much as 10 times longer
to generate the frequency-resolved TA spectrum, and thus we believe that the SOP code would be approximately
10* times slower than UF? for frequency-resolved TA simulations. We verified that the simulation done using the
SOP method agreed with the equivalent UF? simulation to within 1%.

The SOP methods are superior to UF? and DP methods in cases where a continuum of eigenstates is required to
describe the dynamics, as in bond-breaking, isomerization, or chemical reactions. In such cases, UF? easily becomes
intractable and SOP is superior. In the large class of energy-transfer problems, where a discrete set of eigenstates

captures the dynamics of the system, we believe UF? will generally outperform SOP methods.

5.4 Example

In this section we study a system that has the smallest Hilbert space considered in Fig. 5.4, in which wavefunctions
may be represented using N, = 28 terms. This small size allows us to generate TA spectra in a matter of seconds,
and therefore it is easy to run fast parameter sweeps and map out how spectroscopic observables change.

We explore nonlinear optical spectra for a model system presented by Tiwari and Jonas [84]. Their model system
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Figure 5.5: Linear absorption stick spectrum calculated using the same eigenstates as in Ref. 84. The frequencies of
the stick spectra are the eigenenergies of the Hamiltonian Eq. 5.20 with k¥ = s = 2, w; = 200cm ™! and S; = 0.025 for
each monomer subunit. The two subunits have dipoles |ftqg] = |ttbg| and fiqg - g = 0. The heights of the sticks are
|fig's|?. The spectrum is thermally averaged at a temperature of 80 K, using the 3 lowest energy ground vibrational
states, |00),|01),|10). The blue curve represents the absorption cross-section, which is obtained by broadening the
stick spectrum with homogeneous and inhomogenous linewidths of 10cm ™! and 45 cm ™!, respectively.

is inspired by the Fenna-Matthews-Olson complex [85] and consists of a molecular dimer formed from two electronic
TLS , each locally coupled to a single harmonic vibrational mode, which is the case of K = s = 2 from Eq. 5.20.

The system couples to optical pulses in the electric-dipole approximation, with transition dipole matrix elements
tge and pg,. Following Ref. 84, we consider the homodimer to have nearly identical subunits, with identical
vibrational frequencies w, = w, = 200cm™!, Huang-Rhys factors S = 0.025, and with E, — E, = 150 cm™!.
We consider that figq, pg have the same magnitude but extend the model by varying the angle § between these
transition dipoles, corresponding to varying the angle between the two subunits. Due to the small Huang-Rhys
factors considered in Ref. 84, only a small number of vibrational states contribute to third-order spectra, allowing
truncation of the vibrational Hilbert space, as described in Sec. 5.2.5. Reference 84 did not calculate TA spectra;
first we compare our results for linear absorption and then present our TA predictions.

Reference 84 demonstrates how the Huang-Rhys factors split one exciton peak into two vibronic peaks. We
plot the linear absorption spectrum for this system in Fig. 5.5, choosing lineshape parameters to visually reproduce
results from Ref. 84. We label the peaks in Fig. 5.5 following Tiwari and Jonas. There are two broad peaks centered
around f; = 11469.5cm ™! and f, = 11669.6 cm ™!, with the latter composed of two peaks, 2a and 2b, separated by
Q; = 29cm~!. However, this splitting is invisible to linear absorption because peaks 2a and 2b smear together.

Q) is, however, the dominant beat frequency in a TA experiment, shown in Fig. 5.6, corresponding to oscillations
repeating about every 1.15 ps. The TA signal is detected as two broad features centered at fi; and fo. Notably, the
oscillations centered around f; are roughly 90° out of phase with those at f>, and there is a node halfway between

them. This type of nodal feature is widely observed and has been studied in many vibrational systems [15, 86, 87].
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Figure 5.6: Transient absorption with Gaussian pump and probe pulses centered on fo and with FWHM of 12 fs.
(a) Dipole angle # = 90°, (b) linecuts of (a) at fo (orange) and f; (red, dash-dotted), (c¢) Dipole angle of § = 0°,
(d) linecuts of (c) at fo (orange) and f; (red, dash-dotted). In both cases the low-frequency beats are out of phase
between fi; and fo. The high-frequency beats are in phase between f; and fy for § = 90° and are reduced in

amplitude and out of phase for § = 0°.
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As mentioned in Section 5.2.5, to achieve convergence of these TA spectra to within 1%, it is sufficient to have
N¢pEm = Nyasmu = 15 and Ny gpy = 30, while Ne peay = Ne,gsy = 10 and N gpap = 8. Each TA spectrum is
isotropically averaged, with the same homogeneous and inhomogeneous linewidths in the linear absorption spectrum.
Each TA spectrum, which is of the form St4(T,w), consists of myr = 180 delay times, and M; = 286, 562, 1391
detection frequency points for FWHM pulse durations of 62, 31 and 12 fs, respectively, and takes about 3 seconds
to generate on a 2.3GHz Macbook Pro. The equivalent calculation using the SOP code (see Section 5.3.3) would
take almost 6 days to converge to the same accuracy if run on the same machine. This system is the leftmost point
of Fig. 5.4, and the RKE method would take over 7 min to produce each spectrum.

The efficiency of UF? enables rapid study of a wide range of parameters. The frequency-integrated TA signal,

SFI,TA(T) = /deTA(T,w), (5.24)

is particularly sensitive to electric field shape [58, 88]. Figure 5.7(a,b) shows frequency-integrated TA spectra with
dipole angles # = 20°, 58° and three optical pulse durations. The responses with different pulse shapes are quite
different for both values of . In order to study the differences over a wide range of # we study the Fourier transform

of Sprra(T) with respect to the delay time:

. 1 oo _
Srrralwr) = E/ AT Sprra(T)e“rT,

and track the response at wr = Q; and wy = Qs = fo, — f1 = 185.5ecm ™! in Fig. 5.7(c,d). A nearly impulsive
pulse (12 fs FWHM - blue curves) gives a dramatically different response as compared to somewhat longer pulses
(35 fs - red curves, 70 fs - green curves). Notice that the longest pulse considered here is still short compared to
the fastest time scale of the system, )3, corresponding to a period of 156 fs, so the large changes of the signals
with pulse duration are a warning sign that accurate study of finite-pulse effects is important to correctly model
nonlinear spectra. This study is easily tractable using UF?, taking only 30 minutes to run, but would have taken 3

days to run using RKE and more than a year using our SOP implementation on the same computer.

5.5 Conclusion

UF? is a computationally efficient method for calculating perturbative nonlinear spectroscopies of systems with
finite dimensional relevant Hilbert spaces. It includes all finite-duration and pulse-overlap effects, enabling accurate
modeling of and fitting to nonlinear spectroscopic data. The current introduction has focused on closed systems,
but UF? can be readily extended to open systems with time-independent Liouvillians, in which case its cost scales as
N rather than N2, where N, is the relevant Hilbert space dimension. We have shown the methods that can be used

to aggressively reduce the required dimension N,, which enables UF? to be highly efficient for small systems and
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Figure 5.7: Demonstration of parameter variations for the same system as in Fig. 5.6. Panels (a) and (b) show
frequency-integrated transient absorption (FITA) spectra for (a) ¢ = 20° and (b) = 58° with three different
Gaussian pulse durations. There are two prominent time scales present: the {2 beat (corresponding to the 1.15 ps
oscillation) and the 2 and Q3 beats (corresponding to the 180 fs and 156 fs oscillations). Panels (¢) and (d) show
the magnitude of these beats of the FITA spectra at (¢) wr = ©; and (d) wy = 5 as a function of §. Black vertical
lines indicate 6 from panels (a) and (b). Note that at wp = 5, the FITA magnitude shows a dramatic dependence
on both dipole angle and electric field shape, demonstrating the importance of taking into account electric field
shapes. The signals at wyr = Q9 are less sensitive.
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competitive for surprisingly large problems. For vibronic systems with thousands of relevant states, UF? generally
outperforms our comparison DP method and is competitive for many systems with tens of thousands of relevant
states; for larger systems, DP methods are generally superior.

The intent of the publicly available UF? code is to present a package that makes it easy to translate Feynman
diagrams into code. Since UF? readily enables consideration of arbitrary pulse shapes, the effects of pulse durations,
chirps, etc. on nonlinear spectroscopies can now be included as a matter of course in analyses of experiments. Given
the large number of problems under active study with tens to hundreds of relevant states, we hope that UF? will

enable easy and rapid spectroscopic prediction and analysis including pulse shape effects that are often neglected.
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5.6 Appendix A: Computational cost of UF?

We derive the computational cost of UF?, highlighting which parameters are required for convergence and which
are at the user’s discretion, focusing on the case of a 2DPE rephasing spectrum, as in Eq. 5.8.

We derive the computational cost of calculating the 2DPE rephasing signal. We briefly outline what is required
for this calculation by working backwards from Eq. 5.8. Symbols used in this section are summarized in Table 5.3.
Calculation of the signal requires that we determine P%(T, T;w) at the desired values of 7 and T UF? directly
calculates P% (t) for one pair of (7,7T) at a time. We calculate P% (t) at sufficient time points, My, in order to
obtain the desired frequency resolution. The cost of the FFT to obtain P% (w) from P% (t) is negligible compared
with the other costs of UF?. Assuming that we require the polarization field at m, values of 7 and my values of
T, the cost of the full spectrum is meTCost(P% (t)). Pé‘g(t) is a sum of three Feynman diagrams (see Fig. 5.1),
each of which is calculated separately. We focus on Pg’;« 4(t), which is often the dominant cost. The cost of the
other diagrams follows directly from this derivation.

Using Eq. 5.17, the cost of Pg’; 4(t) can be broken into three parts: calculating the two necessary perturbed
wavepackets and the cost of the dipole matrix element of those wavepackets. This latter cost turns out to be the
dominant cost asymptotically. Since [¢q(t)) = K, |V (2)) and [1he(t)) = K K [ (t)), the cost of calculating
these wavepackets is, at first glance, the cost of three calls to the K., operator, which is the heart of UF2. However,
|14 (t)) corresponds to the interaction with the first pulse, which arrives at a fixed time, and therefore need only be
calculated once. Further, |¢,(t)) corresponds to the second pulse, which arrives at m, different coherence times 7.

Therefore |1(t)) only needs to be calculated m, different times. The only wavefunction that must be recalculated
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Table 5.3: Summary of symbols used to describe computational cost of a 2DPE rephasing signal. M, Mg, €, and
dt are convergence parameters.

Symbol Definition
M Number of time points to resolve pulses UF?
Mg Number of time points to resolve pulse in RKE
€ Local tolerance of RK45 algorithm
dt Fixed step size for RKE and UF? during pulses
dtri Adaptive step size of RK45 algorithm

for every pair 7,T is the one caused by the third interaction, |1)p.(t)). Therefore the dominant cost of calculating
the perturbative wavefunctions for many different values of T is simply one call to K.
To determine the cost of K (s We first explain how wavefunctions are stored in UF2. Each wavefunction is

represented in the same way. For example, the second-order wavefunction is

Nc,pEM

[Goe(t)) = > e ep e (1) @) (5.25)

é=1
where each of the cg 40+ (t) are calculated at M evenly spaced time points . The spacing dt is determined by the
shape of the pulse amplitude A;(t) (see Eq. 5.4). Recall from Eq. 5.16 that c, ;- (t) only varies in the interval
(tj,min, tjmax). Outside of this interval, Cy.pj(» 1s constant and can thus be trivially extended to any time points
needed. This property allows wavefunctions to be stored for re-use without a significant memory cost. For simplicity

in this discussion we assume that ¢; max — ¢j,min is the same for each pulse. Since we are discretizing a continuous

tj,max _tj,min

e is a convergence parameter. For any electric field that does not go strictly

convolution integral, M =
to zero, the choice of ¢ min and ¢jmax must also be checked for convergence.
Inspecting Eq. 5.14, the cost of Kj is N, x times the cost of evaluating 6 * 14 to obtain c4 ;. Calculating y, is

dominated by the cost of taking the dipole-weighted sum over ¢’ (we are neglecting the small cost of multiplying
()

by the pulse amplitude £;" and by the time evolution factors e@s (=) and e_i%’(t_t/)). The sum has a cost of
aN. x M, where a is the cost of multiplying two complex numbers. We calculate 6 *y4 using the convolution theorem
and the FFT. Since we are interested in the linear convolution, we evaluate § at 2M — 1 points and zero-pad y, to
be size 2M — 1. We only calculate the FFT of 6 once, making that cost negligible. We calculate the FFT of y,,
which has a cost of 8'(2M — 1) log, (2M — 1) = 28’ M logy M + O(M), where 5’ depends upon the implementation
of the FFT."Y We multiply the two (g4 and 5), which has cost O(M), and then take the inverse FFT of the product

(cost 28’ M logy M + O(M)). Thus the total cost of the convolution is 43’ M log, M + O(M). The cost to obtain

VWe find that when calculating the convolution between a step-function @(t) and another function y(t), we achieve convergence much
more quickly when we use an odd number of time points, with half positive, half negative, and the point ¢ = 0 with associated value
6(0) = 0.5. The FFT is fastest for arrays of length 2k which is impossible in this case. To keep 8’ small, we use the FFTW library and
pick a size 2M — 1 that has only small prime-factors.
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one coefficient ¢, ,i) (t) to highest order in M and N is then
Cost(cy i (t) = aNe x M + M logy M + O(M), (5.26)

where § = 483’. The cost of calling K is then N,y Cost(c(z,’pj(*) ), where N, x is the dimension of the old manifold

and N,y is the dimension of the new manifold, giving
Cost(K ;) = Ney M(aN, x + Blogy M) + O(M N,y ), (5.27)

and so Cost(K ) ~ MN, x N,y for large N.. In the case of [{y.(t)), then, we have a cost ~ M N, spapNe pEm-
Given that N, pgas is often the largest value of N, x, X € {GSM,SEM,DEM}, the ESA diagram often dominates
the cost of UF2. The other diagrams involve wavefunctions that move between the GSM and the SEM, and therefore
the cost of each K scales as N gsamNe,senm-

Once we know each of the necessary wavefunctions at its M time points, we evolve the wavefunctions using Uo
to include M; times points, in order to obtain the desired frequency resolution of the final spectrum. The M; points
are spaced by the same dt, and span from just before the last pulse arrives, t. min, until the signal has decayed to
an appropriate cut-off due to the optical dephasing described in Section 5.2.3. This evolution is of negligible cost
since we know the exact form of Up(t).

We then calculate the expectation value Pg’;A(t) = (g (t)| ft |¥pe(t)), which has a cost of aN sgmNe, pem (M+
M), since the polarization field must capture both the pulse turn-on described by M points, and the decay of the
field described by the additional M; points, so in total Cost(Pg%A(t)) = aN. sgmNepem(M + M) + Cost(K;).

The signal must be calculated at m.. 7 points and mr T points, so we arrive at the full cost of the ESA signal

Cost(Spsa(r, T,w)) = m.mp (aNc,SEMNc,DEM(M + M)

+NC7DEMM(CVNC,SE‘M +ﬁlog2 M)) (528)

to highest order in N, x, M; and M. In general we find that M < M;, and the cost of evaluating the necessary
wavefunctions is sometimes less than half of the cost of obtaining the total signal. In Section 5.4, we calculate
the TA signal, which is composed of four Feyman diagrams with costs less than or equal to that in Eq. 5.28, with
m,; = 1, since the TA signal has 7 = 0. In Section 5.4 we use M = 21 and M; =~ 1000, in order to achieve

convergence of better than 1%."

VThe value of M; depends upon the pulse shape and the optical dephasing v. We resolve the polarization field from ¢ i, until
te +6.91/7.
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Assuming that M < M;, and that aN, > (log, M, the total cost scales as
Cur2(Sesa) ~ mymrNe sgnmNe,pEv M. (5.29)

Note that UF? assumes that the eigenvalues and eigenstates of Hy have already been attained. If the dimension
of Hy is N £, then the computational cost of that diagonalization can scale as N7, which can exceed the cost of
UF? itself, especially since UF? reduces the relevant Hilbert space dimension N, so aggressively. For many systems,
however, H, is sparse, allowing efficient iterative methods to be used to find its eigenvalues and eigenstates. The
scaling of those algorithms is beyond the scope of this manuscript, but we simply note that there are many important
cases where solving fIO is not computationally limiting. For example, vibronic systems of coupled chromophores,
each with local harmonic oscillators, are extremely sparse, and an efficient algorithm to determine their eigenstates

will be detailed separately.

5.7 Appendix B: RKE implementation and scaling

5.7.1 Implementation

Direct propagation (DP) methods solve the Schrodinger equation

d ™ (t))

= =iy [V (1)) — il () [V @),

where we have set i = 1, by propagating the ODE forward in time domain.

In order to compare the cost of UF? to the cost of DP methods, we have implemented a hybrid DP method that

uses the adaptive-step size 4-5'" order Runge-Kutta ODE solver from scipy (called RK45) to propagate the system
dynamics
d ’¢(n)>
S = iy [y,
pm iHo |1

and uses the first-order Euler method to include the perturbation
i) [0,

with a previously calculated lower-order wavepacket |¢("_1)(t)>, as described in Refs. 21, 59. As with UF?, we
assume that each pulse E; is non-zero only during times ¢; min < t < tj max. When all of the pulses are zero,
propagation is simply handled by RK45. Given a local absolute and relative tolerance e, RK45 can integrate from
t; to ty using an adaptively determined step size dtrx. The wavefunctions are stored at equally spaced time points

with time step dt, which must be short compared to the optical pulses and in our implementation we set to the same

Viln our implementation of this algorithm, 8logy M/a ~ 100.
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dt used in UF?. This fixed time step is used for the Euler method and allows the reuse of lower-order wavefunctions
for many values of pulse delay times. Note that as mentioned at the end of Section 5.3.2, this choice of dt does
not converge the RKE spectra to the same accuracy as UF2.¥ Given a state vector [¢(t;)), we use the notation
[(t; + dt)) = Up(dt) [¢(t;)) to represent the RK45 propagation.

To include the perturbation H j' (t), we begin by defining the first-order wavefunction [, (¢t < tomin)) = 0.
We define [¢q(ta,min)) = —1H, (tq,min)dt |¢(O)(ta7min)>, where |w(0) (ta,min)) is a stationary state (possibly with an
evolving phase factor). We propagate until ¢, max in steps of size dt = (t4,max — ta,min)/Mpg. Let m run from 0 to

ME. Then
[a(tamin +mat)) = Uo(dt) |t (tamin + (m = 1)dt)) + ift - €aaltamin +mdt) |0 (Lo in +mab) ).

Once we have obtained [t (tq,max)), We obtain |1, (t > t4 max)) , using RK45 alone. This method works in general

st

for the n'" order wavefunction generated by an interaction with the j** pulse. Given the (n —1)* wavefunction

[ty (t)), we define ”(/Jpj(*) (tj’min)> =i - eg*)sg*)(tj,min) |p(tj,min)), and then at all times until ¢; max using

|ij(*) (ta,min + mdt)> = UO(dt) |ij(*) (ta,min + (m - 1)dt)> + Z,LL : eg*)f‘:_g*) (ta,min + mdt) ‘¢p(ta,min + mdt)> .

Once again, for all times after ¢; max, we only use RK45 to propagate the wavefunction in its manifold.

5.7.2 Computational cost analysis

We derive the computational cost of calculating the 2DPE rephasing signal, now using the RK45-Euler hybrid
(RKE) method outlined in Section 5.7.1, following a similar path as our derivation of the cost of UF?, working
backwards from Eq. 5.8. Symbols used in this section are summarized in Tables 5.1-5.3. As for UF?, we begin by
considering the ESA diagram, and derive the cost of Pg’; 4(1).

The cost of RKE is the cost of obtaining the necessary wavefunctions, [¢,(t)) and [¢p.(t)), and computing
Prsa(t) = (Wa(t)| 1t |¥6e(t)). In the Condon approximation, 4 is a sparse rectangular matrix consisting of diagonal
blocks, so this expectation value has a cost of agr, Nt prar. Even outside of the Condon approximation, p is still
sparse, and therefore the cost is still O(Ny); the number of entries per row, r,, is simply a little larger.

The remaining cost is the cost of obtaining the necessary wavefunctions. The cost of obtaining a perturbative
wavefunction breaks down into two parts: the cost of the RK45 algorithm to propagate Hy and the cost of the Euler
method to include the perturbation H ]' We first derive the cost of RK45 for times after ¢t > ¢; max, where RK45 can

take full advantage of its adaptive step size. In this regime, the user sets a local tolerance €, and RK45 determines

ViiFor problems with a small number of delay times, it may be more efficient to use the RK45 solver for both system and perturbation
propagation, but this choice would make wavefunction reuse more complicated. As this manuscript is interested in the case where many
different experimental configurations are considered, we have chosen an implementation that we believe gives the best performance,
though we do not claim to have optimized all aspects.
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what step size dipg satisfies that tolerance, and we approximate it as a constant. To take each step, RK45 must
make 6 function evaluations of the form Hy |¢) and sum the results with the required weights. Each evaluation has
the cost of a sparse matrix-vector multiplication, agrN,, x, where r is the average number of non-zero entries of H
per row and ¢ is an additional overhead factor for sparse matrix operations. Ignoring the extra costs when steps are
rejected, we thus find that the cost to take a step dtgx is 6c(gr + 1)Ny =~ 6agrNy x. Assuming we need to know

the wavefunction at some final time ¢y > ¢; ax, the cost of propagating the wavefunction when the pulse is off,

Crig = 6aqrNy x Mg,

where Mrg = (t§ — tjmax)/dtri is the required number of steps after the pulse ends. This wavefunction can be
relatively inexpensively evaluated on a mesh with spacing dt using the RK45 interpolator, but the computational
cost is set by the adaptively optimized dtry .

During the time when the pulse is non-zero, the cost of the RK45 portion of the evolution is

6aqun,X max (ME, (tj,max - tj,min)/dtRK) 9

where Mg = (tjmaz — tjmin)/dt. If dt is smaller than dtgx, we must pay an additional cost of taking smaller
steps than field-free evolution using RK45 would require. We must also pay the cost of adding in the perturbation.
Again, since p is a sparse matrix with r,, entries per row, the cost of p|v) is agr,Ny. The cost of evaluating ¢;
at a single time point is negligible, and so the cost of adding in the perturbation is aqr, N, x M. Assuming that

dt < dtry, we can easily add these costs to obtain the cost of propagating when the pulse is on,
Cg = aq(6r +1,)N, xMg.
Thus the cost of calculating a single wavefunction is

Crre(|¢pj-)) = Ce + Cri

Despite the fact that dt is generally smaller than dtg, it is still often the case that Mrx > Mpg. In general we find
that Mg = 100 is usually sufficient to resolve the pulse interaction and converge the spectroscopic signals to within
1%. In contrast, we often find that Mgk > 100, and therefore the cost of obtaining a perturbative wavefunction is
usually dominated by the propagation cost in the absence of the electric field. This observation depends upon the
imposed decay of the polarization field, v, as described in Section 5.2.3. As for UF?, once the polarization field is
obtained, we multiply by e~ /*~trrobel "and therefore we generally need to resolve the wavefunction to ¢ ¢ = tprobe+ 3

Y

We developed this hybrid method for the purposes of making a fair comparison with UF?. We assert that if
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Cg > CRrg, there is likely a more efficient algorithm, for example using RK45 both while the pulse is on and when
the pulse is off. For the purposes of comparison, we make sure to operate in a regime where Cp < Cgrg, and
therefore we approximate Crxp ~ Cri.

This process must be repeated 3 times in order to calculate the ESA at a single pair of pulse delays 7, T. However,
|ta) only needs to be calculated once, and can be stored and re-used because we are working with a regularly spaced
time grid. Similarly, |¢;) only needs to be calculated once for each value of 7 but can be reused for all values of T
The only wavefunction that must be recalculated each time is |t¢.), and therefore this cost dominates the cost of

obtaining Pgg4. Therefore

CrrE(Sesa) = m:mrCri (5.30)

Note that the costs of the other diagrams contributing to P(?’)(t) have a similar form, but scale as Ny ggn or
Nyasm- Since Ny senv, Npasm < Ny pewm in general, the cost of obtaining the rephasing signal is dominated by

the cost of Pgga.
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Open UF?

Reproduced from Journal of Chemical Physics 154 034108 (2021), with the permission of AIP Publishing

Original title: Efficient numerical method for predicting nonlinear optical spectroscopies of open systems

Peter A. Rose and Jacob J. Krich

Original abstract: Nonlinear optical spectroscopies are powerful tools for probing quantum dynamics in molec-
ular and nanoscale systems. While intuition about ultrafast spectroscopies is often built by considering impulsive
optical pulses, actual experiments have finite-duration pulses, which can be important for interpreting and pre-
dicting experimental results. We present a new freely available open source method for spectroscopic modeling,
called Ultrafast Ultrafast (UFQ) Spectroscopy, which enables computationally efficient and convenient prediction of
nonlinear spectra, including treatment of arbitrary finite duration pulse shapes. UF? is a Fourier-based method that
requires diagonalization of the Liouvillian propagator of the system density matrix. We also present a Runge-Kutta
Euler (RKE) direct propagation method. We include open-systems dynamics in the secular Redfield, full Redfield,
and Lindblad formalisms with Markovian baths. For non-Markovian systems, the degrees of freedom corresponding
to memory effects are brought into the system and treated nonperturbatively. We analyze the computational com-
plexity of the algorithms and demonstrate numerically that, including the cost of diagonalizing the propagator, UF?
is 20-200 times faster than the direct propagation method for secular Redfield models with arbitrary Hilbert space
dimension; that it is similarly faster for full Redfield models at least up to system dimensions where the propagator
requires more than 20 GB to store; and that for Lindblad models it is faster up to Hilbert space dimension near 100,
with speedups for small systems by factors of over 500. UF? and RKE are part of a larger open source Ultrafast
Software Suite, which includes tools for automatic generation and calculation of Feynman diagrams.

Notes:

e Added a brief discussion that did not appear in the original publication about comparing the results of
simulations done using RKE and UF?. Discussion is added to captions of Figures 6.3 and 6.4, and also added

to the main text in Section 6.4.
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6.1 Introduction

Nonlinear optical spectroscopies (NLOS) are widely used tools for probing the excited state dynamics of a wide range
of systems [70, 89]. The signals that can be measured using NLOS contain a wealth of information, but correctly
interpreting that information generally requires making a model of the system and predicting the spectra that result.
Such analysis can require repeated lengthy computations in order to fit multiple parameters to the collected data
[7-10]. Fast methods for simulating spectra of model system enable better interpretation of experimental results.

NLOS are often calculated in the impulsive limit of infinitely short optical pulses. Recent work has shown that
finite pulse effects can have dramatic effects on measured NLOS, and that fitting experimental data using intuition
developed in the impulsive limit can lead to incorrect conclusions [57], adding to the existing body of work exploring
the effects of finite pulse shapes [13, 15, 17-19, 88, 90-95]. The effects of Gaussian and exponential pulse shapes have
been treated analytically for various types of NLOS, providing valuable insights into the effects of pulse shapes and
durations [18, 19]. However, real experimental pulses are often not well represented by Gaussian or other analytical
shapes. Ideally, modeling of NLOS should include actual experimental pulse shapes rather than approximate forms,
and a number of numerical methods have this capability [21, 59, 64, 71, 74, 90, 91].

In Ref. [96] we introduced a novel fast algorithm based on Fourier convolution, called Ultrafast Ultrafast (UF?)
spectroscopy, capable of simulating any order NLOS using arbitrary pulse shapes. We compared it to our own im-
plementation of a standard direct propagation method that we called RKE (Runge-Kutta-Euler) and demonstrated
that UF? shows a significant speed advantage over RKE for systems with a Hilbert space dimension smaller than
10%. However, that work is based upon wavefunctions and is only valid for closed systems. Condensed-phase systems
consist of too many degrees of freedom to treat them all explicitly, leading to essential dephasing and dissipation,
and making wavefunction methods of limited use in interpretation of experiments.

In this work we present the extension of both UF? and RKE to open quantum systems with Markovian baths.
Degrees of freedom corresponding to memory in the bath can be included explicitly in the system Hamiltonian,
while the rest of the bath is assumed to be weakly coupled and treated perturbatively using Redfield or Lindblad
formalisms. We show that UF? is over 200 times faster than RKE for small system sizes, and we believe this result is
representative of the advantage that UF? provides over direct propagation methods. With a secular Redfield model,
UF? outperforms RKE for all system sizes. Hereafter, the terms UF? and RKE refer to the new open extensions of
the old algorithms of the same name, with the understanding that the closed system algorithms are now contained
as special cases.

UF? works in the eigenbasis of the Liouvillian that propagates system density matrices and thus requires di-
agonalization of this Liouvillian. We show that, surprisingly, the cost of this diagonalization is negligible for the
system sizes where UF? outperforms RKE, despite the Liouvillian having dimension N2. Diagonalization yields
fast, exact propagation of the unperturbed system and allows the optical pulses to be included using the compu-

tational efficiency of the fast Fourier transform (FFT) and the convolution theorem. UF? requires only that the
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pulse envelope be known at a discrete set of time points, and thus is able to study any pulse shape of interest,
including experimentally measured pulse shapes. As few as 25 points are required with Gaussian pulses to obtain
1% convergence of spectra.

UF? and RKE are part of a software package we call the Ultrafast Spectroscopy Suite (UFSS), outlined in Fig. 6.1,
which is designed to simplify the process of predicting spectra or fitting spectra to models. UFSS is designed in
particular to facilitate inclusion of finite pulse effects with low computational cost. There are two distinct effects
of finite pulses. First is the inclusion of additional Feynman diagrams that must be calculated when pulses overlap
in time. UFSS includes an automated Feynman diagram generator (DG), described in Ref. 97, which automates
the construction of these diagrams and determination of which ones give non-negligible contributions. Second is
the calculation of the contribution from each diagram. Both UF? and RKE take in diagrams and calculate their
contributions including the effects of pulse shapes. UFSS also contains a Hamiltonian and Liouvillian generator
(HLG), described in this manuscript, which parametrically constructs models for vibronic systems. Each of the
packages in UFSS can be used independently. In this work we demonstrate how UF? and RKE can be used
separately, as well as with the HLG and DG. UFSS is free and open-source software written in Python, available
for download from github.

UF? and RKE are numerical methods for including effects of optical pulse shapes in the perturbative limit, given
that the equations of motion for an open quantum system in the absence of the pulses are known. The efficient
inclusion of finite pulse durations in UF? relies on having a time-independent propagation superoperator for the
density matrix in the absence of optical fields. There are many methods for describing the field-free dynamics of open
quantum systems, including Lindblad theory [98], Redfield theory [99], multi configurational time-dependent Hartree
(MCTDH) [100, 101], the hierarchical equations of motion (HEOM) [28, 102], and more [103]. Both Lindblad and
Redfield theory allow treatment of dephasing and relaxation due to a Markovian bath, resulting in time-independent
system propagators, and we implement both in UF?. While both HEOM and MCTDH include non-Markovian bath
dynamics, they do not yield time-independent Liouvillians and are not amenable to the techniques in UF?; for those
methods, slower direct propagation methods are still required.

In Sec. 6.2 we briefly review the formalism of NLOS calculated using time-dependent perturbation theory and
then derive the UF? and RKE algorithms. The computational complexity of these methods is shown in Appendix 6.7.
While UF? can propagate many types of systems, in Sec. 6.3 we describe the HLG built-in to UFSS. In Sec. 6.4
compare the computational cost of UF? and RKE for a range of system sizes generated by the HLG. In Sec. 6.5
we show the accuracy of UF? by comparing to analytical expressions for the 2D photon echo signal of the optical
Bloch equations perturbed by Gaussian pulses from Ref. 19. We demonstrate that UF? quantitatively agrees with
the analytical results, including effects of finite pulses, using just 25 evenly spaced points to represent the Gaussian

pulse shape.


https://github.com/peterarose/ufss
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User input: pulses

Pulse intervals

Phase discrimination

Diagram
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List of
diagrams

RKE

[ Diagonalize Hy | Lo
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Fourier | Direct
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Calculated
Signal
Figure 6.1: Logical flow of the UFSS package. Users input information about the experiment (pulse intervals and
pulse-discrimination condition) and the system (states, optical dipoles, and system-bath interaction). UFSS consists
of the diagram generator (DG), the Hamiltonian /Liouvillian generator (HLG), and two choices of propagators: UF?
and RKE. The DG produces a list of Feynman diagrams, as described in Ref. [97]. This list and the Hamiltonian
or Liouvillian of the system are inputs to either UF? or RKE, which calculate the contribution of each diagram to

the resulting signal. The DG updates the list of diagrams as the pulse delay times change, so that UF? and RKE
only calculate causal diagrams for each set of pulse delays.
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6.2 Algorithm

We begin this section by outlining the standard results of time-dependent perturbation theory, and how it is applied
to nonlinear optical spectroscopies [14], in order to introduce our notation and derive the formal operators that we
use to describe signals. In Sec. 6.2.1 we build on this foundation to derive a novel open-systems algorithm called
UF? for calculating perturbative spectroscopies. In Sec. 6.2.2 we briefly present a direct propagation method called
RKE that is included in UFSS, which is used as a benchmark for timing comparisons with UF2.

We begin with a Hamiltonian of the form
H = Hy(t) + H'(t), (6.1)

where the light-matter interaction with a classical field E(t) is treated perturbatively in the electric-dipole approx-

imation as

H'(t) = —p - (1), (6.2)

where p is the electric dipole operator. Cartesian vectors are indicated in bold. We include a time-independent
system-bath interaction in the equations of motion for the system density matrix p, so

dp 1

2(t) = = UH(), p(0)] + Dp), (63)

where D is a superoperator that describes dephasing and dissipation. The UF? algorithm can be applied with any
time-independent operator D. Separating the perturbation H'(t) yields two superoperators, % and .Z’(t), which

are defined as
@
dt

(t) = % ([Ho, p(t)] + ihDp(t)) + %[H (), p(1)] - (6:4)

Zolp(t)) 2'(t)|p(t))
p can be considered as an operator in the Hilbert space of the material system H and as a vector in the Liouville
space IL, which is the vector space of linear operators on H. We denote vectors in L by |-). For linear operators
A and B acting on H, we write the operator A ® BT in L such that A ® BT |p) is equivalent to ApB.! Using this

transformation, we rewrite Eq. 6.4 as

dlp(®))

2L — Blo0) + 2 W1p(0), (65)

where, in terms of operators on H,
i

h

L = H0®H+%]I®HOT+D (6.6)

iNote that the Liouville space is also a Hilbert space, with an inner product (v1,v2), which can be expressed in terms of the inner

product on H. If |v1) = |a) (b] and |v2) = |c¢) (d|, then the inner product of v1 and v is Tr[vlrvz} = (d|b) {a|c), where the trace is taken
with respect to a Hilbert-space basis. All other cases following by linearity.
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and
)

() =~ B+ P B, (6.7)

with

p=pel and p?=Iopu’.

In a closed system, D = 0, and this formulation becomes equivalent to the closed case, which can be expressed with
wavefunctions rather than density matrices [96].
We describe the electric field as a sum over L pulses, where each pulse is denoted by a lowercase letter starting

from a. A typical 3"%-order signal is produced by up to 4 pulses. We write the electric field as

E(t) = Z e;c;(t) + e;‘ej(t) (6.8)

j=a,b,...,L

where e; is the possibly complex polarization vector, and the amplitude €; of each pulse is defined with envelope

A;, central frequency w;, wavevector k;, and phase ¢; as
gi(t) = Aj(t —t;)e i (t=tj)—k;r=0;)

where t; is the arrival time of pulse j. We make the physical assumption that each pulse is localized in time so ¢;(t)
is zero outside ¢ € [t; min, tj,max]- For the purposes of UFSS, A;(t) does not need to be a closed-form expression; it
only needs to be known on a regularly spaced time grid in [tj,min, tj,max]. We define the Fourier transform of the

pulse as
éi(w):/ gi(t)e™.

The light-matter interaction, Eq. 6.7, is a sum over the rotating (¢;) and counter-rotating () terms. We express

these terms individually as

2 * *
Ly (1) = 2 (1) (6.9)
i * *
Ly (t) = =51 - (1) (6.10)
so that
L) = > L)+ Lhei(t) + Lhi(t) + Lh e (1), (6.11)
i=a,b,...

In the rotating wave approximation (RWA), the rotating terms, £}, and £}, excite the ket-side and de-excite
the bra-side of the density matrix, respectively. The counter-rotating terms, £, ,. and .£5 ., de-excite the ket side
and excite the bra-side, respectively [14, 21].

We treat the effect of Z’(¢) using standard time-dependent perturbation theory and assume that at time ¢y the
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system is in a stationary state of %, which is | p(o)». Equation 6.5 is easily integrated in the absence of perturbation
to give the time-evolution due to %,

To(t) = exp [Lot]. (6.12)

The perturbation .Z”(t) is zero before t; and produces a time-dependent density matrix |p(¢)), which is expanded
perturbatively as

p(t)) = 16'7) + 1oV (@) + 162) + ... (6.13)
where the n'" term can be expressed as [14]

o) =700 [ T AT ()20 — )] (E— f)).

Using the decomposition of .Z’(t) in Eq. 6.11, we write [p(®T1)(t)) as a sum over four types of terms

PV =Y (K + Kj- + B + Bj) 6™ (1)),

J

where all four terms are compactly defined as

O =03 To(0) [ At Tyt =1) (- et =) (6.14)

with O = K, B, ng = 1 and ng = —1, and the asterisk denotes the counter-rotating term.

From p(™ (t), perturbative signals can be determined. The full perturbative density matrix is given by

n

P () = | (Kj+ K- + B+ Bj-) | [p©), (6.15)
J

which gives (4L)™ different terms, each of which is represented as a double-sided Feynman diagram. The number of
diagrams that must be calculated can be dramatically reduced when considering the phase matching or phase cycling
conditions in a particular spectrum, which are sensitive only to some of these contributions to p(™ (t). Further,
many calculations are zero in the RWA. Time ordering also greatly reduces the number of required diagrams when
the pulses do not overlap. There are well established methods to minimize the number of diagrams required to

predict a spectrum, and Ref. [97] demonstrates how to automate that process.
Once the desired diagrams have been determined, the sum in Eq. 6.15 can be evaluated with only the relevant
diagrams to produce the contributions to }p(”)> that produce the desired signal. For example, in the case of a phase-

matching experiment with detector in the direction kg = > j m;k;, where m; are integers, we call the portion of
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Figure 6.2: Time-ordered Feynman diagrams that contribute to the rephasing 2DPE, measured in the ky = —k, +
ky + k. direction. Up to 13 other diagrams contribute to the signal when one or more of the pulses overlap [97].

the density matrix that contributes to the signal pg). Then the signal S,g:) is calculated using

P () = (upy” (1))
Pw) = [ dee B

Sﬁ:)(w) =TIm [ég(w)ed . Pl(:;) (w)} (6.16)

where Pg{:) is the n'P-order polarization contributing to the desired signal and the final pulse, with electric field E,
is the local oscillator used to detect the radiated field. Figure 7.1 shows the diagrams contributing to the calculation
of the rephasing two-dimensional photon echo (2DPE) signal when none of the pulses overlap.

The UF? and RKE methods each implement an operation of O, on a density matrix. When they are given a

diagram to evaluate, they compute the required successive O;(.) operations, for example B.KjB,+ p(o)», which is

the second diagram in Fig. 7.1.

6.2.1 Novel open systems algorithm: UF?

We now describe the open systems algorithm we call UF? for the operators {ij }, which is an extension of the
closed systems algorithm of the same name presented in Ref. 96. UF? requires that .% be time-independent and
therefore that the bath be Markovian. All degrees of freedom corresponding to non-Markovian effects must be
brought into the system, where they are treated non-perturbatively. With modest computational resource, we can
include several explicit vibrational modes in the system, effectively giving highly accurate non-Markovian effects to
a system that is formally treated as having a Markovian bath.

We diagonalize % by finding the right and left eigenvectors. The right eigenvectors |a) form a basis and have
eigenvalues z,, as

Lola) = zala).
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The left eigenvectors are defined using overbars as
(@)% = (@|za-
Since % need not be Hermitian, |a)T # (&|. We normalize the left and right eigenvectors to satisfy

{(alB) = dap- (6.17)

In the absence of .Z’(t), Eq. 6.12 gives |p(t)) = To(t)|p(0)). To is diagonal in the basis {|a)}, so we have

N2
= Ze‘z“tca|a>>’ (618)

where NN is the dimension of H, which we take to be finite. If the physical system has an infinite dimensional H, as
in the case of a harmonic oscillator, we truncate H to dimension N, and therefore truncate % to dimension N?2.
The electric dipole operator acting from the left, £, and from the right, u”, must be known in the eigenbasis

of %y, where we define matrix elements

tag = (alu™(B8).

tas = (aln”|8).

The derivation of UF? for open systems is formally similar to that for closed systems in Ref. 96, with replacements
of U by T, the wavefunction |¢)) by the density vector |p), and the dipole operator p by u’ and u?. Because the
action of the dipole operator on the ket and bra must be considered separately, the operator K is joined in the
open systems case by its counterpart B

We represent |p(™)(t)) with coefficients ) (t) that contain only the time dependence induced by the perturba-

tion, while keeping the evolution due to %, separate as

)= Zez‘*tcg") (). (6.19)

With this notation, Eq. 7.7 gives

Ojn |p(n) ) = 770%76(15) /OOO dt’%—l(t —t) Z 18)(B] (HO . eg*) (t—1t) ) Z eZa(t—t' ) t —#')]a)

B

= no+ Ze“tlﬂ/ arot W“”Z(um et = 1)) e (L ). (6.20)
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The integral in Eq. 6.20 is a convolution, and we express it in the compact form

0yl (0)) =m0t 7 ¢*#!18) 10 ys] (1) (6.21)
B

where

[z*y](t) = /Oo dt'x(t")y(t —t').

—0o0

Assuming that ¢;(¢) is zero outside the interval [t; min, tj,max],

0 t < t_j,min
[9 * y@] (t) = Tﬁ(t) tj,min <t< tj,max :

Cﬂ t > tj max

for constant Cjg. Therefore, we need only calculate this convolution for ¢; min <t < tj max-

Physically, we only need to solve for the time dependence due to the interaction with the pulse while the pulse
is nonzero. The rest of the time dependence is contained in %) and is therefore known exactly. This realization
drastically reduces the computational cost of UF? compared to techniques that must use time stepping for both the
system dynamics and the perturbation.

We evaluate the convolution [0 % yg] (t) numerically to solve for the function rg(t) using the FFT and the
convolution theorem. Each electric field envelope A;(t — t;) is represented using M; equally spaced time points,
where M; = (¢ max — tj,min)/dt; and dt; is the spacing between points. Before convolving ys is zero-padded up to
2M; — 1 points, and after the convolution is performed we retrieve only the M; points corresponding to a linear

convolution. Appendix 6.7.1 describes the computational cost of UF? and shows how it scales with N and M.

6.2.2 RKE

The RKE method is an alternative algorithm for evaluating the operators {O;« } and is also included in UFSS. Tt
was introduced in Ref. 96 for closed systems. RKE uses the Runga-Kutta 45 (RK45) adaptive time step algorithm
to propagate the evolution due to % and a fixed-step Euler method to include the perturbation #’(t). It is a
direct propagation method, meaning that it propagates |p) forward one step at a time using the differential form
of the equations of motion, Eq. 6.5. RKE is a simple example of a direct-propagation method, and we intend it
to be representative of the computational scaling differences between UF? and direct-propagation methods; more
efficient and higher-order methods than RKE are possible [59, 62, 64, 66, 70, 76-78].

In the absence of pulses, the RK45 method advances the density matrix |p) forward in time according to

1p) = ZLolp) (6.22)
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where we represent the time evolution due to % as an N2 x N2 matrix acting on L, rather than using N x N

operators on H as in Eq. 6.3. We represent a step using the RK45 algorithm alone as |p(t; + dt)) = To(dt)|p(t:)).

Starting from |p(®)), RKE evaluates diagrams by successive Oj operations. RKE calculates [pg) = O;c)|pa)
for some state |p,) as
1ps(tjmin +mdtg)) = To(dtr)|ps(tjmin + (m — 1)dtg))
+ "gIOj(ﬂ (tj’min + mth)|pa (t]}’min + mth)>>7 (623)

where we propagate using fixed step size dtg from ¢;min t0 tj max. This method accumulates error proportional
to dtgp. It is possible to construct analogous methods that accumulate error proportional to dt2, [64]. Defining
Mg = (tj max — tjmin)/dt, m runs from 0 to Mg. Once we obtain |pg(t;max)), the remainder of the time evolution
for t > t; max is obtained using the standard RK45 method alone, with a variable time step. Section 2 of the

Appendix describes the computational cost of RKE and shows how it scales with N and Mg.

6.3 Hamiltonian/Liouvillian generator

Here we outline the Hamiltonian and Liouvillian generator (HLG) included as part of UFSS. Note that both UF?
and RKE are compatible with any time-independent Hamiltonian or Liouvillian that can be expressed as a finite
matrix. One need not use the HLG in order to take advantage of the other modules in UFSS.

HLG is a vibronic model generator, designed to create a Hamiltonian for a network of s two-level systems (2LS)
coupled linearly to k£ harmonic vibrational modes. The HLG constructs a Liouvillian by including coupling of each
degree of freedom to a Markovian bath using either Redfield (full or secular) or diabatic Lindblad formalisms.
Models of this type have been used to describe many systems including conical intersections in pyrazine and energy

transfer in photosynthetic complexes [34, 101, 104-110].

6.3.1 Hamiltonian Structure

We begin with an electronic system described by s 2LS,

H, = FEy+ i Ena;rlan + Z Jmna;fnan,

n=1 m#n

where a,, is the annihilation operator for the excited state in the n!* 2LS, E,, is the site energy, Ey is the ground

state energy, and J,,, is a Hermitian matrix of electronic couplings. The system includes k explicit harmonic
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vibrational modes of frequency w,, generalized momentum p, and coordinate g, with Hamiltonian

k
1 2 2 2
th - § (;pa +waqa> .

We treat standard linear coupling of these modes to the electronic system as

k s
He—ph = Z Z Wida,nQOzaLan7

a=1n=1

where d,,, indicates the coupling of each vibrational mode to each 2LS. It is related to the Huang-Rhys factor by

1

San = =wWadZ ,,.
s 20‘} a,n
The total system Hamiltonian is
Hy=H.+ Hpp + He_ppy. (6.24)
If we work in the number basis of the vibrational modes, using the ladder operators b,, with g, = —=(bs +

V2
bi), pa = %(ba —b},), then Hy is highly sparse. H._p;, has 2k + 1 entries per row. H,y, is formally infinite in size,

so we truncate Hy to size N by fixing the total vibrational occupation number. Note that Eq. 6.24 is block diagonal
with s+ 1 blocks. Each of these blocks is an optically separated manifold, and we index manifolds using X and Y,
where X, Y can refer to the ground-state manifold (GSM), the singly excited manifold (SEM), the doubly excited
manifold (DEM), and so on. Each block has a size Nx, and N = Ngsay + Nsgamr + Npea + ... The block diagonal
form of Hy is not required by UF?, but it allows useful simplifications in certain cases, which are discussed briefly

at the end of this section and in Appendix 6.7 .

6.3.2 Liouvillian Structure

Using the Hamiltonian from Eq. 6.24, we construct the unitary part of the Liouvillian, £y = % — D, where %
is defined in Eq. 6.6. UFSS allows coupling of a Markovian bath to all degrees of freedom of Hy using either the

Redfield [99] or Lindblad formalisms [98] or a user-specified combination of them, should that be desirable.

6.3.2.1 Redfield

Redfield theory arises from microscopic derivations of the properties of the bath and system-bath coupling, in
contrast to diabatic Lindblad theory, which requires phenomenological relaxation and dephasing parameters. Given

a system-bath coupling Hamiltonian of the form

Hsp = ZOT‘,S @ Or,Ba
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where O, g is an operator defined in the Hilbert space of the system, and O, g is an operator defined in the Hilbert

space of the bath, the dissipation tensor is defined as

Yijri(Ors) = > (il Or.s k) (1| O 5 |5) Crr (wia),

rr!

where Hy |1) = hw; |i) defines the eigenvectors of Hy, given by Eq. 6.24, and
Crr (t) = (Or,B(t)0rv,5(0))

are the two-point correlation functions of the phonon modes of the bath. The index r specifies either the site index n
or the vibrational mode index . We assume that the cross-correlation terms are zero, and 80 Cyp/(t) = 0y Crpr (t).

The Fourier transform of C(t) is specified using a spectral density J(w) as

R [C(w)] = %hJ(w) coth (ﬂ)
Im [C(w)] = %P/:x> dw’w,

where P indicates the Cauchy principal value. In the examples that follow, we use an Ohmic spectral density with
the Drude-Lorentz cut-off function

§
J(w) = 2w ———
() = 23 3

where A is the strength of the system-bath coupling and + is the cut-off frequency of the bath.Users are also free to

specify any spectral density function that is appropriate to their system.

The Redfield tensor is
Rija(0) = = (Yijra(0) + Y}3(0)) + 651> Yoiro(0)

0 Y Y1,(0)

We consider system-bath coupling to each site n via the Redfield tensor R(a a,,), and coupling to each vibrational

mode via the Redfield tensor R(q,), where ¢, = % (bl, + ba), so that the dissipative part of % (see Eq. 6.6) is

D = —R(ala,) — R(qa).

We also optionally include in D the relaxation of electronic excitations to the ground state via the Redfield tensor
R(al, + a,,). The microscopic derivation of the two-time correlation function C(t) that mediates such relaxation

processes is more difficult, as it involves non-adiabatic coupling terms [111] and is rarely used. As such, by default
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we have included a flat spectral density for inter-manifold relaxation processes such that the associated C(w) is

Yr w >0
C(UJ) = )

"}/Tehw/kBT w<0

where ~, provides a phenomenological inter-manifold relaxation rate. In the secular approximation (see below),
this phenomenological form reduces to a commonly used approach [108, 112, 113]. Users are free to provide more
complicated spectral densities to describe this type of process.

The commonly used secular approximation sets R;j,; = 0, except when |wij — wy| = 0, which guarantees
positivity of the density matrix. The remaining simple form of %, only couples the populations of the density
matrix couple to one another (see Appendix 6.7 for exceptions)[34, 99, 107]. In this case, % consists of a single
N x N block for the populations and is otherwise diagonal. This simplification has important implications on
the computational complexity of both the UF? and RKE algorithms. In particular, the cost of diagonalizing %
becomes ~ N3, which is the same scaling as the cost of diagonalizing Hy, and is in stark contrast to the the cost of

diagonalizing a generic %, which is ~ N6.

6.3.2.2 Diabatic Lindblad

The Lindblad formalism is widely used to describe open quantum systems using a small number of phenomenological
dephasing and relaxation constants. It guarantees the complete positivity of %,. Secular Redfield theory can be
mapped to a Lindblad structure using operators in the eigenbasis of the Hamiltonian. Recently it has been shown
that full Redfield theory can be mapped to a Lindblad structure in some cases (again this mapping is done in the
eigenbasis of the Hamiltonian) [35]. Here, we present a Lindblad formalism in the diabatic basis, which can be fairly
accurate for short time-scales, though it does not produce a thermal distribution at infinite time, so must break
down for long time-scales [104, 105].

If O is an operator on H, the Lindblad superoperator is
i_ 1ot t
L[O]p = 0pO" — 3 (OT0p + p0O'0) .

We consider dissipation in vibrational modes and both inter- and intra-manifold dephasing and relaxation of the
electronic modes.

For vibrational mode «, we describe coupling to the rest of the bath with the dissipation operator
Dy=> Yoo (NenL[b}] + (Nen + 1)L[ba]) , (6.25)
(o3

where v, is the thermalization rate of the a'® mode and Ny, = (b],b,) = 1/(exp(Bhw,) — 1) is the average number
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of excitations at equilibrium of a mode with energy fw, coupled to a Markovian bath of temperature T', with
B =1/kgT, with kp the Boltzmann constant [98].

We describe inter-manifold electronic relaxation and the complementary incoherent thermal excitation processes

with
S
Drl == Z Yrimn (anL[an} + CngL[a;r;]) )
n=1
where Ch, = %. Intra-manifold relaxation processes are described by

D,y = Z 7T2,nmcnmL[aLam]'
m#n
Since Chm/Crmn = e PEn—En) e obtain a thermal distribution of eigenstates as t — 0o if Jy,, = 0.

Relaxation processes necessarily give rise to dephasing. We include additional intra-manifold dephasing using

Dd2 = Z ’Yd2,nmL [aLan — ainam} .
n#Em
All of the above processes also give rise to inter-manifold (optical) dephasing. We include additional, pure inter-
manifold dephasing using

Dgi = vya1L

zs: aLan] . (6.26)

n=1
In the common case where 741 is larger than all the other bath coupling rates, the homogeneous linewidth(s) are

dominated by the Dy; term. Putting all of these operators together we arrive at the total dissipation operator
D =Dy + Dy2+ Dar + Dag + D, (6.27)

When modeling optical spectroscopies, Hy is often block diagonal, and therefore the system is composed of
distinct manifolds, as constructed in Sec. 6.3.1. In the case where we can also neglect inter-manifold relaxation
processes (1., = 0), the total Liouvillian %} is also block diagonal. Under these assumptions .4 can be arranged
into blocks of size N% x N2, allowing us to save both computational cost and memory, both for diagonalization (if

applicable) as well as for use with UF? or RKE. The cost of diagonalizing .% is then ~ N% N .

6.4 Computational advantage

We compare the computational costs of the two UFSS propagation methods, UF? and RKE, for three methods of
including the bath: secular Redfield, full Redfield, and diabatic Lindblad. We show that the convolution-based UF?
is over 200 times faster than the direct-propagation RKE method for small systems. Asymptotically the relative

performance of UF? depends strongly on the method of treating the bath. Appendix 6.7 derives the asymptotic
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Table 6.1: Scaling of computational cost with the Hamiltonian dimension N. 7%, Diag“ is the diagonalization of
%. Derivations are in Appendix 6.7.

UF? RKE %, Diag. UF? advantage

Full Redfield Nt Nt NG up to large N
Secular Redfield N3 N3 N3 all N
Diabatic Lindblad ~ N* N? NS N <100

computational complexity of these methods, and the results are summarized in Table 6.1. These results predict
that the UF? method is always more efficient than the direct propagation method for secular Redfield. While these
computational complexity results do not include the memory requirements of the algorithms, we demonstrate below
that for full Redfield, UF? is more efficient than RKE up until system sizes where % requires at least 20 GB to
store, as summarized in the last column of the table.

UF? has a one-time cost of diagonalizing .%. While %, is generally a matrix of size N2 x N2 with diagonalization
cost ~ NO, in the secular approximation this cost is only ~ N3, as explained in Sec. 6.7. Despite diagonalization
being an expensive calculation for full Redfield and the diabatic Lindblad models, it does not necessarily contribute
significantly to the total cost of calculating spectra, because the diagonal form is reused for each set of pulse delays,
pulse shapes, pulse polarizations, etc. Consider a sample 2DPE signal S (3)(7-, T, w;) with 100 coherence times 7 and
20 population times T, as well as a sample TA signal S®) (T, w;) with 100 delay times. Since the 2DPE spectrum
requires 3-16 diagrams evaluated with 2000 different pulse delays, the cost of the diagonalization is effectively
amortized over > 6000 calculations. The TA calculation requires 6-16 diagrams evaluated at only 100 delay times,
so amortizes the diagonalization cost over = 600 calculations. The RKE method does not require diagonalization,
so the system size at which it becomes cost effective to use the RKE method in principle depends on what type
of spectrum is being considered. In diabatic Lindblad, diagonalization cost begins to be limiting for TA spectra
around the same size that RKE becomes more efficient, regardless.

The computational costs of predicting spectra depend upon both the size and structure of .%,. To make concrete
comparisons between UF? and RKE, we use a vibronic Hamiltonian Hy coupled to a Markovian bath, as outlined
in Section 6.3. Figures 6.3 and 6.4 show the ratio of the computation time of RKE to the computation time of UF?
for TA spectra with Redfield and Lindblad models, respectively. We consider systems with the number of sites and
number of vibrational modes equal (s = k) and varying from 2 to 4. The energy scale of the problem is defined by
the k nearly identical vibrational frequencies w,, which are all within about 1% of wg. The modes are detuned for
convenience, to avoid degeneracies in the ground state manifold, which makes the structure for the Redfield tensor
simpler in the secular approximation. We use the RWA and, after rotating away the optical gap, the site energies
E; vary from 0— 1.50.)51 , and the coupling terms J,,, vary from 0— 0.5w61. We use the same value d,,,, = ddq ,, for
each «,n pair, where J; ; is the Kronecker delta, and choose values of d from 0 to 1.5. Larger values of d require a

larger truncation size N for the spectra to converge. For Redfield theory we use the same bath parameters for both
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the sites and the vibrational modes, A = 0.05wg and vy = wp, and have taken Im[C(w)] = 0. In the diabatic Lindblad
model, we include a Markovian bath using v,2,; = 0.05wq, Yv,o = 0.05wp and g1 = 0.2wg (with 7,1 = 42 = 0). The

! centered on the transition F; — Ey. All

optical pulses have Gaussian envelopes with standard deviation o = wy
sites ¢ have parallel dipole moments, with magnitudes varying from 0.7 to 1, and we use the Condon approximation
that p is independent of vibrational coordinate. We choose the number of vibrational states in the simulations to
be sufficiently large by using UF? to generate a TA signal and seeking the truncation size N that converges the
resulting spectra within 1% using an £> norm over the full spectrum. We perform this convergence separately for
each case of s,d. For each choice of s,d, we use the same N for the RKE calculations. The optical field parameters
(M and dt for UF? and Mg and dtg for RKE) were determined by testing on some of the smaller systems and were
held constant for all s,d. The spectra produced by UF? and RKE were compared for each s, d by computing the ¢
norm difference between the two. For each system for which we calculated spectra using both UF? and RKE (see
Figures 6.3 and 6.4), we verified that spectra agree to within 2% relative error. This agreement justifies the decision
to hold M, dt for UF? and Mg, dtg for RKE constant for all s,d. This agreement also gives confidence in the
spectra produced by both algorithms. Values of ¢ were selected in order to resolve all optical oscillation frequencies
in the RWA and to resolve the homogeneous linewidth. We took the inter-manifold relaxation rate ~,.; = 0, so that
the optical manifolds are separable and % is block diagonal in all cases. All calculations were performed on an
Intel Xeon E5-2640 v4 CPU with a 2.40 GHz clock speed and 96 GB of RAM.

UF? always outperforms RKE for secular Redfield theory, saturating at 20 times faster for large Nggas, as
predicted in Appendix 6.7. In all three formalisms, UF? is 200-500 times faster than RKE for small Nggs. For full
Redfield, with large Nggas, the cost of diagonalization should eventually cause RKE to outperform UF?, but we see
that UF? is approximately 100 times faster even at the larger system sizes studied. The memory requirements of
constructing .%, using full Redfield theory become limiting, as .% is a full N2 x N2 matrix of complex floats. The
largest % studied was 20 GB. For diabatic Lindblad the memory requirements of diagonalizing %5 are similar.

The insets of both figures show the wall-clock runtimes for each value of Nggas, not including the diagonalization
cost for UF?. The dashed lines in the insets show that as Nggzys increases, the expected asymptotic scalings from
Table 6.1 are obeyed. For the diabatic Lindblad model, UF? is more efficient than RKE with sufficiently small
systems, the superior cost scaling of RKE leads to a crossover in runtimes near Nggps = 100, corresponding to
% having blocks of dimension N2.,, = 10*. This crossover is consistent with our result with closed systems in
Ref. 96, where the UF? method was more efficient than RKE for Nggas smaller than 10* — 10°. For small Ngga,
the cost of diagonalization is negligible, as shown by the blue and orange dots in Figure 6.4 all overlapping for
Ngepm < 10. As Nggp increases, the cost of diagonalization becomes apparent as the colors separate. With or

without diagonalization, Fig. 6.4 shows that the crossover occurs with Nggps ~ 100.
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Figure 6.3: Timing ratios of RKE to UF? for TA spectra with 100 time delays using the Redfield formalism for a
range of systems and parameters (closed circles and x’s). For large systems, we simulate a single time delay (open
circles and carats) with only one ESA diagram and multiply the runtime by 600 to effectively treat 100 delay times
and 6 diagrams, due to the long runtimes. Nggjs is the dimension of the Hamiltonian describing the truncated
singly excited manifold, large enough to converge the spectra. Ratios include the cost of diagonalizing % in the
UF? costs. The cost of diagonalization is never important in the secular approximation, and the UF? advantage
plateaus at a factor of 20 for large Nggas, matching the predictions from Appendix 6.7. With full Redfield, ignoring
diagonalization, asymptotically UF? has a theoretical relative advantage of 40, in good agreement with the results
(including diagonalization costs) shown here. Inset shows the associated runtimes without diagonalization costs.
Dashed lines show the predicted asymptotic scalings from Appendix 6.7. Note that for each timing ratio displayed,
we compared the spectra produced by UF? and RKE by taking the £, norm difference between the two. We verified
that UF? and RKE agree to within less than 2% difference. Since UF? and RKE use different numerical algorithms
both for the propagation of the system dynamics and for the inclusion of finite pulse effects, these comparisons give
confidence that both methods produce accurate spectra.
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Figure 6.4: Timing ratios of RKE to UF? methods for TA spectra with 100 time delays for a range of systems and
parameters, described in the text. Nggys is the dimension of the Hamiltonian describing the truncated singly excited
manifold, large enough to converge the spectra. Blue points show the timing ratios for the evaluation of the spectra
but not the diagonalization of .%4). Orange points include the cost of the diagonalization, which is insignificant
with small Ngga. Near Nggpay = 100, the direct-propagation RKE method becomes more efficient than UFZ.
Inset shows the time required to calculate the TA spectrum using RKE and UF?, without the diagonalization cost
included. The dashed lines show the slopes of the predicted asymptotic scaling of each algorithm. Note that for
each timing ratio displayed, we compared the spectra produced by UF? and RKE by taking the ¢ norm difference
between the two. We verified that UF? and RKE agree to within less than 2% difference. Since UF? and RKE use
different numerical algorithms both for the propagation of the system dynamics and for the inclusion of finite pulse
effects, these comparisons give confidence that both methods produce accurate spectra.
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6.5 Comparison of UF? to analytic results

We now demonstrate that the signals produced by UF? reproduce an analytical solution for the rephasing 2D photon
echo (2DPE) signal for the optical Bloch equations using Gaussian pulses [19]. Reference 19 considered a small
(N = 3) system that can be mapped to the Hamiltonian described by s = 2 and k& = 0 from Sec. 6.3, with the
doubly excited state removed. Although this is a small system, these comparisons are some of the only available
analytical solutions including finite pulse durations, and thus provides a benchmark to show that UF? calculates
spectra with a high degree of accuracy. UF? converges to within 1% of the analytical result using just M = 25
points to discretize €;(t).

In this model, the energy difference between the two excited states is hwg = Fo — E7. All pulses are taken to

have identical Gaussian envelopes

A(t) = ——e P12,

2ro

where o = wy ! and have central frequency w; = (Ey + Fy)/(2h). In the RWA, we are free to set w; = 0 for all
pulses, which we do. The model includes phenomenological dephasing rates and population decay rates of 0.2wg
and 0.lwg, respectively. This bath coupling is similar to a Lindblad formalism like the one outlined in Sec. 6.3.2,
except that it does not conserve the total probability of the density matrix. Rather than using the HLG included
in UFSS, for this comparison we separately created the model described in Ref. 19. The construction of %, and
the evaluation of the resulting spectra is demonstrated in the Jupyter notebook Smallwood2017Comparison.ipynb,
available in the UFSS repository.

The 2DPE signal is the result of three pulses, which gives rise to an emitted field P(7,T,t). UF? is designed to

calculate P(7,T,t), while the result from Ref. 19 is for the quantity

1 [ 00 .
P(w,,T,w;) = %/ dte"“‘“t/ dre™* T P(1,T,t).

— 00 — 00

To compare UF? to the analytical solutions, we calculate P(7,T,t) for a discrete set of 7,7T,t¢, and take a 2D
discrete Fourier transform with respect to 7 and ¢t. Since A(t) is symmetric, we evaluate A(¢ — ¢;) on the interval
t € [tjmin,tjmax] With spacing dt, and choose ¢ max — t; = t; — ¢ min, Where t; is the arrival time of the gth
pulse. For symmetric pulses, UF? converges most rapidly when the value ¢ — t; = 0 is included at the center of
the discretization interval and the endpoints of the interval are also included. We define the duration of the pulse,
A = tj max — tj,min and the number of points M; = A;/dt+1. All the pulses are identical, and so we use M = M;,
and therefore A = A; for each pulse.

Figure 6.5(a) shows the analytical result for P(w.,0,w;:), which provides a benchmark for quantifying the
convergence behavior of UF?. Fig. 6.5(b) shows the £5 norm of the difference between the analytical solution

shown in (a) and the result from UF?. The white contours in Fig. 6.5(b) show that the errors due to A and dt
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Figure 6.5: (a) Reproduction of Smallwood’s Figure 3e) using their analytical forms. The color shows the phase of
the complex signal P(®) (wr, T, w), while the intensity of the color shows the magnitude of the signal. The numerical
result using UF? appears visually identical so is not shown. (b) £ norm of the difference between the analytical
solution shown in (a) and the result from UF?, both sampled on a mesh of 801 x 801 wy, w, points, as a function
of dt and the pulse duration A used in the numerical convolutions of Eq. 6.21. We evaluate P(3)(T, T,t) for t and
7 ranging from —1000 to 1000 in steps of 0.250. The red star in (b) indicates the smallest value of M = A/dt + 1
needed to reach 1% agreement with the analytical solution shown in (a), and corresponds to M = 25 points. Note
that for A = 120, the figure shows that UF? converges to the analytical signal as dt2.

are nearly independent, since the contours are approximately composed of horizontal and vertical lines, leading to
the appearance of terraces in the color plot. Inspection of the top of that plot shows that UF? converges to the
analytical signal as dt?, when A is sufficiently large that only the error from dt is significant. UF? reproduces the
analytical result to within 1% by using A = 60 and dt = 0.250, corresponding to M = 25. The spectra attained
using these parameters is not shown, as it is visually identical to Fig. 6.5(a). We conclude that UF? accurately

predicts nonlinear optical spectra including finite-pulse duration effects in systems with small M.

6.6 Conclusion

We have presented three separate components of the Ultrafast Spectroscopy Suite (UFSS), which is a modular suite
of tools designed for predicting nonlinear optical spectra. We have presented a novel algorithm called UF? that
uses the convolution theorem to efficiently propagate the time evolution of eigenstates of the system Liouvillian.
UF? is designed for evaluating the contributions to spectroscopic signals from the Feynman diagrams that organize
perturbative calculations of nonlinear optical spectra. UF? is the open-systems extension of the closed-system
algorithm of the same name presented in Ref. 96. We have also presented a direct propagation technique called
RKE and a Hamiltonian/Liouvillian generator (HLG), which creates Hamiltonians and Liouvillians for vibronic
systems coupled to a Markovian bath. Using the HLG, we have demonstrated that UF? can be over 500 times

faster than RKE for systems with small Hilbert space dimension N. Using a secular Redfield model, UF? is always
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faster than RKE, and with full Redfield UF? is faster up to system sizes where %, rqeuires more than 20 GB of
memory. In the diabatic Lindblad model, UF? outperforms RKE for N < 100. Both UF? and RKE methods are
available with UFSS and can be used where appropriate.

A fourth module of UFSS, called the diagram generator (DG), is presented in Ref. [97]. The DG automatically
generates all of the necessary Feynman diagrams that are needed to calculate a spectroscopic signal given the
phase-matching (or phase-cycling) condition, the pulse shapes and pulse arrival times. Taken all together, the
UFSS allows fast and automated calculations of nonlinear optical spectra of any perturbative order, for arbitrary
pulse shapes, since UF? and RKE can both automatically calculate spectra given a list of Feynman diagrams. If
desired, a user of UFSS need not concern themselves with the details of the perturbative calculations carried out
by UF? and RKE. They simply must input the phase-matching conditions and pulse shapes of interest.

Each module of UFSS presented here can also be used separately. UF? and RKE can calculate the signal due
to only a single Feynman diagram, or only the time-ordered diagrams, as is done when comparing to the analytical
results of Ref. 19. UF? and RKE are compatible with any Hamiltonian or Liouvillian that is time-independent and
can be expressed as or well-approximated by a finite matrix. Thus users are free to input their own model systems,
and we include helper functions for saving other Hamiltonians and Liouvillians into a format compatible with UF?
and RKE.

UFSS is available under the MIT license at github. The repository includes Jupyter notebooks that generate

Figures 7.1 and 6.5 from this manuscript and scripts that generate Figures 6.3 and 6.4.
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6.7 Appendix: Computational cost

Here we derive the asymptotic computational costs of the UF? and RKE methods for the secular Redfield, full
Redfield, and diabatic Lindblad models. For an arbitrary nt"-order spectroscopy, both UF? and RKE must calculate
the same number of diagrams. Since the total number of diagrams affects the total runtime of each algorithm and

not the ratio of the runtimes, we derive the computational cost of calculating the signal Sé") due to a single Feynman
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diagram for each algorithm, which we call Cypz and Crg . This cost is the cost of calling O; n times to arrive
at |p£l")(t)>), plus the additional cost of calculating the signal Sé") from |p&n)(t)>>, as in, for example, Eq. 6.16. If the
RWA holds, and there are well-defined manifolds (ground-state, singly excited, doubly excited, etc.) such that only
the optical perturbations couple between them on the timescales of interest, then the density matrix and Liouvillian

can be broken into smaller pieces. We derive the cost of the general case where the manifolds are not separable and

then extend the result to separable manifolds.

6.7.1 UF?

For UF?, each evaluation of the Oj(+ operators is dominated by two operations: (1) multiplying the old state by
the dipole operator to obtain yg(t) (see Eq. 6.20), and (2) performing the convolution 6(t) * yg(t) using the FFT
(see Eq. 6.21). The cost of both of these operations depends on the model system being studied. In the general

case with inter-manifold relaxation processes, all density matrices are expressed as vectors of length N2:
0) = calt)e™"|a),
o

and all the operators on this space, %y, u” - e;, u? - e;, are N2 x N? matrices. Given |p"~1(t)), the first step
in determining |p5ln) (t))=0;c |p"=D(t)) is to determine the coefficients y4(t) at M time points, where M must be
large enough to well-represent the pulse envelope shape A(t), see Fig. 6.5. This cost is the cost of the matrix-vector

multiplication u©|p) performed M times,
2
Culp(t))) ~ MC,™,

where we show that for all of the cases we study here, CEF2 scales as either N2 or N*. The next step, calculating

the convolutions 6(¢) * yg(t) using the FFT, is
C(0(t) xys(t)) ~ N*M logy, M,

where the factor of N? arises from the N? values of 3. Since C (6(t) x yz(t)) ~ N2, this cost is lower order than

Cy, and we disregard it. Asymptotically we thus find that
C(0je) ~ MCY™”, (6.28)

where we retain the scaling with M for the purpose of comparison to RKE later.
For an n*"'-order spectroscopy, each Feynman diagram describes an n''-order density matrix. Starting from the

unperturbed density matrix |p(?)), we require n calls to the O;(+) operator, and so the cost of obtaining |p((7l") ®))
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from [p(®)) is nC (Oj(+). This cost accrues for a single set of pulse delays. Since the calculations of | p= (1)) can
be reused, the most expensive part of calculating a multidimensional spectrum is varying the last pulse delay. We
discussed this scaling in Appendix A of Ref. 96, and the same arguments apply here.

In order to calculate the desired signal S; from \p&”)(t)», the density matrix must be evaluated at a single time
point (in the case of integrated measurements, as in phase-cycling experiments) or at the M + m; time points
that determine Pén) (t) (as in Eq. 6.16 for phase-matching experiments). M time points are needed to resolve the
turn-on of the signal, governed by the pulse envelope shape A(t), and m; is determined by the optical dephasing
rate(s) and the desired frequency resolution of the final signal. Since PLgn) (t) = Tr[up((in) (t)], we define the cost
C (Trjpp]) = C’g};z at a single time. Taking the trace at M + m, points has a cost of C’ggz (M + my). For

polarization-based signals,

C(PS () ~ MOYF" + (M +my)CE . (6.29)
—_ ——
C(Oj(*)) C(Tr[p,pfl")(t)])

The cost of taking the FFT of Pén)(t) to obtain Sc(i”)(w) does not depend on NN and is negligible. Thus
Cup> ~ MCJ™ + (M +my)CJS (6.30)

per set of pulse delay times. Depending upon the structure of %}, it is possible that CEFQ = C}i};z, in which case
calculating the polarization from |p§ln)(t)>> can be more expensive than constructing | pgn)(t)», while in other cases,
0852 may be negligible. For phase-cycling cases, Cyp2 is only M CEFZ.

In order to use the UF? algorithm, we must also diagonalize .%. We call the cost of this operation C'p. The
scaling of this cost with N is important for understanding for which Hamiltonian sizes UF? has an advantage over
RKE. However, the precise size N at which the diagonalization cost becomes important depends upon how many
calculations are done using the diagonalization, since Cp is amortized over each diagram, each time delay, each

electric field shape studied, and each molecular-frame electric field polarization considered, as described in Sec. 6.4.

6.7.2 RKE

For RKE, each call to O (1) uses the Euler method to connect p(=1 to p(™ via Eq. 6.23 while the pulse is
non-zero, and (2) extends the density matrix beyond t; max using the RK45 method to solve the ODE given by
Eq. 6.22.

Given any state |p), the cost of the evolution according to Eq. 6.5 when Z’(t) = 0 is the cost of multiplying
the vector |p) by the matrix %. Given a local tolerance €, the RK45 algorithm takes adaptive steps of size dtgk-.
We approximate dtpx as a constant and neglect the additional cost incurred when a step is rejected. For each step

dtrk, the RK45 algorithm must evaluate £p|p) 6 times. We take the cost per time step to be Crx = 6C(Zh|p)).
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Given [p("~1 (1)), the cost of determining |p(™ ()} from ¢; min t0 ¢; max is the cost of the two main ingredients:
including the pulse via the operation u°| p("’1)>>, which has cost CEK £ and a call to the RK45 algorithm with
cost Cri. We divide the interval [t; min,%jmax] into Mg time points with equal spacing dtg. Thus the cost of

determining |p(")(t)>> from ¢; min t0 ¢; max 1S
C(pulse = (OfKE + CRK) Mg,

where we have assumed that dtg < dtgrk.
From t; max to some final time ¢y, the RK45 algorithm advances the density matrix forward in time with cost

CRKMRK7 where MRK = (tf — tj,max)/dtRK- Thus

CrrEe(Oj) = Cpuise + Crx MRK

Crip(0j¢) = MgCRF + (Mg + Mpk) Cri.

As with UF?, RKE must also resolve the polarization field, which involves the cost C(,y- However, for RKE, C, is
always a lower-order cost. In diabatic Lindblad, the cost of Tr[up] scales linearly with N, because p is sparse. For
both full and secular Redfield, the cost of Tr[up] scales as N2. In all cases these are lower order than other scaling

costs (as summarized in Table 6.1 and derived below). The cost of a signal for RKE is thus

Crxp ~ MpCH5P 4+ (Mg + Mrk) Cri

6.7.3 Open systems models
6.7.3.1 Diabatic Lindblad

In the diabatic basis, % and u© are represented in the site and vibration number basis. In this basis, % and u©
are sparse matrices, so that for RKE, C’fKE and Crx both scale as N2. For UF?, the cost of diagonalization is
Cp ~ NS. Transforming 1€ into the eigenbasis of % causes u© to become dense, so that for UF?, both C’BF2 and
C<U#F>2 scale as N*. Therefore, even without Cp, RKE outperforms UF? for large enough N. We find that RKE

starts to outperform UF? around N a 100 in our test cases shown in Fig. 6.4.

6.7.3.2 Full Redfield

In the full Redfield formalism, .%} is expressed in the eigenbasis of Hy, and is a dense N2 x N2 matrix, which requires
both RKE and UF? to work in this eigenbasis; RKE then no longer has the advantage of a sparse w operator. We
define the eigenstates of Hy to be Hy |i) = ¢; |i). In H, when p is transformed into the eigenbasis of Hy it becomes

a dense N x N matrix, and thus p© in L is a sparse matrix with N entries per row (u|p) can be reexpressed as
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up or pu, which shows more transparently that this operation is the cost of multiplying two dense matrices, with
cost scaling as N?).

Therefore all of the dipole-multiplications have the same scaling, CRK,C’EF2,C}L§2 ~ N* and CEKE ~ N3,

RKE is then dominated by the cost of propagating the density matrix using the RK45 method, and both Crxg
and Cyp2 scale as N*. For UF?, Cp ~ NS, as before.

At large N, we find
Crxe _ (Mg + Mgk) Cri
CUFQ (2M + mt)C’EFQ

Cri is 6 times the cost of matrix-vector multiplication, while CEFQ is the cost of a single matrix-vector multipli-
cation, and so in this case Crx ~ GC’EF ’. In the cases that we have tested, with parameters chosen to achieve
1% agreement in the resulting spectra, we typically find that Mg ~ 20M and that Mrx ~ m; ~ M. With these
substitutions, for large IV,

CrkE _ 40

Cyp2
Since UF? has better prefactors than RKE, RKE does not outperform UF? until Cp becomes dominant, though
memory constraints (not included in this calculation) likely constrain N before this crossover is reached. Figure
6.3 shows that for N ~ 100, Crxgr/Cypz ~ 80, exceeding the estimate here, even when including the cost of

diagonalization in the UF? cost.

6.7.3.3 Secular Redfield

In secular Redfield formalism, % is expressed in the eigenbasis of Hy, but nearly all of the entries of this N? x N?
matrix are zero. The unitary part of % is diagonal in this basis, and so the only off-diagonal terms come from the
Redfield tensor R. The secular approximation sets all terms of R;;; to zero, except those that satisfy the condition
that |w;; —wg| = 0, where w;; = w; —w; specifies the time evolution frequency of the density matrix element p;; due
to the unitary part of %,. All populations p;; evolve at w;; = 0, and thus the secular approximation preserves all of
the terms of R;;kx. All coherence-coherence and coherence-population terms are zero unless there are degeneracies in
H, or harmonic ladders of eigenstates [108]. Even in those cases, the subsets of coupled coherences form additional
blocks in % that are of a negligible size compared to the N x N populations block (see note below). Thus, in the
secular approximation, we have Cp ~ N3, regardless of the structure of Hy.

In the general case without degenerate eigenstates and harmonic ladders, £, has a single N x N block coupling
populations and is otherwise already diagonal. Since .% is block diagonal, it is also sparse, and therefore Crx ~ N2.
As for full Redfield theory, C’;}K E ~ N3 because the dipole operator must be represented in the eigenbasis of Hj.

For UF?, we diagonalize .%, by finding the right and left eigenvectors, |a) and (@], respectively. Let Vi be the
matrix whose columns are |a), and let V, be the matrix whose rows are the {(&|. Just as with %, Vi and V,

each have a dense N x N block, with the rest of each matrix being an identity (since %, was otherwise already
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diagonal). For UF?, we represent p in the eigenbasis of %) as in Eq. 6.19. We can also represent p in the basis that

arises naturally from the eigenbasis of Hy as
p="_cilig),
,J

where |ij) = |i) (j|. Vg and V, allow us to move between these two bases. For general .4y, as in the full Redfield
or diabatic Lindblad cases, Vz and V7, are dense, and so the cost of evaluating Vz|p) or Vg|p) scales as N*; in
those cases, we do not move between bases in order to compute 1°|p), but instead transform the dipole operator
into the |a) basis once. However, in the secular approximation, the cost of Vz|p) and Vz|p) scales as N? and is
thus a negligible asymptotic cost. UF? can then propagate in the |a) basis and apply p in the |ij) basis, giving
a large performance improvement. Then C’EFQ is identical to C’E”K E scaling as N®. Note that in the |ij) basis,

Cgf; ~ N2, 50 is negligible. We then find

Crie _ Ci"PMg
Cypz  CYF°M

~ 20,

where we have once again used Mg ~ 20M from the studies in Fig. 6.3. This result shows that UF? always
outperforms RKE, regardless of N. Thanks to the block-diagonal structure of %y, Cp is unimportant, regardless
of N.

6.7.3.4 Secular Redfield with harmonic modes

We now briefly justify the claim that Cp ~ N3 even for the case of harmonic ladders. Let us take a system of k
harmonic modes with unique frequencies w,. Representing each mode in the number basis, we truncate each mode
at an occupation number of n. In this case N = n¥. In the secular approximation, all of the populations are coupled,
and so, as stated above, %) has a dense N x N block describing population dynamics. The secular approximation
only couples the coherences of a single harmonic mode to other coherences of the same mode. Furthermore, it
only couples coherences that oscillate at the same frequency. In the stated truncation scheme, each mode has
n — 1 coherences that oscillate at frequency w;; = wo. Each mode has n — 2 coherences that oscillate at frequency
wij = 2wqs. In general, each mode has n — v coherences that oscillate at frequency w;; = vw,. Therefore, for each
harmonic mode, there are v blocks of size (n — v) x (n — v) for v = 1,2, ...n. The cost of diagonalizing each block

scales as ~ (n — v)3, and the total cost of diagonalizing all of the blocks is therefore
n
k Z(n —v)3 ~ kn?.
v=1

Now recall that the cost of diagonalizing the population block is O(N?3), which is O(n*). Thus for k > 1, the cost
of diagonalizing all of the smaller coherence-coupling blocks is negligible for computational complexity analyses.

For the case of k = 1, an analytical solution exists for diagonalizing % and thus Cp = 0 [114]. The derivation of
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Table 6.2: Summary of asymptotic computational cost for each algorithm and bath formalism. This table has
the same form as Table 6.1, with N replaced with Nx and Ny, where X # Y. The cost of a general n*"-order
spectroscopy scales with the size of the two largest accessible manifolds. For 3"-order spectroscopies of polymers
with s > 2, the two largest accessible manifolds are X = SEM, DEM.

UF? Scaling RKE Scaling %, Diagonalization Cost UF? advantage

Crkss CJFF
Full Redfield N%2NyNy: N%NZ NNy N3N Up to large Nx
Secular Redfield N)2( NY NX Ny N)2( Ny Ng)( All NX
Diabatic Lindblad N)Q(NyNy/ NxNy NxNy N;’(N)?} NX S 100

the analytical solution is in the Lindblad formalism; however, secular Redfield can be mapped onto the Lindblad

formalism. Therefore, even for the case of harmonic ladders, we have that Cp ~ N3.

6.7.4 Separable manifolds

We briefly describe how both UF? and RKE scale when there is no inter-manifold relaxation process, and therefore
£ breaks down into blocks of size Nx Ny X NxNy, and thus for dense %y, Crias ~ N%Nf/. When X =Y,
the block describes population and coherence dynamics within a manifold. When X # Y, the block describes the
evolution of coherences between manifolds. In general, the dipole operator u® connects blocks of . by changing
either X or Y, and thus has a shape Nx Ny x Nx Ny or Nx:Ny X NxNy. For dense ,uo7 Cu~ N)z(NyNy/. The
actual scalings depend upon the sparsity structure (or lack thereof) of % and u®. The asymptotic costs in terms
of manifold sizes Nx are summarized in Table 6.2. We plot the scaling of Crx and Cyp2 and their ratios as a
function of Nggas because the ratio Crx /Cyp2 (1) depends upon Nggps alone for diabatic Lindblad, (2) depends
upon Npga/Nsgwy for full Redfield, or (3) is a constant for secular Redfield. The runtime costs of Cypz and Cri g

individually depend upon both Nggas and Npgas, as shown below.

6.7.4.1 Full Redfield

In full Redfield theory, RKE is dominated by the RK45 algorithm, with Crxss ~ N%NZ. For 3"%-order spec-
troscopies, the most expensive diagram is the excited-state absorption (ESA), which evolves p®) in the coherence
between the X = SEM and the Y = DEM, so Crias ~ NipuNbpu-

UF? is dominated by C’EFQ ~ N% Ny Ny+. For the ESA, UF? is dominated by the cost of *[p(?)), where [p(?))
is in the SEM with length N2p,,. u connects the SEM block to the SEM/DEM coherence block, and so has shape

2 F?
NSEMNDEMXNSEM- Thus OH NNg'EMNDEM-

6.7.4.2 Secular Redfield

Both UF? and RKE are dominated by the same operation in the asymptotic limit, evaluating pp™~1. In secular

Redfield both UF? and RKE perform this multiplication with z and p represented as matrices in the eigenbasis of
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Hy. In general p has size Nx» x Ny and p(”*l) has size Nx X Ny. For the ESA, p has size Npgy X Nsgar, and
p(z) has size Nsgar X Nsgar- The cost of this operation then scales in general as CEFQ ~ C’ffKE ~ N)%Ny and for

the ESA as ~ NE'EMNDEM

6.7.4.3 Diabatic Lindblad

In diabatic Lindblad, .% is sparse. RKE represents ;€ in the diabatic site and vibration-number basis, so that it
is also sparse. Thus Crp4s ~ C’EKE ~ Nx Ny. The cost of the ESA then goes as ~ Nsgpm NpEn -
In the eigenbasis of %, u© is dense, and so, just as for full Redfield theory, CEF2 ~ N%Ny Ny, and for the

ESA, OV ~ N3y Nopa.
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Original title: Automatic Feynman diagram generation for nonlinear optical spectroscopies and application to
fifth-order spectroscopy with pulse overlaps

Peter A. Rose and Jacob J. Krich

Original Abstract: Perturbative nonlinear optical spectroscopies are powerful methods to understand the dy-
namics of excitonic and other condensed phase systems. Feynman diagrams have long provided the essential tool
to understand and interpret experimental spectra and to organize the calculation of spectra for model systems.
When optical pulses are strictly time ordered, only a small number of diagrams contribute, but in many experi-
ments pulse-overlap effects are important for interpreting results. When pulses overlap, the number of contributing
diagrams can increase rapidly, especially with higher order spectroscopies, and human error is especially likely when
attempting to write down all of the diagrams. We present an automated Diagram Generator (DG) that generates all
of the Feynman diagrams needed to calculate any n*'-order spectroscopic signal. We characterize all perturbative
nonlinear spectroscopies by their associated phase-discrimination condition as well as the time intervals where pulse
amplitudes are nonzero. Although the DG can be used to automate impulsive calculations, its greatest strength
lies in automating finite pulse calculations where pulse overlaps are important. We consider third-order transient
absorption spectroscopy and fifth-order exciton-exciton interaction 2D (EEI2D) spectroscopy, which are respectively
described by 6 or 7 diagrams in the impulsive limit but 16 or 240 diagrams, respectively, when pulses overlap. The
DG allows users to automatically include all relevant diagrams at relatively low computational cost, since the extra
diagrams are only generated for the inter-pulse delays where they are relevant. For EEI2D spectroscopy, we show

the important effects of including the overlap diagrams.
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7.1 Introduction

Nonlinear optical spectroscopies (NLOS) are powerful tools for elucidating excited state dynamics of a wide variety
of condensed phase systems and have been particularly important for determining the evolution of excitonic systems
[4, 7, 66, 89, 95, 113, 115-120]. Interpretation of data-rich NLOS signals is centered on Feynman diagrams, which
conveniently graphically summarize time-dependent perturbation theory contributions to the signals [14]. These
diagrams give a visual understanding of what types of excited- and ground-state dynamics and/or coherences are
probed and can be straightforwardly turned into calculations of contributions to signals. In many cases, diagrams
can be determined to give zero contribution without a complicated calculation, making theoretical interpretation
easier and calculation less expensive.

When pulse durations are shorter than system dynamics — the impulsive limit — the number of contributing
diagrams is often small, especially for third-order spectroscopies. It has been easiest to build intuition about the
experimental signatures of particular excitonic processes by considering the impulsive limit [4, 7, 10, 66, 116, 117,
121-127]. When pulse durations are similar to the timescale of system evolution, however, the effects of pulse
overlaps — where the tail of a nominally earlier pulse arrives after the beginning of a nominally later pulse — become
important to accurately model and understand experimental results [16-19, 57, 88, 90-94, 128, 129]. Considering
such processes requires many more contributing diagrams. Higher-order spectroscopies, both in the impulsive and
pulse-overlap limits, also involve rapidly increasing numbers of contributing diagrams. Human error and fatigue in
determining these diagrams accurately become increasingly likely as their numbers proliferate.

We present here an automated Feynman Diagram Generator (DG), which allows convenient, fast, and accurate
determination of the diagrams contributing to a particular spectroscopy. We describe all perturbative nonlinear
spectroscopies by their associated phase-discrimination conditions. These conditions allow description of non-
colinear phase-matching, colinear phase-cycling experiments, and combinations of the two [10, 14, 39, 41, 56, 83,
84, 127, 130]. Users input those conditions and the time intervals in which their pulses are nonzero, and the DG
produces a list of contributing diagrams. That list can be passed directly to calculation engines to predict the
associated spectroscopic signals or can be drawn in the standard diagrammatic format for review. The DG is part
of a set of NLOS tools called the Ultrafast Spectroscopy Suite (UFSS), which also contains methods to generate
Hamiltonians or Liouvillians for vibronic systems and to calculate the contributions from each diagram [96, 131],
but its output diagrams can be used with other computational tools or analytic methods to calculate spectroscopic
signals [18, 19, 21, 30, 59, 64, 66, 76-78, 91, 125, 132-134|. The DG is free and open-source software written in
Python, available for download from github.

The DG (and the larger UFSS) is designed to make simple the inclusion of the effects of finite-duration pulses
in NLOS. While modeling often considers the impulsive limit, pulse-overlap effects can dominate third-order signals
such as two-dimensional photon echo (2DPE) spectroscopy, even outside of what is commonly thought of as the

pulse-overlap window [57]. 2DPE is usually calculated using 6 time-ordered diagrams (3 for the rephasing and 3 for
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the non-rephasing pathway). When pulses overlap, up to 16 diagrams (shown in Fig. 7.1) contribute to the signal
[13]. These 16 diagrams have been written down by hand and used for calculations in the past.

In higher-order methods, such as fifth-order exciton-exciton interaction 2D spectroscopy (EEI2D), there are 7
Feynman diagrams in the impulsive limit [126]. We show that outside of the impulsive limit, EEI2D requires up to
240 Feynman diagrams. This number of diagrams is too large for generation by hand, and as a result we do not
believe a calculation with all of these diagrams has previously been attempted in the perturbative limit. References
20, 95 consider finite pulse effects from time-ordered diagrams for several 5!"-order spectroscopies. We use EEI2D
as our key example of the application of automated diagram generation, showing both 1) that these extra overlap
diagrams can be generated and their contributions calculated with surprisingly small extra computational cost and
2) that finite pulse effects arising from non-time-ordered diagrams can provide significant modifications to a sample
EEI2D spectra, which can be important for interpretation of experimental results.

The DG automatically creates all of the diagrams that satisfy a given phase-discrimination condition. Since the
DG is computationally inexpensive compared to evaluating the contribution of each diagram, in UFSS the DG is
run for each set of desired pulse delays. It determines whether pulses overlap, and thus whether overlap diagrams
contribute, allowing computation of only causal diagrams for each set of pulse delays. This determination provides
a significant computational time savings, since the large number of overlap diagrams only need to be calculated
at the (usually small) proportion of pulse delays where they contribute. We further show that heavy-tailed pulse
envelopes, such as Lorentzians, require calculation of overlap diagrams out to longer delay times than Gaussian
pulse envelopes.

We begin with an overview of perturbative spectroscopy calculations in Sec. 7.2 in order to establish the con-
struction of Feynman diagrams, with a unified perspective on both phase matching and phase cycling spectroscopies.
We describe the algorithm of the DG in Sec. 7.3 including optional methods to reduce the number of diagrams,
depending on the system and spectroscopy considered. We demonstrate the utility of the DG by exploring EEI2D
spectroscopy in Sec. 7.4. We consider the same model system as in Ref. 112, and show that when optical pulses have
slightly longer durations than considered in that work, neither the impulsive limit nor the time-ordered diagrams
with pulse-shape effects included accurately predict spectra. The calculation with all 240 diagrams requires less
than twice the time as using only the 7 time-ordered diagrams despite considering 34 times as many diagrams.
These results underscore the importance of including all of the additional 233 overlap diagrams, as well as the
utility of the DG in not only generating these diagrams, but also automatically determining in which conditions

they contribute.
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7.2 Nonlinear spectroscopy and Feynman diagrams

We begin by establishing the standard perturbative framework of nonlinear optical spectroscopy, from which Feyn-
man diagrams are defined [14]. Consider a system with density matrix p, which evolves in the absence of perturbation

according to

p(t) = To(t,t')p(t"),

where 7q is a time evolution operator. We restrict the following discussion to the case of Hamiltonian systems
or Markovian open systems, in which T5(t,t') = To(t — t'), which must be known or approximated in order to
complete calculations, but the resulting diagrams are broadly applicable to non-Markovian situations, as well. For
the purposes of diagram generation, however, we simply need to assume 7 exists. We also define the differential
time evolution operator % so

dp(t)

- Zop(t).

The perturbative optical fields are described as classical electric fields E(t), which interact with the system in

the electric-dipole approximation through the perturbation Hamiltonian

H'(t) = —p- B(1), (7.1)
where p is the electric dipole operator. Then the time evolution of the system is

d%(tt) = Zop(t)

i
— S H'(0), (1) (72)
This form is the basis for diagramatic perturbation theory in E(¢).

We describe E(t) as a sum over L pulses, where each pulse is denoted by a lowercase letter starting from a. A

typical 37%-order signal is calculated using up to 4 pulses. We write the electric field as

E(t) = Z eje;j(t) +eje;(t) (7.3)

j=a.b,....L

where e; is the possibly complex polarization vector, and the amplitude ¢; of each pulse is defined with envelope

Aj, central frequency w;, wavevector k;, and phase ¢; as
€j (t) = Aj (t _ tj)e*i(wj(t*tj)fkj-rf%)7

where t; is the arrival time of each pulse. We make the physical assumption that each pulse is zero outside the finite
interval [t; min, tjmax). The DG uses this range to determine when pulses overlap; the form of A;(¢) is unimportant

for diagram generation. The light-matter interaction is a sum over the rotating (g;) and counter-rotating (e7)
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terms. In the rotating wave approximation (RWA), the rotating terms excite the ket-side and de-excite the bra-side
of the density matrix, respectively, and the counter-rotating terms excite the bra-side and de-excite the ket side,
respectively [14].

We treat the effect of the optical fields using standard time-dependent perturbation theory and assume that at

time t( the system is in a stationary state of %, which is p(%). Then
p(t) = p O + pM (1) + p@ (t) + ... (7.4)

where [14]

p(n-l—l)(t) _ /0 dt"ﬁ)(t’) [;IJJ . E(t _ t’), p(n)(t . t’) ) (7.5)

Using Eq. 7.3, we define p(»*(t) as a sum over four types of terms,

p V() =D (K + Ky + By + Bjy-) p™ (), (7.6)

J
where K; and B; are superoperators representing ket- and bra-side actions, respectively, of the rotating terms of
pulse j on p, while K, and B, give the equivalent counter-rotating terms. By inspection of Eq. 7.5, all four types

of terms in Eq. 7.6 can be compactly defined as
050 =m0 [ atTo(t') (u€ - et — 1) (7.7)
i = "oy ; 0 n-e; g g ‘

where O = K, B, ng = 1 and ng = —1, and we define dipole superoperators up = up and p®p = pu. The
operators {ij} are the building blocks for all perturbative spectroscopies. The full p(™ is constructed from the

unperturbed state p(® as
n

Py = | D (Kj+ K+ B+ Bj)| pl, (7.8)
j=a,b,....L

which involves (4L)™ terms when the exponent and sum are fully expanded. Each of these terms is a sequence of
n applications of O, and can be represented as a Feynman diagram. Most of these diagrams are unimportant for
any given spectroscopy, and the subset of diagrams that contributes to a particular experiment is determined by
the set of optical pulses and a phase-discrimination condition.

Regardless of the computational details used to calculate the {ij}7 all perturbative calculations can be
represented and organized using the same Feynman diagrams, and thus the DG is useful for any perturbative
spectroscopy algorithm. For example, UFSS contains two methods for calculating the action of the O, operators,
which are derived for closed systems in Ref. 96 and for open systems in Ref. 131. The integral form of the {0}
in Eq. 7.7 is convenient for UF? and is the open-systems analogue of similar expressions derived for wavefunctions

[21, 59].
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The two most widely used phase-discrimination conditions are phase matching and phase cycling. Phase-
matching conditions are achieved by using pulses that travel along different directions denoted by wavevectors k;,
converging to interact with a sample that is assumed to be uniform over a volume large compared to the wavelength
of the pulses [14]. The pulses induce a polarization field in the sample P(t) = (up(t)), which produces radiation
in all directions. A detector placed in a direction that satisfies the phase-matching condition kg = Zj m;k;,
where m; are integers, is sensitive to a polarization field that is described by only a subset of diagrams. Often one
is interested in the lowest-order signal in perturbation theory that contributes to the given phase-discrimination
condition. Heterodyne detection with a local oscillator (LO) allows full determination of amplitude and phase of
the emitted radiation.

For example 2D photon echo (2DPE) signals involve three pulses, a,b, ¢, that interact with the sample and
a fourth LO pulse d. The 2DPE rephasing and non-rephasing signals are measured with detectors placed in the

kg = —k, +ky + k. (see Fig. 7.1) and kg = k, — kp, + k. directions, respectively. These signals are calculated using

g 3
Py (1) = (ol (1)
PP (w) = / dte™ PP (1)

&) (w) =T [E3(w)ea - P ()]

where Sl((‘z) (w) are the signals and pl((?;) (t) is the portion of p®)(t) that produces radiation in the kq direction; the

primary purpose of diagrammatic perturbation theory is to organize the efficient calculation of pl({?;) (t) without
needing to calculate all contributions to p®)(t).
An alternative phase discrimination method uses phase cycling over the relative phases of collinear pulses. This

method generally detects a signal proportional to an excited state population, such as fluorescence or photocurrent

[10, 39, 41, 130]. A fourth-order signal S((f) (t) in such a setup is calculated as

s = (@Y W),

where () is a projection operator onto the relevant excited electronic states and pgl) (t) includes only those con-

tributions to p(4)(t) that contribute to the chosen phase-cycling condition. Combinations of phase-matching and
phase-cycling are also possible and just as easily described in the DG [135].

For example, the 2DPE rephasing signal is composed of the 16 diagrams in Fig. 7.1, which were automatically
generated and drawn using the DG. If, however, ) min > tamax and tcmin > fhmax (that is, the pulses are time
ordered), then only three diagrams contribute, shown in the black box.

The operators {O; } as an abstract concept have previously been introduced in various forms [21, 59]. To our

knowledge, they have not been used for the purposes of automated calculations before. In Sec. 7.3, we describe how
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Figure 7.1: All diagrams needed to calculate the rephasing 2DPE signal. The box encloses the 3 time-ordered
diagrams that are typically calculated. The other diagrams contribute to the signal when two or more of the pulses
overlap. These diagrams were automatically generated and drawn using the diagram generator (DG). The DG
can produce both double-sided diagrams, as shown, and pairs of single-sided diagrams for equivalent wavefunction
calculations.

users inputs the pulse intervals and phase discrimination conditions and present the algorithm that produces the
relevant diagrams. In Sec. 7.4 we demonstrate the DG by using up to 240 diagrams and show the importance of

including the full set of diagrams when performing simulations with finite pulse durations.

7.3 Diagram Generator

The user of the DG inputs the desired phase discrimination condition and pulse intervals, and the DG automatically
generates all Feynman diagrams. The DG is much less computationally expensive than the evaluation of the
contribution from each diagram, so it is intended to be rerun for each set of desired pulse delays. The DG then
returns pulse-overlap diagrams only when the pulse overlaps allow them to contribute. This package generates
diagrams as a list of the operators {0} defined in Eq. 7.7. The Ultrafast Ultrafast (UF?) and Runge-Kutta-
Euler (RKE) tools outlined in Ref. 131 and included in UFSS are designed to interpret this list and produce spectra.
Alternatively, the generated diagrams can be exported to another calculation engine. The DG can also draw them
for inspection.

Feynman diagrams are determined by the number of pulses and the phase-discrimination condition. Phase-
discrimination determines the number of interactions with the rotating or counter-rotating part of each pulse that

contribute to the measured signal. The user inputs the number of each type of interaction as a list of tuples
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General Transient absorption Exciton-exciton interaction 2D

Pulse intervals {[ta,minvta,max]v[tb,minvtb,max]} {[ta,minvta,max],[tb,min,tb,max] )[tc,min)tc,max]}

Phase discrimination

, (@’ a,b), ’ ‘ 30 permutations of ’

Permutations of pulses (@ a’, b, b, c)

R 53

Remove non-causal orderings

£ 52

. 32

% A and B overlap
Remove inaccessible or non- 54 B and C overlap
signal generating diagrams

Figure 7.2: Graphical outline of automated diagram generation. Left column is the general case, while the center
and right columns show specific examples. User inputs of pulse intervals and phase discrimination of the desired
experiment are in the top box. The steps of the algorithm, numbered in the arrows, are described in the main text.
After step 3, the numbers in the boxes indicate the number of diagrams at that stage. Blue boxes show results
with non-overlapping pulses. Green shows results with pulses a and b overlapping, purple shows results with pulses
b and c overlapping, and gold shows results with pulses a, b and c all overlapping. Inset black bars in the bottom
row graphically indicate these pulse overlaps.

[(ng,n%), (n,nl), ..., (nf,nk)]. This list corresponds to detection with kg = >>._,, (n) —n))k; in the case

of phase matching and to detection of signals in phase with > (ni —nl)¢;, where ¢; are the modulated

j=ab,....L
phases, in the case of phase cycling [39]. The order of spectroscopy is given by ntotal = >0y 1 nd +nl. In
order to determine which diagrams are causally allowed, the user must also input the time intervals [t; min, tj max]
when each pulse is nonzero as a list. The user updates this list for each set of pulse delay times desired. The
number of diagrams that must be considered when dealing with finite pulses expands dramatically as one considers

5t'-order signal measured in the

higher-order signals, such as exciton-exciton interaction 2D spectra (the 3-pulse
kg = —2k; + 2ks + k3 direction, see Sec 7.4), where the number of time-ordered diagrams is 7 [112]. However, when
all pulses overlap, there are 240 diagrams.

We outline the steps for determining all diagrams that contribute to the signal for a given pulse configuration
in Fig. 7.2, which includes the general scheme and two examples.

(1) Starting from [(n’,n%)]i—ap.... 1, We begin with a canonical list of interactions, where we list the pulses in
order of pulse number starting from a, with rotating terms coming before counter-rotating terms (see Fig. 7.2 for
examples). The length of the resulting list is n4ota1. For each pulse there are nJ repetitions of “j” with the rotating

term and nJ repetitions of “;*” with the counter-rotating term, as shown in Fig. 7.2. We then generate all unique

permutations of this canonical list of interactions. The number of unique permutations is

ntotal!

nilnil’
IT;ntInt!

(2) Using the list of pulse intervals {[t; min, tjmax] } j=ab,...L, non-causal orderings are removed. For each permu-
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tation of the time-ordered list, we check whether ¢,,;, of each pulse occurs before t,,.x of each following pulse in the
list and remove the permutation if not.

(3) For each permutation from step 2, we generate all of the allowed diagrams that satisfy the phase-discrimination
conditions. Each interaction can occur either on the ket-side (K (.)) or the bra-side (Bj)), giving 2"tt! diagrams
associated with each permutation from step 2. For example, the interaction a* can act as K.+ or as B,«, while the
interaction b can act as either K or By.

At this point we have the maximum number of diagrams that could contribute to the calculation, given the
phase-discrimination condition and pulse intervals. However, many of these diagrams do not contribute under
common assumptions. Using some minimal information about the material system that is being modeled, many of

these diagrams can be removed in the optional step 4.

(4) (Optional)

(a) Keep only diagrams that remain in accessible states. For instance, consider optical spectroscopy of a system
that has three optically separated manifolds, each separated by an energy gap E,. If the temperature is
much less than E;, we can approximate that the initial thermal state is entirely in the ground-state manifold.
Any diagram that includes excitation above the highest manifold or de-excitation from the lowest manifold
is removed. We track the number of optical excitations by assigning manifold indices for both the ket and
bra sides of a density matrix. We say that the initial density matrix p(?) is entirely composed of ground-state
populations, and therefore it has manifold indices [0,0]. We then assign the following rules describing the

action of the O, operators:

K1 [+1,0]
Kje :[~1,0]
B; :[0,-1]
By [0, +1]

We apply these rules in succession for a diagram and track the indices [i, ] after each interaction. If either 4 or
I drop below 0 or rise above the maximum allowed manifold, the diagram is removed. When the manifolds are
coupled by relaxation processes, we no longer remove diagrams that rise above the allowed maximum manifold,
since population can decay to a lower manifold and then be excited up again by a subsequent interaction. We

do still remove diagrams where ¢ or [ drop below zero.

(b) The integer logic of part 4(a) is also helpful in determining which diagrams contribute to the final signal. For
spectroscopies that measure the emitted polarization field, we are interested in the object Tr[up]. Typically in

optical spectroscopy, 1 connects only adjacent manifolds (either because this is an accurate model for the dipole
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operator or because the measurement bandwidth only supports 1-manifold transitions). The components of p
that contribute are then coherences between adjacent optical manifolds. Therefore, we filter out all diagrams
except those that end in a state [i 4+ 1,¢] (Note that the diagrams that end in [i,7 4 1] are physically valid;
however, we do not calculate them, as they are the Hermitian conjugate pairs of the calculated diagrams [14]).

Note that we again cannot apply this filter when 7 includes inter-manifold relaxation.

(¢) If the final observable is instead linked to excited-state populations, as in the case of fluorescence or photo-
current detection, we look only for diagrams that end in a population [i,i] where ¢ > 0. Again, we cannot

apply this filter when 7 includes inter-manifold relaxation.

Each of the diagram reductions from step 4 can be turned off with a flag or modified to suit an accurate model
for the system in question. For example, in vibrational spectroscopy, rule 4a) does not apply, but rules 4b) or 4c)
(or modifications of them) may still apply. We include a variety of examples of step (4) in the Jupyter notebook
DiagramGeneratorExample.ipynb, including an example of infrared vibrational transient absorption that cannot
remove any of the causal diagrams and must use all 16 (48 for overlapping pulses) diagrams that come from step
(3).

Thus far we have described how the DG creates the double-sided Feynman diagrams associated with density-
matrix-based calculations. The DG can also create the one-sided Feynman diagrams used for wavefunction-based cal-
culations [14, 21]. This procedure begins by creating all relevant double-sided diagrams. Each double-sided diagram
is converted to a pair of one-sided diagrams associated with the bra and ket wavefunctions. Since wavefunction-
based calculations do not impose time-ordering between the bra and ket sides [14], several of the double-sided
diagrams map onto the same pair of single-sided diagrams. After creating all of the pairs of single-sided diagrams,
we eliminate duplicates to avoid over-counting some pathways.

The DG both produces a full set of contributing diagrams to be calculated and updates that list as the pulse
timings change. In the example 3-pulse 5"-order spectroscopy considered in Sec. 7.4, the pulse delays vary to
produce frequency-domain signals. Only a small number of pulse configurations have all three pulses overlapping.
In those cases, 240 diagrams must be calculated, but as the pulse delays change, calculations can be reduced to
54, 21, or 7 diagrams, which all occurs automatically. Including overlap diagrams increases the number of required
diagrams by a factor of over 30, but since diagrams are only included when pulse delays require, calculations
of frequency-domain spectra are only 1.5-5 times longer than those including only the 7 time-ordered diagrams,

depending upon which pulse delays are calculated.

7.4 Importance of overlap diagrams

Spectra are often calculated assuming impulsive pulses. Even when finite pulse shapes are considered, the overlap

5th

diagrams are often neglected, as in the only two studies of finite pulses in 5""-order spectroscopies of which we
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Figure 7.3:  (a)-(c) Real part of the EEI2D spectrum at a delay time of T' = 60fs for a dimer of three-level

systems with a relaxation rate of 0.015 fs™

1 as described in the text, with different electric field shapes. Horizontal

axes show the Fourier transform of the delay time 7 between the first and second pulses. Vertical axes show the
detection frequency. EEI2D spectra were calculated for 275 x 275 values of 7,¢ and then Fourier transformed.
Note the signed-logarithmic color scale. (a) Impulsive calculation, which requires only time-ordered diagrams, (b)
15 fs FWHM Gaussian pulses using only time-ordered diagrams, (c¢) 15 fs FWHM Gaussian pulses including all 54
diagrams that contribute at this 7. (a)-(c) are normalized independently so that the largest peak has magnitude
1. (d) Maximum of the absolute value of the signal contained within the black boxes in (a)-(c) as a function of
delay time 7. Dashed line shows T used in (a-c). The inset shows a longer time window and the steady-state that
is reached by 1 ps. The impulsive and time-ordered calculations both quantitatively and qualitatively deviate from
the full calculation.
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are aware [20, 95|. In some cases these approximations are warranted, but sometimes the overlap diagrams are
important to understand signals both quantitatively and qualitatively. Here, we demonstrate an example where
neglecting overlap diagrams leads to significant artifacts in predicted spectra.

We consider a model system used in Ref. 112 to study exciton-exciton annihilation, using three-pulse exciton-
exciton interaction 2D (EEI2D) spectroscopy. The model consists of a dimer of two coupled three-level systems

(3LS). The Hamiltonian takes the form

Ho = Egq (l99) {99])
+ Eey (leg) (eg| + |ge) (gel) + J (leg) (ge| + h.c.)
+ Eee (lee) (ee|) + Eyq (1£9) (F9l + 19£) (9f1)
+ K (|fg) (eel + [gf) (ee| + h.c.)
+ Eer (Ife) (fel + lef) (ef]) + L(|fe) (ef] + h.c.)
+ Er (£ (F11)

where E;; = E; + E;, all of the constants are defined in Table 7.1, |g), |e),|f) are the ground, singly excited, and
doubly excited states, respectively, of each 3LS, and |uv) = |u); ® |v),. Following Ref. 112, we consider relaxation
processes at zero temperature for each isolated monomer unit from |f),; to |e), at rate ks and neglect relaxation
from le), to |g),, since it is not important for exciton-exciton interactions. Reference 112 included relaxation using

the stochastic Schrodinger equation, while we include relaxation using the Lindblad formalism with

p— _%[Ho,p} — > KL [m) (n]] p

n#m

where |m) and |n) are eigenstates of Hy and the Lindblad superoperator L[O] is defined by
1
L[O]p = 0pOT — 3 (0T0p + p0O'0).

We follow Ref. 112 by projecting the monomer relaxation rates into the eigenstates |n) with energy FE,. New

relaxation rates coupling the eigenstates of Hy are defined as
o =(! (nf9) [* (eglm) "+ (ngf) [*| (ge | m) |”
1l e Pl e b 4| (nle) P ee ) [ Yo

The resulting rates range from 0.0075 fs~! to 0.0016 fs~! where the smallest rate corresponds to decay from the

lowest-energy double-exciton state to the lowest-energy single-exciton state.
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Table 7.1: Values used in the Hamiltonian Hy and bath coupling rates for the model dimer system studied using
EEI2D, adapted from Ref. 112.

E, £E. E;
Energy (eV) 00 1.0 22

J K L
Coupling (V) 02 0.1 0.05
kar

Rate (fs~')  0.015

EEI2D is designed to probe the dynamics of the doubly excited states. Diagonalizing Hy shows that the two
optically bright doubly excited states are separated by 0.35€V, corresponding to an oscillation period of T, = 12fs,
which is the fastest important oscillation in this system. One generally assumes that pulses significantly shorter
than this period will be well-approximated by impulsive pulses but that pulses that interact with the system on a
comparable timescale require more careful treatment. In this section we study the effects of using Gaussian pulses
with a full-width half-maximum (FWHM) of 15 fs, with a comparison to Lorentzian pulses at the end.

The perturbative calculations of optical signals were performed using the UF? method detailed in Ref. 131. UF?
calculates the fifth-order polarization signal as a function of the delay time 7 between pulses a and b and the delay

time T between pulses b and ¢ as

PO (1, T,t) = i{upl”) (1),

where t is the time measured after the arrival of pulse ¢. The 2D frequency-frequency correlation spectrum is

calculated as

. 1 [ : =
e e I A

—o0 —o0
which is approximated using the discrete Fourier transform. We use 151((5; (wr, T,wy) as a proxy for the signal field,
which would in practice be detected using heterodyne detection with a local oscillator.

We compare calculations of EEI2D spectra using three approximations: impulsive pulses, finite pulses with only
time-ordered diagrams, and finite pulses including all diagrams. Figure 7.3(a) shows the impulsive limit with a
delay time of T'= 60fs. In keeping with Ref. 112, we perform all calculations with 7 and ¢ each ranging from 0 to
823 fs, and multiply the 7 and ¢ axes with a Gaussian window function of o = 200fs to avoid ringing effects from
the discrete Fourier transform. We calculate spectra for 275 values of 7 and ¢, which are more than sufficient to
produce well-resolved frequency-frequency spectra. Reference 112 performs calculations in the impulsive limit and
states that calculations using time-ordered diagrams with 5 fs FWHM pulses are visually nearly identical to the
impulsive limit, which we also find. Finite pulse effects are, unsurprisingly, unimportant when the pulse durations

are shorter than T, the fastest timescale in the system. We use this model system to illustrate the differences that
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occur with only modestly longer pulses.

We consider Gaussian pulses with FWHM of 15 fs, similar to T,. Figure 7.3(b) shows calculations using finite
pulses but only the 7 time-ordered diagrams, showing clear differences from the impulsive limit in 7.3(a). Figure
7.3(c) shows results using the same finite pulses but including all of the 233 additional pulse overlap diagrams at
delay times when they are required. The visual difference between Fig. 7.3(b) and (¢) demonstrates the importance
of including pulse-overlap diagrams in addition to finite pulse effects in time-ordered diagrams. Simply adding finite
pulse effects to the time-ordered diagrams is not sufficient for making good spectroscopic predictions.

Figure 7.3(d) shows the magnitude of the cross peak contained in the solid box in panels (a)-(c), and the
oscillation period T, is clearly visible. The oscillations at that peak correspond to absorption into one and emission
from another doubly excited eigenstate of Hy. This peak is clearly visible in the impulsive limit in Fig. 7.3(a),
but is dominated by significant horizontal streaks in Fig. 7.3(b), which bleed over from the stronger peak at
hw,; = 2.3 eV. This significant extension of the peaks in the w, direction is an artifact of neglecting the overlap
diagrams, demonstrated by its removal in Fig. 7.3(c). Figure 7.3(d) shows that both the visibility of the oscillation
and the overall evolution of the envelope are qualitatively different in the three studied approximations. We vary
T from 0 to 2 ps, for a total of 2667 different values of T. At long T (shown in the inset), the doubly excited states
decay and there is a static excited state absorption signal from the singly excited population, with the timescale of
saturation and oscillation decay matching the slowest k,,,. Neither impulsive nor time-ordered calculations with
finite pulses accurately predict this EEI2D spectrum despite using an ultrafast optical pulse.

Note that the differences between the full calculation and the one using only the time-ordered diagrams persist
even with delay times T' much greater than the pulse durations. In constructing 151(3 (wr, T,wy), contributions with
7, t smaller than the pulse duration are always included, making pulse-overlap effects apparent even at long T and
requiring calculation of the overlap diagrams. Since the DG only produces the extra diagrams for time delays that
merit their evaluation, the full calculation is not much more expensive than the case with 7 time-ordered diagrams.
For example, the calculation of the green and orange curves in Fig. 7.3(d), out to 350 fs, took 33 and 17 minutes on
a 2017 MacBook Pro, respectively, and included over 120,000 combinations of 7 and 7. The equivalent curves out
to 2 ps, as in the inset, required 155 and 93 minutes with the same density of T" points; those involved over 700,000
pulse delay combinations. Even though the full calculation includes contributions from 34 times more diagrams, it
required less than twice the time to run than the time-ordered calculation.

The DG determines which diagrams contribute based solely upon the user-chosen intervals where the pulses are
nonzero. For well-behaved pulses such as Gaussians with standard deviation o, convergence of spectra within 1% is
obtained for the results in Fig. 7.3 when the pulses are declared to be zero after 40. However, for pulses with heavy
tails, extra care must be taken to determine the correct pulse interval. We compare Gaussian pulses, as used in
Fig. 7.3, to Lorentzian pulses, which have heavy tails. Figure 7.4 shows the weight D [ dw, ‘15&5) (1, T,w;)| for each

of the 240 diagrams d as a function of 7 at T' = 100 fs for the system in Fig. 7.3, where ].E’((f) is the signal due to a
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Figure 7.4: Weight of all 240 EEI2D diagrams for the same system as in Fig. 7.3 at 7' = 100fs as a function of 7
for 15 fs FWHM pulses with (a) Gaussian and (b) Lorentzian time-domain envelopes. Blue lines show the weight
of the 7 time-ordered diagrams. Green lines show the weight of the 47 additional diagrams that contribute when
pulses a and b overlap. Panel (b) also shows the weights of 176 diagrams that contribute only when all three pulses
overlap (gold), whose weights are too small to appear in (a); 10 more orange lines have weights less than 1073.
Diagram weights are normalized so that the strongest time-ordered diagram has a weight of 1 at 7 = 0. Line colors
for each set of diagrams match those in Figure 7.2.

single diagram and D is chosen so that at 7 = 0, the largest weight of a time-ordered diagram is 1. We consider
Gaussian and Lorentzian pulse envelopes with the same FWHM of 15 fs.

We observe that for both sets of pulses, at 7 = 0 all 47 a, b overlap diagrams (green) have similar weight and
therefore must be calculated, and the same is true of all 233 overlap diagrams at 7 = T = 0 (not shown). With
Gaussian pulses, all of the overlap diagrams decay rapidly when 7 exceeds the nominal pulse duration and are
negligible when 7 > 30 fs. In contrast, with Lorentzian pulses of the same nominal duration, even some diagrams
where pulse ¢ arrives before pulse a or b (shown in gold) are surprisingly close in weight to the time-ordered
diagrams at 7 = 0, even though the center of pulse ¢ arrives 100 fs after the first two. Further, some of the a,b
overlap diagrams (green) continue to have weight equal to time-ordered diagrams (blue) for 7 approaching 60 fs,
four times the pulse FWHM; given the large number of overlap diagrams, their contributions must be calculated
even for considerably larger 7. It is clear that in the case of Lorentzian or other heavy-tailed pulse envelopes, care
must be taken in choosing the pulse intervals for use with the DG, and users are encouraged to ensure that their
results are converged. Choosing a large pulse interval ensures accuracy but increases computational cost as more
overlap diagram contributions must be calculated.

Many ultrashort optical pulses have heavy tails in the time domain, and Ref. 57 showed experimental evidence
that pulse overlap effects can extend for up to 100 fs when using 17 fs FWHM pulses in 2DPE experiments.
They attributed this effect to the significant wings on the pulse envelopes, which is consistent with our analysis of

Lorentzian pulses.
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7.5 Conclusion

We have presented the diagram generator (DG), a tool for automatically generating the Feynman diagrams that
contribute to perturbative nonlinear optical spectroscopies. The DG automatically determines when pulses overlap
and only generates extra overlap diagrams when required. This automated process allows users to get the full
advantage of including all causally allowed diagrams with a low computational cost.

We have shown that including these overlap diagrams can be important to correctly predicting or interpreting
spectra when pulses are not in the impulsive limit. Using EEI2D as an example, we have shown significant errors
when using only the time-ordered diagrams with pulses whose duration is similar to the dynamics of the system.
We have also shown that overlap diagrams can make significant contributions to the signal for delay times that
are large relative to the pulse durations, when those pulses have heavy temporal tails, as in the case of Lorentzian
pulses.

The DG is one module of the larger Ultrafast Spectroscopy Suite. The other components in UFSS are described
in Refs. [96, 131]. Taken together, UFSS is a tool for automatically calculating arbitrary-order spectroscopic signals
while accounting for effects of finite pulse shapes, which can be of arbitrary form. The diagrams produced by the
DG can also be used in other analytical or numerical tools. The DG can be used for determining all of the diagrams
that contribute to any order spectra, whether in the impulsive limit or with finite pulses. The DG may open the
door to more easily calculating higher-order corrections to commonly used 3"9-order spectroscopies and may lend

itself to developing intuition for higher-order spectroscopic techniques.
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Chapter 8

Composite Diagrams

We now demonstrate how we can increase the computational efficiency of calculations done using UF? and RKE, by
automatically combining diagrams into what we call composite diagrams. This composite diagram method can be
used for any phase-discrimination condition and any pulse sequence. The composite diagram method is a general tool
that replaces the diagram generator. The composite diagram method can speed up most perturbative calculations,
and makes it easy for a user to push beyond the perturbative limit, and quickly simulate non-perturbative effects.

We begin by taking equations of motion of the form
p=Zop+ L (t)p,

where .Z'(t) = >, "o 1O (e; +¢e5), and pf|p) = pp and pP|p) = pp, as first introduced in Eq. 6.7. We will
begin with the assumption that the system Liouvillian, .45, cannot be broken into optically separable manifolds,
and consider the separable case later. Manifolds can be separated by optical excitation if we ignore all physical
processes that cause the system to relax from the singly excited states to the ground state, from the doubly excited
state to the singly excited states, and so on. The inseparable case occurs when we do include these relaxation
processes. Given an initial condition p(®), we have shown in chapter 6 how we can efficiently compute a single
Feynman diagram using the operators O, (defined in eq. 6.21). We have further demonstrated in chapter 7
that we can automatically generate all relevant diagrams that contribute to a given phase-discrimination condition.
With these two ingredients we can automate the process of calculating any desired spectroscopic signal. We show
in chapter 7 that for higher-order spectroscopies such as EEI2D, that the number of Feynman diagrams required
to properly account for pulse overlap effects is much larger than for a lower-order case such as 2DES. We further
show that including the pulse-overlap diagrams does not greatly increase the calculation time, as these diagrams are
only calculated when pulses are overlapping, which is generally not a large portion of the pulse delays considered

in a spectroscopy. However, as one considers even higher-order calculations, the number of time-ordered and pulse-

121
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overlap diagrams grows geometrically. In high-order cases, simply enumerating the required number of diagrams
can become prohibitively expensive. In this chapter, we demonstrate how we can geometrically reduce the cost
of higher-order spectroscopic calculations by combining many diagrams into composite diagrams. We then give a
practical demonstration of the power of this technique by simulating Rabi oscillations, generally a non-perturbative

effect, by going to sufficient order in perturbation theory.

8.1 Inseparable manifolds

Each Feynman diagram can be expressed symbolically using the O super-operators. For example, the three

time-ordered diagrams that contribute to the rephasing 2DPE signal (see Fig. 7.1) are

3

1024 4) = KoKy Ba- |0
3

|P,(5'J)E>> = B KB~ p(0)>>
3

108 5) = KeByBa+|p).

The total time-ordered third-order density matrix that is needed for calculating the rephasing signal is

1p®Y) = KoKy Ba- [p?Y) + BeKyBa- [p?) + K.ByBq-[p?). (8.1)

Each of the diagrams is typically interpreted as a separate calculation. However, we can factor out K. from the

ESA and GSB contributions:

) = K. (K, Ba /), (8:2)

) + ByBa V) ) + BoK, B

Eq. 8.2 is composed of one standard diagrammatic calculation, and one composite diagram calculation. Eq. 8.2
represents a more efficient computational strategy as compared to eq. 8.1. To understand the true savings we need
to consider the number of unique calculations that must be done to calculate the signal for a large number of
coherence times 7 (time delay between pulses a and b) and population times 7' (time delays between pulses b and
p) is

p(®) are recalculated for each unique 7.

¢). The arrival time of pulse a is never changed (it is considered to arrive at ¢ = 0), and thus the object By~

calculated once and stored for re-use. The objects KB« p(0)>> and By B~

Finally the three objects K. KB« p(o)», B.K, B, p(o))>, K.ByB,- \p(o)» are recalculated for each value of T' (and

for each value of 7). Amortized over all values of 7 and T', the cost of calculating B,«|p(?)), as well as recalculating

KyBa-|p®) and ByBg-|p®)), is negligible. The most expensive step for any spectroscopic calculation is usually

varying the delay between the last two pulses. Therefore Eq. 8.2 actually represents a time savings of about 33%

compared with Eq. 8.1. At this point it is worth pointing out the factorization in Eq. 8.2 cannot be performed if
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the optical manifolds are separable. However, composite diagrams can still be useful in many cases (see Section 8.2
for more about this).
The savings is more dramatic when one considers the case where all three pulses are overlapping, and 16 diagrams

must be calculated. In this case, the composite calculation looks like

1) = K, (KyBo» + ByBar + Ba- Ky + Ko K3) [p9) + B (KyBa- + Ba-K3) [p©)
+ Ky (K Ba+ + BeBas 4+ Bo- Ko + Ko- K.) [p9) + By (K.Ba+ + Ba-K.) [p©)

+ By (Ko Ky + KoK, [pO) + Ko (KK + KK [p),

which only consists of 6 composite diagrams rather than 16 standard diagrams. In this case, fewer calculations can
be re-used as 7 and T vary, but 6/16 is still 37.5%.

In order to generalize this approach, we define

PO,

py = Bylp'?) + Ky |p(?),

Par = Bax ‘p(0)>> + Ko

Pe = Bc|p(0)>> + Kc|p(0)>>,
where K;-|p(®) and B;|p®) are both zero in the RWA. We then define

Pa*b = Baxpy + Ka=py + Bppa+ + Kppa-
Pa*c = Ba*pc + Ka*pc + Bcpa* + cha*

Poe = Bope + Kppe + Bepo + Kepp

and finally

‘p(3)>> = Pa*bc = Bcpa*b + cha*b + Bbpa*c + Kbpa*c + Ba*pbc + Ka*pbca (83)

where pg«pe is the entire third-order density matrix that obeys the phase-discrimination condition associated with
the rephasing 2DPE signal, without assuming the RWA or time-ordering (note that if calculations outside the RWA
are desired, calculations must be done using short enough time-resolution to resolve the carrier frequencies of the
pulses). The bulk polarization is then calculated as Py(t) = (u|p® (t)), from which the signal can be calculated
using Eq. 3.7. In section 3.3, we derived that without these two approximations, there are 48 diagrams, with each
diagram consisting of 1-3 calls to O, (3 if nothing can be reused; <3 if some calculations have been stored for
reuse). In contrast, the cost of Eq. 8.3 consists of 6 calls to O to construct Ip(MY), 12 calls to Oj( to construct
|p®), and 6 calls to Ojc to construct [p®)), with a total cost of 24 calls to Oj if nothing can be reused. This is

only 17% of the 48 x 3 = 144 calls to Oj(+) required by the diagrammatic approach. Thus the composite technique
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is 6 times faster than the diagrammatic approach.

The fully general expression for | p(")>> can be expressed using the recursive formula

P + K0 ?)

Pit = B

10T) = picr e mr = Bior P + Ko o) ey + By picor iy + Ko o) o) + ooe + Bt i jor .+ Koo i s

with the order n of p;c) ¢, being given by counting the number of subscripts. This recursive formula will give
the entire p(™ that contributes to the given phase-discrimination condition. Thus, from this procedure, we may
calculate the desired quantity (for example pm) (t) =Tr [,up(”)] ). This general expression does not automatically
take advantage of the RWA and time-ordering, when they apply. In the case of inseparable manifolds, we do not
pt™)

are non-zero in the composite approach (typically some of those terms would be zero for particular diagrams, and

take advantage of the RWA. When manifolds are inseparable, all of the terms K;|p(™), K [p(™), B;|p™), B;-

could be skipped). Thus we can, surprisingly, do calculations outside of the RWA without doing any additional
perturbative calculations (though the calculations themselves will be more costly, since a smaller time mesh will be
required in order to resolve the optical carrier frequency). We do skip improperly-ordered calculations when they
do not apply, by checking to see whether pulses overlap, and in what order they arrive. We thus only calculate
overlap diagrams when they are necessary.

Although I have described this process as a recursive procedure, the actual implementation is constructive.
We build up from p(® by using what we call partial phase-discrimination conditions (pPDCs). The full phase-
discrimination condition (PDC), [(n%,n2), (n%,nb), ..., (nE,nL)], as described in Section 7.3 can be expressed as a

L x 2 matrix, where L is the number of pulses. For example EEI2D spectroscopy has a PDC of [(0,2), (2,0), (1,0)],

which is recast in matrix form as

0 2
2 0
10

The first entry in each row is the number of interactions with the rotating term, n,, and the second entry in the

row is the number of interactions with the counter-rotating term, n.. The procedure is as follows:

1. Given a phase-discrimination condition (PDC), produce a list of all Oj(+) operators that will contribute to the
calculation. For each row j in the matrix-form PDC, add K; and B; to the list if there is a non-zero entry
in the first column, and add K+ and B;« to the list if there is a non-zero entry in the second column. Using

EEI2D as an example, the list of relevant operators is [Ky«, B+, Ky, By, K., Be).
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2. Begin with p(°), which has a partial phase-discrimination condition (pPDC) of the zero matrix (of size L x 2):

Call it the current density matrix.

3. Until the algorithm is complete, repeat the remaining steps. For each p in the set of current density matrices (in

the first round, there is only ,0(0) ), check whether the calculation Ojn |p) for each O; from the list constructed

in step 1 can produce a valid calculation by constructing its pPDC. If it can, perform the calculation.

(a)

4. Given all of the new density matrices {ij

3, add together all density matrices with the same pPDC, i.e., por = Ky«

Produce a new pPDC for each potential calculation by taking the pPDC of p, and adding the effect of
either O;, which adds 1 to the first entry of the 4t row, or Oj-, which adds 1 to the second entry of the

§*® row. Then subtract the new pPDC from the PDC, to produce a remainder PDC (rPDC).

If the rPDC contains any negative entries, do not do the calculation (this case corresponds to a calcu-
lation that involves too many interactions with either the rotating or counter-rotating term of a given
pulse). Using EEI2D as an example, imagine that the incoming pPDC was [(0,2), (0,0), (0,0)], and
that the trial calculation is K,~. This would lead to a new pPDC of [(0, 3), (0,0), (0,0)]. The rPDC
is [(0,—1),(2,0),(1,0)]. Since there is a negative number in the rPDC, we do not proceed with the

calculation.

If the pulse sequence forbids a contribution, do not do the calculation. The trial calculation involves
an interaction with the jth pulse, which is non-zero on the domain [tj,mz'm tj,max]. The trial calculation
would therefore be non-zero on the domain ¢ > ¢; pin. We next make a list of all relevant pulse end-
points. For each row j in the rPDC that contains a non-zero entry, we add to the list the value i max-
From this list, we take the minimum value of ¢y max, and compare it to ¢; min. If ming ¢tk max < tjmin, We
do not perform the calculation, since it would have zero contribution to the final signal.. Using EEI2D as
an example, imagine that the incoming pPDC was [(0,1), (0,0), (0,0)], and that the trial calculation is
K}, which results in a new pPDC of [(0, 1), (1,0), (0,0)]. The rPDC is then [(0, 1), (1,0), (1,0)]. The trial
calculation involves an interaction with pulse b, so we know that the trial calculation would be nonzero
for ¢ > ¢4 min, thus in this case ¢ min = tp,min. The rPDC involves interactions with all pulses. Let us
assume that none of the pulses overlap, and that all of the pulses are ordered (so in the case of EEI2D
ta,max < tbmin a0d € max < temin). 10 this case, we have ming ¢ max = tq,max. But since ¢4 max < tb.min,

we do not proceed with the calculation.

p(0)>>} with their associated pPDC’s that pass the checks in step

P D) + Bo-[p ), pp = K| p0) +
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By| p(o)», .... Store the resulting density matrices as the list of current density matrices. Stop when there is a

single current density matrix with pPDC equal to the PDC.

See Sec. 8.3.3 below for a comparison of the cost of calculating each diagram individually vs. doing composite

calculations. The composite diagram method gives an exponential speed-up for higher-order calculations.

8.2 Separable Manifolds

In the case that manifolds are separable, the above procedure can be used as already introduced, if one is willing
to pay the cost of representing the density matrix in all manifolds at once. (Note: in such a case, one would still
take advantage of the block diagonal nature of the system Liouvillian when preforming the diagonalization.) In
Sec. 6.7 we present a computational complexity analysis of UF?, showing how the cost of calculations scale with the
dimension of the Hamiltonian, N (results summarized in Tables 6.1 and 6.2 for inseparable and separable manifolds,
respectively). The cost scales as either N? for secular Redfield or N* for full Redfield and diabatic Lindblad. By
separating manifolds, one gains the advantage of expressing the density matrix in manifolds of size N% and optical
coherences of size Nx Ny, where X, Y index the optical manifolds. The benefits of this procedure vary based upon
the model system. For example, for a trimer of 2LSs without vibrations (s = 3 and k = 0 for the model in Eq. 2.4),
the total size including all manifolds is N = 8, while the individual manifold sizes are Ngsy = 1, Nsgym = 3,
Npgy =3 and Nrgy = 1 (where GSM is the ground-state manifold, SEM is the singly-excited manifold, DEM is
the doubly-excited manifold, and TEM is the triply-excited manifold). Thus the relative cost of doing calculations
with UF? using separated manifolds, relative to using unseparated manifolds, is (3/8)% or (3/8)* (note that the
ratios are preserved for any number of vibrational modes k).

Given the reduced cost of calculations, in many cases it is desirable to take advantage of the separation of
manifolds by representing the density matrix only in a single manifold at a time. This can also save memory (in
addition to computation time). Implementing composite diagrams in this case requires some care, and results in
more individual calculations than in the general case, though still reduced compared to the individual-diagram
method. Thus for small systems (small N), it may actually be advantageous to ignore the separability and proceed
using the above scheme. However, for sufficiently large NV, it is either necessary, or faster, to separate the manifolds.
At the time of writing, composite diagrams for separable manifolds has not been implemented in UFSS. But it is
well within reach, and thus deserves a brief proposal.

In the case of separable manifolds, we can no longer take advantage of the factorization shown in Eq. 8.2,

because K}, By- p©) exists in the ground-state manifold,

p9) exists in the singly excited manifold, while ByB,-

and thus the calculations K.KyB,«[p®) and K.ByBg-|p®) must be done separately. In the case of the time-

ordered rephasing calculations, no speed-up is possible using composite diagrams. However, when including overlap

diagrams, composite diagrams may still be used to speed up the calculations. For example, we may combine
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Pipo-sPr = KyBa-p + By Ky p©)

and

Popa-yPy = ByBa-p'» + K, Kyp©,

where P,, = |n) (n| are projection operators on the electronic excitation space.
Looking to higher-order examples, we return to the case of EEI2D (phase-matching condition —2k, + 2k, + k..).
As an incomplete example that illustrates the case where the density matrix is in an optical coherence between

manifolds, we can combine

PoparasPi = Ko+ KyBar p% + Kyv Box Kypp'® + B Ko Ky p'®

Pipa-a-vPs = Bax Ky B p© + Bye By« Kyp'® + Ky By Bo-p©.

To implement the composite approach in this case, we propose following the same procedure outlined for in-
separable manifolds, but only combining calculations that result in density matrices in the same manifold. Each
density matrix must then be stored using both the partial phase-matching condition and the number of electronic
excitations accrued by both the bra and ket sides. As outlined in Section 7.3, we track the number of optical
excitations to the bra and ket sides separately, and so it should be straightforward to collect calculations by number
of excitations. In the case of separable manifolds, we can once again take advantage of the RWA and knowledge of
the maximum number of optical excitations/de-excitations. This can be easily done by rejecting calculations that

reduce the ket or bra excitation index below 0 or above the maximum relevant to the system under study.

8.3 Rabi Oscillations

To give a concrete example of the power of the composite diagrams, we demonstrate calculations of Rabi oscillations
in pump-probe spectra in a two-level system and a three-level system, using TDPT calculations up to 27" order. We
demonstrate that simply enumerating all of the diagrams is prohibitively expensive (much less actually calculating

them). However, using composite diagrams the whole calculation can be done in a matter of seconds.

8.3.1 Two-level system

We begin with an electronicHamiltonian of the form
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with no explicit vibrations and include a phenomenological dephasing time of 30 fs, along with a phenomenological
relaxation rate of 30 ps, using the Lindblad formalism (see Section 6.3.1 for details of Lindblad implementation).

We consider pump-probe spectroscopy with the pump pulse indexed as a and the probe pulse indexed as b:
E(t) — Aa(t)e*i(wat*kaﬂdr(ﬁa) 4 Ab(t)efi(wbt*kb'T‘Jr(ﬁb) 4 c.c.
with w, = wp = wg. We use Gaussian pulses with an envelope function

"j —t2/20'2
A;(t) = —==-e
i) =——
centered at frequency w = wp, with o the pulse duration and n; its amplitude. We calculate the frequency-
integrated pump-probe spectra at a delay time of 500 fs up to 27" order in perturbation theory, by calculating each
order separately. This is achieved by calculating the signal that results from the phase-discrimination condition
[(m,m), (1,0)], which is the 2m + 1** order contribution to the pump-probe signal. We write the pump-probe signal

as a partial power series in the intensity of the pump pulse

Mmax I m
Spp(I,T) « I, s@GmA (T (“) ,
pp(I,T) oI Y (T) T

m=1

where I; o njz-. Note that we are doing a partial summation up to 26*"-order in the pump amplitude 7,, and 1%¢-
order in the probe intensity. Thus we are modeling a situation where a non-perturbative pump pulse is used, but
we assume that a much weaker probe pulse is used, so that we are only sensitive to the lowest order contributions
from the probe pulse. The great advantage of this technique, as compared to non-perturbative calculations, is that
once all of the individual signals s(2m+1)(T) are calculated, we can vary I, with essentially no computatioanl cost,
though of course there is some I,,,,, determined by the maximum m we have included above which the calculation
is not accurate. At any given I,, we must check for convergence with respect to mmyax. We show the partial series
with mmpax varying from 10 to 13 in Figure 8.1b. Visually, we see that the results appear well-converged up to
around I = 161,.

We study three different full-width half maxima (FWHM = 2/21og20): 0.1 fs, 10 fs, and 30 fs. In the impulsive
limit of FWHM equal to 0.1 fs (in this case the only relevant system time-scale is the dephasing rate of 30 fs),
we find the expected behavior where the pump-probe signal strength varies as sin® m . As the pulse duration

increases, we see that the Rabi oscillations damp (see Fig. 8.1).
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Figure 8.1: (a) Rabi oscillations for varying pump peak electric field amplitude up to m = 13. (b) Partial summation
for the pump-probe signal up to order m as a function of pump pulse amplitude with a pump FWHM of 10 fs. The
probe pulse is assumed to be in the perturbative regime, and thus we include only the lowest order effects of the
probe pulse. Panel b demonstrate visually that we have converged the calculation with respect to TDPT, up to a
pump intensity of about I = 161, using Gaussian pump and probe pulses each with FWHM of 10 fs.

8.3.2 3LS

Next we consider a 3LS with Hamiltonian of the form

0 0 0
H={[ 01 0 )
0 0 1.904

a phenomenological dephasing time of 30 fs, and relaxation rates of 30 fs from |f) — |e) and 30 ps from |e) — |g).

We consider a dipole operator

0 1 0
p=11 0 033 |,
0 033 0

and the same pulses as used for the 2LS. Figure 8.2 shows our results for a 3LS.

8.3.3 Comparison to calculations with individual Feynman diagrams

These calculations would not have been possible without using the composite diagrams outlined in this chapter.
The reason is that the number of Feynman diagrams grows at least exponentially with the perturbative order. To
understand this, recall from Section 3.3 that the number of response functions that contribute to a given order
spectroscopy grows as 2", where in this case n = 2m + 1. Further, when doing calculations with finite pulses, you

must include all unique permutations of the pulse envelopes. For pump-probe spectroscopy, each interaction with
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Figure 8.2: (a) Rabi oscillations for varying pump peak electric field amplitude for a 3LS, showing a slightly more
complicated dependence on pulse amplitude. (b) Partial summation for the pump-probe signal as a function of
pump pulse amplitude. Again the probe pulse is assumed to be in the perturbative regime, and thus we include only
the lowest order effects of the probe pulse. Panel b demonstrates visually that we have converged the calculation
with respect to TDPT, up to a pump intensity of about I = 161, using Gaussian pump and probe pulses each with
FWHM of 10 fs.

the rotating term (g,) and the counter-rotating term (&) are distinguishable. For the 2m + 1*® order contribution,
we have the phase discrimination condition [(m,m), (1,0)], which involves m interactions with £, and m interactions

with €. There is also one interaction with ;. Thus when the pump and probe pulses overlap, we have an upper

bound on the number of diagrams, r, of

ro< 227n+1 (2m + 1)' (84)

a (m))?

different diagrams, and when the pump and probe pulses do not overlap, we have

|

Tto < 22’"“(27"1)2'. (8.5)
(m!)
3 ma 3

Using WolframAlpha, we find that (2(7:1'!‘;?! = 22’”"’1%. Since % > 1 for large m, we can take 2412

as an underestimate for the upper bound on r,, which gives some sense of how quickly the number of diagrams
increases with m.

We have equality in Egs. 8.4 and 8.5 when the RWA approximation does not hold. When the RWA holds, and the
entire electronic population of p(?) is in the ground-state, we can eliminate diagrams that involve de-excitation below
the ground-state (generally at least half of the diagrams may be eliminated, since half of the diagrams will begin
with a de-excitation of either the ket- or bra-sides of the density matrix). We do not have a formula to predict how
many diagrams may be removed, so we use the Diagram Generator to enumerate all of the time-ordered diagrams
up to m = 6, and extrapolate how many diagrams would be needed to reach m = 13. We also demonstrate how

long it takes to run the Diagram Generator just to enumerate the diagrams and find that it would likely take well
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over a year to enumerate all of the diagrams on a single computer. We find numerically that in the case of a 3LS, if
manifolds were separable (and therefore diagrams involving more than 2 consecutive excitations may be ignored),
that the number of diagrams seems to scale as o< 23 %! (see Fig 8.3d). Assuming the Diagram Generator’s runtime
scales proportional to the number of diagrams, we find that the Diagram Generator would take about 2.4 x 107
seconds to run. However, it appears that the Diagram Generator’s runtime scaling is worse than linear with the
number of diagrams, and thus the actual runtime would likely be much greater than 1 year (see Fig. 8.3c).

In contrast, we plot the effective number of Feynman diagrams required when using composite diagrams for a
time-ordered calculation in Fig. 8.3b, which demonstrates that the effective number of diagrams grows linearly in
the composite diagram approach. To calculate the effective number of diagrams, we keep track of the number of
times that the Oj., operator is called, and divide by 2m + 1, the perturbative order of the calculation, since a single
Feynman diagram involves 2m + 1 interactions. Thus, the total cost of the calculation should scale quadratically
in m (number of diagrams multiplied by the order). This agrees well with Fig. 8.3a, which shows runtime as a
function of m for calculating the 2m + 1" contribution to the pump-probe signal at a single delay time.

Figure 8.3 demonstrates that the composite diagram approach is an example of a fast algorithm, where we have
reduced the computational complexity of the problem from an exponential scaling to a quadratic scaling in m. At
this point it is worth pointing out that we have not investigated whether some diagrams at each order m could
be avoided, because they are in some sense redundant with other diagrams. It is possible that some of the 23m+!
diagrams would not have to be calculated, with clever identification of identical /related diagrams. Looking at 7 =0
in Fig. 7.4, we can see that for the EEI2D signal at 7 = 0 (related to the m = 2 contribution to pump-probe
spectra), that many diagrams have the same absolute magnitude, suggesting that they may (or may not) be related
at 7 = 0. However, the figure shows that as one moves away from 7 = 0, each diagram appears to become unique.
The composite diagram approach outlined here is applicable to any phase-discrimination condition and any pulse
sequence, and is thus a useful and general tool for speeding up any calculation. The composite diagram method
can speed up most perturbative calculations, and makes it easy for a user to push beyond the perturbative limit,

and quickly simulate non-perturbative effects.
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Figure 8.3: (a) Calculation runtime for calculating a single pump-probe signal at a delay time of 500 fs using the
composite diagram method on a 2017 MacBook Pro. (b) Effective number of diagrams that must be calculated
in the composite diagrams approach. (c) Runtime for using the DG to enumerate all Feynman diagrams that
contribute to a 2m+ 1 order calculation of a 3LS where manifolds are separable. (d) Number of individual diagrams
needed to calculate the 2m + 1 order signal for a 3LS where manifolds are separable. Larger systems and/or systems
with inseparable manifolds would require more diagrams.



Chapter 9

Efficient Methods for Diagonalizing

Polymer Hamiltonians

In this chapter we describe in more detail the basis that we use to represent vibronic Hamiltonians. In section 2.2 we
introduce a class of vibronic Hamiltonians, Eq. 2.4, which consists of s two-level systems (2LS), collectively coupled
to k vibrational modes. As mentioned in section 2.2 we represent the Hamiltonian in the number basis of the simple
harmonic oscillator using ladder operators, and truncate the infinite dimensional Hilbert space to a size that is
sufficient to give good convergence of the spectra we are interested in simulating. Attaining good convergence of
spectroscopic signals is fundamentally contingent upon converging the relevant subset of eigenvectors and eigenvalues
of Hy. The number of eigenvalues needed, and the required accuracy of those eigenvalues, will depend upon the
pulse shapes used, and the spectroscopic signals of interest. However, the convergence behavior of simulated spectra
as a function of basis truncation will mirror the convergence behavior of the eigenvalues of Hy. We therefore find
it useful to study the convergence of eigenvalues of Hy in order to determine the best basis and truncation scheme
to use when simulating spectra.

In this chapter, we describe the basis and truncation scheme that we use in more detail. We first compare two
different choices of basis, which we refer to as the ground-state basis and the halfway-shifted basis, and demonstrate
that the halfway-shifted basis requires fewer basis terms to converge eigenvalues of Hy. We then compare two
different methods of truncating the basis, which we refer to as square truncation and triangular truncation, and
demonstrate that the triangular truncation scheme requires fewer terms to converge the eigenvalues of Hy. Finding
the most efficient method of representing Hy is of crucial importance to UF? because diagonalizing Hy scales as N3
(where N is the dimension of the Hamiltonian), and diagonalizing % scales as either N3 or N°.

To begin, we start with a simple case of the vibronic Hamiltonian, Eq. 2.4, with a single 2LS (s = 1) linearly

133
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coupled to k harmonic modes. In first-quantized notation for the electronic states, the Hamiltonian takes the form

k k k
1 1 1
H= oS gt 4o Dl ab 1) ol + 5 D (@2 0(da — da)* + Eo) le) (el (9.1)
a=1 a=1

a=1

where |e) is the electronic excited state, w4 are the normal mode frequencies in the ground state |g), wa,. are

the normal mode frequencies in the excited state |e), F. is the energy gap between the minima of the ground-

2
Wa,gWa,ed

state and excited-state potential energy surfaces, and the Huang-Rhys factors are given by S, = Thon o/
ae/Darg

[136]. The ground-state Hamiltonian Hy, = (g| H |g) and excited-state Hamiltonian H. = (e| H |e) are both simply

representations of a set of k£ independent harmonic oscillators, and are thus trivially diagonalizable when considered

separately. By making the substitution ¢, — ,/QW’i (ba + b};) and p, — i/ hwzﬂ (ba - bL), we find that H, =
a,g

hwa,g 22:1 (b:&ba + %), with eigenvectors |1/(9)>. By making a similar substitution that accounts for the different

frequency and displacement of the excited state, we can similarly obtain H. = hwg,e Zizl (l;:fj)a + %), with

eigenvectors |1/(e)>, where b, = %:’ (ba —dg \/g ) However, diagonalizing the full Hamiltonian using a single
basis is more difficult. Ref. [137] provides an analytical formula for the overlaps <1/(e) | V(9)>, which allows us to
diagonalize H. using the eigenbasis of H g.iIn practice, we find that the formulas from Ref. [137] can only be used
with arbitrary precision arithmetic for large values of S, (we have found this to be the case for S, Z 3), and that
numerically diagonalizing H, is actually faster in some cases. In either case, there is in general no solution when
s > 1 and/or when anharmonicities are included. The most straight-forward choice of basis is to express the entire
Hamiltonian using the eigenbasis for the ground-state. We refer to this basis choice as the ground-state basis. In
section 9.1 we introduce an alternative basis that we call the halfway-shifted basis, and show that this alternative

basis is a more efficient method for representing Hy, because it requires a smaller Hilbert space dimension to achieve

convergence of the eigenvalues.

9.1 Vibronic Basis Choice

We use the Hamiltonian in Eq. 9.1 to motivate our choice of basis, and then show how that basis can be used to
diagonalize the full vibronic Hamiltonian from Eq. 2.4. One of the simplest choices is to represent the vibrations
in the eigenbasis of the ground state Hamiltonian H,. In this basis H,, is already diagonal, but H. is not. We have
found that using a different basis can make the diagonalization of the overall Hamiltonian H much more efficient.
We choose ladder operators corresponding to a fictitious potential energy surface that has a minimum that is halfway
between the minima of V, and V., and that has a curvature (set of vibrational frequencies) corresponding to the
geometric mean of each of the individual vibrational frequencies wq eff = |/Wa,gWae-

We first define dimensionless p, and g, via substitution g, — , /wiqa and d,, — 4 /widm which implies that
@,g «@,g

iRef.[? ]| expands upon the work of ref. [137] to include the Duschinsky effect, which is the case where the normal modes in the

excited state |e) are linear combinations of {ga }X_,, the normal modes in the ground state.
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Do — v/ gDa, Which allows us to write Eq. 9.1 as

k
> hwarg (2 + a2 19) (9l + (42 (Ga — da)® + Ee) [e) {e) ,

a=1

H =

e

where y, = 22

War, g

We next rewrite H using the transformations ¢, — 4% + %‘*, Do — yi/ 4pa, where y, = %7 which yields
Yo a,g

2 2

1 k y1/4d y1/4d 2
— « (% « «
H=3 > hwaerr | P2+ s (qa + ) 19) (g] + | Ya (qa — > +E. | |e) (e | (9.2)
a=1

This transformation effectively splits the computational difficulty equally between diagonalizing H, and H.. Al-
though this is not of fundamental importance, since analytical solutions are known for s = 1, it is very useful for
the case where s > 1, where the singly-excited manifold (SEM) mixes excitations where a single site i is excited,
while the other sites are in their electronic ground states. We find that diagonalizing the SEM is most efficiently
done in the “halfway basis” described here (which is similarly true of the doubly-excited manifold for s > 2, and so
on). This same transformation is also helpful for s > 1 when the modes are anharmonic. In general we can apply

the same transformation for the anharmonic case where

1
Voa(da) = 5(@5ada + By.ada + Vg.ada + )

Ve,a(qa) = 7(we,a(qa - da)2 + BE,Q(QQ - da)3 + Pye,a(qa — da)4 + )

Note that convergence of the algorithm requires that the highest-order term in V(g) must have even order, and
that the coeflicient for that term must be positive, so as to guarantee that all states are bound. If this condition
is not met, the eigenstates are no longer bound, but rather are resonances. These resonances may be solved for
numerically, but care must be taken not to include too many basis terms.

Thus far we have discussed the most efficient method for representing the Hamiltonian in terms of the quantities
Yo and d,. To diagonalize the Hamiltonian, we express it using the raising and lowering operators of the quantum

harmonic oscillator, defined for the unitless displacements and momenta as

1
a = ba bT
q \/5( +bl)
1
a = ba_bT )
po = 75 (ba —ba)

where b, are the raising operators for vibrational modes of frequencies wa,eff that are centered at positions yi/ 4da /2
relative to the ground-state equilibrium displacement. In the basis of the raising and lowering operators, H is an

infinite sparse matrix, which must be truncated at some maximum occupation number. In order to resolve the
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lowest m eigenvectors of H to some tolerance, we must include N > m basis states. For large d,, y, and/or
anharmonic terms, it may be that N > m, and it can be much more efficient to use sparse eigensolvers (such as

Lanczos) to determine the necessary m eigenstates. Arbitrary precision may be obtained by increasing N.

9.2 Truncation schemes

For k = 1, there is only one possible truncation scheme, which is to include all basis elements |v) for v < N.
However, for k > 1, there are a variety of possibilities. The simplest truncation scheme is to truncate each oscillator
at the same maximum occupation number n, where we require that (bl,bo) < n for each . This can be thought
of as a square truncation scheme, because it truncates the infinite basis space into a square for k = 2, a cube for
k = 3, and hypercubes for k& > 3. The hypercube has edges of size n, and so encloses a total hypervolume of n*
basis states. The square scheme therefore gives a total dimension of N = nF. We have found that this truncation
scheme is not a very efficient one.

We motivate our alternative truncation scheme by considering a special case: a system of k identical oscillators
where w = wa,g, ¥ = Yo and d = d,. In such a case, we argue that a truncation scheme where the maximum total
occupation number is held constant is more physically intuitive. We define the total occupation number of a state

as

Ntotal = Z <blba> 5 (93)

«
and truncate our basis such that ni.ta < n. The number of basis states with constant niota = ¢ is given by

k+i—1
, and therefore the total number of basis states with ngoa < n is
i

i —1

N=)" ,
i=0 )

7

k+n-—1

As n becomes large, N ~ "Tk, and so we have saved by roughly a factor of k (in reality a little less, because we are
neglecting lower-order terms that are all additive). The scaling is still exponential with the number of modes, but
it represents an important savings, since the cost of diagonalizing the Hamiltonian goes as N3.

As a concrete example, if &k = 3 and ngotal < 2, then only the states |000) , [100) ,]010),|001) are included in the
triangular truncation scheme. This is in contrast with the square truncation scheme where |110),|101),]011),|111)

would also be included. Since the coupling of each individual oscillator is equal in this example case, we ex-

pect the states |100),]010),]001) to all contribute equally to the lowest-energy eigenstate. Likewise the states
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Table 9.1: Coefficients of the lowest energy eigenstate in the SEM using the halfway-shifted basis for a monomer
(s = 1) with two vibrational modes (k = 2) with d = 0.4 and y = 1. Anti-diagonals of table correspond to constant
Ntotal- Loach anti-diagonal consists of entries that are all within a factor of 2. In contrast, moving along any diagonal
gives entries that diminish by an order of magnitude at each step. In the constant nca truncation scheme, only
entries out to a given anti-diagonal are kept.

(r1v2 | o) vy
1] 0 1 2 3
0 0.98020 | 0.13862 | 0.01386 | 0.00113
1 0.13862 | 0.01960 | 0.00196 | 0.00016
2 0.01386 | 0.00196 | 0.00020 | 0.00002
3 0.00113 | 0.00016 | 0.00002 | < 105

[110),]101),|011) also contribute equivalently. However, the square truncation scheme misses the states |200) , [020) ,002),
which should contribute at roughly the same level as the other ny.ta = 2 states, and should contribute more strongly
than the |111) state (which is only one of many states with niota) = 3). As an example of this, see Table 9.1 for the
k = 2 case, which shows the amplitudes of various basis states for the lowest energy eigenvector. This truncation
scheme still produces Hilbert space dimensions that scale exponentially with the number of vibrational modes, but
the dimension grows more slowly than with naive truncation, and allows us to treat more vibrational modes than
we would otherwise.

Figure 9.1 shows the convergence of the 11*" lowest energy eigenvalue in the SEM as a function of the number of
basis elements included for a trimer with three harmonic vibrational modes (s = k = 3). This figure demonstrates
that fewer basis elements are required when using the halfway-shifted basis, as compared with the naive basis. The
figure further demonstrates that even fewer basis elements are required when using the truncation scheme described
by Eq. 9.3. Figure 9.2 shows that the same convergence behavior holds for a dimer with two anharmonic vibrational
modes (s =k = 2).

If the couplings between sites are coordinate dependent (dV;;/dg. # 0), then this coupling is expressed using
the ladder operators b, as well. Such couplings can be used to describe, for example, a conical intersection, as in
molecules like Pyrazine.

Next consider the case where the vibrational frequencies are identical (w = waq,4), but the values of y, and/or
d,, are not identical. In such a case, the most efficient truncation scheme would likely be to keep basis states such

that the quantity

7~7‘total = Inax Z Ta <bLba> (94)
a

is held constant, where r, = f(dqa,ys). We have not implemented a truncation scheme of this style, but it is
something that should be fairly easy to include if a useful form of f could be determined. We propose a simple

algorithm that could be implemented to automatically determine r,. The algorithms is as follows:
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Figure 9.1: (a) Relative difference from a converged reference value of the 11*" lowest energy eigenvalue in the SEM
for a trimer (s = k = 3) as a function of the number of basis states included using two different bases (blue and
green dots) without the truncation scheme of Eq. 9.3, and for the Halfway-shifted basis using the truncation scheme
of Eq. 9.3 (green dots). The reference value of 2.99029 for all three curves is obtained using the halfway-shifted basis
with truncation by total occupation number. The trimer has site energies of 0, 0.5, and 0.8wy and site couplings
of 0.1, 0.15, and 0.2wg. Each site is linearly coupled to harmonic vibrational modes with coupling d = 0.8. The
ground and excited state vibrational frequencies are identical, with values w = 1,1.01,1.0101wg. We have set the
values of the vibrational frequencies to be different from one another in order to avoid degeneracies in the GSM.
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Figure 9.2: (a) Relative difference from a converged reference value of the 16" lowest energy eigenvalue in the SEM
for an anharmonic dimer (s = k = 2) as a function of the number of basis states included using two different bases
(blue and orange dots) using the square truncation scheme of Eq. 9.3, and for the triangular truncation scheme (green
and red dots). The reference value for all four curves is obtained using the halfway-shifted basis with triangular
truncation. The dimer is composed of two monomers with site energies 0, 0.75wy and coupling J = 0.3307wq. Each
site is coupled to nearly identical anharmonic vibrational modes with V,(¢) = %hwg,i (q2 —0.12¢% + 0.0003q4) and
Ve(q) = 0.81Vy(q — 0.4) + E,, where Ey is assumed to be larger than any of the other relevant energy scales, and
wg1 = wo and wy s = 1.0lwy (we have set the vibrational frequencies to be slightly different in order to avoid
degeneracies in the GSM). The factor of 0.81 corresponds to shifting the frequency we = 0.9w,. The excited-state
potential curve has a minimum shifted by d = 0.4. Panel (b) shows V; (blue) and V. (orange) for a single monomer.
Note that we dramatically reduce the energy shift E, between the orange and blue curves in order to plot both
curves together.
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1. For each «, construct the Hamiltonian for only vibrational mode « in the halfway-shifted basis:

1 _ yé/[lda
H, = ihwa,eﬂ (pi + Yo ! (CIoz + 9 ,

using the ladder operators to represent the matrix.

2. Converge the lowest energy eigenvalue (or alternatively all eigenvalues below some threshold) of H, as a
function of the number of basis states to some desired tolerance. The number of basis states required to meet

this tolerance is n,.

1/k
3. Define naye = (Hl;:l na> ,and r, = % (The arithmetic mean could also be used in lieu of the geometric

Lo

mean.)

The next step would then be to use Eq. 9.4 to truncate the full vibronic Hamiltonian, and converge over the single
parameter 7yota1. Note that Eq. 9.4 reduces to Eq. 9.3 when r, = 1.

It is worth noting that Eqgs. 9.3 and 9.4 represent flat hyper-surfaces in the k-dimensional space spanned by
{(b:&b@}, with intercepts at fitotal/ro. Using all basis states that are inside the hyper-volume bounded by this
hyper-surface (with conditions that n, > 0) seems like a natural choice when 7, = 1, since it is related to the idea
of a maximum total occupation number. However, generalizing to Eq. 9.4, where 7iyt51 need no longer be an integer,
opens up the the question as to whether curved hyper-surfaces might provide faster convergence. It is possible that
using all of the basis states to the interior of a hyper-sphere (or hyper-ellipsoid) could be more favorable. Or, even

more generally, one could consider truncation schemes

1/q
Miotal = Max (Z T (b};ba)q> .

As g — o0, one would retrieve the naive truncation method, and as ¢ — 0 one would arrive at a truncation
scheme where only basis states that exist along the axes {(b:&b@} would be included, which is neither physical,
nor mathematically useful, since a basis containing only elements of the variety {|n1,0,0...),]0,7n2,0,0,....), ...} does
not span the Hilbert space of the system. We have not tested any truncation schemes beyond that of Eq. 9.3,
but expect that the ideal truncation scheme is likely to be somewhere between ¢ = % and ¢ = 2. Looking at the
anti-diagonals of Table 9.1 shows that not all of the terms at fixed nota have equal magnitude , and that coefficients
of terms where all n, # 0 are slightly larger. This points towards the possibility that ¢ > 1 could yield slightly
faster convergence, particularly for larger k.

This chapter has introduced the most efficient basis that we have found for representing and diagonalizing
vibronic Hamiltonians with vibrational modes that are very similar. We also point out that modifications of this
truncation scheme may be developed for other cases, and show where future work could be done to attempt to

improve the truncation scheme, if desired. Both choices of basis and both truncation schemes are included in
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the Hamiltonian/Liouvillian generator (HLG) that is included in UFSS and that is described in Section 6.3. The

triangular truncation and halfway basis are set as the default methods for representing the vibrational degrees of

freedom in the HLG.



Chapter 10

Conclusion

This thesis describes the development of a fully functional software suite, called ultrafast spectroscopy suite (UFSS),
that can automatically predict nonlinear optical spectroscopies (NLOSs) for any phase-matching/phase-cycling (col-
lectively phase-discrimination) condition, including the finite pulse effects. The diagram generator (DG), outlined
in Chapter 7, automatically generates all of the Feynman diagrams that give a non-zero contribution to a given
phase-discrimination condition, allowing us to automate perturbative calculations, and visually inspect any dia-
gram or set of diagrams. Chapter 8 demonstrates how to automatically combine subsets of Feynman diagrams into
composite diagrams, which gives us an exponential speedup as we go to higher orders in perturbation theory. This
allows us to go well beyond low-order perturbation theory, including studying multiple Rabi oscillations as a func-
tion of pulse amplitude, by summing many orders of perturbation theory (where we must check that the summation
converges as a function of the order of perturbation theory included). These two contributions represent the most
general contributions that we have made to the field of NLOSs, as they can be applied to any method of performing
perturbative calculations in the light-matter interaction.

We have also introduced a new and efficient algorithm for performing time-dependent perturbation theory
calculations in the context of NLOSs, called Ultrafast Ultrafast spectroscopy (UFZ), described for closed systems
in Chapter 5 and for open systems in Chapter 6. Given a model for the system (e.g. a molecular Hamiltonian or
Liouvillian), the electronic dipole operator, and pulse parameters, UF? is designed to automatically calculate the
contribution of any diagram or composite diagram, making the prediction of NLOSs as easy as defining the pulse
shapes and phase-discrimination condition. In order to perform calculations, UF? requires as input a model for the
system dynamics, which can be any time-independent Hamiltonian or Liouvillian that can be well approximated by
a discrete and finite number of basis states. Users can define their own model systems, but we have also included
a model system generator, called the Hamiltonian/Liouvillian generator (HLG), which is introduced in Chapter 2
and explained in further detail in Chapter 6. We describe the details of how vibronic Hamiltonians are represented,

including the basis states and truncation method used, in Chapter 9.
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Taken altogether UFSS, comprising the HLG, UF? and DG (along with the composite diagram method), rep-
resents a fully functional tool for predicting NLOSs, including arbitrary pulse shapes. Once a user has defined the
material system under study, UFSS makes it straightforward to predict any NLOS they like. Once a user understands
how to generate a transient absorption spectra, generating 2D photon echo spectra, or 5th-order exciton-exciton
interaction 2D spectra, is as simple as changing less than 10 lines of code. This user-friendliness, combined with
the speed of the calculations, make UFSS a useful tool that can be used to explore how experimental pulse shapes
effect spectra, to run many repeated simulations in order to fit experimental data to models, to generate large data
sets with varying system and pulse parameters in order to train neural nets, and to explore the connection between

perturbative and non-perturbative limits of the optical interaction with model systems, and hopefully others.
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