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Abstract

This work shows that nonlinear dynamic systems are quite different from linear
dynamic systems. The usual phase plots of linear and nonlinear dynamical systems
are also distinctly different, even before damping or forcing terms are added. It is
also shown that the usual phase plot allows for the visualization of unobscrvable
information that is present in the times scries. The higher-order phase plots give
yet additional information that is not present in the existing methods of plotting the
data. Higher-order phase plots were originated and applied for the first time to a

dynamical system (Morse oscillator) for the purpose of earlier detection of nonlinear

effects.

The dynamics of a weakly forced and weakly damped Morse oscillator is examined.
The novel tool of higher-order phase plots is used to visualize the importance of the
higher harmonics in the phase which are essential for the dynamics to be complicated
and dissociative. Expansions of the higher-order phase plots in regions about x(n=1)
= 0, x(® = 0 are considered and it is shown that there is a topological change that
occurs sequentially for each higher-order phase plot. After the topological change,
which occurs at a critical value of initial total energy E(0) for a particular value of
forcing F, the higher-order phase space structure has a circular loop. As F or E(0)
is further increased the phase space trajectory loops an increasing number of times
in the higher-order phase plot. It is shown that for F = 1.0x 10~ the topological
change occurs around E(0) = 0.96 for the fifth-order phase plot and around E(0)
= 0.94 for the eleventh-order phase plot. This is also illustrated with a series of
higher-order phase plots (274 — 10t%) for F= 1 x 1073, and E(0) = 0.97. These
plots indicate that although the 5t% order phase plot forms loops the 4th forms only
half-loops. Thus the higher-order phase plots are increasingly sensitive probes of the
phase space dynamics as the order increases. Qualitatively this is because, as the
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order increases, part of each higher-order phase space structure is increasingly close
to the point (x{") x(®=1)} = (0,0). For larger values of F the topological change occurs
at a smaller value of E(0) for each higher-order phase plot, as the radius of the loop
centered on x(®=") = 0, x(" = 0 is larger. While the phase space trajectory loops
the energy is approximately constant with small oscillations. The circular ivop in
the higher-order phase plot is the higher-order space structure that is expected for
the weakly forced and weakly damped free particle. The significance of the circular
loop is that the lower the order of the higher-order phase plot in which the phase
space trajectory loops, the closer the Morse oscillator is to dissociation. From this
viewpoint, the Morse oscillator dissociates when the value of F or E(0) becomes
sufficiently large that the topological change occurs in the usual phase plot. That is,
the Morse oscillator dissociates when the phase space structure becomes open for the

usual phase plot.

The circular loop in the higher-order phase plots is the higher-order phase space
structure that is expected for free H and I' atoms in a laser field. For a time interval
in which the trajectory loops in the higher-order phase plots, HF behaves as though it
has dissociated and this is why the compensated energy, E¢(t), is constant for the time
interval. The energy jumps either up or down in 2 “random” fashion (the dynamics
is chaotic) in the pre- and postloop switching regions, and HF may dissociate at a
later time. To directly observe energy stepping for HI in a moderate laser field one
could promote the v = 0 state (which is close to a minimum uncertainty wavepacket)
to the v = 21 level {or another very high-lying level) and then measure the energy of

the evolving wavepacket within a few optical cycles i.e. before wavepacket spreading

could destroy this effect.

Wavelet analysis is applied to dynamical systems, for the first time, for the pur-
pose of extracting a weak forcing term. A wavelet analysis of the coordinate of a
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weakly forced and weakly damped Morse oscillator near dissociation is presented.
The coordinate is highly aperiodic in this highly anharmonic regime and, in fact,
chaotic under some of the conditions presented. It is shown that the forcing ampli-
tude can be qualitatively extracted while the forcing frequency can be quantitatively
extracted, even for short total times. When the coordinate is highly aperiodic it is
not possible to determine these quantities by subtraciing off the coordinate of the un-
forced and undamped Morse oscillator since the unforced undamped coordinate has a
completely different period that the forced and damped case. Therefore subtraction
of the two cases is not possible. The FFT of the Morse has too many large amplitude
frequencies present from the Morse potential, and the frequencies of the forcing term

are effectively buried.

“Details” of the coordinate at several stages are compared and a weak forcing
term is detected in certain “details” when the corresponding wavelet basis functions
have the appropriate localization in both frequency and time. The combination of a
wavelet transform followed by an FFT of the “details” shows, for the first time, that
several [requencies can be detected at the same time. In fact, these frequencies can
be detected even when their amplitudes are much smaller than the amplitude of the

frequencies that make up the Morse potential.

Two aspects of wavelet analysis are addressed. First, unlike a Fourier transform,
a wavelet transform is not unique. The present work shows that, for the Morse
oscillator system, effective results may be obtained using several of the basic sets of
mother functions devised by Daubechies. Second, this work shows that weak forcing

frequencies can be determined only when the rate of change of the coordinate is

relatively slow (small).

In analogy to the nonlinear dynamics system, a nonlinear kinetic system is ex-
amined both experimentally and theoretically. For the first time, simulations and
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experiments were performed to determine the effect of dilution of CCl3F with Ar on

oscillating laser schlieren signals.

In the experiments CCl3F gas (pure and in mixtures with Ar) is shock com-
pressed, inducing a redistribution of clusters. A quasi-periodic and/or chaotic ap-
proach to cquilibrium, associated with an exothermic process, is observed using the
laser-schlicren method. Similar behaviour is observed for SFg and CClgH. Dilution
with argon scems to switch off thermal feedback, and therefore quietens down the

observed signals, as well as change= the form of the signal.

A new data collection system is developed for observing the process at three sta-
tions in the apparatus, each with slightly different experimental conditions within 2%
(sometimes less than 1%), thus allowing, for the first time, a probe of the sensitivity
of the kinctics to initial conditions. The new system allows each one of the three
photodiode preamplifiers to be disabled in sequence on the microsecond time scale
which makes sure that the signals do not interfere with each other. The system also
increases Lthe number of data points collected, and therefore the final waveform can

be sampled at a much higher rate,

A wavelet analysis of a laser schlieren millivolt signal, with real noise, is able to
pick out the high frequency noise present in the HeNe laser system used, but is not
useful in doing an analysis of the lower frequencies present in the signal. However, it
is shown that under certain circumstances the wavelet analysis technique can be used
to greatly reduce the amount of noise present in the schlieren millivolt signal. Thus

denoising of a signal from a single-shot experiment is now possible.

The model proposed in this work describes what occurs when a room temperature
distribution of clusters (dimer to pentamer) is heated and compressed suddenly and
a new Boltzmann distribution of clusters results. Oscillatory behaviour is observed.

Argon seems to switch off the thermal feedback.
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The simulations basically prove that a model of cluster formation via excited
monomer addition to an existing n-mer is rvealistic. The calculated observable shows
the negative-going peak expected from a system with heat release. The oscillations are
shown to have a large dependence upon nonlinear effects with the dilution parameter

being able to turn off and on the thermal feedback.

This work has shown that nonlincar cffects are important in understanding the

processes involved in the kinetics of the formation of CCI3F clusters.
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Figure 4.19

Figure 4.20
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Figure 4.22
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Figure 4.28

Simulation parameters A = 7.5, B = 2.0, Tjy, = 350.15 K, and
B = 1073 are kept constant, while zg is varied. (2) zo = 30.0,
(b) zp = 300.0. The observable is plotted with a y-axis scale of
+1.5 x 1073,

Simulation parameters A = 7.5, B = 2.0, Tiy, = 350.15 K, and
zp = 3.0 are kept constant, while 8 is varied. (a) 8 = 1073,
(b) B = 10~2. The obscrvable is plotted with a y-axis scale of
+1.5 x 1078,

Simulation parameters A = 7.5, 3 = 2.0, Tjp, = 350.15 K, and
zp = 3.0 are kept constant, while g is varied. (a) 8 = 10-1,
(b) B = 100. The observable is plotted with a y-axis scale of
+1.5 x 1079,

Simulation parameters A = 7.5, B = 2.0, Ty, = 350.15 K, and

B = 1073 are kept constant, while zg is varied. (2) zo = 30.0,
(b) zp = 300.0. The observable is plotted with a y-axis scale of

+1.5 x 10~6,

Simulation parameters A = 7.5, B = 2.0, and Tjy, = 350.15 K
are kept constant, while # and z are varied. (a) 8 = 100 and
z0=3.0,(b) B = 10~3 and zp = 30.0. The observable is plotted
with a y-axis scale of £1.5 x 1077,

Simulation parameters A = 7.5, B = 2.0, T,y = 350.15 K,
B =103 and zg = 300.0 are kept constant, and the observable
i(sl)flotted with a y-axis of £1.5 x 1077, (a), and £1.5 X 10-8,
Simulation parameters A = 11.5, B = 1.0, Tjy, = 350.15 K,

and A = 1072 are kept constant but zg is varied. (a) 29 = 1.0,
(b) zg = 3.0. The observable is plotted with a y-axis scale of
+1.5 x 1072,

Simulation parameters A =115 B = 1.0, Tj,y = 350.156 K,
and B = 107 are kept constant but zq is varied. (a} zg = 30.0,
(b) zg = 300.0. The observable is plotted with a y-axis scale of
+1.5 x 1072,

Simulation parameters A = 11.5, B = 1.0, Tjp, = 350.15 K,
and B = 10~3 are kept constant but zg is varied. (a) zg = 1.0,
(b) zg = 3.0. The observable is plotted with a y-axis scale of
+1.5 x 1073,

Simulation parameters A = 11.5, B = 1.0, Tjp, = 350.15 K,

and B = 103 are kept constant but zg is varied. (a) zg = 30.0,
(b) zg = 300.0. The observable is plotted with a y-axis scale of

+1.5 x 10~3,
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Figure 4.29
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Figure 4.39

Figure 4.40

Simulation parameters A = 11.5, B = 1.0, T}y, = 350.15 K,
and 8 = 103 are kept constant but zg is varied. (a) zg = 1.0,
(b) zg = 3.0. The observable is plotted with a y-axis scale of
+1.5 x 1075,

Simulation paramcters A = 11.5, B = 1.0, Tj = 350.15 K,

and B = 1073 are kept constant but zq is varied. (a) =g = 30.0,
(b) zp = 300.0. The observable is plotted with a y-axis scale of
+1.5 x 1075

Simulation parameters A = 11.5, B = 1.0, Tjp, = 350.15 K,
and B = 1073 are kept constant but zg is varied. (a) zg = 1.0,
(b) 29 = 3.0. The observable is plotted with a y-axis scale of
+1.5 x 1075,
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1 Introduction and Theory of Nonlinear Systems
1.1 Introduction

1.1.1 Introduction

This chapter is concerned with the presentation and explanation of how sim-
ple systems (dynamic or kinetic) when forced, can respond in a manner that is not
expected! 3. The system must be a nonlinear system, usually far {rom equilibrinm,
and then be pushed into a part of parameter space that results in the system exhibit-
ing chaos. This introductory section will explain terms and processes such as, what
is and what is not chaos, what is a nonlinear system, how parameter space is defined
and how chaotic a system is, since a chaotic system does not respond in a completely

random manner.

The units here are Hartree’s? and they are presented in Appendix A. The non-
linear dynamic system, that has been used here, is the Morse® oscillator. The Morse
oscillator is first discussed in a general sense, as Morse himself and other authors have
done, and then more specific details are examined. Thus, the reader will be able to

see the strengths and weakness of this useful model.

This work outlines the use of two new techniques for analyzing nonlinear sys-
tems. The first of these techniques is higher-order phase plots and has been used to
detect a weak forcing term. The second technique, wavelet analysis, has been used
in geophysicsS, ctc. and this is the first use of this technique in chemistry. It is
also used to detect a very weak forcing term whether the system is chaotic or not.
Neither of these new techniques have their resolution tied to the total amount of time
of the signal that is being analyzed, as is the case for the Fourier transform. The
Fourier transform data point size, A f, is related to the inverse of the total time of
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the signal. Thus, the longer the total time of the signal the “better” the resolution

of the transform.

The nonlinear kinetics section of this work, Chapter four, deals with oscillaiory
experimental signals from shock compression of CClg3F, CCl3H, and Sk, The
apparatus was improved by changing the type of amplification for the detection system
and the data collection system was replaced with a modern data collection system,
The resulting experiments allow discussion of the oscillations with larger data sets.
The oscillations are related to the formation and dissociation of small size clusters in

the gas phase.
1.1.2 Overview of the Morse Oscillator
Shirts’ describes the Morse oscillator with the total energy of the form

H = lwg(1 = Iwg/4D) [1.1]

where the action-angle variable

I=h(n+%) [1.2]

is used to give exact quantum eigenvalues, wy is the classical harmonic frequency and
D is the dissociation energy. In the previous section it was noted that for atomic

units & = 1.0. It is also known that™’
wp = a(2D/m)!/? (1.3
where m is the reduced mass of the diatomic and a is the spectroscopic constant

specific to the diatomic. Expansion of Shirts's’ action-angle equation, above, gives

H = Iwy ~ T2} /4D. [1.4]
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Then, substitution of I with

(n + %) [1.5]
results in
H(n) = wyln + %) — W} /(4D)(n + %)2. [1.6]

If Morse's® assumption is used namely,

D = wh/(4wozp), [L.7]
then
wd/(4D) = wozg [1.8]
and the total energy becomes
1 1.9
H(n) = wo(n + 5) —wozoln + 5)% [1.9]

where wpzp is the anharmonicity of the diatomic. This is the same equation that is
generally used in spectroscopic calculations of the energy of the vibrational levels! 113,
This is well known to be a first order approximation. For diatomics containing hy-
drogen atoms there needs to be a further correction of +wpyo(n + %)3 addzd to the

above equation. So the spectroscopic equation for vibrational energy! 213 is

1 1 1
ev = wo(v + 5) — wozo(v + 5)2 + woyo(v + 5)3- [1.10]

To further understand how this limiting of the energy equation came about, investi-

gation of Morse’s® original work is needed. Morse had four requirements that energy,

E, needed to have.

“1) It should come asymptotically to a finite value as r — oo0;
2) It should have its only minimum point at r = re¢;
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3) It should become infinity at » = 0 (this need not be exactly true, however, the
results are practically the same if £ becomes very large at » = 0);

4) Tt should exactly give the allowed energy levels as the finite polynomial W(n) =
D + hup|(n + 3) — z(n + )"

Morse then proposed his now famous potential energy function (see below) and went

on to prove that it fit his above stated criteria.

Walker and Preston stated that the Morse oscillator had *-- - encrgy levels,
0 1 1
511=DB("-+§)[2_B("~+;)], [1.11]
where
B? = (h%a?/2mD)." [1.12]

From substituting equation [1.3] into equation [1.8] it can be scen that,

wozg = a2/(2m). [1.13]

Then from substituting equation [1.13] into equation [1.12], and from the previous
discussion for the conversion of equation [1.6] into [1.9], equation [1.11] can be seen to
have the same form as the first order spectroscopic equation, [1.9], mentioned above.
Walker and Preston® refer to ter Haar? for the equation for vibrational energics, and
ter Haar makes a very strong point of stating that the equation that gives risc to the
vibrational energy levels having the above form “is only an approximation, although
in every practical case of the diatomic molecules, a very good approximation ---".
Walker and Preston® go on, in the appendix of their paper, to use this B value to

determine the number of bound levels in a diatomic,

Newaz = {1/ B + 3], [1.14]

where the square bracket function [ ] denotes the greatest integer function. They
proceed to further use B to talk about the anharmonicity of the Morse oscillator. If
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the original constants defined by Morse® are used then a simplification can be realized.

Rearranging [1.3] it can be shown that the reduced mass is,

m = a?2D/uf. [1.15]

Since Hartree’s atomic units are being used, k = 1.0 therefore

B? = a%/(2Dm). [1.16)

Replacing m with the new formula, [1.15] above, results in

B? = w}/(4D?). [1.17)

Next, using Morse’s statement relating dissociation to the classical harmonic fre-
quency and the anharmonicity, equation [1.7}, (and thus by going back to the original

concepts outlined by Morse) it can be seen that
B = 2uwpzg/wg. [1.18]

Therefore the number of bound levels is really related to the harmonic frequency and

the anharmonicity of the diatomic in question, that is

wo

1
maz = [2w0:z:0 + 5] [1.19]

In fact, as can be seen by the above ratio, the number of bound levels is really only

determined by 1/(2zg), thus

1 1
N, = o 4 —].
maz [2:1:0 + 2] [1.20]
Therefore, if the anharmonicity constant (zg) is reported it can be used directly.
Usually the anharmonicity and the harmonic frequency are reported and therefore
the first formula provides an easier method.
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For HF, from Herzbergl?, wp = 4138.52 cm™!, and wozg = 90.069 cm™! and
therefore Nmaz = (23.5]. If this is rounded up, the number of bound levels of HF is
the same number as Walker and Preston® reported; however this is not necessarily
correct. To show this, an evaluation of equation [1.6] is done. Equation [1.6] is the
same as that outlined by Shirts’ which is also the same as stated by Walker and
Preston®. Using the parameters for HF, wp = 1.486 037 x 10~2 and D = 0.225 089 5
atomic units, the energy of the nt? level is calculated and compared to the dissociation
energy. The essential usage is as a functional method for expressing the oscillators
total energy as a percentage of the dissociation energy. The results of this procedure
are tabulated in Table 1.1. Notice that H(24) is less than either H{23.5) or H(23).
Since only integer values are allowed there are only 23 bound levels in HF. At least

that is what is determined by the equations outlined by Shirts’ and set up originally
by Morse®.

Table 1.1 Vibrational energy (a.u.) levels of HF.

Level # Energy(a.u.) %D
24.0 0.224 932 3 99.930 11
23.5 0.225 082 7 99.996 98
23.0 0.225 035 7 99.976 09
22.0 0.224 349 0 99.671 01
21.0 0.222 872 2 99.014 92

The energy is in atomic units (a.u.) and for HF the dissociation energy
is D =0.225 089 5 a.u.

It is well known!112:13 that as the vibrational ladder is climbed, for an anhar-
monic oscillator, the energy spacing between the vibrational levels decreases until a
continuum is reached. This work ignores the effects of rotation, which are that the
rotational constant decreases as the vibrational level increases and the centrifugal
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force causes the bond length to increase as the rotational level increases. The rota-
tional energy difference usually increases as the energy is increased but this will be
dependent upon the individual molecule. The number of vibrational levels is usually
calculated using numerical methods and the known potential function of the molecule
of interest. The results presented here are used as a way of giving a general overview
of the Morse oscillator and are not presented as a way of replacing more sophisticated

methods of calculating the number of vibrational levels in a molecule.

It is worth noting here that when wy = a(QD/m)% is used to calculate the har-
monic frequency for HF, the result is 1.486 037 x 10~2 atomic units. If the values
for the Rydberg constant (for infinite mass, Reo) in cm™!, Hz, J, and eV, as tab-
ulated in Table 1.2 (from the work of Cohen and Taylor!4) are used, the harmonic
frequency can be converted from atomic units to cm™!, and the value is 4139.4 cm™1.
This is very close to the value report by Herzberg10 of 4138.52 cm~1. Furthermore,
wpzg = a/(2m) = 3.950 793 x 10~ atomic units. This converts to 86.710 cm™!,
and I-Ierzberg10 reports the anharmonicity to be 90.069 cm—!. The difference between
these two values can be attributed to the tunnelling of hydrogen. To prove this, the
same calculations are repeated for DF. The harmonic frequency calculated from the
basic equation is 2098.069 cm™! and the reported!? value is 2998.25 cm—1. The cal-
culated anharmonicity is 45.486 cm™! and the reported!? value is 45.71 cm™!. Thus

the equation is good at predicting mechanical anharmonicity.

Therefore, even though the Morse potential is known to be incorrect near dis-
sociation!® there are still several reasons it is used. On the expansion of the coordinate
it is well known that the Morse oscillator model does not increase fast enough but it
still can be used as a model. It is a simple model and is still used in classical (Miller!6)
and quantum mechanical studies. Here it is used as a simple way of introducing new
techniques for analysis. By using a simple model, reasonable computational times can
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Table 1.2 Rydberg constant (Ro).

Reo Hartree = 2Reo Units
1.097 373 153 4 x 10° 2.194 746 306 8§ x 10° em~!
3.289 841 949 9 x 1019 6.579 683 899 8 x 1019 Hz
21798741  x 10”18 43507482  x 1018 J
13.605 698 1 27.211 396 2 eV

atomic unit of time, t(a.u.), is based on % set to unity in atomic units.
-4 _

t(a.u.) = h/Hartree = ;2828910 3x10- {8 — 2,418 884 4 x 10~ 17 .

This is about 0.024 189 femto (10~'9) seconds (fs) or approximately

24.189 atto (10~18) seconds (as).

The atomic unit of length is the bohr radius (0.529 177 249 x 10~8 cm).

be used to explore areas of interest. The Morse model exhibits chaos when it has been
forced in the right parameter regime, and since the chaos of dynamical systems is not.
completely understood simple models (small computational time) allow exploration

with available computers.
1.1.3 Chaotic Response of a System

Chaos is sometimes mistakenly considered to mean completely random and cn-
compassing all and every possible solution or result. That is, if a system is chaotic
it will respond in a unpredictable way to any and all input parameter choices. In
fact it has been shown® that a system may behave in a chaotic manner where the
choices of solution to the response are infinite but have an upper and lower bound.
An example of this is the logistic map (presented below) in which the solution has a
value between 0 and 1 but under certain conditions an infinite choice of solutions is
possible. Thus, even though a system may exhibit chaos it does not follow that the
solutions will cover an infinite space (phase space or parameter space). In fact even
in the bounded space of choices there will be some solutions that are periodic with
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varying periods and others that are not periodic but chaotic (see the logistic map).
This leads to a definition for chaos that is different than a completely random choice
and a set of rules defining how a system becomes chaotic can be outlined. In other

words, the “route” to chaos can be determined for a system.

Why do we want to study chaos? Since the time of Newton scientists have used
ordinary differential equations to model physical systems. Newton modeled the mo-
tion of planetary systems using differential equations. Although the planets of our
star system, overall, fit this deterministic approach there is at least one body in our
solar system that does not. One moon of Saturn, Hyperion, has a regular orbit about
Saturn but instead of spinning on its axis it tumbles in a chaotic manner!?. An-
other physical process, lasing!®, is expected to behave in a well known manner but
under certain sets of conditions lasers will behave chaotically. Even chemical systems
have been known to exhibit chaotic behaviour. In fact oscillatory behaviour has been
known to exist for the long known process of Hg + %02 = Hp0. (This reaction
has over 100 elementary constituent chemical reactions producing this overall result.)
This was reported to exhibit oscillatory behaviour in 1936 and has recently shown
chaotic behaviourl?. When an experiment; gave results that did not fit a linear model,
the results were ignored or deleted. Some chaotic behaviour only exists for a small
parameter regime and it is not until precise measurements are done on the system
that the chaotic behaviour was detected as noted by Grayl®. Chaos exists not only

in the realm of theory but has been and is still being pursued by experimentalists18,

1.1.4 Justification of Work

As will be discussed further in Chapter 3, wavelets have been used to analyse
signals for some timeS, Signal capture is, simply expressed, the process of taking a
continuous data stream, digitizing it, and saving this data. The data can then be
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analysed by a process that will determine the frequency components or oscillatory
behaviour. Since physical chemistry experiments involve data capture, as outlined
above, any signal processing method used by other scientists should be of interest
to physical chemists. Wavelet analysis is one such technique and although there
are others, this work will only be concerned with the wavelet transform. This has
already been applied to the Duffing oscillator® and the work here focuses on the

Morse oscillator and expands the usefuiness of the wavelet transform.

This work also introduces physical chemists to higher-order phase plots which have
been presented initially in three paper352'38*65. These higher-order phase plots allow
well-buried information that is present in the usual phase plot to become observed.
The usual phase plot is made because it presents information that exists in the time
plots of the phase and velocity but not all of the information is observable in the time
plots alone. This is exactly what the higher-ordered phase plots allow as well. There
is no new information, merely a magnification of the existing information and a new
tool with which to present it. This allows researchers to study the model that they
are using and gives them a tool that is sensitive to the forcing of the system. Thus
the onset of chaos may be determined where, previously the tool used allowed only a

broad guess as to when the system became chaotic.

Experimentalists such as Lienau, Williamson and Zewail?? are probing the pho-
todissociation process. An oscillator close to the dissociation limit in the presence of
a perturbing photon can be modelled by equations described in this work. Higher-
order phase plots and wavelet analysis i.e. the new tools described here for analyzing

chemical dynamics and kinetics may be useful for further understanding the photodis-

sociation process.

As will be pointed out in the various sections on nonlinear kinetics, just because
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chaos has been reported in only some chemical systems does not mean it is nonexistent
in other chemical systems. Both the dynamics and kinetics of a chemical system
can exhibit chaotic behaviour. This is because both the dynamics and kinetics are
nonlinear systems and when nonlinear systems are driven in certain parameter regimes
they may become chaotic. This is a basic fact of nonlinear systems. It is well known
to chemists that a chemical reaction may be well-behaved when carried out in a
small test tube in solution but when the chemical reaction is scaled up the system
may no longer work as it did under the restricted circumstances. In a larger vessel
nonlinearity may be more important than in the small reaction vessel. (The opposite
situation may also be encountered.) The mixing of the reactants may occur in a
completely different manner and on a different time scale when the reaction is scaled
up. If a system is in a chaotic parameter regime, a small change in one parameter
may cause the system to react very differently. Also, if a system is in a chaotic
parameter regime and is in a stable window of periodicity it may have a choice of 2,
3, 5, or 7 stable states rather than just one. Again a small change of one parameter
may allow the system to change stable states and thus result in different products.
Noid et al?0 have calculated the reaction dynamics of He + I5 collisions and found a
regime where the reaction dynamics is smooth and another regime where it chatters.
The chattering region has a fractal dimension of = 2 and after the chattering region
is passed the reaction dynamics is once again smooth. Thus, there is a parameter
regime in which chaos is present in between two well-behaved regions. Laidler?! has
also pointed out that when a reaction path is followed the system may oscillate several
times from the product to reactant side of the reaction coordinate. The final state of
the system may be in either the reactants or the products side after undergoing this
type of oscillation. Chemists are trying to \‘mderstand the basic reasons for chemical
reactions taking place, and the understanding of chaos has a place in the path to

understanding chemical reactions.
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1.2 Theory of Nonlinear Systems

1.2.1 Introduction

Dynamics deals with the study of forces involving equations of motion. Only
differential equations of motion will be discussed in this work. Thompson and Ste-
wart? give a good overview of dynamical systems, some of which will be presented later
in the next section. The usual way to simplify a physical or chemical problem has been
to use a linearized version of the nonlinear equations if they are difficult to solve. The
difference between a linear and nonlinear system of equations will be presented in the
next section. One of the important reasons for considering nonlinear systems is that a
forced nonlinear system of dimension 2 can exhibit chaos. Scientists used to believed
that in order to model a chaotic system a large number of equations were needed.
Lorenz?2, with three differential equations (in three unknowns), was able to produce a
‘system that exhibited chaotic behavior in a dissipative system. He did have difficulty
in getting his work published, but the idea that a simple system of nonlinear equations,
using certain parameters, can exhibit chaos is now widely accepted by scientists. It
has been shown to be true for predator-prey models, heartbeat models, and nonlinear
oscillators?. Oscillating (and chaotic) chemical systems have been modeled 192328
using a large set of differential equations which were then reduced in number with
the loss of some information, but with the retention of essential behaviour. In this
reduced set of equations a parameter regime was found that modeled experimental
data which followed a bifurcation route to chacs. When the parameter was further
increased the system became well-behaved again. This region of chaotic response may
cover only a small region of the parameter space and this gives a plausible explanation
as to why it is difficult to measure this behavior in some chemical systems. In other
words, precise measurements of chemical concentrations or vibrational energy, or of
whatever parameter is affecting the sensitivity to initial conditions, must be made.
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Since there is the possibility of windows of one kind of behaviour embedded in a
region with another kind of behaviour, it might be difficult to detect the change and

there is a risk that the data will be considered to be unimportant and discarded.
1.2,2 Ordinary Differential Equations

A simple first order differential equation is ‘% = f(y); the derivative is with re-
spect to time. Differential equations have been used to model many physical and
chemical systems. A simple differential equation can be used to model the concen-
tration change of a reacting species. For example, A + B — C is represented by
d? = —k[A][B], where k is the rate constant. Differential equations are also used to
model motions governed by the forces acting on bodies such as the planets of our solar
system. Another simple system expressed by differential equations is the motion of a
rigid pendulum. The simple rigid pendulum will be presented in a latter section as an

example of an unforced system. If f(y) is a linear function of y, then the differential

equation is termed linear,

An equation that has had the derivative taken twice with respect to time is a
second order equation. The equations of motion for the simple pendulum and the

Morse oscillator (presented later) are examples of such systems.

Solving systems of differential equations has been pursued since the time of New-
ton and Leibniz?®. Linear differential equations usually have analytic solutions and
so the results can be calculated exactly??, This is one of the reasons that non-
linear systems of equations were and sometimes still are linearized. The resulting
approximation is then used to probe the real systems. The alternative is to leave the

nonlinearity in place and integrate the equations using a numerical method.

The stability of differential equations is an extremely important consideration.
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Differential equations display various kinds of behaviour, and these different be-
haviours are defined in phase space or a phase plot29. A phase plot is the plot
of the velocity of a system versus the phase (position) of the system. (This plot is
sometimes referred to as the phase plane.) The phase of a system is the displacement
from an equilibrium position or the actual position itself. The velocity of the system
is the derivative of the phase (position) with respect to time. In other words, velocity
is the first derivative of the phase of the system and acceleration is the second deriva-
tive of the phase of the system, with respect to time. The trajectory of a system is
the path that a set of points will traverse in phase space. If the trajectory is spiraling
in either a clockwise or counter-clockwise direction into the center of the phase plot
the fixed point is considered to be stable. This point, which actually need not be in
the center of the plot, is called an attractor. If, on the other hand, the trajectory
is spiraling in an outward direction, counter-clockwise or clockwise, the fixed point
is said to be unstable and the point is called a repeller. A saddle point, in two di-
mensions, combines both features mentioned above. It separates one solution that is
unstable from one solution that is stable. It is a special unstable point since if the
system starts at this point and is allowed to evolve it will likely go somewhere else in

the phase plot rather than stay in the region of the saddle point.

When the system of equations is second order a variable substitution is used to
convert it into a system of first order equations. For example, if the equation is
2(t) = ay(t) + ¢, it can be replaced with a set of equations such as; w(t) = u(t)
and @(t) = ay(t) + ¢, since ©(t) = 2(t). Thus by substituting a variable for the first |
derivative of another variable the resulting set of equations are all first order, and

most existing numerical methods can be used to integrate the system.
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1.2.3 Numerical Integration

Burden and Faires30 explain the general concepts of numerical integration by
starting with the basic method called numerical quadrature. Here fé’ f(z)dz is re-

placed by a sum,
n

2 aif(zi), 1.21]
i=0
where the coefficients e; are chosen to weight the function f(z;) such that the re-
sult produces a correct approximation of the integral. Burden and Faires®® mention

two examples of numerical quadrature with equally spaced nodes, sample points or

evaluation points. These are the well known Trapezoidal rule and Simpson’s rule.
1.2.3.1 Types

The formula for the Trapezoidal rule is,
B3 2
[} f@yde = 25tz0) + 1)) - 1570 122

Where k = z; — zg, the two points chosen on the z interval and zg < £ < z). The

overall result is a shape that looks like a trapezoid and thus the reason for the name.

Simpson’s rule has better error correction, uses three points on the  interval and

is given by
[ fte)ts = Bisteo) + 450 + sleall ~ 100 123

Where b = z9 — ] = ) — T, the equally spaced points on the z interval, (z3 —
)% - (:co—a:l)5 = 2h% and zg < £ < z9. Since the error term is the fourth derivative

Simpson’s rule gives exact results for any polynomial of degree three or less.

By definition the Trapezoidal rule has a degree of precision of one while Simpson’s
rule has a degree of precision of three. Neither of these two methods are considered
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to be good methods for large intervals, especially the Trapezoidal rule. Polynomials
of large degree oscillate and thus large intervals are a problem. The precision can
be improved by using subintervals. The large intervals are divided into subintervals,
and this procedure is called Composite Integration. The Composite Simpson’s rule

for n = 2m subintervals of [a, D] is,

b m—1 m
[ fe)te = 5@+ 2 Y, Sloag) +4 % Sazjo) + 1O
= =

b—a ‘
_ (1_80_.)_}141*(4)(“), [1.24]

Where @ = ©g,21,... < an = b, h = (b—a)/n and z; = zg+jh foreachj = 0,1,...,n
and g € [a, b].

Burden and Faires®? state that where 20 subintervals give an acceptable result
for Simpson's rule, even 360 subintervals do not give an acceptable result for the
Trapezoidal rule. There are other changes that can be made to the Trapezoidal rule

to improve its results, but Simpson’s rule is generally faster and more efficient than

the Trapezoidal rule.

This leads to the obvious idea that the interval should be changed to fit the
requirements of the function being integrated. Since the process has to adapt to the
conditions of the function, it is called Adaptive Quadrature. Burden and Faires30
base their discussion on the Composite Simpson’s rule. The most important part of
this procedure is to decide when the result is close enough to stop integration. This
is done by a procedure for error analysis, outlined by Burden and Faires??, Therefore
the error tolerance is set and the error is calculated for a subinterval. If the error is less
than the allowed tolerance the routine goes to the next subinterval and integrates. If
the error is greater than the allowed tolerance the subinterval is divided into a smaller
subinterval (in fact it is halved) and integration is tried again. This is is continued
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until the procedure passes the tolerance test or fails a minimum step size requirement.

The next improvement is to choose the approximating functions precisely and
choose the coeflicients for the approximating functions correctly. One such method
is Gaussian quadrature, where orthogonal functions are used to approximate the
sample function. The integral of the convolution of two orthogonal functions is zero,
fi‘gg $149 = 0. Various polynomials fitting these requirements have been tabulated,
such as the Legendre polynomials, and thus by using a basis set of such functions

another function can be approximated in an efficient manner.

Initial-value problems, choosing a starting value for velocity, position or concen-
tration for example, are common in physics and chemistry. There are various methods
to solve these problems, and the Runge-Kutta fourth order met}d is explored here.
The algorithm is usually expressed as a set of difference equations,

wy Za,

ky =hf{l;, wi),

ko =hf(l; + g;-,w,- + %kl),

kg =hf(L; + g,wi + %kz),
kqa =hf(tiv1,w;i + k3),

where wjy) =w; + -é—(kl + 2k + 2k3 + k4), [1.25]

foreach i = 0,1,..., N — 1. Therefore with i = 0 wy = wg+ 1/6(k; + 2ko + 2k3 + k4)

and each w; is calculated recursively.

The final methods to be discussed are both used to solve initial-value problems,
and are special methods called predictor-corrector. This means that a solution is
predicted (by one method) and compared to the calculated, if these differ by more
that a set amount, the step size is decreased. It is then corrected by another method.
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Also the first step is usually to calculate the starting values of the integration. In
some cases the initial step is done using a fourth-order one step Runge-Kutta method

and the subsequent steps, calculating the approximation, could be done using the

Adams-Bashforth method to get
0 h
wg )= w3 + ﬂ[55f(t3, w3) — 59f (22, we) + 37f(t1,wi) — 9f (Lo, wo))- [1.26}
This is then corrected with a three step Adams-Moulton method,

wf) = wy + o107, 0f) + 197 (ts, w9) — 5tz wp) + Sltr o). 2T

This result is then used as predictor and the process is repeated until the approxi-
mation gives a result within the chosen error tolerance. The last method is the Gear

predictor-corrector method which is described in the section on stiff equations.

1.2.3.2 Stability

There are two concerns with the stability of a solution to a set of differential
equations. It is expected that the integration will be consistent and convergent. The
solution is consistent if the sum of the local errors approaches zero. The solution is
said to be convergent if the sum of the absolute value of the difference of the exact
and calculated values of the integral approach zero. Thus the solution is expected
to be convergent if the solution approaches the exact value as the step size goes to
zero. Since there are errors caused by round-off errors of the computer’s significant
digits there is no ideal convergence. The solution is stated to be stable if the initial
conditions are varied slightly and the results vary slightly. Ultimately, consistency

and convergence in a multistep method are dependent upon the round-off stability.

1.2.3.3 Stiff Equations

One of the first systems to be evaluated was a set of differential equations modeling
the motion of a spring and a mass. The springs were stiff and therefore had large
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spring constants, and the differential equations were difficult to solve. Thus, Stiff
equations are hard to integrate and chemical kinetics and dynamics problems usually
fall under this heading, especially nonlinear systems. Gear has developed a predictor-
corrector method for dealing with such equations. The reader is referred to Gear’s
book3! for a complete discussion of the method. Gear has stated that stability is
still the main concern when integrating a set of stiff equations especially in a chaotic
regime. In fact, Shampine and Gear32 wrote a paper discussing how to identify and
solve stiff equations. They state that it is not the solutions that are stiff but rather
the equations themselves. Under some circumstances it might be better to find some
manner in which to make the equations nonstiff and then use nonstiff methods to
solve them. As expected from a spring with a large spring constant stiff systems are

expected to be very stable® and this is why their solution is difficult.

Shampine and Gear32 also point out that accuracy and stability are related.
Accuracy deals with local errors, and these are kept as small as possible by decreasing
the step size. Stability has to do with stopping the growth of errors as iteration process
of integration takes place. This is sometimes best accomplished by increasing the step

size. Thus a trade-off between the two must be made through error analysis.

Gear®3 has stated that there are still some very difficult problems to be solved to
ensure that integration is done correctly. The end-user must check solutions by using

several integrators.
1.2.4 Chaos
1.2.4.1 Determination of Chaos

A system of equations is considered to be chaotic when the response of the system
is extremely sensitive to initial conditions. Bergé, Pomeau, and Vidal! have discussed
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this for dynamical systems but their discussion is valid for kinetic systems as well
since both can be expressed using systems of nonlinear differential equations. The
Lyapunov exponent (), named for ihe mathematician that developed it, is a measure
of how fast neighboring trajectories are diverging. In fact when the neighboring
trajectories are diverging in an exponential manner the system is considered to be
chaotic and if the Lyapunov exponent is positive than the system is considered to be
chaotic. The Lyapunov exponent, as calculated in this work, is coordinate dependent
and is the slope of the log of the algebraic equation for determining the distance

between two points in a plane given by,

A = slope of []ogm (\/(m1 —z9)2 + (y1 - 112)2) versus time]. [1.28]

The plane in this case is the phase plot of the system. Since log)g(dist), in this work,
is coordinate dependent it will vary in a cyclic manner with time and when the slope

is positive the system is chaotic.

1.2.4.2 Routes to Chaos

1.0E+00 1 (a) 1.0E+00

5_05_01-/\, §.08-01 1

0.0B+00'| 0,0E+00 -

I I | ] I

2.00B+00 2.75E400 3.50E+00 1.50B+00 3.75E+00 4.00E400

r r

Figure 1.1 Plot of the logistic map for r from 2.0 to 4.0, Ar = 0.02 for r
from 2.00 to 3.5, and Ar = 0.005 for r from 3.5 to 4.0. The last four iterations
are plotted for (a) and the last 50 iterations are plotted for (b).
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As discussed by Thompson and Stewart? there are many routes to chaos, but for

the work outlined in this manuscript the period-doubling route to chaos is as useful

an example as any. The simple logistic equation (2n41 = r2a(l — Ta)) is used here

to explore this idea, where zy is the nt? crossing of the trajectory through a section.
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x
S.GE‘U].“'
0.0E+00
T T T
0.0E+00 §5,0E+01 1.0B+02
Iteration
1.0E+00 (b)
= -
5, 0E-014+
D.DEH]O-I | :
0.0E+00 5.0E+01 1.0B+02
Iteration

1.0E+00 (c)

m ........ SesgpeBERSEREED LN ]
S.OE-OI- ......... sessacssasvane .e
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! i 1
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Iteration
1.0E+00 1 (d)

z « *%e - - - '.. -
s.0p-01 e U
0.0E+00

T T i
0.0E+00 5.08+01 1.0E+02
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Figure 1.2 Plots of the n'® trajectory crossing for 0 to 100 iterations of the
equation. r = 2.6 to 3.6. (a) is for r = 2.6, one state; (b) is for r = 3.1,
two states; (c) is for r = 3.5, 4 states; and (d) is for r = 3.6, and a chaotic

response.

The logistic map is a simple mapping of the value of z to the r value. For Figures

1.2 to 1.5 the calculation was done for 1100 iterations and only the first 100 iterations
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are usually shown to illustrate the fact that the iterative equation approaches its final
number after several iterations. However, for the general case of Figure 1.1(a), only
4 data points are plotted of the 100 calculated (iterations), while r is only changed
(hereafter referred to by using Ar) by 0.02. For Figure 1.1(b) the last 50 points of
the calculated 100 points were plotted with a smaller step size of Ar = 0.005. Thus,
Figure 1.1 is a picture of the bifurcation, or doubling, route to chaocs. Figure 1.1
shows how the choice for z bifurcates as r is increased until there are a large number
of choices. Notice, however, that there are windows of periedic behaviour in the

chaotic regime, as discussed later.

Figure 1.2 is of a range of r values from 2.6 (period one) to 3.6 (chaotic). Fig-
ure 1.2(a) is period one and when r is changed to slightly greater than 3.0 a doubling
occurs and z has two states it can occupy, such as shown in Figure 1.2(b} for r = 3.1
(these states are referred to as period two). If r is increased further another bifurca-
tion occurs at r > 3.4 which is illustrated in Figure 1.2(c) where r = 3.5, and there
are four states for z. When r > 3.596 the actual values that z can assume become

numerous, as shown in Figure 1.2(d).

Although Figure 1.2(d) was for 2 case of r = 3.6, Figure 1.3 is for a smaller value
of r, r = 3.550, but the plot has 8 states. Figure 1.3(a) i¢ a fullscale plot and it is not
easy to identify all of the eight distinct states. Figures 1.(b), (c), and (d) are each
expansions of the vertical axis with Az = 0.1, but it is easy to identify that there are
eight separate states. Overall in Figures 1.2 and 1.3 it is possible to ohserve that for
values of r from 2.6 to 3.6 = goes from period 1, 2, 4, 8, to chaotic, thus showing a

doubling route to chaos.

Although the value of z is in general chaotic for r > 3.6 there are “windows” of
periodic behaviour. This is illustrated in Figure 1.4 with r values increasing from
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Figure 1.3 Plots of the nt® trajectory crossing for 0 to 100 iterations of
the equation. r = 3.550. (a) is the fullscale plot with 8 states (which is not
obvious), (b) is an expansion of the top part of the fullscale plot and shows 4
states, (c) is an expansion of middle section of (a) showing 2 states, and (d) is
an expansion of the bottom section of (a) showing 2 states. The total for the
expansions is eight states.

3.633 to 3.801. In Figure 1.4(a) r = 3.633, and the window has 6 states, while
in Figure 1.4(b) with » = 3.702 there are 7 states. In Figure 1.4(c) r = 3.739
with 5 states, and Figure 1.4(d) r = 3.801, with 8 states. Note that even though
Figures 1.4(d) and 1.3(a) are both 8 states, the individual state values are not the
same. Thus the multiplicity of the states may be the same but this does not guarantee
that the arctual state values will be identical or even similar.
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Figure 1.4 Plots of the n® trajectory crossing for 0 to 100 iterations of the
equation. r = 3.633 to 3.801 resulting in periodic windows in an otherwise
chaotic response. (a) is for r = 3.633, 6 states; (b) is for r = 3.702, 7 states;
(c) is for r = 3.739, 5 states; and (d) is for r = 3.801, with 8 states.

Figure 1.5 is for the case of r = 3.830, which results in a period 3 “window”. As
was stated at the beginning of this subsection, z was calculated for 1100 iterations
of the logistic equation. Figure 1.5(a) is for the first 100 iterations while (b) is for
the last 100 iterations. Notice that the values of z for each state have remained the
same. However, notice that in Figure 1.2(a) it took several iterations of the logistic
equation, with r = 2.6, for  to stabilise on the single state. In Figure 1.2(b) it also
took several iterations for the system to stabilise on two states. The case of r = 3.961
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Figure 1.5 Plots of the nt" trajectory crossing for r = 3.830 which results
in a period 3 window in the chaotic response area. (a) is for 0 to 100 iterations
of the equation, (b) is for 1000 to 1100 iterations of the equation.

is not shown but it is period 4 with different state values than the previous case of

r = 3.500.

If different parts of the logistic map for r between 3.0 and 4.0 are expanded and
observed in detail the overall initial shape of the mapping can still be seen. In other
words, the logistic map displays self-similarity if expanded2. What has been realized
through this exercise is that although the system maybe become chaotic via a doubling
route it does not mean that the system is completely random. There is a range of
values that the system will have. Thus chaos is bounded within a determinable set of
values. Also note that when the system is in a chaotic regime there can be windows of
periodicity and the system may be bumped from these well-behaved “windows” into
a chaotic response with a very small change of r. This is where the “butterfly” effect
can be seen. In other words, if a weather system is chaotic, the beating of the wings
of a butterfly in the Amazon jungle may cause a hurricane to occur several months
later in the northern hemisphere. This is an illustration of how sensitive a chaotic
system is to initial conditions.
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1.2.5 Nonlinear Dynamic Systems

1.2.5.1 The Pendulum

A linearized equation is usually used to discuss basic harmonic oscillators. That

is an equation of motion of the type

%= —Cx —kx. [1.29)

This is a general equation where C is the damping coefficient, k is related to the
natural frequency of the system, the force constant, no forcing term has been included
and the derivative is, of course, with respect to time. The nonlinear (pendulum)

system with forcing is modeled?3® using

% = —Cx — ksin(x) + Fsin(t). 1.30]

The examples in this section are for the unforced (F= 0) and undamped (C= 0)
case. The calculations were done using a step size of 2.00 x 10~2 for 2000 steps which

is 40 dimensionless time units.

Figure 1.6 iliustrates the phase (x) versus t for a short period of time as well as
the usual phase plot of % versus x. The linear case is shown in Figures 1.6(a) and
(b) while the nonlinear case is shown in Figures 1.6(c) and (d) for no forcing and
no damping. Notice that although both of the phase plots are distinctly different
for a linear and nonlinear system the plots of phase versus time are similar. The
phase versus time plots are sinusoidal but the nonlinear system has a longer period
than does the linear system even though the conditions are the same. Notice that
Figure 1.6(a) has a waveform with seven negative peaks while Figure 1.6(c) has a
waveform with six negative peaks for 40 time units. In Figure 1.6(b) the waveform is
circular while the waveform in Figure 1.6(d) is definitely elliptical.
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Figure 1.6 Plot of unforced undamped linear pendulum (left column) and
nonlinear pendulum (right column). Figures (a) and (c) are plots of the phase
with respect to time while (b) and (d) are phase plots (as defined in 1.2.2).

Figure 1.7 is the case of the above nonlinear system with a damping coefficient,
C= 1071, and therefore the signal decays very fast (see Figure 1.7(a)) over time and
comes to rest eventually at zero. This is further illustrated in the phase diagram of
Figure 1.7(b), with the trajectory spiraling in towards (0,0). Thus the time plots and
the phase plots give complementary information but the phase plot gives information

that can not be realized in the time plot alone.

In Figure 1.8 the nonlinear pendulum is presented for a case having x(0)=3.72,
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Figure 1.7 Nonlinear unforced pendulum system with damping. Figure (a)
is a plot of the phase versus time while (b) is the usual phase plot.
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Figure 1.8 Nonlinear pendulum started with a non-zero velocity and non-
zero phase. Figure (a) is the phase versus time plot while (b) is the phase

plot, x(Dx.
x(1(0) = 3.00, k=27.66, C=10"8 with a step size of 2.00 x 10~2 for 5000 steps (total
of 100 time units). The pendulum is started with some kinetic energy. The damped
pendulum is started at a non-zero position and with non-zero velocity and is then
allowed to evolve. In Figure 1.8(a) the plot of x(t) steps up (rotation is taking place),
and when enough energy has been lost the system bégins to librate, (The pendulum
swings from the top left position down through the x=0 position and up to an almost
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vertical position, on the right, never actually rotating). In other words, the stepping
motion in the x(t) plot stops and x(t) plateaus. This is further illustrated in the phase
plot, Figure 1.8(b), where semiellipses are drawn until the plateauing occurs in the
x(t) plot, then the system trajectory forms a completed ellipse. This is then where
the trajectory spends its time. If the pendulum is left long enough the spiraling in

effect of the damping will become noticeable.
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1.2.5.2 The Morse Oscillator

The Morse oscillator has been used to model diatomics and diatomic fragments
of polyatomics. Although the Morse potential is known to be deficient for cnergices
close to the dissociation energy!d, it is often used in studies of reaction dynamnics
because of its simplicity. The effect of external forces (such as a laser field) on the
Morse oscillator may be modeled by the addition of forcing and damping terms®. In
this manuscript aspects of the classical mechanics of the weakly forced and weakly

damped Morse oscillator are considered.

For a Morse oscillator the potential® encrgy is

V = D(1 — e~ %)2 [1.31]

For the unforced and undamped Morse oscillator, the total energy, which is the sum

of the kinetic and potential energies, is constant. The equation of motion of the forced

and damped Morse oscillator used here is

% = —2aD (e~ — (e”™)?) — Cx + (I — ex)e”**Fsin(t) [1.32]

Here x is the phase of the Morse oscillator, which corresponds to the bond displace-
ment of the diatomic or diatomic fragment, and the derivative is with respect to
time, for which the units are arbitrary (note that the forcing frequency is unity). For
simplicity, the Morse spectroscopic term « and the dissociation energy D are chosen
to be 1.0. The parameters C (the damping coefficient), F (the forcing coefficient)
and a (a realistic scaling factor for the forcing term) must also be specified and these
choices are discussed in the appropriate section. The term (1 — ax)e™** allows for a
realistic application of the forcing term including the dipole moment. As x increases
there is less interaction of the forcing (monochromatic light such as a laser) with the
diatomic. For F = 0, this dynamical system is a point attractor!, and the asymptotic
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dynamics is uninteresting as the total energy, E(t), tends to zero, Time plots of E(t)
and higher-order phase plots for different values of I' and E(0) are presented in the
next chapter. The initial total energy, E(0), is specified as a decimal value, or %, of

the dissociation energy, i.e. 0.99 or 99%.

Equation [1.32] is treated as two coupled nonlincar differential equations!'? for x
and x. Once x(0) and %(0) are specified, it is straightforward to obtain x(t), x(t) and
x(")(i.) at any future time. For simplicity x(0) = 0.0 is chosen and, having specified
£(0), x(1}(0) is solved for, choosing the negative root. Here () denotes the nth
derivative of x with respect to time and this notation is used for all derivatives of x
in this work. Note that all of the equations for the higher derivatives (n > 2) are
analytic equations. In other words, they are derived from the equation of motion, one
derivative at a time up to the n*" derivative. Thus, only the errors of the integration
from x( to x(1) and for x{1) to x(® (x) arc involved in this process. The derivatives

are nol done numerically.

The nonforced Morse oscillator exhibits well-behaved motion. In other words,
the trajectory (as seen in Figure 1.9) repeats in a cyclic manner (period one). In
Figurc 1.9(a) a Morse potential has been drawn with the energy levels corresponding
to an initial total energy of 10%, 90%, and 99% emphasized by horizontal lines. The
total displacement noted in Figure 1.9(a) is the same as the distance that corresponds
to the maximum displacement of the trajectories plotted in Figure 1.9(b). Note that
as the total initial energy increases the trajectory plotted in the usual phase plot
becomes more distorted. Thus, the closer to dissociation the system gets the less it
behaves like a harmonic oscillator. A harmonic system (cosine or sine function for
example) would result in a symmetric trajectory and a circular phase plot (this is
discussed further in Appendix B). Figure 1.10 is plotted in such a manner.
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Figure 1.9 Morse potential and phase plot. Energy levels are drawn in for
an initial total energy of 10%, 90%, and 99% of dissociation. Notice that the
x axes for both (a) and (b) are the same and thus the extent of the level in
(a) is the same as the maximum extent of the trajectory.

In Figure 1.10(a) the trajectory that is the smallest is for an initial total cnergy
of 0.1%. The next largest is for 1.0% while the largest is for 10%. In Figure 1.10(b)
the 0.1% data is repeated with an expansion of the x and y axes scale. Even at an
initial total energy of only 0.1% the plot is not circular and visibly deviates from the
phase plot of a harmonic function.
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Figure 1.10 Phase plots for an initial total energy of 10%, 1.0%, and 0.1%
of dissociation.Figure (a) has an initial total energy of 10% (the largest trajec-
tory), 1.0%, and 0.1% (the smallest). Figure (b) is an expanded plot of only
the 0.1% data, notice that the axes are an order of magnitude smaller than in

(a).

The Morse potential is used because there exist analytic functions to determine
bound energy levels, even though it is generally known that the function is not correct
when it approaches dissociation. (The function fails to go towards dissociation fast
enough.) These bound levels are discussed elsewhere in this work, in the section that
deals with the general ideas of the Morse oscillator in the introduction section of this

chapter.
1.2.5.3 Summary

It has been shown in the previous plots that nonlinear dynamic systems are quite
different from linear dynamic systems. The usual phase plots of linear and nonlinear
dynamical systems are also distinctly different, even before damping or forcing terms
are added. It has also been shown that the usual phase plot allows the visualization of
unobservable information that is present in the times series. It will be shown in later
sections that the higher-ordered phase plots also give additional information that is

not present in the existing methods of plotting the data.
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1.2.6 Nonlinear Kinetic Systems

Hunt, Hunt, and Ross? have outlined, in a very clear manner, the nced for
chemists to understand nonlinear behaviour of chemical systems. They discuss a
variety of interesting behaviour of the system from the formation of multiple steady
states, to relaxation oscillations, to quasi-periodic oscillations and even to complex os-
cillations consisting of large and small amplitude peaks with bursts of high frequency
oscillations embedded in the regular signal. They describe how these processes are
possible because the chemical systems are far from equilibrium. Hunt et al® go on to
review the Belousov-Zhabotinskii (BZ) reaction and state that the “Brussecls school”
(Brusselator) of Prigogine, Glansdorff, Nicolis, and other collaborators showed that

oscillating chemical reactions are consistent with the thermodynamics of closed sys-

tems.

Samardzija, Greller, and Wassermans? have described how nonlinear ordinary dif-
ferential equations that are used to represent dynamic systems can be transformed to
represent kinetic studies. Samardzija et aP has shown how the usual dynamic equa-
tions for the Duffing oscillator can be transformed to include kinetic information and
mass balance equations (mass-action chemical schemes). They even take this to the
extreme and show how it is possible to relate the usual RLC (resistance-inductance-
capacitance) description of a forced damped harmonic oscillator to a kinetic scheme.
They believe that systems of equations that are centered at zero of an X-Y plane can
be shifted to be centered on positive values (negative concentrations are considered
to be non-realistic) with little distortion of the concentrations. In fact the distortions
may cause a misdirection of the investigation since it is often a small change, in con-
centration, that causes the effect that is being investigated. However, the study3® is
useful for pointing out that nonlinear equations can be and are used to present both
the kinetics and dynamics of a chemical system.
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Closer to the ideas used in this work are those presented by Gray el al?? which
discusse. oscillatory ignition and cool flames of oxidation of acctaldehyde in a con-
tinuously stirred reactor. That work indicates that the experimental system could go
from a well-behaved case to an oscillatory case depending upon the rate of flow of
the reactants into the system and upon the initial temperature of the system. Cook,
Gray, Knapp, and Scott? expanded on these ideas to discuss a set of equations for
autocatalysis reactions. A reduced set of equations was used, and they exhibited
bifurcations as well as oscillations. This was presented in an experimental way by
Gray and Scott? for the stoichiometric ignition of 2Hg 4+ Og. The temperature of the
system was monitored and went through a bifurcation process as the initial temper-
ature of the system was increased. The apparatus was at a specific temperature but
the measured temperature of the system had oscillatory behaviour and the frequency
of this behaviour increased depending upon the initial temperature of the system.
Gray and Kay?® showed how such complex behaviour could be modeled with rela-
tively simple equations, using a single species, A, a catalyst, B, and an equation for
the temperature, T. Thermal feedback is the main feature of the theories presented,
and the basic equations are outlined below. It is a nonisothermal scheme for a closed
system, that is T varies and p decays, but p+ a + b+ ¢ = constant, where p, a, b, and

¢ are concentrations. The scheme is

P LN A responsive to temperature
A+2B L, 3B autocatalytic
B4 C  exothermic decay with (-AH) =@

A fs, B  uncatalyzed
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The rate equations are

d
dIt) —kgp with kg o< exp(—E/RT)
da 2
9 kop — kyab® — &
T kop — kyab qa
‘;—b = k1ab® + kya — kgb
ocy— ZT = V@Qkob — hS(T — Ta)
where V is the reactor volume,

o is the molar density of the mixture,

cy is the molar heat capacity of the mixture,
h is the surface heat transfer coefficient,

S is the surface area of the reactor, and

Ta is temperature of the surroundings.

The dimensionless form of the rate equations with three variables (e, 8, and 8} and

four parameters (4, &, ¢, and x) are,

&= ja p(l1+0)— ef? - ka species A

3 = %g. =ofl+ra-p catalyst B

Q ={f — x0 temperature

where a = afay and B = bfa,q are reduced concentration,

T= klafrt = kot, the reduced time,
arr = (ka/ k)12,
= (T — Ta)/(RTZ/E), the reduced temperature excess,

= (ko/k2)(po/a:t),
K = kyfks,

= (hS/Va'cvkg), the reduced heat-exchange coefficient, and

(= PR AATIL the intensity of thermal feedback.
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Gray and Kay20 show plots of 8 versus u, and there are oscillations in the amplitude of
the 3 variable (reduced concentration of species B). More importantly they show how
a plot of B versus time can go from being periodic (period one limit cycle) to a chaotic
time sequence and even a period three limit cycle. Gray and Kay have also plotted
the reduced concentrations from the above mentioned cases and the chaotic times
series produces a strange attractor in the plane of o versus 8. Thus, in this kinetic
scheme, with various pathways, there can be several different types of behaviour but
all are dependent upon thermal feedback. By reducing the chemistry to a few steps
a complex system has been modeled with some loss of information, but the genefal
topology of the behaviour is relatively preserved, and important information on how

temperature can affect the behaviour of a chemical system was gained.

Peng, Scott and Showalter?? and especially Scott, Peng, Tomlin, and Showalter2®
show how the oscillatory behaviour can be pushed through a parameter regime where
bifurcation takes place until the system is chaotic, and if the system is pushed further
i.e. the parameter increased still more the reverse process takes place. in other
words, the system goes from chaotic to well-behaved via a reverse bifurcation route.
Thus a chemical system may start out well-behaved and then become chaotic, but
on the other hand it may start off being chaotic and then become well-behaved.
The system may have “islands” of chaotic behaviour in an otherwise well-behaved

parameter regime but it may also have “islands” of non-chaotic behaviour in an

otherwise chaotic parameter regime.

Therefore nonlinear kinetic studies can exhibit the same behaviour that nonlin-
ear dynamic studies exhibit (e.g. “the logistic map” study presented earlier in this
work). Once a system of nonlinear ordinary differential equations has been set up
the integration and the solution follow the same rules whether the nonlinear ordinary

differential equations are modeling nonlinear kinetics or nonlinear dynamics.
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2 Higher-Order Phase Plots

2.1 Introduction

Extensive studies of dynamical systems have been done using the (1) versus
x phase plot236, The use of higher derivatives to form higher-order phase plots
have been considered for the lincarly damped simple pendulum38, Also, successive
derivatives were calculated by Packard et al®? using a “spline on spline method” but
they and Kreul et a/i® found that numerical errors were too large after the fourth
derivative using “the spline on spline method”. This present work calculates the
higher derivatives analytically, after the equation of motion is integrated to get x,
and x{1). These higher derivatives are then used to form the higher-order phase
plots. In this chapter, this is first done for a unforced and undamped situation, then
a weakly forced and weakly damped situation and finally for the diatomic HI. There
are limitations for these higher-order phase plots and they will be presented later in
this work. From the higher derivatives of x higher-order phase plots of x(™) versus
x("=1) (in this work written as x(“)—x(“‘l)) can be constructed. For a linear system
the higher-order phase plots are essentially identical to the x()=x phase plot and
provide no new information. As shown in the appropriate section in the introduction
chapter, the x(1)=x phase plot trajectories form single ellipse-shaped structures and
the trajectories in the higher-order phase plots, of a linear system, form identical

structures.

For a nonlinear system the higher derivatives of x are increasingly sensitive probes
of the dynamics as the order increases. For the x(1)-x phase plot of the Morse oscil-
lator, trajectories form ellipse-shaped structures that become distorted for energies
close to the dissociation energy. It might be expected that for the higher-order phase
plots these trajectories would form expanded and perhaps more distorted ellipse-
shaped structures. However, a nonlinear system has higher harmonics in the Fourier
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expansion of the phase. Consequently, for the higher-order phase plots, these trajec-
tories form complicated structures that are not equivalent to an ellipse. Instead, each
is equivalent to a set of overlapping and intersecting ellipse-like structures and the
number of ellipse-like structures in each set increases as the order increases. Thus the
higher-order phase plots are increasingly intricate as the order increases and some of
this intricacy can only be scen if the horizontal and vertical axes are expanded, as
discussed later in this work. For the simple pendulum38 there is a hyperbolic fixed
point at x = % (the period of rotaticn) while for the Morse oscillator there is a
marginally stable fixed point at x = oo. In both cases these fixed points correspond

to the point (x("),x(""l)) = (0,0) in each higher-order phase plot.

Higher-order phase plots are used, in this work, to visualize the higher harmonics
of the phase, which are essential for complicated and dissociative dynamics. This
work focuses on changes in the topology?? of the higher-order phasc space structures
as I and E(0), the initial total energy, are varied. The higher-order phase plots will
be shown to provide information regarding the dissociation process that is not easily
obtained from the usual phase plot. Equation [1.32], of chapter one, is integrated
using the well-tested predictor-corrector method of Gear3! and usually the spline fit
of the data is plotted but under certain circumstances the actual data points are

plotied at a finite time interval.
2.2 The Unforced and Undamped Morse Oscillator

The use of the Morse function, or potential as it has become to be known, is
a useful example to show how additional existing information can be realized using

higher-order phase plots. To emphasize this a MacLaurin?! series expansion of the

exponential is used here. Where

e~X =1 —x+x2/2 — x3/3! + x1/4) = P51 + -+ . S (=1)"(x)" /L. [2.1]
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The Morse potential as stated in equation {1.31], of the chapter one, is modificd
by setting @ = D = 1 resulting in {1 — e:(""))“2 and for this example, no forcing
nor damping is used. Note that the Morse potential stated in the previous line,
when expanded has the form (1 = 2e(=%) 4 e(=2%) The last term, is e(=2%) and the

MacLaurin series truncated to x® would result in an equation truncated to x5,
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0.0E+00 1 0.0E+00 1
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Figure 2.1 Comparison plots of the Morse potential and the MacLaurin
series expansion truncated at different odd ordered terms, for the undamped
and unforced case. (a) Plot of the Morse potential. The MacLaurin series

truncated to x3 (b), x (¢), and x (d). Only the line resulting from a spline
fit of the 100 calculated data points is plotted.

The form of the Morse potential is such that the part of the curve that represents
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the expansion (x > 0) of the bond {x= r — r¢) is a different shape than the part of
the curve that represents the compression of the bond (x < 0). In Figure 2.1(2) the
left-hand side of the curve does not mimic the right-hand side of the curve. The Morse
potential has a single minimum and thus only the odd ordered truncated formulas of
the expansion need to be used since the even ordered truncations result in potentials
that have two minima. The odd ordered functions truncated at degree 3, 5, and 7, are
shown in Figures 2.1(b), (c), and {d), respectively, with the Morse potential shown

in Figure 2.1(a).

Comparison of Figures 2.1(b), (c), and (d) with (a}, shows the errors introduced
by the use of truncated functions. Figure 2.1(b), as do the rest of the truncated
functions, seemed to be a good approximation of the bond compression (x < 0) when
compared to Figure 2.1(a). Also the lower part of the curve, which is close to the
minimum, seems to approximate the Morse potential. The xS truncation, of course,
fails when it approaches the dissociation energy of the Morse (set to 1.0). This is the
case for all of the truncated equations shown here. Notice that in Figure 2.1(d) the
curve at least starts to bend at the same place that the Morse curve bends over tv
approach dissociation. Thus, this collection of plots of the truncated functions allows
the reader to see that the addition of terms (higher harmonics) in the series allows

the system to model the Morse correctly only if all the terms are present.

The equation of motion used here is the same as that presented in [1.32] but the
constants a and D are set to 1, there is no forcing nor damping and the exponentials
have been replaced with the truncated MacLaurin series as defined earlier. Thus,
without losing all of the information (in the exponentials), it is quite possible to take
a 3rd derivative of the equation of motion, which is itself a o™ derivative with respect
to time, resulting in the 5'* derivative of x with respect to time. In Figure 2.2(a)
a fifth ordered phase plot is shown for the complete Morse potential and the fifth
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Figure 2.2 Comparison plots as in Figure 2.1 but for the filth-order phase
plot. (a) the Morse case. The MacLaurin series truncated to the order 3 (b),

5 (c), and 7 (ld) Notice that all of these plots have the same vertical and
horizontal scale.

ordered phase plots for the functions truncated to x%, x?, and x' terms are in (b),
(c), and (d), respectively. It is quite evident that as the number of terms in the
truncation is increased the fifth-order phase plot topology comes closer and closer to
the topology of the fifth-order Morse phase plot. Notice that in the phase plot in
Figure 2.2(a) the plot takes up most of the left half of the plot. In Figure 2.2(b) the
vertical and horizontal sizes of the figure are undersized compared to Figure 2.2(a).
In Figure 2.2(c) the vertical size is correct bi:t the horizontal size is actually too large

which is the same case for Figure 2.2(d).
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Figure 2.3 Expansion of the same plots as in previous figure. In this figure
the actual data points are plotted.

There are two intersecting and overlapping ellipse-like structures in all of the

plots but the third lobe is formed apparently only in Figures 2.2(b), (c), and (d). It

actually exists in Figure 2.2(a) as well but can be only seen with further expansion(see

Figure 2.4). Notice that the second lobe changes distinctly through Figures 2.2(b),

(c) and (d). In Figure 2.2(b) it is oval, in (c) it has started to be pinched and in

(d) the pinching is increased. This is illustrated further in the expansion plots in

Figures 2.3(b), (c), and (d), and in Figure 2.3(d) it can be seen that if the pinching is

taken to closure the curve would have the same shape as 2.3(a). That is if the higher
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terms (harmonics) are included this closure would occur and a better approximation

of the Morse potential would occur.

Figure 2.4 presents further expansions of the Morse fifth-order phase plot that
was in Figure 2.3(a). In Figure 2.4(a) another lobe can be seen which could be
the lobe that would occur once the waveform in (d) of the previous figure had been
pinched and then folded over. These last two figures are therefore illustrations of the
higher-order phase plots allowing the researcher to visualize the higher harmonics of

the Morse potential which are not present in the truncated functions.
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Figure 2.4 Further expansion of the Morse fifth-order phase plot.
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2.3 The Weakly Forced and Damped Morse Oscillator

The usual x(1)-x phase plot and also the fifth-order (x(9)-x(1)y and elevenih-
order (x(1D-x(10)) phase plots for a spline fit of the calculated points are plotted,
and considered here. Unless otherwise stated a time interval of 4.0 x 102 (total time
200) is used. Unless otherwise stated the parameters a = 0 and C= 1076, Also,
for comparison, higher-order phase plots are considered for which data points are
calculated and plotted for a time interval of 7 (total time 12007). This is therefore a

stroboscopic picture which defines a map of the x("-x(n=1) plane onto itself.
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Figure 2.5 Expansions of the x(1)—x phase plot for E(0) = 0.90. (a) F =
3.0 x 1073; (b) F = 5.0 x 1073; (¢) F = 7.0 x 1073; (d) F = 9.0 x 1073.
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Figures 2.5(a), (1), (¢) and (d) show an expansion of the usual phase plot for
E(0) = 0.90 and F = 3.0, 5.0, 7.0 and 9.0x 1072 respectively. It may be seen that,
as F increases, a broader range of x{1)-x values is accessed but that there is nothing
remarkable ahout the x(1)-x phase plot. Figures 2.6(a), (b), (c) and (d) show an
expansion of the fifth-order phase plot for the same E(0) and F values. In contrast
to the usual phase plot, it may be seen that for the x(8)—x(1) phase plot, there is
complicated dynamics close to the point (x(3) x{1)) = (0,0) and, in this region the

higher-order phase space structure is increasingly contorted as F increases.
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Figure 2.6 As for Figure 2.5 but for the x(®)—x(4) phase plot.
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Figure 2.7 Expansions of the x(®—x) phase plot for F = 1.0 x 1073, (a)
E(0) = 0.93; (b) E(0) = 0.95; (c) E(0) = 0.97; (d) E(0) = 0.99.

Now results are considered for the fifth-order and eleventh-order phase plots for
F = 1.0x 10~2 with varying E(0). Figures 2.7(2), (b), (c) and (d) show an expansion
of the fifth-order phase plot for E(0) = 0.93, 0.95, 0.97 and 0.99 respectively. Notice
that as B(0) is increased complicated dynamics is developed when the trajectories
are close to the point (x(®x(4)) = (0,0) which was also true in Figure 2.6. For
E(0) = 0.93 and 0.95 (Figures 2.7(a) and (b)) the higher-order phase space structure
is contorted but no loops have formed. For E(0) = 0.97, Figure 2.7(c), there are
circular loops but they are not centered on x4 = 0, x(8) = 0 while for E(0) = 0.99,
Figure 2.7(d), the loops are centered on this point. Figures 2.8(a), (b), (c) and (d)
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show the same expansions as for Figure 2.7 but for the eleventh-order phase plot. It
may be seen that, as E(0) increases, complicated dynamics is developing :lose to the
point (x(ll),x(w)) = (0,0}. For E(0) = 0.93, Figure 2.8(a), the higher-order phase
space structure is contorted in this region but there no loops are formed. For E(0)
= 0.95, Figure 2.8(b), there are circular loops but they are not centered on x(10) =
0, x(11} = 0 while for £(0) = 0.97 and 0.99, Figures 2.8(c) and 2.8(d), the loops arc
centered on (0,0). Comparison of Figures 2.7 and 2.8 shows that the radius of the
loops are the same for the fifth-order and eleventh-order phase plots. The radius of
the loops are the same for all higher-order phase plots and are dirccily proportional
to the value of F. (See Appendix B for a more detailed discussion on how the forcing
term affects the trajectory.) For each value of E(0) the higher-order phase space
structures in Figures 2.7 and 2.8 are more developed for higher-ordered phase plots
indicating that as the order increases the higher-order phase plots are an increasingly
more sensitive probe of the phase space dynamics. Of relevance for the time plots
ol E(t) shown later in this chapter, note that for I(0) = 0.99, there are {ewer passes
of the trajectory through Figures 2.7(d) and 2.8(d) indicating that the phase space

trajectory spends most of its time in the circular loop.

The next set of figures are also used to illustrate that the sensitivity of the probe
increases as the order of the phase plot increases. These two figures (Figures 2.9 and
2.10) are for a forcing of F' = 1.0x 10~3 and an initial total energy of E = 97%. Notice
that as the order of the phase plot increases the trajectory goes from a condition of
being contorted to forming loops. Figures 2.9(2), and (b), show contortion while (c)
has half-loops being formed and in the fifth-order phase plot of Figure 2.7(c) complete

loops formed but they were not centered on (0,0).

However, as can be seen in the sixth-order phase plot of Figure 2.9(d), loops have
not only formed but are now centered on (0,0). Figure 2.10 kas the Tth gth gth apd
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Figure 2.8 As for Figure 2.7 but for the x(11)—x(10) phase plot.

10t% order phase plots. The 7 order phase plot has a striking similarity to the 11#
order phase plot for the same parameters, but direct comparison of Figures 2.10(a)

and 2.8(c), shows that these two plots are not identical.

Through the use of Figures 2.9 and 2.10, the difference between even ordered
phase plots and odd order phase plots can be seen. In the above plots the trajectories
in the even ordered phase plots, are drawn from bottom left to bottom right while
the the trajectories in the odd ordered phase plots, are drawn from the top left to
bottom left. The number of lines drawn in each plot decrease with the increased time

spent in the circular loops.
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Figure 2.9 Expansions of phase plots for F = 1.0 x 1073 and E(0) = 97%.

(a) is for x(D—x(1), (b) is for xB)—x(2), (c) is for xM—x(), and (d) is for

x(6)—x(8),

Stroboscopic mappings of higher-order phase plots are now presented. Data points
were calculated using a time interval of 7 for a total time of 1200x. Figures 2.11(a)
and (b) show an expansion (the same scales as for Figure 2.7) of the fifth-order phase
plot for E(0) = 0.93 and 0.99 respectively while 2.11(c) and (d) are the eleventh-
order phase plots for the same energies as 2.11(a) and (b) respectively. The resulting
higher-order phase space structures are two overlapping curves which outline the
corresponding higher-order phase space structures in Figures 2.7(a) and (d), the fifth-
order, and 2.8(2) and (d), the eleventh-order. The upper and lower curves correspond
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Figure 2,10 Expansions of phase plots for F = 1.0 x 10~3 and E(0) = 97%.
(a) is for x(N—x6), (b) is for x8)—x(), (c) is for x(®—x®), and (d) is for
x{10)__x(9),

to points plotted for odd and even values of 7 respectively. The slight width of these

curves is an indication of chaotic dynamics that is confined to a small region of phase

space.

Equation [1.32], of chapter one, had a term (1 — ax)e™®* which was part of the
forcing term. Now choosing & > 0, the effects of this realistic addition to the forcing
can be observed in the higher-order phase plots. This term, because of e~ allows
the affect of I sin(t) to be reduced as x increases. This is expected to be a more
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Figure 2.11 Expansions of the x(8)—x() phase plot (time interval 7) for

= 1.0 x 1073, (a) E(0) = 0.93 and (b) E(0) = 0.99; (c) and (d) are as for (a)

and (b) respectively but for the x(11)—x(10) phase plot.
realistic representation of the laser interaction with the bond since the energy gap
between vibrational levels of the system decreases dramatically with the lengthening
of the bond while the energy of the photons from the laser is constant. Thus there
will be a decrease in the interaction between the bond of the diatomic and the laser
as the bond length changes. This can also be discussed in terms of how “good” is the
overlap of the vibrational wavefunctions of the two vibrational levels. The vibrational
wavefunctions of the ground and excited state levels will not overlap well for all values
of the bond length. Figures 2.12(a), (b) and (c) show an expansion (the same as for
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Figure 2.7) of the fifth-order phase plot for E = 0.99 and « = 0.001, 0.C1 and 0.1
respectively while 2.12(d) shows a further expansion of 2.12(c). It may be seen that
Figure 2.12(a) is almost identical Lo 2.7(d) but that as e increases the radius of the
loop decreases. This is reasonable since as o increases the forcing term is attenuated.
These results show that the existence of the circular loop is not dependent on the
particular forcing term used, only the loop size is. Although for a = 0.1 the loop
size is much smaller, the loops are structurally similar to those in Figures 2.12(a)
and 2.7(d). This also indicates that the higher-order phase space structures are

structurally stable.

Figure 2.13 shows time plots of x(t), log)g(disi(t)), and E(t) for F = 1.0x 10-3
with E(0) = 0.93 (column 1) and 0.99 (column 2). In Figures 2.13(a) and 2.13(d)
x(t) is plotted for t = 0 to 200 and the approximate period of x(t) is longer for E(0)
= 0.99 than for E(0) = 0.93, which is expected. Figures 2.13(b) and 2.13(e) show
logyg(dist(t)), with dist(0) = 10~'2, for t = 0 to 200. In this work logjo(dist(t)) is
used Lo represent the log (base 10) of the distance between identical equations of mo-
tion that have initial conditions that differ by only 10712, for which the logjg = —12.
Thus, A(t)= slope of [logjo(dist(t}) versus time] is a dynamic coordinate dependent
Lyapunov exponent. A positive Lyapunov exponent is one measure of whether a sys-
tem is chaotic or not, as described in the section of chapter one on chaos. It may be
seen that the overall rate of increase of log g(dist(t)) appears to be linear for E =
0.99 but slower for & = 0.93. This is confirmed for longer times and indicates that
there is chaotic dynamics?® for E(0) = 0.99 but not for E(0) = 0.93. Figures 2.13(c)
and 2.13(f) show E(t) for t = 0 to 200. In Figure 2.13(c) where E(0) = 0.93 the en-
ergy, B(t), is rapidly changing at all times although there appears to be a long overall
period. In contrast, in Figure 2.13(f) where E(0) = 0.99, there are time intervals of
variable length during which the energy, E(t), is approximately constant with small
oscillations. Although, in Figure 2.13(f), there is an overall decrease in E(t) from t

-53~



5.0E-03 (a) 5.0E-03 (c)
%) (&
0.0E+00 4 0. 0E+00 4
-5.0B-03 1 -5.08-03 1
T T T T T
-9.0E-03  0.0E+00 5.0B-03 -5,0E-03  0,0E+09 5, 0E-0)
&) ()
5,0E-03 4 (b) 1.5E-03 A (d)
x(s) x(s)
0.0E+00 0,0B+00 1
-5.08-03 1 -1,98-03 1
T T T T T T
-5,.08-03  0.0E+00 5.0E-03 -1.5E-03  0.0E+00 1.5E-03
(%) (4

Figure 2.12 Expansions of the x(5)—x(4) phase plot for F = 1.0 x 1073,
a.;lcé ])3(0) = 0.99 (2) o = 0.001; (b) & = 0.01; (c) a = 0.1; (d) Further expansion
of (¢).

= 0 to 200, for the same parameters there is an overall increase in E(t) from t = 200
to 400 and subsequently the energy decreases and increases in a “random” stepwise
fashion. Once the energy has stepped the oscillations start to decrease. The time
interval during which E(t) has the smallest amplitude oscillations corresponds to the
time in which the trajectory in the higher-order phase plots is forming loops. While
the phase space trajectory loops the dynamics is regular. The chaolic dynamics is
primarily associated with the pre and post loop switching regions. After the Morse
oscillator dissociates the energy is approximately constant with small oscillations (al-
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Figure 2.13 F = 1.0 x 103 and EgO) = 0.93. (a) The phase, x(t), vs ¢
for t = 0 to 200; (b) 105 o(dist(t)) vs t for t = 0 to 200; (c) The energy, E(t),
vs t for t = 0 to 200; ( },(e),(f), as for (a),(b),(c) respectively, but for I5(0) =
0.99.
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ways above 1.0) while the higher-order phase space structure is a circular loop, of the

same size, in each higher-order phase plot.

2.4 'The HF Case

Since the initial work of Walker and Preston® there have been numerous classical
and quantum studies?51 of HF in a laser field. In these studics HF is modeled by

a Morse oscillator® for which the energy is

E= p2/(2m) + D(1 ~ ¢~ %%)2 (2.2)

iy

where x = r-re, m is the reduced mass, @ and D as defined in chapter one and
restated earlier in this chapter. In these studies the laser field is intense (43 Tw/ em?in
reference 8) and the initial energy, E(0), is chosen using the well-known formula £y, =
(n+1/2)wg[l—(n+1/2)wp/(4D)] with n = 0, where wy is the harmonic frequency. (Sce
chapter one, Introduction for a more detailed discussion of the calculation of energy,
number of bound levels and factors determining number of bound levels for the Morse
potential.) General agreement was found between the classical and quantum studics
although significant differences were noted®*=51 In the present classical study the
laser field is moderate (three orders of magnitude smaller than in reference 8) and
the initial energy, E(0) is chosen using the above formula with 7 = 21 (99.01% of the
dissociation energy). This work shows that, for these trajectories, the energy changes
in a stepping fashion. A similar effect was observed by Leopold and Percival® in a
classical study of highly excited electronic states for an atom in a laser field. The
equation of motion for a Morse oscillator in a laser ficld used here is

x=p/m 2.3

b= ~2aD (e~ — (e7%*)%) - Cp + Eg(dp/dx)sin(wt)
where C is the damping coefficient, Ey is the laser amplitude, w is the laser frequency
and p is the dipole function. Here Eg(dp/dx)sin(wt) takes the place of the realistic
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forcing term used in the previous section when equation [2.3] with m = 1,a = 1,
D =1 and w = 1 was used in a classical study of the dynamics? of the forced and
weakly damped Morse oscillator. Since this work follows Walker and Preston®, the
following parameters are chosen (in atomic units?) m = 1744.6, a« = 1.1741, D =
0.225 09 and w = 1.791 04 x 10~2 (chosen to be 0.95wg). Also, p is a linear dipole
function??, dg + dyx, with d; = 0.297 69 (similar results are obtained for a quadratic
dipole function). C = 10~10 is chosen to model weak damping. Results are shown for
Ey = 1.0676 x 1073, corresponding to a laser power of 40 Gw/cm? (similar results
are obtained for other Eg values). For simplicity, x(0) = 0 and p(0) = ~(2mE(0))!/2

are used for initial conditions.

Figure 2.14(a) shows E(t)/D versus t for a total time t = 0 to 20 670 (0.5 pi-
coseconds or approximately 59 optical cycles). As previously shown for E(t) there
are superimposed oscillations, here the energy varies from 98.9% to 99.4% of the dis-
sociation energy changing in a stepping fashion. Leopold and Percival® introduced
a modified energy which is designed to compensate for oscillations in the energy due

to the laser field. The compensated energy used in this work is

Ec=[p+ -i-“(du/dx) cos(wt))?/2m + D(1 — e~%%)2, [2.4]

Figure 2.14(b) shows E¢(t)/D versus t for the total time of Figure 2.14(a) and the
superimposed oscillations of Figure 2.14(a) have been largely suppressed. It is even
more clear that the energy (compensated or otherwise) changes in a stepping fashion
and there are time intervals in which E(t) is essentially constant. In Figures 2.14(a)
and (b) the length of each time interval is approximately 10 optical cycles but, in gen-
eral, these time intervals have variable length. As expected, the time interval is longer
the closer the system is to dissociation. This effect may be qualitatively understood
from the higher-order phase plots for the trajectory that generated Figure 2.14(a).
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Figure 2.14 (a) E(t)/D versus t for t = 0 to 20 670; (b) As for (a) but for
E¢(t)/D; (c) Expansion of the x(8)-x(1) phase plot for 7 = 0 to 185.10; (d) As
for (c) but for the x(11)—x(10) phase plot.

In this section, to avoid complications arising from factors of w", the higher-order
phase plots are calculated for scaled time 7 = wt (taking scaling into account the
E(7) versus 7 plot is, of course, identical to that shown in Figure 2.14(a)). This is
believed to have been a another complication that limited the confidence of Packard et
al 3% and Kreul et /10 in the use of higher derivatives. Figures 2.14(c) and (d) show
expansions of the fifth- and eleventh-order phase plots respectively for a total scaled
timer = 0 to 185.10 (half the unscaled time of Figure 2.14(a)). In Figures 2.14(c) and

(d) the notable feature is the circular loop, which is centered on x(10) = 0 and x(11) =
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0 for the eleventh-order phase plot. This feature, which is not present for Eg = 0, is
due to the laser field and, as Eg increases, the radius of the circular loop increases®?
(see Appendix B). As pointed out in the previous section the loops in the higher-order
phase plots correspond to the time intervals when the energy has stepped. That is
in Figures 2.14(c) and (d) the loops form when then energy in Figures 2.14(a) and
(b) is constant. This is more evident in Figure 2.14(b) for the compensated energy.
Figure 2.15 is the kinetic and potential energy plotted on separate graphs for the
case of Figure 2.14(a). The kinetic and potential energy of Figure 2.14 were plotted
separately to point out that neither one separately can account for the stepping of

the energy in 2.14(a).
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Figure 2.15 (a) E(pot)/D versus t for t = 0 to 20 670; (b) E(kin)/D versus
t for t = 0 to 20 670.

2.5 Summary
2.5.1 The Weakly Forced and Damped Morse Oscillator

In the previous section the dynamics of a weakly forced and weakly damped Morse
oscillator has been examined. The novel tool of higher-order phase plots has been used
to visualize the importance of the higher harmonics in the phase which are essential
for the dynamics to be complicated and dissociative. Expansions of the higher-ncder
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phase plots in regions about x{"=1) = 0, x(™) = 0 have been considered and it has been
shown that there is a topological change that occurs sequentially for each higher-order
phase plot. After the topological change, which occurs at a critical E(0) value for &
particular F value, the higher-order phase space structure has a circular loop. As IF
or E(0) is further increased the phase space trajectory loops an increasing number
of times in the higher-order phase plot. It has been shown that for I = 1.0x 10~3
the topological change occurs around E(0) = 0.96 for the fifth-order phase plot and
around E(0) = 0.94 for the eleventh-order phase plot. This was also illustrated with
a series of higher-order phase plots (27¢ — 10'") for F=1 x 1073, E(0) = 0.97. These
plots indicated that although the 5th order phase plot had formed loops the 4% had
oniy half-loops. Thus the higher-order phase plots are increasingly sensitive probes of
the phase space dynamics as the order increases. Qualitatively this is because, as the
order increases, part of each higher-order phase space structure is increasingly close
to the point (x(™ x("=1)} = (0,0). For larger F values the topological change occurs
at a smaller E(0) value for each higher-order phase plot, as the radius of the loop
centered on x("1) = 0, x{") = 0 is larger. While the phase space trajeclory loops
the energy is approximately constant with small oscillations. (These oscillations were
compensated for in the next section.) The circular loop in the higher-order phase plot
is the higher-order space structure that is expected for the weakly forced and weakly
damped free particle. The significance of the circular loop is that the lower the order
of the higher-order phase plot in which the phase space trajectory lcops, the closer
the Morse oscillator is to dissociation. From this viewpoint, the Morse oscillator
dissociates when the value of F or E(0) becomes sufficiently large that the topological
change occurs in the usual phase plot. That is, the Morse oscillator dissociates when

the phase space structure becomes open for the usual phase plot.
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2.5.2 The HF Case

Time intervals in which E(t) is essentially constant were also observed by Leopold
and Percival® in a classical study of highly excited electronic states for an atom in
a laser field. These time intervals occur for trajectories which gain energy early but
not enough energy to ionize as the electron moves away from the proton into an often
highly eccentric elliptic orbit with superimposed oscillations due to the laser field.
Typically, the closer to the ionization energy, the more stable the electron orbit. The
circular loop in the higher-order phase plots is the higher-order phase space structure
that is expected for free H and F atoms in a laser field. For a time interval in which
the trajectory loops in the higher-order phase plots, HF behaves as though it has
dissociated and this is why the compensated energy is constant for the time interval.
The energy jumps either up or down in a “random” fashion (the dynamics is chaotic)
in the pre- and postloop switching regions, and HF may dissociate at a later time. To
directly observe energy stepping for HF in a moderate laser field one could promote
the n = 0 state (which is close to 2 minimum uncertainty wavepacket) to the n = 21
level {or another very high-lying level) and then measure the energy of the evolving
wavepacket. Unfortunately, the results of Walker and Preston® and others indicate
that wavepacket spreading would destroy this effect in a few optical cycles. However,
their results also indicate that phase coherence of the wavepacket may be preserved

for many optical cycles suggesting that this effect might be observed indirectly.
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2.6 Future Work on Higher-Order Phase Plots

The next stages of this work should mainly follow a path of adding a second
Morse potential to the existing equation of motion. The derivatives could then be
calculated using a mathematical manipulation program such as Maple. The equation
of motion could then be integrated to get x, *(1), and x() which would be placed
into the analytic derivative equations of x®3), ..., x(") and the higher-order phase
plots derived. This would allow the modeling of a co-linear triatomic or a ‘T'-shaped
triatomic depending on the form of the Morse potentials used and the equation of
motion used. Definitions would need to be worked out to define the bond lengths for
the diatomic sections and the relationship of one diatomic section to the other. The
scope of this work was to define a general case for the novel technique of higher-order
phase plots for diatomics which has been done. It is left to future users to develop

the general case for triatomics and larger scctions of polyatomics.
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3 Wavelet Analysis as Applied to the Morse Potential
3.1 Introduction

The Fourier transform decomposes a function using sine and cosine basis functions
and similarly the wavelet transform decomposes a function using wavelet basis func-
tions. Although sine and cosine basis functions are completely localized in frequency
they are completely unlocalised in time. That is, there is a single frequency but the
function is expected to continue for all time (+00). Wavelet basis functions?4=99 are
fairly well localised in both frequency and time depending, of course, upon the wavelet
basis set used. The wavelet basis functions are a two parameter family of functions
that are a basis for L2(R). They are obtained from a single function by shifts and dila-
tions producing a time-frequency window of constant area. Since the time-frequency
window is of constant area an increase in the delta time means a decrease in the delta
frequency. Chui®? has pointed out that this is exactly the requirement needed for
“time-frequency” analysis. The dilations and translations are done by a factor of two
for computational simplicity and efficiency. The wavelet basis functions and some
of their mathemaiical properties are discussed in the next section. As outlined by
Goupillaud et al0 and restated by Daubechies®!, wavelets were initially developed
for the analysis of seismic signals but have recently been used to analyse signals con-
nected with speech and vision for which there are large variations in the frequency or

time scales®.

The wavelet transform used in this work employs a pyramidal algorithm developed
by Mallat®8. It is termed a multiresolution decomposition because each stage of the
decomposition uses a different resolution. The difference between the approximation
to the function at a given and a previous stage may be computed and this is termed the
detail of the function at that stage. In this work, a wavelet transform of the coordinate
of a weakly forced and weakly damped Morse oscillator is evaluated. Details of the
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coordinate at several stages are obtained with the purpose being to detect the weak

forcing term as was done for the Duffing oscillator 64

.

There is a close analogy between the wavelet transform and the windowed Fourier
transform®8:97,62 in that both perform a frequency analysis of the signal locally in
time. Chui®? has noted that the windowed Fourier transform time resolution is the
same for all frequencies thus making it difficult to analyse low frequencies or resolve
high frequencies. Whereas the wavelet transform zoom-in and zoom-out8? ability
of its time-frequency window allows the low frequencies to be thoroughly analysed
and, as pointed out by Daubechies?, it more casily detects high frequencies. Thus,
a wavelet analysis can more easily resolve a small high frequency component of the
signal. It has been shown, for the Duffing oscillator®, that a wavelet transform can
do so even when the system is in the highly anharmonic regime and the signal is
highly aperiodic. This work will prove the case for the Morse oscillator and also show
how the combination of a wavelet transform followed by a Fourier transform improves

the selection process for a multiple frequency signal.

As discussed earlier in this work, the Morse® oscillator is commonly used as
a model for an anharmonic oscillator. In this work x is called the coordinate of
the Morse oscillator and it is sometimes referred to as the bond displacement. The
derivative of x is with respect to time, for which the units are arbitrary., Equation
[1.32] is a well studied®® model for a diatomic in a laser fi(;ld but the Morse oscillator
parameters are not chosen to model a specific diatomic. That is ¢ (the reduced mass)
a (spectroscopic parameter) and D are chosen to be 1.0 and then for the unforced
and undamped Morse oscillator! the harmenic frequency is 91/2, The parameters C
(the damping coefficient), F (the forcing amplitude) and w (the forcing frequency for

each cosine function) must also be specified.

When a system is in the harmonic regime a Fourier analysis of the coordinate is
straightforward for long time intervals since the Morse potential may be approximated
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by a quadratic potential. However, when the system is close to dissociation and
therefore in the highly anharmonic regime, the coordinate is highly aperiodic. In fact
it is chaotict® and there are many large amplitude low and high frequency components
in a Fourier expansion of the coordinate. As a result, in a practical sense, the usual
Fourier analysis is problematic since it is assumed that the coordinate is stationary%®
for the time interval. The ramification of the assumption of stationarity is discussed
briefly but clearly by Cartwright% in the context of economics and the analysis of
stock prices as a function of time. Thus, to paraphrase Ca.rt.wrightﬁﬁ, ‘no finite time
interval has a sensible Fourier spectrum. There is an effective discontinuity at the
end points and the components this generates are likely to swamp any ‘real’ cyclical

features. ’

Since D = 1.0 and the initial total energy, E(0) = 0.99, the Morse oscillator is
therefore in the highly anharmonic regime. For simplicity x(0) = 0.0 is chosen and
since E(0) is specified, the initial velocity is solved by x(1(0) = —(2E(0))1/2. Then
for the unforced (F=0) and undamped (C=0) Morse oscillator x(t) is periodic with
period ten times the harmonic period’. Finally, the other Morse oscillator parameters
were chosen such that C= 1.0 x 1076 while F was varied. It has been shown, see
the chapter on higher-order phase plots, that although the forcing term is weak it
has a strong effect on the dynamics and x(t) is highly aperiodic. Therefore Gear’s3!
accurate predictor-corrector numerical integrator is used here. In this work, it is

assumed that the coordinate is known to six significant figures.

3.2 The Fourier Transform

The discrete Fourier transform is known to be only an approximation to the
continuous Fourier transform and Brighamb7 has outlined some of the problems as-

sociated with the discrete Fourier transform:

N-1
g(kT)e——jQi'rk/N. [31]
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To get a discrete Fourier transform the continuous function is convoluted (each point
is multiplied by a function) with the sampling function. For correct sampling to
take place the continuous function needs to be sampled 10 times per period, of the
highest frequency component, to reduce aliasing effects. These are effects that cause
low frequency components to be added into the high frequency part of the spectrum
by a folding mechanism explained in detail by Brigham%7, Also the function must
be truncated at intervals equal to the period of the function. Therefore to get good
results the period of the function should be known and the function should not be
truncated at times other than multiples of the period, T. If it is truncated at other

intervals “edge” effects will be obscrved. Brigham® states

“The effect of truncation at other than multiples of the period
is to create a periodic function with sharp discontinuities «--. Intu-
itively, we expect the introduction of these sharp changes in the time
domain to result in additional frequency components in the frequency
domain. Viewed in the frequency domain, time-domain truncation is
equivalent to the convolution of a.}sin( D)/ Tunction with the single
impulse representing the original frequency function. Consequently,
the frequency function is no longer a single impulse, but a continuous
function of frequency with a local maximum centered at the original
impulse and a series of other peaks that are termed side lobes.”

A truncation function called the Hanning function is used as a best general func-

tion for waveforms of unknown period (T) and total time Tp.

— cos?(TL
wi () = cos™()
1 2nit Ty
= -2—[1+cos (?0-)] |t < 5
) > 2 [32]

It is used to minimize the starting and ending amplitude of the sample waveform
(time domain) thus limiting the side lobes. Thus, the Hanning function is used to
reduce “edge” effects. [The Hanning function is not used in this work since the wavelet
details are well behaved with no large excursions at the beginning or end but it is

mentioned for clarification purposes.)
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The Fast Fourier Transform (abbreviated to FFT), as explained by Brigham®7 and
Cartwright8, is a formulation of the Fouricr transform that allows faster computation
of the transform. The Fourier transform of a sample signal of N data points requires
N? multiplications and N(N—1) additions. However the FFT of N sample points only
requires NV logg N multiplications and additions. Thus resulting in very significant

computational time reduction.

Adding a constant to the data points is done to shift the waveform in such a
manner so the area ol the waveform above and below the new zero point will be
easier for the cosine/sine functions to approximate. Remember that cosine and sine
functions are symmetric with respect to the horizontal axis and they therefore have the
same maximum negative value as positive value., Since FFT(f(z)+¢) = FFT(fz)+
FFT(c) then if c is negative the result of this process is to decrease the amplitude of
the zero frequency component in the Fourier transform. The FFT of any constant is

added to the amplitude of the zero frequency component.

The data files, in this work, are usually 4096 points and therefore the wavelet
transform detail files are 2048 or less points as discussed in the next section. The
detail files were zero-filled (zeros are added to the file at the end of the file) to obtain
4096 data points before the FFT was done. This does not change the location of
the frequencies. The zeros are added in multiples of the existing data points which

results in adding a data point in between each data point that existed before.

The mainframe computer at the University of Ottawa has IMSL libraries that can
be called from Fortran programs. The IMSL library FFTRC was used to do the FFT
in this work. Actually what is plotted is the power spectrum which is the square of

the amplitude from the FFT program.

The following are some notes on the relationship between frequency and time as
they pertain to Fourier transforms. The total time (Tp) determines the frequency
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step Af = 1/Ty. So as long as the total time remains the same the {requency step is
constant no matter what the time step size is for the data created. Also, if the input
file to the FFT program has 4096 points the resulting power spectrum will have 2048
points. Thus the maximum frequency that can be displayed will be Af x 2048. Now
if the total time is kept constant by using a large step size but less steps , Af is the
same but finaz will be less. For example, il the step size is doubled and the number
of steps is halved (only 2048 instead of 4096) the total time is still the same but fmaz
is now half of what it was since there are only 1024 steps in the FFT file. This will

be used to explain some of the results of the wavelet transform-FI'T procedure.

The doubling of the step size also can cause problems with aliasing. Since the
sampling step determines where the frequency function will be located, by increasing
the step size the impulse locations, in the frequency domain, are closer together and

therefore there is more likelihood of aliasing to occur with the larger step size.

3.3 The Wavelet Transform

Now some mathematical propcrtieSM_SQ of the wavelet basis functions and the
corresponding subspaces of L2(R) will be presented. The Vi, are subspaces of L2 such
that their union is L2 and the Wi, are subspaces of L? such that their orthogonal
sum is L2, however W, are also subsets of Vm—l- The Wy are subspaces of L2
such that their union is L? and their intersection is null and the Wy, are mutually
orthogonal subspaces. Also note that each Vpy is a subset of Vi1, and its principal
property is that if f(t) is an element of Vp, then f(2t) is an element of Vpy_j. Thus
V;-1 = V;® W; where ® means orthogonal sum. It is possible to define a sct of
two-parameter functions ¢mn(t) = 2=M/24(9=™¢ — 1) that are basis functions for
Vm and a set of two-parameter functions ¥mn(t) = 9-m/ 2:(2-™L —n) that are basis
functions for Wy,. The set (¢mn(2),¥mn(t)) is called a scaling function, wavelet sect
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with ¥mn(t) as an orthogonal basis for L2 and these are the wavelet basis functions

used in this work.

Wavelet analyses can be done using various mother functions to build the wavelet
basis functions but, as discussed by Strang®?, the basic set of mother functions (each
dilation by a factor of two) was devised by Daubechies®®. In this work, these are de-
noted by 1ps where M is the number of filter function coefficients as defined below.
For all M values the filter function coefficients have been tabulated3%+62 and, for many
M values, the mother functions have been plotted®59, For M = 2, the mother func-
tion is Haar's box function which is not differentiable but which is of pedagogic value,
as discussed by Strang®® and Chuif2, Daubechies®® has shown that the smoothness
of the mother function increases slowly as M increases and therefore the localization
of the mother function decreases slowly as M increases. In this work results are for
the relatively smooth and fairly localized mother function 1g and results for M = 4,

6, and 10 are pointed out when they occur.

Wavelets have been used to decompose a time series by use of an orthonormal
basis set such as that used in Mallat’s pyramidal algorithm5%58 which shows the
correspondence between orthonormal wavelet basis sets and discrete multiresolution
decomposition. Thus, a signal is built from coarser and coarser approximations (mul-
tiresolutions) of original signal. Each "detail” is of lower resolution, one data point
is removed between two that are kept. Each detail could be considered to be a spa-
tial frequency band and this is not a trivial concern. Vetterli® discusses the idea of
filter banks and how a wavelet analysis can be used to do signal processing. Chuif?
and Mallat®® also f:efer to this process as partitioning the frequencies into octaves or
frequency bands. Mallat’s?® description was “Hence, the detail signal Dg; f describes
F(t) in the frequency bands [—2~7+1x, —2~Fx)U[2-Fx,2~+17].” The decomposition
is based on powers of 2 and the reader is referred to Daubechies® for the derivations
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of the following equations although, this work follows the terminology of Mallat®® and
Strang °9. Therefore, discrete signal approximations are identified with Ay while de-

tails are identified with Dy (where # is an integer). We start with a function f which

is constructed from a data sequence % such that,

J =3 chdon [3.3)
or
1) =3 et —n). (3.4]

Thus f is a function of g (as defined earlier). The decomposition can be viewed
as taking a set of basis transformations and therefore the signal is projected onto
the basis plane while keeping only the projection. The approximation (A;f) that is
left is fuzzier (coarser) resolution and also a "detail”(D;f) data set is kept at this
resolution that corresponds to the difference in information between two adjacent
signal approximations, A;f and A;_1f. Since Y=Vi @ W), [ is decomposed into

its components

f=A1f+D1f1 [35]
where
ALf =Y ckdik [3.6)
k
and
Dif =Y dyye (37
k
Since
ok =2 ch < b1k don >, [3.8]
k
and the inner product is
-1 1
< b1k don >=27F [ (504t - (n - 28)), B9
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therefore

c}c = zﬂ: hin — 2k)(:91 [3.10]

with the filter function being

1 1
h(n) = 273 fdm(; )é(t — n). [3.11]
In a similar manner
i = z: ('n, - 2L [3.12]
n

with its filter function being
-1 1
gln) =27F [ atp(50(t ). 3.1

The shorthand for thisis ¢! = Hc® and d! = Gc? and the next level of decompo-

sition is
ALf = Asf + Daf (3.14]
where
Aof =3 ko [3.15]
k
and
Dyf =y dipos [3.16]
k

Therefore the iterative procedure is
Aj—1f = Ajf+Dif
= ; ¢ $it + ; sk 3.17)

where the shorthand would give o = He'~! and &/ = G¢/~1. Each lower detail
(higher number) has one-half of the data points of the previous detail. Fach detail
is peeling®? off a layer of information from the approximated signal and storing it
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into the detail at that resolution. Note that the ¢, are considered to be a scaling

function, wavelet pair as noted by Chui®2. To reconstruct, just reverse the process.

The wavelet transform of x(t) is calculated and then details of x(t) at several
stages for a specific time interval are discussed. A;jx(t) is a fuzzy approximation of
x(t) at stage j while A;_1x(t) is a less fuzzy approximation of x(t) at stage j — 1
which can be reconstructed from Ajx(t) and D;jx(t). Djx(t) is termed the detail of
x(t) at siage j, or simply detail j and is the difference between the approximations
to x(t) at stages j and j — 1. Thus, the amplitude of D;x(t) ix proportional to the
different information present in Ajx(t) and Aj_1x(t) in a time interval, &. In this
work the amplitude of D;x(t) is plotted and, to guide the eye, the points are joined

by straight line segments with no smoothing.

3.4 Results

The complete wavelet transform and reconstruction of x(t) is calculated but the
attention of this work is on the intermediate stages. Therefore, several details of x(t)
are investigated for various total time intervals but these details are shown only for
a specific time interval. In this time interval D;x has high amplitude when A;_;x
and A;x are significantly different. Unless otherwise stated, results are for a forcing
frequency of w = 1.0. Figures 3.1(a), (b), (c) and (d) show x(1) for a total time
interval of 0 to 200 for F = 1.0, 2.0, 4.0 and 6.0 x 16-3, respectively. For the unforced
and undamped Morse oscillator x(t) is periodic with period 10(21/211') = 44.4, and
for the smallest I value (Figure 3.1(a)) it may be scen that the period of x(t) is
close to this expected value. Even though in Figures 3.1(b), (c) and (d) the F values
of the forcing term are considered to be weak, they still have a strong effect on the
dynamics, and x(t) is highly aperiodic . This was first discussed in the higher-ordered
phase plots chapter of this work.
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Figure 3.1 The coordinate, x(t), vs t for t = 0 to 200. (a) F = 1.0x1073;

(b? F = 2.0x1073; (c) F = 4.0x1073; (d) F = 6.0x1073. A spline fit. of the
calculated data points was done and only the resulting line is plottcd.

Unless otherwise stated, the signal x(t) was calculated using a step size of 3.00 x
10=2 for 4096 steps, which is a total time of 0 to 204.8 time units and the wavelet
transform was also for this same total time. Since 4096= 2!2, therc are 12 details
of x(t), but only details 3, 4 and 5 for t = 10 to 40 are shown, in most cases. For
this time interval, Figures 3.2(a), (b), {c) and {d) show an expanded vertical scale of
x(t) for F = 1.0, 2.0, 4.0 and 6.0 x 102 and it may be seen that there is a relatively
slow rate of change of the coordinate for this time interval. Figures 3.3(2), (b), (c)
and (d) show detail 3 of the wavelet transform of x(t) (hereafter referred to simply
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Figure 3.2 Same as for Figure 3.1 but for t = 10 to 40 with the vertical
scale expanded.

as detail 3 or D3) for F = 1.0, 2.0, 4.0 and 6.0 x 103 and since the plots are “noisy”
no useful information can be extracted. Details 1 and 2 are not shown since even
less information is present in them. Figures 3.4(a), (b), (c) and (d) show detail 4 of
x(t) for F = 1.0, 2.0, 4.0 and 6.0 x 10~3 with the same vertical scale for all F values.
In Figure 3.4 the plots have structure that is predominantly periodic which is not
present for the unforced and undamped Morse oscillator and therefore is due to the
weak forcing term. Notice that the vertical axis scale of Figure 3.4 is an order of
magnitude larger than that of Figure 3.3. In Figure 3.4 as the F value increases the
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Figure 3.3 Detail 3 of x(t) for t = 10 to 40. (a) F = 1.0x107%; (b) F =

2.0%x10~3; (c) F = 4.0x1073; (d) F = 6.0x10™3. Notice that the axes are
scaled the same for all plots.

amplitude of the oscillations ((a)-(d)) increases and therefore the amplitude of the
forcing term is qualitatively determined. It is clear that the period of the waveform in
each detail is approximately 2, as expected for w = 1.0 indicating that the frequency
of the forcing term has been quantitatively determined from the detail. Figures 3.5(a),
(b), (c) and (d) show detail 5 of x(t) for FF = 1.0, 2.0, 4.0 and 6.0 x 1073, respectively.
Note that although the vertical scale is the same for all F values, it is an order of
magnitude greater than the vertical scale used in Figure 3.4. Comparison of Figures
3.4 and 3.5 indicate that detail 5 is similar to detail 4, although in Figure 3.5 the
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jaggedness of each detail is more pronounced as there are half as many points and
the waveform is not sampled correctly. Detail 6 and higher are more jagged still
for this tine interval and are therefore not shown. From these figures it is obvious
that the higher details are more sensitive in that the amplitude of the oscillations
is greater but it may be more difficult to pick out the weak forcing term due to an
improper sampling rate of the waveform. It would be expected that an increase in
either the number of data points or a change in step size, or both, could be used to
overcome this problem. The wavelet transform is not that straightforward and these

suggestions will be discussed later in this section.
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| I | 1 I I
1.0E+01 1,5E+01 4.0B+01 1.0E+01 2,5E+401 §,0B+01
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Figure 3.4
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Time Time

Figure 3.5 Same as for Figure 3.3 but for detail 5.

Figures 3.6(a), (b), (c) and (d) show detail 3 of x(t) for mother functions 14,
g, g and Pig with w = 2.0 and F = 6.0 x 10~-3. Note that the vertical scale is
the same for all mother functions as that used in Figure 3.4, except for Figure 3.6(a)
where it is an order of magnitude larger. The plots of detail 3 in Figure 3.6 are
predominantly periodic with a period of approximately , as expected for w = 2.0.
Figures 3.7(2), (b), (c) and (d) show detail 4 of x(t) for the mother functions #4,
g, g and 1y with the vertical scale the same for all mother functions, except for
Figure 3.7(a) where it is an order of magnitude larger. Comparison of Figures 3.7 and
3.6 allows the observation that detail 4 is similar to detail 3, although in Figure 3.7
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Figure 3.6  Detail 3 of x(t) for t = 10 to 40, w = 2.0, F = 6.0 x 1073 and

(a) 14; (b) vg; (c) 1g; (d) P19 Notice that the y axis in (a) is an order of
magnitude larger than in the others.

the jaggedness of each detail is more pronounced as there are half as many points and
the waveform is undersampled. Comparing results for 1g and F = 6.0 x 103, it may
be seen that the waveform in Figure 3.6(c) is similar to the waveform in Figure 3.4(d)
while Figure 3.7(c) is similar to Figure 3.5(d). Thus for a forcing frequency which is
double, the waveforms are similar but at a detail number one lower. This is further
illustrated in Figure 3.8 where the left-hand column is for a forcing frequency of
w = 0.5 and the right-hand column is for a forcing frequency of w = 8.0 with the
forcing amplitude the same as before at F= 6.00 % 10~3, In general, it is expected
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Figure 3.7 Same as for Figure 3.6 but for detail 4.

that for a forcing frequency which is 2V the waveforms are similar but at a detail
number N lower, although this rule is not followed for a large range of frequencies.
For a forcing frequency of 1/2 it would be expected that the waveform that was
detected for w = 1.0 in Dy of Figure 3.4(d) would only appear in Ds of Figure 3.8.
Although there is a waveform present in Ds of Figure 3.8(c} it is also still present in
D, of Figure 3.8(b). However if the magnitudes of the waveform in Figures 3.8(b)
and (c) are compared to the magnitudes of the waveform in Figure 3.4(d) one can see
that the magnitude of the waveform in Figure 3.8(b) is about 4 times less than that
in Figure 3.4(d) but the magnitude of the waveform in Figure 3.8(c) is larger than
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Figure 3.8 Details for a forcing amplitude of F = 6.00 x 10~3. The left
hand column is for a forcing frequency w = 0.5 while the right hand column
is for a forcing frequency of w = 8.0. :
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that of Figure 3.4(d), by about 2-3 times in fact. The rule has worked, although not
perfectly for this case. Notice that there is a partial waveform present in Figure 3.3(d)
for the w = 1.0 case. Therefore there secems to be a set of details that contain the
waveform of a specific forcing frequency. The result points in the correct direction,
and the waveform is well enough resolved in D4 and Ds of Figure 3.8(b) and (c) to sce
that the period is the expected 47. In Figure 3.8(d), (e), and (f), details 2, 3, and 4
are shown and the forcing frequency w == 8.0 is detected although not in the expected
detail. Since the forcing frequency in this case is 4 times the w = 2.0 case it would
be expected that the waveform would be detected 2 details lower in number from the
Dy of Figure 3.7(d). In Figure 3.8(d) and (e) the ragged waveform appecars, and this
result is in the expected range but the waveform was expected to be smoother. The
detail number that the frequency appeared in was lower or higher as predicted but
the detail number that the waveform appears in is does not follow a ridged rule that
can explain exactly where the waveform of a specific forcing frequency will appear.

This will be discussed further later in this chapter.

As mentioned previously, the localization of the mother function decreases slowly
as M increases and, qualitatively, this accounts for the trends in Figures 3.6 and
3.7. Thus for the most localized mother function, 14 (Figures 3.6(a) «nd 3.7(a)), the
amplitude of the oscillations is greatest but these are superimposed on the largest
global variations of the details as the corresponding wavelet basis functions behave in

the most independent fashion. Again, it may be more difficult to pick out the weak

forcing term.

An advantage of the wavelet analysis becomes clear when results for different
total time intervals with forcing frequency w = 2.0, F= 6.0 x 10~3 and a mother
function g are considered. Figure 3.9 shows detail 3 of x(t) with the same step size
as before (5.00 x 10~2) but with a longer total time in (a) 8192 steps x 5.00 x 1072 =
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Figure 3.9  Detail 3 of x(t) for t = 10 to 40, w = 2.0, F = 6.0 x 1073, 3g
and a total time of 0 to (a) 409.6; (b) 102.4; (c) 51.2; (d) 25.6

409.6 and shorter total times in, (b) 2048 steps x 5.00 x 10~% = 102.4, {c) 1024
steps x 5.00 x 10~2 = 51.2 and (d) 512 steps x 5.00 x 10~2 = 25.6. Comparison of
Figure 3.6(c) and Figures 3.9(a), (b), (c) and (d) shows that the waveforms in the
D3 details are essentially the same even for Figure 3.9(d) where the waveform exists
for only part of the time interval 10 to 40. The waveforms in the details are not
exactly the same because there are edge effects, as seen in Figure 3.9(d) but since
the wavelet basis functions are localized, the edge effects are minimal although they

are increasingly significant as M increases. Thus better results are not obtained by
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increasing the number of data points and leaving the step size the same. That is,
increasing the total time has little effect on the wavelet transform results and neither

does decreasing the total time.

Table 3.1 Number of data points in detail data files. This is for a total time
of 204.8 time units but different step sizes and different total number of data
points in the original signal file.

Signal step Number of data points {column} for respective Detail #
data size 1 2 3 4 5 6 7 8

4096 5.00 x 1072 2048 1024 512 256 128 64 32 16
8192 250 x 1072 4096 2048 1024 512 256 128 64 32
16384 1.25x 1072 8192 4096 2048 1024 512 256 128 64
32768  6.25 x 10~3 16384 8192 4096 2048 1024 512 256 128

Table 3.1 illustrates that the wavelet transform resolution is step size dependent
rather than total time dependent as the Fourier transform is. Table (3.1) shows the
complete range of change discussed in this work. It shows that as the step sizc is
halved, while maintaining the same total time, the total number of steps must b;:
increased (doubled). The detail # in which the unchanged forcing frequency can be
found will have the same number of data points. Thus as the data step is halved the
detail # in which the forcing frequency is detected is increased by 1. For example,
D3 is where the forcing frequency w = 2.0 with a step size of 5.00 x 10~2 and for
4096 data points, was detected. In Table 3.1, row 1 has 4096 points in the signal file
and a set size of 5.00 x 10~2. Detail 3 was where the waveform with a frequency
of w = 2.0 was detected and in the Table 3.1 detail 3 column intersection with row
1 there is 512 data points in the detail file. For a signal of 8192 points and a step
size of 2.50 x 10~2 (row 2), Dy has 512 data points. Similarly for a signal of 32768
points and a step size of 6.25 x 103 (row 4 of Table 3.1) detail 6 has 512 data
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Figure 3.10 (a) and (b) Step size = 2.5 X 10-2. (c) and (d) Step size =

6.25 x 10-3. t = 10 to 40, w = 2.0, F = 6.0 x 1073, g, and total time = 0 to
204.8.

points. Signal files with these parameters were calculated and these are illustrated in
Figure 3.10. The left column for step size 2.5 x 10~2 and the right column for step
size 6.25 x 10~3. Compare the waveform in Dj of Figure 3.6(c) with the waveform
in Dy of Figure 3.10(a) and Dg of Figure 3.10(c). Also compare the waveform in Dy
of Figure 3.7(c) with the waveform in Dj of Figure 3.10(b) and Dy of Figure 3.10(d).
In these cases the detail number did change by the expected value as predicted by
the information gained from Table 3.1. The detail in which the forcing frequency is
detected is determined by the selection of the filter functions. Wavelet analysis can
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Figure 3.11 Fast Fourier transform of a forcing term which is the sum
of three cosine functions (w; = 1.0, wg = 2.0, and w3 = 4.0) each with an

amplitude of F = 6.00 x 10~3 and a Morse potential with the same forcing
conditions.&a.) is a plot of the Fast Fourier Transform of the cosine functions,
(b) is the fullscale plot of the Fast Fourier Transform of the same forcin
conditions coupled with the Morse potential at E = 0.99 of dissociation. (c%
is an expansion of the vertical scale, as is (d).

be viewed as selecting a set of filter functions to operate on the digitized (discretized)

signal function. Just as the discretization process affects the outcome of an FFT (sce

the section in this chapter on FFT) so does the discretization cause a change in how

the wavelet analysis detects differences in the signal approximation at two different

resolutions. Remember that the detail is exactly this difference between the signal at

two different approximations, one fuzzier (coarser) that the other.
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Figure 3.12 Details 3 and 4 for the Morse oscillator with three forcing
frequencies as described in the previous figure. {a) is detail 3, (b) is detail
3 that (?as been “altered”, (c) is detail 4, and (d) is detail 4 that has been
“altered”.

Now, this work turns to developments where the wavelet analysis is not used to
replace the Fourier transform but instead is used as a preprocessing function. To
illustrate this, instead of using a single forcing frequency the forcing term is the sum
of three cosine functions with different frequencies but each has the same amplitude.
In Figure 3.11(a) the FFT of three cosine functions with the same amplitude (F=
6.00 x 10™3) but three different frequencies (w; = 1.0, wy = 2.0, and w3 = 4.0) is
plotted. The three frequencies are easy to distinguish, and the amplitude differences
are explained by the sample rate differences, as discussed earlier in this chapter. The

-86-



file was created using a step size of 5.00 x 10~2 for 4096 steps and thus the usual
total time of 204.8 time units. These three simple frequencies are easy for the FFT to
determine. However, in Figure 3.11(b) the FFT of a Morse potential and an identical
forcing term (F= 6.00 x 10~3, wy = 1.0, wg = 2.0, and w3 = 4.0} shows the difficulty
that the FFT has in detecting the three weak forcing frequencies when much larger
frequencies, due to the Morse potential, are present. Figures 3.11(c} and (d) are
expansions of the vertical scale. Even in the case where the scale has been expanded
as much as possible it is difficult to detect even one of the three frequencies. This is
where wavelet analysis can be used to filter out the unwanted frequencies leaving the

weaker forcing frequencies to be detected by the FFT.

1.58-04 @) 1.5-03 1 ®)
FT?VDS FFT'D4
5.0E-05 1 5.0E-04 1
. _

-5.0E-05 1 -5, 0E-04 -

1 T | [ | i

0.0E+00 2.0E+00 4.0E+00 0.0E+00 2.0B+00 §,0B+00
Frequency (rad/s) Frequency (rad/s)

Figure 3.13 FFT of details 3 and 4 that have been “altered”.

In Figure 3.12 details 3 and 4 are shown of a wavelet analysis of the above men-
tioned Morse data file. The details shown in Figures 3.12(b) and (d) are “altered”
versions of Figures 3.12(a) and (c) respectively. The data files were “altered”in that
any data points that were large deviations from the plotted y-axis scale were set to
zero. It is evident that only a few data points have been zeroed, from comparison
of 3.12(a) and (b), as well as 3.12(c) and (d). What effect this has on the recon-
struction of the signal is discussed in a later section. Figure 3.13(a) is the FFT of
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the “altered” detail 3, and 3.13(b) is the FFT of the “altered” detail 4 and the three
forcing frequencies are found in these two plots. Note that as stated before the higher
frequencics are better represented (detected) in the lower numbered details. This is
observed in Figure 3.13(b) where the highest frequency detected is w = 3.85 and
should have been 4.00 radians per second but Figure 3.13(a) correctly identifies the
highest frequency. Similar results were obtained for frequencies such as 1.15, 2.15,
and 4.15 radians per second. Note that the higher frequencies are incorrectly sampled

in the higher numbered detail files which causes aliasing problems.

Now, this work investigates a Morse potential with a forcing term that has nine
different frequencies {w; = ¢ with i = 1,2,3,.-+,9). This data was produced using a
step size 5.00 x 10~2 and 4096 data points as used previously. Figure 3.14(a) is the
FFT of the “altered” D, of the Morse coordinate and 5 frequencies at the correct
intervals are observed. Figure 3.14(b) is the FFT of the “altered” Dy and, while
frequencies 3 and 4 are observed and frequencies 1 and 2 can be guessed at there are
also some extra frequencies observed at 6.8 and 7.8 radians per second due to aliasing.
The FFT of an “altered” D, is not shown here and in it 1, 2, 3 and 4 radians per

second can be seen but the plot is very noisy and other peaks 2lso appear.

2.9E-05 1 (a) 2,9E-04 (b)
Fq?T‘DEZ FT'PIDB
1.4E-05 1 1.48-04 4
-1.08-06 1 | s IR R LR ; |
0.000E+00 5.0008400 1.000E+01 0.000E+00 5.000E+00 1,000E+01
Frequency (rad/s) Frequency (rad/s)

Figure 3.14 FIT of details 2 and 3 that have been “altered” for a Morse
signal with 9 forcing frequencies.
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Figure 3.15 Signals for the Morse coordinate with 9 separate forcing fre-
quencies. (a) the original signal, (b) is the usual reconstructed signal, %c) is
the reconstructed signal using some details that have been modified, and (d)
is the original signal that has been dc adjusted.

Again the detail files were “altered” in that data points that were large excursions
from the rest of the data were set to zero. There were four detail files that had
been “altered”, D, Dy, D3, and D4. These files were then used to reconstruct the
signal so a comparison of reconstruction files could be done. Figure 3.15(a) is 2
plot of the Morse coordinate with nine separate forcing frequencies (w; = i with
i=1,2,3,---,9) each with a forcing amplitude of F = 6.00 x 1073, Figure 3.15(b) is
a plot of the reconstructed coordinate while (c) is a plot of the second reconstructed
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signal file which used the first four details that had been “altered” and the other
four unedited detail files. The line resulting from a spline fit to the data is what was
plotted in Figures 3.15(a)-(d). The actual data points of the original signal and the
usual reconstructed file are very similar while the second reconstructed file has some
differences. However the overall structure of the coordinate is seen to be unaltered

by the second reconstruction process (compare Figures 3.15(a), (b) and (c)).
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Figure 3.16 FFT of the Morse coordinate from which the constant 2.8 was
subtracted. (a) is the fullscale plot, (b) is an expansion, as are (c), and (d).

Figure 3.15(d) is the usual reconstruction file of the original signal but it has

been adjusted to decrease the amplitude of the zero frequency component of the

00—



Fourier transform. In this case the valuc 2.8 was subtracted from all data points
of the original signal file. - Figure 3.16 is a plot of the FFT of this adjusted file
where (a) is the fullscale plot. Note that the zero frequency component has a much
smaller amplitude than the plot of the FFT of the Morse coordinate with three forcing
frequencies (see Figure 3.11(b)). This “dc” shifting of the data is a common procedure
used to minimize the amplitude of the zero component. It was not done for the three
frequency situation because the system dissociated after 60 time units. The point
is that even after this adjustment has been made there is little chance of being able
to detect the 9 frequencies since they are of such small amplitudes compared to the
amplitudes of the frequencies that make up the Morse function itself. The reader is

referred to chapter two where the approximation to the Morse function was discussed.

Thus the wavelet analysis alone can detect a single frequency that the FFT cannot
detect. The combination of wavelet-FFT can detect a combination of frequencies that
the FFT could not detect and that the wavelet analysis had difficulty with. This
demonstration is not complete since a real signal complete with decay and noise has
not been done. It appears that the wavelet analysis that has been outlined so far
is not enough to complete this task. There is hope however, in a paper by Delprat,
et al’! who have used their algorithm to ratio out the frequencies of interest from
a set of frequencies. They then do another analysis of the system and keep ratioing
out the frequencies that have been detected and look for other frequencies of interest.

Therefore this process is left for future work on the Morse oscillator and other chemical

(kinetic) systems.
3.5 Summary

In this work a wavelet analysis of the coordinate of a weakly forced and weakly
damped Morse oscillator near dissociation was presented. The coordinate was highly
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aperiodic in this highly anharmonic regime and in fact chaotic under some of the con-
ditions presented. It has been shown that the forcing amplitude can be qualitatively
determined while the forcing frequency can be quantitatively determined, even for
short total times. When the coordinate is highly aperiodic it is not possible to deter-
mine these quantities by subtracting off the coordinate of the unforced and undamped
Morse oscillator since the unforced undamped coordinate has a completely different
period than the forced and damped case. Therefore subtraction of the two cases is
not possible. Even magnification of the coordinate as was done in Figure 3.2 does not
allow the forcing frequency to be determined. The FFT of the Morse has too many
large amplitude frequencies present from the Morse potential and the frequencies of

the forcing term are effectively buried.

Since each stage of the wavelet transform uses a different resolution it is termed
a multiresolution decomposition. Wavelet basis functions are well localized in both
frequency and time for a wide range of frequency and time intervals. Thus a “good”
time-frequency window is created using a wavelet transform. The wavelet basis func-
tions used in this work, ¥mn, are automatically orthogonal for different m since they
are basis functions for different W;,. Consequently, wavelet basis functions at dif-
ferent stages may be mixed and problems of linear dependence may be minimised.
Details of the coordinate at several stages have been compared and a weak forcing
term has been detected in certain details when the corresponding wavelet basis func-
tions have the appropriate localization in both frequency and time. The combination
of a wavelet transform followed by an FFT of the details has also shown that sev-
eral frequencies can be detected at the same time. In fact these frequencies can be
detected even when their amplitudes are much smaller than the amplitude of the

frequencies that make up the Morse potential.

In closing two aspects of wavelet analysis are addressed. First, unlike a Fourier

transform, a wavelet transform is not unique. Coifman and Wickerhauser’ and
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others are searching for best fit wavelet basis sets to use for reconstruction purposes
and analysis of waveforms. The present work has shown that, for the Morse oscillator

system, effective results may be obtained using several of the basis sets of mother

functions devised by Daubechies®®.

Second, this work has shown that weak forcing frequencies can be determined
only when the rate of change of the coordinate is relatively slow (small). However,
researchers are working to overcome this limitation by using newer algorithms and

ratioing out detected frequencies’l,

While these remarks may appear to limit the usefulness of wavelet analysis they
really should be viewed only as a caution against believing that a wavelet analysis can
solve any and all problems. Wavelet analysis is a tool that is evolving and therefore
its limitations are still being discovered and overcome. This discovery process is
happening at a rather rapid rate and the near future could see a resolution of the

problems mentioned in this work.
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3.6 Future Work on Wavelets

The wavelet transform has been used, in this work, to resolve a small amplitude
forcing term for the Morse oscillator. Mallat®® has shown that it is possible to deter-
mine the fractal dimension of an image. It would be extremely useful to extend the
present work and use the wavelet transform to directly measure the fractal dimen-
sion of a Morse system under extreme forcing and to eventually apply the technique
to experimental data. The section on nonlinear kinetics, in this work, describes the

progress that has been made to apply wavelet analysis to experimental data.

However, it is perhaps more important to take the work of several people (Coifman
and Wickerhauser'?, Delprat et al?!, Mallat and Hwang'® ) and combine it with this

work to apply wavelet analysis to real laboratory signals.
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4 Nonlinear Kinetics
4.1 Introduction

Shock tube compression has been used for kinetic studies of various chemical
systems. This work expands on work that has been done by Cheng 5% on the os-
cillations observed in shock heated CCl3F. Cheng has shown that a shock heated
compound, with a starting sample pressure near the vapor pressure of the compound
which subsequently condenses, displays an oscillating schlieren signal (described be-
low) which is unexpected. Cheng%9 has also shown that shock compressed methane
at low pressures, pressures much lower than its vapour pressure, does nov have the
unexpected oscillations in its schlieren signal. This may be explained by considering
that the C Hy’s temperature has increased the translational motion of the compound
and therefore the collisions are violent enough to overcome the intermolecular forces
that are believed to cause condensation, whereas for CCl3F the intermolecular forces
for cluster formation are stronger. Thus, cluster formation and condensation can take
place. Another consideration is that even at room temperature methane is above its
critical temperature, T = 191 K, as discussed Cheng®. The eritical temperature of

a gas is the highest temperature at which the gas can still be condensed.

This work changes the focus to another approach that clarifies the oscillations
by pursuing a series of compounds instead just of one. Ideally the series would start
with CCI3F, then hydrogens would replace the halogens. The experiments wouid
involve using CHClj3 (chloroform), then CH4Cly (dichloromethane), and finally CH3Cl
(methylchloride). Each of these experiments would be done with the same diaphragms
(see below) but at various pressures up to and including the vapour pressure of cach of
the compounds. This progression would allow the observation of oscillatory hehaviour
as a function of hydrogen content as, first the fluorine and then the chlorines would
be replaced with hydrogen. One explanation for the expected loss of oscillations
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would be that the hydrogen allows a vibrational relaxation (see reference 69) path
not available to the molecules with no or fewer hydrogen atoms. Chloroform has the
most interesting possibilities since some of its physical properties are close to that of

CClyF, such as T}, Te, and C3, symmetry.

The second innovation of this work is the introduction of a new data collection
system. The old data collection system was actually two separated detection systems.
One system was for measurement of the velocity and the second was for observing the
main signal. These systems and the changes made, are outlined later in this work.
Suffice it to say that a complicated collection system and data transfer process is
replaced with one system based on a 386/25MHz PC. The limitation of this apparatus
will be discussed in the experimental section. The major advantage is that several
experimental traces can now be observed for each shock experiment i.e. one for each of
the new velocity detection stations. The data collection is such that the shock velocity
for each of these traces are within 2% of each other, depending upon the intensity
of the shock. The lack of reproducibility of the shock velocity, until now, was one
of the existing inadequacies of shock compression work. Due to membrane material
inconsistencies, the diaphragms did not always burst at exactly the same pressure so
there could easily be a 5% difference in velocities of samples run at the same pressure
and in the same apparatus. With this new technique up to three experiments can
now be compared within a single shock tube compression run, with conditions within
2% of each other. Thus a major inconvenience of shock tube compression work has

been overcome.

Third, experiments were carried out with successively higher dilution in Ar. This
reduced the thermal feedback, which is an essential aspect of the oscillatory and
chaotic behaviour. The unusual dependence of the observations on the degree of
dilution is a consequence of nonlinear kinetics, and is modeled numerically also.
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The fourth innovation of this work is the application of wavelet analysis to the

observed oscillatory signals.
4.2 Nonlinear Kinetic Theory

Gray et al19:23-26 and Scott et al?’28 have shown that complicated chemical
systems can be modeled with a set of differential equations. They have also shown
how a set of equations can be reduced in number with some loss of information but
with little or no loss in topological behaviour. The procedure outlined in their papers
also indicated that a chemical system could be well-behaved for a certain set of rate
parameters, become oscillatory for others, and the system could even exhibit chaotic
behavior. The papers also indicated that if the parameters where increased further
the system went through the chaotic region and became well-behaved again. This is
a very important development for understanding chemical system bechavior. Thus,
the work mentioned above can be used to demonstrate that nonlinear systems far

from equilibrium can behave in an unexpected manner even to include oscillatory

and chaotic behaviour.

4.3 Simulations

In this work, oscillating rates of reaction are modeled using a set of equations
that utilize first the formation of vibrationally excited monomers, then the formation

of dimers, trimers, tetramers and pentamers.

H, ax
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Table 4.1 Modified Cluster Distribution at Equilibrium

kl
A3 -2 Ag

A A* k'{ A*
3+ A] — A4

k’
Al 4 A4
e Moo
Ag+ A] — A5

kl
/13 -5, Ag

[4.1)

species 300 K 350 K 400 K
1 1.763%x10~1 1.786x10~! 1.561x101
Yo 1.763%x10~! 5.100x10~2 1.840x10~2
Y3 4.406x10~2 1.276x102 4.590x1073
4 3.085% 102 8.929%10~3 3.213x1073
¥ 1.322x10~2 3.827x103 1.377x10~3
H 5.587x10~1 7.446 %101 8.163x10~1
y3 1.904 %10~ 6.735x10~° 2.791x107°
3 3.023x10~4 1.276x10~4 5.967x10™°
Y3 1.036x10~* 4.885x1075 2.462x10~°
yi 2.750%10° 1.393x105 7.381x 1076

The oscillations are believed to be caused by the repetitive formation and break up

of the n-mers. Cheng® has shown the detail of this theory and it is his basic computer

program (FORTRAN) that is used for the simulations presented in this work. In the

present work, the free energy changes that are used to calculate the equilibrium

cluster population distribution has been modified to reflect a situation in which the

formation of dimers is less favored as the temperature increases (see Table 4.1). The

stabilization of an excited n-mer causes heat release and therefore a temperature rise

in the system. This forces the system to overshoot the equilibrium concentration of
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dimers and forces the break-up of the dimers. Conversely, the break up of an n-mer
is endothermic. This causes a heat loss to the system, a temperature decrease and
a subsequent overshoot of the equilibrium concentration. The general shape of the
waveform that is observed in the schlieren detection system is temperature-sensitive.
The schlieren system is detecting the density gradient of the gas that the HeNe laser
beam passes through (see Laser Schlieren Detection section). Therefore, as set up for
this work, when the voltage of the signal goes positive it means that the process, il
it is chemical, is endothermic. (The small negative peak (see Figure 4.32) and the
large positive peak are due to the relatively uninteresting passage of the shock front.)

Oscillations in the signal therefore mean that the rate of change of the temperature

is an oscillatory function of time.

Cheng’569 equation for the calculated response of the system of differential equa-

tions, as stated below, is proportional to the derivative of the temperature with respect

to time.

dT c! k?
= (y1 ﬁao) [Z i (H} - Hi) (! - fii)

n R2.eq
f ' *
.22 (OHI—HQ)( +U1C -y—z)
L2eq Jl' 592 .
" s1C
+ S (H; + HE - (y-_ ]
2, (H+ Hi - ”")L{eq ‘ y’f,o ngfz- /

[Zn:(cp,iyi-i-c ) pAr ] [4.2]

C’
Here t'is a dimensionless time scale, ¢’ = k2 eqATlot, and C' is the total normalized
concentration of all species, C' = C/Cy, where Cj is the total concentration of all
species, excited or otherwise, at time zero. yn is the mole fraction of the n-mer in
other words, yn = [An]/C. Also, ¥}, is the mole fraction of the excited n-mer or
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yn = [AR]/C, and y{ ¢ is the initial excited monomer mole fraction, y1 0 = {410/ Co-
gn = [Afleqg/[A%_1leq and s = [Af]o/[A}leq. Also, zg is the ratio of Ar to CCl3F
concentrations and it can therefore go from zero (no argon) to infinity (no CCIl3F).
B is related to the relative collisional efficiency of the stabilizing component Ar and
CClyF. I, is the enthalpy of the n-mer species, Cp; is the heat capacity ot the
ith species, and the rate coefficient k;{ and kS are presented below. The solution of
cquation [4.2] requires simultancous solution of ten differential rate equations for the
mole fractions yn and 3} (sec Cheng®). This work expands on Cheng’s% work in
that dilution experiments and simulations were done and low pressure pure CCl3F
experiments were done. This work starts with a cluster distribution (Table 4.1) that

Cheng did not use in his work.

The experimental signals can be represented by dp/dy vs t. The ideal gas law
relates the densityp to the temperature T', the pressure p and the effective molecular
weight p according to p = pu/RT. Taking pu as a constant during the shock,

dp di’ pu dT dt’ [4.3]

dfdy RTXldy

hence the observable dp/dt' is proportional to (1/T2)dT/dt' which is plotted in the
simulation plots. Hereafter the term observable will be used to refer to the plots of
(1/T2)dT/dt' versus Logjg of Gas Time. The rate coefficients, kL and k5 can be

scaled fairly generally in terms of the base rate coefficients k'zf eq and k;’eq.

f
= (1m0 (14 20 (2/8) 5 P T T 144

.2,cq
ff - A.} e"EllRT [4'5]
k?,eq k?,eq
., 5,64
8 _ k" —EyRT (4.6
kf kf '
2,29 2,e9



by L';'eq A(n-2)
— K o D] a1~
YEY "> [4.7]
2.eq 2.eq

For the various rate coefficients stated above, the subscript n refers to the n-mer in
question, the superscripts, f, to formation, and s to stabilization. Also, the param-
eter B relates the formation of the n-mer to that of the dimer while A relates the
stabilization of the n-mer to that of the dimer, once formed. Lastly, T;y; is the initial

temperature, T is the temperature at any time ¢ and Tjy it the final temperature of

the system.

Equation [4.2] is nonlinear and depending upon the choice of s, y7 g, etc., the yn
and 7 are also far from equilibrium. Hence, these equations fulfill Gray’s criteria for
chemical instability: 1) a system far from equilibrium, 2) a system based on nonlincar
differential equations, and 3) a system with thermal feedback. Therefore [4.2] is a
good example of nonlinear kinetics. The parameters A and B are useful to allow

equations [4.4] and [4.7] to describe a large variety of behaviour of cluster formation

and stabilization.

Table 4.2 Simulation parameters for a general search of parameter space.
Note that &7 and k§ are ratioed to k{‘eq.

ki 01341 1341 13.41 13410 13.41 10000 20000
ks 0.13 0.13 0.013 0.13 13000 13000 13000
k{’eq 6810 6810 68.10 6810 6810 6810 6810

A general search of parameter space was carried out, and the values used are listed
in Table 4.2. The plots of the observable vs logjg of gas time, hereafter referred to as
l1091, for the settings in column three of Table 4.2 had oscillations. Therefore these
variables were left unchanged for the simulations presented in this work. Figures 4.1
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through 4.31 are plots of the observable (abbreviated to Obser ) vs l1pgt (-10.0 to
5.0) with parameters £] = 9800 kj/mol, Eo = 0.98 kj/mol, kf‘eq = 13.4076, kg‘eq =
0.0130, T;,; = 291.15 K, k{ = 68.1 and the supersaturation ratio, s = 0.6160, while
the unitless parameters A, B, and the final integration (int) temperature, Tip, are
varied. For Figures 4.1-4.10 zg, the dilution parameter, is set to zero and 8 the
collisional energy transfer cfficiency is therefore not included in the calculations. The
effect that these terms have on the oscillations of the observable are investigated in a
later section (Figures 4.11-4.31).

Table 4.3 Listing of the Figures 4.1-4.10 and the associated simulation pa-
rameter settings.

A B Ty Tol y-axis scale
£1.5%x 1072 £1.5x 1073 £1.5 x 10~ +1.5 x 1076

3.5 1.0 350.15 10~12 4.1(a) 4.1(b)
7.5 0.5 350.15 10~!2 4.2(a) 4.3(a)
7.5 1.0 325.15 10712 4.2(b) 4.3(b)
7.5 1.0 350.15 10~12 4.2(c) 4.3(c) 4.9(a)
7.5 2.0 350.15 10712 4.4(a) 4.5(a) 4.7(a) 4.9(b)
7.5 2.0 350.15 10~10  4.4(b) 4.1(b) 4.9(c)
115 1.0 325.15 10712 4.6(a) 4.8(a)
11.5 1.0 350.15 10~12 4.6(b) 4.8(b) 4.10(a)
11.5 2.0 350.15 10~12 4.4(c) 4.5(b) 4.8(c) 4.10(b)

In Figure 4.1 A = 3.5 and B = 1.0. In Figure 4.1(a) the y-axis value spans the
range +1.5 x 1073; while in Figure 4.1(b) the y-axis is expanded to £1.5 x 107,
In Figure 4.1(a) the observable starts out at a positive value (even at ljggt = -
20.0), and as the system evolves the observable decreases. The decrease starts at
approximately ljggt = —5.0 and the amplitude of the waveform continues to decrease
until /1ggt = —2.5 whereupon it increases and decreases until the integration stops.
In Figure 4.1(b) it is obvious that the observable goes negative only once.
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Figure 4.1 Simulation parameters A = 3.5, B = 1.0, and Tj,, = 350.14 K.
(a) is a plot with the y-axis scaled to +1.573 and (b) is a plot with the y-axis

scaled to +1.5 x 1072,

A short discussion of the integration problems must be outlined now. The inte-
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gration for the simulations was based on Gear’s predictor-corrector method. In these
routines the step size that is chosen, is just the value at which the integration output
would be given not the actual integrator step size. The way that the calculation was
done is that a step size and also the number of steps to be done at this step size
was chosen. Thus after a predetermined number of steps had been done the program
would increase the step size at which a value was output from the integration routine.
However, the integration routine always had control over the actual step size used

for the integration. The integrator would do its calculation based on its own error
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Figure 4.2 The simulation parameter A = 7.5 is kept constant while B and
T;nt are varied and the observable is plotted with a y-axis scale of £1.5x 1073,
a) B = 0.5, and Tj, = 350.15 K; (b) B = 1.0, and Tj,; = 325.15 K; (c)

= 1.0, and T}, = 350.15 K.
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Figure 4.3 The simulation parameter A = 7.5 is kept constant while 3 and
T;nt are varied and the observable is plotted with a y-axis scale of £1.5x 1075,
(a) B = 0.5, and T}y, = 350.15 K; (b) B = 1.0, and Tj,, = 325.15 K; (c)
B = 1.0, and Tj, = 350.15 K.
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Figure 4.4 Simulation parameters B = 2.0 and Tj,; = 350.15 K are kept
constant, while A and Tol are varied and the observable is plotted with a

y-axis scale of £1.5 x 1072, (a) A = 7.5 and Tol = 10"!2; (b) A = 7.5 and

Tol =10"10; (c) A =115 and Tol =10"12,
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analysis and on the relative error that was allowed. In these routines this latter value
was called Tol. Therefore, if the program determines that the error is larger than Tol
the program decreases the step size and redoes the integration. This process is only
allowed to occur for a limited number of iterations or decreases in step size, beyond
which the integration is stopped and an crror message is printed out. The integra-
tions for Tj,; = 325.15 K were problematic in that the integration invariably failed
the Tol check too many times, close to the end of the integration and were stopped
prematurely. These calculations were nevertheless still included since the exact values
were not needed, only the trend and general shape of the observable were used for

the sake of comparison.

In Figure 4.2 only A = 7.5 is constant. For Figure 4.2(a) B = 0.5 and Ty, =
350.15 K; for (b), B = 1.0 and Tjp, = 325.15 K; and for (<), B = 1.0 and Ty = 350.15
K. Comparison of Figure 4.2(a) and (c) shows the changes in the observable when
changing B from 0.5 to 1.0. The observable goes negative at a much sooner ljggt lor
B = 1.0 than for B = 0.5. From equation [4.4] it can be seen that decreasing B to
a number less than 1.0 will result in a rate coefficient (ratio) that will disfavour the
formation of clusters larger than dimers (n = 2). Comparison of Figures 4.2(b) and (c)
indicates that the amplitude of the observable decreases when the final integration
femperature is decreased from 350.15 K to 325.15 K. Notice that, although, the
waveforms in 4.2(b) and 4.2(c) are similar (for /1gg! less than 0.0) the observable is

actually more negative for a lower Tjp.

Figure 4.3 shows plots of the observable for the same conditions as in Figure 4.2
except that the y-axis has been expanded to assist in observing the behaviour of the
waveforms. The waveform in Figure 4.3(a) does not go negative, while the waveformin
4.3(b) has a large negative amplitude for a !jggt of -5.0 to -1.0 but then the waveform
goes positive. The observable in Figure 4.3(c) has definite oscillations present, and
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the reasons for the oscillations under these conditions will be discussed in a later
section. For now it is sufficient to note that changing B from 0.5 (Figure 4.3(a)) to
1.0 (Figure 4.3(c)) has taken the waveform from above the reference line to below
the reference line. Thus the waveform overshoots the reference line and returns to
it. This could be expected from the fact that if dimers are not favoured (B < 1.0)
the waveform will not go negative. The negative part of the waveform is from heat

released due to cluster formation.

In Figure 4.4, B = 2.0 and T;,; = 350.15 K are kept constant, and the integration
is checked by changing Tl from 10~!2 in Figure 4.4(a), to 10~10 in Figure 4.4(b).
Further y-axis expansions of these waveforms are shown in Figures 4.7(2) and (b) as
well as Figures 4.9(b) and (c). Note that changing Tol from 10712 t0 10710 does
not change the observable (waveform), and thus the integration is stable. That is the

reason that Tol = 10712 is used throughout the present study.

Figure 4.5(a) and (b) are expansions of Figure 4.4(a) and (c), respectively. There-
fore in Figure 4.5 the effect, on the observable, of changing A from 7.5 to 11.5 for
B = 2.0 and Ty = 350.15 K can be noted. The waveform in Figure 4.5(a) has inflec-
tion points that are missing in (b), although it is obvious that both of the waveforms

are oscillating around the reference line.

In Figure 4.6 A = 11.5 and B = 1.0 while Tj,; is changed from 325.15K to
350.15K at a y-axis expansion of +1.5 x 10~3. The observable has a more negative
plateau at a lower Tjy;. Also the maximum negative amplitude is larger for the lower
Tint. This is similar to the case for A = 7.5, as can be seen in Figure 4.2(b) and (c)

for a similar y-axis expansion.

Comparing Figure 4.1(a), 4.2(c) and 4.6(b) for which all conditions are the same,
including the y-axis expansion, except that A = 3.5, 7.5 and 11.5, respectively, it is
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Figure 4.5 Simulation parameters B = 2.0, and Tj,, = 350.15 K are kept
constant, while A is varied. (a) A = 7.5 (b) A = 11.5. The observable is

plotted with a y-axis scale of £1.5 x 103,

possible to see what effect changing A has on the amplitude of the observable. For
A = 3.5, Figure 4.1(a), the observable is on the plot scale for all time shown and only
goes negative at approximately /19gt equal to zero. For Figure 4.2(c), A = 7.5 and the
observable has a larger amplitude but the amplification is decidedly nonlinear. This
is emphasized further when Figure 4.6(b) (A = 11.5) is compared to 4.2(c) (A = 7.5).
The waveform in Figure 4.6(b) has a larger negative amplitude but a much different
shape than the waveform in Figure 4.2(c). Remember that equation [4.7] indicates
that a larger A means a rate coeflicient that favours stabilized n-mers (n > 2). In
addition, comparison of 4.4(a) and (c) show the change in observable with B = 2.0
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Figure 4.6 Simulation parameters A = 11.5, and B = 1.0 are kept constant
while Tjp is varied. (a) Tiyy = 325.15 K, (b) Tipe = 350.15 K. The observable
is plotted with a y-axis scale of £1.5 x 1073,

and Tjp = 350.15 K constant while A is changed from 7.5 to 11.5, respectively. Not
only are the amplitudes different, the shape of the waveforms are different. In fact
the inflection points in the negative part of the observable in Figure 4.4(a) seem to

be missing from the same part of the waveform in Figure 4.4(c).

Figure 4.7 is for simulation parameters of A = 7.5, B = 2.0 and Tjy, = 350.15
K. Only Tol has been changed, from 1012 (Figure 4.7(a)) to 10~10 (Figure 4.7(b)),

and the waveforms seem to be identical.

Figure 4.8 is a further y-axis expansion with the simulation parameters A = 11.5,

-110~



1.5E-05 ()
1 dT )
T2 dr
0.0E+00 \\.—"
-1,58-054
I i i |
-1.0E+01 -5.0E4+00 0.0E+00 5.0E+00
I..c:g10 of Gas Time
1.5E-05 : (b)
1 dT H
TZd7 o
0.0E+00 \\..--
-1.58-054
T T T T
-1,0E+01 -5.0E+00 0.0E+00 5.0B409

Logm of Gas Time

Figure 4.7 Simulation parameters A = 7.5, B = 2.0 and Tjj,, = 350.15 K
are kept constant, while Tol is varied. (a) Tol = 1012, (b) Tol = 10~10. The
observable is plotted with a y-axis scale of £1.5 x 1079,
B = 1.0 and Ty, = 325.15 K for (a); Tip = 350.15 K for (b); while B = 2.0 and
Tyt = 350.15 K for (c). Comparison of Figures 4.8(b) and (c) shows that the change

of B from 1.0 to 2.0 has increased the maximum amplitude of the observable. Thus,

increasing the rate constant for formation of n-mers (n > 2) increases the maximum

observable afnplitude.

Figure 4.9 has used simulation parameters A = 7.5 and Tjp, = 350.15 K for all
cases, while B = 1.0 and Tol = 10~12 for Figure 4.9(a) with B = 2.0; Tol = 10-12
for Figure 4.9(b); while B = 2.0 and Tol = 1010 for Figure 4.9(c). Comparison of
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Figure 4.8 Simulation parameter A = 11.5 is kept constant while B and
i-m are varied. The observable is plotted with a y-axis scale of £1.5 x 1075,
a

= 2.0 and Tj,¢ = 350.15 K.

B = 1.0, and Ty, = 325.15 K; (b) B = 1.0 and T, = 350.15 K; (c)
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4.9(b) and 4.9(c) at this expansion (£1.5 x 1078} confirms that there is no change
of the waveform for a change in Tol. Comparison of 4.9(a) and 4.9(b) shows thal as
B is increased from 1.0 to 2.0 the amplitude of the oscillations of the observable is
decreased and the shape of the waveform changes from a waveform with two negative

peaks in 4.9(a) to one negative peak and two inflection points in 4.9(b).
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Figure 4.10 Simulation parameters A = 11.5 and Tj,, = 350.15 K are kept
constant, while B is varied. (a) B = 1.0, (b) B = 2.0. The observable is
plotted with a y-axis scale of +1.5 X 10~6,

Figure 4.10 is a final expansion for simulation parameters A = 11.5, and Tjp =
350.15 K with B changing from 1.0 to 2.0 for (a) and (b) respectively. The amplitude
of the oscillations of the observable decreases as B increases and the waveform also
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Figure 4.9 Simulation parameters A = 7.5 and Tjp, = 350.15 K are kept
constant, while B and T, are varied. The observable is plotted with a y-
axis scale of £1.5 x 1075, (a) B = 1.0 and Tol = 10~12; (b) B = 2.0 and
Tol =10-12%; (c) B=2.0and Tol =10"10,
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changes shape. This indicates that the effect is nonlinear, and this has been the case

for each of the changes discussed so far.

Comparing Figure 4.2(a) (A = 7.5, Tjpy = 350.15 K, B = 0.5), Figure 4.2(c)
(B = 1.0), and Figure 4.5(b} (B = 2.0) it is obvious that as B increases the amplitude
of the observable increases, while in Figures 4.9(a) and (b), with B changing from
1.0 to 2.0, the amplitude of the oscillations of the observable have decreased. In
Figures 4.6(b) and 4.5(b), with A = 11.5, Tjy, = 350.15 K and B varying from
1.0 to 2.0 respectively, the maximum of the negative amplitude of the observable
has increased dramatically but again the oscillations have decreased as shown more
clearly in Figures 10(a) and (b). The negative maximum 6f the amplitude of the

observable has increased and at the same time the amplitude of the oscillations has

decreased.

Comparing Figures 4.3(c) and 4.8(b) it is easy to see that the amplitude of the
waveforms are similar for B = 1.0 while A is changed from 7.5 to 11.5; but the
waveform in Figure 4.1(b) does not have the same scale of oscillations. For B =
2.0 comparison of Figures 4.7(a) and 4.8(c) show similar oscillations; however, the
waveforms in Figures 4.9(b) and 4.10(b) have slight differences in the oscillations
of the amplitude of the observable. Thus B has an effect on the amplitude of Lhe
oscillations of the observable while A does not. Therefore, the amplitude of the
oscillations of the observable are effected more by the formation of clusters than the

stabilization of large clusters, at least for the parameter regime investigated in this

work.

For Figures 11-24 the simulation parameters A = 7.5, B = 2.0, Tj;, = 350.15
K, and Tol = 10~12 are not altered, while 3 is varied from 10-3 to 100 and zg i8
varied from 3.0 to 300.0. Hereafter for all cases, the figures are grouped to allow
direct comparison of plots with the same y-axis expansion.
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Figure 4.11 Simulation parameters A = 7.5, B = 2.0, Tint = 350.15 K,
and zp = 3.0 are kept constant, while 8 is varied. (a) §=107°, (b) = 1072,
The observable is plotted with a y-axis scale of £1.5 x 102,

Table 4.4 Listing of the Figures 4.11-4.24 for the simulation parameters A =
7.5, g = 2.0, and Tj, = 350.15 K remaining constant while 8 and 29 are
varied.

B 0 y-axis scale of 1.5x
10-2 1073 10°° 107 1077 1078
1073 3.0 4.11(a) 4.14(a) 4.17(a) 4.20(a)
1072 3.0 4.11(b) 4.14(b) 4.17(b) 4.20(b)
1071 3.0 4.12(a) 4.15() 4.18(a) 4.21(a)
10-0 3.0 4,12(b) 4.15(b) 4.18(b) 4.21(b) 4.23(a)
10~%  30.0 4.13(a) 4.16(a) 4.19(a) 4.22(a) 4.23(b)
10~3 300.0 4.13(b) 4.16(b) 4.19(b) 4.22(b) 4.24(a) 4.24(b)
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Figure 4.12 Simulation parameters A = 7.5, B = 2.0, Tip; = 350.15 K,
and zg = 3.0 are kept constant, while 8 is varied. (a) 8=107", (b) 8 = 100
The observable is plotted with a y-axis scale of £1.5 x 10~2.

The observable (equation [4.2]) can be approximated using:

Cf
dT (m + ﬂzo)
@ x * * * C Ar
(Z(Cpm?fﬂ -+ Cp,nyn) + 20¥1,0~¢7

) FNonLinear [4'8]

where F\ onLinear 15 2 nonlinear function of time varying cluster mole fractions and

rate coefficients which are also explicitly temperature dependent.

Several more approximations can be made for CCI3F which is 2 molecule with 5
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Figure 4.13 Simulation parameters A = 7.5, B = 2.0, Tjy; = 350.15 K, and

B =103 are kept constant, while zq is varied. (a) zg = 30.0, (b) 2o = 300.0.
The observable is plotted with a y-axis scale of 1.5 x 1072,

atoms and therefore has 3 * 5 — 6 = 9 normal modes of motion. The heat capacity
can be approximated as below:

3..3
Cp =gR+5R+9R+R=13R [4.9]
3.3
Cp=5R+5R+R=4R [4.10]
3 5
=3 =3 4.11
Cpar = 5R+R=3R [4.11]

Allowing that the concentration C' should be close to unity, d7'/dt’ can be ap-
proximated with,
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Figure 4.14 Simulation parameters A = 7.5, B = 2.0, T},, = 350.15 K,
and zg = 3.0 are kept constant, while 8 is varied. (a) 8 =107, (b) A= 1072,
The observable is plotted with a y-axis scale of £1.5 x 103,

dT (204 Bz) |
a0 * (300 + 5.0zg)  NonLinear [4.12]

Keeping the final approximation in mind, there are three cases to be checked.

1. Keep zy constant and vary 8 resulting in dT/dt' oc (2.0 + 3.08)FyonLinear-
Thus dT'/dt' varies from 2.003 FyonLinear 10 5.0 FNonLinear With zg = 3.0
and varying 8 from 1073 to 1.0. It is expected that the increase in stabiliza-
tion efficiency will increase the heat release rate and therefore increase the
amplitude of the signal. There may also be nonlinear effects as a result of the
increased thermal feedback.
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Figure 4.15 Simulation parameters A = 7.5, B = 2.0, Tjy; = 350.15 K,
and zg = 3.0 are kept constant, while 3 is varied. (a) = 10~1, (b) 8 = 100
The observable is plotted with a y-axis scale of £1.5 x 10-3,

2. Keep Bzg constant, and vary zg. This, of course, means that § has to vary
inversely to zy. Then dT'/dt! « FyonLinear/(34.0 + 5.0zp) and since 2g
is varied from basically 3.0 to 300.0 dT'/dt' varies from FyonLinear/49 to
F)NonLinear/1534. Increased heat dilution (increasing [Ar]) should decrease
the amplitude of the signal and there may also be reduced nonlinear effects.

3. Keep  constant and vary z%. dT/dt o« ((2.0 4+ 107320)/(34.0 + 5.0z;))
* '\ onLinear- B 18 kept at 107 but 2 is changed from 3 to 300.0 in one set of
circumstances and from 0 to 1.0 in another set of circumstances. dT'/dt’ is ex-
pected to vary from 0.0408 FyonLinear t0 0.0015 FyronLinear for the first set (a
factor of 27) and it should vary from 0.0588 FyonLinear t0 0.0513 FyonLinear
or a factor of 1.1465(¢.e not much) in the second set of circumstances.

These cases will be discussed after all examples have been presented. Figures 4.11-
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Figure 4.16 Simulation parameters A = 7.5, B = 2.0, Ty, = 350.15 K, and
B =10~3 are kept constant, while zg is varied. (a) zg = 30.0, (b) 29 = 300.0.
The observable is plotted with a y-axis scale of +1.5 x 103,
4.24 are examples of all three cases for A = 7.5, B = 2.0 and Tj,; = 350.15 K,
while Figures 4.25-4.31 are examples of case 3 only with A = 11.5, B = 1.0 and

Tine = 350.15 K. These parameter regimes are, of course, a natural extension of the

previous work.

Comparing Figure 4.4(a), where A = 7.5, B = 2.0, and Tjp, = 350.15 K but
zp = 0.0, to Figure 4.11{a) where 29 was changed to 3.0 and therefore 8 = 102 was
brought into play, the effect of changing z can be seen. That is, the first minimum
is slightly smaller in amplitude. In Figure 4.12(a) 8 has been increased to 0.1 with
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Figure 4.17 Simulation parameters A = 7.5, B = 2.0, Tj,, = 350.15 K,

and zp = 3.0 are kept constant, while J is varied. (a) 8 =10"%,(b) 8= 10-2,
The observable is plotted with a y-axis scale of £1.5 x 10-°.

a further shift of the first negative part of the waveform becoming more positive but
not crossing over yet. The waveform has crossed over in Figure 4.12(b) where 3 has

been increased to 1.0. Note that the second peak has not changed while the other
change was occurring.

In Figure 4.13(a), where zg is increased to 30.0 and in Figure 4.13(b) where zg

is increased to 300.0 the decrease of the amplitude of the observable is much more

pronounced than the change of zp from 0 to 3.0 indicates.

Figure 4.14(a) and (b) are y-axis expansions of the plots presented in 4.11(a} and
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Figure 4.18 Simulation parameters A = 7.5, B = 2.0, T int = 350.15 K,
and zg = 3.0 are kept constant, while 8 is varied. (a) 8 = 10' ,(b) B= 100

The observable is plotted with a y-axis scale of 1.5 x 1075,

(b), respectively, with 8 = 1073 and 2 = 3.0. There seems to be little change in the
inflection points and oscillations that were observed in Figure 4.14(a} and (b) or in

Figure 4.5(a) where zp = 0.0 and 3 was therefore not included in the calculation

Comparison of Figures 4.15(a) and (b) shows that, although, there are several
inflection points in the waveform in 4.15(a) for 8 = 10~1, when f is increased to 1.0
4.15(b), these inflection points are no longer present. They may have heen converted
to oscillations of the waveform about the zero reference line but this does not seem to

have been the case for in Figure 4.18(a) and (b), 4.21(a) and (b), and Figure 4.31(a)
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Figure 4.19 Simulation parameters A = 7.5, B = 2.0, Tjp; = 350.15 K, and
B = 1073 are kept constant, while zg is varied. (a) zg = 30.0, (b) 2 = 300.0.

The observable is plotted with a y-axis scale of £1.5 x 1079,

there seems to be no increase in the number of oscillations of the observable.

Figure 4.16(a) and (b) are for A = 7.5, B = 2.0, Tjy¢ = 350.15 K, and g =

10-3, while z; varies from 30.0 to 300.0, respectively, and the y-axis expansion is for

+1.5 % 10~3. The observable amplitude has decreased dramatically with the increase

of zp from 30.0 to 300.0, which is only an order of magnitude change.

In Figure 4.17, with A = 7.5, B = 2.0, Tjp; = 350.15 K, and 29 = 3.0 are kept

constant while 3 is changed from 1072 in 4.17(a) to 10~2 in 4.17(b), and the y-axis

expansion is for £1.5x 1073, Once again it is hard to see any change of the amplitude
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Figure 4.20 Simulation parameters A = 7.5, B = 2.0, Tﬂ“" = 350.15 K,
and zy = 3.0 are kept constant, while 3 is varied. (a) = 10_ ,(b) B = 0—2
The observable is plotted with a y-axis scale of £1.5 x 105,

of the observable for this increase of g by an order of magnitude.

In Figure 4.18 all parameters are kept constant including zp = 3.0 while 8 is
changed from 0.1 to 1.0. A rather large decrease of the amplitude of the observable
can be seen when comparing Figure 4.18(2) and 4.18(b), for this order of magnitude
change for zp. In fact, it is much more dramatic than the small change of the ob-

servable when comparing Figures 4.17(b) and 4.18(a), which are also for an order of

magnitude change of 2z, 10~2 to 1071,

In Figure 4.19 the parameters A = 7.5, B = 2.0 ,Tjpt = 350.15 K, and 8 = 109
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Figure 4.21 Simulation parameters A = 7.5, B = 2.0, Tj,; = 350.15 K,
and zg = 3.0 are kept constant, while 8 is varied. (a) 8 =10"", (b) § = 100.
The observable is plotted with a y-axis scale of £1.5 x 106,

are kept constant, while zg is changed from 30.0 to 300.0 for a y-axis expansion of
+1.5 x 10~°. The waveform in 4.19(a) has a larger amplitude that the waveform
in 4.19(b) which is expected for this order of magnitude increase of zg, as was first

shown in Figures 4.13(2) and (b).

Close inspection of Figure 4.20(2) and (b) reveals that the negative amplitude of

amplitude at this expansion.
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Thus an order of magnitude increase in 3 has caused a small increase in the observable
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Figure 4.22 Simulation parameters A = 7.5, B = 2.0, T, = 350.15 K, and
B = 1073 are kept constant, while zg is varied. (a) zg = 30.0, (b) 29 = 300.0.

The observable is plotted with a y-axis scale of +1.5 x 1076,

It is obvious that the waveform in Figure 4.21(b) has a much larger negative

amplitude than the waveform in Figure 4.21(a). However, it is interesting that the

overall shape of the waveform in Figure 4.21(a) is decidedly similar to the waveformsin

Figures 4.20(a) and (b). There is a larger increase of the amplitude of the observable

for changing B from 0.1 to 1.0 than for the change from 1073 to 10~2 or 1072 to

10~1. A decidedly nonlinear response to a linear change of 8 but the change is in the

correct direction. As stated in case one, the amplitude of the signal is expected to

increase with increasing stabilization.
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Figure 4.23 Simulation parameters A = 7.5, B = 2.0, and T, = 350.15
K are kept constant, while @ and zj are varied. (a) 8 = 100 and 2 = 3.0,

(b) B = 1073 and zg = 30.0. The observable is plotted with a y-axis scale of
+1.5 x 10~7.

Figure 4.23(a), with 8 = 1.0, and zg = 3.0, an expansion of Figure 4.22(b), show-
ing that the waveform does go positive. Although the same expansion of the waveform
for B = 107! is not shown it has similar features to those seen in Figure 4.23(2). In
Figure 4.23(b) it is obvious that the amplitude of the waveform has decreased when

zg is increased from 3.0 to 30.0, but there has also been an increase in the number of

oscillations present in the waveform.

Comparison of Figure 4.23(b) and 4.24(a) shows that the amplitude of the wave-
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Figure 4.24 Simulation parameters A = 7.5, B = 2.0, Tj,, = 350.15 K,

B =103 and zp = 300.0 are kept constant, and the observable is plotted with

a y-axis of +1.5 x 10~7, (a), and £1.5 x 1078, (b).
form has decreased when increasing zg from 30.0 to 300.0. The y-axis of Figure 4.24(b)
is an order of magnitude larger than Figure 4.23(b) and the waveform in 4.24(b) in
not on scale, thus it has not decreased linearly. Comparison of Figure 4.23(h) and
4.24(b) shows that the change of the parameter, zp, by an order of maguitude does
not change the amplitude by an order of magnitude. However it should be pointed

out that the waveform in Figure 4.24(b) still has oscillations present.

For Figures 4.25-4.31 the simulation parameters A = 11.5, B = 1.0, T, = 350.15
K, Tol =10"12 and 8 = 1073 are not changed, while zg is changed from 1.0 to 300.0.
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Figure 4.25 Simulation parameters A = 11.5, B = 1.0, Ty, = 350.15 K,
and 8 = 103 are kept constant but zg is varied. (a) zg = 1.0, (b) 29 = 3.0.
The observable is plotted with a y-axis scale of £1.5 x 1072,

Table 4.5 Listing of the Figures 4.25-4.31 for the simulation parameters A =
11.5, B = 1.0, Tj = 350.15 K, and B = 10~3 while zg is varied.

B2 y-axis scale
+1.5%10~2 1.5 x 10~3 +1.5x 10~5 +1.5x 10~

103 1.0 4.25(a) 4.27(a) 4.29(a) 4.31(a)
10-3 3.0 4.25(b) 4.27(b) 4.29(b) 4.31(b)
10~3 30.0 4.26(a) 4.28(a) 4.30(a)
103 300.0 4.26(b) 4.28(b) 4.30(b)

-130-



1.5E-02 (a)

1 dT
TIdr

0.0E+00 \

-1.5E-02-I

i 1 !
-1.0E+01 -5, 0E+00 0.0E+00 5.0E+00
Lcag10 of Gas Time

1.58-02 1 (b)

1 dT
TTdU

0.0E+00

-1.5E~02'I

T | T
-1,0B+01 -5.0B+00 0,.0E+00 5.0B+00
Logqg of Gas Time

Figure 4.26 Simulation parameters A = 11.5, B = 1.0, Tj,, = 350.15 K,

and 8 = 10~3 are kept constant but zq is varied. (a) zp = 30.0, (b) zg = 300.0.

The observable is plotted with a y-axis scale of £1.5 x 10~2.

Comparison of Figure 4.25(a) and (b), where the parameter 2y has been changed
by a factor of 3 while keeping A = 11.5, B = 1.0, Tjp, = 350.15 K, 8 = 10~3,
and Tol = 10~12 fixed, shows a slight change in the negative part of the waveform.

Further amplification is needed to understand what has changed, and this is indicated

later.

This is also the case for Figure 4.26 since the amplification is not large enough to

see a change. However the waveform in Figure 4.26(a) is at least different from the

waveform in Figure 4.25(h).
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Figure 4.27 Simulation parameters A = 11.5, B = 1.0, Tjp, = 350.15 K,
and B = 10~3 are kept constant but z is varied. (a) zp = 1.0, (b) zp = 3.0.
The observable is plotted with a y-axis scale of £1.5 x 1073,

Comparing Figure 4.27(a) to Figure 4.6(b) shows that the depth of the well has
decreased when increasing zp from 0.0 to 3.0 although not much change is seen for

the 1.0 case.

Figures 4.28(a) and (b) indicate that increasing zp from 30.0 to 300.0 causes the
amplitude of the waveform to decrease. However, Figures 4.30 (a) and (b} allow for
an evaluation of the case of increasing zg from 30.0 to 300.0, and these expansions

clearly show the decrease in amplitude of the waveform.

Note that zg is the ratio Ar/CCI3F, and therefore as the ratio is increased there
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Figure 4.28 Simulation parameters A = 11.5, B = 1.0, Ty, = 350.15 K,
and B = 10~3 are kept constant but zq is varied. (a) zg = 30.0, (b) zg = 300.0.
The observable is plotted with a y-axis scale of £1.5 x 10-3.

is more argon present and the result is that the waveform is less negative. Remember
that the negative part of the waveform is a measure of the rate of heat release. It
can be expected that part of the decrease of the waveform amplitude will be due
to less CCI3F present to form clusters. Part may also be due to Ar’s poor ability
to stabilise the clusters resulting in a lower amplitude of the negative part of the
waveform. The overall shape (i.e. oscillations) are affected by this dilution factor,
which has the additional subtle effect of controlling the thermal feedback to the rate
coefficients and to the equilibrium mole fractions.
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Figure 4.29 Simulation parameters A = 11.5, B = 1.0, Ti;, = 350.15 K,
and 8 = 10~3 are kept constant but zj is varied. (a) zg = 1.0, (b) zg = 3.0.
The observable is plotted with a y-axis scale of £1.5 x 105,

Comparison of Figures 4.29(a) and (b) to Figure 4.8(b) again shows that there is
a slight change of the waveform for a change of zp from 0.0 to 1.0 and a larger change

of the waveform when z; is increased to 3.0.

Comparing Figures 4.10(a) and 4.31, where zp has increased from 0.0 (Fig-
ure 4.10(a)) to 1.0 (Figure 4.31(2)) to 3.0 (Figure 4.31(b)} and it can be seen that

the amplitude has decreased but that the shape of the waveform has also changed.

Overall these simulations have shown manifestations of nonlinear effects since the
waveforms have changed shape, and the amplitude has not changed proportionally.
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Figure 4.30 Simulation parameters A = 11.5, B = 1.0, Tj,, = 350.15 K,
and B = 1073 are kept constant but zq is varied. (a) zg = 30.0, (b) zg = 300.0.

The observable is plotted with a y-axis scale of £1.5 x 105,

For case one, as mentioned earlier for zy being constant, Figure 4.21(a) is com-

pared to Figure 4.18(b) where the y-axes are an order of magnitude different and the

waveform is on scale in both plots. However the approximated rate equation indicates

that there should only have been a change of amplitude by a factor of 2.5, not an

order of magnitude. Furthermore, the shape has changed. Therefore this is another

indication that there are nonlinear effects.

For case two, where zp* 8 = 0.3, a comparison of Figure 4.12(a) and 4.16(b) where

the y-axes are an order of magnitude different shows similarity of shape. A simple
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Figure 4.31 Simulation parameters A = 11.5, B = 1.0, T;,; = 350.15 K,
and B = 103 are kept constant but zj is varied. (a) zp = 1.0, (b) zg = 3.0.
The observable is plotted with a y-axis scale of +1.5 x 10~5.

measurement of the depth of the well in both figures gives a ratio of 23.3 not the

expected 30. However, comparison of expensions of these figures, as in Figures 21(a)

and 4.24(a) respectively, shows that the factor of 30 difference is evident, but so is

the shape change.

For case 3, where 8 = 10~3 and z( is varied from 3.0 to 300.0 and from 3.0 to 0.0,
the comparison of Figure 4?1'1(a.) and Figure 4.16(b) shows that the amplitude changes
by about a factor of 21 and not the expected 27. In the expansions of those plots,
that is Figure 4.20(a) and Figure 4.24(a) the ratio is only about 19 times not the 27
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times that was predicted. For A = 11.5 and B = 1.0 comparison of Figures 4.6(b) for
zp = 0.0 and 4.27(a) for zg = 1.0 and 4.27(b) for zp = 3.0 show little or no change of
the gross features. However, for the expansions, as in Figures 4.10(a) and 4.31(a) and
(b) it is possible to see a change in amplitude of about the expected 1.147, but most
important is the change in waveform shape. Even the slight change of z3 from 1.0

(Figure 4.31(a)) to 3.0 (Figure 4.31(b)) has changed the amplitude of the waveform

and the oscillations of the waveform.
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4.4 Experimental Apparatus

The experimental apparatus is a shock tube for doing temperature jump exper-
iments. Although the T-jump is unlimited, the apparatus used in the present work
has been used in the past for AT = 0 — 4000 K. The temperature jump occurs in 1-2
nanoseconds. The shock tube is made up of two chambers separated by a diaphragm.
The driver section is made from iron pipe which is 15 centimeters in diameter and
380 centimeters long. The sample section is made from stainless steel plate, which
is approximately 10 centimeters to a side and is 1100 centimeters long. The test gas
is placed in the sample section and then driver gas, usually helium, is added to the
driver section until the diaphragm bursts. The magnitude of the temperature jump
is controlled by selecting the diaphragm thickness. As une would expect, the thicker
the diaphragm the greater the temperature jump. There can be as much as 5-8% dit-
ference in the experimental temperature for a constant test pressure since not every

diaphragm bursts at exactly the same pressure.

The sample chamber has eight sets of quartz windows, in opposite walls and one
of these sets is used to detect the main signal via a laser-schlieren detection system
(described below). Three of the remaining sets of quartz windows are used to deter-
mine the velocity of the shock front using three more schlieren detectors. The velocity
of the shock front is calculated by measuring the time interval between the detector
signals and by dividing it into the known inter-detector distance (vel = dist/time).
At each schlieren detector a 5SmW He-Ne laser beam passes perpendicularly through a
set of quartz windows in the sample section and impinges on the centre of a quadrant
photodetector. The electronics of the photodetector system is set up such that the
currents from each of the quadrants are balanced against each other. Therefore when
the laser beam is centred on the four quadrants each will have equal laser intensity on
it producing equal current, and the resulting output from the photodetector electron-
ics will be zero. Thereiore this configuration will indicatc if the beam has moved and
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in which direction it has moved. The schlieren detection system allows the density
gradient of the shock heated gas to be measured, as described below. The density

gradient is then related to physical and chemical properties of the sample gas.

4.4.1 Laser Schlieren Detector

This work will present a summary of the schlieren detection system as initiated
by Kiefer and Lutz’4 and then improved upon by Dove and Teitelbaum™ and further
improved upon by Baalbaki and Teitelbaum?. The schlieren detection system as
outlined by Kiefer and Lutz™ used a single HeNe (helium-neon) laser, a 25% trans-
mitting mirror, two photomultiplier tubes, one microscope optic and a knife-cdge.
The HeNe laser beam was incident on the 25% transmitting mirror and the reflected
portion of the beam was passed through optical quality, glass windows in opposing
sides of the test section of a shock tube. Once the laser light had passed through the
second window it was focussed, using a microscope optic, onto a knife-edge (a razor
blade) 7 meters away. Only one-half of the beam was blocked by the razor's edge;
the rest fell onto a photomultiplier tube and the resulting signal was amplified and
sent to a Tektronix oscilloscope. The transmitted beam (see above) was sent on to
a second photomultiplier tube, and the resulting signal was amplified, and sent to a
second Tektronix oscilloscope. This second signal was used to do background cor-
rection. Both signals, once displayed on the oscilloscope screens, were photographed
using appropriate camera attachments for the oscilloscopes. The fastest time base
for these oscilloscopes was 0.1 usecond per division. Since these were analog oscil-
loscopes, the easiest and cheapest way that the data could be recorded was by the
use of cameras. The reader is referred to the original papers for the exact details
of the setup. This initial setup of Kiefer and Lutz™ was improved upon by Dove
and Teitelbaum™ by replacing the photomultipliers and knife edge with 2 quadrant
photodiode detector. The preceding discussion was for the main signal of the shock
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tube, and the velocity detection was done using gold film thermal sensors inside the
tube. This was replaced by Baalbaki and Teitelbaumn?® with sets of laser-schlieren
detectors, but the velocity signals were sent to one channel of a Nicolet Explorer /7]
digital oscilloscope which had only 4096 data points. Baalbaki and Teitelbaum also
captured the main signal with a transient waveform recorder (Biomation 8100) with
2048 data points., The Biomation waveform recorder has a minimum step size of 10
nanoseconds and therefore for 2048 data points the total time of the waveform must
be < 10 x 10~9 x 2048 =~ 20.5useconds. However, if the total time of a waveform
to be studied is & 800useconds and there are only 2048 data points, the data step
used must be 0.4useconds, not 10 nanoseconds, in order to capture the whole signal
(2048 x 400 x 10~9seconds ~ 820useconds). The transient waveform recorder was
used to trigger the capture of the velocity data and its own data. The velocity data
would then be recorded on a double-sided double density (2DD) 5.25” disk. Next the
information from the transient waveform recorder was sent to the digital oscilloscope
and recorded on 5.25”/2DD disks. The information was backed up in this manner
and could be sent on to an XT-clone and then transferred to the mainframe computer

for analysis and plotting.

In the following description the quadrant photodetector array is labeled A, B,
C, and D, in a clockwise manner starting with A at the top most left corner of the
circle (See Figure 4.32(d)). In the system used by Dove and Teitelbaum’® and by
Baalbaki and Teitelbaum?®, the output voltage was collected from two differential
video amplifiers V] = V3 — V; and V5 =V}, — V4 which were then subtracted to give
V=V —-Vp = Va+Vy—V;—V,. The result is just the left half of the photodiode array
minus the right half of the photodiode array. The video amplifiers were used because,
at the time (early 1970s) these were the fastest responding differential amplifiers
available. They have been replaced in the present study with operational amplifiers
(OP-64) which have a faster response (130V/gs) than the video amplifiers and which
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have a lower bandwidth thus picking up less high frequency noise. The OP-64 has a
Gain-Bandwidth product of 80 MHz (typical) and therefore at the amplification of
10 that is used in this work, the Bandwidth is about 8-10 MHz. Also, the OP-64
has a high current output and therefore can be used directly to drive 50 ohm ()
cable. It also has one more feature that makes it ideal for this work and that is the
ability to disable the amplifier with a supply voltage signal. Thus the amplifier can
be shut off at any time by a timing circuit that is included in the power supply-
mixing board setup. The timing circuit is triggered at a predetermined voltage of 200
millivolts (which can be changed if need be), and the width of timing gate (from 40.0
pseconds to 2.0 milliseconds) is set by the resistance value of a 20-turn potentiometer.

Schematics are supplied in Appendix C.

The new detection system uses preamplifier circuit boards which are configured to
allow easy mounting and removal of the quadrant photodiode (PIN SPOT 9D made
by United Detector Technology Sensors, Inc.). This is the same quadrant photodi-
ode array used by Dove and Teitelbaum’® in the early 1970s and by Baalbaki and
Teitelbaum?S in the 1980s. The present preamplifier circuits use the OP-64 opera-
tional amplifier (with the disable function) to amplify the input from the photodiode
array by a factor of ten. The circuit is laid out in such a manner that the PIN SPOT
9D can either be connected in the Vg — V; and Vj, — V; arrangement (quad} or in a

Vatd = Vhs.c arrangement (semicircle). See Appendix C.

For the new main signal preamplifier, the V| = V4 — Ve, Vo = ¥}, — V; arrangement
(quad) was used. This signal is then expected to be fed into a system that will allow
subtraction of the two signals such as the Biomation 8100 waveform recorder. The

new main signal is not used in the present work.

The new velocity signal detectors used the preamplifier get up in the semicircular
mode (Vg4 = Vp4c), and thus the output is a complete schlieren millivolt signal. The
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output of each preamplifier is sent to the mixing board where they are added to each
other at the input of another OP-64 amplifier (gain of ten). The output of the mixing
board is sent to a BNC connector that is terminated at 50 ohms. Since each velocity
signal is a scparate system any number of velocity detectors could be added to the
overall system. However, in this case since there were only five HeNe lasers available
the mixing board was only set up to work with five inputs. It should be added at this
point that the mixing board is set up to use quadrant inputs if two OP-64 circuits
have been wired up in the preamplifier (See Appendix C, preamplifier schematic). At
the present time this is not the case but the preamplifier circuit boards and the main

mixing board are all set up to accept the necessary components.

The separate photodiode preamplifier signals can be calibrated to give the same
response for the same deflection. Note that the system has not been calibrated for
this work, but the procedure is presented for future reference. This calibration is
needed because not every laser will give the exact same intensity output and the
mirrors are not identical and the photodiode arrays are not identical. The components
described may be of different age and therefore have a dissimilar response. The first
step is to measure and tabulate the maximum voltage from each photodiode in a
single quadrant. T. .n a comparison could be made of the measured values. The
lowest value is the most important at this stage. The input resistors of the mixing
board could be changed in such a fashion so that each of the inputs from the various
preamplifiers result in the same output value from the mixing board amplifier. This
means that the photodiode preamplifier with the highest ouput voltage will have
the largest resistor placed at its input to the mixing board amplifier. Therefore all
preamplifiers would then deliver the same voltage to the mixing board amplifier input
for the same deflection of the laser beam. Thus the systems would be calibrated to
give the same response for the same deflection of the respective laser beams.
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4.4.2 Laser Schlieren Signals

(c)

Lo,

(b) ver. (d)

B

C

T

A

Figure 4.32 Plot of laser beam impinging on quadrant photodiode array.

Teitelbaum?? has given a detailed explanation and derivations relating the schl-
ieren detection system to the density gradient. Below is a summary of that detailed

explanation and the reader is referred to Teitelbaum’s work for a full description.

The HeNe laser beam intensity is expected to have a Gaussian distribution (ap-

proximated in Figure 4.32(c)),
2Pg (-2 2}
I(r)= 4.13
) =Few| 7 13}
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where r is the radial coordinate of the beam,  is the beam radius at the e~ intensity
points, and Py is the laser power at the surface of the photodiode measured in one
quadrant. In fact, usually the term, Vg, the voltage output of the photodiode when
the laser is in one quadrant, is used rather than laser power and wil: be used hereafter

in this work.

The laser beam passes through two optical windows in the shock tube before
coming in contact with the photodiode. The diameter of the shock tube is taken to
be, {, the distance from the centre of the shock tube to the surface of the photodiode
is, D, the angle of deflection is, 0, and the pathlength of the movement of the laser
beam on the photodiode is, A. It is well known that a laser beam in 2 medium of
varying refractive index, will deflect towards a region of higher refractive index, n. If
the refractive index, is n = 1, the deflections of the laser beam are kept small and
the laser beam is incident perpendicular to the shock flow, then the deflection angle

can be approximated by,
dn

0=tg [4.14)

where y is the axial coordinate, in the same plane as A (see Figure 4.32(b)).

The refractivity, B, and density of the gas, p, are related to refractive index, n,

by n =1 + 8p. Therefore the deflection angle can be determined by,

= g9
0=5%5, [4.15]

Since 0 is expected to be very small (sub-milliradians) tan0 = 0 and therefore the
deflection of the laser beam at the photodiode is,
A= DO
_ pad? [4.16]
= Djl iy
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For the purposes of this work it is enough to realize that when the laser beam is
deflected from the centre of the photodiode the deflection will be smull, i.e. A € a

and in only the y direction (see Figure 4.32(b)). Therefore the intensity of the laser

beam can be approximated by

f 2 2.2 y
I(y) = VO ;_;2_ c(—?y /a ) [1.17]

Upon deflection, the centre of the gaussian distribution of the intensity is shifted from
the centre of the photodiode to A (Figure 4.32(a)). The integration of an unshifted
gaussian distribution of a laser beam, on the centre of a photodiode would result in
zero volts output (Figure 4.32(c) unshaded section). However when the laser beam is
shifted there is in intensity imbalance (Figure 4.32(c) shaded part). The integration

can be broken into two portions one for each half of the photodiode,
ra 2 2 +o 2 2 /.2
=— —2y*/a%) N (—2v%/a%) 4.18
v j VO Ef € dy + é VO 'ﬂ'_a.i e dy. [ ]

Due to the symmetry of the gaussian waveform the negative part of the signal [_o 4
is equal to the positive part of the signal f+°° This leaves f A which, again due

to symmetry, is just 2 fO (Frgure 4.32(c)). Therefore the voltage generated by the

photodiode can be represented by,

a
9
V= 2Vm/;igj (=27 13" gy (4.19]
0

Now if the exponential is expanded using a Taylor series the voltage now becomes

A o
8 w? 1 2%\2
vevojrz[ [-F+3(E) e 14:20)
0

Remembering that A < a it can be seen that the higher powers of the expansion will

not contribute much,

v ’NUVOV [J 33.2

N 270 [4.21)
~ oW ;;_fm[l 3(a)]'



Since A < a the last term is close to zero, and therefore the voltage can be represented

by
8
= — 4.22
14 vh"ra? A [4.22]

The displacement of the laser beam, A, has been defined above and so the rela-

tionship of voltage to density is,

8 dp
V=W Dﬁld—y“- {4.23]

dp dp 1 dT
Vo gy " mdt & T @

Finally,
[4.24])

where it is assumed that the gas pressure is approximately constant. Also of note
is the fact that dtg/dt; = pe/pg so the gas time, ig, used in the simulations can be

related to lab time, t;, via the ratio of post-shock density to pre-shock density.

Lastly, D = 1 meter, [ = 11.0 cm, and the refractivity of the gas is dependent

upon the test gas used,

); Bizip;

b= ;wi#i

[4.25]

where ; and p; are the mole fraction and molecular weight of the respective species,
i, in the mixture. In this work Ar and CCI3F are used with §’s of 0.1589 and 0.229

cm3/g, vespectively.
4.4.3 Data Collection

The old data collection system was of a very low resolution, in that the four
laser schlieren velocity signals together only had 4096 data points. This has been
updated and the new system now captures three velocity signals and stores them
on a Compuscope card which is manufacture by Gage Applied Science, Montreal,
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Canada. The Compuscope is a digital oscilloscope on a card that is inserted in an
available slot of an IBM PC, or IBM PC clone. The card used in this work, CS220,
collects 256k of data points (262 144) at a sampling rate up to 40 Million Samples Per
Second (40MSPS). The new data collection system collects at least 16 data points
for each data point collected in the previous system. In an ideal case, 32 data points
would be collected in the new system for each data point of the previous system.

Thus, there is an increase in the sampling of the waveform.

With the redesigned velocity data collection system, the data car row be used
not only for calculating the velocity but also used for comparison of each detector
station signal with the main signal (if available) and cach other. The velocity signals
are essentially at similar but slightly different velocities and thus at different initial
conditions but hopefully within 2-4% of each other. This is important since the
parameter regime that the experiments are beirg done at result in signals that oscillate
and are even chaotic at times. Since it is well known that systems in a chaotic
parameter regime are sensitive to initial conditions, comparing results of a system

with very similar initial conditions is a productive and desirable pursuit.

In this work, the output of the mixing board was ac coupled to the CompuScope
card and the card was set do a MID capture of the data. In other words, the trigger
was set to fire and capture, and display the data so that the centre of the data would
be the central data point. The trigger voltage was received from the mixing board
and it was usually selected off of the second photodiode signal. The amplification on
the card was set to 2x and therefore the voltage was doubled before being sent to
the AD (analog-to-digital) converter. This is the reason that the maximum pecak is

not on full scale (see Figure 4.33).

Photodiode detection stations 1 and 2 were 304.3 +£0.5 mm apart while stations 2
and 3 were 292.3 £ 0.5 mm apart. The velocities were calculated using time between
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shock front peaks obtained from a plot of the signal at a 50usecond per division
expansion. These plots were screen dumps done using the CompuScope software and

a 9 pin dot matrix printer.

The photodiode detectors were on an optical table (2000 lbs cement block on
rubber) that damped out all frequencies greater than 12 Hz. There were still some
techrical problems that were overcome by having the photodiodes at a negative value.
Thus as each one of the photodiodes (PD) was disabled, in turn, the baseline would
increase in valuc (sce Figure 4.33). Note that the photodiode preamplifier outputs

are DC coupled to the mixing board amplifier input.
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4.5 Data

A program, developed by in H. Teitelbaum’s laboratory by Sub?, was used to
calculate shock parameters (post shock temperature, pressure and density), and for
this work it was modified to use curves fitted to the enthalpy data presented in
JANATF tables for ideal gases’. The ideal gas law was used since most of the pure
compounds were at relatively low partial pressures and the mixtures were mostly
Argon. The enthalpy of the mixture at a certain temperature was calculated by
summing the mole fraction of each component times the enthalpy of the component
at the specified temperature. Also, in the same manner the molecular weight of the

gas mixtures was calculated.

The shock parameter program uses the enthalpy, h, of the gas or mixturc of
gases to calculate the velocity, ug at a given post shock temperature, T; and {rom an
initial temperature, Ty. The velocity is also used to calculate the post shoc_k pressure,
p, before complete equilibration and after complete equilibration has occurred, that
is after the system has reached its equilibrium Boltzmann distribution (for a given
temperature). A set of data is created for a range of post shock temperatures and
shock velocities. Once the shock velocity, ug, is matched with the measured velocity
then the other parameters are read from the table of calculated data. The parameters
used have a subscript, ¢ for post shock conditions after equilibration, ¢ for initial
conditions, 4 for vibrationally and rotationally frozen, and , for vibrationally frozen.

The hydrodynamic equations are listed below.

POUD = Pelle = Patia = PHU (4.26]

po+ PO"% = pe + Peuz =pa+ pauﬁ =pm+ pbug [4.27]
1 1 1 9

h{) + Eu% = he + §ug = hg + Eua = hb + Eub [428]

POBO _ Pef0 _ Pal'Q _ PbHO _ R [4_29]

polo - peTe B pale B puTh B
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where p is the densily, u is the flow velocity in shock-stationary coordinates, p is the

pressure, h is the enthalpy of the mixture, and T is the temperature of the system.

Equation [4.26] states that mass flux is conserved; equation [4.27] states that
momentum flux is conserved; and equation [4.28] states that energy flux is conserved.
Note that equation [4.28] is a reordering of the ideal gas law, PV = nRT, to R =
(P/T)(V/n) where V/n = p/p. That is, the volume divided by the number of moles

is the same as the molecular weight divided by the density of the gas mixture.

The calculation of shock velocity, ug, is performed by first choosing Te, given Ij

and solving for py/pe from

1
po/pe = m{—(gy —Te+Tp) + \/(27?1— Te + T)? + 4T T, } [4.30]
with
y = ER‘l(he ~ ko). [4.31)
Then
(ke — ko)
u) =, |37 [4.32]
(1 - p§/pd)

Using the first set of equalities in equation [4.27],

Pe PO, 2  Pe 2
P0 o p ¢ [4:33]
Substituting equation [4.26] (poug = pette), Which restated means !;_2-”0 = U, Into

equation [4.33], results in

2 _ pfo
& =1 + POuO (F"OHU)(‘Qe )“0 [4.34]
PO Po
which can be restated as
Pe 2, P0
—=14(1- ui(—).
- (1 — po/pe}ui( p\0) [4.35]
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Lastly, keeping in mind equation [4.29] which relates density, pressure, molecular

weight and temperature to the gas constant, equation [4.35] takes on the form,

Pe 2, 140
—=14+(1- _— ) 4.
P = 1401~ oo/ )l ) [4.36]

Therefore once the velocity is calculated for a certain temperature, Te, and know-

ing the pg, it is relatively easy to calculate p,.

Shock compression experiments were done on pure CCl3F (six), SFg (three),
CClsH (two), and Ar (one). There were three mixtures prepared, 5.05%, 5.08%, and
25.05% CCI3F in Ar.

5.0E-01

Volts

2.0E-01 1

-1.(”:‘.-01'I

| | { | 1
0.0E+00 §.0E-04 §.0E-04 1.2E-03 1.6E-03 2.08-02
Time (seconds)

Figure 4.33 Plot of schlieren millivolt signal (from all three velocity sta-
tions) versus time (seconds) for shock compression of pure Ar with pg = 63.0
Torr, Ty = 295.15 K, pe = 279.7 Torr, and Te = 589.58 K (average valucs).

In general the plots of the data presented here are for all three schlieren millivolt
signals for the three photodiode detection stations. In all but a few cases, which will
be pointed out when they occur, the first photodiode preamplifier is shut-off before
the shock front reaches the next photodiode station. The same circumstances exist for
photodiodes two and three. This “turning off” of the preamplifier can be obscrved as
a shifting of the baseline which is illustrated in Figure 4.33 for a shock compression of
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Table 4.8 Shock velocities, ug, for gases studied in this work as obtained
from three photodiode stations, PD1, 2, and 3. All pressures are in Torr and
temperatures are in Kelvin (K).

sample mixture  sample po ug(m/s)

ratio pressure PD#1-2 PD#2-3 Ave. Aug%
Argon pure 63.0 624.21 615.37 619.8 —1.44
Sly pure 24.0 341.91 333.10 .337.5 —2.64
SFs pure 100.0 211.32 207.30 209.3 —1.94
Sk pure 360.0 163.75 163.8
CClyl! pure 5.0 599.61 590.50 595.0 —1.55
CClsH pure 6.0 857.18 811.94 834.6 —5.57
CClF pure 5.0 574.15 573.14 573.6 —0.17
CClyF pure 9.5 473.98 47298 473.5 -0.21
CClF pure 22.0 342.68 337.92 340.3 —1.41
CCl3F pure 29.0 331.66 324.78 328.2 -2.12
CClF pure 61.0 238.67 235.73 2372 —1.25
CClyF pure 196.0 192.59 190.17 191.4 -1.27
CClF 5.05%  188.0 9.49 380.38 377.16 378.8 —0.85
CClF 5.05%  250.5 12.65 361.19 358.65 359.9 —0.71
CClyF 5.05%  435.0 21.97 332.57 330.28 331.4 —-0.69
CClyF 5.08%  188.0 9.55 382.77 377.16 380.0 —1.49
CClF 5.08%  188.5 9.58 447.50 444.56 446.0 —0.66
CClyF 5.08%  100.0 5.08 496.82 491.26 494.0 -1.13
CCl3F 25.05%  188.0 47.09 296.59 293.47 295.0 -1.06
CClF 25.05%  253.0 63.38 285.73 283.78 284.8 —0.69
CClF 25.05%  435.0  108.97 258.98 255.28 257.1 —1.45

63.0 Torr of Ar with Ty = 295.15 K, and average post shock conditions of p. = 279.7
Torr, and Te = 589.58 K. These conditions are the second most severe in this study.

(All conditions used in this study are presented in Tables 4.6, and 4.7.)

In Figure 4.33, at about 1.45 milliseconds, there is a negative going peak then
a larger positive peak. This is the case for all of the waveforms in Figure 4.33 and
all other figures in this section. Since only a small portion of the data points can be
printed, due to technical limitations of the usual 300 dpi (dot per inch) laser printer,
the negative peak is quite often not seen on the plot, but it does exist in the data set
captured. The negative peak is due to the shock front encountering the laser beam
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Table 4.7 Post shock pressure, pe and temperature, Te. All pressures are in
Torr and temperatures are in Kelvin (K).

sample mixture sample pg pe(Torr) Te (K)

ratio pressure PD1-2 PD2-3 Ave. PDL-2 PD2-3 Ave.
Argon  pure 63.0 284.0 2755 279.7 594.74 58445 589.58
SFg pure 24.0 159.0 150.8 154.9 374.65 370.64 372.64
SFg pure 1000 249.6 240.0 2448 322.05 320.63 321.34
SFg pure 360.0 5324 5324 305.53 305.53
CCl3H pure 50 819 794 806 584.39 576.27 580.32
CClz3H pure 6.0 201.9 181.1 1914 858.63 803.42 830.59
CCl3F  pure 50 876 872 87.4 54444 B543.62 544.02
CClgF pure 9.5 113.0 1125 1128 469.30 468.61 468.96
CClgF pure 22.0 1359 1321 134.0 387.56 384.96 386.26
CClgF pure 29.0 167.6 160.7 164.1 381.58 377.92 379.74
CCl3F pure 61.0 180.7 176.1 1784 336.46 335.16 335.81
CCl3F  pure 196.0 373.8 364.3 368.9 317.00 316.02 316.50

CClyF  5.05% 188.0 949 178 175 17.7 370.34 367.66 369.00
CCl3F  5.05% 250.5 12.65 21.1 208 21.0 354.46 352.38 353.42
CClsF  5.05% 4350 2197 304 209 30.1 330.88 328.98 329.92
CCl3F  5.08% 188.0 955 18.2 176 179 37242 367.76 370.08
CCl3F  5.08% 188.5 9.58 258 254 25,6 427.76 425.16 426.46
CChlF  5.08% 100.0 508 17.1 167 16.9 172,70 467.49 470.08
CClsF  25.05% 188.0 47.09 882 862 87.2 343.58 341.56 342.57
CCl3F 25.05% 253.0 63.38 109.5 1079 108.7 336.58 335.34 335.96
CCl3F 25.05% 435.0 108.97 151.9 147.1 149.5 319.28 316.86 318.06

so swiftly that the beam is deflected completely off of the photodiode surface. The
following large positive peak is due to physical processes of the shock front and is not
discussed further in this work. In other words, these peaks are due to the shock front

and will be referred to hereafter in that manner,

The schlieren millivolt signals of shock compressed pure CCI3F, at various initial

pressures (pg from 5.0 to 196.0 Torr), are presented in Figures 4.34-38.

In Figure 4.34(a) the conditions for shock compression of pure CCl3F are, pg =
5.0 Torr, Ty = 295.15 K, pe = 87.4 Torr and T, = 544.02 K. It is quite noticeable when
the preamplifier is turned off for the first photodiode detection station at a2 8.5 x 10—4
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Figure 4.34 Plot of schlieren millivolt signal versus time (seconds} for shock
compression of pure CCI3F. For (a} py = 5.0 Torr, Tp = 295.15 K, pe = 87.4
Torr, and Te = 544.02 K (average values) and for (b} pg = 9.5 Torr, Ty =
295.15 K, pe = 112.8 Torr, and T, = 468.96 K (average values).
seconds. In this case there is also a spike present which is an artifact of the preamplifier
since it takes a short amount of time to actually reduce the preamplifier output to zero.
The advantage of being able to turn off the preamplifier is evident from comparison of
the waveform at time 4.0 x 10~ seconds in Figure 4.34(a) and the time of 9.0 x 10~%
seconds for the same figure. Comparison of these baselines allows the observer to see
that there is definitely some chemical activity taking place at the first photodiode
station from the time 5.0 x 10~% to 8.0 x 10~% seconds. This turning off of the
preamplifiers in turn also allows for isolation of each photodiode signal into separate
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Figure 4.35 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of pure CClgF with py = 22.0 Torr, Ty = 295.15 K, pe = 134.0
Torr, and T, = 386.26 K Sa.verage values). (a) is for 0.0 to 2.0 milliseconds
and (b) is for 2.0 to 4.0 milliseconds.

signals that do not interfere with each other. This is illustrated later with signals that,
have the timing circuit bypassed. Table 4.6 also lists the relative decrease of velocity
from photodiode stations 1-2 and 2-3 and in almost all cases the decrease of velocity

is less than 1% over a distance of = 60 cm.

Note that in Figure 4.34(a) the three millivolt signals are not identical even though
the conditions are similar but the third photodiode signal seems to represent the most
severe deviation of the three. This is not always the case as will be pointed out in

later discussions.
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Figure 4.36 Plot of schlieren millivolt signal versus time (seconds) for shock

compression of pure CCl3F with pg = 29.0 Torr, Ty = 295.15 K, pe = 164.1

Torr, and Te = 379.74 K Sa,vexage values). (a} is for 0.0 to 2.0 milliseconds

and (b) is for 2.0 to 4.0 milliseconds.

In Figure 4.34(b) the shock conditions are py = 9.5 Torr, Ty = 295.15 K, pe =
112.8 Torr, and T, = 468.96 K which is a decrease in the post shock temperature of
75.06 degrees, as expected for a lower velocity. Note that the time between positive
neaks in 4.34(a) and 4.34(b) are different in that the At is larger in 4.34(b) than
4.34(a). This is expected since the velocity is lower and therefore it must take more
time for the shock front to travel between the photodiode detection stations. Although
the shock conditions are less severe (lower T¢) the nonperiodic oscillations present in
the baseline of Figure 4.34(b) are larger in amplitude than in Figure 4.34(a). These
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Figure 4.37 Plot of schlieren millivolt signal versus time (scconds) for shock
compression of pure CCI3F with pg = 61.0 Torr, Ty = 295.15 K, p = 178.4
Torr, and Te = 335.81 K (average values). (a) is for 0.0 to 2.0 milliseconds
and shows the total time between the first two photodiode detection stations.

(b) is an x-axis expansion for 1.0 millisecond of the first photodiode schiicren
millivolt signal.

are discussed later in this section.

In Figure 4.35 the conditions for the shock compression of pure CCl3F are pg =
22.0 Torr, Ty = 295.15 K, pe = 134.0 Torr, and T, = 386.26 K. Thus the post shock
conditions are even less harsh than for the case of pg = 9.5 of Figure 4.34(b) but
the oscillations of the waveform have even larger amplitudes. In fact there are also
some spikes appearing at around one millisecond of the signal from photodiode #1
(see Figure 4.35(a)). In Figure 4.35(b) the schlieren millivolt signal of photodiode
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Figure 4.38 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of pure CClgF with pg = 196. Torr, Ty = 295.15 K, pe = 368.9
Torr, and T, = 316.50 K (average values). (a) is for 0.0 to 2.0 milliseconds,
(b) is for 2.0 to 4.0 milliseconds, and {c) is for 4.0 to 6.0 milliseconds .
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detectors 2 and 3 are presented. Note that the first and second signals are sumilar

but the third signal has much smaller amplitude changes.

In Figure 4.36 the schlieren millivolt signal of shock compressed pure CClgF is
presented for the conditions py = 29.0 Torr, Ty = 295.15 K, pe = 164.1 Torr, and T, =
379.74 K. Note that there are spikes present in Figures 4.36(b} at = 2.15 milliscconds.
However, the amplitudes of the waveforms and the periodicity of the waveforms are
much reduced in intensity even though the post shock conditions are only slightly
changed (AT, = 6.52 degrees) from the previous case. This is an indication that the

behaviour is extremely sensitive to initial conditions.

In Figure 4.37 the conditions for shock compression of pure CCIigF are py =
61.0 Torr, Ty = 295.15 K, p. = 178.4 Torr, and T = 335.81 K. In 4.37(a) the
schlieren millivolt signal for the time between photodiode detection stations 1 and 2
is shown. In Figure 4.37(b) the millivolt signal for photodiode detector 1 is expanded
to illustrate the spikes that are present. Note that although 7% is now as low as 335.81

K, there are definite oscillations present.

In Figure 4.38 the schlieren millivolt signal of shock compressed pure CClyF is
presented for pyp = 196.0 Torr, Tp = 295.15 K, pe = 368.9 Torr, and T = 316.50
K. There are definite spikes present in 4.38(a), (b) and (c). Each of the signals are
distinctly different, and, since the post shock velocities for all three signals are within
1% of each other, this means that the system is extremely sensitive to the rost shock
conditions. (Note that all three signals have the negative peak of the shock front

displayed in this case.)

In general the trend was for the amplitude of the waveform to increase with
increasing initial pressure but at the same time the post shock temperature was
decreasing. Therefore the result is not attributable to changing only one parameter.
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Figure 4.39 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 188.0 Torr of a 5.05% mixture of CCl3F in Ar with pg = 9.5
Torr, Ty = 295.15 K, p = 17.7 Torr, and Te = 369.00 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

Figures 4.39 to 4.48 are plots of the schlieren millivolt signal for shock compression

of mixtures of CCIgF in Ar (5.05%, 5.08% and 25.05%).

In Figure 4.39 the conditions for shock compression of 188.0 Torr of a 5.05%

mixture of CCI3F in Ar are py = 9.5 Torr, Ty = 295.15 K, p. = 17.7 Torr, and

Te = 369.00 K. It is obvious from comparison of 4.39(a) and (b) that no chemistry

has taken place, as revealed by any of the photodiode signals. There is the expected

jump in baseline for the preamplifier shut-off but otherwise the baseline has the same

amount of noise across the 4.0 miiliseconds of time displayed for both 4.39(a) and
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Figure 4.40 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 250.5 Torr of a 5.05% mixture of CCI3F in Ar with pp = 12.6
Torr, Tp = 295.15 K, pe = 21.0 Torr, and T, = 353.42 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

(b). Also note the spikes present upon shutting down the preamplifier circuit (at 1.7,
2.5, and 3.25 milliseconds).

In Figure 4.40 the conditions for shock compression of 250.5 Torr of a 5.05%
mixture of CClg in Ar are py = 12.6 Torr, Tgp = 295.15 K, p. = 21.0 Torr, and
T. = 353.42 K. The only noticeable features are those due to the shock front (large

positive peaks) and some spikes which are artifacts of the shutoff of the preamplifier

circuit.
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Figure 4.41 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 435.0 Torr of a 5.05% mixture of CCI3F in Ar with pg = 22.0
Torr, Ty = 295.15 K, pe = 30.1 Torr, and T, = 329.92 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

In Figure 4.41 the conditions for shock compression of 435.0 Torr of a 5.05%
mixture of CCl3 in Ar are pg = 22.0 Torr, Ty = 295.15 K, pe = 30.1 Torr, and
Te = 329.92 K. The schlieren millivolt signals in these plots are very similar to the

two previous plots. The waveform has very similar features before and after the shock

front has passed.

What is evident from Figures 4.39, 4.40, and 4.41 is that no chemical activity, or at
least no heat release, has occurred as was seen in the pure CCI3F shock compression
experiments shown in plots 4.34-4.38. However comparison of Figures 4.39-4.41 with

-162-



5.03'01“ ({l)
Volts
2.0B-01 1
[PUTIIORITRIPEIPIRTORN | Wsar TRy Sewper e L Do Lt
-1.0E~01-I

1 | 1 | [
0.0E+00 4.0E-04 §.0E-04 1.28-03 1.6E-03 2.0E-03
Time (seconds)

5.03'01‘ (b)

Volis

2.0E-01

-1.0E-01 1
T T T | T T

2.0E-03 2.4E-13 2.8E-03 3.2E-03 3.6E-03 4§, 08-03
Time (seconds)

Figure 4.42 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 188.0 Torr of a 25.05% mixture of CCI3F in Ar with pg = 47.1
Torr, Ty = 295.15 K, pe = 87.2 Torr, and T, = 342.57 K (average valucs). (a)
is for 0.0 to 2.0 milliseconds and (b} is for 2.0 to 4.0 milliseconds.

4.33 allows the observer to see the similarity of the photodiode signals. For example,
comparing the third photodiode signal of Figure 4.33 (at & 1.52 milliseconds) with
Figure 4.39(b) (at = 2.9 milliseconds), Figure 4.40(b) (at ~ 2.9 milliseconds), and

Figure 4.41(b) (at = 3.0 milliseconds} it is possible to see that the photodiode response

is very similar for the decay of the shock front.

The post shock temperature is considered to be an important parameter for the
characterization of the conditions of the system. However it must be pointed out
that plots 4.39 to 4.41 with a range of T, = 369.00 to 329.92 K, shows no structural
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Figure 4.43 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 253.0 Torr of a 25.05% mixture of CCI3F in Ar with pg = 63.4
Torr, Ty = 295.15 K, p. = 108.7 Torr, and Te = 335.96 K (average values).
(2) is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

behaviour; yet Figures 4.34-4.38, with an overlapping range of T = 544.02 to 316.50
K show a nonperiodic behaviour, and are thus an indication that the post shock
temperature is not the only parameter that should be considered. Thus it seems that

the argon itself must play a role in “quieting” down the schlieren millivolt signals.

Further evidence for this is the change in behaviour shown in Figure 4.42 where
the conditions for shock compression of 188.0 Torr of a 25.05% mixture of CCl3 in
Ar are py = 47.1 Torr, Ty = 295.15 K, p. = 87.2 Torr, and T, = 342.57 K. In
Figures 4.42(a) and (b) one can see that after the shock front has passed there are
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Figure 4.44 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 435.0 Torr of a 25.05% mixtureof CCI3F in Ar with pp = 109.0
Torr, Tp = 295.15 K, p. = 149.5 Torr, and T, = 318.06 K (average values).
(a) is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

prominent spikes appearing regularly on the baseline. The baseline itself seems to

have the same amount of noise present before and after the shock front has passed.

Again this is shown in Figu;'e 4.43, where the conditions for shock compression
of 253.0 Torr of a 25.05% mixture of CCly in Ar are pg = 63.4 Torr, Ty = 295.15
K, pe = 108.7 Torr, and T = 335.96 K. Obviously the shock velocity is less than for
Figure 4.42 (see Tables 4.6 and 4.7 for the exact differences) but the amplitude of
the spikes has increased and are more distinct. Analysis of this waveform is done in

a later section of this work.
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Figure 4.45 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 188.0 Torr of a 5.08% mixture of CCl3F in Ar with py = 9.6
Torr, Ty = 295.15 K, pe = 17.9 Torr, and T, = 370.08 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliseconds.

What is now surprising is that in Figure 4.44, where the conditions for shock
compression of 435.0 Torr of a 25.05% mixture of CCl3 in Ar are pp = 109.0 Torr,
To = 295.15 K, pe = 149.5 Torr, and T, = 318.06 K, the spikes have decreased
dramatically. In fact there are only slight variations in the baseline evident in Fig-

ures 4.44(a) and (b), after the shock front has passed.

Now this study returns to a mixture with lower CCI3F content, as in Figure 4.45
where the conditions for shock compression of 188.0 Torr of a 5.08% mixture of CClj3
in Ar are py = 9.6 Torr, Ty = 295.15 K, pe = 17.9 Torr, and T, = 370.08 K. Note that
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Figure 4.46 Plot of schlieren millivolt signal wersus time (seconds) for shack
compression of 188.5 Torr of a 5.08% mixture of CCl3F in Ar with pg = 9.6
Torr, Ty = 295.15 K, p. = 25.6 Torr, and T = 426.46 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b) is for 2.0 to 4.0 milliscconds.

the timing circuit has been bypassed and therefore only the first photodiode signal
of Figure 4.45(a) is independent of the others. Notwithstanding this, there seems to
be some small baseline oscillations of the first photodiode signal but these are only

slightly different than the baseline noise before the shock front, and evidently the

entire process is stable.

In Figure 4.46 where the conditions for shock compression of 188.5 Torr of a
5.08% mixture of CCly in Ar are more intense than in Figure 4.45 i.e., pyp = 9.6
Torr, Ty = 295.15 K, pe = 25.6 Torr, and T, = 426.46 K. The spikes have suddenly
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Figure 4.47 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of 100.0 Torr of a 5.08% mixture of CCI3F in Ar with pg = 5.1
Torr, Ty = 295.15 K, pe = 16.9 Torr, and Te = 470.08 K (average values). (a)
is for 0.0 to 2.0 milliseconds and (b} is for 2.0 to 4.0 milliseconds.

occurred again, just alter the shock front in the first photodiode signal at about 0.8
milliseconds (sce Figure 4.46(a)). The rest of the waveform present in Figure 4.46(a)
and (b) is used for the calculation of the velocity only, as the millivolt signal of the
first photodiode is superimposed on the second. This is also the case for the third

photodiode signal which is affected by the addition of the signal from the first two

photodiodes.

When the conditions become even more extreme (a further increase in velocity),
as in Figure 4.47 where the conditions for shock compression of 100.0 Torr of a 5.08%
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Figure 4.48 Plot of schlieren millivolt signal versus time (sccondsP for shock
compression of approximately a 5% mixture of CC{3F in Ar with different
velocities and therefore different post shock conditions (pe and T, arc aver-
age values). The x-axis is expanded to display from 0.0 to 0.26 milliscconds.
a.g po = 9.5 Torr, Ty = 295.15 K, pe = 17.7 Torr, and T, = 369.00 K;
b) pp = 9.6 Torr, Ty = 295.15 K, p, 17.9 Torr, and T, = 370.08 K;
¢) pp = 9.6 Torr, Ty = 295.15 K, pe = 25.6 Torr, and T, = 426.46 K;
d) pg = 5.1 Torr, Ty = 295.15 K, pe = 16.9 Torr, and T, = 470.08 K.

mixture of CCl3 in Ar are pg = 5.1 Torr, Ty = 295.15 K, p. = 16.9 Torr, and
Te = 470.08 K, the oscillations or spikes are reduced in amplitude again. This is also
a case where the timing circuit was bypassed and the photodiode preamplifiers were

not turned off in sequence.

In Figure 4.48 a direct comparison can be made between experiments with simi-
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Figure 4.49 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of pure SFg with pg = 24.0 Torr, Ty = 295.15 K, pe = 154.9 Torr,

and Te = 372.64 K (average values). (a) is for 0.0 to 2.0 milliseconds and (b)
is for 2.0 to 4.0 milliseconds.

lar initial conditions and slightly different post shock conditions. Figure 4.48(a) is an
expansion of the first photodiode signal of Figure 4.3%(a) between 0.0 to 0.26 milliscc-
onds, while Figure 4.48(b) is a similar expansion of Figure 4.45(a). Figure 4.48(c)
is a similar expansion of Figure 4.46(a), and Figure 4.48(d) is a similar expansion of
Figure 4.47(2). Thus it can be seen that the baseline of Figure 4.48(a), and (b) are
very similar. Except for the spikes present in Figure 4.48(c) its baseline is also very
similar to the baseline of Figure 4.48(d). The baselines in the latter two have more
fluctuations than the baselines in Figures 4.48(2) and (b).
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Figure 4.50 Plot of schlieren millivolt signal versus time (seconds} for shock
compression of pure SFg with pp = 100.0 Torr, Ty = 295.15 K, pe = 244.8
Torr, and Te = 321.34 K ﬁa.verage values). (a) is for 0.0 to 2.0 milliseconds
and (b) is for 2.0 to 4.0 milliseconds.

This work now shows the same or at least similar effects for compounds other
than CCl3F. In Figure 4.49, where the conditions for shock compression of pure
SFg are py = 24.0 Torr, Ty = 295.15 K, pe = 154.9 Torr, and T, = 372.64 K, the
baseline has a slight oscillation to it for each of the separate schlieren millivolt signals.
This oscillating baseline is also present in Figure 4.50, where the conditiors for shock
compression of pure SFg are pg = 100.0 Torr, Ty = 295.15 K, pe = 244.8 Torr, and
T. = 321.34 K. Note that the post-shock baseline seems to be quieter in Figure 4.50
than in Figure 4.49.
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Figure 4.51 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of pure SFg with pg = 360.0 Torr, Ty = 295.15 K, p. = 532.4
Torr, and T, = 305.53 K Sa,verage values). (a) is for 0.0 to 2.0 milliseconds
and (b) is for 2.0 to 4.0 milliseconds.

Finally, at least for SFg, in Figure 4.51, where the conditions for shock com-
pression of pure SFg are py = 360.0 Torr, Ty = 295.15 K, p. = 532.4 Torr, and
T. = 305.53 K, there are suddenly oscillations present again. The signal shown origi-
nates from the second and third photodiode detection stations since an error in data

collection caused the loss of the first part of the first photodiode signal. Analysis of

this signal will be presented in a later section.

In Figure 4.52(a), the conditions for shock compression of pure CCl3H are pp =
5.0 Torr, Ty = 295.15 K, pe = 80.6 Torr, and T, = 580.32 K, while for Figure 4.52(b),
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Figure 4.52 Plot of schlieren millivolt signal versus time (seconds) for shock
compression of pure CCl3H with different velocities and therefore different
post shock conditions (pe and Te are average values). The x-axis is expanded
to display from 0.0 to 1.0 milliseconds. (a) pp = 5.0 Torr, Ty = 295.15 K,
pe = 80.6 Torr, and 7. = 580.32 K; (b) pp = 6.0 Torr, Tp = 295.15 K,
pe = 191.4 Torr, and T, = 830.59 K.

the conditions for shock compression of pure CCl3H are pg = 6.0 Torr, Ty = 295.15 K,
pe = 191.4 Torr, and T = 830.59 K. In both cases the timing circuit for the preampli-
fier shutoff has been disabled and that is the reason that only the first two photodiode
schlieren millivolt signals are shown. Note that the baseline in Figure 4.52(a) and (b)
are very different after the shock front has passed and are decidedly different from

cach other.

Figure 4.53 is for the same conditions of Figure 4.52 but the x-axes have been
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Figure 4.53 Plot of schlieren millivolt signal versus time (seconds) for shock

compression of pure CCl3H with different velocities and therefore different

post shock conditions (pe and T, are average values). The x-axis is further

expanded to display from 0.0 to 0.2 milliseconds. (2) pg = 5.0 Torr, Ty =

295.15 K, pe = 80.6 Torr, and T, = 580.32 K; (b) pp = 6.0 Torr, Ty = 295.15

K, p. = 191.4 Torr, and T, = 830.59 K.
expanded to allow observation of the oscillations in both 4.52(a) and (b). Thus it
can be seen that the baseline of 4.53(a) has definite nonperiodic behaviour just as
has been seen in the series of plots presented for pure CCl3F of Figures 4.34-4.36.
Figure 4.53(a) appears to be most similar to Figure 4.34(a) whose pressure is close
to the initial pressure of CCI3F, i.e 5.0 Torr. The post shock conditions are also
similar, see Tables 4.6 and 4.7, rows five and seven. The velocities are within 3.7%

of each other, but the post shock temperatures differ by 6.7% from each other while
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the post shock pressures differ by 7.8% from each other. Despite this similarity,
Figure 4.53(b) indicates, that there are extremely irregular effects present since Lthe
oscillations {Figure 4.53(b)) are rather pronounced compared to those that have been

shown so far. These kinds of oscillations were also observed by Chengsg.

Since most of the experiments were carried out with the same thickness of di-
aphragm a comparison of experiments with the same initial total pressure can be
done. This involves a comparison of 196.0 Torr of pure CCl3F, (Figure 4.38), 188.0
Torr of a 5.05% mixture of CCl3F in Ar (Figure 4.39), 188.0 Torr of a 5.08% mix-
ture of CCl3F in Ar (Figure 4.45), and 188.0 Torr of a 25.05% mixture of CCI3F in
Ar (Figure 4.42). Of these four situations, Figure 4.38 (196.0 Torr of pure CCl3F)
shows the most dramatic oscillations, spikes and irregular baseline. 196.0 Torr of pure
CCl3F is also a very low post shock temperature situation, 316.50 K. The next most
severely oscillatory system is displayed in Figure 4.42 for 188.0 Torr of a mixture of
95.05% CCI3F in Ar. Its post shock temperature, 342.57 K, is slightly higher than in
the previous case (316.50 K). Both 5% mixtures of CCl3F in Ar have no oscillations

present and are at post shock temperatures of ~ 370 K.

There are three criteria for complicated behaviour and even chaotic behaviour89:
(1) nonlinear equations or terms (see the rate equations outlined in the simulation
section); (2) a system far from equilibrium. (In this work the system is taken from
a Boltzmann distribution at one temperature to a new temperature, and the system
must then evolve to a new Boltzmann distribution for the new temperature.); and
(3) thermal feedback, (positive feedback) which can lead to oscillations and chaotic
response. This is shown in this work as well. In fact in this work the thermal feedback
seems to be controlled by the presence of Ar. At a certain dilution factor the Ar turns
off the feedback and the oscillations, or spikes disappear. This work has presented
the idea (as outlined by Cheng®%) that the heat release and take up in the system
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is from the formation, stabilization or break up of clusters. Thus the argon seems
to collisionally deactivate the dissociation process. Figures 4.48(b) and 4.48(c) show
that the thermal feedback can be turned “on”. Figures 4.48(c) and 4.48(d) show that

the thermal feedback has been turned “off”.

If the notion of post shock pressure is used to compare experiments, referring to
Table 4.7, it is possible to see that for the experiments involving CCI3F" comparison
of 5.0 Torr of pure CCIl3F (row seven), and 188.0 Torr of 25.05% mixture of CClyF
in Ar (row nineteen) should be done. Thus comparing Figures 4.34(a) and 4.42(a) it
is possible to see that there are no similarities at all in the schlieren millivolt signals

of the two cases.

Similarly, the signal for 9.5 Torr of CCl3F (pe = 112.8) and 253.0 Torr of a
95.05% mixture of CCIsF (pe = 108.7) in Ar can be compared. Figures 4.34(b) and

4.43(a)/4.43(b) again show that there are no similarities between the two cases.

If T, the post shock temperature, is chosen as a basis for comparison then the
experiment with 435.0 'Torr of a 25.05% mixture of CCl3F in Ar (T, = 318.06 K)
can be compared with 196.0 Torr of pure CCl3F (T, = 316.50 K). Again there is
nothing similar about these waveforms. Alternatively a comparison can be made of
953.0 Torr of a 25.05% mixture of CCI3F in Ar (Te = 335.96 K), with 435 Torr of a
5.05% mixture of CCl3F in Ar (Te = 329.92 K) and with 61.0 Torr of pure CClsF
(Te = 335.81 K). Thus comparing Figures 4.43, 4.41, and 4.37, respectively, it can be
seen that although the waveforms in both Figures 4.43 and 4.37 have oscillations, the
waveforms are quite different. The waveform in Figure 4.41 has no oscillations and is

similar to the signal represented by pure argon in Figure 4.33.

If comparisen is made on the basis of the initial partial pressure, po, then 5.0
Torr of pure CCI3F can be compared to 100 Torr of a 5.08% mixture of CCI3F in
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Ar. Thus comparing Figures 4.34(a) with 4.47(a) it can be seen that, even though
there are more severe post shock conditions for Figure 4.47(a), the baseline after the
shock front is much quicter that the baseline in Figure 4.34(a). Thus the Ar has
apparently stabilized the thermal feedback originating from collisional equilibration

of the excited dimers.

Comparison could also be made of 22.0 Torr of pure CCl3F and 435 Torr of a
5.05% mixture of CCl3F in Ar. Thus comparison of Figures 4.35 and 4.41, respec-
tively, shows again that for similar pg (of CCI3F’) the results are very different. The
argon seems to have again stabilized the situation, and the baseline after shock front
passage is very similar to that before (see Figure 4.41); whereas for Figure 4.35 there

is definitely nonperiodic behaviour after shock front passage.

There is, however, a curious situation. With pg = 61.0 Torr, Te = 335.81 K
(Figure 4.37) and with pyp = 63.4 Torr, T, = 335.96 K (Figure 4.43) some similar

spiking occurs.

Instead of comparing Tes, comparison of T to the critical temperature, T, of the
compound could be done. In other words the reduced temperature, Te/Tc might be a
relevant parameter. Voronel 83 has pointed out that the behaviour of liquids should
be investigated with more attention to the critical point of the compound. In fact on

page 364 of reference 83 he states:

“Different physical magnitudes not only have different singulari-
ties near T, (different exponents), but are also distorted in different
ways by the same distorting factors. - The location of the singular
point is better determined by anomalies in kinetic quantities than by
thermodynamic. In contrast to extensive thermodynamic quantities,
which are averaged over the vessel and smooth out the real anomaly,
the relaxation times of the various parts of the system do not add
up.”
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This work investigates the nonlinear kinetic properties of shock compressed com-
pounds and the pre-cursor conditions to condensation. Since the critical temperature
is defined as the highest temperature at which the compound can condense (form a

liquid), T¢ is important to this work.

For CClyF with T << Te(= 472 K) as in Figure 4,37, where Te = 33581 K,
and in Figure 4.38, where Te = 335.81 K, spikes or oscillations, are present. In
Figure 4.36 with Te = 379.74 K, and in Figure 4.35 where, Te = 386.26 K, the spikes
or oscillations, when present are similar in amplitude to the other nonperiodic baseline
behaviour. Finally, in Figure 4.34(b) with Te = 468.96 K, which is just slightly less
than Tg, there is a large amplitude variation of the baseline, and in Figure 4.34(a)
with T. = 544.02 K > T, the baseline is not a flat line, but it is much quieter than

for other temperatures.

The work done with S Fg also secems to follow the general trend that if Te > Te(=
319 K) then the baseline is relatively smooth (sce Figures 4.49 and 4.50). While when

Te < T, (see Figure 4.51) the spikes, or oscillations, are present.

Now this work turns its attention to CClgH (T = 537 K). The results plotted
in Figures 4.53(a) and (b) are for situations where Te > T., 580.32 K and 830.59
K, respectively. The reason for the dramatic oscillations present in 4.53(b) arec most
likely due to hydrogen bonding which produces more strongly bonded n—mers than
for the other compounds. Since there is a stronger bond therefore a stronger shock is

needed to interrupt dimer formation.
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4.6 Data Analysis

The Fourier Transform and the Fast Fourier Transform (FFT) are known to
be good methods for analyzing repetitive signals6:87 but these methods have some
limitations when it comes to analyzing transient signals. There are ways to overcome
some of these limitations. This work will not pursue those techniques however, but
will instead show a wavelet analysis in conjunction with a FFT, of the millivolt signal

presented in Figure 4.43.

4.6.1 FT Analysis

798403 4 (a) T.9E+01 (b)
FFTV FFTV
3,98403- 3.9B+01 4
-1.0E+[]2"L =1, 0E+00 -
T T q T T
0.0E+00 6.4E+05 1.3E+06 0.0E+00 §.4E+05 1,3E+06
Hz Hz

Figure 4.54 The Fast Fourier Transform of the complete millivolt signal
(32, 768 data points) lasting 819.2 pseconds. (a) is the fullscale plot for 0 to
1.3 MHz, (b) is a vertical scale expansion by a factor of 100.

The FFT of the millivolt signal (Figure 4.43) is shown in Figure 4.54 and the
maximum amplitude is approximately 7200, (a), while the the zero frequency com-
ponent amplitude is approximately 1. Figure 4.54(b) is a vertical scale expansion by
a factor of 100. There are several frequencies present, and the frequencies that the
FFT of the details resolves are present with lower amplitudes. Thus they are buried

in the background of the system.
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Figure 4.55 Plot of the millivolt signal from Schlieren detection system of
the shock tube apparatus. Smoothed data, only 1024 points were plotied (a)

de{—25 x 1072) shifted voltage, (b) waveform reconstructed from the wavelet
analysis, (c) waveform reconstructed from “altered” details Dy, Dy, D3 and
D4 and the unaltered details of the previous analysis, and (d) waveform recon-
structed from the Dy, D9, D3, and D4 details from a wavelet analysis using
the 1p4 wavelet but the rest of the unaltered details.

4.6.2 Wavelet Analysis

The data..t,ha.t is shown in this work is for 32, 768 data points i.e. 819.4 pseconds.
The signal that is plotted in this work is a subset of these collected data points.
Every eighth data point was kept and the wavelet analysis was performed on these
remaining 4096 data points. This procedure of keeping every eighth data point could
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Figure 4.56 The unaltered detail files (D; to Dy) of a wavelet analysis of
the signal shown in previous figure (a), calculated using a ¢g wavelet.

be considered a smoothing of the original data. In fact, a wavelet analysis was also
performed on a data set that was obtained from keeping every second data point of
the original 32, 768 data points. That wavelet analysis did not work as well as the
wavelet analysis of the 4096 data set, which are the only plots that are presented

here.

In Pigure 4.55 the millivolt signal is plotted at various stages of the process.
Figure 4.55(a) is the millivolt signal that had been reduced to 4096 of the original
32, 768 data points. In Figure 4.55(b) the millivolt signal has been dc shifted by
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Figure 4.57 The edited detail files (D1 to Dy).

—25 x 10~ volts. This shifting was done to decrease the amplitude of the zero
frequency component of the FFT of the millivolt signal. This is a common FFT

practice as described by Brigham®7.

The wavelet analysis is then performed on the d.c. shifted 4096 data point signal
of Figure 4.55(b). Since each of the resulting detail data files has a different number
of data points (see Figure 4.56), each file is filled with zeros added at the end to make
up a total of 4096, and then an FFT is calculated. To resolve separate frequencies
a procedure is used, stated in an earlier section, of setting a threshold value of the
amplitude of the detail data. If the detail amplitude is larger than the threshold value

-182-



2.5E-01 1 (a) 5.1E-02 1 (c)
FFTD, FFTDs
1.2E-01 - 2.5E-02 1
-1.0B-02+ -1,0E-03
1 1 | | | I
0.00E+00 6.40E+05 1.28E+06 0.00E+00 1.60E+05 3.20E+05%
Hz Hz
2.5E-01 (b) 5,1E-02 (d)
FFT.D2 FFTD4
1.28-01 1 2.5E-02 1
-1.0E-021 -1.0E-03 47 J“ -~
1 i i ) | ]
§.00E+00 3.20E+05 6.40E+05 0.00E+00 8.00E+04 1.60E4+05
Hz Hz

Figure 4.58 Plots of the Fast Fourier Transform of the detail data files with
threshold settings slightly different for each detail (db08). (a) FFT of D;. (b)
FFT of Dy, (c) FFT of D3, and (d) FFT of D4.

the data point value is set to zero. The threshold value is decided upon by observing

the amplitude of the detail plot. Usually the waveform in the detail has a central

set of values with only a few values exceeding this amount. This is illustrated in

Figure 4.58 for Dy, Dy, D3, and D4. This center value is then used as the threshold

value in the FFT program. Several threshold values near this selected value are

chosen to see if the FFT output changes. If there are only minor changes for an

order of magnitude change of the threshold value, and if the amplitude of the zero

Hz component is relatively small (a tool used in FFT analysis) then that threshold
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value is kept. The edited detail data file is also saved in this process to be used in

the second reconstruction of the original signal.

The procedure uses eight detail files to reconstruct the original signal. The recon-
structed signal is shown in Figure 4.55(c) and is for all intents and purposes, identical
to Figure 4.55(b). (In fact the data files agree to the three significant figures supplied
by the original 8 bit A/D.) In the second reconstruction the first four edited detail
files and the four remaining unedited detail files are used to produce the waveform in
Figure 4.55(d). Notice that Figure 4.55(d) has a significant signal-to-noise improve-
ment over Figure 4.55(b) and reveals an underlying oscillation which is otherwisc
not evident in the original Figure 4.55(a) or (b) because of the high amount of noise
present. Since the second reconstructed waveform is different from the original wave-
form, in theory, it should be possible to repeat the process.In fact, this is not the
case at all. A subsequent wavelet-FFT of the second reconstructed waveform results
in the already known frequencies and no new information. Although it does provide
an increase in the signal-noise-ratio, unfortunately the decrease of the noise is not as
dramatic as that shown from a comparison of Figures 4.55(c) and (d). Thus, there is

a sense of diminishing returns.

In Figure 4.56 the detail files are presented with vertical scales which are the
same for Dj and D9 and the same for D3 and Dy4. The detail data points are plotted
and a line is drawn between them to guide the eye. There is too much information
present to able to detect a single frequency in the waveform, and that is one reason
for performing an FFT on the waveform. The threshold values used for the FFT are,
+3.0 x 10~3 for Dy, £5.0 x 10~3 for Dy, +3.0 x 10~3 for D3, and £2.0 x 1073 for

Ds. Figure 4.57 contains the edited detail files with the settings indicated above.

In Figure 4.58 the FFT of the details, as described above, are plotted. In Fig-
ure 4.58(a) frequencies of 1.18 MHz, and 500 KHz are observed while in (b) 25¢ KHz
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and 63.17 KHz are the observed frequencies.In Figures 4.58(c) and (d) the frequencies
are 251 KH~, 94.15 KHz and 61.42 KHz respectively. These are more dramatically
pronounced than in the simple FFT’s of Figure 4.54. A wavelet analysis of a 16, 382
data point file was performed but only a few of the higher frequencies were observed

and then only when the threshold values were set extremely low.

The success of the WFFT analysis of this work in “denoising” the signal can
be explained by referring to Mallat and Hwang™S. They have developed a special
algorithm to push the “denoising” process even further. However, their basic expla-
nation will suffice for this work. Mallat and Hwang?® point out that when the wavelet
analysis is performed on the derivative of a signal the higher details actually contain
information pertaining to the location of the edges of the original waveform. In our
work the higher numbered details are not edited. The second and third reconstruc-
tion processes, of this work, edit only the lower number details. It is evident, from
Figure 4.58, that the higher frequencies are present in the lower numbered details and
decreasing the amplitude of some of the points in the detail eliminate high frequency
noise. Since the higher numbered details are unedited the relatively low frequencies
needed to build up the original signal are unaffected. Thus, as pointed out earlier,
this process has broken the original signal into frequency bands, some of which have

been edited to remove noise, while the remainder have been left unaltered.

Unfortunately, when this process was tried on the millivolt signal presented in
Figure 4.38, 196.0 Torr of pure CCl3F, the analysis produced very similar frequencies
to the case of Figure 4.58. Further investigation, as in a wavelet analysis of the
baseline present in Figure 4.38(c) after all three photodiodes have been turned off,
produced the same frequencies again. The FFT of 8.192 x 10~ seconds of baseline,
from 4.4 milliseconds to 5.2 milliseconds, shown in Figure 4.38(b), is presented in
Figure 4.59. Checking the HeNe laser manual confirmed that these high frequencies
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are probably due to a 0.1% rms background signal produced by the HeNe lasers. It
is expected to give frequencies from 10kHz up to 10 MHz. This work does not use
a process, such as outlined by Delprat et al™! for ratioing out known frequencies.
Therefore further wavelet analysis of the schlieren millivolt signals is not possible at
this time. Nevertheless, it has been shown that it is possible to denoise single shot
experimental signals using wavelet analysis. Daubechies®! has stated that a wavelet
analysis is good for picking out high frequencies. It has done so herc even when
the amplitudes are extremely small. The signals of chemical interest here arc actually
low frequencies for which wavelet analysis presents no particular advantage over FFT.

This work therefore continues with the FFT analysis.

§.5E402 () 6.5E+02 ®)
1.2E+02 - J.2E+02 A
SWINIE \\‘ ~ -1.0s:+01-L A O
T T T I I
0.0B+00 4.0E+04 B,0E+04 0.0B+00 6.4E+09 1.3E+06
Hz Hz

Figure 4.59 Plot of the FFT of 8.192 x 10~* seconds of baseline, from 4.4
milliseconds to 5.2 milliseconds, shown in Figure 4.38(b). (a) is for 0 to 80kHz
and (b) is for 0 to 1.3MHz.

4.6.3 FT Analysis Revisited

The four plots in Figure 4.60 are not all for the same total time and therefore have
a different frequency step size. For Figure 4.60(2) the total time of the signal is only
4.096 x 10~4 seconds, which is approximately all of the time of the first photodiode
in Figure 4.34(b), and the frequency step size is 2441.4 Hz. The other three signals
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Figure 4.60 Plots of the FFT of schlieren millivolt signals for 0 to 80k Hz.
(a) is for pp = 6.5 Torr of pure CCI3F, (b) is for py = 196.0 Torr of pure
CCI3F, (c) is for 253.0 Torr of a 25.05 % mixture of CCl3F in Ar, pg = 63.4
Torr, and (d) is for pg = 360.0 Torr of pure SF.

(Figure 4.60(b}, (c), and (d)) are for 8.192x 104 seconds, and therefore the frequency
step size is 1220.7 Hz. Table 4.8 lists the amplitudes, and the respective frequencies,

for the four cases presented in Iigure 4.60.

There are a large number of frequencies present in Figure 4.60(a) and this is
expected, since the post shock temperature of 9.5 Torr of pure CCI3F (Te =468.96)
is very close to T; = 471 K. It is interesting to note that there are similar frequencies
present in all three CCI3F experiments show in Figure 4.60. Comparing the pure
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Table 4.8 Frequencies for FFT of the schlieren millivolt signals for 9.5 and
196.0 Torr of pure CCIl3F, 253.0 Torr of a 25.05% mixture of CCI3F in Ar,

and 360 Torr of pure SFg. Amplitude is abbreviation to Amp. and lertz is
abbreviated to Hz.

9.5

196.0 953.0 360.0
Hz Amp. Hz Amp. Hz Amp. Hz Amp.
4883 1.36x10%+3 4883 2.16x10™¢ 6103 4.50x10%® 3662 1.57x10%
0766 7.88x10%3 8545 4.11x10M% 8545 1.14x10t3 7324 2.28x10F¢
12907 1.11x10+3 10086 1.86x10t1 12207 7.23x10%3 9766 8.26x10*1
14648 2.33x10+% 12207 1.35x10*1 14648 1.77x1013 13428 1.34x10%4
17080 4.09x10+3 14648 1.24x10T1 17089 1.66x10%3 15869 3.99x10*3
19531 3.61x10%+3 18310 1.12x10** 18310 1.26x10™3 19531 3.58x 103
26855 3.97x10M3 21973 1.83x10™ 21973 2.58x10+3 21973 1.43x10*3
31738 5.66x10+3 26855 1.08x10T* 25635 1.45x1013
36621 4.03x10%3 28076 1.60x10%3
46387 1.90x10%3 32059 2.68x1013
39063 1.54x10%3
§.3E+03 (a) 7.9E4+03 (b)
FFTV FFTV
4. 0E+03 1 3.88403
-3, 0B+02 1 -1, 0E+02 1
] | | | 4
0.0E+00  1.6E+05  3.2E+05 0.08400  1.6E+05  3.2E+05
Hz Hz

Figure 4.61 Plots of the FFT of schlieren millivolt signals for 0 to 320k

Hz. (a) is for pg = 9.5 Torr of pure CCI3F, (b) is for 253.0 Torr of a 25.05 %
mixture of CCI3F in Ar, pg = 63.4 Torr.

systems first, it can be seen that Figures 4.60(a) and (b) (9.5 and 196.0 Torr of
pure CCl3F) have similar peaks at 4883, 12207, 14648, and 26855 (sce Table 4.8).
Comparing Figures 4.60(b) and (c) (196.0 Torr of of pure CCl3F and 253.0 Torr of a
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25.05% mixture of CCl3F in Ar), it can be seen that there are similar peaks at 8543,
12207, 14648, 18310, and 21973 (sce Table 4.8). Comparing Figures 4.60(a) and (c), it
can be seen that the similar peaks are at 12207, 14648, and 17089. Finally frequencies
that are present in all three cases are, 12207, and 14648. Of course the amplitudes
of the frequencies present in cach of the threce CCI3F cases are NOT the same. This
different weighting of the frequency components results in different waveforms as seen
in the original figures (Figure 4.34(b), 4.38, and 4.43). However, the similar frequency
components means that some features are expected to be similar even if at different
amplitudes. For example the spikes present in Figure 4.43 are related to similar spikes

in both 4.38 and 4.34(b).

Note that Berge et all and Thompson et al? have shown that as a waveform
becomes more aperiodic the distinct frequencies of an FFT disappear until eventually

only a noisy sloped baseline is left. This is illustrated in Figure 4.61(a).

Figure 4.61(a) is for the same conditions as Figure 4.60(a) and Figure 4.61(b) is
for the same conditions as Figure 4.60(c), but both are for abscissae of 0 to 320 kHz.
Figure 4.61(a) shows that for the post shock conditions of 9.5 Torr of pure CClF
(T. =468.96), there are a large number of higher frequencies present which is expected
for the nonperiodic behaviour of the schlieren signal in Figure 4.34(b). Inspection of
Figure 4.61(b), for the quieter case of 253.0 Torr of a 25.05 % mixture of CCI3F in
Ar (T = 335.96 Figure 4.43), shows that these higher frequency components are not

present for the more well-behaved schlieren signal of Figure 4.43.

Although is has been shown that it is possible to extract characteristic frequencies
from the present non-linear chemical reaction, interpretation of these frequencies in
terms of rate coefficients for cluster formation and stabilization is the subject of

another study5®.
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4.7 Summary

The work that has been presented in this chapter on nonlinear kinetics has several
components to it. The simulations basically prove that a model of cluster formation
via addition of a vibrationally equilibrated monomer to an existing n-mer is workable.
The calculated observable has the negative going shape expected from a system with
heat release. The oscillations were shown to have a large dependence upon experimen-

tal conditions with the dilution parameter being able to turn the thermal feedback

off and on.

A new data collection system has been described. This new system has improved
the detection of the schlieren signal since the first stage of amplification is close to the
photodiode quadrant array, thus increasing the signal-to-noise ratio. The new system
allows each photodiode preamplifier to be disabled which makes sure that the signals
do not interfere with each other. The system also increases the number of data points
collected, and therefore the waveform is sampled at a much higher rate. With this
new system comparison of data sets that have a velocities within 2%, and sometimes
less, of each other is possible. This was not the case for the previous system. Another
aspect of this data collection system is that, presently, three data sets are collected

for each experiment.

The schlieren millivolt signals of shock compressed CCI3F, pure and mixtures,
show oscillatory, and chaotic behaviour as did the schlieren millivolts signals of shock
compressed SFg and CClaH. Since the rate of heat release is related to the schlicren
signal these oscillations or chaotic behaviour, are related to the rate of heat release.
The model proposed in this work describes what occurs when a room temperature
distribution of clusters (dimer to pentamer) is then heated suddenly to a new tem-
perature. An irregular approach to a new Boltzmann distribution of clusters results.
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Dilution with argon seems to switch off the thermal feedback in the simulations and

explains why argon quiets down the schlieren signals.

A wavelet analysis of a schlieren millivolt signal was able to pick out the high
frequency background present in the HeNe laser system used, but was not useful in
doing an analysis of the low frequencies present in the signal. However, it was shown
that under certain circumstances the wavelet analysis technique can be used to greatly

reduce the amount of noise present in the schlieren millivolt signal.

The FFT analysis that was done indicated that there are several similar frequency
components in three cases of CCl3F with some similarity in the schlieren millivolt

signals.

This work has shown that nonlinear effects are important in understanding the

processes involved in cluster formation of CCl3F.

Summarizing, it has been shown experimentally that shock compression of CCl3F
and other gases below their critical temperatures results in a quasi-periodic and/or
chaotic approach to equilibrium. The sensitivity of the observations to initial condi-
tions, and the effect of increasingly turning off the thermal feedback (by dilution with
Ar), the sensitivity of the observations to extent from equilibrium (severity of shock),
and the ability to model some of the instabilities numerically according to a nonlinear
chemical scheme, all attest to the likelihood that the system studied experimentally
(here CCl3F cluster formation) is an example of nonlinear physico-chemical kinetics.
It is an unusual example because transient decay is superimposed. “Chaotic approach
to equilibrium® is a contradiction in terms. However, it must be noted that those
chemical systems which are recognized as representing chaos (see reference 26 and
others), and which do not approach equilibrium, actually are a manifestation of this
apparent contradiction as well. It is only because such experiments are carried out in
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flow systems (i.e. thermodynamically open systems) where reagents are constantly
being replenished that they appear not to approach equilibrium. The same chemistry
and rate equations would apply in a closed system such as ours, and should still be

classificd as chaotic. This question requires further study.
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A Appendix A: Hartree Atomic Units

Atomic units, as set out by Hartree?, are used throughout this work. Hartree
was interested in a single electron “in a central non-Coulomb field of force” and so
he set the values of mass, energy and charge to those of the electron. The result is
that % is set to unity. The unit of energy is a Hartree which is exactly “twice the
jonization encrgy of the normal state of the hydrogen atom”* (twice the Rydberg
constant). This leads to a very simple way of determining the unit of time since £ is
energy times time; and since the encrgy is known, time can be calculated. The atomic
unit of time is 2.418 884 x 10~!7 seconds, which is about 24.2 atto (10~18) seconds.
The unit of energy is 27.211 396 electron-volts and; in this case the velocity of light
becomes 137.035 990 a.u.. This was important to Hartree, and he stated that this
allowed a way to inform one of the effect of relativistic velocities. “For an atom of
atomic number N, velocities (in atomic units) are of the order of NV 2. so relativistic
effects are of order (N/ 137)?, and therefore are small for light atoms.”® Hartree also
noted that “ it is not possible to choose a set of units so that the measures of ¢, &,
and e2 are all unity.” Where e? is the square of the charge on the electron. Hartree
also believed that this set of units was best since it was independent of the measured

values and the inaccuracies of those measurements.
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B Appendix B: The Effect of the Forcing Term

The forcing term used in this work is a harmonic function, Fsin{wt). The deriva-
tives of the sine functicn are well known. That is if x = Fsin(wt), then the first four
derivatives are, x{!) = F cos{wt)w, x(D) = —Fsin(wt)w?, x(3) = ~F cos(wt)u? and
x(?) = Fsin(wt)r?. Thus after four derivatives the cycle is complete and a positive
sine function is produced and the general rule is x(M) = Fsin(wt)w(M), In this ap-
pendix, the plots are similar to those in chapter 2 in that the higher derivative is

plotted versus the lower derivative as in x(N) — x(N=-1),

1.28+00 @) 1,28-03 1 (b)
y y
0.08+001 0. 08400
-1.2E+00 - -1.2E-03
i ] i | | i
S1.2B400 0.0E+00  1.2E+00 S1.2E-03 0.0E+00  1.28-03
z F4

Figure B.1 A plot of y = Agcos{wt) versus z = Agsin{wt), where A =
Fw(f;’; and As = FwV—! with N =1, w=1and F =1 in (a) while F = 1073
in (b).

It is well know that the plot of a cosine function versus a sine function (or vice
‘versa) produces a circular plot with a radius the size of the amplitude of the two
functions. Therefore, if the amplitude is F, then the radius of the circle is F (sce
Figure B.1). The sign of the function determines in which quadrant the plotting
starts. That is if both functions have positive magnitude the the plot starts in the
(+,4) quadrant, top right hand. If both have negative magnitude, (-, —), the plot
starts in the bottom lefi-hand quadrant. A plot of cosine versus sine is plotted in a

3

-194-



clockwise direction and a plot of sine versus cosine is plotted in a counter-clockwise
direction. In these static plots the directional difference can not be realized and

therefore the plots in this appendix are all of the cosine it versus the sine function.

Since Ac = Fw’ is plotted versus As = Fw¥ =1, as stated above the higher
derivative is plotted versus the lower derivative, the y axis is affected more by the
value of w than the z axis is, except when w = 1 and then the axes scales are the
same for any value of N. If w < 1 the axes are going to be smaller than if w > 1 since
a number less than one, when taken to any non-negative power is smaller than one.
So as the power of the forcing frequency is raised the magnitude of the axes involved

will decrease dramatically.

Table B.1 Amplitude terms of cosine and sine forcing functions.See text.

F w N Ac=FuwV |iug=FuwV-1

1 1 1 1 1
10-3 1 1 10-03 1003
10~3 10~! 1 1004 10—03
10~3 10~2 1 10-05 1003
10—3 10~1 3 10-06 10-05
103 102 3 1009 10-07
10—3 10~1 9 10—12 10~
10-3 10-2 9 1021 10~19

In chapter one the Morse equation of motion was stated in equation [1.32] and it
is already a second derivative with respect to time. If the a parameter of equation
[1.32] is set to zero, the forcing term is the same as used here and no derivative has
been taken. When the fifth derivative of the Morse equation is discussed that is
actually only the third derivative of the forcing term and the eleventh derivative of
the Morse equation of motion is only the ninth derivative of the forcing term. In this
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appendix those are N = 3 and N = 9 respectively. The amplitudes resulting from

changes of F, N, and w are tabulated in Table B.1.

Looking at row 1 and 2 of Table B.1 it can be seen that with N =1 and w =1
the value of A; or Ay is directly dependent upon F. However, in row 3 and 4 of
Table B.1 with F the same as in row 1 and 2, but w = 0.1 in row 3 and 0.01 in row
4, it can be seen that A¢ is much more affected by w than is As. Next in row 5 and
6 of Table B.1 N has be changed from 1 to 3 while F is the same and w is again 0.1
and 0.01 respectively. Again there are dramatic changes but now these are due to
increasing the power that the forcing frequency, w, is taken to. Comparison of row
3 and 5 of Table B.1 shows a change of 2 orders of magnitude for both A; and As.
This is exactly the increase of the power, N. Comparison of row 4 and 6 of Table B.1
(w = 0.01) shows an increase of both A; and As by 4 orders of magnitude. This is
again due to w? with w = 0.01. The last two rows of Table B.1 are for N =9, F the
same at 1073, and w = 0.1 and 0.01, respectively. These results illustrate the affect

that increasing N to 9 has on the amplitude of A; and As.

For HF parameters, w = (1.791 735 x 10~2, F = (1.067 605x 10~3) and the dipole
moment factor is (0.29769). For N = 3 the amplitude for the y axis is 1.828 084 x
10~99 and for the z axis is 1.020 287 x 10~97. Which would be the expected scales
of the plot for the Morse fifth-order phase plot. For N = 9 the amplitude for the y
axis is 6.048 327 x 10~20 and for the z axis 3.375 709 x 1018, Which would be the

expected amplitudes for the eleventh-order phase plot of the Morse oscillator.

Therefore by using a change of variable and scaling time to get t' and a forcing
frequency «’ these complications are avoided. Yes some information is lost but as
seen at the end of the chapter on higher-order phase plots the global hehaviour is as
expected. At some point in the future further work could be done to investigate this

complicated behaviour.
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C Appendix C: The Optodetector Schematics

The following diagrams outline the schematics for the new photodetection system.
There are schematics for the preamplifier boards, the mixing board, and the timing

circuit on the mixing board.
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Figure C.1 OPTO-AMP schematic for the preamplifier circuit.

-198-



L 10| BRED osi Ao TIIVT

n (e Py
_ _ sty JL B S0 BIH 1) (2101 @ warapeey I CXat) o0y Baout il WOy SAINnITT 0 UR3 11 “(Rek Iy oy Sechs
. Bunlaticy SOURM 3 wurtaxd b Ky pasned Bureain-uou S0 W s steos K Wi o1 8§
LONELY W 4805 Bumpy Iy i e D el "w%m“buuﬁLﬂtgrﬂ.Ehisﬁig_Eigiiia.u
SOILYWIHIS WL - XIN I £ vsd 120 0 Bugroep

Toepe A 2GR XN ] BACKE LD Irha v L) Syl e L X4 01 B L
ialgaﬁgLﬁa%g&giﬁmgﬂzé%

ry

R ot g 20 I PUR PRSI 1A 10 AL S U0 BpUedeg PRTIRY
preqy stoduesy I AVED IR

LHS - TWNDISXOH O

-199-

Figure C.2 OPTO-AMP schematic for the input to the mixing ciruit board.
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Figure C.3 OPTO-AMP schematic for the timing ciruit.
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Figure C.4 OPTO-AMP schematic for the logic ciruit for disable signal.
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D Appendix D: Fortran Code

All of the Fortran code presented in this chapter, and used in this work, was
run on an IBM mainframe or an IBM mainframe-clone (Amdhal). This requires that
an *.exec file be used to define the filenames that are related to the file numbers
used in the code. Also, this work uses IMSL libraries and subroutines licensed to the
University of Ottawa. The Gear integrator complete with its set up routines as well as
the FFT routines are examples of such routines. These routines could be replaced by
Numerical Recipes®! routines but this work has not used them. The wavelet code®!
used in this work is not listed here, since the copyright is retained by Froment and

Mallat, but it is available from the ftp node stated in reference 81.

D.1 Morse Oscillator Code

INTEGER KEQ,NPARM, IDO,IEND, IMETH,INORM,NOUT, KSTEP ,KXIN, ITN
PARAMETER (NEQ=2, KPARM=50)
DOUBLE PRECISION A(1,1) HINIT,PARM(NPARM),Y(NEQ),STEP,YINITI,XO,
1YPRIME(NEQ) ,X,SK,C,MFDX(11),TOL,XEND,K,AE,D,F,V ,YINIT2
COMMON SK,C,AE,D,F
EXTERNAL FCN,FCNJ,FCKP,DIVPAG, SSET
READ(4,106) YINIT1,YINITZ2,STEP,X0,SK,C,KSTEP,TOL,AE,D,F
¢ 106 FORMAT(6E11.3,I16,E8.0)
¢ KSTEP = 2«KSTEP
IF (STEP.EQ.3.142D0) THEN
STEP=4.D0#DATAN(1.0D0)
WRITE(6,») STEP
END IF
(1) = YINIT1
YINIT2=YINIT2-D#(1.D0-DEXP(-AE*Y(1)))=s2

Y(2) = -DSQRT(2¢SK«DsYINIT2)
c TOL = 1.0D-6

HINIT = TOL

IMETH =1

TNORM = 2

IDO = 1

CALL SSET (NPARM, 0.0, PARM, 1)
PARM(1) = HINIT

PAHRM(4) = 1.D+3»KSTEP
PARM(10)= INORM

PARM(12)= IMETH

X = X0
XENRD = X0
IIN =0

KIIN = KSTEP/10
DO 10 K=1,KSTEP
XEND = XEND+STEP

CALL DIVPAG (IDO,NEQ,FCN,FCNJ,AE,X,XEND,TOL,PARN,Y)

CALL FCH (NEQ,X,Y,YPRIME)

CALL FCHP (NEQ,X,Y,YPRIME,MFDX)

V = De(1,DO-DEXP(-AEsY(1)))##2
I JUST USED THE SAME SYMBOL A3 BEFORE BUT NOW THIS SHOULD BE
THE TOTAL ENERQY.

V = De(1,DO-DEXP(-AEsY(1)))e*2 + Y(2)#+2/(2.D0)

WRITE(7,100) Y(1),Y(2),YPRIME(2),HFDX(3) ,MFDX({4) ,MFDX(6),.X

c
c
c
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100
101
106
1000
10

WRITE(9, 100) MFDX(6) ,MFDX(7) ,MFDX(8) ,HFDX(9},MFDX(10) ,HFDX(11)},X
WRITE(5,101) V,¥{1)
WRITE(S,101) V.X
IIN = IIN + 1
IF (IIN.EQ.XTIN) THEN
WRITE(6,+) X
IIN=0
END IF
FORMAT(7D14.6)
FORMAT(2D14.6)
FORMAT(6E11.3,16,E8.0,3E11.3)
FORMAT{1D15.12)
CONTINVE

STOP
END
SUBRQUTINE FCN (NEQ,X,Y,YPRIME)
INTEGER NEQ
DOUBLE PREGISION Y(NEQ),YPRIME(NEQ),X,SK,C,AE,D,F
gDHHUN SK,C,AE,D,F
= X
YPRIME(1) = Y(2)
YPRIME(2) = -Ce¥Y(2)
1- 2.D0#SXeDeAEs(1.D0 - DEXP(~AEY(1)))*DEXP(-AE#Y(1))
1+ FeDSIN(X)
RETURN
END

SUBROUTINE FCNJ (NEQ,X,Y,DYPDY)
INTEGER NEQ

DOUBLE PRECISION Y(NEQ),DYPDY(NEQ,NEQ).X
RE;URH

E

SUBROUTINE FCNP (NEQ,X,Y,YPRIME,MFDX)

INTEGER NEQ

DOUBLE PRECISION Y{NEQ),YPRIME(NEQ),X,SK,C,MFDX(11),AE,D,F
COMMON SK,C,AE,D,F

I =X

MFDX(1) = Y(2)

MFDX(2) = YPRIME(2)

MFDX(3) = - CeMFDX(2)

1- 2,.D0#SKeDeAE##»2«MFDX (1} #DEXP (~2,DO«AE+Y (1))

1+ 2.D0eSKeDeAEs2+(1.D0 - DEXP(-AEsY{1)))+MFDX (1) «DEXP (-AE=Y (1))
1+ F=DCOS(X)

MFDX(4) = - CeMFDX(3)

1~ 2,D0#SKeD*AE«=2sMFDX (2) «DEXP (~2.,DO#AE=Y (1))

14+ 6.D0wSEsDsAEw«3aMFDX{1) +=2+DEXP (~2.D0*AESY(1})

14 2.DO*SK«DsAE+#2¢(1.D0 - DEXP(~AE*Y(1)))sMFDX(2)DEXP(-AE*Y (1))
1- 2.D0#SK«DeAE+»3s(1,.D0

1~ DEXP(-AEsY(1)))*MFDX(1)»=2sDEXP{-AE»Y (1)}

1- FaDSIN(X)

MFDX(5) = ~ CsMFDX(4)

1= 2,.DO*SK#DeAE*s24MFDX (3) ¢DEXP (-2.D0sAE=Y (1))

1+ 18.DO#SKeDeAEw+3sMFDX (2) »DEXP(-2,D0=AE+Y (1)) sMFDX (1)

1= 14.D0#SK#D#AE#s4+HFDX (1) ##34DEXP(-2.DOAEY (1))

1+ 2.D0#SKeDeAEs»2+(1.D0 - DEXP(-AE+*Y(1)))=MFDX (3)+DEXP(-AE*Y(1))
1- 6.D0sSK#DeAE®#3#(1.D0

1- DEXP(-AE*Y(1)))«MFDX(2)sMFDX (1) »DEXP(-AE+Y{1))

14 2,D0»SKeDsAEs»4s(1.D0

1- DEXP(-AE#Y(1)))sMFDX(1)»#3#DEXP(-AE*Y(1))

1- F#DCOS(X)

MFDX(6)= - CaMFDX(5)
1 = 2.D0*SKeDaAE+#2sMFDX (4) «DEXP (-2.DO*AE#Y(1))
1+ 24.D0sSKsDsAE#»3eMFDX (3) #DEXP (-2.DO+AE*Y (1)) *MFDX(1)
1- 84.D0sSKeDeAE+#4sMFDX (2)#DEXP(~2,DOsAEsY (1)) sMFDX (1) #»2
1+ 1B8.D0*SKsD*AE##3+MFDX (2) ##2¢DEXP(~2.D0%AE*¥(1))
1+ 30.D0sSK#D#AEw»S#MFDX (1) #+4+DEXP (~2.DO*AEsY(1))
14 2.D0%SKeD+AE##2¢(1.D0 - DEXP(-AE*Y(1)))*MFDX(4)#DEXP{-AE=Y(1))
1~ B.D0*SKeDsAE®#3s(1.D0
1- DEXP{-AEsY(1)))sMFDX(3)*MFDX(1)sDEXP(-AEsY{(1})
1- 6.D0*SKsD#AE#»3=(1,D0
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1- DEXP{~AEsY(1)))*MFDX(2)##2«DEXP (-AEsY (1))

1+ 12.D0+SK*D#AEwe4»(1.D0

1- DEXP(~AEsY(1)))eMFDX{2)sMFDX(1)»=2+DEXP(-AEsY (1))

1- 2.D0*SKeDeAE=e5+(1.D0

1= DEXP(=AE#Y(1)))sMFDX(1)»w4+DEXP(=AE=Y (1)) + FeDSIN(X)
MFDX(7)= 2.D0sSK«DeAEns2+(1,D0

1= DEXP(=AE*Y(1)))sMFDX{5)*DEXP({-AEsY (1))

1- 10.DOSK+*DwAE#=32(1.D0

1~ DEXP(“AE:Y(I)))*HFDX(4)'HFDX(1)*DEXP(-AE-Y(I))

1~ 20.DO#SK#DeAE##3s(1,D0

1- DEXP (~AE*Y (1)) )}#MFDX(3)»MFDX(2)*DEXP (-AE»Y (1))

1+ 20.DO*SK+DeAE»#4%(1.D0

1- DEXP(-AEtY(l)))*HFDX(S)*HFDX(I)"2!DEXP(-AEtY(1))

1+ 30.D0%SK+#D#AE»»4#(1.D0

1- DEXP(=-AE*Y(1)))*MFDX{2)»»2eMFDX (1) +DEXP (~AE*Y(1))

1= 20.D0#SKsDeAEws5«(1.D0

1- DEXP(=-AE2Y(1)))#MFDX{(2)#MFDX({1)»»3sDEXP{-AE*Y (1))

1+ 2.D0*SK+DeAE»+6+(1.D0

1~ DEXP(=AE«Y(1)))sMFDX{1)»«S+DEXP(-AEsY(1))

1= 2.DO*SKaDeAEs»2+MFDX{5)*DEXP (=2 .DO*AE*Y (1))

1+ 30.D0#SK#D#AE##3#NFDX (4) *DEXP(-2.D0#AE«Y (1)) *MFDX{1)

14 60.D0*SKeDsAE+=3«NFDX (3)#DEXP(~2.DO«AE=Y (1)) +NFDX (2}

1~ 140.D0*SKeDeAE+#4sNFDX(3)}*DEXP(~2.DO*AEY (1) }sMFDX (1) #»2
MFDX(T) = MFDX(7)

1= 210.D0#SKsDsAE=qeNFDX(2) »«2+DEXP{-2,DO*AE*Y (1)) +MFDX(1)

1+ 300,DO%SK+D*AEw«SaMFDX(2)#DEXP{=2,D0*AE+Y (1)) *MFDX(1)*»#3

1- 62.D0*SK#DsAEs=6«NFDX (1) »*5#DEXP (~2.DO®AE*Y (1))

1+ F+DCOS{X) ~ C»MFDX(6)
MFDX(8) = - 210,D0#SK+D¢AE+#4+MFDX{2)##3#DEXP (-2.DO*AE«Y(1))

1+ 30.DO*SK*D*=AEwe52(1.D0

1- DEXP(-AEwY(1)))*MFDX(2)#MFDX{1) »#4#DEXP(-AE*Y (1))

1+ 126.D0%SK«DeAE#s7eMFDX{1)»#6+DEXP(~2.DO*AE»Y (1)}

1= 2,D0*SK*DwAE«»7%{1.D0

1- DEXP(=AEsY{1)))*MFDX(1)»e6+DEXP(=AEsY (1))

1~ 2,D0%#SK«DeAE##2+MFDX (6)+DEXP (=2, DO%AEsY (1))

1+ 90.DO*SKeDeAE==3+NFDX (4) «DEXP (-2 .DO%AE*Y (1)) «MFDX (2)

1+ 60.D0#SKeDeAE=#3IsMFDX (3) »#2#DEXP(~2.DO%AE»Y(1))

1+ 2.DOsSK#D&AE»#2¢(1.D0 - DEXP(-AE%Y(1)))«MFDX(6)*DEXP{-AEsY (1))

1+ 36.D0*SKeD» AE+e3+MFDX (1) #DEXP (~2.DO0#AE»Y (1)) «MFDX(5)

1- 12.D0*SKeDeAE##3%(1.D0

1~ DEXP{-AE*Y(1)))«MFDX{5)#MFDX(1)*DEXP(-AE*Y (1))

1= 30.D0*SK#DeAE#=3»(1.D0

1~ DEXP(~AE*Y(1)))»MFDX(4)«MFDX(2)#DEXP(-AE*Y(1))

1- 210 .D0#SKsDsAEs+4#MFDX (1) ##2«DEXP(-2.DO*AE*Y (1) }*MFDX (4}
MFDX(8) =MFDX(8)

1+ 30,.D0*SK#DeAEs#4+(1.D0

1- DEXP(-AE®Y(1)))«MFDX{4)»MFDX(1)*«24DEXP(-AEsY (1))

1~ 20.D0*SKeD#AEx#3s(1.D0

1- DEXP(~AEsY(1)))#MFDX(3) #»2+DEXP(-AEeY(1})

1-_840.DO*SK*D*AE**A‘HFDX(1)*DEXP(-2.DO*AB*Y(I))tHFDX(B)tHFDX(2)

1+ 120.DO*SK#DeAEs»4a (1,00

1- DEXP(~AE®Y (1)) )*MFDX(3)*NFDX(2)sMFDX{1)*DEXP(-AEsY(1))

1+ 600 . DO*SK+D#AE*#S#MFDX (1) #»3+DEXP(-2.D0O*AE®Y (1) )»HFDX(3)

1~ 40,D0=SK*DsAEs»5e(1,D0

1- DEXP(-AEsY(1)))+MFDX{3) «MFDX(1)#«34DEXP (-AE#Y (1))

1+ 30.DO#SKsDeAEe=4%(1,D0

1- DEIP(-AB*Y(l)))'HFDX(2)*#3#DEXP(-AE-Y(1))

1+ 1350 .D0*SKeD*AE*#SoMFDX (1) »«2DEXP (~2.DOsAESY (1)) MFDX(2) #22

1- 90.D0*SK*DwAE#»5s(1.D0

1- DBXP(-AE*Y(i)))*HFDX(2)*t2tHFDX(1)*l2tDEXP(—AE*Y(1))

1- 930,D0»SKeD#AE#»6sMFDY (1) *#4+DEXP(-2.DOAE+Y (1) }*MFDX(2}

1- C#MFDX(7) - FsDSIN(X)
MFDX(9) = + 140.D0#SK+DeAEwe4%(1.D0

1- DEXP(-AE'Y(I)))*HFDX(S)**2'HFDX(1)*DEXP(-AE-Y(1))

146300, DO*SKeD#AE##SeMFDY, (1) #»2¢DEXP (~2.DOsAE#Y (1) ) sMFDX(3) *MFDX(2)

1- CsMFDX(8)

1~ 70.D0*SKsD#AEss5+(1.D0

1- DEXP(-AEsY{1)))+MFDX(4)#MFDX(1)#»3#DEXP(-AEsY(1))

1+ 1050 . DOsSKeD# AE¢#5#MFDX (1) s#3sDEXP (~2.DOsAE*Y (1)) sMPDX{4)

1+ 210,.D0#SKeD#AE«*4=(1,D0

1- DEXP(=AE#Y (1)) )#MPDX(4) #MFDX (2) sMFDX (1) #DEXP(-AEs¥ (1))

1= 70.D0+SKeDsAE*#3s(1.D0

1- DEXP(~AE#Y¥{1)))%MFDX(4)#MFDX(3)*DEXP(~AEsY (1))
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1_
1-
1+
1-
1_
1..
1+
1_

42 .DOsSKsD»AE»»3#(1.D0

DEXP (~AEsY(1)))#MFDX(5)»MFDX (2} sDEXP(-AE*Y(1))
42.D0wSKaDeAEs«q+(1.D0

DEXP(-AE*Y (1) ))sMFDX(5) «MFDX (1) ##2+DEXP (-AE*¥ (1))
14.D0sSKeDaAE#*3=(1,D0
DEXP(-AE*Y(I)))¢HPDX(6)'HFDX(I)ODEXP(-AE*Y(l))
2.D0sSKeDsAE#2¢(1,D0 - DEXP (=AEsY (1)) )}*MFDX{7)*DEXP(-AE*Y(1))
980.DO#SK‘D*AE‘tthFDX(3)-t2tDEXP(-2.DOtAEtY(1))tHFDX(l)

MFDX(9) =MFDX(9)

1.-
1-
1+
1+
1+
1+
1_
1-
1_
1-
1-
1+
1+
1_
1+
1—
1-
1+

204, DO#SK+DsAE*s4eHFDX (1) »w2#DEXP(~2.DO=AEY (1) } sMFDX(5)
1470.DO‘SK-DtlEtt4tHFDX(4)tDEXP(-2.DOtAEtY(l))'HFDX(2)‘HFDX(1)
126.DO‘SKtD!AEt-BtHFDX(S)ODEXP(-2.DDvAE-Y(1))‘HFDX(2)
210.DO‘SK'D‘AE“3¢HFDX(4)‘DEXP(“2.DO‘AE‘Y(I))*HFDX(S)
42.DO‘SK‘D*AB‘*S*HFDX(G)tDBXP(-2.DO¢AEtY(1))*HFDX(I)
2.D0wSKsDeAE##8e(1.D0

DEXP (=AE®Y{1)))*MFDX(1)«x7eDEXP (-AEsY (1))
2.D0*SKaDsAE*s2«HFDX(7) «DEXP (-2.D0*AE*Y (1))

264, DO#SK#DeAE«sBoNFDX(1)»+TeDEXP(~2.DO*AE=Y (1))
42.D0sSK*DaAEe«T»(1.D0
DEXP(-AE*Y(I)))‘HFDX(Z)*HFDX(1)**5*DEXP(-AE*Y(1))
2646.DOtSK'D-AE-t7tHFDX(1)‘*5‘DEXP("2.DO*AE‘Y(I))*HFDX(Z)
70.D0#SK#DeAE*»G2(1,D0
DEKP(-AE*Y(!)))'HFDX(B)tHFDX(l)**d*DEXP(-AEtY(l))
210,D0*SKeDwAEwn6a(1.DO

DEXP (~AE#Y{1) ) )+MFDX(2)«s2eMFDX (1) ##3sDEXP (-AE*Y(1))
1470.DO*SK*D'AE**Q‘HPDK(2)ttZ*DEKP(-Z.DOvABiY(1))*HFDX(3)
3150.DO*SK*D#AE"S*HFDX(2)**B-DEXP(*2.DO*AE¥Y(1))*HFDX(1)

MFDX(9) = KFDX(9)

1_
1_
1-
1_
1-
1-
1_
1+
1_

6510 . DOSKADsAE#»G8MFDX (1) #x3+DEXP (-2, DOwAE*Y (1)) *MFDX (2) #»2
210.DO#SK«DwAEw25s(1.D0
DEXP(-AE‘Y(!)))*HFDK(2)*¢3¢HFDX(1)aDElP(-AE*Y(l))

420 .D0»SK#D*AE»#5+(1.D0

DEXP{-AE#Y (1)) )#HFDX(3) #MFDX (2) sMFDX (1) #»2+DEXP(~AE*Y(1))
F»DCOS(X)
2170.DO*SK‘D-AEtthHFDX(l)*tQ-DEXP(~2.DOtAE-Y(!))'HFDX(S)
210.D0#SX«DeAEw#4+(1.D0

DEXP (-AE*Y{1)) }«MFDX(3) sMFDX{2) ##2+DEXP (-AEsY (1))

MFDX(10) = 840.D0«SK#DsAEs»6+(1.D0

1_
1+
1_
1-.
1_
1‘...
1_
1+
1_
1_
1_
1...
1_
1..
l-
1_
1+
1+

DEXP (=AE#Y (1)) )#MFDX (2) #+3+MFDX {1) #»2+DEXP (-AEsY(1)}

3150 .D0#SKsDe AEw#5«MFDX (2) s»4#DEXF (~2,DO*AEsY(1))

26040, DO+SK#D#AE»#6#MFDX {2) ## 33 DEXP{~2.DO*AE®Y (1)) #MFDX (1) #+2
1680.D0sSK*DwAEes5*{1,D0
DEXP(-AB#Y(I)))tHFDX(2)-t2*HFDX(1)‘DEXP(-AB#Y(I))*HFDX(3)
210.,DO%SKeDeAE#w5+(1,D0

DEXP (~AE*Y (1)) ysMFDX (2) #+4#DEXP (~AE+¥(1))

510, DO*SKsD*AE#+9*MFDX (1) ##8+DEXP (~2.DO»AE#Y (1))
2.DOsSK»D*AEw«9e(1,D0
DEXP(=AE*Y{1)))MFDX(1)#»8DEXP (-AE*Y (1))
2.D0»SK#D*AE#»2sHFDX (8} #DEXP (~2 . DO*AE*Y (1))
7112.D0wSK*DsAE+#8sMFDX (1) »*6+DEXP (~2.DO%AE#Y (1)) «MFDX(2)
112.D0%SK+DeAE*#7*(1.D0

DEXP (=AE#Y (1)) )#MFDX(3) #MFDX (1) »»S#DEXP (~AEsY (1))
420.D0«SK#D*AE#+7¢(1,D0

DEXP (~AE#Y (1)) )sMFDX(2) »»2+MFDX (1) »#4=DEXP (~AE=Y (1))

26460 ,DO#SKSDSAE#wT#MFDX (1) ##4%DEXP (-2, DO*AE#Y (1) ) »HFDX (2) »s2
7056 . DORSK*DeAE##7#MFDX (1) #%S#DEXP (-2.DO*AEeY (1) ) »MFDX(3)

MFDX (10)=MFDX(10)

1+
1-
1_
1..
i+
1+
1+
1+
1.-
1+
1+
1+
1_
1+
1-
l_

1120.D0*SKuD*=AE%+6+(1.D0

DEXP (~AE*Y (1) ))«MFDX(3) «MFDX (1) ##34DEXP {~AE#Y (1) ) «MFDX (2}
3920 .D0#SKeDe AE#24sMFDX (3) #»24DEXP (-2.DO=AE#Y (1) ) «MFDX(2)
2940, DO«SKeD*AEs#43MFDX (4) #DEXP (=2 .DO#AEsY (1) )aMFDX (2) »#2
168.DO»SK#DsAE+#3+MFDX (6)#DEXP (-2, DOsAE#Y (1)) sKFDX(2)
336, DOsSK#DsAE«+3+MFDX (5) *DEXP (-2, DO*AE+Y (1) ) *MFDX(3)
210,D0#SKeDsAE+*3sMFDX(4) ##2¢DEXP(~2.,DO®AESY (1))
56.D0aSKDsAE#»8#(1.D0

DEXP(=AEsY (1)) )#MFDX (1) #«6+DEXP(~AE+Y (1)) «MFDX{2)
2.D0sSKeDeAE®*24(1.D0 - DEXP(-AE*Y(1)))*MFDX(8)sDEXP(-AE*Y(1))
48,D0eSKeD*AEs#3¢MFDX(1)*DEXP(=2,DO#AE=Y (1) )} «MFDX(T)
336.DOSKaDeAE»«4=(1,D0

DEXP{~AE*Y (1)) )sNFDX{5)*MFDX (2) #MFDX (1) »DEXP(-AE#Y(1))
420,D0eSKeD*AE##4+(1.D0

DEXP(=AEwY (1)) )#MFDX (4) sMFDX.{2) #»2+DEXP (~AEsY (1))
112.D0«SKeDsAE«#3x(1.D0
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1= DEXP(-AE*Y(1)))«MFDX(5)#MFDX(3}*DEXP(-AEsY (1))
MFDX (10)=MFDX(10)
1= 70.D0»SK+D#=AE¢«3+(1.D0
1~ DEXP(=AE®Y(1)))sMFDX(4) «»2+DEXP(~AE*Y (1))
1= 3920.D0#SEsD#AEss4eMFDX (1) #DEXP (~2.DO#AEaY (1) )=MFDX (4) sMFDX{3)
1- 56.D0*SK+#DeAE#»3+{1.D0
1- DEXP{=-AE*Y(1)))wMFDX{6)#MFDX(2)*DEXP(-AE=Y(1})
1- 2352«SKeDeAE*#4¢MFDX{ 1) sDEXP (~2.D0%AE«Y (1) )*MFDX{5) «MFDX(2)
1+ 56.D0*SK*D#AEw#4x(1.D0
1~ DEXP(-AE*Y(1)))sMEDX(6)*MFDX(1)»+2%DEXP (-AE*Y (1))
1- 16.D0»SK#D#AE*#32(1.D0
1- DEXP(-&E*Y(i)))*HFDX(?)*HFDX(!)'DEXP(-AE‘Y(!))
1- 392.D0«SKeDaAE##4+MFDX(1)##2¢DEXP(-2 ,DO*AESY (1) ) sMFDX(6)
i+ 1680.D0#SKeD*AE*»SeMFDX (1) *«3+DEXP(=2.D0sAE*Y (1)) *MFDX(S)
1= 34720,D0+SK+D¥AEw«GeMFDX (1) »23n
1DEXP(-2.DO»AE*Y (1) }s«MFDX(3)«MFDX(2)
1= 112.D0*SK+D#AEs»5+(1.D0
1- DEXP(-AE*Y(I)))tKFDX(S)‘HFDK(l)*-3¢DEXP(-AE-Y(I))
MFDX(10) = MFDX(10)
1~ 840.D0%SK#D=AE»s5{1.D0
1- DEXP{-AE*Y(1)))*NFDX(4)*MFDX (1) »»2«DEXP (~AE*Y(1))*MFDX(2)
1- 4340.D0sSK+DeAEs#G+MFDX (1) ##4eDEXP (-2 ,DO*AE+Y (1)) »MFDX(4)
1+ 140.D0*SK+«D#AEe»6%(1.D0
1- DEXP(-AE*Y(!)))*HFDX(4)*HFDX(1)*'4'DEXP('AE!Y(1))
1~ 560.D0#SKeD=AE+s5#(1.D0
1- DEXP(-AEsY(1)))oMFDX{3)»+2eMFDX (1) ##24DEXP (-AE+Y(1))
14 25200.D0%SK#D*AE#+*5eMFDX (1)}#DEXP(-2,DOsAESY (1)) =
1MFDX (3) wMFDX (2) »#2
1+ 12600 .D0*SKeDeAE®»SaMFDX (1)*+20DEXP(-2.D0=AE*Y (1)) *
1MFDX (4)»MFDX (2)
1+ 560.D0*SKxDwAE»#»4+(1.D0
1- DEKP(-AE*Y(1)))*HFDX(S)*HFDX(1)-DEKP(-AEGY(I))¢HF01(4)
1+ 560.D0*SK#D#AE+#4«(1.D0
1~ DEXP(=AEAY(1)))#MFDX(3) »#2+MFDX(2) »DEXP (-AE»Y (1))
1+ 8400, DO*SK+D2AE##S#MFDX (1) »=2¢DEXP (=2, DO*AEsY (1) ) wMFDX (3) »»2
1~ CeMFDX(9) + FeDSIN(X)
MFDX{11) = 560.DO»SK+D*AE*»4={1,D0
1= DEXP(-AEwY{1)))»MFDX{3) «#3DEXP(-AE&Y (1)} - CeMFDX(10)
1+ 252.D0%SKaDeAEw+6%(1.D0
1- DEXP(=AE»Y(1)})*MFDX(5)#MFDX (1) #«s4sDEXP(~AE+Y(1))
1~ 2520,D0#*SK*DeAE«s5«(1.D0
1- DEXP(-AEwY (1)) )#MFDX(4)*MFDX (1) #»2eDEXP (~AE«Y (1) }»MFDX{(3)
1- 7812.DOtSKtD*AE*‘G'HFDX(1)‘*4*0EXP(-2.DO*AE‘Y(1))‘HFDX(5)
1= 78120.D0*SK#DeAE*%6aMFDX (1)*#3¢DEXP(~2,D0»AE«Y (1) }»
1MFDX (4)wMFDX(2)
i- 52080.DOnSKtDtAzt*GtHFDX(l)tt3¢DEXP(-2.DOtAE-Y(1))tHFDX(S)ttz
1+ 630.D0*SK«DsAE»*4»(1.D0
1=~ DEXP(-AE®Y (1)) )#MFDX(4)»#2+MFDX (1) «DEXP (-AEsY(1})
14 37800.D0#SKeD#AE«*5aMFDX (1)w42sDEXP(=2.D0#AEsY (1) }»
AMFDX (4)»MFDX (3)
1- 72.D0#SE*D#AE##3%(1.D0
1~ DEXP (=-AE*Y{1)))#MFDX(7)*MFDX{2)*DEXP(-AE*Y(1))
1+72.D0=SK+*DsAE«n4n(1,D0
1- DEXP(-AEeY (1)) )}#MFDX(7)*«MFDX(1)#»2+DEXP (-AE#Y (1))
i+ 2520.DOtSKtDtAE**StHFDX(l)**S#DEXF(-2.DOtAEtY(l))'HFDX(G)
MFDX(11) = MFDX(11)
1~ 168.D0*SK«D*AE#=*S*(1.D0
1= DEXP(-AE*Y{1)))*MFDX{(6)*MFDX(1)#«3+DEXP(-AE*¥(1))
1+ 2,DO*SK+*DsAEew2¢(1.D0 - DEXP(=AE#Y (1)) )MFDX (9) sDEXP(~AEs*Y (1))
1-18.D0*SK#D#AE##3#(1.D0
1~ DEXP(=AE#Y(1)))*MFDX{8)*=MFDX{1)*DEXP(-AE*Y(1))
i- 504 .D0%SK+D#AEw#4sMFDX (1) #22#DEXP (-2, DO*AE#Y (1) )»MFDX(7)
1+ 504,D0+SK«D*AE*s»4»(1.D0
1- DEXP(-AB*Y(l)))tHFDX(G)*HFDX(2)*HFDX(I)tDEXP(-AB*Y(l))
1+ 1008.D0*SK+DsAE«#4#(1.D0
1- DEXP(-AE*Y(i)))*HFDX(S)tHFDX(3)tHFDx(l)tDEXP(~AEtY(1))
1+ 756.D0%3KaDsAE»#4#«(1.D0
i- DEXP(-AE*Y(I)))tHFDX(S)*HFDX(2)tt2tDEXP(-AEtY(1))
1+ 22680 ,D0+SK#D*AE##5sMFDX (1) ##2¢DEXP(~2.DO#AE*Y(1))*
1MFDX (S)*«MFDX(2)
1-1512.D0#SK#sDaAE##»S(1,D0
1- DEXP(-AEsY(1)))sMFDX(5)*MFDX(2)«MFDX(1)}#«2eDEXP(~AE*Y(1))
1+ 2520.D0#SK#D+AE+#4»(1.D0
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1- DEXP(-AEsY{1)))sMFDX{4)*MFDX(2)«DEXP (-AE+Y{(1))+MFDX(3)
MFDX(11) = MFDX(11)
1- 168.D0eSKeDeAE##3s(1.D0
1- DEXP(-AE«Y(1)))sMFDX{6)«MFDX(3)*DEXP(-AE*Y (1))
1= 252,D0«SKsDeAE«+3e(1.D0
1- DEXP(-~AE«Y(1)))+MFDX{5)#MFDX(4)*DEXP(-AE*Y(1))
1- 17640.D0sSKeDwAE#s»4sMFDX(3)#DEXP{~2.D0O#AE*Y (1)) sMFDX (2) =MFDX(4)
1= 3920,D0+SK»D*AE«s4sMFDX(3) »#3+DEXP(-2.DO=AESY (1))
1+ 75600.D0%SKeDeAEw#S+MFDX (3) ##2¢DEXP(~2.DO%AE*Y (1)) =
AMFDX (2)MFDX (1)
1- 5292.D0eSK#DeAEe»3aMFDX (5)#DEXP (=2.DO*AE*Y (1) )«MFDX(2) »»2
1+ 56700.D0sSK+D*AE##5#MFDX (4)*DEXP(-2.DO+AE*Y(1))»
1IMFDX (2) »#=2eMFDX (1)
1+ 216.D0#SK+DeAE*#3sMFDX(7)}»DEXP(~2.DO*AE®Y (1) }«MFDX(2)
1+ 504.D0#SK+DsAEe»3«MFDX(6)#DEAP (-2.DO*AEsY (1) ) *MFDX (3)
1~ 3528.D0#SKeDeAE#»2#MFDX (6) *DEXP{~-2.DO%AE«Y (1) )*MFDX{2) sMFDX(1)
1+ 756.D0#SK+D#AEw#3eMFDX (5)»DEXP (~2.D0*AESY (1) }*NFDX(4)
1= T056.D0»SKeDeAE»»4+MFDX (S)+DEXP (-2.D0#AE=Y (1) )»MFDX(3) «MFDX(1)
1- 4410.D0»SKeDeAE#s4»MFDX(4) ##2sDEXP{~2.D0=AE+Y (1)) »MFDX (1)
MFDX(11) =MFDX(11)
1+ 756.D0#SK«DeAE»»8+(1.D0
1= DEXP(=~AE*Y (1)) )sHFDX(2)#»2«MFDX (1)»+S#DEXP (-AE¢Y (1))
14 158760.D0*SKeD#AE#»T*MFDX (1) »»4eDEXP (=2.DO*AE*Y(1))»
1MFDX (2)*MFDX(3)
1+ 15876,D0SK+D# AE«»7+MFDX (1)»»5#DEXP (-2, DOwAE=Y {1} ) *MFDX (4)
1+ 2520.D0«SK»DeAEw%6#(1.D0
1- DEXP(-AEsY(1)))»MFDX{4)»MFDX (1) »»3+DEXP (~AE#Y (1) )*MFDX(2)
1+ 1680.D0»SK+D«AE»#6x(1.D0
1= DEXP(-AEwY(1)))*MFDX{3)»#2«MFDX (1} »n3uDEXP (~AExY(1))
1+ 18360 ,D0sSKeDeAER#9sMFDX (1) #a7«DEXP(-2.DO*AE*Y (1) }wMFDX(2)
1- 1022.D0eSK«DsAE«w10HFDX (1) »#G«DEXP (-2, DO*AESY (1))
1-72.D0«SKeDs AE#»9¢{1.D0
1~ DEXP{=AE#Y (1)) )sMFDX(1)##7#DEXP (~AEsY (1)) *MFDX(2)
1+ 2,D0#SKeD*AE+#10%(1,D0
1~ DEXP{=AE*Y(1)))«MFDX (1) ++9%DEXP (-AE+Y (1))
1~ 2,D0*SK=DeAE#*2sMFDX(9) +DEXP (-2.D0O+AEsY (1))
1+ 54,D0#SKeDsAEew3«MFDX (8)«DEXP(~2,D0*AE=Y (1) }*NFDX (1)
1- 96012.D0*SK»DeAE##B+MFDX (1) #*S¢DEXP(=2,DO%AE#Y (1) ) sMFDX(2) a2
1= 21336 ,.D0*SK#D*AE%*BsMFDX (1) *%6«DEXP(=2.D0#=AE+Y (1) ) sMFDX (3)
MFDX(11) = MFDX(11)
1- 252,.D0#SKeD»AE®*#7+(1.D0
1= DEXP(=AE#Y(1)))*MFDX(4)#MFDX(1)»»5sDEXP(~AE*Y (1))
1-2520.DO#SKaDeAEs»T«(1.D0
1= DEXP{=AE*Y (1)) )«MFDX(3)*MFDX{1) «=4+DEXP(~AE*Y{(1))*MFDX(2)
1+ 168.DO»SKeD+AEw#8«(1.D0
1= DEXP{=-AE#Y(1)))*MFDX(3)*MFDX (1) «#6#DEXP (~AE*Y (1)}
1+ 7560.D0sSK«DeAE+26=(1.D0
1~ DEXP(-AE*Y (1)) )sMFDX(2) #»2«MFDX (1) »»2%DEXP (~AE«Y (1) ) sMFDX(3)
1+ 1890.DO»SK#DwAE+=6=(1.D0
1= DEXP(=AE*Y{(1)))*MFDX(2)»*4+MFDX (1) *DEXP(-AE*Y (1))
1+ 158760 ,D0#SKeD#AE#*7eMFDX (1) #%34DEXP (~2,DO*AE*Y (1) )»
1MFDX(2) #»3
MFDX{(11) = MFDX(11)
1~ 2520,.D0*SKeD#AE+*7%(1.D0
1= DEXP(~AE#Y(1)))eMFDX(2}w3eMFDX (1) #»3sDEXP(-AEsY (1))
1+ 37800.DOwSKeDwAE#eSeMFDX {2} 2 3wDEXP (=2.DO*AE®Y (1)) «MFDX(3)
1= S8590.D0#SK4DeAE#«EeMFDX (2)##4#DEXP(~2.DO*AE=Y (1} ) #MFDX (1)
1= 234360.D0*SX+DeAE=*6+MFDX (2) »#2+DEXP(
1-2.DOsAEsY (1)) «MFDX (1) »x2sMFDX (3)
1-5040.D0%SXsDeAEs=5+{1.D0
1- DEXP{~AE#Y(1)))*MFDX(2)*MFDX (1) *DEXP (~AE+Y (1) )#MFDX{3) #»2
1« 2520.D0wSKeDaAE»#5%(1,.D0
1= DEXP(-AE#Y(1)))*MFDX{2)»a3aDEXP (~AE=Y (1) )sNFDX(3)
1=-3780.D0nSKeDeAExsSe (1. D0
1= DEXP(=AE*Y(1)})+MFDX{2) #+24MFDX (1) *DEXP (~AE®Y (1)) =MFDX(4)
1+ F«DCOS(X)
RETURN
END
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D.2 Morse Oscillator Code With Forcing Frequency (& HF)

c

1 aaa

[+ Kr]

G O a ao

Qo

106

THE

FOR

INTEGER K,NEQ,NPARM, IDD,IEND, IMETH, INORM,NOUT,KSTEP , K1IN, 1IN
PARAMETER (NEQ=2, NPARM=50)
DOUBLE PRECISION A(1,1) ,HINIT,PARM(NPARM),Y(NEQ),STEP,YINIT1,X0,
1YPRIME(NEQ),X,SK,C,NFDX(11),TOL ,XEND ,H,AE,D,F,V,YINIT2,0M,Y1MAX,
1Y1(4096) ,AN,SMU,MUL,FP,D1,D2,RE,VC,0M1,V1,V2,V3
COMMON SK,C,AE,D,F,0M,RM,5MU,D1,D2,RE,ON1
EXTERNAL FCN,FCNJ,FCNP,DIVPAG,SSET
READ(4,106) YINIT1,YINIT2,STEP,X0,SMU,C,KSTEP,TOL,AE,D,F,0M
FORMAT(6E11.3,16,E8.0,4E11.3)
KSTEP = 2=KSTEP
IF (STEP.EQ.6.283D0) THEN
STEP=8.DODATAN(1.0D0)}
WRITE(6,%) STEP
END IF
VALUES LISTED BELOW ARE HF PARMETERS THE CC CAPTIONS ARE REMOVED
AE = 1.1741D0
D = (.22508D0

F = 1.067605D-03
oM = 1.791735D-02
oM1 = 1.D0

M1 = 1,791735D-02
STEP = STEP«QM1

M = 1.694808D+3

RM = 1.D+0

SK = 5.900372D-4

SK = 1.d0

SHU = 5.731973D-4

SMU = 1,000000D-0

LINEAR DIPOLE MOMENT, D2 IS SET TO ZERO
D1 = (,29769D-0

D2 = (.00000D0

D = 1.04941D0

D2 =~-0,21551D0

RE = 1.73290D0

C = CaSMU

Y(1) = YINIT1

Y(2) = -DSQRT(2+D+YINIT2)
Y(2) = -DSQRT(2+D+YINIT2/SMU)
TOL = 1.0D-6

RINIT = TOL

IMETH =1

INORM = 2

IDO = 1

CALL SSET (NPARM, 0.0, PARM, 1)
PARM(1) = HINIT

PARM(4) = 1,D+3+KSTEP
PARM(10)= INORM

PARM{12)= IMETH

X

= X0
XENE = X0
IIN =0
KIIN = KSTEP/10

YIMAX = 0.DO
D0 10 K=1,KSTEP
XEND = XEND+STEP
CALL DIVPAG (IDO,NEQ,FCN,FCNJ,AE,X,XEND,TOL,PARM,Y)
CALL FCN (NEQ,X,Y,YPRIME)
CALL FCNP (NEQ.X,Y,YPRIME,MFDX)
V = D#(1.D0-DEXP(~AEsY(1)))ns2

1 JUST USED THE SAME SYMBOL AS BEFORE BUT NOW THIS SHOULD BE

THE

TOTAL ENERGY.

V¥ = (De(1.DO-DEXP(-AEsY(1))})#s2 + Y(2)#22/2,D0+SHU}/D
Vi= (1.DO-DEXP(-AE*Y(1)))»»2

¥2 = (Y(2)»=2/2.D0sSMU) /D

THE ENERGY CALCULATION BELOW IS A COMPENSATED ENERGY

FP = Fs(D1 + 2,D0sD2+(Y(1) + RE))
FP = 0.D0O
FP = F#»(1.04941D0 - 2,D0*,.21551D0«(Y(1) + 1.7329D0))

BELOW IS COMPENSATED ENERGY FOR USUAL TIME

VC = (D«(1.DO-DEXP(-AE*Y(1)))w»2
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1 + (Y(2) + FP«DCOS(X*0M)/OM) «s25MU/(2.D0})/D
V3 = ((Y(2) + FPeDCOS{X=0M)/OM)+»2+SMU/(2.D0))/D

BELOW 1S COMPENSATED ENERGY FOR SCALED TIME

VC = (D#(1.DO-DEXP(-AEeY(1)))9#s2
1 + (¥(2) + FP+DCOS(Xe0M)/OMe0M1)#+2e5MU/(2.D0)) /D
S IS OLD STUFF FOR FINDING MAXIMUM VALUE AND NORMALIZING
IF (DABS(Y(1)).GE.Y1MAX) THEN
YIMAX = DABS(Y{1))
END IF
Y1(K) = Y(1)
E NEXT FOUR LINES ARE FOR THE QUTPUT OF DERIVATIVES
WRITE(7,100) Y(1),Y(2)+SMU,YPRIME(2)#SHU,MFDX(3)#SHU ,NFDX (4)«5MU,
1 MFDX(5)=SMU,X
WRITE(9,100) MFDX(6)*SNU,MFDX(7)+SHU,HFDX (8) «SMU,MFDX(9)#SHU,
1 MFDX(10)%5MU,MFDX (11)+5MU,X
WRITE(5,101) V,Y(1)
WRITE(8,101)} VC,X
WRITE(5,101) V,X
WRITE(3,101) V1,X
WRITE(2,101) V2,X
WRITE(8,101) V3,X
IIN=IIN+ 1
IF (IIN.EQ.KIIN) THENM
WRITE(E,») K
IIN=10
END IF
CONTINUE
DD 20 K=1,KSTEP
WRITE(7,102) Y1(K)/Y1MAX*255.D0
CONTINUE
FORMAT(7D14.6)
FORMAT(1D16.8,1D14.6)
FORMAT(1E14.6) i
FORMAT(6E11.3,16,E8.0,4E11.3)
FORMAT(1D15.1%)

STOP
END
SUBROUTIKE FCN (NEQ,X,Y,YPRIME)
INTEGER NEQ
DOUBLE PRECISION Y(NEQ),YPRIME(NEQ),X,SK,C,AE,D,F,0M,RN,SHU,
1b1,D2,RE,ON1
gnnunu SK,C,AE,D,F,0M,RM,SMU,D1,D2,RE,OM1
=X
YPRIME(1) = ¥(2)
YPRIME(1) = ¥(2)/RM
YPRIME(L) = Y(2)#SK
YPRIME(1) = Y(2)»SMU/OM1
YPRIKE(2) = (-CaY(2)
1- 2.D0#SKeDsAE#(1.D0 - DEXP(~AE*Y(1)))»DEXP(-AEwY(1))
1+ F+DSIN(X«OM)*»{D1 + 2.D0sD2«(Y(1) + RE)))/0M1
1;E$;nsxn(x~on>t(1.04941no - 2.D0%.21551D0=(Y (1) + 1.732900))
RN

END

SUBROUTINE FCNJ (NEQ,X,Y,DYPDY)
INTEQER NEQ

DOUBLE PRECISION Y(NEQ),DYPDY(NEQ,NEQ),X
RETURN

END

SUBROUTINE FCNP (NEQ,X,Y,YPRIME,MFDX)
INTEGER N

EQ
DOUBLE PRECISION Y(NEQ),YPRIME(NEQ),X,SK,C,MFDX(11),AE,D,F,0OM, AN,
1SMU,D1,D2,RE
gnungn SK,C,AE,D,F,0M,RM,SMU,D1,D2,RE
-
F = DieF
MFDX(1) = Y(2)
MFDX(1) = Y(2)/RM
MFDX(1) = YPRIME(1)
NFDX(2) = YPRIME(2)
MFDX(3) = - CeMFDX(2)}
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1= 2.DO#SK+DsAEw+2+MFDX{1) «DEXP (-2, DO=AE»Y (1))
1+ 2.D0#SK#DeAEe»2¢{1.D0 - DEXP (—AE®Y (1)) ) «MFDX (1) »DEXP (-AE*Y (1))
1+ F=DCOS (X+0M)
1«{- 2.D0%,21551D0+MFDX(1))}
1+ Fa(D1eDCOS(OMeX)*0M + 2.D0*D2+MFDX(1)*DSIK(OM*X)
1+ 2.D0sD2w(Y{1) + RE)*DCOS (OMsX)*0M}
MFDX(4) = - C»{FDX(3)
1- 2.D0#SKsDsAE«#2¢NFDX(2) «DEXP(-2.D0*AEY (1))
1+ 6.D0#SEsDeAE*»3eMFDX (1) »22eDEXP (-2.DO=AEsY (1))
1+ 2.D0=SK«DsAE*»20(1.D0 - DEXP (~AE*Y (1)) )sMFDX(2)«DEXP (~AE*Y (1))
1- 2.D0#SK#DeAE+#3%(1.D0
1- DEXP(=-AE*Y (1)) )»MFDX(1)##2eDEXP (=AE*Y (1))
1- F»DSIN(X+0OM)
1#(~ 2.D0».21551D0«MFDX(2))
1+ Pe(=D1»DSIN(OMeX)«DMeOM + 2.D0OD2sMFDX(2)*DSIN(OM*X)
1+ 4.D0«D2«MFDX(1)+DCOS(OMuX) »OM
1= 2.D0#D2#(Y{1) + RE)*DSIN(OM»X)=DM«0OM)
MFDX(5) = - C+MFDX{4)
1- 2.DO%SKeDsAEew2«MFDX {3} #«DEXP(~2.DOsAE*Y(1))
1+ 18.DO#SK+D#AE#«3eMFDX(2)*DEXP(-2.DO«AE«Y (1)) »MFDX(1)
1- 14.DO%SK#D#AE»»4sMFDX (1) »»3+DEXP(=2.D0*AE=Y(1))
1+ 2.D0*SK*DeAEs#2%(1,D0 - DEXP(-AEsY(1)))«MFDX(3)»DEXP(=AEeY(1))
1—- 6,D0#SKeD*AE#*3s(1.D0
1= DEXP(-AEsY (1)) )»MFDX(2)}#MFDX (1)#DEXP(-AE+Y(1))
1+ 2.D0*SK*DeAE++4#(1.D0
1- DEXP{~AE#Y(1)))*MFDX(1)»#3¢DEXP (-AE=Y(1))
1- F»DCOS(X»0M)
{a(- 2.D0= . 21551D0=MFDX{3))
1+ Fa(=D1sDCOS{OM*X)»0OM=0M«ON + 2.,D0«D2eMFDX (3) »DSIN (OM*X)
1+ 6.D0sD2«MFDX(2)*DCOS (OM=X)+0M
1+~ 6.DO*D2%MFDX(1)*DSIN(OM«X) +0M»OX
1= 2.D0#D2¢(Y(1) + RE)*DCOS(OMe«X)»0N+0M*0K)
MFDX(6)= - C*MFDX(5)
1 - 2.DO%SKaD#AE»»2+MFDX (4) »DEXP (-2.DO*AE*Y(1))
1+ 24.DO*SKeD*AEwe3sMFDX (3) «DEXP(~2.DOsAE+Y (1) )*NFDX(1)
1~ 84 .DO*SK#D*AE##4sMFDX (2) «DEXP(=2.DO%AE+Y (1)) #MFDX (1) »»2
1+ 18.DOSKeDsAE»*3=MFDX (2) w#2#DEXP(-2.D0#AE*Y (1))
1+ 30.DOsSKeDeAE«+50MFDX (1) ##4»DEXP (-2.D0*AE*Y(1))
1+ 2.DO#SK+D*AE+»2%{1.D0 - DEXP(-AE*Y{1)))*HFDX(4) «DEXP (-AEsY (1))
1~ 8.DO=SKeD#AEs»3x{1.D0
1~ DEXP(=AEaY (1)) )«MFDX(3)*MFDX(1)«DEXP{~AE*Y (1))
1- 6.D0#SK#D=AE++3+(1.D0
1- DEXP(=AE*Y{1)))»MFDX(2)«»2+DEXP (-AE*Y(1))
1+ 12.D0*SK«D=AE»»4%(1.D0
1~ DEXP(-AE*Y(1))})#MFDX{2)*MFDX(1)}»»2«DEXP(-AEsY(1))
1~ 2,D0*SK«DwAEs»S«(1.D0
1~ DEXP(-AE*Y (1)) )*MFDX{1)wegaDEXP (-AE+Y(1))
1+FeDSIN(X=ON)
1+FeD1#DSIN (OM=X) «0MsOM«OMeOM
MFDX(7)= 2.DO*SKeD«AE+»2+(1.D0
1= DEXP(=AEeY(1)))MFDX(S)*DEXP (-AEsY(1))
1- 10.D0*SK#D#AE»»3»(1.D0
1- DEXP(-AE*Y(i)))*HFDX(4)*HFDX(1)*DEXP(-AE‘Y(l))
1= 20.D0#SK*DsAE#»3s(1.D0
1- DEXP(-AE*Y(I)))‘HFDX(3)‘HFDX(2)*0EXP(-AE‘Y(1))
1+ 20,D0%SK#D*AE+a4#(1.D0
1~ DEXP(-AE*Y(1)))#MFDX(3)#HMFDX(1)w#2+DEXP(-AEeY(1))
1+ 30.D0+SKsDeAEss4s(1.D0
1- DEXP(-&E‘Y(I)))*HFDX(Q)'*ZOHFDX(l)tDEXP(-AEtY(l))
1~ 20.D0*SK+DsAE#»Sa(1.D0
1- DEXP(-AE«Y (1)) )sMFDX{2)sMFDX(1)#3DEXP (~AE+Y (1))
1+ 2,D0»SK+D#AE+#6s(1.D0
1= DEXP(=AE*Y(1)))sMFDX{1)»e5+DEXP{-AEsY (1))
1- 2.DO0#SKeDsAE+#+24MFDX(5)¢DEXP(~2.D0*AE*Y(1))
1+ 30.DO*SK+DsAEs»3sMFDX (4) ¢DEXP (~2.DO#AEsY (1)) sMFDX (1)
1+ 60.D0sSKeDeAE*+3sMFDX (3) #DEXP(-2.D0OsAEsY(1))#HFDX(2)
1- 140.D0sSK*D*AE++4+MFDX(3)sDEXP{~-2.D0O#AE«Y (1)) »MFDX (1)%s2
MFDX{/) = MFDX(7)
1- 210.DO#SK!D‘&E‘*dUHFDX(2)0'2‘DEXP(-2.DD*AE'Y(I))'HFDX(l)
1+ 300.D0sSK+DeAEs»5¢MFDX{2)#DEXP(~2,DO#AEsY (1)) #MFDX (1) ##3
1~ 62.D08SKsD#AE++6eMFDX (1) »#5+DEXP(~2.D0%AESY (1))
1+ FeDCOS(Xe0M) — CeMFDX(6)
1+ F«DCOS(X*0M)»0M+0M+0M+0M+0M+D1
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MFDX(8) = - 210.D0#SKeDs AEw»4*MFDX (2} ##3+DEXP (-2.D0*AE*Y (1))

1+ 30.DOsSK#DwAE#»*Ge(1.D0

1- DEXP(-AE‘Y(l)))‘HFDX(?)*HFDX(I)'t4'DEXP(-AE-Y(1))

1+ 126.D0#SKeD*AE#»7+MFDX (1) os6+DEXP{~2.DO*AE=Y (1})

1~ 2.D0sSK#D#AEwe7»(1.D0

1- DEXP(-AEOY(I)))-HFDX(1)"5‘DEXP(-AE$Y(1))

1- 2.D0#SKsDeAEs#2¢MFDX(6)#DEXP (-2.DO*AEY (1))

1+ 90.DO‘SK#D‘AE"3*HFDX(4)‘DEXP(-2.DO*AE‘Y(I))*HFDX(2)

1+ 60.DOsSKeDaAE##3sMFDX (3} 2+DEXP{-2.D0*AEsY(1))

1+ 2.D0*SKeDeAE*»2(1.D0 — DEXP(-AE#Y(1)))+MFDX (6) «DEXP(=-AE*Y (1))

1+ 36.DOOSK*D‘AE**S*HFDX(I)'DEXP(-2.00-AEtY(1))tHFDX(S)

1- 12,.D0SK*D=AE+#3«(1.D0

1- DEXP(-AEsY(1)))«HFDX(5)»MFDX (1) «DEXP (-AE+Y(1))

1~ 30.D0*SKeD#AE*#3=%(1,D0

1- DEXP(-AE‘Y(I)))'HFDX(4)‘HFDX(?)*DEXP(-AE‘Y(I))

1- 210.DOtSK-D-AE'¢4‘HFDI(l)t'2¢DEXP(-2.DO*AEtY(1))‘HFDX(Q)
MFDX(8) =MFDX(8)

1+ 30.D0OsSKeD#AE»#4s(1.D0

1- DEXP(-AE-Y(I)))‘HFDX(4)*HFDX(I)**ZtDEXP(-AEtY(l))

1~ 20.D0=SK*D#AE+#»3+(1.D0

1- DEXP(-AE#Y(i)))‘HFDK(S)"Z*DEXP(-AE*Y(1))

1- 840.DO‘SKtDtAEtt4tHFDX(1)¢DEXP('2.DO*AE*Y(I))tHFDX(S)‘HFDX(Z)

1+ 120.D0+SKeD*AE+»4+«(1.D0

1~ DEXP(-AE*Y(I)))-HFDX(3)'HFDX(2)*HFDX(1)'DEXP(-AEtY(I))

1+ 600.D0*SKeD*AE#*SeMFDX (1) #¢3%DEXP(~2.DO*AE+Y (1) )»H¥FDX(3)

1= 40.D0eSK#DeAE««5+(1.D0

1~ DEXP(-AEtY(l)))*HFDX(B)tHFDX(1)**3*DEXP(-AE‘Y(1))

1+ 30.D0sSK*DeAEswde(1.D0

1- DEXP(-AE*Y(l)))*HFDX(?)*#B'DEXP(-AE-Y(1))

1+ 1350.D0*SKsD*AE«#SoMFDX (1) w»2+DEXP (~2.DOsAESY (1)) «MFDX(2) »#2

1= 90.D0#*SK#D*AE=e5+(1.D0

1- DEXP(*AE'Y(I)))'HFDK(Q)**2~HFDX(1)'*2'0EXP('AE'Y(1))

1- 930.D0#SK+D*AEs*G«NFDX (1) «wd*DEXP (~2.DO*AEsY (1) )«MFDX(2)

1- CeMFDX(T)

1~ FeDSIN(X#0OM)

1- FeDSIN(X+0M)»0Ms0OM*OM4OMsDM+OM+D1
MFDX(9) = + 140.D0#*SK+D*AEe=d=(1.D0

1i- DEXP(-AE-Y(i)))-HFDX(S)“2‘HFDX(1)*DEXP(-lEtY(1))

146300 . DO*SK«DwAE#*S#MFDX (1) «#2«DEXP{~2.DO=AEY (1) ) «MFDX(3)*MFDX(2)

1- C«MFDX(8)

1~ T0.DO»SKeD*AE##5+(1.D0

1- DEIP(-AE‘Y(I)))tHFDX(4)tHFDX(1)*-3*DEXP(-AEHY(1))

1+ 1050.D0-SK-DtAE-t5¢HFDX(l)**3*DEXP(-2.DOtAEtY(I))-HFDX(4)

1+ 210.DO*SKeD*AE##»4#(1.D0

i- DEXP(-AE‘Y(I)))tHFDX(4)*HFDX(?)*HFDX(l)*DEXP(-AE*Y(I))

1= 70.D0O*SKeDeAE*#3#(1,D0

1- DEXP(-AE&Y(!)))tHFDX(4)'HFDX(3)'DEXP(-AE-Y(I))

1= 42.D0»SK#D«AE««34(1.D0

1- DEXP(-AE*Y(1)))»MFDX{5)*MFDX(2)*DEXP (-AE*Y (1))

1+ 42.D0eSKeDuAEs»4«(1.D0

1- DEXP(=AE®Y(1)))«NFDX(5)*MFDX(1}%s2+DEXP(-AE«Y (1))

1~ 14.D0*SK*DsAEs»3s(1.D0

1- DEXP(-AE#Y(1)))*MFDX{6)*MFDX{1)*DEXP{-AE*Y(1))

1+ 2.D0sSKeDwAE»»2«(1.D0 - DEXP(-AE#Y (1)) )»MFDX(7)#DEXP (-AE«Y (1))

1- 980 . DO*SKeD*AE«*=4sMFDX (3)»»2¢DEXP(~2.DOAEAY (1} ) +MFDX {1}
MFDX{9) =MFDX(9)

1- 294.DO#SK'D*AE“4¢HFDX(1)'*2¢DEXP(-2.DO*AEtY(1))¢HFDX(5)

1- 1470.DOtSKtD-AEtt4-HFDl(4)*DEXP(-2.DOtAEtY(I))*HFDX(2)*HFDX(1)

14 126.D0#SK«DsAE##3+MFDX(S)#DEXP(-2.D0*AE#Y (1) )sMFDX(2)

1+ 210.DO%SK#D#AE»#3+MFDX(4) *DEXP(~2,D0*AE#Y (1)) *MFDX(3)

1+ 42.D0»5KaD*AE=#3+MFDX(6)+DEXP (~2,DOsAE»Y(1) )»MFDX (1)

1+ 2.D0wSK+D=AEs*84(1,D0

1- DEXP(=AE#Y(1)))sMFDX(1)#+7»DEXP(-AEeY (1))

1~ 2.D0sSKeD*AE#«2sMFDX(7)#DEXP (-2.DO%AE*Y (1))

1- 254.004SKsD#AEs+B+MFDL{1)#+T#DEXP (~2.DO*AEsY (1))

1- 42,D0sSKsDeAEsa7s(1,D0

1~ DEXP(-AEsY (1)) )*MFDX(2) #MFDX (1) «+S»DEXP(-AEsY (1))

1+ 2646.D0+SKeDeAEsT#MFDX (1) ##5+DEXP (-2 .DO#AE»Y (1) )*MFDX(2)

14 70.D0eSKeDeAE#»6+(1,D0

1- DEXP(=AEsY(1)})sMFDX(3)#MFDX(1)#«4+DEXP (~AE+Y (1))

1+ 210.D0*SKeDsAE##6+(1.D0

1~ DEXP(=AE*Y{1)))#MFDX(2)++24MFDX (1) ««3sDEXP(-AE*Y (1))

1- 1470.D0#SKeDeAEs+4oMFDX(2) ##2#DEXP (=2.DO*AE*Y (1)) #H¥FDX(3)
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1+ 3150.D0*SK*DsAEs«SaMFDX(2) ##3»DEXP (-2, D0#AEsY (1)) «MFDX (1)
MFDX(9) = MFDX(9)

1-
1-
1=
1~
1~
1-
1=
1+
1-
1-

6510.DO*SKsDeAE®e63MFDX (1) #23+DEXP (-2 .DO#AEY (1) } s MFDX (2) »»2
210.D0*SK*D*AE+#52(1.D0

DEXP(~AE*Y (1)) )»MFDX(2) »#3+MFDX (1) «DEXP (-AEeY{1))
420.D0wSKeD*AE#«52(1.D0

DEXP(=AE*Y (1)) )«MFDX(3)*MFLL (2} *MFDX (1) #+2+DEXP (—AE»Y{1})
FaDCOS (X+0M)

2170, DOsSKeD*AE*«5+MFDX (1) ##44DEXP (-2 . DOsAE+Y (1) ) #MFDX(3)
210,D0«SKeDeAE*#»4+(1.D0

DEXP (~AE®Y{1)))#MFDX{3) «MFDX(2) »»24DEXP {~AE=Y (1))

FaDCOS (Xw0M) *0M+OM«OM*0OM#OM#DM=OMeD1

MFDX(10) = B840.D0=SKsDsAE+s6«(1,D0

1..
i+
1_
1_
1..
1_
1-
1+
1_
1-
1-
1_
1_
1_
1_
1. .
1+

DEXP{=-AE*Y (1) })#MFDX (2)»#3«MFDX (1) *#2sDEXP (~AE*Y(1))

3150, DO*SK#Ds AE#«5+MFDX (2) %#4wDEXP(=2.D0*AE=Y (1))
26040,D0+SKeDeAEs#53KFDX(2) #+3+DEXP(~2.DOAESY (1) ) «NFDX (1) we2
1680.D0«SE+*DeAE«xSe (1,00

DEXP (=AE#Y (1)) )sMFDX (2) %»2%MFLX (1) *DEXP (~AE#Y (1)) «MFDX(3)
210.D0#SKeDsAE«#5+(1.D0
DEXP{~AE*Y(1)) )=MFDX(2) »»4sDEXP(-AE*Y (1))
510.D0#SK#D*AEs» S+ NFDX (1) #*8+DEXP(~2.DO%AE*Y(1})
2.D0#SK+D#AE*«9%(1.D0

DEXP(~AE*Y (1)) )}#«KFDX(1)»#8«DEXP (-AE*Y(1))
2.D0*SK#DeAE#»2«MFDX (8) #DEXP (=2 .D0OsAE=Y (1))
7112.D0#SKeDsAE#«BeMFDX (1) #»GwDEXP (~2.DOSAE=Y (1)) =MFDX(2)
112, D0*SE*DeAEs27+(1.D0

DEXP(=AEsY (1}))»MFDX(3)»MFDX (1) #»»5«DEXP(~AE*Y (1))
420.D0=SKsD#AE*a7»(1.D0

DEXP(=AEaY (1)) )*MFDX (2) #»2sMFDX (1)« 4+DEXP{-AEeY (1))

26460, D0*SK*DeAE*»ToMFDX (1) w«4%DEXP{~2.D0%AE»Y (1)) «NFDX (2) »e2

1+ 705S6.D0«SK#DeAEw»7sMFDX (1) «x53DEXP(~2.D0«AE*Y (1)) «HFDX(3)
MFDX(10)=MFDX(10}

1+
1_
1-
1..
1+
i+
1+
1+
1—
1+
1+
1+
1..
i+
1_
1-
1_

1120.D0+SK«D=AE#*6%(1.D0

DEXP(=AEsY (1)) }*MFDX{3)sMFDX (1) ##3+DEXP (~AE+Y (1)) #MFDX(2)
3920, D0*SK#DeAEww4#MFDX (3) s»2«DEXP (~2.DO%AE*Y (1) ) »MFDX(2)
2940.D0#SK#D*AEw*4 o MFDX (4) *DEXP (=2 .DOSAESY (1) )#MFDX (2) #+2
168.DO*SKaDeAE»#3sMFDX (6) *DEXP{-2.DOAE#Y (1) ) *MFDX(2)
336.D0sSKeD=AE#«3sMFDX(5)#DEXP (-2, DO%AE+Y (1) ) «MFDX(3)
210, DOeSK*D*AE+#3%MFDX (4) ##2¢DEXP (-2, DO*AESY (1))
56.D0%SKeDwAE=eB»(1.D0

DEXP (~AE*Y (1)) )»MFDX(1)*»6«DEXP (~AE*Y (1) ) »MFDX(2)

2 .D0*SKeDeAE«»2%(1.D0 - DEXP{~AE#*Y(1}))+MFDX(8) «DEXP (~AE*Y(1))
48.DOsSKaD* AE«#3+MFDX (1) «DEXP (-2 .DO*AE=Y (1)) *MFDX{(7)
336.D0*SK*DeAEs#4*(1.D0

DEXP (~AE*Y (1)) )#MFDX (5) MFDX (2} #MFDX (1} »DEXP (-AE*Y (1))
420 ,D0*SK«DsAEs«4=(1.D0

DEXP(=AEsY (1)) }«MFDX (4} #MFDX (2) ««2+DEXP (=AE+Y (1)}
112.D0#SK#D*AEe#3%{(1.D0

DEXP(~-AE*Y (1)) )sMFDX (5) «MFDX (3) #DEXP(~AE«Y (1))

MFDX(10)=MFDX(10)

1_
1-
1..
1-
1-
1_..
1+
1_
1_
1-
1.-.
1+
1_

70.D0=SEsD#»AE*#3%(1.D0

DEXP (~AE*Y (1)) ) sMFDX{4) ##2«DEXP(~AE*Y (1))
3920.D0#SK«DsAE=+4*MFDX (1) *DEXP (-2.DO#AEY (1) ) «MFDX{4)sNFDX(3)
56.D0#SKeDsAE#=3+(1.D0

DEXP(-AE*Y (1)) )#MFDX(6) sMFDX{2)*DEXP(-AEsY (1))
2352+5KsDeAEwn4eMFDX (1) #DEXP (-2, DO*AE#Y (1) )sKFDX (5)*MFDX(2)
56.D0#SK«D+AEsw4»(1.D0

DEXP (~AE*Y (1)) )sMFDX{6) *MFDX{1) »»2sDEXP{~AEsY (1))
16.D0*SK+D=AE*»3=(1 DO

DEXP(-AE*Y (1)) }*«MFDX(7)}+MFDX (1) »DEXP(-AE#¥ (1))

392, D0#SKsDeAE#s4sMFDX (1) #a2sDEXP(~2.DOsAE*Y (1) ) sMFDX(6)
1680 .D0sSK*DsAE*s5sMFDX (1) #»3«DEXP (-2.DOsAESY (1) )sMFDX(5)
34720.D0*SK*De AE*«6sMFDX (1) ## 3«

1DEXP {(~2.DO*AE=Y (1) )»MFDX(3)sMFDX(2)

1=
i-

112.D0*SK#D#AEs#5s(1.D0
DEXP (~AESY (1)) ) «MFDX(S)#MFDX (1)} »«3sDEXP(-AEsY(1))

MFDX(10) = MFDX(10)

1=
1-
1-
1+
1-
1~

840.D0#SEsDeAE*#5«(1.D0

DEXP(~AE#Y (1)) )sMFDX{4)«MFDX (1) »#2+DEXP(~AE#Y (1)) *MFDX{2)
4340.DOSKsDsAE+=6sMFDX (1) #+42DEXP (-2, DOsAE«Y (1)) sMFDX (4}
140.D0%SKeD+AE*»#6+(1.D0

DEXP (~AE*Y (1)) }«MFDX (4)#MEFDX (1) s#4sDEXP{~AEsY (1))
560.D0sSKsDeAEs#5+(1.D0
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i- DEXP(-AE-Y(I)))'HFDX(3)#-2-HFDX(1)**2*DEXP(-AE‘Y(!))

1+ 25200.D0*SKeDwAEs*=5+MFDX (1)sDEXP (-2.DOsAE#Y(1))=*

1MFDX (3)*MFDX(2) %2

1+ 12600.DO'SK'D*AE*‘S‘HFBX(I)*‘2tDEXP(—2.DO!AE-Y(1))t

1MPDX (4) «MFDX(2)

1+ 560.D0+SEsDsAEasds(1.D0

1i- DEXP(-AE*Y(!)))*HFDX(3)‘HFDX(I)*DEXP(-AE#Y(I))iHFDX(4)

1+ E60.DOsSK#DeAE»»40(1.D0

1- DE!P(-AE'Y(I)))*HFDX(S).-Z.HFDX(2)-DEIP(-AE:Y(i))

1+ §400.D0#SKeDeAE##S+MFDX (1) ##2#DEXP(~2.D0#AE*Y (1) ) #HFDX (3} »#2

1~ CeMFDX(9)

1+ FeDSIN(X+0M)

1+ FaDSIN(X+0M)«0Me0M»OM+»OM+OM0MaOM+OMaD1
MFDX(11) = 560,D0+SKsDsAEs»4+(1.D0

1- DBXP(-AE‘Y(I)))*HFDX(S)-‘B*DEXP(-AEtY(I)) - CaMFDX{10)

1+ 252.D0«SKeD*AE#«Ge(1,D0

1~ DBXP(-AE*Y(I)))'HFDX(S)‘HFDX(1)t-4tDEIP(-AE¢Y(1))

1= 2520.D0#SKsDsAE»»52(1.D0

1- DEXP(-AE*Y(I)))*HFDK(4)*HPDX(l)*t2‘DEXP(-AE-Y(I))*HFDX(S)

1~ 7812.D0«SKaDeAE«#GeMFDX (1) #»AwDEXP (=2.DO»AE*Y (1)) #MFDX(5)

1- 78120.DOaSKtDtAE‘tGOHFDX(l)*'3'DE1P('2.DO'AE*Y(1))i

1MFDX (1) *MFDX(2)

i- 52080.DOOSK*D*AE‘#G#HFDX(I)ttatDEXP(-2.DOVAEvY(l))-HFDX(S)wtz

1+ 630.DO*SK*D#sAE#+4+(1.D0

i- DEXP(-AEtY(l)))*HFDI(4)¢t2¢HFDX(1)-DEXP(-AE¢Y(1))

1+ 37800.DO#SKsD#AE##5eMFDX (1) ##20DEXP{~2,DO*AE«Y (1) )»

1MFDX (4)*MFDX(3)

1= 72.D0%SKeDeAE=»3%(1.D0

1- DEXP(-AE*Y(1)))*MFDX(7)#MFDX(2)*DEXP(-AE*Y (1))

1472.D09SKeDsAE»#4#(1.D0

1- DEKP(-AB*Y(I)))*HFDX(T)*HFDX(I)**2#DEXP(-AE~Y(1))

14 2520.D0%SK*DsAE«+5«NFDX (1) #»3«DEXP (~2.D0=AExY (1) ) »MFDX (6)
MFDX(11) = MFDX(11)

1- 168.D0#SX*DeAEs«S«(1.D0

1- DEXP(-AE‘Y(i)))*HFDX(S)—HFDX(l)‘13¢DEXP("AE#Y(1))

1+ 2.D0#SK+D#AEws2¢(1.D0 ~ DEXP (~AEsY (1) ))*MFDX{9) *DEXP(~AE+Y (1))

1-18.D0*SX«DeAE+»3«(1.D0

1~ DEXP(-AE#Y(1)))+MFDX(B)«MFDX(1)*DEXP (-AE*¥(1))

1- 504.D0sSKeD*AE#+4sMFDX(1)#«2+«DEXP (-2 .D0*AE*Y (1} )*MFDX(7)

1+ 504.D0#SKsDwAE*#4+(1.D0

1- DEKP(-AE-Y(i)))‘HFDX(G)‘HFDX(2)tHFDxtl)tDEXP(-AEtY(I))

1+ 1008.D0«SK=DeAEssd«(1.D0

1- DEXP(-AE*Y(l)))*HFDX(S)'HFDX(S)*HFDX(I)‘DEXP(-&E*Y(I))

1+ 756.D0sSKeDeAEs=4s(1.D0

1- DEXP(-AE-Y(t)))*HFDX(S)*HFDX(2)**2*DEXP(—AE*Y(1))

14 22680 .D0*SKaD*AE#«5eNFDX (1) ##2+DEXP(~-2.DO*AEY(1))*

1MFDX(5) «MFDX{2)

1-1512.D0+SK+DsAEes52 (1. D0

1- DEXP(-AE‘Y(I)))*HFDX(S)tHFDX(Z)tHFDX(i)**ZiDEXP(-AEtY(i))

1+ 2520.D0#SKsDeAE+»4+(1.D0

1- DEXP(-AE-Y(I)))‘HFDX(Q)*HFDX(Z)tDEXP(-AEtY(l))*HFDX(3)
MFDX{11) = MFDX(11)

1- 168.D0*SKeDeAE»#3#(1,D0

1~ DEXP(-AE*Y(1)))sMFDX(8) *MFDX (3)*DEXP(-AE=Y(1))

1- 252.D0=SK*D#AE#*»3%(1,D0

1- DEXP(=AE*Y(1)))#MFDX{5)sMFDX(4) *DEXP(-AE*Y(1))

1~ 17640 .DO*SK+D*AE#*4#MFDX {3) *DEXP(-2.DO#AEsY (1)) sMFDX (2) #MFDX (1)

1- 3920.D0%SK#DeAEs#4sMFDX (3)##3sDEXP (~2,DO=AE*Y (1))

1+ 75600 .DO#SK#D#AE++5eMFDX (3) ##24DEXP(=2.DO*AE*Y (1))}

1MFDX (2) #MFDX (1)

1~ 5292,.D0«SKeD*AEs»4sMFDX (5) sDEXP (~2.D0*AE*Y (1) }=MFDX (2} %+2

1+ 56700.D0#SKaDsAE»«SaMFDX (4)#DEXP (~2.D0%AE=Y(1))»

AMFDX(2)»»2¢MFDX(1)

1+ 216.D0*SK#D#AE#3sMFDX (7)*DEXP(-2.DOsAESY (1) }»MFDX (2)

1+ 504.DO%SKeDeAE»#3+MFDX (6)*DEXP{~2.DO*AEsY (1)) «MFDX(3)

1- 3528.D0+SKeDa AEs«4sMFDY (6)»DEXP (~2.DOsAE«Y (1) ) «MFDX (2) #KFDX(1)

14+ 756.D0sSKeDsAE*+3eMFDX(5)*DEXP (-2, DOSAE#Y (1) ) »MFDX{(4)

1= 7056.D0#SKeDeAEw»4«MFDX (5) sDEXP (-2.DO*AE#Y (1) }*MFDX(3)»¥FDX({1)

1= 4410,D0*SKeD*AE«4sHFDX (4) ##2#DEXP (~2.DO#AEsY (1)) *MFDX(1)
MFDX(11) =MFDX(11)

1+ 756.D0%SKeDnAEs»8e(1,P0

1- DEXP(=AEY (1)) }«MFDX{2) #»2+MFDX (1) »5+DEXP(-AE*Y(1))

1+ 158760.D0eSKeDeAE+#TeMFDX (1) »#4sDEXP(-2.DOsAEsY{1))s
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1MFDX (2) #MFDX(3)

1+
1+
1..
1+
1_
1+
1_

15876 .D0#SKeDa AEs#T+MFDX (1) ##S+DEXP(-2.DO#AEsY (1) ) *MFDX {4)
2520.D0«SKaDe AE+=5+(1.D0

DEXP(=AE*Y (1)) )sMFDX(4)*MFDX (1)} #93+DEXP (~AE#Y (1)) #MFDR(2)
1680 .DO*SK*DsAE+#64(1,D0

DEXP(=AE*Y (1)) )#MFDX(3) »#2+MFDX (1) #»3¢DEXP (~AE*Y(1))

18360 .DOSK+D#AEe»SeMFDX (1) »#7+DEXP(~2.DOwAE*Y{1) ) «MFDX(2)
1022.D0*SKaDaAE«#10#MFDX (1) »#9+DEXP{-2.DO*AE»Y (1))

1-72.D0#SK#D#AE##9%(1.D0

1-
1+
1-.
1...
1+
1..

DEXP{~AE#Y (1)) )*HFDX (1) #n7«DEXP (~AE#Y (1) )*MFDX(2)
2.D0sSK«D#AE*=10+(1.D0

DEXP (~AEsY (1) ))*MFDX (1) #+9sDEXP (-AE*Y (1))

2, D0wSK#DeAE® 2 2¢MFDX{9) wDEXP (=2 . DO%AESY (1))

54 .DO*SK*DeAEw«3sMFDX (8)#DEXP (-2.DO%AE®Y (1)) «MFDX(1)

960172 . DO*SK+*D*AE#+8#MFDX (1) #«S#DEXP (=2, DO*AE+Y (1) ) sMFDX (2) we2

1- 21336.D0+SK+D*AE##8+MFDX (1) #«6+DEXP{-2.DO*AE+Y (1)) sMFDX(3)
MFDX(11) = MFDX(11)

1-

252.D0*SK#D#AE+#7%(1.D0

1- DEXP{=-AE#Y(1)))«MFDX(4)}*MFDX{1)*»*5+DEXP(~AE*Y (1))
1-2520,D0»SK+D*AE®+T#{1.D0

1_
1+
1_
i+
1_
1+
1..
1+

DEXP(-AE-Y(l)))tHFDX(3)iHFDl(1)**4*DEKP(-AE-Y(1))'HFDX(2)
168.D0*SK*DeAE++82(1.D0

DEXP(-AE*Y (1)) YsMFDX (3) «MFDX (1) ««S+DEXP(-AE*Y (1))
7560.D0=SK*D=AE»«6+(1.D0

DEXP (~AE#Y (1) ) )sMFDX (2) #«2+MFDX (1) w#2«DEXP (~AE*Y (1) ) *MFDX(3)
1890.D0*»SK»D# AEs#6x(1.D0

DEXP(~AE#Y (1)) )«MFDX(2) %#4wMFDX (1) »DEXP(-AE*Y¥ (1))

158760 . DO*SK#D#AE*s T#MFDX (1) ##30DEXP(-2.DO+AE*Y (1) )=

IMFDX(2)**3
MFDX(11) = MFDX(11)

1-
1~
1+
1-
1=

2520 .DO%SK+De AEs»7*(1.D0

DEXP(-AE#Y (1)) Y#«MFDX{2) #+3sMFDX (1) »»3sDEXP (-AE=Y(1)}
37800.DO*SK+DeAE#xS#MFDX (2)»#+3+DEXP(~2,DO*AEsY (1) ) *MFDX (3)
58590 . DO«SK«DeAE##6wMFDX (2} w4 «DEXP(~2,DO%AEY (1) ) sMFDX (1)
234360, DO#SK+D+AE## 52 MFDX (2) 3% 2«DEXP(

1=2.DO*AE#Y (1) )sMFDX{1)*#2¢MFDX (3)
1-5040,D0#SKeD*AE*»S«(1.D0

i=-
i-
1_

DEXP{-AE#Y (1)) )#MFDX(2)*MFDX (1) #DEXP (-AE+Y (1)) #MFDX(3} #2
2520 .D0«SK=DeAE##5%(1.D0
DEXP(—AEsY (1)) )sMFDX{2)*#3DEXP (~AEY (1)) «MFDX(3)

1-3780.D0#SK«DeAE+«5+{1.D0

1_
1+

DEXP (~AE*Y (1)) )%MFDX (2) »#2+MFDX (1) *DEXP (~AE«Y (1) ) »MFDX(4)
FsDCOS (X#OM)

1+ F*DCOS (X+0M) +0M«OMeOMx0M«OM+OM«OH=OM20OMD1
RETURN
END
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D.3 Morse Oscillator Code for Lyapunov Calculation

c

aaaaooaaaoa aacaaaa

106

100
101
102
106

10

INTEGER NEQ,NPARM, IDOD, IEND, IMETH, INORM, NOUT,KSTEP ,KIIN, IIN
PARAMETER (NEQ=4, NPARM=50)

DOUBLE PRECISION A(1,1) ,HINIT,PARM(NPARM),Y (NEQ),PERTB,YINITI,
1YPRIME(NEQ),X,SK,C,MFDX (S} ,MFDXP(5) ,TOL,XEND,H, AE,D,F,V,YINIT2,
100,Dt,D2,D3,D4,D5,P0,P1,P2,P3,P4,P5,X0,DP0,POA
COMMON SK,C,AE,D,F
EXTERNAL FCN,FCNJ,FCNP,DIVPAG,SSET
READ(4,106) YINIT1,YINIT2,STEP,X0,5X,C,KSTEP,TOL, AE,D,¥,PERTB

FORMAT(6E11.3,16,E8.0,4E11.3)

KSTEP = 2¢KSTEP

¥{1) = YINIT1

Y(2) = -DSQRT(2%1/SK+YINIT2)

Y(3) = YINIT1 + PERTB

Y{4) = -DSQRT(2+1/SK»YINET2) - PERTB
TOL = 1.0D-6

HINIT = TOL

IMETH =1

INORM = 2

1D0 = ]

CALL SSET (NPARM, 0.0, PARM, 1)
PARM(1) = HINIT

PARM{4) = 1.D+3#KSTEP
PARM(10}= INORM

PARM(12)= IMETH

4 = X0
XEND = X0
IIN =0

KIIN = KSTEP/10
DO 10 K=1,KSTEP
XEND = XEND+STEP
CALL DIVPAG (IDO,NEQ,FCN,FCNJ,AE,X,XEND,TOL,PARM,Y}
CALL FCN (NEQ,X,Y,YPRIME)
CALL FCNP {NEQ,X,Y,YPRIME,MFDX,MFDXP)

ITN=IIN + 1

Do ¥Y(1) - Y(3)

D1 Y(2) - Y{4)

D2 MFDX(2) - MFDXP(2)

D3 MFDX(3) - MFDXP(3)

D4 MFDX(4) =~ MFDXP(4)}

D5 HFDX(5) - MFDXP(5)

POA = DSQRT(DO*D0 + Di=D1)

PO = DLOG10(DSQRT{(DOsD0 + D1#D1})

DPO = ((DOsDO + Di1eD1)*=(-0.5D0)%(0.5D0)=
1(2.D0«DOsD1 + 2.D0sD1#D2))=(1/DLOG(1.0D1))*(1/POA}
P1 = DLOG10(DSQRT(DisD1 + D2sD2))
P2 = DLOG10(DSQRT(D2+D2 + D3%D3))
P3 = DLOG10(DSQRT(D3*D3 + D4=D4))
P4 = DLOG10(DSQRT(D4sD4 + D5#D5))
P5 = DLOG10(DSQRT(DS*DS + D6+D6))
WRITE(7,100) PO,P1,P2,P3,P4,P5,X
WRITE(7,101) PO,X
WRITE(8,102) Y(1),Y(2),Y(3),Y(4)
WRITE(7,102) PO,DPO,X
IF (IIN.EQ.XIIN) THEN
WRITE(G,*) K
IIN=0
END IF
FORMAT{7D14.5}
FORMAT(2D14,5)
FORMAT(4D14,5)
FORMAT(6E11.3,16,E8.0,4E11.3)
CONTINUE

STOP
END
SUBROUTINE FCN (NEQ,X,Y,YPRIME)
INTEGER REQ
DOUBLE PRECISION Y(NEQ),YPRIME(NEQ),X,SK,C,AE,D,F
gOHHUN SK,C,AE,D,F
=X
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YPRIME(1) = Y(2)

YPRIME(2) = -C*Y(2)

1= 2.D0*SKeD*AE«(1.D0 - DEXP(~AE*Y{(1)))*DEXP(-AE«Y(1))
1+ F»DSIN(X)

YPRIME(3) = Y(4)

YPRIME(4) = -C»Y(4)

1= 2.DO#SK#»D#*AE# (1.D0 ~ DEXP(-AE*Y(3)))*DEXP(-AE*Y(3))}
1+ FeDSIN(X)

RETURN

END

SUBROUTINE FCNJ (NEQ,X,Y,DYPDY)
INTEGER E

DOUBLE PRECISION Y(NEQ),DYPDY(NEQ,NEQ).X
o

SUBRUUTIHE FC%P (NEQ,X,Y,YPRIME,MFDX,MFDXP)

INTEG

DOUBLE PREGISION Y(HEQ) YPRIME(KEQ) ,X,SK,C,MFOX(5) ,MFDXP(5) ,AE,D,F
COMMON SK,G,AE,D,F

X=X
MFDX(1) = Y(2)
MFDX(2) = YPRIME(2)
MFDX(3) = - C+MFDX(2)
1= 2.DOwSKeD*AE««2*MFDX(1) «DEXP(~2.DO*AE=Y (1))
1+ 2,D0»SK«DupAEs#2=(1,D0
1- DEXP(-AE*Y(i)))‘HFDX(i)tDEKP(—AEtY(I))
1+ F«DCOS{X)
MFDX(4) = - CaMFDX(3)
1= 2.D0#SK#DeAE»+2¢MFDX{2)*DEXP(=2.D0=AE*Y (1))
1+ 6. DO*SK*D*ABU-StHFDX(I)ti2*DEXP(-2 DO=AE*Y(1))
1+ 2.DO*SKeDsAEew2# (1,
i- DEXP(-AE*Y(!)))-HFDX(2)VDEXP(~AE*Y(1))
i- 2.D0#SK»D#AE##3«(1.D0
DEXP(-AE:Y(I)))#NFDX(1)‘*2*DEXP(-AE¢Y(1))
1- FeDSIN(X)
MFDX(5) = - G+«MFDX(4)
1- 2,DO*SK+D+AEw»2«MFDX (3) «DEXP(-2.DOAEsY (1))
14+ 18.D0»SKwDwAE®»3sMFDX{2)*DEXP (=2 .DO*AE+«Y{1))}«MFDX (1)
1- 14.D0«SK#D#AEws4eMFDX (1) #»3«DEXP (-2.DO®AE«Y(1))
1+ 2.D0»SKxDeAE«#2«(1.D0
1- DEXP(*AE'Y(I)))OHFDX(3)*EEXP( =AE=Y (1))
1- 6.DOSKeDsAE=e3% (1.
1- DEIP(-AE‘Y(I)))*HFDX(2)‘HFDX(1)‘DEXP( AE*Y (1))
1+ 2,D0sSKaDeAEs#4s(1.D0
1- DEXP(-AE-Y(I)))*HFDX(l)#tS*DEXP(-AEtY(i))
1~ F«DCOS(X)

MFDXP(1) = Y(4)

MFDXP(2) = YPRIME(4)

MFDXP(3) = ~ C«MFDXP(2)

1= 2.D0sSK*D*AE**2¢MFDXP(1)*DEXP(~2.D0*AE=Y(3)}

1+ 2.D0»SK4DeAE*»2¢ (1,00

i- DEXP(~AE¢Y(3)))*HFDXP(I)‘DEXP("AE*Y(S))

1+ F+DCOS(X)

HFDXP(4) = - CsMFDXP(3)

1= 2.D0%SK*D*AE+#24MFDXP(2) *DEXP (-2.DOsAE=Y(3))

1+ 6. DOtSKtDtAEttS*HFDXP(I)*t2~DEXP( ~2,D0=AE*Y(3))
1+ 2.D0eSKeDsAEee2% (1,

1- DEXP({- AEOY(S)))tHFDXP(2)*DEXP(-AE¢Y(3))

1- 2.D0»SK#*D#AE#»3«(1.D

i~ DEXP(- AE-Y(S)))tHFDXP(i)ntzuDEXP( AE*Y(3))
FeDSIN(X)

MFDXP(5) = - CsMFDXP(4)
2.D035KeDeAE*» 2MFDXP (3) »DEXP (~2.DOsAE*Y(3))

1+ 18,D0aSK«D#AE«»3+MFDXP(2)*DEXP(-2. DOtAEtY(3))‘HFDXP(1)
1- 14,D0sSKeDvAE+«+«4sMFDXP (1) ##34DEXP(~-2,D0*AE«Y(3))
1+ 2.D0sSK+DeAEs+2+(1,D0

1- DEXP(“AEtY(3)))tHPDXP(S)tDEXP("hE-YCS))

1~ 6.D0O#SK*DsAEen3n(1.

i- DEXP(-AE‘Y(S)))*HFDKP(2)tHFDXP(i)‘DEXP(-ABtY(S))
1+ 2.D0sSKeDeAEwsd=(1.
DEXP(-AEOY(B)))*HFDXP(1)‘!3‘DEXP(~AE~Y(3))

1~ FsDCOS(X)

RETURN

END
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D.4 Code For Calculation of Shock Parameters

¢ CALngtgégg nplﬁnocx PARAMETERS FOR CCL3F + ARGON OR $F6 OR CCL3E
REAL®16 TE(2000) Hnugéooo ,Y(%OOO) x(zooo) uo(zooo).
1DA€2000) PA 20005
H1 IS Fn§ F ﬁ 200 TO on ARGUN
H 15040 1 4559D0 1 54 73791oo—r 18, 0384000+ Tse2
Ht I3 P FREON-i1 FOR 200 TO 600
T)=-16882,05629D0 + 10.8288700sT + A 1026700-1.-2 0.000059Ta#3
THE HEZT LINE 18 H1(T) FOR CCL3H _ FOR_ 200

cc FOR 200

29, 6525200-7 +0 0727700*T-*2 =0.00003aTws3
CCL3H FOR TO 900 LOWEST STD DEV.
gl 9353600-T +0 OgggGDOtT-tz ~0.000034Te=3

QaQaaOOOaQanNaQan
[ ]
[]
-
-
[ %]
oy

H1 T)--15305.8346000 =~ 4,06808D0«T +0. 22107D0*T$t2-0 00012sT++3
C THE NEXT TW0 LINES ARE H2(T) FOR DIFFERENT FITS TO ARGON
H2(T)=-6196,.862586D0 + 20.78B296D0*T -0.000006D0»Tee2
H2(T --6195 94088300 + 20 783256D0+T
C THE NEXT LINE IS H2(T) ARGON XEEPING IN MIND THAT CP IS 2.5R FOR AR.
H2( T)= 8. 31451000'2 soo-(w - 298.15D0Q)

2000
10'1.000000
;8-295.1500

? 1} gc pq} gn

nsx{ % NE s uu KG/MOL) FOR CCL3F
NﬁﬁT %iue I% uu(xe/nnn) FOR SF6
NEXT LiHEgIS HH(KG/HUL) FOR CCL3H

aa

Q¢ Qaaan
o
[+]

HH-XOQHH1+11 0DO-X0)»«WN2
R=8.314D0
T=300,0D0
Do IOTI-I

0.02D0
0.04D0*DBLE(I-1)
1.0D0DBLE(X)
I}= *«(H1({T)-H1(TO
oS Nt racrn

)
8.3
g ;-% 000-75 g TE(I)+T0
SOR E -l(I)+4 ODOSTE(I)«T0)-X{I)
1)=SORT{2, ODO*HMH(I) / (WH (1, 0DO=X(I) %X
-1 0D0+HH¢U0 I)-UO(I)l(l.ODO-X(I) /(

Rl-S ODO
AA-SQRT(RAtB 314D0-T0/HH)

10

N D= o (k) /an

DA(I ERA+1 ODO)tAH(I)'*ﬁl((RA 0 tAH(I)*¢2+2 Do)

PACI)=(2,0D0#RASAM(T ) «»2-RA+1.0D0} / (RA DO)
TA(T)=PA(I)/DA 1)

20 CD UE

8,7
WRITE(S, 79 X0,WM,T0,PO
WRITE(8,70
URITE 8 -)

onLTe sb)Ta DACL) ,PACT) , TACD),

11. onon{I) sz 3 21;7

40  CON

060  FORNMAT(2O11. 6,6010.5)

60 FORMAT(BG10, sg

70 FORHAT SHTE(K 4%, 7HUO(M/S) ,5X , SHDA/DO, 5X ,SHPA/PO,5X ,SHTA/TO,
15X , SHDE/DO, X, SHPE .5 0

76  FORMAT(12X,48HSHOCK Pinnnsrsns FOR VIBR&TIOHALLY RELAXED CCL3F)

76 FORMAT 17X, SOHENTHALPIES OF AHGON CL3H FROM JANAF)

77  FORMATC17X.4SHJ.PHYS,CHEM.REF.DATA, vaL., 1& SUPPL 1,1985,P173)

78  FORMAT 17x 4141 .PRYS. cuzn.nsr.nara *VOL nu. 1982 f/)
FORMAT(1X, 233HINITIAL CONDITIONS: Xd=,F6. 4 3ﬁuu- ﬁs 6,3

15¥33"F5 é ax,3HPO=,F7.3,//)

END
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