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Abstract

With the increasing need of developing service life models for corrosion-induced damage in
reinforced concrete structures, there has been a movement to model the concrete cover as a
thick-wall cylinder subjected to an internal pressure due to corrosion products accumulation
on the reinforcing steel. These models allow determining the amount of corrosion product
necessary to initiate and propagate cracks along the cover. The first generation of models
assume that concrete behaves linearly elastic and that the concrete cover does not have any
residual tensile capacity once the tensile strength of the concrete has been reached. More
advanced models include the softening behaviour of concrete beyond cracking initiation.
This thesis proposes such a model wherein the state stress of the concrete cover due to
accumulation of corrosion products is determined by analyzing an equivalent thick-wall
cylinder subjected to a uniform internal pressure. Concrete is assumed to be an isotropic
material, and deformations due to Poisson’s ratio are ignored. To describe the behaviour of
concrete in the softening region, a linear relation of stress versus displacement and a
constant strain field are assumed. Mathematical expressions that determine the state of
stress due to corrosion build-up at any point in the concrete cover are obtained by
integrating the softening equations along the concrete cover. Analytical models for cracking
initiation as well as longitudinal cracking of the concrete cover are formulated for both
unconfined and confined conditions. The latter are the result of the presence of shear
stirrups or tie/spiral reinforcement. To determine the validity of these models, their results
are compared to published experimental data and finite element analyses. Finally, a
parametric analysis using the models is carried out in order to establish the role of
significant model parameters on the resulting state of stress of the concrete cover and the

associated damage.
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Notation

The following symbols are used in this thesis:

Ae, = equivalent area of spiral bar (mm*/mm)

¢ = concrete cover thickness (mm)

d = bar diameter (mm)

dy = reinforcing steel diameter (mm)

E. = elastic modulus of concrete (MPa)

E, = elastic modulus of general strength steel (MPa)
E, = elastic modulus of red rust (MPa)

E = crack front (mm)

F = Faraday’s constant (= 96,486.7 C/mol of electrons)
foo = concrete compressive strength (MPa)

fi = concrete tensile strength (MPa)

Gy = fracture energy (Nm/m?)

K, = bulk modulus of red rust (MPa)

icor = corrosion rate (A/mz)
/I = bar longitudinal length (mm)
ley = equivalent transfer length (mm)

I, = Ccharacteristic length (mm)
M, = rust mass (kg)
M, = steel mass (kg)

n = number of cracks
p» = outwards bar pressure applying against the internal concrete ring face (MPa)
pi = pressure acting on the interface between cracked and uncracked concrete

surfaces (MPa)

Xii



pi’ = pressure contributed from the uncracked elastic concrete region (MPa)
pi = pressure contributed from the spiral confinement (MPa)

Po = pressure acting on the outer concrete surfaces (MPa)

Q. = rust density (kg/m’)

Q, = steel density (kg/m’)

r = radius of concrete ring where stresses are calculated (mm)
rp = radius of corroded bar (mm)

r; = radius of concrete cracking opening tip (mm)

rm = molecular ratio of iron to rust

ro = radius of the concrete ring (mm)

rs = radius of confinement (mm)

t = time(s)

t,, = time at which concrete cover cracks (s)

u, = radial displacement (mm)

w = crack opening width at calculation point (mm)

W, = maximum crack opening width (mm)

&4 = maximum concrete tensile strain

g, = concrete radial strain

& = total strain of the confinement

& = strain of the confinement in the cracked concrete
e = strain of the confinement in the uncracked concrete
g = concrete tensile strain

v = Poisson’s ratio
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Chapter 1. Introduction

1.1. Background

The heavy use of de-icing chemicals on North American reinforced concrete infrastructure is
the leading cause of corrosion of the reinforcing bars. The corrosion of reinforcing steel
results in the accumulation of corrosion products around the perimeter of the rebars. These
corrosion products have a lower density than the parent metal, resulting in a volume increase.
The expansion generated by corrosion build-up at the steel/concrete interface induces tensile
stresses in the surrounding concrete, and if these stresses exceed the tensile strength of the
concrete cover, longitudinal cracking, spalling and/or delamination occurs. Over time, the
accumulation of corrosion-induced damage can lead to a decrease in structural capacity.

This decrease in strength is due to:
1. Accumulation of cracking in the concrete surrounding the corroding rebar;
2. Decrease in reinforcement cross-sectional area; and,

3. Deterioration of the bond action between the reinforcing steel and the surrounding

concrete.

Corrosion-induced cracking of the concrete cover is an important milestone towards

assessing the performance of reinforced concrete structures affected by reinforcing steel



corrosion. The time to cover cracking is a meaningful index of the intensity of the corrosive
environment to which the structural member is exposed, and estimating this quantity is a
necessary step in quantifying the residual structural capacity of affected reinforced concrete
elements. Previous attempts at modelling this problem have resulted in two types of models.
The first set of models have only been based on observed and recorded data without an
attempt to model the actual mechanics of the problem, and thus their applicability is limited to
the range of used data. The use of numerical models based on the finite element method has
shed light on the variables governing the mechanics of the problem. However, because of their
much higher level of sophistication and complexity, they are not likely to be adopted by the
professionals in the field. Ideally, engineering models should be both sufficiently accurate to
be meaningful and simple enough to be widely used. The development of analytical models
with closed-form solutions has been somewhat limited. Modelling corrosion-induced damage
in concrete is a complex problem due to the many uncertainties involved, such as the type of
corrosion product formed, the rate of corrosion growth, the geometry of corrosion
accumulation around the reinforcing bars, and the pressure induced in the concrete by the

corrosion build-up.

1.2. Corrosion of reinforcing steel and associated damage

In general, the high-alkaline environment (pH ~ 13) provided by the hydration products of

cement protects reinforcing steel from corrosion by creating a very thin layer of iron oxide,



wherein the corrosion rate is minimized to a negligible value. However, this protection is
broken (i.e., depassivation occurs) if the pH of the pore solution drops to around 9 due to
carbonation of the concrete cover or a sufficient amount of chloride ions reaching the
reinforcement (known as the ‘chloride threshold’). Once this protection is taken away, iron

is oxidized at the anode releasing two electrons according to:
Fe - Fe?* +2e” (1.1

Reinforcement that is still in a “passive’ state will act as a cathode, in which oxygen is

reduced according to:
0O, +2H,0+4e¢” 5> 40H (1.2)

The electrons released at the anode move towards the cathode through the reinforcing
steel bar, and the ferrous ion are dissolved into the surrounding concrete pore solution. The
hydroxyl ions released at the cathode migrate towards the anode through the electrolyte
provided by the pore solution. At the anode, they combine with the dissolved ferrous ions to

yield ferrous hydroxide, i.e.,
Fe’’ +20H™ — Fe(OH), (1.3)

If sufficient oxygen is available at the anodic sites, ferrous hydroxide can be further
oxidized into other corrosion products. It is the transformation of ferrous ions into higher
oxidation states that results in an increase in volume, since these corrosion products have a

lower density than that of the original steel of the reinforcing bar. Depending on the level of

3



oxidation, this increase in volume can be as much as six times the original one.

Since the reinforcing steel bar is embedded in concrete, the increase in volume of the
reinforcing steel due to the accumulation of corrosion products generates a pressure against
the surrounding concrete, where tensile stresses are induced. If the tensile capacity of the
surrounding concrete is exceeded, the concrete starts cracking, eventually leading to
longitudinal cracking and/or spalling/delamination of the concrete cover (see Fig.1.1). This
corrosion-induced damage results in two serious effects. One is that the reinforcing steel bar
loses the physical protection provided by the surrounding concrete against further
penetration of aggressive agents that accelerate the corrosion process (e.g., chloride ions,
moisture, and oxygen). The other is that the bond action between the reinforcing steel and
the concrete is jeopardized as the intensity of the cover cracking increases. This reduction in
bond resistance over time can lead to serious structural consequences, especially at

anchorage zones if the problem is left unattended.

There are other factors that also affect the cracking process of the concrete cover.
Reinforced concrete structures affected by corrosion are also sustaining mechanical loads as
well as other types of environmental-related loads such as those created by freeze and thaw
cycles. Moreover, concrete confinement provided by shear stirrups or tie/spiral
reinforcement plays a positive role in this process, delaying the appearance of

corrosion-induced cracks.



Fig. 1.1: Corrosion-induced damage in reinforced concrete

In order to accurately estimate the induced stresses in the surrounding concrete cover,
the following two phenomena must be expressed mathematically: (a) the corrosion process
and the build-up of its products around the steel bar; and, (b) the initiation and propagation

of cracks from the steel/concrete interface to the outer surface of the concrete cover.

1.3. Objectives of the study

The objective of this thesis is to develop an analytical model capable of predicting the
concrete cover cracking resistance due to reinforcing steel corrosion. The mechanical
problem is modelled by assuming the concrete cover to be a thick-wall cylinder subjected to
the internal pressure resulting from the corrosion products build-up. The purpose of this
model is to describe the relationship between the pressure produced by corrosion growth and

the stresses developed in the surrounding concrete, and to identify key parameters governing



the concrete cover resistance to the corrosion-induced load. An important aspect of the work
presented herein is that it takes into account the residual tensile capacity of concrete once

cracking has initiated by means of a fracture mechanics approach.

1.4. Outline of the thesis

Chapter 2 provides a literature review of previously published analytical models that
describe the cracking resistance of the concrete cover due to pressure induced by either
corrosion growth or bond stresses. Chapter 3 presents the formulation of the proposed
analytical model, which determines the amount of pressure necessary to initiate cracking at
the steel/concrete interface and propagate those cracks through the concrete cover. Chapter 4
compares model results with published experimental data of the associated mechanical
problem and finite element analysis. Chapter 5 presents the parametric analysis conducted
with the proposed model in order to identify the role of key model parameters on the
cracking resistance of the concrete cover. Finally, concluding remarks and suggestions for

future work are listed in Chapter 6.



Chapter 2. Literature Review

2.1. Introduction

The corrosion mechanism of most published service life models is idealized as two main

stages as proposed by Tuutti (1982):

Stage 1, Initiation phase, during which chloride ions penetrate through the concrete cover
and begin to accumulate around the steel bar surface. The end of this stage corresponds to

steel depassivation due to accumulation of chlorides above a threshold value.

Stage 2, Propagation phase, during which the accumulated corrosion products induce a
large pressure against the interface between the surrounding concrete and the steel bar, and
eventually cause the concrete cover to crack when its tensile resistance is reached. Many

service life models define this point as the “service life end” (Weyers, 1998).

Chloride-induced corrosion of reinforcement is a very complicated process and is affected
by many factors. The length of both stages outlined above is dependent on the chloride ion
concentration in concrete, concrete porosity and distribution, depth of concrete cover, as well
as its fracture properties. During the whole corrosion process, corrosion products around the
steel bar surface gradually accumulate and exert pressure against the interface between the bar
and the surrounding concrete. Once the pressure reaches the tensile capacity at the
surrounding concrete, a crack starts to develop. At the same time, the bar cross-section area
reduces significantly and the bond action between the rebar and the concrete is compromised.
The time for the corrosion growth induced pressure to reach a critical value depends on many
factors such as the rate of corrosion product accumulation, density of corrosion products,
current that flows ﬂuouéh the steel bar, concrete and steel physical properties, concrete cover

depth, bar locations, and the degree of concrete confinement.



The relationship between this critical pressure and the corrosion products build-up is a
necessary step for engineers to estimate the damage degree that occurs in reinforced

concrete structures affected by reinforcing steel corrosion.

2.2. Modelling corrosion build-up

The volume of corrosion products deposited around the reinforcing bar may expand as 6
times the original steel bar volume. The ratios & of the volumes of various rust products to

that of their original parent metal are listed in the following (Liu and Weyers, 1998):

tFeO=1.7 EFe;04=2 tFe,03=2.1,
tEFe(OH),=3.6 EFe(OH); = 4.0 tFe(OH);3H,0 = 6.15
Since the molecular weight of iron is equal to 55.85 g/mol, the molecular ratio of iron to
rust, denoted as ry, is taken as 0.523 for hydrated red rust Fe(OH); and 0.622 for ferrous
hydroxide Fe(OH),. Actually, the real volume ratio usually varies in different pore solutions
of cement matrix in concrete. It is very difficult to assign a value for this ratio because the
components of the corrosion products are complex. For the sake of simplicity, the density
ratio § of rust to its parent metal is usually fixed within the range of 2 to 4 (Liu and Weyers,
1998). It is this density discrepancy between iron and its corrosion products that causes the

volume of the reinforcing steel bar to increase rather than decrease during corrosion.

Faraday’s law establishes a relationship between the consumed iron mass dMy/dt and the

current amount ic, going through the steel bar as:
dMydr=i.A/(nF) 2.1)

where A is the atomic mass of iron, taken as 55.85 g/mol, F is Faraday’s constant (96,500
C/mol), » is the atomic valency, which is 2 mol because it is impossible to exactly know all
the components of the corrosion products, icor is the current amount that flows through the

metal conductor and is assumed a constant value during the corrosion process.

When integrating Eq.2.1 with respect to time from corrosion initiation to time ¢, the total



iron mass consumed during this period is obtained as M;. It is easy to conclude that Faraday’s
law shows a linear relationship between the consumed iron mass and the time duration of the

corrosion propagation stage.

Once the consumed iron mass is known, the produced rust mass M, can be obtained based
on the relationship of M;=M, r,,, where r,, is the molecular ratio of iron to rust, usually taken
as 0.523 for hydrated red rust Fe(OH); and 0.622 for ferrous hydroxide Fe(OH), (BaZant,
1979; Liu and Weyers, 1998). From the consumed iron mass M; and produced rust mass M,,
the final volume increase of the reinforcing steel bar can be calculated by subtracting the iron
volume from the rust volume. If a fracture mechanics approach is used, the internal bar

pressure exerted by the corrosion build-up can be finally set up as a function of the bar radial

strain &, which is dependent on the volume increase of the reinforcing steel bar.

Many of the models found in the literature, which simulate the corrosion of
reinforcement in reinforced concrete structures (BaZant, 1979; Andrade et al, 1993; Liu and
Weyers, 1998; Pantazopoulou and Papoulia, 2001), established the relationship between the
internal pressure and the time to cover cracking by following five steps. These are:

Step 1: formulate the relationship between internal bar pressure (ps) around the bar and

the bar’s radial strain (g,) such that p; can be a function of ¢, (assuming linear behaviour), as

shown below:

po=& E./ [2(1+v)(1-2v)] = 2¢, [GPa] 2.2)

where ¢, is the unknown rebar radial strain, calculated from initial status to current status, E,
is the elastic modulus of red rust and equal to 3(1-2v)K,, v is the Poisson’s ratio of red rust

(given as 0.499, Molina et al, 1993), and K, is the bulk modulus of red rust (taken as 2 GPa).

The relationship between internal bar pressure P; and bar’s radial strain ¢, is illustrated in

Fig. 2.1.
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Fig. 2.1: Internal pressure-strain relationship in the radial direction
Step 2: build the equation between the bar volume increase (4V) and its strain &,:

M, (L0923 5 647810

b r

AM,
2
b

& =AV/V= (2.3)

where d}, is the original bar diameter, 4V is equal to V-V, (¥, is the reduced consumed rebar
volume and V; is the increased red rust volume, see step 3), O, is the density of steel
(7.85x10° kg/m®), Q, is the density of hydrated red rust (about 1.96x10° kg/m®), and 4M, is
the increase in red rust mass. The relationship of volume increase-4V and bar’s radial

strain-¢, is illustrated in Fig. 2.2.

|

AV
3

-

Er

Fig. 2.2: Relationship of bar volume increase and radial strain

Step 3: deduce the relation between bar volume increase and the consumed iron mass
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amount, as well as increased red rust mass amount:

Vi=AM/Q, (2.4)
Vo=AMY Q; (2.5)

where 4AM; is the consumed steel rebar mass.
Step 4: find the iron mass amount participating in the electro-chemical corrosion
reactions. It can be a function of both the corrosion current i, and corrosion time At:

AM=f (48, icor) (2.6)

where 4t is the corrosion time, and i, is the mean annual corrosion current per unit anodic

surface area of rebar. The mass of iron 4M; consumed over time 4t is related to the amount
of current ic,, that flows through the electrochemical corrosion cell including anodic and
cathodic bar areas, as well as the pore solution through which irons are conducted. This
process is prescribed by Faraday’s law as AM/A4t= ic A/(nF), where A is the atomic weight
of iron being dissolved, and Faraday’s constant F=96,500 C/mol. The valency of the reaction
n is empirically usually taken as 2 (since little is known about the chemical composition of
the corrosion products, all corrosion products are assumed to be Fe(OH),). It follows that
AM/At=2.893x1 o icor- Integration of AM,/At gives the total mass of iron consumed since
initiation of corrosion. The constant i, is quantified as i.d;/, where / is the anode length,
d, is the rebar diameter, and i, is the mean annual corrosion current per unit anodic surface
area of steel. Faraday’s law is the basis for all published models that assume a constant rate
of steel mass consumption and rust production. Faraday’s law implies a linear increase of the
mass of rust with time. Under certain assumptions, all models are particular instances of
Faraday’s law.

Step 5: obtain the transformation relationship between 4M, and AM;:

AM, = AM/ry, 2.7

where rp, is the ratio of iron to its rust products for hydrated red rust Fe(OH); (taken as 0.523,
Bazant, 1979).

11



For all the preceding steps, step 4 presents the most difficulty. Different researchers have

provided different approaches, which are summarized in the following sections.
2.2.1 Bazant’s model (1979)

In this model, Bazant’s (1979) defined the rate of red rust production as J, = dM, / dt = 5.536

x107’ Tcor (kg/mz-s). Within every unit length of bar surface, the accumulated red rust mass

A4M, can be calculated from nd;J; At. Because the mass ratio of iron to hydrated red rust r,, is
equal to 0.523, the mass and volume of bar consumed are calculated from:

AM;=2.895x107 7 dj icor At (kg/m) (2.8)
AV, =3.68x10" 7 dj icer At (m*/m) (2.9)

Eq. 2.8 coincides with Faraday’s law. The volume change of the bar due to corrosion
build-up is estimated from:

AV =(AM/Q,) - (AMYQ;) =1.107%10"° dj icor At (m>/m) (2.10)
In the above expression, Q, is equal to Q; / 2.09 (approximately 3.75x10° kg/m’).

2.2.2 Andrade et al’s model (1993)

According to many experimental results, Andrade et al (1993) developed an empirical
formula to describe the relationship between the consumed volume AM; of steel bar at the
bar anodic surface and the current density icer (RA/m?). Compared with the steel bar’s
diameter, the consumed bar thickness is very thin and is ignored in the analysis of this model.

Thus 4M; and AV are given by:
AM,=2.862x107 7 dj icor At (kg/m) (2.11)
AV, =3.6466x10"" 7t dj icor At (m*/m) (2.12)
where AM; is the consumed bar mass (kg), d, is the steel bar initial diameter (m), and 4¢ is

the time elapsed from corrosion (second).

12



2.2.3 Liu and Weyers’ model (1998)

Liu and Weyers (1998) considered the rate of rust production as a non-linear function of

time, i.e.,

jM AM,=B jdt =>M=/6.656x10"° d, i, 1 (2.13)

cor.

where £ is a function of the corrosion current in consistent units. According to Eq. 2.13 the
time needed for the rust mass accumulated around the steel bar to reach a critical value is

clearly longer than that in BaZant’s (1979) and Andrate et al’s (1993) models.
2.2.4 Pantazopoulou and Papoulia’s model (2001)

Pantazopoulou and Papoulia proposed in their model that rust could be deposited in the
space between cracks and consequently the pressure acting on the interface between rebar
and surrounding concrete would be reduced. Based on this theory, a certain amount of liquid
rust product is carried away from the rust layer and then directly deposits in the opening
cracks until the space is full. After all cracks are filled with this liquid rust, only the extra
liquid rust product contributes to the internal pressure acting on the surrounding concrete.
Therefore, the mass amount used for the calculation of the rust volume expansion in the
radial direction should be equal to the difference between the total rust mass produced and
the leaking mass depositing in the opening crack spaces. If 7, is denoted as the reduced
thickness of the rebar during the corrosion process and 4V, is the expanded volume in this
process, then f can be expressed as a function of 4V, and the reduced bar radius-Ry, as

shown below:

=R +20 g, 2.14)
T

After the liquid rust goes into the space of the cracks, the above formula can be adjusted
into the following equation:

[ = AV, /m)-(R,—R)R.—R,)

2.15
’ (RL+R})) ( )
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where R, is the initial rebar radius and R; is the crack front depth measured from the rebar

center to the crack end, see Fig.2.3.

1dealized cvhinder crack front. R.

radius. Ce \ J— . —A—

rust front g ./ 7~Y wtial rebar
—. 7 7\ adius, Re

crack g

N .
LI N / CA
BlS N \\\ ,/ reduced
=2 N S rebar radius.
2% ~ - . -
ol S~ - n

— A
\

Fig. 2.3: Definition of terms in thick-wall cylinder model

Once the corrosion current density i, is determined from experiments, the volume
change for the rust products and the thickness ¢, is calculated. The thickness ¢, is related to
the concrete radial strain “e,” along the radial direction. Tensile capacity of the surrounding
concrete is a function of &,. If the initial boundary condition for ¢, is known, the stresses in
concrete can be solved at any time. Similarly, the maximum stress at which the surrounding
concrete starts splitting can also be found. As a result, the cracking time due to corrosion
build-up can be predicted.

2.2.5 Summary of corrosion-growth models

By using the different models in the above sections in step 4, the final relationship between

corrosion time, consumed iron mass AM;, and internal pressure py are explicitly summarized

in Table 2.1.
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Table 2.1: Summary of corrosion-growth models

Models AM; (kg) Ps (MPa)
PEAN.Y;
Bazant (1979) 2.898x1071 d i,y At 1.96x10 6%
b
oL, At
Andrade et al (1993) 2.862x1077 dy i At 1.94x10 6‘;_
h
ol At
Liu and Weyers (1998) | (6.656x10"%% dj ivor. A)' 1.96x10 6%
h
Pantazopoulou and Papoulia
(2001) Refer to Egs. used Refer to Egs. used

2.3 Modelling cracking of the concrete cover

As the corrosion process progresses, corrosion products deposit around the surface of the
reinforcing steel bar leading to a volume increase. As a result, the surrounding concrete is
subjected to tensile stresses. If these stresses exceed the concrete tensile strength capacity,
cracking of the concrete cover occurs. This phenomenon has been modeled by many
researchers as a thick-wall concrete cylinder subjected to a uniform internal pressure
(Tepfers, 1979; Noghabai, 1995; Seki and Oya, 1996; Pantazopoulou and Papoulia, 2001),

as illustrated in Fig. 2.4.
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Fig. 2.4: Concrete thick-wall cylinder model
When the thick-wall concrete cylinder is subjected to an internal pressure p;, which is
caused by expansion of the volume of the corroded steel bar, tensile stresses are developed
in the surrounding concrete. Once the concrete tensile capacity is exceeded, concrete starts
cracking. As the internal pressure increases, the length of cracks develops until reaching the
most outer surface of the concrete cylinder. The thick-wall concrete cylinder can be viewed
as consisting of three zones: an intact part (elastic part), a micro-cracking part (softening

part), and a traction-free part (refer to Fig. 2.4).

In early models based on the theory of linear elastic fracture mechanics (LEFM),
concrete was only modeled as an elastic material, in which the tensile stresses in concrete
are calculated according to Hooke’s law, i.e., ¢ = E &, where ¢ is the stress in concrete, E is
the concrete elastic modulus, and ¢ is the strain in concrete. Stress varies from zero to a

maximum value corresponding to the concrete tensile strength capacity. After this peak

value is reached, the stress drops to zero (shown in Fig. 2.5).
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Fig. 2.5: Tensile elastic stress-strain curve

Later, however, with the development of analysis techniques, many experimental studies
have demonstrated that concrete still sustains tensile stresses after cracking initiation. In the
experiment of a notched concrete beam subjected to a tensile load, Karihaloo (1995)
observed deformations of an outspread fracture process zone ahead of the pre-existing
notch/crack. The concrete in this area exhibits a softening behaviour as illustrated in Fig.2.6.
Both the linear behaviour prior to reaching the tensile strength of concrete (curve AB in Fig.
2.6) and softening behaviour beyond exceeding tensile capacity (curve BD) were observed
by Karihaloo (1995). The last region (CD) is caused by aggregate interlock and other

frictional mechanisms.

o_0O
[=] 20 C
o O
- - D o
0 Deformation

Fig. 2.6: Deformation response of a loaded concrete specimen

When subjected to a tensile force, concrete experiences this softening behaviour in a

17



zone called the fracture process zone (FPZ). Microcracks form within the FPZ. Along with
the increase of load, these microcracks tend to connect to each other, always seeking the

least resistance path to go through, as shown in Fig. 2.7.

P T Aggregate
particle

P 3 Microcrack
(a) microcracking at aggregate

]

F 1 coalescence

(¢) coalescence of debond crack (d) crack bridging debonding

Fig. 2.7: Development of fracture process zone (Karihaloo, 1995)

Under the electron microscope, many micro-phases, such as crack bridging,
micro-cracks, and crack coalescence were observed in FPZ by researchers. These
micro-phases play very important roles in sustaining the concrete tensile capacity. In the
FPZ, microcracks are not continuous and called fictitious cracks. The term “fictitious” is
used to underline the fact that this portion of the crack cannot be continuous with full
separation of its faces as in a real traction-free crack, see Fig. 2.7.(c). In the FPZ, the
appearance of microcracks means the loss of tensile capacity in the direction perpendicular
to the cracks. Long cracks mean large loss of strength capacity and short cracks mean small

loss of strength capacity.

The difference between the FPZ model and LEFM model is very obvious. First, unlike the
LEFM model, the size of the fracture process zone may not be small in comparison with the
length of the pre-existing macrocracks. Second, unlike the LEFM model, the adjacent

stresses in the FPZ are not constant. They vary from zero at the ends of the pre-existing
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traction-free macrocracks to the full tensile strength f; at the tips of the fictitious cracks.
Therefore, in FPZ models, the relationship of stress ¢ and fictitious crack width w is used
instead of that of stress ¢ and strain &. Once this relationship is figured out by applying the
concrete ring model, an equation can be set up between the internal bar pressure caused by
the rebar volume expansion during the corrosion process and the induced tangential and

radial stresses in the surrounding concrete.

In the following sections, different relationships for the tensile softening behaviour in
concrete used by various researchers, such as Tepfers (1979), Van der Veen (1990), Reinhardt

(1992), Rosati and Schumm (1992), and Pantazopoulou and Papoulia (2001), are summarized.
2.3.1 Tepfers’ model (1979)
The cracking process is divided into three stages.

1. Elastic stage

This stage corresponds to crack initiation; no material softening takes place. Assuming
the concrete cover as a thick-wall cylinder, the internal pressure due to the rebar volume
expansion can be written as:

Py _rlon (2.16)

AR AR
where P, is the internal rebar pressure due to corrosion build-up, f”; is the concrete tensile
strength, r is the outer diameter of the thick-wall cylinder, and r; is the rebar radius.

2. Partially cracked-elastic stage

This stage corresponds to crack development and material softening behaviour. Cracks

develop to a maximum depth of ™ = 0.486 ry. The internal pressure and induced

tangential stress can be formulated as:

2 2
Py _Liro—m

_n 2.17)
jf’v rh r02 +r’2

and
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D, 03r,

= (2.18)

3. Plastic stage
In this stage, the material has reached its maximum capacity in its entirety, i.e., it

behaves as a plastic material. The bar internal pressure is calculated from:

Py _Hh—h

- = (2.19)
7 Ty
The maximum bond capacity 7, can be obtained as: 7,=py/fana, where the angle a is
determined by the crushing degree in front of the bar-rib and the geometry of bar-rib. The
pressure p, is assumed constant along the interface between the rebar and concrete. The

above three stages can be illustrated in Fig.2.8.

(a1 uncracked-elastic (b) partly-cracked elastic (¢) plastic

Fig. 2.8: Stress distribution response (Tepfers, 1973)
2.3.2 Van Der Veen’s model (1990)

In this model, the softening relation in the cracked region is formulated as:

Ti o (Ey (2.20)
w,

f;l
where k = 0.248 for a concrete with f, = 49 MPa, f* = 3.1 MPa, and G; = 110 N/m

(Reinhardt, 1984). The cracked region is limited to r;<r<r;. The constant tangential
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displacement is calculated as: u= 2x €, r; =nw + 2m & r (see Fig. 2.9).

ut’ \\

Elastic part

Elaghc part

\ T T Ic

Fig. 2.9: Strain compatibility in the softening region (Van Der Veen, 1990)

The concrete strain in the uncracked region is constant (i.e., &(r)=¢.,). The crack
width is given by w(r) = 2x &y (r; -r). By introducing the maximum crack width as
we=3.1 4G/ﬁ' the internal bar pressure is related to the critical crack location in the concrete

cylinder ring as follows:

7—;—[( - )+(r,-rb)(1( "(, ry))t —] 2.21)

By differentiating p, with respect to r; and setting the equation to zero, an optimum depth 7;

is calculated where the bar pressure is maximum. The maximum bond capacity can be found
as 7, = py"“/tan(a).

2.3.3 Reinnhardt’s model (1992) .

The relationship between stress o, and crack width w in the softening zone is given by:

3 w
o, w ey I\ W
L =1+|le,— 1| Jle " -\l+¢, }—e™ 2.22
1 { (C' WJ] ( ')wc (222)

In the above equation, c;= 3.0, c;= 6.93 and w.= 0.2 mm, for a concrete with a splitting
strength of ;" = 3.2 MPa, a compressive strength of f.’= 47 MPa, and a fracture energy of G,
=103 N/m.
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The cracked region is limited to of r,< r <r;. In the softening region, concrete can be
divided into an uncracked zone and a cracked zone. In the uncracked zone, concrete still
shows elastic behaviour i.e., ¢ = E¢. Meanwhile in the cracked zone, the relation of stress
and strain within the crack bandwidth no longer follows Hooke’s Law; it varies from point
to point. According to the strain compatibility required above, the tangential displacement

from the tip of the crack to the end of crack should be a constant value, as shown Fig. 2.10

Ut* \\
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Elashc part
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Fig. 2.10: Compatibility in a thick-wall concrete ring (Reinnhardt, 1992)

This displacement is expressed as:

W=2ne ri=nw+2mer (2.23)
where
w(ry=2m e, (ri—r) (2.24)

The pressure of volume expansion due to rebar corrosion can be expressed as a function

of ry, rp and r;, as follows:

2 2
7 1 —ahc
&.:-1_ [ri(r_g%)*'—(l—e hz)+

1
VAR roo+r c,a

6c’ (ac)’ _,,,,L.z(b+3b2 6b

)-(Hc.’)e"’“l ] (2.25)

4 2 + 3
cha c,a ac, (ac,)” (ac,)
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gt‘t

where a = 2 and b=r;rp.

nw,

4

By differentiating p; in terms of 7, and setting that equation to zero, an optimum depth 7,
can be calculated where the bar pressure is maximum. The maximum bond capacity can then
be found as: ©,™* = py"*/tan (a).

2.3.4 Rosati and Schumm’s model (1992)

In this model, the equation describing concrete softening in the cracked part is taken as:

o, I-w/w,

7 Tr (o) D (229

where Dpaxis the maximum aggregate size, and & is a coefficient depending on the slope of

the softening curve as shown in Fig. 2.11.
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Fig. 2.11: Strain compatibility in the softening zone (Rosati and Schumm, 1992)
The cracked region is limited to r, < r < r;,. The tangential displacement is calculated
from:
UF 2 ey v =nw + 2T & 1 (2.27)
In the uncracked region, the strain is no longer constant but varies along the radial

direction as follows:
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_ (2.28)

The pressure of the volume expansion due to rebar corrosion can be formulated as a

function of ry, r4, and r; as follows:

Po LB TN ) (VAL )-[NCIG - 28) J-
f'orn re+r r,
t//[r]+r\/_+— W[r']+ﬂ+ 5—
ylr]+yln]-—=In 20C || [T 2N 4 (2.29)
2‘\/6 ‘//[r]_'_r_\/E_'_ B [r,,]+w/2 B
] b +
2JC r, 244
where
w[x] = VCx* + Bx+ 4 (2.30)
nE.D,. >
A=(rifert - —e—max )2 (2.31)
g JoPuax (21Ses _ ME, Doy
. [ W, ( v, -2)] (2.32)
_(feDoar |
C—( o ] (2.33)

and r; is the distance of the crack penetration into the concrete cover, measured from rebar
centre to the crack tip.

2.3.5 Noghabai’s model (1995)

In this model, the softening relation in the cracked region is taken as:

L/ .4 (2.34)

Lo
The cracked region is limited to r, < r < r;. The constant tangential displacement is

estimated from u,= 2w e, ¥i = nw + 2w &, r (see Fig. 2.12).
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Fig. 2.12: Strain compatibility in concrete softening region (Noghabai, 1995)
The strain in the uncracked part remains constant as &(r) = ¢, and the crack width is

given by:

nw(,)=2x[ £ 1; -%r] (2.35)

c

where n is the number of cracks. By introducing the maximum crack width as w.=2G, / f

and the material characteristic length [, =E G, / £, the internal bar pressure p, and the

critical crack location 7; in the concrete hollow ring are related as follows:

(2.36)

fon

Dy, T [roz_’;z )+nlp_”’} lnnlp—”rb
- 2 2
roo+rs; 7z, nl, —nar,

4
ar, nl,—nr,

nl —nur, lnnl,,—ﬂr,,

By ignoring the term , differentiating p, with respect to r;, and setting

the simplified equation to zero, an optimum depth r;, which gives the cracking penetration

depth, is calculated at the location where the bar pressure reaches the maximum value.

2.3.6 Pantazopoulou and Papoulia’s model (2001)

This model departs from the previous ones in that anisotropic behaviour is assumed. The

state of stress is formulated as:
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E&=0; — vi906-Vr,0;
Ee¢c6=00 — VorOr-Ve:0,
Ezsz=oz - VHGr-VZQO'e (2. 3 7)

where E,, Ey, and E, are the moduli along the radial, tangential, and longitudinal directions,
respectively, &,,0,, €4 04 &, and o, are the strains and stresses along the same direction, and
v,e is the Poission’s ratio on the tangential direction due to radial deformation. Likewise, ver,
Vs, Vzg Vi, and v, correspond to the different Posson’s ratios along one direction due to
deformations on the perpendicular direction.

At time ¢, given the radius of the rust front R,(?), the radial displacements are calculated

from:

[K][u,]=[B] (2.38)
where [«,] is the array of unknown radial displacements, [u,] Y= [u,; u,>. u,n], and matrices
[K] and [B] are given by:

1 1
Blwa =[(R-Re)(—- —)00...0 2.39
[Blva =[(R-Rp) e 2r,h) ] (2.39)
(2 1E,) (1 1 |
— - —t— 0 0 0
(hz 3 E,_,J (hz 2’:’1)
1 1 2 1E, 1 1
i 4 =+ .. 0 0
) (o) o)
[Knn}=
1 1 2 1 E
0 0 0 . === S e L=
(hz E‘N_,h) (hz r’v1 E, N_J
2
0 0 0 0 -
L hz -

(2.40)
where u,; is the displacement of node i in the radial direction, and 4 is the distance between
two adjacent nodes along the radial direction. The moduli Ey; and E,; are variables,
depending on the corresponding strains at the points along the radial grid (denoted by

subscript i according to the preceding equations). Once the values of u,; and the
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corresponding stresses are computed at time ¢, the model is advanced to the next time step.
The solved values of u; ;, Eg;, and E, ;can be used as the new boundary conditions for next
step. This procedure is carried out until the final solutions are obtained.

2.3.7 Summary of models

All of the previous models are summarized in the diagram illustrated in Fig. 2.13, which
describes the relationship between the ratio of stress versus maximum tensile capacity o//;’

and that of crack opening width to maximum crack width w/w..

agi
g=l— :l",c (Noghabai, 1995)
ftfp————— O_ _l-wiwe (Gnrtam & Rosat,1992)
It | +(KwDmax)
0.8f¢1- : g_ w Q-=O\ 15 (1-wwr )l -wowe)
=1-08s% /ff 0
: ® ¢ l 10“) (Karthaleo.199%)
arthaloo,1994
0.6f¢s - : g=1-(wm~'cl)‘ (Van der Veen.1990)
|
0.26¢+- l F30% 3w o
2 14+, ) ™D &©
0.15ft4 - . (Remhardt. 1992)
————— +
l . . : Wiwe
0 0 02 .04 06 08 1 o
&t | & ’

Fig. 2.13: Summary of stress- strain relations in the softening region
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Chapter 3.  Analytical Model

3.1. Introduction

Corrosion-induced damage in reinforced concrete structures is manifested by cracking,
spalling, and delamination of the concrete cover. The volume of corrosion products is
greater than the original steel due to their lower density. This increase in volume induces
tangential tensile stresses and radial compressive stresses in the concrete surrounding the
rebars. Only the tangential tensile stresses govern the concrete cover resistance. Once these
tensile stresses exceed the concrete tensile capacity, cracking, spalling, and/or delamination
of the concrete cover can take place.

A quantification of the damage caused by corroded reinforcing bars requires an accurate
description of the relationship between the stresses and strains in the surrounding concrete.
To do that, the volume expansion generated by the accumulation of corrosion products can
be simulated by applying a uniform radial pressure on the interface between the steel bar and
the concrete. To obtain the solution of the state of stress and strain in the concrete
surrounding the reinforcing steel bars, a concrete ring model treated as a thick-wall cylinder
subjected to an internal pressure is used in this thesis (refer to Fig. 2.4). The approach
adopted here follows the same methodology proposed by othérs to analyze the state of stress
in concrete due to bond forces (Tepfers, 1979; Van der Veen, 1990; Reinhardt, 1992; Rosati
and Schumm, 1992; Noghabai, 1995).

The process predicting corrosion-induced cracking in concrete can be summarized into
two steps. First, the relationship between the consumed bar mass and the induced pressure
acting on the interface of the concrete/steel bar needs to be established. This has been done
in chapter 2 (for details, refer to section 2.2). Second, the relationship between the

corrosion-induced pressure and the state of stress and strain in the concrete cover is
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formulated.

This chapter proposes an analytical model that relates the corrosion-induced pressure
and the state of stress and strain in the surrounding concrete. This analytical model accounts
only for cracking due to corrosion. In this formulation, it is assumed that concrete is an

isotropic and homogeneous material.

3.2. Concrete ring model

Since the region of interest when modelling corrosion-induced cracking is that of the
concrete surrounding the reinforcing bars, the concrete cover can thus be idealized as a
hollow cylinder subjected to an internal expanding pressure acting on the contact surface
between the rebar and the concrete. This expanding pressure is due to corrosion products
build-up around the reinforcing steel bar. The thickness of this cylinder is given by the
concrete cover depth (see Fig. 3.1). This distance represents the shortest path for a crack to

propagate until it reaches a stress-free surface.

~
[ 27
-~

il PE—

Fig. 3.1: Concrete ring model
Because the surrounding concrete restricts the movement of the expanding corroded bar,
compressive stresses in the radial direction and tensile stresses in tangential direction are
induced in the surrounding concrete. Concrete is a strong material in compression but weak
in tension. As the corrosion-induced pressure increases, the accumulated tensile stresses in

the surrounding concrete become larger and larger until they reach the concrete tensile
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capacity. As soon as they reach this tensile capacity, the concrete cover begins to crack. This
initiation of cracking does not correspond to the maximum tensile capacity of the concrete
cover. However, once the crack propagates to a maximum critical depth, it will propagate
through the remaining uncracked concrete until a stress-free surface is reached. At this point,
the concrete ring’s tensile capacity has been fully reached.

In this thesis, the longitudinal dimension of the concrete member is assumed infinitely
long, and the strain along this direction is neglected, i.c., plane-strain conditions are applied.
Thus, a 3-D analysis can be simply converted to a 2-D one. In modelling the cracking
process of a concrete ring subjected to internal pressure, three distinct regions can be
differentiated: (1) the outer uncracked elastic zone; (2) the fictitious cracked softening
intermediate zone; and, (3) the inner cracked zone (see Fig. 3.2).

outer uncrackad mner cracked
elastic zone

_/fictitious cracked
softening
mt=rmiediate zone

Fig. 3.2: Three regions of the concrete ring
The states of stresses and strains in these three regions are distinct and will be explained
in the next sections.

3.2.1. Elastic region

The stress-strain relations for a thick-wall cylinder made of an isotropic and linearly elastic

material are given by:
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£,=%(0',—ua,—vaz) and ¢, =%(a,—vo;—vaz) 3.1

where

&, = strain in the radial direction

&, = strain in the tangential direction

v = Poission’s ratio

o, = stress in the radial direction

o, = stress in the tangential direction

o, = stress in the longitudinal direction

E = modulus of elasticity

Based on plane-strain conditions (&, =0), solving for stresses o, and o, results in:

(l—v)£,+ua,:]

- L
T (1+v)(1-20) 32)

m[v&‘ +(1-v)¢, ]

In the hollow ring, the elongations along the radial and tangential directions are given by:
Ou

u
= — d &= — 33
£ o an t , ( )

where u is the radial displacement at a distance r in the thick-walled cylinder.

Fig. 3.3 Thick-wall cylinder subjected to internal and external pressures

Establishing force equilibrium in an isolated small piece as illustrated in Fig. 3.3 leads
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to:

oo
o,+r—--0,=0 3.4)
or

Substituting Egs. 3.2 and 3.3 into Eq. 3.4 results in the following differential equation:

Ou 1ou u
8r2+r6r rz— (3-5)

The general solution for Eq. 3.5 is: u = Ar +£ , where 4 and B are constants depending on
r

the boundary conditions. By combining this general solution, Egs. 3.2, and 3.3, and applying

the boundary conditions, the stresses can be calculated from:

r’p-n'p 7.1, (P, = Py)
a-rzl :2 02 0 _ Ozl 2' 20 (3'6)
ro-r, ri(n -n)
r’p -n'p r'r (b= Py)
0.’___1 12 02 0 4+ 021 2' 20 (3.7)
no-r ri(n -n)
l1-vrip —r? 1+vrir’(p, - 1
y = Eur, f'z r:2p0r+ Eur,ro gp, 2Po)_ (3.8)
c o i 4 ro _'; r
where

po= pressure acting on the outer free surface of the hollow ring
pi= pressure acting on the inner surface of the hollow ring
ro= outer radius of hollow ring measured from the rebar centre
r;= inner radius of hollow ring measured from the rebar centre to the inner surface
r = radius of the selected point where stresses are calculated, r;<r <ry
If no outer pressure py is acting on the thick-wall cylinder, Eq.3.7 can be simplified:
2,2 2
LG
Equation 3.9 can be rewritten as:

P =) (3.10)

pi= 0;
LR+

Equation 3.10 gives the relationship between the corrosion-induced pressure p; and the
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corresponding tangential tensile stress g, in the surrounding concrete. The maximum
tangential tensile stress occurs at the inner surface (r=r;). As the pressure p; increases, o,
increases accordingly until it reaches the concrete tensile strength f;. Once the concrete
tensile strength is reached, a crack starts to initiate at the steel bar/concrete interface.
Therefore the critical bar expansion pressure, at which the inner concrete starts to crack, is

given by:

pi=firt—4 (3.11)

outer uncracked crackead
rng concrete teeth

Fig. 3.4: Concrete ring subjected to an attenuated pressure p;

As the crack propagates through the concrete cover, the uncracked outer ring (see Fig.
3.4) can be treated as a thick-wall cylinder of thickness ro-r; and subjected to an internal
pressure p;. This pressure p;is the attenuated build-up pressure transferred through the
concrete teeth between cracks (p/=psry/ri). When the expanding pressure p, reaches a
maximum critical value, corresponding to the concrete tensile capacity f;’, cracks initiate at
the surface located at a distance of 7, measured from the rebar centre. As more cracks
develop, the accumulated bar pressure p, due to the rust is released. At this moment a force
balance between the reinforcing bar pressure p, and the concrete resistance provided by the

uncracked concrete cover is built up. However, with the continuous generation of rust along
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the bar surface, this force balance is broken and the released bar pressure gradually builds up
to f;" again. As a result, more cracks originate and a new force balance between the bar
pressure and the concrete resistance is set up again. This process of concrete cracking is
repetitive rather than continuous. Finally, when a crack approaches a certain depth, the
tangential tensile stress in the uncracked concrete reaches the concrete maximum tensile
strength, and beyond that depth, the cracking process is no longer iterative. The remaining
uncracked concrete cannot provide enough resistance to balance the built-up bar pressure. At

this point, the crack suddenly penetrates the remaining concrete cover. Hence, Eq. 3.11

should be adjusted as:
. r . r2
pe=fi+4t—L (3.12)
i +1,

In Eq. 3.12, r, and p, are unknown variables. By differentiating p, with respect to r, and
setting the result to zero, the optimum value of r, for which the tensile capacity of the entire

concrete cylinder is reached is given by:
ry = 0.4858rp (3.13)

If the concrete cover depth is assumed to be c, then ry = r;, + ¢. Substituting them back into

Eq. 3.13 results in:

c=1.0576r; (3.14)

When r, = 0.4858 ry, the corrosion-induced pressure p, reaches the critical value—P,"", at

which the surrounding concrete cover is completely cracked. Hence,

=03 f ro/ry=03f; (ry+c)/rs G.15)
3.2.2. Softening region

Observation from laboratory experiments (Van der Veen, 1990; Reinhardt, 1992; Rosati and
Schumm, 1992; Noghabai, 1995) have shown that the relationship of bar expansion pressure
p» and crack front r; does not exactly follow Eq. 3.12. In fact, experimental values of p; are

consistently higher than those obtained from Eq. 3.12. This suggests that there must be an
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intermediate transition layer between the uncracked and cracked concrete zones affecting the
relationship between the bar pressure and crack depth. Researchers have named this
intermediate transition layer as the fictitious cracking layer or softening layer (Karihaloo,
1995), and they have proposed various constitutive laws relating the stresses and strains in
this layer (see Fig. 2.13). These various relationships are linear, bi-linear, exponential, and
polynomial functions. Reinhardt’s function is constituted of multiple algebraic terms
(Reinhardt, 1992); the ratio of tangential stress to concrete tensile strength is related to the
ratio of crack opening displacement to maximum crack width. Van Der Veen’s law is easily
embodied by a smooth concave curve starting from the maximum tensile strength and
ending in a zero value (Van Der Veen 1990). Rosati and Schumm’s model largely depends
on the slope of the curve and maximum size of the aggregate in the concrete cylinder ring
(Rosati and Schumm, 1992). Noghabai has used a linear relation to describe the concrete
behaviour in the softening zone (Noghabai, 1995). Pantazopoulou and Papoulia used a
bi-linear function to describe the stress state in the concrete softening area. Three important
points in this bi-linear function are determined by the maximum aggregate size, the concrete

tensile strength, and the crack-band width (Pantazopoulou and Papoulia, 2001).

In this work, for the sake of simplicity and in order to get a general solution, a linear
relationship between the stress and crack opening width has been used to describe the

concrete behaviour in the softening region, i.e.,

a,(w)=f,'(1—w1) (3.16)

where
o,= tensile stress in the softening region
f;'= concrete tensile strength
w = fictitious crack width where tension is calculated
w. = maximum fictitious crack width

Equation 3.16 ignores the effects of both Poisson’s ratio and the perpendicular compressive
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stress (i.e., reduction of tensile strength due to a normal compressive stress is neglected.)
The concrete softening region includes two parts: one that is uncracked, and the other

that is fictitiously cracked. In the uncracked part, the maximum strain remains always the
same and equal to & (see Fig. 3.5).

fictitious
cracks

traction -free

Fig. 3.5: Strains in elastic and softening regions
Fictitious cracks are not real cracks. The bond forces in these so-called fictitious cracks
are very strong. With the increase of tensile strength along the radial direction, the bond

forces gradually become weak; however, they still keep concrete uncracked and the strain in
this uncracked region is always equal to the maximum critical value of £.,—i.e, the

maximum strain capacity of concrete. In other words, part of the tensile stresses in the
fictitious zone is used in keeping the uncracked elastic region in stable equilibrium; the

remainder of the tensile stresses in the fictitious zone is used to overcome the increase of the

fictitious crack widths. Thus, the strain remains constant and always equal to £,

&=Eu (3.17)

where ¢, is the tangential strain in the uncracked region of the softening area. Equation 3.17

differs from Noghabai’s assumption in that &, # £, (Noghabai, 1995). As a rigid material,
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only translational movement (no rotation) is assumed to take place when cracking occurs.
Therefore, the relationship among w. (maximum opening width of the fictitious cracks), w

(opening width of the fictitious cracks), &;, and &, can be derived based on Fig. 3.6, i.c.,
W=2nrieg=nw+rmug 3.18)

where

u,= increment of the perimeter of concrete ring in tangential direction at r;

n = number of cracks

Fig. 3.6: Compatibility in the softening region (adapted from Van der Veen, 1990)

The process of cracking in a concrete ring follows five steps: (1), the increase of
pressure due to corrosion products accumulation on the rebar surface; (2), the appearance of
micro-cracks; (3), the propagation of micro-cracks and material softening; (4), the decrease
in the size of the elastic zone and increase in the size of the traction-free zone; and (5), the
penetration of cracks through the entire concrete cover. Therefore, the analytical model
proposed should reflect all aspects in the cracking process. For convenience, the concrete

cover is modelled into elastic and softening regions, as illustrated in Fig. 3.7.
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Fig. 3.7: Modelling cracking of the concrete cover

As shown in Fig 3.7, establishing force equilibrium of the inner half ring leads to:
2psrs =2 piri + 2 fa,dr (3.19)
By substituting Eq. 3.17 into Eq. 3.18, the following relation results:

nw = 2mEq, (r;- 1) (3.20)

Substituting Eq. 3.20 back into Eq. 3.16 results in:

27, (r,—r)

o (w)=fT- ] (3.21)

nw,

By substituting Eq. 3.21 into Eq. 3.19, the following expression is obtained:

27[£cr (r-r)
nw

c

pery = piri + J; f,- \dr (3.22)

The first term p; in Eq. 3.22 is obtained from Eq. 3.11. By integrating the second term with

respect to dr from r, to r; and combining with Eq. 3.11, Eq. 3.22 becomes:

2

R

(N

=~
o
o

2
=V + (r1 — rb)(nwc + W _ﬂ-gcl’;')

2
"+, nnw,

(3.23)
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where w, is the cracking tip opening width, taken as G, /0.4969 f,' (Karihaloo, 1995),

which is approximately equal to 2G./f,', and Gr is he fracture energy, calculated from Gr

= f o(w)dw, which is equal to the area under the tension softening curve. The fracture

energy Gr can be determined by a three point bending test where the beam has a central

edge notch (see Fig. 3.8).

deformed lp Gr= (Wot Wdy)/Asg
shape &:_ {
IrJ - _fmcrete beam - intact W, = area under P-djcurve up to d,
T Thotch Areaj H
[t W, = sum of the self-weight of the specimen and

\
\
|Rolle' k)

max. displacement _..| B '-_
*' under notch

twice the self-weight of any fixtures resting on it
d,= displacement as P returns to zero
Ajg= original uncracked concrete cross sectional

arca

Fig. 3.8: Experimental approach for determining Gr

Equation 3.23 is simplified by introducing another parameter /,, known as the

characteristic length (Noghabai, 1995), which is calculated from / , *EG, / £7. By
applying the concept of characteristic length /;, a new expression for w, is obtained:

we=21,E, (3.24)
By substituting Eq. 3.24 into Eq. 3.23, the following relation results:

p,_n r-r (-n)Q2nl,+m, —m)

—Z= + 3.25
VAN A ARS 4 2nn], 32
Equation 3.25 can be rewritten by using d/2=rp, d/2+c = ry, and e=r;:
2_¢? 2e—-d)4 ~2
B_b_':% (c+d/2)2 e2 N (2e—d)(4nl, + nd ~2re) (3.26)
f,' d (c+d/2) +e 4ndl,
where
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d = reinforcing bar diameter, r, = d/2

¢ = concrete cover thickness, rp = c+d/2

e = crack front surface distance measured from the rebar center
Equation 3.26 relates the corrosion-induced pressure p, to the concrete cover ¢ and
crack front distance e. This relationship is illustrated in Fig. 3.9 by assuming d = 15

mm, ¢c = 40 mm, n = 1, and [, = 111 mm.
4
35
3

E
15

1
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0 ' ) . b ) s | .
75 RS U5 225 215 325 375 425 475
cackfrort ¢(nmy

Fig. 3.9: Illustration of p,/ﬁ’ versus crack front e according to Eq. 3.26
Equation 3.26 clearly shows that each crack front corresponds to a unique pressure.
Before the crack front e reaches a critical value, pressure p;, is approximately directly
proportional to the depth of crack. Beyond that critical point, the pressure p, drops down
with the increase of crack front e. Alternatively, the curve of bar pressure versus crack depth

ri has a parabola-like top point, which represents the maximum or minimum of p, here.

Differentiating p,/f' with respect to r; and setting the result to zero gives a polynomial

function in ;. This function can be solved for an optimum value of r;, which corresponds to

the maximum or minimum value of ppmax:

H

rPenrt+2rn’ + [(2nlpr;,2 [7)-2n7; ] ri+rr -(2nl 5 [7)-nr =0 (3.27)
Since Eq. 3.27 is a fifth-order function, it cannot be solved directly. Solution to Eq. 3.27 is

obtained by means of an iterative computation until the difference between two adjacent

results is less than 10%.
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From Eqgs. 3.21 and 3. 24, the stress in the softening region can be calculated from:

nl, +nr—zr,

nl

P

o(r)=f' (3.28)

where 7;is the depth of the selected point measured from the rebar centre. By rewriting Eq.

3.28 as:
r,=—L4r-—2-_L (3.29)

By substituting Eq. 3.29 into Eq. 3.25, the following relationship between the pressure p,,
the tangential tensile stress g, and distance » measured from the bar centre results:

P
b
_ (nl S, +xfr—nlo, )(t;,zn'z 1=n'lal +2n°L fio,+ 20l xfior -’ £ = 2nxl f*r - 2’ f,'zrz)

nrf, (roz” Al f P £ 4 20l n f2r - 207 fio, - 20l x fro, + n* L0 )

\ (nlpf,' +rfjr- nlo, - ltf,'r,,)(nf,’lp +afin—nfr+ nlpa',)
2nanl, f

(3.30)

At the maximum crack depth, the tangential tensile stress is equal to zero, the aggregate
interlock and bridge effects are lost thoroughly, and a sudden splitting from the current
location to the closest free surface of the concrete cover occurs. By setting o, to zero, Eq.
3.30 can be rewritten as:

_ (nlp + 7zr)(r027r2 - nzlf, -2nxnl,r - xlr? )

Py
! 2.2 272 2.2
/ r,m (roiz' +nl +r'x +2nlp7tr)

3.31
nl, +xr—ar,)\nl,+zr,—nr 30
+ P p

2nzrl,
where r, <r<ri<r.
Equation 3.31 is a function of p; in terms of the real crack tip location r, because the
tangential tensile stress is equal to zero here. Setting the derivative expression of Eq. 3.31
with respect to r to zero yields the maximum bar pressure pemax and the real critical crack

opening tip location r. Once this depth is exceeded, cracks penetrate through the entire
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congcrete cover.

3.3. Effect of spiral confinement reinforcement

Equation 3.25 assumes that there is no external pressure acting on the concrete thick-wall
cylinder (i.e., pp= 0), and therefore any confinement provided by stirrups or ties is not

accounted for. Equation 3.25 can be rewritten as follows:

i

pb:Zp' 2nrblp

- "(r.—r)2nl_+7zr,—xr
L + f; ( i b)( p b 1) (3'32)
where p; is given by Eq. 3.11.

The pressure p; can be considered as a positive effect of the outer elastic ring acting on
the inner ring. Further confinement effects can be taken into account by introducing spiral
reinforcement into the model. Spiral reinforcement can either be located in the uncracked

region or in the cracked one.

spuwal rem-

softening
S lnerring -
~ -

.

pressure mner rng

. outer nng

Fig. 3.10: Confinement in the uncracked region of the concrete ring model
If the spiral reinforcement is located in the uncracked zone, (Fig. 3.10), then the pressure
pi is the combination of the pressure acting on the outer uncracked region p and the

pressure provided by the spiral confinement p;’, which is determined by the deformation of

the spiral bar ¢;. By establishing equilibrium (see Fig. 3.11),
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pi =—s"u (3.33)

where A4, is equal to the spiral steel

area divided by the spiral pitch.

Therefore, the resulting p; combining

l Fe=EsEseq FeEsSsleq l the effects of the outer elastic part

and the spiral confinement can be

Fig. 3.11: Equilibrium in confined concrete
expressed as:

pi=p +p =f'5—L+—2 (3.34)

From Eq. 3.3, it is known thate, =u/r. Therefore, at the location of the confining

reinforcement r=r, the strain of the spiral bar can be derived from Eq. 3.8, i.c.,

&

. =ﬂ=—1._{p,.r;2[(l—v)+(l+v)ij:|—Po'b2[(l—U)+(]+U)Li}} (3.35a)
r, E(n’-r) r, r’

5

Neglecting Poisson’s ratio v yields:

£ = L r’ 1+rL2 - p’ l+r'2 (3.35b)
S—Ec(’bz—’}z) pit; ’;2 Poly r .

At the location of r=r;, Eq. 3.7 can be rewritten as:

[ 5]

o=/ =—1—[(r,-2 +17)p} - 2py’ | (3.36)

2_ 2
fo —F

By combining Eqgs. 3.34, 3.35b, and 3.36, the expressions fore, and p;’ are obtained as

follows:
A e Y
&, ‘E(.(r(:z+r,-2)[erEcr+EsAeq(’sZ"fz)] o
- Esd, 217 (n*+1?) (3.38)
e z)[zr"r‘zEf J
0 ° EsAeq ' I
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By substituting Eq. 3.38 into Eq.3.34, the following expression for p; results:

R A 2fr7(r +1]
P=P+p =f 55+ ' (2 ) (3.39)
T, tr ( : . .y 2rr’E,  ,
n+r?) +rior,
EsAeq

Substituting the final expression of p; back into Eq. 3.32 gives the new expression for the

rebar pressure with confining reinforcement in the uncracked region of the concrete ring:
py_nni=n Gon)2nl, +an-ar) 25’ (r’ +1,%)
VA AR AR 2rr2E,

2 2 2 2
n(n +r) E4 ThT
5" "eq

By rewriting Eq. 3.40 using r,=d/2, ry=d/2+c, and r;=e:

(3.40)

+

Py, _2e(c+d/2)}-¢ , Qe=d)(4nl, +nd-2re)
fi d(c+d/2y +é& 4ndl,

d 2
4¢’ [(c+5) +rsz} 3.41)
* dY 2er’E,
d (c+—) +r} || ==+ r? -
2 EA,

If the spiral reinforcement is located in the cracked region of the concrete ring model

(see Fig. 3.12), the process to derive the expression for p; is similar to the previous one. In
this case, the strain of the spiral bar &, includes two parts: one is the normal elongation in the
concrete teeth, the other is that taking place across cracks where the reinforcement carries all

the tensile stresses, as shown in Fig. 3.13.

Fig. 3.12: Confinement in the cracked region of the concrete ring model
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The spiral bar strain in the uncracked concrete is denoted as &°; and the strain at the crack
location is denoted as £°;. The total bar elongation &, is the sum of both:

& =&% + &%

Fsl Fs=Ex«&:Aeq l
Fig. 3.13: Tensile stresses carried by the reinforcement at crack locations

According to Eq. 3.33, E.¢ A, =r,p;. Assuming perfect bond, the spiral bar elongation in

the uncracked concrete & is equal to &, therefore,

Es =&t + scs = %‘ + acs (342)

c

In order to obtain an expression for the strain ¢, it is assumed that this strain only happens

within the crack width w and is uniformly distributed within this length, therefore & =

w/l,, . From Eq. 3.20 it is found that w=27 /. (r,—r)/(nE_). Substituting the expression of

& back into Eq. 3.42 gives the expression of the spiral bar’s strain as follows:

&= £ + ecs=-§—[1 $220mn) ”’s)} (3.43)

nlaq

where I, is the spiral bar’s equivalent length only within which &°; and the total crack width
w occur, usually taken as 2ary/n. By using the expression of & in Eq. 3.43, the pressure
provided by the confining reinforcement located in the softening region of the concrete ring

model p;’ is obtained from:
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(3.44)

gLl _E S Ay [1 L 270 ~n)]

n Er, nl,
The new expression for p; is obtained by substituting Eq. 3.44 back into Eq. 3.34, i.e.,

e s .nmi-r EfA4 27(r, -,
pi=pi+p =/ 02 5+ —Z 1+ ior)
ro+r, Er, nl,

H

(3.45)

The final expression for the bar pressure with the spiral confinement located in the softening

region of the ring model is obtained by substituting the new p; in Eq. 3.45 back into Eq. 3.32,

ie.,
S, nri+r 2nrpr Er, nleq
By rewriting Eq. 3.46 using ry= d/2, ro=d/2 + ¢, and r; = e, the following results:
2_¢* (Qe-d)4nl +nmd-2me) 2EA f' -
E,,ng(cm/z)2 e2+( Y4nl, e)+ sAeg ], 1+27z(e r,) (3.47)
f, d(c+d/2) +e 4ndl, Ed nl,

Equations 3.26, 3.41 and 3.47, which respectively express the required pressure to
induce cracking when no confinement is provided, confinement is provided in the elastic
region, and confinement is provided in the softening region, are plotted in Fig. 3.14 for
comparison purposes. As observed from the figure, it is obvious that the critical
corrosion-induced pressure p, of a concrete cylinder with confinement in the cracked zone

(softening region) is much higher than the one when no confinement at all is provided.
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3.4. Relation between corrosion build-up and induced pressure

As reinforcement corrosion progresses, the build-up produced by the accumulation of
corrosion products on the rebar surface (denoted as 4d) induces the expanding pressure Db,
which acts on the interface between the reinforcing steel bar and the surrounding concrete.
According to Eq. 3.8, the accumulation of corrosion products on the rebar surface Ad can

thus be considered as “2u” at the location of r=r;=r, i.c.,

_ 2 2 1 2.2 _
Ad/2=u(r=r;,)=1EU'27 p127 ’bzpoﬂ,"' -E':U';)ro §pb Zpo)l (3.48)
e To™h c Ih —h T

For the sake of convenience, Eq. 3.48 can be rewritten by ignoring Poisson’s ratio v:

2
Adzm[(rf + 1% )Py = 21,1 Dy ] (3.49)

c
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Chapter 4. Model Validation

4.1. Introduction

In order to assess the validity of the proposed model in describing the cracking resistance of
the concrete cover, Eqs. 3.12 (cracking initiation at steel/concrete interface), 3.26
(longitudinal cracking of the concrete cover), 3.41 (longitudinal cracking of the concrete
cover when confinement is provided in the elastic region), 3.47 (longitudinal cracking of the
concrete cover when confinement is provided in the cracked region), and 3.49 (corrosion
build-up generating the previous pressures) are compared with some experiméntal and finite

element results in this chapter.

4.2. Model comparison with experimental results

In order to simulate a practical case, only experimental data from specimens with concrete
tensile strength varying from 3 MPa to 8 MPa and ratio of cover to rebar diameter from 0 to
2 are selected in the comparison. In this section, the proposed models for both unconfined
and confined concrete cylinder rings are compared with the data of unconfined concrete
specimens reported by Williamson and Clark (2000) and Morinaga (1988), and the data of
confined concrete specimens reported by Noghabai (1.995). These experimental studies were

chosen for comparison purposes since they provide the required input data for the analytical
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models as well as output information provided by the analytical results.

4.2.1. Comparison with unconfined experimental results

Based on experimental tests, Morinaga (1988) proposed the following empirical expression

for the prediction of critical bar pressure in concrete cylinder models without confinement:

P = £, (1+2¢/d)"® 4.1

where f; is the concrete tensile capacity and c/d is the ratio of concrete cover to rebar
diameter. Maximum failure bar pressures according to Eq. 4.1 are tabulated in Table 4.1.

Table 4.1: Maximum bar failure pressures (MPa) from Morinaga (1988)

c/d=0.5 c/d=1 c/d=1.5 c/d=2

J:’=3.5MPa 6.9 9.7 12. 15
J:’=5 MPa 9 12.7 16.2 19.6
Jf:'=8 MPa 144 204 26 314

Williamson and Clark (2000) designedb a test program to simulate the expansion pressure
created by the accumulation of corrosion products on the surface of reinforcing bars. They
used 150-mm concrete cubes with vertical holes of 8 or 16 mm diameter to simulate the
location of the reinforcing bars. The rebar expansion pressure due to the corrosion was
simulated by injecting high-pressure water into the holes. The failure pressure was defined

as the maximum load sustained by the concrete cube at cracking of the cover.
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Data from Williamson and Clark (2000) as well as from Morinaga (1988) are compared
with the proposed model given by Eq. 3.26, which provides the required pressure necessary
to crack the concrete cover when no confining reinforcement is provided. The results are
plotted in Figs. 4 .1, 4.2, and 4.3, where “W. & C” denotes data from Williamson and Clark
(2000) and “Mori.” denotes data from Morinaga (1988). In the calculation of failure bar
pressures using Eq. 3.26, the following parameters are used: bar diameter d = 8 mm,
concrete cover ¢ varies from 4 mm to 16 mm, crack number n = 1, and the characteristic

length [, = 240 mm, 228.5 mm, 110.7mm for f,’=3.5, 5, and 8 MPa, respectively.

16
14
12
10

Pmax(MPa)

o N A O
*

0.5 1 1.5 2
c/d (ft'=3.5MPa)

m— W&C Mori = = = Proposed Model

Fig. 4.1: Comparison of the bar failure pressures between Eq. 3.26 and some

experimental results with f;’=3.5 MPa
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Fig. 4.3: Comparison of the bar failure pressures between Eq. 3.26 and some

experimental results with 7,’=8 MPa

Compared with the experimental data from Williamson and Clark (2000) and Morinaga
(1988), the results from the proposed model show similar trends. Values of the bar failure
pressures from the proposed model are generally higher than those of Williamson and Clark

(2000) and lower than those of Morinaga (1988). As the ¢/d increases, this divergence
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becomes larger from Williamson and Clark’s data and smaller from Morinaga’s results.
Unlike Williamson and Clark’s experimental data, the bar failure pressures of the proposed
model increase with the increase of concrete strength. Generally speaking, the failure bar
pressures linearly increase with the ratio ¢/d. For the same concrete cover, as the bar
diameter increases, the failure pressure is reduced. This is because the larger rebars have
larger surfaces areas, and therefore have higher possibility to cause the surrounding concrete
to crack. Along with the increase of concrete strength, the maximum bar failure pressure

also increases.

4.2.2. Comparison with confined experimental results

From experimental tests, Noghabai (1995) obtained the critical bar pressures required to
induce cracking of the concrete cover for concrete cylinders with confinement located in the
cracked region (see Table 4.2).

Table 4.2: Maximum bar failure pressures (MPa) from Noghabai (1995)

Confinement=06@28 mm Confinement=06@ 14 mm
n Pmax(MPa) n Pmax(MPa)
f:’=3.78 MPa 4 28.9 5 31.8
Ji’=5MPa 4 31.7 5 38.7
fi'=8 MPa 1 50 6 48.7

where n is the number of observed cracks.

52




In order to assess the validity of the proposed Eq. 3.47, which provides the required

pressure to induce longitudinal cracking when confining reinforcement is located in the

cracked region, data from Noghabai (1995) are compared with the resuits from the proposed

model. In the calculation of failure bar pressures using Eq. 3.47, the values of parameters

used are those used by Noghabai (1995), as listed in Table 4.3.

Table 4.3: Parameters used in calculating the bar failure pressures using Eq. 3.47

E{(GPa) | G(Nm/m?) I, dy rs e n

£’=3.78 MPa 33 105 240 18 40.5 1385 | 4
f;'=5MPa 39.4 145 229 18 40.5 1385 | 4
f,’=8 MPa 412 172 111 18 40.5 138.5 | 46

The comparison results are plotted in Fig. 4.4, where “Nog.(14,28)” denotes the bar

failure pressures with confinement of @6@14 mm and @6@28 mm from Noghabai (1995),

and “proposed(14,28)” denotes the bar failure pressures with confinement of @6@14 mm

and @6@28mm from the proposed model given by Eq. 3.47.
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Fig. 4.4: Comparison of the bar failure pressures between Eq. 3.47 and Noghabai’s
experimental data (1995)

From the comparisons, it is found that the proposed model with confinement of @6@ 14
mm located at a distance of 7,=40.4 mm measured from the rebar center is very close to the
experimental data from Noghabai (1995). On the other hand, the proposed model with
confinement of @6@28 mm shows large discrepancy when compared with Noghabai’s data.
The discrepancy between the proposed model and Noghabai’s data becomes very large when
using n=1 and f;’= 8 MPa to calculate the bar failure pressure. This is because Noghabai’s
experimental data is not affected by the number of observed cracks; on the contrary, the

proposed model is very sensitive to the crack number, n.

4.3. Comparisons of model with finite element analysis

For the sake of investigating the corrosion-induced damage of reinforced concrete (rc)
bridge decks, Zhou (2005) set up a numerical model using the finite element program
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ABAQUS/Standard. In his model, the geometry of the rc bridge deck was dependent on the
diameter of the rebar, d, the clear cover of the reinforced concrete bridge deck, ¢, and the

spacing between rebars, s (see Fig. 4.5).

Corrosion build-up
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Fig. 4.5: Geometry of bridge deck model (adapted from Zhou (2005))

To simulate the actual damage of rc bridge decks due to corrosion, he meshed the above
model into two finite element models (see Figs. 4.6 and 4.7) with linear and quadratic
elements. In his models, he made three assumptions:

1. The rc deck was in a state of plain strain (i.e, £.=0).

2. The corrosion products were uniform around the surface of the rebar.

3. The quality and strength of the concrete were assumed to be time-independent.

The performance of both meshes was established by using a damaged plasticity model for

concrete. The uniform displacement increments were applied on every node of the finite

55



elements along the rebar surface to simulate corrosion build-up around the rebar surface.
The damage caused by corroding reinforcing bars was predicted by observing the
displacement Ad around the rebar surface by using the Visualization module of

ABAQUS/CAE.

Fig. 4.6: Finite element mesh for linear elements (adapted from Zhou (2005))

] J 11 BEWi 11
i anBuEs|
i } A 11 1
IIIIIJ #N \l\ ] 2N 1‘1l11\1111]
1171 1 L 11
NSNS NSSREEN ISR N AN 7 S s Lty
| REUABEERRRNNY IEEFEN Ll Iy EEREEnNENi
1111 ™~ i
P
b =
- ]
-
-
el
-
-
h

13 TURARNY
Tl
INEEEN]

INNERESRENi

TIA VIV ANRY

Fig. 4.7: Finite element mesh for quadratic elements (adapted from Zhou (2005))

In Zhou’s models, the concrete splitting strength was taken as f,'=0.33,/f.' and the
modulus of elasticity of concrete E. was taken as E ,=4700,/ f,". By running the model in
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the finite element program ABAQUS, Zhou obtained a series of values for the rebar radial
displacement corresponding to the critical corrosion build-up levels at which initial and
longitudinal cracking occur.

A comparison of the values of corrosion build-up causing cracking initiation and
longitudinal cracking of concrete cylinders obtained by the analytical models presented in

Chapter 3 and the finite element analyses presented by Zhou (2005) is made in this section.

4.3.1. Cracking initiation

The model for initiation of cracking at the surface of the reinforcing bar is formulated by
combining Eq. 3.12 and Eq. 3.49 as follows:

M = e e T2+ @12Xd 12+ 0)') 4.2)

Tables 4.4 and 4.5 present the comparative results between the finite element results
obtained from Zhou (2005) for an rc bridge deck and the results from Eq. 4.2. Material
properties used in this comparison between the finite element model and the proposed model are

taken as follows: /. =30 MPa, /', = 1.8 MPa, E. = 25.7 GPa, and v=0.2.
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Table 4.4: Ad, for an rc bridge deck with rebar diameters of 11 and 16 mm

4d, (mm) (Zhou (2005))

Ad(mm)(Author’s results)

¢(mm) d(mm) s(mm)

(FEM) (Eq.4.2)
35 1 81 0.0016 0.001467
35 11 86 0.0016 0.001467
35 11 92 0.0016 0.001467
35 11 100 0.0020 0.001467
35 11 110 0.0020 0.001467
35 11 120 0.0020 0.001467
35 11 160 0.0020 0.001467
50 11 80 0.0016 0.001612
50 11 111 0.0016 0.001612
50 11 120 0.0016 0.001612
50 11 152 0.0020 0.001612
50 11 160 0.0020 0.001612
50 11 218 0.0020 0.001612
65 11 80 0.0016 0.001613
65 11 141 0.0016 0.001613
65 11 160 0.0020 0.001613
65 1 195 0.0020 0.001613
65 11 205 0.0020 0.001613
65 11 275 0.0020 0.001613
35 16 80 0.0016 0.002133
35 16 86 0.0016 0.002133
35 16 105 0.0016 0.002133
35 16 115 0.0020 0.002133
35 16 130 0.0020 0.002133
35 16 173 0.0020 0.002133
50 16 80 0.0016 0.002339
50 16 116 0.0016 0.002339
50 16 140 0.0016 0.002339
50 16 157 0.0020 0.002339
50 16 170 0.0020 0.002339
50 16 230 0.0020 0.002339
65 16 80 0.0016 0.002342
65 16 146 0.0016 0.002342
65 16 170 0.0016 0.002342
65 16 200 0.0020 0.002342
65 16 210 0.0020 0.002342
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Table 4.5: Ad, for an rc bridge deck with rebar diameters of 20 and 25 mm

4d, (mm) (Zhou(2005))

Ady (mm)(Author’s results)

c(mm) d(mm) s (mm)

(FEM) (Eq.4.2)
35 20 80 0.0020 0.002667
35 20 90 0.0020 0.002667
35 20 110 0.0020 0.002667
35 20 120 0.0020 0.002667
35 20 130 0.0020 0.002667
35 20 182 0.0020 0.002667
50 20 80 0.0020 0.002900
50 20 120 0.0020 0.002900
50 20 140 0.0020 0.002900
50 20 160 0.0020 0.002900
50 20 180 0.0020 0.002900
50 20 240 0.0020 0.002900
65 20 120 0.0020 0.002924
65 20 150 0.0020 0.002924
65 20 180 0.0020 0.002924
65 20 204 0.0020 0.002924
65 20 220 0.0020 0.002924
65 20 297 0.0020 0.002924
35 25 80 0.0028 0.003333
35 25 95 0.0026 0.003333
35 25 130 0.0026 0.003333
35 25 160 0.0030 0.003333
35 25 200 0.0030 0.003333
50 25 80 0.0024 0.003641
50 25 125 0.0020 0.003641
50 25 160 0.0030 0.003641
50 25 252 0.0030 0.003641
65 25 130 0.0024 0.003650
65 25 155 0.0024 0.003650
65 25 190 0.0030 0.003650
65 25 310 0.0030 0.003650
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The results listed in Tables 4.4 and 4.5 are also plotted in Fig. 4.8 as a function of ¢/d
versus Ad), where “Zd=11mm” means the data from Zhou (2005) with rebar diameter equal
to 11 mm and “Pd=11mm” means the data from the proposed model with rebar diameter
equal to 11 mm, etc. In order to eliminate the interactive influence from the adjacent rebars,

only the values of FEM Ad; with larger rebar spacing in Table 4.5 are plotted.
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Fig. 4.8: Influence of c/d on the level of corrosion build-up for cracking initiation

Figure 4.8 illustrates that Ad) obtained from the proposed model is not constant. The
computed values vary with the change of rebar diameter and the ratio of concrete cover to
rebar diameter. On the contrary, the finite element results reported by Zhou (2005) show the
unchanged constant values through all the range of the ratio ¢/d. However, the average value

from the proposed model shows the same trends as that of the FEM results.
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4.3.2. Longitudinal cracking

The model for longitudinal cracking of the concrete cover is formulated by combining Eq.

3.26 and Eq. 3.49 as follows:

Ad, = 2
E[(d/2+c)* —(d/2)]

[(d/2) +(d/2)(d/2+¢)]1 Py 4.3)

where pymax is the maximum value given by Eq. 3.26 with e varying from d/2 to d/2+c.
Tables 4.6 and 4.7 present the comparative results between the finite element results
obtained from Zhou (2005) for an rc bridge deck and the proposed model from Eq. 4.3.
Material properties used in this comparison between the finite element model and the
proposed model are taken as follows: . = 30 MPa, f/*; = 1.8 MPa, E. = 25.7 GPa, v= 0.2,
n=3, [,=240 mm. The characteristic length /; is a value dependent on the fracture energy Gy
concrete modulus E., and concrete splitting strength f;’ (see section 3.2.2). For a concrete
with f°, = 1.8 MPa and E, = 25.7 GPa, the characteristic length /,=240mm. Noghabai (1995)
experiments showed that when the number of cracks-n ranged between 2 and 10, the bar
failure pressures were very sensitive to it. Although the crack number-» can take any value,
it is not realistic for a concrete cylinder to show such cracking behaviour, and also it is very
conservative to estimate the concrete cylinder splitting capacity when it fails with only 2
radial cracks. Hence, in this section, the crack number-zn is taken as 3. For the influence of
the crack number-n on the bar failure pressure due to the corrosion build-up, chapter 5 will

give more details.
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Table 4.6: Ad, for an rc bridge deck with rebar diameters of 11 and 16 mm

c(mm) d(mm) s(mm) Ad, (mm) (Zhou(2005)) Ad, (mm)(Author’s results)

(FEM) (Eq.4.3)
35 I3 92 0.0230 0.002752
35 11 100 0.0226 0.002752
35 11 110 0.0240 0.002752
35 11 120 0.0240 0.002752
35 11 160 0.0230 0.002752
50 11 111 0.0354 0.003760
50 11 120 0.0350 0.003760
50 11 152 0.0350 0.003760
50 11 160 0.0340 0.003760
50 11 218 0.0340 0.003760
65 11 80 0.0520 0.004403
65 11 141 0.0516 0.004403
65 i1 160 0.0510 0.004403
65 11 195 0.0500 0.004403
65 11 205 0.0500 0.004403
65 11 275 0.0510 0.004403
35 16 86 0.0178 0.002842
35 16 105 0.0164 0.002842
35 16 115 0.0170 0.002842
35 16 130 0.0170 0.002842
35 16 173 0.0160 0.002842
50 16 80 0.0290 0.003831
50 16 116 0.0286 0.003831
50 16 140 0.0278 0.003831
50 16 157 0.0260 0.003831
50 16 170 0.0270 0.003831
50 16 230 0.0290 0.003831
65 16 146 0.0402 0.004784
65 16 170 0.0394 0.004784
65 16 200 0.0380 0.004784
65 16 210 0.0390 0.004784
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Table 4.7: Ad, for an rc bridge deck with rebar diameters of 20 and 25 mm

c(mm) d(mm) s(mm) A4d, (mm) (mm) (Zhou(2005)) Ad, (mm)(Author’s results)

(FEM) (Eq4.3)
35 20 90 0.0150 0.002931
35 20 110 0.0150 0.002931
35 20 120 0.0150 0.002931
35 20 130 0.0150 0.002931
35 20 182 0.0140 0.002931
50 20 80 0.0264 0.003900
50 20 120 0.0272 0.003900
50 20 140 0.0270 0.003900
50 20 160 0.0260 0.003900
50 20 180 0.0260 0.003900
50 20 240 0.0230 0.003900
65 20 120 0.0426 0.004846
65 20 150 0.0364 0.004846
65 20 180 0.0350 0.004846
65 20 204 0.0350 0.004846
65 20 220 0.0350 0.004846
65 20 297 0.0350 0.004846
35 25 80 0.0186 0.003051
35 25 95 0.0172 0.003051
35 25 130 0.0174 0.003051
35 25 160 0.0160 0.003051
35 25 200 0.0170 0.003051
50 25 80 0.0258 0.003998
50 25 125 0.0258 0.003998
50 25 160 0.0270 0.003998
50 25 252 0.0210 0.003998
65 25 130 0.0396 0.004622
65 25 155 0.0352 0.004622
65 25 190 0.0370 0.004622
65 25 310 0.0370 0.004622

The comparison results in Tables 4.6 and 4.7 are plotted in Fig. 4.9 as a function of c/d
versus Ad,. In general, the proposed analytical model underestimates the required level of

corrosion build-up to induce longitudinal cracking.
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Fig. 4.9: Influence of c/d on the level of corrosion build-up for longitudinal cracking

4.4. Summary of model behaviour

By introducing the linear relationship of ¢, and o; in the concrete softening region, the
proposed model shows close results when compared with the experimental/numerical data
from Morinaga (1988), Noghabai (1995), Williamson and Clark (2000), and Zhou (2005).
Compared with models that do not account for the concrete softening behaviour in the
calculation of the failure bar pressures due to the corrosion build-up around the rebars, the
proposed model presents very high values of the bar failure pressures. The bar failure

pressures depend on many parameters such as the ratio of concrete cylinder cover to rebar
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diameter-c/d, crack number-n, characteristic length-/,, equivalent length of confinement-/.,,
as well as the location of confinement r,. When changing these parameters, the maximum
bar failure pressures correspondingly change. This process is validated by the comparison

results with some researchers’ experimental/numerical data.
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Chapter 5. Parametric Analysis

5.1. Introduction

In chapter 3, equations 3.26, 3.41, and 3.47 are proposed based on the strain compatibility of
& = &y (see Eq. 3.17) and the relationship between o, and w (see Eq. 3.16) in the concrete
softening region. The model presented in Eq. 3.26 illustrates the relationship of bar pressure
and crack front in unconfined concrete. The model in Eq. 3.41 shows the influence of the
confinement on the bar pressure when the confinement is located in the uncracked concrete
region. The model described by Eq. 3.47 exhibits the effects of the confinement on the bar

pressure when the confinement is located in the cracked concrete region.

In order to study the sensitivity of Egs. 3.26, 3.41, and 3.47, simulations are presented in
Appendix A, and the effects of the input parameters on the bar failure pressures are studied
in this chapter. The chosen analyses cover normal strength concrete (NSC), high strength
concrete (HSC), and very high strength concrete (VHSC). In this thesis, NSC refers to
concrete with a tensile strength of 3.8 MPa, HSC refers to a concrete with a tensile strength
of 5 MPa, and VHSC refers to a concrete with a tensile strength of 8 MPa. This division has
been adopted to compare the results with the experimental data reported by Noghabai

(1995).
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5.2. Sensitivity analysis

An analysis was conducted to study the sensitivity of the proposed models to the various
input parameters, and it is presented in Appendix A. In each concrete strength level, two
different rebar diameters d (8 and 16 mm) with various concrete cover thicknesses ¢ (0.5d to
2d) were considered in the analyses using Eqs. 3.26, 3.41, and 3.47. Because of the
nonlinearity of the above equations, in order to find the maximum bar failure pressures in
the concrete cover, iterative calculations were performed with respect to an arbitrary crack
front e. The maximum rebar pressure was selected as the bar failure pressure inducing
cracking in the concrete cover due to corrosion build-up. The values of the crack front-e
corresponding to the bar failure pressures are the critical crack fronts, at which levels the

longitudinal cracks occur.

5.2.1. Input parameters

Input parameters related to concrete material properties used in the sensitivity analysis are
listed in Table 5.1.

Table 5.1: Summary of concrete properties

Specimen | E (GPa) /i’ (MPa) Gy (N/mm) I, (mm) f.(MPa)
NSC 33 3.8 0.105 240 40
HSC 39.4 5.0 0.142 228.5 70
VHSC 41.2 8.0 0.172 110.7 178

where E, is the elastic modulus of concrete, Gy is the fracture energy of concrete, f;’ is the
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tensile strength of concrete, /, is the characteristic length for concrete, and /. is the concrete
compressive strength. This latter parameter was obtained from converting the tensile
strengths reported by Noghabai (1995) according to f," = 0.6‘/f for high strength concrete
(ACI Committee 363, 1997) and 0.33 \/f for normal strength concrete. Other input
parameters required in Eqs. 3.26, 3.41, and 3.47 are the equivalent area of spiral bar 4,,,
which was set to 1.01 mm?/mm for an spiral bar of @6@28 mm, and the elastic modulus of

steel E;, set equal to 210 GPa. Values of /, corresponding to different number of cracks are

listed in Table 5.2 (based on Noghabai’s experimental data).

Table 5.2: Values of /q
Crack No. 1 3 4 5 6 -7
leg(mm) 254 85 64 51 42 36

To make systematical and continuous comparisons, the analyses are sorted into several
groups. Each group has the same strength properties (see Table 5.1), same crack numbers
(here, n is only taken as 2 for all analyses), same bar diameters (d), and same concrete cover
thickness (¢). In order to find the maximum bar failure pressures pma, the crack front e is
varied from d/2 to d/2+c for unconfined specimens, from d/2 to r, for specimens where the
confining reinforcement is located in the uncracked region of the concrete cover, and from r;
to c+d/2 for specimens where confinement is provided in the cracked region of the concrete
cover. All results are tabulated in Tables Al through A24. The format of each table is as

follows: material characteristics are displayed on the first row of the table; crack front (e)
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varies as previously described and is presented on the second row of the table; the third,
fourth, and fifth rows of the tables exhibit the bar pressures calculated using Egs. 3.26, 3.41,
and 3.47, respectively, at the corresponding crack fronts; finally, the last column of the table
gives the maximum bar failure pressure. For visualization purposed, the results are also

plotted in Figs. Al to A24.

5.2.2. Summary of test results

In order to easily make comparisons, the maximum bar pressures of all analyses from
Tables A1 through A24 are listed and illustrated in Tables 5.3, 5.4, 5.5, and Figs. 5.1, 5.2,

and 5.3. The notation used in the following tables and figures is as follows:

c/d- ratio of concrete cover thickness to rebar diameter
Pmax: maximum bar failure pressure (MPa)
Nd: normal-strength concrete

Hd: high-strength concrete

vd: very-high-strength concrete

UNd:  normal-strength concrete and no confinement provided

UHd:  high-strength concrete and no confinement provided

UVd:  very-high-strength concrete and no confinement provided
CUNd: normal-strength concrete and confinement in uncracked region

CUHd: high-strength concrete and confinement in uncracked region
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CuVvd:

CCNd:

CCHd:

CCvd:

Table 5.3: Maximum bar pressures for unconfined concrete

very-high-strength concrete and confinement in uncracked region
normal-strength concrete and confinement in cracked region
high-strength concrete and confinement in cracked region

very-high-strength concrete and confinement in cracked region

Unconfined Pmax (MPa)
c/d Nd=8mm | Nd=16mm | Hd=8mm | Hd=16mm | Vd=8mm | Vd=16mm
0.5 3.75 3.71 493 4.87 7.9 7.6
1 7.4 7.25 9.73 9.5 15.2 14.6
1.5 11 10.6 143 14 223 21
2 14.5 13.9 19 18.2 29 27

Table 5.4: Maximum bar pressures for concrete confined at uncracked region (r;

=d/2+3c¢/4 mm)
Confined @
Pma(MPa)
uncrackedpart

c/d Nd=8mm | Nd=16mm | Hd=8mm | Hd=16mm | Vd=8mm | Vd=16mm
0.5 9.85 6.7 11.7 8.2 18 12.7

1 13.5 10.3 16.4 12.8 25.4 19.4
1.5 17 13.6 21.1 17.1 32.2 25.5

2 20.5 16.7 25.6 21.3 38.7 314
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Table 5.5: Maximum bar pressures of concrete confined at cracked region (r; = d/2+c/5

mm)
Confined @
Pmax(MPa)
crackedpart
c/id Nd=8mm | Nd=16mm | Hd=8mm | Hd=16mm | Vd=8mm | Vd=16mm
0.5 28.1 16.4 40.2 233 94.2 52.8
1 329 21 46.7 29.6 106 63.5
1.5 37.6 25.6 53 35.6 117 73.3
2 422 29.6 59.2 41.3 127 82.2

The data in Tables 5.3, 5.4, and 5.5 are illustrated in Figs. 5.1, 5.2, and 5.3, respectively.

0.5 1 1.5 2
c/d

—+—UNd=8 —=—UNd=16 + UHd=8 ——UHd=16

Fig. 5.1: Illustration of py.. versus c/d for unconfined concrete (Eq. 3.26)
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0.5 1 1.5 2
c/d

——CUNd=8 —+—CUNd=16 + CUHd=8 —+— CUHd=16
———CUVd=8 ----- CUVd=16

Fig. 5.2: Ilustration of p,.. versus c/d with confinement at uncracked region (Eq. 3.41)

140
120 e T
100 =TT
CEE
e v e
S 60 | e .
g 40 . * A —
™ 2 ——— ——— "
O i o
0.5 1 1.5 2
c/d
——CCNd=8 —=—CCNd=16 + CCHd=8 —— CCHd=16
----CCVd=8 ------ CCVd=16

Fig. 5.3: Illustration of p.. versus ¢/d with confinement at cracked part (Eq. 3.47)
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5.3. Effectof 1.’

From the above results, it is found that the bar failure pressures increase slightly with the
increase of the concrete tensile strength £;”. In other words, the bar failure pressures of the
proposed models are basically independent of parameter f;". In order to compare the test
results in terms of pn.. versus f;’, the concrete tensile strength f;’ is converted to f. according
to £,=0.6[f." for high and very high strength concretes (ACI Committee 363, 1997) and
0.33 \/f for normal strength concrete, and the new comparison results are plotted in Fig.
5.4.

Figure 5.4 shows that the effects of the concrete strength /.’ on the rebar failure pressures
pmax for both Eq. 3.26 (longitudinal cracking without confinement) and Eq. 3.41
(longitudinal cracking with confinement in uncracked region) are very slight. On the
contrary, the influence of concrete strength on rebar failure pressure for Eq. 3.47

(longitudinal cracking with confinement in cracked region) is very obvious.

5.4. Effect of c/d

The ratio of concrete cover to the rebar diameter-c/d has significant effect on the bar failure
pressure. With the increase of the ratio of c¢/d from 0.5 to 2, the bar failure pressures increase
almost 2 to 3 times of the original values. To illustrate the effect of c¢/d on the bar failure
pressure, the results for the concrete cylinder model with rebar diameter d=16mm is plotted

in Fig. 5.5 as an example.
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50 100 150
fc' (MPa)

| —e—Eq3. 26 — —Eq3. 41

Eq3. 47 |

Fig. 5.4: Effect of concrete strength on the rebar failure pressures

$588388

Pmax(Mpa)

= N
(== =]

—m—Eq326(nor)  —@—Eq.3.26(h) — a— Eq.3.26(ver)
— — Eg.3.41(nor) — @ - Eq.341(hi) Eq.3.41(ver)
- -a= - EQ.347(nor) ——— Eq.3.47(hi) ——Eq.3.47(ver)

Fig. 5.5: Effect of c/d on the bar failure pressures
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5.5. Effect of n

In order to find the effect of the number of cracks » on the bar failure pressures, Egs. 3.26,
3.41, and 3.47 are plotted against the number of cracks-n. Parameters used in the calculation
are set as follows: 4.,= 1.01 mm?/mm for the spiral bar confinement of V6@?28 mm, E;=
210 GPa, E. = 41.2GPa for elastic modulus of VHSC concrete, Gy= 0.172 N/mm, f;’ =
8 MPa for the tensile strength of VHSC concrete, d = 16 mm, ¢ = 32 mm, /,= 254 mm for

the equivalent length of the confining rebar crossing cracks, and /,= 111 mm.

The above parameters were plugged into Egs. 3.26, 3.41, and 3.47 to determine the
maximum pressures required to induce cracking of the concrete cover for different values of
n ranging from 1 to 10. The influence of the number of cracks on the rebar pressure pmq, is

illustrated in Fig. 5.6.

From Fig. 5.6, it is found that the bar failure pressures are slightly dependent on the
number of cracks-n. Although the crack number-n can take any value, it is not realistic for a
concrete cylinder to show such cracking behaviour (Noghabai, 1995), and it is also very
conservative to estimate the concrete cover splitting capacity when it fails with only 1 or 2
radial cracks. Hence, it is suggested that the number of cracks-n be taken as 3 in the

proposed equations.
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= = Eq.3.26(no confinenent) \
-——e —Eq. 3.41(confinement in the el astic region) 1
{ =—Eq. 3.47(confinement in the cracked region) |

oo

Fig. 5.6: Effect of number of cracks on the bar failure pressures
5.6. Effectof ],
In chapter 3, it was shown that /, ~ EG, /£ where Gr is the true fracture energy
calculated from Gr = f " o(w)dw . The concrete characteristicv length /, reflects the flexibility

of concrete, and it is in inverse proportion to the concrete strength. Increasing /, means
reducing the material brittleness, and the material becomes more plastic. The parameters
mentioned in section 5.5 are used in Egs. 3.26, 3.41, and 3.47 to find the effect of /, on the

bar failure pressures. The results are shown in Fig. 5.7.
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Fig. 5.7: Effect of /, on the bar failure pressures
By increasing the values of the concrete characteristic length /, from 111 to 240 mm, a
slight increase of the critical bar pressures is observed. In other words, the bar failure
pressures are independent of /,. This is because the characteristic length /, reflects the
fracture properties of concrete. Without correspondingly modifying the concrete strength,
modulus, as well as the fracture energy (see the expression of [, in chapter 3), the

characteristic length does not affect the bar failure pressures.

5.7. Effect of confinement

Because the confinement index 4., does not affect Eqs. 3.26, only Eqs. 3.41 and 3.47 are
chosen to make the comparison. The parameters mentioned in section 5.5 are used in the
calculations using Egs. 3.41 and 3.47 to find the effect of the confinement on the bar failure

pressures with respect to 4.,. The results are shown in Fig. 5.8, wherein 4., is ranged from 1
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mm?%m to 3.5 mm?*/m.

By comparing to the confinement located at the concrete uncracked regions, the
confinement located at the concrete cracked regions can substantially increase the cracking

capacity of the concrete cover as illustrated in Fig. 5.8.

45
40

Pmax(Mpa)
S a B BR 8§

1 15 2 Ay 25 3 35

= = = Eq.3.41(confinement in uncracked)
e £ 3.47(confinerment in cracked)

Fig. 5.8: Effect of confinement on the bar failure pressures

On the contrary, when the confinement is located at the cracked regions, the splitting
capacity of the concrete cylinder decreases with the increase of the ratio of r, to d. This is
because when the confinement is located near the rebar center at the cracked regions, the

spiral reinforcing steel sustains higher tensile stresses, which contributes to the higher

concrete splitting capacity.
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In order to study the effect of the location of the confinement on the bar failure
pressures, the location 7, of the confinement is set as the variable in the calculations using
Eqgs. 3.41 and 3.47, with all the parameters defined in section 5.5 remaining the same. The

results are shown in Fig. 5.9.
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{
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|

Pmax(MPa)

l i | ; i
05 06 07 08 0.9 1 11 12 13 14 15
rs/d

i

o

Eq.3.41(confinement at uncracked) >

§ = == Eq.3.47(confinement at cracked)

Fig. 5.9: Effect of the location of the confinements on the bar failure pressures
It is found that the contribution of the location of the confinement on the bar failure
pressures decreases with the increase in the distance when the confinement is located in the
cracked regions and increases with the distance when the confinement is located in the
uncracked regions. Usually, when the confinement is located very close to the rebar, the
maximum bar failure pressure is governed by the location of the confinement r,. This is

because the crack front quickly reaches the confinement, whereas the function established in
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Eq. 3.41 does not exhibit a parabola-like peak point yet. In other words, the maximum bar
failure pressure is obtained from Eq. 3.41 by setting the crack front e equal to r;. Once the
crack front e exceeds the confinement r;, Eq. 3.41 must be replaced by Eq. 3.47 to calculate
the maximum bar failure pressure.

Compared with the concrete characteristic length /, and the number of cracks-n, the
confinement provided in the cracked concrete can make a larger contribution to the bar
failure pressure. Considering many factors such as economy, conditions of construction site,
and current engineering technology, confinement in concrete will be the first choice to

enhance the concrete splitting capacity in resisting the cracking of the concrete cover.
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Chapter 6. Concluding Remarks

6.1. Summary

In this thesis, a concrete thick-wall cylinder subjected to internal pressure is used to simulate
corrosion-induced damage and describe the relationship between stresses and strains in the
concrete cover. The concrete discussed in this thesis is assumed isotropic and elastic. Under
these assumptions, formulae describing the relations of stresses and strains, stresses and
corrosion build-up, and stresses and confinement in the cylinder ring model were derived. In
order to assess the sensitivity of these models, simulations where the concrete strength
varied from normal strength to very high strength were carried out. Comparisons between
the results from the proposed models in this thesis and that from other researchers were
made. At last, the effects on the proposed models due to some parameters such as the
number of cracks, the concrete characteristic length, and confinement were clearly

identified.

6.2. Conclusions

From the parametric analysis, it is found that bar failure pressures increased with the
increase of the ratio of ¢/d. The number of cracks n and concrete characteristic length /, have

a smaller effect on bar pressures compared with the ratio of ¢/d. Confinement played a very
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important role in enhancing the concrete cover tensile capacity, and the effect of
confinement is obvious from the results. For the same concrete cover thickness, smaller
diameter bars have higher bar failure pressures than larger diameter bars do. Among the
above factors, the most significant parameter affecting bar failure pressure is the ratio of c/d,
and the least significant parameter affecting bar failure pressure is the reinforcing bar
diameter-d.

The models proposed in this thesis use for the first time a linear relationship of
stress/strain and a constant elongation in the concrete softening region. This approach differs
from previous researchers such as Tepfers (1979), Van der veen (1990), and Noghabai
(1995). By applying fracture mechanics in the proposed models, the state of stresses and
strains in the concrete cover can be reasonably predicted, as illustrated in chapter 4, where
comparisons are made with the experimental data from Williamson and Clark (2000) and
Morinaga (1988), and numerical data from Zhou (2005). The comparison results between
the proposed model and experimental data show that the results from the proposed model
follow the same trends as the experimental data. In other words, the proposed models are
practical and feasible.

Compared with the finite element results from Zhou (2005), the proposed models show
some conservative trends in predicting the bar failure pressures. This source of discrepancy
is mostly due to the use of different geometries of the models, as well as the application of

the anisotropic behaviour of the concrete under softening conditions (e.g. the linear
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relationship of stress/strains and the constant elongation in the concrete softening regions) in
the calculation of bar failure pressures. Realistically, most concrete structures are in the
shapes of rectangle rather than circle, such as the rectangular rc deck, which can provide
more resistance to cracking than just assuming the cover as a thick-wall cylinder. Therefore,
idealizing the concrete cover as a thick-wall cylinder subjected to internal pressure provides
conservative estimates of the cover’s resistance to corrosion-induced cracking. In order to
eliminate the discrepancy of the results between the proposed model and the finite element
data, and also improve the accuracy of predicting the bar failure pressures, influence from
the geometry as well as the more accurate relationship between the stresses and the strains in

the softening regions should be introduced in the future.

6.3. Future work

Due to the lack of some parameters of anisotropic material such as Eq, Ey, Vi, and v, the
assumption that the material is isotropic is applied in this thesis. As a result, the effects of
anisotropy are neglected. However, concrete under softening behaviour is known to show
very strong anisotropic propertigs, which cannot be neglected in the model analysis.
Consequently, the introduction of these anisotropic effects will be necessary in future
research works. Nonetheless, in this thesis, the model developed provides a basic tool for
understanding and analysis of the associated mechanical problem. Along with the extension

of research and the development of technology, more detailed and general cases such as
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members with irregular cross sections rather than circular, and steel cables rather than

straight single steel rebars need to be studied.
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Appendix A

Table Al: Results for group 1

NSC d&=8mm c=4mm c/d=0.5 §<e<c+% n=2
e 4 4.5 5 5.5 6 6.5 7 7.5 8 | pPomax
Eq. 3.26 ps 228 [2.70 |3 328 {348 [3.62 |3.7 3.74 |3.75 |{3.75
Eq. 3.41
py | 462 |557 |64 7.2 7.9 853 19.05 1949 |9.85 |9.85
e<r<ctry
Eq. 3.47
Py | 25.5 |26 26.5 1269 272 |275 [27..7 {279 |28.1 |28.1
ra<rs<e
8 .
7. . x x s * * ) )
6 .
5
4
24
3, ) .
2 e M i
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1 | ] L ] | ] ]
= u "
o : L | : .
4 4.5 5 556 6 6.5 7 7.5 8

Fig. Al: Illustration of p,/f;’ versus crack front e for group 1

crack front e(mm)

—a— unconfined —— confined@uncrack part —— confined@cracked part
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Table A2: Results for group 2

NSC &=8mm c=8mm c/d=1 %<e<c+-g- n=2
e 4 5 6 7 8 9 10 11 12 | Pomax
Eq.326 | p, |3.04 {429 |53 6.09 |6.67 1706 |73 7.4 7.4 7.4
Eq.3.41
ps |428 1619 [792 (942 (106 |11.7 | 125 |13.1 | 135 | 135
e<r,<ctry
Eq.3.47
ps 262 [27.8 |29 30.1 |31 31.7 1322 |326 (329 |329
ra<rs <e
10 .
9 . .
8 — —
7 f—
6
S 5.
(oW }
4 i R
3 — . i
! ./
2 } ./’/- - - o - -
1 :___/_/__—-—/--——*“"""
0 | = . | :
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crack front e(mm)

—m—unconfined —s— confined@uncrack part —s— confined@cracked part

Fig. A2: Illustration of py/f;’ versus crack front e for group 2
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Table A3: Results for group 3

NSC d=8mm c=12mm c/d=1.5 %<e<c+-‘-2i- n=2

e 4 55 7 85 10 [ 115 ] 13 | 145 | 16 | pomas

Eq326 | p» |335 |55 |73 |87 |9.75 |104 [108 |11 109 |11

Eq.3.41
py |41 7 9.6 11.8 [ 13.6 |15 16 16.6 |17 17
e<r,<c+ry
Eq.3.47
py |265 [29.1 [31.4 (332 |34.7 |358 [36.6 |372 |37.6 |37.6
ra<rg <e
12
10 | \ . .
: e e
; P
8 ; /‘
] —
&
£ %
4 e . . .
% 0/;/I n - b .
2 1/34'/
0 ! ST B | S ; ;
4 55 7 " 85 10 115 13 145 16

crack front e(mm)

—s—unconfined —*— confined@uncrack part —s— confined@cracked part

Fig. A3: Illustration of p,/f,’ versus crack front e for group 3
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Table A4: Results for group 4

d

NSC d4d=8mm c=16mm c/d=2 §<e<c+§- n=2
e 4 6 8 10 12 14 16 18 20 | Pomax
Eq.326 | p» |35 6.6 93 11.3 [ 128 |13.7 (143 | 145 [ 144 | 145
Eq.3.41
py |4 7.8 113 (142 [16.5 (182 194 [20.1 |20.5 |20.5
e<ry<ctry
Eq.3.47
pr 1267 [304 [33.6 (362 [38.3 [39.8 {409 [41.7 |42.2 |422
ra<rs <e
12 :
10 | e ) )
/A/‘
8 ! A
o —
S 6
=9 JE—. - .
4 0/./I . . .
; o/l/.
2 ' ‘%-/
a/ -
0 : ; :
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—s—unconfined —e— confined@uncrack part —a— confined@cracked part

Fig. A4: Illustration of p,/f;’ versus crack front e for group 4
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Table AS: Results for group 5

NSC d4=16mm c=8mm ¢/d=0.5 §<e<c+§ n=
e 8 9 10 11 12 13 14 15 16 | Pomax
Eq3.26 | p» |[2.28 | 2.7 3 3.3 35 3.6 3.67 |3.71 | 3.7 3.71
Eq.3.41
P |3.67 {434 |49 54 5.8 6.2 6.4 6.6 6.7 6.7
e<ri<ctry
Eq.3.47
py (139 |144 149 | 153 (156 |159 (16,1 (163 | 164 | 164
ra<rs <e
D i
45 f \ .
4, " 2 . i} )
35 ‘
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6\'1 25
2 . A N .
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05— -
0 | i ) .
8 9 10 11 12 13 14 15 16
crack front e(mm)
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Fig. A5: Illustration of py/f;’ versus crack front e for group §
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Table A6: Results for group 6

NSC d=16mm c=16mm c/d=1 %<e<c+% n=

e 8 10 12 14 16 18 20 22 24 | pomax

Eq3.26 | p» |3 43 53 6.1 66 |7 719 | 725 |72 1725

Eq.3.41
pr |38 54 6.8 7.9 8.8 9.4 99 10.1 {103 | 10.3
e<r.<ctry
Eq.3.47
py | 146 (162 |17.5 |18.5 | 194 |20 205 (209 |21 21
ra<rs <e
6 .
S /A/‘/‘
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Fig. A6: Illustration of py/f;” versus crack front e for group 6
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Table A7: Results for group 7

d

d

NSC d&=16mm c=24mm c/d=1.5 5<e<c+3 =2
e 8 11 14 17 20 23 26 29 32 | Pomax
Eq.3.26 | p» 34 5.5 7.3 8.7 96 | 103 | 106 | 10.6 | 10.5 | 10.6
Eq.3.41
Db 38 6.4 8.6 103 | 11.7 | 126 | 132 | 13.5 | 13.6 | 13.6
e<r,<ctry
Eq.3.47
Db 15 17.6 | 19.8 | 21.5 23 24 248 | 253 | 255 | 255
rqa<rs <e
8 P
7 . .
6 — )
5 : ‘/
40—
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Fig. A7: Illustration of py/;’ versus crack front e for group 7
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Table A8: Results for group 8

NSC d4d=16mm c¢=32mm c/d=2 %<e<c+£21- n=2

e 8 12 16 20 24 28 32 36 40 | Pbmax

Eq3.26 | p» |35 |66 |92 112 1126 | 134 |13.8 | 139 [13.6 |13.9

Eq.3.41
pr |38 7.3 103 [12.7 | 145 [15.7 [ 164 |16.7 |16.6 | 16.7
e<ri<ctry
Eq.3.47
py |15.1 | 188 [219 |244 |265 |279 (289 |29.5 |29.8 [29.8
rqa<rs <e
9
8 . .
A/A/-
g4 e . . .
3. .%;/'————
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15,/
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Fig. A8: Illustration of py/f,’ versus crack front e for group 8
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Table A9: Results for group 9

HSC d=8mm c=4mm c¢/d=0.5 §<e<c+§ n=
e 4 4.5 5 5.5 6 6.5 7 7.5 8 | Pomax
Eq326 | p» |35 4 43 45 47 |48 49 492 1493 493
Eq.3.41
py |57 6.8 7.9 8.8 9.6 102 108 |11.3 |11.7 | 11.7
e<ry<ctry
Eq.3.47
ps | 366 [374 |38 386 |39 394 1398 |40 40.2 | 40.2
rqa<rg <e
9 H
8 . N . " " .
77 )
6
€5
£ 4
3
2 | . . . . .
1 ;""i . - - - = L] ] ]
4 45 5 55 6 6.5 7 7.5 8

crack front e(mm)

—um— unconfined —¢— confined@uncrack part —s— confined@cracked part

Fig. A9: Illustration of py/;’ versus crack front e for group 9
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Table A10: Results for group 10

HSC d4=8mm c=8mm c¢/d=1 §<e<c+% n=2
e 4 5 6 7 8 9 10 11 12 | Pomax
Eq326 | p» |4 5.6 7 8 8.7 93 9.6 973 (9.72 [{9.73
Eq.3.41
py |54 7.9 10 11.7 (132 | 145 | 154 |16 164 | 164
e<ry<ctry
Eq.3.47
py |37.6 |40 41 43 44 45 457 1463 | 46.7. | 46.7
rqg<rs <e
10
9 . . . . "
8 %/A/‘/
77
6
S 5
A |
4
3 R — . *
2 /'/: - " . » .
1 ";;—-—‘—_—-
0 ' ! ’ '
4 5 6 7 8 9 10 1 12

Fig. A10: Illustration of py/f;’ versus crack front e for group 10

crack front e(mm)

—a— unconfined —e— confined@uncrack part —a— confined@cracked part
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Table A11: Results for group 11

HSC d4-8mm c=12mm c/d=1.5 §<e<c+% n=2
e 4 5.5 7 8.5 10 11.5 13 14.5 16 | pomax
Eq3.26 | p» |44 7.3 9.6 114 (128 |13.7 [142 (143 | 142 | 143
Eq.3.41
py |53 9 122 |15 17.1 |18.8 [ 199 |20.7 |21.1 {21.1
e<r,<ctry
Eq.3.47
py |38 415 445 | 47 49 50.5 | 516 [524 |53 53
rqa<rgs <e
12
10 s . . y
i A/‘
. ‘/‘/
€ 6
a,
4 o . . .
0"/: ™ » =
» "
2 0/34-
0
4 55 7 8.5 10 11.5 13 14.5 16

crack front e(mm)

—a—unconfined —e— confined@uncrack part —a— confined@cracked part

Fig. Al11: Illustration of py/f;’ versus crack front e for group 11
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Table A12: Results for group 12

HSC d4=-8mm c=16mm c¢/d=2 -‘2£<e<c+§ n=
e 4 6 8 10 12 14 16 18 20 | Pomax
Eq3.26 { p» |4.6 8.7 122 1148 |16.8 |18 18.8 | 19 189 |19
Eq.3.41
ps |52 10.1 | 145 |18 209 (23 244 |[253 [256 |25.6
e<r,<ctry
Eq.3.47
ps | 382 |43 47.5 |51 53.8 {559 | 574 |58.5 [59.2 |59.2
rqa<rs <e
14
12 . .
i peee—
0 /‘/‘/
& 6
4 — . . . .
- aéaﬂn_—————-
a/
0 . - i S - ! b N
4 6 8 10 12 14 16 18 20

crack front e(mm)

—a— unconfined —e— confined@uncrack part —a— confined@cracked part

Fig. A12: Illustration of py/f;’ versus crack front e for group 12
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Table A13: Results for group 13

HSC d4=16mm c=8mm c/d=0.5

d

d
—<e<ct+—
2 2

n=2

10

11

12

13

14

15

16

Pbmax

Eq.3.26

Db

35

43

4.6

4.7

4.8

4.87

4.86

4.87

Eq.3.41

e<r;<ctry

Db

4.6

54

6.1

6.7

7.2

1.5

7.9

8.2

8.2

Eq.3.47

ra<rs <e

Db

20

20.6

21.2

21.7

222

22.6

23

23.1

233

233

5,
45

35 |

4 ;/A/‘

*

10

11

12

crack front e(mm)

14

15

—a— ynconfined —+— confined@uncrack part —a— confined@cracked part

Fig. A13: Illustration of py/f;’ versus crack front e for group 13

16
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Table A14: Results for group 14

d

HSC d=16mm c=16mm c/d=1 §<e<c+5 n=2
e 8 10 12 14 16 18 20 22 24 | Pomax
Eq326 | p» |4 5.6 7 8 8.7 9.1 9.4 9.5 945 |95
Eq.3.41
py |49 7 8.6 10 11 119 124 | 127 |12.8 |12.8
e<r,<ctry
Eq.3.47
ps |20.8 (229 |24.6 |26 272 |28 288 1293 (29.6 |29.6
ra<rg <e
7
6 . . .
; I "
5 pe—A
/
. 4 ‘/‘
é 3, A .
2 — . . . .
s
0 = I ' ot t i
8 10 12 14 16 18 20 22 24
crack front e(mm)

—s—unconfined —+— confimed@uncrack part —s— confined@cracked part

Fig. A14: Illustration of py/f;’ versus crack front e for group 14
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Table A15: Results for group 15

HSC d4=16mm c=24mm c/d=1.5 %<e<c+% n=2
e 8 11 14 17 20 23 26 29 32 | Pbmax
Eq3.26 | p» 4.4 7.3 96 | 114 | 126 | 13.5 | 139 14 13.7 14
Eq.3.41
Db 5 8.2 11 133 | 149 16 16.7 | 17.1 | 17.1 | 171
e<r,<ctry
Eq.3.47
Db 212 1 247 | 277+ 30 32 | 335|344 | 351 | 356 | 35.6
ra<rs <e
81
7 I . a
6 | —
5 .
- . R .
3l /’,. " =
| * W
2 i
1 _l_/ -
0‘ | | ¢
8 11 14 17 20 23 26 29 32

crack front e(mm)

—s—ynconfined —*— confined@uncrack part —a— confined@cracked part

Fig. A15: Ilustration of py/f;’ versus crack front e for group 15
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Table A16: Results for group 16

HSC d=16mm c¢=32mm c/d=2 §<e<c+§ n=
e 8 12 16 20 24 28 32 36 40 | Pomax
Eq.3.26 Dp | 4.6 8.3 12.1 | 147 {165 [176 [18.1 {182 |17.8 |18.2
Eq.3.41
Db 5 9.5 134 |[16.4 | 187 |20.2 |21 213 [21.2 {213
e<ry<ctry
Eq.3.47
Db 214 {264 {306 |34 36.7 {386 |40 40.8 1413 [ 413
rqa<rs <e
9,
8 | e 2 .
l
7 I ‘/‘
6 : /A/
& S 1/‘
a 4 A ———e . . .
3 /:;‘ﬂ—__. - -
| /‘/
2 { ‘0‘/
1 ./
01‘ 3 - - - . 1 i 1 H
8 12 16 20 24 28 32 36 40

crack front e(mm)

—u—unconfined —¢— confined@uncrack part —s— confined@cracked part

Fig. A16: Illustration of py/f;’ versus crack front ¢ for group 16
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Table A17: Results for group 17

VHSC d=8mm c=4dmm ¢/d=0.5 %<e<c+% n=
e 4 4.5 5 5.5 6 6.5 7 7.5 8 Pbmax
Eq.3.26 Db 4.8 5.7 6.4 6.9 73 7.6 7.7 7.9 7.7 7.9
Eq.3.41
Db 9 10.8 | 124 | 13.8 15 16 16.8 | 17.5 18 18
e<ri<ctry
Eq.3.47
Db 872 1 885 | 89.7 [ 90.8 | 91.7 | 925 |1 93.2 | 93.7 | 94.2 | 94.2
ra<rs; <e
14
12 . . . . A
10 )
e 8
& g 5
2, . . . . . .
0* " — " " " "
4 45 5 5.5 6 6.5 7 75 8

crack front e(mm)

—m—unconfined —¢— confined@uncrack part —a— confined@cracked part

Fig. A17: Illustration of py/f;’ versus crack front e for group 17

104




Table A18: Results for group 18

VHSC d=8mm c¢=8mm c¢/d=1 §<e<c+% n=2
e 4 5 6 7 8 9 10 11 12 | pomax
Eq.3.26 | p» 6.4 9 11.1 | 128 | 139 | 147 | 15 | 152 | 15.1 | 15.2
Eq.3.41
Db 87 | 124 | 158 | 18.6 | 21 | 226|239 | 248 | 254 | 254
e<r<ctry
Eq.3.47
pr | 888 924 | 955|982 | 100 { 102 | 103 | 105 | 106 | 106
ra<rs <e
14
2
10 -
« 8
4
2:";‘/;/; . - ] -
0 :
4 5 6 7 8 10 11 12

crack front e(mm)

—m— unconfined —<— confined@uncrack part —a— confined@cracked part

Fig. A18: Illustration of py/;’ versus crack front e for group 18
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Table A19: Results for group 19

VHSC d=8mm c=12mm c/d=1.5 §<e<c+% n=2

e 4 55 7 8.5 10 | 115 | 13 | 145 | 16 | pomax

Eq.3.26 | p» 7 11.6 | 154 | 182 | 203 | 21.5 | 22.2 | 223 | 21.9 | 223

Eq.3.41
Db 84 | 142 1193 | 235|268 | 293 | 39 | 319322 | 322
e<ry<ctry
Eq.3.47
pr | 894 (955|101 | 105 | 109 | 112 | 114 | 115 | 117 | 117
ra<rs <e
16 ;
14 I o °
A/A
10 ¢
€ 8
a i
6
4 . * ¢
| —— ™ - n =
t 0/.——_—_.-____
25/._/-
4 55 7 8.5 10 115 13 145 16

crack front e(mm)

—=—unconfined —+— confined@uncrack part —s— confined@cracked part

Fig. A19: Illustration of py/f;’ versus crack front e for group 19
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Table A20: Results for group 20

VHSC d4d=8mm c=16mm c¢/d=2 %<e<c+% n=
e 4 6 8 10 12 14 16 18 20 | Pomax
Eq.3.26 | p» 7.4 14 194 | 23.5 1264 | 282 | 29 29 | 284 29
Eq.3.41
Db 83 {16.1 | 229 | 285 | 32.7 | 358 | 37.7 | 38.6 | 38.7 | 38.7
e<r<ctry
Eq.3.47
Db 89.7 | 984 | 106 | 112 | 117 | 121 124 | 126 | 127 | 127
ra<rs <e
18
16 | . " R
14% A"’_""'—_-—-——-_-‘.—l_—_l_-—'-
& 10?
& 8
6 ! -
4? ——T M .
2 i’,,é.6.%.’._-’—:—"'-——"" * - - -
0‘? - I ¢
4 6 8 10 12 14 16 18 20

crack front e(mm)

—s—unconfined —*— confined@uncrack part ~——s— confined@cracked part

Fig. A20: Illustration of py/f;’ versus crack front e for group 20
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Table A21: Results for group 21

VHSC d=16mm c=8mm c¢/d=0.5 %<e<c+% n=2
e 8 9 10 11 12 13 14 15 16 | Pbmax
Eq.3.26 | ps 4.8 5.7 6.4 6.8 7.2 7.5 7.6 7.6 7.5 7.6
Eq.3.41
Po 7.2 8.5 96 | 106 | 11.3 | 119 | 123 | 125 | 12.7 | 12.7
e<r<ctry
Eq.3.47
pr | 459 | 473 | 486 | 496 | 50.5 | 51.2 | 51.8 | 524 | 52.8 | 52.8
ra<rs <e
7 .
6. . . . g ) )
5
& 4
&3
2: Y &
1 ;——-—-———; - o » ™ = ™
0 : L t i i .
8 9 10 1 12 14 15 16

crack front e(mm)

—s— unconfined —<— confined@uncrack part —s— confined@cracked part

Fig. A21: Illustration of py/f;’ versus crack front e for group 21
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Table A22: Results for group 22

VHSC d=16mm c=16mm c/d=1 %<e<c+§ n=2

e 8 10 12 14 16 18 20 22 24 | Pbmax

Eq.3.26 | ps 6.4 9 11 126 | 13.7 | 143 | 146 | 145 | 142 | 14.6

Eq.3.41
Db IN) 11 136 | 158 | 174 | 184 | 19.1 | 194 | 193 | 194
e<ry<ctry
Eq.3.47
Db 476 | 51.2 1 543 | 569 | 59 | 60.6 | 62 | 62.8 | 63.5 | 63.5
rqa<rs <e
9
8 , . & A
7 I A/A/-
€5
& 4 :
3
2 \ o—"""a . . - u
P )
0 1 ' 1 o o _ i B 1
8 10 12 14 16 18 20 22 24

crack front e(mm)

—s— unconfined —+— confined@uncrack part —a— confined@cracked part

Fig. A22: Illustration of p,/f,’ versus crack front e for group 22
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Table A23: Results for group 23

VHSC d4=16mm c=24mm c/d=1.5 §<e<c+-§ n=2

e 8 11 14 17 20 23 26 29 32 | Pomax

Eq.3.26 | p» 71 | 116 | 152 | 18 | 19.7 |1 207 | 21 | 20.7 | 20 21

Eq.3.41
Db 79 | 13.1 | 174 | 208 | 23.2 [ 24.7 | 255 | 25.5 | 25.1 | 25.5
e<ry<ctry
Eq.3.47
Db 48.2 | 543 | 59.5 | 63.7 67 70 714 | 72.6 | 73.3 | 73.3
rqa<rg <e
10
9 e » s
8 | e
=W |
s
3 ‘ . ¢ M * ¢
2 | .%.’.’:’——-—:‘/"—_' - : .
1 o=
|
0 ' o T . i I . |
8 11 14 17 20 23 26 29 32

crack front e(mm)

—u—ynconfined —e— confined@uncrack part —s— confined@cracked part

Fig. A23: Illustration of p,/f;’ versus crack front e for group 23
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Table A24: Results for group 24

d

d

VHSC d=16mm ¢=32mm c¢/d=2 E<e<c+—2- n=2
e 8 12 16 20 24 28 32 36 40 | Pomax
Eq.3.26 | p» 7.4 14 19.1 23’ 2551267 | 27 | 262 | 24.7 | 27
Eq.3.41
Db 8 15.1 { 21.1 | 25.6 | 28.8 | 30.7 | 31.4 | 31 30 | 314
e<rs<ctry
Eq.3.47
Db 485 | 57.1 1644 | 703 | 748 | 78.1 | 803 | 81.6 | 82.2 | 82.2
ra<rs <e
125
10 | I . .
: —
81 /A/‘/
& 6 L/A
£ 7
4‘ e ¢ ; ¢ *
E Q/‘/. . .
2 | = —
—
0| - , . ,
8 12 16 20 24 28 32 36 40

crack front e(mm)

—a—unconfined —+— confined@uncrack part —s— confined@cracked part

Fig. A24: Illustration of py/f;’ versus crack front e for group 24
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