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Abstract

The irradiation of crystalline materials in environments such as nuclear reactors

leads to the accumulation of micro and nano-scale defects with a negative impact

on material properties such as strength, corrosion resistance, and dimensional

stability. Point defects in the crystal lattice, the vacancy and self-interstitial,

form the basis of this damage and are capable of migrating through the lattice

to become part of defect clusters and sinks, or to annihilate themselves. Re-

cently, attention has been given to High Entropy Alloys (HEAs) for fusion and

fission components, as some materials of this class have shown resilience to

irradiation-induced damage. The ability to predict defect diffusion and accel-

erate simulations of defect behaviour in HEAs using Machine Learning (ML)

techniques is consequently a subject that has gathered significant interest. The

goal of this work was to produce an unsupervised neural network capable of

learning the interatomic dynamics within a specific HEA system from Molecular

Dynamics (MD) data in order to create a Kinetic Monte Carlo (KMC) type predic-

tor of defect diffusion paths for common point defects in crystal systems such as

the vacancy and self-interstitial. Self-interstitial defect states were identified and

purified from MD datasets using graph-isomorphism, and a proof-of-concept

model for the HEA environment was used with several interaction setups to

demonstrate the feasibility of training a Graph Convolutional Network (GCN)

to predict vacancy defect transition rates in the HEA crystalline environment.
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CHAPTER 1
Introduction

With the proliferation of newer and more powerful algorithms as well as larger datasets

of physical-chemical properties, advances in understanding the composition and config-

uration dependent properties of engineered materials have been achieved with multiple

Machine Learning (ML) models including ordinary least squares (OLS) [3], Artificial Neural

Networks (ANNs) [4], Recurrent Neural Networks (RNNs) [4], and Crystal Graph Convo-

lutional Neural Networks (CGCNNs) [5]. Of these, Graph Neural Networks (GNNs) have

been of great interest in searching for catalyst/energy materials using local descriptors for

material representations (such as atomic position, number, and bond length/distance), as

both molecules and crystalline structures map cleanly into the flexible graph representa-

tion [6, 7] and graphs can readily account for Periodic Boundary Conditions (PBCs) [5, 8].

While much work has been conducted on determining the basic properties of such materials

and screening them, some attention has also been directed to the use of ML models as proxies

or hybrid models to reduce the time-expense of computer simulations and experiments in

areas such as crystal plasticity [4], 2D materials growth [9], and defect migration, particularly

Kinetic Monte Carlo (KMC) [10, 11].

This work focuses on one category of emerging engineered materials, High Entropy Alloys

(HEAs), a class containing materials with highly desirable properties. In order to better

understand these materials, some background knowledge will be summarized in Chapters

2 and 3. Some background on the techniques used in this work is also contained in Chapters

4-6.

Much of the design and synthesis of HEAs to the present was done by a combination

1



Chapter 1 - Introduction 2

of phase diagram calculations and trial-and-error [12, 13], however ML is becoming an

increasingly used tool for the study and design of HEAs. Properties such as phase formation

[12, 13], phase volume [12], yield strength [12] have all been used to train ML models such

as K Nearest Neighbours (KNN), Support Vector Machines (SVMs), and Fully-Connected

Neural Networks (FCNNs), using HEA features such as atomic concentration and entropy

of mixing [13]. Many-atom, maximally entropic configurations for HEA solid solution

structures have also been probed by simulations based on hybrid ANN-neural evolution

networks [14].

In addition, there is no shortage of work using atomistic techniques such as Kinetic Monte

Carlo (KMC), Molecular Dynamics (MD), and Density Functional Theory (DFT) to study

HEAs, which tend to focus on the behaviour of lattice defects [10, 15–17, 17–31]. Hybrid

workflows that combine ML with atomistic techniques have also seen use in materials

science, for pure metals and for HEAs. One example is the use of ML models to learn

DFT-comparable interatomic potentials [8, 32, 33], the rules for interactions between 2 or

more atoms that govern MD simulations [34]. Further examples include predictions for

the growth properties of thin films from KMC data [9], or of energy barriers for defect

diffusion [35]. Other recent work has shown that certain types of convolutional ANNs,

provided with sufficiently informative training data, can make predictions on complex

properties that approach the accuracy of DFT results [8, 36]. The area of defect migration in

HEAs has specifically seen attention very recently, with ANNs being used to investigate the

behaviour of the vacancy defect in a hybrid ANN-KMC technique [37].

HEAs are difficult to study using popular techniques such as DFT because either the size

of the simulation cell needs to be very large to capture a representative sample of HEA

behaviour or many different samples need to be averaged [17]. This thereby incurs a large

computational cost for HEA research. The MD technique is also hindered by the difficulty

of producing an accurate MD interatomic potential force field for HEAs [16].

Precedents for graph-based representations of lattice systems [5, 38], hybrid atomistic-

ML systems [8, 9, 32, 37], trained proxies for more computationally-intense methods [36],

a method for approximating diffusion dynamics via unsupervised learning [1], and a
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reasonable HEA interatomic potential to use [33], led to work that had, from the knowledge

gleaned in the literature search, been under-explored. The use of GNNs using local HEA

atomic configurations as feature inputs. This led to the development of several projects, the

most significant can be briefly summarized as follows.

The use of subgraph isomorphism to classify and extract self-interstitial defects from MD

trajectories for the purpose of providing training data for high throughput graph-based ML

techniques. Described in Chapter 7.

The development of a graph-based ML proxy for MD calculations, trained using MD data

and based on the principles of KMC, used to both predict and accelerate the diffusion

dynamics present in an Face Centred Cubic (FCC) HEA environment made using a ML

developed potential [33]. Described in Chapter 8.



CHAPTER 2
Crystals & Defects

2.1 Alloys & Crystalline Materials

An alloy is a mixture of a metal and at least one additional element, which may be a metal

or a non-metal. Alloys are ubiquitous in the human world and have been for thousands of

years, early examples include bronze (Sn and Cu) and steel (Fe and C) [39]. Alloys are useful

because the properties of the base metal such as ductility, electrical/thermal conductivity,

and hardness can be selectively altered by alloying.

Metals, as well as many solids, exist in repeating, efficient, and ordered configurations

that minimize the total free energy of the system. These configurations are called crystals

and such materials are called crystalline. An individual crystal can also be called a grain,

particularly in metallurgy. Alloys often exhibit a multitude of individual grains that have

formed together in the material in different orientations and compositions. The disordered

regions where grains border each other are called grain boundaries (Figure 2.1) and are

usually only a few atoms thick [40].

4



Chapter 2 - Crystals & Defects 5

Figure 2.1: A 2D illustration of an arbitrary crystalline material. (A) Several arbitrarily
sized and coloured grains. (B) A view of example atoms in three grains from the crystal
in the prior image, showing different orientations present in each. Grain boundaries are
represented by dark lines around the perimeter of each grain.

2.1.1 Crystals

Different crystal geometries are distinguished using their fundamental repeating substruc-

ture, called a unit cell. For example, the simple cubic unit cell defines a crystal lattice that can

be abstracted as a series of cubes stacked along the principle 3D axes with atoms only at

the corners of each cube (Figure 2.2) [41]. Note that although the atoms in a unit cell for

a particular type of crystal are typically illustrated as whole atoms, they are counted as

fractions of atoms for finding how many atoms are contained within a single unit cell of

the crystal. How much of an atom is counted as being within a unit cell depends on the

number of adjoining cells that an atom is a member of. In the simple cubic system, each

of the 8 atoms illustrated is a member of 8 cells in total, and so the simple cubic unit cell

encloses a total of 1 atom [41]. Another useful concept is coordination number, which is the

number of equidistant atoms to each atom in the unit cell; this is equivalent to the number

of first nearest neighbours to that atom. The size of the unit cell differs between crystals of

different materials and is typically defined by lattice parameters a, b, and c which represent

the lengths of the various cell dimensions. In cubic systems a = b = c and so the lattice

parameter is simply referred to as a. Lastly the atomic packing factor should be noted, a

unitless measurement of the maximum packing efficiency of a given crystal type.

Most crystalline materials can be represented by one of a small list of known unit cells [42].

The type of unit cell a crystal has is of great importance to material properties such as

ductility, strength, conductivity, as well as their macroscopic crystal appearance [40,43]. The
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Figure 2.2: A representation of the simple cubic crystal unit cell, where an atom is found in
each of the corners of a cubic lattice. Moving from left to right in the figure the unit cell is
repeated, forming the basis of an arbitrary simple cubic crystalline material.

packing efficiency of the unit cell helps determine the stability of the crystal. For instance, the

simple cubic structure used as an example in Figure 2.2 is too unstable to form under most

conditions, and Polonium is the only element that naturally adopts this form [44]. The most

common of these basic lattice structures are the Body Centred Cubic (BCC), Face Centred

Cubic (FCC) (also called Cubic Close Packed [45]), and Hexagonal Close Packed (HCP) unit

cells, shown in Figure 2.3 [40, 41]. Of these, the cubic forms are most relevant to this work

and the FCC lattice in particular is extensively discussed in Section 2.1.1.

Figure 2.3: Representations of the most common crystal unit cells in nature and industry,
(A) FCC, (B) BCC, (C) HCP [40]

The BCC unit cell is similar in appearance to the simple cubic cell, with the distinction that

it has a single atom placed in the centre of the cell and at each corner [40]. This atom brings

the total number of atoms in a BCC cell to 2 whole atoms [41]. The FCC cell is more visually

complicated and is a simple cubic cell type modified by the addition of an atom placed in

the middle of each of the 6 faces of the cube, resulting in 4 whole atoms per unit cell [41].
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Face Centred Cubic (FCC) Crystals

As briefly described in Subsection 2.1.1, FCC crystals have a cubic unit cell with atoms

positioned at each corner of a cube as well as in the centre of each of the 6 faces, with 4 whole

atoms per FCC unit cell. The cell has the lattice parameter a = 2
√
2R where R is the radius

of the constituent particles, and each atom has a coordination number of 12 [46]. Elements

with natural FCC structures on earth tend to be the more ductile metals such as gold, silver,

nickel, and aluminum, among others [39, 40, 46]. The cell structure is very efficiently packed

and stable, with an atomic packing factor of 74% [39, 46]. This is the greatest value that can

be obtained without taking advantage of heterogeneous structures or interstitial sites [46].

A primitive vector set contains all the vectors necessary to completely describe the ideal lattice

positions in a specific unit cell. The primitive vector set that describes the FCC unit cell as

shown in Figure 2.3 (A) is noted in Equations 2.1, 2.2, and 2.3 [47], where a is the lattice

parameter that defines a cube such that a = b = c.

a1 =
a

2
ŷ +

a

2
ẑ (2.1)

a2 =
a

2
x̂+

a

2
ẑ (2.2)

a3 =
a

2
x̂+

a

2
ŷ (2.3)

From the primitive vector set of the FCC cell it can be shown that any atom is equidistant

from the coordinating atoms in its cell at a distance of a√
2
. Let a single lattice site be

considered at an arbitrary position. From this site there are 12 atoms remaining in the cell

that can be grouped by geometry into three square planes in contact with 4 atoms each,

centred on the chosen lattice site. The atoms in the XY plane can be reached by ±a1 ∓ a2,

±a3; the atoms in the YZ plane can be reached by ±a1, ±a2 ∓ a3; and the atoms in the XZ

plane by ±a2, ±a1 ∓ a3. Each of the resulting vectors has the length a√
2
.
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2.1.2 Crystal Orientation

The orientation of a crystal is relevant for both mechanical and chemical properties of

crystalline materials. The most obvious reason for this is that the surface density of the

atoms in a crystal determines how many atoms are exposed at the interface of the crystal

with surrounding media such as the atmosphere and chemical etchants [48]. Another way

that orientation contributes to the properties of crystalline materials is that the relative

positions of atoms in the unit cell define the directions of greatest and least energetic

resistance for movement of those atoms during deformation [49].

The orientation distribution of grains in a crystalline alloy is not only relevant to chemical

properties, but also affects the stress-strain behaviours of the material by rendering them

anisotropic (orientation dependent) [50]. Grains can be found either in random or preferred

orientations, which can be produced by mechanical treatments of the material [40].

Crystal orientations are represented as planes described by a set of three integer values

called Miller Indices, written in the form (hkl). These numbers are determined by taking

the inverse of the intercept of a plane with each of the principal axes of the unit cell. For

instance, a plane that intersects the x-axis of a cubic unit cell at 1 lattice parameter of distance

from the origin (corner) and does the same for the y and z axes is said to have Miller Indices

of (hkl) = (1/1, 1/1, 1/1) = (111), illustrated in Figure 2.4 (A). In crystals with cubic unit

cells, the vector [hkl] is normal to the crystal plane defined by (hkl) and moving along a

vector of a(hkl) ends in a point symmetrically identical to the starting position of the vector,

assuming an infinite perfect crystal lattice. Planes and vectors that are identical by symmetry

are grouped into families designated as {hkl} and <hkl> respectively.

One additional concept to note that is relevant to crystal planes is slip, a mass movement or

glide of atoms in a crystal along a specific direction [40,51]. The most common slip directions

and slip planes in a crystal are grouped into symmetrically identical families called slip

systems [51]. Slip is easier in systems that are cubic as well as those that are closely packed,

hence the generally greater ductility of FCC metals compared to BCC metals [40, 51].

As the FCC cell is the cell focused upon in this body of work, the surface and properties

of the FCC cell will now be described. The FCC cell, as outlined in Subsection 2.1.1 and
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Figure 2.4: Examples of planes belonging to common families in cubic crystalline materials.
(A) {111} (B) {110} (C) {100}. Due to their low Miller Index values, these are referred to as
low index planes.

Figure 2.3 possesses parts of 12 participating atoms within a cubic volume of dimension

a. By cutting an FCC unit cell along planes belonging to the common families (Figure 2.4),

different crystal surfaces are formed (Figure 2.5 and Figure 2.6). Of these surfaces, the

Figure 2.5: A diagram of the most common faces in the FCC crystal system. The plane
surfaces are shown in light grey, with geometry on the back facing of the plane shaded and
geometry on the front facing absent from the unit cell. (A) (111) (B) (110) (C) (100)

.

FCC {111} family of planes is the densest, with a 3-layer repeating symmetry instead of

the 2-layer symmetry of the {110} and {100} planes. An example of the influence of plane

facing on corrosion is slow etching of this plane in some circumstances due to the high

density of bonds on that surface, and a higher density of pits when exposed to prolonged

corrosion [48].
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Figure 2.6: Surfaces within a single unit cell corresponding to the families of FCC planes
presented in Figure 2.5. Atoms at the top layer are shaded red, atoms at the first sub-layer
dark silver, atoms in the second sub-layer blue. (A) {111} (B) {110} (C) {100}

2.1.3 Solid Solutions

Chemically, a solution occurs when a solute material is dissolved in a solvent. At equilibrium

the distribution of the solute should be uniform within the solvent, creating a homogeneous

mixture. A solid solution is a material where both the solute and the solvent exist in the solid

state and one material has generally been distributed randomly and uniformly across the

volume of another [52].

The alloy brass, formed by mixing Zn and Cu together, is an example of a common solid

solution, and Cu is often alloyed to mitigate its softness with elements such as Sn or

Ni [52, 53]. This type of solid solution alloy is called a substitutional solid solution, since

the solute atoms occupy lattice positions in the crystal structure of the alloy that would

otherwise be occupied by the solvent atoms in the pure solvent structure (Figure 2.7). The

distribution of the solute in a solid solution is not always truly random, and there may be

short-ranged order, clusters within the solution (preferential clustering of certain elements)

or precipitate phases with their own crystal structures (Figure 2.8) [52–56].

Figure 2.7: A concept of an arbitrary (A) pure metal and (B) binary (2 element) alloy with a
substitutional type
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In solid solutions, it is important that the solute element(s) are soluble in the solvent. An

example of a good pairing is Cu and Zn, where Zn has a solubility greater than 35% [53].

However, even highly soluble pairings can form multiple phases as the solution becomes

saturated, resulting in two phases with distinct differences in Cu:Zn proportions instead of

a single solid solution phase [53]. For transition metals, properties such as atomic radius,

crystal structure, and electronegativity play a role in determining solubility [57].

Figure 2.8: A concept of an arbitrary binary solid solution alloy exhibiting (A) Short-range
order B) Short-range clustering (C) Precipitate phases

Solid solution alloys also benefit from a phenomenon called solid solution hardening in which

the presence of varied atoms in the lattice leads to changes in the local elastic constants

and stress fields around those atoms which hinder the movement of dislocations through

their space [58]. A similar hardening effect occurs from the inclusion of larger particles in a

lattice as well, in which case it is dubbed precipitate or dispersion hardening, depending on

whether the particles are intrinsic or extrinsic to the lattice material [58]. The impairment of

dislocation movement through a lattice by obstacles such as these is referred to as pinning.

2.1.4 Catalysis & Surface Sites

In Subsection 2.1.2, the utility of different surfaces being exposed to the extra-crystalline

medium was briefly highlighted. To expand on the importance of this surface, consider

catalysts. Catalysts are materials that are capable of enabling or accelerating the rate of

chemical reactions without being consumed, by altering the energetic favourability of a

reaction. Catalysts can be categorized as homogeneous or heterogeneous catalysts depend-

ing on if they occupy the same state as the reactants of the process they catalyze or not,

respectively. Several valuable metals have intrinsic catalytic properties and are used as
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heterogeneous catalysts, with platinum being the most well known. On the surfaces of

these metallic heterogeneous catalysts, molecules preferentially adsorb to specific surface

sites which facilitate reactions such as oxygen reduction/evolution (ORR/OER) or carbon

dioxide/monoxide reduction (CO2RR/CORR) [3, 59].

2.2 Crystal Defects

A defect is any deviation from the ideal structure of a crystal lattice. Defects of many

different shapes, sizes, and compositions exist [31,60], including 0D (point), 1D (line), and 2D

(interfacial) defects [40, 60]. The dimensions in which a defect occupies a nanoscale regime

define which category each belongs to (Figure 2.9). For instance, an individual lattice atom

would be a 0D object, as it occupies a negligible space in each of the Cartesian dimensions.

A common interfacial defect is the grain boundary, introduced in Section 2.1, [40]. Voids

or bubbles in a lattice would be examples of 3D (bulk) defects, as they do not occupy a

nanoscale space [40, 60]. As this work is principally concerned with point defects, greater

attention will be given to their details. Two common types of point defect are interstitials,

where an atom occupies a typically unoccupied off-lattice position, and vacancies, where

an atom is missing from a typically-occupied on-lattice site [60]. A co-occurrence of these

two defects is called a Frenkel defect pair, where an atom is displaced into an off-lattice

site and leaves a vacancy behind it [31, 61, 62]. Point defects diffuse through their host

lattice in what is usually a thermally-activated process [63]. Since defects change the

Figure 2.9: An illustration of common defect types and their nanoscale dimensionality. In
order from top to bottom: Point defects (vacancy, interstitial), line defects (dislocation),
interfacial defects (grain boundaries), and bulk defects (voids/bubbles) [40]

structure of a crystal lattice, they can also enhance or detract from those properties that

depend on lattice structure, which makes them both of great concern and interest for defect
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engineering [63–66]. Persistent groups of vacancies and interstitials can form voids and

dislocation loops in crystalline materials, which can lead to changes in material properties

that are detrimental to engineered applications [62, 63]. For example, defects such as voids

and dislocations create stress fields in their surroundings that increase the local surface

energy, serving as sites for initiation of pitting corrosion [48].

2.2.1 Intrinsic Point Defects

The existence of intrinsic point defects is partially due to the interplay of enthalpy and

entropy in minimizing the free energy of a crystal structure during formation, in the

same general form as Equation 3.1. The ordering of atoms into the ideal lattice structure

decreases the enthalpy of the system, while as temperature rises, the entropic contribution

to the stability of the system from point defects becomes increasingly favourable [63]. An

additional example of intrinsic point defect formation is the spontaneous formation of

Frenkel defect pairs in metal lattices near their melting temperature as the energy of lattice

vibrations approaches the same order of magnitude as the defect pair formation energy [31].

However, pairs produced like this often spontaneously recombine and annihilate due to the

strain they produce on their immediate lattice surroundings, provided that they are near to

each other (0.5-2 nm) [31].

2.2.2 Interstitial Sites

Interstitial sites are off-lattice sites found in crystals, occupied by interstitial defect atoms.

Common examples include octahedral or tetrahedral sites, distinguished by the coordination

number and location of the site [60]. Both the octahedral and tetrahedral types of interstitial

sites are present in BCC lattices as well as the FCC, however they are found in different

locations, abundances, and orientations [60]. An atom of the same type as those in the

main crystal lattice, found in an interstitial site, is referred to as a self-interstitial atom, or

self-interstitial defect [60]. The stability of self-interstitial defects varies from system to

system, and annealing (heating to allow for recrystallizing) their host system can help to

transform or remove them [19, 62].
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Tetrahedral Sites

The tetrahedral interstitial site involves an interstitial atom occupying the lattice in a spot

between a corner atom and the three nearest face atoms. Tetrahedral sites occur in FCC

lattices near each of the 8 corners of the cell, as shown in Figure 2.10 [60]. A self-interstitial

defect occupying one of these sites exerts a strong influence on atomic displacement in its

surroundings compared to other point defects [19].

Figure 2.10: 3D view of the FCC tetrahedral defect form, where a self-interstitial atom (red)
has found a tetrahedral site (shaded). To the right is an example cell with all tetrahedral
sites simultaneously occupied.

Octahedral Sites

The octahedral interstitial defect form occurs in FCC lattices when the interstitial atom is in

the centre of the unit cell, where the octahedral site can be defined by the space between the

top and bottom face atoms in the cell and the four face atoms around the equator of the cell.

Octahedral sites occur in FCC lattices in the centre of the unit cell as well as along each of

the 12 edges that outline the cubic cell, as shown in Figure 2.11 [60]. There are a total of 4

sites per cell when fractional sites are accounted for. A defect residing in one of these sites

results in the highest stress and changes to atomic potential energy compared to other point

defects [19].
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Figure 2.11: 3D view of the FCC octahedral defect form, where a self-interstitial atom (red)
has found an octahedral site (shaded). To the right is an example cell with all octahedral
sites simultaneously occupied.

2.2.3 Complex Lattice Defects

There are several more categories of crystal defect caused by the presence and movement

of self-interstitials inside the lattice. Three noteworthy forms are: crowdions [19, 60, 67],

dumbbells (AKA "split interstitials") [60, 68], and saddle points (transition states) [60].

Crowdion Defects

Crowdions are a linear form of point defect, in which the interstitial atom positions itself

slightly off-lattice such that many other atoms in line with it are likewise pushed out of

their standard lattice positions (Figure 2.12) [60]. The crowdion defect exhibits the longest

ranged displacements caused by a single self-interstitial atom [19]. This form is favoured

by interstitials in BCC systems [67, 69] such as W, where migration of self-interstitial atoms

can occur by alternating dumbbell-crowdion transitions in which a dumbbell or dumbbell

variant serves as the transition state [69]. Self-interstitials can also diffuse by crowdion

motion in FCC materials [70].

Dumbbell Defects

The Dumbbell or split-interstitial is a common state for a self-interstitial defect in metallic

systems [60], particularly FCC systems [67,70]. The dumbbell is created when the interstitial



Chapter 2 - Crystals & Defects 16

Figure 2.12: A 2D sketch of an arbitrary-length crowdion in an arbitrary 2D lattice, demon-
strating the slight site shift and linearity that distinguishes this defect.

Figure 2.13: 3D view of the FCC dumbbell defect form. A self-interstitial atom (red) has
split a lattice site with another atom, creating a dumbbell pair. The area enclosed by the
nearest neighbouring atoms is shaded in.

shares a single lattice space with the atom formerly occupying it, splitting the position

between the two atoms and creating a shape resembling a dumbbell weight-lifting device

(Figure 2.13) [57, 60]. The relaxation volume due to displacement from a dumbbell self-

interstitial varies with lattice composition, but is always greater than a factor of 1 atomic

volume, values of 1.9 and 1.3 being known for FCC Ni and Cu respectively [57]. In FCC

systems the dumbbell tends to align along the < 100 > direction due to the low energy

of this configuration [60]. The dumbbell is the least affected by annealing and places less

stress on its lattice surroundings compared to the other self-interstitial point defects (in FCC

simulations) [19]. In an FCC unit cell there are six sites for a dumbbell self-interstitial to

abide in, corresponding to the positions for atoms of each face centre of the cell and oriented
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along the face normals [19]. The low migration energy barrier of dumbbell defects (< 0.15

eV) makes them a highly mobile defect form [60].

Saddle Points

The saddle point is an unstable intermediate point in the transition between defect states

where the slope of the migration energy landscape has a passing resemblance to a saddle, as

during a transition the defect must enter a state of relatively high energy with lower energy

defect states on either side of the diffusion path [57, 60, 69, 71]. The form of the defect at

the saddle point varies depending on the type of transition and the crystal system [57, 69].

Saddle points are sometimes captured in simulations of self-interstitial migration [69], as

seen in Chapter 7.

Figure 2.14: A simple representation of a dumbbell saddle point in an arbitrary 2D transition
between states A and C. (A) A dumbbell self-interstitial rests in its split site position (B) One
atom of the dumbbell (red) begins to interact with a neighbouring atom, caught between
two possible dumbbell positions at the saddle point (C) The saddle point has passed and
the dumbbell transitioned to a new configuration

2.2.4 Lattice Vacancies

A vacancy is the opposite to an interstitial in a few ways; a normally populated lattice site is

instead empty, the relaxation volume is roughly 70% of the original space [57] (values of -0.2

and -0.4 reported for Cu and Pt respectively [60]), and the formation energy is lower [60].

Surrounding atoms attempt to occupy the empty site in a thermally activated process,

causing the vacancy to migrate through the lattice [63]. Interstitial atoms and vacancies can

annihilate, with the interstitial atom filling the vacant lattice site, a key mode of recovery for

metals exposed to radiation [31]. Vacancies are less mobile than their interstitial counterparts

by several orders of magnitude, owing to a larger migration energy barrier (> 0.5 eV) [60].
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2.2.5 Trapping States

Due to the configurational entropy of an HEA or multicomponent alloy environment, there

can exist states in the distorted lattice with very negative lattice potential energies that "trap"

vacancies or self-interstitials as they diffuse through the lattice [15–17, 72, 73]. Multiple

proposed explanations and types exist. One is that trapping states for vacancies are relatively

low entropy and made mostly or entirely of a single type of atom [17]. In this case, the

atoms are thought to pack tightly due to reduced lattice distortion from differences in atomic

radius, inhibiting the escape of vacancies by increasing the migration energy barrier [17].

Recent work has supported the notion of both thermal (vacancy trapped by a favourable

position) and kinetic (vacancy trapped in a favoured oscillating pathway between states)

types of trapping for vacancies [73]. For FCC alloy self-interstitial dumbbells, oversized

solute atoms in the lattice are thought to have a trapping effect due to their contribution to

local strain [72].

2.2.6 Defect Migration

Defects migrate through their host crystals by diffusing through the lattice, displacing,

replacing, or squeezing atoms in their path using a variety of mechanisms [60]. Diffusion

coefficients for self-interstitials are significantly higher than vacancies [61, 74, 75], roughly 4

orders of magnitude in the example of high temperature Cu (7E-2 cm2

s for self-interstitials

and 5E-6 cm2

s for vacancies) [60].

Figure 2.15: A representation of the dumbbell self-interstitial from OVITO. The middle two
silver atoms are the dumbbell itself. The surrounding silver atoms on either side are the
first 4 nearest neighbours to the atoms [60]. The girdle of four atoms highlighted in red are
the second nearest neighbours to the dumbbell pair.

The movement of a self-interstitial defect through available lattice sites is expressed by the
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diffusion formula Equation 2.4 in the absence of an external stress field, where the migration

energy Em to each site is considered equivalent and Λ0 is a placeholder constant, δij is the

Kronecker delta, and β is the thermodynamic beta [61]. The available lattice sites for a

dumbbell transition are indicated in Figure 2.15 [60].

For the vacancy, Equation 2.5 applies instead, where vLV is the average lattice vibration

frequency, Em
v is the vacancy migration barrier energy, and Sm

v is the vacancy migration

entropy [61]. In both formulae the constant do is the nearest neighbour distance of the cell.

Dij =
1

6
Λ0d

2
0e

−βEmδij (2.4)

DV = vLV d
2
0e

Sm
v e

−Em
v

kBT (2.5)

Defect Movement at Grain Boundaries

Over time, a defect may diffuse through the volume of the grain where it formed and

approach the grain boundary. The behaviour of the grain boundary is to act as a defect sink,

where migrating defects can be permanently or temporarily integrated [61,67,76,77]. This is

true of some of the other extended defects in the crystal, such as dislocations and interfaces

with nonmetallic inclusions [61]. The dynamics of the interaction at grain boundaries

depends on a variety of variables including defect size, grain boundary orientation, and

irradiation intensity [67]. Studies by a combination of MD and KMC (see Section 4.1 and

Section 4.3 for more details) have shown that the geometry of the grain boundary can

change the potential energy landscape of the lattice such that the favoured configurations

and/or migration dynamics of nearby migrating defects changes markedly (ex. dumbbells

to crowdions in FCC Cu [67]) [67, 77]. Imbalance of the interstitial-vacancy equilibrium

at grain boundaries is expected due to the greater mobility of interstitials compared to

vacancies [67].
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Figure 2.16: An illustration of an impinging particle (green) creating a series of primary and
secondary (faded) knock-on atom displacements, followed by the recombination of some
induced self-interstitials (blue) with the vacancies (white) in the recovery phase.

2.3 Radiation Damage in Metallic Structures

The irradiation of metallic structures by neutrons, electrons, protons, and other forms of par-

ticle radiation damages the lattice structure by displacing atoms in the path of the impinging

radiation, as illustrated in Figure 2.16 (A) [31, 60, 74]. The initial atomic displacements in a

collision cascade occur on a timescale of t <= 1 ps, followed by a heat spike and recovery

phase roughly on the order of 1-100 ps [31, 78]. The main damage produced by simple

particle radiation impacts is the formation of Frenkel defect pairs, introduced in Section 2.2,

which consist of self-interstitial atoms and corresponding vacancies [16,31,60]. Most of these

displacement-induced defects are repaired by athermal recombination in the recovery phase

(see Figure 2.16 (B)), using kinetic energy contributed to the lattice by the Primary Knock-on

Atom (PKA) (the recoiling initially-displaced atom) and other knock-on effects [31]. After-

wards, remaining defects follow a thermally-driven migration phase [31]. This remnant

fraction has a maximum value for neutrons of roughly 30% of the initially-induced defect

population at higher energies (> 10 keV) [31,79]. Damage of this kind is generally reported in

the form of displacements-per-atom (dpa), calculated from the initial energy contributed to

the lattice by irradiation as well as the threshold energy for displacement of the constituent

atoms (averaged in the case of multiple displacement energies) [31]. The defects that persist

past the initial irradiation and recovery of the material are those in which the displace-

ment of each item in the pair is beyond their spontaneous recombination distance [31, 75].
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The presence of unresolved self-interstitials and vacancies and their subsequent clusters

(dislocation loops, voids, etc. [80]) leads to an increase in material hardness (by impeding

dislocations) and can also cause dimensional instability in the form of decreases in density

(due to void swelling) [19, 61, 74, 75, 81–84] and changes in shape due to irradiation creep

(deformation that occurs in crystals under load) [40, 74]. Over time, the contribution from

irradiation to the hardening of metals and alloys can make them more vulnerable to brittle

fracture, which is of great concern for energy applications [82, 83, 85, 86].

Defects can be captured at sinks such as grain boundaries (Figure 2.17) or precipitates, which

can assist in recombination of defect pairs [31, 74]. For this reason, exotic materials such as

nanocrystalline alloys have attracted attention due to the proximity of grain boundaries

to any possible radiation-induced defect pairs, and have shown experimental evidence of

resistance to amorphization and grain growth due to irradiation [31].

Figure 2.17: A diagram of radiation-induced defect migration. A high energy particle
(a neutron for instance) collides with a crystalline lattice, transferring energy to particles
along its path and displacing them from their sites, creating vacancies (hollow circles) and
self-interstitial defects (full circles). Some of these persist long after the initial incident, and
thermal fluctuations allow them to move through the lattice, where they can combine or, as
in this figure, migrate to grain boundaries (solid black line lines) within the crystal to be
captured, recombined, or released.



CHAPTER 3
High Entropy Alloys (HEAs)

A High Entropy Alloy (HEA) is an alloy of five or more metals mixed in equal or near

equiatomic proportions that form a diverse and useful space for new materials discovery

[3, 16, 87, 88]. The common elements used in HEAs tend to be familiar row 4-6 transition

metals such as Fe, Cu, Ni, or Al [17], but application-specific requirements may trend

towards more or less exotic compositions (e.g. nuclear materials) [16]. The definition

of the term HEA has been somewhat flexible in the past and applied to alloys with less

than five elements, as well as a range of mixture proportions [17, 88]. The requirement

for equiatomic proportions is not strictly upheld [15], and a range of 5-35% is commonly

given as acceptable [16, 88]. An alternative definition of HEA based on total configurational

molar entropy SSS exists, dividing multi-component alloys with solid solution phases into

categories of low (SSS < 0.69R), medium (0.69R < SSS < 1.61R), and high (SSS > 1.61R)

entropy, where R is the gas constant [88]. This definition is challenged by some practical

considerations [88] and thus the original compositional definition will be used herein.

In earlier works, HEAs were thought to stabilize in a simple solid solution lattice structure

by sufficient entropy of mixing [89]. The sign of the Gibbs free energy of mixing of a system

describes the spontaneity of the formation of mixtures; a negative free energy indicates a

mixture will form spontaneously from a given system. It is dependent upon three properties

of a system: temperature, entropy of mixing, and enthalpy of mixing. The entropy of mixing is

the change in entropy of a system when multiple substances are allowed to mix freely and

reach equilibrium. The enthalpy of mixing is described by changes in the pressure, volume,

and/or energy of a system in response to mixture (zero in the case of non-interacting

substances). The formula for the free energy of mixing is shown in Equation 3.1, where

22
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∆Gmix is the Gibbs Free Energy of mixing, ∆Hmix is the enthalpy of mixing, T is the

temperature, and ∆Smix is the entropy of mixing [87, 89].

∆Gmix = ∆Hmix − T ∗∆Smix (3.1)

More recent work has shown that Equation 3.1 is not sufficient to explain the stabilization of

the solid solution, and that HEAs form with greater phase variety than was initially antici-

pated [13,87,89], prompting alternate conditions for stabilization of HEA solid solutions [90].

For example, even within a single HEA that demonstrates a dominant solid solution phase,

e.g. AlCoCuNiTiZn, grains can exist with BCC or FCC solid solution phases [87]. Thus not

all HEAs can be expected to form pure solid solution structures [87], though solid solutions

are often considered a desirable ideal and used in HEA models [15–17, 33, 88].

In order to maximize the entropy of mixing, HEAs are commonly synthesized using either

plasma sintering techniques or mechanical alloying (Figure 3.1) [87]. The phase of the HEAs

obtained from these can vary, including simple phases such as FCC and BCC as well as

amorphous metallic glasses [87]. Obtaining HEA materials mostly composed of a solid

solution phase is an ongoing subject of research [89, 91], as is exploring the potential of

multi-phase HEAs [92].

Figure 3.1: An illustration of the mechanical alloying process using a ball-milling technique,
a common HEA synthesis path. Finely powdered compounds and hard balls of various sizes
are added to a rotating drum, where collisions between/with the balls alloy the different
powders together.

Part of the value of HEAs is the opportunity to tailor compositions to meet material needs as

well as discover synergistic combinations of elements with novel properties [16, 56, 88]. This

is the case in lightweight HEAs (density <= 3 g/cm3), where mechanical alloying allows

HEAs to be made using light reactive metals such as Na, Mg, etc [87]. It is worth noting
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Figure 3.2: A hypothetical HEA composed of 5 elements in roughly equal proportions
randomly positioned in a FCC (111) solid solution phase slab.

that considerations of interatomic solubility are still important to the composition design

process, as discussed briefly in Subsection 2.1.3 [91].

Figure 3.3: An illustration of an arbitrary 5-element HEA in solution, catalyzing an Oxygen
Evolution Reaction (OER) from nearby water molecules. In this graphic, a site near a
yellow atom on the surface was the most favourable, adsorbing nearby water molecules
and splitting them into gaseous oxygen and hydrogen.

Catalyst applications of HEAs are also of interest, as the large configurational diversity of

HEAs creates a distribution of surface adsorption energies, a useful space for discovery of

novel catalytic environments (see Figure 3.3, Figure 3.4) [3, 56, 59]. In addition to their use

for discovery, the alloying of extra elements to form an HEA has been shown to provide

improved yield in the case of known catalytic bimetallic materials with poor baseline

miscibility [56].

Lastly and most pertinent to this work, beneficial attributes of a number of HEAs include
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Figure 3.4: The two types of hollow site on the FCC {111} surface, the FCC (left) and HCP
(right) sites. Sites such as this have a large composition space in HEAs when considering
the interaction of 9 and 7 nearby atoms with adsorbates respectively.

properties such as high strength [87, 89, 92], low neutron activation [89, 91], resistance to

radiation damage [89], and high thermal stability [87, 89].

3.1 Radiation Damage in HEAs

The prospect of creating high strength tailored alloys out of low-activation materials has

generated interest in the exploration of HEAs for next-generation nuclear energy appli-

cations such as fission fuel cladding and fusion reactor lining, as conventional materials

may produce excessive waste or be mechanically unsuitable [16, 89, 91]. These applications

will subject materials to extremes of both temperature (> 600 C for fission) and neutron

irradiation (14.1 MeV for fusion) [16].

The basis for discussion of irradiation damage resistance in HEAs is the series of explana-

tions for reported observations of phase stability under irradiation via "sluggish diffusion"

and amorphization-recrystallization "self-healing" [81, 89, 93, 94]. The sluggish diffusion

property of HEAs (particularly slow vacancy diffusion compared to pure substances and

conventional alloys) may account for reduced defect accumulation [17, 81]. Previous work

on HEAs and radiation damage has examined both their purported self-healing properties

as well as their phase stability under irradiation. Work with HEAs such as Zr-Hf-Nb, Co-Cr-

Cu-Fe-Ni, and Al-Co-Cr-Fe-Ni under charged particle bombardment indicated persistence

of main phases (BCC, FCC, and BCC in order) in the material up to at least 10, 40, and 45
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dpa respectively, with little or no observable grain coarsening [81]. Low void swelling was

also reported [81].

The existence of unusually slow diffusion is contested, at least insofar as it applies ex-

clusively to HEAs, and it has been proposed that a highly diverse lattice displacement

energy landscape is a general property of multicomponent alloys which contributes to slow

diffusion [16, 73]. In addition, claims of extraordinary radiation resistance have not been

conclusively shown to be a trait of HEAs as a whole, or to be limited to HEAs compared to

other multi-component alloys, and as such many explanations are deficient [15, 16, 73, 88].

The chemical disorder in HEAs also makes studying crystal defects more difficult, as defect

shape and formation/migration energy are dependent on the local environment [17, 95].

The impact of lattice distortion on defect formation and behaviour has been credited with

some of the properties of interest in HEAs and is currently a subject of scrutiny [16, 88]. For

example, it has been shown in work with simulated HEAs that at room temperature the

distortion of the lattice due to thermal fluctuations can be several times stronger than the

inherent lattice distortion due to the size difference of the constituent elements [33]. It has

also been proposed that a chemically diverse lattice environment changes the distribution

of migration energies for defects, leading to an overlap of the distributions and a favourable

impact on irradiation defect annihilation [96].

In spite of the lack of consensus on the diffusion behaviour and radiation resistance of

HEAs, as well as the massive complexity of the compositional design space, the interest

generated by the study of compositional entropy and its impact on defect diffusion and

phase behaviour continues to drive the field of HEA materials science, as does the promise

of tailor-made alloys with enhanced properties [16, 88, 93].



Chapter 3 - High Entropy Alloys (HEAs) 27

Figure 3.5: An illustration of the formation of a Frenkel defect pair in a HEA due to incident
radiation. Incident radiation moves through the crystal lattice, producing a disrupted lattice
in its wake where atoms were knocked from their sites (bottom left) to arrive elsewhere
(bottom right). The empty site is the vacancy defect and the itinerant atom is the self-
interstitial component of the Frenkel defect pair.

3.2 Example - Configurational Entropy

Imagine a Region of Interest (ROI) of 12 1st nearest-neighbour atoms and a vacancy in an

ideal FCC metal lattice. In an ideal pure metal with a vacancy defect, each of these atoms

has an identical probability of being chosen for a transition and diffusion is uniformly

random, as informed by Equation 2.5. In the HEA environment equivalent, the elemental

configuration in the local environment affects the migration rate as well [16, 28, 60, 61, 97].

The pure environment has a single possible configuration of atoms, whereas an HEA with

just 3 atoms has 312 = 531441 configurations. Many are identical by symmetry (for instance,

each possible state has at least 6 simple mirror duplicates, one for each face of a cube).



CHAPTER 4
Material Simulations

4.1 Molecular Dynamics (MD)

Molecular Dynamics is a statistical mechanics technique commonly used in materials

science for deterministic simulations of the evolution of complex atomic systems using

an interatomic potential and classical Newtonian equations of motion [17, 25, 34, 98]. This

allows for accurate simulations of the behaviour of atomic systems composed of thousands

to millions of atoms on the timescale of atomic vibrations (fs) between steps, so long as

quantum effects and electronic motion are relatively unimportant to the system dynamics

[25,71,98]. The practical weaknesses of MD are its computational expense and the shortness

of the timescales it can accurately capture [98]. The latter failing is an unfortunate result of

the fact that an analytical solution to the motion of atomistic systems is not feasible, and so

in order to numerically solve the problem of their evolution, short timesteps are required to

give the best accuracy [98].

With positions for all atoms in the system known as well as their masses, and assuming that

interactions between particles are pairwise and additive, the force on each atom in the MD

system can be calculated from the negative gradient of the potential energy (i.e. Lennard-

Jones potential [34]) of the particle system −∇E using Equation 4.1, where X(t) are the

particle positions [98]. Additional many-body terms are also used in MD potentials to more

accurately represent interactions in particular systems (i.e. crystalline solids [34]) [34, 71].

F (X) = −∇E(X(t)) (4.1)

28
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The computational cost in terms of the worst-case time ("Big O" notation) of MD is O(N)

for short-range interactions and is quite similar for longer-range coulomb interactions in

various models (the most expensive of which costs O(N log N)) where N is the number of

atoms being simulated in the system [71]. The tremendous gains in computational speed

and memory in the past several decades are largely responsible for the rising popularity of

MD to the present, a fact that will be discussed further with Large-scale Atomic/Molecular

Massively Parallel Simulator (LAMMPS) [71, 98]. The time scales accessible to MD simu-

lations are also limited by the number of atoms being simulated. As N increases, the time

required to run MD can make observations over certain time scales infeasible [71].

The force field potential for MD is the most vital component, since the accuracy determines

the quality of the simulation [17, 34, 71, 98]. Recent advances in technology as well as ML

techniques have also improved this aspect of MD by allowing larger and more complex

models of the atomic potentials to be generated, which in turn increase the applicability

of MD simulations to materials research [71]. Interatomic potentials for HEA systems are

rarer for systems composed of multiple elements and one technique for creating them

is to combine existing potentials from binary and ternary systems to cover all possible

interactions in the system (e.g. For hypothetical HEA FeCuNi, use potentials for alloys FeCu,

FeNi, and CuNi) [17]. As discussed in Chapter 1, ML models have become increasingly

effective for predicting appropriate interatomic potentials for HEA systems [8, 17, 33].

4.2 Markov Chains

A Markov Chain is a sequence of random variables in which the selection of the next item

depends solely on the current state of the system and is not conditional on the history of

previous selections [99]. For example, the next step in the path of a free rubber ball in a very

dense and busy crowd depends only on its present location, not on where it had previously

been in that crowd.

The environment of a crystal lattice with a defect is best described as an infrequent event

system, where transitions between states are rare in comparison to the thermal fluctuations

in the system [25]. Due to the long residence times in each state and vibration of the system,
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the evolution of the system through multiple states constitutes a Markov Chain, as history

of previous transitions is erased [25]. Note this assumption does not hold in systems that

have been disrupted by radiation damage for a short time until the system has regained

thermal equilibrium (See Section 2.3) [25].

4.3 Kinetic Monte Carlo (KMC)

Monte Carlo methods are a class of algorithms that make use of independently-generated

random numbers to approximate the behaviour of deterministic systems [25]. Repeated

random numbers are drawn to make decisions under certain constraints, causing an approx-

imated probabilistic system to evolve as if from the true probability distribution function

of the system instead of from the random number process, by way of the law of large num-

bers [100, 101]. The most well known Monte Carlo method is the Metropolis algorithm; a

different example of this class that is prevalent in materials science is KMC, a rejection-free

Monte Carlo method applicable to processes such as point defect diffusion and others that

occur with a set of possible outcomes and frequencies [10,11,28]. It has seen use in materials

science for a variety of tasks, particularly simulating radiation damage [25, 28, 31], in part

due to its applicability to bridge the timescale gap between methods such as MD and the

longer-term evolution of irradiation damage (10−12 to 10−3 s) [28]. A major assumption

of KMC is that when a system transitions to a new state, the memory of the prior state is

lost, due to remaining for a long time relative to the lattice vibrations [25]. This makes the

trajectory of states ω formed from KMC a valid Markov Chain [25]. Each of the possible

transitions from state i to state j is defined by a rate constant kij and the summation for all

j is called the escape rate ktot [25]. Typically, the rate constants are based on studies of the

potential energy landscape between state i and possible state j [25]. KMC is performed by

taking a system and defining a finite list of states it could evolve into, as well as the rate

at which it is likely to choose each of these states [25]. Then a Markov Chain of states, a

trajectory ω, is made by using independent uniform random values to pick a new state at

each step based on ktot [25]. To illustrate how KMC works in greater detail, the derivation

shown by Voter is summarized in Subsection 4.3.1 [25].
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4.3.1 Example - Reasoning Behind KMC

Due to the memory-less property of the KMC procedure there is the same probability

of the system making a transition between states in any given moment [25]. Given this

assumption, the transition from one state to another is a random and independent event

similar to atomic decay where the probability of the system being in its original state at some

time t is p(t)Survival = e−ktott. The distribution p(t) for this system represents the time of first

escape, as the system can only escape from its current state once. The probability that the state

has changed by time t is p(t)escape (the complement of the survival probability function),

which represents the integral of the distribution of escape times from time 0 to time t. The

distribution p(t) can be obtained by taking the derivative f ′(x), yielding p(t) = ktote
−ktott,

an exponential distribution with λ = ktot. A vital component of the KMC method is that this

form extends to each of the individual pathways as well, i.e. p(t)ij = kije
−kijt with λ = kij .

In order to evolve a KMC system in time, a value tdraw is drawn from the exponential

distribution of times associated with the current state i. This is done by non-uniform

random number generation with the quantile function of p(t). For a random variable X

with a continuous monotonic Cumulative Distribution Function (CDF), the quantile function

(inverse cumulative function) Q(p) gives the support x for which the probability is equal to p,

or Q(p) = x|P (X ≤ x) = p. Taking the cumulative distribution of p(t) = ktote
−ktott from t =

0 to an arbitrary time t yields the form p(t) = 1− e−ktott, the cumulative distribution of the

exponential distribution. To obtain the quantile function for use in obtaining appropriately

distributed random times, the function is inverted by solving for the arbitrary time t which

is dependent upon both p and ktot, t =
−ln(1−p)

ktot
. Now the KMC system can evolve according

to tdraw = − 1
ktot

ln(r), where r is a uniform random variable on the interval (0, 1] (0 is not

included in the range since ln(0) is undefined) [25].

Next the KMC procedure involves stacking the rates kij that make up ktot atop each other

to form intervals of length kij across a range [0, ktot] [25]. A uniformly-distributed random

number (also called r) can be generated and multiplied by ktot to achieve the desired effect

of picking a transition to the state j indicated by the rate constant kij of the interval that r

exists in Figure 4.1 [25].
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Figure 4.1: An overview for the KMC process. (A) The domains occupied by each rate
constant, with a width ki. (B) The programming implementation of the technique, using
sums to delineate boundaries between different ki domains [25]. The rktot covers the range
of values from (0,1) and is the means by which the next state is determined.

4.3.2 Example - KMC Draw

An arbitrary hypothetical state i in a trajectory has possible transitions to 4 new states j,

which have associated rates kij (in 1/fs for this case) for transition of K = [0.05, 0.25, 0.15, 0.1].

The ktot for this environment is then
∑N

j=1 = 0.55 fs−1. Next a random uniform variable

r is drawn, let it take a value of r = 0.5 here. This is used to get the time evolution of the

system for this step by inserting it into the draw time equation tdraw = − 1
0.55 ln(0.5)=̇1.26fs.

Another r is drawn, this time let it be r = 0.1. The intervals that determine the next state

using this r are based on the 4 transition rates such that the path of k2 will be chosen, as 0.1

is within its interval of [k1, k1 + k2] = [0.05, 0.30]. The system will then evolve to a new state

by the path associated with k2 and the trajectory will move forward by 1.26 fs. A new ktot

will be calculated for the new state, and the process repeated to arbitrary length depending

on the goals of the simulation.

4.4 Combining MD & KMC

A weakness of KMC is that the accuracy and usefulness of the technique is highly dependent

on a thorough understanding of the possible states and interactions in the system. In this

way, unobserved or unknown behaviours of the real system can compromise predictions
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made with this technique KMC [25]. The shortness of MD steps poses a problem for

observing systems effectively over the course of longer timescales than ns [34]. Work on

simulated materials at multiple timescales or levels of detail benefit from hybrid strategies

involving both KMC and MD, generally such that MD provides the initial data that is used

to determine appropriate rates for KMC [28, 29, 31, 102].



CHAPTER 5
Graphs

In order to better understand structures and their relationships to physical properties, it is

necessary to introduce the concept of a graph. An undirected graph is a pairing of vertices

V and edges E, represented in notation here as G = (V, E), with a set of edges composed

of unordered pairs of vertices (e.g. edges xy and yx describe exactly the same edge) [103].

This means that all edges are unique as well. Generally, no self-loops are allowed in simple

undirected graphs (e.g. edges xx or yy are forbidden) [103]. The degree of a vertex is simply

the number of edges including that vertex in a graph G [103]. The number of vertices in

a graph is n and is also called the order of that graph [103]. An independent set is a set of

vertices such that none are mutually adjacent [103]. The opposite concept is the graph clique,

a group of vertices which are all adjacent to one another [103].

Graphs can be grouped into several categories based on the nature of their node and edge

features. Figure 5.1 displays several of these. This work only considers graphs that belong

to the undirected, heterogeneous, and static categories.

Figure 5.1: Common graph types: (A) Graphs in which edges have directions are called
directed, and those that do not are undirected (B) Graphs with identical node and edge types
are homogeneous, otherwise they are heterogeneous (C) Graphs with structure that does not
change in time are static, whereas graphs that evolve over time are dynamic.

34



Chapter 5 - Graphs 35

5.1 Subgraphs

One more key concept is that of subgraphs. A subgraph is a graph H that is produced from

a graph G by removing vertices and edges, such that all the vertices and edges in H are

present in G, V(H) ⊆ V (G) and E(H) ⊆ E(G) respectively [103]. There are several types of

subgraph, but the one of greatest relevance to this work is the induced subgraph, which

shares all the same edges incident on a vertex as those in the parent graph, except edges

removed by deletion of vertices, E(H) = {xy | x, y ∈ H, xy ∈ E(G)} [103]. For visual

elucidation of each of the graph concepts, please refer to Figure 5.2, and Figure 5.3.

Figure 5.2: Graph concepts in visual form: (A) A graph G, composed of 8 vertices and 8
edges, where the highest order vertex has order 4 (B) The Maximum Clique of G, composed
of 3 vertices (C) The Maximum Independent Set of G, composed of 5 vertices, and (D) An
induced subgraph H of G.

In order to clearly discuss how subgraphs play a role in this work, three additional concepts

need to be explained, adjacency, isomorphism, and similarity. The concept of adjacency is

fairly self-explanatory, and is usually represented in the form of a binary adjacency matrix,

where zeros and ones in the ith row represent which nodes are connected to the jth node in

the graph. See the following figure for a trivial example. Examining the 1st row shows that

node one is connected to the 2nd and 3rd nodes of the graph [103].

Isomorphism exists between graphs G and H if there is a bijection (1-1 mapping) of vertices

V(G) –> V(H) that preserves adjacency [103]. This analogous to saying G = H. Please see

Figure 5.4 for example, where the nodes 1,2,3,4 of graph G have an exclusive bijection to

nodes 4,3,2,1 respectively that would reproduce an identical adjacency matrix.
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Figure 5.3: Graph concepts in visual form: A 4x4 binary matrix corresponding to a small
graph of order 4. Values of 1 indicate edges existing between vertices with corresponding
row and column numbers (e.g. row 1 and column 2 and 3, etc.)

Figure 5.4: Graph concepts in visual form: Two graphs G and H (left) which are isomorphic
under the conditions of the bijection indicated (right)

5.2 Graph Similarity

The term graph similarity describes a selection of techniques for determining how close

two graphs are to being isomorphic with each other [104–107]. The concepts of bijection

(Figure 5.4) and subgraphs (Figure 5.2) (D) provide the beginning of a more concrete

definition. One way to determine similarity aside from only using graph isomorphism

is to compare graphs to check for common subgraphs [104]. These are subgraphs that are

isomorphic between all graphs being compared [104]. The largest subgraph that is present

across the compared graphs is called the Maximum Common Subgraph (MCS) [104].

5.3 Computational Graphs

A computational graph is a form of directed graph where each node represents a value (which

can be scalar, tensor, vector, etc) and edges indicate a functional relationship between the
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value of the parent node and the child node that they connect [108,109]. Different nodes can

use different functions or operators to determine their value (Figure 5.5). Computational

graph representation and nomenclature are commonly used in discussion of ANN structures

[108, 109].

Figure 5.5: An example of an arbitrary computational graph. Nodes are shown as circles,
with nodes that hold variable values and nodes that perform operations having perimeters
of blue and red respectively. Information in this graph flows from the left to the right nodes.



CHAPTER 6
Machine Learning (ML)

The field of Machine Learning (ML) is based upon the use of mathematical models that find

some mapping between a set of inputs (features) and the corresponding outputs (labels,

targets) [110, 111]. In order to grasp the core concepts of ML, some background material

will be addressed, beginning with statistical models.

6.1 Statistical Models

A statistical model is a probability distribution, Φ, constructed by imposing constraints on a

distribution, Ξ, that has generated a known random data sample, ξ [112]. A parametric model

is a statistical model that is defined by a vector of parameters, θ, from the set of parameter

space, Θ [112]. A parametric model may be used, as in this work (Section 8.3), to extract an

estimator for the true value of the parameters that generated ξ, θo ∈ Θ [112].

6.2 Conditional Models

Parametric models can be used to describe the probability distribution responsible for the

dependency between coupled data points (such as the relationship between x and y in

y = mx+b) [112]. A conditional model (or discriminative model) is a statistical model in which

input and output vectors are separated in the sample data set as ξ = [xy] and the outputs

are used to impose conditional restrictions on the estimate of the generating distribution (i.e.

the parent distribution is treated from a standpoint of P (y|X)) [110, 112]. The conditional

model can then be used in two ways, for regression or classification tasks (Figure 6.1) [110,112].

Regression tasks are broadly categorized as either linear or nonlinear depending on what

38
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form the relationship between the dependent and independent variables is believed to

take [112]. The relation between x and y in the slope equation is a trivial example of a linear

regression type of problem composed of only parameters m and b [112]. Classification tasks

also typically fall into two categories, being either binary classification, (the logistic or logit

model), or multiclassification [112].

Figure 6.1: (A) Classification task decision boundary (dotted line), drawn across 2D space
with 2 colour-coded classes represented by a set of circular targets (B) A regression task,
showing a continuous distribution of predictions based on 10 targets in 2D.

6.3 Linear Regression

Linear regression is predicated on the assumption that the output variables have some linear

relationship to the inputs that can be expressed in the form yi = xiβ + ϵi, where yi and xi

are the input vector and output scalar respectively, β is a vector of coefficients that serve

as parameters for the regression, and ϵi is an inherent and unknowable uncertainty in the

system [110]. An instance xi from a data sample for linear regression can be represented as a

vector of K values, xi = [a1...aK ], and the parameters for the regression β as β = [β1...βK ]T

which provide a relation to the output yi of yi = a1β1 + ...+ aKβK + ϵ [113].

With N data points (yi xi) a design matrix X (not to be confused with the random variable

X) can be constructed in which each column represents the kth characteristic value from

the data and each row contains all the information about the input of the nth sample [113].

Similarly, the output data and parameters can be composed into column vectors as shown

in Equation 6.1 [113]. The linear regression problem then becomes Y = Xβ + ϵ, which

can be solved to yield an estimator of the optimal parameter vector β to fit the data in the
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sample [113].

Y =


y1

...

yN

 X =


x1

...

xN

 =


x11 ... x1K

... ... ...

xN1 ... xNK

 β =


β1

...

βK

 (6.1)

6.4 Logistic Regression

In cases with discrete classes of outcome, logistic regression is a common technique. In order

to understand logistic regression, it is necessary to discuss the basic case of a binary outcome

and then extend it to additional classes.

6.4.1 Binary Logistic Regression

For this conditional model, there is assumed to be some solution similar to the linear

regression problem with a linear combination of parameter estimates and known inputs

xiβ̃ [114]. The difference occurs with the choice of transformation applied. Instead of a

linear transformation, the sigmoid function is used, which restricts the range of output

to [0, 1], a binary classification [114]. The conditional probability mass function for this

discrete model then becomes a Bernoulli distribution pYi|Xi=xi
(yi) =

1
1+e−xiβ

if the output

is 1 and pYi|Xi=xi
(yi) = 1 − 1

1+e−xiβ
if the output is 0 (note the form of this is the sigmoid

function and its complement) [110, 115]. With these assumptions, the estimate of the output

is ỹi = S(xiβ̃), which represents the probability of the true output being 1 [114].

6.4.2 Multinomial Logistic Regression

In logistic regression, the outputs for any given input to the model were binary. When this

is not the case, the distribution changes from the Bernoulli to the Multinoulli distribution,

as there are now more than two outcomes, yet they remain discrete and follow many of

the same rules [115, 116]. This is the multiclassification problem and is solved using multi-

nomial logistic regression. The form of the expected Multinoulli distribution generalizes

the Bernoulli distribution to multiple discrete outputs, where there are K probabilities pi

such that
∑K

i=1 pi = 1 [115, 116]. Now suppose a random vector X produces a vector input
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(x1, ..., xk) representative of a single sample, where all x are 0 save for 1 that indicates the

output (e.g. (00001) or (10) for the binary special case) [115, 116]. Under this condition

the distribution from the random vector X takes the form Equation 6.2. The conditional

model based on this distribution is called softmax, and the eponymous activation function

in neural network architectures works on this principle [115, 116].

pX(x1, ..., xK) =

∏K
i=1 p

xi
i for (x1, ..., xK)

0 for else

 (6.2)

6.5 Likelihood Optimization

A likelihood function gives the probability of an observed outcome coming from a Probability

Density Function (PDF) or statistical model as a condition of the set of model parame-

ters [1, 117]. In order to obtain the likelihood function L from the PDF/Probability Mass

Function (PMF) or model, P , the random variable samples xn are held constant and P

becomes a function of θ, P (xn; θ) −→ L(θ;xn) (See Subsection 6.5.1) [118].

The utility of this function is that the parameters of a model that produce its global maximum

are those that create a unbiased estimator of the true parameters of the system [118–120].

This is called the maximum likelihood method, and is a common way to extract information

about the parameters in a PDF [1, 117, 119, 121]. For several reasons the log of the likelihood

function is most often used instead of the original function. For instance, the log function

converts the product of independently drawn samples into a sum, which is better for

stability, as products tend towards extreme values more severely than sums and thus are

less reliable where numerical precision might come into play [119]. Due to the predominant

use of minimization techniques in computing, the log-likelihood is often changed into

the negative log likelihood by applying a negative transformation [119]. This maximum

log-likelihood / minimum negative log likelihood problem is shown in Equation 6.3, where

ξ is a random vector coming from the distribution characterized by parameter θ belonging

to the parameter space Θ and θ̂ is an estimator of θ produced by solving the optimization

problem on the log-likelihood function l(θ, ξ) [119].
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θ̂ = arg max
θ∈Θ

l(θ, ξ) −→ θ̂ = arg min
θ∈Θ

[−l(θ, ξ)] (6.3)

6.5.1 Example - Poisson Distribution

Consider a Poisson distribution function, P (x;λ) = λxe−λ

x! and a single observation x

= 10. Following the process outlined, the likelihood function in this situation becomes

L(λ;x = 10) = λ10e−λ

10! . When performing this action with multiple variables, under the

assumption that all observations arise from the same distribution and are independent of

each other, the joint PDF of the observations is the product of individual PDFs, p(x; t), for

each value of x via P (x1...xn; t) =
∏n

i=1 p(xi; t), where t is an arbitrary parameter and x are

the observations [119, 122].

Continuing to use the Poisson system example, let there be two observations, x = 10 and x =

8. The total likelihood function is now the product of the individual ones, which yields a

new joint likelihood function of L(x = 10, 8;λ) = λ18e−2λ

8!10! . Taking the log of this returns a

log-likelihood function of l(x = 10, 8;λ) = −(ln(8!)+ ln(10!))+18ln(λ)− 2(λ) which yields

a derivative with respect to λ of d
dλ l =

18
λ − 2. Setting this function to zero then returns the

maximum likelihood estimator for the system, λ = 9. In the Poisson system, the expected

value of the distribution is the parameter λ, so this result makes sense in that the mean is an

estimator of that same value [122].

6.6 Predictive Models

Many ML models predict outputs using inputs that have not been observed from a given

sample yet, these are called predictive models [112]. Techniques such as decision trees,

random forests, and ANNs are examples of ML that can fit in this category [112]. The two

major categories of predictive models are supervised and unsupervised learning, the former

will briefly be discussed. In supervised learning, the data provided to the model possesses

features paired to known labels/targets [111]. A supervised learning model is akin to a

conditional model that finds parameters that optimize a mapping between input and output

variables and then extrapolates outputs for new inputs outside of the initial sample [111].
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Supervised models are divided into solving classification problems or regression problems,

just like conditional ones [111].

6.6.1 Datasets

Datasets are often split into two or three blocks so that some data can be held in reserve

to evaluate the performance of a model with respect to novel data. The first and largest

block is the training dataset, used to train a model. The remaining data, generally a fifth

or less of the original dataset, is reserved to help evaluate the model. If this data is used to

determine the accuracy/quality of the final trained model it is referred to as the testing set,

and if it is used to provide feedback on the training progress during learning it is called the

validation set. Common divisions of datasets for these groups include 80/20, and 80/10/10

for train/test and train/validation/test respectively.

6.7 Loss Functions

The discussion has summarized how predictive models work, and now it will cover how the

predictions ỹt of those models are judged in comparison to the true target values yt [111]. The

comparison of these values is called the loss, and the function that describes it varies from

model to model, with the three most common categories being squared, absolute, or cross-

entropy functions [111]. Note that in the context of ML, the terms cost, loss, and objective

function are often used interchangeably [123, 124]. Cost and loss can also respectively refer

to the mean value of the loss function across a dataset in contrast to the loss over a single

example [124]. The performance of an ML model is not ultimately dependent on the success

of minimizing the loss function, though it is a good indication of how the model may work.

The way trained models are judged is by performance metrics such as classification accuracy.

The absolute and squared error loss functions are the simplest in form and appear respec-

tively as Equation 6.4 and Equation 6.5 [111].

Lt = |yt − ỹt| (6.4)

Lt = (yt − ỹt)
2 (6.5)
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These two are used for problems that predict continuous values, such as regression. For

classification problems, the cross-entropy loss is commonly used, and takes the general

form Equation 6.6

Lt = −
K∑
k=1

yt,klog( ˜yt,k) (6.6)

where there are K options or classes for the target variable [110, 111].

The risk R can be defined as the expected value of the loss function with respect to the

joint distribution that the sample data comes from, R = E[Lt] [111]. Since this distribution

is not generally known, the risk is approximated as the sample mean of the loss over the

data provided to the predictive model, R̃ [111]. The average loss function across n input

data x is sometimes known as the cost function and has names specific to the three types

discussed earlier, the Mean Squared Error (MSE), MAE, and negative average log-likelihood

respectively [111]. The MAE and MSE loss functions are commonly known as L1 and L2

loss respectively. Picking the parameterization of a predictive model that produces the least

average loss drives the optimization process of a predictive model [111].

6.7.1 Example - Cost Function

Suppose there is a dataset X = x1, x2, x3 such that each x vector has the form xi =

[xi1, xi2, ..., xin]. It is given as input to a predictive model which produces the outputs

Y = [ỹ1, ỹ2, ỹ3], where ỹ1 = 3, ỹ2 = 2, ỹ3 = 3. The true values will be arbitrarily chosen

as y1 = 4, y2 = 2, and y3 = 5. Suppose as well that this model uses an L1 loss such as

Equation 6.7 to generate the cost for the current set of predictions Y .

C(ỹi, yi;n) =
1

n

n∑
i=1

Li(ỹi, yi) =
1

n

n∑
i=1

|yi − ỹi| (6.7)

In this case, the cost for these examples according to Equation 6.7 will be: 1
3(|4−3|+ |2−2|+

|5− 3|) = 1
3(1 + 0 + 2) = 1

33 = 1 which yields an absolute error of 1 from the cost function

for this model.



Chapter 6 - Machine Learning (ML) 45

6.8 Artificial Neural Networks (ANNs)

ANNs are ML models used to learn relationships present in input data through the use of

iterative updates to functions that can be represented with computational graphs [109, 125].

These functions take the form of matrix multiplications and nonlinear transformations of

the input data. The parameters governing the functions are called weights, and the nonlinear

functions used to transform the data in ANNs are called activation functions (Section 6.9). The

learning process in an ANN occurs in several distinct stages that are collectively described

as training. As an ANN trains, input data undergoes forward propagation, moving through a

procedural series of layers composed of nodes that perform functions in parallel on their

input before passing the resulting data to subsequent layers, leading ultimately to a final

output. The next stage in training an ANN is backpropagation. Here the ANN output is

evaluated by a loss function which makes an estimate of the loss (error) of the network

performance. Backpropagation refers to the fact that the contributions to the loss from

the parameters in the network are calculated from the output value backwards for each

layer [124]. By taking the gradient of the loss function with respect to the parameters of the

ANN, updates are made to each of the parameters by adjusting their value to traverse in the

direction that minimizes the loss function [124]. The size of the update steps is controlled by

a hyperparameter called the learning rate.

One additional term to be familiar with in the context of neural networks is the bias term,

b. This is a value added at each node to allow the network to learn functions that do not

have to pass directly through the origin (i.e. In the case of a linear function y = mx+ b, the

bias term means that the origin (0, 0) is not the default value if x, y = 0, 0 [123]. At the node

level, the bias term is added after taking the dot product of the weights and input values,∑n
i=1(wi · xi) + b [126].

The update applied to the weights and biases of an ANN at the end of backpropagation

is defined in Equation 6.8, where η is the learning rate, C is the cost function, and wk and

bl are individual weights and biases respectively [124]. After updating the values of the

weights, the training process repeats itself, going through forward and backpropagation for

a user-defined number of training cycles, or epochs.
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w′
k = wk − η

∂C

∂wk
b′l = bl − η

∂C

∂bl
(6.8)

The structure of an ANN can be readily described using computational graphs (Section 5.3)

to illustrate some of the aforementioned processes (See Figures 6.2, 6.3, and 6.4) [108,109,123].

Figure 6.2: An example of a fully-connected ANN with 2 input nodes, 2 hidden layers with
4 nodes each, and a single output node. This net has a depth of 3. In an ANN, a series of
randomly-initialized weights wi is generated, one for each each of the connections between
nodes in adjacent layers [123].

f (i)(x; θ) = f (i)(x;W,b) = a(i)(W(i)f (i−1)(x; θ) + b(i)) (6.9)

The general form for forward propagation in an ANN is shown in Equation 6.9, where f (i)

is the output of the ith layer of the ANN defined by parameters θ and input data x, ai is the

activation function for the layer, bi is the bias for the layer, and f (i−1) is the output of the

previous layer [127]. Thus, the output y for forward propagation of the for the three-layer

network from Figure 6.5 is y = f(f(f(x ·W1) ·W2) ·W3).

6.8.1 Layers

It will be helpful to provide a brief overview of the types of layers and their nomenclature.

The input layer takes in data x and performs no operations on it. The next type of layer that

the input is passed to is generally a hidden layer, which transforms x by multiplication with

the weight matrix for that layer [123]. Hidden layers often then apply an element-wise



Chapter 6 - Machine Learning (ML) 47

nonlinear activation function to their output to the next layer [123]. Many common networks

are fully connected nets, which means that all nodes in a layer send their output to all nodes

in the next layer [123].

The weights in a layer are randomly-initialized at the start of training a model [123]. The

weights for a given layer are written as a matrix Wi, where i indicates the layer that the

weights belong to. The processing of a series of inputs through a single hidden layer in a

typical ANN can be written as y = f(x×W + b), where f is an activation function, x is the

input data, W is the weight matrix for the layer, and b is the bias term.

Figure 6.3: A simplified node, showing the typical process of an input matrix x being
multiplied by a weight matrix W and having the node bias b added to the product. An
activation function f provides an additional (optional) transform of the data [123]. Note
that in this single-node example the weight matrix is a subset of the weight matrix for a full
network layer.

When the input data has been transformed through the hidden layers, it will be sent through

a final output layer which provides an estimate of the value or classification(s) that the net was

constructed for [123]. For this purpose, the node(s) in this layer often apply functions that

serve as classifiers or otherwise transform data into a form that is more easily interpreted

to users. As mentioned previously, the output of layers in an ANN can be written as a

composite function of all the previous layers, and the number of functions that form the

composite defines the depth of an ANN [123].
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Figure 6.4: A node taking three inputs xi and applying weights wi to them before summing
the result, which is then passed through an activation function fA to produce output y1.

Figure 6.5: A detailed representation of a forward propagation in a typical ANN. The bias
terms are omitted for simplicity.



Chapter 6 - Machine Learning (ML) 49

6.9 Activation Functions

The functions applied to transform the output of the nodes in an ANN are referred to as

activation functions. These transformations are typically nonlinear functions, and their output

allows an ANN model to represent nonlinear relationships between input variables [123].

Summaries of the common functions will be given, followed by more detailed examinations

of those relevant in this work and the reasons for their selection.

All figures for these functions were produced by modifying publicly available code [128].

Linear

The linear activation function (Figure 6.6) is equivalent to an identity function in an ANN,

since the node activation is directly proportional to the output via the relationship g(z) = z.

Due to the fact that this activation function cannot describe nonlinear behaviour, it is ill-

suited for exploring data with nonlinear relationships. However, This activation function is

commonly applied as the final activation function for ANNs built for regression tasks, as its

output range is [−∞,∞] [123].

Figure 6.6: A plot of the linear activation function

ReLU

The Rectified Linear Unit (ReLU) activation function (Figure 6.7) is one of the most com-

monly used, and applies the transformation g(z) = max{0, z} to the input data [123].
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This function has the limitation that it does not have a continuous derivative, which could

result in an error during backpropagation [123]. However this is rarely the case, as the

probability of the value of the ReLU function being exactly zero is remote [123]. ReLU has

another noteable limitation, which is that as soon as values provided to a ReLU activated

node are negative, the output is floored to zero and the derivative of the function in the

gradient likewise becomes zero. This ’kills’ input from that node by omitting mappings for

negative values and preventing adjustment to the node for the remainder of training [126].

This can result in poor learning and wasted neurons and is dubbed the ’Dying ReLU’

problem.

Figure 6.7: A plot of the ReLU activation function

6.10 Gradient Descent

Gradient descent is a type of optimizer, an algorithm used to minimize the loss function and

update the parameters of an ANN [123]. To understand this in greater depth, consider the

gradient. The gradient of some function f(xn) is a vector composed of partial derivatives

across all xn. The gradient operator is represented by the symbol ∇. When evaluated at a

point p = (xn, xn−1...x1), the gradient returns the slope of f(xn) with respect to each of the

xn. In the process of backpropagation, the gradient is evaluated on the loss function during

each epoch to inform the direction in which parameter values can be changed to minimize

the loss. One of the requirements for backpropagation with gradient descent is that the
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activation functions must be differentiable, at least for part of their domain, otherwise it

would be impossible to obtain a measurement of the gradient and make informed updates

to the weights and biases. ReLU for instance is not differentiable, but can be divided into

a set of two differentiable domains with relative ease [123]. The negative of the gradient

is used for this purpose, since the intent of gradient descent is generally to minimize the

loss [126].

Example - Gradient Function

For a univariate function such as f(x) = 2x3, the gradient is equal to the operation df
dx

and thus ∇f(x) = 6x2 is the gradient. The usefulness of the gradient is more apparent for

multivariate situations, for instance let there exist a function f(x, y, z) = x2 − y3 + 2z. The

gradient of this function is Equation 6.10.

∇f(x, y, z) =


∂f
∂x = 2x

∂f
∂y = −3y2

∂f
∂z = 2

 (6.10)

Evaluating this function at position p = (1, 1, 1) yields a vector (2,−3, 2) that indicates the

best directions to minimize f(x, y, z) are (−,+,−). Therefore, the next step in seeking the

minimum of this function could be the point p = (0.5, 2, 0.5). A similar process occurs in

neural networks with respect to the loss function.

6.10.1 Getting the Gradient in Backpropagation

In order to traverse the gradient, during backpropagation the individual contributions from

each layer and weight must be obtained. Since the forward propagation during training

can be represented as a composite function, this allows use of the calculus chain rule,

d
dx [f(g(x))] = f ′(g(x)) · g′(x), to determine the gradient with respect to all parameters in the

net [123]. The overall cost function for the weights and biases can be obtained by taking

the average of the partial derivatives of each example for each parameter. For instance,

if the partial derivative of the cost function with respect to a particular weight wi was
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wanted, it could be written as: ∂C
∂wi

=
∑

x
∂Cx
∂wi

, where x represents the data samples used in

training [124]. Via backpropagation, the network can obtain each ∂C
∂wi

and ∂C
∂bi

[124].

During backpropagation, the process for a single weight wl
jk where l is the layer number, j

is the current node number, al−1
k is the activation from the previous layer in the network,

and k is the number of the previous node, is as follows. For a known pre-activation signal of

zlj =
∑m

k=1w
l
jka

l−1
k + blj , the partial derivative with respect to a particular weight,

∂zlj
∂wl

jk

can

be shown to have the solution
∂zlj
∂wl

jk

al−1
k which is the activation of the previous layer [124].

This allows the contribution of this weight to the overall gradient, ∂C
∂wl

jk

, to be written as

Equation 6.11 [124].
∂C

∂wl
jk

=
∂C

∂zlj
al−1
k (6.11)

Similarly for the backpropagation of the bias values, for a single bias blj , the chain rule

dictates that the value of the derivative of the cost function with respect to blj is Equation 6.12

[124].
∂C

∂blj
=

∂C

∂zlj
(6.12)

Figure 6.8: A computational graph representing (A) an arbitrary network with a depth of 2
(B) the backpropagation process that would get the gradient component for the parameters
of the first layer in the network (C) the backpropagation process that would get the gradient
component for the parameters of the second layer in the network

6.10.2 Learning Rate

In optimizing the value of a parameter in an ANN, the value of the learning rate determines

the size of the steps taken towards the minimum of the system, which can lead to difficulty.

A small learning rate can lead to extended training times as the network needs to run far

longer to achieve a viable solution [123]. In scenarios with a large learning rate, the results
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can be far worse, as the network may overshoot the target value and find itself diverging

from it with each subsequent step, worsening the fit of the net [123]. The ideal situation is a

learning rate that is between these two cases (Figure 6.9).

Figure 6.9: Three possible outcomes of the gradient descent process for slow, fast, and
ideal learning rates, respectively. (A) Learning takes a long time and many passes (B)
Learning diverges as the updates mistakenly ascend the gradient (C) An acceptable solution
is achieved in a reasonable number of iterations as the network converges quickly

The general form of gradient descent is θ = θ−α ·∇J(θ), where θ represents the parameters

of the model, α is the learning rate, and J(θ) represents the cost function as a function of

those parameters [124].

6.10.3 Vanishing & Exploding Gradients

When optimizing a model using gradient descent, there are several detrimental phenomena

that arise from the impact of the local shape of the gradient on ANN performance [126].

When a neuron receives a set of weights that causes an activation response in a section of its

range which has a very flat slope, the neuron may begin to learn too slowly, causing the

network to learn poorly. When this happens, the output of this node may cause the output

of subsequent layers to experience the same effect, rapidly diminishing the ability of the net

to learn as the loss becomes a plateau. This is called the vanishing gradient problem [126].

The opposite case can also occur, when the activation output at a neuron is in a steep part

of the range and experiences a large update which may accumulate to cause massive and

inaccurate parameter adjustments, causing the loss to increase rapidly [126]. This is called

the exploding gradient problem [126].



Chapter 6 - Machine Learning (ML) 54

6.11 Other Optimization Functions

Gradient descent is a simple and effective way to optimize the parameters of an ANN, but

there are some difficulties with larger datasets, where computing the gradient based on the

entire input would result in a long calculation time. The computational cost of gradient

descent is O(m), where m is the number of examples used in the input dataset [126]. In

addition, gradient descent may become trapped in local minima during the optimization

process instead of finding the optimal solution [126].

In addition to the form of gradient descent discussed previously, which is sometimes called

deterministic or batch gradient descent, there are other forms of optimizer algorithms for ANNs

that govern how and when the weights of the network are updated [123]. For the most

part, these are modifications to gradient descent that are intended to improve training

requirements and/or model performance.

6.11.1 Stochastic Variations of Gradient Descent

Two of the most common forms of gradient descent are Stochastic Gradient Descent (SGD),

which updates the weights after the calculation of the loss for each training example, and

mini batch gradient descent, which updates after processing the loss for a subset of examples

instead [123, 126]. In this way, approximating the gradient of the loss function with respect

to the model parameters by using smaller sample sizes helps with memory requirements

and training times, as the model does not need to store the gradient for the whole dataset,

just a few examples at a time. By making more frequent updates compared to pure gradient

descent, these techniques are able to achieve a faster convergence to a solution, at the cost of

model accuracy [124]. The use of fewer examples at a time in gradient descent can benefit

the generalization of a model, but can also slow training time down due to the number of

batches that need to be processed [124].

For the pure SGD case, the optimization process is conducted using Equation 6.13 where

xi, yi are the training input and output respectively [124].

θ = θ − α · ∇J(θ;xi; yi) (6.13)
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Mini-batch gradient descent is represented by Equation 6.14 where Bi is a batch of training

examples [124].

θ = θ − α · ∇J(θ;Bi) (6.14)

6.11.2 Momentum

The challenge of determining good parameter updates such that a consistent ANN solution

can converge in reasonable time led to the development of momentum, a dynamic regulation

of adjustments to the parameters informed by a decaying mean of stored gradient measure-

ments from previous updates [126]. Momentum is represented by Equation 6.15 [123].

v = γv + α · ∇J(θ) (6.15)

which alters the parameter update to: θ = θ − v, where v, called velocity, is the moving

average of previous gradients [123]. The hyperparameter γ determines how strongly the

update is adjusted. Typically this value is just below 1 [123]. The result of using momentum

in an optimizer is that large parameter updates are encouraged along particularly steep

sections of the parameter space as ’momentum’ increases. This also means that when

fluctuations in parameter updates occur, the momentum term uses the previous update

to adjust against the current, mitigating them and encouraging a smooth convergence

(Figure 6.10) [123]. This keeps updates optimizing in the correct direction in the optimization

space with a lower variance and good pacing [123]. Momentum is effective for improving

learning on gradients that are small, noisy, or have high curvature [123].

Figure 6.10: Momentum allows learning to spend less time in unfavourable directions (A)
and instead smooths the variance of the gradient updates over time (B) as the network
heads in the most useful direction in the optimization space
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6.11.3 Adam

Of the alternate approaches to standard gradient descent, none discussed so far have

altered the learning rate itself. The class of adaptive learning rate optimization algorithms

does just this [123]. Of the more popular of these is Adaptive Moment Estimation (Adam),

an evolution of SGD that uses the first and second moments of the gradient to adjust the

learning rate [123, 129]. The first and second moments are the exponentially-decaying mean

(as from Subsection 6.11.2), and variance of the previous gradient measurements [123, 129].

This optimization technique is robust, reduces hyperparameter tuning, and performs well

on noisy/sparse gradient problems [129].

6.12 Convolutional Neural Networks (CNNs)

The previous sections have introduced the basics of neural networks and this understanding

can now be used to introduce more advanced forms that pertain to this work. The first of

these is the Convolutional Neural Network (CNN) [130]. In a typical FCNN, input data is

given in the form of a flattened vector, a form which does not preserve the topology of the

input [130]. Many data types such as photos, videos, and audio contain spatial/temporal

relationships between adjacent elements. [130]. A CNN is a ML architecture that works with

this information via convolution, a process similar to cross-correlation in signal processing

[130]. The nomenclature for CNNs describes 2D input in terms of width, height. Input in 3D

format is given the added characteristic depth [130]. Depth is often referred to by the term

channels instead [130]. Note that for CNNs the input data must be given in a Euclidean form,

such as a grid or cube.

6.12.1 Example - CNN Input

To familiarize the reader with the shape and characteristics of CNN input data, the case of

a simple arbitrary 2D photo composed of red/green/blue (RGB) valued pixels is shown

in Figure 6.11. Let the photo be of the size 9× 9 pixels, where each pixel has 3 RGB values

associated with it. When passing this data to a CNN, each colour is assigned its own

channel, giving the network input in the form of a 9× 9× 3 matrix.
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Figure 6.11: Helpful terms visually defined for a CNN.

6.12.2 Filters & Convolutions

A filter, often dubbed a kernel in the CNN context, is a matrix used to extract features from

data through convolution [130, 131]. Convolutions produce larger output values where

the features of the input data match those of the filter [131]. For some tasks the filters

needed to best identify relationships in the input data are not known, so in a convolutional

layer, the weights for a layer in a model are used as filter values, thus making the filter(s)

trainable [131]. When a CNN trains, the filters in each convolutional layer are therefore

adjusted to optimize feature recognition [131]. Note that due to the trainable nature of the

weights in the filters, the process of convolution in a CNN is identical to cross-correlation in

signal processing [130].

Convolution in the context of CNNs begins by taking the dot product of the kernel and a

subset of the matrix representation of the input data with the same dimensions [130, 131].

This subsampling is done across the input matrix in intervals defined by a parameter called

stride (Ex. A stride of 1 means that the input is subsampled at every possible allowed filter

position with respect to the filter size) [131]. Convolution produces output with reduced

dimensionality compared to the input, unless the input is padded with additional zero values

at the margins to maintain the dimensions [130, 131]. The output size of a CNN is O, as

shown in Equation 6.16, where I is the input, K is the size of the kernel, P is the extent of

padding, and S is the stride [130]. Note the presence of the floor function to ensure a whole

number output.
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Figure 6.12: An illustration of 2D convolution on input with multiple channels. Note that
for 2D convolutions, the filter kernel has a depth fully matching the depth of the input.

6.12.3 Example - Applying a Filter to a 2D Matrix

For a simplified example of convolution, construct an arbitrary 3× 3× 1 matrix and a single

2 × 2 × 1 filter (Figure 6.13). The filter is applied as a dot product between the filter and

subsets of the input feature matrix defined by the stride of the filter, which for this example

is 1 unit. This convolution creates an output feature map of the size 2× 2.

Figure 6.13: Convolution process defined for an arbitrarily constructed 2D input to a CNN.

O =
⌊I −K + 2P

S

⌋
+ 1 (6.16)

6.12.4 Properties of Convolutional Networks

In typical FCNNs, dense layers are fully connected and each output from a previous layer

contributes to the input of every node in the subsequent layer(s) [123]. One of the beneficial

properties of CNNs is that convolutional layers produce sparse weights/connectivity, meaning

that the contribution of each node in a layer only applies to a few of the subsequent
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nodes [123]. This reduces the number of parameters that need to be held in the net at each

step and the number of operations that need to be performed in the net [123]. Another

significant property of CNNs is parameter sharing; unlike fully-connected layers the weights

in CNNs are not singly-used, instead they are shared across the input of the convolutional

layer due to the construction and usage of the kernel [123]. This also reduces the number

of parameters needed in the model. In Equation 6.17 a form is given for a convolution

operation over a single subset of a 2D input x with a filter shape m x n composed of trainable

weights wi,j [127]. The output y is a scalar value and b is the bias value. The bias and filter

are shared for all subsets of the data as the filter is applied to differing subsets of input

according to the stride value [124]. Lastly, convolutional layers are equivariant to translation,

meaning that if a feature in the input is shifted, the learned representation of that feature

will also shift the same way [123].

y = b+
n∑

i=1

m∑
j=1

xi,jwi,j (6.17)

f (i)(X;W,b) = a(i)(W(i)f (i−1)(X;W,b) + b(i)) (6.18)

A convolutional layer in a CNN is described by Equation 6.18, where X, W, b are the input

data, trainable filter weights, and bias terms respectively (As in Section 6.8) and bold terms

indicate data in matrix form. Activation functions can be applied element-wise to the output

of convolutional layers [123,131]. The number of subsequent convolutional layers in a CNN

determines the level of abstraction of the feature representation in the output mapping,

extracting higher-level features from the input (ex. faces, patterns, large shapes) [123].

Variants of CNN exist such as deformable convolutional nets which can recognize features

in spite of geometric transformations of the input [132].

6.13 Graph Neural Networks (GNNs)

For CNNs, an implicit assumption is that there are spatial relationships between adjacent

pixels. Framing the CNN in terms of graph operations, the neighbourhood N of elements
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u surrounding element v is obtained from an input graph G with nodes V (G) by finding

edges (u, v) present in E(G) (Equation 6.19) [38]. This information is passed through filters

and aggregated to extract features from the input [38]. The GCN is a generalized form of

CNN that extends this explicitly to non-euclidean input data [133].

N (v) = u ∈ V (G)|(v, u) ∈ E(G) (6.19)

Like CNNs, GCNs take input that contains correlations between adjacent data elements.

Unlike the CNN each element is not limited to association with its nearest neighbours in

a grid/matrix. Euclidean data elements are generalized into nodes and edges of a graph,

allowing for greater connectivity and complexity. This format is particularly useful for

modeling irregular objects as inputs, such as social networks and molecules [38]. The figures

Figure 6.14 and Figure 6.15 demonstrate the similarities and differences between CNNs and

GCNs respectively.

Figure 6.14: An illustration of similarities between CNNs and GCNs. In (A), an arbitrary
4× 4 CNN input is shown, with binary pixel values (black & white) in a 1-channel image.
In (B), a GCN input is shown that shares the same input and connectivity between nodes as
the CNN in (A).

Graphs for GCN input are represented by a set of vertices and a set of edges, G = (V, E) just

as in Chapter 5, where the total number of nodes in a graph will be denoted by N and the

number of edges by N e [133]. The vital properties of a graph are broken down for GCN

into a handful of matrices. The adjacency matrix is represented here by A ∈ RN×N [133].

The information contained in all the nodes in a graph is represented using a node feature

matrix, denoted X ∈ RN×F , where F is the size of the feature vector for each node. In some
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Figure 6.15: An illustration representing the differences between CNNs and GCNs using a
6× 6 input with 5 different values (colours) for pixels, where white pixels are a value of 0.
The CNN input (A), assumes connections between every pixel and the 8 nearest neighbours.
The GCN input in (B) is equivalent to (A), with the connections between pixels/nodes made
explicit with edge lines. The GCN case is not limited to rectangular input. In this example,
it is assumed that the pixels assigned to a zero value (white) are merely empty and the input
can instead be represented as a smaller set of nodes with a slightly different connectivity (C)
without loss of information. This example was constructed arbitrarily to mimic the shape of
an organic compound.

networks, edges also have their own features, and these are represented with a edge feature

matrix, eij ∈ RNe
.

In a CNN there is a fixed structure and orientation for the kernel and input. This is not

true of graphs, where the notion of orientation does not exist, only the nodes and their

connections. In order to adapt convolution to the graph environment, a diagonal degree

matrix, D, stores the degree (as defined in Chapter 5) for each node [134].

A useful concept for GCN is the reference operator, R, also called the graph shift or structure

operator [135, 136]. This refers to any matrix with the same shape and sparseness as A.

Adapting a filter that can operate on with varying node degree requires the use of R

according to Equation 6.20 and demonstrated in Equation 6.21 and Subsection 6.13.1. The

construction of a learnable filter is shown in Equation 6.20 using a reference operator R and

weight matrix Θ ∈ RF (i)×F (i+1)
, where F is the size of the feature vector for each node in

layer i of the network [135]. In the case of applying a reference operator to a single node

(Equation 6.21), most of the values of R are zero valued, so it is sensible to condense the

notation to simply the neighbourhood set of node i, N (i), as shown in Figure 6.16 [135, 136]
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X(i+1) = RX(i)Θ (6.20)

(RX)i =
N∑
j=1

rij · xj =
∑

j∈N (i)

rij · xj (6.21)

Figure 6.16: A visual representation of the nodes and edges for an arbitrary graph with
several node types denoted by colours. Node neighbourhoods are indicated by calligraphic
N.

6.13.1 Example - Applying the Reference Operator

As an example of the use of R, use the graph from Figure 6.16 and apply Equation 6.21 to

it. To start, define the following matrices appropriate to the selected graph. For this graph,

there are no special edge features, so the edge feature matrix has a shape N × 1 and will not

be used in this example.

A =



0 1 1 0 0

1 0 0 1 0

1 0 0 1 0

0 1 1 0 1

0 0 1 1 0


, R =



0 r12 r13 0 0

r21 0 0 r24 0

r31 0 0 r34 0

0 r24 r34 0 r45

0 0 r35 r45 0


, X =



1 0 0

0 1 0

0 1 1

0 0 1

1 0 0


(6.22)
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RX =



0 r12 r13 0 0

r21 0 0 r24 0

r31 0 0 r34 0

0 r24 r34 0 r45

0 0 r35 r45 0


×



1 0 0

0 1 0

0 1 1

0 0 1

1 0 0


=



r12 + r13 0 0

r21 0 r24

r31 + r35 0 0

r45 r42 + r43 0

0 r54 0


(6.23)

Multiplication of a reference operator with a node feature matrix results in a new node

feature matrix that describes a graph of the same shape, i.e. Xi+1 ∈ RN×F , where the

nonzero entries are weighted sums of the neighbouring nodes for each of the i nodes in

G. Having demonstrated an example of the reference operator with arbitrary values, the

following example shows a GCN filter operation by multiplying the previous result by an

arbitrary weight matrix.

X′ = RXΘ =



r12 + r13 0 0

r21 0 r24

r31 + r35 0 0

r45 r42 + r43 0

0 r45 0


×


w11 w12 w13 w14 w15

w21 w22 w23 w24 w25

w31 w32 w33 w34 w35

 =



(r12 + r13)w1

r21w1 + r24w3

(r31 + r35)w1

r45w1 + (r42 + r43)w2

r54w2


(6.24)

Each weight applies to a neighbourhood of a specific node, since it acts on the dot product

of the reference operator and the feature matrix corresponding to node i. Multiple convo-

lutional layers in a GCN applied to the same graph function similarly to successive layers

in a CNN, capturing larger-scale interactions in the input data and pulling in weighted

features from neighbours of neighbours and so on. The common GCN layer (Equation 6.26)

is constructed with a reference operator based on Equation 6.25, where the identity matrix I

is added to the adjacency matrix A Equation 6.25 [134]. This accounts for the 0th degree

convolution via allowing nodes to have their own existing features taken into account via

self loops in the graph [134].
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R = D−1/2(I+A)D−1/2 (6.25)

X′ = D−1/2(I+A)D−1/2XΘ (6.26)

Figure 6.17: An example of a single convolution on an arbitrary graph. Each node’s
immediate neighbourhood is captured (shaded grey area) and the values of the node
features are aggregated (right side) and weighted using trainable weights to create a graph
with the same adjacency

6.13.2 Graph Network Tasks

One of the qualities that distinguishes between graph-based networks is the feature type of

the graph that the output is based on Figure 6.18.

Figure 6.18: An overview of common tasks using GCNs. Since graphs are composed of
separate parts in the form of nodes and edges, the values of node (A) and edge features
(B) can both be predicted in regression or classification tasks using GCNs, as well as whole
graphs (C) [133].

6.14 One-Hot Encoding

One-hot encoding is a popular feature representation technique applied to categorical

data to convert it to numerical data in cases where there are relatively few categories to

represent [137]. One-hot encoding prevents an ANN model from incorrectly determining

an ordinal relationship exists between the categorical variables in the input data (e.g. to
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prevent the model from interpreting atoms 1 and 2 as being more similar than atoms 1

and 5). In order to understand one-hot encoding better, consider the concept of dummy

variables. In regression problems, these are variables D that take binary integer values [0, 1]

and represent categorical features of the data.

For example, a matrix of dummy variables could represent the colour of a stop light at an

intersection as cars pass through.

6.14.1 Example - One-Hot Encoding

At a stoplight, 4 cars pass through during an arbitrary timespan. Using dummy variables,

represent which colour the light was at a given time in row format. columns 1, 2, 3 represent

categories red, yellow, and green respectively. X =



0 0 1

0 1 0

0 0 1

1 0 0


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7.1 Abstract

In this work, MD, LAMMPS, OVITO, and subgraph isomorphism were combined for

screening the diffusion of self-interstitial point defects through a HEA FCC crystal structure.

This method has the potential to create a training dataset for use with GNNs for rapid

classification of MD trajectories, or to be used as-is to catalogue the state of a defect in any

given frame of an input trajectory.

7.2 Introduction

Frenkel pairs, consisting of interstitials and vacancies, are the initial products of irradiation

in crystalline materials. Their evolution to form extended defects such as dislocation

loops or to promote swelling, segregation, and creep culminates in severe degradation of

material properties [25, 31, 83, 138]. Due to the lower migration energy of self-interstitials

compared to vacancies, and consequently their higher mobility, they are more prone to

be removed at sinks such as grain boundaries [74, 84]. Self-interstitial migration towards
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existing dislocations produces creep by extending the dislocation along the direction of

material load [139]; their diffusion also causes radiation-induced mixing and mass-transport,

leading to solute segregation and precipitation in alloys which affect corrosion resistance

and hardness [138,139]; and their presence/mobility plays a role in the rate of void swelling

by controlling the rate of recombination with vacancies in different temperature/neutron

flux regimes [74, 84].

Self-interstitials induced by irradiation can take on various shapes over time depending

on local compositions and temperatures, including dumbbells, tetrahedra, octahedra, and

crowdions. A common form is the dumbbell split-interstitial form, where two atoms share

one lattice site [61]. Due to the anisotropy of this configuration, it responds to applied

external stress placed on its host lattice [68]. As the dumbbell diffuses through the lattice,

it may change compositions, exchanging one of its pair of atoms for another during a

transition, often rotating in the process, swapping the relative positions and orientation

of the pair (Figure 7.1) [61, 138]. Dumbbell migration barriers have also been shown to

vary in alloys compared to their values in a pure system [138]. Movement of the dumbbell

defect can also proceed by crowdion diffusion from a canted dumbbell (at least in BCC

metals) [140].

Figure 7.1: Illustration of an arbitrary dumbbell trajectory in a FCC HEA, where ω represents
the whole series of states in the trajectory and each ∆ti represents a residence/escape time
for a given state i (states 0 and 1 in this example). The circle split into two colours in
the centre represents a dumbbell pair with a colour and orientation corresponding to the
type/position of the involved atoms. The nearby atoms of the unit cells along the dumbbell
bond axis are also shown within traced cells.

From the many local environments present in the lattice HEAs exhibit very complex diffu-

sion dynamics and a wide range of migration rates for point defects [16, 97]. This is often

given as a reason for the observation of interesting properties such as irradiation resistance

seen in some HEAs, a subject of ongoing critique and research [16, 73]. Regardless, the rich

migration energy landscape provided by the HEA environment poses a useful challenge for
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predictive models of defect migration and served as motivation for this project.

Due to the compositional variation of the self-interstitial defect, the preference for the dumb-

bell defect form, and the popularity of studying these defects using MD; techniques for

the extraction, labelling, and prediction of defects from MD trajectories is of use in mate-

rials science. The use of ML models such as GCN was considered for this task; however

in light of the significant complexity of the dumbbell defect the task of classifying and

extracting point defect states in MD trajectories proved to be its own work, with applica-

tions in studying defect evolution over time as well as the contribution of different local

compositions/configurations to migration rates. A "fingerprint" technique was ultimately

developed and applied to the data, distinguished from the recent FaVAD automated defect

fingerprinting technique by using graph fingerprinting instead of vector fingerprints [141].

7.3 Methods

In this work the simulated HEA cell was of a classic ideal type, exhibiting a solid solution

in FCC phase and composed of equiatomic fractions. A single interstitial defect was created

by placing an additional atom into the system. The system was then allowed to evolve at

900 K, with PBCs. The interatomic potential used for MD came from a model developed

by Farkas et al, built for a Fe-Ni-Cr-Co-Cu HEA using an Embedded Atom Method (EAM)

using individual atom potentials that were fit until they produced a stable FCC solid

solution structure [33]. Simulations were performed using the LAMMPS MD package

and all visualizations or modifications of the simulation files were made using the OVITO

Python package.

Feature extraction of the configuration of the self-interstitial was performed using a com-

bination of graph comparison and the OVITO Python interface. First, all FCC atoms in

the system were removed via Common Neighbour Analysis (CNA), with the aim that the

remainder represented the site of greatest distortion of the crystal structure and was thus

the region of interest. Then, the connectivity of the remaining atoms was determined using

a threshold distance of 2.5 Angstroms to decide if atoms were neighbours. This distance

was decided as it allowed a margin for highly distorted systems to be captured. A graph
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representation of the non-FCC atoms that had a nonzero number of neighbours was then

constructed using NX.

Figure 7.2: A dumbbell defect and surrounding environment in an FCC lattice, extracted
from MD simulations with OVITO, containing only atoms within the two unit cells along
the dumbbell bond axis.

The shortened bond distance of the split-site made it easier to track the pair in the split site,

as in nearly all dumbbell states the shortest bond distance found was that of the dumbbell

pair (Figure 7.2). However, even after using OVITO to remove all FCC atoms in each MD

step via the CNA modifier, the distortion in the lattice caused by the presence of the defect

left a few atoms behind that prevented a clean extraction of the dumbbell or other defect. To

eliminate erroneous atoms captured as part of the distorted system, reduced and idealized

graph representations of point defect structures were constructed for the forms expected

in the MD trajectories (Figure 7.3). For instance, the dumbbell fingerprint (Figure 7.3 (D))

was constructed from two atoms joined by a single bond, where each atom is nearest to four

atoms of the adjoining FCC unit cells disrupted by the defect. These ’fingerprint’ graphs

were then used to classify the MD states by subgraph isomorphism in order to extract the

dumbbell defect frames. Subgraphs for comparison with the fingerprints were obtained via

algorithm 1.

Figure 7.3: Example graph ’fingerprints’ for (A) Tetrahedral (B) Octahedral (C) Saddle (D)
Dumbbell sites. These were matched against subgraphs decomposed from non-FCC atoms
present in a MD-simulated HEA.

The larger defect fingerprints such as the saddle and dumbbell all contain subgraphs

isomorphic with smaller graphs such as the tetrahedral fingerprint, even without extra
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atoms involved. In order to prevent this and similar problems from interfering with the

classification, the comparison of different subgraphs was organized first by separating

the classification tree into two branches based on the number of nodes present in graph

representations of the MD defect states. Then the largest subgraphs of a compatible size

were checked for isomorphism with each relevant fingerprint in decreasing graph order

(See algorithm 2 and Figure 7.4 for more details). Due to overlapping subgraphs between

frames containing dumbbell and crowdion defects, geometric considerations were added to

fine-tune the final classifications, as shown in Figure 7.4 (E).

Algorithm 1 Decompose G(V,E) into all G[S]

1: for i in range(1, numAtoms+1) do
2: subgraphDict[i] = []
3: for n in range(1, numAtoms+1) do
4: for subnodes in (x for x in itertools.combinations(G, n)) do
5: if nx.isconnected(G.subgraph(subnodes) then
6: subgraphDict[n].append(subnodes)
7: Remove repeats
8: return subgraphDict

Algorithm 2 Given a graph of a distorted lattice, G(V,E) and a set of point defect graph
fingerprints D, find the first instance of G[S] ≃ F (V,E) under the following conditions

Require: S ⊆ V (G)
1: for G[S] ∈ G do G[S] are organized in a dict keyed by decreasing order
2: Use B ⊆ D to match expected order of defect graph with fewer comparisons
3: for F (V,E) ∈ B do F (V,E) are sorted in D by decreasing order
4: if |S(G)| >= |V (F )| then
5: if S(G) ≃ F (V ) then
6: Apply additional checks to accept/reject a match (ex: bond angle)
7: return dict key "Type" of F (V,E)
8: return None

After classification of MD states was complete, a sample was taken of each unique dumbbell

state in order to build up a dataset of dumbbell transitions. In order to extract the isolated

dumbbell defects with their neighbours along the 2 unit cells aligned with the dumbbell

axis, algorithm 3) was used. In summary, the edges of a box defined from the centre of the

dumbbell bond were extended by ±5/4a, ±3/4a on the long axis and short axes respectively,

as determined by the alignment of the dumbbell bond with the principle axes of the system.
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Algorithm 3 Cut out a ROI of 2 unit cells along the system axis parallel to the dumbbell
bond, centred on the dumbbell centre of mass or origin point identified by the variable ori

Require: ori ∈ [0, 1, 2], bounds = [[5/4, 3/4, 3/4], [3/4, 5/4, 3/4], [3/4, 3/4, 5/4]]
1: x, y, z = bounds[ori]
2: for all c, p in enumerate(system_particle_coords) do
3: if −x < p[0] < x and −y < p[1] < y and −z < p[2] < z then
4: box.append(c)
5: OVITO remove all atoms not in box
6: OVITO cluster analysis –> create Topology
7: return Topology

Figure 7.4: Illustrated companion to algorithm 2. Fingerprint graphs from Figure 7.3 are
drawn in grey. The process shown is for an arbitrary dumbbell defect aligned with the
x-axis. In (A) the defect (blue) is pulled from its surroundings in OVITO. In (B) the defect is
decomposed into a list of subgraph representations, organized by order (number of nodes),
with five examples shown. In (C) the list of subgraphs is sent through the first branch
of the classification, which compares the order of the defect from (A) with a threshold
value. If the order is above the threshold it is checked against the fingerprints for the larger
defect states, otherwise the list of subgraphs is considered part of a small defect. In (D)
the list of subgraphs from (B) is checked against the first fingerprint on the large defect
branch, the saddle fingerprint from Figure 7.3, by decreasing graph order. The list in the
example has only one member of the same order as the fingerprint, the parent graph from
(A), which fails the isomorphism test (top subgraph in red). All remaining subgraphs in the
list are automatically disqualified due to insufficient order (two examples shown in red).
In (E) the dumbbell fingerprint is checked against the subgraph list. This comparison is
performed similarly to the first, with added geometric constraints due to overlap in the
graph structure of the crowdion and dumbbell defect representations. If there is a subgraph
isomorphism match for the dumbbell defect (shown in green), the alignment of the central
bond is compared with the system axes, returning a classification of "crowdion" if diagonal
with respect to the axes and a classification of "dumbbell" otherwise. If there is no match
between the graph fingerprint and any subgraph from (B), a non-value is returned and
recorded as an unknown state.
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7.4 Results

The potential energy of the HEA system was recorded at each step of the trajectory and

plotted in Figure 7.5, showing an increase in energy after the initial timestep and then

a gradual decrease. This behaviour is attributed to atomic-scale strain imposed on the

system by the initial placement of the interstitial and the subsequent relaxation of the lattice

over time. However, as the energy was recorded after relaxing each step of the initial MD

trajectory, an observation of longer trajectories is necessary to confirm this.

Figure 7.5: Potential energy of the MD HEA system (in eV) as a function of time (in
100 fs/frame steps), colour-coded by classifications assigned via algorithm 1 from the
fingerprints in Figure 7.3

In keeping with the reported behaviour of FCC lattices, the majority of defect states cata-

logued were dumbbells, at just over half (577) of the 1000 frames used in this trial. Few

of the less stable octahedral and tetrahedral defect states were noted in the trajectory, and

many states were classified as saddle points. The abundance of saddle point classifications

is likely due to the low migration energy and high mobility of the dumbbell defect offering
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ample instances where incomplete transitions could be captured by MD [60]. Molecular

dynamics data indicated that crowdions typically caused the most significant atom displace-

ment, matching with expectations [19]. This was used to help classify them separately from

dumbbells, as MD states identified manually as crowdions generally exhibited a larger set

of atoms collected for algorithm 2 after removing the non-distorted FCC atoms from the

test cell.

Figure 7.6: Each state of the MD system was classified into one of several categories based
on the expected forms (dumbbell, saddle, crowdion, octahedral, and tetrahedral), plus
an additional category for results that did not match any of the graph fingerprints from
Figure 7.3. These unknown cases were probed and appeared to correspond to exceptionally
distorted saddle and crowdion state transitions.

In the analysis of 1000 MD frames, 577 frames were classified as dumbbell form self-

interstitials by algorithm 1 and boxed by algorithm 3. Of these, 76 continuous dumbbell-

dumbbell transitions and 54 unique pair compositions were detected. Further examination

of the data is required to determine what fraction of the remaining transitions belonged to

other diffusion mechanisms, such as the canted dumbbell-crowdion diffusion reported in
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BCC structures [140].

Figure 7.7: A visualization in OVITO of the boxing of a single dumbbell defect and surround-
ings, with all other atoms in the system deleted. The dumbbell pair at the split interstitial
site are marked in red

After reaching a satisfactory level of classification accuracy with the use of graphs on

the MD data, and having the capacity to box and extract dumbbell defects, the use of

graph-formatted dumbbell defects as training data for ANNs such as Transformers or

convolutional nets would not proceed and instead the lessons learned from this work

would go towards studying the vacancy defect, the simpler counterpart to the dumbbell

defect. The main next development for this project is likely to involve the use of identified

defect graphs as the training dataset in a GCN classification model, which is anticipated to

accelerate analysis of defects from MD data. Aside from streamlining the algorithms in this

work, improving the orientation-detection and box-cutting abilities of algorithm 3 would

be another recommended next step to allow for cutting defects out of systems not aligned

directly with the principle axes.

7.5 Conclusion

This work demonstrates the practical ability to classify point defects of a variety of types in

MD trajectories by the use of subgraph isomorphism, providing a means of studying the

formation, migration, and change of point defects during diffusion through the FCC crystal.
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Ultimately, due to complicated dynamics resulting from the anisotropy of the dumbbell

interstitial [68] as well as its interactions with neighbouring atoms at differing distances

from the defect centre, attention was diverted to instead examine the movement of the

vacancy half of the Frenkel pair defect and its movement characteristics. Future directions

and additions to this work could include: training a GCN classification model by feeding

extracted graphs of non-lattice conforming atoms using true labels based on the results

of subgraph fingerprinting, speeding up the efficiency of the process; adding a graph of

the vacancy environment to the Python/OVITO fingerprinting tree to encompass all the

common point defects for generalization; extending the code to handle systems containing

multiple point defects by way of OVITO’s cluster analysis modifier; and adding a check

for the dumbbell shortest bond to support/confirm the results of dumbbell classifications.

Any or all of these would elevate and generalize the usefulness of this work to research

involving point defects and MD in FCC systems, both in HEAs and in pure crystals.
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8.1 Abstract

In this work, GCN, MD, and KMC techniques were drawn from to create a proxy model

for predicting the diffusion of vacancy defects through a HEA FCC crystal structure. This

model can generate synthetic trajectories by applying predictions to graph versions of

the system and saving the updated results in MD file formats. The feasibility of this

approach was initially tested using a toy system built with abstracted rules for vacancy

defect migration based on the interactions of nearest-neighbours of the vacancy surface,

in increasing complexity. In order to test this model on a more realistic system, a ML

interatomic potential for a Fe-Ni-Cr-Co-Cu HEA was sourced and applied in LAMMPS

to generate datasets for use in training and testing. Techniques developed in previous

work with the dumbbell defect form were adapted to effectively cull topological and

compositional data from the dataset and convert it to a graph format. To check the accuracy

of the learned dynamics of the model on the MD data, work is ongoing to examine the

diffusion behaviour of the synthetic trajectories compared to the genuine trajectories, in lieu

of missing empiric transition rates.
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8.2 Introduction

Future structural materials in nuclear power plants are desired that are more resistant to the

effects of irradiation-induced defects and produce less harmful waste products than current

alloys, prompting a search of materials design spaces for suitable alternatives, including

HEAs [89, 91]. This type of search is often aided by ML models [142], and there is an

awareness in literature of the potential of ML to reduce the use of techniques such as KMC

and increase the speed at which atomic behaviour can be modelled and predicted [9,11]. For

instance, incited by the cost-limited application of DFT to only a few hundred/thousand

atoms, DFT-GCN models have been trained that can produce interatomic potentials of

nearly equal quality for properties such as vacancy formation energy in Fe [8]. Multiple

ML techniques, including SVM, Random Forest (RF), KNN, and ANN have been used in

conjunction with KMC to predict growth of thin films in order to bypass the difficulty of

running thousands of KMC calculations to populate a dataset to model film growth [81].

A hybrid MD and KMC technique has also been applied to a HEA to probe temperature-

dependent chemical ordering [143].

The movement of defects within the crystal system has previously been explored using

LAMMPS and OVITO, studying how annealing might change the microscopic stresses

imposed on a pure metallic crystal system [19]. This work aimed instead to use GCNs on

LAMMPS and OVITO data in order to obtain a model with the capacity to predict point

defect movement dynamics that would previously have been performed using only KMC

and/or MD (Figure 8.2). The configurational entropy of HEAs makes analysis of overall

properties difficult, and taking inspiration from other HEA local feature representations,

this work opted for an approach using a simple extracted local environment to train a

ML model to predict properties of the HEA system [3]. Instead of predicting site-specific

properties of the surface [3], global properties of crystals [5], or interatomic potentials [8],

this work predicts escape rates from a vacancy defect for each atom in a local environment

(See Figure 8.1).

Without empiric rates to compare against for a true MD simulation, an alternative instead

of generating migration energy barriers (as recent work has done [37]) was required in
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Figure 8.1: An example of a vacancy defect transition in an arbitrary 2D HEA crystal system:
A) The initial state of the vacancy (shaded region) and its neighbourhood of atoms. (B) An
atom from the immediate neighbourhood of the vacancy moves in to fill the vacancy during
a transition (saddle point configuration). (C) The final vacancy state and neighbourhood,
after the successful transition.

order to assess model quality. It has previously been demonstrated that a single trajectory

of states was sufficient to train a ML model that displayed good prediction of dynamics

for stochastic 3D binary spin systems and was able to extrapolate additional traits of

the system implicitly [1]. Furthermore, diffusion techniques such as Root Mean Square

Fluctuation (RMSF) have been previously used to determine the similarity between system

dynamics in organic molecules [144] and to observe point defect migration in crystals [10].

Combining the dynamics learning approach from Casert et al to train a GCN model with

analysis of diffusion behaviour is the approach implemented in this work.

Figure 8.2: An illustration of a proposed application of this model and algorithm in defect
diffusion simulations. A) A vacancy defect, migrated through a simulated system according
to ML learned dynamics, B) A grain boundary close to the migrating defect, C) A transition
from KMC-like transitions back to MD for the duration of the defect’s residence at the grain
boundary, D) A resumed trajectory using the learned dynamics
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Figure 8.3: An illustration of the workflow involved in this project. (A) A trajectory
composed of many states is obtained by evolving a system with MD. (B) The trajectory data
is minimized to reduce noise and make analysis easier. (C) Analysis of the trajectory dictates
where to cut out example frames for the state of the system. (D) Vacancy defects are isolated
from their representative cutout frames and converted into ML-compatible formats. (E) The
graphed defects are used to train a GCN which looks at how each atom is influenced by its
neighbours. (F) The trained GCN is used to generate trajectories with its learned dynamics,
and the result is compared with the dynamics governing MD trajectories of the system.

8.3 Methods

In order to test this concept, a few assumptions were made regarding the interaction of the

defect with its surroundings. The first of these is that the crystal environment would be

perfect, or nearly so, aside from the presence of the vacancy defect. The next was that only

the 1st and 2nd neighbours surrounding the vacancy would have a significant impact on

the diffusion path [25], with just the 1st neighbours being capable of filling the vacancy. It

was also assumed that there was only one defect in the system at a time for the purposes of

data generation and training. However, the code implemented from the learned dynamics

was made with a limited capacity to generate multiple vacancy trajectories simultaneously

in the same system. A toy proof-of-concept model was built to provide a simpler test

case in addition to the model trained on MD data. To assess the viability of learning from

interactions with different groups of nearby atoms, the toy model proof-of-concept was

tested on toy data generated according to three models: first vacancy nearest neighbours

without interaction (0-NNI), first vacancy nearest neighbours with interaction (1-NNI),
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and first & second vacancy nearest neighbours with interaction (2-NNI), described in

Subsection 8.3.1.

8.3.1 Data Generation

The bulk of the data used in this work was generated using LAMMPS and post-processed

with the OVITO Python package. LAMMPS is an open-source parallel implementation

of classical MD that was used for all MD in this work [71]. The nature of the equations

that govern MD simulations (see figure for eq 13.3) is such that they are easily parallelized

using MPI and the workload of MD distributed over multiple cores, up to millions in

principle [71]. LAMMPS operates in either 2D or 3D space using orthogonal or triclinic

bases and a variety of boundary conditions including fixed, shrink-wrapped, and PBCs,

depending on user preference [71]. LAMMPS parallelization breaks the total MD simulated

domain into unique and non-overlapping subdomains that each have roughly the same

number of atoms (if the domain has reasonably consistent density) which keep track of both

their own atoms as well as those within a cutoff distance in neighbouring subdomains [71].

Keeping the extraneous atom information allows a subdomain to calculate interactions with

its atoms that occur within its neighbours without needing to communicate with them for

atomic information constantly [71]. Atoms that move across borders between subdomains

or periodic boundary conditions change ownership every few time steps when the lists of

atomic neighbours are recalculated [71]. The construction of this neighbour list occurs in

O(M) time where M is the number of atoms that a processor is keeping track of (including

nearby neighbour atoms outside its subdomain) [71]. A concluding note on LAMMPS is

that the units that LAMMPS uses depend on a keyword selected by the user in an input file.

There are biologically-relevant units under the ’real’ keyword, and others with ’electron’,

and the most relevant to these purposes are those associated with the key ’metal’, which

sets time to ps, lengths to Angstroms, and energies to eV [71].

The MD simulations used PBCs, metal units, and EAM (for alloys) as the pair interaction

style. The interatomic potential was sourced from a model developed by Farkas et al to create

equiatomic solid solutions strongly resembling realistic FCC HEA behaviour [33]. A lattice

unit cell dimension of 3.552 Angstroms was used and extended 3 times in each cartesian
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axis direction (3 on each side of the origin), producing a FCC HEA system containing 864

atoms of five types (Fe, Ni, Cr, Co, Cu). To create a vacancy, a single atom was deleted

from the system, after which the system was allowed to evolve in steps of 1 fs. Data was

exported from the system in the form of dump files at intervals of 100 fs to provide a

set of files constituting a continuous trajectory. The temperature used was 1500 K, since

this allowed for a rate of vacancy migration in the MD simulation of roughly 1E-2 to 1E-3

vacancy transitions per fs of simulation time, which was practical for the purposes of a

proof-of-concept model.

After the initial MD trajectories had been produced, they were converted to data files

as described in the following section and the files were each minimized using LAMMPS

in order to reduce noise in the system from atomic vibrations to facilitate extraction of

the defect site. The minimization process parameters and force field are identical to the

previous ones used in the MD simulation, minus the system construction steps. The

LAMMPS minimization command takes in four inputs that decide when the minimization

of the objective function is complete: energy tolerance, force tolerance, maximum number of

iterations, and the maximum number of evaluations. The values of each of these were set to

1E-4, 1E-7 eV/Å, 1000, and 10000 respectively, where energy tolerance is the unitless relative

change in energy between iterations [145]. Minimization in LAMMPS involves iteratively

minimizing the objective function (See Equation 8.1), which is the total potential energy

as a function of the position of each of the N atoms in the system and is composed of the

sum of the bonded interaction energies, long-range interaction energies, and various other

constraints that have less obvious physical analogues [71, 145].

E(r1, r2, ...rN ) =
∑
i,j

Epair(ri, rj) +
∑
ij

Ebond(ri, rj) +
∑
ijk

Eangle(ri, rj , rk)

+
∑
ijkl

Edihedral(ri, rj , rk, rl) +
∑
ijkl

Eimproper(ri, rj , rk, rl) +
∑
i

Efix(ri)

(8.1)

In order to both interactively view and post-process molecular dynamics data, the open

source software OVITO was used extensively [146]. The key feature of OVITO is the data
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pipeline, an object that allows for multiple operations to be dynamically applied in real

time to the data and adjusted, such as cluster analysis, slicing, filtering, colour-coding,

etc [146]. The resulting frame(s) of data can be saved at the other end of the pipeline as

new files, viewed through a detailed user interface, or saved for a figure in publication

[146]. Operations on a data pipeline can be rearranged and this immediately updates

the visualization of the data objects in the pipeline, as they are non-destructive in nature

(i.e. they do not apply permanent changes to the underlying data in the pipeline) [147].

Flexibility and modularity are key to OVITO, and users can, with the help of the Python

scripting reference for OVITO, even create custom operations and atomic properties for the

pipeline themselves [147].

Initial OVITO pipelines were created from the input LAMMPS MD files and used simply

to convert the dump files en masse to data files suitable for additional simulation work

algorithm 4. The data files were then minimized in another brief LAMMPS MD simulation.

The final frame of each of these minimized frame trajectories was then saved and a complete

minimized version of the original trajectory of the LAMMPS simulation was made using the

OVITO Python interface [147]. This process makes it so that the vacancy in the system can

very easily be detected in OVITO by using the pipeline modifiers Common neighbor analysis,

Select type (FCC) and Delete selected in sequence. In the conceptual case of multiple vacancies

in the system, a Cluster analysis modifier would be appropriate as well, to select atoms

belonging to each vacancy region of interest and tag them accordingly in the output. When

necessary, a custom pipeline function was used to assign elements as a particle attribute, as

atom labelling was done by arbitrary numbers in dump files and not by element names or

atomic numbers as might be expected.

A suitable facsimile of the MD vacancy defect for use in a proof-of-concept model was made

by mining vacancy topology data in OVITO. The data constructed a NX blank template

graph that was uniform-randomly assigned 12 node numbers and an atom type integer

between 1-5. This ensured that the toy model data had exactly the same shape, features,

and variety that would be expected from the MD graphs.

To lend realism to the behaviour of the model, each of the integers 1-5 that represented an
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Algorithm 4 The process used to clean and sift MD data to identify each defect state present.
Over the preset duration of the MD simulation, as long as the time t was less than tlimit,
data was saved at intervals of 100 fs, producing n saved files, where n = tlimit/100 fs.
After minimization and vacancy identification was completed, any extracted defects that
did not match the bond topology of the ideal vacancy, template, were subject to a looped
re-processing in which incrementally larger bond lengths, bond_len were used in OVITO
up to a user defined threshold value, bond_limit. This reduced the number of malformed
graphs from roughly ∼7% of the data investigated to << 1%

while t < tlimit do
Evolve system in time, t
if t % 100 fs == 0 then

Export MD data for system as step_t.dump
for i in range(n) do

convert "step_[i].dump" −→ "step_[i].data"
for i in range(n) do

Run LAMMPS minimize "step_[i].data" −→ "step_[i]_min.dump"
for i in range(n) do

Pull final frame "step_[i]_min[-1].dump" −→ "step_[i]_min_final.dump"
for i in range(n) do

Process "step_[i]_min_final.dump" in OVITO −→ state, time, frame
for i in range(n) if state[i == "Vacancy"] do

if OVITO topology[i] == template then
Process "step_[i]_min_final.dump" in OVITO −→ topology, elements, IDs

else
noncompliant.append(i)

while bond_len < bond_limit do
bond_len += 0.1
for j in noncompliant do

if OVITO topology[j] == template then
Process "step_[j]_min_final.dump" in OVITO −→ topology, elements, IDs
delete j from noncompliant

Export noncompliant −→ "noncompliant.txt"

atom type in the HEA were randomly assigned an atomic mass reasonable for a transition

metal (40-60 amu) and a base migration energy in the range 0.6-0.8 eV at the same order of

magnitude as experimental HEA vacancy migration energy barriers [95]. A temperature

variable was also used, preset to 1000 K. The lattice parameter ’a’ used was the same as in

the MD simulations, 3.552 Å. Rates for the system that produced the results presented for

the proof-of-concept model were (in ns−1) [1: 0.71, 2: 2.89, 3: 0.37, 4: 0.62, 5: 0.58], rounded

to two decimal places.

Equation 8.2 and Equation 8.3 were used to govern the attempt frequency and the escape
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Figure 8.4: The two configurations of FCC regions-of-interest used in this work, 1-NNI
(right) and 2-NNI (left). For the 1-NNI environment, only 12 atoms are included, the ones
immediately surrounding the vacancy. For the 2-NNI environment, 54 atoms are included,
including all the atoms from the 0-NNI/1-NNI as well as their own respective graph nearest
neighbours. The reason that these environments were chosen is that the transition of a
vacancy defect is influenced both by the immediate neighbours and their neighbours (See
Figure 8.1) [25, 148].

rates for movement of the vacancy to each allowed atom. The equation for the attempt

frequency of a vacancy defect transition A is Equation 8.2, where for the sake of simplicity

of the toy model the mass M and migration energies Em
V were the arithmetic mean of the 5

values present in the system contents [61].

A =
1

a

√
Em

V

M
(8.2)

The Arrhenius equation, Equation 8.3, determined the rate at which an atom in the 3D toy

model made a move to position itself at the vacancy site. Thus in this case the factor A is the

same attempt frequency from Equation 8.2.

k = Ae
−Ea
kBT (8.3)

Next the evolution of the system was set up using Kinetic Monte Carlo (KMC) rules. Rate

constants for different pathways/atoms were scaled to sum to unity by dividing by ktot. The

selection of the next state was performed by taking a uniformly-distributed random number,

residence/escape time from the state was obtained by drawing an exponentially-distributed
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random variable from a generator parameterized by ktot.

For the toy proof-of-concept system, interatomic interactions influencing the escape rates

through each atom in the vacancy environment were constructed according to three interac-

tion modes: 0-NNI, 1-NNI, and 2-NNI. Each of these interaction modes were named in a

graph, rather than a crystalline sense (i.e. a graph neighbourhood), abstracting the vacant

space inside the vacancy cell as a central node and working outwards. For all interaction

modes, atoms were assigned rate constants as described previously. In the 0-NNI case, these

base rates were simply summed to generate the total escape rate ktot without modification.

For the 1-NNI and 2-NNI cases, a symmetric 5x5 interaction matrix was randomly gener-

ated to influence the base rate with respect to atomic neighbourhoods. The interaction of

the first atom type with itself was set to 1. Then the neighbourhoods of each atom/node

were obtained from their graph representations and converted to vectors encoding the

counts for each atom type (e.g. An atom node might have a neighbourhood set of 4 atoms

belonging to one of 5 types converted as [1,3,4,1] −→ [2 0 1 1 0]). The host node/atom was

not included in this vector, instead a vector from the interaction matrix corresponding to

interactions between the host atom type was taken and the product of the neighbourhood

count vector with this was used to produce a factor that modified the base rate for the

host atom/node. The 0-NNI and 1-NNI setups both used graphs of identical construction,

containing the 12 atoms immediately surrounding the vacancy, and the 2-NNI setup used

larger graphs containing a total of 54 atoms surrounding the vacancy (See Figure 8.4). For

the 2-NNI case, only the 12 core atoms around the vacancy ultimately contributed to ktot,

(rate predictions for the rest were zeroed to prohibit them as transition targets) as per the

assumptions made earlier in this work. For the proof-of-concept model data shown in

Section 8.4, all datasets were generated from the same interaction rules via a fixed seed.

Likewise, the compositions, chosen atoms, and times were fixed, with the exception of the

2-NNI case, which generated different states and times due to the increased number of

random draws needed for additional atoms/nodes.
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8.3.2 Data Representation

There are a number of benefits to representing spatial systems such as cubic crystals using

graphs instead of matrices/grids or flattened input vectors. Firstly, the visualization is an

intuitive one. In addition, periodic boundaries are easily represented by a graph structure,

as nodes representing boundary sections of the atomic system can be connected by graph

edges. The edges and nodes of a graph are also versatile and can store multiple features

simply by adding new keywords to the NX package graph constructors.

In order to test the viability of designing a graph/grid based system to represent a crystal

structure, the Ising model case was used, with ’atoms’ having randomly-assigned values of [-

1,1] on a square 2D lattice. Once the construction techniques were successfully implemented

in this environment, they were adapted to the MD data.

Extraction of vacancy defect data from MD was accomplished by extracting atoms and

topology using OVITO (algorithm 5 and Figure 8.5) and then creating GNN-compatible

graphs (algorithm 6). Extracting defect data from the toy proof-of-concept system for

representations was trivial in comparison, as the defect states were constructed in-situ

without any extra components.

In order to put graphs containing n nodes each with k node features and e edges with f edge

features into a GCN, they are converted into three objects: A n x n adjacency matrix (as

described in Figure 5.3), a n x k node feature matrix, and an e x f edge feature matrix.
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Algorithm 5: Extraction of topological de-
tails of the ith of n vacancy defect environ-
ments in OVITO, as performed in this work
via the OVITO Python package. Steps 2-5 are
intended to be applied as an OVITO pipeline
modifier stack. Images of the process from the
standalone OVITO application are shown for
reference in Figure 8.5.

1: Open defect file [i].dump in OVITO

2: CNA
Select type (Other)
−−−−−−−−−−−→

3: Expand selection
range = 3 Å
−−−−−−−→

4: Invert selection

5: Delete selected

6: Apply bonds universal cutoff = 3 Å−−−−−−−−−−−−→

7: Save Topology from Bond table

Figure 8.5: OVITO views of atoms involved in
algorithm 5. The 0-NNI/1-NNI environment
is shown on the left, obtained by skipping step
3. The 2-NNI environment is shown on the
right, obtained from algorithm 5 in full. Top
and bottom views display before and after
step 5 of algorithm 5, with the core 12 atoms
allowed for transitions in white.

Algorithm 6 Construction of a list G_list of n graphs G from n MD vacancy states (data
extracted with algorithm 5) for use in GCN models, using both the Python OVITO package
and NX packages.

1: Extract Particle_identifier, Particle_type, Topology from OVITO via algorithm 5
2: G_list = []
3: for p in range(n) do
4: G = nx.graph()
5: graph_data = []
6: edge_data = []
7: for i, j in zip(Particle_identifier[p], Particle_type[p]) do
8: graph_data.append((i, {"Type": j}))
9: G.add_nodes_from(graph_data)

10: for i, j in Topology[p] do
11: edge_data.append((Particle_identifier[p][i], Particle_identifier[p][j]))
12: G.add_edges_from(edge_data)
13: G_list.append(G)
14: return G_list

An arbitrary vacancy graph assumes the form seen in Figure 8.6 (a) and is converted to a

1-hot representation of itself as follows in Figure 8.6b.
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(a) (b)

Figure 8.6: Graph representations from NX of the vacancy defect 1-NNI environment. (a) A
layout captured and labelled in NX for the proof-of-concept data, showing nodes coloured
based on their atom feature (type) and numbered by arbitrary ID number tags. (b) An
arbitrary and unlabelled graph layout modified to demonstrate a one-hot encoding scheme
for a binary alloy

8.3.3 Dynamics Learner Function

Algorithm 7 The unsupervised dynamics learner loss function used in this work, adapted
from [1]. The log-likeihood U of a trajectory omega composed of K states C with transition
rates W is given by Uω =

∑K−1
k=0 (lnWCk−→k+1

− ∆tCk
RCk

), where RCk
is the total escape

rate, given by RCk
=

∑
C′ WCk−→C′ [1]. In this work, the original version was modified to

exclude the special case of the final step of a trajectory, and the final steps were accordingly
deleted from the training data before use.

Require: ML model model, state transition times times, chosen escape indices idxs,
graph node features x,graph edges edges, and number of nodes per graph n.

1: logrates = model(x, edges).reshape(−1, n)
2: rates = torch.exp(logrates)
3: R = torch.sum(rates, dim = 1)
4: loglike = torch.gather(logrates, 1, idxs).sum()− (times×R).sum()
5: loss = −1× loglike
6: trainloss += loss.detach()
7: loss.backward(), optimizer.step(), optimizer.zero_grad()

By using the negative of the log-likelihood function for the dynamics of a Markovian

system, Casert et al used the log-likelihood of a trajectory as a source of feedback to a ML

model in the place of a conventional loss function [1]. This approach was used with a few

modifications. Firstly, the last entries of the training trajectories were simply deleted instead

of accommodated as special cases. Training was also done on batches of the trajectory and

did not include a secondary training stage over the full trajectory for fine-tuning.
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8.3.4 Graph Network Architecture

To examine the impact of the mode of interaction present in the proof-of-concept data, two

Pytorch models were implemented: a Graph-based network without convolutional layers

("BaseNet") and a GCN with 1 GraphConv convolutional layer. Both networks had a depth

of 3 layers in total and used the same dynamics learner loss function (See algorithm 7) based

on log-likelihood estimation from Section 6.5 [1]. For both networks the torch seeds were

fixed and torch was set for deterministic behaviour. In order to obtain a reliable sampling

of results from model training and testing, a set of 5 different seed values were used to

produce the data shown on tables and plots in Section 8.4. The data shown in Section 8.4

was produced after training for 100 epochs with a learning rate of 2.5E-4 and a batch size of

250. The size of the training set varied, while the testing set was comprised of 4000 graphs

in each case, with the same batch size as the training set.

In addition to the use of the log-likelihood dynamics learner loss function, the L1 (MAE) loss

was evaluated during training and testing of both models, but not used in backpropagation

or optimization. This was done in order to compare results between different models and

datasets more effectively. In a practical application with unknown true dynamics such as

the MD dataset, an alternative performance metric is necessary, as discussed later in this

work.

Figure 8.7: A summary of the non-convolutional GNN structure "BaseNet" used in this work.
Initially, (A) a graph input is converted into (B) node features which are then each passed
through (C) a pair of Pytorch Geometric Linear layers with ReLU activation before (D) a
final layer returns a single float value prediction for the rate constant per input atom/node.
This process (C)-(D) is performed for each node in the graph, for each graph in a batch of the
dataset during training. Note that in this diagram the tricoloured graph nodes are stand-ins
for one-hot encoded atom features such as those shown in Figure 8.6b.
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Figure 8.8: A summary of the GraphConv GCN structure used in this work. Initially, (A)
a graph input is converted passed through (B) a single Pytorch Geometric GraphConv
convolutional layer which collects information on the host and neighbour nodes (white
and black/blue/red in (B) respectively) before (C) applying a ReLU activation and passing
the convolved graph (D) node features into (E) a Pytorch Geometric Linear layer with
ReLU activation and an (F) output layer identical in form to the one used in the BaseNet
(Figure 8.7). Note that in this diagram the tricoloured graph nodes are stand-ins for one-hot
encoded atom features such as those shown in Figure 8.6b.

The GCN formulation used by Kipf and Welling (Equation 6.26) is a common starting point

for GCNs, however for this purpose it is insufficient due to how this technique handles

neighbour data. In the convolution, the multiplication of the adjacency matrix and the

feature matrix results in a collection of node features which does not preserve the relative

significance of the host node (in the case of self-loops). Without self-loops, the information

associated with the host node that is necessary to determine the correct value of the desired

property is also lost, when equivalent neighbourhoods are taken into account. Thus a

convolution that allowed for emphasis to be placed on the relationship between the host

node and the peripheral nodes was essential instead.

This was implemented with GraphConv, a method that places emphasis on the central

node [38]. In this convolution, the central node xi and the neighbourhood nodes xj with

edge weights ej,i have their own weight matrices W1 and W2 respectively (Equation 8.4) [38].

The alternative convolutional layer Crystal Graph Convolution (CGConv) was briefly tested

due to also distinguishing the central node, but was more difficult to set up and did not

appear to provide a crucial advantage in early stages of this work.
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[ht]x′
i = W1xi +W2

∑
j∈N (i)

ej,i · xj (8.4)

The model interpretability demonstrated by the designers of the CGConv technique served

as a guideline for obtaining network outputs that map output properties of a crystalline

input graph to the local environment(s) of each node. A modification of this technique is

illustrated in Figure 8.8.

8.3.5 Evolving Systems via Model

Using an arbitrary trained model configured as shown in Figure 8.7 or Figure 8.8, an

algorithm was built to take predictions from the model and use them to produce an ML-

accelerated trajectory using the model to provide transition and escape rates. This algorithm

was dubbed "EvoSys" and made to export ML-driven trajectories in the form of .dump files.

Note that this "EvoSys" code currently uses the centroid rather than the centre of mass of a

vacancy defect when making a transition, due to the way that OVITO processes labelled

atom data.
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Algorithm 8 Given a model model, a trained model state trained, a duration T, a starting
defect state initial_state, generate synthetic trajectories in MD file format.

Require: model, trained, T, initial_state
1: Load model with saved state trained
2: init_pipe = OVITO.import_file(initial_state)
3: self.Ovstate = init_pipe.compute(0)
4: self.G = nx.graph()
5: Run self.init_graph_system()
6: CreateBondsModifier −→ extract bond and atom data from OVITO
7: Use nx.add_nodes_from() and nx.add_edges_from to add to self.G
8: Run self.init_find_vac()
9: Apply pipeline modifiers from algorithm 5 steps 2-5

10: ClusterAnalysisModifier
cutoff = 3 Å, compute CoM
−−−−−−−−−−−−−−−−→

11: Run self.init_graph_vac()
12: G_defect = deepcopy(self.G)
13: Delete nodes in G_defect for atom IDs not returned by cluster analysis
14: Split G_defect into separate graphs for each vacancy detected −→ self.defect_graphs
15: for i in defect_graphs do
16: Run self.vac_encoding(i) −→ self.Predictor(i, m) −→ save prediction values for index,

log-likelihood, residence time t, etc.
17: if self.collision_check(i, defect_graphs) == False then
18: Run self.updates(i) to modify G and self.Ovstate, with accepted atom move
19: OVITO export self.Ovstate
20: while t < T do
21: argmin(t) for defect(s) in system −→ repeat steps 16-19 for corresponding defect i

8.4 Results

8.4.1 MD Dataset

7.5E4 state transitions were isolated from 10 MD trajectories containing roughly 9E6 frames

in total, with about 3.3E4 unique core (12 atom) states. Approximately 4E4 of the states

captured were "high-entropy" states, in that they contained at least one example of every

type of element present in the system. Using the high-entropy states, the chosen atom

type for each associated transition was recorded and weighted according to the relative

proportion of the HEA vacancy environment that it occupied (out of the 12 core atoms

considered for transitions), in order to estimate the relative average probabilities across the

dataset associated with a transition to each of the elements: Fe, Ni, Cr, Co, Cu (Figure 8.9).

These values are expected to vary locally due to composition/configuration factors in HEAs
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(i.e. mixtures of atomic radii, bonding interactions, etc. [28, 97]), but serve as a useful

benchmark and when combined with residence time data can provide details on the order

of magnitude for unknown true rates in the MD simulations. The trajectory data shows

a strong preference for migrations escaping through Cu atoms (∼0.7), with the closest

following, Cr, being chosen in less than a fifth of transitions in high-entropy states. Of

the remaining three least likely atoms in Figure 8.9, Ni and Co were chosen with almost

equal proportions and Fe was last, with very few vacancy transitions in high-entropy states

occurring by Fe paths. Encouragingly, the marked preference for one particular atom type

was shared by the proof-of-concept system, where synthetic dynamics were implemented

to mimic a simplified HEA system.

Figure 8.9: A plot of the average atom types selected in vacancy transitions over time for
MD simulations. These values were obtained from 3.9E4 states containing at least one
instance of each of the 5 atom types present in the HEA (Fe, Ni, Cr, Co, Cu). Shaded regions
indicate the standard deviation for each element type.

In order to observe how frequently the vacancy in the MD trajectories was filled by the exact

same atom, all instances where the chosen atom was identical to the next chosen atom were
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catalogued. Instances of this back-and-forth came to a total of 839 across all trajectories.

This represents ∼1.1 % of the total dataset. These are expected to represent trapping states

or kinetic traps present in the MD simulations.

For a Poisson process (such as a single defect escape/transition) the times between events

are exponentially-distributed. As each state along a trajectory obeys its own exponential

distribution dictated by its configuration, the plot of residence times in both the toy proof-

of-concept and the MD data is expected to take the form of a mixed distribution composed

of a weighted average of exponential distributions belonging to each of the configurations

sampled in the course of the trajectory. The MD data contained 1180 unique states by

composition (i.e. ignoring configuration), which is more than half of the composition space.

Consider the set of ktot rates present in the simplest proof-of-concept interaction setup,

0-NNI. With 5 float values representing the rate constants kij which lead from state i to j,

for 12 atoms, with replacement, the combinations are given by Cn
r = n+r−1

r!(n−1)! . This yields

C5
12 = (5+12−1)!

12!(5−1)! = 16!
12!4! =

43680
24 = 1820 values for ktot. Note that these are not necessarily

unique values, but with float valued and randomly selected rates, they are likely to be

distinct nonetheless. As each of the atoms in the proof-of-concept system was selected

randomly and with equiatomic fractions, the distribution of ktot values sampled in 0-NNI

under these conditions was expected to follow a multinomial distribution, as if it was the

sum of 12 dice rolls where each die had 5 sides (one representing each atom type).

As seen in Figure 8.10, the distributions of residence times for the proof-of-concept states as

well as the MD states for the most part appeared as expected to be similar to an exponential

distribution. Closer analysis would be necessary to determine how much the times deviated

from that of a pure exponential distribution. Each of the proof-of-concept datasets had

a similar rounded mean value of 0.09 or 0.08 ns, while the MD histogram had a much

smaller mean value of only about 0.01 ns, which is explained due to coming from a different

dynamics setup as well as a higher temperature. An additional observation is that at a

closer view, the histogram of residence times has a lower first bin value than what would be

expected in an exponential or mixed exponential distribution. The cause of this anomaly

was likely that the timesteps produced by the MD simulation were discrete, and so any

transitions with a lower residence time than 100 fs were not detectable from the dataset.
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(a) 0-NNI (b) 1-NNI

(c) 2-NNI

(d) MD

Figure 8.10: Histograms of residence times for states from the three proof-of-concept datasets
as well as the MD dataset. The right side figure of d) is an enlarged view of the MD data for
the range 0-75, showing the reduced value of the first bin of the histogram compared to its
neighbours.

8.4.2 Network Training & Testing

For the proof-of-concept toy model system, the dynamics were completely predetermined,

and as such they were evaluated simply by taking the L1 (MAE) loss of the predicted rates

from the trained models. All tables values are rounded to 2 decimal places. Training curves

are visualized with rolling window smoothing set to a value of 5 steps. The trajectories

generated as training and testing sets for the proof-of-concept model had true log-likelihood
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values between roughly -8.2 to -8.5.

As can be seen from Figure 8.14b BaseNet results in particular, the log-likelihood ∆ loss

values from the test datasets were often smaller than the log-likelihood values evaluated

from the training datasets. This behaviour is explained by the fact that the log-likelihood

values, even those with the same generating dynamics, are not identical, as the exact

transitions and times vary between trajectories. With this in mind, comparison of final

differences between the log-likelihood values for different trajectories may lead to erroneous

conclusions. The general trend of the final log-likelihood ∆ loss for each trajectory (train

and test) shrinking in magnitude as the total number of samples increases may be due to

both models improving with larger datasets, but again it is cautioned that log-likelihood

values from the same model over different datasets are not directly comparable. One

useful observation from the log-likelihood results in Figure 8.13 is that each plot shows the

expected smooth decrease in the difference between the training and exact log-likelihoods

for the proof-of-concept model [1]. The MAE serving as a performance metric in the proof-

of-concept case provides more stimulus for discussion in Figure 8.12.

The 0-NNI mode showed both in testing and training that the BaseNet GNN outperformed

the GraphConv GCN for the L1 loss, with even the worst-performing set of training runs

([5,1000] case) being slightly better than the best case of the GCN ([5,4000] case) at learning

the true rate values (Figure 8.12(a). The BaseNet did similarly well between both of its best

sets, the 20000 sample cases ([1,20000] and [5,4000]), and slightly worse on the 5-repeat

5000 graph sample case than the no-repeat one. This last pair have some overlap in their

standard deviation, and may prove more similar with additional trials. Of the two best

performing baseline cases, the 5-repeat set appeared to have a similar value to the no-repeat

set in both training and testing, but with roughly half the standard deviation on the test

data, suggesting that the dataset was ample to allow for the dynamics to be learned and that

the additional examples proved useful to the BaseNet. Like the BaseNet, the GCN benefited

in the 0-NNI case from additional training examples, however the improvement in the

L1 loss diminished with the use of the larger 20000 sample cases ([1,20000], [5,4000]) and

the standard deviations did not change noticeably for any of the test sets with additional

repeats. In the 0-NNI L1 plot, some signs of overfitting were observed from the [1,5000]
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case during training, as the loss began to increase towards the end of the training run. This

was also suggested by the corresponding log-likelihood loss plot in Figure 8.14(a), which

showed that the [1,5000] set of runs dipped well into the negative.

The subpar performance of the GCN compared to the BaseNet was attributed to the fact

that the 0-NNI system had no interactions between atoms whatsoever, and as such, the

GraphConv convolutional layer in the GCN would be required to learn to ignore any

information obtained from convolution (the W2 weights in Equation 8.4), which the model

structure is biased against by the nature of convolution. For 0-NNI both networks were still

able to learn the true values (See Subsection 8.3.1) to within < 0.05 L1 loss.

In contrast to the results in the ideal 0-NNI environment, the BaseNet consistently struggled

to fit the dynamics of the proof-of-concept 1-NNI system, with the L1 loss showing little

sign of improvement. The BaseNet L1 loss was nearly on-par with the GCN for the two sets

of 5000 graph runs ([1,5000] and [5, 1000]), but was definitely surpassed by the longer 20000

graph trajectories for L1 (Figure 8.12(b)), even though the total number of configurations

in the [5,4000] state was 1000 states smaller. The superior performance of the GCN was

expected with the use of a convolutional layer in an interacting system. The best L1

loss reported for this network for 1-NNI was almost half of the best loss achieved by the

BaseNet on the same setup, suggesting that the convolutional layer was able to help the log-

likelihood loss function learn the dynamics of the proof-of-concept system. For future work

it is recommended that the GCN be given additional training epochs to converge, as the

1-NNI and some of the 2-NNI plots appear to be able to benefit from further training. From

the ∆ log-likelihood plots it was noted that both of the worst performing runs appeared

to have been overfitting, reaching noticeably negative log-likelihood ∆ losses. In contrast

to the results in the ideal 0-NNI environment, the BaseNet consistently struggled to fit the

dynamics of the proof-of-concept 1-NNI system, with the L1 loss showing little sign of

improvement.

Trial setups with repeats performed slightly better than their no-repeat counterparts, with

similar relative differences between their losses. In general however, the improvement to

the L1 losses for each run and network appeared small. Across training and testing runs
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Model-System [1, 5000] [5, 1000] [1, 20000] [5, 4000]
B-0 1.97E-2 (2.6E-3) 2.20E-2 (1.4E-3) 1.05E-2 (1.7E-3) 1.20E-2 (2.4E-3)
G-0 4.69E-2 (3.0E-3) 3.70E-2 (2.3E-3) 2.38E-2 (1.9E-3) 2.44E-2 (1.7E-3)
B-1 6.80E-2 (6E-4) 6.80E-2 (2E-4) 6.64E-2 (8E-4) 6.53E-2 (3E-4)
G-1 5.96E-2 (5.0E-3) 5.73E-2 (5.8E-3) 3.74E-2 (2.6E-3) 3.46E-2 (3.5E-3)
B-2 9.6E-3 (1E-4) 9.3E-3 (2E-4) 9.0E-3 (2E-4) 8.9E-3 (1E-4)
G-2 9.5E-3 (8E-4) 1.07E-2 (7E-4) 6.9E-3 (7E-4) 7.3E-3 (9E-4)

Table 8.1: L1 training loss in the toy proof-of-concept model for the BaseNet (B) and
GraphConv GCN (G) ML models and each of the three tested interaction modes, reported
as µ (σ) obtained from 5 runs with fixed seeds in each of the 6 test cases. Column titles in the
format [x, y] indicate the number of repeated samples of a state that were used in the input
dataset as well as the number of randomly generated states created for the input dataset
respectively. See Figure 8.12 for corresponding plots.

Model-System [1, 5000] [5, 1000] [1, 20000] [5, 4000]
B-0 1.83E-2 (3.3E-3) 2.15E-2 (1.8E-3) 1.15E-2 (6.6E-3) 1.12E-2 (3.2E-3)
G-0 4.88E-2 (2.6E-3) 3.69E-2 (2.6E-3) 2.67E-2 (4.0E-3) 2.52E-2 (3.6E-3)
B-1 6.87E-2 (5E-4) 6.78E-2 (2E-4) 6.76E-2 (1.4E-3) 6.62E-2 (1.6E-3)
G-1 6.36E-2 (4.6E-3) 5.35E-2 (4.3E-3) 3.82E-2 (2.2E-3) 3.24E-2 (3.0E-3)
B-2 9.3E-3 (2E-4) 9.2E-3 (1E-4) 8.9E-3 (2E-4) 8.9E-3 (4E-4)
G-2 9.1E-3 (1.0E-3) 1.05E-2 (5E-4) 6.8E-3 (4E-4) 7.2E-3 (5E-4)

Table 8.2: L1 testing loss in the toy proof-of-concept model for the BaseNet (B) and Graph-
Conv GCN (G) ML models and each of the three tested interaction modes, reported as µ
(σ) obtained from 5 runs with fixed seeds in each of the 6 test cases. Column titles in the
format [x, y] indicate the number of repeated samples of a state that were used in the input
dataset as well as the number of randomly generated states created for the input dataset
respectively. See Figure 8.12 for corresponding plots.

with the 1-NNI and 2-NNI interaction setups, the BaseNet L1 losses showed the smallest

standard deviations, often several times smaller than their GraphConv GCN counterparts

(Figure 8.12). This is tentatively attributed to the BaseNet reaching its lowest L1 loss in the

more complex interaction setups by producing an average value for each node/atom type,

rather than learning a complex set of rules that the BaseNet architecture is incapable of

fully representing. In this case, each BaseNet trial run, reaching the same impasse, would

produce very similar results. This supposition can be examined closer using the values

produced by the BaseNet model.

In summary, the BaseNet performed very similarly to the GCN on the non-interacting

0-NNI and 2-NNI interaction setups. The first of these observations is unsurprising, as

there are no interaction dynamics at play in the 0-NNI setup. The performance on the
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(a) 0-NNI training L1 (MAE) loss

(b) 1-NNI training L1 (MAE) loss

(c) 2-NNI training L1 (MAE) loss

Figure 8.11: Plots of L1 (MAE) training loss in the toy proof-of-concept model for the BaseNet
(left) and GraphConv GCN (right) ML models for each of the three tested interaction modes.
Each plotted line was obtained from the average of 5 runs with fixed seeds. The legend
indicates the number of repeated samples of a state that were used in the input dataset as
well as the number of randomly generated states created for the input dataset in the format
[x, y] respectively. See Table 8.1 for more details.

2-NNI setup was initially unexpected, as it was anticipated that due to a more complicated

interaction scheme involving a larger group of atoms that the simple BaseNet GNN would

perform more poorly than in the previous schemes. One explanation that was investigated

was that the 2-NNI interaction setup introduced a weaker change in the base rates of the

system due to averaging the contribution of more atoms than the 1-NNI setup, making
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(a) 0-NNI L1 (MAE) loss (b) 1-NNI L1 (MAE) loss

(c) 2-NNI L1 (MAE) loss

Figure 8.12: Charts of L1 (MAE) losses in the toy proof-of-concept model for the BaseNet (B)
and GraphConv GCN (G) ML models for each of the three tested interaction modes. Each
bar was obtained from the average of 5 runs with fixed seeds. The x-axis labels indicate
the number of repeated samples of a state that were used in the input dataset as well as
the number of randomly generated states created for the input dataset in the format [x, y]
respectively. Losses were averaged over batches in the dataloader for each dataset, where
each batch contained 250 shuffled items. See Table 8.2 and Table 8.1 for specific values.

models that picked the average value for diffusion of a given atom type more accurate. This

was supported by the distribution of rate shifts for each of the interaction setups for each

element (See Figure 8.15 and Table 8.3).

The mean for each of the five randomly-generated elements were nearly identical between

setups, as the interactions between pairs in both used the same interaction matrix values.

However, the width of the distributions was very different, with standard deviation of

1-NNI being nearly double that found in 2-NNI for all element types. This is taken as

confirmation that the 2-NNI setup unintentionally made the dynamics learner problem

presented to the graph networks easier instead of harder, leading to an apparent increase in

the effectiveness of the BaseNet GNN as well as the GraphConv GCN.
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(a) 0-NNI training log-likelihood loss

(b) 1-NNI training log-likelihood loss

(c) 2-NNI training log-likelihood loss

Figure 8.13: Plots of log-likelihood ∆ training loss in the toy proof-of-concept model for
the BaseNet (left) and GraphConv GCN (right) ML models for each of the three tested
interaction modes. Each plotted line was obtained from the average of 5 runs with fixed
seeds. The legend indicates the number of repeated samples of a state that were used
in the input dataset as well as the number of randomly generated states created for the
input dataset in the format [x, y] respectively. Values are shown as the difference, ∆Uω =
Uexact/T−Ulearned/T between the exact and learned log-likelihoods of the trajectory divided
by the total time T of the trajectory ω

.
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(a) 0-NNI log-likelihood loss (b) 1-NNI log-likelihood loss

(c) 2-NNI log-likelihood loss

Figure 8.14: Charts of log-likelihood ∆ losses in the toy proof-of-concept model for the
BaseNet (B) and GraphConv GCN (G) ML models for each of the three tested interaction
modes. Each bar was obtained from the average of 5 runs with fixed seeds. The x-axis
labels indicate the number of repeated samples of a state that were used in the input dataset
as well as the number of randomly generated states created for the input dataset in the
format [x, y] respectively. Values are shown as the difference, ∆Uω = Uexact/T − Ulearned/T
between the exact and learned log-likelihoods of the trajectory divided by the total time T
of the trajectory ω.

Element 1-NNI shift (%) 2-NNI shift (%)
1 10.88 (8.52) 10.86 (5.18)
2 1.03 (5.92) 1.01 (3.57)
3 8.19 (10.62) 8.39 (6.44)
4 6.39 (10.54) 6.54 (6.41)
5 -0.88 (9.57) -0.79 (5.77)

Table 8.3: The shifts in rate constants due to different interaction schemes for each randomly
generated atom type in this work, compared between the 1-NNI and 2-NNI setups (the
0-NNI case is excluded as the shift is simply zero). Shifts (µ (σ)) are reported in terms of
their proportion of the base value for their elements and rounded to 2 decimal places. See
Figure 8.15 for corresponding plots.
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(a)

(b)

(c)

Figure 8.15: A comparison of changes in rate constant values in the two interacting systems
used in the proof-of-concept toy model, the 1-NNI and 2-NNI setups. The distributions are
presented for arbitrarily generated elements 1-5 in plots a-e respectively, with the 1-NNI
figures on the left and the 2-NNI figures on the right. All plots share the same x-range
and contain more than 2E4 examples each, from a total of 1E4 example states. Mean and
standard deviation are indicated by vertical lines for each case. See Table 8.3 for specific
values for each distribution.
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(d)

(e)

Figure 8.15: Rate constant shifts between interaction setups (continued).
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8.4.3 Generating & Evaluating Trajectories Using Learned Dynamics

The "EvoSys" algorithm was given a GCN model trained on the MD dataset for a few epochs,

producing a short sample trajectory of LAMMPS-compatible files evolved state-to-state by

learned dynamics, from which a transition was captured in OVITO and edited to create

an annotated example, Figure 8.16. Additional work should focus on evaluation of the

capability of the algorithm via comparison of its ML-accelerated trajectories to those of

the original MD system used to produce the training data. The RMSF technique has been

used for determining differences between dynamics in MD systems and is a candidate for

these evaluations [144]. The first and second halves of each trajectory are intended for use

as controls to examine the self-consistency of diffusion data, as has been done in similar

comparisons [144].

Regarding the reliability of using elevated temperature data for practical applications of this

work, it is suggested that techniques adapted from Accelerated Molecular Dynamics (AMD)

such as Temperature-Accelerated Dynamics (TAD) be implemented to screen transitions for

low-temperature regimes and make this technique more generalizable [149].

Figure 8.16: An annotated arbitrary example of a single vacancy defect migration made
with EvoSys with a trained GCN input.

8.5 Conclusion

A proof-of-concept GCN model for generating KMC trajectories of MD file types using

learned vacancy diffusion dynamics was shown, as well as data extraction algorithms for
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excising regions of various sizes around vacancy defects from MD data and converting

them into a training dataset. Work is ongoing to verify the performance of this technique on

true MD data using the previously-discussed HEA potential.

Some more minor next steps to improve the efficiency and/or accuracy of this technique

will be briefly discussed. The brute force search for vacancy transitions in the MD dataset

could be relatively simply speed up by binary search based algorithm instead by i) Picking

the beginning and ending vacancy states in the dataset and ii) iteratively sampling the

frames between them for differences in the local environment until iii) continuity between

environments has either been achieved or ruled out as an "illegal" transition according to the

assumptions previously detailed. The binary search would still be vulnerable to erring if, for

instance, a vacancy had migrated and then migrated back to exactly the same environment

at a later timestep, which the brute force approach is not fooled by. An additional binary

search through the residence times of long-standing states would be the naive solution to

apply to avoid this case.

The next update that could be considered would be changing the topological conformity

conditions used on the MD dataset to be more adaptive. As it is presently, the code that

enforces the ideal bond topology of the HEA vacancy environment rejects and returns

vacancies that do not meet user-specified templates. However, the rejected states could

still prove salvageable, as they typically exist over several frames in the course of the MD

simulation, any of which could prove to be a more relaxed configuration that would pass

muster. Therefore, especially in highly distorted systems, it could be a boon to be able

to i) list topological nonconforming states and ii) check how long their residence in the

system was, in order to iii) pick another frame of the same state and ideally iv) get a more

representative sample of it that is further away from the transition event(s). Lastly, the centre

of mass calculation used in OVITO is actually the centroid, as the OVITO LAMMPS dump

file exporter only reports numeric atom ID types, which unfortunately removes masses and

element names. A change to a different exported file type such as .XYZ or LAMMPS .data

would retain those traits.

Testing other graph convolutional layers such as the CGCNN, and CGConv layers would
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also be desirable to observe any differences or improvements in speed and performance.

The use of different seeds allowing for different base system dynamics in 0-NNI, 1-NNI,

and 2-NNI would also be worthwhile to observe which loss trends were specific to the

system used.



CHAPTER 9
Concluding Remarks

Exploration of the space of possible material compositions has been greatly affected by the

development of deep learning techniques, allowing for simulations of larger systems, the

generation of accurate distributions of atoms in alloys, and the training of surrogate models

for DFT, MD, or KMC calculations to ease computational burdens. In particular, the use of

graph and graph-convolutional techniques in ML has been a large contributor to this, aided

by the fact that graphs are a natural representation for atomistic systems such as molecules

and crystals.

At the same time, the class of entropic materials represented by HEAs has emerged as one

of great interest to materials science, due to promises of extraordinary properties intrinsic to

their highly entropic makeup. The potential applications of HEAs in nuclear technologies in

particular have led to many studies explaining and challenging their irradiation resistance

and "self-healing" properties.

The damage initially caused by irradiation exists on the nanoscale in the form of point

defects in pairs of self-interstitials and vacancies. Each of the point defect types exhibits

distinct behaviours for formation and migration that make them the subject of intense and

ongoing research. The development of new materials such as HEAs that could significantly

alter irradiation defect dynamics to avert disastrous mechanical failure and increase service

lifetimes of mechanical components is therefore one of great importance to the future of the

energy sector.

In the projects described here, graph-based techniques were used to extract easily visualized

and intuitive representations of defect details in HEAs from MD simulations. The first

108
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analyzed and classified the states present in self-interstitial defect trajectories in a simulated

FCC HEA using a graph-based fingerprinting technique. The second trained a GCN model

to predict transition escape rates for each atom surrounding a vacancy defect and demon-

strated the application for the model to form hybrid systems and use the learned dynamics

to produce accelerated MD-compatible vacancy trajectories.
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