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Abstract

Stochastic Petri Nets and queucing networks are important modelling tools for the
performance analysis of comouter systems and computer communication networks. De-
veloping efficient analysis methods for them has always been a challenging topic. In this
thesis. a class of Stochastic Petri Nets, called Local Balance Stochastic Petri Nets, and a
class of queucing networks. called product form queueing networks are investigated. The
paramectric analysis of Stochastic Petri Nets in general is also studied. The major analysis
tool used in this thesis is the Simon and Ando’s Decomposition and Aggregation theory.

Local Balance Stochastic Petri Nets have the property that their equilibrium state
probability distributions have product form solutions. However. the existing boundary
for this class of Stochastic Petri Nets is limited. In this thesis, we extend the boundary
of the Local Balance Stochastic Petri Nets, propose a systematic test procedure. as well
as a C language program to identify this class of Stochastic Petri Nets, and prove that
the Stochastic Petri Nets that have passed the test have product form solutions.

Simon and Ando’s Decomposition and Aggregation theory is then applied to the
analysis of Local Balance Stochastic Petri Nets. A Decomposition by Subnet method
is proposed. The analysis of a Local Balance Stochastic Petri Net is decomposed into
the.anal_vsis of subnets. The results are combined to obtain the analysis for the original
system.

Through the Decomposition by Subnet method, a Norton’s theorem for Local Bal-
ance Stochastic Petri Nets is developed. By decomposing according to a particular subnet,
an aggregated net is constructed. This is that subnet with marking dependent firing rates.

We show that the aggregated net may concisely and exactly represent the original Stochas-



tic Petri Net, Oune of the applications of the Norton's theorem is to facilitate parametric
analysis of Local Balance Stochastic Petri Nets.

When a Stochastic Petri Net is not a Local Balance Stochastic Petri Net. the concept
of "Ideal Aggregate™ is used to develop efficient parametric analysis of it. By following
a systematic \'va_\' of constructing the infinitestmal matrix. the transition rate of interest
is confined into a small diagonal submatrix. According to the algorithm, every time that
particular rate takes a new value, only a Markov Chain of the order of the small diagonal
submatrix needs to be analyzed. As a result. computational time requirements are greathy
reduced.

For the product form queueing networks. we first improve the efficiency of the Dis-
tribution Analysis by Chain(DAC) algorithm. We show that the calculation of marginal
queuc length distribution and throughput in cach recursion may be avoided., As a result.
computational time requirements arc reduced. In addition. the improved algorithm has
the benefits with regard to reducing possible numerical errors.

Simon and Ando’s Decomposition and Aggregation theory is used to develop an
Independent Decomposition and Aggregation method for the analvsis of product form
quecucing networks. The queuecing network is first transformed into a network with nodes
of Infinite Server types. That network is then decomposed independently chain by chain.

Through the Independent Decomposition and Aggregation method, an algorithm
called Adaptive Convolution By Chain(ACCAL) is derived. It is efficient in dealing with
networks that have many chains and a few nodes. Compared with other algorithms.
ACCAL has a smaller number of operations. In addition, ACCAL first converts the
network into an equivalent onc that may be analyzed more efficiently. There are three
independent parts in the algorithm that may be executed in parallel on a multiprocessor
system to further improve the efficiency. The adaptive nature and the parallel processing

characteristic distinguish ACCAL from other algorithms.
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Chapter 1

Introduction

1.1 Overview

In recent years. advanced technologies and new service requirements have resulted
in the rapid development of computer systems and computer communication NCLWOTKS.
Broadband ISDN(B-ISDN) will eventually provide all the services from voice. data trans-
mission to video conference, etc. Compared to the conventional synchronous transfer
mode. the traffic flow inside a B-ISDN network is highly stochastic. which makes the
design and development of new products more complicated. As a result, performance
modelling has never been more important. During the design and development phase of a
system. modelling is the only way for predicting the system performance and evaluating
the cost. When a system is built up, modelling is still an appropriate tool that assists in
understanding the behavior of the system and improving its performance. Performance
modelling is, in general, less laborious, more flexible than experiments and more reliable
than intuition. In the field of computer network performance modelling, Petri Nets and
queueing networks are two important and widely used modelling tools.

Petri Nets were introduced by C.A. Petri in 1962[63]. They are an effective mod-
elling tool for the description and the analysis of concurrency and synchronization in
parallel systems exhibiting the cooperative actions of different entities. Today, Petri Nets

arc widely used in modelling computer systems, computer communication networks and



manufacturing systems[3. 6, 23, 24, 54, 50, 52. 53, 31].

Since its origination, many extensions have been added to the basic Petri Net model
to extend the use of Petri Nets in different modelling situations. The time concept has
been introduced into Petri Nets for the quantitative performance analysis of systetns. One
of the most widely used timed Petri Nets is the Stochastic Petri Net[55, 59]. which is also
of our main interest,

The analysis of Stochastic Petri Nets is done by generating the associated Markov
Chains and obtaining the performance of interest by solving the Markov Chains. The
main rcason for the widespread use of Stochastic Petri Net is due to the simplicity of
the basic mechanism of the model, which is, however, paid for with the complexity of the
description of large systems. The state space of the Markov Chain increases exponentially
with the size of the model. In addition. a direct solution of a Markov Chain of .V states
typically requires about N3 number of operations(multiplication and addition). When
the system has many resources, the analysis of Stochastic Petri Nets becomes very iime
consuming. As a result, there is a need for efficient analysis methods.

Over the last decade. efforts have been made in finding efficient algorithms for the
analysis of Stochastic Petri Nets. We will review them in Section 2.2. Among those
works. Lazar and Robertazzi. Marson et al reported the finding of product form solutions
for some Stochastic Petri Nets[31. 39, 10, 41]. In this thesis, we call them Local Balance
Stochastic Petri Nets. The existence of product form solutions simplifies the analysis
significantly. However, the boundary for the reported Local Balance Stochastic Petrt Nets
is very limited. There are many Stochastic Petri Nets that have product form solutions
and are not included in the existing reports. In addition, there is a lack of systematic
ways of identifving this class of Stochastic Petri Nets.

In this thesis, we begin by investigating the possibility of extending the boundary
for Local Balance Stochastic Petri Nets. We propose a systematic procedure for dividing
a Stochastic Petri Net into subnets and identifying Local Balance Stochastic Petri Nets.
The Stochastic Petri Nets that passed the test procedure may be k-bounded for & > 1

and the transitions in a subnet do not have to be in sequence. In comparison, £ = 1



and transitions in a subnet being in sequence a:e required in [41]. We prove that the
Stochastic Petri Nets that have passed the test procedure have product form solutious.
Therefore, our first contribution is extending the boundary for Loeal Balance Stochastic
Petri Nets and proposing a systematic way of identifving the Stochastic Petri Nets that
fall into the new boundary. As a result. more systems may be analyzed efficient]y by
Local Balance Stochastic Petri Nets and the identification of them is much casicr.

Although Local Balance Stochastic Potri Nets have product form solutions and their
associated Markov Chains are finite, they are different from the closed product form queue-
ing nctworks both in their applications and their analysis. The Local Balance Stochastic
Petri Nets have been used in modelling multiprocessor systems. computer communication
protocols, ete[39, 40. 41, 73]. In fact, this class of Local Balance Stochastic Petri Nets
is well suited for the modelling of svstems with local balance and synchronization, which
cannot be modelled by the BCMP queneing networks. In addition, the total population
in a closed BCMP queueing network is constant whereas there is no such constraint for a
Local Balance Stochastic Petri Net in general. In a Local Balance Stochastic Petri Net,
a token may split into several tokens and several tokens may merge into one token. As
a result, the computation algorithms available for the analysis of closed BCMP networks
may not be applied to Local Balance Stochastic Petri Nets. Nevertheless, the theory of
Decomposition and Aggregation may still be applied to the analvsis of Local Balance
Stochastic Petri Nets.

Decomposition and Aggregation is a method that may be applied to Markov Chains
in general. With this technique, the problem of determining the equilibrium distribution
is broken down into a set of smaller problems. the solution of which are combined to
yield the distribution for the large systems. This technique is suited naturally to systems
that are made up of a set of loosely coupled systems[22]. Ammar applied this technique
to the analysis of Stochastic Petri Nets whose transition rates differ by several orders|!t,
2]. The loosely coupled subsystems come into picture naturally. Approximations are
obtained. However, the Stochastic Petri Nets that we will deal with in this thesis are

strongly connected. Our next contribution is that by applying the Decomposition and



Aggregation techniques. we propose a Decomposition by Subnet method. This method
resolves the analysis of a Local Balance Stochastic Petri Net into the analysis of subnets.
the solutions of which arc combined to obtain exact solutions for the original system.
The Decomposition by Subnet method provides us with an insight into the Markov Chain
structure of Local Balance Stochastic Petri Nets.

Qur third contribution is that by decomposing according to a specific subnet. we are
able to construct an aggregated net. which is that subnet with marking dependent firing
rates proportional to its original firing rates, to represent the original system. We call this
procedure the Norton's theorem for Local Balance Stochastic Petri Nets. This theorem
cnables us to present the original svstem in a concise and vet exact way. In addition.
the aggregated net facilitates the parametric analysis of that particular subnet of interest
with respect to its transition rates. Application of the aggregation process directly at the
Stochastic Petri Net level is much more advantageous and desirable than at the Markov
Chain level. 1t is, of course, more difficult due to the complex structure of the Stochastic
Petri Nets.

There is a significant difference between the Norton's theorem developed in this the-
sis and the Norton's theorem for queueing networks. In Norton's theorem for queucing
networks there is a flow equivalent queue representing several queues in the original svs-
tems. In our case, however, there is no flow equivalent part in the aggregated Stochastic
Petri Net representing the rest of the Stochastic Petri Net.

Norton's thecorem may be applied to parametric analysis for Local Balance Stochastic
Petri Nets. When the system is not a Local Balance Stochastic Petri Net, there is also a
need for parametric analysis, because analyzing the whole system repeatedly with different
firing rates is a tedious job. Unfortunately, to the best of our knowledge, no one has
considered this problem. OQur forth contribution is, therefore, applying the so called
“ideal éggregate” in the Decomposition and Aggregation theory to develop an efficient
parametric analysis method for Stochastic Petri Nets in general. We exploit the possibility
of confining the firing rate of interest into a small diagonal matrix. Every time that firing

rate is changed, only a Markov Chain of the order of the small diagonal matrix needs to



be analyzed. Therefore. this method significantly reduces the number of operations,

Queucing networks are another modelling tool for computer network performance
modeclling. The analysis of queucing networks is also based on the Markov Chain concepts,
However. a class of queueing networks, called BOMP networks[4], enjoys closed form
solutions. namely product form solutions. The existence of closed form solutions simplifies
the analysis procedure greatly. The analysis is no longer performed at the Markov Chain
level. Instead. simple algebra operations are used to caleulate a normalization constant
or mean performance values divectly. Algorithms like Convolution[9. 10. 67}, MVA[66].
RECAL[13, 16], MVAC[17] and DAC{70] were developed for that purpose.

Among the existing algorithms. the complexity of Convolution[9. 10, 67] and MVA[66]
is linear with the number of nodes and exponential with the number of chains in the nei-
work. As a result. they are efficient in dealing with networks consisting of many nodes
and a few chains. On the other hand. the compluxity of RECAL[15, 16], MVAC[i7} and
DAC|70] is polynomial with the number of chains and exponential with the number of
nodes in the network. As a result, they are cfficient in dealing with networks consisting
of many chains and a few nodes. An open problem is that the algorithms themselves are
having excessive computational requirements when the queueing network is getting very
large. There is always a need for more efficient ilgorithms.

In search of efficient algorithms for the analysis of the BCMP networks, Conway
and Georganas exploited the possibility of applying the theory of Decomposition and
Aggregation and established a methodology for developing efficient algorithms{14]. Thev
showed that all the major existing algorithms, e.g. Convolution, MVA, RECAL, MVAC,
DAC. may be derived through decomposing and aggregating of queueing networks. Based
on their results, our fifth contribution is that we show that the efficiency of DAC may be
further improved by avoiding computing the mean values in each recursive step. We call
the resulting algorithm the Improved Distribution Analysis by Chain(IDAC) algorithm.
In addition, IDAC has the benefits in terms of reducing possible numerical errors.

We then apply the Decomposition and Aggregation theory and propose an Inde-

pendent Decomposition and Agaregation method for the analysis of queueing networks,

(V1]



Our method differs from that of Conway and Georganas' in that we first transform a
BCAMP network into a network consisting of only Infinite Server queues. In comparison.
in [11]. a BCMP network is first transformed into a network consisting of only Processor
Sharing nodes. By the Independent Decomposition and Aggregation method, we derive
an Adaptive Convolution by Chain Algorithm(ACCAL). ACCAL is cfficient in dealing
with networks with many chains and a few nodes. Compared with RECAL. MVAC. DAC
or [DAC, ACCAL has three distinet characteristics: a) faster. it has smaller computa-
tional requirements than IDAC does: b) adaptive. according to the number of nodes in
the network and other information, the algorithm converts the network into an cquivalent
one that can be more efficiently analyzed by the algorithm. ¢) parallel Processing, the
algorithm has three independent parts that may be executed in parallel in a multiproces-
sor system. In this way. the computational time is further reduced. Therefore. our sixth
contribution is that we propose the Independent Decomposition and Aggregation method
and accordingly, we derive the ACCAL algorithm.

As may be seen, Decomposition and Aggregation theory plays an important role in

our research. In the next Section. we will give a review of the theory.

1.2 The Theory of Decomposition and Aggregation

The fundamental theory of Decomposition and Aggregation is attributed to the
work of Simon and Ando [69] in the early 1960’s. In the analysis of economic systems,
they presented the Decomposition and Aggregation techniques for analyzing systems that
are nearly completely decomposable. In such systems. there exists 2 number of interact-
ing subsystems such that the interactions within each subsystem are stronger than those
between the individual subsystems. The main feature of the Decomposition and Aggre-
gation is reducing the analysis of a large system into that of a set of smaller problems.
This technique is particular attractive for large scale complex systems, since it reduces
the inherent analytical and computational difficulties.

Applying this method to the analysis of Markov Chains, it is assumed in general,



that there exist groups of communicating states such that the coupling among the states
belonging to the same group is strong relative to that between states of different aroups.
Formally. Tet Q be the infinitesimal generator matrix of a continuous time Markov Chain,
Assume Qi an 1 xn matrix. Q is partitioned into M x W matricos as shown in Figure 1.1,

Assume the order of Q,; is n(7). Further let

Qu Q12 QIM
Q— Qzl Q:: Q:‘..\‘I

Q..n o gm

Figure 1.1: The Partition of the Matrix Q

Q" = diag(Q;....Q3,). Q" is an infinitesimal generator matrix obtained from Q by dis-
tributing the quantities of the off diagonal submatrices over the diagonal submatrices. ¢
is a real positive number, small compared to the clements of Q". Cis a square matrix of
the same order as Q. The quantity ¢ is referred to as the maximum degree of coupling
between the subsystems Q;,. If ¢ is sufficiently small, the Q is said to be nearlv-completelv
decomposable[19].

To solve 7Q =0 or #(Q +I) = =. we can apply Simon and Ando’s Decomposition

and Aggregation method for obtaining an approximation z for = as follows[1]:

L. Decomposition. Obtain Q* from Q. Solve v*(Q* + I} = v~ subject to vilT =

lLior I €k <M where v- = (vi,....vi) and vi = (v, e Vntit)

2. Aggregation. Obtain an aggregated system infinitesimal generator A of order

-1



Mowith its (7 ))th clement a,, as:

[vQAT  foriz)
a,, = L1
1 "::r:l.;\-=" @ for? =J

Solve u(A + I) = u subject to ul? = |

3. Compute the approximation for = as z = (v o (g v

where 17 s a column veetor whose elements are all 1s.

If any of the subsystem Qs are themselves nearly-completely decomposable, a hi-
erarchical Decomposition and Aggregation technique may be applied.

There are many ways of distributing the off diagonal submatrices over the diagonal
matrices. Most of them give approximation results. The resulting error vector (z — )
depends completely on the manner in which the Q" is constructed [19]. The following

two theorems give the neeessary and sufficient conditions for exact decomposition and

aggregation.

Theorem 1 ({19]) The Decomposition and Aggregation procedure yields the eract equi-
librium distribution = for the continuous-time Markor Chain with infinitesimal generator
Q. if. and only if. Q" is constructed in such a way that for | <1 < M. the distribution

Vi is actually equal to the true conditional distribution GT'x,;, where G, = T‘;('I) Tris

This theorem is totally equivalent to the following one:

Theorem 2 ([72]) Decomposition and aggregation yields the sract equilibrium distribu-
tion if. and only if, Q" is constructed in such a way that for 1 < k< M. the riz-,trzbutmn

vi s subparallel to wy.

There exist the so called ideal aggregates[21] that nullify the vector error (z = =).
For simplicity, consider onc subsvstem only, e.g. Q;. Q is as shown in Figure 1.2. where

Q: represents the remaining (M — 1) subsystems and their mutual interactions. Let

Qi=Q +S

o



It is shown[21. T4] that if S is chosen as:
S=E(I-Q,'F (1.2)

then the Decomposition and Aggregation procedure gives exact results.

Q, E
Q:FQ

-

Figure 1.2: The Partition of the Matrix Q

1.3 Thesis Structure

This thesis is divided into two parts. The first part deals with Stochastic Petri Nets
and the second part deals with gueneing networks.

In Part I, Chapter 2 gives an introduction 1o Stochastic Petri Nets. reviews the
efforts that have been taken for developing efficient analysis methods. The contributions
of the thesis on Stochastic Petri Nets are presented in Chapters 3. 4 and 5. In chapter 3.
we extcid the boundary for Local Balance Stochastic Petri Nets. prove that the Stochastic
Petri Nets that fall into the new boundary have product form solutions and propose a
systematic way for identifying the Local Balance Stochastic Petri Nets, In Chapter 1.
we propose the Decomposition by Subnet method and through it. develop the Norton's
theorem and show its application to parametric analysis. In Chapter 5. we present an
efficient parametric analysis algorithm for Stochastic Petri Nets in general.

In part II, Chapter 6 gives an introduction to queucing networks especially the
BCMP networks, reviews the different Decomposition and Aggregation methods that
have been applied to queucing networks and briefly summarizes the existing algorithms.

The contributions of this thesis on queueing networks are presented in Chapters 7 and 8.



In Chapter 7. we present the Improved Distribution Analysis by Chain algorithm(IDAC).
In Chapter 8. we propose the Independent Decomposition and Aggregation method and
through it. develop the Adaptive Convolution by Chain algorithm.

In Chapter 9. we conclude by summarizing the contributions of this thesis and
suggesting further research topics.

The C language program for the identification of Local Balance Stochastic Petri

Nets is listed in Appendix A.
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1.4 Publications

The publications resulted from this research are:

L

[
H

[l

M. Li. N.D. Georganas. “Exact Parametric Analysis of Stochastic Petri Nets ™
[EEE Trans. on Computers.1992(in press).

M. Li. N.D. Georganas. “"Parametric Analysis of Stochastic Petrj Nets = Fifth
International Conference on Modelling and Tools for Computer Performance
Evaluation. Torino. Italy. Feb. 1991.

M. Li. N.D. Georganas. “IDAC-Improved Distribution Analysis by Chain Al
gorithm™ Submitted for Publication.1991.

M. Li. N.D. Georganas. “Norton's Theorem in the Analysis of a Class of

Stochastic Petri Nets™ Submitted for Publication. 1990.

M. Li, N.D. Georganas. “ACCAL- an Efficient Adaptive Convolution by Chain

Algorithm™ Submitted for Publication, 1991.
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Part 1

Stochastic Petri Nets



Chapter 2

Introduction

Petri Nets, introduced by C.A. Petri[63], are an abstract formal graph model used
for modelling systems that exhibit concurrency and synchronization. In this chapter, we
give an introduction to Stochastic Petri Nets, review the different ways that have been
taken for the efficient analysis of Stochastic Petri Nots. Definitions and notations that

will be used in later chapters are also introduced.

2.1 Introduction to Stochastic Petri Nets

In the development of Petri Net theory, there have heen two major phases, namely,
Standard Petri Nets. i. e. Petri Nets without time, and Timed Petri Nets, i.e. Petri Nets

with time.

2.1.1 Standard Petri Nets

A Standard Petri Net is composed of four partsf62]: a set of places P, a set of
transitions T, a set of transition input arcs A; and a set of transition output arcs A4,.
In the graphical representation of Standard Petri Nets, places are drawn as circles and
transitions as bars. Arcs connect transitions to places and places to transitions. A place
is an input to a transition if an arc exists from the place to the transition. A place is an

output of a transition if an arc exists from the transition to the place. A formal definition

13



of a Standard Petri Net is thus the following{33]:

PN = (P.T.AH)
P = {pi.pu}

T = {tiwntn)

A4 = (PxT)
4, = (TxP)
A = (AU (2.1)

An important concept for Standard Petri Nets is a token. It is graphically drawn as
black dots in places. A marking jt is an assignment of tokens to the places. It is usually

denoted by pt = (my,....m,). Where m; is the number of tokens in place 7 and
Ho = (71‘201‘ venn mon) (‘2_3)

is used to denote the initial marking. where mq; denotes the number of tokens in place
p; in the initial marking po. For the convenience of presentation. in the examples of this
thesis. we will use the numbers of place or the names of place to represent a marking. For
example. marking {178(2)) or (p1p=ps(2)) means that pr and p; each has one token and
ps has two tokens. Occasionally, we also use m;(p) to denote the number of tokens in p;

for marking p.

The rules concerning the execution of a Petri Net are:

1. A transition is enabled when all of its input places contain at least one token.

9. An enabled transition can fire, thus removing one token from each of its input

places and depositing one token into each of its output places.

3. Each firing of a transition modifies the distribution of tokens on places and

thus produces a new marking for the Petri Net.

A marking y' is defined to be reachable from 4, if there exists a sequence of transition

firings that changes the Petri Net marking from p to g A Reachability Graph R{go)

14



of a Petri Net is the set of all the markings that are reachable from po.  In R{po).
nodes represent markings generated from gy and its successors and cach arc represents
a transition firing, which transforms one marking to another. A transition ¢, is five in a
marking p. if there exists a marking g’ reachable from x and ¢, is enabled in g [62].

A Petri Net is k-bounded. if the number of tokens in every place does not exceed
k. When k is one, the Petri Net is said to be safe[62]. A Petri Net is a state machine, if
every transition has only one input arc and one output arc.

The (n x m) incidence matrices of a Petri Net are denoted by D=, D and D =
D* — D=, An clement dj in D~ is the number of arcs from place ¢ to transition j{i.c.
inputs to transition j). An clement d;*; in D% is the number of ares from transition J to
place i(i.c, outputs from transition j). The 7th column and jth row of D* are written as
D*(..1) and D*(j..) respectively.

Standard Petri Nets have been applied to communication protocol specification and
verification[3. 6. 23. 24}, distributed software system analysis(3. 57], manufacturing system

specification[34], ete. Refer to [58] for more references.

2.1.2 Stochastic Petri Net

The introduction of time into Standard Petri Net models allows the description of the
dynamic behavior of a system. i.e. the state evolution and the duration of each action of
the system. There exist several ways of introducing time into a Standard Petri Nets[55. 59,
75]. The most widely accepted one is the Stochastic Petri Nets. introduced independently
by Molloy[55] and Natkin[59]. A Stochastic Petri Net is obtained by associating with each
transition in a Petri Net an exponentially distributed random variable that expresses the
dela;»' from the enabling to the firing of the transition. A formal definition of a Stochastic

Petri Net is the following:
SPN = (P,T. A, jio, R) (2.3)
where P, T, A and po are as in 2.1 and 2.2 and

n

R={r,.tm} (2.1)



is a set of possibly marking dependent fining rates associated with the Stochastic Petri
Not transitions. When necessary the dependence upon a given marking g of the firing
rate of transition {; will be denoted ripe).

Stochastic Petri Nets are shown to be isomorplhic to continuous time Markov Chains[33].
The reachability set R(j1p) of a Stochastic Peuri Net constitutes the state space of the as-
sociated Markov Chain. The transition rate from state i(marking g;) to state j(marking
u;) is equal to the firing rate of the transition that is enabled by marking p; and whose
firing generates marking u;. A Stochastic Petri Net is ergodic. if it generates an ergodic
continuous time Markov Chain. It is possible to show that a Stochastic Petri Net is
ergodic. if o, the initial marking, is reachable from any u; € R(u0)[36}-

The analvsis of the Stochastic Petri Nets may fall into two kinds{[55]:

First, if the associated Markov Chain has absorbing states. the expected number
of steps until one of the absorbing states is reached may be calculated[32] and other
parameters of interest can be obtained from it.

Second. if the Markov Chain is ergodic, the steady state probability distribution of

markings is computed by solving:

Q=0 (:

[ Rv]
an
A

with the additional constraint
Z m=1
i

where Q is the infinitesimal generator and = is the vector of the steady state probabili-
ties. Other parameters of interest may be obtained from =. In this thesis, only ergodic
Stochastic Petri Nets are considered.

Stochastic Petri Nets have been applied to the analysis of multiprocessor systems[50,
52, 53], communication networks[31].etc. Refer to (58] for more references.

A major difficulty in modelling systems by Stochastic Petri Nets is the explosion of
the Markov Chain state space when the system is getting complicated. This has always
been an open problem. In the remainder of this Chapter, we will review the efforts that

have been made in dealing with this problem.
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2.2 Review of Literature

Stochastic Petri Nets are a simple vet very useful modelling tools. As mentioned
in Chapter 1. the simplicity is. however. paid with the complexity in analysis when the
system being modelled is getting complicated. When the model is becoming large. the
state space of the associated Markov Chain tends to explode. As a result, the numerical
solution of Equation 2.5 is intractable.

For the last two decades. people have been trying to solve this problem through
different approaches. We review their efforts in this section. As may be seen. each
method has its strength and weakness. In all the cases. the structure of the Stochastic
Petri Nets as well as their associated Markov Chains plavs a paramount important role.

The first possibility is to take into account the sparsity of the transition matrix.
Numerical solution techniques for solving sparse Markov Chains are available. e.g. {11].
However, this technique reaches its limit when the state space becomes too large.

Then there is the matrix geometric solution method[60. 26]. This method is efficient
because it makes use of small matrices. However. it is entirely based on special matrix

-structures that mav not exist or be foreseen in many models.

The use of compact or folded models like Coldred Stochastic Petri Nets[34, 25, 12
is an interesting approach. On top of it, the High Level Petri Net method[48, 13] is
proposed. It explores the symmetries of systems. The associated Markov Chains of
these systems satisfy the lumpability condition[28]. Therefore. instead of generating 2
Reachability Graph, this method generates a Symbolic Reachability Graph. The time
and space requirements of the method depend on the number of markings of the Symbolic
Reachability Graph that may be much less than the Reachability Graph. Symmetric
behavior is a necessary condition for applying this method.

Gigimayr[29, 30] applied the technique of Decomposition and Aggregation described
in Section 1.2 to break a large transition rate matrix into small parts, each of them being
of appropriate size, to handle by available computing facility. However, except for some

.special cases, the total number of computations is at least the same as, if not more than.
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that of a direct solution.

Approximate solutions are au interesting approach. Ciardo[12] proposed an approx-
imate method based on the concept of nearly independency. Ammar{l. 2] proposed a time
scale decomposition algorithm for a class of Stochastic Petri Net models whose transition
rates differ by several orders of magnitude. Approximations are, in general, faster that
exact solutions. However. they are always haunted by problems such as error bounds.
convergency, etc.

Bubhholz[8] presented a hierarchical description of the models as opposed to “flat
models”. This method reduces the space requirement significantly. Time requirement is
not reduced as much.

A completely different approach from all of the above is the finding of product form
solutions for some Stochastic Petri Nets. Marson et al[51] presented a class of multiple
bus. multiprocessor system models. The special property of the associated Markov Chains
results in product form solutions. However. their results only apply to that particular class
of multiple bus, multiprocessor systems.

Florin et al[27} showed that for closed synchronized queueing networks, which may
be modelled by Stochastic Petri Nets. the steady state probability distribution can be
expressed using matrix products. However. at least for the time being, the method itself
has only theoretical interest. The authors acmitted the difficulties in solving even small
Stochastic Petri Net r:t;xodels.

Lazar and Robertazzi[4l, 68] presented another class of product form Stochastic
Petri Nets. As long as a Stochastic Petri Net satisfies the conditions given in [41], its
steady state probability distribution will satisfy local balance equations. Therefore, this
class is more general than the above two cases. We call this class of Stochastic Petri Nets
the Local Balance Stochastic Petri Nets. This class of Stochastic Petri Nets is well suited
for the modelling of systems with local balance and svnchronization, which cannot be
modelled by product form queueing networks.

The existence of analytical for.n solutions allows a much more computational efficient

method. Instead of trying to solve the global balance equations, all we need is to calculate
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the normalization constant in a much simpler way. However, the boundary for the reported
Local Balance Stochastic Petri Nets is limited and there is a lack of systematic ways for
identifving the Local Balance Stochastic Petri Nets.

Frequently, in the performance analysis by Stochastic Petri Nets, the behavior of
the system with respect to one parameter. or one transition, is of interest, Assigning
different values to this transition. the cffect of this particular transition on the whole
system performance is obtained. One drawback of this analysis is that every time the
transition rate is changed. the whole net has to be analyzed again. Unfortunately. to our
knowledge. no one has dealt with this problem of parametric analysis of Stochastic Petri

Nets.
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Chapter 3

Local Balance Stochastic Petri Nets

As mentioned in Section 2.2. there are some Stochastic Petri Nets that have product
form solutions. However. the Stochastic Petri Nets falling inside the existing boundary
for Local Balance Stochastic Petri Nets are very limited. In addition. there is a need for
systematic way for identifying this class of Stochastic Petri Nets.

In this Chapter, we extend the boundary. present a systematic way for identifving
the Local Balance Stochastic Petri Nets that fall into the new boundary, prove that they
have product form solutions and compare our results to that of Lazar and Robertazzis{11].

The Stochastic Petri Nets considered in this Chapter are k-bounded with &£ 2> L.

3.1 Identifying subnets

In order to identify subnets. we need the following definitions (some of them are

analogous to the clectric circuit application of Norton’s theorem).

e Resource place. A place is a resource place, if a token in it represents that the

resource is available.
e Resource token. A resource token is the token residing in a resource place.

e Dormant state of a transition. A transition is in a dormant state when it does not

fire even if it is enabled. Otherwise, the transition is said to be in a normal state.



e Dormant state of a token. A\ token s in a dormant state if it cannot move and

cannot enable transitions.

¢ A cycle of transitions. Starting from one marking, fire a series of transitions till that

marking is reached again. The series of transitions constitutes a cycle of transitions.

Note that a similar definition of resource token was given in [1].

Start with initial marking pg where the system is idle: resources are not used. Choose
one non-resource place that contains at least one initial token and put tokens in other non-
resource places into the dormant state. Find out all the cycles of transitions S,. Divide the
cycles into groups. S; is in a group, il, and only if, it has at least one common transition
with one of the cycles in that group. Onc group of transitions and their input/output
places constitutes a subnet. Two subnets may have some common places. When the
common blace is a resource place, it is called a common resource place. When there is
more than one subnet, they may have more than one common resource places. However.,
there is only one common non-resource place among them. which is the place that contains
the initial non-resource tokens.

For example in Figure 3.1, p- is a resource place and the token in pr is a resource
token. The tokens in place p, and ps are non-resource tokens. Put the token in pg into
the dormant state. Starting from the initial marking (178), three cycles ¢f transitions
are identified. S; = (¢ talaty). S = (Lstslz) and S; = (Lsts). 52 and 55 both have ¢- in
their cycles. Hence, they are in one group. 5 is in another group. Therefore transitions
Ly, t2, i3, t; and places py, pa, p3. ps. pr constitute onc subnet while ¢5. £;. t5, 3 and py, ps. ps
constitute another subnet. p; is a common non-resource place of the two subnets.

Restart with the initial marking, Put the transitions in the identified subnets into
the dormant state. Take another non-resource place that contains at least one initial token
and put tokens in other non-resource places into the dormant state. Repeat the above
steps to identify other subnets. For a subnet identified this time, it may have more than
one common resource places with subnets identified before, but no common non-resource

places with them.



Figure 3.1: An Example of Local Balance Stochastic Petri Net.

For example in Figure 3.1. aftcr putting the transitions one to eight into the dormam
state. Sy = (fetiofy1) is identified and it is the only cycle left. Hence. transitions tg. tio. iy
and places pr. ps. po. Pro constitute another subnet. In the following. we will refer to this
subriet as net one. the subnet consisting of ¢y, 2. ta. £y and pi.p2.p3. ps. pr as net two and
the subnet consisting of ts5.fs. 7. s and py. ps. ps as net three. p; is 2 common resourcs
place of subnets one and two. We will use C; to denote subnet z.

Restart with the initial marking. Put the transitions in the identified subnets into
the dormant state. Repeat the steps until all the transitions are put into the dormant
state. Hence, all the subnets are identified. If after putting part of the transitions into the
dormant state, as described above. some of the remaining transitions are not live under
the initial marking, or if there is only one subnet in the system. the Stochastic Petri Net
cannot be separated into subnets and we cannot apply to it the theory developed in the
following.

Because of the way the subnets are identified, there may be more than one common
resource place for a pair of subnets. However, there is at most one common non-resource

place for a pair of subnets.
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To draw the subnets separately, a common place belonging to L subnets is duplicated
mto L places. each residing in once of the L subnets. The number of tokens in cach place
is equal to that in the original Stochastic Petri Net.

Further divide the identified subnets into three categories:

l. Safe subnet. A subnet is safe. if the number of tokens in anyv non-resource
place does not exceed one (No restrictions on the number of tokens in resource

places).

2. Unsafe Subnet I. A subnet is an Unsafe Subnet L. if the number of tokens in any
non-resource place may exceed one and there is at least one common resource

place in the subnet (No restrictions on the number of tokens in resource places).

3. Unsafe Subnet II. A subnet is an Unsafe Subnet I1. if the number of tokens
In any non-resource places may exceed one and there is no common resource

places in the subnet.

For all the above cases, the number of resource tokens in a resource place may be
an arbitrary finite integer.

In addition, define:

e Basic Markov Chain. A Basic Markov Chain is the Markov Chain associated with

a subnet.

o Basic Subnet Marking. A Basic subnet marking is 2 marking in the Basic Markov
Chain. We use /i to present a Basic Subnet j marking and [} to represent the

initial marking for subnet ;.

e Single Token Markov Chain. A Single Token Markov Chain is the Markov Chain of
a subnet when there is only one initial non-resource token in the subnet. When the

subnet is Safe, its Single Token Markov Chain is its Basic Markov Chain.

Figure 3.2 shows the Markov Chain of the Stochastic Petri Net in Figure 3.1. Fig-
ures 3.3 to 3.5 show the subnets of the Stochastic Petri Net and their Basic Markov

Chains.



Figure 3.2: The Markov Chain of the Stochastic Petri Net
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Figure 3.3: Subnet One of the Stochastic Petri Net and Its Markov Chain
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Figure 3.4: Subnet Two of the Stochastic Petri Net and Its Markov.Chain
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Figure 3.5: Subnet Threc of the Stochastic Petri Net and lts Markov Chain

3.2 Product Form Solutions, An Informal Presen-

tation

In Section 3.1. we showed how to identify and separate subnets. Let us look at
another example shown in Figure 3.6. pg is a resource place. According to the steps
described in Section 3.1, we may easily identify two subnets. We draw them separately
in Figure 3.7. Call the upper subnet net one and the lower subnet net two. Figures 3.8
and 3.9 show the Basic Markov Chains of the two subnets respectively. Figure 3.10 shows
the Single Token Markov Chain of net two.

Now suppose that there is another Stochastic Petri Net that consists of the two inde-
pendent subnets in Figure 3.7. The Markov Chain of that system is shown ip Figure 3.11.
It is an interlacement of the Single Token Markov Chains of the two subnets. For example,
the transitions from marking (56129) to (562(2)9) to (5623) and back to (56129) is the
Single Token Markov Chain of subnet two. The transitions among (782(2)9), (582(2)9),
(672(2)9), (562(2)9) and {42(2)9) is the Single Token Markov Chain of subnet one.

The probability of a marking in Figure 3.11 is equal to the product of the probabil-

ities of the corresponding Basic Subnet Markings. For instance,

P(2358) = Py(58) x Pa(23) (3.1)

[
o



Figure 3.6: An Example of Local Balance Stochastic Petri Net

Figure 3.7: Basic Subnets



Figure 3.10: The Single Token Markov Chain of Net Two
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Figure 3.11: The Markov Chain of the System of Independent Subnets



This is obvious. because the two subnets are independent. Also. it may be casily proved
by showing that for a given marking. its probability satisfies the global balance equations
of cach subnet and the sum of the subnet balance equations is in fact the global balance
equation of the system.

In general, if a Stochastic Petri Net consists of L independent subnets, the proba-
bility of a marking of the system is cqual to the product of the probabilities of the cor-
responding Basic Subnet Markings. In fact. the marking probability satisfies the global
balance equations of cach subnet and the sum of the subnet balance cquations is the
global balance equation of the original Stochastic Petri Net.

Now, suppose that the two subnets in Figure 3.7 share a common resource as shown
in Figure 3.6. As a result, if one subnet is using the resource, the other may not use it.
Therefore, the Markov Chain associated with the Stochastic Petri Net in Figure 3.6 will

differ from that in Figure 3.8 in three ways:

1. Removal of states. The states in Figure 3.3 representing that both subnets arc
using the resource have to be removed. For example state(6713) in Figure 3.11

has to be removed.

[fV]

Removal of transitions. The transitions to and from the removed states should

also be removed.

3. Change of marking presentation. If the resource is used by one subnet, the
resource token will not show up in the marking. For example, marking (78129)

should be replaced by (7812), because subnet one is using the resource.

The Markov Chain of the Stochastic Petri Net in Figure 3.6 is shown in Figure 3.12.

Is the product form solution still valid after these changes? Intuitively, since the
product form satisfies the subnet global balance equations, if the total result is nothing
but 2 removal of some Basic Markov Chains from the original Markov Chain, the product
form is still valid. In fact, a marking probability still satisfies the global balance equations

of the remaining subnets and the sum of these subnet global balance equations is still the



Figure 3.12: The Markov Chain of the Stochastic Petri Net
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global balance equation of the system. Note that since the number of states s reduced,
the probabilities need to be re-normalized.

Furthermore. suppose that the probabilities of the Basic Subnet Markings satisfy the
Single Token Markov Chain balance equations and the sum of the Single Token equations
is equal to the subnet global balance equation. Following a similar reasoning as above,
if the changes to a Markov Chain arc nothing but removal of some Single Token Markov
Chains {rom the original Markov Chain. i.e. there is no “half” or “part” of a Single Token
Markov Chain left. our projection is that the product form is still valid. In other words,
in the Markov Chain of a Stochastic Petri Net. if one transition ty from a subnet C; is
present. the Single Token Markov chain of €, where ty is one of the transitions. is also
present. the product form solutions still hold.

Our general projection is that suppose a Stochastic Petri Net consists of L subnets,

and

1. the probabilities of the Basic Subnet Markings satisfy the Single Token Markov
Chain balance equations and the sum of the Single Token equations is equal

to the subnet global balance equation,

2. the Markov Chain of the system is such that if one transition t;, from a subnet
C: is present, the whole Single Token Markov chain of C;, where tp is one of

the transitions, is also present,

then the product form solutions still hold. In Section 3.4, we will formally prove it. In
the next Section, we will show how to judge if the Markov Chain of a Stochastic Petr;

Net has the above properties.

3.3 Identifying Local Balance Stochastic Petri Nets

In the procedure of testing if a Stochastic Petri Net is a Local Balance Stochastic
Petri Net, we will make use of the concept of Separate Subnet Marking. For a given

marking i, there is a Separate Subnet j Marking, written as pl, which is a marking
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consisting of the places of only subnet ;j and the number of tokens in the places is equal to
that of ;. When there is no token in subnet j, 47 = 0. For example, the corresponding
subnet markings of p; = (39) in Figure 3.1 are ! = (9), ¥ = (3), 43 = (0). Note that
¢! and /i may or may not be the same. For example, {3) and (8) are the Basic Subnet
Markings of net one and two. But (0) is not a Basic Subnet Marking, because ! may
never be zero.

The test procedure consists of three processes:

Process I

If there is any unsafe subnet I, the transitions have to be in sequence and among the
input arcs of a transition, only onc of them is from a non-resource place. The same must

be true for the output arcs.

Process I1

If there is any unsafe subnet 1. they have to be state machines.

Process II1

Divide the subnets into Communicating Subnet Sets(CSS). A subnet is in a CSS, if, and
only if, it has at least a common resource place with one of the subnets in the CSS. Since
an unsafe subnet II has no common resource places, it is a CSS by itself,

Choose a CSS that consists of more than one subnet. Put the transitions not in the
CSS into the dormant state. With the initial marking, build the Reachability Graph of
the CSS. For each marking u reached, suppose that t; € C; is enabled,

1. if C; is a safe subnet, check that

— starting by firing ¢z, ¢ may be reached again by firing only transitions in

C;. There may be many such cycles.



~ there is a marking reached by some of the cycles whose Separate Subnet ¢
Marking is jt.

2. if C; is an unsafe subnet 1. choose one of the non-resource tokens enabling 1,

and put other non-resource tokens into the dormant state. Check that starting

by firing £z, 4 may be reached again by firing only transitions in C;.

If it is the case, we say that the marking has passed the test. If every marking in
the CSS passes the test, take another CSS that consists of more than one subnets and
repeat the above test. If all the CSSs that consist of more than one subnets pass the test,
the Stochastic Petri Net is a Local Balance Stochastic Petri Net.

Note that in the procedure above, we put no limit on the number of resource tokens
In a resource place other than that the number has to be finite.

We have developed a software package in C language to test if a given safe Stochastic
Petri Net is a Local Balance Stochastic Petri Net. The program has been verified with
many examples of Stochastic Petri Nets. The list of the program is contained in Appendix
A,

Let us pause for a while to see that given that a Stochastic Petri Net that has
passed the test, what properties its subnets have and how the test procedure ensures that

its Markov Chain has the properties listed at the end of Section 3.2.

3.3.1 Properties of Unsafe Subnets

Let nsp denote the set of non-resource places and remember that the transitions in

an Unsafe Subnet I are in sequence.

Lemma 1 Divide the non-resource places of an Unsafe Subnet [ into two parts according
to a resource place p,. All the places after a transition that has Pr as ome of its input
places and before the next transition that has Pr as one of its output places belong to set

oy and the rest of the non-resource places belong to set ay. The number of tokens in the
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subnet satisfies the following constraints:

Z m; = Z Ny, (3.2)

1Ensp ienap

m,+ 3 m; = mq, (3.3)

g

Recall that m; denotes the number of tokens in place i and nigy; denotes the initial
number of tokens in place i.

Proof:

According to the test process L. every transition has onlv one input/output arc
from non-resource places. As a result. there is no join or fork of non-resource tokens in
the subnet. Hence, the number of non-resource tokens should be constant. Therefore.
Equation 3.2 holds. In addition. every token in a place belonging to set a; consumes a
token in p,. As a result, Equation 3.3 holds.

Q.E.D

Take the subnet two(the lower subnet) in Figure 3.7 as an example. It is an Unsafe
Subnet 1. Take any marking of its Reachability Graph(or Markov Chain) in Figure 3.11.
we have m; + mas + m3 = mg; = 2. This verifies Equation 3.2. Divide places one to three
according to the resource place ps. Transition ¢, has py as both its input and output
places. Hence there is no place in between the input and output arcs. Transition ¢y has
po as its input place and the next transition ¢; has py as its output place. p; is in between
t» and t3. Therefore, ay = {p3}. Take any marking in Figure 3.11. we have ms +mg = 1.
This verifies Equation 3.3.

Il a transition has a resource place as one of its input places, we say that the firing
of that transition absorbs a token from that place. If a transition has a resource place as

one of its output places. we say that the firing of that transition releases a token into that

place.

Lemma 2 The following constraint holds in an unsafe subnet II:

D_mi =) mo (3.1)



Proof:
This follows directly from the fact that the subnet is a state machine.

Q.E.D.
Lemma 3 For Unsafe Subnets [ and I, we have the following results:
P(py) = C‘U\ th P (3.5)
where K= ¥, Mo, GIK) is @ normalization constant:
=> ‘H P™ (3.6)
#; i€nsp

and P, is the probability that, when there is only one non-resource token in the subnet, it _

ts in place p;.

Proof:

Equations 3.2 to 3.4 state that for an unsafe subnet, the number of tokens in a
resource place may be determined by the number of tokens in the non-resource places.
Therefore, when there is only one non-resource token in the subnet, the Markov Chain
state may be defined as the disposition of that single token. Let o; be the set of transitions
enabled when the token is in p; and #; be the set of transitions the firing of which moves
the token into p;. Then P, is obtained by solving the following equations:

ﬂer_,:Zijr,

3Ew, 3E7,

—
..
h
-]
—r

subject to

For Unsafe Subnet I, since transitions are in sequence, a; and 7; both contain a

single transition, say for example ¢, and t, respectively. Equation 3.7 simplifies to:

Fixr.=P;xr, (3.8)



When there are A non-resource tokens in the subnets, let %, be the set of transitions

enabled tn marking p:
W= {1 D7) S {399
Let 3; be the set of transitions the firing of which leads to u,:
Zi={J: (i~ DY € R(Copo)opri 2 DT} (3.10)
The global balance equation for a marking g, 1s:

Plp) x Y r, =2 Plu, =D j)) xr, (3.1
J‘E"n JE‘;!
For an Unsafe Subnet 1. according to the test process [ if ¢, ix enabled n pg,.

t, must be cnabled in (p; — D(..y)). As a result. Equation 3.11 holds it the following

cquations hold for all non-source places where m,(g,) > 0:
Plu) xt.=Plu; - D(y)) xt, t-Sa,t, S, {3.12)

Insert Equation 3.5 into the above equation. we have:

1 1 :
—_— Ty r, = m o pret oy prath 3.13
GK) ]___[ P x r, G H P P x P, X Ty, ( )

{Ensp Fi,] Iensp

which simplifies to Equation 3.8.
For an Unsafe Subnet . Equation 3.11 holds if the following equations hold for all
non-resource places where m;(g,) > 0:
Plu;) = Z: r, = Z Plp; — D(..J)) =« ry (3.14)
3oy g,

[nsert Equation 3.5 into the above equation. we have:

1 .
G(K) I1 2™ =3

{Ensp s€a,
l ; -
= Z 0 H P x P["‘"1 x PJm’-"1 X r, {3.13)
& GIK) 1#i] l€nsp

which simplifies to Equation 3.7.
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Q.E.D.

The fact that both Equations 3.12 and 3.14 hold indicates that the probability of
a Basic Subnet Marking satisfy the Single Token Markov Chain balance equations. In
addition. the fact that the sum of 3.12 for Unsafe Subnet I where my(p) > 0 1s equal
to 3.11 and the sum of 3.14 for Unsafe Subnet {1 where m;(;) > 0 is equal to 3.11
state that the sum of the Single Token balance equations is equal to the subnet global
balance equation. Therefore. the first condition listed at the end of section 3.2 is satisfied.
namely, the probabilities of the Basic Subnet Markings satisfy the Single Token Markov
Chain balance equations and the sum of the Single Token balance equations is equal to

the subnet global balance equation.

Once a transition ¢, in subnet C; fires, the only cause of the absence of the Single
Token Markov Chain, where t; is one of the transitions. is that the resource tokens
required for the enabling of some transitions are not present. As a result. once a transition
from C; fires, the state of subnets in other CSSs will not affect the presence or absence of
the Single Token Markov Chain of C,. where {; is one of the transitions, because they do
not share common resource places with C;. Only the subnets in the same CSS with C,
may affect the presence or absence of the single token Markov Chain of C;. In addition,
if 2 CSS consists of a single subnet. it is a safe subnet or an Unsafe Subnet I or II. In
any of these cases, once a transition in the subnet is enabled, the Single Token Markov
Chain will certainly show up. This is why Process I1I divides the subnets into CSSs and
examines only the CSSs that consist of more than one subnets.

Process II1.1 says that marking ;: and marking g’ whose Separate Subnet i Marking
is ity are reachable from each other. From u' where jii is present, firing transitions in
C; is nothing but constructing the Single Token Markov Chain of subnet C;,(or its Basic
Markov Chain of C;, sirce it is a Safe Subnet). Since g and u’ are reachable from each
other, the Basic Markov Chain of C; will be present with z being one of its state and ¢,

being one of its transitions.
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Processes | and [1.2 ensure that if a transition ¢y from an Unsafe Subnet [ fires,
the Single Token Markov Chain of that subnet. where ¢ is one of the transitions, is also
present.

Therefore. the second condition Hsted in the end of Section 3.2 is also satished.
namely, the Markov Chain of the system is such that if one transition ¢, from a subnet C,
is present. the whole Single Token Markov chain of €. where tr is one of the transitions,
is also present.

As an illustration of the test procedure. we take Figure 3.1 as an example. Since
subnets one and two both have ps as their common resource place and subnet three does
not have any common resource places with either subnet one or two. subnets one and two
arc in one CSS and subnet three alone is in another CSS. Suppose that we take the CSS
consisting of subnets one and two. Both subnets arc safe. Put transitions five to eight
into the dormant state. In the initial marking uo = (178), 4) = (78), a5 = (17) and 4
in subnet two is cnabled. Firing £ at3¢y, all of them belonging to subnet two. (173) is
reached again and i3 = p§ = (17) is indeed the Separate Subnet Two Marking of marking
(178) in the cycle. Firing ¢;. u; = (278) is reached. #g in subnet one is also enabled in .
Firing totioti;. all of them belonging to subnet one. (178) is reached again. In addition.
fil = ub = (78) is the Separate Subnet Onc Marking of (178) in the cycle. Firing fs.
pa = (179) is reached. Hence, pg passes the test. In py = (278). ¢ in subnet one is
enabled. Firing lotiot11. all of them belonging to subnet one. (273) is reached again and
il = p} = (78) is the Separate Subnet One Marking of (278} in the cycle. Continuing
the test we find that the CSS passes the test. Since the other CSS consists of only one
subnet. no test is necessary. Thercfore. the Stochastic Petri Net in Figure 3.1 has passed
the test.

We have presented a method to test if a k-bounded Stochastic Petri Net is a Lo-
cal Balance Stochastic Petri Net. In the following two sections. we will prove that the

Stochastic Petri Nets that have passed the test procedure have product form solutions.
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3.4 Mapping Separate Subnet Markings into Basic
Subnet Markings

Unless otherwise stated. all the Stochastic Petri Nets considered in the rest of this
Chapter have passed the test procedure.

In Section 3.2, we discussed how an assoctated Markov Chain will change, if pre-
viously independent subnets share common resources. Particularly, the presentation of
a marking is different. Now we have a completely reverse problem. When some subnets
share common resources. given a marking g;, how should we pick the ijs so that the
product of their probabilities is proportional to the probability of p;?

Let us look at another example which is a modified “philosopher dining”™ problem.
Five philosophers, who alternately think and eat, sit around a table. Therc is a fork
between every two philosophers. To start eating, a philosopher needs two forks, and
he is only allowed to use the two forks nearest to him. After a while, he gives up one
fork and continue to eat with the other one. However, he needs two forks to finish
eating. Then he goes back to thinking state. The Stochastic Petri Net is shown in
Figure 3.13. The meanings associated with places and transitions are shown in Table 3.1,
where 1 = 1.2,...,5. We use Ph; to denote the ith philosopher. The Fs are resource
places representing where the forks are. According to the test procedure, it is a2 Local
Balance Stochastic Petri Net. A single subnet ¢ presenting the behavior of Ph; is shown
in Figure 3.14. Its associated Markov Chain is shown in Figure 3.15, where Q stands for
modulo.

Since it is a Local Balance Stochastic Petri Net, the marking probability is pro-
portional to the product of the probabilities of its corresponding Basic Subnet Markings.
Therefore, given a marking, what we need is to decide its corresponding Basic Subnet
Markings. In other words, we need to decide what each philosopher is doing in that state.
For example, suppose that u; = (T} Fy E; S3 T; Ts Fs), where the presence of the name

of a place indicates that there is a token in that place. The Separate Subnet Markings
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Figure 3.13: Stochastic Petri Net of the Philosopher Dining Problem

10



Places

Ti Phi is thinking.

Ei Phi is eating with two forks.

Si Phi is_eating with one fork.

Ei Fork i is available.

Transitions

ST i End of thinking period for Phi.

GRi Phi_gives up the fork on his _right.

GL i Phi gives up the fork on his left.

ERi Phi ends eating by picking up the fork on his right.
EL i Phi_ends eating by picking up the fork on his left.

Table 3.1: Meanings of Transitions and Places for the Dining Problem
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Figure 3.1: Subnet {or a Single Philosopher

Figure 3.15: Markov Chain of the Stochastic Petri Net of a Single Philosopher



for each subnet are:

H.I = (I /)
#i = (E)

!‘? = (%)

wi = (T4 Fy)
w = (Ts Fy Fy)

Markings g7 and uf are themselves Basic Subnet Markings indicating that Ph; is
ecating with Fy and F» and Phs is thinking,

Markings p! and p} are not Basic Subnet Markings. However, from Figure 3.13, it
may be seen that when there is a token in T, there must be a token in F} and Fliznas
respectively. Thercfore, the Basic Subnet Markings for subnets one and four are (T F, Fs)
and (T; F; F) respectively.

Marking 4} is not a Basic Subnet Marking either. However, given a token in S,
there are two possible states, namely (S3 F3) or (S3 Fy), where Ph; may be in. In other
words, he may be eating with either the fork on his left or on his right. In this case. we
need the information from other subnets to decide which state Phs is in.

Since subnet two is in (E3), i.e. Phs is eating with both F» and F3, Phs may not
use 3. Therefore, (S5 Fy) is not the right choice. Suppose that Phs is using Fy, i.e. in
state (53 F3). Since Phy is in a thinking state, no contradiction occurs. Therefore, the

Basic Subnet Marking for subnet three is (S5 F3). The product form is, therefore,

1
P E ST, T Ay Fy) = el X P(Ty Fy F2) x Pp(Ez) x Py(Ss F3) x
PyTs Fy Fy) x Pi(Ts Fy Fi)

In summary, when given a Separate Subnet Marking, if there is more than one choice
for its corresponding Basic Subnet Marking, we have to look at the state of other subnets
in order to decide what state that particular subnet is in. The general rule is that in
a resource place, the number of resource tokens absorbed by subnets plus the resource

tokens left should be equal to the total number of the initial tokens in that place.
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We will use an underline below a marking to indicate the same marking with the
number of tokens in the conunon places being set to zero. For a Basic Markov Chain

of subnet j, if 3] = 7. I # { we say that 2 is not unique. i.e. there are at least two

markings. where the distribution of tokens in the non-resource places is the same. the
difference is only in the token distributions in the common places. Take markings (Sy F3)

and (83 F) {or example. (Ss £3) = (S Fy) = (S3). Therefore. these two markings arc

not unique.

In order to present the product form in a concise way, we define a function p map-
ping the Separate Subnet Markings of marking u; into the Basic Subnet Markings as
follows(recall from Section 3.1 that there may be more than one common resource places

for a pair of subnets. However. there is at most one common non-resource place for a pair

of subnets.):

L. If subunet j is safe. then:

- ifﬁ = 0. then p(]) = A
- if 33] = p! and j is unique. then p(u!) = Al
- if 34! = ! and & is not unique. p(u!) is defined in such a way that:

plid) = i (3.16)

The number of tokens in a common place, e.g. p.. of p(g?!) is mg; — [ so

that
* p(ui) is one of the Basic Subnet Markings. and
*x 1 satisfies:
N
me+ [l =mo (3.17)
Jj=1
Where [] is an integer representing the number of tokens in p, that have

been absorbed by subnet j.

2. If subnet j is an Unsafe Subnet 1. then

plid) = i (3.18)
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The number of tokens in the common non-resource place may be determined
by Equation 3.2 and the number of tokens in the common resource places. if

any, may be obtained from Equation 3.3.

3. If subnet j is an Unsafe Subnet II. then

plul) = il (3.19)

The number of tokens in the only common non-resource place is determined

by Equation 3.4.

3.5 Product Form Solutions, A Formal Proof

In this Section, we prove that the Stochastic Petri Nets that have passed the test

procedure have product form solutions. First, we have the following Lemma:

Lemma 4 For a Local Balance Stochastic Peiri Net. suppose that from marking (u; —
D=(..7)), transition t; in subnet C fires and marking y; is reached. We have olp; —
D(-3))* = plub) for k=1, N, kL.

Proof:

Without loss of generality, suppose that [ = N'. Because of the way the subnets are
defined, the firing of transitions in subnet N will change the token distributions in places
belonging to subnet N and may also change the number of tokens in common places.

For Unsafe Subnets, according to Equations 3.2 to 3.4, the number of tokens in the
common places is completely determined by the token distributions in the non-resource
places. As a result, the change of tokens in common places will not affect the mapping
function, i.e. p(u; — D(.,7))* = p(¥) for Unsafe Subnets.

For Safe Subnets,

e 3if = (pi — D(.,7))* and Af s unique.

The changes of tokens in common places do not affect the mapping. Therefore,

P(pi = D(, 7)) = p(pf) = pf for k=1,...,N = 1.
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o 33 = (pi = D(..j))* and E{: 15 not unique.

Suppose that p. is a commeon place of subnet N and j, ma(p(p. — DLJNY) =
Moz = by s ie. IY =AY, According to Equation 3.17. we have:

N-1o X
mpi = DL NY + 5 B+ b = my, (3.20)
x 1

=1

Now. suppose that the firing of transition t;, in subnet .V changes (u; — D(.,j)) into

#i- Naturally, the firing of ¢ changes p((p; ~ D(..7))Y) into p(p). Suppose that
ma(e) = mo (i = D(j)V) = b (321)
where 2Y is an integer.

k3 > 0. tokens arc absorbed by subnet N

hY < 0. tokens arc released by subnet N
Hence,
ma(p(p;)) = mo, — Y — Y (3.22)

with ¥ = pY + A,

N=1
ma(u) + 30 H+ 1Y

j=1
Ne=1 .
= mo((p: = DLW kY + 3 24 8Y + 4
i=1

Na1
= m((pi = D(.NY)+ 3 B+ aY
j=1

= myg, (3.23)

Therefore. if I3, j =1,.., N — 1 keep the same,

~ the p(uf)s are still Basic Subnet Markings. and

— Equation 3.23 indicates that Equation 3.17 is satisfied.
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If a subnet has more than one common place with subnet V, each common place may
be treated as described above. Therefore. we have pl{ui = DN = p(ph). k=
Lo N — 1.

Q. E. D.

Theorem 3 A Stochastic Petri Net that has passed the test procedure has product form
solutions. Furthermore, if it has N subnets, then:

N

P,_iHPmm (3:21)

where G is a normalization constant:

G=> H Pilp(u)) (3.25)

£y J-_

p s the mapping function defined in Section 3.4 and Pi(p(ul}) is the probability obtained
Jrom the basic Markov Chain of subnet j.

Proof:

Define =; as the set of transitions enabled in 75
7=1{7:D7(,7) S w} (3.26)
Define 5; as the set of transitions the firing of which leads to i
Bi={i:(r: = D(..1)) € R(C, po), s > D*(., )} (3.27)

The global balance equation for state ; is:

Pp) Yors = 3 Plp — D(. 7)) x 7 (3.28)

J-E"h jGﬁ.

Next, define ~; as the set of transitions in subnet [ enabled in y;:

Yit = {J 7.7) < Hiy t € Cl} (329)

Also define 8; as the set of transitions in subnet [, the firing of which leads to it

Ba={j : (i = D(.,5)) € R(C, o), i 2 D¥(.,5), t; € C1} ©(3.30)
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The global balance equation holds if the following local balance equations hold:
Plp) 3 ry= 2 Pl ~D(.j)) xr; Wl=1,..N (3.31)
J€vu JEidy
Without the loss of generality, we show that the above equation holds when I = N, ie.
P(w) 3 ri= 3 Plui—D{.j) xr (3.32)
JENN JEdix

Inserting Equation 3.24 into Equation 3.32. we have:

=

1 3 . ;
o LI Pulp(ed)) x Prp(ui)) x 3 vy
k=1 J.Eﬁ'l.\'
1 =~ Sk G N
= & H plpti = D(.3))*) x Pu(p(pi = DL JNY) x 7, (3.33)
)Eﬁ.'\. =k
According to Lemma 4. p{p; = D(..5))* = p(f) for k = 1,..., ¥ ~ 1. Hence. Equation 3.33
simplifies to:
Pu(p(ui)) x 30 ri= 3 Pulp((s: = D(-.)))) x r; (3:34)

J€mx IS8y
If subnet .V is safe, Equation 3.34 is the global balance equation of subnet N;if it is an
Unsafe subnet ] or II, Equation 3.34 may be further reduced to Equation 3.7.

Q. E. D.

We proved that a Stochastic Petri Net that has passed the test procedure has prod-
uct form solutions. Let us examine Equation 3.24 carefully. Since the associated Markov
Chain of a Local Balance Stochastic Petri Net is finite, Equation 3.24 looks very similar
to the product form solutions for closed BCMP queueing networks. However, a major
difference lies in the fact that the total population in a closed BCMP queueing network
is constant whereas there is no such constraint for a Local Balance Stochastic Petri Net
in general, except for Unsafe Subnets. This difference prevents the application of com-
putation algorithms available for closed BCMP networks to the analysis a Local Balance
Stochastic Petri Nets. Also, the absence of constraints for Local Balance Stochastic Petri

Nets complicates the analysis.

48



3.6 Comparisons with Lazar and Robertazzi’s re-
sults

Lazar and Robertazzi proposed that there is a elass of Petri Nets which has product
form solutions. They stated in [11] that “A safe Markovian Petri Net consisting of a
number of task sequences that are comprised of a series of sequential sub-tasks has a
product form solution for the equilibrium state probabilities if the state transition lattice
can be naturally associated with a Cartesian coordinate system (alternatively: naturally
embedded into an aggregation of toroidal marifolds) and if the state transition lattice is
comprised of integral building blocks and corresponding consistent set of local balance
equations™,

At the Stochastic Petri Net structure level, they considered “A safe Markovian Petri
Net consisting of a number of task sequences that are comprised of a series of sequential
sub-tasks. The product form solution for the cquilibrium state probabilities exists, if
and only if, a task sequence is only allowed to proceed if there is a non-zero probability
that it can return to its current state without the need for a state change in other task
sequences”.

The product in their notation is:

N 0
Plki- ke k) = [T 22p(0.0,...,0) (3.35)
=1
Where k; is the kith sub-task of the {th task sequence and P(k,. ko, ..., ky) is their proba-

bility. ¢* is the firing rate associated with the {th sub-task of the kth task sequence and
p(0.0....,0) is a normalization constant.

The word “task” is not a common term in Stochastic Petri Nets. Further, it is not
easy to verily if a given Stochastic Petri Net is a Local Balance Stochastic Petri Net by the
above statements, especially when the Stochastic Petri Net is relatively large. In addition,
There are two restrictions on the Stochastic Petri Nets, namely. “sequential sub-tasks”
and “safe Stochastic Petri Nets”.

* In comparison, we presented a systematic way and a software package to test if
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a Stochastic Petri Net is a Local Balance Stochastic Petri Net. This makes the job of
identification of Local Balance Stochastic Petri Nets much easier. By doing so. we are
able to get rid of the terms like “toroidal manifolds”, “building blocks™. “task™. “pasting”.
etc. as were used by Lazar and Robertazzi.

More important, we divided a k-bounded Local Balance Stochastic Petri Net into

subnets. The subnets may be one of the following cases:

1. A Safe Subnet. where the number of tokens in the non-resource places does not

exceed one.(No restrictions on the number of tokens in resource places).

2. An Unsafe Subnet I with the transitions in sequence and among the input arcs
of a transition, only one of them is from a non-resource place. The same must

be true for output arcs.

3. An Unsafe subnet I which is a Finite Machine.

Therefore, a Local Balance Stochastic Petri Net does not have to be safe and the transi-
tions in subnets(“sub-task™ in their notations) do not have to be in sequence(except for
Unsafe Subnet I).

As an example. Figure 3.16 shows a Stochastic Petri Net. According to the test
procedure, it is still a Local Balance Stochastic Petri Net. However. it is not a safe
Stochastic Petri Net. In addition. subnet one consists of two cycles of transitions, namely
{tstiotyitia} and {fstiitiol12}. Subnet three also consists of two cvcles of transitions,
namely {tstelz} and {tstz}.

By allowing more than one tokens in a place, jobs with the same statistical behav-
ior and shared resources may be modelled by an Unsafe Subnet inside a Local Balance
Stochastic Petri Net, e.g. the bottom subnet in Figure 3.16. By allowing non-sequential
firing of transitions inside a subnet, the modelling of blocking and job splitting within
a subnet by Local Balance Stochastic Petri Nets is made possible. For instance, in Fig-
ure 3.16, ¢y represents a job being split into two and ¢,, represents a blocking phenomenon.
If there is one token in pig and p;; respectively, ¢y cannot fire. It has to wait for the

firing of t10. In other words, the event modelled by £y is blocked.
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Or. the other hand. the extenston of boundary introduces the ditficulty in the map-
ping of markings. Indeed. if a Stochastic Petri Net is safe and the subnet transitions are
all in sequence. the MMarkov Chain states are uniquely determined by the disposition of

the single token in cach subnet. No mapping is necessary.

11

Figure 3.16: Local Balance Stochastic Petri Net with blocking

In Equation 3.35. the product form is a product of the sequential firing rates. It is a
special case of Equation 3.24, which is a product of the Basic Subnet Marking probabilities.
When a Local Balance Stochastic Petri Net is safe and each subnet consists of only one
cycle of transitions. Equation 3.24 reduces to Equation 3.35.

In summary, our results differ from that of Lazar and Robertazzi's in the following

way's:
1. The Local Balance Stochastic Petri Nets do not have to be safe(especially that
the number of resource tokens in a resource place may be more than one)
whereas “a safe Stochastic Petri Net™ is required in [41].
: 2. The transitions in a Local Balance Stochastic Petri Net's subnets do not have



to be in sequence all the time{only required when the subnet is unsafe subnet

1) whereas “sequential firing™ is required in [11].

. A systematic way for testing the Local Balance Stochastic Petri Nets is pre-

sented.

. A mapping function is introduced,

The product form solution is a groduct of subnet marking probabilities whereas

it was the product of the sequential firing rates in [11].

Since Lazar and Robertazzi first reported the product form solutions for a class of

Stochastic Petri Nets, some people have informally questioned how practical this class of

Stochastic Petri Nets is. Our opinions are the foliowing:

1.

| £

Lazar and Robertazzi showed that multiprocessor systems. communication pro-
tocols such as CSMA. alternating bit as well as th» philosopher dining prob-
lem may be modelled by Local Balance Stochastic Petri Nets. These certainly

present the practical aspect of Local Balance Stochastic Petri Nets.

It is true that the cases of Local Balance Stochastic Petri Nets are limited.
That only points out the need for more work to extend the boundary, i.e. to
gradually make it more and more practical. We believe that this is the path
of evolution for many theories. The development of the Petri Net theory from

its very original proposal is itself a very good illustration.

3.7 Summary

We extended the boundary of Local Balance Stochastic Petrt Nets by ailowing non-

safe Stochastic Petri Nets and non-sequential firing of transitions inside a subnet. We

presented a systematic way as well as a software package for identifying the Local Balance

Stochastic Petri Nets and proved that the Stochastic Petri Nets that have passed the

test procedure have product form solutions. The results in this Chapter contribute in



extending the boundary of Local Balance Stochastic Petri Nets so that more systems may
be analyzed efficiently and making the identification of Local Balance Stochastic Petri

Nets much casier.
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Chapter 4

Norton’s Theorem for Local

Balance Stochastic Petri Nets

From time to time. we would like to have a simple presentation of a system. A
concise presentation enables better understanding of the sysiem. In this Chapter, we
show that for a Local Balance Stochastic Petri Net, we may use a subnet with marking
dependent firing rates to represent the original Stochastic Petri Net. We call the procedure
the Norton's Theorem.

We first apply the theory of Decomposition and Aggregation to the associated
Markov Chains of Local Balance Stochastic Petri Nets and develop a Decomposition
by Subnet method. Then we use the Decomposition by Subnet method to derive the
Norton's theorem at the net level. Tinally, we discuss the application of Norzon’s theorem

to paramectric analysis.

4.1 Decomposition by Subnet
Firstly, def';m_::

o [avorite Marking of ¢{;. A marking u is a favorite marking of transition ¢;, if ¢; is

enabled in p. The set of favorite markings of ¢; is written as fm(¢;).



i

o Post-marking and Pre-marking with respect to a transition. If in marking g, tran-
sition #¢ fires and g, is reached. we call g, the Post-marking of y; with respect 10 /4.

written as gy = ps(p, i) and g the Pre-marking of #ys WEILLeR as g = pr e, [te).

Take Figure 3.1 as an example. The markings (38) and (39) are Favorite Markings
of t3. Hence. fm(ty) = {(38)(39)}. In addition. ps{(38)jta) = (43). pr(18)ta) = (38).

We choose to decompose the Markov Chain according to the states of a subnet.
Without loss of generality, suppose that the subnet is subnet one. In other words, the
markings arc divided into classes. A marking p; is in class &. if and only if. p(p!) = fl.
As a result. the number of classes is equal to the number of ftt- A marking inside class &
is denoted as gg. We use n{k) to denote the number of markings in the kth class.

For example. in Figure 3.2. markings (6 10), (5 10), (1 10). (2 10) arc in the same
class, because their p(s!) = (10). In fact in Figure 3.2, all the markings on the same
horizontal line are in the same class. We will refer the top markings as class one. the
middle class two and the bottom class three.

A further examination of the connections of markings in the same class will be
interesting. In figure 3.2, class one and three are horizontally connected. In other words.
a marking inside a class may reach another marking in the same class without passing
through markings in other classes. However, markings in class two are not all connected.
Markings (6 10), (5 10) and (1 10) mayv reach cach other without passing markings in
other classes. But marking (2 10) has to pass makings in class one or class three in order

to reach (6 10), (5 10) or (1 10). In general, the markings in the same class may be:

L All connected, where the markings in a class may reach cach other without

passing any markings in other classes.

2. All not connected. where None of the markings in a class may reach each other

without passing markiigs in other classes.

3. Some are connected and others are not, where some of the markings may reach

each other without passing any markings in other classes. Others have to pass

(w1}
(o}



markings in other classes in order to reach any of the markings in the same

class,

According to Lemma 4. the firing of transitions in subnet one will change the token
distributions inside subnet one and may also change the number of tokens in the common
places. However, it will not alter p(g!) for { = 2..... N. Therefore. the transitions among
markings of the same class. if anyv. are the results of the firing of transitions in subnets
other than subnet one. The transitions between markings of two different classes. if any.
are the results of the firing of a transition in subnet one.

According to Simon and Ando’s technique step one. we need to obtain vi. Also,
if exact results arc expected from the Decomposition and Aggregation procedure, v has
to be the conditional probabilities(Theorem 1). We use v™{::) to denote the conditional

probability of marking u;; given that it is in class k.

Pl
vt (i) = —“(% (4.1)

One way to obtain the v™(u)s would be to calculate the probabilities and insert
them into the above Equation. However. we would later like to be able to calculate them

at the net level. For that purpose. we distinguish three different cases to obtain the

CT(pin):

L. paes. ¢ = l....n(k) may reach cach other without passing any markings in
other classes. An example is the class one markings in Figure 3.2. I[nserting
Equation 3.24 into Equation 4.1, we have:

. U-(‘u'k) - 'é_Pl( ( ))HJ:QP( (P’:k)) (4 .))
K - & ; . 4
zl;'Pl(P(#ik)) Z;;(l) n'zz Pi(p(ui))
¢ CTA) )
- n(k ke
) Tz Pi(p(ssh))
This is because the markings in the same class have the same p(gl,).
2

2. None of the pys may reach each other without passing markings in other

classes. v"(uix)s may be obtained from the v™(ui)s of class [ that are already
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known. Suppose that g; sy = pr{pilty). t, € Cy and v "(#ti kw1)s are known,
We have:

Plpi x1) - Py(p(p} 1))
Plui) Pip(nl)

= constant ¥i (4.:D)

since according to Lemma . p(pl,) = ALl o) for j = 2.0V, Also. the

markings in the same class have the same plpel). Hence,

vi{pa) = Plui) Pl k1)
T P Zm s €fm(e) Platr k=)
L
= = v (1) gy (13)
Zopy ke €Smity) V7 (,u ! k= 1)
R, ] ‘
Therefore, if e ““3 T is known, v*(p) is also known.
Zu; pop€tmita) VLB any)
3. Some of the pys. i = 1,....n(k) may reach each other without passing any

markings in other classes. Denote this set of markings as ;. Others have
to pass markings in other classes in order to reach any of the u;. denote this
set of markings as &;. An example is the class two markings in Figure 3.2.

Markings (6 10), (5 10) and (1 10) arc in £12. Marking (2 10) is in £ap.

Plu)
b‘ﬁ(p'k) — P(,u,;.) ___; mel) Ploima) (‘L 6)
e + Pluti) '
Z”‘Eilk P(pmi) 5 Zfefzk P(#“‘) L+ ZI-E"k mé{::";(#mk]
Let P (uy) = P[“";,'(“mk), z € {14 According to the test procedure, if one

vmes,
transition ¢, from subnet C; appears, the Single Token Markov Chain of C,

where ¢, is one of the transitions, is also present. In addition, transitions be-
tween classes are transitions from subnet one only. As a result, the transitions
inside the same class must be the Single Token Markov Chain of some subnets

other than subnet one. Denote this set of subnets by v. Therefore:

I3 Pile(sh)
e Zzeg,k H,_ Pi(p(u:))
HjE‘y Pj(P(l‘:’k))
Zresu Hje-, Pj(P(#ﬂ-))

Ppu) =

i



because, according to Lemma -, the firing of transitions belonging to the sub-
nets in y will not alter the p(ydy) for j & 1.
Suppose i xoy = priills). § € & then given r € &;. following the same
reasoning as that for Equation 1.1, we have

P(F:k) - P(l‘rk)
P wmt) Plpz ooy)

1.e.

Plp. :
P( ti) = 73_("% x P(Fn‘ k—l) t € S (-1.9)

Thercfore for x = &)1 and ¢ € &y
Plpy) = _Plea) g Plpi 1)
Zme&:.- P(I-’-mk) P .U-:: k= l) ._.m.e{“‘ P(#mk)

- “(u P(;ut k-1 )
= P (l :k) X P(F-.r-k-—l)

= Pu) f’—%-“—‘—% (4.10)

where the first Equation is a result of replacing P{u;:) with Equation 4.9.

Therefore. Equation 1.6 becomes:

P (“-nk] -
VI k1) 1 &l TE &Ik

1+Zt€{-‘k r'l“z ae1) P.("‘:k)

P* (e} % e ki) (4.11)
L€ Sape T € &1k

(1) =

v Uy et}

R v uy k-:l -
1*7‘;;(_’* " iy ke XP (L2k)

where v"(pit) is related to P(p; &) and v(p; x-1) from another class. If &5 is empty,
v P (pir)

After v*(u;)s are obtained, according to the Decomposition and Aggregation pro--
cedure step two, we need to obtain transition rates between classes. Since the firing of
transitions in subnet one will alter only p(u!) and the markings in the same class have
the same p(u}), the transition rates from markings of one class to markings of another
class, if any, are the same. For example, in Figure 3.2, the transitions from markings

in class one to markings in class two equal to ryo, from class two to class three equal to



ri1 Suppose that the firing of transitions ¢; € €, leads from class & markings to class !
markings. Then according to Equation 1.1, the trausition rate between them is:
Me=rix X et () (1.12)
me€fm(t,)
We then analyze the reduced Markov Chain to obtain its steady state probabilities. De-
note the probability of class & as P,.
According to Decomposition and Aggregation technique step three. to obtain the

results for the original system. we have:
Plui) = ¢*(pa) x P (4.13)

In this way, we reduce the analysis of the original system into the analvsis of sub-
systems. In the next Section. we will translate the results from this Section into detai]

steps to perform at the net level.

4.2 Norton’s Theorem for Local Balance Stochastic

Petri Nets

In this section. we show that a Local Balance Stochastic Petri Net may be concisely

represented by one of its subnet with marking dependent firing rates. Firstly, define:

e Generating Markings of Subnet j. Starting from . all the markings reached by
firing the transitions only in subnet j are defined as Generating Markings of Subnet

j: written as ﬁf_

For example, in Figure 3.1, the generating markings of subnet one are (178), (179).
(1 10). Next, we decide which subnet will be used to replace the whole net. Without loss
of generality, suppose that it is subnet one.

Draw subnet one separately. To distinguish it from the net one inside the original
Stochastic Petri Net C, we call it the aggregated net A. Denote the markings of A by

ai. Since @}s are obtained by firing only subnet onc transitions, the Separate Subnet one

59



markings of ;s are in fact the ags. Hence, there is a one to one correspondence between
ftis. aps and the classes. Suppose that the number of ags is M.

Again, we choose to decompose the Stochastic Petri Net by subnet one. To perform
the Decomposition and Aggregation at the net level, we combine Simon and Ando's Steps
onc and two. i.c. we obtain the v™(si)s and then immediately compute Ay according to

Equation -1.12. Since there is a unique association of the classes with ags. we may assign

the rates according to ai and ¢;:

rfa) =7rix > o) (4.14)

sk fmie,)

The firing of ¢; will lead e to ;. Equation 4.14 may be regarded as the firing rate
of ¢; when the aggregated net marking is ax. In this way, the aggregated Markov Chain
obtained is actually equivalent to the Markov Chain of subnet one with marking dependent
firing rates determined by Equation L1,

From fi§ = po. generate jils(hence ais). For each jil generated. we will obtain
v™(pix)s. Since all the markings in the same class have the same p(u}). we put the
transitions in C; into the dormant state. Hence. p(u!) will not change. The transitions

in other subnets may be in one of the following situations: -

l. All the transitions are live.

[

. All the transitions are not live.

w

. The transitions in some subnets are live while others are not live.

For cach situation, ©"(u)s are obtained by one of the three ways presented in the above
Section. In the following, we will discuss them separately. Remember that the transitions
between markings of two different classes, if any, are the results of the firing of one
transition in subnet one. The transitions among markings of the same classes, if any, are

the results of the firing of transitions in subnets other than subnet one.
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Situation One

In this case. the markings may reach each other without passing any markings in
other classes. Hence. ¢™(u;:)s may be obtained by the first method deseribed in the above

section. L.e. by using Equation 1.3, For convenience. we write it again :

I, Pilplud) -
ey (-1.15)
2= HJ—'R !‘u))

Note that the product form is the product of marking probabilities from subnet two

to N. The sum is over all the markings such that p(#!) = ax. Therefore. v™(py) is in
fact the probability of the original Stochas'ic Petri Net with initial marking #} and the
transitions of subnet one being in the dermant state. Therefore, simply analyze the net
with the transitions in C, being in the dormant state and obtain the o (ptir)s.

In ay, if transitions ¢; € C; is enabled. the marking dependent firing rate ri(ag) is
obtained by Equation 4.14.

For example, in Figure 3.1, 2} = (178), ag = {(78). Putting transitions nine to cleven
into the dormant state, all the transitions in net two and three arc live. Hence, this is
situation one. Analyze the Stochastic Petri Net to obtain v"(ig). The Markov Chain of

the net is shown in Figure 4.1. In aq. £y € C) is enabled and
fmty) = {(67 ). (378), (178),(278)} (4.16)

Therefore. Equation 4.14 gives:

ro(78) = ro x {v"(678) + v(578) + v"(178) + v"(278)} (4.17)
r8
’5 }_{fws\” DG Ry
r7 r4

Figure 4.1: Markov Chain Associated with ¢ = (78)
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Firing f9. &y = (179). @, = (79) and putting transitions nine to ecleven into the
dormant state, all transitions in net two and three are live. Hence, this is. again. sttuation
one. Analyze the Stochastic Petri Net to obtain v™(y;)s. Its Markov Chain is shown in

Figure 1.2, In ay, g € C) is enabled and

fm(to) = {(679).(579), (179), (279)}

Hence
ro(79) = rp x {£(679) + v7(579) + e™(179) + v*(279)} (4.18)
-2 . r4
D Dy G EDSENE P S

Figure 4.2: Markov Chain Associated with ¢, = (79)

Situation Two

[n this case. none of the gus mayv reach each other without passing markings in
other classes. Hence. v"(piz)s may be obtained by the second method described in the
above section, i.¢c. by Equation 4.11.

In a, if transitions ¢; € C, is enabled. the marking dependent firing rate ri(ay) is

obtained through Equation 4.14.

Situation Three

In this case, some of the uys, i =1, ...,n(k) may reach each other without passing
any markings in other classes. Others have to pass markings in other classes to reach an-
other marking in class k. Hence, v™(uy)s may be obtained by the third method described

in the above section, i.e. Equation 1.11. However, in order to use Equation 4.11, we need



to obtain P*(six) by equation 1.7. For convenience. we write it again:

Mier Py(o(pd))
Zze.s“. I'L-e-f PJ(!’(F{L-))

Recall that v is the set of subnets whose transition firings connect some of the markings

P(pi) =

in the class. Also note that the product form is the product of marking probabilitics
of subnets that are in 5. The sum is over all the markings connected by transitions
from subnets in § and p(x!) = ai. Therefore. P(pi) is the probability of the original
Stochastic Petri Net with initial marking fi} and the transitions of subnet one being in the
~dormant state. Therefore. put the transitions in ¢ 1 into the dormant state and analyze the
net to obtain P™{u), i € &5 In addition. we need to find the sct of markings that are in
&2k Suppose 2} = ps(ik_,|t,). then for each #i k=1 € fm(t,). find out pi = ps(p; worjty).
Some of these Post markings are alrcady in £;. Those that are not in &1 belong to &
After pus and £y, &, are identified and P*(pix)s. 1 € & are obtained, Equation -1.11 is
uscd to obtain the v™(u;)s.

In a;. if transitions ¢; € C; is cnabled. the marking dependent firing rate ri(a) is
obtained through Equation 4.14.

For example, from i} = (179), Firing ¢;o. we have fiz = (1 10), ap = (10). Putting
transitions nine to eleven into the dormant state. all the transitions in subnet two are
not live while all the transitions in subnet three are live. Hence. it is situation three.
Its Markov Chain is shown in Figure 4.3. &1z = {(6 10),(5 10),(1 10)}. Analyvze the
Stochastic Petri Net to obtain P*(6 10), P"(510) and P*(1 10). In addition, we have

ps((679){t10) = (6 10), ps((579)]tse) = (5 10)
ps((179)[t10) = (1 10), ps((279)]ty0) = (2 10)

Marking (2 10) is not in &, Therefore §22 = (2 10). We choose (6 10) as p;. Hence,

according to Equation 4.11,

. P(610
: v'(6 10) = )u'[279|
- 1+ P+(6 10) x LG22
P (510
v'(510) = ( ) v*(270)
1+ P+(610) x b ]

63



P(1 10)
1+ P=(6 10) x =2

v*(679)
-2 10) P(6 10) x L2
v (2 = —
( 1+ P-(6 10) x 22

= (670)

Where v*(279) and v”(679) were obtained before by analyzing the Markov Chain in Fig-

ure 1.2,

v 6 S
&0 G100 1100

Figure 4.3: Markov Chain Associated with a» = (10)

In ay, ¢y, is enabled and all the markings are favorite markings of ¢,;. hence,

ri(10) = rq x (07(6 10) + v7(5 10) + v~(1 10) + v*(2 10))

= (4.19)

After the marking dependent rates are obtained, the aggregated net is constructed.
For example. the aggregated net for Figure 3.1 is subnet one with marking dependent
rates specified by Equations 1.17. 4.18 and 4.19. We then analyvze the reduced net to
obtain its marking probabilities P(ay)s.

Since the v™(g)s obtained are the true conditional probabilities, according to Theo-
rem 1 in Section 1.2, the Decomposition and Aggregation procedure gives exact results.
Therefore, the aggregated net may concisely and exactly replace the original Stochastic
Petri Net.

To retrieve the performance of the original Stochastic Petri Net from the aggregated
net, Equations 4.13 may be used to obtain the marking probabilities. Since there is a

unique association of classes and aggregated marking a;s, Equation 4.13 becomes:

Plpix) = v7(pix) x Plax) . (4.20)
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To obiain the probability of the number of tokens in a place, we have:

M

Piuny=n) = z Play) x Py(mi =n) 1.2
k=1

Pamo=n) = % oluw) (1.22)

Yhm,=n tn ua
where m, is the number of tokens in place .

For example in Figure 3.1.
P(m; = 1) = P(T8) x Pi(m: = 1)+ P(19) x Pe(mr=1) + P(10) x Py(m: = 1)
where

Pim:=1) = v7(678) + v"(378) + v~(178) + ¢7(278)
Pym==1) = ¢ (679)+ v"(579) + v~(179) + ¢*(279)
P3(7?27 = 1) = 0

and P(78), P(79) and P(10) arc obtained from the aggregated net A.
We have developed the Norton's theorem for Local Balance Stochastic Petri Nets.

In the next Section. we will show onc of its applications to parametric analysis.

4.3 Application to Parametric A‘nalysis

Suppose that we are interested in the influence of one transition on the whole system.
Without loss of generality, suppose that the transition is in subnet one. We select subnet
one to construct the aggregated net. Note that when analyzing the Stochastic Petri Net
to obtain the marking dependent firing rates, we always put the transitions in net one into
the dormant state. As a result, the transition rates of net one do not affect the marking
probabiiities. They appear only in the marking dependent firing rates. In fact, according
to Equation 4.14 the marking dependent firing rate of a transition in the aggregated net
is proportional to its firing rate in the original net. Hence, every time the firing rate of

the transition of interest takes a new value, only the aggregated net needs to be analyzed.



Take the Stochastic Petri Net in Figure 3.1 as an example. Suppose that we are
interested in finding out the effect of transition #; on the performance of the whole system.
\We construct the aggregated net as before. Note that r; only appears in Equation 4.19.
i.c. the changing of ryy results in the changing of ri1(10) only. Therefore. every time
takes o new value. only the aggregated net needs to be analyzed. The Markov Chain of
the ageregated net has three states, Compared with the original sixteen-state Markov
Chain. the savings of time and space are obvious. When the Markov Chain is large. the
savings may be significant. For instance. the Markov Chain of the modified philosopher
dining problem has two hundred and twelve states. whereas its ageregated net has only

four states.

4.4 Summary

By applying the theory of decomposition and aggregation to the Markov Chains
associated with Local Balance Stochastic Petri Nets, we developed the Decomposition
by Subnet method, which provides us with an insight into the structure of the Markov
Chains. Then by the Decomposition by Subnet method. we derived the Norton's theorem
for Local Balance Stochastic Petri Nets. One subnet of the Stochastic Petri Net with
marking dependent firing rates is used to replace the original net. Application of the
agaregation process directly at the Stochastic Petri Net level is much more advantageous
and desirable than at the Markov level. It is. of course, more difficult due to the complex
structure of the Stochastic Petri Nets.

A significant difference between Norton's theorem for queueing networks and Nor-
ton’s theorem developed in this Chapter is that there is no flow equivalent elements in
the aggregated net to represent the rest of the Stochastic Petri Nets.

The idea may be interesting for system or protocol design as well as parametric

analysis.
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Chapter 5

Exact Parametric Analysis of

Stochastic Petr1 Nets

Norton's theorem gives an exact and simplified presentation of a sabnet. It may
be used for exact parametric analysis of Local Balance Stochastic Petri Nets. When a
Stochastic Petri Net is not a Local Balance Stochastic Petri Net. we also need parametric
anaivsis. That is the subject of this Chapter.

In this Chapter, an algorithm for parametric analysis is derived. The computational
gain achieved by the algorithm is then considered. The implementation of the algorithm
to parametric analysis of Stochastic Petri Nets is discussed and an example is used to

illustrate the algorithm. The results obtained are published in |43, 43].

5.1 Algorithm for Parametric Analysis

We will apply the “idcal aggregates” described in Section 1.2 to the analysis of
Stochastic Petri Nets. First of all, it is possible to zonfine 2 given transition rate into the
Q, in Figure 1.2. To do this, the state space of the Markov Chain associated with the
Stochastic Petri Net is partitioned into two parts. The states immediately before or after
the firing of the transition of intercst belong to S,. The rest of the states belong to S2. The

transition rates between the states in S) constitute the block rmatrix Q,. The transition
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rates between the states in Sy constitute the Block matrix Q.. The transition rates from
the states in ¢ to the states in Sy constitute the block matrix E. The transition rates
from the states in Sy io the states in S, constitute the block matrix F. In this way the
transition rate of interest will appear in Q; only.

Next, from

Q E
(moma)| =0 (5.1)
F Q
We have:
mE+mQ:=0 (5.2)
T = -nEQ,"! (3.3)

Theorem 1 in Section 1.2 states that if exact results are obtained:
m =Gy (5-1)

lnsert Equation 5.1 into Equation 5.3:

ny = —G'(V;EQ-EI (3.3)
Assume p; = (P11 ---Piny ).' P2 = (pa1--Panz) and let:
St
V= E
n = '_".l .-,6
Pz =& (5.6)
Divide Equations 5.4 and 3.5 by Gy, we have:
pr = Vi
From Equation 5.6:
Tl nz ni 5] 1
ZP'.('%'ZP’:: = (Zfli'i"zfzi)/cl = a (3.3}
i=1 i=1 i=1 izl d



Noting that ¥, pyi = L. we have:

mt=1

According to Equation 5.0

1
Gy = 5.9
YT TETEo 59
P1
m =G = ———
SRS T Sy
P2
= paln = —=r— 5.10)
T+ TR e (

If v is obtained by solving viQy = 0, p1.p2 may be obtained by Equation 3.7.

Hence. 7y, 72 may be obtained by Equation 5.10. Our algorithm is thus the following:

1. Compute B = EQZ'.

o
.

Compute C = BF.

3. Compute Q; =Q; - C.

4. Solve p;Qj = 0 subject to I72, pii = L.
5. Compute p2 = —p1B.

6. Compute G =1 + 372, pai-

7. Compute 7; = p:/G =12,

Since the transition rate of interest is in Q, only, every time its value is changed,

only steps 3 to T are repeated. The next section shows that the computational cost is

greatly reduced in this way.

5.2 Time and Space Requirements

According to [61], the solution of n equations with n unknowns by Gaussian elimi-

nation requires n*/3 + n® — n/3 multiplications and n%/3 + n?/2 — 5n/6 additions. The

:nversion of a matrix of order n requires n® number of multiplications and n® = 2n° +n

number of additions. Multiplying two matrices of orders n; x n, and'ny % ng requires
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ny N ha X ng number of multiplications and ny x (e = 1) x ny number of additions.
Therefore. the number of multiplicati=ns and the number of additions of cach step in our

algorithm are as follows:

Steps  Multiplications Additions

l ng + nl”-:'_z TPE_: - :2n§ 4 e g {ng — e
2 ning n3ng = 1)

3 0 n?

+ n3/3+nf = m /3 nif34 /2 —5m/6

3 e (ny = L)ng

6 0 N

T ny +no 0

If the parameters of interest arc assigned k different values. the total number of multipli-

cations is:

[~]

emy = nh o+ nln::: + n'fn-; -~ k(n?,fii + n'f +2ny /3 e + n.) (3.11)

and the total number of additions is:

L]

cay = n»=2n3+ne+mina— n- + ny(n: — 1) +

>

_i-

k(n.:{’/3-‘:—3r:¥/'2—5n.1/6+n;:12) (5.12}

Direct solution of #Q = 0 k times requires number of multiplications:

ema = K(n?/3 +n* —n/3) (5.13)
and number of additions:
cas = k(1]3 +n*/2 —5n/6) (5.14)
Hence. the differences are :
cms —cmy = (k= D(ndng + i)+ (k/3 = Lnz + k(na — )iy + kna(na —4/3)
Cla — €Ay = n'f(kng —n,—k)+ (k= Lynyng + (k/3 — Lnd +
4+ knaf2(na = 3/3) + n2(2ng — 1) Fmne + nj (5.15)



For k > 3.ny > 2. all the terms are non-negative. Hence, our algor: 'm requires less
aumber of computations than Gaussian elimination does. Figures 3.1 and 5.2 give an
example of a moderate Markov chain with 100 states and ny = 40, na = 60, The savings

arc obvious.
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Figure 5.1: Number of Multiplications

In terms of space requirements, at the beginning, Q1. Q2. E and F are stored. After
step two, however, only B, C and Q; are needed. Hence, the parametric analysis does not
require any more space than the Gaussian elimination does. Besides, execution is much

faster.

5.3 Implementation Consideration

The existing software for the performance analysis of Stochastic Petri Nets gener-
ally consists of three parts. In the first part, the user inputs the essential information
about a Stochastic Petri Net. Examples are number of places, number of transitions,

input(output) places of transitions, firing rates of transitions and initial number of tokens
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Figure 3.2: Number of Additions

in places. In the second part. the associated Markov Chain is generated. In the third
part, the Markov Chain is solved and steady state probabilities are obtained. A typical
way of solving the Markov Chain is the Gaussian elimination Method.

To implement our exact parametric analysis idea. the first part of the software is
unchanged. In the second part. the user is asked if it is a parametric axysis. If the
answer is “No™. the usual procedure starts: If the answer is ~ves™. he is further asked
t0 input the transition of interest. Then. at the same time of generating the associated
Markov Chain. Q;. Q2. E. F are identified. In the third part. our algorithm in Section 5.1
is adopted. Every time the transition rate of interest is changed. only steps 3 to 7 of our

algorithm need to be repeated.

5.4 An Example

vstem. When a machine needs repair.

Consider a manufacturing machine repairing s

_ it is scnt to a waiting room. From there. it may be repairad either by technician 1 or by

-~
| f™)



tochnician 2 first and then technicians 1 and 2 together. After repairing. it is sent back to
the factory. Suppose that the waiting room may contain at most 2 machines at the same
time. The Stochastic Petri Net model is shown in Figure 3.3. The meanings assoctated

with transitions and places are shown in table 5.1.

Figure 5.3: Stochastic Petri Net Model of the Manufacturing Machine Repairing System

Suppose that we are interested in knowing how the speed of technicians 1 and 2
working together will affect the whole syslem. Then transition ¢; is of interest and the
snfinitesimal matrix can be arranged as shown in Figure 5.4 so that r7 is only in the first
diagonal block matrix. The comparisons of computational costs for parameter analysis

are shown in Figures 5.5 and 5.6.

5.5 Summary

We presented a method for exact parametric analysis of Stochastic Petri Nets. Fol-
lowing this method, every time a new value is assigned to the transition of interest. a
smaller Markov Chain is analyzed. As a result, the computational cost is greatly reduced.
The storage requirement is the same as that of Gaussian elimination. The algorithm is

readily automated.



Places

Machines in factories

Machines in the waiting room

Technician 1 repairing the machine

Technician 1 is available

Technician 2 repairing the machine

Technicians 2 and 3 repairing_the machine together
Technician 3 is availabie

Technician 2 is available

Machine(s) is waiting to be sent 1o the factories

A0 B A P R had L b

Trans

Machines arrive for repairing

Technician 1 takes the machine

Technician 2 takes the machine

End of repairing the machine by technician 1

End of repairing the machine by technician 2 alone
End of repairing the machine by technicians 2 and 3 together
End of sending the machine to_the factories |

~lelo|e|wp]-

Table 5.1: Meanings of Transitions and Places of the Manufacturing Problem
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Part 11

Queueing Networks



Chapter 6

Introduction

In this Chapter. we give an introduction to queueing networks, review the different
ways in applying Decomposition and Aggregation technigues to their analysis and intro-
duce major algorithms developed over the last two decades for the analysis of BC MP

queueing networks.

6.1 Introduction to Queueing Networks

A queue is a center. where customers come. wait in line for service. are served by
servers according to certain service scheduling. and depart after service. A network of
queues consists of a set of quenes. A\ customer enters the network. queues for service
and. upon the departure from a given queuc. he either procceds to some other gueues to
reccive additional service or leaves the network.

The properties of a network are determined by the interarrival time distributions.
service time distributions, service scheduling and customer routing. [t is in general very
difficult to obtain the transient behavior of a network. Instead. the steady state behavior
of the process is analyzed. By assuming exponential time distributions of the interarrival
time and the service time. a continuous time Markov Chain is recognized. If Q is the
infinitesimal gencrator for the continuous time Markov Chain associated with the queueing

notwork and = is the vector of equilibrium state distribution probabilities, then = may be

)



found by selving:

Q=0 (6.1)

subject to
Z m=1
‘.
The mean performance measures of interest may be found from =.

ln a network of queues. the number of states of the corresponding Markov Chain may
be extremely large. As a result. direct solution of Equation 6.1 is gencrally prohibitive.
Fortunately, by imposing certain restrictions on the characteristics of the workload and
on the operation of the network resources, the associated Markov Chains satisfy the local
balance equations. As a result, the networks themselves possess a simple form. the so
calied product form. solutions. These networks are often referred to as product form
queucing networks. The discovery of the simple close form solutions greatly simplified the
analysis.

The most simple product form network is the Jackson queueing network [33], which
's a network with exponential service queues. each of the first-come frst-served multi-
server type. Subsequent generalizations to the classical Jackson network have been made
over the vears. In the following. we will consider, as the theory stands today, the product
form queueing networks presented by Baskett. Chandy. Muntz and Palacios[1], the BCMP
networks.

In the BCMP queueing networks, there may be different tvpes of customers that are
distinguished by their routing parameters, service time distributions and the possible class
memberships they may take on. Assume that there are R different types of customers.
A customer of type r may, in time, take different class memberships within a finite set of
classes C.. The sets of classes Cy,...,Cr are assumed to be mutually disjoint. Different
classes may have different service time distributions and routing parameters. A customer
of type r and in class ¢ at node 7 which completes its service proceeds next to node j in
class d with probability pf:)Jd or leaves the network with probability pf;)o.

Let N be the number of nodes in the network and Cj» be the set of classes that
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a customer of type r may take on when at node j. Then G, = €y Ui U Cyxr. The
mean service time for @ customer of type rin class ¢ at node 7 is writien as mf:). The

(r)

transition probability matrix P = [pil 1 1 € i) € N.oe € Cirud € Cyr] s veferred 1o
as the routing chain for type r customers. Customers of type r are usually called chain r
customers. A BOMP network with multiple types of customers is connonly defined as a
multiple-chain qucueing network.

The service schedules allowed at the queues in a BCMP network are:

e First Come First Serve (FCFS). in which customers are served according to the

order of their arrival:

e Last Come First Serve Preemptive Resume (LCFSPR). in which the latest arrtval

v

is served first, and service is resumed at the point of interruption:

e Infinite Server (IS), in which customers are served immediateiy after their arrival.

no queue is formed:

o Processor Sharing (PS), in which customers are served simultancousiy. everyone

served with equal rate, the total rate being equal to the service rate.

If node i has the FCFS service scheduling, the service time distributions at node
have to be identical and exponential for all classes and all chains of customers. For the
other type of nodes, the service time distributions should have rational Laplace transforms
[41.

In 2 BCMP queueing network, customers may arrive from outside the network ac-
cording to a Poisson process. Let AEZ’ denote the arrival rate to node 2 of type 7 customers
in class ¢. If Ag’ > 0 for some ¢ € Ci; and i € {1,..., N}, then the routing chain 7 is
o;ﬁen. If AE:] =0 for all ¢ € Cir and i € {l...., N}, then the routing chain r is closed. In a
network, if all the routing chains are open, then it is an open network. If all the routing
chains are closed, then it is a closed network. If some of the chains are open whercas
others are closed, then it is a mixed network. When chain 7 is closed, there is a fixed

population K, of type r customers that circulate indefinitely inside the network. A closed
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multiple-chain BOMP queueing network with 2V nodes and a population vector K is often
denoted as B(N.K). where K = (K e Kp). In this thesis. we will consider B(N.K)
ouly. since it is the most interest in practice.

Without loss of generality, assume that node 1 to J are of FCFS, PS or LCFSPR
type and node J + 1 to N are of 1S type. Let ki denote the number of chain r customers
at node i, regardless of their class metbership, and let &; = ‘}:?:1 ke k7 = EE\;«. ki ke =
(kite oo RiR) and k = (ki.....ky ). The marginal state-distribution of the joint number of
customers of each type at the nodes in B(N.K) is given by [4]:

N
PR(Kk) = Gn(K)H T filks) (6.2)
i=t

where k € SR, SR is the state space of B(N.K)
SR={k:k:20. D =K, i=1..N.r=1.R}

G~ (K) is a normalization constant of the network B{N.K).

N
Ge(K) = > TT filk:)

kesfi=l
and
ey = ) T 1<i<)
MA, whrfkal  J+1SigN
where

Wy = eirtir
o = 3ol
¢EC,r
DY oiDmi feir
ceCr

where the quantities agz), i=1,..,N, c € Ci,satisfy the set of equations:

N
0L T e e€ G im LN
i=1deC,,



¢ is the overall visit ratio of chain r customer at node 1. t,, is the overall mean service
time of chain r customer at node ¢ and w,. is the relative traffic intensity of chain r
custoner at node i. Note that the marginal distribution only depends on the serviee time
distributions through their means. and the distribution depends on Pt mf:) through ¢,
and {;,. Therefore. as far as the marginal equilibrium state distribution is concerned. a
multiple-chain BCMP network with class-switching may be mapped. almost trivially. into
an equivalent network having exponential distributions and no class switching [65].

The BCMP queucing networks may accommodate several {orms of state dependency.
The service rate may be made to depend on the number of customers at the node. If (&)
is the rate at which work is accomplished at node ¢ when the population of the node is

k;. then the state distribution is the same as Equation 6.2, but with fi(k;) replaced by[t]:

k,
Jitki)/ 1:,[ i)

Further generalizations have been made. refer to [14] for a summary.

6.2 Decomposition and Aggregation in Queueing Net-
works

The application of Simon and Ando’s technique to the analvsis of product form
queuecing networks was originated by Courtois{18, 19, 20]. He proposed the so called
Decomposition by Service Center approach, where the analysis of B(N.K) is decomposed

into the analvsis of:

e a set of queueing networks {B(N — 1,K =kp): kp = (kis ool kr).0 <k <K, 7=
1....,R}.

e 2 reduced system which may be characterized as a network with two queues of state

dependent service rates.

As a result, the analysis of the original network is broken down into the analysis of a

-

group of subnetworks that consist of subnets of the queues.

oD
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Recently, Conway and Georganas established that a BCMP network may be trans-
formed into a reversible network that consists of PS nodes only. The PR(k) of the two
networks are equal. Since it is shown[19] that the Decomposition and Aggregation tech-
nique may be applicd to a reversible network arbitrarily and exact results are guaranteed,
vhe general Decomposition and Aggregation technique invariably vields exact results for
product form queueing networks[l4]. Hence. the Q] mentioned in Section 1.2 may be
constructed by simply truncating Q and taking Qu. As a result. they chose the De-
composition by Chain approach where the analysis of BIN.K) is broken down into the

analysis of [14]:
e a sct of queucing networks {M(R - 1,k(R)) : k(R) € Lr}.

e a reduced system which may be characterized as a special type of single chain closed

queueing network.

where Lr = {k(R) : kip 20 for 1 <i < N, ¥l kin = K} and M(R — L.kg) is 2
queucing network that has R — 1 chains and there are kg single customer self looping
chains at node z.

The value of the Decomposition and Aggregation methodology lies not so much in
the numerical results it provides. but rather, in the theoretical insight which is provided
concerning the structure of the problem at hand. It helps in developing computational
algorithms for product form queveing networks. In fact, Q7 may itself be further de-
composed. The general hierarchical multiple level decomposition of B(:V,K) is shown
in Figure 6.1(from [14]). In the hierarchical Decomposition and Aggregation procedure,
there may exist equivalent subsystems, i.e. systems with the same equilibrium state dis-
tribution, at each level. As a result, it is sufficient to analyze one subsystem from each
of the equivalent subsystem sets. The inter-relationship between the equivalent subsys-
tems at adjacent levels suggests the existence of computational algorithms. The overall
computational rcqui.rcments of the general recursive algorithm described above depend
directly on the number of adopted levels L and the number of equivalence classes that

may be identified at level n. This number is determined by the initial choice of state
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space partitioning adopted.

Conway and Georganas further showed how all the existing major exact computa-
tional algorithms may be derived by applying the Decomposition and A ggregation proce-
dure to B(N,K)[14]. For example, the Convolution algorithm may be derived from the
decomposition by service center procedure; MVA and DAC may be derived from the de-
composition by the disposition of a particular customer procedure: RECAL. MVAC may
by derived from the decomposition by chain procedure. This unified point of view {urther
suggests the existence of possibly more efficient algorithms [14]. In the next section, we

will first review the existing algorithms.

Figure 6.1: A General Hierarchical Multiple Level Decomposition of B(N,K)

6.3 Computational Algorithms for Queueing Net-
works

In this section, we sunimarize the major computational algorithms for product form
queueing networks. All the existing computational algorithms are in the form of recursion.
The recursion may be in terms of the normalization constant, the mean performance values

or the joint queue length distributions.
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6.3.1 The Convolution Algorithm

The Convolution algorithm involves the computation of the normalization constant.
The mean performance measures are obtained in terms of this normalization constant and
some by-products that have been obtained in the course of coraputing.

The recursion is over the nodes and the population vector as follows[7]:

kg ko Ky

Culkp) = 3 o 3 2 In(m)Grma(p — 1) (6.3)

ng=0 mnz=0n;=0
where Gnik,) is the normalization constant of B(m.kp).

The initial condition is Gi(k,) = fi(k,). Gx{K} is the normalization constant of
‘nterest. 1f node m has a constant service-rate function, Equation 6.3 may be simplified
and G (k,) may be computed by using the simpler recursive formula[7):

R
Gm(kp) = Gm—l(kp) + Z werm(kp - 1?) (64)

r=1

Where Gn(k, = 1,) =0, if &k = 0. 1, is a vector where the rth element is one and the
rest of them are zeros.
The mean performance measures of B(V,K) may be calculated as follows{33):
T(K) = e:Gn(K—-1:)/Gx(K)
Lrir(K) = tir:rir(K)
kv
Qir(K) = > wiGx(K —al.)/Gy(K)
a=1
"'V:'r(K) = Qir/.Tir(K)
where Tir(K), Ux(XK), Qir(K) and W..(K) are the throughput. utilization, mean queue

length and mean waiting time of chain r customer at node z.

In the case of state-dependent service-rate functions. Qir is computed by using[38]:

kr

Qir = Z Ip(kir = I)
r=1
plkiy=2) = Y, plki=n)
n.€Air(z)
-4:'1-(-7-7) = {l’l,‘ n; = (nih"'?n:'R)!l < ny, < I{s fOT 1<s < R,S ?‘i T = I}

p(ki n;) = filmi)G-giy (K —ni)/Gn(K)
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where Gy-((kp) is the normalization constant of a network which is identical to B(V.K)
but with the ith node removed.

If the computation of the initial conditions is ignored and we assume that all nodes
have constant service-rate functions, the total number of operations (multiplications and
additions) to compute Gx(K) using Equation 6.1 is

R
2R(N = DK+ 1) (6.3)
r=1
Note that 6.5 is exponential with R and lincar with N, The storage spacc requirement.

in number of array locations. is[7]:

R
2TI(K +1) (6.6)

If node m has a state dependent service rate function. then Equation 6.3 has to be
used, which requires operations of the order of[36}:
R
TI(R, + (A + 2)/2 (6.7)

r=1

The space requirement is still as in Equation 6.6.

6.3.2 MVA-Mean Value Analysis Algorithm

The Mean Value Analysis algorithm requires 2 recursion that is directly in terms of
mean performance measures and, sometimes, marginal queuc-length distributions. MVA
s based on the Arrival theorem(35, 37, 64] for product form queueing networks. Infor-
mally, the Arrival theorem says that the state distribution for B(N.K) at arrival time
of chain r customer is equal to the state distribution of B(N,K — 1.} at arbitrary time.
The recursion is over the population vector k,, 0<k, < K. Let Pi{j,k,) denote the

probability that there are j customers at node i. The MVA consists of the following
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recursive equations(7. 33, 66, L.

3

tell + Qilky = 1))

1 € i < .J,node ¢ has constant service rate
Wilky) = 1 TR P = Ly = 1)) a5

| <1< J.node i has state dependent service rate

Ll.‘,.l J+1Si£’\"

‘\r

To(k,) = cakel Y eseWirlky)

3=

Qi (kp) = Tir(kp)w.ir(kp)

R
Pi(j- kp) = }: tiaTis(kp)Pi(j - 19kp - ls)/f‘i(j)

=1

k
P(0.k,) = I—ZP(j,k,,)
=t

where i = LN, 7 = LR j =1k k=R k. k, = (k.. kR)- The initial
conditions are Qi,(0) = 0. pi(3.0) = 0 for j > O, p:(0,0) = 1. If there is no state-
dependent service-rate nodes in the network, the MVA algorithm does not require the
computation of Pi(J. k,). The time requirement in this case is approximately the same as
Equation 6.5. The space requirement is (7]:

R
NII(K-+ 1)

r=1 }
Note that the time requirements of both Convolution and MVA algorithms are linear with

N and exponential with R.

6.3.3 RECAL-Recursion by Chain Algorithm

The Recursion by Chain algorithm involves a recursion in terms of the normaliza-
tion constant. To start, every chain that has more than one customer is converted into
identical single customer chains. This transformation involves no loss in terms of the
mean periormance measures since a routing chain r consisting of K, identical customers
is entirely equivalent physically to K. single-customer routing chains that have identical

routing-parameters and mean service-time requirements{15}.
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The basic recursion of RECAL 1s as follows[13]:

N
Gr(vr) = Z(l + t‘:r(qi)“'ir(;r—l(vr + 1:) (GS)

1=1

1 if node i is FCFS.LCFSPR or PsS
0 ifnode/islS

v € {01} for 1 & i < N, Z,\ﬂ v;; = R —r where G,(v,) is the normalization
constant of the network M(r. v,) which consists of the first r chains of the converted
queucing network and vir single customer sclf-looping chains at node 2. It is not difficult
to sce that vp = 0. The initial conditions arc Go(vg) =1 for all vo.

The mean performance measures arc:

er T Croa(L)/(GROIN + K =1)) N =J
e:irGr-1(1N)/Gr(0) N>J

Tir=

Ugr = telir
Qir = wirGr-1(1;)/GR(O)
Win = Qir/Tir

where K is the total population of customers in the network.

The above results are based on the assumption that Kg = 1. If the total number
of single-customer routing chains, identical to chain R, is Kf, then the waiting time of
the aggregated routing chain is the same as Wi, while the throughput, utiliza.t.ion and
the mean queue length are multiplied by K. To obtain the mean performance measures
for other chains, simply re-enumerate the chains so that the chain of interest is assigned
the label R. Afterward, recompute Gr(0). In [15], an efficient method to implement the
algorithm is described in detail.

When there are state-dependent service-centers, the basic recursion of RECAL is

modified as:

N

Golve) = (1 +virb)wirGroa(ve + 1) il + vir)

i=1
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TR = C,‘RGn-l(l_.\')/GR(O) when N > P
Qir = wirGrot (1) (Gr(0)pi(1))
Wi = Qir/Tir

The space requirement of RECAL is{15]:

K+ N-1 + R+ N-=-1
N -1 N-=1

and the time requirement {additions and multiplications) when the service rate is state

independent is:

R+N-=1 R+N-1 R+N-1 .
<4 - + + ke R AN + 3
(A 1)[( N ) ( N+1 ) ( N )] PRI +S)

the time requirement when the service rate is state dependent is{13}:

- hN+N-=-1 R+ N -1 R+ N -1 .
(a.'\'--l)[( N )-‘-( Nl )-‘*( N )]-!-bR

where K is the total population of customers ‘n the network. When R — oc. the time
requirement becomes polynomial with R and exponential with V. Hence, when R is large.

RECAL is more efficient than Convolution and MVA algorithms.

6.3.4 MVAC-Mean Value Analysis by Chain Algorithm

The Mean Value Analysis by Chain algorithm is similar in structure to RECAL. But
it calculates the mean performance values directly without computing the normalization
constant first.

After transforming the network into single customer chains as RECAL does. MVAC

‘nvolves the following recursion[17]:
1 .
wy + 5w (QF N (ve) + 3)
QUl(v,) = TH(v )y (1 + QF Vo) +03)
N
M) = YR +19 +QRv)

i=1

Tf(v,) =

W) = b1+ Qv +3)
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where TF{v,) is the throughput of chain r customer of M(r.v.). Q[J-'j‘(v,) and (Qgr](\',) are
the quene length of node and the queue length of chain r customer at node J rcspcct‘i\'cll}:
Il-'}:](v,) is the mean waiting time of chain r customer at node j and w, = T . When
v, = 0. the recursion ends. The results for chain £ are thus obtained.

To obtain the mean performance measures for other chains. simply re-cnuterate the
chains so that the chain of interest is assigned the label R. In [17]. an cfficient method 10
implement the algorithm 1s described in detail.

The number of operations when there are no state dependent service quenes is

bhetween

and

o AN+ K JAN+R-1
N*+2N -1} + N-
(V5 ){(.-\'4.-1) t ( N+1 )

where K is the total population in the notwork. When R — oc, the requirement is

between RY+! to RN¥2. It is polynomial with R and exponential with N.

6.3.5 DAC-Distribution Analysis by Chain Algorithm

The Distribution Analysis by Chain algorithm employs a recursion in terms of the
joint marginal queue length distributions (The total number of customers at each center).
It also provides the mean performance measures of the network. DAC has the recursive
by chain nature as REC AL and MVAC do. As a result, its time requirement is still poby-
nomial with the number of chains but exponential with the number of nodes. However,
it computes the marginal queue length distributions, mean queue length and throughput
more efficiently than both RECAL and MVAC algonthms

As was done in RECAL and MVAC, every chain that has more than one customers is
converted into identical single customer chains. Joint marginal queue length distributions

are not affected by this conversion{70].
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The fundamental equations used by DAC are [70):

N
prik) = LY ek, P (k= 1) () (6.10)
=1
N T
T, = [?_jwJ,zxp;—‘m/uj(.r)]-‘ (6.11)
=1 r=1
Pria) = 2 P(k) (6.12)
k,=r kesT

where P7(Kk) is the steady state probability that the joint quene length is k € 87  k =
{kyoikn} Tris the throughput of chain r and P (k) is the steady state probability that
there are k customers at node J.
The DAC algorithm is thus as follows[70]:
l. Set r =1 and P}(1) = wﬂ/Z}\’:l wj for j = l..... N.
2, Forr =2...R.
(a) Use Equation 6.11 to calculate T,.
{b) Use Equation 6.10 to calculate PT(k) forallk € ST,

(c) Use Equation 6.12 to calculate PT(k) for all j = 1.V and k= 0.1

The set of recursions vield the joint queue length distributions of the network as well
as the mean performance measures for chain R. To obtain throughputs for other routing

chains. the following equation is used:
N
PE(K) =T,ij,kjpﬁ-‘-=(k—1j)/pj(k,-) (6.13)
—

where PR-1#(k — 1;) denotes the joint queue length distribution of the network with

chain s removed. Therefore. T, is computed as follows:

1. Assume Ty = L.

2. By choosing:
k= (r,0,..0),(r = L, 1,0,...0), -... (0. .0.r)

pR-14(k — 1;) can be derived from Equation 6.13.
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3. Ty = Tkesnra pR=1d(k)
The mean queue length for chain d is obtained by

R
QR = Tawjuy_ k; PR=1(k = 1)/ 15k
k=1

The number of multiplications of DAC is calculated as follows.

Step 1 requires N multiplications. In step 2 for a given

1. Calculating T, requires 2Nr + N + 1 multiplications.

2. In computing PT(k), k € §". every Prl(k —1;), j = 1... N will be multi-
plied by every wi,, @ = l.....N once and only once and there are ("v':\},f_"{")
values of P7~1(k). In addition, every Pr(k). k € §" will be multiplicd by T,
once and there are (\?:':'11) values of P7(K). As a result, the total number of

multiplications for a given r is:

N+r=2 N+r=1
'.J\" ]
3 ( N =1 )"'( N -1 )

Hence, the total number of multiplications is:

L& . N +7 =2 Nar-1
N +Z[2J\‘r+;\’+1+.}.f\'( N o1 )-x-( N -1 )]

N N+R- .
= (31\*’+E+1)(1 J-Ig l)+NR(R+2)+R—6.f\'—?_ (6.14)

The number of additions of DAC is calculated as follows.
In step 1, N —1 additions are required.

In step 2, for a given r:

1. Computing T, by Equation 6.11 requires N(r = 1) + (N —1) additions.

2. In step 2 for a given r, we showed that there are 3N (N;:z) number of multi-

plications. Since in Equation 6.10, each term of the summation has 3 multipli-

cations, there are NV (NA',,":"’) terms for a given . To calculate P7(k)s, we need

to separate the NV (N‘ :,':2) terms into (“i K’:) groups and sum up the terms in
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each group. As a result. the total number of additions for a given 7 should be
N4r=2 . [N4r=1 .
N( Nt ) -1 less ( Nl ) -1, ie.

v N+4r-=2 N+r—1
) N—-1 / \ N=1

The total number of additions in step 2 is:

Rl [N 4r=2 N4+r-1
Z[IV r - ' 1
purd N-=1 N -1

3. Computing Py(k) by Equation 6.12 for a given j and k requires

N-2+r-k
N-=-2 ~ 1

additions. The total number of additions are then:

e (N =24+ -k N+r-=1 )
_NZ[( N )—1]:.’\’[( N1 )—r‘—l] (6.13)

k=0

Therefore, the total number of additions of DAC is:

R N+r=2 N4r-—
(.N’._1)+Z[N(r—1)-:—(N-1)—‘.—N( N o1 )—( r l)]-‘.—

r=2 N-1
R-1 N+r— 1
ir ) — —
N ;[( N1 ) r—1]
N N+R- n i
= (2N = 7~ 1)( N l) ~N*3+2N-R+1 (6.16)

When R — oc, the time costs are at most of the order of RY. Although its compu-
tational costs still grow exponentially with the number of nodes, it computes the mean
queue lengths and throughputs more efficiently that RECAL and MVAC. DAC claims

to be the algorithm of choice, where MVAC or RECAL would previously have been the
choice{70}.
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Chapter 7

IDAC - Improved Distribution
Analysis by Chain Algorithm

Conway and Georganas showed how DAC may be constructively developed by the
theory of Decomposition and Aggregation{l]. The DAC algorithm is a MVA-like algo-
rithm in the sense that no normalization constants arc involved. We show in the following
sections that DAC is unnecessarily complex. If the normalization constants are calculated
instead, the algorithm requires less computational time. Thus the efficiency of DAC is im-
proved. In addition, the improved algorithm has benefit with regard to reducing possibie

numerical errors.

7.1 The IDAC Algorithm

Since T, is the throughput of chain r, we have[7]:
T, =G'/G

where G™ is the normalization constant of the network when only the first r chains are
present. Replacing T, in Equation 6.10 by the above expression and multiplying both side

by G™, we have:

N
G P (k) = 3wk GTIPTT (k= 1) (k) (7.1)

i=1
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which is
N
pk) = ; wiek;pm (k= 1)/ 15(k;) (7.2)
where pT(k) is the annormalized steady state probability that the joint qucue length is
keS.
Equation 7.2 is the fundamental equation of our IDAC algorithm. The IDAC algo-

rithm is thus the following:

1. Set r =1 and p}(1;) = wp for j = l,.. N,

1o

For rr = 2...., R — 1. Use Equation 7.2 t0 calcutate pr(k) for all k € 57
3. Cornputc GR“ = :kESR“ pR“(k).

4. Set r = R. Use Equation 7.2 to calculate pR(k) forallk € S R,

ot

Compute G? = Tgesr pR(k)
6. Compute PR(k) = pR(k)/GR for all k € SR

7. Compute Tp = GR-1/GR

This set of recursions vields the same results as the basic DAC algorithm does. We
will observe later that the number of operations is less. As a result, IDAC also has the

benefit of reducing possible numerical errors in computation.

7.2 Dynamic Scaling

Depending on the choice of wjr, 7 = 1l.us N.r=1,..R, the IDAC algorithm may
suffer from the potential floating point underflow or overflow problem. The solution to
this problem is, however, surprisingly simple. When the underflow or overflow is about
to occur, simply multiply the present p’(k)s by a scaling factor «. Then continue the
algorithm. Since unnormalized joint queue length distributions are nothing but a set of
values proportional to the joint queue length distributions, the scaling does not affect the

final results. No memories are required to store the scaling factors, since there is no need
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for re-multiplving by the scaling factors as e Convolution algorithm does. Note that if
pR=1(k)s are multiplied by a scaling factor so that the p Rik)s as well as the sum of them
arc in an acceptable range. GE=' should be the sum of the scaled pf=t(k)s. This s to
ensure that Tx obtained is the correct value,

Though the scaling introduces some additional multiplications. the number of oper-
ations of the IDAC is still less than that of the DAC. Suppose that scaling is done for every
. We include the scaling operation into the number of operations of Equation 7.2. As a
result. the number of operations in Equation 7.2 will be equal to that of Equation 6.10.
Since the evaluation of Equations 6.11 and 6.12 is avoided. the number of operations of
IDAC is still less than that of DAC. [n reality. scaling is performed few times. if necessary

at all.

7.3 Computational Requirements

Assume that all nodes in the network have queue length dependent service rates.

Savings can be achieved if some nodes have queue lengtu independent service rates.

Multiplications

In step 2 of the IDAC algorithm, to caleulate p(k), k € §7 by Equation 7.: 2, every
p"“(k— 1), j = 1. ., N will be multiplied by every wi. i = 1,...N once and oaly

l+r -1

el ) values of p"~1(k), the total number of multlphcanona for

N+r=2
IN
3 ( N-1 )

The total number of multiplications in step 2 is:

N-rT'—)
Zw( 1 )

r=2

once. Since there are (N

a given r is:

The total number of multiplications in step 4 is:
N+R=-2
3N
3 ( N-=-1 )
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|DAC IDAC DAC 1DAC
| 2 2 4 4
10} 632 336 10,045 8.855
20! 2,377 1.276 118,640 108.020
40l 9,167 2.956] 1.623.405| 1,493.250
60! 20.357 11,036{ 7.798.270 7.187.680
80! 35,947 19.516| 24.007.236] 22.143.312

Table T.1: Number of Multipliation Requirements

The total number of multiplications in step 6 is:

N+R-1
N-1
The total number of multiplications instep T1s 1.

Hence the total number of multiplications of the IDAC algorithm is:

R N 4 =9 N o= —_
(NN L (VTR
ren N-1 N-=1

s N (N+R-1 or . .
= (3.\ +__§)( N )-—.3.\ +1 (13)

This value is smaller than that of Equation 6.14. Table 7.1 compares the number of

multiplications of the two algorithms.

Additions

In step 2 for a given 1, we showed that there are 3N (v;-:z) number of multiplica-

iions. Since in Equation 7.2, each term of the summation has 3 multiplications. there are

N (N;:z) terms for a given r. To calculate p"(k)s, we need to separate the N (“;’_’_;"')

terms into (N,'V":l) groups and sum up the terms in each group. As a result, the total

number of additions for a given 7 should be N (N ,;',':2) —1less (NJK';") -1, 1e.

NN+1'—‘2. N4+r-1
) N-=1 N-=1
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The total number of additions in step 2 is:

() (377

‘The totul number of addlt:ons in step 3 1s:

N=1+R-1 1
N =1

The total number of additions in step 4 is:
\(1\' +R- ) _ (N-}—R—l)
-1 N -1
The total number of additions in step 3 is:
(.f\" +R- 1) 1
N-=-1
Hence the total number of additions of the IDAC algorithm is:

N+r=2 N4+r=1 N+R-1 N+ R=2
A - -2
Z[r( ) ( N-=-1 )I+( N -1 )+( N-=1 ) -

r=2

. N N+R-1 -
(.u\r+—N+R_l—1)( "'N )—1 (7.4)

This value is smaller than that of Equation 6.15. Table 7.2 compares the number of
additions of the two algorithms.
Similar as in DAC, if only the joint queue length distributions at a subset of the

nodes are required, further savings can be achieved.

7.4 Discussions

The computational savings of IDAC over DAC are achieved mainly by avoiding
calculating the throughput and marginal queue lengths in every recursion. The space
requirement of the IDAC is about the same as{if not less than) that of the DAC. In
addition, IDAC has the benefit of reducing possible numerical errors in computation.
Although the computational costs of the IDAC still grow exponentially with the number
of nodes in the network. The IDAC algorithm is more efficient than the DAC. Since DAC
has been shown to be more efficient than both RECAL and MVAC, IDAC is the choice
where RECAL, MVAC or DAC had been the choice before.
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| DAC 1DAC DAC 1DAC
R | 2 2 4 4
10, 145 84 4,702 2,364
20! 580 229 60,187 28,104
40! 2,380 B59 851,482 381,709
60| 5.370 1889 4.128.877] 1 824,814
80i 9,560 3.319] 12,771.372 5.601.41%

Table 7.2: Number of Addition Requirements
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Chapter 8

Analyzing Queueing Networks by
Independent Decomposition And

Aggregation

In this chapter, we apply the Decomposition and Aggregation techniques and de-
velop an Independent Decomposition and Aggregation method for the analysis of BCMP
queueing networks. According to this method, we derive a new algorithm called Adaptive
Convolution by Chain algorithm(ACCAL).

First of .all, we transform the non-IS type nodes in B(N,K) into IS type nodes.
Denote the transformed network by B'(N,K). We derive the performance relationship
between B(N,K) and B'(N,K). Then we apply the Decomposition and Aggregation
technique to the analysis of B/(N,K). The transformation of B(N,K) into B'(N,K)
makes our constructive development of ACCAL different from Conway and Georganas’
methodology for construction of exact computational algorithms[14]. Recall that they
transformed a closed BCMP network into a network with PS nodes only.

A major concern in developing an algorithm is reducing the computational time.
One way is to reduce the number of mathematic operations an algorithm needs. Another
way is to take advantage of parallel processing, since nowadays multiprocessor systems

are well developed. In other words. if an algorithm consists of smaller tasks that may

100



be exccuted in parallel, the total execution time of the algorithm will be reduced in
a multiprocessor system. ACCAL is a result of the combined efforts from both ways.
ACCAL is efficient in dealing with queueing networks with many chains and a few nodes.

In addition, it has the following characteristics:

1. Faster. It has smaller computational requirements than IDAC does. Hence
it is more efficient in dealing with networks that have many chains and a few

nodes than any existing algorithms.

(]
H

Adaptive. According to the number of nodes in the network and other infor-
mation, the algorithm converts the network into an equivalent one that can be

more efficiently analyzed by the algorithm.

3. Parallel Processing. The algorithm has three independent parts that may be
executed in parallel in 2 multiprocessor system. In this way, the computational

time is further reduced.

The adaptive nature and the parallel processing characteristic distinguish ACCAL

from any of the existing algorithms.

8.1 Transformation of B(N,K) into B'(N,K)

Following the assumption in Section 6.1 that nodes 1 to .J are of either FCFS, PS
or LCFSPR type and nodes J + 1 to N are of IS type. Replace nodes 1 to J by [nfinite
Service(IS) type nodes. As a result, all the nodes in the network are of IS type. The
routing and the service time distributions for different chains are unchanged. Denote the

transformed network by B(V,K). In B'{N,K), define:
e ¢"(k): unnormalized steady state probability that the joint queue lengthisk e S™.

e g'(k): unnormalized steady state probability that the network is at state ke S .
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In B(N.K), define:

b(k(r)) = TLL, 2= k(r) € L,
k) = L k! ke SF
u(k) = n._ n.r'-l 1“1 .'L‘) k € SR

where L, = {k(r): ¥, k. = K, }.
The relationship between B(.V.K) and B'(N,K) may be described by the {ollowing

Theorem:

Theorem 4

PRKk) = -Gf— x c(k) x gR(k)/u(k) (8.1)
pk) = c(k) x g"(k)/u(k) (8.2)
Proof:
PRk) = > PR
TR kb
1 J k,! R L N R er
- _éﬁzmﬂzk =k, (I—H] Hz:lp( )H "‘ J_]:Ig-lrI_.I‘l LJ"!
N R w{\';r
= H > HH A.T 1
=1 :"'1 !() P-‘kir=ki:=lr=l e
= G'R x e(k) x g®(k)/u(k) (8.3)

Multiply both sides by GF, we have:
p(k) = (k) x g™(k)/u(k)

Q.E.D
In the next Section, we will apply the Decomposition and Aggregation technique to

analyze B'(N, K).
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8.2 Independent Decomposition and Aggregation

We choose to decompose B'(N,K) by the Rtk chain customers. Since all the nodes
in B'(N.K) are of IS type, each customer behaves independently of others. As a result,
we call the Decomposition and Aggregation procedure as Independent Decomposition and
Aggregation.

We partition S® into M scts of communicating states S(ay), 1 £ ay < M. where

S(an) = {k:k € SBk(R) = np,oy = ER(k(R))}

k(R) = (kyps s kxr). Ng = (MR- .. nxR) and £R(.) is a function which maps the set of
vectors

N
{k(R) kr>9, 1< <N, ZL:R—I\R}

=1

Kp+ N -1
o (B2 21),

The vector k(R) is the state of the customers of chain R in the network B'(V.K).

inio the set of integers

Since all the nodes are of IS type. it may be seen that the set of states S(e)

corresponds exactly with the state space of the queueing network B'(.V, K - k(R}), where

N w®
QR_I(E) = H zr'

As a result, the number of equivalence classes at this level is one.
The next step is to establish a recursive relationship between gf(k) and g"-t(k).

This relationship may be expressed by the following Theorem:

Theorem 5

k)= > bk(R)) x ¢ '(k — k(R)) (8.4)
k(R)ELR

where gR=1(k — k(R)) = 0 if any term in k — k(R) is negative.
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Proof:

: A=ty g il
L'R+Erll L"-_L' !

Nk N Rel k.

> I » e

=1 kiRl k!

k(R)gLpi=t ™ TR=1 Ky =hy=k; g 11 7=t Rir

s 7 W }

= D bk(R)) x g® (k- k(R))

k(R)eLg

where a term in the third line will be zcro if any of the &; — k;p, 7 = 1....V in that term
is negative, since the number of customers should never be negative,

Q.E.D

If we continue to apply the single level decomposition to B'(N.K - k(R)), then at
the rth level in the resulting hierarchy, we have B(N.K~-k(R) —.. -k(R—-r+ 1}).
Therefore, the number of levels in the hierarchy is R and the number of equivalent class

at each level is one. The recursive relationship between level » and r + 1 is:

Corollary 1

gky= > bkir)) x gk - k() (

kirjeL,

oo
ot
T

where g7 (k — k(7)) = 0 if any term in k — k(r) is negative.

The above equation is the main recursion of our new algorithm. Since it is similar
to a convolution operation, we name the algorithm the Convolution by Chain algorithm.

In the next Section, we will present the new algorithm.

8.3 The Convolution By Chain Algorithm

This section presents the basics of the Adaptive Convolution By Chain Algorithm.
Let e; be a compatible vector whose Jth element is one and other elements are zero. First

of all, we need the following Corollaries:
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Corollary 2 If Ap =1

N
gf(k) = > wip x g7k ~ e;)
i=1

Proof. The corollary follows from Theorem 1 and the definition of b(k(r)).

Q.E.D

Corollary 3

f |“\'| } y -
u(k) x ““,(;")1 1<y &J
k (hi+1) 1<i<SL J+1<€5<€N
Aty o] HE (D) 1SiSTTS1S €
oL 1<j<J J+1<i<N
| u(k) J+1<ij <N
u(k —e;) x pi(ks) k—e; € SF1 1<igJ
u(k) =
u(k ~ ¢;) k—-e;cSF! J+1<ig<N
(k) x &2 1<ijg)
k) x(ki+1) 1<i<J J+1<€5< N
ck+e —e;) = (k) ( ) 1sis =13
< 1Sj<d J+1<igh
| c(k) J+1<€i,j <N

(k) ek —e;) x k; k —e; € SA-! 1<:<J
c =
c(k —e;) k—e; eSS J+1<ig<N

These are easy to verify by their definitions.

The following is the Convolution By Chain Algorithm:

1. a, b and c may be executed in parallel.
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2

3

e

(a) Forr=1....R
Compute b(k(r)) by Equation 8.7 with initial state (A+.0....0) and
5(A..0....0) = wir/K,! and compute g7 (k) by Equation 8.5 with ini-
tial g'(k) = b(k(1)) for k = k(1).

(b) Compute c(k) by Equation 8.10 with initial c(h.0...0) = KL

(¢} Compute u(k) by Equation 8.8 with initial u(K.0....0) = [TX, i1 (d).

. Compute pP(k) by Equation 8.2,

Compute GR = Ty srpRik).

Compute PR(k) = pR(k)/GR

When mean values arc required. the above algorithm is modified.” Without loss of

generality, assume that we are interested in the performance of the Rtk chain. The Rth

chain is converted into a chain with Kp — 1 customers and a (R + 1)th chain with one

customer. Joint queue length distributions are not affected by this conversion.

When mean values are required. the Convolution by Chain Algorithm is modified

as follows:

1.

2.

2, b and c are independent and may be executed in parallel.

(a) Forr=1,...R
Compute b(k(r)) by Equation 8.7 with initial b(K,.0....0) = whr /Kt
and compute g"(k} by Equation 8.5 with initial g'(k) = b(k(1)) for
k =Kk(1).

(b) Compute c(k), k € $7 by Equation $.10 with initial c(K — 1.0....,0) =
(K —1)! and compute ¢(k), k € SB*! by Equation 8.11.

(¢) Compute u(k), k € S® by Equation 8.8 with initial u(K — 1,0...,0) =
& #1(¢) and compute u(k), k € SB+! by Equation 8.9.

i=1

Compute p?(k) by Equation 8.2.

3. Compute GR = Ty .5z pR(k).
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%

. Compute gf*1(k) by Equation 8.6.

. Compute p®*!(k) by Equation 8.2.

(<1}

6. Compute GR¥! = zkesnﬂ pR+l(k).

7. Compute Ty, , = GR/GR+!

-

8. Compute PR+!(k) = pR+1(k)/GRH

where Ty, is the throughput of the (R + 1)th chain of the converted network.
For the purpose of comparison with other algorithms. we did not include the cal-
culation of the mean performance values for the original network. However. those values

may be obtained as follows:

1, TR = I\’R x Tﬁ-{-l
Qs = TE b x Tiesrer g2k PR (K)

3. Qir =Tr x wir x Tisy k/pi(k) x Tkesri,zimr PR(K)

[SV]

We will discuss the method for obtaining the performance measures of other chains
in Section 8.5.

An interesting point of the new algorithm is that in step one of the algorithm, there
are three independent parts that may be executed in parallel in 2 multiprocessor system.

In the next Section, we will examine the time requirements of the algorithm.

8.4 Computational Requirements

Assume that each chain has m customers. Further assume that all nodes are of
FCFS, PS or LCFSPR type and have state dependent servers. Savings may be achieved
if there are IS nodes or state independent servers. We consider sequential processing and

parallel processing separately.
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8.4.1

Sequential Processing

When only joint distributions are required

(84
H

. Initialization of b(k(r)) requires 2m — 2 multiplications. Calculation of d(k(r)}

by Equation 8.7 requires 4 multiplications each time and there are ("‘;‘,:‘_ “‘)

values of k(r} for a given . When computing g™(k) by Equation 8.5 for a given
r, every b(k,) will be multiplied by every g"~'(k) once and only once. There are
(('"‘)\',“_";‘\"I) values of g~ (k). Therefore, the total number of multiplications

in step l(a) is:

R{2m - >+4[( Nl ) -1} + Z (mT AN 1) (km,:-rivl_ 1)(3.12)

Initialization of ¢(k) requires Rm — 2 multiplications. Calculation of ¢(k) by
Equation 8.10 requires at most 2 multiplications each time and there are total
(R":\f_‘\i' 1) values of k. Hence, the total number of multiplications in step 1{b)

is:

Initialization of u(k) requires Rm — 1 multiplications. Calculation of u(k)

by Equation 8.8 requires at most 2 multiplications each time and there are

(Rm];,*'_‘\;") values of k. Hence, the total number of multiplications in step 1(c)

is:

Rm—1+‘2[(Rm;N1— 1) ~1]

. Computation of p(k) by Equation 8.2 requires 2 multiplications each time and

Rm+N—-1

there are ( N ) values of k. As a result, the total number of multiplications

in step 2 is:

o Rm+4+N-=-1
- N-=-1
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5. Step 4 requires number of multiplications:

Rm+N-—-1
N-1

The total number of multiplications of the algorithm is:

m+ N =N\ km+N-=1 m+.N-=-1
( Nl )E:l( N1 )HR( N -1

_(Rm + N -1

[ N —1 )-!--lRm—GR—T

When mean values are required

1.

(3N

. Computing c(k — 1;) by Equation 8.10 requires at most Rm-—3-2—2[(

. Computing u(k — 1;) by Equation 8.8 requires at most Am -'.?.+'2[(

The computation of b(k(r)) and g"(k) for the first R — 1 chains requires (R -
D{2m -2+ (") - 0+ 2 (M T (1) multiplications. The
Rik chain has m — 1 customers. Hence. the calculation of b(k(R)) requires

4{("‘*{,:’1'2) — 1] + 2(m = 1) — 2 multiplications and the calculation of gf(k)

(H—I}m+.\'-1) (m-'m\'—:

requires ( i NN ) multiplications. Therefore. the total number of

multiplications in step l{a} is:

a8 m-+=N-=1 . m+N=2
(R—l){.?m-—Z-;-.l[( N1 )—l]}-,-.l[( N1 )_11
. 5. _R-2 m=N=-I\[km+\N -1

Rm+N=-2) _
N=1

1] multiplications. Computing c(k) by Equation 8.11 requires at most (R"‘*"N'I)

N=1
multiplications. Hence, the total number of multiplications in step 1(b) is:

N=2 Rm+ N =1 .
Rm—3+2[(Rm'\T—1 )—1]+(mN_1 ) (8.13)

Rm4N=2 ‘

4\’—‘1 ) - 1]
.y . . . 4 . Rm4+N=1

multiplications. Computing u(k) by Equation 3.9 requires at most ( N1 )

Therefore, the total number of multiplications in step 1(c) is:

N=2 N -
Rm+ N )_11+(Rm+ 1)

S.14
N =1 N -1 ( )

Rm—2+2[(

109



4. Calculating pfi(k) by Equation 8.2 requircs

JfEm+ N =2 -
.2( Y1 ) {8.15)
multiplications.
5. Computing g®+1(k) by Equation 8.6 requires
R N=2
N( "‘,\‘j‘_ | ) (3.16)

multiplications.

6. Computing pR*+!(k) by Equation 8.2 requires

Bm4N-1
9 oy
..( N -1 ) (8.17)

-1

. Computing T requires 1 multiplication.

o

Computing PR*+!(k) requires

Rm+ N =1
(mr\,_l ) O (848)

multiplications.

The total number of multiplications is:

m+ N -1 ’i km+N -1}  ((R-1m+N -1 m+N =2\,
N-1 N-1 N-1 N-1 )7

k=1
Rm+N -2 [(Rm+ N -1 m+N-1
+ (N+6)( v )+a( N1 )+4(R—1)( N1 )+
-—
+ 4(’";Nl “)+4mR—sR—10 (8.19)

8.4.2 Parallel Processing

In parallel processing, the time requirement for step 1 is equal to the maximum of
that of 1(a), 1(b) and 1(c). Obviously, 1(a) requires a higher number of multiplications

than either 1(b) or 1{c). Hence, the number of muitiplications in paraliel ;;rocessing is:

-
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N R m ISAVINGS JOINT ONLY) [SAVINGS (MEAV VALU.)
2 4 8 |1.39E+02 2.48E+02

2 3 8 [3.81E+02 S.HE+02

6 8 4 |1.743645E+06 2.379816E+06

6 12 4 |1.1478829EH)7 1.6135296E+07

10 12 4 [3.5985854E+10 4 82968E+10

10 16 4 |3.883281E+11 5.3461611E+11

Table S.1: Examples of the Savings of the Parallel over the Sequential Processing
1. When only joint distributions arc required.

m+ N1\ fkm+ N =1\ | m+.N -1
Nt D>l QY el (a

3 (Rm +N-1

. - —_
N1 )._Rm 6R

2. When mean values are required.

m+N -1 Ri km+N =1\ [(R=-1Dm+N-=1\/m+N=2
N-1 jo\ N-1 ' N -1 N -1

~

Rm<+ N =2 Rm+N-1 m+ N =1
] ';' [ o ]
+ (N -r_)( N o1 ) + 3( N1 ) = 4R - 1)( N1 )

LN <=2
+ 4(m,'\f_ ) )+2mR-—GR

The computations saved through parallel processing for cases one and two are re-

spectively:

Rm+N-~-1 Rm+ N =2 Rm+N-1
: ) -7 ‘ ) L9 _
L( N1 )T_Rm T and 4( N1 )-;-..( N1 ).-mR 10

Table $.1.2 shows examples of the savings.

8.5 Adaptive Convolution by Chain Algorithm

The previous section discussed the computational requirements of the Convolution

by Chain algorithm. As may be seen, the computational costs vary according to NV, R and
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m. We will show later that when m = 1, the new algorithm has smaller computational
requirements than the IDAC algorithm does in dealing with networks that have a few
nodes and many chains. In some cases, further improvement may be achieved with m > 1.
On the other hand. a multiple chain closed product form queueing network that has R
chains may be converted in the following ways. Every chain that has m > 1 customers
may be converted into r chains 2 < r € m. The number of customers in each converted
chain is greater or equal to one. All the chains converted from the same chain have
identical routing and service time distributions. The total population of the r chains
is equal to m. The joint queue length distributions are not affected by this conversion.
Hence, given a multiple chain product form queueing network, an interesting problem is
how to convert it into another network that has a different number of chains so that the
Convolution by Chain algorithm works more efficiently.

After a carcful study of the multiplication requirements, we suggest the following

rules to ensure the efficiency.

1. Re-enumerate the chains in such a way that K; > K;ifi1 <3, i, =1,... R,
i.e. a chain with a larger population will have a smaller chain number index.
2. After the re-enumeration,
(a) if V=2, and
1. if41 < R < T7and K, <2 for all r, convert all the chains into
single customer chains.
ii. else, the network is unaltered.
(b) if N =3, and
i. if K, €4 forr =1,2,3, convert all the chains except the first
three into single customer chains.
ii. if K, < 6 for » = 1,2, convert all the chains except the first two
into single customer chains.

iil. if R > 7 and K, €2 for all r, the network is unaltered.



iv. clse. convert all the chains except the first one into single customer

chains.
(c) if N >4, and

i if Ay > 5. convert all the chains except the first one into single

customer chains.

i if Ay < 5. convert all the chains into single customer chains.

The Convolution by Chain Algorithm together with the above rules is called the
Adaptive Convolution by Chain Algorithm(ACCAL). A network being converted in this
way may be analyzed more efficiently by ACCAL than cither the original network or a
converted single customer chain network. The above rules may be casily verified through
a similar way as we calculated the computational costs.

When the first chain is unchanged, g'(k) = b(k(1)). b(k{1)) is computed by Equa-
tion 8.7 with initial condition 6(£,.0....0) = wir /K,}. When a chain has a single cus-
tomer, Equation 8.6 is applied. As a result of these rules. ACCAL converts networks in
an adaptive way and uses either Equation 8.5 or Equation 8.6 for the analysis.

When only the joint distributions are required, the above rules are applied directly.
When mean values of each chain are required, every chain is first converted into a chain
with one less customers and another chain with a single customer. Then the above rules
arc applied. If mean values of each chain are required. after the results for the Rth chain
are obtained, we borrow the following equation from the DAC [70]:

N
PRk} = To 3 wysk; PRV (K — ;)] py(k;) (8.20)
j=l
where PR-13(k —e;) denotes the joint queue length distribution of the network with

chain s removed. Therefore, T, is computed as follows:

1. Assume T, = 1.

2. By choosing:

k = (r,0...0), (r = 1,1.0....0), ey {0,...0.7)
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PR-13(k — e;) can be derived from Equation 8.20.

3. 7, = ZkeSR“-" PR_I"'(k)

In summary, ACCAL first converts the network into an equivalent one so that it

may be analyzed more efficiently.

8.6 Further Improvement

At this stage, further improvement is still possible. The computation of ¢(k) may

be further simplified. First we define:

1. (from [62]) A Bag: a collection of elements over some domain. Multiple occur-
rences of elements are allowed and the order of the elements is not important.
A bag consisting of elements ;,12,...,in5 is written as 3{%;,22,....2x}.

2. A function v: (J;I) = B{i1,i2,....20} where I = (3,i2,...,ix), N 2 J. In
other words, the function v{J; I) creates a bag consisting of the first J elements

of L.
Proposition 1
k) =c(k) i (Jik) = (k) (s:21)

Proof: This proposition comes directly from the definition of (k).

Q.E.D.

As a result, the number of ¢(k)s we need to compute is equal to the number of
distinct v(J,k)s, k € S®. According to [49], this number is equal to the sum of the

coefficients of z,z?, ...,z in the expansion of the following expression:

1
(1 —z)(1 —z2)...(1 —zN)

The savings in operations are obvious.
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8.7 Dynamic Scaling

Like RECAL, IDAC and the convolution algorithms, ACCAL may suffer from the
potential floating point underflow or overflow problem. As a result. a simple dynamic
scaling procedure is cmployed. When the underflow or overflow is about to occur. simply
multiply the present g"(k) by a scaling factor a. Then continue the algorithm. Note that

the two normalization constants for obtaining Th,, should be on the same scale.

8.8 Comparisons with other Algorithms

We compare the computational costs of the new ACCAL with the IDAC algorithm.
For simplicity, we take m = 1 for ACCAL without the improvements discussed in Sec-
tion S.5 and Section $.6. Actual costs of the algorithm should be less than the ones
computed below.

The computational cost of ACCAL when mean values are required is shown in
Equation 8.19. When m = 1, b(k(r)} is no longer computed. Hence, the number of

multiplications in sequential processing is:

K=l (ke N =1 K+N-=2 K+N-1
N . +2{K -3+2 LT =1 . +
Z_:( N—l) th =3 [( N1 ) 1 ( N -1 )} :

N+RK -1 K+N=2 N+NVN-1
= N + ' +3 ' 2K - N =38 3.22
] ( N ) 6( N1 ) 3( N—1 ) I\ ) (8.22)

The computational cost difference between the IDAC algorithm and ACCAL in

sequential processing is:

(K-i—N--

2
N —1 ')I(‘l —4/KYN+K —-1)=6] —2K =2N +9

This value is negative(i.e. IDAC has less number of multiplications) only when:

1. N<3and K £4.

204<N<T7and K £3.



Number of Multiplications

v v ' v —
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Figure 8.1: Time Requirements of ACCAL and the IDAC algorithm when N=4

3. N>Sand K £2.

However, the above cases can be analyzed more efficiently by the MVA and the con-
volution algorithms. Hence, When m = 1, ACCAL has fewer computational requirements
than the IDAC does in dealing with networks that have a few nodes and many chains.

Figures 3.8 and $.8 compare the time requirements of ACCAL and the IDAC algorithm.

8.9 Discussions

Compared with the DAC and the IDAC algorithms, ACCAL avoids computing
the joint queue length distributions, the marginal queue length distributions and the
throughput every time the population is increased by one. Instead, it calculates the joint
queue length distributions and the throughput only when the full population less one and

the full population are presented. This makes ACCAL more efficient than the others.
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Figure 8.2: Time Requirements of the ACCAL and the IDAC algorithm when N=6
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Chapter 9

Conclusions

9.1 Summary

The contributions of this thesis may be summarized as follows:

I.

(R
H

In Chapter 3, we have extended the boundary for the class of Local Balance
Stochastic Petri Nets, proved that the Stochastic Petri Nets that falling into
the new boundary have product form solutions and proposed a systematic way
as well as a C language program for identifying this class of Stochastic Petri

Nets. The program has been tested with many Stochastic Petri Net examples.

In Chapter 4, we have presented the Decomposition by Subnet method. The
method shows how to decompose the analysis of Local Balance Stochastic Petri
Nets into the analysis of subnets, the results of which are combined to obtain

the results of the original system.

Also in Chapter 4, we have derived the Norton’s theorem for Local Balance
Stochastic Petri Nets by applying the Decomposition by Subnet method. We
have shown how a subnet with marking dependent firing rates may be used
to concisely, yet exactly, represent the original system.  We also have shown
that the Norton’s theorem may be applied to the parametric analysis of Local

Balance Stochastic Petri Nets.
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4. In Chapter 5. we have developed an efficient algorithm for the parametric
analvsis of Stochastic Petri Nets in general by applying the concept of “ldeal
Aggregates™. It is much more efficient than analyzing the original system

repeatedly every time the parameter of interest takes a new value.

5. In Chapter 7. we have presented the IDAC algorithm. which improves the
cfficiency of the DAC algorithm. IDAC also has the benefit with regard to

reducing possible numerical errors.

6. In Chapter 8. we have proposed an Independent Decomposition and Aggrega-
tion method for the analysis of BCMP queueing networks. According to it. we
have derived ACCAL. which is more efficient than the IDAC algorithm. Hence.
it is the most cfficient algorithm in dealing with networks consisting of many
chains and a few nodes. The parallel processing and adaptive characteristics
of ACCAL distinguish it from any existing algorithms and further improve its

efficiency.

9.2 Suggestions for Further Research

Before we conclude this thesis. here are a few words about possible further research.

In Chapter 3. we have extended the boundary for Local Balance Stochastic Petni
Nets. However. the new boundary is by no means a final boundary. There are many
Stochastic Petri Nets that have product form solutions but may not pass the test proce-
dure described in Chapter 3. For example. all the Local Balance Stochastic Petri Nets
considered in Chapters 3 and 4 are marking independent (though the aggregated net is
marking dependent). However, it is reasonable to conjecture that some marking depen-
dent Stochastic Petri Nets may also have product form solutions. What kind of marking
dependence is allowed? What are the effects on the product forms and Norton’s theorem?
These are certainly interesting problems and further exploration is desirable, because the
existence of product form solutions simplifies the analysis significantly.

Our intention in Chapter 3 was to show that there is a systematic way of identifying
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Local Balance Stochastic Petri Nets. The test procedure as well as the software program
is by no means the most efficient one. More work may be done in improving the efficiency
of the test procedure.

In Chapter 4. We have applied the decomposition by subnet method to derive the
Norton's theory. By following a similar way of analysis, e.g. decomposition by CSS.
a convolution algorithm may be derived for the efficient analysis of the Local Balance
. Stochastic Petri Nets.

The algorithm presented in Chapter 5 reduced the time requirement for parametric
analysis. Time and space requircments may be further reduced by taking advantage of
the sparsity of the associated Markov Chains.

For queueing networks, each of the existing algorithms is efficient in some domain.
For instance, some are efficient in analyzing networks with many nodes and a few chains
whereas others are efficient in analyzing networks with many chains and a few nodes.
When both the number of nodes and the number of chains are large, none of the existing
algorithms are efficient. However, the recursive nature of algorithms suggests that hybrid
computational algorithms mav be a good solution in this case. The possibility of the
existence of hybrid algorithms was also pointed out in [14]. However, up to now, no
hybrid algorithms of practical use have been derived.

Because of time limits, we are unable to do the work listed above. Nevertheless,

they are certainiy interesting topics for further study.

120



Appendix A

Local Balance Stochastic Petri Net

Test Program List
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l*
1.
2
3.
*/

#include <stdio.h>
#include <stdlib.h>

#define NARC 1

#define MAX 100
#define MAXTRANS 100
#define MAXSUB 100
#define MAXMARK 1000
#define MAXPLACE 100
#define MAXCYCLE 20
#define TRUE 1

#define FAULT O

struct transiton

The purpose of this pro
The SPN has marking independent firing rates only.
A "-1" in an array signifies the end of the array.

gram is to test if a safe SPNisa LBSPN.

{
int inputfMAXPLACE];

.

K

t outputMAXPLACE];

/*
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

*/

/* The following variables have to be specified according to the model */

#define NPLACE 10
#define NTRANS 11

static intres(}={7,-1};
static int nres[]={1,8,-1};

/* Total number of places */
* Total number of Tansitions */

/% resource places that have an injdal token */
/* non-resource palces that have an inidal token */

static struct transition ansit[]=

{
{03,{0],
{1’7;1}’[2171'1}’
{2,7,-1},{3,-1},
39'1 3{4,'113
{4,-1},{1,7,-1}
~11L{5,-1},
5,-1
6,-1
1,-1
7

’ ?

}
}
}
}

1
6,

]
}

J* durnmy */

/* ( input places to transtion 1}, {output places to ransiton 1} */
/* { input places to transtion 2}, {output places to wansidon 2) ¥/



7v9~-1 }\{ 100"1 }1
10,-1},{7.8.-1}

k4

{
{
)

/* End of specification */

/*
&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

*/

struct tmode
{
int *mar;
struct tnode *left;
struct mode *right:
int numbmark;
IR
struct mode *root;
struct tmode *talloc(void);
struct tnode *addrree(struct tnode *p, int marking[1);

int rg(int *m0, int *setrans, int *back, int *show, int sub, int test);

int findcycle(struct ransition *wans, int *m0, int *cycle{]):
int *nextmark(struct ransition tname, int *oldmark);
int enable(struct transition tnarme, int marking(1);

int group( int *s[], int n, int *a(1)s

int *sqarraycat(int *s, int *);

int compare(int *ml, int *m2);

int *arraycat(int *s, int *t);

int setcomp(int *s, int *t);

int insubnet(int i, int *s);

int incomp(int *t, int *s);

int *generatmark(int *s);

int sortj(int k, int *m);

int arraysize(int *s);

int *markcopy(int *s);

int *vecopy(int *s);

int findcss();

void treeprint(struct mode *);
void setzero(int *s, int j);
void priv(int vextor{]);

void putdorm(int *net);

void prim(int mark(1);

void migenerate();

int dormerans[NTRANS+1];

int dormtoken[NPLACE+1];
int totmark=0; /* total number of markings */
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int *m;

int totnet= -1; /* total number of subnets */

int *mark[MAXMARK];

int *cyclesfMAXCYCLE}; /* array of wransiton cycles */
int nsub; /* number of subnets-1 */

int ncss; /* number of CSS -1 ¥/

int *css[MAX]; /* list of CSSs */

int *tsubnets{ MAXSUB]; F* list of subnets */

int *inisubm[MAX]; /* inidal subnet markings */

int ifnew =FAULT;

main()
int 1,j,k,l,totrans=0,ncyc, *subnetsf MAXSUB];
int set[MAX],back,show,*m0;
int n_mark, n_css, n_sub;

setzero(dormtrans, NTRANS+1);
for (i=0; i<=arraysize(nres)-1; i++)

m=generatmark(res);
minres|i]]=1;

/¥ generate cycles */

ncyc=findcycle(transit,m,cycles);
if(ncyc ==-1)

{

printf("failure due to dead lock subnet™);
prindf(" markings\n");

return;

}
/* generate subnets */

nsub=group(cycles, ncyc, subnets);
for(k=0;k<=nsub;k++)

tsubnetsftomet+k+1]=vecopy(subnets[k]);
putdorm(subnets[k]);

tomet += (nsub+1);
/* when there is only a single subnet */

if(tomet<1)
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prind("failure I\n™);
retum;
}
[* else */
printf("There are\t%d\isubnets:\n" tomet+1);
for(i=0;i<=totnet;i++)
priv(tsubnets{i]);
printf("™\n");
/* when some transitions can not be included into any subnets */
for(k=0; k<=totnet; k++)
torans += arraysize(tsubners[k}):
if(totrans = NTRANS)
{
printf("failure2\n");
return;
}
/* else, generate CSSs */
ncss=findcss();
/* generate initial subnet markings */
migenerate();
/¥ generate initial markingks */
mO=arraycat(res,nres);
mark[O}=generatmark(mO0);
for(i=0; i<=NTRANS-1; i++)
set{i]=i+1;
set(NTRANS] =-1:
/¥ generate Reachability Graph */
totmark=rg(mark[0],set,&back,&show, 3,0);
/* verify test conditions */
for(n_mark=0; n_mark<=totmark; n_mark++)
for(n_css=0; n_css<=ncss; n_css++)
if(arraysize(css[n_css])>1)

1=0;
while(*(css[n_css]+]) 1=-1)
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n_sub= *(css{n_css]+1);
k=rg(mark{n_mark], tsubnets[n_sub], &back, &show, n_sub, 1)
if(back && show == Q)

{

printd("failure");
return;

1+

}
}

printf("success\n");

int rg(int *m0, int *setrans, int *back, int *show, int sub, int test)

/* when test=0, generate Reachability Graph from m0. When test=1, do the test procedure for
marking mO0 with subnet sub */

intn, i, 1, x, w, tot=0, live, *new, *m{MAXMARK];

root=NULL;
*back = *show = FAULT:
m{0]=m0;
root=addtree(root,m{0]);
for(n=0;n<=tot;n++)

{

Lve=FAULT:;
for(1=0; setrans(]] !=-1; j++)
{

x=setrans{l];
if(cnal{ule(n-ansit[xl, m([n]))

live=TRUE;
new=nextmark(transit(x],m[n]);
root=addtree(root,new);
if(ifnew)

{

ot

r}n[tot]-—markcopy(new);

if(ltest)
mark[tot}=markcopy(new);
if(test)

{
if(*back=FAULT && compare(new,m()==0)

*back=TRUE;
if(*show=FAULT && incomp(inisubm[sub],new))
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*show=TRUE:

)
if(Mtest)
f(live==FAULT)
{
printf("deadlock marking\t™);

prim(m([n]);
retwrn FAULT;
}
)
}
return ot
void migenerate()

/* generate inital subnet markings */
intil,w;
for(i=0;i<=totmet;i++)
inisubm(i]= (int *) callocQMAX, sizeof(int));
m;o; res(l t=-1; I++)
i[f(insubnet(rcs[ll,tSubnets[i]))
*(inisubm(i]+w++)=res[1];
*(inisubm[i]+w) = -1;
for(1=0; nres[l] = -1; I++)
i[f(insubncz(nres[l],tsubnets[i]))

*(inisubm{i]+w++)=nres[l];
*(inisubm[i]+w) = -1;

int findess()

/* generate CSSs */

int ij,1, icss, respl, nnet, *resnetfMAXSUB];
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for(respl=0; res[respl] != -1: respl++)
r{'esr-lct[rcsp11=(im *) calloc(MAXSUB, sizeof(int));
:‘:{r)(’nncmﬁ; nnet<=tomet: nnet++)
if( insubnet(res[respl], tsubnets{nnet)))
*(resnet[respl]+)=nnet;

’;‘(resnct[mSpI]+(++l)) =-I:

} } .
_ }
1css=group(resnet,arraysize(res)-1,css);
Temrn icss;

}
int *vecopy(int *s)

/* copy s to p, the last element in s must be -1 */
int1, *p;

p=(int *) calloc(arraysize(s)+1,sizeof(int));
if(p!=NULL)
{

for(i=0;i<=arraysize(s);i++)
plil=s(i];

retum p;

void setzero(int *s, int j)

{

/* set elements O toj into zero */
inti;

for(i=0; i<=j; i++)
sfil=0;
sfj+1] =-1;

int insubnet(int i, int *s)

/* return 1, if place i is in subnet s, else 0 */
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int j;

struct transition *p;
for(j=0; s[j] !=-1; j++)

p = &wansitfs{jll;

if(sortj(i,p->input) !l sortj(i,p->output))
return 1;

}

return O;

}

int findcycle(struct transition *trans, int *m0, int *cycle{]MAXCYCLE])

{

/* find out cycles starting from marking m0. The index of the last cycle is returned */

int isub, cset{ MAXTRANS],itrans,icyc:
int 1,j.k,live,*new;

icyc =-1;
for(itrans=1;in-ans<=N‘mANS simans++)

if(!dormtrans[ians] && enable(trans[itrans],m0))

ic=}6c~i-!-;

1=0;

cyclelicyc]=(int ¥) calloc{NPLACE+1, sizeof(int));
*(cyclelicyc]+l++)=iTans;

*(cycleficyc]+D =-1;

mark[0] =nextmark(ans{itrans],m0);

totmark=0;
=0
while(j<=totmark)
{
live=FAULT;
for(k=1;k<=NTRANS:k++)
{
if(1dormtrans[k] &&
enable[(tl‘ans[k],mal’km))
live=TRUE;
if(sortj(k.cycleficyc]))

*(cycleficycl+) =k;
*(cyclc[icyc]+(++1))= -1

new=nextmark(trans[k],
roark(j]);
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if(compare(new.m0)!=0)

root=addtree(root,
new);
if(ifnew)
{

. tommark++;
mark[totmark]=
markcopy{new);

}

\ }

if(live == FAULT)
return O:

ar

)

}
}
Teturn icyc;

)
int group( int *s{], int n, int *o(D

* divide the n vectors (last index is n-1) of s into groups, a vector is in the
group, if and only if, it has at least one common elements with one of the other
vectors in the same group. The index of the last group of g is retuned */

int i,j,ig,cset{ MAX], *mid;

setzero{cset,n);
ig=-1;
for (1=0; i<=n; i++)

{
if(cset{[i]=0)

igt+;

cset{i]=1;

gligl=vecopy(sfi]);
search: for(j=1; j<=n; j++)

{
if(cset{[j]==0 && setcomp(gfig],sli])

cset(jl=1; )
mid=sqarraycat(g[ig].s[j]);
glig]=vecopy(mid);

goto search;

}
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}
return ig;

}
int *markcopy(int *s)

/* copy marking s to p and return p */
int i, *p;

p = (int *) calloc(NPLACE+1, stzeof(int) );
if (p 1= NULL)

(
for(i = 0; i<=NPLACE: 1++)
I}J[i]=5[i]:

remurn p;

}

int *nextmark(struct transition tnarne, int *oldmark)

{
/* generate the next marking from "oldmark” by firing transiton "tmame” */

int i,*p;

struct transition *pt.

pt = &oname,
p=markcopy(oldmark);
for(i=0; i<=NPLACE; i++)

{
if(pt -> inputfi}!=-1) plpt->inputfi]}-=1;
i}f(pt -> output(i]!= -1) p(pt -> outputi]]+=1:

retum p;

struct mode *addtree(struct tnode *p, int marking(1)

{

/* generate binary tree, the root of whichis p */
int com;

ifnew = FAULT;
if(p == NULL)

ifnew = TRUE;
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p = talloc():

p->mar = markcopy(marking):
p->numbmark=totmark+1:
p->left = p->right = NULL:

else if((com=compare(marking, p->mar)) <)
p->left=addtree(p->left, marking),

else if(com>0)
p->right = addtree(p->right, marking):

else

retum’ P
)
struct tnode *talloc(void)
{

* space allocation */

return{struct tnode *) malloc(sizeof(struct tmode));

}

int enable(struct wansiton urame, int marking(])

{

J* return 1, if transition "tname” is enabled in the marking, else remurn 0 */

inti;

struct ransigon *pt;

i=0;

pt = &umname;

if(pt -> input(i]="-1) printf( "error, no inputs to wans’™);
else

{

while(pt -> input[i]!=-1)
{
if(marking[pt -> input{i]J<NARC) return 0;
else 1++;

}

return 1;

}

void prim(int mark{])
{

/* print markings*/
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inti:

for(i=1; i<=NPLACE: i++)
if(mark(i]!=0)

printf("%d ".i);
printf("™\n");

} -

int compare(int *m1, int *m2)

{

J¢ml >m2, return -1z
ml <m2 . return 13
ml =m2 , return O: %/
inti; |
for(i=0; i<=NPLACE; i++)
switch(mi[i]-m2{i])
case l:remum -1t
case -1:return I3
case O3
}
}

return 0;

)

void eeprint(stuct mode *p)

{
/* print binary tee, whose root isp*
if(pt=NULL)
weeprint(p->left);

prim(p->mar);
reeprint(p->right);

int sorgj(int k, int *m)

P*Return 1ifkis in m, else return 0. The last element in m must be "-1". */

int j;
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for(j=0;j<=arraysize(m)-13j++)
if(m{j}==Kk) retarn 1;
return O;

}

int *arraycat(int *s, int *t)
{
/* append t after s ¥/
int i,j,*m:
p;g(im *) calloc(amysize(s)+arraysizc(t)+2. sizeof(int));
1=0;
for(i=0;s[i] != -Lii++)
mj++]=s[il;
for(i=0;t[i] !=-1i++)
mij++])=tli};
mfil=-1;
return m;

int arraysize(int *s)

{

/* compute the number of elements in an array */f
intn;
for (n=0; !(s{nj<0); n++)
return n;

}

int incomp(int *t, int *s)

{

/¥ return 1 if all the elements in tare alsoin s, else 0 */
intic |
for(i=0; t[i] !=-1; i++)

{
if(tsortj(i[i},s))
} return 0;

return 1;

)
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int setcomp(int *s, int *1)

{
/* return 1 if s and t has at least one element in common, 0 else */
inti
for(i=0; s[i]l=-1: i++)
i{f(sortj(s[i],t))

return 13

}

return 0;

}

int *generatmark(int *s)
{
f* generate marking p specified by s. i.e. plslill=1, and return p */
inti, *p;
p=(int *) calloc(NPLACE+1, sizeof(int));
for(i=0;i<=arraysizc(s);i++)
Cplil=0:
for(1=0;1<=array512c(s)-1;i++)

plshill=1;
return p;

void priv(int vector(])

{
f* print out array "vector” *f
intj;
for(j=0; vector(j] !=-1; j++)
printf("%d\x",vector[j]);
printdf("\n"); i
| -

int *sqarraycat(int *s, int *1)

/* append the elements in t, which is notin s, after s. The value returned
should not be assigned to a static vector */
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intij.sm:

!:g(im ¥y calloc(arraysize(s)+arraysize(t)+2, sizeof(int):
J=5

for(i=0;s(i] != -1:i++)

mfj++]=s(i];
for(i=0;t[i] != - Lii++)

{
if(tsortj(t[il,s))
} m[j++]=ti}
m[j]=-1;
return m;
}
void putdorm(int *net)

/* put tnsitions specified by net into dormant */
intj;
=0;
while(netj]1=-1)

dormtrans[net{jl1=1;
s
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