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Abstract

We present analysis and computations of a 2D steady-state fluid dynamics in a cou-
pled free air and porous domain. The 2D model is a simplification of the Hydrogen Fuel
Cell (HFC) fluid dynamics for the case of one gas component and constant temperature.

The problem involves the Stokes equation and the mass conservation equation in the
cathode channel and the Darcy equation with the mass conservation equation in the
porous gas diffusive layer (GDL). On the interface are imposed the Saffman’s condition,
continuity of the pressure and the normal velocity.

Our main concern here is to find and implement an efficient computational method
for solving the problem with a real data and a coupled domain with large aspect ratio.

For this purpose we implement the finite element method with the classical MINI
finite element space for the velocity in the channel and the P1 finite element space for
the pressure in the channel and GDL.

The resulting linear system is solved by using the iterative Gauss-Seidel overlapping
block method and alternatively with the direct Gaussian Elimination method.

Existence and uniqueness of the weak solution is proved only for the problem with
the reduced Saffman’s condition on the interface.
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1

Introduction

There are many important problems involving coupling of processes in two or more
different media with common boundaries. These media can have different qualities and
those processes can be governed by different laws. The dynamics in different media are
coupled to each other by some conditions which are imposed on the common boundaries.
Some of the problems that fall under this framework are:

e Design of hydrogen fuel cells (HFC);

e Problem of coupling between groundwater and surface water in order to predict
how pollutions discharge into rivers;

e Technological applications involving filtration.

The motivation of this work comes from fluid dynamics in free air channels and porous
gas diffusive layers of a HFC. HFCs are composed of a set of layered domains ( see
Figure 1.1 ). The oxygen of the cathode channel diffuses through the porous cathode
GDL. The hydrogen flows into the anode channel and diffuses through the porous anode
GDL. HFCs produce electricity by means of a chemical reaction between oxygen and
hydrogen without combustion. The oxygen reduction reaction occurs in the cathode
catalyst layer and the membrane. The only by-products of a HFC are H,O and heat.

3D HFC fluid dynamics on each domain level is governed by a system of nonlinear
PDEs such as the Navier-Stokes equation, the Darcy equation, the mass and heat con-
servation equations for each component of the fluid, such as oxygen, hydrogen, water
vapour and nitrogen.

Our 2D model is a simplification of the 3D HFC model by considering steady state,
dry, single component, isothermal fluid dynamics in the cathode channel and the GDL.
Our model includes the steady state Stokes equation and the mass conservation equation
in the cathode channel and the Darcy equation with mass conservation equation in the
GDL. As coupling conditions on the interface between the channel and the porous GDL
domain are imposed the Saffman’s condition for the tangential velocity and the Darcy
equation. The pressure and the normal velocity are supposed to be continuous on the
interface. However some authors [6] admit discontinuity of the pressure on the interface.
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Figure 1.1: A stack of fuel cells.

There are two different approaches for finding an approximate solution of coupled
multidomain and multiprocess problems. One of them is domain decomposition and
decoupling of the solutions that leads to many separate problems which are supposed
to be solved independently and coupled again. Our approach is based on finding of
such an approximate solution which is valid for the whole domain without preliminary
decomposition and decoupling. Our choice is motivated by the idea to solve precisely
the interface coupling.

The problem admits implementation of the finite element method with a classical MINI
finite element space for the velocity in the channel and a P1 finite element space for
the pressure in the channel and the GDL. In the computational method is considered
the equivalent system which is the Laplace equation for the pressure in the GDL, the
Stokes equation and the mass conservation law equation in the channel. An approximate
solution gives the velocity in the channel and the pressure in the channel and in the GDL.
The velocity in the GDL can be found from the Darcy law equation that significantly
reduces computations.

For the real data and a domain with large aspect ratio the resulting linear system
with a sparse banded matrix is solved by the iterative Gauss-Seidel overlapping block
method. This iterative method taking advantage of the block structure of the matrix
gives accurate results, allows effective storage of the matrix and is almost twice faster
then the direct Gaussian Elimination method. The iterative Gauss-Seidel overlapping
block method also works fast and with the same precision for large matrices when the
direct method is not efficient because of PC memory and CPU time consumption.



2

Mathematical model

Here we present the full 3D multicomponent HFC dry model and show how it can be
reduced to the 2D single component model by concentrating only on the gas dynamics
in the channel and the GDL. The gas dynamics in different coupled layers, in particular
in the channel and the GDL, is very important for understanding the gas dynamics of
HFCs.

2.1 The 3D multicomponent model

HFCs consist of the following components:

e Cathode:
- Cathode channel;
- Cathode gas diffusive layer;
- Cathode catalyst layer: air region, carbon region, membrane region;

¢ Membrane.

e Anode:
- Anode channel;
- Anode gas diftusive layer;
- Anode catalyst layer: air region, carbon region, membrane region;

The parameters a;, ag, as, by, by > 0 prescribe the sizes of the HFC and the domains are
defined as follows:

Qapr = (0,241 + b1) X (0,a2) % (0, a3),
Qcr = (1,01 +b1) X (az, a2 + b2) x (0, a3), (2.1.1)
Q= Qcr UQepr-

The domain Q¢py, represents the porous media (GDL) and Q¢p represents the free air
domain (channel).



On Figure 2.1 it is shown the interior design of a HFC and schematic behavior of
the gas.

4E2H2=4I—L +4e ’ :‘:"
O,+4H++4¢ =20 77 777 gl

[::] GDL layers (porous)

E—_—I channels

Air (02)

Figure 2.1: The interior design of the cathode, anode and membrane of a HFC.

Let us introduce the parameters of the 3D multicomponent model:
1. Unknowns:

e co, Cy, Cy are the molar concentration of oxygen, vapour and nitrogen respec-
tively which together represent a gas mixture that we simply call the gas; cn
can be found from the equation ¢ = cp + ¢, + cn;

e T is the temperature of the gas;
e P is the pressure of the gas;

e u = (uy, us, u3) is the velocity of the gas.
2. Constants:

e ¢ is the total molar mass;

e p= Mopco + Myc, + Mycy is density of the gas which is considered incom-
pressible;

Mo, M,, My are molar masses of oxygen, vapour and nitrogen respectively;

Do, D,, Dy are diffusivity of oxygen, vapour and nitrogen, respectively;

cr is specific heat of the gas;

kc is thermal conductivity of carbon phase;

e K is permeability;

S depends on the pore size and the shape of the GDL;

4



e 4 is viscosity of the gas.

Restricting our interest to the cathode channel and the GDL, the 3D HFC dry model
dynamics according to [3] is governed by the following equations:

The channel domain

V- (cou — DOV%O) —0 in Qon, (2.1.2)
V- (ot — Dq,v%”) —0 inQon, (2.1.3)
CN
\vJ (CNU — DNV——‘) =0 n QCH, (214)
V- (erpTu—kcVT) =0 in QcH, (2.1.5)
—pAu+pu-V)u+VP =0 inQcx. (2.1.7)
The GDL domain

o .
V- (Coll - Dov—c—-) =0 n QGDL; (218)

C’U .
V- (cyu— DyV?) =0 1 Q¢pr, (2.1.9)

Cn
V- (CN'LI — DNV7) = mn QGDL; (2 110)
V- (CT,OTU - chT) =0 mn QGDL; (2.1.11)
V- (pu) =0 n QGDLa (2112)
K

7



Conditions on the interface between the channel and the GDL

The equations (2.1.2)-(2.1.13) in the channel and the GDL are equipped with boundary
conditions. Most of them are straightforward and come from clear physical considera-
tions. However, the boundary conditions on the interface between the channel and the
GDL are particularly important and are object of different research (see [3]). For this
reason we present these interface conditions here.

[Co] = 0, (2.1.14)

lco u— Dov%o] ‘n=0, (2.1.15)
] =0, (2.1.16)

le, u— va%] ‘n=0, (2.1.17)
[CN] = O, (2.1.18)

[exy u— DNV%V—] -n=0, (2.1.19)
[T]=0, (2.1.20)

[er pu—K VT]-n=0, (2.1.21)
[u] -n =0, (2.1.22)

[P] =0, (2.1.23)

(g—z— Su)-T =0, (2.1.24)

where n and 7 are outward normal and tangent unit vectors to the boundaries of €2,
QCH and QGD L

Suppose that (2.1.13) holds also on the interface and then from (2.1.22) follows

K
u- n’channel side T EVP ) n’GDL side — 0. (2125)



2.2 The 2D one component model

Our model describes a steady-state 2D incompressible fluid flow in two rectangular
domains Q ( Channel ) and €; ( GDL ) with the common boundary ¥ ( Interface )
as it is shown on Figure 2.2. This model can be deduced from the 3D model when one
considers a cross section of the cathode (or anode) of a HFC in the plane (22, z3) (see
Figure 2.1). We consider only one gas component with constant molar concentration,
temperature and density in the channel and the GDL. Then the equations (2.1.2)-
(2.1.13) are reduced only to (2.1.6)-(2.1.7) in the channel and to (2.1.12)-(2.1.13) in the
GDL. The model that one obtains is as follows:

(Qy = (0,1) x (—H,0),
Q= (0,1) x (0,R),
r = (0,0) x{-H},
T = {0} x(-H,0)
{ Tow = {l} x(=H,0), (2.2.1)
X = (0,0) x{0},
M = (0,]) x {h},
T = {0} x(0,h),
L Tow = {I} x(0,R),

where constants L, H, h > 0 are the length of a HFC, the height of the channel and the
height of the GDL, respectively. Let € = 2o U ; U 3.

M

Figure 2.2: A fluid flow in a rectangular domain.

In both domains the fluid flow satisfies the mass conservation equation. In {2, it satisfies



the Darcy equation:

V-u = 0,

K in . 2.2.2
PRt L (22.)

In Qq it also satisfies the Stokes equation:

vou = % (2.2.3)
—pAu+Vp = 0,

A classical solution of the problem is a vector function u = (u,u2) and a function p
such that u € U, p € P, where the velocity space U and the pressure space P are
defined as follows:

U={u|ug, € (CQ)NC' (W \T)NC*(N))?
wg, € (C°@:) NCH@)Y, 1 € ()}, (2.2.4)
P={p|peCQ), pa, € C*(), pa, € C*()}.

We see that the tangential velocity u; may have discontinuity on the interface X.

In order to understand the behavior of the solution in the inlet and outlet/interface
contact points we also consider the same problem (2.2.2)-(2.2.3) in a domain like in
(2.2.1) but slightly modified: Qy = (0 — 6, L + §) x (—H,0), where § > 0 is some small
constant and € is the same ( see Figure 2.3 ).

R A
et e N
B ‘
R
d I
INTERFACE | . _
: Py e e e e o

. - ._—a 3 — — — F
. TcHANNEL_ | o

}
i

L L
2 25 3

Figure 2.3: A fluid flow in a rectangular domain with modified Q.



2.2.1 Boundary conditions

The set of equations (2.2.2)-(2.2.3) can be equipped with the following boundary
conditions:

e The following are the basic boundary conditions where the pressure is prescribed
on the inlet, outlet and membrane:

(u = 0, on T,
ug = 0, P = Pin, on  Dig,

§ w2 = 0, Dp=Dpout, on Doy, (2.2.5)
Up = Um, (Or p=pm), on M,

[ p = 0, (orur=0), on TiyUly.

e Alternatively boundary conditions can be imposed where the velocity u; is given
on the inlet:

(u = 0, on T,
Uy = Up, Ug =0, on D,

§ Y2 = 0, P=DPou, on Loy, (2.2.6)
Y = Pm; on M,

L &ip = 0, (orus=0), on T Ul

- K, p are given constants;
- Dins Pouts Pm, Uin, Um are given functions.

2.2.2 Interface conditions

Conditions on the interface 3 should be imposed in order to couple solutions in the
channel and the GDL. On the interface we impose continuity of the normal velocity and
the pressure, Darcy law and Saffman’s condition ( see [5] and [12] ):

(
Ua ‘(no side) = —E Oap l(nl side)
{ By = =S5 uy, on %, (2.2.7)
[UQ] = 0,
L [p] = 0,

where S is a given constant.



At this point we are not able to prove the theorem of existence and uniqueness of the
solution of the problem (2.2.2)-(2.2.3) with boundary conditions (2.2.5) and interface
conditions (2.2.7). However, if we replace (2.2.7) with the following interface conditions:

( K
U2 |(Qo side) = —Z dop ‘(Ql side)>
{w = g(x), on %, (2.2.8)
[Ug] - 0,
\ [p] = 05

where ¢ is a given function such that g(x)| o = 0, then we can obtain existence and
uniqueness result.

Remark 2.2.1 The second equation in (2.2.8) can be considered as similar to the origi-
nal Saffman’s condition if the function g(x) is close to porosity of the GDL. Indeed, since
for the real HFCs the value of the coefficient S in (2.2.7) is very large then it makes
sense to consider the limit case of the Saffman’s condition in (2.2.7) when S — oc. So,
we assume S™'8u; — 0. In general, as a limit case we can take u; = g(x) on X.

Remark 2.2.2 Some authors ( see [6] ) suppose the pressure to be discontinuous on
the interface and consider the following condition:

[p] =2 pny - D(Wiepr side) * D1, (2.2.9)
where D(u) = E( a———}— 3 ) is the deformation rate tensor and ny is an outward normal
Z; Z;

vector to the interface from the porous domain side.

10



3

Existence and uniqueness

In this chapter we derive a weak formulation of the problem (2.2.2)-(2.2.3) and prove
existence and uniqueness of the solution for the boundary conditions (2.2.5) when the
normal velocity uy is prescribed on the membrane M and the conditions (2.2.8) are
imposed on the interface.

3.1 Weak formulation

Following the classical approach to the general compliance problem, as it is shown in
[4] M. DELFOUR, J.-P. ZOLés10, pp.108, we use the characteristic functions 1q, and 1g,
of the domains €2y and €, respectively, in order to transform our problem (2.2.2)-(2.2.3)
into the equivalent form:

ueld, peP,

(=p Au+ Vp) 1g, + (% u+Vp) 1o, = 0,

V-u

with boundary conditions:

Uz
{ U

Uy

L U2

0,

0, p = Din,
0, P = Dout,
0,

U'ma

on

on

¥

Lin,

Lout;

Tiw U T,
M.

where u,, € CO(M) , pin € C%(Tin), Pout € C°(Tous)-

11
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On the interface ¥ we impose the Darcy law and the reduced Saffman’s condition:

( K
Uz |(Qo side) — T Oap l(nl side)>
J7;
{ w1 = g(z1), (3.1.3)
[UQ] = 0,
\ [p] = Oa

where g(z1) € Hg(Z).
Let us define the velocity functional set Uy, the pressure functional set @ which have
boundary conditions and the Saffman’s condition integrated and the velocity functional
space UY;, as follows:

(udiv:{¢:(¢la¢2)eu| v¢)207

¢1|TUTWUFow = Oa ¢1|E = g(ml)u

Porur;,Ulou: = 05 B2(p1 = U },

LU ={D=(d1, ) €U| V-¢=0, (3.1.4)
¢1|ruriwurowu2 = 01

P2 UT; UTouium = 0},

\ Q@ ={p€P|pPr. =DPin» DTows = Pout }-

The problem (3.1.1)-(3.1.3) takes an equivalent form:

uc udiv , DE Qa
7 (3.1.5)
(—pdAu + Vp) 1o, + (—IE u+Vp) lg, = 0.

Let us consider the closures Ugiv and Uyg;y of the subspace u?ﬁv and subset Uy, Te-
spectively, in the Hilbert space {¢ = (¢1,82) € (L*())* | ¢yq, € (H'(0))?} with the
norm defined as follows:

112 =11 ey + 1 1200y (3.1.6)
We need all these spaces and sets for defining a weak form of our problem.

Remark 3.1.1 In Section 3.2 it will be shown that if u, € L*(M) then Ugsy # 0.

Remark 3.1.2 The functional space UY;, inherits the norm || - || in (3.1.6) from the
larger space {¢ = (¢1,62) € (L*(N)* | diq, € (H'())*}. Applying the Poincaré
inequality (see [8] Quarteroni, Valli, p.11.) in Qy we obtain an equivalent norm as
follows:

181130 = IVl Baan) + [l 220y, Vb € Ul (3.1.7)

12



Multiplying both sides of the (3.1.5) by an arbitrary vector function ¢ € Uy, inte-
grating in € and applying Green’s formula, we obtain the integral form of the problem

which is equivalent to its differential form (3.1.5):
{ find (u,p) € Ugiy x Q, such that V¢ € Us,;, satisfies :

g
quOVu-ng—pfmo6—:0-¢+%f91u'¢—fgp (V-¢)+f39p(d>-u)=0,

(3.1.8)

where v, and v are outward normal vectors to the boundaries 92 and 052 respectively.
The equation (3.1.8) can be simplified by using the boundary conditions for the pressure

and the definition of the space UY,. Indeed, we have:

/p(V-d)) = 0, since V-¢=0.
Q

From the following facts:

o0 = TinUTeUM)U [Ty Ul Ul),
ffinUFautUMp (‘»b : V) = - frin Din 1+ fpout Pout ¢1,
friwurowul‘p (p-v) = 0, since ¢p- V|l UT Ul = 0,

we can deduce that

/mp(qﬁ-u) = —/Fmpm ¢1+/rmpm¢1_

Finally, from the following facts:

( frin Byug 1 =0, since ug, =0,

frin Oiug ¢ =0, since ¢o), =0,

frou-¢  =0,since ¢ =0,

[502ur ¢1 =0, since ¢y, =0,

[0 ¢ = [5g'(21) ¢, since uy; = g(21),

Jr, 0w = [ (Oiur ¢+ Oruz ¢2) = Jr, (=0auz ¢1 + O1uz ¢2),

frout ou-¢ = fpm(81u1 ¢1 + Or1ug ¢2) = fr‘out(_aQU'Q ¢1 + O1uz ¢2),
 [zOou @ = [(Bour ¢1 4 Oaus ¢2) = [ (Oour ¢1 — Orus @)

we can deduce that:

Ju ,
¢ = —/29(371)%-

800 vy
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Remark 3.1.3 The expression O1uyr,, ur,,,us = —0OaUs that we use in (8.1.12) follows
from the equation V - u = 0 and the condition wg,r € (C(Q \ T))? in the definition
of the velocity space U in (2.2.4).

After substitution of the values of the integrals (3.1.9), (3.1.11) and (3.1.13) into the
integral form (3.1.8) of the problem we have the final integral form of our problem,
where the pressure unknown p is not involved:

findu € Uy, such that Vo € UY,, satisfies :

P (3.1.14)
'U’fﬂo Vu-V¢+ ‘I‘(‘fﬂl u-¢= frin Din $1 — fraut Pout $1 — f}: gl(xl) 2.

The left hand side of (3.1.14) is a bilinear form of u, ¢ and the right hand side is a
linear functional of ¢ which are both continuous in the norm || ||ye  of the space Uy,

( see (3.1.7) ). Since UY;, is dense in UY,, and Uy, is dense in Ug;y then the problem
(3.1.14) can have a weaker form. This weaker form is called the weak formulation of the
problem (3.1.5) and looks as follows:

findu € Uy, such that Vo € UY;, satis fies

b (3.1.15)
MfQO Vu-Vo+ Efﬂl u-¢= fpm Din @1 — fpout Pout $1 — fg gl(xl) 2.

Remark 3.1.4 The continuity of the left and right hand sides in (3.1.14) in the norm
|| |[ue,  which is defined in (3.1.7) can be proved in the same way as we do it later in
the proof of continuity of the bilinear form (8.2.5) and the functional (3.2.6).

We simplified our problem by eliminating the pressure, but we cannot apply the Lax-
Milgram Lemma directly to (3.1.15) yet, since the solution and the test functions do
not belong to the same space. So, we need some transform of the unknown u such that
the solution of the modified problem belongs to the space UY;,.

3.2 Transformation to the equivalent problem

Let us transform our problem (3.1.15) with the unknown u € Uy, to the equivalent
problem with the unknown v € UY,,, so that both the unknown v and the test functions
¢ belong to the space UY;,. In order to do this we need to apply the following transform:

u = v+u, veUY,, uu €Uy (3.2.1)

14



where the vector function ug € Uyg;y is some extension of the vector function h = (hy, hs)
which is defined on the boundaries 992y and 02; as follows:

(h = 0, on T,
hy = aw(xs,—H), hy = 0, on T,

) hy = Buw(ze,—H), ha = 0, on  Tout, (522)
hy = g(z1), hy = vyw(z,l), on I,
hy = 0, on Ty UTe,

L B2 = um, on M,

where w(z,y) = z2(z — ¥)?, , B, v are some constants which will be defined below.

In [5] Ladyzhenskaya, Chapter 1, Problem 2.1, it was shown that if a domain D is simply
connected then for any vector function g defined on &D such that [ ap &V =0, there
exists a vector function w defined in D, such that w = g on 8D and V-w = 0 in
D. Applying this result to the vector function h defined in (3.2.2) we obtain a vector
function u, defined in the whole domain Q2 such that us = h on 9Q2,U02; and V-us =0
in Qo U Ql.

The actual values for constants «, 3, v in (3.2.2) can be found from the compatibility
conditions [y, h-v =0 and Joo, v =0

v o= BT Sy tms (3.2.3)
o = |Pin|_1(ﬁ|1—‘0ut| +7|2|)’
where § is arbitrary and [Z| = [; w(z1,1), [Tin| =[5, w(@e, —H), [Tou| = I, w(@z, —H).

Remark 3.2.1 We have just proved that Ugsy is not empty if u, € L*(M).

After the transformation we have an equivalent problem:

find v € UY,, such that V¢ € UY,;, satisfies :

1 S VY-V + —anl Vo =—pfy V- Ve - %fﬂl u, - ot (3.24)
Jo, Pin &1 = o Pow ¢1 = [5 9'(21) o
Let us define the bilinear form a(v, @) and the functional I(¢) on Ugiy, UY;, follows:

a(v,) = A Vv - Vd>+ 7

)= - /QOVus Vcb——/ﬂlus-

+ /mpm-qsl—/routpm ¢1—/2g’(3;1) bo. (3.2.6)

15
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V-ellipticity for a(v, ¢) follows from the definition of the norm (3.1.7):

av,v) =p [ [VvP+ 2 [ VP2 C vy,
Qp (821

Continuity of a(v, @) follows from the Holder inequality:
W
a(v, @) < b S, VY1V + 2 fo, V] 9

L
< IVl [Vl + eV lza g, 19llzn,
¢ HVHU;)W Hd’HUgw-

Continuity of [(¢) follows by applying the Hélder inequality:

IA

U < 1 foy IVl [V + 2 fo, el 18]+ [, Ipinl 1651+

Jrus [Poutl 61] + [5 19" (1)] |2
< Hvu5||L2(QO) HV¢||L2(QO)+

7
_I_{—HUSHLZ(QI) quHLz(nl) + HpinHLz(pm) i|¢1|’L2(rm)+

HpOUtHLz(rom) H¢1HL2([~ + Hg’“Lz(E) H¢2“L2(z)‘

out)

We can apply trace inequalities on [';,, [gyy, 2

H¢1||L2(rm) < Crin||v¢1”l/2(no)’

lillsr,, < CrollVenllmsgy:

H¢2HL2(E) < CE||V¢2HL2(QO)'
Substitute (3.2.10) into (3.2.9) and obtain:

L
|l(¢)| < ||vuSHL2(QO) I|V¢HL2(QO) + EHUSHLQ(nl) ||¢HL2(91) +

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

CrianinHLz(rin) ‘|V¢1HL2(QO) + CruuthOutHLz(rout) HVQS1||L2(QO) +

Cellgllr2y [1V2llLz - (3.2.11)
Finally from the definition of the norm || - [|yg_, it follows the continuity of I(¢):
()] < Cllglluo,, (3.2.12)
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where C = /2 maz(||Vus||rzq , + CrillPinllr2, , +

L
Cf‘out||p0Ut|]L2(r + CEHgI‘ |L2(z) 3 EHUS‘ ‘Lz(nl))'

out)

Now existence and uniqueness of the solution v can be obtained by applying Lax-
Milgram Lemma to the problem:

Findv € US| such that a(v, ¢) = l(¢), Ve € UY,. (3.2.13)

So we have proved that our problem (3.1.14) has the unique solution u = v +us, where
v is the unique solution of the problem (3.2.13).

Remark 3.2.2 We can reduce our requirements for the funclions U, Din, Pout 6S fol-
lO’LUS.‘ Um € Ll (M) s Din € L2(Fm): Pout € LQ(Fout)'

Remark 3.2.3 The pressure solution was ezxcluded from the consideration by the choice

of the functional space UY,, and we did not prove its existence.

Remark 3.2.4 If we use interface conditions (2.2.7) with the regular Saffman’s condi-
tion instead of the reduced one that we used in our prove, then we obtain the following
bilinear form:

a(u,(;b) :/,L/Q VUV¢+% 0 11(]5—‘/2;(5 U1 (]51 +(91U1 ¢2) (3214)

In order to use the the Laz-Milgram lemma in the proof of existence we need V-ellipticity
of this bilinear form. Unfortunately we did not obtain this result.
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4

Computational method

The weak form (3.1.14) of the problem that is obtained in Chapter 3 is not convenient
for numerical implementation since it involves the divergence free space UY, in (3.1.4),
which is expensive to be constructed. In order to avoid this difficulty we use a mixed
weak form of the problem such that in Q4 our solution is (u,p), but in §2; it is only p.
The velocities in ; are completely determined by the Darcy equation. Therefore, by
excluding unknown velocities in {2y we significantly reduce overall computations.

4.1 Weak formulation of the problem

Applying the divergence operator to the Darcy equation in the domain €2; we obtain
the Laplace equation for the pressure and eliminate the velocity. Now we use only the
Stokes equation and the mass conservation equation in {2y and the Laplace equation for
the pressure in €;. Later we can easily restore the velocity in €; by using the Darcy
equation. Like in the existence proof, let us combine equations (2.2.2)-(2.2.3) into the
system which is equivalent to the original one in the whole domain 2 = 2, U 2; U X:

—(V : 11) ]].QO - Ap ]1Q1 = 0, (4 1 1)
(—pAu + Vp) 1g, = 0, o
with boundary conditions (2.2.5) and interface conditions (2.2.7) for the case when pjn,
Douts Pm, S are given constants. The velocity space here includes restrictions on §2y of
vector functions belonging to U ( see (2.2.4) ). The pressure space P here is the same
space as it is in (2.2.4). Using boundary conditions (2.2.5) we construct functional sets
and spaces with boundary conditions integrated and their closures, in larger Hilbert
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spaces, which are necessary for the weak formulation of the problem (4.1.1):

( Vo = {¢0=(41,02) | Iucl, ¢ =up,, dr =0, S, urpn = 0},
Q = {¢€P|qry = Pins Ulos = Pouts Gitrr = P

Q = {¢€P| qri,urowum = 0},

V, = VY, lart@on

0 = olMmeytine,

(4.1.2)

k Q[) — _Q_OH"‘Hl(QO)‘*'H'HHl(Ql).

Following the standard procedure for obtaining weak formulations, let us multiply both
sides of each equation in (4.1.1) by appropriate test functions from V, and Q,. We
multiply the first equation by an arbitrary function ¢ € Qy. We multiply the second
equation which is in a vector form, having two components for the velocity u = (5;), by

vector functions in the form (%), ((;2) € V,. Finally, applying the Green’s formula to
the divergence term and the Laplace operator term we obtain an integral form which is

equivalent to the problem (4.1.1):

find (u,p) € Vo x Q such that V¢ = (ﬁi) € Vo,V € Qq the following equations are
satisfied:

( ap
fgou-w—fago(u-w) 1/)+fQIVP'V1/)—f3915Z¢ = 0,
aul
N Ao, Ve Vér — i fo, ov, ¢1+ fo, 010 1 = 0, (4.1.3)
ou
Sy V2 Vb2 = 1t foa, 5= b2+ fo, Oap 92 = o.
\

In order to apply interface conditions let us separate the integrals over the interface ¥
from the other integrals in (4.1.3):

( Op

oy

Jo, VP - VY + fno u- Vi - fano\z(u “vo) Y - fanl\z Y-

0
fz(u-uow—fza—j’lw -0

$ 5 5 (4.1.4)
U1 U1
Joo 0P b1+ 1 Jo, Vi - Vo1 — 1 f50.\5 PN ¢ — 1 fs 9 ¢ = 0,

BuQ

6u2
\ fQO 02D P2 +,Uf90 Vug - Vg — ﬂfago\g 51/—0 ¢ — ,Ufg 5_1/_(; ¢ = 0,
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where vy and v, are outward normal vectors to the boundaries 8¢y and 0, respectively.

Using the interface conditions (2.2.7) and the mass conservation equation in €2, which
gives O1u; = —Oauy, we can modify all terms in (4.1.4) involving normal derivatives on
¥ as follows:

(
0
Js 5_51 o= %fz Uy P in the first equation,
6’11,1 . -
J v, ¢ = _sz u; ¢1  in the second equation, (4.1.5)
3u2 ' - .
' fE va ¢ =— fg O1u1 ¢o  in the third equation.
\ Vg

In order to apply the boundary conditions (2.2.5) we consider all the integrals on the
boundaries 80 \ ¥ and 99 \ ¥ in (4.1.4):

)
fanl\z % (s == fr,-w Oip ¥ + frow op Y+ fM Oap b,
fano\z(u )Y = fr,-n u Y+ frm up Y — frue b,
< Bu, (4.1.6)
Nfano\z o, ¢ = —p frin duy ¢1+ 1 fraut Biur ¢ — p [ Boun @1,
Ous
\ Mfano\g e ¢ = —p fr‘in Oruz @2 + :“frm Brug o — 1 [ Oouz Po.
Some of the terms in (4.1.6) will be zero and the others can be modified:
(e, ¥ = Jr,u ¥=0, since  Yr,ure,: = 0,
fl“m ou, ¢ = — fl“m Oug 1 =0, since wugr, =0,
fl“m O1us o = frm O1uy ¢ = 0, since  Par,,ur,.: = 0,
frm OuL ¢ = — fl“m doug ¢1 =0, since uyr,,, =0,
T S oy = [ &ip ¢ =0, since AP, ur,, = 0 (4.1.7)
fr Oy @1 = 0, since ¢1|F =0,
Jruz ¥ = 0, since  Up, =0,
fpOuo 42 = 0, since  ¢ar =0,
l [, Oep ¥ = 0, since ), = 0.
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Let us substitute (4.1.6) and (4.1.7) into (4.1.4) and since Vg, Q, Qo are dense in
Vo, Q, Qo, respectively we obtain the final weak form of the problem (4.1.1):

find (u,p) € Vo x @ such that ‘v’((ié),w) € V; x Qo the following equations are
satisfied:

( fQIVp‘V¢+fQOU‘V¢“(14-%”2“2¢ = 0,

< fQo Op 1 + /“‘fno Vuy - Ve + pS fE ur 1 = 0, (4.1.8)

( Jo, 020 o+ fo, Vo - Vo + [ 01ur 62 = 0.

Remark 4.1.1 Since YV, is dense in Vy, Q is dense in Q and Qq is dense in Qg and
the left hand sides in (4.1.8) are sums of continuous bilinear forms, then the equations
in (4.1.8) make sense for (u,p) € Vo x Q, Vo = (:’;i) € Vg and Yy € Q. Vy is the
space of the velocity and velocity test functions. Qo ts the space of the pressure test
functions.

From this point we assume existence and uniqueness of the solution (u,p) of the problem
in a weak form (4.1.8).

4.2 Finite elements

For computations in {2y we have chosen the MINI element (see [1]): a triangle with
three nodes on vertices and one node in the center as shown on Figure 4.1.

Figure 4.1: The standard MINI element

Basis functions which correspond to vertex nodes are linear and those which correspond
to center nodes are cubics. For example, if @1, @2, @3 are basis piecewise linear functions
which correspond to vertex nodes of some triangle, then the basis function which cor-
responds to the center node is the function 27 ¢; @2 ¢3. For computations in 2; the P,
element was chosen: triangle with three nodes on vertices.

It was proved in [1] D.Arnold, F.Brezzi, M.Fortin, that the MINI element as a
velocity-pressure finite element gives a stable approximation for the Stokes problem when
the pressure is linear and the velocities contain cubic functions in its approximations.

21



In our case we have two coupled domains and the finite element space is complicated
by the boundary and interface conditions. This stability result is not valid in our case.
Up to this moment we can say that only numerical experiments show that our method
is stable.

4.3 Finite element approximation

Let us introduce velocity and pressure finite element spaces V, and Q:

Xy = {vn€C%Q): vy, € Pg, VK€ Th}, (4.3.1)
Xy = {vn€C%() :vpyy € P} U {v; vy v3},VK € Tp}, (4.3.2)
Vi = VN (), (4.3.3)
Qn = QN (4.3.4)

where 7}, is an appropriate triangulation of the domain  and Py is the space of poly-
nomials of the first order in K; v; € P} are the basis functions of Pg.

Definition 4.3.1 If A C Q then the notation [A] means the set of all the nodes that
belong to A.

Let 1; and ¢, be basis functions of the finite dimensional spaces X, and X} respectively.
We look for an approximate solution of the problem (4.1.8) in the form:

bh = Z pj % + Z D Y = Dn+Dh (4.3.5)
FE[O\Tin UT 60t UM)] FE[TinUT out UM
Urh = Z U1,j ¢j + Z U1, ¢j = al,h + U p (4.3.6)
JE[O\T] JE[T]
U2 p = Z Uz, j Qsj + Z '1712’_7' ¢j = ﬂg,h + ’Ulglh (437)
je[ﬁ\(r‘inUroutUF)] jE[FinUFoutUF]

- Pjs U1,4, Up,; are unknown values of the solution in the node j;
- Pj, U4, Ug,; are given boundary values of the solution in the node j;
- pp € X and uyp, Ugp € Xpp;
A u .
- Pr € Qp and (U;Z) € Vi;
- in our case %y, = 0 and @y = 0.
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Remark 4.3.2 We write here ¢; instead of ¢1,; and ¢, because velocities uy,us belong
to the same space finite element space Xpp.

Since X, C Xj,p then we can write uyp, ugp in (4.3.5)-(4.3.7) using linear basis
functions 1; corresponding to vertex nodes and cubic basis functions ¢; corresponding
to center nodes:

(Ph = DjcuyPi Vi

ULk = D ieoffio] Yli Vit D jecio) Y Piv
Ush = Djeofio) Y2 Vi + Djecin) Y2 Pis 438)
T pi = Pj,forj€LinUTouUM],

Ur; = O,fOTjE[F],

\ U2; = 0 7f0'rj€ [FinUFoutUF]a
where v[A] and c[A] are collections of nodes corresponding to the vertices and centers
of the triangles contained in the set A C 2, respectively.
4.4 Discrete variational problem

Let us write equations (4.1.8) distinguishing the cases i € [%], 4 € [(L\X], ¢ € [\ Z].
Inside each equation we separate unknowns in the order: p,u;, us. This order and struc-

ture of equations will help us to understand the structure of the matrix which we use
later in our iterative method.

i € [Z]:
((Jo Vo~ 955+ (Joy w1 B193)+
(fno ug Ooth; — (1 + %) J5 u2 ?,bi) = 0,

< (Jow 010 60)+ (1 fo, Vs - Vo4 S fyur 6) = 0. (4.4.1)
| (Jo @0 8)+ (1 o001 6:)+ (1 o, Vi - V8:) = 0.

i€ [0\ )
{ (o ve-ve) =0 (4.4.2)
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i€ [\
¢ (fgo Uy 31¢i) + (fﬂo Us 87(/4) = 0,
(fgo Oip ¢i) + (M Jog Vi1 - v¢i) _—

| (fﬂo@?p ¢i) - </‘fno V“?'V¢i) = 0.

N

(4.4.3)

We obtain a linear system by substituting the representation (4.3.8) of an approxi-
mate solution into (4.4.1)-(4.4.3). Also we should remember that the equations (4.4.1)
involve only linear test functions, but equations (4.4.2) and (4.4.3) involve both linear

and cubic test functions.
ie[Z]:

(3 jcuongo) Pi bist
Y icuito] \Pi bij U cij +uzy (dij + aez‘j)) + 2 jcclfo) (ul,j Cij + uz,j dij) =0,

< _ _
2 jeslf] (Pj ctj +u; (naij + pSei;) + ua,j 0) + 2 jeelf0] (Ul,j Hasj + Uz, 0) =0,
L ZjEv[Qo] (p,' dﬁj + UL, B8y + u2,; lmij) + Ejec[s‘zo] (ul,,- 0+ us,; ,ua,-j) =0.
i€ v[Q\ X):

{ 5 scofona) 23 Vi + Sieupno) (P 0+ urg 0+ uay 0)+ Zjectan (w5 0+ w2 0)=0.
i € v[Q \ X:
Zjev[s'zo] (pj 04 w1 cij + ua,j dij) + Zjec[s'zo] (ul,j Cij + Uz j Jij) =0,
> jeult] (pj cfj +u1j paij +us,; 0) + Yjeclfio] (“Li paij + Uz, O) =0
> jeu(e] (pj di +ur; 0+ ug /Jai]‘) + el (m,j 0+ ug uaij) =0.
i€ el \ T:
ol (pj &, +uyj pal; +ua, 0)+ 5 eelfia (Ul,j plij + ua,j 0) =0,
> jev[So] (pj ij +u1,; 04 usj u&ﬁj) + 2o (UI,j 0+ uaj Naij) =0,

where the coefficients of the linear system are as follows:
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(

U

= —-(1 + ?),
€ij = fz 'l;bj 7/11',

gij = [5 0105 ¥,

cij = [o, Vi O1¥i ct = Jo, 015 iy
&ij = Jo, i O & = fo, 0195 ¥is
dij = fo, 05 O, df = [o, 0¥ i,
dij = [o, 0 0ot di; = [o, 0205 i,
ai; = Jo, Vi - Vi, @ = [o, Vi - Ve,
[ @5 = fo, Vo5 - Vi, iy = [, Vi - Vi

(4.4.8)

In order to complete our matrix linear system we need to add equations for the

boundary conditions:
pj = ﬁj 7f0Tj€[FinUF0utUM]
U,; = 0 ,fOT' ] € [F]

ugj = 0,forj€ [TipUTg UT]

Now, let us define a super vector of unknowns U = (Uj) -
_ j€
- for j € v[]:

p;
Us =]
Ug,j
- for j € c[Qy]:

U1,5
U; =
Uz, 5
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- for j € v[ \ Z):
U;=(p) (4.4.12)

In the same way we define the super vector b = (bj) _containing the right hand
jef

side of the linear system (4.4.4)-(4.4.7) and boundary conditions (4.4.9). So, our linear
system has its final form: »

A-U=b (4.4.13)

4.5 Structure of the matrix

The matrix of the linear system (4.4.4)-(4.4.7) can be represented as A = (Ayj); jefqs
where each of the elements A;; is sub-matrix of dimension 1x1, 1x2, 1x3, 2x1,3x1, 2x2,
2x3, 3x2, 3x3 with the coeflicients which were defined in (4.4.8)

Let us write all possible kinds of sub-matrices for different i and j:

- for 4,5 € [3]:
bi; Cij dij + @ €5
A= ¢t paij + pS ey 0 (4.5.1)
df; 149ij pai;
- for 4,5 € v[Qq \
ij
w pai; 0 (4.5.2)
pai;

- for i € v[Q \ X, ]ECQO\Z]
cz] z

Uaij (4.5.3)

Ma'z]

-forie [\ X, 5 € v[Q \ Z]:

N ¢; pay; 0
A= . y (4.5.4)
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- for 4,5 € [ \ Z):

pai; 0
0 pag;
- for 4,5 € v[( \ =
Aij=(by) (4.5.6)

- for i € v[ \ X, 5 € v[Q]:

Aj=(b; 00) (4.5.7)

- for i € v[Q \ 3], 7 € c[Q]:

A;=(00) (4.5.8)

-fori e ’U[Qo],j € U[Ql \ E]
bij
A;=| 0 (4.5.9)

0
A= ( ) (4.5.10)
0

Remark 4.5.1 A matriz of the resulting linear system (4.4.4)-(4.4.7) is sparse banded
but it is just one way to assemble the matriz. If in the weak form (4.1.8) we consider
each equation on the whole domain independently of the others then we obtain a linear
system as follows:

B Ct D'+ a E p Po
C uM+SE) 0 uy | =1 0 |, (4.5.11)
D v G uM Uz 0
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where the constants 1 and S are the same as in (2.2.3) and (2.2.7); the constant o
is defined in (4.4.8); the vector po contains the boundary conditions imposed on the

pressure in (4.4.9); the submatrices M, B, C,D,E, G are defined as follows:

(M = ([o, Vi Véi),
B = ( le Vi - Vi )a

< C = ( [o, 0% i),
D = ( fQO 02 i ),
E = ([s¥i i)

{ G = ([01%; ¥ )

The system (4.5.11) can be written in the following form.:

(E5)()-(3)

where
(B = B,
_ uM-i—SE 0
M _< MM)
4
¢ = (p)
LCéz Ct D”+ozE)

(4.5.12)

(4.5.13)

(4.5.14)

The matrices M and B are invertible since they are positive definite and symmetric.
We can ezpress the pressure trough the velocity and obtain the following linear system:

p = Blpy—B'Cu
(CB'Ct—M)u = C.B" po

(4.5.15)

If the matriz (C B~ C,— M ) is invertible then the linear system (4.5.11) has a unique

solution.
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4.6 Restoration of the velocities in the GDL

The finite element approximation (4.3.8) which we obtained is a restriction of the
approximation (4.3.5)-(4.3.7) that we look for. The only thing left is to find the values
of u1; and uy; for 5 € [\ Q).

. K
Let us take a weak form of the Darcy equation u = —— Vp in the domain €;:
L

K
Jo,m = s le Op ¢,
Vi € Q. (4.6.1)

K
le Ug Tﬁ = _—/; le 82]7 wa

If we substitute the approximation (4.3.5)-(4.3.7) into the weak form (4.6.1) we obtain
two independent liner systems:

Do wgm= Y By, (4.6.2)

JEN)] TEINQ]
Z Ug,j Mij = Z Pj Sijs (4.6.3)
FE[2\Q0) FE[O\Q0]

where i € [\ Qq), p; are already known Vj € [Q] and m;;, 7j, s;; are defined by:

( mi; = le wj ¢i,
K
) Tij = _; fnl Ny ¥, Vi, j € [Q \ Qo]- (4.6.4)
K
{ Si; = —71" fQ1 aﬂbj Zbi,

Let us extend the linear systems (4.6.2)-(4.6.3) and define coefficients m;; for 4, j € [Q)

and right hand sides b, ; b ; for i € [Q] :

( m;; = 1, 1€ [Qo],
my; = 0, 1 ;éj € [Qo],
biy = U, i € [Q),
J o (4.6.5)
b?,i - ﬂ?,ia (S [QOL
bui = Yjeinao)Pi Tiir 1€ [\ ),
[ b2 = Djeman Pi si 1€ [\ Q.



We obtain two linear systems which can easily be solved since matrix M = (m;) is
symmetric positive definite and therefore invertible:

M-u1 = bl, (466)
M-u; = b, o

Remark 4.6.1 We can restore velocities uy,us without extending the linear systems
(4.6.2)-(4.6.3). In order to do this we define some bijective map o : {1,..., L} = [Q\ ],
where L is the number of elements in [Q\ Qo). The map o transforms the linear systems
(4.6.2)-(4.6.3) as follows:

Zul o) Mo()o(s) = ZPU(J Ta(i)o(5) (467)

t~

Z U2,0(5) Mo(i)o( Z Pa(4) So(i)o(s)s (468)

where i = 1,..., L. Solving systems (4.6. 7)-(4.6.8) we obtain velocities uy; and uy; for
7 €[Q\ ).
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4.7 Precision criterion

A criterion of how precise is our numerical solution is related to satisfaction of the
mass conservation equation in the domain €y and the whole domain Q = Q, UX U Q.
Integrating the equation V -u = 0 over domains 2, and £ we obtain integral conditions
(4.7.1) that can be considered as a precision criterion that we call the mass conservation
precision criterion.

{faaou'uﬂ = _frin“1+fraut“1+fzu2 = 0,

Joqu-v = ~ o wm+ i wm+ flus = 0.
After obtaining the numerical solution we can compute values of integrals in (4.7.1) and
decide how precisely our solution satisfies the mass conservation equation. In order to

do this we substitute the approximation (4.3.5)-(4.3.7) of u1, u into (4.7.1) and obtain
the mass conservation precision criterion in a discrete form:

Bayi= fupyuneve == 3wy [ v+ ¥ wy [ we
Fin ]E[F ] Fout

(4.7.1)

Z UQ,]'LQPJ‘, (4.7.2)

J€[Tin] j out JG[E]
Eq = [fpoun-v =-— Y uu/ EEDY U1,j/ bt D uz,j/ ¥y, (4.7.3)
GE€Tn] Tin €T ous] Toue je[M] M

where coefficients u ;, up ; are already known. Values Eq, and Eq represent error on
the mass conservation in domains 2y and §2.

The maximum norm of the residual is used as a precision criterion of the iterative
method for solving the resulting linear system. The precision criterion of the iterative
method and the mass conservation precision criterion are connected to each other. The
mass conservation precision criterion can be considered as a measure of precision of
the numerical solution globally on the whole domain. The iterative method precision
criterion contains a local form of the mass conservation precision criterion on each finite
element.
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4.8 Iterative Gauss-Seidel overlapping block method

Here we present the iterative Gauss-Seidel overlapping block method (see [9]) for
solving the linear system (4.4.13). This iterative method efficiently uses block diagonal
structure of the matrix and gives results with the same precision and much faster than
the direct Gaussian Elimination method. It works for large matrices when the direct
method does not work because of PC memory shortage. This approach is applied to the
3D Hydrogen Fuel Cell Problem, see [7] A.Novruzi, K.Promislow, B.Wetton.

In our implementation of the iterative Gauss-Seidel overlapping block method we
use the ”separated” and the ”direct” numbering of nodes. In the "separated” one we
number nodes first in the channel and next in the GDL as it is shown on the first
picture on Figure 4.2. In the ”direct” numbering we start from the left bottom corner
of the channel and keep numbering nodes in the vertical direction up to the membrane
in the GDL, as it is shown on the second picture on Figure 4.2. Nodes numbering
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Figure 4.2: The ”separated” numbering and the ”direct” numbering of nodes.

determines an overlapping blocks structure of the domain. Matrices which are obtained
from the meshes with the "separated” and the ”direct” numbering of nodes also have
an overlapping blocks structure.

Domain blocks for the "separated” numbering of nodes n N "
™, - | M -
m'l!". "5 ) N 20, '50. i.l, .
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Figure 4.3: An overlapping blocks structure of the mesh with the ”separated” numbering of nodes
and matrices obtained from this mesh.

A matrix obtained from the mesh with the "separated” numbering of nodes is shown
on the second picture on Figure 4.3. It has overlapping diagonal blocks with different
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sizes and some overlapping non-diagonal blocks. There exist a correspondence between
domain blocks on the first picture and matrix blocks on the second picture on Figure
4.3. Larger diagonal matrix blocks correspond to the domain blocks located in the
channel. Smaller diagonal matrix blocks correspond to the domain blocks located in the
GDL. Non-diagonal matrix blocks correspond to some nodes that belong to triangles
which are located in the GDL and have common nodes with the interface. Elements of
the non-diagonal matrix blocks contain information about coupling that is preferable
to have in diagonal matrix blocks. In order to avoid non-diagonal matrix blocks we
can consider larger diagonal matrix blocks (see the third picture on Figure 4.3). In this
case diagonal matrix blocks almost coincide with the whole matrix and have very large
overlapping area, that gives no reason to apply the iterative overlapping block method.
So, the ”separated” numbering of nodes is not adequate for solving the resulting linear
system by the iterative Gauss-Seidel overlapping block method. In order to avoid these
difficulties we need a mesh with the "direct” numbering of nodes.

Domain blocks for the "direct” numbering of nodes

T TR
1 ) s . w "5\'-"’5‘ -"'5\

7] "
100 !|. *h

120 ﬂa“\:.;'l“ ':‘%{ﬂ :'::‘:f‘s*‘\

a 20 40 &0 8¢ 100 120 140 160

Figure 4.4: Block structure of the mesh with the ”direct” numbering of nodes and a matrix obtained
from this mesh. (The case of elementary domain blocks.)

A domain with the ”direct” numbering of nodes has the natural division into vertical
strips with the same number of nodes in each of them (see the second picture on Figure
4.2). Each vertical strip has common nodes ( overlapping ) with its neighbor strips.
Those nodes belong to the right or left vertical sides of the strip. These vertical strips we
call elementary domain blocks. The number of elementary domain blocks is the number
of divisions Nq, 5, of the coupled domain along the axis z;. As it is seen on the second
picture on Figure 4.4, the ”direct” numbering gives a resulting matrix with overlapping
diagonal matrix blocks, each of them with the same size. Each elementary domain
block corresponds to a diagonal matrix block in the resulting matrix. These diagonal
matrix blocks are called elementary diagonal matrix blocks. So, the natural domain
block structure generated by the ”direct” numbering gives a possibility to apply the
iterative Gauss-Seidel overlapping block method for solving the resulting linear system.
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Diagonal matrix blocks
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Domain blocks

Figure 4.5: Domain blocks of the mesh with the ”direct” numbering of nodes and a matrix obtained
from this mesh.

Definition 4.8.1 A connected domain block (see Figure 4.5 ) composed of k elementary
domain blocks is called a domain block of an order k. A collection of domain blocks of
an order k which covers the coupled domain is called a covering of an order k.

The number N, (k) of nodes in a domain block of an order k is defined as follows:

Ty = Nqgz, + Na, e, + 1, ( is the number of vertex nodes along z, axis ),
Ne = 2 Nog,zas (is the number of center nodes along z, axis ),  (4.8.1)
Np(k) = ny(k+1)+n.k, Vk=1.Ngo,z,.

As it is seen on Figure 4.5, each domain block has some displacement relatively to a
previous domain block. Displacement is the number of those nodes of the previous
domain block which do not belong to the current domain block.

Here we consider coverings of the coupled domain by domain blocks with equal
displacements. For any fixed k the displacement d is not unique and defined as follows:

Nnodes,ﬂ - Nn (k)

€ N. (4.8.2)

d=1(ny, +n.), for I =1...k such that

As soon as we have chosen the displacement d we can define uniquely the covering of
the order k. The number N,(k,d) of domain blocks in the covering is given by:

Nnodes,ﬂ - Nn (k)

: (4.8.3)

Nb(k,d) = 1+

The covering of an order k£ = 1 consists of elementary domain blocks and their number
is Ny(1,d) = Nqyz,. In this case each block, except the first and the last ones, is
overlapped with neighbor domain blocks from the right and from the left along sides
containing only vertex nodes. The only displacement for this covering is d = n, + n,
nodes. In the case when k& = Ng, ,, we have the least possible number of domain blocks,
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that is just one domain block which coincides with the whole domain Q. In order to
create some covering of the domain with domain blocks which are different from the
above cases we need to fix the order k for the covering and choose one of the possible
displacements from (4.8.2) and then compute the number of domain blocks by (4.8.3).

In order to construct a correspondence between domain blocks and matrix blocks we
choose some covering of an order k, some displacement d satisfying (4.8.2) and define
the set B(k, m) containing the nodes belonging to a my, domain block as follows:

B(k,m) = {md,...,md+ Np(k) —1},where 0 <m < Ny(k,d) —1. (4.84)

Now we can construct matrix blocks B, ,, of the resulting matrix, the block right hand
side vector R, and the block vector of unknowns V', as follows:

B:;fm = A;;, where (i,7)€ B(k,n) x B(k,m),
Vi = U, where i€ B(k,n), (4.8.5)
R: = b, where i€ Bk,n),

where 0 < n,m < Ny(k,d)—1 and A, U, b are defined in (4.4.10)-(4.4.12) and (4.4.13).
The next step in our construction is to make matrix blocks, lying in the same block
row n, be "non-overlapping” in the following way:

By =0, V(ij) € B(k,n) x (B(k,m — 1) N B(k,m)), (4.8.6)
where 0 <n <m < Ny(k,d) — 1, h
where 0 <m < n < Ny(k,d) — 1, -

Remark 4.8.2 This modification of matriz blocks is made to avoid repetition in the
iterative Gauss-Seidel scheme( see (4.8.8) ).

Now we can apply the iterative Gauss-Seidel overlapping block method to the block
linear system BV = R obtained in (4.8.5). The general scheme for the iterative method
is:

BonVY =Ry~ > BpmVY - ) BonVE™Y, for 0<n,m< Ny(k,d) — 1. (4.8.8)

m<n m>n

We can significantly reduce overall computations by choosing the displacement d such

Ny (k)
that d >

that m <n —1 and m > n + 1. It means that in each n-th row of the block matrix B
we have three non-zero matrix blocks Bp,_1, By, and By pyq for 0 < n < Ny(k,d) —1
and just two non-zero blocks for n = 0 and n = Ny(k,d) — 1 (see Figure 4.6).

. In this case blocks B, ,, contain only zero elements for Vm,n such
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Figure 4.6: A resulting matrix with no more then three non-zero matrix blocks in each row.

Taking in account this observation we have modification of the iterative scheme (4.8.8)
in the form:

Bn,nvg) =R, — Bn,n—}-lvg_;ll)a fOT n=0,
BonVO =R, - Bpp VO = BonVED, for 0<n< Ny(k,d) -1, (4.8.9)
BunVO =R, - B,,, VI, for n=Ny(k,d)—1.

For the initial approximation V(©® we have many choices. The simplest is V(no) = 0.
We also can take the Poiseuille solution computed in the channel and extended it to
the GDL or a multigrid approximation. The multigrid approximation can be obtained
by assembling the resulting linear system on a coarse mesh, then solving it by the
direct Gaussian Elimination method and then projecting the solution to a fine mesh.
In the first iteration [ = 1 we apply LUP decomposition for diagonal blocks B, , and
backstep substitution for solving the linear systems in (4.8.8). We store obtained LUP
decompositions of the diagonal blocks B,, , and pivot vectors. For solving linear systems
(4.8.8) on other iterations we apply only the backstep substitution method. In all our
numerical experiments overlapping diagonal blocks By, for 0 < n < N,(k,d) — 1 are
non-singular. Iterative schemes (4.8.8) and (4.8.9) converge and give precision of the
same order as the direct method. Our computations in Section 5.6.5 show that the
iterative scheme (4.8.9) gives results faster than the direct method and with the same
precision.

Now we present the algorithm for the LUP decomposition with scaling which is very
important for precision and convergence of the iterative schemes (4.8.8) and (4.8.9).
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The LUP decomposition algorithm with scaling

N « size(M[N][N])
idz[N] + 0
scale[N] + 0
jPivot « 0
scaleMaz + (
ratiomaz « 0
ratio «+ 0
for i+~ Q0to N —1
scaleMaz + 0
for j«<0toN -1
if(scaleMaz < ABS(M[i][5])
scaleMazx < ABS(M[i][5])
scale[i] « scaleM azx
for k< 0to N -1
ratiomaz < 0
JjPivot + k
for i< ktoN—1
ABS(M[i)[k])
* scalelidali]]
if ratio > ratiomazx

ratio +

ratiomaz + ratio
jPivot 1
if ratiomaz =0
The matrix is singular!
STOP
if k # jPivot
idz[j Pivot] ¢ idz[k]
for i+ 0to N -1
MIk)[i] ¢ M[jPivot][i]
for i+ k+1toN—-1
: M{i][]
MIi][k] « M
for j«k+1toN-1
M)« MIi)li] - MK MIE])

RETURN M|[N][N],idz[N]
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5

Numerical results

5.1 Choice of the mesh

In numerical computations we experimented with two different mesh patterns: the
" center oriented” mesh with diagonals of rectangles which are oriented to the center of
the domain and the ”symmetric” mesh, as it is seen on the Figure 5.1. The choice was
made in favor of "symmetric” mesh because the numerical solution for the Poiseuille
flow in the channel obtained on the "symmetric” mesh gives the normal velocity us of
order 1071, but the ”center oriented mesh” gives the normal velocity u, of order 1073
(see the results in Section 5.6).

Figure 5.1: The ”center oriented” mesh and the ”symmetric” mesh.
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5.2 Parameters for numerical results

Parameters that will be used in numerical results for the model and real domains
are presented in Table 5.1.

Parameters | Description

I,h,H dimensions of the domain, (page 7)
i viscosity coefficient, (page 8)
K Darcy Law coefficient, (page 8)
S Safman’s condition coefficient, (page 9)
o, B balancing coefficients, (page 49)
Din pressure given on T, (page 9)
Pout pressure given on Iy, (page 9)
Pm pressure given on M, (page 9)
N,z the number of divisions along axis z; of g
Noy 2, the number of divisions along axis za of {lg
Nq, 2, the number of divisions along axis 2 of
ext,z1 the number of divisions along axis z; of extensions of g
Loyt the length of each extension of {3y
€1 the power of mesh adaptation along z;, (page 51)
€ the power of mesh adaptation along x> or along z; in the opposite direction, (page 51)
Nago the total number of triangles
Npodes,Q the number of nodes in )
Dimtatriz the dimension of the matrix
Niiocks the number of domain blocks, (page 34)

Nblock,nodes
Ndispl,nodes

the number of nodes in a domain block, (page 34)
the displacement, (page 34)

Niterations the number of iterations of the iterative method, (page 36)

Timegs time to solve the linear system with the iterative Gauss-Seidel overlapped block method
Timegr time to solve the linear system with direct Gauss Elimination method

Resgs the residual obtained by the iterative Gauss-Seidel overlapped block method

Resgr the residual obtained by the direct Gauss Elimination method

u1ir,, total flux on I';,

u1ir,,, total flux on I'yy;

Uoy total flux on ¥

Ug pr total flux on M

Table 5.1: Parameters of numerical results.
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5.3 Solution for a model domain

Here we consider a model domain with aspect ratio 1. The reason of these computa-
tions is to show the precision of the method for non-singular data, the fluid flow in the
whole domain and behavior of the solution in the boundary-interface contact points.

5.3.1 Solution for the model domain with constant pressure on
the membrane

In Table 5.2 are presented numerical results for the model problem for the case when
the domain €y has no extensions (I)-(IV) (see Figure 2.2) and for the domain 2, with
extensions (V)-(VI) (see Figure 2.3). For our computations here we take the sizes (2.2.1)
of the domain as follows: H =1, h=1,1=2.

Domains with no extensions Domains with extensions
Parameters I (I1) (111) (IvV) (V) (VD)
u K, S 1 1 1 1 1 1
Pin 100 100 100 100 100 100
Pout 0 0 0 0 0 0
Prm 10 10 10 10 10 10
Nog.o, 10 20 30 40 14 40
Nog 22 10 20 30 28 14 24
No, 2 10 10 20 20 14 18
Nezt,m - - - - 2 2
Loyt - - . - 0.5 0.2
Nrodes,2 431 1451 3381 4249 999 4267
Nag 400 1200 3000 3840 896 3744
Dim atairiz 873 3133 7103 8867 | 2073 9021
urr,, 12.9060 14.3568 15.0027 15.2281 | 7.1628 10.5796
wr,,, 3.0608 3.4571  3.6387  3.7068 | 1.2059 1.9983
Ugy 0.8846 10.9526 11.4072 11.5634 | 5.9683 8.5945
Uz 0.8772 10.9545 11.4100 11.5811 | 5.9049 8.5976
Jog, tn - o 0.0394  0.0529 0.0432  0.0420 | 0.0114 0.0132
Jpqun - v 0.0320 0.0548  0.0460  0.0598 | -0.0518 0.0163
—f@%—'@ 0.0039  0.0047 0.0037 0.0036 | 0.0018 0.0015

M
—ff%ﬂ 0.0032  0.0050 0.0040  0.0050 | -0.0086 0.0018
M

Table 5.2: Numerical results for the model domain. Condition numbers of all resulting matrices are
of order 10+%4,
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Vector field and stream lines of the fluid flow for the model problem for the domain with
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The numerical results presented in Table 5.2 are made in order to understand behav-
ior of the solution in the whole domain and in the inlet-interface and the outlet-interface
contact points. For this purpose we make computations for the domain with no exten-
sions and for the domain with extensions. The numerical results show that the problem
with no extensions on Figure 5.2 can be considered as the limit case of the problem with
extensions on Figure 5.3. For the domain with extensions the boundary where u; = 0
includes points 9. Therefore, in our numerical method instead of prescribing us = 0
and p we impose u = 0 in the points 0%.

On Figure 7.1 (see page 73) we can see singularities of the pressure in the boundary-
interface contact points. On Figure 7.4 (see page 75) we can see that extensions reduce
the singularities of the pressure in the boundary-interface contact points.

In general, singularities of a solution in the boundary-interface contact points are

expected due to incompatibilities of boundary and interface conditions in these points
(see [5] and [7]).
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5.3.2 Solution for the model domain with non-constant pres-
sure on the membrane

In the Table 5.3 we present numerical results for the model problem when the pressure
P is given on the membrane and depends on the variable ;. In the numerical results
(I)-(IT) on the interface ¥ we impose conditions (2.2.8) with the homogeneous reduced
Saffman’s condition u; = 0.

Domains with no extensions
Parameters (D) am | (I11) (IVv)
H 1 1 1 1
h 1 1 1
1 2 2 2 2
n 1 1 1 1
K 1 1 1 1
S 1 =0 u =0 1 1
Pin 100 100 100 100
Pout 0 0 0 0
Pm 20(1 — cos(mZt))  30(1 — cos(w=L)) | 30(1 — cos(w®t)) 30(1 +cos(n %))
Nag =, 10 20 20 30
Nag s 10 10 10 10
No, oa 10 8 8 8
Nr o 400 720 720 1080
Npodes,0 431 799 799 1189
Dimasatris 873 1661 1661 2471
uir,, 5.824 5.088 11,490 10.840
uir,., 3.004 2173 6.300 5.566
U2y 5.739 3.921 5.240 ) 5.327
U2 M 5.730 3.928 5.280 5.385
fano up - Yo 0.080 0.00605 0.0506 0.0540
fan uy v 0.089 0.01304 0.0906 0.1123
up -
__[_[i(‘to_—hug 0.014 0.00154 0.00965 0.0101
U270
Joa U v 0.015 0.00332 0.01715 0.0208
U2 M

Table 5.3: Numerical results for the model domain with the non-constant pressure on the membrane
M. Condition numbers of all resulting matrices are of order 107%4.

In Remark 2.2.1 we mentioned that the regular and reduced Saffman’s conditions
can be considered as ”similar” if the function g(x) in (2.2.8) is close to porosity of the
GDL. In the results (II) on Figure 5.4 on the interface is imposed reduced Saffman’s
condition with g(x) = 0. The shape of the flow is very similar to the one of the result
(IIT) on Figure 5.5 with the regular Saffman’s conditions and constant S = 1. The
only difference can be seen on pictures of the vector field where for the fluid flow with
the reduced Saffman’s condition the tangential component of the velocity is zero on the
interface.
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Figure 5.4: The vector field and stream lines of the fluid flow for the model domain with no extensions
and non-constant pressure prescribed on M. The domain division is Ny, = 20, Nogz, = 10,
Ng, 2z, = 8. The homogeneous reduced Saffman’s condition u; = 0 is imposed on the interface and the
pressure pp,, = 30(1 — cos(w %)) is prescribed on the membrane M. (II)
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Figure 5.5: The vector field and stream lines of the fluid flow for the model domain with no extensions
and non-constant pressure prescribed on M. The domain division is Ng, 7, = 20, Nog,z, = 10, Na, 2, =
8. The regular Saffman’s condition on the interface ( S = 1 ). The pressure p,, = 30(1 — cos(w %)) is
prescribed on the membrane M. (IIT)
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Figure 5.6: The vector field and stream lines of the fluid flow for the model domain with no extensions
and non-constant pressure prescribed on M. The domain division is N, ;, = 30, Ng, 5, = 10, Ng, 2,

8. The regular Saffman’s condition on the interface ( S =1 ). The pressure p, = 30(1 + cos(x %)) is
prescribed on the membrane M. (IV)
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5.3.3 Solution for the model domain with no flow on the mem-

brane
In the Table 5.4 we present numerical results for the model problem when the membrane
M is closed, so that the boundary condition pjy = pr, is replaced by dapar = 0.

Domains with no extensions | Domains with extensions

Parameters () (II) (IIT)
H 1 1 1
h 3 1 1
l 3 2 2
u 0.1 1 1
K 1 1 1
S 1 1 1
Pin 100 100 100
Pout 0 0 0
Pm Gopipe =0 Gopiy =0 O2pim =0
Nag.z1 14 14 14
.22 14 14 14
Q1,20 14 14 14
Next 21 - - 2
Leat - - 0.5
Nan 784 784 896
Npodes,Q 827 827 999
Dimatatriz 1669 1669 2073
uir,, 73.256 8.465 1.181
wir,,, 73.256 8.465 4.181
Uy —5.22.10712 2.55-10712 2.04.10~12
ua A —7.35.10"18 1.26 - 10713 2.00.10713
Joqo un-vo | —2.74-1071 9.34-1071° 2.515- 10715
Joq tn -V 4.46 - 1012 ~2.41-10"12 —1.84.10712

up -V
Joag k- vo 0.037 0.036 0.012
UM
Joan ¥ -6.06 -19.12 9.1
U2 M

Table 5.4: Numerical results for the model domain with no flow on the membrane M. Condition
numbers of all resulting matrices are of order 101%4,

The numerical results presented in Table 5.4 are made in order to understand behav-
ior of the solution in the whole domain and in the boundary-interface contact points,
when the condition 82pl » = 0is imposed on the membrane. The numerical results show
that the problem with no extensions can be considered as the limit case of the problem
with extensions, the same way when the pressure is constant on the membrane. On Fig-
ure 7.11 (see page 79) we can see singularities of the pressure in the boundary-interface
contact points for the result (IT). On Figure 7.17 (see page 82) we can see that extensions
reduce the singularities of the pressure in the boundary-interface contact points for the
result (III). The mass conservation precision criterion is very well satisfied. The values

of i‘?gz—l;;'—'i reflect the relative loss of precision. The result (I) shows the behavior of the
fluid for different than in (II) parameters.
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Figure 5.7: The vector field and stream lines of the fluid flow for the model domain with no extensions
and closed boundary M. Domain division is N, ¢, = 14, Nog,z, = 14, No, 2, = 14. Viscosity p = 0.1,
the domain sizes are [ =3, h =3, H = 1. (I)
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Figure 5.8: The vector field and stream lines of the fluid flow for the model domain with no extensions
and closed boundary M. Domain division is N, 2, = 14, Nog 0. = 14, No, o, = 14. (II)
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Figure 5.9: The vector field and stream lines of the fluid flow for the model domain with extensions
and closed boundary M. Domain division is No, 5, = 14, Nog,z, = 14, Ng, o, = 14. Extension division
is Neytz, = 2 and length is Lz = 0.5. (III)
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5.4 Solution for a real domain

Here we consider the domain which represents a cross section of a real 3D hydrogen
fuel cell. So, that the domain sizes, viscosity p, the Darcy coefficient K, the Saffman’s
coeflicient S, boundary and interface conditions are the same as real hydrogen fuel cells
have. It means that the pressure on the inlet is very large, the domain is very thin
and relatively long. For these parameters it is very difficult to solve the the resulting
linear system since whether it is a direct or some iterative method they will accumulate
round-off errors which can affect the numerical solution. But the round-off errors are
not the only problem that appears in computations. Another problem comes from the
aspect ratio of the domain. If the mesh was chosen uniform for the whole domain then
accurate results usually can’t be obtained. It means that we need a finer mesh in those
parts of the domain where the solution changes rapidly and a coarser mesh in those
parts where the solution changes slowly. In order to remove these difficulties we need
some transformation of the problem that makes it less singular and some transformation
of the mesh to make it adjustable to the problem.

5.4.1 Scaling

In order to consider domains with large aspect ratio we need to apply to our original
problem (4.1.1) the following standard scaling process.

Suppose that our original problem is:

—(@V-a)ls —BAp1y =0, . . L. .
{ (A )A o o inQ=0UUs. (5.4.1)
(~pha + V) 14, = 0,

Remark 5.4.1 Here we introduce some coefficients & and 8 which are used for balanc-
ing of the resulting matriz. They are not arbitrary but satisfy some scaling condition.
These coefficients affect only the first equation in (4.4.1).

To (5.4.1) we associate the following boundary conditions:

P

a = 0, on T,
i = 0, on DUl
J? = P, on T, (5.4.2)
P = Dout, on Doy,
p = Pm, ON M,
{ A,,ﬁ = 0, on Ty U
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and interface conditions:

Ootn = =S 1y,
K. on ¥ (5.4.3)
Gy = 2 9P,
The geometrical parameters of the domains Qo and ; are as follows:
(% = (0,0) x (-H,0),
Q= (0,0) x (0,h),
I = )x{-H}
Lin = {0} x (-H,0),
¢ Towe = {I} x(=H,0), (5.4.4)
= (0,0)x {0},
T = {0} x(0,h),
Tow = {1} x(0,h),
| M = (0,]) x {h}.
We apply to the original problem (5.4.1) the following ”similarity” transform:
(where Lo, Uy, Py are some constants)
X = Ly x,
%) = Upu(E), where x€Q=0QUQ U, (5.4.5)
B(x) = Pop(5)-

Under the transform (5.4.5) differential operators A,V and domains change to the
new form:

(Aa = % Ay,
0
Vi = 2V.q,
Vp = £ vp,
' Lo (5.4.6)
Ap = 33 Ap,
o = Ly Q,
k Ql = LO Ql
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Substituting (5.4.5)-(5.4.6) into (5.4.1)-(5.4.4) we obtain a new scaled problem :

—(aV-u)lg —8Ap1l 0
( )10, =5 Ap Lo, in Q=0 U UL, (5.4.7)
(—pAu + Vp) 1q, =0
with new boundary conditions:
(u = 0, on T,
U9g = 0 3 on Fin U Fouta
= in s on Pina
I Y P (5.4.8)
P = Pout, 0n Doy,
P = Pm, on M,
L ayp = 0 9 on Fiw U I‘owa
with new interface conditions:
Oou; = =S uy,
) K ,on % (5.4.9)
U = —— Oop,

and new constants and boundary values:

a Py

5 5 Io
pooo= £
K =5

S = 8L,
pr. = (5.4.10)

— Dour

p[l“out - Py 0

— bm

Pm = Py

Since the scaling constants Ly, Py, Uy are arbitrary then we choose them so that the
scaled problem would not contain in boundary and interface conditions too small or too
big numbers. We choose the following scaling constants:
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Py = pin, (5.4.11)
0 ;A
Uy = % I~ 5 (@1, poiseuitze) d2,
where Uj is the average value of the velocity 41 psiseuitie S0lution of the Stokes problem

for the case of the Poiseuille flow in the domain ), with the original boundary conditions
(5.4.2) for the pressure, that has the exact form:

~

il

Parameters of the domain, boundary and interface conditions for the original and scaled
problems are shown in Table 5.5:

. Pout — Din . £~y .
U1, Poiseuille = % (o + H) . (5.4.12)

Parameters Original values Scaled values Description

h 1074 1 Height of ; (GDL)

H 10-3 10 Height of the Q0 (Channel)

l 1 104 The length of the domain

“ 107 8.333.107* viscosity coefficient

K 10712 1074 Darcy Law coefficient k

S 10%5 10 Safman’s condition coefficient
Din 2000 1 pressure given on I';,

Pout 0 0 pressure given on Ty

DPrm 1 5.1074 pressure given on M

Table 5.5: Parameters for the original and scaled problems.
The scaling constants are Ly = 1074, U, = ‘r’gﬂ, Py = 2000. The coeflicients o and 3 are

chosen such that the matrix becomes less ill-conditioned. The only requirement they
should satisfy is the aspect ratio condition in (5.4.10).
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5.4.2 Mesh generation

From computations we observed that the solution changes faster closer to the inlet
[';, and closer to the outlet I'yy;. The further we are from I';, and I'py the coarser
mesh we need because the solution changes slowly. In order to refine the mesh in these
particular areas we generate a uniform mesh and then pull it to the areas where we need
more nodes for approximation. For this purpose we have chosen adaptation of the mesh
close to the boundary TI';,, namely to the origin of coordinates, by using the following
transform from the old independent variables x = (') to the new ones y = (g;) with

the power of adaptation ¢ = (:;),61 > 0:

Z;

Timin S 0 S Zimaz)

where:

T; , if ;>0
L;=¢ "m0  fori=1,2 (5.4.14)
Timin Zf I; S 0

As it is seen on the first picture on Figure 5.10 this transformation moves all nodes
uniformly closer to the point (0,0), leaving all the boundary nodes on their original
places.

If we want to move nodes closer to the inlet and outlet, i.e. closer to vertical lines z, =
0 and z; = [, simultaneously only along the axis z;, we need the following transform:

)
Z
y1 = 71 exple (;l— D}, for 0< 71 <aq,

< a— I

5.4.15
y1:l+($1—l)e:vp{62(l_a)}, fora<uz <, ( )

\ Y2 = T2,

where a is an arbitrary number satisfying 0 < a <[ and [ is the length of the domain.
If we need to move nodes closer to some point or vertical line inside the domain the
formulas (5.4.15) must be modified. As it is seen on the second picture on Figure 5.10
this transformation moves all nodes uniformly closer to the boundaries Ty, U I';,, and
T put UT 5w, leaving all the nodes lying on some chosen vertical line and crossing the whole
domain somewhere in the middle, on their original places.

We recognize that this way of mesh adaptation is not an ultimate solution of the
problem of refining the mesh in particular parts of the domain. The way we make the
mesh adaptation may increase aspect ratio of triangles that can make the matrix more
ill-conditioned then it was before adaptation.
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Figure 5.10: Two types of mesh adaptation.
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5.4.3 Numerical results when the pressure is constant on the
membrane

In Table 5.6 are presented numerical results for the real domain for the both cases when
the domain Q, has extensions or does not. For all the numerical results sizes of the
domains 2y and Q,, parameters u, K, S, Din, Pout, Pm have their original values defined
in Table 5.5. The powers of mesh adaptation are ¢, = 7 and ¢5 = 0. The values of the
balancing coefficients are shown for the scaled problem. As it is seen in Table 5.6, for o
and [ satisfying the given aspect ratio our computations give the same result.

Domains with no extensions Domains with extensions
Parameters (1) (I1) (I1II) (Iv) V) (VI) (VII)
a 10-04 8.333-10"%  10-04 1 8.333-10-9  8.333.10-06 1
8 12 1 12 1210104 1 1 1210104
Nag,z, 62 62 76 76 74 80 80
Nag,zo 20 20 16 16 10 10 14
Nay g 8 8 6 6 6 6 6
Nezt,zq - - - - 2 2 2
Lezt = - - - 0.5 0.2 0.2
Nx.a 3472 3472 3344 3344 2448 2640 3312
Npodes, 0 4307 4307 4203 4203 2879 3101 4113
Dimpratriz 9433 9433 9253 9253 6177 6651 9015
uwir,, 1.8541 1.8541 1.8534 1.8534 1.84504 1.84476 1.8482
UIr,,, -0.001129 -0.001129 -0.00137 -0.00137 0.00313 0.00563 0.00196
Uy 1.8427 1.8427 1.8433 1.8433 1.84700 1.84824 1.8491
U2 M 1.8399 1.8399 1.8391 1.8391 1.83650 1.83804 1.8430
fano up ' Vo -0.0125 -0.0125 -0.01153 -0.01153 0.00509 0.00912 0.00285
fan up v -0.0153 -0.0153 -0.01569 -0.01569 -0.005401 -0.00108 -0.00322
Joq, Un Vo
=2 -0.0068 -0.0067 -0.0062 -0.0062 0.0027 0.0049 0.0015
U2pM
Jaqun v
s -0.0083 -0.0082 -0.0085 -0.0085 -0.0029 -0.00058 -0.0017
U2 M

Table 5.6: Numerical results for the real flow. Condition numbers of all the resulting matrices are of
order 10713,
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Figure 5.11: Th vector field and stream lines of the fluid flow in Q; (GDL) for the real domain. The
domain division is Ngg,z; = 62, Nag,ze = 20, Ng, z, = 8.
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Figure 5.12: The vector field and stream lines of the fluid flow in £y (Channel) for the real domain.
The domain division is Ngg 5, = 62, Nog 2, = 20, Ng, 2, = 8.
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5.4.4 Numerical results when the pressure is non-constant on
the membrane

In Table 5.7 we present numerical results for the real domain €2, with no extensions
when the pressure p,, on the membrane is given and depends on the variable x;.

The regular Saffman’s conditions | The reduced Saffman’s conditions
Parameters 0 (In) (I11)
P 300(1 + cos(m %)) 300(1 — cos(m3)) 300(1 — cos(n %))
Nag.o, 80 80 80
Noy s 10 10 10
NQl T2 8 8 8
Nao 2880 2880 2880
Nrodes,0 3139 3139 3139
Dimpsatriz 6521 6521 6521
uir,, 1.32249 1.83657 1.81275
uir,., 0.02188 0.54488 0.53621
Uss 1.29351 1.29427 1.27531
Ua M 1.28512 1.28612 1.26706
Joeay 1h -0 -0.0070 0.00257 -0.0012
Joq tn - ¥ -0.0154 -0.0055 -0.0094
un -V
oy un - ¥o 0.0054 0.00199 0.00096
U201
Jogtn-v 0.0120 0.00432 0.00748
U2 pr

Table 5.7: Numerical results for the real domain when the pressure is given on the membrane and
depends on the variable z;. Condition numbers of all the resulting matrices are of order 10113,

For all the results presented in Table 5.7, sizes of the domains {2}y and €2;, parameters
L, K, S, Pin, Pout, have their values defined in Table 5.5. Balancing parameters a = 1,
B = 12-10%%. In the numerical experiment (III) on the interface ¥ we impose conditions
(2.2.8) with the homogeneous reduced Saffman’s condition u;z = 0. The powers of
mesh adaptation €; = 7 and ¢; = 6 are applied along the z; axis in opposite horizontal
directions, as it is shown in the adaptation method (5.4.15).
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Figure 5.13: The vector field and stream lines of the fluid flow in the whole real domain. The domain
division is Ng,,z; = 80, Nog,z, = 10, Ng, 5, = 8. The pressure pp, = 300(1 — cos(w5t)) is prescribed
on the membrane M.
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Figure 5.14: Stream lines of the fluid flow in Qg (Channel) for the real domain with zoom close
to I, and Tyy;. The domain division is Ng, 5, = 80, Nog.z, = 10, Ng, ., = 8. The pressure
Pm = 300(1 — cos(w %)) is prescribed on the membrane M.
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Figure 5.15: The vector field and stream lines of the fluid flow in Q; (GDL) for the real domain.
The domain division is N, z, = 80, Nz, = 10, N, 2, = 8. The pressure p,, = 300(1 — cos(w %)) is
prescribed on the membrane M.
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Figure 5.16: The pressure isolines of the fluid flow for the real domain in the whole domain (2
and in Q; (GDL). The domain division is Nggz, = 80, Nag,e, = 10, Ng, s, = 8. The pressure
Pm = 300(1 — cos(m %)) is prescribed on the membrane M.
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5.4.5 Comparison of performance of the iterative Gauss-Seidel
overlapping block method and the direct Gaussian Elim-

ination method
We present a comparison of numerical results obtained by the iterative Gauss-Seidel
overlapping block method and the direct Gaussian Elimination method. For all the
results, sizes of the domains Qy and €, parameters u, K, S, Din, Pout, Pm have the
values defined in Table 5.5 (see page 50). The powers of mesh adaptation are ¢; = 7,
¢ = 0. The balancing parameters are o = 1, 8 = 12 - 10194,

[ Parameters | () (II) (I11) Iv) (V) (VI) (VII) (VIII) 1x) |
Nag,zq 24 30 40 50 60 76 62 80 90
Nag,zq 8 10 12 14 14 16 20 16 16
Noy 2o 8 10 10 10 10 6 8 10 8
Npodes,Q 809 1251 1903 2675 3205 4203 4307 4747 5155
Nz o 768 1200 1760 2400 2880 3344 3472 4160 4320
Dimpatria 1643 2533 3929 5605 6715 9253 9433 10061 11129
Nyiocks 2 2 3 4 3 4 4 4 41
Nbiock,nodes 512 759 775 926 1297 1398 1409 1384 1735
Ngispl,nodes 297 492 564 583 954 935 966 1121 1140
Overlapping 2% 35 % 27T % 37 % 27 % 33 % 32 % 19 % 34 %
Niterations 18 27 31 41 33 33 59 58 18
Memory S5 89 % 81 % 55 % 52 % 53 % 47 % 6 % 36 % 17 %
Timegsg 00:00:52  00:02:51 00:06:19 00:16:53  00:21:05 00:39:25 01:04:26  01:28:52  02:25:05
Timegg 00:00:48 00:02:54 00:10:30 00:31:20 00:53:30 02:21:30 02:30:14 - -
Resgs 8.49¢-08 1.06e-07 1.29e¢-07 2.14e-07 3.22e-07 1.97e-07 9.38¢-08 1.35e-07 1.31e-07
Resgg 6.02¢-08 1.43e-07 1.07e-07 1.64e-07 7.83e-08 7.96e-08 9.49e-08 - -
uir,, 1.928 1.888 1.86797 1.859 1.857 1.853 1.854 1.854 1.851
UIT s -0.0001 -0.0003 -0.0006 -0.0008 -0.001 -0.001 -0.001 -0.001 -0.001
U2y 1.824 1.832 1.837 1.840 1.841 1.843 1.842 1.843 1.843
u M 1.805 1.819 1.828 1.834 1.837 1.839 1.839 1.839 1.839
fano uy - Vo -0.103 -0.057 -0.031 -0.020 -0.016 -0.0115 -0.0125 -0.0120 -0.0092
fan up v -0.122 -0.069 -0.039 -0.026 -0.022 -0.0156 -0.0153 -0.0160 -0.0133
fago up - Vo
- -0.057 -0.031 -0.017 -0.011 -0.009 -0.0062 -0.0068 -0.0065 -0.0050

U2 M
Joq Un v
o -0.068 -0.038 -0.021 -0.014 -0.012 -0.0085 -0.0082 -0.0087 -0.0077
U2 M

Table 5.8: Comparison of the iterative Gauss-Seidel overlapping block method with the Gaussian
Elimination method. Numerical results for the real domain with no extensions.

The results in Table 5.8 show that by refining the mesh we can better satisfy the
precision criterion (4.7.2)-(4.7.3) (see page 31).
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On Figures 5.17 and 5.18 we present comparison of performance of the iterative Gauss-Seidel overlapping
block method and the direct Gaussian Elimination method. The graphs show growth of the computation
time and relative PC memory consumption for each method, depending on the number of nodes.
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Figure 5.17: Comparison of performance of the iterative Gauss-Seidel overlapping block method and
the direct Gaussian Elimination method.
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Figure 5.18: PC memory consumption of the iterative Gauss-Seidel overlapping block method rela-
tively to the direct Gaussian Elimination method.

The comparison of these two methods shows obvious superiority of the iterative Gauss-Seidel over-
lapping block method over the direct one. The iterative method not only provides possibility to compute
faster, but also gives results for the finer mesh when the direct method does not work because of com-
puter memory shortage. We also applied GMRES iterative method (see [10]), with no preconditioner,
to the problems with the same parameters. Krylov subspace dimension was 300. GMRES did not
converge and we did not obtain any result.
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Graphs of the maximum norm of the residual and convergence ratios

On Figures 5.19 - 5.23 we present graphs (other graphs see on the page 91) of the
maximum norm of the residual R, at the n-th iteration step of the Gauss-Seidel over-
lapping block method, the residual convergence ratio %ii and the Cauchy convergence

ratio H%:{%’%H, where X, is a solution obtained at the n-th iteration step (see page
36). In order to understand how the the size of domain blocks and the displacement
influence convergence we provide some results for the same mesh but with the size of do-
main blocks and the displacement different from the ones chosen in the results presented
in Table 5.8. The graphs show that the number of blocks and percentage of overlapping
make significant influence on convergence ratios. The area on Figures 5.19 - 5.23 where
the graphs of convergence ratios start oscillating around 1 determines the limit of the
iterative scheme for the given number of nodes in a domain block and the displacement.

All iterations beyond this limit do not decrease the residual.
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Figure 5.19: Graphs of the residual and convergence ratios for the domain division 24-8-8, Nyiocks = 2,
Nblock,nodes = 512, Ndispl,nodes = 297, Overlapping = 42 %, Niterations = 18, Timegs = 00 : 00 : 52,
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Resgs = 8.49 - 10798 ( the result (I) in Table 5.8 ).
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Figure 5.20: Graphs of the residual and convergence ratios for the domain division 24-8-8, Npiocks = 5,
Nitocknodes = 281, Naispi nodes = 132, Overlapping = 53 %, Niterations = 39, Timegs = 00 : 01 : 35,

Resgg = 1.75- 10796,
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Figure 5.21: Graphs of the residual and convergence ratios for the domain division 30-10-10, Nyiocks =

2, Nblock,nodes = 759, Ndispl,'n.odes = 492, Overlapping =35 %, Nitemtions = 27, Time(;s =00:02: 51,
Resgs = 1.06 - 10797 ( the result (II) in Table 5.8 ).
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Figure 5.22: Graphs of the residual and convergence ratios for the domain division 30-10-10, Nyjocks =

2, Nblock,nodes = 677, Nd'ispl,nodes = 574, Overlapping =15 %, Niterations = 83, T’imeas =00:06: 11,
Resgs = 1.82- 10797,
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Figure 5.23: Graphs of the residual and convergence ratios for the domain division 30-10-10, Nijocks =

2; Nblock,nodes = 718, Nd'ispl,nodes = 533, Overlapping =26 %, Niteratians = 44, Timegs =00:03: 52,
Resgs =1.2- 10-97,
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5.5 Numerical algorithm

Here we describe a numerical algorithm which represents the main steps that we use
in our c++ code. Some steps, such as numerical integration and construction of linear
basis functions using barycentric coordinates were omitted here since they are computed
by the well known formulas.

Let us define the following parameters, vectors and matrices that are used in a
pseudocode for the c++ code realization:

[ Parameters | Description H
Nag the total number of triangles
Naog the number of triangles in €
Nnodes, Qo the number of nodes in Qg
Npodes, 0, the number of nodes in Q;
Nunknowns(t) | the total number of basis functions on the ¢, node
XY (i,n) the coordinates of the i;, noden =1,2
Niriangle the number of nodes in each triangle
IJK(n,m) for each triangle n contains the numbers of it’s nodes
Nioundary the total number of boundaries
Nintervai (k) the number of line intervals in each of the boundary &
1J(k,1,%) for each boundary k stores numbers of nodes that belong to each interval I
U the super-vector for each node i represents the vector of unknowns
A;; (kD) the super-matrix containg sub-matrices for each nodes i and j

Table 5.9: Parameters of the numerical algorithm

5.5.1 Format of the mesh file

A mesh for computations can be generated inside the c++ code or read from a file
having a regular text format as follows:

# beginning of the file
Nnodes,2 N&,0 # the total number of nodes and triangles

Npoundary # the number of boundaries

Ninterval(l) Ninter'val(2) Ninte’r'ual(3) Ninterval(Nbounda'ry) # numbers of intervals

XY(i,1) XY (4,2) Nunknowns(2) # coordinates of nodes

IJK(n,1) IJK(n,2) IJK(n,3) IJK(n,4) # numbers of nodes for each triangle

1J(1,1,0) I1J(1,1,1) # numbers of nodes for each boundary element

IJ(21 Ninterval(l): 0) IJ(Qa Ninterval(l): 1)

IJ(Nboundary;lyO) I-](Nboundamp L 1)
# end of the file
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5.5.2 Pseudocode

1. Input of the initial data and the mesh generation

(001) 1.1. Nnodes,Qou Nnodes,Qla NA,Q) NA,QQ) Nboundary
(002) 1.2. Nunknowns (i), XY (i,n), ITK (n,m), Nintervar (k), TJ(k,1,7)
(003) 1.3. i, K, S, pin, Pout, Pm

2. Initialize the super-matrix, the super-vectors of unknowns and the right
hand side

(004) for i+ 0 to Npodes,n
) Ui « zero vector of dimension Nynknowns (%)
) Bi « zero vector of dimension Nynknowns(4)
(007) for j+ 0Oto Nnodes’Q
) A;; + zero matriz of dimension Nupknowns (i) X Nunknowns(J)

(009) for t+0to Nag
(010) if t € Th()
(011) for ii <0 to Ntriangle,ﬂo
(012) i+ TJK(t,4)
(013) for jj < 0 to Niriangle,o
(014) j + IJK(t,jj)
(015) if i € v[Q)]
(016) if j € v[Q0)
(017)

bijlt Cijlt dijlt

Aij <) e Haile O

dpe 0 pog)e
(018) else
(019)

Gijie i
Aij @) | Mg O

0 paypy
(020) else
(021) if j € v[Qq]
(022)

Ao é§j|t Nafj\t 0
ij 7 (+) -
d; 0 pag,

ilt
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else

] L) 0
Aij +—(+) R
0 pag.

(025) else if t € T,()
) for i+ 0 to Nyrjangle
) i « TJK(t, i)
(028) for jj « 0 to Nipiangie
) j « JK(, )
) Aij(0,0) (1) bije

Remark 5.5.1 Index t in a;j; means that an integral in the coefficient a;; is computed only on the
triangle t but not over the whole domain.

4. Add boundary and interface conditions to the super-matrix

(031) for boundary < 0 to Nyoundary

(032) for interval + 0 to Nipteryar (boundary)

(033) for ii+ 0to2

(034) 1 = TJ (boundary,interval, ii)

(035) for jj+ O0to?2

(036) 3 = IJ(boundary, interval, j§)
(037) ;41']’ (0: 2) (+) @ €jinterval
(038) :'41'1' (11 1) () Hseij,inter'ual
(039) :’41']' (2a 1) < (4) MYijinterval

(040) for boundary < 0 to Neoyndary

(041) for interval + 0 to Njyierva(boundary)

(042) for i+ 0to2

(043) i < IJ(boundary,interval, ii)

(044) for jj+0to2

(045) j + T1J(boundary,interval, jj)
(046) switch(boundary)

(047) case(interval € Ty, UT out)
(048) 4i5(2,) + 0

(050) Bi(2) « 0

(051) ifi¢y

(052) 4;5(0,) « 0
(053) :45,'(0,0) +1
(054) if i€y,
(055) B;(0) + pin
(056) else

(057) B;(0) + pout
(058) else

(059) Ai(1,) <0
(060) :4,'1'(1, 1) +«1
(061) B;i(1) < 0
(062) case(interval € )
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(063) Aij(1,:) <0
(064) Au(1,1) < 1
(065) B;(1) «+ 0
(066) Aij(2,)) <0
(067) :4,'1'(2,2) +«1
(068) Bi(2) < 0
(069) case(interval € M)
(070) 4;5(0,) < 0
(071) 4;(0,0) « 1
(072) Bi(0) ¢+ pm

5. Solve the linear super-system A-U =B

5.1. Transform A, U and B to a regular matrix and vector form:

(073) A4
(074) U-x
(075) B-b

5.2. Apply the iterative method for solving the linear system.

6. Restore vectors p, u; and u, from the solution vector x

6.1. Restore p in the whole domain  but u; and us only in the domain g
Initialize unknowns p;, 41,4, us,; and restore values

(076) k0

(077) for i< 0to Npoges,o

(078) pi <0

(079) uy; <0

(080) Ui 0

(081) for i< 0to Npoges,n

(082) for j < 0 to Nunknowns(%)
(083) if e[

(084) ifj =0

(085) Pi & Tk
(086) ifj=1

(087) Ui € Tk
(088) ifj=2

(089) U2,i € Tk
(090) k+—k+1

6.2. Find u; and u, using Darcy law equations in the domain

Initialize the matrix M;;, vectors vy ;, Va4, b1,i, b2,; and build a linear system

(091) for i+ 0to Nyoges,
(092) V1,i 0
(093) vo; < 0
(094) by« 0
(095) bz,i +0
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(096) for j < 0to Npoges,0

(097) Mi,]' +~0

(098) for t+ 0to Nag

(099) if t¢ 7T()

(100) for i+ 0to3

(101) i =1JK(t,ii)

(102) for jj+0tod

(103) j=TJK(t,j5)
(104) Mij (1) Mgt
(105) bi,i () 2jei@\ao) Pi - Tislt
(106) bai () Zjerano) Pi * Sigle
(107) else if ¢ € T(Qy)

(108) for ii«<0to4

(109) i = TJK(t, i4)

(110) bi,i (4 U1,

(111) bai (1) U2,i

(112) for jj+0tod

(113) j=1JK(t,jj)
(114) if i

(115) Mij () 0
(116) else

(117) M;; ) 1

6.3. Apply the iterative method for solving linear systems M -v; =b; and M - vy = bs.

Remark 5.5.2 myj;, 7ij; and s45); are considered as restrictions on a particular triangle
of the integrals in ({.6.4).

Remark 5.5.3 Particular attention is paid to the part where boundary conditions are
prescribed. In lines (051)-(061) we prescribe pressure on the boundaries I'y, and Doy
In the boundary-interface contact points 05 we do not prescribe boundary values pin
and poy: for the pressure but prescribe boundary value 0 for the velocity u,. The reason
why we do this comes from the model for the domain Qo with extensions (2.8) where
boundary-interface contact points are Y. NT. Since uyr = 0 then uy also has to be zero
in boundary-interface contact points 0%. In the case of the problem with the domain (2
with no extensions, extra parts of the boundary I' degenerate into the boundary-interface
contact points OX. Therefore uyjgs. = 0 holds. We can not prescribe boundary values for
the pressure in 0¥ because already having prescribed uy and us it would overdefine the
problem.
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5.6 Comparison of Poiseuille solutions for a sym-
metric mesh and a center oriented mesh

Here we consider the Stokes and the mass conservation law equations only in the
channel Qy = (0,2) x (0, —1). The pressure is given on the inlet and the outlet. For this
case we have an exact Poiseuille solution: the pressure is linear, the tangential velocity
is quadratic and the normal velocity is zero. In Table 5.2 we present solutions that our
computational method gives for each kind of mesh. We also provide some graphs to
show the difference.

Symmetric mesh Center oriented mesh
Parameters (I) (1) (I11) (IV)
u K, S 1 1 1 1
Din 100 100 100 100
Pout 0 0 0 0
Nag o1 10 20 10 20
Nog 22 10 20 10 20
Noodes. 321 1241 321 1241
N 200 800 200 800
Dimipsatric 763 2923 763 2923
Uir,, 4.11755 4.15532 4.12043 4.15591
Wir,,, 4.11755 4.15532 4.12043 4.15591
Order of U, 107+ 107 1072 1073
Jog, Un-vo | —1.85037-107"° —4.16334-107'° | 1.77636-10"'° 8.88178- 107"

Table 5.10: Poiseuille solutions for the symmetric mesh and the center oriented mesh.

Remark 5.6.1 Modifying the pressure finite element space by including cubic functions
in the center nodes of each triangle in the channel, for the center oriented mesh, we can
decrease order of the normal velocity Uy to 10713, In this case a condition number of
the resulting matriz is of order 10717,
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Figure 5.24: The graphs of the normal velocity u,. The result (I) on a symmetric mesh (left). The
result (IIT) on a center oriented mesh (right).
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Figure 5.25: The graphs of the normal velocity uz. The result (II) on a symmetric mesh (left). The
result (IV) on a center oriented mesh (right).
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6

Conclusions

6.1 Formulation of the problem

In this work we presented a model of a steady-state 2D incompressible fluid dynamics
in two rectangular domains with a common boundary. The 2D model is a simplification
of the Hydrogen Fuel Cell(HFC) fluid dynamics for the case of one gas component
with constant molar concentration and temperature in the cross section of the cathode
(or anode) of a HFC in the plane (z9,23) (see on Figure 2.1). The 2D model inherits
strong coupling of solutions in free air and porous domains from the full 3D HFC model.
Therefore an efficient method of coupling solutions in the 2D model can be extended
and applied to the full HFC model.

Our main concern here is to present a fast and efficient computational method for
solving the 2D problem with real data and a coupled domain with a large aspect ratio.
Qur approach is not based on a domain decomposition and decoupling of solutions.
Domain decomposition methods lead to many separate problems which have to be solved
independently and solutions have to be coupled again, that can decrease precision. We
find an approximate solution which is valid for the whole domain without preliminary
decomposition and decoupling, and therefore is more accurate. Our choice is motivated
by the idea to solve precisely the interface coupling.

6.2 Existence and uniqueness

We prove existence and uniqueness of the velocity solution of the problem in a weak
form (see page 14). It is proved for the particular boundary conditions (3.1.2) when the
velocity is prescribed on the membrane. On the interface are imposed conditions (3.1.3)
with the reduced Saffman’s condition uyz = g(z1). The reduced Saffman’s condition
includes the limit case u;;z = 0 of the regular Saffman’s condition in (2.2.7) for S — oo.

The pressure solution was excluded from the consideration by the choice of the
functional space and we did not prove its existence and uniqueness.
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If we use interface conditions (2.2.7) with the regular Saffman’s condition instead of
reduced one in (3.1.3), then we obtain the bilinear form (3.2.14) for which we cannot
prove V-ellipticity. So, we cannot apply the Lax-Milgram lemma and up to this moment
we do not have the existence result for the interface conditions (2.2.7).

6.3 Computational method
6.3.1 Finite element approximation

In our computational method we consider the problem (2.2.2)-(2.2.3) in the form
(4.1.1) where the velocity is removed from consideration in the GDL. This approach
does not require construction of a divergence free space and is simple in numerical
implementation.

In our numerical implementation we use the Finite Element Method. For the finite
element space in the channel we choose the velocity-pressure MINI element (see [1]
D.Arnold, F.Brezzi, M.Fortin): triangle with linear basis functions which correspond
to vertex nodes and a cubic basis function which corresponds to the center node. For
the finite element space in the GDL we choose P; element: a triangle with linear basis
functions corresponding to vertex nodes.

Numerical results show that this choice of the finite element space is adequate for
our problem. The computational method gives an accurate numerical solution for both
a model and a real domains.

Elimination of the velocity from the GDL significantly reduces overall computations.
Discretization of the Darcy law equation in the GDL gives linear systems which can be
solved since matrices are invertible. Therefore the velocity in the GDL can be easily
restored.

We did not prove analytically that our approximation method is stable. In our case
the resulting linear system, which is obtained by the finite element discretization, is
complicated by boundary and interface conditions. Up to this moment we can say that
only numerical results show that our method is stable.

6.3.2 Precision criterion

The criterion of how precise is our numerical solution is related to satisfaction of the
mass conservation equation in the channel, in the whole coupled domain and estimation
of the resulting linear system residual. After obtaining a numerical solution we compute
and compare errors (4.7.2)-(4.7.3) of mass conservation in the channel and in the whole
coupled domain. Numerical results show that by refining the mesh we can obtain a
numerical solution with smaller error of mass conservation both in the channel and in
the whole domain.
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6.3.3 Boundary-interface contact points and Saffman’s condi-

tions

In order to understand the behavior of the solution in the inlet and outlet-interface
contact points we also consider the same problem (2.2.2)-(2.2.3) with the same domain
() as in (2.2.1) and slightly modified domain Qo = (0— 4, L+ 6) x (—H,0), where § > 0
is some small constant, as it is shown on the Figure 2.3 (see page 8).

Numerical results for a model domain show that the problem with no extensions can
be considered as a limit case of the problem with extensions. Particular attention is
paid to the part where boundary conditions are prescribed. In the boundary-interface
contact points 8% we do not prescribe boundary values p;, and p,,; for the pressure but
prescribe boundary value 0 for the velocity u;. The reason why we do this comes from
the model for the domain Qg with extensions (2.3), where the boundary of the extended
domain with u; = 0 includes points 0X. So we take u55 = 0.

Computations are made for both the regular and the reduced Saffman’s interface con-
ditions. In Remark 2.2.1 we already mentioned that the regular and reduced Saffman’s
conditions can be considered as ”similar” if the function g(x) in (2.2.8) is close to poros-
ity of the GDL. In the result (II) on Figure 5.4 (see page 44 ) on the interface is imposed
reduced Saffman’s condition u; = 0. The shape of the flow is very similar to the one of
the result (IIT) on Figure 5.5 with the regular Saffman’s conditions and constant S = 1.
The essential difference can be seen on pictures of vector field. On the vector field for
the solution with the reduced Saffman’s condition u; = 0 it is seen that the tangential
component of the velocity is zero on the interface.

Computations were done for both cases when the pressure prescribed on the mem-
brane is constant or it is variable. The results obtained for the model domain with a
small aspect ratio show that our model and its numerical implementation is adequate,
gives accurate solution and can be applied to the real domains with large aspect ratio
(see pages 53 - 57).

6.3.4 Pseudocode

We present a pseudocode that is useful to trace the computational method. The
pseudocode represents main steps that we use in our c++4 code. Some steps, such as
numerical integration and construction of linear basis functions as barycentric coordi-
nates were omitted here since they are computed by the well known formulas. A mesh
for computations can be generated inside our c++ code or read from the text file with
a regular mesh format (see page 62).

6.3.5 Scaling and the mesh generation

We consider a domain which represents a cross section of a real 3D hydrogen fuel
cell. So, the domain sizes, viscosity u, the Darcy coefficient K, the Saffman’s coefficient
S, boundary and interface conditions are the same as those which usually are taken in
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HFC models. It means that the pressure in the inlet is very large, a domain is very thin
and relatively long. For these parameters it is very difficult to solve the resulting linear
system because of round-off errors which are accumulated in computations and affect
the numerical solution. In order to solve this problem we apply scaling.

Another problem comes from the aspect ratio of the domain. We need a finer mesh
in those parts of a domain where a solution changes rapidly. In order to remove these
difficulties we apply a mesh adaptation which makes it to be more appropriate for the
problem ( see page 51 ).

6.4 Iterative Gauss-Seidel overlapping block method

Our main concern here is to find a fast and efficient computational method of the
problem for a domain with a large aspect ratio, at least 1:1000.

For this purpose we applied the iterative Gauss-Seidel overlapping block method
for solving the resulting linear system (4.4.13). This iterative method efficiently uses
block diagonal structure of the matrix ( see page 32 ) and gives results with the same
precision and much faster than the direct Gaussian Elimination method. It works for
large matrices when the direct method does not work because of PC memory shortage.

We present a complete algorithm of the iterative Gauss-Seidel overlapping block
method which is applied for our problem to solve the resulting linear system (see page
35). LUP decomposition with scaling reduces CPU time, PC memory consumption and
is important for the precision and convergence of the iterative schemes (see page 37).

As an initial approximation in our implementation of the iterative Gauss-Seidel over-
lapping block method we can take: Poiseuille flow solution computed in the channel and
extended to the GDL or the multigrid approximation. The multigrid approximation is
obtained by assembling the resulting linear system on the coarse mesh, solving it by the
direct Gaussian Elimination method and then projecting the solution to the fine mesh.
On the first iteration step we apply LUP decomposition for matrix diagonal blocks and
backstep substitution for solving the linear system. On the next iterations we apply
only the backstep substitution method that preserves computation time.

In all our numerical experiments overlapping diagonal matrix blocks are non-singular.
Iterative schemes (4.8.8) and (4.8.9) converge and give precision of the same order as
the direct Gaussian Elimination method. The comparison of the iterative Gauss-Seidel
overlapping block method with the direct Gaussian Elimination method shows obvious
superiority of the iterative method over the direct one ( see page 59 ). The iterative
method not only provides possibility to compute faster, but also gives results for the
finer mesh when the direct method does not work because of PC memory shortage.
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7

Supplement

In the Supplement we present some graphs for the results from Tables 5.2, 5.3, 5.4,
5.6, 5.8. Also we present numerical results for the case when the finite element space
is modified so that the basis center functions are included in the approximation for the
pressure in the channel.

7.1 Graphs for a model domain

7.1.1 Graphs for a model domain with no extensions, when the
pressure is constant on the membrane

Figure 7.1: The pressure graph for the model problem for the domain with no extensions. The
domain division is N, z, = 40, Nog.z. = 28, N, 2. = 20.
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Figure 7.2: The velocity u; graph for the model problem for the domain with no extensions. The
domain division is No, z, = 40, Nag,z. = 28, N, 2, = 20.

Figure 7.3: The velocity us graph for the model problem for the domain with no extensions. The
domain division is Nog ¢, = 40, Nag,z, = 28, No, 2, = 20.
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7.1.2 Graphs for a model domain with extensions, when the
pressure is constant on the membrane

Figure 7.4: The pressure graph for the model problem for the domain with extensions. The domain
division is Nqg z, = 14, Noy,z, = 14, Ng, », = 14. The extensions division i8 Nzt z, = 2 and length is
Lemt = 05

Figure 7.5: The velocity u; graph for the model problem for the domain with extensions. The domain
division is N, z, = 14, Nag 2, = 14, Ng, ;, = 14. The extensions division is Negt,z, = 2 and length is
Leyt = 0.5.
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Figure 7.6: The velocity us graph for the model problem for the domain with extensions. The domain
division is N, z, = 14, Nog,z; = 14, Ng, o, = 14. The extensions division is Neg,s, = 2 and length is
Loz = 0.5.
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7.1.3 Graphs for a model domain with no extensions, when the
pressure is non-constant on the membrane

Figure 7.7: The pressure graph for the model domain with no extensions and non-constant pressure
prescribed on the membrane M. The domain division is Ngg,», = 30, Ngg,z, = 10, No, -, = 8. The
given pressure pp,, = 30(1 4+ cos(7%*)) is prescribed on the membrane M.

Figure 7.8: The pressure graph for the model domain with no extensions and non-constant pressure
prescribed on the membrane M. The domain division is Ng,,z; = 20, Nag,z, = 10, Ng, z, = 8. The
given pressure p,, = 30(1 — cos(w %)) is prescribed on the membrane M.
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Figure 7.9: The pressure graph for the model domain with no extensions and non-constant pressure
prescribed on the membrane M. The domain division is Ngg 2, = 20, Nog o, = 10, N, z, = 8. The
homogeneous reduced Saffman’s condition u; = 0 is imposed on the interface and the given pressure
Pm = 30(1 — cos(m %)) is prescribed on the membrane M.

Figure 7.10: The pressure graph for the model domain with no extensions and non-constant pressure
prescribed on the membrane M. The domain division is Ng, 2, = 10, Nog,z, = 10, Ng, z, = 10. The
homogeneous reduced Saffman’s condition u; = 0 is imposed on the interface and the given pressure
Pm = 20(1 — cos(mEL)) is prescribed on the membrane M.
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7.1.4 Graphs for a model domain when there is no flow on the
membrane

Graphs of the results for a model domain with no extensions
presented in Table 5.4

Figure 7.11: The pressure graph for the model domain with no extensions and closed boundary M.
The domain division is Nog z, = 14, Noy,2, = 14, No, 2, = 14.

r‘(;ul‘.

¥

Figure 7.12: The velocity u; graph for the model domain with no extensions and closed boundary
M. The domain division is Nog,z, = 14, Nag,z, = 14, No, 0, = 14
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Figure 7.13: The velocity us graph for the model domain with no extensions and closed boundary

M. The domain division is Ng,,,, = 14

Figure 7.14: The pressure graph for the model domain with no extensions and closed boundary M.
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Figure 7.15: The velocity u1 graph for the model domain with no extensions and closed boundary
M. The domain division is Ng, », = 14, No,,z, = 14, Ng, 2, = 14. Viscosity u = 0.1, the domain sizes
arel=3,h=3H=1

Figure 7.16: The velocity us graph for the model domain with no extensions and closed boundary
M. The domain division is Ngg,z; = 14, Nog,z, = 14, No, -, = 14. Viscosity p = 0.1, the domain sizes
arel=3,h=3,H=1.
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Graphs of the results for a model domain with extensions
presented in Table 5.4

Figure 7.17: The pressure graph for the model domain with extensions and closed membrane. The
domain division is N, », = 14, Ny, = 14, Ng,,z, = 14. Extensions division is Negtz; = 2 and
length is L, = 0.5.

Figure 7.18: The velocity u; graph for the model domain with extensions and closed membrane. The
domain division is Ng,,z, = 14, Na,,z, = 14, N, z, = 14. The extensions division is Nest,z, = 2 and
length is Loz = 0.5.
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Figure 7.19: The velocity us graph for the model domain with extensions and closed membrane. The
domain division is Ngg z, = 14, No, z, = 14, Ng, z, = 14. The extensions division is Nez¢», = 2 and
length is L., = 0.5.
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7.2 Graphs for a real domain

Here we present some graphs for numerical results from Tables 5.6 and 5.7.

7.2.1 Graphs for the numerical results when the pressure is
constant on the membrane

Figure 7.20: The pressure graph for the real low. The domain division is Nggy 2, = 62, Nog 2, = 20,
N,z = 8.

Figure 7.21: The velocity u; graph for the real flow. The domain division is N, z, = 62, Na,,z, = 20,
Noy zn = 8.
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Figure 7.22: The velocity u; graph for the real flow in 2; (GDL). The domain division is Ng, 5, = 62,
Nogyza =20, Ng, 2, = 8.
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Figure 7.23: The velocity us graph for the real flow. The domain division is Ng, z; = 62, Nog,z. = 20,
N, z, =8.
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Figure 7.24: The velocity u2 graph for the real flow with zoom close to I'jz,. The domain division is
Nog,o1 =62, Nog,z, =20, No, 2, = 8.

e - 0.4
1 " os M

y x

Figure 7.25: The velocity us graph for the real flow in Q; (GDL). The domain division is Ng,,z, = 62,
Nag,z, =20, No, 2, = 8.
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7.2.2 Graphs for the numerical results when the pressure is
non-constant on the membrane

Figure 7.26: The pressure graph for the real flow. The domain division is Ng, 2, = 80, Na,,z, = 10,
Ng, o, = 8. The pressure pp, = 300(1 — cos(m %)) is prescribed on the membrane M.

Figure 7.27: The pressure graph for the real flow in £y (GDL). The domain division is Nog,z, = 80,
Ng,,z» = 10, Ng, 5, = 8. The pressure p,, = 300(1 — cos(w %)) is prescribed on the membrane M.
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Figure 7.28: The velocity u; graph for the real flow. The domain division is Ng, », = 80, N 2, = 10,
Ng, z, = 8. The pressure p,, = 300(1 — cos(7 %)) is prescribed on the membrane M.

Figure 7.29: The velocity u; graph for the real flow in £; (GDL). The domain division is Ng, -, = 80,
Nag,z, = 10, N, 2, = 8. The pressure p,, = 300(1 — cos(w %)) is prescribed on the membrane M.
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Figure 7.30: The velocity us graph for the real flow. The domain division is N, 2, = 80, Nay 2, = 10,
Ngq, .+, = 8. The pressure pr,, = 300(1 — cos(7 %)) is prescribed on the membrane M.

y

Figure 7.31: The velocity u, graph for the real flow in Q; (GDL). The domain division is Ng,, 5, = 80,
Nay,z, = 10, Ng, ., = 8. The pressure p,, = 300(1 — cos(m %)) is prescribed on the membrane .
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Figure 7.32: The velocity us graph for the real flow with zoom close to I';,. The domain division
is Nag.o; = 80, Nag,z, = 10, Ng, z, = 8. The pressure p,, = 300(1 — cos(7%")) is prescribed on the
membrane M.

10 “0.908

X

Figure 7.33: The velocity uo graph for the real flow with zoom close to I'pyt. The domain division
is Nog,z; = 80, Nag,z, = 10, No,,z, = 8. The pressure p, = 300(1 — cos(7%t)) is prescribed on the
membrane M.
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7.2.3 Graphs of the maximum norm of the residual and con-
vergence ratios

Here we present graphs of the maximum norm of the residual R, the residual con-

vergence ratio 5"}7*1 and the Cauchy convergence ratio H_))é%’ for the rest of the

results presented in Table 5.8 ( see page 58 ).
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Figure 7.34: Graphs of the residual and convergence ratios for the domain division 40-12-10, Nyjocks =
3, Nblock,nodes =775, Ndispl,nodes = 564, Overlapping = 27 %, Niterations = 31, Timegs = 00 : 06 : 19,
Resgs = 1.29-107%7 ( the result (III) in Table 5.8 ).
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Figure 7.35: Graphs of the residual and convergence ratios for the domain division 40-12-10, Nyjocks =
4, Nblock,nodes = 634, Ndispl,nodes = 423, Overlapping = 33 %, Niterations = 61, Timeggs = 00 : 10 : 51,
Resgs =1.6- 10797,
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Figure 7.36: Graphs of the residual and convergence ratios for the domain division 50-14-10, Npiocks =

4, Nblock,nades = 926, Ndispl,nodes = 583, Overlapping =37 %, Niterations = 41, Tz'megs =00:16: 53,
Resgs = 2.14-10797 ( the result (IV) in Table 5.8 ).
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Figure 7.37: Graphs of the residual and convergence ratios for the domain division 50-14-10, Npiocks =

6, Nblock,nodes = 359, Ndispl,nodes - 424; Overlapping =24 %, Niterations = 137, Timegs = 00 : 35: 13,
Resgs = 3.7 10797,
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Figure 7.38: Graphs of the residual and convergence ratios for the domain division 60-14-10, Niiocks =
3, Nblock,nodes = 1297, Ndispl,nades = 954, Overlapping = 27 %, Niterations = 33, Timegs = 00 : 21 : 05,
Resgs = 3.22- 1079 ( the result (V) in Table 5.8 ).
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Figure 7.39: Graphs of the residual and convergence ratios for the domain division 60-14-10, Npiocks =
4, Nblock,nodes = 1138, Ndispl,nodes = 689, Overlapping = 40 %, Niterations = 41, Timegs = 26 : 10,
Resgs = 2.3-107°7,
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Figure 7.40: Graphs of the residual and convergence ratios for the domain division 76-16-6, Nyiocks =

4, Npiock,nodes = 1398, Nyispi,nodes = 939, Overlapping = 33 %, Niterations = 33, Timegs = 00 : 39 : 25,
Resgs = 1.97-107%7 ( the result (VI) in Table 5.8 ).
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Figure 7.41: Graphs of the residual and convergence ratios for the domain division 62-20-8, Nyiocks =

4, Npjock,nodes = 1409, Ndispl,nades = 966, Overlapping = 32 %, Niterations = 59, Timegs = 01: 04 : 26,
Resgs = 9.38 - 107%8 ( the result (VII) in Table 5.8 ).
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Figure 7.42: Graphs of the residual and convergence ratios for the domain division 80-16-10, Neiocks =

47 Nblock,nades = 1384: Ndispl,nodes = 1121, Overlapping =19 %, Niterations = 58, Timegs = 01:28:
52, Resgs = 1.35-107%7 ( the result (VIII) in Table 5.8 ).
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Figure 7.43: Graphs of the residual and convergence ratios for the domain division 90-16-8, Npiocks =
4, Npiock,nodes = 1735, Ndispl,nodes = 1140, Overlapping = 34 %, Niterations = 18, Timegs =02 : 25 :
05, Resgs = 1.31- 10797 ( the result (IX) in Table 5.8 ).
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Figure 7.44: Graphs of the residual and convergence ratios for the domain division 90-16-8, Nyiocks =

5, Nblock,nodes = 1507, Ndispl,nodes =912, Overlapping =40 %, Niterations = 31, Timegs = 02 :59: 02,
Resgs = 6.2 10798,
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7.3 Modification of the pressure finite element space

Here we consider the case of the finite element approximation when basis center
functions are included in the approximation for the pressure in (2. As it is seen on
Figure 7.45 the pressure with the regular approximation is not very smooth in £, but
the pressure on Figure 7.46 where center basis functions are included is smooth.

From the results in Table 7.1 it is seen that this modification of the pressure makes
matrix dimension larger, very ill-conditioned and even singular. All that gives some
reason to think that the source of non-smoothness of the pressure on Figure 7.45 is
divergence-pressure equation in (4.1.1) which in the regular case, in a weak form, is
multiplied only on linear test functions, but in the modified case it is multiplied on
center basis functions also, that increases accuracy. We also compared modified and
regular approximations on the ”center oriented mesh” for the case of Poiseuille flow in
), and observed that deviations of the velocity uy from zero are of order 107 for the
modified approximation and 107% for the regular one.

(Divisions Noodes Niriangles DMatriz Joa, Un " Vo Condition number
3-3-3 46 36 114 - singular matrix
4—-4—-4 7 64 191 - singular matrix
5-5—-5 116 100 288 - singular matrix
6—6-6 163 144 405  —1.07288-107%  2.4532559 - 1071°
T—-T7-17 218 196 542  —1.19209-107%  3.2074694 - 1017
8§—-8-8 281 256 699 - singular matrix
9-9-9 352 324 876  —9.53674-10"07  3.3442262-10FY7
10—-10—-10 431 400 1073 +4.76837 107 1.5233274 - 10717
11—-11-11 518 484 1290 —1.19209-10"%  6.9598013-10"'®
12—12-12 613 576 1527  —4.76837-107%  9.5100143 - 10™'®

Table 7.1: Numerical results for the model domain in the case when center basis functions are included
into the finite element approximation for the pressure in Qg.

/. 50, h - Yo is the error in computation of mass conservation (4.7.1) in g and 12 — 12 — 12 means that
Nog.or =12, Nagz, =12, Ng, 5, = 12.

Unfortunately we do not have any results for the domain with extensions since the
resulting matrices were singular.
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Figure 7.45: The pressure graph for the regular case when center basis functions are not included in
the finite element approximation for the pressure in Qg. Domain division is 12 ~12 — 12, Ny54.s = 613,
Niriangles = 576, Matriz dimension = 1239, faQo un - vg = —0.074755591, Condition number =

2.505330203 - 10794,

X y

Figure 7.46: The pressure graph for the case when center basis functions are included in the finite
element approximation for the pressure in p. Domain division is 12—12—12, Nyodes = 613, Nirigngies =
576, Matriz dimension = 1527, fBQo un - v = —4.76837-107%, Condition number = 9.51001436491 -

10+16.
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