OPTIMAL CONTROL FOR A CLASS OF HEREDITARY
SYSTEMS

by

Nicolaos D. Georganas

Submitted to the Department of Electrical
Engineering , University of Ottawa , in
partial fulfillment of the requirements for

the degree of Doctor of Philosophy

Department of Electrical Engineering
Faculty of Pure and Applied Science
University of Ottawa
Ottawa~Canada
July 1970

v

IS © Hicolaos D, Ueorganas 1971

Ssmayrad



(i)

ABSTRACT

Optimal control problems for hereditary systems have been
given a great deal of attention in recent, years.

In this thesis, a class of nonlinear systems with finite heredity
in the state and the control variables is considered. Using Pontryagin’s
geometric approach, necessary conditions for the optimal control,
optimal initial control, and optimal initial state function are derived,
extending Pontryagin’s and Friedman’s [2] Maximum Principles.

The introduction of optimal initial data,in addition to the optimal

control, is considered to be very important for the optimization of

several physical systems whose evolution depends on past data. _
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CHAPTER 1

INTRODUCTION

In the mathematical formulation of a physical process the simplest
method is to assume that the future behavior of the system depends only
upon the . present state and not at all upon its past history, and)furthermore,
that the influence of the present state is instantcneous. This assumption
leads to a system of ordinary differential equations by which a great
variety of physical processes can be satisfactorily described.

For some physical systems,however, the above assumption is not
justifiable. Their future behavior is dependent not only on the present
state but also in some measure of their past and, indeed,in some cases
on their immediate future. Systems of that type appear in the fields of
economics, population studies, biophysics, phy siology, traffic flow, etc.

In [11] and (14 ] an excellent bibliography for such systems is found.

In case where the systenis evolution depends not only on its present
state but also on its past history, we call the system hereditary in the
language of Emile Picard [17 Jand Vito Volterra [18 ]. The first problem
where we find a process which will be called today héreditary, is, it
appears [ 20], the problem of ' Elastische Nachwirkungen '' treated in
1874 by L. Boltzmann [19 ]. However, E. Picard is the one who explicitly
indicated the distinction between hereditary and non-hereditary mechanics
in a paper dated 1907 [17 ). The mathematical theory of hereditary
phaenomena was founded by Vito Volterra [ 18 Jand the Italian school of
mathematicians of the early ZOth century,

The mathematical formulation of such processes by a system of

ordinary differential equations is not any more po ssible. Instead,they may
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be described by a system of difference-differential, integro-differential,

integro-difference-differential, or, in general, functional-differential

equations.

Control problems for hereditary systems have been given a great

deal of attention in recent years, An excellent bibliography can be found

in [4 ] . An example of a control process with time-delay in the state

and the control variables is the following ' bipropellant gas-pressurized

liquid rocket system' [ 16 ] shown in Fig. 1.1 .

._{><}__

oo te

e~
Control / Thrust
Valves

Chamber

>

Fuel Tank
Compr.
Gas Regulators
Oxidizer
Tank
Fig. 1.1

Here, two distinguishable mechanisms contribute to the problem

of stability and control : dynamic behavior of the feed system and

‘combustion phaenomena in the thrust chamber . The plant shown in Fig. 1.1

can be represented mathematically by a linear vector difference~

differential equation of the form :

(1.1) x(t) = Ax(t) + Bx(t-B) +Cu(t) + Du(t=B)
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where A and B are constant n xn matrices, C and D are constant n x m
matrices, x(t) is an n- vector representing the state of the system, u(t) is
an m- vector representing the control, and B >0 is a constant time delay.
The delayed terms in ( 1.1 ) arise from substituting algebraic equations
for the control valves into the differential equations for the feed system
and combustion chamber . Physically, this means that the present rate of
change of certain of the state variables ( e. g.,feed system pressures and -
flows ) depends on present values of the control, whereas the present rate
of change of other state variables (e. g ,» Chamber pressure ) depends on
past values of the control .

In particular, optimal control problems for hereditary systems
have been treated extensively in the last decade . Kharatishvili [ 3 Jhas
extended Pontryagin’s [1 ] Maximum Principle for systems with discrete
delays in the state and the control variables . Friedman [2 Jconsidered
the case of continuous heredity in the state and the co;'xtrol and has given
necessary conditions, existence and uniquene q_“s theorems for the optimal
control-and sorﬁe results in controllability. Oguzt'o'reli [ 4 ] considered
the contxl'él problem of general hereditary systems and has given,among
several important results , existence theorems for the optimal control,
Halanay [ 5 ] has extended Pontryagin’s Maximum principle for a very
general class of time-lag systems. In his work he used , the abstract
multiplier s rule of Hestenes [ 12 ] and he considered the initial control

vector as given . Chyung and Lee [ 21 ] considered several interesting

problems with delays in the state variables only and Lee [ 6 ] gave necessary,

sufficient and existence conditions for the optimal control and the optimal
initial control, for a simple linear system with one delay in the state and
the control .

In this thesis we consider a fairly general class of nonlinear systems
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with both discrete and continuous heredity in the state and the control

variables.

In Chapter 2,preliminary material, necessary for the subsequent
.chapters,is presented .

In Chapter 3, we derive necessary conditions (extension to
Pontryagin’s Maximum Principle ) for the optimal control and the optimal
initial control, with the complete proof given not in this chapter but in
Appendix A, to facilitate reading . The initial state function is assumed
to be_ given beforehand and several cases are examined. In the linear time=~
optimal case,a . 'bang-bang' principle and a uniqueness theorem for the
optimal control and the optimal initial control are obtained. Examples
demonstrate the effect of the optimal choice of the initial control,

In Chapter 4, we derive an extension of the Maximum Principle of
Chapter 3 for the case where the initial. state function is not specified
beforehand but chosen in an optimal fashion; that is, necessary conditions
for the optimality of the pair {u, ¢] are obtained . An example shows the
effect of the optimal choice of the initial state function on the cost.

Finally, colusions and suggestions for further study are given.
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'Capital letter s will denote matrices, e.g. A, B, C, etc.

CHAPTER 2

PRELIMINARIES

2.1 _NOTATION AND DEFINITIONS

The following notation is go{ng to be used throughout the thesis.
The real Euclidean n- space will be denoted by E" . An element x€E"

is a column vector , e.g. ,
[ 1 i
X

2 i
b.<

n
X

. -

The transpose

operation will be denoted by T , e.g. AT R xT .

I x,y € ok then we define the inner product of x and y as

Sl U
(x, y)=Zxy
and the norm as i=1

n 3
|x|=2 = |

- The orthogonality condition (x, y) =0 will be denoted be x__l_y

Definition 2.1.1 Compactness in E"

A set U cE" ig called compact if it is closed and bounded .
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Definition 2.1.2 Measurable functions

A function u :I-=E" i called { Lebesgue ) measurable if

u-1 (B)={t€I :u(t) €B }is a ( L-) measurable set for any Borel
gset Bc EX .

Definition 2.1,3. Regular ( or Lebesgue ) points

Let u(t) ,t €I =[ to,t1] » be a measurable function taking values

inU cEr. We shall say that the point T€ I is a regular point for the
function u ,if

lim  BLA0I) s

F(IT)-"O n ( I'E)

for every I cI containing T , where Ag = {t€I: u(t)€ N(uft))]} =

u-'1 ( N(u(T)) , N being a neihborhood of U(T) in U, and M is the Lebesgue
measure on the real line .

It is to be noted that
(i) almost all points in I are regular points for u, i.e. , the set of non=-
regular points has L- measure zero [26] .
(ii) points of discontinuity of u are not regular points

Definition 2.1.4 Continuous functions

Let x(t) be an n~ vector valued function defined on [ a, b ] . Lf

for any given € >0, there existsa § >0 , such that

| x(t) ~ x(to) I < €

whenever |t - to ' <5

x(t) is said to be continuous at the point t0 . If this happens everywhere

on[ a, b ], then x(t) is said to be continuouson [a, b ].

The space of all continuous functions defined on [ a, b Jand taking

. n i n
values in E~ will be denoted by C( [a,b ],E )



R R Rt

I————E R S R

Definition 2.1.5 Absolutely continuous functions

Let x(t) be an n- vector valued function defined on [a,b] . Suppose
that (tl,t1+h1) ,(tz,tz-thz), cees (tk,tk+hk) are nonoverlapping intervals in
(a,b) . x(t) is said to be absolutely continuous on [a,b]if , forany given
€>0 ,there exists a 6§ >0 , such that

= | x(t +h €
r=1|x(  F S -xt)] <
for all choices of intervals with

k
Zh <&
r=l"r

It is well known that
(i) an absolutely continuous function is continuous .

(ii) an absolutely continuous function on [a,b] has a derivative almost

everywhere on [a,b]. ¢
(iii) if a function f is integrable on [a,b]then the function F(t) =J' f(x)dx

is absolutely continuous on [a,b] . a

The space of all absolutely continuous functions defined on [a,b]

and taking values in E" will be denoted by AC([a,b] ,E™) .

2.2 FUNCTIONAL-DIFFERENTIAL EQUATIONS

The general form of a functional-differential equation is

*(t)=V(t, x(+)) , fort >t,

where V is a functional of Volterra type and x(-) represents the function

x on the interval a <8 st.
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2.2.1 Examples of Functional-Differential Equations [4]

(i) Differential equations with a lagging argument .

Let ao(t) ’ a1(£7) seeas am(t) be given continuous functions for t >a

such that
O.Sai(t)St fort >a (i=0,l,...,m)

An equation of the form

(2.2.1,1) x(t)=V (t,x(ao(t)), x( oz.l(t)), cee ,x(am(t)) ), t> t0

where V (t,yo,y_l, o ,ym) is a given function of t,yo,yl, ceea¥ s is called

a differential equation with a lagging argument . It is frequently written

ai(t) = t- hi(t) (0 shi(t) < t-a)
so that Eqn. (2,2.1,1) can be written in the form

(2.2.1.2) X(t)=V (t,x(t-ho(t)),x(t=h1(t)), oo ,x(tchm(t)) )

(ii) Difference-differential equations with retarded argument .

If in Eqn, (2.2.1.2) the time lags ho(t),hl(t), ven ,hm(t), reduce to

constants h0= 0,h1: ,hz,h3, 2o ,hm ( >0 ), respectively, we obtain

(2.2,1.3) x(t)=V (t,x(t),x(t-hl), cee ,x(t-hm) )

which is called a difference=-differential equation with retarded argument;

the constants ho’hl" .o ’hm are called spans or retardations .

(iii) Integro-differential equations .

An equation of the form

t

(2.2.1.4) x(t)=V(t, x(t), [ F(t,s, x(s))ds)
a
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where V and F are functions of all their arguments , is called an

integro-differential equation

(iv) Integro-difference-differential equations .

An equation of the form

t
(2.2.1.5) *(t) = V (t, x(t), x(t-hl),. ces x(t-hm), I F(t, s, x(s8) )ds )
: a
where V and F are known functions in all their arguments, is called
an integro-difference~differential equation . Equations of this type contain

difference-differential and integro-differential equations as special cases .

(v) Differential equations with retarded argument .

An equation of the form
H(t)
(2.2.1.6) x(t) = J‘ dsR( s,t) x( t-s) , ( H(t) 20 )
0
where R(s,t) is a given n x n matrix valued function of bounded variation
in 8 for each t 28 2 a, and the integral is in Stieltjes sense , is called
a differential equation with retarded argument . The subscript s denotes

that the integration is performed w.r.t. s at a fixed t .

(vi) Equations of Krasovskii ~ Razumikhin type .

An equation of the fcrm

(2.2.1.7) x(t)=V(t, x(s8); t-h=<ss< t ), for t>t0

where h >0 is a given constant and V a given functional of Volterra type,

is called a Krasovskii - Razumikhin equation’ .



(vii) Equations of the form :

(2.2.1.8) x(t) = V (t, x(t - hl(t, x(t)))seaa,y x(t - hm(t, x(t))) ), t zto

where

Oshi(t, x(t)) s t-a fort>ty , i=1,...,m .

2,3 'OPTIMIZATION PROBLEMS FOR HEREDITARY SYSTEMS

2. 3.1 Dynamic Characterization of a Control System with Heredity .

Consider the system described by the following set of functional-

differential equations ,
(2.3.1.1) $'(t) = V. (t, x(s), w(s);as8st), (i=1,2,...,n)
or, for brevity ,

(2.3.1.2) () =V (t, x(+),u(+)) , a.e. (almost everywhere)

onl= [to,tl] c [to,oo) , Wwith the initial data
(2.3.1.3) x(to) =%, x(t) = ¢g(t) for t€ [a,tOJ c( == ,1;0) ,

where
i) x(t) € E" for t €l ( State vector )
ii) u(t) €E* for t € [a, t1] (Control vector )

iii) V is a vector valued Volterra functional of x(-), u(-) and an
ordinary vector valued function of t .

Definition 2, 3,1,1

The part of u corresponding to the initial interval [o,,to),will be

called initial control .
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A vector valued function x(t) , t € [a, tl] s is called a solution of
(2. 3.1. 2), corresponding to a given set of initial data (2. 3.1, 3) and control
u , if it is absolutely continuous on I , satisfies (2.3.1.2) a.e. onI and
coincides with ¢(t) for t € [a, 1:0) . The solution is a continuation of tﬁ'e
initial state function in the forward direction -along the t axis .

Because of physicé.l limitations of any control process , control
vectors and initial functions cannot assume arbitrary values ; i.e., they
are , in general , subjected to certain constraints .

Let 9 be the set of all admissible initial state functions ¢ and A
be the set of all'?\' admissible control vectors . Let, also, G cE"™ and
Uc E° be the ranges of the admissible initial state functions and control
functions, respectively, i.e., let

¢(t) € G, tG[a,to), for all ¢ € @
(2.3.1. 4)
u(t) € U, t€ [a,t-i] , forall ue€e A

The choice of the sets &, G, A, U describes specific features
of the control process given by (2.3.1,2) .

The set U will be called the control restraint set and the set G

will be called the initial state function restraint set . A pair {u, ¢} € Ax3

will be called an admissible pair or admissible policy. The set

(2.3.1.5) P=Axb

will be called the policy space of the system (2.3.1.2) .

By the nature of a control process we are free to choose an admis-
sible pair from the policy space P . From this freedom of selection of an
admissible pair {u, ¢ },there naturally arises the problem of finding the
best, i.e., the optimal policy , in some sense .

In modern control systems design one usually introduces as criteria
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of optimality some functionals ( which generally depend on time, state vector,

control vector and initial data ) called performance indices or performance

% %
criteria or cost functionals , etc. An admissible pair {u ,¢ } is said

to be optimal ,if it minimizes ( or maximizes ) the cost functionals subject

to certain physical constraints .

2.3.2 Existence and Uniqueness of Solutions

Definition 2.3.2.1

The functional V (t, x(-), u(-) ) is called continuous in t , if
V(t, x(*), u(-) ) is a continuous function of t , for t € I , the remaining

argument s being fixed .

Definition 2. 3,2.2

The functional V (t, x(-), u(.) ) is said to satisfy a (global )
Lipschitz condition with respect to x(.) , if there exists a function k1€ Ll(I)
such that

[V ity %), we)) = V(6 y0), ute) ) | s o] [l - v
a.e. on I and for all functions u € A , where |V| =i=2r; IVi| and

||x||t =t05123 slgsgs)l

Definition 2.3,2.3

The functional V (t, x(-), u(-) ) is said to be continuous in t, x

and u, if for any € > O there exists a 6 > 0, such that the relations

|t -8 <5 , t,s € [to,y) , YE [to,tll
= - Y”Y <6, x, vy € AC(I, En)
fo-f, <8 wves

imply
|V (£, %), u-)) = Vs, yio), WD) | < €



THEOREM 2. 3. 2.1 ( Existence and Uniqueness of solutions )

Let the functional V (t, x(-) ,u(+) ) be continuous on I x AC x A,
and suppose that there exists a function k1 € LI(I) such that
Vit (), ule)) = Ve vl | s [g@f]x- vl

b3 .
a.e. on I and for all functions u € A, Let ¢ €& < C( [o.,to), G):y -

x(to) =X, € F, where G ,F are compact subsets of E" , and u €A.
Then , there exists a unique solution of Egn. (2. 3.1.2 ) corresponding to

the given ¢ , x_, andu .

0

Proof :

The proof follows the same lines asin [4, pp. 24-30]

2.3.3 Performance Criteria

Consider an admissible pair {u, ¢} € P . Let x(t) be the trajec=
tory of system (2. 3.1, 2) corresponding to the above pair and the initial

condition x(to) =x To measure the performance of the policy {u, 0}

0 .
we associate with the system (2. 3.1.2) a functional of the form
!
0 0

(2.3.3.1) Jlu, 8] = [k (s,t)) £ ( x(s), uls), s)ds

0 0 ‘0
where k and f are scalar valued functions, which are well defined and
sufficiently smooth with respect to all their arguments

The functional (2. 3. 3.1) is the performance criterion for the

system (2. 3.1.2), which we shall call the cost of the admissible policy
{u ¢ 1.

If koél , foz—: 1 , then (2.3.3.1) reduces to

(2.3.3.2) J{u, o] =t -t

% A is defined in section 2.3.4
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and we have the time=-Optimal problem .

¥ k21, and £2(x(t), u(t), t) = x L (YW(E)x(t) + ul()U(t)u(t)
where W,U are symmetric, positive (semi - )definite matrices, then

(2. 3. 3.1) reduces to the usual quadratic cost criterion

!
(2.3.3.3) T, 1= [ x (s)W(s)x(s) +u (s)U(s)a(s) Hs
to

2,3.4 Formulation of the Optimization Problem.

Consider system (2. 3,1.2) with the initial data (2.3.1.3). Let
x(t) ,t € I, be the trajectory corresponding tothe admissible pair {u, ¢}

€ P and the initial state x(to) = x . Assume that the performance

0
criterion (2. 3.3..1) is considered and that
i) G, the initial state function restraint set , is a compact subset of ok
ii) U, the control restraint set , is a compact subset of ol
iii)¢, the set of admissible initial state functions ,is the classC([a, to), Q)
iv) A, the set of admissible control functions , is the class of all
bounded, measurable functions defined on. [ a, tl] and takingvalues
in U
Let also S, and S, be two smooth manifolds in " .

0 1
Then, we can formulate the optimization problem as follows :

Find an admissible policy { u, ¢ } € Ax &, so that the control u
transfers the initial state x(to) =X, € S0 of system (2. 3.1.2) to a terminal
state -x(tl) =x € S1 with minimum cost.

Thus, {u*, ¥} is an optimal policy, if

(i) [u*, ¢*}is admissible , i.e., u¥e A , ¢*e )

ey K
(ii) u” transfers ¢ and xg € Sy to x ESl

(iii) J ¥, §£1<T &°, ¢] for all fu, g}eP which transfer %, €S, to x ¢S
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2.3.5 Questions related to the Optimization Problem

The optimization problem formulated in 2.3.4 gives rise to the
following questions :
(i) Does there exist an admissible pair {u, ¢ }such that the control

9
u transfers ¢ and XOESO to the target x GS1 ?

(ii) Assuming that at least one such pair exists, does there exist

an optimal pair {u’ ¢* ] 2
(iii) If there exists an optimal pair, what conditions must it satisfy ?
(iv) I there exists an optimal pair , is it unique ?

(v) How canve synthesize an optimal pair ?

Question (i) ( controllability ) is very important for the whole problem,
but equally difficult to answer . We shall assume that there is a positive
answer to that question,throughout the thesis, without further mention
The existence of an optimal pair (question (ii) ) is a problem which we
will also not consider in this thesis . We shall assume that Athere exists
an optimal pair . We: shall concentrate mainly in answering question
(iii), i.e., in finding necessary conditions that an optimal pair {u*, é‘ 1
must satisfy . These necessary conditions give actually all the pairs
that are :'candidates' for optimality , thus becoming a very powerful
tool for the solution of the optimization problem . Question (iv) (unique=-
ness of the optimal pair ) will be answered partially . No attempt

will be made in this thesis to answer question (v) { synthesis problem)

which is most difficult even for simple systems without heredity

Before proceeding to the derivation of the necessary conditions
for optimality of the hereditary system , we shall briefly present the
celebrated Maximum Principle of L. S. Pontryagin
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2.4 PONTRYAGIN’S MAXIMUM PRINCIPLE

Consider the system described by the following vector differential

equation

(2.4.1) x(t) = £ ( x(t), u(t) )
where
i) x(t) € E®, tel= [to,tl ], is the system's state
ii)u(t) € U C EY , t €1, is the control vector
iii) f( x, u ) is an n- vector valued function with components fl( x, u),
fZ( Xy, U)yens ,fn( x, u ) . The functions fi, i=l,2,...,n, are
defined and are assumed to be continuous in E™ x U . Moreover, they are

assumed to be continuously differentiable w.r.t. x
In addition to the system (2. 4.1) there are given

1) the smooth manifolds , S0 and S1 s in "

2) a real valued cost functional
1 o
3 [ul= [£(x(s), uls) )ds
to
where fo is defined and is continuous , together with f(:: , on all of
E"xU
3) a compact control restraint set U in E"

4) a class of admissible control functions

A={u : uis a bounded,measurable function defined on I and

taking values in U }

The optimization problem can be stated now as follows

Among all the admissible controls u €A, which tranfer the state of system
(2.4.1) {from some point X € So to some point x € Sl , (if such controls
exist ) , find one for which the functional J [u ] takes on the least
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possible value .,

Definition 2.4.1 The Augmented System

The system
(2.4.2) () = £ (&(1), ult) )
t
where % =[x, x I5 x%(t) & [ ©x(s), ule) )ds , £ = [0,¢T
to

is called the augmented system

Definition 2.4.2 The Adjoint System

The system
(2.4. 9 Bto) = - 1y Gy, e Feo

A A
where V| is an n+l -vector and f;‘; is the Jacobian of f (w.r.t. % )s

is called the ( augmented ) adjoint system corresponding to system
(2.4, 2)

Definition 2.4.3 The Hamiltonian Function

The function
N n+l 1 1

H: E" xuxg"™ g
defined by

el A A AN n 3
(2.4.4)  H(%9,§)=(V,f)=Z{f (x, v
i=0

is the (augrniented ) Hamiltonian function corresponding to system (2. 4, 2).

With the above definitions we can now state Pontryagin’s

Maximum Principle [1]
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THEOREM 2.4,1

Let u(t) , t €I, be an admissible control which transfers the
state of system (2.4.1) from some position X GSO to some position
X ESl , and let %(t) be the corre sponding augmented trajectory -
(starting at the point 20 =[o, xOJT) . In order that u(t) and %(t) be
optimal it is necessary that there exists a nontrivial , absolutely
continuous, vector valued function ,lﬁ(Jt) = [%(t), \H{t), ces q;n(t) JT cor=
responding to the functions u(t) and %(t) » such that

N A A
(i) the function H (x(t), v, {(t) ) of the variable V€U attains its
maximum at the point v = u(t), almost everywhere on the interval

[to,tl:l, i.e.,

N A N A PAN
H (2(t}, u{t), {{t) } = max H (x(t),v,y(t)) a.e.onlI
vEeEU

(ii) at the terminal time t = tl s the relations

Volt) =0

N oA » AN A
M(x(t,), ‘I!(tl) ) A max H(x(t),v, (t)) ezt =0
veU 1
N
are satisfied . Furthermore , it turns out thatif {(t) ,;\c(t), u(t)
satisfy systems (2.4.3), (2.4.2) and condition (i) ,the time
N N

functions q:o(t), and M(x(t), l’l!\(t) ) are constant on I. Thus
condition (ii) may be verified at any time t €[t0, tll and not just
at t1 .

(iii) the following transversality conditions are satisfied at

both ‘endpoints :

W(to)__l_So (at xo) . ll!(ﬁ)LSl ( at xl)
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, Remark 2.4.1

' The requirement that the - control restraint set U be compact
assures the existence of the maximum of the Hamiltonian , for given

x(t) and {(t) . This fact is based on the follo wing fundamental Lemma :

Lemma 2.4.1

A continuous function defined on a compact set attains its

maximum and minimum. in this set .
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CHAPTER 3

OPTIMAL CONTROL PROBLEMS FOR A CLASS OF HEREDITARY
SYSTEMS WITH SPECIFIED INITIAL STATE FUNCTION

3.1 INTRODUCTION

In this Chapter we consider a class of hereditary systems, which

belongs to the general class (2.3.1.2) . The policy space is taken to be
(3.1.1) P=Ax{o¢}

w}ei'.é ¢is a given initial state function . Necessary conditions for the
optifﬁal control and the optimal initial control are derived ,for different
cases . In the linear time ~ optimal case,theorems concerning the form
and the uniqueness of the optiral control and the optimal initial control
are obtained . Examples demonsirate the effect of the optimal choice

of the initial control .

3,2 STATEMENT OF THE PROBLEM

Let a controlled system be given, which is described by the

functional - differential equation

(3.2.1) (t) = [ a_Gl t-s) £( x(s),u(s), 8 )
[Qat]

for t€l = [to,tl] c [to, ®) , with the initial data

x(to) =xy x(t) = ¢(t) for tE[u,to) dq - co,to)
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where
i) x(t) €EE" for t €I
ii) u(t) €U cE" for t€la,t]
i) £, 1, € cE xu,E) , £ ecC
iv) G(s) is an n x n matrix valued function of bounded variation
on [0, tea ], t € [a,tlj
v) the integration is considered in the Stieltjes sense ,with respect

to 8 , for fixed t
We assume that

1) ¢€C(la, 0) G) , where G is a bounded subset of E"

2) U, the control restraint set , is a compact subset of E"

3) A, the set of all admissible control functions , is the class
of all bounded , measurable functions, defined on [a, tl Jand
taking valuesin U

4) G(t) = S(t) +K(t)

where K(t) is a matrix valued function, absolutely continuous
in t , and S (t) is the ' saltus "' partof G, i.e. ,a matrix
valued function , whose components Sij(t) are piecewise
continuous functions with discontinuities, of the first kind ,

at the points ( assumed to be finite the number )

and let Ai(t) be the matrices of the jumps of S(t-s) at the points
s=t'his (i=0,1’---’m)

In addition, two smooth manifolds [1 ] S, and S in En, with
dimensions roand rl ( <n) ,respectively , are given
From assumption 4) and the usual rules of integration for Stieltjes

integrals [ 4, p.79 ; 25,p.168 ] we find

e
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t m
aJ'ds S(t=-8) f(x(s),u(s), s) j:f): Ai(t) f(x(t-hi),u(t-hi),t-hi)

for t >h R and
m

t t
fds K(t-8) f(x(s),u(s), s) = J‘ L(t-8) f(x(s8),u(s), s8) ds
a a : :

dK(t)

where L(t)=~- e

Thus, system (3.2.1) reduces to the equivalent form (for t> hm)

t
(3.2.2) k() = BA(0)f(xlt-hy),ult-h), th) + [Lit-s) fx(s), u(s), e)ds
i=0 a

In the sequel we shall consider and study the controlled process
(3.2.2) for tE€l= [to,tl ] .

The cost functional considered here is

t
0 0
(3.2.3) T Lul= [k (t=s) £ (x(s),u(s),8)ds
%o
0

where k°ecl(n and £, i) ec E™ xu,eY) .0 e ceiu, B
X

We shall concentrate on the following optimization problem

Find necessary conditions for a control u € A to be optimal, i.e.,
minimizing the cost functional (3.2.3) while transfering the state of

system (3.2.2) from X, € S0 to %) € Sl

3,3 BASIC DEFINITIONS
3.3.1 The Variational System

Let u(t) , t E[a,tl ], be a control in A and let x(t) be the



|

A T T

solution of system (3.2.2 ) corresponding to this control, with initial con-

dition x(to) =x and initial state function ¢(t)

0
Let y(t) be the solution corre sponding to the same control u(t)
and initial state function ¢(t) , and beginning,at the same time t0 , at
the point :
Yo = %o * €5% O(€)
. . n . o(€) '
where Eo is a constant vector in E and 1lim X21&= 0

€0
The solution y(t) has the form

y(t) =x(t) +€8&x(t) + O( €)

where 6x(t) is a vector valued function , independent of € and satisfying

the system R

m t
(3.3.1.1) (&X)(t) - 3) A, (t)F_(t-h,)bx(t-h,) + aj‘ L(t-8)F_(s)6x(s) ds
for t€ 1 , with 6x(to) = Eg and ox(t) = 0 for t € [a, to) ,where

F (6 & £ (x(t),ult)t)

System (3. 3.1.1) is called the Variational System corresponding
to system ( 3.2.2)

3,2.2 The Adjoint System

Consider the adjoint to (3.3.1.1) system

t
. m 1
(3.3.2.1) §(8)=-FL(t) { T AT (h)y(t+h) + [LT(s-t) Ws) ds )
X izo 1 1 1 t

on I , with \h(tl)=¢1 and {(t) =0 for t>t1

A vector {(t) is a solution of ( 3. 3. 2.1) if it is absolutely

continuous , on [to,tl) , and it satisfies (3.3.2.1) a.e. on I,
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with q:(t1)=\y1 and y(t) =0 for t>t .

y (t) is called the adjoint response and (3. 3. 2.1 ) the Adjoint

System

3,.3.3 The Hamiltonian Functionals

We shall now introduce the following functionals
m
H (x(t), \l’(')aV:t) = T ( Ai(t-‘hi) f(x(t),vyt) \Ht'*'hi) ) +
i= 0

t
+ [Y( L(s~t) £x(t), vt ) , Y(s))ds, te€I
t

(3. 3.3.1)
- ,
Hp(m(t), §(*)svst) =i=§ 8,(t) ( A,(tth,) f:g(t), Vst ), §(t+h,) ) +
!
+ [ ( Lis-t) {(g(t),v,t) , Us))ds, tela,ty)
to
where
if t -h,t-h,
alt) = 2 j t Z E:O_Z‘ :1_:1)) (120,1, ... ,m)
0 i1 i

We shall call H and Hp the Hamiltonian functionals . The

functional character is due to the presence of () in H and Hp

We also introduce the functional

m
(3.3.2.2)  R(H) AR(x(), §(t),u(-)at) = ( ¥(t) 5 T A(O)(x(t-hy), u(t-hy),

. i=0
t=h,) + [ L{t-s) f(x(s),u(s),s) ds )

a
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3.3.4 Augmented Variables and Systems

We increase the dimension of the state space by introducing a new

state variable xo defined by
0 t o 0
(3.3.4.1) x (t) = [ k (t-s) £ (x(s),u(s), s )ds

We define now the following augmented quantities

A xo(t) N 0 A fo . ¢0 (t)
x(t) = »  @(t) = » = »  Y(t) = )
x(t) ¢ (t) . f y(t)
I 0 i | ‘]
k(o) __0 L
Ko(t) = E , f&i(t) = ; , i=1,2,...,m)
0 I Ay AU
0 [
dk (t-8)g(s-t ) 0
Lt-g) = |- - - - -1 SEEEEE
0 ¢ L(t-s)

where e(g-t is the unit step function .

o

%(t) is now the response of the augmented system

i

. m/\ A t A A A
(3.3.4.2) %(t) = 2 A(t) £X(t-h,),ult=h.),t-h,) + [ L(t-8) £(x(s), u(s), s)ds
i=0 a

with  Mt)= ¢(t), t €[a,ty), and X(t)) =% = [o,xojT

The augmented variational system is now defined as

X m t. A A
(3.3.4.3) (6x)(t) = = A.(t) Ft-h)éx(t-h.) + [L(t-s) Fa(s)éx(s)ds
i=0 1 xvl 1 1 a p.<
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N T A
with  &x(t ) = [o,g\,] , 6x(t) =0 for t€[a,t0)

The augmented adjoint response ’q}(t) is the solution of the

augmented adjoint system :

A A m/\ A t]' ~ A
(3.3.4.4) F(t) = - Foqt) { = Adeth)P(t+h) + [T (s-t)](s) ds )
X 1=0 1 1 1 t

onlI, with /ll}(tl) =$ = [q;o(tl),qi ]T and @(t) =0 for t>t .

A A A
The augmented functionals H, Hp , and R are now defined as

m

ﬁ(ﬁ(t),m-),v,t): z(ﬁi(ﬁhi) &), v, 1) fl?(t+hi) ) +
120
ltl A A A A ;
(3.3.4.5) + [ Lis=t) £(x(t),v,t) , ¥(s) )ds , teI |
.3.4. A :
NN . ~ _ I:‘l A AA A
HP<¢(t),¢(-).v.t) —i;) 6, (t) (A, (t+h,)E((t), vo 1) , Y(t+h)) ) +
t1 A A A A
+ [ Lis=t) £(5(t),v,st) , ¥(s) )ds, t €B,ty)
t
0

m .
(3.3.4.6) /l\l(t) = ( /\p(t) s Z K(t)f(ﬁ(t-h.)s u(t=h,),t=h,) +
=0 ! i i i

t, A
+ [L(t-s) f(x(s),u(s), 8 )ds ) , t €I .
a

3.4 NECESSARY CONDITIONS FOR OPTIMALITY

We consider fir st the case where the function f does not

depend explicitly " on the time t .
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The following Theorem gives necessary conditions for an admissible

control to be optimal .

THEOREM 3,4.1

Consider the control process in ok

m ' t
(3.4.1) X(t) = Z A (t)i(x(t=h,), ult-h,)) + [ L(t=8)(x(s), u(s))ds
i=0 a

with bounded , measurable controls u(t) , t € [a, 1:1] » in the compact
restraint set Uc E' . Let A be the class of all admissible controls,
For each u€ A with response x(t) ,let the cost functional be
t
! 0 0
(3.4.2) J [ul= [k (t=8) £ (x(s),u(s))ds

t

If u is an optimal control in A with augmented response ':\c(t),
t €I, then there exists a nontrivial adjoint response { (and augmented

A
response ((t) ) ,absolutely continuous on [to,tl) , such that

FHR(E), § () w(t), t) = max HEL), §(+),v,1)
(i) veu . a.e., on [to,t1]

ﬁp(a(t).$(- ), ult), t) = max H(3(t), §(-), v, t)

veU P a.e. on [a,to)

(ii) at the terminral time t=1:1

bolt)) <O and 'ﬁ(tl) =0

Moreover, q;o(t) = const, <0 forall teIl



(iii) the f&llowing transversality conditions are satisfied at both

endpoints of the trajectory x(t),
§ ¢f(t0)_l_So (atx,) , A0 )_LS1 (at x, )

The proof follows the steps of Pontryagin’s [1] approach ,as.
utilized by Friedman [2] , modified adequately with the use of results
of Oguzt'o'reli [4]). We present this proof, which is fundamental for
this thesis , in Appendix A and not here

Now we can consider the more general case where f is also a
function of time ., However, the optimal problem can be reduced to the

previous one , as shown below

COROLLARY 3,41

n
Consider the control process in E

: t
| (3.4.3) 3ft) = mAi(t)f(x(t-hi),u(t-hi),t-hi ) + [ L{t-s)f(x(s),u(s), s )ds
i=0 a

on I= [to,tl], with u €A, u(t) € U for t E[a,tlj .

For each u € A with response x(t) ,let the cost functional be :

Y

(3.4.4) sLad= [kt -0) £2x(s), uls), 5 )ds
t
0

If u is an optimal control in A with augmented response ﬁ(t) ,

t €I, then there exists a nontrivial adjoint response {(t) ( and augmented

- response {(t) ), absolutely continuous on [to,tl) , such that
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f(&(t), §-), ult), t) = max B (£(t), §¢) v, t)

v €U
) a.e. on [to,tl:l

ﬁp( (1), U, fult), t)

max I/'\Ip( 8(1:):/‘&(')’ v, t)

v eu a.e. on [a,to)

(ii) at the terminal time t

i
o+

bolt) <0 and R (t)=0

)
Moreover , d;o(t) =const< O forall tel

(iii) the following transversality conditions are satisfied at both

endpoints

'-“to)—‘—so (atx,) w(tl)_L'-’Sl (atx )

Proof
. ni .
We define a new state variable , x |, given by
(3.4.5) x?T}=t, for tG[a.t1]
Consider now the system in En+1
= n+l : n+l
X(t) = T A (t)f(x(t-h,),u(t-h ), x  (t-h,)) + fL(t-s)f(x(s),u(s),x (s))ds
. i i i i
(3.4.6) i=0 a

knﬂ(t) =1

for t €1, with x(t) = glt) , tela,ty), x(t;) =x,, x™ Yty =t for tela,t)

and the cost functional

. t
(3.4.7) 3lul= [t -6) £ x(s), u(e),x"*(s) )as

t

Now , the initial and target manifolds for system (3.4.6 ) in En+

1

?
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are the sets S_x {t.}] and S xR
0 0 ! ntl.T ‘
The system (3.4.6 ) with state [x,x ] and the cost functional
(3.4.7) are exactly of the forms (3.4.1) and (3.4.2 ), respectively ;
thus , we can apply Theorem 3. 4.1

First , let us introduce the following time augmented quantities :

A , N A N\
& s, [? K
W O A 1 I I
x t_[ 1 _¢n+1J
I Ta In |
. Ao(t) lo . A, (t) :0
Ao(t)=_____:__ ’ Ai(t)=_..___|__ H (1=1:Z:°--am)
| 0 1 1 0 o
N | N
L 0
P
L=t
Ety

The_time -augmented system is defined now as

. ma Aa ' ta AN
(3.4.8) &)= 2 A (OR(-n),ut-h)) + [Lit-s)E(x(s), u(s) )as

i=0 a

with x(t ) = [0,x,t, T oana 2o =5, ¢ € [a, t,) ,

and the t1me-augmented adjoint system , based on u(t) and x(t) , i8

(3.4.9) Py = -If"%‘t){ 2A(t+h)¢r(t+‘r )+f‘LTs-t) (s)ds )

i=0
or ,
¢ (t)—- 0 m
T
(3. 4.10) ‘l’(t) ==-F (t){ ZA (t+h )\]J(t+h ) +JJ'L (B-t)q.(s)ds ]
o i=0 ™ t t1

b = - BT 0= Aem)fen) + [ L(e-0i(s) a5

i=0 ! t
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where 'ﬁt(t) s ’f‘t (x(t), ult), t )

The time- augmented functionals are

2%, 8, v t)= 2oy (em) +H (R, v t)
i=0
m

R N A _ el N A A
(3420 B (F0), TE) ve £)= B Qg 80, 6, v o)
R A N N, A A
R ( ﬁ(' )' ‘I’(t))u(' )') t)= ¢n+1(t) . R( --x(‘ )a ‘l’(t)au(° )l t )

Applying now Theorem 3.4.1 to system (3.4.6) we obtain :

A A oA

& &ty He) u), £) = max B &, § ) v t)
(3.4.12) velUu ae. on I

A ~

Hp(é(t).ﬁ(.),u(t). £) = maxﬁp(a(t), ey, v )

veu a.e. on [o.,to)

From (3.4.11), (3.4.12 ) and the fact that { is not a function

n+l
of v €U, we obtain

(3.4.13) ﬁ(ﬁ(t), TG )ult), t) = maxﬁ(:’i(t). v t)

vedu a.e,. on 1
(3. 4.14) B (He), P)ult), t) = max H_(4t), $(¢-),v, t)
P veU p

a.e. on [a, to)

Let us now consider a fixed endpoint problem for system (3.4.3),
i.e., x(to) ¢._;,x0 and x(tl) =x . Then , the optimal problem for system
(3.4.6 ) is a free-right-endpoint problem with target manifold {xl}x R.
Condition (iii) of Theorem 3. 4.1 asserts that

(3.4.15) Lyle), v () iy ’__ {x xR
This condition implies that :
(3. 4.16) ¢n+l(t1) =0
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From (3.4.11) and (3.4.16) we obtain

' (3.4.17) ﬁ(tl) = 4t +ﬁ(t1) = ’ﬁ(tl)

From condition (ii) of Theorem 3.4,1, as applied to system (3. 4.6),

and (3.4.17) we finally obtain

(3.4.18 ) ’ﬁ(tl) = ﬁ(tl) =0

The proof of the condition \yo(t) = const < 0 ,for t €I, follows

from Theorem 3.4.1

Now, let us suppose that the initial and terminal points of system
(3.4.3) belong to the smooth manifolds SO and S1 . Then , the corres~
ponding points of system (3. 4. 6 ) belong to the sets S, x {to} and
S1 x R . Applying the transver sality conditions of Theorem 3.4.1 ,we

obtain

Cylegh ¥, (t) TL Sy = [t} (at g £y T )

L
Lot vt Tl s xr (el g

from which it follows
(3.4.20) \j,r(to)_l_So (at X, ) ¢(t1) S1 (at X )
This completes the proof of Corollary 3.4.1 .-
We consider now the optimal problem where the criterion of

performance is the time of transition from X, to x - A control u€ A

will be called time=-optimal if it steers the system from X to X in the

shattest possible time . The system considered here is (3.4.21) =
(3.4.3) = (3.2.2) with cost functional J[ul= tl-to .  Since this
is a particular case of (3.4.4) , when fo= 1 and k =1 , the

time -optimal problem is reduced to the previous one, with the
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following result

COROLLARY 3.4.2

Consider the control process in E"

m t
(3.4.21) X(t)y = 2 Ai(t)f(x(t-hi), u(t-hi), t--hi ) + J‘L(t-s)f(x( s),u(s), s)ds
i=0 a

with u € A, u(t) € Ufor t€[a,t1] , and with cost functional

(3.4.22) J] = tl-to

If u is a time-optimal control in A , with response x(t), t€l,
then there exists a nontrivial adjoint response (t) ( and augmented

response $(t) ) , absolutely continuous on [-to,tl) , such that

H ( x(t), ¥(-), u(t), t)=max H{x(t), ), v, ¢ )

veu a.e, onl
(i) e

Hp( @(t), ¥(:), ult), t)= max Hp(dt). §), v, t)

veu a.e. on [o.,to)

(i) at the terminal time t= tl
] O(tl) < 0 and R(tl) =20

Moreover , ¢0(t)=c. <0,for all tel

(iii) the following transver sality conditions are satisfied at both -

endpoints

v Ls, (atxg) wipLs, atx))
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Proof

We need only prove part (i) and the second condition of part (ii),
since the restis covered from Corollary 3.4.1 , which holds for the
present case, as well

Now ,

m
(&), W) v £) = gp(tth) + H () ),V t)
i=0

m
Z8 i(t) \B(t+hi)+ Hp( ¢ (), W)y vy t)

(3.4.23) H (38, T¢) v, 0=
P i=0

R (&), (0, ule), £) = 4ot + R (xl), ¥l8), ule)s )
Applying now Corollary 3.4.1 and using (3.4.23) we obtain:

H ( X(t), \b(' )s u(t)’ t ) = max H( x(t): ‘l’(' )’V ’ t)

(3.4.24) ved a.e. onl
H{) @lt), v(+), uft), t)=max Hp( @(t), W) v ,t)
ve U
a.e. on [a.,to)

and
(3.4.25) 'ﬁ(tl) = §oft)) + R(t) = 0
from which
(3.4.26) R(t) = - ¥ ofty) = 0

Q.E.D.

Remark 3.4.1 : The results of Theorem 3.4.1, Corollary 3. 4,1

and Corollary 3.4.2 remain valid for hereditary processes of the

form
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m t
(3.4.27) x(t) =1 ?A (t)f( )(x(t-hi),u(t-hi),t-hi ) +QJ‘L(t—s)£(m+1)(x(s),u(s), s)ds

where f(i) , (1=0,1,...,m+l ), are vector valued functions , not neces-

sarily identical , and the following changes are made to the adjoint

system and the functionals H, Hp and R

Sy T T _gT
(3.4.28) {(t) = {=Eo F o i) () (b)) - F_ +1)(t)J‘L (s-t) y(s)ds
(3.4.29)  Hx(t) () vit) = ZUA(RIE, (xl(t),v,8) 4 yleth) ) +
i=0
t
1

+tf( L(s=t) () (=(D,v4 ) 5 ¥(s) )ds

m
(3.4.30) H (¢(t). We)yvot)=2Z 86, (0 Altth, )f( )(¢(t).V.t), y(t+h) ) +
i= 0

+ I(L(s-t)f(mﬂ)(qs(t'),v, t), V(s))ds

to

m
(3.4.31) R()=( 4(t) , TA()E

2 (x(t-hi), u(t-hi), t-hi) +

(i)

t
+ [ Lit-s) £ pp)()s ule), 8)ds )

a

‘Remark 3.4.2: Moving Target Set

Let S0 be a fixed manifold in E” but Sl(t) a moving rl-dimen-

sional manifold, whose dependence on t is differentiable . If u isa
control in A which transfers the state of system (3.2.2 ) 5(3.4.3)

from some point xo €S to the target set q(tl) , at time t., and

0 1
which minimizes the cost functional (3.4.4 ) , then all statements of
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Corollary 3.4.1 remain valid for the present case, except the second
condition of part (ii) , which is modified

Indeed, let us consider a parametric curve (zl( 9, zz( ) I zn( 9)),
lying entirely on the smooth manifold §(t ) and passing through the the
point x(tl)ESl(tl) . Then , the curve (z (6), zz( )ye.., zn( 0), 9% lies
entirely on Sl(tl) xR and passes through the point ( x(tl),t1 ). The
tangent vector (ql,qz, .o ,qQ,l Y, | qi= gd—%i ), of this curve at (x(tl),‘t )T
is also a tangent vector of the manifold Sl(tl) x R at the point (x(tl)," tl)

[ 157 . From part (iii) Of Corollary 3.4.1, we obtain

n .
(3.4.32) Z y.(t) q + b () 1=0
i=1
and
o) - ey =
(3.4.33) (8) = ¥, (t) + R(E) =0

From (3.4.32 ) and (3.4.33) we conclude that ,if (q5q s...,q")
is a vector tangent at Sl(tl) at the point x(tl) , then

A n .
(3.4.34) R(t) = T {,(t)q
1 . il
i={
Remark 3.4.3 : A Tracking Problem

Let z = z(t) be a moving particle in E”. The optimal problem
now is to find a control u in A such that the corresponding trajectory
of system (3.2.2) =(3.4.3) intersects the curve z =z(t) at some time
t= tl , while the cost functional (3.4.4 ) achieves its minimum.

Since z(t) can be considered as a one dimensional manifold in En,
the results in Remark 3. 4.2 applyhere,as well. Thus, if uis an optimal
control in A, such that x(tl) = z(tl) , and if (ql,qz, eee ,qn) is a

tangent vector of the curve z = z(t) , at t=t then

1 ?
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A _ ; i
(3.4.35) R(t)) "2 ¥,(t) g

with the rest of the assertions of Corollary 3.4.1 remaining unchanged.

(when applicable to the tracking problem . )

Remark 3.4.4 : Free-endpoint Problem

If the target set S, is all of En, then the transversality condition

1
of Corollary 3.4.1 , at the right-hand endpoint, implies that

(3. 4.36) ¥(t) =0

All other statements of Corollary 3.4.1 remain unchanged

In all previous problems ,we considered fixed initial time to ,but
free terminal time t1 . If we consider now the case where "1 is also
fixed , we can state the following

COROLLARY 3.4.3

n
Consider the control process in E

m t
(3.4.37) =x(t)= = A,,‘(t)f(x('c-hi),u(t--hi),t-hi ) + IL(t-s)f(x( s),u(s), s )ds
i=0 a

on I-= [to,tl] , where to and tl are fixed , with u € A, u(t) €U for

t€ [a, tl], and with cost functional

1, 0
(3.4.38) Jlul= [k (tj=8) £ (x(s),u(s), s )ds
t
0
If u is an optimal controlin & , with augmented response R(t),

t €1, then there exists a nontrivial adjoint response {(t) ( and augmented
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response ﬁ(t) ) ,absolutely continuous on - [to,tl) , such that

B (&), ), ult), t)=max H (&), §(-), v, t)

ved a.e., onl
(i) T

ﬁp( 8(8), $ (), ult),t) = max H (3(t), )y v, t)

vevU .a.e, on [o.,to)

(ii) qyo(t)= const < 0 forall te€l
(iii) the following transversality conditions are satisfied

w(to)J_So (at X ) q;(tl)J_Sl (at X )

Proof :

The proof is exactly the same asin [1, pp. 66-69 ]

_ We observe that Corollary 3.4.3 differs from Corollary 3.4,1
only in the statement concerning R(tl) , which in 3.4.3 is missing .
This is due to the fact that, in the fixed time problem, time perturbations
of the form Y + €& ( s.Appendix A ) are not allowed

Remark 3.4.5

In all previous problems ,we considered that u(t) €U CEr , for
all t €fa, t1 ] . The results obtained will not change ,if the initial control
u(t) €U, , t E[o.,to) , and the control u(t) € U,, t€ [to,tl] » where U,
and U2 are compact:: subsets of Er, not necessarily identical

From the proof of Theorem 3.4.1 ( s.Appendix A ) we also observe
that the Theorem and its Corollaries remain valid ,even if U1 or U_or

2
both , are all of Er .(Wherever the R.H.S. of conditions (i) exist )
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The following example considers a control system with distinct

control restraint sets Ul'and U2 and fixed time

EXAMPLE 3.4.1 : An energy-optimal problem

Consider the system in E1 =R |
(3.4.39) %(t) = = x(t-1) +u(t) + u(t-2) , t€fo, 2]

with  x(t) = ¢(t) =1, t€[-,0) , x(0)=2

and the cost functional

2

(3.4.40) Jlul= [ w¥(t)at
0

with u € A , u(t) GU1 = [-1,1],te[-2,0), and u(t) EU2=-' R, for t€[0,2].

We shall consider the following optimization problem with fixed

ime : Find a control u in A, which transfers the state of system
(3.4.39 ) from the initial point x(0) = 2 to the terminal point x(2) =-~2
and minimizes the cost functional (3.4. 40 )

The solution of system (3.4. 39 ) is given by ( s.Appendix B) :

(3.4.41)  x(t) = N(t)x(0) + foN(t-s-l)qj(s)ds + }N(t-s) {u(s)+
+ u(s~2) }ds * °

where N(t) satisfics
N(t) = - N(t-1) , t>0

(3.4.42)
N(t)=0, t€[-2,0) , N(0)=1

Using the ''method of steps ' [8], we find the solution of (3.4.42)

in the interval [0,2] as

1 , for te€[0,1]
(3.4.43) N(t) =

2-t , for t€[1,2]
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{
R The ''characteristic '' function N(t) is plotted in Fig. 3.4.1:
‘{ N(t)
1
0 1 2 ot
Fig . 3.4.1

We shall now apply the results of Remarks 3,4.1 and 3.4.5,
observing that system (3.4.39 )is of the form (3.4.27) ,with
Ao(t) =A1(t) = Az(t) =1
and IL(t)= O

(x,u,t) = u

» $(2)

, f(o)(x,u,t) =u, f(l)(x,u, t) =-x

The adjoint system is now

(3.4.44) Y(t) = + y(t+l) , telo,2]
with y(t) =0 for t > 2

From (3.4.29 ) and (3.4.30) we obtain the Hamiltonian functionals

2

f = Z(Ki(tmi)?(i)(%u),u,t) , fwm)) , telo,2]
(3.4.45 ) i=0

A _ 2 N A A A

HP- = ei(t) (Ai(t+hi)f(i)(¢(t),u,t) , ¢(t+hi) ), t €[-2,0)

o

i=

where the augmented quantities are defined as :

ALp O T ,.0 0 2 A .0 A T
x= [ X, , X ] ;\ ( x () é_; (x,u,t) =u (t) ), f(O) = [f ’f(O)T ’f(i)—to’f(i)]
(i=1,2), ¥=Lyyv]
2 1 0 2 0 0 (ie12)
- ’ . = N 1: ’
0 1o 1 lo




-4]-

and h0=0,h1=1,hz=2 ,
1 ,t€l0,2) 1, te[-1,1) 1, t€l-2,0)
8y(t) ={ » 8,00 =1 » 8,(t) ={
0 ] tE [0)2) 0 ’ t€['1’1) 0 ’ tﬁ["zto)

Thus ,from (3.4.45) ,

et - TPy A S e AR S

ff = gul(H) + p(Balt)- = y(eh) + Wer2ue) ¢ €D, 2]

(3. 4.46 )

ﬁp= ¢ (£42) ult) , t€ [-2, -1)
= =g (t) ¢ (t+l) + y(t+2)u(t) , t€[-1,0)

Since the restraint set for the control u(t), t€ D,2] ,is the whole
1
space E =R , the maximum principle implies that the optimal control
A

A o
will be merely an extremalof H , i.e., dH

3u
or ,
(3.4.47) 24 gu(t) + ¥(t) + Yti2) = 0

or,
(3.4.48 ) u(t) =—'Lzrt__(t) T y(t+2) ,tel 0,2]
0

( # 0 , since otherwise the optimization problem has no solution )
0 P

The solution of the adjoint system (3.4. 44 ) is (s. Appendix B) :

(3.4.49 ) Y(t) = N (2-t) ¥(2)

Thus, from (3.4.48 ) and (3.4.49) ,

(3.4.50) u(t) = k {N(2-t) +N(-t) } , te[o0,2]
where k= - ;J_:’zl- , or

k , t=0
(3.4.51) ut) ={ kt , t€(0,1]
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From the maximum principle for the optimal initial control ,
whose restraint set is Ul = [-1,1] , and ﬁp from (3. 4.46 ) , we obtain
the form of the optimal initial control

(3.4.52) u(t) = sgn { wWt+2)} , t € [-2,0)
or,
(3.4.53)  u(t) = sgn{N(~t)y(2)} = sgn {N(~t)}sgn{ §2)}=sgn{i(2)} =a=const,
for t € [-2,0)
We shall determine now the two unknown constants k and a

from the condition

(3.4.54)  x(2) = -2

From (3.4.41), (3.4.51) and (3.4.53 ) we obtain
‘ 0
-2 =x(2) = N(2)x(0) + [ N(2-s-1)g(s)ds +
2 -1 2 1
+ [N(2-5) {u(s)tu(s-2)}ds = - N(s)ds + [N(2-s)ksds +
(3.4.55) 2 2 2 1 0
+ [N(2-s)kds + a [ N(2-5)ds =0.5+k[(s~2)"ds + k + 1, 5a =
1 0 1

=0, 5+ K
5 Z+k+L5a

or,

4k
(3.4.56) -3+ lL.5a =-2.5

Now, a=sgn {y(2)}=sgn {-2¢ .k} =sgnk
If k>0 then a=+ and %—+ 1.5a > =2.5
If k <0 then a=-~1 and , from (3.4.56 ) we obtain

(3.4.57) k=-0.75
Thus , k=-0.75 and a= -l determine a unique solution
of the optimization problem .

The optimal control is now ,
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-1 ..t €[-2,0) ( optimal initial control)
-0.75 , t=0

-0.75t , t €(0,1]

-0.75 , te€N,2]

(3.4.58) u(t) ={

u(t)

- ————— ——

Fig. 3.4.2

The corresponding to (3.4.58 ) minimum cost is
2 2 :
(3.4.59 ) Jlul = [ut)dt= 0,75
o

If instead of the optimal initial control u(t) = -1 ,for t€[-2,0), we
_use any other constant control u(t) =v, lzv >-1, t€[-2,0), then ,from
(3.4.55), (3.4.56) and (3.4.51) ,we can easily find that the cost is

going to be

(3.4.60) 0.75 < J[ul = 12

Remark 3.4,6 : In the above example , since N(2) =0 , we can see

from (3.4.55) that every pant x(0) = Xy € E1 can be transferred
to x(2) = -2 , in the same time t =2, optimally , with the use of the

-control (3.4.58)

In the next section we are going to apply the results of Section 3, 4

to the time-optimal study of linear hereditary systems



o
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3.5 LINEAR TIME-OPTIMAL PROBLEM

In this section we shall apply the results of Corollary 3.4.2 to
linear hereditary processes

Suppose that :

(3.5.1) f(x, u, t) =B'x +C'u +d\(t)

where B' and C' are constant matrices of dimension nxn andnxr,
respectively , and d'(t) isan nx1 vector valued function , continuous in t.
We shall assume that the control resttaint set U is a compact and

convex polyhedron in Er, and to be more specific let
. r .
(3.5.2) U={(u1,u2,...,ur) €E" |ui|§ 1 ,i=1,2,...,r )}

System (3.2.2 ) reduces now to the linear hereditary system

m t m
x(t) = 2 B,(t)x(t-h,) + [L (t-s)x(s)ds + = C,(t)u(t-h,) +

(3.5.3) i=0 . a i=0
+ [L(t-s)u(s)ds + d(t) , tE€I
a
with
(3.5.4) x(t) = ¢(t) for t € [a, to) s x(to) =X,
where
B,(t) = A{(t)B' ,  L(t) = L{t)B'
(3.5.5) &t T A0C Lz(t): L{nc!
d(t) = = A,(t)dY(t-h,) + [L{t-s)d'(s)ds
i=o ! b a

From (B.l.11) of Appendix B we obtain the following solution
of system (3.5.3)
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m ty
x(t) = N(tg, thx(tg) + % t j‘_Nh( s+h,, t)B (s+h,)¢(s)ds +
0
to t
(3.5.6) + [ j‘N(s,t)Ll(s-'r)ds Ya(T)dT +

a 1:0

t m 8
+ [ N(s,t){ = C(s)u(s-h,) + [L(s=T)u(T)d7 + d(s) }ds

t0 i=0 a

with x(t) = ¢(t) for t €[a, to) , and x(to) =%,

where N(s,t) ( Kernel Matrix of the Second Kind , as given by Oé/uzt'o'reli

[4, pp.91-92 ] ) satisfies the system

N( j t) 2 ¢
(3.5.7) 2%:Y = m B (t)N(s,t-h,) + [ L (t-7)N(s, 9d7
3t j=0 1 iy 1
0
with N(t,t) =I , N(s,t) =0 for s>t , t eEto,tl] , sE[to,t]

In [4, pp.91-92 ] another matrix M(s,t) ( Kernel Matrix of the

First Kind ) is introduced , which satisfies the system :

(3.5.8) a_;\_’l%_"l = _%Bi(t’)M(s,t-hi) + f Ly(t-T)M(s, T)dT , t€ I
i= to

with Ms,t) = 6(t-s)I for t€[ a, to] , 8€ [a, to]

and by use of which the solution of (3.5.3 ) is given by :

to t m 8
(3.5.9) x(t) = J'M(s, t)g(s)ds + J‘N(s,t)[ P Ci(s)u(s-hi)+IL2(s-T)u( T T+

a t0 i=0 a

+ d(s) }ds s, tE€ [a,tl]\it,];

Expression (3.5.9 ) is simpler than (3.5.6 ) ,but the computation
of M{s,t) intréfluces an extra difficulty to the problem . We therefore
prefer using expression (3,5.6 ),which requires the knowledge of one

kernel matrix only
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The adjoint system in the present linear case becomes :

. _ m T t T
(3.5.10) ¢ (t) = - ifoBi (t+h, ) y(t+h, ) - tj‘ L] (s-t)W(s)ds
with \l;(tl) = tlJl and §(t) =0 for t> t .
The solution of (3.5.10 ) is given, from (B. 2.5 ) of Appendix B, as
T
(3.5.11) y(t) = N (t,tl)lb (tl)

where the matrix N(s,t) is given by (3.5.7)

We shall now derive an extension of a Theorem of J. P. LaSalle[13].

THEOREM 3.5.1

All time-optimal control functions u of the linear system (3. 5. 3)

are of the form

Mo T jl T T
sgn { [ij) c],l (t+hi)N (tmi,tl): Lz(s-t)N (s,tl)ds]i_a(tl) }
(3. 5.12) u(t)= t€lt,t]
m T T 1 g T
sgn{£=§6i(t)ci(t+hi)N (t+hi,t1)-:f L, (s=t)N" (s, t,)ds] y(t,) }
0
t €[ a, to)

Proof :

From Corollary 3.4.2 ,we can write the Maximum Principle

for system (3.5.3) as

HY §(<),ult),t) = max HY( § (:), v,t)

(3.5.13 ) ve U ave. on [t,t]
H'( ‘ll(')s u(t)’ t) = max H'( \l‘('), V’t)
P ve U

a.e. on EJ.,to)
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where
m )
H'( §(-),ult), t) A = (C,(t+h Ju(t), § (t+h, )+ L, (s-t)u(t), §(s))ds
i=0 i i i ¢ 2
(3.5.14) t.€l
m . 5]
HY (- ),ult),t) & 2o, (t)C,(t+h,)u(t), w(t+h.))+f(L (s-t)u(t), ¥(s))ds
P =0 - i i i to 2 | |
t €[ a, to)

Since these Hamiltoniz functionals are linear functions of the
control ,they achieve their maximum 'on the boundary of the compact and
convex restraint set U .

From (3.5.14) ,

‘ m T 1 T
H'( §(+), ut), t) =(u(t),ifoci(t+hi) w(t+hi))t+f(u(t). L, (s-t)§(s))ds =
oo 17
(3.5.15) =(u(t) , i=>zoci (t+h,) W(t+h,) -:sz(s-t)ljJ(s)ds ) =
| T 1 T
=(u(t) , [izzoci (t+hi)N (t+hi,t1) -:J'Lz(s-t)N']is,tids] q(tl))
and , similarly ,
I m T T K T
(3.5:16) Hl;(q;(.),u(t),t)=(u(t),£foei(t)ci(1:+hi)N (t+h,, t)) +tj’L2(s-t)N1fs,t1)ds]¢(t1))
0

From (3.5.13) , (3.5.15 ) and ( 3.5.16 ) , and the fact that U
is the hypercube (3.5.2) , we obtain easily ( 3.5.12)
Q. E' Dl

Definition 3.5.1

The control system ( 3.5.3) is said to be normal , if no

component of the vectors
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oo T o T
(3.5.17) V(t)y(t) = {iici(whim (t+h,, 1)) -l;;‘rLz(s-t)N (s, t,)ds Jy(t))
t€lty, t )
and t
(3.5.18) V_(5)y(t) = { 28 (1)CF (¢4, INT(t4h t)+J‘Il.,T N (s, t )ds Jilt
5. 2888y) = (ZEIC (4 IN (s#8,, )+ [ Ly (s-IN" (s, )8 Fulr)
0
tG[o.,to)

is identically zero on an interval of positive length .

In other words the system (3.5.3) is normal ,if the columns

of the matrices Vl(t) and Vz(t) are linearly independent on every

interval of positive length

Remark 3.5.1: From Theorem 3.5.1 and for a normal system, we see
that , for a given nontrivial adjoint function ¢ , the maximum principle

(3,5,13 ) determines uniquely ( a.e. ) the control u

We can now state the following uniqueness theorem for the

optimal control of a normal, linear hereditary system .

THEOREM 3,5.2

Let ul(t) and uz(t) be two optimal controls ( given on the intervals
[ a,t1] and [a, tz] ,respectively ) , which transfer the state of system
(3.5.3) from the point X, to the same point X with the same initial
state function ¢ . Then, if the system is normal , these controls

coincide a.e. , i.e. , t1=tz and ul(t) suz(t) a.e. on [a,tl]

Proof :

. ey s - . . > <t
First, it is clear that t1 t:2 , since if t1 t2 or 1:1 2 then

u, or u, respectively , is not a time=-optimal control
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From (3.5.6 ) and for t=t1 , we have

mtO

x = x(t)) = Nit, t,)xq + igzot {‘;\r(smi, t)B.(s+h)g(s)ds +
to %
+aj‘ {th(s,tl)Ll(s-'r)ds } g(mdT +

¢ 0

1 m ]
+ N(s, 1) { 2 C(s)uy(s-h,) + [L,(s-Du(T)dT+ d(s)}ds =
t i=0 a

(3.5.19 ) 0

t
m 0 _
= N(to, t )%, + igsg {Ilzl(sﬂ;i,tl)Bi( s+h,)g(s)ds +

ty
+dj' [t‘fN(s,tl)Ll(s-T)ds Yo(T)dr +
0
tl m 8
+ [N(s, £) {2 C(s)uy(s-h,)+ [L,(s-T)u,(1)dT+ d(s) s
to i=0 a
from which ,
Y m . |
th(s,tl){.?OCi(s)ul(s-hi) + [ L(s=mhuy(T)dT Ms =
(3.5.20) g = a
1 m 8
= IN(s,tl) {1=§ Ci( s)uz(s-hi) +:1J'L2(s-'r)u2( T)dT }ds

to
Now, from (3.5.20) and the { function whose existence is

asserted from Corollary 3.4.2 , we obtain :
t

1 m 8
‘th‘B’tl’{.?oci‘s)“l‘s'hi’ +[Ly(s=T)uy(T)dRds, ¥(t)) =
(3.5.21) 0, . *

1 m 8
= J‘N(s,tl) {._z C(s)u,(s-h,) + fL,(s-Tu,(MdT}ds , Wt)))
to i=0 a
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Now,
t1
(. [N(s, £){ zc [(e)u (s-h)+J‘L (s=Thu (7)dT }ds , {t)) =
to i=0
) Ye
I(N(s t){1 gzcmu (s-h.)}, y(t)) )ds +J‘f(N(s t,)L,(s-u, (1), (t,))dTds
0 0

(3.5.22) m 9
=

j‘(N (s, t)(t) . C(s)uk(s-h) )yds +

i=0t
tlo
+ [ NT(s,tl)q;(tl) . Ly(s-T)u (7))dTds =
t0 a .
1 1 s
120 J‘( ¥(s) ,Cils)uls-h))ds +[ [(§(s), Ly(s-T)u(r))dTds
' . t, a
0
where =1, 2
From (3.5.21) and (3.5.22) , we obtain
m 9 Y s
.5t Cleyls-h,) , U(s) )ds +t,r ;f ( L,(s=T)u(T) , {s))drds =
(3.5.23) t(; ‘ll
zb Juc,(s)u,(s-h) , ¥(s) )ds +H(L (s=T)u,(T) , ¥(s))dTds
0 toa
Now, from the Hamiltonians (3.5.14) - ~, we.obtain :
t1 1:lm
tIH'( V(- )els), s )ds = tJ‘ (Zo(Cy(sth ) (5), ¥(s+h,) )ds +
0 0
1 1

+f I (Ly(T-8)u, (8) , ¥(7))dTds =

(3.5.24)

"MB o

t
j‘(c (s)u (s-h,) , ¥(s) )ds +

H s
+.”‘(L (8= (1), Y(s))dTds
to tp
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t0 i:0 m

Jr H (W) w(s), s )ds = Iigoei(s)(ci(s+hi)uk(s), Wt+h,))ds +
t t
J‘L (T-s)u,(s), ¥(7))dTds =

at
0+h

(3.5.25) O
f( J(shuy (s-h,) , ¥(s))ds +
0

t

to
J‘ (L(s=T)u, (1), ¥(s) )dedT
0

i{ where k =1,2 .
i} From (3.5.24) and (3.5.25) we obtain :

t t

IH'( W-)u (6),8) ds + IH (¥(-)su(s),s)ds =

(3.5. 26) ot t
1%f< C,(s)u, (s-h,), §(s))ds +f f(L ,(8=T)u (T) , ¥(s) )dTds
0 to @
and using (3.5.23) ,
“ %o
JECY() ule),8) ds + [HICY(),u(s),8) ds =
t a
(3.5.27) 0
4 )
= JH'( 4(-),u,(s)8)ds + [HI( 4(e),uy(s),8) d
t0 a
or,
f;1
J 1w, uy(e),8) - HY( ¥(-),u,(s),8 ) e +
(3.5.28) ‘0

i t
‘ 0
+ &F (EL(C (), s) o) = HLC4(- )y uy(s) s ) }ds = 0
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Now, since u

1 is an optimal control ,

HY( \H'),ul(s)as) =z HY \ll(-),uz(-s),s) , a.e,on I
(3.5.29)
HI;( w(-),ul(s),s) > HI;( \[J(-),uz(s), s8) , a.e. on[a,to)

From (3.5.28 ) and (3.5.29 ) we conclude that,

HY( ‘l!('),ul(t),t) HY( llJ('),uZ(t),t) , a.e,onl
(3.5.30)

HI Y0 ) y(6), )

HI;( ‘H' ) uz(t)’t ) s a.e. on Eus to)

i.e. , vy and u satisfy the maximum principle (3.5.13) ,for the

2
same nontrivial § . Hence , it follows from the Remark 3,5.1 that

(3.5.31) ul(t) = uz(t) , a.e. on [a, t1]

Q.E.D.

COROLLARY 3,5,1

For normal control systems of the type (3.5.3) there is at most
one optimal control function and if there is one , it is of the ''bang-bang'’

type (3.5.12)

Thus , for a normal control system,the only way to reach the target

in minimum time is by '""bang-bang '' controls of the form (3.5.12 ).

Definition 3,5.2

We shall call a control u(t) , t € [a, t1] , an extremal, if it

satisfies the maximum principle (3.5.13 ), where { is some nontrivial
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solution of system ( 3.5.10)

To find the optimal control which transfers the state from X
to X, » one may first find all the extremal controls which realize this
transfer , and then pick up the unique (by virtue of Theorem 3.5.2 )

extremal control which realizes the transition in the shortest time

The following example gives an application of the results of Section

3.5 , and demonstrates the effect of the initial control in the optimal

time of a normal , linear, time -delay system

EXAMPLE 3,5.1 : A time=-optimal problem

Consider the system (3.5.32 ) in E1=R

(3.5.32)  x(t) = x(t) +x(t-0) + u(t) + u(t=6) , te [0,T]

with x(t) = ¢(t) = const. =c , for t€ [-6,0) , x(0)=c
and u€ A , ult)=s U =[-1,1]

The optimization problem can be stated as follows

Find an admissible control in A, which transfers the state of system
(3.5.32 ) from the initial point x(0) =c to the origin x(T) =0 ,in

minimum time T .,

From (3.5.6 ), we obtain the solution of system (3.5.32 ) as :

0 t
(3.5.33) x(t) = N(t)x(0) + J‘N(t-s-e)gs( s)ds + [ N(t-s){u(s) +u(s-6)}ds
-0 0

where N(t) satisfies the system ( s. Appendix B )

(3.5.34) N(t) = N(t) +N(t-0)
with N(t) =0 for t< 0, and N(0) =1
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The solution of (3.5.34 ) is obtained by the ''method of steps'' (8]

and it is

t
[Z-?:g(t nG) nd

(3.5.35) N(t) =
A= 0 n!

,t€ {0,T]

where [ r] is the '"integral part'' of the real number r

The optimal controls are obtained from (3.5.12)

sgn{N(T-t-0)Jsgn{§(T)] , tel-60)
(3.5.36 ) u(t)= sgn{ N(T~t-8)+N(T-t)}sgn{¢(T)} , te€[0,T-96

sgn{ N(T-t) }sgn {y(T)} , t€[T-6,T]

( if T <6 ommit the second expression and consider the third for telo, T])

From (3.5.35) we observe that N(t) >0 for all t> 0
Thus, (3.5.36 ) reduces to

(3.5.37) u(t) = sgn {Y(T)} =const. for t€[-0, T]

This means that in the elementary example which we consider ,
the 'switching set ' of the optimal control is empty . In general, the

switching times would have been found as solutions of the equations:

N(T-t-8) =0 ,t €[-6,0)
(3.5.38) N(T-t-6) + N(T~t) = 0 ,t €[0,T-6)
N(T-t) = 0 , t€[T-6,T]
provided that the optimal time T is known [ 7].
Let ¢=0.5 . From (3.5.37 ) we see that the sgn{ {(T)}
determines the value of the optimal control . Thus, we shall try to

find the value of

(3.5.39) a®sgn {{(T)}
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for which the initial state X, = 0.5 can be transfered to the origin

of the state space .

From (3.5.33) and for ¢(t) ==0.5 , u(t)=a , we obtain :

0 t ‘
x(t) =cNt) + c[ N(t-s-0)ds + 2o N(t-s)ds = !
" (3.5.40) 'i . 0 |
=cN(t) + cIN(s)ds + ZafN(s)ds
t-6 0

To determine now the optimal time T , we have to solve the
equation  x(t) =0, andtake T =inf { t: x(t)=01} .
From (3.5.40) ,

*(t) = cN(t) + cN(t) - cN(t-6 ) + 2aN(t) =

[}

(3.5.41) cN(t) +cN(t~8) +cN(t) -cN(t-9 ) + 2aN(t) =

2( a + c )N(t)

If x(t) 2 0 forall t> 0 , then the system never comes
to the origin x=0

If , however , x(t) < 0 forall t> 0 , then there is a time «

T = topt for which x(T) =0 , while x(t) > 0 for all t €[0,T)
x(t)
0.5
0 =tnpf t
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Thus, from (3.5.4l ) we see that the initial state x0=c=0. 5

can be transferred to the origin , if

atc <0
or , a< =0,5
Therefore , a =-1 and the optimal control is
-1 , te[-0,0) - (optimal initial control )

(3.5.42) u(t) ={
-1 ,telo,T)]

Now,. we can solve the equation

t t
(3.5.43) x(t) = 0.5N(t) + 0.5 N(s)ds - 2/ N(s)ds = 0
t-8 0

using the Newton - Raphson scheme :

EH Ok x(e)

(3.5.44) t
iuk)

where #(t5) = - N
The results are shown in Table 3.5.1 , for different values of

the delay

T=t 0. 374194 | 0. 391520 | 0. 401763

Table 3,5.1

We observe that the optimal time increases with the delay 8.
Now, let 6 = 0.1 and suppose that we vary the initial control

ut) =v € [-1,1] , t€ [ -6,0) . Itcan be easily shown that the optimal
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control is again u(t)=-1 , t€[0.T]
u(t)

-1

Fig, 3.5.2

Then. , the optimal time varies with the initial control , as shown

in Table 3.5,2

v || =1 -0.8 - =0.6 -0.4 -0.2 0

T || 0.374194 | 0. 392762 |0, 412017 |0, 431969 0. 452635 | 0, 474154

Table 3.5.2

We observe that indeed the optimal time increases as the initial

control v goes away from its optimal value, found above

Remark 3.5.2: The necessary condition R(T)_> 0 ( s.Corollary 3. 4. 2)

is satisfied . Indeed

(3.5.45 ) R(T) =¥(T){ x(T) + x(T-8)+ u(T) +u(T-8)}=§(T) {x(T-8)-2}> 0

since § (T)<0and 0 <x(t) < 0.5 for -8<t< T
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3.6 DISCUSSIONS

In the study of hereditary systems , terms like tipresent'' and
"lpast!' are often met . These concepts are quite relevant and one has
to define them clearly

In this Chapter we considered the hereditary system (3.2.2)
on the time interval [ to,tl] . The initial time t, is specified and it
is exactly the time when the system is ''switched on' and starts
following the dynamic equation (3.2.2) . The "'past''of the system,
relative to that time ,is specified by the initial data u(t), ¢ (t), t€ [a,to).
Since to is a'time of interest', and it may very well be a future
instant, the initial data, which in a sense ''prepare'’ the system’s
evolution , can play a very significant role in the overall performance
of the system

As a step towards the estimation of a pair of optimal initial data,
we derived in this Chapter necessary conditions that an optimal control
and an optimal initial control must satisfy , with the initial state function
considered as given, The method used was Pontryagin’s geometric
approach, modified properly to handle problems introduced by the heredity
of the system . The Oéuz’c'dreli’ 8 kernel matrices of the first and
second kind , were extremely useful in the proof of the Theorem 3.4.1.
The Maximum Principle for the optimal initial control was introduced
with the use of a second Hamiltonian functional .An example of an energy
optimal problem shows the effect of the optimal choice of the initial control
in the cost of the system

In the linear time-optimal case , it is found that the optimal control
of a normal system is ,at most, one . That is , if there exists an
optimal control, then it is unique . An example shows the improvement
of the optimal time of a simple time-delay system, caused by the optimiza-

tion of the initial control
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CHAPTER 4

OPTIMAL CONTROL ON THE POLICY SPACE P=Ax &

4.1 INTRODUCTION

In the previous Chapter we considered several optimization problems
for a class of hereditary systems , with the initial state function specified ,
and we derived necessary conditions that an optimal control must satisfy .

In this Chapter , we consider the same class of systems and we
derive necessary conditions that an optimal pair {u, ¢} must satisfy . In

other words our policy space is now
(4.1.1) P=Ax?%

An example shows the improvement achieved in the optimal time

by the use of an optimal initial state function .

4.2 STATEMENT OF THE PROBLEM

Consider the system (4.2.1)=(3.2.2) in E" .

m t
(4.2.1) :E(t) = Z Ai(t)f(x(t-hi), u(t-hi), t-hi) + IL(t-s)f(x(s),u(s), s)ds
i=0 a

fort€1l =[t0, tl] c [to, ®) , and with the iritial data x(to) =x
x(t) = ¢ (t) for t€ [ aty) (-, to)

0 ’

where
i) x(t) € E® for te€1I
ii) u(t) € Uc E* for t €la,t]
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Heu,eY , £€C

ii) £, £ € C(E"

iv) Ai(t) , (i=0,1,...,m), are n x n matrix valued functions
defined on I and continuous in t

v) L(t) is an integrable n x n matrix valued function , defined

on [a., tl:l
We assume that

1) g€ &= C( [a,to), G) , where G is a compact subset of E".

2) U, the control restraint set , is a compact subset of o .

3) A, the set of admissible control functions , is the class of all
bounded, measurable functions , defined on [a, t1]and taking

values in U

The cost functional considered here is

t

(4.2.2) Tu,¢= [kt =8) £ (x(s), u(s), s )ds

to

where kC € cNn , £, f?: e o™ u,EY , fi ¢ ce™x u,EY

In addition , two smooth manifolds SO and S1 in En, are given,

The optimization problem can be stated now as follows :

Find necessary conditions for an admissible pair {u, ¢ }€P= Ax? to
be optimal ; i.e., minimizing the cost functional (4.2.2 ),while
transfering the state of system (4.2.1) from some point x(to)=x0€ S

0
to a point x(t1)=xl € S1

4.3 BASIC DEFINITIONS

The following definitions are exactly the same with the ones in

Section 3. 3 of Chapter 3
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4.3.1 The Variational System

. m t
(4.3.1.1) (6x)(t) =i=2(7) Ai(t)Fx(t-hi)Gx(t-hi) +dJ‘ L(t-s)Fx(s)Gx(s)ds

for t € I, with Gx(to) =€, and 6&x(t) = 0 for t€ [a,to) .

4.3.2 The Adjoint System

. T m o7 1 T
(4.3.2.1) () = - Fx(t)i{:g A, (t+h,) f(t+h,) +tj'L (s-t)§(s)ds }

for t€ I , with llJ(tl) = 11:1 and {(t) =0 for t> t1

4,3,3 The Hamiltonian Functionals

m
H(f'}f(t), ‘b(' )s v, t) = Z( Ai(t'ﬂli)f(x(t)s v, t), ‘l’(t'*'hi) ) +
i=0
Y
+ [ L(s-t)f(x(t), v, ), ¥(s) )ds
(4.3.3.1) t
m

H(g(t), 4(), v, ) ® 340 (A, v 1) L y(timy) ) +

t
1
+ [ L(t-8)E(g(t), v, t) , ¥(s) )ds
t
0

We also introduce the functional

(4.3.3.2) R(t) A R(x(-), §(t),u(-),t) =

m t
= (), Z A(Oi(x(t-h,), ult-h,), t-h, )+ [Lit-s)E(x(s), u(s), s)ds )
i=0 a



- 62~

A new addition to the definitions of Section 3. 3 will be the
following one :

4.3.4 The Functional K( ¢(-) ,u(:) ,4(-))
t
m O T T
K(p(+)oul), 4(-)) =, F [(p(t), F_(£) A (t+h;)y(t+h,) )dt +
t.-h,
(4. 3. 4.1) to )
T T
+ [(ott), F_(0 L7 (s-t)y(s)ds )dt
a to
4,3.5

‘Augmented Variables and Systems

The augmented variables and systems are defined exactly as in
subsection 3.3.4 of Chapter 3

4.4 A MAXIMUM PRINCIPLE

The following Theorem is an extension of Corollary 3.4.1of
Chapter 3

THEOREM 4.4.1

n
Consider the control process in E :

m

t
(4.4.1) =(t) = 3 A (t)(x(t-h), ult-h), t-h) + [ Lit-8)(x(s), u(s), s)ds
i=0 a

on I , with u€ A , u(t)eU for te[a,tl].

For each admissible pair

{u,¢} € Ax & with response x(t) ,
let the cost functional be

4
(4. 4. 2)

Jlu, 9] = J‘ko(tl-s)fo(.x'(s),u(s), s)ds

t
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If {u,¢} is an optimal pair in Ax & with augmented response

9:(1;) , t€ I, then there exists a nontrivial adjoint response {(t) ( and

augmented response (y\(t) ), absolutely continuous on [to,tl) , such that :

(i)

(ii)

(iii)

Proof :

NoA N NN A
H(x(t), 'll('), u(t), t ) = max H (x(t), lb(-),v »t)

veU
a,e. on I

%(8(t),$<->, u(t), t) = max ﬁp(q“sm, §(1,v,t)

veyu a.e, on [o.,to)

R(g(+) u(-), 40-)) = spp K (60D, ul+), ¥-))
p €

at the terminal time t = t1

A
\bo(tl) <0 and R(tl) =0
Moreover , q;o(t) = const. <0 forall t€Il

the following transver sality conditions are satisfied at

both endpoints of the trajectory =x(t)

w(to)Lso (atxg) . w(tl)_le (atx )

The present case can be reduced to the one where f is

independent of time, exactly as in the proof of Corollary 3.4.1. Thus,

we need only consider the case where f does not depend explicitly on

time, and derive an extension of Theorem 3,4.1 .

Having already the proof of Theorem 3. 4.1 (s. Appendix A ) ,

we shall simply indicate the changes that have to be made in the

different steps of this proof
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We consider fir st the fixed -endpoints problem, i.e., x(t0)=x0,

and x(tl) =x1, where to is a fixed time and tl is free

Let {u,¢} be anoptimal pairin Ax & , with augmented
response Q(t) , tel . ‘

_S_tgp__i_ . Perturbation of the control u, on [a,t, ], and of the inijtial

state function ¢ , on [a,t ) .

' %
The perturbed control u is defined as in ( A.3)

The perturbed initial state function is defined as

(4.4.3) o (t) = glt) + €50 ()

where 6¢ € c(l o.,to) ,En) and € >0 is small enough so that
%
p €d= C([a,to):G)

Remark 4.4.1: If the set A = {t€[a, ty) ¢(t)€ 3G } is not empty,
then we shall consider only those perturbations 6&¢ €C( [a, to),En) for
which 6¢(t) =0 fort €A

§tgp_ 2 The basic variational formula .

Exactly as in Step 2 of the proof of Theorem 3. 4.1 (8. Appendix A)
we establish, by direct evaluation , the variational formula
t

~ 0
(4.4.4)  Fo o+ ea) =Rt + € (Cxlt) +&[‘M(s,t1)6’;§(s)ds 1+ O(€)

A
where I‘x(ti) is the vector given by (A.6) and M(s,t) is the
Oé’uz’t'o'reli’ s Kernel Matrix of the First Kind [4] associated with the

system
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m A A
2t) = 3 {Ki(s)F}/E(s-hi)Q(s-hi)ds +tf L(7-5)Fp(s)(s)dsdr +

0
(4.4.5) + €{oQ(t) + g(t) } + O(€) s, tE€ [tO’tl:l
z(t )=0
z(t) = €8p(t) » t€la, to)

which is analogous to system (A.19) 1in Appendix A . The functions
® (t) and g(t) are givenby ( A.13) and ( A.17)

Now , we define the complex perturbation :

(4.4.6) b-[6¢(), ,v,&i,ﬁt; i=1,2,...,8 }

By defining the binary operation

(4.4.7 ) A'b' +\'"'b" —{)\'6¢'( )+)\"6¢'( ), T, AT )\'ﬁt'+)\”6t" NIGEIENTISt i,

for N',\" € R+=[0,°°) and b', b'" the complex perfarbations :

[6¢'( o Too v, LBt LBt ;5 isl,2,...,s )
(4.4.8)

b= { §g'(-), T vy Bt Bt i=1,2,...,8 )

we form the space

- (4.4.9) B={b : b is a complex perturbation }
Let ,
(4.4.10 ) (Zx)t) A (Tx)t) + [ M(s,t)8p(s)ds
Qa

To emphasize the dependence on b ,we write

(4.4.11) (Z/.\x)b = (Z'\x)(tl)

.28}
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A
The vectors (Zx)b , b€B , emanating from the point X(tl) ,

. n+i
form a convex cone inE

(4.4.12) B ={Zx_: bEB }

Step 3: Fundamental Lemmas .

Lemma A.l1 remains valid, in the present case . The following
two Lemmas are completely analogous to Lemmas A.2 and A.3 in

Appendix A

Lemma 4.4.1

If A is a smooth curve which begins at ?:(ti) = :,21 and:rhich has
a tangent ray L at this point, pointing into the interior of K 1 , then
there exist a control u, in A and an initial state function @, in %,
such that the corresponding trajectory :’E*(t) , t €I, starting at ?co ’

passes through a point of A distinct from §1 .

Proof :

The proof is exactly the same as of Lemma 3 in [1,pp.94-98 ]
in connection with (4.4.4) . Now a peiﬁ\rbation b and an €>0 can
be found , so that ?c*b(t1+ Eﬁtb y € A . If we denote by u, and ¢, the

functions which correspond to this perturbation b, then Lemma 4.4.1

is proven .

Lemma 4.4.2

If the pair {u, ¢ } is optimal , then the ray L starting at the point
0
?c(tl) and pointing in the direction of the negative x axis , does not

N
belong to the interior of the cone Kt .
1
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Proof ;

Using Lemma 4.4.1, a proof by contradiction follows inoexactly
the same way as in Lemma A.3 . Namely, suppose that Lc Kt1'
Then , by Lemma 4.4.1 and for A £ L , there exist a control u, in
A and an initial state function & in'é » such that the corresponding
trajectory ﬁ*(t) , t€I , starting at QO , passes through a point of L

, i.e. , for some time t!

1 1’
(4.4.13) xi(tl') - xi(tl) =xi . (i=1,2,...,n)
and
(4.4.14 ) %ty < x%t) = Ilu, g]
.4, ot . )

o But this contradicts the optimality of the pair {u,¢} . Therefore
L¢ K .
¢ t

1
Q.E.D.

Corollary 4.4.1

od
There exists a hyperplane of support to K, atits vertex , i.e.,

t)

a hyperplane such that Rt lies entirely in one of the two closed half-
1
spaces defined by it .
. 0 1 n T
Consequently , there exists a non-zero vector a=[a ,a,...,a J
such that
A A~
(4.4.15) ( a, be ) <0 , for all beGKtl
Let again Iq;(t) be the solution of the augmented adjoint system ,
A
with final value ll!(tl) =a . Then,
n A A ~
(4.4.16 ) ( d!(tl) , be ) < 0, for all ZXbGKt

1
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Similarly to (A.42) and (A.44) , we obtain

(4.4.17) qlo(tl) < 0
and, furthermore,
(4.4.18) ¢0(t) =const, £ 0, forall t€l

Step 4 : The Maximum Principle

N\
(4.4.19) b,= { 6g(), 'rl,vl,ﬁtl,ﬁt} ={o, T2V 1, 0 }

we reduce the problem to the previous one with fixed initial state function.

Thus , the Maximum Principle for the optimal control ,obtained

there , remains valid for the present case . Namely :

(4.4.20) HE(), V(- )su(t), t) = max B (%(t), 3(-), v, t)
veU
a.e. onl
(4.4.21) £ (38, 31, ult), £) = max B_(§(8), §(-), v, 1)
p veu P

a.e. on [a,to)

Similarly , considering the elementary perturbation

(4.4.22) b,= {6p(-), 'l'l,vl,ﬁtl,&t}= {o, 10 vy O 6t}
we obtain again ,as in (A.72 ),
N
(4.4.23) R(tl) =0
Now,let us consider an elementary perturbation of the form

VaY
(4.4.24) b= {89), 1, v, 68,8 ) = {8¢(-)sm, v, ,0,0 ]
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From (4.4.5) and (4.4.10),

(4.4.25)  (Zx)(t) = lim 2(t)
€>o0 €

where Z2(t) is given by (4.4.5) with @ (t)=gt)=0, t €I .
Thus , é\x(t) satisfies the system :

mt t
Z/.;c(t) = 1=% f 1(s)F:\(s-h )Zx(s-h )ds+ J‘ J‘L('T’ S)FA(B)ZX(S)deT
to fo @
(4.4.26) t €1l
Zx(t ) = 0
Zx(t) = 6¢ (t) for t €[ a, to)
or ,
,.\ m
Zx(t) = (t)F:\(t-h )Zx(t-h ) + J'L(t-s)FA(s)Zx(s)ds +
i= 0 to
ty
(4.4.27) +&r'ﬁ(t-s)§§(s)a'}s (s)ds
Zx(to) 0
Zx( t)= 6¢(t) , for t € [a,to)
Now, from system: ( 4.4.27 ) and the augmented adjoint system
we obtain :
t
(Zelt)) ,§(e)) - Zxltg) , ltg)) = J‘~—< Zx(t), §(t) )at =
t . ty o
1 ~ A N ~
= [ Zx(t), Y(t))at + f( zx(t) , §(t))at =
(4.4.28) t t

t

molooa A A
1 JOB(OF(t-h) Zx(t-h,) , y(t) )dt +
t
0
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: t
X 1 tl\ A ZAS
, + [ JL(t-s)Fals) Zx(s)ds ,  J(t) )dt +
ty t *
t]' to A A N
+ [ JVfJ(t-s)F;\{(s)qu(s)ds , Yty )at -
to Q
mtl A AT AT AVERS
" 3) tJ‘( Zx(t) , Fp (A (t+h, )y (t+h,) )dt -
t1 0 tl
- (e, FRof LT eni(eds ot =
to t '
mtO A N n A
= = [(A(t+h)Fa(t)5¢ (t) , ¥ (t+h,) )dt +
i=0t0"h. 1 1 X 1
t ot "
1 9\ A A A
+ [ f-L(t-s)F;\‘(s)ﬁqs(s)ds, ¥(t) )dt =
to :.
m 0 T T
='-§t j‘_{l 8p(t) » F_ (t)A] (t+h,)Y(t+h,) Jdt  +
P .
0 T, o T
+ [(op) , F (] L (s=t)y(s)ds)dt < O
Q t
0

by ( 4.4.16)
Multiplying by €>0 and recalling that €6¢ (t) = ¢ *(t) - ¢(t) ,

we obtain
t
m O T T
= [ gt) , F_()A, (t+h,)§ (t+h,) )dt  +
i=0t_-h, * o1 '
0 1
t t
0 T, 4T
+ [t , F_(0] L (s-t)y (s)ds )t <
(4.4.29) a to
m t0 T T .
<= [(g(v), Fx(t)Ai(t+hi)qJ('t+hi) )t +
i=0t -h,
t % Y

+ [ot) o FL (0L (s-t)¥(s)ds )at
a to



-71-

From (4.3.4.1) and ( 4.4.29 ) ,we obtain

(4.4.30) K( @*(«) ,u(-) ,¥(.)) < K( ¢f-) ,ul-) ,¥(-))
for all g% € &. . Therefore ,
(4.4.31) K( ¢(+) 5ul-) , ¥(-) ) = sup K( g*(.) ,ul-), ¥(-))

| p* € @ ;
Step 5 : The transver sality conditions .

By modifying Lemmas A,4 and A.5 in the same way as .
Lemmas A.2 and A,3 ,the proof of the transversality conditions

will be the same as in Step 5 of Appendix A

Remark 4.4.1 : All Corollaries and Remarks in Section 3.4 of

Chapter 3 , remain valid in the present case , with the additional
necessary condition (4.4.31) , where K is given by (4.3.4.1),
,except in the case considered in Remark 3.4.1,where we défine

t

m O T T
(4.4.32)  K(gl-),ul.), 400 = 2 [(g(8) ,F o (A (t+h) p(t+h,) )t +
1=$t0-hi .
0 1
T T
+ [la(t), F(m+1)}£t)-f§L (s-t)y(s)ds )dt
a t

0

Remark 4.4.2: Since the class ¢ is not compact , the functional

K( ¢(-),u(*) ,¥-)) may not take its supremum in &



~72=

4.5 LINEAR TIME-OPTIMAL PROBLEM

Consider again the linear hereditary system (4.5.1)=(3.5.3 )

. m t m ‘
x(t) = Z B,(t)x(t=h,) + j‘Ll(t-s)x(s)ds + = C,(t)u(t-h) + ;
i=0 " ' a i=0 b ':

(4.5.1)

t
+ [L,(t-s)u(s)ds + d(t)
a

on I, with x(t))=x, , x(t)=gt) for t€ [a,ty)

The solution of (4.5.1) is given by (3.5.6 ) . The adjoint system
corresponding to (4.5.1) is given by (3.5.10) and its solution by
(3.5.11) . The Hamiltonian functionalsreduce to (3. 5.14 ) and the
maximum principle (3.5.13),for the optimal control ,indicates that the
optimal control is not an-explicit function of the optimal initial state
function . Thus Theorem 3.5.1 ( ''Bang-bang'' principle ) still remains

valid

Now , from ( 4.3.4.1) and (4.5.1) we obtain

- m t0 T
K(¢(-), ¥(-))= Z [(p(t) , B(th)y(t+h) )at +
i=0t0-h.
(4.5.2) to t t,
+ .f( ¢ (t) , -IL;r(s-t)w(s)ds )dt
a to

From part (i) of Theorem 4.4.1 and relation (4.5.2 ), we
conclude that the optimal initial state function is also not an explicit
function of the optimal control . However , since they both depend
on the adjoint function § ,given by Theorem 4.4.1 , they are not really

independent functions , and they have to be determined simultaneously .

The following example demonstrates the improvement in the

optimal time,achieved by the use of an optimal initial state function



-73=

EXAMPLE 4.5.1 : A time-optimal problem , with varying initial

state function .

We consider again the previous example 3.5.1 , but with the

initial state function not fixed , i.e., we:consider the system

(4.5.3)  x(t) = x(t) + x(t=0) + u(t) + u(t-6) , t€L0,T]

with x(t) = ¢ (t), t€[-6,0) , x(0)=x =.c and u€ A,
wt) e u=[-1,1] , ¢ €8&=C( [—6,0),G) where G=[-1,1] .

The optimization problem can be stated as follows :

Find an admissible pair {u,¢ } € &Ax® , which transfers x(0)=x0 to
x(T) = 0 in minimum time T

The solution of system (4.5.3)is :

0 : t
(4.5.4) x(t) = N(t)x(0) +[N(t-5-0¢(s)ds + [N(t-8) {u(s) +u(s-0)]ds

-9 0

where N(t) was found previously to be

(4.5.5 ) N(t) = 29 (t’“e) 8 i ero,T)

-0 ’ tE[-e,O)

The optimal control was found to be of the form

(4.5.6) u(t) = sgn {(Y(T)}=a , t€ [ -6,T]

From ( 4.5.2) and (4.5.3) we obtain,

0
(4.5.7) K(g(-), ¥(-)) = [ o (0¥ (t+0)dt
-0

Since N(t) >0 , t€[0,T] , itfollows that y(t) = N(T-t)y(T)#0
for y(T)# 0 andfor all t€ [0,T] . Thus, the continuous function ¢
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which maximizes the functional (4.5.7 ) , will be of the form
(4.5.8) o(t) = sgn{¢(t+9)}=sgn {N(T-t-G)\l!(T)]=sgn{ WT)}=a

Now, from (4.5.4),(4.5.6) and (4,5,7) , we obtain

0 t
x(t) =eN(t) + of N(t-s-8)ds + 2a[N(s)ds =
(4.5.9) -, °
=cN(t) + of N(s)ds  + 2a[N(s)ds
t-8 0

and ,
x(t) =cN(t) + aN(t) - aN(t-8) + 2aN(t) =
(4.5.10)  =cN(t) + cN(t-8 ) + 3aN(t) -aN(t-8)=

‘=( c+ 3a)N(t) +(c-a )N(t-90)

Let again ¢ =0.5 , and consider the equation x(t) =0
Then, = inf {t=20 ; x(t)=01} . Consider now the following two
cases

(i) a=1

From (4.5.10) ,
(4.5.11) =x(t) = 3.5N(t) =~ 0.5N(t- 8) > 0
since N(t) is monotonically increasing .

x(t”/
x .=, 5

0

Fig. 4.5.1
Thus, in this case , the state x,= 0.5 cannot be brought to

the origin .
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(ii) a= -1

In this case ,

(4.5.12 ) x(t) = -2.5N(t) + 1.5N(t-8)=-0.5( 5N(t)-SN(t-6)) <0 , t >0
x(t)

T ot

Fig, 4.5.2

Hence , the initial state X, =0.5 is controllable for
u(t) = -1 , te[0,T], ¢(t)=-1, te[-8,0)
and these are the optimal functions for the problem

Now , we shall compare the optimal times of Example 3.5.1 , where
pt(t) = -1 ’
t €[-6, 0) . In both cases , the optimal control is u(t) = -1, t d-8, T].

¢(t)=0.5 , t€ [-6,0) , and the present one , where ¢(t) =g

Let x_ _(t) and x_l(t) be the corresponding trajectories , starting

0.5
from the same point x, = 0.5. Then ,
t t
(4.5.13)  x, ((t) = 0.5N(t) + 0. 5[ N(s)ds - 2/N(s)ds
t-9 0
t t
(4.5.14)  x _,(t) = 0.5N(t) - [N(s)ds - 2[N(s)ds
t-9 0
and we observe that
(4.5.158) x_ () < x, () , forallt>0 and 6>0

From ( 4.5.14) and the folbwing Fig. 4.5.3, it follows that

(4.5.16 ) T_1 < T0.5
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x(t)

Hence , an improvement of the optimal time is achieved by the
use of an optimal initial state function .

The optimal time is computed as before , with the use of the
Newton-Raphsdn method , and the results , for different values of 6,

are shown in Table 4,5.1 , where the results from Table 3.5.1 are

also included , for comparison purposes .

8 0.1 0.2 0.3

T0 5 0. 374194 | 0. 391520 | 0. 401763

T__1 0.251882 | 0.182322 | 0,182339

Table 4.5.1

From Table 4.5.1 we observe that ,in the present case , the
optimal time does not increase with the delay .

From (4.5.13) and( 4.5.14) we see thatfor t < 8, Xq 5(t)
and x_i(t) are independent of § . Thus , there exist ''critical'

values of the delay 6 , different for the two cases , such that
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ecrit. =T s, and T=T(8)=T - =const, , for 62 ecrit. .
crit.
In Fig. 4.5.4 , the functions TO. 5=T0. 5(6) and T_1=T_1( 8) are
plotted, with the use of Table 4.5.1
T
- Tors—r&
0.4 — .
’/—"‘ 4
. — /
0.3

| N

0.1T _ i
S |
|
0 0.1 0.3 0.4y _ 03 __ 8
6L =0.18 Q50,415
cr. cr,

Fig, 4.5.4

4,6 DISCUSSIONS

Theorem 4,4,1 establishes necessary conditions that an
optimal pair {u,p } must satisfy . However , since the class § of
admissible initial state functions is not compact , a maximizing element
for the functional K may not existin & . It is left for further study
to consider a compact class of admissible initial state functions , since,
in that case, the proof by Pontryagin’ s method meets certain technical
difficulties . The example 4.5.1 indicates that it would be of greater
practical interest to consider a class ¢ of piecewise continuous functions,
instead of continuous .Indeed , this can be done , without affecting the

results of Theorem 4.4.1.
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CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

In this thesis , a class of hereditary systems , described by a
gset of nonlinear integro-difference-differential equations, was considered.
Following Pontryagin’ s geometric approach, as used also by Friedman (2],
necessary conditions for the optimal control, optimal initial control ,and
optimal initial state function were derived . These conditions extend
Pontryagin’ s and Friedman’s Maximum Principles . It appears to the
author that Pontryagin’ s method is very powerful , but some modifications
are necessary for more complex hereditary systems .

As discussed at the end of Chapter 3 , the introduction of optimal
initial data u(t) and ¢ (t), for t € L a,to) , is very important for the
optimization of several systems whose initial data can be chosen from a
certain class . Examples given,demonstrated the effect of the optimal
choice of the initial data in the energy cost and the optimal time ofsimple
time -delay systems . It was also found that the optimal time,hasa
function of the delay 6 , presents a !'saturation '' phaenomenon for a
leritical'' value of the delay . We believe that this observation can be
generalised , in the case of more complex linear hereditary systems .
This is left for further study

In the case of normal , linear , hereditary systems,a 'bang-bang'
principle ( Theorem 3.5.1) and a Uniqueness Theorem for the optimal
control, and optimal initial control , were established , for a given
initial state function

The Oguz't'o'reli’ s Kernel Matrices of the First and Second Kind ,
and particularly the latter one , were proven to be very useful, not only
for the solution of linear hereditary systems described by integro-
difference -differential equations , but also for their optimal control . We

believe that an extensive study of these matrices can reveal many
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important features of control processes described by equations of the

above type . This is another problem proposed for further study.
The problem of existence of an optimal pair , which was not

considered in this thesis , may be solved by a direct extension of the

results in [ 4] and [24] . This is also left for further study .
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APPENDIX A

PROOF OF THEOREM 3.4.1

The proof follows the same steps as in [1, pp. 15-114) and
[2, pp.397-406] :

Let u(t) ,t €[ a, t1] , be an optimal control in A , with

augmented response ?:(t) ,t€1 .

Step 1: Perturbation of the control function on [a,t]

Let Ty Ty Tpaeees T be regular points of u(t) ,t € [a, t1] , such

that

(A.t) u<'r1<'rz<...<'rs<t1
Consider now arbitrary non-negative numbers 6t1, 6t2, ooy 8ts ’

an arbitrary real number §t and arbitrary points Vs Vaseee A in U.
Consider also the intervals :

(A.2) J.= { te[a,tlj: 'rj-€6tj<t_<_ 'rj}, (j=1,2,...,8)

For sufficiently small € (>0), the above intervals are mutually
disjoint and belong to the basic inteny.al [ a, ) ]

Let us define now a control u¥* , as follows
a(t) , if ¢t de for all j

(A.3) u¥(t) ={

V. if tel,
j ! j

We shall say that the control u* is obtained by _perturbing the

control u . u* € A ( for € small enough )
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Let Qc(t) , t € I, be the trajectory starting at ;20’ which cor=~
responds to u(t) ( and the fixed initial state function a(t) ) and let
X*(t) be the trajectory starting at 9:0 and which corresponds to u¥*(t)
( and (1))

In the following weshall make extensive use of the relation

T+q€
(A.4) [f(x(8),u(s), s }ds = €(a-p)i(x(T),u(T), T) + O(€)
i T+ p€

holding for any regular point T of u , and arbitrary real numbersp, q .

Step _2__ : The basic variational formula .

We shall now show that ,

(A.5) x*(t + €6t) = x(t ) +€Tx(t1) +0(€)

N
where I‘x(tl) is a vector which does not depend on € and whichis a

linear function of 6t , 6t1, 6t e IitS

m 8

I‘x(t ) = W(t )6t +1 %kZIN(T +h tl)A (’li(-i-h ){f(x( 1i<),v )-f(x( 'li(),u( 'li()) }61: +

! » £
! A ~

(8.6 b2 (NG, t)ds)Let - 1) ER(T ) v )RR T ) u(r ) ot
a<'rk<t0t(% '

+ 2 (fN(s t )ds)L(tl-p{f(x(w ) v, -ER(7), () ] Bt
t:<T<t T
0"k 1l k
where N(s,t) is given by (A.21) and
t
m 1.
(A.7) W(tl) = ZA, (t )f(:'&(t =h, ),u(t -h, ) ) + J‘ L(t -s)f(x(s),u(s) Yds
i=0

We shall prove the variational formula (A.5 ) by direct evaluation.
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Indeéd ,

t,+ €6t
m 1

Rt + € 6t) - 2(t,) = j‘fi (8)f(%*(s-h.), u¥(s-h.))ds +
1 K1 i=§t i N80 i

!

t1+€.6t ";\ .~

+ l-r .rL(T's)f(x*(s),u*(S))dsdT =

K.(s)'f\(:“;(s-hi),u(s-hi))ds +

[

(A.8) t +E8t T, A
[ L(7-8)(k(s), u(s))dsd T +0(€) =
a

mA A
= €6t{ EAi(tl)f(x(tl-hi),u(tl-hi)) +
i=0

K

+ [Be o)), u(s)ds +0(€) =
a

A
= GW(tl)at + O(€)

In the above evaluation we made the assumption that tl-hi,
(i=0,1,...,m ), are regular points of u , and we made use of the
continuityof f in xand u

Now ,

mt ~
(1) - X(1) = 3 Pi(s){f(?c*(s-hi),u*(s-hi))-?(?z(s-hi),u(s-hi))]ds +
0

A,

( 7] t TI\ AA N A

+ [ [L(7-8) {£(x*(5), ur(s))-£(X(s), u(s)) JdedT = J +7J,
0 a

t

. m
(All0) I, = %

t A A
3 [A(s){ Hx{e-h,), ux(s-h))) - f{%(s-h,), ut(s-h.)) } ds +
0

t 1
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A Aa
s) { {(x(s-h,),u¥(s-h,)) - f(x(s-hi),u(s-hi))} ds =3y +Typ

t A
j‘ﬁ.( ) [ £5 s-h,), u¥( s-hi))-f(é‘:( s-h.), u¥(s-h,))}ds =

A g A A

~ - * - * - - - =
B)fx(x(s hi),u (s hi)){x (s hi) x(s hi)}ds + O(€)
(since fx is continuous in both arguments )

gl -h), w0 ) { FH(s-h) - K(s-hy)}ds +O(€) =

s)ﬁ‘}/e(s-hi){;\:*(s-hi) - :I;(s-hi) }ds + O(€)

A A AA
s){f(x(s-hi),u*(s-hi)) - f(x(s-hi),u(s-hi))}ds =

A Na N A _
£ A (T +h) (H(T),v,) - £R(7),u((N 8t + O€) =

1 1
-h < -
tOhi T <fkhi

= €p(t) + O(€)

where

m
(A.13) Blt)= B

to-h

T

A A A A
Z A (T m) BG(R), v ), u( ] Bty

<T, <t-h,
1

i~ k

t
J,= IJ‘i\-‘(""s){,f\(x*(s):u*(s))-?(;z(s),u*(s))]dsd'r +
t.a

(A.14) O

t
+ [
tou.

.
fﬁ( T-8) { £(x(8), u¥(s))- /f\(JQ(B):u(S))}deT SCPYRIEPY)

AN
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()
t T\ A /\)\ %k
I 47 [ JL(7-8) {£(x*(s), u*(s))-£(x(s), u(s) JdsdT =
t.a
(A.15 ) 0
t A A A
= [ JL(r-s)Fy(s) { X4s) -%(5)} dsdT + O(€)
t a - %
0
t T ~ Ay
3,,= [ JL(T-8){ £(%(8), u(s))~£(x(s), u(s)) JdsdT =
toa
t A A A
(A.16) =et.f 2 M L, v~ gl ] 8,7 + OL€) =
0 oS k<7
= €g(t) + O(€)
where
: A AA AN
(A7) gt)= [ = L(T-p)Ex(m ), v )-E(x( ), w(T ) I bt dT
to a.s_'rk<'r

Now, from (A.9) ,

A Ay _
(A.18) XHE) ~R(O) =T T FT, T,
. A A A
and by setting z(t) & x¥(t) - x(t) ,
% N mt/\ A A t T/\ N A
i Z(t) = = fAi(s)FQ(s-hi)z(s-hi)ds + L T-8)Fa(s)2(s)dsd T +
‘ i=0 to to a
(A.19)

+ €e{@(t)y+glt)} +0O(€) , te€l
N
z(t) = 0 , t € [a,to]

The solution of (A.19 ) is given from (B.1.11) as :
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t . . '
(A.20) 2t) = € N(s,t) { ®(s) + g(9}ds + O(€)

to

V L, . : .
where N(s,t) is Oguztoreli’s [4] Kernel Matrix of the Second Kind,
satisfying the system '

) m, -t
2 ;I(ts' L =i=% i(t)g‘}lz(t-hi)N(tsx,t-hi) + J'f,(t-'r)ﬁ‘;x‘( T)N(s, T)dT
(A.21) %

N(s,t) = 0 for t< s , and N(t,t) =1

We define now the vector

t . .
(A.22) &) = [N(s,t) {908 + gl&) Hs

%

From ( A.17)

. A A A A
(A.23) gt = B Lit-1) R, vy) -HE(T a1 Fet
as 'rk< t
and from (A.13)
m
(A.24) ()= = cpi(t)
i=0

A AT A
@t = B A(TA) IR v)-HE, W) ety =

t -h.<T <t-h
(A. 25 ) 0 =k

- : R A/\

_kj H (7)ot ) {E(7 ), vy )= £ ), u 118t
where

1 if 'rk € [to-hi,t-hi)
(A.26) Hi(’fk.t) = { » t G[to.m)
0 if T d [to-hi,t-hi)
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Therefore
. _ 8 A A AN
(A.27) cpi(t) = kfla( t=( 'rk+hi))Ai( 'rk+hi) { £03x( 'rk), vk) -£(x( '|i<), u( :rk))} Gtk

and from (A.22 ), (A.23) and (A.27 ), we obtain

A ms A A
Ax(t) £ 2 3 N(T+h,, 0A (1 ) ER( ), v)-ER(1), u(1)) ot +

t ’ A
+[ B N, OL(e-1) (8R(7 ), v )-HR(7), u( 1) 6t d7
to o< 1i<<f

m 8 A A AA
oz = 1N( 'rk+hi, t)Ai( 5{+hi) {£(%( 'I‘k), v, )£ 7 )5 u( Tk))}atk +

(A.28) K=

i=

t [aY
+ 2 (N 0adLie- 1) ER(T), v )RR, ul ) J ot +
GSTkS!;Oto

t

A AL
+ B (Nt 08 Lt ) (T ), v ) £ T ), () ] Bt

to< Tk<t Tk

AN
We observe that Ax(t) does not depend on € and thatitis a

linear function of 6t,, 6t ,..., 6t
2 8

1’
Defining now ,
A A A
(A.29) I‘x(tl) = W(tl)& + Ax(tl)
we obtain from (A.8), (A.20), (A.28) and (A.29)

A A A
(A.30) x*(t1 + € &) -x(tl) = eBc(tl) +0(€)

and the basic variational formula is proven
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Remark A.1 : For any other choice of regular points L Toseees T

on [ a, t:1 ] , the variational formula remains valid with minor

modifications in the proof

The proof now follows exactly the steps of Pontryagin’ s approach
[1, p.92- ]. Namely

(i) We define the g_oln_glgx_marturbaﬁon

(A.31) a

{Ti,vi,Sti, 6t 3 i=1,2,...,8}

N
and write I‘xa

fl

N
I‘x(tl) to emphasize its dependence on 2

(ii) If we consider two complex perturbations

alz[Ti’ViJSt'iiat' ;i=1’2,-.-,s}
(A.32)

all= {Ti ’Vis&:'i' , 6t 5 i=1,2,...,8)

we define the linear combinations

(A.33) Na'+\'tatt = {qi-.’vi’)\'&ti'-*-)\”&'i' SNIBLVENISEY 5 i=1,2,...,8 }

for A',A'"' € R+ = [0,») , and construct the space of perturbations

(A.34) A={ a :a isa complex perturbation }
(iii) The vectors I‘xa , a€ A, emanating from the point ;c\(tl)

form the set

A
(A.35) K = {Tx :a€A}
tl a

8
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A
(iv) K is a convex cone in En+1 (Cone of attainability )

Y

Step 3 Fundamental Lemmas

Lemma A.1

Let ,\l}(t) be an arbitrary, nontrivial , solution of the augmented
A
adjoint system (3.3.4.4) andlet &x(t) be an arbitrary solution of
the augmented variational system (3.3.4.3) . Then

(A.36 ) (R 5 Bt ) = i), Bxity))
A A 2 i :

where (y(t), ox(t) )= 2= Qtl(t)ﬁx (t) (
i= 0 g

Proof : ‘f

The systems (3.3.4.3) and( 3.3.4.4) are adjoint by

construction . Thus

t
A N A A ]'d A A
(e, Ex(t))) = (Y (tg), 6x(t))) =tj‘gt—< U (1), 8x(t) )dt =
0
t Y .
=['( F(t), 8x(t) )at +[(T(t), §x(t) )t = 0
to %o

Remark A.2 : For hereditary processes , the inner product

A
( ¥(t) ,6Ax(t) ) is not constant on [t ,t ] , in contrast to simple
0’1 P

dynamical systems ( s.Lemmail in[1, p.861]).

Lemma A.2

If A is any smooth curve which begins at ;\{(tl)=;\<1 and which
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has a tangent ray L at this point, pointing into the interior of the cone
IS

t
tr%.jectory ;\c*(t) , té1, starting at QO , passes through a point of A

distinct from ?{1

Proof :

With the use of the variational formula (A.5) , the proof is
exactly the same as of Lemma 3 in [1, pp.94-98 ]

I.emma A.3

If u is an optimal control in A with augmented response ;\:(t),

H
then the ray L, in E® , starting at the point Q(tl) and pointing in the
direction of the negative xo axis , does not belong to the interior of the

A

cone Kt1

Proof :

Q
A A
Suppose that L c Kt ( interior of Kt ) . Then ,by lemma
A.2 andfor Az L , there exilsts a control u, ir11 A , such that the
corresponding trajectory ?c*(t) passes through a point of L

different from ;\c(tl) , il.e.,

Sy = <) (i=1,2,...,n')
(A. 38) *1 1

xg(t'l) < xo(tl) = J[u]

But thios contradicts the assumption that u is optimal

Thus Ld¢ K
Y

K , then there exists a control u, in A such that the corresponding
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From Lemma A.3 ,we obtain the following

Corollary A.l

A
There exists a hyperplane of support to Kt1 at its vertex,i.e.,
A
a hyperplane such that Kt lies entirely in one of the two closed hali-
1
spaces defined by it .
Consequently , there exists a non~-zerovector a=( do, al, cees an)
such that
(A.39) (a, L) 20 and
A n Tk € K
(A.40) ( a, I‘xa) < 0 fora X € Ktl
A
Let { (t) be the solution of the augmented adjoint system (3. 3. 4. 4)
A
with terminal value \p(tl) = q;l = a . Then
A A ~ A
(A.41) ( ¢(t1) ,I‘xa) < 0 for all Txa € Ktl

Since we may take L=(-1,0,0,...,0 ) , we obtain from (A. 39)

(A.42) ¢0(t1) < 0

Moreover , since f does not depend explicitly on x0 ’ an:;e-= 0, for
all i=0,1,...,n . Thus ,

(A.43) %b— =0

and, from (A.42), (A.43) ,

(A.44) ¢o(t)= const. £ O , for all te€ [to,tl]
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Step 4 : The Maximum Principle

Let now 'rl be a regular point of u(t) , t€[a, t1] , and let

vy be an arbitrary pointin U

. Consider the elementary perturbation

(A.45) a, = {'li,vl,ﬁt , 6t } = {Tl’vi’ 1, 0 }

Then , from (A.29)

’

A A
(A.46) Tx, = &x
Since z(t) is the unique solution of (A.19) and
A
(A.47) Ax(t) = lim ——zéi
€-—>0
fo(t) satisfies the system
m t tT
Ax(t) = Z jﬁ,(s)f*,\(s-h,)&(s-h,)ds +J‘J‘f,( r-8)FA(s) &x(s)ded T +
=0 t,* * 7 Yotya *
(A.48)
+ {@(t) + g(t) } , te I
Al;:(t)= 0 , t€[o.,t0]
or,
L{} _ zmh A h A t A A A
(t) —i=0Ai(t)F§\{(t- ) Ax(t-h,) + 5[‘ L(t-s)Fa(s)Ax(s)ds +
(A.49) . ]
+ @ (t) + g(t) R tel
Ax(t) = 0

R t a,toil

We consider now two cases
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(1) Ty € [tyt,]
Now ,
(A.50) g{t) =0 , for t€ [to, 7]
(A.51) o(t)=0 , for t € [to, 'rl]
Thus, from (A.48) ,
(A.52) AAx(t)=0 , fort e [a, 7]

Now, from (A.23), (A.24) and (A.27 ) ,

. m A A A
(A.53) ()= 2 6( t-(7, ) AT, ) [HR(),vy) - ER(m) () ]
i=0
and
A o A AN g‘/\
(A.54) g(t) = L(t-'rl) {f(x('rl),vl) - f(x( 'rl),u( 'rl)) 1 , t €1

From the augmented adjoint system (3.3:4.4) ,with ﬁi: a, and (A.49)

we obtain

t
(&x(t,), Bt ) (AT, W) = f———(Ax(t), {ltna =
1
t t
(A.55) J'( £x(t) ,w(t) yaae  + J'( A/\x(‘t) Jwar =
"y
tl A tl o A
= i @), v ())ae  + Qg , Wrat
&Y Tl

From (A, 41), (A.46), (A.52) and (A.55) , we obtain now :
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b, Yoo,
(A.56) Jlom , unat + Jogb) ¥ < 0
N !

and ,byusing (A.53), (A.54),

t
m A AN N 1 A A A A
I (AL v W)+ [Lle- i) v) » ¥lede <
(A.57) i=0 ' 'rl-\ :
t.
m 1
N I A A A n A A
< DAL HIER(T), ), YT ) [(L(e= DI, ulm) » ¥(e)ds
i=0 T
1
or, by (3.3.4.5) ,
NoA A A A A
(A' 58 ) H (X(,rl)’ W(.)lvll Tl) 5 H (x( Tl)’ w(.)tu(’rl)’ Tl)

This relation holds for arbitrary A} € U . Thus,

A A A N OA A
(A.59 ) H (x(1), §(-),u(m)), 7,) = max H (1), ¥():v2 )
ve U

But T, isan arbitrary regular point of u in [to,tlj, and almost

allpoints in [to,tl] are regular points of u . Thus,

(A.60 ) 3 o), $ ) ut), £) = max H (&), §),v,t)

ve U
a.e. on [to,t1 ]

(ii) L € [a, t )

Now , from (A.53), (A.54) ,(3.3.4.4) and (A.49),

we obtain ,

anta 8 i s srae et
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k!

A A N A _ _d_ A/\x A
(Axl(t,), Wt)) )-( Axlt), Y(tg) ) -tJ‘ ¢ Ax(t), y(t) )at
0

Y

Ax(t), §() )at + [ Lx(t), F(t) )at
t
0

(A.61)

ﬁﬁ—j
o o~ I—'ﬂ‘

.

= [( (ot +é(t) ), (1) )dt
t
0

Using the same arguments as in case (i) , we obtain

t

1. :
(A.62 ) Floe) +g®), 40t < 0
%
Since , tl
(A.63) Ja t-(r+h) )at = H(m,t) = 8,(1)
t
0

where Hi is given by (A.26 ) and ei (1':)‘ is given in subsection 3.3.3,
Chapter 3, we finally obtain :

t
m A A n A ‘ In T AA A
LGRS IR 0t Jto- PR, ) WaNds <
(A.64) 0
mo A Ao A t]'/\ N A
< Doy ). rym (L= A, ol Hende
0
or,by (3.3.4.5),
A A A N oA A
(A. 65) BB, 80w, 7)< H(B0P )l 7y

for any regular point 1 €la, to) ,and any vy € U . Thus ,

(A. 66 ) ?Ip(e?(t), $0.), u(t), t) = max ﬁpﬁs(t),ﬁ(- ), v, 1)

veu a.e. on [a,to)
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Consider now the elementary perturbation

(A.67) a, = { LAY 6‘t1,6t }= {'rl,vl, 0, 6t}
Then ,

A
(A.68) Ax(tl) =0

From (A.41 ), we obtain

(A.69) (¥ie) Axt,) +W(E)8t) < O
or,

A A
(8.70) (i), Wie)ree s 0

But 6t is an arbitrary real number . Thus ,

A A
(A.71) (¥(t), We)) =0

and, by (3.3.4.6) and (A.7)
A
(A.72) R(tl) =0

Step 5 The transversality conditions .

If ,in addition to the control perturbaiion on [a, t1 ] , we consider

a perturbation of the initial state
(A.73) x*(to) = x(to) + €€ + O(€)

. n .
where Eis a constant vector in E , thenfollowing the same procedure

as in Step 1, we derive the analogous to (A.5) variational formula
A A N A
(A.74) x*(t1+ €dt) = x(tl) +€{ I‘x(tl) + “(tl) } + O(€)

A
where the vector p(t) is the solution of the system
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A A A A N A A
ft) = T A (H)Fa(t-h, plt-h,) + [L(t=s)Fp(s)p(s)ds
. i x i i x
i=0 a
(A.75) A
T
'll,(to)z- g = (0,8)
A
wt)=0 , for t€leq, to)
( Observe that system (A.75) and the augmented variational system
(3.3.4.3) are identical . )

Indeed , if we proceed as in Step 1 ,we derive a systermn analogous

to (A.19)

A m tA A A t T, A N
at) = = [A(s)Fp(s-h,)2(s-h;)ds +[ [L(7-8)Fa(e)2()dsd T+

i=0 t0 to a

(A.76) A
+ e{E+@(t)+glt)} + Oe) , t€I

MNt)y= 0, forté€ [aty)

from which (A.75) and (A.74) are derived in the same way as

(A.29) and (Ai5) from (A.19)

Now ,let S be a smooth ro-dimensional ( r. <n) manifold

0 0
in E" , which passes through the point Xg and let T0 be the tangent

n+1i

N
plane of S_ at that point . Let T0 be the hyperplane in E

consisting :f all points of the form (O,x)T with x € TO . It is obvious
that l'f‘o passes through ;\{0

If N(s,t) is the Kernel Matrix of the Second Kind associated
with the system (A.75) then , from (B.1.11) , the solution of
(A.75) is

A N
(A.77) Bt) = Nt 0) & Jtoe I
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and the set
AT _ A ’ . A [
(A.78) T0 = { p.(tl) : E € T0 1
i is a hyperplane passing through Q(tl)
Al A A

Let Kt be the convex hull of the set T0 U Kt
1 A A
‘Gbviously K't 1is a convex cone with vertex at :Q(tl) 1

1
The following Lemma is an extension of Lemma A.2, and its

proof is completely analogous to the one of Lemma 10 in [1,p.108] : ‘

Lemma A.4

Let t, be a regular point for the control u(t) , t €la, tl], and let

1
A
x(t) be the trajectory which corresponds to u(t) and starts at the point
':\co . Furthermore , let A be a manifold in Enﬂ , whose dimension

does not exceed n . Suppose that A has an edge , and that :/z(tl) lies on
this edge . Let M be the half-plane tangent to A at :Ic\(ti) . If the
cones ﬁltl and M (which have a common vertex at Q(tl) ) are not
separated , there exists a control u*(t) and a point xa* € SO s such that
the trajectory :’E*(t) which corresponds to u, and X* = (O,X% )T passes

0
through a point of A noton the edge of A

Now, let 'u(t),te [ a, t1 ], be an optimal control in A and let

%(t) be the corresponding optimal trajectory ,which yields the solution
: of the problem with variable endpoints . Let Q(to) = §0 and :'E(tl)=;\c1 .

Let Tl be the tangent plane of the rl-dimensional manifold Sl at the

N
point X, and let Tl be the rl-dimensional plane in En+1consisting of

all points of thé form (xO(tl),x ), with x € T1 . Let Q be the point

A
set generated by all the rays passing through each point of T1 in the

direction of the negative xo axis . The set Q is an (r1+1)-dimensiona1

N
half-plane , and its boundary points belong to Tl
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Lemma A.5

N
The cones K'tl and Q ,which have a common vertex at :?(tl),

are separated .

Proof

Let At be the manifold with an edge, consisting of all points
n+i1 '

(x ,x) € E for which x0 <x0(t ) and x € S1 . Then the tangent
half -plane of Atl at :’é(t) coincides with Q

Suppose now that K' and Q are not separated . By Lemma. A4
there exists a control u (1;)1 such that the corresponding trajectory A W t)
starting at the point x’°6 = (O,x*0 ) (where x*OG S0 ) , passes through
a point of A notonits edge . In other words , there exists a t'>1:0
and a point 'V‘LG Atl , not on the edge of I\t1 , such that

A

(A.79) X ) =M,

But ’YL has the form ’V\- (/V\_ ,’Y\) where ’Y\ES . In addition, since 'C\Jis
not on the edge of - 1 ’VL <x (tl) ,i.e. ,

sl =W, G=1,2,...,n)
(A.80)

xg (t) = \-{) < xo(tl) =J[ul

A
This is a contradiction to the optimality of u and x, and the

Lemma is proven .

Q.E.D.,
A
Since the cones K‘t and Q are separated , there exists a
nonzero vector 1
1
(A.81) 3=(c0,c,...,cn)

A A A
such that K't ( and hence K_ C Kt': ) is in the half-space

1 t 1
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A A
(A.82) (c,y) < O

where ?r are vectors emanating from ;(tl) }

In particular , the ray Lt1 ( in Q) isin the half-space
(c,¥9120

Thus , the solution of the augmented adjoint system (3.3. 4.4)
with G(tl ) =’ll\11 = 2 , satisfies the conditions (i), (ii) , in Theorem 3,4.1.

We shall show now that { (t) satisfies the transver sality conditions

at both endpoints of x(t) .

A A
The plane T1 c O lies entirely in the half-space (c ,'y\r )20

and , consequently , in the hyperplane ( &, Q )y=0 or, equivalently
N A
(A.83) (ult), ¥)=0

Now, if NL: ("({,'\(Z\: o ,'v{l,) is an arbitrary tangent vector of Sl at

. A A
x(tl) , i.e. , vaE Tl , then the vector ’Y‘L— (O,NQ_)G Tl and consequently

A A
(A.84) (¥t) M) = O

This leads to

(A.85) (¥e) M) =0

which proves the transver sality condition at the right-hand endpoint .

Ad A A
Furthermore , since TO c K' , the plane T0 lies entirely
in the half-space ( ¢ , ?r }y<0 and consequently in the hyperplane
AA
(c ,¥y)=0
A A
(A.86) (¥(e) . y)=0

A A N A
That is , for every vector E € To,the vector p.(tl) =N(to,t1)§

lies onthe hyperplane (A.86)

(5.87) (P, le)) =0
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But system (A. 75 ) is identical to the augmented variational

system (3.3.4.3) for which Lemma A.1 holds. Thus :

A I A
(A.88)  (¥(t)), ileg)) =(¥(t), Bt)y=0
or,
A A
(A.89 ) (Vitg), B)=0

from which

(A.90) (¥lty) » €1 =0

and the transversality condition at the left-hand endpoint 1is proven .

This completes the proof of Theorem 3.4.1
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APPENDIX B

B.1 SOLUTION OF A LINEAR HEREDITARY SYSTEM

Consider the system in E®

m t
(B.1.1) x(t) = B B (t)x(t-h;) + J Ly(t=s)x(s)ds + h(t)
i=0 a :

On [to,tl], with x(t) =¢(t) , t € [u.to) » x(tg)= %,

Let Y(s,t) be a nxn matrix valued function ,undetermined
as yet , with the properties

(B.1.2) Y(t,t)=1 , Y(s,t)=0 for t<s

Multiplying system (B.1.1) ,from the left, by Y(s,t) and

integrating we obtain , asin [10, pp. 359-371] y o

t m t t 8
[¥(s,t)%(s)ds = = [¥(s,t)B,(e)x(s-h,)ds + J¥(s,0) [ Ly(s-9x(T)aTds +
Y i=0 y ' Yooy a
(B.1.3)
t
+ [Y(s,tia(s)ds , v€ [tp.t]
Y :
Integrating by parts ,
t

Y(t, 0stt) - Y0y, 0xly) - [ g2 (o) =

i=

m Yy
>(:):. [ Y(sth,, t)B,(s+h)x(s)ds  +

Y -hi
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m t-h, t
+ Z J‘ Y(ls-l-hi}, t)Bi(s+hi)x(s)ds +IY(s,t)JYL1(s-T)x( T)dTds +
=0 Y

i Y a

t ] t
+ [¥(s, ) Li(s-T)x(T)dTds + [Y(s,t)h(s)ds =
(B.1.4) v v v

m Y t
= z j‘Y(s+h.,t)B,(s+h,)x(s)ds+]‘U‘Y(s,t)Ll(s-T)ds}x(T)dH
i= OY-h i i i e vy

i

t t t
-i-'_EIJ‘Y(s+hi',t)Bi(s+hi)x(s)ds + [ [Y(n 9L (T-s)dTds +
i=0 vy Yy 8
:
+ fY(s,t)h(s)ds ;
Y

or ,

m
x(t) = Y(y,t)x(y) + = }Y(s+h.,t)B,(s+h.)x(s)ds +
i=0y-p, * * 7

t t
(B.1.5) +JY{ J‘Y(s,t)Ll(s-T)ds}x('l‘)d'r+ [Y(s,t)h(s)ds +
a vy Y

t m t
0Y(s,t) -
+v“ Y :j Y(s+h,, t)B, (s+h,) -:IY(T,t)Ll(fT 8)d T }x(s)ds

If we ask now that Y(s,t) satisfies the system :

9Y(s,t)

(B.1.6) Ss

t.
+£:Y(s+hi,t)Bi(s+hi) +!Y(’r,t)L1(T-s)dT =0 , s€lvy,t]

with Y(t,t)=I , Y(s,t)= 0 for s>t

then the solution of (B.l.1) 1is going to be :
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m .
x(t) = Y(y,t)x(y) + 2 ~FY(s+h,,1:)B,(s+h,)x(s)ds +
i=0y-h, * % 7

y t t
+ [ 1 ¥(s, )L (s=T)ds }x(T)dT + [¥(s,t)h(s)ds
a v v

for y= to

If now N(s,t) is the ''characterestic matrix'' of system (B.1l.1) ,

j.e., if N(s,t) satisfies the system :

(B.1.8

with

AN, 25 (e, [ L (t-mne
) S _ij) B,(t)N(s, t-h) +aj' Ly(t=T)N(s, T)dT, t€[v,t]

N(s,s8) =1 |, N(s,t) = 0 for s>t ,

then , by substituting N(y,t) in (B.1..7) (for hz 0 ) ,we obtain :

m
N(y,t) = Y(y, t)N(y,y) + = [ Y(s#h,,t)B{s+h,)N(y,s)ds +
(B.1.9) i=0 y-h, o1
t
+J [J‘Y(s,t)Ll(s-T)ds}N(y, T)YdT
or ,
(B.1.10) N(y, t) = Y(y,t) , fort,y € [ torty]

(B.1.11

for vy

Thus , the solution of (B.l.1) can be also written as

m Yy
) x(t) = N(y,t)x(y) + = [N(s+h,,1)B,(s+h )x(s)ds +
i=0y-h, = 7 *

t t
+ }{J‘N(s,t)Ll(s-T)ds}x('r)d'r+ ['N(s, t)h(s)ds
a vy A/

= t0 , where N(s,t) ( Kernel Matrix of the Second Kind of [4])

satisfies (B.1. 8)

If Bi(t) = Bi =const. , it can be shown [4,p.104] that

(B.1.12)) N(s, t) = N(t-s)
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B.2 SOLUTION OF THE 'ADJOINT' SYSTEM

The adjoint system corresponding to (B.1.1) (for hz 0) is :

(B.2.1)  i(t) = - ZB (t+h)¢(t+h) - J‘L (s-t)y(s)ds ,t€lt),t]
i=0
with q;(t1)= q;l ) y(t) =0 for t>t

Let N(s,t) be the matrix given by (B.1l.8). Then
t t

1 m 1
N (t, s)qy(s)ds =- Z IN (t s)B (s+h)111(s+h Jds ~
J J
t i=0 t
(B.2.2) 1:1 t
T 1T
= ['N(t, 8) le(T-s)\[J(T)deB
t
or, t

Nt )y ()= NT(E, 0y (1) - I—Mw(s)ds -

t t
(B.2.3) .- % J‘N (t, 8-b) B (8)(s)ds - j‘(j‘N (t, )L (T-s)dg)y( T)dT=
i= 0t+h1
m 0 T T 1 T T
== % [N(t,s-h)B (s)(s)ds-[([N (t,'r)Ll(s-'l)d'r)\[J(s)ds
i=0 "t vt tt
or, '
$o = Tt e)ue) -
(B.2.4)

f{aN(t'S) 2 B, (6IN(t, s-h,) - J’LﬁS‘”N"‘-”dTF“B’dS
t i=0
or, finally

R «
(B.2.5) ¥ (t) = N7 (6 )y (L) , t€ [to 1]
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