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ABSTRACT.

A systematic method, based on the sets of permissible
and non-permissible expressions, ié developed for the
synthesis of multi-threshold threshold elements, and the
corresponding realizability conditions are established.
The set of non-permissible expressions, for a given Boolean
function, are weight relations that are not allowable for
ény realization of the function. The set of permissible
expressions, on the other hand, display all the properties
of the function considered as well as the weight combina-
tions that are allowable for the different ways of reali-
zation. Since the permissible expressions represent seve-
ral different ways of realization, not all of them are
compatible. For this reason, compatible subsets of these
expressions have to be determined. By assigning the small-
est allowable weight values, according to the expressions
~in the largest compatible subset, the resulting realiza-

tion is minimal or at least near minimal.

The method is theoretically applicable to any Boolean
function, regardless of the number of variables, and also
provides a better insight into the properties of Boolean

functions in general,
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- I. INTRODUCTION.

"Recently, much attention has been given to the reali-
zation of Boolean functions by threshold logic elements,

and in particular by multi-threshold elements.

The single-threshold threshold element is a generéli-
zation of the conventional logic gates (AND, OR, NAND, NOR)
an? it can realize linearly separable Boolean functions,

- However, a single-threshold threshold element can not rea-
lize linearly non-separable functions, and for this purpose

networks of these elements have to be used.

The multi-threshold threshold element is a generali-
zation of the single-threshold threshold element. It is a
very powerful logic element, since it can realize any ar-
bitrary Boolean function., Also, by studying the properties
of the multi-~threshold threshold element, one gains a
better insight into the properties of the single-threshold
- threshold elemeht and the realization of Boolean functions

in general,

Presently, there are two main approaches to the syn-
thesis of Boolean functions:

1./ Single-threshold threshold elemént realization.

Several good algorithms have been developed for the

synthesis of two subclasses of Boolean functions, the
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symmetric functions [l-g and the threshold (or line-
arly separable) functions [6-1‘3 « For these two sub-
classes of Boolean functions minimal realizations caﬁ
be obtained. However, this approach has not yet been
succesful to produce a bractical synthesis method for
the general Boolean function, although several at-
tempts have been made.

2./ Multi-threshold threshold element realization.

This approach overcomes the above difficulty and pro-
vides a way to the synthesis of arbitrary Boolean
functions. Also, the link between the two approaches
has been established [18] , so that multi-threshold
realizations can readily be transformed into the pre-
sently more common single-threshold realizations,
should this be economically more feasible. The algo-
rithmé available at present are, however, limited to

a rather small number of variables.

This thesis follows the second line of approach for
. the synthesis of general Boolean functions. Hence, let us
discuss some of the more important methods, that are pre-

sently available for multi-threshold synthesis.

Haring [1&] developed two methods for the multi-
threshold synthesis. The first method is based on the run-
measure minimization, by choosing a weight vector that as-
sociates a unique excitation with each vertex of the func-

tion and then considering all permutations and complement-




ations of the variables. Although the method is straight-
forward, n!2® permutations and complementations are re-
quired to minimize the run-measure of the given function;
In the resulting weight-threshold vector the weight mag-
nitudes and the number of thresholds required are gene-
rally not minimal. His second method is based on realiza-
bility conditions derived from single-threshold realiza-
bility. Theoretically a weight-threshold vector, for .
which the weight magnitudes and the number of thresholds
fequired are minimal, can be obtained by this method.
However, in the decompositions of the given Boolean func-
tion into component subfunctions, several incompletely
defined functions have to be specified when the number of
thresholds is greater than two. Also, with presently avail-
able tabulations, this method can only be used for func-

tions having four or less variables.

The tabular method developed by Haring and Ohori [19]
is based on the Rademacher-Walsh coefficients of the func-
. tion, and the realizability conditions derived by Haring
[18] for his second method. The method is relatively
simple, but permutations and/or complementations are ne-

cessary to obtain the realization, and the method can only

be used for functions having four or less variables,

Mow and Fu [20] proposed an algorithm based on re-
solving contradicting pairs of vertices by using incre-

mental weights, then from the resulting positive weight-



threshold vector the optimal solution is obtained by per-
mutétions and/or complementations of the variables. It is
believed that incremental weights are related to weight
ordering, which does not hold for linearly non-separable
functions. Aside froh that, n!2™ permutations and/or
complementations are needed, and the method becomes im-
practical when the number of variables is greater than

six.

/ The algorithm proposed by Necula [2£] is basically
thé same as Haring's run-measure minimization method [18],
but by taking symmetry conditions into consideration more
economical realizations are obtainable, when the given
function is symmetric in a subset of its variables. It is
a direct method, and less than nt2® permutations and/or
complementations are required to minimize the number of
thresholds. However,'the method is only applicable to
functions having not more than five variables, and in

addition supplementary operations are needed to determine

the symmetry conditions of the given function,

In this thesis, the main emphasis is placed on ob-

taining a set of relations that will ensure the separation
of the true and false vertices of the given function,
although minimality will be kept constantly in sight. A
set of relations, the non-permissible expressions, will be
obtained, and these will have to be satisfied in order to

achieve separation, Then from the set of all possible ex-



pressions a smaller set of relations, the permissible e*—
pressions, will be deduced. The sets of permissible and._
non-permissible expressions are unique for a given Boolean
function. The permissible expressions display all the sym-
metry relations among the vériables, as well as, the
weight combinations that are allowable, without affecting
realizability. To obtain optimal realization, it is neces-
sary to satisfy simultaneously as many of the permissible
expressions as possible, without creating any non-permis-
sible expressions. Therefore, compatible subsets of per-
missible expressions will be determined. By choosing the
smallest allowable weight vector, according to the larg-
est compatible subset of permissible expressions, the
range of excitations for the given function will be mini-
mum, and the resulting weight-threshold vector will al-

ways be minimal or at least near minimal,

It is believed, that the proposed method for the
mualti-threshold synthesis both differs from, and presents
. an improvement over, the already existing synthesis

me thods.
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- IX. THE MULTI-THRESHOLD THRESHOLD ELEMENT.

1./ Definitions and basic properties.

It is well known that any ordered set of binary va-
riables,-§={%l,...,xn}, can have 2" distinct values..These
2D distinct values are called vertices (also called min-
terms), and can be represented by fheir decimal equivalent.
A particular vertex will be denoted by‘xv, where v can
take on the values from O to 2™-1. A Boolean function can
therefore be defined as a partition of the o™ vertices in-
to two subsets, the true and false vertices (considering
completely defined Boolean functions only), and will be

denoted by the decimal equivalent of its true vertices.

A threshold function is a Boolean function, whose
true vertices can be separated from its false vertices by
a single hyperplane. It is easy to see then, that a k-
threshold function can be defined as a Boolean function,

- whose true vertices éan be separated from its false ver-

tices by k parallel hyperplanes.

A multi-threshold threshold element (MTTE) is a gene-

ralization of the conventional single-threshold threshold
element (TE). An MTTE is defined by its weight-threshold
vector (W;%),‘where'W={ﬁl,...,wg} is an ordered set of n
weights, corresponding to the n input variables

.§={kl,...,xn}, and the ordered set of k thresholds
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-$-{§1,...,Tk} are required to separate the true and false
vertices of a given function. The weight Wi associated

with the variable X4 can be either positive or negative,
and can also be zero if the given Boolean function is in-
dependent of the variable X . For the sake of consistancy,

T1 is defined to be the largest threshold and T, to be

k
the smallest. The representation of an MITE is shown in

Figure 1.

%y

X;

> F

Figure 1. A k-threshold threshold eiement.

An MTTE is described by the following relations:

n
F=1, if E.—:Z_ 1: wixi>/Tl’ or if
1=
T2,j?E;T2,j+l’ and
F=0 otherwise, where Jj=1,2,3,... 3
TJ.e{Tl,...,Tk};
TJ.>TJ+1;

F is the logical output of the MTTE (O or 1);

X4 is the i-th input variable (O or 1);



w, is the i-th weight (an integer);

Tj is the j-th threshold (a real number);
n is the total number of input variables;
k is the total number of thresholds; and

E is the excitation applied to the MTTE.

The excitation to an MTTE is defined as the linear

n
weighted sum IE=E : WiX;e The weight vector W associates
i=l

. . > n .
an excitation E_=W.X_, where v= (0,..,2"-1), with each

vertex xv of the function.

In the following, the excitation associated with a
true vertex of the given function will be called a l-state,
and the excitation associated with a false vertex will be
called a O-state of the MITE. The state associated with.a

n
vertex X will be denoted by Ev=5i£ wixi(xv)’ where xi(xv)

represents the value of the variable Xy in vertex Xv.
Some of these states may be the same, or they may all be

distinct, depending on the values assigned toiﬁ-

Definition 1: When two states are the same, for a

given function, they will be called equivalent states.

The relevance of this definition will become clear ‘

in the next section of this chapter.

In the realization of a threshold function, the thre-
shold divides the real line €o00,00) into two distinct re-

gions, one having only the l-states and the other only the



O-states. Similarly, in the case of a k-threshold function
the k thresholds partition the real line into (k+1) dis-
tinct regions, that alternately contain either l-states
or O-states. The top region, i.e. above Tl, can be filled
by either l-states or O-states, depending on the weight-
threshold vector. However, the logical output of an MTTE
is always 1 for this top region, and therefore when it is
occupied by O-states either of the following has to be
done:
a./ consider the complement of the function, and modify
the weight-threshold vector accordingly; or
b./ when writing the threshold vector, the largest thre-

shold is chosen to be above the occupying states.

2./ Realizability conditions.

Realization consists of finding a weight-threshold
vector (W;?a, that will achieve the separation of the true
and false vertices of the given Boolean function. There-

. fore, EE{TS has to satisfy certain conditions that will

be defined below,

A

It is clear, from Definition 1 and the argument pre-
ceding it, that depending on the values assigned to W
some of the states will be equivalent. This may be per-
mitted in some cases, and in fact desirable, while it

will be prohibited in others.

When one of the equivalent states is a l-state and
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the other a O-state, the equivalence will be called non-

permissible. Yhen the equivalent states are either both

l-states or both O-states, the equivalence will be called

permissible.

Therefore, it follows that, if Ei is a 1-state and
E; is a O-state, then to assure realizability a set of
relations of the form

E:" £ E;, where mfp and m,p€ v=(0,...,27-1),

that is, the set of non-permissible equivalences, have to

be satisfied.

Some of these non-permissible equivalences, although
they may appear to be different, contain the same informa-
tion regarding realizability. For example, the two non-
permissible equivalences wl£w2 and wl+w3,éw2+w3 provide the
same realizability condition. To avoid this, a non-permis-
sible equivalence will be represcnted by an expression,
or inequality, in which no term can appear on both sides.
Such an expression may represent two or more non-permiss-

ible equivalences.

Definition 2: A non-redundant expression, represent-

ing one or more non-permissible equivalences, will be

called a non-permissible expression.

Every Boolean function has a distinct set of these
non-permissible expressions, which can be obtained by

comparing each true vertex of the given function to all
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the false vertices, as follows

n . n
1l : o
E,,,e?&' w;x; (X ) ,é:{:i' wix; (X2)=E_, where mfp. (1)

In (1) X; is a true vertex and X; is a false vertex. The
terms appearing on both sides of an expression are cancel-

led and the resulting redundant expressions are omitted.

Since an expression generally represents more than
one equivalence, it is possible that one of those equiva-
lences is permissible and the other is non-permissible.
Therefore, an expression representing a permissible equi-
valence, that is, an equality of two equivalent l-states
or two equivalent O-states, is not necessarily permiss-
ible. However, there do exist expressions in weights thaf

are permissible.

Definition 3: An expression that is not non-permiss-

ible, will be called a permissible expression.

From the above definitions the next theorem follows

directly.

Theorem 1l: A Boolean function F is realizable by a

-
weight-threshold vector (W;T), if and only if there are

e
no non-permissible expressions resulting from W,

The total number of possible non-redundant expres-
sions is equal to the sum of permissible and~non~permiss-

ible expressions, and this total is constant for a given
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number of n variables. To be more specific, let
N= number of non-permissible expressions;

number of permissible expressions; and

U
]

M(n)= number of possible expressions, for n variables;

then M(n)=N+P

M(n)= [(‘;‘) + (g) Feuot (g)]+ ('1‘) [yz(";) + (“;_1> Fooot (2:{)]
@6 () reeer (22) ]
@kC) - E)]. @

where r=[%], the largest integer £

s

It follows easily then, that those possible expres-
sions that do not belong to the set of non-permissible ex-
pressions make up the set of permissible expressions, and

they are of the form

1 g

E. ; or E:; = E2, where mfp and m,p€v=(0,..,2n-l).

p’
Hence, the set of permissible expressions can be obtained

by listing all the possible expressions that do not appear

in the non-permissible set. For example, for the function
F(3)=(3,5,7) the set of non-permissible expressions is

shown below.
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") 40 v fug
w2#0 wofus
w340 w Ay
w1 #7240 womy g
w1+w3£0

'2+w3£0

wl+w2+w3£0

Therefore, the set of permissible expressions is W=,
and W =W, +Wy. The permissible expressions can be used to
determine the desired weight-threshold vector, since they
indicate the allowable weight combinations. In the simple
example above, we have W, =W,=1 and w3=wl+w2=2 and the re-

sulting weight-threshold vector is Eﬁ{?):(l,l,z;z.s).

The set of permissible expressions is also unique
for every Boolean function. However, it should be noted,
that a given Boolean function F and its complement F both

have the same set of permissible expressions.

The folloWing lemmas, although well known, should be

included here.

Lemma 1l: If the function F(xl,..,xi,..,xn) is rea-

-
.,..,wn;T),

lized by the weight-threshold vector (wl,..,w1

then the function F(x;,..,X;,..,% ) is realized by the

weight-threshold vector (wl,..,-wi,..,wn;Tl-wi,..,Tk-wi).

)

It is also clear from lemma 1, that F(il,..,ii,..,in
n

n
is realized by (—wl"”_wn;Tl—?if Wiyeos Tk-g—i wi).
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Lemma 2: If the function F(xl,..,xi,..,xj,..,xn) is

realized by the weight-threshold vector ('1”"'1"”'j”

-—p
..,'n;T), then the function F(xl,..,xj,..,xi,..,xn) is

-
realized by (wl,..,'j,..,vi,..,'n;T).

3./ Independence and symmetry conditions.

The properties relevant to the realization of a given
Boolean function are:
a./ the function's independence of a certain variable;

b./ the function's symmetry in a subset of its variables.

These relevant properties are clearly reflected in
the set of permissible expressions, as it will be shown

below.

Theorem 2: A Boolean function F is independent of
the variable X5 if and only if wi=0 is a permissible ex-

pression.

Proof:
a./ Let F be independent of the variable x,. Then, ‘

if x}..x;...x} is a true vertex of F, so must be xi..ii..x

where x3 represents either the variable xj or its comple~

ment X.. Also, if xi..xi..x; is a false vertex, so must

*
n’

be xi..ii..x;. Hence, wi=0 is a permissible expression,
b./ Let wi=0 be a permissible expression. Then
* .. oX® ¥, .X...X* i vertices
XJ e oXgeeXp and X]eeX;o.X) are either both true verti

or both falsec vertices, since the corresponding states
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must be either both l-states or both O-states. Therefore,
F is independent of x;. Q.E.D.

When a given Boolean function has a subset of vari-
ables {x;,x“i,...}, where i,je(1,...,n), such that any
persutation of these variables leaves the function unal-
tered, the function is said to be symmetric in those vari-
ables, or alternately it can be said that the function
%s--.) of those variables.

J
When the symmetric subset contains all the variables of

has a symmetric subset S(x;,x

the given function, the function is called completely sym-
metric. Similarly, if the function has no symmetric subset,
then the function is called non-symmetric. It is of course
possible that a given function has two or more symmetric

subsets.,

It is important to note that some Boolean functions,
as Necula [21] pointed out, may have two or more non-
equivalent variants of the same symmetric subset. In other
words, these symmetric subsets contain the same variables
and differ only by the complementation of some of those

variables. For example, F may have both the symmetric sub- \

sets of S(x;,x,) and S(il,xz). The symmetric variants -
S(xl,xz) and S(il,iz), as well as S(il,xz) and S(xl,iz),
are considered to be equivalent., Necula called these func-

tions multiform symmetric.

It will be seen, in the next chapter, that when a

given Boolean function has these relevant properties, the



assigneent of suitable weight values will be considerably

simpler in post of the cases.

Now, let us consider three theorems, related to sye-
metry, that will be important for the development of the

synthesis procedure.

Theorem 3: A Boolean function F is symmetric in vari-

. is a permissible

ables x. and x., if and only if wisz

1 J
expression.

Proof:
a./ Let wi=wj be a permissible expression. Then

L 3 .
(Wl,ao,wi,c.,wj,..,wn;'r) and (‘vl’oo’wJ-,.D’wi,ot,wn;-T) are
equivalent realizations of F, and it follows from Lemma 2
that F(Xl,..,xi,..,xj,..,xn)=F(X1,-. ,XJ-,.. ,xi’o. ,xn)o

Therefore, FF is symmetric in variables X5 and xj.

b./ Let F be symmetric in variables x; and X and

1

let F(xl,..,xi,..,xj,..,xn) be realizable by the weight-

threshold vector (wl,..,wi,..,wj,..,wn;?). Then, since
F(xl,..,xi,..,xj,..,xn)=F(xl,..,xj,..,xi,..,xn) from

Lemma 2 (wl,..,wj,..,wi,..,wnff3 is an equivalent realiza- |
tion of F. Hence, wizwj can not be a non-permissible ex- \
pression, Therefore, wi=wj is a permissible expression.,

Q.E.D.

It follows obviously from Lemma 1, that if wi is the
weight associated with variable X4 and Wi with ii’ then

=W,
10
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Theorem 4: A Boolean function F is symmetric in vari-

ables ii and X9 if and only if 'i"j‘o is a permissible

expression,

Proof:

a./ Let 'i+wj=0 be a permissible expression, i.e.

- - - -
'j"i‘ Then (wl,..,wi,..,wj,..,wn;T) and (wl,..,wj,..,wi,

*
..,wn;T) are equivalent realizations of F, and it follows

from Lemma 2 that F(xl,..,ii,..,xj,..,xn)zF(xl,..,xj,..,ii,

..,xn). Therefore, F is symmetric in variables ii and'xj.

b./ Let F be symmetric in variables X. and X5 and

5 §

let F(xl,..,ii,..,xj,..,xn) be realizable by the weight-

threshold vector (wl,..,Wi,..,wj,..,wn{F). Then, since

F(xl,Ot’ii’Oo’x'j’oi’xn)gp(xl,oo’x'j,oo’ii,oo’xn), from

- -
Lemma 2 (wl,..,wj,..,wi,..,wn;T) is an equivalent realiza-
tion of F. Hence, wJ.:Wi can not be a non-permissible ex-

pression., Therefore, wj=Wi, i.e. wi+wj=0, is a permissible

expression, Q.E.D.

Theorem 5: A Boolean function F is multiform symmet-
ric in variables X5 and xj, that is, F has both symmetric
subsets S(xi,xj) and S(xi,xj), if and only if both wi=wj

and wi+wj=0 are permissible expressions.

Proof: Follows from Theorems 3 and 4,

It is clear from the above theorems, that the permiss-
ible expressions automatically provide information on

whether the function is symmetric in a subset (or subsets)



-18-

of its variables, and if so which of the variables are to
be complemented. In other words, information is gained
about which of the weights can be assigned equal magni-
tudes. It also follows, that if the given Boolean function

is non-symmetric, the condition
'wi}élel, where ifj and i,je€(1,...,n),

must be satisfied, otherwise at least one non-permissible
weight relation will result and realization can not be

attained.

4./ Minimality.

There are infinitely many weight-threshold vectors
that will partition the 1 and O states of any given Boole-
an function, It is also well known, that any Boolean func-
tion can be realized by a positive weight-threshold vector,
if k is chosen to be sufficiently large. However, from

the point of view of reliability and economy only the \

minimal realizations are of interest, and for some func-
tions this is not possible without the use of some non-

positive weights.

More specifically, there are three factors affecting
tﬁe minimality of an MTITE realization:

a./ k, the number of thresholds required;
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n
b./ @ sizl"il; and

k
c./ Ttgl'l':ﬂ -
J=

The relevant properties and the permissible expres-
sions of a given Boolean function influence the size of
these factors. Therefore, let us examine them in their

relation to minimality.

Clearly, when a given function is independent of a
variable Xy We can set wi=0. This reduces @, and obvi-
ously any other weight assignment will make minimal rea-

lization impossible.

By assigning the same weight magnitude to the vari-
ables contained in a symmetric subset of the given Boolean
function, & is reduced. In fact, a minimal weight-thre-
shold vector can not be obtained without considering the
symmetry conditions. In particular, if the Boolean func-

tion considered is completely symmetric, then the assign- \

ment of lwi|=l, where i=(1,...,n), will result in a mini-

mal weight-threshold vector.

The permissible expressions, in addition to display-
ing the symmetry conditions, also indicate what state
equivalences will result if the weight values are assign-
ed accordingly. For example, let Wi =Wy +Wo be a permiss-
ible expression, then we have E(xl§2§3§4)=E(§1x2x3§4)

and also E(xlx2x3x4)=E(xlx2x3x4). Therefore, to obtain a



minimal realization, weight values should be assigned to
satisfy simultaneously as many permissible expressions as
possible, without creating any non-permissible weight re-

lations.

Since the factors affecting the minimality of an
MTTE realization are not independent of each other, the
criterion for minimality can be defined in several diffe-

rent ways.

Mow and Fu [20] defined the optimal solution as a
weight-threshold vector possessing the following ordered
set of properties:

a./ minimum number of thresholds, Ko

b./ for k_  solutions, min(); and

c./ for k_ and min(w), min[max('Tll,lTk|)].

Necula [21], on the other hand, obtained the follow-
ing criteria for the minimality of an MTTE realization:
a./ k minimum and <« minimum for the obtained k;

b./ Wminimum and k minimum for the obtained W;

c./ (k+®) mininmum,

It should be noted, that the optimal solution, as de- \
fined by Mow and Fu, is just one of the several ways it
can be defined, and also that min(Z)<&£ min[max(lTll ,lTkl)].
The criteria obtained by Necula are also incomplete, since
T is not considered for the minimality at all. Therefore,

for the saké of completeness, we list here all the possible
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ways of defining the minimality criterion, although some

of them may be impractical.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)
(13)

minimize k and for min(k) minimize ), with these
conditions satisfied choose the fﬁiqa with min(z);
minimize k and for min(k) minimize =, with these
conditions satisfied choose (—\;,'-l") that has min(w); .
minimize k and for min(k) choose 65;%3 with min(w+2)
minimize (k+w), then choose (WJFS that has min(<);
minimize (k+%), then choose (_ﬁ'.,"i‘.) with min(w);
minimize w and for min(o) find min(k), with these
conditions satisfied choose Eﬁ;;a with min(z);
minimize ) and for min(w) minimize Zz, with these
conditions satisfied find (W;T) that has min(k);
minimizew, then select (ﬁ;f) that has min(k+7);
minimize (w+7), and then find (W;T) with min(k);
minimize = and for min(¥) minimize w, with these
conditions satisfied select a;;F3 that has min(k);
minimize = and for min(<) minimize k, with these
conditions satisfied select Eﬁ;?S with min (W) ;
minimize = and then select (-ﬁ,-'-l") with min(k+o);

mininmize (k+w+%).

The minimization of k will generally result in the

reduction of cost, while the minimization of both k,w,

and  will increase the reliability of the MTTE. However,

it was found that rather than minimizing k first and then

the remaining factors, it is more advantageous to assign

-.e PP T S
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1

3
8
)
{
;




=29

the smallest allowable weight values, according to the
permissible expressions, and then select a weight-thré-
shold vector for realization using criterion (9) above.
By minimizing &, the range of excitations will be as
narrow as possible, without affecting realizability, and
Athe resulting weight-threshold vector will always be mini-

mal or at least near minimal.

- lrﬂutﬂ." L didair t rme s Mans s smatnm. .
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III. MULTI-THRESHOLD SYNTHESIS.

The basic properties of Boolean functions and their
realizability conditions, with respect to the proposed
method, have been established. These provide the founda-
tion for the multi-threshold synthesis procedure, which
will be described and discussed here in detail. Illustra-
tive examples will be used to bring into focus the import-

ant features of the method.

The first step of the synthesis procedure is to list
the true and false vertices, of the given function, into

two separate columns.

Then, we compare each true vertex to all the false

vertices, in each case writing an expression
1 1 L o
Em=§=£ wixi(xm) ﬁ%é% wixi(xp)=Ep , where mfp,

and cancelling the terms that appear on both sides. If the
resulting expression has been obtained before, then the
redundant expression is omitted. By exhausting all the
true vertices, in the manner described above, the set of

N non-permissible expressions is obtained.

Next, the set of P=M(n)-N permissible expressions is
deduced, by listing all the non-redundant possible expres-

sions that do not occur in the non-pernissible set.
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These two sets of expressions form the very essence
of the synthesis procedure, as can be illustrated by the

following simple example.

Example 1: Consider the function F(4)=(1,4,5,7,9,12,
13,15). The true and false vertices of the function are

shown in the table below.

True Fglse
vertices vertices
X1X2¥3%4 | X1 XpX3X4
0001 0000O
0100 0010 |
0101 | 0011 :
0111 0110 )
1001 1000 :
1100 1010
1101 1011
1111 1110

Comparing the first true vertex to the first false vertex,
we get w4£0; comparing it to the second false vertex, we
get W3£W4’ and so on. Proceeding the same way, and rear-
ranging the resulting expressions, the set of non-permiss-

ible expressions is
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‘ ‘w2£0- w1£w2 w3£w2+w4
w3£0 v ' wl;éw3 w4;£w1+-w3
w4£0 wléw4 w4;éw2+w3
w1+w2£0 | wzﬁws' w1£w2+w3+w4
w1+w3£0 ws;éw4 w2£w1+w3+w4
w1+w4£0 wl£w2+w4 w3£w1+w2+w4
w2+w4£0 w2£w1+w3. _ w4;éw1+w2+w3
w1+w2+w4£0 | w2£w3+w4 wl+w2)éw3+w4

/ w2+w3+w4£0 w3£w1+w2 w1+W3£w2+w4
w1+w2+w3+w4£0 w3)éw1+w4 w1+w4)£w2+w3

Here N=30 and from equation (2) M(4)=40, therefore we have
P=40-30=10 permissible expressions. These are the ten poss-
ible expressions that are not in the non-permissible set

above, and they are as follows:

=0 w

"1 2™

w2+w3=0. Wy =Wy +Wo
w3+w4=0 Wy =Wa W,
wl+w2+w3=0 Wo =W, W,
w1+w3+w4=0 W,a=W, Wy

It can readily be seen from the permissible set that F is
independent of the variable X since wl=0 is a permiss-
ible expression. Also, since w2+w3=0, w3+w4=0 and Wo=W,
are permissible expressions, we have Wo ==Wa =W, . Thus, F
has the symmetric subset of variables S(x2,§3,x4), by

Theorems 3 and 4. Therefore, the realization, easily de-
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duced in this case, is (W¥;T)=(0,1,-1,1;0.5). However, in
the majority of cases, the realization can not be obtained

so'simply.

In the set of permissiple expressions some of the
expressions may be dependent, that is, they can be obtain-
ed by combining two or more of the other expressions.
Since these dependent expressions do not contribute any
additional information, they can be removed from the per-

missible set. Thus, the set of independent permissible

expressions is formed.

The next step in the synthesis procedure is to de-
termine the relevant properties of the given Boolean func-

tion, from the set of independent permissible expressions.

We further classify the permissible expressions into
three different types, according to the.relevant proper-
ties, namely
a./ the permissible independence expressions;

b./ the permissible symmetry expressions; and

c./ the permissible non-symmetry expressions.

Definition 4: Any permissible expression of the form

w;=0, where i€ (1,..,n), will be called a permissible in-

dependence expression,

Definition 5: Any permissible expression of the form

Wy=wj or wi+\vj=0, where ifj and i,je€(1l,..,n), will be

called a permissible svmmetry expression.
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Definition 6: Any permissible expression of the form
other than those indicated in Definitions 4 and 5, will

be called a permissible non-symmetry expression.

When the given function has a permissible indepen-
dence expression wi=0, the function is independent of the
variable X4 by Theorem 2. Hence, we can set wi=0, and
eliminate L from both the permissible and non-permissible
sets of expressions. These sets will thereby be reduced,
si?ce some of the expressions will become redundant, as a
result of eliminating L When the given function has no
such expressions, we directly proceed té the following
step of the procedure, which takes the symmetry conditions

into consideration.

If the given function has any permissible symmetry
éxpressions, then the function is symmetric in at least
one subset of its variables, according to Theorems 3,4

"and 5.

It should be noted, that when the given function is
not multiform symmetric, none of the pérmissible symmetry
expressions are contradictory tb one another, that is,
all of them can be satisfied simultaneously. However, if
the function is multiform symmetric, then some of the per-
missible symmetry expressions will be incompatible, that
is, they can not all be satisfied simultaneously. There-
fore, in order to have a unified synthesis procedure for

any Boolean function, and at the same time take all the
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possible ways of realization into consideration, it is
necessary to obtain all the distinct compatible symmetry

subsets.

Definition 7: A subset of m permissible symmetry ex-

pressions, m>»2, will be called a compatible symmetry sub-

set, if no combination of those expressions will result

in a non-permissible expression.

To be more specific, two permissible symmetry expres-
sions are compatible either if they have no common terms,
or if the expressionﬂresulting from the substitution of
one expression into the other, through their common terms,

is not non-permissible,

If the given function is not multiform symmetric,
then there will be only one distinct compatible symmetry
subset., However, if the function is multiform symmetric,
then there will be several distinct compatible symmetry
subsets, one for each of the permissible combinations of

the non-equivalent symmetry variants, that are created by

multiform symmetry,

The compatible symmetry subset (or subsets) can be
obtained, using tree diagrams, by the following procedure.
All the independent symmetry expressions are listed and
numbered, The first expression is chosen as the origin of
a tree diagram. Then each successive expression is com-

pared to fhe first expression, and the compatible ones
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are joined to the origin by a straight line, on the dia-
gram. These expressions will make up the first level of
the tree. When all the permissible symmetry expressions,
with the exception of the expression at the origin, are
included in the first level, the function is not multi-
form symmetric and the process can be stopped. Then all
the permissible symmetry expressions are included in the
only distinct compatible symmetry subset. Otherwise, the
function is multiform symmetric, and all the branches of
thé tree have to be completed. For further branching, at
the j-th level, where J22, only the expressions at the
Jj-1-th level need to be considered, the others being
already incompatible with previous expressions. To each
first-level expression on the diagram we connect, by a
straight line, the expressions that are compatible to
both expressions in the branch being considered, and so
on, until all the branches have been completed. Next, the
second, third, etc expressions are chosen as the origin ‘
of a tree, and theISame procedure is repeated in each case.
It should be noted, that each expression, in a given
branch of the compatibility tree, is followed only by
higher numbered expressions. Now, to determine the compa-
tible symmetry subsets only the branches cdntaining the
highest number of expressions are considered, and the ex-
pressions in each such branch form a compatible symmetry

subset, Each of the compatiblé symmetry subsets will have
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to be considered separately,'tq obtain all the possible
ways of realization. For example, consider the following
set of independent permissible symmetry expressions, and

assume that wiAO for i=(1,...,n).

(1) W) +W,=0
(2) w3+w4=0
(3) W) =W,
(4) W =W,
(5) We=We

The resulting compatibility tree diagrams and the corres-

pondihg compatible symmetry subsets are shown below.

8)——(5) 1

(1) 1) (5) II

5)

(2) 3) (5) 111

5)

(3) 4) (5) 1V

A AN
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(). (5) and (5)
w1+w2=0 wl+w2=0 w3+w4=0 | W) =Wy
w3+w4=0 I;. WasW, II1; Wy =W, I1I; WaeW, 1V,

Next, one of the compatible symmetry subsets is se-
lected, and according to the permissible symmetry expres-
sions contained therein, all the weights associated with
the same symﬁetry subset of variables aré expressed in

terms of one of those weights, which will be called a

representative weight.

These representative weights are substituted, for
each of the weights they represent, into the set of non-

permissible expressions and the redundant expressions are

omittéd. The resulting expressions will be called a reducea

set of nﬁn-permissible expressions.

Similarly, the representative weights are then sub-
stituted into the set of permissible non-symmetry expres-
sions. The redundant and non-permissible expressions, re-
sulting from the substitution, are omitted. The set of

expressions so obtained will be called a reduced set of

permissible expressions.

From the reduced set of permissible expressions, we
form distinct compatible realizability subsets, following

the same procedure as that described for the formation of

~



‘compafible symmetry subsets.,

Definition 8: A subset of m permissible non-symmetry

expressions, m>22, will be called a compatible realizabi-

lity subset, if no combination of those expressions will

‘result in a non-permissible expression, -

The same procedure is then repeated for each of the
compatible symmetry subsets. However, only the compatible
realizability subset (or subsets) containing the largest
number of expressions need to be considered for minimal

realization.

When there are no permissible symmetry expressions,
for the given Boolean function, the function is non-sym-~
metric. Hence, we directly proceed to form compatible rea-
lizability subsets, from the set of permissible non-sym-

metry expressions.

It is clear, therefore, that by following the proce-
dure described, for any Boolean function, we can obtain a

number of compatibié realizability subsets, each of which

.is distinct and contains the largest number of independent

permissible expressions.

It is a well known fact, that r independent variables
can have at most (r-1) independent relations. Therefore,
if r is the number of independent variables, and m is the
number of independent expressions in a compatible realiza-

bility subset, then m£(r-1).



33—

When m=(r-1), for a given compatible realizabiiity
subset, any weight assignment made, satisfying the m per-
missible expressions therein, will be a realization of the
given function. This was assured by eliminating all the
non-permissible expressions, that resulted from the res-
trictions on the weight values, by the relevant properties
of the function, prior to obtaining the compatible reali-
zability subsets. In this case, all the weights associated
with the independent variables can be expressed in terms
of one of those weights, by substituting'the m independent
expressions into one another. Then assigning the smallest
weight magnitude to that weight, all other weights can be
evaluated as well. Hence, we obtain a weight-threshold
vector for each of the selected compatible realizability
subsets. From these weight-threshold vectors one of them
is chosen for realization, according to the minimality

criterion (9).

If m<(r-1), as sometimes is the case for multiform
symmetric functions, then at least one restricting rela-
tion among the weights is missing. In such case, all com-
bination of the smallest allowable weight values, that
satisfy the m independent expressions, has to be obtained
and checked against the reduced set of non—permissible ex-
pressions. From the weight-threshold vectors so obtained,
one of them is chosen for realization, according to the

minimality criterion (9). The minimality of the recaliza-
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tion in these cases can not be ascertained, because of the

heuristic assignment of weight values.

Now, depending on the symmetry conditions of the gi-
ven Boolean function, the following four possibilities can
arise: |
a./ the function is completely symmetric;

b./ the function is not completely symmetric, but each va-

riéble is included in some symmetry subset of the va-

riables;

c./ the function has one or more symmetric subset of the
variables, but some of the variables are not included
in any of them;

d./ the function has no symmetric subset of variables,
that is, the function is non-symmetric.

let us consider some simple examples, for each of these

four possibilities,

Example 2: Let F(4)=(0,3,4,5,6,9,10,11,12,15).

True False True False
vertices verfices vertices | vertices
X XXXy | X X5XaXy | Xy X5XaX, | Xy XoXgX,
0000 |OOO1 1001 1110
0011 [0010 |1010
0100 |O111 1011
0101 1000 1100
0110 1101 1111




w1+w3£0
w1+w4£0
w3+w4£0
w1+w2+w3£0
wl+w2+w4£0
w2+w3+w4£0

wl+w2=0
w2+w4=0

wl+w2+w4=0

=35

wl+w2+w3+w4=0

The non-permissible expressions are

w) AWy
w2£w3

'w2£w4

w1£w2+w3
wl£w2+w4
wl;éws-l-w4
w3£w1+w2
w3£w1+w4
w3;£w2+w4
w4)éwl+w2
w4;éwl+w3
w4;éw2+w3

Here, N=22 and the P=40-22=18 pernissible expressions are

W2 =\Vl +W4

'Wz =W3 +W4

w 1 =W2 +W3 +W4
W2 =wl +W3 +W4
Ws =Wl +W2 +W4
\V4 =W1 +W2 -I-WS
Wl +\V2 =\‘13 +W4
W 1 +W3 =W2 +Ww 4
Wl +W4 =W-2 +W3

Eliminating the dependent expressions, we obtain the fol-

lowing set of independent permissible expressions.

~\
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w1+w2=0 | Wo =W, +Wo

wl+w2+w4=0 Wo =Wy +Wa W,
wl+w2+w3+w4=0 Wy AW =W dW
Wy =Wo W) AW =Wy +W
WysW, W) W =Wy W

It can be seen, from the set of independent permissible
expressions, that F is not independent of any variable,

but has the following permissible symmetry expressions,

(1) wl+w2=0
(2) | W1=W3
(3) W1=W4

From these permissible symmetry expressions, we obtain
the following compatibility tree and corresponding compat-

ible symmetry subset.

2)
wl+w2=0
(1 W1=W3
Wl=\V4
3)

The above compatibility trec has not been completed, since
both expressions (2) and (3) are included in the first le-
vel, and therefore the function is not multiform symmetric.
It is obvious, from the compatible symmetry subset, that

F is completely symmetric and‘wl=-w2=w3=w4. When the rep-

resentative weight Wy is substituted into the set of non-

N\
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permissible expressions, the only expression remaining in
the reduced set of non-permissible expressions is w4£0.
Also, when the representative weight L is substituted

into the set of permissible non-symmetry expressions, they
all become redundant or non-permissible, since all the
possible independent expressions, for this realization,

are already included in the compatible symmetry subset,
Assigning the smallest weight values, we obtain the weight-
threshold vector (1,-1,1,1;1.5,0.5), which is a minimal

realization.

Example 3: Let F(4)=(3,4,7,8,11,12,13,14,15).

True False
vertices | vertices
X1 XoX3Xy | X1X0X3Xy
0011 [o000O
0100 |00O1
0111 (0010
1000 |6101
1011 |[0110
1100 |1001
1101 {1010
1110
1111

The non-permissible expressions resulting are
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w1£0 ' | w1£w3

W, A0 . wy A,

w3£0 . Wo AWz

Wy A0 Wohw,

w1+w2£0 wl;éw2+w3

w1+w3£0 . wl£w2+w4.

w1+w4£0 wz;éwl-o»w3

Wo 4 £O ' Wo AWy 4V,

w2+w4£0 w3£w1+w2

w3+w4ﬁo w3£w1+w4

w1+w2+w3£0 w3£w2+w4

w1+w2+w4£0 w4Zwl+w2

w1+w3+w4£0 w4£wl+w3

w2+w3+w4£0 w4)éw2+w3

wl+w2+w3+w4£0 w3£wl+w2+w4
W,y Av 1o +Vig

The set of independent permissible expressions is

wl=w2 wl =w2+w3 +\74
W3 =W4 w2 =wl +W3 +W4
Wl =W +w4 » Wl +W2 =W3 +W4

It is clear, from the set of independent permissible ex-
pressions, that F is not independent of any variable and

has a single compatible symmetry subset
Wy =Wy

W3 =W4
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It follows, from Theorem 3, that F has the symmetric sub-
set of variables S(xl,xz) and S(xs,x4). Substituting the
representative weights Wo and Was into the sets of non-
permissible and permissible non-symmetry expressions, we
obtain the following reduced sets of non-permissible and

permissible expressions, respectively.

W, A0 | - W, =2W,

w2+w4£0
2w2+w4£0
w2+2w4£0
w2£w4
w4£2w2

Here, this single permissible exﬁression forms the only
compatible realizability subset. Therefore,assigning the
smallest weight values accordingly, we obtain the weight-
threshold vector (2,2,1,1;3.5,2.5,1.5), which is believed
to be minimal, Mow and Fu [20] obtained the same realiza-

tion for this function.,

'Example 4: Let F(4)=(1,2,4,7,8,11,12,13,14,15).

N



The non-permissible

wl£0
W2£O
w3£0
w4£0

vy A0

\]

+w_ £O

K

¥y
wl+w A0

sh

W, V. £0

W, HW A0

w1+w +w3£0

N » A

The independent permissible expressions are as follows.
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True False
vertices | vertices
X1%2X3%X4 | X3X2X3Xy
0001 0000
0010 0011
0100 0101
0111 o110
1000 1001
1011 1010
1100
1101
1110
1111

W, +W

1 2

Y1

w
2
W, +W

expressions are

+w4£0
+w3+w4£0
+w3+w4£0

+w., +w , £O

177273 4

W) AWg
wl;éw4
wz;éws
Wo AW,

wy Awv ot

Wy ;éwz +W,

wl;£w3+w4

w2£w1+w3

w2;£w1+w4
w2£w3+w4
ws;éwl-fw2

w3£w1+w4

w3;€w2+w4
w4£wl+w2

w 4Av 1Y

w4£w2+w3

S Wy W AW, W
2‘ 3

1




1) -3+w4=0

(2) w, =,

3) w=w,
3wty
W=y g

The numbered expressions in the above list are the per-
missible symmetry expressions. The compatibility trees and

the corresponding compatible symmetry subsets are shown

below.
x) (2) 1
(2)———(3) 11
w.,+w, =0 W, =W
3 4 I; 1772 II.
Wy =W, Wo=W,

Substituting the representative weights Wo and Wy from

compatible symmetry subset I, and then the representative
weights Wo and Wy from compatible symmetry subset II,
into the set of non-permissible expressions, we obtain
the following reduced set of non-permissible expressions

in both cases.

w2£0 w2+2w4£0
w4£0 wz;éw4
w2+w4£0 wz;é2w4

2w2+w4£0 w4;42w2
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Substituting the representative weights for the compatible
symmetry subsets i and 1I, into the set of permissible
non-symmetry expressions, it is found that in both cases
all the resulting expressions become non-permissible.
Therefore, the compatible réalizability subsets are empty,
for this multiform symmetric function. From the reduced
set of non-permissible expressions it can be seen, that
the smallest allowable weight magnitudes are 1 and 3, and
from their combinations the following weight-~threshold

vectors are obtained.,
- —p
(W;T)I/l=(l,1,-3,3;4.5,3.5,0.5,-0.5,-1.5,—2.5), (Ww+%)=21.0;

- -
(‘V;T)I/?‘:(l,1,3,-3;4.5,3.5,0.5,-0.5,-105,—2.5), (“,+t)=2100;

— —

(W;T)I/3=(3,3,—1,134.5,3.5,2.5,1.5,0.5,-0.5), (w+r)=2100;
.

(W5T); /4=(3,3,1,-1;4.5,3.5,2.5,1.5,0.5,-0.5), (0+7)=21.0;
—> —»

(‘V;T)II/].'—‘(].,l,3’3;605,5.5,4-5,305’005), (w+z-)=28.5;

-

(w;"i")n/2=(1,1,-3,-3;0.5,-0.5,-1.5,-2.5,-5.5), @+7)=18.5;
- -

(Wi 3=(3,3,1,1;4.5,3.5,2.5,1.5,0.5), (0+2)=20.5;
(7;71")11/4=(3,3,-1,-1;2.5,1.5,0.5,-'-0.5,-1.5), (o+7) =14.5 .

- —>
Therefore, (W;T)II/4 is chosen for the realization.

It should be noted, that if m<(r-1) and a restrict-
ing relation among the weights is missing, then the as-
signment of the smallest weight magnitudes may not always

result in a minimal realization. This is the situation




for the above multiform symmetric function, and although
@o+7)=14.5 is minimal, the minimal weight-threshold vec-
tor is believed to be (3,3,-2,-2;1.5,0.5,-2.5). Mow and
Fu obtained this minimal realization for the function.
However, even in this speciél case, the realization ob-
tained, by using the smallest allowable weight magnitudes,

is very close to minimal.

Example 5: Let F(4)=(1,2,3,5,7,9,15).

True False
vertices | vertices
X1X2X3%y | X1 XoX5Xy
0001 jOOOO
0010 |0100
0011 |[O11¢C
0101 1000
0111 1010
1001 1011
1111 1100

1101
1110

The non-permissible expressions are as follows.



w, 40 W, AW,
Wo A0 W AW,
Wz £0 w1£w2+w4
w4 £O Wy AW 4w,
W) 4w, £0 w2£w1+w3
W) +W2£0 Wo AWy W,
wl+w4£0 w2£w3+w4
Wo +W 4 £0O ws;éw1+w2
w3+w4£0 w4)éwl+w2
wl+w3+w4£0 w4£wl+w3
w2+w3+w4£0 | w4£w2+w3
w1+w2+w3+w4£0 wl;éw2+w3+w4
wl;'éw2 w3£w1+w2+w4
wl;éw3 w4£wl+w2+w3
wlﬁw 4 wy +}v2;éw3 HW
wz;éw3 w1+w3)éw2+w4
-w1+w4£w2+w3
The set of independent permissible expressions is

(1) Wo+Wo =0 | \

Wy W, W =0

Wy =W, 4w

W =W W,

Wo =Wo +W

Wo =W, +Wo W,

Here, (1) is the only permissible symmetry expression, and
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therefore by Theorem 4, F has the symmetric subset of va-
riables S(§2,x3). Substituting the representative weight
=V, into the sets of non-permissible and permissible
expressions, we obtain the following reduced sets of
non-permissible and permissiblé expressions, respectively.
w1£0 ' (1) Wy +2wWo 4w, =0
w3£01 (2) W =W, W,

w4£0 ’ - (3) w4=2w3
w1+w3£0

wl+w4£0

W3 Wy £0

w1+2w3£0

2w3+w4£0

W) Wz 4w, O

wl;éw3

wl;éw4

wl;é:?..w'3

ws;éw 4

w1£w3+w4

w1£2w3+w4

2w3 Aw 14

Wy Aw 13

w4;éwl+2w8

The compatibility trees and the corresponding compatible

realizability subset are shown below.
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(1)———(3) W, +2wssw, =0
=2w

Wa=<¥3

(2)

Substituting the second exp?ession, of the compatible rea-
lizability subset, into the first expression, we have
w1=-4w3, and since w4=2w3, all the weights are expressed
in terms of one weight. Assigning the smallest weight va-
lues, we obtain the weight-threshold vector (-4,-1,1,2;

0.5,~1.5,-2.5), which is believed to be minimal.

Example 6: Let F(4)=(1,2,6,7,9,11,12,13,14,15).

True False
vertices | vertices

X1X2X3X4 X1X2X3x4

0000
0011
0100
0101
1000

1010

= o e e e = O O O O
o e = OO0 = = O O
= = O O M= O = = =~ O
= O = O M ~ ~ O O -

The non-permissible expressions are as follows.



The set of independent permissible expressions is

(1)
(2)
(3)
(4)

'1+v2£0
wl+w3£0
w1+w4£0
w2+w3£0
w2+w4£0
w3+w4£0

w1+w2+w3£0

wl+w2+w4£0

w1+w3+w4£0

w2+w3+w4£0

w1+w2+w3+w4£0

Wl =W3 +w4
Wz =W3 +W4
w3 =W +W4

1
Wy =Wo 4o

It can be seen, that

able, nor symmetric in any subset of its variables. Hence,

we directly proceed to form compatible realizability sub-

(5)
(6)
(?)
(8)

F is neither independent of any vari-

w3k,

wyAmgy iy

bt L S

w Ay g

Wo W) iy
w3£w1+w2
w3£w2+w4
w4;éwl+w2
Wy Aw 13

W, sz W3 4
w2£w1+w3+w4

'w1+w2£w3+w4

\’V:,’ =Wl +\V2 +W4
w 4 =W 1 +W2 +W3
Wl +W3 =W2 +W4

1 +\Y 4 =\V2 +W3

N



sets. The compatibility trees and the corresponding com-

patible realizability subsets are shown below.
4?5) I
(5) 7) II
(1) )

7)

8)

3) (6) III
5) :(7) IV
(2) 6)

7)

8)

(3) 6)

AW

7)

(4) (5)

/

7)




(5); (6); (7); (8).
'1 ='3+'4 '1 ﬂ3+'4
'4=-24'3 ) § v4='2+w3 11
Wa=W ) tWo+W, Wy Hg=Wo+W,
Wo=Wa+W, Wo=Wa+W,
w3=w1+w4 I1I w3=w1+w4 IV
w4=w1+w2+w3 ' W1+W3=W2+W4

After expressing all the weights in terms of one weight,
and assigning the smallest allowable weight values, the

following weight-threshold vectors are obtained.

- —>
(‘V;T)I=(4’-2,3’1;705,6.5’405,305,0.5), (w+T)=32.5;
— -

(‘V;T)II=(4,2’1,3;5.5,305’205’1.5’005), (‘oo+2')=23.5;

ot

sT)177=(-2,4,1,3;7.5,6.5,4.5,3.5,0.5), @+7)=32.5;

'

~
=

'

—

iT)1y=(2,4,3,1;5.5,3.5,2.5,1.5,0.5), @+7)=23.5 .

~
x

Therefore, either 6555311 or €W;$)IV can be chosen for
the realization, the two of them being equivalent with
respect to minimality. The realization obtained by Mow
and Fu [20] for the same function is (2,3,4,5;8.5,7.5,
6.5,3.5,1.5), with (+7)=41.5 .

The main features of the synthesis method have been

enlarged upon, through the examples of different types of




Boolean functions. Therefore, the complete synthesis pro-

cedure can be established as follows.

Step 1: List all the true and false vertices, of the

given function, into two separate columns.

Step 2: Determine the M(n) possiblé expressions (for

hand computation this step is not necessary).

Step 3: Determine the N non-permissible expressions
and list them, so that the same type of expressions follow
each other in the order of increasing i of the terms,

Where i=(1’ooo’n)o

Step 4: Determine the P=M(n)-N permissible expres-
sions, by listing all the possible expressions that are

not included in the non-permissible set.

Step 5: Eliminate dependent expressions, to obtain

the set of independent permissible expressions.

Step 6: Does the function have any permissible in-
dependence expressions wi=0, whgre ie(l,...yn)?

a./ Yes, go to Step 7.

b./ No, go to Step 8.

Step 7: Set wi=0, and eliminate Wy from all permiss-

ible and non-permissible expressions.

Step 8: Does the function have any permissible sym-
metry expressions wi+wj=0 and/or wi=wj, where if£j and

i,je(l,...,n)?
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a./ Yes, go to Step 9.
b./ No, go to Step 16.

Step 9: List and number all permissible symmetry

expressions.

Step 10: Determine the compatible Symmetfy subsets,

by using compatibility trees.

Step 11: Select a compatible symmetry subset.

Step_12: Determine the representative weights.,
, .

.Step 13: Substitute the representative weights, for
all the weights they represent, into the set of non-per-

missible expressions, to obtain the reduced set of non-

permissible expressions.

Step 14: Substitute the representative weights, into

the set of permissible non-symmetry expressions,

Step 15: Cancel terms appearing on both sides of an
expression, and omit the resulting redundant and/or non-

permissible expressions, to obtain the reduced set of per-

missible expressions,

Step 16: Determine the compatible realizability sub-

set (or subsets), by using compatibility trees.

Step 17: Is there another compatible symmetry subset?
a./ Yes, go to Step 11.
b./ No, stop.

Since a general method has not been found at the pre-

ateswdedd MRNED

d
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sent time, for the assignment of actual weight values,
the corresponding steps have not been included in the

synthesis procedure.

So far in this thesis only relatively simple func-
tions were used, to illustrate certain features of the
proposed method. To show the power of the method, the syn-
thesis of a six-variable function will be presented, A
multiform symmetric function was chosen for this purpose,
since this type of function is generally the most trouble-~

some,

Example 7: Let F(6)=(3,5,9,16,17,19,21,22,23,25,26,
27,28,29,31,32,33,35,37,38,39,41,42,43,44,45,47,51,53,57).

True False True False
vertices vertices vertices vertices
X1X2X3%4X5%6 | X1XaX3%4X5%6 | X) XpX3X4X5Xe | X} XoX3X4X5Xg
000011 000000 |O11010 |OO1101
000101 000001 011011 001110
001001 000010 }|O 1 1100 001111
010000 |O00100 |]011101 |O1O0O0O0110O0
010001 000110 [011111 010100
1010011 000111 100000 |OY20O0DO
010101 001000 100001 |011110
010110 001010 100011 100010
010111 001011 100101 100100
011001 001100 100110 1 01000
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True False True ' False
vertices vertices vertices vertices
X1X2X3%aX5%6 | X1X2X5X4X5Xg | X) XgX3X4X5Xg | X XgX3X,X5Xg ]
100111 101110 110011 {111000
101001 110000 {110101 |111010
101010 110001 111001 |111011
101011 110010 111100
101100 |110100 111161
101101 110110 111110
101111 110111 111111

The non-permissible expressions are not shown, for this
function, because of their large number. The set of inde-

pendent permissible expressions is shown below.

1) w1+w2=0 Wy =Wo g+l +Ws+WVg
Wy W5 W+, +W =0 | WgEW) W, Y, W g
Wy W, W W, 4We =0 | W =Wy +Wo +Wg +Wy HiVg
W) W5 4Wo W, +W e 4W o = W) +Wo =We 414 +W5
(2) W) =W, | Wy +Wo =Wa +W, +Wg
(3) W =W, o . w1+wz=w3+w4+w5+w6
(4) Wa=Wg W +Wo +Wg =V +Ws +Wg
W) =Wo W 4V, Wy +Wo WG =W +W, Hig
Wo =Wy +Wo W, ' w1+w3+w4=w2+w5+w6

The compatibility trees and the corresponding compatible



symmetry subsefs are as follows.

(1) (3 (4) 1
4)
(2) (3) (4) 11
4)
B)—(4)
w1¢w2=0 W) =W,
Weg =W I Wo=W, I
Wo =W, W =We

Substituting the representative weights, for compatible
symmetry subset I, into the sct of non-permissible expres-

sions, the following reduced set of non-permissible ex-

pressions is obtainéd. : .
. 2,40 Wy +3w5;40 | ‘
5;0 ‘ 2w5+w6£0
6;0 3w5+w6£0
2+w5£0 2w2+w5£0
2+w6)40 2w2+w6£0
5+w6£0 2w2+3w5£0
2+2w A0 w2+w5+w6£0
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w2+2w5+w6£0 - w6£w2+w5
w2+3w5+w6£0 w2£2w5+w6
2w2+w5+w6£0 | w2£3w5+w6
2w, +2Wg +W £O w5£2w2+w6
WohWe We AW, +2w
WohlwWe W AW, 43w,
w5£w6 w6£2w2+w5
wz;ézw5 w6A2w2+2w5
w2£3w5 w6£2w2+3w5
ws;ézw2 2w2£w5+w6
w6£2w2 | 2w2;42w5+w6
w6;42w5 2w5;éw2+w6
w6£3w5 2w5;42w2+w6
2w2£3w5 3w5£w2+w6
w2£w5+w6 3w5;é2w2+w6
w5£w2+w6

Substituting the representative weights, for compatible
symmetry subset I, into the set of permissible non-symmet-

ry expressions, the following reduced set of permissible

expressions is obtained. ‘

(1) 2w, +3Wg 4 =0

(2) 2w2=3w5+w6

It is easy to sec that these two permissible expressions
are incompatible, and therefore each of them is a compat-

ible realizability subset by itself.



Substituting the representative weights of compatible sym-
metry subset II, into the set of non-permissible expres-
sions, the following reduced set of non-permissible ex-

pressions is obtained.

Wz)éo waﬁws +Wg '
w40 wsA2w,
w40 W AW, tWe
Wo +Ws £O we k2w,

Wo +V g £O ws)éwz +Wg
Ws +w6;é0 w6;42w5

2w, +w5;éQ w2,é3w5

2w, +w6;40 w2;42w5 +We
Wo +2w5;40 ws;ézwz +We
Wy +w5 +W g £O w61é2w2 +Wes
2wg +w6£0 w6)éw2 +2wg
2w2 +Wg +w6;éO w6;43w5

Wy +3w5 AO Wy A3w 5tWg
w2_+2w5 +w6;é() w6;42w2 +2w 5
3w 5 +w6£0 we;éwz +3w 5
W, +3w5 +w6£0 .2w2,éw5 tWe
wz;éw 5 2w 5 £w2 +Wg
wz;éw 6 3w 5 ,éwz tWe
ws;éw6 2wg f2w, 4w
w2_;42w5

Substituting the representative weights of compatible sym-

metry subset II, into the sct of permissible non-symmetry
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expressions, the following reduced set of permissible

expressions is obtained.,

(1) 2w2+3w5=
(2) 2w2+2w5+w6=0
(3) 2w2+3w5+w6=0
(4) Wg=2W, +3W,
(5) 2w2=3w5
(6) 2w2=2w5+w6

/ (7) 2w2=3w5+w6
(8) 3w5=2w2+w6

The compatibility trees and the corresponding compatible

realizability subsets are shown below.

6) 1
(1) (7) 2
8) 3
4) 4
(2) (5) 5
7) 6

(3) (4) 7

/]

6) 8



~58~

(4) (5) 9

(6)—(8) . 10
(5); (7); (8).

2w2+3w5=0 2w2+3w5=0 2w2+3w5=0

11/2 I11/3
2w2 =3w5 +W6 3w5 =:?.w2 +w6

I11/1
2w2=2w5+w6

2w2=3w5 w6=2w2+3w5 2w2=3w5+w6

2w2+3w5+w6=0 2w2+3w5+w6=0 2w2=3w5

I1/8 11/9
2w2=2w5+w6 w6=2w2+3w

11/7

2Wq +2Wo +W . =0 2w, +2w. +w,. =0 2w, +2W-+w, =0
2*Ws™e=0) 114 ( 2" W56 115 27775776 )11/6
2w2=3w5 (

S5

2w, =2w. +W
27775776 1 11710
3w5=2w2+w6
Expressing all the weights in terms of one weight, for :
each compatible realizability subset, and assigning the

smallest allowable weight values, the following weight-

threshold vectors are obtained.

—

(‘ ;T)II/1=(3,3,_2,-2,-2, 10;14.5’1205,1105,1005,905,6.5,
305‘,2.5,—005,-105), ((.O+7.')=95.0;
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(W; )II/2=(3,3,-2,-2,—2,12;16.5,14.5,18.5,12.5,11.5,8.5,
3.5,2.5,"0.5,-1.5), ((43+'Z‘)=109.0;

—

(w;T)II/3=(-3,-3,2,2,2,12;15.5,12.5,11.5,10.5,9.5,6.5,1.5,
-0.5,-2.5,-3.5), (@»%)=98.0;

w; )II/4=(-3,-3'-2,“'2’-2,10;8.5,6.5,5.5,4-5’305,0.5,"'205’
-305,"6.5,"‘7.5), (10-0-'5'):71'0;

e e
(W;T)II/5=(-5,-5,4,4,4,2;9.5,8.5,6.5,4.5,3.5,2.5,1.5,0.5,

/ -205’-505), ((D+T)=69.0;

-*
;T)II/6=(1’1’4,4,4’-10;9.5’8.5,3.5,2.5,1.5,0.5,-0.5’-1.5,

=

-2.5,-605,-805,-905), (uD+'C)=79.0;

—

(W3T) 1y ,=(3,3,2,2,2,-12;10.5,8.5,7.5,6.5,5.5,2.5,-2.5,
-3.5,-6.5’-7.5), (‘-O-I-Z')=85.0;

— e
(W;T)y1/g=(1,1,-4,-4,-4,10;11.5,10.5,8.5,4.5,3.5,2.5,1.5,
. 0.5,-0.5"'105’-605,-705), ((.O+7-")=83.0;

—n et {

(WiT)yy 9= (3,3,2,2,2,12;21.5,18.5,17.5,16.5,15.5,12.5,
705’605,305,2.5), (@+’C’)=l46.0;

—-— . .
(W;T)II/10=(5,5,4,4,4,2;19.5,18.5,16.5,14.5,13.5,12.5,11.5,
10.5,7.5,4.5), (@+?)=153.0 .

=P 3o *
From the above weight-threshold vectors, (W;T)II/5 is
chesen for the realization, and it is believed to be

minimal.



IV. CONCLUDING REMARKS.

A new approach to multi-threshold synthesis, based
on the sets of permissible and non-permissible expressions,
has been presented and the corresponding realizability

conditions have been established,

The method is relatively simple and has the advantage
of avoiding any permutation and/or complementation of the
variables, while automatically taking ail the relevant
properties of the given function into consideration., It
also provides a better insight, into the properties of

Boolean functions in general,

The method is theoretically applicable to any Boolean
function, regardless of the number of variables, and the
realizations obtained are always minimal or at least near

minimal,

The method is systematic and can be programmed up to

and including the determination of the largest compatible ‘

realizability subsets, from which the smallest allowable
weight vector can be easily obtained, by hand computation,
Unfortunately, for certain'Boolean functions some of the
restricting relations among the weights are not obtainable,
in which case the determination of the smallest allowable
weight vectors is somewhat heuristic. However, the number

cf these functions is very small.
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The potential of the proposed synthesis method is
great, and the results obtained compare very favorably
with those obtained by presently existing methods, However,
& general procedure for the assignment of weight values
should be found, to make possible the full utilization of

computers, and to use the method to its best advantage,
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