Distortional Static and Buckling Analysis of Wide Flange Steel Beams

Payam Pezeshky

Under the supervision of
Dr. Magdi E. Mohareb

Thesis submitted to the
Faculty of Graduate and Postdoctoral Studies
In partial fulfillment of the requirements

For the Ph.D. degree in Civil Engineering

Civil Engineering Department
Faculty of Engineering

University of Ottawa

© Payam Pezeshky, Ottawa, Canada, 2017



@/c my éf/ﬁ{/ec//ém@/z/d,
Suronsh @ Matinay D teilly



Acknowledgement

Acknowledgement

I would like to express my deepest gratitude to my supervisor, Dr. Magdi Mohareb, whose extensive
knowledge, valuable advice, creative thought, technical and financial support, and commitment to the

highest professional standards inspired me throughout this research.

| am also thankful to the members of my thesis proposal committee Dr. Khoo, Dr. Martin-Pérez, and

Dr. Dragomirescu for their thoughtful advice and encouragement.

I would like to thank my dear friends Haleh and Farhood Nowzartash and their sweet daughters Leva

and Ava for their moral support.

My highest appreciations go to my dear parents, Soroush and Mahnaz, my beloved sisters, Sanaz and
Sarir, my kindhearted brother Parham, my adorable niece Ma’va and my lovely nephew Vala for their

unconditional and continuous love, patience and support.

Special thanks go to the Baha’i Institute for Higher Education (B.I.H.E.) staff and colleagues in Iran
for their sincere self-dedicated commitment towards the development of knowledge and growth of

education. Indeed, without their sacrifice, | could not have made it up to this point.

Last but not least, I would like to thank the Baha’i community of Ottawa, my wonderful circle of

friends and my officemates Amir and Leonardo for their company and support.



Abstract

Abstract

Existing design provisions in design standards and conventional analysis methods for structural steel
members are based on the simplifying kinematic Vlasov assumption that neglects cross-sectional
distortional effects. While the non-distortional assumption can lead to reasonable predictions of beam
static response and buckling strength in common situations, past work has shown the inadequacy of
such assumption in a number of situations where it may lead to over-predicting the strength of the
members. The present study thus develops a series of generalized theories/solutions for the static
analysis and buckling analysis of steel members with wide flange cross-sections that capture
distortional effects of the web. Rather than adopting the classical VVlasov assumption that postulates
the cross-section to move and rotate in its own plane as a rigid disk, the present theories assume the
web to be flexible in the plane of the cross-section and thus able to bend laterally, while both flanges
to move as rigid plates within the plane of the cross-section to be treated as Euler-Bernouilli beams.
The theories capture shear deformation effects in the web, as well as local and global warping effects.
Based on the principle of minimum potential energy, a distortional theory is developed for the static
analysis of wide flange steel beams with mono-symmetric cross-sections. The theory leads to two
systems of differential equations of equilibrium. The first system consists of three coupled equilibrium
differential equations that characterize the longitudinal-transverse response of the beam and the second
system involves four coupled equilibrium differential equations of equilibrium and characterizes the
lateral-torsional response of the beam. Closed form solutions are developed for both systems for
general loading. Based on the kinematics of the new theory, two distortional finite elements are then
developed. In the first element, linear and cubic Hermitian polynomials are employed to interpolate
displacement fields while in the second element, the closed-form solutions developed are adopted to
formulate special shape functions. For longitudinal-transverse response the elements consist of two
nodes with four degree of freedom per node for longitudinal-transverse response and for lateral-
torsional response, the elements consist of two nodes with eight degrees of freedom per node. The
solution is able to predict the distortional deformation and stresses in a manner similar to shell
solutions while keeping the modeling and computational effort to a minimum.

Applications of the new beam theory include (1) providing new insights on the response of steel beams
under torsion whereby the top and bottom flanges may exhibit different angles of twist, (2) capturing
the response of steel beams with a single restrained flange as may be the case when a concrete slab
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provides lateral and/or torsional restraint to the top flange of a steel beam, and (3) modelling the
beneficial effect of transverse stiffeners in reducing distortional effects in the web.

The second part of the study develops a unified lateral torsional buckling finite element formulation
for the analysis of beams with wide flange doubly symmetric cross-sections. The solution captures
several non-conventional features. These include the softening effect due to web distortion, the
stiffening effect induced by pre-buckling deformations, the pre-buckling nonlinear interaction between
strong axis moments and axial forces, the contribution of pre-buckling shear deformation effects
within the plane of the web, the destabilizing effects due to transverse loads being offset from the
shear centre, and the presence of transverse stiffeners on web distortion. Within the framework of the
present theory, it is possible to evoke or suppress any combination of the features and thus isolate the
individual contribution of each effect or quantify the combined contributions of multiple effects on
the member lateral torsional capacity. The new solution is then applied to investigate the influence of
the ratios of beam span-to-depth, flange width-to-thickness, web height-to-thickness, and flange
width-to-web height on the lateral torsional buckling strength of simply supported beams and
cantilevers. Comparisons with conventional lateral torsional buckling solutions that omit distortional
and pre-buckling effects quantify the influence of distortional and/or pre-buckling deformation effects.
The theory is also used to investigate the influence of P-delta effects of beam-columns subjected to
transverse and axial forces on their lateral torsional buckling resistance. The theory is used to
investigate the load height effect relative to the shear centre. Comparisons are made with load height
effects as predicted by non-distortional buckling theories. The solution is adopted to quantify the
beneficial effect of transverse stiffeners in controlling/suppressing web distortion in beams and

increasing their buckling resistance.
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Chapter 1

Introduction

1.1. General

Wide flange cross sections are commonly used in steel structures as beams, columns, and beam
columns. Design provisions for such members are based on their yielding capacity, their buckling
capacity, or a combination thereof. With the availability and use of higher strength steel, buckling
considerations tend to govern the capacity of steel members as members become more prone to
buckling than yielding. A common buckling mechanism in steel beams and beam-columns is Lateral
Torsional Buckling (LTB) whereby a laterally unsupported member bent about its strong axis can
attain a point of neutral stability at which it tends to undergo lateral movement and twist without
increase in the applied load. LTB is recognized by various steel design standards (i.e.,
ANSI/AISC 360-16 (2016), EN-1993-1-1-05 (2005), CAN-CSA S16-14 (2014), Standards
Association of Australia (1998)). Steel beam design provisions in standards for LTB are based on the
idealized case of a simply supported member subjected to uniform bending moments about its strong
axis. When such a member is bent about its strong axis, as moments increase, the member undergoes
transverse displacements until the point of buckling onset is attained at which the member undergoes
sudden lateral displacement and twist. The moment corresponding to this buckled state is referred to
the buckling moment. The classical LTB treatment is based on the kinematics of the Vlasov thin-
walled beam theory (Vlasov (1961)) which is based on two simplifying kinematic assumptions: a)
cross section moves as a rigid disk in its own plane throughout deformation (i.e., cross section

distortion is negligible) and b) shear strains along the section mid-surface is negligible, Fig. 1-1.

@ (b)

Fig. 1-1 Vlasov’s assumption a) Cross section remains undistorted after deformation b) shear deformation is negligible
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While the first Vlasov assumption which omits distortional effects results in a simplified treatment,
the significance of distortion has been recognized in various buckling problems (Section 2.5.2).
Distortional effects were also reported to play an important role for members under twisting moments
(Schardt (1994), Silvestre and Camotim (2002), Jonsson and Andreassen (2011), etc). Rolled members
with stocky flanges and slender webs can buckle in a distortional mode where the flanges behave as
rigid beams while the web bends in the plane of the cross-section (Fig. 1-2a). Distortional buckling
have received attention in members with cold formed cross sections with typically thin segments (Fig.
1-2b) where each segment of the cross section distorts out of its own plane while the entire member
buckles along its length. Less attention has been devoted to distortional effects in rolled sections, as it
is generally assumed that, owing to their thicker segments, distortional effects tend to be less
significant. One of the objectives of the present study is to examine the validity of the non-distortional
assumption, and assess the conditions under which it is valid by developing a series of static and

buckling theories that account for web distortion.

(@) (b)

Fig. 1-2 a) Distortion in slender wide flange cross section, b) distortional buckling modes in cold formed cross section
1.2. Deformations in lateral torsional buckling

A wide flange beam is shown in its un-deformed configuration (Fig. 1-3). During pre-buckling

deformation (i.e., Stages 1-3) the beam undergoes transverse displacement V(Z) induced by transverse

load (, and moves from initial configuration 1 to equilibrium configuration 2. The applied reference



Chapter 1: Introduction

load is assumed to gradually increase and, consequently, the associate pre-buckling transverse

displacements are assumed to increase. At the onset of buckling (i.e. Stage 3 in Fig. 1-3), the applied
transverse load is /qu and the pre-buckling displacement is v(/i,z)which is associated with the

equilibrium at configuration 3. As the member buckles, the beam undergoes out of plane
displacements and twist and moves to configuration 4. The displacements, strains, stresses and internal
forces throughout stages 1-3 are pre-buckling variables and are obtained from a load-deformation pre-
buckling analysis (i.e., Section1.3.1, Chapter 5) while the displacements, strains and stresses
occurring in going from configuration 3 to configuration 4 are buckling variables. The load level A
at which the member has a tendency to undergo buckling displacement is obtained from an eigenvalue

analysis (e.g., Section 1.3.2, Chapter 6)

———
1- Undeformed z
v
O~ »
X
HY
— —
v(2)
2- Reference ———
Load
of v
Qy
A 4 -
V(3.2) 4- Byckhr;g
—— Configuration
3- Onset of
Buckling
O \ A > \
iqy’C

Fig. 1-3 Stages of buckling
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1.3. Motivation

This section aims to present the limitations of conventional theories in the static and buckling analyses
of wide flange beams. Limitations of conventional theories to static analysis applications are discussed

in Section 1.3.1 while those for buckling applications are presented in Section 1.3.2.
1.3.1. Limitations of conventional beam theories in static analysis applications

In general, flanges of beams with deep and slender web subjected to twisting moments tend to exhibit
different angles of twist. The presence of stiffeners and lateral braces reduce the tendency of the beam
to distort. Classical beam theories are unable to capture distortion neither to accurately model the
effect of lateral/twisting braces at the flanges. Illustrative applications are provided in Sections 1.3.1.1-
1.3.1.4. The theories proposed in the present research capture distortional effects in a natural way and
provide means to supress distortion when details such transverse stiffeners are provided.

1.3.1.1. Beams with restraints at one of the flanges

In composite steel-concrete beams, the top flange is typically restrained laterally and relative to twist
by the concrete slab while the bottom flange may be free to translate laterally and twist. In such cases,
the section is likely to distort under lateral forces (e.g. Fig. 1-4a). Classical theories (e.g. Vlasov (1961)
and Gjelsvik (1981)) neglect the effect of web distortion by assuming a single angle of twist of the
entire section. Under these theories, a twist restraint at the top flange would prevent the entire section
from twisting. Such theories are unable to replicate the deformed configuration shown in Fig. 1-4b.
The distortional beam theories to be develops in the present study aim at capturing such distortional
effects.

Also, the wide flange beams with lateral braces either at the top flange (Detail A in Fig. 1-6) and/or
bottom flange (Detail B in Fig. 1-6) are prone to distortion. The proposed distortional theories will
capture such effects in a natural way.

1.3.1.2. Effect of transverse stiffeners on web distortion

The presence of a transverse stiffener at a given section (e.g., Fig. 1-5) tend to suppress distortion at
the stiffener location by enforcing equal angles of twist for the top and bottom flanges while preventing
the web from bending within the plane of the cross-section. A wide flange beam with multiple
transvers stiffeners is shown in (Fig. 1-5). Distortion is fully suppressed at the location of the stiffeners

but is present in between stiffeners. Such distortional effects are not captured by conventional beam
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theories but are captured in the theories developed in the present study. As the distance between
stiffeners reduces, the distortional effects in between stiffeners is expected to reduce. Such a beneficial
effect will also be quantified by the proposed theories.

Also, Details C and D in Fig. 1-6 supress distortion by forcing the angle of twist of top and bottom
flanges to be equal. In the case of detail C, the presence of the column web below the bottom flange
minimizes the angle of twist of the bottom flange and hence the angle of twist for the whole section is
minimized. In contrast, the bottom flange of detail D is free to twist, and, while for section D distortion
IS supressed, the whole section is free to twist. The presence/absence of such stiffener effects will be

modelled under the proposed theories.

Continuous Lateral
Torsrional Support

@ (b)

Fig. 1-4 distortion in problems with partial restrains a) beam with concrete slab on the top flange b) deformed configuration

10 Transverse stiffeners

Fig. 1-5 Wide flange beam with transverse stiffeners



Chapter 1: Introduction

Lateral Brace Transverse Stiffener

AL C 0
L) /\‘B

(T )

Column ‘ 1 ‘
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Fig. 1-6 Plate girder restrained by lateral braces at top flange

1.3.1.3. Wide flange beams under twisting moments

Wide flange steel members subjected to twisting moments are commonly analyzed using the Vlasov
thin-walled beam theory (Vlasov (1961)) which incorporates both the Saint-Venant and Warping
torsional effects. Under the Vlasov theory, twisting moments are assumed to induce a global angle of

twist for a given cross-section. Specifically, the Vlasov theory does not distinguish between twisting

moment T =Fd,, 1=1.3 types I, Il and 111, respectively shown in Fig. 1-7a-c. In such cases, shell

finite element simulations (e.g., Abaqus/CAE model with with S4R elements) show that the
deformational behaviour of such cases is associated with distortion and is fundamentally different
depending to the type of twisting moment applied (Fig. 1-8a-c). This suggests the need to develop a
more advanced beam theory capable of replicating the distortional behaviours observed in Fig. 1-8a-

c and is the object of the proposed theories.

Type Type Il LFZ Type I
I dz I |
T|—>+"L_+ e e e et S et e I-
1 I | I
i F2 i /éw
R =
—in "t = e e —
(@ (b) (©) (d)

Fig. 1-7 Types of twisting moments (a) Type I- horizontal parallel forces, (b) Type I1- transverse parallel forces on top flange,
(c) Type I11- transverse parallel forces on bottom flange (d) Twisting moments under the Vlasov theory
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Fig. 1-8 Deformed configuration of beam under a) type I, b) Type Il and c) Type Il twisting moments
1.3.1.4. Beams with overhangs under twisting moments

Wide flange beams with overhangs with a bottom flange that is laterally restrained by the supporting
columns (Fig. 1-9a) and subjected to eccentric lateral loads and/or twisting moments are likely to
exhibit web distortion in the absence of transverse stiffeners. The presence of stiffeners at the column
location will have a beneficial effect in controlling web distortion. (Fig. 1-9c). In the absence of
transverse stiffeners, the beam twists and distorts in the presence of partial restrains provided at the
point of columns (Fig. 1-9b). The proposed theory will enable the modelling of stiffener effects in

such cases.
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Fig. 1-9 a) Beam with overhangs seated on column b) deformed configuration in the absence of transverse stiffeners
c)deformed configuration at the present of transverse stiffeners

1.3.2. Limitations of conventional beam theories in buckling applications

Conventional beam theories assume the cross section move as a rigid disk in its own plane throughout
as the beam buckles (Fig. 1-10a). As a conservative assumption, they neglect the pre-buckling
deformation effects (Fig. 1-10c) and thus assume that the beam at Configuration 3 in Fig. 1-3 is
indistinguishable from un-deformed Configuration 1. The significance of distortional and Pre-
Buckling Deformation (PBD) effects on the LTB of the beams are discussed under Section 1.3.2.1. In
this respect, an innovative aspect of the theory developed in the present study is that it accounts for
the interaction of both effects combined. Also, as will be discussed under Section 1.3.2.2, past
distortional theories have not accounted for load height effects and a few PBD studies have
investigated this effect. Other non-conventional effects captured in the present theories are non-linear



Chapter 1: Introduction

second order moments (Section 1.3.2.3), shear deformation effects in the pre-buckling analysis

(Section 1.3.2.4) and capturing the beneficial effect of transverse stiffeners (Section 1.3.2.5).
1.3.2.1.Effects of web distortion and PBD

The classical LTB solutions developed based on the Vlasov theory (i.e. Vlasov (1961)) neglect web
distortion and pre-buckling deformation effects. Present LTB provisions in structural steel design
standards (e.g., CAN-CSA S16-14 (2014), Standards Association of Australia (1998),
ANSI/AISC 360-16 (2016), British Standards Institution (BSI) (2000)) are based on the Vlasov theory.
As such, they suffer from the same limitations as those of the classical solution.

The neglect of distortional effects corresponds to the deformational behaviour depicted in Fig. 1-10a
while Fig. 1-10b depicts an improved kinematic model that captures web distortion. The neglect of
distortional effect is known to overestimate the critical moment capacity of the beam. Also, classical
solutions assume that the pre-buckling deformation at the point of onset of buckling Fig. 1-10d. are
negligible and thus the sagging configuration of the beam in Fig. 1-10d can be approximately
represented by the straight configuration depicted in (Fig. 1-10c). The neglect of pre-buckling
deformation is known to underestimate the critical moment capacity of the beam. Various studies have
examined the destabilizing effects of web distortion on beam buckling capacity. Examples include the
work of Bradford (1985), Vrcelj and Bradford (2006a), Chen and Ye (2010) and Wang et al. (1991)
who showed distortional effects to be significant in wide flange beams with slender webs. Also,
(Bradford (1992); Bradford (1992a)) documented the effect of web distortion on short-span cantilevers
and beam with overhangs. Also, a few studies have documented that the pre-buckling deformation is
beneficial. This includes the work of Trahair and Woolcock (1973), (Pi and Trahair (1992b); Pi and
Trahair (1992c)). However, the study by Trahair and Woolcock (1973) suggests that pre-buckling
deformation effects can be detrimental.

However, no theories have been developed to examine the interaction between both distortional and
pre-buckling deformation effects. Thus, the present study develops a theory that captures both effects
and thus enables examining their combined action on the predicted critical moments. Other aspects of
the formulation include the incorporation of load height effect, the P-delta effects induced by strong
axis moments and compressive forces in the pre-buckling analysis, and the presence of transverse

stiffeners. Such effects are discussed in the following.
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1.3.2.2. Effect of load height

The influence of load acting offset from the shear centre on the buckling resistance has been
extensively investigated under classical solutions (Fig. 1-11a). The author was however unable to find
any distortional theories that account for such effects in conjunction with web distortion (Fig. 1-11b).
The interaction of load height effect with pre-buckling deformation effect has been investigated in the
works of Roberts and Azizian (1983a), Pi and Trahair (1992b), Pi and Trahair (1992c), Mohri and
Potier-Ferry (2006) and Erkmen and Attard (2011). In practical applications, loads are frequently
offset from the shear centre (Fig. 1-11c). Such effects are thus captured under the present distortional

buckling study.
1.3.2.3. P-delta effect in pre-buckling analysis

In beam-columns, the presence of compressive axial loads is expected to amplify the strong axis pre-
buckling moments and accelerate the LTB of beam-columns. This effect is recognized in interaction
equations of structural steel design provisions (e.g. CAN-CSA S16-14 (2014)) where a amplification
factor (depending on the magnitude of the compressive axial force) is applied to the peak moments.
While some distortional LTB theories account for the combined destabilizing effects of axial forces
and strong axis moments (Hancock et al. (1980), Bradford and Trahair (1981), Bradford and Trahair
(1982), Bradford (1990b) and Vrcelj and Bradford (2006a)), the author was unable to find any LTB
theories that account for interaction of second order moments induced by axial compressive forces
and bending moments during the pre-buckling stage. Thus the present study develops a step-wise non-
linear pre-buckling procedure followed by eigen-value checks to identify the bifurcation point

corresponding to LTB on the non-linear pre-buckling load deformation path.
1.3.2.4. Shear deformation in pre-buckling analysis

Since the primary objective of the present theory is to capture distortional effects and given that such
effects are prominent in sections with deep and slender webs, it is natural to incorporate shear
deformation effects when conducting the pre-buckling analysis. Thus, the present solution develops a
shear deformable theory to capture the pre-buckling softening response induced by shear deformation
in the web. The shear deformation effect is also observed to contribute in minor way to the stiffening
effect due to pre-buckling deformation effects. The interaction of both effects is also captured in a

natural way in the present study.

10
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1.3.2.5. Effect of transverse stiffeners

Plate girders with slender web and deep section are prone to buckle in a distortional mode. The
presence of transverse stiffeners (normally provided to increase the shear capacity of the web) are
expected to also reduce distortional effects in the web thus increase the buckling resistance of the
girder. The present theory develops a systematic means to model the beneficial effects of stiffener by

enforcing appropriate kinematic constraints to suppress distortional effects at the location of stiffeners.
1.3.2.6. Features of the Sought distortional buckling theory

In summary, the sought distortional buckling theory will deviate from conventional solutions as it will
include:

1- Web Distortional effects

2- Pre-buckling geometric non-linear effects

3- Pre-buckling deformation effects

4- Shear deformation effects

5- Load height effects

6- Modelling the presence of stiffeners

Such a theory will be presented in Chapter 6

————
Moves as a
oves as a, _Web__
Rigid Disk Distorts
—— ——
@) (b)
P P Pre-buckling
l Deformation
S | _ S Y -
T ¥ =
C
(©) (d)

Fig. 1-10 a) cross section kinematics in classical solutions b) cross section kinematics in reality ¢) beam onset of buckling in
classical solutions d)beam onset of buckling in reality
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Fig. 1-11 Load offset from the shear centre in a)classical solutions b)distortion solutions c) steel beam-beam connection

Plate Girder

stiffeners

Fig. 1-12 Effect of transverse stiffeners on LTB of the plate girder

1.4. Overview of the thesis

Within the above context, the current thesis intends to avoid the limitations of previous theories by
formulating new theories which capture distortional effects for static and buckling analyses. After the
present introductory chapter, Chapter 2 provides a review of fundamental concepts key to the
developments presented in Chapters 3 through 6. Chapters 3, 4, and 6 are written in a paper format
with their own separate literature reviews, while Chapter 5 provides the specifics of the nonlinear
analysis adopted in the developments of Chapter 6.

Chapter 3 develops new distortional theory for the static analysis of mono-symmetric wide flange
beams under general loads. The governing equilibrium equations and associate boundary conditions
(BCs) are derived and a closed form solution is developed for the resulting coupled system of
differential equations. Examples are then solved to demonstrate the application of the theory and
comparisons are provided against shell FEA solutions to assess the validity of the formulation. The
formulation is able address the limitations raised under Sections 1.3.1.1-1.3.1.4. This contribution has
been published in (Pezeshky and Mohareb (2014)).

12
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Under certain boundary conditions (e.g., concentrated force at the mid-span, multi-span beams), the
closed form solutions such as those developed under Chapter 3 become impractical. Thus, Chapter 4
extends the work of chapter 3 by developing four finite elements. The finite element formulations are
able to address the limitations expressed under Section 1.3.1.4. The expressions for the stiffness
matrices and energy equivalent nodal force vectors were developed and implemented under MATLAB
(2011b). The convergence of the elements is investigated and the application of the formulation is
illustrated through numerical examples. This contribution has been published in (Pezeshky and
Mohareb (2015)).

Chapter 5 develops a geometrically nonlinear finite element formulation for shear deformable beam
elements. An incremental iterative procedure is implemented to solve the nonlinear incremental force-
displacement equilibrium equations under general transverse and longitudinal forces. The new
formulation provides essential ingredients (e.g., pre-buckling internal forces and displacements P-
delta effects, shear deformation effects) to conduct the buckling analysis in Chapter 6.

Chapter 6 develops a distortional finite element formulation for lateral torsional buckling of doubly-
symmetric sections incorporating PBD effect that are neglected in classical solutions. The limitations
discussed under Sections 1.3.2.1 to 1.3.2.5 are addressed by incorporating a series of features in the
formulation (i.e., the load height effect, the geometric nonlinear effects in the pre-buckling stage,
presence of transverse stiffeners, etc.) A parametric study is then performed and the influence of span-
depth, flange width-flange thickness, depth-web thickness and flange width-depth ratios on distortion
and PBD effects are quantified. The beneficial effects of transverse stiffeners on the distortional lateral
torsional buckling resistance of plate girders are determined. Recommendations are provided
regarding the most effective locations of transverse stiffeners. The formulations developed in Chapters
3-6 were coded in the Matlab environment.

Chapter 7 provides a summary of the theories developed and outlines their various features. A
compilation of the conclusions is provided along with recommendations for future research and

extensions of the present research.
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Chapter 2

Literature review

2.1. General

This chapter reviews previous works related to the development of distortional theories in the current
study. The principles of variational calculus are a cornerstone of the developments in the present work
and are thus reviewed in Section 2.2. The developments are based on the principle of stationary total
potential energy. The principle is covered in Section 2.3 and the related key concepts such as the
stationarity condition, and the various types of stability conditions (stable, neutral and unstable) are
presented. Section 2.3 provides the basis of the static distortional theory developed in Chapter 3, the
finite element formulation in Chapter 4, the nonlinear pre-buckling analysis in Chapter 5 and the theory
developed in Chapter 6.

The understanding of kinematics of existing beam theories and their limitations is important in
developing the sought distortional theories are thus discussed under Section 2.4. This includes the Euler-
Bernoulli theory, the shear deformable Timoshenko theory, the Vlasov theory and the Gjelsvik theory.
A key aspect in developing the buckling theory in Chapter 6 is the incorporation of large deformation
and moderate rotations. The influence of moderate rotation in the Vlasov theory is thus covered under
Section 2.3.4. The development of the nonlinear pre-buckling formulation developed under chapter 5
entails an understanding of geometric non-linear analysis procedures and are thus covered under Section
2.5.

Another aspect relevant to the theories sought is the review of past distortional beam theories. In this
regard, comprehensive reviews related to distortional theories will thus be provided in Section 3.2 with
emphasis on studies with closed-form solutions, while Section 4.2 provides a survey of distortional
theories with emphasis on approximate energy solutions and finite element formulations. A final aspect
of the theory presented in Chapter 6 is the survey of past buckling theories that captured pre-buckling
deformation effects. This aspect is covered under Section 6.3.

2.2. Fundamentals of calculus of variation and Variational principles

Variational principles are powerful tools in applied mechanics commonly used to derive the governing
differential equations (DEs) characterizing the behaviour of a structure. A closed-form solution for the

system of DEs is sought whenever possible. However, when such solutions are unattainable, the analyst
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may resort to numeric solutions such as finite element solution. Variational principles also provide a
practical means to formulate such solutions.
In this case, finite element solution is used to approximate the solution of the complex system of

governing DEs through a discrete system of algebraic equations. A functional 77 of a set of argument

unknown functions Y, =Y;(z), (1=12,.k)is defined as
b
7= [F (20 Yor Yo Y Vo Y VT Vi VO 2 (i=1,2,.K) (21)

where Z is an independent functions and y/ =dy, /dz,y’'=d?y, /dz2 ..y =d"y, /dz" are the first,
second and n™ derivatives of unknown function Y; respectively. The variation Az of functional 7 due
to a set of arbitrary functions OY, is given by (e.g.,Lanczos (1893))

AT (2, Yy Yoo Vir Vi Yoo V1) =
7 (Yot YooYy +6Y, YL+ 8Ysr Y+ SV Y +EY] Y] 48V )= (2 VY Vi Vi Vi W) 22)

=0T+ O T+Om +..

where

n n k k 2
=52, ZZ( afﬂ(ﬁvf’)(évﬁ‘) @23

Pr- LSS ST L o on)on)

From Eqg. (2.3)a, the first variation of the functional 7 (e.g., Wu (2010), Washizu (1982)) is given by

b

oF oF oF oF .

5ﬂ=I(—5yi+ SY +— 8y +.+ 5yi“jdz=0 (i=12,k) (2.4)
> LY, oy; oy oy;

Integrating Eq. (2.4) by parts and grouping like-terms, one obtains
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{525l
R
+_2yj—%[§j 37(_) ) F}éy}dz (i-12..)
o Geal @4 2 £ ]
o "oy, “ ) O e
(b [5opali - e

{gjéy, {(g;{j@y;—%(g;}@yi}+..+;Z:i( o )(;1 s}llzlé‘yl(”ml)j|}>b

where the integral terms
oF d(oF) d? aF nd" oF
—_— +— ..+(—1) - |=
oy, dz 8y1 dz? dz" oy,

oF d(oF) d*(oF d" oF
F_ 4 T, L Y
KoZ dz(ayzj dz* ( j dz 8)/2} (i=1,2,..k) (2.6)

oF d|oF d? ( oF . d" oF
Sl e
oy, dz\oy,) dz? oy dz" oy,

lead to the field equations and the boundary terms lead to the possible boundary conditions at the boundaries Z =d

222
oy, dzlay, ) dz*

3

=0 (25)

a

andz=Db,i.e.
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Atz=a: (i=12,..k)

y. =Y. __.or ﬁ—i o +.|=f y'=y.__,or o +..|=f
I ia-1 8yl! dz lﬂ ' ja-1 (* i a2 ln ' ja—2 (1

oF
y yin_l a :yia—n or n =fian}
{ (a) Y
Atz=b: (i=12,..k)

Yi=Yi @F_i or +..|=f y'=y. ,or E+ —f
ib-1 0 ayl dzl oy )| ) T e A

e oF
!{yi ' (a) = yib—n Or@ = fib—n}

The second variation of the functional 77 as defined in Eq. (2.3)b can be expressed as

5%%?{%?[ T (ovon, )+ (v 2 (aviay}’)+--+LFn(6yié‘y?)}

(2.7)a-b

a | i=1 j=1 ayiayj ayay ayiay;' ayiayj
k[ a2E o°F o°F ) o°F |
22 %0y oy, () oy’ ayiy ) ayay"(ayay) ooy (@5¥])
&g OF . N O*F . . F .\
22 gy, V) g (V) ay"ay"(ayay) oy Y1)
+..
S R o°F o°F , 0°F
22| ayray, V) oy () g (i) ayiay,“(y'ay)ﬂdz

(2.8)
2.3. Principle of stationary total potential energy
The total potential energy functional of a structure IT is the summation of the internal strain energy U

stored in the beam and the load potential gain V' by the external loads, i.e.
[m=uU+Vv (2.9)

For a structure with multiple degree of freedoms 0, i=1.n , the stationarity condition of the total potential energy

(e.g., Chajes (1974))
A1(6, 0,10, ) = S5[U (64,0, G, ) +V (04, Gy, 0, ) | =0 (2.10)

provides the equilibrium condition of the structure. The equilibrium thus obtained can be either stable, neutral, or

unstable (e.g., Trahair (1993)). A schematic description of the stability conditions for a single degree of freedom
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system is provided in Fig. 2-1a-c where position ‘1’ in all cases is an equilibrium position corresponding to the
conditionéH(q) =0. The three cases considered are fundamentally different in terms of stability. In Fig. 2-1a, if
the ball is arbitrarily disturbed from its original position by a displacement §q , it tends to come back to its original
equilibrium position. In such a case the system is considered stable as it satisfies the condition
SM=6°(U+V)= (]/2)(d 21"[/dq2)5q2 >0, Vd&q. Conversely, if for any sq, the ball in (Fig. 2-1c) tends
to move away from the equilibrium position, such a system is deemed unstable and the condition

SM=5*(U+V)= (]/2)(d21"1/dq2)5q2 <0 is satisfied. If the functional I1(q) is a quadratic functional of

q, 57?3,57T4,--- vanish. For the case of a ball on a flat surface illustrated in (Fig. 2-1b) lies at the border of
stability and instability and meets the condition 5°IT= &% (U +V):(]/2)(d21'[/dq2)5q2=0. Such an

equilibrium is termed as neutrally stable. Buckling phenomena are typically associated with the positions of neutral
equilibrium. For a multiple degree of freedom system, in addition to satisfying the equilibrium condition oIT=0
, the variation with respect to the buckling displacements of second variation of total potential energy has to vanish
to locate the position of neutral stability, i.e.,

1&&( diaa
52H(q1,q2--,qk)=52[u(ql.qz--,qk)+v(ql,qz--,qk)]=§§ > (dq ” Jéqiéq,- =0 (2.11)
i=1 j=1 i j

The stationarity condition in Eq. (2.10) denotes equilibrium and will be applied in chapter 3 to formulate
the equilibrium equations of the system and associated boundary conditions. The condition will also be
used in chapter 4 to enforce equilibrium in a weak sense by formulating finite element solutions. The
equilibrium condition in Eq. (2.10) will also be adopted in Chapter 5 to characterize the pre-buckling
equilibrium path while the neutral stability condition (2.11) will be adopted in Chapter 6 to locate the
point on the equilibrium path where the equilibrium ceases to be stable and becomes unstable (i.e., the

buckling point).

(2
[TTTT I T T T TTTTTTT]

(@) (b) (©

Fig. 2-1 Equilibrium position a)stable b)neutral c)unstable
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2.4. Kinematics of beam theories

This section reviews a number of beam theories with emphasis on the kinematic assumptions and

resulting displacement fields. A right-handed coordinate system (X, y,z) is defined (Fig. 2-2) and the
corresponding lateral, transverse and longitudinal displacement fields are(U,v,W). Strictly speaking,

each of the displacement fields depends on all three coordinates, i. e, W= W(x, Y, z) , etc. which leads to

complex models necessitating discretization in three dimensions. When one of the dimensions is
significantly larger than the other two dimensions (as is the case for the longitudinal dimension Z ),
kinematic assumptions can be postulated to transform the 3D problem into a 1D problem. Under such
assumptions it is possible to reduce the dependence of the displacement fields on a single coordinate,

e, W=W(Z), etc., leading to considerable simplifications in the solution. The following sections

discuss the main kinematic assumptions and resulting displacement fields for the Euler-Bernoulli,
Timoshenko, Higher order beams, Vlasov, and Gjelsvik beams given their relevance to the analysis of

steel beams.

Fig. 2-2 Right handed coordinate system
2.4.1. Euler-Bernoulli beam theory

The Euler-Bernoulli beam theory is the simplest flexural beam theory for thin-walled members. The
theory adopts the simplifying assumption that a cross-section originally normal to the beam centroidal
axis remains planar and normal to the centroidal axis after deformation (Fig. 2-3a). This assumption

signifies that the angle of rotation of the section is equal to the slope of the centroidal axis (

0, (z) = —dv(z)/dz ) and the corresponding longitudinal displacement takes the form
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w(y,z)=w,(z)-y'(z) (2.12)

v(y.2)=v(2)
where W, (Z)is the longitudinal displacement of the beam at the centroid and V(z)is the transverse
displacement. The kinematic assumption of the Euler beam enables the expression of the equilibrium

conditions for the beam in a simplified and approximate form in terms of displacement functions W, (Z)

and V(z) in terms of simple ordinary differential equations rather than partial differential equations as is

the case in the theory of elasticity. One of the limitations of the Euler-Bernoulli beam is that the
normality condition between the section and the beam centroidal axis implies the neglect of shear

deformation.
2.4.2. Timoshenko beam theory

Several approaches were developed to incorporate the effect of shear deformation and thus remedy the
limitation of the Euler-Bernoulli beam. These include the Timoshenko (1921) (e.g., Timoshenko (1921),

Friedman and Kosmatka (1993), Eisenberger (1994) which postulate that the cross section remains

planar but non-normal to the beam axis. Hence, the angle of rotation of the cross-section &, differs

from the slope i.e., 6, # —dV/dZ. Under the Timoshenko beam assumption (Fig. 2-3b), the difference
between both angles represents the shear strain which happens to be constant for a given section. Based

on the kinematic assumption of the Timoshenko beam, the displacements fields are expressed as

w(y,z)=w,(2)+y6,(2) (2.13)
v(y,2)=v(2)
The above displacement fields lead to the three equilibrium conditions in terms of longitudinal and

transverse displacements W, (z),v(z)and angle of rotation 6, (z). Again the differential equations are

ordinary. The fact that the shear deformation of the Timoshenko beam is independent of coordinate Yy

implies that it does not vanish at the top and bottom surface of the beam and hence the corresponding
shear stress is non-zero, which violates the traction boundary conditions at the top and bottom surfaces
of the beam (which typically happen to vanish). Attempts to remedy the problem involve developing
higher order beam theory as will be discussed under Section 2.4.3. Other lines of developments to

account for the nonlinear distribution of shear stresses with coordinate Y involve the development of
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shear factors (e.g., Cowper (1966), Reddy (1997)). Such treatment is non-universal and different

theories predict different shear correction factors for the same cross-section.
2.4.3. Higher order beam theories

Higher order beam theories (e.g., Levinson (1980), Levinson (1981), Bickford (1982), Reddy (1984a),
Reddy (1984b), and Heyliger and Reddy (1988)) relax the Euler-Bernoulli normality assumption of the
section to the centroidal axis. In order to satisfy the traction boundary conditions at the top and bottom
faces of the beam, a cubic distribution of the longitudinal displacement is postulated, i.e.,

w(y, 2)=w,(2)+y6,(2)+yw(z)

v(y.2)=v(z)
where 6, (z)andy (z)define the non-linear nature of the deformed cross sectional line. One of the

limitations of such developments is that they are limited to rectangular cross sections.

Z> -6 = dv . > - ‘9>< = S_V e » dv
! 1 7 !

‘ | | -6 #
vy * vy # v //\%#dz:
|
gN v(2)

(@) (b) (©)

Fig. 2-3 a) Euler-Bernoulli beam b) Timoshenko beam c) Higher order beam (e.g., Bickford (1982), Reddy (1984b))

In the current work, shear deformation effects are captured in static the analyses (Chapters 3-4) and in
non-linear geometric analysis (Chapter 5) in a manner similar to the Timoshenko beam solution. Unlike
the conventional Timoshenko beam solution which is limited to linear analysis, a geometrically

nonlinear analysis is developed in Chapter 5.
2.4.4. Vlasov thin-walled beam theory

When thin-walled members are twisted, they have a tendency to undergo longitudinal displacements

whereby a plane section undergoes non-uniform longitudinal displacements (warping). When such

longitudinal displacements are restrained, normal stresses 0, take place along with shear stresses?, .
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Vlasov (1961) developed a general theory for open thin-walled members subjected to combined effect
of torsion and flexure. The theory is based on two kinematic assumptions

1- The cross section of the thin-walled member moves as a rigid disk in its own plane

2- The shear strain at the middle surface of the beam vanishes.

For a doubly symmetric wide flange section (Fig. 2-4a) where the centroid and shear centre of the cross

section coincides at point O, the Vlasov assumptions allow the expression of the displacement fields

u(x y,z),v(xY,z),w(x,y,z)of any point (such as C on Fig. 2-4b) on the middle surface of the thin-
walled beams in terms of the shear centre displacements U, (Z), V,(2)and the angle of twist of the cross-

sectiond, (z)

Under the small rotation assumptions, the displacement fields are expressed as
u(x,y,z)=u,(z)-ye,(z)

V(X,Y,2)=V,(2)+x6,(z) (2.14)a-c
wW(x y,z)=w,(z)-xu'(z)-w'(z)-@(xy)b;(z2)

where cT)(X, y) is global warping function. For a doubly symmetric function the warping function takes

the form

(X, y)=xy (2.15)

In the last of Eq. (2.14), the first three terms characterize the longitudinal displacement due to beam
elongation, and biaxial bending while the last term characterizes the global warping deformation
induced by twist. The warping deformation is depicted in (Fig. 2-5b) where the right top corner and
bottom left corners move along the negative direction of the z-axis and the remaining two corners of
the cross section move along the positive direction of the z-axis. The warping function gives rise to the

warping constant of the section defined as c = j o dA Where A is the cross-sectional area.
A

While the Vlasov theory captures the warping effects, it neglects any distortions that may take place in
the section. Specifically, the Vlasov first assumption postulating the section to move as a rigid disc

implies that any point (X,Y) of given cross-section Z undergoes the same angle of twist 6(z). For

cross-sections with slender webs, such an assumption may yield inaccurate results as the web would
likely bend in its own plane rather than move as a rigid body, the angle of twist of the top flange may

differ from that of the bottom flange.
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While the displacement fields in Egs. (2.14) are valid under small deformations and rotations, they are
inaccurate in stability problems, where the small rotation assumption no longer holds true. More
accurate displacement fields expressions that account for moderate rotations have been developed in Pi
and Trahair (1992b) take the following form

1 ! Iy ! 1 N, ! ! ! 1 "' N1
u(x,y,z)=u—y0+{—§x(u 2+0% +u ve)—Ey(uv +U 29)—xyu {6 +§(u V' —u'v )}}

1 n,! ! 1 ! Nt ! ! 1 "’ N,
v(x,y,z):v+x6’+{—§x(uv +v 29)—Ey(v2+92_uv0)—xyv {0 +§(u V' —uv") }
. . (2.16)
w(X, y,z):w—xu'—yv’—xy¢9'+<—x(v’¢9—5u’02j+ y(u'6’+5v’02j

—%Xy{U'V"—U”V'—‘:H’-F%(U”V'—U,V”):|(V’2 +u12>}>

The additional finite rotation terms also contribute to pre-buckling deformation effects. The distortional
buckling theory developed in Chapter 6 modify Eq. (2.16) to account for web distortion.

2.4.5. Gjelsvik thin-walled beam theory

When the section is thin-walled, the Vlasov theory tends to characterize, reasonably well, the global
warping deformations of the middle surface (Fig. 2-5b). However, as the thickness of the elements
constituting the cross-section (flanges, webs, etc) become thicker, additional local warping take place
where the extreme fibres of the element tend to warp relative to middle surface (Fig. 2-5c¢). The top right
and bottom left corners of the top flange move out of the plane while the other corners of the flange
move in the direction of z-axis. Similar local warping behaviour is observed for the other flange and the
web.

Such local warping effects are captured within the Gjelsvik theory (Gjelsvik (1981). The theory adopts
the two Vlasov assumptions. In addition, the Kirchhoff plate bending assumption is also postulated

whereby a line normal to the middle-surface is assumed to remain normal to the middle-surface. The

Kirchoff assumption captures the local warping effect in a natural way. A set of local coordinates (s, n)

are defined to characterize the coordinates of a point offset from the middle surface by a distance n

and s is a coordinate tangential to the middle surface (e.g., for a doubly symmetric wide flange section,

s =X for the flanges and s=y for the web). The additional longitudinal displacement w, of point B

(Fig. 2-4Db) relative to point C offset by a distance n from the middle surface is
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ov
W, =—-n—
0z
(2.17)
From Eq. (2.14) by substituting into Eq. (2.17), one obtains the total longitudinal displacement of the
flange, i.e.
w(x,y,2)=w,(z)—xu'(z)-(y+n)V'(z)-[ @(x,y)+@(x,n)]0'(z) (2.18)

where @(x,n)=xn is local warping function for the flange. A similar equation can be derived for the
longitudinal displacement of the web. In Eq. (2.18) the local and global warping functions can be
summed to yield the total warping function, i.e.,

O=d+0 (2.19)

The additional local warping effect contributes to the normal strains and stresses and increases the

warping constant of the section defined as C, = IAa)ZdA under the Gjelsvik theory and gives rise to the

transverse shear strains and stresses away from the middle surface. The transverse shear stresses give
rise to the Saint-Venant torsional constant for thin-walled sections in a natural way. The local warping
effect has been incorporated into the distortional static theories developed in Chapters 3-4 and the

distortional buckling theory developed in Chapter 6.

Middle Surface :

@ (b)

Fig. 2-4 a) Kinematics of the Vlasov and Gjelsvic theories and b) Additional kinematic considerations in the Gjelsvic theory
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@ (b) ()

Fig. 2-5 a) Wide flange beam under twist T, b) global warping response of the middle surface, and c) additional local warping
response of the flange

2.5. Geometrically nonlinear pre-buckling analysis
2.5.1. Background

Geometric nonlinear solution techniques have been investigated by many authors including Rajasekaran
and Murray (1973) who investigated various solutions based on Taylor’s series expansions (i.e.,
relaxation factors, pseudo load, initial value and alpha-constant techniques, etc) and adopted the
incremental Newton-Raphson and modified Newton-Raphson iterative techniques. Bathe and Bolourchi
(1979) developed two three dimensional nonlinear beam elements accounting for large rotations. In
their study, the incremental updated Lagrangian and total Lagrangian formulation are employed where
both techniques were shown to lead to identical stiffness matrices and nodal load vector. Chan and
Kitipornchai (1987) investigated the nonlinear analysis of asymmetric thin-walled members. Their
kinematics are based on the Vlasov theory while accounting for second order strains. The updated
Lagrangian formulation was employed and arc-length technique was used to trace the nonlinear load-
deflection path. Chajes and Churchill (1987) adopted variational principles to attain the stationary
condition of total potential energy and developed a geometrically nonlinear beam element. In additional
to the softening effect of stress resultants (e.g., axial forces and bending moments) within geometric
stiffness matrices, the formulation is able to capture the effect of displacement changes, within the
increments, in the displacement stiffness matrices. They adopted the incremental Newton-Raphson

technique to obtain the equilibrium within increments using the direct methods or iterative procedures.
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Zienkiewicz and Taylor (2000) developed a nonlinear beam element and proposed an incremental
modified Newton-Raphson technique for the problems where tangent stiffness matrix is no longer
positive definite. Siu-Lai and Chui (2000) provided a review of nonlinear solution techniques including
Newton-Raphson, modified Newton-Raphson, direct Secant and pure incremental methods. They also
elaborated on the iterative procedure of these techniques and derived the geometric stiffness matrix to
conduct geometrically nonlinear analysis.

In the studies reviewed, shear deformation effect is neglected in the derivation of the geometric stiffness
matrices. Thus in the current study, a geometrically nonlinear shear deformable element will be
developed in Chapter 5 where variational principles are employed to attain the stationarity condition of
total potential energy. The geometric and displacement stiffness matrices accounting for second order
shear strains are derived and an incremental modified Newton-Raphson technique is adopted to trace
the non-linear load-deflection path.

2.5.2. Overview of eigen-value buckling solutions
2.5.2.1. Conventional approach based on linear pre-buckling analysis:

The stages of deformation were discussed under Section 1.2. A static pre-buckling analysis is needed
to capture the pre-buckling response of member, and associated internal forces (axial forces, shearing
forces, and bending moments). Conventionally, it is assumed that pre-buckling analysis is linear

(Trahair (1993)) and the corresponding discretized equilibrium conditions takes the form
[K, Jup} ={F) (20)
where [Kp] is a deformation-independent (i.e., constant) pre-buckling elastic stiffness matrix, {up} IS

the pre-buckling displacement vector, and{F} is a nodal force vector. The system is solved for {up} :

Given {u,}, the pre-buckling internal forces are then determined.

In the second step, the internal forces obtained in Step 1 are scaled by a factor A (based on the

assumption that the displacement-force relationship is linear), and the buckling elastic matrix [KE] and

geometric matrix A[KG] are formed and a linearized buckling eigenvalue analysis of the type

K |-4|Ks [)3u, =10t is obtained where {u, ! is the nodal buckling displacement vector.
E G b b
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2.5.2.2. Accounting for non-linear effects in pre-bucking analysis:

For a beam column, second order effects arise in the pre-buckling analysis due to the interaction between
strong axis moments and axial forces leading to the so-called P—& effect. In such a case, the pre-
buckling response becomes non-linear and the corresponding equilibrium equations take the nonlinear

form

[KP({up})l {up}i ={F}, (21)

Unlike the conventional solution in Eq. (20), it is noted here that at a force level {F}. the stiffness
matrix [ K, | isa function of the displacements {u,} . An incremental solution based on the Newton-

Raphson iterative scheme needs to be adopted to obtain the displacements and internal forces within

each load increment. At a given load IeveI{F}i, the corresponding displacements{up}_ are used to

determine the internal forces. Neglecting pre-buckling deformation effects, one obtains the eigenvalue

problem

(1Ke] -4 Ke ({0, ]}, =10} @)
which is to be solved for the eigen pairs (/4 ,{ub}i). If the smallest value 4 is found to meet the
condition4; >1 | the structure is deemed stable under the effect of the forces{F}. . In this case, the
magnitude of the loads is increased to {F}i+l and Eq. (21) is solved again for the corresponding pre-

buckling nodal displacements {u,} . The eigen pairs (A .{Uy,},,,) are then determined by solving

Eqg. (22) and the process is repeated until the eigenvalue determined by Eq. (22) is equal to unity within
a specified tolerance, in which case the system is deemed to be in a state of neutral stability (i.e., at the

onset of bucking).
2.5.2.3. Modifications to account for pre-bucking deformation effects:

It is emphasized that the linearized eigenvalue problem defined by Eqg. (22) stems from neglecting pre-
buckling deformations. This is the case in the large majority of lateral torsional buckling solutions.
Since the theory sought under the present work intends to incorporate the effect of pre-buckling

deformations, the modifications would lead to a higher order eigenvalue problem of the form
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(1]~ A Kea (10}, - 47 ee (0, }) =0 (23)

The procedure described under Section 2.5.2.2 remains valid with the exception that the eigenvalue
check in Eq. (22)will be replaced by the form in Eq.(23).
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Chapter 3

Distortional theory for the analysis of wide flange steel beams @

3.1. Abstract

A distortional theory is developed for the analysis of doubly symmetric and mono-symmetric wide
flange beams under general loading. The governing differential equations of equilibrium and associated
boundary conditions are derived based on the principle of potential energy. The theory captures shear
deformation effects in the web and local and global warping effects. In contrast to classical beam
theories, the present study captures web distortion by accounting for its flexibility within the plane of
the cross-section while considering the flanges as Euler-Bernoulli beams. The formulation yields two
systems of coupled differential equations of equilibrium in seven displacements fields. The first system
governs the longitudinal transverse response and involves three displacement fields, and the second
system governs the lateral torsional response and involves four displacement fields. Closed form
solutions are then developed for both coupled systems under general loading. Numerical solutions for
practical problems are then provided to illustrate the applicability of the formulation. Comparisons to
results based on 3D shell finite element solutions show the validity of the results. The theory preserves
the relative simplicity of one dimensional beam theories while effectively capturing the three-
dimensional distortional phenomena normally captured within computationally expensive 3D FEA.

Keywords: Thin-Walled Beam, Distortion, Torsion, Warping, Coupling

(@) pezeshky P., Mohareb M. Distortional theory for the analysis of wide flange steel beams. Engineering
Structures. 2014;75:181-96.
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3.2. Introduction and literature review

Conventionally, hot rolled and welded wide flange steel beams are analyzed using the Vlasov theory
(Vlasov (1961)) which neglects distortional effects within the cross-section. Given that such cross-
sections are relatively thick compared to cold-formed steel sections, it is often accepted that the Vlasov
theory should reasonably predict their response. This is generally the case for a large number of
applications. Nevertheless, some exceptions to this general rule are known to exist. This includes cross-
sections with slender webs and thick flanges, short-span members, and/or when the applied loads are
localized such that they deform a localized portion of the cross-section. In such cases, the web can
undergo significant distortion and the application of the Vlasov theory or a variation thereof would lead
to unreliable response predictions. The designer would typically need to resort to shell finite element
analysis for an accurate response prediction. Another alternative is also available through various
distortional beam theories which have been developed. A common theme among these theories has been
to attempt to uncouple the distortion deformation from other conventional deformation modes, resulting
in simple uncoupled equilibrium equations. The associated orthogonalization process is typically rather
involved. Within this context, the present paper aims at developing a new distortional theory for wide
flange sections. Rather than attempting to uncouple the resulting differential equations of equilibrium,
the study develops a fully coupled system of governing equations and then provides a general closed
form solution for the resulting system.

Classical theories such as the Euler-Bernoulli beam, the Timoshenko Beam (Timoshenko (1921), the
thin walled beams Vlasov (1961) and Gjelsvik (1981) are based on the common assumption of
neglecting cross-sectional distortional effects. More modern beam theories for the static analysis of
beams which account for distortion include the work of Schardt (1989) who developed a Generalised
Beam Theory (GBT), mostly for very thin walled members (e.g., cold form cross sections), in which he
categorized the behaviour of the beam into: a) the four classical modes of deformation analogous of the
Vlasov beam (Vlasov (1961)), i.e., axial, biaxial bending and twist), and b) distortion of the cross section
in its own plane. His theory introduces distortional modes and associated warping functions that are
orthogonal to the other four classical kinematic modes of deformation and thus consists of five
uncoupled differential equations in four classical displacement fields in addition to a distortional field.
Davies and Leach (1994) applied the GBT theory to cold formed sections. Using closed form solutions
and the finite difference method, they solved the fourth order differential equation of distortion. Jonsson

(1998) postulated that distortion has commonalities with torsion and thus leads to analogous internal
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forces. He extended the concept of sectorial coordinates, previously introduced by Vlasov, to
characterize distortional deformation. He developed a one-dimensional finite element to determine the
torsional and distortional warping functions and corresponding shear distribution within the cross-
section. In two subsequent papers, Jonsson (1999b) and (1999a), combined the outcome of his previous
study with the principle of stationary potential energy to formulate the distortional warping functions
and corresponding shear stresses for open and closed sections. The resulting torsional and distortional
equilibrium equations are observed to generally remain coupled. In another treatment, Rendek and
Balaz (2004) adopted vector analysis to simplify the orthogonalization process between displacement
modes normal to the cross-section and determine the associated modal loads and sectional properties.
They approximated the transverse displacements by Hermitian cubic functions of the longitudinal
coordinate and quantified the transverse bending moments and distortional sectional properties. Based
on a modified version of Prokic theory, Saadé et al. (2006) developed a finite element which accounts
for cross-sectional distortion. Later on, Gongalves et al. (2010) devised a new approach to determine
the deformation modes in which they subdivided the space of possible solutions into four sub-spaces
based on four distinct kinematic hypotheses. Under each hypothesis, they identified the warping and in-
plane modes. An orthogonalization process is then performed on the associated modes to determine the
relevant cross-sectional constants. In their study, local deformations and shear deformations are also
captured by introducing intermediate nodes. Jonsson and Andreassen (2011) developed a GBT solution
in which they related the displacements within the plane of the cross section to the nodal displacements
through Hermitian polynomials, thus capturing distortional effects. They orthogonalized the various
modes by enforcing kinematic constraints, ultimately leading to two differential equations per segment
which characterize distortion within the segment. Using polynomial interpolations of the longitudinal
coordinate for conventional modes and exponential interpolations for distortional modes, they
developed a finite element that captures distortion. In a more recent study, Andreassen and Jénsson
(2012) generalized their previous work by incorporating the effect of distributed loads.

A common theme among the above studies is the various elaborate techniques devised by the authors
to uncouple the resulting field equations governing distortion from the remaining classical modes of
deformation, culminating in simpler field equations. The present theory deviates from the previous
convention by avoiding the complications involved in the uncoupling process of the governing field
equations, thus yielding a highly coupled system of equations, but then providing closed form solutions

for the resulting systems of equations under general loads.
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Distortional effects also have been received considerable attention in buckling investigations of thin-
walled beams. This includes the work of Rajasekaran and Murray (1973) who developed a buckling
finite element for wide flange beams based on overlaying the kinematics of the Vlasov thin walled beam
theory on those of the Kirchhoff plate bending theory to capture the distortional behaviour of web and
flanges. Johnson and Will (1974) developed a shell buckling finite element with 22 DOFs and applied
it to capture the distortional buckling behaviour and predicting the buckling capacity of wide flange
beams and columns. In a subsequent study, using the finite strip method, Hancock (1978) has shown
that, in beams with slender webs and stocky flanges, the web is susceptible to distortion while the
flanges remain undistorted. Hancock et al. (1980) developed an approximate distortional buckling
solution for simply supported wide flange beams under uniform moments and axial forces. In their
solution, they assumed that the web deforms as a cubic function along the height while both flanges
undergo distinct angles of twist. Bradford and Trahair (1981) developed a finite element for I-shaped
members under unequal end moments and compressive axial forces. Their element is based on
Hermitian shape functions to interpolate the displacements along the span. Bradford and Trahair (1982)
extended their work to other thin-walled sections such as lipped channels by retaining the flexible web
assumption. Using a plate bending formulation, Roberts and Jhita (1983b) formulated the buckling
characteristic equation of wide flange sections. In a series of papers, Bradford extended his previous
work to develop distortional lateral buckling solutions for mono-symmetric cross-sections (1985),
inelastic buckling of hot-rolled I-beams (Bradford 1986), mono-symmetric I-beams with flanges
restrained by continuous lateral elastic restrains (1988a), beam columns (Bradford 1990b), cantilevers
(Bradford 1992a), investigating the effects of end conditions, rotational and translational restraints for
I-beams (Bradford 1992b), and beams laterally restrained at one flange (Bradford and Ronagh 1997).
A common feature in all Bradford’s work is the approximation of web lateral displacements through a
cubic function. Based on the Rayleigh Ritz energy method, Wang et al. (1991) provided a comparison
between distortional and non-distortional buckling for mono-symmetric simply supported beam-
columns. Hughes and Ma (1996a) developed a distortional buckling solution for simply supported
mono-symmetric I-beams under point loads and extended their work (Ma and Hughes 1996b) to beams
under distributed transverse loads and unequal end moments. In their study, they assumed that the web
distorts as a fifth order polynomial function. Dekker and Kemp (1998) developed a distortional buckling
solution in which they idealized the flanges of an I-Beam as translational and rotational springs, while

the flexible web remains as an elastic plate. In a study on simply supported I-beams, Pi and Trahair
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(2000) developed a technique to quantify the torsional and warping rigidities which incorporates
distortional effects. Their solution has incorporated pre-buckling and end-warping restrains effects. Ng
and Ronagh (2004) developed a Fourier series solution to obtain the distortional buckling capacity of
doubly-symmetric I-Beams, which models the effect of elastic restraints and loading offset from the
shear centre. Based on shell FEA, Samanta and Kumar (2006b) investigated the distortional buckling
of simply supported mono-symmetric | beams. Vrcelj and Bradford (2006a) investigated the effect of
lateral and rotational restraints on the distortional buckling of I1-beams with a tension flange seated on a
support. Adany and Schafer (2008) devised a mode decomposition technique within the constrained
finite strip method to extract distortional buckling moments.Adany and Schafer (2008) and Samanta
and Kumar (2008) extended their previous work to cantilevers of mono-symmetric | cross-sections and
investigated the effect of load position and bracing height on the distortional buckling capacity. Using
the finite strip method, Zirakian (2008) studied the distortional buckling of doubly symmetric I-beams.
He showed that AISC (2005) recommendations for lateral torsional buckling provisions of beams with
slender webs, which neglects the Saint-Venant torsional stiffness, provide overly conservative means
of incorporating the effect of distortion. By assuming a quadratic distribution of the web lateral
displacement, Chen and Ye (2010) developed the potential energy expression for the distortional
buckling of I-beams and applied the Ritz method to determine the buckling solution for simply
supported beams with a single restrained flange. Using the effective section properties developed by Pi
and Trahair (2000), Kalkan and Buyukkaragoz (2012) determined distortional critical moments and
compared their results to those in AISC (2005), EC3 (2003), and AS 4100 (1998). Their study involved
distortional buckling moments in the elastic and inelastic ranges.

A comparative summary for the above studies is provided in Table 1.
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Table 3-1. A comparison of distortional studies

Reference Analysis | Features Solution Type Details
2 Type
[ c
—_ X o
55 @ o) - =
== = < 3| N B
38 ol S22 |E|S - 8 =
-_ X
D — o | al & 9l E| &3] = o 2 5
= ®©| o c = © @ Ll © S| o € 5l 51 .8
== B = = E cl 98 0|52 v o E| o @
s S| & S| =| 69| ® GE, ol o<l 8| ol O| ¥| €
c = T = | € S| @ Ol o| 2| | £| o
= o Ol © 2| 5.£| N L | —= c| 2| |
3 < S sl sX| 5|87 O| Tl E S
8 o s ol g S| g (i 2
(2] [«}) —
Q @ © c — |—
L (J/:.) m 5 D)
o O £
@)
Rajasekaran
and Murray C - V- \/ C - - -V -]-]-
(1973)
Johnson and 4 node Shell element
Will (1974) Qua | - vi-| v Qua | - B - V]- - with 3 DOFs per node
(Hancock
(1978);
Hancock et al. T - V-V c - - - -1 1YY
(1980))
Hancock et al.
T|-|v|-| VvV |c|-|-]|-|-|-1-]1V]
(1980)
(1985; 1986;
1992a; 1992b; 2 node beam element
Bradford and C - \/ - \/ C - - - \/ - = = with 6,8.11 DOFs per
Trahair (1981); node
1982)
(Bradford
(1988a);
Bradford
1990b; Roberts T - \/ - \/ C - - - = = - \/
and Jhita
(1983Db)), Wang
etal. (1991)

. Beam on elastic
Daviesand | |\ | /| _ | _ | _ - | vV] - |V |V]|V] -] -] foundation (closed form
Leach (1994) ;

solution)

(Hughes and web nodal DOFs are
Ma (1996a); T - \/ - \/ Qui | = - - | === \/ displacement, slope and

1996b) curvature
Bradford and 2 node beam element
Ronagh (1997) C - V|V vV C B B - V-] - with 8 DOFs per node
(Andreassen
and Jonsson
2012; Jonsson

’ HT |V | - [V V| - | -| vV [V]|-]-|-]-

(1998); Jonsson
1999a; Jonsson
1999b; Jonsson

37




Chapter 3: Distortional theory for the analysis of wide flange steel beams (a)

Reference Analysis | Features Solution Type Details
£ Type
= c
— K o
S5 | =
g3 £ 18 | g & g
= S 2 22 3 |E|E,e|5 8 3
B2 o | 5| 5 cEg|l E| S8 | g 8 2 5
== c 2 4} Ol g| @25 6| €| 5| B L
5 ©| © = S| S c| o5 o] @5 | o & B S
2SS B | X | S| EZ 28 0|2 o| | El a8
e 3| O S =| o ° © QE_, o 65| 3| | © = =
£ = m| S| T2 5 R|led 2E 8 5 2
g D el gl 22| =SSO S| ElL S
85 -l 53| 3 o g w7 >
o ] @ Q =
wn N [ — =
2 17) m o| ©
a O s
@)
and Andreassen
2011)
(Ng and
Ronagh (2004);
Vrcelj and T -V - \/ C - - - | =] =1 - \/
Bradford
(2006a))
beam on elastic
gsgg%ggg - \/ - | - - C \/ - \/ - | = | = | = | foundation(closed form
solution)
Saadé et al. Qua-
Adany and
Schafer (2008) T - ‘/ B ‘/ B - ‘/ I ‘/ ‘/
Chen and Ye
Tl - (v v]cl-]- [-]-]-]-1V
(2010)
systematic approach to
Gonc;(;lglfg)etal. - \/ - - \/ - \/ - - = = =] = determine deformation
modes within GBT
Current Study (glljl \/ = \/ \/ C = = \/ - =] =] =

“ C: Cubic, H: Hyperbolic; L: Linear, Qua: Quadratic, Qui: Quintic, T: Trigonometric,

The majority of the above buckling studies assume that the lateral displacement of the web to have a
cubic distribution along the height, while the flanges remain undistorted and having distinct angles of
twist. In the present theory, we retain this kinematic assumption. Subsequent comparisons with shell

FEA results will provide an assessment of the validity of this assumption.

3.3. Statement of the problem

Given is a beam of a wide flange mono-symmetric section with a slender web subjected to general

member and end tractions. It is required to formulate the governing field equations and associated
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boundary conditions. A mono-symmetric I-shape section, shown in Fig. 3-1, has a bottom flange width
bB and thickness 15 and a top flange width bT and thicknesst; . As a convention, all subscripts B
denote parameters related to the bottom flange and subscripts T denotes those related to the top flange.

Web height is denoted h and is defined as the distance between middle surfaces of both flanges and {,,

denotes the web thickness.

b ¥
-1 '%tT

X
I | ITtB

<7b84>
Fig. 3-1. Cross section dimensions

The beam member is subjected to the following general tractions (Fig. 3-2):

a) End tractions acting at both ends as:
72 (% Y,0),7 (X, ,0), 7 (X, ¥,0) and oz (X, Y, L), 7 (X, ¥, L), 7oy (X, Y, L)
Member tractions p,(s,n,z), p,(s,n,z) and p,(s,nz)in longitudinal, transverse, and lateral

directions, respectively, where the normal coordinate is N="0,N;,N, for the top and bottom flanges
and web, respectively. Also, the tangential coordinate S is along the middle surface and coincides with
X;, Xgand Y,, within top and bottom flanges and the web, respectively, as shown in Fig. 3-1.

Furthermore, transverse distributed load can be applied vertically across the flange width on the top
flange, while the longitudinal distributed load is applied across the entire cross section along the

longitudinal direction.
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- V,(0) My(0) \\\ i

h <___T(Xs.ns,L)
(b) (©)
Fig. 3-2. (a) Beam and axes (b) End tractions and stress resultants at z=0. (¢) End tractions and stress resultants at z=L

A global right handed OXYZ coordinate system is introduced with an origin O located at web mid-

height (Fig. 3-3). A local right handed coordinate system is also assigned to each of the flanges. For any

point P offset from the middle surface, correspond local coordinates (X, nT) and (X, nB)at the top and
bottom flanges, respectively. Displacements U; andU; denote the lateral displacements of points
P(X,n;)and R(X,n;) relative to points (0,n; ), (0,Nn;) lying on the middle surface of the section. Also,

displacements V; andV; denote the transverse displacements relative to points (0, nT) , (0, nB) .
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Q(nw yw

(X7,17)

Fig. 3-3. Coordinates and displacements

3.4. Assumptions and kinematics

Strains and rotations are assumed small. The material is homogeneous, linearly elastic and isotropic and
thus obeys Hooke’s law. The formulation is restricted to prismatic beams with wide flange
monosymmetric cross-sections. Additional kinematic assumptions are provided in the following

subsections.
3.4.1. Displacements in the plane of the cross-section

Since the web is slender compared to the flanges, it is assumed to distort in the plane of the cross section

through a cubic function (Fig. 3-3). The centroid of the top flange is assumed to translate laterally by a

displacement U, (Z) while that of the bottom flange is assumed to translate by displacement ug (z) :
The top flange is assumed to twist by an angle &; (z) and the bottom flange by a different angle &, ( Z)
. The transverse displacement at a generic point (yW,nN) on the web consists of two parts; a) a
transverse displacement componentv(Z)defined at the origin O, lying on the web middle surface, and

b) a component V» due to the offset distance N, undergoing a rotation within the plane of the cross-

section (Fig. 3-3)
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3.4.2. Longitudinal displacement

At a given section, the middle surface of the top flange is assumed to behave as a rigid line undergoing
rotations u’; (z),v'(z) about the x and y axes and longitudinal displacement W; (Z) (all primes denote
differentiation with respect to Z , as a convention). Also, the bottom flange undergoes rotations
u's (2),V'(2) and longitudinal displacement Wg ().

Shear deformation within the plane of the flanges is assumed negligible in line with the conventional
Euler-Bernoulli beam assumption. A line through (x,nT) originally normal to the plane of the flange

middle surface is assumed to remain normal to the middle surface of the flange, in line with the
Kirchhoff plate bending theory.

Since the present theory is aimed at sections with deep and slender webs, it is appropriate to assume the
web to act as a Timoshenko beam (rather than an Euler-Bernoulli beam), in which the web is assumed
to rotate as a rigid line about the x-axis, i.e., the longitudinal displacement is assumed to take a linear

distribution with respect to the y coordinate, but not necessarily remain perpendicular to the beam axis,

ie., v'(z)=[w (z)-wg (z)]/n . Aline through (Y,n, ) originally normal to the web middle surface

is assumed to remain normal to the web middle surface, in line with the Kirchoff plate bending theory.

In Fig. 3-3, the seven generalized displacements (e.g., Uy , W, , &, ,V, Uy, Wy, 65 ) of the beam are shown.
The displacements of the top flange are obtained by

0, (ny.2) = uy (2) -1, (2) (31)
Y (%,2)=V(2)+ %6, (2)

Wra =Wt -Xa Usa

c)

Fig. 3-4. Kinematics of top flange a) Deformed shape, b) Side view(Y-Z) and c) Plan view(X-Z)
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The longitudinal displacement of a point A on the middle surface of the top flange (Fig. 3-4c) is

Wen (%, 2) =W (2)— XU (2) (3.2)

The longitudinal displacement of Point C offset from the middle surface (Fig. 3-4b) is obtained by
adding the relative displacement —n. [v'(z)+ X6 (z)] to the longitudinal displacement w-x , i.e.,

W (%0, 2)=w, (2)=xu’; (2)—n V' (2)—n % 6 (2) (3.3)

Also, the longitudinal displacement of the bottom flange is

Wy (X5, Mg, Z) =Wg (2)—XgU'g (2)—NgV' (2)—NgXa6; (2) (3.4)

As stated in Section3.4, the web lateral displacement is assumed to be a cubic function of coordinate

Y . It is convenient to relate the web lateral displacement to the lateral displacements and angles of
twist of both flanges U; (2),& (2).Us(2),6,(2), iie.,

Uy (v, 2)=H,(Y)u: (2)+H,(y)6& (2)+H;(y)us (z)+H, ()6 (2) (3.5)

through the interpolation functions

1 3y, 2y h y ¥y ¥
H,(y)==-224+2L | H,(y)=—-2-2-+L
)= )84 " a8)
1 3y 2y h y ¥y ¥y
Hy(y)==+221-22 H,(y)=—=—2+2-+L
() 2 2n W «(¥) 8 4 2n N
Also, the longitudinal displacement of the web is linearly interpolated to the longitudinal displacements
of both flanges through
W, (V,2)=Hg (Y)W (2)+Hqg (y)ws (2) (3.7)
in which

()32 mw=(5+2) e

Based on the Kirchoff plate hypothesis, the longitudinal and transverse displacements of a point P

(N, Y.2), on the web ( —(h—t; )/2<y<(h-t;)/2), relative to a point (0,y,z) on the middle surface,

one obtains

M ,%P(%,y’z):_mw

Ve (n\/v Y Z) =-Ny @y oz

(3.9)
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The total displacements of the web are obtained by adding the plate contributions Vup , Wap to the

membrane components V(z) and w(z), i.e.,

W y.2) (v.2) +v(2)

Vi (N, Y, 2) =-ny oy
o, ) (3.10)
- Uy (Y, 2 y 1y
Y, Z)=—N, ——— | === (W (Z2)+] =+ = Wy (2
0,20 =, B 2 N 2+ 24 L 2)
3.5. Expressions for strains and stresses
The longitudinal strain ¢,; and shear strain },,; within the top flange are given by
& =%:WT'(Z)—xu{’(z)—nTv”(z)—aneT”(z)
S (3.11)
U,
=—T+—"T=-2n6(z
7/sz ox o7 I"]T T( )
Also, for the bottom flange, one has
&5 =W; (2)—xug (z)—ngV"(X,2)—xng65 (2) (3.12)

Vs = _ZnBHI; (Z)

It can be shown that 7,1 =75 =Vt = Vs = 0. Web strains consist of a plate bending contribution and

membrane contribution. The normal strain £, , €, and shear strain 7, due to plate bending action of

the web are given by

oy, o0y (v,2)

= m% (313)
oy, T,

e = T T ™ e

The longitudinal strain &, and shear strain 7,,, of the web due to membrane action are

oW 1 , 1 ,
& =8—ZW:(E+%JWB(Z)+(E—%jWT (2)

From Hooke’s law, the stresses in the top and bottom flanges are obtained are

(3.14)
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GZT = Eng ! O-ZB = Eng ! szT :nyzT ! szB = G;/XZB (3'15)

For the web, the plate bending stresses are given by
E E
Oyp = m (gyP +VEp ) 1Op = m (gzP + VEyp ) 1Ty = Gﬂ/sz (316)

and the membrane stresses are

O-ZM = EgzM ’Tsz = G]/sz (3-17)
3.6. Energy formulation

The total potential energy of the system, I1, is the sum of the internal strain energy U stored and the

potential energy V gained by the loads. The internal strain energy U consists of the internal strain

energy stored in the top flangeU; , that stored in the bottom flangeU,, and that stored in the web U, .
The potential energy V is the sum of the potential energy gain by the end tractions V; and member

tractions V,. Thus, the first variation of the total potential energy is
A1 =(0U; +8U, +8U,, ) +(OV, +6V,) (3.18)
The first variation of internal strain energy in the top flange is due to normal and shear strains, i.e.,

8U; = [(Ee,d,+Gy,dy,)dV
v (3.19)

V'oV" + El urouy +El,,,; 6756) + GJ. 67 56; ) dz

XXT ool

= [(EAW; oW, +EI
L

i which, (1yr e e 30) = [ (0202, 022, 402 ) dA, =(brt? /12,53, /12,0312 /144, b, 2 /3) are cross-

A
sectional properties of the top flange. In obtaining Eq. (3.19), the orthogonal cross-sectional properties,

I(X’ y,xzy,xyz,xy)dAz(o,o,o,o,o), have been used. In a similar manner, one obtains the first
A

variation of internal strain energy of the bottom flange as

n ” 14 14
waV OV +El gugdug +El, o

U, = [(EAW,oW, +EI 03505 +GJ 0350 ) oz (3.20)
L

inwhich (1., 1,50 1,,6.35 ) = [ (N3, X3, N33, 4n% ) dA, = (bgt3 /12, b3ty /12,105t5 /144,13 /3)

xxB? " yyB? " wwB !
As

The first variation of the internal strain energy of the web consists of two contributions; the Membrane

action 0U,,, and the plate bending action dU 5 . These are given by
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é‘UWM :J-(ESZM 5gzM +G}/sz 5}/sz )dV
\

:IE{%(W{ +wé)+|hlzw(w; —wé)}&w{ + E[i(wé +W )+ I;IXW (Wg —w; ):|5Wé (3.21)
L

4 2
GA\N ' ' 2\, '
+F[(WT — W, —hv') W, +(ws —w; +hv') Sw, +(hWB —hw, +h%v )5v ]dz
and
E
wp = m I (282P56‘2P +2,508 0 +2v (gzpégyp +0€,pEp ) +2(1-v)7 07 yp ) dv
\

=Dﬁ{[az”;vj(aaziwj{@z”;vj((saziwH(@Z‘ij[(saziwH(saziwj(aziwﬂ 622
Y\ oz oz oy oy oz oy oz oy

+2(1—V)ngg;](5 Z;gm dA
D

is the plate stiffness D =Et,*/12(1-v*), and

in which

(Av o) = [ (% yz)dANz{tw[h—O.S(tT )]st [h-05(t +t,)] /12} are web cross-sectional

A
properties related to the axial and bending stiffness, respectively.

The variation of the potential energy gained by the specified tractions(fzx,f G )i acting at both ends

y' Yz

of the member, z=0(denoted by subscript i=0) and z =L (denoted by the subscript i=1) and

undergoing displacements(U,V, v‘v)_ is

Ny=-[¥ (-1) ((;ngu T, 0V +5,0W) +(7,00+7,0V+6,0W) +(7,00+7,0V+5,0W) )dA
Ai=01 ’ 5 b
(3.23)
From Egs. (3.1)-(3.10), by substituting into Eqg. (3.23) one obtains,
Ny = 3" (1) [ N oW, + Ndwy +V,; 8U; +Vg8Ug +V,0v+ M 5Us +M U
i=0,1
_ _ - _ _ (3.24)
+T;06; +Ty50, +(M,; + M5 )V + B, + BBaaé]_

in which the following thirteen energy conjugate stress resultants arise naturally, i.e.,
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N,,N,.V.,M_ Mg H[azz (1+H,) ][5, 1+ HG)],(fzy),(—nTan),(—nB&u)}dA

A

Vi Ve )= [{[ 7, (1+H,)-n,7, (dH, /dy ] [ 7, (14 Hy) =1, 7, (dH, /dy) |} dA

(3.25)

In Egs. (3.25) one recalls that H, —Hgare the interpolation functions defined in Egs. (3.6) and (3.8).

The first set of stress resultants denotes the longitudinal-transverse internal forces and the other energy

conjugate terms denote lateral-torsional internal forces. The variation of the potential energy gained by
the member tractions ( P, P, P, ) undergoing displacements (T,V,W), , and(U,V, W), is
&V, = | [( P,ST + P,OV + p,oW)_+(p, 8T + p,oV + p,6W)_+(p,ST + p,v+ p,oW) }dsdz (3.26)
A
From Eq. (3.1), by substituting into Eq. (3.26), and performing the integral w. r. t. ds, one obtains,
OV, = [[ 47 0Ur (2)+ 00U (2)+0,0V(2) +0Qr W (2) + 0,5 0W (2)+M; 36, (2)+ My 6, (2) |dz
L

(3.27)

where the following equivalent line loads arise.

0 (2) = I(pn+pzw $)ds, O (2)= [ (P + PuH; ) ds
{ Pyr + Ny (8p,7 /02) |+[ Py + N5 (0P, /02) |+ ( P )}ds
H[pr+x (00, /02) |+| PoH; —n Py, (dH, /dy)+n,, (op,, /02 ) Hlj}

I{[pr+X aplB/@Z):I+[pXW —n pyW(dH3/dy)+n apzw/az HJ}

qu

qu
= {[X pyT = Pyr X1 (apzT /az):|+|:pXWH2_nwpyw(dzHZ/dyz)+nw(apzw/az)H2:|}ds

[XB pyB _nB pr +XBnB (asz/az):I+|:pwa4_nwpyw(d2H4/dy2)+nw(apzw/az)H4:|}dS

(3.28)

47



Chapter 3: Distortional theory for the analysis of wide flange steel beams (a)

3.7. Field equations and boundary conditions

From Eqgs. (3.19)-(3.21), and (3.27), by substituting into Eq. (3.18), and performing integrations by
parts, one obtains a coupled system governing the longitudinal-transverse response of the beam

P.(?) R(?) Pa(D)| [w Oy
Pi(D) Pu(D) Pu(D)| Wi =10 (329)
P31 ($) P32 ($) P33 ($) 3x3 v 3x1 qy 3x1
in which @ denotes the differential operator and P, — P, are defined as
XXW G IX)(W G
(D)= A+ Bt o S e (2)=pu (@) g -t oS
G G
Re(D)=Py(2)=- S P22($):—E(AB+'ZN gé““jfﬁz A
PL(D)=Py (D)= | P (D)=-E(l, +1,,)D" +GA,D?
23( )_ 32( )_ h ) 33( )_ (xxT+ xxB) + A\N
Also, one recovers the following possible boundary conditions for the problem.
I ! Ixx ' Ixx L
_—EWT (Ar +%+h—§’j—EWB(%— hwj NT:|5WT O:O
I ! AN I W ' AN I><xW L
—Ew, | XX Ew — ~Ng [6w,| =0
T(4 h? o\ ATy e )T NE Ol
- (3.30)a-d

i — L
_%(hv#wB —W, )+ BV (1 + IxxB)—Vy}cSv =0

0

- _ L
.fwum+mg{Mﬂ+Mmﬂ&b

=0

Likewise, one obtains the following system which describes the lateral-torsional response of the

member

QD) (D) (D) Qu(D)|[w] [
Qi(D) Qu(D) Qus(D) Qu(D)|)6 | _|m
QSl(‘@) Qaz(‘@) st(@) Q34($) Ug qu
Q41($) Q42($) Q34(‘@) Q44(‘@) HB mB

where the differential operators Q,; —Q,, are defined as

(3.31)
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Q.(D)=|E

Qp (ﬁ) =

Q (D)=

9Dh 36D ., 12D

D =Q, (D)= '+ -
Qu(2)=Qu(2) 70 15h h?
13Dh? D 6D
Qus(2) = Qx (D) = 420 220 +€°@2 h
—13Dh? D 6D
Qu(D)=Qu (D)= 120 $4—€$2+F
h°D Dh 2D
Q24($):Q42($):_m$4+E$Z+T
11Dh? D 6D
R T
, 13Dh 36D, 12D

9D)=| El D -9+
Qu(?) [ 35 } 15h h®
Dh3 4Dh

D)=\ El D*—| G D* +
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[ | 13Dh}@4 12D$2+12?
35 5h h
11Dh* ., D, 6D

@)= ¥ 5 e

3
{ o7 + 20 }:D“ [ 412h}$2

The associated boundary conditions are

o

30h

35

+2(2-v)(36u; +3h@; 360} +3h6) ) - Mu} =0

4D
h

4D

h

13h m D 2 m " 2 m
DjuT _Eo(m 67’ +54hug —13n’6;)

L

0

[—(EI we T 1sh Dj uy —3(54hu;"+13h2@;"— 22h2¢9g')

30h

35 420

+2(2-v)(~36u; ~3h6, +36u ~3h8, )V xs}suB

L
=0

0
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13h
HEIM = D]uT

+ 2V (Caeu,
"30n

13h
KEI% = DJUB

+%(36uT +3h6, 36U, +3h93)—MyB}5u'B

30h

D 2nm " 2nm
E(22h 6y +54huy —13h%6; )

L
=0

—3h6; +36u, —3h, )—M }5u
0

D " 2n 2n
4—20(54huT +13n°gy - 22h°65)

L
=0

0

{ EElMT 1?;5 Dj@;”-4—[2)()(22h2u;'+13h2ug'—3h39g')

L
+%(2-v)(3hu4 +4h%6; —3huy —h*6; ) +GJ, 6 —TT}S@ O =0
{ (ElmB 1';35 Djag'—4—[2)0(—13h2u;"—3h39;"—22h2ug')

L
+%(2—v)(3hu{ —h%; —3huj +4h°, )+ GJ, 0 —TB}MB 0

0
HEIM 1';35 Je;’ 4[2)0(22h2u"+13h2 r—3n°0;)

L
DV( 3hu, 4h20T+3huB+h2«98)—§T}59T' =0
0
HElmB 1:')35D]49g 420( ~13nh*uy —3h°gy — 22h’uy )
L
DV( —3hu, +h?6, +3hu, 4h298)—§3i|59é =0

0
(3.32)a-h
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3.8. Closed form solution

The total solution is the sum of the homogeneous solution, obtained by setting the right hand sides of
Egs. (3.29) and (3.31) to zero, and the load dependent particular integrals. In the following, the
homogeneous solution for the longitudinal-transverse response is provided (Section 3.8.1) and for the
torsional flexural response in Section 3.8.2, and the particular solution for general tractions is provided

in Section 3.8.3.
3.8.1. Homogenous solution for the longitudinal-transverse response

For the longitudinal-transverse response, the displacements are assumed to take the exponential form
<WTh( ): Wey (2). v, (2 )> C (¢ >T “

(3.33)
in which (¢). = <K,§i,a>T . From Eq. (3.33) by substituting into Eq. (3.29), one obtains

([pe]ei +[p.]e? +[p]e +[ o)), , (4} e = {Ohs (3.34)
in which,

1 10 0 0 1 00 0
[po]ﬁﬁ\” -1 1 0|, [p]=2 0 0 1, [p.]=|0 O 0

0 0 0 11 0 0 0 —E(ly+le)

—E(A +A,/4+1,,/07)  —E(A/4-1,/0°) 0
[0.]=| E(AJ4-1,,/07)  —E(A+A/ar1,,/0) 0
0 0 GA,

The polynomial eigen-value problem in Eq. (3.34) can be converted to the equivalent linearized eigen-

value problem

[[0] i [[pz]] [[pl]] [[p(j] [[.F’_e]]__ ﬂ ﬂ ﬂ {4{’5}}

AT et A G 3 0 0 G B € 1
JOREOINCRRONN ORI HOH T B
RN CREOHCINICHUNOHOIR ST
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where[l3] denotes the 3x3 identity matrix. The solution of Eq. (3.35) is solved for the 12 eigen-pairs (

C; ,{¢}i ). Only eight of the 12 eigen-values are finite. These consist of two distinct roots C; andC, and

six zero roots. Thus, the solution takes the form,

wy (2)] Al A
Wy, (2)p=D.Ce*< B t+>.Ciz %4 B, (3.36)

From Eg. (3.36), by back-substitution into Eq. (3.29), one recovers 18 equations of which 12 are

independent. Constants 1&3...&,53,63 are set to unity and the remaining constantsA,Bi,Ci are

determined from the 12 independent equations, yielding the solution

Wy, (2)
th((z)) =[[*.(2)],, [®,(2)],,](Cl (337)

in which(C)TSX1 =(C, C, ... GC,)is a vector of integration constants to be determined from the

boundary conditions of the problem. Matrix [CDe (z)] = [{@}M e {d},, e°22] consists of the eigen-
vectors{¢1},{¢2} corresponding to the two distinct roots C; and C, obtained by solving Eq. (3.35),

respectively multiplied by the exponential functions e™,e”  and

1 iz: ?+e2" ¢ Z+a® 0 10
[Cl)p(z)]: 0 iz e +az' ozt +a,2’ 0 1 |0 (3.38)
a2 0} az+a,2’ | a2 +azt —agz i ]

in which
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(R -PP)(R+2P,+P) (R -PP)(R+P,+2P)

o, = , O, = —

' 12R(R+PR)(R+P,) 7 20R, (P, +P,)°

as:_G[aFgP; —P32P42+2P4P5P62+P1P2P32+P2P4P62],a __R+P__ P

P,(P,+P,)(P/-PP) " R+R'° PR

(R+P) 2P PP, (P +2P,+P,)-P,(P’-PP)

aez 4—__,a7=_3p6 >
P(P+P) P P,(P,+P) (P -PP,)

o = (R+2P,+PR) Y (P,+2P,+PR,)

P 3R(R+PR) T 4R(P,+PR)

and P, — P, are defined as

- _ i Ixxw _ i Ixxw _ _ ﬂ_lxﬂ
P = E(Ar+4+h2j,P2_ E(AB+4+h2j,P3_GAN,P4_ 5(4 hzj

G G
PSZ_E(IXXT+IXXB)’P6:_ hAN’P7: hAz\N

3.8.2. Homogenous lateral-torsional response

For the lateral-torsional response, the displacements are assumed to take the exponential form

(Ur (2),6r, (2),Ugn (2) O, (z)>T =D, () e (3.39)

in WhiCh<1//>iT :<:§EE>T . From Eq. (3.39) by substituting into Eg. (3.31), one obtains

([a]d" +[a]d’ +[an]), , (¥i}ea =10}

(3.40)
in which,
6 3h -6 3h ~12 —h 12 ~h
2D|3h 2h® -3h h? D| -h —5hGJ,/D-4h?/3 h h?/3
[]=F 16 an & —an|1%]=50| 1 h 12 h
3h h* -3h 2h’ ~h h?/3 h —5hGJ,/D-4h?/3
El,; +13Dh/35  11Dh?/210 9Dh/70 —13Dh?/420
_| 11Dh?*/210  El,, +Dh%/105  13Dh’?/420 —~Dh*/420
[%.]= 9Dh/70 13Dh?/420  El,, +13Dh/35  —11Dh?/210
—13Dh?/420 —Dh®/420 -11Dh?/210  El_ . + Dh%/105
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The polynomial eigen-value problem in Eq. (3.34) is then converted to the equivalent linearized eigen-

value problem

{—[?']] [[‘”O]]L;m H ]] {gﬂ} {{ }{iw}}mz{o}&l (341)

in which, m; =d’and[ I, ]denotes the 4x4 identity matrix. Equation (3.41) is solved for the eight eigen-
pairs (M, ,{W}j , j =1...8), resulting in 16 eigen-pairs (di :J_r\jm_j,{l//i}), i=1...16 . Ten out of the 16

eigen-values, 1=1...10 are observed to be distinct while the remaining six rootsi =11...16 are observed

to vanish. The solution thus takes the form

16
i-11
+> Dz

i=11

=[[¥.(2)] [¥.@)]. ]Ph, @2

6 (2)

Th(z) N e
i (2)] %"
00 (2)

Of Of 2| >

A
B
C,
-

In the right hand side of Eq. (3.42), (D)’ wi=(D D, . D, )" is a vector of integration constants

to be determined from the boundary conditions and matrix
(z)]= [z//l SR R 77 i O {://10}4X1ed1°zj consists  of  eigen-vectors{y; | to{w,}

corresponding to the distinct roots d, -0,, obtained by solving Eq. (3.41), respectively, multiplied by

the exponential functions e®* to e*. The procedure for obtaining matrix [‘I’ p(z)l;xs is provided in

Appendix A.

3.8.3. Particular solution

Given general member tractions, the line loads Q,r,0,5,0y0yr 0y, My, Mg can be determined from Eq.

(3.28). These are then expanded as Fourier Series in terms of the longitudinal coordinate, i.e.,

<qu qu qy qu mT qu mB> =

Sles ") 0]} [, faa), ), (o, (), fEl, ()]

n=1

(3.43)
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where the Fourier coefficients [{aﬂ}n {aZB}n {ay}n {axT}n {ET}n {axB}n {ﬁs}} are

N _12x7

determined from

o), {aa), {o], 8], (™), fau}, {me} ]
J-L{COS nzz/L)

sin(nzz/L)

(3.44)
;
}(qﬂ Gp O, G M Gg M) dz
From Eq. (3.43), by substituting into the right hand sides of Equilibrium Equations (3.29) and (3.31),
one can express the particular solution <er (2),We, (2),V, (2), U, (2), 6, (2),Ug, (2), Bsp (z)>T in the
form
.

<WTp (Z)'WBp (Z)'Vp (Z)'qu (Z)’an (Z)’qu (Z)’HBP (Z)> =

= T nrz nzz ! (3.45)
Z;<{Sl}n’{82}n’{53}n’{s4}n’{s5}n’{Sﬁ}n’{s7}n>7xz cos T sin L

n= 2x1

where the unknown displacement constants {Si}n ,1=1...7are expressed (Appendix B) in terms of the

Fourier load terms [{aﬂ}n {aZB}n {ay}n {axT}n {ET}H {axB}n {ﬁs}nlﬂ.

3.9. Numerical examples

In order to assess the results based on the present solution, several numerical examples are solved based
on the present theory and comparisons are compared to shell FEA under Abaqus/CAE, the Euler-
Bernoulli beam solution, the Timoshenko beam solution, and the Vlasov theory, where applicable. In
all examples, a mono-symmetric WRF1000x340 steel section is considered (Fig. 3-5) with
E =200,000MPa,v =0.3.

The commercial software Abaqus 6.11-1 is utilized to develop a 3D shell FEA model. The model is
based on the S4R shell element, which has four nodes with six degrees of freedom per node of which

five are independent. The element adopts reduced integration to avoid shear locking.
3.9.1. Example 1: Longitudinal-transverse response

A cantilever is subjected to a transverse force P=1,000 kN acting on the tip, Fig. 3-5 (i.e., the beam is
loaded and is deforming in the plane of the web). The cantilever span is assumed to vary up to 6.00 m.

For each span, the tip displacement is predicted through (a) the conventional Euler-Bernoulli beam
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theory which does not capture shear deformationVg_g, (b) through the shear-deformable Timoshenko
Theory, V7, (c) the present theory, and (d) the shell finite element S4R in Abaqus and the results are

compared in Fig. 3-5. For the shown beam, the transverse displacement Vg as predicted by the Euler-

Bernoulli theory is vg, =P(3L22—23)/6E|X. Under the Timoshenko theory, the displacement is

vT=P(3Lzz—z3)/6EIX+Pz/GAKSX where the shear correction factor is obtained as from

-1

Ky =| (A/17) j (Q?(s)/t(s))ds | =0.23 (e.g.,Iyer (2005)).

S

In the Abaqus model, 40 elements are taken along the web height, 11 along the top half flange and six
elements along the bottom half flange. Forty elements per meter are taken along the longitudinal
direction. For aspan of 4.00m, this corresponds to 71,040 degrees of freedom. This compares to seven

active degrees of freedom used to obtain the closed form solution within the present study.

Coordinate z (mm)
0 1,200 2,400 3,600 4,800 6,000

0 e ———————
L ) *“‘~“\
S
e
-10 s
= ..&"‘é\\
E20 TN\
c S N
i) : 2‘4_.\
1a] 1000KN N,
§'30 """""""" - 0.55m—— = N a‘. \
8 [ i IfAl.(Mm S ‘+.A__-_+ \:\.\
o 1 )
i:-40 777777777777777 0 9‘2:; "(‘},“1(3111 } Vlasov Theory “.‘.\. \
’ I LY Timoshenko Theory N. \\,.‘
'50 """""""" 5o (),I]—lm 4%,,‘?,,, - = Present Theory Y \\.(‘
- - - - = - Shell Finite ELement N
-60

Fig. 3-5. Tip deflection for transversely loaded beams
In the shell finite element analysis, the average of the vertical displacements at points A and B are
displayed. A summary of the tip displacement results is provided in Table 3-2 for a 4.00 m span beam.
The present theory is shown to agree within 4.5% with the Abaqus solution, in very close agreement

with the Timoshenko beam solution. The difference between the present theory and Abaqus is attributed
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to the fact, that unlike the shell solution, the present theory does not account for the compressibility of
the web in the vertical direction under the vertical load. The Euler Bernoulli beam solution provides
significantly lower displacement predictions than all three other solutions, since it does not capture shear
deformation effects, which are significant for such a deep beam.

Table 3-2 Vertical displacement at the tip of 4.00 m span cantilever

Method of Analysis Vertical Percentage difference
Displacement relative to Abaqus solution
(mm)
Abaqus-S4R shell solution 20.1 -
Present theory 19.2 4.5%
Timoshenko beam 19.1 5.2%
Euler-Bernoulli beam 13.6 35.3%

3.9.2. Example 2: Cantilever under torsion

A 4.00 m span cantilever is subjected to two parallel and opposite 20 kN forces (Fig. 3-6a) inducing a
19.2 kNm twisting moment. It is required to determine the angle of twist along the beam under Vlasov
theory, the present study and shell finite element for each span. The Abaqus mesh is taken identical to
that of Example 1.

34.91 kN

<055 mﬂ
| |

64 kN

Y

e —aon /3 -
O.30$
m

64 kN

(@) (b) (©)

Fig. 3-6. Three scenarios for applying a twisting moment 19.2 kNm; a) Case a-Examples 2 and 3, b) Case b-Example 3, and c)
Case c-Example 3
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Cantilever Span (mm)

0 500 1,000 1,500 2,000 2,500 3,000 3,500 4,000
-0.002 i
&
8-0.007
S Vlasov
%/ = «=\Neb Average - Present Theory
(28
= 0.012 | =Web Average - Abaqus
% = Top Flange - Present Theory
%-0.017 == Top Flange - Abaqus
< = .« Section Average - Present Theory AN N
0.022 | = - Section Average - Abagus > N <
«++++ Bottom Flange - Present Theory | S N
S

= = =Bottom Flange - Abaqus 20kN
_0027 g q ‘[—‘_i_ 0O

Fig. 3-7. Angles of twist along the cantilever span

For a solution which captures distortion, such as the present theory, or such as the Abaqus shell FEA,
each point of the cross-section has a distinct angle of twist. Thus, it is convenient, when comparing
against the Vlasov theory, to define an area-weighted average angle for the angle of twist 9, and g; for

the web and for the entire cross-section respectively, i.e.,
0u(z)=—-[0(s,2)dA,  B:(2)==[0(s,2)dA (3.46)
Ay &, A

When evaluating the average angle of twist based on the present theory 6., the integral terms in Egs.
(3.46) are explicitly determined from the known distortional functions, while for the FEA model, the
average angle of twist e , is computed numerically. Fig. 3-7 shows that the angles of twist as predicted
by the present theory are in very good agreement with those predicted by the Abagus model. This is the
case for both flanges, the average angle of twist of the web, and that of the cross-section as defined in

Egs. (3.46). For a span of 4.00m, the web average angle of twist as predicted by the present theory is
2.44x107 rad while that predicted by Abaqus is 2.53x107 rad corresponding to a 3.56% difference.
The section average angle of twist by the present theory is 1.20x107rad which compares to

1.27x107 rad based on Abaqus, corresponding to a 5.51% difference.

It is worthwhile to note that, close to the cantilever root, the Vlasov theory predicts a lower angle

compared to the average angle of twist as predicted by the present theory and Abaqus. In contrast, at
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the tip, the Vlasov theory predicts a higher angle of twist that is significantly higher than that of the
average angle of twist as predicted by the present theory. It is also of interest to note that near the tip,
the average angle of twist for the web is significantly higher than that based on the Vlasov theory. In
contrast the angles of twist of the flanges happen to be smaller than the angle of twist as predicted by

the Vlasov theory.
3.9.3. Example 3: Cantilever under various types of twisting moments

A 3.00 m span cantilever (WRF1000x340) is subjected to a 19.2 kNm twisting moments at the tip using
three different loading schemes as shown in Fig. 3-6a-c. In Case (a), two horizontal forces are applied
at the web to flange junction, while in Cases (b) and (c) vertical loads are applied to the top and bottom
flange as shown. Within the Vlasov theory, the solution for all three loading scenarios yields identical

results. This is due to facts that all three loading scenarios yield the same equivalent twisting moment,

T =19.2kNm, which is conjugate to the same angle of twist, 0( L), in all cases.

Under the present theory (in Case (a)), the conjugate of term ou, (L)as given in Eq. (3.32)a is set equal

to V,; =20kN | i.e.,

13hD m D 2 m m 2 m D ’ ' ’ '
{—(EIWT o juT —420(22h & +54hu? —13h 08)+ﬁ(2—v)(36uT +3h@! —36u,, +3h98)1 =V,

Also, the conjugate of term dU; (L)as given in Eq. (32b) is setto Vg =—20kN | i.e.,

l 3 h D m D m " m D ! ! ! 4
{—(Ele o juB ~ 420(54huT +13h20) _22hZeB)+3O—h(2—v)(—36uT —3hé; +36u}, —3hd, )}L =V

In Case (b), the conjugate term of 56, (L)in Eq. (33.e)is set T =19.2kNm, ie.,

3
{—(EI +h—D]@T'"—3(22h2u;"+13h2ug'—3h39g')

“T =105 420
+3%;(2—v)(3hu; +4h?0. —3hu], —hzeé)+GJT6?T’ } =T,

In Case (c), the conjugate term of 66, (L)in Eq. (33.f)issetto Ty =19.2kKNm  je,,
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h3 m D 2,.m 2,.m 3qm
{—(EIM T D]HT —m(zzh uy +13h°ug —3n°6y)

DV 1] [ ’ ’ !
+ﬁ(2—l/)(3hu.r +4h*0; —3huy, — h2¢93)+GJT49T } =T,
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Fig. 3-8. Cross section deformed configuration at the tip for cases (a), (b) and (c), (Displacement amplification factor=10)

Figure 8 provides the deformed configuration of the cross section at the cantilever tip for all loading
scenarios. In Case (a), where torsion is induced by horizontal forces, the twisting action is
predominantly resisted by the flexural action of both flanges about the y axis, as well as the flexural
resistance of the web about the z axis. In contrast, in Cases (b) and (c), torsion is induced by vertical
forces, and are predominantly resisted by the twisting resistance of the top flange (in Case b) and the
bottom flange (in Case c), as well as the flexural resistance of the web about the z axis. Given that the
flexural resistance of the flanges about the y axis are significantly higher than their twisting resistance,
it is evident that the twisting moment applied under Case (a) induces less distortion than Cases (b) and
(c). Also, since the top flange is larger than the bottom flange, the distortional deformation in case (b)

is smaller than that of Case (c).
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3.9.4. Example 4: Cantilever beam with restrained top flange

A 3.0 m span cantilever (cross-section is identical to that of previous examples) is fully restrained by a
continuous lateral and torsional support along the top flange. The beam is subjected to a concentrated
40 kN lateral load acting at the cantilever tip, applied at the bottom flange. The S4R shell mesh adopted
in Abaqus is similar to that of Example 1. A total number of 120 elements are taken along the

longitudinal direction, corresponding to 53,280 degrees of freedom. Within the present theory, the

problem is solved by setting & (z)=0,u; (z)=0, in Eq. (3.31), yielding two coupled equations in the

remaining two displacement fields 6, (2), U, (2).

Fig. 3-9 shows the deformed shape of the cross section at the tip as predicted by both studies. Excellent
agreement is obtained between the present solution and Abaqus. It is of interest to note that under the
Vlasov theory, the solution would yield zero displacements and angle of twist given the continuous
lateral and twist restraint and given that the theory does not capture distortion.

mm = Undeformed Configuration
eeee« Present Theory
500 |- = _==Shell Finite element
.'1
250 i
!
/
0 / |
! "ﬂ\i e
!
-250 /
!
!
500 LT cevvenr
-400 -200 Am 200 400

Fig. 3-9. Deformed shape of the cross section at the tip with restrained top flange, (Displacement amplification factor=10)
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3.9.5. Example 5: Cantilever under transverse uniform distributed load

A 4.00m span cantilever (WRF1000x340) is subject to 50 kN/m uniform line load applied at an
eccentricity X, =S, =0.20m from the web to flange junction (Fig. 3-10). To obtain the particular
solution for the problem, the tractions corresponding to the line load can be expressed as
py(s,n:O,z):SOE(s—O.ZO) kN /m?, where & denotes the Dirac delta function, which has been

adopted to apply localized tractions at the load line of application s =0.2m. This is then substituted

into Egs. (3.28), yielding a vertical line load qy(z):SOkN /m and top flange distributed twisting

moments m; (z) =10kN /m. The procedure described under Section 3.8.3 is then implemented. A

convergence study indicated that (n=35) Fourier terms are needed to represent the loads. Additional
terms were observed not to change the results within three significant digits. The displacements and

angles of twist at the tip of the cantilever are provided in Table 3-3.

Table 3-3 Displacements and angles of twist at the tip of the cantilever

Displacements Uy 6, Ug A W, W, V
(mm/Rad) (mm) | (rad) mm) | ad) | @m) |@m) |M™™
Present Theory -1.10 -0.0589 |6.78 0.0103 |-0.123 |0.198 1.56
3D Shell FEA -1.13 -0.0610 |6.97 0.0110 |-0.125 |0.193 1.54
Difference % 2.6 3.4 2.9 6.3 1.6 2.5 1.3

The deformed configuration of the cantilever tip is shown in Fig. 3-10. Overlaid on the same plot is the
deformed configuration as obtained from Abaqus. The lateral displacements of both flanges and the
transverse displacement of the beam are provided in Fig. 3-11. Fig. 3-12 shows the angles of twist at
both flanges. Excellent agreement between the predictions of the present theory and Abaqus is observed

for all displacements.
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Fig. 3-12 Angles of twist of top and bottom flanges
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3.10. Summary and conclusions

1. A new theory was developed for the analysis of mono-symmetric wide flange steel beams which
incorporates web distortional effects, shear deformation effects in the web, as well as local and
global warping effects.

2. The theory leads to two sets of coupled differential equations of equilibrium describing the
longitudinal-transverse and lateral-torsional responses through seven displacement fields. The
theory also provides the possible boundary conditions associated with the field equations.

3. General closed form solutions for the coupled equations were then developed of the resulting field
equations.

4. The theory was applied to solve problems involving longitudinal-transverse responses, torsion, a
beam with one flange restrained and a beam under eccentric line loads. Results were compared to
those based on the Timoshenko beam theory, the Vlasov thin-walled beam theory, and 3D Shell
finite element modeled in Abaqus. The results are shown to agree well with Abaqus FEA results
with very few degrees of freedom.

5. The theory provides insight on the torsional behaviour of steel sections and the way it is influenced
by distortional effects. Unlike the conventional Vlasov theory, the present theory shows that the
response of a beam greatly depends upon the type of twisting moments applied to a section. All
conclusions are confirmed by shell FEA predictions.

6. A cantilever under twisting moments is observed to generally exhibit distinct angles of twist at the
top and bottom flange. The angles of twist at the tip are typically less than those predicted by the
Vlasov theory. However, the average angle of twist of the web is typically larger than that predicted
by the Vlasov theory.

7. For the problems investigated, the average angle of twist for the whole section was shown to be
larger than that of the Vlasov theory near the cantilever root, but typically smaller at the cantilever
tip.

8. The formulation lends itself naturally to model continuous lateral and/or constraints at any of the
flanges to simulate cases, for instance, where one of the flanges is connected to a concrete slab while
capturing the distortional response of the web and the lateral and torsional response of the

unconnected flange.
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3.11. Appendix A
This appendix provides the homogeneous solution for the torsional-flexural response. From Eq. (3.42)

by setting constants Auw...Ais =1.0 and substituting the polynomial component of the solution

Up, (2) i
6 (2) 6 |B
— DizI 1 — (347)
w(@d)] &G
Oen (2) p 3

into Equations (3.31), one recovers 24 equations of which 18 are independent. The remaining constants

EEE (i=11..16) are determined from the 18 independent equations through

on
U

in which<i>zx6=<z A, i>=<1 1111 1), <3>L18=<<E>L6 <(=3>L6 <B>L6> ,

<E>LG=<E B, .. B=16>,<(=3>T ~(Ca Ca - Gy and<B>L6=<Bn Di .. Di). The

1x6

>l

= {O} 24x1 (3.48)

[[C ]l8><6 [Cj:|18><18:|

entries of matrices [Ca]and [C J. ] depend upon the section and material properties. The non-zero entries

of matrix [C, ], . are

6D
Ca(n) = Ca(s,l) = Ca(4,2) = Ca(6,2) = Ca(8,3) = Ca(g,a) = Ca(11,4) = Ca(1z,4) = Ca(14,5) = Ca(lS,S) = Ca(17,6) = Ca(18,6) = "
12D
Ca(2,1) = Ca(s,z) = _Ca(7,3) = _Ca(lO,A) —C a(135) — —C a(16,6) F
C 48D 144D 12D 24D
a(7) — _T1 a(10,2) — _5—h’ a(133) — _5_h1 a(16,4) — _5_h
12D 6D
C 81) — C a(91) — —4D,C a(11,2) Ca(12,2) = _T’Ca(ls,?}) = Ca(16,3) = _?
2D 312hD 312hD
Ca(174 =C a(18,4) —C a(13,) _120E| T ,C a(16,2) _24E| T
44h°D 44h°D —26h*D —26h°D
Ca(14,1) = T’Ca(ﬂ,z) = T’Ca(ls,l) = T'Ca(l&z) = 35

Also, the non-zero entries of matrix[c J. :LS . are
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6D

=C, =—C i(715) = _F

C =C =C = Cj(s,?) =Ciug =Cjs =C i(6:8) i(73) © —C

i17) i(2) i(2.13) i(48) — “i(5.2)

j(5.14)

c 6D

i(as7) = e

i(8.9) i(9.9) T T 7i(10,4) T T “j(1016) i(11.10) j(1210) T T “j@ss) T

6D

i(as12) — h

Cj(14,11) = Cj(15,11) = _Cj(ls,s) = _Cj(16,18) = Cj(17,12) =C

12D

—C iara2) = "

Cj(2,7) = Cj(5,8) = _Cj(7,9) = _Cj(lo,lo) =T Vjaan) T —C

=—ZOGJT—¥ Ciz =—12GJ; —@,CMM):—GG\]T—%?D,C. oGy, - 8D

C j(17,4) 15

j(81)

C _ 48D 144D 12D _ 24D
i77) 7 T8 T gy 1Ti89) T g Y Ti810) _ﬁ

12D

_Cj(12,8) == 5

Cj(7,1) = Cj(7,13) = _Cj(8,7) = _Cj(9,7) = _4D’Cj(10,2) = Cj(10,14) = _Cj(11,8) =

6D 2D

Cj(ls,s) = Cj(13,15) = _Cj(l4,9) = _Cj(lS,Q) =T Cj(16,4) = Cj(le,le) = _Cj(17,10) = _Cj(ls,lo) = "5

4Dh C _c 4Dh C _c :2Dh C _c 2Dh

i91) = T1 j(11,14) i2.2) = ?1 i(14,15) i(15,3) 5 ' ia716) i(s,2) = ?

C =C

i(813)

44h*D 44h°D ~26h°D ~26h’D 16hD

C C —20G); ———
3

Cj(13,1) :T’ j(16.2) ~ T’Cj(lal?:) :T’ j(16.14) :T’ i(9.13)

16hD 8hD 8hD 6D’
1263y === C g =661~ C 263 =~ Cyasn =Crosn =~

j(1816) — ~4VB 15 ' ite)

C

j(1214) =

4D

i(18.18) T

Cj(l,l) = Cj(4,2) = Cj(6,14) = Cj(s,s) = Cj(9,15) = Cj(11,4) = Cj(12,16) = Cj(14,5) = Cj(15,17) = Cj(17,6) c

6Dh? 44h*D 44h*D 108hD 108hD
C :Cj(17,14):_ 35 j(157) =~ 7 ’Cj(18,8):_ 35 ’Cj(l3,7): 7 ’Cj(16,8): 35

i(17,14)

Cj(ll3) C, i(31) — Cj(4,14) = i(815) — C =C =C = Cj(14,17) =

2D
j(18,6) — T

j(9.3) j(11.16) j(12,4)

C =C

i(15,5) j(1718) —

4h°D 8h3 8h3D
ooB +4—20 C (1513 120E| T C 1814) _24E|

8h°D 8h°D 8h°D 8h°D
0B +7 Cg =g G = G =g

C =El

i(313)

C.

j(14,0)
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Solving Eq. (3.48) for {?} , One obtains,

{ }mxl - _[ lsxls 18x6 { }6 N (3.49)

From Eq. (3.49), the vectors of constants {E}{ F} and {B} are expressed as

{E}le B I:jb :|6x6 {X}M |1 6x18 [ ] 8><18 18><6 { }6 \
{E}Bxl - _[ 2 ]leg [C 18><18 18><6 { } (3.50)
{B}Ele N _[ I3]6><18 [C 18><18 18><6 { }

in which
[I1]6><18 ZI:[I ]6><6 [0]6x6 [O]exe:l’[IZ]exls :[[O]GXG [I ]6><6 [O]exe:l’[IS]sxls :[[O]exe [0]6><6 [I ]6><6:|
From Eg. (3.50), by substituting into Eg. (3.47), one obtains matrix [‘Pp(z)] in Eq. (3.42) which

relates the polynomial displacement components (ur (2) 6 (2) ug(z) 6s(z )> to the integration

constantvector(D);l:<Dll D, .. Dg) as

[\Pp (Z):I ) _([I2]6x18 [CJ’ :':::xlB [Ca ]18X6 {z}ﬁxl )T I:P (Z)]M

(3.51)

and [P(z)] . =Diag(Lz,..2°)

3.12. Appendix B

From Egs. (3.43) and (3.45) by substituting into Eqgs.(3.29) and (3.31), and differentiating with respect

to Z , one obtains two systems of equations,
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F_)ll I:_>12 O Slc O 0 F_)13 Sls qu —C nzz

Py P O[S0+ 0 0 Byls,t-{d.. cos[—j

O 0 E3 3c El ﬁ32 0 S3S qy_c n
IS11 I:_)12 0 Sls 0 0 _F_)ls Slc qu—s 0

+ F_’21 F_’22 0 [S,¢+| O 0 —F_>23 S, 0,5« sin[—jz 0:n=12.0
0 0 |333 Sss _Isal _Issz 0 SSC qy—s 0

where the following constants have been defined.

R N O

4 n L h? h? L h?
- - GA/(nr = A, 1, )\(nz) GA,
e S e G R

_ _ G nzx — Nz ! 1V 2
P=Ba= (7] Bom el 7] oA [T

For a given mode N, by setting the coefficients of cos(nzz/L)and sin(nzz/L) to zero, one recovers
six equations in the unknowns(Sy, S, S8 S,:S, ). in terms of the load terms
<qﬂ7c,qu*C,qH,qZTfs,qZst,qyfs> . The resulting system of equations is then solved for
(Slc’ SZc’ S3C’SIS’SZS’S3S )n .
Also, for the torsional-flexural response, one has
611 612 (513 614 S1c qu —C
QZl QZZ Q23 Q24 2c r‘I_’LI' —C

S

Qu Qi Qp Q Sz Oxe—c

Q41 Q42 Q34 Q44 S4c n_’]B—c
?11 ?12 ?13 ?14 Sis

n 921 ?22 (223 924 Sy _ Tﬁs Sin(%jz 0ln=12.
Qu Qp Qp Q4 Sa Ose—s L
Qu Q. Q4 Qu S

(3.2)

n

where
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Q13—Q31— 70 ( L] 15h( L) h3 Q14_Q41_ 420 (Tj +E(T] +F

- h'D(nz) Dh(nz) 2D
= = —— — B — — +_
Qs = Qu 140[ L j 15( L j h

_ - —11ph?(nz) D(nz) 6D
e, () 5

210 \ L) 5
5. -[g 130 (n_;szJr%_D(n_ﬂjZJrlZD
® o35 L) 1shlL h?

_ pDhd |/ nz ) 4Dh 4D
=|El . +—— +| GI D + —| +—
Qu { ©oB 105}( Lj { 15 }( Lj h

Again, for a given mode N, by setting the coefficients of cos(nzz/L)and sin(nzz/L) to zero, one

recovers eight equations in the unknowns (S, Sy, Sa, Syc1 Sier Sz61 Sz Sy ), in terms of the load terms
<C_le,c,rT"IT,C,qu,C,mB,C,qu,s,rﬁT,s,qu,s,rﬁB,5>nThe resulting system of equations is then solved for

(Slc’ SZc ' SSc ! S4c ! Sls ' S23 ' S3S ' S4s )n .

3.13. List of symbols

Subscripts T, B, W, M and P denote the correspondence to Top and Bottom flanges and the Web or
Membrane and Plate bending action respectively.

ysz’yyzB’yxyB
17sz’7/sz’7xyT

Shear strain of the xz, yz, xy plane

Vo Vyp Web strain in the yz plane
Eyp Normal strain of the web along the y direction
g, Total normal strain along the z direction
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Normal strain along the z direction

Angle of twist at the flange to web junction

Poisson’s ratio
Total energy of the system

Normal tractions along z-axis acting at member ends

Normal stress of the web due to plate bending, along the y direction
Total normal stress in the web and the flanges along the z direction
Shear tractions along x and y axes acting at member ends

Shear stresses

The exponential components of the homogenous solution

The polynomial components of the homogenous solution
The i eigenvector of the Generalized Eigenvalue Problem
Cross sectional areas

Bimoments at member ends
Flange widths

Eigenvalues of the linearized eigen value arising from longitudinal-

transverse response equations
Differential Operator

Flexural rigidity of the web

Integration constants arising in the lateral-torsional response

Eigenvalues of the linearized eigen-value problem arising from the

lateral-torsional response equations
Modulus of elasticity

Shear modulus

Cubic shape functions
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Hs (y) Hs (Y)
h

(1], [1]

woB! " ool

XXB? T xxT 1 T xxW !

xyB? TxyT

3o,
L

Neg, N+

MXB,MyB,MxT ,MyT

Mg (2).m (2)
Mg, N, N,

P

[Q] i=1...4
Qij

[q,] i=01,2

0 (2) 8 (2)
a, (2)

05 (2), 01 (2)
S.,S:,S.,S

XB 1 SXT ' MyB ! SyT

Te,T1

yyB!

Linear shape functions

Height of the cross section, measured along the flanges centerline
Identity matrices of the size 3x3and4x4

Local warping constant of the bottom and top flanges

Moment of inertia about x and y axes

Product moment of inertia

Polar moment of inertia

Beam span

End axial forces applied on bottom and top flanges

End bending moments induced by tractions about x and y axes
Distributed twisting moment

Normal component of local coordinate system

Components of the DEs coefficient matrix due to longitudinal-
transverse response

DEs coefficient matrix of the i order for longitudinal-transverse
response

Components of the differential equation coefficient for lateral-
torsional response

DEs coefficient matrix of the i order of lateral-torsional response
Lateral distributed load, along z axis

Transverse distributed load, along z axis

Longitudinal distributed load, along z axis

First moment of area about the x and y axes

Twisting moments at the end of the beam
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t bty Thickness of the flanges and the web

Uz, Us Uy Ui Internal strain energy

Ug, Uy Lateral displacements at the flange centroid

Us ) Ur ) Uw Lateral displacements of a point offset the middle surface

\Y/ Total potential energy gained by the loads

A'A Load potential energy due to end tractions and member tractions

Ve ,\7xT Lateral shear forces at the end induced by tractions

\7y Transverse shear force at the end induced by tractions

v Transverse displacement on the middle surface

Vr ,\_/B Transverse displacements of a point offset the middle surface

Vaw Total transverse generalized displacement of the web

Ve Transverse displacement of the web due to plate bending behaviour

Wg, Wi Longitudinal displacements at flange centroid

V_VB,\7VT,V_VW Longitudinal displacements for a point offset from the middle
surface

Wap Longitudinal displacements of the web due to plate bending action relative to a

point on the middle surface
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Chapter 4

Distortional Theory for the Analysis of Wide Flange Steel Beams

—Finite Element Formulation®

4.1. Abstract

Two finite element formulations are developed for the general distortional analysis of beams with
monosymmetric sections. In the first formulation, cubic and linear Hermitian polynomials are
adopted to interpolate the nodal displacements; whereas in the second formulation, shape
functions that exactly satisfy the governing field equations were used. Because the distortional
lateral-torsional and the longitudinal-transverse responses are fully uncoupled, separate finite
elements were developed for both types of behaviors. A comparison with other finite element
solutions and a recently developed distortional theory established the validity of the present
formulations. A study was then performed on the stability and convergence characteristics of both
elements. The new elements were then adopted to solve linearly static analysis of simple beams
and beams with overhangs. The formulation is shown to reliably capture the difference in behavior

between stiffened and unstiffened beams

Authors KeyWOI‘dS: Thin-Walled Beam, Distortion, Torsion, Warping, Coupling, Finite

element

@ pezeshky, P., and Mohareb, M. (2015). "Finite-Element Formulations for the Distortional Analysis of
Wide Flange Steel Beams." Journal of Engineering Mechanics, 04015071.
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4.2. Introduction and Literature Review

Classical theories (Vlasov (1961), Gjelsvik (1981)) associate with four principal modes of
deformation (i.e. Axial, biaxial bending and torsion). However, beams with slender web are shown
to deform significantly in a distortional mode (e.g., Rajasekaran and Murray (1973), Hancock et
al. (1980), Bradford and Trahair (1981),Wang et al. (1991) and Hassan and Mohareb (2012)).
Schardt (1994) developed a generalized beam theory (GBT) in which distortion is introduced as
the fifth mode of deformation orthogonalized to the other modes. Subsequently, Davies and Leach
(1994) provided closed form and finite difference solutions and determined the relevant sectional
properties and warping functions based on the GBT approach. Jonsson (1998), Jonsson (1999a)
and Jonsson (1999b) characterized distortion in a manner consistent with the way torsion is treated
in thin-walled beam theories. He developed a linear finite element to formulate torsional and
distortional warping functions and shear stresses for open and closed sections. Saadé et al. (2006)
developed a finite element using the orthogonality condition between distortional modes and other
classical modes of deformation. Their kinematics are identical to those of the Vlasov theory
(Vlasov 1961), except that they introduced a distortional center for each segment of the cross
section. Jonsson and Andreassen (2011) extended the GBT approach and developed a finite
element to relate the displacements within the cross section to nodal displacement using Hermitian
polynomials. In their work, longitudinal displacements are approximated through polynomial
interpolations while the distortional displacements are characterized through exponential
interpolations. Andreassen and Jonsson (2012), then extended their work to account for distributed
loads. A recent study (Pezeshky and Mohareb 2014) developed a distortional theory for wide
flange cross sections. Unlike the treatments adopted in GBT solutions, the orthogonality
conditions were relaxed and the resulting coupled differential equations (DEs) were exactly solved
for the general loading.

In addition to the various studies related to static distortional analysis summarized in the previous
section, a series of distortional buckling studies were developed by various researchers. This
includes the work of Rajasekaran and Murray (1973), Johnson and Will (1974),(Bradford and
Trahair 1981; 1982) ,(Bradford 1985; 1986; 1992a; 1992b), Chin et al. (1992), Ronagh and
Bradford (1994), Bradford and Ronagh (1997), who developed finite element solutions for a
variety of boundary and loading conditions. A common feature among these studies is the use of

cubic displacement functions in the longitudinal direction . In other studies, trigonometric
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functions were adopted to characterize the displacement fields as a function of the longitudinal
coordinate. This includes the work of Hancock et al. (1980), Roberts and Jhita (1983b), Bradford
(1988a) and (1990b), Wang et al. (1991), Hughes and Ma (1996a), Ma and Hughes (1996b), Ng
and Ronagh (2004), Vrcelj and Bradford (2006a).

In the above studies, web distortion was assumed to have a cubic distribution except for the study
of Johnson and Will (1974) who adopted a quadratic polynomial, and (Hughes and Ma 1996a; Ma
and Hughes 1996b) who used a quintic polynomial to characterize web distortion.

Parametric studies on distortional buckling analysis were provided in the work of Dekker and
Kemp (1998), Samanta and Kumar (2006b), Kumar and Samanta (2006c), White and Jung (2007),
Zirakian and Showkati (2007), Samanta and Kumar (2008), Zirakian (2008), Trahair (2009) and
Kalkan and Buyukkaragoz (2012). A comparative summary between the features, methodologies
and approaches of above studies is provided in Pezeshky and Mohareb (2014).

While the study in Pezeshky and Mohareb (2014) provides closed form solution for beams suitable
for the analysis of single span beams, for multiple span beams, the imposition of boundary and
continuity conditions can be tedious. Thus, the current study generalizes the solution for multiple
span beams by developing two finite element (FEs) formulations which capture distortion.

4.3, Statement of the problem
A beam with slender web and thick flanges is assumed to be subjected to general member loading.
General loadings are defined through member tractions p, (s,n,z) , p,(s,n,z) and p,(s.nz)

in longitudinal, transverse, and lateral directions, respectively. Member tractions will be
transformed into nodal forces later through shape functions.

The width of top flange is B and that of bottom flange is by . The height of the section, defined
as the distance between the centrelines of top and bottom flanges, is denoted h and the thicknesses
of top and bottom flanges and the web are denoted as t;,{;and 1, , respectively, (Fig. 3-1). As a

convention, subscripts T denote parameters pertaining to the top flange and subscripts B denote
parameters relating to the bottom flange. A global right handed coordinate and three local
coordinates are assigned to top and bottom flanges and the web. The components of the local
coordinates are shown in Fig. 4-1. The tangential components of local coordinates in the top
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flange, bottom flange, and web (S=X;, S= Xz and S =Y, ) are defined along the middle surface

of section and are measured from the centroid of each component.

Fig. 4-1. Cross section dimensions, global and local coordinates

4.4. Assumptions and Kinematics

Strains and rotations are assumed small. The material is homogeneous, linearly elastic and
isotropic and thus obeys Hooke’s law. The formulation is restricted to prismatic open thin-walled
members. Kinematics assumptions are identical to those of presented in Pezeshky and Mohareb
(2014). The flanges deform as a Gjelsvik beam while the web behaves as a thin plate in bending
action and deforms as a Timoshenko beam in membrane deformation. In Fig. 3-1, it is shown that

top flange moves laterally through U; and twists about Z axis through angle of twistf; . In a
similar manner, Ug represents the lateral displacement and &; denotes the angle of twist of bottom
flange. Longitudinal displacement of the section is described based on the longitudinal

displacement of top and bottom flanges through W; andW;. The transverse displacement,V, is

assumed constant in the plane of the cross section and varies along the longitudinal direction.

Distortion of the web, U, , is introduced through a cubic Hermitian function, i.e.,

b, (%:2) =L () (2)+ L (1) (2) L (1)U (2)+ L (1) (2) a
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in which,
Ll(y)zl_s_y_kz_ys L(y):h_l_y_2+y_3
2 2h h’ 2 8 4 2h h? 42)
1, 3y 2y° h y vy y
+=2 =7 L -2y
LOY)=5+ o0 T )= 7 e

Likewise, longitudinal displacement of the web, W,, , is defined through linear polynomials, i.e.,

W, (¥, 2)=Ls(y)w: (2)+ L (V)W (2) 4.3)

in which

_(1.y 1y
L-(3-2) L-(3+2] @
4.5. Energy Formulation

Total potential energy, I, consists of the internal strain energy of both flanges and the web U and the

potential energyV gained by the external loads, i.e.

[1=U; +U; +U, -V 45)
In Eq. (3.18), the internal strain energy in the top flangeUs , the bottom flangeU; , and the web U, are given
by
UT %JJ-(EEZT +G?/XZT )dAdZ
2 Ar
1
U, = EII(ESZB +G7, ) dAdz (46)
A
1
U, = EI I (EgzM +67sz dAdZ +j I 7 [gzzp + gfp +2EpEp + (1—v);/jszdAdz
z Ay

in which E and G are elastic and shear moduli, £ and ¥ are normal and shear strains, V is Poisson’s

ratio, subscript M denotes the strain related to membrane action and subscript P denotes that of plate

bending terms of the web strain. Also the load potential energy V is given by

V= ”( p.T + P,V + p,W)dsdz (4.7)
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where T(s,n,z),V(s,n,z)and W(s,n, z)are the displacements at any point(s,n, z) . By substituting

strain-displacement relations, expressed in Pezeshky and Mohareb (2014), into Egs. (3.19) one

obtains expressions for total potential energy in terms of the seven displacements, i.e.,

U, UT1+UT2——j (EA W +El v )dz+ _[EI (WP El, 00 + G 6 ) dz (4.8)

woT

where * ' denotes differentiation w.r.t Z . In Eq. (4.8), internal strain energy U; was subdivided
into two components. The first component U+, relates to the longitudinal transverse response (i.e.,
is a functional of W; ,Vand their derivatives) and the second component U;, relates to the lateral

torsional response (i.e., is a functional of U; 6 Uz, &;and their derivatives). As a convention,

subscript ‘1’ denotes parameters related to longitudinal-transverse response and subscript ‘2’
denotes the parameters of the lateral-torsional response. In a similar manner, the remaining energy

expressions are subdivided into longitudinal-transverse and lateral-torsional components, i.e.,

U, =Uy, +U,, = 2j(EABw'2+E|XXB ”Z)dz+%I(Eleug2+Elww549,;’2+GJB¢9§)dz

L

va :UW1+UW2:%.[{E[(AW/A')(W{(Z)_’_W'B(Z)) ( xxw/h )( ( )_W' (Z))ZJ
+(GAN/h2)|:(WT(Z)—WB(Z))Z—l—hZV'z( )+2hv' (W, J}

] (2 w i i

V=V, 4V, qu )+ QW (2)+ QW j[qu Z)+0,gUg (2) +

)+ Mg, ( ]dz

(4.9)
in which, the following cross-sectional properties have been defined

(AL Ve Vs 02 ) = [ (102,58 02, 407 )0, = (bt by 83 /12,53, /12,6282 /144,b,223)

Ar

(AB’ I | yyB me1‘]B)= J.(]-’né’Xé’néxé’Llné)dAB :(bBtB’bBt;/lzvbgts/lz’bgtg/144vbstg/3)'
As
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D =Et,’/12(1-v?),

(Aus ) = [ (1Y) 0A, ={t [1-05(t; +ta)], 1, [n-05(t; +t.)] /12

A
Also, the following equivalent line loads arise

Air (2) = [(Pr + Pals)ds, O (2) = [(Pos + Pl ) s
a, (2 I{[ Pyr + 1 (8p,7/02) |+ [ Py + 1 (8P,5/02) |+ (P )} s

O (2)= [{[ Pur +% (0P /02) |+ P s =1y Py (AL /ly) 1, (0P, /22 )L, 1 s

S

)= [{[ P %o (0P /22) ]+ Pus s =1 Py (AL /Ay) 413, (0P /2) L s

O (2

il
= {x Dy —Mh Py +% m(ﬁpzT/GZ)prsz—r\N Dy (dZLz/dy2)+nW(8pzw/8Z)Lz}}dS
)=[{

w'—.

X5 Pyg —Ng Pyg + XgN (apZB/az)}[pxw L, — Ny Py (d2L4/dy2)+ Ny (0P, /02) LJ}ds
where, ( P By P, )T’B’W are the member tractions across the top and bottom flanges and the web.
Hence, the total potential energy of the system can be expressed as

I =T1, (W, W, Wg, Wy, v,V V) + T, (Up Uy Uy, 6, 61, 67, Ug  Up Ug, By, B, O (4.10)

wherell, is the total potential energy related to the longitudinal-transverse response and II,
denotes the total potential energy related the lateral-transverse response. It is noted that the two
sets of argument functions of functionalsIl; andll, are mutually exclusive. This allows a separate

treatment for each in the following finite element formulations

4.6. Finite Element Formulation 1- Based on Polynomial Interpolation (FE1)

Functional II, leads to a finite element for the longitudinal transverse response while functional

I1,leads to a finite element for the lateral torsional response. For the longitudinal transverse

response, a two-node finite element is taken with four degrees of freedom (DOFS) per node, i.e.,
a total of eight DOFs, (Fig. 4-2a). The element is developed under section Longitudinal-transverse

response. For the lateral torsional response, a two node finite element with eight degrees of
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freedom per node, i.e. a total of 16 DOFs is introduced, (Fig. 4-2b). This element is presented
under section Lateral-torsional response.

d+(L
wr(L) ur(L) LVT( ) 91(L)
o’ (0) u’T(Ll; Node 2
Node2 07 &(0)+UT 0 ‘ /7
B - /V’(L) Z'l,T(o):; Z /'/,/"/"//' ,
45 wa(L) . UB(L);('I;)
A XV i NT)de—l/:'Y X (L)
Node 1 93(0)+ y i;L)
— w50 ’
WB(O)vY ’s(0) U’BIVO;E
@ (b)

Fig. 4-2. Degrees of freedom of a) longitudinal-transverse element b) lateral torsional element
4.6.1. Longitudinal-transverse response
4.6.1.1. Displacement fields in terms of Nodal Displacement

The displacement fields are related to the vector of nodal displacements interpolated through linear
and cubic Hermitian polynomials, i.e.

W (2)=(N(2)),, (W}, W6 (2) = (N (2)),, {We },., V(2) =(Hi(2)),, (Vs (4.11)

in which the displacement shape functions are expressed as,

(N(2)),, =(1-2/L z/L)

(Hu(2))y, = (1-3(z/L) +2(z/L) —2[1-(41)] 3(z/L) -2(z/L) ~L[(2/L)' ~(z/L)' )

(4.12)
and the vector of nodal displacements is defined as
(Adie = (M), (W), (Vr) (4.13)
where,
(W), = (wr (0) wr (L)) (Wy),., = (wg (0) wy (L)) w10

(W )pa =(v(0) V(0) V(L) V(L))

From Eqg. (4.11), by substituting into Eqgs. (4.8) and (4.9), one obtains
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UT1 = %(< Wy >L2 [Kl]zxz {V_VT }2><l + <\7>L4 [KZ ]4><4 {\7}4><1)
U BL %(<V_VB >L2 [K3]2><2 {V_VB }2><l + <\7>L4 [K4]4><4 {\7}4><1)
Uy = {0 )L, T () (0 ) [, (6, + 20 )L [, (),

in which,
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4.6.1.2. Equilibrium Conditions

By taking the first variation of total potential energy and setting it equal to zero, one obtains the
stationary condition, i.e.

sr=5{A}([K ]{A}—{Q})=0 (4.16)
in which,
[+ I Ik ), (Kl [K)-[Kal),, K]y
O e L e L e ) Kal,
I (K ]:xz _[Kls]zxz ([K2]+[K4]+[Kn])4x4_
4.17)

Qs =((Qr ), (Qa)y, (Q,),,) andone recalls that {A,} has been defined in Eq. (4.13)

4.6.2. Lateral-torsional response
4.6.2.1. Displacement fields in terms of Nodal Displacement

In a similar manner, displacement fields of lateral torsional response are interpolated through
Hermitian polynomials, i.e.

Uy (Z):<H2(Z)>L4{UT}4x1"9T (Z):<H2(Z)>L4{

2l

}4><l

. o (4.18)
UB(Z)=<H2(Z)>1x4{UB}4x1’eB(Z):<H2(Z)>1x4{ B}Axl

in which

(A =((), (@), @)L, (@),) (4.19)
where,

(@) =( (0) u(0) u(L) u(L)

(@ )r, =(Us (0) U5 (0) wa(L) up(L) 420
(@), ~(6:(0) @:(0) e (1) er(v)

(B),,=(6:(0) 63(0) G5(L) 64(L))

Shape function (H, (z)>T is nearly identical to <H1(z)>T with a difference in sign in the second

and fourth terms, i.e.
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(Ho(2)) =(1-3(z/L) +2(z/L) 2[1-(4L)] 3(zL) -2(z/L) L[(Z/L) ~(4L) )

(4.21)
From Eq. (4.18) by substituting into Egs. (4.8) and (4.9), lateral torsional components of total
potential energy are expressed in terms of nodal displacements, i.e.

Uz =2((@ ) [ {0 1+ (@) [Ka 0} + (@) [Ka (6 )
Uss =2 () 1K )10} + () [Ku1{8:}+(3) [Ks)(@))
v 1

w2 2

V2 :QXT UT}+QXB{UB}+MT ér}+MB{_B}

in which,

[Kolu = Elyr [{HE(2)} (W (2) a2
[Kitlis = Eluur | {HI(2)}(H;(2)) dz
(K], =62 [{Hi(2)}{H: (2)) o2

(Kl =Bl [ {H2 (2)}(HI () a2
[Kule = Eluus [ {H2(2)}(HE (2)) o
(K] =626 [{H; (2)H{H3 (2))
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where,

156h 22h? 54h -13h?

22h*  4h®* 13h* -3h° D
ANPl aa 2 2 ’[ANPZ ]4><4 -

420 54h  13h* 156h —22h

-13h? -3hn* -22h?* 4h®

-36 -3h 36 -3h

-3h —4h* 3h h’ D(1-v)
ANP3 aa ’[ANP“v ]4><4 =

[LNWP :|4><16 -

30h 36 3h -36 3h

(H,(2))., 0 0 0

B 0 T

4444444444444 I L (1108 B
0 0 0 (H, (2)).,

4.6.2.2. Equilibrium Conditions

144 72h -144 72h
72h  48nh* —72h 24h?

12h®| -144 -72h 144 -72h

72h  24h*> -72h 48h?

36 3h -36 3h
3h  4h* -3h -h’

15h |-36 -3h 36 -3h

3h -h® -3h 4h?

By taking the first variation of total potential energy and setting it equal to zero, one obtains the

stationary condition

or=5{A}([K, {a,) —{Q})=

in which,

[KZ ]16><16 - [ KZ LMB + [ Kis ]16><16 + [ Ky ]16><16 + [ Kig ]16><16 + [Klg ]16><16

and[;fz} is a diagonal block matrix, defined by

| K. | = Diag ([Kyo | [Ky ]+ [ Koo [ [Kaa | [Kia ]+ [Kas])

In Eq. (4.22), the energy equivalent load vector (Q,)" is defined as,

<Q2>L16:<<QxT>1x4 <MT>1><4 <QXB>1><4 <MB>1><4>

4.7. Finite Element Formulation 2- Based on Exact Shape Functions (FE2)

(4.22)

(4.23)

(4.24)

(4.25)

In this section, a finite element based on the closed form solution is devised. In a recent study,

Pezeshky and Mohareb (2014) formulated the governing equations for the problem yielding two
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sets of coupled differential equations. The first set governs the longitudinal-transverse response
and takes the form
Pi(?) R(D) Pa(D)| [wr Oy
P21 (‘@) I:)22 (‘@) P23 (‘@) Ws =10z (4.26)
Pu(D) Pe(D) Ps(2D)

\Y
3x3 3x1 q Y J3a

in which 2 denotes the differential operator and P, — P, are defined as

__ A i )92, CA _ _ (A e )ae_ GA,
P. (D)= E(Ar+ 4+hz ]@ + 2 P,(D)=P, (D)= E(4 e j@ 2

Ra(D)= Psl(@)}%@ : Pzz(@)=—E(AB +%+Iﬁ—§v}’02+i—§”,

Pa(D)=P(2) =122

The second set of DEs governs the lateral-torsional response including distortional effects and

P (D) =—E(ly +1,)D* +GAD

takes the form

(Q(2) (D) Qu(®) Qu(®)][u) (4
Q21($) sz(ﬂ) Q23($) Q24(:D) 6, _m, .
(D) (D) Qu(D) Qu(D)||ug| |de (4.27)
1Qu(?D) Qu(D) Qu(D) Qu(D)]|bs m,

where the differential operators Q,; —Q,, are defined as

13Dh 12D 12D
Qll($):|:E|ny +?:|$4—E$2+ h3
11Dh® D 6D
Q) =Cu(?) =T 5 e
h®D 4Dh 4D
sz ($)=|:E|wa + 105:|:D4 —liG\]T +F:|$2 +T

9Dh 36D ., 12D
Qu(D)=Qy(D)="D"'+—D* -

70 15h h?

13Dh? D 6D
Qus ()= Qu (D) == =D+ D~

—13Dh? D 6D
Q14($)=Q41($): 420 $4_€$2+F
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Qu(2)=0u(2)= -1+ g 20
Qu (2)=Qu (D)= _1211[;h2 2 +%$2 _?1_?
Qu (D) {EIWB + ?(;1;}’04 —[GJB:DZ +%}@z +%

The closed form solution has been obtained and displacement fields are expressed as

W (2) (@ (2),

o, (2)1 =[@(2)],, {Cly, =| (4, (), [(Chav 429

) (@,(2),.
and

ur (2) <\P(Z)>116

Y, (z

M EECTRCE s 20

%) (¥4 (),
in which [®(z)] and [ W(z)] are the solution functions of the system of equations (3.29) and
(3.31) as provided in Pezeshky and Mohareb (2014), <B>Iex1 =(B, B, .. Bm>T and
(C),=(C, C, ... C,)arevectorsofintegration constants to be determined from the boundary

conditions. In a manner similar to FE1 formulation, two separate finite elements are developed for

a) the longitudinal-transverse response and b) the lateral-torsional response.
4.7.1. Longitudinal-transverse response
4.7.1.1. Displacement fields in terms of Nodal Displacement

The continuous displacement fields are related to the nodal displacements shown in Fig. 4-2a.
Rather than using the polynomial interpolation scheme adopted in the FE1 formulation, the closed

form solution provided in Eqs. (4.28) is used to develop shape functions which satisfy the
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equilibrium equations. The nodal displacements {W; },{Ws},{V} are related to the vector of

constants {C} through

W), =|[Elo| {Cloa=LEJ4{Clea (4.30)

in which sub-matrices[E;], i=1,2,3are defined as

e[ (0, O, (o, OF]
[EZ ]2><8 - |:{q)WB (0)};1 {(DWB (L)};l};a
(£ =[{0. O, {20, (@ L}, {eul,],

Equation (4.30) is solved for the vector of integration constants {C} and substituted into Eq. (4.28)
, yielding

(4.31)
where the matrix of shape functions[,&(z)] =[<1>(z)]3X8 [E]:B has been defined. From Eq. (4.31), by

substituting into the total potential energy equations (4.9), one obtains, i.e.,

UTl = %<A1>L8 ([ K1]8><8 + [ KZ ]SXS){Al}le
Uy =5 (8004 (KL +[K, L ()

1
UWl = E<A1>L8 {[KS ]8><8 +[K6 ]8><8 + 2[K7 ]8><8 +[K8 ]8><8 +[K9 ]8><8 o 2[KlO ]8><8

+ [ Kll]e.xs + [ K ]8><8 -2 [ K ]8><8 + [ K ]8><8 =2 [ Kis ]8><8 +2 [ K ]8><8} {Al}le
Vo= (Qur g {8y +(Qu s 1A +(Q )y, 18

in which,
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<QzT>1><8=qZT_!-<'E\NT(Z)>dZ ! <QzB>1x8=qZB.!.<'E\NB(Z)>dZ ! <QY>1xB:qy.!.<E\/(Z)>dZ

(4.32)
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4.7.1.2. Equilibrium Conditions

In a similar manner to equilibrium conditions of FE1, the equilibrium equation (4.16) is obtained

and stiffness matrix and vector of nodal forces are introduced as,

[Kily, = i[Ki] (4.33)

i=1

(Q)ry =((Qur D +{Qus s +(Q, ), ) » and One recalls that {A,} has been defined in Eq. (4.13)

4.7.2. Lateral torsional response
4.7.2.1. Displacement fields in terms of Nodal Displacement

In a manner similar to the previous section, the continuous displacement fields are related to the
nodal displacements shown in Fig. 4-2b. The closed form solution provided in Egs. (4.29) is used

to develop shape functions which satisfy the equilibrium equations. The nodal displacements

(T },{& }.{T5} {0, } are related to the vector of constants {B} through

T [1E]
el |[E] -
I . B | E B (4.39)
) T[] P (€L B
{_B} 164 [E7] 16x16
in which sub-matrices|E;], i=4...7have been defined

b4

[Eduas =1 ¥, (0)
[ELe =] (%, O, {%4(0)
[Elus =| {7, (O}, (%2, (0)
[E]uas = (¥, (0)

Solving Eq. (4.34) for {B}and substituting into Eq. (4.29), the displacement fields are rewritten

(4.35)
¥

b4

B

as,
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u(z)] by R Wl I 9 N ot e N L )
()| _rz . {_T} _ <A§*(Z)>Mﬁ {_T} _ <T“*(Z)>116 1B {_T}
W POl TR ([ (), e
HB(Z) y { B} . <: 44444 (Z)> 44444444 { B} <\PQB(Z)> 444444444 { B}

(4.36)

where [K(Z)Lm [¥(2)],., [

(4.9) , one obtains

mi

-1
] . By substituting Eq. (4.36) into the total potential energy Egs.
16x16

UT2 = %<A2 >L15 ([ K17 ] + [ K18] + [ K19]){A2}16x1
Ug, = %<Az >L16 ([ Koo ] +[Kau ] +[ Kz ]){AZ}lﬁxl

Unz = 50 Ko T [ T[T+ [ T

V, =Q {8} + Qe {A L + M {A,} + M {A,}

in which,
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[Kulows = [[A)] [Am][A(2)] 2
[Kaless = [[A@] [An ] A(2)]o2
[Kaowo = [[B)] (A A(2) e
Koo = [[A@)] (A A2) ] 2

<Q><T >l><16 - qXTJ-<RJT (Z)>d2 ! <QXB>1><16 - quJ.<E\JB (Z)>dZ

< l><16 mT,|.<A9r >dZ
where,
156h  22h*  54h
D | 22h  4h®  13n?
[A””]“X“_@ 54h  13h2  156h
~13n2 —3h° —22h?
36 -3h 36 -3h
Dv|-3n —4h? 3h h?
Arlii=300] 36 an 36 an
3n h* 3h —4n?

—13h? 144 72h 144
-3n® D | 72h 48h* -72h
ootz 1A )i =55 1as 7o 144
4h® 72h  24h*> —72h
36 3h -36 3h

D(1-v)| 3n 4h* -3h -h?

(e ==1507 36 30 35 —an
3h -h? -3h 4h?

72h

24h?
~72h
48h*
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4.7.2.2. Equilibrium Conditions

The equilibrium condition is evoked and the equilibrium equation (4.22) is obtained. Hence

stiffness matrix and vector of nodal forces are introduced as,

26

[Kz :'16><16 - Z[Ki] (4.37)

In Eq. (4.22), the energy equivalent load vector (Q, )T is defined as,

(Q)ras = ((Qur Juas + (M1 )y +(Qea )uas +(Mg )y, ) » @nd one recalls that {A, | has been defined
in Eq. (4.19).

4.8. Numerical Examples

In this section, two newly developed finite elements are observed through numerical examples
and results are compared to closed form expressions (Pezeshky and Mohareb (2014)). In all
examples, a mono-symmetric WRF1000x340 steel section is considered with

E = 200,000 MPa, v = 0.3, (Fig. 4-3).
4.8.1. Example 1: Cantilever under transverse loading

A cantilever in which its span varies up to six meters is subjected to a concentrated transverse
force applied at the tip (Point A), Fig. 4-3. Tip deflection is observed for various spans using two

FEs and closed form solution (Fig. 4-3).
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Fig. 4-3. Tip deflection under concentrated transverse force

Result obtained from both finite elements shows excellent agreements with the closed form

solution.

4.8.2. Example 2: Mesh Sensitivity Analysis

A 12.00m span cantilever is subjected to two parallel 20 kKN forces as show in Fig. 4-4. The

problem is solved twice; once based on FE1 element and another time based on the FE2 element.

For comparison, the problem is also solved based on the closed form solution provided in
Pezeshky and Mohareb (2014).

20kN ——p % -
—=p

|
|
:
|
0.96m |i
i
|
|

Fig. 4-4. Cantilever subjected to parallel forces

Table 4-1 provides the lateral displacements at generators A and B (Fig. 4-4) and angles of twists

for the top and bottom flanges at the cantilever tip. The percentage difference (PD) from the closed
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form solution is also provided after each displacement field. The FE2 element based on the exact
interpolation scheme was expected to yield a solution in exact agreement with the closed form

solution. Thus, a solution based on a single 12m element was attempted but was found

unsuccessful as matrix [E} was non-invertible. Several runs were then conducted while
16x16

increasing the number of FE2 elements attempted, thus reducing the element span L . All attempts

where L >1.5m were observed to fail in inverting matrix[EJ . The reasons for the numerical
16x16

difficulties are discussed in Appendix A. In contrast, for all cases where the condition L <1.5m
was met, the FE2 solution was observed to be in perfect agreement with the closed form solution.
The problem was also solved using several FE1 element meshes (ranging from a single element
to 60 elements). Unlike the FE2 element, The FE1 solutions were found to be unconditionally
stable. However, they involved discretization errors. The solution based on eight FE1 elements
involved a discretization error of less than 0.40%. In this respect, the FE2 solution which involved
no discretization error provided slightly superior results while adopting the same number of
degrees of freedom.

Table 4-1. Mesh sensitivity analysis

Top Flange Bottom Flange
Lateral ) Lateral )
I ) Angle of Twist ] Angle of Twist
% Displacement Displacement
5 [g 3 3 E
Ll = N = o 2 o = <)
S |55 4 3 E_| % |5 £ |54 %
5 | ® =) c 2 =) < =) c 2 =)
3122 & « = £ | « > E| o > £ | o
FE2 |8 |23.37 |0.0000 |-0.1117 |0.0000 |-143.9 |0.0000 |-0.1363 | 0.0000
1 |22.76 |-2.589 -0.1078 | -3.483 -140.2 | -2.589 -0.1333 | -2.165
2 |23.00 |-1.596 -0.1095 | -2.003 -141.6 | -1.596 -0.1342 | -1.531
3 2315 |-09236 |-0.1104 |-1.2096 |-142.6 |-0.9235 |-0.1350 |-0.9359
FE1 |4 |23.23 |-0.6079 |-0.1108 |-0.8161 |-143.1 |-0.6079 |-0.1354 |-0.6376
5 2327 |-0.4357 |-0.1111 |-0.5911 |-143.3 |-0.4357 |-0.1356 |-0.4660
6 [23.29 |-0.3294 |-0.1112 |-0.4483 |-143.5 |-0.3294 |-0.1358 |-0.3567
8 (2332 |-0.2075 |-0.1114 |-0.2818 |-143.6 |-0.2075 |-0.1359 |-0.2282
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12 | 23.35 | -0.1015 |-0.1116 |-0.1358 |-143.8 |-0.1015 |-0.1361 |-0.1138

15 | 23.35 | -0.0656 |-0.1116 |-0.0867 |-143.9 |-0.0656 |-0.1361 |-0.0745

24 |23.36 | -0.0231 |-0.1117 |-0.0295 |-143.9 |-0.0231 |-0.1362 |-0.0270

60 |23.37 | -0.0017 |-0.1117 |-0.0020 |-143.9 |-0.0146 |-0.1362 |-0.0021

P.D.%: Percentage Difference with closed form solution (Pezeshky and Mohareb (2014)).
4.8.3. Example 3: Beam with Overhangs under Torsion

A 6.00m span beam with one 1.5m overhang at both ends is subjected to a 5 kN/m lateral uniform
distributed load acting at top flange, (Fig. 4-5a-b). The beam is laterally and torsionally supported
at the bottom flange by two columns through lateral braces (not shown) and through the weak axis
bending action of the supporting column (assumed to be large enough in this example to provide
full fixity). Two cases are considered. These are (a) no stiffeners at the column to beam junction
(Fig. 4-5a) keeping the top flange free to translate laterally, and (b) a pair of stiffeners at each
flange (Fig. 4-5.b), providing a lateral restraint to the top flange at the column locations. It is
required to analyze the beam using FE1 and compare the results against those obtained from 3D
shell FEA in Abaqus. The model consists of 12 finite elements, i.e., 13 nodes with eight degrees
of freedom per node corresponding to a total number of 104 DOFs. In the Abaqus model, 40
elements are taken along the web height, 11 along the top half flange width and six elements along
the bottom half flange, respectively, and 240 elements were taken in the longitudinal direction.
For a span of 6.00m, this corresponds to 108,450 degrees of freedom. In both models, the columns

are idealized as point supports (Fig. 4-6a-b)
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6,00
1500 @)

1500

6 Q0
(b)

Fig. 4-6. Point supports at beam-column junction, a) no stiffeners provided b) stiffeners provided.

The lateral displacement of the top and bottom flanges along the span are shown in Fig. 4-7 and

the twist diagrams are shown in Fig. 4-8. The results obtained from the FEL solution are in

excellent aggreement with those extracted from the shell FE in Abaqus. For the case without

stiffeners, the lateral displacement of the top flange is significantly larger than that of the bottom

flange. Also, the average angle of twist of the top flange is an order of magnitude greater than the

average angle of twist of bottom flange (Fig. 4-8), suggesting significant distortion in the section.
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Fig. 4-8. Angle of twist of top and bottom flanges under Hermitian FE and Abaqus (mm)
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For the stiffened case, the lateral displacements are shown in Fig. 4-9 and the angles of twist in
Fig. 4-10. It is shown that the presence of stiffeners make the lateral displacement and angle of
twist of the top flange nearly only slightly larger than those of the bottom flange. This is a natural
of the fact that the uniform load is directly applied to the top flange.

Coordinate z (mm)

0 2,250 4,500 6,750 9,000
1.0
= 0.5 ”..'-" Idnany >~
-~ S~
£ -~ ~
ot - — Ny
5 e S T S SO B s
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= W -~
-g" -~ ~d
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0.04 /’ \\
= = Top Flange - Abaqus )
-5 e e
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-2.0
Fig. 4-9. Lateral displacement of top and bottom flanges of stiffened beam
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Fig. 4-10. Angle of twist of top and bottom flanges of stiffened beam
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The example shows that the additon of stiffeners is particularly effective in reducing distortion in

the beam by extending the point of lateral restraint at the column to beam junction to the top

flange, thus reducing the difference in lateral displacements/twists of both flanges. The present

finite element formulation is also shown to be successful in quantifying the distortion for both

cases with and without stiffeners.

4.9. Summary and Conclusion

1-

Two finite elements were developed for the distortional analysis of wide flange steel sections.
Both FEs are applicable to the beams with general type of loading and supports. The first
element is based on Hermitian polynomial shape function while the second element is based
on exact shape functions resulting from closed form solutions of the governing differential
equations.

The lateral-torsional response was observed to be fully uncoupled from the longitudinal-
transverse response, which allowed the developing of separate solution for both types of
responses.

Numerical examples were solved to demonstrate applicability of the finite elements to general
form of beam problems (involving general traction loads, and beams with overhangs)
Solutions based on the FE1 element were observed to be unconditionally stable while
involving a discretization error. The discretization error was observed to decrease with finer
mesh. In contrast FE2 was shown not to involve a discretization error and yields results in
perfect agreement as long as the element length taken is smaller than a threshold value.

The effect of stiffeners was observed for lateral displacement and angle of twist of top and

bottom flanges.

4.10. Appendix A- Closed form solution for lateral torsional response

For the lateral-torsional response, the displacements are assumed to take the exponential form

(Ur (2),6r, (2),Ugn (2) O, (z)>T =D, () e* (4.38)

— = = —\T
in WhiCh<1//>iT :<A, B.C., Di> . From Eq. (4.38) by substituting into Eq. (3.31), one obtains

([o.]d +[a]d’ +[]), , (¥} s = {0}

(4.39)
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in which,

6 31 -6 3h

oD|3h 2h? —3h h?
%=1 6 a0 6 an
3h h? -3h 2h?

-12 —h 12 ~h
~h  —5hGJ,/D-4h*/3 h h?/3
%155 12 h 12 h
~h h?/3 h —5hGJ,/D-4h?/3
El,; +13Dh/35  11Dh?/210 9Dh/70 ~13Dh?/420
[0,]- 11Dh?/210  El_ . +Dh%/105  13Dh?/420 —Dh*/420 (4.40)
? 9Dh/70 13Dh?/420  El,, +13Dh/35  —11Dh?/210
~13Dh?/420 ~Dh*/420 -11Dh?/210  El, . + Dh*/105

The above system of equations is solved for the eigen-pairs (M; ,{1//}]_, j=1...8), resulting in 16
eigen-pairs (di =+ /mj,{wi}), i=1..16. Ten out of the 16 eigen-values, i=1...10 are

observed to be a) distinct, and b) either complex or real, while the remaining six rootsi=11...16

are observed to vanish. The solution thus takes the form,

Ury (2) A A
On(2)| & Bl & i.u]B

=» De"s_ Dz _r=||V,(z ¥, (z D 4.41
uBh(Z) ; i 6. +; i 6, U: e( )}mo [ p( ):IM}{ }16xl ( )
O (2) 5 5
In the right hand side of (4.41), <D>T16X1:<Di D, ... D) isavector of integration constants.

The procedure for obtaining matrix [ W (z)]4 s provided in Pezeshky and Mohareb (2014) and
matrix [ ¥, (z) | is defined as

[¥.(2)],  =[{w}eae™ Wotoae®™ o (Vo)™ ] (4.42)
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which consists of eigen-vectors {y; } to {, } corresponding to the distinct roots d, -0, obtained by
solving Eqg. (4.39), multiplied by the exponential functions e®* to e®?, respectively. The eigen-
values are sorted in descending order of the complex norm so that ||d;|| >|d,[|> ....|d\, | -When the

largest eigenvalue d1 of the system has a large magnitude, the entries of matrix in Eq. (4.42) are

dyol

suchthat [ ¥, (2)], . {(¥4},4 8" >> {Wio} 0 €™ = {0}, & signifying that some of the entries

of the matrix will be orders of magnitude apart. The large difference in the entries of matrix
in Eq. (441), (¥, (2))

<\P9r(z)>lx16,<\I‘UB(z)>lx16,<‘PgB(z)>lxlﬁ in Eq. (4.36), leading to numerical difficulties when

[W.(2)],,, leads to similar differences in matrix| ¥ (z)|

4x16 116 '

inverting matrix [E} in Eq. (4.34). Thus, to guarantee that matrix[EJ IS numerically
16x16 6

16x1
invertible, a threshold value & needs to be enforced such that dlLée. The magnitude of d1 §
dependent solely on sectional properties as evidenced by Eq. (4.39) and defined in Eq. (4.40) .
This places the restriction L < é‘/dl on the maximum length of element to be used. For the present
problem, the value & =21 was obtained through numeric experimentation.

4.11. Notations

The following symbols are used in this paper:

ALALA, Cross sectional areas

{B} Vector of integration constants of lateral-torsional system

bB , bT Flange widths

{C} Vector of integration constants of longitudinal-transverse system
D Differential Operator

D Flexural rigidity of the web

E Modulus of elasticity

G Shear modulus

H,(2) Cubic shape functions
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N(z)
h
|

woB ! " ool

XXB1 T xxT 1 T xxW !

xyB* TxyT

B! TyyT

Linear shape functions
Height of the cross section, measured along the flanges centerline

Local warping constant of the bottom and top flanges

Moment of inertia about x and y axes

Product moment of inertia

Polar moment of inertia

Stiffness sub-matrices

Global stiffness matrix pertains to longitudinal-transverse response
Global stiffness matrix pertains to lateral-torsional response

Beam span

Cubic interpolation functions
Linear interpolation functions
Distributed twisting moment

Normal component of local coordinate system

Components of the DEs coefficient matrix due to longitudinal-

transverse response

member tractions across the top and bottom flanges and the web

Components of the differential equation coefficient for lateral-

torsional response

Vector of nodal forces of longitudinal-transverse system

Vector of nodal forces of lateral-torsional system

Lateral distributed load, along z axis

Transverse distributed load, along z axis
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Oy (2),0,; (2)
Siar 9198 Syr
ty, bt

Ug,Us Uy Ui

Ug, Uy

Vg1 Vvt

Yy Y yp

Eyp
ErErEqprEpp

0,0,

Longitudinal distributed load, along z axis
First moment of area about the x and y axes
Thickness of the flanges and the web
Internal strain energy

Lateral displacements at the flange centroid

Nodal lateral displacements of bottom and top flanges
Total potential energy gained by the loads
Load potential energy due to end tractions and member tractions

Transverse displacement of the web middle surface

Nodal transverse displacement

Longitudinal displacements at flange centroid

Nodal longitudinal displacement of bottom and top flanges
Shear strain of the xz, yz, xy plane

Web strain in the yz plane

Normal strain of the web along the y direction

Normal strain along the z direction

Angle of twist at the flange to web junction

Nodal angle of twist of bottom and top flanges
Poisson’s ratio
Total energy of the system

The solution functions of longitudinal-transverse system

The solution functions of lateral-torsional system
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4.12. Subscripts

T,B, W, Mand P = correspond to the top and bottom flanges and the web or membrane and plate
bending action, respectively.
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Chapter 5

Geometric nonlinear analysis of shear-deformable beam-columns

5.1. Introduction and motivation

Distortional effects in beam-columns with wide flange cross-sections subjected to strong axis
moments and compressive forces are known to be significant in beams with slender deep webs.
The accurate characterization of the distortional lateral torsional buckling strength of such
members entails two aspects. The first aspect is to develop a geometrically nonlinear pre-buckling
analysis that captures the interaction between axial forces and strong axis moments. Given that
the theory sought is aimed to be applicable for members with deep cross-sections, shear
deformation is expected to have a significant effect on member pre-buckling response. The present
chapter develops a shear deformable geometrically non-linear formulation for the pre-buckling
analysis of beam-columns. The second aspect of the solution is to develop a distortional lateral
torsional buckling theory and will be the focus of Chapter 6.

5.2. Statement of the problem

Given a prismatic deep member with a wide flange doubly symmetric section subjected to a

transverse line load d, (z) (Fig. 5-1a) whose line of action is defined by the curve Y, (z)from
the section centroid and a longitudinal line load g, () whose line of action is defined by the curve
Yo (Z) from the section centroid, it is required to develop a finite element formulation to perform
a geometric nonlinear analysis.

5.3. Geometry and coordinates

The cross-section flange width is b and its thickness is t. The web height is denoted h and is

defined as the distance between middle surfaces of both flanges and t,, denotes the web thickness.

A global right handed OXYZ coordinate system is introduced with origin O located at web mid-
height as shown in Fig. 5-1a.
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Fig. 5-1. a) Cross section dimensions b) Loading scheme
5.4. Assumptions and kinematics

(1) The material is homogeneous, linearly elastic, isotropic, and obeys Hooke’s law.

(2) When characterizing the normal strains, the nonlinear strain terms that characterize rotations
are retained in the formulation. However, the nonlinear strain terms involving the longitudinal
displacement are neglected given their relatively smaller effect compared to those of linear
strain contribution.

(3) Given that the analysis is aimed at beams with deep cross-sections, shear deformation effects
are captured by adopting kinematics consistent with the Timoshenko beam-column. A given

section of the beam is assumed to behave as a rigid disk undergoing transverse displacement
component v(z) and longitudinal displacementw(z) and both defined at the section centroid
(Fig. 5-2a)

(4) Also, the section undergoes a rotation QX(Z) about the x axis that is different from the beam
centreline slopeV'(z), i.e., V'(z)# 60, (z) (Fig. 5-2b). As a result, the longitudinal displacement
\Tv(y, Z)at any point in the cross-section Z is given by

W(z)=w(z)+Yy6,(z) (5.1)
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Fig. 5-2 a) Displacements field of the beam b) shear deformations within the plane of the web

5.5. Formulation

Based on the kinematic equation in Eq. (5.1), the longitudinal strain & and shear strain 7 can be

expressed as

p =%+%(%)z =W (2)+Y6, (Z)Jf%{v'z(zh(w, (2)+2, (Z)ﬂ (5.2)a-b
S S oot

Chajes and Churchill (1987) proposed three methods to characterize the non-linear force-
deformation relationship for Euler-Bernoulli beam a) the linear incremental method b) the non-
linear incremental method and c) the direct method. The present work adapts the second
methodology to the Timoshenko-Beam kinematics. An incremental stiffness matrix is required to

obtain the relationship between an increment change in deformation and corresponding
incremental change in stress resultants. It is assumed that &, is the axial strain within an element

at the beginning of the incremental step. As a convention, strains, displacements and forces with
subscript “0” denote that field variables at the beginning of the increment while field variables

with subscript “a” denote the change of increment fields from the beginning to the end of

increment “a”. The change of total potential energy, Al , is the sum of the change in the internal
strain energy AUa and in the potential energyAVagained by the external loads in the current

incremental step (i.e., in going from strains &, to strain & +&, and ), +},is
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AIT, =AU, +AV, (5.3)
where the change in the internal strain energy AU, is expressed as

AU, = [[[*"" (ode)dAdz+ [ [ [ (zdy)dAdz
z A 0 z A 7o (54)
= [[oyedAdz+ [ [ ryr,0Adz += [ [ s2dAdz+ 2 [ [ y2dAdz
z A z A 2 z A 2 z A

where E and G are elastic and shear moduli. Knowing that o, = E&,,7, =Gy, one express the

stresses in terms of stress resultants, i.e.
_B .M,

O
° A |Xy 65
_VOQx .
Ty=—"0"

IX‘tW

From Egs. (5.2) and (5.5) by substituting into Eq. (5.4), the change of internal strain energy at the

increment (a) is rewritten as

AU, :”ao {W'(z)+ yH;(z)+%[v’2(z)+(W'(z)+ yﬁ;(z))z}}a dAdz

2

!IA{W’(Z)Jr y9§(2)+%[v’2(z)+(w'(z)+ yHX’(z))Z}} dAdz

a

For a doubly wide flange section, the shear stresses can be approximated as 7, =V/ AN where Av is the area

of the web. By performing the integrals w.r.t. the area A , one obtains

AU, = J' P, {W’ +%[v’2 +W'2]}

+!v0 [Hx(z)+v'(z)+6x(z)w'(z)L dz

dz+_|.MO(HX’+W'¢9X’)a dz

E 1 1 (5.6)
+—.[ | 07+ AW? + =V + = v'20' +W’[A(v’2 +W’2)+ I 9'2]+ 216w | dz
2 ) XX 4 2 X X XX XX X .
+%I(9§ +V2 420V + 2w +20°W + ZV'GXW') dz

a
A
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where the cross-sectional properties A= jdA, I, = j y’dA have been defined. The axial and shear
A A

forces and bending moments within the members are related to the nodal forces

f, :(Pl,Vz,Ml,Pz,Vz,MZ) using linear interpolation, i.e.

0

R (2)=(-(1-2L) —z/L>{E‘°}’

2-0

V,(z)=(1-z/L —z/L){://”}, (5.7)

2-0

wo(o)={i-at 0]

2-0

The total load potential energy Va at the load step ‘a’ is given by
AVa = J.{|: py(O) (Z)+ py(a) (Z):|Va (Z)+|: pz(o) (Z)+ pz(a) (Z):H:Wa (Z)+ Yp, (Z)ex(a) (Z)]}dz (58)

where Va(Z)is the change of transverse displacement in increment “a” and W, (ypz (Z), Z) Is the

change of longitudinal displacement at the centroid in increment “a”, ( Pyo): pz(o)) are the
accumulated line loads at the beginning of increment “a” and( Pyays P (a)) are the incremental line
loads of increment “a” acting on the web.

5.6. Finite element formulation

A two-node finite element is developed with three degrees of freedom (DOFs) per node (Fig.

5-3a). The corresponding stress resultants are also shown in Fig. 5-3b.

",/Lv » Vi M2—>>VD/VP2
Z Vo 00 M;
W/‘u—»/ Pl/vu_»/
Y ) / /
(a) (b)

Fig. 5-3. Two-node finite element, a) degrees of freedom b) stress resultants
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The displacement fields are related to the vector of nodal displacements using linear

approximation for longitudinal displacementW,, i.e

T ~
Wa (Z) = N (Z)1x6 da(exl) (59)
where N(z)] =(1-z/L z/Li0,,)is a vector of linear interpolation functions and

a;(lxe) =(w(0) w(L)!v(0) 6,(0) v(L) 6 (L))is the vector of nodal displacements. To avoid

X

shear locking , the transverse displacement V and angle of rotation & are also interpolated using the shape
functions based on the exact solution of Timoshenko beam in the absence of geometric nonlinear effects

(Friedman and Kosmatka (1993)), i.e.

v,(2)=T(z).,.d

1x6  abxl

S (5.10)
HX—a (Z) = S(Z)1X6 da6xl
in which the shape functions are expressed as
. 27° -37°L —azl® + (L+a)I®
T(z)  =—""17°L-27°(1+0.25a)L + (1+0.5)z..°
( )6x1 L3(1+0() ( , ;“) ( , )
-272°+32°L+azl
2°L+17°(0.5a -1)* -0.5za
(5.11)
. 62> —6zL
S(z). =————1432°L-4z(1+0.252)" + 1+ ) ®
( )le L3(1+a) ( , G() ( a)
—6z° +6zL
37°L +22(0.5¢ 1)L
anda =12E1/(L’GA,).
5.6.1. Total potential energy in terms of nodal displacement
From Egs. (5.7) and (5.9)-(5.11), by substituting into Eq. (5.6), one obtains
AU, :Fzéla+Fyéla+MX&a+16IaT(KE+KG +Ky)d, (5.12)

N

where

where KE is element elastic stiffness matrix, KG is the element geometric stiffness matrix which captures

the softening effect of axial force on the stiffness of the structure KD,a is the element displacement stiffness
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matrix which captures the weakening effect of displacement changes (i.e., longitudinal, transverse and
rotations) on the stiffness of the structure defined as

e = Ko TRy Ky +K, +Kg
=k +Kg, +Kg+Ky,

6><6

K D-a(6x6) (kD1+kD2+kD3+kD4+kD5+kD6)

and
(10 j[ P, (1-2/L)+P, (/L) [N,z
J00) j (Vi (1-2/L) =V, (2/L) ](~ST.e + Thies )iz
(9 j [M,(1-2/L)~M,(z/L)]ST .0z
Also, elastic stiffness sub-matrices k1 —k5, geometric stiffness sub-matrices kg1 —kg4 and displacement
stiffness sub-matrices (le —Kps )a are defined as
Ky(ove) = EAINZGXlN’ZTMdz
Koo = EI, j S 1S "2
Ko GAJ. SeuST..02
K.y —GAj T T2

Ksoxe) = ZGAJ.SM T 0z

L
kgl(6x6) = _[0 [_RL—O (1_ Z/L)"' szo (Z/L)]Tz(ixl zledz
L
ng(GxG) = jo [_RL—O (1_ Z/ L) +P (Z/L)} N 6aN zl><6dz
L
kg 3(6x6) 2_[ [leo 1_ Z/L)_ M., Z/L)] N,z6x1 zl><6dz

k 4(6%6) J. I:Vl 0 1 Z/L 2 0 (Z/L):I N,zGXls:—eredZ
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3

le -a(6x6) 2 EAIT 6x1) 1x6)d (6x1 l><6 dZ
3 ~

kD2 a(6x6) 2 EAJ. N z7(6x1) (l><6)d (6><1)NT(1><6)d

k 9 J

D3-a(6x6) 2 S El IST 6x1) (1x6 d a(6x1) SIXGdZ

kD4 a(6x6) = 3GAI( (6x1) Tz(6><1) ) NT(le d a(6x1) SIXSdZ

EA

k 4,) T
D5-a(6x6) 7JTZ(GX1) (T,z(1X6)da(6><l)) T,z(1x6)dz

A

2
k Qo) S92

D6-a(6%6)

2GAj Sie (N

2(1x6)

kD7—a(6x6 =El jT 6x1( (lx6)aa(6x1)) 2(1x6) dz

Also, the energy equivalent force vectors are rewritten using Eg. (5.8) as
AV, =Q]W, +(RI +Q;)\7a

where

Q. () =I_ Py (2)+ Pya) (Z)_ N (Z)lTxe dz
Rx(lx6) = J. i Pyo) (Z) * Pya (Z)_ S(Z)Ix6 dz (5.13)

Qy(1x6) :I Pyo) (2)+ Py (Z)_ T(Z)lTxe dz

5.6.2. Discretized equilibrium conditions

By evoking the stationarity condition, dI1, =0 one obtains the stationary condition, i.e.
T o +Q 0 (5.14)
in which the tangent stiffness matrix K1, is defined as

KT—a(SXG) =K E(6x6) T Ke G(6x6) T Kofa(exe) (5.15)

and the nodal force equivalent vector QT takes the form

Q1Tx6=<(Q F)lz) (R QR +M )(1*4)>a
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One recalls that da is the nodal displacements defined in Eqg. (5.9).

5.7. Coordinate transformations

In Eq. (4.16), the element stiffness matrix is expressed in local coordinates. In a structure
consisting of several members, each member has a distinct orientation. Thus, a global coordinate

system is selected and all element local coordinates are related to the global coordinate system.

The element nodal displacements \ila associated to the global coordinate system (Y,Z) can be
related to the element nodal displacements d in the local coordinate system (y,z) through

d, =Ty, (5.16)

where matrix T.q is the transformation matrix obtained as

T T 0 5.17
e6x6 O i -l—e*3><3 ( . )

in which the matrix of direction cosines [Tj]3 , Which relates the global directions (Y,Z) tothe

local directions (Y, z)of the member is given by
Il m O

[;‘]Mz -m 1 0 (5.18)
0 0 1]

and

| =cos(z,Z), m=cos(z,Y) (5.19)

Hence, one transforms the element tangent stiffness matric kT_a in Eq. (5.15) to the global tangent
stiffness matrix Ki,, i.e.

K,,=T.'k. T, (5.20)
5.8. Details of the iterative technique

In order to perform the incremental nonlinear analysis, based on Appendix IV of Chajes and

Churchill (1987), the nodal force vector for the structure is divided into increments. For a given
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load increment, the equilibrium condition is iteratively achieved. The solution proceeds by

applying the incremental force vector Q, (i.e., load step) and involves the following steps:

1-

10-

11-

12-

13-

The element elastic stiffness matrix in the un-deformed configuration K is formed for each

element. As a convention, lower case letters denote that the variables pertaining to the

element and all capitalized letters denote variables related to the structure.

The element geometric stiffness matrix kG is formed in the presence of internal forces fo
defined in Eqs(5.7).

The total element stiffness matrices are then formed using the equation K, =Kz +Kg

Transform the element stiffness matrix kT_a from local to global coordinates using T, and

assemble element contributions to form the tangent stiffness matrix K., for the structure
Initialize the iteration numberi:i=0 and set Qa(i) =Q,.

Increase the iteration number by one i =i+1. The equilibrium condition KT-a(i—l)\i’i =Q,iy

is solved for the vector of incremental nodal displacement \Tli of the structure.

Add the displacement contributions of all iterations i=1 through n, \Ila(i) = Z\ili
=1

For each element, given its transformation matrix T, (Section 5.7) and its incremental nodal
displacement vectoraa, form the displacement stiffness matrix K., .

For each element, given its incremental nodal displacement vectord., calculate the

a’
corresponding incremental internal force vector f, = kT_aaa .

Form the element tangent stiffness matrix kT_ain local coordinates based on the relation
Ko =Kg+Ks +Kp,

The global tangent stiffness matrix (K., ). is obtained using the transformation in Eq. (5.20)

Calculate the imbalance nodal force vector Qa(i) from the equation (K., ). \ila(i) =Q,-Q,;

Repeat steps 6 to 13 until the imbalance nodal force vectorQa(i) becomes negligible.

118



Chapter 5: Geometric nonlinear analysis of shear-deformable beam-columns

14- Update the total nodal displacement vector through the addition W =+, and update the

total stress resultant vectorf =f +f_ .

15- Return to step 2 for the next load increment.
5.9. Numerical examples
5.9.1. Example 1: Long-span simply supported member

A 8.0m span simply supported member (Fig. 5-4) with a W250x45 cross-section (geometric
parameters are provided in Fig. 5-4), is subjected to an increasing transverse point load
V =a180kN acting at mid-span, and an axial point load H = «1800kN acting at the end z =L
where & is increamentally increased by ramping & from 0.0 to 1.0. The corresponding midspan
transverse displacement is sought using six types of analyses; a) a non-shear deformable Euler-
Bernoulli-type linear analysis b) a linear analysis capturing shear deformation effects (i.e.
Timoshenko beam), c) geometric non-linear analysis for an Euler-Bernoulli (non-shear
deformable) based on the formulation of Chajes and Churchill (1987), d) a geometric non-linear
analysis including shear deformation effects as developed in the current study, e) a geometric non-
linear analysis based on shear deformable B31 beam elements in the Abaqus library. The direct
method has been used to trace the equilibrium path using load control with automatic
incrementation. The last solution (f) is based on the shear deformable SAP2000 beam element
using the “P-Delta plus Large Displacement” type of analysis. Again, load control with automatic
incrementation has been used to trace the non-linear equilibrium path. In all six analyses, 26
elements were taken to model the 8m span of the member. As expected, the non-shear deformable
linear Euler-Bernouilli beam solution (a) is observed to have a slightly stiffer respsonse than that
of the shear deformable linear Timoshenko beam solution (b). The effect of shear deformation in
this case is rather minor given that the span to dept ratio of the member is large. A similar
observation is made when comparing the results of the nonlinear non-shear deformable linear
Euler-Bernouilli beam solution (c) and the shear deformable Timoshenko beam solution (d). The
results of the three nonlinear solutions (d-f) for the present formulation, SAP2000, and Abaqus
exhibit very close agreement, suggesting the validity of the present solution and the correctness

of the implementation.
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Fig. 5-4 Force-displacement diagram for a simply supported beam under transverse load acting at the mid-span and axial
force acting the end

5.9.2. Example 2: Short span cantilever

A 1.5m span cantilever beam with a W310x39 cross-section (geometric parameters are provided
in Fig. 5-5) is subjected to a transverse point load V = «1,500kN acting at mid-span and an axial
point load H = «15,000kN acting at the end z = L . The force-displacement relations based on the
four types of analyses (a-d) described in Example 1 are depicted in Fig. 5-5. As expected, for the
short span cantilever, the shear deformation effect is observed to become more significant as
evidenced by the significant difference between solutions (b) and (a), and between solutions (d)
and (c). The large displacement differences observed between analyses (d) and (c) throughout the

pre-buckling analysis will be shown to influence the bifurcation point in some cases in Chapter 6.
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Fig. 5-5 Force-displacement diagram for a cantilever beam under transverse and axial loads acting at the tip
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Chapter 6

Lateral torsional buckling of wide flange sections including

distortional and pre-buckling effects

6.1. Abstract

The present study develops a unified lateral torsional buckling finite element formulation for the
analysis of beams with wide flange doubly symmetric cross-sections. The solution captures
several non-conventional features. These include the softening effect due to web distortion, the
stiffening effect induced by pre-buckling deformations, the pre-buckling nonlinear interaction
between strong axis moments and axial forces, the contribution of pre-buckling shear deformation
effects within the plane of the web, the destabilizing effects due to transverse loads being offset
from the shear centre, and the presence of transverse stiffeners on web distortion. Within the
framework of the present theory, it is possible to evoke or suppress any combination of the features
and thus isolate the individual contribution of each effect or quantify the combined contributions
of multiple effects on the member lateral torsional capacity. The new solution is then applied to
investigate the influence of the ratios of beam span-to-depth, flange width-to-thickness, web
height-to-thickness, and flange width-to-web height on the lateral torsional buckling strength of
simply supported beams and cantilevers. Comparisons with conventional lateral torsional
buckling solutions that omit distortional and pre-buckling effects quantify the influence of
distortional and/or pre-buckling deformation effects. The theory is also used to investigate the
influence of P-delta effects of beam-columns subjected to transverse and axial forces on their
lateral torsional buckling resistance. The theory is used to investigate the load height effect relative
to the shear centre. Comparisons are made with load height effects as predicted by non-distortional
buckling theories. The solution is adopted to quantify the beneficial effect of transverse stiffeners
in controlling/suppressing web distortion in beams and increasing their buckling resistance.

Keywords: Lateral torsional buckling, finite element, distortion, pre-buckling deformation,

geometric non-linear analysis, beam-columns, load height effect, shear deformation, plate girders
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6.2. Introduction and motivation

Lateral torsional buckling solutions for beams with wide-flange cross-sections are commonly
based on the Vlasov thin-walled beam kinematic assumption that, throughout buckling, a given
cross-section moves within its own plane laterally and undergoes twisting rotation as a rigid disk
(Fig. 6-1a) as it displaces from the position of buckling onset to the buckled configuration. The
Vlasov assumption neglects possible distortional deformations of the web within the plane of the
cross-section (Fig. 6-1b) and thus over-predicts the critical lateral torsional buckling capacity.
While distortional effects may be small in some cases, past studies (Section 6.3.1) have shown
that distortional effects gain significance in beams with slender webs, stocky flanges, and/or
shorter spans. In such situations, the omission of web distortion leads to grossly over-estimating
the lateral torsional buckling capacity of the member.

Also, while all conventional lateral torsional buckling solutions and commercial finite element
software account for the pre-buckling stresses induced in the member in going from the un-
deformed configuration to the position of buckling onset, most solutions omit the associated pre-
buckling deformation and curvature, by assuming that the member is approximately straight at the
onset of buckling. Past studies (Section 6.3.2) have shown that pre-buckling deformations induce
a beneficial stiffening effect, i.e., the omission of pre-buckling deformation leads to under-
predicting the lateral torsional buckling capacity of members.

As discussed in Section 6.3.1, some lateral torsional buckling solutions have captured the web
distortion effects alone while others (Section 6.3.2) have accounted for pre-buckling deformation
effects alone. To the authors’ knowledge, no solutions have captured the combined effects of web
distortion and pre-buckling deformation. The subject is thus the focus of the present study. The
present study thus develops a unified lateral torsional buckling solution that captures multiple
effects including (1) web distortion and (2) pre-buckling deformation (PBD), (3) pre-buckling
interaction effects between axial loads and strong-axis bending including P-delta effects through
a geometric non-linear analysis, (4) pre-buckling shear-deformation effects, and (5) the
destabilizing effects due to load offset from the shear centre. While, by default, the present solution
captures all effects combined, methodologies were developed to suppress/evoke any combination

of features as needed.
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6.3. Literature review

A distinctive feature of the present study is that it combines the effect of distortion and pre-
buckling deformation effects. Thus, within the large number of lateral torsional buckling studies,
the present review places emphasis on those that incorporate distortional effects, followed by those

that incorporate pre-buckling deformation effects.
6.3.1. Distortional buckling effect:

Distortional buckling solutions for I-sections were developed using finite strip method (Hancock
(1978)) and an energy solution (Hancock et al. (1980)). Finite element solutions were developed
by Bradford and Trahair (1981) who formulated a 12 degree of freedom (DOF) element and
Bradford and Trahair (1982) who developed a 16 DOF element. Distortional buckling solutions
were developed for mono-symmetric beams (Bradford (1985)), inelastic buckling of I-beams
(Bradford 1986), and mono-symmetric 1-beams with continuous elastic lateral restrain (Bradford
(1988a). Further research was conducted on buckling of tee sections using finite strip and energy
solution (Bradford (1988b), buckling of tee sections using plate finite element analysis (Bradford
(1990a), mono-symmetric beam-columns (Bradford (1990b), and doubly-symmetric cantilevers
(Bradford (1992a). The effect of rotational and translational restraints in I-beams were
investigated in (Bradford (1992b) and Ronagh and Bradford (1994)), beams laterally restrained at
one flange (Bradford and Ronagh (1997)), tee cantilevers (Bradford (1999)),and I-beam columns
with continuous elastic restraint (\Vrcelj and Bradford (2006a)).

Roberts and Jhita (1983b) investigated local instability of the I-beams and developed energy
solutions that capture the distortion of the web. Wang et al. (1991) conducted a parametric study
to investigate the effect of web distortion on the buckling of simply supported members with

mono-symmetric I-sections subjected to uniform moment and axial forces. Chin et al. (1992)
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developed a super-element with 16 buckling DOFs that captures web distortion. The distortional
buckling of beams with mono-symmetric sections was investigated under point loads (Hughes and
Ma (1996a) and under uniformly distributed loads (Ma and Hughes (1996b)). In both studies,
web deformations were approximated by quintic polynomials along the height. Dekker and Kemp
(1998) devised a simplified distortional model based on continuous springs, to model the stiffness
of the web and the flanges. Pi and Trahair (2000) devised an approximate distortional buckling
solution based on torsional and warping rigidities that characterize web distortion. Ng and Ronagh
(2004) developed a finite element based on Fourier series in longitudinal direction and cubic
functions along the height. Using shell finite element modeling in Abaqus, web distortion effects
on distortional lateral torsional buckling (LTB) moments were investigated for simply supported
beams (Samanta and Kumar (2006b)) and cantilevers (Kumar and Samanta (2006c)).
Experimental investigations of the distortional buckling were conducted for castellated 1-beams
(Zirakian and Showkati (2006d)) and for I-beams subjected to mid-span loading with lateral
bracing at the compression flange (Zirakian and Showkati (2007)). Samanta and Kumar (2008)
investigated the effect of lateral braces on the distortional buckling of I-beam cantilevers. Trahair
(2009) numerically investigated the distortional buckling of monorails with loads applied at the
bottom flange and characterized the effect of web stiffeners and flange torsional stiffeners on the
critical moments. Chen and Ye (2010) developed an energy-based solution for lateral distortional
buckling of simply supported beams under transverse distributed load using the Ritz method.
Kalkan and Buyukkaragoz (2012) characterized the reduction of torsional and warping rigidities
of beams due to web distortion. Pezeshky and Mohareb (2014) developed a distortional theory for
the analysis of beams with mono-symmetric sections and developed two finite element solutions
(Pezeshky and Mohareb (2015)). Hassan and Mohareb (2015) conducted a shell based distortional
buckling analysis for beams with cleat end connections. Among the above studies, only the work
of Hancock et al. (1980), Bradford and Trahair (1981), Bradford and Trahair (1982), Bradford
(1990b) and Vrcelj and Bradford (2006a) incorporated the effect of axial loads.

6.3.2. Pre-buckling deformation effect:

A limited number of studies investigated the effect of pre-buckling deformations on the buckling
capacity of thin-walled beams. Such studies are first reviewed followed by the few studies that

investigated the effect of pre-buckling deformations in plates.
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Clark and Knoll (1958) investigated the effect of pre-buckling deformation on lateral buckling
strength of the beam columns. Trahair and Woolcock (1973) developed an energy-based solution
for simply supported beams and cantilevers. Anderson and Trahair (1972) derived the differential
equations of neutral stability for the lateral torsional buckling of beams and developed numerical
solutions for various boundary conditions and loading cases. Roberts and Azizian (1983a)
developed a finite element that captures PBD effects. Roberts and Jhita (1983b) derived a critical
moment expression for simply supported beams. The solution captures the magnifying influence
of axial forces on pre-buckling deflections and curvatures. Pi et al. (1992a) developed energy
expressions for lateral buckling analysis of doubly symmetric thin-walled beams including PBD
effects and provided comparisons with the classical solution. Based on variational approach, Pi
and Trahair (1992b) derived the LTB equilibrium equations for |1 beam-columns including PBD
effects and developed a finite element formulation. In a companion paper, Pi and Trahair (1992c)
compared their numerical results against those based on classical LTB solutions. Machado and
Cortinez (2005) developed an energy solution for simply supported composite beams including
PBD and shear deformation effects. The study investigated the effect of PBD on cantilevers under
tip point load. Andrade and Camotim (2004) derived the governing differential equations and
boundary conditions for lateral torsional buckling of prismatic and tapered thin-walled open
beams. Energy solutions were provided for simply supported beams and cantilevers with tapered
members. Mohri and Potier-Ferry (2006) formulated analytical LTB solutions for simply
supported beams that capture PBD effects. Erkmen and Attard (2011) investigated the LTB of the
thin-walled beams including the combined effect of shear deformation and PBD. Mohri et al.
(2012) investigated the effect of PBD on lateral torsional buckling of mono-symmetric beams.
Analytical solutions were provided for simply supported beams and comparisons were provided
against classical and finite element predictions. Among the above studies, the work of Roberts
and Azizian (1983a) Pi and Trahair (1992b) Piand Trahair (1992c) Mohri and Potier-Ferry (2006)
Erkmen and Attard (2011) accounted for the load height effect.

The effect of pre-buckling deformations on the buckling capacity of plates was investigated in
Ziegler (1983c) who formulated a buckling theory for plates subjected to in-plane forces. The
study accounted for the effects of shear deformation and in-plane PBD and showed that both
effects are of the same order of magnitude. Based on Trefftz criterion, Wang et al. (1992d)

developed an elastic buckling solution that accounts for PBD effects for rectangular plates under
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in-plane stresses. The study indicated that PBD effects are significant for plates with large
thickness to span ratios. Xiang et al. (1993) investigated the effects of PBD on the buckling
strength of thick plates under various boundary conditions based on Rayleigh-Ritz type solution.
Hong et al. (1993a) developed an analytical buckling solution for circular Mindlin plates under
uniform radial compressive stresses, which included the second order terms of in plane strains.
The stationarity conditions of the total potential energy lead to two coupled differential equations
of equilibrium, which were explicitly solved for various boundary conditions. Hong et al. (1993b)
developed closed form and approximate critical stress solutions and compared the results against
analytical solutions. The study investigated second order in-plane displacement and PBD effects.
Liew et al. (1996) investigated the effects of PBD on laminated plates. The governing equations
were formulated by evoking the stationarity conditions of the total potential energy and a closed
form buckling Navier-type solution was developed for simply supported boundary conditions. The
effect of PBD was shown to be the same order of magnitude as the shear effect for various loading

scenarios, boundary conditions and plate aspect ratios.
6.4. Statement of the problem

A prismatic member with a doubly symmetric wide flange cross section (Fig. 6-2a) has flanges of
width b and thicknesst . Web height is h and its thickness isW. The beam is subjected to a

combination of loads applied within the x=0 plane, consisting of a) A transverse line load

d,(z) whose line of action is defined by the curve y,, (z) from the web mid-height. g, (2)
induces strong-axis pre-buckling bending moments, and b) Longitudinal line load qz(z) whose

line of action is defined by the curve y,, (z) from the web mid-height. Load, (z)induces axial
forces accompanied by strong-axis moments (in addition to induced in (a)) resulting from the
product of the longitudinal force g, (z) by the eccentricity Yy, (2) (Fig. 6-2)b.

The un-deformed configuration of the member is depicted as Stage 1 in Fig. 6-3. Under reference

loads g, (), ,(z)the member cross-section is assumed to move to Stage 2 where the web mid-

height is assumed to undergo a pre-buckling transverse displacementV,, (Z) . Also, owing to strong
axis bending of the web and associated longitudinal displacements, both flanges undergo

longitudinal displacements W, (z)and Wy, (). As a convention, subscript ‘7" denotes quantities
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related to the top flange while ‘B’ denotes quantities related to the bottom flange. Displacement
fieldsv,(z), Wy, (z)and Wy, (2) are determined from pre-buckling equilibrium considerations. As

a matter of convention, all field variables (e.g., displacements, strains, stresses or stress resultants)
induced in the pre-buckling stage (i.e., in going from Stage 1 to Stage 2) are denoted by subscript
‘p’ . The reference loads in Stage 2 are then assumed to increase by a factor A . Two possible
analysis scenarios are then considered in the present solution:

a) Nonlinear pre-buckling analysis: Given second order effects, when loads are magnified by

factor A , i.e., take the values )qu, A0, the associated pre-buckling displacements increase in a

nonlinear fashion, i.e., the pre-buckling displacements are Wy, (4, 2), Wy, (4,2) andv, (4,2)are to

be determined from a geometrically nonlinear pre-buckling analysis. When the load factor 1
attains a critical value (Stage 3 in Fig. 6-3), the system attains the state of onset of buckling and
the member has a tendency to buckle laterally, with no further increase in loading, to the buckled
configuration (Stage 4). Once an equilibrium configuration has been determined on the non-linear
pre-buckling path, the stability of the system is checked. If the system is found in stable
equilibrium, the load factor is incremented, and a new pre-buckling position on the primary

equilibrium path is sought and the procedure is repeated until a neutral state of equilibrium is
detected, at which the system is deemed to have buckled at the load level 4 =4,

b) Linear pre-buckling analysis: In cases where the nonlinear pre-buckling load-displacement

effects are negligible, one can assume that as the reference loads are magnified to attain /’qu and

AQ, the corresponding pre-buckling displacements are also linearly magnified i.e.,
Vo (4,2)=Av, (2), W, (A4,2) =AW, (2) andWg, (4,2) =AWy, (Z). In such a case, the critical load

multiplier 4 =4, can be obtained directly by solving the resulting eigenvalue solution.
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Fig. 6-3 Stages of Deformation

6.4.1. Assumptions

The formulation is restricted to prismatic members. Material is assumed linearly elastic,
homogeneous and isotropic. A right-handed coordinate system is adopted in which the origin ‘O’
lies on web mid-height. A local right-handed coordinate system is also assigned to each of the
flanges and the web. Points P, R and Q within the top flange, bottom flange, and web, respectively,

are offset from the middle surface and have local coordinates(X,n; ) ,(x,ng) and(n,y) .The
assumptions related to the pre-buckling analysis (Stage 1-3) are:

1- Web compressibility in the transverse direction is negligible, i.e. v,(y,2)=V,(z)
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2- The nonlinear strain terms are retained, i.e. a geometrically nonlinear analysis is performed in
the pre-buckling stage.

3- Throughout pre-buckling, the longitudinal displacement of the web is assumed to follow a
linear distribution across the height.

The assumptions related to the buckling analysis (Stage 3-4) are;

4- The flanges are assumed to undergo local warping according to the kinematics of the Gjelsvik
theory (Gjelsvik (1981).

5- The web is assumed to undergo biaxial bending as a plate. Hence, the displacementu, (y, Z)

out of the plane of the web is a function of coordinates y and z.
6.4.2. Kinematics
Throughout buckling, the flange centroids undergo lateral displacementsuy, (Y,2) ,Ug, (Y,2) |
angles of twist 6,0, and weak axis angles of rotation Uy, (Z) , Ug, (Z) . As aresult, a point offset
by a distance X and n, from the top flange centroid undergoes displacements Uy, (rlr , z)and

vb(x,Z). The flanges are assumed to undergo local warping deformations according (Gjelsvik
1981). Thus, a point offset by distances X and N from the flange centroids undergo longitudinal
displacements W, (n,X,2) and Wy, (N, X,Z).

Throughout buckling, the web is assumed to deform as a Kirchhoff plate. Hence, a point with
coordinates (Y,Z) within the web plane moves out of the plane of the web by a displacement
U, (y, z) . Also, a generic point originally offset from the middle surface of the web by a distance

N undergoes a transverse displacement vb(n, y,z) depicted in Fig. 6-3 and a longitudinal

displacement W, (n, Y, Z). As a convention, all field variables induced in the buckling stage (i.e.,

in going from Stage 3 to Stage 4 in Fig. 6-3) are denoted by subscript b".
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6.4.3. Pre-buckling Analysis
6.4.3.1. Finite element formulation

A two-noded shear deformable beam element (i.e., the Timoshenko beam) with three DOFs per

node (i.e. the transverse displacementV,, the longitudinal displacementW,and the angle of

rotation QXp) is developed for pre-buckling analysis (Fig. 6-4). In order to derive the stiffness and
geometric matrices and fixed end moment vector for the sought beam element, the shape functions
in (Friedman and Kosmatka (1993) were adopted. As shown in Fig. 6-4, stress resultants
B.V,,M,,R,,V, and M, denote the axial and shear forces and the bending moments at both ends
of the element.

In the pre-buckling stage, two types of analysis are implemented; a) Linear and b) nonlinear

incremental geometric analysis. In the linear analysis, the equilibrium conditions of the beam take

the form Keu, =F , where K¢ is elastic stiffness matrix, u, is the nodal displacement vector,

and F is the nodal force vector. In the nonlinear geometric incremental analysis, the equilibrium

condition takes the form K Au, =(K.+K;+K;)Au, =AF (Chajes and Churchill 1987)
where K is the tangent stiffness matrix , matrix K captures the effect of geometric changes and

presence of axial force within the member and matrix K captures the effect of displacement

changes on the tangent stiffness matrix. The details of the formulation were provided in Chapter

5. The total displacements u, is obtained by summing the displacement increments Au,

computed for each load increment AF . The underlying geometrically nonlinear analysis has been
implemented based on the (Chajes and Churchill 1987)) modified for the presence of shear
deformation by using the shape functions in (Friedman and Kosmatka 1993). It is noted that
suppressing pre-buckling shear deformation effects (for instance to investigate the effect of pre-
pre-buckling shear deformation on buckling strength as will be shown later on) can be achieved
by replacing the Timoshenko stiffness matrices by the conventional Euler-Bernoulli stiffness

matrices.
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Fig. 6-4 Two-node shear deformable element a) degrees of freedom b) nodal forces

6.4.3.2. Expressions of pre-buckling stresses in terms of stress resultants

The normal stresses are related to the pre-buckling moments N ;,M ; through

azp(y,z):NpA(Z)+M’;(Z)(y) -h/2<y<h/2
O (2) NDA(\Z) (—EJM';(Z) y=-h/2 (6.1)a-c
GZBD(Z)z NpA(Z)"'(ngTX(Z) y=h/2

where Athe cross is section arear and I, is the strong axis moment of inertia. Also, the shear

stresses are related to the pre-buckling shear stress V through

Vv
Tyap (y’ Z):W (6.2)

and Q, (y)is the first moment of inertia about the x-axis. The shear stresses in the flanges is

assumed to have a negligible contribution.
6.4.3.3. Expressions for pre-buckling displacements

The internal force-displacement relations of a shear deformable beam (Friedman and Kosmatka
(1993)) arise from the boundary condition terms and take the form
M, (Z) = _Elxg;p (Z)

(6.3)a-b
V,(z)=GAv, (z)+GA4,,(2)
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Bending moments Mp(z)can be approximately related to end stress resultantsM ; andM ,
through linear interpolation, i.e., M (z)=—(1-z/L)M_, +(z/L)M_, . By substitution into Eq.
(6.3)a, and integrating both sides of Eq. (6.3) w.r.tZ from zero to z, one obtains the expression

for angle of rotation 4, (z), i.e.

1 7 z z 1 1(M
exp(z):_g |:_Mp1(1_tj+lvlp2(t]:|dz:_E|:_M p12+5[ Lpl+Mp2]22:|+0xp(o)(6'4)
X 0 X

The shear force within the element is also related to the end shear forced V, andV , linearlyi.e.,

V,(z2)=—(1-z/L)V,, +(z/L)V,, (6.5)
From Eqgs. (6.4)-(6.5) by substituting into Eq. (6.3)b, one obtains the derivative of transverse

displacement V() expressed in terms of stress resultants, i.e.
(1) =0, (2) ) =

1(M, 1 , )
a0 L [, e Lo & oo ]

(6.6)

The longitudinal displacement due to normal forces is obtained as

, 1
W"(Z):aNp(Z) (6.7)
The normal force within the element N () can be expressed in terms of end nodal forces using
linear interpolation, i.e. N, (z)~—(1-2/L)N_, +(z/L)N, . By substituting into Eq. (6.7) and
integrating w.r.t Z , one obtains the longitudinal displacement due to normal force, i.e.

1

w, (2) =a[—(z—zz/2L) N, +(z%/2L) sz}rwp (0)

The longitudinal displacement at the top and bottom flanges are then expressed due to bending

moments and normal forces, i.e.
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:_{_é{—Mplz +%[ML”1 +M p2]22}+l9xp (O)}xg+$[—(z—zz/2L)Npl+(22/2L)Np2J+Wp(O)

1 1(M h 1
={—E{—Mplz+E(Tpl+Mp2j22}+ﬁxp(0)}x§+a[—(z—22/2L)Np1+(22/2L)Np2}+Wp(0)
(6.8)a-b
6.4.4. Expressions for buckling displacements

6.4.4.1. Displacements for a generic point within the flanges

Each flange is treated as a separate beam with a rectangular cross-section that follows a modified
form of the Gjelsvik beam kinematics (Gjelsvik 1981) to account for (a) moderate rotation effects
including pre-buckling deformation and (b) pre-buckling shear deformation effects. Pi et al.
(1992a) provided expressions for the displacement fields of a generic point within an I-beam cross-
section following the Vlasov kinematics (Vlasov 1961) in terms of the transverse and lateral
displacements at the shear centre, the longitudinal displacement at the centroid, and the angle of
twist. The study of Pi et al. (1992) accounts for moderate rotations and includes pre-buckling
deformation effects. The present study starts with the expression Pi et al. (1992) while introducing
the following modifications:

(a)While the study of Pi et al. (1992) focused on I-shaped cross-sections with significant global
warping and negligible local warping effects, in the present theory, when treating each flange as
a separate beam with a rectangular cross-section, the global warping function vanishes when the
pole of the flange is taken to coincide at the flange centroid. Thus, the global warping sectorial
term @ in Pi et al. (1992) is replaced by the local warping term as given in Gjelsvik (1981) (i.e.,
XN where N denotes the normal distance from flange mid-surface).

(b) The study of Pi et al. (1992) considers the pre-buckling response of a beam to follow the
kinematics of the conventional Euler-Bernouilli beam where the pre-buckling angle of rotation for
the cross-section is equal to that of the beam axis. In contrast, the present theory adopts pre-
Timoshenko buckling kinematics whereby the pre-buckling angle of rotation of the cross-section
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pr is assumed to be distinct from the rotation of the beam axis v’p . The necessary modifications

were made to the expression by Pi al. (1992) where applicable.

(c) When relating the longitudinal displacements within the flanges to the pre-buckling rotation,

the expressionV;, in Pi et al. (1992) is replaced by the term +6, (h/2) , and

(d)Rather than using the degrees of freedom W, 6’Xp asin Pi et al. (1992), the present formulation
adopts the alternative degrees of freedom W, Wy, as per the transformation relation in (6.8)a-b.
The total displacement fields (from Configurations 1 to 4) U, (X n, z) (X n., z) W, (x,nT,z)
for a generic point (x, n, Z) within the top flange are thus expressed in terms of the pre-buckling
displacement fields v, (z),6,,(z) and buckling displacement fields U, (2),6;, () as

G (X,n,2)=Uy, (2)-n6,, (2 <——x[u 2)+ 65, (2) -ty (2)0, (1,2) 0, (2) ]
_%Bu;b(z)exp(;t,z)+nTu{§(z)¢9Tb(z)}
st (2) i 1)+ 5 1 (210, (1) (2)0% (1))
VT(X'nT'Z)zvp(/1’2)+X9Tb(z)+<_%x[_u%b(Z)exp(/1’2)+9X29(ﬁ“’z)0Tb(z)]
D () (2)- Dt (20, (1.2)60 ()]

s, (g,z){e;b(z)_%[ugb(z)exp (,2) -t (2)6, (2, z)]}>
Wy (X, Ny, 2) = [ Wy, (2,2) = xup, (2)+ 10,0, (2, 2) = X0, 65, (2) ]
+<x{9xp(/1,z)@Tb(z)+%u{b(z)eﬁb(z)}+nTu{ ()0 (2)+20, (2,203, (2)
+%x{u; (2)6;, (A.2)-u{ (2)6,, (4, z)+%[u{'b (2)6, (4. 2)—ug, (2)6;, (4, z)][@fp (4,2)+ur, (z)}}
_%e;b (z){g X607 (A, 2)—xn.ur (Z):|>

(6.9)a-c
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Similar equations are written for the bottom flange displacements by replacing subscripts T with

B and replacingy =h/2 with y =—h/2 where applicable, yielding
GB(x,nB,z):uBb(z)—nBé’Bb(z)+<—%x[u§b(z)+9§b(z)—u’8b(z)pr(l,z)@Bb(z)]
—%[—guéb(z)@p(/1,2)+nBu'Bi(z)6'Bb(z)}
_xuéb(z){nBugb(z)ﬁéb(z)—%[ugb(z)@xp(l,z)—uéb(Z)H;p(i,z)}}>
\78(x,nB,z):vp(1,z)+x08b(z)+<—%x[—uéb(z)pr(2,2)+0X2p(1,z)03b(z)}
—%Befp(/1,z)+n89$b(z)+guéb(z)49xp(ﬂ,z)@Bb(z)}
+%x9xp(/1,z){nBeéb(z)—%[ugb(z)exp(/I,z)—ugb(z)ex’p(ﬂ,z)]}>
WB(x,nB,z):[WBP(/I,z)—xu,;b(z)+nBt9Xp(l,z)—ané’T’b(z)]
+<X{pr(/1,z)@Bb(z)+%uéb(z)9§b(z)}+n8u{3(z)HBb(z)—%@xp(l,z)ééb(z)
2

Lo (z)‘:—gxﬁfp (4,2)-xngug, (Z)D

—gx{ug(z)@’p ()~ (2)8,, (A 2) + 2 [ugy (2)8, (42) Uy (2)6, (a,z)][ejp(z,z)w;(z)}}

2
(6.10)a-c
6.4.4.2. Displacements for a generic point within the web

Throughout pre-buckling, we recall that the web is assumed to deform as a Timoshenko beam.
Hence, the longitudinal displacement of the web mid-surface varies linearly along the height.
Throughout buckling, we recall that the web is assumed to behave as a thin-plate. The associated

longitudinal and transverse displacements are respectively given by—naﬂb(y,z)/ézand

—naﬁb(y,Z)/ﬁy. The total displacements are then given by adding the pre-buckling to the

buckling displacements yielding

_ 1 1 ou, (Y,
w(n,y,z) = [E—%]Wm (4, z)+(§+%jwsp (4,2)- n% (6.11)
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aua, (y,z)
oy

v(n,y,z)=-n +V,(4,2) (6.12)

6.5. Expressions for strains and stresses

In contrast to previous studies (e.g., Hancock et al. (1980), Ng and Ronagh (2009), Adany and
Schafer (2008), Andreassen and Jonsson (2012), etc) the present study retains the complete form

of the second order strains.
6.5.1. Strains in the top flange

The Green Lagrange Strain tensor for the top flange is given by

on 1l(aa) (ov?) (ow Y
fr =t e =N 2 ) & ) T &

OW; +80T N GW? aw? +aa$ ous +8\7}7 ovy
OX 0z oX 0z OX 0z OoX 0z

(6.13)a-b

7/sz = yszT +7/szT =

From Egs. (6.9), by substituting into Egs. (6.13), one obtains the strains within the top flange, i.e.

Ep = AW, + AN O, + % APV

" " ’ 1 1 " h 1 h ’ ]
£,y = —XUT, — XN 0L, + ﬁ,x[(exp +V,) 6, + 6,0, ] U, + zzexpefb 00 (6, +V,)
h (a1 m " N2 ! ! h2 ' '
+g Ax(ur 0, —ur,, — 65,0 — 261,0,,0,, )+ 7 OOl

Xp~ Xp

2
+%{(u{b ) +(ne ) +;‘—6/12 (ure6?, +ured +2ur,ur, 6,0, )—xgu;b (6,ur, +OLur, )}
1 r\2 1 2192 "2 02 12 12 " ot Zh2 2 2 qgn2 1212 i rn
+5 (x6s,) +3 X2 (Ure 62, +urz 012 +2u7, 0,0, Ur, ) + X 77 (62652 + 0,205 +264,0,,0:,64,)
! 1 " ! ! h n ! ! ! 1 h ! ! 14
+2AV) [—Eﬂx(—uﬂﬂxp —Our, )+ /Iz(unﬁxp@m +Ur, 0L 0, + uTbGXDHTb)—AXE(HXpGTb +6,,0n, )}
! 1 n ’ ’ ’ 1 h !
+22%6), {_E X(~Ufy0p = Oiplty, + 20,010, + 01,02, ) + 2000

h ! ! ”n ! !/ h " ! " "
X0, (=265, +u,0,, — U0, ) + X 200 (—205, -6y, +uro,, )}

2 (0,000,004, 04 )|
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yszp = O

’ h " ’ 1 T h ! !
Vs :_2nT9Tb—Z,i(zumexp)m((exp+vp)9Tb+EzvpuT0ij+zZ(—eTb93p+29Tb0 0,)

Xp~Xp

!’ ! h !/ ! 14 ! ! ! h ’ !
+[—uTb —1 6, + 20,0, + zz(uTexp ~wo, 6,02 )}(wTp + rwm)_E 226.,0,.v

Xpp

(6.14)a-d
where all primes denote differentiation with respect to z. The internal strain energy due to shear

o7 arndAdz , Where 7,r and V.m are the first

has two components%j I 2G (7,7 )’ dAdz and [[=
z A z A

and second variations of the shear strain. The mid-surface pre-buckling shear stresses in the flange

dAdz vanishes and the term Zm does

are negligible (i.e. Tytp = 0 ), hence the term I I z‘szpisz
z A

not contribute to the formulation.

6.5.2. Strains in the web

The total normal strains £, and &, an shear strain ,, the web are expressed as a sum of the linear
and nonlinear components, i.e.,

E, =& TEy

E, =&, t&y (6.15)a-c
Ve = Vya TV N

in which the linear strains are given by

b= (B (03.2) 0, (2.2) =0 el
bu = 2 (03,2, (4.2) =0 T (L Y g (22) 22 g (2.2
o= 2y (813,21, (2,2))+ 2 (5 (n,2) 9, (1.2)

~an 2 R (2,2)-w, (1,2) 14, (1)

(6.16)a-c
and the nonlinear strain components are
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— 20 20
_ au, a4, n _n6 uzb G, +AV)
oy oz oy oyoz
0 Aw,  Aw, q
o oK Ay AW ) O qu +(1_XJ/1W{P {erj/mép
ooz h h oz 2 h 2 h (6.17)a-c

6.5.3. Stress strain relations

From Hooke’s law, the stresses in the top and bottom flanges are expressed as
GZT = Eng ! O-zB = Eng ! szT :nyzT ! szB = GJ/XZB (6'18)

and those in the web are given by

_E
2(1+v) "

o :iz(gy+vgz),0'2 =1 E (3Z +vgy),ryz = (6.19)

Yol —?
6.6. Variational principle

The total potential energy IT=U +V is the sum of the internal strain energy U and the potential

energy V gained by the loads. The total internal strain energy U =U; +U; +U,, is the sum of
the internal strain energies stored in the top and bottom flanges, U; and U;, and the web U, .
The potential energy V =V, +V, is the sum of the potential energy gain V, by the transverse loads

and the potential energy gain V, by the axial loads i.e., [T1= (UT +U; +U,, )+(Vl +V2)
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6.6.1. Internal strain energy
6.6.1.1. Contribution of the web

The internal strain energy stored in the web in going from position 1 to 4 is

1
UW = EJ.(szgzb + O-yb‘c"yb + Z-yzb?/yzb ) dV + J‘(Gngzb + Gypgyb + Tyzpyyzb
\

)dv
(6.20)

p-zp yp—yp

\
+%J(a e +0o,E +ryzp7/yzp)dV

From Egs. (6.19), by substituting into Eq. (6.20), and recalling that the total stress and strains are
the sum of the pre-buckling and buckling terms, one obtains

1_
U, = ﬁ\! (gzb +vgyb)€zb +(8yb +Vé‘zb)€yb +_( ZV).}/yzb7yzb dv

+I (Ungzb +0 80 + Ty ) dv (6.21)
\

)dv

1
+§I(02pgzp T Oy t Tyl yip
\Y

where ©,, ,0,, and7,,, denote the pre-buckling stresses and &y, ,¢,and 7,,, denote the strains

at the onset of buckling as given by

26 Y PR 2
& :—na uzb +1 (%] + —na Y + AV
o= 2|\ oz oyoz

20, 0, Y 20 Aw. Aw )
gb:—nauzb+l Ay + —naub— To T Bp
’ oy> 2|\ oy oyoz  h h

24 ~ ~ 2~ 2~
00y , Wy Ny —nauzb —naub+/1v’p
oyoz oy oz oy oyoz

0. Aw,  Aw 40
e R b e
7 VA

Noting that the second variation of a functional F =(1/2)IV a;a;dV of the product of two

(6.22)a-c

7yzb =-2n

argument functions &;,@; is (1/2)? =(1/2)I (25@; +ao, +od; )dV where a single bar ©
Vv

denotes the first variation of the argument function with respect to buckling displacements and
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the double-bar ¢ ’ denotes the second variation, the second variation of total strain energy of the

web (Eg. (6.23)) is found to be
= E _ _ \2 — 1 — 2 = = =
J{(ezb )2 +(6‘yb) +2vE e, +§(1—V)(}/yzb) }dV +I(angzb +0,E, + Tyzp;/yzb)dV
\Y
(6.23)

v (1_V2)V

where

P — \2 2= \2
= ou, o°u,
Ep=|—7-| N

oy oyoz

T =5 o oyozr oy | oyer o2
From Eq. (6.24) by substituting into Eq. (6.23), one obtains

= 00, o, gnz[azﬁb G azﬁbj (6.24)f
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_ - 1- =
J{(nﬁbyzz)u(nﬁby ) +2vN°0, L0, ,, + ( 2‘/)(2nﬂbyyz)2

+(AnG, ,,v, )2 +2An%0, 0, V) +1/h? [nﬂﬁb o (W + W )T + 20 A0 3, G 1, (— Wy + W )/h

+2vn? [;tu oy (—Wry +Way ) N+ 20, G, V7 + A7, , G, Vi (W, +WBp)/h]

b,zz

2 2
(1_V) =y )2 = 1 vy), 1 y)., = W, Wg
+T (nﬂug,/yva) + nﬂ’ub,yz E_F W‘rp+ E"‘E WBp + nﬂ,ubyzz ——hp—l——hp
a -~ ' = 1 y , 1 y , — WT WB
+4n2ﬂ‘ub,yz {ub,yyvp Uy [(E_FJWTP +(§+FJWBp:|+ub,zz [——hp +—hp J}
= = l

2= 2= 2= 2=
+/1I o, (O, +1°07 , )+ 27, | Gy 0, , +1 070, 9 uzb 49U 0 u2b dv
Y ‘ ’ A oyoz oy® oyor oz

By performing integrations over the thickness, Eg. (6.25) takes the form

(6.25)
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GO ) 2 20

+( A, , Zp) +240, ,0, ,V ,, +1/h° [ﬂﬁb o (Wi + W )] + 2/111 O gz (Wi + W, )/h

2= H
+2v ﬂbubzzubyZ —W, +WBp)/h+ﬂubWubyzvzp+/1 u,,, U, .V Zp —W,, +WBp)/h]

< Ay V ﬂubyz K; POW'ZTP > % }} l:}tub ) {_%Jr%jr
ool Gl 33

+22°0, V) {ﬁb . KE_%)W‘”" +(%+%)w’28p}+ﬁb,zz (_WTJF%H
o ] 3Fon

2 2~ 2~
M,“ N,, G§Z+t—ﬁ§yz + Ny | Ty 0y, + 0", 0°G, +au ou dydz
) TR ' 12 oyor oy:  oyar o2

C)|

(6.26)
where D = Evv3/12(1—v2) N,=0,t andN, =271t .
6.6.1.2. Contributions of the Flanges
The strain energy of the top flange is given by
U, = lj [ (078 +70r7,r ) dAdz (6.27)
27 x
and its second variation is
= 1 — — = =
Uy =2 [] (2E(gm,)2 +2G (Zam )2)dAdz + [ [ (Coapom + Tarp T ) dAD2 (6.28)
z A z A

where
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T xp T~ xp

By = XUy = X0, G+ AX| (0, + V) ) Gy + O, |+ gﬁx[ﬁ’ O — W0, — 02 |
; {—%/lzxv;) [(~u8,, 0, )+ h(6, 8, +6,8, )}}

Vs = =20, 61, —%z(zugbexp)+ A6, +V7 ) O, +%/129 v
+2 {-u;b —1, 8}, +26,,0,, + /1%@;% -0, - e‘;bejp]}(w;p +n.6},)
m%(—e;befp +260,0,,0,, ) —gxzé;bexpv;

E. =

z

(@) (e )+ (58, ) [+ 2045+ 1,8, (0, +v;)

2

h2 = =12 o ' h — = r = ''n 0
{Exz(uﬂf@jp+uT§9X§+2uTbuTbe 0 )—ﬂzuTb(QXpuTb+9XpuTb)}?(0 0,,0:,0r, )

Xp -~ Xp Xp~Xp
l 212 (=122 =12 12 =" r o 2 h2 2 2 nn2 1212 n' r o
+g XA (7202 + a6y + 20, 0,,0,, T, ) + X i (62,02 + 0,267 +267,0,,0:,0n, ) +

xp 7 xp

+ 2V, {Z%(lﬂ’b@xpﬁ_ﬂ) + Up, 0, Ory + T, 0, O )} + AX° 0}, (6,1, + 03T, — 26,,0,,0,, — 61,07, )
+22%8), Px%e;p (—265, +T3,0,, — 03,0, )+ x%@xp (2605, - iy, + 1o, )}
—A2x2 g(e;pé;b +0,,0r ) (T7,0, +9X'pa;b)}
(6.29)
and Oy, and 7,7, are pre-buckling stresses within the top flange. Compatibility of displacements at the web
to flange junction necessitates that the lateral displacement of the top flange is related to the lateral

displacement Uy, of the web through the relation U, (Z) =0, (—h/2, Z) . Also, the angle of twist of the top
flange 9Tb is related to the first derivative of the lateral displacement of the web ljb'y through the relation

e, (Z) =-U,, (—h/2, Z) . Hence, one rewrites Egs. (6.29) in terms of the web displacement field as
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Emp = {—xu +Xn ub . —/Ix[(é’xp +vpvz)ub,yZ + prvzub]y}
Xp + b,y

+2/1x[u 022~ Uy 10,y + Uiy 05 |

b,z¥xp,zz

+%/12XVD,Z [(expab,zz + exp zab,z ) +h (exp zab,yz + expab,ylz ):|}

y=-h/2

Vo = {Znu z(exp+vw)ﬁb,y+%/19v EMMZ(E 05, -24,,6,,.6,)

Xp ' p,z b,yz™'xp b,y xp,zxp

+ﬂ’[ ubz +n ub yz Xp b,y ,227Xp b,yz™ xp Tp,z TYxp,z

- 20,0, m%(ﬁ]e,—ﬁb 0,, +, 02)}(w +1.0,,)

h, = h
_Zﬂ,(zubﬂexp) : ~ 2%, ,6,V, }
y=—h/2

2

=A%y, (0,90, 1, + 0, .0y , — 20, 0,00 ubyzez)]mh?(ee Gy Uy . )

Xp 2z Xp,z Xp,27Xp XpXp,z b,y b,yz

0 (G2 0% +G2.62 + 28, 0, 0.0 /1h7 0,0, ,+0,, .G
= ub,zz xp bz Xp,z ub,zub,zz xpxpz | —u xpubzz+ Xp, zu

16 2
L@ 62 2,07 420 G 6.0

4 b,zz%xp b,z"xp,z b,zz%b,z¥xp ™' xp,z
el g2 020;7,,, + 05,02, +20, 0, ,,0,,0

Z byzz Xp,z byz byz byzz Xp 7 xp,z

b,zz¥xp™'b,y b,z%xp,z"'b,y b,z xp

_zﬂvp{ﬂg(a 0.0 +G,.0. 0 +0 0 ab,yz)}
o Uxp.z Xp,Z2 7 Xp

_Zﬂxﬁb'y{—%x(—ﬁm@ 0.5y, —23,,0,,.0,, 0, .05 )

+X 2 0. (20, +0, 0, —0,,0,,, )+ x%@xp (20,2, =05 6., + U .0 )}

Xp,z Xp,z Xp

—AX? g( exp zab,yz N expabxyﬂ )(Jb'zzex " HXP Zabyz )}
y=—h/2

(6.30)
From Egs. (6.30) by substituting into Eq. (6.28), one obtains the second variation of total strain
energy of the flange as
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U; :J' j {—xub'ZZ +Xn; U, —Ax[(@xp +V,, )Ub,yz +prlzub‘y}
2 Ac

+%/1X[l§b’19 Ub zzze + ab,yzzexzp + Zab yze 0 :|

Xp,zz Xp XpXp,z

X Xp,z Xp,z~ Xp

+%42vayz[(axp6bﬂ+9pzubz)+h(9 Gy, +0 Eb,yu)}—zgxﬁbyze 0 }2

+G{2njb,yz—/1(e +vpyz)ﬁb,y+%w v vazmﬂ(ﬁb,yzez ~2G,,0,,.,0,)

Xp ' p,z 4 Xp,27 xp

+n.0, ., — A0 Gb,ymZ(J 6 Ebyzzexpmb,ﬂefp)}(w +1.6,,)

\yz Xp b,z¥'xp,z Tp,z

h h = 2
——4(2 0 )+ =270, ,0,V, dAdz
2 y=—h/2

z A E
—AX70, ,, (0,90s 1, + 0,90y, —20,,0,, .0, ~ 0, 65 )} + zh?z(expexpjb,yﬁb,yz)

Xp,z

h* 0 h -~ = =
{EAZ(u;ZZGj +02,0% , +20,,0, ,,0,,0 )—zaubvz(expubﬂw ub’z)}

Xp,z Xpxp,z

+{%X212(6 zzexp +Ub 292 +2l§b,zzljb Ze 0 )

Xp,z Xpxp,z

h 2 ~ ~
+X 712(92 07, + 62,07, + 20, ,0; ,,,0,.0 )
h(= Y ~ ry = =
-2V, , ﬂz(ub,zﬁxpub,y +0y,0, .0, +Ub,z9xpub,yz)
ZﬂXUby{ ;X(—J 05 = 045,10y, — 20, 0,6, 0, .07

b,zz%xp Xp,z b,z by~ xp,z~ xp b,yz™~ xp

+X 2 17 <2|§b,yz + Gb,zzexp - vaze )+ Xgexp <2Gb,yzz - ab,zexp,zz + Eb,zzze )}

Xp,z Xp,Z Xp

Xp,z Xp,z

oy h( Oy sy, — 0,501 122 ) (Uy 03 + 0 Jb,z)} dAdz
2 =—h/2

(6.31)

By integrating over the area of the top flange, one obtains
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= — 2 — 2 — _ 2 = -
~ ~ 2 A2 ~2 1
U, = Ej<|yF (Gose ) + Vg (Goyee ) +1,647 [exp Uy +00 0, (v, +6,) +20,,(v,, +6,)0, Zub’y}

h2 2 2 2 ~
+—4 I (ub 26 + ub zzze 20xp zzexpub,zub,zzz )

Xp,zz
+221 0, , {(exp +V,2 )Gy s + Orp U —g(ﬁb,ﬂxp,zz T Jb,yuefp)
—%ﬂvp,z [(6’ Gy , +0,p 0y, ) +1(0,5 s 1, + 0,0, )}}

L [(8 +,)e O, J[00 _ab,mexp]>y @
+GI{4le (Boye) +22A (B, ) (B 4, ) +47 [AF (8.) +1,e (G, )z}wm
22, [(EM)Z +2—30t2( G, }92 + 22 T A (0,0, )

+421,:0, {—EM ~26,,0,, +/12(5b,29xp,z —Ebluexp)}a 4G W

TP,z xp,z

_ _ | h—
20 A & 27 7 £ ~
4 IxFub,zub yzW 0. —24 AFub,y (exp +Vp,z )|: ub z"VTp,z +tub,yzexp,z _Eub,zzexp

222 = [AFubZ o XFJMeXpZ](Jbﬂexp)} dz
y=-—h/2

+po—ﬂp[AFubz+( )byz+ﬂAF o2Upy + ADAG, G, (6, +V,, )

Al VF ljb,yz (expljb,zz + pr zab,z - 261) yQXp ZQXP ab'yzexzp )
2 _
+:.]_6/12 [AF ( b zzexzp + ub ZGXZP : + 20, 0, ZZHXPHX" z )]
_ﬂ AF bZ( bzz +‘9xpz )+1AF ( XpXp, Zab’yab’yz)

| - — — - —
2 2 2 ~ ~ 2 2 2 A2 ~ ~
+/1 4 [(ub zzex + ub 29 + 2ub,zzub zexpexp z ) + h (9 l'Ib \yzz + pr zub,yz + 2ub,yzub,yzzgxpexp z ):|

Xp,z
h 2 ~ ~ ~ ~ ry =~
_ZZ AF/1 Vp,z [(ub,zzexpub,y + ub,zexp,zub,y + ub,zexpub,yz ):|
= 1, = = = 2
—2A1 yF ub,yz I:E(ub,zzexp + exp zub,z + 2ub,yexp,zexp + ub,yzexp )
h ~ ~ ~ ~
+_9xp,z (2U + ub,zze - ub,zexp,z ) +— 4 0 (Zub yzz ub zexp 7z + ub,zzszp)

h - - - — _ _

2 A 2 A A 2~ ~ ~ ~
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(6.32)

where( A, L, 1,1, )= [ (107,53, 082 )dA. = (bt,bt*/12,b°t/12,0°°/144) .
A

Similar expressions are obtained for the bottom flange by replacing subscripts T by B and by setting

y=h/2 instead of y = —h/2 . One obtains
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(6.33)

6.6.2. Load potential energy

The second variation of load potential energy V' consists of the contribution \7T of the transverse
loads and that of the axial Ioads\7A. While load potential energyV, of the axial loads does not

vanish and thus contributes to the pre-buckling analysis, its second variation \7A vanishes. i.e.

V, =0 andV =V, . As the beam buckles, the vertical distance A, (Z)travelled by the transverse
distributed load Aq, (y,, (2).z) acting at Y,, () is given by
Ya,

A (2)= | >0, dy (6.34)

0

Hence, the second variation of the load potential energy in terms of buckling displacement
G, (y,z) is

=L yCIy

_ =L z _
V= qu(Z)Ab(Z)dZ: qu(z) Jﬁbz,ydy dz (6.35)
0 0 0

6.7. Finite element formulation
6.7.1. Interpolation scheme

In line with past studies (e.g. (Bradford and Trahair (1982); Hancock et al. (1980)), Bradford
(1985), Bradford (1992b), (Pezeshky and Mohareb 2014), (Pezeshky and Mohareb 2015)) the

lateral displacement Gb(y,z)of the web middle surface can be assumed to follow a cubic

Hermitian distribution along coordinate Y . Along coordinate Z , a cubic Hermitian distribution
would also be enough express the internal strain energy of the web since no derivative orders
higher than 2 appear in Eq.(6.26).

Unlike the web, third order derivatives with respect to coordinate Z for displacement fields

(ub’m)y:h/2 ,(ub,m)y:fh/2 of the flanges appear in Eq.(6.32)-(6.33), thus requiring C2 continuity,
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i.e., the displacement f'eldS(Ub,zzz)y:h/z’(Ub,m)y}h/z need to be interpolated using quintic
Hermitian polynomials in coordinate Z .

However, if compatibility is to be enforced between the lateral displacement U, (y, z)y:ih/2 at the

web top and bottom, and the corresponding lateral displacement fields of the flanges u; (z)

GB(Z) , displacement Gb(y,z)y needs to follow a quintic distribution along the z coordinate.

=th/2
Hence, the displacement field G, (y,z) will be interpolated using quintic Hermitian polynomial
functions in coordinate Z while being interpolated using cubic Hermitian polynomial functions
in coordinate y .

A finite element is thus developed with two end nodes (Fig. 6-5). Each end has 10 buckling

degrees of freedom (DOFs) at each end. At each node, five of the 10 degrees of freedom
characterize the displacements of the top flange. These areu,,u;,u;,6;,6; which respectively
denote the lateral displacement, its first derivative, its second derivative, angle of twist, and its
first derivate for the top flange and the remaining five degrees of freedom ug,Ug,Ug, 65,6,

characterize similar displacements for the bottom flange.

U"rp(L)
Urp(L)

Node 2
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Fig. 6-5 Distortional buckling finite element with 20 DOFs

The lateral displacement U, (y, z) of a generic point on the web middle surface is expressed in

terms of the nodal displacements through

U, (¥2) = Mg (Y2 2) Oy (6.36)
where Mlszo(y,z)=<H1(y)QT(z) H,(Y)NT(2)  H,(y)Q"(2) H4(y)NT(z)>1x20 is a vector
of shape functions resulting from the product of cubic Hermitian functions H, (y)—H,(y),N(z)

and the quintic shape functions Q(z) , given by

1 3 1 1. 1

H (y)==-2Y +2Y°3, H —h|Z—ZY_-ZY24Y3
:(Y) 2 2 2 (¥) (8 AR j
H3(y)=%+2Y 2v3 H4(y)=—h(%+%Y—%Y2—Y3j

NI, (2)= <1—3zz+2z3 2(1-2)° 82°-22° L(-2°+2°))
2
QIX6(2)=<1—1OZ3+1SZ4—625 L(z-62°+82"-32°) "?(22—323+3z4—25)
2
107°-152* +62° L(-42°+72"-32°) "?(323—224+zs)>

where the notation Y =y/h andZ =z/L has been introduced. In Eq.(6.36),

AT _InT nT AT 0T ; ; ~ T AT T
ub(mo)—<uTb 0, ug 03b>,|sthevectorofnodaldlsplacementsanduTb,GTb, ag, 0] are

nodal displacement vectors defined by
07, = (U, (0) U, (0) uf,(0) up (L)
07 =(0,,(0) 0,(0) (L) 6;(L))

05 = (Ug, (0) U (0) U (0) Ugy (L) ugy(L) ugy (L)),

01 =(0(0) 0(0) Gu(L) Gan(L))

Uy (L) ugy (L))
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6.7.2. Second variation of Internal Strain energy

From the pre-buckling stress internal force relations (Eqgs. (6.4)-(6.8)), the buckling shape
functions defined in Eq. (6.36), by substituting into Eq.(6.26), one can rewrite the second variation
of internal strain energy of the web as

UW = ubT(1x20) (KEW + ﬁ'KGlW +4 KGZW )20x20 ub(20><1) (6.37)
where K, isthe elastic stiffness matrix, Kg,,, is the first order geometric stiffness matrix and

Ksw 1S the second order geometric matrix, all defined in Appendix A. Also, from Egs. (6.4),
(6.6) ,(6.8) and (6.36) by substituting into Eq. (6.32) and integrating with respect to volume, one
obtains the second variation of the strain energy for the top flange as

JT = a;)r(lxzo) (KET + j“KGlT + izKezT + /13KG3T) (6'38)

20x20 Ub(20%1)
where matrices K, K1, Kg,r and Kg,; are the elastic, first order, second order, and third

order geometric matrices for the top flange, as defined in Appendix B. In a similar manner, one

obtains the second variation of the internal strain energy of the bottom flange as

UB =0;, (KEB + AK g + ﬂ’ZKGZB + /13KG3,B ) ab(zoxl) (6.39)

b(1x20) 20x20
where matrices K5, Kg 5, Kgs and Kz are provided in Appendix B.
6.7.2.1. Second variation of load potential

From Eqg. (6.36) by substituting into Eq.(6.35) one obtains the variation of the second variation of

the load potential in terms of the nodal displacements, i.e.

V =0]K, 0, (6.40)
where

L Yay
K, =qu(z) j [M'y(y,z)Mﬁ(y,z)jLMy (—h/2,z)ML(—h/Z,z)+ny(h/2,z)ML(h/2,z)]dydz

(6.41)

6.8. Kinematic constraints to supress distortion at a beam end

From Egs. (6.37)-(6.40) one recovers the second variation of total potential energy I, ie.

=07K,(2)0, (6.42)
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where KT(/l):(KE+1(KV+KGI)+12KGZ+/13K63) . In order to capture the effect of the

stiffeners on web distortion at end I (Fig. 6-6b), one
needs to enforce the following kinematic constraints (e.g., Ma and Hughes (1996b) Chen and Ye
(20120)).

G — 0 =0, HT'i - eéi =0

gTi — u{i _uéi , 0T’i — U%i _uéi (6.43)
h h

In a matrix form, one has

CIbi(mxl) - ClOXGQbi(GXl) (6.44)

’ 14 A
i Uy ‘9Ti eTi Ug;

'
Bi

uy Gy O is the vector of nodal

where 0,0 =(Uy U 104

u

. . A T .
displacements at node i of the structure, gbi(m)=<uTi U Un Ug UG ugi>6x1 is the reduced

vector of nodal displacements after eliminating the redundant degrees of freedom through the

kinematic constraints, and matrix C is defined as

1 h | ' Yh
1 yh | Ih
 ~yhl 1 | -yh
: 1

L 1 ! ! 16x10

The structure stiffness matrix K (1) is modified to account for the kinematic relations defined
in Eq. (6.44) according to the procedure presented in Appendix C, yielding

M=07K+(4)0,

For the case of multiple stiffeners, the procedure is repeated at each section with a stiffer. In the

case of non-distortional analysis, stiffener constraints are applied at all nodes.
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& / \
Utp,

Fig. 6-6 a) Distortional element without stiffeners, b) distortional element with stiffeners

6.9. Condition of neutral stability

The condition of neutral stability is obtained by setting to zero the variation of second variation of

total potential energy, i.e.

5(5Hj_5[§(u +v)}_5§(uw +U; 40, +V | =0 (6.45)
In a matrix form, one has
5(%5] =80, (Kg + (K, +Kg, )+ 7Kg, + A°K g, )0, =0 (6.46)

where the entries of the matrices K¢, Ky, Kg,, Kg;are obtained from the entries of the web
matrices K, , Kgw Keow » the top flange matrices K, Kg 1, K, Kgsr , and the bottom flange

matrices Kgg, Kgis, Kaogr Kags Using the conventional assembly process.

The cubic eigen-value in equation (6.46) can be transformed to the equivalent first order right-

eigenvalue problem i.e.,

where 1,, isthe 20x20 identity matrix.

156



Chapter 6: Lateral torsional buckling of wide flange sections including distortional and pre-buckling effects

6.10. Types of analysis:
6.10.1. Pre-buckling analysis

Throughout pre-buckling analysis, two types of solutions are possible. The first type is a linear
pre-buckling analysis where the interaction effects between axial forces and strong axis bending
moments are assumed negligible, or non-existent for beams with no axial forces. Such an analysis
is linear. When adopted for beam columns, it will be denoted by the designation “L”. When
adopted for beams, it will carry no designation. In such an analysis, the corresponding critical load
factor is obtained by a single-step eigen-value analysis. The second type of analysis accounts for
the interaction between axial forces and strong axis bending in beam columns (or P — & effects)
by evoking the non-linear geometric analysis option. This type of analysis will be denoted by
“NL”. In nonlinear analysis, the response is traced incrementally. After convergence is achieved
for a given increment, an eigenvalue check is then performed to detect whether a bifurcation point
has been reached on the equilibrium path. Three possibilities exist: a) If 1 <1the beam is deemed
to have buckled under existing load and the reference load needs to be scaled back and a smaller
load increment applied. b) If 2 >1 the beam is assumed to remain in stable equilibrium and load
factor is incrementally increased, or ¢) If A =21within a specified tolerance, the beam is deemed

to have attained the sought point of buckling onset.
6.10.2. Buckling analysis

In the most general case, the present finite element solution captures the PBD, distortional effects
and pre-buckling shear deformation effects. When all three effects are accounted for, the resulting

critical moment is denoted as M( It is possible to omit pre-buckling shear deformation

D+P+S) -~
effects in the pre-buckling analysis by replacing the Timoshenko beam solution with the Euler

Bernoulli beam formulation. The resulting critical moments will be denoted asM ;. In

addition, it is also possible to suppress PBD effects by omitting the contributions of the pre-

buckling geometric matricesk ., -K_ ..., Kpgi - Kpesr » Kaper ~Kapeis  defined in Appendices A-B.

pgl ~ “pyld

The corresponding critical moment will be denoted as M(D). It is noted that shear deformation

effects appear only in the pre-buckling geometric Matrices K, =K 14, Koo ~Kpas; +Kapas ~Kapeis

defined in Appendices A-B. As such, irrespective of whether the pre-buckling analysis is based
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on a Timoshenko beam or the Euler beam, the resulting critical moment remains identical, i.e.,

M) =Mp.s) -
Conventional buckling solutions based on the finite element in Barsoum and Gallagher (1970)
will be subsequently referred to as the BG element. The element is based on the thin-walled beam
theory of Vlasov (1961) which omits distortion and shear deformation. The element has two nodes
with four buckling DOFs per node capturing warping deformation while neglecting distortional
effect, PBD effect and shear deformations within the plane of the web. A BG-type solution can be
recovered from the present analysis by applying the following modifications to the present
formulation:

a) supressing distortional effects by enforcing kinematic constraints described in Section 6.8 at
both ends of the element

b) supressing the PBD effect by omitting the contributions of the pre-buckling geometric matrices

Koge -K Kpai ~Kpas? +Kaper ~Kapgis I Appendices A-B.

pol " Mpgid
c) supressing shear deformation effects within the plane of the web by replacing the Timoshenko
beam formulation adopted in the pre-buckling analysis by the non-shear deformable Euler-
Bernoulli beam as discussed under Section 6.4.3.1.The critical moment obtained by supressing

effects (a-c) will be denoted as M(ND). This moment is analogous to that based on the classical

solution and will subsequently referenced as “classical solution”.
Under the present formulation, it is also possible to supress the effect of distortion while retaining

pre-buckling and shear deformation effects, leading to a critical moment M( ) Also, when

ND+P+S
shear deformation and distortional effects are supressed, the resulting critical moment will be

referenced as M ) The above six types of solutions for a beam and the associated notation are

(ND+P
summarized in Table 6-1. For a beam column, similar types of designation are adopted. In
addition, to identify the two possible types of pre-buckling analysis, a subscript L is added to

denote a linear pre-buckling analysis or NL to denote a nonlinear pre-buckling analysis.
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Table 6-1Types of analysis for beam analysis

Type of analysis Effects captured

Designation Distortion Pre-buckling Shear deformation

M (o) (classical) X X X

Mo.p) X v X

M(ND+P+S) X v v

Mo, v X X

M (D+P) \/ \/ X

Mio.p.s) v v v

Three dimensional FEA models (Abaqus, SIMULIA (2011a)) will be conducted for verification
using the S4R elements, which is a four-node element with six degrees of freedom per node of
which five are independent. The element adopts reduced integration to avoid shear locking. The
shell FEA is able to capture shear deformation and distortional effects. However, PBD effects are

typically omitted commercial programs including Abaqus. The distortional critical moment

obtained from Shell FEA is denoted asM ., .

To provide a benchmark solution to assess the validity of the present solution that incorporates
PBD effects, an iterative procedure has been devised under Abaqus model to account for PBD
effects, as outlined by the following steps:

1) A linearized eigen-value buckling shell analysis is conducted to obtain a critical load. Such a
solution omits the pre-buckling deformation effect.

2) In order to obtain the pre-buckling transverse deflected shape of the beam, a static analysis is
then conducted under the critical load obtained in Step 1.

3) A new shell analysis model is created for the curved beam configuration obtained in Step (2)
and a new eigen-value linearized buckling analysis is conducted for curved beam configuration.
The buckling load for the curved configuration thus obtained is higher than that based on the

straight configuration obtained in Step (1).
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4) Step (2) is repeated to determine the pre-buckling transverse deflected shape corresponding to
the load predicted in Step (3).

5) Steps (3) and (4) are repreated until the critical load predicted in step (3) stabilizes within a
specified tolerance. The distortional critical moments using above iterative approach incorporated

PBD effects is denoted as M, .,

6.11. Convergence study and contribution of higher order terms

The present section aims at (a) determining the number of elements needed to attain convergence,
and (b) examining the influence of the high order buckling terms A’°Kg,and A°K,, on the
predicted  buckling load based on the polynomial eigenvalue  problem
(KE +A(Ky +Kgp )+ 47K, +/13K63)0b =0 derived in Eqg. (6.46). For each case, distortional

solutions and non-distortional solutions are examined. The later type of solutions are based on the
kinematic constraints discussed in Section 6.8. The cantilever problem depicted in Fig. 6-8a is
examined. Cross section is W310x39and span is 2m. Fig. 6-7 depicts the critical moments as a
function of the number of elements used in the analysis.

In all cases, convergence is attained when the number of elements is 25 where the predicted critical
moments are found to be within less than 1% compared to the case where the number of elements
taken is 35 elements.

The solutions retaining all geometric stiffness contribution is marked as “third order” and that

including only the first and second order geometric stiffness matrices but omitting the term 1°K,

is marked as “second order.” The solutions with the designations M, and M (D) supressing PBD

effects by omitting the contributions matrices 1K ;;, A°K 5, 1°K ;.

For the cantilever problem considered, the results show that the PBD effects up to the second order
terms result in critical moment predictions higher by about 5-6% compared to solutions that omit
pre-buckling effects. However, the difference of the second order and third order solutions is
observed to be less than 1%. Whereas the second and first order geometric stiffness matrices have
a stiffening effect, the contribution of the third order geometric stiffness matrix has a negligible

destabilizing effect.
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Fig. 6-7 Convergence study for cantilever problem a) Non-distortional solutions b) Distortional solutions

J +A—b=165mm— { ~—b=146mm—

O P T 3
T ' S 2—
— t=9.1mm
t=9.7mm _ d=258mm|____________ ¥ _ ____________
d=310mm A\ ol
— ol le— w=6.1/|mm 4.00
w=5.8/| mm . , —— A L=4.00m 7
/ 2.00m 7 W250x33

A—h=165mm—
W310x39

(@ (b)

Fig. 6-8 Examples a) cantilever under tip point load b) simply supported beam under mid-span point load

6.12. Verification

The two examples in (Fig. 6-8) are examined to verify the results a) 2.00 m span cantilever with
aW310x 39 cross section under a tip point load and a) a 4.00 m span simply supported beam with
aW250x 33 cross section under a mid-span point load. Column 3 in Table 6-2 provides the ratio

of the non-distortional critical moments M D) based on the present formulation (while applying

(N
the non-distortional kinematic constraints defined in Section 6.8) compared to those obtained
based on the BG solution as1.02 and 0.99 respectively for examples (a), and (b). For Example (b),

the predicted critical moment M, =131kNm in Column 2 compares well with the critical moment

predicted by the critical moment expression Cb(ﬂ/L)\/E|yGJ +(7rE/L)2 C,l, where Cis a
standard-dependent moment gradient factor, L is the span, I, is the weak axis moment of inertia,

J is the Saint-Venant torsional constant and C,,is the warping constant.

For example, the critical moments based on CAN-CSA S16-14 (2014), ANSI/AISC 360-16
(2016), AS/NZS 4600-05 (2005), EN-1993-1-1-05 (2005) are respectively122kNm,130kNm,

134kNmand132kNm , corresponding to respective FEA-based critical moment to standard-based

critical moment ratios M, / M, of 1.07, 1.01, 0.98 and 0.99
Column 6 provides the ratio of the distortional critical moments M(D) based on the present solution

relative to that based on the shell 3D FEA solution as 1.05 and 1.03, respectively. Column (9)

provides the ratios for the distortional critical moments M( including PBD and shear

D+P+S)
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deformation effects relative to those based on the iterative shell FEA procedure M(rea+p) to capture
the PBD effects. The ratios obtained are 1.00 and 0.98 respectively.

Table 6-2 Comparison of critical moments ( KNm)

1 2 3 4 5 6 7 8 9

- _ = | s |2 |28

= = = =S| = => => = = = =

Example (a) 868 | 882 1.02 579 | 607 1.05 634 634 1.00
Example (b) 132 | 131 0.99 120 | 124 | 1.03 133 131 0.98

6.13. Numerical examples
6.13.1. Example 1-Parametric investigation: Simply supported beam under point load

It is required to investigate the effect of the dimensionless parameters L/d ,b/t,d/w and b/d on
the critical moments. Towards this goal, a simply supported beam is considered (Fig. 6-9a) with
a reference cross-section W250x33 and subjected to a transverse point load applied at mid-span.
The geometric parameters of the W250x33 section are provided in Fig. 6-9b and the corresponding
reference dimensionless parameters are L/d =18.0,b/t =16.0,d/w=42.3andb/d =0.57 . Each
of the dimensionless ratios L/d ,b/t,d/w and b/d are varied one at a time from the reference

values, while keeping the other three dimensionless parameters unchanged. Six type of critical

moment solutions are provided for each run, as described in 6.10.2 and summarized in Fig. 6-9c-
f. All critical moments are normalized with respect to the non-distortional critical momentM,, in

the absence of distortional and pre-buckling effects. Previous non-distortional theories (e.g.,
Trahair and Woolcock (1973), Vacharajittiphan et al. (1974), Roberts and Azizian (1983d) , Pi et
al. (1992a), Machado and Cortinez (2005)), reported a ratio of critical moments including PBD

effects to critical moments excluding PBD effects as C, =1/, /1— 1, /1,

Thus, in order to compare the present results with past findings, overlaid on the graph is a plot for

C, . The ratio of distortional to non-distortional critical moments M, /M, provides an indication

of distortional effects on the critical moment capacity. Also shown in the figures is a plot for the
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ratio C,M, /M, in order to assess whether the use of the C_ coefficient can be extended to

characterize approximately the PBD effects in conjunction with distortional buckling analysis.

The plots for the M, /M, (curve viii) indicate that distortional effects increase as d/w andb/d
increase (Fig. 6-9d-f) and decrease as L/d andb/t increase (Fig. 6-9c). Distortional effects thus
tend to gain significance for short span beams (i.e., with small L/d ), small ratio of b/t and high
ratios ofd/wand b/d . The ratio M. /Mo, Of non-distortional moments including PBD
effects to those excluding PBD effects (curve ii) provide an indication of PBD effects in the
absence of distortion. The plots suggest that PBD effects slightly decrease asL/d and d/w

increase but increases as b/t and b/d increase. The ratio M ;) /Mo, as depicted by curve ii

is found in excellent agreement with the pre-buckling deformation coefficient C, =1/ m
(curve iii in Fig. 6-9c-f) obtained in past studies.

The difference between the distortional critical moment including PBD effects M., /M 5,
(curve vii) and the distortional critical moment excluding PBD effects M(D)/M(ND) (curve viii),
provide an indication of PBD effect in the presence of distortion. The difference between both
curves suggest that PBD effects increase as L/d and b/d increase (Fig. 6-9c and f). In contrast,
the ratio of critical moments M ;) /M, reduces asd/w andb/t increase (Fig. 6-10d-e). The
PBD effect while capturing distortion (curve vii in Fig. 6-10c-f) shows excellent agreement with
C, (curve iii in Fig. 6-10c-f).

The ratio of non-distortional critical moments including shear deformation and PBD effect to non-
distortional critical moments M .., /My, (curve i) provides an indicator of shear deformation
effect on critical moments. The shear deformation effect is observed to gain significance in short

span beams with small L/d and high ratio of b/d against M .5, /My, (curve ii). As shown on

Fig. 6-9c, the effect of shear deformation on the distortional critical moments M, ) is observed

D+P+S

to be negligible as evidenced by the proximity of curves vi and vii. Thus, on Fig. 6-9d-f, curve vii

was omitted as it was found to be indistinguishable from curve vi.
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Fig. 6-9 a) Cross Section dimensions b) Loading scheme c-f) Ratio of various types of critical moments to the classical
solution versus dimensionless parameters L/d ,d/w, b/t and b/d

6.13.2. Example 2-Parametric investigation: Cantilever under tip load

It is required to extend the parametric investigation of the effect of the dimensionless parameters
L/d,d/w,b/tandb/d on the critical moments of cantilevers. A cantilever with a reference

W310x39 cross-section (Fig. 6-10a) is subjected to a transverse point load at the tip. The geometric
parameters of the W310x39 section are provided in Fig. 6-10b and the corresponding reference

dimensionless parameters are L/d =6.45,b/t=17.0,d/w=53.4andb/d =0.53. In a manner

similar to Example 1 each of the four dimensionless ratios is varied one at a time while keeping

the other three dimensionless parameters unchanged, leading to plots in Fig. 6-10c-f.

The plots for M, /M, suggest that distortional effects become less significant as L/d increases
(curve viii in Fig. 6-10c) and gain significance asd/w,b/t andb/d increase (curves viii in Fig.
6-10d-f).

In the absence of distortion, the PBD effect is indicated by the ratio M ;.5 /Mo, (curvesiiin
Fig. 6-10c-f) and is observed to decrease asL/d ,d/wandb/t increase but gain significance as
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b/d increases. Also, the ratio M) /M o, is observed to generally be in good agreement with
the pre-buckling deformation coefficient C  (curve iii in Fig. 6-10c-f) except for short span
cantilevers (i.e., small L/d ratios) where the M ) /My, ratios are higher than those of the

C, coefficient (Fig. 6-10c). The difference between Mg, /My, (curve vii) and M, /M

(ND)
(curve viii) provides an indication of PBD effects, in the presence of distortion, and shows that

the PBD effects increase with L/d (curve ii in Fig. 6-10c) but decreases when d/w, b/t and
b/d increase (Fig. 6-10d-e). The PBD effect in the presence of distortion as provided by the ratio

M(D+P)/M(ND) (curve vii in Fig. 6-10c-e) is in excellent agreement with C M, /M, (curve v

in Fig. 6-10c-e).

The difference between M M o) (curve i) and M ;) /Mo, (curve i) is an indicator of

(ND+P+S)/
pre-buckling shear deformation effects on critical moments including PBD effects. The proximity
of both curves suggest that shear deformation effects are negligible except for the short span
cantilevers where curve (i) deviates from curve (ii) (Fig. 6-10c). In such cases, the inclusion of
shear deformation effects leads to larger pre-buckling deformations and hence a larger pre-
buckling deformation stiffening effect.

In the presence of distortional effects, the effect of shear deformation is observed by comparing

the ratios M, ;.5 /M) (Curves viin Fig. 6-10c-f) and My, ) /M, (curves vii). For the ratios

of L/d,d/wandb/d , the difference between both curves is indistinguishable, suggesting that
shear deformation effects are negligible. Pre-buckling shear deformation effect is observed to gain
significance for sections with stocky flanges (i.e., small ratio ofb/t) as evidenced by curves vi

and vii (Fig. 6-10e).
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Fig. 6-10 a) Cross Section dimensions b) Loading scheme c-f) Ratio of various types of critical moments to the classical

solution versus dimensionless parameters L/d ,d/w, b/t and b/d
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6.13.3. Example 3: Transverse load height effect

A 6m span simply supported beam (Fig. 6-11a) with a W250x33 cross-section with the geometric
parameters in Fig. 6-11b, is subjected to a transverse point load which acting at mid-span. The
load is offset from the shear center by a distance y such that—h/2<y <h/2 and y =—h/2 denotes
top flange loading and y =h/2 denotes bottom flange loading. It is required to investigate the
effect of the load offset from the shear center on the critical moments. As expected, all types of

analyses shows the critical moment is observed to decrease as the point of application of the load

moves upward (Fig. 6-11d). All types of analyses considered are then normalized with respect to
the critical moments M, predicted by the conventional analysis. The resulting critical moment
ratio plots in Fig. 6-11c. When all effects combined are considered (pre-buckling, shear

deformation, and distortional effects) the critical moment ratioM ,, ;. 5 /M, ;) range from 100%

for top flange loading to 106% for bottom flange loading, suggesting that it would be conservative
to adopt load height effects based on the classical solution. When only distortional effects are

considered, the M(D)/M ) ratio ranged from 96% for bottom flange loading to 98% near bottom

(ND

flange loading. When PBD and shear deformation effects are included, the M .55, /My ratio

(ND)

ranged from 104% for top flange loading to 108% bottom flange loading.
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Fig. 6-11 a)Simply supported beam subjected to mid-span load offset from shear center b)geometric properties c) effect
of load applied offset from the shear centre on critical moments d) effect of the load applied offset from the shear centre
on the normalized critical moments

6.13.4. Example 4: Longitudinal load height effect

The beam column in Example 3 is re-considered while replacing the transverse load by a
compressive axial load applied at one end. The load is offset from the shear center by a distance
y such that—h/2<y<h/2 . In all analyses conducted, the pre-buckling nonlinear effects were
supressed as evidenced by the presence of designator L (i.e., Linear pre-buckling analysis). As
expected, the critical load has a peak value when the load is applied at the section centroid (Fig.

6-12a) and decreases as the offset of the point of load application is increased given the additional
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moments induced by the eccentricity. Fig. 6-12b depicts the critical loads normalized with respect
to the case of non-distortional buckling analysis (ND)-L. The inclusion of distortional effects in
Analysis (D)-L is observed to reduce the critical load. Distortional effects are observed to have a
minimal effect when the load is applied concentrically with the section centroid and to increase as

the point of load application moves farther from the section centroid. This is evidenced by the fact
that P, (D)/P, (ND)=1.00 aty =0 and decreases to P, (D)/P,(ND)=0.99 wheny=x+h/2.
The PBD effect is non-existent for the case of pure axial compression (y =0). It increases with
the offset from the section centroid and peaks at P, (ND+P+S)/P, (ND)=1.02when y =x+h/2
. A similar trend is shown when the combined effects of distortion and pre-buckling are

considered. In this case, P,(D+P+S)/P,(ND)=1.00 at y=0 and peaks to

P, (D+P+S)/P, (ND)=1.01 aty =+h/2.

N yille P - @ -P(ND+P+S)-L  —0—P(D+P+S)-L
TR L=6.00m SR —PNDL == =PO)L
260 , , , , 1.020
253 | 1015 ' ' ;2
26 | ’%" 1.010
&3239 | E: 1.005
n° 1.000
282 0.995
% 150  -100 50 100 150 0.990
yf)mm) -150 50 y(mm) 50 150
(a) (b)

Fig. 6-12 Effect of the axial load offset from the shear centre on a) critical load b) normalized critical load
6.13.5. Example 5: P-delta effect in beam columns

A 8.0m span simply supported member (Fig. 6-13a) with a W250x45 cross-section (geometric

parameters are provided on Fig. 6-13b), is subjected to a transverse point load V = 4,180kN
acting at mid-span and an axial point load H =4, (oc1800kN) acting at the endz = L. The axial

load multipliere is varied in the range 0<«a <1 to trace the V —H transverse-axial force
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interaction diagram, and A is the critical load multiplier to be obtained from the eigen-value
analysis. Both flanges of the member are laterally restrained at mid-span.

Four types of buckling analysis (D),(ND),(D+P+S) and(ND+P+S) are conducted. Since

the member is axially loaded, for each type of buckling analysis, two possible types of pre-
buckling analyses are possible; linear (denoted by the additional designation L) which omits the
P-delta effect, and non-linear (denoted by NL). The interaction diagrams based on all eight type
of solutions are depicted in Fig. 6-13c. As expected, a comparison of the NL types analysis to the
corresponding L types of analysis are observed to reduce the critical transverse forces V for all

types of buckling analyses. Also, in the absence of distortion, incorporating the pre-buckling

deformation effect in the (ND+ P+ S) analysis is found to be favourable compared to excluding
it in the (ND)type of analysis. Similar observations are made for distortional analyses

(D),(D+ P +S) , Where the inclusion of pre-buckling deformation effects is found to lead to an

increase in the predicted critical forceV .
The force-displacement curves are depicted for the cases « =0.3(Fig. 6-13d) and « =1 (Fig.

6-13e). In both graphs, the load-deformation equilibrium paths are depicted and the points of
onset of buckling as predicted by the (D),(ND),(D+P+S) and(ND+ P +S)type eigen-value

analyses in each case, after which the equilibrium path is deemed to be unstable.

As expected, the nonlinear pre-buckling analysis for the higher axial force « =1 exhibit a more
nonlinear behaviour than that of the lower axial force « =0.30. The critical transverse force
resulting from non-linear pre-buckling analysis (the dashed curves) are observed to be smaller
than that based on a linear pre-buckling analysis (the continuous curves). In the case of the smaller
axial force ratio o = 0.3, the critical transverse load is greater than that based on the higher axial
force a=1. The higher transverse load is observed to lead to larger pre-buckling transverse

displacements.
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Fig. 6-13 a) Simply supported beam subjected to a mid-span transverse load and an axial end-node load b)geometric
properties ¢) Buckling capacity resulting from interaction of transverse and axial forces d) force-displacement diagrams

for a =0.3 and e) force-displacement diagrams for o =1

6.13.6. Example 6: Effect of the stiffeners on distortional critical moments

A 16.0m span simply supported plate girder (Fig. 6-14b) with 16.0m span is subjected to a point

load acting at the mid-span(Fig. 6-14a). The normalized distortional critical moment M to the

classical solution M, is obtained for a series of cases starting from the case where no stiffeners

are provided and adding a pair of stiffeners sequentially starting from beam end and moving
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towards mid-span. (Fig. 6-14e) corresponding to 0, 2, 4, 6, 8, 10, 12, 14, 16, and 17 stiffeners, the
last stiffener being located under the load. The first pair of stiffeners at both ends of the beam are
observed to significantly increase the critical moment (i.e., 11%) in comparison to the strength
gained by the addition of the stiffeners (i.e., 4.6%). Given that in practical situations, a bearing
stiffener may be placed under the mid-span load, two additional cases have been investigated. In
case 1 (Fig. 6-14c), the beam is stiffened by two pairs of stiffeners at each end and one stiffener
at mid-span while in case 2 (Fig. 6-14d) another pair of stiffeners are added beside the middle
stiffener. It is observed that a single stiffener at the point of the load (case 1) is nearly as effective

as case 2 with a 0.73% difference in critical moments.
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Fig. 6-14 a) simply supported plate girder subjected to mid-span load b) geometric properties c) case (1) includes five
stiffeners d) case (2) includes seven stiffeners e) effect of stiffeners on distortional normalized critical moment f) effect of
middle stiffeners on normalized critical moments

6.14. Summary and conclusions

A generalized distortional lateral torsional buckling finite element formulation is developed for
members with doubly symmetric wide flanges. The lateral displacement of the web is interpolated
using quintic Hermitian polynomials in the longitudinal direction and cubic Hermitian
polynomials in the transverse direction. The formulation captures multiple non-conventional
effects including (1) the softening effect due to web distortion, (2) the stiffening effect due to pre-

buckling deformations, (3) the effects due to transverse load offset from the shear centre (4) pre-
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buckling shear deformation effects within the plane of the web, (5) the geometrically non-linear

effects in the pre-buckling analysis, and (6) the stiffening effect due to the presence of transverse

stiffeners. The validity of the solution is established through comparisons with 3D shell FEA

results. The solution allows the investigation of the effects on the buckling load separately as well

as assessing the interaction between various effects. The theory is applied to investigate a number

of practical problems. The main findings are:

1-

For the simply supported beams and cantilevers, web distortional effects are observed to gain

significance as L/d decreases and become less significance as d/wor b/d decrease. In
cantilevers, distortional effects are shown to be increased as b/t increases, whereas in simply
supported beams, they are shown to be pronounced as b/t decreases.

In the absence of distortion, the PBD effects are shown to slightly decrease as L/d , d/wand
b/t increase but to increase as b/d increases. In the presence of distortion, the PBD effect is
shown to increase withL/d but to decrease as d/w. For cantilevers, when distortion is
captured, the PBD effects are observed to decrease ash/t and b/d increase whereas in simply

supported beams the PBD effects are shown to increase with b/t and b/d .

In most cases considered, the inclusion of shear deformation effects in pre-buckling analysis
is shown to have a negligible effect on predicted buckling load. However, in short span beams,
the incorporation of shear deformation effects in pre-buckling analysis was shown to increase
the stiffening effect due to PBD.

In beam-columns, the inclusion of geometric non-linear effects in the pre-buckling analysis is
associated with larger pre-buckling displacements due moment-axial compression interaction
and is thus shown to reduce the predicted buckling strength of compared to solutions that omit
geometric non-linear effects. In the examples investigated, this softening effect seems to
overshadow the beneficial stiffening effect additional deformations may contribute to the PBD
effects. Distortional and PBD effects are observed to increase as the ratio of transverse to axial
forces increase.

For beams with transverse loads offset from the shear centre, distortional effects are observed
to gain significance as the point of application of the load moves upwards, whereas the PBD
effect is shown to gain significance as the point of application of load moves downwards. For

the problem examined, the distortional and PBD effects seem to offset one another when the
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load is applied at the top flange, but have a net beneficial effect when the load is applied at the
bottom flange.

6- For the investigated beam-column with a compressive force offset from the section centroid,
the PBD and distortional effects are observed to increase as the load moves away from the
centroid. The stiffening effect due to PBD is shown to be more significant compared to the
softening effect induced by distortion.

7- For the simply supported plate girder with thin web considered, the placement of transverse
stiffeners is observed to increase the lateral torsional buckling capacity of the member.
Stiffeners located near both ends and at mid-span, are observed to be particularly effective in
increasing the lateral torsional buckling capacity compared to other intermediate stiffeners.
The provision of multiple stiffeners is shown to supress the distortional effects nearly entirely.
This is evidenced by the fact that the member is able to attain the lateral torsional buckling

strength as predicted by the classical Vlasov theory.

6.15. Appendix A — Matrices for the web

From Eq. (6.37), web elastic stiffness matrix K, and geometric stiffness matrices K, and K,

are defined as

4 5 7 9
Kew = Zk(i) ’ Kew = Zkg(i) +kag(i) ' Keow = kPG(i) (6.47)
i=1 i=1 i=1 i=1
where D = Et3/12(l—v2) and stiffness matricesk, -k,, kg, -Kkg, K, -k, andKpg -Kqgoare
defined as
L ph/2

K, = J'O th/z f (y,z)dydz

K, f(y.z) ki f(y.2)

kl DM,ZZM,TZz kpgS ZVDM,szp,zM,TW

k, DM’WM’TW kpge 2D(l—v) M,yzvp,zM,-I;/y

k; | 2vDM M’ k 1y 1.y

3 ' vy po? 2D(1—V)M’yz |:(E-FJW’ZT’)+(E+F)WBP’Z M:l;,z
k, 2D(1—V) M,szI/z Kocy DM,sz;zMI/z
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p 12 Yz Y
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k W k 1 1 ’
g4 w T PG5 Yy Yy
NYZP 12 MYZMW (1 V)/ZM |:£2 thTp,z+[§+FjWBp,z:| M—I;/z
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z 12 \yz 2z
K| 2DM v .MT Kk 1y 1.y
pgl yzp,z Y PG7 D(l_v)M,w{(z thTpZ-F(E-FHjWBp'Z Vp,zM,Tyz
Koo | 2D/h M.,y (_er +WBP)MI/Z Kees D(1-v) My (_Wfp +WBP)Vp,zM,Tzz
k 2Dv T k 2D(1-v
pgs3 h M (_\NFD+WBP)MVYZ pot %M,zz (_\NTp+WBp)M,-I§—/Z
Kpgo 1 1 +J T
D(l_v)M,zz 2 \Nsz 2 h Wsz (_WTp+WBp)M,yz

where N, =o,wandN =27 w

6.16. Appendix B — Matrices for flanges

The matrices relevant to the top flange are provided in the following. From Eq. (6.38), the elastic

stiffness matrix Kcrand geometric stiffness matrices Kg 7, Kg,rand K5 of top flange are

defined as
7 7 14 57 16

Ker =2 K Kear =2 Koy + 2 Ko Kear =2 Ko Kogr =2 Keng)  (649)
i=5 i=6 i=8 i=10 i=1

where stiffness matricesKs -K; , K=Ky, Kog-Koi , andKpgo "Kegsr + Kaper ~Kapgys are

defined as

k=] f(-h/2,2)z

K. f(-h/2,2) K. f(-h/2,2)
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Similar expressions can be written for the bottom flange are obtained be setting y =h/2 instead of

kPGl8 -k

y=-h/2. As a result, the bottom flange matrices corresponding tolk -k G2 1

pgl2 !
ch335 - kPG37 | kpeag - kPG40 ' kPG45 - kPG46 | kPGSS - kPGS6 and k3PGlO - kBPGlG are similar to those of the
top flange matrices but multiplied by -1 and the remaining bottom flange matrices are identical to
those of the top flange.

6.17. Appendix C

The second variation of the total potential energy (Eq. (6.42)), takes the matrix form

_ N kt 1 ;_kt-li kt-lS Up,
T—/nT inT inT T I
1_[_<ub-l i Upi ub-2> kt ll_: kt i kt-i3 Uy
T T AT
kt 13 kt i3 Kizs | |-z

(6.49)

From Eq. (6.44), one enforces the kinematic constraint on nodal displacements(U, ;) of node i,
ie.

A

Uy i(10) = CroxeY-i(ou)

hence, the structure nodal displacement vector U, is transformed to the modified structure nodal

displacements vectord, , i.e.,
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Uy ! Uoay
Ui =] Cuoe oy
a | a
©-2 J 1onx1 (10nx1)x(10n-4) {702 J (100 _g)x1

(6.50)
From Eq. (6.50) by substituting into Eq. (6.49), the modified second variation of total potential

energy is recovered as

; ; AT
_ . I kt 11 f_kt—li : kt—13 I Up
7T " AT T T T T N
I=0,K: (ﬂ’)lilb =<ub—1 P Upi ub—2> Cions kt 1-__: kt i Kiis Cions Up.i
T T AT
I kt 13 kt i3 kt-33 I 10

Thus, one obtains the entries of the modified structure stiffness matrix K. (4)as

kt 11 _: kt llC : kt 13 kE 11 __: kE 1|C : kE 12 .
KT (ﬂ')(lon-4)x(10n 4) CTk;rll ! CTkt ||C CTkt |3 CTk-Er 1| ! CTkE ||C CTkE |2
ktTla ktT|3C kt-33 kE 12 kE |2C kE-22
kGl ll_ B kGl 1i : kGl 12 B kGZ 11__ kGZ 1i _; kGZ 12 ~
+2’ CTk1G—_l_1| K CTkG_l i _C:TkGl i2 + 2’2 CTk-CI:‘_Z_ 1i R CTkGZ || H _CTkGZ |2
kél 12 : kél i2 : kGl—22 kZZ 12 : kéZ i2 : kG2-22
kGS -11 4 : kG3 1i _; kGS 12
+ﬂ’3 CTk-(;_Bi EL.' :_ CTkGB || —: _(Z’TkG3 |2
Keaz kgs 2 | Kosz

6.18. List of symbols

Subscripts T, B and W denote the correspondence to Top and Bottom flanges and the Web

respectively.

- Total shear strain within the xz plane for the top flange

Linear and nonlinear contributions of the shear strain within
j/szT ' yszT

the xz plane for the top flange
Yyator Vo Pre-buckling and buckling contributions of the shear strain
within the xz plane for the top flange

Yy Total shear strain within the yz plane for the web

182



Chapter 6: Lateral torsional buckling of wide flange sections including distortional and pre-buckling effects

Yy VyN
Yy Yy
3 (¥:2), 041 (2), 05 (2)
0 (¥:2),0m (2), 0 (2)

oy (V:2)
A

ng ! SZT ! gZ

EZLT ! 8zNT ! gzL ! 8zN

& E,,E €

ZTp? “zp 1 “zTh' “zb

&y

EyrEyn

3

xzT

Linear and nonlinear contributions of the shear strain within
the yz plane for the web

Pre-buckling and buckling contributions of the shear strain
within the yz plane for the web

Pre-buckling normal stresses within the web, top and bottom
flanges

Buckling normal stresses within the web, top and bottom
flanges

Pre-buckling transverse stresses within the web

Buckling load multiplier

Total normal strain along the z direction

Linear and nonlinear contributions of normal strain along
the z direction
Pre-buckling and buckling contributions of normal strain

Total transverse strain along the y direction

Linear and nonlinear contributions of transverse strain along
the y direction

Buckling contributions of transverse strain

Angle of twist at the flange to web junction onset of
buckling
Strong-axis angle of rotation at both ends of the element

Pre-buckling strong-axis angle of rotation expression
The vertical distance travelled by the transverse load

Poisson’s ratio

Total energy of the system

Pre-buckling and buckling shear stresses within the plane of
the web

Total shear stresses within the plane of the top flange
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)

XzTp

il
>
=il

>

1(y)~ H4(Y)

> I O mmQ O T

XF 1 UxxW T yF
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DEOFHU
A~

m

A~

m

=

~
Q)
&
2~
Q
-
~ N
Q
=

N
()]
N
@

~
@
N
Y
=

=~ XN

A~
-

A~

Pre-buckling shear stresses within the plane of the flange

Cross sectional areas for bottom and top flanges, web and
the entire section

Flange width

Matrix of kinematic constraints

Flexural rigidity of the web

Modulus of elasticity

Structure nodal force vector

Shear modulus

Cubic shape functions

Height of the cross section, measured along the flanges
centerline

Moment of inertia about x and y axes

Cross sectional moment of inertia about x axis
Structure geometric displacement-base stiffness matrix
Structure elastic stiffness matrix

Structure geometric force-base stiffness matrix
Buckling elastic stiffness matrix

Buckling first order geometric stiffness matrix
Buckling second order geometric stiffness matrix
Buckling third order geometric stiffness matrix
Total buckling stiffness matrix

Structure pre-buckling tangent stiffness matrix
Contribution of the load potential energy

Buckling elastic stiffness sub-matrices

184



Chapter 6: Lateral torsional buckling of wide flange sections including distortional and pre-buckling effects

k., -K

g7

k

gl

k

pgl ~ “pgld

kPGl B kpeeo

Kape; - K

3PGL ~ "\3PG16

N, N, N

RF

Buckling geometric stiffness sub-matrices

Buckling first order geometric stiffness sub-matrices due to
PBD effect

Buckling second order geometric stiffness sub-matrices due
to PBD effect

Buckling third order geometric stiffness sub-matrices due to
PBD effect

Beam span

Vector of element shape functions
Bending moments at both ends of the element

Pre-buckling strong-axis bending moment expression for
the element

Critical moments based on classical solution

Critical moments based on classical solution including PBD
effect

Critical moments based on classical solution including PBD
and shear deformations effect

Critical moments based on distortional solution

Critical moments based on distortional solution including
PBD effect

Critical moments based on distortional solution including
PBD and shear deformations effect

Pre-buckling normal force expression for the element
Pre-buckling normal traction across the edge of the web
Pre-buckling shear traction across the edge of the web
Normal component of local coordinate system

Axial forces at both ends of the element
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Qus (2)
Q. (y)
q,(2)

q,(2)
t
U,,U. .U,

uBb ! l'ITb

Ug (X Ng,2),0; (X,1y,2),0, (Y, 2)

Uy

(
Ve (Xin5,2), ¥ (X1, 2),V(n, Y, 2)

Wy (X,Ng, 2), W, (X,1;,2),W(n,y,Z)
We, (2), Wy (2)

Wy, W,

Vector of quintic shape functions

Cross sectional first moment of inertia about x axis
Transverse distributed load, along z axis
Longitudinal distributed load, along z axis

Thickness of the flange

Internal strain energy

Lateral displacements at the flanges centroid onset of
buckling
Total lateral displacement (from Configurations 1 to 4)

Lateral displacements of the web onset of buckling
Vector of buckling nodal displacements
pre-buckling nodal displacement vector

Buckling nodal displacements vector

Total potential energy gained by the loads

Transverse shear forces at both ends of the element
Pre-buckling shear force expression for the element

Total transverse displacement (from Configurations 1 to 4)
Transverse displacement at both ends of the element
Pre-buckling transverse displacement

Web thickness

Total longitudinal displacement (from Configurations 1 to
4)

Pre-buckling longitudinal displacement for top and bottom
flanges

Longitudinal displacement at both ends of the element
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yqy(z) Yo (2) curves define the load distance from the shear centre for

loadsq, (z)andg, (z)
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Chapter 7

Summary-Conclusion-Recommendation-Future work

7.1. Summary of contributions

The present dissertation has developed a distortional theory and a family of finite elemens for the static
analysis of members with wide flange cross-sections. The theory is intended for the static analysis of
members with mono-symmetric wide flange cross-sections under general loadings (Chapters 3) and
the finite element formulations in chapter 4 extended the distortional solutions for more complex span
configurations. A distortional buckling finite element formulation was then developed for doubly-
symmetric wide flange steel beams subjected to general axial and transverse loading (Chapter 6). All
finite elements developed were 1D beam elements involving discretization only along the longitudinal
coordinate. Yet, the elements captured 3D aspects of the response (such as distortion) at a fraction of
the computational and modelling effort involved in 3D shell analysis. The contributions and aspects
of the distortional static theory are summarized under Section 7.1.1 , those of the distortional buckling
theory are summarized under Section 7.1.2 while additional contributions are provided under
Section7.1.3.

7.1.1. Contributions related to the distortional static theory

1- The governing differential equations and associated boundary conditions were formulated based
on the principle of minimum total potential energy. Two sets of coupled differential equations
were obtained along with the possible boundary conditions. The first set characterizes the
longitudinal-transverse response and involves three displacement fields and the second set
characterizes the lateral-torsional response and involves four displacement fields.

2- Closed form solutions were developed for the resulting coupled differential equations under
general loading.

3- The longitudinal-transverse solution captures shear deformation effects within the plane of the web
in a manner comparable to the Timoshenko beam theory while the lateral-torsional response
captures web distortion as well as local and global warping.

4- Two sets of distortional finite elements were formulated. In the first set of elements, cubic and
linear Hermitian shape functions are adopted to interpolate nodal displacements while in the
second set of elements, the closed form solution obtained is employed to formulate special shape

functions. Each set of elements consists of two finite elements, one characterizing the longitudinal-
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transverse response and the other one characterizing the lateral-torsional response. All four
elements have two nodes. The longitudinal-transverse elements had two end nodes with four
degrees of freedom per node while the lateral-torsional had two end nodes with eight degrees of
freedom per node.

A mesh study is performed to establish the convergence characteristics of the finite elements
developed. Also, comparisons of results with those based on 3D shell FEA models show the
validity of the closed form and the finite element solutions developed.

The applicability of the new theory is demonstrated in a number of practical problems including

beams subjected to torsion and laterally loaded beams with only one of the flanges restrained.

7.1.2. Contributions related to the distortional buckling theory:

1.

A LTB finite element was developed for the lateral torsional buckling analysis of beam-columns
of doubly-symmetric cross sections subjected to general loading. The formulation captures the
effects of web distortion, pre-buckling deformation, pre-buckling shear deformation, pre-buckling
geometric nonlinearity, local and global warping, load height, and presence/absence of transverse
stiffeners.

The theory is able to characterize the effect of any combination of features and evaluate the
individual contribution of each feature as well as the combined effect of multiple features on the
predicted buckling loads

The lateral displacement of the web is interpolated using quintic Hermitian polynomials along the
longitudinal direction and cubic Hermitian polynomials in the transverse direction. The resulting
element consists of two end nodes with 10 buckling degrees of freedom per each node.

Where web distortion is to be suppressed due to the presence of transverse stiffeners (or for
comparison with classical non-distortional buckling solutions) a technique for enforcing the
associated kinematic constraints has been developed and implemented.

The inclusion of pre-buckling terms into the formulation was observed to lead to a cubic
eigenvalue problem in the unknown buckling load multiplier. This contrasts with classical
buckling solutions and those based on commercial programs where pre-buckling effects are
omitted leading to the linearized eigen-value problem.

The validity of the solutions based on the present buckling theory has been established through
comparisons with various solutions including shell FEA analyses based on the S4R element in

Abaqus, and beam buckling analyses based on the element of Barsoum and Gallagher (1970).
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7.1.3. Additional contributions

1.

The closed form solutions in Chapter 3, geometric nonlinear solution in Chapter 5, and finite
element formulations for the static and buckling theories developed in Chapters 4 and 6 been
implemented under the Matlab platform.

As a pre-requisite to the distortional buckling theory developed in Chapter 6, a shear deformable
geometric non-linear formulation is developed to characterize the pre-buckling equilibrium path.
A formulation was developed to conduct such an analysis in Chapter 5. The formulation is based
on special shape functions based on the exact static solution for linear Timoshenko beam to avoid
shear locking. The element captures second order effects due to interaction of between strong axis
moment and axial forces in beam columns.

Given that present buckling eigen-value buckling solutions in commercial programs, such as
Abaqus, do not capture pre-buckling deformation effects, an innovative iterative procedure was
developed to capture the PBD effect from present shell 3D FEA linearized buckling solutions. The
iterative procedure involves conducting multiple successive shell FEA and involves significantly
more effort than that based on the present solution which directly captures PBD effects.
Nevertheless, it provides a basis to assess and establish the validity of the predictions of the present

theory in capturing PBD effects.

7.2. Conclusions

The following conclusions can be made based on the results of the distortional static theory;

1.

For beams under torsion, the static distortional theory indicates that the deformational response
largely depends on the type of twisting moments applied to the section. For instance, the response
was shown to vary significantly depending on whether the twisting moment is applied in the form
of equal and opposite horizontal forces applied to the web ends, or as equal and opposite vertical
forces applied to the bottom flange tips, or to the top flange tips. The difference in response was
corroborated

Due to web distortion, the angles of twist of top and bottom flanges were shown to differ. At the
tip of a cantilevers under twisting moments, the average angle of twist for the whole section is
shown to be smaller compared to that predicted by the Vlasov theory. Near the cantilever root
however, the angle of twist is typically larger compared to that predicted by the Vlasov theory.
For cantilevers and beams with overhangs subjected to twisting moments, the presence of

stiffeners is shown to have a significant effect on reducing the lateral displacement.
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The following additional conclusions can be made based on the results of distortional buckling theory:

1-

For a given beam with span L and a wide flange cross section of height d , flange width b, flange
thickness t and web thicknessesw, numerical results based on the present distortional theory
indicate that in simply supported beams and cantilevers, web distortional effects become significant
as the span-to-depth ratio L/d decreases and become less important as either d/wor b/d decrease.
Also, in simply supported beams, distortional effects are shown to increase as b/t decreases
whereas in cantilevers, they are observed to become pronounced as b/t increases.

In the presence of distortion, the PBD effect is shown to increase asL/d or b/d increase but to
reduce as d/worb/t increase. In the absence of distortion, the PBD effects are shown to slightly
decrease asL/d, d/wor b/tincrease but to increase as b/d increases.

In general, the pre-buckling shear deformation effect is shown to slightly increase the predicted
buckling resistance where PBD effect is included compared to analyses that account for PBD effect
while neglecting shear deformation effects. In contrast, for short span cantilevers, accounting for
shear deformation effects is observed to increase the stiffening effect due to PBD.

In beam-columns, the inclusion of geometric nonlinear effect (P-delta effect) during the pre-
buckling stage, is associated with a large pre-buckling transverse displacements and larger strong
axis bending moments and thus the buckling resistance of the member is observed to reduce
compared to that based on a linear pre-buckling analysis. Also, the numerical examples indicate
that the deteriorating effect induced by the magnification of strong-axis bending moments due to
the presence of axial compression is significantly higher than the beneficial PBD effect resulting
from the additional pre-buckling displacements caused by the P-delta effect. Hence the critical
moments predicted are lower than those based on a linear pre-buckling analysis.

For simply supported beams with transverse loads offset from the shear centre, distortional effects
are shown to gain significance as the point of load application moves upwards whereas the PBD
effect is observed to gain significance as the point of load application moves downwards. Also,
the distortional and PBD effects seem to compensate for one another when the load is applied at
the top flange, but have a net beneficial effect when the load is applied at the bottom flange.

In beam-columns with a compressive force offset from the section centroid, the PBD and

distortional effects are observed to increase as the load moves away from centroid. The stiffening
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effect due to PBD is observed to be more significant as opposed to the softening effect induced by
distortion.

In simply supported plate girders with a slender web under mid-span point load, the presence of
transverse stiffeners is observed to increase the buckling resistance of the member. Stiffeners
located near both ends and at the point of application of the load at mid-span, are observed to be
particularly effective in increasing the distortional lateral torsional buckling capacity of the girder
compared to other intermediate stiffeners. The provision of multiple stiffeners along the beam is
shown to supress the distortional effects nearly entirely. The predicted LTB resistance approached

such case is observed to agree with that based on the classical non-distortional Vlasov theory.

7.3. Recommendations for future work

Recommendations for future work include:

1-

The distortional theory developed accounts for several non-conventional effects not accounted for
in present steel design standards (i.e., distortional effects, pre-buckling deformation effect, etc.). It
is of interest to re-assess present design methodologies in light of the new theory, conduct a large
database of runs, and possibly develop design factors that account for distortional effects and pre-
buckling deformations. Such refinements are expected to lead to improved design rules with more
consistent probabilities of failure than present rules.

The present distortional theory is suited to determine the distortional LTB resistance of members
that are laterally supported at one of the flanges. Relevant applications include continuous beams
with continuous lateral and torsional support at the top through a concrete slab or with discrete
lateral braces provided by secondary steel members.

Both distortional theories developed account for shear deformation effects in the web but have
neglected shear deformations in the flanges. It is of interest to add shear deformation effects in the
flanges by considering each of the two flanges as Timoshenko beams.

It is of interest to extend the formulation for members with mono-symmetric wide flange cross
sections and tapered beams.

While the present research has adopted distortional kinematics to develop a static and buckling
theories, it is of interest to extend the work to develop a distortional dynamic analysis theory based

on the same kinematics for the analysis of beams under dynamic loads.
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