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Abstract

We consider transformations of a given random walk on a countable group determined

by Markov stopping times. We prove that these transformations preserve the Poisson

boundary. Moreover, under some mild conditions, the asymptotic entropy (resp.,

rate of escape) of the transformed random walks is equal to the asymptotic entropy

(resp., rate of escape) of the original random walk multiplied by the expectation of

the corresponding stopping time. This is an analogue of the well-known Abramov’s

formula from ergodic theory.
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Summary

The results of this thesis involve a combination of ergodic theory, group theory, mea-

sure theory and probability theory. We assume that the reader has some basic knowl-

edge of these mathematical concepts. In Chapter 1, the reader is reminded of the

main definitions and theorems that are employed in other parts of the this work.

Chapter 2 includes the definition and some basic properties of the Poisson bound-

ary of random walks on groups. In this chapter, we give more details in order to

provide a better understanding of the Poisson boundary. Chapter 3 introduces the

construction of transformed random walks via Markov stopping times and studies

its Poisson boundaries. The entropy, asymptotic entropy, and the rate of escape of

transformed random walks are investigated in Chapter 4. The results of Chapters 3

and 4 are adapted from the papers [23](which is a joint work with Kaimanovich) and

[22], respectively.
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Introduction

In the late 50’s, Kesten introduced the notion of the random walk on a countable

group G [49]. A random walk is determined by a probability measure µ on G which

is interpreted as the transition probability from the group identity; the transition

probabilities from other elements are obtained by group translation. In other words,

a sample path of this Markov chain is a sequence of products h1 � � �hn of independent

identically µ-distributed increments hi. The Poisson boundary pBµG, νq is a proba-

bility space which describes the stochastically significant behavior of sample paths

at infinity. It is endowed with a natural G-action, and the harmonic measure ν is

µ–stationary under this action. The study of the Poisson boundary is closely related

to algebraic properties of the underlying group. For example, the Poisson boundary

of an abelian group (or, more generally, of a nilpotent group) is trivial (a singleton)

for any random walk, see Theorem 2.4.1 below. On the other hand, non-amenable

groups have non-trivial Poisson boundary, see Remark 2.4.8.

Most of the research in this area has been devoted to the identification of the

Poisson boundary of a concrete probability measure on a concrete group. Much less

attention was given to the situation when the group G is fixed and the measure µ is

allowed to vary. Since the Poisson boundary is defined in terms of the path space of a

given measure, a priori there is no way to identify the Poisson boundaries of different

measures in the same group.
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The only instance in which they may be compared is when they can be realized

on the same measure G-space. In this case the corresponding harmonic measures

have to be equivalent. This naturally leads to the question about the situations

when the Poisson boundaries of the different probability measures on the same group

actually coincide. Finding all probability measures with the same Poisson boundary is

important for understanding the structure of a group G. The closely related problem

of realizing a given measure G-space as the Poisson boundary of an appropriate

random walk on G goes back to Furstenberg [25, 26] who used it for analyzing rigidity

properties of lattices in semi-simple Lie groups. Furstenberg [25] proved that the

Poisson boundary of SLpn,Rq is the same as the Poisson boundary of a lattice of

SLpn,Rq endowed with an appropriate measure. By using this fact, he concluded that

the lattices of SLpn,Rq for n ¥ 3 are different from discrete subgroups of SLp2,Rq.

In some special situations this problem was also addressed by Willis [72] and

Muchnik [58]. However, the scopes of these constructions are all quite limited. More-

over, the arising measures are always infinitely supported.

A new technique to solve this problem was suggested in the joint paper [23] with

Kaimanovich. This approach subsumes all previously known examples, and allows us

to obtain finitely supported measures with the same Poisson boundary as well. The

method is based on the observation that due to space homogeneity of random walks,

any Markov stopping time can be iterated to produce the random walk on G governed

by a new measure µτ (the distribution of the original random walk stopped at τ).

Theorem 0.0.1. [23] Let τ be a Markov stopping time for a random walk pG, µq.

Then the Poisson boundary of the random walk pG, µτ q coincides with the Poisson

boundary of pG, µq.

The proof relies on the fact that the group is countable. We prove it first for
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a free semigroup endowed with a probability measure concentrated on independent

free generators. In this situation, the Poisson boundary is the space of all infinite

words with the Bernoulli measure. Then by passing to the quotient, we prove it for

an arbitrary countable group.

The drawback of Theorem 0.0.1 is that it does not subsume that the Poisson

boundaries of a given measure and convex combinations of its convolution powers

coincide, which has been shown by Kaimanovich [36]. In order to overcome to the

aforementioned drawback, the construction can be further generalized by consider-

ing a randomized Markov stopping time under a weak condition, which allows us to

construct more probability measures with the same Poisson boundary.

Theorem 0.0.2. Let τ be a randomized Markov stopping time such that Eplog τq

is finite. Then the Poisson boundary of the random walk pG, µτ q coincides with the

Poisson boundary of pG, µq.

The proof relies on the entropy criterion, i.e., the asymptotic entropy of condi-

tional random walks are zero.

The notion of entropy of a countable probability space was introduced by Shan-

non in 1948. He used it to define the asymptotic entropy (entropy rate) in order to

quantify the amount of information for a stationary stochastic process [66]. Later in

the mid 1950’s Kolmogorov developed the notion of entropy of a measure preserving

dynamical system [52], and his work was completed by Sinai [67]. But, it was only

in 1972, that Avez defined the asymptotic entropy of a random walk on a group [2].

Despite a formal similarity, the contexts of these definitions are different, and so far

there is no common approach which would unify them.

The asymptotic entropy is an important quantity which describes the behavior

of a random walk at infinity. For instance, the triviality of the Poisson boundary of
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a random walk is equivalent to vanishing of the asymptotic entropy [3], [11], [41].

There are various formulas for the asymptotic entropy of a random walk on a

group:

(i) In terms of the entropy of convolution powers [41], see equality (4.1.1) below,

(ii) Shannon’s formula [11, 41], see Theorem 4.1.2 below,

(iii) As the average of Kullback–Liebler deviations between the harmonic measure

and its translates [36, 41], see equality (4.1.8) below,

(iv) As the exponential growth rate of the Radon–Nikodym derivatives of the trans-

lates of the harmonic measure along sample paths of the random walk [41], see

equality (4.1.3) below.

In the last two formulas, the asymptotic entropy is expressed in terms of the

Poisson boundary of the random walk, which suggests considering a possible relation-

ship between asymptotic entropies for random walks on the same group which share

a common Poisson boundary.

Earlier this relationship was studied in two particular situations:

(j) convex combinations of convolutions of a given probability measure [36],

(jj) the induced random walk on a recurrent subgroup [25, 43, 37, 33].

In case (j), the asymptotic entropy can be obtained by a direct calculation based

on formula (iii) [36].

In case (jj), Furstenberg [25] introduced induced random walk on a recurrent

subgroup and proved that its Poisson boundary is the same as the original Poisson

boundary. Kaimanovich [37] used a similar model to study harmonic functions on

a Riemannian manifold and to compare the asymptotic entropies in this context.
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Although his setup was somewhat different, by the same approach one can also find

the asymptotic entropy of the induced random walk on a recurrent subgroup [43].

Hartman, Lima and Tamuz [33] calculated the asymptotic entropy of the random

walk induced on a finite index subgroup in an alternative way by using formula (iii)

(although, apparently, they were not aware of [37] and [43]).

The probability measures arising in the above situations are examples of trans-

formations of probability measures via (randomized) Markov stopping time, as men-

tioned earlier, which do not change the Poisson boundary.

In the solo paper [22], we show that the asymptotic entropy h1 of the transformed

random walk is the result of rescaling the asymptotic entropy h of the original random

walk by the expectation τ of the stopping time (Theorem 4.1.8):

h1 � τh. (0.0.1)

The aforementioned examples (j) and (jj) are contained in this result as particular

cases.

Equation (0.0.1), the rescaling of the asymptotic entropy under a “time change”,

is analogous to Abramov’s formula [1] for the entropy of induced dynamical systems

(Theorem 4.1.4). However, as we have already pointed out, we are not aware of any

common context which would unify these two formulas.

Theorem 0.0.3. Let µ be a probability measure with finite entropy. If τ is a ran-

domized Markov stopping time with finite expectation, then

hpµτ q � Epτqhpµq.

Our proof consists of three steps. Firstly, by using the martingale theory, we

prove that finiteness of the entropy of a probability measure is preserved after applying
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a Markov stopping time with a finite expectation (Lemma 4.1.6). Secondly, by taking

into account formula (iv) for the asymptotic entropy, we will establish the main

result. And finally, applying the same method, we will prove that this result holds

for randomized Markov stopping times as well (Theorem 4.1.8).

We would like to emphasize that in our general setup finiteness of the expectation

τ is not related to finiteness of any associated space (which can already be observed

in the case of convolution powers, see above (j) ). On the other hand, the technique

used by Hartman, Lima and Tamuz [33] crucially depends on the fact that for the

induced random walks on recurrent subgroups τ is finite if and only if the subgroup

has finite index, in combination with a number of properties of finite state Markov

chains (formulated in the Appendix to [33]).

The rate of escape is another quantity which describes behavior of a random walk

at infinity. There are some interrelations between the rate of escape and asymptotic

entropy [69, 47]. In the paper [22], we show that the rate of escape of a transformed

random walk under a randomized Markov stopping time is also transformed according

to formula (0.0.1).

Theorem 0.0.4. Let G be a sub-additive gauge for group G and µ has a finite first

moment. If τ is a randomized Markov stopping time with finite expectation, then

`pµτ q � Epτq`pµq.
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Background
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In this work, we will employ some definitions and results from Lebesgue spaces,

ergodic theorems and martingale theory. In this chapter, we review these definitions

and present the version of the theorems that will be used later. Also, we assume that

the reader is familiar with the basic definitions and theorems in the context of group

theory and measure theory.

1.1 Lebesgue spaces

A probability space pX,F ,mq consists of a set X, a sigma algebra F and a probability

measure m. If there is no confusion, we do not specify the sigma algebra related to a

probability space.

The map ϕ : pX,F ,mq Ñ pX 1,F 1,m1q between two probability spaces is called

a measurable map if ϕ�1pA1q P F , when A1 P F 1. Moreover, ϕ is called measure

preserving whenever m1pA1q � mpϕ�1pA1qq for all A1 P F 1, and the probability measure

m1 � ϕpmq is called the image of the probability measure m under the map ϕ.

In the concept of measure spaces or category of measure spaces, the null sets

(sets with a measure–zero) are negligible. We are interested in the properties after

removing some null sets. We write the property Υ holds mod 0 or almost everywhere

(a.e.) whenever the property Υ is valid everywhere, except a set of a measure-zero.

Thus, we can work with complete sigma-algebras, in which subsets of null sets are

considered to be measurable sets.

A measurable map ϕ is called a quotient map, if it is measure–preserving after

the removal of some null sets from spaces X and X 1. More precisely, there are null

sets N and N 1 such that ϕ : XzN Ñ X 1zN 1 is measurable and measure–preserving.

In addition, if this map is invertible and its inverse is a quotient map, then ϕ is called

an isomorphism (mod 0).
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All the “reasonable” measure spaces share the same property; namely each

of them is a Lebesgue space (standard probability space). For example, a Polish

space(separable completely metrizable) with the Borel sigma algebra (sigma alge-

bra generated by the open sets) is a Lebesgue space. Rokhlin, in [62], introduced

Lebesgue spaces based on an intrinsic definition related to separability and complete-

ness properties and classified all of the Lebesgue spaces. We use this classification as

the definition of Lebesgue spaces and refer the reader to [62] for more details.

Definition 1.1.1. Let X be the disjoint union of an interval p0, aq and a countable

set ta1, a2, � � � , u. Endow X with the probability measure m such that the restriction

of m to the interval is the Lebesgue measure and mpa1q � mpa2q � � � � � 1 � a. A

probability space is called a Lebesgue space if it is isomorphic to the probability space

pX,mq.

As corollary, all the purely non-atomic Lebesgue spaces (the probability measure

is zero at each element) are isomorphic (mod 0) to the interval (0,1) equipped with

the Lebesgue measure.

One of the fundamental features of Lebesgue spaces, to which we refer later, is the

one-to-one correspondence between quotient maps and complete sub-sigma algebras:

Theorem 1.1.2 (Rokhlin). For a Lebesgue space pX,F ,mq, there is a one-to-one

correspondence between

i) quotient maps

ii) the complete sub-sigma algebras of F .

Another benefit of working with Lebesgue spaces is the existence of conditional

measures, which provide a generalization of the Fubini theorem in the Lebesgue spaces.
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Theorem 1.1.3 (Rokhlin). Let ϕ : pX,mq Ñ pY, pq be a quotient map of Lebesgue

spaces. There exists a system of probability measures tmyu for p-almost every point

y P Y such that my is a probability measure on the fiber ϕ�1pyq such that

mpAq �

»
Y

mypAX ϕ�1pyqqdppyq

for every measurable set A. The system of probability measure tmyuyPY is called

conditional measures associated with ϕ.

It is worth mentioning that if the set C � ϕ�1pyq has a positive probability

in X, then the conditional probability my coincides with the classical conditional

probability. More concretely,

mypAq � mpA|Cq �
mpAX Cq

mpCq
.

Lebesgue space properties imply the existence of a projective limit of a sequence

of Lebesgue spaces, which is a generalization of Kolmogorov’s Consistency theorem

(existence of infinite products of Lebesgue spaces):

Theorem 1.1.4. Let tpXn,mnqun¥1 be a sequence of Lebesgue spaces. If there are

quotient maps ϕn�1 : pXn�1,mn�1q Ñ pXn,mnq for n � 1, 2, � � � , then there exist

a unique (mod 0) projective limit Lebesgue space pX,mq and quotient maps Ψn :

pX,mq Ñ pXn,mnq for n � 1, 2, � � � such that ϕn�1Ψn�1 � Ψn, i.e., the diagram

pX,mq
Ψn�1
ÝÝÝÑ pXn�1,mn�1q���Ψn

���ϕn�1

pXn,mnq
identity
ÝÝÝÝÝÝÑ pXn,mnq

is commutative.
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1.2 Ergodic theory

Ergodic theory is a powerful tool that can be employed in different areas of mathe-

matics. Thus, we will also take advantage of ergodic theorems.

Definition 1.2.1. Let T be a measurable and measure–preserving map from the

probability space pX,mq to itself. The triple pX,m, T q is called ergodic if the only

invariant sets are either null sets or full measure sets, where a measurable set A is

called an invariant if A � T�1pAq almost everywhere.

One of the most important tools in ergodic theory is the Kingman subadditive

ergodic theorem due to Kingman 1968:

Theorem 1.2.2. [51] Let pX,m, T q be ergodic. If tfnun¥1 is a sequence of positive

integrable functions such that

fn�k ¤ fn � fkpT
nq

m-almost everywhere, then fn
n

converges to a constant in L1pX,mq and m-almost

everywhere.

The Kingman subadditive ergodic theorem is a generalization of Fekete’s lemma

[20] and Birkhoff’s ergodic theorem[5]. Although the original proof of the Kingman

subadditive ergodic theorem relied on both of aforemention theorems, there are some

proofs that do not employ Birkhof’s ergodic theorem (see [46] for a recent proof).

Ergodicity can be studied in the context of group actions. Let G be a countable

group that acts on the set X. The group G acts naturally on the space of measures

by translations. More precisely, if pX,mq is a Lebesgue space, then

gmpAq � mpg�1Aq
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for every measurable set A. If the null sets are preserved under the action of G, or

in other words, for every g P G the probability measures gm and m are equivalent,

gm � m, , then the measure m is called quasi-invariant under G.

A measurable subset A of X is called an invariant set under the action of G

whenever gA � A almost everywhere for every g in G. The action G on X is called

ergodic if the invariant sets under the action of G are null sets or sets with full

measure. Let the group G � Z. Define the action pn, xq � T npxq for a measure–

preserving invertible map T : X Ñ X, then ergodicity of the action is the same as

the ergodicity of pX,m, T q.

It is possible to decompose any group action into “smaller” ergodic actions, which

are called ergodic components, owing to the existence of conditional measures!:

Theorem 1.2.3. [29] Let G act on the Lebesgue space pX,mq and m be a quasi-

invariant under G. If ϕ is the quotient map associated with the completion of the

sigma algebra generated with invariant sets, then almost every conditional measure

associated with the quotient map ϕ is quasi-invariant and ergodic.

Once again if G � Z, then decomposition of this action implies the classical

ergodic decomposition for a measure preserving map T , see [50] and [65].

1.3 Martingales

The theory of martingales was developed by Doob in [14]. Two of the useful theorems

in this concept are:

• the martingale convergence theorem (Theorem 1.3.2), which shows that the limit

of a certain sequence of functions exists,
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• Doob’s optional stopping theorem (Theorem 1.3.4), which provides the integra-

bility of a certain measurable map with some special features.

In order to formulate these two useful theorems, we must first recall the definitions

of martingales and conditional expectation. For additional details, we refer the reader

to the notable book [16] by Doob.

Let G be a complete sub-sigma algebra of the Lebesgue space pX,F ,mq. Let

the associated quotient map and the quotient space be ϕ and Y , respectably. Hence,

there exist conditional measures tmyuyPY . The conditional expectation, with respect

to the sub-sigma algebra G, is defined as

Epf |Gqpyq �
»
y

f |ϕ�1pyqdmy.

In other words, Epf |Gq is the unique (mod 0) G–measurable function such that»
A

Epf |Gqdm �

»
A

fdm

for every measurable set A in G.

Definition 1.3.1. A filtration is an increasing sequence of sub-sigma algebras tFnun¥0

of the Lebesgue space pX,F ,mq such that
�
nFn � F . The sequence tpMn,Fnqun¥0

is called a submartingale whenever tFnun¥0 is a filtration and each Mn is an integrable

function and measurable with respect to the sigma-algebra Fn such that

EpMn�1|Fnq ¥Mn a.e.

Moreover, if tp�Mn,Fnqun¥0 is also a submartingale, then tpMn,Fnqun¥0 is called a

martingale.

Theorem 1.3.2 (Martingale convergence theorem). Let the sequence tpMn,Fnqun¥0

be a martingale. If Mn’s are uniformly bounded, then

lim
n
Mn �M8
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exists in L1 and almost everywhere. Moreover, EpM8|Fnq � Mn for each n �

0, 1, 2, � � � .

Definition 1.3.3. Let τ be a measurable map from a Lebesgue space pX,F ,mq to

natural numbers and tFnun¥0 be a filtration. We call τ a Markov stopping time if the

set τ�1pnq is measurable with respect to the sub-sigma algebra Fn.

Theorem 1.3.4 (Doob’s optional stopping theorem). Let tpMn, Fnqun¥0 be a sub-

martingale. If τ is a bounded Markov stopping time, then
³
M0dm ¤

³
Mτdm, where

Mτ pxq �Mτpxqpxq for x in X.

We remind the reader that these theorems are valid under weaker conditions,

however these simple versions can satisfy our needs later.
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In 1963, Furstenberg [24] defined the Poisson boundary of a locally compact

group G. His definition is based on continuous bounded harmonic functions on G.

In these terms, the triviality of the Poisson boundary is equivalent to the absence of

nonconstant bounded harmonic functions (the Liouville property). Later, an equiv-

alent definition of the Poisson boundary appeared in the context of random walks

on groups. The first studies of random walks on groups are attributed to [49], [17],

[28] and [48]. It was in the early 1980s, however, that great progress in the study of

random walks on groups and their Poisson boundaries was made via, for example,

the work of Derriennic [11], Rosenblatt [63], and Kaimanovich-Vershik [41].

This chapter is devoted to establishing the definition of a random walk on a

countable group and its Poisson boundary, while also describing some of the properties

of the Poisson boundaries. For additional studies in this field, we refer the reader to

[41], [39], Chapter 12 of [34], and [19], as well as the references therein.

2.1 Random walk and its path space

The random walk pG, µq on a countable group G determined by a probability measure

µ is the Markov chain on G with the transitions

g
µphq
�ù gh ,

i.e., the transition probabilities πg are the translates

πg � gµ , g P G , (2.1.1)

of the measure µ. In other words, the probability of moving from element g to gh is

µphq.

We shall denote by GZ� the space of sample paths g � pg0, g1, . . . q, and by

∆ : g � pgnq
8
n�0 ÞÑ ∆g � p∆gnq

8
n�1 , ∆gn � g�1

n�1gn , (2.1.2)
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the increment map from GZ� to the space of increments GN. Conversely, any sample

path pgnq can be recovered from its initial position g0 and the sequence of increments

hn � ∆gn as

gn � g0h1h2 . . . hn . (2.1.3)

Any initial distribution θ on G determines the associated measure Pθ on GZ� de-

scribed as follows: We shall denote by Cn
h the set of the sample paths whose positions

at time n is h,

Cn
h � tg P GZ� : gn � h u,

and Cg0,g1,��� ,gn �
�n
i�0C

i
gi

. The sets Cg0,g1,��� ,gn provide a basis for the probability

space pGZ� ,Pθq with

PθpCg0,g1,��� ,gnq � θpg0qπg0pg1qπg1pg2q � � � πgn�1pgnq .

In other words, the probability space pGZ� ,Pθq is the projective limit of the Lebesgue

spaces pGn�1,P
rns
θ q, where P

rns
θ pg0, g1, � � � , gnq � PθpCg0,g1,��� ,gnq. Therefore, the space

of sample paths with the probability measure Pθ is a Lebesgue space.

We shall denote by P � Pδe the probability measure on the path space corre-

sponding to the initial distribution δe concentrated on the identity e of the group G.

In the latter case the position of the random walk at time n is, by (2.1.3), just the

product of n i.i.d. µ-distributed increments hi, so that the increment map ∆ (2.1.2)

establishes an isomorphism between the space
�
GZ� ,P

�
and the space of increments

GN endowed with the Bernoulli measure µbN.

Let us remind the reader that the convolution of the two probability measures

µ and θ, denoted µ � θ, is the image of the product measure µ b θ under the map

pg, hq Ñ gh, hence

µ � θ �
¸
h

µphqhθ .
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The one-dimensional distribution of the random walk
�
GZ� ,P

�
at the time n is

the distribution of the random walk after n steps, which are the n-fold convolution

of µ denoted by µ�n:

PpCn
g q � Ptg : gn � gu �

¸
h1���hn�g

µph1q � � �µphnq � µ�npgq .

We shall denote by suppµ the support of the probability measure µ, the set of

elements in G whose µ–probability is positive:

suppµ � tg P G : µpgq ¡ 0u .

We can observe that the the support of one-dimensional distributions of the

random walk
�
GZ� ,P

�
at time n is suppµ�n � psuppµqn. Also, we can see that�

n suppµ�n is the semigroup generated by the support of µ denoted by sgrµ. Some

authors assume that µ is a non-degenerate or generate probability measure, which

means that the semigroup generated by the probability measure µ coincides with the

group G. Here, we do not assume the non-degeneracy condition, unless otherwise

specified.

There are many examples of random walks on groups. One of the classical

example is the simple random walk on Zn, which is due to Pólya [61]. For instance,

in the two-dimensional case, the measure can be described as

µ �
1

4
pδp0,�1q � δp0,1q � δp�1,0q � δp1,0qq .

A random walker has four possibilities, each with an equal probability 1{4, of walking

on the Z2 lattice. This random walk is recurrent, which means that for almost every

sample path, the random walker returns to the point zero.

Another classical example is the simple random walk on the free group F2 with

two generators a and b. More concretely, µ � 1
4
pδa� δa�1 � δb� δb�1q. Like the simple
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random walk on Z2, there are four possible options at each step with probability 1{4

for the random walker. Unlike the simple random walk on Z2, this random walk

is not recurrent (the heuristics behind it is that at each step the random walker

moves forward with probability 3{4). Kesten [48] posed a question regarding the

classification of finitely generated groups that admit a recurrent random walk. This

problem was solved by Varopoulos [70]:

Theorem 2.1.1 (Varopoulos). A finitely generated group G admits a recurrent ran-

dom walk with respect to a non-degenerate probability measure if and only if G has

either Z or Z2 as a finite index subgroup.

Example 2.1.2 (Lamplighter groups). Let

funpZd,Z2q � tf : Zd Ñ Z2 : f�1p1q is at most finiteu .

It is an additive group with the operation of pointwise addition mod 2. The element

of the group funpZd,Z2q is called the finite configurations on Zd. One can imagine

that there is a lamp attached to each element of the lattice Zd, and a configuration

shows which lamps are on (at most finitely many of them) on the lattice of Zd. The

group Zd acts on funpZd,Z2q by shifts, i.e., for every x, y P Zd and finite configuration

f ,

xfpyq � fpy � xq .

The lamplighter group Gd is the semidirect product of Zd with the group funnpZd,Z2q

with respect to shifts. In other words, px, fq are elements of Gd � Zd%funpZd,Z2q

for each x P Zd and f P funpZd,Z2q with the following group operation:

px, fqpx1, f 1q � px� x1, f � xf 1q .

Let zi be the standard generators of Zd for i � �1, � � � ,�d. Define the configuration

0pxq � 0, i.e., all the lamps are off. It is easy to see that the elements ped, δedq
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and pzi,0q for i � �1, � � � ,�d, where ed is the identity element of the lattice Zd,

are generators of the lamplighter group Gd. Let µ be equally distributed on the

generators of Gd. The simple random walk pGd, µq can be interpreted as a random

walker at the position x on the lattice with the configuration f moves to either one

of the neighbours of x without changing the current configuration or it stays at the

same position and changes the configuration only at the position of x.

Random walks on lamplighter groups, introduced by Kaimanovich and Vershik

[41], have interesting and surprising behaviors. Lamplighter groups are special case

of wreath products and much research has been devoted to these groups, especially

the behavior of their random walks, see [60], [18], [64].

These are all examples of simple random walks. A simple random walk is a

random walk on a finitely generated group associated to the probability measure that

is equally distributed on the generators (including their inverses). A Cayley graph

can be associated with a finitely generated group. The vertices of this graph are the

elements of the group and there is an edge between the vertices v and w whenever vw�1

is in the generating set (equivalently, wv�1). The simple random walk on a finitely

generated group means that a random walker moves from one vertex to its neighbours

on the Cayley graph with the same probability. Additional details regarding random

walks on graphs are found in the book [73] by Woess.

2.2 The Poisson boundary

We shall denote by U and T the time shifts on the spaces GN and GZ� , respectively:

pUhqn � hn�1 , pTgqn � gn�1 . (2.2.1)
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Obviously, the diagram

GZ� T
ÝÝÝÑ GZ����∆

���∆

GN U
ÝÝÝÑ GN

is commutative. Note that U is a Bernoulli shift that preserves the measure µbN and

is ergodic with respect to this measure (by Kolmogorov 0-1 law), whereas T does not

preserve the measure P, nor its class. However, the shift T preserves the σ-finite

measure P# on the path space whose initial distribution is the counting measure #

on G.

Proposition 2.2.1. Let θ be a probability measure on group G. Then TPθ � Pθ�µ.

Proof: Let θ be a probability measure on group G. For the measurable set

Cg0,g1,�,gn , we have T�1pCg0,g1,�,gnq �
�
gPGCg,g0,g1,�,gn . Hence,

PθpT
�1pCg0,g1,�,gnqq �

¸
gPG

θpgqµpg�1g0qµpg
�1
0 g1q � � �µpg

�1
n�1gnq.

The definition of convolution implies that

PθpT
�1pCg0,g1,�,gnqq � pθ � µqpg0qµpg

�1
0 g1q � � �µpg

�1
n�1gnq � Pθ�µpCg0,g1,�,gnq .

Because Cg0,g1,��� ,gn are elements of a basis for the
�
GZ� ,P

�
, we have TPθ � Pθ�µ.

Proposition 2.2.2. If there is a probability measure θ such that Pθ is preserved

under the time shift T , then the support of µ generates a finite semigroup, i.e., sgrµ

is a finite set.

Proof: Assume there exists θ such that TPθ � Pθ. By Proposition 2.2.1, θ � θ�µ.

Since
°
g θpgq � 1, the probability measure θ must take its maximum at some h1 in
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G. We have

θph1q � pθ � µqph1q �
¸
g

θph1g
�1qµpgq .

If there exists g in suppµ such that θph1g
�1q   θph1q, then

θph1q  
¸
g

θph1g
�1qµpgq ¤ θph1q .

Therefore, θph1q � θph1g
�1q for every g in the support of µ. We can conclude that

θph1q � θph1g
�1q, @g P

¤
n

suppµ�n,

because θ � θ � µ�n. On the other hand, θ is a probability measure; therefore,�
n suppµ�n must be finite.

Definition 2.2.3. The Poisson boundary BµG of the random walk pG, µq is the space

of ergodic components of the time shift T on the space
�
GZ� ,P#

�
, and any initial

distribution θ on G determines the corresponding harmonic measure νθ on BµG.

In other words, let AT be the sigma-algebra of all T -invariant sets (mod 0) in the

path space
�
GZ� ,P#

�
, which is the sigma algebra generated with the orbit equivalence

relation � of the shift T on the path space GZ� ,

g � g1 ô D m,n s.t T ng � Tmg1.

According to the Rokhlin correspondence theorem (Theorem 1.1.3), there exist

the unique (up to an isomorphism) quotient space BµG and the quotient map

bnd : GZ� Ñ BµG
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such that AT coincides with the preimage of the measurable sets of BµG under the

quotient map bnd. For an arbitrary initial distribution θ, the harmonic measure is

νθ � bndpPθq. We denote that ν � νδe .

Let us remind the reader that the equivalence between two measures means that

both measures have the same null sets. The class of all measures such that νθ is

equivalent to the measure ν# is called harmonic measure type.

Since BµG is the space of ergodic components, we have

νθ � bndpTPθq � bndpPθ�µq � νθ�µ . (2.2.2)

Consider the coordinate-wise action gpgnq � pggnq on the path space. Because

this action commutes with the shift T and preserves the �-equivalence classes, it

induces an action on the Poisson boundary and

νθ � bndpPθq � bndpθ �Pq � θ � bndpPq � θ � ν . (2.2.3)

Combining the equations (2.2.2) and (2.2.3) for θ � δe, implies that the harmonic

measure ν is µ-stationary with respect to this action:

ν � νµ � µ � ν �
¸
g

µpgq gν � ν .

The stationarity of the harmonic measure ν implies that whenever ν is zero, its

translation gν is also zero for every g in the support of µ. Iterating the stationarity

formula yields to µ�n � ν � ν, provided us with the following corollary:

Corollary 2.2.4. The harmonic measure gν is absolutely continuous with respect to

the harmonic measure ν for every g P sgrµ.

Although the harmonic measure ν need not be quasi-invariant(if the semigroup

generated by suppµ is smaller than G; see Remark 2.4.6), it is the case whenever µ

is a non-degenerate probability measure:
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Proposition 2.2.5. Let µ be a non-degenerate probability measure, i.e., sgrµ � G.

Then, the harmonic measure ν is quasi-invariant and belongs to the class of harmonic

measure types.

Proof: Let gνpAq � νpg�1Aq � 0 for a measurable subset of the Poisson boundary.

Since sgrµ � G, we can conclude by Corollary 2.2.4 νpAq � g�1νpg�1Aq � 0, which

means that ν is absolutely continuous with respect to gν as well. We have

Pµ�n � µ�n �P �
¸

gPsuppµ�n

µ�npgqδg �P . (2.2.4)

Let A be a measurable subset of BµG such that νpAq � 0. The stationarity of the prob-

ability measure ν implies that νpAq � νµ�npAq � 0 for every n � 1, 2, � � � . The com-

bination of the equation 2.2.4 and νµ�n � bnd Pµ�n implies that δg �Ppbnd�1Aq � 0

for every g P suppµ�n. Since
�
nPsuppµ�n � G, we have δg � Ppbnd�1Aq � 0 for

every g in G; therefore, ν#pAq � P#pbnd�1Aq � 0. Consequently, gν is a harmonic

measure type for any g in G. Hence, ν is quasi-invariant under the action.

Below, when talking about the Poisson boundary BµG, we (unless otherwise

specified) shall endow it with the harmonic measure ν of the initial distribution δe.

In other words, ν is the image of the measure P   P# on the path space under the

quotient map.

Proposition 2.2.6. The action of sgrµ on the Poisson boundary is ergodic.

Proof: Let A be an invariant subset of the Poisson boundary under the action

sgrµ with positive probability measure. Markov property implies that for every set

Ce,g1,��� ,gn ,

PpCe,g1,��� ,gn |bndpA�1qq � PpCe,g1,��� ,gnqPpg
�1
n bndpA�1qq � PpCe,g1,��� ,gnqgnνpAq .

(2.2.5)
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Since A is an invariant set under the action, we have

PpCe,g1,��� ,gn |
�1

bndpAqq � PpCe,g1,��� ,gnqνpAq ,

which implies that the sets bndpA�1q and Ce,g1,��� ,gn are independent. Since Ce,g1,��� ,gn

are bases for the sigma-algebra on the path space, bndpA�1q and any measurable set

of path space is independent. Hence, the set A must be independent of itself, which

implies that the probability measure A is either zero or one.

Remark 2.2.7. Define two sample paths g and g1 to be �–equivalent, whenever there

is an integer n such that T npgq � T npg1q. If we replace � by � in the construction of

the Poisson boundary, the Lebesgue space associated with this equivalence relation is

called the tail boundary. By employing the Foguel 0-2 law [21], Derriennic [13] showed

that the tail boundary coincides with the Poisson boundary of random walks issued

from the identity. See [38] for the relation of the Poisson boundary and the tail

boundary for other initial distributions.

Definition 2.2.8. A function f on G is called µ-harmonic, if it is preserved by the

Markov operator of the random walk pG, µq

Pµfpgq � xf, πgy �
¸
h

µphqfpghq .

The classic harmonic function on the Euclidean plane satisfies the Laplace equa-

tion:

B2f

Bx2
�
B2f

By2
� 0 .

The classic harmonic functions have several special properties, such as the maximum

principle and the mean value property. These properties have their analog in the

framework of random walks on groups.
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Proposition 2.2.9 (Maximum principle). Assume sgrµ � G. Let f be a µ–harmonic

function. If f takes its maximum on G, then f is constant.

Proof: Let f take its maximum at h. If fphq ¡ fphgq for some g P suppµ, then

fphq �
¸

gPsuppµ

fphgqµpgq   fphq.

Therefore, fphq � fphgq. Since every µ–harmonic function is a µ�n–harmonic func-

tion, we can conclude that fphq � fphgq for every g P sgrµ.

Theorem 2.2.10 (Poisson formula).

fpgq � x pf, gνy , g P G , (2.2.6)

establishes an isometric isomorphism between the space H8pG, µq of bounded µ-

harmonic functions f on the group G and the L8 space on the boundary BµG with re-

spect to the quotient measure class determined by the measure P#, where limn fpgnq �pfpbnd gq for almost every sample path g � pgnq.

Proof: The proof relies on the martingale convergence theorem, Theorem 1.3.2.

Let An be the sigma algebra generated by the first n position of the random walk

pG, µq. Then, it is easy to see that for a bounded function f , Mnpgq � fpgnq is a

martingale with respect to the filteration An if and only if f is a µ-harmonic. Now

the martingale convergence theorem (Theorem 1.3.2) implies the Poisson formula.

If g in formula (2.2.6) is only allowed to take values in the semigroup sgrµ, then

(2.2.6) becomes an isometric isomorphism between the space of bounded µ-harmonic

functions on sgrµ and L8pBµG, νq. This property uniquely characterizes the Poisson
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boundary, namely, any G-space pB, λq, for which formula (2.2.6) is an isometric iso-

morphism between H8psgrµ, µq and L8pB, λq, is isomorphic to the Poisson boundary

pBµG, νq.

Corollary 2.2.11. The Poisson boundary of the random walk pG, µq is trivial if and

only if the µ–harmonic functions on sgrµ are constant.

Proof: Let the Poisson boundary be trivial, i.e., BµG � txu and ν � δx. The

Poisson formula implies that fpgq � xf̂ , gδxy � f̂pxq, so f is a constant. Now, let

every µ–harmonic function be constant. Let A be a measurable subset of the Poisson

boundary of pG, µq. By the Poisson formula, fpgq � x1A, gνy � gνpAq is a µ–harmonic

function, so it must be constant and νpAq � gνpAq for every g P sgrµ. By equation

(2.2.5), for every set Ce,g1,��� ,gn , we have

PpCe,g1,��� ,gn |
�1

bndAq � PpCe,g1,��� ,gnqνpAq .

Like the argument of ergodicity of the action on the Poisson boundary, bnd�1A

is independent of itself; therefore, νpAq is either zero or one. Hence, the Poisson

boundary is trivial.

Corollary 2.2.12. The Poisson boundary of the random walk pGµq is either purely

non-atomic or trivial.

Proof: Let the Poisson boundary have some atoms. Assume ν takes its maximum

at atom x. By the Poisson formula, fpgq � x1x, gνy � gνpxq is µ–harmonic and takes

its maximum at the identity element of the group G. By the maximum principle, the

µ–harmonic function f must be constant, which implies that the set

A � ty P BµG : νpxq � νpyqu
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is invariant. By the ergodicity of the action, νpAq is either zero or one. Let νpAq be

one, hence the Poisson boundary is the finite set

A � BµG � tx1, � � � , xnu,

and νpx1q � � � � νpxnq �
1
n
. Because

fpgq � xf̂ , gνy �
f̂px1q � � � � � f̂pxnq

n

is constant for the bounded µ–harmonic function f . Hence, the Poisson boundary

must be trivial.

We have shown that a non-trivial Poisson boundary must be isomorphic (as measure

spaces) to the interval p0, 1q equipped with the Lebesgue measure.

2.3 Conditional Random Walks

As mentioned in the first chapter, there exists the system of conditional measures

with respect to a quotient map, and we will find these conditional measures with

respect to the bnd , see [39]. Conditional random walks are one of the tools that

help us to identify the Poisson boundary of a random walk.

In order to find conditional measures, we need to employ the concept of condi-

tional random walks introduced by Doob under the name of h–process [15]. In current

literature, this method is referred to as Doob’s transformations.

Consider the random walk pG, µq with a positive function f on sgrµ. The aim

is to rescale the transition probabilities by using f . Define

πfg phq � πgphq
fphq

fpgq
.
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We have ¸
h

πfg phq �
1

fpgq

¸
h

πgphqfphq �
1

fpgq
Pµfphq

are transition probabilities if and only if f is a µ–harmonic function as well. Denote

by Pf the probability measure on the path space of the transition probabilities πf

with the initial distribution δe, thus we can write

Pf pCe,g1,g2��� ,gnq � PpCe,g1,g2��� ,gnq
fpgnq

fpeq
.

We would like conditioning the random walk on a measurable subset A of the Poisson

boundary with positive ν–probability. By the equation 2.2.5,

PpCe,g1,g2��� ,gn |
�1

bndAq � PpCe,g1,g2��� ,gnq
gnνpAq

νpAq

which means that the conditional random walk by the set A is Doob’s transformation

for the µ–harmonic function fpgq � xf, gνy. By Corollary 2.2.4, for each g in the

sgrµ the probability measure gν is absolutely continuous to the probability measure

ν, the Radon-Nykodim derivative dgν
dν

exists. For x in the Poisson boundary of pG, µq,

define

PxpCe,g1,g2��� ,gnq � PpCe,g1,g2��� ,gnq
dgnν

dν
pxq .

By combining the preceding equation and the fact that

gνpAq �

»
A

dgν

dν
pxqdνpxq ,

we can write that

PA �
1

νpAq

»
A

Pxdνpxq.

It means that tPxuxPA are the conditional measures of PA. By choosing A � BµG,

we conclude that

P �

»
Pxdνpxq

and tPxu are the conditional measures of the probability measure P with respect to

the Poisson boundary.
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2.4 Examples

Here, we give some examples of the Poisson boundaries of different groups. We will

see how the algebraic structures of a group are related to the Poisson boundary.

One of the first studies to describe the Poisson boundary of a random walk is

ascribed to Blackwell [8], who showed that the Poisson boundary of an abelian group

is trivial. This result was also discovered independently by Choquet and Deny [10].

In classical harmonic analysis, the analog of this result is called Liouville property in

Rn that was shown by Nelson[59].

Theorem 2.4.1. [Blackwell, Choquet-Deny] The Poisson boundary of an abelian

group is trivial.

Proof: Let µphq ¡ 0, and En � tph1, h2, � � � q P G
N : hn � hu. Then we have

µ
Â

NpEnq � µphq. Because the sets of En are independent,

µ
Â

Np
k£

n�1

Ec
nq � p1 � µphqqk .

It implies that limk µ
Â

Np
�k
n�1E

c
nq � 0, and consequently,

µ
Â

Ntinfnitly many of En occuru � 1 .

This means that the property of gn�1 � gnh occurs infinitely many times for almost

every sample path pgnq. We can conclude that there exists a subsequence of pgnq such

that g � pgniq, we have gni�1 � gnih. Let f be a bounded harmonic function on sgrµ.

By the Poisson formula and the fact that the group G is abelian, we can write

f̂pbnd gq � lim fpgni�1
q � lim fpgnihq � lim fphgniq � h�1f̂pbnd gq

for every f̂ P L8pBµG, νq and every h P suppµ. We have

fphq � xf̂ , hνy � xh�1f̂ , νy � fpeq ,
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for every h P suppµ. Since f is a µ�n–harmonic function as well, fphq is constant for

every h P sgrµ. By Corollary 2.2.11, the Poisson boundary is trivial.

The same result can be extended to the nilpotent groups. First, we need to show

a relation between a random walk on a group and its induced random walk on a

quotient group.

Theorem 2.4.2. Let N be a normal subgroup of G and µ̌ be the image measure of

µ with respect to the quotient map G Ñ G{N . Then the H8pG{N, µ̌q is isomorphic

to the space of all µ–harmonic functions that are N–invariant. In other words, the

Poisson boundary of pG{N, µ̌q is the space of N-ergodic components of pBµG, νq.

Proof: Notice that

µ̌pgNq �
¸
nPN

µpgnq, π̌gNphNq �
¸
nPN

πgphnq .

Function f is an N -invariant function (which means fpgnq � fpgq for every n P N)

if and only if

f̌pgNq � fpgq

is well defined on the quotient group G{N . The partition G �
�
i aiN allows us to

change the order of summations: firstly, we take the summations over the elements

of aiN , and then we add up all the summations from the first part. So, we can have

¸
h

fphqπgjphq �
¸
aiN

¸
nPN

fpainqπajpainq �
¸
aiN

fpaiq
¸
nPN

πajpainq �
¸
aiN

f̌paiNqπ̌aiNpajNq .

We have shown that xf, πgy � xf̌ , π̌gNy whenever f is an N -invariant function, thereby

proving our claim.
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Remark 2.4.3. Bowen studied induced random walks and their Poisson boundaries

for the cases where N is a more general subgroup [9].

By combining Theorem 2.4.1 and Theorem 2.4.2, we can show that the Poisson

boundary of any nilpotent group is trivial due to Dynkin and Maljutov in [17].

Theorem 2.4.4 (Dynkin-Maljutov). [17] Any random walk on a nilpotent group has

trivial Poisson boundary. Or equivalently, any bounded harmonic function is constant.

Note that the preceding theorem does not hold if we drop the “boundedness

condition”. For example, consider the simple random walk on Z. Then, the function

f is harmonic if and only if

2fpnq � fpn� 1q � fpn� 1q .

Let fpnq � n, then obviously, f is a non-constant harmonic function with respect to

the simple random walk, but it is unbounded. A generalization of this result regarding

positive harmonic functions (not necessarily bounded) was discussed by Margulis in

[56].

Lemma 2.4.5. Let F �  wi : i � 1, 2, � � � ¡ be a free group where W � tw1, w2, � � � u

is the set of free independent generators of F . More precisely, for each w P W ,

the intersection of the group generated by w (which is isomorphic as a group to the

group Z) with W is only w. Let µ be a probability measure distributed on the free

independent generators of F , i.e.,

µ �
¸
i

aiδwi .

Then the Poisson boundary of the random walk pF , µq is the space of increments of

the random walk pF , µq.
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Proof: Let g � pe, g1, g2, � � � q be a sample path. Obviously, g1 � wi1 for some

integer i1. We have g2 � wi1wi2 for a natural number i2. Since both wi1 and wi2

are generators of the free group and they are not the inverse of each other, g2 is a

reduced word whose length is two. By induction, the length of gn is n and, moreover,

gn � wi1 � � �win if and only if gn�1 � wi1 � � �wipn�1q. In other words, the position at

time n uniquely describes all the steps of the random walk before time n. Therefore,

two sample paths g and g1 are �–equivalent, if and only if g � g1.

Remark 2.4.6. In the pervious Lemma, let Fw1 be the set of all infinite reduced

words starting with w1:

Fw1 � tpw1, h2, h3, � � � q : hi P W i � 1, 2, � � � u .

We have νpFw1q � µpw1q ¡ 0, however, w2νpFw1q � 0. It shows that ν is not

absolutely continuous with respect to w2ν; consequently, ν is not a harmonic measure

type.

Example 2.4.7. The Poisson boundary of the simple random walk on F2 is the space

of all infinite reduced words equipped with the uniform measure m2. More concretely,

let Fw be the set of all infinite reduced words starting with the finite reduced word.

If w � w1 � � �wn�1, then

m2pFwq �
1

p4qp3qn
.

The identification of the Poisson boundary of an arbitrary random walk on a free

group is an unsolved problem. If we restrict the random walks with some “moment”

conditions, then the Poisson boundary is well studied. For example, if the probability

measure µ has finite support, then the Poisson boundary associated with µ is the
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space of all reduced infinite words and the harmonic measure is the unique stationary

measure, for more details see [54] and [39].

Remark 2.4.8. Free groups are examples of non-amenable groups. It has been shown

that every random walk on non-amenable group associated with a non-degenerate

probability measure has non-trivial Poisson boundary. In contrast to the amenability

of the lamplighter groups, the simple random walk on the lamplighter group G3

has non-trivial Poisson boundary. Every amenable group admits a non-degenerating

probability measure whose random walk has trivial Poisson boundary, see for example

[41] and [63].
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This chapter is devoted to study of transformation of random walks. For a given

random walk, we apply a Markov stopping time to construct a new random walk in

such a way that both random walks share the same Poisson boundaries. The results

of this section are a joint work with V. Kaimanovich in [23].

3.1 Comparison of Poisson boundaries

Let first clarify what it means two random walks have the same Poisson boundaries.

Since the Poisson boundary of a random walk is a measure category object defined

as a quotient of the corresponding path space, a priori there is no way to identify

Poisson boundaries of two different measures µ, µ1 on the same group G other than

saying that both of them can be realized on the same measure G-space.

Definition 3.1.1. The Poisson boundaries of two measures µ, µ1 on the same group

G are equivalent if there exists a G-space B endowed with an ergodic quasi-invariant

measure θ, and two measures λ, λ1 absolutely continuous with respect to θ such that

the spaces pB, λq and pB, λ1q are, respectively, isomorphic to the Poisson boundaries

of the random walks pG, µq and pG, µ1q. If λ � λ1, i.e., both Poisson boundaries can

be realized on the same measure G-space, we shall say that the Poisson boundaries

of the measures µ and µ1 coincide.

Example 3.1.2. For any probability measure µ on a group G and any g P G the

Poisson boundaries of the measures µ and µ1 � gµg�1 are equivalent. The heuristic

behind this claim is that the harmonic measure ν of the random walk pG, µq should be

interpreted as a “limit” of the sequence of convolution powers µ�n endowed with the

left action of the group G. Therefore, the harmonic measure ν 1 of the random walk

pG, µ1q should be equal to gν. On a more formal level it follows, for instance, from the

fact that a function f on G is µ-harmonic if and only if the function f 1pxq � fpxgq
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is µ1-harmonic. If f is bounded, then by the Poisson formula for the random walk

pG, µq it corresponds to a function pf P L8pBµG, νq, whence

f 1pxq � fpxgq � x pf, xgνy � x pf, xν 1y ,
so that the space pBµG, ν

1q provides the Poisson representation for the random walk

pG, µ1q.

Remark 3.1.3. The above example shows that inner automorphisms of a group G

do not change the class of the Poisson boundary of any measure µ. On the other hand,

this is no longer true for outer automorphisms of G. The simplest example is provided

by the free group Fd with d generators endowed with the measure µ equidistributed

on the set K of generators and their inverses. In this case the Poisson boundary

is classically known to be the topological boundary of the free group endowed with

the probability measure mK uniform with respect to K (e.g., see Example 2.4.7 and

[54]). Now, the measures mK ,mK1 corresponding to two different generating sets are

mutually singular unless K 1 can be obtained by K by an inner automorphism of Fd

(e.g., see [45]).

Problem 3.1.1. It would be interesting to investigate the behaviour of the Poisson

boundary under outer automorphisms for other measures and groups.

The situation described in Example 3.1.2 is a particular case of a more general

phenomenon.

Theorem 3.1.4. If two measures µ, µ1 on a group G can be decomposed as convolution

products

µ � µ1 � µ2 and µ1 � µ2 � µ1 , (3.1.2)

then the Poisson boundaries of the measures µ and µ1 are equivalent.
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Proof: This is essentially the argument outlined in Example 3.1.2. By (3.1.2) the

Markov operators associated to the measures µ and µ1 decompose as

Pµ � Pµ1Pµ2 and Pµ1 � Pµ2Pµ1 ,

whence the operators Pµ1 , Pµ2 establish an isometric isomorphism of the spaces of

bounded harmonic functions H8pG, µq and H8pG, µ1q as

Pµ2 : H8pG, µq Ñ H8pG, µ1q , Pµ1 : H8pG, µ1q Ñ H8pG, µq .

Therefore, if f 1 � Pµ2f P H8pG, µ1q, then by the Poisson formula for the random

walk pG, µq

f 1pgq � Pµ2fpgq �
¸
h

µ2phq fpghq �
¸
h

µ2phqx pf, ghνy � x pf, gµ2 � νy ,

so that the Poisson boundary BµG endowed with the measure ν 1 � µ2 �ν provides the

Poisson representation for the space H8pG, µ1q, whence the claim.

We are not aware of any other constructions or examples which would provide

equivalent but not coinciding Poisson boundaries (however, see Introduction for all

previously known examples of coincidence). We shall now proceed with describing

our general method for obtaining random walks on the same group with the same

Poisson boundary.
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3.2 The random walk determined by a Markov

stopping time

3.2.1 Markov stopping times

Let us first remind that, according to a classical definition (e.g., see [57]), a Markov

stopping time τ is a Z�-valued function τ on the path space of a Markov chain with

the property that any preimage set τ�1pnq , n P Z�, belongs to the sigma-algebra An0
generated by the positions of the chain between times 0 and n. [Unless otherwise

specified, we only consider Markov stopping times which are almost surely finite.]

Alternatively, a Markov stopping time τ is determined by a set T of finite length

paths on the state space such that for a.e. sample path pξ0, ξ1, . . . q there exists a

unique τ ¥ 0 (the Markov stopping time) with pξ0, ξ1, . . . , ξτ q P T.

Definition 3.2.1. For a Markov stopping time τ on the path space
�
GZ� ,P

�
of a

random walk pG, µq we shall denote by µτ the distribution of gτ , i.e.,

µτ pgq � Ptg : gτ � gu .

The random walk pG, µτ q is the transformation of the random walk pG, µq determined

by the Markov stopping time τ . By

T pµq �
 
µτ : τ is a Markov stopping time on

�
GZ� ,P

�(
we denote the class of all probability measures on G which can be obtained in this

way.

3.2.2 Composition and iteration of Markov stopping times

As we shall see in a moment, the random walk pG, µτ q is obtained from the original

random walk pG, µq by restricting it to the sequence of iterations of the Markov
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stopping time τ .

Indeed, by using the increment map (2.1.2) one can identify τ with the Markov

stopping time τ � on the Bernoulli space of increments
�
GN, µbN

�
defined as

τ �p∆gq � τpgq .

By using space homogeneity of random walks on groups, τ can then be uniquely

extended to a G-invariant Markov stopping time rτ on the space of sample paths with

an arbitrary starting point by the formula

rτpgq � τpg�1
0 gq � τ �p∆gq .

Now, one can iterate rτ as

rτn�1 � rτn � rτ � T rτn with rτ1 � rτ ,
where T is the time shift (2.2.1) on the path space. In other words, after having

stopped a sample path g at the moment rτnpgq, we then apply the time rτ to the

portion of the path g starting at time rτn from the point grτn . Obviously, rτn are

G-invariant Markov stopping times as well. Denote by τn the restriction of rτn to�
GZ� ,P

�
, and by τ �n the associated Markov stopping time on the space of increments.

Then

τ �n�1 � τ �n � τ � � U τ�n ,

where U is the shift (2.2.1) on the space of increments
�
GN, µbN

�
.

Clearly, the sequence tgτnu is the random walk pG, µτ q. [More rigorously, the

image of the measure P � Pµ on the space of sample paths of the random walk pG, µq

under the map g ÞÑ tgτnu is the measure Pµτ on the space of sample paths of the

random walk pG, µτ q.] In particular, the distribution of gτn is the n-fold convolution

of the measure µτ .
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Remark 3.2.2. In the same way as above one can define the composition τ1 � τ2 of

any two Markov stopping times τ1, τ2, so that the set of all Markov stopping times

becomes a (non-commutative) semigroup with the identity 0. The map τ ÞÑ µτ is then

a homomorphism from the semigroup of Markov stopping times to the convolution

semigroup of the group G. In particular, the class T pµq is closed under convolution.

Remark 3.2.3. The following minimal example shows that, generally speaking, the

class T pµq is not closed under taking convex combinations. Let G � Z2 � t0, 1u and

µ � δ1, then the random walk pG, µq is deterministic, so that the space
�
GZ� ,P

�
consists just of the single path p0, 1, 0, 1, 0, � � � q. Therefore, in this situation any

Markov stopping time must be constant. Consequently, the only probability measures

that can be obtained by using Markov stopping times on
�
GZ� ,P

�
are convolution

powers of δ1, which are just δ0 and δ1.

3.3 Markov stopping times and covering random

walks

For yet another interpretation of the transformed random walk pG, µτ q from Defi-

nition 3.2.1 let us recall that a covering Markov chain with the deck group G [42]

(in somewhat different contexts also known under the names of a random walk with

internal degrees of freedom [53] and a semi-Markov chain [4]) is a Markov chain with

G-invariant transition probabilities on the product G�X for a certain set X.

In our situation let

G� �
¤
n¥0

Gn

be the space of all finite strings of elements of G (including the empty one ∅ for

n � 0) considered as increments of paths on G issued from the group identity. By
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|x| we denote the length of a string x, i.e., |x| � n whenever x P Gn, and by rxsk the

k-truncation of x (i.e., its initial segment of length k).

Then the random walk pG, µq naturally drives the covering Markov chain on

G�G� with the transitions

pg, xq
µphq
�ù pgh, x.hq , (3.3.1)

where x.h denotes the concatenation of the string x with h (i.e., the string of the

length |x| � 1 obtained from x by adding h on the right).

Let now τ be a Markov stopping time on the path space
�
GZ� ,P

�
. In view of

the identification
�
GZ� ,P

�
�
�
GN, µbN

�
described in Chapter 2, we can consider the

associated set T (see Section 3.2.1) as a subset of G�. In these terms τ is just the

moment when the covering chain (3.3.1) attains the set G�T (provided it starts from

pe,∅q at time 0), and µτ is the distribution of the G component of the covering chain

at time τ .

Ir order to interpret the iterated Markov stopping times in these terms one just

has to reset the G� component of the chain (3.3.1) to ∅ whenever it attains T, which

gives rise to the covering chain on the product of G and the set

r∅,Tq � trxsk : x P T, 0 ¤ k   |x|u .

with the transitions

pg, xq
µphq
�ù

$''&
''%
pgh, x.hq , if x.h P r∅,Tq

pgh,∅q , if x.h P T

. (3.3.2)

The chain (3.3.2) is also driven by the random walk pG, µq. If it starts at the point

pe,∅q at time 0, then its trace on the set G�t∅u is precisely the random walk pG, µτ q

run from the group identity.
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3.4 Examples

Below are several straightforward examples of transformations of random walks deter-

mined by Markov stopping times. Of course, the variety of possible Markov stopping

times is much greater, and with just a little imagination one can produce much more

exotic illustrations of this notion.

Example 3.4.1. Let τpgq � n, n P Z�, be a constant function. Then µτ is just the

n-fold convolution µ�n of the measure µ.

Example 3.4.2. Given a subset A � G with µpAq ¡ 0, let τ � � τ �A be the corre-

sponding first hitting time for the Bernoulli increments chain phnq, and let

τpgq � τ �p∆gq � mintn P N : ∆gn P Au

be the associated Markov stopping time on the path space
�
GZ� ,P

�
. Then

µτ �
8̧

n�0

β�n � α � p1 � βq�1 � α ,

where α is the restriction of µ to A, and β � µ� α.

Remark 3.4.3. The transformation α � β ÞÑ p1 � βq�1 � α was first introduced by

Willis [72] who showed that it does not change the Poisson boundary of the associated

random walk by using methods of functional analysis. Since this is a transformation

determined by a Markov stopping time, this fact will also follow from our general

Theorem 3.6.1 below.

Example 3.4.4. A subset A � G is recurrent for the random walk pG, µq if its first

hitting time

τpgq � τApgq � mintn P N : gn P Au
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is almost surely finite. Note that, in general, the iterations of τ are not hitting times

of A, as, for instance, gτ2 need not belong to A. However, if A is a subgroup of G,

then the random walk pG, µτ q is the trace of the random walk pG, µq on A, see [25].

3.5 Randomized Markov stopping times

As we have seen in Remark 3.2.3, the class of measures T pµq obtained from Markov

stopping times of the random walk pG, µq is not, generally speaking, closed with

respect to taking convex combinations. We shall now modify this procedure in order

to have more freedom in transforming the original random walk, and, in particular,

to repair this drawback.

The idea consists in adding to the original random walk a sequence of i.i.d. ran-

dom variables from an auxiliary probability space. It goes back to Kaimanovich [37]

who used it in order to describe Furstenberg’s discretization of Brownian motion on

Riemannian manifolds [25] (also see [55]) in terms of appropriate randomized Markov

stopping times and to prove coincidence of the corresponding Poisson boundaries.

More precisely, let pΩ,mq be a probability space. We shall define the associated

extended random walk as pgn, ωnq, where pgnq � g are sample paths of the original

random walk pG, µq, and pωnq � ω is a sequence of i.i.d. m-distributed random

variables on Ω independent of g. In other words, the extended random walk is a

Markov chain with the state space G� Ω and transition probabilities

πg,ω � πg bm � gµbm ,

where πg � gµ are the transition probabilities (2.1.1) of the original random walk.

The measure Pm � PbmbZ� on the path space pG� ΩqZ� of the extended random

walk corresponds to the initial distribution δe bm.
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Definition 3.5.1. A randomized Markov stopping time of the random walk pG, µq is

a Markov stopping time τ on the path space
�
pG� ΩqZ� ,Pm

�
of the extended random

walk. As for ordinary Markov stopping times we shall denote the distribution of the

G component of the extended random walk at time τ by µτ :

µτ pgq � Pmtpg,ωq : gτ � gu .

By

Rpµq � tµτ : τ is a randomized Markov stopping time of the random walk pG, µqu

we denote the class of all probability measures on G which can be obtained in this

way.

Remark 3.5.2. In the particular case when the space pΩ,mq is just a singleton the

above definition obviously coincides with Definition 3.2.1, so that T pµq � Rpµq. On

the other hand, the example from Remark 3.2.3 in combination with Theorem 3.5.3

(or Example 3.5.4) below show that, generally speaking, this inclusion is strict.

The definition of iterated Markov stopping times and their interpretation from

Section 3.2.2 and Section 3.3 almost verbatim carry over to this randomized setup as

well.

Theorem 3.5.3. The class Rpµq is closed with respect to taking convolutions and

convex combinations.

Proof: Let us first notice that any two randomized Markov stopping times τ1 and

τ2 can always be realized by using the same auxiliary probability space. Indeed, if

pΩi,miq are the spaces used for defining τi, i � 1, 2, then both τ1 and τ2 can also

be defined by using the product space pΩ,mq � pΩ1,m1q � pΩ2,m2q. [Alternatively,
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one can just notice that since
�
GZ� ,P

�
is a Lebesgue space, it is enough to consider

Lebesgue auxiliary spaces, for which there exists a universal one.]

Now, as for ordinary Markov stopping times (see Remark 3.2.2), the measure

µτ1 � µτ2 corresponds to the composition of the Markov stopping times τ1 and τ2.

Let us now consider a convex combination p1µ1 � p2µ2. In order to realize it as

µτ for a random Markov stopping time τ we consider the auxiliary probability space

pΩ1,m1q � pΩ,mq�pt1, 2u, pq, where pΩ,mq is the common auxiliary space of τ1 and τ2

(see above), and p is the distribution on the set t1, 2u with the weights pi. Paths of the

extended random walk on G�Ω1 sampled from the measure Pm1

� PbmbZ� b pbZ�

are then triples pg,ω, εq consisting of 3 independent components: a path g of the

random walk pG, µq, a Bernoulli mbZ�-distributed sequence ω � pωnq, and a Bernoulli

pbZ�-distributed sequence ε � pεnq. If we now put

τpg,ω, εq �

$''&
''%
τ1pg,ωq , if ε0 � 1

τ2pg,ωq , if ε0 � 2

,

then clearly µτ � p1µ1 � p2µ2. Note that the same argument obviously works for

countable convex combinations as well.

3.5.1 Examples of randomized Markov stopping times

The first example is a specialization of Theorem 3.5.3.

Example 3.5.4. Let µ1 �
°
n pnµ

�n, where pn ¥ 0 and
°
n pn � 1, be a (possibly

infinite) convex combination of convolution powers of a measure µ. Then there exists

a randomized Markov stopping time τ such that µ1 � µτ .



3. Transformed Random Walks 48

In this situation it is the set Z� endowed with the distribution p � ppnq which

can serve as an auxiliary probability space. Then paths of the extended random walk

on G � Z� sampled from the measure Pp � P b pbZ� are couples pg, εq consisting

of two independent components: a path g of the random walk pG, µq and a Bernoulli

pbZ�-distributed sequence ε � pεnq. If we put

τpg, εq � ε0 ,

then obviously µτ � µ1.

The next example is a generalization of 3.4.2, in which we considered a decom-

position of a probability measure into a sum of two mutually singular sub-probability

ones. Randomization allows one to eliminate the singularity assumption.

Example 3.5.5. Let µ � α � β be a decomposition of a probability measure µ into

a sum of two sub-probability measures α and β. Then there exists a randomized

Markov stopping time τ such that

µτ � p1 � βq�1 � α . (3.5.1)

In this situation we take for pΩ,mq the unit interval endowed with the standard

Lebesgue measure. Let

A � tpg, ωq P G� Ω : 0 ¤ ω ¤ αpgqu ,

so that the image of the restriction µbm|A under the map pg, ωq ÞÑ g is precisely α,

and let

τpg,ωq � mintn ¥ 1 : phn, ωnq P Au ,

where h � ∆g is the sequence of increments of a sample path g. Then the measure

µt is given by formula (3.5.1) in precisely the same way as in Example 3.4.2.
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3.6 Poisson boundary of transformed random walks

This section is devoted to study of the Poisson boundary of transformed random

walks. Namely, we will show the Poisson boundary is preserved under transformation

of the random walk by a Markov stopping time.

Theorem 3.6.1. Let τ be a Markov stopping time for the random walk pG, µq. Then

the Poisson boundary of the random walk pG, µq is the same as the Poisson boundary

of the random walk pG, µτ q.

In [25], Furstenberg showed that the Poisson boundary of a groupG is the same as

the Poisson boundary of a recurrent subgroupH. His proof involves direct calculations

and is mostly based on the fact that hitting measures are harmonic function. The

proof can be generalized just to a Markov stopping τA for a recurrent subset A of G.

However, our approach which is more general relies on the following lemma:

Lemma 3.6.2. Let µ be a probability measure on a free semigroup F which is dis-

tributed on the independent generators of the free semigroup F (see Lemma 2.4.5 for

the precise definition). If τ is a Markov stopping time, then BµF � BµτF is the space

of all infinite words F8 endowed with the corresponding measure or, in other words,

the space of increments of the random walk pF , µq.

Proof: By Lemma 2.4.5, the Poisson boundary of pF , µq is the space of its in-

crements. On the other hand, let g � g1g2 . . . gm for gi in support of µ. Once again

the condition Lemma 2.4.5 yields to gτ � h1h2 . . . hm if and only if gm � h1h2 . . . hm

for a sample path g � pgnq with increment ∆g � ph1, h2, � � � q and consequently,

µτ pgq � µpg1qµpg2q . . . µpgmq. With the same argument as Lemma 2.4.5 the Poisson

boundary of pF , µτ q is the space of increments of pF , µq.
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Proof: (Proof of 3.6.1)

Let F be the free semigroup generated by the support of µ in such a way that each

element in the support of µ is considered as an independent generator of F . In other

words, the condition of Lemma 3.6.2 holds for pF , µ̂q where µ̂pgq � µpgq for every

g P F .

Let φ : F Ñ G be a semigroup homeomorphisms such that φpgq is the reduced

word in the group G for g P F . A Markov stopping time τ on the random walk pG, µq

gives rise to a Markov stopping τ̂ of pF , µq as follows: for every sample path ĝ � pĝnq

of the random walk pF , µ̂q, define the

τ̂pĝnq � τpφpgnqq.

By Lemma (3.6.2),

Bµ̂F � Bµ̂τ̂F . (3.6.1)

Since the group homeomorphism φ is onto, G � F{Kerφ. By applying Lemma 2.4.2

we have BµG � BµτG.

Establishing the same result for the case of randomized Markov stop-

ping times needs more tools, namely, entropy and rate of escape. We

provide the proof here, however, for the background related to entropy

and rate of escape we refer the reader to the next chapter.

In the case of randomized Markov stopping times, the measure µτ is not necessar-

ily distributed on the independent generators of the free semigroup F in Lemma 3.6.2.

Even in this quite degenerate situation, we do not know whether pFN, µbNq is the

Poisson boundary of the random walk pF , µτ q. The entropy technique provides the
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positive answer for measures µτ with finite entropy and first logarithmic moment if the

free semigroup F is finitely generated (cf. the more general cases of finitely generated

free groups or of word hyperbolic groups [39]). We shall now show that in the free

semigroup case these assumptions can be further relaxed, so that neither finiteness

of the generators F nor finiteness of the entropy Hpµτ q are no longer necessary.

Denote by dpgq the length of word g in the free semigroup F . More precisely, if

g � g1g2 � � � gn for independent generators g1, g2, � � � of F , then dpgq � n.

Theorem 3.6.3. If µ is a probability measure on a free semigroup F with a finite

first logarithmic moment ¸
gPF

µpgq log� dpgq ,

then the Poisson boundary of the random walk pF , µq is the space of infinite words

F8 endowed with the associated hitting measure λ.

The proof is still based on the entropy criterion, but here we apply it in a some-

what different setup: instead of the original random walk we consider just the con-

ditional random walks determined by points from F8. Coincidence of the Poisson

boundary of the random walk pF , µq with the space pF8, λq means precisely that

the Poisson boundaries of these conditional random walks are trivial. However, due

to the absence of cancellations, in the free semigroup case the conditional random

walks can be considered just as random walks on Z (actually, even Z�) in a station-

ary random environment (or, in the language of equivalence relations, as a random

walk along the orbits of the time shift in F8). The entropy criterion for triviality of

the Poisson boundary for random walks along classes of equivalence relations (Theo-

rem A.0.2) was established in [44]. It is due to the aforementioned special structure

of the conditional random walks in the free semigroup case that the entropy of tran-

sition probabilities of these walks can be finite in spite of the entropy of the original
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measure µ being infinite.

Let us remind the reader that R-valued sequence pxnqn¥1 of measurable functions

from a Lebesgue space is a stationary sequence if the joint probability of pxn1 , � � � , xnkq

is the same as that of pxn1�n, � � � , xnk�nq for any natural numbers ni and n.

Lemma 3.6.4. Let pxnqn¥1 be a stationary sequence with non-negative entries. If

E logp1 � x1q   8 ,

then

lim
nÑ8

logp1 � x1 � x2 � � � � � xnq

n
� 0 (3.6.2)

a.e. and in L1.

Proof: Let us first notice that, obviously,

logp1 � x� yq ¤ logp1 � xq � logp1 � yq ,

so that the sequence logp1� x1 � x2 � � � � � xnq satisfies the conditions of Kingman’s

subadditive ergodic theorem. Therefore the limit (3.6.2) exists, and it only remains

to show that its value L actually vanishes. Indeed, convergence in (3.6.2) also holds

in probability, so that for any ε ¡ 0

P

"���� logp1 � x1 � x2 � � � � � xnq

n
� L

���� ¤ ε

*
Ñ 1 ,

and by stationarity

P

"���� logp1 � xn�1 � x2 � � � � � x2nq

n
� L

���� ¤ ε

*
Ñ 1 .

On the other hand, also

P

"���� logp1 � x1 � x2 � � � � � x2nq

2n
� L

���� ¤ ε

*
Ñ 1 ,
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which is only possible if L � 0.

Proof: (Proof of Theorem 3.6.3)

Finiteness of the first logarithmic moment of the measure µ is the same as finiteness

of its first moment with respect to the logarithmic gauge

Gn � tg P F : logp1 � dpgqq ¤ nu .

When restricted to the geodesic ray in F8 determined by an infinite word from F8,

this gauge obviously has a finite exponential growth rate, hence Theorem 4.2.4 im-

plies that for conditional random walks the average entropy of the one-step transition

probabilities is finite. Lemma 3.6.4 implies that the rate of escape with respect to the

logarithmic gauge vanishes, whence the asymptotic entropy of conditional random

walks also vanishes, so that by Theorem A.0.2 the conditional random walks have

trivial Poisson boundary, whence the claim.

Let us look at the difference between non-randomized and randomized Markov

stopping times in the sense of conditional random walks. Let τ be an ordinary (i.e.,

non-randomized) Markov stopping time of the random walk pF , µq in Lemma 3.6.2.

Since τ is a function of the path space, the corresponding conditional chain on F8 is

deterministic, as we concluded in Lemma 3.6.2 the Poisson boundaries of the random

walks pF , µq and pF , rµτ q are isomorphic. In the randomized case, the only difference

is that now the conditional random walks are not necessarily deterministic. How-

ever, under conditions of Theorem 3.6.3 their Poisson boundaries are still trivial and

Lemma 2.4.2 combined, which imply
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Theorem 3.6.5. Let τ be a randomized Markov stopping times. If Eplog τq is finite,

then the Poisson boundary of pG, µq and pG, µτ q are isomorphic.
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The notion of entropy of a countable probability space was introduced by Shan-

non in 1948. He used it to define the asymptotic entropy (entropy rate) in order to

quantify the amount of information for a stationary stochastic process [66]. Later in

the mid 1950’s Kolmogorov developed the notion of entropy of a measure preserving

dynamical system [52], and his work was completed by Sinai [67]. But, it was only

in 1972, that Avez defined the asymptotic entropy of a random walk on a group [2].

Despite a formal similarity, the contexts of these definitions are different, and so far

there is no common approach which would unify them.

4.1 Asymptotic entropy

The quantity

Hpµq � �
¸
g

µpgq log µpgq

is called the entropy of the probability measure µ.

Note that the entropy of an arbitrary probability measure is not necessarily finite.

Proposition 4.1.1. Let G � ta1, a2, � � � u be an infinite group. There exists probability

measure µ with infinite entropy.

Proof: Notice that with integral test, the series
°
n

1
n lognplog lognq2

is convergent

to a finite number c. On the other hand,
°
n

log pn lognplog lognq2q
n lognplog lognq2

is divergent that once

again can be verified by the integral test. Hence, µpanq �
1

cn lognplog lognq2
has infinite

entropy.

The definition of convolution implies that

µ�2pghq ¥ µpgqµphq,
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and consequently � log µ�2pghqq ¤ � log µpgq � log µphq. Multiplying both sides by

µpgqµphq and taking summation all over g and h in G, we obtain Hpµ�2q ¤ 2Hpµq.

In the same way, we can show that the sequence tHnu is sub-additive, i.e., Hn�m ¤

Hn � Hm, where Hn � Hpµ�nq. Therefore, the limit Hn{n, called the asymptotic

entropy of pG, µq, exists and is denoted by

hpµq � lim
n

Hn

n
. (4.1.1)

If a random walk has finite entropy, then its Poisson boundary is trivial if and

only if its asymptotic entropy is zero (for more details see, [41]). Obviously, finiteness

of the entropy is necessary. For instance consider a countable nilpotent group with

the probability measure as in Proposition 4.1.1. Then, the Poisson boundary is trivial

but the asymptotic entropy is infinite. More interestingly, there exists an amenable

group such that a random walk with finite entropy on this group has non-trivial Pois-

son boundary [18].

Throughout the rest of this chapter, we always assume that Hpµq � H1

is finite, in which case hpµq ¤ H1   8.

For a sample path g � pgnq, let Fnpgq � � log µ�npgnq. We can write

gn�m � gnhn�1 � � �hn�m ,

where hi’s are the increment of g, again by the definition of the convolution,

µ�pn�mqpgn�mq ¥ µ�npgnqµ
�mphn�1 � � �hn�mq.

By using U , the transformation of the path space induced by the time shift in the

space of increments,

Fn�mpgq ¤ Fnpgq � FmpU
npgqq .
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Applying Kingman subadditive ergodic theorem, the asymptotic entropy can also be

obtained by Shannon’s formula:

Theorem 4.1.2. [41, 11] For P-almost every sample path pgnq,

�hpµq � lim
1

n
log µ�npgnq .

Moreover, the convergence holds in L1pPq.

Shannon’s formula leads to the following description of the asymptotic entropy

of pG, µq as well:

Theorem 4.1.3. [41] For P-almost every sample path g � pgnq,

hpµq � lim
n

1

n
log

dgnν

dν
bndpgq .

4.1.1 Transformed Entropy

As a motivation, consider the asymptotic entropy of the random walk determined by

the k-fold convolution of µ, i.e., pG, µ�kq. By definition of the asymptotic entropy

hpµ�kq � lim
n

1

n
Hkn � lim

n
k
Hkn

kn
� khpµq . (4.1.2)

In the language of Markov stopping times, we can write the equation (4.1.2) as fol-

lowing:

hpµτ q � Epτqhpµq , (4.1.3)

where τ is constant function k (see Example 3.4.1).

The aim of the next theorem is to show that equality (4.1.3) can be generalized to

all Markov stopping times (and to all randomized Markov stopping times as we shall

do later, see Theorem 4.1.8) with finite expectation. This is analogous to Abramov’s

theorem on the entropy of induced dynamical systems:
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Theorem 4.1.4. [1] Let pX,φ, µq be an ergodic measure preserving dynamical system.

If A is a measurable subset of X with µpAq ¡ 0, then

hpµA, φAq �
1

µpAq
hpµ, φq .

In order to complete our analogy, note that the proportion
1

µpAq
is equal to the

expectation of the return time to the set A (Kac formula) [35].

Since the sequence tµτnu is not, generally speaking, a subsequence of convolution

powers of µ, the generalization of the equality (4.1.3) cannot be done by the same

trick as in (4.1.2).

Theorem 4.1.5. Let τ be a Markov stopping time with a finite expectation. Then

Hpµτ q is also finite and

hpµτ q � Epτqhpµq .

The proof is based on the fact that each sample path of the random walk trans-

formed by a Markov stopping time is a subsequence of a sample path of the origi-

nal random walk, and the description of the asymptotic entropy as the exponential

growth rate of the Radon–Nikodym derivatives of the translates of the harmonic mea-

sure along the sample path (Theorem 4.1.3). In order to apply Theorem 4.1.3, we

need the Poisson boundaries of the random walks pG, µq and pG, µτ q to be the same

(which follows from Theorem 3.6.1), and the entropy of the random walk pG, µτ q to

be finite.

First, we will show that the entropy of µτ is finite.

Lemma 4.1.6. If the expectation of Markov stopping time τ is finite, then the entropy

of µτ is also finite, and

Hpµτ q ¤ EpτqH1 .
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Proof: Let

Mnpgq � nH1 � log PpCn
gnq � nH1 � log µ�npgnq .

Because H1 is finite, Mn’s are integrable. If An0 is the σ-algebra generated between

time 0 and n of the random walk pG, µq, then it is obvious that

EpMn�1|An0 qpgq � pn� 1qH1 �
¸
h

µphq log µ�pn�1qpgnhq .

The sequence tMn,An0u is a sub-martingale, i.e.,

EpMn�1|An0 qpgq ¥ pn� 1qH1 �
¸
h

µphqplog µ�npgnq � log µphqq �Mnpgq ,

because

µ�pn�1qpgnhq ¥ µ�npgnqµphq . (4.1.4)

Let τ ^ n � mintτ, nu. Then, Doob’s optional theorem, Theorem 1.3.4, implies that

EpMτ^nq ¥ EpM0q � 0 ,

and consequently,

Epτ ^ nqH1 �
¸
g

Ppgτ^n � gq log Ppgτ^n � gq ¥ 0 .

Since Epτ ^ nq ¤ Epτq, we can write

�
¸
h

Ppgτ^n � hq log Ppgτ^n � hq ¤ EpτqH1 . (4.1.5)

Applying Fatou’s lemma to the inequality (4.1.5) gives

�
¸
g

lim inf
n

Ppgτ^n � hq log Ppgτ^n � hq ¤ EpτqH1 . (4.1.6)

On the other hand, the combination of lim
n

Ppgτ^n � hq � µτ phq and the continuity

of the function x log x implies that

lim
n

Ppgτ^n � hq log Ppgτ^n � hq � µτ phq log µτ phq . (4.1.7)
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Now, by (4.1.6) and (4.1.7) we obtain

Hpµτ q � �
¸
h

lim
n

Ppgτ^n � hq log Ppgτ^n � hq ¤ EpτqH1 .

Therefore, we have proved that,

lim
nÑ8

Hpµτ^nq � Hpµτ q .

Remark 4.1.7. In a more general setup, the convergence of a sequence of probability

measures does not imply the convergence of the (asymptotic) entropy associated with

these probability measures. However, these questions have been studied for some

special cases by Erschler and Kaimanovich in [40].

Proof of Theorem 4.1.5

Now, we can find the asymptotic entropy of the random walk pG, µτ q. Since the

expectation of the Markov stopping time τ is finite, Lemma 4.1.6 implies that Hpτq

is also finite. Therefore, Theorem 4.1.3 implies that

hpµτ q � lim
n

1

n
log

dgτnν

dν
bndpgq

for almost every sample path g � pgnq. Since U is a measure preserving transforma-

tion, Epτnq � nEpτq, and, moreover, lim
n

τnpgq

n
� Epτq for almost every sample path

g. Therefore, it is obvious that

hpµτ q � lim
n

τnpgq

n

1

τnpgq
log

dgτnν

dν
bndpgq .

By applying Theorem 4.1.3 to the random walk pG, µq, we will have

hpµτ q � Epτqhpµq .
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4.1.2 Entropy and randomized Markov stopping times

Let τ be a randomized Markov stopping time with finite expectation. If we replace

the sub-martingale in Lemma 4.1.6 with

Mnpg,ωq � nH1 � log PmpCn
gnq � nH1 � log µ�npgnq ,

then finiteness of the entropy of µτ can be obtained by mimicking the proof of

Lemma 4.1.6. Since the Poisson boundary of pG, µτ q is the same as the Poisson

boundary pG, µq, the proof of Theorem 4.1.3 applies. Hence, we have the following

theorem:

Theorem 4.1.8. Let τ be a randomized Markov stopping time for the random walk

pG, µq. If Epτq is finite, then

hpµτ q � Epτqhpµq .

The combination of Example 3.5.4 and the preceding theorem implies the follow-

ing result of Kaimanovich [36].

Example 4.1.9. Let µ1 �
°
k¥0

akµk, where
°
k¥0

ak � 1 and ak ¥ 0. Then

hpµ1q � p
¸
k¥0

kakqhpµq .

Example 4.1.10. Let µ � α � β be as in Example 3.5.5. Let µ1 � β �
°
i¥1

β�i � α,

then

hpµ1q �
1

}α}
hpµq ,

where }α} is the total mass of α which is equal with }α}l1 .



4. Entropy, Rate of Change and Transformed Random Walks 63

4.1.3 µ-boundary

A µ-boundary is a quotient of the Poisson boundary with respect to a G-invariant

measurable partition (see, [25, 39]). Let pBµGξ, νξq be a µ-boundary for G-invariant

measurable partition ξ. Denote by bnd
ξ

be the canonical projection

bnd
ξ

:
�
GZ� ,P

�
Ñ pBµG, νq Ñ pBµGξ, νξq .

Then, the differential entropy of µ-boundary is defined as follows

EµpBµGξ, νξq �
¸
g

µpgq

»
log

dgνξ
dνξ

pgxξqdνξpxξq . (4.1.8)

In [36] Kaimanovich has shown that the asymptotic entropy hpµq is the upper bound

for the asymptotic entropies of µ-boundaries, i.e.,

EµpBµGξ, νξq ¤ hpµq .

Moreover, in [39] Kaimanovich proved an analogue of Theorem 4.1.3 for µ-boundaries.

Theorem 4.1.11. [39] Let pBµGξ, νξq be a µ–boundary. Then for νξ– almost every

x,

EµpBµGξ, νξq � lim
n

1

n
log

dgnν

dν
pbnd

ξ
gq

for almost every Pxξ–sample path g.

Theorem 4.1.12. [39] Let pBµGξ, νξq be a µ–boundary. Then for νξ– almost every

x,

hpPxξq � EµpBµGξ, νξq � hpµq .

Moreover, pBGξ, νξq is the Poisson boundary if and only if hpPxξq is zero for νξ–almost

every xξ.

Therefore, the same theorem as in Theorem 4.1.8 holds for the asymptotic en-

tropy of G-invariant measurable partition of the Poisson boundary of pG, µq.
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Theorem 4.1.13. Let ξ be a measurable G-invariant partition of the Poisson bound-

ary pG, µq. If τ is a randomized Markov stopping time with finite expectation, then

Eµτ ppBµGξ, νξqq � EpτqEµppBµGξ, νξqq .

4.2 Rate of escape

In this section, we will recall the definition of the rate of escape of a random walk.

Then we will show the relation between the escape rate of a random walk transformed

via a randomized Markov stopping time and of the original one.

Definition 4.2.1. A gauge G � pGnq on a group G is an increasing sequence of

subsets of G such that G �
�
n

Gn. A gauge function |.|G on G is defined as follows:

|g| � |g|G � mintn : g P Gnu .

A gauge G is called sub-additive, whenever its gauge function is sub-additive.

A measure µ has a finite first moment with respect to a gauge G, if

|µ| �
¸
g

|g|µpgq

is finite. If G is a sub-additive gauge, then

|gn�m| ¤ |gn| � |pUngqm|,

so that Kingman’s sub-additive theorem implies

Theorem 4.2.2. [11, 32] Let G be a sub-additive gauge and µ have a finite first

moment with respect to G. Then

`pG, µ,Gq � `pµq � lim
,

|gn|

n
(4.2.1)

exists for P-almost every sample path g � pgnq, and also in L1pPq.
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The quantity `pµq is called the rate of escape (drift) of the random walk pG, µq

with respect to the gauge G.

Example 4.2.3. Let G be a group generated with a finite set S � S�1. Define

Gn � Sn, then G � pGnq is a sub-additive gauge.

The following theorem shows the relation between first moment and entropy.

Theorem 4.2.4. [12] Let G � pGnq be a gauge such that each Gn is finite and the

gauge sets grow at most exponentially, i.e.,

sup
k

1

k
log cardGn   8 .

If the first moment |µ| with respect to G is finite, then the entropy Hpµq is also finite.

Another quantity that can be related to a finite generated group is growth volume

with respect to a generating set. We can define

V pGq � V � lim
n

log |Sn|

n
.

This limit exists because the gauge Gn � Sn is subadditive. Also, we have |Sn| ¤ |S|n,

hence the growth is exponential at most and V ¤ |S|. For example, for the case of

a free group with d generators, V � logp2d � 1q. Therefore, if d ¡ 1 the growth is

exponential and if d � 1, the growth is polynomial. Gromov [31] proved that the

growth of a group is polynomial if and only if it has a nilpotent subgroup with finite

index. Moreover, Milnor questioned whether there exist groups with intermediate

growth. A positive answer was given by Grigorchuk in [30]. Vershik in [71] showed

the relation between three quantities, that is, asymptotic entropy, the rate of escape

and volume growth of a finite generated group, as follows:

hpµq ¤ V pGq`pµq .
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This inequality is called the fundamental inequality. Therefore, if the rate of escape

is zero, then the asymptotic entropy is zero; consequently, the Poisson boundary is

trivial. Under some conditions, Karlsson and Ledrappier [47] proved that the Poisson

boundary is trivial if and only if the rate of escape is zero.

There are many studies that investigate the point at which the fundamental

inequality is indeed equality. There are several examples which show that the fun-

damental inequality could either be a strict inequality or an equality. We invite the

reader to see the recent works of [27], [68] and the references therein.

Example 4.2.5. Let τh � mintn : gn � hu. Assume F phq � Prg : τh   8s is

finite for P-almost every h. Let Gn � tg P G : � lnF pgq ¤ nu, then G � pGnqn¥0 is a

sub-additive gauge. Indeed, � lnF pgq is the ”distance” of g from the identity element

in the Green metric [6]. The rate of escape with respect to the Green metric is equal

to the asymptotic entropy [7].

Theorem 4.2.6. Let G be a sub-additive gauge for a group G and suppose that µ

has a finite first moment. Let τ be a randomized Markov stopping time with finite

expectation. Then, the probability µτ has a finite first moment with respect to the

gauge G, and

`pµτ q � Epτq`pµq . (4.2.2)

Proof: Let Lnpg,ωq � |gn| � nEp|g1|q. Then

EpLn�1pg,ωq|An0 q � pn� 1q
¸
h

|gnh|µphq .

The sub-additivity of the gauge G implies that tLn,An0u is a super-martingale. Now

applying the same trick as in Lemma 4.1.6 and Theorem 4.1.5, we get the equality

(4.2.2).
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Theorem 4.1.8 and Theorem 4.2.2 imply that randomized stopping times with

finite expectations preserve the fundamental equality.

Corollary 4.2.7. Let G be a finitely generated group. If hpµq � V pGq`pµq for some

probability measure µ, then hpµτ q � V pGq`pµτ q for any randomized stopping time

with finite expectation.

Remark 4.2.8. If A is a recurrent subgroup of G, then EpτAq � rG : As, see [33].

Therefore, by Theorem 4.1.8 and Theorem 4.2.2, we have

hpµτAq � rG : Ashpµq and `pµτAq � rG : As`pµq .

4.3 Open problems

There are some interesting questions related to transformed random walks via stop-

ping times which can be considered as potential future projects.

Problem 4.3.1. It seems that the logarithmic moment condition of a randomized

Markov stopping time could be eliminated from Theorem 3.6.5.

Problem 4.3.2. The construction of transformed random walks via (randomized)

Markov stopping times can be naturally generalized to continuous groups. The proof

related to both qualitative and quantitative properties of transformed random walks

rely on the fact that the group is countable. Could the same results be obtained for

continuous groups?

Problem 4.3.3. As mentioned earlier, the identification of the Poisson boundaries of

random walks on free groups associated with measures with finite supports are well-

studied. However, it is not known which of these Poisson boundaries coincide. Find

probability measures with finite support on F2 whose Poisson boundaries coincide.
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Problem 4.3.4. The other quantity related to a random walk is the Green function.

Finding the relation between the Green functions after and before transformations via

Markov stopping times can lead to study of Martin boundary of a random walk. We

refer the reader to [73] for definitions of the Green functions and Martin boundary.

What would be the relation of transformed Green functions with the original ones?



Appendix A

Random walks on equivalence

classes
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In this appendix, we provide the definition of random walks on equivalence classes

and state the entropy criteria in this setup. All materials here are adapted from [44].

Let pX , θq be a Lebesgue space and R an equivalence relation that is a Borel

subset of the product space X � X . Assume that each equivalence class

rxs � Rpxq � ty P X : py, xq P Ru

is at most countable for each x in X . The triple pX , θ, Rq is called discrete measured

equivalence whenever θpAq � 0 implies that the set rAs �
�
xPArxs has also measure

zero. In other words, the measure class of θ is preserved by the equivalence relation

R.

Definition A.0.1. A random walk along equivalence classes of a discrete measured

equivalence relation pX , θ, Rq is determined by a measurable family of leafwise tran-

sition probabilities tπxuxPX , so that any πx is concentrated on the equivalence class

rxs, and

px, yq Ñ πxpyq

is a measurable function on R. By πnxpyq, we shall denote the corresponding n–step

transition probabilities, which are then also measurable as a function on R.

Like random walks on groups, a Markov operator P associated with transition

probabilities tπxuxPX acts on L8pX , θq and its dual acts on the space of measures λ

that is absolutely continuous with respect to θ.

The concept of entropy in this setup can be defined the same as in the group

case.

Let Hpπnxq be the entropies of n–step transition probabilities. For the measure

λ   θ, define

Hn �

»
X
Hpπnxqdλpxq .
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If H1 is finite, then

H � lim
n

Hn

n

exists. The quantity H is called asymptotic entropy.

Theorem A.0.2. Let λ be a stationary measure with respect to the Markov operator

P . If H1 is finite, then H � 0 if and only if for λ–almost everywhere x in X , the

Poisson boundary of leafwise Markov chain is trivial with respect to measure Px. The

probability measure Px is the measure in the space of sample paths of the associated

leafwise Markov chain issued from a point x in X .
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ference on Random Walks (Kleebach, 1979) (French), volume 74 of Astérisque,
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