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ABSTRACT

The problem of an unsteady Spherically symmetric
expansion of a fixed ﬁass of gas into vacuun has been
considered in the limit of small source Knudsen number,
It is observed from previous works that an asymptotic
solution of the governing B-G-K equation breaks down

at the gas front.

In the present work an attempt has been made
to overcome this probleﬁ of breakdown by introducing
appropriate scaling of the gas parameters and thereby
the governing B-~G-K equation is reformed, Introducing
suitable expansions of gas parameters contained in the
governing equation, it becomes possible to form a
closed set of moment equations for small scaled time
and therefrom, solutions of the moment equations are
obtained. Consequently it is possible to determine
the gas front characteristic dimensions and predict
the behavior of gas properties at the gas front-entrance

region,
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PART 1

Introduction

Venture of man_into space has steadily incre-
ased in this decade, thereby creating new subjects
for human endeavor..Accordingly. the expansion of
gases into vacuum has been extensively studied because
of its application to the problem of rocket plumes
exhausting into space, and also to the explosion of

gas sources, such as fuel tanks etc. in space,

These studies are a basic neccesity for rocket
development and performance'evaluation in space and
for the sécurity of life in space as well. This work
deals with the unsteady spherically symmetric expans-
ion of a fixed mass of gas into vacuum, The relevance
of this subject derives from its relation to gas so-

urce explosion in space,

Early attemptélo)at the solution of this

problem have been based on a continuum model of the
gas, and have used the Navier-Stokes equations as
governing equations for the problem, However, rec-

ently more emphasis has been placed on low density




regimes in which the Navier-Stokes equations do not
adequately describe the flow. In this case’ one must
consider the more fundamental equation of fluid
flow, namely the Boltzmann equation. The full Bo-
ltzmann equation is an integro-differential form

of great complexity, and no generai solution has

yet been found. Consequently, in this work the
simpler B-G-K model of the Boltzmann equation is

used, This results in a considerable simplificat-
ion since in the B-G-K model the integral collision

term is replaced by a linear relaxation term,

It has been shown that the B-G-K model co-
rrectly describes the near eguilibrium or almost

(9)

inviscid behavior of a gas.” "In addition it has

been shown that the B-G-K model is capable of
modeling the flow in a completely non-equilibrium
regime, namely that of hypersonic low density flow
into vacuu&?) In the present work the B-G-K model
is assumed, with the view that its earlier succ-
esses should lead one to expect that it will pro-
vide a realistic model of the flow, A common method
of utilizing the Boltzmann equation is to construct
moment equations from it by multiplying through

by functions of the molecular velocity and




integrating over velocity space. In this way equ-
ations for density..velocity. temperature, heat
transfer and higher moments can be obtained. the
basic difficulty encountered in this technique is
that the moment equations do not form a closed set,
In the case of a steady expansion into

vacuum, Edwards and Chenéz)as well as Hamel and
Willisa)truncated the moment equations by means of
the hypersonié*)approximation; in other words, they
showed that the heat transfer terms in the energy
equation were of the order of 1/M where M is Mach
number, and hence vanished in the 1limit as M=%,
They were then able to solve the resulting set of

equations,

FreemaSB)showed that these same results could
be obtained by asymptotically scaling the Boltzmann
equation itself, This technigque has béen extended
to study unsteady cylindrical expansionSS)the
axi-symmetric je£7gnd unsteady spherical expansion
of a fixed mass of gas into vacuumsé)Freeman and
Grundy's worﬁS)on unsteady cylindrical expansion
revealed several regions of interest.

(#):1 hypersonic speed in this case assumes flow

speed is greater than Mach 5.



They demonstrated the existence of a region in which
the flow behaved in a near-equilibrium fashion so
that the thermodynamic.variables were given by the
solutions of the inviscid Nuvier-Stokes equations.
This inviscid solution was shown to be the first
term of an asymptotic series solution in powers

of a small parameter depending on the initial condi-
tions. They further demonstrated that this so-called
inner solution is not uniformly valid, but breaks

down for large values of radius and time,

These authors then éonstructed a scaled equation
to describe the outer non-equilibrium region; cons-
equently it was demonstrated that these equations
were mathematically equilvalent to the hon-equilibrium

equations found by Hamel and WilliéS)and Edwards and

Chenéz)for the steady spherical expansion,

Their solution to this hypersonic flow problem

is an example of non-equilibrium hypersonic simi-
larity. A further breakdown of the solution was
shown to exist, This was associated with the gas
front, which is defined as that contour on which
the density is zero., Obviously such a front is an

approximation since there will always be some gas mol-



ecules present no matter how far .away from the

source,

Freeman and Grund§5)showed that the equations

for this front region could be constructed, but

that they were no longer of closed form so thgt a
solution in the region of the front is as difficu-

1t as a solution of the full B-G-K equation, They

were able to obtain asymptotic solutions to these
front equations for small and large values of time

and also demonstrated that these solutions matched
asymptotically near-equilibrium and non-equilibr-

ium solutions respectively.

Grundy and Thomaéé)considered the reléted
problem of the unsteady spherically symmetric exp-
ansion, They also were able to find a near equil-
ibrium solution, but they showed that the break-
down of this solution differed from that encounte-
red by Freeman and Grundy. They found that an outer
region existed in which the leading term was again
the equilibrium solution. Non-equilibrium effects
arose only in the second term. They also pointed

out that their solution become invalid near the gas




front, but gave no details of this aspect,

The main purpose of the present work is to
examine the front problem corresponding to the
work of Grundy and Thomas£6)1t will be shown that a
region similar to that found by Freeman and Grundy
exists, and that again an asymptotic solution can
be constructed, It is unfortunate that the difficulty
regarding the non-closure of the moment equations
is again encountered, and no full solution to the

front region can be obtained,

In order to present this work in a compre-
hensive form, the work of Grundy and Thomas is

extensively discussed in Part II.




PART 1I1I

Previous Theoretical Development

The general expression for the Boltzmann
equation in a spherical coordinate system and excluding

external force effects is

i SFVof _ (of -
"(‘%C"w "_Fz)’s'% B (aE colf (2 -1)

where Y is the distance from the origin of the
coordinate system, -Z the time, & and % the meridian
and azimuthal angles respectively, and %’ » S and

JZ the orthogonal components of particle velocity,

Here the symbol bar(-) is used to represent
dimensional quantities. The distribution function
in six-diménsionél phase space, although itself
dimensionless, is represented by ‘}T since it is

expressed in terms of dimensional variables,




The right hand side of equation (2 - 1) represents
the collision integral term, Fige 1 shows graphical

representation of the phase space coordinate system

and its variables,

3 X, = F‘sinacossa

AN

Xz =Y S'n6Sin jo

'_{3 = FC,OS'Q

X

Fig. 1. Graphical Representation of Phase Space,

Since we are concerned with the unsteady,:
sphericaliy symmetric form of gas expansion, the
effects of gradients of the distribution function
with respect to the angles © and § vanish and
the resulting Boltzmann equatioh becomes,
of , 23F (*+3%)3F Z3%
9t ' *oF '3 °% Y o3

_E1 3. cotp/p2dF _,— 3FN_/OF )
F a’z‘*. )7 (72. 93 723 -agl)_(a:E coll (2 - 2)




Local number density N and temperature T are defined as

~ oI Qo

)V=///fc/§43cf}z (2 - 3)

-0 = 2000

3ﬁ/?f=/fff[(5 ~ay -7 +34]d3d3dp (2 - 1)

Where {{ denotes the mean radial velocity of the
expanding gas cloud. Now. all variables are non-
dimensionalized in equation (2 - 2) with respect to

the initial conditions, denoted by the subscript o

’V""%/o h
T=T
7 /,;

_a
U= en)t

¢ = E(,??;% | > (2 - 5)
v ¥/ |
] = /ﬁ
_ FCRT, Y
g-Fenyl

Here Y is the initial radius of the gas cloud, A%

the initial number density, and 7o the initial gas

temperature,
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In order to simplify the equation, a new set

of velocity components are defined as

5= %,37;)& -u(vit)
(2 - 6)

fz [[’Zz’f' BE%RE)]Z.

Where %, represent the dimensionless component of
the thermal velocity which is radially directed, and

f the dimensionless component of velocity perpendi-
cular to %, . The radially directed particle velocity
% is non-dimensionalized by dividing it by

(R E)é whereas (L ( V" , € ) initially repre-

sents a dimensionless quantity. The same division
by (R 7;)—5 has been applied to the velocity
components 7 and 3 where 7 1+ 3 and ¥ are

orthogonal to each other.

With the new variables of equations (2 = 6),
equation (2 ~ 2) can be transformed into a non-
dimensionalized Boltzmann equation. Now the distri-

bution function f’ which was a function of the dimensional

variables oy € ; » 3 and 7< becomes

a function of new variables »r , ¢ ‘5 and
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P+ namely 3f=f(r.t.§’..f),
where £ ( y, ¢ , Z, » F ) indicates the

distribution function in terms of non-dimensionalized

variables.

Each term of equation (2 - 2) is transformed

‘as follows, Since f=-f()" v € 0 FK . Ff )

dgf can be written as

df =2Ldr + 2£dt + 243, fo/f

Dividing by J€

df - of dr . of dt +2f de.
?sz or df T 2t 4z *agdz 5 aE

The partial differential form of the above expression

becomes
(_}'f_)_- =2f2r  of ot , of 23  of op
ot /Y,3,3,7 3 ot ot ot 33, 5t NG 2

=2tarot . of ot | of 3% at - 2f 97 a¢
2rat oF ot oF +9§. It ok ""f ot 3¢

Utilizing equations (2 - 5) and (2 - 6), the partial

differential terms ;g J 9{ ) 99tf and.%_gl.

become
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o
ot (REBI*
T2 Yo

|
%%:"‘%ﬁ' N f/:'?(/\)/o) “L((Y}f))

af |
hence (%;?— 73?;3’[ becomes
- 4
(9,{-- )_ ) - of [/27;)2' af LBT)*
of /7, f, 5 ;() ot ro 9?, )’;

=__(/27;)—7’L' of  ou of
Yo [a-‘ E’f'ag’,)

- Similarly the rest of the differential terms in

equation (2 - 2) are transformed as follows:
of _of ar, of 2% 2r
¥ 2r e¥ ' 2%, ¥r or

_of I fk)-au /
Tar Y a}*, ar To

;. sof _ au 91'/‘)
fo L 2y oY 23,

2f_2fon _of /

7L.

\l

% a;’ 27 P51 (RT)T
of _2far _of / X
25 of 5 °f RT,
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of _of 3f_af 1 1
T 3f @ e R §

Again utilizing equations (2 - 5) and (2 - 6) the

second term of equation (2 - 2) becomes

2L —(3,+u) BRI (o 24 of )

or 3*‘3%1
Similarly third, fourtn and fifth terms become

(7> +3%) of _ (RT* £* of
Y 3% Ys r 33

I3 F _ (RESE (T ru) 32 of
¥ o3 2 r £ of

Combining fourth and fifth terms, there results

E’ZSF '2’797" C&l&ﬂ)
-(% ;) pof
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The last term of the left hand side of equation (2 - 2)
becomes zero since two terms inside of the brazket

become equal, namely,

;ztavf._ 2 |3 of

25 ,ZET ‘faf
and
."23“59%:72 A '?‘a%ﬁ

from which, the last term becomes

'&;ge(?zﬁ%g%f ET ) o

Finaliy, the right hand side of equation (2 - 2) becomes

._£ cg_az of

z CO” t COII

Consequently, equation (2 - 2) in non - dimensionalized

form becomes

(Rﬁ)L a’JC U 97C)+ L—E‘l(gﬁd)

ot 5
mf su 9F - (RLF f_af
arag,) Yo
CRTQ) P of _ (/?L)LQJC
N (?—”[)}”af [ colf
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Rewriting the above expression

2
_.gtf.-,@,«ru)(i py= a},) ot gj’f j}:‘;}ﬁl

-f (._L_ii) m = [_Lm_z ]Co”

The reasons for using the B-G-K model of the Boltzmann
equation have been discussed previously in Part I.
Accordingly, the right hand side of the above expression,
the Boltzmann collision integral term, is replaced by

the simpler non-dimensionalized B-G-K model, AN(F —F) .

—g-r(f, + WL - §,‘!§£) at;gl-w{—f"ggf—

_j(_i__bc; ).%f:A/\/(F -F) (2 -7)
. . (6)
Here A is defined by Grundy and Thoma
= No Y L2 wheye. =L
A= TyE - e L2=7L (2 - 8)

and /S is the coefficient of viscosity.

- o

/‘\ .
i

" »
L/
i
[——
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The non - dimensional form of the equilibrium distri-
bution function [ which appears in the B-G-K
model is derived from the dimensional form of the

equilibrium distribution function F » Which is

given by
Y AN xp 297[(? ) A *3J
—(27ZR7_')/’-

Upon replacing dimensional variables in F? by the
non - dimensionalized variables defined in equations

(2 - 5) and (2 - 6), E becomes

a2 N ex 2T 5°+,%)
F = FQ?T))‘ (RERT )% T P (

Thus

-Qx,O 77 (57 $2)

(2 -~ 9)

C?A.T'EZ

1)
The original dimensional B-G-K modei is defined as

1)(;‘3--)5) . The collision frequency )}* is generally
taken as a function of the phase velocity except in the

special case of Maxwellian molecules,
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For Maxwellian molecules it can be shown that
the collision frequency becomes independent of molecuiar
velocity. Liepmann, Narashimha and Chahinég). defined
the B-G-K model as /Vﬁl(}:f-f ) and showed that A4’ is
in fact proportional to jg— for Maxwellian molecules
where 7 and /M are the temperature and the coefficient
of viscosity of the gas respectively. Proof of this
follows; from kinetic theory, they showed that/u%giegy,
and since £ and m are constants,

o
M

It can be seen fhat Grundy and Thomaéé) have
defined ‘A in equation (2 - 8) in a similar manner
to that defined by Liepmann, Narashimha and Chahinég)°
It must be noted however that ,A is indedependent of

the molecular velocity. From equation (2 - 8), it can

be seen that ,4 is proportional to.lE; corresponding

-]

to the proportionlity of ,4’ to ZEE as obtained by

Liepmann, Narashimha and Chahine,
From equation (2 - 8), it can be shown that 4
becomes inversely proportional to Knudsen number

which is defined as

K’_.: /Lo

-]
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where /\o is the initial mean free path of a molecule,

Rewriting equati.n (2 - 8), A becomes

A= LT _!
(RTo): —')“,‘—

Viscosity M, can be expressed as a function of mean
free path Ao o From the theory of momentum transport

Chapman and COWlinél)and Vincenti and Kruge$15)showed

that viscosity /t,{ is proportial to mean free path A_ ,

i.e,
M=gUPCA
where U=0.999 + P£=mN ' 53/53//-0635 '

E?’= -‘Zn-g-z ank k.is the Boltzmann constant.,

Thus

Mo=t(0.995)m N, [/c:a//.os»é) Ao

Substituting A4, into 4 , A Dbecomes inversely

proportional to Knudsen number,

/
A X
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Physically we are concerned with a gas cloud
initially bounded by a sphere of radius Yp Within which
exist uniform gas properties., Expansion takes place
with spherical symmetry resulting in decreased gas
cloud density with incfeased particle mean free path.
This may be seen from the following relationship between

(15)

mean free path and number density;

_
-)L' 2 7TdN

where (f is the diameter of a molecule,
Hence, during expansion Knudsen number increases and

./Q decreases, i.e,

/61, 79

A >0

Compression could lead to opposite limits.,

Hence, the parameter /% becomes a measure of the degree
of departure from equilibrium state of the gas cloud.,
As A approaches infinity, the degree of departure from
the equilibrium state decreases, In this work the method
of asymptotic solution has been adapted as a means of
solving B-G-K equation (2 - 7). In this method, the
distribution function‘f: is expanded in terms of increasing
value of A .

Before going into the solution of equation (2 - 7),
a further interpretation of the expanding gas phenomena

becomes necessary,
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There exist three mutually distinctive regions of
the expanding gas cloud with regard to the number of
molecular collisions., These three regions are desig-
nated as the collision dominated region, the transi-
tional region and the free-molecule flow region
respectively, Naturally the collision dominated
region is that near the original gas cloud before

much of the original gas has expanded.,

The free-molecule region is that in which
it is assumed no collisions take place, hence this
region is generally far from the initial gas cloud,
The intermediate region is called the transitional
region. The collision dominated region is also known
as the continuum flow region in which the somewhat
simpler Navier-Stokes equations may be applied.
Mirels and Mulleﬁlo)as well as others worked on
the problem in this region. In the other regions,
-the Navier-Stokes equation can not be applied and
hence the Boltzmann equation must be used. The
asymptotic method of solution has been utilized to

solve the governing equation in these regions..
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The general technique used here is to extend
the solution from the known equilibrium value to
the unknown non-equilibrium region by successive
perturbation. In order to solve the B-G-K equation
(2 - 7) the distribution function f’ is expanded

in terms of A as follows

f=f + A+ 00a) - (2 -10)

where O ( A2 ) designates that the approximation
to f. is extended up to the first order in A~
Here fi is the zeroth order or equilibrium solution
of £ , and { is the first order solution of £
It should be indicated here that the nature of this
asymptotic expansion is such that only a few terms
are required to approximate f- since higher order
terms are indeed very small when divided by powers of

A and A approaches infinity.

Substituting equation (2 -~ 10) into equation (2 - 7)

%—r(%,—tu)(ﬁﬁ- 2U %ﬁ)

37 3%, &ta?,

f;ﬁféd; (”U;sz)gﬁ; - -

r 2%

o 3 L 2d i
*Cgt MEREILC ﬁ"&‘;{s;)“at 3”;
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R () g (i)

Dividing the above expression by A4 ,

2t /= >f 3 A

3r 35, | ot 33,

+_ﬁ ofe - p (L4 o

9}, af
1 Qﬁ 24 fi\_ 24 D
+Az[af ﬂ?'*“)/%é‘ arggﬁ,) ﬁ?’%

»rﬁa.z_f (fl-rt() —/V[F“ﬁ—-/?"{,>

letting '4 approach infinity,

O=N(F —fo)

h=F (2 - 11)

Equation (2 - 11) is the zeroth order solution for the

distribution function of equation (2 - 10).
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In order to obtain the first order solution of
_ﬁ .'it is necessary to make A approach infinity
in such a way that the A~ term remains but higher
terms go to zero., This means that the region of
solution may include not only the gas cloud .but also

a reglon extending slighily from the oruglnal gas cloud,

To obtain the first order solution, equation

(2 - 7) is rewritten

JL:}:_-/A&IZ; -f[?/‘f“)[a?c aa,i{igfl) %%

Pz_f (f/):\f'd)aaj)f

ry 9%

substituting f:){ —f—f)"/{, —/-0(,4'2) into the above

equation

feat-F - A[-afu@w)(@f 543

£ -0 o) 5

_ou
ot YT o3,

(3w (2l - 242 24 2
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r

ﬁ__gf_ f(jl + u)&f;

Neglecting terms involving 472

fo + A= F- Ak +(E,+q)(—ﬁ %‘fa—{—l)

_2u of L £ 2 +u
ot a}, )”a§, [ )

Since —f;:F ) jc, becomes

: ["'—""' ‘f'(?/'fU)( 3_(.){_89%_

au OF . 2F
T rafl f[jr of

where J is given by equation (2 - 9),

When the above expression is further simplified by

the use of the moment equations generated from equation

(2 - 7), one obtains a Chapman-Enskoél)type solution
for the B-G-K model of the Boltzmann equation,

Since F is given as

F =il e o (77 57)
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it is possible to calculate

(%é){‘) 3,8 [-%:La)”) %,$ 0 (3-;_)"} t,f and (_%??i)h t, %
Before going into the actual calculation it is
necessary to know the felationship between ,A/.and T
This may be established using the following assumptions

(lo)which states that the

made by Mirels and Mullen
expanding gas from the initial gas cloud state follows
an isentropic process within the continuum flow

region. The isentropic relation is
ﬁUJ=const.

Where ﬁ5 , the pressure, VU , the specific volume
and ¥ , the ratio of specific heat of gas respec-—
tively. Consequently

> _ R
}%ﬁf”

where the subscript " o " indicates initizl values

and here the primed 'f’ is meant to indicate density.

» .5 1 3 =X - 4
§ =-% for a monatomic gas. Since P’ =mpy and £ =pl

75/\/ o&’= P‘J /\/ "r)‘.
- B _ [N )a’
0 s Pb No
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O.Q F»__:N';/S (2 - 12)

From the definition of temperature

SNRTﬂ%[g a)-nz +37-]4§de7(

The non-dimensional expression for temperature becomes

3/\/4/\/&/?77:3 (r/ / BT {—Z}Rz;);,%(/en)f’][f]clzdfde’

where E;T] is the Jacobian of the transformation

between the two coordinate systems, namely the % '

)7 and ?l ’ )0 » (@’ coordinate systems,

AmTT T

¢
5

Fig, 2., Two Velocity Space Coordinate Systems: ? ’

3+ ad 3, P
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From Fig, 2 $  and 1Z can be written

3=(RT: )Jifc os &’

7=(RT: ) psine’

and from the definition of 3

¥ - (RTIUC K¢ )= (RT ),

Hence the Jacobian [j] becomes
>% 33 _a7
2%, 2%, 2%,
[T]z 2% 23 27

of 2f Sf
. 23 27
367 o6’ <
1
(RT) O o)

o (RTFE et
Coso” sine’

"

~(RTE (RTRE
© X )’S:'MG’ X jC°55'

S CRT (R F + RTOS")=2(R73)3/"f’
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Substituting [:FJ‘ into the previous expression

' 3/\/T:,?)///7C[§,2+f2]fc{fo/§, J6’

lntegrating @f from (O toI(}’Efer—[z’ 7::'5. 2 )

swranfffex it

Using the kinetic theory definition of pressurél5)

expressions for [ and /3; are
P=an //f 52pdpd3,
B=a [ [frrdpd5

where pressure FL is radially directed and F% is
directed perpendicular to ;% .

Hence, non-dimensional temperature becomeélS)
,BA/7F::?%-+-Z§
NV P

hence NT"j[R -/-/%]..

Thus, the non-dimensional total pressure fD

P=AIT (2 - 13)
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Combining equations (2 - 12) and (2 - 13), the relation
between A/ and T becomes

= 7% (2 - 14)

Substituting equation (2 - 1%4) into F~

F = en AT (57 + £

It is possible now to calculate gradients of the distri-
bution function F with respect to the new Phase

space variables,

By, ‘(z/w.)’/; [(4'&9‘ T4 722 e 1

2 2 B
+(omp=F )exp - ) L7722

__/ _E P ...ZL -2 -2 97—
-(ZTC)}/Z-QJXP 2T T at T

=FZ 2l (3 -rf‘)

F £5.5° =F4 2L (3 +52)

/ - r_' —.Z—z__t{ — -’: — ~{
(a;, P (2774’ %2 'ﬁ_;z (enp-3 LD 5,77 = )F 5,7
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o _EITY _PThy }
(35s 63, caeye™ = (207 2 Jepr=F T

~

substituting these expressions into fa

f== Rl UE SE 7 SN 4G [ T3 )]

Y o £ | b
(5T T - Fa g

—

A._further simplification is possible when use is made
of equations (2 - 3) and (2 - 7).

Recalling equation (2 - 3)

o] [Fs s

- -0 LD

non-dimensionalizing ,A/ and transforming it into

a function of the new velocity space variables

700 o0

Nhe= | /Z(ﬁé?, fro1dsdeds’
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(/e 7:)’/
= =N J RTs )%7( ;,

hence

—M//Jffa/fcl; o (2 - 15)

-0 0 ~

From equation (2 - 7), the general expression for the

moment equations becomes

//F £ 5Ty %—%&5{)—3—2’—3—;%%;

"‘”0

_)a/?,w af]fdfclﬁ, AN//"/F -f)rifdz,

(2 - 15*)

" Where [7 takes an values of I  and Z, .

For [ﬂ:: 1 » the moment equation becomes

[7[‘0 (3 ru )2 - auclﬁ) 2uaf , £P7of

or 4rIg, af»f, ra}"
-p(E24) EJris = /W/ /f;-ﬂfwz (2 - 15")
where the range of integration éor 3; iS ’

- 00 to ©© and for j; pto °©  since ‘f’ can

not take negative values according to the definition

off .
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The right hand side of the moment equation, multiplied

by molecular mass /L is
/m(F —f8ded 3

The two terms in the integral arise since the'out
going mass of gas is substracted from the incoming
mass of gas and then integrated over all velocity space

around a contral volume defined for the expanding ga§}5)

This expression must become zero according to the
conservation of mass principle, Consequently, the con-

vective terms on the ieft hand side of moment equation

(2 - 15") lead to the continuity equation. Multiplying

~ the right hand side of the moment equation by ﬁn'§, and
following the similar reasoning as it did to equation(2 - 15"),
the left hand side of moment equation (2 = 15*) leads to
momentum equation( /= ¥, ), since the right hand

side becomes zero due to the conservation of momentum.,

}’-':_ 1 and /—'= Z,) are examples of collision invarients,

The integrals of equation (2 - 15") can be

evaluated term by term as follows,
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([t -2 [[frorsa-2(44)

/ [EESE 5‘%-/ R
SfgEpdpds = u s [fripds -usi42)
[fers 343 iz, o3t (245,04

=3¢ [Zf]- [FI5 e

= %‘i/ / fripls, =34 L)
Since [?'JL]._E:O
f‘/(_)u%léa——g‘fa/fo/; == U g%//%fc/?,fo/f =0

Since /'a%)/i/?l =f./m= 0

N
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/ﬁ—)%:i JE, fo/f -0

N /rfj—fof%fcff /[f I35 ¥f=0

Hﬁ 0/)9 $=C)F f[ Z‘Jf?ldft

\ ,_,'.w?f [ f'_‘)i - ﬁfJf]zdg,
='-%fﬁacf€,foff =0
sine Ff[-0 ond [ taripds o

[Jo5 35 =t 3 pipls -2l st

-”?—F/QIL)

Summing up these terms, the cont1nu1ty equation for the

continuum region is obtained. Here ;5)-)_'6—: const. applies.

af( ) %‘[(fné) *3%[5% =
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multiplying by 7T and substituting for N= T3/’-
B_[ ) | 2 %, ,u |
S (T) +uF(TH)+ LT 12477 =0

rewriting

3 A 4
ST L +UZT L+ L TH + 2L T% =0
The final form of the continuity equatlon becomes

g%{:—[ .f...iu.a_ 9._17- 'f&—LLT O (2 - 16)

For ["= f; y the moment equation becomes

eI h e

f(‘z‘ﬂ‘/ ]ﬁlfd§1 AN//?(#'JC)/QJ/&J;

Again working term by term, |
[[53ksistn=2e [z fpdrds -
| Simnce /JC?Jf; =

|f: ﬁéﬁ/ﬂi‘ (1ot 3L £)

where R. has been defined previously.
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[[ustriss =usf[fz4n14p =

-/ /?:(—)?/%F/% Firds =34 / 7235 pipls
R[5 [Fren o
-a3t[[f5.95.0p =0

|  here ;zJ{E.o and j‘;;#;fa

- [ /—»u%‘%ffdﬂff =Eude f [5:3L ripds,

| -uzt /[f [~ (50
- -3t [friptimudt ()
[frerst3f eirds-ost frdbdnriy

-0 3¢ [5f [ (F ]
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d//ffdfda—% 7
//z«;gi pdpds, W//; of s 524
“Hf"//fff‘lf'ﬁ[?l— Q—f%

where/D@hsb en defined previously,

Jfsermasf o] fifrissaz
it firils
=#[[f5pira=L 2R .
Since g3

//_,§ %_af pipd3, = u./ /f Fdpz,d3,

"%/[fafJ/fzﬁfijszgt
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S CIPIY £2
2z ort Ir) +usd (AL ), Su
A or ar(ozz)"'af/o??c 7

ween Pa and /9:- becomes )%

:1on J(=]:-‘ °

=;?P}- when ;

=2
”QIZQ/TT%]/' w2t 'f'Mp-a%lf

G ) )/

tWhere Q==L

T
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Similarly for T

= ,27‘/ T exp T (37157 pecipds,

-éyzégzprjy Zgﬁyz;a.)]

Comparing f- with i% it may be seen that

Ro=2h

From equations (2 - 12), (2 - 13) and (2 - 14)
35
R=P=T?%
From equation (2 - 14),

__7}/2-

Substituting expressions for fs » B~ and A/ into the

momentum equation (2 - 16'),

Se(T%)+tUSET" +9—‘l-r3/a =0

Rewriting, the final form of the momentum equation
4
becomes

(2 -~ 17)

¥ty
i

u _
udF 3¢ =




Lo

From the continuity and momentum equations, the

temperature and mean velocity gradients with respect

to time become

Substituting these expressions into :f‘ thereby

eliminating time-derivative terms
{i = /“5— FHT-25T)(G8")
3.ar(§’. 152)« Ludl(3+5%)
g a3t T, 5T 553

‘+J‘,§2u“r“]



41
-2 .

+T5 8L (3 5%) L ogT gt YL o
—:au; ugdr Z*{T"gT? Tus ?,+f-2uT]

= 2T rz2 p2 T 37

- /1\17 % ar(i *f)?,—zT'%?,

ST ) T3]

Collectihg terms

f=-E[2LT[(21f) £ ‘3’+3T"(5r 432

+ T (- 34)5]

Further simplification'of fa is possible,
To do this the results of Mirels and Mullen(lo)which
shall be outlined now, are used, They give the solutions
for number density /Y and velocity ([ of self-similar

¥*
flowé )in~the continuum region as

(*) Self-similar flows are those for which the gover-
ning flow equations depend only on one independent
parameter and time, Examples are cylindrically
symmetric flow, spherically symmetric flow, plain
wave motion, etc,



L2

N = —R—(aw/)[/ _ 722]?'37 (2 - 18)
u=[%§)7 . (2 - 19)

JE (mﬂ)/} —1 )Z /= R ')]

__r
1= Re5)

Where ]2 ( € ), being the leading edge of a gas

here

cloud, is given by

/ 2_ oF Als= (2 - 19%)
(&wu aL_,,f (K /) f f

The initial number density A/ is defined as

/\Z,a;V(d\-H)Cd’ﬂ)

. where ™= {Zé and O\ =2 for spherically symmetric

expansions,

Hence, /VZ becomes |
=a/zt)($-3) =)

‘Rewriting equation (2 - 19')

/ 2 - 2 _ <
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- 2 +
.'. JPS‘“C‘: (R "",I)

S RE= 1+ 347 (2 - 20)

Substituting e.=2 and Y=%5 into equation (2 -18)

and (2 - 19)

2T |
=L /(?fg’ f (2 - 20")
_SEr(R = J*
U=* o . (2 - 20")

From equation (2 - 13)

_P_ N
T=N= A =N
e o= | 2 - 28)

From equation (2 -20), it may be seen that as € becomes
very large, say, £ -—o00 » then

R~v3t

At the sanme time

o P e re
(R)'u—raﬁ‘) BT

and

(R*=1)% ~ R




Ly

Thus, substituting these expressions into equations

(2 - 20'), (2 - 20") and (2 - 20"")

Ik ~
N~ 2',?_23 (2 - 21)

re - _
7’.,v [/_ ] | (2 - 22)

34
2t
U ~ —_L_'C— (2 - 23)

The ratio betweep the two variables, -12— is
necessarilly restricted fbr the purpose of asymptotic
analysis. When the ratio-£} approaches infinity
the number density /x/ also approaches infinity.

In practice thisvcase is not acceptable since it is
impossible to have the case of infinite gas number
density. Hence, the rat10w-§; is assumed to be of

the order of 1, that is, - -E—.: OC1). This implies

that in an asymptotic analysis, there exists an arbitrary
constant K; for sdme vélue- A, » however large the
arbitrary constant £} may be, such that 7£:‘{ k7.

for all values of - 4 >4, . In this case the ratio

-~~§3 is said to be bounded, that is T£§</OO .




NP

A T e 0 B AR

TR

b5

The above statement simply means that the value of —%;—

is festricted in such a fashion that -—%% does not

become infinite. Further instructions on (Q(1) can be
found in apoendix A, The substitution of equations (2 - 22)

and (2 - 23) into equations (2 - 16) and (2 - 17) yields,

for continuity;

-2 +(J3)4f" vl

2 )T

For the large time this expression becomes

Lrxr 1

3(% )tb O
Noting the ﬁg} does not become infinite but ﬁéi
approaches zero, thus the continuity equation is
approximately satisfied. Similarly equations (2 - 22)
and (2 - 23) satisfies the momentum equation: i.e.

iy + X

()(3{_:.)2_ F £* O

noting e—)-qi—_'g —_CL}— approaches O .
Therefore, solutions for the continuity and momentum
equations (2 - 16) and (2 - 17) are equations (2 - 22)
and (2 - 23) respectively.
Substituting equation (2 - 23) into j% sy We obtain a

simplified Chapman and Enskog type solution of j%



g BN T >

L6

:fﬂme{Q&J [?é;f) %]%f (2 - 24)

Consequently f:becomes

f= ,_—[/_ "[az,r (5 +fz) ]§]+0(/U]

2—25)
The equation (2 - 25) does not have validity over the

whole range of V¥V and 4 . An order of magnitude analysis
will show the magnitudes of Y and ¢ , above which the.
asymptotic solution breaks down, The break down of an
asymptotic solution occurs when any two consecutive

terms in the series become of the same order of magnitude.
In order to proceed with an order of magnitude analysis

of equation (2 - 25), it is necessary to determine the

2 z
order of magnitude of the term -3 1J1° |

Q2T
This may be done: by first analyzing the distribution
2,02
function JC i 4 o
e 2T

Bz 2 e
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From equation (2 - 9), it may be seen that the distribu-

2 52
tion function F is proportional to pr——%—;;, i.e.

e

T
fr X erpm 2

2, o2
The graphical representation of the function 2P — E%
is shown on Fig, 3. If K 1is selected appropriatly,
most of the area under the curve is contained in the
shaded portion from O to K on the —z’;—';_-ﬁzaxis.
In practzze, the number density, proportional to area
under the distribution curve, is very well approximated

by the area in this finite region. Hence . e/ _ff</< may

be considered to be bounded and may be satisfactorily
22 + f
- l -
| defined as ~=T =0).
Taking ) and 4 =OU *) and as found prev1ously
—-E- &Cfl.) » the order of temperature 7 in equation

(2 - 22) becomes

T OCA™)

Differentiating equation (2 -~ 22) with respect to V¥

ST

- ' >r Vo F

G27 O

Similarly equation (2 - 21) becomes

A~ OCA™)
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From  ELL 0 =0c1)
3~ OCA™)

Upon substituting the above expressions into the second

term of equation (2 - 25), the order becomes

O(A 4= S>=004"")
When 7n=/ , the second term becomes of zero order, i.e.
OCA®)
Consequently the first and second terms in equation
(2- 25) become of like order., Hence this asymptotic series
(2 - 25) breaks down, However when new variables are
scaled at the point of breakdown and substituted into

(6)

the B-G-K equation a collisionless B-G-K eguation results.
This new scaling is therefore incorrect since a near
ééuilibrium solution can not be matched to a near free
molecular solution, this does not make physical sense,

and one must therefore conclude that breakdown occurs
before ¥ and ¢ become OA). In fact, when ¥y , £
::CQ(A%) , the B-G-K equation, after being suitably
scaled, becomes its convective and collision term

6
becomes same order in magnitudes ) Grundy and Thomaéé)

found that this()@ﬂ%)scaling results due to the
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fact that the second and third terms in the series (2 - 25)
become of like order before the first and second terms,
In order to extend the solution (2 - 25) further, a new

scaling should be introduced at the point of breakdown

namely 1y , + = C?(VF%) « Grundy and Thomaéé)introduced

a new set of scaled variables at the point of breakdown.

These arej

" > : (2 - 26)

T=TA )

+
Since the breakdown occurs where y and £ =(4*),

the new scaling for Yy and -ﬁ are defined as

r= A1

hence
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The rest of the scaled variables in equation (2 - 26)

are obtained from equations (2 —21) and ( 2 —22‘fo
3
The orders of T and A/ Dbecome CDCAfﬂ) and 69(34'75)

respectively., Hence new variables for T and N

are defined as
T=AT
3
n=A*N
Since by definition
'7_ 2-
A =0t)

the order of %, and > become O[A"’f)o
The scaled variables for ;3' and jD become

b = Az,
f=Ap

For convenience, a new set of transformed variables

are introduced;

-4+
Z=4t,
A=L

)

(2 - 27)

With there front variables, the B-G-K equation (2 - 7)
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is transformed in the following way:
Since the distribution function 41 becomes a function

of 2, & , A_ and t; , thus
df=2Ldz +2fde +2fdl + 2d#

Dividing by Jd¢

df_ ofdz 9;6;,/_;5_ SFdA . SF ot
dEt 92 dF 3% dE T AdE T aﬁﬁLtL

"The partial differential form of the above ekpression

becomes

2f 292 ,of2z , of 3  of ot

Ht 22 2t 2% I At 3ty ¢

By making use of equations (2 - 26) and (2 - 27) each

term of above expression becomes
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Summing these terms

K ‘L au
( e
o A -3
N /4 * A ':%,
Since
(3, + u)::[ﬂ"jf -+ u/)
and
2f_ 2508  afo% ,of ol , 2f oty
er " 223 22 3ar  Aar ' 3t 3r ¢
where | :
ﬂf&:a
& a¥r

or = A £,
ot .,
9t 3r

the second term of equation (2 - 7) becomes

4 -2
(5, + )%= (i + )34
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From
(% —rLL)= (A"Zf_.?_'__+ o )
! "!:I
o - ou ok an _ oy fE
o 2A )7 or oA 1
of _af 22 9/[92+ LB/L L of of
52,7 3F 5%, 2% 5%, oA3%, | ot oF,
where
o3 ,3-.;,: 27 'L
QG —i’, az/{_’—él
22z,
2% 3%, ~
SfF oA _
A%,
of ot _
Eﬁﬁ 9?,

the thlrd term becomes

~(?,rbf)§"~f -t E M)iﬁij;f—f

)";)5
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The fourth term

_auaf_yofo
B3-S

The fifth term

of _aof
¥ a;t 3§:l4Aj5L

Since

f%fgyfTLJ ‘ii(UfV Lfﬁi)
/{_-L— 3 3/z.

5}{_: of st

the sixth term becomes

_p(u+3)of _ _ (ut A*+E) of
- 3¢ AA 4> °%

Substituting these terms into‘ equation (2 - 7),

t >fay -1 & of af_/i_
5}{‘%—, azgt"b *h T I A

+§fg,4 +a/\ f_;x,t" —fcM—

{<9U z 'Fé%q Qf? _gf‘éél
/\L % oA U 3 /L’a/\ PE AAE*

o
ng<i%ii_ - 9f12£551¢4 64 ’dC
QI-L—A £ At* nA A FS)
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L
multiplying both sides by A'L , the scaled B-G-K equation

becomes

. |
-A —sj}’g (ug%%—/k—%% +‘b,-§;‘é_‘) —f--%_tf_l

3 ' -
+tla_zf(, su +2_£(,_/cé)+(ut'x)§f/

2 of *of  FE of
+A [-L—’-a/\ )H:, BY-3 /b&,zgi =n(F-f)

(2 - 28)

" Distribution function ]f , number density » and

[ are expressed in terms of scaled variables

temperature
as follows:
Y, _ (345
=LL 2
arTyi b AT |
N RN J i et
T ar A )%pr AT A
" _ &g’
Lxp ATt

- (R ) 7>
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and from

R - [[fg;g/?éc/f (2 - 30)

where 5 and ?Z range from - o0 to oo and from 0O
to 00 respectively.

From the relation
I ———
beecémes
307 ._,_ SEZ;’ f%(@*?q— 3:1)‘:.1’J.LJ.L (2 - 31)

In general if a molecular property is expressed by
]"(g_,l_ z) the mean value of this property /='-z is

given by

mﬁz—%ﬁg—fff/"gcl@di S e
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With the aid of equation(2 - 32) the moment equations

are derived from equation(2 - 28);

for [”z,[, the zeroth moment becomes

(esia-e-en;
+[;"§ %(aF(/ au)

S () 4]

Z of L z*of w2 of7]_
A [m% St e e ]j Edzd2

-n[/[F f)lﬁd%c/f

= D

Noting ~00 4 & £o00
0 L& Loo

the first term of fhe above expression becomes

Jlor S (ust A3 +3 )adede
iy (u%g:_ AL +,24 ) /ﬂlf% Z




| :—A%[C(%(L"—/L%;Lé -+ tl%)/f—/:g_/di =0
Since ]C/t.o
-0

And the rest of the terms are:s

| f /[—;""-tﬁ) GdadF

3

=%/ff@d@dz=§;(l;%)

% s
f[c - fdfadzde

- 24 e o
= (/t,"”“)ffg&ol@ﬁ&e-

- L= ;“2’% f[fff- /Jcc/f](z& |

- Q_:fil//f gded#

58
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= () U\ ntd
01 =5%) 27s

/‘t’: (/ a/\ rg,lﬂ,clf

- __/?"il 1 / Aadzds

=__'i).’; ‘/[Sz)c[?_/f-midg_]qlf |

L8 of (fedudz - - LR (2220

vy

f#%:'i.afzJQJ,E: ﬁ“;fljf[f‘zi«za!i

[u-dé_a_(

1976 gz 271
HA 2;4:”“9/\ Grsr Eer  HIE

_ [ﬁ QAUFZ%&JJ@ + 1= /—ﬁd—m@
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/ - = |- -+ :
’wﬁ//zg‘z%d*’i@]: M=Lororo]=0
Since ff-fﬁ%tl 3=0

23 / gi.-o )
iz

/g?—j—?—;c[cz:—,zf)faci‘ﬁ

The right hand side of the zeroth moment equation reduces

to

nff[ff £ ade J—ium(’;;; 2t )= 0

Summing up all terms and multiplying by 2/ » the result-

ing continuity equation becomes

oy ontd,, U
a_h[m’,})- s autly -2 - S -4)

3 A
_,'é_ 9:* (U-A)=0 | (2 - 33)

For F: & the momentum equation becomes
Jf U Pal74 of
[/£ APZE (B AT Lt Sh) 5

Y+ B2 (1-AL) A 2L

'L’[D,.L— (/~ "f:l‘)



61

+/? [f of g 2 Za_ gf]} 5z

Z/ r)/\ /\TL; 9.‘1— )\ 'f_[z' =42

:/’I_//JH’:[F"J[)QC[QJE (‘2_330)
0/ 0 .

The first term of above expression becomes

//[)/1197[ az/ i?‘Lvl‘{’l )éwal%/r

\q

=6 /l_z. (

42U 5 2T
9 ’aé:)//—i‘{d)“* %

AZ( {aU /\él/ é‘/ =, )fff&t.a’fdgzg

3
= AL[(U ’\) c')l/ “___tL_(__] :é

<

and the rest of the terms are

[[_.g ;’é.——%-[[,ﬁ,z:t,gclﬁ-:o

. 'ZK/ + f/ _zly,clsf_i% 0
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_uvd [(of o didzeo
¢/ kﬁf]%aﬂi‘“!ézo

(c(—l)\) 2 ff)Cfg,Jszcléi =9

2 Q-F ) D g M
//A [-{;?— SA T j{ézaf /\.f‘lii .z‘i%ﬁ,t_ea{_,ﬁ_
A7E D of
_-AT® e o / N )
[{QF§ .%0[5‘:(; }

=4 ;’7{/7[33 2z2d 2dB - -,-\—[ﬂlz zd

{\

-f—;—";-f(f 5‘5&[57:0[35_)7

_ 52 nt’ *'[‘L;
— - 2 . ﬁ‘(
s 9)\( 2T 2 ) ,zrz\ ,2/(/\
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The expression

n/f(F ~-£)BgdzdE
becomes zero due to the conservation of momentum,

Upon substituting these terms into equation (2 - 33')

and multiplying by 274 » the momentum equation becomes
> — 412 U ~ 1/ |2 35>
nt, [(U /\);ﬁé“fflg{:’]‘z"ff 715X [M'LL/ é’z)

- ZL—!—%" + = nt? 9—?—2]=0 (2 - 34)

In order to solve the momentum and continuity equations

(2 - 33) and (2 - 34), (¢ and n{ﬁB are expanded in the

following forms,

U= U + AU +OCA?)
(2 - 35)

nt3= 2, + 1B, + O™

Substituting equations (2 - 35)‘into (2 - 33) and (2 - 34),

the continuity equation is obtained,

— Bo @o ado __Z.Bo 2ﬁo_& _L_lié_gg__A_ag '
ot "6 ' 3k , T TR A B oA



64

Y B . By, , Bioly 2B, Uy _ 2B
+A[a Tt ’tlaf\-f’(?laf\_*t_l/k €

28 U ’aBo U, 3/31 _/{,GBI
- € A T & z/ku‘_‘ t oA T2

a2 B au ZBLLLL U, B,
A [t' = 7:7“9/\_7 o

* Similarly the momentum equation is as follows:

oA

B (u /L)ado +fl ]474 [B a‘éug ‘f‘Boaaé—'u“L
_ au, s, _ I o,
Bo’LEZ + Botl‘aé_gt‘:' 'f'@‘ LLpa @NL 'f'Bl f,a—t;
+L3BF) - LB+ Bl
- U Y,
+AZ[B¢L(1-37\" +BoUo ’st 'ﬁ

~BA 4B +E (B R

! .B T2 -3 U, —
to ] AR =
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Since only the order of expansion up to O(A") is of
concern; terms higher than 0(,4") can be neglected,
Hence, the continuity equation becomes

B, _ B B
ot 2(1 -

ZBD(/ ——‘L)-f-—[-(a /UQB'Q

9/k

—! aBl aL( ' Ba DU, a U,
tA [ S+ (’* y +t,[a * )

B Us\ /., L * 3B (2 - 36)
-2 - X ”(—t,‘“t al |7°

The momentum equation becomes

Eo[(ao &)_3_(,_[9 lg/\‘ Ia-c ]+A [Bofta-tl

> U
+B,~(:, =1 ( Boldy #Billo - "” Tt (Bollo=BA Y53

> /p 5| - BaZ 771 =
e[l F) -2+ 22 | =

The terms involving z—‘ andé—;‘will again produce A_I

order terms when f is expanded as f:fo—-[-/r')c,-f O(A'z) .
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From

Al

_,,_17@;]{ zrpdeds andy}” —f{{ tgdzdz

1\

&* -;%; f[;f°+ A DN zradeds

=2L ((feaalade+ /2L ({5 adeds

Similarly

R - g AT S =2~ |7 =
g2 i%ggjjff: L‘“&ﬁclﬁﬂl-’#‘ﬂ','éhﬁ‘fifgc gg”ggoﬁ%uiﬁz

sﬁbstituting these expressions into the momentum equation,
it can be seen naturally that there again appears ,4’2'
order terms. Hence, neglecting those terms and rewriting

the momentum equation,

BLCU Ao + 20T 4 117 R4 24+ 5yt Sl

-

FCB U 1B o ~BA) e + ( By tho- BoA) S5

L (an f[foFradzds) -2 (e aladz
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*&%f f )l"Fs‘ed@'olﬁJj =5 (2 - 51

The zeroth order continuity and momentum equations become

2Bs _ _oUY_ 2B, _ U B _
B B - 3 ) (- G ) i (U DTRE=0

B U= A5 +4,2] -

The solutions of these equations after matching with

the equilibrium solutions(2 - 23) and (2 - 21) for large

time are . »
U= A (2 - 38)
B, = (7% (2 - 39)
where »
K= /-—-AB'— ' (2 - 4o)

—2
On multiplying the B-G-K equation(2 - 28) by é-z—f‘;f and

integrating

([ m[e—m o u3 13 #4383

EY, 9__ /- Uy 4 (d=A) f
taf(/ )—f @ /\—)# £ A
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L E: — - —
+A (-é—,"}/\_ +ﬁ7’3§ At o )] 2dz ¥

‘-’—}’L[/(EL* g':,?«)(F_fl)Q;oLch_;@ (2 - 28')

Working again term by term, the first term of eguation

(2 -~ 28') becomes

ALY AL + 42 )f{(}s% g1y L gz dz
o Rtngt e e frrs]fe] s

+f;£ Fi’ls’e] =0

—el

The second term becomes
2 L sVadadF=3-2 s
?—tljff(z reyzdadg=-% 55 (T
Since

.

[ eyzinds- 32z ar
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The rest of the terms becomes zero when the zeroth
order solution of velocity ([ is substituted,

The right hand side of equation (2 - 28) becomes zero

(15)

through conservation of energy.

Consequently, equation (2 - 28') becomes
.2_( Y=o : ' (2 - 41)
sh(vt)=0
The general solution of equation(2 - 41) is
= & A S (2 - m)

-+
Since =TA and +£,=+¢4 % . equation (2 - 41') becomes

- L (2 - 41")

Matching (2 - 41") with the outer limit equilibrium

solution ( 2 - 22), i.e.

(2 - 22)

-

. /\,?.
where A(: / — =
The constant (C Dbecomes *2% » hence (2 - 41') becomes

?: ——,(é (2 - L2) .
+* '
/. .
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Equation (2 - 42) is the zeroth order solution for
temperature.

With the aid of equations (2 - 38), (2 - 39) and (2 - 42),
the zeroth order B-G-K equation (2 - 28) becomes, vupon
replacing ,Bo'—'ﬂ’ﬁ,‘g and Uy=A=U ,

of _ (KA 4 p-alE22) z2) _ -

The solution of this equation is

2 B2 ) :
e e - (2 - 4)

This distribution function in the outer region of
Grundy and Thomas is of the near equilibrium type.

The next first order solution of f. ’ that is ff’ y is
obtained as follows. Using Equations (2 - 38) and

(2 - 39) équations (2 - 36) and (2 - 37) become

2B Uy u, 9B, _ (2 = 48) -
‘%%’;"’ 'bl'+'t’,( 'fvz/\_'>"i‘_tl _a/\- ( 5)

/ = 2 2
E%fn%%%% +130L(44“q5£[é;{(3052,) fx:&:-+75>- ] ‘2 16

—
—

Using equation (2 -i&) ZF* and &* Dbecome

. &
=227 (. o—z—Jﬁ 5 — (Ké)
@Z,%:;/}[f_ 2d&dz 5
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-and

oo 357

substituting these expressions into equation (2 - 46)

@?fé%a + Butly+f 4 (_g)\/z Agf 2Feeo

Rewriting
ou) 73 o _

Now, the first order solution ({; can be obtained
from eguation (2 = 47),
The integrating factor of equation (2 - 47) is
f_f—ld{- éog't/
I

Hence

‘f,(,l, =f‘é 5;};([{' + ConstT.

’

const.

When ‘/L=0 v U,=0 » thus, const=0

Consequently W, becomes

' 5/L., .
- 7, S -l
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Therefore, equation (2 - 35)

= _- - 5*— -2 -
U=A AT + O4”) (2 - 49)
' %& .
nti= (K + 4B, +O8™) (2 - 50)

Substituting equation (2 - 49) into the B-G-K equation

(2 - 28) and collecting terms upto ,4f’order,

4
of , A alof 5 2 of 7234
4 t,‘[ 3¢ /ycaz A o

AL
[z é’f?é S5 ]=rtr-9)
(2 - 51)

An asymptotic solution of eguation (2 - 51) can be

sought by writing

f )[01/4 J[-fﬁ[/;’") (2 - 52)

Where j: is given by equation (2 - 44)
On substituting equations (2 - 49) and (2 - 50)
into equation (2 - 51),the B-G-K equation (2 -'51),
‘ 2

valid upto the order of ,4—2 ¢ can be written as

a)( J/L of f’af sel_f %9_5_]

afﬁ 15 T 39

(_K—)%[ f°-f) | | (2 - 53)




73

Substituting equation (2 -52) into equation (2 - 53)

1.
af® | _£F[ s\ of° aﬁ" zrof’ 3% of°
E7 tEL 3% 02 tTESC T o T e@]

s éa# IS A

Wﬁ_ﬂ
32 2% NTAZE A3 ]

—(”3)53[ Fo- ] '  <-7-—53’>

. o / 2 _ _
Sinoe f"-"-(zwgw -3 (B*+ &%)

20,

at,
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Upon substituting these quantities into equation (2 - 53')

L
and collecting terms containing the order of A upto A 5

a_“tf (K/B? /Lf [},;gf F (Z +‘:£’2 (2 - 54)

This 1s a first order linear differéntial equation and
its solution is easily obtained:

The integrating faq}or is
f_AﬁA(/z

Hence, the solution becomes
e 2:t, J// (§%; ZT gg ggl@giiﬁéi{7d1f
Kt/
Defining —t as
€, = o (2 - 55)
(K/s 4

The final form of f becomes
y / o | t, _L
f=€"'z‘5‘*'§f‘“/ e g, G-
A2
fo)
where

5 (zl/: é.?)]

9 E D=~

(2 - 57)
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Consequently, the distribution function jﬁ

o T -£ —z—i:L‘ — y _5%2—
jc=’jfz;'/ + A e ‘é?[ij§>e£) t?tz ‘Ifz
(o)

—rO(A")] (2 - 58)

Defining 7[7/('1‘:_) as

L2

[{z - Zfz}/é ita"d{_l
Hew)= e*%) tz

equation (2 - 58) becomes

f=fo[/ # /4'%3(;/5%[35— LE_’;/?:ZQ%]/_/M)

+ 0(,4")4} _ (2 - 59)

Equation (2 - 59) is the asymptotic solution of the -

distribution function :f valid in the outer region as

defined by Grundy and Thomaé6).
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PART III

Development of Front Parameters

In order to determine the gas front'parameter,
similar to the variables used in equations (2 - 26) and
(2 - 27), the order of magnitude of terms contained in
equation (2 - 59) should be examined. A breakdown of
equation (2 - 59) occurs when the first and second
terms on the right hand side become of like order,

The first term has the order of magnitude C)(l) and
is boundeéf) The second ferm must be (O (1) in order

that equation (2 - 59) breaks down, that is -

-+ *+ 297 11ch)- |
A?CA’%-?;‘;[/ _L?;/—:_g—j/'“ﬁ)ﬁ(i) (3 - 1a)

here 7&#&) C?Cﬁ since +, is bounded.,

‘The quantlty—gi—iéi; » which is the power of the exponen-
tial term in the expression for the equilibrium distribution
functlon jF s becomes C)(l) as a result of the same

reason previously glven on page 46, namely JE_iLEi 6%0

Hence, from this relation the order of € and & become

¥, :0(’/(% and @ = O(A'"‘) respectively.

_ .
Upon substituting the orders of i—/%i‘f- y & and &
into (3 - la), there results
A tAKE = (4)
/(Z’

(*) see appendix A,
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At the gas front number density N — O‘ t hence, from

equation (2 - 39) k—o . Then, from the relation (2 - 40),

ie K=/ L VF -

Conseguently, at the gas front

Lok
ALy =acs)
o K= O
From. K=/ L= O(p)
=377 - OCAS)]

B ’ - ’L
SoA=ELr - 05/4-?-)]&
. 75
Expanding the expression [/ - O(A’r)]

[/ —-O(A_‘%)]&-’— /- {(-)O(/f})

L £ ) Lt o2
1-_&.%7_/__)[ O(A .S')] o+ — -

For first order approximation, collecting the first two

terms, /\_ becomes

A=¢s +/3 40 (](A"—') . (3 - 1b)
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As explained earlier it is needed to develop a new front
scale at the point of breakdown., The formal way of

setting a new scale is to set a scale in such a way that
either the scale become stretched or shrunkeélé). From _
equation (3 - 1b) a front scale A with respect to the old

scale A is defined as

2,
A=V3 + AFA (3 - 1)

It should be noted that the front scale A , as seen
from the stand point of Grundy and Thomas' scale /K_ ’
appears very much shrunken because A is divided by /4%?

where }4 — 00,

Gas EFropnt Reolor
v

>A

ol? - '
A =V3 4 |
/ _ "-
¥ A

\ Gas FronT

Pig. 4., Schematic Diagram of Gas Front Region.
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Since the orders of & and @& are & :@(K'?’l) and
Y :OCKé)) the corresponding front variables §’ and L__{_:_'I

with regard to @ and & are defined in a similar

manner as /l ’

F=Klz/=4¥5’

(3 - 2)
— L __ N
From equation (2 - 55), <, Dbecomes
:l .
4 =33 4, BENCIE

The order of £, is O(/}-’%).
Since N~ —% , (i.es eauation (2—=21) ) the order
of N hecomes b(A%) ..
f‘ront numberAdensity VLI should be defined as
n = A0/ - (3 - &)

Likewise,

7= =0ch)

7! is defined

=A%/ (3 - 5)
Substifuting equation (3 - 1) into equation (2 - 49),
(L vecomes

U=(/F +A58)(1 -S43 )

2
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N

=(5+A_%AX/ - 5 _d;f_)

F 8

2
' - F
From the relation (3 - 3), the term _§%ﬁ_€7 becomes
3° 4

2
5 AT 5 _ 5
3L4E | 3F AT fEEF 3% A

2
Since -él —~— 0(,4‘/’5) , this term becomes very

small, hence (L for large ﬁ; can be approximated by
Zz
U~ (/3 + A Fa)

Hence, the corresponding front variable LLf with regard

to (L should be defined as

U=/3 + A FuU (3-6)

Definitions (3 - 1) to (3 - 6) form a new set of front

variables.
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PART IV

Scaled B~G-K model of Boltzmann Fauation

For convenience equation (2 - 28) and the front

variables are rewritten,

42 oy _ | 2Y auy . of ,#z9f
"A aé(a oA_ ’La/\, +t’at: T oty +-t;aj§ X

L U-A
(1-%)+ £330 L2238

g of , &2 BZ I _/r_
Bt Ao ~Ates | S UF )

(2 - 28)

A= —1—/)—%A T
E-p5F

{
Z- A7 :

s 3 g M - 1)
{b=:3 %4'b£z
n=a%n!
T=AE T

U=V3 + A Suca,+) )
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With the aid of front variables (4 - 1), equation (2 - 28)

is transformed as follows:

since the distribution function ’C becomes a function of,

the front variables & , +. , & and & , i.e.

f=fta,, &, %)
the total differential for 7C becomes

df=2£da +3»E<lf7. +'——£c/£ —f-—f

' Dividing by J Z

"ﬁ%"fffl/g 2é§%+3_§%e_ a@'%L

the partial differential form of the above expression becomes

£ /
(ng‘)k,t. _of2e , ofob o 25 , of sz

9232 " oGF 13z o T3z oE

. From equationis (4 - 1), it can be seen that 92 91‘&

—

o E’
EY:3

X 2F )
become zero leaving —52-:,4—4’ .

" and

Hence
_ é%f‘),{ t,Z .;écf 3§, A%aaiff

The mean velocity (L is a function of & and %5 .

Thus,

U __duse |, dU 2%
> N VY S A
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where 22 _ 2% . 3{_?—\-_-_
X A and 'ﬁ_ O

Consequently 24 becomes

A
2
U _ aU 4F
oA " 9o A
oY _ 4= au’
where Sz =A 5'—%5

Finally ;)"i becomes

%%2(%@&,:'%—/

Similarly )

- p%af
o’

(99: At E

/
351_ =17 - 3‘<§A-Eagi
2ty 47, /\

2t
=4 A0

9*[ /9"7)/1_3‘_2,2 3%A”3 2
_af.;(_f_a = A% 2f
A LA L, Eg 24

Substituting these expressions into equation (2 - 28),

we obtain




8l

AL 2
-A 2L fivs -f/r%ugg-g—’ (/7 +475)2L

+3 ?/’ /of 34/4/.“9(1]__,,_{3 q-A/o 97( & 5’.% /}s‘__f

ot2 _31‘ 95/

' A
(1-24 4+ A5 raf( F-f/}fa’
4-/4(on 9% J_S A 5’ )

*WA:‘éf[r +A ya/ W2 +A ‘S_A)U

{ . --: /
A 5E As-af (A g +2f

-+ A
A GifAay o 07 —f/)u)[s YEFRCIEY |

- AL
(V3 _1_/4‘ A)[_? 4—A/o )l( )'45—]

A"’—f [(u’ A> +ta auj-r,qwg[ +( ¢ —i—

2 +A” "a’\ Z’ of u’—A
az') (- ,u,,-—b )2.65) +

2 -,o 32 / a2 a3 fF I""«’f‘
+A e (t)[ tATGY) i) tive  tr o7

=nlA* (F = £)

/?cwr,‘é-fnj
e R R

2
B AFW NG o f ), Us) faf %2 ' pf
(1= J ) T D) 6V 5%
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2 Gt ae'*af _Fg 'aF b - 2
,9 ('[— _rA ’_A)(fa a_%l t_z_ 3%/ n/[F —f) ( )

Neglecting terms contuining A % in equation (4 - 2)

~2f [(u-a)3 + 634 ] 157 2f+ (-3 E )

+u/ A(g) ,,(3”_%[213) n'(F - Jc](u-3)

Equation (4 - 3) is the governing equation of the gas
front region.
Now, substituting equation (4 - 1) into equation (2 - 29)

the equilibrium distribution function becomes

n/ o [i?i‘t é?:j o
ML L A T LN T

F
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PART V

Solution of Front Equation

Front equation (4 - 3) is rewritten

/
- [(u-a)2 + 43 ]

. 3 :
WS+ (1 -2 E (L) + 2 3]

Q(g‘@%%%%aﬁ) =n(F -f) BENCER-)

As indicated previously in Part I, a method utilized
here to.s§1ve the B-G-K equation (4 - 3) is to construct
_moment eguations from it by multiplying through by functions
of the molecular velocity and integrating over velocity
‘space. In this way equations for density, velocity,
temperature. heat transfer and highér moments can be
obtained., : .

In order to develop moment equations from equation
(4 - 3) it is necessary to transform equation (2 - 24) into
a form incorporating new front variables, so that it

may be used in developing moment equations,
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Equation (2 - 24) is glven as

;275_ /ff&l&dé‘

-a0 b

From equation (4 - 1)

G=A%g’ ~
d&= %%
dE= 447 ’ (4 - 1)

| n= A%n’

2 S
tl =3 ‘*/’ lc"éz )

Substituting equations (4 - 1') into equation (2 - 24)

G?j”ﬁ—/]ffﬂfdi : .(5-1)

Now, from equation (4 - 3) the general expression for

-

moment equations is given by

[ //vza)aﬁ,[mz )3+ 34 ] 4 372+ (1-3%),
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’:‘///"71/('/: "f‘)@’c/.%’d/j?/ , (5 ~ 2)

where [ =/ _35_"' ' iz and @"L , ;ia_'_erespectively give

continuity, momentum,; energy equations and heat transfer

terms.

The zeroth order moment equation ( ]ﬂ~: / ) becomes

./;é{ ag/Z:kC(/ ‘i)aa. & at _+3i[79fi+(/_
'i./ §£)+ w_b/aaz{)] /37~L/ j&fe@ oE ‘/Z//r -HFUTT’

working term by term, the first term

/7()[4( 4)9“ + 7,24 1= gf, ZdztlE’

o<
[>%}
=é*)[( u’—-z_;)%’ - f?_-g—(i'_l;/] f—'(o(z/cl@/: o)

o

as f;/ =0 » Also it must be noted that the range of
—00

. . e . '
integration for &' is O to &0 81nce‘J0 can never
take negative values.

The second Term,

(/3‘*——£ gdg'ds’= 3*——//7[3%’@[92/9
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3 22
3%2 ey nlte (3 (08
7T 7L 22

The third term,

The fourth term,

F U —a F) 7 e (3;«7) (- YWOE:
f/B t2 /a \:‘:Jg:(/‘% - X7 t:‘ax.\ n'éa)

And fifth term,

([ E gD waide Y 2f /éf%l%b_s’
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Now, the right hand side of the zeroth order momentum

equation 1is

//ﬂ’[i—’——f) Gz dE’
=nT[/FQH§é/§’—fff§dzU§j=o
sor, f/FQ'J@'Jfé// ZdadE’

Summing up these terms there results

[3‘#-) aﬁlzll‘z. ) [3 4)71/243(/————2 ) _/_3"‘!((-—43 ,)_

2 ot,

Rewriting this ekpression,

Sd) 3/~
- ote ‘L‘

"""‘9(?7’753)" (5 - 3)

2
- Which is the continuity equatioél5).

The first order moment equation( /"::QE/ ) becomes

//Ef ey b3 ] B3

fa@lf + ”"’A[ﬁﬁ)]-f[.?ffzj

g@f)jgdé@ /

= | /_{3’[7—’— £)zda'dE’
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Working term by term, the first term,

/
(-t e g iaa:
:‘-(")Z?L("“A)'g%/ Zat ] /a;t!-/ d%gfl

2 ot

.2 |
= (—ié’jn'fij[[a’-b)%;‘-' 7,2

Since

M,@Jf”’ "f[?; f/ /fJ;-E’ zdz’

_,)//]fz’c/seeff’ =3

the second term,

[/ =4 §yc[%/£/ ‘*—@—f/fi z/dedg’=0

the third term,

[/34%[ ) -24) L 2L )gradzdz

—‘3¢[/ Ey 'éz// -@’2@’4@’&@/:0



sincsa

f// 2 Vgidz' 5t
:/[@lfj:—z f.E’cle:]@ ’c@’:o

the fourth term

[/g*a == §f)5‘5 'a[ééo/j_s_:/
N _{ (fradzdsr-o

and the fifth term,

f (3"3;)2- f / tEadads’=(37) 4= S

where szf/ff/aég@’a/f/'

Now, the right hand side of the first order moment

equation is -
n’f/ﬁT’(F ~frztlzetlzE’
‘=7_’L’f ﬂf é’@’cl@élf’—)z:/ ﬁf , GTdE

=0 —0O =0
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Since momentum integrated over the whole velocity space
remains unchanged,

Summing up these terms, there results

&7 ”fa[m + ad’]wiﬂgiwo (5= 1)
15)

which is the momentum equatioé .

The first of the two second order moment equations (/7=

TR
~A[a)] %—2—%’__’_ fj g/gfolfg/—fﬁz 7z ulE’

Now again working term by term, the first term,

//e—)[{a’—m)au z‘ﬁff’ jf, 723 dadz

oftu—) 3 3 ([ g dglz =0

the second term,

3 ]t D
ot st zreinds sty [faaiaiz-Siehr

the third term,




ok

ﬂ - a”/)(z‘ (32 )‘”*"’?‘ e
Y
331(/ ai_{_) ff a.—,;,)i/';c /J%/e/(b/—()gf[/ _g_(i 317—?2_-_1_‘__
sincey //OJ @’ ‘i”c/idgg'v][ﬁ& ﬁ 0/-% &'E’C
=6 3ffj(é’2é’cf§d§’= 3 B

The fourth term,

and the fifth term,

/(3tf)2-{/h %}?‘(D cb" LL> l‘.ﬁlolﬁl

=(3*% ?—__/;_;A/f)c_?,s zi z 0/52/’" (3 ’) = aAerr
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where
err =/ﬁ£§5Q,C[Q’J%/

Summing up these terms

2 5
3% %ﬁ” -3%F (1~ 2N )2 P r 3L = sz Pr

The other second order moment equation ( /7= & )

[( I?;Ja@[z“/”"‘)aw*fld'/ -3 &4

becomes

#_(, Sﬂd EV ”h)'+ {/’—ix(affzi

R 3’37)1—% ((;,-%_\ﬁ]} Zd2d E'= f /n7[7: ~-f)F 'l ada

Again, working term by term, the first term,

//—[(a’ A)aa/ Zat]szé‘fz S B!

P / S 257t E =
-_—.(,)[(u -2+ 2, aé‘ ]/ of gr'gdads’=0




o6

since

. gf ‘l"/3 7,/
. f[a}:/“[i FHE =0
the second term'

3 3 1,
3“—9—£§"§e’d@d§/= 22 (LI gdFdE
2L, ot=2
&

=3 ¢a79;_/%e

where ‘
Pe =// 'zl zdE"

the third term

’ ;g' 7, =1 /i 7
[0 west) reededs

3 .
=3%(7 - %‘;%f)[—;’;)f / (L) zdz gz

=3$(/ - %g_’)[?’;)e-j//f@‘@dszdé’

o, .
=e23% (1 - 2X) (7)) Fee

f f (L) gz @ zdz = /[ﬁf[: /;Zo/éj z g dg’

since

= / / fargdzdE
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the fourth:term

[[3"“ Uiz Qfae”‘%’c/u’clge’ ‘3" L —Aai /fru'o/_e%/f’
2

£, oo

3
o (4 —n 9
=3 _____.tz 2 Re

and the fifth term,

2 i

where [1,);’6@ =f/ E’EZ’LQZ/C/@/C['E/

Summing up these terms, there requltb

573 R~ 37(/ - )[J—)P 3 -41—24- SR

+(3‘*) fzaAé?m // ’(’F f)ee"r;éa/@z/g

(5 ~ 6)

The temperature fZ' has been expressed as

3n?=—%ﬂ—;/ )[[@Z-ffa)@o/@olf (2 -31)
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Substituting equations (4 - 1') and ?:A%_’Z’ into
equation ( ¢ ~ 31 L

we obtain the expression for £t/ as

"Z’.;zi(3 '*'52) '//f[&“ + P H:’clEEIJI/ (5 -7)
Eouatlon (5 - %) can be expressed as
3 - ' o
n'z/%(g-srﬁ)% Prr- + Pe (5 - 8)
In order +to make equation (5 - 8) consistent with

the actual definition of pressure tensors By and Res

we must redefine them as,

3
I_ 27 )R,

4 (5 - 9)
B, = &EBXY (35)5—
(<l%)
e
So that equation (5 - 8) yields X
. . . / . : )
n'?’j’-é(/:?—r"f/za) | (5 - 10)

It should be noted that equation (5 = 10) holds for
equilibrium as well as non-equilibrium cases.

Now, heat flux tensor is deflneé 1) as

errvng =R /f/ f‘/f‘/?/

9ro0 = nF 7> =Tt f 35,9455,

O =
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From equations( 2 — 24 ) and (4 - 1)

ZA—%A’“—E— )

_'7—,
A= AT E
d3,=A"" %—TI } (4 ~1a. )
Jf AL
2
+, =3 '7:5'/;7?{?_ ' )

Substltutlng (4 ~ia ) into 3‘,,,,,,
7rrr"o?.lLA ;_&?/ff‘@g ’olek’alﬁl

/
Introducing another heat flux tensors CPrrr and [\7;—9@ ’

& .
[7"/ =4 ;7}'”’ ' - (5 - 11)

. lé |
= Rn%l/fff3czfdizldél
2

2 2.¢
(oo =A'?g,,% =M—(§}}/ / fewigdadg (5 -12)

N
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The moment equations (5 - 3) to (5 - 6) should be reformed
in such a way that pressure and heat flux tehsor terms
appearing in those equation become consistent with the
original definitions of those tensors.

Reformed moment equations are

au’ P
D(n'tx) Z'_ff) -—71’{;,3(/;:")-r U;_A 2 [)7’7‘;,) O

(5 - 13)

/ 23327
N[l -a) B+ £, 85 ] + 325 = o

(5 - 14)

DR ) = (1 -3E) 215 ) # (42 e (RS )

15 aA((f;QQWK) 27’(}4Jff]r Z?C-jﬁ)ﬁy @ALOGE/ |
(5 - 15)

B (6 (1~ B + ()R

1L 2 (B0 )= 27{[3“';)7/77 (F-f)#‘adgds
) (5 - 16)
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The moment equations do not form a closed set
because the last term on the left hand.side‘of equétion
(4 - 3) causes a second order term to appear in the first
order moment equation and a third order term in the
second order moment equation and so on, Therefore, a
closed set of moment equations will never be formed no
matter how many higher order moment equations are taken
in. Moment equations (5 - 13)‘to (5- 16) ére of non-linear,
integro-partial differential form of great complexity.

We have four moment equations and six unknowns, namely
W W f}r’ o B s a}nf and fheé . In order to
solve this set of equations, one must find some way to

form them into a closed set,

To do this the unknown parameters contained in

' the moment equations are expanded in terms of positive
powers of .time 4,. . Substituting these expansions back
into the moment equations and collecting only the terms
containing the lowest powers of 4+, we obtain a closed
set of momént equations for small fime‘ €, e

This becomes possible because of the elimination of two
heat transfer terms in the process.

We observe that the second terms in the expansions of
unknown parameters other than heat transfer parameters

( d)ky,f and C;)mg ) and the first terms in the expan-
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sions of Qvv/' and (red’ produce, on substitution into

the moment equations, tgrms containing the same powers of .
time fz « The reason f;r collecting only the terms
containing the lowest powers of 4> is that the contribu-
tions of higher order terms in *: ‘becomes negligibly
small for small time i&ﬁ « More precisely, terms contained
in the closed set of moment equations are the first

terms in the expansions except in the expansions of heat
transfer parameters, It must be noted however that

small time € does not necessarily imply small real

time. This becomes obvious from the relation given in

equation (&4 - 1), i.e. _
2 2
£2=33¢Awf7

-l L] . .
‘Since 4,=t4A % , real dimensionless time ¢ becomes

£=3Y%t, b - 1
This means real time & is of order ,4%’ times greater
than ¢, . A ]
The expansion of the unknown parameters'in the moment
equations for small values of time <%, is, by no means,
arbitrary. As was indicated by Grundy and Thoma&é),
the validity of the equilibrium solution obtained by

{
Mirels and Mullel(xlo) extends up to real time ¢~Q0(#9and
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beyond this value of time the hon-equilibrium solution
obtained by Grundy and Thomaéé) applies, This is shown

schematically on Fig, 5.

Eg‘a///ériu . nao e e Non 'Eg‘ll///én'u pa Ronae

o) 'Oﬁ’/?'/l)

| Cj ‘//f >t
_Egmngs_em?

Fiee, 5, Expansion of Gas Cloud into Vacuum with respect

to Time +

As hés been already established in equation

(4 - 1) the gas front scale ¢, is set at the real time

{;,«,Cz§4%). Further refering to equation (4 - 1") .
a small change in the scaled time 'ﬁz does not constitute
a significant change of real time £ , therefore, the
entire gas front will remain within the equilibrium.
regionlfor all small values of scaled time 152 .
Consequehtly one can expect that the outcoming solution

of the front parameters shall be in some way at least,
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similar to those obtained by Mirels and Mullen for the
equilibrium region. More precisely, the approach to the |
problem would be to convert the resulté of Mirels and |
Mullen from the real time <+ into the scaled time +,
and then match them with the results to be obtained

for the front region solution which will be in terms of
front time i&_. In this way we can achieve asymptotic
matching and avoid discontinuity of the solution between
the two regionse.

In carrying out the above approach we need not
actually sﬁbstitute the front parameter expansions into
the moment equafions, obtain final results,.and then _
compare with Mirels and Mullens' results, instead,
comparison is possible simply by comparing the first

terms in the expansions with those results. Since we
| have expanded the front parameters in terms of the
powers of - t> , the powers will not be altered in the
final solution: rather, the other variable functions
contained in the expansions with powers of ¢, will
be affected by the final solution., Therefore it is
possible to determine the'powers of t; contained in the
expansion directly compafing with those results of
Mirels and Mullen (or inner solutions ). Conversion of
inner solutioﬁs (Mirels and Mullen) from real time & to

front time <+, is accomplished as followss
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utilizing equation (2 - 18) for A

%
N~-L1r - £ T
37 £>

. k]
I Aati and vira ™% =247
3ﬁ .&3 {

_L3-NT* [F+AT*05 AT
35_'63 35_{_3

bearing the fact that near to the front, g—»s and /L-—7f_§ ’
the order of magnitude analysis for A/ may be introduced in the

following manner;

A (2[3“)}4[[5 —/L]%

3*-¢3 ,
from (<« = 1) 2
' A =/3 +A3A

A =&(/F —/\)/45%
2
.‘,(V;-'A.):—)AA-?

>
substituting A4 /4-5 for ((/3 -/L) ./\/becomes

o L2V AT AT

23243
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Considering only the ébsolute value order of magnitude

for ' , A Dbecomes
-% AB/L

C 2 3 32
Since 4, =44%* and 4, =3"%F4 “t,, thus ¢=3 AT L,

and introducing a new parameter which combines both 4

and ¢, as /l=4,A and rewriting for A/

N\

A~ A -"/4 %"E./L'ZL-HJZ/& AL JL

£ £33
Since 3 £
Nen A% ) n=n/f™ > N=npF
Thus
£ /z_
( A/" ’Ar’ulq‘r_i_,;n-t3
2
3
e nt A (5-- 17)
LR [ 5 _bf'h’fg

Subsecript 1 in-}tf is used to indicate the equilibrium

value of A’ ., Again using equation (2 - 22) for T

7 L/ —3%=]
3 £° -

£+, -
since /{.‘—‘--—;'-— and VT =YA % .. f/‘-'?-‘/*}g. hence [
1

becomes

o L2 -AT EdDE -Ad
3*£? 3% ¢°
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and following exactly the same method of order of magnitude

analysis for 7T as A , one obtains for T »

44 _ /z_fb _ s EN
- %
since T=7A", 7:2/,4’/5‘ S T=4" 551, Thus

¥ 2
',Z(A S-f'\/ﬂ S:—'T,.T,’L

A
2z

'z,'~_/:7-m (5 - 18)

again subscript 1 in 7/ is used to indicate the equilibrium
value of “¢’ . Recalling équation (5 - 10)
NT =5CPr + RS )
The relationship between A.,” and Ra under-
~eqﬁilibrium flow may be established by solving for Prr/’
and /6,9, . As before subs(:ript 1 in A/ and Pagf is
used to indicate equilibrium values of /4’ and /3¢ .

From equation (5 - 9) we can write

-

25
R—Ya/: Q/L/i,) P7')"l

2

2
Ret =25 CT Ry,

2
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where

R = f f Farg ezl

Pe: =//Féz'"ez' Z g’

where F:is given by equation (4 - 4),

and

~ Substituting for F

00 a0
(& +3°)

/ -
Thn= Zé;,:L{fj%’”‘/o [ (#h) ’z]é’ ‘22 dE

0/
(-2/L’Z);/Z -2/ Zat

/Ez—f Z')
(.2/(?'3? exp [ 2(3F4.)0 2! gz deds’

=_n’ 7 Y/ _
(2«'?‘fy 24
where
A=t
3 ¥4.) T’ |
thus, Ror =2 Prvi | (5 - 10')

This result enables us to write

/L;I’?J/‘—'-,'(Prh/ 1-2/?,,’): /%7’ ¢ and rewriting
n, ?’ Iz (5 - 19)
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Now substituting equations (5 - 17) and (5 - 1&) into
(5 - 19), Bri! vecomes

7
R

s s / . .
Writing- -1 for the first term of expansion of 71’, as

n(’,)=ﬂ(_/’_—L

N ?:Vl
where , /L"-?fz.nA

Now, in order to determine the powers of 'tz_ s le€o
’ 7
71 and #t s the powers of £, Dbetween 7%V and

_equation (5 - 17) should be brought to match each other,

that is
%
/f 7. _ Z&ﬂl)
, ..-é“"?\'fS and Uy = 2
Thence, 3
=n+3=m : (5 - 21)

in order to obtain one more equation relating m and"
N , the first term of expansion of f%ﬂj which is the

first order moment term must be cor;s,lderedo |

The first term of the expansion of i%r F}r(u) ' ié

given by

R’rc/u = ’t’é/’“)
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Again matching ?}ra) with the equilibrium valuei}rf ’

given by equation (5 - 20)

% ! |
P/l and By = Prct)

ifan-fs' fée

thus, %n -7‘—5_-:'{ . (5 - 22)

Since a new unknown power of +, s which is ,@ '
appears in equation (5 - 22), we need again one equation
relating M , 11 and .11, This is obtained as follows:
the expansions of the front parameters are designed in

such a wayfthat the first terms in the expansions contain
only the parameters contained in the first order moment
equatioﬁ and the second terms in the expénsions contain
only the parametérs contained in the second order moment
equétion and so on, The parameters contained in the first
.order moment equations are n/ , W’ and f%r' » Now, in
order that only these parameters be contained in the

first terﬁs in the expansions, the powers of fz to be
contained in these first ‘terms shouldgbé such that

when thesé'terms are substituted into‘the moment equations
produce the same powers of 't? for each parameteruéppearing
in the resulting expression, Now the last two terﬁs

on the left hand side of equation (5 - 14) are

| Y n
P42+ 4720
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Substituting for )2(,3 = .E_(_/";'_)_, P S UE ’(/L and

L&,;::. —%l%ti y and comparing only the last two terms on
2 -
the left hand side,

F//L)fz'”*“ (fa "un) + £ (48 me)

=RV [t o) 47 l) AT a3 AR

=BT U 200 KN4 £ B

B | ~mtep—n=l o/ —mw-n-l 3’("" )
S RAAIE” T F e LY, 7

" collecting the powers of ¢, to become equal for each

term, we obtain the relation
—t s -n—l = 3=-L+n

thus :

mran=4L - - (5 - 23)

-

which gives the third relationship between m , ;1_ and 4 .

Rewriting (5 - 21), (2 - 2?) and (5 = 23)

3., oo
-5 n + 3=
S - _
-—Zn+5 _é

m +an=4
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Solving these simultaneous equations, we obtain
_ 'ﬂ;:ZZ ; MmM=68, £=10
/
substituting these values into n') , Rrdy  and (cty the

t

first terms of o, Pr; and (1’ are obtained as

név = —Eﬁl
T

. Udsy = Mt_“"l
b3

Boviry = Pt

/o
2

applying a similar approach to Faékl),

:
Rty = o2

It shduld Be nofed that the first terms iﬁ the expansions
are the terms involved in the-first order moment equation
(5 - 14), The unknown variables involved in this equation
are 71;. LL’and_i%yf and no heat flux terms are involved,
Heat flux tefms may be included in the second term of the
expansion, The sgcond term of the expansion may include
second term of s/ , W +» P +» RL and first terms of
Orri and Lol ‘, the fhird term of expansion may

include third terms of o, o s P R4 and second

/
terms of 4217! and 4%99 and So on,
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Next step is to obtain second terms in the
expansions and this is done by obtaining the power of

€, in the heat transfer term (,,[; -

Qr’=n3 = 27‘6/22'315/"45/“[)9

where f is given by equation (2 - 18)

fEFL - Ffalrg - CGres?, J]

on substitution for :F

m—zr//F% pd7dp 4 f%fmf F35,%045,dp

% a‘f“r‘n—-f"f/ / FEpdads + 57 %1_2,1/ /F 7 pdals

~Solving term by term the first term,
27;/_£7: ;'falg't/f [2«7’)’4//?3“/0‘;.7 I3, 2P —“f‘ﬁo_

since
//;;5‘%79 °[f/'-‘3 -

where F is the equilibrium distribution function,

The second term,

- oo 20 .
i E gf?fo?ﬂf/f 5+ 545y




1].14-'

. [oV I
AT N
=4 2“3;/9\“/-?777’)’/%/2“/7 ‘?'75;44/3, exp 7«7fo[f

e AT VT b
==l () ar"zr/é-"-f)}—/ TR T

the third term,

—
i [

4 Zao
- 4 (.)/147- / zé :>~T 2> “aT
AN °oFr 27‘27(27-7—)%// € °/ /fe "/)O

AL T -
TN e &/ 2T(2r/ [/‘[2/)]

the fourth term

£ Qﬁ’"; MY / / F37pHd3 df

y z
f/ aa%"j&/Ta L[QT—Q}/L f /; e NJfff € JT‘/f)

2L.7 /! A _s7h 2T
/\/ 5r AT )Y ¢LT(;’)_]LLJ°L

\
)
:
)
,
{
3
e
N
0
N
J
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summing up all these terms

—
Bl = A 3733%;.1

— 4 a7
= A 37——?),

. 4 : . _&
From T=A° T (" C=TA, 7=?/A’§— Se T2

and )ﬁ:)/;A'l’:/ /(_-:..__EL." //L=E+A_§A , /L='fz.zA

dT becomes

d¥

| 4_._/4 ’gdzl%ﬁ/ﬁt Laddt di
T o5 dvi/dr

Lz g "f“,/*"’g 424,

.thus _
Borv A g Wy f/z/—'f-'fz
from : 711”2}’: /Dn’:/

Prn... £° —_ R”M) f#-—ff

n' _E__t F )

‘ -

where S = M =51 (/L)
A)

1

ogOyrr /\/A '035 fz iﬂ_’é

: ’ /
using eaquation (5 - 18) and replacing %}‘a—into I-c‘/{ljone
4
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obtains

Al o I
dA +
Thus : :
-# -3/ -4
Q¥ ~A 38144 "
As far as the power of %2 in vrr is concerned the power of

4. is 4,7 , therefore, the first term of {rn becomes

N\

Grvi(z) = -CZI:EAZ———?é ,7“')
2

here subscript (2) has been used because this térm
corresponds to the second tefms in the expansions of the
other parameters., Second terms of expansions include
second terms of n/ , W , P , RS and first terms of
Z?yr;“ and 4%52 . '

Now arrahging the powers of %> for each term in
‘such a way that when these terms are substituted into the
moment equations, the powers of 4, in each term of the
moment equation become identical. These are obtained
in the following mannert -
selecting the first and the last terms on the left hand

side of equation (5 - 15), that is

-ézg-Cltfprr) +Iz ,éz aA (t: é@rrr)

/
-Prr' and 47,,,,,_ are expanded as

[ 4
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]?»/-_-.Eﬁr_{:l_) -t ‘f:CPrzC/U** -—-

k=

/= ( nggz(,{l_z ————
Qrw 0 -+ 'f;,q -+

where 2 is an unknown power of t,
Now substituting f;; and 4%7;' and working only up to the

second term,

Y

'%‘a[’f;fpﬂ o)t 'éffzprz C/Lﬂ t,_ 54 [‘f} IQYI’ 2 [/L)]

=2 s ) 25D $id B o) dA
t[ /Dr:(/t)] +5+2)Es T Frall) )
+4, [}gﬁ.sﬁﬂhtfzf4=)-ié%=7

' where %: {-:.' since /L:th and -%{téb-_-_;z‘/)_fz—/

thus

%'z[ L P] + s+ —‘P_rzC/L) <2/ é_s‘m-*_JQE,_;to_ll

— e/@rr;—z(/t)
+t, "7

Collecting the power of ¢, in these last two terms and

.equating

£t = Vo X=-85
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Bra(n)
ts

Yherefore the second term of f%r"becomes
hence

l?r'=—;70[Pn(/L) +‘£L;Fr2(/2,)+ -]

applying similar method to these of n/, W and Poe’ -

we obtain consequently final form of expansion

n*=—;tl;;(73 ) + z‘,’/’-;@) + - Yy (5= 2u)
- LL’=7’£: iU:(/L) + | £ hl)+ — - - - —j (5 - 25)
%»’—-;_%,CPHUL) r S R)+ - - — =) (5 - 26)
»%&;’i—,,(/%mzu + RN+ = - —~=) (5 - 27)
47w5=%%( | -.'sz M_)—-é ------ ) (5 -28)

Cras=75( Qreaalt) + — = - =-=) (5 -29)
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since {rod must have the same form of expansion as (?yyf
due to the similarity between the equations (5 - 15)

and (5 = 16). Substituting from equations (5 - 24) through
(5 - 29) into the moment equatlons (5 - 13) through (5 - 16)

the contlnulty equatlon (5 - 13) vecomes,

13

%;_{[{;65(/1-) + 'lfz—le,(/L).{. -~-"_7'£:}
[ OV + R+ == J 6 (1 —E )+
Lo ““]} * fz_l{ LU +E5 ) « - - JL}

A%{E{,_“F}C/L) +t TR+ - —-11‘3} =0

From /| =tz4A , -ﬂcl‘%-={',_z and —3’!{%‘;:2/}‘{;' » hence

2 PR R+ -]

- =[E F(/L)-fz‘ F)~+---]J[7- ——LU z"imf—-j
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-'-‘[{:_—JUIC/U +¢ Uy eA) + - - - —-i:3/l,]

K[{‘_”“L%%i -+ tz(f'i%%l-t‘ - —--J:o

yewrcti —;g

(69 Fa) +4724 z‘{'ig/%i + /Ri-’-[%%i+ -]
IRt Rty + £ F ) AL ! Fo) )
'f"fz E_[A«)M—)“f‘ :.éll;(4) Q/UL[A) “"]

+ fz“’(/,é/\)%:'/%u + iJUIM)l’J’Z;[Z

+4, Us m)égflﬁi + ffu,,m PV

s ig,(dL — 2, AJF;(VL)_P e —p
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rearanging terms in successive order of the powers of t,

A F L+ 2 LBPUTY ¢ ) dUL0 4

F U B L g dEm 17

' - {/
+Mi§f_) tr —F)ts + FicL) %@

| +F;za)%fz +U,m)i§f/fliz€z+</zm)0%mﬂ to- NIEL .

+776Q) ‘i/L f ‘fL/CA)QL:jZL—f é‘* ---—=0

multiplying by &

'_'%EM)*A_‘%LA@ -fE(A)%‘A—Z +U, A) 7:%

-

LT + o) LUl + 7 ) 40

yoLBct) dEx)
U LB + L) T |
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-rﬁ"[/fm) —{-U&L)M—r--v “+ - =0

- _
when ¢, is small{ ¥2<</ ),then & and f;fabecome
still smaller and the contribution of these terms becomes

negligiblg. so tAhat
[uw +A]i§/%l -r[s%@z -4];.—,01) =0 (5 - 30)

.For momentum eugation (5 - 14)

LRr) + tTRmA) + - -]t f[ L7 Un) +E2 U )

Rt /N [f Ur) + 250 )+ - =]
'ffzg?-[z{a i) + £ UL(/‘)’* “""""]}
B[4 Bact) + & P (0. -] =0
r'ewrr'{'fu& |

[{ 0L)+z‘b (/L)-f—-]{[z‘» L)+ LU )+t /L]

e e e R o
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243U) + 347U + &L ;/Ligdzu_‘ _. mjj

+7€3[{;3£>/-&LQU— 4 i&d_ +--J=0

- rewriti :g

LR U)LY + Fc) Lin) L2+ Fogrip) L

+4, R Uboyi%z& ~-4F0 )/zia‘/f/fl) -A Z/L)/Lﬂ%/fl

'+Fz/L ) um)—(iéﬂ + z“—FaZ/L)UMJ_JZfAlﬂ‘ F«)M,m)%

+ELFW) uaou{ff@l me_ﬁ%—i Y

+ R RA)LAL -2 2 ) D) +3 Rl )

R L) 12/l Ry -2 yayrcn) + 653Uy
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o /] o U (£) —d 2
'f"l";cz-/l..l:z,(/(-) JdA +ts -Q%I-L@-) -+ %ﬂz-ﬁ“_- =0

arranging terms in the order of powers of <, and multiply-

ing the equation by 5

.. | 41 QU A) » , %79
F.L) Un) d L "_AEM’)%"’?FI(A)M&L]-F%

by s ’ 7 JU,
+ [F) Uen) ——-&ld i +RA)LA) i@%l' 273} —j;‘fi

+EWUN) S - R AALL 25 Foia)
A () AL 2 FO Y27 o))

i) L +3 ) L)+ L Fe ) L]
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vl [Rov.o) 4] + — ——— o

>

Since -éch , all the terms involving faf-, _2{0 and

5 . s .
4,  become negligible, thus we obtain
AY

,[U«(A)%A%*.QUM)'#F%JP/& =0 (5 —31)

For energy equations (5 - 15) and (5 - 16), and working

first with equation (5 - 15),

UL Dot 1 7P ) 4] }
R + 0w~ - ]

AR {ETE P P+ -
+é—[£§"‘(//(/i) %z‘fubm)* i J“]

)(a—%— [ {bjzfz—/o/?/ o)+ ?f;???,, )+ - ___7]
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s o4

o+t 2 {:Z¥;%§%waéﬂ)‘*‘:Z]=HQKK§%]f/6ﬂ[F:ff)EQ%ZEEEiél

rewriting
t gli%l tt. [“QIQ’(/U +12 C?ﬂ_g/—&L—
B[ L Puct) +&7 P A) — & PBnin) 992 - z‘;’/%m)v’ﬁ/%?
_ -t w) ¥ dU. +;-
£ Pn&l)%—) P L) -]

+£;5u,m)i%’/%’l + A7) i%@ + &7y S

+ -A, (/,_m)_a/_%&,@ %.QQ?Q(AJ & d%tf_l

+ D pural ) _; _____
41£L ‘ 'C{/z +

=2r( 37 )7/ n'( F=F)F>EABAE
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rearranging and multiplying both sides by ‘tlé ’

pdBact) _ o ,Z;(A) +$Q~l(4)%+0101)d%

+HE AL HA -3 hact) ~3h- m)i%ﬂﬁu—%(n)%

+lan)

o SR o A Srretp)
St hr) ;m 4 7 ]

L

—ané [3“3’)7/”'@—)0)4@&@0(@@@/ 5 - 15

working similarly for equation (5 - 16), v

B —€ | , -/ )%z
4 z/Ln%LLQIlJr L) + 2l A L

-

B )L ) # ffé/%:éfl)f-{%,@z ‘ff:@‘zwi(%]@l

ffféﬂiéﬁ(gﬂ)gegﬁéil'f‘szZészl)qgﬁé%J‘

PRI/ S SV N



128

-4 dBA) %(A Pos (/)
+t, U, (N)SELLL m +-t U(A) +ts Um)iz%——

)< R f‘/\;ille -ta/]d___é/ii_

*’f:ﬁ‘ﬁjjé,‘\img st '=27Eé3"'§)‘7/ W(F )& GTIE

rearranging and multiplying it by 155 ’

A_T/—)-d%f/‘ —4/%,(/1)'-;»/%,(2&)0/7&6’/\” w,m)cl%_’) A
+f"[A_§r~’—£42 -Re0)+ B M)_%—UD + B LE)

-r(/,(/\)c(%.z\-ﬁ)--tu (/)e_g;l@i”_ C/@m'w )]

10 [Pua YLD+ U, LB 4 — - -

=an ffa‘%)"f/ n(F ~§ Jeed 2ds’

eliminating terms involving 25 and #4° from equations
(5 - 15) and (5 - 16') and adding the resulting equations

together, the left hand side of the éxpression becomes,
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(s A J Pty + 5 422~ TP+ L42 ~ Joocn

and right hand side becomes

ar b 3’2 f[ f f W(F-f)EEd Z'JE + / /}}{(F —PrFzdzdg

=2 ', (3%) [[ﬁ-’[ G+ 3" c_{;fcls?‘z/E IT[/ Fre+F TUZIE
LUher& . |

f Fl[& +#2] 2@ dE =Bri+Rar

-1 )
(27‘? )3/2-[ Za z / a= 23T !

| 2
=N (3“7%)(

From equation (5 - 7)
f/{[q;”'—r @]iﬁl%'dz’— n¥sm(3 +_£a)5’

thus, the right hand side becomes

2zt *)791’2’ =(3" ‘“z‘& n?’,.,m (3 "“é)r]‘
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consecquently

[UJC/\-)*/\]'(?/L\[PI'/CA)"I‘P(—)I(A)] v
AU o o U.n) _ N _
#3557 Prica) + (YR 4] R V) =0 (5 - 32)
Since the general form of equation (5 - 10) is given as

,,L/,-Z/___j_}l_( /?rr’ + ﬁ},,e/) (5 - 10)

.._?/:_jfj Prr;;/’ae D) (5 - 10")

Referring to (5 - 10") the form of expansion for rz' takes

the following form

Q/:-_-éz[s,(/() * £° 820+ — - -] (5 - 3'3.)

From (5 - 24) and (5 - 33) 72/’ become

nig'=[48For) 447 R+ ~ [t Si)+ 65 « =]
= LOR0n)San) + -c%fF,m)&c/t) + e FCA) S (A)

+F. W) S20N) A+~~~

]
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From (5 - 26) and (5 - 27)
j(/or 1 )= £[4T RN + &) + 1 Ros )
I N T—

Substiting from these two éxpressions into (5 - 10) and

multiplying both sides by 4.'°,
RSN + B[ F0)S) + FeA)Si )]+t Re)saa)]

- %é-{[Pn(A) +,%,(/1)ij ¢ [Bet) +7é>.v.(/l)]

o ——— — -

\

. neglecting terms with higher powers of ii' for reasons

explained earlier,
RS =4 Do) + Rih) ] (5 - 33%)

‘It is rather important to investigate whether
the first terms of the expansions of front parameters
refer to equilibrium or non-equilibrium solution, This
can be done by examining the associated distribution
functions with regard to those first terms. Substituting

the first term of M) into equation (4 - 3) and multiplying

é
by 'éz,

e
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€tfer3h (Cwmmg e 360 -5k 0 -$0E D

‘ C a -/ |
w2 2] + (3D E (L), =R (F -§)

Since ¥, is very small, the terms on the left hand side

of this equation ‘can be neglected; and hence

0=F -f

..}jziz

This shows that the distribution function associated with
the first terms of the expansions is the equilibrium
distribution. Hence, in a way similar to equation(5 - ‘10')
which is applicable to 1;he equilibrium solution, Pe,(/I)
‘can be written as |

Poi(a)=2Fh 1)

Consequently equation (5 - 33 ) becomes

RA)Sicn)= Pri (n) (5 - 34)
Substituting this expression into equation (5 - 32)

and dividing by )/ U ) + /\j,

[ B s ! JU) _47=0 (5 - 35)
B.)  dA "‘3[(/,(/1)—/-/1][ 4‘]
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Rewriting equations (5 - 30), (5 - 31) and (5 - 35)

@h+A> +(&\ fﬁ;zo

U.._/— \in... | A R“I:

P

! s/ d
: —+ = [ — =
H LB+ S [+ =e
These equations (5 - 30), (5 - 31) and (5 -.35) form a
closed set of transformed moment equations having three
transformed unknown parameters (/) Fx) and Prnih) .

The solution of these eguations is attempted below:

rewriting equation (5 - 35)
T =3 9 L O
Eﬁk@ ‘4i] -51?641’/,]/)n' JA
substituting this expression into (5 - 30),
dA _ ' / _
[U 1‘/\]& %(U/*A)EJ{'{%F;—-O (5 - 36)

hence

| 4Py _ 5 | dA
P dA 3 7 dA

which should have the solution of the form

Pryeciph
I=CH (5 - 37)
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AY
where ¢/ is an arbitrary constante

Differentiatine F%i with respect'm)AL and substituting

into (5 - 31)

. N
W, +/1)$‘-2U, T-‘z‘.—‘%-}=o (5 - 38)

where the last term in (5 - 31) has been converted as

'and-rearranging (5 - 30)

LoJF_ [ /U _., (5 - 39)
_ﬁ%_(u,-m)(el/) ) :
'Now, let us ‘assume a general form of solution for (/¢A)as
G)=/1+C . (5 = 40)
Substituting (5 - 40) into equation (5 - 38), |
s EE_
(.sz-fc)_—sz(/L-fc)-f—z—g/—L- o

hence

2
S
where C and c{ are arbitrary constants and consequently -

the solution for f; becomes

refzed~d 1 (5 - 1)

R e O VR W U

— i TErT,

N
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These general outer solutions (5 - 40) and (5 - 41) should
be matched with the inner equilibrium solutions of Mirels
and M&llen. i.e. the cbnstants ¢ and d should be determined
such that equations (5 - 40) and (5 - 41) would match
with those of the equilibrium solutions.

It should be noted however that the constant
in both equations (5 - 40) and (5 - 41) may not be the
same when matching is established. This happens because
several steps of approximation to those inner solutions

are needed to establish matching. Thus, one must rewrite

the equations (5 - 40) and (5 - %41) more appropriately

Ul-:_/L-t-C, ’ {5 - 42)

\

. 3?,
E=l(2C +d ) (5 - 42*)

where €, and Cz are constants.
The matching is established in the following manners

starting with the velocity given by equation (2 - 19)

U:(‘gd[fg'))z

rewritten below,

where
dR — 2 ) and y= L 2 - 19¢
SeB (=R A = R (2 =190
L

SooU=VEC =R "-/’{” | (5 - 43)
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In equation ( 2 —19'), the expansion of the term (/ — R"z)JZ_
is to bte restricted to second approximation. This is
justified in the light of the fact that for large values
of timé*), the radius K. becémes large, and therefore
the terms containg higher negative powers of R contribute
very little to the expansion., Therefore
A

| (=R = —ERT)
thus ' "

R /3 (1—ZR?) (2-19")
Since we are dealing with the case of large time &
and corresponding large value of R(¢) , the above approxima-
tion is close to real value,

Taking first term of ( 2 -19")
%WL@—J dR~VZdt . R~E
substituting this back into %%§L , we obtain

—E{% ~ 2/ ——Zl—(ﬁ-é)_Z]‘:\/? - %—'L

-

dk ~(Fdt - EdE

’é—, Ll )
.‘.?Nﬁ‘é‘fﬁ (5 = 4

(#)3 It should be noted that large time here implies
in context of inner solutions. Further explanation

in this regard is provided in the succeding pages.
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Substituting equation (5 - 44) into equation (5 - 43)

~ r | - -
uy B[@t+{ﬁt)17[/'(/3_f )]

~ErTEt A T L1 =t ey T

b

/ — iy L
~5/7 "‘[—,/3«52][/ —zt) (¢ —f_(l/;T/z.L)Z') 7:]2'

applying the same method of approximation again for U
WY N iy | 72 ) 2
U~ AL ~aggr]ll 40757 — 7557

N[, -3 -2 3 [ [

For large time, taking up to 2nd term

Unr A [ —2G5E7%] (5-43")

Recall U= /3 _f_/4‘;z-‘a/
2
A ={3 +A7%A

Substituting from zbove in equation (5 - 43")



138

05+ A0 (/5 +4%a)[ 1 - 2q3¢57)

2 . ~ 2
;. . 518w A-?A —E_/_. —_— _E_A_ where ./Z_ :f z
A’u 2 A S Y =4

As + is large, neglecting third term
2 2
5y -5 iz !
Fov~ - B

2 32
from t =(3F)A"t:

gk 5 RRATE
AU ~p75a -L203% T

&
thus, psing VA:‘[‘-:A .
. 2/
U’N—tA; ——‘g—(s*fﬁ ] (5 - 45)

taking (/' up to first approximation from (5 - 25), that
is _M_(/.Q , and matching this with equation (5 - 45)

1

2
uad_ A - 5(3@)__;
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Hence, the constant' ¢, in equation (5 - 40) is found
to be 3.\
C}="(}z)

thus finally we obtain (J, as

Uum)=A 2% (5 - 46)

_Equation (5 - 46) is a solution of equations (5 - 38)
and (5 - 39) which is essentially the first order eguilibrium

solution of moment equationé for small time €, .

7L

Inner Region Matchin Outer Region
(Mirels g Mullen's ‘./?eﬁu‘on (Gas Front /?eg.;'on—)

Re;ian ) ‘ " L
e Gty - | ou®
¢ ta—>e)

o

Fis,6, Schematic Representation of Matchirg between

Inner and Outer Rezions.

: VA
From the relation 'éf\-'/};%?—)

£= 0[/1!{’) when 'Z’z=/
!
The origin of the front scaling has been set at -é:=()644)o

ObViously, as ‘tz tends to zero the value of 1f will

I
decrease due to the relation f-a,/qé‘fz-

¢
L8
1
'
|

L'y ders a5 rs

Y5

AmEa iy eeAR AL




140

This decrease in time + is expressed in Fig. 6, by the
indication of an arrow directed toward the inner region
from the outer region whereas, time ¢ is also increasing
toward the outer region from the inner region and hence,
there must be the intermediate overlaping region where

the asymptotic matching is established by adjusting the
constants ¢ and d However_the overlapping time is not a
definite quantity since the inner solution has been obtained
for large time £ without specifing any particular value_of
time; Therefore, the matching point on a real time scale
can not be exactly specified,

Now, the asymptstic matching for the other
variable A_ must be considered, At the gas front,,A_
approaches Y3 , and the rest of the region excluding the
'gas front must assume the value of ,L_ less than {3 ,
therefore, when the asymptstic matching is established
with the inner region, the value of A_ must decrease
inwérdly and hence from the relation A;:ﬂ?ﬁ{gh, A must

- *)
assume negative value decreasing from 6 .

(#)s while analizing the order of magnitude of A on
page(lOS}ﬂa,was arbitrarilly assumed positive, it can

now be seen that it will always be negative.
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/N is given as /L = A , thus /L must take negative
values decreasing from () . The covering range of gas
front region by ‘extends from O to -0(1) since .

+- varies from 1 to O(/}'SL‘) and A from 0 to
__O(,q%) y lees from JL'—'—‘[‘-:A |

M~ O =0
In order to solve for F(A) in equation (5 - 42')

orie must start with the density distribution given by

Mirels and Mullen in equation (2 - 18)
/
— (o t1) >7 51
N=R"""[1 =%
where A =2 and 5”""?—;»:

Substituting these values into the above expression
-3 2 3/2, -
AN=RZ[1 &) ]
3/,
-2 2 . .
- ={ReC- )

7,

()

substituting into the above expression for R given vy

equation (5 - 44)

-2 -4_3
N~ Lt ke ) Sy ey T
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N[(F%)( o) I [/_f))]

s _________ 2. -t S
[N—ﬂ [/ 73t)* reses ﬁ/‘t))]

. r
From equation (4 - l)} /L: ,/3 +AFA
2_ A - or .
AF=3 (7 + 75574 5:) where /{'—fg;

approximating

' 2
£ ~30re2n?)

thus

N «{(ﬁﬁ"{) 7o) —(3) A

A

il - (1+2547)r, 4 _
IR [/3{-)2.) TFO* 75>

’\/[f / 2 = L p-5
3H° “a3hr d3e)F (O3

2 . =7%
T /«/‘fﬁ«/‘ff =l ]
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‘'neglecting the last term which will contajrl-égéterms when
4 and ¢ are converted into ¢, ., Maintaining

up to {f* term which will eVentually produce up to 2nd

approximation of A/ .

3 ! 2 -32;’ 3

Y2 23/
~ g/~ FEa AT
from equation (4 - 1)

2
é'—'(B-‘;‘})fa/}V;, _/L= fz,A

€

N~ ("5) T 1_“[/ ~3(]

A/ 1is now converted into n' using equations (4 - 1),
&
2 6
: -3 2 . ; 4-
e /\/znA /L) n:n’A’O u,/\/=”—ﬂ’5

therefore

nlA‘g—ém[B)B(jA};é[/ - (303 ?':)A,]/Z'

Sl )—-—7—[/ RSy N e

Matching this with the first order term of /' from (5 - 24)

.
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F(A) (V“){g *)‘,fé[/— g AT

consequently
3 | 3
F) =(rRY3%( 1/ —3‘1/L)/l (5 - 47)

Now, equation (5 - 37) gives the relationship between
P and F(A) . that is -
Py =FT ferci=z

substituting from (5 - 47)

Pr=f G 3D 1= V3 (377 f/Lf/j%
- =% _ 4 '
PN =) 3T [ —3TA] (5 - 48)

From equation (5 - 34%), S;(A) is given as

B
Sin) = =75

therefore from (4 -.4?) and (5 - 48)

S N)= 5(/-'./1’ (5 - 49)

S ESS Sg Aaamas ad
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Equations (5 - 46), (5 - 47), (5 - 48) and (5 - 49)

are the first order equilibrium solutions of moment

equations (5 - 13), (5 - 14), (5 - 15) and (5 - 16) for

small time #, . The covering range ¢¥f t, associated

L
with /I extends from 1 to Q(A * ), but the small time

'tz_naturally restricts the range of té_and consequently

that of ¢ , though not to the same extent.

Throughout this work, parameter /} has been used

in the asymptotic expansion as a variable approaching in-

finity. The specific information on the applicable range

of magnitude of 4 in the asymptotic expansion has been

.given in appendix B.

The next step has been to investigate the validity

~~of'the solutions with respect to the front scale A .

A

R

/4/”/7/'('(76/9 /‘?f’qwn of Fresh

| prc/er So Lo o

NN

Sy
“l

[nncr 'Qeii.o" . aufﬂ' /?e;/an
Y ‘ N : ,.'/ ‘tz
> ,/ ‘:_.4.\\\ O
Dimensionless J,'sf’an(e r %/)g\\\, |
LA : _L
SO0A%) Y00%)
Gas Cloud e .

Front R?"""L

Fie, 10, Schematic Dizeram of Front Repibn with respect

to Dimensionless Distance Y .




146

The origin of the front coordinate system has been set at

as indicated in Fig. 10, and also the directiéns of
variation of the dimensionless distance~zlvfzare indicated
in the same figure. From relation fzé"?%)i‘z /iz'_it can be

seen that the front scale iﬁ stretches fromjl_to 6>64‘§)
whereas A stretches from & to Gﬁxé)o4§). The dimenstionless
disténce f-’-\'—L/;& stretches therefore from O to (=) 0(/}’@') .

As previously discussed on page 141 the order of mégnitude
of /AL is given as (7(1), and the variable range of E?mé‘%;
and A are given from 1 to 0(/1':'5) and () to -O0(A%)
respectively. Since the value of 'ti has been chosen to be
very small, in fact as small as fzvgm’é), A-7, (which is the
dimensionless distance from the origin of front coordinate
system ¢ as indicated on Fig. 10) becomes (-)C)&4k§) ,

i.e.

2.
Aty ~ QU OAF) = ) 0 (A7)
where order of -A has been chosen as (—)O(/i:jsince the
matching has been established with the inner equilibrium
region as indicated on Fige. 10 which corresponds to the
value of - A-t, ) 0[/{’?) « In order that &'ZLL'\-(')O(/?Z—), A
has to be- (= 0(/-?‘%’) . Therefore, the front first order
solution of the expansion of front parbameters,apply from the
entering region of the fror_lt region toward the center and yet

it is not known however how far these isolutions validate
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toward the central region since no higher order solutions

in the expansion have been obtained.,

Figures 8 and 9 show plots of the values of
FY) » S, Uin) and Byot) verses the values of JL which
ranges from © to&(¢)(4) , whereas A ranges from @ to
_&9[x94%) « As we see from Fig. 8 and Fig. 9, the curves
tend to become straight lines as /A increases in the -
negative direction. Fig. 7 shows the functional relationship.

between gas front radius R and time €+ -
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PART VI

Discussion of Results

It was shown in PART II that Grundy and Thomas;
solution breaks down at the gas front, that is where -0
and ,§~7J§ . In order to overcome this discontinuity
of their solution the B-G-K equation has been rescaléd '
at the point of breakdown. As was previously

encountered by Freeman and Gruhd§5)in their paper on the

unsteady cylindrical expansion, the same problem of
non-closure of the moment equations again was encountered
in this work. Introducing however a suitable expansion
of physical parameters with respect to front time_té_, a
ciqsed set of transformed moment equations for small
"time t. were formeda consequently solutions to these
moment equations were obtained. As already discussed in
.PART V, these solutions are restricted to small values
of time ¢, . The general form of the expansions is such
that the range of validity with respect to t, can be
extended some what since perturbations aré of order. #;
'However these higher order perturbations have not been
obﬁained due to the fact that they depend on the evaluation
of higher moments which is an extremely tedious underta-
king and, although the calculations are tedius they

should not present any great diffeculty in principle.
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The validity of the solutions with regard to
the front scale A has also been discussed in PART V.
The significant implications with regard to the first
order front solutions are such that it indicates the
smooth transition of gas properties entering from the

inner region into the front region as Fig, 8 and 9 indicate.

In conclusion therefore, this work has shown
that the breakdown of the Grundy and Thomas' solution
can be resolved by means of suitably scaled variables
in an asymptotic front region, and the characteristic
dimensions of this front region have been determined,
The front equations are unfortunately unsolvable in
general by present techniques, but an asymptotic
solution for small time has been given., Therefore,
this work has explored the completely unknown front
region covering after the end of the inner region and
thereby extended its knowledge further into the center

of the gas front by breaking through the barriers imposed

by the previous inner solutions.
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Appendix A

There are a number of ways to describe the limit-
ing value of a function. There are three possibilities

describing the limiting value qualitativelys the function

may be '
- (a) vanishingi  f¢z) =0
(b) Dbounded f-CZ) < 00 ) as € —>p
T (¢c) infinite )Ccs) —>o0 |

The one of the formal ways of describing limits of the
function is to describe qualitatively the rate at which
the 1limit is approached. This can be done by comparing
_with a set of gauge functions. These are functions that
are so familiar that their limiting behavior can be
regarded as knan intuitively. The comparison is made
.usin.g the order symbols O ("big oh") and o ("1little oh").
They provide an indispensible means for keeping account
 of the degree of approximation in a perturbation solution,
The symuol O is used if comparing f¢g)with some gauge
function dCs) shows that the ratio f%&) remains
bounded as £ >0

One writes

E>o Je)

f(£)= O[J‘(s)j as £-%0 if Lim f(f) < 0o
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The symbol o is used instead if the ratio tends to zero.

One writes

36(5) =0[dte)] as £»o0 if Line ££2) _ 5

€0 dC€)

‘some examples are

S‘.n22=0(£)2 / — oS & = é(s’j:ac‘s)

Sec ' Cr+e)=ce%) =0 cs)

Neither order symbol necessarily describes the actual
rate of approach to the limit.'but provides only an
. upper bound. Thus 1t is formally correct to replace the

first example by

simzE=Ceny, ocw), Dcsk ,0cshH , ete.

‘TPhe functions not containing ¢ can be thought of
containing € by multiplying -£- to  the function: for

example +=fo .
Since f% is bounded, that is j;<:ao » the upper bound

of {% can be set as 0 (1), i.e.

ﬁ = (C1)

e s T
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Aopendix B

The genefal form of asymptotic series is

c° -t '_ciL -+ ;2?_ -+ - —-.’"“‘(‘(’o) C‘) [ZJ —---Conf"‘—)

The series need_not converge fof any value of x .
"When 2 1is smaller than‘constants. the series-may diveree
and vice versa. Now, with thié in mind, the choice of the
value of ,4 is by .ne means arbitrary; In our case A4
éorresponds to X , then, the choice of the value of A
must be such that the series does not diverge. There is

a limiting value of 4 for which the series converges
and for any value of /4 less than that the series starts
to diverge, That value of A is expressed as Aconv-div
and any 4 egreater than'Aconv-div becomes sufficient

- for the series to be convergent..ln this work, however
the value of Aconv-div is not availabie since the full
asymptotic series is not obtained. In order 1o obtain

higher order terms in the expansion the higher order

analysis is needed.






