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Abstract 

Liquid wastes discharged from industrial outfalls have been researched for many years 

in the past. Majority of past studies, initiated in 1960s, were experimental studies mainly 

focused on basics of discharges such as key geometrical properties. Eventually, more robust 

experimental studies were performed to measure the mixing properties of effluent discharges 

with various jet configurations and ambient water conditions. Discharges could be as a means 

of submerged diffusers or surface channels and receiving water could vary from a 

homogenous calm ambient to a very complex stratified turbulent cross flow ambient. 

Depending on the bathymetric and economic situation around an outfall project, submerged 

discharges are preferred designs for most of ocean outfalls. It is the reason that majority of 

past studies have evaluated the mixing characteristics of submerged jets. Since early 1990s, 

the numerical modelling has emerged to support complex fluid mechanic problems. Later in 

1990s and early in 2000s, the use of computational fluid dynamic (CFD) tools emerged in 

predicting the jet properties for the effluent discharges. Since then different numerical models 

have been developed for different applications. Similar to experimental studies, most of 

numerical studies have been focused on the submerged dense jet discharges. The current 

study intends to stay focused on the numerical modelling of such jets too; however, to cover 

the gaps in the literature. To achieve this, a thorough literature review was performed on the 

past CFD studies of over past 20 years to better understand what was done and what the gaps 

are. The results of this thorough review revealed that although there has been a great progress 

in the CFD studies in the field of effluent discharges, there are some applications that have 

not been investigated before, yet. It was found that there are some discharge inclinations that 

were not studied numerically before. Four discharge angles of 60°,75°, 80° and 85° were 

selected in this study, as previous studies mostly focused on 30° and 45°. The higher 

inclinations are more suitable for deep water outfalls where terminal rise height of the jet does 

not attach to the ambient water surface. The numerical model OpenFOAM was used in this 

study which is based on the Finite Volume Method (FVM) applying LRR turbulence model 

closure. LRR turbulence models was proved to be a capable choice for effluent discharge 

modelling. The second gap identified in the comprehensive literature review completed was 

the submerged dense effluent discharge into shallow water with surface attachment (for both 
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inclined and vertical discharges). There was no previous numerical study of such jets 

identified. Three different regimes were identified: full submergence, plume contact and 

centerline impingement regimes (i.e. FSR, PCR and CIR). Key geometrical and dilution 

properties of these jets at surface contact (Xs, Ss) and return point (Xr, Sr) were extracted 

numerically and compared to those available from experiments. Two discharge angles (30° 

and 45°) were investigated based on the available experimental data. Five Reynolds-averaged 

Navier-Stokes (RANS) turbulence models were examined in this study: realizable k-ε and k-

ω SST models (known as two-equation turbulence models), v2f (four equations to model 

anisotropic behavior) and LRR and SSG turbulence models (known as Reynolds stress models 

- six equations to model anisotropic behavior). Vertical dense effluent discharges are popular 

in the design of outfall systems. Vertical jets provide the opportunity to be efficient for a range 

of ambient currents, where the jet will be pushed away not to fall on itself. This research work 

investigates worst case scenario in terms of mixing and dilution of such jets: vertical dense 

effluent discharges with no ambient current and in shallow water where jet impacts the 

surface. This scenario provides a conservative design criteria for such outfall systems. The 

numerical modelling of such jets has not been studied before and this research work provides 

novel, though preliminary, insights in simulations of vertical dense effluent discharges in 

shallow waters. Turbulent vertical discharges with Froude numbers ranging from 9 to 24 were 

simulated using a Reynolds stress model (RSM), based on the results from inclined dense 

discharges to characterize the geometrical (i.e., maximum discharge rise Zm and lateral spread 

Rsp) and dilution μmin properties of such jets. Three flow regimes were reproduced numerically, 

based on the experimental data: deep, intermediate and impinging flow regimes.  
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1 Introduction and Study Objectives 

1.1 Introduction 

Discharges of industrial effluents into coastal and estuarine waters and the emissions of 

incinerated urban waste into the atmosphere provide two examples of environmental flows 

in which water and air quality, respectively, are determined by the behavior and structure of 

the particle-laden, turbulent, dense/buoyant jets generated by discharges. Industrial power 

plants discharge residual byproducts into the water bodies (Lattemann and Hoepner, 2008), 

mostly as submerged jets due to their higher effectiveness.  

Moreover, rising populations, shortages of clean and potable water, and advancements 

in desalination plant technology have increased rapidly in the last decades. In arid and semi-

arid countries, desalination plants are actively considered as the best alternative to respond 

to the high demand for drinkable water. Desalination plants remove the dissolved minerals 

from coastal water bodies and produce effluents with a high salt concentration, called brines, 

that may have an elevated temperature too, especially for the Multi-Stage Flash (MSF) 

desalination plants. Disposal of these brines, which have higher density than the receiving 

water, causes many environmental impacts, especially in the near field of outfall systems, 

which is the natural habitat of marine species and fish cultures (e.g. Hashim and Hajjaj, 2005; 

Lattemann and Hoepner, 2008). Some areas like the Red Sea, Persian Gulf and generally low 

energy areas with shallow waters are very sensitive to effluent discharges. 

Effluent discharge systems of the industrial power plants require to be designed properly 

in order to minimize the environmental impacts and costs. They also must satisfy the 

environmental criteria and standards (e.g. US-EPA and EU regulations). Nevertheless, ocean 

outfall systems are mostly not optimized either regarding environmental impacts or the 

practical needs. In some cases, the regulations also lack the clear guidelines for ambient water 

or effluent standards (Jirka, 2004).  

The density differences between the effluent and ambient water, represented by the 

buoyancy flux, make various flow and mixing characteristics of the discharge. In the case of 

the dense jets, especially brine from Reverse Osmosis (RO) desalination plants, the flow has 

the tendency to fall as negatively buoyant plume. On the other hand, the buoyant jets (e.g. 
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effluents from MSF desalination plants) have lower density than ambient water which causes 

the plume to rise.  

The mixing process is divided into two physical regions, where different physical 

mechanisms predominate. In the first region that is named near-field, the mixing is intense; it 

results mainly from turbulence generated by the initial buoyancy and momentum of the 

discharge and their interactions with the ambient flow. Beyond this region, the self-induced 

turbulence will be decayed and mixing just results from ambient oceanic turbulence. In this 

region which is named far-field, dilution increases at a much slower rate than in the near-field 

(Figure 1.1 and Figure 1.2). The mixing characteristics of only near-field are studied in this 

thesis. 

 
Figure 1.1: Spatial and temporal scales in near-field and far-field mixing process (Source: Jirka et al., 

1976). 
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Figure 1.2: Three major domains in positively buoyant jet of a submerged discharge (Source: Jirka et 

al., 1976). 

 

Discharge outfalls must be designed to minimize environmental impacts and costs while 

being in compliance with regulatory criteria. The first step before working on the discharge 

outfall design is to decrease the concentrations of the waste source by some measures within 

the industrial plant (e.g. decreasing the additive usage, enhancing plant efficiently, pre-

treatment technologies, etc.). The second step is the application of improved mixing 

technologies like submerged diffuser(s), placed in less sensitive regions (offshore, deep 

waters). 

Bleninger et al. (2009) characterized the common effluent discharge and receiving water 

properties as outlined in the following sections. 

1.1.1 Discharge Characteristics 

The  discharge structure: such as the type of the discharge structure (open channel, 

submerged/elevated pipe, etc.), the site of the discharge structure (at the bank, in the water 

body, in the bay, close to break waters or groynes, etc.), the dimensions of the discharge 

structure (channel cross-section, pipe diameter, multiport installation, etc.), the orientation of 

the discharge structure (discharge angles relative to prevalent currents or dominant 

geographical/bathymetrical features). 
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 The effluent: such as the type (municipal/industrial wastewater, combined overflow, 

drainage water, cooling water, desalination plant effluent), the physical properties 

(temperature, salinity, viscosity, etc.), the fluxes (volume and momentum flux resulting from 

flow rate and discharge velocities), the chemical/biological properties (substance/bacteria 

concentrations, etc.) and the loads (yearly substance loads discharged). 

1.1.2 Receiving Water Characteristics 

The local conditions near the discharge site: such as the type of water body (river, lake, etc.), 

the physical properties (temperature, salinity, density, velocities, etc.), the 

meteorological/hydrological conditions (flow, velocity and water level variations, density 

variations, reversing/non-reversing flows, etc.) and the topography (meandering river, 

coastal, bay, etc.). 

The regional conditions for the whole water body or for a part of that: such as the proximity to 

other influencing cases (other discharges, morphological changes, dams, etc.), the proximity 

to sensitive aquatic ecosystems (mangrove forests, salt marshes, coral reefs, or low energy 

intertidal areas and shallow coasts) and the general flushing characteristics (residence times, 

exchange times). 

The main problem arises due to the strongly limited mixing behavior in the receiving 

waters, which is significantly influenced by the effluent density, which is dominated by the 

varying effluent salinity and temperature. One efficient measure is discharge technologies 

aiming for enhanced effluent dispersion in the receiving environment and adequate discharge 

area to avoid pollutant accumulation, to protect sensitive regions and to utilize natural 

purification processes. Submerged diffuser outfalls such as efficient mixing devices installed 

at locations with high transport and purification capacities are capable to reduce 

environmental impacts significantly.  

1.2 Research Objectives and Significance 

The main objective of this study is to improve understanding of the mixing properties of 

dense discharge effluent in the receiving waters that have not been previously investigated. 

These are discharge with inclinations between 60° and 90° and discharge in shallow water 

with surface attachment (Figure 1.3).  
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Figure 1.3: Research objective diagram. 

 

A comprehensive literature review was performed to carefully identify the research 

objectives. The following questions were asked, and this study did its best to address them. 

1. Have all jet configurations been studied in effluent discharges into stagnant waters? If 

not, how are they different to the past configurations that have been studied so far in 

terms of the jet trajectory and kinematic? 

2. What would happen if effluent is discharged into shallow stagnant ambient where 

there is not enough water column to contain the entire plume? 

3. What regimes could be identified in the shallow water discharge application and what 

are the velocity and concentration characteristics in each? 

4. What Reynolds-averaged Navier-Stokes (RANS) turbulence models are effective in the 

effluent mixing studies in deep and shallow waters? 

The significance of the current study in terms of coming up with the study objective was 

a thorough literature review on the past numerical studies performed on the effluent 

discharges. This helped with identifying the correct gaps and scoping the research properly.  
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1.3 Novelty and Contributions of the Study 

Several novel elements are proposed and investigated in the current study, as outlined 

below. 

Comprehensive review of CFD studies in the effluent discharge modelling: since early 1990s 

numerical modelling of effluent discharges initiated, and it has continued since then. 

However, there was no systematic review of the past studies available up to date. The current 

study based the main research outlines and objectives on a critical review of past studies in 

the field. This would also be a benchmark for the other researchers in the field to better align 

their future work and identify the gaps better. 

Modelling of less studied discharge angles: most of the past CFD studies have focused on the 

common discharge angles of 30°, 45°, 60° and 90°. However, there are cases (Papakonstantis 

et al., 2011a and 2011b) where discharge angles between 60° and 90° could be designed for 

effluent discharges. There are limited experimental data available on these angles and there 

is no detailed CFD study completed for such jets. This study investigated the discharge 

characteristics of such jets in details. Since these are fully submerged discharges, the 

turbulence model (i.e. LRR model here) recommended by others (e.g. Gildeh et al., 2015 and 

2016) were used to close the Navier-Stokes equations. 

Modelling of effluent discharge in shallow waters with surface impingement: to the best 

knowledge of the research team, there is no prior published research on the effluent discharge 

modelling in the shallow water where jet outer boundary or centerline impacts the water 

surface. It is noteworthy that these jets are plausible in practice and understanding of velocity 

and concentration evolution at the surface attachment area is very critical, especially for 

design purposes. 

Application of new turbulence models: RANS turbulence models were proven to be good 

models in studying the effluent discharge mixing for various discharge and receiving water 

conditions (e.g. Gildeh et al., 2015; Yan and Mohammadian, 2017). This study used the best 

performed RANS turbulence models from past studies and applied two new turbulence 

models: v2f model, which is a four-equation turbulence model with capabilities to model 

anisotropic behaviors and SSG model with is a Reynolds stress model (RSM). As past studies 

showed, the choice of turbulence model is quite important in predicting the jet trajectory and 



 

7 
 

kinematic properties and thus examining new turbulence models will add to the knowledge 

of choosing a better model for this application (i.e. effluent discharge). 

1.4 Thesis Outline 

This thesis is organized as a sequence of technical papers, and as such is divided into six 

chapters. Following Chapter 1 (current chapter), a detailed literature review is presented in 

Chapter 2. Chapter 2 intends to provide a critical review on the past CFD (and not 

experimental) studies in effluent discharge problems as the focus of this thesis is numerical 

modelling of such jets and not an experimental study. The thorough literature review 

identified several gags that a few of them were the bases for the next steps of research. This 

chapter was published in the Journal of Water. 

Effluent discharge in deep waters with inclinations of 60°, 75°, 80° and 85° were modelled 

in OpenFOAM using LRR turbulence model and are presented in Chapter 3. The higher 

inclinations are more suitable for deep water outfalls where terminal rise height of the jet does 

not attach to the ambient water surface. Such jets, especially 60° jets, are used frequently to 

discharge industrial effluents. Two different densimetric Froude numbers were simulated for 

each discharge angle and important geometrical characteristics of the jet trajectory are 

investigated, i.e., the initial terminal rise height reached by the jet at flow initiation, the final 

terminal rise height at the steady state, and the point where the jet returns to the nozzle height. 

This chapter was published as a book chapter in the Water Engineering Modelling and Mathematic 

Tools (Elsevier). 

Effluent discharge in shallow waters with surface attachment for the jet with inclinations 

of 30° and 45° were modelled in OpenFOAM using various turbulence models and are 

presented in Chapter 4. Five RANS turbulence models were examined in this study: realizable 

k-ε and k-ω SST models (known as two-equation turbulence models), v2f (four equations to 

model anisotropic behavior) and LRR and SSG turbulence models (known as Reynolds stress 

models - six equations to model anisotropic behavior). Three mixing regimes introduced in 

Jiang et al. (2014) were reproduced numerically for both discharge angles applying various 

turbulence models: full submergence, plume contact and centerline impingement regimes (i.e. 

FSR, PCR and CIR). Key geometrical and dilution properties of these jets at surface contact 

(Xs, Ss) and return point (Xr, Sr) were extracted numerically and compared to those available 
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from experiments. This chapter was published in the Journal of Environmental Fluid Mechanics 

(Springer). 

Vertical dense effluent discharges are popular in the design of outfall systems. Vertical 

jets provide the opportunity to be efficient for a range of ambient currents, where the jet will 

be pushed away not to fall on itself. Chapter 5 focuses on the worst case scenario in terms of 

mixing and dilution of such jets: vertical dense effluent discharges with no ambient current 

and in shallow water where jet impacts the surface. This scenario provides a conservative 

design criteria for such outfall systems. The numerical modelling of such jets has not been 

studied before and this chapter provides novel, though preliminary, insights in simulations 

of vertical dense effluent discharges in shallow waters. Turbulent vertical discharges with 

Froude numbers ranging from 9 to 24 were simulated using a volume of fluid (VOF) model 

in OpenFOAM. A Reynolds stress model (RSM), based on the results from Chapter 4 was 

applied to characterize the geometrical (i.e., maximum discharge rise Zm and lateral spread 

Rsp) and dilution μmin properties of such jets. Three flow regimes were reproduced numerically, 

based on the experimental data: deep, intermediate and impinging flow regimes. This chapter 

has been submitted to the Canadian Journal of Civil Engineering (CJCE) and is currently under review. 

Lastly, Chapter 6 presents the concluding remarks from different chapters and 

recommendations for further studies. 

1.5 List of Publications (form the PhD study) 

1. Kheirkhah Gildeh, H., Mohammadian, A., Nistor, I. (2021). “Vertical Dense Effluent 

Discharge Modelling in Shallow Waters”, Submitted to the Water and Environment Journal. 

2. Kheirkhah Gildeh, H., Mohammadian, A., Nistor, I. (2021). “Inclined Dense Effluent 

Discharge Modelling in Shallow Waters”, Environ. Fluid Mech. 21, 955–98, 

https://doi.org/10.1007/s10652-021-09805-6. 

3. Kheirkhah Gildeh, H., Mohammadian, A., Nistor, I. (2021). “Mixing of Inclined Dense Jets: A 

Numerical Modelling”, Water Engineering Modelling and Mathematic Tools, Elsevier, 

https://doi.org/10.1016/B978-0-12-820644-7.00023-2. 

4. Mohammadian, A., Kheirkhah Gildeh, H., Nistor, I. (2020). “CFD Modeling of Effluent 

Discharges: A Review of Past Numerical Studies”, Water, 12,856, 

https://doi.org/10.3390/w12030856. 
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2 CFD Modeling of Effluent Discharges: A Review of Past 

Numerical Studies1 

Abstract: Effluent discharge mixing and dispersion have been studied for many decades. 

Studies began with experimental investigations of geometrical and concentration 

characteristics of the jets in the near-field zone. More robust experiments were performed 

using Laser-Induced Fluorescence (LIF) and Particle Image Velocimetry (PIV) systems 

starting in the 20th century, which led to more accurate measurement and analysis of jet 

behavior. The advancement of computing systems over the past two decades has led to the 

development of various numerical methods, which have been implemented in 

Computational Fluid Dynamics (CFD) codes to predict fluid motion and characteristics. 

Numerical modeling of mixing and dispersion is increasingly preferred over laboratory 

experiments of effluent discharges in both academia and industry. More computational 

resources and efficient numerical schemes have helped increase the popularity of using CFD 

models in jet and plume modeling. Numerous models have been developed over time, each 

with different capabilities to facilitate the investigation of all aspects of effluent discharges. 

Among these, Reynolds-averaged Navier-Stokes (RANS) and Large Eddy Simulations (LES) 

are at present the most popular CFD models employing effluent discharge modeling. This 

paper reviews state-of-the-art numerical modeling studies for different types and 

configurations of discharges, including positively and negatively buoyant discharges, which 

have mostly been completed over the past two decades. The numerical results of these 

studies are summarized and critically discussed in this review. Various aspects related to the 

impact of turbulence models, such as k-ε and Launder-Reece-Rodi (LRR) models, are 

reviewed herein. RANS and LES models are reviewed, and implications for the simulation 

of jet and plume mixing are discussed to develop a reference for future researchers 

performing numerical investigations on jet mixing and dispersion. 

Keywords: effluent discharge; CFD; numerical modeling; mixing; OpenFOAM; dilution; 

review; inclined dense jet  

-------------------------------------------- 
1 This chapter of the study has been published as: Mohammadian, A., Kheirkhah Gildeh, H., Nistor, I. (2020). “CFD Modeling 

of Effluent Discharges: A Review of Past Numerical Studies”, Water, 12,856, https://doi.org/10.3390/w12030856. 

https://doi.org/10.3390/w12030856
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2.1 Introduction 

Increasing population and industrial growth have meant a global increase in effluent 

discharge in water bodies. Industries located near shore that discharge significant volumes of 

thermal and saline effluent include desalination plants, mining operations, water treatment 

plants, and nuclear power plants.  

The direct discharge of wastewater into lakes, rivers, and seas can increase turbidity and 

change the ambient temperature [1]. Salinity is also a major public and scientific concern [2]. 

Coastal waters receive concentrated salt brine as discharge from seawater desalination plants 

(Figure 2.1), chemical waste from biofouling (e.g., chlorine), and fertilizers. The water bodies 

that receive the industrial discharge are often very sensitive environments [3,4], and the 

design of the discharge facility to disperse effluent and reduce the concentration of effluents 

may help protect the receiving water body. 

 
Figure 2.1. Surface discharge of the Al-Ghubrah desalination plant, the largest such facility in Oman 

(Source: H.H. Al-Barwani). 

 

Ref. [5] noted that certain coastal ecological zones are particularly vulnerable to effluent 

discharges, including salt marshes, mangrove forests, coral reefs, and other low-energy 

intertidal areas. The Persian Gulf and the Red Sea are particularly sensitive to effluent due to 

their low hydro-dynamism. 

Local fisheries, tourism industries, and other economic consequences are affected by the 

health of coastal environments. The mixing and dispersion qualities of jets were first noted in 

the 1950s. Length-scale and integral models were among the first numerical studies on jet and 
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effluent mixing; however, these models are only briefly described here, as the focus of this 

paper is to review CFD studies on jet mixing.  

Length-scale models use relationships calibrated based on experimental data to forecast 

the steady-state behavior of the effluent discharge. These models use non-dimensional 

numbers to categorize discharge regimes (see Section 2.1 for details) and are fast to process. 

However, they are sensitive to user error and Monte Carlo testing, and thus an experienced 

user may be required to interpret the data when the result is near the boundary of two 

regimes, as small changes induce large differences in these models [6]. As well, these models 

are often inaccurate when used on different parameters than those for which they were 

validated [7]. NRFIELD [8–10] and CORMIX [11] are two commonly used length-scale 

models. 

Jet integral models, according to [6], solve mass and momentum conservation equations 

based on the assumptions that the velocity profiles of jets have no radial variation, and that 

the jet profile is axisymmetric and Gaussian. In the 1950s and 1960s, first-order jet integral 

models were proposed by [12,13] based on the jet entrainment closure approach and by [14,15] 

based on the jet diffusion approach. Refs. [16–18] developed second-order jet integral models. 

Visual Plumes [19] and CORMIX (CorJet, based on the integral model [18]) are two popular 

mixing tools based on jet integral models. 

According to [6], the integral models are less reliable when there is any of the following: 

(i) the discharge’s initial momentum and buoyancy acting in opposite directions, resulting in 

instabilities on the edge, as observed in the inner half (lower half) of inclined dense jets [20,21]; 

(ii) noticeable interaction between the mean flow and the jet, (iii) an unsteady mean ambient 

flow; (iv) a great effect due to horizontal or lateral boundaries [18]; (v) an unstable near-field 

area, with a re-entrainment of concentrated effluent into jet [11]; or, (vi) a large re-entrainment 

of concentrated effluent from mid- and far-fields into the near-field jet due to tidal cycles [22]. 

Jet flow modeling by the CFD tools is not perfect, but it is an improvement over the 

parameter-based jet integral and length scale models. Issues that remain with CFD tools 

include the following: (i) accuracy, (ii) stability, (iii) computational time, (iv) complicated 

codes that require expert knowledge to use them efficiently and accurately, and (v) 

simulations that need calibrating and validating. 
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Turbulent length-scale models are often resolved with a turbulence model to 

parameterize unresolved mixing and dispersion scales. One should apply turbulence models 

with caution, as they sometimes provide stable but unrealistic solutions, such as when they 

are applied to physical scenarios for which they have not been validated.  

When using a CFD model, it can be a challenge to create and resolve the mesh and to 

define appropriate boundary conditions (e.g., intensity and the turbulence dissipation rate). 

A high mesh resolution is often needed for a stable solution, even when the turbulence model 

is a good match. This means that CFD modeling is numerically expensive. Even with current 

computing systems, accurate CFD models for near-field dispersion and mixing might need 

simulation times of several days or weeks. This is much more expensive compared to the 

parametric-based models that can produce results on the order of minutes and seconds [6]. 

There is a balance between model stability, numerical diffusion, mass and momentum 

conservation, boundedness, and computational cost. These choices can significantly influence 

the estimation of modeled concentration.  

However, once built, calibrated, and validated, CFD models can produce high-resolution 

three-dimensional images of jet mixing and dynamics. CFD models are free from some of the 

assumptions that restrict integral models. Since CFD models do not require the assumption of 

a steady-state condition or self-similarity in the jet profile, they can include a variety of 

external effects such as the presence of surface waves and encompass a wide range of 

boundary conditions to allow users to directly simulate the boundary interaction.  

CFD modeling of jet discharges has been approached in a variety of ways, including both 

hydrostatic and non-hydrostatic approaches to the Reynolds-averaged Navier-Stokes (RANS) 

and the Large Eddy Simulations (LES) models. Both models have functioned well over the 

past decade to simulate effluent discharges [23–27]. RANS models are based on a time-

averaging method and result in a time-averaged mean velocity field, which is averaged over 

a longer time period than the time constant of the velocity fluctuations and results in a 

constant mean velocity without nuance for time-dependent variations. LES is based on 

filtering instead of averaging. A filter size is identified, and flow scales equal to or larger than 

this size are calculated exactly, and scales smaller than the filter size will be modeled. The 

smaller the filter size, the more concise the calculated time variation resolution of the velocity 

vectors. RANS models are more numerically efficient than LES models, while providing 
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enough detail for engineering applications. Thus, they have become the most prevalent CFD 

models used for the design of outfall systems.  

The Direct Numerical Simulation (DNS) method is less applicable to engineering 

problems, functioning more as a research tool. It is CPU-intensive, as it attempts to resolve 

Navier-Stokes equations with no approximation of the turbulence and requires a very fine 

numerical resolution to capture all the turbulence details. It basically resolves entire 

turbulence scales temporally and spatially. Mesh systems should be very fine to resolve all 

the spatial scales [28].  

The hydrostatic pressure assumption in CFD models has been widely used to model 

shallow water systems in which the horizontal length scale of the problem is much larger than 

the vertical length scale. Ref. [29] stated that brine discharges from a desalination plant in the 

near field is a case in which the non-hydrostatic pressure approach should be adopted as the 

eddy viscosity and the acceleration terms in the momentum equation are comparable to that 

of the gravitational acceleration term for the vertical velocity component. 

Table 2.1 (after [7]) summarizes the existing modeling packages (commonly used in the 

industry) for the simulation of jet and plume mixing.



 

15 
 

Table 2.1. Existing modeling packages for simulation of jet and plume mixing. 

Models 

Mathematical 

Approaches for 

Jet/Plume Mixing 

Availability Major Functionalities and Capabilities 

CORMIX [11] 

Empirical solutions; 

Eulerian jet integral 

method 

Commercial 

model 

Prediction of jet and (or) plume 

geometry and dilution in the near field; 

single or multiple jets 

VISJET 
Lagrangian jet integral 

method 

Commercial 

model 

Visual 

PLUMES 

Empirical solutions; 

Eulerian and 

Lagrangian jet integral 

methods 

Free package 

NRFIELD Empirical solutions Free package 

Prediction of jet and (or) plume 

geometry and dilution in the near field of 

multiport diffusers 

Sophisticated Multidisciplinary Models 

OpenFOAM FVM; RWPT method Free package 

Predictions of ocean hydrodynamics; 

pollutant fate and transport in the near 

and far fields; water quality; sediment 

processes 

MIKE21/3 FVM; RWPT method 
Commercial 

package 

Delft3D FDM; RWPT method Free package 

ANSYS CFX FVM; RWPT method 
Commercial 

package 

ANSYS Fluent FVM; RWPT method 
Commercial 

package 

FLOW-3D FDM; RWPT method 
Commercial 

package 

TELEMAC-

2D/3D 
FEM; RWPT method Free package 

EFDC–Hydro FDM; RWPT method Free package 

Predictions of ocean hydrodynamics; 

Pollutant dispersion in the far field; 

Near-field processes using the embedded 

jet model JETLAG; Suspended sediment 

transport 

HydroQual–

ECOMSED 
FDM; RWPT method Free package 

Predictions of ocean hydrodynamics; 

Pollutant fate and transport in the far 

field; Sediment processes 

Notes: FVM: Finite Volume Method, FDM: Finite Difference Method, RWPT: Random Walk 

Particle Tracking. 

The objectives of this review paper are to (i) provide an overview of the theoretical 

advancements on jet mixing modeling, (ii) review the current state-of-the-art research on CFD 

modeling of jets and plumes, (iii) investigate the most common turbulence models used in the 

jet mixing modeling, and (iv) indicate areas of research needs. These objectives are 

accomplished by completing a thorough literature review, discussing research gaps, and 

outlining the methodological solutions to address current and future research needs. 
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This paper is organized in the following order: Section 2 presents the numerical details of 

jet studies, including dimensional analysis, that govern numerical equations. Section 3 

reviews numerical studies on inclined dense jets. Numerical studies of vertical jets, horizontal 

jets, and surface discharges are reviewed in Sections 4, 5, and 6, respectively. The discharge 

port configuration is discussed in Section 7. Finally, the conclusions complete the study. 

2.2 Jet Studies: Details of Numerical Analysis  

Most CFD codes for numerical jet studies employ the following theories.  

2.2.1 Dimensional Analysis 

This section introduces the dimensional analysis and fluid governing equations used in 

the numerical analysis of effluent discharges.  

Figure 2.2 shows a sketch of an inclined dense jet with negative buoyancy in stagnant 

ambient water. The effluent discharges with an initial jet velocity U0, jet density 𝜌0, jet nozzle 

diameter D, angle ϴ to the horizontal, and ambient water density 𝜌𝑎 (with 𝜌0 > 𝜌𝑎). As it is 

discharged, the jet reaches a maximum or terminal rise height, yt, and then falls due to the 

negative buoyancy, mixing with the ambient water. The jet lands on the seabed and then it 

spreads horizontally as a density current. 

 
Figure 2.2. A schematic view of an inclined dense jet with negative buoyancy in stagnant ambient 

water. 

 

The dispersion of concentration relies on both ambient and jet characteristics, including 

U0, D, and ϴ, described above, plus the initial density difference ∆𝜌0 = 𝜌0 − 𝜌𝑎, the jet discharge 

concentration, C0, the turbulence intensity of the jet, ITJ, and the ambient water depth Ha. The 

jet densimetric Froude number (Frd) is a key parameter for dense jet analysis. Frd is the ratio 
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of inertia to buoyancy, and it is calculated with the reduced gravitational acceleration (𝑔0
′ ) as 

follows: 

𝐹𝑟𝑑 =
𝑈0

√𝑔0
′ 𝐷

 (2.1) 

𝑔0
′ = (

𝛥𝜌0

𝜌𝑎
) 𝑔 (2.2) 

Inclined negatively buoyant jets are described in the equations that follow, using the 

buoyancy flux (B0), the jet discharge volume flux (Q0), and the kinematic momentum flux (M0): 

𝑄0 = 𝑈0𝜋
𝐷2

4
 (2.3) 

𝐵0 = 𝑄0𝑔0
′  (2.4) 

𝑀0 = 𝑈0
2𝜋

𝐷2

4
. (2.5) 

A characteristic length, such as the maximum terminal rise height (yt), for a jet may be 

written with the momentum and source length scales (LM and LQ), using dimensional analysis 

as follows: 

𝑦𝑡

𝐿𝑀
= 𝑓 (

𝐿𝑀

𝐿𝑄
, 𝜃) (2.6) 

The return point dilution, Sr, and centerline peak dilution, Sm, can be expressed as: 

𝑆𝑟 𝑜𝑟 𝑆𝑚

𝐹𝑟𝑑
= 𝑓(𝐹𝑟𝑑 , 𝜃) 

(2.7) 

 

2.2.2 CFD Governing Equations 

The time-averaged Navier-Stokes equations, as follows, govern the CFD mechanisms. 

The continuity equation governs the conservation of mass: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 (2.8) 

Momentum is also conserved, as shown in the following equations: 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑧
)) (2.9) 
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𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧

= −
1

𝜌

𝜕𝑃

𝜕𝑦
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑧
))

− 𝑔
𝜌 − 𝜌0

𝜌
 

(2.10) 

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌

𝜕𝑃

𝜕𝑧
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑧
)) (2.11) 

where t is time; u, v, and w are the mean velocity components in the x, y, and z directions, 

respectively; υeff is effective kinematic viscosity (υeff = υt + υ); υt is turbulent kinematic viscosity; 

P is fluid pressure; g is gravitational acceleration; 𝜌 is fluid density; and 𝜌0 is the reference 

fluid density. 

Dividing by density (𝜌) and adding the term of buoyancy to the vertical momentum 

equation accounts for variable density effects. Then, the seawater equation of the state is used 

to calculate the density for both the jet and the ambient water [30]. 

The advection-diffusion equations are used to model the concentration and temperature 

changes over time. 

𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
+ 𝑤

𝜕𝐶

𝜕𝑧
= 𝑑 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
+

𝜕2𝐶

𝜕𝑧2 ) (2.12) 

𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕x
+ v

∂T

∂y
+ w

∂T

∂z
= 𝑘eff (

∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2) (2.13) 

𝑘𝑒𝑓𝑓 =
𝜐𝑡

𝑃𝑟𝑡
+

𝜐

𝑃𝑟
 (2.14) 

where T is the fluid temperature, C is the fluid concentration (salinity), d is the diffusion 

coefficient, keff is the heat transfer coefficient, Pr is the Prandtl number, and Prt is the turbulent 

Prandtl number. 

2.3 Discharge through Inclined Dense Jets 

An inclined jet is discharged at an angle of 0˚ to 90˚ from the horizontal and may be 

positively or negatively buoyant. Most of the inclined jets used in engineering applications 

are negatively buoyant jets, which are also known as inclined dense jets. Most high-density 

discharge outfalls are designed as inclined jets due to their proven near-field dilution rate and 

efficiency.  
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Many new Computational Fluid Dynamics (CFD) techniques were developed in the 

1970s, but detailed and reliable experimental data were difficult to come by. In the 1990s, 

Particle Image Velocimetry (PIV) and Laser-Induced Fluorescence (LIF) experimental 

techniques provided more reliable data, and these studies became benchmarks for CFD model 

validation. [31] and others performed some numerical studies on jet mixing in the 1990s, but 

[32] were the first to fully apply CFD tools to estimate the effluent discharge jet flow behavior. 

Vafeiadou simulated dense effluent discharges at 45˚, 60˚, 70˚, 80˚, and 90˚ inclinations, by 

using the ANSYS CFX with a mesh of 400,000 elements and adopting the k-ω Shear Stress 

Transport (SST) turbulence model. Comparing Vafeiadou’s results with experimental data by 

[33,34], it appeared that their numerical results agreed, supporting the further use of such 

numerical models to estimate the characteristics of dense effluent discharges. Vafeiadou’s 

study pioneered the use of CFD for the mixing of effluent discharges into water bodies.  

Ref. [35] also used ANSYS CFX and applied the standard k-ε turbulence model for the 

RANS equations closure. Experimental data of dense effluent discharges were simulated by 

the k-ε turbulence model using both a standard and adjusted turbulent Schmidt number of Sct 

= 0.9. Both of these simulations with the k-ε turbulence model were more accurate than the 

integral models and the analytical solutions. In the experimental studies, the buoyancy-

induced instabilities were observed on the lower (inner) half of the jet. However, in the study 

of [35], the k-ε simulations (both the standard and the calibrated) underpredicted the spread 

of the jet and the integrated centerline dilution at the top rise of the jet, because they 

overestimated the influence of the stabilizing density gradients. This study only achieved 

qualitative comparisons and did not arrive at any conclusions about which model performed 

the best.  

Ref. [24] used OpenFOAM to explore the numerical modeling of 30˚ and 45˚ inclined 

dense jets in calm ambient water conditions. OpenFOAM has a solid structure of various 

solvers, including a wide range of turbulence models that could be used to the jet mixing and 

dispersion analysis. This study focused on how the choice of the turbulence model can affect 

the jet trajectory and predicted dilution and the importance of turbulence closure in the 

Navier-Stokes equations. They applied five RANS turbulence models to investigate the 

accuracy of the CFD predictions: the Launder-Reece-Rodi (LRR) Reynolds stress model, the 

Launder-Gibson Reynolds stress model, the RNG k-ε linear eddy viscosity model, the 
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realizable k-ε linear eddy viscosity model, and a non-linear k-ε eddy viscosity model. A 

summary of these turbulence models is discussed in [36]. 

Ref. [24] discretized the temporal term with a first-order implicit Euler scheme. The 

standard finite volume method with a Gaussian integration was used to discretize the 

advection-diffusion terms. The preconditional conjugate gradient (PCG) scheme was used to 

solve the pressure field, and the preconditioned biconjugate gradient (PBiCG) scheme was 

used for the other fields: U, T, C, k, ε and ω. This study focused on analyzing the inclined 

dense discharge, including the jet trajectories, jet terminal rise height, jet centerline peak, jet 

centerline, and jet horizontal return point (i.e., impact point). The modeled values for velocity 

and concentration profiles were compared to experimental data. The effects of the increased 

jet velocities of the high Froude numbers observed in field applications were investigated with 

a sensitivity analysis. Ref. [24] found that of the turbulence models tested in their study, the 

realizable k-ε and LRR models were more accurate than the other three tested. Tables 2.2 and 

2.3 (after [24]) summarize the results for these two models (only presented 30° jets for the sake 

of brevity). 

The geometry, concentration, and velocity fields in the near field of effluent discharges 

can be characterized when the jet flow pattern is understood. Figure 2.3 presents the 

normalized concentration maps (C/C0, where C is the computed concentration and C0 is the 

discharge concentration) and the dilution isolines for inclinations of 30˚ and 45˚; realizable k-

ε and LRR turbulence models were used for each case.  

Effluent discharge trajectory is an important factor in the design of ocean outfall systems. 

Discharge trajectory would basically identify the flow path that a jet would travel through 

until it impacts the bed. A dilution equation (Equation (2.15); Ca is ambient concentration) was 

used to calculate the dilution values for plotting in Figure 2.3. The discharge trajectory and 

flow growth are also illustrated in Figure 2.3 as the jets travel downstream with clear 

differences between the two turbulence models. LRR is an anisotropic turbulence model and 

performs more reliably for calculating the shear forces on jet edges and providing more 

realistic predictions. Tables 2.2 and 2.3 summarize the discharge trajectory and flow growth 

compared to other turbulence models. 

S = (C0 − Ca)/(C − Ca) (2.15) 
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Table 2.2. Comparison of numerical and experimental coefficients for the 30° inclined jets (Source: [24]). LIF: Laser-Induced Fluorescence, LRR: 

Launder-Reece-Rodi. 

Parameter 
Proportionality 

Coefficient 

[24] [21] [20] 

[37] [38] [39] Realizable 

k-ε 
LRR 

0.10 ≤ y0/Lm ≤ 

0.15 

y0/Lm > 

0.15 

LA 

data 

LIF 

data 
Theory 

Terminal rise height 
𝑌𝑡

𝐿𝑀
 1.13 1.13 1.13 ‒ 1.14 1.34 1.08 1.49 1.15 1.22 

Horizontal location of 

return point 

𝑋𝑟

𝐿𝑀
 3.40 3.34 3.06 3.19 3.34 3.66 3.14 3.51 3.22 3.70 

Return point dilution 
𝑆𝑟

𝐹𝑟
 1.27 1.31 1.18 1.45 ‒ ‒ ‒ 1.90 ‒ ‒ 

Vertical location of 

centerline peak 

𝑌𝑚

𝐿𝑀
 0.71 0.69 0.70 ‒ 0.59 0.70 0.66 ‒ 0.84 ‒ 

Horizontal location of 

centerline peak 

𝑋𝑚

𝐿𝑀
 2.05 1.97 1.81 1.64 1.86 1.97 1.81 ‒ 2.07 ‒ 

Centerline peak dilution 
𝑆𝑚

𝐹𝑟
 0.65 0.63 0.62 0.66 ‒ ‒ ‒ ‒ ‒ 0.36 
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Table 2.3. Evaluation of performance of two turbulence models (realizable k-ε and LRR models) 

for 30° inclined jet (Source: [24]). 

Parameter 
Proportionality 

Coefficient 

[24] 
Average of 

Experiments 

Absolute 

Difference (%) 

Realizable 

k-ε 
LRR 

Realizable 

k-ε 
LRR 

Terminal rise 

height 

𝑌𝑡

𝐿𝑀
 1.13 1.13 1.22 8.09 8.09 

Horizontal location 

of return point 

𝑋𝑟

𝐿𝑀
 3.40 3.34 3.37 1.04 0.75 

Return point 

dilution 

𝑆𝑟

𝐹𝑟
 1.27 1.31 1.51 18.90 15.27 

Vertical location of 

centerline peak 

𝑌𝑚

𝐿𝑀
 0.71 0.69 0.70 1.91 0.97 

Horizontal location 

of centerline peak 

𝑋𝑚

𝐿𝑀
 2.05 1.97 1.86 10.22 5.91 

Centerline peak 

dilution 

𝑆𝑚

𝐹𝑟
 0.65 0.63 0.55 18.90 15.24 
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Figure 2.3. Mixing regimes for 30° and 45° inclined dense jets. (a) 30°, realizable k-ε; (b) 30°, LRR; (c) 45°, 

realizable k-ε; (d) 45°, LRR (Source: [25]). 

 

The jet centerline often follows the maximum cross-sectional velocity or concentration along 

the flow path perpendicular to the discharge trajectory. The best way to extract the centerline is 

to start at the nozzle and create a velocity vector map. Ref. [40] noted that the maximum 

concentration and velocity profiles almost coincide, but the maximum concentration profile 

usually decreases more quickly than the velocity. The momentum and the buoyancy-induced 

instabilities also affect the trajectories of the inclined dense discharges. While the discharge rises 

close to the nozzle, negative buoyancy forces affect the upward momentum and decrease it until 

they dominate the concentration transport (somewhere after the discharge rise peak) and the 

maximum concentration profile sinks down toward the bed faster than the velocity maximum 

profile. The centerline results in [24] were extracted following the maximum cross-sectional 

velocity similar to [40].  

Ref. [25] used the buoyancy modified standard k-ε model and the two best performing 

models in [24] (realizable k-ε and LRR) for inclined dense jets. They modified the standard k-ε 

turbulence scheme to include the standard Boussinesq gradient diffusion hypothesis (SGDH) and 

the general gradient diffusion hypothesis (GGDH). The governing equations for the k-ε 

turbulence model that includes the buoyancy term are as follows: 
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𝜕𝑘

𝜕𝑡
+ 𝑢𝑖 (

𝜕𝑘

𝜕𝑥𝑖
) =

𝜕

𝜕𝑥𝑖
(

𝜈𝑡

𝜎𝑘

𝜕𝑘

𝜕𝑥𝑖
) + 𝑃 + 𝐺 − 𝜀 (2.16) 

𝜕𝜀

𝜕𝑡
+ 𝑢𝑖 (

𝜕𝜀

𝜕𝑥𝑖
) =

𝜕

𝜕𝑥𝑖
(

𝜈𝑡

𝜎𝜀

𝜕𝜀

𝜕𝑥𝑖
) + 𝐶1𝜀

𝜀

𝑘
(1 − 𝐶3𝜀)(𝑃 + 𝐺) + 𝐶2𝜀

𝜀2

𝑘
 (2.17) 

where the shear production term P and the buoyancy production term G in the k-ε turbulence 

model in Equation (16) are calculated as follows: 

𝑃 = 𝜈𝑡 (
𝜕𝑢𝑖

𝜕𝑥𝑖
+

𝜕𝑢𝑗

𝜕𝑥𝑖
)

𝜕𝑢𝑖

𝜕𝑥𝑗
 (2.18) 

𝐺 =
𝜌′𝑢𝑖

′

𝜌̄2
(

𝜕𝑃

𝜕𝑥𝑖
+ 𝜌𝑔𝑖) (2.19) 

The way the term 𝜌′𝑢𝑖
′̅̅ ̅̅ ̅̅  in Equation (19) is solved defines the SGDH and GGDH methods. The 

corresponding equations for SGDH and GGDH are as follows, respectively.  

𝜌′𝑢𝑖
′ =

−𝜐𝑡

𝑃𝑟𝑡

𝜕𝜌̄

𝜕𝑥𝑗
 (2.20) 

𝜌′𝑢𝑖
′ =

−3

2

𝐶𝜇

𝑃𝑟𝑡

𝑘

𝜀
(𝑢𝑖

′𝑢𝑗
′

𝜕𝜌̄

𝜕𝑥𝑖
) =

−3

2

𝜈𝑡

𝑃𝑟𝑡 𝜌2 𝑘
(𝑢𝑖

′𝑢𝑗
′

𝜕𝜌̄

𝜕𝑥𝑖
) (2.21) 

The modified SGDH and GGDH k-ε turbulence models were used in OpenFOAM to explore 

the influence of the buoyancy term, using turbulence coefficients Cμ = 0.09, C1ε = 1.44, C2ε = 1.92, 

and a calibrated coefficient, C3ε for sensitivity tests with C3ε = 0.9, 0.6, and 0.4.  

Figure 2.4 shows numerical and experimental results for a 45° inclined dense jet on the central 

plane. The standard k-ε results are relatively close to the data by experiments, both with and 

without modifications (Figure 4a). Adding the buoyancy term to the turbulence model causes the 

jet to spread more along the inner (lower) half of jet, where stronger buoyancy-induced forces 

would be experienced. When the buoyancy effects are set to be stronger (i.e., with a smaller C3ε), 

the discharge growth rate is larger, and the numerical results align more closely to the data by 

experiments (not presented in this paper). The SGDH and GGDH methods showed similar results 

when the computed and experimental discharge trajectories were compared. This could be 

attributed to the small difference in density between the discharge and the receiving water 

(smaller than 1%). The buoyancy effect on the effluent discharge mixing characteristics should be 
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investigated further, especially for larger density differences between the discharge and ambient 

water (larger than 1% in this study) as well as C3ε calibration for mixing applications. 

 
Figure 2.4. Overall discharge trajectory for 45° inclined dense jets (Source: [25]). (a) Centerline comparison 

(modeled vs. experiments); (b) standard k-ε; (c) modified k-ε with SGDH, C3ε = 0.9; (d) modified k-ε with 

GGDH, C3ε = 0.9; (e) modified k-ε with standard Boussinesq gradient diffusion hypothesis (SGDH), C3ε = 

0.6; (f) modified k-ε with general gradient diffusion hypothesis (GGDH), C3ε = 0.6; (g) modified k-ε with 

SGDH, C3ε = 0.4; (h) modified k-ε with GGDH, C3ε = 0.4. 

 

Ref. [25] further studied the concentration and velocity effects on the dispersion properties 

and the discharge growth rate for the 30° and 45° inclinations (Figure 2.5). The figure presents the 

normalized cross-sectional concentrations for the 30° and 45° discharges using the realizable k-ε 

and LRR turbulence models. The realizable k-ε model predicts a narrower jet width than the LRR 

model does. The jets predicted by Linear Eddy Viscosity Models (LEVMs) are usually thinner 

than the ones predicted using the Reynolds Stress Models (RSMs), due to the assumption of 

isotropic turbulence in the LEVMs. The improved behavior of the LRR model could be due to 

stress anisotropy. 
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LEVMs are less expensive numerical models than the RSMs. There are reasons that justify 

extra terms in the RSMs over the two-equation models such as k-ε for the mixing application. To 

begin with, Reynolds stresses are affected by the pressure strain term through both the turbulent 

fluctuations (which is related to the gradient in mean velocity) and to the turbulence–turbulence 

interaction (eddies effects in the fluctuation of pressure), which do not relate directly to the mean 

flow changes. The first process is called rapid pressure, and the second is known as slow pressure.  

This affects the energy redistribution between stress components, which is important in 

estimating the degree of the stresses’ anisotropy. Inclined dense discharges disperse according to 

the interaction of eddies. Therefore, both the rapid pressure and slow pressure terms may be 

important. It is possible that the reason the LRR model works well is that it includes both the slow 

and rapid pressure terms. 

  

  
  

Figure 2.5. Discharge growth width at various cross-sections: the contour lines represent S = C0/C = 1 

(Source: [25]). (a) 30°, realizable k-ε; (b) 30°, LRR; (c) 45°, realizable k-ε; (d) 45°, LRR. 

 

OpenFOAM was used to simulate 45° inclined discharges using the LES method and the 

Smagorinsky and Dynamic Smagorinsky sub-grid scale (SGS) by [26]. This resulted in numerical 

predictions including geometrical characteristics, the jet trajectory, jet spread, and eddy 

structures. Eddy sizes in the LES method are based on the grid spacing. In LES models, large 

eddies are simulated directly by computing the Navier-Stokes equations, but small eddies are 

simulated using, for instance, Boussinesq hypothesis assumptions. The simulations were run 



 

27 
 

with the twoLiquidMixingFoam solver in OpenFOAM. Most of the parameters in Table 2.2 were 

used to compare [26]’s study results with other experimental and numerical studies. Eddy 

structures and turbulence characteristics were computed utilizing the experimental data of [41–

43] for comparison. The coherent structure of the inclined dense discharge plays an important 

role in the development of flow in the jet and can help elucidate the mixing properties and the 

intensity of turbulence.  

LES seemed to underestimate the turbulence intensity in the area of buoyancy-induced 

instabilities (i.e., lower half of the jet), as reported by [26]. For turbulent flows, the effect of the 

small scales on the simulated resolved scales are accounted for with an SGS approach. To 

complete the closure, for the Smagorinsky model, the parameter (Cs) in the eddy viscosity, 𝜐𝑡 =

𝜌(𝐶𝑠 △)2𝑆𝑖𝑗, where Δ is the LES filter size and Sij is the strain rate tensor, needs to be specified. 

The accuracy in choosing this parameter is directly related to the kinetic energy dissipation. 

In 1991, [44] made an important addition to turbulence theory and modeling when they 

proposed a model for the dynamic determination of Cs. Rather than obtaining the minimal 

coefficient from predetermined expressions, the model analyzed large-scale turbulences during 

the numerical simulation to deduce them. This dynamic model approach was proved to be more 

applicable in the cases with complex interactions.  

Ref. [6] predicted the mixing and dispersion of inclined dense discharges in stagnant 

surroundings by developing a three-dimensional CFD model that uses the CFD tool named 

Fluidity [45]. Fluidity uses a range of control volumes and finite element discretization to solve 

the 3D Navier-Stokes equations using unstructured mesh; it is capable of including Coriolis 

effects, density variations, turbulence models, tidal forcing, and associated buoyancy forces. 

Fluidity includes an anisotropic adaptive mesh capability that controls the solution accuracy 

locally throughout the model domain. The standard k-ε and V-LES (very-large eddy simulation) 

models in the dense jet simulations were used to close the Navier-Stokes equations. Although 

they only studied the 60˚ jet for the centerline rise height, impact point, and its dilution, and 

though their study was preliminary and not detailed in terms of model validation and 

comparisons, it seems that their model underpredicted the terminal rise height, the distance from 

the nozzle to the impact point, and the minimum dilution at impact point compared to the 
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experimental data. This could be due to little water entrainment toward the jet centerline; 

therefore, the simulated jet is not as diluted as it should be. This could be attributed to the mesh 

used in their preliminary study. 

Ref. [27] built upon their previous study [26] to include the tail of the return point density 

current analysis with the LES model in OpenFOAM. The standard k-ε RANS turbulence model 

was run to compare the results to the LES model, and the 45˚ and 60˚ inclinations were selected. 

The jet spreading layer thickness was defined as the lateral distance where the concentration 

would reach 5% of the maximum concentration at the jet centerline. The 60˚ jet spreading layer 

results were compared to those from experiments by [37]. Similar to the study of [26], the eddy 

structures and concentration profiles were plotted along the jet trajectory, and the results showed 

that LES was well able to predict the return point location and the coordinates of the centerline 

peak. However, their model underestimated the dilution at the return point by approximately 

20% compared to data collected by previous experiments. This could be due to the mesh 

resolution that was adopted in this study, as they argued. Comparing to the experimental data, 

LES was able to reproduce the concentration density in the density current region, while k-ε 

results could not do that. It was observed that for both geometrical and flow/dilution 

characteristics, k-ε results were generally lower in values compared to the LES results.  

Ref. [46] built on the work of [26,27] by studying the effect of swirls at the outfall nozzles. 

Experimentally, they found that the addition of swirls at the nozzles lowered the terminal rise 

height of inclined dense discharges and increased the dilution rate at the return point. This could 

potentially affect the outfall design for coastal waters. Their numerical study is the first of its kind 

for the CFD modeling of swirls in effluent discharges. Similar to [27], two approaches were taken 

in consideration for this study: (i) LES using the dynamic Smagorinsky sub-grid approach and 

(ii) RANS using the standard k-ε turbulence model. In the case with swirls at the nozzle, RANS 

had a better performance than LES when the results were compared to the experimental data, 

which could be due to the reduction in turbulence anisotropy and more axisymmetric distribution 

of turbulence. On the other hand, in the case of no swirls at the nozzle, LES performance was 

superior, as it could account for the anisotropy in a more accurate manner. When the swirls 

number (maximum tangential velocity divided by the discharge velocity at the nozzle) was larger 
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than 0.33, it was observed that both RANS and LES models underestimated the dilution of 

discharge.  

2.3.1 Discussion on Differences in RANS and LES Models for Effluent Mixing Problems 

RANS and LES models are very popular models in the modeling of effluent discharges in 

ambient waters, as reviewed in the studies above. Navier-Stokes equations were described before 

in Equations (8) to (11). Reynolds decomposition involves splitting any instantaneous quantity in 

mean and fluctuating components by time averaging for both velocity and momentum equations. 

RANS equations resemble basic governing equations, except for the turbulent momentum and 

density fluxes, which results from the Reynolds decomposition and averaging. Six unknown 

terms of the Reynolds stress tensor and three unknown terms of the density flux term imply that 

the number of unknowns is larger than the available equations. Therefore, it leads to an 

undetermined system of equations commonly referred to as the closure problem. To resolve this 

severe shortcoming, several hypotheses and methods are prescribed. The turbulent viscosity and 

gradient-diffusion hypotheses are the most widely used concepts to deal with the closure 

problem. The turbulent viscosity hypothesis (TVH) assumes that the deviatoric Reynolds stress 

is proportional to the mean shear strain rate as [47]: 

−(𝑢𝑖
′𝑢𝑗

′̅̅ ̅̅ ̅̅ ) +
2

3
𝑘𝛿𝑖𝑗 = −𝜐𝑡 (

𝜕𝑈𝑖̅

𝜕𝑥𝑗
+

𝜕𝑈𝑗̅

𝜕𝑥𝑖
) = 2𝜐𝑡𝑆𝑖𝑗

̅̅̅̅  (2.22) 

where 𝑘 = (
1

2
) 𝑢𝑖

′2
= 0.5(𝑢′2

+ 𝑣′2
+ 𝑤′2

) is the turbulent kinetic energy and 𝜐𝑡 is the turbulent 

eddy viscosity. The gradient-diffusion hypothesis (GDH) assumes that the turbulent density 

(scalar) flux is aligned with the mean density (scalar) gradient as [47]:  

−(𝜌′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) = −𝜅𝑡 (

𝜕𝜌

𝜕𝑥𝑗
) (2.23) 

where 𝜅𝑡 is a positive scalar that is named the turbulent eddy diffusivity. These hypotheses 

resolve the closure problem by decreasing the number of unknowns, but they still require a 

correct proposition for the turbulent viscosity and diffusivity. 

Different closure schemes are introduced widely to define the turbulent viscosity (𝜐𝑡). 

Regarding how to solve for 𝜐𝑡, in terms of additional equations, these closure schemes are 
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classified as zero-equation, one-equation or two-equation models. Zero-equation or algebraic 

models do not require additional partial differential equations (PDEs) for transport equations and 

provide a prediction of the turbulent viscosity (𝜐𝑡) directly from the mean flow variables. One-

equation models involve the use of one additional transport equation (usually turbulent kinetic 

energy) and assess the turbulent viscosity (𝜐𝑡) based on the estimated turbulent quantity. Two-

equation RANS closure schemes such as the standard k-ε model make use of two more transport 

equations for turbulence quantities to define the turbulent viscosity (𝜐𝑡). However, to provide 

closure for the turbulent flux term in the density transport equation, most turbulence schemes 

make use of a turbulent Prandtl number (Prt) instead of defining the turbulent diffusivity (𝜅𝑡) 

explicitly. The turbulent Prandtl number is defined as: 

𝑃𝑟𝑡 =
𝜐𝑡

𝜅𝑡
 (2.24) 

Due to averaging, the accuracy of RANS models is always a concern in mixing problems, and 

the development of more robust numerical schemes is an ongoing effort. On the other hand, LES 

models are now getting more attention, especially with the advancement in computational 

resources. LES models would resolve the unsteady nature of large eddies and use turbulence 

models for small-scale eddies. To handle this, LES uses a filtering technique to split the velocity 

field into mean (U) and residual (u’) values. The filter size can either be determined implicitly by 

the numerical domain grid size or by introducing filter functions [48]. The LES equations for a 3D 

unsteady-state flow using Boussinesq approximation can be written as follows: 

𝜕(𝑈𝑖)

𝜕𝑡
+

𝜕(𝑈𝑖𝑈𝑗)

𝜕𝑥𝑖
= −

1

𝜌0

𝜕(𝑝)

𝜕𝑥𝑖
+ 𝜐

𝜕2(𝑈𝑖)

𝜕𝑥𝑖𝜕𝑥𝑗
− 𝑔

(𝜌)

𝜌0
𝛿𝑖3 −

𝜕𝜏𝑖𝑗
𝑆𝐺𝑆

𝜕𝑥𝑖
 (2.25) 

The filtered density transport equation is: 

𝜕(𝑝)

𝜕𝑡
+

𝜕(𝜌𝑈𝑗)

𝜕𝑥𝑖
= 𝜅𝑚

𝜕2(𝑝)

𝜕𝑥𝑖𝜕𝑥𝑗
−

𝜕𝜒𝑗
𝑆𝐺𝑆

𝜕𝑥𝑗
 (2.26) 

In Equations (25) and (26), 𝜏𝑖𝑗
𝑆𝐺𝑆 and 𝜒𝑗

𝑆𝐺𝑆 are the SGS tensor and sub-grid scale flux vector 

respectively and are defined as: 

𝜏𝑖𝑗
𝑆𝐺𝑆 = (𝑈𝑖𝑈𝑗) − (𝑈𝑖)(𝑈𝑗) (2.27) 
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𝜒𝑗
𝑆𝐺𝑆 = (𝜌𝑈𝑗) − (𝜌)(𝑈𝑗) (2.28) 

With the existence of residuals, similar to RANS models, LES suffers from the closure 

problem and requires SGS models to resolve closure. The accuracy of LES is related to the 

efficiency of SGS models used to define the SGS motions. The simplest and most well-known 

closure method is introduced by [49]. A linear turbulent viscosity (𝜐𝑡) is used to model the 

residual motions as:  

𝜏𝑖𝑗
𝑆𝐺𝑆 = −2𝜐𝑡(𝑆𝑖𝑗) (2.29) 

The computational studies on the mixing of effluent (review of previous studies in this paper) 

in the near-field region showed that, especially for LES models, the influence of small changes in 

the discharge momentum (i.e., inflow momentum) can result in large variations in the 

concentration field [50]. As seen in previous studies, for effluent mixing problems, RANS models 

perform relatively well in replicating the geometrical and flow properties of effluent discharges 

and thus need more exploration in terms of the sensitivity of these models to various input 

parameters. RANS models are very popular in mixing applications between researchers and 

professionals, as it has a low CPU demand and is still an appropriate methodology. There are 

some applications such as the mixing of toxic agents that the models should go beyond the 

estimate of mean concentration and should resolve smaller scales of the fluid motions. In these 

cases, LES models are a suitable approach, and they have been an approved method based on 

studies in the past few years. 

2.4 Vertical Jets 

Vertical discharges have traditionally been preferred over inclined jets when there are 

horizontal confinements, and they are usually more suitable for deep waters where there is 

enough height in the water column to diffuse the concentration. This section reviews the previous 

CFD studies completed on vertical jets. Unlike inclined dense discharges, this section includes 

both positively and negatively buoyant jets. Vertical jet modeling is attractive for researchers due 

to its simplicity and practicality.  

Ref. [51] modeled a confined turbulent buoyant discharge using [52]’s realizable k-ε model 

and modified it to account for turbulence due to buoyancy. They also validated the numerical 
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model with an experimental study, which included the jet temperature, axial velocities, radial 

velocity, dynamic pressure, centerline velocity, mass, and momentum fluxes. This study is 

limited because it only performs 2D modeling of the 3D experiment. Numerically, they compared 

the realizable k-ε model with other k-ε models (standard k-ε, RNG k-ε, and k-ω) for temperature 

propagation in the jet. The realizable k-ε model performed the best among all models, especially 

closer to the nozzle, and it satisfies some constraints in the Reynolds’ stresses, which make it more 

suitable for this specific physics of flow. Ref. [24] made a similar recommendation but for inclined 

dense discharges. They expressed an essential coefficient of the realizable k-ε model, Cµ, as a 

function of mean flow and turbulence properties, instead of assuming that it was a constant as in 

the standard model. This expression (i.e., realizability) satisfies certain constrains on the Reynolds 

stresses, which makes this model stronger compared to the other k-ε models for mixing problems.  

Ref. [53] also studied vertical dense discharges, with both experimental and numerical 

investigations. A single round outfall was modeled experimentally and numerically. Several 

numerical simulations were completed with the ANSYS Fluent CFD package, and the numerical 

results were compared to the experimental data. They considered a homogeneous ambient water 

with no current and reported the geometrical and concentration properties of the discharge along 

its trajectory. A wide range of conditions was covered by studying various combinations of port 

diameters and concentrations of effluent salinities. Their experimental results were compared to 

the experimental data in the literature. However, this study only compared the numerical results 

with previous semi-empirical formulas, so it lacks comparison to a good experimental dataset, 

even to their own data. The numerical model also identified a penetration depth and the existence 

of multiple peaks for the brine concentration.  

Ref. [54] investigated laterally confined vertical buoyant jets with the OpenFOAM model. 

They modified the standard k-ε turbulence model with the GGDH buoyancy approach and 

linked the Prandtl and turbulent Prandtl numbers to the Froude number. They verified the model 

using experimental results from [55] and extracted normalized concentration Gaussian profiles 

along the jet centerline, perpendicular to the trajectory. Ref. [56] calculated the free jet 

concentration and comparing this to the modeled confined jet concentration in this study shows 
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that using the same Froude number gives a higher dilution at a certain point along the jet 

centerline in confined jets. The study had the following results: 

• An assumption was made that improves the determinacy and aids in the calibration of CFD 

modeling, which is: the Prandtl number Pr and turbulent Prandtl number Ptr would be 

related to the densimetric Froude number Frd: 

Ptr = Pr = (0.032Frd + 0.89) – 1 (2.30) 

• The influence of water surface is smaller than the influence of confinement, although the 

distribution of concentration along a cross-section in a confined discharge could be impacted 

by boundaries. 

• A conclusion was made to enable engineers and researchers to quickly estimate the evolution 

of a laterally confined vertical buoyant discharge, which is that the rate of discharge 

concentration growth is almost equal to bgc/s = 0.0938, where bgc is the concentration 1/e width 

(e is the Napier’s constant) and that is where the jet concentration reaches to 1/e of the 

centerline maximum concentration.  

Ref. [57] used the OpenFOAM model to simulate the mixing properties of vertical buoyant 

jets discharged from multiport diffusers. Four turbulence models were investigated: standard k-

ε, RNG k-ε, k-ω, and SST k-ω. By comparing cross-sectional variations of mean axial velocities at 

different elevations, they observed that the RNG k-ε model performed the best of the four models. 

By varying the ratio of the port spacing over the port diameter, they demonstrated that the port 

spacing affects the dilution characteristics of the jets (i.e., the concentration decreases with 

increasing port spacing). This study found that when the merging point is located above the 

nozzle, the centerline concentration drops to approximately 20% of the initial concentration, and 

the port spacing effect becomes less important. Therefore, a logarithmic term was added to derive 

a new empirical formula, which includes the port spacing effect to describe the centerline 

dilution: 

𝐶𝑚

𝐶0
= 𝛼(

𝑦

𝑑𝑝
)𝛽 − 𝛾ln (

𝑝𝑠

𝑑𝑝
) (2.31) 

where dp is the port diameter, ps is the port spacing, and α, β, and γ are regression coefficients. 
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2.5 Horizontal Jets 

There are two categories of horizontal jets: offset jets and wall jets. Wall jets are attached to a 

solid boundary (usually at the bottom), and offset jets are elevated away from the bottom and 

experience no effects from the wall. This section covers numerical studies on both types to date. 

Ref. [58] simulated horizontal buoyant wall jets in three dimensions by applying a realizable 

k-ε model to analyze results for temperature dilution, centerline trajectory, and cling length at 

various sections, as well as jet velocity. They compared their results to those of [59,60]. A linear 

relationship was found for the cling length as a function of the densimetric Froude number: 

L/D=3.2Frd. An exponential relationship was found for the jet centerline velocity. 

The conclusions from [58] included the following. (i) Temperature dilution is related to the 

nozzle diameter D, the distance of the jet trajectory to the nozzle x, and the densimetric Froude 

number Frd. The temperature dilution in the wall jet region decays according to Equation (32). (ii) 

The central surface velocity profiles resemble that of a turbulent wall jet and generally agree with 

the classical curve of wall jets. (iii) The velocity profile shows strong similarity in the vertical 

plane beyond an x > 5D distance from the nozzle, fitting to a Gaussian shape. (iv) The centerline 

velocity decay is related to the densimetric Froude number Frd and the nozzle diameter D and fits 

Equation (33), where U0 is the velocity at the source and Um0 is the centerline maximum velocity. 

S = 0.0725x/D + 0.85 (2.32) 

U0/Um0 = 0.65x/(DFrd0.5) + 0.3 (2.33) 

Ref. [61] used the LES model to study, for the first time, the interaction between a parallel 

offset jet and a plane wall jet; the large eddies were simulated directly, and the small eddies were 

obtained with the Dynamic Kinetic energy Sub-grid-scale Model (DKSM) and the Dynamic 

Smagorinsky-Lily Model (DSLM). In predicting the turbulent intensity and the mean stream-wise 

velocity, the agreement was good between the numerical results and the experimental data, 

especially for DKSM.  

Ref. [61] also analyzed some aspects of the turbulence mechanism, such as the function of 

correlation, the velocity Probability Density Function (PDF), and the coherent structures. In some 

locations, the mean stream-wise velocity profiles were similar a certain distance after merging 
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two jets. Near the jet exit, the velocities along the centerline of the two jets were negative. The 

stream-wise velocities and turbulent intensity both became positive and rapidly increased to the 

maximum after a stagnation point, and then they gradually decreased downstream; this shows 

that the interaction of jets is dominant near the exit. Finally, tracer characteristics were used to 

demonstrate the dilution by the dual jet. The constant concentration was maintained in both the 

stream-wise and wall normal directions close to the exit because of the interaction between the 

two jets and the presence of the wall. After the two jets merge completely, the concentrations 

(C/C0) are distributed in the wall normal direction parabolically, while the maximum value 

decreases along the stream-wise direction linearly. The concentration (C/Cm) profiles were similar 

in the region with a steady C0 value.  

Horizontal wall jets (Figure 2.6) were examined by [23], using a finite-volume model (FVM) 

and several turbulence models. Their study aimed to discover whether the RANS models were 

suitable for predicting the velocity and concentration properties of wall jets. They also aimed to 

identify the best performing turbulence model. The jets were modeled with OpenFOAM, and 

those turbulence models were compared to those from the numerical studies of [58,59] (Frd = 11.61 

to 42.33). The linear (standard k-ε, RNG k-ε, realizable k-ε and SST k-ω) and Reynolds stress 

(Launder-Gibson and LRR) turbulence models were tested in their study. This was the first study 

for wall jet modeling that compared several turbulence models. 

 
Figure 2.6. Schematic view of the model by [23]. 
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As the fluid leaves the nozzle in a wall jet attached to the horizontal wall and discharging 

effluent into a water body, water entrains the jet from all directions except for the wall region. 

Therefore, there is a higher pressure exerted on the top of the jet than on the wall, and the jet stays 

on the wall up to the point where the suction pressure from above reduces, and the buoyancy 

force exceeds the pressure difference. There are four regions for wall buoyant jets: (i) Initial Jet 

Region: from the inlet to the point where the velocity profile is equal to the maximum initial 

velocity, and nearly uniform; (ii) Wall Jet Region I: from the end of the Initial Jet Region to the 

point where the jet centerline departs from the horizontal and starts rising; (iii) Wall Jet Region 

II: from the end of Wall Jet Region I to the point where the outer layer of the jet rises up off the 

floor; and (iv) Free Jet Region: starts after the Wall Jet Region. These regions are shown in Figure 

2.6.  

The cling length for thermal wall jets is the distance from the nozzle to the location where the 

floor temperature reaches (T − Ta)/(T0 − Ta) = 3% [58]. Figure 2.7 shows the numerical cling length 

results from [23] compared to the experimental data and numerical results of [58]. 

 
Figure 2.7. Cling length comparison of numerical vs. experimental results (Source: [23]). 

 

The results agreed with both the other researchers’ numerical data and the experimental data. 

For larger Froude numbers, the cling length values reported by [59] were smaller than those from 

[58], though they align well with the numerical results obtained by [23]. Table 2.4 shows the 

relationships between L/D and Frd for each turbulence model evaluated in [23].  
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Table 2.4. Cling length relationship for the various turbulence models of Gildeh et al. (2014a). 

Turbulence 

Model 

Standard 

k-ε 

RNG 

k-ε 

Realizable 

k-ε 

SST  

k-ω 

Launder-

Gibson 
LRR 

Experiment 

[62] 

Cling 

Length 

L/D = 

2.68Frd 

L/D = 

2.76Frd 

L/D = 

2.65Frd 

L/D = 

2.50Frd 

L/D = 

2.79Frd 

L/D = 

2.70Frd 
L/D = 3.2Frd 

 

All of the turbulence models estimated a smaller L/D than the experimental data. RNG k-ε 

has the closest cling length value to the experimental result, and SST k-ω has the smallest. 

Predicting jet trajectories is a key factor in the outfall design to predict the path that a jet 

travels from the exit point until it reaches the surface. This is particularly critical in locations 

where the receiving water is not deep enough to dilute the effluent completely. Figure 2.8 shows 

trajectories from several studies, including that of [23]. It seems that the trajectory results from 

the family of k-ε turbulence models are much more accurate than the SST k-ω model. 

 
Figure 2.8. Centerline trajectory. (a) Frd: approximately 12; (b) Frd: approximately 20 (Source: [23]). 

 

Ref. [23] obtained detailed results on stream-wise velocity profiles (Figure 2.9). The stream-

wise (x-y) velocity profiles of the buoyant wall jet centerline were extracted from various 

simulations. The velocity field results were obtained for different jet cross-sections along the x-

direction (various values of x/D) at the symmetry plane. In Figure 2.9, the variables are as follows: 

Um is the x-direction velocity (along y at the central plane), Um0 is the maximum of Um, with the 

ordinate of y, and ym/2 is the velocity-half-height, which is the height where Um=Um0/2. All profiles 
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for stream-wise velocity are self-similar and in good agreement with the data by [63], as plotted 

in Figure 2.9. Ref. [60]’s equation, which is suitable for 2D wall jets, is also plotted along with 

other data for comparison. Ref. [60]’s equation reads: 

𝑈𝑚

𝑈𝑚0
= 1.48(

𝑦

𝑦𝑚/2
)1/7[1 − 𝑒𝑟𝑓(0.68

𝑦

𝑦𝑚/2
)] (2.34) 

Profiles of various values of x/D showed a good similarity as seen in Figure 2.9. Buoyancy-

induced instabilities justify the larger deviations in the farther x/D locations as they mostly 

happen at higher elevations (i.e., y/ym/2 > 1) where the momentum forces dissipate, and buoyancy 

forces get stronger. The literature often reports the velocity self-similarity profiles at the central 

plane for both experimental and numerical studies, although usually without presenting results 

for the offset measurement from the centerline. 

Experimental data for offset velocity profiles were first reported by [63] for two offset 

sections, z/D = 1.818 and z/D = 3.636. The current study compared numerical results with [63] as 

well as [60]’s equation, as shown in Figure 2.10, in which ym/2 is the local length scale and Ums is 

the maximum velocity for the offset sections. As seen in the figure, the numerical results (current 

study) for z/D = 3.636 do not agree well with Verhoff's curve in the area close to the nozzle (x/D = 

5 and x/D = 10). This is primarily due to the development of the jet in the tank width (Figure 2.11). 

As z/D increases, the jet may not develop at the values along the width of the tank yet, and thus 

the scatters show less self-similarity. 
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Figure 2.9. Self-similarity of stream-wise velocity profiles for various turbulence models (Source: [23]). 
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Figure 2.10. Velocity at offset sections z/D = 1.818 and 3.636. Solid fill scatters are for z/D = 1.818 and the 

no-fill scatters are for z/D = 3.636 at the x/D values on the plot. 

 

  
Figure 2.11. Velocity contour plots at two offset sections. (a) z/D = 1.818, (b) z/D = 3.636. 

 

The current study investigated the temperature results from [23] further. The dilution 

contours for temperature at the plane of symmetry (z = 0) are plotted for realizable k-ε in Figure 

2.12 for dilution rates of 12, 15, 20, 30, and 60. The innermost contour line reads a dilution of S = 

12, and the outermost contour line corresponds to dilution of S = 60. Dilution would obviously 

increase with distance from the nozzle, and it depends on both discharge and receiving water 

properties (such as discharge diameter D, densimetric Froude number Frd, and ambient water 

depth Ha, etc.). It was observed that the effect of distance (the path that the jet travels through) on 

the dilution factor was larger than the effect of the Froude number at the nozzle. 

Temperature profiles (self-similar profiles) would behave the same (i.e., Gaussian shape) for 

various Froude numbers. Figure 2.13 presents the temperature Gaussian distribution at different 
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cross-sections for three different cases (i.e., three different Froude numbers), while bulked 

together. As shown, the temperature profiles, similar to the velocity profiles, seem to be 

independent of the Froude number.  

 
Figure 2.12. Temperature dilution contours at the plane of symmetry. Dilution rates are 12, 15, 20, 30, and 

60 (realizable k-ε turbulence model). 

 

 
Figure 2.13. Stream-wise self-similarity temperature profiles for three cases at various cross-sections. 
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dissipation rates were found to be asymmetric in the mid-vertical plane but symmetric in the 

horizontal plane. Ref. [64]’s results on jet centerline velocity decay, mean velocity self-similarity, 

radial spread, and turbulent fluctuations were in good agreement with previous experimental 

results. Using the results from their LES model and looking at the instantaneous velocities in the 

jet studies, they realized that the jet close to the nozzle would behave the same as the developed 

jet farther from the discharge point in the stratified ambient water. They also identified the stable 

and unstable stratification regions and how the turbulent vortex rings and Ri are related to them.  

Circular, square, and rectangular nozzles were considered in [65]’s CFD study of the effects 

of nozzle geometry on turbulent offset jet development in the near-field region. Turbulence 

models that were studied include the standard k-ε model [66], the realizable k-ε model [67], the 

Launder-Sharma k-ε model [68], and the Yang–Shih k-ε model [69]. The Yang–Shih k-ε 

turbulence model came out on top for predicting the jet properties in a comparison of these 

turbulence models (with a Re number of approximately 8,500) with previous experimental 

studies. Square-shaped offset jets seem to spread more in the wall normal and lateral directions 

and result in more efficient mixing with the surrounding fluid than circular offset jets. However, 

the maximum shear stress on the adjacent wall in the case of the square-shaped nozzle was 

slightly higher than that in the circular nozzle case.  

Ref. [70] studied turbulent circular wall jets both experimentally and by the LES model; then, 

they compared those results with the numerical results from two RANS models: the standard k-

ε and standard k-ω models, with enhanced wall functions. Then, [70] tested the grid convergence 

by the Grid Convergence Index (GCI), with low-resolution (0.9 million) followed by high-

resolution (3.1 million) cells and ending with both the velocity and concentration properties of 

the jets. Ref. [70]’s results showed that LES is better than both RANS models for reproducing the 

scalar mixing and kinematic characteristics. Their LES results generally agreed better with the 

experimental data, although they did underpredict the span-wise velocity profiles away from the 

jet centerline. Vorticity distribution and turbulence intensities (u’/U, with u’ being the root-mean-

square of turbulent velocity fluctuations and U being the mean velocity) were also extracted and 

compared to the past experimental data, which showed a better agreement of the LES model 

rather than RANS models. In the region far from the centerline, the span-wise turbulence 
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intensity was observed to decrease faster, which was likely due to the inadequacy of the 

Smagorinsky SGS model for low-turbulence intensity situations in those regions. In the plane of 

symmetry, the y-direction (lateral—perpendicular to the plane of symmetry) vorticity, caused by 

wall presence, dominated the vorticity distribution. In the horizontal plane, the primary 

contributor was observed to be the z-direction (vertical—perpendicular to the horizontal plane) 

vorticity due to the jet-flow shear layer in the ambient water. 

In the most recent study, [71] studied the offset buoyant jets with various properties for the 

discharges and ambient water, experimentally and numerically. Discharges were set to be both 

thermal and non-thermal, but positively buoyant all the time. The ambient water was stagnant, 

and they used a PIV system to collect the experimental data. All comparative experiments were 

conducted with the same densimetric Froude numbers (Frd, ranging from 9.9 to 29.8) and density 

differences (𝛥𝜌, ranging from 5.1 to 17.41). Three RANS turbulence models were adopted for their 

numerical study: standard k-ε, realizable k-ε, and buoyancy-modified k-ε. They concluded that 

the realizable k-ε model was more successful in predicting the discharge trajectories. The main 

finding of this study was that while using different combinations of parameters in discharge 

(salinity versus temperature) for keeping the same properties of the jet (the same values of Frd and 

same 𝛥𝜌), the trajectory and mixing characteristics of the jets would be different in the same 

ambient water. Therefore, it is important not to only look at the relative buoyancy between 

discharge and ambient water, but also the properties of discharge such as salinity and 

temperature, which could be very important in the overall mixing efficiency of the jets. 

2.6 Surface Discharges 

Surface discharges of effluent into water bodies are less common due to lower mixing 

efficiency with the ambient water (i.e., the top portion of the jet/plume does not get ambient water 

entrainment especially close to the nozzle where the momentum effect is higher). This could be 

the reason that surface discharges have been less studied both experimentally and numerically. 

There is no CFD modeling of surface discharges to the best knowledge of the authors of this 

paper. The CORMIX3 empirical-based model was developed for surface discharge outfalls, which 

is not considered a CFD tool. This gap in the literature could be bridged with the following 

suggestions for both experimental and numerical modeling of surface discharges: 
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• Surface discharges using different channel geometries in calm ambient water 

• Surface discharges using different channel geometries in co-flow ambient water 

• Surface discharges using different channel geometries in cross-flow ambient water 

2.7 Discharge Port Configuration 

All of the cited publications above focused on the numerical modeling of single port outfalls. 

However, multiport diffusers are commonly used in ocean outfall designs due to their efficiency. 

The configuration of nozzles could be varied depending on the ambient condition and design 

considerations. Figure 2.14 shows five different configurations of multiport diffusers that are 

commonly used. Another emerging multiport diffuser configuration is the rosette outfall 

configuration, as shown in Figure 2.15. Similar to the surface discharges, multiport effluent 

discharges have been less studied, both experimentally and numerically. 

 

 
Figure 2.14. Multiport diffusers. (a) unidirectional diffusers with cross-flow, (b) alternating diffuser. 
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Figure 2.15. Rosette jet, top view (Source: Hong Kong University WATERMAN Educational Platform). 

 

Ref. [72] studied a submerged multiport diffuser discharging thermal water into ambient 

water with co-flow conditions (similar configuration as shown in Figure 2.14a). They developed 

their own 3D model and used a numerical slot diffuser concept to implement the momentum 

discharge flux properly in the model. Thermal jet trajectory and temperature distribution along 

the trajectory were compared between their model and the experimental data. The qualitative 

comparison of the results showed a relatively good agreement between the numerical results and 

experimental data. 

Very recently, [73] published a paper on 3D numerical simulations of rosette multiport 

diffusers using two RANS models: standard k-ε and RNG k-ε turbulence models. They used the 

popular OpenFOAM model for this study. They introduced an initial dilution region (y < 5D), 

and this is the region in which jets do not interact with each other after discharge and 

concentration is higher with a lower dilution rate. As the jets grow and travel toward the surface, 

their lateral widths increase, and they start interacting with each other. It was reported that for 

the regions around y = 25D, the concentration was reduced compared to the initial dilution region, 

and thus the dilution rate increased. As the jets traveled farther, their interaction with each other 
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increased (e.g., y = 65D). The RNG k-ε turbulence model performed better than the standard k-ε 

turbulence model when the numerical results were compared to the experimental data. As most 

of the terms in both turbulence models are the same (i.e., the same transport equations for k and 

ε), the difference in the results could be attributed to the improvements made in the RNG k-ε 

turbulence model as listed below: 

• The RNG k-ε model accounts for the influence of the Reynolds number on the effective 

turbulence transport.  

• The RNG k-ε model calculates the inverse effective Prandtl numbers, using a more advanced 

equation.  

• The RNG k-ε model includes a new term in the ε transport equation that improves the 

calculation of the turbulent viscosity. 

Ref. [73] also appreciated that the computational cost of using the RNG k-ε turbulence model 

is almost the same as that of standard k-ε turbulence model, while models such as LES and DNS 

will increase the computational cost dramatically. 

Other than the above-mentioned studies, no CFD modeling study was found for the 

modeling of multiport diffusers. The main reason that the present available CFD models have not 

been applied to the modeling of multiport diffusers could be attributed to the difficulties in the 

mesh generation and stability of such models. However, it seems that with the work of [73], there 

will be more CFD modeling of such cases in the near future. 

2.8 Critical Review and Future Research Needs 

The above presented review and discussion outline the state-of-the-art knowledge on the 

CFD modeling of effluent discharge in the context of near-field mixing and dispersion. The cited 

literature above covers fundamental processes of discharge mixing modeling, which would help 

the efficient design of outfalls for engineering applications. 

In advancing the numerical modeling of effluent discharges, special attention should be 

given to collecting reliable field data for real-sized projects in real project conditions. Coupling 

near-field and far-field models, which are the most practical in engineering projects, should be 

studied in more detail to investigate coupling techniques. Most of the CFD studies focused on 

fine-tuning small-scale parameters in the numerical schemes to calibrate their models, and little 
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attention was spent on the applicability of such models. This is specifically true when it comes to 

the practice of outfall designs, where wave and wind-induced currents have inevitable effects on 

jet mixing and dispersion in the near field. Now that the numerical models have shown an 

excellent performance in replicating the experimental cases, it is time to collect more field data to 

simulate the large-scale practical cases to further investigate the challenges in complex 

geometries, environmental forcing, and boundary conditions. 

Additionally, there are a few jet configurations that have been studied less numerically or 

have not been studied at all. Although surface discharges are less popular due to poor dilution 

efficiency, there are several scenarios in which they are more suitable compared to inclined, 

submerged jets. Examples are available for the shallow places, or when the maintenance of 

submerged outfalls are more difficult compared to surface channels. Moreover, most of the 

previous numerical studies have focused on stagnant ambient water in their CFD models. More 

realistic ambient conditions with the presence of co-flow and cross-flow will advance the 

applicability of CFD models in effluent discharge problems. In reality, and especially for coastal 

outfalls, the discharge point is often laid on a steep bed, which will have a significant impact on 

the jet dispersion and run-out distance, especially beyond the impact point (i.e., when the density 

current on the bed is formed). Ref. [27] have studied the dilution characteristics of density 

currents built after the impact point of an inclined dense jet. However, their study was on a flat 

bed with no inclination. CFD models could be used to efficiently model these practical scenarios 

in more detail. The effect of bed roughness and vegetation could be critical for turbulent wall jets 

and/or density currents beyond the impact point.  

Multiport and rosette diffusers could potentially increase the efficiency of the effluent 

discharges by increasing the number of jets discharging at the same time and multiplying the 

momentum-length scales before merging the jets. CFD modeling of complex multiport and 

rosette jet configurations would provide valuable insight into designing these jets in practice for 

professional engineers. Ambient stratification is another aspect that could be investigated using 

CFD models in more detail for both stagnant and non-stagnant ambient conditions. 
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2.9 Conclusions 

Advances in computational resources and strength have led to an increase in CFD modeling 

of jet mixing and dispersion over the past two decades. Some jet configurations have received 

more attention than others due to various reasons. These reasons include but are not limited to 

easier compilation in numerical models, less complicated boundary conditions, simpler 

geometries for mesh generation, more practical efficiency in practice, and the availability of data. 

However, recent advances in experimental setups in jet studies (e.g., PIV and LIF systems), 

sampling techniques in field studies, and the availability of open-source CFD tools have opened 

the doors to more realistic CFD modeling in jet studies. Based on an extensive literature review 

of CFD modeling of effluent discharges in the near-field region, the following conclusions can be 

drawn: 

• Numerically, the most studied effluent discharge configuration has been in inclined dense 

jets, due to their applicability in industry. Most studies focused on lab-size experiments to 

calibrate their models. Details on jet trajectories and dilution and velocity characteristics have 

been investigated and compared to experimental data. RANS and LES turbulence models are 

popular for such studies. 

• Vertical jets are also popular in CFD studies, and the new trend in studying these jets involves 

considering the ambient conditions that may affect these jets such as lateral confinement and 

water shallowness, where the jet is attached to the top boundary. Cross-flow in vertical jets 

could have a significant influence in terms of the trajectory and dilution, both of which are 

getting more attention from researchers using CFD models. 

• Horizontal jets could be either positively buoyant or negatively buoyant with attachment to 

the bed (i.e., wall jets) or elevated (i.e., offset jets). Single jets have been studied 

experimentally and numerically during the past years, and more attention is now given to 

interactions of multiple horizontal jets when they merge after a certain distance from the 

discharge point. 

• Surface discharges have not been studied yet using a CFD approach, even though they are 

used in the industry and experimental data are available on such jets. This literature gap also 

exists for more complex jet configurations such as multiport and rosette diffusers. 
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• Previous studies have mainly focused on the stagnant ambient water due to the simplicity of 

internal and boundary conditions. However, to replicate real-life conditions more precisely, 

there is a need to move toward more complex ambient conditions to study the effects of wave, 

wind, co-flow and crossflow, density stratification, etc. on jet mixing and dispersion in CFD 

models. 

• A wide range of turbulence models are available and have already been implemented in 

different CFD platforms that could be used for discharge mixing studies. Modifications of 

turbulence models, such as implementing the buoyancy terms, has been shown to be effective 

in improving the prediction of jet characteristics.  

Mathematical Symbols 

Bgc: Jet concentration 1/e width 

B0: Jet buoyancy flux 

Ca: Ambient water concentration 

Cm: Jet centerline maximum concentration 

C0: Jet exit concentration 

D or d: Nozzle diameter or diffusion coefficient 

Frd: Densimetric Froude number 

G: Swirl number 

g: Gravitational acceleration 

𝑔0
′ : Reduced gravitational acceleration 

Ha: Ambient water depth 

k: Turbulent kinetic energy 

keff: Heat transfer coefficient 

L: Cling length 

LM: Jet momentum-length scale 

LQ: Jet source-length scale 

M0: Jet kinematic momentum flux 

P: Fluid pressure 

Pr: Prandtl number 

Prt: Turbulent Prandtl number 

Q0: Jet discharge volume flux 

Re: Reynolds number 

Ri: Richardson number 

S: Dilution 

s: Jet stream-wise distance 

Sm: Jet centerline peak dilution 

Sr: Jet dilution at return point 

t: Time 

T: Jet temperature at any location 

Ta: Ambient water temperature 

T0: Jet exit temperature 
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Um: Jet velocity component in the x-direction 

Um0: Jet centerline maximum velocity 

U0: Jet exit velocity 

u: Mean velocity component in the x-direction 

uo: Inlet velocities of the offset jet 

uw: Inlet velocities of the wall jet 

v: Mean velocity component in the y-direction 

Vr: Velocity ratio 

w: Mean velocity component in the z-direction 

xi: Horizontal location of impact 

xm: Jet centerline peak horizontal location 

xr: Jet return point 

ym: jet centerline peak vertical location 

ym/2: Jet velocity-half-height (the height of Um=Um0/2) 

yt: Terminal rise height 

Greek Symbols 

α: Jet entrainment constant 

ε: Turbulent dissipation rate 

ϴ: Angle of discharge 

µt: Turbulent viscosity 

𝜌𝑎: Ambient water density 

𝜌0: Jet exit density 

υ: Kinematic viscosity 

υt: Turbulent kinematic viscosity 

υeff: Effective kinematic viscosity 
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3 Mixing of Inclined Dense Jets: A Numerical Modeling2 

 

Abstract: Numerical modeling of inclined turbulent dense jets discharging into a calm 

homogeneous environment has been investigated in this paper. The jets are discharged at four 

angles: 60°,75°, 80° and 85°. The higher inclinations are more suitable for deep water outfalls 

where terminal rise height of the jet does not attach to the ambient water surface. Such jets, 

especially 60° jets, are used frequently to discharge industrial effluents. The numerical model 

(OpenFOAM) used in this study is based on the Finite Volume Method (FVM) applying LRR 

turbulence model closure. Two different densimetric Froude numbers were simulated for each 

discharge angle and important geometrical characteristics of the jet trajectory are investigated, 

i.e., the initial terminal rise height reached by the jet at flow initiation, the final terminal rise height 

at the steady state, and the point where the jet returns to the nozzle height. Concentration 

properties of these jets are also characterised numerically, i.e., the dilution at the main geometrical 

points of the jet. All the results are presented in the dimensionless forms in order to compare 

them to the previous experimental studies. 

 

Keywords: Mixing; Outfall; Dilution; Velocity; Desalination; Dense jets; Turbulence 
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3.1 Introduction 

Disposal of wastewater with higher density than ambient water is a common phenomenon 

all over the world. Examples are the brine discharges from desalination plants and cooling water 

discharges from Liquefied Natural Gas (LNG) plants, which can be seen in the Middle Eastern 

countries. The former has a beneficial effect on the environment by decreasing exploitation of 

non-renewable water resources. However, at the same time it may cause negative local impacts 

on the environment (Bleninger and Jirka, 2008). The main issue is the marine environment, 

especially the shoreline (Einav, 2003). Seawater desalination plants discharge a large volume of 

concentrated salt brine into the coastal waters (Figure 3.1). There are other effluent discharges 

such as chemical wastes from biofouling (e.g. chlorine), and other substances that may result from 

fertilizers. Depending on both the discharge facility and ecological characteristics of the receiving 

water, those wastewaters can have a harmful impact on the local environment. For instance, areas 

such as coral reefs, mangrove forests, salt marshes, and generally low energy intertidal areas are 

very vulnerable (Hopner and Windelberg, 1996). Marine regions similar to the Persian Gulf and 

Red Sea have low water exchange capacities and are less energetic; consequently, they are more 

sensitive to desalination plant discharges. Environmental impacts of effluent discharge into 

coastal waters may affect local fisheries potential, the tourism industry, and have other economic 

consequences. Genthner (2005) noted that recently, public and scientific concerns have increased 

regarding the environmental impacts of desalination plants. Therefore, the mixing and dispersion 

mechanism of effluent discharges into ambient water has been focused on by many researchers, 

and this will be briefly reviewed. 
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Figure 3.1: Al-Ghubrah desalination plant (largest in Oman) with a surface discharge (photo: H.H. Al-

Barwani) 

 

Earlier studies on dense jet flows have had the tendency to focus on vertical jets (e.g. Turner 

1966; Abraham 1967; McLellan and Randal 1986; Baines et al. 1990; Zhang and Baddour 1998). 

The vertical dense jets, which are usually called fountains, are different from most inclined dense 

jets, because in a calm environment, vertical dense jets fall back onto themselves. Thus, it is 

preferable to elongate the trajectory and increase the consequent entrainment. Zeitoun et al. (1972) 

investigated more typical inclined discharges (with no re-entrainment) and concluded that 60° 

was the preferred discharge angle because of the relatively higher dilution that they obtained 

from the experimental measurements. According to their study, other researchers focused more 

on the 60° inclined dense jets, which had more practical applications as well (e.g. Roberts and 

Toms 1997; Roberts et al. 1997). Roberts and Toms (1997) studied effluent discharges into ambient 

water with current. This configuration of dense jet and ambient water has also been investigated 

by Pincince and List (1973). The latter compared their experimental results with an integral model 

solution and discovered that the model was able to predict flow trajectories with reasonable 

accuracy, although the dilution values were underestimated.  

Later, Cipolina et al. (2005), extended the dense jet studies in still ambient water to investigate 

flow behavior at different inclinations, 30°, 45°, and 60°. Their study mainly focused on the key 

geometrical properties of the inclined dense jets such as maximum height and point of impact. 

However, their study did not report any dilution measurements and only focused on the image 
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processing of the jet trajectory. Kikkert et al. (2007) developed an analytical method to predict the 

behavior of inclined dense discharges and compared the results to their own experiments as well 

as other previous studies. They studied the inclined jets up to 75° from horizontal. The integrated 

dilution values from their study showed that the normalized dilution at terminal rise height is 

about the same for angles between 30° and 60°. This result is different from the earlier study by 

Zeitoun et al. (1970), but is supported by predictions of the CORJET model (Jirka 2004, 2006), 

which shows that the dilution value is almost the same at the terminal rise height of jets with 

inclination from 30° to 45°, with a higher value for 45° jets. This conclusion was made earlier by 

Cederwall (1968) in the stationary ambient water. 

Shao and Law (2010) conducted experiments on lower angles, 30° and 45° jets, using a 

combined Planar Laser Induced Fluorescent (PLIF) and Particle Image Velocimetry (PIV) method. 

They divided the experiments into two series: series F, in which the nozzle is placed far from the 

boundary (seabed), and series N, for cases close to the bottom boundary. The Coanda effect (see 

e.g. Shao and Law (2010)) was also investigated in their study. Papakonstantis et al. (2011a) 

measured the trajectory characteristics of dense jets with ϴ0=45° to 90° visually. The turbulent 

concentration fluctuation (Crms) measurements across a dense jet have also been studied for jet 

angles ϴ0=45°, 60° and 75° (Papakonstantis et al. (2011b)). Lai and Lee (2012) reported a 

comprehensive experimental investigation of the tracer concentration field of inclined dense jets 

for jet densimetric Froude numbers of F0=10 to 40 and a broad range of ϴ0=15° to 60°. Empirical 

correlation of the terminal rise height, impact point and their dilution as a function of jet discharge 

angle were compared with of VISJET model prediction (Lee and Chu (2003)) as well as others in 

their study. Schreiner et al. (2018) used acoustic Doppler velocimeter (ADV) to study the 

trajectory of a jet in crossflow in a channel bend. They proposed a modified formula for the jet 

trajectory in the bend section. More recently, Alfaifi et al. (2019) performed an experimental and 

empirical study of geometrical characteristics of 15° and 52° inclined negatively buoyant jets in 

stagnant water. 

All the above-mentioned studies are experimental. However, numerical modelling of dense 

jets has been started more recently, and hence requires more investigation and development. Kim 

et al. (2002) investigated the mixing processes of a buoyant jet discharged from a submerged 
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single port using a three-dimensional hybrid model. In the proposed hybrid model, the initial 

mixing was simulated by a jet integral method, and the advection-diffusion process was 

simulated using a particle tracking method. The proposed model was verified by their laboratory 

experiments, which were conducted for various conditions. Vafeiadou et al. (2005) studied 

inclined negatively buoyant jets numerically using a three-dimensional model (CFX-5). For 

turbulence closure, the SST (Shear Stress Transport) model was employed, which is based on a 

blending between the k-ε and k-ω models. They used an unstructured grid with refinement near 

the bottom, where the boundary layer develops, and around the inflow nozzle. They concluded 

that the model underestimated slightly the terminal rise height and underestimated considerably 

the return point compared to experimental data by Roberts et al. (1997). Kim and Cho (2006) 

investigated buoyant flow of heated water discharged from surface and submerged side outfalls 

in shallow and deep water with a cross flow. They used FLOW-3D, which is a commercial CFD 

package, and the RNG k-ε model was applied for turbulence closure. Oliver et al. (2008) 

investigated the geometrical and mixing characteristics of inclined dense jets using the CFX 

model. They used the standard k-ε turbulence model as well as the one they calibrated through 

adjustment of the turbulent Schmidt number in the tracer transport equation. Elhaggag et al. 

(2011) studied dense brine jets both experimentally and numerically. However, they focused only 

on the vertical dense jets, and no inclination is reported in their investigation. The numerical 

simulations were conducted via a FLUENT CFD package and were compared to those from their 

experimental study. More recently, with the emergence of open source CFD tools, OpenFOAM 

in particular, more robust numerical models have been developed for inclined dense jets. 

Kheirkhah Gildeh et al. (2013, 2014a, 2014b, 2015) investigated a broad range of Reynolds-

averaged Navier Stokes (RANS) turbulence models in their CFD models. They studied the 

turbulent wall jet and inclined dense jets for 30° and 45°, but no other inclination. They concluded 

that realizable k-ε and LRR turbulence models are the most robust models in RANS for jet mixing 

problems. Based on their recommendations, Alfaifi et al. (2018) selected standard k-ε and 

realizable k-ε turbulence models in their study of thermal and non-thermal offset buoyant jets in 

stagnant water and confirmed the capability of the realizable k-ε model in replicating the jet 

centerline trajectory when compared to their experimental data. Jiang et al. (2019) and their 
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research team (Jiang and Law, 2018; Zhang et al., 2017) adopted an OpenFOAM model after its 

capability was shown by Kheirkhah Gildeh et al. (2013, 2014a, 2014b, 2015) for mixing problems, 

and used Large Eddy Simulations (LES) with the Dynamic Smagorinsky sub-grid model to 

investigate the turbulence characteristics of 45° inclined dense jets. They found that the model 

could reproduce the mixing characteristics of a 45° jet in their experiment; however, the simulated 

transitional spectra towards the inertial sub-range decayed substantially faster than the 

experiments. They attributed this discrepancy to their grid sizes. Yan and Mohammadian (2017) 

used OpenFOAM to investigate the vertical buoyant jets subjected to lateral confinement. They 

used the standard k-ε and buoyancy-modified k-ε turbulence models for their simulations. They 

have calibrated their model using Prandtl (Pr) and turbulent Prandtl (Prt) numbers. Genetic 

Algorithm (GA) has recently being used in the jet mixing problems for both vertical and inclined 

discharges (Bonakdari and Mohammadian, 2019; Yan and Mohammadian, 2019) to characterize 

the geometrical and dilution properties of the jets. 

None of the previously mentioned CFD studies investigated the trajectory and concentration 

characteristics of dense jets with inclinations between 45° and 90°. Therefore, numerical analysis 

of mixing behaviour of inclined dense jets with ϴ0=60°, 75°, 80° and 85° is needed to better 

understand jet characteristics for such configurations, and to quantify the numerical analysis in 

such jets that are relevant for the coastal regions discharging effluents in deeper waters. A 60° jet 

has been chosen based on its large practical use in ocean outfall systems. Moreover, as Bloomfield 

and Kerr (2002) reported in their experimental study, the maximum final terminal rise height is 

achieved for ϴ0=80°. Therefore, it is important to investigate other inclinations, especially the ones 

closer to the vertical direction that have been studied less than other configurations. This will 

help to understand the key features of inclined dense jets for higher angles from horizontal. Based 

on Kheirkhah Gildeh et al. (2013, 2014a, 2014b, 2015), realizable k-ε and LRR turbulence models 

performed the best amongst other RANS turbulence models to predict the jet characteristics. LRR 

model has been adopted to conduct the numerical tests in this study as this model has been rarely 

studied before for mixing problems.  

The structure of this paper for the next sections is as follows. Section 3.2 reviews theoretical 

concepts of jet mixing in the near-field region. Section 3.3 presents the governing equations of the 
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numerical model. Section 3.4 presents numerical results and comparison of the results to those 

from experiments. Finally, concluding remarks complete the study.   

3.2 Theoretical Concepts 

The side view of a dense buoyant jet discharging into a receiving water body is shown in 

Figure 3.2. The discharge properties are the nozzle diameter D, its height above bottom h0, and 

the jet initial inclination ϴ0 above horizontal and pointing offshore. The ambient water condition 

is unstratified with a constant density ρa and stagnant. The discharge velocity is U0 and its density 

is ρ0 (ρ0 > ρa). Therefore, the following flux variables can be written, the volume flux (discharge) 

Q0, momentum flux M0, and Buoyancy flux B0. These parameters are defined as (Fischer et al. 

1979): 

𝑄0 =
𝜋𝐷2

4
𝑈0                                                                                                                                                                    (3.1) 

𝑀0 = 𝑈0𝑄0                                                                                                                                                                     (3.2) 

𝐵0 = 𝑔0
′ 𝑄0                                                                                                                                                                      (3.3)                                                                                                     

in which g0
′ = g|ρ0 − ρa|/ρa is the buoyant gravitational acceleration at the source. 

The turbulent jet that resulted from a high velocity condition rises up to a maximum height 

named the terminal rise height and then falls downward due to negative buoyancy of the jet until 

it impacts the bed. Then, a density current is formed and propagated downstream of the impact 

point. 
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Figure 3.2: Schematic view of an inclined dense jet in stagnant ambient water 

 

The geometrical and mixing properties of the turbulent dense jets can be characterized by 

two length scales, the discharge length scale LQ and the momentum length scale LM as (Wright 

1977; Jirka and Doneker 1991): 

𝐿𝑄 =
𝑄0

𝑀0
1/2                                                                                                                                                                        (3.4) 

𝐿𝑀 =
𝑀0

3/4

𝐵0
1/2                                                                                                                                                                        (3.5) 

A related non-dimensional parameter is the densimetric Froude number F0 and is defined as: 

𝐹0 =
𝑈0

√𝑔0
′ 𝐷

                                                                                                                                                                        (3.6) 

This parameter is proportional to the length scales ratio as 
𝐿𝑀

𝐿𝑄
= (𝜋/4)−1/4𝐹0. For the high 

Froude number discharges, F0 >> 1 or LM/LQ >> 1 (momentum-driven flow), the effect of initial 

volume flux becomes unimportant (Jirka, 2004). Moreover, Zhang and Baddour (1998) showed 

that the dilution at the maximum level of a vertical dense jet becomes independent of the Froude 

number when 𝐹0 ≥ 10. Therefore, for a specific angle ϴ0, dimensional analysis leads to the 

following expression for any length parameter such as the rise height Y, and for dilution S at any 

location (X, Y) of the central plane Z=0 (Turner 1966, Roberts et al. 1997): 
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𝑌

𝐿𝑀
= 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡         or      

𝑌

𝐷𝐹0
= 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                           (3.7) 

𝑆
𝐿𝑄

𝐿𝑀
= 𝑓 (

𝑋

𝐿𝑀
,

𝑌

𝐿𝑀
)      or      

𝑆

𝐹0
= 𝑓 (

𝑋

𝐷𝐹0
,

𝑌

𝐷𝐹0
)                                                                                                          (3.8) 

The jet reaches an initial maximum height (initial terminal rise height) Yi. Then, the flow 

reaches a steady state and the terminal rise height is reduced to a final value Yf. This height 

appears at a horizontal distance Xy from the source, whereas Xi denotes the horizontal distance 

from the source to the outer jet boundary at the nozzle elevation. Therefore, the following 

constants are obtained for trajectory characteristics of a dense jet: 

𝑌𝑖

𝐷𝐹0
= 𝐶1(𝜃0)                                                                                                                                                                  (3.9) 

𝑌𝑓

𝐷𝐹0
= 𝐶2(𝜃0)                                                    (3.10) 

𝑋𝑦

𝐷𝐹0
= 𝐶3(𝜃0)                (3.11) 

𝑋𝑖

𝐷𝐹0
= 𝐶4(𝜃0)                  (3.12) 

For a certain point on the jet axis plane with dimensionless coordinates (X/DF0, Y/DF0), Eqn. 

(3.8) can be written as (Zeitoun et al. 1970; Pincince and List 1973): 

𝑆

𝐹0
= 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                                                                            (3.13) 

The time-averaged dilution at a point is the ratio of the initial concentration C0 to the local 

mean concentration CM (Papakonstantis et al. (2011b)). For a point on the jet central plane at a 

specific position X, for instance, at location Xy of the terminal rise height (Xy/DF0=constant), Eqn. 

(3.8) reads: 

𝐶0

𝐶𝑀

1

𝐹0
= 𝑓 (

𝑌

𝐷𝐹0
)                                                                                                                                                            (3.14) 

Where Y is the vertical coordinate of the point where CM is obtained. Similarly, this equation 

can be written for Yc, jet centerline rise height at the location of Xy, (Yc/DF0=constant): 

𝐶𝑀

𝐶𝑀𝑐
= 𝑓 (

𝑌

𝐷𝐹0
)                                                                                                                                                          (3.15) 

3.3 Numerical Model 

3.3.1 Numerical Model Framework 

The open-source CFD software platform OpenFOAM was used in this study. OpenFOAM 

uses the finite-volume discretization approach for fluid flow applications. A transient solver for 
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incompressible fluid within OpenFOAM - pisoFoam - has been modified and used. For the 

current paper, the standard pisoFoam solver has been extended in the following way: 

• Addition of salinity and temperature fields and associated transport equations;  

• Addition of the Boussinesq term to the momentum equations; and 

• Addition of an equation of state that calculates the density of seawater as a function of salinity 

and temperature (Millero and Poisson, 1981). 

The governing equations are the RANS equations with a Boussinesq assumption for 

buoyancy effects and a Boussinesq hypothesis for modelling the Reynolds stresses for three-

dimensional, incompressible fluids, as follows: 

 

Continuity equation: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0                                                                                                              (3.16) 

 

Momentum equations: 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= −

1

𝜌0

𝜕𝑃

𝜕𝑥
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑢

𝜕𝑧
))              (3.17)                                  

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= −

1

𝜌0

𝜕𝑃

𝜕𝑦
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑣

𝜕𝑧
)) −

𝑔
𝜌−𝜌0

𝜌0
                                                                                                                                                                        (3.18)                           

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌0

𝜕𝑃

𝜕𝑧
+

𝜕

𝜕𝑥
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑥
)) +

𝜕

𝜕𝑦
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑦
)) +

𝜕

𝜕𝑧
(𝜐𝑒𝑓𝑓 (

𝜕𝑤

𝜕𝑧
))         (3.19) 

where u, v, and w are the mean velocity components in the x, y, and z directions, respectively, 

t is the time, P is the mean fluid pressure, υeff represents the effective kinematic viscosity (υeff=υt+υ), 

υt is the turbulent kinematic viscosity, υ is the kinematic viscosity, g is the gravity acceleration, ρ 

is the fluid density, and ρ0 is the reference fluid density. 

One should note that the current approach invokes the Boussinesq assumption for handling 

the buoyancy effects, which allows the solution of the simplified incompressible RANS equations 

to be obtained by neglecting the density variation, except for the buoyancy term in the 

momentum equation in the vertical direction (y-coordinate). 
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The time-history of the concentration and temperature are modelled using the advection-

diffusion equation, as: 

𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
+ 𝑤

𝜕𝐶

𝜕𝑧
= 𝐷 (

𝜕2𝐶

𝜕𝑥2 +
𝜕2𝐶

𝜕𝑦2 +
𝜕2𝐶

𝜕𝑧2)                                                                                                 (3.20) 

𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝑘𝑒𝑓𝑓 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2 +
𝜕2𝑇

𝜕𝑧2)                                                                                            (3.21) 

with 

𝑘𝑒𝑓𝑓 =
𝜐𝑡

𝑃𝑟𝑡
+

𝜐

𝑃𝑟
                                                                                                                                                           (3.22) 

where C is the fluid concentration (salinity), D is the diffusion coefficient, T is the fluid 

temperature, keff is the heat transfer coefficient, Pr is the Prandtl number, and Prt is the turbulent 

Prandtl number. The turbulent Prandtl number was changed within the conventional range of 

0.6-1, and it was numerically found that the results were not sensitive to this parameter within 

this range. 

3.3.2 Numerical Solution 

The pisoFoam solver is a transient solver for incompressible flow. The code first predicts the 

velocity field by solving the momentum equations. Pressure is then found by solving the Poisson 

equation in the Issa's PISO (Pressure-Implicit with Splitting of Operators) algorithm via an 

iterative process. Rather than solving all the coupled equations in a coupled or iterative sequential 

fashion, PISO splits the operators into an implicit predictor and multiple explicit corrector steps. 

At each time step, velocity and temperature are predicted, and then pressure and velocity are 

corrected. The velocity is predicted implicitly because of the greater stability of implicit methods, 

which means that a set of coupled linear equations, expressed in matrix-vector form as Ax=b, are 

solved. More information about Issa's PISO algorithm can be found in references (e.g., Issa, 1986). 

The advection and diffusion equations are then solved using the finite volume method.  

The temporal term has been discretized by a first order, implicit Euler scheme. The advection 

and diffusion terms are discretized by the standard finite volume method using Gaussian 

integration with a linear interpolation scheme for calculating values at face centres from cell 

centres.  

For the pressure field, the PCG (Preconditioned Conjugate Gradient) method is used to solve 

the linear system. The PBiCG (Preconditioned Bio Conjugate Gradient) method has been used for 
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other fields, U, T, k, and ε. In order to enhance the rate of convergence for iterative solvers, the 

DIC (Diagonal Incomplete Cholesky) pre-conditioner is used to calculate the pressure field. This 

is a simplified diagonal-based pre-conditioner for symmetric matrices. The DILU (Diagonal 

Incomplete LU) pre-conditioner is used for the other fields, U, T, k, and ε, which mostly include 

asymmetric matrices to be solved. 

3.3.3 Domain and Boundary Conditions 

Due to the transversal symmetry of the flow problem, only half of the domain was included 

in the computational domain as illustrated in Figure 3.3. It is noteworthy that vortex shedding is 

not resolved by RANS equations within the range of parameters considered in this paper and 

therefore the symmetry assumption is justified. The nozzle has been placed far enough from the 

bed and left wall to avoid any interaction with the walls. Otherwise, bed effects such as the 

Coanda effect may decrease the dilution rate since the water entrainment toward the jet centreline 

would be reduced. The dimensions of the computational domain are selected based on those of 

the experimental setup. The numerical simulations were performed in a computational domain 

corresponding to the physical tank with dimensions of 2 m length, 0.5 m width, and 1.0 m depth 

(Figure 3.3a). A refined mesh system, especially close to the nozzle and the bed boundary (Figure 

3.3b), is used for simulations to better capture velocity and concentration characteristics in the 

near-field zone. As part of a mesh sensitivity analysis, more than 20 initial test runs were 

performed to ensure that the mesh was sufficiently refined to resolve the velocity and 

concentration gradients, especially close to the nozzle. The grid refinement criterion was set to 

reach a difference of less than 3% between the predicted results when using the last two grids. 

When this criterion was reached, it was assumed that a satisfactory mesh was established, and no 

further refinement was needed.  

For the inlet (nozzle), the boundary conditions are: u=U0×cos(ϴ), v=U0×sin(ϴ), w=0, C=C0, T=T0, 

k=0.06u2, and ε=0.06u3/D. The inlet values for k and ε are chosen based on Huai et al. (2010). 

Regarding the flow at the outlet section, a zero-gradient boundary condition perpendicular to the 

outlet plane was defined for u, v, k, ε, C, T and P. Moreover, for the wall boundaries, the standard 

wall functions were used for U, k, and ε, and the no-slip condition is considered. Finally, the 

symmetry boundary was included in the model using zero-gradient conditions. In fact, the 
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symmetry boundary condition implies zero normal velocity and zero normal gradient of all 

variables at the symmetry plane, and vortex shedding effects were not resolved.  

 
Figure 3.3: Computational domain. (a) domain dimensions and boundary conditions of the numerical 

model (b) the refined mesh system used in this study (view of the X-Y plane) 

3.4 Numerical Results and Discussion 

Eight different cases for the 60°, 75°, 80° and 85° inclined dense jets have been numerically 

simulated (i.e. four angles by two densimetric Froude numbers). The comparative results are 

further presented in graphs and tables. For some graph comparisons, and for the sake of 

simplicity, the numerical results are compared only to Papakonstantis et al. (2011a, 2011b) 

experimental data. However, the numerical results for constants described above will be 

compared to other studies in the tables. The characteristics of the eight cases are summarized in 

Table 3.1. 

Table 3.1: Parameters of numerical simulations 

Case # 
Inclined Angle 

ϴ0 

Inlet Diameter 

D (mm) 

Initial Inlet 

Height Y0 (mm) 

Δρ/ρa 

(%) 

Densimetric 

Froude # Fr0 

1 60 6 11 2.6 19 

2 60 6 11 2.6 27 

3 75 6 11 2.6 19 

4 75 6 11 2.6 27 

5 80 6 11 2.6 19 

6 80 6 11 2.6 27 

7 85 6 11 2.6 19 

8 85 6 11 2.6 27 
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3.4.1 Geometrical Characteristics 

terminal rise height 

The initial and final terminal rise heights normalized by the jet diameter D for each discharge 

angle is plotted against F0 in Figure 3.4. The numerical results comply with the dimensional 

analysis, and the respective constants (Eqns. 3.9 and 3.10) are therefore determined. The 

numerical results are compared with previously obtained experimental data by Papakonstantis 

et al. (2011a). The results obtained using the LRR turbulence model are in good agreement with 

the experimental data. 

 
Figure 3.4: Normalized (a) initial and (b) final terminal rise heights for various discharge angles. 

Experimental data are from Papaconstantis et al. (2011a) and numerical results are from this study. 

 

Final terminal rise height for the 60° jets from the current numerical study were further 

compared to the other experimental data when normalized by DF0, as shown in Figure 3.5. 

Numerical results are within the scattered range of experimental data. It is noted that this large 

range of values could be due to differences in defining the terminal rise height (Parakonstantis et 

al., 2011a). Herein, the terminal rise height is obtained after the jet reached a steady-state solution. 

a b 
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Figure 3.5: Comparison of final terminal rise height for 60° jets. 

 

Effects of the discharge angle ϴ0 on the terminal rise height for all discharge angles were 

compared to past experimental data and are shown in Figure 3.6. Considering that the results by 

Bloomfield and Kerr (2002) are systematically lower than the other experimental studies 

(Papakonstantis et al., 2011a), current numerical results are on the lower bound of the data range 

from experiments. For both initial and final terminal rise heights, the slope of rise becomes milder 

from 80° to 85° discharge angle compared to the one from 60° to 80°. The maximum final terminal 

rise height is seen to occur at the 85° jet as shown in Figure 6b. This study does not include vertical 

jets; however, Papaconstantis et al. (2011a) reported that for the initial terminal rise height, the 

maximum height happens in 90° jets, whereas, for the final terminal rise height, the maximum 

height happens in 80° jets. The current numerical study does not match their latter observations 

on the final terminal rise height. 

The ratios of initial to final terminal rise heights Yi/Yf for various discharge angles were 

compared to those from two previous experimental studies. As seen in Table 3.2, the values are 

somewhat close to the experimental studies but on the lower end. However, it is consistent with 

the previous experimental data in estimating higher values for the 60° and 85° jets compared to 

the other discharge angles.   
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Figure 3.6: Dimensionless (a) initial and (b) final terminal rise heights versus discharge angle ϴ0 

 

Table 3.2: Comparison of Yi/Yf between the current numerical study and previous experimental studies 

Yi/Yf 

ϴ0 60° 75° 80° 85° 

This Study 1.10 1.05 1.05 1.06 

Papakonstantis et al. (2011a) 1.20 1.14 1.12 1.18 

Bloomfield and Kerr (2002) 1.11 1.08 1.13 1.18 

 

horizontal distance to the location of maximum height of outer boundary 

The jet outer boundary peak is defined based on the outer boundary trajectory. The 

horizontal location of the jet outer boundary peak, Xy, is normalized by the nozzle diameter, D, 

and is plotted versus F0 in Figure 3.7. Similar to previous parameters, the results generated by the 

model when using the LRR turbulence model are consistent with the experimental data obtained 

in Papakonstantis et al. (2011a). Besides the 60° jets, the other discharge angles predict slightly 

higher values for Xy compared to the experimental data.  

a b 



 

70 
 

 
Figure 3.7: Normalized horizontal location of jet outer boundary peak versus F0 for various discharge 

angles. Experimental data are from Papaconstantis et al. (2011a) and numerical results are from this 

study. 

 

Figure 3.8 compares the dimensionless distances Xy/DF0 from this study to previous 

experimental data. It is noted that except for the data by Papakonstantis et al. (2011a), the other 

experimental data refer to the horizontal distance of the maximum height of the jet centerline, 

and that could be the reason that the current numerical results seem to predict a slightly longer 

distance and therefore closer values to Papakonstantis et al. (2011a) than other experimental data. 

As seen in Figure 3.8, it is evident that the dimensionless distance Xy/DF0 decreases as the 

discharge angle increases and becomes theoretically zero for ϴ0=90°. 
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Figure 3.8: Dimensionless horizontal location of jet outer boundary peak as a function of the discharge 

angle ϴ0 

horizontal distance to the location of outer boundary at return point 

The normalized horizontal distance from the nozzle to the point where the jet outer boundary 

returns at the elevation of the source Xi/D is plotted in Figure 3.9 against the densimetric jet 

Froude number F0 for various discharge angles. The numerical results follow the same pattern as 

the distance to the maximum height, where they are slightly longer when compared to the data 

by Papakonstantis et al. (2011a). The C4 constants are shown in Figure 3.9 for various discharge 

angles. The dependence of the dimensionless distance Xi/DF0 on the discharge angle is shown in 

Figure 3.10 and as expected, it decreased as ϴ0 is increased. 

The results regarding the constants C1, C2, C3 and C4 of equations 3.9 to 3.12 are summarized 

in Table 3.3 and are compared to those from Papakonstantis et al. (2011a). The final terminal rise 

height, which is reported more frequently in the literature, is summarized in Table 3.4 for various 

studies. As seen in Table 3.4, the predicted constants in the current numerical study are in general 

good agreement with the previous experimental data and on the higher end of the range. 
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Figure 3.9: Normalized horizontal location of jet outer boundary return point versus F0 for various 

discharge angles. Experimental data are from Papaconstantis et al. (2011a) and numerical results are from 

this study. 

 

 
Figure 3.10: Dimensionless horizontal location of jet outer boundary return point as a function of the 

discharge angle ϴ0. 
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Table 3.3: Summary of jet geometrical coefficients (equations 3.9 to 3.12).  

ϴ0 Study C1=Yi/DF0 C2=Yf/DF0 C3=Xy/DF0 C4=Xi/DF0 

60 
Papakonstantis et al. (2011a) 2.53 2.13 1.84 3.59 

This Study 2.62 2.23 1.72 3.62 

75 
Papakonstantis et al. (2011a) 2.80 2.47 1.15 2.51 

This Study 2.71 2.41 1.31 3.03 

80 
Papakonstantis et al. (2011a) 2.96 2.59 0.88 2.16 

This Study 2.83 2.64 1.14 2.44 

85 
Papakonstantis et al. (2011a) 2.99 2.51 0.60 1.60 

This Study 3.00 2.68 0.76 1.97 

 

Table 3.4: Comparison of results for the jet final terminal rise height (equation 3.10: C2=Yf/DF0).  

Study / ϴ0 60 75 85 90 

This Study 2.23 2.41 2.64 2.68 

Papakonstantis et al. (2011a) 2.13 2.47 2.59 2.51 

Zeitoun et al. (1970) 2.13 – – – 

Lindberg (1994) 2.14 – – – 

Bloomfield and Kerr (2002) 1.63 1.89 1.91 1.84 

Cipollina et al. (2005) 2.32 – – – 

Kikkert (2006), LA 2.28 2.57 – – 

Kikkert (2006), LIF 2.45 – – – 

Kikkert et al. (2007), LA 2.05 2.56 – – 

Roberts and Toms (1987) 2.08 – – – 

Roberts et al. (1997) 2.20 – – – 

 

3.4.2 Concentration Characteristics 

vertical concentration distributions 

The concentration normalized by mean concentration obtained on a vertical line on the jet 

axis plane at location Xy of the terminal rise height is plotted in Figure 3.11. As seen in the figure, 
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distribution of time-averaged concentration is not symmetric. The scatter at small elevations Y 

could be due to the buoyancy instabilities in that region as observed by Kikkert et al. (2007) and 

Papakonstantis et al. (2011b). 

 
Figure 3.11: Vertical distribution of dimensionless mean concentration at Xy for ϴ0=75°. Experimental 

data are from Papaconstantis et al. (2011a) and numerical results are from this study. 

width of vertical mean concentration distribution 

Figure 3.12 shows the normalized 1/e-width of the jet bc/DF0 of the Gaussian vertical mean 

concentration distributions against F0 for 60° and 75° discharge angles. Despite the large scatters 

in the experimental data, the numerical jet half widths are relatively close to each other for 60° 

and 75° discharge angles. The numerical study investigated two F0 numbers and there might have 

been more variations in the presence of more numerical simulations. As discharge angle 

approaches the vertical jet, larger fluctuations in the jet half width could be expected.  

centreline dilution 

Jet centerline minimum dilution can be calculated as: 

𝑆 =
𝐶0

𝐶𝑀𝑐
                                                                                                                                                                          (3.23) 
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Where C0 is the jet centerline concentration at the nozzle and CMc is the maximum 

concentration obtained at the terminal rise height (and/or return point). 

Normalized centreline dilutions St and Si with the densimetric Froude number are shown in 

Figure 3.13a for all discharge angles. Note that the centreline dilution at the terminal rise height 

is almost independent of ϴ0, similar to observation by Kikkert et al. (2007) for ϴ0 = 15°, 30°, 45° 

and 60°. This seems to be reasonable since if the discharge angle increases, the rise height would 

increase but the horizontal distance would decrease, resulting in almost similar trajectory lengths. 

The numerical results obtained from this study follow the same trend as Papakonstantis et al. 

(2011b). However, there is no experimental data for densimetric Froude numbers smaller than 28 

to compare the numerical results to. 

The data of the centreline dilution at the return point show a considerable scatter probably 

because in this region, the concentration is close to that of the ambient water. This has been shown 

in Figure 3.13b, where the values of the normalized minimum dilution are plotted against all 

discharge angles. The normalized dilution at the terminal rise height does not vary significantly 

with ϴ0. The numerical results of LRR turbulence model showed a great agreement with 

experimental data collected by Papakonstantis et al. (2011b). 

Table 3.5 summarizes the centerline dilution results of the current study compared with the 

other experimental results for 60° and 75° discharge angles. As seen in the table, there is a very 

good agreement between the numerical results and experimental data. The dilution at the 

terminal rise height of 60° jet seems to be slightly underpredicted when compared to the previous 

studies and in a better agreement with Roberts and Toms (1987). The average value of Si/St is 3.55 

for the 60° jets and 3.25 for 75° jets. The latter is very close to the value of 3.30 reported by 

Papakonstantis et al. (2011b), while the former is higher than the value of 3.0 reported by them.  
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Figure 3.12: Dimensionless width of vertical mean concentration distribution. Experimental data are from 

Papaconstantis et al. (2011a) and numerical results are from this study. 

  

 
Figure 3.13: Normalized minimum (centerline) dilution at terminal rise height and return point against 

(a) densimetric Froude number and (b) discharge angle. Experimental data are from Papaconstantis et al. 

(2011a) and numerical results are from this study. 

 

Table 3.5: Jet centerline dilution results. 

 60 75 

Study St/F0 Si/F0 St/F0 Si/F0 

This Study 0.49 1.74 0.53 1.72 

Papakonstantis et al. (2011b) 0.56 1.68 0.51 1.67 

Zeitoun et al. (1970) 0.56 1.12 – – 

Roberts and Toms (1987) 0.38 1.03 – – 

Roberts et al. (1997) – 1.60 – – 

Nemlioglu and Roberts (2006) – 1.70 – 1.80 

Kikkert et al. (2007) 0.53 – – – 

a b 
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3.5 Conclusions 

Dimensional analysis suggests that the geometrical characteristics of inclined dense jets 

normalized by the nozzle diameter D and the densimetric Froude number F0 take constant values 

for any specific discharge angle. Four discharge angles, ϴ0 = 60°, 75°, 80° and 85°, were 

numerically simulated for two densimetric Froude numbers, F0 = 19 and 27, using the LRR 

turbulence model in OpenFOAM. These discharge angles were not previously modelled 

numerically. Geometrical and dilution characteristics of such jets were investigated in this study. 

Initial and final jet terminal rise heights as well as horizontal distance to the terminal rise height 

and return point at the source elevations were estimated for the jet geometry. Jet concentration 

was estimated for two discharge angles, 60° and 75°, and were compared to the experimental data 

by Papakonstantis et al. (2011b).  

The following conclusions can be drawn from this study: 

• Dimensionless initial and final terminal rise heights (Yi/DF0 and Yf/DF0) increase with 

discharge angle and become maximum for the 85° jets. This is in agreement with the most 

previous experimental studies except Papakonstantis et al. (2011a) which reported 80° 

discharge angle with the highest final terminal rise height; 

• The ratio of Yi/Yf is about 1.05 for the four discharge angles simulated in this study, with 

the maximum of 1.10 for the 60° jets. This ratio seems to be independent of discharge 

angle; 

• Dimensionless horizontal distance from the nozzle Xy/DF0 at which the terminal rise 

height appears as well as the horizontal distance Xi/DF0, where the outer jet boundary 

crosses the nozzle elevation, decreases as the discharge angle increases; 

• Vertical distributions of dimensionless mean concentration at the location of the terminal 

rise height are asymmetric. It is approximately a Gaussian distribution and deviates from 

a Gaussian form in the falling limb due to the buoyancy induced instabilities in the jet 

farther from the discharge point; and 
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•  The jet centreline dilutions at the terminal rise height and at the jet return elevation, 

normalized by the densimetric Froude number, suggest minimal changes for different 

discharge angles.  

Notations 

B0 = specific buoyancy flux at source 

bc = nominal width of vertical mean concentration distribution where CM = e-1CMc 

C = concentration relative to ambient concentration 

CM = mean (time-averaged) concentration 

CMc = mean concentration at jet axis 

CRMS = RMS value of concentration fluctuations 

C1, . . . ,C4 = constants 

D = jet pipe diameter 

F0 = densimetric Froude number at source 

g’ = apparent gravitational acceleration at source 

LM, LQ = characteristic length scales 

M0 = specific momentum flux at source 

Q0 = volume flux at source 

U0 = jet exit velocity 

Si = centreline (minimum) dilution at region where the jet returns at source elevation 

St = centreline (minimum) dilution at terminal height 

X = horizontal axis of the coordinate system 

Xy = horizontal distance from jet exit to location of terminal rise height 

Xi = horizontal distance from jet exit to outer jet boundary at nozzle elevation 

Y = vertical axis of coordinate system 

Yf = final terminal height of rise (refers to outer jet boundary) 

Yi = initial terminal height of rise 

ϴ0 = discharge angle to horizontal 

ρ = density 

Δρ = density difference 
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4 Inclined Dense Effluent Discharge Modelling in Shallow Waters3 

 

Abstract: Two jet discharge angles relative to the horizontal (30° and 45°) were 

investigated based on the experimental results from Jiang et al. (J Hydraul Eng 140:241-

253, 2014). Five Reynolds-averaged Navier-Stokes (RANS) turbulence models were 

examined in this study: realizable k-ε and k-ω SST models (known as two-equation 

turbulence models), v2f (four equations to model anisotropic behavior) and LRR and SSG 

turbulence models (known as Reynolds stress models - six equations to model anisotropic 

behavior). Three mixing regimes introduced in Jiang et al. (2014) were reproduced 

numerically for both discharge angles applying various turbulence models: full 

submergence, plume contact and centerline impingement regimes (i.e. FSR, PCR and 

CIR). Key geometrical and dilution properties of these jets at surface contact (Xs, Ss) with 

minimum dilution and jet centerline return point (Xr, Sr) were compared to those 

available from experiments. Normalization parameter that was selected for jets in 

shallow waters is H/D (water depth above discharge point over nozzle diameter). It was 

found that surface attachment increases the return point length from the nozzle and that 

surface dilution decreases from FSR toward CIR. Among turbulence models tested 

herein, Reynolds stress models (LRR and SSG) predicted the effluent discharge kinematic 

and dilution properties better compared to two- and four-equations models. This is 

mainly attributed to the anisotropic nature of the effluent discharge problem studied 

herein and that these models are better capable to account for anisotropies. 

Keywords: Inclined dense jet; Shallow water, Surface dilution, Return point, Effluent discharge, 

OpenFOAM 

 

-------------------------------------------- 
3 This chapter of the study has been published as: Kheirkhah Gildeh, H., Mohammadian, A., Nistor, I. (2021). “Inclined Dense 

Effluent Discharge Modelling in Shallow Waters”, Environ. Fluid Mech. 21, 955–98, https://doi.org/10.1007/s10652-021-09805-

6.  

https://doi.org/10.1007/s10652-021-09805-6
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4.1 Introduction 

Seawater desalination plants are increasingly designed and constructed around the world. 

They have been identified to provide as high-productivity potable water sources for the rising 

population in the coastal cities such as those dotting the shorelines of arid countries around the 

Persian Gulf. A byproduct of desalination processes, such as reverse osmosis, is the saline effluent 

which is usually discharged back into the sea after some degree of treatment. These hypersaline 

effluents are often the most prominent problem-causing factors with potential to impact coastal 

waters in the near-field discharge area.  

Several effluent discharge methods are currently used in the industry such as submerged 

outfalls with different configurations for the outlet nozzles, as well as free surface conveyance 

channels. The former method was proven to be more efficient in terms of mixing and dispersion 

of effluents. Moreover, among all types of submerged jets, the use of inclined dense jets was 

reported to be the most popular method used in practice (e.g. [2], [3]). 

There may be some examples where there is not enough water column in the zone of the 

effluent discharge and thus discharge impact to the water surface is inevitable. Several 

experimental and numerical studies have been conducted to study mixing properties of inclined 

dense jets in deep water conditions with enough coverage for full submergence discharge regimes 

(e.g. [3-7]). However, few studies focused on the mixing properties of inclined dense jets in 

shallow water where discharge impacts the water surface. A schematic view of this configuration 

is shown in Figure 4.1.  

Jiang et al. [1] conducted, in premiere, a comprehensive experimental study for the discharge 

of 30° and 45° jets into shallow waters. Three different regimes were categorized by [1] for 

inclined dense discharges: (i) full submerged regime (FSR) for discharges in deep waters with 

sufficient water depth above the discharge point with a certain discharge momentum to keep the 

full jet submerged, (ii) plume contact regime (PCR) for discharges where the outer jet layer impacts 

the water surface but not the jet centerline (Figure 4.1 represents a PCR) and (iii) centerline 

impingement regime (CIR) for discharges where the jet centerline impacts the water surface. [1] 

experimentally investigated the jet trajectory for these three regimes and presented the minimum 

surface dilution (Ss) rate for PCR (i.e., Ss in the attached area in Figure 4.1) and CIR in relationship 
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to the jet densimetric Froude number (F) and cover water depth (H). They observed that the 

surface attachment increases the return point length from the discharge point. It was found that 

Ss decreases from FSR (which theoretically approaches infinity) toward CIR, when H is reduced 

or a certain momentum in a discharge. Their experimental data showed that the surface 

properties of both Ss.D/H and Xs/H are functions of FD/H, while at the return point, Sr.D/H and 

Xr/H are not only as function of FD/H, but are also dependent on H/D (the non-dimensional cover 

depth), where D, Xs, Sr, and Xr  represent nozzle diameter, horizontal location of minimum 

dilution at the water surface, minimum dilution at the return point and horizontal location of 

minimum dilution at the return point, respectively. 

 
Figure 4.1: Schematic side view of an inclined dense jet discharging into stagnant shallow water with 

surface attachment. Effluent discharges from a round nozzle at an angle ϴ0 with respect to the horizontal 

level and impinges into the surface water due to its momentum force. Jet interaction with the water 

surface reduces the entertainment, and thus, the dilution. The surface attachment increases the inclined 

jet trajectory path compared to discharge in a deep water and therefore the expected return point is 

farther away from the nozzle. 

 

Abessi et al. [8] conducted a study similar to [1] and added 60° jets to their experiments 

compared to the previous study of [1]. They also presented the dilution results at key locations 

including the surface impact in the case of PCR and CIR. They found that PCR occurs at FD/H= 

0.80, 0.48 and 0.42 for nozzle angles of 30°, 45° and 60°, respectively and dilution starts decreasing 

above these values as the jet transitions to CIR. CIR was found to occur at FD/H= 1.15, 0.70 and 
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0.64 for nozzle angles of 30°, 45° and 60°, respectively. It was also discussed that in the CIR, the 

asymmetrical concentration profiles resemble half-Gaussian profiles similar to those of wall jets.  

Kheradmand et al. [9] performed a high-level experimental and CFD study to compare the jet 

characteristics in shallow water for discharge angles of 30° and 45° jets. They used OpenFOAM 

with realizable k-ε and LRR (Launder, Reece and Rodi) turbulence models. There were no 

quantitative comparisons between the numerical and experimental results and only side-by-side 

snapshots of the spatio-temporal jet evolution were compared for FSR, PCR and CIR. They found 

out that the RANS turbulence models can predict the discharge trajectory when impinging the 

water surface. However, the qualitative comparison of averaged side plan of the discharge 

revealed some underestimation and overestimation of jet trajectory at different time stamps. 

Ahmed et al. [10] studied the effluent discharges in shallow water for the vertical dense fountains. 

They experimentally measured the jet maximum height (Yt), the minimum return point dilution 

(Sr) and the jet lateral spread (Rsp). Slightly different names were used for the vertical jet regimes 

in the shallow water: deep, intermediate and impinging mixing regimes, which are equivalent of FSR, 

PCR and CIR adopted in this study. Yt values increased as jets entered into intermediate regime 

from deep regime. They found that Sr for the intermediate regime were higher than those of deep 

regime. It was also observed that the Sr decreased dramatically in the impinging mixing regime 

where the jet continuously impacted the water surface. Finally, jet vertical height (Zm) was 

normalized by length scale r0Fr0 (r0 is the nozzle radius and Fr0 is the jet densimetric Froude 

number) and it was shown that normalized jet vertical height, Zm/r0Fr0, is constant at higher water 

depths but increases rapidly at shallow water depths. 

Similar to [10], [11] also studied the vertical jets with surface impingement, with more focus 

on the measurement of the spreading width of the vertical fountain, as well as of the concentration 

dilution at the surface impact point. They compared their experimental data to the CORJET model 

(a CORMIX sub-model). However, the capability of the CORJET model was deemed limited in 

predicting flow properties of discharges impinging the water surface and the numerical results 

of the centerline dilution only were presented. Inclined dense discharges feature complex three-

dimensional (3D) turbulent flows and integral models are not accurate in estimating their flow 

properties. The latter represents an important shortfall of integral models compared to CFD 
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models that they are unable to provide a detailed understanding of discharge kinematic and 

dilution properties.  

To the best knowledge of authors [12], except the high-level numerical study by [9], there is 

no study reported in the literature dealing with the numerical modelling of dense effluent 

discharges in the shallow waters with surface attachment. Past numerical studies on mixing of 

effluent discharges have only focused on FSR. [5,6] discussed the suitability of Reynolds-

averaged Navier-Stokes (RANS) turbulence models in modelling of mixing properties of inclined 

dense jets. [7] used both Large Eddy Simulation (LES) and RANS models to simulate 45˚ and 60˚ 

inclined dense jets and found that despite slight improvement in estimation of some geometrical 

properties of the jets (e.g. return point and centerline peak), it underestimated the dilution at the 

return point by approximately 20% compared to data from experiments.  

As reported in past numerical studies of mixing of inclined dense jets in FSR (e.g. [4-6]), 

RANS models perform relatively well in replicating the geometrical and flow properties of 

effluent discharges. However, more investigations regarding the sensitivity of these models to 

various input parameters as well as of the receiving ambient water (e.g. shallow water with 

surface attachment) are required. RANS models are popular in mixing applications, as they have 

a lower CPU demand compared to the LES models while still providing an adequate theoretical 

framework. There are some applications such as the scalar transport in a vegetated environment 

[13] that the models should go beyond the estimate of mean concentration and should resolve 

smaller scales of the fluid motions. In those cases, LES models may be a more suitable approach. 

It is noteworthy that more CFD applications are currently being run on GPU which may improve 

the computational performance of solvers being used for mixing problems. 

The main objective of this study is to numerically investigate effluent discharges of inclined 

dense discharges in shallow waters, where the jet attaches to the surface, using OpenFOAM CFD 

model. This aspect was not investigated in past studies to the best knowledge. This study 

attempts to address this research gap. Several RANS turbulence models were employed to 

estimate the trajectory and dilution properties of effluent discharges impinging the water surface. 

The performance of these models to predict the geometric and kinematic properties of jets were 

evaluated by comparing its results against previously published experimental data. 
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4.2 Methodology 

4.2.1 Numerical Details 

A RANS turbulence closure family was adopted for this study. While LES models might 

improve the simulation of phenomena in quiescent ambientes, the benefits are incremental and 

suffer large computational expense [14]. 

The governing equations for CFD modelling of inclined dense effluent discharges for 

incompressible fluids are based on the full Navier-Stokes equations. Using the same analogy 

described in [15] and [16] for the time-averaged Navier-Stokes equations for continuity, 

momentum and scalar transport, the deriving equations could be written as [14]: 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝜌̅𝑢𝑖̅) = 0                                                                                                                                                                                (4.1) 

𝜕(𝜌𝑢𝑖̅̅ ̅̅ ̅)
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+

𝜕

𝜕𝑥𝑗
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𝜕𝑃̅

𝜕𝑥𝑖
+ 𝜌̅𝑔𝑖 +

𝜕

𝜕𝑥𝑗
(𝜇

𝜕𝑢𝑖̅̅ ̅

𝜕𝑥𝑗
) −

𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
                                                                                                    (4.2) 

𝜕(𝜌𝑢𝑖̅̅ ̅̅ ̅)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌̅𝑐̅𝑢𝑗̅) =

𝜕

𝜕𝑥𝑗
(Γ

𝜕𝑐̅

𝜕𝑥𝑗
) −

𝜕𝑞𝑗

𝜕𝑥𝑗
                                                                                                                                  (4.3) 

where subscripts i, j and k denote the axis of system of coordinates; 𝜌 is fluid density; 𝑢 is fluid 

velocity; 𝑝 is pressure; 𝑔 is gravitational acceleration; 𝜇 is fluid viscosity; Γ is scalar diffusivity; 𝑐 

is scalar concentration and overbar denotes time-averaged variables. A Boussinesq hypothesis is 

applied to some of the selected RANS models (realizable k-ε, k-ω SST and v2f) to estimate the 

Reynolds stresses, 𝜏𝑖𝑗 and turbulent scalar flux 𝑞𝑗, which can be written as: 

𝜏𝑖𝑗 =  𝜇𝑡 (
𝜕𝑢𝑖̅̅ ̅

𝜕𝑥𝑗
+

𝜕𝑢𝑗̅̅ ̅

𝜕𝑥𝑖
) − 2/3(𝜌𝑘 + 𝜇𝑡

𝜕𝑢𝑘̅̅ ̅̅

𝜕𝑥𝑘
)𝛿𝑖𝑗                                                                                                            (4.4) 

𝑞𝑗 = Γ𝑡
𝜕𝑐̅

𝜕𝑥𝑗
                                                                                                                                                                          (4.5) 

where 𝜇𝑡 is turbulent eddy viscosity; k is turbulent kinetic energy; 𝛿𝑖𝑗 is Kronecker delta and Γ𝑡 is 

turbulent dispersion. Certain other models, such as the Reynolds Stress Models (RSM) described 

below, directly calculate the Reynolds stresses. 

A Finite Volume Method (FVM) was used to discretize the above-mentioned RANS 

equations. Simulations were conducted using an open-source CFD model, OpenFOAM version 

4.1.0 [17], using the twoLiquidMixingFoam solver. 
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The transient simulations in this study were run long enough to reach a steady state condition 

for the jet flows. A physical time step of 0.001 s and a time duration of 80 s were selected for the 

simulations and the velocity and concentration results were then time-averaged. 

4.2.2 Model Domain and Boundary Conditions 

The model geometry is presented in Figure 4.2. The modelled tank dimensions were selected 

to be 1.5 m long, 0.5 m wide and 0.3 m deep. These dimensions ensure no recirculation caused by 

boundary walls. The effluent is discharged with a velocity of U0 and density of 𝜌0 (ranging 

approximately from 1016 kg/m3 to 1018 kg/m3) through a nozzle with a diameter of D=0.006 m. 

The jet velocity and discharge density were the variable parameters used in this study to model 

cases for each of the two discharge angles relative to the horizontal axis. The inlet values for k, ε 

and ω are chosen based on [18] as k=0.06U02, ε=0.06U03/D, ω=ε/k. The ambient water body is still, 

with a homogeneous density of 𝜌𝑎 = 996.4 𝑘𝑔/𝑚3. The nozzle was mounted 0.05 m above the 

bed to eliminate any boundary effects [19]. There was an outlet face at the other end of the tank 

with a zero gradient boundary condition positioned perpendicular to the outlet plane. A 

symmetry boundary was modeled using a zero-gradient condition to represent the atmosphere. 

The symmetry plane condition specifies that flux and component of the gradient normal to the 

plane should be zero but free to slide in tangential directions. A Dirichlet condition was used on 

all wall boundaries to implement the zero-velocity condition. OpenFOAM standard wall 

functions (e.g. epsilonWallFunction, omegaWallFunction, etc.) were also implemented for the 

wall surfaces to model hydraulically smooth walls.  

The model domain was spatially discretized using a hexahedral mesh with a minimum cell 

size of 0.002 m around the nozzle and maximum cell size of 0.025 m at the farthest end of tank at 

the outlet face. The mesh was refined with a higher resolution along the potential jet trajectory to 

better resolve the flow properties. As part of the mesh sensitivity analysis, more than 10 initial 

test runs were performed to ensure that the mesh was sufficiently refined to resolve the velocity 

and concentration gradients especially close to the nozzle. The grid refinement criterion was set 

to reach a difference of less than 2% between the predicted results between the last two grids 

employed. When this criterion was reached, it was assumed that a satisfactory mesh was 
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established and no further refinement were needed (Figure 4.3). The final mesh configuration 

used in this study includes ~1.8 million cells. 

 
Figure 4.2: Final model geometry and boundary conditions. 

 

For all the simulations in this study, a physical time step of 1 × 10−3 s was used, which leads 

to a Courant-Friedrichs-Lewy (CFL) number less than 0.5 for stability considerations. Smaller 

time steps were also tried but the results remained the same. The convergence criteria for each 

time step were set such that the residuals for the velocity components and pressure are 1 × 10−5 

and 1 × 10−6, respectively. 
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Figure 4.3: Mesh sensitivity results - velocity 1/e widths propagation for FSR (D5) using LRR turbulence 

model. 

4.2.3 Turbulence Models 

Five RANS turbulence models were used and their performance was investigated in this 

study: the realizable k-ε and k-ω SST models (known as two-equation turbulence models), the 

v2f (four equations to model anisotropic behavior), the  LRR and the SSG (Speziale, Sarkar and 

Gatski) turbulence models (known as Reynolds stress models - six equations to model anisotropic 

behavior). It is important to note that the scalar fields (e.g., concentration) in shear flows such as 

inclined dense jets studied herein are anisotropic [20]. Moreover, experiments have found scalar 

anisotropy at both dissipation and inertial scales of the scalar fields [21]. This section summarizes 

the deriving equations of these turbulence models and Section 5 discusses further in this paper 

the performance of the turbulence models tested herein for the mixing of effluents in shallow 

waters. 

Realizable k-ε Model 

The realizable k-ε model is a widely used turbulence models in the k-ε family and was first 

proposed by [22]. This model exhibits two main differences from the standard k-ε model. It uses 

(i) a new equation for the turbulent viscosity, and (ii) the dissipation rate transport equation has 

been derived from the equation for the transport of the mean-squared vorticity fluctuation. The 

new turbulent viscosity equation is more robust compared to the other two-equations turbulence 

models. In reality, the properties of the turbulence are not similar along and across the jet, 
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especially at the shear surfaces of the jet-ambient boundary in the inclined dense jets, and the 

improvements in the realizable k-ε model help with predicting those parameters better. The form 

of the eddy viscosity equations is based on the realizability constraints; the positivity of normal 

Reynolds stresses and Schwarz’s inequality for turbulent shear stresses which make the realizable 

k-ε model more precise than other k-ε models when predicting flows with complex secondary 

flow features. Transport equations for k and ε are: 

𝜕𝑘

𝜕𝑡
+

𝜕𝑘𝑢𝑖

𝜕𝑥𝑖
=

𝜕

𝜕𝑥𝑗
(𝐷𝑘𝑒𝑓𝑓

𝜕𝑘

𝜕𝑥𝑗
) + 𝐺𝑘 − 𝜀                                                                                                                         (4.6) 

∂𝜀

∂𝑡
+

∂𝜀𝑢𝑖

∂𝑥𝑖
=

∂

∂𝑥𝑗
(𝐷𝜀𝑒𝑓𝑓

∂𝜀

∂𝑥𝑗
) + √2𝐶𝜀1𝑆𝑖𝑗𝜀 − 𝐶𝜀2

𝜀2

𝑘+√𝜐𝜀
                                                                                             (4.7) 

where Gk represents the generation of turbulent kinetic energy due to the mean velocity gradients 

and Dkeff and Dεeff are the effective diffusivity for k and ε, respectively. Their values are calculated 

as: 

𝐷𝑘𝑒𝑓𝑓 = 𝜈 + 𝜈𝑡                                                                                                                                                                   (4.8) 

𝐷𝜀𝑒𝑓𝑓 = 𝜈 +
𝜈𝑡

𝜎𝜀
                                                                                                                                                               (4.9) 

𝜐𝑡 = 𝐶𝜇
𝑘2

𝜀
                                                                                                                                                                       (4.10) 

For more details on the model and Cε1, Cε2 and Cµ constants, the reader is referred to [22].   

k-ω SST Model 

The shear stress transport k-ω model has been developed by [23] using the standard k-ω 

model and a transformed k-ε model. The main difference of the k-ω SST model to the realizable 

k-ε model is the way in which the model calculates the turbulent viscosity to account for the 

transport of the principal turbulent shear stress. This model incorporates a cross diffusion term 

in the ω equation and a blending function to allow the proper calculation of the near wall and far 

field flow areas. The blending function triggers the standard k-ω model near wall regions, and of 

the standard k-ε model in areas away from the surface. The transport equations for k and ω are: 

𝜕𝑘
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+

𝜕𝑘𝑢𝑖
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𝜕
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𝜕
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𝜕𝜔
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) + 2𝛾𝑆𝑖𝑗 − 𝛽𝜔2 + (1 − 𝐹1)𝐶𝐷𝑘𝜔                                                                            (4.12) 

For the description and values of the Gk, Dkeff, Dωeff, β, γ, Sij, F1, C, Dkω parameters as well as 

of all model constants, the reader is referred to [23]. 
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v2f (v2-f) Model 

The v2f model, which is based on k-ε-v2 model of [24], is a four-equation model that includes 

turbulence kinetic energy (k), its dissipation rate (ε), a velocity variance (v2) and a relaxation factor 

(f). This model is similar to the k-ε family of turbulence models with added features of turbulence 

anisotropy and pressure-strain effects. Therefore, it can be considered as a model whose 

characteristics place it in between k-ε models and Reynolds stress models. In this model, the 

velocity scale (v2) is used instead of the kinetic energy, k, to estimate the eddy viscosity. K, ε, v2 

and f are obtained from the following transport equations: 

𝜕𝑘

𝜕𝑡
+

𝜕𝑘𝑢𝑖
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) + 𝑆𝑓                                                                                               (4.16) 

where T and L are turbulent time and length scale, respectively; 𝐶1, 𝐶2, 𝐶𝜀1, 𝐶𝜀1
′  and 𝐶𝜀2 are 

constants and 𝑆𝑘, 𝑆𝜀, 𝑆𝑉2̅̅ ̅̅  and 𝑆𝑓 are user-defined source terms. Variable f is the solution for Eqn. 

16. The v2F model uses the elliptic operator to compute a term analogous to the pressure-strain 

correlation of the Reynolds stress model. The reader is referred to [24] for further details on the 

v2f model. 

Reynolds Stress Models (LRR and SSG) 

The Reynolds Stress Models (RSMs) or sometimes termed as the Reynolds Stress Turbulence 

Models (RSTMs) are among the most complete turbulence models for the RANS system which 

are available within OpenFOAM. RSMs' concept is different from the isotropic eddy-viscosity 

hypothesis as it closes the RANS equations by solving the transport equations for the Reynolds 

stresses, as well as an equation for the dissipation rate. Therefore, in the case of three-dimensional 

flows, seven additional transport equations are required (i.e., six equations for Reynolds stresses 

and an additional one for the dissipation rate). The exact transport equations for the transport of 

the Reynolds stresses, 𝜌𝑢𝑖
′𝑢𝑗

′̅̅ ̅̅ ̅̅ , can be written as: 
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Local Time Derivative + Convection (Cij) = - Turbulent Diffusion (DT, ij) + Molecular Diffusion (DL,ij) 

- Stress Production (Pij) - Buoyancy Production (Gij) + Pressure strain (ϕij) - Dissipation (εij) - 

Production by System Rotation (Fij) + User Defined Source Term 

Its mathematical representation is: 
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Parameters Cij, DL,ij, Pij, and Fij do not need to be modelled, because they do not include higher 

order correlations such as 𝑢𝑖
′𝑢𝑗

′𝑢𝑘
′̅̅ ̅̅ ̅̅ ̅̅ ̅, whereas DT,ij, Gij, ϕij, and εij require modelling in order to close 

the equation, because they include additional unknows. 

Among all the terms above, only the buoyancy production equations are presented below due to 

their importance in dense effluent discharge modelling: 

𝐺𝑖𝑗 = −𝜌𝛽(𝑔𝑖𝑢𝑗
′𝜃̅̅̅̅̅ + 𝑔𝑗𝑢𝑖

′𝜃̅̅̅̅̅)                                                                                                                                        (4.18) 
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)                                                                                                                                                           (4.19) 

where Prt is the turbulent Prandtl number for the flow energy with a value of 0.85 set as default 

in OpenFOAM model.  

The RSMs do not always generate better results compared to simpler turbulence models for 

all applications. However, for the effluent discharge mixing application, in which the problem 

includes modelling the streamline curvature and jet anisotropy in the Reynolds stresses, RSMs’ 

equations are good candidates to consider. Two different RSMs were used in OpenFOAM for this 

study: the Launder-Reece-Rodi (LRR) model which was developed by [25] and the Speziale-

Sarkar-Gatski (SSG) model developed by [26]. The difference between the LRR and SSG 

turbulence models is due to how they model the terms including unknows in Eqn. 17. For 

instance, SSG turbulence model uses an invariant dynamical systems approach to model the 

pressure-strain correlation of turbulence. 
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4.3 Numerical Experiment Cases 

The simulation cases employed in this study were selected based on the experiments 

conducted by [1]. Two discharge angles (30° and 45°) were selected and three regimes (FSR, PCR 

and CIR) were considered for each discharge angle. Finally, five different turbulence models were 

applied to each case. This resulted in 2×3×5=30 simulation cases. Table 4.1 and Table 4.2 present 

the parameters used in the numerical experiment cases studied herein. 

4.4 Results and Discussion 

4.4.1 Mixing Regimes 

The time-averaged normalized concentration maps (C/C0; where C is concentration at each 

numerical cell and C0 is the discharge concentration) for 30° discharges, and all turbulence 

models, are shown in Figure 4.4. The three regimes introduced by [1] can be observed in these 

figures. When the densimetric Froude number F, Eqn. 20, is relatively small with large water 

depth H, a full submergence regime (FSR) for dense jet discharge could be achieved (Figure 4.4a-

e).  

𝐹 =
𝑈0

√
𝜌0−𝜌𝑎

𝜌𝑎
𝑔𝐷

                                                                                                                                                                (4.20) 

As F increases, the upper half of the discharge plume impacts the water surface and water 

entrainment is only limited to the ambient water beneath of the jet. This results in the plume 

contact regime (PCR) shown in Figure 4.4f-j. With further increase of F, the limitation of water 

depth becomes more prominent and the jet centerline directly impinges the water surface. This 

results in the centerline impingement regime (CIR) as shown in Figure 4.4k-o. In the PCR and 

CIR regimes, the jet attaches to the surface and moves downstream due to the initial momentum 

of the discharge and then eventually descends when the negative buoyancy forces overcome the 

initial momentum forces.   

4.4.2 Flow Characteristics       

For the numerical cases investigated, five to seven cross sections were considered (depending 

on the regime) which are selected such that they are  perpendicular to the jet trajectory to extract 

data related to the velocity and concentration distribution along the jet width. The 

nondimensional streamwise distance, Lv/D (Lv is distance along the jet centerline and D is the 
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nozzle diameter), is used to indicate the distance along the jet centerline at the central plane. 

Figure 4.5 shows the location of these cross sections for the LRR turbulence model. From this 

point onwards, for the sake of readability of the numerical result plots and for brevity, only the 

LRR and v2f turbulence model results are plotted and results from other models will only be 

summarized in tables. The last horizontal line shown in Figure 4.5 is used for quantifying the 

return point location and dilution at this point. The red line in Figure 4.5 represents the jet 

centerline which was defined by connecting the maximum velocity values on each cross section. 

In some studies, the jet centerline might be defined based on the maximum concentration, but the 

maximum velocity was adopted in this study based on [1]. 
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Table 4.1: Numerical experiment parameters and results for 30° discharge case 

Jet Properties Return Point Results 

ID ϴ (°) D (mm) U0 (m/s) Δρ/ρa (%) F H/D F/(H/D) Sr Sr/(H/D) Xr/D Xr/D(H/D) 

C3 (Full 

Submerged 

Regime - FSR) 

[1] 

30 6 0.58 1.99 17 20 0.85 

18.0 0.90 49.0 2.45 

LRR 17.9 0.89 50.5 2.52 

SSG 17.2 0.86 56.9 2.84 

v2f 16.4 0.82 40.6 2.03 

Realizable k-

ε 
17.2 0.86 52.3 2.61 

k-ω SST 13.3 0.67 36.9 1.84 

C6 (Plume 

Contact Regime 

- PCR) 

[1] 

30 6 0.92 2.00 27 20 1.35 

17.7 0.884 84.5 4.23 

LRR 17.5 0.88 80.0 4.00 

SSG 16.4 0.82 81.7 4.08 

v2f 15.2 0.76 73.3 3.67 

Realizable k-

ε 
18.5 0.93 81.7 4.08 

k-ω SST 14.3 0.71 60.0 3.00 

C8 (Centerline 

Impingement 

Regime - CIR) 

[1] 

30 6 1.10 2.03 32 20 1.60 

17.2 0.862 140 7.02 

LRR 20.0 1.00 108.3 5.42 

SSG 20.4 1.02 108.3 5.42 

v2f 18.2 0.91 95.0 4.75 

Realizable k-

ε 
20.8 1.04 98.3 4.92 

k-ω SST 17.5 0.88 70.0 3.50 
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Table 4.2: Numerical experiment parameters and results for 45° discharge case 

Jet Properties Return Point Results 

ID ϴ (°) D (mm) U0 (m/s) Δρ/ρa (%) F H/D F/(H/D) Sr Sr/(H/D) Xr/D Xr/D(H/D) 

D5 (Full 

Submerged 

Regime - FSR) 

[1] 

45 6 0.78 2.11 22.3 40 0.56 

23.8 0.595 66.7 1.67 

LRR 24.4 0.61 68.3 1.71 

SSG 22.7 0.57 70.0 1.75 

v2f 20.0 0.50 63.3 1.58 

Realizable k-

ε 
23.3 0.58 71.7 1.79 

k-ω SST 19.2 0.48 56.7 1.42 

D8 (Plume 

Contact 

Regime - PCR) 

[1] 

45 6 1.05 2.11 29.9 40 0.75 

25.6 0.641 118 2.96 

LRR 26.3 0.66 111.7 2.79 

SSG 25.0 0.63 110.0 2.75 

v2f 22.7 0.57 105.0 2.63 

Realizable k-

ε 
26.3 0.66 111.7 2.79 

k-ω SST 23.8 0.60 100.0 2.50 

D11 

(Centerline 

Impingement 

Regime - CIR) 

[1] 

45 6 1.22 2.10 34.8 40 0.87 

23.4 0.584 - - 

LRR 23.8 0.60 118.3 2.96 

SSG 24.4 0.61 113.3 2.83 

v2f 22.7 0.57 108.3 2.71 

Realizable k-

ε 
23.3 0.58 115.0 2.88 

k-ω SST 2.2 0.06 105.0 2.63 
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Figure 4.4: Mixing regimes of the 30° inclined dense jets in shallow ambient water: a) FSR – LRR; b) FSR – 

realizable k-ε; c) FSR – SSG; d) FSR – k-ω SST; e) FSR – v2f; f) PCR – LRR; g) PCR – realizable k-ε; h) PCR 

– SSG; i) PCR – k-ω SST; j) PCR – v2f; k) CIR – LRR; l) CIR – realizable k-ε; m) CIR – SSG; n) CIR – k-ω 

SST; o) CIR – v2f. For details of each case refer to Table 4.1.  
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Figure 4.5: Full Submergence Regime (SFR) of a 30° discharge (C3) with cross section alignments used to 

extract discharge velocity and concentration – LRR model. The red line represents the jet centerline.  

 

Figure 4.6 plots the outer jet boundaries and centerline of the FSR jets resulted from LRR and 

v2f turbulence models for a 30° discharge. Note that C=0.03C0 (i.e., 3% of maximum concentration 

at the source) was used to delineate the jet outer boundary in the numerical results. The outline 

from experiment is for a different case with different F and is presented for a qualitative 

comparison only. For all three regimes (i.e., FSR, PCR and CIR), the jet starts with a dominant 

momentum force (this area was named “initial stage” as per [1]). The momentum force reduces 

as jet height increases and, at the maximum jet rise height, the buoyancy forces dominate the flow 

and the negative buoyancy causes the jet to sink back. Surface attachment will further reduce the 

upward momentum and thus the initial stage becomes shorter and this is followed by an 

“attachment stage” ([1]). The difference in the centerlines separately obtained from the LRR and 

the v2f models are shown in Figure 4.6. This highlights the importance of evaluating the effect of 

using different turbulence models in effluent discharge modelling. This aspect is further 

discussed in Section 4.5. 
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Figure 4.6: Comparison of jet boundaries of a 30° discharge in FSR using the of LRR and v2f models with  

an experimental case from [1]. 

Full Submergence Regime (FSR) 

Figure 4.4 and Figure 4.5 show the flow pattern of the effluent discharge in the FSR. Flow 

pattern could be divided in inner half and outer half by the jet centerline (i.e., the locus of 

maximum jet velocity) as shown in Figure 4.5. The cross-sectional axial velocity for an inclined 

dense jet can be approximated by a Gaussian profile described as: 

𝑈 = 𝑈𝑚𝑒−(
𝑟

𝑏
)2

                                                                                                                                                              (4.21) 

where Um is maximum streamwise velocity at a cross section; r is radial distance and b is velocity 

1/e width where the jet velocity decreases to 1/e of the maximum velocity on the cross section (e 

is the Naperian number which is 2.718). It is noteworthy that b is not viable for the PCR and CIR 

and is only applicable to the FSR. The numerical results of the LRR and the v2f models are 

compared to those experimentally obtained by [1] for the nondimensional cross sectional 

distribution of U/Um at five Lv/D locations and are presented in Figure 4.7. As reported in previous 

experimental and numerical studies on inclined dense jets (e.g., [5, 27]), the outer half of the jet is 

more consistent with a Gaussian profile, while a larger distortion is observed in the inner half of 

the jet with a larger rate of spreading. The transversal jet cross-sections on numerical results have 
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an average distance of ~8D from each other and larger gap between two neighboring profiles 

would suggest a larger distortion rate in inner half of the jet.   

Similar to the experimental work of [1], the largest velocity internal asymmetry identified in 

this study occurred at an Lv/D which is the closest cross section to the jet terminal rise location 

where the vertical velocity is minimum. This is in fact the line along which the buoyancy-induced 

instability seems to be perpendicular to the flow direction. Discrepancies between the numerical 

and the experimental results, mainly overpredicting the velocity spread by numerical results, 

could be attributed to the inaccuracy of RANS models to properly capture the internal 

detrainment. 

 
Figure 4.7: Nondimensional velocity profiles at different downstream cross sections for a 45° discharge 

(D5) using LRR and v2f turbulence models in FSR. Experimental results are from [1].  

Plume Contact Regime (PCR) and Centerline Impingement Regime (CIR) 

The general flow patterns for PCR and CIR for a 30° jet are shown in Figure 4.4. [1] proposed 

defining five regions for PCR and CIR: the initial stage (immediately after the discharge point 

where momentum forces are dominant), the attachment stage (where jet centerline attaches to the 

water surface, in CIR) and the developed stage (where jet centerline detaches from the water 

surface, in CIR, and sinks due to strong buoyancy forces) with two transition stages between 

them. These are shown in Figure 4.8. The nondimensional cross sectional distribution of the 
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velocity in the PCR and CIR scenarios follows similar patterns as the FSR scenario in the initial 

stage where buoyancy-induced distortions would result in wider spread in the inner half of the 

jet (Figure 4.9a, only PCR). The numerical results from LRR and v2f model show similar patterns 

as experimental data by [1]. 

In the attachment stage, the velocity 1/e width could not be identified and, thus, r/D was used 

instead of r/b for the horizontal axis to plot the nondimensional cross sectional distribution of 

velocity in PCR and CIR. The numerical results (LRR and v2f models) are compared to those from 

the experiment [1] for this stage in Figure 4.9b for PCR (results of CIR follow the same pattern as 

PCR and, thus, not shown here). The difference between PCR and CIR in the attachment stage is 

that the maximum velocity will occur below the water surface for the PCR and at the water 

surface for the CIR. [1] proposed Eqn. 22 for a distorted Gaussian profile for the attachment stage 

of a PCR that is plotted in Figure 4.9b. 

𝑈

𝑈𝑚
= 0.67𝑒−(

𝑟

2𝐷
)2

+ 0.33                                                                                                                                                              (4.22) 

  
Figure 4.8: CIR of a 45° discharge (D11, LRR model) with cross section alignments used to extract velocity 

and concentration. 

 

Finally, for the developed stage, the outer half of jets for all numerical models do match better 

the Gaussian profile compared to the inner half. For the inner half, the jets stabilized as shown in 

Figure 4.9c for PCR. This stabilization means that the jet discharge reaches a fully developed stage 

with symmetrical and self-similarity jet spreading. The numerical results from LRR and v2f 

turbulence models are relatively close, with slightly higher values for the v2f turbulence model. 
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Shear stress forces on a turbulent jet impact the velocity and its spread along the jet trajectory 

which might have contributed to the different results between the turbulence models applied 

here. 

4.4.3 Jet Concentration Spread 

Jet spread rate in inclined dense jet discharges is usually quantified using either the velocity 

or concentration 1/e widths. The FSR case was used to quantify the jet spread, as used in [1]. 

Nondimensional velocity profiles for a 45° discharge were plotted in Figure 4.7 earlier. Similar 

analysis was performed for nondimensional concentration profiles, as presented in Figure 4.10. 

Comparing the latter to velocity profiles in Figure 4.7, it was observed that for the areas that 

buoyancy forces dominate the plume (i.e. descending section of the jet), the deviation from 

Gaussian profile is larger in the concentration profiles compared to those of velocity profiles, in 

the inner half of the jet. This is attributed to larger effect of buoyancy distortion on the 

concentration rather than velocity. 

For the five cross sections used in Figure 4.7 and Figure 4.10, the locations of the velocity and 

concentration 1/e widths were normalized with the nozzle diameter plotted against the distance 

along the jet centerline as shown in Figure 4.11 for FSR. The differences between the numerical 

results and experimental data are because of the cases considered (i.e. different Froude numbers). 

Values calculated by the LRR model were consistently higher for both the concentration and 

velocity spread widths. This is assumed to be due to the capability of the LRR model to capture 

anisotropies in the jet, especially due to the pressure differences at the jet boundaries similar to 

that reported in [5]. However, milder slopes observed in the numerical results compared to those 

from experimental data suggests slightly lower rates of spread for jet velocity and concentration. 

4.4.4 Velocity Decay 

The magnitude of both the axial and vertical velocity were evaluated to quantify the velocity 

decay of the inclined dense jet. Similar to previous sections, from all models studied herein, only 

the LRR and v2f models are presented in the graph forms for the sake of brevity. However, unlike 

previous plots, all three regimes’ (FSR, PCR and CIR) values are presented. Maximum vertical 

velocity values at each cross section were extracted and plotted against the axial location of the 
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cross sections along the jet centerline as shown in Figure 4.12. As expected, the maximum vertical 

velocity decreases until the jet reaches its maximum height at which point the negative buoyancy 

causes the jet to sink downward. Maximum vertical velocity will then increase again while jet is 

descending toward the bed. A steep decline is observed in the CIR around Lv/D=45 and that is 

due to the surface impingement of the jet. Numerical results show a similar pattern as the 

experimental ones (even though the Froude numbers are different) of [1]. LRR model values are 

slightly higher than the v2f model. Given the longer distance of return point resulted from the 

LRR turbulence model than v2f turbulence model for all cases studied, the higher maximum 

vertical velocity in the LRR turbulence model seems to be reasonable. Since there is a better 

agreement between the geometrical properties of LRR turbulence model with experimental data 

from [1] when comparing to the v2f turbulence model (Table 1 and Table 2), one can conclude 

that the maximum vertical and axial velocity results from LRR turbulence model are more reliable 

than the v2f model.   

Maximum axial velocity decay is plotted in Figure 4.13 where it shows a constant decrease 

in velocity for FSR for both the LRR and v2f models. This is consistent with the behavior observed 

in the experimental study of [1]. The velocity magnitude, observed in [1], remained almost 

constant for the PCR when it impinged the water surface and it increased slightly in the CIR 

before it continued to decrease again. The numerical results could not reproduce the increase in 

the axial velocity in the impinging region for the CIR. [1] argued that this velocity increase could 

be due to the change in the jet cross sectional area as it impinges the water surface (i.e., a decrease 

of the jet cross sectional area at the surface impingement point and, thus, an increase in the 

velocity). Both LRR and v2f models show an approximately constant axial velocity in the 

impingement region. This could be because the numerical model did not capture the change in 

the cross sectional area of the impinging jet discussed in [1]. 
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Figure 4.9: Nondimensional velocity profiles at different downstream cross sections for a 45° discharge 

using LRR and v2f turbulence models in PCR; a) initial stage, b) attachment stage and c) developed stage. 
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Figure 4.10: Nondimensional concentration profiles at different downstream cross sections for a 45° 

discharge (D5) in FSR with F=22.3. Experimental case is from Jiang et al. (2014) with F=7.1. 

 

 
Figure 4.11: Velocity and concentration 1/e widths propagation for FSR (D5). Experimental case is from 

Jiang et al. (2014). 
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Figure 4.12: Maximum vertical velocity propagation along the jet trajectory at the central plain for the 30° 

discharge cases (C3, C6 and C8). 

 

 
Figure 4.13: Maximum axial velocity decay along the jet trajectory at the central plain for 30° discharge 

cases (C3, C6 and C8). 
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4.4.5 Surface Impingement Dilution and Location 

Minimum Surface Dilution 

Minimum Surface Dilution (Ss) could be nondimensionalized by H/D, where H is the water 

depth above the nozzle, for similar Δρ/ρ0. This was found to be an appropriate 

nondimensionalization parameter for shallow waters [1]. Discharge Froude number F is also 

known to be suitable for nondimensionalization of dilution [8]. Froude number F was normalized 

by H/D [1, 8]. The normalized Ss/(H/D) versus F/(H/D) for the 30° and 45° discharge angles are 

plotted in Figure 4.14 and Figure 4.15, respectively. The minimum surface dilution results are 

divided into three regimes (FSR, PCR and CIR). For the FSR condition, the jet terminal rise does 

not interact with the water surface and thus the dilution would approach infinity, theoretically. 

As the Froude number increases, the outer half of the jet starts reaching the water surface (i.e. the 

PCR) and causes a drop in dilution. When F is sufficiently large, the jet transforms into a CIR and 

the dilution reaches its minimum in the attachment zone and Ss/(H/D) becomes constant in the 

asymptotic range of high F/(H/D) values. In the attachment zone, the jet behaves like a wall jet 

where the water entrainment is restricted from top of the jet toward its centerline. This causes a 

decrease in the dilution rate compared to that of a free jet. Numerical results show good 

agreement with the experimental data for LRR and v2f models, for both the 30° and 45° jets. The 

average differences between numerical results and experimental data are +4% and -7% for the 

LRR and v2f turbulence models, respectively, for 45° discharges. 

The transitional lines for F/(H/D) were identified by [1] to distinguish the three jet regimes. 

The normalized F/(H/D) values for both 30° and 45° discharge angles in numerical cases (F/(H/D) 

value is the same for all turbulence models in each regime) are provided in Table 4.3. The values 

are within the range proposed by [1] which confirms that the modelled jets fall within the correct 

classification for each F/(H/D). There has not been any discussion on the waves generated due to 

impingement of the discharge into the water surface in the experimental studies. Waves may not 

happen in the PCR, but they may emerge in the CIR if F/(H/D) is much larger than 1.4 and 0.77 

for the 30° and 45° discharge angles, respectively. A parametric study using a volume of fluid 

(VOF) model is able to quantify this, but it is not the scope of the current study. 
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Figure 4.14: Normalized minimum surface dilution versus normalized F for 30° discharge. 

 

 
Figure 4.15: Normalized minimum surface dilution versus normalized F° for 45° discharge. 
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Table 4.3: Comparison of numerical (this study) and experimental [1] regime transition values for the 30° 

and 45° discharges. 

Regime 
Experimental [1] Numerical 

30° 45° 30° 45° 

FSR 𝐹. 𝐷/𝐻 < 0.95 𝐹. 𝐷/𝐻 < 0.62 0.85 0.56 

PCR 0.95 ≤ 𝐹. 𝐷/𝐻 < 1.4 0.62 ≤ 𝐹. 𝐷/𝐻 < 0.77 1.35 0.75 

CIR 𝐹. 𝐷/𝐻 ≥ 1.4 𝐹. 𝐷/𝐻 ≥ 0.77 1.60 0.87 

 

Horizontal Location of Minimum Surface Dilution 

The horizontal location of minimum surface dilution (Xs/D) was plotted against F, both 

normalized by H/D, in Figure 4.16 according to [1]. Similar to the dilution plot, no minimum 

surface dilution point is viable for the FSR. As F increases in the PCR, the Xs/D reaches an almost 

constant value and it will decrease with further increase of F, when the CIR governs. Numerical 

results of the LRR and v2f models are in good agreement with the experimental data, as shown 

in Figure 4.16, with lower estimate of Xs for v2f turbulence model comparing to the experimental 

data. The average differences between numerical results and experimental data are 2% and 6% 

for the LRR and v2f turbulence models, respectively, for 45° discharges. 

An important observation made by [1], as a result of their experiments, was that the 

horizontal locations of minimum surface dilution, the maximum horizontal velocity and the 

maximum vertical velocities are different in the PCR and the CIR regimes. The numerical results 

of both the LRR and the v2f turbulence models verify this observation as well as confirming the 

maximum horizontal velocity in the attachment zone occurs at a farther distance from the nozzle 

compared to the maximum vertical velocity. This suggests that after the impingement point, the 

vertical velocity decreases while the horizontal velocity increases as the jet flows downstream. 

This is in line with elements evident in Figure 4.12 and Figure 4.13 where the velocity magnitude 

stayed constant (in PCR) or even increased locally (in CIR) even though the vertical velocity 

dropped. This suggests a transition from vertical momentum to horizontal momentum in the 

surface impingement zone. 
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Figure 4.16: Horizontal locations of minimum surface dilution for 30° and 45° discharges. 

4.4.6 Return Point Dilution and Location 

The numerical results of minimum return dilutions and their corresponding horizontal 

locations obtained from all turbulence models are presented in Table 4.1 and Table 4.2, for 30° 

and 45° discharge inclinations, respectively. 

Minimum Return Dilution 

Similar to that of the minimum surface dilution (Ss), the minimum return dilutions (Sr) are 

normalized with H/D and plotted in Figure 4.17 and Figure 4.18 for 30° and 45° inclinations, 

respectively. Consistent with past studies of submerged jets [6, 28], the dilution at the return point 

is almost linearly proportional to F. As F increases and the jet transitions into PCR and CIR, where 

surface attachment occurs, the dilution reaches an approximate asymptotic condition. This is the 

main limitation of effluent discharges into shallow water environments. Root mean square error 

(RMSE) and mean error (ME) are calculated for each numerical model and are presented in Table 

4.4 for the 30° and 45° discharge angles. As shown in Figure 4.17, Figure 4.18 and in Table 4.4, the 

LRR model performs better at estimating the return point dilution compared to all other 

turbulence models evaluated in this study. 
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Figure 4.17: Normalized minimum return dilution versus normalized Froude number for 30° discharge. 

 

 
Figure 4.18: Normalized minimum return dilution versus normalized Froude number for 45° discharge. 
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Table 4.4: Root mean square error (RMSE) and mean error (ME) of return location and dilution for 30° 

and 45° discharges. 

Turbulence 

Model 

Parameter RMSE 
Parameter ME (Present Study – Jiang et al., 

2014) 

Sr/(H/D) Xr/D/(H/D) Sr/(H/D) Xr/D/(H/D) Sr/(H/D) Xr/D/(H/D) Sr/(H/D) Xr/D/(H/D) 

30° 45° 30° 45° 

LRR 0.08 0.94 0.01 0.12 0.04 -0.59 0.01 -0.06 

SSG 0.10 0.96 0.02 0.16 0.02 -0.45 -0.01 -0.06 

v2f 0.09 1.37 0.07 0.24 -0.05 -1.09 -0.06 -0.21 

Realizable k-ε 0.11 1.22 0.01 0.15 0.06 -0.70 0.00 -0.02 

k-ω SST 0.17 2.18 0.31 0.37 -0.13 -1.79 -0.23 -0.36 

  

Horizontal Location of Minimum Return Dilution      

Horizontal location of minimum return dilution (Xr/D) is normalized by H/D (according to 

[1]) and plotted versus F (Figure 4.19 and Figure 4.20, for 30° and 45° discharges, respectively). 

As expected, the return point length increases with an increase in F. However, the slope of the 

increase at the return point length versus F is steeper in the PCR and CIR than FSR which is due 

to the surface attachment. Numerical results shown in Figures 4.19 and 4.20 are in good 

agreement with experimental data of [1], especially for the FSR and PCR regimes. Numerical 

results underestimate the horizontal location of minimum return dilution in the CIR regime for 

both 30° and 45° discharges by about 20%. The Xr/DF coefficients on Figure 18 and Figure 19 were 

extracted for each turbulence model and for each discharge angle. They are compared to the 

return point location values from experiments as shown in Table 5. Moreover, to better quantify 

the comparisons, the absolute differences of the horizontal locations of minimum return dilution 

are also shown in Table 5. Figure 20 shows the numerical results (this study) versus experimental 

data [1] of return location and dilution for 30° and 45° discharges. LRR turbulence model 

performed the best among all turbulence models evaluated in this study for both the minimum 

return dilution and the corresponding horizontal location, except for the horizontal location of 

the minimum return dilution for 30° discharge. For the latter, the realizable k-ɛ turbulence model 

showed a better performance when results were compared to the average value of all other past 

experimental studies. 
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Figure 4.19: Horizontal locations of minimum return dilution for 30° discharge. 

 

 
Figure 4.20: Horizontal locations of minimum return dilution for 45° discharge. 
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Table 4.5: Comparison of return point location coefficients (bold number is the lowest absolute 

difference). 

Study 

Coefficient of the 

Return Point 

Horizontal 

Displacement  

Coefficient of the 

Return Point 

Dilution  

Absolute Difference (Present Study – the 

Average of All Other Experimental 

Studies) 

Xr/DF Sr/F Xr/DF Sr/F 

30˚ 45˚ 30˚ 45˚ 30˚ 45˚ 30˚ 45˚ 

Present 

Study 

LRR 2.97 3.06 1.05 1.09 0.14 0.02 0.28 0.31 

SSG 3.35 3.14 1.01 1.02 0.24 0.05 0.32 0.38 

v2f 2.39 2.84 0.96 0.90 0.72 0.25 0.37 0.51 

Realizable 

k-ε 
3.07 3.21 1.01 1.04 0.03 0.13 0.32 0.36 

k-ω SST 2.17 2.54 0.78 0.86 0.93 0.55 0.55 0.54 

[1] 2.98 3.00 1.16 1.42 

- 

[26] 3.18 3.34 0.82 1.09 

[27] - 3.16 - 1.55 

[24] 3.00 2.83 1.45 1.26 

[25] 3.14 3.26 - - 

[28] 3.30 3.20 1.90 1.70 

[29] 3.03 2.82 - - 

 

4.5 Discussion on the Performance of Turbulence Models 

One of the main objectives of the current study was to evaluate the suitability of RANS 

turbulence models used for the modelling of the mixing of effluents in the shallow waters, 

especially with surface attachment. 

Based on the numerical results and comparisons presented in Table 4.1 and Table 4.2 and in 

the subsequent comparison tables (Table 4.4 and Table 4.5), it can be concluded that the LRR 

model performed best among all other RANS model tested herein. There could be multiple 

reasons for this as hypothesized by the authors below: 

▪ Secondary flow: secondary flows are important in the effluent discharge and mixing 

application [33]. Due to its anisotropic structure, the LRR model is more accurate since it 

considers the effects of secondary flows that occur due to stress-induced flows. The 

secondary flow vortexes in the case of inclined dense jet discharges into a stagnant 

ambient water are due to multiple mechanisms. One is due to the buoyancy-induced 

gravitational instabilities, where momentum pushes the jet forward and buoyancy sinks 
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the jet downward. The other mechanism is due to Kelvin-Helmholtz (KH) shear 

instabilities which happen at the jet-water interface where there is a velocity difference 

across. Such secondary flows result in higher turbulence and, thus, stronger mixing of the 

jet. A more detailed numerical study using LES models will reveal the details on the 

turbulence structure of these vortexes. 

▪ Pressure: the pressure strain term combined with the stress production term in the LRR 

model results in more accurate calculation of shear stresses especially on the jet-water 

interface where the pressure difference controls the jet trajectory. This is especially 

important in the surface impingement area in the PCR and CIR regimes, as well as in the 

bed impact area (not investigated in this study) due to higher pressure differences 

occurring at the jet boundary in these areas. 

▪ Buoyancy: amongst all turbulence models employed in this study, the RSMs include 

turbulent kinetic energy production due to buoyancy effects. Even though the buoyancy 

difference between the jet and the ambient receiving water is not large in the cases studied 

herein (i.e. ∆𝜌/𝜌𝑎 < 3%), it is a key factor in the jet spread width as well as in the buoyancy 

distortions observed in the case of such inclined dense jets, especially for the inner half of 

the jet. It is expected that RSMs perform significantly better as the buoyancy difference 

between the jet and ambient water increases. Other turbulence models could be modified 

to include the buoyancy terms in the governing equations of the production and 

dissipation of turbulent kinetic energy. [6] evaluated this using the standard k-ε model 

and found that it helps with the jet growth rate prediction. However, the changes were 

relatively small, something attributed to a small difference in density between the 

discharge and the ambient water. 

Among the four other turbulence models applied in this study, the v2f turbulence model is 

a four-equation model and conceptually between the RSMs and two-equation models, with 

added features for the turbulence anisotropy and pressure-strain effects. However, as shown in 

Table 4.4 and Table 4.5, the v2f turbulence model was not able to reproduce the geometrical and 

kinematic properties of the inclined dense jets as well as the LRR turbulence model or even the 

realizable k-ε model. It was reported [34] that v2f model is more successful when applied to the 
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case of wall jets and boundary layer applications as it is closer to the k-ω SST model which is 

more suitable for the high shear regions such as boundary layer problems. On the other hand, the 

realizability assumption in the realizable k-ε model improves the shortcoming of the isotropic 

character of eddy viscosity in the k-ε family models (e.g. standard k-ε model) which makes them 

rather insensitive to the orientation of the turbulence structure and its transporting and mixing 

mechanisms. The realizable k-ε model was also reported to be a suitable choice of turbulence 

model for effluent discharge modelling in the previous studies [4-6]. The SSG turbulence model 

(also an RSM, similar to LRR) performance was not as good as that of the LRR turbulence model 

but was comparable to the realizable k-ε model’s performance (see Table 4.4 and Table 4.5). The 

computational time required by the SSG turbulence model is longer than that of the realizable k-

ε for the mixing cases studied herein: thus, this could be a trade-off for choosing among these two 

models. 

The performance of various RANS turbulence models has been previously evaluated for the 

mixing of turbulent inclined dense jets in stationary deep ambient waters [6-8]. The difference in 

results of the two-equation turbulence models (e.g. realizable k-ɛ) and RSMs (e.g. LRR)  in those 

studies are smaller than that of shallow waters studied in the present paper. This suggests that 

for mixing in shallow waters with surface attachment, applying turbulence models such as the 

LRR, that better handle the flow interactions and nonlinearities, is more critical. 
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Figure 4.21: Numerical results (this study) versus experimental data (Jiang et al., 2014) of return location 

and dilution for 30° and 45° discharges. 

4.6 Conclusions 

A comprehensive numerical modelling study was performed for the first time to investigate 

the effluent discharge of 30° and 45° inclinations into shallow waters. A range of RANS 

turbulence models were examined: the realizable k-ε and the k-ω SST models (known as two-

equation turbulence models), v2f (four equations to model anisotropic behavior) and the LRR and 

SSG turbulence models (known as Reynolds stress models - six equations to model anisotropic 

behavior). The validated model in this study will be applicable to other discharge inclinations as 

well (e.g., 60° discharge). The following conclusions are drawn based on the results of this study. 

▪ Axial velocities were extracted at different cross sections along the jet trajectory. They 

were then used to identify the jet centerline, as well as the different stages (i.e. initial, 

attachment, developed and two transitions between them for the PCR and CIR). For the 

PCR and CIR, the decay of the maximum axial velocity was affected by the surface 

attachment which results in farther propagation of the jet along the water surface. 
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▪ Minimum dilution at the surface and the return point were extracted in all numerical cases 

and were compared to those from the experimental work of [1]. It was found that, as the 

Froude number increased and the mixing regime changed from FSR to PCR and then CIR, 

the surface dilution (Ss) decreased until it reached an asymptotic limit, which is about 

Ss/(H/D) of 0.38 and 0.27 in the CIR for 30° and 45° discharges, respectively. The average 

differences between numerical results and experimental data of minimum surface 

dilution are +4% and -7% for the LRR and v2f turbulence models, respectively, for 45° 

discharges. 

▪ The normalized F/(H/D) values for both 30° and 45° discharge angles in numerical cases 

(F/(H/D) value is the same for all turbulence models in each regime) are given in Table 4.3. 

The values are within the range proposed by [1] which confirms that the modelled jets fall 

within the correct classification for each F/(H/D). 

▪ Lower discharge angle (30°) reduces the probability of surface attachment for a given 

water depth when compared to the higher discharge angle (45°). However, if surface 

attachment occurs for both the 30° and 45° inclinations, the 45° discharges would be 

preferable since, for this case, the jet ensures a better return dilution. For instance, the 

average estimated return dilution Sr by LRR turbulence model in the PCR and CIR 

regimes for the 30° and 45° discharges are 18.75 and 25.05, respectively. 

▪ The LRR RSM turbulence model was the most accurate among the five different 

turbulence models tested herein. The RSM models (and particularly the LRR model) 

reasonably captured secondary flows and buoyancy-induced forces since these models 

account for the effects of the stress anisotropy. Discrepancies between the numerical 

results and the experimental data exists, e.g. in the simulation of processes such as internal 

detrainment and therefore the velocity spread and dilution predictions. Moreover, the 

computational costs of the different turbulence models have to also be considered. RSMs 

are more computationally expensive than both two- and four-equation models (e.g. about 

20 % more than realizable k-ε). 

▪ The experimental data from [8] includes 60° inclined dense jets in shallow waters. Authors 

are currently performing analyses using the existing model for simulation of 60° inclined 
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dense jets in shallow waters using the data from [8]. The observations from [8] is close to 

that from [1] and our numerical results are capable to reproduce those cases. [8] has 

suggested slightly different transition criteria. Table 6 summarizes the comparison of 

transition criteria between the current study, [1] and [10].  

▪ For the next steps, parameters such as ambient water stratification, current and wave can 

be added to the existing model to account for the environmental forcing. Turbulence and 

vorticity of the jet, especially in the attachment zone, can also be studied in more details 

using LES turbulence models. 

Table 4.6: Comparison of regime transition criteria (values of F.D/H) in shallow water jets. 

Regime 
Experimental [1] Experimental [10] Numerical 

30° 45° 30° 45° 60° 30° 45° 

FSR < 0.95 < 0.62 < 0.80 < 0.48 < 0.42 0.85 0.56 

PCR 0.95 − 1.4 0.62 − 0.77 0.80 − 1.15 0.48 − 0.70 0.42 − 0.64 1.35 0.75 

CIR ≥ 1.4 ≥ 0.77 ≥ 1.15 ≥ 0.70 ≥ 0.64 1.60 0.87 

  
Notation 

Following symbols were used in this paper: 

b = velocity 1/e width 

bc = concentration 1/e width 

C = concentration at each cell 

C0 = discharge concentration 

D = nozzle diameter 

F = densimetric Froude number 

g = gravitational acceleration 

H = water depth above nozzle level 

k = turbulent kinetic energy 

Lv = distance along the jet centerline 

P or p = fluid pressure 

Prt = turbulent Prandtl number 

𝑞𝑗 = turbulent scalar flux 

r = radial distance 

Sr = minimum dilution at the return point 

Ss = minimum dilution at the water surface 

u = fluid velocity 

U0 = discharge initial velocity 

Um = maximum streamwise velocity at a cross section 

Vm = maximum vertical velocity at a cross section 

Xr = horizontal location of minimum dilution at the return point  
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Xs = horizontal location of minimum dilution at the water surface  

Yt = jet terminal rise height 

Rsp = jet lateral spread rate 

Γ = scalar diffusivity 

Γ𝑡 = turbulent dispersity 

𝛿𝑖𝑗 = Kronecker delta 

ε = dissipation rate 

𝜇 = fluid viscosity  

𝜇𝑡 = turbulent eddy viscosity 

𝜌 = fluid density 

𝜌0 = discharge density 

𝜌𝑎 = ambient density 

𝜏𝑖𝑗 = Reynolds stresses  
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5 Vertical Dense Effluent Discharge Modelling in Shallow Waters4 

 

Abstract: Vertical dense effluent discharges are popular in the design of outfall systems. Vertical 

jets provide the opportunity to be efficient for a range of ambient currents, where the jet will be 

pushed away not to fall on itself. This study focuses on the worst-case scenario in terms of mixing 

and dilution of such jets: vertical dense effluent discharges with no ambient current and in 

shallow water where jet impacts the surface. This scenario provides a conservative design criteria 

for such outfall systems. The numerical modelling of such jets has not been investigated before 

and this study provides novel insights in simulations of vertical dense effluent discharges in 

shallow waters. Turbulent vertical discharges with Froude numbers ranging from 9 to 24 were 

simulated using OpenFOAM. A Reynolds stress model (RSM) was applied to characterize the 

geometrical (i.e., maximum discharge rise Zm and lateral spread Rsp) and dilution μmin properties 

of such jets. Three flow regimes were reproduced numerically, based on the experimental data: 

deep, intermediate and impinging flow regimes.  

Keywords: Vertical dense jet, Shallow water, Impingement, Surface dilution, Return point, 

Effluent discharge, OpenFOAM 
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4 This chapter of the study has been submitted as: Kheirkhah Gildeh, H., Mohammadian, A., Nistor, I. (2021). “Vertical 

Dense Effluent Discharge Modelling in Shallow Waters”, Water and Environment Journal (Wiley). 
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5.1 Introduction 

Dense effluents are residual flows resulted from physical and/or chemical processes. Brines 

from desalination plants, wastewaters from wastewater treatment plants and tailings effluents 

from mining plants are a few examples where the effluent has a higher density than that of the 

receiving water body. Receiving water body (often called ambient water) can be coastal or inland 

waters (i.e., lakes and rivers). Dense effluents are discharged back into the ambient waters 

through outfall systems. The main consideration in designing an efficient outfall is to achieve 

certain dilution in the initial mixing zone (IMZ) as regulated by environmental authorities. The 

dilution requirement within the IMZ is to preserve the natural habitats and ecosystems in the 

receiving water bodies. 

Dense effluents are discharged at the water surface or close to the bed. It was shown that 

submerged outfalls have higher efficiencies due to better mixing and dilution achievement 

(Bleninger et al., 2009). Different discharge configurations are used in practice as schematically 

shown in Figure 5.1. Depending on the application, ambient condition, and bathymetry of the 

discharge location, any of these scenarios might be adopted for construction, assuming that they 

meet the regulatory criteria for excessive concentration and/or temperature. A deep ambient 

water condition case was considered in Figure 5.1 which represents an ideal case due to stronger 

currents and greater depth available for diluting the effluent (Purnama et al., 2003). This is the 

reason why the majority of previous experimental and numerical studies have focused on effluent 

discharges in deep waters. Although a higher dilution is achieved in deeper waters, construction 

and maintenance of such outfalls are relatively expensive due to the need of longer pipelines as, 

for many coasts, deeper coastal waters are farther offshore. It is therefore necessary to find an 

optimum location to meet both environmental and economic criteria for shallower water 

conditions. 
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Figure 5.1: Dense effluent discharge configurations in deep waters. 

 

Vertical dense discharges are common in practice as connections of nozzles to the diffuser 

pipe is easier to construct and maintain. Vertical jets may not be suitable for small ponds where 

the wind or wave driven currents are  constrained, but they are ideal for rivers, large lakes and 

coastal ambient where ambient water currents exist. Ahmad and Baddour (2014) evaluated 

vertical dense jets experimentally and argued that the vertical discharges are preferred over the 

inclined discharges specially in the case of opposite direction of the inclined discharge relative to 

the direction of the ambient current. 

The vertical discharges in deep waters have been investigated extensively in the past, both 

experimentally and numerically. Table 5.1 summarizes previous studies with a concise 

description of their respective findings. 

Table 5.1: Previous studies of vertical dense discharges in deep waters 

Study Findings 

Yannopoulos 

and 

Noutsopoulos 

(1990) 

Studied the plane vertical turbulent buoyant jets analytically to find out the discharge 

flow spreading coefficients (Kc and Kw for velocity and concentration, respectively). 

They included a large range of discharge Froude numbers and showed that 𝜸 

(spreading parameter) is constant (𝜸=0.6).  

Zhang and 

Baddour (1998) 

Investigated the maximum penetration of vertical round dense jets at small and large 

Froude numbers. They found out that Zm/Lm reaches an asymptotic value for high 

Froude numbers (i.e., Fr>7) and argued that the mass flux at discharge point has a 

negligible effect on the maximum discharge penetration . 
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Baddour and 

Zhang (2009) 

Performed an experimental study to find out the effect of density on round turbulent 

fountains. Their results indicated that the maximum penetration height of the fountain 

(Zm/Lm) was a function of relative density difference (Δρ/ρa). They concluded that the 

Zm/Lm decreases from 3.06 at Δρ/ρa=0.001 to 2.59 at Δρ/ρa=0.1. 

Elhaggag et al. 

(2011) 

Studied the vertical dense discharges numerically using a computational fluid 

dynamics (CFD) model. They have used FLUENT to model the vertical jets, however, 

this study have not discussed the model verification against the experimental data. 

Ahmad and 

Baddour (2012) 

Performed an experimental study of dilution and penetration of vertical negatively 

buoyant thermo-saline jets. They quantified vertical and horizontal penetration of the 

jet using thermometers and compared to previous studies. They concluded that the 

vertical jet penetration matches those from previous studies but the horizontal spread 

is smaller with a value of 𝛿m=1.4r0Fr, where r0 is nozzle radius and Fr is the discharge 

densimetric Froude number. 

Yan and 

Mohammadian 

(2017) 

Studied the vertical buoyant jets subjected to lateral confinement numerically using 

the OpenFOAM CFD model. They stated that buoyancy-modified k-ɛ turbulence 

model was able to produce reasonable results for such jets. They also varied Prandtl 

number Pr and turbulent Prandtl number Prt for various Froude numbers and claimed 

this affects the jet predictions. 

 

Studies summarized in Table 5.1 are for vertical discharges in deep waters, without 

considering the jet impingement into the water surface. There are only limited experimental 

studies of vertical dense discharges in shallow waters impinging into the water surface, as 

schematically illustrated in Figure 5.2. Lemckert (2004) performed an experimental study to 

investigate the spreading radius of the vertical dense discharge in a homogenous calm ambient 

water with surface attachment. The study tried to quantify the spread radius of the discharge at 

the water surface before it plunges downstream due to negative buoyancy. It was found that the 

spreading radius is a function of nozzle size, discharge Froude number and the ambient water 

depth (i.e., from the nozzle exit to the water surface). Based on a series of experiments and 

dimensional analysis Lemckert (2004) suggested the following empirical equation (Eqn. 5.1) for 
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estimating the spreading radius (H: water depth, Rsp: spreading radius, r0: nozzle radius, Fr: 

densimetric Froude number). 

𝐻+𝑅𝑠𝑝

𝑟0
= 4.8𝐹𝑟0.74                                                                                                                                                      (5.1) 

The coefficient of 4.8 and the exponent of 0.75 of the discharge Froude number on the right-

hand side of Eqn. 1 were derived experimentally. Lemckert (2004) discussed the upper limit of 

the proposed formula for the cases where the discharge momentum is large enough to break 

through the free surface and exit the ambient water. 

 

 
Figure 5.2: Schematic representation of dense effluent discharge with surface attachment 

 

More recently, Ahmad and Suzuki (2016) conducted an experimental study to investigate the 

dilution, height and spread of vertical dense discharges in shallow waters. They included 

experimental data of deep waters for comparison purposes. A range of Froude number from 9 to 

24 was examined in their study. They used a shadowgraph technique to identify the maximum 

discharge rise and its lateral spread. Three regimes were identified in their study: deep mixing 

regime (deep, hereafter), intermediate mixing regime (intermediate, hereafter) and impinging 
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mixing regime (impinging, hereafter). Return point dilution was measured and reported to be 

smallest in the impinging regime. Spreading radius of discharge was measured and compared to 

the empirical relationship from Lemckert (2004). They categorized the deep, intermediate and 

impinging regimes as summarized in Table 2 (H, r0, Zm are water depth, nozzle radius, and 

maximum rise height, respectively). 

Table 5.2: Flow regime in shallow vertical dense jet discharges (Ahmad and Suzuki, 2016) 

Deep Intermediate Impinging 

H/r0>1.5 Zm/r0 Zm/r0<H/r0<1.5 Zm/r0 H<Zm 

 

The study from Ahmad and Suzuki (2016) was adopted in the current study to verify the 

CFD model with. The main objective of this study is to numerically investigate effluent discharges 

of vertical dense discharges in shallow waters, where the jet attaches to the surface, using 

OpenFOAM CFD model. To the best knowledge of author, this aspect was never investigated in 

past studies. This study attempts to fill this gap. A RANS turbulence model is used to predict the 

geometric and kinematic properties of jets by comparing the current study results against 

experimental data from Ahmad and Suzuki (2016). 

The structure of this paper is as follows: Sections 5.2 discusses the dimensional analysis used 

for presenting the Zm and μmin. Section 5.3 describes the numerical details of the CFD model 

employed for this study. Section 5.4 presents the numerical model results and discussion around 

them. Finally, Conclusions and Recommendations from the current study are summarized in 

Section 5.5. 

5.2 Dimensional Analysis 

The schematic view of a vertical dense discharge in shallow waters was presented in Figure 

5.2. The jet is discharged vertically through a nozzle with radius of r0, jet velocity U0, jet density 

ρ0, and ambient water density ρa (ρ0 > ρa). The discharge mixes with ambient water as it is 

discharged and reaches a maximum rise height (also called terminal rise height, Zm), and then falls 

because of negative buoyancy and spreads as a density current which further disperses 

horizontally. The concentration dispersion depends on both discharge and ambient water 

characteristics, such as jet discharge concentration, C0, the initial density difference, Δρ0 = ρ0 - ρa, 
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the jet velocity, U0, the discharge nozzle, r0, and the ambient water depth, H. One of the key 

parameters in vertical dense discharge analysis is the jet densimetric Froude number, which is 

the ratio of inertia to buoyancy forces and is calculated as follows: 

𝐹𝑟 =
𝑈0

√𝑔0
′ 𝑟0

                                                                                                                                                                   (5.2) 

𝑔0
′ = (

𝛥𝜌0

𝜌𝑎
) 𝑔                                                                                                                                                               (5.3) 

where g is the gravitational acceleration and g0' is the reduced gravitational acceleration. The jet 

mixing characteristics of interest are Zm and μmin.  

The vertical dense discharges are characterized by the jet discharge volume flux (Q0), 

kinematic momentum flux (M0), and the buoyancy flux (B0) (Ahmad and Suzuki, 2016), which are 

provided by the following equations: 

𝑄0 = 𝑈0𝜋
𝐷2

4
                                                                                                                                                                (5.4) 

𝑀0 = 𝑈0
2𝜋

𝐷2

4
                                                                                                                                                               (5.5) 

𝐵0 = 𝑄0𝑔0
′                                                                                                                                                                    (5.6) 

In dimensional analysis, it was shown (Ahmad and Suzuki, 2016) that a characteristic length 

(e.g., maximum discharge rise) for the jet may be written as: 

𝑍𝑚 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (𝐿𝑀)                                                                                                                                                (5.7) 

where LM is the momentum length scale, and is calculated as: 

𝐿𝑀 =
𝑀0

3/4

𝐵0
1/2                                                                                                                                                                     (5.8) 

By substituting for M0 and B0, the following length scale is suitable to nondimensionalize 

vertical penetration data (Zhang and Baddour, 1998). 

𝐿𝑠 = 𝑟0𝐹𝑟                                                                                                                                                                    (5.9) 

For dilution, a simple definition is given by Ahmad and Suzuki (2016) as formulated below. 

𝜇𝑚𝑖𝑛 =
∆𝐶0

∆𝐶1
                                                                                                                                                                (5.10) 

where ∆𝐶0 = 𝐶0 − 𝐶𝑎 and ∆𝐶1 = 𝐶1 − 𝐶𝑎. C0, Ca and C1 represent the discharge concentration at 

the nozzle, the ambient water concentration and the discharge concentration at return point, 

respectively. 
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Using a similar approach to that adopted to derive Eqn. (5.9), by substituting for M0 and B0, 

the following effective gravity scale to nondimensionalize jet buoyancy is derived: 

𝑔𝑠
′ =

𝑔0
′

𝐹𝑟
                                                                                                                                                                       (5.11) 

The effective gravity scale is proportional to the concentration scale when the water equation 

of state is linear (Ahmad and Suzuki, 2016). Thus: 

𝐶𝑠 =
∆𝐶0

𝑔0
′ 𝑔𝑠

′                                                                                                                                                                 (5.12) 

Combining Eqns. (5.11) and (5.12) will result in: 

𝐶𝑠 =
∆𝐶0

𝐹𝑟
                                                                                                                                                                     (5.13) 

Using Eqn. (5.10), the dilution scale for dense jet can be expressed as: 

𝜇𝑠 =
𝑔0

′

𝑔𝑠
′ =

∆𝐶0

𝐶𝑠
                                                                                                                                                            (5.14) 

Substituting Eqn. (5.13) into Eqn. (5.14) results in the following non-dimensional dilution 

scale (Ahmad and Suzuki, 2016) 

𝜇𝑠 = 𝐹𝑟                                                                                                                                                                      (5.15) 

Finally, for the lateral spreading of the discharge, Cooper and Huant (2007) found that water 

depth over the nozzle, H, is a suitable scale for nondimensionalizing Rsp. 

5.3 Numerical Details 

A RANS turbulence model (Launder-Reece-Rodi, LRR) was adopted for this study. While 

LES models may improve the simulation of dense jet phenomena in quiescent ambientes, their 

benefits are incremental and they suffer due to large computational expenses (Baum and Gibbes, 

2019). 

5.3.1 Governing Equations 

The governing equations for the vertical dense effluent discharges for incompressible fluids 

are based on the full Navier-Stokes equations. Using the same analogy described in Pope (2000) 

and Leschziner (2016) for the time-averaged Navier-Stokes equations for continuity, momentum 

and scalar transport, the deriving equations could be written as (Baum and Gibbes, 2019): 

𝜕𝜌̅

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝜌̅𝑢𝑖̅) = 0                                                                                                                                                   (5.16) 

𝜕(𝜌̅𝑢𝑖̅̅ ̅)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢𝑖̅𝑢𝑗̅) =

𝜕𝑃̅

𝜕𝑥𝑖
+ 𝜌̅𝑔𝑖 +

𝜕

𝜕𝑥𝑗
(𝜇

𝜕𝑢𝑖̅̅ ̅

𝜕𝑥𝑗
) −

𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
                                                                                      (5.17) 
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𝜕(𝜌̅𝑢𝑖̅̅ ̅)

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌̅𝑐̅𝑢𝑗̅) =

𝜕

𝜕𝑥𝑗
(Γ

𝜕𝑐̅

𝜕𝑥𝑗
) −

𝜕𝑞𝑗

𝜕𝑥𝑗
                                                                                                               (5.18) 

where subscripts i, j and k denote the axis of system of coordinates; 𝜌 is the fluid density; 𝑢 is the 

fluid velocity; 𝑝 is the pressure; 𝑔 is the gravitational acceleration; 𝜇 is the fluid viscosity; Γ is the 

scalar diffusivity; 𝑐 is the scalar concentration and the overbar denotes time-averaged variables. 

The Reynolds stresses, 𝜏𝑖𝑗 and turbulent scalar flux 𝑞𝑗, which can be written as: 

𝜏𝑖𝑗 =  𝜇𝑡 (
𝜕𝑢𝑖̅̅ ̅

𝜕𝑥𝑗
+

𝜕𝑢𝑗̅̅ ̅

𝜕𝑥𝑖
) − 2/3(𝜌𝑘 + 𝜇𝑡

𝜕𝑢𝑘̅̅ ̅̅

𝜕𝑥𝑘
)𝛿𝑖𝑗                                                                                                     (5.19) 

𝑞𝑗 = Γ𝑡
𝜕𝑐̅

𝜕𝑥𝑗
                                                                                                                                                                 (5.20) 

where 𝜇𝑡 is the turbulent eddy viscosity; k is the turbulent kinetic energy; 𝛿𝑖𝑗 is the Kronecker 

delta and Γ𝑡 is the turbulent dispersion. The Reynolds Stress Models (RSM) described below 

(Section 3.4.1) directly calculate the Reynolds stresses. 

5.3.2 Numerical Solver and Schemes 

A Finite Volume Method (FVM) was used to discretize the above-mentioned RANS 

equations. Simulations were conducted using an open-source CFD model, OpenFOAM version 

4.1.0 (2017), using the twoLiquidMixingFoam solver. 

The transient simulations in this study were run long enough to reach a steady state condition 

for the jet flows. A physical time step of 0.001 s and a time duration of 80 s were selected for the 

simulations.  

5.3.3 Boundary Conditions 

The model geometry is presented in Figure 5.3. The modelled tank dimensions were selected 

to be 1.15 m long, 1.15 m wide and a variable depth depending on the model scenario, based on 

physical model from Ahmad and Suzuki (2016). These dimensions ensure no recirculation caused 

by boundary walls. The effluent is discharged with a velocity of U0 and density of 𝜌0 through a 

nozzle with a diameter of D=9.45 mm. Density of the discharge (ρ0) and ambient water density 

(ρa) ranged between 1,012.4 to 1,013.6 kg/m3 and 993 to 994.7 kg/m3, respectively. The density ratio 

Δρ/ρa ranged from 0.015 to 0.019. The inlet values for k and ε were chosen based on Huai et al. 

(2010) as k=0.06U02 and ε=0.06U03/D. The ambient water body was still, with a homogeneous 

density. The nozzle was mounted 0.14 m above the bed to eliminate any boundary effects. The 
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outlet boundary was considered all around the tank (i.e., four side faces) with a zero gradient 

boundary condition positioned perpendicular to those planes. A symmetry boundary was 

modeled using zero-gradient conditions to represent the atmosphere. The symmetry plane 

condition specifies that flux and component of the gradient normal to the plane should be zero 

but free to slide in tangential directions. A Dirichlet condition was used on the bottom wall 

boundary to implement the zero-velocity condition. OpenFOAM standard wall functions (e.g. 

epsilonWallFunction, etc.) were implemented for the wall surface to model hydraulically smooth 

walls. 

 
Figure 5.3: Model geometry and computational mesh  

 

The model domain was spatially discretized using a hexahedral mesh with a minimum cell 

size of 0.001 m around the nozzle and maximum cell size of 0.020 m at the farthest end of tank. 

The mesh was refined with a higher resolution along the potential jet trajectory to better resolve 

the flow properties. As part of the mesh sensitivity analysis, several test runs were performed to 

ensure that the mesh was sufficiently refined to resolve the velocity and concentration gradients 

especially close to the nozzle. The grid refinement criterion was set to reach a difference of less 

than 2% between the predicted results when using the last two grids. When this criterion was 
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reached, it was assumed that a satisfactory mesh was established and no further refinement was 

needed. The final mesh configuration used in this study includes ~1.5 million cells. 

For all the simulations performed in this study, a physical time step of 1 × 10−3 s was used, 

which leads to a Courant-Friedrichs-Lewy (CFL) number less than 0.5 for stability considerations. 

Smaller time steps were also tried but the results remained unchanged. The convergence criteria 

for each time step were set such that the residuals for the velocity components and pressure are 

1 × 10−5 and 1 × 10−6, respectively. 

5.3.4 Turbulence Model 

The LRR turbulence model was used in this study based on its proven performance (e.g., 

Gildeh at al., 2014, 2015, 2016, 2021; Mohammadian et al., 2020). This model was developed by 

Launder et al. (1975). For deriving equations of LRR model and its performance discussion for 

dense effluent discharges in shallow water reader can refer to Gildeh et al. (2021). 

5.3.5 Numerical Cases 

Numerical experiments were selected based on the experimental data in Ahmad and Suzuki 

(2016) as summarized in Table 5.3. As claimed in their study, the experiments were designed to 

achieve a set of specific objectives. Those objectives included the effect of varying water depths 

on dense jet heights, relationship between the minimum return dilution and discharge Froude 

number under varying water depths and impact of Froude number on the maximum discharge 

rise and discharge lateral spread. Basic goal was to cover deep, intermediate and impinging flow 

regimes in proposed experiments. 

Table 5.3: Numerical experiment parameters 

Experiment Series Experiment 

# 

D (2r0) 

(mm) 

U0 

(m/s) 

Δρ/ρa ρ0 

(kg/m3) 

Fr H/r0 Fr/(H/r0) 

A 

(initial run) 

1 9.45 0.54 0.018 1011.89 18.69 34.0 0.55 

B 

(Fixed H and 

variable Fr) 

2 9.45 0.28 0.019 1012.89 9.44 37.2 0.25 

3 9.45 0.54 0.019 1012.89 18.20 37.2 0.49 

C 4 9.45 0.25 0.015 1008.91 9.48 25.4 0.37 
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(Fixed Fr and 

variable H) 

5 9.45 0.25 0.015 1008.91 9.48 37.2 0.25 

6 9.45 0.25 0.015 1008.91 9.48 166.0 0.06 

D 

(Variable Fr and 

variable H) 

7 9.45 0.56 0.019 1012.89 18.87 37.2 0.51 

8 9.45 0.45 0.019 1012.89 15.16 44.4 0.34 

9 9.45 0.54 0.019 1012.89 18.20 52.8 0.34 

E 

(Fixed H and 

variable Fr, 

intermediate Fr 

range) 

10 9.45 0.32 0.019 1012.89 10.80 37.2 0.29 

11 9.45 0.36 0.019 1012.89 12.13 37.2 0.33 

12 9.45 0.42 0.019 1012.89 14.15 37.2 0.38 

F 

(Fixed H and 

variable Fr, high Fr 

range) 

13 9.45 0.43 0.019 1012.89 14.50 37.2 0.39 

14 9.45 0.60 0.019 1012.89 20.22 37.2 0.54 

15 9.45 0.72 0.019 1012.89 24.26 37.2 0.65 

 

5.4 Results and Discussion 

The LRR turbulence model used in the current study was successfully employed to simulate 

inclined dense effluent discharge modelling in shallow waters previously (Gildeh et al., 2021). 

This section summarizes the results of the current numerical simulations and their comparison to 

the experimental cases where applicable, both qualitatively and quantitatively. Overall discharge 

behavior of vertical jets in shallow waters is evaluated first. Discharge dilution rates at return 

point are characterized for the cases studied herein, followed by geometrical properties for such 

discharges. Finally, spreading radius of vertical dense discharges studied in this paper are 

evaluated.  

5.4.1 Discharge Evolution 

The general discharge behavior is the first investigation performed in this study. The 

objective was to observe the overall vertical discharge behavior in shallow waters. Figure 5.4 

shows a vertical dense effluent discharge into shallow water with surface attachment, while the 

jet is developing laterally at the surface. The initial momentum of the jet at the discharge point 
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pushes the jet upward until the jet impinges the water surface. Vertical momentum forces then 

convert to lateral momentum forces and the jet develops in a symmetrical pattern (Figures 5.4b 

and 5.4c). At certain distance from the jet center, the horizontal momentum dissipates and 

buoyancy forces will dominate the flow and jet therefore sinks toward the bottom of the tank. 

The lateral expansion of vertical dense jets with surface attachment is larger than that of the jets 

without surface attachment, since the strong vertical momentum leads to the generation of  

horizontal forces due to jet attachment.  

 
Figure 5.4: Vertical jet evolution in shallow water with surface interaction (C0 is the discharge 

concentration and C is discharge computed at each cell). A) lateral cross section along the central plane, b) 

top view at the water surface at t=60 s, c) top view at the water surface at t=20 s 

 

When an intermediate or impinging flow regime is compared to a deep flow regime (i.e., in 

the case of a same Froude number but variable H), the impact of the water shallowness on the jet 

height is obvious. The jet height is larger in the intermediate and impinging flow regimes which 
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is due to the stress conditions between two boundaries and viscous forces between two fluids 

with different densities. The other physical reason behind the difference of the discharge height 

is the smaller pressure field in the intermediate and impinging regimes when compared to that 

observed in the deep regime. In deep regime, the larger water column will increase the pressure 

on the jest which dissipates the vertical momentum forces faster.  

Experimental modelling of vertical jets in shallow waters showed the water surface 

disturbance in case of intermediate and impinging regimes (Ahmad and Suzuki, 2016). Figure 5.5 

(from experimental study of Ahmad and Suzuki, 2016) is comparable to the top views shown in 

Figure 5.4 (b) and (c).  

  
Figure 5.5: Top view of water surface disturbance observed in the experimental study for H/r0=37.2 and a) 

Fr=10.9, b) Fr=18.2 and c) Fr=24.2 (Ahmad and Suzuki, 2016; With permission from Water Science & 

Technology). 

5.4.2 Discharge Dilution 

Figure 5.6 illustrates the mean nondimensionalized concentration (C/C0) profiles against the 

nondimensionalized radial distance from the nozzle (r-r0)/r0Fr at the horizontal plane at the nozzle 

level (z=0). The numerical cases from B series of experiments have been compared to those from 

Ahmad and Suzuki (2016). A concentration profile from a deep regime of the experimental study 

is shown in Figure 5.6 for reference. In the two numerical cases (from B series), the water depth 

to the nozzle radius ratio, H/r0=37.2, is kept fixed and the jet exit velocity (i.e., Froude number) 

was increased from 9.44 to 18.20. As seen in Figure 5.6, the experimental results of the B series 

experiments are different than those of the deep case, with more spikes in the concentration 

profile which is due to the shallow water impact. In other words, when the jet Froude number 

increases and jet’s front feels the water surface presence (in both intermediate and fully 

impingement scenarios), the concentration at the nozzle level will experience ups and downs due 

to jet pulses at the attachment level. However, the numerical results show a smooth decrease of 
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concentration as the distance from nozzle is increased with much smaller fluctuations. This could 

be due to the nature of RANS models and time-averaging of the results. It is expected that 

employing LES models may result in capturing the fluctuations in concentrations better at the 

nozzle level. It is understood that in the shallow water vertical discharges with fixed water depth 

the jet instabilities are increased with Froude number increase. Root mean square error (RMSE) 

of 0.02 and mean error (ME) of 0.00 were obtained for C/C0 when numerical results were 

compared to experimental data. Table 5.2 in Section 5.4.5 provides a summary of error measures 

for quantitative comparison purposes.    

  
Figure 5.6: Concentration profiles at the nozzle level 

 

Dilution rate is one of the key parameters in the design of outfalls in inland and coastal 

waters. An optimal design is the scenario that achieves the highest dilution rate. It is therefore 

important to understand the minimum dilution achieved at the return point (μmin) in discharge of 

vertical dense jets. The minimum dilution at the return point increases with a reduction in water 

depth and when  the flow regime changes from deep to intermediate (Figure 5.7). However, after 

impinging the discharge into the water surface, the return point dilution decreases. The numerical 
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results were able to capture same mechanism as that observed in the experimental tests. Even 

though the discharge impingement into water surface will result in jet expansion on the water 

surface (i.e., longer jet trajectory) and in a delay in the fallback of the jet to the return point, the 

dilution is reduced in the case of the impinging flow regime under steady-state condition. This 

suggests that surface attachment does not really contribute to the jet dilution as water 

entrainment is really limited (i.e., not much of water entrainment from bottom and top). It is also 

clear that an optimal design of vertical discharges in shallow water will be within the intermediate 

flow regime. Therefore, given the shallow bathymetry of a discharge location, the exit discharge 

should be designed such that the system reaches an intermediate flow regime. In the impinging 

regime, dilution decreases rapidly, which is a design point of concern. Fully impinging regimes 

can be recognized by monitoring the water surface disturbance visually and instrumentally. It is 

therefore advised to reduce the discharge flow rate (or velocity), when the surface disturbances 

are observed/monitored. RMSE of 0.01 and ME of 0.01 were obtained for μmin/Fr when numerical 

results were compared to experimental data. Table 5.2 in Section 5.4.5 provides a summary of 

error measures for quantitative comparison purposes. 

 
Figure 5.7: Minimum dilution at the return point of vertical dense discharges in shallow waters 
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5.4.3 Discharge Maximum Rise 

To quantify and better understand the impact of the water depth on the discharge maximum 

rise, Zm was nondimensionalized by the length scale r0Fr (Eqn. 5.9) and was plotted against the 

nondimensionalized water depth (H/r0Fr) in Figure 5.8. As shown in this plot, the Zm/r0Fr reaches 

an almost constant level for deep water conditions. Note that both numerical and experimental 

cases are for the C series experiments in which the Froude number was kept similar and only the 

water depth was changed to truly investigate the impact of the water depth on the discharge 

height. As the water depth decreases, the discharge height increases until the jet front starts 

impinging the water surface. As expected, beyond this point, the discharge height will descend 

with the water depth reduction. In the intermediate flow regime, the smaller water depth over 

the discharge generated a smaller pressure on the jet front and caused the jet to expand in height 

and laterally. When the water depth increased and was sufficiently high (i.e., H/r0>1.5Zm/r0 based 

on Ahmad and Suzuki, 2016), the influence of the water column pressure on the discharge 

remains constant and the increase in water column pressure on the discharge becomes negligible. 

RMSE of 0.02 and ME of 0.01 were obtained for Zm/r0Fr when numerical results were compared 

to experimental data. Table 2 in Section 4.5 provides a summary of error measures for quantitative 

comparison purposes. 

To analyze the impact of constant water depth and variable Froude number, results from B, 

E and F series experiments are shown in Figure 5.9 (Zm/r0 versus Fr). As expected, the discharge 

height increases with an increase in the Froude number until the jet’s attachment to the water 

surface, where the discharge height reaches an asymptotic limit by further increasing the Froude 

number. Numerical results from this study are in good agreement with the experimental results 

of Ahmad and Suzuki (2016) for H/r0=37.2. Among three cases modelled in the E series, the one 

with the lowest Fr is closest to the results of Baddour and Zhang (2009) which represents the deep 

flow regime. RMSE of 2.94 and ME of -2.00 were obtained for Zm/r0 when numerical results were 

compared to experimental data. Table 5.2 in Section 5.4.5 provides a summary of error measures 

for quantitative comparison purposes. 
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Figure 5.8: Discharge maximum rise under fixed Froude number and variable ambient water depths 

 

 
Figure 5.9: Discharge maximum rise under fixed ambient water depths and variable Froude number 
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5.4.4 Spreading Radius 

There have been several studies on the lateral spread of impacting jets along a rigid and free 

surface (Holstein and Lemckert, 2001; Lemckert 2004; Cooper & Hunt 2007).  

Cooper and Hunt (2007) focused on fluid mechanics and air dynamics applications such as air 

curtains, gas metal welding and aircraft vertical takeoff. They defined Rsp as a radial distance of 

the spread where lateral flow separates the rigid plate. 

Holstein and Lemckert (2001) and Lemckert (2004) experimented saline jets impinging into 

rigid and free surfaces, respectively. Both of these studies were mostly intended to find a 

relationship between Rsp, discharge Fr number and water depth H. Holstein and Lemckert (2001) 

concluded that the total length travelled by the buoyant fluid prior to its separation from the plate 

(Rsp+H) is related to the discharge characteristics. Lemckert (2004) discussed that the jet in shallow 

ambient water travels a distance of (Rsp+H) in the same way as Zm does in deep water with no 

surface attachment. 

The surface attachment and size of the plume appearing on the surface are of particular 

regulatory concerns. Therefore, it is very important to understand the spreading radius of vertical 

dense jets impinging into the water surface. Figure 5.10 shows the numerical results of B, E and 

F series experiments compared to the experimental data of Ahmad and Suzuki (2016) and the 

powerline of Lemckert (2004). The numerical results are in good agreement with both past studies 

specially with the results from Lemckert (2004). The powerline from the numerical results suggest 

the following equation for the discharge spread at the surface in the impinging regime, which is 

very close to that of Lemckert (2004). It is noted that Froude numbers of the numerical study does 

not extend as large as those from Lemckert (2004). 

𝐻+𝑅𝑠𝑝

𝑟0
= 5.04𝐹𝑟0.73                                                                                                                                                   (5.22) 

RMSE of 2.38 and ME of -0.03 were obtained for (H+Rsp)/r0 when numerical results were 

compared to experimental data. Table 5.2 in Section 5.4.5 provides a summary of error measures 

for quantitative comparison purposes. 
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Figure 5.10: Lateral spread of the vertical dense discharges at the surface in the impinging flow regime 

 

5.4.5 Quantitative Comparison 

Previous sections presented the comparisons between the numerical and experimental data 

qualitatively in the graphs. Table 5.4 summarizes the root mean square error (RMSE) and mean 

error (ME) calculated for the parameters discussed earlier. As shown in Table 5.4 and Figure 5.11, 

the performance of the numerical model is promising for such applications (i.e., the vertical dense 

jet discharges in shallow water). 

Table 5.4: Root mean square error (RMSE) and mean error (ME) for different parameters 

Parameter/Error C/C0 Zm/r0Fr Zm/r0 μmin/Fr (H+Rsp)/r0 

RMSE 0.02 0.02 2.94 0.01 2.38 

ME 0.00 0.01 -2.00 0.01 -0.03 
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Figure 5.11: Numerical results (this study) against experimental data (Ahmad and Suzuki, 2016) for 

different parameters   

 

5.5 Conclusions and Recommendations 

In this study, for the first time, a comprehensive numerical modelling study is performed to 

investigate the vertical effluent discharges into shallow waters. The LRR turbulence model 

(known as Reynolds stress models - six equations to model anisotropic behavior) was used in this 

study based on previous studies (e.g., Gildeh et al., 2021). The following conclusions are drawn 

based on the results of this study: 

▪ The vertical discharge under an intermediate regime results in higher discharge 

maximum rise compared to that observed in a deep regime. This is due to the smaller 

pressure of the water column above the discharge in the intermediate regime. Another 

contributing factor may be the stress conditions between two boundaries (i.e., discharge 

front boundary and water surface boundary) and viscous forces between two fluids with 

different densities. 
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▪ The minimum dilution at the return point is higher for the vertical jet in an intermediate 

regime when compared to the deep flow regime. Minimum dilution at the return point 

significantly reduces in the fully impinging regime. The surface attachment will make the 

overall trajectory of the jet longer, but the mixing reduces in the area of surface attachment 

due to the reduced water entrainment (e.g., from atmosphere). 

The authors also recommend that: 

▪ A control system (such as flange valves) for effluent discharge in the areas with shallow 

water or a large tidal range is recommended to reduce discharge, if the flow regime 

changes from intermediate to impinging. More detailed experimental and numerical 

studies will be needed to quantify the flow regime changes.   

▪ For the next research steps, parameters such as ambient water stratification, current and 

wave will be added to the existing model to account for the environmental forcing. 

Turbulence and vorticity of the jet, especially in the attachment zone, will also be studied 

in more depth using LES turbulence models. 

▪ Effect of nozzle geometry on the discharge maximum rise Zm, will be investigated for 

optimizing the design to meet the depth criteria. 

Notation 

Following symbols are used in this study: 

B0 = buoyancy flux [m4/s3] 

C = concentration at each cell [ppm/ppt] 

C0 = discharge concentration [ppm/ppt] 

Ca = ambient concentration [ppm/ppt] 

C1 = return point concentration [ppm/ppt] 

Fr = densimetric Froude number [-] 

g = gravitational acceleration [m/s2] 

g0' = reduced gravitational acceleration [m/s2] 

gs' = effective gravity scale [m/s2] 

H = water depth above nozzle level [m] 

k = turbulent kinetic energy [m2/s2] 

Ls = length scale to normalize jet height [m] 

M0 = momentum flux [m4/s2] 

Prt = turbulent Prandtl number [-] 

Q0 = discharge volume flux [m3/s] 

𝑞𝑗 = turbulent scalar flux [-] 
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r = radial distance [m] 

r0 = nozzle radius [m] 

Rsp = jet lateral spread [m] 

u = fluid velocity [m/s] 

U0 = discharge initial velocity [m/s] 

Zm = discharge maximum rise [m] 

Γ = scalar diffusivity [kg/ms] 

Γ𝑡 = turbulent dispersity 

𝛿𝑖𝑗 = Kronecker delta [-] 

𝜇 = fluid viscosity [Ns/m2] 

𝜇𝑚𝑖𝑛 = minimum return point dilution [-] 

𝜇𝑡 = turbulent eddy viscosity [m2/s] 

𝜌 = fluid density at each cell [kg/m3] 

𝜌0 = discharge density [kg/m3] 

𝜌𝑎 = ambient density [kg/m3] 

𝜏𝑖𝑗 = Reynolds stresses [-] 
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6 Concluding Remarks and Recommendations 

6.1 Concluding Remarks 

This study aimed to improve understanding of the mixing characteristics of effluent 

discharges in deep and shallow waters using CFD modelling. Due to previous work completed 

in this field, a comprehensive literature and critical review deemed necessary to identify the novel 

topics that have not been studied to details before. It was found that the discharge angles between 

60° and 90° for deep waters were not studied before, numerically. For the shallow waters, there 

was no prior numerical modelling study, especially for the discharges that would impinge into 

the water surface. Below are the summaries of each section of the study. 

 

Followings were found in the comprehensive literature review performed at the beginning 

of the study. 

• Numerically, the most studied effluent discharge configuration has been in inclined dense 

jets, due to their applicability in industry. Most studies focused on lab-size experiments to 

calibrate their models. Details on jet trajectories and dilution and velocity characteristics have 

been investigated and compared to experimental data. RANS and LES turbulence models are 

popular for such studies. 

• Vertical jets are also popular in CFD studies, and the new trend in studying these jets involves 

considering the ambient conditions that may affect these jets such as lateral confinement and 

water shallowness, where the jet is attached to the top boundary. Cross-flow in vertical jets 

could have a significant influence in terms of the trajectory and dilution, both of which are 

getting more attention from researchers using CFD models. 

• Horizontal jets could be either positively buoyant or negatively buoyant with attachment to 

the bed (i.e., wall jets) or elevated (i.e., offset jets). Single jets have been studied 

experimentally and numerically during the past years, and more attention is now given to 

interactions of multiple horizontal jets when they merge after a certain distance from the 

discharge point.  
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Followings were found in the CFD study of the full submerged dense jet with inclination 

between 60° and 90°. 

• Dimensionless initial and final terminal rise heights (Yi/DF0 and Yf/DF0) increase with 

discharge angle and become maximum for the 85° jets. This is in agreement with the most 

previous experimental studies except Papakonstantis et al. (2011a) which reported 80° 

discharge angle with the highest final terminal rise height; 

• The ratio of Yi/Yf is about 1.05 for the four discharge angles simulated in this study, with the 

maximum of 1.10 for the 60° jets. This ratio seems to be independent of discharge angle; 

• Dimensionless horizontal distance from the nozzle Xy/DF0 at which the terminal rise height 

appears as well as the horizontal distance Xi/DF0, where the outer jet boundary crosses the 

nozzle elevation, decreases as the discharge angle increases; 

• Vertical distributions of dimensionless mean concentration at the location of the terminal rise 

height are asymmetric. It is approximately a Gaussian distribution and deviates from a 

Gaussian form in the falling limb due to the buoyancy induced instabilities in the jet farther 

from the discharge point; and 

•  The jet centreline dilutions at the terminal rise height and at the jet return elevation, 

normalized by the densimetric Froude number, suggest minimal changes for different 

discharge angles. 

 

Followings were found in the CFD study of the shallow water with surface attachment of 

dense jet with inclination 30° and 45°. 

• Axial velocities were extracted at different cross sections along the jet trajectory. They were 

then used to identify the jet centerline, as well as the different stages (i.e. initial, attachment, 

developed and two transitions between them for the PCR and CIR). For the PCR and CIR, 

the decay of the maximum axial velocity was affected by the surface attachment which results 

in farther propagation of the jet along the water surface. 

• Minimum dilution at the surface and the return point were extracted in all numerical cases 

and were compared to those from the experimental work of Jiang et al. (2014). It was found 
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that, as the Froude number increased and the mixing regime changed from FSR to PCR and 

then CIR, the surface dilution (Ss) decreased until it reached an asymptotic limit, which is 

about Ss/(H/D) of 0.38 and 0.27 in the CIR for 30° and 45° discharges, respectively. The 

average differences between numerical results and experimental data of minimum surface 

dilution are +4% and -7% for the LRR and v2f turbulence models, respectively, for 45° 

discharges. 

• The normalized F/(H/D) values for both 30° and 45° discharge angles in numerical cases 

(F/(H/D) value is the same for all turbulence models in each regime) are given in Table 4.3. 

The values are within the range proposed by Jiang et al. (2014) which confirms that the 

modelled jets fall within the correct classification for each F/(H/D). 

• Lower discharge angle (30°) reduces the probability of surface attachment for a given water 

depth when compared to the higher discharge angle (45°). However, if surface attachment 

occurs for both the 30° and 45° inclinations, the 45° discharges would be preferable since, for 

this case, the jet ensures a better return dilution. For instance, the average estimated return 

dilution Sr by LRR turbulence model in the PCR and CIR regimes for the 30° and 45° 

discharges are 18.75 and 25.05, respectively. 

• The LRR RSM turbulence model was the most accurate among the five different turbulence 

models tested herein. The RSM models (and particularly the LRR model) reasonably 

captured secondary flows and buoyancy-induced forces since these models account for the 

effects of the stress anisotropy. Discrepancies between the numerical results and the 

experimental data exists, e.g. in the simulation of processes such as internal detrainment and 

therefore the velocity spread and dilution predictions. Moreover, the computational costs of 

the different turbulence models have to also be considered. RSMs are more computationally 

expensive than both two- and four-equation models (e.g. about 20 % more than realizable k-

ε). 

• The experimental data from Abessi and Roberts (2016) includes 60° inclined dense jets in 

shallow waters. Authors are currently performing analyses using the existing model for 

simulation of 60° inclined dense jets in shallow waters using the data from Abessi and 

Roberts (2016). The observations from Abessi and Roberts (2016) is close to that from Jiang et 
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al. (2014) and our numerical results are capable to reproduce those cases. Abessi and Roberts 

(2016) has suggested slightly different transition criteria.  

 

Finally, followings were found in the CFD study of the shallow water with surface 

attachment of vertical dense jet. 

• The vertical discharge under an intermediate regime results in higher discharge maximum 

rise compared to that in a deep regime. This is due to the smaller pressure forces of water 

column above the discharge in the intermediate regime. Another contributing factor may be 

the stress conditions between two boundaries (i.e., discharge front boundary and water 

surface boundary) and viscous forces between two fluids with different densities. 

• The minimum dilution at the return point is higher for the vertical jet in an intermediate 

regime compared to the deep flow regime. Minimum dilution at the return point significantly 

reduces in the fully impinging regime. The surface attachment will make the overall 

trajectory of the jet longer, but the mixing reduces in the area of surface attachment due to 

the reduced water entrainment (e.g., from atmosphere). 

• A control system (such as flange valves) for effluent discharge in the areas with shallow water 

or a large tidal range is recommended to be able to reduce discharge, if the flow regime 

changes from intermediate to impinging. More detailed experimental and numerical studies 

will be needed to quantify the flow regime changes.   

6.2 Limitations of the Current Study 

Following is a list of key limitations of the current study: 

• The solver (twoLiquidMixingFoam) used in the dense effluent discharge modelling in 

shallow waters is a multiphase solver that uses the method of fluid volume for tracking the 

interaction of multiple fluid phases. Using a symmetry boundary condition on top 

surface is a reasonable and accepted method of estimating the atmosphere boundary for 

jet impingement, however, it does not capture the wave dynamics generated from the 

surface impingement. A volume of fluid (VOF) solver in OpenFOAM such as interFoam 

or interMixingFoam might be able to capture wave hydraulics on the surface better. 
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• Computational cost of the 3D models examined in this study is relatively high even using 

RANS turbulence models. It is specially expensive for surface impingement scenarios 

due to higher number of iterations needed in the model to reach a stable solution. For 

instance, each final simulation in Chapter 4 using a LRR turbulence model takes about 5 

days (120 hours) on a Toshiba CORE-i7 with 8 processors. Therefore, the number of 

numerical experiments were selected carefully to reach a balance between the scope of 

work and computational resources. 

• There is a shortage in experimental data available for dense effluent discharges in deep 

and shallow waters with more realistic ambient water conditions such as currents, 

density stratification, etc. The current study did not include the laboratory experiments 

of such conditions. 

• Modification of turbulence models can improve their estimation of the mixing 

characteristics of dense effluent discharges. The current study used the turbulence 

models as defaulted in the OpenFOAM model as the main objective of Chapter 4 was to 

evaluate the performance of multiple turbulence models and identifying the best 

performing one. 

6.3 Recommendations for Future Work 

The following recommendations are proposed for numerical modeling of submerged jets in 

further studies: 

• Structured refined mesh systems are used for the cases studied here. However, the 

OpenFOAM has the capability to apply FVM on the unstructured grids. The non-conformal 

mesh grid is also available in the model which can be studied in details later. 

• A wide range of numerical models have been applied for the cases considered here. 

OpenFOAM, usually contains the latest version of the turbulence models. However, it is 

useful if one investigates new changes that might have happened lately in turbulence 

modelling and implement those changes to the available models.  

• Buoyancy effect on the turbulence model was investigated by modifying the standard k-ɛ 

model using the SGDH and GGDH approaches for fully submerged discharges (Gildeh et 
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al., 2016). It is found that when the density-induced term is included in the turbulence model, 

the dense jet spreads more widely on the inner section, which is more realistic comparing to 

the experiment. It is recommended that the same modifications to be applied for shallow 

water discharges studied herein (both inclined and vertical). In-depth analysis is required to 

quantify the effect of coefficients in the buoyancy term and density difference between the 

jet and ambient water on the dense jet characteristics when utilizing SGDH and GGDH. 

• Surface discharges have not been studied yet using a CFD approach, even though they are 

used in the industry and experimental data are available on such jets. This literature gap also 

exists for more complex jet configurations such as multiport and rosette diffusers. 

• Previous studies have mainly focused on the stagnant ambient water due to the simplicity of 

internal and boundary conditions. However, to replicate real-life conditions more precisely, 

there is a need to move toward more complex ambient conditions to study the effects of wave, 

wind, co-flow and crossflow, density stratification, etc. on jet mixing and dispersion in CFD 

models. 

• A wide range of turbulence models are available and have already been implemented in 

different CFD platforms that could be used for discharge mixing studies. Modifications of 

turbulence models, such as implementing the buoyancy terms, has been shown to be effective 

in improving the prediction of jet characteristics. 

• Effect of nozzle geometry on the discharge maximum rise Zm, could be investigated for 

optimizing the design of vertical dense discharges to meet the depth criteria. 

 


