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ABSTRACT

’ hY

'];:he problgm ot controlling the ‘e‘rror occurrence in 2
communication c.ha_'nnel is discussed. Two techniques for error
control are presented : detection - retransmission and forward
error correction. Of these two the detection-retransmission is
a more suitable scheme 1or certain communication channels.
Estimates are given for the probability or undetected errors when
group error-correcting codes are used for error detection in the
binary symmetric channel when the weight distribution of the code
is unknown. The estimates pr'gf:ented are’tight for small values
of crossover probability p. It is seen that an improvement in the
error —det;ecting abilityris obtained by the use of even-weight'ed
codes. Some examples ol codes are preseﬂted for which the pro-
bability of undetected error Pe decreases with increasing cross-

over prbbability P-
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INTRODUCTION . - (/
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Associated wi the rapidly developipg branches of modern
sciences, there is a growing need to communicate, not only~ mf.n to
'machme but also between machines. Communication between machi-
~nes employs electrical signdls which may originate in analog form but
) before transmission they are transformed to digital form. The reasons
for this transformation are that d1g1ta.1 techniques {1 7] offer the ad-
vantages of increased accuracy, effe_ctive noise minimization and
better processing, transmission and storage of information, whereas
the accuracy of anaiog processed data becomes degraded after every —~
operation and with greater operating speeds. Such degradation of

- ) 3 - » * - -
accuracy does not occur with digital operation, since accuracy 18 a

strict function of the number of digital bits.

One other attractive feature of digital techniques is that coding ’

-
-~

can be used to control errors.

Consider the simple communicatjon system of Fig. 1.1 where

the message is sent uncoded.

InrormatLJn : Channel (—w—-Estimatorj—> User
* | Source® | Into. Datput .
‘Bits : -l Bits

Figure 1,1



At the receiver an estimator attempts to recover the information
from the output of the channel. 'The estimated sequence may or may
not be correct. There exists the possib‘ility that due to the cli.stor'titan
added by the channel noise, the output of the estimator is in error.
Under these circumstances, the probability of error at the receiver

is a function of the channel noise and the power of the signal.

For reliable operation, this probabi]ity of error must be kept
as srpa.li as possible. One way of doing this]is to increase the sig:nal
power up to a value for which & error rate at the receiver is accepta-
bly Iow. Some systems, ltkerihort distance telephone communications,
can afford to do this. But some others, like the sa.telhte system, are
power limited and the weight involved in providing increased power 1:
too 1a.rge. Apgain, in certain cases the channel is so noisy that the
amount of signal power necessary for an acceptable receptxon is too
large. In these cases, coding for error control can be used to reduce

the error occurence.

Error-control coding attempts to guarantei that a digital
transmission will be rq@e?ved with an error rate no greater tHan a
prescr" ed yalue, Errors are detected and corrected through redun-
dancy inserted in the messages. In this case, the pro't;a.bility of error
is not only a fun’ction of the signal to noise ratio, but also of the cha-

ractéristics of the code,
-+ ’ L

The advantage of coding is that for the same signal to noise
ratio it reduces the error probability, or(equivalently, for the same
error probability a lower signal to noise ratio is required. This

-

reduction in power required is called coding gain.

£
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.\, The simplest example of coding is replicate transmission, in '
which each bit of information is sent a minimum of three times to per- .

mit a majority decision at the receiving end. But for the amount of

error protection it offers, replicate transmission wastes channel capa.-/
’ d -

city. Better coding structures provide more complex interrelation-

shipa, thus giving greater capability for the correction or detection of

errors, and make more efficient use of channef capacity.
; P Yy

There are two basic types of error control systems. The first,

called detection-retransmission systems or automatic-repeat-reque‘st

(ARQ), is illustrated in Fig. 1. 2. ' ’
Data N Sending —lE _
Source | = |Terminal| ncoder |- odulator .

A

<

- Retgrn | Channel
Channel { -
| ,
t -
DataDesq4  |Receiving| D . .
tination{ = |Terminal| Ec;’der_ -~ emt%ci.ula— “
v -
Oy

Figure 1. 2 The ARQ System

.
4

In an ARQ system [2 ], [3] the sending terminal arranges
the data in blocks, adds contr.ol and synchronization bits, and delivers
‘the data blocks to the encoder which adds a number of parity bits ac-
cording to a coding rule. These codes..are known as block codes and
are usually cribed using the notatién (n, k) to indicate that the
code contai::isl total bits in eaw which k are information bits. '
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The encoder block is then delivered to the modulator and DT
transml.ttea over the channel. At the recewm.g end the block is demo,-
dulated and delivered to the receiving termmal through the decodlr
which recomputes the parity bits from the received data #nd comp}res

“them with the received parity bits. If there are no discrepancies, 4
the receiving terminal notifies the sending terminal through a return. - .
channel‘that the block has been correctly received. If discrepanciee
exist, the sending terminal is so notified and the block is retransmit- "
ted. With this system, erroneous data is delivered to the destination

only if the decoder fails to detect the presence of errors. |

The secbnd technique for dealing with transmissiﬂon errors can
be represented by Fig. 1.2 with the reverse ehannel removed. The'
decoder is then a more complicated dev1ce that attempts to deterrmne
the location of the errors from the pa.ttern of dlscrepanmes between

the received and the recomputed parity bits. This system, called

forward error correction (FEC) [4 ',],‘krequires a redundancy consi- .
derably higher than that for error detectmn, for the same degree of

protection against errors. gVith this system, erroneous data i*!rﬁehvered dl

to the user whenever t decoder cannot determine the egactlocation

of the errors. .

.

- In eitherf system, error detection or error correction, a

releVant property of the code used is its minimum distance d. The
minimum distance can be defined as the minimum number of errors

that must be made in a block, to change_one cede word into another.
Maximum error-correction or detection capability f a code is obtained

by making the minimum distance between codewords as large as possi-

ble for a given code length and redundancy. If a code had minimum

distance d, it can correct t -_2 errors or fewer or when used for -’

error detection, it is guaranteed to detect upto {d-1) errors. . )

),
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of random errors (i.e. independent errors)or a burstfr.-

. By a burst of length b we mean a span of b bits,

of a burst may or may not be in error. Block c’odes\h-ave also been .
designed to correct combinations of random and burst patterns, usually

called "compound™ errors.

@here is another class of codes, called convolutional codes
5], in which the check bits are scattered among the information
bits but there is no fixed bléck structure.. Convolutional codes, like ?
block codes, can be used either to detect or correct errors. However,
because data is usually retransmitted in blocks, black codes are 'better ‘

suited for error detection applications. We do not consider convolu-

tional codes in this thesis.

A hybrid scheme [6 ] consisting of an FEC sy?tem contained
within an ARQ system can also be used for error control. In this
scheme, part of the error-correcting capability of the code is used to
correct certain error patterns, while the other part is used to detect
errors. In the case of correction of t' errors that is less than the
error correcting capability t, the code has an error-detecting ability |

D givenby d=t'+ D +1, where D>t'.

Theoretical results 7] have shown that when a hybrid scheme
is used in the binary symmetric ch/annel (BSC) with crossover pfoba- '
bility P > 1,0"4, a probability of undetected bit error of less then ‘1('.‘-9 a
can be achieved by correcting only a few errors while retaining a

A v,
reasonable throughput and a very low retransmission rate. Another
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study of the performance of hybrid schieme on satellite channels [8)
shows that this scheme offer;sgsubstantlal improvement in throughput

efficiency over either ARQ FEC gystems in such channels.

The mrcu:try reqmred for the ercoder of either errox- -
correctmg or error- detectmg systems is quite s1mp1e For eyclic
codes, all that is- requtred [9] is a shift r%ster of 1ength k or (n-k),
whichever is sHorter, and about half that number of excluswe OR
gates. For the (1023, 1013) Hamming code a ten-bit shift register and
two exclusive- OR gates are suff1c1ent But the delcoder for error-

correcting can become extremely comphca.ted and/costly. For example
Peterson's procedure for decoding BCH codes [10] requires a decoder
th.at increases in size and speed as\ n 1og'2n. Error detection‘ circuitry
is simple at both t_‘pe encoder and the decoder. (A code with n-k’
parity check bits requy-es a decoder with only two {n-k)- blt shift
reg1sters and aboutﬂ)/ﬂ-l exclusive OR gates [6]) This is because

*. the decoder need simply re- —encode the recewed/mformatlon bits and’ "-‘

compares. the parity bits thus generated with the received parity bits.

Any discrepancy indicates an exror.

Our main concern in thié thesis will be error detection rather

than error coiection. ] -

The probability of an undetected error Pe, gives a meagure
of the goodness of the (n, k) error‘detecting code. Given the sum of a
codeword and an error, thg dec9ger detects an error if and only if the
sum is not a codeword. The sum can be 2 code word if and only if the
error pattern is a codeword. If the channel under consideration is a

BSC with crossover probability p, Pe is given by [11]
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Pe = L Aip ('lc-p)n ' (1.1}
i=d . .
. ' v
where the Ai's.denote the number of code words of weight i in the
(n, k) code. The numbers Ai, i =0, 1, 2,.....n, form the weight

~

distribution or weight spectrum of the code.’

From equation (k1) we see that in order to compute Pe, the

weight distribﬁtion of the code must be known. Weight distributions

\ are known for a handful of codes only. Finding them in mahy cases.

is a complicated affair.

THESIS OUTLINE ’- ' . "

In this work we are concerned with the problem of comput'mg

N

the’ probab111ty Pe of undetected errors, when random-error- correctmg §

binary group codes are used for detection only, in binary symmetric

channels with cross-over probability p.

In chapter 2 we discuss the nature of eryors on a data commu-
nication system and the basic techniqdes for dealing with these errors.
We compare these techmques and conclude that detection- -retransmission
systems are better suited to the task than forward error control sys-

tems.
A

.

In chaptermvelop various estimates of Pe for group

codes. For these codes containing the code word of all ones, we

refine these estimates. Plots of Pe and their estimates are presented

for some 30 codes for which the weight d:stnbutmns are known. We

" also show that if the even-weighted subset of a code is used for error

detection, Pe can be substantially reduced.
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In chapter 4 we present some codes with an interesting property

observed in the process of this study, the property being that contrary
to the_intuitive feeling that Pe should decrease as the signal to noise
ratio decreases, for these codes Pe can actually increase with an

increase in signal to noise ratio.

. Finally in chapter 5, conclusion&sand x;ecomfnendations for

further work are presented based on the results of this study.

- Vd
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ERROR STATISTICS AND ERROR CONTROL

i
2.1 INTRODUCTION

The error océurrence on communication sys{:ems is inevitable
and very difficult to describe. Usually these difficulties are ignored
and the performance of transmission equipment is specified in terms
of error rates measured in laboratory tests assuming white Gaussian
noise only. Unfortunately conditions in the real world are very much
ditferent. Errors ,are produced by a. variety of causes in addition to
Gaussian noise,' including fades in microwave tacilities, impulses
caused, for exa’tm e, by lightning - or by central -otfice switching
equipment, etc. \ For the telephone channel, the average error rate

. - . -5 S
for medium speed transmission is 10 . For some applications, |

this may be acceptable ; others would require better accuracy and

‘error control becomes then necessary.

In order to design the error control systern, we must know

how the'errors occur. Several surveys [127] - [15] have been con-

-ducted by the Bell System to establish the data transmission error

performance on the telecommunication network. One ol the recent
surveys, known as the 1969-1970 Connection Survey [157, presents
results based on mea.sur'ements made on about 600 toll conne;:tions,
dialed trom 12 receiving to 92 transmitting sites in the United States
aned Canada. In the next section we will briefly state the results of
this survey which are meaningrul in evaluating error control systems

and comment on some attempts to model these error statistics.
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2.2 ERROR STATISTICS : THE 1969-1970 CONNECTION SURVEY

Several modems were tested at 1200, 2000, 3600, and 4800 b/s
using a 511-bit pseudo-random word as the data source. The statistics.
were presented in terms of cumulative - distribution tunctions for bit

error rates, burst rates and block error rates. L

Average bit error rates for all calls are presented in
Figures 2.1 and 2.2. These figures show cumulative distribution
tunctions of the bit error rate per call for operation at 1200 and 3600 b/s
in the short, medium and long mileage strata. The mean‘ error rate for
all calls for both 1200 and 3600 b/s Was slightly better than 10-4 errors/
i:it transmitted. But because the error rate distributions are skew'ed,

the mean error rates are largely determined by the worst-case calls.

L 4
For example for all of the calls measured at 2000 b/s, 2% of the
errors occurred on that 5% ot the calls which had the poorest error rate.
In fact trom Figures 2. {f and 2.2 we can see that for both cases, more -

. -4
than 80% of the connections had better than average error rates (10

errors/bit).

Errors on telephone channels tend to occur in bursts, and since
bit error rates are not sufficient to characterize this property, burst
and block ré.tes are necessary. In these resulté, an error burst is-

- defined to be a collection of one.gz.' more bits beginning and ending with
an error and separated trom neighboring bursts by 50 or more error-

‘- yree bits. Block error rate is the probability of'a block being received
in error. Figures 2.3 and 2.4 present the cumulative distribution

, 'runcti.'orxs of total burst, bit and block error rate Ior block sizes of 100,
500, 1000, 5000 and 10000 bits for data rlites 2000 and 4800 b/s .

These distributions were formed by averaging the distributions for short,

medium and long mileage strata assuming equal weight in each mileage

"

o H
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category. A further characterization of error burst is given by
Fig. 2.5 which shows the probability distribution of burst lengths.

(A burst length is defined to be the number orbits in a burst).

Finally another result ot this survey usetul for evaluation
of error control systems is the probability of m or more errors in
a block ofn bits. [P (=2m, n)]. For considerations to follow, we

present in Fig. 2.6 the results for a 2000 b/s system.

From these statistics, it is clear that errors are not inde -
pendent randomly distributed events. In fact, itis concluded that
impulse noise i.s‘the principal source of errors and these errors
tend to appear in bursts. Another conclusion that may be drawn
from this and previous surveys is that error rates are not mileage
or speed related in a wary that signiticantly influences error-control
procedures. Now we will give some examples of how these error

statistics can be useful in evaluating error-control systems {1673 -

Suppose that an ARQ system is chosen for error control.
Once the system has been specified, the only variables afrecting the
ertective data rate or throughput T is the block error probability
Pe (block‘). Block error probabilities are presented in Figures 2.3
and 2.4. This data and data from other earlier field tests of voice-
band modems indicate that the probability of a block error can be
a.pproxirﬁa.ted by a constant times the block length n® For example
Fig. 2.6 shows Pe (block) for a 2000 bit/s system. The curve
for P( » 1,n) = Pe (block) can be approximated by Pe (block) ==
4 x 10" n. Thus simple comparisons of retransmission strategies

for different block lenghts can be obtained using Pe(block) = a.n.
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' Derivations of approximations for FEC systems can
become more-complicated. However. rrom the statistics presented
it is easy to observe that average bit error rate is not going to be
reduced much with random error correcting codes. For exa\.mple,
reterring to Fig. 2.6 again, ifn = 100 the probability ot a block
error is about 4 x 10-4. but the probability of a block with more
than 4 errors is just slightly less than 10-4. Thus an error-

© . i
correcting code with n = 100 and d = 10 would rail to correct Y or

the blocks in error. 1t the same code were use_d-ror error-detection,
the decoder would tail to detect only those bléclcss with more than

9 errors and only when those errors have changed the received
block into a different code word. Ifthe same code were used to
correct error in a channel with errors that are indep dent randomly
distributed with a bit error rate of 10-4, we have Ir the Gaussian
distribution that P (=5, 100) = 10-'12 and therefore it would be
very effective.. ' -

The statistics show that errors are correlated. Burst-error-
correcting codes are constructed taking into account this condition.
For such codes to be elfective, the length ot the burst must not exceed
b bits. Unfortunately telecommunications channels do not conform
to such a burst model any better tha.n to the random error model.

For example Fig. 2.5 shows burst length distributions for a-guard-
space length or 50 bits. An optimum burst-error-correcting code
with rate % = -2!- and a guard space of 50 bits can correct error
bursts orlength up to 16 bits. From the ligure and the 2000 bit/s
curve, we see that about 15% of the bursts have lengths greater than
16 bits. .

From these examples we see that random-error or
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burst-error-correcting codes are not suited to telephone data appli- -
cations. The ract is that when one attempts to model a communication
.system, the less Irequent or atypical error events are likely to be

estimated poorly and it is just such events that lead to uncorrected

errors.

In the next section, we consider the merits of ARQ and FEC

systems.
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2.3 DETECTION - RETRANSMISSION - S
. V8
FORWARD ERROR CONTROL

Detection-retransmission (ARQ) systems and FEC systems
have been compared extensively both on real telephone channels Do
and with theoretical models [177] ,[2],[3] . In every case the

Sults havedemonstrated the superiority of detection-retransmission
S

systems.’ \‘_

Fontained and Gallager [17] (1961) compared the two
systems on the real telephone channel. They concluded that FEC

3

systems are impractical for the telephone channel since the capabilities

LY

of such schemes are overloaded during the noisy periodg-and<wasted

at other times. They also show that error-detecting schemes with i

moderate size block lengths (100 to 500 symbols) and a small amount

of redundancy (15 to 20 symbols) are capable of reducing the probability

Y

%
ot undetected errors to negligible values.

Benice and Frey Jr. [3]in 1964, compared several error-
contreol s'ystems in theoretical models for channels exhibiting independent
and dependent errors. The results showed that for independent errors,
forward error control provides substantial improvement over re-
transmission for high bit-error probabilities, provided that extremely

high reliability is not required.

For dependent errdrs, retransmission was always superior in

throughput and always considgrably superior in undetected error
A

probability.
From these studies we cdnclude that the nature of the errors

in the channel is by far a more critical problem in the design of FEC

~systems than it is for ARQ systems . ARQ systems are relatively
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insenéftive to the conditions on the channel. This results from the
ract that if the number of parity bits is n-%; the traction oY undetectable
A

. . 1
error patterns is approximately T regardless ot the length or
. )
2

the code [17] . ItEfollows that since a code can be easily chosento i

' \detect the East jority orall error patterns, it does not matter

vel':y much how errors occur on the channel. Tor example, a code

used by IBM in many of their coml:;uter communications systems [18],

has 16 parity check bits and is capable of d'e\tecting all blocks with » ‘
3 errors or less or with burst patterns ot-length b = 16 bits or less,

provided the block length is less than 215—1. With a block length or

800 bits, the probability ot having an undetected error with this code

has been pessimistically estimated at 10-8 9] .

¢
This advantage ot ARQ systems is not shared by FEC systems.

Or all the errors detected by an error correcting code only a small

rraction { wt most, where k is the nufnber of information bits)

2 : .
are correctable. This is illustrated in Fig. 2.7 where the 2" n-tuples ‘

are divided' into cosets.

-
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2" code words
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f
0...0 V) Nz s V‘z.h-l
a, bu bn. bl 2h-|
zn-K Qo l:;,_. bn.
coset < :
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. bLB: 0.{.+Vj s
| amk | bk

Figure 2.7
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: In this figure the detectable error patterns are the a_'s and
i
the b, J's, while the correctable patterns are only the a, ls or coset .
leaders. Error-correcting codes gre therefore most enectwe in

channels tor which it is possible to choose as coset leaders the most

. probable error patterns. This implies that the behavior of the channel

is predictable and not subject to macroscopic changes. The telephone

channel cannot be relied upon to be so well behaved, but there are

other channels that comply with this cha.r'a.cteristic. Fortunately the

satellite channel is an example, since in this case retransmission

1mp11es a large delay and becomes lmpractlca.l for such an application.

There are other situations in which retransmission is not possible and

FEC becomes mandatory. Disc storage systems is an example [207] . ‘

Modem disc drives have packing densities ol 4000 bits per inch and

' 200 tracks per inch. -Errors are caused by imperTfections in the

magnetic coating ot the disc¥and affect more than one bit at a time.
A code used in this application is the (139 197, 139 118). Fire code
which can correct bursts up to 1} bits 1ong.' This code was chosen
because it allows the encoding of 1 track per block on the average,

and it was experimentally found that surface imperfections seldom

“arfect more than 11 bits.

Untortunately, torward error correction is complex compared .
to detection-transmission. The problem or obtaining simple algorithms .
tor error correction has been the subject of'a considerable amount of l
research [43., (217, [227. Recent developments in error- correctxag
codes tor the telephon channel [23 ]’md:.cate that FEC 9ystems can 6’
improve reliability an}that such codes may be uselul in applications

where retransmission is impractical. _ .

#
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2.4 ARQ SYSTEMS

One import t aspect ol—ARQ systemg,is the etfective ra.te )

at which information i ansterred from Source to destination. In
this section we will discuss the dependence of this rate on the channel
error statistics and on the type of retransmission system (167 .

There are two systems of retransmission fhat are used: stop-and-wait

and continuous-retransmission. . p |

2.A.1 STOP-AND-WAIT ARQ SYSTEM
L3

‘This is the simplest and most used detection - retransmission
system [2]. ;

In stop-and-wait operation the transmitter sends a block and
waits for a positive or negative acknowledgment from the receiver . ‘

before sending the next block or retransmitting the same block. The

etfective throxw."ghput T of such a system is given by [24]

n(1- Pe(block))
n+t+ c.y

T = (2.1)

where c is the time delay from the transmission or one block to the
beginning o transmission of the next, and y is the signaling rate ot the
modem. (Here, perfect synchronization is assumed). The effective /

intormation ra2te is then given by : ' Y (
Re = Ty e . : ) (2.2)

From equation (Z 1) we can see that T, and hencé Re is degraded
whenever Pe (block), or the round- tnp delay, c.y, become apprecm-ble.
The block length n should be made large relative to the delay, in tact,
the use ot short block lengths for certain a.pphcatlons, may result in
very inetficient operation even when there are no errors in&the received

data. For example, consider a direct-distance-dialed (DDD)
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coast-to-coast connection. The time dle:lay has been estimated at

360 m sec., including the tu.rna.rou.nd ‘time taken in ‘changing the
halr-duplex modem irom one direction to the other. Hence, for
example on an error iree channel with y = 4800 b/s and using a block
length or 1000 bits, Re = 1760 b/s, which is only about 37% of the
modem rate. Theretore in this application a longer block length
should be used. For example, if'n = 10,000 bits and the channel is
erfor tree, Re =4100 b/s, about 85% o y. In the light ot the
example, higher speed modems will yield very-little improyernent , .
on Re ir n is not increased appropriately.. But, if n is ma:de too
large, Pe{block) could become sifniticant enough to cut down the
throughput T. It is likely, however, that such higher spe[ed modems
- will be used primarily on private lines. Sihg‘:e tull -duplex operation

is then possible, there is no delay as sociated with channel turnaround

and the time delay is reduced substantially.

#y gatellites are used in the transmissjon links, the delay
more than doubles and the eificiency of the sys?tem drops about 10%.
For example the }'ound' trip propagation delays for satellite links ?
have been estimated at 540 m sec 247 ‘Thus it we allow 150 ms to
reverse the transmission direction on a DDD facility, ¢ = 5404300 =
840 msec. On an error free channel, irn = 10000 bits and \):@00
b/s, P;e, = 3410 b/s, thatis about 2% ‘of the modemn rate. .

A

Thus, stop-and-wait ARQ systemls are inherently inemicient
due to the idle time spent in acknowledgments and retransmissions.
This inetficiency, while not serious on most present systems, may
become unaéceptable on sys‘tems which employ higher modem speeds

or satellite links.
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2.4.2 -co‘mrmuogs ARQ SYSTEM

S L. :
A In continuous detection-retransmission 2], (3], the sending

terrminal does not wait between blocks for acknowledgments, but conti-

nues sending blocks until a retransmission of a given block is requested.

At this point the transmitter goes back and retransmits that block and

all blocks t‘ra.nig:nitted from that point apd the receipt of the retransmi-

ssién request.
The mmlmum ‘number of blocks that Jnust be retransmitted is

given by x + 1 where x = L{c-V/n ) 41 ( |y ] means the mteger -

part o y). Assuming that the tiransmitter always completes the O/

present block betore initiating a retransmission, the throughput T

can Be lower bounded by
i - Pe (block '
2 ( ) (2.3) ‘
{1 + xPe (block) -

“When used in the satellite channel, 2 continuous ARQ system

is much more@an‘icxent than a stop-and-wait system.
As an example, consider a DDD satellite connection. Here,
the delay ¢ is estimated at about 750 m sec. Suppose y = 4800 b/s

and n = 5000 bits;, thenx = 1{. At the 90% point on the appropnate ‘

curve of Figure 2.4, Pe (block) = 10 -1 and Re » 3930b/s. At the

50% point, Pe (block) = 9 x 10-3 and Re = 4710 b/s.

Ir we let n = 1000, ‘then x = 4. Thus for the 90% cas’é, Pe(block)} = 3}:1.0--2
and Re » 4150 b/s while for the 50% case Pe(block} =2x 10-3 and

Re » 4750 b/s. This example which uses a.ctua.l data, shows the

superiority of continuous ARQ systems. Itis a.lso interesting to note

that in contrast to the stop-and-wait ARQ system, the erﬁciency or the

_ continuous ARQ systern generally increases as the block length is

b N \

\



-

-23 --

decreased.

One disadvantage of this system, however, is that it requires
tull ~duplex operation {i.e transmission should proceed in both F
directions), and almost all gystems today operate in a half-duplex mode
(i.e they cannot tranfsmit and receive simulta.neou_siy). This is the
reason why, despite its superiority in terms of etficiency, continuous

retransmission systems are almost honexistent at present in practice.
L}

In concluding we can say that while the present ARQ systems
may not be satisfactory for future demands of the telecommunication
channel, the solution lies not in FEC systems but in a better ARQ

!

technique.
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CHAPTER 3 ¢

ESTIMATES FOR THE PROBABILITY OF UNDETECTED
ERRORS )

3.1 - UPPER BOUNDS ON Pe

As stated earlier, the 1p1‘oba.bili.ty Pe of an undetected error

is a measure ‘'of the goodness or the error detecting code. The per-
formance of any code can be specified by a graph of the expected Pe
vs. signal to noise ratio. Pe depends on the nature of the errors
caused by the channel and the weight distribution of the code used.
In this analysis we will consider the binary symmetric channel (BSC)
with cross-over probability p. Let V be a binary (n,k} group.o code
with minimum distance d, and let A,1 be the number of code words of
v.lveight i.

Given the sum of a2 codeword and an error, the decoder does
not detect an error irand only it the sum is a codeword. Otherwise
it detects the error. Therefore the decoder Iails to detect errors
whenle.ver the noise added by the channel is a codeword, and the

probability of this event is given by

n-1 ° . i
Pe = £ AP (1)  +ADp. (3. 1)
] i n
i=d .
1
With respect to (3.1), if we restrict p to the.range o s P < 5
the ratio ' [
i+1 (1 P)n—i—l
p. - = B 1, (3.2)
1 n-=i 1 - p
p (i-p)

which means that the first term of the binomial expansion of (3.1), i.e.

o
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d n-d .
P (1-p} is the largest. An upper bound on Pe can be obtained
by replacing all the binomial terms of the expansion of (3. 1) by the

largest of them, pd (1-P)n-d

d n-d
Pe « B, = p (1-p} [Ad+Ad

1

n
. A
-1-1+ +An-cl:I * np

d n-d  _k '
Pe < B, = p(1-p) (2 -2)+F . (3.3)

1
We note t B1 =Pe Ior p-= > and for the case when all the words

in the code hive the same weight such as the MLSR codes.

The bound B1 is plotted for certain codes in Figures 3.1 to

?*3.7. We observe that for large values ot p, p £ 1/2, B1 is a -
loose bound although in some cases (Figs. 3.1, 3.2 and 3.7) it is
within one decade rrom Pe. For a given weight distribution, as p

gets smaller, B1 becomes a better bound . !

This upper bound can be improved irit is known that the

code contains the word of all ones, since in that case we can write

d -d - L
Pe =Adp{1-p)n ... 35—1“13 2 (1-p) 2 +
n+i n-1
n+1 2 2 n-d d n
+ Sop c{tep) THee b A P P +P
"n-1 n+1
d -d d+t -d-1 =
since p(1-p)" % > p° (1-p)” © >...>p ¢ (1-p) 2
nti n-1 n+3 n-3
‘ 2 ) n-d d
and p (1-p) 2 > p 2 (1-p) > ... >p (1-p)
we can write
P d1p A +A  +... +A "
J_ e <P p LA, astt n-t 1
# . 5

A
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.n+i n-1 .
2 1 2 A + A n
+ p  (1-p) LA F Azt vA ] 4P
2 2
n+i n-1

d. n-d K"'i 2 2 l(-i . [}
or Pe < p (1-p) (27 -iy+p (1-p) (2 1) +p =UB  (3.4)

UB is plotted for the (15,7)d =5, BCH code in Fig 3.8 . Comparing

this bound with B1 in Fig 3.2 for the same code, we see thét for all

values of @ < > UB is smalley than Bi' For small values ot p,

B
the value of UB tends to —./ This is to be expected since UB

consists of a term equal to added to a term which tends to be

much smaller than —— for’ small values ot p, as long as

n+i )
< T2 \

Example 3.1

Consider the (41,21)d = 9, BCH code and a BSC with p = 0.01.

. l\
21. . 4t -12
B, = p9(1_p)32(2 b2y p = 1.523093 x 10
32,20 21 20,20 41
UB = pt-p) (27 -1) +p (L-p)  (27-1) +p

-1
= 7.60196255 x 10 3

H
us}

. | . .
PUB ~ 1.523095 x 10

) ‘ 1 Cn+d
In this case d = 5 ('“—2 )
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3.2 LOWER BOUNDS ON Pe

A
In cases when we have some knowledge of the weight dis-

tnbutlon or the code, the problem or boundmg Pe canbe simplified
by notlcmg that, tor small values of p, Pe is strongly dominated

by the first one or two terms of the summa.txon in (3 1], i.e. Pe

+ . is greater than and approximately equal to

1 -q n-d-1 . '
Pe = Adp-(i-p) +Ad+1p ti-p) (3.5) - |

. , .
To evaluate Pe we need to know A and Ad+1' We now
" quote a result that relates A and @1 X 80 that if one is known,

the other can be calculated.

Definition [30] A group ol’pergnuta.ti.ons is said to be transitive

it for any two symbols in 2 code word .the re exists a permutation

that interchanges them, possibly rearranging other symbols at the
same time. A code is called invariant under a transitive permutatic;n,
or simply transitive, if every transitive permautation carries every

code word into another code word.

Consider a binary group code V-~ ,or block iength n, and let
V' be the extended code of length n' = n+i, rorrned by appendmg an

even-parity bit to the code words of the code V

Theorem 3.1 [36) . .

: ,
Ir the extended code V is invariant under a transitive per-

mutation group,’ then
= A ] I - . "-3 . 63
w-1 n+l-w W @ Ve : ¢ )

W

>
I

_ w At )
and Am-i - n+t w

(3. 6b)
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i ' -
where Aw and 'Aw represent the number of code words of weight

w in the codes V and \A Tespectively.

It is known, [30 bt the Golay code, 2all qﬁadratic residue
codeg, and all primitive BCH codes and primitive cyclic Reed-Muller
codes have transitive extended codes, and therefore Theorem‘3. i

applies tor all of these codes. . ‘ - ' o

Equation (3. 6a ) implies that iran even weight @rs in

the code, the corresponsing odd weight w-1 also occurs. As an example,
the )

considerA(Z?,, 12) d=7 Golay code. The weight dist ibution of this code

is given in Table 3.1.

s;

Table 3.1 Weight Distributién ofthe Golay)Code [32]
. .
. Weight : Nt\xfnber of Codﬂ’Words or this Weight
i . Ay
0 | ‘ t

7 # 253 N\ ’ |
8 : 506 \_’/ : / ‘

11 1288
1z 1288
15 ‘ 506 7
16 ‘ 253 .
23 1 /
We notice from this table that there are no words of weight . \
9 or 13, But the weights 10 and 14 are also absent, which agrees

with equation (3. 6a) . ’ o . ‘ o

Now suppose that the relation given by (3.6a) is true for any w:

A w
w-1 - IR
Auw ~  nttl-e ,
&
L
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!

Using this rough estimate of the weight distribution we write

2
d n-d n-d _p_ (n-d) {(n-d-1) p
Pe'ad A 1- 1
e dP (1-p) [_ e (1-p) . (d+1) (d + 2) ¢ l-p) ¥
+ .. ] ’ (3'7)
)
Under this approximation, if the term (n-d} (n-d-1) p ) << |

(@+1) (d+2) \1-p
: - ,
* then this and the successive terms are negligible. Therefore (3.7)

reduces to equation {3.5) which can be rewritten as ,

v d n-d n-d ’ |
Pej > Pe = Adp (l-p)‘ 1+ O TL—l-p 1 - (3.8)'l

For small valueé of p, (3.8)is gtight lower bound on Pe as
illustrated by Examples 3.2 a %%;\and Figures 3.9 and 3.1¢"
For the sake of convenience, we present without pro

the following well known theorems [ 317

Theorém 3.2 Let V be a single-error correcting BCH code of

length n = 2™ 1. Then ‘
_ _ _n{n-1) ) ) i ) .
Ay = Ay S 31

Theorem 3.3 Let V be a double-error correcting code oflength

Zm-i, m even. Then

Example 3.2

_ Consider the (15,7)d =5 BCH code and let p = .01.

15(12)2 '
Then from Theorem 3.3, A.s = —i}—é—o)— = 18
10
rrom (3. 6a}, A6 = & . 18 = 30

10 -
and Pe = 18 (.01)° (.99)

7

+ 30 (.01)6 (.99) = 1. 655293252 '1’0



s

’

The exact \Lalue or Pe is given by

10
_ . 15 . i
Pe 251 Ai(.onl G992 4 Lony'® = 1.655433091 x 10 7,

i=

The third/(e .

o in the_éxpansion of Pe is
7 8 7 8 ' -13
Ay P (1-p) = 15 (.01) (.99) = 1.384117042x 10

\J

i@' The contribution to Pe of this and subsequent terms is negligible.

Example '3.3 s

Gonsider the (23, 12) d = 7 Golay dode and et p =.01.
From Table 3.1, A, =253, A, = 506 and

Pe’ ;53@.01)7(.99)16 +506(.01)8 (.99)15

2.197707114 x 10"12

| -

' 1

Pe is given by

Pe = 253 (.01)7 (.99)16 + 506(.01)8.(.99)154» 1288 (.01)“(.99)12+

‘ 7 2
+ 1288 (.01)12 (.99)11 +506 (0. 1)15(.99)8+253(.01)16(.99) +(.01) 3

-12
= 2.197707229 x 10

£

| -1
The third term of Pe, 1288 {.01) ! (.99)12 = 1.141663715 x 10 ?
is again negligible, as are all subsequent terms.

A similar reasoning to that used to derive UB, (eq. (3.4)),
can be used to form a lower bound on Pe when it is known that the

code contains the word of all ones but we have no knowledge or Ad.
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n-1 n+i

2 2 - - ‘ -1
pe » LB = p = (t-p) ° 2" -pt@ -y 40" 3.9)

lIn this equation we have divided the expression for Pe
(eq. (3.1)) in halfand taken the smallest term of the binomial
expansion times half of the code words as a lower bound for each
half of Pe. Equation (3.9) is plotted for the (15,7) d = 5 BCH
code in Fig. 3.8. o

!
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10-1 | . (15,7)d=5, BCH

Figure 3.9
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%

(23,12)d=7, Golay [32]

Figure 3,10

iy
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3.3 AN APPROXIMATION FOR Pe

-

We will now show that it is possible to approximate Pe by

using the random coding argument. No knowledge of the weight

distribution of the code is requiged. 9 *
e .
The approximation is derived as follows. . Consider forming

. . K -
an (n,k) codelby selecting at random and, with replacement, 2 il
. - n .n 4
n-tuples rrom the entire set of 2 n-tuples. In the setof Z n-tuples /\)
. . . K ’
. there are  { f]) n~tuples of weight i, theretore in the 2 chosen
i .

n -
n-tuples there will be on the average _(_1_) zk = | fl) Zk n‘.n-tuples
1

Zn
ot weight i.

The fact that an algebraic structure is imposed on codes
formed algebraically causes deviations Irom the number expected
due to the random coding4rgument. However the eflect of these
deviations should be averaged out when a large number of ditTerent ‘
weights is considered. This has been verified by a computer analysis

of a number of codes.

Ifin equation (3. 1) we substitute T

( My2t@ R e A it A £ 0,
1 ) 1 1

we get an approximation for Pe which we will call g :

1 n d n-d n d+i -d-1 n n-1
Pe m g =~ [( ) B (-p) T# (G000 (1P tetl P (1R)T
2
n
+ p . -
. n-1 :
- 1 i n-i n
= —— T ()PP} +p . (3. 10)

2 i=d



- 43 -

»
Before using this approximation we have to gather all
information possible about the weights present in the code. The

following results are useful in this respect.

1) Let V be an (n,k) cyclic code generated by akg/(x) which is
relatively prime with (14x), (i.e. (1+x)is not a ractor of g(x)).
- Then the n-tuple orall i's is a codeword. From this we know that

.Ai=0ror0<1 cd and n-d < i <\i/

2) Let V be an (n,k) cyclic code generated by g (x) .
1r (14x) is a tactor of g(x}, then the code is even-weighted, i.e.

A.j=0, j odd .

This can be checked by looking at the roots of g(x) [28].
Ir i is not a root of g(x), then (1+x) is not a Tfactor and the word
of all ones is present in the\ code. This implies that there are no
codewords ot weight w , for 0 «w < d, andn-d < w < n.

n
The words ot the code are then picked not from 2 but from

d-1 .
"2 ¢« I_l) and the approximation (3.10) becomes’

=t '
K : .
2 n-d i n-i n

Pe = B = - £ (D p(tep) +p . (3:11)
. n d."'i i.=d
2 -2 .z {.)

It t is a root of g(x), then (14x) is a factor of g(x) and

only the even weights are present in the code. The words are picked

d-t
n n~1 2 I . .
not frrom 2 but from 2 -t ( ) and the approximation (3. 10)
Z 2
becomes j=1 )
n-d-1
) 2" 2 noodi2i ’;'d'h_
Penm 8= " Taijz % Cags?? P
2 -
/ LA (3.12)



However, with respect to (3. 11) and (3. 12), it instead ot using

" - d i
ZK and AZK hd =
11 4172 we usg )
n n n-1 n-k
=t ) j=1
;o ﬁ
’ we get a simpler expression lor g, without much atfecting its -

final value.

Then the torms used for the approximations will be

n-d

1 n_ i n-i n .
"B = ——— ¢ ()p(-p) +p (3.13)
. 1 .
2 i=d ‘
for codes with the word of all ones, and
n-d-1
1 2 n d+2i n-d-2i
B = £ . )P (1-p} (3.14)
Zn‘R izo d+21 .

tor even-weighted codes.

We now present an example illustrating the application of equations

(3.13) and (3. 14) to particular codes.

Example 3.4

Consider the (21,12} d =5 BCH code. This code is generated by

4 5 8
gix) = 1+x+x2 +xC+x +x +x9 (2817

Because ‘1 is not a root of this polync.amial, the code must

have weights restricted to 0, 5, 6, 7,..., 15, 16,21. Then g is
given trom (3.13) by
~ R L PR 21-i 21
8 = —5— . £ (;)p (i-p) + P

2 1=5
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The (21,11} d = 6 BCH code is generated by

4
gi{x) = gi(x) (14x) = 1+x3 +x +x6_+x8+x10 (2873

Since (1+x) is a factor or g(x)} we know that the code contains
even-weighted words only.

From (3. 14) B is given by

T2t be2i
2 i=0

15-2i

In Figures 3.1 to 3.7 we have plotted Bl, Pe .and g
for various codes, and in Figures 3.11 to 3.26 we have plotted Pé
and B for other codes. We see that g is a good approximatidn
‘or Pe. For all the codes considered, g is consistently less than

Pe by a small amount ; the ratio Pe is much less than f—ei-.
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{20,10)d=6, Quasi-cyclic J_t25]

Figure 3,11
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(21,11)a=6, BcH [27]
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Figure 3.12
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(23,12)d=7, Golay, [32]
10-1
10-% |
103 |
' Al
. +
7 -15_ ! | 1 1 1
10 '5 .4 . ,3 .Z .1

Figure 3,14

1
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! [ . (33,22)d=6, BCH [27]
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1 [ (33,12)d=10, BCH [27]"
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10-
10-¢ }

3
103 ¢ - :
8
-18 | /\f’,’T L 1

10 ;
.5 "'4/ 3 .2 .1

Figure 3,23



-
-t

10
10-2
10-3

10-25

-59 -,

I (48,17)d=12, [34]
I &
)
{: L 1 1 /"\ 1
.5 X L4 .3 .2 B |

Figure 3,24



- 60- -

107" ¢ (51,26)d=10, BCH [27]
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Figure 3.26
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o

3.4 ON THE USE OF EVEN-WEIGHTED CODES
FOR ERROR DETECTION.

Let us choose an (n,k-1) code, V., which is the even-

2!
{ The probabilities Pe, and
Iz’e2 or undetected errors for V1 and VZ respectively, when

used.in a binary symmetric channel with crossover probability. p

_weighted subset ofan (n,k) code, V

are given by

Pe, = £ AP (l-p) | (3. 15)
i=d .

and if V, hasn and d odd, '

{
n-1 : s

Pe, = I A, P’ (1-p)" , j even. (3.16)
j=d+

From these equations we see that

n
Pe. = Pe, + ¥ A p(1-p)° % z odd.
1 2 z=d 2

or Pe1 > Pe:2

It is clear then that the'even-weighted subset of a code
gives a lower Pe than the i:arent code. In this section we wi&l

e .
estimate the ratio _ L which is a measure of the improvement

Pez
obtained by using the even-weighted subset of a code Vi with n

and d odd.

Let the extended code formed. from V, by adding' an even

parity bit to each codeword be V.i' .
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Theofem .37.4

t - - I} .
Ir V1 is invariant under a transitive permutation group

d+1i '
[36) s and P < —n+1 , then
7

Pe, > 2 Pe

1 2",
Proof:  Using (3.15) and (3.16) we get that-
n i n-i '
£ AP (1-p)
‘e . : _
Ef_i _ 1'1 , jeven,p# O,
Pe.,  0- j n-j
2 T A p(-p
j=d+1 .
- \ ' ‘
or n ™ v n-v
T A,p (1-p)
Pe v=d ' ’ ) .
1 ‘ , Vv odd, jeven. (3.17)
Pe. L+ -t h] n-j :
2 g A.p (1-p)°7 *
j=d+1

! 1
Since V1 is invariant under a transitive permutation group, we

have trom Theorem 3.1 that

A, . :
b . = Substituting this result in the second
A.j n+i-j

term of (3.17) we obtain :

n v n-v n-1 j j-1 n-j+1 n

r A P (1-p) L hiio AP U-p) tA P

v=d _j=de 1)
n-1 : - o3 qoyBd

s A p(tp)? J_=dz:+1 AP (1-p)
jed+i .

v odd, j even (3.18)
-
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The expression (3.18) is greater or equal to 1 ireach term of the

numerator is greater than the corresponding term in the denominator.
—_—

wiis is minimum for j =d+i. Therefore (3.18)is

The fraction

greater than or equal to 1 ir

d +1 (1-p) { or d+1
n+1-(dtl) p . P < htt
Pe1
Then —_— > 2
Pe_
2
or Pe'1 > 2 Pez . Q.E.D.

heorem 3.4 holds for codes fox_svhich Theorem 3.1 holds. This

includes 307 the Golay code, all quadratic residue codes and all

primitive BCH codes and primitive cyclic Reed-Muller codes.

The condition stated in Theorem 3.4 Yor Pe, > 2 Pe2 is a sufficient

a .

1
condition but not a necessary one.
) : Pe
In Fig 3.27 we have plotted —— vs . p Ior the (15,11}
Pe2 Peq
d =3 and (15,7)d'=5 BCH codes. The figure shows that 1-5:; > 2

Jforallp < 1/2, and that the improv;ament is greater as p becomes
small. -

) From the above considerations we can coﬁclude that a
substantial gain in error detecting ab'ility is possible through the use
of even-weighted codes, particularly in channels with small p.

The price paid for this improvement is very small in that
we loose one information bit, i.e. each codeword contains k-1 bits
of information. This is. insignificant compared to the gain.in error

detecting capability.



Figure 3,27

Improvement in Pe obtained by using the even-weighted
subset of the (15,7)d=5 and (15,11)d=3 codes.
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CHAPTER 4 ' I

CERTAIN CODESfITH ODD BEHAVIOR

4,1 INTRODUCTION

- When dealing with the problem ofundetected errors, we
intuitively feel that Pe should be an increasing lruncti'on of p.'
Ir the noise increases, we would naturally expect to have more
undetected errors. But this is not always the case. For certain
codes, Pe actually decreases as p is increased within a certain |
range of values of p. As examples oX such codes we refer to

Figures 4.1 to 4.6. ' .

In these figures we have also plotted the approximation g,
We observe that g .tails torbe a good-approximation in the region where ".
the code behavior is unusual. This.is due to.the Tact that approximation :

g is an increasing tunction of p.

Fig. 4.7 is a plot of Pe and '% vs. p for the (25,5)
=5 ﬁCH code. We observe that the derivative is negative in the

repion where Pe is decreasing.

g Note that a horizontal line can intersect the plot ot Pe
in two places. What this means i‘s that we can achieve the same . [
error rate for two dilferent values of p, thatis, for two difrerent’
signal to noise ratios. For example from Fig. 4.7 ir a.'- Pe or
Ix 10-6 is desired, the p required is either 0.08 or 0.385: 11 the
present Pe is 10—5 which implies that p is approximately 0. 125,
then the desired Pe can be achieved by either increasing or s

‘decreasing the transmitted power. It would certainly be more

economical to decrease the power transmitted.
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In the next section we will discuss a class of codes that

exhibit this property.

4.2 A CLASS OF CODES FOR WHICH ge INCREASES
WITH DECREASING p.

Consider the class of codes formed by interleaving
(n* =d, k' = 1} codes to degree d. The resultant code has the
yorm (n =d , k = d)-and the generator polynomial is given by

d 2d -
glx) = f+x +x ~}-...+x(c’l 1yd

An example of such a code is the (25,5)d =5 BCH code plotted
in Figures 4.1 and 4.7. This code is rorm-ed by interleaving the
(541) code to degree 5. . ‘
We note that while as rg\ndom-error correcting codes
n-K

the rate is low for the d achieved, these codes can correct -—2'—'

or less phased errors, or as single-burst-error detecting codes they
can detect bursts of length n-k or less. For example the (25,5)
= 5 code can correct any two random errors, it can also correct
10 or less phased errors, or one ra.ndorp error and a burst error
orlength 5 orless, ora burst error of 1&2gth 10 or less. It
| can also detect a burst error of length 20 or less . Hence these
c are optimun:rwith reference to the Reiger Bound [297] which
states that to correct a burst of length b, a code must have at least
b check bits. Interpreting the condition k = d in the light of the
form of g(x), we get _ . . )
Ay T (c: ) A‘Zd = : booveer Bginyd” (dc-li)' Anzl

and all other Ai's, except Ao, are zZero.

'
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~

Using these numbers in (3. 1) we obtain

n d-1 d ijd dd-'.
pe = "+ % (NP pt@)
=t
- 2
d d_d d :
= [p +(1-p) 1 -(i-p) (4-1)
. . . . ) . dPe
DitTerentiating (4. 1) with respect to p, we get the derivative E;“
to be
dPe d d d-1_ d-1 d-1 2 d -1
ap d{p +(i-p) J [dp -d(it-p) J+d (1-p)
2
2 < d ,d-1 d-1
= d (1-p) 1[(m +1) {m -1) + 1]
2-1

= ciz(i—p)d (- (1+md)d-1(1“—md-1)'_] . (4.2)

We now prove the following ' ‘

d
Theorem 4.1: The derivative le;)g of (4.2) is negative at
p= 31' for d 5 4. -

‘Proot: With reference to (4.2) it is sutficient to show that

dd-1 d-1
q(m) = (l+m) (I-m~ "} >1 ors
——
at - m = P = 1 for d » 4.
1-p 2
We note that
dd- d-1
q(m) = (1+m")  (t-m )

[t mty (tem® T

v

W)

3
1

( l+(d-.1)md) (1-md”1)

Ca
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Further,
g d-1 £
q,(3) = (L+==)(1- —=)
1" 2 2d zd—i
d -
2% 4+ d-4 241y
2cl Zd—l
2d-1 - - '
_ _ e 2 P R A S TS
. . 22d-1
d-1 d-1 _d
- 1 4 42 -2 -2 - d4t 4b ~
2d-1 ' (£.3)
2 - .
With rererence to (4.3) , letting
d-1 -
q _  d2 P9t % lan
2 - 22c£-1 . ¥ |
and letting d = 2 4+ p, we obtain )Y I
| d-1  _d-
a2 -2 Lo(s ) 4
93 - - _2d-1 : (4.4)
. 2
Now ir A > 2, or equivalently d » 4, we see that, in {4.4), ~
- - -1 1
A 24 1-Zd t > 2 -1 o2 +A_ which is clearly greater than 1 + 4.

Thus, ird 3 4 then q, is positive. Then, with reference to (4.3},

1 S 1 1
qi‘(z) > 1 and tinally q (3) > Fli(z) > 1

Q.E.D.

An implicat‘ion of Theorem 4.1 is, of course, that P, is

for the class of

drecreasing at m = 5 , or equivalently p = 3
B 1

2

codes under consideration.
FJ
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We also note that fTor d = 3,,
32 2
gm) = (14+m )" (1 -m")
rrom which _the derivative

d'(m) = 2m (1 +m°) (3m - 4m® - 1).

It is easily verified that the roots orq'(m) in the interval 0 < m ¢ 1

a.rern"-i'm=l Since 0y =1 5.-2—43- d 1)y=20
‘2' 2' q()-',‘:I(-)-st arn q()_l

we can conclude that g(m) 4 1 so fhat Pe or (4.l) is an increasing
function of p. This means that for a code with d = 3 it is not possible
o

{
tor Pe to decrease as p increases.

Ofthe 6 codes presented in this chapter, only the (25,5)d =5
BCH code belongs to the class of codes for which Theorerff™® 1 applies.

Probably f:he_re are more classes ol codes fof which Pe decreases

with increasing p. ‘ ‘
L4
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‘ CHAPTER 5

CONCLUDING REMARKS
¢

In this thesis we have presented statistics of the errc.:‘r
occurr.ence in the telecommunication network and given examples of
how these statistice can be used when designing error control systems.
We have briefly described the FEC and ARQ systems, considered |
their merits and concluded that ARQ systems are better suited for

the telephone channel.

In chapter 3 we have considered the problem of estimating
the probability of undetected errors when group error-correcting
codes are used in the BSC 1or error detection without knowledge or
the weight distribution ot the code. The estimates presented are ‘
‘tight only for small values ot p. Further work in this area should .
include an attempt to. prove that the approximé.ti.on g8 is a lower
bound for Pe. More research should be done on weight distribution
in codes. We have shown that knowledge of weight distributions is

extremely importént to any work done on error probabilities.

+ .
W€ also consider the tact that a substantial gain in error
detecting ability is possible through the use ot éven-weighted codes,

particularly in channels with small p. We show that the imnprovement

Pe d+1
Pe n+i w—

{eq. (3.16)) is greater than 2 for p <
2 Pe

It wowld be interesting to prove that Peo. will always be greater than
1 . 2 |

2 Tor p < 5 -

given by the ratio

2 .
In chapter 4‘ we show that Pe can actua.lly' decrease in an
appropriate interval of p depending on the code &lder consideration.
Further investigation‘in regafd to the weight distribution of codes for

which this behavior of Pe occurs should prove warthwhile. .

—_ ‘ . & '
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