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Abstract

In this work, we study the continuity in law of the solutions of two linear multiplicative
SPDEs, namely, the parabolic Anderson model (PAM) and the hyperbolic Anderson
model (HAM). The forcing term under investigation is examined in two cases: (i) the
regular noise, with the spatial covariance given by the Riesz kernel of order α ∈ (0, d)
in spatial dimension d ≥ 1; (ii) the rough noise, which is a fractional noise in space
with Hurst index H < 1/2 in spatial dimension d = 1. In both cases, the noise is
assumed to be colored in time. The similar problem for the case of the white noise
in time was considered in [13, 23].

For the initial condition, we consider two scenarios: (a) constant initial condi-
tion; (b) initial condition given by a signed Borel measure on Rd. In the case of
constant initial condition, we prove that the solution is continuous in law in the space
C([0, T ]×Rd) of continuous functions, with respect to the spatial parameter (α or H)
of the noise. In the case of general initial condition (given by a measure), the weak
convergence of the solution with respect to spatial parameter of the noise is obtained
in the space C([t0, T ] × Rd). The solution is understood in Skorohod sense, using
Malliavin Calculus, a stochastic calculus of variations theory that proves beneficial in
exploring various aspects in the theory of SPDEs.

The results corresponding to cases (a) and (b) above are contained in the recent
article [7], and respectively, in the preprint [30].
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Chapter 1

Introduction

For centuries, partial differential equations have served as a fundamental tool for de-
scribing various mathematical and physical phenomena, including heat conduction,
fluid dynamics, and diffusion. Examples of basic partial differential equations include
the wave equation, heat or diffusion equation, and Poisson’s equation. These equa-
tions often encounter external influences, which are typically of a random nature.
Consequently, incorporating this randomness leads to the formulation of stochastic
partial differential equations (SPDEs), offering more robust models for studying these
natural processes. SPDEs commonly emerge in applications across diverse fields such
as physics, engineering, and finance.

There are three different approaches to study SPDEs in the mathematical litera-
ture, namely, the random field approach (see [42]), the infinite-dimensional approach
(see [21]) and the analytical approach (see [32]). It turns out that each of these ap-
proaches has been fruitful in its own way; however, these three approaches are not
equivalent in the sense that they cannot be applied to exactly the same family of
SPDEs. In this work, we will focus on the random field approach, following more
recent works for example [5, 19]. A gentle introduction to SPDEs using the random
field approach is available in [2], providing an overview of fundamental concepts while
aiming to engage readers and encourage further exploration of this topic. For a de-
tailed review of SPDE theory, we refer to [20]. Over the past three decades, numerous
authors have extensively researched this topic: see [1, 10, 11, 19, 40] for the existence
and uniqueness of the solutions to certain equations and noises, [6, 14, 16] for inter-
mittency, [27, 41] for large deviation principles and [22] for small ball probabilities.

When using the random field approach, the general form of a stochastic PDE is:

Lu(t, x) = σ
(
u(t, x)

)
Ẇ (t, x) + b

(
u(t, x)

)
, t > 0;x ∈ Rd (1.0.1)

with some initial conditions, where L is a partial differential operator with constant
coefficients on R+ × Rd. It is known from the classical PDE theory that L has

1



1. INTRODUCTION 2

a fundamental solution G (which may be a distribution), i.e. LG = 0. We let
Ẇ (t, x) = ∂2W

∂t∂x
(t, x) be a formal notation for the space-time derivative of the noise

W , whose precise definition will be given below. The function b is referred to as
the drift coefficient, while σ is called the diffusion coefficient. Both are subject to
certain regularity conditions.

In this thesis, we will consider only Examples 1.0.1 and 1.0.2 below. For these
examples, the fundamental solution associated to each operator L, denoted by Gt(·),
is a non-negative integrable function on Rd. Let 4 =

∑d
i=1

∂2

∂x2i
be the Laplacian

operator. Our main focus will be on two examples:

Example 1.0.1. The heat operator: L = ∂
∂t
− 1

2
4, in any dimension d ≥ 1. In this

case,

Gt(x) =
1

(2πt)d/2
exp

(
− |x|

2

2t

)
, (1.0.2)

where | · | is the Euclidean norm on Rd.

Example 1.0.2. The wave operator: L = ∂2

∂t2
−4, in dimension d ≤ 2. In this case,

Gt(x) =
1

2
1{|x|<t}, if d = 1

Gt(x) =
1

2π

1√
t2 − |x|2

1{|x|<t}, if d = 2. (1.0.3)

The Fourier transform of a function ϕ ∈ L1(Rd) is defined by

Fϕ(ξ) =

∫
Rd
e−iξ·xϕ(x)dx, for all ξ ∈ Rd.

Here ξ · x =
∑d

i=1 ξixi is the inner product in Rd. Note that in the case of heat
operator:

FGt(·)(ξ) = exp
(
− t|ξ|2

2

)
, for all ξ ∈ R, (1.0.4)

and in the case of wave operator:

FGt(·)(ξ) =
sin(t|ξ|)
|ξ|

, for all ξ ∈ R. (1.0.5)

In this work, we consider equation (1.0.1) (with drift term b ≡ 0) driven by a linear
multiplicative Gaussian noise, i.e. σ(u) ≡ u. More precisely, we study the equation

Lu(t, x) = u(t, x)Ẇ (t, x), t > 0;x ∈ Rd, (1.0.6)

where L is the heat or wave operator. If L is the heat operator, such equation is
known in literature as the parabolic Anderson model (PAM), and by analogy, if the
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heat operator is replaced by the wave operator, it is known as the hyperbolic Anderson
model (HAM).

The problem studied in this thesis is related to the continuity in law of the
solution to equation (1.0.6) with respect to some parameters of the noise. We note
that the same problem for the linear equation Lu(t, x) = Ẇ (t, x) (driven by the same
type of noise) was studied in the author’s Master’s thesis [29].

It is very important to understand what kind of noise is associated to equation
(1.0.6). In order to do this, we need to introduce some definitions.

Recall that a fractional Brownian motion (fBm) is a zero-mean Gaussian process

(B
(H)
t )t∈R+ with covariance

E[B
(H)
t B(H)

s ] = RH(t, s) :=
1

2
(|t|2H + |s|2H − |t− s|2H), for all s, t ∈ R+.

The parameter H ∈ (0, 1) is called the Hurst index. If H = 1/2, then RH(t, s) = t∧ s
and the fBm coincides with the Brownian motion. If H > 1/2, the covariance of the
fBm can be expressed as follows:

RH(t, s) = αH

∫ t

0

∫ s

0

|u− v|2H−2dudv,

where
αH = H(2H − 1). (1.0.7)

For any H ∈ (0, 1), this covariance admits the spectral representation:

RH(t, s) = cH

∫
R
F1[0,t](ξ)F1[0,s](ξ)|ξ|1−2Hdξ,

where F1[0,t](ξ) is the Fourier transform of the indicator function 1[0,t], given by:

F1[0,t](ξ) =

∫ t

0

e−iξsds =
1− e−iξt

iξ
for all ξ ∈ R,

and

cH =
Γ(2H + 1) sin(πH)

2π
. (1.0.8)

Throughout the thesis, we will use these definitions of the constants αH and cH .

A fractional Brownian sheet (fBs) with Hurst indices H0, H ∈ (0, 1) is a zero-
mean Gaussian process {W (t, x); t ≥ 0, x ∈ R} with covariance

E[W (t, x)W (s, y)] = RH0(t, s)RH(x, y).
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Coming back to (1.0.6), we assume that Ẇ is a zero-mean Gaussian process,
whose covariance is given informally by:

E[Ẇ (t, x)Ẇ (s, y)] = γ0(t− s)γ(x− y).

The smoother γ, the more regular the noise and the solutions are. We can make the
definition more precise. Let W = {W (ϕ);ϕ ∈ D(R+×Rd)} be a zero-mean Gaussian
process defined on a complete probability space (Ω,F ,P), with covariance:

E[W (ϕ)W (ψ)] =

∫
R2
+

∫
(Rd)2

γ0(t− s)γ(x− y)ϕ(t, x)ψ(s, y)dxdydtds

=

∫
R+

∫
R+

∫
Rd
γ0(t− s)Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)µ(dξ)dtds =: 〈ϕ, ψ〉H,

for any ϕ, ψ ∈ D(R+×Rd). Here D is the space of all infinitely differentiable functions
whose compact support is contained in R+ × Rd and H be a Hilbert space, obtained
by completing D with respect to 〈·, ·〉H.

In this thesis, we will focus on two types of noise processes:

(I) the regular noise, with the spatial covariance given by the Riesz kernel of order
α ∈ (0, d) in spatial dimension d ≥ 1.

(II) the rough noise, which is a fractional noise in space with Hurst index H < 1/2
and d = 1.

More precisely, the spectral measure of the noise is given by:

µ(dξ) =

{
|ξ|−αdξ with α ∈ (0, d) and d ≥ 1 (Case I: the regular case)
cH |ξ|1−2Hdξ with H ∈ (0, 1/2) and d = 1 (Case II: the rough case)

In Case II, we assume that the constant cH is given by (1.0.8). In both cases, the
noise is assumed to be colored in time. The term “colored noise” refers to a type
of stochastic process where the noise is not white, meaning it has some form of
correlation in time, space, or both. The difference between these two noises is that:
the spatial covariance of the regular noise is captured by the Riesz kernel, whereas
for the rough noise, the covariance structure does not take the simple form of a Riesz
kernel, the only way to express the covariance structure is using the Fourier transform.
To emphasize the dependence on the parameter α or H, we denote the noise by Wα

and WH respectively. More details about the noise can be found in Section 2.1 and
Section 4.1. See [3, 9, 28] for a sample of relevant references about the study of the
regular noise and [4, 6] regarding the work in the case of the rough noise.

Just like ordinary differential equations (ODEs) and deterministic partial differ-
ential equations (PDEs), stochastic PDEs require initial conditions, which are also
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crucial in defining solutions, to determine the starting point of the stochastic process.
We equip equation (1.0.6) with two different initial conditions: the constant initial
condition and the general initial condition. More precisely,

u(0, ·) = u0(·) =

 1 type (a)

a signed Borel measure type (b)

Initial conditions of type (b) are called rough. So far, only the PAM with rough initial
condition has been studied in the literature; see [3, 4, 14, 30].

We continue now with the definition of the solution. We say that a process
u = {u(t, x); t ≥ 0, x ∈ Rd} is a (mild) solution to equation (1.0.6), if for any t > 0,
x ∈ Rd with probability 1,

u(t, x) = w(t, x) +

∫ t

0

∫
Rd
Gt−s(x− y)u(s, y)W (δs, δy), (1.0.9)

where G = Gh for the heat equation, respectively G = Gw for the wave equation, is
the fundamental solution of the heat and wave operator. The solution is understood in
the Skorohod sense. This means that the stochastic integral in (1.0.9) is the divergence
operator from Malliavin calculus. We refer the reader to [38] for mare details regarding
Malliavin calculus. See also Appendix A.5.

Recalling Cases I and II mentioned above, we denote by uα or uH the solution to
equation (1.0.6) to emphasize the dependence on the parameter α and H respectively.
We use the same notation for both heat and wave equations, but we will specify each
time when we need to consider separately each equation.

In the case of the heat equation, w is the solution of the deterministic equation:
∂u

∂t
(t, x) =

1

2
4 u(t, x), t > 0, x ∈ Rd

u(0, ·) = u0,

and is given by w(t, x) = (Gt ∗ u0)(x). Note that if u0 ≡ 1, then w ≡ 1.

In the case of the wave equation, w is the solution of the deterministic equation:
∂2u

∂t2
(t, x) = 4u(t, x), t > 0, x ∈ Rd (d ≤ 2)

u(0, ·) = u0

∂u

∂t
(0, ·) = v0
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and is given by w(t, x) = (Gt ∗ v0)(x) + ∂u
∂t

(Gt ∗ u0)(x). In the present work, we
consider only the case u0 ≡ 1 and v0 ≡ 0, so w ≡ 1.

The main results in this thesis give the continuity in law, with respect to the
noise parameter α or H, of the solutions to SPDE (1.0.6) driven by the regular noise
(Case I) or the rough noise (Case II), in the setting of the constant initial condition
(type (a)) or the rough initial condition (type(b)). That is, we aim to show thatuαn

d−→ uα
∗
,whenever αn → α∗ Case I: the regular noise

uHn
d−→ uH

∗
,whenever Hn → H∗ Case II: the rough noise

In the case of the white noise in time (i.e. when H0 = 1/2), the same problem
of continuity in law of the solution was studied in [23, 24] for the linear equation,
respectively the equation with multiplicative noise. In the case of the linear equation,
the methods of [23] were extended to the colored noise in time (case H0 > 1/2) in the
author’s Master thesis [29]. The same problem of the weak convergence of solutions
has been explored in various related contexts; see [34, 35, 36, 37].

The proof of the main results will follow from the classical method of convergence
of finite dimensional distributions (f.d.d) and tightness. For tightness, we will build
upon the existing literature related to moment estimates for the increments of the
solution, and show that these estimates hold uniformly in α or H, which allow us
to apply Kolmogorov’s theorem. More precisely, for any (t, x) ∈ [0, T ]× Rd (for any
(t′, x′) ∈ [t0, T ]×Rd when rough initial condition imposed), we will show that for any
p ≥ 2, supα∈[a,b] E

∣∣uα(t′, x′)− uα(t, x)
∣∣p ≤ C

(
|t′ − t|+ |x′ − x|

)pε/2
for heat equation,

supα∈[a,b] E
∣∣uα(t′, x′)− uα(t, x)

∣∣p ≤ C
(
|t′ − t|+ |x′ − x|

)pε
for wave equation,

while in case of the rough noise, we will prove that supH∈[a,b] E
∣∣uH(t′, x′)− uH(t, x)

∣∣p ≤ C
(
|t′ − t|+ |x′ − x|

)pε/2
for heat equation,

supH∈[a,b] E
∣∣uH(t′, x′)− uH(t, x)

∣∣p ≤ C
(
|t′ − t|+ |x′ − x|

)pε
for wave equation.

The range of the exponent ε > 0 appearing on the right-hand side of the above
inequalities will be specified in each corresponding section.

For the finite dimensional distribution convergence, the main problem comes from
the fact that, unlike the case of the linear equation, the solution is not a Gaussian
process, and so identifying its covariance structure is not enough to characterize its
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law. We will prove that for any k ≥ 1 and (t1, x1), . . . , (tk, xk) ∈ [0, T ] × Rd, in the
case of regular noise,(

uαn(t1, x1), . . . , uαn(tk, xk)
) d−→

(
uα
∗
(t1, x1), . . . , uα

∗
(tk, xk)

)
, as n→∞,

and in the case of rough noise,(
uHn(t1, x1), . . . , uHn(tk, xk)

) d−→
(
uH
∗
(t1, x1), . . . , uH

∗
(tk, xk)

)
, as n→∞.

It is worth mentioning that for establishing the f.d.d. convergence, the noise Wα,
respectively WH , does not have to be defined on the same probability space for all
values α (or H). However, instead of f.d.d, we will prove the convergence in L2(Ω),
and for this, we need that all processes (Wα)α∈(0,d) (respectively, (WH)H∈(1/2,1)) be
defined on the same probability space. To achieve this, we will use the following
spectral representation of the noise:∫

R+×Rd
ϕ(t, x)Wα(dt, dx) =

∫
R×Rd

Fϕ(τ, ξ)
√
g0(τ)|ξ|−α/2Ŵ (dτ, dξ)

and ∫
R+×Rd

ϕ(t, x)WH(dt, dx) =
√
cH

∫
R×Rd

Fϕ(τ, ξ)
√
g0(τ)|ξ|

1
2
−HŴ (dτ, dξ)

where g0 is the density of the temporal spectral measure µ0, Fϕ(τ, ξ) is the Fourier

transform of ϕ in both variables (t, x) and Ŵ is a C-valued Gaussian random measure.
This construction of the noise is critical for proving the f.d.d. convergence (See
Sections 2.4 and 4.3).

The following table summarizes the results presented in the thesis:

Constant initial General initial
condition condition

Regular noise Chapter 2 Chapter 3
µ(dξ) = |ξ|−αdξ, α ∈ (0, d) (Section 2 of [7]) (Section 2 of [30])
Rough noise Chapter 4 Chapter 5
µ(dξ) = cH |ξ|1−2Hdξ, H ∈ (0, 1

2
) (Section 3 of [7]) (Section 3 of [30])

We provide a brief overview of the steps required to demonstrate the main results,
taking into account various noises and initial conditions. We first consider the space-
time homogeneous noise Wα (the regular noise) to be the forcing term. In Chapter 2,
we deal with PAM and HAM, equipped with constant initial condition. We introduce
the noise in Section 2.1, which is specified by a general temporal covariance function
γ0 and a spatial covariance function γ given by the Riesz kernel with index α. In
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Section 2.2, we prove the existence of the solution. In addition, we show that the
p-th moment of the solution is bounded by an exponential function of t. We consider
first the general temporal covariance function γ0 and then we include one particular
case when the temporal covariance of the noise is given by γ0(t) = αH0|t|2H0−2 with
H0 ∈ (1/2, 1). The estimates for the moments of the increments of the solution are
developed in Section 2.3 and are used to establish tightness. In Section 2.4, we prove

the f.d.d. convergence, followed by the main result, which state that uαn
d−→ uα

∗
in

C([0, T ]× Rd).

In Chapter 3, we study PAM equipped with rough initial condition. The noise
is the same as in Section 2.1, and has a general temporal covariance function γ0. The
existence of the solution and the fact that p-th moment of the solution is bounded by
an exponential function of t are obtained in Section 3.1. We give some upper bounds
for the moments of the increments of the solution in Section 3.2. The proofs of the
f.d.d. convergence and the continuity in the law of the solution with respect to the
noise parameter α is addressed in Section 3.3.

In Chapter 4, we focus on the rough noise WH . This noise, which is introduced in
Section 4.1, behaves in time like fBm with index H0 > 1/2 and in space like the fBm
with index H < 1/2. We treat the heat and wave equations separately. The existence
of the solution is obtained under the condition H0 + H > 3/4 for PAM, respectively
H > 1/4 for HAM. (For HAM, we believe that this condition is not optimal since
it does not involve the Hurst index H0.) In Section 4.2, we obtain some estimates
for the moments of the increments of the solution. The f.d.d. convergence and the
continuity in law of the solution are proved in Section 4.3.

In Chapter 5, we return to PAM with rough initial condition, this time in the
case when the noise is rough in space. The existence of the solution is obtained in
Section 5.1 under the condition H0 +H > 3/4. Tightness is established through the
uniform moment estimates provided in Section 5.2, while Section 5.3 demonstrates
the f.d.d. convergence and the continuity in law of the solution.

The Appendix covers some auxiliary results which are used in the thesis.

We specify the notation used in this thesis. We let B(Rd) be the class of Borel sets
of Rd and Bb(Rd) be the class of bounded Borel sets of Rd. We let D(Rd) be the space
of all infinitely differentiable functions whose support is compact and contained in Rd

and D′(Rd) be the space of distributions, i.e. the space of linear continuous functionals
on D(Rd). We denote by S(Rd) the set of rapidly decreasing functions ϕ : Rd → R,
i.e. infinitely differentiable functions such that supx∈Rd

∣∣xαD|β|f(x)
∣∣ < ∞, for all

αi, βi ∈ N0, where α = (α1, . . . , αd) and β = (β1, . . . , βd) are multi-indices and we

define xα = xα1
1 . . . xαdd and D|β|f(x) = ∂|β|f(x)

∂x
β1
1 ...∂x

βd
d

. We let S ′(Rd) be the space of

tempered distributions, i.e. the space of linear continuous functionals on S(Rd).
Throughout this thesis, we denote x = (x1, · · · , xn), y = (y1, · · · , yn), t = (t1, · · · , tn),
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s = (s1, · · · , sn) and we let Tn(t) = {(t1, . . . , tn); 0 < t1 < . . . < tn < t}. We use
ξ · x =

∑d
j=1 ξjxj to denote the inner product in Rd.



Chapter 2

PAM/HAM with regular noise and
constant initial condition

In this chapter, we consider the Parabolic Anderson Model (PAM):
∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ Rd (d ≥ 1)

u(0, x) = 1, x ∈ Rd

(2.0.1)

and the Hyperbolic Anderson Model (HAM):

∂2u

∂t2
(t, x) =

∂2u

∂x2
(t, x) + u(t, x)Ẇ (t, x), t > 0, x ∈ Rd (d ≤ 2)

u(0, x) = 1, x ∈ Rd

∂u

∂t
(0, x) = 0, x ∈ Rd.

(2.0.2)

We assume that Ẇ is a space-time homogeneous Gaussian noise, which is correlated
in both time and space with arbitrary temporal covariance kernel γ0 and spatial
covariance γ given by the Riesz kernel:

γ(x) = Cd,α|x|−(d−α), for α ∈ (0, d), (2.0.3)

where

Cd,α = πd/22α
Γ(α

2
)

Γ(d−α
2

)
. (2.0.4)

For kernel γ0, we need to introduce the following assumption, and we will assume
it holds throughout the thesis.

10
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Assumption A. We assume that

µ0(dτ) = g0(τ)dτ,

where g0 is a non-negative function.

The precise definition of the noise and some of its properties are given in Section
2.1 below. The stochastic integral used for defining the solution is the Skorohod
integral from using Malliavin calculus. For this reason, we say that this is a Skorohod
solution. In Section 2.2, we give the definition of the solution and we review the
classical results about the existence and uniqueness of the solution. More precisely,
we show that for any α ∈ (max(d−2, 0), d), equations (2.0.1) and (2.0.2) have unique
solutions.

The goal of this chapter is to study the continuity in law of the solution with
respect to the parameter α of the noise (for fixed temporal covariance kernel γ0), in the
space of continuous functions on C([0, T ]× Rd). For this, we will apply the classical
method of convergence of finite dimensional distributions (f.d.d) and tightness. For
tightness, we will build upon the existing literature related to moment estimates for
the increments of the solution, and show that these estimates hold uniformly in α.
This will be achieved in Section 2.3. In particular, this will show that the solution
has a modification with continuous sample paths in space and time. We will work
with this modification. Finally, the f.d.d. convergence is shown in Section 2.4.

The main result for this chapter is the following theorem.

Theorem 2.0.1. For any α ∈ (max(d − 2, 0), d), let uα be the solution of equation
(2.0.1) or (2.0.2). Fix α∗ ∈ (max(d − 2, 0), d) and let (αn)n≥1 be a sequence in
(max(d− 2, 0), d) such that

lim
n→∞

αn = α∗.

Then for any T > 0,

uαn
d−→ uα

∗
in C([0, T ]× Rd).

The main results of Chapters 2 and 4 (Theorems 2.0.1 and 4.0.1) have been
published in the recent article [7].

2.1 The noise

In this section, we introduce the random noise perturbing equations (2.0.1) and
(2.0.2). The noise has been considered by many authors [3, 8, 9]. In particular,
the case of the white noise in time was introduced by Dalang in the seminal articles
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[18] and [19]. The covariance structure of the noise W is specified by two locally in-
tegrable non-negative definite functions γ0 : R+ → [0,∞] in time and γ : Rd → [0,∞]
in space. By non-negative definite, we mean that for any test function φ ∈ S(R),∫

R
(φ ∗ φ̃)(t)γ0(t)dt ≥ 0

where φ̃(t) = φ(−t) denotes the reflection of φ. Moreover, by the Bochner-Schwartz
theorem, γ is the Fourier transform (in S ′(Rd)) of the tempered measure µ, written
as γ = Fµ, i.e. ∫

Rd
ϕ(x)γ(x)dx =

∫
Rd
Fϕ(ξ)µ(dξ), for all ϕ ∈ S(Rd). (2.1.1)

Similarly, the temporal covariance kernel γ0 is the Fourier transform of a tem-
pered measure µ0 on R+, i.e. γ0 = Fµ0 in S ′(R). Note that for any functions
φ1, φ2 ∈ S(R), we have∫

R+

∫
R+

γ0(t− s)φ1(t)φ2(s)dtds =

∫
R
Fφ1(τ)Fφ2(τ)µ0(dτ).

More generally,∫
Rn+

∫
Rn+

n∏
j=1

γ0(tj − sj)φ1(t1, . . . , tn)φ2(s1, . . . , sn)dtds

=

∫
Rn
Fφ1(τ1, . . . , τn)Fφ2(τ1, . . . , τn)µ0(dτ ), (2.1.2)

where t = (t1, . . . , tn), s = (s1, . . . , sn) and τ = (τ1, . . . , τn).

We assume that W = {W (ϕ);ϕ ∈ D(R+×Rd)} is a zero-mean Gaussian process,
defined on a complete probability space (Ω,F , P ), with covariance:

E[W (ϕ)W (ψ)] =

∫
R2
+

∫
(Rd)2

γ0(t− s)γ(x− y)ϕ(t, x)ψ(s, y)dxdydtds

=

∫
R+

∫
R+

∫
Rd
γ0(t− s)Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)µ(dξ)dtds

=

∫
R×Rd

Fϕ(τ, ξ)Fψ(τ, ξ)µ0(dτ)µ(dξ) =: 〈ϕ, ψ〉H,

for any ϕ, ψ ∈ D(R+ × Rd), where we denote by

Fϕ(τ, ξ) =

∫
R

∫
Rd
e−iτte−iξ·xϕ(t, x)dxdt,
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the Fourier transform of function ϕ in both time and space variables. Some references
use the terminology “colored in time” and “homogeneous in space” for the noise W .
Let H be the completion of D(R+ × Rd) with respect to 〈·, ·〉H.

Throughout this chapter, we consider the noise W with general temporal covari-
ance function γ0 satisfying Assumption A and spatial covariance function is given by
the Riesz kernel (2.0.3). In this case, it can be proved that (see [39]):

µ(dξ) = |ξ|−αdξ.

To emphasize the dependence on the parameter α, we denote by Wα = {Wα(ϕ);ϕ ∈
D(R+×Rd)}, a centered Gaussian process with covariance structure E[Wα(ϕ)Wα(ψ)] =
〈ϕ, ψ〉Hα , where

〈ϕ, ψ〉Hα = Cd,α

∫
R2
+

∫
(Rd)2

γ0(t− s)|x− y|−(d−α)ϕ(t, x)ψ(s, y)dxdydtds

=

∫
R+

∫
R+

∫
Rd
γ0(t− s)Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|ξ|−αdξdtds

=

∫
R

∫
Rd
Fϕ(τ, ξ)Fψ(τ, ξ)g0(τ)|ξ|−αdξdτ, (2.1.3)

for any ϕ, ψ ∈ D(R+ × Rd).

One particular example that we are interested in is when the temporal covariance
function γ0(t) = αH0|t|2H0−2 with H0 ∈ (1/2, 1). In this case, we say that the noise
Wα is fractional in time with index H0 > 1/2 and its covariance is given by:

〈ϕ, ψ〉Hα = αH0Cd,α

∫
R+

∫
R+

∫
Rd

∫
Rd
ϕ(t, x)ψ(s, y)|t− s|2H0−2|x− y|−(d−α)dxdydtds

= αH0

∫
R+

∫
R+

∫
Rd
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|t− s|2H0−2|ξ|−αdξdtds, (2.1.4)

where αH0 = H0(2H0 − 1). The motivation for this terminology comes from the fact
that the fractional Brownian motion (fBm) with index H ∈ (1/2, 1) is a zero-mean

Gaussian process (B
(H)
t )t≥0 with covariance:

E[B
(H)
t B(H)

s ] = αH

∫ t

0

∫ s

0

|u− v|2H−2dudv.

In particular, if d = 1 and α = 2 − 2H for H ∈ (1/2, 1), then the noise is also
fractional in space.
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2.2 Existence of solution

In this section, we consider equations (2.0.1) and (2.0.2) driven by Gaussian noise
with covariance (2.1.3). The goal of this section is to prove that the solutions to
(2.0.1) and (2.0.2) exist and to show that the p-th moment of these solutions are
bounded by an exponential function of t. At the end of this section, we consider
separately the case of the Gaussian noise with covariance (2.1.4), and we obtain more
precise bounds for the moments of the solution, using an exponential function of tρ,
for some ρ > 0. The results from this section are taken from [8, 9]. We include the
details for the sake of completeness, but also because some of the intermediate steps
will be needed in the subsequent sections.

Before introducing the definition of the solution, we need to recall some basic
facts from Malliavin calculus. See Appendix A.5. We refer the reader to [38] for more
details.

It is known that any square-integrable random variable X which is measurable
with respect to the σ-field generated by Wα has the Wiener-chaos expansion:

X =
∑
n≥0

Iαn (fn)

for some fn ∈ H⊗nα , where H⊗nα is the n-th tensor product of Hα and Iαn is the multiple
integral of order n with respect to Wα. Here Iα0 : R → R is the identity map and
f0 = E(X). The terms in this series are orthogonal in L2(Ω). If {X(t, x); t ≥ 0, x ∈
Rd} is a random field such that each variable X(t, x) has the chaos expansion:

X(t, x) =
∑
n≥0

Iαn (fn(·, t, x))

then under suitable conditions, the Skorohod integral of X with respect to Wα is
defined by:

δ(X) :=

∫ ∞
0

∫
Rd
X(t, x)W (δs, δy) =

∑
n≥0

Iαn+1(fn),

provided that the series on the right-hand side converges in L2(Ω). This integral is
used in the following definition.

Definition 2.2.1. We say that a process uα = {uα(t, x); t ≥ 0, x ∈ Rd} is a solution
(in Skorohod sense) to equation (2.0.1), respectively equation (2.0.2), if for any t > 0,
x ∈ Rd with probability 1,

uα(t, x) = 1 +

∫ t

0

∫
Rd
Gt−s(x− y)u(s, y)Wα(δs, δy), (2.2.1)
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where G = Gh for equation (2.0.1), respectively G = Gw for equation (2.0.2), is the
fundamental solution of the heat and wave operator. The stochastic integral in (2.2.1)
is interpreted in the Skorohod sense.

It was proved in [26] that if it exists, then the solution is unique and has the
series expansion:

uα(t, x) = 1 +
∑
n≥1

∫ t

0

∫
Rd

∫ tn

0

∫
Rd
· · ·
∫ t2

0

∫
Rd
Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)

Wα(dt1, dx1) · · ·Wα(dtn, dxn)

= 1 +
∑
n≥1

Iαn (fn(·, t, x)) =
∑
n≥0

Iαn (fn(·, t, x)), (2.2.2)

where the kernel fn(·, t, x) ∈ H⊗nα is given by

fn(t1, x1, · · · , tn, xn, t, x) = Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)1{0<t1<···<tn<t}, (2.2.3)

and Iαn (fn(·, t, x)) is the multiple Wiener integral of order n with respect to Wα. We
let f0(·, t, x) = 1. Observe that the second term of this series is

Iα1 (f1(·, t, x)) =

∫ t

0

∫
Rd
Gt−s(x− y)Wα(ds, dy),

which is the solution of the linear equation Luα = Ẇα, where L is the heat or wave
operator. This equation has been studied in [10, 11].

The solution exists if and only if the series
∑

n≥0 I
α
n (fn(·, t, x)) converges in L2(Ω),

i.e. ∑
n≥0

E
∣∣Iαn (fn(·, t, x))

∣∣2 <∞.
In this case,

E|uα(t, x)|2 = 1 +
∑
n≥1

n!‖f̃n(·, t, x)‖2
H⊗nα

=
∑
n≥0

n!‖f̃n(·, t, x)‖2
H⊗nα

,

where f̃ denotes the symmetrization of function f , given by

f̃(t1, x1, . . . , tn, xn) =
1

n!

∑
ρ∈Sn

f(tρ(1), xρ(1), . . . , tρ(n, xρ(n)),

the norm is given by

‖f‖2
H⊗nα

=

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)
∫

(Rd)n

∫
(Rd)n

n∏
i=1

γ(xi − yi)
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fn(t1, x1, · · · , tn, xn, t, x)fn(s1, y1, · · · , sn, yn, t, x)dxdydtds

and Sn is the set of all permutations of {1, 2, . . . , n}.

After this brief introduction, we include below some preliminary results about
the Fourier transform of the kernel fn(·, t, x) that are needed in the sequel.

Lemma 2.2.2. For any 0 < t1 < . . . < tn < t, the function

(x1, . . . , xn) 7→ fn(t1, x1, . . . , tn, xn, t, x)

has the following Fourier transform:

Ffn(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)

= e−i(ξ1+···+ξn)·xFGt2−t1(ξ1) · · · FGt−tn(ξ1 + · · ·+ ξn). (2.2.4)

Similarly to (2.1.2), we have: for any ϕ, ψ ∈ S(Rd),∫
(Rd)n

∫
(Rd)n

n∏
j=1

γ(xi − yi)ϕ(x1, · · · , xn)ψ(y1, · · · , yn)dxdy

=

∫
(Rd)n

Fϕ(ξ1, · · · , ξn)Fψ(ξ1, · · · , ξn)µ(dξ1) · · ·µ(dξn), (2.2.5)

where x = (x1, . . . , xn) and y = (y1, . . . , yn). In our arguments below, we will
use the following inequality whose proof is based on the Cauchy Schwarz inequal-
ity. This inequality has the advantage that it is valid for a general function γ0, but
the disadvantage that does not provide optimal bounds. In the particular case when
γ0(t) = αH0 |t|2H0−2, we will use a different inequality (Lemma 2.2.5 below) which
provides sharper results.

Lemma 2.2.3 (Lemma 4.3 of [9]). For any n ≥ 1 and for any function h : [0, t]n → R
which is either non-negative or integrable,∫

[0,t]n

∫
[0,t]n

n∏
j=1

γ0(tj − sj)h(t1, . . . , tn)dtds ≤ Γn0,t

∫
[0,t]n
|h(t1, . . . , tn)|dt,

where Γ0,t =
∫ t
−t γ0(s)ds = 2

∫ t
0
γ0(s)ds.

We are now in the position to present the first existence result. We note that the
exponent of t in relation (2.2.6) is the same as in the case of the white noise in time
(i.e. when γ0 = δ0). This is not optimal, since this exponent should contain some
information about the temporal covariance of the noise.



2. PAM/HAM WITH REGULAR NOISE AND CONSTANT INITIAL
CONDITION 17

Theorem 2.2.4. Let Wα be the Gaussian noise with covariance (2.1.3) for some
arbitrary function g0(τ). Then for any α ∈ (max{d− 2, 0}, d), equations (2.0.1) and
(2.0.2) have unique solutions. Moreover, for any p ≥ 2,

E|uα(t, x)|p ≤ C(1) exp
(
C(2) pk t

)
, (2.2.6)

where C(1) > 0 and C(2) > 0 are some constants depending on d and α, and

k =

 kh = 4−(d−α)
2−(d−α)

for heat equation,

kw = 4−(d−α)
3−(d−α)

for wave equation.
(2.2.7)

Proof: We start by proving the existence of solution. Using (2.2.5), we have

‖f̃n(·, t, x)‖2
H⊗nα

=

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)
∫

(Rd)n

∫
(Rd)n

n∏
i=1

γ(xi − yi)f̃n(t1, x1, · · · , tn, xn, t, x)

f̃n(s1, y1, · · · , sn, yn, t, x)dxdydtds

=

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)An(t, s)dtds (2.2.8)

where

An(t, s) =

∫
(Rd)n

F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)

F f̃n(s1, ·, . . . , sn, ·, t, x)(ξ1, · · · , ξn)µ(dξ1) · · ·µ(dξn).

Using Cauchy-Schwarz inequality, the fact that ab ≤ 1
2
(a2 + b2) and Lemma 2.2.3, we

have

‖f̃n(·, t, x)‖2
H⊗nα
≤
∫

[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)A1/2
n (t, t)A1/2

n (s, s) dtds

≤ 1

2

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)
(
An(t, t) + An(s, s)

)
dtds

=

∫
[0,t]n

(∫
[0,t]n

n∏
i=1

γ0(ti − si)An(t, t)ds
)

dt

≤ Γn0,t

∫
[0,t]n

An(t, t)dt = Γn0,t

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

An(t, t)dt
)

(2.2.9)
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where Sn is the set of all permutation of {1, · · · , n} and in the last equation, we
decomposed the set [0, t]n into n! disjoint regions of the form tρ(1) < · · · < tρ(n) with
ρ ∈ Sn. We study An(t, t) first. Note that

An(t, t) =

∫
(Rd)n

∣∣F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)
∣∣2µ(dξ1) · · ·µ(dξn). (2.2.10)

Fix (t1, . . . , tn) ∈ [0, t]n. Let ρ ∈ Sn be such that 0 < tρ(1) < · · · < tρ(n) < t, by
Lemma 2.2.2, we have

F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)

=

∫
(Rd)n

e−i(ξ1·x1+···+ξn·xn)f̃n(t1, x1, · · · , tn, xn, t, x)dx1 · · · dxn

=
1

n!

∫
(Rd)n

e−i(ξ1·x1+···+ξn·xn)fn(tρ(1), xρ(1), · · · , tρ(n), xρ(n), t, x)dx1 · · · dxn

=
1

n!
Ffn(tρ(1), ·, . . . , tρ(n), ·, t, x)(ξρ(1), · · · , ξρ(n))

=
1

n!
e−i(ξρ(1)+···+ξρ(n))·x

n∏
j=1

FGtρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j)) (2.2.11)

and therefore,∣∣∣F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)
∣∣∣2 =

1

(n!)2

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))
∣∣∣2.

(2.2.12)

Coming back to relation (2.2.10) and using equation (2.2.12) and the change of
variables ξ′j = ξρ(j) for all j = 1, . . . , n, we obtain

An(t, t) =
1

(n!)2

∫
(Rd)n

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))
∣∣∣2µ(dξρ(1)) · · ·µ(dξρ(n))

=
1

(n!)2

∫
(Rd)n

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ξ
′
1 + · · ·+ ξ′j)

∣∣∣2µ(dξ′1) · · ·µ(dξ′n)

=
1

(n!)2

∫
Rd

∣∣∣FGtρ(2)−tρ(1)(ξ1)
∣∣∣2(∫

Rd

∣∣∣FGtρ(3)−tρ(2)(ξ1 + ξ2)
∣∣∣2

· · ·
(∫

Rd

∣∣∣FGt−tρ(n)(ξ1 + · · ·+ ξn−1 + ξn)
∣∣∣2µ(dξn)

)
· · ·µ(dξ2)

)
µ(dξ1)

≤ 1

(n!)2
Kd,α(t− tρ(n))

rα

∫
Rd

∣∣∣FGtρ(2)−tρ(1)(ξ1)
∣∣∣2(∫

Rd

∣∣∣FGtρ(3)−tρ(2)(ξ1 + ξ2)
∣∣∣2
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· · ·
(∫

Rd

∣∣∣FGtρ(n)−tρ(n−1)
(ξ1 + · · ·+ ξn−2 + ξn−1)

∣∣∣2µ(dξn−1)
)
· · ·µ(dξ2)

)
µ(dξ1)

≤ · · ·

≤ 1

(n!)2
Kn
d,α(t− tρ(n))

rα(tρ(n) − tρ(n−1))
rα · · · (tρ(2) − tρ(1))

rα , (2.2.13)

where for the first inequality, we used Lemma A.2.1, and the constant rα is given by

rα =

−(d− α)/2 for heat equation,

2− (d− α) for wave equation.

We return to relation (2.2.9). Using the change of variables t′j = tρ(j) for all
j = 1, . . . , n, we get

‖f̃n(·, t, x)‖2
H⊗nα
≤ Γn0,t

∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

1

(n!)2
Kn
d,α

n∏
j=1

(tρ(j+1) − tρ(j))
rαdt

= Γn0,t
1

(n!)2
Kn
d,α

∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

n∏
j=1

(tρ(j+1) − tρ(j))
rαdt

=
(Γ0,tKd,α)n

(n!)2
n!

∫
0<t′1<···<t′n<t

n∏
j=1

(t′j+1 − t′j)rαdt

=
(Γ0,tKd,α)n

n!

(
Γ(rα + 1)

)n
Γ
(
n(rα + 1) + 1

)tn(rα+1), (2.2.14)

where in the last equation, we used Lemma A.3.1. By Lemma A.1.3 and relation
(2.2.14), there exists a constant C1 > 0 depending on d and α such that

E
∣∣Iαn (fn(·, t, x))

∣∣2 = n!‖f̃n(·, t, x)‖2
H⊗nα
≤ Cn

1 t
n(rα+1) 1

(n!)rα+1
. (2.2.15)

This means that

E
∣∣Iαn (fn(·, t, x))

∣∣2 ≤
Cn

1 t
n(2−(d−α)/2) 1

(n!)2−(d−α)/2 , for heat equation,

Cn
1 t

n(3−(d−α)) 1
(n!)3−(d−α) , for wave equation.

By Lemma A.1.6, we infer that

E|uα(t, x)|2 =
∑
n≥0

E
∣∣Iαn (fn(·, t, x))

∣∣2 ≤∑
n≥0

Cn
1 t
n(rα+1)

(n!)rα+1
≤ C2 e

C3t,
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where C2 > 0, C3 > 0 are some constants depending on d and α. This proves the
existence of solution. For uniqueness, we refer reader to page 302-305 of [26] for the
parabolic Anderson model, and Proposition 3.2 of [6] for the hyperbolic Anderson
model.

When p ≥ 2, using relation (2.2.15) and Minkowski inequality, we obtain

‖uα(t, x)‖p =
∥∥∑
n≥0

Iαn (fn(·, t, x))
∥∥
p
≤
∑
n≥0

∥∥Iαn (fn(·, t, x))
∥∥
p

≤
∑
n≥0

(p− 1)n/2
∥∥Iαn (fn(·, t, x))

∥∥
2
≤
∑
n≥0

(p− 1)n/2
(
Cn

1 t
n(rα+1) 1

(n!)rα+1

)1/2

=
∑
n≥0

(
(p− 1)1/2C

1/2
1 t(rα+1)/2

)n
(n!)(rα+1)/2

≤ C4 exp
(
C5(p− 1)

1
rα+1 C

1
rα+1

1 t
)
,

where we used Lemma A.5.3 for the second inequality and Lemma A.1.6 for the last
inequality. Therefore,

E|uα(t, x)|p ≤ C(1) exp
(
C(2) p

rα+2
rα+1 t

)
,

where C(1) > 0 and C(2) > 0 are some constants depending on d and α.

Now we consider one particular case when the temporal covariance of the noise
is given by γ0(t) = αH0|t|2H0−2 with H0 ∈ (1/2, 1). We will use the following result,
whose proof is based on Hölder inequality and Littlewood-Hardy inequality. We refer
the reader to [33].

Lemma 2.2.5. For any function ϕ ∈ L1/H0(R+) with H0 ∈ (1/2, 1),

αnH0

∫
Rn+

∫
Rn+

n∏
i=1

|ti − si|2H0−2ϕ(t1, · · · , tn)ϕ(s1, · · · , sn)dtds

≤ bnH0

(∫
Rn+

∣∣ϕ(t1, · · · , tn)
∣∣ 1
H0 dt

)2H0

where bH0 > 0 is a constant depending on H0.

We include the theorem below for the sake of completeness, although it is not
needed for the continuity in law of the solution.
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Theorem 2.2.6. Let Wα be the Gaussian noise with covariance (2.1.4) for some
H0 ∈ (1/2, 1). Then for any α ∈ (max(d − 2, 0), d), the solution to equation (2.0.1)
or (2.0.2) satisfies: for any p ≥ 2,

E|uα(t, x)|p ≤ C(1) exp
(
C(2) pk tρ

)
, (2.2.16)

where C(1) > 0 and C(2) > 0 are some constants depending on H0, d and α. The
power k is given by (2.2.7) and

ρ =

 ρh = 4H0−(d−α)
2−(d−α)

for heat equation,

ρw = 2H0+2−(d−α)
3−(d−α)

for wave equation.
(2.2.17)

Proof: We proceed similarly to the proof of the Theorem 2.2.4. In this case,
relation (2.2.8) still holds. Using Cauchy-Schwarz inequality, the fact that ab ≤
1
2
(a2 + b2) and Lemma 2.2.5, it follows that

‖f̃n(·, t, x)‖2
H⊗nα
≤
∫

[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)A1/2
n (t, t)A1/2

n (s, s) dtds

≤ bnH0

(∫
[0,t]n

∣∣∣(An(t, t)
)1/2
∣∣∣ 1
H0 dt

)2H0

= bnH0

(∫
[0,t]n

∣∣An(t, t)
∣∣ 1
2H0 dt

)2H0

= bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

∣∣An(t, t)
∣∣ 1
2H0 dt

)2H0

. (2.2.18)

We study An(t, t) first. Note that relation (2.2.13) still holds. Returning to
relation (2.2.18) and using the change of variables t′j = tρ(j) for all j = 1, . . . , n, we
get

‖f̃n(·, t, x)‖2
H⊗nα
≤ bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

( 1

(n!)2
Kn
d,α

n∏
j=1

(tρ(j+1) − tρ(j))
rα
) 1

2H0 dt

)2H0

= bnH0

1

(n!)2
Kn
d,α

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

n∏
j=1

(tρ(j+1) − tρ(j))
rα
2H0 dt

)2H0

=
(bH0Kd,α)n

(n!)2

(
n!

∫
0<t′1<···<t′n<t

n∏
j=1

(t′j+1 − t′j)
rα
2H0 dt

)2H0

= (n!)2H0−2(bH0Kd,α)n
( (

Γ( rα
2H0

+ 1)
)n

Γ
(
n( rα

2H0
+ 1) + 1

))2H0

tn(rα+2H0), (2.2.19)

where for the third equation, we used Lemma A.3.1. By Lemma A.1.3 and relation
(2.2.19), there exist some constants C1 > 0 and C2 > 0 depending on H0, d and α
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such that

E
∣∣Iαn (fn(·, t, x))

∣∣2
= n!‖f̃n(·, t, x)‖2

H⊗nα
≤ (n!)2H0−1(bH0Kd,α)ntn(rα+2H0)

( (
Γ( rα

2H0
+ 1)

)n
Γ
(
n( rα

2H0
+ 1) + 1

))2H0

= Cn
1 t

n(rα+2H0)(n!)2H0−1

(
1

Γ
(
n( rα

2H0
+ 1) + 1

))2H0

≤ Cn
2 t

n(rα+2H0) 1

(n!)rα+1
. (2.2.20)

This means that

E
∣∣Iαn (fn(·, t, x))

∣∣2 ≤
Cn

2 t
n(

4H0+α−d
2

) 1

(n!)
2+α−d

2
, for heat equation,

Cn
2 t

n(2H0+2+α−d) 1
(n!)3+α−d

, for wave equation.

By Lemma A.1.6, we infer that

E|uα(t, x)|2 =
∑
n≥0

E
∣∣Iαn (fn(·, t, x))

∣∣2 ≤∑
n≥0

Cn
2 t
n(rα+2H0)

(n!)rα+1
≤ C3 exp

(
C4 t

rα+2H0
rα+1

)
,

where C3 > 0 and C4 > 0 are some constants depending on H0, d and α. Note that
the exponent of t is exactly the value ρ given by (2.2.17).

When p ≥ 2, as in the proof of Theorem 2.2.4, we have

‖uα(t, x)‖p ≤
∑
n≥0

(p− 1)n/2
∥∥Iαn (fn(·, t, x))

∥∥
2
≤
∑
n≥0

(p− 1)n/2
(
Cn

2 t
n(rα+2H0)

(n!)rα+1

)1/2

≤ C5 exp
(
C6(p− 1)

1
rα+1C

1
rα+1

2 t
rα+2H0
rα+1

)
,

where C5 > 0 and C6 > 0 are some constants depending on H0, d and α and we used
Lemma A.1.6 in the last inequality. This proves (2.2.16).

2.3 Uniform moment estimates

Within this section, we present estimates for the moments of the increments of the
solution to equation (2.0.1), respectively equation (2.0.2), driven by the noise Wα

introduced in Section 2.1. These findings play an important role in establishing the
weak convergence of the solution. We proceed as in the proof of Theorem 3.2 of [8] for
heat equation, respectively in the proof of Theorem 8.3 of [9] for wave equation. We
revisit the proofs of these results because we want to obtain bounds for the constants
which are uniform for α ∈ [a, b].
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Theorem 2.3.1. Let uαh the solution to the heat equation (2.0.1) and uαw be the so-
lution to the wave equation (2.0.2), with noise Wα as in Section 2.1. Let [a, b] be a
compact set such that

max{0, d− 2} < a < b < d.

(a) (Heat equation) For any p ≥ 2, T > 0 and β ∈ (d−a
2
, 1), there exist positive

constants Ch
1 and Ch

2 (depending on β, a, b, p, d and T ) such that for any t′, t ∈ [0, T ]
and x′, x ∈ Rd, we have

sup
α∈[a,b]

E|uαh(t′, x)− uαh(t, x)|p ≤ Ch
1 |t′ − t|

p(1−β)
2 , (2.3.1)

and
sup
α∈[a,b]

E|uαh(t, x′)− uαh(t, x)|p ≤ Ch
2 |x′ − x|p(1−β). (2.3.2)

(b) (Wave equation) Let K = [−M,M ] ⊂ Rd be an arbitrary subset, for some
M > 0. For any p ≥ 2, T > 0 and β ∈ (d−a

2
, 1), there exist positive constants Cw

1

(depending on β, a, b, p, d and T ) and Cw
2 (depending on β, a, b, p, d, M and T )

such that for any t′, t ∈ [0, T ] and for any x ∈ Rd, we have

sup
α∈[a,b]

E|uαw(t′, x)− uαw(t, x)|p ≤ Cw
1 |t′ − t|p(1−β), (2.3.3)

and for any t ∈ [0, T ] and for any x′, x ∈ K,

sup
α∈[a,b]

E|uαw(t, x′)− uαw(t, x)|p ≤ Cw
2 |x′ − x|p(1−β). (2.3.4)

The following two results are needed for the proof of Theorem 2.3.1(a).

Lemma 2.3.2 (Lemma 2.1 of [8]). Let Gh be the fundamental solution for heat equa-
tion. For any t > 0,

sup
η∈Rd

∫
Rd

∣∣FGh
t (ξ + η)

∣∣2µ(dξ) =

∫
Rd

∣∣FGh
t (ξ)

∣∣2µ(dξ) := k(t). (2.3.5)

In particular, if the spectral measure µ is given by µ(dξ) = |ξ|−αdξ with α ∈ (0, d),
then

sup
η∈Rd

∫
Rd

∣∣FGh
t (ξ + η)

∣∣2|ξ|−αdξ =

∫
Rd

∣∣FGh
t (ξ)

∣∣2|ξ|−αdξ := kα(t). (2.3.6)

Proposition 2.3.3 (Proposition 3.1 of [8]). If µ satisfies∫
Rd

( 1

1 + |ξ|2
)β
µ(dξ) <∞, for any β ∈ (0, 1), (2.3.7)
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then for any t > 0, h > 0 and z ∈ Rd,

sup
η∈Rd

∫
Rd

∣∣FGh
t+h(ξ + η)−FGh

t (ξ + η)
∣∣2µ(dξ) < Cθh

θt−θk
( t

2

)
and

sup
η∈Rd

∫
Rd

∣∣e−i(ξ+η)·z − 1
∣∣2∣∣FGh

t (ξ + η)
∣∣2µ(dξ) < Cθ|z|2θt−θk

( t
2

)
,

where θ = 1 − β, Cθ > 0 is a constant depending on θ, and recall that k(t) is given
by (2.3.5). In particular, if the spectral measure µ is given by µ(dξ) = |ξ|−αdξ with
α ∈ (0, d), then for any β ∈ (d−α

2
, 1),

sup
η∈Rd

∫
Rd

∣∣FGh
t+h(ξ + η)−FGh

t (ξ + η)
∣∣2|ξ|−αdξ < Cθh

θt−θkα

( t
2

)
(2.3.8)

and

sup
η∈Rd

∫
Rd

∣∣e−i(ξ+η)·z − 1
∣∣2∣∣FGh

t (ξ + η)
∣∣2|ξ|−αdξ < Cθ|z|2θt−θkα

( t
2

)
, (2.3.9)

where kα(t) is given by (2.3.6).

The next result is used for the proof of Theorem 2.3.1(b). We include its proof
since we need uniform bounds for all α ∈ [a, b].

Lemma 2.3.4 (Proposition 7.4 of [17]). Let max{d − 2, 0} < a < b < d and β ∈(
d−a

2
, 1
)

be fixed. Then

(i) for any T > 0, there exists a constant C(1) > 0 depending on d, a, b, β

such that

sup
α∈[a,b]

sup
t∈[0,T ]

sup
η∈Rd

∫
Rd

∣∣FGw
t+h(ξ + η)−FGw

t (ξ + η)
∣∣2|ξ|−αdξ ≤ C(1) |h|2−2β;

(ii) for any T > 0, there exists a constant C(2) > 0 depending on T, a, b, d, β

such that for any t ∈ [0, T ]

sup
α∈[a,b]

sup
η∈Rd

∫
Rd

∣∣FGw
t (ξ + η)

∣∣2|ξ|−αdξ ≤ C(2) t2−2β;

(iii) for any T > 0 and for any compact set K = [−M,M ] ⊂ Rd, for some M > 0,

there exists a constant C(3) > 0 depending on T,M, d, a, b and β such that

for any z ∈ K,

sup
α∈[a,b]

sup
t∈[0,T ]

sup
η∈Rd

∫
Rd

∣∣FGw
t (ξ + η)

∣∣2∣∣1− e−i(ξ+η)·z∣∣2|ξ|−αdξ ≤ C(3)|z|2−2β.
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Proof: Recall that the Fourier transform of the fundamental solution of the wave
equation is

FGw
t (ξ) =

sin(t|ξ|)
|ξ|

,

in any dimension d ≥ 1. We frequently use the following fact that for any |x| > 1,

1

1 + x2
<

1

x2
<

2

1 + x2
. (2.3.10)

We start with part (i). Note that∫
Rd

∣∣FGw
t+h(ξ + η)−FGw

t (ξ + η)
∣∣2|ξ|−αdξ = I

(1)
1 (η) + I

(2)
1 (η), (2.3.11)

where

I
(1)
1 (η) :=

∫
|ξ+η|<1

∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣2
|ξ + η|2

|ξ|−αdξ,

I
(2)
1 (η) :=

∫
|ξ+η|≥1

∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣2
|ξ + η|2

|ξ|−αdξ.

First, we consider I
(1)
1 (η). Using the trigonometric identity

sin(a)− sin(b) = 2 sin
(a− b

2

)
cos
(a+ b

2

)
and the fact that | sin(x)| ≤ x for all x ≥ 0, we see that∣∣ sin ((t+ h)|ξ + η|

)
− sin

(
t|ξ + η|

)∣∣2
= 4 sin2

(h|ξ + η|
2

)
cos2

((2t+ h)|ξ + η|
2

)
≤ h2|ξ + η|2.

Therefore, using properties of the domain of integration of integral I
(1)
1 (η), we obtain

that for any h ∈ [0, 1],

I
(1)
1 (η) ≤ h2

∫
|ξ+η|<1

|ξ|−αdξ = h2

∫
|ξ+η|<1

1 + |ξ + η|2

1 + |ξ + η|2
|ξ|−αdξ

≤ h2

∫
|ξ+η|<1

2

1 + |ξ + η|2
|ξ|−αdξ ≤ 2h2(1−β)

∫
|ξ+η|<1

1

1 + |ξ + η|2
|ξ|−αdξ

≤ 2h2(1−β)

∫
|ξ+η|<1

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ ≤ 2h2(1−β)

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ.

(2.3.12)
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Next, we study I
(2)
1 (η). Bounding the trigonometric functions by 1, using again

the elementary properties of trigonometric functions and the fact that | sin(x)| ≤ x
for all x ≥ 0, it follows that

I
(2)
1 (η) =

∫
|ξ+η|≥1

(∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣
|ξ + η|

)2β

(∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣
|ξ + η|

)2(1−β)

|ξ|−αdξ

=

∫
|ξ+η|≥1

(∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣
|ξ + η|

)2β

(2
∣∣∣ sin(h|ξ+η|2

)∣∣∣∣∣∣ cos
(

(2t+h)|ξ+η|
2

)∣∣∣
|ξ + η|

)2(1−β)

|ξ|−αdξ

≤ h2(1−β)

∫
|ξ+η|≥1

(∣∣ sin ((t+ h)|ξ + η|
)
− sin

(
t|ξ + η|

)∣∣
|ξ + η|

)2β

|ξ|−αdξ

≤ h2(1−β)22β

∫
|ξ+η|≥1

( 1

|ξ + η|2
)β
|ξ|−αdξ ≤ h2(1−β)4β

∫
|ξ+η|≥1

( 2

1 + |ξ + η|2
)β
|ξ|−αdξ

≤ h2(1−β)8

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ, (2.3.13)

where we used relation (2.3.10) in the third last inequality. We combine relations
(2.3.12) and (2.3.13). Taking the supremum over η ∈ Rd on both sides of (2.3.11)
and using Lemma A.2.3, we obtain:

sup
η∈Rd

∫
Rd

∣∣FGw
t+h(ξ + η)−FGw

t (ξ + η)
∣∣2|ξ|−αdξ

≤ 10h2(1−β) sup
η∈Rd

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ = 10h2(1−β)

∫
Rd

(
1

1 + |ξ|2

)β
|ξ|−αdξ.

By Lemma A.2.2, the last integral can be bounded by a constant C depending on d,
a, b, β, uniformly in α ∈ [a, b]. Note that this integral is finite because β ∈ (d−a

2
, 1)

which implies that β ∈ (d−α
2
, 1) for all α ∈ [a, b].

Now we prove part (ii). For any t ∈ [0, T ], we have∫
Rd

∣∣FGw
t (ξ + η)

∣∣2|ξ|−αdξ =

∫
Rd

sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ = I
(1)
2 (η) + I

(2)
2 (η), (2.3.14)

where

I
(1)
2 (η) :=

∫
|ξ+η|<1

sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ and I
(2)
2 (η) :=

∫
|ξ+η|≥1

sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ.
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For the term I
(1)
2 (η), using the fact that | sin(x)| ≤ x for all x ≥ 0, we get

I
(1)
2 (η) ≤ t2

∫
|ξ+η|<1

|ξ|−αdξ ≤ t2
∫
|ξ+η|<1

2

1 + |ξ + η|2
|ξ|−αdξ

≤ 2t2
∫
|ξ+η|<1

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ ≤ 2t2

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ

≤ 2T 2βt2(1−β)

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ. (2.3.15)

We next treat I
(2)
2 (η). Using the fact that | sin(x)| ≤ x for all x ≥ 0 and relation

(2.3.10), we get

I
(2)
2 (η) =

∫
|ξ+η|≥1

(∣∣ sin(t|ξ + η|)
∣∣

|ξ + η|

)2(1−β)(∣∣ sin(t|ξ + η|)
∣∣

|ξ + η|

)2β

|ξ|−αdξ

≤ t2(1−β)

∫
|ξ+η|≥1

(∣∣ sin(t|ξ + η|)
∣∣2

|ξ + η|2

)β
|ξ|−αdξ

≤ t2(1−β)

∫
|ξ+η|≥1

( 2

1 + |ξ + η|2
)β
|ξ|−αdξ ≤ t2(1−β)2

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ.

(2.3.16)

We combine relations (2.3.15) and (2.3.16). Taking the supremum over η ∈ Rd on
both sides of (2.3.14), there exist a constant C depending on T and β such that

sup
η∈Rd

∫
Rd

∣∣FGw
t (ξ + η)

∣∣2|ξ|−αdξ ≤ C(2)t2(1−β) sup
η∈Rd

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ.

The conclusion follows as for part (i) above, using Lemma A.2.3 and Lemma A.2.2.

For part (iii), let K = [−M,M ] be a compact set in Rd for some M > 0. Taking
any z ∈ K and for any t ∈ [0, T ], we have∫

Rd

∣∣FGw
t (ξ + η)

∣∣2∣∣1− e−i(ξ+η)·z∣∣2|ξ|−αdξ = I
(1)
3 (η) + I

(2)
3 (η), (2.3.17)

where

I
(1)
3 (η) :=

∫
|ξ+η|<1

∣∣e−i(ξ+η)·z − 1
∣∣2 sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ,

I
(2)
3 (η) :=

∫
|ξ+η|≥1

∣∣e−i(ξ+η)·z − 1
∣∣2 sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ.

We study I
(1)
3 (η) first. Using facts that | sin(x)| ≤ x for all x ≥ 0,

∣∣1− eix∣∣ ≤ |x|, we
have:

I
(1)
3 (η)
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≤ t2
∫
|ξ+η|<1

∣∣e−i(ξ+η)·z − 1
∣∣2|ξ|−αdξ ≤ T 2

∫
|ξ+η|<1

∣∣e−i(ξ+η)·z − 1
∣∣2 2

1 + |ξ + η|2
|ξ|−αdξ

≤ T 2

∫
|ξ+η|<1

|z|2|ξ + η|2
( 2

1 + |ξ + η|2
)β
|ξ|−αdξ ≤ 2T 2|z|2

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ

≤ 2T 2(2M)2β|z|2(1−β)

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ. (2.3.18)

Next, we consider I
(2)
3 (η). Using inequality

∣∣1− eix∣∣ ≤ |x| and relation (2.3.10),
we obtain

I
(2)
3 (η) =

∫
|ξ+η|≥1

∣∣e−i(ξ+η)·z − 1
∣∣2β∣∣e−i(ξ+η)·z − 1

∣∣2(1−β) sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ

≤
∫
|ξ+η|≥1

22β
∣∣e−i(ξ+η)·z − 1

∣∣2(1−β) 1

|ξ + η|2
|ξ|−αdξ

≤ 22β |z|2(1−β)

∫
|ξ+η|≥1

1

|ξ + η|2β
|ξ|−αdξ ≤ 22β |z|2(1−β)

∫
|ξ+η|≥1

( 2

1 + |ξ + η|2
)β
|ξ|−αdξ

≤ 8|z|2(1−β)

∫
|ξ+η|≥1

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ ≤ 8|z|2(1−β)

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ.

(2.3.19)

We combine relations (2.3.18) and (2.3.19). Taking the supremum over η ∈ Rd on
both sides of (2.3.17), we obtain:

sup
t∈[0,T ]

sup
η∈Rd

∫
Rd

∣∣FGw
t (ξ + η)

∣∣2∣∣1− e−i(ξ+η)·z∣∣2|ξ|−αdξ

≤
(
2T 2(2M)2β + 8

)
|z|2(1−β) sup

η∈Rd

∫
Rd

( 1

1 + |ξ + η|2
)β
|ξ|−αdξ.

The conclusion follows by applying Lemma A.2.3 and Lemma A.2.2, as above.

Proof of Theorem 2.3.1:
Before we begin the proof, we made some comments about the choice of pa-

rameters. We fix an interval [a, b] ⊂
(

max{d − 2, 0}, d
)
. We fix β ∈

(
d−a

2
, 1
)
. We

denote
θ = 1− β.

Note that for any α ∈ [a, b], β lies in the interval
(
d−α

2
, 1
)
, which means that: β ∈(

d−a
2
, 1
)
⊂
(
d−α

2
, 1
)

,

Kd,β,α :=

∫
Rd

( 1

1 + |ξ|2
)β
|ξ|−αdξ <∞, (2.3.20)
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and relations (2.3.8) and (2.3.9) holds.

We consider separately the heat and wave equations. A road map of this proof
is the following:

Step 1: we consider the heat equation

{
Step 1.a The time increments

Step 1.b The space increments

Step 2: we consider the wave equation

{
Step 2.a The time increments

Step 2.b The space increments

Step 1: Heat equation

Step 1.a We start with the time increments. Let t, t′ ∈ [0, T ] and x ∈ Rd be
arbitrary. Assume that h = t′ − t > 0 (The case h < 0 is similar). By Minkowski’s
inequality and Lemma A.5.3,

‖uα(t+ h, x)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
∥∥∥Iαn (fn(·, t+ h, x)− fn(·, t, x)

)∥∥∥
2

≤
∑
n≥1

(p− 1)n/2
( 2

n!

(
A(α)
n (t, h) +B(α)

n (t, h)
))1/2

, (2.3.21)

where
A(α)
n (t, h) := (n!)2‖f̃n(·, t+ h, x)1[0,t]n − f̃n(·, t, x)‖2

H⊗nα
, (2.3.22)

and
B(α)
n (t, h) := (n!)2‖f̃n(·, t+ h, x)1[0,t+h]n\[0,t]n‖2

H⊗nα
. (2.3.23)

We study A
(α)
n (t, h) first. By (2.2.5),

A(α)
n (t, h) = (n!)2

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)
∫

(Rd)n

∫
(Rd)n

n∏
i=1

γ(xi − yi)(
f̃n(t1, x1, · · · , tn, xn, t+ h, x)− f̃n(t1, x1, · · · , tn, xn, t, x)

)
(
f̃n(s1, y1, · · · , sn, yn, t+ h, x)− f̃n(s1, y1, · · · , sn, yn, t, x)

)
dxdydtds

=

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)ψ(α)
t,h,n(t, s)dtds (2.3.24)

where

ψ
(α)
t,h,n(t, s) =

∫
(Rd)n

F
[
g

(n)
t (·, t+ h, x)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)



2. PAM/HAM WITH REGULAR NOISE AND CONSTANT INITIAL
CONDITION 30

F
[
g

(n)
s (·, t+ h, x)− g(n)

s (·, t, x)
]
(ξ1, . . . , ξn)

n∏
j=1

|ξj|−αdξj

and
g

(n)
t (·, t, x) := n!f̃n(t1, ·, . . . , tn, ·, t, x).

Using the Cauchy-Schwarz inequality and the fact that ab ≤ (a2 + b2)/2, we have

ψ
(α)
t,h,n(t, s) ≤

(
ψ

(α)
t,h,n(t, t)

)1/2(
ψ

(α)
t,h,n(s, s)

)1/2

≤ 1

2

(
ψ

(α)
t,h,n(t, t) + ψ

(α)
t,h,n(s, s)

)
.

By Lemma 2.2.3, it follows that

A(α)
n (t, h) ≤

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)ψ(α)
t,h,n(t, t)dtds ≤ Γn0,t

∫
[0,t]n

ψ
(α)
t,h,n(t, t)dt.

(2.3.25)

We fix t = (t1, . . . , tn) ∈ [0, t]n and we let ρ ∈ Sn such that tρ(1) < . . . < tρ(n).
We define uj = tρ(j+1) − tρ(j) for j = 1, . . . , n and tρ(n+1) = t. Using relation (2.2.12),
we obtain:

ψ
(α)
t,h,n(t, t) =

∫
(Rd)n

∣∣FGh
u1

(ξρ(1))
∣∣2 · · · ∣∣FGh

un−1
(ξρ(1) + . . .+ ξρ(n−1))

∣∣2
∣∣F [Gh

un+h −Gh
un ](ξρ(1) + . . .+ ξρ(n))

∣∣2 n∏
j=1

|ξj|−αdξj

=

∫
(Rd)n

∣∣FGh
u1

(ξ′1)
∣∣2 · · · ∣∣FGh

un−1
(ξ′1 + . . .+ ξ′n−1)

∣∣2
∣∣F [Gh

un+h −Gh
un ](ξ′1 + . . .+ ξ′n)

∣∣2 n∏
j=1

|ξ′j|−αdξ′j

=

∫
Rd

∣∣FGh
u1

(ξ1)
∣∣2|ξ1|−α

∫
Rd

∣∣FGh
u2

(ξ1 + ξ2)
∣∣2|ξ2|−α . . .(∫

Rd

∣∣FGh
un+h(ξ1 + . . .+ ξn)−FGh

un(ξ1 + . . .+ ξn)
∣∣2|ξn|−αdξn

)
. . . dξ2dξ1,

where we used the change of variables ξ′j = ξρ(j) for all j = 1, . . . , n. By Lemma 2.3.2
and Proposition 2.3.3, we get

ψ
(α)
t,h,n(t, t) ≤

n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGh
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
×
(

sup
η∈Rd

∫
Rd

∣∣FGh
un+h(ξn + η)−FGh

un(ξn + η)
∣∣2|ξn|−αdξn

)
(2.3.26)
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≤ Cθh
θ

n−1∏
j=1

kα(uj)u
−θ
n kα(un/2), (2.3.27)

where kα(t) is given by (2.3.6). We denote

ρ
(α)
t =

∫ t

0

s−θkα(s)ds.

Let h
(α)
0 (t) = 1 and for any n ≥ 1,

h(α)
n (t) =

∫
0<t1<···<tn<t

kα(t2 − t1) . . . kα(tn − tn−1)kα(t− tn)dt1 . . . dtn.

By Lemma 2.6 of [16], h
(α)
n is non-decreasing.

Recall that FGh
t (ξ) = exp(− t|ξ|2

2
). Using the polar coordinate ξ = rz and the

change of variable x = r2, we have

kα(t) =

∫
Rd
e−t|ξ|

2|ξ|−αdξ =

∫ ∞
0

∫
S1(0)

e−tr
2

r−αrd−1dzdr

=
(∫

S1(0)

dz
)∫ ∞

0

e−tr
2

r−α+d−1dr = cd

∫ ∞
0

e−txx
−α+d−1

2
1

2
x−1/2dx

=
cd
2

∫ ∞
0

e−txx
−α+d

2
−1dx =

cd
2

Γ
(
d−α

2

)
t
d−α
2

, (2.3.28)

where cd is the area of the unit sphere S1(0) = {z ∈ Rd; |z| = 1} in Rd. By Lemma
A.3.1 and relation (2.3.28), we obtain:

h(α)
n (t) =

∫
Tn(t)

n∏
j=1

kα(tj+1 − tj)dt =

((cd
2

)
Γ
(d− α

2

))n ∫
Tn(t)

n∏
j=1

(
tj+1 − tj

)− d−α
2 dt

=

((cd
2

)
Γ
(d− α

2

))n Γ
(

1− d−α
2

)n
Γ
(
n
(
1− d−α

2

)
+ 1
)tn(1− d−α

2

)
, (2.3.29)

and

ρ
(α)
t =

∫ t

0

s−θkα(s)ds =
cd
2

Γ
(d− α

2

)∫ t

0

s−θs
α−d
2 ds

=
cd
2

Γ
(d− α

2

) 2

α− d− 2θ + 2
t
α−d−2θ+2

2 . (2.3.30)

Note that for the last integral, we used the fact that α−d
2
− θ + 1 = α−d

2
+ β > 0, i.e.

β > α−d
2

. This holds for all α ∈ [a, b], since β > d−a
2

.
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Putting together relations (2.3.25) and (2.3.27), we obtain

A(α)
n (t, h) ≤ Γn0,t

∫
[0,t]n

Cθh
θ

n−1∏
j=1

kα(uj)u
−θ
n kα(un/2)dt

= Cθh
θΓn0,tn!

∫
0<t1<···<tn<t

n−1∏
j=1

kα(tj+1 − tj)(t− tn)−θkα

(t− tn
2

)
dt

= Cθh
θΓn0,tn!

∫ t

0

h
(α)
n−1(tn)(t− tn)−θkα

(t− tn
2

)
dtn

≤ Cθh
θΓn0,tn!h

(α)
n−1(t)

∫ t

0

(t− tn)−θkα

(t− tn
2

)
dtn = Cθh

θΓn0,tn!h
(α)
n−1(t)ρ

(α)
t/2 , (2.3.31)

where for the last line we used the fact that hn−1 is non-decreasing.

We would like to obtain upper bounds for h
(α)
n (t) and ρ

(α)
t , for any α ∈ [a, b].

Note that for any α ∈ [a, b], d−α
2
∈
[
d−b

2
, d−a

2

]
⊂ (0, 1). We used the fact that the

function Γ is decreasing on (0, 1). Using relation (2.3.29), we have

h(α)
n (t) ≤

(
cd
2

Γ
(d− b

2

)
Γ
(

1− d− a
2

))n
(t ∨ 1)n(1− d−b

2
) 1

Γ
(
n
(
1− d−a

2

)
+ 1
)

≤ Cn
1 (t ∨ 1)n(1− d−b

2
) 1

(n!)1− d−a
2

, (2.3.32)

where we used Lemma A.1.3 in the last inequality and C1 > 0 is a constant depending
only on d, a and b. Moreover, by (2.3.29)

ρ
(α)
t ≤

cd
2

Γ
(d− b

2

) 2

a− d− 2θ + 2

(
t ∨ 1

) b−d−2θ+2
2 = C2

(
t ∨ 1

) b−d−2θ+2
2 , (2.3.33)

where C2 > 0 is a constant depending only on d, θ, a and b.

By relations (2.3.31), (2.3.32) and (2.3.33), we conclude that

∑
n≥1

(p− 1)n/2
( 1

n!
A(α)
n (t, h)

)1/2

≤
∑
n≥1

(p− 1)n/2
(

1

n!
Cθh

θΓn0,tn!h
(α)
n−1(t)ρ

(α)
t/2

)1/2

= C
1/2
θ hθ/2

(
ρ

(α)
t/2

)1/2∑
n≥1

(p− 1)n/2Γ
n/2
0,t

(
h

(α)
n−1(t)

)1/2

≤ C
1/2
θ hθ/2

(
C2

(
T ∨ 1

) b−d−2θ+2
2

)1/2

∑
n≥1

(p− 1)n/2Γ
n/2
0,T

(
Cn−1

1

(
T ∨ 1

)(n−1)(1− d−b
2

) 1(
(n− 1)!

)1− d−a
2

)1/2
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= C
1/2
θ hθ/2

(
C2

(
T ∨ 1

) b−d−2θ+2
2 (p− 1)Γ0,T

)1/2

∑
n≥1

(√
(p− 1)Γ0,TC1

(
T ∨ 1

)1− d−b
2

)n−1

(
(n− 1)!

)(1− d−a
2

)/2
:= C3 h

θ/2, (2.3.34)

where C3 > 0 is a constant depending on θ, a, b, p, d and T . We used the fact that
functions Γ0,t is non-decreasing in t in the second inequality, and we applied Lemma
A.1.6 in the last equation.

As for the term B
(α)
n (t, h), let Dt,h = [0, t+ h]n\[0, t]n, we note that

B(α)
n (t, h) = (n!)2

∫
[0,t+h]n

∫
[0,t+h]n

n∏
i=1

γ0(ti − si)1Dt,h(t)1Dt,h(s)

∫
(Rd)n

∫
(Rd)n

n∏
i=1

γ(xi − yi)

f̃n(t1, x1, · · · , tn, xn, t+ h, x)f̃n(s1, x1, · · · , sn, xn, t+ h, x)dxdydtds

=

∫
[0,t+h]n

∫
[0,t+h]n

n∏
i=1

γ0(ti − si)1Dt,h(t)1Dt,h(s)γ
(α)
t,h,n(t, s)dtds (2.3.35)

where

γ
(α)
t,h,n(t, s) =

∫
(Rd)n

Fg(n)
t (·, t+ h, x)(ξ1, . . . , ξn)Fg(n)

s (·, t+ h, x)(ξ1, . . . , ξn)
n∏
j=1

|ξj|−αdξj.

By Cauchy-Schwarz inequality and the fact that ab ≤ (a2 + b2)/2, we have

γ
(α)
t,h,n(t, s) ≤

(
γ

(α)
t,h,n(t, t)

)1/2(
γ

(α)
t,h,n(s, s)

)1/2

≤ 1

2

(
γ

(α)
t,h,n(t, t) + γ

(α)
t,h,n(s, s)

)
.

Using the symmetry of the function γ and Lemma 2.2.3, it follows that

B(α)
n (t, h) ≤

∫
[0,t+h]n

∫
[0,t+h]n

n∏
i=1

γ0(ti − si)1Dt,h(t)1Dt,h(s)γ
(α)
t,h,n(t, t)dtds

≤ Γn0,t+h

∫
[0,t+h]n

γ
(α)
t,h,n(t, t)1Dt,h(t) dt. (2.3.36)

Applying the change of variables uj = tρ(j+1) − tρ(j), ξ
′
j = ξρ(j) and 0 < tρ(1) < . . . <

tρ(n) < t = tρ(n+1), we have

γ
(α)
t,h,n(t, t) =

∫
(Rd)n

∣∣FGh
u1

(ξρ(1))
∣∣2 · · · ∣∣FGh

un−1
(ξρ(1) + . . .+ ξρ(n−1))

∣∣2
∣∣FGh

un+h(ξρ(1) + . . .+ ξρ(n))
∣∣2 n∏
j=1

|ξj|−αdξj
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=

∫
(Rd)n

∣∣FGh
u1

(ξ′1)
∣∣2 · · · ∣∣FGh

un−1
(ξ′1 + . . .+ ξ′n−1)

∣∣2
∣∣FGh

un+h(ξ
′
1 + . . .+ ξ′n)

∣∣2 n∏
j=1

|ξ′j|−αdξ′j

=

∫
Rd

∣∣FGh
u1

(ξ1)
∣∣2|ξ1|−α

∫
Rd

∣∣FGh
u2

(ξ1 + ξ2)
∣∣2|ξ2|−α . . .(∫

Rd

∣∣FGh
un+h(ξ1 + . . .+ ξn)

∣∣2|ξn|−αdξn

)
. . . dξ2dξ1

≤
n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGh
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
(

sup
η∈Rd

∫
Rd

∣∣FGh
un+h(ξn + η)

∣∣2|ξn|−αdξn

)
=

n−1∏
j=1

kα(uj)kα(un + h), (2.3.37)

where we used Lemma 2.3.2 for the last equality and kα(t) is given by (2.3.6). Note
that Γ0,t+h < Γ0,T since t+ h = t′ ≤ T . Observe that if (t1, . . . , tn) ∈ Dt,h, then there
exists at least one index i with ti > t. So

Dt,h =
⋃
ρ∈Sn

{(t1, . . . , tn); 0 ≤ tρ(1) ≤ . . . ≤ tρ(n), t < tρ(n) ≤ t+ h}.

By relations (2.3.36) and (2.3.37), it follows that

B(α)
n (t, h) ≤ Γn0,t+h

∫
[0,t+h]n

n−1∏
j=1

kα(uj)kα(un + h)1Dt,h(t) dt

≤ Γn0,T
∑
ρ∈Sn

∫ t+h

t

∫
0<tρ(1)<...<tρ(n)

n−1∏
j=1

kα(tρ(j+1) − tρ(j))kα(t− tρ(n) + h)dt

= Γn0,Tn!

∫ t+h

t

∫
0<t1<...<tn

n−1∏
j=1

kα(tj+1 − tj)kα(t− tn + h)dt

= Γn0,Tn!

∫ t+h

t

h
(α)
n−1(tn)kα(t− tn + h)dtn

≤ Γn0,Tn!h
(α)
n−1(t+ h)

∫ h

0

kα(s)ds ≤ Γn0,Tn!h
(α)
n−1(t+ h)hθρ

(α)
h

≤ Γn0,Tn!h
(α)
n−1(t+ h)hθρ

(α)
T , (2.3.38)
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since Γ0,t is non-decreasing in t. Hence, using relations (2.3.38), (2.3.32) and (2.3.33),
we obtain∑

n≥1

(p− 1)n/2
( 1

n!
B(α)
n (t, h)

)1/2

≤
∑
n≥1

(p− 1)n/2
( 1

n!
Γn0,Tn!h

(α)
n−1(t+ h)hθρ

(α)
T

)1/2

= hθ/2
(
ρ

(α)
T

)1/2∑
n≥1

(p− 1)n/2Γ
n/2
0,T

(
h

(α)
n−1(t+ h)

)1/2

≤ hθ/2
(
C2

(
T ∨ 1

) b−d−2θ+2
2

)1/2

∑
n≥1

(p− 1)n/2Γ
n/2
0,T

(
Cn−1

1 (T ∨ 1)(n−1)(1− d−b
2

) 1(
(n− 1)!

)1− d−a
2

)1/2

= hθ/2
(
C2 (T ∨ 1)

b−d−2θ+2
2 (p− 1)Γ0,T

)1/2∑
n≥1

(√
(p− 1)Γ0,TC1(T ∨ 1)1− d−b

2

)n−1

(
(n− 1)!

)(1− d−a
2

)/2

:= C4 h
θ/2, (2.3.39)

where C4 > 0 is a constant depending on θ, a, b, p, d and T , and we used Lemma
A.1.6 in the last equality.

Back to relation (2.3.21), combining relations (2.3.34) and (2.3.39), it follows
that

‖uα(t+ h, x)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 2

n!

(
A(α)
n (t, h) +B(α)

n (t, h)
))1/2

≤
√

2

(∑
n≥1

(p− 1)n/2
( 1

n!
A(α)
n (t, h)

)1/2

+
∑
n≥1

(p− 1)n/2
( 1

n!
B(α)
n (t, h)

)1/2
)

≤
√

2
(
C3 + C4

)
h(1−β)/2 (2.3.40)

and therefore, taking supremum over α ∈ [a, b] on both sides of relation (2.3.40), we
have relation (2.3.1).

Step 1.b Now we treat the spatial increments for the heat equation. For any
x, x′ ∈ Rd, we let z = x′ − x. By Minkowski’s inequality and Lemma A.5.3,

‖uα(t, x+ z)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
∥∥Iαn (fn(·, t, x+ z)− fn(·, t, x)

)∥∥
2

≤
∑
n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

(2.3.41)
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where

C(α)
n (t, z) := (n!)2‖f̃n(·, t, x+ z)− f̃n(·, t, x)‖2

H⊗nα
=

∫
[0,t]2n

n∏
i=1

γ0(ti − si)Ψ(α)
t,z,n(t, s)dtds

(2.3.42)

and

Ψ
(α)
t,z,n(t, s) =

∫
(Rd)n

F
[
g

(n)
t (·, t, x+ z)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)

F
[
g

(n)
s (·, t, x+ z)− g(n)

s (·, t, x)
]
(ξ1, . . . , ξn)

n∏
j=1

|ξj|−αdξj. (2.3.43)

Again, by Cauchy-Schwarz inequality and the fact that ab ≤ (a2 + b2)/2, we have

Ψ
(α)
t,z,n(t, s) ≤

(
Ψ

(α)
t,z,n(t, t)

)1/2(
Ψ

(α)
t,z,n(s, s)

)1/2

≤ 1

2

(
Ψ

(α)
t,z,n(t, t) + Ψ

(α)
t,z,n(s, s)

)
.

Using Lemma 2.2.3, it follows that

C(α)
n (t, z) ≤

∫
[0,t]n

∫
[0,t]n

n∏
i=1

γ0(ti − si)Ψ(α)
t,z,n(t, t)dtds ≤ Γn0,t

∫
[0,t]n

Ψ
(α)
t,z,n(t, t) dt

(2.3.44)

where

Ψ
(α)
t,z,n(t, t) =

∫
(Rd)n

∣∣FGh
u1

(ξ1)
∣∣2 · · · ∣∣FGh

un−1
(ξ1 + . . .+ ξn−1)

∣∣2
×
∣∣FGh

un(ξ1 + . . .+ ξn)
∣∣2∣∣1− e−i(ξ1+...+ξn)·z∣∣2 n∏

j=1

|ξj|−αdξj

≤
n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGh
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
×
(

sup
η∈Rd

∫
Rd

∣∣FGh
un(ξn + η)

∣∣2∣∣1− e−i(ξn+η)·z∣∣2|ξn|−αdξn

)
(2.3.45)

≤ Cθ|z|2θ
n−1∏
j=1

kα(uj)u
−θ
n kα(un/2), (2.3.46)

where we used Lemma 2.3.2 and Proposition 2.3.3 in the last inequality. Note that
(2.3.46) is similar to (2.3.27). Therefore, the same argument as for (2.3.34) allows us
to conclude that: ∑

n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

≤ C5 |z|θ, (2.3.47)
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where C5 > 0 is a constant depending on θ, a, b, p, d and T .

Returning to relation (2.3.41), we used relations (2.3.47), then

‖uα(t+ h, x)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

≤ C5 |z|1−β (2.3.48)

and therefore, taking supremum over α ∈ [a, b] on both sides of relation (2.3.48), we
have relation (2.3.2).

Step 2: Wave equation
Step 2.a We examine the time increments for the solution of the wave equation.

The proof is similar to that of the heat equation. Assume that h = t′ − t > 0 (The
case h < 0 is similar). We fix t = (t1, . . . , tn) ∈ [0, t]n and we let ρ ∈ Sn such that
tρ(1) < . . . < tρ(n). We define uj = tρ(j+1) − tρ(j) for j = 1, . . . , n and tρ(n+1) = t.

Note that relation (2.3.26) still hold. To estimate ψ
(α)
t,h,n(t, t), we use Lemma 2.3.4. It

follows that

ψ
(α)
t,h,n(t, t) ≤

n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGw
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
×
(

sup
η∈Rd

∫
Rd

∣∣FGw
un+h(ξn + η)−FGw

un(ξn + η)
∣∣2|ξn|−αdξn

)
≤

n−1∏
j=1

(
CT,d,a,b,βu

2(1−β)
j

)
×
(
Cd,a,b,βh

2(1−β)
)
≤ Cn

1 (u1 . . . , un−1h)2(1−β),

(2.3.49)

where C1 > 0 is a constant depending on T , d, a, b and β. Using relations (2.3.25),
(2.3.49) and Lemma A.3.1 with βj = 2−2β for all j = 1, . . . , n, there exists a constant
C2 > 0 depending on T , d, a, b and β such that

A(α)
n (t, h) ≤ Γn0,t

(∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

ψ
(α)
t,h,n(t, t)dt

)
≤ h2−2βΓn0,tC

n
1 n!

∫
0<t1<...<tn<t

n−1∏
j=1

(tj+1 − tj)2−2βdt1 . . . dtn

= h2−2βΓn0,tC
n
1 n!

∫ t

0

(∫
0<t1<...<tn

n−1∏
j=1

(tj+1 − tj)2−2βdt1 . . . dtn−1

)
dtn

= h2−2βΓn0,tC
n
1 n!

(
Γ(3− 2β)

)n−1

Γ
(
(n− 1)(3− 2β) + 1

) ∫ t

0

t(n−1)(3−2β)
n dtn

≤ h2−2βΓn0,tC
n
2 n!

1

((n− 1)!)3−2β
t(n−1)(3−2β)+1, (2.3.50)
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where we used the change of variables tj = tρ(j) for all j = 1, . . . , n in the second
inequality and Lemma A.1.3 in the last inequality. Hence, by (2.3.50), there exists a
constant C3 > 0 depending on p, β, a, b, d and T such that∑

n≥1

(p− 1)n/2
( 1

n!
A(α)
n (t, h)

)1/2

≤
∑
n≥1

(p− 1)n/2
( 1

n!
h2−2βΓn0,tC

n
2 n!

1

((n− 1)!)3−2β
t(n−1)(3−2β)+1

)1/2

≤ h1−β
∑
n≥1

(p− 1)n/2
(

Γn0,T C
n
2

1

((n− 1)!)3−2β
(T ∨ 1)(n−1)(3−2β)+1

)1/2

= h1−β
(

(p− 1)Γ0,TC2(T ∨ 1)
)1/2∑

n≥1

(√
(p− 1)Γ0,TC2

(
T ∨ 1

)3−2β
)n−1

(
(n− 1)!

)(3−2β)/2

:= C3 h
1−β, (2.3.51)

where we used the fact that Γ0,t is non-decreasing in t and we applied Lemma A.1.6
in the last equation.

For the term B
(α)
n (t, h), note that the inequality in relation (2.3.37) still holds.

By Lemma 2.3.4, there exists a constant C4 depending on T , d, a, b and β such that

γ
(α)
t,h,n(t, t) ≤

n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGw
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
(

sup
η∈Rd

∫
Rd

∣∣FGw
un+h(ξn + η)

∣∣2|ξn|−αdξn

)
≤

n−1∏
j=1

(
CT,d,a,b,β u

2−2β
j

)
×
(
CT,d,a,b,β (un + h)2−2β

)
= Cn

4

(
u1 . . . un−1(un + h)

)2−2β
, (2.3.52)

where uj = tρ(j+1) − tρ(j), for all j = 1, . . . , n and 0 < tρ(1) < . . . < tρ(n) < t = tρ(n+1).
By relation (2.3.36) and Lemma A.3.1 with βj = 2−2β for all j = 1, . . . , n, we obtain

B(α)
n (t, h) ≤ Γn0,t+hC

n
4

∫
[0,t+h]n

[
u1 . . . un−1(un + h)

]2−2β
1Dt,h(t) dt

≤ Γn0,t+hC
n
4

∑
ρ∈Sn

∫ t+h

t

∫
0<tρ(1)<...<tρ(n)

n−1∏
j=1

(tρ(j+1) − tρ(j))
2−2β(t+ h− tρ(n))

2−2βdt

= Γn0,t+hC
n
4 n!

∫ t+h

t

(∫
0<t1<...<tn

n−1∏
j=1

(tj+1 − tj)2−2βdt1 . . . dtn−1

)
(t+ h− tn)2−2βdtn
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= Γn0,t+hC
n
4 n!

(
Γ(3− 2β)

)n−1

Γ
(
(n− 1)(3− 2β) + 1

) ∫ t+h

t

t(n−1)(3−2β)
n (t+ h− tn)2−2βdtn

= Γn0,t+hC
n
4 n!

(
Γ(3− 2β)

)n−1

Γ
(

(n− 1)(3− 2β) + 1
) ∫ h

0

(t+ h− u)(n−1)(3−2β)(u)2−2βdu

≤ Γn0,T C
n
4 n!

(
Γ(3− 2β)

)n−1

Γ
(

(n− 1)(3− 2β) + 1
)(T ∨ 1)(n−1)(3−2β) 1

3− 2β
h3−2β

≤ Γn0,T C
n
5 n!

1

((n− 1)!)3−2β
(T ∨ 1)(n−1)(3−2β)h2−2β, (2.3.53)

where we used the fact that function Γ0,t is non-decreasing in t and for the last
inequality, we used Lemma A.1.3. Hence, using relation (2.3.53), we obtain∑

n≥1

(p− 1)n/2
( 1

n!
B(α)
n (t, h)

)1/2

≤
∑
n≥1

(p− 1)n/2
( 1

n!
Γn0,T C

n
5 n!

1

((n− 1)!)3−2β
(T ∨ 1)(n−1)(3−2β)h2−2β

)1/2

= h1−β
∑
n≥1

(p− 1)n/2
(

Γn0,T C
n
5

1

((n− 1)!)3−2β
(T ∨ 1)(n−1)(3−2β)

)1/2

= h1−β
(

(p− 1)Γ0,T C5

)1/2∑
n≥1

(√
(p− 1)Γ0,T C5

(
T ∨ 1

)(3−2β)
)n−1

(
(n− 1)!

)(3−2β)/2
:= C6 h

1−β,

(2.3.54)

where C6 > 0 is a constant depending on T , d, a, b and β and we applied Lemma
A.1.6 in the last equation.

Back to relation (2.3.21), combining relations (2.3.51) and (2.3.54), it follows
that

‖uα(t+ h, x)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 2

n!

(
A(α)
n (t, h) +B(α)

n (t, h)
))1/2

≤
√

2

(∑
n≥1

(p− 1)n/2
( 1

n!
A(α)
n (t, h)

)1/2

+
∑
n≥1

(p− 1)n/2
( 1

n!
B(α)
n (t, h)

)1/2
)

≤
√

2
(
C3 + C6

)
h1−β (2.3.55)

and therefore, taking supremum over α ∈ [a, b] on both sides of relation (2.3.55), we
have relation (2.3.3).
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Step 2.b We examine the spatial increments for the solution of the wave equa-
tion. We denote by K = [−M,M ] ⊂ Rd be an arbitrary subset, for some M > 0.
For any x, x′ ∈ K, we let z = x′− x. Note that inequalities (2.3.44) and (2.3.45) still

hold. To estimate Ψ
(α)
t,z,n(t, t), we use Lemma 2.3.4. Then

Ψ
(α)
t,z,n(t, t) ≤

n−1∏
j=1

(
sup
η∈Rd

∫
Rd

∣∣FGw
uj

(ξj + η)
∣∣2|ξj|−αdξj

)
×
(

sup
η∈Rd

∫
Rd

∣∣FGw
un(ξn + η)

∣∣2∣∣1− e−i(ξn+η)·z∣∣2|ξn|−αdξn

)
≤

n−1∏
j=1

(
CT,d,a,b,β u

2−2β
j

)
×
(
CT,M,d,a,b,β|z|2−2β

)
≤ Cn|z|2−2β(u1 . . . un−1)2−2β,

(2.3.56)

where uj = tρ(j+1) − tρ(j), 0 < tρ(1) < . . . < tρ(n) < tρ(n+1) = t and C is a constant
depending on T , M , d, a, b and β. Note that (2.3.56) is similar to (2.3.49). Therefore,
the same argument as for (2.3.51) allows us to conclude that:∑

n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

≤ C7|z|1−β, (2.3.57)

where C7 > 0 is a constant depending on p, T , M , d, a, b and β.

Returning to relation (2.3.41), we use relation (2.3.57). It follows that

‖uα(t+ h, x)− uα(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

≤ C7 |z|1−β (2.3.58)

and therefore, taking supremum over α ∈ [a, b] on both sides of relation (2.3.58), we
have relation (2.3.4).

2.4 Continuity in law of the solution with respect

to the noise parameter α

In this section, we consider equations (2.0.1) and (2.0.2) driven by the noise Wα

introduced in Section 2.1. We prove that the solution of either one of these equations
is continuous in law in the space of continuous functions C([0, T ]×Rd), with respect
to the noise parameter α.
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We first give the simultaneous construction of all noise processes (Wα)α∈(0,d) on
the same probability space (Ω,F ,P) using their spectral representations based on a
complex-valued Gaussian measure. With this, the family of processes (Wα)α∈(0,d) are
defined in a single probability space, and we can therefore apply Lemma 2.4.3 below
to prove the finite dimensional distribution of uαn converge to those of uα

∗
, when

n→∞.

Definition 2.4.1. Let W1 = {W1(A);A ∈ Bb(R × Rd)} and W2 = {W2(A);A ∈
Bb(R × Rd)} be two independent space-time Gaussian white noise processes defined
on the same probability space (Ω,F , P ) with covariance:

E[Wj(A)Wj(B)] =
1

2

∣∣A ∩B∣∣, j = 1, 2.

We say that
Ŵ (A) := W1(A) + iW2(A)

is a C-valued Gaussian random measure, with control measure given by Lebesgue
measure.

For any α ∈ (0, d) and for any function ϕ ∈ S(Rd+1), we define

Ŵα(ϕ) =

∫
Rd+1

ϕ(τ, ξ)Ŵα(dτ, dξ)

:=

∫
Rd+1

ϕ(τ, ξ)
√
g0(τ)|ξ|−α/2Ŵ (dτ, dξ) = Ŵ

(
ϕ(τ, ξ)

√
g0(τ)|ξ|−α/2

)
. (2.4.1)

Formally, we can say

Ŵα(dτ, dξ) =
√
g0(τ)|ξ|−α/2Ŵ (dτ, dξ).

We define
Wα(ϕ) = Ŵα(Fϕ). (2.4.2)

Then we have

E[Wα(ϕ)Wα(ψ)] = E[Ŵα(Fϕ)Ŵα(Fψ)]

= E
[
Ŵ
(
Fϕ(τ, ξ)

√
g0(τ)|ξ|−

α
2

)
Ŵ
(
Fψ(τ, ξ)

√
g0(τ)|ξ|−α2

)]
=

∫
Rd+1

Fϕ(τ, ξ)
√
g0(τ)|ξ|−

α
2Fψ(τ, ξ)

√
g0(τ)|ξ|−

α
2 dτdξ

=

∫
Rd+1

Fϕ(τ, ξ)Fψ(τ, ξ)µ0(dτ)|ξ|−αdξ.

This means that the Gaussian process Wα = {Wα(ϕ);ϕ ∈ D(R+ × Rd)} has the
desired covariance structure (2.1.3). More over, all processes (Wα)α∈(0,d) are defined
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on the same probability space (Ω,F ,P). Throughout this section, without any loss of
generality, we assume the noise Wα perturbing equations (2.0.1) and (2.0.2) is given
by (2.4.2).

Note that relation (2.4.2) can be written as∫
R+×Rd

ϕ(t, x)Wα(dt, dx) =

∫
R×Rd

Fϕ(τ, ξ)Ŵα(dτ, dξ)

=

∫
R×Rd

Ft
[
Fxϕ(t, ·)(ξ)

]
(τ)Ŵα(dτ, dξ), (2.4.3)

where Fϕ(τ, ξ) is the Fourier transform of ϕ in both variables (t, x):

Fϕ(τ, ξ) =

∫
R+×Rd

e−iτte−iξ·xϕ(t, x)dtdx.

and the Fourier transforms appearing in the second equality are defined as follows:

φξ(t) := Fxϕ(t, ·)(ξ) =

∫
Rd
e−iξ·xϕ(t, x)dx, for all t > 0

and Ft
[
Fxϕ(t, ·)(ξ)

]
(τ) is the Fourier transform of φξ given by

Fφξ(τ) =

∫
Rd
e−iτtφξ(t)dt.

We have

E
∣∣∣ ∫

R×Rd
h(τ, ξ)Ŵ (dτ, dξ)

∣∣∣2 =

∫
R×Rd

∣∣h(τ, ξ)
∣∣2dτdξ.

A similar property holds for multiple integrals with respect to Ŵ , namely,

E
∣∣∣ ∫

(R×Rd)n
h(τ1, ξ1, . . . , τn, ξn)Ŵ (dτ1, dξ1) . . . Ŵ (dτn, dξn)

∣∣∣2
= n!

∫
(R×Rd)n

∣∣h̃(τ1, ξ1, . . . , τn, ξn)
∣∣2dτ1dξ1 . . . dτndξn, (2.4.4)

where h̃ is the symmetrization of h.

Recall that the solution has the Wiener chaos expansion (2.2.2). By definition,
uα(t, x) is the L2(Ω)-limit of the sequence {uαm(t, x)}m≥1 defined by

uαm(t, x) =
m∑
n=0

Iαn (fn(·, t, x)). (2.4.5)
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This means that
E
∣∣uαm(t, x)− uα(t, x)

∣∣2 → 0, as m→∞ (2.4.6)

for any α ∈ (max{d− 2, 0}, d) fixed.

Proposition 2.4.2 below gives an extension of relation (2.4.3) to multiple Wiener
integrals with respect to Wα. The proof is omitted.

Proposition 2.4.2. Let n ≥ 1, f ∈ H⊗nα such that f(t1, ·, . . . , tn, ·) is a function in
L1(Rd) for any t1, . . . , tn > 0, then∫

(R+×Rd)n
f(t1, x1, . . . , tn, xn)Wα(dt1, dx1) . . .Wα(dtn, dxn)

=

∫
(R×Rd)n

Ft
[
Fxf(t1, ·, . . . , tn.·)(ξ1, . . . , ξn)

]
(τ1, . . . , τn)Ŵα(dτ1, dξ1) . . . Ŵα(dτn, dξn)

=

∫
(R×Rd)n

Ftφξ1,...,ξn(τ1, . . . , τn)

n∏
j=1

√
g0(τj)

n∏
j=1

|ξj|−α/2Ŵ (dτ1, dξ1) . . . Ŵ (dτn, dξn),

where φξ1,...,ξn = Fxf(t1, ·, . . . , tn.·)(ξ1, . . . , ξn) is the Fourier transform of f(t1, ·, . . . , tn, ·)
given by

Fxf(t1, ·, . . . , tn, ·)(ξ1, . . . , ξn) =

∫
(Rd)n

e−i
∑n
j=1 ξj ·xjf(t1, x1, . . . , tn, xn)dx1 . . . dxn

and Ft
[
Fxf(t1, ·, . . . , tn.·)(ξ1, . . . , ξn)

]
(τ1, . . . , τn) is the Fourier transform of φξ1,...,ξn

given by

Fφξ1,...,ξn(τ1, . . . , τn) =

∫
Rn
e−i

∑n
j=1 τjtjφξ1,...,ξn(t1, . . . , tn)dt1 . . . dtn.

Note that ∫
R

∫
R
φ(t)φ(s)γ0(t− s)dtds =

∫
R

∣∣Fφ(τ)
∣∣2g0(τ)dτ.

This relationship can be extended to higher dimensions, as follows:∫
Rn

∫
Rn
φ(t1, . . . , tn)φ(s1, . . . , sn)

n∏
j=1

γ0(tj − sj)dtds

=

∫
Rn

∣∣Fφ(τ1, . . . , τn)
∣∣2 n∏
j=1

g0(τj)dτ1 . . . dτn. (2.4.7)

The following result will be used in the proof of Theorem 2.0.1 below.
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Lemma 2.4.3. Let X, (Xn)n be random vectors in Rm defined on the same probability
space (Ω,F ,P), with X = (X1, . . . , Xm) and Xn = (X1

n, . . . , X
m
n ). If

E
∣∣X i

n −X i
∣∣2 → 0, as n→∞,

for all i = 1, . . . ,m, then

(X1
n, . . . , X

m
n )

d−→ (X1, . . . , Xm), as n→∞.

We will also use the following result from classical theory of metric spaces.

Lemma 2.4.4. Let (E, d) be a metric space, (x(n))m, xm, x(n) and x ∈ E such that
(a) d(x

(n)
m , xm)→ 0, as n→∞, for all m ≥ 1 fixed ,

(b) d(xm, x)→ 0, as m→∞,

(c) supn≥1 d(x
(n)
m , x(n))→ 0, as m→∞.

Then
d(x(n), x)→ 0, as n→∞.

This lemma can be illustrated by the following diagram:

x
(n)
m xm

x(n) x

n→∞
∀m

muniformly in n m

In addition, for the proof of Theorem 2.0.1, we will use following result.

Lemma 2.4.5. Under the hypothese of Theorem 2.0.1, for all k ≥ 1 fixed, we have

E
∣∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣∣2 → 0, as n→∞. (2.4.8)

Proof: Note that by Proposition 2.4.2, we have

Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

=

∫
(R+×Rd)k

fk(t1, x1, . . . , tk, xk, t, x)Wαn(dt1, dtk) · · ·Wαn(dt1, dtk)

−
∫

(R+×Rd)k
fk(t1, x1, . . . , tk, xk, t, x)Wα∗(dt1, dtk) · · ·Wα∗(dt1, dtk)
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=

∫
(R×Rd)k

Hk(τ1, ξ1, . . . , τk, ξk)Ŵ (dτ1, dξ1) · · · Ŵ (dτk, dξk), (2.4.9)

where

Hk(τ1, ξ1, . . . , τk, ξk) = Ft
[
Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

]
(τ1, . . . , τk)

k∏
j=1

√
g0(τj)

( k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
)
.

(2.4.10)

We denote by H̃k the symmetrization of Hk. Then, by equation (2.4.4), we have

Qn = E
∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣2
= E

∣∣∣ ∫
(R+×Rd)k

Hk(τ1, ξ1, . . . , τk, ξk)Ŵ (dτ1, dξ1) · · · Ŵ (dτk, dξk)
∣∣∣2

= k!

∫
(R×Rd)k

∣∣H̃k(τ1, ξ1, . . . , τk, ξk)
∣∣2dτ1dξ1 · · · dτkdξk = k!

∥∥H̃k(τ1, ξ1, . . . , τk, ξk)
∥∥2

L2
C((R×Rd)k)

(2.4.11)

where L2
C(R × Rd) is the space of complex-valued functions ϕ on R × Rd such

that |ϕ|2 is integrable with respect to the Lebesgue measure. We will use the fact

that ‖f̃‖L2(R×Rd)n ≤ ‖f‖L2(R×Rd)n . Applying (2.4.7) to the function φ(t1, . . . , tk) =
Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk) which vanishes if (t1, . . . , tk) /∈ Tk(t), we obtain

Qn ≤ k!
∥∥Hk(τ1, ξ1, . . . , τk, ξk)

∥∥2

L2
C((R×Rd)k)

= k!

∫
Rk

∫
(Rd)k

∣∣∣Ft[Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
]
(τ1, . . . , τk)

∣∣∣2
k∏
j=1

g0(τj)
∣∣∣ k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
∣∣∣2dξ1 . . . dξkdτ1 . . . dτk

= k!

∫
(Rd)k

dξ1 · · · dξk
∣∣∣ k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
∣∣∣2

(∫
Tk(t)

∫
Tk(t)

k∏
j=1

γ0(tj − sj)Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

Fxfk(s1, ·, . . . , sk, ·, t, x)(ξ1, . . . , ξk)dtds

)
= k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

γ0(tj − sj)A(n)
k (t, s)dtds, (2.4.12)
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where

A
(n)
k (t, s) =

∫
(Rd)k
Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)Fxfk(s1, ·, . . . , sk, ·, t, x)(ξ1, . . . , ξk)

∣∣∣ k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
∣∣∣2dξ1 · · · dξk.

Using Cauchy-Schwartz inequality, the fact that ab ≤ 1
2
(a2 + b2) and Lemma 2.2.3,

we have

Qn ≤ k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

γ0(tj − sj)
(
A

(n)
k (t, t)

)1/2(
A

(n)
k (s, s)

)1/2
dtds

≤ k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

γ0(tj − sj)
1

2

(
A

(n)
k (t, t) + A

(n)
k (s, s)

)
dtds

= k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

γ0(tj − sj)A(n)
k (t, t)dtds ≤ k! Γk0,t

∫
Tk(t)

A
(n)
k (t, t)dt

= k! Γk0,t

∫
Tk(t)

∫
(Rd)k

∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
∣∣∣2

∣∣∣ k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
∣∣∣2dξ1 · · · dξkdt. (2.4.13)

We want to show that the integral in relation (2.4.13) converges to 0 when n → ∞.
For this, we apply the Dominated Convergence Theorem. Note that the integrand
converges pointwisely to 0 on Tk(t) × (Rd)k, as n → ∞. We now proceed to bound
the integrand in relation (2.4.13) by an integrable function. First, we note that this
integrand can be bounded by

( k∏
j=1

|ξj|−αn +
k∏
j=1

|ξj|−α
∗
)∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

∣∣∣2.
The two resulting integrals in the above are of the same type, the only difference
being that the first one depends on n, whereas the second one does not. We therefore
only consider the term of the integrand function that depends on n; the integrability
of the other term will follow by a similar argument.

Recall that max{d − 2, 0} < α∗ < d. Fix numbers a and b such that max{d −
2, 0} < a < α∗ < b < d. Since αn → α∗, there exists N ∈ N such that

a ≤ αn ≤ b, for all n ≥ N.
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For any αn ∈ [a, b] ⊂
(

max{d− 2, 0}, d
)
, we know that

|ξj|−αn ≤ |ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}. (2.4.14)

This allows us to bound our integrand, provided that we can show that

I :=

∫
Tk(t)

∫
(Rd)k

∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
∣∣∣2

k∏
j=1

(
|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
dξdt <∞. (2.4.15)

Note that

I =

∫
Tk(t)

(∫
(Rd)k

k∏
j=1

∣∣FxGtj+1−tj(ξ1 + · · ·+ ξj)
∣∣2(|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
dξ

)
dt.

(2.4.16)

We estimate separately dξ integral above. We need to consider separately the heat
equation and wave equation. For the heat equation, using (2.4.16) and the fact that∣∣FxGh

t (ξ)
∣∣ =

∣∣e− t|ξ|22

∣∣ ≤ 1, for all (t, x) ∈ [0, T ]× Rd,

for any j = 1, . . . , k, we have∫
Rd

∣∣FxGh
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2(|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
dξj

=

∫
|ξj |≤1

∣∣FxGh
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2|ξj|−bdξj
+

∫
|ξj |>1

∣∣FxGh
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2|ξj|−adξj
≤
∫
|ξj |≤1

|ξj|−bdξj +

∫
Rd

∣∣FxGh
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2|ξj|−adξj
≤ cd
d− b

+Kd,a

(
tj+1 − tj

)− d−a
2 , (2.4.17)

where we used Lemma A.2.1 in last inequality. Let Ca,b,d = cd
d−b +Kd,a. Coming back

to relation (2.4.16), by (2.4.17), we have

I ≤ Ck
a,b,d

∫
Tk(t)

k∏
j=1

(
1 +

(
tj+1 − tj

)− d−a
2

)
dt <∞, (2.4.18)
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due to Lemma A.3.1.

Next we study the wave equation. Using (2.4.16) and the fact that

∣∣FxGw
t (ξ)

∣∣ =
∣∣∣sin(t|ξ|)
|ξ|

∣∣∣ ≤ t, for all (t, x) ∈ [0, T ]× Rd,

for any j = 1, . . . , k, we have∫
Rd

∣∣FxGw
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2(|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}
)
dξj

=

∫
|ξj |≤1

∣∣FxGw
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2|ξj|−bdξj +

∫
|ξj |>1

∣∣FxGw
tj+1−tj(ξ1 + · · ·+ ξj)

∣∣2|ξj|−adξj
≤ t2

∫
|ξj |≤1

|ξj|−bdξj + sup
η∈Rd

∫
Rd

∣∣FxGw
tj+1−tj(ξj + η)

∣∣2|ξj|−adξj
≤ t2

cd
d− b

+Kd,a(t− tk)2−(d−a) ≤ t2
cd

d− b
+Kd,a t

2−(d−a), (2.4.19)

where for the second inequality, we used Lemma A.2.1. Coming back to relation
(2.4.16), by (2.4.19), we have

I ≤
(
t2

cd
d− b

+Kd,a t
2−(d−a)

)k ∫
Tk(t)

dt <∞.

This finishes the proof of (2.4.15) and concludes the justification of the application
of the Dominated Convergence Theorem.

Proof of Theorem 2.0.1: From Theorem 3.2 of [8] (for PAM) and Theorem
8.3 of [9] (for HAM), we know that the process uα has a continuous modification (see
relations (2.3.1), (2.3.2), (2.3.3) and (2.3.4) above). We work with this modification,
which we denote also by uα. We need to prove that the finite dimensional distribution
convergence and the sequence of probability measures induced by (uαn)n≥1 is tight in
the space of C([0, T ]× Rd). A road map of this proof is the following:{

Step 1: Finite dimensional distribution convergence

Step 2: Tightness

Step 1: Finite dimensional distribution convergence

We have to prove that for any k ≥ 1 and (t1, x1), . . . , (tk, xk) ∈ [0, T ]× Rd,(
uαn(t1, x1), . . . , uαn(tk, xk)

) d−→
(
uα
∗
(t1, x1), . . . , uα

∗
(tk, xk)

)
, as n→∞.
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For this, by Lemma 2.4.3, it will be enough to prove that for all (t, x) ∈ [0, T ]× Rd

E
∣∣uαn(t, x)− uα∗(t, x)

∣∣2 → 0, as n→∞. (2.4.20)

To prove relation (2.4.20), we apply Lemma 2.4.4 with E = L2(Ω), equipped with
the norm ‖ · ‖L2(Ω). Recall the diagram of Lemma 2.4.4,

uαnm uα
∗
m

uαn uα
∗

n→∞
∀m

muniformly in n m

Therefore it will suffice to show that
(a) E

∣∣uαnm (t, x)− uα∗m (t, x)
∣∣2 → 0, as n→∞, for all m fixed,

(b) E
∣∣uα∗m (t, x)− uα∗(t, x)

∣∣2 → 0, as m→∞,

(c) supn≥1 E
∣∣uαnm (t, x)− uαn(t, x)

∣∣2 → 0, as m→∞.

Note that part (b) is automatically satisfied by relation (2.4.6), so we only need to
prove (a) and (c).

For part (a), by Lemma 2.4.5, we have

E
∣∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣∣2 → 0, as n→∞, (2.4.21)

Hence for all m fixed,

E
∣∣uαnm (t, x)− uα∗m (t, x)

∣∣2 = E
∣∣∣ m∑
k=1

Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))
∣∣∣2

≤ m

m∑
k=1

E
∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣2 → 0.

For part (c), it is enough to show that for all compact set [a, b] ⊂ (max{d −
2, 0}, d),

sup
α∈[a,b]

E
∣∣uαm(t, x)− uα(t, x)

∣∣2 → 0, (2.4.22)

as m→∞. Note that

uα(t, x)− uαm(t, x) =
∑

k≥m+1

Iαk (fk(·, t, x)).
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By the orthogonality of the Wiener chaos space and relation (2.2.14), we have

E
∣∣∣uα(t, x)− uαm(t, x)

∣∣∣2 =
∑

k≥m+1

E
∣∣Iαk (fk(·, t, x))

∣∣2
≤
∑

k≥m+1

Γk0,tK
k
d,α

(
Γ(rα + 1)

)k
Γ
(
k(rα + 1) + 1

)tk(rα+1), (2.4.23)

where we recall that

rα =

−(d− α)/2 for heat equation,

2− (d− α) for wave equation.

From the proof of Lemma A.2.1, we know that Kd,α ≤ cd
(

1
d−α + 1

2−(d−α)

)
. Therefore,

for any α ∈ [a, b],

Kd,α ≤ cd

( 1

d− b
+

1

2− (d− a)

)
:= Kd. (2.4.24)

We consider separately the heat equation and wave equation. For heat equation, note
that

1− d− a
2

< 1 + rα = 1− d− α
2

< 1− d− b
2

.

It is known that there exists x0 ∈ (1, 2) such that gamma function Γ(x) is decreasing

on (0, x0) and increasing on (x0,∞). We pick m0 ≥ 1 such that m0

(
1 − d−a

2

)
> x0.

For any m ≥ m0 and for any k ≥ m , we have k
(

1− d−α
2

)
≥ k

(
1− d−a

2

)
> x0, which

implies that for any α ∈ [a, b],

Γ
(
k
(
1− d− a

2

)
+ 1
)
≤ Γ

(
k
(
1− d− α

2

)
+ 1
)
,

and

1

Γ
(
k(rα + 1) + 1

) =
1

Γ
(
k
(
1− d−α

2

)
+ 1
) ≤ 1

Γ
(
k
(
1− d−a

2

)
+ 1
) . (2.4.25)

Moreover, since x0 > 1 > 1− d−α
2
≥ 1− d−a

2
, we have

Γ(rα + 1) = Γ
(

1− d− α
2

)
≤ Γ

(
1− d− a

2

)
and (

Γ(rα + 1)
)k ≤ (Γ(1− d− a

2

))k
. (2.4.26)
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Finally, for any α ∈ [a, b] ⊂ (max{d− 2, 0}, d), it follows that

tk(rα+1) =


tk
(

1− d−α
2

)
≤ 1 if t < 1

tk
(

1− d−α
2

)
≤ tk

(
1− d−b

2

)
if t ≥ 1

Therefore, we get

tk(rα+1) ≤ (t ∨ 1)k
(

1− d−b
2

)
. (2.4.27)

Returning to relation (2.4.23), using relations (2.4.24), (2.4.25), (2.4.26) and
(2.4.27), we obtain

sup
α∈[a,b]

∑
k≥m+1

E
∣∣Iαk (fk(·, t, x))

∣∣2 ≤ ∑
k≥m+1

Γk0,tK
k
d

(
Γ(1− d−a

2
)
)k

Γ
(
k(1− d−a

2
) + 1

)(t ∨ 1)k(1− d−b
2

) → 0

as m→∞ since ∑
k≥1

Γk0,tK
k
d

(
Γ(1− d−a

2
)
)k

Γ
(
k(1− d−a

2
) + 1

)(t ∨ 1)k(1− d−b
2

) <∞

due to the fact that 1− d−a
2
> 0.

Now we study the wave equation. Note that inequality (2.4.24) still holds. Using
the same approach as in the heat case above, we pick m0 ≥ 1 such that m0

(
3 −

(d − a)
)
> x0. For any m ≥ m0 and for any k ≥ m, we have k

(
3 − (d − α)

)
≥

k
(
3− (d− a)

)
> x0, which implies that for any α ∈ [a, b],

Γ
(
k
(
3− (d− a)

)
+ 1
)
≤ Γ

(
k
(
3− (d− α)

)
+ 1
)
,

and
1

Γ
(
k
(
3− (d− α)

)
+ 1
) ≤ 1

Γ
(
k
(
3− (d− a)

)
+ 1
) . (2.4.28)

Moreover, for any α ∈ [a, b] ⊂ (max{d− 2, 0}, d) with d ≤ 2, we have

1 < 3− (d− a) ≤ 1 + rα = 3− (d− α) ≤ 3− (d− b) < 3.

Hence (
Γ(rα + 1)

)k
=
(
Γ(3− (d− α))

)k ≤ (Γ(3))k. (2.4.29)

Finally, for any α ∈ [a, b] ⊂ (max{d− 2, 0}, d), it follows that

tk(rα+1) =

 tk(3−(d−α)) ≤ 1 if t < 1

tk(3−(d−α)) ≤ tk(3−(d−b)) if t ≥ 1
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Therefore, we get
tk(rα+1) ≤ (t ∨ 1)k(3−(d−b)). (2.4.30)

Returning to relation (2.4.23), using relations (2.4.24), (2.4.28), (2.4.29) and
(2.4.30), we get

sup
α∈[a,b]

∑
k≥m+1

E
∣∣Iαk (fk(·, t, x))

∣∣2 ≤ ∑
k≥m+1

Γk0,tK
k
d

(Γ(3))k

Γ
(
k
(
3− (d− a)

)
+ 1
)(t ∨ 1)k(3−(d−b)) → 0

as m→∞ since∑
k≥1

Γk0,tK
k
d

(Γ(3))k

Γ
(
k
(
3− (d− a)

)
+ 1
)(t ∨ 1)k(3−(d−b)) <∞

due to the fact that 3− (d− a) > 0. This completes the proof.

Step 2: Tightness

Note that condition (i) of Theorem A.4.2 holds automatically since uαn(0, 0) = 1
for all n ≥ 1. It remains to prove condition (ii) of Theorem A.4.2.

We choose a compact set [a, b] such that

max{d− 2, 0} < a < α∗ < b < d.

Since αn → α∗, there exists N ∈ N such that αn ∈ [a, b] for all n ≥ N . Fix
β ∈

(
d−a

2
, 1
)
. Let t, t′ ∈ [0, T ] and x, x′ ∈ K = [−M,M ] ⊂ Rd be arbitrary. For the

heat equation, by relations (2.3.1) and (2.3.2) in Theorem 2.3.1, we have:

sup
n≥N

E
∣∣uαn(t′, x′)− uαn(t, x)

∣∣p ≤ sup
α∈[a,b]

E
∣∣uα(t′, x′)− uα∗(t, x)

∣∣p
≤ 2p−1

{
sup
α∈[a,b]

E
∣∣uα(t′, x)− uα(t, x)

∣∣p + sup
α∈[a,b]

E
∣∣uα(t, x′)− uα(t, x)

∣∣p}
≤ 2p−1

(
Ch

1 |t′ − t|p(1−β)/2 + Ch
2 |x′ − x|p(1−β)

)
≤ 2p−1

(
Ch

1 |t′ − t|p(1−β)/2 + Ch
2 (2M ∨ 1)p(1−β)/2|x′ − x|p(1−β)/2

)
≤ Ch

(
|t′ − t|+ |x′ − x|

)p(1−β)/2

where Ch := 2p max{Ch
1 , C

h
2 (2M∨1)p(1−β)/2}. Condition (ii) of Theorem A.4.2 follows

since p(1−β)
2

> 2, if we choose p > 4
1−β .

For the wave equation, by relations (2.3.3) and (2.3.4) in Theorem 2.3.1, we have:

sup
n≥N

E
∣∣uαnw (t′, x′)− uαnw (t, x)

∣∣p ≤ sup
α∈[a,b]

E
∣∣uαw(t′, x′)− uα∗w (t, x)

∣∣p
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≤ 2p−1

{
sup
α∈[a,b]

E
∣∣uα(t′, x)− uα(t, x)

∣∣p + sup
α∈[a,b]

E
∣∣uα(t, x′)− uα(t, x)

∣∣p}
≤ 2p−1

(
Cw

1 |t′ − t|p(1−β) + Cw
2 |x′ − x|p(1−β)

)
≤ Cw

(
|t′ − t|+ |x′ − x|

)p(1−β)

where Cw := 2p max{Cw
1 , C

w
2 }. Condition (ii) of Theorem A.4.2 follows since p(1 −

β) > 2, if we choose p > 2
1−β .



Chapter 3

PAM with regular noise and
general initial condition

In this chapter, we consider the following Parabolic Anderson Model:
∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)Ẇα(t, x), t > 0, x ∈ Rd

u(0, ·) = u0(·),
(3.0.1)

with initial condition given by a non-negative Borel measure u0 on Rd such that∫
Rd
e−a|x|

2

u0(dx) <∞, for all a > 0. (3.0.2)

Initial conditions of this type are sometimes called rough. In this chapter, the noise
Wα which is randomly perturbing equation (3.0.1) is exactly the same as in Section
2.1. More precisely, its covariance is given by relation (2.1.3). Throughout this
chapter, G denotes the fundamental solution of the heat equation. Let w(t, x) be the
solution of the deterministic heat equation

∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x), t > 0, x ∈ Rd

with the same initial condition as (3.0.1), is that

w(t, x) =

∫
Rd
Gt(x− y)u0(dy). (3.0.3)

Note that (3.0.2) is the necessary and sufficient condition for w(t, x) to be well-
defined. Therefore (3.0.2) is the most general condition for the Parabolic Anderson
Model. This includes the case u0(dx) = u0(x)dx for a function u0 on Rd. The case
u0 = 1 was considered in Chapter 2.

54
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The objective of this chapter is to show the continuity in the law of the solu-
tion with respect to the noise parameter α, in the space of continuous functions on
C([t0, T ] × Rd). To accomplish this, we will prove finite-dimensional distributions
(f.d.d) convergence and tightness: F.d.d convergence is proved in Section 3.3, while
tightness will follow from the uniform moment estimates developed in Section 3.2.

The main result for this chapter is the following theorem, which is an extension
of Theorem 2.0.1 to general initial conditions.

Theorem 3.0.1. For any α ∈ (max(d − 2, 0), d), let uα be the solution of equation
(3.0.1). Fix α∗ ∈ (max(d−2, 0), d) and let (αn)n≥1 be a sequence in (max(d−2, 0), d)
such that

lim
n→∞

αn = α∗.

Then for any T > 0 and for any 0 < t0 < T ,

uαn
d−→ uα

∗
in C([t0, T ]× Rd).

We note that in Theorem 3.0.1, the convergence is only on compact sets of the
form [t0, T ] × K with 0 < t0 < T . This limitation is due to the uniform moment
estimates that we obtained in Theorem 3.2.1 below, which is needed for the proof of
tightness.

The main results of Chapters 4 and 5 (Theorems 4.0.1 and 5.0.1) have been
studied in the preprint [30].

3.1 Existence of solution

In this section, we consider equation (3.0.1) driven by Gaussian noise with covariance
(2.1.3). We prove that the solution to (3.0.1) exists and show that its moments are
bounded by an exponential function of t. This was proved in [3]. We provide the
details for the sake of completeness, and also because certain intermediate steps will
be required in the following sections.

For the definition below, we recall that δ is the skorohod integral from Malliavin
calculus; see Appendix A.5.

Definition 3.1.1. Let Ft be the filtration generated by the noise Wα whose covariance
structure is given by (2.1.3). We say that a process uα = {uα(t, x); t ≥ 0, x ∈ Rd}
is a (mild) solution of equation (3.0.1) if for any t > 0 and x ∈ Rd, uα(t, x) is
Ft-measurable, E|uα(t, x)|2 <∞ and the following integral equation holds:

uα(t, x) = w(t, x) +

∫ t

0

∫
Rd
Gt−s(x− y)u(s, y)Wα(δs, δy), (3.1.1)
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i.e. v(t,x) ∈ Dom(δ) and u(t, x) = w(t, x) + δ(v(t,x)) for all (t, x) ∈ R+ × Rd, where

v(t,x)(s, y) = 1[0,t](s)Gt−s(x− y)u(s, y), s ≥ 0, y ∈ Rd. (3.1.2)

The solution has the series expansion:

uα(t, x) = w(t, x) +
∑
n≥1

∫ t

0

∫
Rd

∫ tn

0

∫
Rd
· · ·
∫ t2

0

∫
Rd
Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)

w(t1, x1)Wα(dt1, dx1) · · ·Wα(dtn, dxn)

= w(t, x) +
∑
n≥1

Iαn (fn(·, t, x)) =
∑
n≥0

Iαn (fn(·, t, x)), (3.1.3)

where f0(·, t, x) = w(t, x) and for n ≥ 1, the kernel fn(·, t, x) is given by:

fn(t1, x1, · · · , tn, xn, t, x)

= Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)w(t1, x1)1{0<t1<···<tn<t}. (3.1.4)

We recall that Iαn is the multiple Wiener integral of order n with respect to Wα.

The kernel fn given in (3.1.4) has a different expression compared to the one
given in (2.2.3), taking in account the rough initial condition. Therefore, we will have
a different estimate for the Fourier transform of this kernel fn.

We recall the following result.

Theorem 3.1.2 (Theorem 2.3 of [3]). Suppose that fn(·, t, x) ∈ H⊗nα for any t > 0,
x ∈ Rd and n ≥ 1. The equation (3.0.1) has a unique solution if and only if for any
t > 0 and x ∈ Rd, the series

∑
n≥0 I

α
n (fn(·, t, x)) converges in L2(Ω), i.e.

It,x :=
∑
n≥0

n!‖f̃n(·, t, x)‖2
H⊗nα

<∞. (3.1.5)

In this case, E|uα(t, x)|2 = It,x.

The goal of this section is to prove the following result.

Theorem 3.1.3. For any α ∈ (max{0, d − 2}, d), for any non-negative and non-
negative definite kernel γ0 satisfying (2.1.3) and for any initial measure u0 satisfying
(3.0.2), equation (3.0.1) has a unique solution. Moreover, for any p ≥ 2,

E|uα(t, x)|p ≤ C(1)wp(t, x) exp
(
C(2) p

4−(d−α)
2−(d−α) Γ

2
2−(d−α)
0,t t

)
(3.1.6)

where Γ0,t = 2
∫ t

0
γ0(s)ds and C(1) > 0 and C(2) > 0 are some constants depending on

d and α.
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We postpone the proof of Theorem 3.1.3 for the end of this section. We start
with some preliminary results. In order to show the kernel fn(·, t, x) ∈ H⊗nα , we need
an alternative expression of this kernel, which is obtained as follows. Suppose that
0 < t1 < . . . < tn < t. Using the definition of w(t, x) in (3.0.3), we see that

fn(t1, x1, · · · , tn, xn, t, x)

=

∫
Rd
Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)Gt1(x1 − x0)u0(dx0). (3.1.7)

To study the Fourier transform on kernel fn(·, t, x), we need the following lemma.

Lemma 3.1.4 (Lemma 2.3.7 of [14]). For t, s > 0 and x, y ∈ Rd,

Gt(x)Gs(y) = G ts
t+s

(sx+ ty

t+ s

)
Gt+s(x− y).

Proof: Note that

Gt(x)Gs(y) =
1

(2πt)d/2 (2πs)d/2
exp

(
− |x|

2

2t
− |y|

2

2s

)
.

and

G ts
t+s

(sx+ ty

t+ s

)
Gt+s(x− y) =

1(
2π
)d(

ts
)d/2 exp

(
−
∣∣ sx+ty
t+s

∣∣2
2
(
ts
t+s

) − |x− y|2
2(t+ s)

)
.

It remains to show that

|x|2

t
+
|y|2

s
=

∣∣ sx+ty
t+s

∣∣2
ts
t+s

+
|x− y|2

t+ s
, .

and this can be proved by direct calculation.

By Lemma 3.1.4, we have

Gt2−t1(x2 − x1)Gt1(x1 − x0) = Gt2−t1(x2 − x1)Gt1(x0 − x1)

= G t1(t2−t1)
t2

(t1(x2 − x1) + (t2 − t1)(x0 − x1)

t2

)
×Gt2(x2 − x0)

= G(
1− t1

t2

)
t1

(t2 − t1
t2

x0 +
t1
t2
x2 −

(t2 − t1) + t1
t2

x1

)
×Gt2(x2 − x0)

= G(
1− t1

t2

)
t1

((
1− t1

t2

)
x0 +

t1
t2
x2 − x1

)
×Gt2(x2 − x0). (3.1.8)
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Similarly, we obtain:

Gt3−t2(x3 − x2)Gt2(x2 − x0) = G(
1− t2

t3

)
t2

((
1− t2

t3

)
x0 +

t2
t3
x3 − x2

)
×Gt3(x3 − x0).

We continue in this manner. In the last step, we get:

Gt−tn(x− xn)Gtn(xn − x0) = G(
1− tn

t

)
tn

((
1− tn

t

)
x0 +

tn
t
x− xn

)
×Gt(x− x0).

Therefore, using the notation tn+1 = t and xn+1 = x, we can rewrite the kernel
fn(·, t, x) as follows:

fn(t1, x1, · · · , tn, xn, t, x)

=

∫
Rd
µ0(dx0)Gt(x− x0)

n∏
j=1

G(
1−

tj
tj+1

)
tj

((
1− tj

tj+1

)
x0 +

tj
tj+1

xj+1 − xj
)
.

Note that it can be proved that fn(t1, x1, · · · , tn, xn, t, x) ∈ L1(Rnd), using the
fact

∫
Rd Gt(x − y)dy = 1, for any x ∈ Rd. The following result gives the form of the

Fourier transform of the kernel fn(·, t, x).

Lemma 3.1.5 (Lemma 2.5 of [3]). For any 0 < t1 < . . . < tn < t = tn+1 and for any
ξ1, . . . , ξn ∈ Rd, we have

Ffn(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)

=
n∏
k=1

exp

{
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2} exp

{
− i

t

( n∑
j=1

tjξj

)
· x
}

×
∫
Rd

exp
{
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

}
Gt(x− x0)u0(dx0).

Proof: Note that for any function ϕ ∈ L1(Rd), Fϕ(x−·)(ξ) = e−iξ·xFϕ(ξ). Hence

FGt(x− ·)(ξ) =

∫
Rd

e−iξ·yGt(x− y)dy = e−iξ·xFGt(ξ). (3.1.9)

We start with the dx1 integral. By equation (3.1.8) and (3.1.9), we have∫
Rd
e−iξ1·x1G(

1− t1
t2

)
t1

((
1− t1

t2

)
x0 +

t1
t2
x2 − x1

)
dx1

= exp

{
− iξ1 ·

[(
1− t1

t2

)
x0 +

t1
t2
x2

]}
FG(

1− t1
t2

)
t1

(ξ1).
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Next we calculate the dx2 integral. Using again (3.1.9):∫
Rd
e−iξ2·x2 exp

{
− iξ1 ·

(t1
t2
x2

)}
G(

1− t2
t3

)
t2

((
1− t2

t3

)
x0 +

t2
t3
x3 − x2

)
dx2

=

∫
Rd

exp

{
− i
(
ξ2 +

t1
t2
ξ1

)
· x2

}
G(

1− t2
t3

)
t2

((
1− t2

t3

)
x0 +

t2
t3
x3 − x2

)
dx2

= exp

{
− i
(
ξ2 +

t1
t2
ξ1

)
·
[(

1− t2
t3

)
x0 +

t2
t3
x3

]}
FG(

1− t2
t3

)
t2

(
ξ2 +

t1
t2
ξ1

)
.

We continue in this manner. In the last step, we find the following dxn integral:∫
Rd

exp

{
− i
(
ξn +

∑n−1
j=1 tjξj

tn

)
· xn
}
G(

1− tn
t

)
tn

((
1− tn

t

)
x0 +

tn
t
x− xn

)
dxn

= exp

{
− i
(
ξn +

∑n−1
j=1 tjξj

tn

)
·
[(

1− tn
t

)
x0 +

tn
t
x
]}
FG(

1− tn
t

)
tn

(
ξn +

∑n−1
j=1 tjξj

tn

)
.

Combining all these calculations above, it follows that

Ffn(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)

=
n∏
k=1

FG(
1− tk

tk+1

)
tk

(∑k
j=1 tjξj

tk

)
exp

{
− i

(
∑n

j=1 tjξj) · x
t

}∫
Rd
Gt(x− x0)

× exp

{
− i
[ n−1∑
j=1

(
1− tj

tn

)
ξj +

(
1− tn

t

)(
ξn +

∑n−1
j=1 tjξj

tn

)]
· x0

}
u0(dx0)

=
n∏
k=1

FG(
1− tk

tk+1

)
tk

(∑k
j=1 tjξj

tk

)
exp

{
− i

(
∑n

j=1 tjξj) · x
t

}∫
Rd
Gt(x− x0)

× exp

{
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

}
u0(dx0),

where for the last line, we used

n−1∑
j=1

(
1− tj

tn

)
ξj +

(
1− tn

t

)(
ξn +

∑n−1
j=1 tjξj

tn

)
=

n∑
j=1

(
1− tj

t

)
ξj.

Using (1.0.4), we have

FG(
1− tk

tk+1

)
tk

(∑k
j=1 tjξj

tk

)
= exp

{
− 1

2

(
1− tk

tk+1

)
tk

∣∣∣∣
∑k

j=1 tjξj

tk

∣∣∣∣2}.
This complete the proof.
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For the proof of Theorem 3.1.3, we need to show (3.1.5). Recall that the norm
of f ∈ H⊗nα is given by:

‖f‖2
H⊗nα

=

∫
[0,t]n

∫
[0,t]n

n∏
j=1

γ0(tj − sj) dt ds

∫
Rnd

µ(dξ1) . . . µ(dξn)

Ff(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn)Ff(s1, ·, . . . , sn, ·, t, x)(ξ1, . . . , ξn). (3.1.10)

We denote

E|Iαn (fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2
H⊗nα

=:
1

n!
kn(t, x).

With this notation, condition (3.1.5) becomes:∑
n≥0

1

n!
kn(t, x) <∞. (3.1.11)

Using the definition of the norm in H⊗nα , we see that

kn(t, x) =

∫
[0,t]2n

n∏
j=1

γ0(tj − sj)ψ(n)
t,x (t, s)dtds,

where

ψ
(n)
t,x (t, s) =

∫
Rnd

∫
Rnd

n∏
j=1

γ(xj − yj)g(n)
t,t,x(x1, . . . , xn)g

(n)
s,t,x(x1, . . . , xn)dxdy

=

∫
Rnd
Fg(n)

t,t,x(ξ1, . . . , ξn)Fg(n)
s,t,x(ξ1, . . . , ξn)µ(dξ1) . . . µ(dξn) (3.1.12)

and

g
(n)
t,t,x(x1, . . . , xn) = n!f̃n(t1, x1, . . . , tn, xn, t, x)

=
∑
ρ∈Sn

Gt−tρ(n)(x− xρ(n)) . . . Gtρ(2)−tρ(1)(xρ(2) − xρ(1))

× w
(
tρ(1), xρ(1)

)
1{0<tρ(1)<...<tρ(n)<t}.

To estimate kn(t, x), using Cauchy-Schwarz inequality and the fact ab ≤ 1
2
(a2 +

b2), we have

ψ
(n)
t,x (t, s) ≤

(
ψ

(n)
t,x (t, t)

)1/2(
ψ

(n)
t,x (s, s)

)1/2 ≤ 1

2

(
ψ

(n)
t,x (t, t) + ψ

(n)
t,x (s, s)

)
. (3.1.13)
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Hence, using relation (3.1.13) and applying Lemma 2.2.3 to the function h(t) =

ψ
(n)
t,x (t, t), we have

kn(t, x) ≤
∫

[0,t]2n

n∏
j=1

γ0(tj − sj)ψ(n)
t,x (t, t)dtds ≤ Γn0,t

∫
[0,t]n

ψ
(n)
t,x (t, t)dt

= Γn0,t
∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

ψ
(n)
t,x (t, t)dt. (3.1.14)

The next result gives an estimate for ψ
(n)
t,x (t, t).

Lemma 3.1.6 (Lemma 3.2 of [3]). If 0 < tρ(1) < . . . < tρ(n) < t =: tρ(n+1), then

ψ
(n)
t,x (t, t) ≤ w2(t, x)

∫
Rnd

exp

{
−

n∑
k=1

(
tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣∣2)}µ(dξ1) . . . µ(dξn).

Proof: Note that n!F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn) has the same expression as
Ffn(t1, ·, . . . , tn, ·, t, x)(ξ1, . . . , ξn) in which we replace (tj, ξj) by (tρ(j), ξρ(j)). This
expression is given by Lemma 3.1.5. By (3.1.12), we have

ψ
(n)
t,x (t, t) =

∫
Rnd

∣∣∣Fg(n)
t,t,x(ξ1, . . . , ξn)

∣∣∣2µ(dξ1) . . . µ(dξn)

= (n!)2

∫
Rnd

∣∣∣F f̃n(t1, x1, . . . , tn, xn, t, x)(ξ1, . . . , ξn)
∣∣∣2µ(dξ1) . . . µ(dξn)

=

∫
Rnd

∣∣∣∣ n∏
k=1

exp

{
− 1

2

tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣ k∑
j=1

tρ(j)ξρ(j)

∣∣∣2}∣∣∣∣2∣∣∣∣ exp

{
− i

t

( n∑
j=1

tρ(j)ξρ(j)

)
· x
}∣∣∣∣2

×
∣∣∣∣ ∫

Rd
exp

{
− i
[ n∑
j=1

(
1−

tρ(j)

t

)
ξρ(j)

]
· x0

}
Gt(x− x0)u0(dx0)

∣∣∣∣2µ(dξρ(1)) . . . µ(dξρ(n))

≤
∫
Rnd

exp

{
−

n∑
k=1

(
tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣∣ k∑
j=1

tρ(j)ξρ(j)

∣∣∣∣2)}

×
(∫

Rd
|Gt(x− x0)|u0(dx0)

)2

µ(dξρ(1)) . . . µ(dξρ(n))

= w2(t, x)

∫
Rnd

exp

{
−

n∑
k=1

(
tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣∣ k∑
j=1

tρ(j)ξρ(j)

∣∣∣∣2)}µ(dξρ(1)) . . . µ(dξρ(n)),

where we used the trivial inequality
∣∣∣ ∫ . . . u0(dx0)

∣∣∣2 ≤ ( ∫ | . . . |u0(dx0)
)2

.
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We return to (3.1.14). Using the change of variables t′j = tρ(j), ξ
′
j = ξρ(j) for all

j = 1, . . . , n (we denote t′n+1 = t) and Lemma 3.1.6, we see that

1

n!
kn(t, x) ≤ 1

n!
w2(t, x)Γn0,t

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t∫

Rnd
exp

{
−

n∑
k=1

(
tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣∣ k∑
j=1

tρ(j)ξρ(j)

∣∣∣∣2)}µ(dξρ(1)) . . . µ(dξρ(n))dt

= Γn0,tw
2(t, x)

∫
0<t1<...<tn<t

I
(n)
t (t1, . . . , tn)dt, (3.1.15)

where

I
(n)
t (t1, . . . , tn) =

∫
Rnd

exp

{
−

n∑
k=1

(
tk+1 − tk
tk+1tk

∣∣∣∣ k∑
j=1

tjξj

∣∣∣∣2)}µ(dξ1) . . . µ(dξn).

(3.1.16)
We now use the following maximum principle to continue studying αn(t, x).

Lemma 3.1.7 (Lemma 3.4 of [3]). Let µ be a tempered measure on Rd such that
its Fourier transform in S ′C(Rd) is a locally integrable function γ, i.e. (2.1.1) holds.

Assume that γ is non-negative. Then for any ψ ∈ S(Rd) such that ψ ∗ ψ̃ is non-

negative, where ψ̃(x) = ψ(−x) for all x ∈ Rd, we have:

sup
η∈Rd

∫
Rd

∣∣Fψ(ξ + η)
∣∣2µ(dξ) =

∫
Rd

∣∣Fψ(ξ)
∣∣2µ(dξ). (3.1.17)

In particular, for any a > 0 and t > 0,

sup
η∈Rd

∫
Rd
e−a|tξ+η|

2

µ(dξ) =

∫
Rd
e−a|tξ|

2

µ(dξ). (3.1.18)

Now we introduce some new notations. Following [16], define

kα(t) := Cd,α

∫
Rd
|z|−(d−α)Gt(z)dz,

where Cd,α is given by relation (2.0.4). By (1.0.4) and (2.1.1), we see that

kα(t) =

∫
Rd

exp
(
− t|ξ|2

2

)
|ξ|−αdξ. (3.1.19)
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Using the change of variable ξ′ =
√
tξ, then dξ = t−d/2dξ′, it follows that

kα(t) =

∫
Rd
e−t|ξ|

2/2|ξ|−αdξ =

∫
Rd
e−|ξ

′|/2tα/2|ξ′|−αt−d/2dξ′ = t−(d−α)/2C
(1)
d,α, (3.1.20)

where

C
(1)
d,α :=

∫
Rd
e−|ξ|

2/2|ξ|−αdξ =
cd
2

Γ
(d− α

2

)
. (3.1.21)

See (2.3.28) with t = 1.

Lemma 3.1.8 (Lemma 3.5 of [3]). For any 0 < t1 < . . . < tn < t := tn+1, we have
that

I
(n)
t (t1, . . . , tn) ≤

n∏
j=1

kα

(
2(tj+1 − tj)tj

tj+1

)
.

Proof: Let ai = ti+1−ti
ti+1ti

, for all i = 1, . . . , n. Then

I
(n)
t (t1, . . . , tn) =

∫
Rnd

exp

{
−

n∑
k=1

ak

∣∣∣ k∑
j=1

tjξj

∣∣∣2}µ(dξ1) . . . µ(dξn)

=
(∫

Rd
e−a1|t1ξ1|

2

µ(dξ1)
)
×
(∫

Rd
e−a2|t1ξ1+t2ξ2|2µ(dξ2)

)
× . . .×

(∫
Rd
e−an|t1ξ1+...+tnξn|2µ(dξn)

)
.

For the the last integral, we note that for any ξ1, . . . , ξn−1 ∈ Rd, by Lemma 3.1.7,∫
Rd
e−an|t1ξ1+...+tnξn|2µ(dξn) ≤

∫
Rd
e−an|tnξn|

2

µ(dξn) = kα

(
2(tn+1 − tn)tn

tn+1

)
.

The other integrals are estimated similarly.

Coming back to (3.1.15) and using Lemma 3.1.8, we obtain:

1

n!
kn(t, x) ≤ Γn0,tw

2(t, x)

∫
Tn(t)

I
(n)
t (t1, . . . , tn)dt

≤ Γn0,tw
2(t, x)

∫
Tn(t)

n∏
j=1

kα

(
2(tj+1 − tj)tj

tj+1

)
dt

= Γn0,tw
2(t, x)

∫
Tn(t)

C
(1)
d,α

(2(t2 − t1)t1
t2

)−(d−α)/2

. . . C
(1)
d,α

(2(t− tn)tn
t

)−(d−α)/2

dt

= Γn0,tw
2(t, x)

(
C

(1)
d,α

)n
2−(d−α)n/2t(d−α)/2

∫
Tn(t)

[
t1(t2 − t1) . . . (t− tn)

]−(d−α)/2
dt,

(3.1.22)

where for the second last line, we used (3.1.20).
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Lemma 3.1.9 (Lemma 4.1 of [3]). For any h > −1, we have∫
0<t1<...<tn<t

[
t1(t2 − t1) . . . (t− tn)

]h
dt1 . . . dtn =

Γ(h+ 1)n+1

Γ
(

(n+ 1)(h+ 1)
)tn(h+1)+h.

We are ready to prove Theorem 3.1.3.

Proof of Theorem 3.1.3: By Theorem 3.1.2, to prove the existence of solution,
we have to show that relation (3.1.11) holds. Using (3.1.22) and Lemma 3.1.9, we
have:

1

n!
kn(t, x) ≤ Γn0,tw

2(t, x)
(
C

(2)
d,α

)n Γ
(
1− d−α

2

)n+1

Γ
(
(n+ 1)(1− d−α

2
)
)tn(1− d−α

2
), (3.1.23)

where C
(2)
d,α = C

(1)
d,α2−(d−α)/2. Note that to apply Lemma 3.1.9, we need to impose

condition that α > d − 2. By Lemma A.1.4, there exists constants C
(3)
d,α > 0 and

C
(4)
d,α > 0 such that

1

n!
kn(t, x) ≤ Γn0,tw

2(t, x)
(
C

(2)
d,α

)n Γ
(
1− d−α

2

)n+1

Γ
(
n(1− d−α

2
) + 1− d−α

2

)tn(1− d−α
2

)

= Γn0,tw
2(t, x)

(
C

(3)
d,α

)n 1

Γ
(
n(1− d−α

2
) + 1− d−α

2

)tn(1− d−α
2

)

≤ Γn0,tw
2(t, x)

(
C

(4)
d,α

)n
tn(1− d−α

2
) 1

(n!)1− d−α
2

. (3.1.24)

With relation (3.1.24) and Lemma A.1.6, the upper bound for the second moment of
solution uα can be found as follows:

E|uα(t, x)|2 =
∑
n≥0

E|Iαn (fn(·, t, x))|2 ≤ Γn0,tw
2(t, x)

(
C

(4)
d,α

)n∑
n≥0

tn(1− d−α
2

)

(n!)1− d−α
2

< C1e
C2t,

where C1, C2 are some positive constants. This proves the existence of solution.

Next, we prove (3.1.6). Using Minkowski inequality, hypercontractivity and re-
lation (3.1.24), we obtain

‖uα(t, x)‖p =
∥∥∑
n≥0

Iαn (fn(·, t, x))
∥∥
p
≤
∑
n≥0

∥∥Iαn (fn(·, t, x))
∥∥
p

≤
∑
n≥0

(p− 1)n/2
∥∥Iαn (fn(·, t, x))

∥∥
2
≤ w(t, x)

∑
n≥0

(p− 1)n/2
(

Γn0,t
(
C

(4)
d,α

)n
tn(1− d−α

2
) 1

(n!)1− d−α
2

)1/2
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= w(t, x)
∑
n≥0

(√
(p− 1)Γ0,tC

(4)
d,α t

(1− d−α
2

)
)n

(n!)(1− d−α
2

)/2

≤ C3w(t, x) exp
(
C4(p− 1)

2
2−(d−α) Γ

2
2−(d−α)
0,t

(
C

(4)
d,α

) 2
2−(d−α) t

)
,

where we used Lemma A.1.6 for the last inequality. This proves (3.1.6).

Remark 3.1.10. If γ0 = αH0|t|2H0−2 for someH0 ∈ (0, 1/2), then Γ0,t = 2
∫ t

0
H0(2H0−

1)s2H0−2 = 2H0t
2H0−1, and relation (3.1.6) become

E|uα(t, x)|p ≤ C(3)wp(t, x) exp
(
C(4) p

4−(d−α)
2−(d−α) t

4H0−(d−α)
2−(d−α)

)
,

which coincides with (2.2.16) in Theorem 2.2.6.

3.2 Uniform moment estimates

In this section, we include some estimates for the moments of the increments of
the solution to equation (3.0.1) with the noise Wα introduced in Section 2.1. The
result below is essentially given by Theorem 1.3 of [3], and will be used in the proof
of tightness in Section 3.3. We include the details of the proof since we need the
explicit form of the constants, and also because we correct a mistake from the proof
of Theorem 1.3 of [3].

Theorem 3.2.1. Let uα be the solution to equation (3.0.1) with noise Wα as in
Section 3.1. Let K be a compact set contained in Rd and [a, b] be a compact set such
that

max{d− 2, 0} < a < b < d.

We fix T > t0 > 0. For any p ≥ 2, d0 ∈ (0, 1− d−a
2

) and β ∈ (d−a
2

+ d0, 1), there exist
positive constants C1 and C2 (depending on d, t0, T , p, a, b, d0, and β) such that for
any t′, t ∈ [t0, T ] and x′, x ∈ K, we have

sup
α∈[a,b]

E|uα(t′, x)− uα(t, x)|p ≤ C1|t′ − t|
p(1−β)

2 (3.2.1)

and
sup
α∈[a,b]

E|uα(t, x′)− uα(t, x)|p ≤ C2|x′ − x|p(1−β). (3.2.2)

Proof: We proceed as Step 1 in the proof of Theorem 2.3.1. A road map of this
proof is the following: {

Step 1: The time increments

Step 2: The space increments
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Step 1: We start with the time increments. Fix 0 < t0 < T . Let t, t′ ∈ [t0, T ]
and x ∈ K be arbitrary. Assume that h = t′ − t > 0 (The case h < 0 is similar). We
use (2.3.21).

We study A
(α)
n (t, h) first. By (2.3.25), we know that

A(α)
n (t, h) ≤ Γn0,t

∫
[0,t]n

ψ
(α)
t,h,n(t, t)dt = Γn0,t

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

ψ
(α)
t,h,n(t, t)dt. (3.2.3)

We estimate ψ
(α)
t,h,n(t, t). Assume for simplicity that 0 < t1 < . . . < tn < t. Using

Lemma 3.1.5, we obtain the following estimates (which is a correction of the one given
in the proof of Lemma B.3 of [3]):∣∣∣F(g(n)

t (·, t+ h, x)− g(n)
t (·, t, x)

)
(ξ1, . . . , ξn)

∣∣∣
=

n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)(I1 − I2)

≤
n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) · (I(1)
1

∣∣I(2)
1 − I

(2)
2

∣∣+
∣∣I(2)

2

∣∣∣∣I(1)
1 − I

(1)
2

∣∣)
=: K1 +K2 (3.2.4)

where I1 = I
(1)
1 × I

(2)
1 and I2 = I

(1)
2 × I

(2)
2 , with

I
(1)
1 = exp

(
− 1

2

t+ h− tn
tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
I

(2)
1 =

∫
Rd

exp

(
− i

t+ h

( n∑
j=1

tjξj

)
· x
)

exp
(
− i
[ n∑
j=1

(
1− tj

t+ h

)
ξj

]
· x0

)
Gt+h(x− x0)u0(dx0)

=

∫
Rd

exp

(
− i
( n∑
j=1

ξj

)
· x0

)
exp

(
− i

t+ h

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt+h(x− x0)u0(dx0)

I
(1)
2 = exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
I

(2)
2 =

∫
Rd

exp

(
− i

t

( n∑
j=1

tjξj

)
· x
)

exp
(
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

)
Gt(x− x0)u0(dx0)



3. PAM WITH REGULAR NOISE AND GENERAL INITIAL CONDITION 67

=

∫
Rd

exp
(
− i
( n∑
j=1

ξj

)
· x0

)
exp

(
− i

t

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt(x− x0)u0(dx0).

We first consider K1. Note that∣∣∣I(2)
1 − I

(2)
2

∣∣∣ =

∣∣∣∣ ∫
Rd

exp
(
− i
( n∑
j=1

ξj

)
· x0

){
exp

(
− i

t+ h

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt+h(x− x0)

− exp
(
− i

t

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt(x− x0)

}
u0(dx0)

∣∣∣∣
≤
∫
Rd

∣∣∣∣ exp
(
− i

t+ h

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt+h(x− x0)

− exp
(
− i

t

( n∑
j=1

tjξj

)
· (x− x0)

)
Gt(x− x0)

∣∣∣∣u0(dx0) ≤ T1 + T2 (3.2.5)

where

T1 =

∫
Rd

∣∣∣∣ exp
(
− i

t+ h

( n∑
j=1

tjξj

)
· (x− x0)

)∣∣∣∣∣∣∣∣Gt+h(x− x0)−Gt(x− x0)

∣∣∣∣u0(dx0)

≤
∫
Rd

∣∣∣∣Gt+h(x− x0)−Gt(x− x0)

∣∣∣∣u0(dx0)

and

T2 =

∫
Rd

∣∣∣∣ exp
(
− i

t+ h

( n∑
j=1

tjξj

)
· (x− x0)

)
− exp

(
− i

t

( n∑
j=1

tjξj

)
· (x− x0)

)∣∣∣∣Gt(x− x0)u0(dx0).

We study T1 first. We use the inequality 1−e−x ≤ xθ for any x > 0 and θ ∈ [0, 1].
Here θ is a constant which will be chosen later. Then, for any t ∈ [t0, T ], we have

T1 ≤
1

(2πt)d/2

∫
Rd

∣∣∣e− |x−x0|22(t+h) − e−
|x−x0|

2

2t

∣∣∣u0(dx0) =
1

(2πt)d/2

∫
Rd
e−
|x−x0|

2

2(t+h)

∣∣∣1− e−h|x−x0|22t(t+h)

∣∣∣u0(dx0)

≤ 1

(2πt)d/2

∫
Rd
e−
|x−x0|

2

2(t+h)

(h|x− x0|2

2t(t+ h)

)θ
u0(dx0)

≤ hθ
1

(2πt)d/2
1

(2t2)θ

∫
Rd
e−
|x−x0|

2

2T |x− x0|2θu0(dx0) ≤ hθCt0,d,θ,T . (3.2.6)
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Note that the last integral is finite due to condition (3.0.2), since∫
|x−x0|≤1

exp
(
− |x− x0|2

2T

)
|x− x0|θu0(dx0) ≤

∫
|x−x0|≤1

exp
(
− |x− x0|2

2T

)
u0(dx0) <∞

and ∫
|x−x0|>1

exp
(
− |x− x0|2

2T

)
|x− x0|θu0(dx0)

≤
∫
|x−x0|>1

exp
(
− |x− x0|2

2T

)
exp

(
c|x− x0|θ

)
u0(dx0) <∞,

using the fact that xθ ≤ ecx for any x > 0 and c > 0.

For the term T2, using the fact that
∣∣e−ia − e−ib∣∣ ≤ |e−ia||1− e−i(b−a)| ≤ |b− a|θ,

for all θ ∈ [0, 1], we have:

T2 ≤
∫
Rd

∣∣∣∣
(∑n

j=1 tjξj

)
· (x− x0)

t
−

(∑n
j=1 tjξj

)
· (x− x0)

t+ h

∣∣∣∣θGt(x− x0)u0(dx0)

=

∫
Rd

∣∣∣∣h
(∑n

j=1 tjξj

)
· (x− x0)

t(t+ h)

∣∣∣∣θGt(x− x0)u0(dx0)

≤ hθ
1

t2θ

∣∣∣ n∑
j=1

tjξj

∣∣∣θ ∫
Rd
|x− x0|θGt(x− x0)u0(dx0) ≤ hθCt0,θ

∣∣∣ n∑
j=1

tjξj

∣∣∣θ. (3.2.7)

Combining relations (3.2.5), (3.2.6) and (3.2.7), we infer that there exist a con-

stant C
(1)
t0,d,θ,T

such that

K1 ≤
n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)× exp
(
− 1

2

t+ h− tn
tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
×
(
hθCt0,d,θ,T + hθCt0,θ

∣∣∣ n∑
j=1

tjξj

∣∣∣θ)
≤ hθC

(1)
t0,d,θ,T

n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
× exp

(
− 1

2

t+ h− tn
tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)× (1 +
∣∣∣ n∑
j=1

tjξj

∣∣∣θ)
≤ hθC

(1)
t0,d,θ,T

n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
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× exp
(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)× (1 +
∣∣∣ n∑
j=1

tjξj

∣∣∣θ)
where for the last inequality, we used the fact that

t+ h− tn
tn(t+ h)

=
1

tn
− 1

t+ h
>

1

tn
− 1

t
=
t− tn
tnt

.

We need the following inequality: for any A > 0 and θ > 0, there exists a constant
Cθ > 0 depending on θ such that

e−Ax
2

x2θ ≤ CθA
−θe−

A
2
x2 , for all x ≥ 0. (3.2.8)

(See relation (5.2) in [3]). Using inequality (3.2.8) with A = t−tn
tnt

and x =
∣∣∣∑n

j=1 tjξj

∣∣∣,
we obtain:

exp
(
− t− tn

tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)∣∣∣ n∑
j=1

tjξj

∣∣∣2θ ≤ Cθ

(t− tn
tnt

)−θ
exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2).
(3.2.9)

Note that for any t ∈ [t0, T ], we have(t− tn
tnt

)−θ
≤ T 2θ(t− tn)−θ. (3.2.10)

Hence, denoting tn+1 = t, by relations (3.2.9) and (3.2.10), we have

K2
1 ≤ h2θ

(
C

(1)
t0,d,θ,T

)2
{ n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
+

n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)× exp
(
− t− tn

tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)× ∣∣∣ n∑
j=1

tjξj

∣∣∣2θ}

≤ h2θ
(
C

(1)
t0,d,θ,T

)2
{ n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
+

n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)× Cθ(t− tn
tnt

)−θ
exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)}

≤ h2θC
(2)
t0,d,θ,T

n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)[1 + (t− tn)−θ
]
. (3.2.11)
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We consider next the term K2. Note that using the fact that (1 − e−x)2 ≤
1− e−x ≤ xθ for all x > 0 and θ ∈ [0, 1], for any t ∈ [t0, T ], we get:∣∣∣I(1)

1 − I
(1)
2

∣∣∣2 =

∣∣∣∣ exp
(
− 1

2

t+ h− tn
tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)− exp
(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)∣∣∣∣2
= exp

(
− t− tn

tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)∣∣∣∣1− exp
(
− 1

2

h

t(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2))∣∣∣∣2
≤ exp

(
− t− tn

tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)(1

2

h

t(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)θ
≤ hθCt0,θ exp

(
− t− tn

tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)∣∣∣ n∑
j=1

tjξj

∣∣∣2θ
≤ hθCt0,θ,T

(t− tn
tnt

)−θ
exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2), (3.2.12)

where we used relation (3.2.9) for the last inequality. Moreover, we see that

|I(2)
2 | ≤

∫
Rd

∣∣∣ exp
(
− i
( n∑
j=1

ξj

)
· x0

)
exp

(
− i

t

( n∑
j=1

tjξj

)
· (x− x0)

)∣∣∣Gt(x− x0)u0(dx0)

≤ w(t, x). (3.2.13)

Therefore, by (3.2.10), (3.2.12) and (3.2.13), we obtain:

K2
2 ≤

n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)w2(t, x)hθ
(t− tn

tnt

)−θ
Ct0,θ,T exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
≤ hθC

(3)
t0,d,θ,T

(t− tn)−θ
n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2), (3.2.14)

where for the last inequality, we use the fact that w(t, x) is uniformly bounded by a
constant Ct0,d in [t0, T ]×K (by Lemma B.2 of [3] which says that w(t, x) is continuous
on (0,∞) × Rd). Note that K2

1 is bounded by a factor of h2θ, while K2
2 is bounded

by a factor of hθ, and hθ dominates.

We continue to estimate ψ
(α)
t,h,n(t, t). Using (3.2.11), (3.2.14) and recalling the

definition of kα(t) in (3.1.19), we have

ψ
(α)
t,h,n(t, t) =

∫
(Rd)n

∣∣∣F(g(n)
t (·, t+ h, x)− g(n)

t (·, t, x)
)

(ξ1, . . . , ξn)
∣∣∣2 n∏
k=1

|ξk|−αdξ
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≤
∫

(Rd)n
2(K2

1 +K2
2)

n∏
k=1

|ξk|−αdξ

= hθ2
(
C

(2)
t0,d,θ,T

+ C
(2)
t0,d,θ,T

(t− tn)−θ + C
(3)
t0,d,θ,T

(t− tn)−θ
)

∫
(Rd)n

n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) n∏
k=1

|ξk|−αdξ

≤ hθC
(4)
t0,d,θ,T

(t− tn)−θ
∫

(Rd)n
exp

(
−

n∑
k=1

tk+1

2
− tk

2
tk+1

2
tk
2

∣∣∣ k∑
j=1

tj
2
ξj

∣∣∣2) n∏
k=1

|ξk|−αdξ (3.2.15)

≤ hθC
(4)
t0,d,θ,T

(t− tn)−θ
n∏
j=1

kα

(2(
tj+1

2
− tj

2
)(
tj
2

)
tj+1

2

)
= hθC

(4)
t0,d,θ,T

(t− tn)−θ
(
C

(1)
d,α

)n
t(d−α)/2

[
t1(t2 − t1) . . . (t− tn)

]−(d−α)/2
, (3.2.16)

where for the last inequality, we used Lemma 3.1.8 and for the last equation, we used
(3.1.22). A similar estimate holds in the case tρ(1) < . . . < tρ(n), replacing tj by tρ(j).

Note that C
(1)
d,α (defined in (3.1.21)) can be bounded by some constant. To see this,

we use the inequality e−x ≤ 1
1+x

for all x ≥ 0. Similarly to the proof of Lemma A.2.1,
for any α ∈ [a, b], we know

C
(1)
d,α =

∫
Rd
e−|ξ|

2/2|ξ|−αdξ ≤
∫
Rd

2

2 + |ξ|2
|ξ|−αdξ ≤ cd

( 1

d− α
+

2

2− (d− α)

)
≤ Cd,a,b.

(3.2.17)

We return to relation (3.2.3). Let t′j = tρ(j) for all j = 1, . . . , n and t = tρ(n)+1.
By relations (3.2.16) and (3.2.17),

A(α)
n (t, h) ≤ hθΓn0,t n!C

(4)
t0,d,θ,T

Cn
d,a,bt

(d−α)/2∫
0<t1<...<tn<t

[
t1(t2 − t1) . . . (tn − tn−1)

]− d−α
2 (t− tn)−

d−α
2
−θdt

= hθΓn0,t n!C
(4)
t0,d,θ,T

Cn
d,a,bt

d−α
2

Γ
(
1− d−α

2

)n
Γ
(
n(1− d−α

2
)
) ∫ t

0

t
(n−1)(1− d−α

2
)− d−α

2
n (t− tn)−

d−α
2
−θdtn

≤ hθΓn0,t n!C
(4)
t0,d,θ,T

Cn
d,a,b

Γ
(
1− d−α

2

)n
Γ
(
n(1− d−α

2
)
)t d−α2 t(n−1)(1− d−α

2
)

∫ t

0

t
− d−α

2
n (t− tn)−

d−α
2
−θdtn

= hθΓn0,t n!C
(4)
t0,d,θ,T

Cn
d,a,b

Γ
(
1− d−α

2

)n
Γ
(
n(1− d−α

2
)
)tn(1− d−α

2

)
−θΓ(1− d−α

2
)Γ(1− d−α

2
− θ)

Γ(2− (d− α)− θ)
(3.2.18)
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where we used Lemma 3.1.9 in the first equality. For the last equality we used the
identity: for any a > −1, b > −1∫ t

0

sa(1− s)bds = ta+b+1 Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
.

For this calculation, we need θ < 1− d−α
2

. But we also need to bound Γ(1− d−α
2
− θ)

for all α ∈ [a, b]. Since 1 − d−α
2

> 1 − d−a
2

> θ, 1 − d−α
2
− θ can in principle be

very close to 0 where the Γ function explodes. Therefore, we have to choose first a
constant d0 ∈ (0, 1− d−a

2
), and then choose

0 < θ < 1− d− a
2
− d0. (3.2.19)

With this choice, 1− d−α
2
− θ > d0 for all α ∈ [a, b], and since Γ is decreasing on [0, 1],

Γ
(

1− d−α
2
− θ
)
< Γ(d0), for all α ∈ [a, b]. This means that we can take

θ = 1− β,

where β is arbitrary such that

d− a
2

+ d0 < β < 1

and d0 ∈ (0, 1− d−a
2

) is arbitrary. This specifies our choice of θ.

Note that for any α ∈ [a, b] ⊂ (max{d− 2, 0}, d),

1− d− a
2

< 1− d− α
2

< 1− d− b
2

and since Γ is decreasing on (0, 1), we have Γ
(

1 − d−α
2

)
< Γ

(
1 − d−a

2

)
. For the

denominator of (3.2.18),

1− d− a
2
− d0 ≤ 1− d− α

2
− d0 ≤ 2− (d− α)− θ ≤ 2− (d− b)

and Γ(2 − (d − α) − θ) ≥ min
{

Γ
(
1 − d−a

2
− d0

)
,Γ
(
2 − (d − b)

)}
=: c. By Lemma

A.1.4, we have

1

Γ
(
n
(
1− d−α

2

)) ≤ 1

Γ
(
n
(
1− d−a

2

)) ≤ (c(1)
)n 1

(n!)1− d−a
2

, (3.2.20)

Γ
(

1− d− α
2

)n
≤ Γ

(
1− d− a

2

)n
, (3.2.21)
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and

tn
(

1− d−α
2

)
−θ ≤ (T ∨ 1)n

(
1− d−b

2

)
−θ. (3.2.22)

We come back to (3.2.18). Putting together relations (3.2.20), (3.2.21) and
(3.2.22), we have

A(α)
n (t, h) ≤ hθΓn0,t n!C

(5)
t0,d,θ,T

Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

(T ∨ 1)n
(

1− d−b
2

)
−θ. (3.2.23)

Hence

sup
α∈[a,b]

∑
n≥1

(p− 1)n/2
( 1

n!
A(α)
n (t, h)

)1/2

≤ C
(1)
d,t0,T,p,a,b,β

hθ/2, (3.2.24)

where C
(1)
d,t0,T,p,a,b,β

is a constant depending on d, t0, T , p, a, b and β.

As for the term B
(α)
n (t, h), by (2.3.36)

B(α)
n (t, h) ≤ Γn0,t+h

∫
[0,t+h]n

γ
(α)
t,h,n(t, t)1Dt,h(t) dt

= Γn0,t+h
∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n), t<tρ(n)<t+h

γ
(α)
t,h,n(t, t)dt. (3.2.25)

We estimate γ
(α)
t,h,n(t, t). Assume for simplicity that 0 < t1 < . . . < tn, and

t < tn < t+ h. By Lemma 3.1.5, we have∣∣Fg(n)
t (·, t+ h, x)(ξ1, . . . , ξn)

∣∣2
=

∣∣∣∣ n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) exp
(
− 1

2

t+ h− tn
tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
exp

(
− i

t+ h

( n∑
j=1

tjξj

)
· x
)∫

Rd
exp

(
− i
[ n∑
j=1

(
1− tj

t+ h

)
ξj

]
· x0

)
Gt+h(x− x0)u0(dx0)

∣∣∣∣2

≤ w2(t+ h, x)
n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) exp
(
− t+ h− tn

tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
and hence for any (t, x) ∈ [t0, T ]×K,

γ
(α)
t,h,n(t, t) ≤ Ct0,d

∫
(Rd)n

n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
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exp
(
− t+ h− tn

tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2) n∏
j=1

|ξj|−αdξj. (3.2.26)

A similar estimate holds if tρ(1) < . . . < tρ(n) < t + h. By relations (3.2.25) and
(3.2.26), it follows that

B(α)
n (t, h)

≤ Γn0,t+hCt0,d
∑
ρ∈Sn

∫ t+h

t

∫
0<tρ(1)<...<tρ(n)

(∫
(Rd)n

n−1∏
k=1

exp
(
−
tρ(k+1) − tρ(k)

tρ(k)tρ(k+1)

∣∣∣ k∑
j=1

tρ(j)ξj

∣∣∣2)
exp

(
−
t+ h− tρ(n)

tρ(n)(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2) n∏
j=1

|ξj|−αdξj

)
dt

= Γn0,t+hCt0,d n!

∫ t+h

t

∫
0<t1<...<tn

(∫
(Rd)n

n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
exp

(
− t+ h− tn

tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2) n∏
j=1

|ξj|−αdξj

)
dt

= Γn0,t+hCt0,d n!

∫ t+h

t

∫
0<t1<...<tn

I
(n)
t+h(t1, . . . , tn) dt1 . . . dtn−1dtn, (3.2.27)

where we recall the definition of I
(n)
t+h(t1, . . . , tn) is given in (3.1.16). Using Lemma

3.1.8 and relation (3.1.22), we have

I
(n)
t+h(t1, . . . , tn) ≤

n−1∏
j=1

kα

(
2(tj+1 − tj)tj

tj+1

)
× kα

(
2(t+ h− tn)tn

t+ h

)
=
(
C

(1)
d,α

)n
2−(d−α)n/2

[
t1(t2 − t1) . . . (tn − tn−1)

]−(d−α)/2
(t+ h− tn

t+ h

)−(d−α)/2

≤ Cn
d,a,b

[
t1(t2 − t1) . . . (tn − tn−1)

]−(d−α)/2
(t+ h− tn

t+ h

)−(d−α)/2

. (3.2.28)

Using Lemma 3.1.9, relations (3.2.20) and (3.2.21), we have∫
0<t1<...<tn

[
t1(t2 − t1) . . . (tn − tn−1)

]−(d−α)/2
dt1 . . . dtn−1

=
Γ
(

1− d−α
2

)n
Γ
(
n
(
1− d−α

2

))t(n−1)
(

1− d−α
2

)
− d−α

2
n ≤

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

t
(n−1)

(
1− d−α

2

)
− d−α

2
n .

(3.2.29)
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We return to relation (3.2.27). Using the change of variable s = t + h − tn, by
(3.2.28) and (3.2.29), we have

B(α)
n (t, h)

≤ Γn0,t+hCt0,d n!Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

∫ t+h

t

t
(n−1)

(
1− d−α

2

)
− d−α

2
n

(t+ h− tn
t+ h

)−(d−α)/2

dtn

= Γn0,t+hCt0,d n!Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

( 1

t+ h

)−(d−α)/2
∫ h

0

(t+ h− s)n
(

1− d−α
2

)
−1s−(d−α)/2ds

≤ Γn0,t+hCt0,d n!Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

( 1

t+ h

)−(d−α)/2

T n
(

1− d−α
2

)
−1

∫ h

0

s−(d−α)/2ds

≤ Γn0,t+hCt0,d n!Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

(t+ h)(d−α)/2T n
(

1− d−α
2

)
−1 2

2− (d− α)
h1−(d−α)/2

≤ Γn0,t+hCt0,d n!Cn
d,a,b

(
c(1)
)nΓ

(
1− d−a

2

)n
(n!)1− d−a

2

T (n−1)
(

1− d−b
2

)
2

2− (d− a)
hθ, (3.2.30)

for any h ∈ (0, 1), θ ∈
(
0, 1− d−a

2

)
and α ∈ [a, b]. Therefore,

sup
α∈[a,b]

∑
n≥1

(p− 1)n/2
( 1

n!
B(α)
n (t, h)

)1/2

≤ C
(2)
d,t0,T,p,a,b

hθ/2, (3.2.31)

where C
(2)
d,t0,T,p,a,b

is a constant depending on d, t0, T , p, a and b.

Combining relations (3.2.24) and (3.2.31), it follows that relation (3.2.1) holds.

Step 2: Now we treat the spatial increments. For any x, x′ ∈ K, we let z = x′−x.
We use (2.3.41). By (2.3.44),

C(α)
n (t, z) ≤ Γn0,t

∫
[0,t]n

Ψ
(α)
t,z,n(t, t) dt. (3.2.32)

We estimate Ψ
(α)
t,z,n(t, t). Assume for simplicity that 0 < t1 < . . . < tn < tn+1 = t.

Using Lemma 3.1.5, we obtain(
Fg(n)

t (·, t, x+ z)−Fg(n)
t (·, t, x)

)
(ξ1, . . . , ξn)

=
n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)(J1 + J2) (3.2.33)
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where

J1 :=

(
exp

(
− i

t

( n∑
j=1

tjξj

)
· (x+ z)

)
− exp

(
− i

t

( n∑
j=1

tjξj

)
· x
))

∫
Rd

exp
(
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

)
Gt(x+ z − x0)u0(dx0)

J2 := exp
(
− i

t

( n∑
j=1

tjξj

)
· x
)

∫
Rd

exp
(
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

)(
Gt(x+ z − x0)−Gt(x− x0)

)
u0(dx0).

We study J1 first. We use the fact that |1 − e−ix|2 ≤ x2θ, for any θ ∈ (0, 1).
Hence, we get

J2
1 ≤

∣∣∣∣ exp
(
− i

t

( n∑
j=1

tjξj

)
· z
)
− 1

∣∣∣∣2(∫
Rd
Gt(x+ z − x0)u0(dx0)

)2

≤
∣∣∣(∑n

j=1 tjξj

t

)
· z
∣∣∣2θw2(t, x+ z) ≤ C

(5)
t0,d,θ,T

∣∣∣ n∑
j=1

tjξj

∣∣∣2θ|z|2θ, (3.2.34)

using the fact that w(t, x) is uniformly bounded on compact sets.

Next, we consider J2. We will use the following inequality (given by Lemma 4.1
of [15]): for any α ∈ (0, 1],∣∣Gt(x)−Gt(y)

∣∣ ≤ Cα
tα/2

[
G2t(x) +G2t(y)

]
|x− y|α,

for any t > 0 and x, y ∈ Rd, where Cα > 0 is a constant depending on α. Using above
inequality, we have

J2
2 ≤

∣∣∣ ∫
Rd

exp
(
− i
[ n∑
j=1

(
1− tj

t

)
ξj

]
· x0

)(
Gt(x+ z − x0)−Gt(x− x0)

)
u0(dx0)

∣∣∣2
≤
(∫

Rd

∣∣∣Gt(x+ z − x0)−Gt(x− x0)
∣∣∣u0(dx0)

)2

≤
(∫

Rd

Cθ
tθ/2
[
G2t(x+ z − x0) +G2t(x− x0)

]
|z|θu0(dx0)

)2

≤ |z|2θCθ
tθ0

(
w(2t, x+ z) + w(2t, x)

)2

≤ C
(6)
t0,d,θ,T

|z|2θ, (3.2.35)
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where we use the fact that w(t, x) is uniformly bounded in [t0, T ]×K.

We come back to relation (3.2.33). Combining relations (3.2.34) and (3.2.35), it

follows that there exists a constant C
(7)
t0,d,θ,T

> 0 depending on t0, d, θ and T such that∣∣∣(Fg(n)
t (·, t, x+ z)−Fg(n)

t (·, t, x)
)
(ξ1, . . . , ξn)

∣∣∣2
≤ 2

n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)(J2
1 + J2

2

)
≤ |z|2θC(7)

t0,d,θ,T
(F1 + F2), (3.2.36)

where

F1 :=
n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)∣∣∣ n∑
j=1

tjξj

∣∣∣2θ,
and

F2 :=
n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2).
We only need to study F1. Using relations (3.2.9) and (3.2.10), we obtain

F1 ≤
n−1∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
× Cθ

(t− tn
tnt

)−θ
exp

(
− 1

2

t− tn
tnt

∣∣∣ n∑
j=1

tjξj

∣∣∣2)
≤

n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)CθT 2θ(t− tn)−θ. (3.2.37)

By (3.2.36) and (3.2.37), we get:

Ψ
(α)
t,z,n(t, t) =

∫
(Rd)n

∣∣∣F(g(n)
t (·, t, x+ z)− g(n)

t (·, t, x)
)

(ξ1, . . . , ξn)
∣∣∣2 n∏
k=1

|ξk|−αdξ

≤ |z|2θC(7)
t0,d,θ,T

(
CθT

2θ(t− tn)−θ
∫

(Rd)n

n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) n∏
k=1

|ξk|−αdξ

+

∫
(Rd)n

n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2) n∏
k=1

|ξk|−αdξ

)
(3.2.38)
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≤ |z|2θC(8)
t0,d,θ,T

(
(t− tn)−θ

n∏
j=1

kα

(2(
tj+1

2
− tj

2
)(
tj
2

)
tj+1

2

)
+

n∏
j=1

kα

(2(tj+1 − tj)tj
tj+1

))
= |z|2θC(9)

t0,d,θ,T

(
C

(1)
d,α

)n
t(d−α)/2([

t1(t2 − t1) . . . (t− tn)
]−(d−α)/2

(t− tn)−θ +
[
t1(t2 − t1) . . . (t− tn)

]−(d−α)/2
)
,

where for the last inequality we used Lemma 3.1.8 and for the last equality we used
(3.1.22). Similarly to relation (3.2.23), we obtain:

C(α)
n (t, z) ≤ |z|2θΓn0,tn!C

(9)
t0,d,ε,T

(
C

(1)
d,α

)n(
c(1)
)n(

Γ
(
1− d−α

2

)n
(n!)1− d−α

2

(T ∨ 1)n(1− d−α
2

)−θ +
Γ
(
1− d−α

2

)n+1(
(n+ 1)!

)1− d−α
2

(T ∨ 1)n(1− d−α
2

)

)
(3.2.39)

and therefore,

sup
α∈[a,b]

∑
n≥1

(p− 1)n/2
( 1

n!
C(α)
n (t, z)

)1/2

≤ C
(3)
d,t0,T,p,a,b,β

|z|θ, (3.2.40)

where C
(3)
d,t0,T,p,a,b,β

is a constant depending on d, t0, T , p, a, b and β.

We come back to (2.3.41). Combining relations (3.2.39) and (3.2.40), it follows
that relation (3.2.2) holds.

3.3 Continuity in law of the solution with respect

to the noise parameter α

In this section, we consider equation (3.0.1) driven by the noise Wα introduced in
Section 2.1, which is specified by a general temporal covariance function γ0 and a
spatial covariance function γ given by the Riesz kernel of index α. We prove that
the solution of this equation is continuous in law in the space of continuous functions
C([t0, T ]× Rd), with respect to the noise parameter α.

As in the proof of Theorem 2.0.1, we apply Lemma 2.4.3 to prove the convergence
of the finite dimensional distribution of uαn to uα

∗
, when n→∞. For this, we need

the whole family of processes {Wα;α ∈ (0, d)} to be defined in a single probability
space. We use the same construction of this family of noise processes, as in Section
2.4. We will use relations (2.4.3), (2.4.4), (2.4.7) and Proposition 2.4.2.
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Recall that the solution has the Wiener chaos expansion (3.1.3). By definition,
uα(t, x) is the L2(Ω)-limit of the sequence {uαm(t, x)}m≥1 defined by

uαm(t, x) =
m∑
n=0

Iαn (fn(·, t, x)). (3.3.1)

This means that
E
∣∣uαm(t, x)− uα(t, x)

∣∣2 → 0, as m→∞ (3.3.2)

for any α ∈ (max{0, d− 2}, d) fixed.

The proof of Theorem 3.0.1 is based on the following result, where proof is similar
to the proof of Lemma 2.4.5.

Lemma 3.3.1. Under the hypothesis of Theorem 3.0.1, for all k ≥ 1 fixed, we have

E
∣∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣∣2 → 0, as n→∞. (3.3.3)

Proof: Recall that by relation (2.4.13), we have

Qn := E
∣∣Iαnk (fk(·, t, x))− Iα∗k (fk(·, t, x))

∣∣2
≤ k! Γk0,t

∫
Tk(t)

∫
(Rd)k

∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
∣∣∣2

∣∣∣ k∏
j=1

|ξj|−αn/2 −
k∏
j=1

|ξj|−α
∗/2
∣∣∣2dξ1 · · · dξkdt. (3.3.4)

The difference is that here we use a different expression for Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
than in Chapter 2 (see Lemma 3.1.5).

As in the proof of Lemma 2.4.5, we show that the integral in (3.3.4) converges
to 0 when n → ∞, by applying the Dominated Convergence Theorem. We need to
show that the functions:

gn(t, ξ) :=
∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

∣∣∣2 k∏
j=1

|ξj|−αn

can be bounded by a function g(t, ξ) which is integrable over Tk(t)× (Rd)k

Recall that max{0, d− 2} < α∗ < d. Fix numbers a and b such that max{0, d−
2} < a < α∗ < b < d. Since αn → α∗, there exists N ∈ N such that

a ≤ αn ≤ b, for all n ≥ N.
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For any αn ∈ [a, b] ⊂
(

max{0, d− 2}, d
)
, we know that

|ξj|−αn ≤ |ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}. (3.3.5)

Hence a natural candidate for g is

g(t, ξ) =
∣∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

∣∣∣2 k∏
j=1

(
|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
≤ w2(t, x)

k∏
j=1

exp

{
− tj+1 − tj

tjtj+1

∣∣∣ j∑
i=1

tiξi

∣∣∣2}
k∏
j=1

(
|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
, (3.3.6)

where for the inequality we used Lemma 3.1.5. So we need to check that g(t, ξ) is
integrable, i.e.

∫
Tk(t)

∫
(Rd)k

g(t, ξ)dξdt <∞. By (3.3.6), it is enough to prove that

I := w2(t, x)

∫
Tk(t)

k∏
j=1

(∫
Rd

exp

{
− tj+1 − tj

tjtj+1

∣∣∣ j∑
i=1

tiξi

∣∣∣2}
(
|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
dξj

)
dt <∞. (3.3.7)

We prove (3.3.7). To simplify writing, we let mj =
tj+1−tj
tjtj+1

and pj =
(tj+1−tj)tj

tj+1
,

for all j = 1, . . . , k. Notice that by Lemma 3.1.7, we have∫
Rd
e−mj

∣∣∑j
i=1 tiξi

∣∣2(
|ξj|−b1{|ξj |≤1} + |ξj|−a1{|ξj |>1}

)
dξj

=

∫
|ξj |≤1

e−mj
∣∣∑j

i=1 tiξi

∣∣2
|ξj|−bdξj +

∫
|ξj |>1

e−mj
∣∣∑j

i=1 tiξi

∣∣2
|ξj|−adξj

≤
∫
|ξj |≤1

|ξj|−bdξj + sup
η∈Rd

∫
Rd
e−mj

∣∣tjξj+η∣∣2|ξj|−adξj
=

cd
d− b

+

∫
Rd
e−mj |tjξj |

2|ξj|−adξj =
cd

d− b
+

∫
Rd
e−pjξ

2
j |ξj|−adξj, (3.3.8)

where cd is the area of the unit sphere S1(0) = {z ∈ Rd; |z| = 1} in Rd. We use the

change of variables ξ′j =
√
pjξj, then dξj = p

−d/2
j dξ′j, for all j = 1, . . . , k. It follows

that ∫
Rd
e−pjξ

2
j |ξj|−adξj =

∫
Rd
e−|ξ

′
j |2
∣∣∣ ξ′j√
pj

∣∣∣−ap−d/2j dξ′j = p
− d−a

2
j

∫
Rd
e−|ξj |

2|ξj|−adξj
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≤ p
− d−a

2
j Kd,a, (3.3.9)

where Kd,a =
∫
Rd

1
1+|ξ|2 |ξ|

−adξ <∞ for any a ∈ (d− 2, d).

We return to relation (3.3.7). Let Ca,b,d = cd
d−b + Kd,a be a constant depending

on a, b and d. Using (3.3.8) and (3.3.9), we obtain:

I ≤ w2(t, x)

∫
Tk(t)

k∏
j=1

( cd
d− b

+ p
− d−a

2
j Kd,a

)
dt

≤ w2(t, x)Ck
a,b,d

∫
Tk(t)

k∏
j=1

(
1 +

((tj+1 − tj)tj
tj+1

)− d−a
2

)
dt. (3.3.10)

To evaluate the integral, note that for any 0 < t1 < . . . < tk < tk+1 = t, we have

(tj+1 − tj)tj
tj+1

≤ tj+1 − tj ≤ t.

Therefore ((tj+1 − tj)tj
tj+1

)− d−a
2 ≥ t−

d−a
2 ,

and multiplying by t
d−a
2 on both side, we obtain:((tj+1 − tj)tj

tj+1

)− d−a
2
t
d−a
2 ≥ 1

Then, replacing 1 in the integrand in (3.3.10), we get:

1 +
((tj+1 − tj)tj

tj+1

)− d−a
2 ≤

((tj+1 − tj)tj
tj+1

)− d−a
2
(

1 + t
d−a
2

)
.

Hence, there exist a constant CT > 0 such that

k∏
j=1

(
1 +

((tj+1 − tj)tj
tj+1

)− d−a
2

)

≤
(

1 + t
d−a
2

)k k∏
j=1

((tj+1 − tj)tj
tj+1

)− d−a
2 ≤ Ck

T

k∏
j=1

((tj+1 − tj)tj
tj+1

)− d−a
2
.

Returning to (3.3.10), it follows that

I ≤ w2(t, x)Ck
a,b,d,T

∫
Tk(t)

k∏
j=1

((tj+1 − tj)tj
tj+1

)− d−a
2

dt
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= w2(t, x)Ck
a,b,d,T

Γ
(

2−(d−a)
2

)n+1

Γ
(

(n+ 1)(2−(d−a)
2

)
)tn(

2−(d−a)
2

)− d−a
2 <∞.

where we used Lemma 3.1.9 in the equality and this finishes the justification of the
application of the Dominated Convergence Theorem.

Proof of Theorem 3.0.1: From Theorem 1.3 of [3], we know that the process
uα has a continuous modification. We work with this modification, which we denote
also by uα. We need to prove the finite dimensional distribution convergence and the
fact that the sequence of probability measures induced by (uαn)n≥1 is tight in the
space of C([t0, T ]× Rd). A road map of this proof is the following:{

Step 1: Finite dimensional distribution convergence

Step 2: Tightness

Step 1: Finite dimensional distribution convergence

In this step, we have to prove that for any k ≥ 1 and (t1, x1), . . . , (tk, xk) ∈
[t0, T ]× Rd,(

uαn(t1, x1), . . . , uαn(tk, xk)
) d−→

(
uα
∗
(t1, x1), . . . , uα

∗
(tk, xk)

)
, as n→∞.

For this, by Lemma 2.4.3, it will be enough to prove that for all (t, x) ∈ [t0, T ]× Rd

E
∣∣uαn(t, x)− uα∗(t, x)

∣∣2 → 0, as n→∞. (3.3.11)

To prove relation (3.3.11), we use the same argument as in the proof of Theorem
2.0.1. For part (c), using Lemma 3.3.1, it remains to show that for all compact set
[a, b] ⊂ (max{0, d− 2}, d),

sup
α∈[a,b]

E
∣∣uαm(t, x)− uα(t, x)

∣∣2 → 0, as m→∞. (3.3.12)

Recall that uαm(t, x) =
∑m

k=0 I
α
k (fk(·, t, x)) and uα(t, x) =

∑
k≥0 I

α
k (fk(·, t, x)). Hence

uα(t, x)− uαm(t, x) =
∑

k≥m+1

Iαk (fk(·, t, x)).

By the orthogonality of the Wiener chaos space and relation (3.1.23), we have

E
∣∣∣uα(t, x)− uαm(t, x)

∣∣∣2 =
∑

k≥m+1

E
∣∣Iαk (fk(·, t, x))

∣∣2
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≤
∑

k≥m+1

Ct0,dΓ
k
0,t

(
C

(2)
d,α

)k Γ
(
1− d−α

2

)k+1

Γ
(
(k + 1)(1− d−α

2
)
)tk(1− d−α

2
),

(3.3.13)

where C
(2)
d,α = C

(1)
d,α2−(d−α)/2 and C

(1)
d,α :=

∫
Rd e

−|ξ|2/2|ξ|−αdξ. We will bound C
(1)
d,α using

(3.2.17).

We return to relation (3.3.12). Using the same arguments as for (2.4.25), (2.4.26)
and (2.4.27), we see that

sup
α∈[a,b]

∑
k≥m+1

E
∣∣Iαk (fk(·, t, x))

∣∣2
≤
∑

k≥m+1

Ct0,dΓ
k
0,TC

k
d,a,b

(
Γ(1− d−a

2
)
)k+1

Γ
(

(k + 1)
(
1− d−a

2

))(t ∨ 1)k(1− d−b
2

) → 0

as m→∞ since

∑
k≥1

Ct0,dΓ
k
0,tC

k
d,a,b

(
Γ(1− d−a

2
)
)k+1

Γ
(

(k + 1)
(
1− d−a

2

))(t ∨ 1)k(1− d−b
2

) <∞,

due to the fact that 1− d−a
2
> 0.

Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 3.2.1.



Chapter 4

PAM/HAM with rough noise and
constant initial condition

In this chapter, we consider the following Parabolic Anderson Model (PAM):
∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)ẆH(t, x), t > 0, x ∈ R

u(0, x) = 1, x ∈ R
(4.0.1)

and the Hyperbolic Anderson Model (HAM):

∂2u

∂t2
(t, x) =

∂2u

∂x2
(t, x) + u(t, x)ẆH(t, x), t > 0, x ∈ R

u(0, x) = 1, x ∈ R

∂u

∂t
(0, x) = 0, x ∈ R,

(4.0.2)

with rough noise WH . More precisely, WH is a Gaussian noise which is fractional in
time with index H0 ∈ (1/2, 1) and fractional in space with index H ∈ (0, 1/2). We
first study the existence and the moment estimates of solution to (4.0.1), respectively
(4.0.2). The existence of solution is obtained under the condition H0 + H > 3/4
for equation (4.0.1), respectively H > 1/4 for equation (4.0.2). The objective of
this chapter is to show the continuity in the law of the solution with respect to the
noise parameter H, in the space of continuous functions on C([0, T ]× R), where the
temporal parameter H0 is fixed. The results presented in this chapter are contained
in Section 3 of [7].

Theorem 4.0.1 below is the main result for this chapter. In this theorem, we
use subindices h and w to indicate the corresponding solutions for the heat equation,
respectively the wave equation. We drop these indices in the proofs to simplify the
writing, whenever the argument is valid for both equations.

84
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Theorem 4.0.1. Let H0 ∈ (1/2, 1) be fixed. For any H ∈ (0, 1/2), let uH be the
solutions of equations (4.0.1) or (4.0.2), according to Definition 4.1.1. Let (Hn)n≥1

be an arbitrary sequence in (0, 1/2) such that

lim
n→∞

Hn → H∗.

(a) In the case of the heat equation (4.0.1), if

H0 +H∗ > 3/4,

then
uHnh

d−→ uH
∗

h in C([0, T ]× R).

(b) In the case of the wave equation (4.0.2), if

H∗ > 1/4,

then
uHnw

d−→ uH
∗

w in C([0, T ]× R).

4.1 The noise and the existence of solution

In this section, we introduce the noise and prove the existence of solution to equation.
The random term WH is a Gaussian noise which behaves in time like fBm with
index H0 > 1/2 and in space like the fBm with index H < 1/2. More precisely,
it is given by a family of centered Gaussian random variables WH = {WH(ϕ);ϕ ∈
D(R+ × R)}, defined on a complete probability space (Ω,F ,P), with the following
covariance structure:

E[WH(ϕ)WH(ψ)] = αH0cH

∫ ∞
0

∫ ∞
0

∫
R
Fϕ(t, ·)(ξ)Fψ(s, ·)(ξ)|t− s|2H0−2|ξ|1−2Hdξdtds

=: 〈ϕ, ψ〉HH , (4.1.1)

for any ϕ, ψ ∈ D(R+ × R), where HH is the completion of D(R+ × R) with respect
to 〈·, ·〉HH . Here αH0 = H0(2H0 − 1) and cH is given in relation (1.0.8). Throughout
this chapter, H0 is fixed and we are interested in the convergence with respect to H.
For this reason, we emphasize the dependence on H using the notation HH .

Definition 4.1.1. We say that a process uH = {uH(t, x); t ≥ 0, x ∈ R} is a solution
(in Skorohod sense) to equation (4.0.1), respectively equation (4.0.2), if for any t > 0,
x ∈ R with probability 1,

uH(t, x) = 1 +

∫ t

0

∫
R
Gt−s(x− y)u(s, y)WH(δs, δy), (4.1.2)

where G is the fundamental solution of the heat operator, respectively wave operator.
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Note that as in Chapter 2 and 3, the stochastic integral in (4.1.2) is interpreted
in the Skorohod sense. i.e. it is given by the divergence operator from Malliavin
calculus.

The solution has the series expansion:

uH(t, x) = 1 +
∑
n≥1

∫ t

0

∫
R

∫ tn

0

∫
R
· · ·
∫ t2

0

∫
R
Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)

WH(dt1, dx1) · · ·WH(dtn, dxn)

= 1 +
∑
n≥1

IHn (fn(·, t, x)) =
∑
n≥0

IHn (fn(·, t, x)), (4.1.3)

where the kernel fn(·, t, x) ∈ H⊗nH is given by

fn(t1, x1, · · · , tn, xn, t, x) = Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)1{0<t1<···<tn<t}, (4.1.4)

and IH : H⊗nH → HH is the multiple Wiener integral of order n with respect to WH .
We let f0(·, t, x) = 1. Observe that the second term of this series is

IH1 (f1(·, t, x)) =

∫ t

0

∫
R
Gt−s(x− y)WH(ds, dy),

which is the solution of the linear equation LuH = ẆH , where L is the heat or wave
operator.

The solution exists if and only if the series
∑

n≥0 I
H
n (fn(·, t, x)) converges in

L2(Ω), i.e. ∑
n≥0

E
∣∣IHn (fn(·, t, x))

∣∣2 <∞
and we have

E|uH(t, x)|2 = 1 +
∑
n≥1

n!‖f̃n(·, t, x)‖2
H⊗nH

=
∑
n≥0

n!‖f̃n(·, t, x)‖2
H⊗nH

.

For the proof of existence of the solution, we need Lemma 4.1.2 below, which
can be derived from Lemma 3.1 of [5].

Lemma 4.1.2. In the case of the heat equation, the integral
∫
R |FG

h
t (ξ)|2|ξ|αdξ is

finite if and only if α > −1 and in this case,∫
R
|FGh

t (ξ)|2|ξ|αdξ = Γ
(1 + α

2

)
t−(1+α)/2.
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In the case of the wave equation, the integral
∫
R |FG

w
t (ξ)|2|ξ|αdξ is finite if and only

if α ∈ (−1, 1), and in this case, we have∫
R
|FGw

t (ξ)|2|ξ|αdξ = 21−αC̃α t
1−α,

where C̃α is given by

C̃α =


(1− α)−1Γ(α) sin(πα/2) if α ∈ (0, 1),

α−1(1− α)−1Γ(1 + α) sin(πα/2) if α ∈ (−1, 0),

π/2 if α = 0.

We now give the main results of this section, regarding the existence of the
unique solution. Below we include the picture showing the range of the parameters
for equation 4.0.1 (PAM) and equation 4.0.2 (HAM).

H0

H

0 1
2

3
4

1
0

1
4

1
2

1

(a) PAM

H0

H

0 1
2

1
0

1
4

1
2

1

(b) HAM

Figure 4.1: The shaded area on the left represents the region {H0 ∈
(1/2, 1), H ∈ (0, 1/2) and H + H0 > 3/4} for PAM; The shaded area on
the right represents the region {H0 ∈ (1/2, 1), H ∈ (0, 1/2) and H > 1/4}
for HAM.

We use the following identity:

Lemma 4.1.3. For any n ≥ 2 and x1, . . . , xn ∈ R+, it holds that

x1

n∏
k=2

(xk + xk−1) =
∑
a∈An

n∏
j=1

x
aj
j ,

where An is a set of indices a = (a1, . . . , an) such that card(An) = 2n−1 and

a1 ∈ {1, 2}, an ∈ {0, 1}, a2, . . . , an−1 ∈
{

0, 1, 2
}
,
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i∑
j=1

aj ∈ {i, i+ 1} for i = 1, . . . , n− 1, |a| =
n∑
j=1

aj = n,

ai + ai+1 ∈ {1, 2, 3} for i = 2, . . . , n− 2,

a1 + a2 ∈ {2, 3} and an−1 + an ∈ {1, 2}.

Theorem 4.1.4. (a) For any H0 ∈ (1/2, 1) and H ∈ (0, 1/2) such that

H0 +H > 3/4,

equation (4.0.1) has a unique solution uH . Moreover, for any p ≥ 2,

E|uH(t, x)|p ≤ (Ch
1 )p exp

(
Ch

2 pk
h

tρ
h
)
,

where

kh =
H + 1

H
, ρh =

2H0 +H − 1

H

and Ch
1 , Ch

2 are some positive constants depending on H0 and H.

(b) For any H0 ∈ (1/2, 1) and H ∈ (1/4, 1/2), equation (4.0.2) has a unique
solution uH . Moreover, for any p ≥ 2,

E|uH(t, x)|p ≤ (Cw
1 )p exp

(
Cw

2 pk
w

tρ
w
)
,

where

kw =
2H + 2

2H + 1
, ρw =

2H0 + 2H

2H + 1

and Cw
1 , Cw

2 are some positive constants depending on H0 and H.

Proof: Step 1: We start with a general argument which is valid for both heat
and wave equations. We proceed similarly to the proof of Theorem 2.2.6 (or Theorem
2.2.4). In this case,

‖f̃n(·, t, x)‖2
H⊗nH

=

∫
[0,t]n

∫
[0,t]n

αnH0

n∏
j=1

|tj − sj|2H0−2An(t, s)dtds,

where

An(t, s) = cnH

∫
Rn
F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)

F f̃n(s1, ·, . . . , sn, ·, t, x)(ξ1, · · · , ξn)
n∏
j=1

|ξj|1−2H dξ1 · · · dξn.
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Using Lemma 2.2.5 and Cauchy-Schwarz inequality, we have

‖f̃n(·, t, x)‖2
H⊗nH
≤
∫

[0,t]n

∫
[0,t]n

(
αnH0

n∏
j=1

|tj − sj|2H0−2
)
A1/2
n (t, t)A1/2

n (s, s) dtds

≤ bnH0

(∫
[0,t]n

∣∣∣(An(t, t)
)1/2
∣∣∣ 1
H0 dt

)2H0

= bnH0

(∫
[0,t]n

∣∣An(t, t)
∣∣ 1
2H0 dt

)2H0

= bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

∣∣An(t, t)
∣∣ 1
2H0 dt

)2H0

(4.1.5)

where Sn is the set of all permutations of {1, · · · , n}. We study An(t, t) first. Note
that

An(t, t) = cnH

∫
Rn

∣∣F f̃n(t1, ·, . . . , tn, ·, t, x)(ξ1, · · · , ξn)
∣∣2 n∏
j=1

|ξj|1−2H dξ1 · · · dξn.

(4.1.6)
Fix (t1, . . . , tn) ∈ [0, t]n. Let ρ ∈ Sn be such that 0 < tρ(1) < · · · < tρ(n) < t. By
(2.2.12) and the change of variables ξ′j = ξρ(j) for all j = 1, . . . , n, we have

An(t, t) =
1

(n!)2
cnH

∫
Rn

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))
∣∣∣2 n∏
j=1

|ξρ(j)|1−2H dξρ(1) · · · dξρ(n)

=
1

(n!)2
cnH

∫
Rn

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ξ
′
1 + · · ·+ ξ′j)

∣∣∣2 n∏
j=1

|ξ′j|1−2H dξ′1 · · · dξ′n.

Unlike the proof of Theorem 2.2.4, we can not apply Lemma A.2.1 here to estimate
An(t, t) since H < 1/2. Instead of this, we use the change of variables ηj = ξ′1+· · ·+ξ′j
for all j = 1, . . . , n, we obtain

An(t, t) =
1

(n!)2
cnH

∫
Rn

n∏
j=1

∣∣∣FGtρ(j+1)−tρ(j)(ηj)
∣∣∣2|η1|1−2H

n∏
j=2

|ηj − ηj−1|1−2Hdη1 · · · dηn.

(4.1.7)
Using the fact that (a+ b)p ≤ ap + bp, for any p ∈ (0, 1) and a, b > 0, we have

|ηj − ηj−1|1−2H ≤ (|ηj|+ |ηj−1|)1−2H ≤ |ηj|1−2H + |ηj−1|1−2H . (4.1.8)

Taking the product for j = 2, . . . , n, we get

n∏
j=2

|ηj − ηj−1|1−2H ≤
n∏
j=2

(
|ηj|1−2H + |ηj−1|1−2H

)
. (4.1.9)
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By Lemma 4.1.3,

|η1|1−2H

n∏
j=2

(
|ηj|1−2H + |ηj−1|1−2H

)
=
∑
α∈Dn

|η1|α1|η2|α2 · · · |ηn|αn =
∑
α∈Dn

n∏
j=1

|ηj|αj ,

(4.1.10)
where Dn is the set of multi-indices α = (α1, · · · , αn) with αj = (1 − 2H)aj for
j = 1, . . . , n and a = (a1, . . . , an) ∈ An. Notice that we have the following properties:

α1 ∈
{

1− 2H, 2(1− 2H)
}
, αn ∈

{
0, 1− 2H

}
, α2, . . . , αn−1 ∈

{
0, 1− 2H, 2(1− 2H)

}
and

|α| =
n∑
j=1

αj = n(1− 2H).

Hence,

|η1|1−2H

n∏
j=2

|ηj − ηj−1|1−2H ≤
∑
α∈Dn

|η1|α1|η2|α2 · · · |ηn|αn . (4.1.11)

The complete description of the set Dn is omitted here. Coming back to relation
(4.1.7), by inequality (4.1.11), we have

An(t, t) ≤ 1

(n!)2
cnH
∑
α∈Dn

n∏
j=1

(∫
R

∣∣FGtρ(j+1)−tρ(j)(ηj)
∣∣2|ηj|αjdηj). (4.1.12)

At this point, we need to consider separately the heat and wave equations.

Step 2: In this case, we consider the heat equation. Using relation (4.1.12) and
Lemma 4.1.2, we get:

An(t, t) ≤ 1

(n!)2
cnH
∑
α∈Dn

n∏
j=1

Γ
(1 + αj

2

)(
tρ(j+1) − tρ(j)

)− 1+αj
2

≤ 1

(n!)2
Cn
H,1

∑
α∈Dn

n∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
2 , (4.1.13)

where

CH,1 = cH max

{
Γ
(1

2

)
,Γ
(

1−H
)
,Γ
(3− 4H

2

)}
. (4.1.14)

In order to apply Lemma 4.1.2, we need αj > −1 for j = 1, . . . , n. This is clearly
true, in fact αj ≥ 0 for all j = 1, . . . , n. Coming back to relation (4.1.5), using the



4. PAM/HAM WITH ROUGH NOISE AND CONSTANT INITIAL
CONDITION 91

change of variables tρ(j) = t′j for i = j, . . . , n and the fact that
(∑N

i=1 ai

)b
≤
∑N

i=1 a
b
i

for any 0 < b < 1, we obtain

E
∣∣IHn (fn(·, t, x))

∣∣2 = n!
∥∥f̃n(·, t, x)

∥∥2

H⊗nH

≤ n!
1

(n!)2
bnH0

Cn
H,1

[
n!

∫
Tn(t)

( ∑
α∈Dn

n∏
j=1

(tj+1 − tj)−
1+αj

2

)1/2H0

dt

]2H0

= (n!)2H0−1Cn
H,1b

n
H0

[ ∫
Tn(t)

( ∑
α∈Dn

n∏
j=1

(tj+1 − tj)−
1+αj

2

)1/2H0

dt

]2H0

≤ (n!)2H0−1Cn
H,1b

n
H0

[ ∑
α∈Dn

∫
Tn(t)

n∏
j=1

(tj+1 − tj)−
1+αj
4H0 dt

]2H0

.

For each fixed α ∈ Dn, we apply Lemma A.3.1 with βj = −1+αj
4H0

, for all j = 1, . . . , n.
Hence

|β| =
n∑
j=1

βj = −n+ n(1− 2H)

4H0

=
Hn− n

2H0

.

To apply Lemma A.3.1, we need βj > −1 for all j = 1, . . . , n. When αj = 2(1− 2H),
this leads to the restriction H0 +H > 3/4. We obtain:∫

Tn(t)

n∏
j=1

(tj+1 − tj)−
1+αj
4H0 dt =

n∏
j=1

Γ
(
− 1 + αj

4H0

+ 1
) t

Hn−n
2H0

+n

Γ
(
Hn−n
2H0

+ n+ 1
)

≤ Cn
H,2

t
n

2H0+H−1
2H0

Γ
(
n2H0+H−1

2H0
+ 1
) , (4.1.15)

where

CH,2 = max

{
Γ
(
− 1

4H0

+ 1
)
,Γ
(
− 1−H

2H0

+ 1
)
,Γ
(
− 3− 4H

4H0

+ 1
)}

. (4.1.16)

Since the estimate in relation (4.1.15) does not depend on α ∈ Dn and card(Dn) =
2n−1, we have

E
∣∣IHn (fn(·, t, x))

∣∣2 ≤ (n!)2H0−1Cn
H,1b

n
H0

[
2n−1Cn

H,2

t
n

2H0+H−1
2H0

Γ(n2H0+H−1
2H0

+ 1)

]2H0

≤ Cn
H0,H,1

(n!)2H0−1 tn(2H0+H−1)(
Γ(n2H0+H−1

2H0
+ 1)

)2H0
, (4.1.17)
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where CH0,H,1 = CH,1bH0(2CH,2)2H0 . By Lemma A.1.3, we have

E
∣∣IHn (fn(·, t, x))

∣∣2 ≤ Cn
H0,H,2

(n!)2H0−1 tn(2H0+H−1)

(n!)
2H0+H−1

2H0
·2H0

=
(CH0,H,2t

2H0+H−1)n

(n!)H
,

(4.1.18)
where CH0,H,2 is a constant depending on H0 and H.

For any p ≥ 2, using relation (4.1.18), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

‖uH(t, x)‖p =
∥∥∑
n≥0

IHn (fn(·, t, x))
∥∥
p
≤
∑
n≥0

∥∥IHn (fn(·, t, x))
∥∥
p

≤
∑
n≥0

(p− 1)n/2
∥∥IHn (fn(·, t, x))

∥∥
2
≤
∑
n≥0

(p− 1)n/2
(

(CH0,H,2t
2H0+H−1)n

(n!)H

)1/2

≤
∑
n≥0

(√
p CH0,H,2 t

2H0+H−1
)n

(n!)H/2
≤ Ch

1 exp
(
Ch

2 p
1
H t

2H0+H−1
H

)
,

where we used Lemma A.1.6 in the last inequality, and hence,

E|uH(t, x)|p = ‖uH(t, x)‖pp ≤ (Ch
1 )p exp

(
Ch

2 p
H+1
H t

2H0+H−1
H

)
,

where Ch
1 and Ch

2 are some constants depending on H0 and H.

Step 3: In this case, we consider the wave equation. By relation (4.1.12) and
Lemma 4.1.2, we get

An(t, t) ≤ 1

(n!)2
cnH
∑
α∈Dn

n∏
j=1

21−αj C̃αj (tρ(j+1) − tρ(j))
1−αj

≤ 1

(n!)2
Cn
H,3

∑
α∈Dn

n∏
j=1

(
tρ(j+1) − tρ(j)

)1−αj , (4.1.19)

where

21−αj C̃αj =



π if αj = 0,

22H Γ(1−2H) sin
(
π(1−2H)/2

)
2H

if αj = 1− 2H,

24H−1 Γ(2−4H) sin
(
π(1−2H)

)
4H−1

if αj = 2(1− 2H)

and CH,3 is given by

CH,3 = cH max

{
π,

Γ
(
1− 2H

)
H

,
2Γ
(
2− 4H

)
4H − 1

}
.
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To apply Lemma 4.1.2, we need αj ∈ (−1, 1) for j = 1, . . . , n. When αj = 2(1− 2H),
the condition αj < 1 imposes the restriction H > 1/4. Coming back to relation
(4.1.5), using the change of variables tρ(j) = t′j for j = 1, . . . , n and the fact that(∑N

i=1 ai

)b
≤
∑N

i=1 a
b
i for any 0 < b < 1, we obtain

E
∣∣IHn (fn(·, t, x))

∣∣2 = n!‖f̃n(·, t, x)‖2
H⊗nH

≤ n!
1

(n!)2
bnH0

Cn
H,3

[
n!

∫
Tn(t)

( ∑
α∈Dn

n∏
j=1

(tj+1 − tj)1−αj
)1/2H0

dt

]2H0

= (n!)2H0−1Cn
H,3b

n
H0

[ ∫
Tn(t)

( ∑
α∈Dn

n∏
j=1

(tj+1 − tj)1−αj
)1/2H0

dt

]2H0

≤ (n!)2H0−1Cn
H,3b

n
H0

[ ∑
α∈Dn

∫
Tn(t)

n∏
j=1

(tj+1 − tj)
1−αj
2H0 dt

]2H0

.

For each fixed α ∈ Dn, we apply Lemma A.3.1 with

βj =
1− αj
2H0

, for all j = 1, . . . , n.

Hence

|β| =
n∑
j=1

βj =
n− |α|

2H0

=
Hn

H0

.

To apply Lemma A.3.1, we need βj > −1 for all j = 1, . . . , n, which imposes no
restriction on H. We obtain:∫

Tn(t)

n∏
j=1

(tj+1 − tj)
1−αj
2H0 dt =

∏n
j=1 Γ(

1−αj
2H0

+ 1)

Γ(Hn
H0

+ n+ 1)
t
Hn
H0

+n ≤ Cn
H,4

t
n
H0+H
H0

Γ(nH0+H
H0

+ 1)
, (4.1.20)

where

CH,4 = max

{
Γ
( 1

2H0

+ 1
)
,Γ
( H
H0

+ 1
)
,Γ
(4H − 1

2H0

+ 1
)}

.

Since estimate of relation (4.1.20) does not depend on α ∈ Dn and Card(Dn) = 2n−1,
we have

E
∣∣IHn (fn(·, t, x))

∣∣2 ≤ (n!)2H0−1Cn
H,3b

n
H0

[
2n−1Cn

H,4

t
n
H0+H
H0

Γ(nH0+H
H0

+ 1)

]2H0

≤ Cn
H0,H,3

(n!)2H0−1 tn(2H0+2H)(
Γ(nH0+H

H0
+ 1)

)2H0
, (4.1.21)
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where CH0,H,3 = CH,3bH0(2CH,4)2H0 . By Lemma A.1.3, we obtain:

E
∣∣IHn (fn(·, t, x))

∣∣2 ≤ Cn
H0,H,4

(n!)2H0−1 tn(2H0+2H)

(n!)
H0+H
H0

·2H0

=

(
CH0,H,4 t

(2H0+2H)
)n

(n!)2H+1
, (4.1.22)

where CH0,H,4 is a constant depending on H0 and H.

For any p ≥ 2, using relation (4.1.22), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

‖uH(t, x)‖p =
∥∥∑
n≥0

IHn (fn(·, t, x))
∥∥
p
≤
∑
n≥0

∥∥IHn (fn(·, t, x))
∥∥
p

≤
∑
n≥0

(p− 1)n/2
∥∥IHn (fn(·, t, x))

∥∥
2
≤
∑
n≥0

(p− 1)n/2
((

CH0,H,4 t
(2H0+2H)

)n
(n!)2H+1

)1/2

≤
∑
n≥0

(√
p CH0,H,4 t

2H0+2H
)n

(n!)(2H+1)/2
≤ Cw

1 exp
(
Cw

2 p
1

2H+1 t
2H0+2H
2H+1

)
where we used Lemma A.1.6 in the last inequality, and therefore,

E|uH(t, x)|p = ‖uH(t, x)‖pp ≤ (Cw
1 )p exp

(
Cw

2 p
2H+2
2H+1 t

2H0+2H
2H+1

)
,

where Cw
1 and Cw

2 are some constants depending on H0 and H.

4.2 Uniform moment estimates

In this section, we include some estimates for the moments of the increments of the
solution to equation (4.0.1) and (4.0.2) with the noise introduced in Section 4.1. The
results in this section are used in the proof of tightness in Section 4.3. Throughout
Theorem 4.2.1 below, we use subindices h and w to indicate that corresponding
solution for heat equation, respectively wave equation.

Theorem 4.2.1. Let uHh and uHw be the solution to equation (4.0.1), respectively
equation (4.0.2) with noise WH as in Section 4.1.

(a) Let [a, b] be a compact set such that

max
{

0,
3− 4H0

4

}
< a < b <

1

2
.
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For any p ≥ 2 and T > 0, there exists positive constants Ch
1 and Ch

2 such that for any
t′, t ∈ [0, T ] and for any x′, x ∈ R, we have

sup
H∈[a,b]

E|uHh (t′, x)− uHh (t, x)|p ≤ Ch
1 |t′ − t|pε (4.2.1)

and
sup
H∈[a,b]

E|uHh (t, x′)− uHh (t, x)|p ≤ Ch
2 |x′ − x|pδ (4.2.2)

for any

0 < ε <
2H0(1− c0) + a− 1

2
and 0 < δ < 2H0(1− c0) + a− 1 (4.2.3)

where c0 ∈
(

0, 2H0+a−1
2H0

)
.

(b) Let [a, b] be a compact set such that

1

4
< a < b <

1

2
.

For any p ≥ 2 and T > 0, there exists a positive constant Cw
1 such that for any

t′, t ∈ [0, T ] and for any x ∈ R, we have

sup
H∈[a,b]

E|uHw (t′, x)− uHw (t, x)|p ≤ Cw
1 |t′ − t|pδ (4.2.4)

for any
0 < δ < a.

For any p ≥ 2 and T > 0, there exists a positive constant Cw
2 such that for any

t ∈ [0, T ] and for any x′, x ∈ R,

sup
H∈[a,b]

E|uHw (t, x′)− uHw (t, x)|p ≤ Cw
2 |x′ − x|pδ (4.2.5)

for any
c1

2
< δ < a (4.2.6)

where c1 ∈
(
0, 2a

)
.

Proof: We treat separately the heat and wave equations. The difference between
the proofs for the heat equation and the wave equation is that in the case of the wave
equation, instead of the Littlewood-Hardy inequality (given by Lemma 2.2.5), we use
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the Cauchy-Schwartz inequality and Lemma 2.2.3. A road map of this proof is the
following:

Step 1: we consider the heat equation

{
Step 1.a The time increments.

Step 1.b The space increments.

Step 2: we consider the wave equation

{
Step 2.a The time increments.

Step 2.b The space increments.

Step 1: Heat equation

Step 1.a We start with the time increments. Let t, t′ ∈ [0, T ] and x ∈ R be
arbitrary. Assume that h = t′ − t > 0 (The case h < 0 is similar). Similarly to
(2.3.21),

‖uH(t+ h, x)− uH(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 2

n!

(
AHn (t, h) +BH

n (t, h)
))1/2

, (4.2.7)

where
AHn (t, h) := ‖n!f̃n(·, t+ h, x)1[0,t]n − n!f̃n(·, t, x)‖2

H⊗nH
, (4.2.8)

and
BH
n (t, h) := ‖n!f̃n(·, t+ h, x)1[0,t+h]n\[0,t]n‖2

H⊗nH
. (4.2.9)

We study AHn (t, h) first. Let PH be the completion of D(R) with respect to
〈·, ·〉PH where

〈ϕ, ψ〉PH = cH

∫
R
Fϕ(ξ)Fψ(ξ)|ξ|1−2Hdξ

for any ϕ, ψ ∈ D(R). We have

AHn (t, h) = αnH0

∫
[0,t]n

∫
[0,t]n

n∏
j=1

|tj − sj|2H0−2ψHt,h,n(t, s)dtds (4.2.10)

where

ψHt,h,n(t, s) = cnH

∫
Rn

(
F
[
g

(n)
t (·, t+ h, x)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)

)
(
F
[
g

(n)
s (·, t+ h, x)− g(n)

s (·, t, x)
]
(ξ1, . . . , ξn)

) n∏
j=1

|ξj|1−2Hdξ

=
〈
g

(n)
t (·, t+ h, x)− g(n)

t (·, t, x), g(n)
s (·, t+ h, x)− g(n)

s (·, t, x)
〉
P⊗nH

(4.2.11)
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and g
(n)
t (·, t, x) := n!f̃n(t1, ·, . . . , tn, ·, t, x).

We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5

to the function ϕ(t) =
(
ψHt,h,n(t, t)

)1/2
. We obtain:

AHn (t, h) ≤ αnH0

∫
[0,t]n

∫
[0,t]n

n∏
j=1

|tj − sj|2H0−2
(
ψHt,h,n(t, t)

)1/2(
ψHt,h,n(s, s)

)1/2

dtds

≤ bnH0

(∫
[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt

)2H0

. (4.2.12)

Fix t = (t1, . . . , tn) ∈ [0, t]n and pick ρ such that tρ(1) < . . . < tρ(n) < t. Recall that,
by Lemma 2.2.2

Fg(n)
t (·, t, x)(ξ1, . . . , ξn)

= e−i(ξ1x1+···+ξnxn)

n−1∏
j=1

FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))FGh

t−tρ(n)(ξρ(1) + · · ·+ ξρ(n)).

(4.2.13)

Therefore,

F
[
g

(n)
t (·, t+ h, x)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)

= e−i(ξ1x1+···+ξnxn)

n−1∏
j=1

FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))(

FGh
t+h−tρ(n)(ξρ(1) + · · ·+ ξρ(n))−FGh

t−tρ(n)(ξρ(1) + · · ·+ ξρ(n))
)
. (4.2.14)

We denote uj = tρ(j+1)− tρ(j), for j = 1, . . . , n−1 and un = t− tρ(n). Using the change
of variables ξ′j = ξρ(j) for j = 1, . . . , n, we obtain:

ψHt,h,n(t, t) = cnH

∫
Rn

n−1∏
j=1

∣∣∣FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))

∣∣∣2
∣∣∣FGh

t+h−tρ(n)(ξρ(1) + · · ·+ ξρ(n))−FGh
t−tρ(n)(ξρ(1) + · · ·+ ξρ(n))

∣∣∣2 n∏
j=1

|ξj|1−2Hdξ

= cnH

∫
Rn

n−1∏
j=1

∣∣∣FGh
uj

(ξ′1 + · · ·+ ξ′j)
∣∣∣2

∣∣∣FGh
un+h(ξ

′
1 + · · ·+ ξ′n)−FGh

un(ξ′1 + · · ·+ ξ′n)
∣∣∣2 n∏
j=1

|ξj|1−2Hdξ
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= cnH

∫
Rn

n−1∏
j=1

∣∣FGh
uj

(ηj)
∣∣2 ∣∣FGh

un+h(ηn)−FGh
un(ηn)

∣∣2 n∏
j=1

|ηj − ηj−1|1−2Hdη

≤ cnH
∑
α∈Dn

n−1∏
j=1

(∫
R

∣∣FGh
uj

(ηj)
∣∣2|ηj|αjdηj)(∫

R

∣∣FGh
un+h(ηn)−FGh

un(ηn)
∣∣2|ηn|αndηn

)
(4.2.15)

where for the last equality, we use the change of variables ηj = ξ1 + . . . + ξj for
j = 1, . . . , n with η0 = 0 and for the inequality above, we used relation (4.1.11). Note
that

1− e−x ≤ xε, for all x > 0 and ε ∈ [0, 1], (4.2.16)

To prove (4.2.16), note that if x ≥ 1, 1 − e−x ≤ 1 ≤ xε for any ε ≥ 0, and if x < 1,
then 1− e−x ≤ x ≤ xε for any ε ∈ [0, 1]. Using (4.2.16), we get:∣∣FGh

un+h(ηn)−FGh
un(ηn)

∣∣2 =
∣∣∣e− (un+h)|ηn|2

2 − e−
un|ηn|2

2

∣∣∣2 =
∣∣∣e−un|ηn|22 (1− e−

h|ηn|2
2 )

∣∣∣2
≤ e−un|ηn|

2
(h|ηn|2

2

)2ε

≤ h2εe−un|ηn|
2 |ηn|4ε. (4.2.17)

We return to relation (4.2.15). By (4.2.17), we obtain:

ψHt,h,n(t, t) ≤ h2εcnH
∑
α∈Dn

n−1∏
j=1

(∫
R
e−uj |ηj |

2|ηj|αjdηj
)(∫

R
e−un|ηn|

2|ηn|αn+4εdηn

)
= h2εcnH

∑
α∈Dn

n−1∏
j=1

Γ
(1 + αj

2

)
u
−

1+αj
2

j · Γ
(1 + αn + 4ε

2

)
u
− 1+αn+4ε

2
n ,

where in the last equation, we used Lemma 4.1.2. For the application of Lemma 4.1.2,
we need αj > −1 for j = 1, . . . , n−1 and αn + 4ε > −1. This is clearly satisfied since
αj ≥ 0 for all j = 1, . . . , n.

By relation (4.1.13), we see that

cnH

n−1∏
j=1

Γ
(1 + αj

2

)
≤ cHC

n−1
H,1 , (4.2.18)

where

CH,1 = cH max

{
Γ
(1

2

)
,Γ
(

1−H
)
,Γ
(3− 4H

2

)}
= cHΓ

(1

2

)
≤ 1

π

√
π =

1√
π
< 1 (4.2.19)



4. PAM/HAM WITH ROUGH NOISE AND CONSTANT INITIAL
CONDITION 99

since cH = Γ(2H+1) sin(πH)
2π

≤ 1
π
. Recall that αn ∈ {0, 1− 2H} and ε ∈ [0, 1]. We have

1

2
<

1 + 4ε

2
≤ 1 + αn + 4ε

2
≤ 1 + 1− 2H + 4

2
= 3−H < 3

and

Γ
(1 + αn + 4ε

2

)
< Γ

(
3
)

= 2.

Hence

ψHt,h,n(t, t) ≤ 2h2ε
∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
2
(
t− tρ(n)

)− 1+αn+4ε
2 . (4.2.20)

Taking power 1
2H0

on both sides of relation (4.2.20) above, we obtain:

(
ψHt,h,n(t, t)

) 1
2H0 ≤

(
2h2ε

) 1
2H0

∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
4H0

(
t− tρ(n)

)− 1+αn+4ε
4H0 .

(4.2.21)

We now integrate
(
ψHt,h,n(t, t)

) 1
2H0 over [0, t]n. Using relation (4.2.21) and the

change of variables t′j = tρ(j) for all j = 1, . . . , n, we get:∫
[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt =

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

(
ψHt,h,n(t, t)

) 1
2H0 dt

≤
(
2h2ε

) 1
2H0

∑
α∈Dn

∑
ρ∈Sn

∫
0<t′1<...<t

′
n<t

n−1∏
j=1

(
t′j+1 − t′j

)− 1+αj
4H0

(
t− t′n

)− 1+αn+4ε
4H0 dt

=
(
2h2ε

) 1
2H0 n!

∑
α∈Dn

∫
0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)− 1+αj
4H0

(
t− tn

)− 1+αn+4ε
4H0 dt, (4.2.22)

where Sn is the set of all permutation of {1, . . . , n} and in the first equation, we
decompose the set [0, t]n into n! disjoint regions of the form tρ(1) < · · · < tρ(n) with
ρ ∈ Sn.

Now we want to evaluate the integral in relation (4.2.22). We apply Lemma
A.3.1 with βj = −1+αj

4H0
for all j = 1, . . . , n− 1 and βn = −1+αn+4ε

4H0
. Note that

|β| =
n∑
j=1

βj = −
n−1∑
j=1

1 + αj
4H0

− 1 + αn + 4ε

4H0

= − 1

4H0

[ n∑
j=1

(1 + αj) + 4ε
]

= −n+ n(1− 2H) + 4ε

4H0

= −1−H
2H0

· n− ε

H0
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and

|β|+ n =
(
1− 1−H

2H0

)
· n− ε

H0

=
2H0 +H − 1

2H0

· n− ε

H0

.

To apply Lemma A.3.1, we need βj > −1 for all j = 1, . . . , n, which means
1+αj
4H0

< 1

for j = 1, . . . , n − 1 and 1+αn+4ε
4H0

< 1. When αj = 2(1 − 2H), we use the condition
4H0 + 4H > 3. When αn = 1− 2H, we use the fact that

ε <
2H0 +H − 1

2
, (4.2.23)

which is a consequence of condition (4.2.3). Therefore,∫
0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)− 1+αj
4H0

(
t− tn

)− 1+αn+4ε
4H0 dt

=

∏n
j=1 Γ(βj + 1) t|β|+n

Γ(|β|+ n+ 1)
=

∏n−1
j=1 Γ

(
1− 1+αj

4H0

)
Γ
(
1− 1+αn+4ε

4H0

)
t
2H0+H−1

2H0
·n− ε

H0

Γ
(

2H0+H−1
2H0

· n− ε
H0

+ 1
) .

(4.2.24)

Recall that α1 ∈
{

1−2H, 2(1−2H)
}

, αn ∈
{

0, 1−2H
}

and αj ∈
{

0, 1−2H, 2(1−2H)
}

for j = 2, . . . , n− 1. Therefore, 0 ≤ αj ≤ 2(1− 2H) for all j = 1, . . . , n which implies
that for any H ∈ [a, b]

0 < 1− 3− 4a

4H0

< 1− 3− 4H

4H0

≤ 1− 1 + αj
4H0

≤ 1− 1

4H0

<
3

4
.

Because the Gamma function Γ is decreasing on (0, x0) and increasing on (x0,∞)
with x0 ≈ 1.4, we know that

n−1∏
j=1

Γ
(

1− 1 + αj
4H0

)
≤
(

Γ
(
1− 3− 4a

4H0

))n−1

. (4.2.25)

To find a bound for Γ
(

1− 1+αn+4ε
4H0

)
, we need to study the range of possible values

for 1− 1+αn+4ε
4H0

. Since αn ∈ {0, 1− 2H}, H ∈ [a, b] and ε ∈ [0, 1], we have

1− 1− a+ 2ε

2H0

≤ 1− 1−H + 2ε

2H0

≤ 1− 1 + αn + 4ε

4H0

≤ 1− 1

4H0

.

If we simply choose ε ∈ [0, 1] such that 1 − 1−a+2ε
2H0

> 0 (i.e. ε < 2H0+a−1
2

), then the

lower bound 1− 1−a+2ε
2H0

can be in principle, be very close to 0: as ε approaches 2H0+a−1
2

,

the lower bound 1 − 1−a+2ε
2H0

approaches 0. This is a problem since lim
x→0+

Γ(x) = ∞,
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and hence, we are not able to bound the term Γ
(

1− 1+αn+4ε
4H0

)
. To avoid this problem,

we choose an arbitrary value c0 > 0 such that

c0 < 1− 1− a+ 2ε

2H0

.

Note that this is equivalent to 2ε < 2H0(1 − c0) − (1 − a). Since ε > 0, we must
choose c0 > 0 such that 2H0(1− c0)− (1− a) > 0, i.e.

c0 <
2H0 + a− 1

2H0

.

With this choice of c0 and ε, we have

Γ
(

1− 1 + αn + 4ε

4H0

)
≤ Γ(c0). (4.2.26)

Hence, there exist a constant c
(1)
H0,a

> 0 depending on H0 and a such that

n−1∏
j=1

Γ
(

1− 1 + αj
4H0

)
Γ
(

1− 1 + αn + 4ε

4H0

)
≤
(
c

(1)
H0,a

)n−1
Γ(c0). (4.2.27)

Next, recall that relation (4.2.3) implies (4.2.23). Hence, for any H ∈ [a, b], we have

(n− 1)(2H0 +H − 1)

2H0

<
n(2H0 +H − 1)

2H0

− ε

H0

<
n(2H0 +H − 1)

2H0

<
n(2H0 + b− 1)

2H0

.

It follows that

t
2H0+H−1

2H0
·n− ε

H0 ≤

 1 if t < 1,

t
n(2H0+b−1)

2H0 if t ≥ 1.

Therefore, we get:

t
2H0+H−1

2H0
·n− ε

H0 ≤
(
t ∨ 1

)n(2H0+b−1)
2H0 . (4.2.28)

Finally, we pick m0 ≥ 1 such that (m0 − 1) · 2H0+a−1
2H0

> x0. For any n ≥ m0, we have

n(2H0 +H − 1)

2H0

− ε

H0

>
(n− 1)(2H0 + a− 1)

2H0

> x0,

which implies that for any H ∈ [a, b],

Γ
(n(2H0 +H − 1)

2H0

− ε

H0

+ 1
)
> Γ

((n− 1)(2H0 + a− 1)

2H0

+ 1
)
.
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By Lemma A.1.3, we know that there exists a positive constant c
(2)
H0,a

depending on
H0 and a such that

Γ
(2H0 +H − 1

2H0

· n− ε

H0

+ 1
)
> Γ

((n− 1)(2H0 + a− 1)

2H0

+ 1
)

≥ (c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0 . (4.2.29)

We come back to (4.2.24). Using relations (4.2.27), (4.2.28) and (4.2.29), we
obtain: ∫

0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)− 1+αj
4H0

(
t− tn

)− 1+αn+4ε
4H0 dt

≤
(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

. (4.2.30)

Returning to equality (4.2.22) and using relation (4.2.30) and the fact that card(Dn) =
2n−1, we obtain:

∫
[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt ≤ 2h

ε
H0 n!2n−1

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

≤ 22nh
ε
H0

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

(4.2.31)

where for the last inequality, we used fact that n! ≤ 2n(n− 1)!.

We take power 2H0 in the above estimate. Then relation (4.2.12) becomes:

AHn (t, h) ≤ bnH0

(
22nh

ε
H0

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

)2H0

= bnH0
h2ε42nH0

((
c

(1)
H0,a

)n−1
Γ(c0)

)2H0(
t ∨ 1

)n(2H0+b−1)(
c

(2)
H0,a

)(n−1)2H0
[
(n− 1)!

]a−1
. (4.2.32)

Therefore, by relation (4.2.32), we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
AHn (t, h)

)1/2

≤ C
(1)
p,a,b,c0,H0,T

hε, (4.2.33)
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where C
(1)
p,a,b,c0,H0,T

> 0 is a constant depending on p, a, b, c0, H0, and T .

As for the term BH
n (t, h), let Dt,h = [0, t+ h]n\[0, t]n, we note that

BH
n (t, h)

= αnH0

∫
[0,t+h]n

∫
[0,t+h]n

n∏
j=1

|tj − sj|2H0−21Dt,h(t)1Dt,h(s) γHt,h,n(t, s)dtds (4.2.34)

where

γHt,h,n(t, s) = cnH

∫
Rn
Fg(n)

t (·, t+ h, x)Fg(n)
s (·, t+ h, x)

n∏
j=1

|ξj|1−2Hdξ

=
〈
g

(n)
t (·, t+ h, x), g(n)

s (·, t+ h, x)
〉
P⊗nH

(4.2.35)

and g
(n)
t (·, t+ h, x) := n!f̃n(t1, ·, . . . , tn, ·, t+ h, x).

We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5

to the function ϕ(t) =
(
γHt,h,n(t, t)

)1/2
1Dt,h(t), we have

BH
n (t, h) ≤ αnH0

∫
[0,t+h]n

∫
[0,t+h]n

n∏
j=1

|tj − sj|2H0−21Dt,h(t)1Dt,h(s)

(
γHt,h,n(t, t)

)1/2(
γHt,h,n(s, s)

)1/2

dtds

≤ bnH0

(∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

)2H0

. (4.2.36)

Fix t = (t1, . . . , tn) ∈ [0, t + h]n and pick ρ such that tρ(1) < . . . < tρ(n) < t + h and
t < tρ(n) < t+ h, we get

Fg(n)
t (·, t+ h, x)(ξ1, . . . , xn)

= e−i(ξ1x1+···+ξnxn)

n−1∏
j=1

FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))FGh

t+h−tρ(n)(ξρ(1) + · · ·+ ξρ(n))

where we used Lemma 2.2.2. We denote uj = tρ(j+1) − tρ(j), for j = 1, . . . , n − 1
and un = t − tρ(n). Using the change of variables ξ′j = ξρ(j) for j = 1, . . . , n and
ηj = ξ′1 + . . .+ ξ′j for j = 1, . . . , n with η0 = 0, we obtain:

γHt,h,n(t, t)

= cnH

∫
Rn

n−1∏
j=1

∣∣∣FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))

∣∣∣2
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∣∣∣FGh
t+h−tρ(n)(ξρ(1) + · · ·+ ξρ(n))

∣∣∣2 n∏
j=1

|ξj|1−2Hdξ

= cnH

∫
Rn

n−1∏
j=1

∣∣∣FGh
uj

(ξ′1 + · · ·+ ξ′j)
∣∣∣2∣∣∣FGh

un+h(ξ
′
1 + · · ·+ ξ′n)

∣∣∣2 n∏
j=1

|ξ′j|1−2Hdξ

= cnH

∫
Rn

n−1∏
j=1

∣∣FGh
uj

(ηj)
∣∣2∣∣FGh

un+h(ηn)
∣∣2 n∏
j=1

|ηj − ηj−1|1−2Hdη

≤ cnH

∫
Rn

n−1∏
j=1

∣∣FGh
uj

(ηj)
∣∣2∣∣FGh

un+h(ηn)
∣∣2( ∑

α∈Dn

n∏
j=1

|ηj|αj
)

dη

= cnH
∑
α∈Dn

( n−1∏
j=1

∫
R

∣∣FGh
uj

(ηj)
∣∣2|ηj|αjdηj)(∫

R

∣∣FGh
un+h(ηn)

∣∣2|ηn|αndηn

)
(4.2.37)

= cnH
∑
α∈Dn

n−1∏
j=1

Γ
(1 + αj

2

)
u
−

1+αj
2

j · Γ
(1 + αn

2

)
(un + h)−

1+αn
2 , (4.2.38)

where for the inequality, we used relation relation (4.1.11) and in the last equation
we used Lemma 4.1.2. For the application of Lemma 4.1.2, we need αj > −1 for
j = 1, . . . , n. This is clearly satisfied since αj ≥ 0 for all j = 1, . . . , n. By relations
(4.2.18), we get:

cnH

n∏
j=1

Γ
(1 + αj

2

)
≤ Cn

H,1 ≤
( 1√

π

)n
< 1. (4.2.39)

Combining relations (4.2.38) and (4.2.39), we obtain:

γHt,h,n(t, t) ≤
∑
α∈Dn

n−1∏
j=1

u
−

1+αj
2

j · (un + h)−
1+αn

2 . (4.2.40)

Hence, taking power 1
2H0

on both sides of relation (4.2.40), we obtain:

(
γHt,h,n(t, t)

) 1
2H0 ≤

∑
α∈Dn

n−1∏
j=1

u
−

1+αj
4H0

j (un + h)
− 1+αn

4H0 . (4.2.41)

We now integrate
(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t) over [0, t+ h]n. Using relation (4.2.41)

and the change of variables t′j = tρ(j) for all j = 1, . . . , n, we get:∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt
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=
∑
ρ∈Sn

∫ t+h

t

(∫
0<tρ(1)<...<tρ(n−1)<tρ(n)

(
γHt,h,n(t, t)

) 1
2H0 dtρ(1) . . . dtρ(n−1)

)
dtρ(n)

≤
∑
ρ∈Sn

∫ t+h

t

(∫
0<tρ(1)<...<tρ(n−1)<tρ(n)∑

α∈Dn

n−1∏
j=1

(tρ(j+1) − tρ(j))
−

1+αj
4H0 (t+ h− tρ(n))

− 1+αn
4H0 dtρ(1) . . . dtρ(n−1)

)
dtρ(n)

≤ n!
∑
α∈Dn

∫ t+h

t

Jh(tn) · (t+ h− tn)
− 1+αn

4H0 dtn (4.2.42)

where

Jh(tn) =

∫
0<t1<...<tn−1<tn

n−1∏
j=1

(tj+1 − tj)−
1+αj
4H0 dt1 . . . dtn−1

=

∏n−1
j=1 Γ

(
βj + 1

)
t
∑n−1
j=1 βj+(n−1)

n

Γ
(∑n−1

j=1 βj + (n− 1) + 1
) , (4.2.43)

where the second equality follows by Lemma A.3.1 with βj = −1+αj
4H0

for all j =

1, . . . , n− 1. To evaluate Jh(tn), notice that similarly to relation (4.1.15), we have

n−1∏
j=1

Γ
(
βj + 1

)
=

n−1∏
j=1

Γ
(

1− 1 + αj
4H0

)
≤ Cn−1

H,2 (4.2.44)

where CH,2 is given in (4.1.16). We now show how to find an upper bound for CH,2,
uniformly in H ∈ [a, b]. Note that for any H0 ∈ (1/2, 1), − 1

4H0
+ 1 ∈ (1/2, 3/4), we

have

Γ
(
− 1

4H0

+ 1
)
≤ Γ

(1

2

)
,

and −1−H
2H0

+ 1 ∈
(
1− 1−a

2H0
, 1− 1−b

2H0

)
⊂ (0, 3/4), we get

Γ
(
− 1−H

2H0

+ 1
)
≤ Γ

(2H0 + a− 1

2H0

)
.

Using the condition a > 3/4−H0, we see that

−3− 4H

4H0

+ 1 ∈
(
1− 3− 4a

4H0

, 1− 3− 4b

4H0

)
⊂ (0, 3/4),

then

Γ
(
− 3− 4H

4H0

+ 1
)
≤ Γ

(4H0 + 4a− 3

4H0

)
.
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Thus,

CH,2 ≤ max

{
Γ
(1

2

)
,Γ
(2H0 + a− 1

2H0

)
,Γ
(4H0 + 4a− 3

4H0

)}
:= ca,2. (4.2.45)

Therefore, with relation (4.2.44), we have

n−1∏
j=1

Γ
(
βj + 1

)
≤ Cn−1

H,2 ≤ cn−1
a,2 . (4.2.46)

Moreover, for any H ∈ [a, b], we have

(n− 1)(4H0 + 2a− 2)− (1− 2a)

4H0

≤
n−1∑
j=1

βj + (n− 1) ≤ (n− 1)(2H0 + b− 1)

2H0

.

(4.2.47)

We prove relation (4.2.47) below. Note that

n−1∑
j=1

βj + (n− 1) =
−
∑n−1

j=1 (1 + αj) + 4H0(n− 1)

4H0

=
−(n− 1)−

∑n−1
j=1 αj + 4H0(n− 1)

4H0

=
(n− 1)(4H0 − 1)−

∑n−1
j=1 αj

4H0

.

We know that
n−1∑
j=1

αj =
n∑
j=1

αj − αn = n(1− 2H)− αn.

Therefore, since αn ∈ {0, 1− 2H} and H ∈ [a, b], we have

(n− 1)(1− 2b) ≤ (n− 1)(1− 2H) ≤
n−1∑
j=1

αj ≤ n(1− 2H) ≤ n(1− 2a)

and

−n(1− 2a)

4H0

≤ −
∑n−1

j=1 αj

4H0

≤ −(n− 1)(1− 2b)

4H0

.

This leads to

(n− 1)(4H0 + 2a− 2)− (1− 2a)

4H0

≤
n−1∑
j=1

βj + (n− 1) ≤ (n− 1)(2H0 + b− 1)

2H0

.
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We now return to the main estimate. We pick m0 ≥ 1 such that

(m0 − 1)(4H0 + 2a− 2)− (1− 2a)

4H0

> x0,

where x0 ∈ (1, 2) is such that Gamma function Γ(·) is increasing on (x0,∞). By
relation (4.2.47), for any n ≥ m0, we have

n−1∑
j=1

βj + (n− 1) ≥ (n− 1)(4H0 + 2a− 2)− (1− 2a)

4H0

> x0,

which implies that for any n ≥ m0, there exists a positive constant c
(3)
H0,a

depending
on H0 and a such that

Γ
( n−1∑
j=1

βj + (n− 1) + 1
)
> Γ

((n− 1)(4H0 + 2a− 2)− (1− 2a)

4H0

+ 1
)

≥ (c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0 , (4.2.48)

where for the last inequality, we used Lemma A.1.4. By relation (4.2.47), it follows
that

t
∑n−1
j=1 βj+(n−1)

n ≤


1 if tn < 1,

t
(n−1)(2H0+b−1)

2H0
n if tn ≥ 1

≤ (T ∨ 1)
(n−1)(2H0+b−1)

2H0 . (4.2.49)

Now, returning to (4.2.43) and using relations (4.2.46), (4.2.48) and (4.2.49), we get:

Jh(tn) ≤
cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 . (4.2.50)

We continue to integrate
(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t) over [0, t + h]n. Using relations

(4.2.42), (4.2.50) and the change of variable s = t+ h− tn, we have∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

≤ n!
cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

∫ t+h

t

(t+ h− tn)
− 1+αn

4H0 dtn

= n!
cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

∫ h

0

s
− 1+αn

4H0 ds
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= n!
cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

1

1− 1+αn
4H0

h
1− 1+αn

4H0 .

(4.2.51)

Note that, since αn ∈ {0, 1− 2H} and H ∈ [a, b], we have

1

1− 1+αn
4H0

<
2H0

2H0 +H − 1
<

2H0

2H0 + a− 1
=: c

(4)
H0,a

.

Recall that relation (4.2.3) implies that relation (4.2.23) holds. Hence, we have

0 <
ε

H0

<
2H0 + a− 1

2H0

≤ 1− 1 + αn
4H0

=
4H0 − 1− αn

4H0

≤ 1− 1

4H0

≤ 3

4

which implies for any h ∈ (0, 1),

h
1− 1+αn

4H0 ≤ h
ε
H0 .

Therefore, using the fact that n! ≤ 2n(n− 1)! and relation (4.2.51), we obtain:∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

≤ n!
cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 4H0+2a−2
4H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

c
(4)
H0,a

h
ε
H0

≤ h
ε
H0 2n

cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 2n−1c
(4)
H0,a

.

We take power 2H0 in the above estimate, then relation (4.2.36) becomes:

BH
n (t, h) ≤ bnH0

(
h

ε
H0 2n

cn−1
a,2

(c
(3)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 2n−1c
(4)
H0,a

)2H0

= h2εbnH0
2n2H0

c
(n−1)2H0

a,2 (c
(4)
H0,a

)2H0

(c
(3)
H0,a

)(n−1)2H0
[
(n− 1)!

]a−1 (T ∨ 1)(n−1)(2H0+b−1)2(n−1)2H0 .

(4.2.52)

Therefore, by relation (4.2.52), we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
BH
n (t, h)

)1/2

≤ C
(2)
p,a,b,H0,T

hε, (4.2.53)
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where C
(2)
p,a,b,H0,T

> 0 is a constant depending on p, a, b, c0, H0, and T .

Returning to (4.2.7) and using (4.2.33) and (4.2.53), it follows that

‖uH(t+ h, x)− uH(t, x)‖p ≤
√

2
(
C

(1)
p,a,b,H0,T

+ C
(2)
p,a,b,H0,T

)
hε.

Relation (4.2.1) follows by taking power p and then taking supremum over H ∈ [a, b].

Step 1.b We examine the spatial increments for the solution of the heat equation.
For any x, x′ ∈ R, we let z = x′ − x. By relation (2.3.41),

‖uH(t, x+ z)− uH(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 1

n!
CH
n (t, z)

)1/2

, (4.2.54)

where

CH
n (t, z) := ‖n!f̃n(·, t, x+ z)− n!f̃n(·, t, x)‖2

H⊗nH

= αnH0

∫
[0,t]n

∫
[0,t]n

n∏
j=1

|tj − sj|2H0−2ΨH
t,z,n(t, s)dtds, (4.2.55)

and we denote by

ΨH
t,z,n(t, s) = cnH

∫
Rn
F
[
g

(n)
t (·, t, x+ z)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)

F
[
g

(n)
s (·, t, x+ z)− g(n)

s (·, t, x)
]
(ξ1, . . . , ξn)

n∏
j=1

|ξj|1−2Hdξ

=
〈
g

(n)
t (·, t, x+ z)− g(n)

t (·, t, x), g(n)
s (·, t, x+ z)− g(n)

s (·, t, x)
〉
P⊗nH
(4.2.56)

and g
(n)
t (·, t, x) := n!f̃n(t1, ·, . . . , tn, ·, t, x).

We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5

to the function ϕ(t) =
(
ΨH
t,z,n(t, t)

)1/2
. We obtain:

CH
n (t, z) ≤ αnH0

∫
[0,t]n

∫
[0,t]n

n∏
j=1

|tj − sj|2H0−2
(

ΨH
t,z,n(t, t)

)1/2(
ΨH
t,z,n(s, s)

)1/2

dtds

≤ bnH0

(∫
[0,t]n

(
ΨH
t,z,n(t, t)

) 1
2H0 dt

)2H0

. (4.2.57)
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Fix t = (t1, . . . , tn) ∈ [0, t]n and pick ρ such that tρ(1) < . . . < tρ(n) < tρ(n+1) = t. By
(4.2.13),

F
[
g

(n)
t (·, t, x+ z)− g(n)

t (·, t, x)
]
(ξ1, . . . , ξn)

= e−i(ξ1x1+···+ξnxn)
(
e−i(ξ1+...+ξn)z − 1

) n∏
j=1

FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j)).

(4.2.58)

We denote uj = tρ(j+1)−tρ(j), for j = 1, . . . , n. Using the change of variables ξ′j = ξρ(j)

for j = 1, . . . , n, we obtain:

ΨH
t,z,n(t, t)

= cnH

∫
Rn

n∏
j=1

∣∣∣FGh
tρ(j+1)−tρ(j)(ξρ(1) + · · ·+ ξρ(j))

∣∣∣2∣∣∣1− e−i(ξρ(1)+···+ξρ(n))z∣∣∣2 n∏
j=1

|ξj|1−2Hdξ

= cnH

∫
Rn

n∏
j=1

∣∣∣FGh
uj

(ξ′1 + · · ·+ ξ′j)
∣∣∣2∣∣∣1− e−i(ξ′1+···+ξ′n)z

∣∣∣2 n∏
j=1

|ξ′j|1−2Hdξ

≤ |z|2δcnH
∫
Rn

n∏
j=1

∣∣∣FGh
uj

(ξ1 + · · ·+ ξj)
∣∣∣2∣∣∣ξ1 + . . .+ ξn

∣∣∣2δ n∏
j=1

|ξj|1−2Hdξ

= |z|2δcnH
∫
Rn

n∏
j=1

∣∣∣FGh
uj

(ηj)
∣∣∣2|ηn|2δ n∏

j=1

|ηj − ηj−1|1−2Hdη

≤ |z|2δcnH
∫
Rn

n∏
j=1

∣∣∣FGh
uj

(ηj)
∣∣∣2|ηn|2δ( ∑

α∈Dn

n∏
j=1

|ηj|αj
)

dη (4.2.59)

where for the last equality, we use the change of variables ηj = ξ1 + . . . + ξj for
j = 1, . . . , n with η0 = 0 and for the inequality above, we used relation (4.1.11). Note
that for the first inequality above, we used:

|1− e−ix|2 = 2
(
1− cos(x)

)
≤ x2δ, for all x > 0 and δ ∈ [0, 1]. (4.2.60)

To prove (4.2.60), note that if x ≥ 1, 1−cos(x) ≤ 1 ≤ x2δ for any δ ≥ 0, and if x < 1,
then 1 − cos(x) ≤ 1

2
x2 ≤ 1

2
x2δ for any δ ∈ [0, 1]. (Note that (4.2.60) is the analogue

of (4.2.16) for complex exponents.)

We return to relation (4.2.59). By (4.2.60), we obtain:

ΨH
t,z,n(t, t) ≤ |z|2δcnH

∑
α∈Dn

n−1∏
j=1

(∫
R
e−uj |ηj |

2 |ηj|αjdηj
)(∫

R
e−un|ηn|

2|ηn|αn+2δdηn

)
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= |z|2δcnH
∑
α∈Dn

n−1∏
j=1

Γ
(1 + αj

2

)
u
−

1+αj
2

j · Γ
(1 + αn + 2δ

2

)
u
− 1+αn+2δ

2
n ,

(4.2.61)

where in the last equation, we used Lemma 4.1.2. For the application of Lemma 4.1.2,
we need αj > −1 for j = 1, . . . , n − 1 and αn + 2δ > −1. They are satisfied since
αj ≥ 0 for all j = 1, . . . , n and δ ∈ [0, 1].

Similarly to relation (4.2.39), we see that

cnH

n−1∏
j=1

Γ
(1 + αj

2

)
≤ cHC

n−1
H,1 ≤

1

π

( 1√
π

)n−1
.

Since αn ∈ {0, 1− 2H} and δ ∈ [0, 1],

1

2
<

1 + 2δ

2
≤ 1 + αn + 2δ

2
≤ 1 + 1− 2H + 2δ

2
< 2−H < 2

we have

Γ
(1 + αn + 2δ

2

)
< Γ

(1

2

)
=
√
π.

Hence

ΨH
t,z,n(t, t) ≤ |z|2δ

( 1√
π

)n ∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
2
(
t− tρ(n)

)− 1+αn+2δ
2

≤ |z|2δ
∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
2
(
t− tρ(n)

)− 1+αn+2δ
2 . (4.2.62)

Taking power 1
2H0

on both sides of (4.2.62) above, we obtain:

(
ΨH
t,z,n(t, t)

) 1
2H0 ≤

(
|z|2δ

) 1
2H0

∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)− 1+αj
4H0

(
t− tρ(n)

)− 1+αn+2δ
4H0 .

(4.2.63)

We now integrate
(
ψHt,z,n(t, t)

) 1
2H0 over [0, t]n. Using relation (4.2.63) and the

change of variables t′j = tρ(j) for all j = 1, . . . , n, we get:∫
[0,t]n

(
ΨH
t,z,n(t, t)

) 1
2H0 dt

=
∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

(
ΨH
t,z,n(t, t)

) 1
2H0 dt
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≤
(
|z|2δ

) 1
2H0

∑
α∈Dn

∑
ρ∈Sn

∫
0<t′1<...<t

′
n<t

n−1∏
j=1

(
t′j+1 − t′j

)− 1+αj
4H0

(
t− t′n

)− 1+αn+2δ
4H0 dt

= |z|
δ
H0 n!

∑
α∈Dn

∫
0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)− 1+αj
4H0

(
t− tn

)− 1+αn+2δ
4H0 dt. (4.2.64)

Notice that the sum appearing in the previous estimate is the same as (4.2.22) in
which we replace ε by δ/2 in the exponent of (t − tn). Using the same argument as
the one leading to relation (4.2.26) (and replacing ε by δ/2), we obtain that for any
c0 ∈

(
0, 1− 1−a

2H0

)
and for any δ such that

0 <
δ

2
<

2H0(1− c0) + a− 1

2
,

we have

Γ
(

1− 1 + αn + 2δ

4H0

)
≤ Γ(c0).

Hence, relation (4.2.30) in which we replace ε by δ/2 becomes:∫
0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)− 1+αj
4H0

(
t− tn

)− 1+αn+2δ
4H0 dt

≤
(
c

(5)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(6)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

. (4.2.65)

where c
(5)
H0,a

and c
(6)
H0,a

are some positive constants depending on H0 and a.

Exactly as in the case of relation (4.2.33), we obtain:∑
n≥1

(p− 1)n/2
( 1

n!
CH
n (t, z)

)1/2

≤ C
(3)
p,a,b,H0,T

|z|δ, (4.2.66)

where C
(3)
p,a,b,H0,T

> 0 is a constant depending on p, a, b, H0, and T . Therefore, taking
power p and then taking supremum over H ∈ [a, b] on both sides of relation (4.2.66),
we have relation (4.2.2), using (4.2.54).

Step 2: Wave equation

Step 2.a We examine the time increments for the solution of the wave equation.
Assume that h = t′ − t > 0, and the case h < 0 is similar. Note that relation (4.2.7)
still holds, where AHn (t, h) and BH

n (t, h) are given by (4.2.10), respectively (4.2.34).
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We study AHn (t, h) first. Using Cauchy-Schwarz inequality and the fact that
ab ≤ (a2 + b2)/2, we have

ψHt,h,n(t, s) ≤
(
ψHt,h,n(t, t)

)1/2(
ψHt,h,n(s, s)

)1/2

≤ 1

2

(
ψHt,h,n(t, t) + ψHt,h,n(s, s)

)
.

By Lemma 2.2.3, it follows that

AHn (t, h) ≤
∫

[0,t]n

∫
[0,t]n

αnH0

n∏
j=1

|tj − sj|2H0−2ψHt,h,n(t, t)dtds

≤ Γn0,t

∫
[0,t]n

ψHt,h,n(t, t)dt, (4.2.67)

where Γ0,t = 2
∫ t

0
αH0 |t − s|2H0−2ds = 2H0t

2H0−1. We denote uj = tρ(j+1) − tρ(j), for
j = 1, . . . , n−1 and un = t− tρ(n). Note that ψHt,h,n(t, t) can be estimated by (4.2.15),

in which Gh is replaced by Gw.

To study the second integral in (4.2.15), we need to consider αn separately. Recall
that αn ∈ {0, 1− 2H} and h ∈ [0, 1]. To investigate the behaviour of various integral
including the Fourier transform of Gw

t , we use arguments similar to those given in the
proof of Proposition 7.4 of [17] (see also Lemma 2.3.4).

Case 1: If αn = 0, using Plancherel theorem, we have:∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2dηn = 2π

∫
R

∣∣Gw
un+h(x)−Gw

un(x)
∣∣2dx

= 2π

∫
R

(
1{|x|<un+h} − 1{|x|<un}

)2
dx = 2π

∫
R

1{
[−un−h,−un]∪[un,un+h]

}dx = 4πh.

Case 2: If αn = 1− 2H, we split R into {|ηn| ≤ 1} and {|ηn| > 1}. Then∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2|ηn|1−2Hdηn = I1 + I2

where

I1 =

∫
|ηn|≤1

∣∣ sin ((un + h)|ηn|
)
− sin(un|ηn|)

∣∣2
|ηn|2

|ηn|1−2Hdηn

I2 =

∫
|ηn|>1

∣∣ sin ((un + h)|ηn|
)
− sin(un|ηn|)

∣∣2
|ηn|2

|ηn|1−2Hdηn.

We study I1 first. Using the trigonometric identity

sin(a)− sin(b) = 2 sin
(a− b

2

)
cos
(a+ b

2

)
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and the fact that sin(x) ≤ x for all x > 0, we see that∣∣ sin ((un + h)|ηn|
)
− sin(un|ηn|)

∣∣2 = 4 sin2
(h|ηn|

2

)
cos2

((2u+ h)|ηn|
2

)
≤ 4
(h|ηn|

2

)2

cos2
((2u+ h)|ηn|

2

)
≤ h2|ηn|2.

Therefore

I1 ≤ h2

∫
|ηn|≤1

|ηn|1−2Hdηn =
1

1−H
h2. (4.2.68)

Next, we consider I2. Writing sin(x) = eix−e−ix
2i

, we have

∣∣∣sin ((un + h)|ηn|
)
− sin(un|ηn|)

|ηn|

∣∣∣2 =

∣∣eiun|ηn|(eih|ηn| − 1)− e−iun|ηn|(e−ih|ηn| − 1)
∣∣2

4|ηn|2

≤
∣∣eiun|ηn|∣∣2∣∣eih|ηn| − 1

∣∣2 +
∣∣e−iun|ηn|∣∣2∣∣e−ih|ηn| − 1

∣∣2
2|ηn|2

≤ h2δ|ηn|2δ−2,

where we used relation (4.2.60) in the last inequality. Hence

I2 ≤ h2δ

∫
|ηn|>1

|ηn|2δ−2H−1dηn =
1

H − δ
h2δ, (4.2.69)

which is valid if we assume that 0 < δ < H. To ensure that this condition holds
uniformly for all H ∈ [a, b], we need to choose:

0 < δ < a.

Combining relations (4.2.68) and (4.2.69), we obtain for any H ∈ [a, b]:∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2|ηn|1−2Hdηn ≤

1

1−H
h2 +

1

H − δ
h2δ

≤ max
{ 1

1−H
,

1

H − δ

}
h2δ ≤ max

{ 1

1− b
,

1

a− δ

}
h2δ.

Therefore, for any αn ∈ {0, 1− 2H} and 0 < δ < a, it follows that∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2|ηn|αndηn

≤ max

{∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2dηn,

∫
R

∣∣FGw
un+h(ηn)−FGw

un(ηn)
∣∣2|ηn|1−2Hdηn

}
≤ max

{
4πh,max

{ 1

1− b
,

1

a− δ

}
h2δ

}
< ca,b,δ h

2δ, (4.2.70)
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where ca,b,δ is a constant depending on a, b and δ.

We return to relation (4.2.15) (with Gh replaced by Gw). Using Lemma 4.1.2
and relation (4.2.70), we obtain:

ψHt,h,n(t, t) ≤ h2δ ca,b,δ c
n
H

∑
α∈Dn

n−1∏
j=1

(
21−αj C̃αju

1−αj
j

)
, (4.2.71)

where we recall that

21−αj C̃αj =



π if αj = 0,

22H Γ(1−2H) sin
(
π(1−2H)/2

)
2H

if αj = 1− 2H,

24H−1 Γ(2−4H) sin
(
π(1−2H)

)
4H−1

if αj = 2(1− 2H).

For the application of Lemma 4.1.2, we need −1 < αj < 1 for j = 1, . . . , n− 1. This
is clearly satisfied since 0 ≤ αj ≤ 2(1 − 2H) < 1 for j = 1, . . . , n − 1, due to the
condition H > 1/4.

Note that

cnH

n−1∏
j=1

21−αj C̃αj ≤ cHC
n−1
H,3 (4.2.72)

where CH,3 is given by

CH,3 = cH max

{
π,

Γ
(
1− 2H

)
H

,
2Γ
(
2− 4H

)
4H − 1

}
.

We now show how to find an upper bound for CH,3, uniformly in H ∈ [a, b]. For any
H ∈ [a, b] ⊂ (1/4, 1/2), we have

Γ
(
1− 2H

)
H

≤
Γ
(
1− 2b

)
a

and
2Γ
(
2− 4H

)
4H − 1

≤
2Γ
(
2− 4b

)
4a− 1

.

Hence

CH,3 ≤
1

π
max

{
π,

Γ
(
1− 2b

)
a

,
2Γ
(
2− 4b

)
4a− 1

}
=: ca,b,3. (4.2.73)

We come back to relation (4.2.71). Using relations (4.2.72), (4.2.73) and the fact that
cH ≤ 1

π
< 1, we have:

ψHt,h,n(t, t) ≤ h2δ ca,b,δ cHC
n−1
H,3

∑
α∈Dn

n−1∏
j=1

u
1−αj
j
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≤ h2δ ca,b,δc
n−1
a,b,3

∑
α∈Dn

n−1∏
j=1

(
tρ(j+1) − tρ(j)

)1−αj . (4.2.74)

Note that (4.2.74) is the analogue of (4.2.20) (that we obtained for the heat equation).

We now integrate ψHt,h,n(t, t) over [0, t]n. Using (4.2.74) and the change of vari-
ables t′j = tρ(j) for all j = 1, . . . , n, we get:∫

[0,t]n
ψHt,h,n(t, t) dt =

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

ψHt,h,n(t, t) dt

≤ h2δ ca,b,δ c
n−1
a,b,3

∑
α∈Dn

∑
ρ∈Sn

∫
0<t′1<...<t

′
n<t

n−1∏
j=1

(
t′j+1 − t′j

)1−αj dt′1 . . . dt
′
n−1dt′n

= h2δ ca,b,δ c
n−1
a,b,3 n!

∑
α∈Dn

∫
0<tn<t

Jw(tn)dtn, (4.2.75)

where in the first equation, we decomposed the set [0, t]n into n! disjoint regions of
the form tρ(1) < · · · < tρ(n) with ρ ∈ Sn and we used notation:

Jw(tn) =

∫
0<t1<...<tn−1<tn

n−1∏
j=1

(
tj+1 − tj

)1−αj dt1 . . . dtn−1.

We give the explicit form of Jw(tn). For this, we apply Lemma A.3.1 with
βj = 1− αj for all j = 1, . . . , n− 1. Note that

n−1∑
j=1

βj =
n−1∑
j=1

(1− αj) = (n− 1)−
n−1∑
j=1

αj = (n− 1)−
( n∑
j=1

αj − αn
)

= (n− 1)−
(
n(1− 2H)− αn

)
= 2Hn− 1 + αn

and

n−1∑
j=1

βj + (n− 1) = 2Hn− 1 + αn + (n− 1) = n(2H + 1) + (αn − 2).

To apply Lemma A.3.1, wee need βj > −1 for all j = 1, . . . , n − 1, which means
αj < 2 for all j = 1, . . . , n− 1. This is clearly satisfied since H < 1/2. Therefore,

Jw(tn) =

∫
0<t1<...<tn−1<tn

n−1∏
j=1

(tj+1 − tj)1−αjdt1 . . . dtn−1
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=

∏n−1
j=1 Γ

(
βj + 1

)
t
∑n−1
j=1 βj+(n−1)

n

Γ
(∑n−1

j=1 βj + (n− 1) + 1
) =

∏n−1
j=1 Γ

(
2− αj

)
t
n(2H+1)+(αn−2)
n

Γ
(
n(2H + 1) + (αn − 1)

) . (4.2.76)

Hence ∫
0<tn<t

Jw(tn) dtn =

∏n−1
j=1 Γ

(
2− αj

)
tn(2H+1)+(αn−1)

Γ
(
n(2H + 1) + αn

) . (4.2.77)

Recall that α1 ∈
{

1−2H, 2(1−2H)
}

, αj ∈
{

0, 1−2H, 2(1−2H)
}

for j = 2, . . . , n−1
and αn ∈

{
0, 1− 2H

}
(see Lemma 4.1.3 with αj = (1− 2H)aj). Therefore, 0 ≤ αj ≤

2(1− 2H) for all j = 1, . . . , n− 1 which implies that for any H ∈ [a, b]

1 < 4a ≤ 4H ≤ 2− αj ≤ 2.

Because the Gamma function Γ is decreasing on (0, x0) and increasing on (x0,∞)
with x0 ≈ 1.4, we know that

n−1∏
j=1

Γ
(
2− αj

)
≤ 1. (4.2.78)

Moreover, we have

n(2a+1)−1 ≤ n(2H+1)−1 ≤ n(2H+1)+(αn−1) ≤ n(2H+1)−2H ≤ n(2b+1)−2a.

It follows that

tn(2H+1)+(αn−1) ≤

 1 if t < 1,

tn(2b+1)−2a if t ≥ 1.

Therefore, we get:

tn(2H+1)+(αn−1) ≤
(
t ∨ 1

)n(2b+1)−2a
. (4.2.79)

Finally, we pick m0 ≥ 1 such that m0(2a+ 1)− 1 > x0. For any n ≥ m0, we have

n(2H + 1) + (αn − 1) > n(2a+ 1)− 1 > x0,

which implies that for any H ∈ [a, b],

Γ
(
n(2H + 1) + (αn − 1)

)
> Γ

(
n(2a+ 1)− 1

)
.

By Lemma A.1.3, we know that there exists a positive constant c
(7)
a depending on a

such that

Γ
(
n(2H + 1) + αn

)
> Γ

(
n(2a+ 1)

)
≥ (c(7)

a )n
[
n!
]2a+1

. (4.2.80)
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We come back to (4.2.77). Using relations (4.2.78), (4.2.79) and (4.2.80), we obtain:∫
0<tn<t

Jw(tn)dtn ≤
(
t ∨ 1

)n(2b+1)−2a

(c
(7)
a )n

[
n!
]2a+1 . (4.2.81)

We return to equality (4.2.75). By relation (4.2.81) and the fact that card(Dn) =
2n−1, then∫

[0,t]n
ψHt,h,n(t, t) dt ≤ h2δ ca,b,δ c

n−1
a,b,3 n! 2n−1

(
t ∨ 1

)n(2b+1)−2a

(c
(7)
a )n

[
n!
]2a+1 (4.2.82)

Therefore, by relations (4.2.67) and (4.2.82), we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
AHn (t, h)

)1/2

≤:= C
(4)
p,a,b,δ,T h

δ, (4.2.83)

where C
(4)
p,a,b,δ,T > 0 is a constant depending on p, a, b, δ, and T .

We now study BH
n (t, h). Recall that BH

n (t, h) is given by (4.2.34). Using Cauchy-
Schwarz inequality and the fact that ab ≤ (a2 + b2)/2 again, we have

γHt,h,n(t, s) ≤
(
γHt,h,n(t, t)

)1/2(
γHt,h,n(s, s)

)1/2

≤ 1

2

(
γHt,h,n(t, t) + γHt,h,n(s, s)

)
.

By Lemma 2.2.3, it follows that

BH
n (t, h) ≤

∫
[0,t+h]n

∫
[0,t+h]n

αnH0

n∏
j=1

|tj − sj|2H0−2γHt,h,n(t, t)1Dt,h(t)dtds

≤ Γn0,t

∫
[0,t+h]n

γHt,h,n(t, t)1Dt,h(t)dt. (4.2.84)

Note that relation (4.2.37) still holds, in which Gh is replaced by Gw. Using Lemma
4.1.2, we obtain:

γHt,h,n(t, t) ≤ cnH
∑
α∈Dn

( n−1∏
j=1

21−αj C̃αju
1−αj
j

)(
21−αnC̃αn(un + h)1−αn

)
. (4.2.85)

For the application of Lemma 4.1.2, we need −1 < αj < 1 for j = 1, . . . , n. This is
clearly satisfied since 0 ≤ αj ≤ 2(1 − 2H) ≤ 1 for all j = 1, . . . , n, due to the fact
that H ≥ 1

4
.

Note that

cnH

n∏
j=1

21−αj C̃αj ≤ Cn
H,3 ≤ cna,b,3.
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where CH,3 and ca,b,3 is given by (4.2.72), respectively (4.2.73). Then, we obtain the
following inequality, which is the analogue of relation (4.2.40) (that we obtained for
the heat equation):

γHt,h,n(t, t) ≤ cna,b,3
∑
α∈Dn

n−1∏
j=1

u
1−αj
j · (un + h)1−αn . (4.2.86)

We now integrate γHt,h,n(t, t)1Dt,h(t) over [0, t + h]n. Using relation (4.2.86) and
the change of variables t′j = tρ(j) for all j = 1, . . . , n, we get:∫

[0,t+h]n
γHt,h,n(t, t)1Dt,h(t)dt

=
∑
ρ∈Sn

∫ t+h

t

(∫
0<tρ(1)<...<tρ(n−1)<tρ(n)

γHt,h,n(t, t) dtρ(1) . . . dtρ(n−1)

)
dtρ(n)

≤ cna,b,3
∑
ρ∈Sn

∫ t+h

t

(∫
0<tρ(1)<...<tρ(n−1)<tρ(n)∑

α∈Dn

n−1∏
j=1

(tρ(j+1) − tρ(j))
1−αj(t+ h− tρ(n))

1−αndtρ(1) . . . dtρ(n−1)

)
dtρ(n)

≤ cna,b,3 n!
∑
α∈Dn

∫ t+h

t

Jw(tn) · (t+ h− tn)1−αndtn (4.2.87)

where Jw(tn) is given by (4.2.76). We would like to find an upper bound for Jw(tn)
uniformly in H ∈ [a, b]. Recalling that αn ∈ {0, 1− 2H}, we have

n(2H + 1) + (αn − 2) ≤ (n− 1)(2H + 1) ≤ (n− 1)(2b+ 1).

It follows that

tn(2H+1)+(αn−2)
n ≤

 1 if tn < 1

t
(n−1)(2b+1)
n if tn ≥ 1

≤ (T ∨ 1)(n−1)(2b+1). (4.2.88)

Moreover, we have

n(2H + 1) + (αn − 1) ≥ n(2H + 1)− 1 ≥ n(2a+ 1)− 1.

We pick m0 ≥ 1 such that m0(2a+ 1)− 1 > x0. For any n ≥ m0, we have

n(2H + 1) + (αn − 1) ≥ (n− 1)(2a+ 1) + 2a > x0,
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which implies that for any H ∈ [a, b],

Γ
(
n(2H + 1) + (αn − 1)

)
> Γ

(
(n− 1)(2a+ 1) + 2a

)
≥ (c(8)

a )n−1
[
(n− 1)!

]2a+1
,

(4.2.89)

where we applied Lemma A.1.4 for the last inequality and c
(8)
a is a constant depending

on a. Using relations (4.2.78), (4.2.88), (4.2.89), we know that

Jw(tn) ≤ (T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a+1 , (4.2.90)

which is the analogue of relation (4.2.50) that we obtained for the heat equation.

We return to (4.2.87). By (4.2.90) and the change of variable s = t+ h− tn, we
have ∫

[0,t+h]n
γHt,h,n(t, t)1Dt,h(t)dt

≤ cna,b,3 n!
(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a+1

∑
α∈Dn

∫ t+h

t

(t+ h− tn)1−αndtn

≤ cna,b,3 2n−1(n− 1)!
(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a+1

∑
α∈Dn

∫ h

0

s1−αnds

= cna,b,3
2n(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a ∑
α∈Dn

1

2− αn
h2−αn , (4.2.91)

where we used the fact that n! ≤ 2n−1(n − 1)! in the second inequality. Note that,
since αn ∈ {0, 1− 2H} and H ∈ [a, b], we have

2a+ 1 ≤ 2H + 1 ≤ 2− αn ≤ 2,

which implies
1

2
≤ 1

2− αn
≤ 1

2a+ 1
< 2

and for any h ∈ (0, 1) and δ ∈ (0, a),

h2−αn ≤ h2a+1 ≤ h2δ+1 ≤ h2δ.

Therefore, using the fact that Card(Dn) = 2n−1 and relation (4.2.91), we obtain:∫
[0,t+h]n

γHt,h,n(t, t)1Dt,h(t)dt ≤ cna,b,3
2n(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a ∑
α∈Dn

2h2δ
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≤ h2δ4ncna,b,3
(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a . (4.2.92)

Hence, by relations (4.2.84) and (4.2.92), we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
BH
n (t, h)

)1/2

≤ C
(5)
p,a,b,T h

δ, (4.2.93)

where C
(5)
p,a,b,T > 0 is a constant depending on p, a, b and T .

Relation (4.2.4) follows by combining relations relation (4.2.7), (4.2.83) and
(4.2.93).

Step 2.b We now examine the space increments for the solution of the wave
equation. Note that relation (4.2.54) still holds where CH

n (t, z) is given by (4.2.55).
Using Cauchy-Schwarz inequality and the fact that ab ≤ (a2 + b2)/2, we have

ΨH
t,z,n(t, s) ≤

(
ΨH
t,z,n(t, t)

)1/2(
ΨH
t,z,n(s, s)

)1/2

≤ 1

2

(
ΨH
t,z,n(t, t) + ΨH

t,z,n(s, s)
)
.

By Lemma 2.2.3, it follows that

CH
n (t, z) ≤

∫
[0,t]n

∫
[0,t]n

αnH0

n∏
j=1

|tj − sj|2H0−2ΨH
t,z,n(t, t)dtds

≤ Γn0,t

∫
[0,t]n

ΨH
t,z,n(t, t)dt. (4.2.94)

Note that (4.2.59) still holds, with Gh replaced by Gw. Hence, for any δ ∈ [0, 1],

ΨH
t,z,n(t, t)

≤ |z|2δcnH
∑
α∈Dn

n−1∏
j=1

(∫
R

| sin(uj|ηj|)|2

|ηj|2
|ηj|αjdηj

)(∫
R

| sin(un|ηn|)|2

|ηn|2
|ηn|αn+2δdηn

)
= |z|2δcnH

∑
α∈Dn

n−1∏
j=1

(
21−αj C̃αju

1−αj
j

)
·
(

21−αn−2δC̃αn+2δ u
1−αn−2δ
n

)
, (4.2.95)

where in the last equation, we used Lemma 4.1.2. Note that (4.2.95) is the analogue
of relation (4.2.61) that we have obtained for the heat equation. For the application
of Lemma 4.1.2, we need αj ∈ (−1, 1) for j = 1, . . . , n − 1 and αn + 2δ ∈ (−1, 1).
The first condition is satisfied since 0 ≤ αj ≤ 2(1− 2H) ≤ 1 for all j = 1, . . . , n − 1
due to our condition H > 1/4. However, the condition αn + 2δ < 1 introduces the
restriction 0 < δ < H in the case when αn = 1 − 2H. To ensure that this holds for
any H ∈ [a, b], we need to take

0 < δ < a.
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Similarly to relation (4.2.72), we see that

cnH

n−1∏
j=1

21−αj C̃αj ≤ cHC
n−1
H,3 ≤

1

π
cn−1
a,b,3 < cn−1

a,b,3.

Since αn ∈ {0, 1− 2H} and δ ∈ (0, H),

1 = 20 < 21−αn−2δ < 21 = 2

and αn + 2δ ∈ (0, 1), we have

C̃αn+2δ =
1

1− αn − 2δ
Γ
(
αn + 2δ

)
sin
(π(αn + 2δ)

2

)
.

To bound Γ
(
αn + 2δ

)
, we need to study the range of possible values αn + 2δ. If

αn = 1 − 2H, then αn + 2δ ≥ 1 − 2H ≥ 1 − 2b and Γ(αn + 2δ) ≤ Γ(1 − 2b). The
problem is when αn = 0. If we simply choose δ ∈ (0, H), then αn + 2δ = 2δ can be
in principle, be very close to 0. This is a problem since lim

x→0+
Γ(x) = ∞, and hence,

we are not able to bound the term Γ
(
αn + 2δ

)
. To avoid this problem, we choose an

arbitrary value c1 > 0 such that
c1 < 2δ.

With this choice of c1 and δ, we have

Γ
(
αn + 2δ

)
≤ max

{
Γ(c1),Γ(1− 2b)

}
=: k

and

1

1− αn − 2δ
≤ 1

2H − c1

≤ 1

2a− c1

Therefore,

C̃αn+2δ ≤
k

2a− c1

.

Hence, relation (4.2.95) becomes:

ΨH
t,z,n(t, t) ≤ |z|2δ cn−1

a,b,3

k

2a− c1

∑
α∈Dn

n−1∏
j=1

(tρ(j+1) − tρ(j))
1−αj(t− tρ(n))

1−αn−2δ.

(4.2.96)
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We now integrate ψHt,z,n(t, t) over [0, t]n. Using relation (4.2.96) and the change
of variables t′j = tρ(j) for all j = 1, . . . , n, we get:∫

[0,t]n
ΨH
t,z,n(t, t)dt =

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

ΨH
t,z,n(t, t)dt

≤ |z|2δ cn−1
a,b,3

k

2a− c1∑
α∈Dn

∑
ρ∈Sn

∫
0<t′1<...<t

′
n<t

n−1∏
j=1

(
t′j+1 − t′j

)1−αj(t− t′n)1−αn−2δ
dt

= |z|2δ cn−1
a,b,3

k

2a− c1

n!
∑
α∈Dn

∫
0<t1<...<tn<t

n−1∏
j=1

(
tj+1 − tj

)1−αj(t− tn)1−αn−2δ
dt

= |z|2δ cn−1
a,b,3

k

2a− c1

n!
∑
α∈Dn

∫
0<tn<t

Jw(tn)
(
t− tn

)1−αn−2δ
dtn, (4.2.97)

where Jw(tn) is given in (4.2.76).

Using relation (4.2.90) and the fact that Card(Dn) = 2n−1, we have:∫
[0,t]n

ΨH
t,z,n(t, t)dt

≤ |z|2δ cn−1
a,b,3

k

2a− c1

n!
(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a+1

∑
α∈Dn

∫
0<tn<t

(
t− tn

)1−αn−2δ
dtn

≤ |z|2δ cn−1
a,b,3

k

2a− c1

2n(n− 1)!
(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a+1

∑
α∈Dn

1

2− αn − 2δ
t2−αn−2δ

≤ |z|2δ cn−1
a,b,3

k

2a− c1

2n(T ∨ 1)(n−1)(2b+1)

(c
(8)
a )n−1

[
(n− 1)!

]2a2n−1 1

2a− c1

(T ∨ 1)2

where in the last inequality, we used the fact that for any H ∈ [a, b] and δ < c1,

1

2− αn − 2δ
<

1

1− αn − 2δ
≤ 1

2H − c1

≤ 1

2a− c1

and

t2−αn−2δ ≤

 1 if t < 1

t2 if t ≥ 1
≤ (T ∨ 1)2.

Exactly as in the case of relation (4.2.83), we obtain:∑
n≥1

(p− 1)n/2
( 1

n!
CH
n (t, z)

)1/2

≤ C
(6)
p,a,b,k,c1,T

|z|δ,
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where C
(6)
p,a,b,k,c1,T

> 0 is a constant depending on p, a, b, k, c1, and T . Relation (4.2.5)
follows.

4.3 Continuity in law of the solution with respect

to the noise parameter H

In this section, we consider equations (4.0.1) and (4.0.2) driven by the noise WH

introduced in Section 4.1, which is fractional in time with index H0 ∈ (1/2, 1) and
fractional in space with index H ∈ (0, 1/2). We prove that the solution of either one of
these equations is continuous in law in the space of continuous functions C([0, T ]×R),
with respect to the spatial Hurst index H.

As in the proof of Theorem 2.0.1, we apply Lemma 2.4.3 to prove the convergence
of the finite dimensional distribution of uHn to uH

∗
, when n → ∞. For this, we

need the whole family of processes {WH ;H ∈ (0, 1/2)} to be defined on the same
probability space. To do this, we give the simultaneous construction of all noise
processes {WH ;H ∈ (0, 1/2)} on the same probability space, which has a spectral

representation in terms of the complex-valued Gaussian measure Ŵ given by definition
2.4.1.

Before we begin, note that for any function φ ∈ S(R),

αH0

∫
R

∫
R
φ(t)φ(s)|t− s|2H0−2dtds = cH0

∫
R

∣∣Fφ(τ)
∣∣2|τ |1−2H0dτ,

where αH0 = H0(2H0 − 1) and cH0 = Γ(2H0+1) sin(πH0)
2π

. This relationship can be
extended to higher dimensions, as follows:

αnH0

∫
Rn

∫
Rn
φ(t1, . . . , tn)φ(s1, . . . , sn)

n∏
j=1

|tj − sj|2H0−2dtds

= cnH0

∫
Rn

∣∣Fφ(τ1, . . . , τn)
∣∣2 n∏
j=1

|τj|1−2H0dτ1 . . . dτn. (4.3.1)

Similarly to (2.4.1) with g0(τ) replaced by cH0|τ |1−2H0 and |ξ|−α replaced by
cH |ξ|1−2H , for any H ∈ (0, 1/2) and for any function ϕ ∈ S(R2), we set

ŴH(ϕ) =

∫
R

∫
R
ϕ(τ, ξ)ŴH(dτ, dξ)
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:=
√
cH0

√
cH

∫
R

∫
R
ϕ(τ, ξ)|τ |

1
2
−H0|ξ|

1
2
−HŴ (dτ, dξ)

= Ŵ
(√

cH0

√
cHϕ(τ, ξ)|τ |

1
2
−H0|ξ|

1
2
−H
)
.

Formally, we can say

ŴH(dτ, dξ) =
√
cH0

√
cH |τ |

1
2
−H0|ξ|

1
2
−HŴ (dτ, dξ).

Similarly to (2.4.2), we define

WH(ϕ) = ŴH(Fϕ). (4.3.2)

Then we have

E
[
WH(ϕ)WH(ψ)

]
= E

[
ŴH(Fϕ)ŴH(Fψ)

]
= cH0cH

∫
R

∫
R
Fϕ(τ, ξ)Fψ(τ, ξ)|τ |1−2H0|ξ|1−2Hdτdξ. (4.3.3)

That means that we can construct isonormal Gaussian processes WH = {WH(ϕ);ϕ ∈
D(R+ × R)} which have exactly the covariance structure (4.1.1) and are defined on
the same probability space (Ω,F ,P). Throughout this section, without any loss of
generality, we assume the noise perturbing equations (2.0.1) and (2.0.2) is determined
by the Gaussian process WH .

Note that relation (4.3.2) can be written as∫
R+×R

ϕ(t, x)WH(dt, dx) =

∫
R2

Fϕ(τ, ξ)ŴH(dτ, dξ)

=

∫
R2

Ft
[
Fxϕ(t, ·)(ξ)

]
(τ)ŴH(dτ, dξ). (4.3.4)

Recall that the second moment of the multiple integral with respect to Ŵ is given by
relation (2.4.4) when d = 1.

In Section 4.1, we proved the solution uH has the Wiener chaos expansion (4.1.3).
By definition, uH(t, x) is the L2(Ω)-limit of the sequence {uHm(t, x)}m≥1 defined by

uHm(t, x) =
m∑
n=0

IHn (fn(·, t, x)). (4.3.5)

This means that
E
∣∣uHm(t, x)− uH(t, x)

∣∣2 → 0, as m→∞ (4.3.6)

for any H ∈ (0, 1/2) fixed.

The proof of Theorem 4.0.1 is based on the following result.
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Lemma 4.3.1. Under the hypothesis of Theorem 4.0.1, for all k ≥ 1 fixed, we have

E
∣∣∣IHnk (fk(·, t, x))− IHk (fk(·, t, x))

∣∣∣2 → 0, as n→∞. (4.3.7)

Proof: We denote t = (t1, . . . , tk), s = (t1, . . . , tk), η = (η1, . . . , ηj), τ =
(τ1, . . . , τj) and ξ = (ξ1, . . . , ξj). Similarly to (2.4.9), we have

IHnk (fk(·, t, x))− IHk (fk(·, t, x)) =

∫
R2k

Hk(τ1, ξ1, . . . , τk, ξk)Ŵ (dτ1, dξ1) · · · Ŵ (dτk, dξk),

where

Hk(τ1, ξ1, . . . , τk, ξk) = Ft
[
Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)

]
(τ1, . . . , τk)

(cH0)
k/2

k∏
j=1

|τj|
1
2
−H0

(
c
k/2
Hn

k∏
j=1

|ξj|
1
2
−Hn − ck/2H

k∏
j=1

|ξj|
1
2
−H
)
.

Similarly to relation (2.4.12), we have

Qn := E
∣∣IHnk (fk(·, t, x))− IHk (fk(·, t, x))

∣∣2
≤ k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

αH0 |tj − sj|2H0−2A
(n)
k (t, s) dtds,

where

A
(n)
k (t, s) =

∫
Rk
Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)Fxfk(s1, ·, . . . , sk, ·, t, x)(ξ1, . . . , ξk)∣∣∣∣ck/2Hn

k∏
j=1

∣∣ξj∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ξj∣∣ 12−H∣∣∣∣2dξ. (4.3.8)

Using Cauchy-Schwartz inequality, we obtain

Qn ≤ k!

∫
Tk(t)

∫
Tk(t)

k∏
j=1

αH0|tj − sj|2H0−2
(
A

(n)
k (t, t)

)1/2(
A

(n)
k (s, s)

)1/2
dtds. (4.3.9)

Recall that we require H > 3/4 − H0 for heat equation, and H > 1/4 for wave
equation. For this reason, we consider separately the heat and wave equation. Since
the condition H > 1/4 does not depend on H0, the argument for the wave equation
can be reduced to the case of the white noise in time, treated in [23]. For heat
equation, we need to derive a new argument.

Step 1: We consider the wave equation.
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In this case, using relation (4.3.9), inequality ab ≤ 1
2
(a2 + b2) and Lemma 2.2.3

with γ0(t) = αH0|t|2H0−2, we have

Qn ≤ k! Γk0,t

∫
Tk(t)

A
(n)
k (t, t)dt

= k! Γk0,t

∫
Tk(t)

∫
Rk

∣∣Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk)
∣∣2

∣∣∣∣ck/2Hn

k∏
j=1

∣∣ξj∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ξj∣∣ 12−H∣∣∣∣2dξdt

where Γ0,t = 2αH0

∫ t
0
|t− s|2H0−2ds = 2H0t

2H0−1. Recall that if 0 < t1 < . . . < tk < t,
then

Fxfk(t1, ·, . . . , tk, ·, t, x)(ξ1, . . . , ξk) = e−i(ξ1+...+ξk)x

k∏
j=1

FGtj+1−tj(ξ1 + . . .+ ξj).

Using the change of variables ηj = ξ1 + . . . + ξj for all j = 1, . . . , k with η0 = 0, we
obtain:

Qn ≤ k! Γk0,t

∫
Tk(t)

∫
Rk

k∏
j=1

∣∣∣FGw
tj+1−tj(ξ1 + . . .+ ξj)

∣∣∣2
∣∣∣∣ck/2Hn

k∏
j=1

∣∣ξj∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ξj∣∣ 12−H∣∣∣∣2dξdt

= k! Γk0,t

∫
Tk(t)

∫
Rk

k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2
∣∣∣∣ck/2Hn

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−H∣∣∣∣2dηdt. (4.3.10)

We want to show that the integral in relation (4.3.10) converges to 0 when n → ∞.
This was shown in the proof of Theorem 4.1 of [23]. We include this argument for
the sake of completeness.

We apply the Dominated Convergence Theorem. Note that the integrand of
(4.3.10) converges pointwisely to 0 on Tk(t)×Rk, as n→∞ since cH is a continuous
function of H (see relation (1.0.8)). We now proceed to bound this integrand by an
integrable function. First, we note that this integrand can be bounded by(

ckHn

k∏
j=1

∣∣ηj − ηj−1

∣∣1−2Hn
+ ckH

k∏
j=1

∣∣ηj − ηj−1

∣∣1−2H
) k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2. (4.3.11)
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The two resulting integrals in the above are of the same type, and the only difference
is that the first one depends on n, whereas the second one does not. We therefore
only consider the term of the integrand function that depends on n. We need to show
that

Fn(t,η) := ckHn

k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

∣∣ηj − ηj−1

∣∣1−2Hn
(4.3.12)

is bounded by a function F (t,η) which is integrable on Tk(t)× Rk.

Fix number a and b such that 1/4 < a < H < b < 1/2. Since Hn → H, there
exists N ∈ N such that

a ≤ Hn ≤ b, for all n ≥ N.

Since all Hn are included in a compact set [a, b] and the constant cH is defined by
(1.0.8), we see that cHn is bounded by a constant c > 0. Hence, using relations (4.1.9)
and (4.1.10), we have

Fn(t,η) ≤ ck
k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

∣∣ηj − ηj−1

∣∣1−2Hn

≤ ck
∑
a∈Ak

k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

|ηj|(1−2Hn)aj (4.3.13)

where Ak is a set of indices a = (a1, . . . , ak) such that card(Ak) = 2k−1,

a1 ∈ {1, 2}, an ∈ {0, 1}, a2, . . . , ak−1 ∈
{

0, 1, 2
}

and

|a| =
k∑
j=1

aj = k.

We define functions f0, f1, f2 : R+ → R+ as follows: f0(r) = 1,

f1(r) =

{
r1−2a if r ≥ 1,

1 if r < 1,
and f2(r) =

{
r2(1−2a) if r ≥ 1,

1 if r < 1.
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We have the following estimates:

|ηj|(1−2Hn)aj =



1 = f0(|ηj|) if aj = 0,

|ηj|1−2Hn ≤ f1(|ηj|) =

 |ηj|
1−2a if |ηj| ≥ 1,

1 if |ηj| < 1,
if aj = 1,

|ηj|(1−2Hn)2 ≤ f2(|ηj|) =

 |ηj|
2(1−2a) if |ηj| ≥ 1,

1 if |ηj| < 1,
if aj = 2.

(4.3.14)
So, from relation (4.3.13) and the above estimates (4.3.14), we infer that

Fn(t,η) ≤ ck
∑
a∈Ak

k∏
j=1

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

faj(|ηj|) =: F (t,η). (4.3.15)

It remains to prove F (t,η) is integrable over Tk(t) × Rk. We first show that
F (t, ·) is integrable on Rk. Notice that∫

Rk
F (t,η)dη = ck

∑
a∈Ak

k∏
j=1

I(aj)

where

I(aj) :=

∫
R

∣∣∣FGw
tj+1−tj(ηj)

∣∣∣2faj(|ηj|)dηj.
For fixed a ∈ Ak, we evaluate separately the dηj integral above and we drop subindex
j from ηj to simplify writing. Note that

• If aj = 0, using Lemma 4.1.2 with α = 0, we have

I(aj) = I(0) =

∫
R

∣∣FGw
tj+1−tj(η)

∣∣2dη = π(tj+1 − tj).

• If aj = 1, using Lemma 4.1.2 with α = 1− 2a ∈ (0, 1/2) and estimate of f1(|ηj|) in
(4.3.14), we have

I(aj) = I(1) =

∫
R

∣∣FGw
tj+1−tj(η)

∣∣2f1(|η|)dη

=

∫
|η|≤1

∣∣FGw
tj+1−tj(η)

∣∣2dη +

∫
|η|>1

∣∣FGw
tj+1−tj(η)

∣∣2|η|1−2adη
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≤
∫
R

∣∣FGw
tj+1−tj(η)

∣∣2dη +

∫
R

∣∣FGw
tj+1−tj(η)

∣∣2|η|1−2adη

= π(tj+1 − tj) + 22aC̃1−2a(tj+1 − tj)2a.

• If aj = 2, using again Lemma 4.1.2 with α = 2(1 − 2a) ∈ (0, 1) and estimate of
f2(|ηj|) in (4.3.14), we have

I(aj) = I(2) =

∫
R

∣∣FGw
tj+1−tj(η)

∣∣2f2(|η|)dη

=

∫
|η|≤1

∣∣FGw
tj+1−tj(η)

∣∣2dη +

∫
|η|>1

∣∣FGw
tj+1−tj(η)

∣∣2|η|2(1−2a)dη

≤
∫
R

∣∣FGw
tj+1−tj(η)

∣∣2dη +

∫
R

∣∣FGw
tj+1−tj(η)

∣∣2|η|2(1−2a)dη

= π(tj+1 − tj) + 24a−1C̃2(1−2a)(tj+1 − tj)4a−1.

Therefore, there exist a constant ca > 0 depending on a such that

I(aj) ≤ ca

{
(tj+1 − tj) + (tj+1 − tj)2a + (tj+1 − tj)4a−1

}
,

for all j = 1, . . . , k and for any a ∈ Ak. We use the fact that

xb < tb−axa, for any 0 < x < t and a < b. (4.3.16)

We have

tj+1 − tj < t1−2a(tj+1 − tj)2a and (tj+1 − tj)2a < t1−2a(tj+1 − tj)4a−1.

Hence

(tj+1 − tj) + (tj+1 − tj)2a + (tj+1 − tj)4a−1 <
(
t2(1−2a) + t1−2a + 1

)
(tj+1 − tj)4a−1

:= ct,a(tj+1 − tj)4a−1.

Therefore, for any a ∈ Ak,

I(aj) ≤ cact,a(tj+1 − tj)4a−1, for any j = 1, . . . , k.

Since card(Ak) = 2k−1, we obtain:∫
Rk
F (t,η)dη ≤ 2k−1ckac

k
t,a

k∏
j=1

(tj+1 − tj)4a−1. (4.3.17)

This proves the integrability of F (t, ·) on Rk. Moreover, by relation (4.3.17), we get∫
Tk(t)

∫
Rk

k∏
j=1

F (t,η)dη dt ≤
∫
Tk(t)

2k−1ckac
k
t,a

k∏
j=1

(tj+1 − tj)4a−1dt
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= 2k−1ckac
k
t,a

∫
Tk(t)

k∏
j=1

(tj+1 − tj)4a−1dt = 2k−1ckac
k
t,a

(
Γ(4a)

)k
t4ka

Γ(4ka+ 1)
<∞,

where we used Lemma A.3.1 for the last equality. Note that to apply Lemma A.3.1,
we need 4a−1 > −1, i.e. a > 0. This is clearly satisfied. This finishes the justification
of the application of the Dominated Convergence Theorem in the case of the wave
equation.

Step 2: We consider the heat equation.

Recall that we want to prove that

Qn = E
∣∣∣IHnk (fk(·, t, x))− IHk (fk(·, t, x))

∣∣∣2 → 0, as n→∞.

We will use estimate (4.3.9) that we obtained above for Qn. Instead of using Cauchy-
Schwartz inequality (as in the case of wave equation), we will use Lemma 2.2.5. We
obtain:

Qn ≤ k! bkH0

(∫
Tk(t)

(
A

(n)
k (t, t)

)1/2H0dt
)2H0

, (4.3.18)

where we recall that the integrand A
(n)
k (t, t) is given in relation (4.3.8) by an integral

over Rk. Using the change of variables ηj = ξj + . . . + ξj for all j = 1, . . . , k with
η0 = 0, we have

A
(n)
k (t, t)

=

∫
Rk

k∏
j=1

∣∣∣FGh
tj+1−tj(ξ1 + . . .+ ξj)

∣∣∣2∣∣∣∣ck/2Hn

k∏
j=1

∣∣ξj∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ξj∣∣ 12−H∣∣∣∣2dξ

=

∫
Rk

k∏
j=1

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2∣∣∣∣ck/2Hn

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−Hn − ck/2H

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−H∣∣∣∣2dη.

(4.3.19)

Hence, it suffices to show that∫
Tk(t)

(
A

(n)
k (t, t)

)1/2H0dt→ 0, as n→∞.

For this, we will apply the Dominated Convergence Theorem. We will have to prove
that for any t ∈ Tk(t),

A
(n)
k (t, t)→ 0, as n→∞ (4.3.20)

and there exists a function hk(t) such that(
A

(n)
k (t, t)

)1/2H0 ≤ hk(t) for all n ≥ 1, t ∈ Tk(t) and

∫
Tk(t)

hk(t)dt <∞. (4.3.21)
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We first prove (4.3.20). Let t ∈ Tk(t) be fixed. We denote B(n)(t,η) the integrand
in (4.3.19). B(n)(t,η) converges to 0 as n → ∞, as we noticed before. So (4.3.20)
will follow by Dominated Convergence Theorem. To justify the application of this
theorem, we need to bound B(n)(t,η) by an integrable function, i.e. we have to show
that there exists a function B such that

B(n)(t,η) ≤ B(t,η) for all η ∈ Rk, n ≥ 1 and

∫
Rk
B(t,η)dη <∞.

Note that
B(n)(t,η) ≤ 2

(
B

(n)
1 (t,η) +B2(t,η)

)
where

B
(n)
1 (t,η) :=

k∏
j=1

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2ckHn k∏
j=1

∣∣ηj − ηj−1

∣∣1−2Hn
(4.3.22)

B2(t,η) :=
k∏
j=1

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2ckH k∏
j=1

∣∣ηj − ηj−1

∣∣1−2H
. (4.3.23)

The two terms B
(n)
1 (t,η) and B2(t,η) are of the same form and the second one does

not depend on n. We will prove that there exists a function F such that for all n ≥ 1,
t ∈ Tk(t) and η ∈ Rk,

B
(n)
1 (t,η) ≤ F (t,η) and

∫
Rk
F (t,η)dη <∞.

Recall that we impose the condition H0 +H > 3/4. Hence H > ` := max{3/4−
H0, 0}. Fix number a and b such that ` < a < H < b < 1/2. Since Hn → H, there
exists N ∈ N such that

` < a ≤ Hn ≤ b < 1/2, for all n ≥ N.

Since all Hn are included in a compact set [a, b] and the constant cH is defined by
(1.0.8), we see that cHn is bounded by a constant c > 0. Invoking again relations
(4.1.9) and (4.1.10), we obtain

B
(n)
1 (t,η) ≤ ck

∑
a∈Ak

k∏
j=1

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

∣∣ηj∣∣(1−2Hn)aj

≤ ck
∑
a∈Ak

k∏
j=1

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2 k∏
j=1

faj(|ηj|) := F (t,η)
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where for the last inequality, we used estimates in (4.3.14). By the same argument
B2(t,η) ≤ F (t,η). Hence B(n)(t,η) ≤ 2F (t,η) and so

A
(n)
k (t, t) =

∫
Rk
B(n)(t,η)dη ≤ 4

∫
Rk
F (t,η)dη. (4.3.24)

It remains to prove that F (t, ·) is integrable on Rk, i.e.∫
Rk
F (t,η)dη <∞.

We also give an estimate for this integral, which will be needed for the proof of relation
(4.3.21) above. We have ∫

Rk
F (t,η)dη = ck

∑
a∈Ak

k∏
j=1

I(aj)

where

I(aj) :=

∫
R

∣∣∣FGh
tj+1−tj(ηj)

∣∣∣2faj(|ηj|)dηj. (4.3.25)

For fixed a ∈ Ak, we evaluate separately the dηj integral above. Notice that by
Lemma 4.1.2,

• If aj = 0, we have

I(aj) = I(0) =

∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2dηj =

∫
R
e−(tj+1−tj)|ηj |2dηj

=
√
π(tj+1 − tj)−

1
2 .

• If aj = 1, using the definition of f1(|ηj|) in (4.3.14), we have

I(aj) = I(1) =

∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2f1(|ηj|)dηj

=

∫
|η|≤1

∣∣FGh
tj+1−tj(ηj)

∣∣2dηj +

∫
|η|>1

∣∣FGh
tj+1−tj(ηj)

∣∣2|ηj|1−2adηj

≤
∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2dηj +

∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2|ηj|1−2adηj

=
√
π(tj+1 − tj)−

1
2 + Γ(1− a)(tj+1 − tj)−(1−a).

• If aj = 2, using the definition of f2(|ηj|) in (4.3.14), we have

I(aj) = I(2) =

∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2f2(|ηj|)dηj
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=

∫
|η|≤1

∣∣FGh
tj+1−tj(ηj)

∣∣2dηj +

∫
|η|>1

∣∣FGh
tj+1−tj(ηj)

∣∣2|ηj|2(1−2a)dηj

≤
∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2dηj +

∫
R

∣∣FGh
tj+1−tj(ηj)

∣∣2|ηj|2(1−2a)dηj

=
√
π(tj+1 − tj)−

1
2 + Γ

(3− 4a

2

)
(tj+1 − tj)−

3−4a
2 .

Therefore, there exist a constant ca > 0 depending on a such that

I(aj) ≤ ca

{
(tj+1 − tj)−

1
2 + (tj+1 − tj)−(1−a) + (tj+1 − tj)−

3−4a
2

}
, (4.3.26)

for all j = 1, . . . , k and for any a ∈ Ak. Using relation (4.3.16), we get

(tj+1 − tj)−
1
2 < t

1
2
−a(tj+1 − tj)−(1−a) and (tj+1 − tj)−(1−a) < t

1
2
−a(tj+1 − tj)−

3−4a
2 .

Hence, there exist a constant ct,a > 0 depending on t and a such that

(tj+1 − tj)−
1
2 + (tj+1 − tj)−(1−a) + (tj+1 − tj)−

3−4a
2 <

(
t1−2a + t

1
2
−a + 1

)
(tj+1 − tj)−

3−4a
2

:= ct,a(tj+1 − tj)−
3−4a

2 . (4.3.27)

Therefore, for any a ∈ Ak,

I(aj) ≤ cact,a(tj+1 − tj)−
3−4a

2 , for any j = 1, . . . , k.

Since card(Ak) = 2k−1, we obtain:∫
Rk
F (t,η)dη ≤ 2k−1ckckac

k
t,a

k∏
j=1

(tj+1 − tj)−
3−4a

2 . (4.3.28)

This proves the integrability of F (t, ·) and so relation (4.3.20) follows by the Domi-
nated Convergence Theorem.

Now we prove (4.3.21). By relations (4.3.24) and (4.3.28) , for any n ≥ 1 and
t ∈ Tk(t), we have(

A
(n)
k (t, t)

)1/(2H0)

≤
(

4

∫
Rk
F (t,η)dη

)1/(2H0)

≤ 2(k+1)/(2H0)
(
ckckac

k
t,a

k∏
j=1

(tj+1 − tj)−
3−4a

2

)1/(2H0)

=: hk(t)

Note that hk(t) is integrable over the symplex Tk(t) by Lemma A.3.1 since 3−4a
4H0

< 1
which is equivalent to a > 3/4−H0. This finishes the justification of the application
of the Dominated Convergence Theorem in the case of the heat equation.
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Proof of Theorem 4.0.1: By Theorem 4.2.1, the process uH has a continuous
modification. We work with this modification, which we denote also by uH . We need
to prove the finite dimensional distribution convergence and the fact that the sequence
of probability measures induced by (uHn)n≥1 is tight in the space of C([0, T ] × R).
More precisely, we will apply Theorem A.4.3. A road map of this proof is the following: Step 1: Finite dimensional distribution convergence

{
Step 1.a the heat equation

Step 1.b the wave equation

Step 2: Tightness

Step 1: Finite dimensional distribution convergence

We have to prove that for any k ≥ 1 and (t1, x1), . . . , (tk, xk) ∈ [0, T ]× R,(
uHn(t1, x1), . . . , uHn(tk, xk)

) d−→
(
uH
∗
(t1, x1), . . . , uH

∗
(tk, xk)

)
, as n→∞.

For this, by Lemma 2.4.3, it will be enough to prove that for all (t, x) ∈ [0, T ]× R

E
∣∣uHn(t, x)− uH∗(t, x)

∣∣2 → 0, as n→∞. (4.3.29)

To prove relation (4.3.29), we use the same argument as in the proof of Theorem
2.0.1, by replacing αn and α∗ by Hn and H∗, respectively. More precisely, we need to
prove that

(a) E
∣∣uHnm (t, x)− uHm(t, x)

∣∣2 → 0, as n→∞, for all m fixed,

(b) E
∣∣uHm(t, x)− uHm(t, x)

∣∣2 → 0, as m→∞,

(c) supn≥1 E
∣∣uHnm (t, x)− uHn(t, x)

∣∣2 → 0, as m→∞.

Note that part (b) is automatically satisfied by relation (4.3.6), while part (a) follows
by Lemma 4.3.1.

For part (c), it is enough to show that for all compact set [a, b],

sup
H∈[a,b]

E
∣∣uHm(t, x)− uH(t, x)

∣∣2 → 0, as m→∞. (4.3.30)

Recall that uHm(t, x) =
∑m

k=0 I
H
k (fk(·, t, x)) and uH(t, x) =

∑
k≥0 I

H
k (fk(·, t, x)). Hence

uH(t, x)− uHm(t, x) =
∑

k≥m+1

IHk (fk(·, t, x)).
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We consider separately the heat and wave equation.

Step 1.a: We study the heat equation

We consider the compact set [a, b] such that ` < a < b < 1/2, where ` =
max{3/4 − H0, 0}. By the orthogonality of the Wiener chaos space and relation
(4.1.17), we have

E
∣∣∣uH(t, x)− uHm(t, x)

∣∣∣2 =
∑

k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2
≤
∑

k≥m+1

Ck
H0,H,1

(k!)2H0−1 tk(2H0+H−1)(
Γ
(
k 2H0+H−1

2H0
+ 1
))2H0

(4.3.31)

where CH0,H,1 = CH,1bH0(2CH,2)2H0 . Recall that

CH,1 = cH max

{
Γ
(1

2

)
,Γ
(

1−H
)
,Γ
(3− 4H

2

)}
and

CH,2 = max

{
Γ
(
− 1

4H0

+ 1
)
,Γ
(
− 1−H

2H0

+ 1
)
,Γ
(
− 3− 4H

4H0

+ 1
)}

.

Note that CH,1 and CH,2 have been studied in Section 4.2 (see relations (4.2.19) and
(4.2.45)). Therefore, we have

sup
H∈[a,b]

CH0,H,1 ≤ ca,b,1bH0(2ca,2)2H0 =: CH0,a,b,1. (4.3.32)

Moreover, note that

2H0 + a− 1

2H0

<
2H0 +H − 1

2H0

<
2H0 + b− 1

2H0

.

Recall that x0 ∈ (1, 2) is the point such that the Gamma function Γ(x) is decreasing

on (0, x0) and increasing on (x0,∞). We pick m0 ≥ 1 such that m0

(
2H0+a−1

2H0

)
> x0.

For any k ≥ m ≥ m0, we have k
(

2H0+H−1
2H0

)
≥ k

(
2H0+a−1

2H0

)
> x0, which implies that

for any H ∈ [a, b],

Γ
(
k · 2H0 + a− 1

2H0

+ 1
)
≤ Γ

(
k · 2H0 +H − 1

2H0

+ 1
)
,

and (
1

Γ
(
k · 2H0+H−1

2H0
+ 1
))2H0

≤
(

1

Γ
(
k · 2H0+a−1

2H0
+ 1
))2H0

. (4.3.33)
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Next, for any H ∈ [a, b] we have

0 < 2H0 + a− 1 < 2H0 +H − 1 < 2H0 + b− 1,

it follows that

tk(2H0+H−1) ≤

 1 if t < 1,

tk(2H0+b−1) if t ≥ 1.

Therefore, we get
tk(2H0+H−1) ≤ (t ∨ 1)k(2H0+b−1). (4.3.34)

Finally, by Lemma A.1.3, there exists a constant c
(1)
H0,a

> 0 depending on H0 and a
such that

Γ
(
k · 2H0 + a− 1

2H0

+ 1
)
≥
(
c

(1)
H0,a

)k
(k!)

2H0+a−1
2H0 . (4.3.35)

Returning to relation (4.3.31), we use relations (4.3.32), (4.3.33), (4.3.34) and
(4.3.35), we obtain

sup
H∈[a,b]

∑
k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2 ≤ ∑
k≥m+1

Ck
H0,a,b,2

(t ∨ 1)k(2H0+b−1)

(k!)a
→ 0

as m→∞ since ∑
k≥1

(
CH0,a,b,2(t ∨ 1)(2H0+b−1)

)k
(k!)a

<∞,

due to Lemma A.1.6.

Step 1.b: We consider the wave equation

In this case H ∈ (1/4, 1/2), we have to show that for any compact set [a, b] such
that 1/4 < a < b < 1/2, relation (4.3.30) holds. By the orthogonality of the Wiener
chaos space and relation (4.1.21), we have

E
∣∣∣uH(t, x)− uHm(t, x)

∣∣∣2 =
∑

k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2
≤
∑

k≥m+1

Ck
H0,H,3

(k!)2H0−1 tk(2H0+2H)(
Γ(kH0+H

H0
+ 1)

)2H0
, (4.3.36)

where CH0,H,3 = CH,3bH0(2CH,4)2H0 . Recall that

CH,3 = cH max

{
π,

Γ
(
1− 2H

)
H

,
2Γ
(
2− 4H

)
4H − 1

}
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and

CH,4 = max

{
Γ
( 1

2H0

+ 1
)
,Γ
( H
H0

+ 1
)
,Γ
(4H − 1

2H0

+ 1
)}

.

Note that CH,3 has been studied in Section 4.2 (see relation (4.2.73)). We now
consider CH,4. For any H0 ∈ (1/2, 1), we have x0 <

3
2
< 1

2H0
+ 1 < 2 and hence

Γ
( 1

2H0

+ 1
)
< Γ(2) = 1.

Moreover, we see that 5
4
< a

H0
+ 1 < H

H0
+ 1 < b

H0
+ 1 < 2. Then

Γ
( H
H0

+ 1
)
≤ max

{
Γ
( a

H0

+ 1
)
,Γ
( b

H0

+ 1
)}

.

Next, we have 1 < 4a−1
2H0

+ 1 < 4H−1
2H0

+ 1 < 4b−1
2H0

+ 1 < 2. Then

Γ
(4H − 1

2H0

+ 1
)
≤ max

{
Γ
(4a− 1

2H0

+ 1
)
,Γ
(4b− 1

2H0

+ 1
)}

.

Hence,

CH,4 ≤ max

{
1,Γ
( a

H0

+ 1
)
,Γ
( b

H0

+ 1
)
,

Γ
(4a− 1

2H0

+ 1
)
,Γ
(4b− 1

2H0

+ 1
)}

:= ca,b,4.

Therefore
sup
H∈[a,b]

CH0,H,3 ≤ c3bH0(2c4)2H0 =: CH0,a,b,3. (4.3.37)

Moreover, note that
H0 + a

H0

<
H0 +H

H0

<
H0 + b

H0

.

Using the same approach as in the heat case above, we pick m0 ≥ 1 such that
m0 · H0+a

H0
> x0. For any k ≥ m ≥ m0, we have k · H0+H

H0
≥ k · H0+a

H0
> x0, which

implies that for any H ∈ [a, b],

Γ
(
k · H0 + a

H0

+ 1
)
≤ Γ

(
k · H0 +H

H0

+ 1
)
,

and (
1

Γ
(
k · H0+H

H0
+ 1
))2H0

≤
(

1

Γ
(
k · H0+a

H0
+ 1
))2H0

. (4.3.38)
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Next, for any H ∈ [a, b] ⊂ (1/4, 1/2), it follows that

tk(2H0+2H) ≤

 1 if t < 1,

tk(2H0+2b) if t ≥ 1.

Therefore, we get
tk(2H0+2H) ≤ (t ∨ 1)k(2H0+2b). (4.3.39)

Finally, by Lemma A.1.3, there exists a constant c
(2)
H0,a

> 0 depending on H0 and a
such that

Γ
(
k · H0 + a

H0

+ 1
)
≥
(
c

(2)
H0,a

)k
(k!)

H0+a
H0 . (4.3.40)

Returning to relation (4.3.36), we use relations (4.3.37), (4.3.38), (4.3.39) and
(4.3.40), we have

sup
H∈[a,b]

∑
k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2 ≤ ∑
k≥m+1

Ck
H0,a,b,4

(t ∨ 1)k(2H0+2b)

(k!)1+2a
→ 0,

as m→∞ since ∑
k≥1

(
CH0,a,b,4(t ∨ 1)(2H0+2b)

)k
(k!)1+2a

<∞,

due to Lemma A.1.6.

Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 4.2.1.



Chapter 5

PAM with rough noise and general
initial condition

In this chapter, we consider the following Parabolic Anderson Model:
∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + u(t, x)ẆH(t, x), t > 0, x ∈ R

u(0, x) = u0, x ∈ R
(5.0.1)

with rough initial condition given by a non-negative Borel measure µ0 on R such that∫
R
e−a|x|

2

u0(dx) <∞, for all a > 0. (5.0.2)

The results presented in this chapter are contained in Section 3 of the preprint [30].

The noise ẆH is assumed to be a zero-mean Gaussian that is fractional in time
with parameter H0 ∈ (1/2, 1) and fractional in space with parameter H ∈ (0, 1/2).
Throughout this chapter, G denotes the fundamental solution of the heat equation.
Let w(t, x) be the solution of the deterministic heat equation

∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x), t > 0, x ∈ R

with the same initial condition as (5.0.1), i.e.

w(t, x) =

∫
R
Gt(x− y)u0(dy). (5.0.3)

Note that (5.0.2) is the necessary and sufficient condition for w(t, x) to be well-
defined. Therefore (5.0.2) is the most general condition for the Parabolic Anderson
Model. This includes the case u0(dx) = u0(x)dx for a function u0 on R. The case
u0 = 1 was considered in Chapter 4.

140
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The goal of this chapter is to study the continuity in law of the solution with
respect to the parameter H in the space of continuous functions on C([t0, T ] × R),
when the temporal parameter H0 is fixed. The proof uses the classical method of
convergence of finite dimensional distributions (f.d.d) and tightness. Section 5.3 es-
tablishes the convergence of finite-dimensional distributions, while tightness will be
established from the uniform moment estimates presented in Section 5.2.

The following theorem is the main result for this chapter. This result is an
extension of Theorem 4.0.1 (a) (the case of the heat equation with constant initial
condition) to general initial conditions.

Theorem 5.0.1. We fix 0 < t0 < T and H0 ∈ (1/2, 1). Let uH be the solution of
equation (5.0.1). Define ` = max(3/4−H0, 0). Let (Hn)n≥1 be an arbitrary sequence
in (0, 1/2). If Hn → H∗ ∈ (`, 1/2), then

uHn
d−→ uH

∗
in C([t0, T ]× R).

Note that the convergence is only on compact sets of the form [t0, T ] ×K with
0 < t0 < T . This limitation is due to the uniform moment estimates that we obtain
in Theorem 5.2.1 below, which is needed for the proof of tightness. The techniques
that are used for the proof of Theorem 5.0.1 are specific to the heat equation (e.g. we
use the semigroup property of the heat kernel) and cannot be extended to the wave
equation. Continuity in law for the solution of the Hyperbolic Anderson model (HAM)
with noise WH as above and general initial condition remains an open problem.

5.1 The existence of solution

In this section we give the definition of the solution to (5.0.1), driven by the rough
noise introduced in Section 4.1 and we show the existence of unique solution. This
was proved in [4] under the condition H0 + H > 3/4. We include this argument,
because for our problem we need the explicit form of the constants.

Definition 5.1.1. Let Ft be the filtration generated by the noise WH whose covariance
structure is given by (4.1.1). We say that a process uH = {uH(t, x); t ≥ 0, x ∈ R}
is a (mild) solution of equation (5.0.1) if for any t > 0 and x ∈ R, uH(t, x) is
Ft-measurable, E|uH(t, x)|2 <∞ and the following integral equation holds:

uH(t, x) = w(t, x) +

∫ t

0

∫
Rd
Gt−s(x− y)u(s, y)WH(δs, δy), (5.1.1)

i.e. v(t,x) ∈ Dom(δ) and u(t, x) = w(t, x) + δ(v(t,x)) for all (t, x) ∈ R+ × R, where

v(t,x)(s, y) = 1[0,t](s)Gt−s(x− y)u(s, y), s ≥ 0, y ∈ R. (5.1.2)
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The solution has the series expansion:

uH(t, x) = w(t, x) +
∑
n≥1

IHn (fn(·, t, x)) =
∑
n≥0

IHn (fn(·, t, x)), (5.1.3)

where the kernel fn(·, t, x) ∈ H⊗nH is given by

fn(t1, x1, · · · , tn, xn, t, x)

= Gt−tn(x− xn) · · ·Gt2−t1(x2 − x1)w(t1, x1)1{0<t1<···<tn<t}, (5.1.4)

and IHn is the multiple Wiener integral of order n with respect to WH . We let
IH0 (x) = x and f0(·, t, x) = w(t, x) by convention. Similarly to the case of the regular
noise, the kernel fn given in (5.1.4) has another expression, compared to the case in
(4.1.4).

The goal of this section is to prove the following result.

Theorem 5.1.2 (Theorem 1.1 of [4]). For any H0 ∈ (1/2, 1) and H ∈ (0, 1/2) such
that

H0 +H > 3/4,

for any non-negative and non-negative definite kernel γ0 satisfying (2.1.3) and for any
initial measure u0 satisfying (5.0.2), equation (5.0.1) has a unique solution. Moreover,
for any p ≥ 2 and for any (t, x) ∈ R+ × R,

E|uH(t, x)|p ≤ Cp
1w

p(t, x) exp
(
C2 p

H+1
H t

2H0+H−1
H

)
(5.1.5)

where C1 > 0 and C2 > 0 are some constants depending on H0 and H.

Proof: We follow a similar approach as outlined in the proof of Theorem 1.1 in
[4], which involves five steps:

Step 1: In this step, we obtain a preliminary bound for E|IHn (fn(·, t, x))|2. Note that

E|IHn (fn(·, t, x))|2 = n!‖f̃n(·, t, x)‖2
H⊗nH

=:
1

n!
kn(t, x)

where

kn(t, x) = αnH0

∫
[0,t]2n

n∏
j=1

|tj − sj|2H0−2ψ
(n)
t,x (t, s)dtds,

and ψ
(n)
t,x (t, s) is defined as the same as in (3.1.12) with µ(dξj) = cH |ξj|1−2Hdξj, for

all j = 1, . . . , n. By applying relation (3.1.13) and Lemma 2.2.5 to the function

ϕ(t) = ψ
(n)
t,x (t, t), we obtain:

E|Iαn (fn(·, t, x))|2 ≤ 1

n!
bnH0

(∑
ρ∈Sn

∫
0<tρ(1)<···<tρ(n)<t

(
ψ

(n)
t,x (t, t)

) 1
2H0 dt

)2H0

. (5.1.6)
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By Lemma 3.1.6 with d = 1, for any ρ ∈ Sn fixed, we obtain:∫
0<tρ(1)<···<tρ(n)<t

(
ψ

(n)
t,x (t, t)

) 1
2H0 dt ≤ w1/H0(t, x)

∫
0<tρ(1)<···<tρ(n)<t

dt

×
(
cnH

∫
Rn

n∏
k=1

exp

{
−
tρ(k+1) − tρ(k)

tρ(k+1)tρ(k)

∣∣∣ k∑
i=1

tρ(i)ξi

∣∣∣2}|ξk|1−2Hdξ1 . . . dξn

) 1
2H0

.

Using the change of variables t′k = tρ(k) for k = 1, . . . , n and t′n+1 = tρ(n+1), we notice
that the integral on the right-hand side above is not affected by the choice of ρ. Hence,
for any ρ, we get:∫

0<tρ(1)<···<tρ(n)<t

(
ψ

(n)
t,x (t, t)

) 1
2H0 dt ≤ w1/H0(t, x)

∫
0<t1<...<tn<t

I
(n)
t (t1, . . . , tn)

1
2H0 dt

(5.1.7)

where

I
(n)
t (t1, . . . , tn) = cnH

∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tk+1tk

∣∣∣ k∑
i=1

tiξi

∣∣∣2}|ξk|1−2Hdξ1 . . . dξn (5.1.8)

and tn+1 = t.

Step 2: In this step, we provide an estimate for I
(n)
t . Using the change of variables

zi = tiξi for i = 1, . . . , k, followed by ηk =
∑k

i=1 zi for k = 1, . . . , n, we have:

I
(n)
t (t1, . . . , tn) = cnH

( n∏
k=1

tk

)2H−2
∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tk+1tk

∣∣∣ k∑
i=1

zi

∣∣∣2}|zk|1−2Hdz

= cnH

( n∏
k=1

tk

)2H−2
∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tk+1tk
|ηk|2

}
|η1|1−2H

n∏
k=2

|ηk − ηk−1|1−2Hdη

≤ cnH

( n∏
k=1

tk

)2H−2
∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tk+1tk
|ηk|2

}
|η1|1−2H

n∏
k=2

(
|ηk|1−2H + |ηk−1|1−2H

)
dη.

(5.1.9)

By relation (4.1.11),

I
(n)
t (t1, . . . , tn) ≤ cnH

( n∏
k=1

tk

)2H−2 ∑
α∈Dn

n∏
k=1

{∫
R

exp
(
− tk+1 − tk

tk+1tk
|ηk|2

)
|ηk|αkdηk

}
,

(5.1.10)

where the set Dn is described after relation (4.1.10). Using Lemma 4.1.2, we have:

I
(n)
t (t1, . . . , tn) ≤ cnH

( n∏
k=1

tk

)2H−2 ∑
α∈Dn

n∏
k=1

Γ
(1 + αk

2

)(tk+1 − tk
tktk+1

)− 1+αk
2
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≤ Cn
H,1

∑
α∈Dn

t
1+αn

2 t
4H−3+α1

2
1

( n∏
k=2

t
4H−2+αk−1+αk

2
k

) n∏
k=1

(tk+1 − tk)−
1+αk

2 (5.1.11)

where for the second inequality we used the constant CH,1 defined by (4.1.14).

Step 3: In this step, we continue with the estimation of E|IHn (fn(·, t, x)))|2 using
Step 2. Taking power 1/2H0 on both sides of (5.1.11) and using (5.1.6) and (5.1.7),
we obtain:

E
∣∣IHn (fn(·, t, x)))

∣∣2
≤ b2

H0
w2(t, x)Cn

H,1(n!)2H0−1

( ∑
α∈Dn

t
1+αn
4H0

∫
0<t1<...<tn<t

n∏
k=1

tα̃kk (tk+1 − tk)β̃kdt

)2H0

(5.1.12)

where

α̃k =


4H−3+α1

4H0
, k = 1

4H−2+αk−1+αk
4H0

, k = 2, . . . , n
(5.1.13)

and

β̃k = −1 + αk
4H0

, k = 1, . . . , n. (5.1.14)

In order to apply Lemma A.3.2 to evaluate the integral in (5.1.12), we need to verify
that the hypotheses of this lemma are satisfies. This verification has been done in
pages 66-67 of the Master’s thesis [31]. We omit the details. By applying Lemma
A.3.2, we obtain:∫

0<t1<...<tn<t

n∏
k=1

tα̃kk (tk+1 − tk)β̃kdt =
Γ(α̃1 + 1)

∏n
k=1 Γ(β̃k + 1)

Γ
(
|α̃|+ |β̃|+ n+ 1

) γnt
|α̃|+|β̃|+n (5.1.15)

with

γn = γn(α1, . . . , αn) :=
n−1∏
k=1

Γ
(∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1

)
Γ
(∑k

i=1(α̃i + β̃i) + k + 1
) . (5.1.16)

It is possible to prove that
γn ≤ 1.

This proof require significant effort and is based on some combinatorial arguments.
We refer the reader to Step 4 of the proof of Theorem 1.1 in [4].
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Step 4: In this step, we give an estimate for the integral appearing in (5.1.15). Note
that

|α̃|+ |β̃|+ n+ 1 =
(
α̃1 + β̃1

)
+

n∑
k=2

(
α̃k + β̃k

)
+ n+ 1

=
H − 1

H0

+
n∑
k=2

4H − 3 + αk−1

4H0

+ n+ 1 =
H − 1

H0

+ (n− 1)
4H − 3

4H0

+
|α| − αn

4H0

+ n+ 1

= n
2H0 +H − 1

2H0

− 1 + αn
4H0

+ 1 (5.1.17)

≥ n
2H0 +H − 1

2H0

− 1−H
2H0

+ 1. (5.1.18)

For n large enough, by Lemma A.1.4, there exists a constant C
(1)
H0,H

such that

Γ
(
|α̃|+ |β̃|+ n+ 1

)
≥
(
C

(1)
H0,H

)n
(n!)

2H0+H−1
2H0 . (5.1.19)

Moreover,

Γ(α̃1 + 1) ≤ max

{
Γ
(2H0 +H − 1

2H0

)
,Γ
(

1− 1

4H0

)}
=: C

(2)
H0,H

(5.1.20)

and
n∏
k=1

Γ(β̃k + 1) =
n∏
k=1

Γ
(
− 1 + αk

4H0

+ 1
)
≤ Cn

H,2 (5.1.21)

(the inequality holds by (4.2.44)) where CH,2 is given in (4.1.16). Hence,

t
1+αn
4H0

∫
0<t1<...<tn<t

n∏
k=1

tα̃kk (tk+1 − tk)β̃kdt

≤
(
C

(1)
H0,H

)−n
C

(2)
H0,H

Cn
H,2(n!)

− 2H0+H−1
2H0 t

n
2H0+H−1

2H0 . (5.1.22)

Step 5: In this step, we will continue the previous calculations to arrive at conclusion
(5.1.5). We come back to (5.1.12). Since relation (5.1.22) does not depend on α ∈ Dn

and card(Dn) = 2n−1, by (5.1.22), we have

E
∣∣IHn (fn(·, t, x)))

∣∣2
≤ b2

H0
w2(t, x)Cn

H,1(n!)2H0−1

(
2n−1

(
C

(1)
H0,H

)−n
C

(2)
H,H0

Cn
H,2(n!)

− 2H0+H−1
2H0 t

n
2H0+H−1

2H0

)2H0

=
w2(t, x)

(
CH0,H,1t

2H0+H−1
)n

(n!)H
(5.1.23)
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where CH0,H,1 is a constant depending on H0 and H.

For any p ≥ 2, using relation (5.1.23), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

‖uH(t, x)‖p

≤
∑
n≥0

(p− 1)n/2
∥∥IHn (fn(·, t, x))

∥∥
2
≤
∑
n≥0

(p− 1)n/2
(
w2(t, x)

(
CH0,H,1t

2H0+H−1
)n

(n!)H

)1/2

≤ w(t, x)
∑
n≥0

(√
p CH0,H,1 t

2H0+H − 1
)n

(n!)H/2
≤ C1w(t, x) exp

(
C2 p

1
H t

2H0+H−1
H

)
,

where we used Lemma A.1.6 in the last inequality. Taking power p, we obtain:

E|uH(t, x)|p = ‖uH(t, x)‖pp ≤ (C1)pwp(t, x) exp
(
C2 p

H+1
H t

2H0+H−1
H

)
,

where C1 and C2 are some constants depending on H0 and H.

Remark 5.1.3. The bound in Theorem 5.1.2 depends on x. But this result is not
used for the continuity in law. We included it only for the sake of completeness. All
that is needed is that E|uH(t, x)|p is finite. We showed a little bit more: we showed
a bound which includes an exponential function of x. If u0 is a function (i.e. the
measure u0 has a density function, denoted also u0) and this function is bounded,
then w(t, x) is bounded, and the result in Theorem 5.1.2 matches the known results
from the literature for PAM with constant initial condition.

Remark 5.1.4. Proving a result similar to Theorem 5.1.2 for the hyperbolic Ander-
son model is an open problem.

Remark 5.1.5. Note that the exponents of p and t in (5.1.5) are the same as in the
case of the Parametric Anderson Model with the same type of noise WH as above and
constant initial condition; see Theorem 4.1.4 (a). Note that (5.1.5) can be written as:

lim
t→∞

t−
2H0+H−1

H logE
∣∣u(t, x)

∣∣p ≤ p lim
t→∞

t−
2H0+H−1

H logw(t, x) + C2p
H+1
H .

We conjecture that the previous inequality is actually an equality, and we can replace
the two lim by lim.
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5.2 Uniform moment estimates

In this section, we provide some estimates for the moments of the increments of the
solution to equation (5.0.1) driven by the noise introduced in Section 4.1. The results
in this section are used for the proof of tightness.

Theorem 5.2.1. Let uH be the solution to equation (5.0.1) with noise WH as in
Section 4.1. Let K be a compact set contained in R and [a, b] be a compact set such
that

max
{

0,
3− 4H0

4

}
< a < b <

1

2
. (5.2.1)

We fix T > t0 > 0. For any p ≥ 2, there exists positive constants C1 and C2 such
that for any t′, t ∈ [t0, T ] and for any x′, x ∈ K, we have

sup
H∈[a,b]

E|uH(t′, x)− uH(t, x)|p ≤ C1|t′ − t|pθ/2 (5.2.2)

and
sup
H∈[a,b]

E|uH(t, x′)− uH(t, x)|p ≤ C2|x′ − x|pθ (5.2.3)

for any
0 < θ < 2H0(1− c0) + a− 1 (5.2.4)

where c0 ∈
(
0, 2H0+a−1

2H0

)
.

Proof: A road map of this proof is the following:

{
Step 1: the time increments,

Step 2: the space increments.

Step 1: We start with the time increments. Let t, t′ ∈ [t0, T ] and x ∈ K be
arbitrary. Assume that h = t′− t > 0 (the case h < 0 is similar). Similarly to (4.2.7),
we have:

‖uH(t+ h, x)− uH(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 2

n!

(
AHn (t, h) +BH

n (t, h)
))1/2

, (5.2.5)

where AHn (t, h) and BH
n (t, h) are given by (4.2.8), respectively (4.2.9).

We study AHn (t, h) first. Using the same approach as in (4.2.12), we know that

AHn (t, h) ≤ bnH0

(∫
[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt

)2H0

, (5.2.6)

where ψHt,h,n(t, t) is defined in (4.2.11). Note that the Fourier transform of the kernel
fn(·, t, x) is given by Lemma 3.1.5 for any d ≥ 1. Here, we use this formula for d = 1.
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We will use techniques which are similar to those of Chapter 3 (the proof of
Theorem 3.2.1), where we studied the Parabolic Anderson Model with regular noise
in space Wα (colored in time) and general initial condition. The difference is that
here we consider the rough noise in space WH , instead of Wα. Basically, we replace
the Riesz kernel |ξ|−α by the fractional kernel cH |ξ|1−2H .

To estimate ψHt,h,n(t, t), we use estimates (3.2.4), (3.2.11) and (3.2.14), for the
increments of the Fourier transform appearing in (4.2.11). We assume for simplicity
that t1 < . . . < tn. Similarly to (3.2.15), we obtain that for any θ ∈ [0, 1], there exists

C
(1)
t0,θ,T

such that:

ψHt,h,n(t, t)

≤ hθC
(1)
t0,θ,T

(
t− tn

)−θ
cnH

∫
Rn

n∏
k=1

exp
(
−

tk+1

2
− tk

2
tk
2

tk+1

2

∣∣∣ k∑
j=1

tj
2
ξj

∣∣∣2)|ξk|1−2Hdξ

= hθC
(1)
t0,θ,T

(
t− tn

)−θ
I

(n)
t/2 (t1/2, . . . , tn/2) (5.2.7)

where I
(n)
t is given by (5.1.8). Using (5.1.11) for estimating I

(n)
t , we obtain:(

t− tn
)−θ

I
(n)
t/2 (t1/2, . . . , tn/2)

≤ Cn
H,12n

∑
α∈Dn

t
1+αn

2 t
4H−3+α1

2
1

( n∏
k=2

t
4H−2+αk−1+αk

2
k

)( n−1∏
k=1

(
tk+1 − tk

)− 1+αk
2

)
(t− tn)−

1+αn
2
−θ

(5.2.8)

where CH,1 is defined in (4.1.14). Taking power 1
2H0

on both sides of (5.2.7) above,
we obtain:(

ψHt,z,n(t, t)
) 1

2H0 ≤
(
hθC

(1)
t0,θ,T

Cn
H,12n

) 1
2H0

∑
α∈Dn

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(t− tn)β̃n,θ
(5.2.9)

where α̃k are given by (5.1.13) for k = 1, . . . , n, β̃k is given by (5.1.14) for k =

1, . . . , n−1 and β̃n,θ = −1+αn+2θ
4H0

. A similar estimate holds for arbitrary (t1, . . . , tn) ∈
[0, t]n with tρ(1) < . . . < tρ(n) for same permutation ρ ∈ Sn, where Sn is the set of all
permutation of {1, . . . , n}.

We now integrate
(
ψHt,h,n(t, t)

) 1
2H0 over [0, t]n, we get:∫

[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt =

∑
ρ∈Sn

∫
0<tρ(1)<...<tρ(n)<t

(
ψHt,h,n(t, t)

) 1
2H0 dt
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≤
(
hθC

(1)
t0,θ,T

Cn
H,12n

) 1
2H0 n!

∑
α∈Dn

∫
0<t1<...<tn<t

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(tn+1 − tn
)β̃n,θdt,

(5.2.10)

where in the first equation, we decompose the set [0, t]n into n! disjoint regions of the
form tρ(1) < · · · < tρ(n) with ρ ∈ Sn.

Now we want to evaluate the integral in relation (5.2.10). To apply Lemma A.3.2,

we need α̃k > −1, β̃k > −1 for all k = 1, . . . , n− 1 and β̃n,θ > −1. We have already

mentioned that α̃1 > −1, . . . , α̃n > −1, β̃1 > −1, . . . , β̃n−1 > −1; see the statement
after (5.1.14). So it remains to check that β̃n,θ > −1. Recall that αn ∈ {0, 1− 2H}.
When αn = 0, we need −1+2θ

4H0
> −1, i.e. θ < 2H0 − 1/2. When αn = 1 − 2H, we

need −2+2H+2θ
4H0

> −1, i.e. θ < 2H0 + H − 1. Note that 2H0 − 1/2 > 2H0 + H − 1
since H < 1/2. Hence, we need

0 < θ < 2H0 +H − 1. (5.2.11)

Since we require (5.2.11) to hold for all H ∈ [a, b], we need to impose the condition

0 < θ < 2H0 + a− 1. (5.2.12)

Moreover, condition (A.3.2) (which does not involve β̃n,θ) has been verified in
Step 3 of the proof of Theorem 5.1.2. Then by Lemma A.3.2, we obtain:∫

0<t1<...<tn<t

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(tn+1 − tn
)β̃n,θdt

=
Γ(α̃1 + 1)

∏n−1
k=1 Γ(β̃k + 1)Γ(β̃n,θ + 1)

Γ
(
|α̃|+ |β̃|+ n+ 1

) γnt
|α̃|+|β̃|+n (5.2.13)

with

γn = γn(α1, . . . , αn) =
n−1∏
k=1

Γ
(∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1

)
Γ
(∑k

i=1(α̃i + β̃i) + k + 1
) .

Note that γn does not depend on β̃n,θ, and therefore has the same expression as in
(5.1.16). Hence

γn ≤ 1.

Recall that α1 ∈
{

1−2H, 2(1−2H)
}

, αn ∈
{

0, 1−2H
}

and αi ∈
{

0, 1−2H, 2(1−2H)
}

for i = 2, . . . , n− 1. Therefore, 0 ≤ αi ≤ 2(1− 2H) for all i = 1, . . . , n which implies
that for any H ∈ [a, b],

2H0 + a− 1

2H0

≤ 2H0 +H − 1

2H0

≤ 1 +
4H − 3 + α1

4H0

≤ 1− 1

4H0

<
3

4
.
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Hence,

Γ(α̃1 + 1) ≤ Γ
(2H0 + a− 1

2H0

)
=: cH0,a,1. (5.2.14)

Now we want to bound
n−1∏
k=1

Γ(β̃k + 1)× Γ(β̃n,θ + 1).

Using relation (4.2.25) and property of the Gamma function, for any H ∈ [a, b], we
have:

n−1∏
k=1

Γ(β̃k + 1) =
n−1∏
k=1

Γ
(

1− 1 + αk
4H0

)
≤
(

Γ
(
1− 3− 4a

4H0

))n−1

=:
(
c

(1)
H0,a

)n−1
. (5.2.15)

To bound Γ(1 + β̃n,θ), we need to study the range of possible values for 1− 1+αn+2θ
4H0

.
Since αn ∈ {0, 1− 2H}, H ∈ [a, b] and θ ∈ [0, 1], we have

1− 1− a+ θ

2H0

≤ 1− 1−H + θ

2H0

≤ 1− 1 + αn + 2θ

4H0

≤ 1− 1

4H0

.

If we simply choose θ such that θ < 2H0 + a − 1, then the lower bound 1 − 1−a+θ
2H0

can be in principle, be very close to 0: as θ approaches 2H0 + a− 1, the lower bound
1 − 1−a+θ

2H0
approaches 0. This is a problem since lim

x→0+
Γ(x) = ∞, and hence, we are

not able to find a lower bound for the term Γ
(

1− 1+αn+2θ
4H0

)
. To avoid this problem,

we choose an arbitrary value c0 > 0 such that

c0 < 1− 1− a+ θ

2H0

.

Note that this is equivalent to θ < 2H0(1− c0)− (1−a). Since θ > 0, we must choose
c0 > 0 such that 2H0(1− c0)− (1− a) > 0, i.e.

c0 <
2H0 + a− 1

2H0

.

With this choice of c0 and θ, we have

Γ
(

1− 1 + αn + 2θ

4H0

)
≤ Γ(c0).

Hence, there exist a constant c
(1)
H0,a

> 0 depending on H0 and a such that

n−1∏
k=1

Γ(β̃k+1)×Γ(β̃n,θ+1) =
n−1∏
k=1

Γ
(

1− 1 + αk
4H0

)
Γ
(

1− 1 + αn + 2θ

4H0

)
≤
(
c

(1)
H0,a

)n−1
Γ(c0).

(5.2.16)
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Note that by (5.1.18), we know that

|α̃|+ |β̃|+ n =
n(2H0 +H − 1)

2H0

− 1 + αn
4H0

− θ

2H0

.

For any H ∈ [a, b], the upper bound of |α̃|+ |β̃|+ n is

|α̃|+ |β̃|+ n ≤ n(2H0 +H − 1)

2H0

− 1 + αn
4H0

≤ n(2H0 +H − 1)

2H0

− 1

4H0

≤ n(2H0 + b− 1)

2H0

− 1

4H0

≤ n(2H0 + b− 1)

2H0

and the lower bound of |α̃|+ |β̃|+ n is

|α̃|+ |β̃|+ n ≥ (n− 1)(2H0 +H − 1)

2H0

− 1 + αn
4H0

≥ (n− 1)(2H0 +H − 1)

2H0

− 1−H
2H0

≥ (n− 1)(2H0 + a− 1)

2H0

− 1− a
2H0

,

where in the first inequality, we used (5.2.11), which is a consequence of (5.2.4).

It follows that

t|α̃|+|β̃|+n ≤

 1 if t < 1,

t
n(2H0+b−1)

2H0 if t ≥ 1.

Therefore, we get:

t|α̃|+|β̃|+n ≤
(
t ∨ 1

)n(2H0+b−1)
2H0 . (5.2.17)

Finally, we pick m0 ≥ 1 such that (m0−1)(2H0+a−1)
2H0

− 1−a
2H0

> x0, where x0 ∈ (1, 2) is
such that Gamma function Γ(·) is increasing on (x0,∞). For any n ≥ m0, we have

|α̃|+ |β̃|+ n >
(n− 1)(2H0 + a− 1)

2H0

− 1− a
2H0

> x0,

which implies that for any H ∈ [a, b],

Γ
(
|α̃|+ |β̃|+ n+ 1

)
> Γ

((n− 1)(2H0 + a− 1)

2H0

− 1− a
2H0

+ 1
)
.

By Lemma A.1.4, we know that there exists a positive constant c
(2)
H0,a

depending on
H0 and a such that

Γ
(
|α̃|+ |β̃|+ n+ 1

)
≥ (c

(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0 . (5.2.18)
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We come back to (5.2.13). Using relations (5.2.14), (5.2.16), (5.2.17) and (5.2.18),
we obtain:∫

0<t1<...<tn<t

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(t− tn)β̃n,θdt

≤
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

. (5.2.19)

Returning to equality (5.2.10) and using relation (5.2.19) and the fact that card(Dn) =
2n−1, we obtain:

∫
[0,t]n

(
ψHt,h,n(t, t)

) 1
2H0 dt ≤ h

θ
2H0 (C

(1)
t0,θ,T

2n)
1

2H0 n!2n−1
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

≤ h
θ

2H0 (C
(1)
t0,θ,T

2n)
1

2H0 22n−1
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

, (5.2.20)

where for the first inequality, we used the fact that CH,1 < 1 due to (4.2.19) and for
the last inequality, we used fact that n! ≤ 2n(n− 1)!.

We take power 2H0 in the above estimate. Then relation (5.2.6) becomes:

AHn (t, h) ≤ bnH0

(
h

θ
2H0 (C

(1)
t0,θ,T

2n)
1

2H0 22n−1
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0)

(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

)2H0

= bnH0
hθ2n(1+4H0)−2H0C

(1)
t0,θ,T

(
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0)

)2H0(
t ∨ 1

)n(2H0+b−1)(
c

(2)
H0,a

)(n−1)2H0
[
(n− 1)!

]a−1
.

(5.2.21)

Therefore, by relation (5.2.21), we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
AHn (t, h)

)1/2

≤ C
(1)
p,a,b,θ,c0,H0,T

hθ/2, (5.2.22)

where C
(1)
p,a,b,θ,c0,H0,T

> 0 is a constant depending on p, a, b, θ, c0, H0, and T .

As for the term BH
n (t, h), by (4.2.34) and (4.2.36), we have

BH
n (t, h) ≤ bnH0

(∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

)2H0

, (5.2.23)
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where γHt,h,n(t, t) is given in (4.2.35).

We estimate γHt,h,n(t, t). For this, we use the Fourier transform of the kernel
fn(·, t, x) given in Lemma 3.1.5 with d = 1. Assume for simplicity that 0 < t1 < . . . <
tn and t < tn < t+h. Similarly to (3.2.26), and using an argument similar to (5.1.9),
followed by (5.1.11), we obtain:

γHt,h,n(t, t) ≤ Ct0,d c
n
H

∫
Rn

n−1∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)
exp

(
− t+ h− tn

tn(t+ h)

∣∣∣ n∑
j=1

tjξj

∣∣∣2) n∏
k=1

|ξk|1−2Hdξk

≤ Ct0,d c
n
H

( n∏
k=1

tk

)2H−2 ∑
α∈Dn

( n−1∏
k=1

∫
R

exp
(
− tk+1 − tk

tktk+1

)
|ηk|αkdηk

)
(∫

R
exp

(
− t+ h− tn

tn(t+ h)

)
|ηn|αndηn

)
= Ct0,d c

n
H

( n∏
k=1

tk

)2H−2 ∑
α∈Dn

n−1∏
k=1

Γ
(1 + αk

2

)(tk+1 − tk
tk+1tk

)− 1+αk
2

× Γ
(1 + αn

2

)(t+ h− tn
tn(t+ h)

)− 1+αn
2

≤ Ct0,d
∑
α∈Dn

t
4H−3+α1

2
1

( n∏
k=2

t
4H−2+αk−1+αk

2
k

)
(t+ h)

1+αn
2

n−1∏
k=1

(
tk+1 − tk

)− 1+αk
2
(
t+ h− tn

)− 1+αn
2 (5.2.24)

where for the last inequality, we used (4.2.39).

Hence, taking power 1
2H0

on both sides of relation (5.2.24), we obtain:(
γHt,h,n(t, t)

) 1
2H0 ≤ C

1
2H0
t0,d

∑
α∈Dn

n∏
k=1

tα̃kk
(
tk+1 − tk

)β̃k(t+ h)
1+αn
4H0 , (5.2.25)

where α̃k are given by (5.1.13) and β̃k are given by (5.1.14) for all k = 1, . . . , n. A
similar estimate holds for arbitrary (t1, . . . , tn) ∈ [0, t]n with tρ(1) < . . . < tρ(n) for
same permutation ρ ∈ Sn, where Sn is the set of all permutation of {1, . . . , n}.

We now integrate
(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t) over [0, t+ h]n. Using relation (5.2.25),

we get:∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt
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=
∑
ρ∈Sn

∫ t+h

t

(∫
0<tρ(1)<...<tρ(n−1)<tρ(n)

(
γHt,h,n(t, t)

) 1
2H0 dtρ(1) . . . dtρ(n−1)

)
dtρ(n)

≤ C
1

2H0
t0,d

n!

∫ t+h

t

(∫
0<t1<...<tn−1<tn∑

α∈Dn

(t+ h)
1+αn
4H0

n−1∏
k=1

tα̃kk (tk+1 − tk)β̃k(t+ h− tn)β̃ndt1 . . . dtn−1

)
dtn

≤ C
1

2H0
t0,d

n!
∑
α∈Dn

(t+ h)
1+αn
4H0

∫ t+h

t

J(tn) · (t+ h− tn)β̃ndtn (5.2.26)

where

J(tn) =

∫
0<t1<...<tn−1<tn

n−1∏
k=1

tα̃kk (tk+1 − tk)β̃kdt1 . . . dtn−1.

By Lemma A.3.2 (whose hypotheses are verified; see the statement after (5.1.14)), we
have

J(tn) =
Γ(α̃1 + 1)

∏n−1
k=1 Γ(β̃k + 1)

Γ
(∑n−1

k=1 α̃k +
∑n−1

k=1 β̃k + n
)γn−1t

∑n−1
k=1 α̃k+

∑n−1
k=1 β̃k+n−1, (5.2.27)

with

γn−1 = γn(α1, . . . , αn−1) =
n−2∏
k=1

Γ
(∑k

i=1(α̃i + β̃i) + k + 1 + α̃k+1

)
Γ
(∑k

i=1(α̃i + β̃i) + k + 1
) .

What is new here is that we consider only the product of the first n − 1 terms.
Nevertheless, the same argument as in the the proof of Theorem 1.1 in [4] can be
used to obtain that γn−1 ≤ 1.

We now want to evaluate J(tn). Note that by (5.1.18), we see that

n−1∑
k=1

α̃k +
n−1∑
k=1

β̃k + n− 1 = |α̃|+ |β̃|+ n− α̃n − β̃n − 1

=
n(2H0 +H − 1)

2H0

− 4H − 2 + αn−1 + αn
4H0

− 1.

For any H ∈ [a, b], the upper bound of
∑n−1

k=1 α̃k +
∑n−1

k=1 β̃k + n− 1 is:

n−1∑
k=1

α̃k +
n−1∑
k=1

β̃k + n− 1 ≤ n(2H0 +H − 1)

2H0

− 4H − 2

4H0

− 1
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≤ n(2H0 + b− 1)

2H0

− 2H0 + 2a− 1

2H0

and the lower bound of
∑n−1

k=1 α̃k +
∑n−1

k=1 β̃k + n− 1 is:

n−1∑
k=1

α̃k +
n−1∑
k=1

β̃k + n− 1 ≥ n(2H0 +H − 1)

2H0

− 4H − 2 + 2(1− 2H) + (1− 2H)

4H0

− 1

=
n(2H0 +H − 1)

2H0

− 2H0 +H − 1

2H0

− 3− 4H

4H0

≥ (n− 1)(2H0 + a− 1)

2H0

− 3− 4a

4H0

. (5.2.28)

By (5.2.28), it follows that

t
∑n−1
k=1 α̃k+

∑n−1
k=1 β̃k+n−1 ≤

 1 if t < 1

t
n(2H0+b−1)

2H0
− 2H0+2a−1

2H0 if t ≥ 1

≤ (T ∨ 1)
n(2H0+b−1)

2H0
− 2H0+2a−1

2H0 .

(5.2.29)

We pick m0 ≥ 1 such that

(m0 − 1)(2H0 + a− 1)

2H0

− 3− 4a

4H0

> x0,

where x0 ∈ (1, 2) is such that Gamma function Γ(·) is increasing on (x0,∞). By
relation (5.2.28), for any n ≥ m0, we have

n−1∑
k=1

α̃k +
n−1∑
k=1

β̃k + n− 1 ≥ (n− 1)(2H0 + a− 1)

2H0

− 3− 4a

4H0

> x0,

which implies that for any n ≥ m0, there exists a positive constant c
(3)
H0,a

depending
on H0 and a such that

Γ
( n−1∑
k=1

α̃k +
n−1∑
k=1

β̃k + n
)
> Γ

((n− 1)(2H0 + a− 1)

2H0

− 3− 4a

4H0

+ 1
)

≥ (c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0 , (5.2.30)

where for the last inequality, we used Lemma A.1.4.

We return to (5.2.27). Using relations (5.2.14), (5.2.15), (5.2.29) and (5.2.30),
we get

J(tn) ≤
cH0,a,1

(
c

(1)
H0,a

)n−1

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 . (5.2.31)
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We continue to integrate
(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t) over [0, t + h]n. Using relations

(5.2.26), (5.2.31) and the change of variable s = t+ h− tn, we have∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

≤ C
1

2H0
t0,d

n!
cH0,a,1

(
c

(1)
H0,a

)n−1

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

(T ∨ 1)
n(2H0+b−1)

2H0
− 2H0+2a−1

2H0

∑
α∈Dn

(t+ h)
1+αn
4H0

∫ t+h

t

(t+ h− tn)
− 1+αn

4H0 dtn

≤ n!
C

1
2H0
t0,d

cH0,a,1

(
c

(1)
H0,a

)n−1

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

(T ∨ 1)
2−2H
4H0

+
n(2H0+b−1)

2H0
− 2H0+2a−1

2H0

∑
α∈Dn

∫ h

0

s
− 1+αn

4H0 ds

≤ n!
C

1
2H0
t0,d

cH0,a,1

(
c

(1)
H0,a

)n−1
(CT,a,b ∨ 1)

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

1

1− 1+αn
4H0

h
1− 1+αn

4H0 .

(5.2.32)

Note that, since αn ∈ {0, 1− 2H} and H ∈ [a, b], we have

1

1− 1+αn
4H0

<
2H0

2H0 +H − 1
<

2H0

2H0 + a− 1
=: c

(4)
H0,a

.

Recall that relation (5.2.4) implies that relation (5.2.11) holds. Hence, for any θ
satisfying (5.2.12), we have

0 <
θ

2H0

<
2H0 + a− 1

2H0

≤ 1− 1 + αn
4H0

=
4H0 − 1− αn

4H0

≤ 1− 1

4H0

≤ 3

4

which implies for any h ∈ (0, 1),

h
1− 1+αn

4H0 ≤ h
θ

2H0 .

Therefore, using the fact that n! ≤ 2n(n− 1)! and relation (5.2.32), we obtain:∫
[0,t+h]n

(
γHt,h,n(t, t)

) 1
2H0 1Dt,h(t)dt

≤ n!
C

1
2H0
t0,d

cH0,a,1

(
c

(1)
H0,a

)n−1
(CT,a,b ∨ 1)

(c
(3)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0

∑
α∈Dn

c
(4)
H0,a

h
θ

2H0
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≤ h
θ

2H0 2n
C

1
2H0
t0,d

cH0,a,1

(
c

(1)
H0,a

)n−1
(CT,a,b ∨ 1)

(c
(3)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 2n−1c
(4)
H0,a

.

We take power 2H0 in the above estimate, then relation (5.2.23) becomes:

BH
n (t, h) ≤ bnH0

(
h

θ
2H0 2n

C
1

2H0
t0,d

cH0,a,1

(
c

(1)
H0,a

)n−1
(CT,a,b ∨ 1)

(c
(3)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

(T ∨ 1)
(n−1)(2H0+b−1)

2H0 2n−1c
(4)
H0,a

)2H0

= hθbnH0
22H0(2n−1)

Ct0,d
(
c

(1)
H0,a

)(n−1)2H0
(
cH0,a,1c

(4)
H0,a

)2H0(CT,a,b ∨ 1)

(c
(3)
H0,a

)(n−1)2H0
[
(n− 1)!

]a−1 (T ∨ 1)(n−1)(2H0+b−1).

Therefore, by above estimation, we conclude that∑
n≥1

(p− 1)n/2
( 1

n!
BH
n (t, h)

)1/2

≤ C
(2)
p,a,b,H0,T

hθ/2, (5.2.33)

where C
(2)
p,a,b,H0,T

> 0 is a constant depending on p, a, b, c0, H0, and T .

Back to relation (5.2.5), combining relations (5.2.22) and (5.2.33), it follows that

‖uH(t+ h, x)− uH(t, x)‖p ≤
√

2
(
C

(1)
p,a,b,θ,c0,H0,T

+ C
(2)
p,a,b,H0,T

)
hθ/2 (5.2.34)

and therefore, taking power p and then taking supremum over H ∈ [a, b] on both
sides of relation (5.2.34), we have relation (5.2.2).

Step 2: We examine the spatial increments for the solution of the heat equation.
For any x, x′ ∈ K, we let z = x′ − x. By (4.2.54), we have

‖uH(t, x+ z)− uH(t, x)‖p ≤
∑
n≥1

(p− 1)n/2
( 1

n!
CH
n (t, z)

)1/2

, (5.2.35)

where CH
n (t, z) is given in (4.2.55). Recall that by (4.2.57), we have:

CH
n (t, z) ≤ bnH0

(∫
[0,t]n

(
ΨH
t,z,n(t, t)

) 1
2H0 dt

)2H0

, (5.2.36)

where ΨH
t,z,n(t, t) is given by (4.2.56).

We estimate ΨH
t,z,n(t, t). Assume for simplicity that t1 < . . . < tn < tn+1 = t. By

(3.2.36), there exists a constant C
(2)
t0,θ,T

> 0 such that∣∣∣(Fg(n)
t (·, t, x+ z)−Fg(n)

t (·, t, x)
)
(ξ1, . . . , ξn)

∣∣∣2 ≤ |z|2θC(2)
t0,θ,T

(
F1 + F2

)
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where we recall that F1 and F2 are given by

F1 :=
n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2)∣∣∣ n∑
j=1

tjξj

∣∣∣2θ
≤ CθT

θ(t− tn)−θ
n∏
k=1

exp
(
− 1

2

tk+1 − tk
tktk+1

∣∣∣ k∑
i=1

tiξi

∣∣∣2),
(where the inequality is due to (3.2.37)) and

F2 :=
n∏
k=1

exp
(
− tk+1 − tk

tktk+1

∣∣∣ k∑
j=1

tjξj

∣∣∣2).
Hence, applying a similar approach as in (3.2.38), we have

ΨH
t,z,n(t, t) ≤ |z|2θC(3)

t0,θ,T

(
I1 + I2

)
(5.2.37)

where

I1 := CθT
θ(t− tn)−θcnH

∫
Rn

n∏
k=1

exp

{
− 1

2

tk+1 − tk
tk+1tk

∣∣∣ k∑
j=1

tjξj

∣∣∣2}∣∣ξk∣∣1−2H
dξ

≤ CθT
θ(t− tn)−θcnHI

(n)
t/2 (t1/2, . . . , tn/2)

and

I2 := cnH

∫
Rn

n∏
k=1

exp

{
− tk+1 − tk

tk+1tk

∣∣∣ k∑
j=1

tjξj

∣∣∣2}∣∣ξk∣∣1−2H
dξ = I

(n)
t (t1, . . . , tn).

Here we used (5.2.7) for the estimate of I1 and we recall that I
(n)
t (t1, . . . , tn) is given

by (5.1.8). Recall that cH ≤ 1√
π
.

We now take power 1/(2H0) on (5.2.37). We use the fact that for any p ∈ (0, 1),

(a+ b)p ≤ ap + bp, for all a, b ∈ R+

we obtain:(
ΨH
t,z,n(t, t)

) 1
2H0 ≤ |z|

θ
H0

(
C

(3)
t0,θ,T

) 1
2H0(

C
1

2H0
θ T

θ
2H0

(
(t− tn)−θI

(n)
t/2 (t1/2, . . . , tn/2)

) 1
2H0 +

(
I

(n)
t (t1, . . . , tn)

) 1
2H0

)
.
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We estimate separately the two terms in the inequality above. We start with

C
1

2H0
θ T

θ
2H0

(
(t− tn)−θI

(n)
t/2 (t1/2, . . . , tn/2)

) 1
2H0 . Using (5.2.8), we have:

C
1

2H0
θ T

θ
2H0

(
(t− tn)−θI

(n)
t/2 (t1/2, . . . , tn/2)

) 1
2H0

≤ C
1

2H0
θ T

θ
2H0C

n
2H0
H,1 2

n
2H0

∑
α∈Dn

t
1+αn
4H0

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(t− tn)β̃n,θ
where CH,1 is defined in (4.1.14) and α̃k, β̃k and β̃n,θ are defined in (5.2.9).

For the second term, using (5.1.11) and taking power 1
2H0

, we obtain:

(
I

(n)
t (t1, . . . , tn)

) 1
2H0 ≤ C

n
2H0
H,1

∑
α∈Dn

t
1+αn
4H0

n∏
k=1

tα̃kk (tk+1 − tk)β̃k

where α̃k and β̃k are given in (5.1.14).

Putting these estimates for the two terms together, we obtain that for any 0 <
t1 < . . . < tn < t, there exists a constant C

(4)
t0,θ,T

> 0 such that(
ΨH
t,z,n(t, t)

) 1
2H0

≤ |z|
θ
H0

(
C

(4)
t0,θ,T

) 1
2H0C

n
2H0
H,1

(
2

n
2H0

∑
α∈Dn

t
1+αn
4H0

n∏
k=1

tα̃kk

n−1∏
k=1

(
tk+1 − tk

)β̃k(t− tn)β̃n,θ
+
∑
α∈Dn

t
1+αn
4H0

n∏
k=1

tα̃kk (tk+1 − tk)β̃k
)
. (5.2.38)

A similar estimate holds for arbitrary (t1, . . . , tn) ∈ [0, t]n with tρ(1) < . . . < tρ(n) for
same permutation ρ ∈ Sn, where Sn is the set of all permutation of {1, . . . , n}. Since
the previous bound is the same for all ρ ∈ Sn, this introduce a factor n!. Recall that
CH,1 < 1 (see (4.2.19)).

We now integrate
(
ΨH
t,h,n(t, t)

) 1
2H0 over [0, t]n. For the first integral, we use

(5.2.19), which gives a uniform bound for all H ∈ [a, b]. The second integral has been
estimated in (5.1.22), but this bound was not uniform in H. Below we give a revised
form of (5.1.22) which is valid for all H ∈ [a, b]. Recall that the integral appearing

in (5.1.22) is given by (5.1.15). Γ
(
|α̃| + |β̃| + n + 1

)
is bounded below by (5.2.18).

Moreover, using (5.1.20), we have:

Γ(α̃1 + 1) ≤ C
(2)
H0,H

≤ CH,2 ≤ ca,2,



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 160

where CH,2 and ca,2 are given by (4.1.16), respectively (4.2.45). Using (5.1.21),

n∏
k=1

Γ(β̃k + 1) ≤ Cn
H,2 ≤ cna,2.

By (5.1.17), the polynomial function of t in the right side of (5.1.15) is t|α̃|+|β̃|+n =

t
n

2H0+H−1
2H0

− 1+αn
4H0 and the factor t

− 1+αn
4H0 cancels when we multiplying the integral by

t
1+αn
4H0 , as required when integrating the right hand side of (5.2.38) with respect to

t1, . . . , tn. Finally,

t
n

2H0+H−1
2H0 ≤ (t ∨ 1)

n
2H0+b−1

2H0 .

Therefore, for any H ∈ [a, b], we have:

t
1+αn
4H0

∫
0<t1<...<tn<t

n∏
k=1

tα̃kk (tk+1 − tk)β̃kdt ≤ cn+1
a,2

(t ∨ 1)
n

2H0+b−1
2H0

(c
(2)
H0,a

)n−1[(n− 1)!]
2H0+a−1

2H0

(5.2.39)

Using relations (5.2.10) and (5.2.39), we get:∫
[0,t]n

(
ΨH
t,z,n(t, t)

) 1
2H0 dt

≤ |z|
θ
H0

(
C

(4)
t0,θ,T

) 1
2H0 2

n
2H0 n!

(
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0) + cn+1

a,2

)(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] 2H0+a−1
2H0

≤ |z|
θ
H0

(
C

(4)
t0,θ,T

) 1
2H0 2

(1+2H0)n
2H0

(
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0) + cn+1

a,2

)(
t ∨ 1

)n(2H0+b−1)
2H0

(c
(2)
H0,a

)n−1
[
(n− 1)!

] a−1
2H0

where we used the fact that n! ≤ 2n(n− 1)!.

Returning to (5.2.36), we obtain:

CH
n (t, z) ≤ |z|2θbnH0

C
(4)
t0,θ,T

2(1+2H0)n

(
cH0,a,1

(
c

(1)
H0,a

)n−1
Γ(c0) + cn+1

a,2

)2H0(
T ∨ 1

)n(2H0+b−1)

(c
(2)
H0,a

)(n−1)2H0
[
(n− 1)!

]a−1

(5.2.40)

and therefore, for any H ∈ [a, b]∑
n≥1

(p− 1)n/2
( 1

n!
CH
n (t, z)

)1/2

≤ C
(3)
t0,T,p,a,b,c0,θ

|z|θ,
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where C
(3)
t0,T,p,a,b,c0,θ

is a constant depending on t0, T , p, a, b, c0 and θ. This conclusion
follows from (5.2.35).

5.3 Continuity in law of the solution with respect

to the noise parameter H

In this section, we consider equation (5.0.1) driven by the noise WH introduced in
Section 4.1, which is fractional in time with index H0 ∈ (1/2, 1) and rough in space
with index H ∈ (0, 1/2). Our goal is to show the weak convergence of the solution of
this equation in the space of continuous functions C([t0, T ]×R), with respect to the
noise parameter H. We use the same method as in Section 2.4.

As in Section 4.3, we construct a family of isonormal Gaussian process {WH ;H ∈
(0, 1/2)} with covariance given by (4.1.1) which are defined on the same probability
space (Ω,F ,P). Note that relations (4.3.3) and (4.3.4) still hold in this case.

Recall that the solution has the Wiener chaos expansion (5.1.3). By definition,
uH(t, x) is the L2(Ω)-limit of the sequence {uHm(t, x)}m≥1 defined by

uHm(t, x) =
m∑
n=0

IHn (fn(·, t, x)). (5.3.1)

This means that
E
∣∣uHm(t, x)− uH(t, x)

∣∣2 → 0, as m→∞ (5.3.2)

for any H ∈ (0, 1/2) fixed.

The proof of Theorem 5.0.1 is based on the following result.

Lemma 5.3.1. Let ` = max{3/4 − H0, 0} < H∗ < 1/2 and Hn → H∗, as n → ∞.
For all k ≥ 1 and (t, x) ∈ [0, T ]× R, we have

E
∣∣∣IHnk (fk(·, t, x))− IH∗k (fk(·, t, x))

∣∣∣2 → 0, as n→∞. (5.3.3)

Proof: We apply the same argument in the proof of Lemma 4.3.1. By relation
(4.3.18), we have

Qn = E
∣∣IHnk (fk(·, t, x))− IH∗k (fk(·, t, x))

∣∣2 ≤ k! bkH0

(∫
Tk(t)

(
A

(n)
k (t, t)

)1/2H0dt
)2H0

,
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where A
(n)
k (t, t) is given by relation (4.3.8). What is new here, compared to Section

4.3, is the form of the Fourier transform of fk in the space variables, which is now
given by Lemma 3.1.5. Using the change of variables zi = tiξi for i = 1, . . . , k, followed
by ηk =

∑k
i=1 zi for k = 1, . . . , n, we have

A
(n)
k (t, t) ≤ w2(t, x)

∫
Rk

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ j∑
i=1

tiξi

∣∣∣2)
∣∣∣∣ck/2Hn

k∏
j=1

∣∣ξj∣∣ 12−Hn − ck/2H∗

k∏
j=1

∣∣ξj∣∣ 12−H∗∣∣∣∣2dξ

= w2(t, x)
( k∏
j=1

t−1
j

)∫
Rk

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ j∑
i=1

zi

∣∣∣2)
∣∣∣∣ck/2Hn

k∏
j=1

t
Hn− 1

2
j

k∏
j=1

∣∣zj∣∣ 12−Hn − ck/2H∗

k∏
j=1

t
H∗− 1

2
j

k∏
j=1

∣∣zj∣∣ 12−H∗∣∣∣∣2dz

= w2(t, x)

∫
Rk

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2)
∣∣∣∣ck/2Hn

k∏
j=1

tHn−1
j

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−Hn − ck/2H∗

k∏
j=1

tH
∗−1

j

k∏
j=1

∣∣ηj − ηj−1

∣∣ 12−H∗∣∣∣∣2dη

(5.3.4)

where dz = dz1 · · · dzk, dη = dη1 · · · dηk and η0 = 0.

Hence, it suffices to show that∫
Tk(t)

(
A

(n)
k (t, t)

)1/2H0dt→ 0, as n→∞.

For this, we will use Dominated Convergence Theorem. Namely, we will prove that
(4.3.20) and (4.3.21) hold for any t ∈ Tk(t), i.e.

A
(n)
k (t, t)→ 0, as n→∞ (5.3.5)

and there exists a function hk(t) such that(
A

(n)
k (t, t)

)1/2H0 ≤ hk(t) for all n ≥ 1, t ∈ Tk(t) and

∫
Tk(t)

hk(t)dt <∞. (5.3.6)

We first prove (5.3.5). Let t ∈ Tn(t) be fixed. We denote B(n)(t,η) the integrand
in (5.3.4). B(n)(t,η) converges to 0 as n→∞, since Hn → H∗. So (5.3.5) will follow



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 163

by Dominated Convergence Theorem. To justify the application of this theorem, we
need to bound B(n)(t,η) by an integrable function, i.e. we have to show that there
exists a function B such that

B(n)(t,η) ≤ B(t,η) for all η ∈ Rk, n ≥ 1 and

∫
Rk
B(t,η)dη <∞.

Note that
B(n)(t,η) ≤ 2

(
B

(n)
1 (t,η) +B2(t,η)

)
where

B
(n)
1 (t,η) :=

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2)ckHn k∏
j=1

t2Hn−2
j

k∏
j=1

∣∣ηj − ηj−1

∣∣1−2Hn

B2(t,η) :=
k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2)ckH∗ k∏
j=1

t2H
∗−2

j

k∏
j=1

∣∣ηj − ηj−1

∣∣1−2H∗
.

(The terms B
(n)
1 and B

(n)
2 are different than (4.3.22) and (4.3.23).) The two terms

B
(n)
1 (t,η) and B2(t,η) are of the same form and the second one does not depend on

n. We will prove that there exists a function F such that for all n ≥ 1, t ∈ Tk(t) and
η ∈ Rk,

B
(n)
1 (t,η) ≤ F (t,η) and

∫
Rk
F (t,η)dη <∞.

Fix number a and b such that ` < a < H∗ < b < 1/2. Since Hn → H∗, there
exists N ∈ N such that

` < a ≤ Hn ≤ b < 1/2, for all n ≥ N.

Since all Hn are included in a compact set [a, b] and the constant cH∗ defines a
continuous function of H∗, we see that cHn is bounded by a constant c > 0. Invoking
again relations (4.1.9) and (4.1.10), we obtain

B
(n)
1 (t,η) ≤ ck

∑
a∈Ak

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2) k∏
j=1

t2Hn−2
j

k∏
j=1

∣∣ηj∣∣(1−2Hn)aj ,

Note that for any Hn ∈ [a, b],

k∏
j=1

t2Hn−2
j =

( k∏
j=1

t−1
j

)2−2Hn
≤

k∏
j=1

(
t−1
j ∨ 1

)2−2Hn ≤
k∏
j=1

(
t−1
j ∨ 1

)2−2a

=
k∏
j=1

(
tj ∧ 1

)2a−2 ≤
k∏
j=1

(
tj ∨ 1

)2a−2
.



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 164

Hence

B
(n)
1 (t,η) ≤ ck

( k∏
j=1

(tj ∨ 1)2a−2
) ∑

a∈Ak

k∏
j=1

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2) k∏
j=1

faj(|ηj|) := F (t,η)

where for the last inequality, we used estimates in (4.3.14). By the same argument
B2(t,η) ≤ F (t,η). Hence B(n)(t,η) ≤ 2F (t,η) and so

A
(n)
k (t, t) =

∫
Rk
B(n)(t,η)dη ≤ 4

∫
Rk
F (t,η)dη. (5.3.7)

It remains to prove that F (t, ·) is integrable on Rk, i.e.∫
Rk
F (t,η)dη <∞.

We also give an estimate for this integral, which will be needed for the proof of relation
(5.3.6) above. We have∫

Rk
F (t,η)dη = ck

( k∏
j=1

(tj ∨ 1)2a−2
) ∑

a∈Ak

k∏
j=1

I(aj) (5.3.8)

where

I(aj) :=

∫
R

exp
(
− tj+1 − tj

tjtj+1

∣∣∣ηj∣∣∣2)faj(|ηj|)dηj =

∫
R

∣∣FGh
uj

(ηj)
∣∣2faj(|ηj|)dηj,

where uj =
tj+1−tj
tjtj+1

, j = 1, . . . , k. For fixed a ∈ Ak, we evaluate separately the dηj
integral above. Using the same argument as for the study of I(aj) given by (4.3.25),
with tj+1 − tj replaced by uj, we obtain the following estimate which is the analogue
of (4.3.26). More precisely, for all j = 1, . . . , k and for any a ∈ Ak, we have

I(aj)

≤ ca

{
(tj+1 − tj)−

1
2 (tjtj+1)

1
2 + (tj+1 − tj)−(1−a)(tjtj+1)1−a + (tj+1 − tj)−

3−4a
2 (tjtj+1)

3−4a
2

}
.

We multiply this inequality by (tj ∨ 1)2a−2. Note that
(tj ∨ 1)2a−2(tjtj+1)

1
2 ≤ t

1
2
j+1

1
(tj∨1)2−2a (tj ∨ 1)

1
2 ≤ t

1
2
j+1, since 1

2
< 2− 2a,

(tj ∨ 1)2a−2(tjtj+1)1−a ≤ t1−aj+1
1

(tj∨1)1−a
(tj ∨ 1)1−a ≤ t1−aj+1 , since 1− a < 2− 2a,

(tj ∨ 1)2a−2(tjtj+1)
3−4a

2 ≤ t
3−4a

2
j+1

1

(tj∨1)
3−4a

2
(tj ∨ 1)

3−4a
2 ≤ t

3−4a
2

j+1 , since 3−4a
2

< 2− 2a.
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Note that 1
2
< 1 − a < 3−4a

2
. We have t

1
2
j+1, t1−aj+1 and t

3−4a
2

j+1 are all dominated by

(T ∨ 1)
3−4a

2 . Hence,

(tj ∨ 1)2a−2I(aj) ≤ cat
3−4a

2
j+1

{
(tj+1 − tj)−

1
2 + (tj+1 − tj)−(1−a) + (tj+1 − tj)−

3−4a
2

}
≤ cact,a(T ∨ 1)

3−4a
2 (tj+1 − tj)−

3−4a
2

where for the last inequality, we need (4.3.27).

Since card(Ak) = 2k−1, using (5.3.8), we obtain:∫
Rk
F (t,η)dη ≤ 2k−1ckckac

k
t,a(T ∨ 1)k·

3−4a
2

k∏
j=1

(tj+1 − tj)−
3−4a

2 . (5.3.9)

This proves the integrability of F (t, ·) and so, relation (5.3.5) follows by the Domi-
nated Convergence Theorem.

Now we prove (5.3.6). By relations (5.3.7) and (5.3.9) , for any n ≥ 1 and
t ∈ Tk(t), we have(

A
(n)
k (t, t)

) 1
2H0 ≤

(
4

∫
Rk
F (t,η)dη

) 1
2H0

≤
(

2k+1ckckac
k
t,a(T ∨ 1)k·

3−4a
2

k∏
j=1

(tj+1 − tj)−
3−4a

2

) 1
2H0 =: hk(t).

Note that hk(t) is integrable over the symplex Tk(t) by Lemma A.3.1 since −3−4a
4H0

>

−1 which is equivalent to a > 3
4
−H0.

Proof of Theorem 5.0.1: From Theorem 1.3 of [4], we know that the process
uH
∗

has a continuous modification. We work with this modification, which we denote
also by uH

∗
. We need to prove the finite dimensional distribution convergence and

the fact that the sequence of probability measures induced by (uHn)n≥1 is tight in the
space of C([t0, T ]× R). A road map of this proof is the following:{

Step 1: Finite dimensional distribution convergence

Step 2: Tightness

Step 1: Finite dimensional distribution convergence
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In this step, we have to prove that for any k ≥ 1 and (t1, x1), . . . , (tk, xk) ∈
[0, T ]× R,(

uHn(t1, x1), . . . , uHn(tk, xk)
) d−→

(
uH
∗
(t1, x1), . . . , uH

∗
(tk, xk)

)
, as n→∞.

For this, by Lemma 2.4.3, it will be enough to prove that for all (t, x) ∈ [0, T ]× R

E
∣∣uHn(t, x)− uH∗(t, x)

∣∣2 → 0, as n→∞. (5.3.10)

To prove relation (5.3.10), we use the same argument as in the proof of Theorem
2.0.1. For part (c), using Lemma 5.3.1, it remains to show that for all compact set
[a, b],

sup
H∈[a,b]

E
∣∣uHm(t, x)− uH(t, x)

∣∣2 → 0, as m→∞. (5.3.11)

Recall that uHm(t, x) =
∑m

k=0 I
H
k (fk(·, t, x)) and uH(t, x) =

∑
k≥0 I

H
k (fk(·, t, x)). Hence

uH(t, x)− uHm(t, x) =
∑

k≥m+1

IHk (fk(·, t, x)).

By the orthogonality of the Wiener chaos space and relations (5.1.12) and (5.1.15),
we have

E
∣∣∣uH(t, x)− uHm(t, x)

∣∣∣2 =
∑

k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2
≤
∑

k≥m+1

b2
H0
w2(t, x)Ck

H,1(k!)2H0−1

(
2k−1

Γ(1 + α̃1)
∏k

j=1 Γ(1 + β̃j)

Γ
(
|α̃|+ |β̃|+ k + 1

) γkt
|α̃|+|β̃|+k+

1+αk
4H0

)2H0

,

(5.3.12)

where α̃j, β̃j are given in (5.1.13), respectively (5.1.14) with |α̃| =
∑k

j=1 α̃j, |β̃| =∑k
j=1 β̃j, and γk is given by (5.1.16).

By (4.2.39), we know CH,1 ≤ 1. Recall that in Step 3 of the proof in Theorem
5.1.2, we saw that γk ≤ 1. Note that by (5.1.18), for any H ∈ [a, b], we have:

|α̃|+ |β̃|+ k + 1 >
k(2H0 + a− 1)

2H0

− 1− a
4H0

+ 1

and

|α̃|+ |β̃|+ k +
1 + αk
4H0

=
k(2H0 +H − 1)

2H0

<
k(2H0 + b− 1)

2H0

.
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For k large enough, by Lemma A.1.4, there exists a constant C
(1)
H0,a

such that

Γ
(
|α̃|+ |β̃|+ k + 1

)
≥
(
C

(1)
H0,a

)k
(k!)

2H0+a−1
2H0 . (5.3.13)

and

t
2H0

(
|α̃|+|β̃|+k+

1+αk
4H0

)
≤

 1 if t < 1,

tk(2H0+b−1) if t ≥ 1.

Therefore, we get

t
2H0

(
|α̃|+|β̃|+k+

1+αk
4H0

)
≤ (t ∨ 1)k(2H0+b−1). (5.3.14)

Finally, using relations (5.1.20) and (5.1.21), we have:

C
(2)
H0,a
≤ CH,2 ≤ ca,2 (5.3.15)

and
k∏
j=1

Γ(β̃j + 1) ≤ Ck
H,2 ≤ cka,2 (5.3.16)

where CH,2 is given in (4.1.16) and the inequalities (5.3.15) and (5.3.16) are due to
(4.2.45).

We return to relation (5.3.12). Using relations (5.3.13), (5.3.14), (5.3.15) and
(5.3.16), we obtain that there exists a constant CH0,a,b,1 > 0 such that

sup
H∈[a,b]

∑
k≥m+1

E
∣∣IHk (fk(·, t, x))

∣∣2 ≤ ∑
k≥m+1

Ck
H0,a,b,1

(t ∨ 1)k(2H0+b−1)

(k!)a
.

The last term clearly converges to 0 as m→∞.

Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 5.2.1.



Appendix A

Auxiliary results

In this appendix chapter, we include various results which are used in this thesis.

A.1 Useful inequalities

In this section, we give some inequalities which play an important role in the thesis.
We begin by recalling two integral inequalities: Minkowski’s inequality and Hölder’s
inequality.

Lemma A.1.1 (Minkowski inequality for integrals, [39]). For any measurable spaces
(X , E , µ) and (Y ,F , ν) and for any measurable function f : X ×Y → R, the following
inequality holds for any p ≥ 1:∥∥∥∫

X
f(x, ·)µ(dx)

∥∥∥
Lp(Y)

≤
∫
X
‖f(x, ·)‖Lp(Y)µ(dx),

where ‖g‖LP (Y) =
( ∫
Y |g(y)|pν(dy)

)1/p

.

Lemma A.1.2 (Hölder inequality for a finite measure space). Let (E, E , µ) be a finite
measure space. If g : E → R measurable, then for any p ≥ 1,∣∣∣∣ ∫

E

g(x)µ(dx)

∣∣∣∣p ≤ [µ(E)]p−1

∫
E

|g(x)|pµ(dx).

The following two results give some inequalities about the Gamma function.

Lemma A.1.3. For any a > 0, there exist some constants C1 > 0 and C2 > 0
depending on a such that

C1C
n
a,1(n!)a ≤ Γ(an+ 1) ≤ C2C

n
a,2(n!)a,

where Ca,1 = min{aa, aa2(1−a)/2} and Ca,2 = max{aa, aa2(1−a)/2}.

168
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Proof: By Stirling formula, we know that

Γ(n+ 1) = n! ∼ nne−n(2πn)1/2. (A.1.1)

Therefore, taking any power a > 0 and multiplying (2πn)−a/2 on both sides of relation
(A.1.1), it follows that

(nne−n)a ∼ (n!)a(2πn)−a/2.

Hence,

Γ(an+ 1) ∼ (an)ane−an(2πan)1/2 = (nne−n)a(2πan)1/2aan

∼ (n!)a(a)an+1/2(2πn)(1−a)/2. (A.1.2)

Using equation (A.1.2), we know that for any a > 0, there exists some constants
C1 > 0 and C2 > 0 depending on a such that

C1Kn(n!)a ≤ Γ(an+ 1) ≤ C2Kn(n!)a, (A.1.3)

where Kn = aann(1−a)/2. To see this, we consider separately the case a < 1 and a > 1.
When a < 1, 1 − a > 0. For the upper bound, using the fact that n ≤ 2n for any
n ≥ 1, we have

n(1−a)/2 ≤ (2n)(1−a)/2 = (2(1−a)/2)n.

Therefore,
Kn ≤ aan(2(1−a)/2)n = (aa2(1−a)/2)n. (A.1.4)

For the lower bound, using the fact that n(1−a)/2 ≥ 1 for any a < 1, we get

Kn ≥ aan = (aa)n. (A.1.5)

We now consider the case when a > 1. For the upper bound, we have n(1−a)/2 ≤ 1
since 1− a < 0. Therefore,

Kn ≤ aan = (aa)n. (A.1.6)

For the lower bound, using the fact that n(1−a)/2 ≥ (2n)(1−a)/2 for any a > 1, we
obtain

Kn ≥ aan(2(1−a)/2)n = (aa2(1−a)/2)n. (A.1.7)

Combining relations (A.1.4) and (A.1.6),

Kn ≤ max{(aa2(1−a)/2)n, (aa)n} := Cn
a,2

where Ca,2 = max{aa, aa2(1−a)/2}. Similarly, Combining relations (A.1.5) and (A.1.7),
we have

Kn ≥ min{(aa2(1−a)/2)n, (aa)n} := Cn
a,1

where Ca,1 = min{aa, aa2(1−a)/2}.
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Lemma A.1.4. For any a > 0 and any b ∈ R, there exist some positive constants cb,
Cb depending on b such that for any n ≥ 1

cnb (n!)a ≤ Γ(an+ 1 + b) ≤ Cn
b (n!)a.

Proof: This follows from the relation

lim
n→∞

Γ(an+ 1 + b)

Γ(an+ 1)nb
= 1

and Stirling’s formula. See for instance relation (2.10) of [25].

The following result gives some estimates for the Mittag-Leffler function given
by:

Ea,b(x) =
∑
n≥0

xn

Γ(an+ b)
, x > 0, a > 0, b > 0. (A.1.8)

Lemma A.1.5. For any a > 0, there exists some constants Ca > 0 and C ′a > 0
depending on a such that

C ′a exp{x1/a} ≤
∑
n≥0

xn

Γ(an+ 1)
≤ Ca exp{x1/a},

for all x > 0.

Proof: Using the fact that

lim
x→∞

Ea,b(x)

x(1−b)/a exp{x1/a}
=

1

a
.

When b = 1,

lim
x→∞

Ea,1(x)

exp{x1/a}
=

1

a
.

Therefore, there exists a constant Ca > 0 depending on a such that

Ea,1(x) ≤ Ca exp{x1/a}, for all x > 0. (A.1.9)

Similarly, there exists a constant C ′a > 0 depending on a such that

Ea,1(x) ≥ C ′a exp{x1/a}, for all x > 0. (A.1.10)

Combining Lemmas A.1.3 and A.1.5, we obtain the following result.
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Lemma A.1.6. Let x > 0 by arbitrary. For any a > 0, there exists some positive
constants C1, C2, C ′1 and C ′2 depending on a such that

C ′1 exp{C ′2x1/a} ≤
∑
n≥0

xn

(n!)a
≤ C1 exp{C2x

1/a}

Proof: By Lemma A.1.3, there exists some positive constants C∗1 , C∗2 , Ca,1 and
Ca,2 depending on a, so that for all n ≥ 0,

C∗1C
n
a,1 ≤

Γ(an+ 1)

(n!)a
≤ C∗2C

n
a,2.

Therefore,

C∗1
Cn
a,1

Γ(an+ 1)
≤ 1

(n!)a
≤ C∗2

Cn
a,2

Γ(an+ 1)
. (A.1.11)

Using the definition in (A.1.8) and taking the sum over n ≥ 0 on relation (A.1.11),
we obtain

C∗1Ea,1(Ca,1x) ≤
∑
n≥0

xn

(n!)a
≤ C∗2Ea,1(Ca,2x). (A.1.12)

By relation (A.1.9), there exists a constant C2 > 0 depending on a such that

Ea,1(Ca,2x) ≤ C2 exp{(Ca,2x)1/a}.

Coming back to (A.1.12), it follows that∑
n≥0

xn

(n!)a
≤ C∗2C2 exp{C1/a

a,2 x
1/a}.

Similarly, by relation (A.1.10), there exists a constant C1 > 0 depending on a such
that

Ea,1(Ca,1x) ≥ C1 exp{(Ca,1x)1/a}.

Using relation (A.1.12), we obtain∑
n≥0

xn

(n!)a
≥ C∗1C1 exp{C1/a

a,1 x
1/a}.

Finally, we recall the Hardy-Littlewood-Sobolev Inequality.



A. AUXILIARY RESULTS 172

Theorem A.1.7 (Theorem 1, page 119 of [39]). For any f ∈ L1(R+) and α ∈ (0, 1),
we define the fractional integral of f of order α by:

Iαf(x) =
1

Γ(α)

∫ ∞
0

|x− y|α−1f(y)dy.

Then for any α ∈ (0, 1) and 1 < p < q <∞ satisfying 1
q

= 1
p
− α, we have

‖Iαf‖Lq(0,∞) ≤ Ap,q‖f‖Lp(0,∞) (A.1.13)

where Ap,q > 0 is a constant depend on p and q.

The following result is very useful for estimating various integrals involving the
fractional kernel |t− s|2H−2 with H ∈ (1/2, 1). It appeared for the first time in [33].
Its proof follows by applying Hölder’s inequality with exponent p = 1/H, followed by
Lemma A.1.7 with α = 2H − 1.

Lemma A.1.8. For any H ∈ (1
2
, 1) and for any function ϕ ∈ L1/H(R+),

αH

∫ ∞
0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H−2 dtds ≤ bH

(∫ ∞
0

|ϕ(t)|1/Hdt
)2H

,

where αH = H(2H − 1) and bH > 0 is a constant depend on H. More precisely,
bH = αHΓ(2H − 1)AH , where AH is the constant appearing in inequality (A.1.13)
with α = 2H − 1, p = 1

H
, and q = 1

1−H .

A.2 Estimates for integrals involving the Riesz ker-

nel

In this section, we present some estimates related to various integrals involving the
Riesz kernel.

Lemma A.2.1. For any α ∈
(

max{d−2, 0}, d
)
, there exists a constant Kα,d depend-

ing on α and d such that

sup
η∈Rd

∫
Rd

∣∣FGt(ξ + η)
∣∣2|ξ|−αdξ ≤ Kd,α t

rα ,

where

Kd,α =

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ ≤ cd

( 1

d− α
+

1

2− (d− α)

)
and

rα =

−(d− α)/2 for heat equation,

2− (d− α) for wave equation.

Here we denote cd the area of the unit sphere S1(0) = {z ∈ Rd; |z| = 1} in Rd.
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Proof: We first consider the heat kernel. Recall that FGh
t (ξ) = exp{−1

2
t|ξ|2}.

We use the change of variable ξ′ =
√
t(ξ + η), then dξ = t−d/2dξ′. It follows that∫

Rd

∣∣FGh
t (ξ + η)

∣∣2|ξ|−αdξ =

∫
Rd
e−|ξ+η|

2t|ξ|−αdξ =

∫
Rd
e
−t
∣∣ ξ′√

t

∣∣2∣∣∣ ξ′√
t
− η
∣∣∣−αt−d/2dξ′

= t−(d−α)/2I(
√
tη)

where for any a ∈ Rd, we define

I(a) :=

∫
Rd
e−|ξ|

2|ξ − a|−αdξ =

∫
Rd
e−|ξ+a|

2 |ξ|−αdξ.

We use the inequality e−x ≤ 1
1+x

for all x ≥ 0. Hence,

I(a) ≤
∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ ≤ sup

a∈Rd

∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ =

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ,

where the equality follows by Lemma A.2.3 with β = 1. Note that for any α ∈(
max{d− 2, 0}, d

)
,

Kd,α =

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ <∞.

To see this, we consider separately integrals on {|ξ| ≤ 1} and {|ξ| > 1}.
Case 1: when |ξ| ≤ 1, we use the inequality 1

1+|ξ|2 ≤ 1, and therefore,∫
|ξ|≤1

1

1 + |ξ|2
|ξ|−αdξ ≤

∫
|ξ|≤1

|ξ|−αdξ = cd

∫ 1

0

r−αrd−1dr <
cd

d− α
,

since α < d.

Case 2: when |ξ| > 1, using the inequality 1
1+|ξ|2 ≤

1
|ξ|2 , we get∫

|ξ|>1

1

1 + |ξ|2
|ξ|−αdξ ≤

∫
|ξ|>1

|ξ|−α−2dξ = cd

∫ ∞
1

r−α−2rd−1dr <
cd

α− d+ 2
,

since α > d− 2.

Now we study the wave kernel. Recall that FGw(t, ·)(ξ) = sin(t|ξ|)
|ξ| . We use the

change of variable ξ′ = t(ξ + η), then dξ = t−ddξ′. We have∫
Rd

∣∣FGw
t (ξ + η)

∣∣2|ξ|−αdξ =

∫
Rd

sin2(t|ξ + η|)
|ξ + η|2

|ξ|−αdξ =

∫
Rd

sin2(|ξ′|)
|ξ′/t|2

|ξ
′

t
− η|−αt−ddξ′

= t2+α−d
∫
Rd

sin2(|ξ|)
|ξ|2

|ξ − tη|−αdξ = t2+α−dJ(tη)
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where for any a ∈ Rd, we define

J(a) =

∫
Rd

sin2(|ξ|)
|ξ|2

|ξ − a|−αdξ =

∫
Rd

sin2(|ξ + a|)
|ξ + a|2

|ξ|−αdξ.

Using the inequality sin2(x)
x2
≤ 2

1+x2
for all x > 0, we get

J(a) ≤ 2

∫
Rd

1

1 + |ξ + a|2
|ξ|−αdξ ≤ 2 sup

a∈Rd

1

1 + |ξ + a|2
|ξ|−αdξ

= 2

∫
Rd

1

1 + |ξ|2
|ξ|−αdξ <∞,

for any α ∈
(

max{d − 2, 0}, d
)
, where for the equality, we used Lemma A.2.3 with

β = 1.

Lemma A.2.2. Let [a, b] be an arbitrary subset contained in
(

max{d−2, 0}, d
)
. For

any β ∈ (d−a
2
, 1) and for any α ∈ [a, b], we have

Kd,β,α :=

∫
Rd

( 1

1 + |ξ|2
)β
|ξ|−αdξ < Cd,a,b,β,

where Cd,a,b,β is a positive constant depending on d, a, b and β.

Proof: We consider separately integrals on {|ξ| ≤ 1} and {|ξ| > 1}. Note that

Kd,β,α = K
(1)
d,β,α +K

(2)
d,β,α (A.2.1)

where

K
(1)
d,β,α :=

∫
|ξ|≤1

( 1

1 + |ξ|2
)β
|ξ|−αdξ and K

(2)
d,β,α :=

∫
|ξ|>1

( 1

1 + |ξ|2
)β
|ξ|−αdξ.

We first study the K
(1)
d,β,α. If |ξ| ≤ 1, then 1

1+|ξ|2 ≤ 1, and hence

K
(1)
d,β,α ≤

∫
|ξ|≤1

|ξ|−αdξ = cd

∫ 1

0

r−αrd−1dr =
cd

d− α
≤ cd
d− b

,

since α < d, where cd is the area of the unit sphere S1(0) = {z ∈ Rd; |z| = 1} in Rd.

Next, we consider K
(2)
d,β,α. If |ξ| > 1,then we use the fact that 1

1+|ξ|2 ≤
1
|ξ|2 , and

hence

K
(2)
d,β,α ≤

∫
|ξ|>1

( 1

|ξ|2
)β
|ξ|−αdξ = cd

∫ ∞
1

r−α−2βrd−1dr =
cd

α− d+ 2β
≤ cd
a− d+ 2β

,
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since α > d− 2β. Therefore, there exists a constant Cd,a,b,β > 0 such that∫
Rd

( 1

1 + |ξ|2
)β
|ξ|−αdξ ≤ cd

( 1

d− b
+

1

a− d+ 2β

)
< Cd,a,b,β.

We recall also the following result, which has been used frequently in the thesis,
and is valid for an arbitrary function f (not just for the Riesz kernel).

Lemma A.2.3 (Lemma 4.1 of [9]). Let µ be a tempered measure on Rd whose Fourier
transform in S ′C(Rd) is a locally-integrable function f : Rd → [0,∞] such that f(x) <
∞ a.e. Then for any β > 0,

sup
η∈Rd

∫
Rd

(
1

1 + |ξ + η|2

)β
µ(dξ) =

∫
Rd

(
1

1 + |ξ|2

)β
µ(dξ).

A.3 Beta-type integrals on the simplex

In this appendix, we give two results about some beta-type integrals on the simplex.
Note that Lemma A.3.2 is an extension of Lemma A.3.1, which is used in Chapters
3 and 5 of the thesis, for the case of the rough initial condition.

Lemma A.3.1. Let Tn(t) = {0 < t1 < . . . < tn < t} be the simplex. For any
β1, . . . , βn > −1,∫

Tn(t)

n∏
j=1

(tj+1 − tj)βjdt1 · · · dtn =

∏n
j=1 Γ(βj + 1)t|β|+n

Γ(|β|+ n+ 1)
(A.3.1)

where |β| =
∑n

j=1 βj.

Lemma A.3.2 (Lemma A.1 in [4]). Suppose that αi > −1, βi > −1 for any i =
1, . . . , n, and

k∑
i=1

(αi + βi) + k + 1 + αk+1 > 0 for all k = 1, . . . , n− 1. (A.3.2)

Then by setting tn+1 = t, |α| =
∑n

i=1 αi and |β| =
∑n

i=1 βi, we have that

In(t, α1, . . . , αn, β1, . . . , βn) :=

∫
0<t1<...<tn<t

n∏
i=1

tαii (ti+1 − ti)βidt

=
Γ(α1 + 1)

∏n
i=1 Γ(βi + 1)

Γ
(
|α|+ |β|+ n+ 1

) n−1∏
k=1

Γ
(∑k

i=1(αi + βi) + k + 1 + αk+1

)
Γ
(∑k

i=1(αi + βi) + k + 1
) t|α|+|β|+n.
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A.4 Convergence of probability measures

In this section we consider the convergence of probability measures on the space
C([0, 1]×R) of continuous functions f : [0, 1]×R→ R, equipped with the sup norm
topology.

Recall that a collection X =
{
X(t, x)

}
(t,x)∈[0,1]×R of random variables defined

on the same probability space is called a multi-parameter stochastic process or
random field.

A random element in C([0, 1]× R) is a function X : Ω→ C([0, 1]× R) which is
F/C([0, 1]× R)-measurable, where C([0, 1]× R) is the Borel σ-field on C([0, 1]× R).
It can be proved that C([0, 1]×R) coincides with the σ-field generated by the projec-
tion maps πt,x : C([0, 1]× R)→ R given by

πt,x(f) = f(t, x), for all t ∈ [0, 1], x ∈ R.

Hence any random field X =
{
X(t, x)

}
t∈[0,1], x∈R

with continuous paths is a random

element in C([0, 1]× R).

If (Xn)n≥1 and X are processes with sample paths in C([0, 1]×Rd), we say that

(Xn)n≥1 converges in distribution to X (and we write Xn
d→ X) if (µXn)n≥1 converges

weakly to µX , where µXn , µX are the laws of Xn, respectively X on C([0, 1]× Rd).

We recall the following well-known result, which can be proved by classical meth-
ods (see Theorem 8.1 of [12] for the corresponding result for C([0, 1])).

Theorem A.4.1. Let Xn = {Xn(t, x)} and X = {X(t, x)} be random fields with
sample paths in C([0, 1]× R). If the following conditions hold:

(i)
(
Xn(t1, x1), ..., Xn(tk, xk)

)
d−→
(
X(t1, x1), ..., X(tk, xk)

)
for all t1, ..., tk ∈ [0, 1],

x1, ..., xk ∈ R and k ≥ 1,

(ii)
(
µXn

)
n

is tight, where µn is the law of Xn on C([0, 1]× R),

then Xn
d−→ X in C([0, 1]× R).

The following theorem gives a useful criterion for proving tightness, and is bor-
rowed from [43]. Note that the corresponding criterion for the tightness for probability
measures on C([0, 1]) is not explicitly stated in Billingsley’s book [12].

Theorem A.4.2 (Proposition 2.3 of [43]). Let Xn = {Xn(t, x)}t∈[0,1], x∈R, n ≥ 1 be
random fields with sample paths in C([0, 1] × R). Suppose that the following two
conditions hold:

(i) sup
n≥1

E|Xn(0, 0)|p′ <∞, for some p′ > 0,
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(ii) for any compact set J ⊂ R, there exist p > 0, δ > 2, C > 0 and N ∈ N such that

E
∣∣Xn(t′, x′)−Xn(t, x)

∣∣p ≤ C
(
|t′ − t|+ |x′ − x|

)δ
, (A.4.1)

for all t′, t ∈ [0, 1], x′, x ∈ J, and n ≥ N ,

then (Xn)n is tight in C([0, 1]× R).

Combining Theorems A.4.1 and A.4.2, we obtain the following result, which is
used several times in the thesis.

Theorem A.4.3. Let Xn = {Xn(t, x)} and X = {X(t, x)} be random fields with
sample paths in C([0, 1]× R). If the following conditions hold:

(i)
(
Xn(t1, x1), ..., Xn(tk, xk)

)
d−→
(
X(t1, x1), ..., X(tk, xk)

)
for all t1, ..., tk ∈ [0, 1],

x1, ..., xk ∈ R and k ≥ 1,

(ii) sup
n≥1

E|Xn(0, 0)|p′ <∞, for some p′ > 0,

(iii) for any compact set J ⊂ R, there exist p > 0, δ > 2, C > 0 and N ∈ N such that

relation (A.4.1) holds, for all t′, t ∈ [0, 1], x′, x ∈ J, and n ≥ N,

then Xn
d−→ X in C([0, 1]× R).

Remark A.4.4. Theorem A.4.3 remains valid (with obvious modification) for ran-
dom fields with sample paths in C([0, T ]× R) for any T > 0.

A.5 Basic results from Malliavin calculus

In this section, we recall some basic concepts and facts about Malliavin calculus,
and we refer the readers to the monograph [38] for more details. Since the noise
introduced in Section 2.1 is not a martingale in time, the stochastic integral with
respect to W cannot be defined in the Itô sense. To define the concept of solution
we use the divergence operator from Malliavin calculus (which coincides with the
Skorohod integral, in the case of the Brownian motion).

Let W = {W (ϕ);ϕ ∈ H} be an isonormal Gaussian process, i.e. a zero-mean
Gaussian process indexed by elements of a Hilbert space H such that

E[W (ϕ)W (ψ)] = 〈ϕ, ψ〉H.

Every square-integrable random variable F ∈ L2(Ω) which is measurable with respect
to W has the Wiener chaos expansion:

F = E[F ] +
∑
n≥1

In(fn), for some fn ∈ H⊗n, (A.5.1)
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where H⊗n is the n-th tensor product of H and In is the multiple Wiener integral
with respect to W . Note that

E[In(f)Im(g)] =

n!〈f̃ , g̃〉H⊗n if n = m,

0 if n 6= m,

where f̃ is the symmetrization of f in all n variables:

f̃(x1, · · · , xn) :=
1

n!

∑
ρ∈Sn

f(xρ(1) , · · · , xρ(n)),

and Sn is the set of all permutations of {1, 2, · · · , n}. If F has the chaos expansion
(A.5.1), then

E|F |2 =
∑
n≥0

E|In(fn)|2 =
∑
n≥0

n!‖f̃n‖2
H⊗n .

Let S be the class of “smooth” random variables, i.e variables of the form

F = f(W (ϕ1), · · · ,W (ϕn)), (A.5.2)

where f ∈ C∞b (Rn), ϕi ∈ H, n ≥ 1, and C∞b (Rn) is the class of bounded C∞-functions
on Rn, whose partial derivatives of all orders are bounded.

Definition A.5.1 (Malliavin derivative). The Malliavin derivative of a smooth ran-
dom variable F of the form (A.5.2) is the H-valued random variable given by:

DF :=
n∑
i=1

∂f

∂xi

(
W
(
ϕ1), . . . ,W (ϕn)

))
ϕi.

We endow S with the norm

‖F‖D1,2 := (E|F |2)1/2 + (E‖DF‖2
H)1/2.

The operator D can be extended to the space D1,2, the completion of S with respect
to ‖ · ‖D1,2 .

Definition A.5.2 (Divergence operator). The divergence operator δ is the adjoint
of the operator D. The domain of δ, denoted by Dom(δ), is the set of u ∈ L2(Ω,H)
such that

|E〈DF, u〉H| ≤ c(E|F |2)1/2, for all F ∈ D1,2

where c is a constant depending on u.
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If u ∈ Dom(δ), then δ(u) is the element of L2(Ω) characterized by the following
duality relation:

E[Fδ(u)] = E〈DF, u〉H, for all F ∈ D1,2.

In particular, E[δ(u)] = 0. If u ∈ Dom(δ), we use the notation

δ(u) =

∫
Rd
u(x)W (δx),

and we say that δ(u) is the Skorohod integral of u with respect to W .

The following lemma is used in the proof of Theorems 2.2.4 and 2.2.6. We refer
the reader to page 62 of [38] for more details.

Lemma A.5.3 (Hypercontractivity). Let Hn be the n-th Wiener chaos space. For
any F ∈ Hn,

‖F‖p ≤ (p− 1)n/2‖F‖2 (A.5.3)

for any p ≥ 2, where ‖F‖p =
(
E|F |p

)1/p
is the norm in Lp(Ω).

Proof: We use the fact that for any 1 < p < q < ∞, the norms ‖ · ‖p and
‖ · ‖q are equivalent on any Wiener chaos Hn. More precisely, let t > 0 such that
q = 1 + e2t(p− 1). Then for every F ∈ Hn, we have

e−nt‖F‖q ≤ ‖F‖p. (A.5.4)

(see page 62 of [38]). Taking t = 1
2

ln
(
q−1
p−1

)
, by relation (A.5.4), we have

‖F‖q ≤ ent‖F‖p =
(q − 1

p− 1

)n/2
‖F‖p. (A.5.5)

In relation (A.5.5), if we replace the values (q, p) by (p, 2), we obtain (A.5.3).
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