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Abstract

In this work, we study the continuity in law of the solutions of two linear multiplicative
SPDEs, namely, the parabolic Anderson model (PAM) and the hyperbolic Anderson
model (HAM). The forcing term under investigation is examined in two cases: (i) the
regular noise, with the spatial covariance given by the Riesz kernel of order « € (0, d)
in spatial dimension d > 1; (ii) the rough noise, which is a fractional noise in space
with Hurst index H < 1/2 in spatial dimension d = 1. In both cases, the noise is
assumed to be colored in time. The similar problem for the case of the white noise
in time was considered in [13, 23].

For the initial condition, we consider two scenarios: (a) constant initial condi-
tion; (b) initial condition given by a signed Borel measure on R In the case of
constant initial condition, we prove that the solution is continuous in law in the space
C([0, T] x RY) of continuous functions, with respect to the spatial parameter (o or H)
of the noise. In the case of general initial condition (given by a measure), the weak
convergence of the solution with respect to spatial parameter of the noise is obtained
in the space C([tg,T] x R?). The solution is understood in Skorohod sense, using
Malliavin Calculus, a stochastic calculus of variations theory that proves beneficial in
exploring various aspects in the theory of SPDEs.

The results corresponding to cases (a) and (b) above are contained in the recent
article [7], and respectively, in the preprint [30].
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Chapter 1

Introduction

For centuries, partial differential equations have served as a fundamental tool for de-
scribing various mathematical and physical phenomena, including heat conduction,
fluid dynamics, and diffusion. Examples of basic partial differential equations include
the wave equation, heat or diffusion equation, and Poisson’s equation. These equa-
tions often encounter external influences, which are typically of a random nature.
Consequently, incorporating this randomness leads to the formulation of stochastic
partial differential equations (SPDEs), offering more robust models for studying these
natural processes. SPDEs commonly emerge in applications across diverse fields such
as physics, engineering, and finance.

There are three different approaches to study SPDEs in the mathematical litera-
ture, namely, the random field approach (see [42]), the infinite-dimensional approach
(see [21]) and the analytical approach (see [32]). It turns out that each of these ap-
proaches has been fruitful in its own way; however, these three approaches are not
equivalent in the sense that they cannot be applied to exactly the same family of
SPDEs. In this work, we will focus on the random field approach, following more
recent works for example [5, 19]. A gentle introduction to SPDEs using the random
field approach is available in [2], providing an overview of fundamental concepts while
aiming to engage readers and encourage further exploration of this topic. For a de-
tailed review of SPDE theory, we refer to [20]. Over the past three decades, numerous
authors have extensively researched this topic: see [1, 10, 11, 19, 40] for the existence
and uniqueness of the solutions to certain equations and noises, [6, 14, 16] for inter-
mittency, [27, 41] for large deviation principles and [22] for small ball probabilities.

When using the random field approach, the general form of a stochastic PDE is:
Lu(t, ) = o (ult, x))W(t,x) +b(u(t,z)),t > 0;z € R? (1.0.1)

with some initial conditions, where L is a partial differential operator with constant
coefficients on Ry x R?. It is known from the classical PDE theory that £ has
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a fundamental solution G (which may be a distribution), i.e. LG = 0. We let
Wit,z) = gj_am;(t’ x) be a formal notation for the space-time derivative of the noise
W, whose precise definition will be given below. The function b is referred to as
the drift coefficient, while ¢ is called the diffusion coefficient. Both are subject to

certain regularity conditions.

In this thesis, we will consider only Examples 1.0.1 and 1.0.2 below. For these
examples, the fundamental solution associated to each operator £, denoted by Gy(-),
is a non-negative integrable function on R?. Let A = Zle aa_; be the Laplacian

operator. Our main focus will be on two examples:

Example 1.0.1. The heat operator: L = % — %A, in any dimension d > 1. In this
case,

Gy(x) ! ( W) (1.0.2)
r)=-——=exp| — — 0.
: rtyi2 PN o )
where | - | is the Euclidean norm on RZ.
Example 1.0.2. The wave operator: L = g—; — A, in dimension d < 2. In this case,
1 .
Gi(z) = 51{\:p|<t}> ifd=1
1 1 .
Gt(l’) = ——1{|x|<t}, Zfd = 2. (103)

2% A= JoP
The Fourier transform of a function ¢ € L'(RY) is defined by
Fp(€) = / e~ %% p(x)dx, for all £ € RY.
Rd

Here € -z = Z?zl &x; is the inner product in R?. Note that in the case of heat
operator:

t 2
FGy(-)(§) = exp ( - %) for all ¢ € R, (1.0.4)
and in the case of wave operator:
FGu()e) = D e er, (1.0.5)

€]

In this work, we consider equation (1.0.1) (with drift term b = 0) driven by a linear
multiplicative Gaussian noise, i.e. o(u) = u. More precisely, we study the equation

Lu(t,z) = u(t,z)W(t,z),t > 0;2 € RY, (1.0.6)

where L is the heat or wave operator. If £ is the heat operator, such equation is
known in literature as the parabolic Anderson model (PAM), and by analogy, if the
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heat operator is replaced by the wave operator, it is known as the hyperbolic Anderson

model (HAM).

The problem studied in this thesis is related to the continuity in law of the
solution to equation (1.0.6) with respect to some parameters of the noise. We note
that the same problem for the linear equation Lu(t, z) = W (t, ) (driven by the same
type of noise) was studied in the author’s Master’s thesis [29].

It is very important to understand what kind of noise is associated to equation
(1.0.6). In order to do this, we need to introduce some definitions.

Recall that a fractional Brownian motion (fBm) is a zero-mean Gaussian process
(Bt(H))teR . with covariance

1
E[Bt(H)BgH)] = Rp(t,s) = §(|t’2H + |82 — |t — s|*H), for all s,t € R,.
The parameter H € (0,1) is called the Hurst index. If H = 1/2, then Ry(t,s) =tAs

and the fBm coincides with the Brownian motion. If H > 1/2, the covariance of the
fBm can be expressed as follows:

t s
Ry(t,s) = ozH/ / lu — v|2H_2dudv,
o Jo
where
am = H(2H —1). (1.0.7)

For any H € (0,1), this covariance admits the spectral representation:

Ru(t,s) = cx / Flog(©)FLog @€ 27 de,

where Flp4(€) is the Fourier transform of the indicator function 1y, given by:

- 1—e
Flpg(§) = / e 5ds = T for all £ € R,
0

and P(2H + 1) sin(r H
e = L +2)Sm(ﬁ ). (1.0.8)
T

Throughout the thesis, we will use these definitions of the constants ay and cgy.

A fractional Brownian sheet (fBs) with Hurst indices Hy, H € (0,1) is a zero-
mean Gaussian process {W(¢,x);t > 0,z € R} with covariance

EW(t,2)W(s,y)] = Ru,(t,s)Ru(x,y).
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Coming back to (1.0.6), we assume that W is a zero-mean Gaussian process,
whose covariance is given informally by:

E[W(t,2)W (s,y)] = vt — s)y(z —y).

The smoother v, the more regular the noise and the solutions are. We can make the
definition more precise. Let W = {W (p); ¢ € D(R, x R%)} be a zero-mean Gaussian
process defined on a complete probability space (€2, F,P), with covariance:

Wt = /RQ /(Rd)2 Yo(t — s)v(x — y)o(t, ) (s, y)dedydtds
= [ [ o et (O @ naetds = (.00

for any o, € D(R, xR9). Here D is the space of all infinitely differentiable functions
whose compact support is contained in R, x R? and H be a Hilbert space, obtained
by completing D with respect to (-, ).

In this thesis, we will focus on two types of noise processes:

(I) the regular noise, with the spatial covariance given by the Riesz kernel of order
« € (0,d) in spatial dimension d > 1.

(IT) the rough noise, which is a fractional noise in space with Hurst index H < 1/2
and d = 1.

More precisely, the spectral measure of the noise is given by:

(de) = SRS with a € (0,d) and d > 1 (Case I: the regular case)
K T\ enléFHdE with H € (0,1/2) and d = 1 (Case II: the rough case)

In Case II, we assume that the constant cy is given by (1.0.8). In both cases, the
noise is assumed to be colored in time. The term “colored noise” refers to a type
of stochastic process where the noise is not white, meaning it has some form of
correlation in time, space, or both. The difference between these two noises is that:
the spatial covariance of the regular noise is captured by the Riesz kernel, whereas
for the rough noise, the covariance structure does not take the simple form of a Riesz
kernel, the only way to express the covariance structure is using the Fourier transform.
To emphasize the dependence on the parameter a or H, we denote the noise by W<
and WH respectively. More details about the noise can be found in Section 2.1 and
Section 4.1. See [3, 9, 28] for a sample of relevant references about the study of the
regular noise and [4, 6] regarding the work in the case of the rough noise.

Just like ordinary differential equations (ODEs) and deterministic partial differ-
ential equations (PDEs), stochastic PDEs require initial conditions, which are also
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crucial in defining solutions, to determine the starting point of the stochastic process.
We equip equation (1.0.6) with two different initial conditions: the constant initial
condition and the general initial condition. More precisely,

1 type (a)
u(0,-) = uo(-) =
a signed Borel measure type (b)

Initial conditions of type (b) are called rough. So far, only the PAM with rough initial
condition has been studied in the literature; see [3, 4, 14, 30].

We continue now with the definition of the solution. We say that a process
u={u(t,z);t > 0,2 € R} is a (mild) solution to equation (1.0.6), if for any ¢ > 0,
x € R? with probability 1,

u(t,x) = w(t,z) + /0 /Rd Gi_s(x —y)u(s,y)W(ds, dy), (1.0.9)

where G = G" for the heat equation, respectively G = G% for the wave equation, is
the fundamental solution of the heat and wave operator. The solution is understood in
the Skorohod sense. This means that the stochastic integral in (1.0.9) is the divergence
operator from Malliavin calculus. We refer the reader to [38] for mare details regarding
Malliavin calculus. See also Appendix A.5.

Recalling Cases I and II mentioned above, we denote by u® or u*! the solution to
equation (1.0.6) to emphasize the dependence on the parameter o and H respectively.
We use the same notation for both heat and wave equations, but we will specify each
time when we need to consider separately each equation.

In the case of the heat equation, w is the solution of the deterministic equation:

ou 1

bt — A R4
at(t,:c) 5 u(t,z), t>0,z¢€
U(O, ) = Ug,

and is given by w(t,x) = (Gy * ug)(x). Note that if ug = 1, then w = 1.
In the case of the wave equation, w is the solution of the deterministic equation:
9%u
ot?
u(0,+) = ug
ou (
ot

(t,z) = Au(t,z), t>0,xeR? (d<2)

07') = Vo
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and is given by w(t,z) = (G * vo)(x) + Z(Gy * up)(z). In the present work, we
consider only the case ug = 1 and vg =0, so w = 1.

The main results in this thesis give the continuity in law, with respect to the
noise parameter a or H, of the solutions to SPDE (1.0.6) driven by the regular noise
(Case I) or the rough noise (Case II), in the setting of the constant initial condition
(type (a)) or the rough initial condition (type(b)). That is, we aim to show that

d. o .
u® — u® , whenever a,, — a* Case I: the regular noise

d * .
ufln S " whenever H, — H* Case II: the rough noise

In the case of the white noise in time (i.e. when Hy = 1/2), the same problem
of continuity in law of the solution was studied in [23, 24| for the linear equation,
respectively the equation with multiplicative noise. In the case of the linear equation,
the methods of [23] were extended to the colored noise in time (case Hy > 1/2) in the
author’s Master thesis [29]. The same problem of the weak convergence of solutions
has been explored in various related contexts; see [34, 35, 36, 37].

The proof of the main results will follow from the classical method of convergence
of finite dimensional distributions (f.d.d) and tightness. For tightness, we will build
upon the existing literature related to moment estimates for the increments of the
solution, and show that these estimates hold uniformly in « or H, which allow us
to apply Kolmogorov’s theorem. More precisely, for any (¢,z) € [0, 7] x R? (for any
(', 2') € [to, T] x R? when rough initial condition imposed), we will show that for any
p =2,

SUDqe(q,b] Elu®(t',2') — Ua(t,w)‘p <Ot =t + |2 — x\)p€/2 for heat equation,

SUD e [q,b) E‘ua(fﬂ/) - Ua(tl”)‘p <Ot =t + |o’ — ac|)p‘E for wave equation,
while in case of the rough noise, we will prove that

SUP fre[a,b] Eluf(t',2') —u (t,2)|" < C(|t' —t| + |2’ — x|)pe/2 for heat equation,

SUP o) E|u (', ) — u" (2, 2)|" < C(|t' —t|+ |2/ — z[)™  for wave equation.

The range of the exponent ¢ > 0 appearing on the right-hand side of the above
inequalities will be specified in each corresponding section.

For the finite dimensional distribution convergence, the main problem comes from
the fact that, unlike the case of the linear equation, the solution is not a Gaussian
process, and so identifying its covariance structure is not enough to characterize its
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law. We will prove that for any k& > 1 and (ty,21),. .., (tx, 7)) € [0,T] x RY, in the
case of regular noise,

(uo‘"(tl, 1), ... ,ua”(tk,xk)) 4, (ua*(tl, 1), .. u” (ty, xk)), as n — 00,
and in the case of rough noise,
d * *
(an(t17x1)7 s 7an(tk7 mk)) — (uH (t1,$1)7 s auH (tka xk))a as n — 00.

It is worth mentioning that for establishing the f.d.d. convergence, the noise W,
respectively W does not have to be defined on the same probability space for all
values a (or H). However, instead of f.d.d, we will prove the convergence in L*(f),
and for this, we need that all processes (W*)ae(0.4) (respectively, (WH)ye/21)) be
defined on the same probability space. To achieve this, we will use the following
spectral representation of the noise:

Folr, v/ go(1)|€]/*W (dr, d€)

RxRd

/ ot )W (dt, d) —
Ry xRd
and

Fo(r,6)V/ g0(r)[€]27HW (dr, d€)

RxR4

/ o(t,2) W (dt, da) = o
R+ X]Rd

where gg is the density of the temporal spectral measure pg, Fo(7,€) is the Fourier

transform of ¢ in both variables (¢, z) and W is a C-valued Gaussian random measure.
This construction of the noise is critical for proving the f.d.d. convergence (See
Sections 2.4 and 4.3).

The following table summarizes the results presented in the thesis:

Constant initial

General initial

condition condition
Regular noise Chapter 2 Chapter 3
p(dé) = |€]7dE, a € (0,d) (Section 2 of [7]) | (Section 2 of [30])
Rough noise Chapter 4 Chapter 5

1(d€) = ey €' 27 de, H € (0,3) | (Section 3 of [7]) | (Section 3 of [30])

We provide a brief overview of the steps required to demonstrate the main results,
taking into account various noises and initial conditions. We first consider the space-
time homogeneous noise W (the regular noise) to be the forcing term. In Chapter 2,
we deal with PAM and HAM, equipped with constant initial condition. We introduce
the noise in Section 2.1, which is specified by a general temporal covariance function
v and a spatial covariance function v given by the Riesz kernel with index a. In
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Section 2.2, we prove the existence of the solution. In addition, we show that the
p-th moment of the solution is bounded by an exponential function of t. We consider
first the general temporal covariance function vy, and then we include one particular
case when the temporal covariance of the noise is given by ~o(t) = g, [¢[*072 with
Hy € (1/2,1). The estimates for the moments of the increments of the solution are
developed in Section 2.3 and are used to establish tightness. In Section 2.4, we prove

the f.d.d. convergence, followed by the main result, which state that u®» 4w in

C([0,T] x RY).

In Chapter 3, we study PAM equipped with rough initial condition. The noise
is the same as in Section 2.1, and has a general temporal covariance function vy. The
existence of the solution and the fact that p-th moment of the solution is bounded by
an exponential function of ¢ are obtained in Section 3.1. We give some upper bounds
for the moments of the increments of the solution in Section 3.2. The proofs of the
f.d.d. convergence and the continuity in the law of the solution with respect to the
noise parameter « is addressed in Section 3.3.

In Chapter 4, we focus on the rough noise W . This noise, which is introduced in
Section 4.1, behaves in time like fBm with index Hy > 1/2 and in space like the fBm
with index H < 1/2. We treat the heat and wave equations separately. The existence
of the solution is obtained under the condition Hy + H > 3/4 for PAM, respectively
H > 1/4 for HAM. (For HAM, we believe that this condition is not optimal since
it does not involve the Hurst index Hy.) In Section 4.2, we obtain some estimates
for the moments of the increments of the solution. The f.d.d. convergence and the
continuity in law of the solution are proved in Section 4.3.

In Chapter 5, we return to PAM with rough initial condition, this time in the
case when the noise is rough in space. The existence of the solution is obtained in
Section 5.1 under the condition Hy + H > 3/4. Tightness is established through the
uniform moment estimates provided in Section 5.2, while Section 5.3 demonstrates
the f.d.d. convergence and the continuity in law of the solution.

The Appendix covers some auxiliary results which are used in the thesis.

We specify the notation used in this thesis. We let B(R?) be the class of Borel sets
of R? and B, (IR?) be the class of bounded Borel sets of R%. We let D(R?) be the space
of all infinitely differentiable functions whose support is compact and contained in R?
and D'(R?) be the space of distributions, i.e. the space of linear continuous functionals
on D(R?). We denote by S(R?) the set of rapidly decreasing functions ¢ : R? — R,
i.e. infinitely differentiable functions such that sup,cgs |z*DPIf(z)| < oo, for all
a;, Bi € Ny, where a = (aq,...,aq) and § = (5, .., q) are multi-indices and we

define 2z = 2" ...25* and DVFIf(z) = aaﬁ‘iﬂ%. We let S'(RY) be the space of
a:l xd

tempered distributions, i.e. the space of linear continuous functionals on S(RY).
Throughout this thesis, we denote x = (1, -+ ,2,), Yy = (Y1, ,Yn), t = (t1, -, tn),
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= (s1,-++,8,) and we let T,,(t) = {(t1,...,1,);0 < t1 < ... < t, < t}. We use

S
£-x= Zj’:l &;z; to denote the inner product in R



Chapter 2

PAM/HAM with regular noise and
constant initial condition

In this chapter, we consider the Parabolic Anderson Model (PAM):

O oy = LG o ) (ta), £ 0.0 R (d> 1)
g\t T g2 ) T LB o = (2.0.1)
uw(0,2)=1, zeR?

and the Hyperbolic Anderson Model (HAM):

( 0%u 0*u

5 —(t,x) = e (1 t,x) +ult,z)W(t,z), t>0zecR?(d<2)
u(0,7) =1, xR’ (2.0.2)
ou J

\E(O,$):O, xr € R%

We assume that W is a space-time homogeneous Gaussian noise, which is correlated
in both time and space with arbitrary temporal covariance kernel v, and spatial
covariance vy given by the Riesz kernel:

y(z) = C’d,a|x]_(d_“), for a € (0,4d), (2.0.3)

where r(e)
Cuo = n¥220 22 2.0.4
d, F(dfa) ( )

For kernel 7y, we need to introduce the following assumption, and we will assume
it holds throughout the thesis.

10
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Assumption A. We assume that

po(dT) = go(7)d,

where go 1S a non-negative function.

The precise definition of the noise and some of its properties are given in Section
2.1 below. The stochastic integral used for defining the solution is the Skorohod
integral from using Malliavin calculus. For this reason, we say that this is a Skorohod
solution. In Section 2.2, we give the definition of the solution and we review the
classical results about the existence and uniqueness of the solution. More precisely,
we show that for any a € (max(d—2,0), d), equations (2.0.1) and (2.0.2) have unique
solutions.

The goal of this chapter is to study the continuity in law of the solution with
respect to the parameter « of the noise (for fixed temporal covariance kernel 7p), in the
space of continuous functions on C([0,T] x R?). For this, we will apply the classical
method of convergence of finite dimensional distributions (f.d.d) and tightness. For
tightness, we will build upon the existing literature related to moment estimates for
the increments of the solution, and show that these estimates hold uniformly in a.
This will be achieved in Section 2.3. In particular, this will show that the solution
has a modification with continuous sample paths in space and time. We will work
with this modification. Finally, the f.d.d. convergence is shown in Section 2.4.

The main result for this chapter is the following theorem.

Theorem 2.0.1. For any o € (max(d — 2,0),d), let u® be the solution of equation
(2.0.1) or (2.0.2). Fiz o* € (max(d — 2,0),d) and let (a,)n>1 be a sequence in
(max(d — 2,0),d) such that

lim o, = a*.
n—oo

Then for any T > 0,
un Ly in C([0,T] x R%).

The main results of Chapters 2 and 4 (Theorems 2.0.1 and 4.0.1) have been
published in the recent article [7].

2.1 The noise

In this section, we introduce the random noise perturbing equations (2.0.1) and
(2.0.2). The noise has been considered by many authors [3, 8, 9]. In particular,
the case of the white noise in time was introduced by Dalang in the seminal articles
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[18] and [19]. The covariance structure of the noise W is specified by two locally in-
tegrable non-negative definite functions v : Ry — [0, 00] in time and ~y : RY — [0, o]
in space. By non-negative definite, we mean that for any test function ¢ € S(R),

6= Dm0

where ¢(t) = ¢(—t) denotes the reflection of ¢. Moreover, by the Bochner-Schwartz
theorem, 7 is the Fourier transform (in &'(RY)) of the tempered measure p, written
as v = Fpu, ie.

/Rd o(x)y(z)de = » Fo(&)u(de), for all p € S(RY). (2.1.1)

Similarly, the temporal covariance kernel v, is the Fourier transform of a tem-
pered measure po on Ry, ie. 79 = Fuo in §'(R). Note that for any functions
o1, P2 € S(R), we have

[ [ utt= 90 tentoaias = | Foutr Faiman

More generally,

/n /n H’Vo ¢1 tl""vtn)¢2(81,...,8n)dtds

+ 7=1

= For (i, o) Fda(T1, . ooy To)pho(dT), (2.1.2)

Rn
where t = (t1,...,t,), s =(81,...,8,) and T = (71, ..., Ty).

We assume that W = {W(p); p € D(R, xRY)} is a zero-mean Gaussian process,
defined on a complete probability space (2, F, P), with covariance:

EW W = [ [ 0lt = st -t nvis, sy
/R / /R 0l = ) Fiplt, ) F 05, YOl deds
= F@(Ta f)fw<7-7 5)Ho(d7)ﬂ(d5) = <(1071/}>'H7

RxR4

for any o,1 € D(R, x RY), where we denote by

fgo(T,ﬁ):// e_me_’f'xgp(t,x)dxdt,
R JR4
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the Fourier transform of function ¢ in both time and space variables. Some references
use the terminology “colored in time” and “homogeneous in space” for the noise W.
Let H be the completion of D(R, x R%) with respect to (-, ).

Throughout this chapter, we consider the noise W with general temporal covari-
ance function v satisfying Assumption A and spatial covariance function is given by
the Riesz kernel (2.0.3). In this case, it can be proved that (see [39]):

p(dg) = €]~ d¢.

To emphasize the dependence on the parameter «, we denote by W& = {W*(y); ¢ €
D(R,; xR?)}, a centered Gaussian process with covariance structure E[W (o)W (¢))] =

(p, V), , where
<307¢>Ha :Cd,a /R2 /Rd)2 ’Yo(t—s y| (d—a) (t Qf)w(s,y)dxdydtds
/ / / Yo(t = 8)Fp(t,)(E)F (s, -) ()€ *dédtds
Ry JRy JRE
:/R Rd}—90(7'75)]:77/1(7',f)go(7)|f|_°‘d§d7, (2.1.3)

for any ¢,1 € D(R, x RY).

One particular example that we are interested in is when the temporal covariance
function vo(t) = ag, |[t|*°~? with Hy € (1/2,1). In this case, we say that the noise
W is fractional in time with index Hy > 1/2 and its covariance is given by:

(p, Vg, = OéHoCd,a/R /]R /Rd /Rd o(t, z) (s, y)|t — s[202|z — y|_(d_a)dxdydtds
—aHo/ / Fo(t, V() Fi(s, ) ()|t — s[*o2|¢|~>dedtds,  (2.1.4)
Ry JR; JRY

where ay, = Hy(2Hy — 1). The motivation for this terminology comes from the fact
that the fractional Brownian motion (fBm) with index H € (1/2,1) is a zero-mean

Gaussian process (Bt( ))tZO with covariance:

t s
]E[Bt(H)BgH)] = aH/ / lu — v|*" 2dudv.
0 Jo

In particular, if d = 1 and « = 2 — 2H for H € (1/2,1), then the noise is also
fractional in space.
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2.2 Existence of solution

In this section, we consider equations (2.0.1) and (2.0.2) driven by Gaussian noise
with covariance (2.1.3). The goal of this section is to prove that the solutions to
(2.0.1) and (2.0.2) exist and to show that the p-th moment of these solutions are
bounded by an exponential function of ¢t. At the end of this section, we consider
separately the case of the Gaussian noise with covariance (2.1.4), and we obtain more
precise bounds for the moments of the solution, using an exponential function of 7,
for some p > 0. The results from this section are taken from [8, 9]. We include the
details for the sake of completeness, but also because some of the intermediate steps
will be needed in the subsequent sections.

Before introducing the definition of the solution, we need to recall some basic
facts from Malliavin calculus. See Appendix A.5. We refer the reader to [38] for more
details.

It is known that any square-integrable random variable X which is measurable
with respect to the o-field generated by W< has the Wiener-chaos expansion:

X =3 I(f)

n>0

for some f,, € HE™, where HE" is the n-th tensor product of H,, and I2 is the multiple
integral of order n with respect to W<. Here [ : R — R is the identity map and
fo = E(X). The terms in this series are orthogonal in L*(Q). If {X(t,z);t > 0,z €
R?} is a random field such that each variable X (¢,x) has the chaos expansion:

X(t, I) = Z ]g(fn<7 t> ZE))

n>0

then under suitable conditions, the Skorohod integral of X with respect to W< is
defined by:

50) = [ [ Xt s, ) = 12405,

n>0

provided that the series on the right-hand side converges in L?(2). This integral is
used in the following definition.

Definition 2.2.1. We say that a process u® = {u®(t,z);t > 0,z € R%} is a solution
(in Skorohod sense) to equation (2.0.1), respectively equation (2.0.2), if for any t > 0,
x € R with probability 1,

u*(t,z) =1 +/D g Gis(x — y)u(s,y)W(ds, dy), (2.2.1)
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where G = G" for equation (2.0.1), respectively G = G for equation (2.0.2), is the
fundamental solution of the heat and wave operator. The stochastic integral in (2.2.1)
1s interpreted in the Skorohod sense.

It was proved in [26] that if it exists, then the solution is unique and has the
series expansion:

t tn to
u*(t,x) = 1+Z/ / / / / / G, (xr — ) Gy, (X9 — 17)
w1 /o JriJo SR 0 Jrd

We(dty, day) - - W (dy, dz,,)
= 1+Z[3(fn('7tvx)) :ng<fn('7t7x))v (2'2'2)

n>1 n>0

where the kernel f,(-,t,x) € HE™ is given by

folt, zn, - b, @0, 6,0) = Goog (@ — a) -+ - Gyt (T2 — 1) Loty <octnctys  (2.2.3)

and I2(f.(-,t,x)) is the multiple Wiener integral of order n with respect to W<. We
let fo(-,t,2) = 1. Observe that the second term of this series is

Rt = [ ] G — s dy)

which is the solution of the linear equation Lu® = W<, where £ is the heat or wave
operator. This equation has been studied in [10, 11].

The solution exists if and only if the series Y, - I7(fu(-, t, 7)) converges in L*(52),

- SOE|I(ful 7)) < o0

n>0

In this case,

Elu®(t, @) =1+ ) nllfalt,2)l3ee = D nllfalot,2) [0,

n>1 n>0

where f denotes the symmetrization of function f, given by

f(thxla-- tmxn - |Zf "7tp(naxp(n))7

pESH

the norm is given by

= [ TIwte=s [ [ T[ote-
a [O,t}” [Oﬂnl]‘:_‘llz (Rd)" (Rd)"g
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fn(tla XLy ,tn, Ly t; x)fn(sla Y1, S0y Yn, ta I)dXdydtdS

and S, is the set of all permutations of {1,2,...,n}.

After this brief introduction, we include below some preliminary results about
the Fourier transform of the kernel f,(-,t,x) that are needed in the sequel.

Lemma 2.2.2. For any 0 <t <...<t, <t, the function
(xla s 7$n) = fn(thxla s 7tn7$n)t7 CC)

has the following Fourier transform:

ffn(tla Tyeee 7tn7 ) t,fE)(fl, s 7571)
= €_i(£1+"'+§”)'x-7:Gt2—tl(51) o FGoy, (61 + -+ &). (2.2.4)

Similarly to (2.1.2), we have: for any ¢, € S(R?),

[T —v)eten, - o)y, yn)dxdy
RE)™ J (R)™ 54

= f@(&a U >€n)]:¢(f1, te 7€n)ﬂ(d£1) e M(dgn)v (2-2-5)

(Rd)m

where x = (21,...,2,) and y = (y1,...,¥s). In our arguments below, we will
use the following inequality whose proof is based on the Cauchy Schwarz inequal-
ity. This inequality has the advantage that it is valid for a general function vy, but
the disadvantage that does not provide optimal bounds. In the particular case when
Yo(t) = agm,|t|* 072, we will use a different inequality (Lemma 2.2.5 below) which
provides sharper results.

Lemma 2.2.3 (Lemma 4.3 of [9]). For anyn > 1 and for any function h : [0,t]" — R
which 1s either non-negative or integrable,

where Do, = [, 70(s)ds = 2 [ yo(s)ds.

[ot; = sp)h(ts, ... t.)dtds < rgvt/ \h(t, ... t,)|dt,

j=1 [0,¢]™

We are now in the position to present the first existence result. We note that the
exponent of ¢ in relation (2.2.6) is the same as in the case of the white noise in time
(i.e. when 79 = dp). This is not optimal, since this exponent should contain some
information about the temporal covariance of the noise.
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Theorem 2.2.4. Let W* be the Gaussian noise with covariance (2.1.3) for some
arbitrary function go(t). Then for any o € (max{d — 2,0},d), equations (2.0.1) and
(2.0.2) have unique solutions. Moreover, for any p > 2,

E|u®(t,z)[P < CWexp (0(2) pht), (2.2.6)

where CY > 0 and C® > 0 are some constants depending on d and o, and

kM = 3:%3:3; for heat equation,
f o (2.2.7)
kY =37 d_g) for wave equation.

Proof: =~ We start by proving the existence of solution. Using (2.2.5), we have

(st ) 3en

= t — S / / ’Y tlaxla' 7tn7xn7tax)
foo f Tt [ [ Tt

fn S1,YLy s Sny YUn, b, x)dxdydtds

n

= / / [0t — s:)An(t, s)dtds (2.2.8)
47 J{ogn iy
where
An(tvs>: ffn(tla'a'-‘ ’ru K ) )(517 7§n)
(R

an(‘sb ERRRREIT ~,t,1’)(§1, e afn):u(dgl) o M(dgn)

Using Cauchy-Schwarz inequality, the fact that ab < 1(a? 4 b?) and Lemma 2.2.3, we
have

1Fa (ot @) 3en < / / oti — si)AV2(t,t) AL/ % (s, s) dtds
4" 0" 32

<= / / olt; —s)(An(t,t)+An(s,s)> dtds
[0,6] J[0,¢]™ ;=4

:/ (/ H%(ti—si)An(t,t)ds>dt
o417 N4 i
grgt/ A, (t,t)dt =T, Z/

" Jogn 0

€Sy Y 0<tp(1) < <tp(n) <t

An(t, t)dt)

(2.2.9)
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where S, is the set of all permutation of {1,---,n} and in the last equation, we
decomposed the set [0,¢]" into n! disjoint regions of the form ¢,y < - -+ < t,4,) with
p € S,. We study A,(t,t) first. Note that

A(t,t) = /( FFultis st b @) (€ &) Pu(dE) - pl(d6). (2:2.10)

Fix (ti,...,t,) € [0,t]". Let p € S, be such that 0 < t,q) < -+ <ty < t, by
Lemma 2.2.2, we have

f.fn@la'a"' na Y 7 )(517 7£n)

— /( d) (51 T1++E€n- In)f (tlaxl) 7tn,xn,t,x)d{1,‘1 dxn
R

1 —1(&1-x14-- X
=t € (St £ (1), Tp(a)s o Loty Toy, 1 @)y - day
1
= Hffn(tp(l)a Ty 7tp(n)7 1, 'I)(gp(l)a o agp(n))
= me*i(épuﬁ“%pm))-x H]:thuﬂrtp(j)(gf’(l) T ) (2.2.11)
j=1
and therefore,
- n 2
«an(tla'a--- ns 5 4 )(61)" >€n = 2(i41) Lo (5,0(1 +§p(g))
) (2.2.12)
Coming back to relation (2.2. 10) and using equation (2.2.12) and the change of
variables && = {,;) for all j =1,...,n, we obtain
1 d 2
At ) = (n!)2 /(]Rd)n H “FG%(J'H)*%(J')(EP(U o 6| 1(dE) - p(dEpm)
j=1
1 - !/ ! 2 ! !
- (n!)2 (R)n H ‘FGtP(j+l)_tp(j)(§1 o G| dy) - p(d)
) / ‘FG%@) —tp(1) (&) (/ ‘fth<3> ~tp(2) (& + 52)
( “tp(n) 51 i gn—l + fn) M(dgn)> o M(de)):U'(dgl)
2 2
< (n Kda(t_t )" / p(2)~ p(1>(5l)) (/ ‘fGt/J(s)—tp(z)(& +€2)‘
! R4 R4
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2
</d FGtyy—tynny (1 T+ &na + Ena) u(d&H)) ---u(d£2)>u(d€1)
R
S .
1 ) i r
< (n!)? Ko (t = o)™ (tpm) = tom—1)" -+ (Ep2) = tp1))™, (2.2.13)

where for the first inequality, we used Lemma A.2.1, and the constant r, is given by

—(d—a)/2 for heat equation,
To =
2—(d—a) for wave equation.

We return to relation (2.2.9). Using the change of variables t; = ¢, for all
j=1...,n, we get

3 n 1 n T
It < T S / N | (R

1\2
PESn 0<t (1) <+ <tp(n) <t (n) j=1

= th Kda Z / H(tp(jﬂ) — to()dt

pESy, Y 0<tp()y < <lpn) <t j=1
n
_ (Foyth,a) n,/ I1 yred
- 2 : J+1 T j
("!) 0<th <--<th, <t

J=1

_ (FO,th,a)n (F<TO£ + 1)) tn(raJrl)

n! F(n(ra +1)+ 1) ’ (2:2.14)

where in the last equation, we used Lemma A.3.1. By Lemma A.1.3 and relation
(2.2.14), there exists a constant C > 0 depending on d and « such that

« 2 3 n n(ra 1
This means that
Cn ¢r(2=(d=a)/ Q)W, for heat equation,
B[ (fal-,t,2))| <
Ct t”(?’*(d*a))m, for wave equation.
By Lemma A.1.6, we infer that
Cntn (ra+1)

E|lu“(t, ) ZE‘I“ (st x)) Z (D) < Cy e,

n>0 n>0
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where Cy > 0, C5 > 0 are some constants depending on d and «. This proves the
existence of solution. For uniqueness, we refer reader to page 302-305 of [26] for the
parabolic Anderson model, and Proposition 3.2 of [6] for the hyperbolic Anderson
model.

When p > 2, using relation (2.2.15) and Minkowski inequality, we obtain

fu )l = | S 12t ), < Sl b))

n>0 n>0
1 1/2
< - 0P, < - 0 (e )
n>0 n>0 (n) :
((p B 1)1/2011/2 t(ra+1)/2>n L
- Z (n)ratD)/2 < Cyexp <C5(p — 1)rast C7 t)a
n>0

where we used Lemma A.5.3 for the second inequality and Lemma A.1.6 for the last
inequality. Therefore,

E|u®(t, )P < CWexp <C(2) plgﬁt>,

where CY > 0 and C® > 0 are some constants depending on d and .

Now we consider one particular case when the temporal covariance of the noise
is given by 7o(t) = ag,|[t|*°~? with Hy € (1/2,1). We will use the following result,
whose proof is based on Holder inequality and Littlewood-Hardy inequality. We refer
the reader to [33].

Lemma 2.2.5. For any function ¢ € LYHo(R,) with Hy € (1/2,1),

Oézo / / H ’tz _ Si|2H0_2SO(t17 . ,tn>g0(81’ “en ,Sn)dtds
TURY =1
1 2Ho
quglo(/ ‘@(tl, 7tn)|HOdt>

n
where by, > 0 is a constant depending on H,.

We include the theorem below for the sake of completeness, although it is not
needed for the continuity in law of the solution.
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Theorem 2.2.6. Let W* be the Gaussian noise with covariance (2.1.4) for some
€ (1/2,1). Then for any o € (max(d — 2,0),d), the solution to equation (2.0.1)
or (2.0.2) satisfies: for any p > 2,

E|u®(t, z)[P < CWexp (0(2) pEtr), (2.2.16)

where CY > 0 and C® > 0 are some constants depending on Hy, d and o. The
power k is given by (2.2.7) and

ol = “;EZT@;?) for heat equation,
. (2.2.17)
o= %‘fi)—a) for wave equation.

Proof: We proceed similarly to the proof of the Theorem 2.2.4. In this case,
relation (2.2.8) still holds. Using Cauchy-Schwarz inequality, the fact that ab <
(a? +b*) and Lemma 2.2.5, it follows that

1 fu(t, ”7-[@” / / oti — s)AV2(t,t) AL/ % (s, s) dtds
0,4

. HO 2Ho . S 2Ho
< by, dt) = bH0< |An (6, )] odt)
[0,¢]m [0,¢]"

(An(t, )"

1 2H,
:b}flo( Z/ |An(t,t)|2H0dt> " (2.2.18)
PESy 0<tp(1)<"'<tp(n)<t
We study A, (t,t) first. Note that relation (2.2.13) still holds. Returning to
relation (2.2.18) and using the change of variables ¢ = t,(;) for all j = 1,...,n, we

get

n

1 2Ho
n ro | 2H
Z/ (( 7K [T o) — o) ) Odt)
0<t (1) <+ <t () <t nl)?

PESH j=1

1) < bzo(

n

2H,
_bTIEIO Kda Z/O H p(j+1) ]))2H0dt>

PESn <tp1) < <tpm)<t j=1

b Ko™ n e\ 20
- M ([ TIa - ha)
(”) o<ty <<t <t

7j=1

(F(QTTQO + 1))” )QHOtn(ra-‘rQHo)
P(n(;TaO +1)+1)

= (n!)QHU‘Q(bHOKd,a)"< . (2.2.19)

where for the third equation, we used Lemma A.3.1. By Lemma A.1.3 and relation
(2.2.19), there exist some constants C; > 0 and Cy > 0 depending on Hy, d and «
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such that

E’]3<fn("t7x))’2

- 1’*( o 1) n 2H,
= n'an(7 t x)H?—[?n < (n!)2H0_l(bHoKd,a)nt”(ra+2H0) ( ( 2Ho ) 1))

F(n(;}g;o +1) +

This means that
]E‘[O‘(f » x))f . Cp (o= d)(n!)Qﬁ, for heat equation,
A B co t”(2H0+2+a_d)(n!)3ﬁ, for wave equation.

By Lemma A.1.6, we infer that

Cntn (ra+2Ho) ro+2H
Elu(t,2))” = Y B2 (ful o) < 32— e < Csexp (C4t S )

n>0 n>0

where C3 > 0 and C4 > 0 are some constants depending on Hy, d and . Note that
the exponent of t is exactly the value p given by (2.2.17).

When p > 2, as in the proof of Theorem 2.2.4, we have

n/2 ol n/2 Cynirat2Ho) 12
lu(t @)l <> (= 1 (fuls o], < D0 = 1) ( (nlyratl >

n>0 n>0

< Csexp (Ca( - 1)ra+1C’“a+1 5 )

where C5 > 0 and (s > 0 are some constants depending on Hy, d and o and we used
Lemma A.1.6 in the last inequality. This proves (2.2.16). i

2.3 Uniform moment estimates

Within this section, we present estimates for the moments of the increments of the
solution to equation (2.0.1), respectively equation (2.0.2), driven by the noise W
introduced in Section 2.1. These findings play an important role in establishing the
weak convergence of the solution. We proceed as in the proof of Theorem 3.2 of [8] for
heat equation, respectively in the proof of Theorem 8.3 of [9] for wave equation. We
revisit the proofs of these results because we want to obtain bounds for the constants
which are uniform for a € [a, b].
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Theorem 2.3.1. Let uy the solution to the heat equation (2.0.1) and uS, be the so-
lution to the wave equation (2.0.2), with noise W< as in Section 2.1. Let [a,b] be a

compact set such that
max{0,d — 2} <a <b<d.

(a) (Heat equation) For any p > 2, T >0 and € (%, 1), there exist positive
constants C and C% (depending on 3, a, b, p, d and T ) such that for any t',t € [0,T]
and ', x € R?, we have

sup Elug(t,z) — uf(t,2)P < Chlt' —¢|"7, (2.3.1)
a€la,b]
and
sup Blug(t, ') — u(t, z)|P < Chlz’ — x|P1=P). (2.3.2)
a€la,b]
(b) (Wave equation) Let K = [—=M, M] C R? be an arbitrary subset, for some

M > 0. Foranyp>2, T >0 and 8 € (d;Qa, 1), there exist positive constants C’
(depending on B, a, b, p, d and T ) and C¥ (depending on B, a, b, p, d, M and T)
such that for any t',t € [0,T] and for any x € R?, we have

sup E|ul (¢, z) —ul(t,z)|P < CPt — t[p=H), (2.3.3)
a€la,b]

and for any t € [0,T] and for any 2’z € K,

sup E|ul(t,2') —ul(t,z)]P < C¥la’ — P15, (2.3.4)
a€la,b]

The following two results are needed for the proof of Theorem 2.3.1(a).

Lemma 2.3.2 (Lemma 2.1 of [8]). Let G" be the fundamental solution for heat equa-
tion. For anyt > 0,

sup [ [FGHE+ ) nide) = [ |FGHOPua0) = k). (235

neRd JRd

In particular, if the spectral measure u is given by p(d€) = |£|7*d€ with « € (0,d),
then

sup | |FGE+n)[lelde = [ |FGHE)[lelm ¢ = kalt). (2.3.6)
R4 Rd

neRd

Proposition 2.3.3 (Proposition 3.1 of [8]). If u satisfies

/Rd (3 +1|g|2>ﬂ“<d5) < oo, forany f € (0,1), (2.3.7)
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then for anyt >0, h > 0 and z € R?,

Sup /Rd | FGYL(E+m) — FGH(E+ U)‘zu(df) < C’gh%‘%(%)

neRrd

and

_ = 2 2 _g, (T

sup/ ‘e (Etn)z _ 1‘ |]-"G?(f—|—n)} pu(dé) < 09|Z|20t 0k5<§>,

neR JRd

where 0 =1 — 3, Cy > 0 is a constant depending on 0, and recall that k(t) is given

by (2.3.5). In particular, if the spectral measure p is given by u(d§) = [£|~*dE with
€ (0,d), then for any B € (%2,1),

—a _ t
SUP/ | FGL(E+m) — FGre +m) el dg < Con’t ka5 (2.3.8)
nER4
and
Sup/ ‘ i(&+n)-z 1| ‘./_"Gh é‘_’_n | |§| ad€<Cg|Z’29t Qk (2) (2.3.9>
neRd J R4

where kq(t) is given by (2.3.6).

The next result is used for the proof of Theorem 2.3.1(b). We include its proof
since we need uniform bounds for all « € [a, b].

Lemma 2.3.4 (Proposition 7.4 of [17]). Let max{d — 2,0} < a < b < d and § €
(%, 1) be fixed. Then

(1) for any T > 0, there exists a constant CY > 0 depending on d,a,b,
such that

sup sup sup/ ’FGt+h §_|_,,7) _FG;LU(§+77)’2|§|_QC{£ < 0(1) |h|2—25;
Rd

a€la,b] t€[0,T] neR4

(13) for any T > 0, there exists a constant C® > 0 depending on T, a,b,d, 3
such that for any t € [0,T

sup sup/ ‘]—"G“’ £+n) | |€]7ede < C®) 2725,
a€la,b] neRd
(#ii) for any T > 0 and for any compact set K = [-M, M] C R%, for some M > 0,
there exists a constant C®) > 0 depending on T, M,d,a,b and 3 such that
for any z € K,

w 2 —1 212 ¢~ -
sup sup sup ‘]—"Gt (& + 77)| ‘1 _ (&) ‘ €]7ede < OOz 22,
a€la,b] t€[0,T] neRe J R4
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Proof: Recall that the Fourier transform of the fundamental solution of the wave
equation is
w sin(t|&
Fay(e) = e
€
in any dimension d > 1. We frequently use the following fact that for any |z| > 1,
! < ! < 2 (2.3.10)
1422 2% 1422 o
We start with part (i). Note that
w w 2 —
/QUGHA@+m—fGA§+m<M|dfzﬁWm+Jme (2.3.11)
R

where

. . 2
oy [ s (@it al) —sin e
1 (77) \/§+n<1 ‘5—1‘77’2 |§| 57
152)(7]) - / ‘Sin ((t—i—h)\f—i-m) — sin (t|§+77|)|2
|€+n(>1

—oqe.
€ + 72 e

First, we consider [ fl)(n). Using the trigonometric identity

a—> a+b

) cos (“27)

and the fact that |sin(z)| < z for all x > 0, we see that

sin(a) — sin(b) = 2sin (

| sin ((t + h)[€ +n]) — sin (¢ +n])|”
= 4sin® (_h\fQ—i— 77’) cos” <(2t i h2>’£ ha 77‘) < h?|E+

Therefore, using properties of the domain of integration of integral I 1(1)(77), we obtain

that for any h € [0, 1],

(1) 2 —« 2 1 + |€+77|2 —
JWSh/‘ €l %zh/ el Ll | SRR
' |€-+nl<1 |E+n|<1 1+ |§ + 77|2
2 1
<K / el e < 20700 / ———[¢[7d¢
nl<1 L+ [§+n <1 1L+ |€+n?

< 2p2077) / — ) ¢ de < 2p20-0) / b Vi age
- [€4+nl<1 <1+‘§+77’2> €l t< RA <1+‘§+77’2> €] £
(2.3.12)



2. PAM/HAM WITH REGULAR NOISE AND CONSTANT INITIAL
CONDITION 26

Next, we study 1 1(2)(77). Bounding the trigonometric functions by 1, using again
the elementary properties of trigonometric functions and the fact that |sin(z)| < z
for all x > 0, it follows that

11(2)(77) :/ <|Sin ((t+h)|£—|—77\) — sin (tE—i—T}))QB
|€+n|>1

€+ 7]

i : 2(1-R)
(\sm((t+h)\€ Evﬂ)m— sin (t|§+n|)|> -
_/ (|sin((t+h)|£+n\)—sin(t|§+7]|)‘>25

€+nl>1 €+ 1]

2| sin (@) H CoS (W) ) 2(1-8)
§l7d¢
( €+ ) a

<h2(15)/|£ y (\sin((t+h)|§+nl) — sin (1ﬁ€+77)|>26|§adf
+n|>

N 1€+
1 B 9 5
< h2(1—5)226/ - £lmede < h2(1—5)45/ 2 Vigede
N jetn>1 <!5+77\2) cde s jen]>1 <1 +1€ +77!2> d
1 B
< h2(1—5>8/ b Y e, ya s
B Rd<1+|§+77|2> £]77de ( )

where we used relation (2.3.10) in the third last inequality. We combine relations
(2.3.12) and (2.3.13). Taking the supremum over n € R? on both sides of (2.3.11)
and using Lemma A.2.3, we obtain:

sm{/\fﬁﬁhs+n> FGy (€ +m)| el de

neRd

1 5 1 g
< 10520-8) / ( ) —age — 10p20-5) / —age.
SIn s | e e =10 ] T ) T

By Lemma A.2.2; the last integral can be bounded by a constant C' depending on d,
a, b, 5, uniformly in o« € [a b]. Note that this integral is finite because 8 € (452, 1)
which implies that 8 € (452, 1) for all « € [a, b].

Now we prove part (ii). For any ¢ € [0, T], we have
w( o sin®(t]€ + o
[ iFarie s eas = [ 2 gea— 00 1 12, 201

where

1O S (EE 1) | age and 120 — S’ (tE+01) g
Ppee [ S ag a1 [ S
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For the term 12(1)(77), using the fact that |sin(z)| < z for all x > 0, we get

2
Wwee [ jreaese [ o2
2 je+nl<1 i<t 1+ €+ 72
1 B 1 8
S 2t2/ - é’ —Otdé' S 2t2/ - —Old
1 B
= 2T2ﬁt2(1ﬂ)/ Trier ) e 2.3.15
B R <1+|§+77’2) §17d¢ ( )

We next treat ]2(2)(77). Using the fact that |sin(z)| < z for all z > 0 and relation
(2.3.10), we get

; 2(1-8) : 28
1Oy — (!Sln(t!£+n\)|> (\smmum)!) oy
: /s+n21 ol Eva ) e

StQ@g)é . (}Sin(t|§+77|)‘2)’8|€’ad£
+n|>

€ +n?
< t2(1—5)/ I —aqe < t2(1—5)2/ I —age.
B |s+n|zl(1+|£+n!2> /e < Rd<1+yg+n|2> §17d¢
(2.3.16)

We combine relations (2.3.15) and (2.3.16). Taking the supremum over n € R¢ on
both sides of (2.3.14), there exist a constant C' depending on 7" and  such that

w 21 e1—a 2)42(1-p) 1 g -«
sup/ FG¥(& +n)| ¢|7de < CP¢ sup/ (—) &lTYdE.
neRrd Rd‘ A )| € nerd Jra N1+ 1§ + 12 €

The conclusion follows as for part (i) above, using Lemma A.2.3 and Lemma A.2.2.

For part (iii), let K = [—~M, M] be a compact set in R? for some M > 0. Taking
any z € K and for any ¢ € [0, 7], we have

/ NFGE )t — e Pl g = BV ) + I (), (2.3.17)
R
where

, in2(t
() ::/ |emierm= _q23n (tl€ +277D €|~ de,
je+nl<1 €+

. in2(t
1552)(77) = / |e—l(§+77)'z o 1’281I1 ( |€ +277|) |§|—ad§'
j&+n[>1 €+ 1]

We study Iél)(n) first. Using facts that |sin(z)| <  for all z > 0, |1 — €| < |z|, we
have:

M)
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) . 2
< t2/ e Etmz _ 2|§|—@d§ < T2/ e~ &z _ 2—|§|—ad§
E+nl<1 | | 4l <1 | | L+ &+ nf?

2 B 1 B
§T2/ 22+ ———— g“dgng%?/ — ) |€]7d¢
eI () 16 ) (erar)

209 17128 2(1=8) b Ve
< 2T2(2M)%|2| /R(H’sz) €|~ de. (2.3.18)

Next, we consider [éz) (n). Using inequality |1 — e| < |z| and relation (2.3.10),
we obtain

)

2 . 28| i 20-p)sin”"(¢€ + 1) | 4

) = [ feriems a0 S g
|e4n|>1 n

S/ 928 g=ile+nyz _ 1|2(1F) IS
|e+n|>1 | | ’5+ 2

1 2 B
<0 [ el a2 [ () el e
etn>1 1§+ € +n[28 1 M+ €+

1 1 8

SSZQ(W)/ — §ad§§8z2(1ﬂ)/ 1 Vieeas,
. |§+n|21<1+!§+77|2) g 12 Rd<1+|g+m2> €]

(2.3.19)

We combine relations (2.3.18) and (2.3.19). Taking the supremum over n € R? on
both sides of (2.3.17), we obtain:

sup sup ‘.7-"6”” E+n) | 1— (§+")'Z‘2|§|_O‘d§
t€[0,T] neRd

1 8
< (2T2(2M)? 4 8) 2209 Sup/ (—) l-ede
( (2M) )| | nerd Jra N1+ [€+ 72 €

The conclusion follows by applying Lemma A.2.3 and Lemma A.2.2, as above. i

Proof of Theorem 2.3.1:

Before we begin the proof, we made some comments about the choice of pa-
rameters. We fix an interval [a,b] C (max{d — 2,0},d). We fix 8 € (d%“, 1). We
denote

0=1-p.

Note that for any a € [a,b], 3 lies in the interval (%2,1), which means that: 3 €
(521) e (52)
2

Kipa = /Rd (%W)ﬂgradg < 0, (2.3.20)
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and relations (2.3.8) and (2.3.9) holds.

We consider separately the heat and wave equations. A road map of this proof
is the following:

, . Step 1.a The time increments
Step 1: we consider the heat equation )
Step 1.b The space increments
Step 2.a The time increments

Step 2: we consider the wave equation )
Step 2.b The space increments
Step 1: Heat equation

Step 1.a We start with the time increments. Let t,#' € [0,7] and x € R? be
arbitrary. Assume that h =t —t > 0 (The case h < 0 is similar). By Minkowski’s
inequality and Lemma A.5.3,

|lu®(t + h,z) — u®(t, z)||, < Z(p )2

I (fa(ot+ hyz) = ful-,t,2)) H2

n>1
1/2
<S> p- ”/2( (AL 0+ BO 1)), (2321)
n>1
where
At h) = ()| faot 4+ by @) Lo gn = Fule t )15 0m, (2.3.22)
and i
B (t,h) := (n!)?|| fules t + hy )L nmognl3en- (2.3.23)

We study AY(t, h) first. By (2.2.5),

a@n =2 [ [ Tl [ [ ]
[O,t]n [O,t]" E (Rd)n (Rd)n E

(fn(t17xl7 tre 7tn;xn7t+ h‘ax) - fn(t17x17 T 7tnaxn7t7x)>

fa(
= - e
_/w’t]n /Mng'yo(tz s (¢, 8)dtds (2.3.24)

S1, Y1, 7S7L7yn7t+ h,l’) - fn<817y17' o ,Sn7yn7t,$)>dXdetdS

where

§f,§{n(t,s):/ Flo (ot + hyx) — g (-t 0)] (&, &)
(Rd)n
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Flo" (ot +hx) = gt 0] G0 6) [T 161G

j=1

and )
dM ot x) = nl (s b, D).
Using the Cauchy-Schwarz inequality and the fact that ab < (a® + b?)/2, we have

a8 < (05, 0.0) " (056.9) 7 < 5 (000 T 5.9)).

By Lemma 2.2.3, it follows that

A (1, h) < / / [T olt: — 505 (b t)dtds < T3, [ v, (6, £)dt.
0,4 J[0,¢]"

0.4
(2.3.25)

We fix t = (t1,...,t,) € [0,¢]" and we let p € S,, such that t,q) < ... < tym).
We define u; = t,j41) — to() for j =1,...,n and ¢y, 4+1) = t. Using relation (2.2.12),
we obtain:

a0 = [ PG Gl PO G+t )]
|FIGE = G 1oy + - -+ )| ﬁl €517 7dE;
-
:/(Rd)n G (€| FGh €+ e )
| FIG, o — G (& \H|§ |dg;

- [ IFeh@Pial [ 176k + el
R4

(/R [FGon(€ 4 4 &) = FGL (G + .+ &)I%\“d&) . d&dey,

where we used the change of variables & = §,(;) for all j =1,...,n. By Lemma 2.3.2
and Proposition 2.3.3, we get

n—1

viiinte.t) < TT (sup [ 170 (& +n)lle1 s

j=1 neRr?

< (sup [ 1FGh 6 +n) ~ FGL (6t el "d6.) - (2326)

neRd
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n—1

< Coh? ] ka(uy)uy ko /2), (2.3.27)
j=1

where k,(t) is given by (2.3.6). We denote

¢
P\ —/ s %k, (s)ds.
0

Let h{™(t) = 1 and for any n > 1,

A (t) = / kal(ty —t1) . ka(ty — tn_1)ka(t — tp)dty ... dt,
0<t1<--<tn<t

By Lemma 2.6 of [16], h' is non-decreasing.

Recall that FGh(¢) = exp(—@). Using the polar coordinate £ = rz and the
change of variable z = 72

talt) = [ e Flefedg = [ /S 7 oyl oy
1
( —tr? —a+d—1 OO —tx Ldll —-1/2
= dz) e "r dr = ¢4 e xT 2 dz
S1(0) 0 0 2"

00 W r d—a
_“ ey =51y = 9 (d_Qa ), (2.3.28)
2 0 2 t 2

, we have

where ¢, is the area of the unit sphere S;(0) = {z € R% |z| = 1} in R%. By Lemma
A.3.1 and relation (2.3.28), we obtain:

h@ (¢ / Hk: tip1 —t;)dt = ((Ed)r(d;& ) /(t H ) Tt

8]

4 —an\" 1= ' (1 d=a
- ((9)r(*3) r(n<(1d7a>>+1)t< “) (2520

and
t d— ¢ o
o) = / s ky(s)ds = @F< a) / 57052 ds
0 2 2 0
Cq d — 2 a—d—20+2
=220 [ 2.3.

2 2 a—d—20+2 (23.30)

Note that for the last integral, we used the fact that —0+1=2243>0,ie.

B > 254 This holds for all « € [a, b], since 8 > 52
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Putting together relations (2.3.25) and (2.3.27), we obtain

n—1

A@(t,h) <Tg, /{ | Coh” [ | ko), ko (1, /2)dt
07t n j:]_

n—1 t—t

= C’ghGI‘gtn! / H ka(tj+1 - tj>(t — tn)iaka( n)dt
’ O<t1 < <tp <t ]:1 2
t t—1,
— Cyh?Ty ! / R, (1) (t — tn)‘eka< 5 )dtn
0

) ‘ t—t, @0 i (a
< CohT2 I (1) /O (t— tn)—%a< )dtn = Coh?Tg Ih (8)pl5),  (2.3.31)

where for the last line we used the fact that h,_; is non-decreasing.

We would like to obtain upper bounds for A (t) and P\ for any o € [a, b].
Note that for any a € [a,b], 52 € [42,£2] C (0,1). We used the fact that the
function I" is decreasing on (0,1). Using relation (2.3.29), we have

R () < (%F(dT_bﬁ(l 4 g a)) (tV 1)"(1_?%(”(1 _ 1dTa) + 1)
1

< Cn(tv 1)) (2.3.32)

where we used Lemma A.1.3 in the last inequality and C > 0 is a constant depending
only on d, a and b. Moreover, by (2.3.29)

b—d—2042

o d—2>b 2 b—d—2042
o <55 )a—d—29+2(t\/1) U =G(vy) T, (2339)

where Cy > 0 is a constant depending only on d, #, a and b.

By relations (2.3.31), (2.3.32) and (2.3.33), we conclude that

) 1 N N 1/2
P s E S

n>1 n>1

= a0 (o)) S - g ()

n>1

b—d—20+2\ 1/2
< C,;/th (02 (Tv1) > + )

S(p - 1T (C?‘l (Tt )1/2
n>1 ’ ((n— 1)!)17 2
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b—d—20+42 1/2

_ c;/2h9/2(02 (Tv1) 7 (p— 1)F0,T>

3 (\/<p — D)TorCy (T V 1)1_% )n_1

n>1 ((n— 1)!)(1_0%1)/2

= C5 b2, (2.3.34)

where C3 > 0 is a constant depending on 0, a, b, p, d and T. We used the fact that
functions I'g; is non-decreasing in ¢ in the second inequality, and we applied Lemma
A.1.6 in the last equation.

As for the term BY" (t h), let D,; = [0,t 4+ h]™\[0,t]", we note that

BO‘ (t,h) = (n!) / / >1Dth 1Dth / / T — i)
[0,t+h] J[0,t+R]" Rd)n J (RE)n

fn tlaxla" tn:$n7t+h x)f (Slaxla"' >Smxnat+h>x)dXdydtds

/ / B0lts = 5)1p,, (O1n,, (175, (6.5)dtds  (2.3.35)
[0,t+R]™ J [0, t-l—h]"

where

Yan(ts) = [ FaVC )@ G B H|sg| "dg;.
Ra)n

By Cauchy-Schwarz inequality and the fact that ab < (a® + b?)/2, we have

o 1/2 o 1/2 1 o o
568 < (6. 0) T (Hiuls9)) T < 5 (R (60 + 2T (s5)).

Using the symmetry of the function v and Lemma 2.2.3, it follows that

oeme [ f B0t = 510, ()1, (1715, (£, £)dtds
[0,t+h] J[0,t+h]" ’ Y

<Thun / vfc,?n(t,t)lDt,h(t) dt. (2.3.36)
[0,t+h]n

Applying the change of variables u; = t,(;11) — ty(j), § = §p) and 0 < t,0) < ... <
Lotn) <t = tpmt1), we have

a0 = [ FEL G PG 6+ )

[ FGE oy + -+ &) T 1651 7dg
j=1
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:/d |FGh (D) |FGh (& + ..+ )]
76t O T 610

Z/ ’]:G (&) } &)™ a/ ’]:G (&1 + &) | [T
]Rd
(/ | FGE &+ .+ gn)\2|gn\adgn) . d&dg

n—1
<TT (s [ 176t wliglas)

j=1 neR JRd
( sup [ |FC u(6n+) \2|5n|—ad§n)
neRd J R
n—1
= [ Fauj)kalun + 1), (2.3.37)
j=1

where we used Lemma 2.3.2 for the last equality and k() is given by (2.3.6). Note
that T'g ¢y < Do since t +h =t <T. Observe that if (¢1,...,t,) € Dy, then there
exists at least one index ¢ with t; > ¢. So

Dy = U {(t1,...,t,);0 < o)y S oo Sty t < tpm) < t+h}.
,OESn

By relations (2.3.36) and (2.3.37), it follows that

n—1

B (t,h) < T7,., / [T o + 1715, 0)
[0,t-+h)"

t+h
<I¢r / / H ka(tpi+1) = tpg))kalt = tpm) + h)dt
0<t,()<...<t

pESn p(n) j=1

t+h
— rngv/ / H ko(tisr —t;)ka(t —t, + h)dt
0

<t1<.. <tn _
_F”Tn'/ WD (ta)ka(t — ty + h)dt,
t

h
< T2l (¢ + h) / ka(s)ds < Tpnlh'® (¢ + h)h? i
0

< Ty pnth™ (t+ )R o) (2.3.38)
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since Iy is non-decreasing in t. Hence, using relations (2.3.38), (2.3.32) and (2.3.33),
we obtain

S0 0B ) < S - 1) (0 (4 i)

n>1 n>1

o 1/2 n n a 1/
=12 (pf) S o = g (n (4 )

1/2

2

n>1
< por (02 (Tv 1)“‘“5"*2)1/2
n _ 1 1/2
Z<p _ 1)n/2ro’/ﬁ (C{zl(T Vi 1)(n71)(1—%) 1_d_a)
n—1
1—4d=b
b—d—20+2 1/2 (\/(p —DlyrCi(T V1)~ )
_ 1,0/2 +
= W2 (G (v )5 (p = 1)) -
n>1 (n—1H"" 2
=Gl (2.3.39)

where Cy > 0 is a constant depending on 0, a, b, p, d and T, and we used Lemma
A.1.6 in the last equality.

Back to relation (2.3.21), combining relations (2.3.34) and (2.3.39), it follows
that

2 1/2
Juo(t 4 by w) = w (b 2)lly < D0 = 125 (AL R) + B 1))
n>1
1 1/2 1 1/2
< va( S -0 () -0 () )
n>1 n>1
< V2(Cy + Cy) R/ (2.3.40)

and therefore, taking supremum over « € [a, b] on both sides of relation (2.3.40), we
have relation (2.3.1).

Step 1.b Now we treat the spatial increments for the heat equation. For any
z, 2’ € RY we let 2 = 2/ — x. By Minkowski’s inequality and Lemma A.5.3,

[u(t, 2+ 2) —u(t, @)l < D> _(p = VIS (falstyw + 2) = ful1,2)) |,
< Y- (500 ) (2341)

n>1
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where
CO(t, 2) == (|| ful- t,x + 2) — fn(-,t,:n)Hign = / H%(ti -5 )\Ifgm( s)dtds
0,627 524
(2.3.42)
and

Ui(t,5) = /( Tl e s a6
Ra)n

F[g(n)( t,x+ Z) g(n)(’ t .CE)] (517 - 75“) H |§j‘_ad§j‘ (2343)

J=1

Again, by Cauchy-Schwarz inequality and the fact that ab < (a® + 0?)/2, we have

(0% / (0% 1/2 1 (03 (03
02, (69) < (W,(60)  (WZas9) < 5 (W60 + ¥ (s.5)).

Using Lemma 2.2.3, it follows that

Cl(t, z) g/ / T ot — s:) @i, (¢, t)dtds < ngt/ Wi (¢, ) db
[O7t]n [O9t]" =1

[0,¢]™

(2.3.44)

where

), (t,t) = /(Rd)n‘fGﬁl< &)t |FGE (Gt + )]

X |FGE (14 ...+ &)1 — e7iCrtten)=)? H|sj| “dg;

n—1
h . 2 . -« .
<1 (o et o)
x (sup [ FGE (& + )1 — e @ g g, )
neRd JRd
(2.3.45)
n—1
< Colz* T Fau)uy,"ka(1n/2), (2.3.46)
j=1

where we used Lemma 2.3.2 and Proposition 2.3.3 in the last inequality. Note that
(2.3.46) is similar to (2.3.27). Therefore, the same argument as for (2.3.34) allows us
to conclude that:

1 1/2
S - 1)”/2<HC7§“) (t, z)) < 52l (2.3.47)

n>1
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where C5 > 0 is a constant depending on 6, a, b, p, d and T.
Returning to relation (2.3.41), we used relations (2.3.47), then

1 1/2
lu(t + hoz) = u(t2)]p < 3 (o - 1)n/2(—,cga>(t, z)) <O P (2.3.48)

n!
n>1

and therefore, taking supremum over a € [a, b] on both sides of relation (2.3.48), we
have relation (2.3.2).

Step 2: Wave equation

Step 2.a We examine the time increments for the solution of the wave equation.
The proof is similar to that of the heat equation. Assume that h =¢ —¢ > 0 (The
case h < 0 is similar). We fix t = (¢1,...,t,) € [0,¢]" and we let p € S,, such that
to) < ... < lym). We define u; = t,41) — tyy) for 7 = 1,...,n and t,p41) = t.
Note that relation (2.3.26) still hold. To estimate wﬁ)’n(t, t), we use Lemma 2.3.4. It
follows that

n—1
« w 2 —a
e t) < TT (swp [ |FGE (& + [l dg)
j:1 nERd Rd
w w 2 —a
x (sup [ |FG (6 +m) = FGL (60t m)[ 6l )
neRd J R4
n—1
< (CT,d,a,bﬁU?(l_’B)) X (Cd,a,b,ﬁhQ(l_B)> < CP(up ...ty )29,

j=1

(2.3.49)

where C > 0 is a constant depending on T', d, a, b and . Using relations (2.3.25),
(2.3.49) and Lemma A.3.1 with §; = 2—2f forall j = 1,...,n, there exists a constant
C5 > 0 depending on T', d, a, b and /3 such that

A m) < Tg, (Y /

pESn 0<ty(1) <. <tp(n)<t

U5 (¢, t)at)

n—1

0<t;1 <...<tp <t =1

n—1

t
- h2_25F87t Cy n! / </ H(tj-H —t;)* 7ty .. 'dtn—1>dt"
o \Jo

<t1<..<tn j=1
n—1
r'e-2 t
= W22, O ) (LG —25)) / t
7 L((n—1)(3=28)+1) Jo
1 4(n=1)(3-28)+1

(n-1)(3-29)

n

< BT, Cynl (2.3.50)
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where we used the change of variables t; = ¢, for all j = 1,...,n in the second
inequality and Lemma A.1.3 in the last mequahty Hence, by (2 3 50), there exists a
constant C'5 > 0 depending on p, 3, a, b, d and T such that

1 1/2
> (=1 (SAD(R)
= n!
1 1 1/2
_ 1\n/2( = 32281 om0 (n—1)(3—-2B)+1
< ;(p 1) (n!h Iy, Cy n.—(<n — 1)!)3_%16 >

1/2

1
1-8 n/2 n n n—1)(3—28)+1

n>1
3-28
B! ﬁ(( Doz Co(Tv 1)) 3 (\/(p ~ DlorGe(T V1) )

=n "{(p— 0,T2\/> 39573
n>1 ((n =11

= Oy h' 7, (2.3.51)
where we used the fact that I'g, is non-decreasing in ¢ and we applied Lemma A.1.6
in the last equation.

For the term BY(t,h), note that the inequality in relation (2.3.37) still holds.
By Lemma 2.3.4, there exists a constant Cy depending on T, d, a, b and [ such that

n—1
79t <] (sup IFGY (& +m)|*lgl “d@)
j=1

( sup |]:Gun+h (& +1) |2|fn|_adfn)

neRrd
n—1
< H (CT,d,a,b,,B U?m) X <CT,d,a,b,ﬁ (un + h)%w)
=1
— O (uy -ty (un + B)) T, (2.3.52)
where Uj = tp(j-i—l) p(j for all ] = 1 , N and 0 < tp(l) <. . < tp(n) <t= tp(n-‘rl)'

By relation (2.3.36) and Lemma A.3.1 Wlth Bj =2—2Bforall j =1,...,n, we obtain

B@(t,h) <Th . ,Cx / [wr -ty (u + 1)1, (8) dt

[0,t+h]"

t+h n 1
< thJrhCn Z / \/() (tp(j+l) — tp(j)>272ﬁ(t + h — tp(n))Q*Z'Bdt

pPESy <) <-<tp(n) j=1

n—1

= I'04 C 1 / (/ H(tHl — tj)2725dt1 .. .dtn,l) (t+h—t,)?%dt,
7 t O<t1< <tn J 1
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(T3 —28))"" /Hh e _
=17,.,Cn! t=DB=28) (1 4 p —1,)2728de,
0,t+h ~4 F((n—1)<3—26>+1) ] ( )

(D3 - 2/6))"71 " b b — ) DB=28) (,,)2-28 4y,
r((n—1)(3—25)+1>/(+ ) "

(F(3 _ 25))n n—1)(3-2 1 3-2
- - (T v 1)( ) ﬁ)g p3—28
P((n 1)(3—28) + 1)

™ n
= Fo,t+h Cyn!

<TGrCyn!

< TIfpConl (T v 1)(n=DE=26)p2-25 (2.3.53)

-
(CE

where we used the fact that function I'g; is non-decreasing in ¢ and for the last
inequality, we used Lemma A.1.3. Hence, using relation (2.3.53), we obtain

1 1/2
(p—1)"? (B (¢, h)
; (n! )
1 1/2
< n/2 n n o, (n—1)(3—28) 1,2—28
S (- ( i Ol s (T V) h )
n>1
=03 (o= 1) (T S — 1)‘”‘”(3‘2‘”)1/2
B g M (=)
n>1
n—1
1-5 1/2 (\/(p ~ o Cs (Tv 1) ) 1-8
:h_ (p—l)FQTCg, — = Oﬁh_ s

(2.3.54)

where Cg > 0 is a constant depending on 7', d, a, b and [ and we applied Lemma
A.1.6 in the last equation.

Back to relation (2.3.21), combining relations (2.3.51) and (2.3.54), it follows
that

e+ ) — ), < 30— 172 (2 (A9 00 + B )

< \/ﬁ(Z(p— 1)"/2< L A (¢, B) ) +3 (- ”/2< B9\, h))m)
<2 (c:;u Ce)h'™"? N (2.3.55)

and therefore, taking supremum over « € [a, b] on both sides of relation (2.3.55), w
have relation (2.3.3).
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Step 2.b We examine the spatial increments for the solution of the wave equa-
tion. We denote by K = [-M, M] C R? be an arbitrary subset, for some M > 0.
For any z,2’ € K, we let z = 2’ — x. Note that inequalities (2.3.44) and (2.3.45) still
hold. To estimate '% (t,t), we use Lemma 2.3.4. Then

t,z,n

[ w 2 —«
v 6.6 < T (swp [ 1762 (€ +0)lg|2ag)
le TIGRd Rd
w 2 —i(&n z|2 —a
< (sup [ 176 (6 w1 el s,
neRd J R
n—1
S (CTad’azbzﬁ u§726) X (CT7M7d>a7b7ﬁ|Z|272ﬁ> S C'n|2/|272ﬁ(,U/1 R un71)27267

j=1

(2.3.56)

where u; = t,41) — toi), 0 <ty < ..o < tpm) < tpmer) = t and C is a constant
depending on T', M, d, a, b and 3. Note that (2.3.56) is similar to (2.3.49). Therefore,
the same argument as for (2.3.51) allows us to conclude that:

1 1/2
S - 1)n/2(—|c,ga>(t, z)) < Cyl2 7, (2.3.57)
= n!
where C'; > 0 is a constant depending on p, T', M, d, a, b and f3.
Returning to relation (2.3.41), we use relation (2.3.57). It follows that

1 1/2
lu(t + hoz) —u(t2) ], < 3 (o - 1)”/2<—'C7(f‘)(t, z)) <Orl|P (2.3.58)

n!
n>1

and therefore, taking supremum over « € [a, b] on both sides of relation (2.3.58), we
have relation (2.3.4). i

2.4 Continuity in law of the solution with respect
to the noise parameter o

In this section, we consider equations (2.0.1) and (2.0.2) driven by the noise W*
introduced in Section 2.1. We prove that the solution of either one of these equations
is continuous in law in the space of continuous functions C([0, 7] x R%), with respect
to the noise parameter .
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We first give the simultaneous construction of all noise processes (W®)ae(,4) on
the same probability space (€2, F,P) using their spectral representations based on a
complex-valued Gaussian measure. With this, the family of processes (W*)ac(0,0) are
defined in a single probability space, and we can therefore apply Lemma 2.4.3 below
to prove the finite dimensional distribution of u®" converge to those of u®", when
n — oo.

Definition 2.4.1. Let W, = {Wi(A); A € By(R x RY)} and Wy = {Wy(A); A €
By(R x R} be two independent space-time Gaussian white noise processes defined
on the same probability space (2, F, P) with covariance:

E[W;(A)W;(B)] = 5

We say that .

1s a C-valued Gaussian random measure, with control measure given by Lebesgque
measure.

For any a € (0,d) and for any function ¢ € S(R*1), we define
We(g) = / o(r, W (dr, df)
Rd+1
= /d+ Tf vV 90 |€‘ a/QW dr, df ( Tf ,/g0 ‘f’ a/2)‘ 24.1)
R

Formally, we can say

We(dr, d€) = \/go(7)|€]~*2W (dr, d€).

We define .
W (p) = W Fep). (2.4.2)

Then we have
E[W*(p)We ()] = E[W*(Fp)We(Fy)]

— E|W(Fe(r,O)V/ao(nlel )W (Fu(r, )v/go(r)lel %)
= | Fe(r, OV ao(r)El E Fu(r, )V g0 (7) €| 2 drdg

Ré+1

= Fip(r, &) F (7, §) po(dr)[€]7*dE.

Rd+1

This means that the Gaussian process We = {W%(p);» € D(R, x R%)} has the
desired covariance structure (2.1.3). More over, all processes (W®)ac(0,4) are defined
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on the same probability space (€2, F,P). Throughout this section, without any loss of
generality, we assume the noise W perturbing equations (2.0.1) and (2.0.2) is given
by (2.4.2).

Note that relation (2.4.2) can be written as

/ o(t, 2)W(dt, dz) = Fo(r, W*(dr, df)
Ry xRd RxR4

- [ FAFe @) OF @, 43

where Fo(r,§) is the Fourier transform of ¢ in both variables (¢, z):

Fo(r,€) = / e e Ty (t, x)dtdx.

R+ xRd

and the Fourier transforms appearing in the second equality are defined as follows:

Pe(t) = Fop(t, ) (&) = / e %% p(t,x)dx, for all t >0

R4
and F; [ Foo(t,-)(€)] () is the Fourier transform of ¢¢ given by
Foe(r) = / ) e e (t)dt.
R

We have )
E‘/R Rdh(T,f)W(dT,dg)‘ :/R Rd|h(¢,§)]2drd§.

A similar property holds for multiple integrals with respect to /W, namely,

2

IE‘ / W, €rs ey Ty €)W (AT, dEL) . .. W (dr, dEy)
(RxR4)n

— n!/ (1,61, -y oy o) [FdmdSs . drdé, (2.4.4)
(RxR4)™

where h is the symmetrization of h.

Recall that the solution has the Wiener chaos expansion (2.2.2). By definition,
u®(t, z) is the L*(Q)-limit of the sequence {u® (t, z)},,>1 defined by

m

ud () = I(ful-t,2)). (2.4.5)

n=0
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This means that
E|ug (t, z) — u®(t, x)}Q — 0, asm — o0 (2.4.6)
for any o € (max{d — 2,0},d) fixed.

Proposition 2.4.2 below gives an extension of relation (2.4.3) to multiple Wiener
integrals with respect to W*. The proof is omitted.

Proposition 2.4.2. Let n > 1, f € HE™ such that f(t1,-,...,tn,") i a function in
LYRY) for any t1,...,t, > 0, then

/ f<t1’x17".’tn’$n) a(dt17d$1)"‘ [ a(dtnadl'n)

(R+XRd)

:/( . ) ft[F$f(t17-7-..7tn.~)(§17..'7§n)j|(7—13'--7 )[’L (d7—17d51) (dTﬁJdé'n)
RxR4)n

:/ ft(b& ..... En(T17'--7Tn)
(RxR)™

n

H\/QO 7) H|fj| W (dr,dE)) ... W (dr,, d,),

where ¢g, . ¢, = Fuf(t1,-, n-)(&1, ..., &) is the Fourier transform of f(t1,+, ..., tn, ")
given by
fmf(tl, e ,tn, ')(51, R 7§n) = / €_i2?:1 gj'mff(tl,xl, R ,tn,xn)dxl .. d(L’n
(Rd)n
and F; []:mf(tl, eyt )&y ,§n)} (T1,...,7y) is the Fourier transform of ¢, ¢,
given by
f¢§1 ,,,,, En(Th e ,Tn) = / €_i2;—1 Tjtjgbgl ,,,,, gn(tl, .. ,tn)dtl . dtn
Note that

| [ o0otomte = siatas = [ o) antr)

This relationship can be extended to higher dimensions, as follows:

/ St tn)d(s1, ... s0) [ [ r0(t; — s;)dtds
n ]Rn ]:1

:/ Fo(r,....m)[ [] oo(r)dm ... dr. (2.4.7)
Rn i

The following result will be used in the proof of Theorem 2.0.1 below.
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Lemma 2.4.3. Let X, (X,,), be random vectors in R™ defined on the same probability
space (Q, F,P), with X = (X',..., X™) and X,, = (X},..., X™). If

E|X! - X|”

— 0, asn — oo,
foralli=1,...,m, then
(X} Xm™) KN (X' ..., X™), asn — oo.
We will also use the following result from classical theory of metric spaces.

Lemma 2.4.4. Let (E,d) be a metric space, (™)., 2, 2™ and x € E such that

(a) d(xgg),xm) — 0, asn — oo, for allm >1 fived ,

(b) d(zp,x) — 0, asm — o0,

(c) sup,>; d(x%), ™) =0, as m — oc.

Then
d(z™, z) = 0, as n — oco.

This lemma can be illustrated by the following diagram:

(n) n—00
ITm —>Vm Tm
uniformly in nJ/m lm
2 - > T

In addition, for the proof of Theorem 2.0.1, we will use following result.

Lemma 2.4.5. Under the hypothese of Theorem 2.0.1, for all k > 1 fized, we have

2

E\ ™ (fu(-t,x)) — I,S‘*(fk(-,t,x)) — 0, asn — oo. (2.4.8)

Proof: Note that by Proposition 2.4.2, we have

[l?n(fk’<>tax)) - Il(:* (fk(atvx))
= / fk(th L1, ... b, Tk, T, JI)Wan (dtl, dtk) e (dtl, dtk)
(R4 xR4)k

— / fk<t1, L1y ... ,tk, Tk, t, iL’)Wa* (dtl, dtk) e Wa* (dtl, dtk)
(Ry xR4)¥
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= / Hk(Tlv 517 ey Ty gk) (dTla dgl) (di; dgk) (249)
(RxR4)k
where
Hk(Tl,fl,...,Tk,gk):ft[Fxfk(tl,',.. tk,-, s )(fl,...,fk)}(ﬁ,...,ﬂg)
k k k
[TV (TTIel > =TTl ).
j=1 Jj=1 j=1
(2.4.10)

We denote by Hj the symmetrization of Hy. Then, by equation (2.4.4), we have
an o™ 2
Qn =E[F*(fu( t,2)) = I (fu(,t,2))]
B[ G W (A, dg) - T, )
R+><Rd

‘ 2

= k'/ ‘Hk(Théla s 7Tk7€k>‘2d7—1d€1 T didgk = k!Hﬁk(Tbgla s ’Tk’€k>HiQ((RXRd)k)
(RxR4)k C
(2.4.11)

where LZ(R x RY) is the space of complex-valued functions ¢ on R x R? such
that |¢|? is integrable with respect to the Lebesgue measure. We will use the fact

that ||fv||L2(Rde)n < || fllc2@xray-- Applying (2.4.7) to the function ¢(t1,...,t) =
Fofe(te, o o ytpy - t,x) (&, - - ., &) which vanishes if (tq,...,t) ¢ Ty(t), we obtain
2
Q'rL S k'”Hk 7-17517 o Tkaék HLQ (RXRd) )

_k'/Rk/Rd ft ./T_-fk: tla y . tk, ) ax)(fl,...,fk)}(’]’l,...,’['k)

H (75) H’fj‘ /2 _ H|§J| ol

7j=1

:k'/ dék)H!@\ anf? Hrm 2]

(/ / —Sj)fxfk<t1,',...,tk,',t,l')(fl,...,fk)
T () 7 Tk(t) §

‘Fxfk(sla 5oy Sk 'at7x)(€1a s 76k>dtds)

= k! Yol(t (t s)dtds, (2.4.12)
[of I

2

dfl dfkdﬁ Tk
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where

A](gn)(tas): dkfxfk(tlv'a--->tk7'7t7$)(£17--'7£k)«/__-xfk’(sl>'7" s Sk 7 )(61775]6)
(R%)

dgs - - - dé.

k k 9
L= =TT el
j=1 i=1

Using Cauchy-Schwartz inequality, the fact that ab < %(a2 + b%) and Lemma 2.2.3,
we have

N < k'/ / H%t — ) (A (6,8)) /2 (A (s, 5)) *dtds
Tk Tk
1
/ / H% (t; — s5) 5 A (¢, 1) —i—A;")(s,s))dtds
Tk Tk

—k'/T /T o] — 5,)AM (¢, t)dtds < k! F’(jt/ A (¢, t)dt
k k

Ty (1)
= kI ¢, / /

’ 2

tl’ ""7tk7'7t7x)(517 e 7§k)
k

) H Gl =] |£j|‘“*/2(2d§1 -+ dgdt. (2.4.13)

J=1 Jj=1

We want to show that the integral in relation (2.4.13) converges to 0 when n — oo.
For this, we apply the Dominated Convergence Theorem. Note that the integrand
converges pointwisely to 0 on Ty(t) x (R%)* as n — oo. We now proceed to bound
the integrand in relation (2.4.13) by an integrable function. First, we note that this
integrand can be bounded by

k k
<H ’5]"7&” + H |§j’7a*) ‘Fxfk(tlv Ty e 7tk7 '7t7x)(€17 <. 7€k) i
j=1 j=1

The two resulting integrals in the above are of the same type, the only difference
being that the first one depends on n, whereas the second one does not. We therefore
only consider the term of the integrand function that depends on n; the integrability
of the other term will follow by a similar argument.

Recall that max{d — 2,0} < o* < d. Fix numbers a and b such that max{d —
2,0} <a<a* <b<d. Since a,, — o, there exists N € N such that

a<a, <b, forall n > N.



2. PAM/HAM WITH REGULAR NOISE AND CONSTANT INITIAL
CONDITION 47

For any o, € [a,b] C (max{d — 2,0}, d), we know that

165170 <& ey 1<ay + 1651 Ly 1513 (2.4.14)

This allows us to bound our integrand, provided that we can show that

oy
Ty (t) J (RE)R

-szk(tla'7"'7tk7'7t7x)(€17"'7£k) i

k
I1 (\ﬁg g <1y + |€j|*“1{|ej\>1})d€dt < 00. (2.4.15)

Jj=1

Note that

I = /Tk(t) (/Rd)k H |.7: Gt]H t (fl '+§j)}2(|£j‘fb1{|§j\g1} + |€j’a1{§j|>1})d5> dt.
(2.4.16)

We estimate separately d€ integral above. We need to consider separately the heat
equation and wave equation. For the heat equation, using (2.4.16) and the fact that

t€)2

‘fo?(ﬁ)‘ = }G_T‘ <1, forall (t,z) €[0,T] x R?,
for any j =1,...,k, we have
2 —b —a
/ [ FoGl iy (S0 4 65))] (!5]'\ Lig <y + 1] 1{\5]-|>1})d5j
_/ ’fGJ+1 t; (§1+"'+§j)|2|§j|_bd€j
€;1<1
2 —a
+/ | FoGE L (Gt + )] 7161 dg;
1€;1>1
< [ it [ 1RGh 6 el
5J <1

d—a

altin —1)" 7, (2.4.17)

_d

where we used Lemma A.2.1 in last inequality. Let Cypa = 7% + Kg,4. Coming back
to relation (2.4.16), by (2.4.17), we have

k d—a
1< ij?b’d/ I1 (1 + (e — tj)77>dt < 0, (2.4.18)
Ty(t)
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due to Lemma A.3.1.
Next we study the wave equation. Using (2.4.16) and the fact that

F.GE(E)| = ‘Sm’(;"f |>‘ <t forall (t,2) € [0,T] x RY,

for any j =1,...,k, we have
w 2 - —a
/Rd | FoGE (&t ) (1G] g1y + 161 Vgig151y) d&;

w 2 _
:/|;.|<1 |Fthj+1_tj(€1+"'+€j)‘ ‘6]‘ bd€]+/

151>

w 2 —a
NEGE 6+ )Pl

_ w 2 @

= t2/€ <1 |€J| bdgj T Sél]lgl Rd }‘FthHl*tj (éj T 77)| ’£]| ds;
1< n

Cq

< t?
- d-=b

+ Kot — )9 < thc_d 7+ Kao 2= (d=a), (2.4.19)

where for the second inequality, we used Lemma A.2.1. Coming back to relation
(2.4.16), by (2.4.19), we have

k
I< (t2 “ 4 Ky t“d“)) / dt < oo.
d—>b Ty (1)

This finishes the proof of (2.4.15) and concludes the justification of the application
of the Dominated Convergence Theorem. |

Proof of Theorem 2.0.1: From Theorem 3.2 of [8] (for PAM) and Theorem
8.3 of [9] (for HAM), we know that the process u® has a continuous modification (see
relations (2.3.1), (2.3.2), (2.3.3) and (2.3.4) above). We work with this modification,
which we denote also by u®*. We need to prove that the finite dimensional distribution
convergence and the sequence of probability measures induced by (u*"),>1 is tight in
the space of C([0,7] x R?). A road map of this proof is the following:

Step 1: Finite dimensional distribution convergence
Step 2: Tightness

Step 1: Finite dimensional distribution convergence

We have to prove that for any k > 1 and (t,2,), ..., (ty, %) € [0,T] x R4,

(u“”(tl, x1),. .. ,ua"(tk,xk)) 4, (ua*(tl, x1),. .. ,ua*(tk, IIJk)), as n — 0o.
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For this, by Lemma 2.4.3, it will be enough to prove that for all (¢,2) € [0,T] x R?

E|u®(t,z) — uo‘*(t,x)‘2 — 0, as n — 00. (2.4.20)

To prove relation (2.4.20), we apply Lemma 2.4.4 with E = L*(Q), equipped with
the norm || - [|2(q). Recall the diagram of Lemma 2.4.4,
iy s
uniformly in nlm lm
uon —----o-y y®

Therefore it will suffice to show that

(a) Elugr(t,z) —ug (¢, x)}2 — 0, as n — oo, for all m fixed,

(b) E|uy (t,2) - ua*(t,:v)‘2 — 0, as m — oo,

(c) sup,s; E|ugr(t,z) — u"‘"(t,x)’2 — 0, as m — oo.
Note that part (b) is automatically satisfied by relation (2.4.6), so we only need to
prove (a) and (c).

For part (a), by Lemma 2.4.5, we have

2

E — 0, as n — o0, (2.4.21)

I;:n (fk(v t JI)) - Il?* (fk(7 l JI))

Hence for all m fixed,

2

Elugy (t.0) - ufy (4,0)* = B 3 12 (il t2)) = I (el t,)

k=1

<m Y B[ (ot ) = I (il )| = 0.
k=1

For part (c), it is enough to show that for all compact set [a,b] C (max{d —
27 0}7 d)’

sup E|uf (t, ) — u®(t, 93)|2 — 0, (2.4.22)
a€la,b]

as m — 0o. Note that

u®(t, ) — up, (t, ) = Z I (fu(s t, @),

k>m+1
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By the orthogonality of the Wiener chaos space and relation (2.2.14), we have

Bt~ = 3 ERGL))

k>m+1
[(ro +1))"
< rk Kk ( thratl) (2.4.23)
kZZmH OO (k(rg + 1) + 1)

where we recall that

—(d—a)/2 for heat equation,
To =
2—(d—a) for wave equation.

From the proof of Lemma A.2.1, we know that K, < cd(ﬁ + 2_(é_a)). Therefore,
for any «a € [a, bl

1 N 1
d—b 2—(d—a)

We consider separately the heat equation and wave equation. For heat equation, note
that

Ko < cd< ) = K,. (2.4.24)

d—a d— « d—>b
1—-—<1 0 =1 1 - —.
5 <l+r 5 < 5

It is known that there exists xy € (1,2) such that gamma function I'(z) is decreasing

on (0,z9) and increasing on (zq,00). We pick my > 1 such that m0<1 — %) > 7.

For any m > mg and for any £ > m , we have k(l — d_T“> > k;(l — %) > x4, which
implies that for any « € [a, b],

P55 +1) <0 (k0 -5 +1),
and
1 1 1
= < . (2.4.25)
Plktra+ D) +1) - p(k(1-52) +1) ~ (k1 - 52) +1)
Moreover, since zo > 1> 1— 94 > 1 — %2 we have
d—« d—a
Pira+1) =T(1-5%) <1(1-57)
and ; )
(D(ro + 1)) < (D1 = ;“)) . (2.4.26)
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Finally, for any « € [a,b] C (max{d — 2,0}, d), it follows that

p(-152) 4 ift<1
tk(raJrl) _

tk(ld“)<t( -45t) ift>1

Therefore, we get
et < (g 1)E0-%52). (2.4.27)

Returning to relation (2.4.23), using relations (2.4.24), (2.4.25), (2.4.26) and
(2.4.27), we obtain

sup Z E|Ik fu(: tl’))| = Z Fg’tKSF(k’( —da)+1)(tvl)k(1f12f7)_>0

aclab] p S k>m1

as m — 0o since

ZFK (-5 (t Vv 1)) < oo
k(1 - 52) +1)

k>1

due to the fact that 1 — % > 0.

Now we study the wave equation. Note that inequality (2.4.24) still holds. Using
the same approach as in the heat case above, we pick my > 1 such that my (3 —
(d — a)) > wo. For any m > mg and for any k& > m, we have k(3 — (d — o)) >
k:(3 —(d— a)) > xg, which implies that for any « € [a, b],

P(k(3= (=) +1) <T(kB - (d—a) +1),

and
1 1
< . 2.4.28
P(k3= (=) +1) " T(k(B-(d-a)+1) (2429
Moreover, for any « € [a,b] C (max{d — 2,0},d) with d < 2, we have
l1<3—(d—a)<1l+4+r,=3—(d—a)<3—(d—>) <3.
Hence
(C(ro +1))" = (PB = (d—a)))" < (TB)*. (2.4.29)

Finally, for any « € [a,b] C (max{d — 2,0}, d), it follows that

th(B-(d—a)) < 1 ift<1
tk(’r'a+1) —

th(3=(d=a)) < {k(3—(d=b)) ift >1
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Therefore, we get
prlratl) < () 1)HE-(Eb). (2.4.30)

Returning to relation (2.4.23), using relations (2.4.24), (2.4.28), (2.4.29) and
(2.4.30), we get

N 2 ['(3))* (d—
sup Z 15;|[l€ (fk(-,t,x))| < Z Fg,tKg (I'(3)) (t v B0
a€la,b] E>m1 E>m+1 F(k’ (3 — (d — CL)) + ].)
as m — oo since
k
ng,th (I'3) (£ v 1)HB-@D) < o
k>1 F<k(3— (d—a)) +1>

due to the fact that 3 — (d — a) > 0. This completes the proof.
Step 2: Tightness

Note that condition (i) of Theorem A.4.2 holds automatically since u®~(0,0) = 1
for all n > 1. It remains to prove condition (ii) of Theorem A.4.2.

We choose a compact set [a, b] such that
max{d — 2,0} <a<a" <b<d.

Since «a,, — «aF, there exists N € N such that «, € [a,b] for all n > N. Fix
B e (d;Qa, 1). Let t,#' € [0,T] and x,2' € K = [-M, M] C R? be arbitrary. For the
heat equation, by relations (2.3.1) and (2.3.2) in Theorem 2.3.1, we have:

sup E|u® (', 2') — u®(t,z)[" < sup Elu®(t,2") —u* (t,2)["

n>N a€la,b]

< zpl{ sup E|u®(t',z) — u®(t,2)|" + sup Elu®(t,2') — “a(t’x)‘p}
a€lab] a€la,b]

< gp-t <C{L|t' —t[PA=A/2 L Chy — x|p(1fﬂ))

< gp—1 (C’ﬂt' _ 75|p(1—ﬁ)/2 + C§(2M V. 1)p(1—5)/2|x/ _ x|p(1—ﬁ)/2>

< C«h(|t/ —t|+ |:L‘, . x|)P(1—/3)/2

where C" := 2P max{CP?, C}(2M v1)?1=5/2} " Condition (ii) of Theorem A.4.2 follows

: p(1-8) ; 4
since =5~ > 2, if we choose p > 5

For the wave equation, by relations (2.3.3) and (2.3.4) in Theorem 2.3.1, we have:

sup E|ue (#,2') — ur () < sup EJus(t',2") — 2 (1, 2)|"
n>N a€la,b]
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< 2p1{ sup Elu®(t',z) — u*(t,2)|" + sup E|u®(t,2) _“a(t’aj)’p}
a€la] a€la,b]

< 210*1 <C'lw‘t/ o t’p(lfﬁ) + C;U‘l'/ o x‘P(l*ﬁ)) < Cw(’tl . t‘ + ‘.Z'/ . x’)P(l—B)

where C" := 2P max{C}", Cy'}. Condition (ii) of Theorem A.4.2 follows since p(1 —
B) > 2, if we choose p > %
i



Chapter 3

PAM with regular noise and
general initial condition

In this chapter, we consider the following Parabolic Anderson Model:

ou 10%u o p
E(t,x) = 5%(15@) +u(t,z)W(t,z), t>0,z€R (3.0.1)

u(0> ) = uO(')?

with initial condition given by a non-negative Borel measure uy on R? such that
/ e~ ug(dz) < oo, for all a > 0. (3.0.2)
Rd

Initial conditions of this type are sometimes called rough. In this chapter, the noise
W< which is randomly perturbing equation (3.0.1) is exactly the same as in Section
2.1. More precisely, its covariance is given by relation (2.1.3). Throughout this
chapter, G denotes the fundamental solution of the heat equation. Let w(t,x) be the
solution of the deterministic heat equation

ou _10%u

—(t,x) = =———(t t>012eR?
at(7:€> 28(1}2(71‘)7 Jx

with the same initial condition as (3.0.1), is that

w(t,x) = /]Rd Gz — y)up(dy). (3.0.3)

Note that (3.0.2) is the necessary and sufficient condition for w(t,z) to be well-
defined. Therefore (3.0.2) is the most general condition for the Parabolic Anderson
Model. This includes the case ug(dz) = ug(x)dz for a function ug on R%. The case
up = 1 was considered in Chapter 2.

o4
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The objective of this chapter is to show the continuity in the law of the solu-
tion with respect to the noise parameter «, in the space of continuous functions on
C([to, T] x RY). To accomplish this, we will prove finite-dimensional distributions
(f.d.d) convergence and tightness: F.d.d convergence is proved in Section 3.3, while
tightness will follow from the uniform moment estimates developed in Section 3.2.

The main result for this chapter is the following theorem, which is an extension
of Theorem 2.0.1 to general initial conditions.

Theorem 3.0.1. For any o € (max(d — 2,0),d), let u* be the solution of equation
(3.0.1). Fiz o* € (max(d—2,0),d) and let (a,)n>1 be a sequence in (max(d—2,0),d)
such that

lim o, = o".
n—oo

Then for any T > 0 and for any 0 < t, < T,
wn L u in C([ty, T] x RY).

We note that in Theorem 3.0.1, the convergence is only on compact sets of the
form [tg, T] x K with 0 < to < T. This limitation is due to the uniform moment
estimates that we obtained in Theorem 3.2.1 below, which is needed for the proof of
tightness.

The main results of Chapters 4 and 5 (Theorems 4.0.1 and 5.0.1) have been
studied in the preprint [30].

3.1 Existence of solution

In this section, we consider equation (3.0.1) driven by Gaussian noise with covariance
(2.1.3). We prove that the solution to (3.0.1) exists and show that its moments are
bounded by an exponential function of ¢. This was proved in [3]. We provide the
details for the sake of completeness, and also because certain intermediate steps will
be required in the following sections.

For the definition below, we recall that 4 is the skorohod integral from Malliavin
calculus; see Appendix A.5.

Definition 3.1.1. Let F; be the filtration generated by the noise W whose covariance
structure is given by (2.1.3). We say that a process u® = {u®(t,x);t > 0,z € R%}
is a (mild) solution of equation (3.0.1) if for any t > 0 and v € R, u®(t,z) is
Fi-measurable, E|u®(t,z)]* < oo and the following integral equation holds:

u®(t,x) = w(t,z) + /0 /Rd Gi_s(x — y)u(s,y)W(ds, dy), (3.1.1)
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i.e. v € Dom(8) and u(t,z) = w(t, z) + o(v®) for all (t,r) € Ry x R?, where
'U(t’x) (S, y) = 1[O,t](5>ths($ — y)U(S, y)? S 2 07 ) € Rd' (312)

The solution has the series expansion:

ua(t,x):w(t,x)+;/Ot/Rd/otn/Rd---/Otz/Rth_tn(x—xn)---GtQ_tl(mQ—xl)

w(ty, z)W(dty, dxy) - - - W(dt,, dz,,)
= w(t,$) + Zlg(fn('vt7$)) = ZIS(fn(" t, [L’)), (313)

n>1 n>0
where fo(-,t,2) = w(t,z) and for n > 1, the kernel f,(-,t,x) is given by:

fn(tb Ty, tna L, 7(“-7 ZL’)
=Gy, (IL’ - xn) T Gtgftl (562 - iCl)w(tl; x1>1{0<t1<-~~<tn<t}- (3-1-4)
We recall that I is the multiple Wiener integral of order n with respect to W<.

The kernel f, given in (3.1.4) has a different expression compared to the one
given in (2.2.3), taking in account the rough initial condition. Therefore, we will have
a different estimate for the Fourier transform of this kernel f,,.

We recall the following result.

Theorem 3.1.2 (Theorem 2.3 of [3]). Suppose that f,(-,t,z) € HE™ for any t > 0,
r € R and n > 1. The equation (3.0.1) has a unique solution if and only if for any
t>0 and x € RY, the series Y, oo I3 (fu(-,t, 7)) converges in L*(S2), i.e.

Lo =Y 0l ful-t, )| en < 0. (3.1.5)
n>0

In this case, Elu®(t,z)]* = I, ..

The goal of this section is to prove the following result.

Theorem 3.1.3. For any o € (max{0,d — 2},d), for any non-negative and non-
negative definite kernel o satisfying (2.1.3) and for any initial measure uy satisfying
(3.0.2), equation (3.0.1) has a unique solution. Moreover, for any p > 2,

4—(d—a)

2
Elu®(t,z)|P < CWwP(t, x) exp (0(2) pr@e Ty t) (3.1.6)

where I'yy = 2 fot Yo(s)ds and CM > 0 and C® > 0 are some constants depending on
d and a.
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We postpone the proof of Theorem 3.1.3 for the end of this section. We start
with some preliminary results. In order to show the kernel f, (-, ¢, z) € HZ" we need
an alternative expression of this kernel, which is obtained as follows. Suppose that
0<t; <...<t, <t Using the definition of w(t,z) in (3.0.3), we see that

fn(tluxh e 7tn7xn7t7 I)

= /d Gy, (x —xp) - Gy, (w9 — 21) Gy, (21 — x0)u0(dy). (3.1.7)
R

To study the Fourier transform on kernel f,(-,¢, ), we need the following lemma.

Lemma 3.1.4 (Lemma 2.3.7 of [14]). Fort,s >0 and x,y € R,

(sx + ty)GHs(x _ y).

Gt(w)Gs<y) =G s t+s

t+s

Proof: Note that

Gi(2)Gi(y) = : exp (- L WLy
s (27t) /2 (2ms) 4/ 2 2s
and
ST 2
sx 4ty 1 |—t+ty |z — y|?
G s < )Gt+s(x y) = exp | — +SS — )
s\ t4s (Qﬂ)d(ts)dﬂ 2(£)  2(t+s)
It remains to show that
sz+ty |2
O 7 = N et
- ts )
t S e t+s
and this can be proved by direct calculation. |

By Lemma 3.1.4, we have

Gro—ty (T2 — 21) Gy (11 — T0) = Gryy (22 — 1) Gy (30 — 71)

ti(xo —x1) + (T —t1) (g — @
= th(t2—t1) ( 1( 2 1) ( 2 1)( 0 1)> X GtQ(ZL'Q — [Eo)
ts to
to — 1 t1 (tQ — tl) +t
e ( N, 27WTh ) X G, (9 —
(1—%)1:1 ty o+ t2$2 to o (2 = o)

t t
(" IR PR

to 2
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Similarly, we obtain:

t t
Gts—tz ($3 — LUQ)GtQ (LUQ — Io) = G(lftl)b <(]_ — —2)1’0 + t—2I3 — Ig) X Gt3 (Ig — (L’Q).

t3 3

We continue in this manner. In the last step, we get:

tn tn
Git, (x — 2,) Gy, (), — ) = G(l—tT")tn ((1 — ?>:B0 + ?x — xn) X Gy(x — x0).

Therefore, using the notation t,,; = t and x,,; = x, we can rewrite the kernel

fa(:t, ) as follows:

fn(tlal‘h e 7tn7xn7t7x)

_ /R polde) Gule —wo) [T 6,

t; t;
¢ 1-— —)xo + —=x T, )
. )tf(< it tj+1 R

fi+1

Note that it can be proved that f,(t;, 1, -+ ,t,, xn,t,2) € L*(R™), using the
fact [, Gi(x —y)dy = 1, for any x € R%. The following result gives the form of the
Fourier transform of the kernel f, (-, ¢, x).

Lemma 3.1.5 (Lemma 2.5 of [3]). For any 0 <t <...<t, <t=t,11 and for any
517 s 7§n S Rd, we have

.an(tl,',...,tn,',t I)(él,...7£ )

Moo {35 el For {-H(S500) )
< [Lon{ [ (1-)e] o }ois — auotar)

Proof:  Note that for any function ¢ € LY(R?), Fo(z—-)(§) = e “*Fp(€). Hence
Fala =€) = [ G- ydy = CFCE.  (309)
R
We start with the dz; integral. By equation (3.1.8) and (3.1.9), we have
4 t t
—ig1w _ 4 oo —
/Rde 1 1G(12)t1<<1 t2>$0+t21’2 131)(11’1

:exp{ — & - [(1 - i—;)fo-f—%fm] }]:G( t1) (&)
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Next we calculate the dz, integral. Using again (3.1.9):
- t t to
=i ()6, (1 B )
/Rd e exp i1 t2$2 (ké)tg ( tB)xo + 3x3 To | AT
:/ex —i(f—l—t—lf)-x G ((1—t—2)x —|—t2x —x)dx
e p 2 t 1 2 (1_2)752 s 0 s 3 2 2
(e+ge) [(1-)oor o] 176y, (6 6)
=exps —1 —&1) - — =z —:z: . —&1).
p 2 t 1 s 0 s 3 (17%%2 2 t 1
We continue in this manner. In the last step, we find the following dx,, integral:
: E;L;ll t;&5 tn tn
/]Rd exp { — Z(fn + T> . x”}G(lT)tn ((1 — 7)% + 7x — xn)dxn

= exp{ — Z(ﬁn + Z;L:titﬁJ) . [(1 — %)xo + %JJ] }J—:G(lt?)tn (fn + Z;L:t;;t]@)

Combining all these calculations above, it follows that

Ffaltey oo itn, - t,2) (&, .., &)
1 t3&; O &) -
_H]-“G 4 (Z]t—ké) exp{—z(Z 5) }/Rth(iU—iEo)

fk+1 t

n—1 n—1

X exp{ —z[jzl (1 - %)gj + (1 . —) (gn Zﬂ%ﬁ)] .xo}uo(d.?co)

:ﬁ}"G(l " ( )exp 2= 1i§]) x} Rth(x—aco)

k=1 tk“
X exp{ [ Y ( )fj} xo}uo(dl’o)7
j=1
where for the last line, we used
> (1- e+ (- 5) (e Z) - (-
j=1 " " j=1

Using (1.0.4), we have

k

211 _ 1 Z K
]:G(l— Lk )tk( ]tk ) N eXp{ B 5( tk+1 ‘ =

tet1

},

This complete the proof. i
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For the proof of Theorem 3.1.3, we need to show (3.1.5). Recall that the norm
of f € HE™ is given by:

on dtd d&y) ... p(dé,
171 /H/H sp)deds [ ulden)..u(d,)
ff tl, gon- n, ‘Y , )(51,...7571);.][‘(81,',.. ,Sny 7 )(51,,§n) (3110)

We denote

o ~ 1
E|I} (fn("t>$))‘2 = n!an('a@m)Hig" = Hkn(twf)'

With this notation, condition (3.1.5) becomes:

Z%kn(t,x) < 0. (3.1.11)

n>0

Using the definition of the norm in HS", we see that

(T, ) / H% (t; — s])@/)tz (t,s)dtds,
[0 t]Qn

where
(n) (n) d d
)gttm(mla cee >$n)gs,t,m(x17 B ’l’n) xay
]Rnd Rnd
=/ fgtii,x@, G TG E)n(dE) () (3.112)
Rn
and
gé?x(xl, ey Ty) = n!f;l(tl, Tl ty, Tp,t, )
= Z Gt_tp(n) (z — mP(n)) T th(2>—tp(1) ($P(2) - IP(U)
pESH

X w (tp(1)7 'rp(l)) ]-{0<tp<1)<...<tﬂ(n)<t}'

To estimate k, (¢, z), using Cauchy-Schwarz inequality and the fact ab < 3(a® +
b?), we have

1

f(ts) < (02 (6,0) " 06,9) 7 < S (060 el 9). (3113
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Hence, using relation (3.1.13) and applying Lemma 2.2.3 to the function h(t) =
EZ) (t,t), we have

at @) < / 2 Hv()(tj—sjwﬁ?;)(t,t)dtdssrat Ui (6, t)dt
0,t]2n =

[0,¢]™

=I5,y / D (t, t)dt. (3.1.14)

PESn 0<t (1) <. <tp(n) <t

The next result gives an estimate for wff;) (t,t).

Lemma 3.1.6 (Lemma 3.2 of [3]). If 0 <t,q) < ... <tym) <t=:tymt1), then
" (i) — Loy | ’
n k+1) = Up(k
t, e ; ey i) JZI p(5)SJ

Proof:  Note that n!]—'ﬁl(tl, ety t ) (&, .., &) has the same expression as
Flalti,s o itn, - t,x) (&, ..., &) in which we replace (¢;,&;) by (ty;)&p(;))- This
expression is given by Lemma 3.1.5. By (3.1.12), we have

et = [

~ 2
:(n!)2/ ) Flalty, z1, ot t,2) (1,0 60)| 1
R”l
Ltpkt1) — oy
/Rnd Hexp{ . ‘Zt (o) }

2 Lptk+1)tp
/ exp{ — z[zn: (1 — tp%)@g-)} . xO}Gt(:v — xo)up(dzo)

< [oo{ - (2 o] )}
Rnd ; t(k+1

‘ ( [ eute - xo>|uo<dxo>) W) - ()

~ (toer1) = Lotk
= w(t, :c)/R ) exp{ — Z ( th(j 0

— k+1)tp(k

) }md&) A&,

Fo (6. 6| nlde) . p(de,)

(dé&1) ... p(dén)

2 . n
1
exp { - g(ztw)ﬁp(j)) ' flf}
j=1
2

p(dEpy) - - p(d€pemy)

2

])gﬂ (4)

) }u(dfpm) (o)),

2 2
where we used the trivial inequality ‘ I.. .uo(dxo)‘ < <f |... |u0(dx0)> : i
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We return to (3.1.14). Using the change of variables t); = t,.;), §; = {,(;) for all
j=1,...,n (we denote ¢, ; = t) and Lemma 3.1.6, we see that

1 1 :
mkn(t,x) < —w (t,x)lﬂoyt Z /0

- nl
n: PESn <tp(1)<...<tp(n)<t

totkr1) — p(h) > }
exp<{ — E toEoti u(dé oo p(dpny )dt
/Rnd { ;( tp(k:-l—l)tp(k:) p(7)Sp(5) ( P(l)) ( p( ))

j=1
= T3 ,w?(t, ) / I (ty, .. ty)dt, (3.1.15)
O0<t1<...<tn<t
where
n tpt1 — tk

I()t,...,tn—/ exp{ ( 3 >} (d&y) ... u(d&,).

t (1 ) and ; tk+1tk ; J 1) )
(3.1.16)

We now use the following maximum principle to continue studying o, (t, z).

Lemma 3.1.7 (Lemma 3.4 of [3]). Let u be a tempered measure on R? such that
its Fourier transform in St(R?) is a locally integrable function vy, i.e. (2.1.1) holds.
Assume that v is non-negative. Then for any v € S(RY) such that 1) * QZ 8 non-
negative, where () = (—x) for all z € RY, we have:

sup [ |Fute+nPutae) = [ 7o Putae), (3117)

neR J R4

In particular, for any a > 0 and t > 0,

sup /Rd el (de) = /Rd e~ (de). (3.1.18)

neR?

Now we introduce some new notations. Following [16], define

ko(t) == C’d,a/ |z|_(d_°‘)Gt(z)dz,
Rd

where Cy,, is given by relation (2.0.4). By (1.0.4) and (2.1.1), we see that

ka(t):/Rdexp< |£|2)yg\ ade. (3.1.19)
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Using the change of variable ¢ = /1€, then d¢ = t~%2d¢’, it follows that

ko(t) = / e P2 1g 0 dg = / e II2g0r2) ¢/ | o= di2qe — =200 (3.1.20)
R4 R4

where

d— «
1 ._ —€2/2) ¢~
V. /Rd €]ode = ( > ) (3.1.21)

See (2.3.28) with ¢ = 1.

Lemma 3.1.8 (Lemma 3.5 of [3]). For any 0 < t; < ... <t, <t:= 1,11, we have

that
I 1) < (+—>)
. H -

J

Proof: Let a; = t’“ t’ ,foralli=1,...,n. Then

It(”)(tl,...,tn) = /Rndexp{ Zak Zt 13
= (/R et e ) x /R 6‘“2'“51+t2’52'2u<d§2>) < /R )

For the the last integral, we note that for any &,...,&,—1 € RY, by Lemma 3.1.7,

2th41 — th)tn
/ e—an|t1§1+ Atnénl? (df ) / —an|tnén|? (df ) ( ( +tl ) )
Rd Rd n+1

The other integrals are estimated similarly. |

} (d&) ... u(d&n)

Coming back to (3.1.15) and using Lemma 3.1.8, we obtain:

1
= ka(t,w) < Tgw’(t, x)/ Ity .. ty)de
TL. (t)

2
< T30’ (t, ) / ( J“H )dt
71/ P .]

ta — b))t ~(d=0)/2 2t — t,)t,\ ~(d-)/2
:thw2(t,x)/ cy;(—<2 1)1) ...qg”(—( ) ) dt
’ To(t) 2

_ I‘g’tw2(t7x)(Cu(ll))n2—(d—a)n/2t(d—a)/2/ talts — 1) . (L — )] a,

“ n(®)

where for the second last line, we used (3.1.20).
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Lemma 3.1.9 (Lemma 4.1 of [3]). For any h > —1, we have

L(h+1)"! b+ 1)+h
r((n +1)(h+ 1))

/ [t1(ts — t1) ... (£ — t,)]"dty ... dt, =
0<t1<...<tn<t

We are ready to prove Theorem 3.1.3.

Proof of Theorem 3.1.3: By Theorem 3.1.2, to prove the existence of solution,
we have to show that relation (3.1.11) holds. Using (3.1.22) and Lemma 3.1.9, we
have:

n+1

K-
L((n+1)(1-%52))

1 n 2)\n n(l—94=2
ikt 2) < o w?(t,2)(CF) {r(1=3%), (3.1.23)

(d=a)/2 " Note that to apply Lemma 3.1.9, we need to impose

where Cda = Cda
condition that a > d — 2. By Lemma A.1.4, there exists constants C’C(l?o)l > 0 and

Cff; > () such that

n+1
1 n 2 (2)\7 F(l— o) n(1—dz2)
n'kn(tax> S FO,tw (t,SC) (Cd,a) F(n(l o 2 )_|_ 1— d5a>t 2
n 1 n(l— 4=
= Ip w?(t, ) (C) i B T )t (1-452)
< Tpw?(t, ) (Cho) "5 ! (3.1.24)

(n)=5"

With relation (3.1.24) and Lemma A.1.6, the upper bound for the second moment of
solution u® can be found as follows:

Elu®(t,2)]” = Y B (fal-t, @) < Tt 2) (Ci)" D

—dao
n>0 n>0 (n!)l z

where (', Cy are some positive constants. This proves the existence of solution.

Next, we prove (3.1.6). Using Minkowski inequality, hypercontractivity and re-
lation (3.1.24), we obtain

lust, @)l = | S Il to o), < D0 Sl ta )

n>0 n>0

< Z Tl/2 ‘[O‘ fn t Qf HQ < ’U) t x) Z<p_ 1)?1/2 <F87t(céjlc)¥)ntn(l_112(1) 1

_d—a
n>0 n>0 (n')l 2a

)1/2
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(\/(P - 1)F0,tcfo)¢ t0=5%) )
(n)(1—=43%)/2

= w(t,x)z

2 2
< Cyw(t, ) exp (Calp — 1)70 TE0 (C0) =0 1),
where we used Lemma A.1.6 for the last inequality. This proves (3.1.6).

Remark 3.1.10. If o = ag,|t|*°~2 for some Hy € (0,1/2), then Ty, = 2 fot Hy(2H,—
1)s2Ho=2 = 2 Ht*Ho=1 " and relation (3.1.6) become

Elu®(t, z)[" < C®wP(t, z) exp (C(‘” i t“;g(_;i;?))

which coincides with (2.2.16) in Theorem 2.2.6.

3.2 Uniform moment estimates

In this section, we include some estimates for the moments of the increments of
the solution to equation (3.0.1) with the noise W introduced in Section 2.1. The
result below is essentially given by Theorem 1.3 of [3], and will be used in the proof
of tightness in Section 3.3. We include the details of the proof since we need the
explicit form of the constants, and also because we correct a mistake from the proof
of Theorem 1.3 of [3].

Theorem 3.2.1. Let u® be the solution to equation (3.0.1) with noise W as in
Section 3.1. Let K be a compact set contained in R? and [a,b] be a compact set such
that

max{d — 2,0} <a <b<d.

We fir T >ty > 0. Foranyp > 2, dy € (0,1 — %) and 3 € (d;2“ +do, 1), there exist

positive constants Cy and Cy (depending on d, to, T, p, a, b, do, and ) such that for
any t',t € [to, T] and o',z € K, we have

sup Eu®(t,z) — u®(t, )P < o)t — t|" 7 (3.2.1)
a€la,b]
and
sup Elu®(t, ') — u®(t, z)|P < Cyla’ — z|PI=7). (3.2.2)
a€la,b]

Proof: = We proceed as Step 1 in the proof of Theorem 2.3.1. A road map of this
proof is the following:

{ Step 1: The time increments

Step 2: The space increments
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Step 1: We start with the time increments. Fix 0 < to < T. Let t,t' € [to, T
and € K be arbitrary. Assume that h =t —t > 0 (The case h < 0 is similar). We
use (2.3.21).

We study A (t,h) first. By (2.3.25), we know that

A9 ) <Ty, [ oSt t)dt =15, / W) (8, t)dt. (3.2.3)

[0,¢]™ PESn 0<t (1) <. <tp(n) <t

We estimate wt(z{n(t, t). Assume for simplicity that 0 < ¢; < ... <t, <t. Using
Lemma 3.1.5, we obtain the following estimates (which is a correction of the one given
in the proof of Lemma B.3 of [3]):

"F(gf(;n)('vt—i_ h?'r) - gt(;n)<'>t7x>)<€17 cee Jgn)

n—1
Ltppr —te ’ 2)
I_Il eXP ( 2 titers Z 4| ) = 1)

k
<ﬁeXp< 1tk;+1 ‘th 2) . (I(I)U(Z)—](Q)}+‘](2)HI(1)—I(1)|)
- - 2 tktk—H J 1 1 2 2 1 2
=t K1+ Ky (3.2.4)

where I :[1( ) ><] ) and I —[( ) XIQ(Q),With
1t+h—t, )
2 t,(t+h)

= o (5 <Z>)

€xp ( [i ( 1+ h )5}} 330) Gt+h(37 - flfo)uo(dxo)

11(1) = exp ( — 35]

:/Rdexp(_z@@ W) (- 1
1t—t, )

2 it 14
12(2) = /]Rd exp ( - %(it]&) :13) exp ( —Z[Z (1 — %)@} -a:0> Gi(z — xo)up(dxo)

J=1

Zt fj) x — 36’0)) Gipn(z — 20)up(dwo)

12(1) = exp ( —

&5
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_ /R exp (- z(jigj) 7o) exp (— —(Zt &) (- x0)> G — ao)uo(dao).

We first consider K. Note that

o (1(356) {1 (306) e~ ) Gunte -
—exp (- —<Zt &) - (@ = 20)) Gile - xo)}uo(dxo)
exp ( o h(Zt gj) z— x0)> G — 0)

—exp(——(Zt §]> m—x0)> Gi(x — x0)

-1

<
R4

UO(d[E()) S T1 + T2 (325)

where

/d
R
< /

Rd

T2:/
Rd

exp (

<Zt §]> T — x0)> ’ ‘Gt%(:p —x9) — Gi(x — x¢) |uo(dzo)

Giin(x — 29) — Gi(x — x0)

Ug (d[L‘o)

L (506) )

— exp ( (Zt éj) r — x0)> ‘Gt(x — x0)up(dxo).

o (-

We study T} first. We use the inequality 1 —e™* < 2% for any # > 0 and 6 € [0, 1].
Here 6 is a constant which will be chosen later. Then, for any ¢ € [ty, T], we have
1

]_ 7\1 T |2
P u0<dx0) — —/ e 2(t+%)
(27t)4/2 Jpa (27t)4/2 Jpa
1 _la=aq? s hlx — x0]?\?
= @i /Rde o (2t(t+h) ) to(dzo)

1 1 |[z— T0|
9
=h (27t)d/2 (2t2)? /Rd ¢ & — 2o[*’ug(dao) < W' Chy a0, (3.2.6)

h\z710|2

‘1*170|2 \zfzo|2
1 — e 20 |ug(day)

e 20+h) — e T 2t

T, <
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Note that the last integral is finite due to condition (3.0.2), since

|z — 2o|? 0 |z — @0|?
exp < — —) x — ol up(dzg) < exp ( — —)uo dxgy) < oo
/90—10|S1 o )| | ) le—zo|<1 2T (dzo)

and

|z — 0] 9
exp ( - —) |z — 20| uo(dzo)
/|;C—x0|>1 2T

|z — @o/? 9
< exp [ — ——=—— ) exp (¢|lz — zo|”)up(dzo) < o0,
|x—zo|>1 2T

using the fact that 2% < e for any > 0 and ¢ > 0.

For the term Tb, using the fact that [e7™ — e~®| < [e7%||1 — e7"*=9)| < [b—al?,
for all § € [0, 1], we have:

T, < /d (E;;l tj€j> (= ) - <Z;‘:1 tjgj) (x — 20)

! t+h

h(Z;-Zzl fjfj) (@ — x0)
< heﬁ‘ thgj

Gi(z — xo)up(dxy)

Gi(z — xo)up(dxg)

t(t+ h)

/ |z — 20|’ Gy (2 — ) uo(dzg) < RPChy 0 (3.2.7)

Zt@

Combining relations (3.2.5), (3.2.6) and (3.2.7), we infer that there exist a con-
stant C’t( ‘207 Such that

n—1
Lt —
P | (R G
g 2l ]z:: !

X (hecto,d,Q,T + h90t0,9

1 t + h —

> X exp (
9
thgj )
0 ~(1) o Lty —te

vt flon(- 352 5

Pl klk+1
) X <1 + ‘ Z tjgj

j=1

thj

)

1t+h
t+h

n—1
9 ~(1) Ltgpr — e
<h Ctmdﬂ,T H exp ( 2 t.1 Zt 53
i1 klk+1

)

xexp(
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)

<exp (- zﬁ!Dfﬂ ) (1S
j=1

where for the last inequality, we used the fact that

t+h—t, 1 1 _ 1 1
t

—_— == >
ta(t+h) t, t+h

t—1tn
tat

We need the following inequality: for any A > 0 and 6 > 0, there exists a constant
Cy > 0 depending on 6 such that

e A7 2% < CyA %27 for all o > 0. (3.2.8)

(See relation (5.2) in [3]). Using inequality (3.2.8) with A = = t" and x = ‘ > Ll

we obtain:
t—1, | — t—t,\—f 1t —1, | w— 2
" t.E. < ( ”) ( — __”‘ t.E. )
eXp( it ’jzl 3% sl ) o ~373 ]Zl 3%
(3.2.9)

2 n 20
) ‘ § t5&;
=1

Note that for any t € [to, T, we have

(t - t”>9 <T( —t,)°. (3.2.10)

n

Hence, denoting t,1 = t, by relations (3.2.9) and (3.2.10), we have
thr1 — 1
K2<h2‘9 Ct(ldGT {Hexp( k+1 k‘ztfj )

Uitk
X ex _— t.&;
> p( it ; 5%

—|—1i[exp< Pt — T ’thj
)

2) X ’ Zn: t;&;
j=1

Uitk+1

1t
h29 (1) ( k+1 — ‘ '
Ct d0T Hexp 2 tetron Z i&
— 1t —t
—|—Hexp< bt k‘Zt@ >XO@<

2 Uitk

Ltp —
< h?c? | |exp< kil TR ’ § jt
0T 2 el .

) [+ (t—t,)7"]. (3.2.11)

}

—0 1t—t,| —
P t
> eXp( 2 11 ’; 3

)
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We consider next the term K. Note that using the fact that (1 — e %)% <
l—e®<zlforallz>0andf e [0 1], for any t € [to, T, we get:

2 1t + h — 1t —t,| — 2

- ) oo (3 Sl

P ( Z i€ PN ; %

2
‘[1(1) _ [2(1)

t—i—h

:exp(—%‘zgg )‘l—exp<—— £E; 2)>’2
nt 14 =
SeXp<_ ;Lf 357 )<2tt+h )Zﬂgﬂ )

t—1,
S hGC'tO,g exp < — T’ thfj
n =1

b\ 1t—t,
SheCﬁ“”( it > eXp<__

n

2), (3.2.12)

where we used relation (3.2.9) for the last inequality. Moreover, we see that

|I2(2)\ < /Rd ‘ exp ( — z(ié}) : x(]) exp < — %(itj@) (x— x0)> ‘ Gi(z — zo)up(dx)

< w(t,x). (3.2.13)
Therefore, by (3.2.10), (3.2.12) and (3.2.13), we obtain:

n—1
t to\ —?
it < [ (- 2= ) 0 ()
k=1 j=1

Tretry1
)

), (3.2.14)

1t —t |
Coarew (=57 2_ti6

1t

0 -0 tey1 — Uk

<hC’t MT Hexp( 3 bt ‘Zt@
J:

where for the last inequality, we use the fact that w(¢, z) is uniformly bounded by a
constant Cy, 4 in [to, 7] x K (by Lemma B.2 of [3] which says that w(¢, ) is continuous
on (0,00) x RY). Note that K? is bounded by a factor of h??, while K2 is bounded
by a factor of h?, and h? dominates.

We continue to estimate wt(f,?’n(t,t). Using (3.2.11), (3.2.14) and recalling the
definition of k,(t) in (3.1.19), we have

@Dt(?z),n(t’t) = /
(Rd)n

F(o 0+ ha) = g7 () 6]

|€k| “dg

k=1
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st/’ 2k + K2) [ &l
(R)™

k=1

= h2 (Cto)chT+Ctod€T(t_t) 94'01:(3)[191’(75_%)_9)

- Lgpr — e ‘ > . _
ex t; “d
/( kl_[l P ( 2 titis JZ:: & IH N

notker otk K n
< hecto dGT(t tn>0/ exp ( - Z ik-s-—ltk ]gy > H |€k| 7A€ (3.2.15)
(RE)™ k=1 2 2 j= k=1
a2 -5(3)
<0t [T ra(UE 2 D19
Jj=1 2
— RO, ot — 1) (CON 2ty (b — 1) . (E—t,)] 2, (3.2.16)

where for the last inequality, we used Lemma 3.1.8 and for the last equation, we used
(3.1.22). A similar estimate holds in the case t,1) < ... < t,m), replacing t; by t,.).
Note that C’C(ll; (defined in (3 1.21)) can be bounded by some constant To see this,

we use the inequality e™* < — for all z > 0. Similarly to the proof of Lemma A.2.1,
for any « € [a, b, we know

2 1 2
(1 _ —le?21gmaqe < | 2 elode < < Cyap
Caa /Rde I3 dg_/RdQ—i—\fP|€| dg_cd<d—a+2—(d—@)>_ d,a,b
(3.2.17)

We return to relation (3.2.3). Let t; =t,;) forall j = 1,...,n and t = t,) 41
By relations (3.2.16) and (3.2.17),

At h) < hOT, nl O, ) 7Oyt 4012

d—a

/ [t1(t2—t1)...(tn—tn_l)]’T(t_tn)_d—Ta_gdt
0<t1 <...<tp<t

_porn, e, on g5t LU 5 /tt(" DO )
0,t "% t07d76,T d,a,b F(n(l _ d_Ta)) 0 n n n

0 ) P(1-5%)" sa i b _da d—a_g
< Krg O, O a))“t(” X —>/O U )0,

’F(nl—dT

(
r(1-%2) _aa)_oD(1 — E2)0(1 — &2 —9)
_ p0n ) (4) n 2 "(1 2 )
WL CloatorCian sy = ey fe-(d—a)-0)

(3.2.18)
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where we used Lemma 3.1.9 in the first equality. For the last equality we used the
identity: for any a > —1, b > —1

/t Sa(l . S)de — ta+b+1r(& + 1)F(b + 1)
0

T(a+b+2)

For this calculation, we need 6 < 1 — 952, But we also need to bound I'(1 — 452 — 6)
for all a € [a,b]. Since 1 — d’TO‘ > 1— % >0, 1-— d’Ta — @ can in principle be

very close to 0 where the I' function explodes. Therefore, we have to choose first a
constant dy € (0,1 — %), and then choose

—a

d
0<f<1-— — dp. (3.2.19)

With this choice, 1 — d’TO‘ —0 > dy for all « € [a,b], and since I is decreasing on [0, 1],

F(l — o 9) < I'(dyp), for all a € [a, b]. This means that we can take
9 =1~ 57

where [ is arbitrary such that

d_
Ta+d0<ﬁ<1

and do € (0,1 — %52) is arbitrary. This specifies our choice of 6.

Note that for any « € [a,b] C (max{d — 2,0}, d),

d—a<1_d—a<1_d—b

1—
2 2 2

and since I' is decreasing on (0,1), we have F(l - d_—a> < F(l - d;“>. For the

2 2
denominator of (3.2.18),

d—a d— «

1— —dy <1 —dy<2-(d~a)~0<2—(d)

and I'2 — (d —a) — 0) > min{F(l — 8 dy),T(2— (d— b))} =: ¢. By Lemma
A.1.4, we have

(3.2.20)

r(1—d_0‘)n<r(1—d_“)n, (3.2.21)
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and
(1=552) =0 < (py 1y (1-45) 0. (3.2.22)

We come back to (3.2.18). Putting together relations (3.2.20), (3.2.21) and
(3.2.22), we have

21— &2y -
A (t,h) < hOTp, O )+ Oy (¢)" %(T\/l) n(1-45)-0 (3293
n
Hence
1 1/2
P Z(p— l)n/Q(n.A( (¢ h)> < Cé(it)o Tpangh’ (3.2.24)

a€la,b] n>1

where Cc(llt)o Tpaps 18 & constant depending on d, to, T', p, a, b and B.

As for the term B (t h), by (2.3.36)

B (t,h) < T%,., / 29 (6,81, (8) dt

[0,t4h]"

=Thn Y / 7 (¢, t)dt. (3.2.25)

PESn 0<t (1) <---<lp(n), 1<t p(n) <t+h

We estimate ’yﬁ)’n(t,t). Assume for simplicity that 0 < ¢, < ... < t,, and
t <t, <t+h. By Lemma 3.1.5, we have

}fgé”’<-7t+h,x><&,...,£ )!2

n—1
[ Tow (=35 s oo (- S v
P ( - h(;tjfj) IL‘) /Rd exp ( —Z[é ( . h>§]] -x()) Gian(x — x9)up(deo) i
SwQ(t—i—h,x)EeXp( tk;;kH )Zt@ >€Xp< t—i—(th—{_h) e, )

and hence for any (¢, z) € [ty, T] x K,

n—1
p tev1 — Tk
a0 < Cua [ o (= s
RA)m 3 =

)

Tttt
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t+h—
eXp( t+h

) [Tleag.  (3.2.26)
j=1

A similar estimate holds if ¢,1) < ... < t,m) < t + h. By relations (3.2.25) and
(3.2.26), it follows that

BY(t,h)

t+h — —t
n p(k+1 k)
<ThaCos X [ ([, o (=t s
pESn 0<tp(a) < <tp(my N (RE)” p(k+1)
t+h— t+h—1pm) o
o (- >uef) ITiel d@)

p(n)t—l—h e

o _
b1 — Ui

=17 Ct,dn'/ / (/ ||eXP< ‘E S

Otk o 0<t1<...<tn RY)™ 7 Uieli+1 o ’

)

)

t+h— 2 N
e (=T h 145 ) 1_1 &1 dfg)dt
t+h
0t+hot0 dn' / / It(zh tl, N ;tn) dtl Ce dtn_ldtn, (3227)
0<t1 <..<tn
where we recall the definition of It+h(t1, ..., tn) is given in (3.1.16). Using Lemma

3.1.8 and relation (3.1.22), we have

n—1
Wtarq — 1)t 2 —
Lt t) < T ke (—(tf“ tﬂ)t]) X ka< (t+h t")t")

ti t+h

e e a2 (A — N\ —(d—a)/2
— (CY' 2 =2 g (1) — 1) (b — £ y)] <—>

t+h

n —d-a)2(t+h—1t,\(d-a)/2
< Ciapltilta —t1) . (tn — ta1)] (—t R ) . (3.2.28)
Using Lemma 3.1.9, relations (3.2.20) and (3.2.21), we have
/ [ti(ts —t1) ... (t, — tn_l)} Paty ... Aty
O<t1< <tn

F(l - CFTQ) (nfl)(lfd’—o‘)fd’—a F(l o %) (nfl)(lfd’—o‘)fd’—o‘

— ta 2 2 < (c(l))" n 2 z
r(n(1-%2)) (n)
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We return to relation (3.2.27). Using the change of variable s = ¢ + h — t,,, by
(3.2.28) and (3.2.29), we have

BY(t, h)

<TG 4w Croan!Cl (V)

n Hh oy (1-dze) dma 4 h — ¢, \ —(d—a)/2
—fﬂ / ti D(1-52) -5 <—+ ”) dt,,
t

t+h

—(d—a h
()" )/2/ (t 4+ h— 5)"(1753%) 1 - -a)/2q
0

(£ + h)- o)/2m (1552 ) -1 2 J1-(d—a)/2

< T3 CianCg (W) ———F—
> Lonbitodn d,a,b(c ) n!)l_Ta 2—(d—a)

JL-52) o
SFS,Htho,dn!CZa,b(c(”) —jT( 1)(1 de)—ha, (3.2.30)

(
(
(
( n
<TI0 Ctoan!C oy (C(l))”F§1 B dd;_a> 1
(
(
(
(

for any h € (0,1), 0 € (0,1 — %52) and a € [a,b]. Therefore,

sup » (p— 1)"/2< !

|
a€la,b] n>1 n:

BO(¢, h)) <c@ 0, (3.2.31)

where C’C(l?t)o,T@ﬂb is a constant depending on d, ty, T, p, a and b.
Combining relations (3.2.24) and (3.2.31), it follows that relation (3.2.1) holds.

Step 2: Now we treat the spatial increments. For any z, 2’ € K, welet z = 2’ —x.
We use (2.3.41). By (2.3.44),

C@(t,2) < F’&t/ Ul (t,t)dt. (3.2.32)

t,z,n
[0,¢]™

We estimate \If,gog)n(t t). Assume for simplicity that 0 < ¢; < ... <t, <ty =1.

Using Lemma 3.1.5, we obtain

(Fa (- tx + 2) — Fgl' (-1t x))(ﬁl,...,s )

- Ltgyr — ‘
= t;
H exXp ( 2 titist Z 53

) Ji + Jo) (3.2.33)
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where

e (o (4508 o) (- (506) )
/Rd exp ( B l[i (1 - %)@} 'xo) Gi(x + z — xo)up(dxo)

=1

Jo 1= exp ( — %(i%@) x)
j=1

/Rd exp < —z[; (1 — %)fj} -:U()) (Gt(x + 2z —x9) — Gy(x — xg)>u0(d:v0).

We study J; first. We use the fact that |1 — e™™@|> < 2% for any 6 € (0,1).
Hence, we get

J: <

o (=1 (3506) <) = ( f, te-- =yt

20

2;21 jfj
<|(Eas)

t

|2|%, (3.2.34)

5 n 20
Wt 7+ 2) < O | D6
j=1

using the fact that w(t, x) is uniformly bounded on compact sets.

Next, we consider J. We will use the following inequality (given by Lemma 4.1
of [15]): for any « € (0, 1],

G(@) = Gu)| < 55 [Gaw) + Gl o — ol

for any ¢t > 0 and z,y € R¢, where C,, > 0 is a constant depending on «. Using above
inequality, we have

2

J3 < ’/Rd exp ( —z[g (1 — %)fj} .xo) <Gt(:c +2z—1x9) — Gi(z — xo))uo(dxo)

<(/.

Gz + z — x9) — Gz — Io)‘uo(d%))Q

2900 2 (6) 26
SEE ( (2,2 + 2) + w(2t, x)) < OO, orlz, (3.2.35)
0
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where we use the fact that w(¢, x) is uniformly bounded in [ty, T] x K.

We come back to relation (3.2. 33) Combining relations (3.2.34) and (3.2.35), it
follows that there exists a constant Cto 401 > 0 depending on to, d, § and T" such that

2

(Fol (ot +2) = Fol" (,,2)) 6 )

<2 (- B ]S 0
k=1 7=1

) (J2+J2) < [2*CD, (P + Fy),  (3.2.36)

Ltk
where
n tk+1 " 20
F1 ::Hexp< ‘Zté] )’thfj s
Pl trterr 14 =
and

Fy = ﬁexp( frt _tk’Zt i&;
k=1

telit1

We only need to study Fj. Using relations (3.2.9) and (3.2.10), we obtain
e 1t —t
o< ( k+1 k’ ‘ )
- geXp 2 titin Z it

t—tn 0 1i-
XC@< i ) eXp(

- Lt — ‘
< t;
> IHeXP ( 2 titit ; gj

)

>09T29 (t—t,)~" (3.2.37)

By (3.2.36) and (3.2.37), we get:

Ui (6,8) = / (6 C a4 2) =gt 0)) (66| R
(R)» k=1
20 ~(7) 20 -0 - 1tk+1
<l Cto’d’e’T (COT (t=t) /Rd)n H P < 2 Lrtri1 ‘ Zt &

N /(Rd)n lf[lexp ( thyr — t ‘ Zt 13 > H 1&k|™ C“d{) (3.2.38)

(77 98]

) I e
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n

20 ~(8) 0 Q(tji—t—j)( '
< a0 (0 0 [Tk (P

t; .
j=1 ];1 j=1 t]-l-l
~ P (O

<[t1(t2 —t1) (= 1)) TV = ) [t — 1) ()] _(d_aw),

o |Sh
S~—
~—
+
>
Q
S
[\
—~
~
o,
Jr
—
|
~
.
SN—
~
<
N
N———

where for the last inequality we used Lemma 3.1.8 and for the last equality we used
(3.1.22). Similarly to relation (3.2.23), we obtain:

a n 9 1)\ n
Ol (t,2) < [22Ta nIC, 1 (CS0)" (W)

_ d—ay" _ dea\nHl
<F<1 ) vyt TUZS) (Tv1)"”_d_2a)

d—a
(n))1=2" (n+1))'" =
(3.2.39)
and therefore,
n/2 1 (@) 1/2 3) )
sup > (p = 1) (-,C02) T < P rpanslel” (3.2.40)
agcla, n>1 !

where C’fngw,a’b’B is a constant depending on d, to, T, p, a, b and £5.

We come back to (2.3.41). Combining relations (3.2.39) and (3.2.40), it follows
that relation (3.2.2) holds.
i

3.3 Continuity in law of the solution with respect
to the noise parameter «

In this section, we consider equation (3.0.1) driven by the noise W introduced in
Section 2.1, which is specified by a general temporal covariance function v9 and a
spatial covariance function v given by the Riesz kernel of index «. We prove that
the solution of this equation is continuous in law in the space of continuous functions
C([to, T] x R?), with respect to the noise parameter a.

As in the proof of Theorem 2.0.1, we apply Lemma 2.4.3 to prove the convergence
of the finite dimensional distribution of u®* to u®", when n — oo. For this, we need
the whole family of processes {W%; o € (0,d)} to be defined in a single probability
space. We use the same construction of this family of noise processes, as in Section
2.4. We will use relations (2.4.3), (2.4.4), (2.4.7) and Proposition 2.4.2.
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Recall that the solution has the Wiener chaos expansion (3.1.3). By definition,
u®(t, z) is the L*(Q)-limit of the sequence {u® (t, z)},,>1 defined by

uly(t, ) =Y I8 (ful- 1 ). (3.3.1)
n=0
This means that
E|uf (¢, z) — u®(t, x)}z — 0, asm — o0 (3.3.2)

for any o € (max{0,d — 2},d) fixed.

The proof of Theorem 3.0.1 is based on the following result, where proof is similar
to the proof of Lemma 2.4.5.

Lemma 3.3.1. Under the hypothesis of Theorem 3.0.1, for all k > 1 fized, we have

. 2
E| 10 (fo(-,t,2)) — IO (fk(-,t,x))( 50, asn — oo. (3.3.3)
Proof:  Recall that by relation (2.4.13), we have
Qn a* 2
Qn = E}[kz (fk('7t7x)) - Ik (fk(7t7x))|
2
Sk' Fl&t\/ / ‘Fl‘fk<tlv'7'"7tk’7'7tax)(€l7"'7€k)‘
Tp(t) J (RY)*

k k
L2
‘ [T1&1m 2 = TT161 72| dg - - dgat. (3.3.4)
Jj=1 j=1
The difference is that here we use a different expression for F, fi(t1,, ..., tx, -, t, ) (&1, - - .

than in Chapter 2 (see Lemma 3.1.5).

As in the proof of Lemma 2.4.5, we show that the integral in (3.3.4) converges
to 0 when n — oo, by applying the Dominated Convergence Theorem. We need to
show that the functions:

k
gn(tag) = ‘szk(tla Tyees 7tk7'7t7x>(§17' .- 7§k>‘2H |§j|_an
j=1

can be bounded by a function g(t, &) which is integrable over Ty (t) x (RY)*

Recall that max{0,d — 2} < a* < d. Fix numbers a and b such that max{0,d —
2} <a<a*<b<d. Since oy, — a*, there exists N € N such that

a <o, <b, forall n > N.
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For any o, € [a,b] C (max{0,d — 2}, d), we know that
€17 < 161 e <0y + 161 L 151 (3.3.5)
Hence a natural candidate for g is

2

t 6):“Fxfk<tlaa tk’a 7 617"'75]6

11 (\fj "Ljg <1y + \fj!_“1{|sj|>1})

=1
K PO S 2

Swz(t,x)HeXp{—L S h }
j=1 ) i=1

k
11 (Iéj\_blﬂsj\sn + |§jl_“1{\sj|>1}>a (3.3.6)

j=1

.

where for the inequality we used Lemma 3.1.5. So we need to check that g(t,€) is
integrable, i.e. ka(t) f(Rd)k g(t, €)dédt < co. By (3.3.6), it is enough to prove that

k
I:=w? t,x/ (/ exp{ i = }
(t.2) Tk(t)g R4 2515;+1

(!@T"l{\mg} + !51\“1{|5j|>1}>d§j)dt <oo. (3.3.7)

(tir1—tj)t;
ti+1

tiv1—t;

We prove (3.3.7). To simplify writing, we let m; = ot and p; =
77

for all j =1,..., k. Notice that by Lemma 3.1.7, we have

il S e’ _ _a
/Rde = (\fj! "Lgyi<y + 161 1{|ej\>1})d€j

. 2 . 2
_ / el Sl | vag, 4 / o] oL e
l€51<1 I€51>1

2
S / |€]|_bd§] + sup / e_mj|tjfj+77‘ |€j|_ad§j
l&51<1 iy

neRd

?

| dE;

_ G —mjlt;§1? ¢ 1—ede. — _Cd / —Pi& | ¢ |—adE. 3.3.8
d_b+/Rd€ |&517dg; d—b+ Rde 71&517dg;, (3.3.8)
where ¢, is the area of the unit sphere S;(0) = {z € R%|z| = 1} in RY. We use the
change of variables £; = ,/p;¢;, then d§; = p;d/zdf}, for all j = 1,... k. It follows
that

&

e Pi& §-“d£»:/ ol 20|
/]Rd | ]‘ J Rd \/])—

J

@ —d 2 _d_J f— .12 —a
p; g =p; 7 | e 0P g edg;
]Rd
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_d-a
<p; ? Ko (3.3.9)

where Kqq = [pa ﬁ\ﬂ‘“d{ < oo for any a € (d — 2,d).

We return to relation (3.3.7). Let Cppq = T4 + K44 be a constant depending
on a, b and d. Using (3.3.8) and (3.3.9), we obtain:

k
Cd _d—a
]§w2(t,x)/ ( +p, 2 Kd’a)dt
Lo LG

i (tisr — )t — 5
< wQ(t,x)Oj;b,d/ I1 (1 + (M> ’ )dt. (3.3.10)
Te(t) j21 ljt+1
To evaluate the integral, note that for any 0 < ¢; < ... <ty < txy1 =t, we have

Lot — £:)Es
%Stj—f—l_tjgt-
j

Therefore

((tj+1 — tj>tj>2a > t_dga
tj+1

and multiplying by #3* on both side, we obtain:

d—a
((tj+1 - tj)tj)‘ =t S
it

Then, replacing 1 in the integrand in (3.3.10), we get:

|+ ((tj+1 - tj)tj)‘dga < ((tj+1 - tj)%‘)_dga (1 +td%”>_

tit1 tit1

Hence, there exist a constant Cr > 0 such that

f[ <1 N ((th - tj)tj)‘df)

i+

e it

Returning to (3.3.10), it follows that

k d—a
tivy —t:)ti\ =
I< w2(t75€)05,b,d,T/ o | | (—( 1= ) j) dt
Ty (t

J=1
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PG
P((n+ D))

where we used Lemma 3.1.9 in the equality and this finishes the justification of the
application of the Dominated Convergence Theorem. |

2—(d—a —a
(2 ))7 d

i 2 < 00.

= U)Q(t; I)Cf,b,d,T

Proof of Theorem 3.0.1: From Theorem 1.3 of [3], we know that the process
u® has a continuous modification. We work with this modification, which we denote
also by u®. We need to prove the finite dimensional distribution convergence and the
fact that the sequence of probability measures induced by (u®"),>1 is tight in the
space of C'([tg, T] x RY). A road map of this proof is the following:

Step 1: Finite dimensional distribution convergence
Step 2: Tightness

Step 1: Finite dimensional distribution convergence

In this step, we have to prove that for any k& > 1 and (t1,21),..., (tk,xx) €
[to,T] X Rd,

(u“"(tl, x1),. .. ,ua"(tk,xk)) LN (ua*(tl, 1), ..., u (ty, xk)), as n — 0o.
For this, by Lemma 2.4.3, it will be enough to prove that for all (¢,z) € [ty, T] x R?
E|u®(t, ) — u® (t,2)|* = 0, as n — oc. (3.3.11)

To prove relation (3.3.11), we use the same argument as in the proof of Theorem
2.0.1. For part (c), using Lemma 3.3.1, it remains to show that for all compact set
[CL, b] - (maX{Ou d— 2}7 d)7

sup E|ug (t, ) — u®(t, :C)|2 — 0, as m — o0. (3.3.12)
a€la,b]

Recall that ug, (£, x) = >0 IR (fe(- 1, @) and w®(t, @) = D70 I (fa(-, t, 2)). Hence

u®(t, ) — up,(t,2) = Z I (fu(s t, @),
k>m+1
By the orthogonality of the Wiener chaos space and relation (3.1.23), we have

Bt o) it | = 3 BRG]

k>m+1
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d—a
F(l 2 h(1=15%)

(3.3.13)

where C’é?i = 06(122_(”[_@)/2 and C’é’li 1= [pa e EF2)¢|72d¢. We will bound C((ifo)é using
(3.2.17).

We return to relation (3.3.12). Using the same arguments as for (2.4.25), (2.4.26)
and (2.4.27), we see that

sup Z E‘I,?(fk(-,t,x))‘Q

a€la,b] k>mtl

< Ct ,ng,TCc]lC,a,b .
2 e )

as m — oo since

> Cuoal6,Ciap —
=1 P((k+1)(1- %52))
due to the fact that 1 — % > 0.
Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 3.2.1.



Chapter 4

PAM/HAM with rough noise and
constant initial condition

In this chapter, we consider the following Parabolic Anderson Model (PAM):

du 1 0%u -
- = - R
T (t,x) 5 2 (t,x) +u(t, ) W"(t,x), t>0,z¢€ (40.1)

uw(0,z) =1, ze€lR
and the Hyperbolic Anderson Model (HAM):
0*u 0%u

w(t,x) = @(t,x) +u(t,z)WH(t,z), t>0,zcR
u(0,z) =1, zeR (4.0.2)
ou

KE(O,oc) =0, z€R,

with rough noise W*. More precisely, W# is a Gaussian noise which is fractional in
time with index Hy € (1/2,1) and fractional in space with index H € (0,1/2). We
first study the existence and the moment estimates of solution to (4.0.1), respectively
(4.0.2). The existence of solution is obtained under the condition Hy + H > 3/4
for equation (4.0.1), respectively H > 1/4 for equation (4.0.2). The objective of
this chapter is to show the continuity in the law of the solution with respect to the
noise parameter H, in the space of continuous functions on C([0,7] x R), where the
temporal parameter Hj is fixed. The results presented in this chapter are contained
in Section 3 of [7].

Theorem 4.0.1 below is the main result for this chapter. In this theorem, we
use subindices h and w to indicate the corresponding solutions for the heat equation,
respectively the wave equation. We drop these indices in the proofs to simplify the
writing, whenever the argument is valid for both equations.

84



4. PAM/HAM WITH ROUGH NOISE AND CONSTANT INITIAL
CONDITION 85

Theorem 4.0.1. Let Hy € (1/2,1) be fized. For any H € (0,1/2), let u™ be the
solutions of equations (4.0.1) or (4.0.2), according to Definition 4.1.1. Let (H,)n>1
be an arbitrary sequence in (0,1/2) such that

lim H, — H".

n—oo

(a) In the case of the heat equation (4.0.1), if
Ho+ H* > 3/4,

then

un 4 ufl” in C([0,T] x R).
(b) In the case of the wave equation (4.0.2), if

H* > 1/4,

then

whn &y i C([0,7] x R).

w w

4.1 The noise and the existence of solution

In this section, we introduce the noise and prove the existence of solution to equation.
The random term W¥# is a Gaussian noise which behaves in time like fBm with
index Hy > 1/2 and in space like the fBm with index H < 1/2. More precisely,
it is given by a family of centered Gaussian random variables W = {W#(p);p €
D(R, x R)}, defined on a complete probability space (2, F,P), with the following
covariance structure:

EWH (o)W ()] = amyen / / / Fiolt, ) (€ Fh(s, YOIt — s 02|~ dedtds

= (@, V)#u» (4.1.1)

for any ¢,1 € D(R; x R), where Hy is the completion of D(R; x R) with respect
to (-, ). Here apg, = Ho(2Hy — 1) and ¢y is given in relation (1.0.8). Throughout
this chapter, Hy is fixed and we are interested in the convergence with respect to H.
For this reason, we emphasize the dependence on H using the notation Hy.

Definition 4.1.1. We say that a process uf! = {u(t,z);t > 0,z € R} is a solution
(in Skorohod sense) to equation (4.0.1), respectively equation (4.0.2), if for any t > 0,
x € R with probability 1,

ut(t,r) =1 +/O /RGt_s(x —y)u(s,y)WH(0s, oy), (4.1.2)

where G 1s the fundamental solution of the heat operator, respectively wave operator.
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Note that as in Chapter 2 and 3, the stochastic integral in (4.1.2) is interpreted
in the Skorohod sense. i.e. it is given by the divergence operator from Malliavin
calculus.

The solution has the series expansion:

t:v—1+2//// //a Gy (2 — 1)

- WH(dty, day) - WH(dt,,, dz,)
=1+ Z[rlzi(fn('atv .Z')) = Z[f(fn('7tvx>>7 (4'1'3)

n>1 n>0
where the kernel f,(-,t,z) € H3" is given by

fn(th Ty, 7tn7 Ty tu LE’) = Gt*tn(x - xn) T Gtgftl (1‘2 - x1)1{0<t1<~~-<tn<t}7 (414>

and I : HE" — Hy is the multiple Wiener integral of order n with respect to W¥H.
We let fo(-,t,2) = 1. Observe that the second term of this series is

Bt = [ [ e - i),

which is the solution of the linear equation Luf = W, where £ is the heat or wave
operator.

The solution exists if and only if the series - - I7(fa(-,t,2)) converges in
L*(Q), i.e.

STE|I(fult,2))|* < 00

n>0

and we have

Eluf(t,2)]* = 1+ > " nll| ful- 4 2)|3en = > || ful- 4 2) 3o

n>1 n>0

For the proof of existence of the solution, we need Lemma 4.1.2 below, which
can be derived from Lemma 3.1 of [5].

Lemma 4.1.2. In the case of the heat equation, the integral [, |FG}(&)[?|€]*d€ is
finite if and only if a« > —1 and in this case,

1+«
f’G? 2 ad —-T —(1+o¢)/2.
[1Fct@Pieras =T (-57)
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In the case of the wave equation, the integral [, |[FGY(€)[?[£]*dE is finite if and only
if « € (—1,1), and in this case, we have

/R FGU(©)Plelde = 2-C, 1,

where 5a s given by

N (1 — )™ 'T'(«a) sin(ra/2) if € (0,1),
Co=14 at(1-a) (1 +a)sin(ra/2) ifa e (-1,0),
/2 if a = 0.

We now give the main results of this section, regarding the existence of the
unique solution. Below we include the picture showing the range of the parameters
for equation 4.0.1 (PAM) and equation 4.0.2 (HAM).

H H

I E vl E

2 1 E 2 ! i

1 s 1 '

1 : ] 1 semeEE !

04 %\‘ 0 % ;

0 103 1 Hy 0 1 1 Hy

2 4 2
(a) PAM (b) HAM

Figure 4.1: The shaded area on the left represents the region {H, €
(1/2,1),H € (0,1/2) and H + Hy > 3/4} for PAM; The shaded area on
the right represents the region {H, € (1/2,1),H € (0,1/2) and H > 1/4}
for HAM.

We use the following identity:

Lemma 4.1.3. For anyn > 2 and x4, ...,x, € Ry, it holds that

n

A CEETEDN | B

k=2 acA, j=1
where A, is a set of indices a = (ay,...,ay,) such that card(A,) = 2""! and

a € {172}7an € {07 1},@2, sy Qp1 € {07 172}7
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> ajediyi+1} fori=1,....n—1a=> a;=n,
J=1 j=1

a; + i1 € {1,2,3} f07“i=2,...,n—2,
a; +as € {2,3} and a,_1 + a, € {1,2}.

Theorem 4.1.4. (a) For any Hy € (1/2,1) and H € (0,1/2) such that
Hy+ H > 3/4,

equation (4.0.1) has a unique solution uf. Moreover, for any p > 2,
Elu’ (t,2)}" < (C1) exp (C p't7"),

where

ph= - — =
Z H
and Ch, Ch are some positive constants depending on Hy and H.
(b) For any Hy € (1/2,1) and H € (1/4,1/2), equation (4.0.2) has a unique
solution v . Moreover, for any p > 2,

Elu (t,2)" < (CY)exp (Cy P17,

where
2H+2 , 2Hy+2H

“om+1 T om+1
and CY’, C¥ are some positive constants depending on Hy and H.

w

Proof: Step 1: We start with a general argument which is valid for both heat
and wave equations. We proceed similarly to the proof of Theorem 2.2.6 (or Theorem
2.2.4). In this case,

[FAE )5 en = /[] /[] o [T 185 = 502 Au(t, s)dtds,
0,t]™ J0,t]™

j=1

where

An(tas) :C?{ an ffn(tla'w-' n7 ) 7 )(gla ' 7€n)

}_fn(sl, ey Sny b)) (&, En) H |€j|1—2H d&, ---dé,.

j=1
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Using Lemma 2.2.5 and Cauchy-Schwarz inequality, we have

n

It < [ (o TLI = ™) A2 042 ) s
0,t]" 0,t]n

Jj=1

< (/ (An(t, )" ’}Odt)wﬂ = (/ | An(t t)}?flfodt)mo
— YHy n\%v — YHy n\%v

[0,¢]™ [0,¢]™
(X

pesn <tp(1)<"'<tp(n)<t

1 2Hg
|An(t,t)|ﬁdt> (4.1.5)

where S, is the set of all permutations of {1,---,n}. We study A,(t,t) first. Note
that

An(tat) = C}L{/ ‘-an(t17'a . 7tn7'at7$)(§1a T 7€n)‘2H |€j|1_2H dfl T dfn
j=1

(4.1.6)
Fix (t1,...,t,) € [0,¢]". Let p € S, be such that 0 < t ) < --+ < t,m) < t. By
(2.2.12) and the change of variables {; = {,;) for all j =1,...,n, we have

n

1 . n 2 n -
An(t,t) = zC /R H’fthwrtp(j)(fp(l)+'“+5p(j))‘ 111601 " A - - )

(n

. - 2 B
- (n!)QcH /]R“ H ’FGtﬁ(]"‘rl)_tﬂ(j)(gi Tt f;) H ‘5“1 Hag) - dgy,.
J=1 j=1

Unlike the proof of Theorem 2.2.4, we can not apply Lemma A.2.1 here to estimate
An(t,t) since H < 1/2. Instead of this, we use the change of variables 7; = ]+ - -+
for all j =1,...,n, we obtain

1, z 2 on T _
An(ta t) = (TL!)2CH /]Rn H ‘]:th(j+1)—tp(j)(nj) |771|1 21 H ’nj - nj—1|1 2Hd771 T d’f]n
j=1 =2

(4.1.7)
Using the fact that (a + b)? < a? + b, for any p € (0,1) and a,b > 0, we have

;= i 72 < (gl 4 Iy )72 < g P [y (4.1.8)

Taking the product for j = 2,...,n, we get

H |77j _ nj_1|1—2H < H (|77j|1—2H + |T]j_1|1—2H)' (4.1.9)
Jj=2 j=2
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By Lemma 4.1.3,

2T (a2 g P2) = 3l el -l = > TT Il

j=2 aeDy, a€D, j=1
(4.1.10)
where D, is the set of multi-indices o« = (ay, -+ ,a,) with a; = (1 — 2H)a; for
j=1,...,nand a= (ay,...,a,) € A,. Notice that we have the following properties:

a1 € {1-2H,2(1 - 2H)},a, € {0,1 —2H},9,..., 1 € {0,1 — 2H,2(1 — 2H)}
and

la| =) " a; =n(l - 2H).
j=1

Hence,

| QHH!n] R e D i T UM (4.1.11)

OteDn

The complete description of the set D, is omitted here. Coming back to relation
(4.1.7), by inequality (4.1.11), we have

CH Z H </R ‘fGtP(j+l)_tp(j)(nj)‘2|nj|ajd77j>' (4.1.12)

aeDy, j=1

An(t,t) <

At this point, we need to consider separately the heat and wave equations.

Step 2: In this case, we consider the heat equation. Using relation (4.1.12) and
Lemma 4.1.2, we get:

1+ Lty
A (t,t) cH > HF< = ) N
aceDy j=1
_ ey
< i ZH oG+ — b)) 2 (4.1.13)
a€D, j=1

where

C = cn max{r(g),r@ -a). (25 ) (4.1.14)

In order to apply Lemma 4.1.2, we need a; > —1 for j = 1,...,n. This is clearly
true, in fact o; > 0 for all j = 1,...,n. Coming back to relation (4.1.5), using the
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change of variables t,;y =t} for ¢ = j,...,n and the fact that <ZN ai> < Zl 1 @
for any 0 < b < 1, we obtain

E|L(fu(-,t, z)) ? :n!”fn Lt ) ||i®n

_1+a;\ 1/2Hy 2Ho
) dt]

" bzocgl[/ > It -0)

a€eD, j=1
iagy 1/2Hy ] 20
= (nh)*0- lcmbzo[/ 2 H =t ) ]
aeDy, j=1
2H,
N2H=A O b, ey
< (n!) H,19H, Z (tjt1 —t;) o
a€eD,,
1-‘,—()(]'

For each fixed e € D,,, we apply Lemma A.3.1 with §; = forallj=1,...,n

Hence

" 4H,

n+n1—2H) Hn—n
Zﬂa '

1= 4H, 2H,

To apply Lemma A.3.1, we need 5; > —1 forall j =1,...,n. When «a; = 2(1 —2H),
this leads to the restriction Hy + H > 3/4. We obtain:

Hn—n
_1+a 1+ a, t 2, T
) A dt = F( J 1)
o M- (-5t i sy
2H)+H—1
<cp,— L " (4.1.15)
i H,QF(ny{()2+—H1;[1 + 1) 1.
where
1 1-H 3—4H
Crro = F(—— 1) r(— 1>,F(— 1) . (4.1.16
H.2 max{ 11, + 5H, + A + ( )

Since the estimate in relation (4.1.15) does not depend on « € D,, and card(D,,) =
2"~ we have

2Hy+H-1

H 2 1N2Ho—1,n n n—1,n 3 2Ho 2o
E|In (fn(,t,flf))l < (n) CH,leo 2 CH,2F<n2Ho2}r{H 1 +1)

tn(2H0+H—1)

(F(n2H02-£{H 1 +1))2H0’

< C?IO,H,I(n!FHO_l

(4.1.17)
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where Cy 1 = Cr1bi, (20 2)?H0. By Lemma A.1.3, we have

tn(2H0+H71) (CH % 2t2HO+H71)TL
| (fulert,2))]” < Chy o (nl)? 07! Sl !
1l b o] Choaln ™ oy (n)"

(4.1.18)
where C, m2 is a constant depending on Hj, and H.

For any p > 2, using relation (4.1.18), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

HUH(t,ZE)Hp = H Zlf(fn(7t7x))||p < Z ”]r?(fn(vt7x))Hp

= = 2Ho+H—1\n\ 1/2
O N e e

<\/p Chy,m,2 t2HotH=1 ) _
- Z - 1)H/2 < CYexp (Cg pi ot 1)’
(n!)

n>0

where we used Lemma A.1.6 in the last inequality, and hence,

+1 2HO+H71>
Y

Elu” (¢, )" = [u” (t,2)[}; < (C1) exp (€4 p'T 75

where Ot and C are some constants depending on Hy and H.

Step 3: In this case, we consider the wave equation. By relation (4.1.12) and
Lemma 4.1.2, we get

An(t, t) i > HQ1 % Cay (ot = )™
aeDy, j=1
1—ay
= p(J+1 ) ’, (4-1-19)
aeDy, j=1
where

( ™ if oy = 0,

21_%_5% _ 22HF(1—2H) sin2g;r(1—2H)/2) if o — 1 2,

| g1~ L D2—4H)sin (r(1-2H))
4H—1

if a; =2(1 —2H)
and Cp 3 is given by

I'(1-2H) 2I'(2—4H) }

CHygchmaX{Tf', 7 Al 1
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To apply Lemma 4.1.2, we need a; € (—1,1) for j =1,...,n. When a; = 2(1 —2H),
the condition a; < 1 imposes the restriction H > 1/4. Coming back to relation
(4.1.5), using the change of variables t,;) = t; for j = 1,...,n and the fact that

(Zf\il al> < Zl Lal for any 0 < b < 1, we obtain
9 .
E[L (falt, )| = nlllfu(t, 2) |5 e0

2H
et il [ > Tt — ) ™ ae]

aeD, j=1
1/2H 2Ho
=(n!)2HO—1CZ,3bz0{ / (Z [Its—t, )') Odt]

a€Dy, j=1

) 2H,

N2Ho— lcn bn — ¢t g_%dt ’

< (n!) H,30H, Z (tjr1 —t;) 2o :

a€eDy,

For each fixed a € D,,, we apply Lemma A.3.1 with

1_ .
B; = QHE‘J, forall j=1,...,n

Hence

= n—l|al Hn
|5|:Zﬁj: T A
j=1

To apply Lemma A.3.1, we need 3; > —1 for all j = 1,...,n, which imposes no
restriction on H. We obtain:

Ho+H
Ho

(4.1.20)

n 11—y
/ H i1 — ) 2Ho dt = H 1L QHOJ i 1)t%g+” < C%4t—
W30 P& +n+1) = D(nfeH 4y

Hy
1 H AH 1
Crra = r( 1) F(— 1>,F< 1) .
Hd max{ 2, oy 2H,

Since estimate of relation (4.1.20) does not depend on « € D,, and Card(D,,) = 2",
we have

where

Ho+H

H 2 9Ho—1 —1 t" Mo 2o
Bt ) () Chabi 2o HH—H+1>}

75n(2Ho+2H)

(r(n it 1))2H°’
Ho

< Cp a(nl)?fot (4.1.21)



4. PAM/HAM WITH ROUGH NOISE AND CONSTANT INITIAL
CONDITION 94

where Chy 3 = Crabm, (2Cg.4)*"0. By Lemma A.1.3, we obtain:

$(2Ho+2H) (CHO Ha t(2Ho+2H))n

()

where C, 4 is a constant depending on Hy and H.

E| 12 (fu(- t,2)) " < Oy pra(nl)?Hot

. (4.1.22)

For any p > 2, using relation (4.1.22), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

et )l = | S22 (st a))]|, < S (st ),

n>0 n>0

I (2Ho+2H)\™\ 1/2
< S G, < K- (e

n>0 n>0

( P Chg pa 12Ho2H > e
< Z | QH+1)/2 < O exp (Cw p2H+1 t 2HT1 >
n

n>0

where we used Lemma A.1.6 in the last inequality, and therefore,

2H+42 2Hg+2H )

Efu (¢, 2)" = |[u” (1, 2)|l; < (C) exp (Cy pHi ¢

where C}’ and (%’ are some constants depending on H, and H. i

4.2 Uniform moment estimates

In this section, we include some estimates for the moments of the increments of the
solution to equation (4.0.1) and (4.0.2) with the noise introduced in Section 4.1. The
results in this section are used in the proof of tightness in Section 4.3. Throughout
Theorem 4.2.1 below, we use subindices h and w to indicate that corresponding
solution for heat equation, respectively wave equation.

Theorem 4.2.1. Let ull and ufl be the solution to equation (4.0.1), respectively
equation (4.0.2) with noise WH as in Section 4.1.

(a) Let [a,b] be a compact set such that

3 4H,

0
max{ ) 1

1
<a<b<-—.
} a4 2
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For any p > 2 and T > 0, there exists positive constants C and C} such that for any
t',t €[0,T] and for any x',x € R, we have

sup Eluf (t',x) —uf (t,z)[P < Cht' — t|F (4.2.1)
Hela,b]
and
sup Elufl (t,2') —uf (t,z)[P < Ch|a' — 2P (4.2.2)
Hela,b]
for any
2Hy(1 — —1
0< e < 2l 3”*“ and 0 <6 < 2Ho(1 —co) +a—1 (4.2.3)

where cq € (0, wg—;?)

(b) Let [a,b] be a compact set such that
1 1
- b< —.
1 <a<b< 5

For any p > 2 and T" > 0, there exists a positive constant C}’ such that for any
t';t € [0,T] and for any x € R, we have

sup Eluf (¥ x) —ul (t, )P < CPt' —t|P° (4.2.4)
Hela,b]

for any
0<d<a.

For any p > 2 and T > 0, there exists a positive constant C3 such that for any
t €10,T] and for any «',x € R,

sup Eluf(t,2) —ull(t,z)]P < C¥|2" — 2P (4.2.5)
Hela,b]
for any
%<5<a (4.2.6)
where ¢; € (0, 2a).
Proof: We treat separately the heat and wave equations. The difference between

the proofs for the heat equation and the wave equation is that in the case of the wave
equation, instead of the Littlewood-Hardy inequality (given by Lemma 2.2.5), we use
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the Cauchy-Schwartz inequality and Lemma 2.2.3. A road map of this proof is the
following;:

. ) Step 1.a The time increments.
Step 1: we consider the heat equation )
Step 1.b The space increments.

Step 2.a The time increments.

Step 2: we consider the wave equation )
Step 2.b The space increments.

Step 1: Heat equation

Step 1.a We start with the time increments. Let t,¢' € [0,7] and z € R be
arbitrary. Assume that h = ¢’ — ¢ > 0 (The case h < 0 is similar). Similarly to
(2.3.21),

9 1/2
(¢ + by w) = uf (@), < D= 1" (A0 + BEEW)) T (42.7)
n>1
where . 3
AR, h) = ||l fu (-t + hy2) L gn — nlfa(s x)“?_[%n, (4.2.8)
and .
Bf(t, h) = ||’I’L'fn(7 t + h, $)1[07t+h]n\[0,t]n ||3{%n (429)

We study AZ(t,h) first. Let Py be the completion of D(R) with respect to
(-,-)p, where

(0, 0)p = i /R FolO) TR0 de

for any ¢,1 € D(R). We have
All(t,h) = o&o/ / [T 1t = silP2¢f, . (t,s)dtds (4.2.10)
[O,t}" [O,t}" j:l

where

Urhnlt,s) = i / (Fla" Gt + b)) = gt D) e 6)

<]:[9§")(-,t +h,x) — gé”)( ) (ST ) H ’5]‘1—2Hd£

J=1

= (@t + hiw) = g (o t2), g (ot 4 ) — g0 ()

PE"
(4.2.11)
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and gén)(~, t,x) = n!fn(tl, ety T,

We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5
to the function ¢(t) = (¥/}, ,(t, t))1/2. We obtain:

“ 1/2 1/2
All(t, h) Sa?io/[()] /[0] H‘tj_sj‘2H072<w£Ih7n(t,t)> <wt7Hh7n(s,s)> dtds
A 7tnj=1
) 2Hy
Sb?zo(/[] (¢fh,n(tat))%dt) : (4.2.12)
0,7

Fix t = (t1,...,t,) € [0,¢]" and pick p such that ¢,1) < ... < t,u,) < t. Recall that,
by Lemma 2.2.2

Foi (-t )&, &)

n—1
—i(&1x1++E€nxn h h
= ¢ Gt )_l_[lfth(j+l>_tp(j)(€p<1) o G F G (o) + o Eom))-
j:
(4.2.13)
Therefore,
]:-[gén)(‘? t+ h7 :L“) - gt(:n)('7 t "L‘)} (617 s 7571)
n—1
—i(l1x14++Enn h
=€ (&1@1++Enzn) fth(jJrl)_tp(j)(gp(l) 4+t gp(j))
j:

<FG?+h—tp(n) (o) + - + &) = FGry Gy + - +€p(n))>- (4.2.14)

p(n)
We denote u; = t,41)—t,3;), for j=1,...,n—1and u, =t —1,4). Using the change
of variables &} = §,(;) for j =1,...,n, we obtain:
n—1 9
¢£Ih,n(t7 t) = CnH/ H ’FGilp(j_'_l)—tp(]-) <§P(1) + e + 5,0(]))’
n ]:1
(o) + -+ &) — FGE,

"FG?-‘rh—t (5/)(1) +ot gp(n))

p(n) p(n)

9 M
H |§J|1_2Hd€
j=1

n—1 9
—a [ TI|Febe++e)

H |£j|172Hd£

j=1

2

TG (€l + o+ €)= FGh (€ + -+ +€))
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—CH/ H!FGh n)|” |FGh uma) = FGE () T Ing — mja | dn

j=1

<y Y H /}FGUJ ni)| il dm /!qun+h(77n) FGy ( nn)\2l77n|“"dnn>

acD, j=1

(4.2.15)

where for the last equality, we use the change of variables n; = & + ... + ¢, for
j=1,...,n with 9y = 0 and for the inequality above, we used relation (4.1.11). Note
that

l—e ™ <z2f forallz >0 and ¢ € [0, 1], (4.2.16)

To prove (4.2.16), note that if z > 1, 1 —e ™ <1 < 2° for any € > 0, and if x < 1,
then 1 —e ™ < x < 2° for any ¢ € [0,1]. Using (4.2.16), we get:

2

7ﬂn|77n|2

7(“n+h)\7ln|2 7“71‘7In|2
2 2

|FGh () — FGE (na)|* = |e

= ‘e (1 - 677
5 h n 2\ 2¢ 2

We return to relation (4.2.15). By (4.2.17), we obtain:

wthn t t < h2acn Z H </ ujnj2’77j’ajd77j)</6_unnn|2lnn’an+45dnn)
R

acD, j=1

1 1+a 1 n 4 1+an+4e

— ¥ S HF< +%) u; ’ F(%)un,
acDy, j=1

where in the last equation, we used Lemma 4.1.2. For the application of Lemma 4.1.2,
we need a; > —1for j =1,...,n—1and a, +4¢ > —1. This is clearly satisfied since
aj >0forall j=1,...,n

By relation (4.1.13), we see that

n—1
n 1+@ n—
CHEF< > ﬂ) < enCly, (4.2.18)
where
1 3—4H
CHl—chaX{F 5 ,F >,F< 5 )}

1
— P < — = 4.2.19
= CH 2 < 7T\/— ( )
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since cy = w < 1. Recall that o, € {0,1 —2H} and ¢ € [0,1]. We have

1 1+4 1+a,+4 1+1—-2H +4
§< —;5§ +a2+ €§ =+ 5 + _3_ [ <3

r(%) <T(3) =2

and

Hence

1taj 1+an+4e

P/t t) <217 ) H ot — L)) 2 (E—tuwy) . (4.2.20)

aeD, j=1

Taking power ﬁ on both sides of relation (4.2.20) above, we obtain:

H 711 %\ 372 o S ERESELE
(djt,h,n(tat)) < <2h ) 0 Z H (tp(j+1) — tp(j)) 0 (t — tp(n)) 0

acD, j=1

1
We now integrate (¢f, ,,(t,t))*™ over [0,¢]". Using relation (4.2.21) and the
change of variables t}; = t,;) for all j =1,...,n, we get:

21 1
[, (e n) ae= 3 / (48506 1))
[0,]" o<t (1><-~~<tp<n)<t

PESK

<@ S [ T R )
o<t) <...<th, <t

oDy, peS)

1+a, 1+opn+4e

— (2h%)in) Z/ H tin— 1) 0 (t—t,)" o dt, (4.2.22)
0<t1<...<tn<t j_q

aeD,y,

where S, is the set of all permutation of {1,...,n} and in the first equation, we
decompose the set [0,¢]™ into n! disjoint regions of the form ¢,q) < -+ < t,@,) with
pE Sy

Now we want to evaluate the integral in relation (4.2.22). We apply Lemma
A.3.1 with 3; = *aﬂ for all j =1,...,n— 1 and §, = —12+= Note that

n n—1
1+a; 14,44 1
WZZ@':—Z 4HOJ_ AH, :—4—%[2(1+@j)+45]
— .

J=1 J=1

n+n(l—2H)+4e 1-H 3
— — en - —

4H0 2PIO HO
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and 1-H 2Hy+ H — 1
— g 0 — £
= (1— nm——=— o — —.
Plan=0-Z") n- g 2H, ' Hy
To apply Lemma A.3.1, we need 3; > —1 for all j = 1,...,n, which means 1+O‘j <1

for j =1,...,n— 1 and 2t < 1. When a; = 2(1 — 2H) we use the condltlon

4H,
4Hy + 4H > 3 When «a,, =1 — 2H, we use the fact that
2Hy+ H -1
< % (4.2.23)
which is a consequence of condition (4.2.3). Therefore,
n—l _m _l+an+4e
[ Tt - 0) e
0<t1<...<tn<t j
n n n—1 1+a, Loy tie o=t n—
DTG+ D T T( - S r(1 - )
r 1 2Ho+H—1
(FT+n+1) =y
(4.2.24)

Recall that oy € {1-2H,2(1-2H)}, ay, € {0,1-2H } and o € {0,1—-2H,2(1-2H)}
for j =2,...,n—1. Therefore, 0 < a; <2(1—2H) for all j =1,...,n which implies
that for any H € [a, b]

3 —4a 3—dH _ . 1+a; _ 13

0<1-— < —.
4H, 4Hy — 4Hy — 4Hy, 4

Because the Gamma function I' is decreasing on (0,z() and increasing on (z, 00)
with z¢ ~ 1.4, we know that

n—1
1+ o 3 —4a\\1
F(1 _ J) < (r 1— ) . 42.25
]]:[ 4H, = ( 4H, ) ( )

To find a bound for I' (1 %) we need to study the range of possible values
for 1 — HZ—I};“%. Since a,, € {0,1 —2H}, H € [a,b] and € € [0, 1], we have

1_1—a+25Sl_l—H—l—Qggl_l—l—an—l—élg <1_ 1
2H, 2H, 4H, 4H,

If we simply choose ¢ € [0,1] such that 1 — 15 ‘?25 >0 (ie. e < 2ode=l) then the
1—a+2e 2Hp+a—1
2H, z

the lower bound 1 — approaches 0. This is a problem since hIgl+ I'(z) = oo,
T

lower bound 1— can be in principle, be very close to 0: as € approaches

1—a+2e
2Hy
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and hence, we are not able to bound the term I' <1 — Hj}—}g%) To avoid this problem,

we choose an arbitrary value ¢y > 0 such that

1—a+ 2¢

<1-—
€0 2H,

Note that this is equivalent to 2¢ < 2Hy(1 — ¢p) — (1 — a). Since € > 0, we must
choose ¢g > 0 such that 2Hy(1 — ¢g) — (1 —a) > 0, i.e.

2H0+CL—1

“ 2H,

With this choice of ¢y and e, we have

1 4
p(l_ﬂ

i ) < T(cp). (4.2.26)

Hence, there exist a constant c(hl,g . > 0 depending on Hj and a such that

n—1
1+ o 1+ oy, +4e 1) \n—1
| |F<1— ]>F<1——) < (! r . 4.2.27
= 4 F[(] 4 F[O — (CHo,a) (CO) ( )

Next, recall that relation (4.2.3) implies (4.2.23). Hence, for any H € [a,b], we have

(n—1)(2Hy+ H — 1) <n(2H0+H—1) £ <n(2H0+H—1) n(2Hy+b—1)

- <
2H, 2H, Hy 2H, 2H,
It follows that
2Ho+H -1 1 ift < 1,
t 2Ho Ho <
- n(2H0+b71)
t 2Ho ift > 1.
Therefore, we get:
2HQ+H-1 . n(2Hg+b—1)
TR S (VA ) I (4.2.28)

. 2Hp+a—1

Finally, we pick mg > 1 such that (mo — 1) - =752

> xo. For any n > mg, we have

n(2Hy+ H—-1) ¢ (n—1)(2Hyo+a—1)
- > > o,
2H, Hy 2H,

which implies that for any H € [a, b],

11<n(2H'0—l—H—1) € )>F<(n—1)(2H0—|—a—1)+1>.

— =41
2H0 HO + 211——[0
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By Lemma A.1.3, we know that there exists a positive constant cggva depending on
Hy and a such that

OHy+ H — 1 (n—1)(2Hy4+a—1)
(o ) 1)
2H, " HO + 2H, +
2) yn—1 e
> (e )" H(n—1)1] 2. (4.2.29)

We come back to (4.2.24). Using relations (4.2.27), (4.2.28) and (4.2.29), we
obtain:

— 4oy _ ltaptie
L B e e
O<t1<...<tp<t j=1
()" "Dl (t v 1) “HE

< (4.2.30)

2H)ta—1

(cfna) [ =113

Returning to equality (4.2.22) and using relation (4.2.30) and the fact that card(D,,) =
2"~1 we obtain:

1 ( (1) )nflr< )( ) n(2Ho+b—1)
S c c co)(tV1 2Ho
/ (thhn(t,t)) o (¢ < o T plon—1\Hoa 0 S—
n 9 bl 2 ni - ur= -
o4 (chp) )"t [(n — 1)1 2"

n(2Ho+b-1)

i ()" T )

(4.2.31)

a—1

(clipa) ™[ = 1)1] 70

where for the last inequality, we used fact that n! < 2"(n — 1)

We take power 2Hj in the above estimate. Then relation (4.2.12) becomes:

n(2Hp+b—1)

(1) \n— 1 !
AH(t h) < b (22nh§0 (CHo,a) (t vV 1) Ho ) Hy
n Y g 0
(cii, > U —1)1]
() n(2Ho+b—1)
= by J,2¢ 42nHo <<CH0 a) ( ) (t \Y 1) o)
’ n—1)2H, a—1 L.
(chr0a) “l(n—1)!]
Therefore, by relation (4.2.32), we conclude that
n 1 1/2 )
S-S AR R) L o B 42.33)

n>1
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where O pabeoHo > 018 a constant depending on p, a, b, ¢o, Ho, and T'.
As for the term B (¢, h), let D;y, = [0,t + h]™\[0,¢]", we note that
B;!(t, h)

n

— al, / / T 1t — 552521, , (610, () 4% o (6 S)dtds  (4.2.34)
o,t+hm [0 4+m) S

where
() = iy | Fg (st 4 ha)F (ot +how) [0 ae
" =1
= (9" (ot 4 1), g (ot o+ By ) pen (4.2.35)
and gtn)(-, t+h,x) i =nlfu(ty, ... e, t+ D).

We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5

to the function ¢(t) = (v/, . (t, t))l/let,h(t), we have

n

Bf(t’ h) < anHo / / H |tj - Sj|2HO_21Dt,h(t)1Dt,h (S)
0,t+h]m J[0,t+R]m 7

1/2 1/2
(31.a6.0)) " (hu(s5)) " dtds
2Ho
= 5?1(/ (7 a6, 6) 5 1, (b )dt> . (4.2.36)
[0,t+h]™

Fix t = (t1,...,t,) € [0,t 4+ h]" and pick p such that t,q) < ... < t,m) <t+ h and
L <tpm <t+h, weget

Fo (-t + h, :1:')(51,..., n)

—i(é1z1++Enzn) H p(]+1) tp(])<§P(1) -+ 5,, ]))FGt—i-h i) (ﬁp(l) 4+ é?p(n))
where we used Lemma 2.2.2. We denote u; = t,41) — t,y(), for j = 1,...,n —1
and u, = t —t,;). Using the change of variables & = §,;) for j = 1,...,n and

=&+ . +& for j=1,...,n with ny = 0, we obtain:

Vern(t, 1)

= i /n H ’}— to(i+1) ~to(s) gp(l) ot 50(]‘))

2
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2 H ‘€j|172Hd£

J=1

)f Genty (Eo1) T+ + &)

n—1
=c’}{/nH)FGZj<§1+
_CH/ H}}—Gh Wi ‘ |‘7:Gun+h Tin } H'UJ nj— 1’1 2Hd77

<CH/ H‘]_—Gh ‘ | FGE () (Z H|7b|aj>

1-2H
§~| dg

“FGu &+

acDy, j=1
=Cy Z H/ ‘IGu] 15 ‘ |773|ajd77] /|}_Gun+h Tin | |7 O‘”dnn> (4.2.37)
aceD, j=1
n 1+, S | 1+a, _l4an
S HF( . ]>uj ? -F( 5 )(un+h) ) (4.2.38)
acD, j=1

where for the inequality, we used relation relation (4.1.11) and in the last equation
we used Lemma 4.1.2. For the application of Lemma 4.1.2, we need «; > —1 for
j =1,...,n. This is clearly satisfied since o; > 0 for all j = 1,...,n. By relations
(4.2.18), we get:

L (1 +aq L y\»
c"HHF< J;O‘J> <y, < <ﬁ) <1 (4.2.39)
j=1

Combining relations (4.2.38) and (4.2.39), we obtain:

1+a
Pt < > Hu T (up+h)T " (4.2.40)
acD, j=1
Hence, taking power ;- on both sides of relation (4.2.40), we obtain:
2H S 1t+an
(vthn (t6)™ < Y Hu T (g + ) (4.2.41)
acDy, j=1

_1
We now integrate (/7 ,(t,t))*™1p,, (t) over [0, + h]". Using relation (4.2.41)
and the change of variables t; = t,;) for all j =1,...,n, we get:

1

[ () ™ 1, (00
[0,t4h]"
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g
— Z/ (/ (yf,m(t,t)> 0 dtp(l)...dtp(n_l))dtp(n)
PESH 0<tp(1) <o <p(n—1) <tp(n)
<> [ (]
PESn 0<tp(1) <o <lp(n—1)<lp(n)
n—1 14
Ty _ltan
S TTtn = to) ™™ (E+h = ty) ™ 70 d ) -dtp(nl))dtpm)
aeD, j=1
t+h Ltan
<nl > J(tn) - (t+h —t,)” 70 dt, (4.2.42)
QEDn t
where
n—1 l+a;
J"(t,) :/ [Tt —t) ™ dty...dt,
0<t1<...<tp—1<tn j=1

n=lg L
[1 T (8 +1) e 71

= , (4.2.43)
PS8+ m-1)+1)
where the second equality follows by Lemma A.3.1 with 3; = H 2 for all j =
1,...,n — 1. To evaluate J"(t,), notice that similarly to relation (4.1.15), we have
n—1
1
[Irs+1) H F<1 T aﬂ) <o (4.2.44)
j=1

where C o is given in (4.1.16). We now show how to find an upper bound for Cj o,
uniformly in H € [a,b]. Note that for any Hy € (1/2,1), —ﬁ +1€(1/2,3/4), we

have 1 1
(1) <0(3)

4H, + 2

and — 47+ 1€ (1— 57,1 — 572) C (0,3/4), we get

1—H 2Hy +a — 1
p(- gy cp(Phtasty
o, )= 2H,

Using the condition a > 3/4 — Hy, we see that

3—4H 3 —4a 3—4b

1T, +le(l- 1, 4H0)

C (0,3/4),

then

3—4H 4Hy +4a — 3
(- 1) < p(Mhtio=3)
4H, )= 4H,
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Thus,
1 2H0+CL—1 4H0+4a—3
< r(-),r( )F( ) = ¢, . 4.2.4
Cha < max{ 5 S, L Ca2 ( 5)
Therefore, with relation (4.2.44), we have
n—1
I +1) <yt <t (4.2.46)
j=1
Moreover, for any H € [a, b], we have
—1)(AHy+2a—2) — (1 —2a) _ —1)(2Ho+b—1
(=D 22 (-2 K2 e 1)
4H, < 2H,
(4.2.47)
We prove relation (4.2.47) below. Note that
”iﬁ fno1)=C ST (L+ay) +4Ho(n — 1)  —(n—1) =Y "7) a; + 4Ho(n — 1)
. n — — g
—~ 4H, 4H,
(= D(AH,—1) =Y ey
B 4H, '

We know that
n—1 n
Zaj = Zaj —a, =n(1—-2H) — .
j=1 j=1

Therefore, since a,, € {0,1 —2H} and H € [a, b, we have

m—1)(1-20)<(n—1)(1—-2H) < nzlozj <n(l—-2H) <n(l-2a)

Jj=1

and
n-20) _ Yo (n-1)(1-2)

4Hy — 4Hy, — 4H,

This leads to

(n—1)(4Hy+2a —2) — (1 —2a) < (n—1)(2Ho +b—1)

4H, 2H,
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We now return to the main estimate. We pick my > 1 such that

(mo — 1)(4Ho 4+ 2a — 2) — (1 — 2a)
4H,

> Zo,

where 2y € (1,2) is such that Gamma function I'(-) is increasing on (zg,00). By
relation (4.2.47), for any n > my, we have

Z@j (n—1)> (n—1)(4Hy + 2a — 2) — (1 — 2a)

>
4H0 o,

which implies that for any n > my, there exists a positive constant c « depending
on Hy and a such that

(Zﬁg-ir (n—1) 1)>F((n—l)(4H0—|—j;L]()—2)—(1—2a)+1)

4Hg+2a—2

> (cip )" =) o (4.2.48)

where for the last inequality, we used Lemma A.1.4. By relation (4.2.47), it follows
that

1 if t, <1,
) Bit(n—1) (n—1)(2Hp+b-1)

to <(Tv1) 2% .  (4.2.49)

— (n—=1)(2Hg+b-1)

tn, Ho ift, >1

Now, returning to (4.2.43) and using relations (4.2.46), (4.2.48) and (4.2.49), we get:

! (n=1)(2Hg+b-1)

Jh(t,) < : — (Tv1) 2 . (4.2.50)
(chp.a)H(n = 1)1] 70

_1
We continue to integrate (v/%, ,(t,t))*1p,, (t) over [0,¢+ h]". Using relations
(4.2.42), (4.2.50) and the change of variable s =t + h — t,,, we have

1
[ (Gl 0) 1, 0
[0,t+h]"

n_1 (n—1)(2Hg+b—1)

C _
< nl @2 s (TV1) 2 > / (t+h —t,) " 0 dt,
(cggﬂ)”*l [(n — 1)!] Ho aeD,

n—1 (n—1)(2Hg+b—1)

C(l 2 1+04n
=nl : ez (IV 1) 2Ho Z o s

() Jr=1[(n —1)1] achn
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! (n—1)(2Hg+b—1) 1 1—Lton
=nl 5 : 4Hg+2a—2 (T \4 1) 2o Z 1— Mh o
G (R VI o
(4.2.51)

Note that, since o, € {0,1 —2H} and H € [a, b], we have

1 2H, 2H, W

< < =: .
I—Low SOH + H—1 2Hgta—1 tha

Recall that relation (4.2.3) implies that relation (4.2.23) holds. Hence, we have

€ <2H0+a—1<1_1+an:4H0—1—an§1_ 1 <

0<—
HO 2H() B 4H0 4H0 4H0

> W

which implies for any h € (0, 1),

1— 1+an

BT < hTo

Therefore, using the fact that n! < 2"(n — 1)! and relation (4.2.51), we obtain:

_1
[ () T, (gt
[0,t+h]"

n—1
Cas (n—1)(2Hg+b—1) @) =
<nl! 3 4H)+2a—2 (T V 1) 2Ho § : CHO,ahHO
(e )" H[(n — 1)1 40 aeDy
n—1
. s (n-D@Hpt-1)
< hH 2" @ (Tv1)  =mo2nlel)

We take power 2Hj in the above estimate, then relation (4.2.36) becomes:

(n—1)(2Hy+b—1)

c ot 2o
Bl (t,h) < b}, (hHo2" @2 —(TV 1)%2"103-2,)

3 _ a_—_
(cfy) = [(n — 1)1] o0
(n—1)2Ho (6(4) )2H0

— h2€bn 2n2H0 a,2 Ho,a (T v 1)(nfl)(2H0+b71)2(n71)2H0.
Hy (ng,a)(n_l)QHo [(n o 1>'] a—1
(4.2.52)
Therefore, by relation (4.2.52), we conclude that
n 1 1/2 9 .
S =1"(BEER) < R b (4.2.53)

n>1
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where C% vab i, > 018 a constant depending on p, a, b, ¢o, Ho, and T'.

Returning to (4.2.7) and using (4.2.33) and (4.2.53), it follows that
(¢ -+ hy) = (82l < V2(Chpatyr + Comtnoir ) 1

Relation (4.2.1) follows by taking power p and then taking supremum over H € [a, b].

Step 1.b We examine the spatial increments for the solution of the heat equation.
For any x, 2’ € R, we let z = 2’ — z. By relation (2.3.41),

1 1/2
H __H _1\n/2( = nH
lu (¢, + 2) u(@xmpsg;@ D Ci2) (4.254)
where
CH(t,2) = |Intfu(. tx+@—nﬁxth%m
H
/ / |t~—s]|2H° Uyl L (t,s)dtds, (4.2.55)
o, Jo,m ;5

and we denote by

w&x>=@[jMWmmww¢memhwm

n

]—"[gé“)(.,t,x +z)— gs(;n)(,’tx)} (&1, 6n) H €12 de

J=1

= (A" tr+2) =g ta) g ta - 2) = g )
H

(4.2.56)

and gtn)(~, ta) = nlfulty, ... tn, - L, ).
We use Cauchy-Schwartz inequality followed by an application of Lemma 2.2.5
to the function ¢(t) = (¥/,  (t,t ))1/2 We obtain:

n - 1/2 1/2
Cf(t,z)ga;;o/ / [T1t = s (Wi 6.6) (Wi (s.5)) " dtds
[O,t}" [O’t}n 7j=1
1 2Ho
gb"HO(/ (\Iff’m( ))QHOdt) . (4.2.57)
0.4
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Fix t = (t1,...,t,) € [0,t]" and pick p such that t,q) < ... < tpm) < lpms1) =t By
(4.2.13),

FloM (e +2) = g (6, 2)] (6, )
= e b (eTHE )z H}_ by —to (G0 T+ &)
(4.2.58)

We denote u; = t,(j11) —1t (), for j = 1,...,n. Using the change of variables £} = ,(;)
for y =1,...,n, we obtain:

= Ch /nH “FG?p(jH)—tp(j)(SP(l) R ‘ ‘1 — e~ ot tpm)2
=1
:cz/nf[]szj<51+---+s;>2
B /anGZj<£1+~~+§j>2
— o | nH FG )
<Jafcy | TIl7¢: )

where for the last equality, we use the change of variables n; = & + ... + ¢; for
j=1,...,n with ny = 0 and for the inequality above, we used relation (4.1.11). Note
that for the first inequality above, we used:

|£j|1 2Hd€

J=1

‘1 2Hd£

‘1 *l(f1+ +&n)z

6H |€j’172Hd€

7j=1

|77n|26H|77j —773 1|1 2Hd77

Innl%( > H 7y ) dn (4.2.59)

aeD, j=1

| N

L4...+ &

I1—e™* =2(1—cos(z)) <2*, forallz >0andd € [0,1]. (4.2.60)

To prove (4.2.60), note that if # > 1, 1 —cos(x) < 1 < 2% for any § > 0, and if z < 1,
then 1 — cos(z) < 12?2 < 1% for any ¢ € [0,1]. (Note that (4.2.60) is the analogue
of (4.2.16) for complex exponents.)

We return to relation (4.2.59). By (4.2.60), we obtain:

\I[H

—u; 12 o —up, nz an
et 6) < 2l 3 H </ 13 g Jdm)(/e KanTN +26d7]n)
R

acDy, j=1
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1 + 0\ ~He 14 o 20 ltegi
26 7 n
= o[%e Z H 2 u

acD, j=1

(4.2.61)

where in the last equation, we used Lemma 4.1.2. For the application of Lemma 4.1.2,
we need a; > —1 for j =1,...,n —1 and o, + 20 > —1. They are satisfied since
a; >0forall j=1,...,nand d € [0,1].

Similarly to relation (4.2.39), we see that

n—1
14+« 1 1 \n-1
P(5) enCiit < — (=)'
.]Hl H71 f

Since «,, € {0,1 —2H} and ¢ € [0, 1],

1 1420 1 nt20 1+1-2H+26

7 < il < ot < i + <2—-H<?2

2 2 2 2
we have . . .

2 2
Hence
L \» _ ey _ lton+2s
vt <l (=) T (e — )™ 0t
OcEDnj 1
_ Lty _lton+2s
<|zl” Z H p(I+1) P(J) ’ (t_tp(n)) L (4.2.62)
aeD, j=1

Taking power 57— on both sides of (4.2.62) above, we obtain:

H 211 26\ 37 o Loy _lton+2s
<\Iltzn<t t)) (’Z’ )ZHO Z H (tp(jﬂ) — tp(j)) 4Ho (t — tp(n)) 4Hg
acD, j=1
(4.2.63)

_1
We now integrate (. (t,t))% over [0,¢]". Using relation (4.2.63) and the
change of variables t}; = t,(;) for all j =1,...,n, we get:

[ (k) ar
[0,¢]™

1
o S R0
0<ty(1)<---<tp(m)<t

pPESn
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-1
1+a, 1+an+258

SCRED DY BN | (R R AR
<) <..<th<

a€eD, pESy Jj=1

14 on
— |e[Finl 3 / H (tin — ;) 0 (t—t,) " o odt. (4.2.64)
0<t1<...<tp<t

aeDy, 7j=1

Notice that the sum appearing in the previous estimate is the same as (4.2.22) in
which we replace € by /2 in the exponent of (¢ — t,). Using the same argument as
the one leading to relation (4.2.26) (and replacing ¢ by 0/2), we obtain that for any
co € (O, — é%ol) and for any 0 such that

) _ 2Ho(1 —co) +a—1

0<
2 )

we have . 05
p(l _ L

< I'(cp).
4H, ) <)
Hence, relation (4.2.30) in which we replace € by /2 becomes:

n—1

14 on
/ I (ter - )" (t - tn)ilnH;% dt
0<t1 <eoo <t <t 57
O V() (tv1) B
S (CHO,(1> (CO)( )2H0+af1 . (4265)

(cfipa) [ =113

(5)

where ¢y, and c( )

, are some positive constants depending on Hy, and a.

Exactly as in the case of relation (4.2.33), we obtain:

1/2
> - )"/2( Gl (t, )) < CW w2l (4.2.66)

n>1

where ngiz’b’ m,7 > 018 a constant depending on p, a, b, Ho, and T'. Therefore, taking
power p and then taking supremum over H € [a, b] on both sides of relation (4.2.66),
we have relation (4.2.2), using (4.2.54).

Step 2: Wave equation

Step 2.a We examine the time increments for the solution of the wave equation.
Assume that h = t' —t > 0, and the case h < 0 is similar. Note that relation (4.2.7)
still holds, where AX (¢, h) and BX(t, h) are given by (4.2.10), respectively (4.2.34).
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We study AX(t,h) first. Using Cauchy-Schwarz inequality and the fact that
ab < (a® +b?)/2, we have

Ul at.9) < (08, (60) " (60(59) " < 2 (600 0) + 0l (s.9)).

By Lemma 2.2.3, it follows that

7=1

ATt 1) < !A]am 1t — P2t (6, t)dtds
[0,¢]™ J[0,¢]™

<Tg, wfhm(t, t)dt, (4.2.67)

[0,¢]"

where T'g; = 2f0t o, |t — s|*Ho72ds = 2Ht*Ho~t. We denote uj = t,(j+1) — t(j), for
j=1,...,n—1and u, =t —t,s). Note that wfhvn(t, t) can be estimated by (4.2.15),
in which G" is replaced by Gv.

To study the second integral in (4.2.15), we need to consider «, separately. Recall
that «,, € {0,1—2H} and h € [0, 1]. To investigate the behaviour of various integral
including the Fourier transform of G}’, we use arguments similar to those given in the
proof of Proposition 7.4 of [17] (see also Lemma 2.3.4).

Case 1: If o, = 0, using Plancherel theorem, we have:
2
—9 Liaicu am — Listeu ) dez = 21 [ 1 dx = 4rh.
7T/R( {lal<un+h} — Llol<un}) dz W/R {1} 37 = 47
Case 2: If a,, = 1 — 2H, we split R into {|n,| < 1} and {|n,| > 1}. Then

/’FGu +h nn FGw nn ‘ |7]n|1 2Hd77n —Il+]2

where
. . 2
I, = / } Sin ((un + h)‘”ﬂ') - Sm(un\ﬂn!)! In |1_2Hd77
[nn]<1 ’nn‘2
. . 2
I — / ‘ sin ((wn, + h)|na]) — sm(un|7]n])‘ a2
|77n‘>1 |77n|2
We study I first. Using the trigonometric identity
a—>b a+b

sin(a) — sin(b) = 2sin (

) cos ()
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and the fact that sin(z) < z for all x > 0, we see that

. : 2 .o (hin 5 ((2u+h)|ny|
| sin ((wn + )|nn]) — sin(u,|n,|)|” = 4sin (T> cos <T>

2 h
<4< Innl) COSQ<( ut )Iml) < B2l
2 2
Therefore

1
I < h? W2 dn, = ———h2. 4.2.68
<l = (4.2.68)

—ix

Next, we consider I, Writing sin(z) = < ——¢— we have

‘sin ((un + R)|1a]) — sin(un 7)) )2 el (gitinel — 1) — gmiunlml (einlal — 1>‘2
174 N 4. |2
|@iun|nn\‘2‘eih\nnl _ 1{2 + ‘e*iunlnnl‘2|@*ihlnnl _ 1}2

2|1

where we used relation (4.2.60) in the last inequality. Hence

< WP |na |2,

1
I, < h%/ ‘ |77n|26_2H_1d77n = H——5 h%, (4269)
Nn|>1

which is valid if we assume that 0 < § < H. To ensure that this condition holds
uniformly for all H € [a, b], we need to choose:

0<d<a.

Combining relations (4.2.68) and (4.2.69), we obtain for any H € [a, b]:

1 1
w 1-2H 2 20
/|]:Gu +h nn - FG; 77n ’ ’nn| dn, < 1_ Hh + H—(Sh

Smax{l—lﬂ Hl 5}h26 max{ﬁb 15}h26'

Therefore, for any «,, € {0,1 —2H} and 0 < 0 < a, it follows that

< max{/ |‘FGu () = FGy ( | dnnv/ |~7:Gu () = FGY (0 | ’nn|1 2Hd77n}

1 1
< max {47Th,max {1—_[) — 5}h25} < Caps h®, (4.2.70)
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where ¢, is a constant depending on a, b and ¢.

We return to relation (4.2.15) (with G" replaced by G*). Using Lemma 4.1.2
and relation (4.2.70), we obtain:

n—1
Ut t) < H¥capschy S T (2 Cayuy ™), (4.2.71)
aeD, j=1
where we recall that

( .
T 1faj:(),

21_"1'(7@]. _ 22HF(172H)sin2S;r(1f2H)/2)

if o =1 —2H,

g1 T2~ 4H) sin (r(1-2m))
\

i if a; = 2(1 — 2H).

For the application of Lemma 4.1.2, we need —1 < o;j < 1for j =1,...,n —1. This
is clearly satisfied since 0 < a; < 2(1 —2H) < 1for j = 1,...,n — 1, due to the
condition H > 1/4.

Note that

n—1
cy [[27Ca, < enCiig (4.2.72)

=1

where Cy 3 is given by

I(1—-2H) 2I'(2—4H) }

CH,gchmax{ﬂ, 7 A 1

We now show how to find an upper bound for Cy 3, uniformly in H € [a,b]. For any
H € [a,b] C (1/4,1/2), we have

I'(1—2H) - I'(1—2b) nd 2I'(2 — 4H) - 2F(2—4b)'
H a 4H — 1 4a — 1
Hence ; ;
Cus < lmax{w, r-2 ),2r(2 -4 )} = Caps. (4.2.73)
’ T a 4a — 1 ”

We come back to relation (4.2.71). Using relations (4.2.72), (4.2.73) and the fact that
cg < % < 1, we have:

n—1
?/Jﬂ,n(t, t) < h* cops CHCIZ:“’} Z H Ujl'_aj

aeD, j=1
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<P copaciyh > H ss1) — o)) (4.2.74)

acDy, j=1

Note that (4.2.74) is the analogue of (4.2.20) (that we obtained for the heat equation).

We now integrate ¢/},  (t,t) over [0,¢]". Using (4.2.74) and the change of vari-
ables t); = t,;) for all j =1,...,n, we get:

Yt t)dt =) / i (6, t) dt
0<t,(1)< <tp(n)<t

pESH

<h Cab5cab3 Z Z/

!
€Dy, peSy, YOSt <<t <t

= h¥ cops iy il Z/ tn, (4.2.75)

aeD, 0<tn<t

[0,¢]"

(t;.+1 — )TVt dt,_dt,

where in the first equation, we decomposed the set [0,¢]" into n! disjoint regions of
the form t,q) < -+ <ty with p € S, and we used notation:

n—1
17 .
J(t,) :/ | | (tjir —t;) " dty ... dty_s.
O<t1< <tn ]_<tn

J=1

We give the explicit form of J*¥(t,). For this, we apply Lemma A.3.1 with
Bj=1—ajforall j=1,...,n—1. Note that

Zﬁj—i (1-—aj)=(n—-1) Za]— (n—1) (Za]—an>
1
:Zn—l)—(n(1—2H)—an):2Hn—1+ozn
and
Zﬁj +(n—1)=2Hn—14a,+(n—1)=n2H +1) + (a,, — 2).
To apply Lemma A.3.1, wee need 8; > —1 for all j = 1,...,n — 1, which means

aj <2forall j=1,...,n—1. This is clearly satisfied since H < 1/2. Therefore,

n—1

Jw(tn):/ [[t -t dt .. dt,
0<t1<.“<t'n 1<tn

J=1
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n—1 o n— B . o
B H;’;llr(ﬁj + 1) t%jzl Bj+(n—1) B T 1F(2 _ aj) tn(2H+1)+( n—2)

= . (4.2.76)
PS5 B+ (n=1)+1) P (nH+1) + (@, 1))
Hence
—1 _
"lr(2 — o rCHA1)+(an—1)
/ J(t,) dt, = [ 2 ) (4.2.77)
0<tn<t F(n(QH +1) + ozn>

Recall that a; € {1-2H,2(1-2H)}, aj € {0,1-2H,2(1—-2H)} for j =2,...,n—1
and a,, € {0,1 —2H} (see Lemma 4.1.3 with a; = (1 — 2H)a;). Therefore, 0 < a; <
2(1 —2H) for all j =1,...,n — 1 which implies that for any H € [a, b|

1<4a<4H <2 —o; <2.

Because the Gamma function I' is decreasing on (0,z() and increasing on (z, 00)

with z¢ ~ 1.4, we know that
n—1

[[re-o) <1 (4.2.78)

Jj=1

Moreover, we have
n(2a+1)—1 <n(2H+1)—1 < n(2H+1)+ (o, —1) < n(2H+1)—2H < n(2b+1)—2a.

It follows that
1 it <1,
o tn(2b+1)—2a if t > 1.

Therefore, we get:
n(2H+1)+(on—1) < (t vV 1)n(2b+1)72a‘ (4.2.79)

Finally, we pick mg > 1 such that my(2a + 1) — 1 > . For any n > mg, we have
n(2H+1)+ (o, — 1) >n(2a+ 1) — 1 > xy,
which implies that for any H € [a, b],

r<n(2H +1) + (o — 1)) > F<n(2a 1) - 1).

By Lemma A.1.3, we know that there exists a positive constant cg) depending on a
such that

r<n(2H +1)+ an> > r<n(2a + 1)) > (D) [l] (4.2.80)
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We come back to (4.2.77). Using relations (4.2.78), (4.2.79) and (4.2.80), we obtain:

N 1)n(2b+1)—2

JO()dt, < ( — (4.2.81
/0<tn<t (C((;))”[n!f i )

We return to equality (4.2.75). By relation (4.2.81) and the fact that card(D,,) =
2"~ then

(t v 1)n(2b+1)—2a
H 26 n—1 n—1
0" wt,h,n(t7 t) dt < h Ca,b,6 Ca,b,3 nl2 (61(17))n [n'} 2a+1 (4282>
Therefore, by relations (4.2.67) and (4.2.82), we conclude that
-1 (At ) <= Ol (4.2.83)

n>1

where C wps > 01s a constant depending on p, a, b, , and T'.

We now study B (t,h). Recall that BZ (¢, h) is given by (4.2.34). Using Cauchy-
Schwarz inequality and the fact that ab < (a* + b?)/2 again, we have

(b9 < (a6.0) " (18005.9) < 2 (G al6.0) 4780 (5.9)).

By Lemma 2.2.3, it follows that

"1, h) / / ol T 1t — 5525025 (8,61, ()t
[O t+h]" [O t+h]

j=1

S ST (1280
[0,t+h]"

Note that relation (4.2.37) still holds, in which G” is replaced by G%. Using Lemma
4.1.2, we obtain:

n—1
V(6 6) <l Y (H 2= 5@1@’“]’) (21‘%5% (t + h)l—“">. (4.2.85)

acD, j=1

For the application of Lemma 4.1.2, we need —1 < a; < 1 for j =1,...,n. This is
clearly satisfied since 0 < a; < 2(1 —2H) < 1 for all j = 1,...,n, due to the fact
that H > 1.

Note that .
2 Co, <Oy <y

j=1
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where Cy 3 and ¢, 3 is given by (4.2.72), respectively (4.2.73). Then, we obtain the
following inequality, which is the analogue of relation (4.2.40) (that we obtained for
the heat equation):

n—1
7 1-ay —an
Fy{,{h,n(m t) S Ca,b,3 Z H uj ' (un + h)l . (4286)

acD, j=1

We now integrate 7/}, (t,t)1p,, (t) over [0,¢ + h]". Using relation (4.2.86) and
the change of variables t; = ,.;) for all j =1,...,n, we get:

/ (6, 6)1p,, (6)dt
[0,t4+h]"

t+h
H
=> ( / Ve (6, 8) dlpqy - -dfp(n—n)dtp(n)
0<ty(1) <o <tp(n—1)<tp(n)

peSy Ut
t+h
< CZ,b,B Z </
peSy V1 0<tp(1) <o <p(n—1) <tp(n)
n—1
1—a; 1—an
> TG = o) = (4 B = tyw) dtp(l)wdfp(n—l))dtp(n)
acDy, j=1
t+h
<cyanl Y JU(t,) - (t+ h — t,) o dt, (4.2.87)
ae€Dy t

where J"(t,) is given by (4.2.76). We would like to find an upper bound for J*(¢,)
uniformly in H € [a, b]. Recalling that a,, € {0,1 — 2H }, we have

n2H+ 1)+ (o, —2)<(n—1)2H+1) < (n—1)(2b+ 1).

It follows that

1 ift, <1
t;z(2H+1)+(an—2) < <(TV 1)(n—1)(2b+1). (4.2.88)

(n=1)(2b+1) if1 > 1

Moreover, we have

n(2H +1)+ (o, — 1) >n(2H+1)—1>n(2a+ 1) — 1.
We pick mg > 1 such that mg(2a + 1) — 1 > x¢. For any n > mg, we have

n(2H + 1)+ (a, — 1) > (n — 1)(2a + 1) + 2a > xy,
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which implies that for any H € [a, b],

F(”@H +1) + (an - 1)) > F((n —1)(2a+1)+ 2a) > (c®y 1 (n — 1)!}2a+1’
(4.2.89)

where we applied Lemma A.1.4 for the last inequality and cEf) is a constant depending
on a. Using relations (4.2.78), (4.2.88), (4.2.89), we know that

(T v 1>(n71)(2b+1)

Jv tn) < 8 2a+17
(&) (cn=1(n = 1)1]

(4.2.90)

which is the analogue of relation (4.2.50) that we obtained for the heat equation.

We return to (4.2.87). By (4.2.90) and the change of variable s =t + h — t,,, we
have

R IR
[0,t-+h]
(T Vi 1)(n71)(2b+1) t+h
8 2a-+1
(=1 [(n — D)™ S e

Tv1 (n—1)(2b+1) h
< Cups 2" (n —1)! (8<) ) 2at1 Z / s'mnds
(Ca )n_l [(n - 1)!] aeD, V0
2n(T vV 1)(n—1)(2b+1) 1
Py DI 5, 2o

< Cppan! (t+h—t,) *dt,

n

- Ca,b,S

h2mom, (4.2.91)
where we used the fact that n! < 2"71(n — 1)! in the second inequality. Note that,
since a,, € {0,1 —2H} and H € [a, b], we have

20+ 1<2H+1<2—q, <2,

which implies

1 1 1

- < <9
2= 92_qa, ~2a+1
and for any h € (0,1) and § € (0, a),

<

h2—o¢n < h?a—i—l < h25+1 < h26.
Therefore, using the fact that Card(D,,) = 2"~ and relation (4.2.91), we obtain:
2n<T Vi 1)(n—1)(2b+1)

- 2h25
(cyn=1[(n —1)!] 2

aeDn

[ o, 0 <,
[0,t+h]"
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(T V; 1)(n71)(2b+1)

< 26 gn n
< BPaner, AT (4.2.92)
Hence, by relations (4.2.84) and (4.2.92), we conclude that
1 1/2
S (p— 1) <HBf(t, h)) <@ w, (4.2.93)

n>1

where C'%) vapr > 01s a constant depending on p, a, b and T'.

Relation (4.2.4) follows by combining relations relation (4.2.7), (4.2.83) and
(4.2.93).

Step 2.b We now examine the space increments for the solution of the wave
equation. Note that relation (4.2.54) still holds where C (¢, 2) is given by (4.2.55).
Using Cauchy-Schwarz inequality and the fact that ab < (a® + b?)/2, we have

1/2 1/2 1
H H H - H
By Lemma 2.2.3, it follows that

Cf(t,Z) S/[ | /[ ] aH H|t _Sj|2HO qutzn(tut)dtds
0,¢]™ J[0,t]™

7j=1

SF&/{O] ol (6, t)dt. (4.2.94)
t’n

Note that (4.2.59) still holds, with G" replaced by G*. Hence, for any § € [0, 1],

I ) [ o0l
< |2l ZH/ (R OE sy ) ([ LDy ey, )

aGDjl

SERDY H (21 % Clp “J) - (21—%—256*%% u};%—%), (4.2.95)

acD, j=1

where in the last equation, we used Lemma 4.1.2. Note that (4.2.95) is the analogue
of relation (4.2.61) that we have obtained for the heat equation. For the application
of Lemma 4.1.2, we need «o; € (—1,1) for j =1,...,n — 1 and «a,, + 2§ € (—1,1).
The first condition is satisfied since 0 < a; <2(1 —2H) < 1lforall j=1,...,n—1
due to our condition H > 1/4. However, the condition «,, + 2§ < 1 introduces the
restriction 0 < § < H in the case when «,, = 1 — 2H. To ensure that this holds for
any H € [a,b], we need to take
0<d<a.
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Similarly to relation (4.2.72), we see that

n—1
n 21—o¢]’51 < Cm 1~ 1 < 1
CH a; = CH = C b3 Cab,3°
j=1

Since v, € {0,1 —2H} and ¢ € (0, H),
1=20 <27 2 <2l =2
and a,, + 26 € (0,1), we have

~ 1

(e, + 20
Ca"+25:1—an—25 ( ))'

I (an +26) sin (
(a + ) Sin 5

To bound F(ozn + 25), we need to study the range of possible values «,, + 26. If
a, =1—2H, then v, +26 > 1 —2H > 1 —2b and I'(«v, + 26) < I'(1 — 2b). The
problem is when «,, = 0. If we simply choose § € (0, H), then «,, + 2§ = 2J can be

in principle, be very close to 0. This is a problem since hm+ ['(x) = oo, and hence,
z—0

we are not able to bound the term F(an + 2(5). To avoid this problem, we choose an
arbitrary value ¢; > 0 such that
1 < 20.

With this choice of ¢; and §, we have

I'(a, +20) <max {['(c;), (1 —2b)} =k

and

1 1 1
< <
l—a,—20 — 2H —c¢; ~ 2a—¢

Therefore,

~ k
Cont2s < .
2a — C1

Hence, relation (4.2.95) becomes:

H
\Ijtzn

(t,) < [

Z H p+1) = o)) (= T T

Ca b3 2a
aEDn] 1

(4.2.96)
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We now integrate UL (6, t) over [O, t]". Using relation (4.2.96) and the change

of variables t}; = t,.;) for all j =1,...,n, we get:
[ o= | B (8 )t
[0,¢]™ pESH 0<tp(1) <o -<tp(n)<t
k
20 v 1
<z Cab3 2% —
n—1 5
1—a; l—ap—2
/ N § (R e O
aeD" pES,, YOSty <<t <t 5y
n—1
k - —Qn—
|Z|26 ab3 n! Z / H(tj‘f'l_tj)l J(t—tn)l 2§dt
2a — aeD, Y 0<ti<..<tn<t
k o
ity [ e
2a—c1 = Joct,<t

where J"(t,) is given in (4.2.76).
Using relation (4.2.90) and the fact that Card(D,) = 2""!, we have:
/ ol (6, t)dt
[0,]™

k | (T v 1>(n71)(2b+1)
P n:

3 / (t—t,) " dt,
0<tn<t

aceD,
(n—1)(2b+1)
< |2 b 2"(n — 1)! (EE)T\/ Y SatT . 2
"o (e {(n =)™ g, 27 o = 20
k (T vV 1 (n—1)(2b+1) 1
< |4 ¢ vy Ly

‘“’3 2a — ¢y (ng)>n—1 [(n _ 1)!]2“ 2a — 1

where in the last inequality, we used the fact that for any H € [a,b] and § < ¢,

1 1 1 1
< < <
2—a,—20 1—qa,—20 " 2H —c¢; ~ 20—

and
1 ift<l1
t2—o¢n—26 S S (T \/ 1)2
t? ift>1

Exactly as in the case of relation (4.2.83), we obtain:

. 1 1/2 6
S (=" (CH2) < O |4l

n>1
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where C’Igib’k’%T > 0 is a constant depending on p, a, b, k, ¢, and T'. Relation (4.2.5)

follows.

4.3 Continuity in law of the solution with respect
to the noise parameter H

In this section, we consider equations (4.0.1) and (4.0.2) driven by the noise W#
introduced in Section 4.1, which is fractional in time with index Hy € (1/2,1) and
fractional in space with index H € (0,1/2). We prove that the solution of either one of
these equations is continuous in law in the space of continuous functions C'([0, 7] x R),
with respect to the spatial Hurst index H.

As in the proof of Theorem 2.0.1, we apply Lemma 2.4.3 to prove the convergence
of the finite dimensional distribution of u/» to uf", when n — oo. For this, we
need the whole family of processes {WH; H € (0,1/2)} to be defined on the same
probability space. To do this, we give the simultaneous construction of all noise
processes {W#; H € (0,1/2)} on the same probability space, Xv\hich has a spectral

representation in terms of the complex-valued Gaussian measure W given by definition
2.4.1.

Before we begin, note that for any function ¢ € S(R),

O‘Ho//¢(t)¢(8)\t—8\m°thds:cHo/ | Fo(r)[*|r|'2dr,
RJR R

where apy, = Ho(2Hy — 1) and ¢y, = F(QHOHQ):in(”HO). This relationship can be
extended to higher dimensions, as follows:

0[7;10 / ¢(t17 B atn)¢(817 ceey Sn) | | |t] - 3j|2H0_2dtdS
J=1

= cp, /R }]—"qb(ﬁ, . ,Tn)}2 H |7'j|1_2H°d7'1 co.dr,. (4.3.1)
n =1

Similarly to (2.4.1) with go(7) replaced by cg,|7|'72#0 and |£|7* replaced by
cg €2 for any H € (0,1/2) and for any function ¢ € S(R?), we set

W () :/R/Rw(ﬂﬁ)wf](dﬂd@
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= e/ / / o(r Ol |F Mol HTT (dr, de)
= W (Vemveme(r 71,

Formally, we can say

WH (dr, d€) = /em/en|r|2 e~ HTW (dr, de).
Similarly to (2.4.2), we define

WH(p) = WH(Fyp). (4.3.2)
Then we have
E|WH()WT(5)| = B[WH (Fo)W (Fy) |
—cmen | [ FerOFImOI g ards. (433

That means that we can construct isonormal Gaussian processes WH = {W# (p); p €
D(R, x R)} which have exactly the covariance structure (4.1.1) and are defined on
the same probability space (2, F,P). Throughout this section, without any loss of
generality, we assume the noise perturbing equations (2.0.1) and (2.0.2) is determined
by the Gaussian process W*H.

Note that relation (4.3.2) can be written as

/ o(t,)WH(dt,dz) = | Fo(r, OWH (dr, d¢)
Ry xR

R2

_ /R F[Feplt (O] ()T (dr, de). (4.3.4)

Recall that the second moment of the multiple integral with respect to W is given by
relation (2.4.4) when d = 1.

In Section 4.1, we proved the solution ! has the Wiener chaos expansion (4.1.3).
By definition, v (¢, z) is the L*(Q)-limit of the sequence {ufl (¢, z)},,>1 defined by

ult(t,2) = I (ful- 1, 7). (4.3.5)
n=0
This means that )
Elul(t,2) — u"(t,2)]” = 0, asm — o0 (4.3.6)

for any H € (0,1/2) fixed.
The proof of Theorem 4.0.1 is based on the following result.
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Lemma 4.3.1. Under the hypothesis of Theorem 4.0.1, for all k > 1 fized, we have

|15 (fu(ert 7)) — I (ful-,t,2))| =0, asn — oo, (4.3.7)

Proof: We denote t = (t1,...,t), s = (t1,....t,), n = (n,...,n;), T =
(11,...,7;) and & = (&,...,&;). Similarly to (2.4.9), we have

I (s b)) = (b)) = | Hilmo € mo @)W (A, déa) - W (dr, ),

where

He(m, &0y T &) = Fo[Fufiltn, ooty 2) (Eru e &) (s, )
<cHo>k/2ﬁrrjﬁ—Ho(ci{ff[lmjr%—Hn—ciﬁﬂlw—H)

Similarly to relation (2.4.12), we have
2
Qn =B (fi(-t I)) — I (fu(- t, @)

<k:'/ / HaH0|t — 52724 (¢,s) dtds,
T (t) J T (t

AM(8) = [ Fafults, o ooti ot 2) (L &) Fafu(51s s 8k 1) (E1, - - &p)
Rk
k
Hy 5—H
CZ/fH‘fa CIE/QHKH
j=1

Using Cauchy-Schwartz inequality, we obtain

(4.3.8)

Qn < k! / / H%u — ;P02 (A (1, £)) 2 (A (s, ) dbds. (4.3.9)
Ty (t) J Tx(t

Recall that we require H > 3/4 — H, for heat equation, and H > 1/4 for wave
equation. For this reason, we consider separately the heat and wave equation. Since
the condition H > 1/4 does not depend on Hy, the argument for the wave equation
can be reduced to the case of the white noise in time, treated in [23]. For heat
equation, we need to derive a new argument.

Step 1: We consider the wave equation.
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In this case, using relation (4.3.9), inequality ab < 1(a? + %) and Lemma 2.2.3
with vo(t) = ag,|t|*02, we have

Qn < k!F’g,t/ A (6, t)dt

Ty (1)

:klrg,t/ ’«Fxfk(tla'7"'7tk7'7tax)<£17"'7€k)}2
Ty (t) JRE

k/2H|£J‘ n_ k/2H‘£j}

Jj=1 Jj=1

2
deds

where T, = 2, fg [t — s|*0=2ds = 2Ht?Ho~1, Recall that if 0 < t; < ... <t <t,
then

k
«Fxfk(tla Ty 7tka '7t7 x)(fla s 76’6) = e—i(&—i—...—l—&)x H‘Fth+1—tj (51 +..F 5])

j=1

Using the change of variables n;, = & + ...+ & for all j = 1,...,k with ny = 0, we
obtain:

<k;|r’gt/Tk /RkH‘]-“ PG+ E)
k

c’;{/fH\fj R N ST
j=1

:kuﬁﬁ/ A;IIMFGUHtJm

- 2
C%IDW_WJPET mIﬂm nia|? Mm&.ugm)
=1

2

2
dedt

We want to show that the integral in relation (4.3.10) converges to 0 when n — oo.
This was shown in the proof of Theorem 4.1 of [23]. We include this argument for
the sake of completeness.

We apply the Dominated Convergence Theorem. Note that the integrand of
(4.3.10) converges pointwisely to 0 on T (t) x R, as n — oo since cg is a continuous
function of H (see relation (1.0.8)). We now proceed to bound this integrand by an
integrable function. First, we note that this integrand can be bounded by

(cHn]_[!m njoa|' 2H"+cHH|m 1| 2H>H(me O K REY
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The two resulting integrals in the above are of the same type, and the only difference
is that the first one depends on n, whereas the second one does not. We therefore
only consider the term of the integrand function that depends on n. We need to show
that

i 2 & 1-2H
Fu(t,m) :=ciy, [] ’fG;l;+1ftj(nj) Il =nial (4.3.12)
j=1 j=1

is bounded by a function F(t,n) which is integrable on Tj(t) x RE.

Fix number a and b such that 1/4 < a < H < b < 1/2. Since H,, — H, there
exists N € N such that
a< H,<b, foralln> N.

Since all H,, are included in a compact set [a,b] and the constant cy is defined by
(1.0.8), we see that cg, is bounded by a constant ¢ > 0. Hence, using relations (4.1.9)
and (4.1.10), we have

k o K _
Fuem) < T |FGe, )| TT I —nal "
j=1 j=1

k 9 k
<> 11 ‘fG?jﬂftj (n)| LT 1m0 (4.3.13)
acAy j=1 j=1
where Ay, is a set of indices a = (ay, ..., ay) such that card(A;) = 2F71,

a € {172}7 an € {071}7 ag,...,0k-1 € {07172}
and

k
la| = Zaj = k.
=1

We define functions fy, f1, fo : Ry — R as follows: fy(r) =1,

ri=2eifr>1 p1720 e > ]
= - ’ d fry - ’
Jilr) {1 if <1, o J2(r) {1 if r < 1.
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We have the following estimates:

(1= fo(lny]) if a; =0,

| ' if || > 1,

|7],|(1_2Hn)aj — |77j|172H" < filln;]) = _ if a; =1,
J if |77j| <1,
;20720 i || > 1,
Iy | 125002 < o) = ¢ ’ if a; = 2.
\ 1 if ;| < 1,
(4.3.14)

So, from relation (4.3.13) and the above estimates (4.3.14), we infer that

tn <CkZH‘f g+1t

aEAk J]= 1

(i) =: F(t,m). (4.3.15)

It remains to prove F(t,n) is integrable over Ty (t) x R¥. We first show that
F(t,-) is integrable on R¥. Notice that

/ tndn—ckZHIaJ
RK

acAy j=1
where

= [ 768, )] Lo (s

For fixed a € Aj, we evaluate separately the dn; integral above and we drop subindex
J from n; to simplify writing. Note that

o [f a; = 0, using Lemma 4.1.2 with o = 0, we have

I(a;) = 1(0) /\fGJH L) [Pdn = m(tin —t).

o If a; = 1, using Lemma 4.1.2 with @ = 1 — 2a € (0,1/2) and estimate of f;(|n;|) in
(4.3.14), we have

I =10 = [ 1FGE,, - iy

:/|<1 ‘}—Gwﬂ t; )|2d77+/ |~7:Gw+1 t; )‘2|77|172ad77
n

[n|>1
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2 2 11-2a
/‘}_Gﬁlt )’dn‘f'/‘}_Gﬁlt )’ |77|12d77
T(tion — t;) + 22°C1aa(tjn — )

o If a; = 2, using again Lemma 4.1.2 with o = 2(1 — 2a) € (0,1) and estimate of
f2(In;|) in (4.3.14), we have

Iy =12 = [ 1763, o )

:/|<1 }fGJJrl tj )‘2d7]+/ “FG]H L | ’77‘21 2a 77
n

n[>
/|]:GJ+1t ‘d77+/|]:GJ+1t “77’21% n
= m(tjp1 — ;) + 227 Copaay (tin — 1)L
Therefore, there exist a constant ¢, > 0 depending on a such that
I(a) < caf (b1 = 1) + (b1 — )% + (G — 1)},

for all j =1,...,k and for any a € A;. We use the fact that

2¥ < "% for any 0 < x <t and a < b. (4.3.16)
We have

tier =ty <t 72t — )% and (o — 1) < Tt — )M

Hence

(a1 = 15) + (Eip1 = 1)%" + (G — 1) "7 < (U720 441720 1 1) (140 — 1)

= Craltip — )"
Therefore, for any a € Ay,
[(Clj) < Cact,a(thrl — tj)4a71, for any j = 1, R ,k.

Since card(4y) = 2¥~1, we obtain:

(tjor —t;)% (4.3.17)

z?r

/F(t n)dn < 2" 'k,
Rk

Jj=1

This proves the integrability of F(t,-) on R*. Moreover, by relation (4.3.17), we get

/ / F(t,mn)dndt < / ok =tekeh ta
Ty (t) JR* 5 T (t)

Ew

4a 1
j+1 dt

J=1
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k
I(4a)) "t
CCta/Tk || J+1 acta F(4k’a—i—1) 00,

where we used Lemma A.3.1 for the last equality. Note that to apply Lemma A.3.1,
we need 4a—1 > —1,1i.e. a > 0. This is clearly satisfied. This finishes the justification
of the application of the Dominated Convergence Theorem in the case of the wave
equation.

Step 2: We consider the heat equation.

Recall that we want to prove that

Qu = E[I" (- t,2)) = I (il t.2))

We will use estimate (4.3.9) that we obtained above for @,,. Instead of using Cauchy-
Schwartz inequality (as in the case of wave equation), we will use Lemma 2.2.5. We
obtain:

2
— 0, asn — oo.

2H
Qnﬁkﬂﬁm(ék)(AﬁkmtD””“&j g (4.3.18)
L (t

where we recall that the integrand A,(:) (t,t) is given in relation (4.3.8) by an integral
over R¥. Using the change of variables n; = & + ...+ & for all j = 1,...,k with
1o = 0, we have

A (¢, 1)

k ) 2
/kamm L6+ g ’“”Hl@ ”—c’ZfH\fj\rH ag

2 1
jgk]i[‘ff e, (1) CHQ:II:WH N L kﬂzl]:hh M1 ‘

(4.3.19)

Hence, it suffices to show that
/ (A]gn)(t,t))l/zHodt — 0, asn — oo.
Ty (t)

For this, we will apply the Dominated Convergence Theorem. We will have to prove
that for any t € Tj(¢),
A (6,8) = 0, asn — oo (4.3.20)

and there exists a function hy(t) such that

(A](Cn)(t’t))lﬂHo < hg(t) foralln > 1,t € T(t) and / hi(t)dt < co. (4.3.21)

Tk (t)
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We first prove (4.3.20). Let t € Tj(t) be fixed. We denote B™(t,n) the integrand
n (4.3.19). B™(t,n) converges to 0 as n — oo, as we noticed before. So (4.3.20)
will follow by Dominated Convergence Theorem. To justify the application of this
theorem, we need to bound B™(t,n) by an integrable function, i.e. we have to show
that there exists a function B such that

B™(t,n) < B(t,n) for all p € R¥,n > 1 and / B(t,n)dn < co.

RE
Note that
where
(n) 2k : 1-2H,,
B (tm) ‘F b1t (1) CHnH\W—mfl\ (4.3.22)
1-2H
Balt.m) ‘F b=t (1) CHH i — i1 (4.3.23)

The two terms B§") (t,m) and Bs(t,n) are of the same form and the second one does
not depend on n. We will prove that there exists a function F such that for alln > 1,
t € Ti,(t) and p € R,

B (t,n) < F(t,n) and / F(t,n)dn < co.
RE

Recall that we impose the condition Hy+ H > 3/4. Hence H > { := max{3/4 —
Hy,0}. Fix number a and b such that { < a < H < b < 1/2. Since H,, — H, there
exists N € N such that

(<a<H,<b<1/2 foralln> N.

Since all H,, are included in a compact set [a,b] and the constant cy is defined by
(1.0.8), we see that ¢y, is bounded by a constant ¢ > 0. Invoking again relations
(4.1.9) and (4.1.10), we obtain

t’r] <CkZH‘.F ]+1tnj>

2 f[ |77 ' | (1—2Hn)ll]
J
j=1

acAy j=1
k
2
<c’“ZH\fGW m)| T1 for (nil) := F(t,m)
acA j=1 j=1
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where for the last inequality, we used estimates in (4.3.14). By the same argument
By(t,m) < F(t,n). Hence B™(t,n) < 2F(t,n) and so

A (g, 1) = /k B™(t,m)dn < 4/k F(t,n)dn. (4.3.24)
R R
It remains to prove that F(t,-) is integrable on R, i.e.

/ F(t,n)dn < cc.
RE

We also give an estimate for this integral, which will be needed for the proof of relation
(4.3.21) above. We have

/RkF(tyn)dnzc’“ > 11 1)

aGAk ]21

where

)= [ 7l )] fo ()i (1.3.25)

For fixed a € Aj, we evaluate separately the dn; integral above. Notice that by
Lemma 4.1.2,

o If a; = 0, we have

Ha) = 10) = [ |76l (n)[an = [ e mtiniay,
R R
= Tty — ;)77
o If a; = 1, using the definition of fi(|n;|) in (4.3.14), we have
2
) =10 = [ 176l () Pl

2 ) L
:/|<1 {]:Ggu—tj(nj)‘ dT]j—i-/ }]:G?jﬂftj(njﬂ ‘njll 2 dn;
n|<

[n]>1
2 2 9%
< /R\fGii-H_tm dn; + / FGE Ly ()|~
_1 (1—a
= V7t — 1) 72 + (1= a)(typn —t;) "7

e If a; = 2, using the definition of f5(|n;|) in (4.3.14), we have

o) = 12) = [ Gl () Fulln)n,
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2 ) N
:/| ‘JZGZH—tj(Uj)} dnj—i—/ ’FGZ’H—t]-(nj)’ |77j|2(1 2 )d77j
n|<1

In|>1
2 2 9%
< [17Gh ) ny + [ 1G>,
_1 3—4a N
= V7t — ;)72 + F( )(tj+1 —tj)

Therefore, there exist a constant ¢, > 0 depending on a such that

3—4a

I(a;) < Ca{(tj+1 1) E A (G — ) ()T }, (4.3.26)

forall j =1,...,k and for any a € A;. Using relation (4.3.16), we get

3—4a

1 1 1
(a1 —15)72 <12 (t0 — 1)~ and (b0 — 1) "0 <27 (0 — 1) 7

Hence, there exist a constant ¢;, > 0 depending on ¢ and a such that

(tir — )72+ (b — 1)+ (=) 2 < (P ) (G — )T
J j J J J J J
_ 3—4a
= Ct,a(tj—l-l — t]) 2 . (4327)
Therefore, for any a € Ay,
I(aj) < Cact,a(tj+1 — tj)i%, for any j = 1, ey k.
Since card(Ay) = 287, we obtain:
k
/Rk F(t,m)dn < 27 cFeicf, T (te1 — 7 (4.3.28)
7j=1

This proves the integrability of F(t,-) and so relation (4.3.20) follows by the Domi-
nated Convergence Theorem.

Now we prove (4.3.21). By relations (4.3.24) and (4.3.28) , for any n > 1 and
t € Ty (t), we have

(Al(gn) (t’t)>1/(2Ho) < (4 /Rk F(t,n)dn>1/(2H0)

k
< U+1)/(2Ho) (ckckcfa H -t >1/(2H0)
7j=1

Note that hg(t) is integrable over the symplex Tj(t)
which is equivalent to a > 3/4 — Hy. This finishes the justification of the application
of the Dominated Convergence Theorem in the case of the heat equation.
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Proof of Theorem 4.0.1: By Theorem 4.2.1, the process u!’ has a continuous
modification. We work with this modification, which we denote also by u’. We need
to prove the finite dimensional distribution convergence and the fact that the sequence
of probability measures induced by (u*"),>; is tight in the space of C([0,T] x R).
More precisely, we will apply Theorem A.4.3. A road map of this proof is the following:

Step 1.a the heat equation

Step 1: Finite dimensional distribution convergence )
Step 1.b the wave equation

Step 2: Tightness

Step 1: Finite dimensional distribution convergence

We have to prove that for any k > 1 and (t1,x1), ..., (tk, xx) € [0,T] X R,
(an(tlvxl)a B 7an(t/€7 mk)) i> (U’H*(tlyxl)a s aU’H* (tka xk’))a as n — 00.
For this, by Lemma 2.4.3, it will be enough to prove that for all (¢,z) € [0,7] x R
E|u(t,z) — u™(t, x)|2 — 0, as n — o0. (4.3.29)

To prove relation (4.3.29), we use the same argument as in the proof of Theorem
2.0.1, by replacing «,, and o* by H, and H*, respectively. More precisely, we need to
prove that

(a) Elufl(t,z) - uﬁ(t,x)’z — 0, as n — oo, for all m fixed,
(b) Elufl(t,z) - ufé(t,x)f — 0, as m — o0,
(c) sup,s E|ul"(t,z) — uH"(t,x)‘2 — 0, as m — o0.

Note that part (b) is automatically satisfied by relation (4.3.6), while part (a) follows
by Lemma 4.3.1.

For part (c), it is enough to show that for all compact set [a, b],

sup E|ull(t,z) — uH(t,x)|2 — 0, as m — oc. (4.3.30)
Hela,b]

Recall that )l (t, x) = Y200 I (fr(, t,2)) and w (t, 2) = 37,0 I (fu(-, t, x)). Hence

uH(twr) - ug(tax) = Z []f(fk(',t,l’))-

k>m+1
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We consider separately the heat and wave equation.
Step 1l.a: We study the heat equation

We consider the compact set [a,b] such that ¢ < a < b < 1/2, where ¢ =
max{3/4 — Hy,0}. By the orthogonality of the Wiener chaos space and relation
(4.1.17), we have

Buf () — (o) = 3 B L))

k>m+1
k(2Ho+H~1)
< > Ol (k) o (4.3.31)
” QHo+H—1 0
ol (r (k—2H0 n 1))

where Cp, g1 = Cribu, (2CH2)*". Recall that

Ciy,y = ey max {F(%),F(l ~ H),F(?’ —24H>}

and

1 1—H 3 —4H
Crro = r(—— 1),F<— 1),r(— 1) .
H2 maX{ 1, oM, i,

Note that C; and Cp 2 have been studied in Section 4.2 (see relations (4.2.19) and
(4.2.45)). Therefore, we have

Sl?P ] Cry1 < Capabmy(2¢a2)*™ = Cryap- (4.3.32)
Helab

Moreover, note that

2Hy+a—1 <2H0+H—1 g 2Hy+b—1
2H, 2H, 2H,

Recall that x¢ € (1,2) is the point such that the Gamma function I'(z) is decreasing

on (0,x) and increasing on (xg, 00). We pick my > 1 such that mg <Mg—;‘;_l) > Tp.

For any k > m > my, we have k’(w) > k<M> > 1z, which implies that

2H0 2I—IO
for any H € [a,b),

2Hy+a—1 2Hy+ H—1
(e 2ot aml ) (ML)
2H, + - 2H, +
and
1 2Hg 1 2Hg
< . 4.3.33
(F(k?'%‘f’l)) _<F(]{;.2Hg+‘;1+1)> ( )
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Next, for any H € [a,b] we have
0<2Hy+a—1<2Hy+H—1<2Hy+b—1,

it follows that

1 ift <1,
th(2Ho+H-1)

tk(2H0+bfl) if ¢ Z 1.

Therefore, we get
thk(2Ho+H-1) < (tV 1)’“(2H0+b*1)_ (4.3.34)

Finally, by Lemma A.1.3, there exists a constant cg()w > ( depending on Hy and a

such that
2H0 +a—1

2H,

2Hp+a—1

+1) > () )R T (4.3.35)

I(k

Returning to relation (4.3.31), we use relations (4.3.32), (4.3.33), (4.3.34) and
(4.3.35), we obtain

, (t vV 1)k(2H0+b*1)
sup Z E}-[]g{(fk(7t7$>>‘ S Z CIk{O’a’b’Q (k])a _>0

Helab] > k>mA1

as m — oo since k
(CHo,a,b,z (t \V/ 1)(2Ho+b—1))

> i) < 00,

due to Lemma A.1.6.
Step 1.b: We consider the wave equation

In this case H € (1/4,1/2), we have to show that for any compact set [a, b] such
that 1/4 < a < b < 1/2, relation (4.3.30) holds. By the orthogonality of the Wiener
chaos space and relation (4.1.21), we have

Bl ()l )] = 3 B

k>m+1
. N tk(2H0+2H)
< Y CFy a(k)o s (4.3.36)
Komtl (r(kHoTyf + 1))

where CH07H,3 = CH73bH0 (20H74)2H0. Recall that

I'(1-2H) 2I'(2—4H) }

CH73:CHH1&X{7T, I Al 1
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and

Crra = max{f‘(2—;[0 + 1),1“(% + 1>,r<4g[[;01 + 1)}

Note that Cy 3 has been studied in Section 4.2 (see relation (4.2.73)). We now
consider Cp 4. For any Hy € (1/2,1), we have zy < % < ﬁ + 1 < 2 and hence

F(QLHO + 1) <I(@2) =1

Moreover,vveseethat§<Hio+1<H£0+1<HLO+1<2. Then

F(HEO " 1) < max{F(Hio + 1),?(}% + 1)}

Next, we have 1 < 42‘1[;01 +1< 45}5)1 +1< ‘;b—I;OIqu < 2. Then

AH — 1 da—1 4h—1
r( 1>< r( 1),r< 1) .
o, —max{ oM, o,

Hence,
Cra < 1r<a+1)r(b+1)
m — —
H4 > ax ; HO ) HO s
4a —1 4b —1
r( 1>,F< 1) = Capa.
om, | oH, Cabt
Therefore
sup CHO,H,S S C3bH0 (204)2H0 =: CHO,a,b,S- (4337)

Hela,b|
Moreover, note that
H0+(l < H0+H < H0+b
Hy Hy H,
Using the same approach as in the heat case above, we pick mg > 1 such that
mg - Hote > 20 For any k > m > my, Wehavek-HO—JgH > [ . Hota ~ 20 which

Ho H Ho
implies that for any H € [a, b,

HQ‘i‘CL H0+H
F< - 1)<r( - 1),
ke ) <Dk =

and

1 2Hy 1 2Hy
< . 4.3.38
(r(k-HOTfJHH)) —(r(k;-Hg,—jaH)) ( )
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Next, for any H € [a,b] C (1/4,1/2), it follows that

1 ift <1,
(h(2Ho+2H)

tk(2H0+2b) if ¢ Z 1.

Therefore, we get
tk(2Ho+2H) < (t V, 1)k(2H0+2b). (4339)

Finally, by Lemma A.1.3, there exists a constant cg()ha > ( depending on Hy and a

such that
H() +a

0

Hp+a

+1) > () (k) o (4.3.40)

I(k

Returning to relation (4.3.36), we use relations (4.3.37), (4.3.38), (4.3.39) and
(4.3.40), we have

9 (t V, 1)k(2H0+2b)
sup Z E‘Il?(fk(atax»‘ S Z CZg,a,b,4 (k")l+2a _>O7

Helab] > E>m+1

as m — oo since N

< 00,

(CHo,a,bA (t V 1)(2H0+2b))
Z (k!)l-‘rQa

k>1
due to Lemma A.1.6.
Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 4.2.1.



Chapter 5

PAM with rough noise and general
initial condition

In this chapter, we consider the following Parabolic Anderson Model:

du 10%u -
- = - R
o (t,x) 5 52 (t,x) +u(t,x)W"(t,x), t>0,z¢€ (5:01)

uw(0,z) =ug, z€R

with rough initial condition given by a non-negative Borel measure p on R such that
/6_“|$|2u0(dm) < o0, forall a > 0. (5.0.2)
R

The results presented in this chapter are contained in Section 3 of the preprint [30].

The noise W is assumed to be a zero-mean Gaussian that is fractional in time
with parameter Hy € (1/2,1) and fractional in space with parameter H € (0,1/2).
Throughout this chapter, G denotes the fundamental solution of the heat equation.
Let w(t, z) be the solution of the deterministic heat equation

ou 1 0%u
E(t,l’) = 5@(@1’), t > O,.I < R

with the same initial condition as (5.0.1), i.e.

w(t,z) = / Gu — yuoldy). (5.0.3)

Note that (5.0.2) is the necessary and sufficient condition for w(t,z) to be well-
defined. Therefore (5.0.2) is the most general condition for the Parabolic Anderson
Model. This includes the case ug(dz) = ug(x)dz for a function uy on R. The case
up = 1 was considered in Chapter 4.

140
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The goal of this chapter is to study the continuity in law of the solution with
respect to the parameter H in the space of continuous functions on C([tg, 7] x R),
when the temporal parameter Hy is fixed. The proof uses the classical method of
convergence of finite dimensional distributions (f.d.d) and tightness. Section 5.3 es-
tablishes the convergence of finite-dimensional distributions, while tightness will be
established from the uniform moment estimates presented in Section 5.2.

The following theorem is the main result for this chapter. This result is an
extension of Theorem 4.0.1 (a) (the case of the heat equation with constant initial
condition) to general initial conditions.

Theorem 5.0.1. We fixr 0 < to < T and Hy € (1/2,1). Let uf! be the solution of
equation (5.0.1). Define { = max(3/4 — Hy,0). Let (H,)n>1 be an arbitrary sequence
in (0,1/2). If H, — H* € ({,1/2), then

w2y i C([to, T] x R).

Note that the convergence is only on compact sets of the form [ty, T] x K with
0 < ty < T'. This limitation is due to the uniform moment estimates that we obtain
in Theorem 5.2.1 below, which is needed for the proof of tightness. The techniques
that are used for the proof of Theorem 5.0.1 are specific to the heat equation (e.g. we
use the semigroup property of the heat kernel) and cannot be extended to the wave
equation. Continuity in law for the solution of the Hyperbolic Anderson model (HAM)
with noise W as above and general initial condition remains an open problem.

5.1 The existence of solution

In this section we give the definition of the solution to (5.0.1), driven by the rough
noise introduced in Section 4.1 and we show the existence of unique solution. This
was proved in [4] under the condition Hy + H > 3/4. We include this argument,
because for our problem we need the explicit form of the constants.

Definition 5.1.1. Let F; be the filtration generated by the noise W whose covariance
structure is given by (4.1.1). We say that a process uf! = {ul(t,z);t > 0,z € R}
is a (mild) solution of equation (5.0.1) if for any t > 0 and x € R, u(t,x) is
Fi-measurable, Eluf (t,z)|* < co and the following integral equation holds:

ut(t,x) = w(t,z) + /0 /Rd Gis(z — y)u(s,y)WH(8s, y), (5.1.1)

i.e. v4®) € Dom(8) and u(t,z) = w(t,x) + 6(v®®)) for all (t,r) € Ry x R, where

v (s,y) = Lpg(s)Gios(z —y)u(s,y), s>0,y €R. (5.1.2)
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The solution has the series expansion:

uH(th) = w(tw%) + Zlf(fn(>t7x)) = Zlf(fn('vt7$))v (513)

n>1 n>0
where the kernel f,(-,t,z) € H3" is given by

fn(tb MO PR 7tna T, t> .’L’)
- Gt_tn (f - xn) ce Gtz—tl(% - xl)w<t1, $1)1{0<t1<~-<tn<t}; (5-1-4)

and I is the multiple Wiener integral of order n with respect to W#. We let
IH(z) = z and fy(-,t,z) = w(t, z) by convention. Similarly to the case of the regular
noise, the kernel f,, given in (5.1.4) has another expression, compared to the case in
(4.1.4).

The goal of this section is to prove the following result.

Theorem 5.1.2 (Theorem 1.1 of [4]). For any Hy € (1/2,1) and H € (0,1/2) such
that
Hy+ H > 3/4,

for any non-negative and non-negative definite kernel vy satisfying (2.1.3) and for any
initial measure ug satisfying (5.0.2), equation (5.0.1) has a unique solution. Moreover,
for any p > 2 and for any (t,z) € Ry x R,

Eluf (t,2)[P < CTwP(t, z) exp (C’g i t2HOZH71> (5.1.5)
where C7 > 0 and Cy > 0 are some constants depending on Hy and H.
Proof: We follow a similar approach as outlined in the proof of Theorem 1.1 in

[4], which involves five steps:

Step 1: In this step, we obtain a preliminary bound for E|IZ (f,(-,¢,x))|?. Note that

~ 1
where

kn(t, ) = af, /[ . [T 1t — 55170207 (¢, 5)dtds,
0,2 5

and wlf;,? (t,s) is defined as the same as in (3.1.12) with u(d¢;) = cy|é;|'2HdE;, for
all j = 1,...,n. By applying relation (3.1.13) and Lemma 2.2.5 to the function
p(t) = t(z) (t,t), we obtain:

1 n 1 2H0
E|I3 (fal t,2))]? < b, ( > / (¥ (¢, t)) 0 dt> . (5.1.6)
n: PESn 0<ty(1)<--<tp(n)<t
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By Lemma 3.1.6 with d = 1, for any p € .S,, fixed, we obtain:

1
/ (6008, £)) 5 dt < w!/ (¢, ) / dt
o<t m< <t (n)<t

o<t (1)<"'<tp(n)<t
1

n - Lo(k+1) — tp(k) 1—2H 2Hy
x (¢ exp{ ’ ¢ }|gk| dgl...dgn) .
< H/”kl_ll k+1)tp(k Z p(iS
Using the change of variables t), =t ) for k =1,...,n and ;| = t,n+1), We notice

that the integral on the right-hand side above is not affected by the choice of p. Hence,
for any p, we get:

1
/ (017 (8,6) odt < w!/ (L, 2) / (. ) dt
O<tp(1) < <tp(n) <t

0<t1<...<tn<t
(5.1.7)

where

I, (tl,...,tn)—cH/nkl_[lexp{ T ‘Ztﬁz

bt

}|5 -ae, | de, (5.1.8)

and t,11 =1t.

Step 2: In this step, we provide an estimate for It(n). Using the change of variables

2z =& for i =1,..., k, followed by n;, = Zle z for k=1,...,n, we have:

n n k
n n 2H—-2 t -
It( )(tb,tn):CH(Htk) / Hexp{ kt-l'l ; )Zzz }’Zk‘l 2Hdz
k=1 U k1l
n " 2H—-2 n tk+1 n
:CH(Htk> /]Rnl_[exp{——ﬁk+ | \2}|77 b QHHInk—nk 12
k=1 k=1
<cf ﬁt e ﬁex — tk“—_k| 23 |1—2HH (Ime] =27 + | 1-2H) 4
> Ch k P b1 VDl Tk Mk—1 7.
k=1 R™ 5y k+1lk P
(5.1.9)

By relation (4.1.11),

n

n o (T 2H=2 b1 — t o
L[V (ty, .. ) < CH<Htk> > H{/BRGXI)(— W\ﬂk\z)lm kdnk},
k=1

aeDy k=1
(5.1.10)
where the set D, is described after relation (4.1.10). Using Lemma 4.1.2, we have:
n T \2H-2 1 R
[t( )(tla--wtn)SCTf[(Htk) ZHF< +Oék><k+1 k) p)
Pl oD, kol Uilk+1
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4H—3+4aq 4H—2+4ap_qtag n

1+an L 71+o¢
=< i Z £ ty (Htk ’ >H(tk+1 —t) (5.1.11)

aeDy, k=2 k=1

where for the second inequality we used the constant Cp; defined by (4.1.14).

Step 3: In this step, we continue with the estimation of E|[IZ(f,(-,t,z)))|* using
Step 2. Taking power 1/2H, on both sides of (5.1.11) and using (5.1.6) and (5.1.7),
we obtain:

E| 12 (fu(- t,2)))|"

2Hj
1+an —~ ~
< Byt ) Cha o ([ T - )
’ 0<t1 <ot <t 1

OLGDn
(5.1.12)
where
4H—3+o¢1’ k =1
&y = 4H4Z° (5.1.13)
—24+0p_1+ta
L N T
and
~ 1 —f—Ozk
= — k=1, ..., n. 5.1.14
5k 4H0 ) ) , 1 ( )

In order to apply Lemma A.3.2 to evaluate the integral in (5.1.12), we need to verify
that the hypotheses of this lemma are satisfies. This verification has been done in
pages 66-67 of the Master’s thesis [31]. We omit the details. By applying Lemma
A.3.2, we obtain:

n

; : T+ DI TBe+1)  mnis
/ [Tt (tan — ti)*dt = (@ * M, T+ 1) LB (51 15)
0<t1 <o <t <t 10y I(la]+18] +n+1)
with
ST @+ B) + k14 G
Yo = Yl o) =] _— . (5.1.16)
F( > @i+ 8i) +k+ 1)

k=1

It is possible to prove that
Yo < 1.

This proof require significant effort and is based on some combinatorial arguments.
We refer the reader to Step 4 of the proof of Theorem 1.1 in [4].
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Step 4: In this step, we give an estimate for the integral appearing in (5.1.15). Note

that

|a|+|§|+n+1:(&1+§1)+Z(§k+§k)+n+l

k=2
H—-1 4H -3+ o H-1 4H — 3  |a] — oy,
Ho +}; i, e T T,
2Hy+ H—-1 1+,
_ - 1 5.1.17
"TTOH, i, ( )
oHy+H—-1 1-H
> . 1. 5.1.18
=" o, 2H, (5.1.18)

For n large enough, by Lemma A.1.4, there exists a constant C’Sg g such that

2Hg+H-1

F(\&| +18l+n+ 1) > (Ch) )" (nh) ™ 210

Moreover,

F(&1+1)§maX{F<M),F<1 ! )}::C’

2H,  4H,

and

n N n 1+ak
T 1) = r(- 1) <o
1£I1 (Br +1) 1£I1 A +1) < Cho

(the inequality holds by (4.2.44)) where C 5 is given in (4.1.16). Hence,

n
1+an

t 4Ho / Htiyk (tk+1 — tk)Bkdt
0<t1<..<tn<t 14

2Hp+H—-1 2Hp+H—-1

< (O ) O O y(nl)” 0 ¢ e

(5.1.19)

(5.1.20)

(5.1.21)

(5.1.22)

Step 5: In this step, we will continue the previous calculations to arrive at conclusion
(5.1.5). We come back to (5.1.12). Since relation (5.1.22) does not depend on o € D,

and card(D,) = 27! by (5.1.22), we have

E| 12 (fo(- t,2))|”

2H)+H—1

< 0w (t, ) Oy () 2HoL (2”—1(csg,H>‘"o§?}{Ocz,2<n!>

w2 (t, x) (OHo,H,lt2H0+H_1)n
(nh)#

2H,

2Hg+H—1 > 2Ho

(5.1.23)
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where Cp, g1 is a constant depending on Hj, and H.

For any p > 2, using relation (5.1.23), Minkowski inequality and Lemma A.5.3
(hypercontractivity), we obtain

[u (L, )|,
2 2Ho+H—-1\"\ 1/2
n/2 H n/z w (t>$)(CHo,H,1t )
S Z ’] (ful- 1, @) HQ < Z < ()
n>0 n>0
<\/p CHO,H,l t2Ho+H — ] > 1 2H0+H 1
wit,z) Y o < Crw(t, z) exp (02 ot )

n>0
where we used Lemma A.1.6 in the last inequality. Taking power p, we obtain:

H+1 2H0+H—1)
)

Elu (t,z)[P = ||uH(t,x)||§ < (C1)PwP(t, x) exp <C’2 pH t A

where C and Cy are some constants depending on Hy and H. |

Remark 5.1.3. The bound in Theorem 5.1.2 depends on z. But this result is not
used for the continuity in law. We included it only for the sake of completeness. All
that is needed is that E|u” (¢, z)|P is finite. We showed a little bit more: we showed
a bound which includes an exponential function of x. If ug is a function (i.e. the
measure uy has a density function, denoted also ug) and this function is bounded,
then w(t, z) is bounded, and the result in Theorem 5.1.2 matches the known results
from the literature for PAM with constant initial condition.

Remark 5.1.4. Proving a result similar to Theorem 5.1.2 for the hyperbolic Ander-
son model is an open problem.

Remark 5.1.5. Note that the exponents of p and ¢ in (5.1.5) are the same as in the
case of the Parametric Anderson Model with the same type of noise W as above and
constant initial condition; see Theorem 4.1.4 (a). Note that (5.1.5) can be written as:

2H0+

lim ¢~
t—o0

logE’u (t,x } gptli_m = logw(t x)+ CngT.
—00

We conjecture that the previous inequality is actually an equality, and we can replace
the two lim by lim.
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5.2 Uniform moment estimates

In this section, we provide some estimates for the moments of the increments of the
solution to equation (5.0.1) driven by the noise introduced in Section 4.1. The results
in this section are used for the proof of tightness.

Theorem 5.2.1. Let u? be the solution to equation (5.0.1) with noise W as in
Section 4.1. Let K be a compact set contained in R and |a,b] be a compact set such

that
3—4H,

4

We fix T >ty > 0. For any p > 2, there exists positive constants Cy and Co such
that for any t',t € [to, T] and for any x',x € K, we have

1
max {0, } <a<b<s. (5.2.1)

sup Eluf (', z) — ull (t,2)]P < Cy|t’ — t[P9/? (5.2.2)
Hela,b]
and
sup E|luf(t,2') —u" (t,2)]P < Col2’ — x|’ (5.2.3)
Hela,b]
for any
0<6<2Ho(l—co)+a—1 (5.2.4)
where cq € (0, 2Hg+§*1)

Step 1: the time increments,

Proof: A road map of this proof is the following: _
Step 2: the space increments.

Step 1: We start with the time increments. Let t,t' € [tp,T] and z € K be
arbitrary. Assume that h =t —¢ > 0 (the case h < 0 is similar). Similarly to (4.2.7),
we have:

(¢ + by ) — u (£ @), < S (0 — 1)”/2<%(Af(t, h) + BH (¢, h)))l/Q, (5.2.5)

n>1

where A7 (¢t h) and B (t,h) are given by (4.2.8), respectively (4.2.9).
We study AZ(t, h) first. Using the same approach as in (4.2.12), we know that

1 2Hy
atam < ([ @haeo)ta) (526
[0,¢]™

where ¢/}, ,,(t,t) is defined in (4.2.11). Note that the Fourier transform of the kernel
fn(:,t,x) is given by Lemma 3.1.5 for any d > 1. Here, we use this formula for d = 1.
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We will use techniques which are similar to those of Chapter 3 (the proof of
Theorem 3.2.1), where we studied the Parabolic Anderson Model with regular noise
in space W< (colored in time) and general initial condition. The difference is that
here we consider the rough noise in space W#_ instead of W¢. Basically, we replace
the Riesz kernel ||~ by the fractional kernel cg|&|'—2H.

To estimate /%, (t,t), we use estimates (3.2.4), (3.2.11) and (3.2.14), for the
increments of the Fourier transform appearing in (4.2.11). We assume for simplicity
that t; < ... < t,. Similarly to (3.2.15), we obtain that for any 6 € [0, 1], there exists

Cf(]l’)é,’T such that:

Uit t)
_ tk+1 tk k
<h90t 9T n CH/ Hexp tktk+1 ZEJ , )‘ékylfQHdS
= WO, p(t—t) "I ()2, 1 )2) (5.2.7)

where I™ is given by (5.1.8). Using (5.1.11) for estimating I\, we obtain:

-0 (n
(t —t,) It(/;(tl/Z,...,tn/2)

4H 34aq N 4H-2+ap_qtay n—l Itag 1+an
< Cj O ) o 16 ) (e ) [

(5.2.8)

where Cp; is defined in (4.1.14). Taking power ﬁ on both sides of (5.2.7) above,
we obtain:

(011, 60) ™ < (Wil cp,2) ™ S [T TT G — 0 (- 1)
k=1

a€eD, k=1
(5.2.9)
where ay are given by (5.1.13) for k = 1,...,n, By is given by (5.1.14) for k =
1,...,n—1and En 9= w A similar estimate holds for arbitrary (¢y,...,t,) €
[0, ¢]™ with t,q) < ... <ty for same permutation p € S, where S, is the set of all
permutation of {1 n}

We now integrate (wt hon (£, 1:))m over [0,t]", we get:

211y 1
/ (vthat0) e =37 / (0,006, 6)) "t
[O,t]n 0<tp(1)<"'<tp(n)<t

pPESH
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<h90t(1)9 TCH12n 2H() Z A tk H tk+1 . tk tn+1 )571 Gdt

acD, <t1<...<tn<t p_q

(5.2.10)

where in the first equation, we decompose the set [0,¢]" into n! disjoint regions of the
form ¢ p(1) < - < Tpn) with p € S5,,.

Now we want to evaluate the integral in relation (5.2. 10) To apply Lemma A.3.2,
we need ay > —1, Bk > —1 for allk=1,...,n—1 and 6,1,9 > —1. We have already

mentioned that a; > —1,. —1, 61 >—1,... ,Bn_l > —1; see the statement
after (5.1.14). So it remains to Check that Bne > —1. Recall that a,, € {0,1 —2H}.

When «,, = 0, we need — 14?9 —1,1e 0 <2Hy—1/2. When «,, = 1 — 2H, we

need w —1,ie. 0 <2Hy+ H — 1. Note that 2Hy — 1/2 > 2Hy+ H — 1
since H < 1 / 2. Hence, we need

0<0<2H,+H—1. (5.2.11)
Since we require (5.2.11) to hold for all H € [a, b], we need to impose the condition

0<6<2Hy+a—1. (5.2.12)

Moreover, condition (A.3.2) (which does not involve En,o) has been verified in
Step 3 of the proof of Theorem 5.1.2. Then by Lemma A.3.2, we obtain:

n n—1 ~ ~
/ T16 TT (en = )™ (b = ta) ™"t
0<t1<..<tn<t 1|  L—p

D@ DTG TG+ D Buo + 1) s ien
— ~ — Tnt
I(la]+ B8] +n+1)

(5.2.13)

with

ﬁr Zlaz+ﬁz)+k+1+ak+l>
Pl Zl 1(0514—5@)4-]1’4—1)

Note that v, does not depend on 6,179, and therefore has the same expression as in
(5.1.16). Hence

Tn :’Yn(ah'"a

Y < 1.

Recall that oy € {1-2H,2(1-2H)}, a,, € {0,1-2H } and o; € {0,1-2H,2(1-2H)}
for i =2,...,n— 1. Therefore, 0 < o; < 2(1 —2H) for all i = 1,...,n which implies
that for any H € [a, b],

2H, - 2H, - 4H, - 4H,
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Hence,

2H0+CL—1

T(& + 1 <F<
(@1 +1) < 2H,

> " (5.2.14)
Now we want to bound

n—1
H T(B +1) x F(En,@ +1).

Using relation (4.2.25) and property of the Gamma function, for any H € [a, b], we
have:

h (B + 1 HF(l L O"“) < (r(- 34;{?“))71_1 — (D )T (5.2.15)

1+o¢n+29

To bound I'(1 + En,g), we need to study the range of possible values for 1 — = Vo

Since a, € {0,1 —2H}, H € [a,b] and 0 € [0, 1], we have

1— 1-H 1 2 1
1_ﬂ§1_—+0§1_w <1-— .
2H, 2H, 4H, 4H,

If we simply choose 6 such that § < 2Hy + a — 1, then the lower bound 1 — %

can be in principle, be very close to 0: as 6 approaches 2Hy + a — 1, the lower bound

1— 1;1‘%9 approaches 0. This is a problem since lim I'(z) = oo, and hence, we are
z—07F

not able to find a lower bound for the term I'( 1 — HZ‘—I’Q;F%). To avoid this problem,
we choose an arbitrary value ¢y > 0 such that
l—a+4

2Hy,
Note that this is equivalent to § < 2Hy(1 —c¢p) — (1 —a). Since 6 > 0, we must choose
co > 0 such that 2Hy(1 — ¢g) — (1 — a) > 0, i.e.
2H0 —I— a — 1

2H, '

cp<1-—

Co

With this choice of ¢y and 6, we have

1+, +20
r(1—+><r .
iH, < Teo)

()

Hence, there exist a constant cj; , > 0 depending on H, and a such that

n—1
1+ ag 1+ a, +20 1) \n—1
P(Be+1) X T(Bog+1) r(1— )r(1——) (o).
E (Be+1) xT(Bug+1) H 1, 1, < (CHya) (co)

(5.2.16)
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Note that by (5.1.18), we know that

n(2H0+H—1)_1+ozn 0

& + 18] +n = 20, AH,  2H,

For any H € [a,b], the upper bound of |&| + | 5] + n is

n(2H0+H—1)_1+Oén<TL(2H0+H—1) 1

o~ -~ < _
]+ 18] +n < 2H, AH, = 2H, 4H,
< n(2Hy +b—1) 1 <n(2Ho+b—1)
= 2H, AH, = 2H,

and the lower bound of |&| + | 8| + n is

(n—1@Hy+H—-1) 1+a,  (n—1D@H+H-1) 1-H

al+ 18 >

&l + 18] +n > 2H, iH, - 2, 2H,
S (n—1)(@2Hy+a-1) 1l-a
= 2H, 2H, '

where in the first inequality, we used (5.2.11), which is a consequence of (5.2.4).

It follows that

) 1 if <1,
Al HBl
— n(2Hg+b—1)
t 2Ho ift > 1.
Therefore, we get:
o~ n(2Hg+b—1)
glalHpin < (pv1)” 2m (5.2.17)

Finally, we pick mg > 1 such that (mo_l)ggﬁa_l) — ;‘T‘; > x9, where zo € (1,2) is

such that Gamma function I'(+) is increasing on (g, 00). For any n > mg, we have

SO (n—1)2Hy+a—-1) 1-—a
> - >

which implies that for any H € [a, b],

S n—1)2Hy+a—-1) 1-—a
P( 1) F<( _ 1).
lal+ 8] +n+1) > o, oH, -

By Lemma A.1.4, we know that there exists a positive constant cgg . depending on
Hy and a such that

2Hg+a—1

r(|a| 18 +n+ 1) > (2 -1 (5.2.18)
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We come back to (5.2.13). Using relations (5.2.14), (5.2.16), (5.2.17) and (5.2.18),
we obtain:

n n—1

/ TTE TT (e — )™ (2 — 1) "“at
O<ti<<tn<t | 1
D VI (tv 1) e
< CHoal(CHo a) (CO)( 2H2+a1 ’ (5219>

(€lin.a)" (0 = 1)1 270

Returning to equality (5.2.10) and using relation (5.2.19) and the fact that card(D,,) =
2"~ we obtain:

n(2Hg+b—1)
H 21ty ) ot o Gt ()" Tle) (V1)
/ (%,h,n(t»t)> dt < h2Mo (Cto,H,T2 )20 n!2 @ 2Hpfa—1
o (e 1 [0 — 1))
(1) yn-1 n(2Hg+b—1)
CH,a1lC T'(cy)(t V1 2Ho
< h7im (O, p2m) 7 g2t (Cna)” Tl)(t V1) (5.2.20)

a—1 ’
(€)™ [(n = D10
where for the first inequality, we used the fact that Cy; < 1 due to (4.2.19) and for
the last inequality, we used fact that n! < 2"(n — 1)!.

We take power 2Hj in the above estimate. Then relation (5.2.6) becomes:

n(2Hg+b—1)

CHoal(CHOa)n 1F(Co)( tvV ) 2Hq )2H0
1))
(tv

AT (1, h) < b (h%wf;;jz"%z?” !
(CHO a) |:

(n
(cHoal(cHoa >)2H°

n(2H0+b 1)

_ b?[ h92n(1+4H0)72H00t(1)6T
0 0,9,

n—1)2H
()™ [(n = 1))
(5.2.21)
Therefore, by relation (5.2.21), we conclude that
1 1/2
S - 1)“”(514{5 (t, h)) <O W2, (5.2.22)

n>1

where O pab.co.Hor > 018 & constant depending on p, a, b, 0, co, Hy, and T.

As for the term BH (¢, h), by (4.2.34) and (4.2.36), we have

2Hg
s <t ([ o), @) (5223
[0,t+h]"
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where ~/}, , (t,t) is given in (4.2.35).
We estimate 4/} (t,t). For this, we use the Fourier transform of the kernel
fn(:,t, z) given in Lemma 3.1.5 with d = 1. Assume for simplicity that 0 < ¢; < ... <

t, and t < t, < t+ h. Similarly to (3.2.26), and using an argument similar to (5.1.9),
followed by (5.1.11), we obtain:

n—1
n lhy1 —
’)/ﬁl’n(t,t) < Cia CH/ Hexp < bl S ’ Zt f]
" k=1

797081

th—
eXp( t+h

) H &' gy
< Ca Ch < ﬁ tk) o H / exp ) |77k|akd77k>
k=1

acDy,

([ e ( - i:(f—[;&) mn\%dnn)

l+o¢k

BONZH=2 o~ Tr 1 g e — e\ -
=Coacy (1) X IIP(57) ()

Ter1te

1+ a,\ /t+h—1t,\~
(=) Gaew)
2 ta(t+h)
AH—3+0q ( " 4H-24ay_q+ay ltan

<Cya y_ t [t )(t+h) 2
acDy, k=2

n—1

+an

[Tt —t) * (t4n—t) 5" (5224
k=1

where for the last inequality, we used (4.2.39).

Hence, taking power ﬁ on both sides of relation (5.2.24), we obtain:

e 1 n ~ P 1+an
(3306 0) 7 < CTT ST TT 6 (s — 1) ™ (24 1) 0 (5.2.25)
acDy, k=1
where qy are given by (5.1.13) and Ek are given by (5.1.14) for all k = 1,...,n. A
similar estimate holds for arbitrary (¢1,...,t¢,) € [0,t]" with t,q) < ... < t y for
same permutation p € S,, where S, is the set of all permutation of {1, .. n}

1
We now integrate (v, ,(t,t))* 1p, , (t) over [0,¢+ h]". Using relation (5.2.25),
we get:

1

[ () ™, e
[0,t4+R]"
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1
5Hy
= Z/ (/ <7£L,n(t’t)> ’ dtp(l) c 'dtp(n_l))dtp(")
0<tp(1)<---<tp(n—1)<tp(n)

pESh

t+h
< O ) / ( /
’ t 0<ty <...<tp_1<tn

n—1
> (t+ h) o T (tr = )% (t + 1= t) Pty . .dtn_1>dtn

acD, k=1

_1 1+an t+h 3
< Ol 37 (t+ h) /t J(tn) - (t+h—t,)dt, (5.2.26)

aeD,

where

n—1

0<t1<..<tp—1<tn k=1

By Lemma A.3.2 (whose hypotheses are verified; see the statement after (5.1.14)), we
have

~ n—1 n
J(tn) . F(Cl’l + 1) k=1 F(ﬁﬁ"‘ 1) %_11522;11 aHZQ;i Ek-i-n—l’ (5227)
(Zk; LAk + Y00 B +n)

with

1:[ Zlal—i-ﬁz)—i—k—l—l—i—ozkﬂ)
St DX @+ B) k1)

What is new here is that we consider only the product of the first n — 1 terms.
Nevertheless, the same argument as in the the proof of Theorem 1.1 in [4] can be
used to obtain that ~,_; < 1.

V-1 = Va1, ..., Q1)

We now want to evaluate J(t,). Note that by (5.1.18), we see that

Zak+25k+n—1_\a|+|6]+n G — B — 1
k=1
n(2Hy+ H — 1) _4H -2+ apa tag
2H, 4H,

— 1.

For any H € [a,b], the upper bound of S27—1 &y + S.1—; Be+n—1is:

n—1 n—1
_ - n(2Hy+ H —1) 4H —2
D A+ fitn-1s< ( 02H - i,
_ 0 0
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n(2Hy+b—1) 2Hy+2a—1
- 2H, 2H,

and the lower bound of S27—1 &y, + S.r—; Be+n—1is:

n—1 n—1
~ ~ 2Hy+ H -1 4H —2+2(1—-2H)+ (1 —2H
S 0t S A1 p M2 1) (L-28)+(1-2H)

2H, 4H,
_n(2H0+H—1) 2H0—|—H—1 3—4H
- 2H, 2H, 4H,
(n—1)2Ho+a—-1) 3—4a
> — . 5.2.28
- 2H, 4H, ( )
By (5.2.28), it follows that
1 ift <1
IO DTS Wiy Bptn—1 <(Tv 1)n(21120};;b71)_2H0;I—{20a71
— n(2Hy+b—1) 2Hg+2a—1 —
t 2Ho  2Hp ift>1
(5.2.29)

We pick mg > 1 such that

(mo—1)(2Hy+a—1) 3—4a
— > o,
2H, 4H,

where zp € (1,2) is such that Gamma function I'(-) is increasing on (zg,00). By
relation (5.2.28), for any n > my, we have

n—1 n—1
(n—1)(2Ho+a—-1) 3—4a
—-1> >
;Oék-i‘;@kJrn S, 1, T,

which implies that for any n > my, there exists a positive constant cH depending
on Hy and a such that

(S S ) (Rl 3y

2Hp+a—1

> () )" (n =1 (5.2.30)

where for the last inequality, we used Lemma A.1.4.

We return to (5.2.27). Using relations (5.2.14), (5.2.15), (5.2.29) and (5.2.30),
we get

(n—1)(2Hg+b—1)

(1) n—1
) (Tv1) . (5.2.31)

CHO:a71 (CHo,a

J(tn) <

2Hp+a—1

(clipa) [0 =113
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_1
We continue to integrate (777, ,(t,t))*%1p, , (t) over [0, + h]". Using relations
(5.2.26), (5.2.31) and the change of variable s =t + h — t,,, we have

_1
[ (laten) ™1, 0
[0,t+h]™

(1) )n—l

CHO,G,l (CHo,a n(2Hg+b—1) 2Hp+2a—1

< Otili—? ! 3 2Hgta—1 (T\/ 1) *Ho 2Ho
(Chry )" H[(n = 1)1 20
1t+an t+h _l4an
> (t+h) / (t+h—t,) *Ho dt,
OLEDTL t
2Ho (1) \n—1
< nl C't() d CHo,a 1(CHO a)2H0+a1 (T V, 1)2Z;f+n(2g()};’;)b_l)_2H02-;120a_1 Z / - 4H0 ds
(cg()w)?"“1 [(n - 1)!] 2Ho a€ED,
_1
2H, (1) yn—1
<y Cind Ho0: (i) Cras V1) oy q) =g S
() 1 [ = 1)) ac, | T
(5.2.32)

Note that, since o, € {0,1 —2H} and H € [a, b], we have

1 2H, 2H, @

< < = .
I—LTow SOH,+ H -1 2Hgta—1 o

Recall that relation (5.2.4) implies that relation (5.2.11) holds. Hence, for any 6
satisfying (5.2.12), we have
0 2Hy+a—1 l14+a, 4Hy—1-q, 1 3

0< < <1- = <l——< -
2H, 2H, - 4H, 4H, - 4Hy — 4

which implies for any h € (0,1),

1tan

hl 4H <h2H0

Therefore, using the fact that n! < 2"(n — 1)! and relation (5.2.32), we obtain:

1

[ (aten) 1, 0
[0,t+R]"

1
CiMe ) )" TN (Crap V1 (n=1)(2Hg+b-1)
o G 002 (e ™ (Crap V1) (7, et S hen

(5 Jr=L[(n — 1)) 2 e,
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1
20, (1) \n—1
< ]’L?IQJO on Cto,zg CHo,a,1 (CHo,a) (CTvaalb ) (T v 1)%271—1 (4)
= 3 _ a—21
(¢ o)™ [(n = 1)1] 20

CHy a
We take power 2H, in the above estimate, then relation (5.2.23) becomes:

2H,
(3) —1 Hop,a

(Chp.a)" "t [(n = 1)) 20
(1) (n—1)2H0 (4) 2Hg
_ hab%022Ho(2n—1) Clo.a (CHo,a) (CHoﬂ,lCHo,a) (Crap V1)

(cf) o) =120 [(n — 1)1

1
CP erran (€W V" Crap V 1 (n—1)(2Hq+b—1) 2Ho
Bf(t,h) < b?[@ (hﬂgoQ” to,d “Ho, ,1( Ho,a) ( T,a,b ) T 1) o+b—1 2n—1 (4) )

(T V 1)(71—1)(2H0+b—1)'

Therefore, by above estimation, we conclude that

S0 Ben)

n>1

2
= Cl(fa),b,Ho,T h’?, (5.2.33)

where CS;&HO’T > () is a constant depending on p, a, b, ¢y, Hp, and T

Back to relation (5.2.5), combining relations (5.2.22) and (5.2.33), it follows that
[u'(t + b, x) — u'(t,z) lp < \/§<C;(;,1(3,b,9,co,Ho,T + Oz(;,zaz,b,Ho,T> h?’? (5.2.34)

and therefore, taking power p and then taking supremum over H € [a,b] on both
sides of relation (5.2.34), we have relation (5.2.2).

Step 2: We examine the spatial increments for the solution of the heat equation.
For any z, 2’ € K, we let z = 2’ — x. By (4.2.54), we have

1 1/2
H _ . H < _ \n/2( t ~H
lu"(t, 2+ 2) — u <t,x>||p_n§>lj<p DY(—Cln2) (5.2.35)

where CH(t, 2) is given in (4.2.55). Recall that by (4.2.57), we have:

1 2Hg
cf(t,z)gbzo( /[0 | (\Iffz,n(t,t)y%dt) , (5.2.36)
7tn
where UH

i=n(t,t) is given by (4.2.56).
We estimate W/7, (t,t). Assume for simplicity that {; < ... <t, < tn41 =t. By
(3.2.36), there exists a constant C’fi)&T > (0 such that

2
(Fol (o ta+2) = Fo (t0) o )| < 2P C0 0 (F+ F)
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where we recall that F; and F, are given by

F ::ﬁexp< tkH_tk‘Zt 13

Uitk41

! ))Zt@

Ltpg —
<C’T0t—t -0 exp( ’ t:&
) H 3t Z i

.

(where the inequality is due to (3.2.37)) and

Fy = ﬁexp ( iag) _tk’Zt i&;
k=1

Telrs1

).

Hence, applying a similar approach as in (3.2.38), we have

H
\Ptzn

(t,t) < [2[*CF) (1 + L) (5.2.37)

}|§k 1 2H

where

1t
B G-ty el [ Hexp{ e IS b
= + P

< CyTO(t —t,)0c, t/2(t1/2 S ta/2)

and

}\gk ' ag = I (b, . t).

L1t

- t
=y [ Hexp{ e — ‘thj
R™ k=1 j=1

Here we used (5.2.7) for the estimate of I; and we recall that I (t1,...,t,) is given

by (5.1.8). Recall that cy < \/%7

We now take power 1/(2H,) on (5.2.37). We use the fact that for any p € (0, 1),
(a+b)P <a?+ P, forall a,b e Ry
we obtain:
(Wi (6,6)) ™ < J2 (O ) 0

(0;’1’0T250<(t—t) I5)(t,/2, .n/2)>”’0 <1§">(t1,...,tn)>2;’0).
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We estimate separately the two terms in the inequality above. We start with
1

C;TOTﬁ ((t —t,)7? t/2 (t1/2 . n/2)) . Using (5.2.8), we have:
CFT%(@ — ) 10 (01)2, ... n/z))”“

< C2H0T2H C2HO 22H Z tleaon Htgk H trrt _tk) (t ¢ )ﬁn,e
aeD, k=1 k=1
where Cy 1 is defined in (4.1.14) and ay, Ek: and Eng are defined in (5.2.9).

For the second term, using (5.1.11) and taking power we obtain:

2H’

(If”)(tl,...,tn)>2H° <02H0 Z pan Ht tk+1—tk

aceDy,

where @, and f3, are given in (5.1.14).

Putting these estimates for the two terms together, we obtain that for any 0 <
t <...<t, <t, there exists a constant Ct(i)gj > 0 such that

1

(Wi (t.9)™

< L~ N ~7H [ o5 = - aknil B B

< || 0<Ct0,0,T) oCpy | 220 Zt 0 Htk H(tkﬂ_tk) (t—tn)
k=1

acD, k=1

+ ) £ Ht (trs1 — tr) ) (5.2.38)

aGDn

A similar estimate holds for arbitrary (t1,...,t,) € [0,¢]" with t,q) < ... <ty for
same permutation p € S,, where S, is the set of all permutation of {1,...,n}. Since
the previous bound is the same for all p € S,,, this introduce a factor n!. Recall that

Cri1 <1 (see (4.2.19)).

We now integrate (W[, (t,t ))ﬁ over [0,t]". For the first integral, we use
(5.2.19), which gives a uniform bound for all H € [a, b]. The second integral has been
estimated in (5.1.22), but this bound was not uniform in H. Below we give a revised
form of (5.1.22) which is valid for all H € [a,b]. Recall that the integral appearing

in (5.1.22) is given by (5.1.15). I‘(|&| +18] +n + 1) is bounded below by (5.2.18).

Moreover, using (5.1.20), we have:

F(Oél + 1) Cl('{) < CH,2 S Ca,2,



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 160

where Cr o and ¢, 2 are given by (4.1.16), respectively (4.2.45). Using (5.1.21),

n

[IrG:+1) <cCpy < e

k=1

By (5.1.17), the polynomial function of ¢ in the right side of (5.1.15) is tal+I8l+n —

n2H0+H_1_1+a7L _1ltan . . .
t° 2Ho “Ho and the factor ¢ *Ho cancels when we multiplying the integral by
1+an

t "o | as required when integrating the right hand side of (5.2.38) with respect to
ty,...,t,. Finally,

2H)+H—1 2H)+b—1

AT (AVE D

Therefore, for any H € [a,b], we have:

n p2Ho4b-1
1tan ~ ~ tVv1 2H,
¢ arg / Tt (i — t)Pedt < g Vi) e (5.2.39)
0<ti <eo<tn<t } oy () )= — 1)1 21
Using relations (5.2.10) and (5.2.39), we get:
31
/ <klffzn(t,t)) " dt
ogn N
e n(2Hg+b—1)
(e (e Tleo) + ) (tv 1)
< , (4) 2H) 92Hg o | o ’
|Z| 0 (Cto,e,T) 02 on: (2) 2Hp+a—1
(Chg,a)" (0 = 1)1] >
n(2Hg+b—1)

1 (142Hy)n <CH07a,1 (ngﬂ)nilr(co) + CZE1> (t V 1) 2Ho

(o) [(n = 1)1]F

< |2| 7 (Clhr) ™2 Mo

where we used the fact that n! < 2"(n — 1)L
Returning to (5.2.36), we obtain:

2H,
CHy,a,1 (ng7a)n—1r(co) + 62’42—1) 0 (T v 1)n(2H0+b—1)

Cf(t, z) < |Z‘20bn 0(4) 2(1+2H0)n< i
Ho 10,0, (ngﬂ)(n—nwo [(n— 1)!] 1

(5.2.40)

and therefore, for any H € [a, 0]

| 1/2 ;
S =12 () S O aenl

n>1
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where Ct(f,)T,p,a,b,co,@ is a constant depending on ty, T', p, a, b, ¢y and 6. This conclusion
follows from (5.2.35).
|

5.3 Continuity in law of the solution with respect
to the noise parameter H

In this section, we consider equation (5.0.1) driven by the noise W# introduced in
Section 4.1, which is fractional in time with index Hy € (1/2,1) and rough in space
with index H € (0,1/2). Our goal is to show the weak convergence of the solution of
this equation in the space of continuous functions C([to, 7] x R), with respect to the
noise parameter H. We use the same method as in Section 2.4.

As in Section 4.3, we construct a family of isonormal Gaussian process {W*#: H €
(0,1/2)} with covariance given by (4.1.1) which are defined on the same probability
space (£, F,P). Note that relations (4.3.3) and (4.3.4) still hold in this case.

Recall that the solution has the Wiener chaos expansion (5.1.3). By definition,
uf?(t,x) is the L?(Q2)-limit of the sequence {ufl (¢, z)},,>1 defined by

ult(t,x) =Y I (fu( 1, 2)). (5.3.1)
n=0
This means that
E|ug(t,x) - uH(t,x)‘2 — 0, asm — o0 (5.3.2)

for any H € (0,1/2) fixed.
The proof of Theorem 5.0.1 is based on the following result.

Lemma 5.3.1. Let { = max{3/4 — H,,0} < H* < 1/2 and H,, - H*, as n — oc.
Forallk > 1 and (t,x) € [0,T] x R, we have

2

E’[;f”(fk(wt,l’)) — L (ful-,t,2))| =0, asn — oo. (5.3.3)

Proof: We apply the same argument in the proof of Lemma 4.3.1. By relation
(4.3.18), we have

Qn = E| I (i, t,2)) = I (e, )| < k! bl ( / (AP (6, 6)"at)

Ty (1)



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 162

where A,(C") (t,t) is given by relation (4.3.8). What is new here, compared to Section
4.3, is the form of the Fourier transform of f; in the space variables, which is now
given by Lemma 3.1.5. Using the change of variables z; = ¢;&; fort =1, ..., k, followed
by n, = Zle 2z for k=1,...,n, we have

AP (t,t) < w(t / e b =
( w? Z‘RkHXp

tj t]+1

k/2H‘§J Hn k/2H|§J 1-H~
k 2
—ean (M) [ Iow (- %23

it

Zi

k k 2
T sl - ’“/2HtH*‘§H\ 5|7 s
Jj=1 Jj=1 j=1
J+1 21 2)
/ Hexp( titi Ui

i Htf”_l H |nj — 77j—1|%_Hn - k/ZHtH B H 5 = ;- 1’7_
j=1 J=1
(5.3.4)

where dz = dz; ---dz,, dp = dny - - - dng and 7y = 0.

Hence, it suffices to show that
/ (A,(C")(t,t))l/QHodt — 0, asn — oo.
Ty (1)

For this, we will use Dominated Convergence Theorem. Namely, we will prove that
(4.3.20) and (4.3.21) hold for any t € Ty(t), i.e

A (6,8) > 0, asn — oo (5.3.5)

and there exists a function hy(t) such that

(A,(Cn)(t,t))l/ﬂ{o < hk(t) forallm >1,t € Tk(t) and / hk(t)dt < 0Q. (536)
T (t)

We first prove (5.3.5). Let t € T,,(t) be fixed. We denote B(™ (t,n) the integrand
n (5.3.4). B™(t,n) converges to 0 as n — oo, since H,, — H*. So (5.3.5) will follow
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by Dominated Convergence Theorem. To justify the application of this theorem, we
need to bound B™ (t,n) by an integrable function, i.e. we have to show that there
exists a function B such that

B™(t,n) < B(t,n) for all y € R¥, n > 1 and / B(t,n)dn < co.
Rk

Note that
B™(t,m) < 2(B{" (t,n) + Ba(t,m))

where

n — i
B (t,m) : Hexp( ]H

= Tow (- 2=

tt+1

(The terms B\ and B{" are different than (4.3.22) and (4.3.23).) The two terms
B%n) (t,n) and By(t,n) are of the same form and the second one does not depend on
n. We will prove that there exists a function F' such that for all n > 1, t € Ti(¢) and
n € R”,

) k k B
n; >c];{nHt?H’L_2H ’771‘ _77j—1‘1 2
2 i QF*— 120"

>CH*Ht H|773 — Nj— 1{

7j=1

J

B (t,n) < F(t,n) and / F(t,n)dn < oco.
]Rk

Fix number a and b such that { < a < H* < b < 1/2. Since H,, — H*, there
exists NV € N such that

(<a<H,<b<1/2 foralln> N.

Since all H, are included in a compact set [a,b] and the constant cy« defines a
continuous function of H*, we see that cy, is bounded by a constant ¢ > 0. Invoking
again relations (4.1.9) and (4.1.10), we obtain

B tn <ckZHeXp( JH s

acAy j=1

9 k k
t2Hn_2 (1—2Hn)a]
J H j H |31
Jj=1 Jj=1

Note that for any H, € [a,b],
k

k 2—2H, k
Ht?Hn—2:<Ht;1) <[ vy ™ <[ vy)™
j=1 j=1

J=1

<
—_

(
:H(t]’/\l)Qa_Q H(t v1)2a 2

k
]:1 =1

<



5. PAM WITH ROUGH NOISE AND GENERAL INITIAL CONDITION 164

Hence

B"(t,n) <c (ﬁt viye?) ZHeXp( JH

acA; j=1

)Hfa] mil) = F(t.m)

where for the last inequality, we used estimates in (4.3.14). By the same argument
By(t,n) < F(t,n). Hence B™(t,n) < 2F(t,n) and so

A (1) =/ B™(t,n)dn < 4/ F(t,n)dn. (5.3.7)
Rk

Rk

It remains to prove that F(t,-) is integrable on R*, i.e

/ F(t,n)dn < cc.
RE

We also give an estimate for this integral, which will be needed for the proof of relation
(5.3.6) above. We have

/Rk Ft.mdn =c (f[ ADESDY f[f(aj) (5.3.8)

acAy j=1
where
. ti =t | hog 3|2
I(aj) == [ exp ( — | )faj(|77j|)d77j = [ |FG%, )| fa, (In;])dn;,
R Jli+1 R
where u; = t;;j:?, j=1,...,k For fixed a € Aj, we evaluate separately the dn;

integral above. Using the same argument as for the study of I(a;) given by (4.3.25),
with ¢, —t; replaced by u;, we obtain the following estimate which is the analogue
of (4.3.26). More precisely, for all j =1,...,k and for any a € A, we have

I(a;)
< Ca{(tjﬂ — ;)"

M\»—l
D=

—(1—a —a _ 3—4a 3—4a
(titje1)? + (1 — )" () ™+ (G — 1) 2 (titjen) 2 }

We multiply this inequality by (¢; VV 1)2*~2. Note that

( 1 1
(tj V 1)2a_2(tjtj+1)% S t; lm(t V 1)% S tszrl? since % <2-— 2@,
(t; V1202 (tt1) 0 < tﬁm(zﬁ V1) t];h since 1 —a < 2 — 2a,
—4a —4a
\ (tj V 1) (t tJJrl) 1 W(t V 1) J41 since % < 2 —2a.
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—4a

179 and t -2 are all dominated by

Note that <1—a < 3 We have t;+1> i1

2
(TVv1)=" Hence

3—4a 1 (1—a _ 3—4a
(t; vV 1)** %1 (a;) < cat; 2 {(tj+1 — )2 4 (b — )T+ (G — 1) 2 }
< caCra(TV 1)3;4a (tj41 — tj)iggm

where for the last inequality, we need (4.3.27).
Since card(Ay) = 2¥71, using (5.3.8), we obtain:

k_34a 4a

(5.3.9)

':];v

/Rk F(t,n)dn < 2k~ 1ckckc,’fa TV1) (tjr1 —tj)

Jj=1

This proves the integrability of F(t,-) and so, relation (5.3.5) follows by the Domi-
nated Convergence Theorem.

Now we prove (5.3.6). By relations (5.3.7) and (5.3.9) , for any n > 1 and
t € T).(t), we have

(A(”)(t t)> 0 <4/RkF(t,n)dn)2’1’°

_1
< <2k+1ckckcfa (T'v1) kS H i1 — t5) u> o _. hi(t).

J=1

=

34a>
0

Note that hg(t) is integrable over the symplex T (¢) by Lemma A.3.1 since —
—1 which is equivalent to a > % — H,.

Proof of Theorem 5.0.1: From Theorem 1.3 of [4], we know that the process
uf” has a continuous modification. We work with this modification, which we denote
also by uf". We need to prove the finite dimensional distribution convergence and
the fact that the sequence of probability measures induced by (u), > is tight in the
space of C([ty,T] x R). A road map of this proof is the following:

Step 1: Finite dimensional distribution convergence
Step 2: Tightness

Step 1: Finite dimensional distribution convergence
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In this step, we have to prove that for any & > 1 and (t1,21),..., (tg, xx) €
0,7] x R,

d * *
(an(thxl)? s 7an(t/€7 I'k)) — (uH (t1,$1)7 s 7uH (tka ‘rk))a as n — o0.

For this, by Lemma 2.4.3, it will be enough to prove that for all (¢,z) € [0,T] x R
E|u™(t,z) — uH*(t,I)|2 — 0, as n — o0. (5.3.10)

To prove relation (5.3.10), we use the same argument as in the proof of Theorem
2.0.1. For part (c), using Lemma 5.3.1, it remains to show that for all compact set

la, b],

sup E|ull(t,z) —u"(t, 91;)| — 0, as m — oo. (5.3.11)
Hela,b)

Recall that )l (t, x) = Y200 I (fu(, t, ) and w (¢, 2) = 37,0 I (fu(-, t, ). Hence
uH(t7l’> - Uﬁ(t,l‘) = Z Ilf(fk(7t’x))

k>m+1

By the orthogonality of the Wiener chaos space and relations (5.1.12) and (5.1.15),
we have

Bl t,0) ~ i) = 3 Bt

k>m+1

F 1+« 1+ 14a,, \ 2H0
< Z b 2(t, ) CHl(kJ‘)2H0 1<2k ( 1)H I'( BJ),yktMHIBIHH + ) |
(la] + (8] + & + 1)

k>m+1
(5.3.12)

where a;, Ej are given in (5.1.13), respectively (5.1.14) with |a| = Z] 10y, 18] =
Z?Zl B;, and 7y, is given by (5.1.16).

By (4.2.39), we know Cp; < 1. Recall that in Step 3 of the proof in Theorem
5.1.2, we saw that 7 < 1. Note that by (5.1.18), for any H € [a, b], we have:

k(2Hy+a—1) 1-—a

o Bl+k+1> —

+1

and

- l+ap kQHy+H—1) k(2Hy+b—1)
K _ .
ol + 18]+ + = 2, < 2,
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For k large enough, by Lemma A.1.4, there exists a constant C’S&a such that

~ 2Hn+a—1
P(Jal + 18]+ k+1) = (Ch) (k) (5.3.13)
and
1 itt <1,

~ = 1+ayg,
(2o (|al+1Bl+k+ k)

tk(?fﬁr+b—1) if ¢ Ei 1.

Therefore, we get
1+ay,

t2Ho(\&|+|5\+k+W) < (v 1)k@H+b=1) (5.3.14)

Finally, using relations (5.1.20) and (5.1.21), we have:

O < Crp < Cap (5.3.15)
and
k ~
[[rG+1) <chy <, (5.3.16)
j=1

where Cp is given in (4.1.16) and the inequalities (5.3.15) and (5.3.16) are due to
(4.2.45).

We return to relation (5.3.12). Using relations (5.3.13), (5.3.14), (5.3.15) and
(5.3.16), we obtain that there exists a constant Cp, 451 > 0 such that

tV ]_ k(21¥0‘%b—*1)
T S TR D D WA

Helab] 57 k>m1

The last term clearly converges to 0 as m — oo.
Step 2: Tightness

This follows exactly as in the proof of Theorem 2.0.1, using the uniform bounds
for the moments of the increments of solution given by Theorem 5.2.1.



Appendix A

Auxiliary results

In this appendix chapter, we include various results which are used in this thesis.

A.1 Useful inequalities

In this section, we give some inequalities which play an important role in the thesis.
We begin by recalling two integral inequalities: Minkowski’s inequality and Holder’s
inequality.

Lemma A.1.1 (Minkowski inequality for integrals, [39]). For any measurable spaces
(X, &, 1) and (Y, F,v) and for any measurable function f : X x Y — R, the following
wnequality holds for any p > 1:

H /x f(@, Julde) Hm(y) = /X 1 (@, ) e yp(da),

1/p
where gl = ( [y lo(w)w(dy))

Lemma A.1.2 (Hélder inequality for a finite measure space). Let (E, E, ) be a finite
measure space. If g : E — R measurable, then for any p > 1,

‘ [ stoutan "< e | lo@Puas).

The following two results give some inequalities about the Gamma function.

Lemma A.1.3. For any a > 0, there exist some constants C; > 0 and Cy > 0
depending on a such that

CLC™ (n!)* < D(an + 1) < CoC7y(n!)?,

where Cyp = min{a?, a®2=9/2} and C,, = max{a®, a®20-9/2}.
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Proof: By Stirling formula, we know that
D(n+1)=n! ~n"e"(2mn)"2 (A.1.1)

—a/2

Therefore, taking any power a > 0 and multiplying (27n) on both sides of relation

(A.1.1), it follows that
(n"e™™)® ~ (n!)*(2mn) 2.

Hence,
L(an+1) ~ (an)™e " (2man)'* = (n"e™")*(2man)"*a™"
~ (n)* (@)™ T2 (2mn) O, (A12)

Using equation (A.1.2), we know that for any a > 0, there exists some constants
C7 > 0 and C5 > 0 depending on a such that

C1K,(n!)* < T(an + 1) < CoKo(n))°, (A.1.3)

where K,, = a®™n('=%/2, To see this, we consider separately the case a < 1 and a > 1.
When a < 1, 1 —a > 0. For the upper bound, using the fact that n < 2" for any

n > 1, we have
n(l—a)/2 < (Zn)(l—a)/Q — (2(1—(1)/2)%.

Therefore,
K, < aan(z(l—a)/Q)n _ (aa2(1—a)/2>n. (A14)

1—a)

For the lower bound, using the fact that n(!=%/2 > 1 for any a < 1, we get

K, > a™ = (a)". (A.1.5)

We now consider the case when a > 1. For the upper bound, we have n(!=%/2 < 1
since 1 — a < 0. Therefore,

K, < a™ = (a®)". (A.1.6)

For the lower bound, using the fact that n4=/2 > (27)(1=9/2 for any a > 1, we

obtain
Kn > aan(2(1fa)/2)n _ (aa2(1fa)/2>n. (Al?)

Combining relations (A.1.4) and (A.1.6),
K, < max{(a®209/2)" (g*)"} .= oy

where C, » = max{a®, a?21=9/2}. Similarly, Combining relations (A.1.5) and (A.1.7),
we have
K, > min{(a®20"9/2)" (a®)"} = Ciy

where C, 1 = min{a®, aag(lfa)/2}. I
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Lemma A.1.4. For any a > 0 and any b € R, there exist some positive constants cy,
Cy depending on b such that for anyn > 1

cp(nh)* <T'(an+14+b) < Cy(nh)*.

Proof: This follows from the relation

. I'(an+1+0)
lim ——* =1
n—00 F(an + 1)nb

and Stirling’s formula. See for instance relation (2.10) of [25]. i

The following result gives some estimates for the Mittag-Leffler function given
by:

n

Z '(an +b)’

n>0

E.p(x) = x> 0,a>0,0>0. (A.1.8)

Lemma A.1.5. For any a > 0, there ezists some constants C, > 0 and C! > 0
depending on a such that

' l/ay " <C, 1/a
" exp{x/?} < Z; Tlan+1) = exp{z/},
for all x > 0.
Proof: Using the fact that
Ea7b(l')

A e exp(a} o

When b =1,

. Ea l(l’) 1
lim ———— = —.
z—oo exp{z!/?} a

Therefore, there exists a constant €, > 0 depending on a such that
Ea1(z) < Cyexp{z'/*}, forall z > 0. (A.1.9)
Similarly, there exists a constant C?, > 0 depending on a such that

Eu1(x) > C exp{z'/®}, for all z > 0. (A.1.10)

Combining Lemmas A.1.3 and A.1.5, we obtain the following result.
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Lemma A.1.6. Let x > 0 by arbitrary. For any a > 0, there exists some positive
constants Cy, Cy, C1 and C4 depending on a such that

n

/ / a z a
C} exp{Cyz/*} < Z (1) < Oy exp{Cyz!/*}
n>0 *

Proof: By Lemma A.1.3, there exists some positive constants C7, C3, C,1 and
C,2 depending on a, so that for all n > 0,

CiCar < G < G505,
Therefore,
* Cg,l 1 * 007»2

lr(an—{—l) < (n!)a < gm. (A.l.ll)

Using the definition in (A.1.8) and taking the sum over n > 0 on relation (A.1.11),

we obtain .
e
CfEaJ(Ca’lx) S Z W S C;Ea’l(ca,gl'). <A112)
n>0

By relation (A.1.9), there exists a constant Cy > 0 depending on a such that
Ea,l(ca,Zaj) < 02 eXp{(Ca,Qx)l/a}'

Coming back to (A.1.12), it follows that

x.n * a a
> e < O30y exp{Cylya'/}.
>0 n:

Similarly, by relation (A.1.10), there exists a constant C; > 0 depending on a such
that
Ea,l(Ca,lx) > (4 eXp{(CaJIL‘)l/a}.

Using relation (A.1.12), we obtain

xn * a a
> e = 14 exp{Cy'z'/"}.
>0 n:

Finally, we recall the Hardy-Littlewood-Sobolev Inequality.
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Theorem A.1.7 (Theorem 1, page 119 of [39]). For any f € L'(R,) and o € (0,1),
we define the fractional integral of f of order v by:

I°f(a) = ﬁ / e — gl )y

Then for any o € (0,1) and 1 < p < q < oo satisfying % = }D — «a, we have
17 fllLa.00) < ApgllfllLr(0.00) (A.1.13)
where Ay 4 > 0 is a constant depend on p and q.

The following result is very useful for estimating various integrals involving the
fractional kernel |t — s|*=2 with H € (1/2,1). It appeared for the first time in [33].
Its proof follows by applying Holder’s inequality with exponent p = 1/H, followed by
Lemma A.1.7 with o = 2H — 1.

Lemma A.1.8. For any H € (3,1) and for any function ¢ € L' (R,),

oo 2H
am / / _ s2H-2 gids < bH< / |g0(t)|1/Hdt> ,
0

where ayy = H(2H — 1) and by > 0 is a constant depend on H. More precisely,
by = ayl'(2H — 1)Ag, where Ay is the constant appearing in inequality (A.1.13)

wz’thoz:2H—1,p:%, andq:ﬁ.
A.2 Estimates for integrals involving the Riesz ker-

nel

In this section, we present some estimates related to various integrals involving the
Riesz kernel.

Lemma A.2.1. For any o € (max{d—Z, 0}, d), there exists a constant K, 4 depend-
g on a and d such that

sup [ |FGu(E+n)|'1€]7dE < Ky £,

neRd JRd

dez_/ 1_'_’5‘2’5‘_&(16 (dioz—i_?—(;—a))

—(d—a)/2 for heat equation,

where

and

To =
—(d—a) for wave equation.

Here we denote cq the area of the unit sphere S;(0) = {z € R%; |z| = 1} in RY.
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Proof: We first consider the heat kernel. Recall that FG}(§) = exp{—3t|¢|*}.
We use the change of variable & = \/t(¢ + 1), then d¢ = ¢t~%2d¢’. Tt follows that

FGh Helmeqe = —lgnlPt e —aqe — - *;2
[ Fctenllerds = [ eermtigeac= [ e

= ()

where for any a € R?, we define

I(a) = /R [Pl = aedg = [ el eag,

' o n)_atfd/Qdéjl

We use the inequality e < — for all 2 > 0. Hence,

1 e 1 —a o 1 —«
1< | el dgsfg;@d/m—1+‘€+a‘2|f| dt= [ e

where the equality follows by Lemma A.2.3 with 8 = 1. Note that for any o €
(max{d — 2,0}, d),

1
Kio = e <

To see this, we consider separately 1ntegrals on {|¢] < 1} and {[¢| > 1}.

Case 1: when |{] < 1, we use the inequality ﬁ < 1, and therefore,

Cd

1
“d </ e =¢ / roordldr < ,
/ LTl [ s =c o

since a < d.

1

ey we get

Case 2: when |{| > 1, using the inequality _1+T§|2 <

o a9 e Cd
el [ gt —a [ oettian <
/£|>1 1+ [¢]? l€[>1 1 oa—d+2
since o > d — 2.

Now we study the wave kernel. Recall that FG"(t,-)(§) = Smé"é‘) We use the
change of variable & = (£ 4+ 1), then d¢ = t~4d¢’. We have

[ (Fare g = [ 2 geqe - [ BUEDEioopage

_ t2+a_d /Rd Sln‘€<||2€’) |§ t?’]|_ad§ — t2+a_dj(t77)
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where for any a € R?, we define

2
o= [ v [ B

Using the inequality =2 (I) <

HQ for all z > 0, we get

1 1
J <2 ] 2 ———&7%d
(a) < /Rdméwﬂa € < 2sup el e

1
=2 [ —|¢]*d¢ < oo,

for any a € (max{d — 2,0}, d), where for the equality, we used Lemma A.2.3 with
b =1 |

Lemma A.2.2. Let [a,b] be an arbitrary subset contained in (max{d—2,0},d). For
any B € (52,1) and for any o € [a,b], we have

Kipoi= [ (5m) e e <
aa= | T3 7ep d,a,b,85

where Cyqap5 @5 a positive constant depending on d, a, b and 3.

Proof:  We consider separately integrals on {|{| < 1} and {|{| > 1}. Note that
Kipo=K§), +KS), (A2.1)

where

N 1 \8
KY = / (=) lelodg and KF, = / () lel e
o <1 V1 + €2 €l o =1 V1 + €2 €

We first study the Kc(l}ﬁ),oa‘ If |€] < 1, then < 1, and hence

1+|€\2

1
K$) . < / £|7ode = ¢ / rropdlgy = < S
d,B.a |£\§1’ | 0 d—a = d-b

since a < d, where ¢, is the area of the unit sphere S;(0) = {z € R% |z| = 1} in R?.

Next, we consider Kdﬁa If |¢] > 1,then we use the fact that 1+|£|2 < #, and
hence

(2) Qe Oo —a—28,.d-17,. _ Cd Cd
Kd,ﬁ,ai/ (|£|2> [§17dg = Cd/ T = e S o
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since av > d — 2. Therefore, there exists a constant Cy, 5 > 0 such that

/ <1+!£\2> I7de < (dibJr a—d1+ 25) < Capp-

We recall also the following result, which has been used frequently in the thesis,
and is valid for an arbitrary function f (not just for the Riesz kernel).

Lemma A.2.3 (Lemma 4.1 of [9]). Let u be a tempered measure on R whose Fourier
transform in St(R?) is a locally-integrable function f : R? — [0, 00] such that f(z) <
oo a.e. Then for any B > 0,

1 A 1 A
7 /. (1 T \€+77|2) pae) = | (1 T |s|2> ulde).

A.3 Beta-type integrals on the simplex

In this appendix, we give two results about some beta-type integrals on the simplex.
Note that Lemma A.3.2 is an extension of Lemma A.3.1, which is used in Chapters
3 and 5 of the thesis, for the case of the rough initial condition.

Lemma A.3.1. Let T,,(t) = {0 < t; < ... < t, < t} be the simplex. For any
ﬁh"'aﬁn > _17

I (8 + e
— +.)Bi — -
/MHJ“ B = R ) (A.31)

where |8 = Y1, B;.

Lemma A.3.2 (Lemma A.1 in [4]). Suppose that o; > —1, B; > —1 for any i =
1,...,n, and

k
Z(ai-i-ﬂi) +k+14+0ap1 >0 forallk=1,...,n—1. (A.3.2)
i=1
Then by setting t,11 =t, || = > a; and |B| =Y 1, Bi, we have that

n

[n(taalw .. 7ana617- .. 7571) ::/ thoéz(t’t-‘rl _tl)ﬁldt
0<ty <<t <t 57

_ D+ DL T+ 1) g H i (@it B) +k+ 1+ k) flal+18+n
Clal+18[+n+1) L3 D(XF (0 +8) +k+1) '



A. AUXILIARY RESULTS 176

A.4 Convergence of probability measures

In this section we consider the convergence of probability measures on the space
C([0,1] x R) of continuous functions f : [0, 1] x R — R, equipped with the sup norm
topology.

Recall that a collection X = {X (t,x)} (6:2)€[0.1] xR of random variables defined
on the same probability space is called a multi-parameter stochastic process or

random field.

A random element in C([0, 1] x R) is a function X : Q@ — C([0, 1] x R) which is
F/C([0,1] x R)-measurable, where C([0,1] x R) is the Borel o-field on C([0, 1] x R).
It can be proved that C([0, 1] x R) coincides with the o-field generated by the projec-
tion maps m, : C([0,1] x R) — R given by

meo(f) = f(t,x), for all t € [0,1],z € R.

Hence any random field X = {X (t, x)} o with continuous paths is a random
t€l0,1], xeR
element in C([0,1] x R).
If (X,,)n>1 and X are processes with sample paths in C([0, 1] x RY), we say that

(Xn)n>1 converges in distribution to X (and we write X, A X) if (px,, )n>1 converges
weakly to py, where puy, ,pux are the laws of X,,, respectively X on C([0,1] x R?).

We recall the following well-known result, which can be proved by classical meth-
ods (see Theorem 8.1 of [12] for the corresponding result for C'([0,1])).

Theorem A.4.1. Let X,, = {X,(t,2)} and X = {X(t,x)} be random fields with
sample paths in C([0,1] x R). If the following conditions hold:

(4) <Xn(t1,x1),...,Xn(tk,:)sk)> 4 (X(tl,a:l),...,X(tk,a:k)> for all t1, ...t € [0, 1],
X1, ...t € R and k> 1,
) (,an)n is tight, where p, is the law of X,, on C([0,1] x R),

then X, % X in C(]0,1] x R).

The following theorem gives a useful criterion for proving tightness, and is bor-
rowed from [43]. Note that the corresponding criterion for the tightness for probability
measures on C'([0,1]) is not explicitly stated in Billingsley’s book [12].

Theorem A.4.2 (Proposition 2.3 of [43]). Let X, = {X,(t,%)}1ej0,1), zer, 7 > 1 be
random fields with sample paths in C([0,1] x R). Suppose that the following two
conditions hold:

(1) supE|X,(0,0)]” < oo, for some p’ >0,

n>1
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(73) for any compact set J C R, there exist p > 0,0 >2,C >0 and N € N such that
5
E|X, (¢, 2) — X, (t,2)|" < C<|t’ ] - x|) , (A1)

forallt';t €[0,1],2",x € J, andn > N,

then (X,,), is tight in C(]0, 1] x R).

Combining Theorems A.4.1 and A.4.2, we obtain the following result, which is
used several times in the thesis.

Theorem A.4.3. Let X, = {X,(t,2)} and X = {X(t,x)} be random fields with
sample paths in C([0,1] x R). If the following conditions hold:

(1) (Xn(tl,xl), ...,Xn(tk,xk)> LN <X(t1,x1), ...,X(tk.,xk)) for all ty, ...ty € [0,1],
1, ..., € Rand k > 1,
(i1) supE|X,(0,0)]" < oo, for some p’' >0,
n>1

(1ii) for any compact set J C R, there exist p > 0,5 > 2,C >0 and N € N such that
relation (A.4.1) holds, for allt';t € [0,1],2",2 € J, and n > N,

then X, % X in C(]0,1] x R).

Remark A.4.4. Theorem A.4.3 remains valid (with obvious modification) for ran-
dom fields with sample paths in C([0,7] x R) for any 7" > 0.

A.5 Basic results from Malliavin calculus

In this section, we recall some basic concepts and facts about Malliavin calculus,
and we refer the readers to the monograph [38] for more details. Since the noise
introduced in Section 2.1 is not a martingale in time, the stochastic integral with
respect to W cannot be defined in the It6 sense. To define the concept of solution
we use the divergence operator from Malliavin calculus (which coincides with the
Skorohod integral, in the case of the Brownian motion).

Let W = {W(p);» € H} be an isonormal Gaussian process, i.e. a zero-mean
Gaussian process indexed by elements of a Hilbert space H such that

EW ()W ()] = (e, ¥)n.

Every square-integrable random variable F' € L*(Q) which is measurable with respect
to W has the Wiener chaos expansion:

F =E[F] + Z[n(fn), for some f, € H®", (A5.1)

n>1
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where H®" is the n-th tensor product of H and I, is the multiple Wiener integral
with respect to W. Note that

n!{(f, §)pen if n=m,
ElL(f)Im(9)] = ‘
0 if n # m,

where f is the symmetrization of f in all n variables:

N 1
[z, an) = n! Z f@m)?"' ’xp(n))J

" pESy

and S, is the set of all permutations of {1,2,--- ;n}. If F' has the chaos expansion
(A.5.1), then

BIFE = 3" BIL(f)P = S 0l ful Byon.

n>0 n>0

Let S be the class of “smooth” random variables, i.e variables of the form

F=f(W(p1),-- Wien)), (A.5.2)

where f € C;°(R"™), ¢; € H,n > 1, and Cg°(R") is the class of bounded C'*°-functions
on R", whose partial derivatives of all orders are bounded.

Definition A.5.1 (Malliavin derivative). The Malliavin derivative of a smooth ran-
dom variable F' of the form (A.5.2) is the H-valued random variable given by:

DF ::;6:&-

We endow S with the norm

(W (0. Wign) )i

1Fllp2 == (EIF*)'2 + (E||DF|3,)">.

The operator D can be extended to the space D2, the completion of S with respect
to H : ”D1,2.

Definition A.5.2 (Divergence operator). The divergence operator 0 is the adjoint
of the operator D. The domain of &, denoted by Dom(s), is the set of u € L*(2,H)
such that

IE(DF,u)y| < c(B|F[})Y2, for all F € DY

where ¢ 1s a constant depending on u.
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If u € Dom(d), then d(u) is the element of L?(Q) characterized by the following
duality relation:
E[F§(u)] = E(DF,u)y, forall F € D"

In particular, E[0(u)] = 0. If u € Dom(d), we use the notation

5(u) = /R ()W (6),

and we say that d(u) is the Skorohod integral of u with respect to W.

The following lemma is used in the proof of Theorems 2.2.4 and 2.2.6. We refer
the reader to page 62 of [38] for more details.

Lemma A.5.3 (Hypercontractivity). Let H, be the n-th Wiener chaos space. For
any F € H,,
1Fl, < (0 =)™ F (A.5.3)

for any p > 2, where ||F||, = (E|F\p)1/p is the norm in LP($2).

Proof: We use the fact that for any 1 < p < ¢ < oo, the norms || - ||, and
| - ||, are equivalent on any Wiener chaos H,. More precisely, let ¢ > 0 such that
q=1+¢e*(p—1). Then for every F € H,, we have

e PNl < 1F]lp- (A.5.4)

(see page 62 of [38]). Taking ¢ = 11n (;’ﬁ), by relation (A.5.4), we have

n q_l n/2
1l < e NE = (C=5) " 1F ]l (A5.5)

In relation (A.5.5), if we replace the values (¢, p) by (p,2), we obtain (A.5.3). i
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