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ABSTRACT

We learn decision lists over a space of features that are constructed from
the data. A practical machine which we call the Decision List Machine comes
as a result. We construct the Decision List Machine which uses generalized
balls as data-dependent features.

We compare practical performance on some data sets with the perfor-
mance of some other learning algorithms such as the Set Covering Machine
and the Support Vector Machine.

This performance is evaluated for both symmetric and asymmetric loss
coefficients.

We also provide a theoretical assessment of the performance of the DAM

by computing upper bounds of the generalization error.



Chapter 1

Introduction

1.1 Overview of the problem

The problem of learning from data is one part of the general experimental
procedure used in different fields of science and engineering. The need for
understanding large, complex, information-rich data sets is common to vir-
tually all fields of business, science, and engineering. Some examples include
medical diagnosis, hand-written character recognition, and time series pre-
dictions. Methods for learning from data have been traditionally explored in
such field as statistics (multivariate regression and classification)[1].

In general the problem encountered by the learning machine is to select
a function (from the set of functions it supports) that best approximates the
system’s response.

Vapnik’s theory of Structural Risk Minimization ([18], [19]) shows that

the maximum margin hyperplane is a good solution for linearly separable

7
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data sets. The maximum margin hyperplane is used to build the Support
Vector Machine (SVM), which is a popular and effective method for con-
structing non-linear classifiers.

Support Vector Machines try to achieve good generalization by computing
the maximum margin separating hyperplane in a high-dimensional feature
space. This approach combines two good ideas. The first idea is to map the
space of input vectors into a very high-dimensional feature space in such a
way that nonlinear decision functions on the input space can be constructed
by using only (linear) separating hyperplanes on the feature space. The
second idea is to construct the separating hyperplane on the feature space,
which has the largest possible margin ([1], [4])-

Marchand and Shawe-Taylor have designed the Set Covering Machine
(SCM) [12]. The main idea of the SCM is the following: if the function to
learn is a conjunction or a disjunction, then it is better to use a learning
algorithm, which will construct this type of function. The SCM algorithm

combines two powerful methods:
e map the input space in to the intermediate space,

e use the greedy set covering algorithm as an optimization method in the

intermediate space(for definitions see Appendix A)

The algorithm can be used with discrete or continuous data, and does
not require a quadratic optimization procedure such as the SVM. Therefore,

the SCM is simpler to implement than the SVM, and, as it is shown further
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in the thesis, the SCM better approximates the function to learn than the

SVM for some data.
In this work we introduce the Decision List Machine (DLM). It

e maps the input space into the intermediate space

e constructs a decision list on the intermediate space

1.2 Motivation

The basic reason to build the Decision List Machine (DLM) and to use it
as a learning machine is quite natural. The SCM has produced good results
on many data sets. It was an open question how the same learning strategy

would behave on the strictly richer class than conjunctions or disjunctions.

1.3 Contributions

The main contributions of the thesis are:

1. A learning algorithm. The learning algorithm is proposed for DLM

using generalized balls for its set of features

2. Experimental results. The implementation of the learning algorithm
has been done, and experimental results are obtained on artificial and

“pnatural” data.

3. Theoretical results. Theoretical assessment of DLM performance is

obtained and proved for different versions of the learning algorithm.
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1.4 The thesis organization

The remainder of the thesis is organized as follows:

Chapter 2 introduces basic machine learning definitions and notions, used
in the current research. It gives the description of the Set Covering Machine
(SCM).

Chapter 3 presents the Decision List Machine (DLM). It provides the
formulation of the learning algorithm and the implementation of the feature
space of generalized balls in the DLM. It extends rules for model selection
obtained for the SCM, to the case of the DLM.

Chapter 4 describes the testing performed by the DLM on both artificial
and “natural” data sets. Test results are represented and compared with
results of the SCM, the support vector machine and nearest-neighbor classi-
fier. Results for loss functions with asymmetric loss coefficients are reported
separately.

Chapter 5 presents a theoretical assessment of DLM performance. Up-
per bounds for the generalization error for different types of the DLM are
determined.

Chapter 6 contains conclusions and propositions for future work.



Chapter 2

The Background Review

2.1 The classification problem

An input example £ = (z,,...,z,) needs to be classified into one (and only
one) of j classes (or groups) Cy, .. ., C;. The existence of the classes is known
a priori. Classification is concerned with the relationship between the class-
membership label y and the input vector Z.

Examples of classification tasks are:

e The diagnosis of a medical condition from symptoms, in which the
classes could be either the various disease states or the possible thera-
pies

e The prediction of an election from the voter’s information, in which

the classes could be either an election’s participation or a choice of a

certain candidate

11
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e The diagnosis of a person’s creditability from a bank’s information, in
which the classes could be different levels of a mortgage repayment

e Deciding from atmospheric observations whether a severe thunderstorm

is possible or unlikely.

In supervised learning the training input examples are given with their
class labels or outputs.

In the two-class classification problem the output takes on only two sym-
bolic values y € {0, 1}, corresponding to two classes, called negative and
positive.

A function f(Z) maps the input example £ onto the class label y. This
function can be expressed as a logical definition, a procedure, a decision tree,
or a network [16].

Commonly the (0,1)-loss function l(y, f(Z)) measures the classification

error
0 ify=f(Z)

1 otherwise

Wy, f(@)) = {

For the (0,1)-loss function the true risk R is defined as

R=[ly- f(@)dP(),

where P(Z) is the (unknown) distribution of the input examples.

The generalization error of function f(Z) is

err(f) = Prgepa(f(Z) # v)
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for a randomly drawn example (Z,y). In case of the (0,1)-loss function the
generalization error is equal to the true risk.

A is called a batch learning algorithm if it constructs a function after
examining all of the examples of a given finite training set. The goal of a
learning algorithm is to produce a function f(Z) which minimizes the true
risk (or the generalization error).

If the error is small and probability of failure is bounded by a small
constant, then this is called probebly approzximately correct learning (PAC-
learning)[13]. For the mathematically oriented framework on PAC-learning
see [15].

Since the distribution P(Z) is unknown, we use the empirical risk Remp

as the estimation for the true risk:
Remp = # = v — F(Z2))-
For any loss function [(y, f(Z))
e true risk R = [ l(y, f(Z))dP(Z)

e empirical risk Remp = = &, Uy, £(Z:))

2.2 The feature space

Consider an arbitrary n-dimensional input space X C R".
For an input vector £ € X consider a mapping to a s-dimensional Boolean

vector h(Z) = (hi(£), - .-, hs(E)), where each hy(£) is called a feature.
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Simple functions on a feature space are built while original functions on
the input space may be rather complex.

In this thesis we construct a learning algorithm which builds a decision list
on a feature space. A learning algorithm which builds conjunctions and dis-
junctions on a feature space was designed by Marchand and Shawe-Taylor[12].
They call it the Set Covering Machine (SCM).

We introduce two important definitions.

A feature h;(Z) is consistent with an example z if it makes zero error on
it.

A feature h;(Z) is data-dependent if it is constructed from the data.

2.3 The Set Covering Machine

Let us first review the work of Marchand and Shawe-Taylor{12).

The SCM classifies an input vector Z with a hypothesis f(Z) - a conjunc-
tion (or disjunction) of some features h;(Z) - that was found by the learning
algorithm described below. Hence, for an input vector Z the SCM outputs
f(Z) = Aier hi(Z) for a conjunction or
f(Z) = Vier hi(Z) for a disjunction
where R indexes the set of féa.tures returned by the learning algorithm.

Given a set of m training examples, the learning algorithm for the SCM
must also be provided with a set S of s (Boolean valued) features. S is
required to satisfy the following condition: there exists a conjunction (or

disjunction) of features in & which is consistent (makes zero error) with all
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the training examples.

To construct a hypothesis, the SCM learning algorithm uses two well
distinguishable steps.

Consider the case where we learn a conjunction. We assume that there
exists a set A C S over which a conjunction of features A;c4 fi(Z) is consistent
with all the training examples. The set A of features is included in the set
B of features in S consistent with the positive training examples. A;cg fi(%)
is consistent with all the positive training examples by construction. It also
never misclassifies any negative example of the training set since A C B.

Valiant step Find the set B = {fi(Z),..., fa(£)} of all features in S
such that each f;(Z) € P makes zero error with all the positive training
examples. |

Marchand and Shawe-Taylor showed in [12] that the generalization error
of the SCM depends on the size of the conjunction. To reduce the generaliza-
tion error we need to reduce the number of features in the output hypothesis.

Recall that A;cp fi(Z) is consistent with the set N of all the negative
training examples. Therefore, each feature f;(Z) € B is consistent with some
the negative training examples. We denote the set of such examples as Q;.
Since U;ep Qi = N, we say that {Q;}:cp forms a cover for N.

The problem to find the smallest subset of features in B whose conjunc-
tion is consistent with A/ becomes the problem to find the smallest collection
Y of sets Q; for which U;ey Q: is equal to N. This is the well known (and
NP-complete) Set Cover Problem (for definition see Appendix A). It is hard

to find the set cover of the minimum size, and we use the set cover greedy
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algorithm instead. Recall that the set cover greedy algorithm has a good
worst-case bound [7],[11].

Lemma 1 Let r be the size of the minimal cover that covers m examples.

Then the set cover greedy algorithm outputs a cover of size at most
r X In(m) + 1.

Proof: The proof is in Appendix A.

Haussler step Apply the set cover greedy algorithm to find a subset
I C B of features that covers all the negative training examples.

Practically, first choose the set ¢); which covers the largest number of
elements in N, and remove these elements from N and each Q;x;. Repeat
the procedure on N\Q; with the set Qi of the largest cardinality. Stop the
repetition when there are no more uncovered examples in V.

Let r be the size of the minimal cover that covers . According to the
result of Lemma 1,the SCM learning algorithm outputs the conjunction which
size is at most © x In(JA]) + 1. Hence, the size of the output is linear with
respect to the minimal number of features, covering all the negative examples,
is logarithmic with respect to the cardinality of AV, and is independent of |S|.

To learn a disjunction with the SCM we make the assumption that
there exists a disjunction of features V;c4 fi(Z£) which is consistent with
all the training examples. In the Valiant step we build a set of features
C = {fi(®),---, fa(Z)} which make zero error on all the negative training
examples. Following the same logic as above, in the Haussler step we apply

the set covering greedy algorithm to the Valiant step’s outcome to find a
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subset I C C of features that covers all the positive training examples. Let
P be the set of all the positive training examples. If r is the size of the op-
timal cover that covers P, then the output disjunction has a size of at most

r x In(|P]) + 1 features.

2.4 Generalized balls

In this section we introduce a data-dependent set.S of features with the
required property that there exists a conjunction {or disjunction) of some
features in S which is consistent with all the training examples.

Let d(Z;,Z;) be the distance between two points in the original input
space, p be any real-valued number, and %; denotes the Boolean complement
to ¥; € {0,1}. For each training example £; with label y; consider a ball h;,
centered in Z; with radius p. On any training example Z we define the value

of the ball as follows:

hip = hio(E) = { y: ifd(Z;,Z)<p
U; otherwise
We can use any metric to calculate the distance, that is why we call &;,
a generalized ball. No initial restrictions are imposed on the radius p, hence,
for a given set of m training examples the initial space S of features could
be infinite.
For practical purpose we consider that each training example Z; defines

m — 1 radii p;; = d(Z;, Z;), 7 # j. This consideration restricts the number of
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generalized balls, built on m training examples, to @(m?). Assume that the
training set does not contain any contradictory examples , or if #; = Z; then
¥; = y; is fulfilled. Then there always exists a conjunction (or a disjunction)
of some generalized balls which is consistent with all the training examples.

We will now show that the SCM reduces the size of S to be equal to the
number of training examples. Let us first consider the case of a conjunction.

For a positive training example Z;, consider a set of generalized balls,
centered on Z; where each of them includes all the positive training examples.
Let p;min denote the smallest distance from a positive training example T;,
that includes all the positive training examples.

For a negative training example Z; consider a set of generalized balls,
centered on Z; where each of them excludes all the positive training examples.
Let pjmaz denote the largest distance from a negative training example Z;,
that excludes all the positive training examples.

In the Haussler step the algorithm gives preference to the balls which
misclassify as few negative examples as poSsible. For a positive example
Z; a generalized ball, centered on Z;, with a radius larger than p; /s, will
misclassify more negative examples that the generalized ball, centered on ;,
with the radius p; min. Hence, for a positive example Z; we will consider only
the generalized ball of radius p; min-

Similarly for a negative example Z;, a generalized ball centered on Z;,
with a radius smaller than p;me; will misclassify more negative examples
that the generalized ball, centered on Z;, with the radius p;mq. - Hence, for

a negative example z; we will consider the generalized ball of radius p; maz-
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In the case of learning a disjunction, we also construct a set of features
S, such that |S]| is equal to the number of training examples. For each pos-
itive example £; we find the largest distance that excludes all the negative
training examples, and build the corresponding generalized ball. For each
negative example Z;, we find the smallest distance that includes all the nega-
tive training examples, and build the corresponding generalized ball. Hence,

the number of generalized balls is equal to the number of training examples.

2.5 Experimental design

To complete the description of the SCM we provide results of its performance
on some “natural” data sets. The Glass data set was obtained from Robert
Holte, now at the University of Alberta, and six other data sets were obtained
from the machine learning repository at UCI [20]. All contradictory examples
are eliminated, thus the size of the Haberman data set is reduced from 306 to
294 examples. Also we removed all examples with unknown attribute values.

For all data sets a resampling method is used for the estimate of the gen-
eralization error. Resampling methods make no assumptions on the statistics
of the data or on the type of a function to construct.

The basic idea is first to build a hypothesis using a portion of the given
data and then to use the remaining samples to estimate the true risk for this
hypothesis. The first portion of the data is called a training set, and the
second portion of the data is a testing set.

The more sophisticated approach used is known as k-fold cross-validation.
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It consists of these steps:

1. Divide m given examples into k disjoint subsamples of roughly equal

size m/k.

2. For each testing sample S;,7 < k use the remaining data to construct

a hypothesis h.
3. Calculate the empirical risk for S;.

4. Compute the estimate for the true risk by averaging the empirical risks
for S]_, cee ,Sk.

Typical choices for & are 5 and 10.

The results of 10-fold cross-validation of [12] are summarized in table 2.1.
The size of a conjunction (disjunction) is given as the average number of
generalized balls, built by the SCM over the 10 different training sets of 10-
fold cross-validation. The Euclidean (L,) metric is used for distances. The
error column represents the sum of misclassified examples over all testing
sets of 10-fold cross-validation.

According to the structural risk minimization principle [19] the classifi-
cation error can increase with the decrease of the empirical risk.

The attempt to improve the conjunction’s (disjunction’s) quality of fit-
ting the training examples and receive zero training error, can prevent a
better generalization with smaller conjunction (disjunction), which makes

fewer errors on the training set.
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Data SCM - conjunc { SCM - disjunc
data set number of ex || size | error size | error
Breast Wisc | 683 13.1 | 26 16.8 | 34
Bupa 345 80.5 | 144 68.8 | 131
Credit 653 1374 | 255 123.5 | 225
Glass 163 45 159 | 36
Haberman | 294 45.5 | 104 46.6 | 128
Pima 768 147.3 | 260 123.9 | 230
Votes 52 29 7 3.1 6

Table 2.1: Performance of the consistent SCM

One possibility to build a smaller conjunction (disjunction) is to stop
the set covering greedy algorithm when there remains a few more training
examples to be covered. Recall that all these examples belong to the same
class: negative for conjunctions, positive for disjunctions. To avoid a “one-
side” error generalized balls are permitted to misclassify examples: positive
for conjunction, negative for disjunction.

Consider a conjunction’s case. A generalized ball is allowed to misclassify
positive examples if and only if much more negative examples are classified
correctly by the same generalized ball. To characterize generalized ball A, a
generalized ball’s score V;,(p) is introduced.

Let |Qx| be the number of negative examples correctly classified by A and
|Ri| be the number of positive examples misclassified by the same h. Then
Vi(p) = [Qn| —p x | Rp|, where p is a fixed penalty parameter. Notice that no
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misclassification of positive examples is allowed if p tends to infinity. Hence,
the initial SCM is buit as p — oc.

Some changes are done in the SCM algorithm to implement V;(p) when p
is fixed and finite. The Valiant step is not needed now. The learning begins
directly with the Haussler step, which is also modified. Now a generalized
ball h € S is chosen with the highest score V;. Examples covered by Q) are
removed from the set A of negative training examples and from each Qghs
and examples covered by R are removed from each Rgyz,. The procedure of
finding the generalized ball h with the largest score V;, and updating A and
each Qyxn and each R,y is repeated until only a few number of elements
remain in N.

15.35% of accuracy improvement is obtained with the SCM modifications
on average for seven data sets: 20.3% on average for the SCM - disjunction
and 10.4% on average for the SCM - conjunction. For results, see Table 2.2
(on page 23). The error column represents the sum of examples misclassified
by the consistent SCM over all testing sets of 10-fold cross-validation. The
error; column represents the sum of examples misclassified by the inconsis-
tent SCM with a fixed p over all testing sets of 10-fold cross-validation. We
have reported the optimal value of p and the optimal size obtained by early
stopping the set covering greedy algorithm.

In Table 2.2 (on page 23) we compare performances of the SCM and the
SVM. All results are obtained from [12].

For the SVM, the size is calculated as the average number of support
vectors, built by the SVM over the 10 different training sets. The listed
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Data SCM - conjunc SCM - disjunc SVM
data set e (p size | error; || p | size | error; || v C |size | error
Brest Wisc | 683 || 1.8 | 2 15 05(1 17 0005 {2 |[57.7 |19
Bupa 345 | 1.7 |20 | 122 2819 106 0.002 | 0.2 2659|107
Credit 65308 (4 197 12} 4 194 0.0006 | 32 | 423.2 | 190
Glass 163 | 08514 |33 38116 |36 0.8 2 918 (34
Haberman | 294 |14 |1 71 14112 |71 001 |06|1464 |71
Pima 768 1 1.1 |3 189 41120 |204 0.002 |1 |526.2 (203
Votes 52 1.2 |1 6 091 6 0.05 15 {182 |3
Table 2.2: Optimal performances of the SCM-conjunction, the SCM-

disjunction and the SVM

values of the kernel parameter v and the soft margin parameter C give the

smallest 10-fold cross validation error.




Chapter 3

Decision List Machines

We are now in a position to extend the SCM ideas to a more general machine

called the Decision List Machine.

3.1 Definition of a decision list

The DL algorithm will construct a decision list.

For an input vector £ € X C R™ we construct a s-dimensional Boolean
vector f(Z) = (fu(£),- .-, f+(Z)), where each f;(Z) is called a feature.

For an input vector £ the DLM outputs a hypothesis h(Z) defined as:

*if f1(Z) then b,
else if fo(Z) then b,

else if f,(Z) then b,

else by4,”.

24
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where f;(Z),Z =1,...,p is the set of features returned by the learning algo-
rithm, b; € {0,1}, b, # bpy1 and by, is the default value corresponding to
the default feature.

The output value of a decision list is equal to b;, where b; corresponds to
the first satisfied condition fi(Z) = 1.

Example 1 We can represent the disjunction fi(Z) V fo(Z) V f3(Z) as the

decision list:

"if f1(Z) then 1
else if fo(Z) then 1
else if f3(Z) then 1
else 0”

Example 2 We can represent the conjunction fi(Z) A fo(Z) A f3(Z) as the

decision list:

"if £1(Z) then 0
else if f,(Z) then 0
else if f3(%) then 0
else 17
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©10)

Let us construct an example of a decision list that cannot be represented

either by a disjunction or by a conjunction.
Example 3 An alternating decision list is:

"if fi(Z) then 1
else if fo(Z) then 0
else if f3(Z) then 1
else 0”

Hence, there exist functions that can be represented by decision list, but
neither by a conjunction nor by a disjunction. Thus, decision lists strictly

generalize these classes [8].

3.2 The feature space

Let N denote the set of all the negative training examples, and P denote

the set of all the positive training examples. As before, S denotes a set of
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features and f denotes an element of the feature space.

As for the SCM we want a practical machine which will work both with
Boolean and non Boolean data. We assume the previous definitions about
a feature. The decision function to learn is a decision list, and we call our
machine a decision list machine.

Given a set of m training examples, the learning algorithm for the DLM
must also be provided with a set S of s (Boolean valued) features. S must

satisfy the following :

o there exists a conjunction of features in S which is consistent with all

the training examples.

o there exists a disjunction of features in & which is consistent with all

the training examples.

Since conjunctions and disjunctions are particular cases of decision lists, these

two conditions imply that:

e there exists a decision list of features in S which is consistent with all
the training examples.
A feature f; is called positive (negative) if b; =1 (b; = 0).

We say that features f;, fiy1---, fisrk makeup a level lifb;_, #b; = ... =
bitk # bitk+1- The first level [; begins with f;. A level [; is called positive
if it is constructed with positive features, and a level [; is called negative if
it is constructed with negative features. It is easy to see that a change of
the order of features inside the same level does not affect the decision list’s

outcome.
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3.3 Alternations and essential precedence

A decision list is said to be k-alternating, if there exist k pairs (b;, b;41), such
that b; # biy1-

Consider a k-alternating decision list. Assume that level [; is constructed
from positive features, and, therefore, level [ is constructed from negative
features.

There is no negative example in N setting any Vf; € [; to 1, otherwise
the decision list would be inconsistent with the example. Each f, € [, has
the property that any example Z € P setting f. to 1 would also set a feature
fi € l; to 1. Hence, for any f> € I, there is a set I, C [; of features f; such
that each positive example in P setting f, to 1 sets one of the features in [,
to 1.

Let us generalize the above analysis to an arbitrary negative level /; and
an arbitrary positive level /; for 7 odd and j even.

For any feature f; € [;, there exists a set l;, of features from positive
levels [;,7 < j, such that any positive example z € P setting f; to 1 sets one
of features from [;; to 1. Similarly, for an arbitrary positive level [; it is true
that any f; € ; has a corresponding set l;;, of features from negative levels
l;,j < i, such that any negative example z € N setting f; to 1 sets one of
features from [;, to 1.

We say that a feature f covers an example T if £ sets f to 1.

We say that positive feature f; essentially precedes negative feature f;, j <

1, iff there exists a positive training example Z setting both features f; and
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fitol.
We say that negative feature f; essentially precedes positive feature f;, j <
1, iff there exists a negative training example £ setting both features f; and

fitol.

We say that feature f; essentially follows feature f;, j < 1, iff f; essentially
precedes f;.

We say that feature f;, is the nearest to feature f; iff f,, essentially follows
fi and n < i for all other f; that essentially follows f;.

3.4 The learning algorithm

We are going to generalize the greedy set covering algorithm for the SCM in

a natural way.

Recall that, for the set S of features, the following is fulfilled:

o there exists a conjunction of features f;(%),i € A’ C S, which is con-

sistent with all the training examples .

e there exists a disjunction of features f;(Z),7 € A” C S, which is consis-

tent with all the training examples.

Let P be the set of all the positive training examples. Let N be the set
of all the negative training examples.

Step 1: Find the set of features S,, which make zero error on the remain-
ing positive training examples. For each feature f; € S, deﬁne a set @; of

the consistent negative training examples. We can define such a set because
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of the assumption that there exists a conjunction which is consistent with all
the training examples .

Step 2: Find the set of features S, which make zero error on the remain-
ing negative training examples. For each feature f; € S, define a set R; of
the consistent positive training examples. We can define such a set because
of the assumption that there exists a disjunction which is consistent with all
the training examples.

Step 3: Compare the sizes of each Q; and each R;. Let T; be the set of
the largest size. If T; contains positive examples, then begin building of a
positive level (step 4), otherwise, begin building of a negative level (step 7).

Step 4 (a positive level): Place the positive feature f;, corresponding
to T; in a positive level. Remove covered examples from P and every R;.

Step 5: Test if f; essentially follows some negative features f; of previous
negative levels. For each f; that essentially precedes f; assign a link to f;.

Step 6: If there are some uncovered examples in P then go to step
1.0therwise go to the pruning step (step 10).

Step 7 (a negative level): Place the negative feature f;, corresponding
to 7; in a negative level. Remove covered examples from N and every Q;.

Step 8: Test if f; essentially follows some positive features f; of previous
positive levels. For each f; that essentially precedes f; assign a link to f;.

Step 9: If there are some uncovered examples in N then go to step
1.Otherwise go to the pruning step (step 10).

Step 10 (pruning step): Remove every feature f that has the same

sign as the default feature and that does not essentially precede an other
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feature.

It is easy to see that the DLM learning algorithm correctly classifies an
arbitrary training example Z;. Suppose that Z; is positive. Assume for the
purpose of contradiction that the hypothesis classifies £; as negative. Thus
there exists a negative feature f; € Z,, which is set to 1 by Z; but this is
impossible according to the learning algorithm.

A proof for a negative example Z; follows by symmetry.

3.5 The DLM with generalized balls

Recall, that on any training example Z we define the value of a generalized
ball as following:
fom () = { w ifd(F,5) <p
7; otherwise

where £; is a centre of the ball and has a label ;.

No initial restrictions are imposed on the radius p, hence, for a given set
of m training examples the initial space S of features could be infinite.

For practical purpose we consider that each training example Z; defines
m — 1 radii p; ; = d(Z;, £;),% # j. This consideration restricts the number of
generalized balls, built on m training examples, by O(m?). Assume, that the
training set does not contain any contradictory examples, or if £; = Z; then
yi; = y; is fulfilled. S has the required property that there exists a decision

list of some features in S which is consistent with all the training examples.
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We now show that we only need to consider 2m balls in the initial set S
of balls.

For a positive training example Z; consider two sets of generalized
balls, centered on %;: P; and N,. P; is a set of generalized balls, each of them
includes all the positive training examples. A, is a set of generalized balls,
each of them excludes all the negative training examples.

Let p;min denote the smallest distance from a positive training example
Tj, that includes all the positive training examples. Let p; ;.- denote the
largest distance from a positive training example £;, that excludes all the
negative training examples.

For a negative training example Z; consider two sets of generalized
balls, centered on Z;: N; and P,.. N is a set of generalized balls, each of
them includes all the negative training examples. P, is a set of generalized
balls, each of them excludes all the positive training examples.

Let p;min denote the smallest distance from a negative training example
Tj, that includes all the negative training examples. Let g;mq denote the
largest distance from a negative training example Z;, that excludes all the
positive training examples.

To build a positive level of a hypothesis, the learning algorithm chooses
the balls which misclassify as few negative examples as possible. Consider a
positive example Z;. A generalized ball with the centre Z; and a radius larger
than p; min Will misclassify more negative examples than the generalized ball
with the centre Z; and the radius p; min-

Hence, for this centre £;, we will consider the radius p; m, in the initial
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set S of features.

Similarly, for a negative example Z; a generalized ball with the centre
Z; and a radius smaller than p; ., will misclassify more negative examples
than the generalized ball with the centre Z; and the radius p;maz-

Hence, for this centre T, we will consider the radius p;mqr in the initial
set S of features.

To build a negative level of a hypothesis, the learning algorithm
chooses the balls which misclassify as few positive examples as possible.
Consider a negative example Z;. A generalized ball with the centre Z; and
a radius larger than p; i, will misclassify more positive examples than the
generalized ball with the centre Z; and the radius p; min.

Hence, for this centre Z;, we will consider the radius p; i in the initial
set S of features.

Similarly, for a positive example Z; a generalized ball with the centre T;
and a radius smaller than p; ;.. will misclassify more positive examples than
the generalized ball with the centre Z; and the radius p; oz -

Hence, for this centre I;, we will consider radius p; ;q, in the initial set
S of features. .

Hence, the number of generalized balls in S is just twice of the number

of training examples.
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3.6 Model selection

For the same reasons as SCM, we have implemented the early stopping of
the greedy algorithm and used penalty parameters in the DLM learning al-
gorithm.

We allow a negative generalized ball f;, to misclassify some positive exam-
ples if and only if many more negative examples are covered. To characterize
a negative generalized ball f,, we introduce a generalized ball’s score V7, (p,)-
Let |Qy,| be the number of negative examples correctly classified by f,, and
|Ry,| be the number of positive examples misclassified by the same f,. Then
V5. (pp) = |Qy.] — pp X |Ry, |, where py is a fixed positive penalty parameter.

We allow a positive generalized ball f, to misclassify some negative exam-
ples if and only if many more positive examples are covered. To characterize
a positive generalized ball f, we introduce a generalized ball’s score V7, (p,)-
Let |Ry,| be the number of positive examples correctly classified by f,, and
|Qr,| be the number of negative examples misclassified by the same f,. Then
V5, (Pn) = |Ry,| — Pa % |Qy, |, where p, is a fixed negative penalty parameter.

Again notice, that no misclassification of positive examples is allowed if
Pp tends to infinity, and no misclassification of negative examples is allowed
if p, tends to infinity. Hence, we recover the initial DLM algorithm when
DPp — 00 and p, — oo.

We compare scores of generalized balls and choose a generalized ball f
with the highest score V;. Then we remove examples covered by Qs from

the set AV of the negative training examples and from each Q,;. We remove
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examples covered by R; from the set P of the positive training examples and
from each R,:f. We repeat the procedure of finding the generalized ball f
with the largest score V; and updating sets N, P, Qg.f, Ry until only a few
number of examples remain in either N or P.

In the next chapter we show that this modified DLM algorithm improves

the accuracy of the output hypothesis as well as it reduces its size.



Chapter 4

Empirical Results

To investigate the learning ability of the DLM we ran it on more than twenty

artificial data sets and on seven “natural” data sets as well.

4.1 Results on artificial data

The goal of running the DLM on artificial data was to compare in a control-
lable way the performances of the DLM and the SCM. Both algorithms use
spaces of generalized balls.

We generated more than twenty artificial data sets, mostly “wave-like”
and “doughnut-like”, in two-, three- and four-dimensions.

Each data set was used as a training set and then as a testing set. We
ran versions of the DLM and the SCM algorithms with zero training errors,
and searched for differences in sizes of the output hypothesis.

On the following data of 18 two-dimensional examples (see Figure 4.1) the

36
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o — positive examples, x — negative examples
Figure 4.1: 2D artificial data

hypothesis output by the DLM contains four generalized balls. For this data
set, the SCM-conjunction and the SCM-disjunction construct hypotheses
which contain eight generalized balls each.

We expanded this data set to a three-dimensional data set of 54 examples
(see Figure 4.2), and obtained even more impressive results. The DLM builds
a hypothesis with nine generalized balls in order to classify all the training
examples correctly. The SCM-conjunction builds a conjunction with twenty
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Figure 4.2: 3D artificial data

four generalized balls, and the SCM-disjunction builds a disjunction with
twenty five generalized balls.

With a four-dimensional modification of the same data set, the DLM
classifies correctly 108 examples of a ”wave-like” data with the decision list of
twenty one generalized ball, whereas the SCM-conjunction classifies the same
data with forty eight generalized balls and the SCM-disjunction classifies it
with fifty generalized balls.

On most of data sets the DLM builds a hypothesis which contains less
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Data DLM || SCM-c || SCM -d
pos ex | neg ex | dim || size | size size
9 7 2 3 7 4
9 9 2 4 8 8
26 7 2 3 3 3
20 20 2 4 6 6
22 20 2 5 6 7
23 20 2 4 6 8
32 52 2 8 12 12
27 27 3 9 24 25
54 54 4 21 48 50
81 81 4 32 76 75

Table 4.1: Sizes of the DLM and the SCM on the artificial data

39

generalized balls than the SCM-conjunction and the SCM-disjunction. One

exception where the DLM hypothesis has the same number of generalized

balls as the SCM-conjunction hypothesis and the SCM-disjunction hypoth-

esis is represented by a ”doughnut-like” data set with a large number of

concentrated positive examples among a few widely dispersed negative ex-

amples.

In Table 4.1 we compare sizes the DLM, the SCM-conjunction and the

SCM-disjunction on some of the generated data sets.
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Data DLM
data set number of ex || size | N,
Breast Wisc | 683 14 (14
Bupa 345 66 |66
Credit 653 145 | 144
Glass 163 21 |21
Haberman | 294 52 |52
Pima 768 155 | 155
Votes 52 4 4

Table 4.2: Sizes of the DLM for the case of zero empirical risk
4.2 Results on “natural” data

On seven “natural” data sets we have used 10-fold cross-validation for the
estimate of the generalization error. As it was written before, we obtained
these data sets from the machine learning repository at UCI [20] except the
Glass data set which was obtained from Robert Holte, now at the University
of Alberta.

In the Table 4.2, in the “size” column, we give the number of generalized
balls obtained by consistent machines (the case of zero empirical risk) when
they are trained on the full data set. N, denotes the number of generalized
balls with essential precedence. Notice that this number is the same as the
size of a hypothesis for each data set (except for the Credit data set).

Hence, for most experiments, we ran the simplified DLM where the prun-
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ning step was skipped. Hence the algorithm’s steps 5, 8, 10 were omitted.

In table 4.3 the size s of a decision list is given as the average number
of generalized balls, built by the DLM over the 10 different training sets of
10-fold cross validation. To calculate distances we have used the L, metric.
The error column represents the sum of misclassified examples over all testing
sets of 10-fold cross-validation.

The optimal values of penalty parameters are reported in column p,,, and
Dneg respectively.

On the given data set 7 we consider a hypothesis h as a function of
parameters s,p,, p,. Let H = Hr(s,p,, ps) denote a set of hypotheses built
by the inconsistent DLM for the given data set 7. Our goal is to find such
hypothesis i’ € H that e(h’) = minpeye(h). Thus we should find a such set
of parameters s', pl,, p), that for b’ = h(s’, pl,, p})

e(h') = minyeye(h) is fulfilled.

The DLM which makes zero error on the training set is called the consis-
tent DLM. The consistent DLM with implemented early stopping is called
the truncated DLM. The DLM which generalized balls are allowed to make
errors on the training set is called the inconsistent DLM.

We would like to compare the errors made by the consistent DLM, the
truncated DLM,, (with early stopping), and the inconsistent DLM;. It is
easy to see that the implementation of early stopping reduces errors (Table
4.4).

To compare the DLM performance with the performances of other batch

learning algorithms (for definition see 2.1 on page 13) we compare the small-
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Data DLM;

data set number of ex | s | error | Ppos | Preg
Breast Wisc | 683 2 |14 21 |1
Bupa 345 4 |108 (2 2
Credit 653 11{197 |1 |-
Glass 163 3 129 08 |3.1
Haberman | 294 8 |70 - 1.7
Pima 768 6 {189 |15 |15
Votes 52 116 - -

Table 4.3: Performance of the inconsistent DLM;

Data DLM " DLM,, | DLM;
data set number of ex || error " error error
Breast Wisc { 683 30 23 14
Bupa 345 126 123 108
Credit 653 242 228 197
Glass 163 36 34 29
Haberman | 294 126 101 70
Pima 768 251 232 189
Votes 52 7 6 6

Table 4.4: Performances of different types of the DLM
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est misclassification errors received by the DLM, the SCM-conjunction, the
SCM-disjunction, the nearest neighbor classifier (NNC) and the SVM . Re-
sults presented for the NNC and the SVM performances are taken from [12].

For every data set the training set and the testing set, obtained in the
10-fold cross-validation process, were the same for each learning algorithm.
Hence each machine was trained on the same training set and tested on the

same testing set. We emphasize the smallest error obtained on each data set.

Data DLM [ SCM-c || SCM-d || NNC || SVM
data set number of ex || error || error error error | error
Breast Wisc | 683 14 15 17 29 19
Bupa 345 108 122 106 124 || 107
Credit 653 197 [ 197 194 214 || 190
Glass 163 29 33 36 36 34
Haberman | 294 70 71 71 107 | 71
Pima 768 189 | 189 209 247 | 203
Votes 52 6 6 6 7 3

Table 4.5: Smallest errors obtained by the DLM, the SCM, NNC, and the
SVM
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4.3 Results on “natural” data in the case of

asymmetric loss

We assumed before that the cost assigned to misclassification of each class
was equal to 1. We also know that some learning algorithms do not perform
well for asymmetric loss coefficients (for example, C4.5). However, in many
real-life applications the different types of misclassifications have unequal
costs. For example, consider detection of a brain tumor. A false positive
(detecting a tumor when there is none) is less costly than a false negative
(notdetecting a tumor when there is one). Large asymmetry in costs can be
handled by permitting one-side training errors only but, in general, we do
need to be able to make training errors on both classes [14] .

Unequal costs of misclassification can be described by loss coefficients [,
and [,,, where [, is the cost of misclassification of a positive example, and [,
is the cost of misclassification of a negative example.

Given a training example £ labeled y, the loss function for a hypothesis

h is defined as
I, ifh(Z)=0y=1

I(Z, h(Z)) =
(& h(E) {z,, ifh(Z) =1,y=0

Again, on the given data set 7 we consider a hypothesis & as a function of
parameters s, pp, pn. Let H = H(s,pp, pn) denote a set of hypotheses built
by the inconsistent DLM; for the given data set 7. Our goal is to find such
hypothesis &’ € H that for fixed [,,l, L(h') = minpey L(h). Thus we should
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find a such set of parameters ', p}, g, that for k' = h(s', p),, P},)
L(h') = minyey L(h) is fulfilled.

We are especially interested to investigate cases when one of coefficients
is substantially greater than the other one. It is easy to predict that the
inconsisted DLM produces a hypothesis of a smaller size and with a lesser
loss than a hypothesis constructed by the consistent DLM. For results of the
DLM performance on the Glass data set see table 4.6 on page 46. Results
on the Credit data set and the Haberman data set are given in Appendix B.

As before we apply the 10-fold cross-validation method, and use the met-
ric L, to calculate distances. The size of a decision list is given as the average
number of generalized balls built by the DLM over the 10 different training
sets of 10-fold cross-validation. The L column represents the sum of loss
functions over all testing sets of 10-fold cross-validation. For the DLM; the
errp and err, columns represent the sums of errors on the positive and the

negative examples respectively over all testing sets of 10-fold cross-validation.

We also compared the values of the asymmetric loss obtained by the DLM,
the SCM, and a trivial classifier (TCM). TCM-pos denotes a trivial classifier
which classifies all the training examples as positive, and TCM-neg denotes
a trivial classifier which classifies all the training examples as negative.

We plot the results of the DLM, the SCM-conjunction, the SCM-disjunction,
for different loss coefficients on the Glass data set on figure 4.3 of page 46.
It is easy to see that our algorithm is robust w.r.t. the asymmetry of loss

coefficients.
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Coef DLM DLM,, DLM;
L |, (L size | L |size | p, |pn |errp|errn | L | size
1 |100( 1917|178 | 466 )1 1 |- |68 |3 368 | 2
1 10 1207 [178 || 106 |1 1 |- (42 |4 82 (3
1 (5 112 |178 (8 |1 3 [- 137 |5 62 |3
1 (4 93 |17.8)82 |13 ||08}31|24 |8 56 |2
4 1 87 178 |78 | 4 - |1 |4 40 (56 |4
5 |1 104 {17818 (4 |- |1 (4 40 |60 (4
10 (1 [ 189 |17.8 120' 4 f- |1 [4 40 |80 |4
100 1 |1 1719 | 17.8 |} 750 | 4 - |1 |4 40 14404

Table 4.6: The DLM performance for the asymmetric loss on Glass (87 pos-

itive and 76 negative exa.mbles)
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Figure 4.3: Results on the Glass data set for the asymmetric loss



Chapter 5

Theoretical Results

The empirical results of the previous chapter have shown that, in practice,
the DLM performance is comparable and sometimes better than those of the
SCM, and the SVM. In this chapter we provide a theoretical assessment of
the DLM performance.

Two parameters characterize a hypothesis A output by the DLM. They
are: the number of alternations k&, and the number of features r involved in
h. We try to bound the generalization error in terms of these parameters. To
obtain such bounds, we apply a technique due to Littlestone and Warmuth
[10]. According to Littlestone and Warmuth, if a hypothesis can be recon-
structed from a small subset of training examples, then the generalization
error can be expressed in terms of the size of this subset. In our case, the
size of such subset depends on & and r.

We assume that each T; (both in the training and the testing sets) is i.i.d.

and originating from the same (unknown) statistical distribution [1].

47
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5.1 The compression scheme for the DLM

The learning model is the following: consider an arbitrary n-dimensional
input space X. For a fixed integer m, let U = (X x {0,1})™ be the set of
training sets of size m. Let 7 be an arbitrary element of U.

Let A be the DLM learning algorithm using generalized balls. Given a
training set 7, A constructs a hypothesis & with k alternations and r features.

To obtain bounds on the generalization error of A we extend the sam-
ple compression and reconstruction technique introduced by Littlestone and
Warmuth [10]. See also Floyd and Warmuth [5], Marchand and Shawe-Taylor
[12].

For the given learning algorithm A, an extended sample compression
scheme A consists of a compression function A. and a reconstruction func-
tion A,. Given a training set 7, the compression function A. maps it to an
ordered sequence of small subsets which we call a compression set A,.

Let us first recall some notions.

Alternations appear in a hypothesis where generalized balls change their
signs. A set of generalized balls between two alternations is called a level. We
call a level “positive” if its component generalized balls have a pure positive
region. If its component generalized balls have a pure negative region, then
the corresponding level is called “negative”.

Consider the construction of a positive level feature. The decision list ma-
chine defines the radii of such features through negative border points. The

border points remain in the data when constructing such features. Centres
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of generalized balls that exclude positive examples are negative and remain
in the data after constructing. We call such centers remaining.

On the opposite, centres of generalized balls that include positive exam-
ples are positive. They are removed from the data when constructing such
features. We call such centers removable.

Construction of a negative feature follows by symmetry.

The compression set A, represents an ordered sequence of sets
As(T) = (AU(T), A{(T), AY(T), - -, A(T), AK(T), AZ(T)),
where sets AL(T), AY(T), A¥(T) correspond to the ith level I; of h:

A(T) C T is the set of all border points in ;,
A}(T) C T is the set of all removable centers in [;
AY"(T) C T is the set of all remaining centers in ;.
S5 A = S5 (A2 + AV = .

Let P be the set of all the positive training examples. Let A/ be the set
of all the negative training examples.

If ; is a positive level, then A CN, Ay CP, A" CN.

If I; is a negative level, then A, C P, AY CN, AY C P.

The reconstruction function A, maps every possible compression set A,

to a hypothesis h such that for any T e U

A(T) = h = A(A(T))

is fulfilled.
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Lemma 2 Let T be the training set. Let A be the DLM learning algorithm
using generalized balls. Let A. be the compression function defined above.
Then there ezists a reconstruction function A, satisfying A(T) = A.(A«(T))-

Proof: The reconstruction function A, given the compression set A, con-
structs the hypothesis & by reconstructing levels of h in a given order. The
reconstruction begins from the first level and goes till the kth level.

For each level [; A, creates generalized balls in the following way:

1. for each z; € Af it constructs a generalized ball centered in z; with
radius d = mazjeq: d(z;, z;)
2. for each z; € A’ it constructs a generalized ball centered in z; with

radius d = min;ep.d(z;, ;)

If A} is a set of negative examples, then A, builds a positive level of these

generalized balls. If A] is a set of positive examples, then A, builds a negative

level of these generalized balls

Levels are reconstructed according to the order they were output in the
hypothesis. For each level of the hypothesis the same centers are used in

A+(As(T)) as in A(T'), and radii corresponding to them are the same. Hence,
A(T) = Ar(As(T)).
O

Recall that the error of a hypothesis h, built by a learning algorithm A, is
the probability err(h) that a randomly drawn example £ is misclassified by



CHAPTER 5. THEORETICAL RESULTS - 51

h (here we assume that the cost of misclassification of each class is equal to
1).
Denote [Aj| = d}, |A]| = dY, |AY] = dY', ..., [A] = di, |A{] = di, [AY] =
v, dg =0.

Let a be the set of indexes of odd levels of the hypothesis, 8 be the set of
indexes of even levels of the hypothesis. Let F be the set of training examples
of the same class as the border points of the first level of the hypothesis.

To simplify notations, we will use the following definitions:

ao= (TEE ) (R e (T )
(m—wl-z:,_lda' ) (7T 54, ) (m-wl-z,_l %)

Theorem 1 Let A, be the reconstruction ]unctit_m defined above. Then the
probability that a training set of m ezamples contains a compression set A,
defined above with 2r < m ezamples and |a| odd levels and [B| even levels
that is reconstructed via A, to a hypothesis h that is both consistent with all

m ezamples and has an error larger than € is at most
(Iica Ad)(TTies B:)(1 — €)™ %".

Proof:

Let A be an event that a decision list hypothesis A is both consistent with
all m training examples and has an error larger than e.

For a particular compression set of size 2r < m we calculate the upper
bound on the probability that with the given conditions, the hypothesis A

with generalization error larger than ¢, is consistent with the remaining m—2r
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examples. Given that err(k) = P(h(z) # c(z)) > ¢, it is easy to see that
the probability that the hypothesis is consistent with a random example z is
less than 1 — e. Hence the probability that the hypothesis h built via A, is
consistent with m — 2r examples is less than (1 — €)™~ 2.

Let’s calculate how many compression sets of size 2r we can build. Note
that, while constructing each level, we actually delete only removable centres.

Let T4 be the collection of d}-element subsets of a set of [F'| examples.
Recall that these subsets contain the border points. The size of Ty is equal
to ({f,;').

Let T4 be the collection of d5-element subsets of a set of m — |F| — df
examples. The size of T4 is equal to ("‘"2""1').

For an odd ¢ let T4 be the collection of di-element subsets of |F| —

2;:?11 dy; examples. Its size is equal to (lpl-zi,?ll d"ll) For an even i Ty be
the collection of di-element subsets of m — |F| — J%=1 2i—1 examples. There
are exactly (m-lpl-%i‘ dgf") such subsets.

Let T4 be the collection of dj-element subsets of m—|F| examples. Recall
that these subsets contain removable centers.There are exactly (’";,}F ') such
subsets.

Let T4 be the collection of dj-element subsets of |F| examples. There
are exactly [‘g') such subsets.

For an odd 7 if Ty is the collection of d}-element subsets of m — [F| —
i=1 T Lil "
22, dy;_; examples, then its size is equal to ('" 17l %:,fﬂ 4,-1) . For an even

_-._2
¢ if Ty is the collection of d}-element subsets of [F| — 2, dj; examples,
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then its size is equal to ('F' 21“0 )

Let T be the collection of dY’-element subsets of |F'| examples. Recall
that these subsets contain remaining centers. There are exactly L‘,:,',l) such
subsets.

Let Yy be the collection of dy'-element subsets of m — |F| —d{ examples.
There are exactly (”‘”@'&1’) such subsets.

For an odd 7 if T4~ is the collection of 4:!'-element subsets of |F| -Z;-Z; .
examples, then its size is equal to ('F[-Z; 't*"l) For an even ¢ if Tyw is the
collection of d;'-element subsets of m — |F| — 2i—1 €xamples, then its
size is equal to ('""F"%{i' 4"") .

Let T be the collection of Ta, Tar, Lo collections, i € aU B. Its size is

equal to
Mo (175 ) (% 6 (5 )
(m—m z-uta')(wl Z:,_oda')(m—lFl d;,;,-x %)
or

(ITica Ad)(ITies B:)

Thus the probability of drawing m examples, such that there is a compres-
sion set of 2r examples and the corresponding hypothesis is both consistent

with all m examples and has error larger than e is at most

(IMicoq As)([Tigp B:)(1 — €™ 7.
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This theorem can be extended to the case where the hypothesis is allowed
to misclassify some training examples.

Let &} denote the number of errors on examples of the class F on the ith
level. Let k! denote the number of errors on examples of the opposite class
on the ith level. Let ¥;cqus(K: + k) =4q.

For ith level let M] be a set of borders and centres of type F' of previous
levels. For ith level let M} be a set of borders and centres of opposite type
of previous levels.

Denote the number of ways to choose errors from class F':

K = (1P

Denote the number of ways to choose errors from the opposite class:

—|F|—|M¥
Ky = (neL )

Corollary 1 Let A, be the reconstruction function defined above. Let ¥ ;o 5(ki+

k!) = q be the number of examples of the training set T that are misclassi-
fied by h. Then the probability that a training set of m ezamples contains a
compression set A, defined above with 2r < m ezamples and || odd levels
and |B| even levels that is reconstructed via A, to a hypothesis h that makes

q errors on m ezamples and has error larger than € is at most
Mica(Ai(K + KY')) [Lies(Bi(K} + KY)) (1 — )™ 279,

Proof: Apply the proof of Theorem 1, and use the fact that all misclassified

examples belong to remaining m — 2r examples.
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5.2 Generalization error bounds

To obtain bounds on the generalization error of the hypothesis we begin
with a proof of the “basic” theorem when all training examples are correctly
classified by the hypothesis.

Let h be a hypothesis built by the DLM using generalized balls that
contains r features and k alternations.

Let £ = |af + |B], where [«] is the number of odd levels, and |B| is the

number of even levels.

Theorem 2 Let h be the hypothesis defined above. Then with probability
1 — & over random training sets of size m, the generalization error e(h) of

the hypothesis h is at most
L (Tica lnA; + Ticp InB; + In(z))
where 8p = (%) A ([Tigoup(df + 1)(d + 1)(d}" +1))~2 x 6.

Proof: For a fixed D = (d},d{,dy,...,d;,d},d}) we set the probability’s
bound from the Theorem 1 to be less than §(D) = dp:

Pp(e(h) > €) < (ITica Ai)(Tlicsy B:)(1 — €)™ % < dp,

We consider realizations of D to be disjoint and equiprobable events. Hence

for all possible realizations of D
P(e(h) >€) =Xp Pp

is fulfilled.

We use
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8p = (%)M (o (df + 1)(d + 1)@ +1)) 2 x §
to satisfy - Pp <  since ¥2,(%) = %.
To obtain the claimed bound substitute (1 — €)™ 2" by e~¢(™~2r) and
solve the inequality w.r.t. €.

]

We extend the previous theorem to the case where misclassifications of

training examples by a hypothesis are allowed.

Corollary 2 Let h be the hypothesis defined above. Let ¥icoup(ki+ k) =¢q
be the number of ezamples of the training set that are misclassified by h. Then
with probability 1 — 6 over random training sets of size m, the generalization

error e(h) of the hypothesis h is at most

mzr=g (Liea In(A:(K; + KY)) + Tiep In(Bi( K] + KY)) +n(z-))

m—2r—q

where &7, = (%) 50D ([igaup (df+ 1) (af + 1) (df + 1) (Ki+1) (kY +1)) 2 x 6.

Proof: To prove this result apply the proof of Theorem 2 for the proba-
bility’s bound from Corollary 1.

a

The bounds of theorem 2 and corollary 2 show that the generalization
error will be small if the size of the compression set is small. Evidently, the
size of the compression set depends on the number of alternations and the
number of generalized balls in the output hypothesis. Hence the generaliza-
tion error will be small if the DLM outputs a hypothesis with a small number

of alternations and a small number of generalized balls.



Chapter 6

Conclusions

This chapter summarizes the contributions of the thesis, and suggests some

ideas for future research.

6.1 Summary

The goal of this thesis was to design and develop a practical learning al-
gorithm for the decision list machine, and to assess both empirically and

theoretically its learning ability. The work was done by

o designing the decision list learning algorithm with the use of generalized
balls,

e programming this algorithm and testing it on different data sets and

e obtaining bounds on the generalization error of the learning algorithm.
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Several key ideas that appear in various parts of the research were inspired
by the Set Covering Machine (SCM): the feature space of generalized balls,
applying early stopping and finite error tolerance on a testing set (so-called
“penalty parameter”).

The learning algorithm for the DLM was formulated in Chapter 3. The
new notion of essential precedence for a decision list was defined. Rules of
model selection for the DLM, such as early stopping and penalty parameters,
were described as well.

The learning performance of the DLM on the artificial and some “natural”
data sets was presented in Chapter 4. Empirical results are represented and
compared with results of the SCM, the support vector machine, and nearest-
neighbor classifier on the same data. The comparison indicates that
learners could benefit from the use of the DLM.

We have also evaluated the performance of the DLM with asymmetric
loss coefficients and found that the DLM was able to perform well for large
asymmetry in the loss coefficients.

Finally, upper bounds for the generalization errors are established and
proved for the consistent and the inconsistent DLM. Basically, these bounds

show that we expect good generalization wherever a small DLM is found.

6.2 Future work

We propose the following directions of future research.
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e We can use knowledge-basic metrics to calculate distances. How it will

affect the performance of the DLM is an open problem.

e Another problem at hand is the design of features which are different
from generalized balls.
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Appendix A

The set-covering problem is an optimization problem that models many
resource-selection problems (see [2], [3]). It is known to be NP-hard (for
a brief and explicit definition see [3]).

An input (X, F) of the set-covering problem consists of a finite set X and
a family F of subsets of X, such that every element of X belongs to at least
one subset in F:

X =UserS.

We say that F covers X. The problem is to find a minimum-size subset
C C F that cover all of X:

X =Usec S-

We say that any C satisfying the above equation covers X.

Even though it may be difficult to find an optimal (minimal) set cover,
it is not too hard to find a set cover that is near-optimal. An approzima-
tion algorithm for a problem A returns near-optimal solution of A. Now we
present a greedy approximation algorithm known as the greedy set covering
algorithm.
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The greedy method works by picking, at each stage, the set S that covers

the largest number of uncovered elements.

lL.UX
2. C«0
3. while U # 0 do:

(a) do select an S € F that maximizes |S NU]|
b)Y U«U-S

(c) C«—CcU{s}
4. return C

The algorithm works as follows. The set U contains, at each stage, the
set of remaining uncovered elements. The set C contains the cover being con-
structed. Line 3.1 is the greedy decision-making step. A subset S is chosen
that covers as many uncovered elements as possible. After S is selected, its
elements are removed from U, and S is placed in C. When the algorithm
terminates, the set C contains a subfamily of F that covers X.

The greedy algorithm returns a set cover that is not too much larger
than an optimal set cover (see [2] for the proof). As the size of the input
gets larger, the size of the approximation solution may grow, relative to the
size of an optimal solution. If |X| = m and [S,p| is the size of the optimal

cover, then the greedy cover has a size of at most |S,p¢|in(m) + 1.
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Lemma 1 Let r be the size of the minimal cover that covers m ezamples.
Then the set cover greedy algorithm outputs a cover of size at most rxIn(m)+

1.

Proof: Let S; denote the set of examples not covered after ! steps of the
algorithm. Then [Si;;| < |Si|(1 — %) due to the fact that there is a set in the
minimal cover that covers a % fraction of examples on each step.

By induction on I: [S)| < (1—L)'m. If { =r x In(m) +1 then all m examples
are covered.
v.

The greedy set cover algorithm can be implemented to run in time poly-
nomial in |X| and |F|. Since the number of iterations of the loop on lines
3.1-3.3 is at most min(|X]|, |F|), and the loop body can be implemen.ted
to run in time O(|X|[F]|), there is an implementation that runs in time

O(|X[|Flmin(|X], | F1))-



Coef DLM DLM,, DLM;

L, |l L size L size | pp |Pn | L |size
1 100 | 12716 { 139.1 || 3550 | 1 06|- |373|2

1 10 || 1376 |[139.1 (580 |1 1 |- 2832

1 5 746 139.1 [ 415 |1 1 |- 27182

1 2 368 139.1 4314 |77 |1 |- [230(14
2 1 358 139.1 1332 |18 ([25]- [277(1

5 1 706 139.1 [ 384 |3 39|- [371]1
10 |1 1286 | 139.1 || 434 |3 05 |- |[411(2
100 (1 11726 | 139.1 || 1334 | 3 - 104}939(2

Table B.1: DLM results for the asymmetric loss on Credit (296 positive and

357 negative examples)
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1
Coef DLM DLM,, DLM;

I, l. L size || L size || pp {Pn | L size
1 100 |f 4581 | 43.8 || 499 | 2 02 |- [497 |2
1 10 || 531 [ 4381229 (2 03 (- {2252
1 5 306 1438|214 |2 04)- 1912
1 2 171 [ 43.8 [ 155 (4 - 351111
2 1 207 | 438 1138 (10 {|- |29]|75 |6
5 1 450 1438249 {10 (|- (04}79 (2
10 |1 855 (4381433 {10 |- [(04]84 |2

1100 | 1 81451438 1376410 |- (04]|174]2
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Table B.2: DLM results for the asymmetric loss on Haberman (219 positive

and 75 negative examples)






