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ABSTRACT

The ySe of binary block dodes-to compress the output
of a discrete memoryless source 1is considered. As the
determination of the resultant disfortion 1s closely
relatedAto the. problem of'enumerating the cosets of the
codes to be used, the coset enumeratipn of certain clasgeé.
of codes is derived and some of the existing bounds on the
covering radius are refined. The use of the well-known
error-trapping technique is suggested for the implementation
of an instrumeptable source encoder. The'perfdrmance of
this procedu;elis compared ;o the perforﬁgnce of the step-
by-step an@ majority-logic decoding aigorithms. -Finally,
an extension of error-trapping is proposed, in which - two
codes of same length but different rates can be used to

improve the performance of the source encoding process.
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_CHAPTER T

INTRODUCTION

: .‘\
h
In the three decades since Shannon's seminal papers

of 194é [1], coding théory has matured into an important
segment of communications systems engineering, one that
sees incréasing applications of rélatively standard .
technigues to reduce system cost and complexity.

The réasqps for the increasing applications were
numerous: the rapid growth in satellite communipatiops;
the revolution in digital integrated-rcircuits with_large
‘scale integration? the increasing emphasis on the reliable
transmission of digital data; the ava%lability of relative-
-ly inexpensive computers for system, algorithm gnd hard-
ware simulation; the incregsing digitization”™ of modems
and switches; and the increasing sophistication of the
user community.

T

Developments within the coding fieid'were equally .

important. The discoveries of new classes of codes and

the inventions of powerful decoding algorithms were -

critical to the significant application of coding theory.
Communications systems can be generally grouped into

one of the following two classes: those reguiring a very

high fidelity of reproduction of the transmitted information,

-~ —_
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and those which can tolerate a certain amount of

diétortionlin the received information. Examples of

"the first class would include a computer.communication

ar a. facsimile transmission system would belong tq:tﬂé

I3

second class. -

A block diagram model of a communication system is

L

shown in Figure 1. Thiﬁ model is sufficiently general

to encompass most communication systems encountered in
. 7 :

practice, where in some cases, not all coder/decoder pairs .

need necessarily appear.

We now proceed to discuss briefly the various blocks

that comprise the diagram of Figure 1.

-

Thé source generates information that the system

must communicate to the user. In certain applications the

source, or the user, of both are macﬁines rather than
pegple. We shall henceforth‘assume that the source is
discrete and generates a sequenée S(x) of n binary digits
per unit tiqg. |

-

The source encoder is the component which categorizes

the different 2° possible output states into a leégér

-

link or a memory storage system, while a television link“§'5
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k

number 2" of states, to remove redundancy from the source

output. - Redundancy removal resﬁlts in data compression.
and a reéuction in the transmission rate, for the output
of the source'encoder now consists of a sequence I(x) of
length k, Qherg k<n. Thus a channel of lower capacity
' can be used,.so that data compression is equivalent to
::%ahdwidth reduction. .

~ . -

The sburce ehcgding step ﬁay introduce distortion,
but need not. When disﬁortion is allowédf there generally
exists a trade-off between the allowed distortion and the
amount of data compression. This is discussed in some
detail later in this chapter, as one of the purposes of
this thesis is to study certain source coding techniques
and their corre5ponQiqg compression-distorgion trade-off.

The purpose of the channel encoder is to introduée ‘ ,
Some structured redundancy to the output I(x) of the
source gncdder, on the basis of a one-to-one assignment
rule that produces a channel codeword V{x) of length n'.
The added redundancy is used by the channel decoder in
its attempt to remove the errors introduced by the noisy

channel. - . ' ~-

The channel is a spatial link between the sour‘E and
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. .
the sink such as a cable or a satéllite link. It can
Also be a storage medium such gs“a magnetic tape, disc
or semiconduétor memory. In all‘cages; the.channel has
fhe ca@ab;lity of corrupting the.igformation being
transmitted or stored.

- X ”

On the receiver side, the channel decoder can detect
or correct the errors caused by the channel, as'long as
the number of errors per codeword does not exceed the

error-detecting or error-correcting capability of the

code. 'The function of the decoder is to categorize the

-maﬁy possible channel outputs into a generally much smal-

ller number of channel decoder outputs. The decoder

-
‘—--/

output is I(x), an estimate of the channel encodeér input
i

£

I(x).
N
Fipally, the function of the source decoder is to
reversg.the assignment S(x) to I(x) made in the source
encoder. The output é(x) of the source decoder will be
identicai to éhe source encoder input S{x) if the source
encoding scheme is distortionless and all channel errors

are corrected by the channel decoder. If the me is

not distortionless, or if the number of chandel error
exceeds the capability of the code, then the

to the sink will not be identical to the input S(x) of



the source encoder. As it is not generally possible to
determine at the receiver which portion.of the‘difference
S(x) - S(x) is due to the channel errors, it is usual
to assume, when source encoding is studied, that the
channel is either_néiseless or that the channel decoder
has successfully correcped all the channel errors.
i
The main thrust of coding theory has been directed

towards finding codes that satisfy Shannon's noiseless

-

coding theorem [1]. The theorem states that the probability
of transmission error can be made arbitrarily small as léng as
the transmission rate is less than the channel-capa;ity.

The rate can be reduced to accomodate the channel capacity by
adding redundancy to the information prior to its transmission,
and removing it at the receiver. This corresponds to channel
encoding and deceding respectively.® This redundancy is in-
corporéted in a structured fashion such that a given inform-

ation seguence I(x) always results in the identical redundancy

being added to it by the channel encoder.

There have Qeeﬂ £wo fundamentally different approaches
to this problem, namely block coding and tree coding. In
block coding, the channel encoder partitions the continuous
Fequence'of information d%giﬁs into k-symbol blocks. It

then encodes each block independently and transmits n-symbol



blocks, with n>k, over the channel. The receiver decodes

' each_n—symbol block independently.into a block of k symbols.
. In tree coding, the channel encoder processes the inform-
ation continuously and associates each long (perhaps semi-
infinite) info:mation sequence with a code sequence

containing somewhat more digits. The encoder breaks its

input segquence into ko—symbol blocks, where‘ko is usually

a small number. Then, on the basis of this ko;;uple and.

" the preceding information symbols, it emits an no—symbolf
section of the code segquence. The name "tree code" stems
from the fact that the encoding rules for this type of
code are most cqnveniently descfibed by means of a tree
graph. The class of convo}utiQEal co@es forms a subset
of the class of tree codes. . These cofies are important
since they are simpler to implement than other types of

tree codes. Powerful decoding aléorithms, like: Viterbi's

decoding [ 2 ] have been devised and successfully implemented

[ 3].
:

With the rapidly increasing range and variety of - (
égggnél éncoding technigques, there has been a corrésponé—

ingly increasing need for systems designers to assess the

-,

benefits of these techniques guantitatively, both for

comparison of different codes and to gauge whether, in

&t
given. circumstances, coding should be used at all. The

b
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conéept of -Net Coding Gain [ 4j_has been used t¢ express
the i%provgment attained by coding in terms of effective
signal-to-noise ratic so that the effect of coding can

be compared with other expedients, such as increésing the

energy per bit. For a constant information rate, the

modulation rate has to be increased if coding is used - This

I

generally leads to reduced energy per bit, and hence a

higher error rate during transmission, than for the uncoded

case. The comparison t¢ be made is thus between an un-

protected system transmitting K bits/sec, and a coded system

transmitting N bits/sec, where N>K. The coded system has
a higher channel-erroxr rate, but, if adeguately designed,
should more than compensate for this by the action of the

decoder, so that a positive gain can be achieved.

At this point, we wish to mention that the pro?lem
of channel encoding for reliable transmission is begqu
the scope 0f this thesis. Here we are concerné& with the
problém of source encoding for data compression, for
which many results related to the forme£ can be exploited.

These results can be found in many excellent references,

among which are those by Peterson and Weldon [ 5], Lin [ 6],

Berlekgmp,[ 7], Blake and Mullin [.8], and MacWilliams

hY

and Sloahe[.9], to name a few. -

i
4
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The preoliferation of computer communication
networks and teleprocessing applications involves massive
transfer of data over long-distance communication links.
At the same time, many data processiﬁg applications involve
storage of large volumes of alphanumeric data such as
names, addresses, inventory item descriptions, etc ... .
To reduce t§9 data communication costs and/or the étorage
requirements, there is a need to reduce the redundancy in
the data representation, i.e., to comgreSS the data. Data
compression also reduces the load on input/output channels
in a computer installation. Because of thé reduced'space
requirements of compressed data, it becbmeé\ﬁeasible to
store data at a higher, and thus faster, level of the
storage hierarchy. Since data compression techni%ues
remove some of the redundancy in ndncompressed text, they
usually contribute to data security. In short, data
compression techniques are most useful for large archival
files, 1/0 bound s§;tems with spare CPU cycles, and transfer
of voluminous amounts of data over longr-distance communication

links.

The application of coding theory to- the area of data
compression also finds its roots in Shannon's work, As
we mentioned earlier in this chapter, Shannon's coding

theorem states that a source of entropy rate E can be
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transmitted reliably over any channel of capacity C>H.
This theorem also has a converse devoted to the freguently
encountefed situation in which the entropy rate of the
sSource exceeds the channel capacity. The theorem states

that not all the source data can be recovered reliably

when H>C. >

Since- it is always desirable to recover all the data

correctly, one can reduce H either by

(a2} slowing down the rate of production of source

symbols, or

(b) tranémiiting the ;ymbols more slowly than they
are being produced. However, (a) is often impossible
because the source rate is not under the communication
System designer's control, and (b) often is impossible
both because the data becomes stale, or rerhaps even
useless, because of long coding delays and because exten—

sive buffering memory is needed.

If H cannot be reduced, then the only other remedy
is to inérease C. This, however, is usually very
expensive in practice. It is therefore reasonable to

aftempt to preserve those aspects of .the source data that

S .



are ﬁéﬁt crucial to the application at hand in the

»

situation where H>C continues tb prevail. In this case,
the communication system should be'configured to re- |
coﬁstruct the source data at the channel output Qith
minimum possible distortion subject to the reguirement
that the rate of transmission of information cannot

exceed the channel capacity. There is obviously a trade- -
off between the rate at which information is provided
about the output of a data source and the fidelity with
which this output can be reconstructed on the basis of

this information.

A éraphical skefch of a typicél rate-distortion
tradeoff is shown in Figure 2. If the rate R at which '\
information can be grovided about the source output\gxceeds
H, then no distortion need result. As R decreases from

H towards zero, the @inimum attainable distortion éteadily
increases from @g;ﬂ/;he value D;;; associated bith the
best guess one can make in the total absence of any

information about the source outpwts.

A satisfactorily defined rate distortion fPﬂctiahd/f/’—

. { .
R(D) possesses the following crucial ?igggfzz;) It 1is

possible to compress the data rate from # down to any

R>R(D) 'and still bg able to recover the original source

\
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outputs with an average distortion not exceeding D.
Conversely, if the compressed data rate R satisfies
R < R(D), then it is not possible to recover the

- . ~ - -
original source data from the compressed version with

an average distortion D or less.

"An k(D) curve that possesses the above property
clearly functions as aﬁ extension of the concept of
entropy. ,Just as'Hr}scthe minimum data rate {(channel
capacity) needed to transmit thé source data with zero
average distortion, R(D) is the minimum data rate
(chanpel capacity) needed to transmit the data with

average distortion D. _ -

‘We shall now define R(D) for the case of a memory-
less source and a context-free distortion measure.
A discrete memoryless source generates a seguence
{Xl, Xy ...} of independent identically distributed
random variables. Each Xi assumes a value in the finite
set A = {al’ R aM} called the source alphabet. The
probability that Xi = aj will be denoted by P(aj).‘ This
probability does not depend on i because the source
outputs .are identigglly distributed. _Let E = (xl, “ens Xn)
denote a random vector of n successive sourcé outpu;g,

and let x'= (xl, s xn) e al denote a value that X can
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assume. Then the prdbability P_(x) that X assumes the

~value x is‘given by

n
P (x) = El P (x;)

S '

because the source has been assumed to be memoryless.

With reference to the communication system model
of Figure 1, let Yl’ YZ’ ... denote the sequence of
‘letters received by-the user. In general, the Y.
assume values in an alphabet B = {by, ... bN} of letters
that may differ both in value and in cardinality from
‘the source alphabet A, althoﬁgh A = B in most applicat-

ions.

In order to guantify the rate-distortion trade-off,
we must have a means of specifying the distortion that
results when Xi = aj a%d Yi = bk' We shall assume that
there is given for this purpose a so-called distortion
measure p, i.e., o(aﬁ, bk) is the penalty, loss, cost,
or distoqtion that results when the source produces aj
and the system delivers bk to the.user. Moreover, we
shall assume that the distortion pn(x; y) that results

n . \
when a vector x ¢ A of n successive source letters is

represented to the user as y ¢ B" is of the form
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A family {p;, 1 < n < =} of such vector distorticn
measures will be referred to as a single letter, or
memoryless, fidelity criterion because the penalty
charged for each error the system makes does not depend

on the overall context in wHith the error occurs.

Each coﬁmunication system linking source to user
in Figure 1 may be fully described for s;a&}stical
purposes by specifying for each jJ ¢ {1, ..., Ml and
k ¢ {1, ... N} the probability Qk/j that a typical
system output Y will be equal to by given that thé

corresponding input X equals aj. Contracting notation

from P(aj) to Pj and from p(aj, bk) top .., We may

jk
associate with each system Q = / ) two functions of

extreme importance, namely

M Q. 2
1@ =) [P Q, /4 109 Q—kil,
. 3 k
j=1 k=1
where Q) = { POy 57

and a(Q) = Z ? Qk/j pjkf
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I(Q) is the average mutual informaégon between
source and user for the system Q, and d(Q) is the
avérage distortion with which éhe sourdé outputs are
reproduced for the user by system Q. ;or situations
in which both the source and the fidelity criterion

are memoryless, Shannon [10] has defined the rate

distortion function R(D) as follows

R{D) = min I(Q),

Q:d(Q). ¢ D

that is, we restrict our attention to those
systems Q whose average distortion d(Q) does not
exceed a specified level D of tolerable average
distortion, and then we search among this set of Q's
for the one with the minimum value of I(Q). Wé min-
imize rather than maximize I(Q) because we wish to
sppply as little information as possible about the
source outputs provided, of course, that we preserve
the data with the required fidelity D. In physical
terms, we wish to compress the rate of transmission of
information to the lowest value Rn(D) consistent with
the requirement that the average distortion may not

exceed D. -

The rate distortion function R(D) is given its
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-

source coding operational significance by the follow-

ing two results [11].
RESULT 1l: (Converse)

There are no source codes acting on blocks of
length n that achieve average distortion D and rate
less than R (D). There are ﬁ;_géprce codes of any
blocklength achieving distortion D and rate less than

’

R(D).

RESULT 2: (Sou;Fe Coding Theorem)
For sufficiently long blocklengths there exist

source codes that achieve average distortion D and

rate arbitrarily'close to R(D).

With respect to the rate distortion curve of

- Figure 2, Result 1 states that the average distortion

and rate performance of any source code must lie above

the rate distortion curve on the (D, R) plane. Result 2

~

states that as increasingly longer blockléﬁgth codes are
consideréd, performance arbitrarily close to the rate
distortion curve is possible. Thus, R(D) specifies the

)
limiting tradeoff between achievable average distortion
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and rate. fhe proof of Result ﬁ involves a random
coding argument which does not yield a method for

finding good codes.

Referring to Result 2, the rate Rn(D) of a
source code converges to its R(D) as n + «. Because
.such a code can be transmittedewith arbitrarily small
error over any, channel of capacity C > Rn(D), it 1is
therefore potentially advantageous to increase n in

-3 .
order to achileve fidelity D over thannels of smaller

(&g

capacity.

However, the increase in equipment complexity
with larger blocklength imposes a limit beyond which
a furthe? reduction in the channel capacity regquirement
would be impracticaft. It is worth noting that, with
larger blocklength, the rate of convergence of the
average distortion to its ideal value is much slower

than the convergence rate of R_(D) to the theoretical

R(D) . ' hd

Two fundamental indicators of source encoder
complexity, memory requirements and computational
requirements have been proposed by Berger [11]

in order to make it possible to discuss system-
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~

complexity independently of any technolqgical
developments. These indicators are used to measure
~the instrumentability of a source encoder in the
following manner. From the obsgrvatidn that.the
amount of information generated by the source grows
only algebraically with blocklength, there arises
the hope that the same should be true of the data
. processing effort. Therefofe, we shall say ~that a
source coding scheme is non-instrumentable if %Yts
implementation requires either memory or computational
effort to grow exponentially with blocklength. If
both grow only algebraically, then the scheme is.
said to be instrumentable.

~

k L

kS

- ‘The brute force approach Ep.source encoding, the

/

/ .
cqég/book methed, is clearly noninstruméntable. In

this method, storage must be érovided at the encoder
for exp{nR) code words of n letters each. Then the
distortion betwgen each codeword and the source out-
put mus£ be computed. Finally, the codeword that
minimizes this distortion must be presented to the
channel éncoder. Both the st&raée requirement and the
computational effort grow exponentially with n. It is ‘

therefore necessary to employ codes with structure in

order to alleviate the storage and computational
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requirements.

With reference to tﬁe communication system of .
Figure 1, a useful analogy exists between source
encoders and channel decoders and also between channel
encoders and source decoders [11]. Both the source
"enceder and the channel decoder are relatively complex,
decision making devices that examine their inpu£s
carefully and then ciassify them accordingly. Thé
detailed study of coding for transmission through
noisy channels th&t have been performed to date have
produced a wealth of theoretical and practical results
regarding the design of channel encoders and decoders.
By eﬁploiting the analogies referred to above, it is
therefore possible to extend many of these result§ to
the analysis and design of source encoders and decoders.
This thesis essentially follows the same broad lines as
we shall discussethe adaptation of error-control-coding,
particula;ly‘block coding, concepts to data—compréssion.
We shall first elaborate on the analogy between source
and channel coding to describe the optimum source
encoder. Some sub—bptimal block encoding schemes will -
be discussed in later chapters. -

!

An important assumption in thi¢ thesis is that the

-t
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source outputs consist of independent, equiprobable
binary digits, and the distortion is measured by the
erroxr fidelity criterion pjk =1 - éjk' For this

binary memoryless source, the rate distortion function

R(D) has been shown, by Shannon, to be

4
A
i
0

Hb(P) = Hb(D) ’ 0 =

R(D)

where p < % is the probability of the source producing

the digit

-

and

Hb(-) is the binary entropy function given by

Hb(x) = = xlog,x - (1 - x) log,(1 - x) , 0 ¢ x < 1.
In the equiprobable case p = %, we have

R(D) =1+ D logzD + (1 - D) logz(l - D) bits/letter.

At this point, we would like to point out that the
use of block codes for source coding is one among the
numerous techniques suggested to compress the data and

reduce the bandwidth requirements. These redundancy

removal technigques can be classified in many different
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ways depending on their application (distortionless
or not), the source.type (memoryless or Markovian),
or the mapping procedure (fixed length to variable
length, fixed length to fixed length, or variable
length to fixed length). For example, the entropy
coding technigques of Shannon-Fano [;2] and Huffman
[13] are distortionless and can be used to code the
output of sources with unegual mesgage probabilities

so as to achieve a minimum average codeword length.

The procedure for constructing codewords with
the Shannon-Fano technigue is as follows. Given
an arbitrary code alphabet made up of N symbols, the
source alphabet must be successively subdivided into
N equiprobable groups. The first pogition of all the
codewords for the first group will céptain the firft
code symbol, tﬁg first position of 511 the codewords
for the second group will contain the second code
symbol, and so on until the Nth group. In the Nth
group, codewords will have the Nth code symbol in their

first position. ' ' 7

The next step consists in subdividing each of the
N equiprobable groups into N equiprobable subgroups.

Then the first code symbol is assigned to the second
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position in all the codewords of the first subgroup,
the second code symbol to the second position in all
the codewords of the second subgroup, and so‘on until
the Nth subgrcoup, in which-all codewords will haVe the

Nth code symbol _in the second position.

. The subdivision process is continued until all
the subgroups contain exactly o©ne message.

Clearly, the subdivision process can only be
carried out exactly if all source message probabilities
can be expressed as negative powers of N, and only in
this case will the code be optimal.

_Huffman's source coding procedure is a systematic
procedufe which always ylelds an optimum code, iﬁ the
sense that no other code has a smaller average codeword
length for a.given message ensemble, regardless of the

‘probability distribution of the source alphabet.

Briefly, the coding procedure is:as follows>

Given an ensemble A of M messages {al, Aps e aM}

occurring with probabilities P = {pl, P, < pM},

Al
where P; > Piy1r each message 1s to be expressed as a

codeword made up of elements drawn from an alphabet of’

S~
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N symbols. The messages will be -grouped together MO
messages at a time, where my is the integer satisfying

the two regquirements

0 =.positive integer.

.~

The m0 least probable messages are grouped together,
and the sum of m, ﬁessage probabilities is q;ed as the
probability for this grouped message.

A reduced ensemble of messages 1s now constructed
in order of non-increasing probability, with the grouped

message acting as a single message in the reduced ensemble.

New "grouped" messages are then formed by taking
the N least probable messages of the reduced ensemble,
and using this as a new.group to form a new auxiliary
ensemble. This is repeated.successively until the
auxiliary ensemble consists of N grouped messages, which
leads to a final auxiliary ensemble consisting of one

message with a unit probability.
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r
The steps briefly described above are equivalent

to forming a’tree of which the original messages are

¥

the terminal nodes.” If, to each branch oé the tree,
a code. symbol is-assigned, then a code word fdr every
message can be written by beginning- at the root and
following the branches to the terminal node associated

with a particular message.

Both Shannon-Fano codes have non-uniform code-
wordh lengths and exhibit the prefix property, l.e.,
no codeword can be obtained by concatenating terms of
one‘QPdeword with another. These fixed length to
variagié Iength mapping schem \are, however, susceptible

to loss of synchronization an éuffer overflow.

Run-fength encoding [14], [15] is a variable to
fixed length data compression technigue that maps runs
of ldentical successive source symbols into fixed length
codewords. This technigue, best suited for a source
with highly unsymmetrical symbol probabilities, is a
special case of syndrome source codlng described in the
next chapter., For a binary source, the appearance of
a string, or run, of zeros will be terminated-by a one,
so that a run éf length J corresponds to (J - 1) zeros

followed by a cne. A run of length zero therefore



-26-

corresponds to the occurrence of a one. If p(0) »>> p(i),
it is more efficient to code the run iengths of zeros

as opposed to the zerosof the runs. One encoding
approach involves representing each possible run up to

a certain ﬁaximum length by a distinct binary k tuple.
Since there are 2k k-tuples, they could represent runs
from length 1 to length 2k - 1. The problem thenllies
in the choice of k: If too small, it will not be able
to represent the longer runs. If k is too large, on the
other hand, it will be inefficient in representing the
shorter runs. This problem may be reduced by letting
the k-tqple of all zeros represent an unterminated run
of 2k'zeros, s¢ that runs longer thanAzkl- 1 ?an be

represented by a succession of k-tuples.

The transmission of digital images is another area
where bandwidth reduction is necessafy to compensate
for the inefficiencies of the digitizing schemes. 1In
the most basic method of digitizing ‘images, pulse code
modulation, the continuous two dimensionai image is
low pass filtered, then sampled in space at the Nygquist
rate and guantized in brightness (grey level). If the
imagé is being scanned in the ordinary manner, i.e., line-
by-line, the-resulting signal consists of a sequence of

amplitude levels chosen from a finite set of allowed

™
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levels. The amplitude levels are then coded as symbols,
of which there will be as manj as there are levels.

For example, assuming we have a television frame‘to
transmit, of 4 MHz nominal bandwidth, then the sampling
rate will be 8 MHz, and if 128 grey 1lévels are allowed,
then all symbols will be 7 bits long, and each image
sample is deééribeé by one symbol. Hence, the bit rate
will be 56 M bits/sec, which requires a much greater
bandwidtﬁ (28 MHz) than the 4 MHz originally required.
This makes bandwidth reduction very desirable to

minimize the transmission costs. Various bandwidth
reduction techniques {(e.g. Spatial Tfansform Coding,
Adaptive Pulse Code Modulatioﬁ, Delta Modulation, etc...)
have been suggested. They are, however, beyond the

scope of this thesis, but more information can be obtain-
ed by consulting, as a starting point,’ some of the revie&
articles that have been published in the IEEE Proceedigg

and the Transactions on Communications such as [16] ,

[17] and [18].

We now conclude this Intreoduction with an outline

of the thesis.

In Chapter II, we develop the background material

necessary for the following chapters. This includes:
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.4 description of the standard array aﬁd a review of its
properties in connection with channel decoding and
source encoding; the class of Bose-Chaudhuri-Hocquenghem
(ECH) codes; the coset enumeration of some linear cédes,
including BCH codes and Reed-Muller codes; interleaved
codes; shortened BCH codes; and finally, bounds on the
covering radius of linear codes with emphasis on
Delsarte's [19] upper bound, and the Gorenstein-Peterson

Zierler (GPZ) lower bound for BCH codes [20].

In thpter III, we give several results related
]

to the cosets of linear codes. First, we present two

upper bounds which can be tighter than Delsarte's

-

bound under certain conditions. The GPZ lower bound

is then extended to the propér subgroups of a code.

The use 8f these bounds is illusirated in two examples.
We then consider the cosets of the Maximal Length Shift
Register (I.LSR) codes and give an expression for the
number of cosets of weight n + 1. The césets of the
shortened-by-l-bit double-errgr correcting binarx BCH

codes are analysed next and their codet enumeration-

is given. We then discuss a bound on the coset

. enumeration of shortened-by-s-bits codes.

Chapter IV starts with a discussion of the
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application of some well known deéoding algorithmé
to source encoding. We examine, in particular, the
BCH decodin;, the majority logic decoding and the
step-by;steb decoding algorithmsqand discuss their
respective advantages and weaknesses in the context
of source encoding. We then suggest the use of the
erro;—trapping technique as a better alternative: and
"‘//P\\Eéscribe the source coding algorithm based on this
technique. ‘fhis aléorithm is simulated with a large
number of coées to show that its performance is indeed
better than the single pass step-by-step and majority-
logic algorithms. Some estimates of the upper bound on
the maximum distortion are then presented. Finally we
discuss a;possible extension of. the error-trapping
technigue in which two codes of equal }ength And different

rates can be used for source encoding.
The concluding remarks are given in Chapter V.

Finally, we wish to mention that parts of'the thesis

have already been reported elsewhere [21], [22].

-



CHAPTER II

A REVIEW OF CODING RESULTS APPLICABLE TO

DATA COMPRESSION

The purpose of this chapter is to develop the
) 1
background necessary for the future chapters. Here,

we review some of the error-control coding results that
can be applied to data compregsion- We elaborate on the
analogy between channel and source coding, mentioned fn
+he Introduction, by describing the standard arraf of

a linear code and presenting the expression for the
average distortion. We then give the definitioﬁ of

BCHE codes and.mentipn their decoding algorithms. Next

we survey the results related to the coset énumeration

of some linear codes. Finally, we review some ex}sting
bounds on the covering radius of a linear code. Delsarte's
upper bound and the Gorenstein, Petersonland Zierler lower

bound for BCH codes are the two main bounds covered.

\ /

2.1 The Standard Array

//\ Let V be an (n, k) finear code and let Vl, V2 e
Vzk,be the 2k code vectors. A way to partition the space
Vof 2" n-tuples is as follows. The 2k code vectors are
placéd in a row with the zero code vector Vl = (0, 0, ...0)

as the leftmost element. From the remaining 2%~ 2
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n-tuples, one, say e is chosen and is placed under the
’

identity vector vl; ‘The row is then.completed by placihg under

each code vector'Vi the sum V., + e;. Having completed

the second row, an unused n-tuple e, is chosen from the
: §

remaining n-tuples and is placed under vy and the row

similarly completed. We continue this process until

all the n-tuples are used. Then we have an array of

rows and columns as shown in Figure 3. -Each row consists

of 2k n-tuples. Th;s array is called a standard array
for the given (n, k) linear code.

In the standard array, no two n-tupies'in the same
row are identical and no n-tuple appearé in different
rows. Each row of the array cdnsisEs of 2K distinct °
n-tuples and all the rows are digjoint. Theré rare
202K - R -k disjoint rows called cosets. The left-
most n-tﬁple e of each row ig called a cosetrleade;.
The weight of a coset is the weight of its coset leader.

The standard array is pseﬁyl in'énalyzing the
performance of block codes when they are used for
¢channel decoding (error contro;) and source éncoding
(data compression). 1In the following we -will -first

discuss the case of channe; decoding, then we will show

the applicability of results to source encoding.
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Vl V2 V3 .. . ® Vzk
ey ‘ 2V2+el V3+el' (V2%+el

-é2 V2+e2' ) V3+e2 | @2ﬁ+e2

® ® L e |

[ )

| ]

e,n-k_, V2+e2n-k_l . Vate,n-k_; K g (Véﬁ%e;n-k&l

Figure 3 - The Standard Array



-33-

For any code vector which i$ transmitted over the
noisy channel, the received vector R may be any of the
n-tuples. Any decoding scheme used in the decoder is
a rule to partition the 2 n-tuples into Zk disjoiﬁt {;
subsets Sys Sy --- S5k such that the subseét S, contains
only the code vector Vi. ;f Fhéirgceived vector R is
found in the subset S,, then the| decoder identifies Vg
as the transmitted code vector.\_/é:orrect de_coding is

made if the received vector R is in the’ subset Si which

-

corresponds to the actual transmitted code vector. An
incorrect decoding results if the received vector R is
in the subset which does not correspend to the actual

transmitted code vector.

The standard arrxay partitions the 2" n—-tuples into
2k disjoint subsets Cl' C2, ...'Czk where

cC. = {V., V. + e_,
] ] 3 2

Vj M YRTERY, Vj + e,n - k}- he
Suppose that the code vector Vj is transmitted over a
noisy channel. We can see that the received vector R

is in Cj if the error pattern caused by the.channél is

a coset leader. - Then the received vector will be de-
coded cd;rectly_into Vj._ On the other hand, if the errorx

pattern caused by the channel is not a coset leader, an

—

N
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incorrect decoding will result.
A
In summary, when a s£andard array is used for
decoding, the decoding is correct if and only if the
exrror pattefn caused by the channel is a coset leader.
The 2" ~ k coset ieaders are calied correctable error
patterns. ’In'ordgr to minimize thé probability of

decoding error, the 20 ~ K

coset leaders are chosen

to be the error patterns which are most likely to occur.
For £he binéry symmetric channel, the coset leader should
be then chosen'as a vector with minimum weight from the
remaining available vectors. For this choice and if the
code vectors are equally likely to be transmitted, the
probability. of corréct decoding is as large as bossible.
The expression for the probability of correct decoding

is given by

f

P (Correct decoding) = Z N. P
i=0

fa-pt TR (2.1)

where Ni is the number of coset leaders of weight i, p

is the channel error probability and 9 is the maximum

coset weight or covering radius of the code.

‘ /
Now suppose that the (n, k) code is the\null space



an {(n - k x n) matrix [H] . For any received vector Ri’
the (n - k) -tuple S = Ri[H]T is called fhe.syndrome.
Since the code is the nﬁll space of [H], a vector is a
cheword if and only if its syndrome is zero. In general,
each row of [H] corresponds to a parity check equation
tha;_codewords must satisfy. The components of S are
zero for éll equations that are satisfied and otherwise
are non zero. With reference to the standard array, all
" the Zk n-tuples of a coset havé the same syndrome and
the syndromes, £0r different cosets are different. Since-
the syndrome is an {(n - k)-tuple, there are 2%~ k
distinct'syndromes. There is therefore a one-to-one
correspondence between a coset and an (n - k) -tuple
syndrome. Or, there is a 6ne-to—one correspondence
between a coset leader (aﬂcorrectable error pattérn) and
a syndrome. -
N

»Using this correspondenée, we may form a deéoding

table which is simpler than the standard array. The

k-coset leaders and their cor-

table consists-of 27 ~
responding syndromes. The decoding of a received vector
R can then be done as follows. First, calculate the

synaromg R[H]T. Next, locate the coset leader e whose

syndrome is egual to R[H]T. The n-tuple e; is assumed

S



-36-

to be the error pattern caused by the channel. Finally,
the code Qector vj = R + e is identified as the trans-
mitted code vector. In principle, the table look-up
decoding can be used with any (n, k) linear code. But,
for large n - Kk, ;his decoding becomes very impractical
;ince the de&oder has to store 27 ~ k coset leaders and
perform a large number of computations in‘order to find
the coset leader whose syndrome matches the syndrome of
the received vector. Thus, practical decoding methods

require additional properties in a code other than just

the linear property.

For an (n, k) linear code, 1f it is possible to
construct a standard array such that all the error pat-
terns of weight t or less (but not all of weight t + 1
or moré) can be used as coset leaders, then the code is
a t-error-correcting code whose minimum distance is at
least 2t + 1. On the oth;r hand, if an (n, k) linear
code has minimum distance 2t + l, it is possible to
construct a standard array such that all error patterns
of weight t or less (but not weight £ + ] or more) can

be used as coset leaders.

We now examine the properties of the standard array
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codeword Vj such that the amount of distortion given
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from the source encoding viewpoint. As discussed in
the Introduction the source encoder essentially per-
forms the same function as the channel decoder. Given

the source n-tuple S, the source encoder must find a T

by the Hamming distance between S and Vj is minimum.

The codeword Vj that is nearest to S would naturally

have to belong to the same subset Cj as S. The distor-
tion introduced in this case is therefore equal to the
weight ofthe coset leader. The significant difference
between source'encoding and channel decoding emerges

when the coset leader weight is greater than t, the

error correcting capability of the code. EF this case, |
there may be more thén one word in the coset with the ‘
‘ﬁame weight as that of the coset leader. Let one df

them be e, Then the addition of e, to s will result

in a codeﬁoéd Vl that is'equally distant from S as Vj.
Whereas in channel decoding, this case would be inter-
pretéd as inéorrect decoding, the choice of Vl as a
codeword for source encoding purposes is legitimate,

since it satisfies the minimum distortion criterion. ,
From this_standpoint) it can be said that the source QJ/
encoding requirements'afe not as stringent as those.of

channel decoding. ¢ .

!
/

Assuming that the source sequendég are all equally
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likely to.be emitted; the performance measure-of the
source encoding scheme using an (n,.k) linear code can
be expressed in terms of the average distortion per bit

Davg. From the above discussion, we see that Davg 1s
simply equal to the average normalized weight of the

‘coset leaders in the standard array [11], that is,

Q
Y iN.
% _ i=0 *

av T . (2.2)
g ( n -k
2 )n

where Ni is the number of coset leaders of weight i.

It is worth noting here that the soufﬁe encoding
scheme§ we will analyse may not necessarily be efficient
if theugource is not.memoryless and symmetric. For
many sources such as the output of measuriné devices in
space-experiments, the information source is highly
asymmetric Qith stroﬁg memory constraints. In such cases
the conventional scheme may be inefficient since the )
codewords-of simply implemgnted'linear error -correcting
codes do not ﬁell approximate the 1iké1y set of souré%
output sequences. Maereover in any case, this scheme has
the.disadvantage for many applications that the more

complex device, namely the source encoder, is located

at the source side where one wishes to use the least
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equipment. For these types of applications, an alter-
native method referred to as syndrome—source—éoding has
been suggested [23]: The fundamental principle of
gsyndrome-source-coding is that the source output is
treated as a channel error paftern, rather than as the
received chdnnel codeword. A syndrome former, which igbj
a simple lineaf device, serves as the source encoder.
The syndrome is then taken as the compressed data and
there are therefore 1 - R compressed digits per sourcé
letter. .At the user end, an error pattern estimator
for the code i.e., a device which produces a likely (in
an appropriate sense) error pattern consistent™ith the
received syndrome, is used as the source decoder
Syndrome-source-coding has the advantage for many applic-
ations that the simpler device, namely ﬁhe syndrome former
is located at the source side whiH?}the more complex

device, namely the error pattern estimator, is located

at the user side.

The average distortion for syndrome-source-coding
is easily derived. 1If the binary memoryless source, for
which the probability of emitting a one is p,is assumed
to behave like a binary 'symmetric channel with -crossover

probability p, then the average distortion coincides

with the perdigit error probability Pe when the code is
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used on the binary symmetric channel. This error
probability can be easily computed once the pgobability
- of correct deco@ggng is determined. The probability of
correct decoding, we recall, is . dependent on the value

cf p and, most importantly, gn the coset enumeration

of the code.

2.2 BCH Codés

A cyélic code 1is simply defined as a linear block
céde in which every cyclic shift of a codeword is also
a codeword. A cyclic code ©of length n over GF(é) consists
of all multiples of a generator polyncomial g(x) which
is the monic polynomia% of least.degree in the code and

is a divisor of x° - 1. To each n-tuple (a

a a ]

QL 71" " Tn-1
in the cyclic code, there is a polynomial Zn x of degree
- 2 n-1
less than n, f£{x) = ag tayx +ax 4 ...+ a 1%
n

and multiplication by x (modulo x° - 1) is the same as

a cyclic shift. Alternatively the code can be specified

A
e completely by the staEgment that it is the null space
\\ﬁx,_“ﬁgf/theﬁidea;/QEQE;Ated by h(x) =‘(xn - 1) /g({x}. The polynomial

h(x) is referred to as the parity-check polynomial of
the code generated by g(x). Since h(x) divides xn -1,

it can be used to generate the dual code.
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One of the most important classes of cyclic codes

\y

is the class of BCH codes which where found independeﬁt—
ly by Bose and Ray-Chaudhuri [24] on the one hand, an:d1
Hocquenghem [25] on the other. This original work was
restricted to binary codes of length 2™ - 1 for some
integer m. It was later generalized by Gorenstein and
Zierler [26] to the non-binary case, i.e., GF(q) and

any length prime to g. fhe cyclic BCH codes may be
described in the following manner. Let a be any non- .
zero element of GF(qm) and take g(x) as the monic

<70 + 1

polynomial of minimum degree having o0,

r - s ey

am0+d0-2

as roots, where My is some integer and
do‘i 2 is any integer such -that the specified roots are
all distinct. The resulting code is a cyclic BCH, the
length of which is the least common multiple of the
orders of the roots. The minimum distance is at leaét

do, and ao is called the designed Wdistance.

The' most important BCH codes are the binary,
narrow-sense, primitive codes obtained by letting a
be a primitive element of GF(2") and letting m. = 1

0
and dj = 2t, + 1. For any positive integers m and
t0 < n/2, there is a BCH binary code of length n = 2™ -1
which corrects all combinations of tD or fewer errors

and has no more than mt0 parity-check symbols.



The first efficient decoding algorithm for _
binary BCH codes wa; devised by Peterson [ 5]. Sigce
then it has been generalized and refined by Gorenstein
and Zierler [26], Chien [27], Berlekamp [ 7], Forney [28]
and Massey [29]. A computer implementation of BCH
decoders has been described by Michelson [30] and simply
implementable decoding algorithms for double- and triple-

_errdr-correcting binary BCH codes have been suggested

by Davida [31]

2.3 Coset Enumeration of Some Linear Codes

S
We mentioned in Section 2.1 that the knowledge of the

coset enuméia;ion plays a very important recle in channel
decoding and: source encoding. For the former, it

permits the calculation of the exact probability of error
when maximum likelihood decoding is used. In the latter
case, the average distortion, resulting from the compres-
sion cf the output'of 2 binary discrete memoryless source,

can be computed.

In this context, let us recall that a perfect code
is a liﬁear code which, for some error-correcting
capability t, has all error-patterns of weight t or 1es§'
and no others as coset leaders. A guasi-perfect code is a
code which, for some t, has allppatterns of weiaght t or less,
some of weiéht t + 1, and none of greater weight as coset

leaders. .

N
.\‘
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For pérfect codes, it has been proved by Tietavainen [32]
that there ar? no perfect Hamming-metric codes over prime‘
power fields except the binary revetition codes, the binary
and ternary Golay [33] codes, and the Hamming [34] single-
error—correctihglcodes. There are,.however, exampies of perfect
codes over alphabets of g symbols, g é powef of a prime, where
the alphabet i1s not a finite field, which ﬂave been reported by
Blake and Mullin [8]. Also reported there were Schoenhéim's
semilinear codes and Vasil'ev's nonlinear codes over finite

fields, which are alsoc perfect.

One of theknown classes of quasi-perfect codes is
-the clas§ of binary two-error-correcting BCH codes.
This result was proved in 1960 by Gorenstein, Peterson
and Zierler [20] - They showed that, for all m > 3, the
(n, k, 2) BCH codes of length 2T - 1 have covering
radius equal to 3. This was done by proving that given
any particular syndrome, the degree of the érror locator
polynomial associated with it did not exceed 3. The
cases of even and odd m were treated separétely but this

did not affect the cutcome of the final result.

For even m, a complete decoding algorithm ﬁas
given by Bérlekamp [ 7, p.425]. This algorithm enabled
him to dount the words of weight 3 in the cosets of

weight 2 ané 3, with which he determined the number of
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codewords of weight 5. Another decoding algorithm

was also suggested by Hartmann [35].

For triple-error-correcting binary BCH codes, an
extensive study by Bérger and Van der Horst £36], [37]
showed that thHe covering radius is five when m is a |
multiple of four® They also provided strong analytical
- support for the conjecture that the covering radius 1is
five for all m. The coset enumeration was determined

exactly fprmr =S, 8, 9, 10, 11, 12 and bounded for all
m=> 12.

Assmus and Mattson [38] establzgﬁéﬂxtgég_;ﬁg’cover—

ing radius is five for odd m, and joined Berger and
van der Horst in conjectufing that it 1is fiye for the
remaining unsettled case, that is, m even but not a
multiple of four. - This conjecture was finally proved

]

by Helleseth [39].

In a survey of unsolved problems in coding theory,
Berlekamp pointed out that very little was knownlébout
the enumerétion of cosets of even the simplest families
of error-cor;ecting codes. Slepian [40] and Fontaine
and Peterson‘[41] obtained the weight distribution of

the coset leaders of ‘Some optimum codes of length < 29.



’

-45-

I

An”approximation to the coset distfibution of a code
was given by Hobbs [42] . Hohbs' technigue is a blend
of combinational arguments and simulation that ap-

proximated fa¥rly well the pefformahce of some short . =

codes. Its main drawback was, however, the absence of

any good bounds on the coset enumeration.

Berlekamp and Welch [43] have shown that the
enumeration of .the cﬁsets of the first order Reed-Muller
code is equivalen£ to the’ enumeration of Boolean
functions unaer a certain group of transformations, and
have thus obtained the coset enumeration of the length

4

32 first-order RM code. , !

Sloane and Dick [44] also considered the cosets

first order RM codes. They gave a method for the -
enﬁmeratioﬂ of cosets of the shortened first orde: RM
(binary simplex or MLSR) code, the expurgated first
order RM (od orthogonal code) and the first order RM

(or biorthogonal) code. Their basic idea was to as-

sociate with any binary n-tuple Y a single-error

fcorrecting code called the structure code. The weight

distribution of a coset and the number of cosets with
this weight distribution are thén obtained in terms of

the weight distribution of the structure code of a
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coset leader. As an example, they enumerated the cosets
of the (15, 45lsimplex code‘and the (16, 5) fi:st order
RM code. The applicability of this method was severely
limited because of several factors. First, the étruct-
ure.code of a given coset leader is not indgpendent ofu
the choice of that leader within a coset. Second, the
characterization of the codes, that appear as structure
codes of coset leaders, is not a simple ta;%. Finally,
it is not known if many non-equivalent codes have a

given weight distribution.

s

o

Upper bounds on the covering radius of binary
codes were studied by Helleseth, Klove and Mykkeltveit
[45]. In particular, they héve shown that the coveriné
radius r. of the (Zm, m + 1) first-order Reed-Muller

code satisfied the following relatiohships
¥

roy =2t -1 _ 51 1 , for even m = 21

ang . 221 _ ot o, < 221 _ o1 - 1/5, for odd m = 2i + 1.
- T2i + 1 - .

-

As the known values of rys r3 and"'r5 indicated that

' 1 i . - L
Yos +1 - 2 - 27 for 1 = Oi 1 and" 2, they guestidned
whether this relationship was generally true. A partial

answer was given by Mykkeltveit [46] who showed it to

i



be also true for_i = 3, thus showing that the cover-
ing radius of the (128, 8) Reed-Muller code is 56.
Verification of this conjecture for larger values of i

)

still remains an open question . (See Note 1).

2.4 Interleaved Ccdes

In many of the applications to coﬁmunication
technology, interleavinéﬂfs is used as an adjunct to
‘coding for error correction. One-technique,_which is
useful for some types of burst-error channels, is to
insert an interleaver between .the channel encoder and
the channel. The interleaver redistribﬁtes the
channel symbols to that the symbols from a codeword are
mutualiy séparated by somewhat more than the‘length of
a "typical"” burst of errors. Thus interleaving effect-
ively makes the channel appear like a random-error
chanﬁel to the décodef. At the receiver end, the inter-
leaved data stream is éken reassembled into the original
daﬁa format and is‘checked for errors which are then
corrected (within the limitations of the code capability).
For some BF channels, interleaving can improve the
performance by one to three'orders of magnitude [47].
. ' p

Design parameters for a bit interleaved block code

-
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are the cbdg parameters (n, k, t)‘and the interleaving
factor j; The rate of transmission of information with
respect to the channel transmission rate is k/n. Bit-
interleaved block coaing is easily described as follows.
The information‘stream‘is presented to the encoder k

bits at a time. The encoder thén adds the (n" -°k) parity-

" check digits. The n-bit codewords are stored in an

J X n matrix a row at a time. When the matrix is “Full,
data are read from it a column at a time and the result-
ing serial stream ig then transmitted. For an inter-
leaﬁing factor of j, the successive bits in each code-
word are separated in the serial stregm'by j - 1 bits,
one from each of j - 1 other codewords.

L.

The concept of interleaving can also be extended
to block-interleaving, which can be viewed as simply
adjoining codewords of different blocklengths to get a
total blocklength n meeting the requirements of the
system designgr. If 2 code i has dimension (ni, ki),

then the rate of the blqck-interleaved code is simply
ij/zni : -
i b

-

For either case, interleaving is a simple way of

bbtaining a code of long blocklength that retains the
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properties of the short component codes in terms of
simplicity in encoding andjdecoding. ' There is, however,
a penélty in terms of time delay equal to twice the
total blocklength divided by the channel data rate.

In Chapter III we also propose to discuss the use
of interleaved codes for source encoding. This
technique is attractive since'it provides a means to

implement long codes with instrumentable source encoders.

Furthermore, the performance of the interleaved codes

) cén be easily derived from the parameters of the component

codes.

2.5 Shorteneq BCH Codes

In mény practica} applications, somelbuilt—in
systems constraints may reguire that the code parameters
be set.af some particular value other than those which
the code designer would prefer. Rathér than“redesignl

the entire system from scratch, it usually proves easier

.to remodel the code. There are six basic ways in which

codes can be modified. The block length of the code
can be increased by annexing more check digits or more
message digits, the block length can be decreased by

omitting check digits or omitting message digits; the
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block length may remain constant whiI; the number of

cbdewords is increased or'decreaséd. These six types
-of mpdifications are respectively called- extending

[ 5; p.220] lengthening [ 7,pl336], puncturing [48],
shortening [4%], augmenting [50] and expurgéting (7,

p.-335] a code. 1

The class of codes considered in Chapter III of
the thesis is that of the shortened binary BCH codes
[ 5, p.240-243]. They form a class of linear codes
which share the mathematical structure and ease of
implementation of cyclic codes though they are not
actually cyclic. A shortened code has at least as great
a minimum distance as the cbde from which it is derived -
the parent code - and since the number of cosets remains
unchanged by shortening, the shortened code can correct

an appropriately shortened version of any error patterﬁ

correctable with the parent code.

An analysis of ‘some of the meritsof shortened BCH
codes was given by Helgert and Stinaff [49). They have
proved that by.shortening‘certain binary primitive BCH
cédés tﬁey_can derive a number of linear €rror-correct-
ing codes with minimum'distanées superior to any pre-

viously known.
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2.6 Bounds on the Covering Radius

The previous section summarized tﬁe availaBle
results on the coset enumeration of ;ome linear codes.
For many classes of codes, the coset enumeration remains
an open research problem tﬁ9’ p.22]. In the following,

we review some of the existing bounds on the covering

radius.

2.6.1 Delsarte's Upper Bound
(V4

4

LEMMA 2.2 [ 19 ]
T~

The coveriﬁg radius of a linear code V is at most
the number of distinct non zero weights occurring aﬁong
the vectors of tﬁe orthogondl code V*.. The equality
holds if and only if the code V 1s perfectﬂ

As, the abgve Lemﬁa clearly shows, Delsarte's upper
bound on the covefing radius can be applied to any linear
code for which the weight distribution of iés dual code
is known. Ther& is no guarantee; however, that the

bound would be reasonably fight in all situations. -

Al

To clarify our comment, let us consider the simple



example of the (n = 2m -1, k = n - m) Hamming code

generated by g(x), and its dual code, the-(n = 2™ - 1, k=

maximal length shift register (MLSR) code generated by.

A" - 1) /g(x) .

Using the known fact that the weight spectrum of

the MLSR code consists of the all-zero codeword and n

n+ 1
2

bound shows that the covering.radius ¢ of the Hamming

codewords of weight » then application of Delsarte's

code is at most 1. Since the code is single-error-cor-

recting, then Q > 'l. Therefore, @ = 1 for the perfect

Hamming code.

‘For the reverse situatdon, the weight spectrum of

the Hamming code is known to comsist of the all-zero

codeword, codewords of weight 3, 4, ..., n - 3, and thé
all-one codeword. The total number of .nonzero weights ~

is therefore (n - 4), which is the upper bound on the

covering radius of the MLSR code. This §§g§es to be a

very pessimistic estimate of the true covering radius

of the MLSR'code, as we shall show, in the next chapter,

n -1
2

that this covering radius is only

m)
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2.6.2 Lowér Bounds

The simplest lower bound on the caverigg radius
of a tﬂerrorwcorrécting code is Hamming's sphere
packing bound ¢ > t. The equality holds only for
perfect codes and the bound loosens significantly for
lower rate (and higher t) codes. 7

. e

For binary primitive BCE codes, a lower bound on.
the covering radius was given by Gorenstein,

Peterson and Zierler [20]. The bound states that,
given a tl—error—correcting BCH code Vl and a tz—error—

correcting BCH code V2 of equal length and t; tj, then

the code V; has a coset of weight at least 2t; + 1.

A different version of Gorenstein, Peterson and
Zierler's result was given by Van der Horst [37]. With
the definition of C{t, m)“to be a t-error-correcting
binary primitive BCH code if it iy distinct from the
(t - 1l)-error-correcting BCH code, the covering radius
of C(t; m) is-at least 2t - 1. The definition of
C(t; m) can be made "“clearer by noting that C(2, 3) refers
to the (7,ﬁl, 3) repetition code of length 7 and that

C(3, 3) does not exist. In this context, C(l, m) is the

Hamming code that attains the bound, C{2, m) has covering

* m = log,(n + 1)
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radius 3 and C(3, m) has covering radius 5. Also,

c(2™ ~ 2, m) is the binary repetition code of length

m

25 - 1, which is known to be triﬁially perfect.

Now consider C(tl, m) and C(tz, m) with t2 = tl + 1.

The covering radius of C(tz, m) is therefore at least

-

2t2 -1 =‘2tl + 1, which is the form of the bound given

by Gorenstein, Peterson and Zierler.

In either form this lower bound can only be used
with BCH codes. A more general bound, applicable to
a larg;r family of linear codes is presentéd in the
next chapter. \

4

NOTE 1

Recently obtained.results by Kanetkar and Bhargava
[51] show that the weight distribution of a coset of a
linear code satisfies many linear eguations whose coefficients
are integers and depend only upon the weights in the éual
code. Using the theory developed, they have shown that the
covering radius of the (128, 8) RM code is indeed 56 and
tﬁat 240 is the covering radius of the (512, 10} RM code.
The latter result thus proﬁes Mykkeltveit's conjecture for

1= 4.
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CHAPTER III

ON THE COSETS OF CERTAIN CLASSES OF CODES
N ,

The cosets of linear codes are the subject of
this chapter, where several results will be presented.
Additional bounds on the covering radius are given and
two example$ will’illustrate'their use. The coset
enumeration of two classes of codes, namely the MLSR
codes and the shortehed-by—l—bit double-error-correcting
BCH codes, will be discussed. Bounds on the coset
enumeration of shortened-by-s-bits codes are also
presented. Finally, we introduce the coficept of coset
enumerator. Using this notatio;, we show how to derive
the coset enumeration of an interleaved code using the
respeétive coset enumerators of the component codes.

We apply this method to the interleaved Hamming and
Golay éodes and compute the aver;ge éistortion for these

codes.
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3.1 Additional Bounds on the Covering Radius

As mentioned in Chapter II, Delsarte's upper
bound on the covering radius was not generally tight.
Alsec, the Gorenstein, Peterson and zierler lower bound
" was only applicable to the class of BCH codes. In this
section we present two upper bounds which can be tighter
than Delsarte's bound under certain conditions. We
also extend the Gorenstein-Peterson-Zierler bound to

cover a larger family of linear codes.

3.1.1 Upper,Bounas

‘Let us define an optimum dimension (n, k) group
code V as a code for which the number of codewords is
maximum for a given length n and minimum distance d.
With this definition, we note that an optimum dimeﬁsion
‘code is a code for which the Plotkin bound [8, p. 49,

namely

4 <9 (g -"1n
T (" - g

is extremely tight.
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THEOREM 3.1

If a code V is an optimum dimension code with

minimum distance d, then its covering radius @ is at

most equal to 4 .

PROQF

Suppose that for the code V, there exists a coset
C with leader of weight 'd. The union of V and C would
therefore constitute an (n, k + 1) group code with
minimum distance g&. Tﬁis contradicts our initial as—‘

sumption-that V is an optimum dimension code. Therefore,

L

the covering radius of V is equal to d - 1 at most.
This concludes the proof of Theorem 3.1.

As a direct application of Theorem 3.1, we note -
that the MLSR code satisfies the Plotkin bound with
egquality. It is therefore an optimum dimension code

for which the covering radius is upper bounded by

@ cd-1=2""1_3-2-21 |

{
whereas, we recall, Delsarte's bound showed the covering
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radius to be upperbounded by n - 4.

Now suppose we are given a ;ode which is not
optimum and for which the yeight spectrum of its dual
is not known. We pnly know, however, thﬁt this code
contains the all-one codeword. In such a éituation,

we may use the upper bound given by the following

THEOREM 3.2

For any (n, k) binary group code containing the

n - 1.
2

all-one codeword, the covering radius is at most

PROOF

A coset contaiping a word of weight w must also
: “ i
) . “\ . ' .
(’““\\ contain its complement ©f weight n - w, since both
y

\ \\Tords add up to the all one-codeword. So, if a coset

o

leader has weight n - 1, the coset will also contain
- — :

"a word of weight n + 1. 'Since the difference between
2

n+1and n-=-11is 1, then n - 1 is the maximum value
2 2 2 N . -

‘a coset leader can have.

- :
F This concludes the prodf of Theorem 3.2.



3.1.2 Extended GPZ Lower Bound
’ e

Let Vl be an (n, kl) binary group céde with

minimum distance dl 5
/—‘\>

group code wiEp minimum distance dz, with d2 > dl' such

and leﬁyv be an (n,,kz) binary

that V2 is a proper subgroup of V This means that

1
the codewords of V, must also beiong to v, .
With this definition, the code denoted by C(ty, m)

4

in Chapter II is a proper subgroup of Clty, m) for
. t2 > tl' A;so, the {n, k.- 1) equ—welghted subset of
éﬂ\(n, k) binary.linear code (with éven- and odd-weighted

- codewords) is a proper subgrdup of the parent code.

v

THEOREM 3.3
L;,ﬁ ‘The covering radius of the prop;:\gubgroup of an
‘ B e .
(n, k) binary linear code with minimum distance 4 is
-at least 4.
‘.0‘
PROOF

N -

, Let v #<0 be a codeword belonging to Vi but not
DIVZ. Then v must be in some coset of V2' Every ‘element
of such a coset is nonzero and belongs to V Thus

1°
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there is a coset, of Vo, in which the minimum weight
is at least d,. Therefore, the covering radius of V5

must be at least equal to dl.

This concludes the procf of Theorem 3.3.

LAEN
J

3.1.3 Ldower Bound on the Covering Radius of Shortened Codes

The folloﬁing lower'bound-applies to the covering
radius of shortened—by—i—bit binary cyclic codes and
will be used in our analysis, later in this éhapter,
of the cosets of the shortened-by-l-bit .double-error-

correcting BCH codes.

THEOREM 3.4
«" .‘ |
In the (n - l,_k‘— lj'code V'oBtained by shortening
the (n, k) binary cyciic code V by 1 bit, the covering

radius is at least @ - 1, where d is the minimum

distance of V. ’ _ .

PROOF

. x5
Since V is cyclic, it has at least one codeword of

welght 4 that starts witi?;. This means that the coset

/:\ h\ ‘



-61-

leader Xo has in itslcoset a word of weight d -1
that starts with 0. This in turn implies that v
should have at least one coset wifh leader of weight
d - 1.

J

This concludes the proof of Theorem 3.4. .

We now present twe examples to illustrate the use

of ‘the various bounds given here and in Chapter II.

EXAMPLE 3.1

The covering radius of the (n = 2 i1,k =m+ 1, t =

BCH Code : | .

n-1
2 r
generated by g(X) = (1 + xn)/P(X)(l + X), where P(X) is

This ceode, with minimum distance & is

1

a primitive polynomial of degree m.

We note that this code is orthogonal to the even-
weighted subset of the Hamming Code which contains .the
even-weighted codewords of weight 4, 6, ... ton - 3

inclusive. Therefore, u%ing Lemma 2.2, we .get
/

i
-~

) - . S~

+




Next we note that the code examined here can be defined,
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———— -

- 3, -
. 4

using Van der Horst's terminology, as C(n m) for

"which

n-3y ..1=0n0=35
Q> 2 T ) 1 —

H

The covering radius of the (Zm - 1, m + 1) BCH code is

therefore L 5 > exactly.

An interesting point to note here is that, for

m = 4, the code is the 3-error-correcting (15, 5) code.

The covering radius of this code is therefore @ = lé—%_i =

a result that we report here because it was not explicitly

mentioned by Berger and Van der Horst [ 36 ] in their

'analysis of the 3-error-correcting BCH codes. The

reason given there was that the (15,5) code was not an
{n, n - 3m) coae and” would have required special treat-

ment.

"EXAMPLE 3.2 . ' N

The covering radius of the (23, 11, d = 8) code

This.code is the even-weighted subset of the

(23, 12)-binary Golay code with minimum distance 7.

5,
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According to Theorem 3.3, we have

Q> 7 ; \i;::>%

since the (23, 1ll) code is a proper subgroup.of the

»

(23, 12) code.

On the other hand, the (23, l1ll) code is an
optimum dimension code for which we can use the upper

&
bound of Theorem 3.1, i.e.,

The covering radius of the (23, 1ll) code is therefore

exactly 7.

In this example, we note tha£ the upper bound on
2 could have also been obtained by using Delsarﬁe's
result (Lemma 2.2) since the (23, 1l) code can also be
treated as the dual of the (23, 12) Golay code whigh

-~

has 7 nonzero weights.

3.2 On the Coset Enumeraticon of MLSR codes

We now consider the problem of enumeratingathe

m

cosets of the {(n =2 - 1, k = m) MLSR codes for
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‘several justifying reasons. The family of MLSR codes
is an important family which has man§ praétical
applications [ 52] such as range-finding, synchronizing,
modulation, scrambling, performance testing, etc ....
We also wish to derive a é&ée;.enhmeration that is solely
dependent on the parameters of the codes, unlike Dick
and Sloane's results mentioned in Chapter 1II. Finally,x
the analysis gives an insight into the complexity of

the coset enumeration problem.

-

The results we presént here, in the form of two
theorems, are related to the covering radius of the

MLSR codes and the number of cosets of weight t + 1.

-

s

THEOREM 3.5

The coveriﬁg radius of the (n = 2m -1, k = ﬁ)
MLSR code 1is 2 ; 1 . The coset of weight it ; is
unigue. -
PROOF

We first note that the code is a proper

subgroup of-the (n = 2™ -1, k=m+ 1, £t = 2 ; 3) é

BCH code-of_éxample 3.1, with minimum distance n -1
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Thus, according to Theorem 3.3,}

We also note, that the MLSR code is also an
6ptimum dimension code for which Theorem 3.1 applies,

that is,

‘equal to 2

The coveri;:\?ﬁgius of the MLSR code is therefore

; l, thus proving the first part of the

theorem. ~

Now let AQ represent a cose® leader of weight Q°

and let My denote a word in the coset. By definition

n ~

L4

My T Aty ' N

- ,\\

T

-

where Vs is a codeword belonging to the éggR code,"and

= +
1-10 AQ VO.I‘

where Ve is the all-zero codeword.

9

e
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The set {VE U ¥y~ i=0,1, ..., nlj;;)a group

code with minimum distance 2 ; 1 and dimension
k =m + 1. This code is none but the (n = 2™ - 1,
k=m+1l, £t = o ; 3) BCH code. S%?%e the code ig
unique, then there must be only one coset of weight
n -1
Y 2 -

ThisNgoncludes the proof of Theorem 3.5.

COROLLARY 3.6

The coset of weight = ; 1 contains n words of

weight 2 ; L and onme word of weight n.

. THEOREM 3.7
- \\\\/”—j‘

The number of cosets of weight
code _j

n+ 1

the MLSR

{
A

-

b

PROQF

Let N denote the number of cosets of weight o
w



e

" and le Vi be any codeword of weight
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n + 1
2

code of length n. Since the error-correcting capability

t of the code is t = d ; z2._n1 ; 3 therefore

in the MLSR

N = CD‘ forw=0, 1, 2, ... =3 (3.1)

We nowl\estimate the number of cosets with leader
n+ 1

e
coset leader. An upper-bound on the number of n-tuples

of weight it : l? including A, can be estimated using

of weight t +)1, i.e., 4 = Let A be such a

the following version of Johnson's bound . [ 53 1 given by

Freiman [54]: A(n, u, 2u) < [%J

So, in our case we have, at most

- 1 . 4n - 3n + 3 + nt _ _
{Tn_-i-—l)_ﬁl—J - [ﬂn ¥ 1J l_“_n +1 J 3 n-tuples

2 : 1, including the coset leader X. 1In other

of weight

Y
words, for each Nfﬂhhere are at most two codewords

which can produce words of L Z 1 in. the coset. Therefore,

n+ 1
4

into three groups: . ///////w\\\\

¢

J

g

the cosets with’ leaders of weight can be partitioned

- Group A cosets containing three words of weight
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——

- Group B cosets contaiqing two words of weight

n+ 1,
4

- Group C cosets containing a unique word of -

weight E—E—l;

-

n+ 1
4 -

For Group A, let X be the n-tuple of weight

which is "common" to two codewords vl and Vz. This
W

= v = w
means that X + v W and » + 5 o where 1 and

wa have weight t : l. We note that Wl and»w2 do not

overlap (no ones in common) and, from the properties

L3

of the cosets, their sum is codeword V3 different from

W . 1"t " v v W
vl and Vz. Thus, 1 is "common" to 1 and 3 and 5

is "common" to V2 and‘V3. Since two codewords can be
chosen out ¢of n codewords in (2) ways, and since each
1y exhausts three of these choices, hence the number of

cosets in Group A is given by ‘ -

[} l n ‘\
N = g (2) (3.2}
1 T
For Group B, let u be an n-tuple  of weight a : . " \hh-\//
produced by converting 2 : L ones into zeros in a v, - /N\

Each v, has a p in common with only one other vj.
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Thus there are

n+ 1

- n-1)| n
n+ 1l

RN
1

e . -
h .

u's wﬂich“q;ejnot shared by any two codewordé. The

-

number of cosets in this group is therefore
] -

n -+ 1 {/- ) %r
] 2 #
N = g - (n<o 1) | . (3.3)
‘ n+ 1 ) ’
4

Finaily, the number of cosets in Group C is simply
the differend® between the total number of n-fuples of
Z 1 andaﬁhe number of words of weight E—}—£

accounted for in Groups A and B, that is

weight Z

n:
N o= -3 -28 - "
' n + 1
4
n n n ; 1
= - - - (n - l) n. (3.4)
n+ 1 2 n+ 1
4 4

The total number of cosets with leaders of weight

is therefore given by
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— r (R} 1
Nn-i-l_N + N''"+ N
4

n + 1
n .
- +§ -g- 2 (3.5)

n+ 1 2 n + 1

4 . 4.

This concludes the proof of Theorem 3.7 and

the analysis of the cosets of MLSR codes.

¥

3.3 Shortened-by-l-bit DoubBle-Error-Correcting Binary

,K(\“\BCH Code

—~-.3.3.1 Coset Enumeration

v

It may appearp at-first,‘that enumerating
cosets of a sho;ééned code is an easy task, once the
coéet enumeration of the parent code is known. This
is not true, however, because of the simple fact that
the weight spectrum of th ortened céde-wilL be d4if-
‘ferent_from ;hat of the parent code, and so will be
the cgset enumeration. In this context we recall that
the shortened-by-l-bit Hamming code has been shown to
be quasi-perfect, rather than perfect [5, p. l42].
ot

Let V be the (n = -1, X = n - 2m) binary

primitive double-error-correcting BCH codes with minimum



_71_

distance 5, and‘let V be the (n -~ 1, k - 1) code
obtained by shortening V by 1 bit.

From Theorem 3.4, we see that the covering radius
of V|‘should be at least equal 4.  The detailed analysis
will show that the covering radius éf V' is exéctly 4.
The maifi result is given in Theorem 3.1l below.

N )

To start the analysis, wé first state, without

.predf the following known lemmas

———

LEMMA 3.8 [20]

The code V is quasi-perfect.

L

LEMMA 3.9 [S5, Theorem 9.2]

With m > 4, the code V has 2m chedk bits, implying

k 2m

that it has 20~ © = 2 N :

\h \\_/\\_,/

= (n + 1)2 cosets.

Combining Lemmas}3.8 and 3.9, we cap. show that

.£he coset enumeration of V ;E/gizén by the following
, -\ i
Lemma. . ) .
J

v

-



LEMMA 3.10

Tthe (n = 2™ - 1, k =n - 2m) ‘-binary two-error-

correcting BCH code has one coset of weight 0, n

- _ ,
cosets of weighéfl, ELEE——L) cosets of weight 2 and
. Elﬂii_i) coéets of weight 3.
/_\-_ . - )

Now let-us examine in some detafl the shortening
operation which produces V' from V. This is siﬁply
done by making the first leading inférmation symbol
iéentically 0 and omitting it from all code vectors.
In other words, we'partition the séﬁ_of 2k codewords
of'the.code v inté two sugséts, 9]

0
containing ok -1 codewords, such that

and'Ul, each

0 contains

all codewords which-have a 0 in the firxs

position and Ul contains all codewords having a in

the 'first leading position. ‘The (n - 1, k - 1) code

k -1

then consists of the 2 elements of U. with the

. 0 :
first position omitted. All error patterns that do not

have a 1 in the first position will be corf&ctable‘py

-V . The error patterns that did have a 1 in the first

position will have to be replacéd b& an errer patternl

- Pf minimum weight thag!has the same syndroﬁe and
oviginally had a 0 in the first leading position before

being shortened. The complete coset decomposition of

”
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-

' the shortened code will therefore require finding

those peplacements. -8
. :\;/" N . -~ ! ‘ . \
Let us now examine in greater detail the cosets
-+
of the code V and let us define ’ -

‘i g & A coset leader of weight i, starting with
’ - ’ .

a3
a oo,

=1
lie>

Number of cogets of weight i, starting

-~ with a 0, ' ;

_'. () . | L’

Wy o & An n-tuple of weight i, starting with a 0,
r = [ - .
. that is nét a coset leader but occurs in
<& - v . - . . .
e T o the cosets » .

C/’/’Fu_m Vi g & A codeword of weight i and starting with
a 0,
and Sﬁgi}arly define Ai,l’-Ni,l’ i1 and vi,l'dk those

parameters s?arting with a’l.

& . -
& The elements of the cosets can then & shown in
*rn3 . . B
%>  the following manner:

,,: | ' ’/f ; ‘> : e

-
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-4 - *
T, ~_J ™. o
. ) .
O {‘}5'0}‘ {vs,l} {VG,O} {VG,l}' {v7'0}- {V‘?'l}---

1'0} {“4,0} {“4,1} {yg o} {¥5,1? {uG,O} {us’l}.;.

{Az'o} {u3'0} {u3,l} {u4 0} {“4,1} {“5,0}‘ {“5,1}"'

(g,00 Tagnd Ty ol Gega} ey gl v g} (g glee

-where we, have only shown the set of minimum weight

n—tupleéithat result from the operation p = v+ x{mod 2).

To clarify further, let us consider for example {v5 13 3

which is the set of ‘all codewords of weight 5 starting
with 1, and {u3 6}, the set of all coset leaders of -

weight 3 starting with 0. The operation {v. ,} + {1 }

5,1 3,0
in GF(2) may yield {”2,1} and/or {”4,1} and/or {”6,1}
and/or {PB,l}' Since {”2,1} has already been exhausted
in the cosets {Az’l} and we are only interested in the
minimum ‘weight, we list {”4,1} at the intersection of

row {Aj 0} and column {Vv }. ) he

5,1

The: problem of determining the coset enumeration

i .
of the shortened code V conststs therefore of examin-

ing the cosets {i; ;}, i =1, 2, 3 to determine the % .
ll'l* ) - et . “{r‘h’
minimum weight u in each coset. This examination T 4
yields the foi%owing result. L : RS
N\
[ ™~
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THEOREM 3.11 ’ .ﬂ;

) '
The' covering radius of the shortened code V is

4
4 for all} m > 4.

. . :
For m > 4, the coset enumeration of V 1is

- 1 1 1 — -—
N, =1, N =n-1, N = (n - 1) (n = 2),
1 2 2 ~

g
0
H
3
Il
N9
‘+
=3
m .
(¢]
o]
0
]
‘+
Y
:
fD
H
v
o+
-
o]
o
0
H
t
o o
v]
=
N9
~'.
(233
[

The proof of Theorem 3.1l is given below through

" a series of lemmas for the sake of clarity. Before

proceéding)we remark from Theorem 3.11 that for m > 4,
the shortened code VL is nearly quasi-perfect, since
there is only one coset of maximum weight 4. Tﬁ@s
implication of that remark will become clearer when
we compare the data cqmpression performance of V' with

that of its parent code V.

-

s —_—
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We now start the proof of Theorem 3.-11 with the

following.

LEMMA 3.12 "

A
The coset with leader 11 | contains at least one
' !

y

word, of weight 4, starting with 0.

PROOF

--/

The coset leader Al'l has the form XD and is P
L, ’
therefore unique. In its coset, there must be at
least one word of weight 4 starting with 0 since there

is at least one codeword VS 1 that is, of minimum
r -

weight and starting with 1.

This concludes the proof of Lemma 3.92. We now

% .

consider the cosets of weight 2.
LEMMA 3.13

For any m > 4, the coset with -Yeader i

2,1
contains at least one woxd, of weight 3, starting with
0. ' ‘ *
~ — \ -



4

PROCF ' B

A coset leader belonging to {Az l} must have the
!
form 1 + Xa, where a ¢ {I} = {1, 2;_..., n-1}. We

associate with Az 1 @ syndrome (S,
! '

8,) C GF(2™) with
Sp=l4e 3.8

(3.7)

o
2]
o
w

L)

Il
H
+
[}

L]
-,

-~

. ; - - a
To find, a replacement for 1 + X7, 3§ﬂfu55\8iffe the

existence of a word of weight 3 of the form x© + + X

2

e
'

where (c, d, e) are distinct from (O,Aa),rwith the same

syndrome (Sq+ SB)a ‘We note here that this is the

equivalent of proving the existence of a codeword of

d

weight 5 of the form 1 + %2+ x? + x% 4 x% belonging

to the parent code V for all values of a ¢ {I}.

\i> We must therefore seek a salution for the follow-

R J

. - o !
ing set of simultaneous equation

»
(V3]
I
=g
L)
a
<+
o
w
a,
+
[ #4
[T
)
-
—~
W
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N

With o

)

=S, + S;, we find, using (3.6) and
(3.7} that
‘ -
3 u
= 3.1

/\,/ S, \51 + o, (3.10)
\\__‘_ﬁ\

LN

/J\ We also define o~ to bg™ °

/ ; o

\ ot = 5. + . (3.11)

} 1

( We then cube (3.8) and subtract from {3.9) to

1 get, using (3.10) and (3.11],

-

‘ Final%y, we form the guadratic

- 22 +.ufZ + [au - £ + ae(ue + af)] =

t

N

the roots of whxch, o:c‘ and ad, are a function of

*

. pelong to GF(2™) if and only if

LY ,

2f

Tr.{ug - f.+ c1e(ae + u,f)‘ -0
P

N

L]

0

(3.12)

4

(3.13)

S,s S5 and «®. As is well known [551 these roots&

(3.14)

: : ; .
where the trace operator Tr [.] , mapping GF(2™) into
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GF(2), is defined by

> ' - l i l
anﬂﬁ = 7 y% .y e GF(2M (3.15)
- l = 0 \_ -/(,
_ v
and satisfies tqé property -
| \
Ir [ = mern)? = 03 : (3.16)

+
ksl N

Using (3.16) in (3.14), we see that

refa® T 3%y = orfady = 0 (3.17)

&

;yhere j & u- 3%, &jg:he necessary and sufficient
o

condition for the r s «“and ad to belong to GF(2m).

-

We will now attempt to find a';éfﬁilon to (3 17{’/>
by a detalled examination of the even and odd m@;s \

separately.

For evéh\mz we have the. following result.

LEMMA 3.14.1

The number of distinct solutions of Tr[au - 3%

in GF(2m), m even is

\S



* .

n-12%2/n+ 1, when u is a multiple of 3

2
ne = ",
n -1+ + 1 otherwise.
2 ]
PROOF

For even m, the number of disfinct and finite

values of j such that Tr[aJ] = 0 is known to be

. - . Q@
n-1+2/n + 1 ' :
6 -

- .
when j ( and u) is a multiple of 3, and

n -1 g{n + 1

L}

otherwise, using Welch's thegrem [-7, p.423 ] There

(3.18)

?

+/n + 1 is defined as ~(-2)™2 4nd both expressions

are easily verified to be exponentially increasing

LY

functions of m.

: From (3.18) and (3.19) we now cdmpute n .
L]
numbey of disgiﬁét“*alues of £, which is also’'the

1.

number of disgzgzﬁg§olutions of Tr[au.-,Bf] .

fr

the.

0 for a

:t\
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given u.
P

* When u is a multiple of 3, then each aJ is a
nonzero cube in GF (2™, yvielding three distinct
values of £, namely (E—:—l) mod n, (E—:—%Jtl%nwd n

3 -
and (E—:—%—i—zg)mod n.

When u is not a multiple of 3, then it can be
easily shown that only one half of the distinct values
of j (given by 3.19) y;elds an'gxpression M 3 tnéz_#/‘
is a nonzero cube from which three distinct values of
f are obtained.’

Pl

This concludes the pfoof of Lemma 3.14.1 which
dealt ﬁith the even m case. For odd m, we have the

S

.following result.

L W

-

. LEMMA “3.14.2 //7’*‘“ |

The number of distinct solution of Tr[au_Bf] = h

in GF(2™), m odd, is
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PROQOF

For odd m, no expressions similar to {3.18)

Y
and (3.19) were found. It turns out, however, that

there is a simple solution to the trace equation \\j

rrlat "~ 3f] = 0 in GF(2™), as shown below.

y - -

There are (n + 1) elements in GF (2™, and exactly

one half of these elements has Tr[.] = 0 while the

other half has Tr[.] = 1. Therefore Trle?] = 0 has
n + 1

5 solutlons; Note, howeger, that Trie" ) =[Pr 0] =

and since we are only lnterested in the finite wvalues

of j, we are left with ; 1 possible distinct solutions

of rr(ed] = 0. We now show that n ‘the number of

\_\ . f ’

distinct values of £ = E—%—l, is also egqual to = 1

- Regardless of the pa:ticuiar values of u and j,.

ot has a unique cubic root in GE(Zm) since, ﬁith

odd m, n = 2™ - 1 is not divisible by 3 and only one

of the fgllo&in‘: u-3j,u-3+n, u-3+ 2n can be

i
!

}

{

4

-

a multiple of 3. This means that for each value of j,

such that Trledd] = d’ corresponds a unique value of £.
If only remains to b%\shown that these values of £
are_dlstlnct. Assuming that’two different values of

j yield t@e same value of £, we would have

\ o

-_—“\
/
M

N

—
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u - jl + iln =u - j2 + izp_
]2 = (11 - lz)nf

implying that (jl - j2) is a multiple of n,

which is

impossible since boéil?l and j, are less than n.

+
1

This concludes t;;\proof of Lemma 3.14.

dealt with the odd m dasai\&_

\ N
5 -
We now resume the proof of Lemma 3.13,

derived the required number oSf solutions of
for even and odd m.

From Lemmas 3.14.1 and 3.14.2, énd the
ae = Sl ¥-uf (3.11), it immediately follows

‘also the number of distinct values of e for
o

2 which

having

translaticon

that nf is

which “the

quadratic (3.13) would have its roots in GF(2"). It

.

is to be noted, however, that not all n. values yield

a solution satisfying the crucial requirgmeﬁt that

0, a, ¢, @ and e be. all distindt. In fact o8 = 0,

e e a

o = 1 and o«F = o€ can all be degived from the set of

‘ be dex; n
ne solutions of Tr[a® ~ 3f] = Q. For example, with p
o% = aa, then af = 5 ‘.+'c:re = S, + ga = 1 since

1l 1

b d

s b1 et soofid 1y cubing we ser of 70 =1



o

or au Now, sin «t = 5. + 2y 3 = aa(l + aa),
N . 3 1 . ‘
. then/ rfa%] = Tr[qa + azaq =0 = Tr[ajj. Thexefore
J is’ an element of the seé\Ff ne values from which £

is obtained. The proof is similar for «€ = 0 ana
ue=1.

L4

+
&

-

Therefore, considering the fact that e = 0, e = a

and e = -w lead to the trivial solutions {(c, d) = (a, -=),

(0, +=)/afdd (0, a) respectively, we are left with
(ng - 3) distinct values of e for which 0, a,c, d and
e are all distinct. Lemmas 3.14.1’and 3.14.2 show

that this result is true for all values of m except

~

for m~= 4 and u/3, when there is a unigue nonzero field
element with Tr[.] = 0, namely o? = 1. For this case,
ng = 3 and no nontrivial solution’to 3.13) is to be-

obtained. Direct verification of the (15, 7, 2) code

shows that when Az 1 is 1 + XS or 1 + Xlg, there afe

|

no words of weight 3 in the coset.. {

14

This conclﬁdes.the'proof of Lemf 3.13 which dealt

~ with the cosets of welight 2. We have edsentially

shown that for any m > 4, any coset with leader of the

form Az 1 contains at least one word of weight 3
r .

starting with 0. From Lemma 3.13 we cax also conclude
the following result. . = _ '

-

~

K
v
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-

T~ -
For any"m > 4, the coset with leader A3 1 contains
1
at least one ward of weight 3 starting with 0. . l

PRCOF

A coset leader belonging to {A3 l} has the form
1+ x2 + xb where a and b are distinct and (a, b) e(?I} =

{1, 2, ..., n - 1}. ' The syndrome associated with any such

coset has components

i J
S, =1+ a4+ L, ‘ ' (3.20)

Sy =1+ o™ +a7%, : ' L (3.21)



The latter relationship (3.22) is implied by the fact that’
its complement, i.e., Tr[.] = 0 is true only foxr the coset

leaders of weight 2.

v -

" We now follow the same procedure used for the coset

. leaders Az 1 that is, we now search for the words of
. r -

-

. minimum weight in. the coset. Aésuming that minimum weight
‘ /

. ° LY
to be 3, we have to prove the existgpcé of a word of weight

d

3 of the form x© + X +yxe, such that 0, a, b, ¢, d and e

are all distinct, with the same syndrome components Sl and

S, given by (3.20) and (3.21). -

Lo . _
We therefore set -

"1+ «? + ab = Sl = ac +-ad + ae,_ {3.23)
1+ c’.33. + '&31’) = S3 = a3c + Cle“{" QBe L) . B (3.24)

Zz° + afZ + ag - £ ; a?(ue/ﬁfaf) =0 ) {3.25)



where 'a=S +S'=(aa+ub)(l+a +ub+a )
and e« =8

By bbserving the right-hand sides of (3.23) and- (3.24),
as well as the guadratic (3.25), we note that they are
identical to (3.8), (3.9) and (3.13) respectively. Also,
in discussiﬁg the solutions of the quadratic (3.13), the

4
knowledge of the explicit values of either Syr 85 or e

3
was not reguired. This strongly suggests that the results
obtained earlier, in Lemmas 3.14.1 and 3.14.2 can ’be used

here.

For even m we recall-that the number of distinct values
of j such that Tr[éj] = 0 was given b& (3.18) and (3.19).
Both expressions were also referred to by Berlekamp - .
[ 7, pp. 426-428] as the multiplicity of minimum weight *
elements in the cosets of weight 3, that is, the number of
yords of_weigﬁt 3 in-a coset with leader of weighé 3 (coset
leader included). For any m > 4, (3.18) and (3.19) yield
an integer reéult greater than unity. Combining this with
the fact that in the cosets A3’1 any ong of weight 3 must
start ﬁith 0, since otherwise the codéQﬁ'would contain

codewords of weight 4, we conclude that for any even m

greater than 4, any coset with leader A3 1 contains at least

r
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one word of weight 3 starting with 0.

For m = 4, direct verification shows that the minimum

weight in the cosets X

3 is at mdst 4. -

~

For odd m, and from Lemma 3.14.2, the number of possible

values of e was found to be ng = o ; L Here, one would

assume at first that four values of e, mamely 0, a, b and —et

would have to be discarded in order to get a nontrivial

solution for (3.25). However, the value e = -=» needs not
L

be considered, as we show in the following discussion.

e

If e = == then P S i leading to ol = uu/Si

_ 3 1’

Sy % 513 S, + S
— Since we are stipulating that Tr|~3 1 1
51 - s, )

then Tr[e?] # 0, which contradicts the initial assumption

that Tr[el] = O.

-

1

We have therefore = ; 7 aistinct values of e for which

2#9, a, b,'c, 4 and e are all distinct. .

This concludes the proof of Lemma 3.16 which dealt

with the cosets of weight 3.

&

We now summarize the results of Lemmas 3.12, 3.13 and
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3.16. 1In the coset with leader ll,l; there is at least
Fhe word of weight 4 starting withs0. For the cosets witﬁ
#<&faders *2,1 and A3,l’ forrall m > 4 each coset contains
at least one word of weight 3 starting with 0. For m = 4,
the minimum weigﬁﬁ is at most 4 for “2,1 and Ay 1r ‘Since
the sﬁgktening of the code V involves rearranging the cosets
to replace those leaders starting with 1 by words of the
same coset starting with.0, the above results show that tHe
covering radius of the shortened code v is equal to 4, thus’
proving the first part of Theorem 3.11. 'To prove the re-
maining part of the.Theorem, we now derivé the coset enum-
eration of the shortened code Vl from that of V.

D

The coset enumeration of the parent code V is known

to be, from Lemma 3.10 TN '
- _ ni{n - 1) nin + 3)
NO 1, Nl n, N2 > ‘ N3 5 .
-

The leader of weight 0 remains unchanged in V ,

therefore Ny = 1. The (n - 1)} leaders of weight 1 and

the 8= 110 = 2) yeagers 1, o vield N; =n -1 and
o - - -

N -z 1) (n 2) respectively.

2 2
On the other hand, the leader ), ; is replaced by a

leader of weight 4. For m > 4, each of the (n - 1) coset

leaders Az 1 and all the A3 leaders are replaced by words

(1

*
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of weight 3 starting with zero. Therefore N3 = Eiﬂii_i)
5 . , ' ) ' o
n + on - =
5 and N4 = 1.

This concludes the proof of Theorem 3.11.

3.3.2 Average Distortion per bit’

-

The average distortion per bit resulting from the use
!

) .
of v for data compression can be obtained by substituting
the results of Theorem 3.11 into Egquation (2.2).

TN
We therefore have

2 .

1

_ 5n” + llg + 4 for n = oM 1, m> 4
2(n + 1) (n -1 _ |

and D 0.18471 for the (14, 6, 2) code.

In-this context we note that the average distortion

L]

per bit of the parent code V can be eésily shown to be

5n + 9 '

D:—-.—_:
2(n + 1)

p . ¥
Table 1 shows the average distortion for both V and
R .
V as well as their respective compression ratios, computed
.for moderate values of n. The results shown indicate thdt

L}
the respeetive average distortion values for bot% V and Vv

-

+n -

1 =

\\

b4
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Table 1

Average Distortion & Compression Ratios

1
Code V

Code V
N []
. n ' r n 1 '
m n k CR="/k D n k NCR="/k D
4 15 7  2.1429 0.164 14 T3333 0.18471
| 1641 —5 2 8
5 31 21 1.4762  0.080078 30 20 1.5 0.083822
6 63 51 1.2353 - 0.039551 62 50 1.24 0.040445
"7 | 127 113 1.1239 0.019653 | 126 112 1.125 0.019872
3 8 | 255 239 1.0669 0.009796 254 234 1.0672 0.009850
9 | 511 493 1.0365 0.004890 | 510 492 1.0366 0.004904
10 | 1023 1003 1.0199  0.002443 | 1022 1022 1.02 0.002447
11 | 2047 2025 1.0109 0.001221 | 2046 2024+~_1.0109  0.001222
\‘“\\__if ‘J{oss 4071 1.0059 0.000610 | 4094 4070 1.0059 0.000611
f"

v
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converge towards a common figure as the length increases,
despite the fact that the, covering radidg of V is one
unit larger than that f V. Since both compressionlratios
are also comparable, the shortened code V' can practically
be used instead of V if such use is imposed by system

constraints.

3.3.3 Number of Codewords of Weight 5 in the (Zm -1, n-2m, 2)

BCH Code with odd m

The result we are presenting here may wmot be strictly

in line with the main topic of the thesis. It is included
. .
"here, however, because it is a natural conseguence of

Lemma 3.14.2, thus confirming its validity and stressing

its importance.

\
The number of codewords of welght 5 in the double- /)
- : /

error-correcting BCH code with even m is known to be

A o0 - 32
55 =T -

o

-~ .
, ~.
~

This result has been derived in many ways, one of whieh is

due to Berlekamp [ 7], who used “the gxpressiohs for the

maltiplicity of minimum weight elements Y3.18) and (3.19).
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For the odd m case, a closed form expression for Ay

is not as readily available. & straightforward but tedious
method of deriving this expression would be to use Kasami's . \\\
weight enumeration of the orthogonal code [56] with MacWilliam's

idéntities [57].
’

The method presented here is much simplér. It combines
-~
the results of Lemma 3.14.2 with arguments similar to

Berlekamp's to yield the desired result, given in the

folléowing theorem. .

THEOREM 3.17 /

. . /
S

For odd m, the number of codewords of weight 5 in thé/
= :

-1, k=n - Zﬁ, t = 2)\BpH code is given by//’/

<./— \‘
‘ | - /
] \
AN

a — n(n - l) (n - 7)“\\ . N
5. -

PROQF

From Lemma 3.14.2 and the proof of Lemma 3.13, we
}ecall ;hat there were (n - 7)/2 values of e for which the
guadratic (3.13) had a non-trivial solution. Since for
each value of e obtained corresponds oné pair (c, d),‘the

o]
total number of distinct triplets (c, d, e) is therefore



\\ _../-\_/-'

(n - 7)/6. This gives the number of words of weight/é in a

coset of weight 2. For all cosets of weight 2, the total

n
number of words of weight 3 is therefore n ; 7 (2), and

5
since each word of weight 3 can be obtained from (2) = 10,

different codewords of weight 5, the total number of codewords

of weight 5 is therefore

A = nin - 1)(n - 7)

5 51 ' . /
for odd m. ///

This concludes the proof of Theorem 3.17.

3.4 Bounds on the Coset Enumeration of Shortened-by-s-bits

Codes

After completing the analysis of éhe cosets of the
shortened-by-1-bit codes in ec. 3.3, w@ now consi@er the
possibility of ‘using similar arguments to analyse the cosets
of sﬁgrtened—by—s—bitskcodes, for s > 1. The ébmplexity of
the problem, however, quickly grows beyond control for several
reasons. The weight distribution of the newiy shortened code
is once again altered and cannot readily be deduced ?rom that
of the parent code. .In addition, the covering radius increases
to a new value that cannot be estimated with aﬂ§ of the exist-

ing bounds. Furthermore, since
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the parent code is no longer cyclic, none of the cyclic
properties of the original code can be used.
o
Instead of following a path similar to the one already

used in the preceding section, we attempt to use strict

combinatorial arguments to estimate the covering radius of -

—

the shortened-by-s-bits code. We note here that the method

we are about to use is applicable to any binary cyclic code

with an odd-weight generator polynomial.

With reference to the (n, k, t) binary cyclic code
V., let v_ represent the (n.- s, k - s, t_) code obtained
0 s . s

from the shérteniqg of V, by s bits, where 0 < s < k - 1.

-~

Let N_ _ represent, the number of cosets of V_ with leaders

r

of weight «. We assume both the weight W of the generator

polyncomial of V and the minimum distance ds of Vé to be odd.

We now discuss an estimate, of Nm &7 obtained starting

r

with Vi _ 1+ the (n -k + 1, 1) code consisting of two

codewords, the all-zero codeword and g(x) the generator

polynomial of Voof weight W.

Let us consider the cosets of Vi —

minimum nonzerxc weight in Vk -1 is W, then, for w < t

e Since the

k -1
W-1
2 I
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v .
Ny woq = ( ), (3.26)

For « > g ; l, we note that Vi - 1 has only one nonzero
cedeword and that a leader of odd (even) weight produces
only words of even (odd) weight in its coset. Combining

these facts we see that a leader, of weight j > E—%—l,

: W u - _

produces in its coset words
w+3 -1 N

2 J 2
) 7
of weight i in its coset. This means that, for u > w ; l,
¥ W ) v - W
N - = -X : !
w, K 1 W jW-—m+j L W —w 4+ .
2 J 2

where the summation is over appropriate i's. After suitable

manipulation we get the following

THEOREM 3.18
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and

u u - W W v - W W
N = - +
w'k 1 w 0 W - w 1 W-.w+
v - W W . u - W W
+ 4+ ... +
2 W= w+ 2 2w - W -1 W -1
- 2 2
W +
forw > 21.

Indicating the covering radius of VS by 9., we get,

from Theorem 3.18, the following
. . ‘ : *

COROLLARY 3.19

2 nd Ne k-1 [w-1

Now let us consider the cosets of VS for s < k.- 1.
Clearly, treating the leaders of Vk _ l'as {(n - s)-tuples,
we can construct a set of cosets, of Vs’ in which the leader

does not necessarily have the minimum}ei'ght in its coset.

We note that the words of weight ts + 1 can possibly

¢
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be produced by adding leaders of weight t; to codewords
. .

of weight 2ts + 1 and by adding leaders of weight t, + 1

\
to codewords of weight Zts + 2. Also, the number of r-tuples

‘which have weight 2u and have u 1's in the same u positions

. = 1
1s at most

where l}ﬂ indicates the largest integer’
contained in x. Combining these arguments we get, from
Theorem 3.18, the foll

-~

COROLLARY 3.20

For Vs with s < kx - 1,

b4
I

w,s

w, s =

= +
for w tS 1

- N < Nm,k -1 for > tS + 2, . - .
where Ad is” the number of words of weight ds in VS.
Corollary 3.20 is clearly not relevant when, for a

given Vs' Nm S's are known for all w as, for example, in
r

the case of perfect and quasiperfect codes. It is most
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hen-no, or partial information’ is available about

he cpsets. The difference between the estimate of the

per formance of'tﬁe code, as obtained from Corollary 3.20,

and the real value decreases as s is increased. 1In particular,
” f

.. the estimate is a fairly good indication of the performance

if V0 i a low rate short code.
»

- -

To illustrate the preceding points we now consider the

problem of data-compression. In this connection we note //'

- ' that the average distortion per bit, D_, for V_ is given by

-

o N : //5
o @S \(3.27)
n -k : -~

I e~—13

2 (n - 8)

By way of an example to show how Corollary 3.20 is

applied, let us take the (15, 5, 3) BCE code as V. and

0
consider the case of s = 0. This code has
. /7
2 .4 5 8 10
G(X) =1 + X + X"+ X" + X" +%X° + x"
@ so that W=7 and y - W=n -k + 1 - W= 4. Also Ad. = 15,

From Corollary 3.20 we get

] k]|

1,

15

b
Il
I

15,
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15
= = 105
2,0 T, ’
15
N = = 455, s
3’0 3
(15) (7)
i - 15
Ny o2 4 3/ _ 1365 - 525 _ o0
15 -4 1+ 2
1+ 3

Z
i
-
o
1A
—_—
w |
-
e e

L) () e
|

A
o))
-
o
1A
—
~
I_.I
|
—————
O
"-..._____—.—‘

330 - 1 - 28 - 126 - 140 = 35

Since V0 has 210 = 1024 cosets,

NS,O + NG,O + N?,O <1024 - 1 - 15 - 455 - 280 = 168

With reference to (3.27)
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<01+ 1-15 + 2-105 + 3.455 + 4-280 + 7-.35 + 6-(168 - 35)

Do 102415

-

= .2443

-

whereas the actual value of-D0 1s known to be 0.2220.

’ .

3.5 Interleavéﬁ Codes

3.5.1 The Coset Enumerator of Interleaved Codes
-

Let V, represent a binary (ni, ki) block code, where ~
i=1,2, ..., u. Letv represent the (n = ) n., k = ) ki)

. i 1
code obtained by interleaving the codes Vi.

r
Let Nim denote the number of coset leaders of weight

© in the partitioning of the set of 20i nj-tuples of V..
It is obvious that
+ N

- _ s, = k.
50 + Nil + ... + N. = 243 i (3.28)

where N:p = 1 by definition,

and a, is' the maximum coset leader welght for Vi.

Let us now redefine Nim through the use of a coset

- enumerator C as

N. A N. C7, | *(3.29)
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so the coset enumeration of a code Vi will be given by

Q . .

j _ 2 Q.
] N.. €l =1+ N;gC + N.C% o+ Ll Nigi C*i  (3.30)
=0 ‘

With respect to the cosets of the interleaved code v,

- let Nk denote the number of cosets of weight k. This number

is simply the total number of ways of adjoining the Nys Dy eney g
: ] :
n —tuples to form.an n-tuple (n = J n;) of weight k, that is
: ¢ ,
N, =, N N N ... N (3.31)
KoK Hkot ... +k =k kg 2Ky T3k uk,
1 72 u
Oéklggl
ngzgﬂz ) ,
oikufgu. //f;_y//
A careful examination of (3.31) reveals that Nk is the
. * NG
coefficient of cx in\ the expansion
u 24 .
i1, o (3.32)
i=1 5=0 13

Example: Consider the interleaving of the fdllowing

two codes: T

Vl = (14, 10) shortened-by-l-bit Hamming code \

V2 = (23, 12) Golay code
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Using (3.30) the coset enumeration of‘vl and V2 can

be written as

1+ 14C + 1 ¢% for v

1

L

and 1 + 23C +.253 ¢? + 1771 ¢° for v,.
fr- '
\J

The number of cosets with leaders of weight 4 in the

(37, 22) interleaved code 'is, according to (3.32) the co-
efficient of C4 in the expression

2

(1 + 14ac + ¢%) (1 + 23¢ + 253 c2 + 1771 %),

i.e., 14 x 1771 + 253 = 25047.

3.5.2 Interleaved Hamming Codes

We now apply the results of the preceding section to
the interleaving of Hamming codes. In this context, let
Vi represent the (ni = 2Mi - 1, ki =n, - mi) binary Hamming

code, where i = 1, 2, 3, ..., u. Let V represent the intexr-

leaved code (n = ny + n, + ....+ s k = kl +ky bl 4 ku)'
If V is used for data-compression, then we get
Nl + 2N2 + ... + uNp
D = R (3.33)
2 (nl + n, + ... + nu)

-
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where D is the average distortion per bit. The distortion
per bit Di’ given by Vi is simply
n. 1

D, = -2 = . (3.34)
1 i n. ny + 1 y

(nl + l)(n2 + 1) ... (n + l)(nl + n, + ... + nu)
where ) T
! n.(ny, + 1){n, + 1) ... (n + 1) 3
= _Jk 1 2 1)
B’J (nj N (3.35)

-

A careful examination of'(3.35) shows that B. + B. +

3 2 “en

+ Bu 1s indeed equal to the numerator in (3.33) so that we

have the following "/\>

Theorem 3.21

‘_">

In regard to data-compression, V gives

nj n, ‘ n
; D, +
nl+n2+...+'nu 1 nl+n2+...+rh 2 nl+n2+...n u
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E

As a special case of Theorem 3.21, we see that if a
given Hamming code ;s,interleaved to degree u, then the

interleaved code has the same average distortion per bit

‘///f’\\\\\qs the parent code.

Deflnlng‘—Dmax to be Max {Dl, Dz, ey Du} we see,

from Theorem 3.21, that D < Doax’ iﬁplying that interleaving

ax
a short Hamming code with a™~longer code cannot increase the

avérage distortion per bit.

3.5-3 Interleaved Golay Code

In this section we examine the implication of the fact

that the (23, 12, 3) Golay code is perfect with regards to

the average distortion obtained when the code is interleaved

-

to degree p.

L]
Let the coset enumerator of the Golay code be represented

-

as

c (3.36)

'
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The average distortion per bﬁg D_. is given by

G.
3
7 i N, (23 (23) (23)
1 = l - » - -
D i=0 _ 0-1+1 %l + 242/ + 343/ 154003
2n_k n 2 «23

Let us now consider Gu and Gu+l -the Golay codes
,

interleaved to degree u and u + 1 respectively.

e

-For Gu and Gu+l' the coset enumerators are given by

u
(1 coycPanse?) ¥a] G'jfkr¥)(l)l(Nl)J(Nz)k(N3)lc3*2k+3l
i+j+k+1=y .
. S
(3.37}
) u+1
2 3. u+l AR i 5
(14§, C+N,C 4N ,C7) ={' R A R Y B €6 (Nl)J
i +3 +k +1 =p+1
(N )k (N )l o3 +2k +31 (3.38)
2 3
\Now consider the ratio
3 C‘
DG
v _ Average Distortion per bit for Gy
DGu+1 Average Distortion per bit for Gu+l

which can be written as



N

>,J

. -107- i

Dé B /zu(n - k) un

E—H = F (3.39)
G .

u+l Bu+l/2(“+l)(n‘k)(u+1)n

where
i
: i ) k 1
B =7 (§+2k+31)| . . (Ly 2, )7 () S L)
Hoifek+l=y 1e3akel 1 2 3
(3.40)
and
f/\ ]_x+l
B 1= 1 . (3 +2k #3213 , - .
utl L ' I_ i rj k1
i +3 +k +1 =p+1 -
i'l. jl‘ kl ll
(1) .SNl) (N,) (N3) (3.41)

It 1s easy to show, using elementary combinatorial

theory that

=" (l.+ Nl + N2 + N3) (3.42)

Therefore, using (3.36) in (3.42) we immediately see that

= 1, which proves the following



Theorem 3.22 :>

The average distortion per bit of the Golay code

interleaved to degree u is a constant independent of the

degree of interleaving.

3.5.4 Interleaved Hamming and Golay Codes

Let W represent the (n=2"-1+23=2"4+22,k=n-m+12) binary
code obtained by interleaving the (2m—1, 2m-1—m) Hamming

code H andthe (23, 12) Golay code G.

The coset enumerator of W is

23\ /23 23
[1+(2™-1)clf1+  Jo+| %+ e
1 2 3
23 [/23 23
= 1+{2M-1+ C+ (2m—l)+' C2+ Y
1 1 \ 2
23 23 23
+ (2™-1) c3+ (2"-1)| c* P
) 3 3

' N
1+ (2™+22) c+23 (2™+10) c2+253 (27+6) c3+1771 (2™-1) ¢ (3.435///\\

Using (2.2) and (3.43), we can t?én compute the avérage

distortion per bit of the inter{raved code W as

)
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b - 0x1+lx(2m+22)+2x23(2m+10)+3x253(2m+6)+4x1771(2m-l)
W _ m-12 (2m+22)

2

which, can also be written in terms of DG aqd DH' the
average distortion per bit of the Golay and Hamming codes

respectively, as follows

2P 23 '
D,, = D+ —==-_p (3.44)
W oMoy TH oW oG

after simple manipulation

From (3.44) we see that

-

Dy, £ Max {DH, DG}.
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CHAPTER IV

ERROR-CO OL_DECODING METHODS FOR SOURCE ENCODING

The preceding chapter examined the theoretical
performance of several classes of block codes from the
data compression viewpoint. 1In this chapter, the practical
aspects of using some of the well-known error-control de-

coding algorithms are examined. The purpose here is to

discuss t instrumentability of the source- encoder which

AY

would ‘igiplement any of the algorithps £hat may be used in
conjungtion with the block code chosen. £L this context,

we discuss the merits and disadvantages of several decoding
algérithms, namely the standard array , the BCH, the majority
logic, the step-by-step and the error-trapping decoding
algorithms. The latter algorithm is singled out as being
easy to implement aﬂd'is therefore studied in greater detail.
Its performance is analysed and compared against the publish-
ed results related to the step-by-step algorithm. We then
discuss some bounds on the average distortion achievable. In
concluding this chapter, we Present an extension of the error-

trapping technigue in which two codes of same length and

different rates can be used for source encoding.

4.1 A Comparison Between Decoding Migorithms

We have shown, in Chapter II, that the optimum source
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N

encoding scheme for the binary discrete memoryiess source
is analogous to the well-known standard array decoding
algorithm used for error-control purposes.
‘ -

One way of implementing this algorithm is to store
an encoding table that lists each syndrome and its cor-
responding coset leader. To encod¢ a source seguence one
neeés merely compute itﬁﬂizﬁﬁrome,wpich requires only
n(n - k) binary additions, and then form a codewoxd by
adding_to the source segquence the cdrrespondiné coset
leader found in the table. For a large code, however, this
task becomes formidable and the encoding table, which

occupies 20 T k

'(2n = k} bits of memory, grows exponentially
with the block—length'n for any given fixed rate. This

source encoding scheme, obviously, is not instrumentable.

Recalling that the group property of the source code
was the only necessary property in the formation of the
standard array, we must therefore consider some suboptimal

schemes which make use of more of the code properties.

Intuitively, one such approach would be to use a
o
decoding procedure relevant to the type of source code.
Likely choices of easily implementéd algorithms are the

BCH decoding and the majority logic decoding algorithms



-112-

briefly discussed below.

4.11 BCH Decoding Algorithm

Details of the BCH decoding algorithms and its
refinements are not given here as they can be found in
several textbooks such as [ 5], [ 6] and [ 7]. "For the
purpose of our discussion, it is sufficient to know that
this algorithm is a bounded-distance decoding algorithm
that will guarantee, if used for soﬁrce encoding, that
the source encoder will perform acceptably for the source A
- words that lie in cosets of weight < t, where t is the
error-correcting capability of the code. The difficulty <
will arise with those source words which lie in higher
weight cosets. In this case, thé source \encoder will norm-
ally fail to produce a codeword, as the error-locator
polynomial will not have all of its roots in the Galois
field in which the operations take placé. Even with a
gré%t deal of extra logic, such as Hartmann's [58] procedure
to decode beyond the BCH bound, this situation can be over-
come only partially. This is why both the knowledge of .
the covering radius of the code, and the existence of a
complete @ecoding algorithm for certain BCH codes, are the
deciding factors in the.use of the BCE decoding algorithm

for source encoding. \

)
f

/
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‘o‘,:_}’
In this context, only the single-, double-, and triple-
error-correcting BCH codes may be used for data compression.
A source encoder implementing their complete decoding al-

gorithm would, in this case, also be optimum.

It is interesting to note here that the (23, 12, 3)
binary Golay code can also be considered as a non-primitive
BCH code. The generator polynomial of the Golay code is

either ' . =

g, (0 =1+ x2 4 x4 4 x5 4 x84 x10 , 411

l + X +-x5 + x6 + x7 + X9 + Xll

It

or gz(x)
where both g, (X) and gé(x) are factors of x23 +1I.

The minimum distance of the code is known to be 7. However,
its designed distance, according to the BCH bound,ﬁis only
5. This 1is éésily explained as follows. Lét « be a prim-
itive element of GF(211) and let 8 = agg- Since 211 -1 =
‘89 x 23, then 823 = 1. In this context, gl(X) and*gifﬁT

can be shown to have only-B, 82, 83, and 84 as consecutive
roots. So, according to the BCH bound, the minimﬁm distance

1s at least 5, meaning that the BCH decoding algorithm

will only be able to correct at most 2 errors.
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In the following we present a decoding procedure

which is almost the same gs the decoding of any binary

non primitive BCH code with designed minimum distance 7.

Let V(X) be a codeword belonging to the/123, 12)
. ‘ I

S(X) = V(X) + E(X) o (4.1)

binary Golay code.

For the given received polynomial

y

N

where E(X) is the error of weight 3 at mos+t, let us compute

the syndrome

: = — 3
Sl—S(S)! 53 _S(B )'

Since both g and 53 are roots of the generator poly-

nomial, then if Sl = 0, then S3 = 0. Thus we have

{sl = 0} «+ {E(X)

As. usual we also have \\~\\\\\

= 3% (B = x9) (4.3) .

1K
[42]
1

is; # 0, 84 1
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Thus, the situations of |E(X)| = 0 (no-error) and
|E(X)| = 1 (single-error) are taken care of by (4.2)

and (4.3). Suppose now that we find |E(X)| to be neither

0 nor 1. Then we form, as usual, the quadratic

x*+sx+ 21 =0 ' (4.4)

o

-

Sinte we are dealing with a non primitive BCH code,

there are three possibilities that may arise.

. 5, +5,° | z
(a) Tr —— is not egual to 0, in which
5
° 1

S, + 8 3
3- 1 0 but one or both roots of (4.4)
(b) Tr ——‘—3— = u Q .
. Sl ' ’
89,7 3
do not have the form (a"~°) = g
3
S3 + S1 89 a
{c) Tr S 3 = 0 and the roots are (¢ ) =B
1
o
b

87, in which case we conclude that
E(X) = X + x°.

So, if (a) or (b) occurs we must assume that |E(X)| = 3.
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Using Newton's identity

- (4.5)
53 + 0182 + gzsl + 03 0
with = S, and §_ = § 2 we form the cubi
Eh oy T2y 2 1’ cubic
of{x) = 3 + S 2 + o.x + (S' + S 3 + S.o5,} =0 (4.6)
X 1% 2 3 1 1°%2 .

For the given S. and 83, the cubic (4.6) has 3 roots

1
of the form Bj only for one value of Gy since the code V

has d = 7. Suppose that BP, Bq and Br are these roots.

Then, from (4.6), we have

87" + 5.8 "¢ 5, + S =
02 _ - l e 3 l r U= pl q’ r (4.7)
s. £p° -
1 Y. /
- ;

An implication of (4.73 is as follows: If‘‘we compute

4

63V + 5,82V + 5. + 8.3

s (8Y) A z - 3 1 (4.8)
- S, + 8

for v = 0, l{ 2, .., 22, then there are only 3 values of
v for which ¢(Bv) turns out to be the same. If these

values gre V,, V,, Vg, then



E(X) =X ~-+ X + X _ (4.9)

From the preceding discussion it is clear that.find—
ing the errors in a 3-error situation in the binary Golay
code is almost the same as finding the roots of a cubic
in which all of the c¢oefficients oy are known. Furthermore,
the search of (4.8) is guaranteed to give a solution since
all 3-error patterns ére coset leaders. This search can

be simplified if the idea underlying the Chien-search [27]

is applied to the numerator and denominator separately.

4.1.2 Majority Logic Decoding Algorithm

There are several ways of implementing the concept of
majorlty loglc decoding [59] to combat channel errors. We
can implement the decoder to estimate the error positions
in the received sequence. -The position in errof is then
complemented. We can also implement the decoder to recover
tﬁe n-bits of the transmitted que;;rd. Finally, we can
choose only to extract thé ﬁ information bits from the
received n-tuple. Correct results are guaranteed by all
three methods as long as the number of errors does not
exceed the error—corre;ting capability of the code used._

N
Certain.error patterns of 'weight t + 1 can also -be corrected

-

if feedback is used or with a second round of estimation



-118-

[60]. For highef weight error patterns, there is no
guarantee about the‘validity of the results. The decoder'
can be made to indicate the occurrence of an uncorrect-
able error, or simply to ignore.such occurrence in which

case the result can be accepted as being correct.

In summary, the majority-logic decoding procedure
can be thought of as a compiete decoding algorithm since
the decode; will produce as smany results as £here are
syndromes:~ The results corresponding to syndromes of

error-patterns of weight greater than t will not necessarily

be the correct ones.

This."comﬁlete decoding"” feature, however, is also
the reasocon hhy majority-logic decoding cén be examined in
the context of source encoding. Since in source encoding
we want to compress an n-bit source seguence into a k-tuple,
then the source encoder will be designed to extract k bits
only out of the n-tuple, regardless of where in the cosets
that n-tuple lies. At the user end, Tultiplication of the
k-bit sequence by g (X) naturally yields a codeword which
may, or may not be the true reproduction of the source
sequence. Depending on the situation, the distortion
introduced in the process can have a value bgtweeﬁ zero

and n - k at most.
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The main disadvantage of majoriﬁy-logic for source
encoding, therefore, is the total lack of control over
the Sggfggrd—t% be used to represent the source seguence.
The second disadvantage,we see 1is that majority-logic
is applicable to very few classes of .codes, thus severely

limiting the choice of an appropriate source code.

Given that the intuitive approach of chosing a\source
encoding procedure relevant to the type of code does not
appear to be the best method, we therefore have to try a

different approéch.

One such suboptimum encoding scheme has been proposed
and analysed by Goblick [op. cit. 11]. This scheme is

analogous to the step-by-step channel decoding procedure

-
/

[op. cit. 5] and is therefore generally applicable to |
any source code. The algorithm begins by matching the"
first k 'digits of the source sequ;nce with a mod 2 sum of
appropriate rows of the (k x ﬁ) generator matrix [G] of
the source code. This process is greatly simplified if

[G] is in a systematic form [IkP]} where I, is the (k x k)

k
identity matrix. WNext, row 1 is added tc this sum®*if and
only if this reduces the distortion, row 2 is added if

and only if this further reduces it, and so on. This

process could be iterated through the rows of [G] more:
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than once, but the law of diminishing returns will soon
prevail. During the initial matching process, the dis-
tortion is confined ﬁithin the last (n - k) diéits of
the source sequence, but starts to spread across the
entire n-tuple with the further addition of rows. The

maximum distortion that we can expect is obviously n - k.

Goblick has calculated the average distortion achieved

by this encoding scheme using a single pass through [G}/’f’,
;
for ensembles of group codes with randomly chosen gener-
ators of various blocklengths. The results for n = 20
are shown in Figure 7. The optimum D is 0.1l at R = 0.5
bits per letter, whereas the curve guarantees that group
codes with one-pasé, step-by-step encoding ex;ét'that
achieve D < 0.185. The curve does not improve substantially
for n > 20. In fact, it detefiorétes for n > 60, which
is clearly a divergence from the results promised by the
source coding theorem (Result 2). This deterioration may
have probably been leséened with moré than one péss.
However, any improvement would naturally require more
computations and it is doubtful that the improvement will
be significant because of the inherent randomness of the
step-by-step encoding algorithm. -
o

-

In this thesis we propose the use, for source encoding,.

-~
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the well-known error-trapping technigue [61]. We

assert that it will perform better than the step-by-

step and majority-logic algorithms, because of the
methodical way inwhich it operates. It is also attract-
ive because it can be used with a 1argelensemble of codes.
In this connection,vwe recall that a necessary and suf-
ficient condition for all patterné of_t or fewer random
errors to be correctable, with an (n, k, t) code, by

error-trapping is t «x E [ 5, p- 238]. )

A detailed description of the!error-trapping technigue -
1s givenin'the next section. We fhén describe the source

coding algorithm based on this technique and compare its
performancé against step~by-step and majority-logic-

decoding.

4.2 Description of the Erxror-Trapping Decoding Algorithm

The following description is adapted from Shu Lin [6].
Let V(x) be the transmitted codeword of a t—error-correcting

{n, k) cyclic code V. Let the received vector be
LB

Six) = V&) * E(x), ' ) . (4.10)

where E(x) is the error pattern causeéd by the.channel
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disturbance. The syndromegf(x) of S(x) is egual to the

.\ﬂqeméinder resulting from dividing the received vector
\ :

VE}"} by the code generator polynomial g(x), i.e.,

SYx) = p(x})g(x) + p(x) . (4.11)
. '
where p(x) is a polynomial of degree n - k - 1 or less.

Since V(x) is a code polynomial, it.must be a multiple

of the generator polynomial g(x), say

Vix) = m(x)g(x)\ {4.12)

X~ \\
v .

-~ .
Combining Egs (4.10), (4.11) and {4.12) we obtainia\
B

E(x) = [p(x) + m(x)]g{x) + p (x)
(4.13)

gi{x)g(x) + p (x),

that is, the syndrome of S(x) is also equal to the remainder

resulting from dividing the erroxr pattern by the generator

polynomial g({x) of the code. 5

If the errors of E(x) are confinedlto the n - K
parity check positions 1, X, ..., xt 7 k-1 of s(x).,
then E(x) is a polynomial of degree. n - k - 1 or less.

It then follows from Eg. (4.13) that g(x) = 0 and

-
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E(x) = p(x). That is, if the errors in S(x) are confined
to the n - k parity positions, then the syndromé‘of S(x)
is identical to thé error vector p(x) = E(x). Thus,
correction c¢an be accomplished simply by adding (modulo 2)
the syndrome £ the n -~ k received parity check digits.
Suppose that the errors are not_confined tc the n - k
parity check positions of S(x) buﬁ are confined to n - k.
consecutive positions (including the eqd around case), say

T l, x(® =k +i- 1. After n - i cyclic

sﬁ?fts of S(x), the errors will be shifted to the (n - k)
parity check positions of the cyclically shifted received
{n - i) - 1)

vector S (x) . Then the syndrome of S(n

(x) is
identical to the errors confined to the positions
x*, x* v 1 b, xT R+ d - of S(x). As a result

the errors can be corrected.

An error-tfapping decoder is shown in Fig. 4. 1Its

operation can be described in the following steps:

¥ . 3

STEP 1

Gate 1 is ON; Gates 2 and 3 are OFF. The received
vector is read into the syndrome register and sim-

ultaneously into the buffer register (since we are
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only interested in the recovery of the k transmitted
information digits, the buffer register has only to

storggéhe k received information digits). As soon as
the entire received vector has been‘shifted into the

syndrome register, the contents of the register are the

. syndrome of the received-vector.

STEP 2
The weight_of the syndrome is tested by an (n - k>
input threshold gate. The qétput of this gate is "1"

whén t or fewer of its inputs are "1"; otherwise; the out-

put is zero.

STEP 3
%

-~

(a) If the weigﬁt of the syndrome is t or less,
the errors are contined to the (n - k) parity
check positions xo, Xl, ce, X2 TR L g the

-received vector. Thus, the k received inform-
ation digits in the buffer register are errof-
free. Gate 3 is then turned ON and the
information digits are sent to the data sink
(Gate 2 is OFF). The decoding is completed.

Return to STEP 1.



register is tested.

L4

(a)
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(b) If the weight of the syndrome_ calculated in

the first step is greater than t, the syndrome

register is then shifted once with Gate 1 ON

and Gates 2 and 3 OFF. Go to STEP 4.

STEP 4 P
- \o/-\ /

The weight™0Cf the new contents of the syndrome

——

(.

If the weight is t or less, the errors are

confined to the positions X ~ l, xo, xt, ...,

xn -~k =2 of the received vector. The leftmost

digit in the syndrome register matches the
error at the position X ~ ! of the received

vector; the other n - k - 1 digits in the

-syndrome register match the errors at positions

XO, Xl, cear x® k=2 of the received vector.

The output of the threshold gate turns Gate 1
OFF and sets a clock to count from 2. The
syndrome register is ﬁhen shifted (in step with
the clock) with Gatézl turned OFF. As soon as
the clock has counted to n - k, the contents of
the syndrome register will be (0, 0, ..., 0, 1).

The rightmost digit matches the error at the
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position x* ~ 1 of the received vector. The
k received information digits are then read
out of the buffer. The first received inform-
ation digit is corrected by the "1" coming
out of the syndrome register. The decoding is
thus completed. Return to STEP 1.
e

(b) If the weight of the contents of the sYnd}ome
register (frpm STEP 3b) is greater than t,
the syndrome register 1is shifted once again
with Gate 1 OFF and Gates 2 and 3 OFF. Go to

STEP 5.

STEP 5
- ®

STEFP 4b repeats.until the weight d{ the contents of
the syndrome register goes down to t or less. If the
welght goes down to t or less after the.ith shift, for
1 <i<n-k, the clock. starts to count from i + 1.
At the same time, the syndrome register is shifted with
.Gate 1 OFF. As soon as the clock has counted.to n - Kk,
the rightmost 1 digits ;n the syndrome regisﬁer match
"the errors in the first i recgived information digits
in the buffer register. The other informétipn digits

are error-free. Gates 2 and 3 are turned ON. The
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received information digits are read out of the buffer

for correction. Return to STEP ].
STRP 6

If the weigﬁt of the contents of the .syndrome
register never goes down to t or less'byﬁthe time that
thke syndromeffegister has been shifted n - k times (with
Gate 1 ON), Cate 3 is then turned ON and the received
information digits are read out of the buffer one at a
time. At the same time the syndrome registér is shiftéé
with.Gate 1 ON. As soon as the weight of the contents.

of the syndrome register goes down to t or less, the

'éontehts match the errors in the next n - k digits to come

‘out of the buffer. Gate 2 is then turned ON and the

erroneous information digits ére corrected -by the digits
coming out from the syndrome register~with'Gate 1 OFF.
Gate 3 is turned OFF as soon as k information digits have
been read out of the buffer.

If the weight of t?e contents of the synd?omé‘register
never goes down to t or less by the time k received inform-
ation digits have been read out of the buffer, then either

an uncorrectable error pattern has occurred or a cor-

rectable error pattern with:errors not confined to n - k
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consecutive positions has occurred.

The operation of the erxor-trapping decoder can
be;t be described with the following example. Let us
assume that the codé V is the (15, 7, 2) BCH code with
generator polynomial g(x) = 1 + x4 +x% s ¥7 + x8_ The
syndrome register is an 8-stage register while the buffer
register needs only store 7 digits, as shown %n Figure 5.
For the received -vector S(x) =1 + x 2 + x> +‘x"6 + x7 +-x-8 +
xlo + 2{12 + xlB} the successive contents of the syndrome
register, as well as the states of Gates 1, 2 and 3 are

shown in Table 2. At the end of the decoding process,

the corrected information digits are 1010101.

4.3 Descriptidn of the Error Trapping Source Encoding

L

Algorithm

The source encoding algorithm described here is
essentially similar to the error trapping decoding scheme
surveyed in Sec. 4.2. .Slight modifications are, however,
required. The buffer register must be able to store
the n digits and the threshold gate is replaced by a

weight counter.

The main difference in the mode of operation arises

[

—~
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Table 2

The decoding operation of the error-trapping

decoder for the (15,7,2) BCH Code

Gate Status Syndrome Register Threshold Gate Output
After Lth shift Contents after Lth shift Status after - Symbol
1 2 3 L™ shift
0 ON- OFF OFF
1 0 )
2 i 0
3 . 110
4 01160
5 1 01160 -
6 010111090
7 1010110 ~
8 11010110
9 11101011
10 01111110
11 00111111
12 10010100
13 . 110010110
14 v y R 011001001
15 | on OFF OFF 00111001 0
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+

L Gate Status Syndrome Register Threshold Gate Output
After Lth shift Contents after Lth shift Status after Symbol
i 2 .3 L' chift |

16 ON QFF OfF 10010111 0

17 | ow bt 11000000 1

18 | OFF 01100000 4

19 } 00110000

gO d 0011000

21 00001100

22 1 ; 00000110

23 OFF  OFF 00000011

24 ON  ON 0co0o00001 ™~ 1

25 t ! 00000000 0

26 00000000 . 1

27 00000000 0

28 - 0 00000DO00VD 1

29 ' 00-000000 0
Y v Y . '

30 OFF ON ON 0C0o00o0odo0 O 1 1
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-from the need to interpret the output result differently.
With the channel decoder algorithm, the iﬁput is the
transmitted codeword, corrupied with a certain number of
channel errors. 1In its attempts to correct these errors
the decoder will succeed if their number is less than
or equal to the error-correcting capability t of the
gpde uéed; For a larger number of errors, the decoder
will either fail or decode incorrectly. It will also
fail if the errors ( e < t) are not confined to (n - k)
consecutive positions. On the other hand the task of
the source encoder is to map the input n-bit sequence
S(x) into a k~bit sequence I(x)'such that I(x)G(x) = V(x)
is as close as possible (in the Hamming sense) to S(x).
That is to say, the encoder must always produce a result
for any given input sequence S(x). The amount of distortion
introduced by the mapping process will depend on the code
used and the encoding method. When an appropriate code
is chosen, the'error—trapping source encodex will attempt .
to minimize the overall average distortion in the following

way -

START: Given the n-bit source block S(x).
STEP 1l: Set a counter i = 0.
*STEP 2: Compute the remainder pi(x) from the equation

px) = xiS(x) mod G(x).
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STEP 3: Compute the weight wy of oi(x).
If w, = 0 Fhen go to STEP 7.

STEP 4: Store i, W, and pi(i).

STEP 5: Increment i by 1.
If i <n - 1 then go to STEP 2,

| else go to STEP 6.

STEP 6: Determine the minimum weight »_ of pi(X)
for i = 0 ton - 1.

STEP 7: Form the codeword VA(x) = S5{x) + x_apa(x),
then divide by G(x) to obtain the compressed
k-bit block IA(x). Transmit IA(x).. Go to

START. -

A flowchart of this source encoding algorithm 4 is
<>
shown in Figure 6.

4.4 Bnalysid of the Algorithm
4.4.1 Maiimﬁ;*ﬂzgtortion ~

It is easy to prove that Vﬁ(x) = 5{x) + x_apaCX)

is a codeword. Since'xls(x) can be expressed, by the
Euclidean division algorithm, as M(x)g(x),f pi(x), where
M(x) is a polynomial of degree k - 1 or less, then P, (x)

can be written as

&!
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Py (X)) = 578 (x) + M(x) g(x). (4.14)
-
Hence
VX)) = 8(x) + x %pa(x) = X 2M(x) g(x), (4.15)

.therefqre showing that VA(x) is a multiple of a(x), that
is,a codeword belonging to the (n, k) code V with gen-

erator polynomial g(x).

Equation (4.15) also shows that a simplification of
STEP 7 of the encoding_algorithm is possible. Note from
Eg. (4.14) that M(x) is the quotient of pa(k)‘divided by
g(x). So, instead of forming the codeword Va(x) then
dividing by g(x) in order to get I,(x), the compressed

=,
k-bit block I,{x) can be simply obtained by cyclicaﬂf&

shifting M(x) "a" positions to the left.

The distance between V,(x) and S{x) is evidently

given by

g GO =y = Min Cloga [, JoyG0l, .., [

a n -

l(x)l}
. ’ _ (4.16)
where, by conventioh, lo.(x)| is the Hamming weight .-
i ‘ i

of the vector pi(x),
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Noting that the degree of ?i(x) must be n - Xk - 1 or

less, it 1is therefore clear that the distortion introduced

,by the sourde encoder is confineqvto (n - k) consecutive

ppéitions of.the n-bit source block. Hencé¢ the maximum
distortion cannot, by any means, exceed n - kﬂ

The average distortion per bit D, is derived next.

4

4.4.2 Average Distortion per Bit D,

The expression for the average distortion per bit

Da' resulting from the source encoding algorithm 4, can

be derived as follows. The number of remainders of &egree <

(n -k - 1) is 20 T k. With the assumption that the -

source emits any n-bit sequence with the likelihood1/2",
then it can also be assumed that the remainders are all

egually likely to occur. >

. —_— 0 y )
Let the set of distinct remainders df\3 pe(x), X o (x),

e
2 -1

" n . . . ] .
X pe(X);\.}n, X 0y (X) be defined as the remainder

~ n-x%x
class P The set _of 25~
S

ey

the remainder classes Sgr 917 TUpr cee Ogr e-es 9y for
which Yo is the minimum remainder weight in the class Cor

that is, u = |pe(x)| and v_ is the number of distinct
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u
remainders in o_. Noting that § v = 2" 7 K e
e P

average distortion per bit is given by

u >

; Yele :

p, = &2 | (4.17)
A (zn - k) n

in Table-3 we list the remainder classes of the

(15, 7, 2) BCH code with generator polynomial g(x) =

1+ :f + :P + ;? + ;?. In this table, we use the follow-

ing notation for simplicity. A remainder pi(x) =

e +'>P + :? in any class °j is listed as (a, b, c).

To fo m remainder class Uj' we start with a remainder
pofxf of degree les's than n - k that has not occurred
before,_then successively computeskipi(x) mod g{x) for
i=1 Eo n-1. Ifnis not a prime, then some of the /’/
remainder classes may have perio@s equal to n/e, where

-

. . s,
e 1s a factor of n.

To illustrate the use of Table 3 in computing the

average distortion DA given by (4.17), we have

bg = 0, Vo =0

My = 2, v, = 15
Hp = B3 T ...ug = 3, ué = vy = ... = vg = 15;
Mg T Mg T euge= 3o ovg = ouge ko= u =1
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TABLE 3-REMAINDER CLASSES OF THE (15, 7, 2) BCH -CODE

O = &N ™M o

- a L Ly - - n

L B Lo TR S 7o TR - T SN

"7, 6,5,4,1,0

o

QO = N N WO N

L3 - - LS LS - ~ LS

Lan B 2 B o2 TR S Ve TRV« LAY SRV }

5, 4,2, 1,0
6,5, 3, 2, 1

7, 5,1

7, 4, 2,0

7, 6,5, 4,3,1,0

5, 2, 1, 0

7, 6, 4, 3, 2
6, 5, 3, 0

7, 6, 4, 1

6, 3, 2,1

6, 5, 4, 2, 0
7, 6, 5, 3, 1

L

7,4, 3,2
7, 6, 5, 3,70

QO ~ N ™M W

~ - - - -

S M WO M~ =

7, 6, 2, 1

6, 4, 3, 2, 0
7,5, 4, 3,1

7, 5, 2, 1

3, 4, 1, 0

7, 4, 3, 2,0

o
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o o~
L [
QO —~A o~
L] [ 3 L
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- L) -
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L) » L
~ I~ I~
o
-~
—
-~
[22]
-
i O o~
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O o~ oy
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4, 3, 2,1, 0

4, 3, 2

3 6’ 5! 4, 2’ O

5, 4, 3,1, 0
6, 5, 4, 2,1

5, 4, 3, 2,0

5, 4, 3
6, 5, &

6, 5, 4, 3, 2
7, 6, 5, 4, 3

7, 6, 5

7, 6, 5,3, 2
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TABLE 3 (CONT'D)

97

0

1
» 6, 4, 2, 0

6, 5, 4, 3, 1, 0

»

7, 6, 4, 1, 0

>

5, 3, 2
6, 4, 3

6, 5, 4, 2,1, 0

6
7
7

7, 6, 5, 3, 2, 1

3, 2,0

7, 5, 4

7, 6, 5, 4, 2, 1
5, 4, 3, 2,0
6, 5, 4, 3, 1

7,5, 4, 0

7, 5, 4,1, 0

5, 4, 2

7, 5, 4, 2, 1, 0

6, 5, 3°

7, 6, 5, 4, 2
S5, 4, 3,0

7, 5,4,3,2,1,0
7,5, 3,2, 1,.0
7,3,2,1,0

6, 5, 4, 0

6, 5, 4, 1

7, 6, 5, 1

7, 6, 5, 2

o o
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- O e~ N
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5, 3, 2,0

6, 4, 3,71

7, 5, 4, 2

7.5,4,3,0

7, 4,.2, 1,0

6,5, 4, 3,2, 0

6, 4, 3, 2, 1

7, 5,4, 3, 2
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TABLE 3 (CONT'D)

7, 6, 2, 1, 0
6, 4, 3, 2, 8, 0

T
7, 5, 2
7, 4, 3, 0
7, 6, 5, 1, 0
5,3, 2,1
6, 4, 3, 2
7,5, 4, 3
7, 5, 0
7,54, 1, 0
7’ 6, 5’ 4, 2, 1, 0
5, 4, 3,2, 1, 0
. 6,5,3,2,1
7,6, 5,4, 3, 2
%18
7, 5, 4, 3,72, 1

%14

7, 2,0

7, 6, 4,3, 1,0

6, 5, 2, 1, 0

7, 6,3, 2,1

6, 3, 2, 0

7, 4, 3, 1

7,6, 5,2,0

4, 3,1, 0

5, 4, 2,1

6, 5, 3, 2
7,6, 4,3

6, 4, 2, 0

7, 5, 3, 1

917

5, 4, O

7, 6, 2

6, 4, 3, 0

7, 6,4,3,2,1, 0
6, 5,3, 2,1, 0

7, 6, 4, 3, 2,1
6,5, 3, 2, 0

7, 6, 4, 3, 1

6, 5, 2, 0

6, 4, 2, 1, 0

7, 5,3,2,1

7, 5,4,3,2,0
7, 3, 2,0

7,5, 4,2, 1
7, 5,3, 1, 0
7, 2,1, 0
7, 6, 3, 1
%16

7, 3, 0
7,6, 1,0

5, 3,2, 0

f
b

7

7, 5, 4, 1

5, 4, 2, 0

“19

7,5, 4, 2,0
7, 5, 4,3, 1,0
7, 5,2,1, 0
7, 4,°3, 2, 1,0

7, 6, 3,1, 0
6, 2,1, 0
7, 3, 2, 1
7, 6, 3, 2, 0

—
-
™
"
[a}
-
O
o
L.}
—
IS
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3
™M O
L
my o~
LY Y
¥ o I o
L I
~ ™M
[ e TN |
LU 8
— o~
L ¥
[32 BENE ¢
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6, 5, 4, 3, 0
7, 6, 5, 4,1

7, 6, 4, 2

4, 3, 2, 1
5, 4,73, 2
6,-5, 4, 3
7, 6, 5, 4

7, 6,5,4,3,2,0

5, 3,1, 0
6, 4, 2, 1
7, 5, 3, 2
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| V17 = 4s iy = 5
Y18 T V19 T 41 vig = v1q =

v

This examplg shows that there are 20 distinct remainder

classes, i.e., u = 19. For the remainder‘class oo (say),

the minimum remainder weight Ko is 2 'and the number of

distinct remainders in that class is vy = 15. Note that

Vo is also the period of the. remainder class P From

(4.17), the average distortion per bit D, for the (15, 7, 2)

BCH code is therefore

“

L&

0-0 + 15-1 + 1572 + 15-8-3 + 53 + 5-2-4 _ 1

N 8 6
2

+15

The average distortion DA can also be expressed in
terms of the weight distribution of the remainders, as
follows. Let ng denote the total number of remainders

of weight i and let W represent the maximum remainder

weight, that is,W = Max {Ipe(x)], e=20,1, ... u}. Then

D, is given by

i~

(4.18)

For the example above, the weight distribution of

-

‘j),\ |
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the remainders is

i n;

0 1

I 15

2 105-

3 125 .
4 10

and‘bA‘= 0-1 + 1-15 + 2-105 + 3-125 + 4-10
15 x 256

=

r ' p
An important remark can be made by noting the

similarity between the expression. for

;
iN.
D = i__:_o_l___
AVG — Tom = X n
E iny
+i=0
and D —
fal (2n k) n

7

given by (2?2) and (4.18) respectively. In the former

Q represented the covering radius of the code and N was
the number of cosets of weight i. In the latter W is the
maximum remainder weight and N denotes the total.nuﬁber
of rexﬁﬁgggfs of weight i, resulting from the use of

4

|
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the error-trapping technique. This similarity suggests
that, in the absence of any knowledge about the coset
‘enumeration of an (n, k, t) code, W and n; can be used

as estimates for o and Ni respectively. Intuitively,

tﬁe following relation

-

would always be true. C e //’/_‘\

4.4.3 Computer Analysis of a Selection of Codes

The perfo;mance of the error-trapping goufce encod-
ing algorithm was analysed by a computer programme for
several codes qf moderate length,most of thém listed in
[62]- The programme is listed iﬁ Appendix A and the

resulﬁs are tabulated in Table 4.

The function of the programme is tossimulate the .

operation of the source encoder for all possible 27 ~ k

(n - k)—tupleé that may be produced by an (n, k) binary
code. The programme uses a well tested algorithm [63 Ch.3]

n-1x

to generate methodically the ( "

) (n - k)-tuples of
‘weight w for the successive values of W from 1 to n - k.

This method is described in greater detail in Appendix A.
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For each (n - k)-tuple, the‘remainde; class-was generated
and the minimum weight in that class stored. The final
ocutput of the programme %onsisted Pf the weight distribu-
" tion of the remainders as shown in Table 4. As the

-k

execution time was found to be of the order of r: 2"
the programme was ran for codes of moderate lengths
{(n < 39) and a small number of parity-checks (n - k < 15).
In spite of these constraints, we were able to test about -
forty well-known codes, with rates spanning the range

between .238 and .838.

 For each of, the codes analysed, we computed the

distortion per bit DA using the expression for DA given
by (4.18). The results were then plotted for some of
these codés in Figure 7. 1In this figure, the horizontal
axis represents the average‘distortion D and the vertical
axis represents the code rate R. The solid curve denoted
by R(D) represents the theoretical rate distortion function
of the equiprobable Binary discrete memoryless source,
described in Chapter I. The secénd curve shows Goblick's
. Fesults of the single pass step-by-step‘encoding procedure
described earlier in this chapter.

From-Figgre 7 we see that the error-trapping algorithm

gives consistently better results than the Oone-pass step-
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rR-Dbits

{31 2¢,d:3) ) .
(34,25, d 47

. (15,44 d: 39

(31.21.d:5)
L (15,30, d: 4)
31,20,d:-4y .
(5.3, 4:3) .
78,459
+ (33,12,d:¥
) k3‘:‘5,0‘: kD]
(23, 11,0:9y.
) QIS5 gz
15,3 .9- 87
ST . (1%.%,ds &
(15,6, d=4
‘//,,SINGLE PASS STEP~-E2Y-STZP ENCODING
- 15,5, d:= 9
(15,4, 4= 1}
L
4
. . 2
- ) { » D
ol < _ Q.5

FIGURE 7 - Error Trapping Encoding compared with R(D) and
tep-by-Step Encoding.



-148-

by-step encoding scheme, thus confirming our assertion.

For §xample, the (21, 10) code with g(x) = 1 + %3 + x% &

:cg + xll has DA = .16627 whereas the curve sﬁows that,

with the step~by-step méthod, an average distortion

équal Eo 0.185 would have resulted. The reason for the
better performancg is easy to visualize in light of the

" method of operation of both algorithmé. Thef;tep-by—step
encoding algorithm has been shown earlier to be iﬁherently'
random. Furthermore, the single;pass step-by-step doés
not fully exploit the capabilities of the source code

since it accepts the results of the encoder ééter one

pass only. With respect to the'error—trapplng algorithm,
there is a payoff because of the orderly manner of its ~
operation. Basically, the algorithm first selects a sub-
set of likely .codewords, then chqoses, from this subset,
the one that introducés the minimum' distortion. We also
note in passing that the distortion is always confined

within .(n - k) consecutive digits.

To _confirm our assertion with respect to majority-
loglc décodlﬁg we simulated the operatlon of a majorlty—
logic source encoder with the (15, % 2) BCH code. For
this run' it was necessary to generate allxzn éossible

n-bit source sequences. For each sequence, the compressed

k-bit sequence was estimated using the orthogonal estimates
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relevant to the (15,7,2) code. This seqguence was then
multiplied by g(x) and tﬁe resulting codeword‘cdmpared
with the source sequence to determine the distortion.

The final results were as shown below

Distortion ' Number of Source Sequences
o 128
1 - 1920
2 | 13440
3 9216
4 6016
5 ' , 1152
6 : ) 768
7. 128
15

Total 32768 = 277,

K___,. - el

The average distortion per bit ‘is

0xl28+lx1920+2xl3440+3x9216+4x6016+5x1152+6x768+7xl28
32768 x 15

{f’[ = 0.18672.

With reference to Table 4, the same code has a
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maximum distortion of 4 and an average distortion of

0.1666 ... when the error trapping procedure 1is used.

.We note that the (15, 7, 2} code was the only code for
which the majority-logic algorithm was tried’because of
the relative rarity of majority logic decodable codes
of moderate length and the excessive lenéth of execution

time necessary to simulate codes of length greater than

15.

We feel, however, that this unique exdmple is suf-
ficient to confirm our initial assertion, namely, that
the performance of error-trapping is superior to that

of majority-logic with respect to source encoding.

4.5 Upper Bound on the Average Distortion DA

We established in the previous section that the
performance of the error-trapping encoding is better y
than two other suboptimal encoding schemes, namely the
single paés step-by-step and the majority-logic schemes.
In order to confirm and generalize the results obtained,
a tight ppéér bound on D& is'éhnecessary condition. This
problem is as complex as deriving the coset enumeration

of a code and generally speaking it is extremely difficult,
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even if not impossible,. to find such a bound analytically.
In this context, the few reéults,given below are help-
ful in getting rough pessimistic estimates of DA in

certain cases.

s
—

THEOREM 4.1

- ™

With the geneiator polynomial G(x) = Gl(x)GZ(x) .o
Gf(x), where each Gj(x) is irreducible, the femainder
class containing G (x) has e. distinct remainders, e.

) Gj(x) ] J
being the exponent* of Gj(x).

”

PROOF

Suppose the source block s (x) and xpsxxa have the
same remainder. Then s(x) (1 + xP) can be expréssed as
s () (1 +xP) = MIX)IG(X) = M(X)Gy (X)G,(x) ... G(x).

r
Setting s(x) = g-‘_’f—zc) and p = e, yields s(x) mod G(x) = s(x).
]

This means that the remainder class containing g%%%) has
p = ej distinct remainders.

This concludes the proof of Theorem 4.1.

¥

*The exponent e of an irreducible polynomial is the
order of its roots, i.e., if an_irreducible polynomial

belongs to e, _then it divides X~ - 1 but no polynomial
of the form X - 1 for n < e.
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A direct result of Theorem 4.1 is the.following.

»

COROLLARY 4.2

1
With G{(x) = G (x){(1 + x)}), the remainder class contain-

_ G(x)

ing G (x) = T+ = has only one remainéer.

This corollary provides an explanation to the observed
behavior of certain codes given in Table 4, where there

is a remainder of weight W and roneof weight W - 1.

Take, for example, the (17, 8, 4 = 6) code generated by !
G(x) = 1 + A LI L (1 + x) (1 + x + %2+t s
x® + x’ + xs). The weight of G (x) = 1 + x + x2 + x4 + x6 +

‘x7 + x8 is, clearly, 7.

An implication of Corollary 4.2 is the following.

COROLLARY 4.3

'With G(x) = G (x) (1 + X), W> |G'(x)|, where

"W = Max {ul, Hor =ee uu}, My being the smallest weight

in the remainder class o, -

L3

An estimate of the average distortion per bit DA

can be fou§d, using Theorem 4.1 for the case of the

o~
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{n = nl N, k=n - m, - m., ;ode with G(g) =

: = oMmi _7 =1
Gl(x)Gz(x), where n. 2 1, (nl, n2) 1 and
Gi(x) is irreducible with exponent ni, i =fl, 2. For
this code “0 =0, Vo = 0; My vy = nl o
PN ;IGl(x)l, Vo T My i oug 2 (G (x) ], ugy = ng;
Substituting in Equation (4.17) we get

=1, n

D, < nyn, + |Gl(x)]n2 + |G2(x)|n1

non, 2™ *m,

172

or
D, < nyn, + [Gl(x)In2 + |G2(x)]nl _ (.19
nin, (nl + l)(n2 + 1)
For example, the (21, 16) code genérdﬁed by G(x) =
1+ x4 + xS has Gl(x) =1+ x+ with exponent 3 and

G2(x) =1+ x + x; with exponent 7. Substitution in

(4.19) gives D, 2 0.0759 while actual verification (from

*The notation (n., n,) = 1 means that the Greatest
Common Divisor of 1 and n, is 1, i.e., Ry and n, hid
are relatively prime: -
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Table 4) shows that DA = 0.06548.

We now supose that po(x) is a remainder such that
xjpo(x) ?z degree n - k, so that

~

i . - -

x po(x) = G(x) + pj(x),

where po(x) and pj(x) are' in the same remainder class.

By examining the maximum weight that pj (x) can have for

Ipo(x)] 1, 2, 3, ... n - k, we £ind that

an-k-iLx)z-l-—l for |G(x)| odd,

G - 2 .
—'(—X)Z——l for |G(x)| even.

- k _|

A
o]

and_ W <

These results can then be restated, in the context

of Corollary 4.3 in the following.

THEOREM 4.4

If [G(X)l is odd, then ¥y < n - k - G(X)Z- l.

If |G(x)| 4is even, then |G(x) | <®W<n-k - J%-]— 2

1l + x
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L | ‘ -
. COROLLARY 4.5 : . , -

LY

, If |G(x)| is even and I%i§l§ + |§%§l| =n-%kx+1,
then W= I%i§l—| e h -k - 8] =2
x 2 _
For example, the (15, 6) code has Gi{x) = 1 + x° + x° +. -~

x6 + x7 + xg which can be written as (1 + x)(l.+ x + x3 +

A '

x4 + x5 + x7 + xa). Therefore G (x) = 1 '+ x + x3 + x4 + -

xs + x7 + x8: | . . B

Je W] =7,

lG(x)| _
- 2 T 3

and n - k + 1 = 10, so that from Corollary 4.5, W= 7
_ : J
as can/pe~reagi3y verified from Table 4.'

4.6 EXAMPLE: TRANSMISSION OF ALPHABETIC PATTERNS

We present the following example to iilustrate the
use of the source encoding scheme A& discussed in this
chapter. The binary source is an optical device used to
scan alphabetic patterns. The binary outputAis then'fed

to the source encoder & where the data-compression
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- process takes place before transmission. To illustrate

the effect of code length, we assume that the resolution

of .the scanner can be adjusted.

-

Let. us consider the letter A, shown in Figure 8.1(a),

drawn w1th1n a 7 x 4 rectangle. With @ vertical scan,

[

from left to right, the pattern can be decomposed into

four binary vectors, namely S (x} = S (x) = x + x2 + x3 +
x4 + x5 + x6 and Sz( X} = 83(x) =] + x4.' Using a (7, 4)
code with G(x) = 1 + x2 + x3 we get: o

. T .

For Sl and 54» P (x) = 1 giving V (x) = V4(x% =
L+ x + x2 + xj\} x° + xs + xsg

For 52 aco 53: pl(x) =;1 giving Vz(x) = V3(r) =

1 +'x4 + x-l =1 + x4 + x6

- ~

AQZuming &e—channel'errors occur ccring trenegiésion,
the received pattern will appear distorted as shown in
Figure 8.1 (b) andﬂ%oﬁld be mistakeéen for soﬁe other pattern.
Let us now use a hlgher scanner resolutlon and assume
that the same letter A can be drawn wfthrn a 15 x 8
rectangle as shown in Figure 8.1(c). A {15, 11) cogde

- ) .
with G(x) = 1 + x;ghx4 gives the pattern of Figure 8.1(d)

while the (15, 7) code with ' G(x) = 1 + x4 + x6 + x7 + x8
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{a) | (b)
Tt
(c) o (@) T (e)
FIGURE 8.1 - A PATTERN A,'

hor)

[ hd
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(a) ' (b)

FIGURE 8.2 -~ H PATTERN

2
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(c)

[A]

(@)

FIGURE 8.3 - K PATTERN

(b)

(e)
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gives the pattern of Figure 8.l(e). As we have shown

earlier in Table 4, the (15, 11) code gives a lower

average distortion than the (15, 7) code. Clearly, the\\ .
pattern of Figure 8.1(d) is uneguivocally recognized as {%

A, while there may be some doubt about Eigure 8.1l (e).

. Similar exercises have been carried out forlthe
letters H and X, as shown in Figures 8.2 and 8.3. These
examples show the need for é tradeoff bétween the desired
compression ratio and t tolerable distortion:

: le‘_&ﬁ/Extension of the Error-Trapping Technigque

The simple error-trapping procedure described above

can be modified to yield a lower average distortion, but
at the cost of additional complexity. The modification
we propose involves using two codes instead of one in the
following manner. |

Suppose we use two codes o? egqual leﬁgtﬁ but different
rates, say ( n,kl) and ( n,kz),\;here kl # k2, with the
.respeFtive generator polynomials gl(x) aﬂd éz(x{. Given
the n-bit source block S{x), we compute the "nearest"
codewords Vl(x) corresponding to gl(x) and Vz(x) correspond-

ing to g,(x). If [S(x) + Vl(x)| < |s(x) + Vz(x)l, we

e
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H transmit the k,-tuple Vl(x)/gl(x). Otherwise we transmit

t »

‘ELT—the k,~tuple Vy(x)/g,(xy. If |s(x) + Vl(x)l = |s(x) +
/ i .
//' Vz(x)|, we should naturally transmit the shorter of the
o
' k-tuples.

is (15, 7)

R For example, suppose the first code vy
with gl(x) =1+ x? 4 x6 + x7 + x° and the second code
Vo is (LSL 8) with gz(x) =1 + x + x3 + x7. We remark, -

in passing, that gz(x) is the reciprocal of the polynomial

hl(x) = (1 + xls)/gl(x), that is, V2 is the dual of Vl.

At this point supposé S(x) = 1 + x2 + xG. Using the error-

trapping procedure with the code Vl, we find Vl(x) =

0
whereas, with the code Vi’ we find a;(x) =1 + x2 + x6 + xl4

Since |S(x) + Vl(x)| =3>1=|5(x) + V,(x)|, we transmit
s
" the 8-tuple I,(x) = V,(x)/g,(x) = (1 + x* + x® + x1%)/
-a (1 + x + x3 + x7) =1 + x + x3 + x7.

<
Reverting to the general discussion, it is clear
from what has been said so far that, if Di is the average
distorfion associated with the code Vi, i=1, 2 and
D, = Dz, then the average distortion D12 < Dy, when both. \‘*\_’
gﬁ—maades are used. The resultant comﬁression ratio will be
somewhere in between the compression ratios of the
individual codes. By making kl'andrk2 nearly equal to

each other, the compression ratio can be kept almost
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the same with or without modification. ”lAf

On the other hand, it is also clear that the mod-
ified source encoding scheme bécomes, in effect, a
"variable-packet-length" scheme so far as transmission
is concerned, since we must now have a meéns of deter-
mining, ‘at the receiving end, whether the packet belongs

to Vl or V2.

<

Also,. we might have to overcome é §ynchronization
progzggﬁzg we do not know the tarting time of the
received sequence.

Both problems, however; are not hard to overcome
if we allow some overhead by enclosing the packet in a
frame containing‘synchronizing bits and a packet id;;tifer.
This approach is being used in practice with the well-

known Binary Synchronous Communications {BSC) and‘High .

Level Data Link Control (HDLC) protocols.

R



CHAPTER V

CONCLUDING REMARKS

In this thesis, the use of the coset properties
of binary cyclié cddes.has been examined. The knowledge
of the coset énumeration of any/Given code plays an
important role in both channél pzding and soufce coding
theories;. In the former, it é lows the calculation of the
exact probability ofrerror when maximum likelihood decoding
is used. In the latter case, it permits the estimatibn of

the average distortion resulting from the compression of the

output of binary discrete memoryless source.

A literature survey has revealed that there are very

few classes of codes for which the coset enumeration is

known. . There are, however, several lower and upper bounds
on the maximum coset wezigE that méy, in certain cases,
yield the exact value o

known upper bound is due to Delsarte and 1
covering radius of a code to the number of nbnzero weights -
in the dual code. This bound is applicable.to any linear
code, but, as we have shown, is not generally tight. 1In
this connection, we have presented an upper bound that

pfoved to be tighter for codes that satisfy the Plotkin

bound. A lower bound on the covering radius of BCH codes



was first derived by Gorenstein, Petexrson and Zierler,
and a different version was later given by Van der Horst
and Bérgér. We have shown that thé GPZ bound is a special
case of a more-gengral bound relating the minimum distance
of a'group code to the covering radius of a proper subgroup
of this code. |
H

We used the bounds we derived to show that the covering
radius of the (2m - 1, m) MLSR codes is o ; l.
carried the examination of the cosets of the MLSR codes one

We then

step further and used several combinatorial arguments to

derive an expression for the number of cosets of weight

et Z l. Our purpose in this exercisé was twofold. First,

the MLSR codes form an important class which has many
practical applications. Secondly, the results we were seek-
ing were to be only dependent on the parameters of the codes

themselves, unlike Dick and Sloane's results.

In the context oflour sgarch for candidate block codes
for source encoding purposes we have é;;Ekged the subclass
of the shortened-by-1 bit double—errof-correcting BCH codes.
Starting with the knowledge that thé-parent code is gquasi-
perfect, we ha&e examined the cosets of the shortened code,
and we have succeeéed in deriving the complete coset

numeration of the shortened codes for all m > 4. .

>
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The (14, 6, 2) code was shown to be a special-case -
which was verified separately, but for all other m'>.4,
the (2™ - 2, k=n - 2m -"1) codes were. shown to be nearly
guasiperfect, in the éeﬁse that there is only one coset

with maximum weight 4.

An interesting by-product of our'anaiysis was tii#/q
expression for the number of codewords of weight 5 i#n (
the (2" - 1, k = n - 2m, t = 2) BCH codes for odd m.

Our result complements that of Berlekamp who gave the
\\\\zzéression for even m. We have verified the validity of
r expression by applying MacWilliam's identities to
. Kasami's weight enumeration of the dual of the code.
o

A topic for further research in this area is sug-
gestgd. The 3-error correcting BCH codes were shown to
have chéring radius equal to 5. Can the coset enum-
eration ©of the shortened codes be obtained from this
knowledge? The problem is challenging since it involves

the solution of eguations of degree 2, 3, 4 and 5 in
GF (2™ .5
\4
We have also compared the average distortion of both
the parent and shortened codes. For long Blocklengths,

the values obtained are comparable, thus showing that the
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increase in the maximum coset weight (from 3 to 4) does

not significantly affect the average distortion.

In discussing the use of:the standard array for
source encoding, we mentioned that, even though this
scheme would be.optimum i% ég?ms}of average distortion,
the source encoder implegentiﬁg“éhis scheme would clearly
be non instrumentable since the memoxy requiremeﬁts groﬁ
exponentially with the blocklength. Suboptimudjﬁggzgches
were therefore necessary. In this context, w& discussed
the use of ECH decoding and majority logic decoding, ﬁhen
concluded that both schemes were impractical. We sug-
gested, ag a better alternative, to use the well-known

technique of error-trapping as a source encoding scheme. -

We described the operation of such a so®rce coder then

<E§31ysed its performance by simulating a number of codes.

Our sults clearly showed the error- trapping technlque
to give better average dlstortlon than the one—pass
step—bx:;;ep encoding technigue analysed by Goblick.

We also simulated a majority4logic encodér for the (15, 7,
2) BCH code to confirm that it did not perform as well

as the error-trapping method. We then attempted to
consolidate the simulation results with an analytical
derivation of tight upper bound on the distortion. We

only succeeded in obtaining some rough pessimistic *
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<

estimates. The proof of a tight bound has eluded us
and wé®buggest that this problem be a topic for further

research.

Finally, we suggested an extension of the error-
trapping technigue in which two codes of equal length
»

but different rates can be used to yield an average

distortion at

t equal to the lower of the average

distortion
e

We briefly outlined some potential prqblems associated
>
with the use of such a scEg&e andFQZi::;:;Ef; way to solve

these problems. Several tjiisgxfbfﬁfurther research can

resulting when each code is used individually.

\.\
be suggested. One of them™may be to investigate a pos-

sible relationship between the two codes that would min-
imize the distortion. A code and its dual, as used in

our example, is one alfernative; another alternative would
be a code and its even-weighted subset. In the same
éontext;'an expression for the average distortion, in -
terms of EHg'weight,distributioé of remaihder‘classes

of béth codes, is a likely rgsearch subjgct. The practical
aspecﬁs cf implementing this extended scheme, such as
encoder complexity and amount of overhead should also be

e N . - .
investigated. Further extensions of the error-trapping

techniqu?, such as the use of multiple'codes or the use

-
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of codes of different lengths, could also be the

subject of further research.

[\
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APPENDIX A

Next'k—Subset of an n-Set

Considered here are the combinations of n things

n
taken k at a time. There are (') k-subgets of an n-set
k <

altogether, and the algorithm given here will generate

e

them all, sequenE}aTi;_ZB'“élphabe;ical order". For

example, the list of the ten 3—sub9ets'of {1, 2

will be

-

{1,2,3}, {(1,2,4}, {1,2,5}, {1,3,4}, {1,3,5},
{1,4,5}, {2,3,4}, {2,3,5}, {(2,4,5}, {3,4,5}.

The sucessor of a given k-subset {al, ey ak} is

=~

»

r

3' 41

5.}

obtained- as follows: search for the smallest h such that

ak + 1 - h <n+ 1 -h, then increase a

and set aj

- 3.

j-l+l(j'

Algorithm NEXKSB

() (First entfy) m

(B) (Later entries) Ifm _n - h

(C) h=nh

(D) For j
If ay

{E) Exit.

+

1;If.l_=ak+l..

-
l}h,:“(ak +%j = h >

n-%+ 1 then
els

k+ 1 -

=k +2~h, k.

else h

h *
m + j);

oto (E}:
goto (B):

0; h = k; goto (D}:

then goto (C);

0;

h

by 1,

%
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