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ABSTRACT

The stress distribution in finite plates containing rectangular
inserts and subjected to axial loads has been investigated in this thesis.
For obtaining the solutions, the basic differential equations have been

reduced in terms of finite difference form.

The influence of modulus of elasticity, shape and orientation of

insert on the stress concentration produced has also been examined here.

Two-dimensional models containing inserts of rectangular shape

and various orientations have been analysed further, by means of the
photoelastic techniques. Experimental data have been obtained along the
sections where rapid stress variations are expected. Shear difference
procedure has been employed to calculate the principal stress and shear

stress distributions along these sections.
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NOMENCLATURE

Rectangular co-ordinates
Normal stress in x and y direction

Shear stress

Principal stresses
Displacements in x and y directions
Strains in x and y directions

Shear strain

Young's’modulus of elasticity
Poisson's ratio

Airy's stress function

Fringe order

Stress optic coefficient

Dimensions of the rectanéular insert

Radius of curvature

Step size

Thickness of the rﬁate rial
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CHAPTER 1

1. INTRODUCTION

All engineering structures and machine parts have to be designed
so that they are strong and sufficiently rigid. At the same time, because
of economic considerations, the quantity of the material used should be
kept to a minimum. When designing structures and machines, various |
factors have to be taken into account. One of these is stress concentra-
tion or stress distribution in general. Stress distribution plays an }
important role in design problems. Its knowledge helps a designer to

i produce balanced designs.

The problem of stress distribution around holes, grooves, notches, i

shoulder fillets etc. has been treated extensively in the literature [ 1] but

¢ little work has been done on the stress distribution in a finite plate with

inserts of different material.

In this thesis an attempt has been made to study the stress distribution
in a finite plate with a rectangular insert. Both the thcoretical and experimen-
tal investigations have been carried out. The object was to develop and
evaluate methods, both mathematical and experimental which could then ]
be employed in more complicated practical situations.

The well known classical solutions for the strip with central hole under
tension and bending were obtained by Howland and Stevenson [2,3 ] . This

work was later extended to the cases of eccentric circular holes and elliptical

holes in infinite strips by Isida [4,5] . Other papers were published on the
associated problem of stress concentration with two or more holes in infinite
plates [6, 7] and the corresponding problems in strips of finite
width [ 8,9 ].

The case of rectangular holes, with round corners, in infinite plates
have also been studied [ 107] . The rectangular cut outs with different ratios

i of their sides and orientations have been analysed by Savin [11],
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Isida [127] has studied the effects of rounding the corners of the cutout

in an infinite strip which is an extension of Savin's problem.

Researchers have made attempts to determine the effect of reinfor-

cements around the holes of various shapes [13,14,15] .

The work of Goodier [16] and Donell [17] also includes the
problems of the stress distribution in infinite plates having circular and
elliptical inclusions. The results for the case of a circular inclusion were
confirmed experimentally by photoelastic method by Thibodeau and

Wood ([187.

Edmonds and Beevers [19] have studied the stress distribution
existing in and around hard inclusions in solids subjected to a uniaxially
applied stress. Two-dimensional models containing inclusions of various
shapes and orientations have been analysed by means of photoelastic
technique. The influence of modulus of elasticity, shape and orientation of

inclusions on the stress concentration has been further examined by a

i mathematical treatment. However, this study is confined mainly to the

circular, elliptical and pentagonal inclusions and for particular values

of modulus of elasticity.

The theoretical solution essentially consists of the evaluation of a
certain stress function ¢ , which must satisfy the biharmonic eqﬁation

V4 % = 0 at every point in the plate. This function is defined such that

P %9
x . aY2

fr
Xy dx dy
This is a mixed boundary value problem. Along the external boundary
the conditions are prescribed in terms of stresses, while at the interface

between the two materials the deformations as well as the stresses

SUSB—




must be compared.

| The computer program written for the solution of the problem
has the flexibility in terms of an3'r values of E, j, different orientations
and insert sizes. For experimental analysis, photoelasticity method,
which gives complete exploration of stresses, is adopted. The experimen -
tal investigation has been carried out on a sophisticated portable polari-
scope (comparator type). The method of shear differences is employed
for the separation of stresses. The modulii of elasticity for the two
materials used in the experimental investigation are 340 x 103 psi
and 1 x 103 psi. Inserts of different sizes and orientations are placed

in a finite rectangular plate which is subjected to a uniform tension along

its length.
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CHAPTER 2

2. FORMULATION OF THE PROBLEM

The theoretical study of this problem mainly involves the calculation .

of stress function ¢ which should satisfy the biharmonic equation

4
V™ ¢ = 0, at each point in the plate. Due to the complex nature of the

3

problem, a numerical method using finite difference techniques has been
employed. These techniques replace the governing equations and boundary

conditions by finite number of unknown values of the dependent variables

at a number of discrete points within or just outside the domain of integration.

The finite difference equations form a set of linear algebraic equations.

The large number of simultancous equations thus formed are solved on the
digital computer.

Two orientations of insert with respect to the plate have been studied.
Case I : When the insert is parallel to the sides of the plate.

Case II: When the insert is inclined at an angle of 45° to the

sides of the plate.

In each of the above two cases three different sizes of inserts have

been studied.

In order to simplify the mathematical formulation of the problem, the
insert has been kept parallel to x, y co-ordinates and the outside plate has
been rotated. when required. The solution in each case has been obtained
in three steps:

step 1, the generation of a system of non-homogeneous simultaneous
equations at nodal points ;

step 2, the solutions of these edquations, i.e. the determination of the
value of the stress function ¢ at each nodal point;

step 3, calculation of the stresses from the stress function.
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2.1. FUNDAMENTAL RELATIONS

In this problem of plane stress two possible formulations can be
used. The problem can be set \ip in terms of a stress function or alter-
natively the governing equations could be written in terms of displacements.
However, in this case use is made of Airy stress function. This is
primarily because of the reason that the boundary conditions are prescribed
in terms of stresses. Thus, the solution of the problem reduces to the
integration of the differential equations of equilibrium together with the
compatibility equations.

Neglecting the body and temperature forces, the differential
equations of equilibrium for a two dimensional problem, in terms of

cartesian co-ordinates are 20]

3 P 3T
ox ay
(2.1.1)
o P T,
A + S - 0
oy 3x

These two equations of equilibrium (2. 1. 1) are not sufficient for
the determination of three unknown stress components Px’ P and ‘Txy'
The necessary third equation is derived by using the elastic properties
of the body. In the case of two dimensional problem, the linear strain

displacement relations are

du
Ex - dx
¢ - IV (2.1.2)
y oy
du Vv
ny B Y * ox

where u and v are displacements in the x and y directions.
Differentiating the first of these eqns. (2.1.2) twice with respect

to'y, the second twice with respect to x, and the third once with respect
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2 2 2
3 Ex 3 € o) Yy
— o+ — = —2 (2.1.3)
2 .
oy ox ox dy

From Hooke'slaw, the stress-strain relations in a two dimensional

problem are written as

€ = A(Py— BP ) (2.1.4)

where A = é and B = pu for plane stress.

Substituting relations (2.1.4) into eqn. (2.1.3) and simplifying,

we obtain the compatibility equation in terms of stress components;

2 ° >° =0 2.1
( > 5= ) (P _+ P) = (2.1.5)

9 x oy

In order to s.olve eqns. (2.1.1) and (2.1.5), we introduce the stress

function ¢, which is defined such that

quj (2.1.6)

T = -
Xy 99X dy

which identically satisfies eqn. (2.1.1).

Now substituting eqn. (2.1.6} into eqn. (2.1.5), we find that

the stress function ¢ must satisfy the following equation :

4 4 4
°o ¢ . ,2 ¢ . 36 _ (2.1.7)
4 2 2 4
dx 3% dy 3y
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which can also be written as

4
v = 0 (2.1.7)

4 . ‘

where V= is the Laplacian operator
4

4 3 3 2

v = + 2 +
4 2 2 4
3 x 0X vy dy

The problem is now reduced to that of finding a function ¢ which

satisfies eqn. (2.1.7) at every point within the boundary and at the boundary.

2.2. BOUNDARY VALUES OF THE STRESS FUNCTION

For the complete solution of the problem, it is necessary that the
boundary values of the stress function and its gradients be specified. As
the stress components are represented by the second derivatives of ¢,

the addition of any linear function of co- ordlnates of the form
C1 x+C2y+ C3 = 0

where Ci’ CZ’ C, are constants, will not affect the stress system.
* o)

Therefore it is possible, always, to assume arbitrarily convenient values
of ¢ , Q_Q and i_@.

0 x oYy
forces are known these values can now be determined at all points of the

at some boundary point. If the external

boundary by a simple integration [21] .

Let P and vs represent the values of normal direct stress
and the Langentlal shear stress respectively at a point on the boundary.
The v denotes the d1rectlon of the outward drawn normal at the edge
and s the direction of the tangent in a counter clockwise circuit in fig. 1.

We know that at the boundary, the components of stresses P

v X
and P\) v in x and y direction respectively can be given by

P = P - i X
y cos (x, v ) Tvs sin (x, v) and

P = P sin (X,v )+ cos (x, v)
\Y AV
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But also
P = P cos(x,v) 4+ T sin(x, v ) ' (2.2.1)
v X x Xy
and
P = P sin(x,v) + 7 cos(x, Vv ) (2.2.2)
vy y Xy

Now substituting in the above equations for P ~and P in terms

X
b4

of ¢ and for cos (x,v ) and sin(x, v ), we get ‘
2 |
P - o _ ¢ 3y 4 azp Ix :
v x ay2 3s 3x 3y ds
which can also be writien as j
P . 2 3e,
v x ds 3y
and similarly
2 \
P - . 3 ¢ O X _ az(f) . vy :
vy axz os’ 90X dy ds ‘

or i 3 ( 3 |

-7 9s 3 x

Hence by line integration round the boundary we can obtain

boundary values for of and 29 as
90 x oy

3 ¢ ' |
= - I va_ ds

dx
(2.2.3)
o @ P
- = ds
oy "r V.
To find ¢ we use the equation
2¢ _ 3¢ d&x 3¢ dy i
ds  3x ~ ds 3y  ds :
which, after integration by parts, gives
2 T
o ) :
P ¥ SN T R YO FEUN S \
3 :
* oy o8 dx 983y (2.2.4 |
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Substituting in this equation the values of the derivatives given

by eqn. (2.2.3), we calculate the boundary values of ¢

The boundary values of the stress function for the two different

orientations of insert have been given below

CaseI - 0° Orientation (Refer fig. 2)

In this case the plate has two-fold symmetry. Therefore it is
sufficient to work with one quarter of the plate. The half width, AB: of
the plate is L and the half length DA is 2L. The intensity of the applied
tension along A B is 100 ( a non-dimensional value).

Then the stress boundary conditions on ABC are

P = 0 everywhere
vy
P = 100 on AB
vX
= 0 on BC

Now substituting these values in eqn. (2.2.3), we get

o9 = 0 everywhere (%" 29 = 0 at C due to
3 x 0 x
symmetry)
ana 2& - 100y +C, along AB
oy 1
3¢ _ ! '
= 100y (C1 = 0 because 3y 0 at A due to
symmetry}.
Similarly,
28 = 100 on BC
oy
Now substituting the values of LBQ and 2—3— in eqn. (2.2.4)
x
we obtain
) = 50 yz on AB
= 50 on BC

where constant of integration is chosen to be such that ¢ vanishes at A.
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Case II - 45° orientation (Refer fig. 3)

The orientation of the plate ABCD with respect to the x-y axes

requires that the plate A B CD be taken as the working diagram.

Let the length of the plate be 2L and its width be L. Again the intensity

of applied tension along AD and BC is 100 (non-dimensional value).

Using eqns. (2.2.3) and (2.2.4), we obtain the values of —%‘QS—- s 29 and

b oy

¢ along the boundary ABCD as follows.

Along the boundary A B :

|V
e

o/
hSS

S o
~

AB

150 J2

100 42
150 V2 x + 10042y - 325

Along the boundary B C :

(o)) [e7 A o)
O
il

° o
B «
Q

1]

100 x

100 vy

2 2
50x + 50y

Along the boundary CD :

R

o
<

¢CD

n.

10042
150 42

100 42 x + 150\’2y - 325

Along the boundary AD :

S9
GRS

)
3y

¢AD

i

il

100 x + 1004/2

100y + 1004]2

50x% + 50y° + 1004/2 x + 10042 y - 300

;
!
i
i
1
|
i
|
1
i
i
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For detailed derivation of this case see appendix (I.1).

2.3 INTERFACE CONDITIONS

Some special conditions have to be imposed on the stress function for
the interface separating the two materials having different elastic

properties {22] . These conditions are

1. Interface displacement conditions

2. Interface stress conditions

2.3.1. Interface Displacement Conditions

Let the line A B in fig.4 denote an interface between the two regions

of different elastic properties. , It is assumed that on this interface no

slippage is possible and therefore the stresses in each region must be such that

a "perfect {it" of displacement is assured. If u! and v! represent respectively

the tangential and normal components of displaéement 1for region 1 along any
surface -s and u'2 , vé represent the similar displacement for region 2, then
duy 3 u'z
os os
and
o) Zv'i 3 2v'2
os ds 2

which ensures that the tangential 'stretching' and curvatures of the two

regions are identical.

With the stresses given in terms of the appropriate stress
functions, the interface conditions expressed in terms of two stress

functions ¢ ,2nd ¢, are [22]

2 2
az¢1 ° ¢ 1 °9y ° %, ° 9, 1 9%,
2 "~ Byl 2 " o 1= 8, L5 - Bl—=% -7 %%
dn ds P 3n d3n 3s P :

A1[

|
;
i
!
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B and ' E
i 2 2 |
3 3 ¢ d ¢ |
i 3 2 <) 1 s 2 ) 2 |
; - A — (Vv + (1+B = -A_[—(V — i
| 1[an (V7 + (14B,) 5 (Bnas )] 2[an( ¢,)+(14+B,) S (F75e) ] |
: : t 38 é
2 in which — = S s represents the curvature of the boundary |
a oo L
T E |
 and B = |
) with appropriate suffix. 5
’ : 2.3.2. Interface Stress Conditions |
i |
: In addition to the displacement conditions it is necessary that the :
: |
: normal and tangential stress in both regions be equal on the interface
é which is a condition from the considerations of static equilibrium .
The value of normal stress in terms of stress function is given
| as |
i 2 2 2 i
q 2 ) 2 3 |
P = ° ¢ cos 8 + % sin e + ¢ sin 2 8 [
.n 2 2 0x oy ;
2
. S _13g¢
- 2
i o s pon
and the tangential stress is given as
2 ° 3 ° 1 20
z T = Z(b + 2¢ ) ’é‘ sin2g - cos 2 8 |
e 3x 3y 9x 9y
i |
i 2 5
. _ 9o {
~ ?m3ds :
: Thus the stress equality interface conditions become
z z
2 o an ° 2 ~ 5 3n (2.3.3) |
3 s ° 3s P |
5 and
i 2 2
o ¢, ° ¢,
] = (2.3.4) ﬁ
d n ds Odn ds I
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The eqns.(2.3.3) and (2.3.4) can be further simplified using the
fact that an addition of any linear function of x and y to cither stress
function does not alter the stresses. Therefore, arbitrarily, the eciuality
of the two stress functions and their slopes is imposed at some point.

Hence the eqns. (2.3.3) and (2.3.4) reduce. to

¢1 = ¢2 (2.3.5)
and
PN o)
1 2
s 5h (2.3.6)

In addition, in each region the stress function has to satisfy

the general governing equation

4 4
V¢1_V¢2_O

Now, in the case of straight interface between two regions parallel

to x-axis in which the stress functions are defined as ¢1 = ¢ and
0] 5 = % and which have the elastic constants Al, Bl and A2, B2
respectively

—;- =0, 3n = 3y, ds = 3x

Therefore, substituting these values in the eqns.(2.3. 1), (2.3.2)

2

(2.3.5) and (2.3.6), the following conditions are obtained:

0] = d . (2.3.7)
3¢ _ 23
>y 5y (2.3.8)
2 2. 2 2
A, [28 g 28 g, 22 g 3, (2.3.9)
1 2 i 2 2 2 2 2
3y dx -9y o x
3 2 3 3.
-Ai[a—‘é3 +(2+B)—a——2¢—] Az[—93+(2+ )ig——J
3y 9xX dvy 3y 0x 0y
(2.3.10)

Similarly in the case of the straight interface parallel to y-axis .

we have

s
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2 - o
p
dn = dx
s = oy
3
j Substitution of these values in eqns. (2.3.5), (2.3.6), (2.3.1)

and (2.3.2) yields

5 ¢ = & (2.3.11)
5 x 3 x +3.12)
2 2 2 2

i 3 ¢ S ¢ ¢ ¢

AL - B ] = A (2L g B ] (2.3.13)
1 2 1. 2 2 2 2 2

v d3x gy 3 x Y

and

; 3 3 3 3

) 9 % 5

Rl e A I R ER N e

| 3% 3y 3 x 3 x 3y~ 3x

(2.3.14)
2.4. NUMERICAL PROCEDURE - FINITE DIFFERENGE TREATMENT
The numerical values of the function ¢ are obtained at the nodes

of the network covering the region of integration. The size of the network

is kept as small as possible in order to achieve better accuracy. Various

forms of the biharmonic operators in finite difference have been used for
these nodal points depending upon their position relative to other points
of the network. These forms in their string pattern are given below.

For detailed derivation and notations see appendix II.
2.4.1 General Form

This form of biharmonic operator has been used for the nodal
points where all the points associated with the operator fall within one
region. When using for points near the outside boundary, the fictitious
values for the points outside are calculated as described in the Art 2.4. 2.

Referring to fig.5 the string pattern for this case can be given as shown
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in fig. 6.

When the mesh is square, the above pattern reduces to the

form shown in fig. 7.
2.4,.2. Rectilinear Boundaries

a. When mesh line coincides with boundary: The two
boundary conditions are appropriately associated with a biharmonic

eguation at all points of the boundary.

While writing the biharmonic equation at the nodal points which are
only one mesh length within the boundary, a fictitious value is involved
in the equation. This fictitious value can be removed by using one of the

boundary conditions in finite difference form [21] .

b. When the mesh and the boundary do not coincide: When the
boundary intersects the mesh at other than nodal points irregular stars
exist and therefore the following method has to be used for finding the
values at the fictitious nodes and at the nodes which are less than one
mesh length away from the boundary. Both cases, when the points are
along the increasing value of ¢ and when they' are along the decreasing

value of ¢ have been dealt with here [217.

Case I

The values of ¢ can be attached to node 0 by the following

relations (fig.8 )

2

4 e K 2(1-€)hk -
0= ——s aii-eg)he (1 g)z,cso ’

(1+€) 1+g (1+€)

’ (2.4.2I)
2

¢1 _ (142 E)K } Fhk + g ¢02

(1+g) 1+ ¢ (L +€)
where K or 20 at B are denoted by k and ¢ at

dx 3y
B by K.
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After the values of ¢ have been atta.ch.ea to all other internal nodes,
such as the node 0 in {fig. 8, using thé pair of relations (2.4.21), the
consistent values of ¢ satisfying the boundary conditions can be evaluated
at those internal points such as 1, which lie within one mesh length of the

boundary and also at points, like 9, which are fictitious.
Case 1II

This case shown in figs 9 is same as before except the orientation
is different i.e. the points lie along decreasing value of ¢ . In this case

) 9 and ¢1 are given by the following relations

2
¢9: 45K2 24 -¢f)hk + (1-§)2¢0
(1 +¢) (1 + €) (t +€)
o , (2.4. 2II)
¢1 _ (1+252LES N € hk + £ ; ¢O
(1+g) (1 +¢) (1 +¢€)

2.4.3. Operator for the Points on the Interface

Referring to fig. 10, the string pattern for the point 0 on the
interface can be given as shown in fig. 11,
2.4.4. Operator for the Points one Mesh away from the
Interface »
Referring to fig. 12, the string pattern of the operator for the points
which are one mesh length away from the interface can be given as shown

in fig. 13.

The operator for the points below the interface is obtained by
reversing the notation apprdpriately.
2.4.5, Operator for the Point one Mesh away from two
Perpendicular Interfaces
Referring to fig. 14, the string pattern of the operator for

point 0 can be given as shown in fig. 15,
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2.4.6. Operator for the Point at the Intersection of two
Perpendicular Interfaces

Referring to fig. 16, the operator for the point 0 at the intersection
of two perpendicular interfaces can be given by the string pattern shown

in fig. 17,

2.5. EQUATIONS OF BOUNDARY

Referring to fig. 3, the equations of the lines constituting the

outside boundary of the plate are as follows:

Case 1II

- .

YaB T %X - B
- A T

YBe T x4 B

1

Ycp T x4 5

g
YAp = X +4T—2
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3. COMPUTATION

To provide a mathematical tool of fairly wide scope, a three step
computer program of sufficient flexibility is written for the solution of

this problem.

Step 1

1. The first operation consists of formation of a grid on the plate.

In case I, since the center axes of the plate are parallel to the co-
ordinate axes, as shown in fig. 2, the square mesh is so formed that the

outer points coincide exactly with the boundary.

In case II, the full plate is considered and its axes are inclined
at 45° to the co-ordinate axes. For simplification, the whole plate is placed
in the first quadrant, so that two of its corners lie on the co-ordinate axes,
as shown in fig. 3. All the nodal points are numbered. For convenience, the
finite difference mesh is so chosen that the interface coincides with a mesh
line. ‘The mesh so formed is antisymmetric.

2. The position of the insert is identified in terms of the nodal
points.

3. The ¢ values at the points which fall on the boundary are
computed and also the fictious points which are to be used in the biharmonic

operator are written in terms of the real points.

4
4. The biharmonic equation V = ¢ = 0 is written in finite diffe-
rence form. This is done for each nodal point, us"ing the appropriate
operator depending upon the position of the point in the plate. The set of

simultaneous equations thus generated is stored on the tape.

Step 2

This step consists of the actual solution of the previously obtained set
of equations. Several methods may be used. In our case, the methods
chosen were matrix inversion and Gauss-Siedel iterative technique. The

former was employed in case I, when the number of equations was not too
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great, while the latter was preferred in case II, in which there were as many

as 549 equations. The reason for choosing matrix inversion is that it takes
less machine time; it does, however, require a large core storage. On
the other hand, the slower Gauss-Siedel method can be programmed with
a considerable storage economy,whenever a large proportion of elements
are zeros [23].

Step 3

After the stress function values at each nodal point have been deter-
mined, this step is used to compute the normal and shear stresses. Once
the stresses with respect to the x and y axes are obtained the principal

stresses can easily be calculated.

The listings of the programs are given in appendix III.
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CHAPTER 4

4. EXPERIMENTAL INVESTIGATION

The object of experimental stress analysis is to deduce the state of
stress in a structural element subjected to some specified loading either
by observation of the physical changes brought about in it by the applied loads
or by measurements made on a model or analogue. The experimental stress
analysis is more than just a counterpart of theoretical methods of stress
analysis. It maintains direct contact with the true physical characteristics
of the problem under consideration.

Although there are usually several possible methods available for
carrying out an experimental investigation of stresses, it is important however
to select the technique so as to ;)btain the most satisfactory results with the
minimum of time, effort and money.

Under the circumstances, the photoclastic stress analysis appears
best suited. The method of photoelasticity has the advantage of giving a
complete picture of stress field under investigation. Further it makes use
of comparatively small models which in tﬁrn require light and relatively

inexpensive loading gear.

4.1 THEORY

The photoelastic method is based on the phenomenon of double refraction
exhibited by traﬂsparent materials when subjected to stress. Loaded models
are observed in a beam of polarized light. A simple arrangement is shown
in fig. 18. Point light source is used, and a parallel beam is obtained by means
of a condenser lens. The polarizer and analyzer are either natural crystals
or "Polaroid" discs. The quarter-wave plates are of mica. Their thickness
being related to the wavelength of the light source. The model is carried
in a loading frame. Light and dark colored bands are produced on the screen
and may be photographed for subsequent analysis. An outline of the effects
obtained and their interpretation is given below.

If the quarter-wave plates are removed, plane polarized light is produced,

o . . .
and with the axes of the polarizer and analyzer at 90 no light is transmitted
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to the screen. When the specimen is loaded, however, some light is passed
through, except at points where the direction of one principal stress is in the
plane of polarization. The result is a dark band across the model indicating

the locus of all points at which the principal stresses are in the same directions.
These bands are called isoclinics, and by rotating the polarizer and analyzer
together a number of isoclinics can be obtained for various directions of
principal stress.

The quarter-wave plates, placed with their axes at 45° to those of the
polarizer and analyzer, produce circularly polarized light, and serves to cut
out the isoclinics,

Under this arrangement, a color map of lines of equal color appear
on the screen. These lines are called isochromatics. Every equal color
line represent a constant level line of stress. Beginning at the lower level
and progressing to areas of higher level, the color sequence observed will be
black, yellow red, blue, yellow, red, green, yellow, red, green etc.

At a particular point on the model the difference of the principal
stresses’'is given by [24]

Nf
o

Py -P, = g

H of the material is known and fo is determined by calibration, Thus the
remaining number to be determined is N. The fringes are related to increasing

order as follows:

Along the black fringe N =0

Along the first fringe N =1
(Red - Blue)
Along the second fringe N = 2

(first Red - Green)
Along the third fringe N = 3

(second Red - Green)

Along the fourth fringe N = 4
(third Red - Green )
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4.2 SEPARATION TECHNIQUES

The optical data from the polariscope give only the difference of the
principal stresses and their directions. The separate values of each
stress can be obtained by different methods and the choice of the method

determines the experimental procedures, which must be adopted.

With our polariscope we have the choice of using either shear
difference method or oblique incidence method but the shear difference
methodlis preferred for following reasons:

1. In case of oblique incidence method the difficulty can arise

where the stress gradient is very steep.

2. In the case of oblique incidence method it is essential
that the plane stress conditions be attained. Any stress present in any other
plane, which normally is not detected when observed at normal incidence,

would greatly affect the result when studied under oblique incidence.

Shear difference method is based on the equations of equilibrium,
for the two-dimensional stress state. The equations of equilibrium in the

absence of body forces are

3P ' dT
P g

x —
S % + '——Lay 0 (4.2.1)
o P ST :
Y + =y = 0 (4.2.2)
Y 3 x

The solutions of these equations in terms of the normal stresses
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Px and Py can be obtained f}'om :

*q a'rx :
(P )y = (B - [ —5591 dx (4.2.3)
| 0 x :
0
Y13 T,
P = (P - == 4 4.2.4
<y)Yi (Y)YO J] 5 & ( )
o

where (P ) and (P ) represent the values of P and
x'x vy x
Py at a given location ({for which the stress values are known). Usually these
are the values at the free boundary. In the egns. (4.2.3) and (4.2.4),
the value of the integral can be represented by the area under a curve for
which the ordinates are ‘the rate of change of shear in a direction normal
to the direction of 'integration and the abscissas are distances along

the path of integration.

Equation (4.2.4) can be evaluated numerically by employing finite
difference method , as shown below

AT

: w
(P_) = (P - &y (x| (4.2.5)
vy, Y'Y, * (Yoty )
2

where y , y, etc. represent positions along vy.

1
The value of A Txy can be computed using the isoclinic and

isochromatic data obtained in the following relation.

PP .
T = — . sin 286
Xy 2
Nf
= 9 sin 2 8
2 H

where @ is the angle between the x-axis and the direction of P2

as given by’'isoclinic parameter.
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Hence it is possible to determine P at the interior point vy .
r
If the procedure is continued stepwise, the value of P can be determined

across the entire length of the line.

A'rx
P = Pyt A, (==t
Yy Yiy Ax
2 T (y+7,)
2
AT_
P = P - A —2
v v, vy, Tyt oax
(YZ+Y3)
2
A g
P = P - A ( Xy )
y vy v lysm Tyt T
(Y3+Y4)
2

Having obtained P
y

further to evaluate P\_ using either Mohr's Circle or the analytical

along the required line, we proceed

expressions, as follows

P = P - (P, -P
x y 1

Substituting (P1 -P

,) cos2g (4.2.6)

2) from eqn. (4.1.1) into egn. (4.2.6),

we get Nf

— z g .
PX = Py a cos 286 (4.2.7)

Now from the first invariant of stress, we have

Px + PY = P1 +P2 (4.2.8)
Solving eqns. (4.1.1) and (4.2.8), we get P1 and P2 as
{ Nf{
_ 1 o
P1 = 5 (PX+Py+ o )
Nf
p, = L@ +p - g )
2 2 X y H

In this manner, using the method of shear difference we can separate the

stresses along any arbitrary line.
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4.3 MATERIALS FOR MODELS

For the success of this investigation, it is necessary that the
material should meet the prime characteristics such as complete
freedom from internal stresses, excellent transparency, very low time

edge effect, higher sensitivity etc.

PSM 1 and PSM 4 are the trade names of the plastics used in this
case which have the above-mentioned characteristics. The elastic

properties of the materials are as follows:

(1) PSM-1
This is a hard polyester sheet with a nominal thickness of
0.25 in.

The elastic properties of PSM-1 are

E = 340,000 psi
L = 0.38
f = 36 psi per fringe per inch
o
(ii) PSM -4

This is a soft polyurethone sheet,

The elastic properties of PSM-4 are

E = 1000 psi

i = 0.4

f = 3 - 5 psi per fringe per inch
o

This is used as an insert.
A special cement has been used to get a bond as free from slippage

as possible. The cement has the same elastic properties as PSM-4.
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4.4 CALIBRATION OF MATERIAL

The accuracy of the evaluation of stress distribution depends
mainly on material fringe value of the material. Though this value
is often provided by the supplier, it is apt to vary due to the effects of
time and temperature. Therefore, calibration of the material is necessary

in order to obtain accurate results.

A tension bar shown in fig. 19 is employed for the calibration of

the material. The calibration model is loaded in steps. The corresponding

fringe orders and loads are noted,

The axial stress induced in the necked region of the tensile specimen

by load P may be expressed as

P
= = 0
P1 wH and PZ

where w 1is the width at the necked région and H 1is the thickness of the
specimen. Substituting this in eqn. (3.1.1), we get 1

P
fq - wH

A curve of the load P 1is plotted as function of N for four different
points which give a straight line. The slope of this straight line is used for

the value of P/N. Figure 20 shows the calibration curve of material PSM-1.

4.5 EXPERIMENTAL PROCEDURE

For each specimen, the stress distribution has been studied
along two different lines. These lines in case of each specimen are shown
in fig. 21. Two more lines aredrawn distant éz'\;'on either side of the ,
" line under consideratibn as shown in fig. 22.
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(b) Isochromatics of specimen with 45°

inclined insert,
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(c)

Isoclinics of specimen with 45°

inclined insert.




- 51 -

The readings of isoclinics and isochromatics are taken along these
lines at various points starting from the boundary and proceeding inwards.
A smaller step size is used in the region where the change of stress
is rapid.
A few photographs representative of the stress pattern in

specimen are given on pages 48 - 50 with appropriate comments.,

4.6 COMPUTATION

A computer program based on shear difference method has been
written for the calculation of principal stresses and shear stresses from

the experimental data. A listing of the program is given in appendix III.

i L
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CHAPTER 5

5. DISCUSSION OF RESULTS AND CONCLUSIONS

The experimental work reported in this thesis consists of twelve
experiments performed on six specimens shown in fig. 21. Each specimen
is a rectangular plate with a centrally located rectangular insert. The

dimensions of the specimens are given in table 1,

The distribution of principal stresses and shear stresses has been

studied in each case. The plots are made for P, /P , P_/P and
1" " avg 2" " avg

T /P against a non-dimensional variable x /w where
xy' " avg
Pavg = the stress at a distance far away from the insert.
x = the distance of any point along the line from the
free boundary.
w = the distance of the insert along the line from the free
boundary.
The value x/w = 0 represents the free boundary and the value x /w = 1

represents the interface between the insert and the parent material,

As would be noticed in figs. 23 - 34, that the experimental
curves are not plotted upto the interface. This is due to the following
reasons:

Though every care has been taken in the preparation of the
specimens, the perfection is hard to achieve. A slight imperfection
in the finish of the outer bomlaary of the s;ﬁecimen is magnified ten
times on the screen of the polé.riscope. Further, dispersion of light takes
place along the edge of the specimen and it is difficult to locate the points
close to the boundary. The starting point is therefore, shifted away from
the boundary whereas in the calculations the distance is taken as x = 0,

Moreover an interface should be a thin line but in the specimen it shows up

,<
PR




"PeOT SqI 0Q}] e udde} ZUleq 9I® SI9SSDIIS 9YJ YOIUYM
Buote aury ayj3 yo uorztsod 93 uodn Furpuadep I9UIOD 9Yj 10 9OBJIVIUI oY} }© I9PIO SJULIT +

TS9YDUl Ul 91® SUOISUWIP [V x

€1 02°1 SV 710 50 so | 2 07 21
¥8°1 297 oSV 160 50 SL°0 2 01 77 AT
Z 251 oS¥ 28°0 50 ] 2 01 01
¥ - oSV $9°0 50 0 Z 0t 6
M S - oSV 960 G0 SL°0 Z 07 8 III
W L - oS? L¥°0 $°0 ! 2 07 L
262 0L°2 o0 GL*0 50 50 Z 01 9
¥8°2 09°2 50 GL°0 50 L0 2 01 S 1l
8L"2 962 0 L0 5°0 ] Z 071 ¥
192 $0°2 o0 SL°0 5°0 $°0 Z 01 € N
5¢°7 00°2 0 SL°0 50 SL70 2 01 s I
261 987 0 SL°0 50 7 2 orf 1
6 M q o ® d v
3ae |
JREtclesse d .
goNmLd | o 'a  SNOISNIWIQ ON"dxd dRO¥D
] A14vL

TSI ORI

R e R B AT




- 57 -

/

-0

EXPERIMENT - 4

0-8

06

c-4

0-2

2.4(-

00

FIG.-26




B [ B
5
n

R T

- 58 -

28—~

EXPERIMENT-5

0-25

015

—1-0:15

00

0-2

0-4

X/ W

FIG-27

0-6 0-8




- 59 -

-0

I
!
!
'

6

EXPERIMENT-

!
!

0-8

o6

X/ W

04

FIG-28

~ ™
P.l.
0 BEY
O
{
o
L .
N (o)




10

EXPERIMENT-7
/
0-8

06

X/W

0-4

0-2

e L T D S T O o L N LS T S e s,
R N O e I S AT

Fi16.-28S




"

EXPERIMENT- 8

/ Bug
T;(y/ E:vg

aN

L

'3

36—

3.2~

T e 6 S A iz

! : l
v o
q Q

m.:.w\»mra u>m

2-81—

!
©

4
/5"

-2~

/4

IO

FI1G-30




- 62 -

-0

EXPERIMENT-9

e 2 ~.|Jmu«us-.” Zeafd mﬂmmw!. .P“M/MMV.

AR RS S S HR HE A I Gl TSR EL PSR LA L




- 63 -

as a thick balck line. This is due to the presence of the cement between
the parent material and the insert even though a 'see through' .type
cement has been used. Further, due to high concentration of stresses
near the interface it is very difficult to identify the fringes clearly.
Therefore the readings in this region could not be taken.

In order to have some idea of stress distribution near the interface,
a simple extrapolation has been used. This is shown by dotted lines. A
comparative idea about the stresses can be had from the fringe order at

the point of interest in the specimens under tension.

The twelve experiments have been divided in four groups as shown

in table I for a comparative study.

In group I (figs. 23 - 25), the shear stress is zero. This is in
agreement with the theory that shear stress is always zero on the line of
symimetry. In all the three cases the maximum stress occurs at the interface
and the minimum stress occurs at the outer boundary. The stress P1 at
the interface increases with the decrease in the size of the insert and the
rate of increase is greater as we approach.the interface in the case of

smalles insert (case 3). For all the cases, the magnitude of the stress PZ

on the interface is very small.

In group II (figs. 25 - 27), the stress P1 follows the same
pattern as in group I.
In group III (figs. 29 - 31), the maximum stress concentration
occurs at the corner in all the three cases but the pattern is slightly
different from the other two groups. The stress P1 at the interface
has the largest value in the case of largest insert (case 7) and decreases
with the decrease in size of insert. Also the rate of increase of slope decreases
with the decrease in size of insert. The minimum value of stress P1 in the
case of smallest insert (case 9) occurs not at the outer boundary but somewhere

in the middle. The effect of the corner on the outer boundary is also noted in

this group. The shear stress in the case of smallest insert is zero,
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because of symmetry.

In group IV, (figs. 32 - 34) 'thge line along which the stress distribution
is studied is 0.025" away from the corner. In this case, the maximum
stress occurs somewhere in the middle and then it drops down rapidly,
as we proceed towards the insert. The stress P‘2 remains compressive
in all three cases. The magnitude of shear stress is quite high as compared
to the other groups.

A cross plot between the maximum stress P1 and the various sizes

and orientations of the insert is plotted as shown in fig. 35. From figs. 23 -35

the following conclusions are made.

1. The maximum stress concentration occurs at the corner
closest to the outside boundary.

2. In case of insert with OO orientation, the stress concentration
increases with the decrease in the size of the insert where as in the case
of 450 orientation, the stress concentration decreases with the decrease
in the size of the insert.

3. The rate of incrcase of stress P1 in the region near the inter-
face or corner is much higher than in any other region.

4. The stress P1 at the outer boundary increases with the
increase in distance between the corner and the outer boundary. Since
no information is available in this field, it is not possible to compare these
results with any other. The theoretical results obtained in this investigation
are unsatisfactory and therefore are not presented in this thesis.
However an attempt has been made here to lay out the reasons as to why
it is so and a few suggestioné have been made.

The finite difference approximation as other numerical approximation,
is liable to error in region where stresses are subject to very rapid

changes such as exist near singularities caused by corners in this case.

b
34
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Elimination of singularities due to reentrant corners .has not yet been
successfully treated and the usual way of dealing with the difficulties is

to use finer mesh in such regions aé suggeéted by Zienkiewicz [ 25] .

This approach has also been tried but without success. The smallest
mesh size tried hereis h = 1/16 which generatesa mesh with 512 nodal
points in case of insert with Oo orientation and 549 nodal points in case

of insert with 45° orientation. This poses another problem of the

solution of a large set of simultaneous equations which has, however, been
overcome with the development of a special technique of economical

storage and the solution of large matrices [ 23], wusing Gauss Sidel
iterative technique. During the numerical calculations, it has been found
that the matrix generated is ill conditioned . With a slight alteration in
the value of any element of the matrix, the end result changes rapidly and the
convergence is also very slow. It has also been noted that the interface
conditions obtained in Reference 3 are not valid for piecewise continuous

boundaries.

It is therefore suggested that a further study is needed to find a
suitable finite difference operator for the re-entrant corner, Once the
operator has been found, these ‘programs can be used to determine the values

of the stresses in this problem.
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I.1. DERIVATION OF BOUNDARY CONLCITIONS FOR
CASE II - 45° ORIENTATION

Referring to fig. 3, the length of the plate is 2L and its

breadth is . 1. The intensity of applied tension along AD and BC
is 100 (non dimensional value). The values of g—f— s —2—2 and ¢
y

along the boundary can be calculated as follows.

Along boundary BC, we have.

P = 1060
\Y/
(x, v) = 45°
and ds = —\/de = \IE dy

Therefore using these values in eqns. (2.2.1) and (2.2.2), we get’

P, = 5042
p = 5042

vy

‘and substituting in pair of . eqns. (2.2.3), we obtain

lg .

3 x = 100x+C1
S8 - {o0y+C
dy 2

Now, from eqn. (2.2.4) and using the values obtained above

we have
= 1002 Cx+1002+C 50x2 502+C
¢BC‘ = X+ 1 Yy ZY v 3
where Ci’ CZ and C3 are constants.
- - = 2.2.
Let C =C,=C, 0 [ see Art ]
Therefore
2 2
¢BC = 50x + 50y

The same procedure is followed for the boundaries AB, CD and AD.
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Now for boundary CD, P = 100 |
AY

|

1

Therefore from eqns. (2.2.1) and (2.2.2)

P = 0
VX ’
and :
P = 0 1
vy .
The wvalues of g—% , 2—% and ¢ should be continuous all ,
along the boundary, therefore ' '
28 = 10042
o x
29 - 15042 |
3 Y . :
and substituting in eqn. (2.2.4) we have
= 2
¢CD 100 J' x + 15042y + C4
To evaluate C,, we equate the values of ¢CD and ¢BC at the common
point C, Thus,
(@ ~py) = (¢ 5-)
CD'¢ BC'¢
or
(1009/2 x + 15042 + C)) = (50 YZ + 50 2
“ Y 4 C - “ Y )C
Therefore . C4 = -325
Hence '
= 10 2 { 2 -
o) cD 0 x + 50 y 325

Now along boundary AB, we have

P = 0
v
Therefore, using eqns. (2.2.1)and (2.2.2)
P - 0
Vv X
P = 0

vy
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and using the same reasoning as mentioned in case of boundary CD, we have

3¢ _ [

(3% !aB 120 42

o¢ _

(ay )AB 100% 2 |
From eqn.. (2.2. 4), we get

’ !
= |
¢AB = 150#2x + iOO&y + C5

Now to evaluate CS’ put 5

y .
¢ ;
E (a8l = (%3c)p
E Therefore i
; - |
: C5 325
% Fence '
{5 b, = 150{2_x + 1oo&y - 325
% Now for -~ boundary A, we have ,
4 P = 100 :
: v | |
3] s
g ds = 4_2 dx = - JE dy
%i Therefore :
‘ :
P = - 5042 :
v X :
P = - 5042
vy
Now using pair of egns. (2.2.3), we have
8% _ o0«
S 100x + a.1
2% - o0y 4+ a ‘1
oy y 2 j
where 2, and a, are constants which are evaluated by
putting
3¢ 3¢ ;’
(%x ) = oy g
Along AD at D Along CD at D
Therefore ;

a1 = 100&/2




Similarly

o/
S

( )

@
<

Therefore

22

IHence

8¢
9x

[}

S

( ¢,)

Along AD at D

100

To evaluate the constant a

maintain the continuity of function, ¢
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= (_@a )
Y Along CD at D

2

o

100x + 1004/ 2

Sy © 100 y +1oo§/—z_

Now substituting these values in eqgn.(2. 2.4), we have

_ 2 - 2 {
fap=  50xT + 100y2x 4 50y" + 100¢2y + a

3
AD

value at point D i.e.

|
S

AD'D CD'D

Therefore

a, = - 300
Check : _

The value of ¢AB and ¢ AD should also be same at the
common point A, therefore

(Oapla = (P48) 4

= - 300
*3

Hence

¢AD = 50x‘2 + SOy2 + 1OOJ_ZX + 100q,Zy - 300

», we use the fact that in order to

and ¢CD should have the same
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II.1 GENERAL FORM OF BIHARMONIC OPERATOR

The size of the mesh is as shown in the fig. 5. The biharmonic

equation at point 0 is given by

4 4 4
4 -0 = (¢ 3¢ 3 ¢
(V g )y=0 = (__4)O+2,( > 2)o+( > ) (2.1.1a)
o x 0x dvy Sy
Now
2% g 3% 3%
(T o = [ (—= o] (2.1.2a)
o0x dx ax 0
and
2 - n
3 g Py -ty e,
(a 200 T 4 62 (s 12
X ( >t 3)
Substituting this in eqn. (2.1.2a), we have .
4 2 2 2
) 4 -
(T=Z o = 3 2 [(a¢2’1"2 (5 g)o+(a€)3j
dx s (HZ+H3) dx ox 9 x
4 4 , 2.4
= ) 2 (820, +0,) 5
5" (H,+H,) 6 (H,+H,)" 6 "(H,+H,)
+ : (8,-26, +¢ ) ] (2.1.30)
62(H1+H2)2 R
4
Similarly ——a—% can be written as
oy
4 4 2.4
& Vatvg) 6 (vatvy 6 (Vpivy
S 2 (3 8,t9,)] (2.1.4a)
8 (v1+v2)

!
i
i



:'1
1
1
!
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4
and St
dx Jdvy
4 4 - 2. 4
- [ (P~ 28 40 ) - S (9§ -2p +4.)
2 2 2 2 5 2 6 2 2 1 0 "3
6 (v tv,) 6 (R, ) 5 “(H,+H,)
b —= (6 - 20+ ¢.) ] (2.1.5a)
62(H +H )2 8 4 7

2773

Now substituting the values in eqn.(2. 1. 1a) from eqns. (2. 1.32),(2. 1, 4a)

and (2.1.5a), we get

4
Vg = %, (1A ] + ¢, [IB.]+¢2[ICJ+¢>3 [ID]+¢4[IE]
t(Og @ +0, 700 EF] + ¢ [1G)+ 0 [IH]
e 1) + 6, OK] (2.1.6a)
where 6
i
1A = [ > , 4 04 7t L6 5 2
(H,+H, ) (H, +H ) (H, +H,) (H,+H,)"(H + H)
16 64 16 128
* 2 2 ¥ g T 2 2 " 2 2
(vy+vs) (Vatv,) (V2+V3) (Vo#va) (v +vs,) (vytv,) (H,+H,)
32 2 64
1B = L - 2 2 - 3 4 2 ]
(H2+H3) (H3+H4) (H2+H3) (V2+V3) (H2+H3)
32 32 6
I1C = [ > 2 4 ) 4z . 5 )
(v v ) (v v ) (v, 4v,) (v, v, ) (4,
5 64
ID=[3H4‘ 321-12 H2-+2HHZJ
32 6
1E = [—32 Z "2 2 T iH H-2]
(v2+v3) (v2+\,3) (v1+v2) (v2+v3) ( >t 3)

1
|
!
|
{
!
l
|
)
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32

IF = [ 2 7]
(v2+v3) (H2+H3)
(H2+I-I3) (H3+H4)
N 2 z )
(v2+v3) (v3+v4)
I =1 = 2 5]
(F,+H, ) (H +H,, )
16 ]
IK = l:(v +v )2(v +v ) 2

2 '3 12

When the mesh is square i.e.

H1=H2= H3:H4:v1=v2=v3=v4, eqn, (2.1.6 a)
reduces to
4 = -

Tyttt =0

II.2 OPERATOR FOR THE POINTS ON THE INTERFACE

The orientation of the point is shown in fig. 10,
Writing the biharmonic equation in finite difference form at point O,

we have
20 ¢, - 8(g +o,+ D3t @) + 2B 548+ G+ B g)HBHG (40 40, = 0

in the above equation ¢7, ¢4, ¢8 and ¢1Z are fictitious and would have to
be replaced by real values .
Using conditions (2.3.8) and (2.3.9) at point 0 and writing in finite

difference form, we have

¢2_¢4 = @2-§4 (from 2.3.8) (2-2-13').

|
|
|
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g and
A ld,te,-20-B, (8,485~ 260)] = A Lo + 0, - 285 B,(8,+8,-28;)]

(from 2.3.9)
(2.2.2a)

Now using the condition that on the interface
6 = 3 |
from eqns. (2.2.1a)and (2.2.2a), we get

1
A 1-!-A

2, L ] [2A2é4- (9,+6,) {-8,B, +A, B,} - e, {A A,

2

- 2 2 -
{ - A1+AB1+2A ZAZBZH

Again writingegns.(2.3.8) and (2.3.9) in finite difference for

point 3, we have
¢6"¢ = % - ¢ (2.2.3a)

and
-2 = -23 &
B8y -2d +8,,)) = A,[8,-28,4¢,-B, (2 f07283% 8y
(2.2.4a)

From eqrs,(2.2.3a) and (2.2.4a) and also using eqn.(2.3.7), we get

_(A

1 11 172 2

(-A B +A.B,) - ¢ (-A B +A,B, )]

Similarly using eqgns.(2.3.7), (2.3.8) and (2.3.9) at point 1,

we get

{
= 2 & (A - - - A -
¢8 [A1+A7][ A2 &g (A1 AZ)¢5 ¢1( 2A1+2A1B1+A2 ZAZBZ)

- (¢9+ ¢O,) { -AiB +A2B2} ]

1

Now writing egn. (2.3,10) in finite difference for point O,

we have

)]

“By) b -0 (428 B -2A +A,-2A B )- ?4
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Ay l8g- 20, 728, -0, + (2B NG - b o - 20, +20,+0, - ¢,)]

= - o - 2 ] - 2 ) 6 Z —2») + -
A1[ o7 2% + 28, - 8+ +BZ)(-5 5728, 2@4+¢6 @7)]
(2.2.5a)
The condition that at the interface
vig =vis = o0

can be written in finite difference as follows
2 - : 2( ;

= 208 -8(¢,+%,+& +3 )+ 2(8_+5+3_+3

4 st 1oy Toght oo g+8, 48,

Now stubstituting for 52, <§5 and @6 in terms of real values using
eqn. (2.3. 8) and simplifying we get

= - S - & - & -
%50 169, + 40, +4dot ¢+ &, +165,-48-48 -5 ,

Again in eqn. ( 2.2.5a) substituting for % ) 3 6 and &

in terms of real values and rearranging we get

- - 2 -
{¢2[ 2.A1 2(2+B1)A1+2A2+2A2( +B,)] + ¢4[2A1+2A (2+B1)+16A2 2A2

A +A 1

172

- 2A.2(2+B2)] + (¢_5 + ¢6) [A1(2+B1) - A2(2+A BZ)] + (¢7+¢8)[-A1(2+B1)-4A

+ (2+B2)A2] + ¢10(A —AZ)— §4(16A2)+ @7(4A2)+ @8 (4A2) 1= ¢ (2

1

Now substituting the values of fictitious points ¢,, ¢, and
g the P 1> P70 % 2

in the finite difference form of V4 ¢ = 0 and rearranging we get
2 2
¢0[ 20 + > {(A B +A1B1) 8(A2—A1)— 6(A2B2-A1B1) -4(A2-A1) 1]
(A‘1+A2)
A B A BY)

+(¢1+¢3) [ -8 + (A1+A2)2




+ g, [-8+ ) {4A1(A2B2-A.1B1) +(A,-A )8 A,t4A ) 1 ]
(A +A.)
172
; . :
t g, [-8- ——— {4A2(A.252—A1B1) +(A,-A ) (4 A, 484 ) 1)
(A, +A)
2
tlgte) [2 - ——) {(A.ZBZ -AB) A (A,- ANA+AL) )]
(A +A_) ‘ '
172
+ (@7+«§8) [ 2+ 5 { (AZBZ - A'iBi) A2 + (AZ—Al)(A1+A2) 1]
(A1+A2)
1
t(ggte ) {t-——, (A,B,-AB) }
9" 711 (A 45 )2 272 174
172
A_-A A_-A
277 277 _
t 8 {1~ A th 7+“’12{1+A2+A1 t=0

or can be written as

6o [E) +(9 49,) [B) 46, [C1+ ¢,[D]+(s,46,) [ E)

t (et eg) [F] Tlogtg ) (Gl +g (H)I+5,[1] = 0

4(A2B2-A1B

)

Wl
n

[ -8+ >
(A +A,)

1
2

2)-

Ol
I

[ -8+
(A +A

{44

{(a,B

2

2

2 .
{ (A2 BZ-A 1B1) 8(A2—A1) —6(AZB2-A1B1) —4(A2—A1§}]

“AB) - (Ay,rA ) 1]

A,B,-A B )+A

2

2

1

2

-A )(8A, A ) } ]
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1

D = [-8-——— {4A (A.B.- i
[ > [48,(A B, AB)+(A, AL) (48,484 ) 1]
(A +A)
2
E = 2 2 AB_-A B )A + (A -A )A +A
= 1 T ) L(ApBym AyBY) Apt (Ap-A (A +45) 1]
172
F o= 242 {(AB. - A B )A_+(A_-A )(A +A
2 2P T AP A (A4 N(A H4) 1]
.' (A +A )
172
G=10 t-— (5B -AB ) ]
- ) 2 272 0 Ty
(84+8,)
A_-A
W[ 1.2t
;; .A\2+A1
4 _ A,- A,
= [ t+—
g‘x The string pattern for this is given in fig. 11.

II.3 OPERATOR FOR THE POINTS ONE MESH
AWAY FROM THE INTERFACE

Pressees

R

The V4¢ = 0 in finite difference from at point 0 as shown

in fig.12 can be written as

20 8,7 840, +85 +¢,) + At Pttt Dot B (+B + B,
= 0 (2.3. 13)
in which ¢ 12 is a fictious which have to be replaced by the real value.

Now writing eqns.(2.3.8) and (2.3.9) in finite difference form

for points 4, we have
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¢ - = - S

and
- - ] =A_1& 720 +5 - 5 - 3
(2.3.3a)
Using eqns, (2.3.2a), (2.3.3a) and the condition
¢ = @
At the interface, we get
- - 2 - -
) s A2 A1 . (AZ Ai) ) X (AZBZ A1B1 A2+A1) )
12 A1+A2 12 A1+A2 0 A1+A2 4
A -
ZBZ AiBi ) ( + )
A A, ¢7 * %

Substituting ¢12 in eqn. (2.3. {a) and rearranging we get

Aymby 2
8oL 20+ AytA 1-8(gt 8,485) + ¢, [-8+ A tA, {4,B,-A B +A -A 1]
A,B-A B,

+ 2(¢5+ B) - (B4 ¢8) (2 - A A, 1+ ¢9+ 20794

A_-A

27

= 0
e, A1+A.2]




‘E

e
o

E,f,
I

i

3

3

3]

H
g
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or this can be written as

3, (487 - (6, +6,+8,) [8] + ¢, [BB] + (8, + 6,) [2]

d =
+ (¢7+¢8) [ccl + ¢9+¢10+¢11 + _12[DD] 0 |
where '
A, - A
AA = [ 20 + A T A ]
2 1 :
BB 8 —c A_B A B A |
= [ +A1+A2 (A B, - A B +A, -A 7]
. AZBZ—AiBi
CC. = [2 - A+ A J
, 1 2
A -A
| DD = [ 1 + #—]
A1+A2 !

The string pattern for this is given in fig. 13,
1I.4. OPERATOR FOR THE POINT ONE MESH AWAY FROM
TWO PERPENDICULAR INTERFACES

The biharmonic equation in the finite difference form at point O

as shown in  fig. 14, can be given as

(2.3.1a)
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Where ¢ 9 and ¢ (o @re fictitious values. So by using the

boundary conditions, these values have to be replaced by real values.

From eqgn. (2.3.7), at the interface

¢ = & (2.3.2a)

Writing eqns. (2.3, 8) and (2.3.9) in the finite difference form

at point 2, we have

i3

e

- = ) - 3 2
%
| and
é
4 -2 - - = ¢ -2 3 d - S -2 3
ié A1 L Oyom 20,7 00" B (8- 20, +9) 1= 4, [ej02 8+ 85~ Byl3g-28 45)]
A
i
it (2.3.4a)
;
i From eqns. (2.3.2a), (2.3.3a), and (2.3.42), we get
s .AZ-Ai) é +(A2-A1 s 2(A,B,-A B A tA ) )
- 0
10 A tA, L A +A, 2
A B _-A B
2-2 1
- TA AL ) (et e
172

Similarly . from e(ins. (2.3.11), (2.3.12), (2.3.13) and (2.3. 14)

for the face parallel to y-axis we get

s s Az-Ai e s AZ—AI) s 2(A2B2-A1B1—A2+A1) ,
9 A1+A2 '? AHA, 0 (A1+A.2) |
A_B_ - A B
272 171
- A 1B ) (¢5+¢8)
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Now substituting the values of ) {0 and ¢ 9 in egn. (2.3.1a)

and rearranging we have

2(A_-A ) 2(A,B_-A B, - A_+A,)
2 i 272 171 2 1
¢0[20+ —WA—Z_) ]+(¢1+¢2)[-8+ (A1+A2) ]
2(A.B_-A B ) 2(A,B_-A B
272 i 272 1
8 (o tp,)+ 0, [2- KA, Jtlegrg) [2-—22 L1,
1 2 1772
A'Z_Ai
t2e, + (et e )01+ ;;;;KE—‘J teéte, = 0

or

¢O[AA.A 1+ (¢,+¢,) [BB] - (+¢) 8 + ¢ [c_cc] t (gtdg) [CC]

2 & & =
t2¢, + (2+5,)[DD] + iyt b, 0
2(8,-4 )

where AAA = [ 20 + W ] |
n C gy Z8Bp- BB - AL+ A ]
(A1+A2)
ce i [2 AZBZ_AiBi ]
(A1+A2)
2(AB_ - A B )
272 174
cCcC = [ 2- ]
(A1+A.2)
A - A
2 i
DD = [ 1+ A tA ]

The string pattern for this is given in fig. 15,
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R dcenvret]

RET!
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II.5. OPERATOR FOR THE POINT ONE MESH AWAY
FROM TWO PERPENDICULAR INTERFACES

At point 0, as shown in fig. 16, the biharmonic equation in finite

difference form can be written as

20

O

- 8(3% + & )+ 2(8. + %

- T 6 ~ N -
3t &, 5 6+@7+@8)+o+ +e,  +3 0

3
T e, e "9 %0t %11t 2

0 1

(2.3.1a)

Where 67 is a fictitious value which has to be replaced by real

value using the interface conditions.
Using eqns. {2.3.11), (2.3.12), (2.3.13) and (2.3.14) in their

finite difference form at point 4, we get

. (Ai-AZ _ (2A,-2A + 28 B - 24,B,) @
7 A A, *8 | (A +A,) 4
, (AZBZ-AiBi) .. (AZBZ-AiBi)é . 24 )
. (A +A,) o (A +A,) 12 A +a, 07
(2.3.2a)
Substituting in eqn. (2.3.1a) and rearranging we get
2 - 2(2A_-2A +2A B -2A_B
8. [20 + (AZBZ AiBl)]-8(‘+a + 3. )+ 3 [-8+( 2 1+ i 1 c 2
0 A+ A YT ey T @g ®y A+ A
17 2 177
. 4A1 Z(A.i-AZ)
: 5 2 _ &
teegrted kg, [ oA 1 g2y —( ]
172 172
2(A_B_ - A B))
agte 48 +e, [1+ ——2 1L 4 g
fgt eyt oy, T =
or
- P - 6 -
@O [X] 6(@1+§2+@3)+ _4[Y]+2(@5+ éé)
+ ¢7[S] + @8[21 + <§9+§>10+§>“+-12[T] = 0

)

]

B3
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s = [

]
A +h,

2 -

_ . (A,B,-4,B))

T = Lt i+ ]
(A +4))

The string pattern for this is given in f{fig.

16.
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