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Abstract

Although there is a general understanding of what methods the brain uses to process

sensory information, little is known about how the brain implements these techniques

using a neural network. One of the most powerful and important applications is solving

the sensory “cocktail party problem:” to adaptively suppress extraneous signals in an

environment. Theoretical studies suggest that the solution to the problem involves an

adaptive filter, which learns to remove the redundant noise. However, neural learning is

also in its infancy, and there are still many questions about the stability and application

of synaptic learning rules in neural computation.

In their natural surroundings, weakly electric fish solve a simplified version of the

cocktail party problem: they can selectively remove redundant signals from their sensory

input. Cancellation of predictable signals is accomplished in A. Leptorhynchus using a

neural network that putatively operates as an adaptive filter. In this thesis, the imple-

mentation of an adaptive filter in the brain of A. Leptorhynchus was found to require

a cerebellar architecture that could supply independent frequency channels of delayed

feedback and multiple burst learning rules that could shape this feedback. This extends

the concept of spike-timing dependent plasticity to include bursts as events for learning

and unifies two ideas about the function of the cerebellum that were previously sepa-

rate: the cerebellum as an adaptive filter and as a generator of precise temporal inputs.

Further, the success of the neural network in this manuscript shows that the cerebellum

can stably learn a set of synaptic weights even with unsupervised learning. In addition,

the output parameters of the model during local and global stimulation paradigms were

accurately predicted by theoretical analysis.
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Chapter 1

Introduction

The complex nature of the brain has made neuroscience one of the least explored scien-

tific disciplines. Although the macroscopic functions of cerebral regions have been well

studied, it is still unclear how the brain accomplishes these tasks using neurons. This is

made all the more challenging by the brain’s intricate and highly-connected structure,

where specific inputs and outputs to an area are difficult to identify and even more dif-

ficult to apply meaning to, functionally. The study of sensory processing centres can

simplify these issues, since at least the inputs to such regions are known and control-

lable. Furthermore, recent advances in experimental technology have clarified some of

the essential microscopic processes that operate within the brains of certain model organ-

isms. Investigating sensory processing in these creatures presents a unique opportunity

to better understand how the brain performs computations using neural networks.

1.1 Sensory Processing and Adaptive Filtering

The brain has few tasks more important than sensory processing. An organism must be

able to quickly scan a noisy environment and detect weak, but potentially important,

signals with high precision. Fortunately, the brain is remarkably good at this feat. One

of the best examples is in the auditory system, the so-called “cocktail party problem:”

One of our most important faculties is our ability to listen to, and follow,

one speaker in the presence of others. This is such a common experience that

we may take it for granted; we may call it “the cocktail party problem.” No

machine has been constructed to do just this, to filter out one conversation

from a number jumbled together. [1]
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This is a powerful form of tunable noise suppression, and, although it is not fully

understood, this skill appears to be based on non-linear computations in the sensory

processing regions of the brain [2]. Unfortunately, auditory noise cancellation is difficult

to investigate because of the complex statistical structure that distinguishes each voice

in an environment.

Nonetheless, previous analyses have concluded that auditory and other similar sensory

signals are likely processed in the brain using an adaptive filter, which preferentially

removes redundant background input in order to detect weak, novel stimuli [3, 4]. The

general structure of a filter involves a decomposition of the input signal into its basic

elements by a filter bank. These elements are then recombined with different weightings

to create the output. Crucially, however, an adaptive filter will adjust its own parameters

according to a learning algorithm to optimize performance.

In the case of cancelling predictable signals for sensory processing, the optimal filter

bank would separate the input into independent frequency bandwidths. If identified

prior to processing, the redundant signal could be removed by adding the predictable

signal in anti-phase to the original input, as is done e.g. in noise-cancelling headphones.

Adaptive filters are very powerful processing tools and can be applied to a range of

biological problems, such as motor control, sensory processing, and state estimation [5].

In many organisms, the neural connectivity of the region known to perform this task

has been well characterized, and often has a cerebellar architecture [4, 5]. The question,

then, is how a biophysically based neural network can operate as such a filter. This is an

open problem in bioacoustics and in auditory neuroscience. A specific partial solution to

this problem is the focus of this thesis.

1.2 Neurons

The fundamental unit in the brain is the neuron (Figure 1.1). An archetypal neuron

is composed of highly branched appendages, called dendrites; the cell body, called the

soma; and a long, thin projection called an axon (for more information, see [6, 7]).

Neurons, like every cell, have an exterior membrane that is impermeable to ions. Due to

this membrane, there is a voltage difference between the extracellular fluid and the cell’s

interior, which is regulated by the opening and closing of ion channels in the membrane.

The critical feature of neurons, however, is the regulation of the membrane potential for

computation and signalling. This is accomplished using unique, non-linearly activating

ion channels in the soma and axon of neurons that only open once the membrane potential
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in the vicinity of these channels is above a certain threshold. At rest, a neuron’s interior is

typically at a potential 70 mV lower than its exterior, and fluctuations of the membrane

potential will decay exponentially back to this resting potential given sufficient time [6].

If enough current is injected into the neuron, however, the membrane potential will

rise above threshold and these voltage-gated channels will start to open. As they open,

it will depolarize (i.e. increase) the membrane potential more, causing more channels to

open in a chain reaction. This will produce an action potential: a sudden and strong

depolarization of the membrane. This depolarization usually starts in the soma but

will, by diffusion of the ions, depolarize the initial segment of the axon, which also has

these unique channels. Their activation will cause a rapid depolarization in this region

and depolarize the next axonal segment. Sequential activation of these channels allows

the action potential to quickly propagate down the axon of the neuron (see e.g. [8] for

a further explanation). The speed of action potential propagation can be significantly

increased if the axon is sheathed in a lipid-based insulator, called myelin.

During the action potential, slower but more powerful hyperpolarizing voltage-gated

channels also open, which eventually dominate the depolarizing channels and cause the

membrane potential to fall back below threshold to its resting potential. The voltage-

gated channels then close and reset in an interval called the refractory period, during

which the neuron cannot create another action potential. Afterwards, the neuron is ready

to fire an action potential again.

In vivo, subthreshold current is injected into a neuron from ion channels activated by

synapses [6]. A synapse is a one-way connection between two neurons, and the neuron

receiving the input is called the post-synaptic neuron while the neuron supplying the in-

put is the pre-synaptic neuron. If an action potential occurs in the pre-synaptic neuron,

the synapse will be activated and transmit chemical messengers across the synaptic cleft,

which open nearby ion channels in the post-synaptic neuron. The classical synapse is ax-

odendritic, which means that the synapse is between the pre-synaptic neuron’s axon and

attaches to the dendrite of the post-synaptic neuron. Synapses can either depolarize the

post-synaptic membrane potential (excitatory synapses) or hyperpolarize the membrane

potential (inhibitory synapses), depending on the ion channels they activate. The ion

currents from each activated synapse, called post-synaptic potentials, flow through the

dendrites and are summed in the soma, the cell body of the neuron. If enough excitatory

synapses are active, the neuron will fire an action potential (Figure 1.2).
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Figure 1.1: Schematic of a neuron’s anatomy. Inputs from other neurons synapse at the
neuron’s dendrites. When a synapse is activated by a pre-synaptic action potential, the
pre-synaptic neuron releases chemicals across the synaptic cleft that open ion channels
in the post-synaptic neuron that will change the post-synaptic neuron’s membrane po-
tential. These inputs are summed in the soma and, if beyond a certain threshold, will
cause the neuron to fire an action potential that will electronically propagate down the
neuron’s axon. The axon ends in synapses that in turn supply inputs to other neurons.
From [6].

1.3 Neural Encoding

In general, action potentials are stereotyped: they have the same temporal shape and

voltage amplitude regardless of the neuron or the size of depolarization as long as it is

above threshold [6]. The effect of an action potential on a synapse, on the other hand,

is not stereotyped, and the strength of a synapse (i.e. the size of the PSP generated in

the post-synaptic neuron by the synapse’s activation) can take different values. Linked

together, neurons will send and receive input via action potentials and the effect of those

inputs on each neuron is weighted by its synaptic strengths. This parallels an electronic

network with neurons acting as independent processors and sequences of action potentials

like digital signals.

Cerebral neurons receive information about the external environment via sensory

neurons. Each sensory neuron responds to a single stimulus modality (e.g. cutaneaus,
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Figure 1.2: Schematic of a neuron’s membrane potential when receiving synaptic inputs
as measured in the soma. The resting membrane potential (RMP) of this hypothetical
neuron is -70 mV. An inhibitory post-synaptic potential (IPSP) will cause the membrane
potential to hyperpolarize, or decrease. An excitatory post-synaptic potential (EPSP)
will depolarize, or increase the neuron’s voltage. If an EPSP is large enough, it will bring
the neuron’s voltage beyond threshold (arrow in diagram) and cause it to fire an action
potential, AP. From [6].

auditory, visual, etc.) and putatively encodes the characteristics of the stimuli into action

potential sequences, called spike trains, for further computation in the brain. However,

how neurons encode information into their spike trains is highly controversial [7]. Nev-

ertheless, the method must be robust to noise. Due to the random opening and closing

of ion channels and the vast number of inputs each neuron receives, the firing activity of

most neurons observed in vivo often appears stochastic. Therefore, the average firing ac-

tivity of each neuron is commonly assumed to be the important statistic for information

transmission [9].

More intense input stimuli is hypothetically encoded as an increased spike firing

rate, which is decoded by downstream neurons (Figure 1.3). These downstream neurons

process the input and encode their response into firing rates that will be interpreted by

higher level centres. Note that the existence of a firing threshold makes neural encoding

inherently non-linear. Furthermore, at very low and very high stimulus inputs, the firing

rate dies out or saturates due to non-linearities in spike production (Figure 1.3). But if

information is transmitted in spike trains and computed in neurons, where is it stored in

a neural network?
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Figure 1.3: A plot of the firing rate of electrosensory neurons in weakly electric fish,
Apteronotus leptorhynchus, as the relative stimulus intensity, or contrast, is varied. These
neurons code for the strength of electric signals in the water. Here, the stimulus is low
frequency (fcut = 4 Hz) noise. Spike times were collected for 32 ms after stimulus onset to
avoid adaptation (i.e. a gradual decrease in the firing rate when a stimulus is presented
and maintained). A linear fit (solid black line) accurately reflects the data within the
“coding region” as identified by the vertical lines within the plots. The mean rate of
these neurons, when no stimulus is present (dashed lines), is in the middle of their linear
regime, maximizing sensitivity. Adapted from [10].

1.4 Neural Learning and Information Storage

Analogous to a computer, there are two types of information stored in an organism:

immutable information about the system and environment (i.e. read-only memory)

and current information about the system and environment that can be changed (i.e.

random-access memory). Presumably, the anatomy and genetic code of the individual

bestow some inherent information about the organism at inception, and so data on basic

physiological functions are hardwired into the cerebral architecture. Although it requires

this information, the brain’s fundamental purpose is not to accumulate this type of data.

The brain’s function is to store, recall, and update new information about the state of

the individual and its surroundings. In other words, it learns.

Even before the underlying biological mechanisms were understood, many theorists

have contemplated what method the brain could use for learning. One of the most

influential algorithms was first postulated by Donald Hebb in 1949 [11]. It is based on

a theoretical conjecture about learning: namely, that it relies on the identification of

correlations between events. For example, if you touch a hot stove element, you feel

pain. To learn from this action, the brain must identify the correlation between motor
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movement and pain receptor activity. If these external events had a neural representation,

then learning at the neuronal level would manifest in an increase in the correlation of

one neuron’s activity and another. With repeated pairings, it is possible that touching

a stove element would register pain regardless of the temperature of the object. This is

the crux of Hebb’s rule:

When an axon of cell A is near enough to excite cell B or repeatedly or

persistently takes part in firing it, some growth process or metabolic change

takes place in one or both cells such that A’s efficiency, as one of the cells

firing B, is increased [12].

The mechanism for stable alteration of neural correlations was finally found by Bliss

and Lømo in 1973 [13]. Long-term potentiation (LTP) and long-term depression (LTD)

is a stable increase or decrease, respectively, of the strength of a synapse that depends

on the firing activity of the pre- and post-synaptic neurons. Such synaptic modification

allows the brain to store information, and changes in synaptic strengths induced by

neural activity allows the brain to learn. With different synaptic weightings, neurons

will respond differently to an identical input and perform a slightly different calculation.

Within a network, synaptic plasticity can coordinate the firing activities of dissimilar

neurons such that if one spikes, the other spikes as well. This is the fundamental biological

substrate of classical conditioning reflexes [7].

In a similar argument that led to the rate coding hypothesis of external stimuli, the

mean firing rates of neurons was initially assumed to be the relevant description for the

firing activities of neurons to drive plasticity, and, hence, learning (see [14] and references

therein). The individual spike times of neurons can then be histogrammed to create a

continuous firing rate, and the correlations between pre- and post-synaptic firing rates

drive synaptic plasticity. For example, the synaptic strength increases when the pre- and

post-synaptic spike trains are positively correlated, and the strength decreases when the

spike trains are negatively correlated. Within a network, these rate-based rules could

“tune” each individual synapse to a specific value and, hence, store information. Neural

models based on this hypothesis were able to learn a variety of tasks, and to stably store

many different input patterns [14, 15].

However, neural computation would be delayed if every neuron was required to aver-

age its inputs over time before reacting. For survival, organisms must react quickly to a

sensory stimulus, and experiments have found that an animal’s response is often based

on the order of one spike from their sensory and higher order neurons [9]. Averaging
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over identical inputs instead of time is also not a viable solution since, despite a large

number of neurons in vertebrates, there are many invertebrates that do not have an

abundance of neurons but still react swiftly. Furthermore, investigations into the limits

of perception of humans have observed responses based on single spikes from sensory

neurons. If individual spikes are important carriers of information, then learning based

on mean firing rates only may not be complete.

1.5 Spike-Timing Dependent Plasticity

In 1997, Markram and Sakmann found that LTP and LTD were profoundly affected by

the timing of individual pre- and post-synaptic spike pairs on a millisecond timescale

[16]. In other words, when a pre-synaptic neuron fires in close temporal proximity to the

firing of a post-synaptic neuron, the synapse that connects them will permanently change

its strength and the magnitude and direction of the change depends on the time delay

between the spikes, not on the average spike rate. These spike-timing dependent plas-

ticity (STDP) rules replaced rate-based learning rules as the most biophysically realistic

mechanism for synaptic plasticity.

STDP rules have been subsequently discovered in a diversity of shapes, and each

is presumed to bestow properties on the network it is situated in (Figure 1.4) [11]. For

example, an STDP rule could increase causal relationships in a network if it strengthened

the synapse when the pre-synaptic neuron fired before the post-synaptic neuron and

weakened the synapse when the post-synaptic fired before the pre-synaptic neuron. This

would select for connections where the pre-synaptic neuron induced the post-synaptic

neuron to fire, and attenuate connections where the pre- and post-synaptic neurons have

no correlation. Due to the close correspondence with his initial postulate, an STDP rule

with these qualities is called a Hebbian rule (Figure 1.4A and B). On the other hand,

an anti-Hebbian rule would decrease the correlation in a network (Figure 1.4D). More

generally, STDP rules with LTD greater than LTP can tune the membrane potential of

a cell to just under its threshold, maximizing sensitivity [17]. In addition, anti-Hebbian

learning rules can stabilize positive feedback loops, enabling networks to perform as

neural integrators [18].

STDP has been extended recently by Pfister and Gerstner to include spike triplets

[23]. In this model, spike triplets, one pre-synaptic spike and two post-synaptic spikes,

bestow an increased synaptic effect compared to that predicted by pairing alone, and

the combination of pairs and triplets successfully matched experimental data from the
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Figure 1.4: Examples of different experimental STDP rules in different cerebral areas.
On the ordinate is the time delay between pre- and post-synaptic spikes, the vertical
dotted line representing both spikes occurring simultaneously. A and B are classical
Hebbian rules discovered in the mammalian neocortex [16] and the hippocampus [19],
respectively. D is an anti-Hebbian rule found in a cerebellum-like structure in weakly
electric fish [20]. C and E are symmetric rules discovered at the neuromuscular junction
[21] and in spiny stellate neurons in the neocortex [22], respectively. F is a theoretical
anti-Hebbian rule with associated potentiation and depression. From [11].

visual cortex; a region where STDP based solely on spike pairings failed. Investigations

into bursts, brief sequences of many action potentials, have also revealed non-linear

contributions of spikes beyond the pairing window [24]).

In order for STDP learning to be successful, however, the synaptic strengths must be

relatively stable after plasticity has adjusted the weights to their learned distribution.

This is less tractable than in rate-based models since there are far more fluctuations in

the individual spike times than in the average firing rate. Learning stability also places

restrictions on the types of STDP rules that should be discovered. For example, STDP

rules must have equal areas of depression and potentiation; otherwise, the synapse would

be eventually driven to its maximum or minimum values by the stochastic nature of neural

firing [11]. Presumably, a modifiable synapse is meant to be tuned to an appropriate

value by learning, and if all synapses attain identical values then synaptic plasticity is

irrelevant. Nevertheless, unbalanced rules have been discovered (Figure 1.4C and E),

which suggests that STDP may not fully characterize the plasticity of a synapse.



10

There are also difficulties in the implementation of rules based on individual spike

times in a continuously active network. STDP rules are typically generated with individ-

ual pre- and post-synaptic pairings, but what is the correct rule when both neurons are

producing spike trains? Should a pre-synaptic spike be paired with every post-synaptic

spike? Or do post-synaptic spikes take precedence? When should spikes be grouped

into triplets? Into bursts? Recent experimental work has shown that “nearest neigh-

bour” approaches (pairing each pre-synaptic spike to the closest post-synaptic spike or

vice versa) best reproduce the observed synaptic plasticity, but there are still a variety

of ways to pair neighbouring spikes and each brain region appears to operate under a

different convention (Figure 1.5) [25].

Figure 1.5: Example of the ambiguity of using STDP rules in an active network. i
and j represent a spike train from a post-synaptic neuron and a pre-synaptic neuron,
respectively. This is a common illustration of the activity of a neuron over time with a
spike as a vertical bar whenever the neuron fires. Lines linking spikes between neurons
i and j represent a pairing that induces plasticity with light grey lines indicating a pre-
before post- pair and dark grey lines indicating a post- before pre- pair. The order of the
spikes can often change the sign of plasticity (see Figure 1.4). A depicts a symmetric
interpretation: each pre-synaptic spike is paired with the last post-synaptic spike and
vice-versa. B depicts a pre-synaptic centred interpretation: each pre-synaptic spike is
paired with the last post-synaptic spike and the next post-synaptic spike. C depicts
a reduced symmetric interpretation: pre-synaptic and post-synaptic spikes are paired
symmetrically as in A but only immediate pairings cause plasticity. All of these are
nearest neighbour approaches, and each has been found to fit different experimental
data. From [25].
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1.6 Supervised Learning

Besides STDP, there are other methods hypothesized to function in the brain that could

teach neurons the appropriate correlations between disparate events. Supervised learning

is an alternative method that first employs a learning phase where both the input and

the correct output are provided to the näıve network [7]. The network’s task is then to

create an algorithm that translates input stimuli to output stimuli so novel inputs will

still generate appropriate outputs. This is distinct from standard STDP systems where

learning is unsupervised: the neuron, whose synapses are being adjusted, is unaware of

the correct response. Supervised learning is advantageous theoretically since the learning

algorithm is straightforward, and, because learning is controlled externally, the learnt

correlations are inherently stable.

In neural networks, the correct output would be given by a “teacher” signal, a pow-

erful input that will dictate the cell’s activity. For example, if the cell needs to learn

to fire when two specific inputs arrive, the teacher signal will also arrive with the two

inputs and forcefully depolarize the cell. The neuron must then adjust so that, after

repeated pairings with the teacher, the two specific inputs alone are sufficient to fire the

cell. The biological mechanism underpinning this learning is still the long-term alteration

of synapses, but the presence of a teacher signal that gates the synaptic modifications

creates supervised learning. This has been the prevailing model of the mammalian cere-

bellum to explain how it learns motor patterns [5].

1.7 Cerebellum

The unique attribute of cerebellar structures is a massive number of fibres that run par-

allel to each other and synapse upon an output array of cells layered perpendicularly to

the fibres (Figure 1.6). These synapses are plastic and exhibit both long-term potentia-

tion and long-term depression [26]. Each parallel fibre originates from a granule cell, a

neuron that receives sensory input of different modalities from mossy fibres. Although

the number of granule cells is immense, each granule cell will only activate for a specific

confluence of sensory inputs, leading to very few cells being active at any one time. These

granule cells putatively supply “context” to the output array of neurons. Theoretically,

this so-called sparse coding of the granule cells, coupled with the maximum number of

synaptic contacts between granule cells and output cells, is a favourable architecture for

information transfer and learning [27, 28].
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Figure 1.6: Schematic of the mammalian cerebellum. A illustrates a region of the cere-
bellum in vivo while B simplifies the cerebellar circuitry. Granule cells in the granule
cell layer receive input from mossy fibres and project into the molecular layer, where
their axons form a ‘T’ and create parallel fibres. These parallel fibres then form exci-
tatory synapses onto purkinje cells, the output neurons of the mammalian cerebellum.
In addition, purkinje cells receive a very strong excitatory input from climbing fibres,
which synapse with a single purkinje cell numerous times. Golgi, stellate, and basket
cells are local neurons also found in the cerebellum that receive parallel fibre input and
form inhibitory synapses onto purkinje cells (shown only in A). Purkinje neurons project
to the deep cerebellar nuclei that control motor activity. From [29].

In the mammalian cerebellum, each parallel fibre synapses onto ∼400 purkinje cells,

the mammalian output layer cell, and each purkinje cell receives input from ∼200,000

parallel fibres [28]. Due to a unique one-to-one correspondence, each mammalian purkinje

cell receives very strong excitatory input from one cell in the inferior olivary nucleus.

An important feature of the cerebellar physiology is the control of synaptic plasticity

at the parallel fibre-purkinje cell synapse by the inferior olivary nucleus. If both the

parallel fibre and purkinje cell are simultaneously active, the synapse will exhibit spike-

timing dependent potentiation. However, if the parallel fibre input coincides with the

inferior olivary nucleus’ activity, then the parallel fibre-purkinje cell synapse will exhibit

spike-timing dependent depression [11]. Since the inferior olivary input is an external

signal, the cerebellum exhibits a form of supervised STDP learning with the inferior



13

olivary nucleus as the teacher. The function of cerebellar learning was thought to detect

patterns of sensory activity to coordinate motor commands [27].

Recently, a new hypothesis has emerged about the function of the cerebellum: that

it operates as an adaptive filter [30, 5]. If granule cells could perform as highly selective

sensory filters, then the plastic parallel fibre network would supply an ideal input frame-

work to purkinje cells that neural learning can shape for important applications such as

memory storage [31] or signal transformation [3]. However, both adaptive filtering and

pattern recognition theories are still controversial, as not all of the components of either

theory are discovered. For example, the delay window for synaptic depression at the

parallel fibre-purkinje cell synapse is tightly constrained theoretically, but a much wider

window has been found in mammals [11]. In addition, appropriately strong potentia-

tion has yet to be found at the synapses, making unlearning or “forgetting” a pattern

impossible.

Cerebellar structures have been found in other systems as well, and without the

unique input from an inferior olivary nucleus analog. This has led to a reconsideration

of the function of the cerebellar architecture and the importance of the IO nucleus. One

hypothesis is that cerebellar structures may not be pattern detectors or learning devices

but suppliers of precisely timed signals. Due to the slow transmission velocities of par-

allel fibres and the sequential layering of purkinje cells, the cerebellum could accurately

identify temporal delays between different sensory inputs. For example, auditory local-

ization in teleosts, a species of fish, occurs in a cerebellum-like structure [32]. Granule

cells driven by different ears would fire at different times based on the location of an

auditory stimulus, and the position of the purkinje cell that received inputs from both

parallel fibres coincidentally would code for the relative delay [32]. Evidence of STDP at

the parallel fibre-purkinje cell synapse in some species, however, has led back to the hy-

pothesis of adaptive filtering, but, importantly, unsupervised learning is exploited instead

of supervised learning to teach the synaptic strengths [4, 3].

1.8 Weakly Electric Fish

One of the organisms that employs an unsupervised learning rule in its neural sensory

processing is the weakly electric fish. These fish emit electronic signal called an electric

organ discharge (EOD) to sense their surroundings (Figure 1.7). Operating similarly

to echolocation, this discharge interacts with objects in the water, creating amplitude

modulations (AMs) of the EOD [33, 34, 35]. These signals are sensed by electroreceptors
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on the fish’s skin, which linearly encode the AMs into their firing rate modulation and

transmit this signal to neurons in the sensory processing centres in the brain [36, 10].

The EOD is used to both search for prey and communicate to conspecifics (i.e. other

fish of the same species). Unfortunately, these two tasks often interfere. For example,

communication signals are “global” signals, as they have a large spatial extent, and will

produce a strong AM over the entire surface of the fish. This can overpower weaker

localized stimuli, such as prey, that may also be present [37, 34].

Although electroreceptors always faithfully encode the amplitude modulations of the

EOD, neurons in the electrosensory processing station in the fish’s brain, a cerebellar-

like structure, are known to become desensitized to global predictable inputs [38]. In

other words, this network identifies and eliminates extraneous signals to maximize the

detection of novel stimuli, which solves the cocktail party problem. Investigations into

the electrosensory system are aided by the simplicity of the input stimulus: a sinusoid. In

addition, electronic signals can be easily recorded and modified for precise experimental

control of the input to the neural network. Furthermore, brain homology in basic sensory

processing allows results from weakly electric fish to be transferred to more advanced

neural systems, such as the mammalian cerebellum and the dorsal cochlear nucleus [3].

Thus, weakly electric fish present an ideal model organism to explore cerebellar-like

structures and adaptive filtering in the brain.

A previous study by Roberts and Bell has deduced how mormyrids, a species of

weakly electric fish, cancel global redundant signals using a neural network [40]. These

fish emit a discrete, pulsatile EOD and adaptively cancel signals that constantly recur

after each pulse, putatively by an STDP rule that is found in their sensory processing

centre. Roberts and Bell showed through computer simulations that the STDP rule

together with the neural architecture in the mormyrid brain is sufficient to reproduce

the adaptive cancellation observed in vivo. This is a rare study that determined how

a physiological function was executed using a realistic neural network, and the present

investigation follows the same approach.

In this thesis, adaptive cancellation in another species of weakly electric fish, apter-

notids, is explored. These fish produce a continuous EOD, which complicates the iden-

tification and removal of predictable signals. Furthermore, because of beat signals be-

tween conspecific’s EODs, effective cancellation in apteronotids must occur at a range

of frequencies, not just the pulse frequency. Analogous to mormyrids, a plasticity rule

has been found in the apteronotid electrosensory processing network, but it is a unique

spike-timing rule that has not been found in any other organism. Unlike previous STDP



15

Figure 1.7: Overview of weakly electric fish. Their electric sense is used for both commu-
nication (a global signal) as well as prey detection (a local signal), shown in A. Coloured
lines represent iso-potential surfaces. A plot of an apteronotid’s typical EOD is shown in
B, which maintains a constant frequency and amplitude. Stimuli from the environment
create amplitude modulations of the EOD carrier, shown in C, which are encoded by
sensory neurons on the fish’s skin and transmitted to higher brain centres. Adapted from
[39].

models, single pre-synaptic and post-synaptic spike pairings have no effect on the synap-

tic strength [41]. However, pairing pre- and post-synaptic bursts do alter the synapse,

and the size of the burst (i.e. the number of spikes it contains) non-linearly affects the

magnitude of the induced plasticity. This is a novel form of plasticity whose ramifica-

tions for network function are unknown. Nonetheless, the function of the network and its

inputs are well-documented, allowing a connection between a synaptic mechanism and

overall network behaviour.

Results from weakly electric fish can be extended to other cerebellar structures and

to all biological systems that putatively function as adaptive filters. The study of apter-

notid input cancellation also extends the concept of unsupervised spike-time dependent

plasticity rules to include groups of spike events and not just single spikes. This is an

opportunity to investigate the computational significance of unique plasticity rules, to

gain insight into cerebellar structures, and to understand the implementation of sensory

processing functions in neural networks.
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1.9 Organization of Thesis

The goal of this thesis is to investigate how adaptive filtering is achieved in the elec-

trosensory processing station in Apteronotus leptorhynchus. The hypothesis is that the

known architecture of this neural network combined with the novel plasticity rules is

sufficient to recreate the adaptive cancellation seen in vivo. To this end, a minimal but

biophysically realistic computational model of the cancellation circuitry in the ELL is

constructed. This model will be compared to experimental data collected by electric fish

physiologists at the University of Ottawa. Although this structure is known to cancel

global signals with a finite frequency bandwidth, for simplicity the sensory processing

task that the model will be charged to reproduce is the cancellation of monotone stimuli

over the frequency range where cancellation is known to occur. This study also attempts

to answer the following questions:

1. Are either or both of these burst rules sufficient to reproduce the adaptive cancel-

lation seen in vivo?

2. What predictions of the model can be made about the biological system?

3. What is the computational effect of multiple burst rules operating concurrently?

4. Can the model’s dynamics be predicted analytically?

Chapter 2 provides a background on the biological circuitry of the ELL and the ex-

perimental data. It also identifies the protocols to obtain the data, and how the data and

the model will be compared. In Chapter 3, the model is constructed and the numerical

methods that simulate the model are outlined. Chapter 4 reviews the procedure to fit the

model to the experimental data. Chapter 5 is a submitted manuscript that details the

results of the model and its predictions about the dynamics of the biological circuitry.

In Chapter 6, the behaviour of the model itself is investigated analytically to explore

the effect of the burst plasticity rules and periodic cancellation feedback in general. The

results of this thesis are compared to other work and placed into context in the discussion

and finally summarized in the conclusion.



Chapter 2

Biological Background and

Experimental Data

This chapter presents a brief background on the physiological details of weakly electric

fish, their electrosensory input, and the circuitry that putatively causes sensory input

cancellation. Experimental protocols used to collect the data in vivo are explained, the

data is presented, and the statistics used to compare the data to the model are described.

Experimental data was recorded by a collaborator, Dr. Gary Marsat, a postdoctoral

fellow working in Prof. Maler’s lab at the University of Ottawa.

2.1 Weakly Electric Fish

Apteronotus leptorhynchus is a species of weakly electric fish that continuously emits a

high-frequency (600-1000 Hz) sinusoidal electric organ discharge (EOD) into its environ-

ment to sense its surroundings and communicate to conspecifics. Small objects in the

environment such as prey will create spatially localized amplitude modulations (AMs)

of the EOD, whereas tailbending or communication signals will induce spatially global

AMs [33, 34, 35]. AMs are detected by electroreceptor afferents that densely cover the

body of the fish [36, 10], and linearly encode these signals into their firing rate mod-

ulation (see Figure 1.3). Electroreceptors provide feedforward input to pyramidal cells

in the electrosensory lateral line (ELL), the first electrosensory processing structure in

the brain [42, 43]. Pyramidal cells then project to deeper brain centres for higher level

cognitive functions.

Each pyramidal neuron receives electroreceptor input from only a small region of the

17
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fish’s skin, called a receptive field. Based on their response to electroreceptor activity,

pyramidal neurons are classified into two groups: E cells, which direct excitatory elec-

troreceptor input, and I cells, which receive electroreceptor input through an inhibitory

cell. Therefore, E cells increase their firing rate to increasing sensory stimuli, while the

response of I cells is inverted.

When the stimulation is a small object exciting the receptive fields of only a few

pyramidal cells (local stimulation), their firing activity will be strongly modulated by

the AMs generated by the stimulus [44]. These pyramidal cells will also burst more

frequently, an event implicated in increased information transfer to downstream neurons

[45]. As very few neurons code for this stimulus, local stimulation is a novel event, and

it is faithfully transmitted to higher brain centres. However, when the stimulation is a

large AM across the entire body of the fish (global stimulation), such as two EODs of

different frequencies beating together, many pyramidal receptive fields are being similarly

stimulated and encoding the same information. The removal of global signals from at

least some of the neurons would therefore aid in identifying local stimuli that may also

simultaneously exist.

Figure 2.1: Schematic of local and global stimulation of Apteronotus leptorhynchus. The
purple neuron is a superficial pyramidal cell. Small, local stimuli such as water fleas,
the fish’s prey, in the receptive field of a superficial cell will cause a strong modulation
in the firing rate of the pyramidal cell and induce bursting. If the stimulus has the
same intensity but is global in extent, the superficial cell’s firing rate is only weakly
modulated and burst production is minor. In both cases, the electroreceptor input to
the superficial pyramidal cell is identical. However, the feedback pathway is only active
during global stimulation. This feedback putatively cancels the feedforward signal by
creating a “negative image” that destructively interferes with the electroreceptor input.
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Previous studies have found that a subpopulation of the E and I pyramidal cells in

the ELL do adaptively cancel global, predictable signals in their electroreceptor input

(Figure 2.1). These cells are called superficial cells as they are found in the most dor-

sal section of the ELL [46]. Cancellation mitigates the firing rate modulation of these

cells compared to the modulation induced by a local stimulus of the same strength and

AM frequency, which reduces the number of bursts generated and putatively changes

the signal to downstream neurons. The strength of the cancellation response, however,

weakens as the AM frequency increases (Figure 2.2). Although the functional reason for

this cancellation decay is unknown, effective cancellation is importantly still maintained

in the 0-16 Hz bandwidth, where prey signals are most likely to appear [33].

Figure 2.2: Superficial cell activity during local (black) and global (grey) stimulation.
A depicts two input signals of different frequencies: a 2 Hz amplitude modulation of
the EOD and a 20 Hz AM. B illustrates the typical experimental recording of the su-
perficial neurons by an electrode during two cycles of stimulation. After many stimulus
presentations, raster plots (C) of the firing times with respect to the phase of the input
stimulus can be created. The bursty nature of the neuron’s response to local stimulation
is evident. Global stimulation mitigates the fluctuations of the firing rate, but only at
low frequencies: at 20 Hz, local and global responses are almost identical.

Similar to purkinje cells in the mammalian cerebellum, superficial cells also receive

massive numbers of inputs from parallel fibres as well as inhibitory cells driven by par-

allel fibres (Figure 2.3) [47]. These parallel fibres originate from granule cells in the

cerebellar-like posterior eminentia granularis (EGp). Granule cells are driven by another

population of pyramidal cells, called deep cells, that are not synapsed by parallel fibres

and do not exhibit a cancellation response [38]. Deep cells faithfully transmit the AM
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signal regardless of the stimulus’ spatial extent and project to neurons in the nucleus

praeminentialis (nP), which provide input to the granule cells [36].

The circuit from deep cells to granule cells and back to superficial pyramidal cells

via parallel fibres is called the feedback pathway. This feedback is known to produce

the adaptive cancellation response seen in superficial pyramidal neurons since chemical

or surgical blockade of the pathway reverts the superficial cell firing activity to local

stimulation during a global stimulus [38]. Crucially, the feedback is only active when the

stimulus has a large spatial extent; local stimulation (i.e. prey) alone is insufficient to

activate this input.

Figure 2.3: Schematic of ELL circuitry in Apeteronotus leptorhynchus. There are four
types of pyramidal neurons in the ELL: plastic, p, and non-plastic, np, (also known as
superficial and deep, respectively) as well as E and I. E neurons receive input from ex-
citatory electroreceptors directly whereas I neurons receive electrosensory input through
an inhibitory neuron and so decrease their firing rate to increases in electroreceptor in-
put. If, and only if, the sensory input is global in extent will granule cells, Gr, become
active. Granule cells project back onto superficial pyramidal cells, which putatively al-
low cancellation of predictable input signals. Granule cells also activate stellate cells,
St, which provide disynaptic inhibition. Deep cells project to the nP and initiate the
feedback pathway, but do not receive granular input themselves. Adapted from [38].

Unfortunately, due to their small size, the firing activity of the granule cells in elec-

tric fish is unknown. Nevertheless, in vitro and in vivo studies have shown that similar

granule cells in mammals tend to burst to specific natural sensory input but are oth-



21

erwise silent [48, 49]. Furthermore, in vitro investigations by D’Angelo discovered that

granule cells typically burst at the same phase of a periodic stimulus, regardless of the

stimulus frequency [50]. This phenomenon is known as phase-locking, and granule cells

in Apteronotus leptorhynchus likely phase-lock to the AM frequency since they are driven

by deep cells whose firing rate is linearly modulated by the input stimulus.

However, even if granule cells burst synchronously, their input will not reach super-

ficial cells at the same time because of the parallel fibre network architecture. Parallel

fibres are thin, unmeylinated axons, making action potential propagation extraordinarily

slow, and each parallel fibre traces out a unique distance from every granule cell to each

superficial cell. Depending on the spatial location of each cell in its respective structure

as well as the relative location of the structures themselves (e.g. same side, ipsilateral,

or opposite side, contralateral, of the brain) [47], the parallel fibres that synapse onto

any one superficial cell will have a variety of lengths. In addition, granule cells will not

be active simultaneously because of phase differences in their input from different path

lengths between deep cells and granule cells [36]. Consequently, there are a diversity of

time delays in the feedback pathway (Figure 2.4).

Therefore, the cancellation problem for each superficial neuron at each AM frequency

is how it can remove a feedforward input signal using a feedback pathway composed

of bursting granule cell input at a multitude of fixed delays compared to the stimulus

to be cancelled. The answer is thought to involve synaptic plasticity at the parallel

fibre-superficial cell synapse, which was recently discovered in the centro-lateral segment

(CLS) of the ELL [41]. Although single spike pairings had no effect, long-term depres-

sion was induced by pairing a 2-spike parallel fibre burst with a 2-spike superficial cell

burst. Similarly, pairing 4-spike bursts also depressed the synapse, and by a much larger

magnitude (Figure 2.5).

This plasticity could alter granule cell input at each delay to shape the feedback and

produce a “negative image” of the electroreceptor input to cancel it. Further, contin-

ual operation of synaptic plasticity allows the network to adapt to novel global signal

frequencies and strengths. Thus, the ELL putatively creates an adaptive filter to solve

a simplified version of the cocktail party problem. Redundant signals are identified by

their spatial extent, which activates the feedback pathway. The granule cells filter the

stimulus and supply a delayed input framework to superficial pyramidal cells. Burst-

induced synaptic plasticity then alters the weight of each granule to adaptively cancel

the extraneous input.

To test if these components are sufficient to remove redundant stimuli and reproduce
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Figure 2.4: An outline of the variety of anatomical delays in the feedback pathways.
Deep cells (DP) in the left and right sides of the ELL project to the nP which in turn
projects to the EGp. In the EGp, granule cells from either side propagate many parallel
fibres down to the entire ELL. Blue arrows indicate input from the right ELL and red
arrows indicate input from the left ELL. Solid and dashed thin lines represent parallel
fibres from the left and right EGp, respectively. There are varying transmission delays
due to the physical extent of the ELL as well as the different distances between a given
granule cell and each SP cell it synapses upon. The points at which varying delays can
occur are listed as ∆T 1 through 6.

in vivo cancellation, a model of the ELL architecture in the CLS and the firing behaviour

of superficial E cells was constructed in this thesis. This model must be biologically

realistic, and so was constrained to fit available experimental data.

2.2 Experimental Data

2.2.1 Neural Spiking Statistics

Since the only output of a neuron to other neurons are spike trains, this is considered

the only important data to recreate in a model. However, the structure of spike trains

can be very complex, and the effect of model inputs on the spike train is non-linear,

making parameter fitting difficult. The critical statistics of spike trains that will be used

to compare the data and the model in this thesis will be the average spike rate, the

periodic modulation of the spike rate given a periodic stimulus, and the 2- and 4-spike

burst rates.
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Figure 2.5: In vitro single spike and burst-induced synaptic plasticity at the PF-SP
cell synapse discovered by Harvey-Girard et al. [41]. The experimental method is as
follows: the synaptic strength was measured initially by stimulating a parallel fibre
to generate a post-synaptic potential and recording its maximum amplitude. Pre- and
post-synaptic events (either single spikes, 2-spike bursts, or 4-spike bursts) were paired at
different delays as numerated on the abscissa. After 100 pairings, the synaptic strength
was remeasured and the difference as a percent of the original strength is plotted on
the ordinate. Results are averaged over 5 recorded cells and the error bars are the
standard deviation. A illustrates the plasticity induced by single spikes while B shows
the plasticity induced by bursts. The dotted lines denotes no change in synaptic weight
strength. Data from [41].

The output of a neuron is still considered to be encoded in the average firing rate of

a neuron, as outlined in Chapter 1 [7]. Even with interest in the timing of single spikes,

the mean rate is still an important metric. Furthermore, deviations from a neuron’s

spontaneous rate may indicate a decreased sensitivity to inputs because of the non-linear

nature of spike production (Figure 1.3).

When the stimulus is periodic, it is convenient to create a post-stimulus time his-

togram or PSTH (Figure 2.6). This is a histogram of spike times that is synchronized

to the frequency of the input and will show the average modulation of the firing rate

over the period of the input from 0 to 2π [9]. For all PSTHs in this thesis, the period

is discretized into 20 bins. Sometimes there is a difference between the phase of the

external stimulus and the phase of the firing rate modulation of the neuron, which can

be easily identified with a PSTH. This phase shift is due to the computational delay of

a neuron receiving an input before firing, and perhaps also the transmission delay of the

stimulus from sensory neurons to the recorded neuron.

Another statistic that will be used to compare data and the model is cancellation,

which compares the strength of the firing rate modulation in two different paradigms.

The strength of the modulation is obtained by fitting a sine wave to the PSTH and

recording the sinusoid’s amplitude (Figure 2.6). Cancellation during global stimulation
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is defined as

Cancellation =

(
1− Ampglobal(f)

Amplocal(f)

)
x100%

so that if the global modulation is identical to the local modulation, then cancellation is

zero.

Figure 2.6: Example of a post-stimulus time histogram (PSTH). A neuron is stimulated
with a sinusoidal input (A) in its receptive field, and its action potentials are observed
using an electrode. After many stimulus cycles, the action potentials are binned accord-
ing to the phase of the input stimulus when they occurred (B). The number of action
potentials per bin is translated to a firing rate by dividing by the temporal length of the
bin: ∆t = T/20, where T is the period of the stimulus. The phase shift between the
input stimulus and the neuron’s response is evident. The PSTH is often represented as
a continuous function (C) for clarity. Also shown is a sinusoidal fit of the PSTH (solid
grey line). The amplitude, Amp, of the fitted sinusoid is the modulation of the PSTH,
which is used to calculate cancellation. The dashed grey line is the average value of the
fitted sinusoid. The firing response illustrated here is from a superficial cell during 16
Hz global stimulation.

The grouping of spikes is also an important characteristic of a spike train. There

is gathering evidence that bursts can operate as an alternative information event to

single spikes that can aid in transmission reliability [51] or increase information channel

capacity [52]. Bursts are a fast sequence of spikes that are considered a single composite

event. It is often beneficial to define bursts in a system if post-synaptic neurons respond

non-linearly to a brief sequence of spikes and the relative timing of spikes within each

burst is unimportant.

In electric fish, bursts are known to selectively encode low frequency stimuli (0-10 Hz)
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[45] such as prey to the ELL and higher order centres and to drive synaptic plasticity at

the superficial cell-parallel fibre synapses [41]. Although there is no universal consensus

to the definition of a burst, bursts in the model and the experimental data must be

consistent with the bursts that induced plasticity experimentally. The 2-spike and 4-

spike bursts that induced plasticity in vitro (Figure 2.5) were spike sequences with 10 ms

intervals between spikes and either 2 or 4 spikes in a sequence. For generality, a 2-spike

burst in this thesis was defined to be 2 spikes within 15 ms and a 4-spike burst was defined

to be 4 spikes within 45 ms (Figure 2.7). However, decreasing the burst definition to a

12 ms or 10 ms inter-spike interval (i.e. time between spikes) had a negligible impact on

model fitting and behaviour. In parallel to the mean firing rate, the 2-spike and 4-spike

bursts rates are the average number of bursts of each kind that occur during stimulation.

Note that a 2-spike burst is not identified within a 4-spike burst and a single spike can

never be in multiple bursts.

Figure 2.7: Temporal organization of spikes. These two spike trains have the same
average firing rate but are organized differently and may code different information. The
burst definitions used in the model are identified in the second spike train: a 2-spike
burst occurs whenever there are 2 spikes within 15 ms of each other; a 4-spike burst
occurs when there are 4 spikes within 45 ms of each other.

2.2.2 Surgery and In Vivo Recordings

All experimental preparations and cellular recordings were performed by Dr. Gary

Marsat, a collaborator in a weakly electric fish laboratory operated by Prof. Len Maler

at the University of Ottawa. Apteronotus leptorhynchus was placed under general anaes-

thesia (tricaine methanesulfonate, Finquel MS222, Argent Chemical Laboratories, Red-

mond, WA) with oxygenated water pumped past its gills during surgery. A small incision

was made at the top of the head and a portion of the skull was removed to expose the

ELL region of the brain. Local anaesthetic was injected into the head opening and the

fish was revived, paralyzed with curare, and placed into a holding cell in an experi-
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mental tank with water between 25◦C and 27◦C and conductivity around 200 S (for

more information, see [53, 54]). The wound was positioned above the water during all

experiments.

In vivo recordings were accomplished using KAc-filled borosilicate intracellular elec-

trodes. The anatomy of the ELL is well established, and medio-lateral and dorsal-ventral

positions of the electrode were monitored to estimate which segment of the ELL(lateral,

centro-lateral, centro-medial, medial) the electrode was in. Superficial pyramidal neurons

were determined based on their dorsal-ventral positions, their firing rates, and their can-

cellation of low frequency global stimuli. All procedures were approved by the University

of Ottawa Animal Care Committee.

Stimuli consisted of amplitude modulations of the fish’s EOD. Global stimulation

was delivered through 2 large dipoles on opposite sides of the fish. Local stimulation was

produced by first mapping the receptive field of a recorded pyramidal neuron and placing

a dipole at its receptive field centre. To create amplitude modulations, the EOD of the

fish is continuously sampled and the dipole emits a monotonic electric signal which has

a frequency equal to the fish’s EOD plus the AM frequency to be investigated. Thus, to

analyze a 20 Hz AM, the dipole’s signal is at a frequency of the fish’s EOD +20 Hz. The

intensity of either stimulation paradigm created a 10-15% modulation of the fish’s EOD

when measured near the surface of the cell’s receptive field. This intensity is within the

linear coding region of electroreceptors (see Figure 1.3).

2.2.3 Local and global stimulation data

From experimental recordings, the mean firing rate, 2- and 4-spike burst rate, and PSTH

of recorded superficial pyramidal neurons during local and global stimulation at AM

frequencies of 0.5 Hz, 1 Hz, 2 Hz, 4 Hz, 8 Hz, 12 Hz, 16 Hz, 20 Hz, and 32 Hz are known

(Figure 2.8 and 2.9). The amount of cancellation can be calculated from the local and

global PSTHs and will also be compared between experiment and model. In addition,

under spontaneous conditions (i.e. no AM stimulus presented), the average firing rate

of the recorded neurons was 9.5 Hz.

Since superficial E pyramidal neurons in the ELL receive electrosensory input via

electroreceptors, there is a response delay between the neuron’s PSTH and the input

stimulus. As mimicking the transmission time was not a goal of the model, the exper-

imental data was shifted to optimally overlap the stimulus during local stimulation at

each AM frequency independently (Table 2.1). Identical phase shifts were employed to
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Frequency (Hz) Phase shift Temporal shift (ms)
0.5 −3π/10± π/20 −300± 50
1 −3π/10± π/20 −150± 30
2 −2π/10± π/20 −50± 10
4 −2π/10± π/20 −25± 6
8 0± π/20 0± 3
12 0± π/20 0± 2
16 2π/10± π/20 6± 2
20 3π/10± π/20 8± 1
32 5π/10± π/20 7.8± 0.8

Table 2.1: Phase shifts used to align the local PSTH data of superficial cells with the
stimulus. The phase shifts can represent temporal delays of computation, and so the
time delays are also listed. A negative phase shift implies the PSTH of the superficial
cell was leading the stimulus (i.e. the peak of the neuron’s firing rate occurred before the
peak of the stimulus). These same phase shifts were used to modify the PSTHs recorded
during global stimulation.

adjust the data during global stimulation. Note that the large negative phase shifts at

low frequencies is likely due to the adaptation of the electroreceptors, which would cause

the firing rate to peak even as the stimulus was increasing, leading to the cell’s response

leading the stimulus.



28

Figure 2.8: In vivo experimental data of the superficial cell response to local stimulation.
(A) PSTHs with average firing rates (dashed lines), as well as (B) 2-spike and 4-spike
mean burst rates have been recorded by Gary Marsat. The decrease in the maximum
firing rate of PSTHs at frequencies below 4 Hz is indicative of electroreceptor adaptation.
The poor response to 32 Hz suggests that this forcing frequency may be too high for the
pyramidal neuron to track optimally. Note that the 2-spike burst rate is maximum at
12 Hz due to the selection of 4-spike bursts in the spike train, which, because of the in-
dependent spike requirement of individual bursts, decreases the 2-spike burst rate when
4-spike bursts are numerous (i.e. at low frequencies). If the independent spike require-
ment is removed, the model and experimental burst rates are inversely proportional to
AM frequency (see Section 6.1.1).
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Figure 2.9: In vivo experimental data of the superficial cell response to global stimula-
tion. (A) PSTHs with average firing rates (dashed lines), as well as (B) mean 2-spike
and 4-spike burst rates and (C) mean cancellation data have been recorded by Dr. Gary
Marsat. Experimental cancellation is effective for AM frequencies less than 10 Hz but
deteriorates sharply for higher frequencies. The cancellation is negative at 32 Hz be-
cause the firing rate modulation was higher during global stimulation than during local
stimulation (compare the PSTH at 32 Hz in this figure with Figure 2.8).



Chapter 3

Modelling Methods

In this chapter, the basic methodology of neural modelling in this thesis is outlined.

Each element of the biological cancellation network described in the previous chapter is

transformed into a mathematical framework to assemble the neural model. Details of

the numerical methods to simulate the system are also provided.

3.1 Neural Modeling

Neurons actively separate charges across their cellular membrane to create a potential

difference between the extracellular fluid and the cell interior. The neuron then acts as

a capacitor, and ion channels in the membrane create currents that change the voltage.

Due to different densities of ion channels and varying morphological features, the volt-

age difference across the membrane need not be the same in all regions of the neuron.

However, if the dendrites of the neuron are short and have low resistance, the cell can

be approximated as electronically compact and modelled as a single compartment with

the following governing equation for a capacitor [7]:

C
dV

dt
=
∑
i

Ii (3.1)

where C is the membrane capacitance, V is the voltage difference across the membrane,

and Ii is the electric current through the membrane by channel i. Most of the current

into the neuron is supplied by ion channels that are selectively permeable to a single ion.

The amount of current that flows through the cellular membrane depends on the voltage

difference of the membrane, the concentration difference of all the permeable ions, and

30
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the conductance of the ion channels.

Typically, the current of a channel that is permeable to only one ion is modelled as

g(Erev−V ), where g is the conductance of the channel and Erev is the reversal potential of

the ion, which depends on the ion concentration and the temperature. If the membrane

potential equals the reversal potential, then the electrical and diffusion potentials for

that ion are equal and no net current crosses the membrane (for more information, see

[8]). The sum of the reversal potentials of all active ion channels, weighted by their

conductances, defines the resting potential of the cell. The conductance, g, may change

as a function of voltage, firing history, or other ion concentrations.

Once the cell’s membrane potential reaches a certain voltage threshold, potassium and

sodium ion channels with non-linear conductance relationships to the membrane voltage

create the stereotyped action potential response of the neuron. The ion channel dynamics

that allow the neuron to spike are well known but complex and computationally expensive

[7]. Since a neuron always fires after its membrane potential is sufficiently depolarized,

it is convenient to replace the firing dynamics with a voltage threshold. Whenever the

membrane potential exceeds this threshold, Vthresh, the membrane potential is reset to

its resting potential, Vr, and a spike is said to have occurred at this time. Thus, only

subthreshold currents need to be reproduced, which can be simulated with different levels

of detail. In the simplest model, all ion channel conductances are assumed to be constant

and can be summed together to create one leak term. In this way, the cell can be modelled

as a capacitor and resistor in series, which has the following governing equation:

C
dV

dt
= gm(Em − V ), (3.2)

where Em represents the combined reversal potentials of all ion channels in the mem-

brane, and gm represents the total conductance. Dividing equation 3.2 by this conduc-

tance gives

τm
dV

dt
= Em − V. (3.3)

In other words, the membrane potential changes to minimize the net current through

the membrane, and any disturbances of the voltage around the reversal potential Em

will decay exponentially back to Em with time constant τm. This approach to simulating

neurons is called the leaky integrate-and-fire (LIF) model, and it is one of the simplest

models of a neuron. Nevertheless, the non-linear nature of neural computation is still

present in the voltage threshold. If the refractory period of a cell, τr, is added (a natural
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firing dead time after a neuron has fired that prevents it from firing again), then the

voltage is artificially held at its rest value until the refractory period is over. Non-

dimensionalizing the reversal potential in terms of the voltage difference, Vthresh − Vr,

and the time in terms of τm, the canonical form of the LIF model is obtained:

dV

dt
= I − V (3.4)

where V is the non-dimensionalized neuronal membrane potential and I is the non-

dimensionalized reversal potential, commonly called the bias current. Often, Vthresh is

set to one and Vr is set to zero. Since this equation is deterministic, the cell will fire at

an exact frequency if the current is constant and greater than threshold.

A realistic neuron in the brain, however, never has a constant input; it is constantly

bombarded with synaptic inputs from a variety of other neurons, as well as inputs from

glial cells, movements of ions in the cell structure, and random opening and closing of

ion channels in its membrane. Since only the firing rate over a timescale of seconds is

usually important, it would be fruitless to model all of these microscopic mechanisms

individually, and so they are often collectively modelled using Gaussian white noise. This

assumes that all of these current sources are at least weakly independent, which is a fair

approximation. Thus, Gaussian white noise is included in LIF models to simulate the

random firing patterns of realistic neurons. Interesting effects can be obtained in a non-

linear system with a subthreshold input and the addition of noise, such as stochastic

resonance [55] or coherence resonance [56], where noise is actually beneficial to signal

detection. However, these behaviours are beyond the scope of this work. If Gaussian

white noise is added to the model, the non-dimensionalized equation becomes

dV

dt
= I − V + σξ(t), (3.5)

where ξ(t) is uncorrelated Gaussian white noise (E{ξ(t)ξ(t′)} = δ(t − t′); E{} is the

expectation operator taken over different realizations of the noise process) and σ is a

parameter that controls the noise intensity. Stochastic LIF models have been used previ-

ously to simulate neurons in the ELL of electric fish [57], as they achieve an appropriate

balance between biological realism and computational simplicity.
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3.2 Modelling the ELL

The method chosen to investigate the ELL neural network in this thesis is to create a

minimal model. A minimal model is useful because it is computationally efficient, it

is analytically tractable, and its results are straightforward to interpret. This approach

attempts to distill each component of the original system into its basic form, and removes

superfluous influences that are not critical to the system’s performance. In this section,

each element of the biological network is simplified to a mathematical representation and

added to the stochastic LIF model. The governing equations of the model are provided

at each step to illustrate the assembly. The parameters identified in this section are fitted

to the experimental data in the following chapter.

3.2.1 Superficial pyramidal neurons

The firing activity of superficial cells is fully simulated in the model because they exhibit

the redundant input cancellation to be investigated in this work. For simplicity, the

leaky integrate-and-fire (LIF) framework with Gaussian noise was used to model their

firing activity:

τm
dV

dt
= I − V + σξ(t). (3.6)

As will be described below, the source of the input current and noise to the pyramidal cell

in this model are electroreceptors, granule cells, and inhibitory cells in the ELL. Indepen-

dently simulating each neuron in the network would be computationally uneconomical,

so the firing behaviours of neurons other than the superficial cell will be approximated

based on previous experimental studies. Their effect on superficial cells can then be

estimated.

3.2.2 Electroreceptors

Electroreceptor afferents densely cover the skin of weakly electric fish and are the primary

sensors of the EOD. These neurons phase-lock to its frequency, but, because the EOD is

at a much higher frequency (600-1000Hz) than the average firing rate of the neurons (191

± 81Hz), electroreceptors exhibit “skipping:” firing always at the same phase of the EOD

cycle but randomly missing some EOD periods [10, 58]. Nevertheless, moderate intensity

amplitude modulations of the EOD, which carry information about the environment, are

almost always linearly encoded by these afferents (Figure 1.3) [10]. The exception is



34

at very low AM frequencies, where the afferents adapt to a slowly modulating input to

minimize changes in their firing rate [59].

Electroreceptors project to pyramidal neurons in the ELL to provide informtion about

the external surroundings. Since each spike of an afferent is a unique, excitatory input to

a superficial pyramidal cell, electroreceptor input could be modelled as a modified Poisson

process during stimulation. However, many afferents converge onto one pyramidal cell

and their baseline firing rate is very high (∼200 Hz [10]), so the diffusion approximation

can be used to simplify the feedforward input as a bias current and a Gaussian noise

source with standard deviation σ [60]. Because the afferents are linear encoders, an

amplitude modulation at a single frequency can be modelled as a sinusoidal variation of

the electroreceptor firing rate and, hence, input. Afferent input is also strictly excitatory,

so this input is rectified, and, since this input is passed through a synapse and a dendritic

tree, the noise is low-pass filtered:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] . (3.7)

In this model, [. . .] denotes rectification and ξL(t) denotes low-pass filtered Gaussian

white noise. The contrast, κ(f), is defined as the percent modulation of the electrore-

ceptor’s firing rate given an AM at a specific frequency. Experimentally, all AMs are

presented to the fish at the same relative intensity, but, due to the adaptation of elec-

troreceptors, the modulation of their firing rate will change at low AM frequencies.

Hence, κ(f) was identical for all frequencies except those less than 4 Hz, where afferent

adaptation becomes significant. These low frequency contrasts were individually fitted.

3.2.3 Depolarizing after-potential

The burst rate of superficial neurons in the ELL is important not only for signalling to

downstream neurons but also for learning at the parallel fibre-superficial cell synapse.

Therefore, it is crucial to accurately mimic the bursting behaviour of these cells in the

model. The superficial neuron’s propensity to burst is due to a phenomenon called the

depolarizing after-potential or DAP. This effect has been studied extensively [61] and

has been simplified to a LIF-DAP framework [57], which was also used in this model:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) (3.8)

Briefly, after the neuron generates an action potential that propagates down the axon,
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the depolarizing current in the soma will also back-propagate into the dendrites of the

cell. Superficial neurons are unique in that they have voltage-gated ion channels in

their dendrites as well as the soma and axon. This causes the dendritic tree to strongly

depolarize, creating a post-synaptic potential. The relevant DAP input to the model will

be the difference between this dendritic PSP and the somatic PSP that still exists from

action potential generation. Since PSPs are often approximated by alpha functions, te−bt

(see Figure 1.2), the DAP is modelled as a difference in alpha functions.

Due to the slow diffusion of ions in the cell body, this current will reach the soma a

short time after the neuron fires. Like all active ion channels, the dendritic channels have

a refractory period, and if another action potential were to arise before the dendrites had

recovered from a previous spike, then the dendrites would be unable to depolarize and

the DAP would not occur.

The dendritic refractory period, rd, is modelled as a dynamic variable that changes

according to a secondary variable, b, which also controls the width of the dendritic alpha

function. All spikes generated by the neuron are recorded, the most recent of which was

at time tn, and b updates whenever the neuron fires a spike. t+n refers to the time just

after the most recent spike was fired. This model was created by Doiron and Noonan

[57] and was used in this thesis with identical parameters except A and γ have been

increased four fold (see Section 4.1). The equations governing the DAP are

DAP (t) =


0 if t− tn < rs

αs (t− tn, βb(t+n ))− αs(t− tn, γ) if t− tn > rs and tn − tn−1 > rnd
0 if t− tn > rs and tn − tn−1 < rnd

(3.9)

db

dt
= −b/τ +

(
A+Bb2

)∑
n

δ(t− tn) (3.10)

s(t, a) =
te
−t
a

a
(3.11)

rnd = D + Eb(t+n ) (3.12)

The parameters used in the above equations are listed in Table 3.1.
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Parameter Value Parameter Value Parameter Value
A 0.6* B 2 α 20
γ 0.2* β 0.35 τ τm
rs 0.1τm D 0.1 E 3.5

Table 3.1: Parameters used in the DAP model. * indicate changes from [57].

3.2.4 Granule cells

Granule cells receive input from deep cells in the ELL and are therefore driven by a

periodic signal phase-locked to the predictable global AM. Due to their small size, elec-

trophysiological recordings of granule cells in apteronotids are difficult, but observations

of granule cells in other animals suggest that they would burst to periodic sensory input

[49, 48, 50]. Thus, a single granule cell was assumed to burst once during each stimulus

cycle and be silent at all other times.

There are a multitude of pathways from deep cells to granule cells and, via parallel

fibres, to superficial cells (Figure 2.4) [47]. For example, a deep pyramidal neuron may

project to the contralateral or ipsilateral nP, which may project to granule cells in the

contralateral or ipsilateral EGp. Granule cells can then feed back onto the contralateral

or ipsilateral ELL, and the specific location of the granule cells and pyramidal neurons

will also change the length of the projections. Since the conduction velocity of action

potentials in parallel fibres is extraordinarily slow (0.1 m/s [40]), different axonal lengths

will translate into different temporal delays of granule cell burst input on the order of

milliseconds. In addition, there are both E and I deep cells [42], and the firing modulation

of these neurons will be in anti-phase. Assuming granule cells are driven by only one

type, this bestows an inherent π phase shift to the feedback input.

If there are heterogeneities or noise in the granule cell population, then even syn-

chronous deep cell input will produce a distribution of burst times from different granule

cells. Hence, it was assumed that the parallel fibre feedback to superficial cells occurs

equally at all possible phases of the AM stimulus, regardless of the AM’s frequency. The

sum of the parallel fibre activity at any time during global stimulation is taken to be a

constant input, Λ.

Since granule cells are assumed to phase-lock to the predictable stimulus, the total

feedback is periodic with the same frequency. In the model, the feedback cycle is dis-

cretized into 2.5 ms segments, which means that different AM frequencies will have a

different number of feedback segments (e.g. 100 feedback segments for a 4 Hz stimulus
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and 50 segments for an 8 Hz stimulus). Each segment represents a collection of parallel

fibres that stimulate the superficial cell at the same phase of the feedforward input each

period. The choice of discretizing the feedback in time and not in phase is based on the

assumption that parallel fibre activity is always a granule cell burst, and that a burst has

a defined temporal length. Each segment, labelled φ, becomes active at time tφ, has an

inherent strength Λ, a unique synaptic weight, wφ, and then inactivates at tφ + 2.5 ms.

The total feedback input is a discontinuous but periodic signal composed of Λ multiplied

by the synaptic strength, wφ, for each segment as time moves from segment to segment

during a period:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) + Λwφ, (3.13)

wφ is governed by the burst-induced depression rules found in vitro as well as a

potentiating rule. For simplicity, each segment was taken to be both a 2-spike burst and

a 4-spike burst, so that the appropriate learning rule was immediately employed if the

pyramidal cell fired either of the two bursts (Figure 3.1).

A stable phase relationship for each segment and, hence, each weight, is necessary

for cancellation. However, it is created from fixed temporal delays, and changing the

AM frequency would require the weight distribution to relearn the appropriate values.

Furthermore, for a fixed set of delays, parallel fibre activity would overlap at higher

frequencies, and may not sufficiently cover the period of lower frequencies. For simplicity,

it was assumed that each frequency is cancelled independently and has its own unique

synaptic weights for its collection of segments. This would imply physiologically that

each parallel fibre is only active for a specific frequency (or a small frequency range) and

that there are sufficient parallel fibres to cover all phases for all frequencies of interest.

Also, given that each parallel fibre is active for a defined period of time, this implies

that there are more parallel fibres active at lower frequencies than higher frequencies.

Fortunately, due to the massive number of parallel fibres feeding back into the ELL, this

is plausible.

3.2.5 Pyramidal cell-parallel fibre synaptic plasticity

The strength of the parallel fibre-pyramidal cell synapse is governed by two burst-induced

depression rules found by Harvey-Girard et al. in vitro (Figure 2.5) [41]. Pairing 4-spike

bursts or 2-spike bursts with inter-spike intervals of 10 ms caused significant synaptic

depression whereas single spike burst pairings had no effect. Due to the shape of the
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Figure 3.1: Schematic of the modelled feedback pathway. The period is divided into 2.5
ms segments (δ = 2.5 ms), and no two segments are active at the same time. Each active
segment is defined as both a 2-spike and a 4-spike parallel fibre burst. Whenever the
superficial neuron bursts, the appropriate learning rule is immediately invoked (depend-
ing on the type of superficial burst) and changes the weights of nearby segments. After
successful learning, the weight distribution should resemble a sinusoid in anti-phase to
the feedforward input.

depression as function of the time delay between burst pairs, each rule is an anti-Hebbian

burst-timing dependent plasticity rule.

The burst-induced plasticity was fitted by a continuous curve quadratic with the

pairing delay and implemented by monitoring the firing activity of the model pyramidal

cell. Whenever the neuron emits 2 spikes with an inter-spike interval of 15 ms or less, a

2-spike burst is recorded. If the cell emits 4 spikes within 45 ms or less, then a 4-spike

burst is recorded. The time of the first spike in each burst is taken to be the time the

burst occurred, in agreement with Harvey-Girard et al. ’s definition [41], and the spikes

in each burst must be independent (i.e. there cannot be a 2-spike burst in a 4-spike

burst, or a 4-spike and a 2-spike burst in 5 spikes). Since the parallel fibre feedback is

segmented and each segment is defined as a burst, there are parallel fibre bursts at each

time tφ in the model, spaced 2.5 ms apart. When the superficial cell bursts under global

stimulation at time tB, the following burst learning rule is immediately invoked for all
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parallel fibre segments:

if |tφ − tB| < Lw2,4 → wφ = wφ + wφη2,4

[(
tφ − tB
Lw2,4

)2

− 1

]
(3.14)

where η2 and Lw2 are used if the superficial cell’s burst is a 2-spike burst, and η4

and Lw4 are used if it is a 4-spike burst. This rule is applied to all weights whose

segments began at a time tφ as long as |tφ − tB| < Lw. Beyond this range, the weights

are unchanged. This is a multiplicative rule, since the amount of depression caused by

a burst depends on the value of the weight at that time. This method was chosen, as

opposed to additive learning, because it is more biologically realistic [25, 11].

3.2.6 Potentiating rule

It is known that redundant input cancellation in apteronotids can be unlearned once the

predictable stimulus is removed [38]. However, no mechanism for long term potentiation

at this synapse has been found as of yet. Nevertheless, a purely depressing rule as found

in vitro would trivially decrease all weights to zero given sufficient time. Hence, a simple

potentiating rule with a large time constant is included where all weights were increased

at each time step according to

τw
dwφ
dt

= wmax − wφ. (3.15)

This rule is applied regardless of the activity of each segment or the superficial cell

and is independent of stimulus frequency. This is similar to synaptic normalization

constraints found in many theoretical neural network models [7], which guarantees com-

petition among synapses. The potentiation rule here is less rigid, allowing the weights

to strengthen or weaken independently. It is also more biologically plausible, as a large

time constant will cause the weights to change very slowly, making this effect difficult to

detect experimentally.

3.2.7 Disynaptic inhibition

Parallel fibre feedback from granule cells also activate stellate inhibitory cells that synapse

on superficial pyramidal neurons (Figure 2.3), an effect called disynaptic inhibition [62].

Disynaptic inhibition is included in the model because it maintains the firing rate of

the superficial neurons near their spontaneous rate during global stimulation. As in-
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hibitory cells are stimulated from numerous parallel fibres, each with their own phase

delay compared to the stimulus, the total input in the inhibitory cell will have a negligible

frequency or phase relationship. Consequently, the effect of the disynaptic inhibitory cell

during global stimulation can be modelled as the constant activation of a single type of

ion channel: g(Einh − V ). Furthermore, the reversal potential of the inhibitory synapse,

Einh is near the resting potential of the cell [63], which is defined to be zero in the LIF

model, and there is no evidence that the parallel fibre-inhibitory cell synapse is plastic.

Thus, the inhibition was modelled as a constant shunt, −gV , proportional to the activity

of the feedback pathway:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) + Λ (wφ − gV ) (3.16)

3.2.8 Summary

The model is summarized in Figure 3.2.

Figure 3.2: Schematic of model operation. A superficial cell is modelled with the leaky
integrate-and-fire formalism. It receives feedforward input via electroreceptors, which is
approximated as a rectified bias current with a sinusoidal variation and low-pass filtered
Gaussian noise. The superficial cell’s propensity to burst is included by installing a
dendritic after-potential (DAP). The neuron receives feedback via parallel fibers that are
assumed to burst and cover all phases of every frequency that the system can cancel.
The strength of the parallel fibre-superficial cell synapse is adjustable and modelled as a
weight. The feedback input is modified online by two burst-induced depression rules as
well as by a recovery rule that govern the value of the synaptic weight at each phase of
the stimulus.
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3.3 Computer Simulations

All data analysis was performed within MATLAB although the model simulations were

coded in C for speed. A series of random normally distributed numbers of zero mean

and unit variance were generated offline for the noise, ξ(t), using proprietary MATLAB

programs. Low-pass filtering of the noise was accomplished using an acausal fourth

order Butterworth filter, also implemented via a built-in MATLAB function. During the

online simulation of the stochastic model, ξL(t) is replaced by an element of this series

at each time-step, and the elements are used sequentially. Note that the variance of

the coloured noise is no longer unity after generation but fcut/fNyq, where fNyq is the

Nyquist frequency. For this reason, the low-pass filtered noise is divided by the square

root of this ratio to obtain unit variance. The Nyquist frequency is the highest frequency

that can be sampled without aliasing and is equal to half the sampling frequency. If the

model is simulated in time-steps of ∆s, then fNyq = 1
2∆s

.

Since the AM frequencies are slow compared to the typical membrane time constants

of neurons, the model neuron was assumed to behave ergodically for the AM input.

Therefore, ensemble averages were replaced with time averages to calculate the mean

firing rate as well as other statistics for each simulation. Unless otherwise stated, error

bars on all model data were generated by simulating 1750 seconds of superficial cell

stimulation, repeating the simulation 10 times, and calculating the standard deviation

between the iterations. During local stimulation, the statistics of the model are recorded

from the first 1750 seconds of simulation. During global stimulation, however, the model

data should only be recorded when the weights have attained their equilibrium values.

3.3.1 Simulating the noise

Numerically simulating the canonical stochastic leaky integrate-and-fire model requires

the Euler-Maruyama method [64]. In other words, to simulate V̇ = −V + I + σξ(t) with

a time-step ∆s, then

V (t+ ∆s) = V (t) + ∆s

(
− V (t) + I

)
+
√

∆sσξ(t), (3.17)

where the
√

∆s term multiplying ξ(t) arises by the fact that the integral of Gaussian white

noise is a Wiener process. However, the feedforward input must be rectified since elec-

troreceptors are purely excitatory. Unfortunately, the Euler-Maruyama method breaks

down for rectified Gaussian white noise, and the time step begins to affect the firing
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rate (Figure 3.3). Consequently, Gaussian white noise in the model was replaced with

low-pass filtered Gaussian noise for all computations in the thesis since its firing rate

converged as the time step decreased (Figure 3.3C). In addition, low-pass filtered noise

is more realistic since dendrites would smooth the current input from electroreceptor

synapses to the pyramidal cell soma [65]. A time-step of 0.01 in units of τm was chosen

for all future simulations because it is the largest ∆s where the firing rate does not change

if ∆s is decreased further.

Figure 3.3: Effect of changing the integration time-step with different methods to model
Gaussian noise when the noise is rectified. V̇ = −V + [I + σξ(t)] is numerically ap-
proximated with (A) the Euler-Maruyama method, V (t + ∆s) = V (t) + [∆s(−V (t) +
I) +

√
∆sσξ(t)], or (B) the forward Euler method V (t+ ∆s) = V (t) + [∆s(−V (t) + I) +

∆sσξ(t)]. In C, V̇ = −V + [I + σξL(t)], where ξL(t) is low-pass filtered (fcut = 500 Hz)
noise, was simulated with the forward Euler method. σ is 0.1305, 1.305, and 0.759 in A,
B, and C, respectively, so that, in all cases, the firing rate was 9.5 Hz when ∆s = 0.01.
The time-step is then varied while all other parameters are fixed to investigate the con-
vergence of each numerical approach. 10 simulations were run at each timestep for 175
s to generate the errorbars. τm = 7 ms, I = 0.58.

3.3.2 Simulating the weights

During global stimulation, the synaptic weights of the model will evolve over time and

break the ergodicity assumption of the model until transients have decayed and the

weights are at their equilibrium values (assuming such values exist and are stable). To

investigate whether the equilibrium weight values exist and, if so, how long it takes to

converge, a weight at the peak and at the trough of the input as well as the average

weight value of the entire distribution were tracked during the iteration of the model

for 3 different initial conditions during global stimulation for various AM frequencies

(Figure 3.4). By inspection, weights active at the same phase converge to the same final

value regardless of their initial conditions, implying that a steady state of the system
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does exist. Since the final distribution is the “negative image” of a sinusoid (see also

Figure 6.20), the final weight values differ depending on the phase of segment the weight

is associated.

Figure 3.4: Weight evolution during global stimulation. The parameters used are from
optimally fitting the model and global stimulation data (the global η model), as described
in Chapter 4, but with κ(f), η2 and η4 constant across frequencies. The parameters are
τm = 7ms, I = 0.58, κ(f) = κ = 0.39, σ = 0.759, fcut = 500 Hz, Λ = 1, g = 1.44, η4 =
0.0036, η2 = 0.0018, Lw4 = 100 ms, Lw2 = 10 ms, τw = 980 s, and wmax = 1.5. Three
different initial conditions (all weights initialized at 0.5, 1, or 1.5) were each run 5 times
and the value of a weight at the peak of the input (φ = 3π/4, green lines), the trough
of the input (φ = π/4, red lines), and the average weight value (blue lines) were tracked
for 7000 s. Note that the input to the model is always an inverted sine wave (see Figure
2.8). Vertical dashed lines represent the epoch when statistics on the firing and burst
rates are recorded during global stimulation.

Increasing the AM frequency tends to reduce the equilibrium weight values of the

peak, trough and weight average, which will change the time for the weights to converge

to their final values (the convergence time). Moreover, the convergence time depends

on the phase of the weight and the initial weight value. Nevertheless, transients in the

weight dynamics appear to have decayed for all frequencies and phases by 3500 s, which,

by extension, means that the system is now ergodic. Given that there is no statistical

difference in the weight distribution for periods beyond 3500 s, model data for global

stimulation was always collected over the epoch between 3500 s and 5250 s (vertical
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dotted lines in Figures 3.4). Since the convergence time is shorter when weights begin

higher than their equilibrium values, the weights are always initialized at wmax to aid

convergence.



Chapter 4

Parameter Fitting

The following chapter describes how the values of the local parameters, I, σ, fcut, τm,

and κ(f), as well as the global parameters, Lw2 , Lw4 , η2, η4, g, τw and wmax, were

obtained by fitting the model’s behaviour to the available experimental data. Since local

parameters are also used during global stimulation, local parameters were identified first,

but could not by themselves produce a close fit to the experimental data. The size of the

depolarizing after-potential (DAP) was then included in parameter optimization and a

close match was obtained.

The global stimulation parameters were fitted to optimize three different learning

paradigms: using only the 2-spike burst rule, only the 4-spike burst rule, or both.

However, none of the three paradigms could effectively match the experimental data,

especially at high frequencies when the model cancelled better than the in vivo neu-

ron. Therefore, in agreement with biological observations in other systems, the feedback

strength was reduced at high frequencies, either by altering Λ or η in the model, which

produced a favourable match. For each parameter set to be optimized, the biological

constraints on the parameters are identified, the effect of the parameters on the model

is illustrated, and the final optimal fit is shown.

4.1 Local Stimulation

Under local stimulation, the governing equation for the model superficial cell is

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t)

and the goal of parameter optimization is to closely match the model’s behaviour

45
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with the local experimental data (Figure 2.8). However, this task is complicated because

the spike rate data has a non-linear dependence on the parameters due to the threshold

behaviour of the leaky integrate-and-fire model. Furthermore, there is a non-linear re-

lationship between 2-spike and 4-spike burst rates and firing rate (see Section 6.1.1 and

6.2.3).

Fortunately, biological criteria limit the phase space that needs to be explored. The

parameters that can be fitted are I, the average, or spontaneous, electroreceptor input

current, σ, the standard deviation of the electroreceptor input, fcut, the cutoff frequency

of the electroreceptor’s noise, τm, the neuron’s membrane time constant, and κ(f), the

amplitude of the electroreceptor input modulation. Physiological studies have shown

that superficial pyramidal cells typically have τm on the order of a few milliseconds [43]

and so τm was constrained to be between 1 ms and 20 ms. As stated in Section 3.2.2, the

electroreceptor input should behave as a Poisson process but the diffusion approximation

can be used to model the feedforward input as Gaussian noise with its variance, σ2, equal

to its instantaneous input, I + κ(f) sin (2πft).

Interestingly, experimental observations have shown that under local stimulation the

variance of the electroreceptor firing rate does not vary with the stimulus input unless the

electroreceptors are driven at very high AM intensities where saturation effects become

significant [10]. Since all of the experimental stimulations to be modeled in this thesis

were performed at low intensities, the noise variance was taken to be independent of the

firing rate modulation, κ(f), and equal to the mean input during spontaneous stimulation

(σ =
√
I ) for the purposes of parameter fitting. κ(f) is itself constrained to be less than

I because the maximum instantaneous firing rate of an electroreceptor under local stimu-

lation is never more than double its spontaneous rate [10], so the maximum instantaneous

input should be less than double the average input (i.e. I + κ(f) sin (2πft) < 2I).

The cutoff frequency of the noise does not impact the firing rate as significantly as the

other parameters, especially at higher cutoff frequencies (see Section 6.1.1). Furthermore,

low cutoff frequencies required κ(f) to be greater than I to fit the locally stimulated

experimental firing rates, which, as explained above, is unrealistic. Since varying the

cutoff frequency from 200 Hz to 1000 Hz had a minimal effect on the firing and burst

rates, fcut was fixed at 500 Hz, and, it was not further altered.

To optimally fit the parameters I, τm, and σ, the following method was employed:

(I, τm) pairs were identified that match the experimentally observed spontaneous (i.e.

κ(f) = 0) firing rate of 9.5 Hz. For each pair, a 4 Hz sinusoidal input is added and

the contrast of that input, κ(4), is increased until the model firing rate matches the
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experimental firing rate (20.2 Hz). This will be the local modulation strength for all

frequencies 4 Hz and greater. Due to the low-frequency adaptation of electroreceptors,

κ(f) was individually fitted for each frequency less than 4 Hz [59]. PSTHs and 2- and

4-spike burst rates for different AM frequencies were calculated for each parameter set

and compared to the experimental data for quality of fit (Figure 4.1).

The optimal parameters were then extrapolated (τm = 5 ms in Figure 4.1), and

the process was repeated within a narrower parameter range to maximize optimization.

Although the variance of the noise, σ2, was fixed to be proportional to I, allowing σ to

be a free parameter was investigated and found to have no significant effect on the fits

(data not shown).

Figure 4.1: Parameter fitting to mimic experimental data under local stimulation. Model
(A) PSTHs and (B) 2- and (C) 4-spike burst rates for different stimulus frequencies are
compared to experimental data as the membrane time constant, τm, and the average
electroreceptor input, I, of the model is varied. Black lines indicate experimental data.
Coloured lines indicate model data. Blue lines have τm = 2 ms, I = 0.337, and κ(0.5) =
0.22, κ(1) = 0.23, κ(2) = 0.26, κ(f ≥ 4) = 0.32; green lines have τm = 5 ms, I = 0.512,
and κ(0.5) = 0.25, κ(1) = 0.27, κ(2) = 0.31, κ(f ≥ 4) = 0.37; red lines have τm = 10 ms,
I = 0.652, and κ(0.5) = 0.32, κ(1) = 0.33, κ(2) = 0.39, κ(f ≥ 4) = 0.48. In all cases,
σ2 = I. Decreasing τm (or I) leads to higher burst rates at all frequencies, especially
high frequencies, while simultaneously not having a significant effect on the PSTHs.

This led to relatively good results, but, unfortunately, after exploring these param-
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eters, including varying σ, it was found to be impossible to satisfactorily fit the firing

rate and burst rates of the experimental data simultaneously. Specifically, the model

had difficulty matching the experimental 2-spike burst rates at low frequencies (Figure

4.1B). Therefore, because of its direct influence on the burst probability, the depolarizing

after-potential was altered to facilitate fitting.

The DAP has a number of parameters that could be augmented for this purpose, but

the parameters with the greatest effect on the burst and firing rates were the somatic

and dendritic widths of the DAP, labelled A and γ, respectively. Thus, A and γ were

simultaneously varied to provide another unique parameter to the fitting protocol. The

above method was then re-employed but with three independent variables, one of which

must be held constant while pairs of the other two were varied while maintaining a

spontaneous mean rate of 9.5 Hz. For example, the DAP strength was fixed while I was

varied, and τm was chosen at each I so that the spontaneous rate was 9.5 Hz. κ(f) can

then be set by the experimental firing rate during local stimulation. This process was

re-iterated for each value of the DAP strength to be investigated and further repeated

in a narrower parameter range to optimize the fit. The optimal DAP size had A and γ

four times their values from Noonan et al. [57], and the optimal local stimulation fit is

shown is Figure 4.2. These local parameters are used in all global stimulation models.

4.2 Global Stimulation

The goal of parameter optimization under global stimulation is to match the global

experimental data (Figure 2.9) as closely as possible. Global stimulation was simulated

using the superficial cell model:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) + Λ (wφ − gV ) .

Λ acts as a gating variable between local and global stimulation, and, for simplicity,

was set to one and not further fitted in this section. The weight, wφ, are governed by

the following two equations:

if |tφ − tB| < Lw2,4 → wφ = wφ + wφη2,4

[(
tφ − tB
Lw2,4

)2

− 1

]
τw
dwφ
dt

= wmax − wφ
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Figure 4.2: Optimal model fit of experimental data under local stimulation. The model
(grey lines) and experimental data (black lines) are compared via (A) PSTHs and (B)
2- and 4-spike burst rates for different stimulus frequencies. Dashed lines in PSTHs
indicate average firing rate. Solid lines and dotted lines in B represent 2- and 4-spike
burst rates, respectively. The change of the DAP from Noonan et al. [57] is depicted
in C, where the neuron model spikes at 10 ms and the DAP currents are recorded. For
reference, the electroreceptor bias current, I, is 0.58, so an input current of 0.3 is small
but not negligible. The optimal local parameters are I = 0.58, τm = 7 ms, κ(0.5) = 0.25,
κ(1) = 0.27, κ(2) = 0.31 and κ(f ≥ 4) = 0.39, with DAP parameters A = 0.6 and γ =
0.2.

Weights were initialized at wmax and the system was allowed to come to equilibrium

(see Section 3.4.2) before data was recorded for 1750 seconds. Weight values change

according to the burst learning rules, which have parameters Lw and η for both 2- and

4-spike rules, and the potentiating rule, which have parameters wmax and τw. The LIF

equation also includes global disynaptic inhibition, g, which is another global stimulation

parameter.

Lw2 , Lw4 , η2 and η4 were obtained directly from the in vitro observations of burst-

induced plasticity by Harvey-Girard et al. [41]. Lw2 and Lw4 represent the temporal

width of each learning rule, whereas η2 and η4 represent the decrease in synaptic strength

caused by a single burst pairing at zero delay. Consequently, the temporal width may

be read from the 2- and 4-spike burst data directly (10 ms and 100 ms, respectively - see
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Figure 4.3). However, the in vitro data were collected over 100 pairings and only provides

the final synaptic weight value, so the values for η2 and η4 must be calculated. Assuming

a multiplicative rule (w → w(1 − η) after each learning event), one can calculate the

synaptic depression from a single pairing given the experimental data. For 4-spike bursts

paired at zero delay, the final synaptic strength is approximately 70% of its original value

after 100 pairings, so

0.7winitial = winitial(1− η4)100

Solving for η4 gives η4 = 0.0036. For symmetry, η2 was chosen as half of η4, which also

provides a good fit of the data (Figure 4.3).

Figure 4.3: Burst-induced depression at the superficial cell-parallel fibre synapse as ob-
served in vitro by Harvey-Girard et al. [41]. Data points are the percent synaptic weight
change after 100 pairings at each pairing delay for 2-spike pairs (grey) and 4-spike pairs
(black). Solid lines are calculated model fits assuming 100 pairings and a plasticity rule
quadratic with pairing delay. η is proportional to the average weight decrease at zero de-
lay while Lw is the maximum pairing delay in which a burst pair still affects the synaptic
weight.

Once η4 and η2 are chosen, g, τw and wmax must be selected so that the appropriate

PSTH shapes and burst rates are created. However, before parameter fitting can occur,

one must decide which learning rules are to be used. Since it was important to ascertain

whether any or all of the burst rules are necessary to mimic experimental global stimula-

tion, this parameter optimization was accomplished for each of the 3 global stimulation

paradigms - 2-spike burst learning only, 4-spike burst learning only, and both. To be

biologically realistic, g, which is in units of the total membrane conductance, should

be as low as possible to avoid the model relying on excessively strong disynaptic neu-

rons. Furthermore, since potentiation has not been observed in vitro, τw should be large

so that potentiation can be justified as a very slow process that is difficult to detect

experimentally.
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Once again, due to the complex relationships between the parameters and the burst

and firing rates, a similar algorithm to find the optimal local parameters had to be

employed. Different (τw, wmax, g) coordinates were chosen and compared to the firing

rates, burst rates, and PSTHs of the experimentally observed neuron (Figure 4.4). For

each parameter set, g was fixed by equating the firing rates of the model and experiment

at 4 Hz.

Figure 4.4: Parameter fitting to match experimental data under global stimulation when
both burst learning rules are in effect. Model (A, B - two panels are used for clarity)
PSTHs, (C) two-spike and (D) four-spike burst rates and (E) cancellation for different
stimulus frequencies are compared to experimental data as different (τw, wmax, g) coor-
dinates are tested. Black lines indicate experimental data. Coloured lines indicate model
data. Blue lines have τw = 980 s, wmax = 1 and g = 0.97; green lines have τw = 980 s,
wmax = 2 and g = 1.87; red lines have τw = 9800 s, wmax = 1 and g = 0.49; purple lines
have τw = 9800 s, wmax = 2 and g = 0.85. wmax has the effect of increasing the firing
rate in the trough of the AM input and decreasing it at the crest, which increases the
cancellation at all frequencies. Increasing wmax also decreases the burst rates mildly. τw
has a less pronounced effect on the model but operates similar to wmax: if τw is increased,
cancellation improves and the burst rate decreases.

After optimizing each paradigm individually, the optimal fits are compared against

each other and to the global data (Figure 4.5). Unfortunately, none of the three paradigms

was a good match to the experimental observations. The 2-spike burst learning rule by
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itself could effectively cancel high frequencies but was unable to cancel low frequencies

while the 4-spike burst learning rule could only cancel low frequencies and not high AMs

(Figure 4.5D). The close PSTH match of the experimental data and 4-spike burst rule

only paradigm at high frequencies is not indicative of a good global fit, but simply that

both are failing to cancel the feedforward signal and are reverting back to local stimula-

tion, which is well fitted (Figure 4.2). The increase in cancellation in the 4-spike burst

only paradigm at 32 Hz is due to the period being so short that two stimulus peaks

now fit within the 4-spike burst definition of 45 ms, making 4-spike bursts more likely.

In addition, all paradigms have difficulty matching the global experimental burst rate,

where all of the model simulations show an approximately inverse relationship between

burst rate and AM frequency while the experimental data does not (Figure 4.5B and C).

Nevertheless, the best fit to the in vivo data was produced by the paradigm that had

both rules active, and was therefore selected as the best global model. Yet, with both

learning rules operating simultaneously, the model actually cancels high frequency AMs

better than the experimentally observed neuron despite bursting much less.

4.3 Granule Cell Activity

After it was discovered that the inclusion of both 4- and 2- spike bursts caused the model

to cancel high frequencies better than the neuron in vivo, some of the assumptions that

created the model were scrutinized. A biological mechanism that would progressively

decrease the strength of the global feedback pathway at high frequencies was needed.

For example, perhaps the disynaptic inhibition, g, is not constant at high frequencies as

it was assumed, but weakens, possibly due to low-pass filtering properties. However, local

and global experimental data at 20 Hz are nearly identical, suggesting that the feedback

pathway is negligible by this frequency, and it is difficult to believe that disynaptic

inhibition can exactly balance the excitatory input from parallel fibres so as to completely

nullify the feedback input.

Another assumption concerning the feedback pathway was that each granule cell

supplies one burst per period for all frequencies, even 32 Hz. Observations by D’Angelo et

al. [50] reveal that this assumption is false in the rat cerebellum: in vitro rat granule cells

forced by a periodic stimulus tended to burst once per cycle until the forcing frequency

was greater than 10 Hz, after which they fired a few spikes per stimulus period in a

stochastic manner with an average firing rate of about 10 spikes per second. Assuming

homologous systems, these observations suggest that learning is stifled at high frequencies
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Figure 4.5: Optimal global stimulation fits for three different paradigms: 2-spike burst-
rule-only (blue), 4-spike burst-rule-only (green), and both simultaneously operating (red).
Model (A) PSTHs, (B) 2-spike and (C) 4-spike burst rates as well as (D) cancellation
of the local stimulation response for each paradigm are compared to experimental data.
The optimal parameters for the 2-spike burst rule are τw = 4900 s, wmax =1, and g =
0.87; for the 4-spike burst rule, τw = 9800s, wmax = 2, and g = 1.04; for both rules in
effect, τw =980 s, wmax = 1.5, and g = 1.44.

in the electric fish ELL not because of insufficient post-synaptic superficial cell bursts,

but of insufficient pre-synaptic parallel fiber bursts.

This information was included in the model, but its implementation was difficult

because the model never recreates granule cells directly, only their burst events. Initially,

the decrease of granule cell bursts at high frequencies was included by decreasing and

individually fitting the strength of the feedback signal, Λ, after 10 Hz, in accordance with

D’Angelo’s observations (Figure 4.6). This had the benefit of simplicity, as Λ directly

tunes the strength of the global feedback in the model (Equation 3.16), and when Λ

approaches zero clearly the model will fire as it did locally. Good cancellation, PSTH,

and burst rate matches to the experimental data were achieved with this new model

(Figure 4.6).
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Figure 4.6: Model behaviour under global stimulation when implementing the hypothet-
ical decay of granule cell bursting at high frequencies with a decrease in Λ. Λ is optimally
fitted for frequencies above 10 Hz; the curve of the optimal Λ as a function of frequency
resembles an exponential decay (Figure 4.8). (A) PSTHs, (B) 2-spike and 4-spike burst
rates, and (C) cancellation data are compared between the model (grey lines) and ex-
perimental data (black lines). Dashed lines in (A) indicate the average firing rates of
model (grey) and experiment (black). Solid lines and dotted lines in B represent 2- and
4-spike burst rates, respectively.

On the other hand, ignoring single spikes and only changing the strength of the

feedback implies that granule cells either burst on a cycle or are silent, which is not

what the experimental observations suggest. In fact, rat granule cells maintained a

constant firing rate even when forced by high frequencies [50]. This indicates that the

number of bursts per second decreases but the average feedback input, both directly

and disynaptically, is approximately constant, as long as the same input current always

results from a given number of spikes per second, regardless of their organization or

individual timing. Thus, it is not biologically plausible to decrease Λ to explain the

decay in cancellation.

There are other methods, however, of plausibly decreasing the feedback pathway’s

strength at high frequencies. Another approach was to decrease η, the learning rate,
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to take into account the probability of a parallel fibre bursting when it is active, which

before was unity (it always bursted), but now is less. For example, if parallel fibres fire

bursts every other cycle on average, then decrease η by half. This concept had the benefit

of including single granule spikes by maintaining Λ and only changing the proportion of

granule cell bursts. Although η2 and η4 correspond to different bursts and have different

values, they were decreased by the same percent at each frequency to fit the feedback

decay. η values were then fitted at each AM frequency after 10 Hz, which produced a

close match to the experimental data (Figure 4.7). This is the final edition of the model

during global stimulation and optimally reproduces the experimental data. In this thesis,

this model will be referred to as the global η model.

Figure 4.7: Model behaviour in the global η model, which includes the hypothetical
decay of granule cell bursting at high frequencies with a decrease in η. The parameters
are τw = 980s, wmax = 1.5, Lw4 = 100 ms, Lw2 = 10 ms, I = 0.58, σ = 0.759, τm = 7
ms, and fcut = 500 Hz. η4 and η2 are 0.0036 and 0.0018, respectively, for AMs less than
8 Hz but are individually fitted for higher frequencies. The curve of the optimal η as
a function of frequency resembles an exponential decay (Figure 4.8). (A) PSTHs, (B)
2-spike and 4-spike burst rates, and (C). Cancellation data are compared between the
model (grey lines) and experimental data (black lines). Dashed lines in (A) indicate the
average firing rates of model (grey) and experiment (black).

The optimal η values led to a roughly exponential decrease of η at high frequencies
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(Figure 4.8), which seems realistic given the monotonic decrease in burst rates with in-

creasing frequency during local stimulation (see Section 6.1.1 and Discussion). In reality,

there is some biological support to decrease Λ by a small amount at higher frequencies,

which would help the η decay model better match experimental data. Parallel fibre

synapses on both superficial cells and inhibitory neurons undergo short term facilita-

tion, which means that a parallel fibre burst will provide more excitatory input than

the sum of its individual spikes alone [66, 67]. Thus, as the burst rate decreases at high

frequencies, so does the average feedback input, Λ, even while the average firing rate is

constant. Nevertheless, since the goal of this thesis is to produce a minimal model, only

the learning rate, η, was decreased to account for fewer granule cell bursts as it could

satisfactorily fit the experimental data.

Figure 4.8: Λ and η values at high frequencies found to optimally fit the experimental
data. Since Λ equals 1 under low frequency global stimulation, the black dashed line plots
the actual values of Λ. η2 and η4 are 0.0018 and 0.0036, respectively, under low frequency
global stimulation and the η values shown in grey are normalized to those values. Both η2

and η4 are decreased equally. The decay of either parameter represents the hypothetical
decreasing burst rate of granule cells that supply the feedback to superficial cells.



Chapter 5

Frequency-tuned cerebellar channels

and burst-induced LTD lead to the

cancellation of redundant sensory

inputs

This is a copy of a manuscript submitted to the journal of Neuroscience, written in

collaboration with Dr. Gary Marsat, Prof. Len Maler, Prof. André Longtin and Dr. Erik

Harvey-Girard. This manuscript briefly reviews the biological and modelling background

outlined in Chapter 2 and 3 and explores the model’s behaviour when different burst

rules (2-spike, 4-spike, or both) are employed. The implications of the success of the

model are discussed, and experimental data is presented that supports the hypothesis of

independent frequency channels in the parallel fibre feedback. Parts of the discussion in

this manuscript are repeated and elaborated in the discussion section of this thesis.
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5.2 Abstract

For optimal sensory processing, the CNS must extract novel, unpredictable signals from

the redundant sensory input in which they are embedded, but the detailed cellular and

network mechanisms that implement such selective cancellation are presently unknown.

Using a combination of modeling and experiment, we characterize in detail a cerebellar

circuit in weakly electric fish, showing how it can carry out this computation. We use a

model incorporating the wide range of experimentally estimated parallel fiber feedback

delays and a burst-induced LTD rule derived from in vitro experiments to explain the

precise cancellation of redundant signals observed in vivo. Our model demonstrates how

the back-propagation-dependent burst dynamics adjusts the temporal pairing width of

the plasticity mechanism to precisely match the frequency of the redundant signal. The

model also makes the unexpected prediction that this cerebellar feedback pathway must

be composed of frequency-tuned channels; this prediction is subsequently verified in vivo,

highlighting a novel and general capability of cerebellar circuitry.

5.3 Introduction

One of the most influential theories of cerebellar function describes it as a learning device.

The initial theories by Marr [28] and Albus [27], and later physiological investigations

by Ito [26], argue that synaptic connections between parallel fibers and Purkinje cells

are modified by experience. A central component of this theory is that an error signal

originating from climbing fibers selects parallel fiber (PF) inputs by weakening (via LTD)

those inputs whose timing is not appropriate for the required motor output. Although

this theory is still intensely debated, an elegant body of work on a cerebellar-like structure

in mormyrid electric fish confirmed the importance of PF timing and synaptic depression

in shaping an adaptive filter that cancels expected sensory input [40, 3, 4]. Previous

work has shown that a similar process takes place in the gymnotiform fish that have

independently evolved an active electrosensory system. Our study in gymnotiform fish

builds on these findings to reveal new properties of cerebellar circuits.

Apteronotus leptorhynchus is a weakly electric fish that continuously emits a high-

frequency (600-1000Hz) sinusoidal electric organ discharge (EOD) into its environment

to sense its surroundings and communicate with conspecifics. Small objects such as

prey create spatially localized low frequency (<16 Hz) amplitude modulations (AMs)

of the EOD [35, 34, 33] while tail bending or the presence of same sex conspecifics will
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generate spatially global AMs in the same low frequency range. These AMs are linearly

encoded by numerous electroreceptor afferents [36, 10] that project to various types of

pyramidal cells within the electrosensory lateral line lobe [43, 42]. Pyramidal cells also

have spiny apical dendrites in receipt of PF feedback emanating from a caudal mass

of cerebellar granule cells (eminentia granularis posterior, EGp [47]. ELL pyramidal

cells can be differentiated into superficial (SP), intermediate and deep varieties [46].

SP cells have extensive apical dendrites and express the NR2B subunit of the NMDA

receptor as well as Ca2+ store proteins, while deep cells have only small apical dendrites

and do not express these proteins [43, 68, 69]. SP cells respond selectively to the low

frequency (<20 Hz) component of broadband noise stimuli delivered locally to their

receptive field (RF) centers [44]; the response consists of both isolated spikes and spike

bursts generated by complex somato-dendritic dynamics [70, 61, 71, 72]. SP cells filter

out the low frequency component of the same broadband stimulus when it is delivered

globally. In contrast, deep cells respond to low frequency signals delivered either locally

within their RF centers or globally [38]. Earlier studies have shown that deep cells provide

feedback (via cerebellar granule cells and parallel fibers, see Supplemental Figure S1) to

the apical dendrites of SP cells and that this feedback permits the adaptive cancellation of

global low frequency signals [38]. SP cells can therefore eliminate the global low frequency

AMs due to, e.g. tail bending or low frequency communication signals, yet still extract

the local AMs that signal the presence of prey and other local objects. Behavioral studies

[33] suggest that this cancellation mechanism is essential for prey capture in the absence

of vision.

PF-SP cell synapses are subject to correlative LTD in which depression occurs when

both pre and post-synaptic burst firing occur within a certain time window [41]. We

used this in vitro plasticity rule, together with the estimated distribution of conduction

delays in the feedback pathway, to construct a minimal model of the cancellation mech-

anism. While our model relies on a bursting mechanism specific to cortical [73] and

electrosensory [71] pyramidal cells, our methodology of embedding bursting dynamics

in a delayed feedback loop that includes cerebellum and a correlative learning rule can

clearly be applied to other systems. Our state-of-the-art cancellation model combines

realistic integrate-and-fire dynamics, back-propagation (DAP)-based bursting, intrinsic

noise, periodic external stimulation, feedback with a range of delays, feedback-dependent

shunting, and a burst-spike-timing-based correlative learning rule. Our model approach

required several stringent conditions to be met: 1) the canceling feedback had to be fre-

quency specific, 2) the propensity to burst, and especially to produce large bursts, had to
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Parameter Value Parameter Value Parameter Value
Vthresh 1 σ 0.759 η4 3.6 x 10−3

Vreset 0 fcut 500 Hz η2 1.8 x 10−3

τm 7 ms g 1.44* Lw4 100 ms
τref 0.7 ms τw 980 s Lw2 10 ms
I 0.576 wmax 1.5

Table 5.1: Parameter values for the model’s Equations 5.1, 5.6, and 5.7. *g = 1.5 if
only the large-burst rule is used and g = 1.66 if only the small- burst rule is used (see
Results).

decrease with signal frequency, while 3) the duration of the temporal window of synaptic

plasticity had to depend on burst size, and thus on signal frequency. Experimental data

confirmed all of these predictions.

5.4 Materials and Methods

5.4.1 LIF model

This model of a superficial E pyramidal cell in the centro-lateral segment (CLS) of the

ELL is based on the leaky integrate-and-fire framework and replicates the model by

Noonan et al. [57]. Specifically, the voltage evolves according to the equation:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) + Λ (wφ − gV ) (5.1)

When the membrane potential, V , crosses the threshold, Vthresh, a spike is recorded

and V is reset to Vreset. V is maintained at Vreset for an absolute refractory period,

τref , after which V continues to evolve according to Equation 5.1. Here, τm is the

membrane time constant, I is the input current when the receptor afferents have no

stimulus input, ξ(t) is a low-pass filtered Gaussian white noise source with variance 1

and cutoff frequency fcut, and σ is the standard deviation of this noise. During local

stimulation the strength of the feedback, Λ, is set to 0 since local stimulation does not

drive the feedback. During spontaneous activity, the strength of the stimulus, κ(f),

which can depend on the particular frequency component driving the system, is set to

0. Other terms are explained below. Parameter values for the model are summarized in

Table 5.1.
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5.4.2 Modeling the bursting dynamics

Bursting in pyramidal cells is due to back-propagating dendritic spikes. DAP(t) in Equa-

tion 5.1 represents the depolarizing after-potential, an injection of current into the soma

of the neuron after an action potential is fired due to active channels in the cell’s dendrites

[61]. This effect has been modeled previously in E superficial cells by Doiron, Noonan

and colleagues [61, 57]. Their model was used in this paper with minimal parameter

changes: A and γ have simply been increased to match the bursting behavior observed

in vivo.

Briefly, after the cell fires (V = Vthresh), and assuming the previous firing time is not

too recent, the cell will receive a DAP, i.e. a small current injection a short time later.

This extra stimulation is modeled as a difference in alpha functions s(t, a) (Equation 5.4

below): one generated by the soma, and the other by the dendrites. If, however, the

interval between this spike time and the previous spike time is less than the refractory

period of the dendrite, rd, then the DAP is inactive for the current spike. rd is modeled as

a dynamic variable that changes according to a secondary variable, b, which also controls

the width of dendritic alpha function. All spikes generated by the neuron are recorded,

the most recent of which was at time tn, and b updates whenever the neuron fires a spike.

t+n refers to the time just after the most recent spike was fired. The equations governing

the DAP [57] are

DAP (t) =


0 if t− tn < rs

αs (t− tn, βb(t+n ))− αs(t− tn, γ) if t− tn > rs and tn − tn−1 > rnd
0 if t− tn > rs and tn − tn−1 < rnd

(5.2)

db

dt
= −b/τ +

(
A+Bb2

)∑
n

δ(t− tn) (5.3)

s(t, a) =
te

t
a

a
(5.4)

rnd = D + Eb(t+n ) (5.5)

The parameters used in the above equations are listed in Table 5.2.
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Parameter Value Parameter Value Parameter Value
A 0.6* B 2 α 20
γ 0.2* β 0.35 τ τm
rs 0.1τm D 0.1 E 3.5

Table 5.2: Parameters used in the DAP model. * indicate changes from [57].

Frequency (Hz) κ Frequency (Hz) κ Frequency (Hz) κ
0.5 0.25 4 0.39 16 0.39
1 0.27 8 0.39 20 0.39
2 0.31 12 0.39 32 0.39

Table 5.3: Value of κ(f) for the different stimulation frequencies.

5.4.3 Local stimuli inputs (feedforward)

The electroreceptor afferent input could be modeled as a Poisson process whose mean

value changes as a function of the phase of the input frequency. However, since many

afferents converge onto one pyramidal cell and since their baseline firing rate is very

high (∼200 Hz [10]), we can simplify the input as a bias current and a Gaussian noise

source. Since the electroreceptor input is strictly excitatory, the modeled feedforward

input is rectified and [ ...] in Equation 5.1 symbolizes rectification. The values of κ(f)

were fitted for each stimulus frequency to match firing and burst rates with experimental

data (Table 5.3). The lower κ values at frequencies < 4 Hz reflect the adaptation of the

electroreceptor [59].

5.4.4 Parallel fibre inputs (feedback)

A single parallel fiber is assumed to fire at the same unique phase of each stimulus

cycle and be silent at all other times (see Results below for justification). Due to the

distribution of delays, the total parallel fiber input is assumed to be continuous. In the

model, the parallel fiber input was modeled as a current input (of strength Λ in Equation

5.1) and was discretized into 2.5 ms non-overlapping segments with each segment having

a unique synaptic weight. The number of segments was chosen so that the entire period

of each stimulus frequency was completely covered with parallel fiber input (i.e. 100

parallel fibers bins for 4 Hz, 50 bins for 8 Hz, etc.). This created a constant input before

learning began. All weights were initialized at wmax.
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During learning, burst-induced depression decreased the synaptic weight according

to the rule recently identified in vitro [41]. The strength of the burst-induced depression

rules, η2 and η4, are kept constant across frequencies in the initial version of our model

(Figure 5.4) but vary with higher frequencies in the final version (see Results and Figure

5.5). The burst induced depression of the synaptic weights is governed by Equation 5.6.

At each time step, the weights slowly relax back to wmax with a time constant of τw

according to Equation 5.7:

if |tφ − tB| < Lw2,4 → wφ = wφ + wφη2,4

[(
tφ − tB
Lw2,4

)2

− 1

]
(5.6)

τw
dwφ
dt

= wmax − wφ (5.7)

The response of the model was always quantified after weight values came to equilibrium.

The disynaptic inhibition produced by the parallel fibers is modeled as an extra shunting

conductance, −gV in Equation 5.1, that also varies with the PF feedback strength Λ. The

disynaptic inhibition is kept constant across phase, as we have no experimental evidence

that LTD occurs at these synapses (either on the input or output of the inhibitory

interneurons).

5.4.5 Burst definition and learning rule

Through the analysis of in vivo recordings, we determined that the inter-spike intervals

within a burst are typically <15 ms in SP cells (data not shown) and used that criteria

to identify bursts in the SP cell model. Bursts were categorized as small (2 or 3 spikes)

or large (4 or 5 spikes) while less frequent even larger bursts were divided into smaller

bursts for the purpose of applying the burst-based learning rule. For example, a 6-spike

burst is counted as a large 4-spike burst followed by a small 2-spike burst (note that large

bursts have priority: we do not divide a 6-spike burst into three 2-spike bursts). The

timing, tB, of the first spike in a burst determines the center of the depression function

that is applied to the weights according to Equation 5.6. The strength and width of the

depression rules are different for small and large bursts (η2, Lw2 and η4, Lw4 respectively).

5.4.6 Quantitative analysis

All model data for local stimulation were generated by collecting data over 1750 simulated

seconds and the averaged response per period of stimulus frequency was calculated. For



64

global stimulation, the system was allowed to come to equilibrium for 3500 seconds and

then data was tabulated during the next 1750 seconds. There was no change in results

if the model was allowed to come to equilibrium for 5250 seconds. As the feed-forward

transmission delays of the receptor afferents were not included in the model, the in vivo

PSTH data was shifted in phase to optimally overlap the experiment’s PSTH for each

stimulus frequency. The same phase shifts were used in both local and global PSTH

plots. The disynaptic inhibition was fitted such that the model’s average firing rate for

4 Hz matches the data’s average firing rate.

Cancellation at a given frequency is defined as

Cancellation =

(
1− Ampglobal(f)

Amplocal(f)

)
x100%

The amplitude at a given frequency was defined as the amplitude of a sine wave fitted

to the model or experimental data’s PSTH induced by that stimulus frequency.

5.4.7 In vivo electrophysiology

Details of the surgery and recording techniques are as described previously [54, 53].

Briefly, craniotomy is performed under general anesthesia. During the experiment, the

fish is awake but paralyzed with curare and locally anesthetized. Single-unit extracellular

recordings from superficial pyramidal cells of the CLS of the electrosensory lateral line

lobe were performed.

Stimuli consisted of amplitude modulations of the fish’s own electric field. The stim-

ulus was delivered through two large global electrodes placed on each side of the fish

thereby achieving a global stimulation. For local stimulation, a small dipole was placed

in the center of the cell’s receptive field; the distance between the dipole and the skin

was adjusted to maximally stimulate the whole receptive field of the cell while avoiding

stimulation of receptors outside the classical receptive field. The intensity of both local

and global stimuli were adjusted so that the modulation was 10-15% of the fish’s own

electric field as measured near the cell’s receptive field. In the experiment revealing the

frequency selectivity of the feedback pathway, the training stimulus consisted of both a

normal global stimulus to which a strong local stimulus of the same frequency and phase

was added. As a result, the cell receptive field was stimulated at a stronger intensity than

what would result from a normal global stimulus. The paradigm was shown to induce

plasticity in the feedback pathway [74], allowing the strength of the feedback to adjust
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to the strength of the feedforward input. This training stimulation at a single frequency

was presented for 3 min after which 15 s stimuli of two different frequencies (the training

frequency and another one) were interleaved and played in a normal global stimulation

configuration. All experimental procedures were approved by the University of Ottawa

Animal Care Committee.

5.5 Results

The goal of our model was to replicate the cancellation of low frequency redundant signals

observed in vivo during global stimulation (Figure 5.1). Contrary to stimuli restricted

to the pyramidal cell’s RF center (classic RF), global stimuli effectively drive both the

classical RF and, via a cerebellar (EGp) feedback pathway, also activate a non-classical

RF [38, 44]. By comparing responses to local and global stimuli, we can quantify the

canceling effect of the feedback. Under local stimulation, the cell responds strongly

above its baseline rate at the stimulus peak but far below baseline at the trough. During

global stimulation, the differential response is mostly eliminated for frequencies below

10 Hz (e.g. 2 Hz in Figures 5.1A-B, left panel). However, this cancellation deteriorates

drastically between 10 and 20 Hz (Figures 5.1A-B right panel, C). The main question mo-

tivating our modeling effort was to determine whether the in vitro LTD rule [41] together

with known anatomical and physiological constraints could explain this cancellation.

5.5.1 Model replicates experimentally observed responses in

the absence of feedback

We used the leaky integrate-and-fire formalism to model SP cells but added a burst-

inducing depolarizing after-potential (LIF-DAP model) that incorporates the effect of

back-propagating dendritic spikes. This model is a reduction of biophysically realistic

models [61] and has previously been shown to capture the essential details of SP cells

burst discharge and electrosensory stimulus encoding [57]. Baseline discharge was mod-

eled by delivering a bias current, I, to the LIF-DAP model (Figure 5.2A) with noise

added so as to match the SP cell’s mean baseline discharge (mean 9.5 Hz, SD = 3.1, N

= 9 neurons). SP cells are linearly modulated by sensory input [38, 10]. Thus, direct

sensory input to the SP cells was modeled by sinusoidally modulating the bias current.

Since electroreceptors adapt to AM < 4Hz [59], the strength of this modulated input

was adjusted at these frequencies to match the experimentally observed firing and burst
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Figure 5.1: Properties of the system to be replicated by the model: local stimuli (no
feedback) elicit a strong phased-locked response whereas global stimuli - which do recruit
the cerebellar feedback - elicit attenuated responses to low frequency sine waves. This
cancellation is due to feedback inputs. (A) Examples of the responses of one neuron to
sinusoidal stimuli of low or high frequencies (2 Hz or 20 Hz; top trace). The spike trains
elicited by two cycles of the stimulus are displayed (middle traces) along with raster plots
of the responses to many cycles (bottom trace; note that the raster plots displayed for the
two consecutive cycles are the same; the data are duplicated in this fashion to improve
visualization). (B) Average firing rate of superficial E-cells of the centro-lateral segment
of the ELL (n=9) elicited by one cycle of the stimulus (the data is duplicated on an
adjacent cycle for clarity). (C) Cancellation of the stimulus response due to feedback as
a function of stimulus frequency (mean ± S.D.; n=9). Cancellation is calculated by first
fitting a sine wave (with the same frequency as the stimulus) through the mean firing
rate data (e.g. see panel B) in order to quantify the amplitude of the response to local
and to global stimuli. Cancellation is then calculated as the ratio of these amplitudes
(see Materials and Methods).
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rates under local conditions (see Material and Methods).

As shown in Figure 5.2C, our LIF-DAP model accurately matched the observed re-

sponses of SP cells to local stimulation for frequencies up to 32 Hz despite neglecting the

effects of feedforward disynaptic inhibition [63] or possible nonlinear biophysical dynam-

ics.

The DAP dynamic causes both the cell’s burst rate and number of spikes/burst

to vary with stimulus frequency; our model correctly captured the experimentally de-

termined relationship between stimulation frequency and burst rate and spikes/burst

(Figure 5.2B). These bursts are important for both stimulus encoding [75, 45, 53] as well

as for induction of LTD at the synapse between PF and pyramidal cells [41]. Note that

in the latter case, small and large bursts result in different associative time windows for

LTD (see below). Therefore, in order to parallel the in vitro experiments, bursts were

divided into small (2 or 3 spikes) and large (4 or 5 spikes, see Materials and Methods).

The burst dynamics of our LIF-DAP replicated the in vivo bursting propensity for both

small and large bursts during local stimulation (Figure 5.2B).

5.5.2 Incorporating a feedback that cancels low frequency cod-

ing

The cerebellar feedback pathway to the ELL originates from non-plastic cells of the ELL

which project bilaterally to the nucleus praeminentialis (nP). nP cells project bilaterally

to the granule cells of the EGp and these granule cells in turn project bilaterally to the SP

cells of the ELL [36, 47]. This produces a wide range of feedback delays dependent on the

length and conduction velocity associated with each possible trajectory. An additional

source of delay arises from the spatial extent of the EGp (∼1200 µm [76]); cells at one

edge of the EGp will incur an additional delay of 12 ms (given a conduction velocity

of 0.1 m/s [40]) compared to cells at the other edge. The delays resulting from the

various possible trajectories vary from ∼20 to >70 ms. Furthermore, the origins of the

feedback pathway, the deep cells of the ELL, have a variety of phase relationships with

the stimulus depending on the side of the body they represent and on their functional

type. Indeed, these cells can be divided in two types: E-cells, responding throughout the

peak of the stimulus, and I-cells, responding throughout its trough [46, 53].

Considering this variety of delays and phase relationships, and assuming that granule

cells of the EGp phase-lock to their input [50], PF can provide feedback to SP cells at

all possible phases of the low frequency AMs that are canceled during global input. In
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Figure 5.2: Model exploration: replication of pyramidal cells properties when stimulated
locally (no feedback) and constraints imposed on the model during global stimulation
(with feedback). A) Schematic of the main components of the model: a leaky integrate-
and-fire (LIF) model cell receiving feedforward input from the receptors and feedback
inputs from the EGp. A depolarizing after-potential (DAP) was added to replicate the
neuron’s burst propensity. The feedback inputs have a direct excitatory component
delivered through plastic synapses (of weight w) and a disynaptic non-plastic inhibitory
component. This feedback input is active only when modeling the response to global
stimuli. B) Comparison of in vivo and modeled pyramidal cell responses during local
stimulation: burst rates as a function of stimulus frequency. Bursting is quantified by
dividing the spike trains into small (2 or 3 spikes) or large bursts (4 or 5 spikes); longer
bursts are taken as combinations of small and large bursts (see Materials and Methods).
C) Post-stimulus time histograms comparing the response of in vivo (n=9 cells) and
modeled pyramidal cells elicited by local stimuli of different frequencies. Dashed lines
represent the average firing rate.
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addition, granule cells have been shown to phase-lock to periodic inputs and to burst

to sensory stimuli and be silent elsewhere [48, 50, 49, 77]. We therefore assumed in our

model that (1) the array of PFs provide feedback to SP cells at all possible phases of

the stimulus and (2) EGp granule cells respond in a bursty manner, phase-locked to

low-frequency AM signals.

The feedback pathway provides direct excitatory and disynaptic inhibitory input to

SP cells [62] and both were replicated in our model. The excitatory input was modeled

as a feedback strength, Λ, multiplied by the synaptic strength of the PF-SP cell synapse,

w, that can be altered by the burst induced plasticity identified experimentally [41]. The

inhibition is also proportional to the feedback strength but is otherwise constant because

no long term plasticity has been found at these synapses. The reversal potential of the

inhibitory synapse (GABA-A receptors) is near the SP cell’s resting potential [78], so

inhibition was modeled as a constant membrane conductance increase, g. The overall

strength of the excitatory feedback was adjusted to be slightly larger than inhibition,

consistent with in vivo and in vitro physiological studies [74, 78]. Under global stimu-

lation, the firing activity of SP cells is modeled by the same Equation 5.1 given in the

Materials and Methods, but the strength of the feedback Λ is set to 1.

The strength of the synapses between PFs and SP cells were modeled as weights

that span the stimulus period (2.5 ms bin widths; see Materials and Methods) and were

initially all equal since the array of PFs provide inputs at all possible phases of the stim-

ulus. If the SP cell bursts in close temporal proximity to the firing time of PFs, the

corresponding synaptic weight will depress according to the depression rule identified

in vitro [41]. The different rules identified for small and large bursts, are based on in

vitro experiments that paired 2-spike bursts or 4-spike bursts pre and post-synaptically.

A variety of pre and post-synaptic burst sizes can occur in vivo and the plasticity rule

might therefore continuously interpolate between rules based on different burst sizes. For

the sake of simplicity and to remain consistent with in vitro data, we restrict our model

to the experimentally defined small burst and large burst categories. The correspond-

ing plasticity rules were modeled as quadratics (Figure 5.3) having different depression

strengths and delay ranges. To prevent complete depression of all PF feedback, we in-

cluded a recovery process by which all weights slowly relax back to their default value in

an activity and frequency-independent manner.

We initially only took into account large bursts and the plasticity they elicit where

the pairing time window for LTD is ±100 ms. By itself, this rule was only effective for

canceling AM frequencies < 5 Hz because the plasticity time window was too broad to
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Figure 5.3: Burst-induced depression measured in vitro (data points) and applied to the
parallel fiber-pyramidal cell synapse of the model (lines) for small bursts and large bursts
(gray and black, respectively). The measured weight change is the result of 100 pre- and
post-synaptic burst pairings. Note that the large-burst rule is not equal to the sum of
two small-burst rules.

selectively target the positive phase of the AM of higher frequencies (Figure 5.4A). For

example, for an 8 Hz signal, a burst at the crest of the stimulus will depress weights 75

ms later, at its trough, and therefore reduce the excitatory feedback required to cancel

the trough. Trying to use the narrower, small-burst rule by itself -counting longer bursts

as several small bursts- also failed to replicate the experimental results (Figure 5.4A), in

part because it canceled high frequencies too much (see below), but also because it did

not cancel low frequencies enough.

The inclusion of both burst rules acting simultaneously in the model allows cancel-

lation to be effective at a much larger range of frequencies, accurately reproducing the

cancellation observed in SP cells at frequencies below 16Hz (Figure 5.4A). Therefore,

the non-linear dependence of the learning rule time window on the size of the burst is

essential to adequately shape the feedback synaptic strength: the temporal precision

associated with the small burst is required to cancel high frequencies while the strong

impact of large burst is required to cancel low frequencies. However, discrepancies be-

tween the model and the experimental data remain at very low (0.5 and 1 Hz) and at

high frequencies (20 and 32 Hz). At low frequencies, the model cancels as well as the

real pyramidal cells but the average firing rate is slightly higher in the model (Figure

5.4B). This minor discrepancy may be due to intrinsic [79] or feedforward inhibitory [80]

adaptation dynamics which were not included in our model.

The more serious discrepancy is that our model permits cancellation of not only low,

but also high frequencies (16-32 Hz), which is not seen in vivo (Figure 5.4B). Yet, under
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Figure 5.4: Comparisons between model and experimental responses when the model
learned either with the large-burst rule, the small-burst rule or both. Note that, in
this figure, parallel fiber activity is as yet unconstrained (compare to Figure 5.6). A)
Cancellation performance of the model compared to experimental data. B) PSTH of the
model and in vivo responses (global stimuli) when both large and small burst rule are
used while the model is learning. Dashed lines represent average firing rate per second.
C) Burst rates in model and in vivo responses when both large and small burst rule are
used while the model is learning. Note the difference in small burst rate at high AM
frequencies.
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global stimulation, the model actually bursts less than that observed in vivo (Figure 5.4C)

implying that cancellation is failing in vivo despite SP cells producing enough bursts to

drive plasticity. The difference may come from the fact that our model thus far assumed

that each burst in the SP cell is matched by a burst in all the PFs representing a given

phase. in vitro studies of mammalian granule cells have shown that they produce spike

bursts in response to sinusoidal current injection but that the number of spikes per burst

drops off with increasing frequency, and, after 10 Hz, the cells failed to produce bursts

on every cycle (Figure 2A of [50]). It is therefore likely that, at higher AM frequencies,

a burst in the pyramidal cells will not be matched by a burst in every PF representing

a given phase and thus will not elicit depression in all the corresponding synapses.

We incorporated the declining probability of a pre-synaptic burst into the learning

rule by optimally decreasing the parameter η as a function of frequency to reproduce

the experimental data (see Figure 5.5). We found that an approximately exponential

decrease in η above 8 Hz was sufficient to obtain the decrease in cancellation at higher

frequencies seen in vivo (Figure 5.6). Further studies will be required to test whether

the EGp granule cell burst size is inversely related to mossy fiber input frequency as

predicted by our model.

Figure 5.5: Frequency dependence of learning. The decreasing propensity for granule cells
to burst at higher frequencies is implemented by changing the learning rule strength η.
For each stimulus frequency, we determined the value of η that resulted in an optimal
fit between model and experimental results. We plot here η as a percent of the original
values (0.0036 and 0.0018 for large- and small-burst rules respectively.

5.5.3 Independent parallel fibre frequency channels revealed in

vivo

We have experimentally demonstrated that good cancellation of global frequencies <

16 Hz can be achieved and our model faithfully captures this result. A key element
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Figure 5.6: Comparison of the model with in vivo data showing its ability to replicate
the feedback induced cancellation. This model now includes the frequency dependence
of granule cell bursting.(A) PSTH of the model and in vivo responses to global stimuli
of different frequencies. Dashed lines represent average firing rate per second. (B) Burst
rates in model and in vivo responses. Bursting responses were segregated into small and
large bursts as described previously (see also Materials and Methods). (C) Cancellation
measured for responses of this final version of the model correspond well to the in vivo
data.
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of our model - the existence of PFs representing all phases for any stimulus frequency

- is dependent on anatomical and physiological data demonstrating a wide range of

PF feedback delays to SP cells. This implies, however, that a delay associated with a

particular phase for one frequency may be at a different phase for another frequency. For

example, a PF whose delay is associated with the peak of a 4 Hz AM will be associated

with the trough of a 12 Hz AM. To keep the phase definition of each PF consistent, our

model assumed that the weights learned at one frequency are independent of learning at

another frequency. Our model therefore predicts the existence of independent

frequency-tuned PF feedback channels to allow the burst LTD rule to select

the right time delays necessary to cancel each frequency.

To test for the possible existence of independent frequency channels in the feedback

pathway in vivo, we took advantage of the fact that the synaptic plasticity between par-

allel fibers and pyramidal cells also allows adjustment of the feedback strength relative

to the feedforward input [74]. Two sinusoidal stimuli (2 Hz, 8 Hz) were presented indi-

vidually to an E-type SP cell both locally and then globally in order to assess the initial

degree of cancellation; cancellation was achieved for both frequencies (Figure 5.7). Fol-

lowing a protocol introduced by Bastian [74], we then paired the global presentation (G)

of one frequency (8 Hz in the example shown in Figure 5.7) with the local presentation

of the same frequency (L) AM at an intensity such that the summation of both local

and global AMs strongly drive the neuron to burst discharge. The response of the cell to

the G+L signal diminished as the number of presented cycles increased, presumably due

to the strong evoked burst discharge inducing plasticity at PF synapses. Following the

G+L protocol, the original stimuli were again presented globally to measure the change

in cancellation. For the stimulus at the same frequency as the G+L pairing, the SP cell’s

spiking response was, for the first 30-60 s, out of phase with the stimulus: the trough

of the stimulus now elicited spiking while its peak silenced the cell. This response is

diametrically opposite to that expected from the anatomy and physiology of an E-cell

and cannot be due to the direct input from electroreceptors [81]. As previously shown

by [38], this reversed response is due to the temporarily modified PF feedback synapses,

which provide a feedback input too strong relative to the feedforward input and causes an

over-cancellation of the response. Most importantly, the global response to presentation

of the 2 Hz AM was unchanged and cancellation remained similar before and after the

training with 8Hz; additional experiments revealed that the opposite protocol (pairing

of local and global AMs for the 2 Hz stimulus) produced exactly the same frequency

specific change in the feedback (data not shown). We conclude that our prediction
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was verified: PF feedback cancellation input to SP cells is frequency specific.

5.6 Discussion

We have shown that superficial pyramidal neurons of the electric fish, A. leptorhynchus

can cancel spatially redundant sinusoidal signals (AMs) with frequencies < 16 Hz. It

is notable that this frequency range matches the spatially localized AMs generated as

a fish scans past small prey [33], as well as the spatially global AMs self-generated by

tail movements or by the presence of same sex conspecifics. The cancellation mechanism

therefore permits SP cells to detect prey and, presumably, the fish to capture prey even

when prey-induced local electrosensory signals are contaminated by global AMs with

overlapping frequencies. Previous work had established that the cancellation mechanism

involves feedback projections onto SP cells that emanate from non-plastic deep pyrami-

dal cells and reach SP cells via cerebellar granule cells [38]. We developed a minimal

model of the cancellation mechanism constrained by well-established neurophysiological

and anatomical data: (a) the spiking response of SP cells to stimulation of their re-

ceptive field centers; (b) the dynamics and AM frequency-dependence of the SP cells

burst mechanism; (c) the known delays in the PF feedback pathway; (d) the frequency-

dependent adaptation of electroreceptor afferents; and (e) in vitro PF-SP cell synaptic

plasticity rules: burst-dependent correlative LTD with a plasticity pairing window that

is proportional to the number of spikes per burst.

The model we have developed is minimal in the sense that we have not incorporated

additional physiological data that might improve its performance. For example facilita-

tion of PF-evoked EPSPs has been observed in vitro [66],[67]; thus, the presynaptic en-

hancement of PF-evoked EPSPs can drive SP cells and local interneurons more strongly.

This effect would improve the cancellation at low frequencies and contribute to the can-

cellation decay at high frequencies by slightly decreasing the average feedback strength

as PF bursts become rarer. However, the inclusion of different forms of PF plasticity

and plasticity of disynaptic inhibitory neurons makes resulting models far more complex

and the connection between biology and model assumptions less transparent.

Remarkably, our minimal model was quantitatively consistent with the response of

SP cells to stimulation of their RF center and to the development of cancellation fol-

lowing stimulation of the RF center and non-classic RF - the source of the feedback

that drives cancellation. The in vitro experiments had shown that large bursts produced

long plasticity windows > ± 50 ms while the small burst windows were < ± 10 ms
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Figure 5.7: Frequency-specificity of parallel fiber inputs demonstrated in vivo. (A)
Raster plot showing, as a function of time, the response of a typical cell to the different
steps of the experimental protocol: pre-training baseline for two AM frequencies delivered
either locally (no feedback) or globally (thus recruiting feedback); training stimuli of a
single frequency where a local stimulus is added to a global one; post-training responses
to global stimuli revealing the effect of the induced plasticity on the response to the two
frequencies. (B) Quantification of the mean (± s.e.; n=11 cells) canceling impact of the
feedback. Values below zero mean that the response is stronger than the uncanceled
baseline (local stimulation). Values above 100 indicate an over-cancellation, i.e. the
phase of the response is shifted 180◦; the higher the value, the stronger the response in
anti-phase.
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[41]. We found that the small bursts were sufficient to produce excellent cancellation

for high frequency inputs but the plasticity window was too narrow to cancel low fre-

quency stimuli. Conversely the large temporal window associated with large burst could

not achieve cancellation of high frequency AMs. The use of different temporal plasticity

windows for bursts of different sizes, and the dependence of burst size on the temporal

frequency of the stimulus were critical to adequately shape the canceling feedback across

AM frequencies.

The fact that lower frequencies AMs elicit bursts with more spikes is by no means

surprising since these larger burst can be expected to lead to more calcium entry in the

post synaptic cells via postsynaptic NMDA receptors [82, 68]. Depending on the type

and amount of calcium binding and sequestering proteins [83, 84] and their competition

with LTD promoting second messenger systems [68], this variation in Ca2+ influx might

affect the duration of the LTD window. It may be useful to look for such dynamic

matching of LTD pairing windows in other sensory systems with a large range of input

frequencies, e.g. in the vestibular system [85].

An additional constraint was necessary in our model to explain the deterioration of

cancellation at AM frequencies >8 Hz. Mammalian granule cells (in vitro) only burst

consistently on every cycle for frequencies≤10 Hz and the number of spikes/burst appears

to be inversely proportional to frequency [50]. Incorporating such a frequency-dependent

drop of PF bursting produced an excellent quantitative fit between model and experi-

mental data. Our model thus predicts that, similarly to rat cerebellum, bursting in EGp

granule cells of electric fish decreases with stimulus frequency as described in figure 5.5.

Our result suggest that frequency-dependent burst size is a general consequence of the

intrinsic properties of cerebellar granule cells [50] in combination with the dynamics of

granule cell circuitry [86].

A major discovery presented here is the frequency tuning of the PF feedback. Record-

ing of electrosensory afferent input to the EGp has revealed input tuned to high frequency

AMs but none to the frequency range important for cancellation [87, 88]. We therefore

hypothesize that frequency tuning is generated within the EGp granule cell network it-

self. The intrinsic dynamics of mammalian granule cells induce resonance in the theta

range (3-12Hz [50]) and the local Golgi cell inhibitory network is also associated with

low frequency oscillatory activity of granule cells [86]. It has even been suggested that

long-term plasticity in the cerebellar granule cell layer can induce “temporal matching”

appropriate to the timing function of granule cells [89, 50, 90]. The temporal precision

of granule cell discharge has been proposed to be important for the adaptive regulation
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of oscillatory motor output [89] and may even be implicated in the frequency tuning of

the vestibulo-ocular reflex (VOR) [85]. Frequency specificity of the VOR is evident in

the motor output, but there is no experimental evidence pinpointing the neurons and

circuits responsible for this frequency tuning; and existing models of such tuning do not

explicitly posit the granule/Golgi cells as its source.

In contrast, our results suggest that frequency tuning originates in the cerebellar

granule cell network. Furthermore, apart from the initial observation from Lisberger et

al. [85], the functional consequences of frequency tuning of cerebellar circuitry remains

an unexplored issue. Therefore, a conceptually novel aspect of our study is to relate the

frequency tuning capacity of granular cell networks (as suggested, for example, in [86])

to the frequency specificity of cerebellar learning by showing how frequency channels in

parallel fibers are involved in learning at the PF-SP synapse in our system.The EGp is an

inverted cerebellar region [47] with its granule cells directly accessible to patch recording

[77], optical Ca2+ imaging or experimental perturbation. The EGp may therefore be a

convenient preparation to investigate the cellular and circuit mechanisms that generate

frequency tuned and precisely timed granule cell/parallel fiber output.

There have been two general approaches to cerebellar function. One emphasizes the

function of PFs in a timing role for cerebellum [91, 32] while the other describes the

cerebellum as an adaptive filter [5]. It is clear from our results that these viewpoints are

not contradictory. The PF feedback to ELL is presumably phase-locked to low frequency

sensory input. We hypothesize that the synaptic and intrinsic dynamics of SP cells

then make use of this precisely timed input to implement an adaptive filter that cancels

redundant low frequency signals. It appears that exactly the same principle may be

operative in another well-studied cerebellar-like structure - the ELL of mormyrid fish.

The EOD of mormyrids consists of brief pulses with long and variable inter-pulse intervals

and the EOD command nucleus sends corollary discharge to the EGp that, as in A.

leptorhynchus, provides feedback to the ELL. Roberts and colleagues have demonstrated

that this circuit is also used as an adaptive filter to cancel redundant sensory input

[40, 3, 4] and theoretical studies have implicated the mormyrid PFs in conveying the

precise timing of the EOD corollary discharge to ELL neurons [40]. The PF-SP cell

synapse analog in the mormyrid ELL obey an anti-Hebbian spike timing dependent

plasticity (STDP) rule [20] instead of correlative burst-induced rules. Presumably the

mormyrid STDP rule is matched to the pulsatile nature of the EOD that simplifies

the cancellation problem to one of causal matching of the time delay of sensory input

following a corollary discharge.
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Instead, apteronotids operate their EOD continuously, and, for cancellation to occur,

feedback to the ELL must synchronize directly with global stimuli of arbitrary frequency.

Furthermore, these fish cannot rely on a corollary discharge input to guide the timing of

the feedback inputs. We propose that the need to cancel multiple frequencies requires

independent frequency channels and multiple learning rules. Our results indicate that

the precise timing of sensory or motor associated signals is a general function of parallel

fibers of the cerebellum and related structures such as the ELL or the dorsal cochlear

nucleus [92, 3, 93]. The local circuitry and dynamics (synaptic and intrinsic) of the PF

target varies, however, so as to implement the appropriate adaptive filter required for

each system.

In summary, our study brings two new concepts to the theory of cerebellar function.

First a precise matching between the temporal window of plasticity and the burst dy-

namics can permit adaptive shaping of PF inputs by synaptic plasticity. Second, and

most importantly, cerebellar granule cells are capable of providing frequency filters of

incoming mossy fiber input. We suggest that granule cell frequency tuning may prove

central to a better understanding of cerebellar circuits in general.

5.7 Figures and Legends



Chapter 6

Analytics

This chapter explores the behaviour of the model and how it could be predicted ana-

lytically. Local and global stimulation are investigated individually since different tech-

niques must be utilized in each scenario. Under local stimulation, the model is similar to

a stochastic leaky integrate-and-fire neuron, and the first-passage time (FPT) approach

to its firing rate can be employed. However, the model neuron in this thesis is not as

simple as the LIF archetype and the FPT analytical solution must be expanded.

During global stimulation, the weight distribution and the burst rates create a neg-

ative feedback loop that can be solved self-consistently. This leads to a derivable equi-

librium condition if the input current is not modulated and to a power law dependence

of some of the average output statistics with the global parameters if the input is mod-

ulated. Finally, the model is analyzed to determine if it exhibits a biologically realistic

form of contrast invariance (i.e. cancellation is maintained as the relative intensity of

the stimulus is varied) during global stimulation. For all plots, error bars of the model

data were generated and included, but, due to their small size, often appear as dots in

the figures.

6.1 Local Stimulation

6.1.1 Behaviour

To gain some insight into the behaviour of the model during local stimulation, Figure

6.1 illustrates the effect of changing the parameters of the local model on two statistics

of the output: the firing and burst rates. The parameters are varied by multiples of

the optimal local parameters identified in Chapter 3 and clearly show the inherent non-

80
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linearity between the inputs to the model and the output firing rate. Although the

details of all of these relationships are not investigated here, note that varying the cut-

off frequency of the low-pass filtered noise has a minimal effect on the model (blue line in

Figure 6.1A). This is is the reason fcut was not systematically optimized during parameter

fitting.

Figure 6.1: General behaviour of the model under local stimulation. The effect of varying
each model parameter individually on the firing rate while forced at a 4 Hz AM frequency
is shown in A. For each line, only one parameter is changing, as identified by the legend,
and the abscissa identifies the change in the parameter from its initial value. The initial
parameter values are κ(4) = 0.39, σ = 0.76, I = 0.58, fcut = 500 Hz, and τm = 7 ms and
this set is plotted at parameter multiple = 1. The effect of changing the AM frequency
on the firing and burst rates is plotted in B, where κ(f) = 0.39 for all frequencies and
the burst rates are calculated independently. The relationship between the firing rate
and 2-spike (green) and 4-spike (red) burst rates are shown in C when there is no AM
frequency (solid lines) and when there is a 4 Hz AM frequency and κ(4) = 0.39 (dashed
lines). The firing rate was varied in C by changing the bias current, I, but all other
parameters are equal to the initial parameter set in A.

Despite a constant mean input, the firing rate of the model decreases as the frequency

of the input increases (Figure 6.1B). This is due to the leaky integrator nature of the

stochastic LIF model, which essentially changes the voltage, V , proportional to the mean

of the past input, averaged over a period of time proportional to τm. Since I is less than

one, the model is in a subthreshold regime and requires noise to bring the voltage to

threshold. Even at the peak of the sinusoidal stimulus, κ(f) + I is always less than one,

so noise is necessary to cause the neuron to fire. As τm increases, more of the AM input

and the noise is being averaged over, which decreases the fluctuations of the noise and

decreases the mean firing rate (purple line in Figure 6.1A). Similarly, increasing the AM

frequency with a constant τm causes the same affect (Figure 6.1B).

Since the burst rates are proportional to the firing rate, both burst rates also decrease

with increasing AM frequencies (Figure 6.1B). Unlike in Figure 4.2, the burst rates
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decline monotonically with the AM frequency in Figure 6.1B because the 2- and 4-

spike burst rates were calculated independently. This removes the condition of mutual

exclusivity of spikes between the two burst types. The definition of a burst is based

on a threshold mechanism, so the interaction between the burst rates and firing rate

is inherently non-linear. This is evident in the burst rate to firing rate curve (Figure

6.1C), but, interestingly, the existence of a forcing frequency appears to linearize this

relationship.

6.1.2 Theoretical Analysis

The goal of local stimulation analysis is to predict the firing rate modulation over the

period of the AM frequency given the parameter values of the model. As with predicting

the firing rate of any leaky integrate-and-fire model neuron, the problem can be recast as

a first passage time problem. However, to account for rectification and low-pass filtering,

the mean and variance of the noise must be slightly altered. In parallel to the model’s

initial construction (Chapter 3), each feature of the model will be studied and added

sequentially to generate the complete approximation. The depolarizing after-potential

(DAP) will be treated separately at the end, as it is a source of non-linear feedback that

severely complicates the analysis.

Gaussian noise

The ELL model is based upon the stochastic leaky integrate-and-fire model, whose canon-

ical equation is
dV

dt
= −V + I + σξ(t), (6.1)

with a reset voltage, Vr, threshold voltage, Vth, ξ(t) is Gaussian white noise, and time

has been non-dimensionalized in units of the membrane time constant, τm. There is also

an absolute refractory period, τr, in non-dimensionalized time. The firing rate, R, of this

model is a first passage time (FPT) problem whose solution in real time is (in Hz) [60]:

R =

[
τmτr + τm

I−Vr
σ∫

I−Vth
σ

ex
2

erfc(x)dx

]−1

, (6.2)

where erfc(x) is the complementary error function, 2√
π

∫∞
x
e−t

2
dt. The effects on the

firing rate due to changes in the mean or variance of the input are accurately predicted
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by this equation, given a small enough time-step (Figure 6.2). This is the fundamental

equation that the following theoretical analysis will be built upon.

Figure 6.2: Comparison of the model’s firing rate with only Gaussian noise and an input
bias to the theoretical firing rate, Equation 6.2, for different time step sizes as either (A)
the input bias or (B) the standard deviation of the noise is varied. In A, σ is fixed at
0.5, while in B, I is fixed at 0.5. As the time step decreases, the model gets closer to
the theoretical rate. Red line was simulated with ∆s = 0.1, the green line was simulated
with ∆s = 0.01, and the blue line was simulated with ∆s = 0.001. Black line (almost
superimposed on the blue line) is the theoretical firing rate using Equation 6.2. τm is 7
ms.

Low-pass filtered noise

Given that low-pass filtered noise must be used in the model, the firing rate of the neuron

with low-pass filtered noise but without rectification was investigated analytically. Thus,

the governing equation is τmV̇ = −V + I + σξL(t), where ξL(t) is low-pass filtered noise,

and the forward Euler method can be used to simulate it (see Figure 3.3). However,

Equation 6.2 is for the firing rate of a stochastic LIF neuron and does not hold for a LIF

with filtered noise input (Figure 6.3).

To model low-pass filtered noise, the variance of the noise in Equation 6.2 must be

changed. If σ2 is the variance for Gaussian white noise, then the variance of the low-pass

filtered noise is

σ2
low = σ2fnyq

fcut
∆s =

σ2

2τmfcut
(6.3)

where the fnyq
fcut

term arises from renormalizing the variance of the low-pass filtered noise

and ∆s arises from using the forward Euler method to numerically simulate the equations

instead of the Euler-Maruyama method. By changing the variance in Equation 6.2 to

match Equation 6.3, the analytical firing rate is close to the firing rates of the model
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when I is varied, but deteriorates when σ is altered (Figure 6.3).

Figure 6.3: Comparison of the model firing rates with the analytical firing rates when the
LIF is driven by low-pass filtered noise (fcut = 500 Hz) as (A) the mean input current, I,
and (B) the standard deviation of the noise, σ, is varied. The governing model equation
is τmV̇ = −V + I + σξL(t). Analytical firing rates are calculated using Equation 6.2
with the variance of the noise equal to σ2 (solid black lines) or to σ2

2τmfcut
(dashed black

lines). Model simulations were performed with 3 different time steps, 0.1, 0.01, and 0.001,
corresponding to the red, green, and blue lines, respectively, but the convergence of the
simulation for different time-steps leads to overlapping coloured lines. In A, σ is held
constant at 0.5, and in B, I is held constant at 0.5. In this and all remaining figures,
∆s= 0.01 and τm = 7 ms.

Inspection of Figure 6.3A suggests that the analytical firing rate calculated using

Equations 6.2 and 6.3 is misaligned from the model’s data by a fixed input current.

Furthermore, the progressive deterioration of the fit between theoretical and model firing

rates as σ is varied hints that the input correction is a function of σ. Investigations with

different cut-off frequencies as well lead to the phenomenological mean input correction

of

Ilow = I − 50σ

fcut
, (6.4)

which, together with Equations 6.3 and 6.2, accurately predict the firing rate despite

variations in the input current, standard deviation of the noise or cut-off frequencies

(Figure 6.4). This is an ad hoc solution of the effect of low-pass filtered noise input to

an LIF model, and the only evidence that Equations 6.3 and 6.4 are appropriate is the

success of the estimate (Figure 6.4). In addition, the mean input correction is to first

order, and the deterioration between the theoretical firing rate and the model’s firing

rate at very high σ and low fcut is likely due to higher order terms in the correction that

are not taken into account.
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Figure 6.4: Comparison of the model firing rates with the analytical firing rates as (A)
the mean input current, I, and (B) the standard deviation of the noise, σ, is varied for
different cut-off frequencies. The governing model equation is τmV̇ = −V + I + σξL(t).
Blue, green, and red solid lines correspond to model simulations at cut-off frequencies of
250 Hz, 500 Hz, and 1000 Hz, respectively, while broken lines are theoretical estimations
using Equations 6.2, 6.3, and 6.4 with dashed, dotted, and dot-dashed corresponding to
approximating the model’s firing rate for cut-off frequencies of 250 Hz, 500 Hz, and 1000
Hz, respectively. In A, σ is held constant at 0.5, and in B, I is held constant at 0.5.

Rectification

As described in Section 3.4.1, rectifying the input of a stochastic integrate-and-fire neu-

ron with Gaussian white noise causes the time-step of numerical integration to affect the

firing rate. Therefore, Gaussian white noise must be low-pass filtered first. Furthermore,

rectification complicates the analytical approximation since the input distribution ceases

to be Gaussian around the mean input, I, but becomes a mixed distribution that has a

continuous Gaussian probability density for values greater than 0, and a discrete prob-

ability mass at 0. In other words, if Y is the feedforward input to the model, then the

probability density of Y is

f(y) =


0 y < 0

δ(y)
∫ 0

−∞
1√
2πσ

e−(y−I)2/2σ2
dy y = 0

1√
2πσ

e−(y−I)2/2σ2
y > 0

(6.5)

where δ(y) is the Dirac delta function.

In general, the first passage time derivation of the firing rate that produced Equation

6.2 will not hold when the noise is rectified. However, if the probability mass at y = 0,

is small enough, then Equation 6.2 should still approximate the firing rate. Certainly

when the mean is large compared to the variance, then the distribution of Y will be far

from 0 and retain most of its Gaussian character. For intermediate values of the mean
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and variance when there is a non-negligible probability mass at y = 0, then Equation 6.2

could be used if the distribution of the input is still assumed to be Gaussian but with

the mean and variance of Y as parameters instead of I and σ2. The mean value of Y is

E{Y } =

∞∫
−∞

yf(y)dy

= 0 +

∞∫
0

y
1√
2πσ

e−(y−I)2/2σ2

dy

=
I

2
erfc

(
−I√
2σ

)
+

σ√
2π
e−

I2

2σ2

where E{} is the expectation operator. The expected value of Y 2 is

E{Y 2} = 0 +

∞∫
0

y2 1√
2πσ

e−(y−I)2/2σ2

dy

If we make the change of variables x = y−I√
2σ

then the integral becomes

E{Y 2} =
1√
π

∞∫
−I√
2σ

(I +
√

2σx)2e−x
2

dx

=
1

2
(I2 + σ2) erfc

(
−I√
2σ

)
+

σI√
2π
e−

I2

2σ2

and so V ar{Y } = E{Y 2} − E{Y }2 can be calculated. Using the mean and standard

deviation of Y as I and σ and then applying the low-pass filtered noise corrections

produces the analytical estimate of rectified input to an LIF model with low-pass filtered

noise:

Irect = E{Y } −
50
√
V ar{Y }
fcut

(6.6)

σ2
rect =

V ar{Y }
2τmfcut

(6.7)

This provides a close fit to the model data (Figure 6.5). For a small noise intensity,
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neglecting the rectification of the input is acceptable (blue line in Figure 6.5A), but, as

the variance increases, the analytical fit without accounting for rectification deteriorates.

At high mean inputs, the fits tend to improve since the distribution of the input is less

influenced by rectification. The analytical approximation including rectification of the

input provides a much better fit to the numerical simulations, although small differences

do develop at low mean input values, where the assumption that the input still has a

Gaussian distribution no longer holds (Figure 6.5B, red and green lines).

Figure 6.5: Comparison of model firing rates with analytical firing rates as the mean
input current, I, is varied for different values of σ. The governing model equation is
τmV̇ = −V + [I + σξL(t)] (i.e. rectification is applied). Blue, green, and red solid lines
correspond to model simulations with σ = 0.5, 1, and 1.5, respectively. Broken lines are
analytical approximations, with dashed, dotted, and dash-dot corresponding to σ = 0.5,
1, and 1.5, respectively. In A, the analytical approximation is based on the low-pass
filtered correction approach (Equations 6.2, 6.3, and 6.4) and assumes no change in the
firing rate due to rectification. In B, the analytical approximation is based on the mean
and variance correction of the rectified input (Equations 6.6 and 6.7) with Equation 6.2.
In both cases, fcut = 500 Hz.

Sinusoidal input

During local stimulation, the mean input current, I, is sinusoidally modulated by κ(f) at

the AM frequency f . Since the value of σ used in the model to mimic pyramidal neurons

in the ELL is 0.759 and the mean input is less than one, the firing rate curve is between

the blue and green lines in Figure 6.5B, which necessitates the analytical rectification

approximation.

To track the modulation of the firing rate over one AM cycle, the period is divided

into 20 bins. These bins are small enough such that the sinusoidal input current can be

considered approximately constant within each bin, and it was assumed that each bin can

be analyzed independently. This approximation is aided by the separation in timescale
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between the membrane time constant and the AM period, the latter being slower. For

each bin, the mean input is I + κ(f) sin(2πftbini ), where tbini is the time at the centre

of the bin i, and Equation 6.2 is used with the corrections for rectification and low-pass

noise filtering (Equations 6.6 and 6.7) to find the firing rate. The firing rate in each bin

is then plotted against tbin to approximate the PSTH (Figure 6.6).

Figure 6.6: Comparison of the model’s firing rate modulation (grey lines) and the an-
alytical approximation (dashed black lines) during local stimulation without an active
DAP. The governing model equation is τmV̇ = −V + [I + σξL(t) + κ(f) sin(2πft)]. Con-
trast was decreased at AM frequency < 4 Hz to account for electroreceptor adaptation:
κ(0.5) = 0.25, κ(1) = 0.27, κ(2) = 0.31 and κ(f ≥ 4) = 0.39.

The analytical expression is able to closely match the model’s firing rate modula-

tion, although there are some very minor differences, especially on the rising side of the

stimulus. This is due to the supposition that the input can be binned and analyzed

independently: if the neuron has not fired recently, as in the trough of the input, it has a

higher probability to fire when current appears, which falsifies this assumption. Further,

while the analytical firing rate is identical for all AM frequencies that have equivalent

contrasts, the model’s firing rate does change as the AM frequency increases. Interest-

ingly, even though the average firing rate over a period decreases with AM frequency

(Figure 6.1B), the maximum instantaneous firing rate over a period increases with AM

frequency (compare the analytical firing rate and the model’s firing rate in Figure 6.6 at

8 Hz and 20 Hz). The reason for this is unknown.

Depolarizing after-potential

Finally, the depolarizing after-potential can be included in the analytical approximation.

Since the size of the DAP input, averaged over time, is proportional to the model’s firing
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rate, the DAP is a form of positive feedback that is internal to the cell - as opposed to

feedback via external circuitry. Incorporating the DAP, the mean input to the model

becomes

Ieff = I + λR(Ieff ) (6.8)

where R(Ieff ) is the firing rate of the model at the new effective input current, Ieff , and

λ is the strength of the feedback, which has yet to be determined. The firing rate as

a function of the input current can be found from Equation 6.2 using the rectified and

low-pass filtered corrections (Equations 6.6 and 6.7) without the DAP but the stable

firing rate given λ 6= 0 must be found numerically.

To find the stable firing rate, Equation 6.8 can be transformed into a recursive map,

i.e. R(Ii+1) = R(I + λR(Ii)), or, defining Ri+1 as R(Ii+1), then Ri+1 = R(I + λRi).

If this map is stable, then after sequential iterations the firing rate should be constant:

Ri+1 ≈ Ri. If the firing rate was linear, i.e. R(Ii) = mIi, where m is a parameter, then

the recursive map becomes Ri+1 = mI +mλRi, whose stable value of I is

Is =
I

1− λm
. (6.9)

Clearly, as λ approaches 1/m, Is goes to infinity. Thus, for strong positive feedback,

the system is unstable, regardless of the initial parameters. As the firing rate does not

escape to infinity, the DAP must be weak in this sense. Extending this analysis to the

non-linear case of the stochastic LIF, the slope of the recursive map is still the important

parameter for stability. Since the firing rate is monotonically increasing (Figure 6.5), the

slope is always greater than zero, and, in its linear region, the slope is approximately 100

Hz per unit of input current, which implies that only very small feedback strengths will

be stable or the firing rate will escape to infinity.

This effect does not actually occur in the stochastic LIF-DAP model or in reality

because a single feedback parameter λ is an oversimplification of the DAP dynamics. In

particular, if the neuron fires too quickly then the dendrites may still be in their dendritic

refractory period, which would prevent the DAP from initiating. This limits the feedback

of the DAP at high firing rates.

To model the effect of the DAP analytically, the strength of its feedback must be

known. For simplicity, a constant feedback strength, λDAP , was assumed to be a good

fit for the DAP dynamics within the range of input currents for local stimulation. The

value of λDAP was obtained by matching the firing rate of the model and the stable

firing rate of the rectified input approximation when both had a mean input current of
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0.97 and a noise standard deviation of 0.759 but no sinusoidal current modulation. This

corresponds to the input current at the peak of an AM cycle for frequencies greater than

2 Hz (since I + κ(f ≥ 4) = 0.58 + 0.39 = 0.97) where the DAP has the largest effect. A

feedback strength of λDAP = 0.0012 was found to be optimal. This is indeed less than

the reciprocal of the slope of the firing rate curve, indicating its stability. To recreate the

local PSTH, the input current was binned as before, but now Equation 6.8 is employed

and the firing rate and input current are re-iterated for each bin until a stable rate is

reached (Figure 6.7).

Figure 6.7: Comparison of the model’s firing rate modulation (grey lines) and the analyt-
ical approximation (dashed black lines) during local stimulation when the DAP is active.
The governing model equation is τmV̇ = −V + [I + σξL(t) + κ(f) sin(2πft)] + DAP (t).
Contrast was decreased at AM frequency < 4 Hz to account for electroreceptor adap-
tation. The model PSTH in grey is identical to the PSTH of the optimal local fit (see
Figure 4.2).

A comparison of the model PSTH in Figure 6.6 and 6.7 show that the DAP increases

the firing rate by about 10 Hz at the peak of the input, which was a critical feature

during local parameter fitting. Thus, the theoretical approximation of the firing rate

was able to accurately reproduce the firing rate modulation of the model during local

stimulation.

6.2 Global Stimulation

6.2.1 Qualitative investigation of w

Under global stimulation, the feedback circuit is active and the parallel fibre synaptic

weights, wφ, supply input to the neuron, which affects the neuron’s firing rate and burst
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rates. The burst rates, in turn, change the weight values through the 2-spike and 4-spike

plasticity rules. This establishes a negative feedback loop between the weights and the

burst rates, and when the individual weights have reached a stable value, learning has

converged and the statistics of the model are stable. The following equations govern the

model during global stimulation:

τm
dV

dt
= −V + [I + σξL(t) + κ(f) sin(2πft)] +DAP (t) + Λ (wφ − gV ) (6.10)

if |tφ − tB| < Lw2,4 → wφ = wφ + wφη2,4

[(
tφ − tB
Lwidth2,4

)2

− 1

]
(6.11)

τw
dwφ
dt

= wmax − wφ (6.12)

Due to the complex relationship between the 2- and 4-spike burst rates and the weight

distribution of the model, the feedback system is nonlinear. Nevertheless, the burst rates

increases monotonically with input current, and the weights decrease monotonically with

increasing bursts (since the rule is purely depressing), so a single stable fixed point

is expected. To obtain some insight into the behaviour of the weights under global

stimulation, the average, w, of all the weight values (each one being associated with one

phase of the sinusoidal modulation) was tracked for 1750 s when the system was forced

by a 4 Hz AM frequency (Figure 6.8).

The average weight value converges quickly to near its equilibrium value but, due

to noise in the neuron model, continues to fluctuate around it (Figure 6.8A). At higher

resolutions, w appears to follow a near random walk around its equilibrium value, albeit

with different magnitudes for an increment or decrement (Figure 6.8B and C). w slowly

increases via the potentiating rule, which is a continuous function of time, and sporad-

ically decreases via the depression rules whenever the cell bursts, which are discrete,

random events.

Although the timing of each burst is stochastic, the effect of each superficial cell burst

on w is deterministic and can be calculated using the burst learning rules (Equation 3.14;

also see Figure 4.3). The update rule for weights is multiplicative, and consequently each

weight at each phase will change by a different amount, depending on the weight’s initial

value. However, if the spread of the weight distribution is small, w can be substituted for

the weight at each phase and the impact of one burst on w will depend on the integral

of the burst rule:
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Figure 6.8: Typical simulation of the average weight value during a single run of global
simulation with a 4 Hz AM when all weights are initialized at 1.5. In A, the average
weight value is tracked for 1750 s. In B, the segment between 800-1000 s is examined in
finer detail, and finally in C, the period between 880-900 s is analyzed. In C, large step
decreases are from 4-spike bursts, while small decreases are from 2-spike bursts. Boxes
in A and B specify the area to be examined in the following panel. Parameters are as
in the global η model.
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Impact =

∫
|tφ−tB |<Lw

wφη

[(
tφ − tB
Lw2,4

)2

− 1

]
dtφ

Impact ≈ wη

Lw∫
−Lw

(
t2

L2
w

− 1

)
dt

Impact ≈ wη
4

3
Lw,

where η4 and Lw4 or η2 and Lw2 would be substituted for η and Lw to determine the

impact of a 4-spike or 2-spike burst, respectively.

Since the weights are not continuous but discretized, the sum of the weights will

decrease by approximately this amount every time a superficial cell burst occurs, in a

Riemann sum estimation of the integral. The time each segment (or weight) is active is

the size of the partition of the Riemann sum, which is 2.5 ms or T/nw(f), where T is the

period of the AM frequency and nw(f) is the number of feedback segments, which is also

the number of weights, at that frequency. Thus, the change in the sum of the weights is

equal to

Impact ≈ ∆

(∑
φ

wφ

)
T

nw(f)

⇒ ∆

(∑
φ

wφ

)
≈ 4wηLwnw(f)

3T
.

The change of the average weight value, w, is simply the change in the sum divided by

the total number of weights, nw(f):

∆w ≈ 4wηLw
3T

(6.13)

For a 4 Hz AM frequency and global η model parameters, this corresponds to a

decrease of 0.00192w for 4-spike bursts, and 9.6 x10−5w for 2-spike bursts, which is small

compared to w. Since the 2-spike burst are more common than the 4-spike bursts, the

weights appear to follow a random walk with potentiation and 2-spike burst depression

almost in balance, with an occasional sharp correction by the 4-spike burst. Note that
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for a given burst rule, as the AM frequency increases, the relative effect of each burst

on the average weight value increases. Although it was derived when the difference in

weight values at different phases is small, Equation 6.13 should still approximately hold

when the weights have a non-negligible variation. This will be critical in understanding

the inverse relationship between the burst rates and the AM frequency under global

stimulation.

6.2.2 Qualitative investigation of the weight distribution

The dynamics of the weight distribution were partially analyzed in Section 3.4.2 to

ascertain the time until the system is in equilibrium. To investigate the weight dynamics

more fully, a weight at the peak and at the trough of the input as well as the w were

tracked during the simulation of the global η model (Figure 6.9). For comparison, Figure

3.4 is also plotted, where the same global η model is used all frequencies have identical

values of κ, η2 and η4 values (see Figure 6.10).

Comparing these two paradigms reveals the impact of the learning rate and the AM

frequency on the weight behaviour. Decreasing the learning rate reduces the impact of

each burst; hence, more bursts are required to maintain the equilibrium weight value.

This decreases the variance of the final value of each weight, illustrated by the “thickness”

of the lines in Figure 6.9 and 6.10 (i.e. compare 32 Hz). If η is kept constant, then the

variance of the traces increases with AM frequency, as bursts become rarer (see Figure

6.1) and more powerful (see Equation 6.13) at higher frequencies (e.g. compare the

thickness of blue traces at different frequencies in Figure 6.10). Further, reducing the

learning rate decreases the difference between final weight values at different phases (i.e.

between red and green lines at high AMs in Figure 6.9) because the impact of a relative

difference in burst rates at different phases of the input is diminished. This leads to a

more constant global feedback input, and to poorer cancellation as seen in the global η

model.

Comparing the two figures at low AM frequencies also clarifies the effect of changing

κ on the weight dynamics, as Figure 6.9 includes fitting for electroreceptor adaptation

while Figure 6.10 does not. Since κ is the modulation of the input that the feedback

must cancel, decreasing κ reduces the difference in weight values because the feedback

needs a smaller modulation to cancel a smaller input.
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Figure 6.9: Weight evolution during global stimulation in the final global model. Three
different initial conditions (all weights initialized at 0.5, all weights initialized at 1.0,
and all weights initialized at 1.5) were each run 5 times and the value of a weight at
the peak of the input (φ = 3π/4, green lines), the trough of the input (φ = π/4, red
lines), and the average weight value (blue lines) were tracked for 7000 s. The global η
model is used in these simulations: at low frequencies, κ(f) is decreased to account for
low-frequency electroreceptor adaptation and at high frequencies η2 and η4 are decreased
to approximate the decreasing burst rate of granule cells (see also Figure 4.7).
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Figure 6.10: Weight behaviour during stimulation of the global η model when κ(f), η2

and η4 are constant. This is the same plot as Figure 3.4. Three different initial conditions
(all weights initialized at 0.5, all weights initialized at 1.0, and all weights initialized at
1.5) were each run 5 times and the value of a weight at the peak of the input (φ = 3π/4,
green lines), the trough of the input (φ = π/4, red lines), and the average weight value
(blue lines) were tracked for 7000s.
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6.2.3 Theoretical Analysis

The goal of this theoretical analysis is to predict the firing rate, the burst rates and

the weight distribution given the initial conditions of the systems (the parameter values

and the AM frequency) under global stimulation. This goal should be possible since the

burst rates affect the weight distribution through the learning rules and the weights affect

the burst rates by providing input to the model neuron. After transients have decayed,

the final burst rates and weight distribution of the system must, therefore, be at the

equilibrium position where these two effects balance. For simplicity, only 2-spike bursts

will depress the weights in this analysis so a single burst rate, Br, can be defined, and

the global model parameters used here are identical to the optimal 2-spike burst model

in Section 4.2 (Figure 4.5). η is also constant across AM frequencies.

During global stimulation, the equilibrium weight distribution is a collection of the

stable weight values at each phase of the AM cycle. These final weight values also

influence the firing and burst rates that occur at that phase. In a similar approach to

the local theoretical analysis of the PSTH, each AM cycle is divided into 20 bins. These

bins are only used for theoretical analysis, as the model still has nw(f) weights at each

frequency. Within each bin, the average weight value, wbin
i can be calculated by assuming

the input stimulus is constant inside the partition and that the bins are independent of

each other. Therefore, the equation for each bin is

τm
dV

dt
= −V +

[
I + σξL(t) + κ(f) sin(2πftbini )

]
+DAP (t) + Λ

(
wbin
i − gV

)
, (6.14)

where tbini is the time in the middle of that particular bin. Also, since the input within

each bin is not modulated, all of the weights, wbin
i , will converge to the same value and

only wbin
i is important. Note, however, that the weights are still periodic with the AM

frequency even within a bin.

The weights and the burst rules complete a feedback loop in the model. To formulate

the analytical approximation to global stimulation, the firing rate within a single bin will

be investigated when stimulated by a fixed input current (i.e. a fixed weight value) with

disynaptic inhibition, g. Given the firing rate within a bin, the 2-spike burst rate can

be obtained, which specifies the average weight value, wbin
i , that will be stable at that

input current. In equilibrium, the input above the bin’s feedforward input current must

be equal to wbin
i , so these equations form a system that can be solved self-consistently.

After numerically finding the solution in a single bin, the approach will be applied to
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all 20 bins that each represent a different phase of the input and, hence, have a different

bias current (different tbini ). This will lead to different equilibrium values of the average

weight and the firing and burst rates in each bin, which is used to construct the analytical

distribution of the weights, the PSTH, and the average 2-spike burst rate over one AM

cycle. For simplicity, the weight input was assumed to be part of the feedforward input

during the analytical calculations, even though the weights are not actually rectified with

the electroreceptor input in the model.

Firing rate in each bin

For a given constant weight value, the firing rate within each bin can be approximated

using the same technique that was used during local stimulation. However, Equation

6.14 is not in the appropriate form for Equation 6.2 since disynaptic inhibition is now

involved. The −ΛgV term must be dealt with by dividing all terms by 1 + Λg, which

changes the equation to

τm
1 + Λg

dV

dt
=
−(1 + Λg)V +

[
I + σξL(t) + κ(f) sin(2πftbini )

]
+DAP (t) + Λ

(
wbin
i

)
1 + Λg

.

(6.15)

The membrane time constant, the bias current, and the standard deviation of the

noise can then be renormalized to include the 1 + Λg term and the firing rate can be

predicted using Equations 6.2,6.6, and 6.7. Alternatively, the mean and variance can

remain fixed as long as the voltage threshold is multiplied by 1 + Λg. If the DAP is

deactivated and the weights are fixed at zero, this method provides a good fit of the

model during constant input (Figure 6.11).

The disynaptic inhibition is a form of shunting inhibition, which leads to subtractive

gain control, a result found elsewhere [94], and the theoretical approximation matches

the model’s firing rate very well.

After the increased inhibition is incorporated into the theoretical analysis, the DAP

may be approximated using the recursive map approach shown previously. However,

the DAP is weaker now that its strength has been reduced by 1 + g (Equation 6.15).

Furthermore, the instantaneous firing rate during global stimulation is never as high as

it is during local stimulation, which limits the impact of the DAP. Because of its minor

effect, the DAP was excluded in the theoretical estimation of global stimulation.
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Figure 6.11: R-I curve of the model with different values of inhibition. This is an example
of the effect of inhibition on the firing rate within one bin given a constant input. The
model’s governing equation is τmV̇ = −(1 + Λg)V + [I + σξL(t)]. Blue, green, and red
lines correspond to the model’s firing rate with g = 0, 0.5, and 1 as the bias current, I,
is varied from 0 to 2. Dashed black lines are the theoretical firing rates. In this and all
subsequent plots in this Section, σ = 0.759, τm = 7 ms, Λ = 1, and fcut = 500 Hz.

Burst Rate

Once the firing rate is known, it can be converted into a 2-spike burst rate. Since the

definition of a burst involves a threshold non-linearity, the mathematical relation between

the burst rate and the firing rate would be difficult to calculate analytically. Nevertheless,

the model data of the firing and burst rates can be fitted for a constant input current

to approximate the burst function (Figure 6.12). A quadratic fit matches the data well

and the resulting function is

Br = 0.0071R2 + 0.055R− 0.22 (6.16)

where R is the firing rate and Br is the 2-spike burst rate. The norm of the residuals for

this fit was 0.2 (n = 30).

w bin as a function of the burst rate

Thus, for a given weight value, the 2-spike burst rate can be calculated. The final missing

relationship before the weight in each bin can be predicted is how the burst affects the

weight value. Observing Figure 6.8, the average weight value quickly decreases until the

stochastic burst rate and the deterministic potentiation rule are in equilibrium. Without

4-spike bursts, there would be far less movement around the steady-state w bin, and the

balance between the depression caused by each burst and the potentiation between bursts

would be more exact. Schematically, the weight dynamics might look like Figure 6.13.

Although the calculations in this section are for w bin and, therefore, at a constant
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Figure 6.12: A plot of the 2-spike burst rate as a function of the firing rate (Br-R curve)
for a constant input (no AM frequency). Data points (grey dots) were collected from
global stimulation at a constant input with g = 0.87 and I ranging from 0.5 to 1.5 to
recreate the range of firing rates seen during global stimulation. The data was fitted and
a quadratic matches the data well (dashed black line).

Figure 6.13: Schematic of the dynamics of the average weight value at equilibrium.
Bursts occur at time ti and ti+1, which depress the value of the average weight by an
amount χi and χi+1, respectively. The weight values then slowly potentiate according to
τwẇφ = wmax−wφ. A difference map can be defined that transforms the average weight
just after burst i to the average weight just after burst i+ 1: w(t+i )→ w(t+i+1).
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input, the superscript bin will be dropped for clarity until the end of the derivation. Thus,

the average weight value within a bin at time t is defined as w(t) and the depression of

w(t) after burst i is equal to χi. Between bursts, w(t) increases via the potentiation

rule. In reality, each weight within the distribution will increase via the potentiation

rule differently, depending on the value of each weight. However, since χi is very small

compared to the w(t) (see Section 6.2.1) and the input has no modulation other than

noise, the difference between weights is negligible and the w(t) can be assumed to increase

via the potentiation rule. This system can be analyzed as an iterative mapping of weight

values just after a burst occurs. If a burst arrives at time ti, then

w(t+i ) = w(t−i )− χi (6.17)

where t−i is defined as the time just before the burst, t+i is defined as the time just

after the burst, and χi is the effect of one burst on the average weight value at time

ti. Between bursts, the weights are only under the influence of the potentiation rule, so

w(t−i+1) can be found by solving the homeostatic rule:

τw
dw

dt
= wmax − w

⇒ w(t) = wmax + (w(t0)− wmax) e
−(t−t0)
τw

With the initial weight as w(t+i ), the final weight as w(t−i+1), and the time difference

t−i+1 − t+i = ∆t, then w(t−i+1) = wmax +
(
w(t+i )− wmax

)
e
−∆t
τw and substituting this into

Equation 6.17 gives

w(t+i+1) = wmax +
(
w(t+i )− wmax

)
e
−∆t
τw − χi (6.18)

If this system is in equilibrium, then w(t+i+1) = w(t+i ) = w bin, which is the equilibrium

average weight value within a bin. Technically, as w(t+i ) is the lowest value the average

weight will obtain between bursts, the mean (i.e. averaged over time) w bin is slightly

higher than w(t+i ). However, the size of χi is much smaller than the average weight value,

so the difference is negligible. The time difference ∆t is the time between successive bursts

during equilibrium, so the reciprocal of ∆t is just the equilibrium burst rate, Br. During

the actual simulation, the bursts will not arrive exactly ∆t apart due to the noise in the

system but if the weights stay near their equilibrium value, then ∆t should be the mean

time between bursts. In addition, χi is the effect on the average weight value by one

burst, which was calculated in Equation 6.13. At equilibrium, all the weights must be
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at w bin before the burst since the input is constant. Therefore, χi = χ = w bin 4η2Lw2

3T
and

solving for w bin gives

w bin =
wmax

(
1− e

−1
τwBr

)
1− e

−1
τwBr +

4η2Lw2

3T

(6.19)

This equation relates the equilibrium burst rate, Br, to the equilibrium weight value,

w bin during a constant input, and this equation holds given the parameters of the optimal

2-spike burst-rule-only model (Figure 6.14).

Figure 6.14: A plot of w bin (i.e. the average steady-state weight value in a bin) versus
the equilibrium 2-spike burst rates when the feedback is periodic at frequencies of 1 Hz
(solid blue lines), 4 Hz (solid green lines), and 16 Hz (solid red lines) at different constant
inputs (i.e. no sinusoidal forcing). The model equation is τmV̇ = −V + [I + σξL(t)] +
DAP (t) + Λ

(
wbin
i − gV

)
. The model presented in this figure separates the effect of the

weights repeating at different frequencies from the effect of a sinusoidal input, although
both occur simultaneously when an AM drives the complete model. I was varied from
0.2 to 1 but otherwise the model has parameters from the 2-spike burst-rule-only model:
η2 = 0.0018, Lw2 = 10 ms, τw = 4900 s, wmax =1, and g = 0.87. Also plotted is Equation
6.19 (dashed lines) as it predicts w bin from the mean burst rate for each frequency.

Sinusoidal input

Summing all these individual relationships together, we have a set of equations that

must be self consistent: the weight value in each bin must create a firing rate (via

Equation 6.2) that produces a burst rate (via Equation 6.16) that generates a weight

value (via Equation 6.13) that, in equilibrium, is identical to the initial weight value

used in Equation 6.2. This can be solved using a root finding algorithm and must be

iterated for each of the 20 bins in an AM cycle. The result of this theoretical analysis is

depicted in Figures 6.15 and 6.16.

Clearly, the analytical approximation is a good match to the model’s behaviour, at
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Figure 6.15: Comparison of the (A) PSTH, (B) burst rate, and (C) cancellation of the
model (grey solid lines) and the analytical approximation (dashed black lines) during
global stimulation with only the 2-spike burst rule active. The analytical approximation
was generated by solving Equations 6.2, 6.16, and 6.19 self-consistently within individual
segments of the AM period. The parameters are as in the optimal 2-spike burst-rule-only
model.
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Figure 6.16: Comparison of the mean equilibrium weight distribution between the model
(solid grey lines) and the analytical approximation (dashed black lines) for different AM
frequencies with the 2-spike burst-rule-only model. The weight at each phase, wφ, was
individually tracked during the recording epoch (3500-5250 s) and its mean calculated.
The model was simulated 10 times and the standard deviation of the mean of wφ between
iterations generated the error bars. Since each weight is active for 2.5 ms and only 1
weight is active at a time, there are fewer weights operational as the period decreases.
Thus, there are fewer data points per period at higher frequencies.

least for low frequency AMs. Akin to the local stimulation fit, the global theoretical fit

slightly deteriorates at high AMs. With the period always divided into 20 bins in the

theoretical analysis, at high frequencies this leads to bins of small time windows, and the

memory of the LIF neuron and the size of the burst depression rule will cause the bins to

lose their assumed independence. Furthermore, the definition of a burst is 2 spikes within

15 ms, and that time threshold spans multiple theoretical segments at high frequencies.

Thus, the generation and effect of a burst can no longer be approximated to be confined

to one bin, and the analytical fit degenerates. The dependence of the firing rate at the

peak of the input on the AM frequency, observed during the theoretical analysis of local

stimulation (Figure 6.7), may also help explain the increased firing rate of the model

compared to the analytical approximation at high frequencies during global stimulation.

6.2.4 Power laws

It would also be useful to know if the mean output quantities, averaged over the AM

period, could be predicted without partitioning the period and solving the self-consistent

equations within each bin. Unfortunately, although Equation 6.19 accurately predicts w

given the burst rate during a constant input (i.e. in a bin), it systematically underesti-
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mates w when the input is a sinusoid (Figure 6.17).

Figure 6.17: A plot of w (averaged over weights at different phases) and the average
burst rate, calculated over an AM cycle, for the model during global stimulation with
the experimental AM frequencies (solid grey line). Each data point is from a different
frequency with 0.5 Hz corresponding to the highest burst rate and 32 Hz corresponding
to the lowest burst rate. All parameters are as in the optimal fit for a 2-spike burst-rule-
only model (see Figure 4.5). Also plotted is the estimated w from the burst rate using
Equation 6.19 (dashed black lines), which assumes the modulation of the input does not
affect the average weight.

Since Equation 6.19 was successful in predicting the model when the input was not

modulated but is imperfect when the input is modulated, the system must have a non-

linear dependence on κ(f) and the AM frequency even during global stimulation. This is

not surprising given the number of non-linear relationships between variables derived in

the previous section. What is surprising is that log-log plots reveal a simple power law

relationship between the average output statistics and the AM frequency (Figure 6.18).

The burst rate slightly deviates from this trend in part because it is related to the

firing rate quadratically (Equation 6.16) and the firing rate does have a power law depen-

dence. Upon further investigation, there are power laws among other global parameters

as well:

R (η2Lw2τwf)x = C1 (6.20)

w (η2Lw2τwf)y = C2, (6.21)

where the exponents, x and y, are a nonlinear function of the inhibition. These invariants

hold for f < 20 Hz, Lw2 < 20 ms, and τw < 19600 s, beyond which power law relationships

begin to breakdown (Figure 6.19). These limits affect the size of the fluctuations of the

weight values around their equilibrium values, which suggests that, in order for these

equations to hold, the fluctuations must be small. The limit on Lw also implies that the

addition of 4-spike burst depression could render these equations invalid, which is indeed
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Figure 6.18: The power law dependence between the AM frequency and the (A) average
firing rate, (B) average burst rate, and (C) average weight value of the 2-spike burst-
rule-only model during global stimulation. All parameters are as in the 2-spike burst
optimal fit (see Figure 4.5). Averages are taken over the AM cycle. The norm of the
residuals for the firing rate fit, the burst rate fit, and the average weight fit are 0.09, 0.2,
and 0.004, respectively.

the case (data not shown).

The two power laws likely arise from the interplay between the firing rate and weight

values derived previously but with a correction term for sinusoidal input. Combining

these two equations gives Rwz = C3 , i.e. that the average firing rate depends only

on the average weight value. This is interesting since the average weight is not directly

dependent on the firing rate and the firing rate does not vary inversely with the input.

Unfortunately, the exact origin of these power laws within the global feedback is not fully

understood, nor is the precise reason for the breakdown when the system’s parameters

are sufficiently large.

6.3 Contrast Invariance

Built into the model is the concept that each AM frequency the fish encounters is sepa-

rately and independently cancelled. This is provided by the separate frequency channels

in the parallel fibre feedback pathway. However, the strength, or contrast (κ(f) in the

model), of any given AM frequency will vary in the electric fish’s natural environment as,

for example, an apteronotid moves closer or farther away from a conspecific, and it would

be unrealistic if every contrast of each AM frequency also required an independent weight

set for learning. In order for the model to maintain its biological relevance, the weight
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Figure 6.19: A plot of the power laws as a function of frequency for (A) g = 0.5 and (B)
g = 1.0. For simplicity, the parameters in Equations 6.20 and 6.21 that are not varied are
included in the constant, hence C ′1 and C ′2. The parameters are η2 = 0.0018, τw = 9800
s, wmax = 1.5, Lw2 = 10 ms, κ(f) = κ = 0.39 (constant across frequencies), I = 0.58, σ
= 0.759, τm = 7 ms, and fcut = 500 Hz. The error bars were generated by running the
model 10 times at each frequency and using error propagation to determine the error on
the invariants. In A, the exponents are x = 0.40 ± 0.02 and y = 0.14 ± 0.01. In B, the
exponents are x = 0.43 ± 0.02 and y = 0.076 ± 0.004.

distribution that learned to cancel one contrast must be able to cancel different contrasts.

This phenomenon is known as contrast invariance: that learning at any contrast con-

verges to the same weight distribution for a given AM frequency. Unfortunately, there is

no experimental data to align the behaviour of the model when stimulated at different

contrasts; this is a theoretical constraint given the impracticality of the alternative.

In the model, it was assumed that the strength of the feedback, Λ, is proportional

to κ(f). This assumption is realistic in that deep cells will be less modulated if the

contrast is lower, leading to less granule cell activity, reducing the global feedback input.

As in the global η model, Λ is kept at one when κ(f) varies with AM frequency to

account for electroreceptor adaptation. Nevertheless, changes in the external stimulus

intensity, simulated in this section, will change Λ and κ(f) by the same per cent at all

frequencies. Thus, if the contrast is half of its original, experimentally fitted value (e.g.

κ(0.5) = 0.25/2, κ(1) = 0.27/2, κ(2) = 0.31/2, or κ(f ≥ 4) = 0.39/2), then Λ will be

0.5. The global η model (both 2- and 4-spike bursts with η decaying at high AMs -

see Figure 4.7) was investigated to see if the weight distribution learned at one contrast

was identical to the distribution learned at lower contrasts at the same AM frequency

(Figure 6.20). Only contrasts lower than the original contrasts were explored because in

vivo superficial cell cancellation deteriorates at all AM frequencies for signal intensities

much greater than that used to generate the experimental data (Figure 1.3).

Clearly, the weight distributions learned at different contrasts to cancel the same
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Figure 6.20: Average weight distributions learned at different contrasts with the global
η model. The weight distributions were obtained by an identical procedure to Figure
6.16. Blue, green, red, and purple correspond to contrasts of 100%, 75%, 50%, and
25% of the original contrast value, respectively. The original (100%) contrast values,
κ0(f), obtained from fitting to experimental data (see Section 4.1), are κ(0.5) = 0.25,
κ(1) = 0.27, κ(2) = 0.31, κ(f ≥ 4) = 0.39.

frequency are similar but not identical. However, some separation can be expected, as

lower contrasts produce less bursting and less of a difference in bursts between stimulus

peak and trough, which will affect the variation of the weight distribution. Further, the

difference in the weight distributions is non-linear and appears to be based on the relative

contrast difference rather than the absolute contrast difference: the separation between

75% and 100% contrast is the smallest since the contrast is only increased by four thirds,

whereas the contrast doubles between 25% and 50%, creating the largest difference in

weight distribution. The inability to cancel a sudden large change in contrast may be

realistic, as a conspecific suddenly decreasing or increasing the distance to a fish may

carry information that should not be removed. Nevertheless, small changes in contrast

should not affect the superficial cell’s behaviour, or the global feedback system would

never be able to learn each new contrast quickly enough to have any kind of meaningful

cancellation.

To assay whether small variations in contrast affect the model superficial neuron’s

behaviour, the following experiment was simulated: the model first learned to cancel a
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global AM frequency at a given “learned” contrast, κ`(f), and then the contrast was ad-

justed to other levels while keeping the weight distribution constant (although Λ adjusts

immediately with κ) to recreate a sudden change in contrast, ∆κ(f), before learning has

time to correct it (Figure 6.21).

Figure 6.21: Investigation of weak contrast invariance in the model. The average weight
distribution learned at 75% contrast (κ`(f) = 0.75κ0(f)) shown in Figure 6.20 was used
in each simulation here. The weight distribution was fixed during the simulation by
removing the depression and potentiation rules. κ(f) was changed to 90% (blue), 82.5 %
(green), 75% (grey), 67.5% (red), and 60% (purple) of its original value, κ0(f), at each
frequency and the model was simulated for 1750 s. κ0(f) values are listed in Figure 6.20.

At a given AM frequency, when the contrast suddenly decreases from κ`(f), the

cancellation improves and the burst rates decline, and a sudden increase in contrast

has the opposite effect. In addition, the differences caused by the contrast shift appear

to be linear, at least in the neighbourhood around the learned contrast: the change in

cancellation and burst rates are approximately equal regardless of the sign of the contrast

step. Further, doubling the step size doubles the change in the output statistics. Since

the alteration of the cancellation and burst rates for low AM frequencies (< 16 Hz)

are minimal for ∆κ(f) = ±15% when κ`(f) = 0.75κ0(f), the model is robust to small
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changes in the contrast and exhibits this weaker form of contrast invariance.

Contrast invariance breaks down, however, at high frequencies. Since there is no

trend in the difference in output statistics with the AM frequency before 16 Hz, this

effect can be attributed to the decrease of η alone, which hinders the feedback from can-

celling the input. Thus, the feedforward input drives the neuron strongly, and changes in

the contrast have a greater effect. Additionally, the size of ∆κ(f) that can be tolerated

depends on the relative difference in contrast (i.e. ∆κ(f)/κ`(f)), not the absolute dif-

ference. Contrast shifts proportional to the relative difference from the learned contrast

produce equivalent results, regardless of κ`(f) (compare Figure 6.21, Figure 6.22, and

Figure 6.23).

Figure 6.22: Investigation of weak contrast invariance in the model. The average weight
distribution learned at κ`(f) = 0.25κ0(f) as shown in Figure 6.20 was used in each
simulation. The weight distribution was fixed during the simulation by removing the
depression and potentiation rules. κ(f) was changed to 40% (blue), 32.5% (green), 25%
(grey), 17.5% (red), and 10% (purple) of κ0(f) and the model was simulated for 1750 s.

Thus, the value of ∆κ(f) that can be tolerated while keeping the cancellation ap-

proximately constant depends on κ`(f). This is an ideal situation given the fish’s natural

environment. Remember that electric fish sense their environment with an electric organ
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Figure 6.23: Investigation of weak contrast invariance in the model. The average weight
distribution learned at κ`(f) = 0.25κ0(f) was used in each simulation. The weight
distribution was fixed during the simulation by removing the depression and potentiation
rules. κ(f) was changed to 30% (blue), 27.5% (green), 25% (grey), 22.5% (red), and 20%
(purple) of κ0(f) and the model was simulated for 1750 s. This is an identical relative
change in contrast compared to that in Figure 6.21.
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discharge (EOD) and AM modulations of the EOD occur when two weakly electric fish

are in close proximity. The strength of that signal, or its contrast compared to either

fish’s baseline EOD, depends approximately inversely on the distance between the fish

(Figure 6.24).

Figure 6.24: A plot of the contrast of the amplitude modulation between two fish as a
function of the distance between them. The fish were of equal size and arranged with
their long axis parallel to each other. The amplitude modulations and the EOD were
recorded by electrodes in the water. The experiment was conducted by Ginette Hupe in
Professor John Lewis’ laboratory in the Biology department at the University of Ottawa.

When two fish are swimming together, there will always be some fluctuations in

the distance between them due to locomotion. However, the size of spatial jitter is

independent of their separation. Suppose that there is a certain tolerable level of change

to the cancellation without adverse effects on the fish’s sensory processing. Weak contrast

invariance can keep the cancellation of an AM within a tolerable interval regardless of

the distance between the fish despite these spatial fluctuations. For example, looking at

Figure 6.24, when a neighbouring fish is close, the contrast will be large and so will the

changes in contrast due to a spatial disturbance. However, the global cancellation system

is robust to these perturbations because the relative change is small. Conversely, when

the fish is far away, the contrast is small and sensitive to variations, but a given spatial

perturbation at this distance will induce only small variations. Thus, the global η model

exhibits weak contrast invariance, which could operate to minimize the fluctuations in the

cancellation of an amplitude modulation induced by a neighbouring fish with a realistic

noisy position.



Chapter 7

Discussion

Electric fish are able to identify both spatially diffuse and spatially localized electrosen-

sory signals simultaneously, even when they occupy the same low frequency bandwidth.

Apteronotus leptorynchus accomplishes this task by using a neural network that acts

as an adaptive filter [4], preferentially cancelling redundant global sensory signals while

allowing local, novel signals to transmit. This network is found in the ELL, the first

electrosensory processing structure in the fish’s brain. Superficial cells in the ELL re-

ceive descending input from granule cells in a cerebellar-like region that attenuates the

cell’s response to global low frequency stimuli but leaves the response to local signals

unchanged [38].

A previous study has found that the synapse between parallel fibres, which supply the

feedback input, and superficial cells undergo two types of burst-induced depression [41].

In this thesis, an adaptive filter is putatively realized in the ELL by using a cerebellar

network to supply frequency-specific delay lines and an appropriate set of plasticity

rules to shape the input into a negative image of the predictable signal. In addition,

the statistics of the model that recreated this adaptive filter network were accurately

predicted using theoretical analysis.

7.1 Both 2- and 4-spike burst rules are required for

optimal cancellation

The feedback pathway in the ELL of Apteronotus leptorynchus has one primary func-

tion: to cancel the amplitude modulation of any predictable global stimulus in superficial

pyramidal neurons. Furthermore, the network is adaptable, and every global AM fre-

113
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quency is independently cancelled. The ELL accomplishes this task by employing plastic

synapses (i.e. synapses that can learn) between the pyramidal cell and a frequency-

specific feedback input. The plastic synapses are modified by at least two different types

of burst-induced depression rules as well as a potentiating rule, which learn to cancel the

predictable stimulus.

Importantly, both burst learning rules are required for optimal cancellation across

AM frequencies. The 4-spike burst rule strongly depresses the weights but has a large

temporal width of ± 100 ms that is not temporally precise enough to cancel high fre-

quency stimuli (see Figure 4.5). For example, a burst at the crest of an 8 Hz stimulus

would still depress weights in the trough, which is 62.5 ms away. The 2-spike burst rule,

on the other hand, causes only mild synaptic depression, but 2-spikes are more common

and its burst rule is temporally very precise, which allows the parallel fibre network to

cancel high frequency AMs. However, by itself, the 2-spike burst rule is unable to cancel

low frequencies, as it is too weak (see Figure 4.5).

Cancellation is complicated by the interaction between the burst impact and AM

frequency. Cancellation requires granule cell feedback to be phase-locked to the stimulus

so the weights can have a fixed phase relationship to the input. Since each granule cell

bursts for a fixed length of time, the number of active weights at each AM frequency

changes. On the other hand, the time window of each burst is constant (Lw). These

two factors change the proportion of the total feedback that each burst affects as a

function of stimulus frequency, leading to the relationship: ∆w ≈ 4wηLw
3T

(see Section

6.2.1). Therefore, fewer bursts are required to maintain a given average weight value as

the AM frequency increases, and the burst rate should be inversely proportional to the

frequency (Figure 4.5).

However, the burst rate is non-linearly dependent on the average weight and does

not decrease enough to exactly counteract the increased impact of the burst. Thus,

the weights overall depress at high frequencies, leading to a lower firing rate, and overall

potentiate at low AM frequencies, leading to a higher firing rate (Figure 4.5 and 5.3). This

is a fundamental problem for any neural network that has periodic feedback modulated

by frequency independent learning rules (both depressing and potentiating), because

spike and burst production are always non-linearly dependent on neural inputs.

This feature might be the reason why burst-induced plasticity occurs at this synapse

and not plasticity based on single spikes. With a learning event (burst or single spike or

otherwise) having different effects at different frequencies due to the periodic nature of

the feedback, a single learning rule is insufficient to maintain a constant level of synaptic
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depression. A solution is to recruit other learning events that become more probable as

the learning event impact wanes. Higher order burst rules (3-3, 4-4, 5-4, etc) are ideal

for this role since each rule will uniquely affect different frequencies and are only likely

at low frequencies when the strength of each learning event is small. A synapse based on

single spike plasticity does not have the flexibility to add these rare but powerful learning

events.

In addition, pyramidal cell bursts have been shown to selectively encode low frequency

stimuli (0-16 Hz), such as prey, to higher brain centres [45]. Burst-driven cancellation,

shown in this paper to be optimal below 16 Hz, would minimize bursts in superficial

cells induced from predictable stimuli, reducing the noise in the putative burst channel.

This is an optimal configuration to detect low-frequency stimuli even during a global

predictable stimulus and strongly suggests that bursts are a separate and important

information messenger.

7.2 Biological Realism

The goal of the computational investigation into the redundant input cancellation net-

work of electric fish was to produce a biophysically realistic model that closely matches

the experimental data. Since the observations of the network’s behaviour were only

macroscopic quantities like the firing rate of the neurons, as opposed to the membrane

potentials or currents, there was some choice as to the complexity of the model. The

approach to modelling in this thesis has been minimalistic in order to elucidate the com-

ponents that are critical to the network’s function. As such, some realism was sacrificed

for simplicity. For example, instead of simulating individual populations of ion channels

or the geometry of the pyramidal neuron, the leaky integrate-and-fire model was used.

Further, only the superficial cell’s membrane potential is simulated, and the firing ac-

tivity of other neurons in the network, the electroreceptors, granule cells and inhibitory

cells, are estimated based on experimental data.

Nevertheless, previous experimental measurements on the parameters of the network

guided the choice of parameter values and modelling techniques. The electroreceptor

firing rate was known to linearly follow the AM frequency with a constant standard

deviation, and so was replicated in the model with a sinusoidally varying input current

and a fixed noise level. The membrane time constant was placed at a realistic value, as

was the disynaptic inhibition, whose synapses were known to have a reversal potential

close to the resting potential of the neuron. The contrast invariance of the model under
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global stimulation was also investigated and compared to the properties of a realistic

cancelling neural network. Although biological realism sometimes complicated analytical

investigations, such as rectifying the input current or a multiplicative learning rule, it

was nonetheless necessary so the model could be relevant.

7.3 Model Predictions

The reward of a realistic model is the ability to make experimentally verifiable predic-

tions about the simulated system. In this thesis, a major prediction of the model was

confirmed: the existence of independent frequency channels in the feedback pathway

emanating from granule cells. This prediction was based upon the biophysical structure

of the parallel fibre feedback pathways that suggested they act as delay lines. When the

network needs to cancel multiple frequencies independently, delay lines must be segre-

gated into frequency channels so as to preserve their phase relationships. This was a

novel prediction in the neural circuitry of electric fish, and in vivo experiments support

this hypothesis (Figure 5.4).

Another prediction is that the granule cell burst rate should be inversely proportional

to AM frequency at AMs greater than 10 Hz, as the model required this relationship

to optimally match the in vivo data (Figure 4.8). Decreasing granule cell bursting at

high frequencies is also plausible from a combinatorial argument. Assuming D’Angelo’s

observations [50] are consistent with electric fish granule cells, then these cells have a

constant firing rate as their driving frequency is varied beyond 10 Hz. If the spikes only

occur on the crests of the input, this is akin to the problem of distributing k spikes into

f crests during each second and the number of bursts per second is the expected number

of crests that have more than one spike. For k = 2, the probability of both spikes at the

same crest is 1/f , and for k > 2 the burst rate should still scale by a similar 1/f factor.

Although this inverse frequency dependence was inspired by activity in other systems, it

has not been experimentally investigated in electric fish.

Some potentiating rule should also exist at the parallel fibre-superficial cell synapses.

Otherwise, with only depressing burst rules in effect, the strength of any synapse would

inevitably approach zero since there is always some non-zero probability of a burst at any

time. This would make learning and cancellation impossible. However, no potentiating

rule has been found at this synapse either in vivo or in vitro. In the model, a slow

exponential potentiating rule was assumed because a potentiating rule is necessary for

network function, and a rule that operates over a long time scale may be difficult to
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detect experimentally. This is not the only possible potentiating rule at this synapse,

and identification of another type of potentiating rule, such as one that is proportional

to the firing activity of either the pre- or post-synaptic neuron, would not invalidate the

results shown here.

2-spike burst pairs and 4-spike burst pairs were the only burst pairings assumed to

depress the parallel fibre-superficial cell synapses in the model because experimental

data existed only for these pairings. With these two burst rules, the model adequately

mimicked the cancellation seen in vivo. However, at low AM frequencies, the firing rate

tended to rise (Figure 5.6) and, as described above, this is a fundamental symptom of

this neural network’s properties. Higher order depressing burst rules such as 5-spike

burst pairs or 6-spike burst pairs would help maintain a constant firing rate as the AM

frequency decreased and not affect the results for high frequency cancellation since higher

order bursts become exceedingly rare at high frequencies (Figure 6.1B). Moreover, mixed

pair burst rules, such as a 4-spike superficial cell burst paired with a 5 spike parallel fibre

burst, would likely also cause depression and aid in reducing the firing rate at low AM

frequencies. These higher order burst rules should exist and should be depressing but

have not yet been explored experimentally.

7.4 Theoretical Analysis

During local stimulation, the dynamics of the model are similar to those found previously

for leaky integrate-and-fire models: it operates as a low-pass filter [65], so the firing rate

decreases with AM frequency (Figure 6.1), and shunting inhibition leads to subtractive

gain control (Figure 6.11) [94]. In addition, the firing rate of an LIF model with Gaussian

white noise input can be calculated by solving a first passage time problem (Equation 6.2)

[95]. However, the model in this thesis uses coloured noise, and the effect of this input to

LIF models has only been investigated when the timescales of the noise filter and model

neuron are sufficiently separated [96]. Since the cut-off frequency of the filtered noise

and the membrane time constant are on the same order in this thesis’ model, previous

studies do not apply. Therefore, the corrections to the FPT equation outlined in this

thesis are novel. Further, there have been no published studies on the rectification of

the input to a stochastic LIF model, but its effects were successfully incorporated in the

theoretical analysis. Rectification complicates the behaviour of the model because the

Gaussian white noise input no longer converges numerically; in other words, the time

step of integration begins to affect the results of the simulation.



118

Prior to rectification, solving for the membrane potential required numerically ap-

proximating a stochastic integral, which was accomplished using the Euler-Maruyama

method. This method converges because the integration of a Gaussian white noise source

is a Wiener process, W (t), which is a continuous function with independent increments

that are normally distributed: W (t) −W (s) ∼ N(0, t − s) for 0 ≤ s < t [60]. Thus,

when approximating the new membrane potential V (t+ ∆s) at each time-step, one must

generate a Gaussian random variable at each step with zero mean and variance ∆s, so

ξ(t), which has unit variance, is multiplied by
√

∆s. However, when the input is rectified,

the integral of the Gaussian noise source is no longer a Wiener process because the incre-

ments are not normally distributed, and they have a non-zero mean. Low-pass filtering

the noise allows one to use the standard Euler method to numerically approximate the

integral.

Negative feedback has already been investigated analytically in stochastic LIF models

and solved by calculating the effective input current, Ieff , and identifying a system of

equations that can be solved self-consistently to find the equilibrium firing rate [97].

A similar approach was used to study the depolarizing after-potential (DAP), a known

source of positive feedback for superficial pyramidal neurons in the ELL. The DAP

is a highly complex system that has been modelled previously [57] and was directly

incorporated into the model in this thesis. Nevertheless, reducing the DAP to a single

feedback parameter on the firing rate was a successful approximation in this model given

the parameters that mimic experimental local stimulation. This was a novel method to

analyze the dendritic after-potential.

During global stimulation, the feedback circuit between the synaptic weights and

the depression and potentiation rules present in the model is unique to this thesis and

as such has not previously been investigated. Nevertheless, a system of equations was

derived that accurately predicted the equilibrium weight distribution, burst rates and

firing rate modulation of the model. Furthermore, power law relationships between the

mean weight and firing rate values and the global parameters η, Lw, τw, and f were

identified. In other words, the system maintains the same behaviour despite changes

in its parameters. These power laws hold for reasonable variations in the parameters,

although the laws do breakdown when the fluctuations around the equilibrium weight

values surpass a critical size. At this point, the system may exhibit new dynamics, for

which these power laws are no longer valid. However, further investigation is required.

Note that if any of the global parameters η, Lw or τw, assumed to be constant in

the 2-spike burst-rule-only model, were to vary inversely with frequency, then the firing



119

rate and average weight value would be identical for all AM frequencies. Experimental

observations during global stimulation reveal that the average firing rate is approximately

constant for AM frequencies less than 12 Hz (Figure 2.9). Although recruitment of higher

order burst rules could conceivably maintain the firing rate, this may not be necessary

if, for example, the time constant of weight potentiation or the learning rate varied at

low AM frequencies.

The concept of contrast invariance was also studied in the global η model. While the

model did not display true contrast invariance, a weaker form of it was still present that

is putatively sufficient to accommodate natural spatial noise in the electric fish’s envi-

ronment. The lack of pure contrast invariance is due to the non-linearities of the system

during global stimulation. This is best described by reducing the weight distribution to

two parameters. When the feedback pathway is active, the parallel fibre input can be

well approximated by a sinusoid in anti-phase to the feedforward input with amplitude

wamp and bias w :

Λ (wφ − gV ) ≈ Λw − Λwamp sin (2πft)− ΛgV (7.1)

Decreasing the contrast will lead to a smaller difference between the firing rates at the

crest and the trough of the input and, therefore, to a smaller necessary modulation of the

feedback (Λwamp). However, Λ, the strength of the feedback, scales with the contrast and

so wamp should be approximately the same value despite contrast variations. Similarly,

Λ affects both the mean weight and the disynaptic inhibition equally so that w should

be invariant to changes in contrast.

Unfortunately, this assumes that the system is linear and that a change in the input

will produce a linear change in the equilibrium weight regardless of the phase. This

assumption is false. For weights in the trough of the input, the equilibrium firing rate at

most AM frequencies is low and both the R-I and Br-R curves (Figures 6.11 and 6.12)

have a shallow slope. Therefore, changes in the input current due to different contrasts

lead to small changes in the equilibrium weight value in the trough.

Conversely, the firing rate is high at the peak of the input, which places the R-I curve

in its linear regime and the Br-R curve into a very steep section. This causes a large

difference in equilibrium weight values at the crest of the input that were learned at

different contrasts. Thus, in essence, there must be a unique Λ for each phase of the

AM cycle, and using only one value creates the differences in the weight distributions

between contrasts (Figure 6.20).
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Like input cancellation, contrast invariance deteriorates at high AM frequencies. Both

of these effects are due to the weakening of the feedback pathway as η decreases. How-

ever, since natural prey signals for electric fish are in the 0-16 Hz bandwidth [33], it is

only necessary for the low-frequency region to be clear of redundant signals, which is

accomplished in the ELL and in the model. Thus, in an economical manner, only the

frequencies that are essential to survival are effectively cancelled.

7.5 Comparison to other Systems

The cellular network that produces cancellation in the ELL of electric fish has been

investigated previously by John Lewis [98, 41]. Lewis’ approach utilized short-term

plasticity rules found in vivo at the parallel fibre-superficial cell synapse to create a

negative image of the input, and it did not require a delay structure or independent

frequency channels in the feedback. It does require, however, a potentiating synapse

between parallel fibres and inhibitory cells, and parallel fibre activity to be continuous

and modulated by the AM stimulus without a phase delay. In other words, the firing rate

of the parallel fibre is sinusoidally modulated around a mean rate with the modulation

at the same frequency as the input stimulus. In addition, the inhibitory cells’ activity

must be in phase with the parallel fibres’ activity. Lewis’ model assumed that long-

term depression produced by bursts would decrease the conductance of the parallel fibre

synapse to a stable level sufficient to create a negative image. It did not investigate how

the burst-induced depression would behave online to create a stable synaptic strength

value, nor how this may change as the stimulus frequency changed.

For simplicity, the model presented in this thesis assumes that a parallel fibre only

bursts, and does so once per stimulus cycle. Since bursts are the critical feedback input,

a single burst per period is approximately equivalent to a sinusoidally modulated input

that always bursts at the crest of each cycle. The non-bursting input of the sinusoids at

a multitude of delays would sum to a constant input and could be incorporated into the

feedback strength, Λ. Thus, Lewis’s parallel fibre simulation is analogous to the parallel

fibre modelling approach in this thesis.

As this thesis employs a minimal model, no assumptions were made on the short term

dynamics of any synapse. Including short term plasticity at the parallel fibre-superficial

cell synapse would have a minor effect in changing the shape of parallel fibre input from

a step function to something more complex. Furthermore, disynaptic inhibition in this

thesis was modelled as a constant term. Since there are so few inhibitory cells compared
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to parallel fibres, likely many parallel fibres synapse onto one inhibitory cell. When the

input current of a multitude of parallel fibres, each with its own phase relationship, is

added inside the inhibitory cell, the sum would not have any phase dependence (i.e. if

all phases are represented equally, the input is constant over one period). Any plasticity

at the inhibitory synapses is not required but could aid cancellation.

A common hypothesis for the function of cerebellar networks is to generate precisely

timed inputs to process sensory signals [32, 31, 91]. Roberts and Bell have postulated the

existence of such a network in the ELL of mormyrid electric fish that is used with synaptic

plasticity for both the cancellation of expected stimuli and for the storage of temporal

information [99, 40]. Another family of electric fish with a pulsatile EOD, mormyrids

have a electrosensory processing structure comparable in physiology and function to

Apteronotus leptorhynchus. Similar to pyramidal cells, medium ganglion cells in the

mormyrid ELL receive both feedforward input from electrosensory afferents as well as

feedback input provided by parallel fibres from a cerebellar-like network that putatively

function as delay lines. Like Apteronotus leptorhynchus, the synapse between the parallel

fibres and the MG cell is plastic, although an anti-Hebbian STDP rule governs the

synaptic strength in mormyrids [20], as opposed to multiple correlative burst-induced

depression rules in apteronotids.

The reason for different rules in these two similar networks likely arises from the

origin of the parallel fibre feedback: parallel fibres in mormyrids are synchronized by an

electric organ corollary discharge (EOCD) from the electric organ itself, which does not

occur in apteronotids. Thus, the cancellation problem in mormyrids reduces to learning

the time delays of inputs after the EOCD. On the other hand, apteronotid feedback

must synchronize directly with the redundant global stimuli of arbitrary frequency by

phase-locking granule cells. Because of this, the feedback is periodic with the predictable

input, creating the frequency dependence of the firing rate described above and the need

for multiple learning rules.

When the network needs to cancel multiple frequencies independently, delay lines

must be segregated into frequency channels so as to preserve their phase relationships.

Although assumed initially in this model, experimental evidence presented in this thesis

supports the hypothesis of independent frequency channels in the apteronotid feedback

pathway (Figure 5.7). Frequency channels have been suggested in other adaptive sen-

sory processing networks, such as in the vestibulo-ocular reflex (VOR) [85], where the

gain learned at one frequency is independent of the gains learned at other frequencies.

Furthermore, studies have shown that the VOR’s frequency-specific adaptation requires
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long-term depression at parallel fibre synapses [90], which parallel the results shown here

in electric fish. Experimental studies have investigated the cause of frequency tuning in

the granular region [86, 50] but, unfortunately, the exact mechanism is still unknown.

There have been two separate hypotheses about the function of cerebellar structures:

that they operate as an adaptive filter or as a generator of precise timing information.

Results of the investigation in the ELL of Apteronotus leptorhynchus show that these

two theories may operate concurrently. The ELL uses the delay structure of the diverse

parallel fibre feedback pathway together with long-term synaptic plasticity to create

an adaptive filter that can effectively cancel low frequency redundant input signals to

maximize prey detection. In addition, the feedback is segregated into frequency channels

so the network may learn to cancel individual frequencies independently. Unlike current

theories of the mammalian cerebellum, the learning is unsupervised but nevertheless

leads to stable storage of synaptic weights. Further, burst learning rules are employed

instead of the standard spike-time dependent (STDP) rules. Yet, they are still able to

effectively teach the appropriate synaptic strengths and may in fact be preferential to

a single spike learning rule when multiple frequencies must be cancelled. The temporal

shape of burst plasticity for each burst size has also been coordinated with the intrinsic

dynamics of the burst rate in superficial cells to optimize cancellation across different AM

frequencies. The matching of intrinsic dynamics with synaptic plasticity as well as the

occurrence of independent frequency channels are important elements in the composition

of the ELL and may be essential to cerebellar circuits in other systems.



Chapter 8

Conclusion

8.1 Summary of Results

The brain is perhaps the most fundamental structure for any living creature, and yet it

is one of the least understood systems in science. Due to the highly connected nature of

the brain, investigating how processing techniques are implemented at the microscopic

level has proven difficult. Analysis of sensory processing structures can resolve some

of these difficulties because the inputs to such regions can be experimentally observed

and controlled. Further, studies of neural behaviour in model organisms, like weakly

electric fish, can simplify the external anatomical and physiological conditions and make

investigations more tractable.

Weakly electric fish emit an electric discharge to explore their environment. The

region that analyzes the electrosensory input in their brain is called the ELL and has a

cerebellar-like structure. Functional investigations have discovered that the ELL oper-

ates as an adaptive filter, which removes redundant global stimuli from the input, and

physiological studies have suggested that a feedback loop with adjustable synapses pro-

duces this cancellation. In addition, electric signals are simple to detect and modulate

and recording from neurons in the ELL is straightforward since the ELL has a relatively

simple architecture. This is a system that can be easily manipulated and observed, and

its analysis will help identify the dynamics of the cerebellar regions as well as learning

neural networks, in general.

Recently, the exact synaptic plasticity rule that putatively induces learning in this

structure was discovered to be based on burst events rather than single spikes or average

firing rates. With this burst rule and the known anatomy of the ELL, a realistic minimal
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model was built to gain insight into the dynamics of networks that employ burst-induced

learning and what the necessary requirements for adaptive cancellation are. Due to the

available data, two burst rules were incorporated: a 2-spike burst rule and a 4-spike

burst rule. It was discovered that both rules operating simultaneously are necessary for

optimal cancellation of redundant input frequencies, but the range of frequencies that

can be cancelled in vivo depends crucially on the burst rates of the neurons that supply

the feedback. Furthermore, the feedback must be separated into independent frequency

channels if cancellation at any arbitrary frequency is required, a hypothesis that was later

corroborated experimentally. These results show how an adaptive filter can be created

with biological components: using a cerebellar structure with multiple learning rules and

segregated frequency pathways.

This also illuminates the role of cerebellar structures, which have been thought to

be either adaptive filters or timing devices. In the ELL, these two functions are not

mutually exclusive and so harmonize the two disparate theories of cerebellar activity.

Moreover, the use of a novel burst rule for unsupervised learning in the cerebellum both

extends spike-time dependent plasticity to higher order events and shows that learning

in the cerebellum can still be stable even without a teacher signal.

In addition, the dynamics of the model were successfully analyzed theoretically and

generated some interesting questions about the behaviour of stochastic LIF models. Tech-

niques to model the DAP and identify the equilibrium weight values during global stim-

ulation were also discovered that were highly effective, at least in the neighbourhood

of the parameters of the optimal model. As well, the model maintained its realism by

displaying contrast invariance, a hypothetical requirement of any in vivo cancellation

system.

8.2 Future Directions

Evidence of independent frequency channels in the feedback pathway raises some new

questions for future research. Unlike the mammalian auditory network, where frequen-

cies are segregated based on the mechanical properties of the input structure, there is

only one input channel to the feedback pathway (deep cells), which transmits all AM

frequencies equally. Although frequency-tuned cerebellar networks have been suggested

before [86], there have been no prior investigations into the mechanism behind frequency

identification and segregation of incoming AM stimuli in the electric fish granule cell

network. Another interesting feature would be to ascertain the frequency channel band-
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widths in the range of cancelled frequencies. For example, even though cancellation at 8

Hz is unaffected by cancellation at 2 Hz, it is affected by cancellation at 9 Hz (data not

shown).

There is also preliminary evidence of different burst learning rules in different regions

of the ELL. The data on 2-spike and 4-spike burst depression were gathered from ob-

servations of E type superficial cells in the centro-lateral segment of the ELL. However,

there are two other regions of the ELL, each hypothesized to function at different fre-

quency bandwidths, from low frequency AMs to search for prey to high frequency AMs

for communication. It is possible that the burst-induced depression at the superficial

cell-parallel fibre synapse in each region is specifically tailored to the function of that

region. Further, it appears that superficial I cells may have different burst rules than

the E cells in same segment. Although E and I cells do not synapse onto each other,

both project to higher brain centres, and it is unknown what different information each

transmits or why they should have different learning rules.

The property investigated in this thesis was the cancellation of single frequencies by

the ELL in Apeteronotus leptorhynchus. This situation does appear in nature when two

electric fish are in close proximity and their EODs begin to beat and removal of this signal

does require an adaptive filter. However, these fish also adaptively cancel global signals

such as tailbending that occurs over a range of frequencies. It is unclear how the ELL

circuitry can cancel multiple frequencies simultaneously, even with independent frequency

channels, as a single superficial cell burst will affect the weight distributions of all active

channels even if the burst was induced at the crest of only one frequency. Therefore,

the cancellation of multiple AMs will not be a linear superposition of cancellation at

individual frequencies. Current studies are exploring the behaviour of the model when

trying to cancel two discrete frequencies, and will hopefully expand their results to explain

the cancellation of a continuous frequency range.

The analytical investigation of the model was fairly successful in predicting some of

the outputs of the model under both local and global stimulation conditions. Neverthe-

less, there are still some areas that need to be explored. The mean input correction for

low-pass filtered noise, though effective, is ad hoc and requires a theoretical foundation.

The linearization of the burst rate to firing rate relationship with the addition of an AM

frequency should also be investigated. In addition, the theoretical approach to global

stimulation should be extended to include 4-spike bursts and the power law dependence

on the average outputs with the input parameters requires further study. Experimental

corroboration of the contrast invariance exhibited by the model is also necessary.



Nomenclature

AM Amplitude modulation: the envelope of the EOD that carries information

about the environment and stimulates electroreceptors

CLS Central lateral segment: the region of the ELL where burst-induced de-

pression of PF-SP cell synapses was discovered

CNS Central nervous system: the neurons in the brain and spinal cord and all

supporting cells

DAP Depolarizing after-potential: a delayed excitatory input to an SP cell after

it has fired

E cells Excitatory pyramidal cells: a type of pyramidal cell that increases its

firing rate to increased AM intensity in its RF

EGp Eminentia granularis posterior: a cerebellum-like structure in the brain

of weakly electric fish where granule cells reside

ELL Electrosensory lateral line lobe: the first sensory processing region in the

brain of weakly electric fish for their electric sense

EOCD Electric organ corollary discharge: available in mormyrid fish to synchro-

nize granule cells to their EOD

EOD Electric organ discharge: high frequency electric signal used by apteronotids

to sense their surroundings

EPSP Excitatory post-synaptic potential: the increase in membrane potential

of a post-synaptic neuron from activation of a synapse

GABA Gamma-aminobutyric acid: a neurotransmitter for inhibitory synapses
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I cells Inhibitory pyramidal cells: a type of pyramidal cell that decreases its

firing rate to increased AM intensity in its RF

LIF Leaky integrate-and-fire: a simple non-linear model for neural firing ac-

tivity

LTD Long-term depression: a stable decrease in the strength of a synapse over

many hours

LTP Long-term potentiation: a stable increase in the strength of a synapse

over many hours

NMDA N-methyl-D-aspartic acid: receptors of this molecule are associated with

synaptic plasticity and learning

nP Nucleus praeminentialis: a region of the ELL that receives input from

deep pyramidal cells and project to the EGp

PF Parallel fibres: numerous thin fibres from granule cells in the EGp that

putatively cancel redundant stimuli

PSTH Post-stimulus time histogram: a histogram of neural firing activity syn-

chronized to a characteristic of the stimulus, such as its phase

RF Receptive field: the region on the skin of a particular neuron that, if

stimulated, will alter the firing activity of that neuron

SP Superficial pyramidal cell: the neuron in the CLS of the ELL that can-

cels low-frequency global stimuli. This thesis attempted to model its

behaviour

STDP Spike-timing dependent plasticity: the phenomenon that individual pre-

and post-synaptic spike timing significantly effects the synaptic strength
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