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Abstract 

Advancements in chemical engineering processing focused on miniaturization of 

reactor flow systems has led to the adoption of mixing arrangements commonly employed in 

single phase applications into multi-phase systems. The planar serpentine channel is one 

such arrangement, found in compact heat exchangers, turbines, mini/micro-reactors and fuel 

cells. While extensive literature is available for serpentines with single phase flow, a limited 

understanding of the hydrodynamics and mass transfer characteristics of two phase flow 

exists. The curvature-induced flow pattern transitions, pressure drop, potential enhancement 

of mass transfer and suitability of common multi-phase CFD approaches were studied in this 

work for 1 mm circular channels with serpentine configurations consisting of consecutive 

return bends with radii of curvature of 3 and 6 mm. 

The flow patterns generated by a 1 mm circular cross-flow T-junction were analyzed 

using high-speed imaging and compared to those observed within the serpentine geometries. 

The variation in flow behavior was illustrated in bubble breakup maps identifying the shifts 

in flow pattern transition boundaries and the onset of bubble breakup. The interactions 

between the interface and curvature-induced secondary flow were described by a 

combination of the Weber number and the characteristic length for single-phase flow in 

curved geometries, where critical values of WeioLc = 3, WeLcLc =10 and WeicLc = 15 are 

proposed for the onset of deformation, intermittent breakup, and continuous breakup, 

respectively. 

Pressure drop measurements obtained for single and two-phase flow in straight and 

serpentine geometries were used to develop a semi-empirical separated flow model to predict 

two-phase friction factors. Five operating regions were identified, each having distinct 
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friction factor dependencies on WeLG, LC and sG. The transitions between these regions 

depended on the phase holdup and/or the critical WeiGLc observed for the onset of 

deformation and continuous breakup. 

The parametric dependency of gas-liquid inter-phase mass transfer in idealized 

Taylor flow was numerically investigated. The relative contributions of film and cap mass 

transfer at conditions suitable to industrial applications indicate that neither mechanism can 

be neglected when concentration polarization within the bubble film and mass transfer 

resistance between the slug film and bulk are accounted for. The introduction of curvature is 

predicted to increase overall mass transport through shear-induced deformation and 

secondary flow by up to 7% based on highly conservative assumptions. 

Finally, the diffuse interface (DI) CFD model is introduced as a suitable interface 

tracking technique for modeling immiscible fluids in surface tension dominated flow. Key 

modifications are proposed to eliminate fundamental issues of the traditional DI approach, 

relaxing numerical constraints responsible for limiting practical applications to highly 

structured 2D and axisymmetric geometries. The new methodology proposed in this thesis 

was implemented in OpenFOAM , and validated for benchmark simulations including scalar 

transport, free surface flow and droplet deformation in shear. 
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Sommaire 

Les progres en genie chimique axes sur la miniaturisation des ecoulements ont 

conduit a l'utilisation de systemes de melange concus pour les applications monophasees lors 

d'operations polyphases. Une conduite planaire en forme de serpentin est un melangeur de 

ce genre, trouvee dans les echangeurs de chaleur compacts, turbines, mini/micro-reacteurs et 

piles a combustible. Bien que vaste litterature soient disponibles pour les conduites en 

serpentin ay ant de grandes longueurs entre Talternance des coudes de 180°, il manque 

d'informations sur l'hydrodynamique et les phenomenes d'echanges lorsque cette distance 

est reduite. Les regimes d'ecoulement, la chute de pression, le transfert de matiere et la 

pertinence des approches communes en CFD ont done ete etudies pour un systeme diphase 

air-eau s'ecoulant dans des conduites circulaires de 1 mm de diametre en serpentin ayant des 

coudes avec des rayons de courbure de 3 et 6 mm. 

En utilisant l'imagerie a haute vitesse, les morphologies des ecoulements gaz-liquide 

generes par une jonction en T circulaire ont ete analysees et comparees a celles observees 

dans le serpentin. Les differents types d'ecoulement ont ete illustres sur une carte identifiant 

les limites des regimes d'ecoulement ainsi que les conditions de bris de bulles. Les 

interactions entre l'interface gaz-liquide et les ecoulements secondaires induites par les 

courbes de la conduite ont ete decrits par une combinaison du nombre de Weber et la 

longueur caracteristique d'un ecoulement monophase dans des geometries courbees, ou les 

valeurs critique WCLGLC = 3, WeLGLc = 10 et WCLGLC = 15 sont respectivement proposees 

pour le debut de la deformation, la rupture intermittente, et la rupture continue des bulles. 



Les chutes de pression obtenues lors d'ecoulements mono- et diphase dans des 

conduites en ligne droite et en serpentin ont ete utilisees pour developper un model semi-

empirique qui estime les coefficients de frottement. Cinq regions d'operations ont ete 

identifiees, chacune ayant des dependances distinctes du coefficient de frottement sur WCLG, 

Lc et SG- Les transitions entre ces regions dependent de la retention des phases et/ou de 

WCLGLC critique observee pour le debut de la deformation et la rupture continue des bulles. 

La dependance parametrique du transfert de matiere entre le gaz et le liquide pour un 

regime d'ecoulement piston idealise a ete etudiee numeriquement. Les contributions 

relatives de transfert de matiere par la paroi et le cap de la bulle lors de conditions 

typiquement obtenues en industrie indiquent que ni mecanisme peut etre neglige lorsque la 

polarisation de la concentration dans le film a la paroi de la bulle et la resistance de transfert 

de matiere entre le film du piston liquide et son milieu sont considerees. L'introduction de 

courbure dans la conduite augmentera le taux de transfert de matiere due a la deformation de 

1'interface et aux ecoulements secondaires d'un maximum de 7% base sur des hypotheses 

tres conservatrices. 

Enfin, le modele d'interface diffuse (DI) utilise en CFD est presente comme une 

methode potentielle de suivre l'interface pour la modelisation de fluides non-miscibles lors 

d'ecoulements domines par la tension de surface. Des modifications cles sont proposees afin 

d'eliminer les problemes fondamentaux de l'approche traditionnelle du DI, ce qui assouplie 

les contraintes numeriques responsables des limites d'applications pratiques a des geometries 

2D tres structurees et axisymetriques. La methode proposee a ete mise en oeuvre dans 

OpenFOAM ®, et validee pour des simulations de references, incluant le transport scalaire, 

l'ecoulement a surface libre et la deformation d'une gouttelette en cisaillement. 
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Chapter 1 

Introduction 

Reactions involving gas-liquid or gas-liquid-solid contacting are encountered in a 

broad range of industrial applications, where a number of reactor designs are adopted based 

on the reaction chemistry, design complexity and mass transfer characteristics. The most 

common types include slurry bubble columns / fluidized beds, stirred tank slurry reactors, 

and packed-bed reactors; each with advantages and limitations inherent to their design. 

Slurry reactors contain small catalyst particles with excellent mass transfer characteristics 

and solid-liquid contacting, but necessitate the use of downstream filtration for particle 

recovery and are prone to catalyst deactivation through attrition. Packed-bed reactors are 

able to eliminate the need for downstream catalyst recovery while mitigating particle 

attrition, at the expense of increased inter-particle diffusion resistance, higher pressure drop, 

and potential maldistribution of reactants. Phase contacting within a packed bed can be 

improved through the use of random or structured packing, of which monolith structures 

have received considerable attention over the last decade for industrial applications. 

Comprised of many thin vertical channels, these structures are impregnated or coated 

with a solid catalyst layer over which process fluids flow and react. Pressure drop is reduced 

relative to conventional packed-bed arrangements, and heat and mass transfer is enhanced by 

the smaller diffusion path between the fluids and catalyst surface and a high surface-to-

volume ratio. The resulting potential for process intensification has led to the recent 

development of mini and micro-scale reactors for mass-transfer limited and/or highly 

exothermic reactions. While single-phase flow in mini-scale reaction systems is well defined 
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in existing literature, multi-phase flow characterization and optimization is an ongoing area 

of research as additional applications are explored for mini and micro scale configurations. 

1.1 Conventional, mini and micro-scale flow 

The transition between conventional, mini and micro-scale flow is defined by a shift 

in dominant forces acting on the fluids as the channel diameter decreases. In conventional 

flow, gravity is the predominant force acting on a multi-phase system, where buoyancy has a 

significant effect on the flow pattern and hydrodynamics. In smaller geometries, the relative 

magnitude of surface forces increase until gravitational forces no longer have a significant 

impact on the hydrodynamics of the system. The ratio of these forces is characterized by the 

Bond number, Bo = d2
hgAp/'a, where dh is the hydraulic diameter, Ap is the density 

difference between fluids, cr is the surface tension, and g is acceleration due to gravity. 

The exact value of the Bond number for the transition between gravitationally dominated and 

surface force dominated flow is still a subject of debate, with most estimates being on the 

order of 0(1) (Kandlikar & Grande 2002, Gunther & Jensen 2006). 

The applicability of existing empirical correlations describing hydrodynamic 

behavior in conventional geometries is limited at mini and micro-scales due to the shift in 

predominant forces affecting the formation of flow instabilities. The relative magnitude of 

surface forces to gravitational (Bond number) and inertial forces (Weber number) increases 

rapidly as the hydraulic diameter decreases, while viscous forces remain a function of the 

fluid properties and velocity (Capillary number). Three size classifications have been 

proposed for air/water to delineate between the different scales of flow systems (Kandlikar & 

Grande 2002): Conventional (dh > 3 mm), Mini-Channels (200 um <dh<3 mm), and Micro-

Channels (10 um <dh< 200 um). 
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1.2 Enhancing mixing within mini/micro channels 

Single-phase flow through mini and micro-channels is primarily laminar, with 

viscous effects dominating over inertial forces. As a result, radial mixing becomes diffusion 

limited, where the smaller geometric scales make it difficult to implement active mixing 

arrangements (i.e. mechanical stirrers). Pressure drop considerations also limit the ability to 

improve mixing and mass transfer by increasing velocity and turbulence. As the need for 

better mixing has increased, a number of passive mixing arrangements have been developed, 

where changes in the geometry are used to produce secondary flows that enhance radial 

mixing (Steinke & Kandlikar 2004). Examples include wavy channels (Nishimura & 

Matsune 1996), serpentine channels (Popiel & Wojtkowiak 2000; Mees et al. 1996; Rosaguti 

et al. 2005), splitting and recombining geometries (Sudarsan & Ugaz 2006), and cross-flow 

mixers (Dodge et al. 2004). 

Due to the dominance of surface forces, gas-liquid flow in mini/micro channels is 

typically characterized by a train of bubbles and plugs with internal recirculation patterns in 

the axial direction (Taylor 1961; Cox 1963, 1964; Thulasidas et al. 1997; Gunther et al. 

2004). While the recirculation is known to enhance inter-phase mass transport and axial 

mixing within each phase, radial mixing is still diffusion limited. Recent literature has 

explored the use of a number of passive mixing arrangements to improve radial mixing and 

mass transport in multi-phase flow (Vashisth & Nigam 2008; Fries & von Rohr 2009); 

however, the geometric effects on flow patterns, pressure drop and mass transfer have yet to 

be fully characterized. 
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1.3 Fundamentals principles of the serpentine passive mixer 

Planar serpentine passive mixing arrangements are found in many industrial 

applications involving mini-channels; including compact heat exchangers, turbines, 

mini/micro reactors and fuel cells (Martin et al. 2005; Xiong & Chung 2007; Huh et al. 

2007). For a typical configuration illustrated in Fig. 1.1, flow through the curved regions 

produces secondary (radial) flows, referred to as Dean's vortices, which enhance radial 

mixing and heat transfer in single phase applications. The intensity and number of vortices 

formed within a curved geometry can be characterized by two dimensionless parameters: the 

curvature ratio, Lc =d/2rc ; and the Dean's number, D = (pUd //J)L°C
5 (Berger et al. 1983; 

Nandakumar & Masliyah 1986; Bara et al. 1992). The radius of curvature, rc, and length 

between sequential curves, Li, control the maximum strength of the vortices; while the length 

between alternating curves, L2, affects the dissipation between curves. While numerous 

experimental and computational studies have explored the effect of the serpentine 
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Figure 1.1 Serpentine channel schematic, where L\ and L2 are distances between sequential and 

alternating curves respectively, and rc is the radius of curvature. 
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channel geometry on mixing, pressure drop and heat transfer for single phase flows (Mees et 

al. 1996; Popiel & Wojtkowiak 2000; Liu et al. 2000; Rosaguti et al. 2005); limited 

information is available in published literature regarding the fundamental fluid mechanics in 

multi-phase applications. 

The fluid dynamics of two-phase flow in straight channels are well defined in 

literature (see review by Kreutzer et al. 2005c): with correlations existing for pressure drop 

(Kreutzer et al. 2005a,b), heat and mass transfer (Irandoust et al. 1992; Kreutzer 2003; van 

Baten & Krishna 2004), liquid film thickness (Aussilous and Quere 2000), and steady-state 

circulation patterns (Thulasidas et al. 1997; Aussilous & Quere 2000; Fujioka & Grotberg 

2004). The extension of these correlations to curved geometries is non-trivial; complicated 

by the interaction between axial and Dean's vortices, flow pattern transitions, flow 

inversions induced by centrifugal forces, and bubble deformation and breakup. While recent 

literature is starting to explore the effects of curvature on mini/micro-scale two-phase flow 

(Kirpalani et al. 2008; Kulkarni & Kalyani 2009; Tung et al. 2009; Fries & von Rohr 2009), 

there is still a significant gap in our understanding of flow transitions, pressure drop, mixing 

characteristics, mass transfer rates and bubble breakup mechanisms within the serpentine 

geometry. 

5 



1.4 Research objectives 

The dynamic behaviour of the flow pattern generated by a cross-flow T-junction as it 

travels through a planar serpentine arrangement is considered in this work. The serpentine is 

selected for its simplicity of design and frequent use in planar reactors as a method of 

increasing the reactor volume within a given geometric footprint. Air and water are chosen 

as process fluids due to their high surface tension, low miscibility, minimal safety 

requirements and predominance in related literature. The research program specific 

objectives are to: 

1) Characterize the effects of the serpentine geometry and radius of curvature on 

pressure drop, mass transfer, flow pattern transitions, bubble size distributions 

and the onset of bubble breakup 

2) Develop a multi-phase computational fluid dynamic (CFD) approach suitable 

for simulating complex topological changes in surface tension dominated flow 

1.5 Operating conditions and geometric parameters 

Each of the geometries used in this work were constructed from cast acrylic for 

optical clarity, with a channel hydraulic diameter of 1 mm corresponding to mini-scale flow 

for air-water mixtures. Two radii of curvature (3 mm and 6 mm) were selected, where the 

smallest radius of curvature was dicited by the ability to seal the contacting faces between 

adjacent bends during manufacturing, and the larger radius of curvature was governed by 

pressure drop limitations. The geometries were operated at flow rates commensurate with 

the capabilities of the centrifugal pump and/or a maxium pressure drop of 20 psig, above 

which the risk of damaging the acrylic piece became significant. 
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1.6 Research outline 

Evaluation of the effects of curvature on the flow pattern transitions and bubble 

breakup is precluded by an analysis of the flow pattern generated by the cross-flow T-

junction and the subsequent effects of pressure drop on the compressible gas phase. 

High-speed video analysis was used to study the flow pattern and bubble size 

distribution generated by a circular cross-flow T-junction operating at 

0.0058 < CaLG = fiL (UL + UG )/cr < 0.041 and 545 < ReLG = pL (UL + UG )d//iL < 4675. 

Models for the bubble length and bubbly to plug transition boundary were constructed from 

scaling laws describing the dominant forces affecting bubble generation in square micro-

channels. With the developed models and flow pattern maps derived from experimental 

observation, the curvature induced variation in flow pattern transitions were considered for 

rc = 3 mm and rc = 6mm. The critical conditions necessary for bubble breakup were defined, 

and guidelines presented for maintaining stable plug flow when return bends are introduced 

into the flow path. This work is entitled as "Curvature induced flow pattern transitions 

in serpentine mini-channels", and is presented in Chapter 2. 

The successful extension of straight-channel plug-flow pressure drop models to 

curved flow is limited by the unsteady nature of the flow pattern within the geometry. After 

having studied the flow pattern variations in Chapter 2, single and two-phase pressure drop 

measurements were carried out for straight and serpentine geometries operating at 

400 < ReL = pLULd//j.L < 3600 (single-phase) and 500 < ReLG < 6500 (two-phase). There is 

no data or correlation available in literature for two-phase pressure drop in a serpentine 

geometry operating at these conditions. A model was thus assembled to predict the 

experimentally observed two-phase pressure drop, and is described in Chapter 3 in the paper 
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entitled "Single and two-phase pressure drop characteristics in serpentine mini-

channels". 

Flow pattern variations and elevated shear within the serpentine arrangement can 

enhance inter-phase mass transfer by increasing the mass transfer coefficient, ki, and 

redistributing/increasing the cap and film interfacial areas, Ac and AF. The relative 

importance of cap and film mass transport and the impact of common simplifications applied 

to mass transfer analysis of plug flow in straight channels is explored in Chapter 4; entitled 

"Numerical simulation of inter-phase mass transfer for idealized Taylor flow: A 

comparison of numerical frameworks and the effects of cap deformation in elevated 

shear". With the important mechanisms of mass transport identified, penetration theory and 

semi-empirical descriptions of droplet deformation in shear were applied to explore the 

implications of bubble deformation and flow distribution on overall mass transfer within the 

serpentine. 

Preliminary computational fluid dynamics (CFD) simulations of bubble deformation 

and breakup within the serpentine geometry led to the identification of key limitations within 

the Volume of Fluid interface tracking technique when applied to surface tension dominated 

flow. The diffuse interface approach was identified as suitable alternative, provided that a 

solution to the spontaneous drop shrinkage phenomena could be found which did not entail 

excessive mesh refinement. By defining a temperature-variant simplified energy density 

expression for use in the Cahn-Hilliard equation, the fundamental mechanism responsible for 

spontaneous drop shrinkage and interfacial smearing was identified and eliminated. This 

was achieved within a computational framework of comparable complexity to that of double-

well energy function currently used in most diffuse interface tracking applications. The 

numerical approach was implemented in OpenFOAM®, and validated using a number of 

8 



benchmark simulations to illustrate the accuracy and performance of the proposed approach 

as an interface tracking technique for immiscible fluids. The paper associated with this work 

is entitled "Diffuse interface tracking of immiscible fluids: Improving phase continuity 

through free energy density selection", and is presented in Chapter 5. 

Finally, Chapter 6 summarizes conclusions and potential future research. 

Nomenclature 

rc Radius of curvature of the serpentine bend (m) 

d Channel diameter (m) 

Rei Reynolds number, based on liquid properties 

ReLo Reynolds number for the liquid slug, based on combined gas and liquid velocities 

CaiG Capillary number, based on liquid properties and combined gas and liquid velocities 

Ui Superficial liquid velocity (m s"1) 

UG Superficial gas velocity at experimental conditions (m s"1) 

pL Liquid density (kg m"3) 

HL Liquid viscosity (kg m"1 s"1) 

<j Surface tension (N m"1) 
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Abstract 

Experimental investigation of the phase interactions in two-phase mini-channel 

serpentine systems is performed with a focus on determining the effect of radius of curvature 

of the serpentine on two-phase flow pattern transitions. The initial formation of two-phase 

flow patterns in T-junction contactors and the resulting effect on the flow through serpentine 

geometries are studied to predict the initiation of bubble breakup and/or coalescence in 

planar serpentine arrangements. Bubble breakup maps are developed for each of the 

serpentine geometries, identifying curvature-induced shifts in the transitions between flow 

patterns. 

Single phase dimensionless analysis for curved geometries is extended to two-phase 

flow to identify the geometric dependence of critical bubble breakup. Further analysis 

performed shows that the characteristic length for curved geometries encountered in the 

Dean number for single-phase flow is suitable for capturing the effects of curvature on the 

initiation of bubble breakup. The dependence of Weber number on the characteristic length 

is reported and a critical WeCDLc = 10 is identified for predicting bubble breakup inception 

in the serpentine system. 

Keywords: T-junction, Circular mini-channel, Serpentine, Curvilinear, passive mixer, two-

phase flow pattern, coalescence, breakup, bubble size distribution. 
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2.1 Introduction 

The flow patterns generated by gas-liquid distributors for mini-scale contactors and 

reactor systems (diameter, d ~ 1mm) have been investigated extensively in the past for a 

variety of cross-sectional geometrical shapes and lengths (Suo and Griffith, 1964; Barnea et 

al, 1983; Damianides and Westwater, 1988; Barajas and Panton, 1993; Fukano and 

Kariyasaki, 1993; Mishima et al, 1995, 1996; Triplett et al, 1999a; Coleman and Garimella, 

1999; Shekarriz, 2000; Yang and Shieh, 2001; Zhao and Bi, 2001; Akbar et al. 2003). While 

conducted with model fluids, air and water, these studies are often extended to process fluids 

for engineering applications. Fundamental studies of this nature usually produce two-phase 

flow regime maps and semi-analytically determined regime transitions, providing insight into 

the hydraulic behavior and heat and mass transfer properties of two-phase mixtures flowing 

through a straight channel (Triplett et al, 1999b; Kawahara et al, 2002; Angeli and 

Gavriilidis, 2008, Niu et al, 2009). Limited information is available in literature regarding 

the impact of complex downstream flow configurations on the flow patterns formed initially. 

With the continued development of new applications for process flow systems at this scale, 

the incorporation of downstream phase contactors that enhance heat and mass transfer is 

inevitable. 

Planar serpentine mixing arrangements are found in many industrial applications 

involving mini-channels; including compact heat exchangers, turbines, mini/micro reactors 

and fuel cells (Martin et al, 2005; Xiong and Chung, 2007; Huh et al, 2007). Noted for 

their ability to enhance heat transfer and radial mixing in single phase flow through the 

formation Dean vortices, serpentine geometries are frequently used to increase the reaction 

time within a given geometric footprint by connecting long mini-channels with alternating 
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U-shaped return bends. While previous studies have characterized the variation in flow 

patterns resulting from a single return bend (Wang et al, 2003, 2004, 2005; Kirpalani et al, 

2008), a detailed analysis of the two-phase flow patterns developed in multiple mini-channel 

serpentine unit cells in series has yet to be reported in published literature. 

In this work, air-water flow was examined in a serpentine system. Bubbly, plug, 

unstable plug and slug flow patterns were generated by a cross-flow T-junction and 

introduced into planar serpentine arrangements to study the impact of radius of curvature on 

flow pattern transitions and the initiation of bubble interactions such as inception, growth, 

breakup and coalescence. The objectives of this study were to: (a) determine the effects of 

the serpentine geometry on the two-phase flow pattern generated by a cross-flow T-junction, 

with a focus on the shift in flow pattern transitions between bubbly, plug, unstable plug and 

slug flow; (b) identify the mechanisms leading to bubble breakup, grouping and coalescence 

before and within the serpentine geometry; and (c) extend single-phase dimensionless 

analysis for curved geometries to multi-phase flow for the purpose of identifying the 

geometric dependence of critical conditions necessary for bubble breakup to occur. 

2.2 Experimental configuration 

Two geometries were manufactured from cast acrylic to allow for visual observation 

of the flow patterns before, within, and after a series of serpentine unit cells. Semi-circular 

grooves were CNC-machined into two 9.5 mm thick acrylic plates to create mirror patterns 

that formed the serpentine geometry when bonded together using dichrolormethane (solvent). 

The flow path of the serpentine system consists of a cross-flow T-junction contactor for 

blending the two phases followed by a 47.5 mm straight channel where the gas-liquid flow 

pattern is further developed. The straight channel leads to a series of serpentine unit cells 
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Figure 2.1 Schematic of geometry with rc = 3 mm and 3.5 repeating serpentine unit cells. 

with a radius of curvature, rc, of 3 mm or 6 mm. Exit flow effects from the geometry were 

reduced by adding a 47.5 mm straight channel after the last semi-circular curve of the 

serpentine. At the exit, an additional T-junction was fabricated for monitoring the outlet 

pressure. CNC-machining of the acrylic plates introduced minimal groove depth variation. 

Schematics of the fabricated serpentine geometries and their dimensions are provided in Fig. 

2.1 and Fig. 2.2. 

The experimental setup, shown in Fig. 2.3, illustrates the operation of the serpentine 

mini-channel for air-water mixtures. The gas (dry air) was supplied from a cylinder through 

a pressure reducing valve (PRV) and a needle valve used to regulate flow. The gas flow rate, 

at standard conditions, was measured using an electronic mass flow meter (Omega FMA-

1812). Pressure was measured at the gas inlet and channel outlet using a water manometer at 

low flow rates (0-11 kPa, 0-1.6 psig), and a pressure transducer at high flow rates (PSI-

Tronix 68920-30, 0-30psig). Deionized water was introduced using a magnetically driven 
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Gas Inlet 

Liquid Inlet — Outlet 

Figure 2.2 Schematic of geometry with rc = 6 mm and 4 5 repeating serpentine unit cells 

Gear Pump 

Figure 2.3 Experimental configuration 

Compressed 
Air 

low flow rate gear pump (Micropump Series 200 P35, 1.17 mL/rev, 4.2 bar max VP) 

regulated using an electronic mass flow controller (Omega FLV-4619A). The liquid 

temperature was also monitored at the mass flow controller to determine the liquid viscosity 

at each operating condition. 

The two-phase flow patterns were photographed at the inlet and within the serpentine 

region of each geometry using a high-speed CMOS camera (Nanosense MKIII) and custom-

built pulsed-LED backlighting module synchronized with the frame rate of the camera for 
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visualization without raising the temperature of the process fluids. The system allowed for 

full-resolution image recording (1280x1024 pixels) at frame rates up to 2000 Hz, with higher 

frame rates achieved at reduced resolutions. A constant exposure of 20ps was used for all 

captured images. The equivalent pixel size was determined prior to each experiment with 

typical values on the order of 18 pm/pixel. 

2.3 Inlet bubble size distribution and flow pattern map 

An analysis of the effects of the serpentine passive mixing arrangement on two-phase 

air-water flow patterns was necessarily precluded by the characterization of flow patterns 

and bubble size distributions generated by the upstream T-junction contactor. Visual 

identification of these flow patterns can be highly subjective, leading to multiple 

classifications for similar flow regimes and the definition of flow pattern transitions as a 

range of operating conditions (as opposed to well defined sharp boundaries). Of significant 

interest in this study was the bubbly to plug flow transition, which can be difficult to 

determine visually due to the capillary-number dependence of the thickness of the liquid film 

surrounding a fully developed plug. The inlet bubble size distribution was thus used as a 

measurable parameter for defining a sharp boundary between these two flow patterns. 

The bubble length and velocity and trailing slug length were measured in both 

geometries for liquid and gas flow rates ranging from 10 to 100 cmVmin (0.2 to 2.1 m/s) and 

10 to 180 cm /min (0.2 to 3.8 m/s) at standard conditions, respectively. Ten thousand images 

were collected at each operating condition, at a frame rate sufficient to capture a minimum of 

10 instances of the same bubble as it traveled along the region 25 to 47 diameters 

downstream of the T-Junction. The location, projected area and length of each bubble within 

an image were measured using 
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Figure 2.4 Image analysis results for UL = 63 cm3/min (1.32 m/s) and UQ = 40 cm3/min STP (0.83 

m/s). Background correction was applied to raw images (top), and the results (middle) analyzed for 

individual particle identification (bottom). The population distributions for bubble length (left), 

bubble velocity (middle) and liquid slug length (right) were then obtained via particle tracking 

analysis. 

ImageJ®software, from which number-based distributions and arithmetic averages of the 

bubble length, velocity and trailing liquid slug length were determined. Typical results are 

presented in Fig. 2.4 for a liquid and gas flow rate of 63 cm3/min and 40 cm3/min STP, 

respectively. Note that the bubbles were approximated as ellipsoids and their length was 

defined as the major axis of the ellipsoid. 

2.3.1 Inlet bubble size distribution 

Scaling laws for droplet and bubble formation in T-Junctions are reported in existing 

literature for a range of operating conditions and channel dimensions (Laborie et al, 1999; 

Thorsen et al, 2001; Nisisako et al, 2002; Tice et al, 2003; Cristini & Tan, 2004; Garstecki 

et al, 2006; Xu et al, 2006 a, b, c; Qian and Lawal, 2006; Menech et al, 2008; Xu et al, 
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2008). In a recent review by Xu et al. (2008), three regimes of bubble and plug formation 

were identified, where the transition between the mechanism responsible for breakup was 

dependent on the capillary number for the continuous phase, Cac = /J.CUC /a. At values of 

Cac < 0.002, interfacial forces are considered dominant over shear forces from cross-flow 

of the continuous phase, and plug formation is dependent on the pressure drop across the 

plug as it forms (Garstecki et al, 2006). For Cac >0.01, cross-flow shear becomes 

dominant, bubbly flow is observed, and the size of the bubbles is highly dependent on the 

geometry confinement (Menech et al, 2008). Intermediate values of Cac between 0.002 

and 0.01 correspond to a transient regime between bubbly and plug flow, where the 

dynamics of break-up are dependent on both shear and interfacial forces (Xu et al, 2008). 

The scaling laws proposed by Xu et al. (2008) for square micro-channels (200 um) 

operating in each of the aforementioned regimes are expressed in a modified form in Eqs. 

(2.3.1) to (2.3.3): 

d 

A/Cac for Cac > 0.01 (2.3.1) 

kCaa
DflCap

c~
a for 0.002 < Cac < 0.01 (2.3.2) 

s + o>(CaDMc /Cac)for 10"4 < Cac < 0.002 (2.3.3) 

In these expressions, the bubble length, Lb , channel width, d, and modified dispersed phase 

capillary number determined using the continuous phase viscosity, CaDpc = ficUD/cr, are 

critical in the determination of the bubble lengths. When shear forces are dominant 

(Cac > 0.01), the fitted parameter, A, corresponds to a correction factor for the continuous 

phase velocity as a bubble occupies part of the channel cross-section. For a rectangular 

channel, Xu et al. (2008) proposed a value of A = dh/\dh - 0.785Z,̂  J, where h is the channel 

height. A similar constant can be derived for circular channels, resulting in a value of 

22 



A = d2/(d2 -L2
bj. When interfacial forces are dominant (Cac <0.002), s and co have 

ranged in magnitude from s = 1 and co -1 for Garstecki et al. (2006), e = 1.38 and 

co = 2.52 for Xu and Luo (2006), and s = 1.9 and <y = 1.46 for Tice et al. (2003). In the 

transient regime, Xu et al. (2008) proposed values of k = 0.75, a = 1/3 and /? = -1 /5 for a 

T-junction contactor. 

Since the aforementioned correlations were developed for 200 um channels with 

square cross sections, the findings cannot be directly applied to circular 1mm capillaries. 

Nonetheless, the force balances used to derive these scaling laws are still applicable to mini-

scale geometries, and provide a basis for analyzing the empirical data for developing flow 

transition maps. Alternatively, a scaling law has been proposed for circular T-junctions by 

Qian and Lawal (2006) for gas and liquid superficial velocities from 0.01 to 0.25 m/s, gas 

holdups of 0.09<£D &UD/(UC+UD)< 0.91, bubble-based Reynolds numbers of 

15 <ReA = pcUbd//Jc <1500, and bubble-based capillary numbers of 

0.000278 < Cab = jUcUb ja < 0.01. 

* 1 /C'5'7„0 107/'1 „ V 1 °5 T>„~°075 ^ -00687 ,~ ~ *-. 

—- = 1.631 sD {l-£D) ReA Cab (2.3.4) 
d 

Note that Eq. (2.3.4) requires an approximation for the bubble velocity, Ub, for 

which the expression proposed by Liu et al. (2005) is known to provide reasonable values for 

2 x 10-4 < CaCD = He Pc + UD )/°" < 0-39 • 

Ub _ 1 

( t / c +£/D )~i-o.6ia^ 3 (2,3'5) 

Fig. 2.5 compares the bubble velocities predicted by Eq. (2.3.5) to the arithmetic mean of the 

experimentally obtained number frequency distribution of velocities for 
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Figure 2.5 Comparison of the measured bubble velocities and those predicted by Liu et al. (2005). 

Error bars represent one standard deviation, as determined from the velocity distribution for each 

operating condition. 

0.0058 < CaCD < 0.041, 545 < ReCD = pc (Uc + UD )d//ic < 4675. The reasonable 

agreement between the experimental and predicted values for Ub validates the image 

analysis algorithm used to determine the bubble sizes, velocities, and slug lengths. 

The bubble lengths predicted by Eq. (2.3.4) are shown in Fig. 2.6 for the cross-flow 

T-junction operating at 0.0058 < CaCD < 0.041, 545 < Re c o = pc{Uc +UD)d/{ic < 4675, 

where the experimentally measured bubble velocity was used when determining Reft and 

Cab. Note that a limited number of experimental conditions fell within the range of Reb 

and Cab values for which Eq. (2.3.4) was developed, leading to overestimates of the bubble 

lengths at higher liquid and gas velocities where shear and inertial forces become dominant. 

It should also be noted that for s = 0.9 and co = 1.28, Eqs. (2.3.3) and (2.3.4) yield 
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Figure 2.6 Comparison of the bubble length predicted by Qain and Lawal (2006) to experimentally 

obtained values for each geometry, denoted by the radius of curvature (3 mm or 6 mm). Triangle 

symbols represent experimental conditions outside of the valid range for Qain and Lawal. 

comparable predictions for bubble length; thus confirming the similarity between the two 

scaling laws for bubble formation dominated by interfacial forces. 

In an attempt to correlate the inlet bubble size distribution, the scaling laws proposed 

by Xu et al. (2008) for the transient and shear-based regimes were explored. ForCac > 0.01, 

the use of A = d2 j\d2 - L\ ) resulted in the following expression for bubble length: 

Lb _ -Cac + ^Ca2
c + 4 

~d~ 2 
(2.3.6) 

25 



Note that Eq. (2.3.6) consistently predicts a bubble length approximately equivalent to the 

channel diameter. Since the experimental bubble lengths varied with CaD and Cac for all 

operating conditions tested, an alternative expression for A was required. The scaling law 

for the transient regime was thus applied for all experimental data, where /3-a was 

expected to approach -1 at higher capillary numbers. 

Two distinct regimes were observed when the measured bubble lengths were fitted to 

Eq. (2.3.2): one applying to bubbly flow, and the other to plug/unstable plug flow. The 

boundary between these regimes was assumed to occur when Lb /d = 1 - 2 S/d, where S is 

the width of the liquid film that would surround a fully developed plug at equivalent 

conditions. 

^ - m a x ! ° - 8 4 4 C a " - C a " 3 8 4 {BubMy) (2 3 7) 
d \ 9.12\Cax™Cac

x (Plug I Unstable Plug) 

The CaG dependency noted by Xu et al. (2008) was observed for the plug/unstable plug 

flow regime, where A was a function of CaD . The maximum operator was proposed to 

simplify the prediction of the bubble length when the flow pattern is not known. Based on 

experimental observations, the bubbly and plug/unstable plug expressions were consistently 

dominant in their respective flow regimes, only overlapping as Lb fd —> 1 - 2 S/d. Under 

these transitional conditions, the larger of the predicted bubble lengths was consistently 

closer to those observed experimentally. 

In developing these scaling laws, an approximation of S was needed to identify the 

bubbly to plug flow transition. Based on the work of Aussilous and Quere (2000) for 

10"3 < Cab < 1.4, the following expression was used: 
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28 1.34Ca, 2/3 

l + 3.34Ca 2/3 (2.3.8) 

Assuming that the bubble velocity is well approximated by Eq. (2.3.5), this can be further 

expanded to provide the transition point for bubbly to plug flow, where the bubble length 

predicted by Eq. (2.3.7) must be less than the following critical value: 

(L \ 

V w /Transition 

(l-0.6lCac
3

D
3f3 +2Cat 

(l-0.6\Cac
3
D

3Jn +3.33Cat 

2/3 
CD 

2/3 
CD 

(2.3.9) 

The bubble lengths predicted by Eq. (2.3.7) are compared to experimental values in 

Fig. 2.7, where reasonable agreement is observed for air-water flow in 1 mm circular 

0.05 
13 -,— 

12 - i " 
I 

Plug / Unstable Plug Flow, C a ^ 1 2 3 2 / C a c 

0.275 0.5 0.725 0.95 

-Plug/Unstable Plug Flow Correlation 

Plug/Unstable Plug Flow Experimental, 3mm 

Plug/Unstable Plug Flow Experimental, 6mm 

1.175 

—Bubbly Flow Correlation 

• Bubbly Flow Experimental, 

D Bubbly Flow Experimental, 

3mm 

6mm 

0.83 0.97 

Bubbly Flow, CaD MC° 2a5/Cac°3 

-4 
1.25 

Figure 2.7 Comparison of the average bubble size predicted by the proposed correlations and 

experimentally obtained values. Error bars represent one standard deviation, obtained from number 

frequency distributions of the measured bubble length. 
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T-junctions operated at 545 < ReCD = pc (Uc + UD )d//ic < 4675, 0.0035 < Cac < 0.025 

and 0.0015 <Canil < 0.03 . 

2.3.2 Inlet flow pattern 

The flow patterns generated by different inlet distributor designs (T-junctions, Y-

j unctions, flow-focusing devices) have been extensively studied in previous literature, with 

multiple published works describing the criteria for transitions between bubbly, plug, slug 

and annular flow for different channel shapes, process fluids and channel orientations. 

However, a universal flow map has yet to be developed due to the strong dependency of the 

pattern obtained on a multitude of parameters including: viscosity, density and surface 

tension; channel shape, orientation and length scale; upstream and downstream 

configurations and pressure fluctuations; and even the interpretation of the flow patterns in 

transition regions. Nonetheless, a number of correlations have been developed to describe 

the transitions between flow patterns. A detailed review of all potential flow maps for a 

circular 1mm T-junction with air-water flow is beyond the scope of this work, but can be 

found in reviews and articles by Triplett et al. (1999a), Kawahara et al. (2002), Akbar et al. 

(2003), and Hassan et al. (2005). 

For comparison purposes, the flow patterns observed at a distance 25 to 47 diameters 

downstream of the T-junction were compared in Fig. 2.8 to existing flow patterns transitions 

for air-water flow in circular channels, along with the proposed bubbly-plug transition 

relationship given by Eqs. (2.3.7) and (2.3.9). Example images of the four different flow 

patterns observed are provided in Fig. 2.9 for the indicated gas and liquid velocities. Note 

that the transition from plug to unstable plug flow was characterized by a grouping of the gas 
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Figure 2.8 Comparison of current flow conditions and the proposed bubbly to plug transition to flow 

pattern transitions from previous literature. 

plugs, while the transition to slug flow required the formation and entrainment of numerous 

small bubbles within the liquid slug. 

The discrepancy between the proposed bubbly/plug transition line and previous 

literature was primarily attributed to differences in wetting properties and gas densities 

within the T-junction, and potential variances in the method by which the transition was 

identified. Visual determination of the transition between bubbly and plug flow is extremely 

subjective, especially when the film thickness surrounding a developing plug is difficult to 
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Figure 2.9 Flow patterns observed for the given gas and liquid velocity, (C/0, Uc), at a location 27 to 

45 channel diameters downstream of the T-junction. 

quantify. An approach using Eqs. (2.3.7) and (2.3.9) is considered more consistent, as it 

inherently accounts for the variation in film thickness and uses a measureable quantity 

(bubble length) to define the bubbly to plug transition. For the two geometries in this work, 

the flow pattern transitions occurred under similar conditions, enabling the subsequent 

analysis of the effects of radius of curvature on flow patterns and bubble size distributions. 

In section 2.4, breakup maps are constructed using the Weber numbers for each phase 

to account for the presence of pseudo-turbulent flow in the serpentine arrangement. The 

proposed correlation for the bubbly to plug flow transition was dependent only on the 

capillary number, necessitating an approximation of the gas density at each point along the 

transition line to determine the value of the dispersed phase Weber number, 

WeD = pDU2
Dd/(T. This was achieved through the interpolation of the gas density at inlet 

conditions from the experimental data. As a result of this conversion, the bubbly to plug 

transition line for the two serpentine geometries no longer overlap, as the rc - 6 mm and 

rc = 3 mm geometries have different diameters and inlet pressures. The Weber-based 

equivalent of Fig. 2.8 is provided in Fig. 2.10, along with the boundary proposed by Akbar et 

al. (2003) for the shift from surface tension dominated flow (bubbly, plug, slug) to 

transitional flow (wavy annular, froth, churn), given in Eq. (2.3.10). Note that the 
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Figure 2.10 Flow pattern observed 27 to 45 channel diameters downstream of the T-junction. 

Qualitatively determined transitions between flow patterns are shown as shaded regions. 

continuous phase (water) is plotted on the horizontal axis for consistency with previously 

published We-based flow pattern maps. 

O.UWec
n5for Wec<3 

D 1 for Wec > 3 
(2.3.10) 

2.4 Flow pattern transitions within the serpentine geometry 

The serpentine geometry is commonly employed to enhance heat transfer and radial 

mixing in single-phase applications through the formation of Dean vortices, and to maximize 

the flow path length within a given geometric footprint. In multi-phase applications, the 
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serpentine geometry alters the centerline of the circulation patterns within the liquid slug 

(Fries and von Rohn, 2009), and is known to cause discrepancies between the entering and 

exiting flow patterns at larger diameters (Kirpalani et al, 2008). The presence of curvature 

has two distinct effects on the flow pattern and bubble size distribution: coalescence due to 

draining of the liquid slug between adjacent bubbles; and breakup due to increased shear 

resulting from secondary flow formation within the liquid slug. As the liquid phase flows 

between two alternating curves in the serpentine arrangement, it must cross over to the 

opposite side of the channel, creating higher shear rates on preceding bubble and intense 

secondary flows. The effect of the radius of curvature on coalescence and breakup, and the 

critical conditions necessary to induce bubble breakup have yet to be characterized. 

High frame rate videos of the dynamic behavior of gas bubbles travelling through 

serpentine channels were collected over a wide range of operating conditions and two radii 

of curvature (rc = 6 mm and rc = 3 mm). An assessment of flow patterns formed, nature of 

the bubble movement, extent of interfacial deformation, and presence or absence of breakup / 

coalescence within the serpentine unit cells was made from the video images. From this 

information, breakup maps were constructed for each radius of curvature and are presented 

in Figs. 2.11 and 2.12 for rc = 3 mm, and rc = 6 mm, respectively. The breakup boundaries 

formed, shown in Figs. 2.11 and 2.12, represent the conditions above which notable bubble 

breakup was observed. Sequential images of a bubble travelling through the 3mm serpentine 

geometry are provided in Figs. 2.13(a) through 2.13(1) for each of the regions identified. 

The images in Figs. 2.13(a) through 2.13 (1) are grouped by flow pattern and the 

extent of deformation and breakup observed. Figs. 2.13(a) through 2.13(c) illustrate the two-

phase flow at the onset of deformations, where small deformations or wave instabilities (seen 

as striations) are observed at the trailing edge of the bubble. Larger deformations and the 
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Figure 2.11 Breakup map and flow pattern transitions within a serpentine geometry with rc = 3 mm. 

Conditions where breakup was observed are indicated by open markers. 

wavy-annular flow regime are described in Figs. 2.13(d) through 2.13(f), followed by the 

various individual breakup mechanisms in Figs. 2.13(g) through 2.13(i). A distinction was 

made between "bag type bubble breakup" and "shear induced bubble breakup" for unstable 

plug flow, shown in Figs. 2.13(g) and 2.13(i)): "bag type bubble breakup" is characterized by 

the fracture of an extruded interface as it rapidly snaps back to the bubble bulk upon the 

removal of shear; whereas "shear induced bubble breakup" occurs when a smooth pinching 

motion is observed throughout the breakup process. Subsequent increases in gas and liquid 

flow rates led to multiple degrees of breakup, Figs. 2.13(j) through 2.13(1), where the 
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Figure 2.12 Breakup map and flow pattern transitions within a serpentine geometry with rc - 6 mm. 

Conditions where breakup was observed are indicated by open markers. 

transition from unstable plug to slug flow was distinguished by the presence of a large 

number of bubbles entrained in the liquid slug and multiple instances of breakup. 

The Weber numbers in Figs. 2.11 and 2.12 for air, WeD = pDU^d/<r, and water, 

Wec = pcUcd/cr, were determined using the densities and superficial gas and liquid 

velocities at the point in the serpentine geometry where the images were collected (see Figs. 

2.1 and 2.2). In order to provide a comparison to the inlet flow patterns (Fig. 2.10), the 

expected bubbly to plug transition line was calculated by estimating the ideal-gas expansion 

that would be expected for the measured pressure drop, pDs/pD ,=PS/Pl , and determining 
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Figure 2.13 Sequential images of air-water flow through the rc = 3 mm geometry for different flow 

patterns, deformations, and breakup extents at (QCQD) flow rates (cmVmin). 
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Figure 2.14 Overlay of flow pattern transitions observed following the T-junction, and within the 

rc = 6 mm and rc = 3 mm geometries. Breakup was observed above the indicated boundary for 

breakup for each rc. 

the maximum bubble size at the inlet which would result in Lb /d = (l - 2 S/d\pD s jpD J/3. 

Note that pDs, pDl, Ps, and P, are the air densities and absolute pressures within the 

serpentine (s) and inlet (i). Fig. 2.14 provides an overlay of each of these breakup maps and 

the expected bubble-plug transition point. 

The inlet flow pattern and those observed in the rc = 6 mm and rc = 3 mm serpentine 

unit cells were similar for Wec < 8 . At higher liquid flow rates, the bubbly flow regime was 

extended to increasing values of WeD, while a combination of bubble grouping, coalescence 
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and breakup shifted the transitions between plug and unstable plug flow. In single phase 

flow, a smaller radius of curvature leads to the development of stronger Dean vortices and 

increased shear rates. As a result, it can be deduced that the earlier onset of breakup and the 

greater extension of the bubbly flow pattern observed for rc = 3 mm may also be a result of 

similar vortices formed. As the two phase mixture travels through each serpentine unit cell, 

the gas phase decelerates and the liquid phase migrates to the outside of each curve due to 

centrifugal forces. At the point where the direction of curvature alternates, the liquid must 

flow across the center of the channel to reach the opposing wall, exerting shear on the 

bubbles and completely separating the bubble from the channel wall at higher liquid flow 

rates. This corresponded to an apparent increase in Wec and decrease in WeD within the 

serpentine geometry, resulting in an upward shift of the transition boundary between bubbly 

and plug flow. The elevated shear rates at these conditions could potentially be used to 

modify the bubble size distribution and significantly increase inter-phase mass transfer. 

The discrepancies between the plug to unstable plug flow transitions observed at the 

inlet and within the two serpentine geometries has significant implications to reactor design 

and flow pattern management. Almost all bubble grouping and coalescence observed in 

these experiments occurred within the first 180° return bend of the serpentine geometry, 

suggesting that similar behaviour would be observed when U-bends are used to increase the 

length of a flow path. The deceleration of the gas phase as it travels through the curved 

geometry led to two initially separated bubbles coming into contact as the liquid between 

them was drained by centrifugal force. The higher intensity of centrifugal forces present at 

the lower radius of curvature would imply that the liquid slug between bubbles would drain 

away quicker, resulting in an earlier onset of bubble grouping and unstable plug flow. As 
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can be seen in Fig. 2.14, it is actually the larger radius of curvature which first transitions to 

unstable plug flow. The longer curvature length of the rc = 6 mm geometry extended the 

time for the liquid slug between two bubbles to drain, eventually leading to an increased rate 

of bubble grouping and coalescence over that observed for the rc = 3 mm geometry. Based 

on this observation, the engineering design of a serpentine must take into account the 

curvature for a mini-scale reactor/contactor system, especially when a change in the flow 

pattern is undesirable. A smaller radius of curvature appears to deter bubble grouping and 

coalescence, and should be considered when U-bend arrangements are used to increase the 

reactor volume within a given geometric footprint. 

2.5 Critical conditions for bubble breakup 

The extent of secondary flow formation in single phase flow through curved channels 

is frequently characterized by the Dean number, D = (pUd//^\d/2rc) , derived from an 

approximate solution to the Navier-Stokes equations for steady, axially uniform flow in a 

helical coil. While the Dean number is not directly applicable to multiphase flow, the scaling 

used in its derivation may be useful in quantifying the effects of secondary flows in the 

serpentine channel. In formulating the Dean number, the cross-flow velocities are scaled by 

the root of a characteristic length parameter for curved geometries, Lc = d/2rc. A similar 

scaling approach was applied for the combined gas and liquid velocities to account for the 

formation of secondary flows within the liquid slugs traveling through the curved channel. 

The following dimensionless number for curved flow is proposed for characterizing the onset 

of bubble breakup at elevated liquid flow rates: 

WeCDLc = Pc{Uc+U^d(d/2rc) (2.5.1) 
a 
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The near horizontal boundaries for breakup observed in Fig. 2.11 for Wec <16 

(rc = 3 mm) and Fig. 2.12 for Wec < 8 (rc = 6 mm) led to the assumption that breakup under 

these conditions was part of the natural transition from unstable plug to slug flow, with 

minimal dependence on the presence of a curved flow path. Determination of the onset of 

breakup due to the serpentine configuration thus focused on the transition between 

deformation and breakup at higher values of Wec, where a marked difference was observed 

for the location of the breakup boundary for rc — 6 mm and rc = 3 mm. The flow regime and 
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deformation/breakup extent at each operating condition was plotted against WeCDLc for both 

geometries, and is given in Fig. 2.15. With the exception of a few data points, the transition 

between deformation and breakup occurs at a critical value of WeCDLc «10. 

The breakup boundary predicted by WeCDLc =10 was reconstructed for each of the 

two radii of curvatures, and presented in Figs. 2.16 and 2.17. Based on the agreement of the 

resulting breakup boundary with experimentally observed flow patterns, WeCDLc was 

considered an effective parameter for characterizing the intensity of secondary flows induced 
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in the liquid slug by curvature, relative to the surface forces maintaining the shapes of the 

leading and trailing bubble interfaces. Due to the limited variation of channel diameter and 

fluid physical properties used in this work, additional experimentation would be required to 

confirm the generalization of the WeCDLc =10 condition for the onset of bubble breakup in 

mini-scale curved geometries. Nonetheless, this work has demonstrated that the single phase 

dimensionless analysis for curved flow can be extended to the continuous phase to quantify 

the intensity of secondary flow formation and its effects on bubble deformation and breakup. 
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2.6 Conclusions 

In this work, the effects of radius of curvature on two-phase flow pattern transitions 

and the initiation of bubble breakup/coalescence in planar serpentine arrangements were 

studied as a composite system. To summarize the findings in this work, an investigation of 

the flow patterns formed and bubble size distributions generated by the T-junction are 

discussed in relation to previous findings. The flow patterns and transition regions generated 

by the T-junction were visually identified for subsequent comparison to those present within 

the serpentine geometry. Scaling laws derived for square micro T-junctions were extended 

to a mini-scale circular T-junction operating at 545<ReCD <4675, 0.0035 < Cac < 0.025 

and 0.0015 <CaDMc < 0.03; successfully predicting bubble lengths for bubbly and 

plug/unstable-plug flow and enabling the use of an analytical expression to describe the 

transition between bubbly and plug flow. 

Bubble breakup maps were developed for each of the serpentine geometries, 

identifying curvature-induced shifts in the transitions between flow patterns. The 

mechanisms of bubble breakup, grouping and coalescence are discussed, with particular 

emphasis placed on the relevance to reactor design. Finally, single phase dimensionless 

analysis for curved geometries is extended to multi-phase flow to identify the geometric 

dependence of the critical bubble breakup. The first bend in the serpentine geometry induced 

bubble grouping and coalescence, resulting in a permanent transition from plug to unstable 

plug flow. To maintain fully developed plug flow, rc should be minimized whenever 

curvature is introduced into a design for enhancing radial mixing or increasing the reaction 

time within a given geometric footprint. 
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For the purpose of quantifying the intensity of curvature induced secondary flow in the 

continuous phase, the characteristic length for curved geometries encountered in the 

derivation of the Dean number for single-phase flow successfully captured the effects of 

curvature on the initiation of bubble breakup. A critical value of WeCDLc =10 was found for 

the given air-water system, above which varying degrees of bubble breakup were observed. 

The generation of similar bubble breakup maps for different process fluids and 

serpentine designs could lead to the eventual development of a more universally applicable 

characteristic parameter describing not only the effects of radius of curvature, but also fluid 

properties and distance between alternating serpentine bends. 
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Nomenclature 

A Fitted parameter for Eq. (2.3.1) 

Cab Bubble capillary number 

Cac Continuous phase capillary number 

CacD Combined phase capillary number 

CaD Modified dispersed phase capillary number 

d Diameter [m] 

D Dean number 

h Height of channels with square cross-sections [m] 

k Fitted parameter for Eq. (2.3.2) 

Lb Bubble length [m] 

Lc Dimensionless characteristic length for curved geometry 

Pt Absolute pressure at the inlet of the geometry [Pa] 

Ps Absolute pressure at visualization point within the serpentine [Pa] 

Qc Volumetric flow rate of continuous phase [cm3 min"1] 

QD Volumetric flow rate of dispersed phase [cm3 min"1 STP] 

rc Radius of curvature [m] 

Reb Bubble Reynolds number 

RecD Combined phase Reynolds number 

Ub Velocity of the bubble [m s"1] 

Uc Continuous phase superficial velocity [m s"1] 

UD Dispersed phase superficial velocity [m s"1] 

Wec Continuous phase Weber number 
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WecD Combined phase Weber number 

Weo Dispersed phase Weber number 

a Fitted parameter for Eq. (2.3.2) 

/? Fitted parameter for Eq. (2.3.2) 

S Bubble film thickness [m] 

s Fitted parameter for Eq. (2.3.3) 

sD Volumetric holdup of the dispersed phase. 

//c Continuous phase viscosity [kg m"1 s'1] 

pc Continuous phase density [kg m"3] 

pD Dispersed phase density [kg m"3] 

p D , Dispersed phase density at the inlet of the geometry [kg m"3] 

pD s Dispersed phase density at the visualization point within the serpentine [kg m 

a Surface Tension [N m"1] 

co Fitted parameter for Eq. (2.3.3) 
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Abstract 

Experimental investigation of single and two-phase flow in mini-channel serpentine 

systems is performed with a focus on determining the effects of flow patterns and radius of 

curvature of the serpentine on two-phase pressure drop. Single phase friction factors are 

compared to conventional theory for straight channels and fully developed flow in helical 

coils, and are subsequently employed in the prediction of two-phase pressure losses using 

separated flow models. Empirical correlations for two-phase pressure drop are proposed for 

the straight and serpentine configurations, leading to the identification of five operating 

regions in the serpentine geometry, each with distinct pressure drop characteristics. 

Two of the identified operating regions corresponded to bubbly and unstable-annular 

flow, while the remaining three are characterized by the extent of bubble deformation and 

breakup occurring within the serpentine. Previously reported work (Chapter 2) identified 

WeicLc as a suitable parameter for capturing the effects of curvature on the initiation of 

bubble deformation and breakup, where Lc is the characteristic length for curved geometries 

encountered in the Dean number for single phase flow. The boundaries between the three 

regions occur at WewLc = 2.7 and 15.5, respectively corresponding to the onset of mild cap 

deformation, and the conditions at which continuous bubble breakup is observed. 

Keywords: Circular mini-channel, Serpentine, pressure drop, two-phase flow, segmented 

flow model. 
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3.1 Introduction 

The pressure drop of confined gas-liquid flow in straight mini-scale contactors and 

reactor systems (diameter, d ~ 1mm) has been investigated extensively in the past for a 

variety of cross-sectional geometrical shapes and lengths (Triplett et al, 1999; Kawahara et 

al, 2002; Kreutzer et al, 2005a,b; Angeli and Gavriilidis, 2008; Niu et al, 2009). While 

conducted with model fluids, air and water, these studies are often extended to process fluids 

for engineering applications. Fundamental studies of this nature usually produce semi-

empirical expressions, valid for specific flow patterns and operating conditions, providing 

insight into the hydraulic behaviour of two-phase mixtures flowing through a straight 

channel (Triplett et al, 1999; Kawahara et al, 2002; Angeli and Gavriilidis, 2008, Niu et al, 

2009). With the continued development of new applications for process flow systems at this 

scale, the incorporation of complex downstream phase contactors that enhance heat and mass 

transfer is inevitable. In our previous work (Chapter 2), the impact of a planar serpentine 

configuration on the two-phase flow pattern generated by a cross-flow T-junction was 

studied for two radiuses of curvature and a range of operating conditions. Limited 

information is available in literature regarding two-phase pressure drop in serpentine 

configurations operated at low velocities (Kulkarni & Kalyani 2009; Tung et al. 2009; Fries 

& von Rohr 2009); no applicable correlations were found for the geometric configurations, 

transitional flow patterns and elevated velocities present in this work. 

Planar serpentine mixing arrangements are found in many industrial applications 

involving mini-channels; including compact heat exchangers, turbines, mini/micro reactors 

and fuel cells (Martin et al, 2005; Xiong and Chung, 2007; Huh et al, 2007). Noted for 

their ability to enhance heat transfer and radial mixing in single phase flow through the 
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formation Dean vortices, serpentine geometries are frequently used to increase the reaction 

time within a given geometric footprint by connecting long mini-channels with alternating 

U-shaped return bends. While previous studies have characterized the variation in flow 

patterns and pressure drop resulting from a single return bend (Idelchik, 1986; Wang et al, 

2003, 2004, 2005; Kirpalani et al, 2008), their applicability to serpentine passive mixers 

consisting of consecutive alternating bends is limited, where the curvature-induced 

secondary flows have not fully dissipated before entering the next 180° bend. 

In this work, water (single phase) and air-water (two-phase) flow was examined in 

straight and serpentine systems. Bubbly, plug, unstable plug and slug flow patterns were 

generated by a cross-flow T-junction and introduced into straight and planar serpentine 

arrangements to study the impact of bubble / slug length, radius of curvature, and flow 

pattern transitions on pressure drop across the serpentine unit cells. The objectives of this 

study were to: (a) determine the single phase friction factor for water flowing through the 

serpentine unit cells; (b) assess the capability of separated flow models for predicting two-

phase pressure drop in the presence of flow pattern transitions, curvature and elevated Weber 

numbers; and (c) provide a semi-empirical model capable of predicting the pressure drop 

within the serpentine unit cells. 

3.2 Experimental configuration 

Five geometries were manufactured from cast acrylic to allow for the measurement of 

the pressure drop across a straight channel and a series of serpentine unit cells. For each 

geometry, semi-circular grooves were CNC-machined into two 9.5 mm thick acrylic plates to 

create mirror patterns that formed the straight and serpentine channels when bonded together 

using dichrolormethane (solvent). The flow path of the straight geometry consists of a cross-
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Figure 3.2 Schematic of geometry with rc = 3 mm and 3.5 repeating serpentine unit cells. 

flow T-junction contactor for blending the two phases, followed by a straight length of 

Lchannei = 179mm. At the exit, an additional T-junction was fabricated to monitor the outlet 

pressure. The serpentine geometries are similar in design, consisting of a cross-flow T-

junction contactor followed by a Liniet = 47.5 mm straight channel where the gas-liquid flow 

pattern is further developed. The straight channel leads to a series oiNuc serpentine unit 
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Figure 3.3 Schematic of geometry with rc = 6 mm and 4.5 repeating serpentine unit cells. 

cells with a radius of curvature, rc, of 3 mm or 6 mm. Exit flow effects from the geometry 

were reduced by adding an Loutiet = 47.5 mm straight length after the last semi-circular curve 

of the serpentine, followed by an additional T-junction for monitoring the outlet pressure. 

CNC-machining of the acrylic plates introduced minimal groove depth variation. Schematics 

of the fabricated straight and serpentine geometries (rc = 6mm, Nuc = 4.5; rc = 3 mm, Nuc = 

3.5) and their dimensions are provided in Figs. 3.1 through 3.3. 

The experimental setup, shown in Fig. 3.4, illustrates the operation of the mini-

channels for air-water mixtures. The gas (dry air) was supplied from a cylinder through a 

pressure reducing valve (PRV) and a needle valve used to regulate flow. The gas flow rate, 

at standard conditions, was measured using an electronic mass flow meter (Omega FMA-

1812). Pressure was measured at the gas inlet and channel outlet using a water manometer at 

low flow rates (0-11 kPa, 0-1.6 psig), and a pressure transducer at high flow rates (PSI-

Tronix 68920-30, 0-30psig). De-ionized water was introduced using a magnetically driven 

low flow rate gear-controlled pump (Micropump Series 200 P35, 1.17 mL/rev, 4.2 bar max 
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AP) regulated using an electronic mass flow controller (Omega FLV-4619A). The liquid 

temperature was also monitored at the mass flow controller to determine the liquid viscosity 

at each operating condition. 

3.3 Single phase pressure drop 

Single phase pressure drop experiments were carried out with deionized water for the 

straight channel, a serpentine channel with rc = 6 mm and Nuc = 4.5, and three serpentine 

channels with rc = 3 mm (Nuc = 2.5, 3.5 and 4.5). Measurement of the inlet and outlet 

pressures observed for each geometry at 350 < ReL = pLULd//iL < 3900 were obtained for 

four repeated experiments: three at the onset of this study, and one following the completion 

of the last multi-phase experiment to confirm repeatability. The straight channel provided a 

comparison to existing correlations for pressure drop in round tubes, while the serpentine 

channels allowed for the effects of curvature and the number of repeating unit cells to be 

explored. 
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3.3.1 Straight channel pressure drop 

The friction factor in the straight geometry, fs, was determined directly from the 

measured pressure drop across the channel length, - AP. 

2 d 
fs = -AP 

PLU\ L, 
(3.3.1) 

L L Channel 

A comparison of the resulting values to laminar and turbulent theory for smooth circular 

tubes is provided in Fig. 3.5; where in laminar flow, fs = 64/Rez , and in turbulent flow, 

fs = 0.3164Re"025. The sudden increase in fs at ReL ~ 2300 is consistent with the typical 

onset of the transition regime in circular pipes, necessitating the use of an interpolating 

function to connect the laminar and turbulent regimes. A form of linear interpolation was 

applied iofs in this region, resulting in the following relationship for 2300 < ReL < 8000. 

% 
0.1 

0.01 

• Experimental friction factor 

- - Laminar: 64/Re 

Turbulent- 0 3164/ReA0.25 

-^—Proposed Model 

100 1000 

Reynolds number 

10000 

Figure 3.5 Comparison of experimentally obtained friction factors for single phase flow through the 

straight geometry and conventional correlations for circular pipes. 

58 



=
 ReL 2 3 0 0(o,3l64Re70 2 5-64/230o)+64/2300 (3.3.2) 

s 5700 v L ' 

Note that single phase measurements were carried out for Ret < 3900, well below the 

values of ReLG which could be observed near the exit of the channel in multi-phase flow at 

the highest gas and liquid flow rates (ReLG ~ 7200). Unfortunately, measurement of the 

pressure drop at higher flow rates was prevented by limitations of the geometry and pump 

head used, necessitating the extrapolation of/? at Rei > 3900. As the variation infs predicted 

by Eq. (3.3.2) is minimal within the transition region, the error introduced by extrapolation 

should not significantly impact the two-phase pressure drop analysis discussed in section 3.4. 

3.3.2 Serpentine channel pressure drop 

Single phase pressure drop measurements were obtained for each of the four 

serpentine geometries (rc = 6 mm, Nuc = 4.5; rc = 3mm, Nuc = 2.5, 3.5, and 4.5), 

encompassing frictional pressure losses resulting from the L,„iet = Louttet = 47.5 mm inlet and 

outlet sections and Nuc serpentine unit cells. The friction factor within the serpentine 

channel, fserp, was determined by assuming the instantaneous formation of a fully developed 

flow at the inlet of the first unit cell and at the exit of the last unit cell; thus resulting in a 

constant^ and^erp within the outlet length and serpentine channels, respectively. 
( 2 „ £,„,„, + L ^ d_ 

'serp Nuc(2*rc){ ~ PLUl JS d 
f _ "2_ _ A p " f yinlet outlet 

J serp , r / - . \ i S r , , 2 JI (3.3.3) 

For all of the conditions tested, the friction factor within the serpentine was greater 

than that of the straight channel, producing a smooth transition from laminar to turbulent 

flow (Figs. 3.6 and 3.7). The change infserp with an increase in Nuc for rc = 3 mm was 

minimal, well within the potential variations arising from experimental error in pressure drop 

measurements and flow control. This suggests that a fully developed flow pattern is 
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Figure 3.6 Comparison of experimentally obtained friction factors for single phase flow through the 

serpentine geometries and conventional correlations for circular pipes, log-log axis. 

achieved within a single unit cell length for rc = 3 mm. The change inferp with radius of 

curvature was surprisingly small, where the friction factor for the rc = 6 mm geometry, 

ferp,6mm, was only slightly less than that observed for rc = 3 mm and Nuc = 4 .5 , ferP,3mm-

Since fserp?6mm is within the observed variation of the 3 mm friction factor data, the effects of 

radius of curvature in helical coils was explored to determine if the obtained values are 

reasonable. 

The friction factor in a helical coil, feiicai, represents the maximum value that would 

be expected in a serpentine geometry, where the alternating curves in the serpentine disrupt 

the formation of Dean vortices and dampen secondary flow. The well known correlation 

proposed by Mishra & Gupta (1979) was used as a basis for assessing the calculated values 

60 

- • From Laminar Theory: 64/Re 
From Turbulent theory: 0.3164ReA-0.25 
Straight Channel Model 

• 2.5 Unit Cells, Rc=3mm 
• 3.5 Unit Cells, Rc=3mm 
• 4.5 Unit Cells, Rc=3mm 
o 4.5 Unit Cells, Rc=6mm 



0.2 

0 18 J 

0 16 

0 14 -

S 0 12 i 

« 
c 0.1 ] 
o 
s 
£ 0 0 8 H 

0 06 J 

0 04 -

002 i 
I 

0 -t-

- • -From Laminar Theory. 64/Re 
From Turbulent theory: 0 3164ReA-0 25 
Straight Channel Model 

a 2.5 Unit Cells, Rc=3mm 
a 3 5 Unit Ceils, Rc=3mm 
• 4.5 Unit Cells, Rc=3mm 
0 4.5 Unit Cells, Rc=6mm 

\ S ! , , , l l I l . , 

500 1000 1500 2000 2500 

Reynolds Number 

3000 3500 4000 

Figure 3.7 Comparison of experimentally obtained friction factors for single phase flow through the 

serpentine geometries and conventional correlations for circular pipes. 

N0 32 
of ferp in the laminar regime for curved flow, Rei < 20000(0.5t//rc) , where the Dean 

number is defined as De = KeL (d 12rc) . 

/ * t a a l = : ^ - | i + 0.03(logZfe) 
Re, 

1 5 (3.3.4) 

As seen in Fig. 3.8, the values of ferp fell between^ and feiwai due to the presence of 

curvature inversions in the serpentine geometry. While the effects of rc are not as 

pronounced as those predicted by Eq. (3.3.4) for helical coils, the behavior of ferp is 

consistent with a geometric configuration that is a blend between straight and curved 

channels. 
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Figure 3.8 fserp,fs aaAfneiicai vs. Reynolds number for rc = 3 mm and rc = 6 mm. 

For the purpose of estimating the two-phase pressure drop through the serpentine unit 

cells, simple power law correlations were obtained from the experimental data forferp in the 

rc = 3 mm and rc = 6 mm geometries. 

LerP,mm= 3-505 Re"05039 

/^,6 m m=2.565Re-0 4 6 7 9 

(3.3.5) 

(3.3.6) 

The resulting predictions for ferp,smm &ndferp,6mm are included in Fig. 3.8, extrapolating well 

to higher Reynolds numbers while maintaining the intermediate position between f and 

fheiwai- Note that in Figs. 3.6 to 3.8, the peaks observed in the experimental values at ReL = 

2300 have no physical significance, and are the result of Eq. 3.3.2 being used while 

removing the inlet and outlet pressure drop contributions. 
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3.4 Two-phase pressure drop 

3.4.1 Homogeneous fluid and separated flow models 

The design and optimization of two-phase flow in mini-scale systems requires an 

accurate prediction of the pressure drop resulting from flow through the geometry. Two-

phase pressure drop models currently available in literature typically fall into one of two 

categories: Homogeneous fluid models or separated flow models (Balasubramaniam et al. 

2006). In homogeneous fluid models, the two-phase mixture is treated as a single fluid with 

suitably averaged physical properties of the individual phases. The pressure drop is 

determined from the contributions of frictional losses, flow acceleration and hydrostatic 

head, all of which are evaluated using the averaged properties of the homogeneous mixture. 

Separated flow models consider the two phase mixture as two separate flow streams with 

cross-sectional areas equivalent to their respective phase holdups. Interaction parameters are 

then applied to account for heat, mass and momentum transfer between the two distinct 

phases. The well known Lockhart-Martinelli correlation is one such model, but is not 

considered in this work in preference for the correlation proposed by Kreutzer et al. (2005a) 

for idealized Taylor flow, depicted in Fig. 3.9. 

Bubble Length LD •-- Slug Length, Ls 

*« Unit Cell Length 

Figure 3.9 Schematic of idealized Taylor flow, where shaded regions represent the liquid phase. 
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In their work, Kreutzer et al. (2005a) explored the validity of friction factor 

correlations at different combined phase Reynolds, capillary and Weber numbers: 

ReiG = PLPL + UG)d/ML , CaLG = nL{UL + UG)/a, and WeLG = pL(UL + UGfd/a. For 

a given friction factor,/ the pressure drop per unit cell length was determined and compared 

to experimental and numerical results: 

-AP _ Ls pL(UL+UGf 

(Ls+Lb) (Ls+Lb) 2d f (3.4.1) 

For WeLG «1, Kreutzer et al. (2005a) confirmed the applicability of Bremerton's 

correlation for the friction factor (Bretherton 1961), which can be combined with Stokes-

flow lubrication solutions to yield the following expression for/ 

/ = 
64 

Re LG 

1 + 
d 7.16(3CaLG)' ,2/3 

l c 32Ca LG 

(3.4.2) 

The two mechanisms contributing to pressure loss across a unit cell are viscous shear within 

the liquid slug, and the pressure drop across the bubble due to Laplace terms and, to a lesser 

extent, frictional losses along the length of the bubble film. 

For WeLG = 0(1) and ReLG = 0(100), inertial effects can no longer be ignored and the 

friction factor can be approximated using the correlation proposed by Kreutzer et al. (2005a). 

/ = 
64 

Re LG 

l + a, 
d Re 

,1/3 
LG 

\^aLG J 
(3.4.3) 

Where values of a; = 0.17 and 0.07 were proposed for predicting experimentally and 

numerically derived pressure drops, respectively. To our knowledge, the applicability of Eq. 

(3.4.3) at the larger Weic and ReiG encountered in this work has yet to be confirmed in 

published literature. For the purpose of this study, a\ is set equal to 0.17 and Eq. (3.4.3) is 
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modified under the assumption that the slug friction factor will be equivalent to that observed 

in the single phase measurements,/^, while the bubble film will continue to be laminar: 

r . 64 d 
f = fs+ai- 7 -

ReLG 

\^aLG J 

v l / 3 

(3.4.4) 

3.4.2 Inlet bubble and slug size distribution 

The pressure-drop correlation proposed by Kreutzer et al. (2005a) for the two-phase 

flow in straight channels requires information regarding both the bubble and slug lengths 

within the geometry. In our previous work (Chapter 2), the bubble lengths generated by the 

cross-flow T-junction were correlated using a modified form of the scaling laws proposed by 

Xu et al. (2008) for square micro-channels, resulting in the following expression for LbtJd, 

valid for 0.0035<CaL =juLUL/cr<0.025, 0.0015 <CaGjli =MLUG/(T<0.03, and 

545 < ReLG < 4675: 

I f0.844CaG
2fCtf70384 (Bubbly) 

b-m = max\ 'ML V ' (3 4 5) 
d \ 9.12\CaG

232Ca-L
x {Plug I Unstable Plug) 

A comparison of the Lb,m predicted by Eq. (3.4.5) to experimentally measured values is 

provided in Fig. 3.10 for the rc = 3 mm and rc = 6 mm serpentine systems. 

The average liquid slug length, Ls, was also measured at equivalent conditions. As 

shown in Fig. 3.11, the slug length generated by the cross-flow T-junction varied 

significantly, having a mean length comparable to the channel diameter for the entire range 

of operating conditions. This is of significant importance for the prediction of the two-phase 

pressure drop, as the liquid circulation pattern in such small slugs may not resemble Hagen-

Poiseuille flow and the Laplacian contributions from the bubble may be significant. 
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Figure 3.10 Comparison of the average bubble size predicted by Eq. (3.4.5) and experimentally 

obtained values. Error bars represent one standard deviation, obtained from number frequency 

distributions of the measured bubble length. 

When predicting the two-phase pressure drop, two approaches were taken for 

estimation of the liquid slug length: Approximation from the gas holdup, and arbitrary 

selection. The first of these methods required the approximation of the bubble film 

thickness, S, to accurately determine the remaining fraction of the liquid contained within 

the slug. For this purpose, the correlation proposed by Aussilous and Quere (2000) for 

10"3 < Cab = /j.LUb/c7 < 1.4 was used: 

28 \.34Ca 2/3 

l + 3.34Ca 2/3 
(3.4.6) 

Where the bubble velocity, Ub, was estimated using the correlation of Liu et al. (2005). 
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Figure 3.11 Average liquid slug length and variation exiting the cross-flow T-junction. Error bars 

represent one standard deviation, obtained from number frequency distributions of the slug length. 

U.= U^Uo. 
l-0.6\Ca°L

33 (3.4.7) 

Knowing S, the inlet slug length was determined from a volume balance of the liquid phase: 

/ 

L, = 
nd1 

U, \ 
V ^-^-V -V 

b,m j j film cap 

\ UG J 

(3.4.8) 

Where the inlet bubble volume, Vb,m, bubble film volume, Vjum, and liquid volume adjacent 

to the bubble caps, Vcap, is defined as: 

V^m=^{LKm-d + 28\d-2S)2
 + Ud-28)3 

4 o 
(3.4.9) 

Vfilm=^(Lb-d + 2S)[d2-{d-2S)2 (3.4.10) 
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Figure 3.12 Comparison of measured slug length to that predicted using the bubble length and gas 

holdup. Error bars represent one standard deviation of the measured average slug length. 

Vcap=^d2(d-2S)-^(d-2Sy 
4 o 

(3.4.11) 

As seen in Fig. 3.12, the slug lengths predicted by this method were typically higher 

than those observed experimentally, and significantly under-predicted the lengths for large 

gas holdups. The second approach, arbitrary selection, involved assigning a single slug 

length to all operating conditions, where an average value of Ls/d = 1.045 was observed for 

both the rc = 3 mm and rc = 6 mm geometries (Fig. 3.11). 

3.4.3 Two-phase pressure drop in a straight channel 

The pressure drop in the straight channel was numerically determined using Eqs. 

(3.4.1) and (3.4.4), integrated along the length of the channel, Lchannei, using the ideal gas law 
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to account for compressibility of the gas. Defining fstraight as the friction factor predicted by 

Eq. (3.4.4) and using the proposed model for^ outlined in section 3.3.1: 

For a given inlet absolute pressure, P,„, and superficial gas and liquid velocities at 

process conditions, UG and UL, the average inlet bubble length was determined from Eq. 

(3.4.5). The inlet slug length was set to Ls = 1.045J based on experimentally observed 

values. An explicit Euler's method was applied to integrate the pressure drop along the 

length of the channel, where a step size of Lchannei/1000 was sufficient to obtain consistent 

results. 

At each step along the channel length, the expansion and acceleration of the gas 

bubble relative to conditions at the inlet would be determined, and subsequently used to re­

evaluate Vb, UG, ReLG, CaLc Ub, Cab, 8 , Lb, VflJm, Vcap, Ls, f and the pressure drop per unit 

length. For an absolute pressure at the current position, P„ the bubble volume and gas 

velocity were calculated assuming ideal gas expansion with negligible viscous heating: 

V = V 
Yb Yb,m 

rP.^ 

yp,y 

uG=uGtin 

rP A 

KP,J 

(3.4.13) 

(3.4.14) 

The remaining values were determined in order using Eqs. (3.4.7), (3.4.6), (3.4.10), (3.4.11), 

(3.4.8), and (3.4.4). 

The pressure differences estimated for the 179 mm straight channel length were 

consistently higher than experimentally obtained values (Fig. 3.13) when a\ = 0.17 was used. 

For the purpose of correlating the experimental data, an additional multiplier, b\, was 

69 



GO -

• a, = 0.17 
O a1 = 0.17. &, multpher 

10 20 30 

Experimental pressure drop (kPa) 

40 50 

Figure 3.13 Comparison of predicted and measured pressure drop along a 179mm straight channel. 

introduced for the Laplacian contributions as a method of accounting the variation in cap 

shape and film thickness observed at higher WeLG-

f = fs+b,al 
64 d 

R e L G Ls 

Re 
,1/3 

LG 

\^QLG J 
(3.4.15) 

At each of the operating conditions tested, the value of b\ which equated the predicted and 

observed pressure drops was determined. A dependency between b\, WeLG and the gas phase 

holdup was identified and described by the following expressions for plug/unstable plug 

flow: 

bx =-0.13621 +1.1953fG - 0.002815 WeLG+ 0.01285sGWeLG (3.4.16) 
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Note that the gas phase holdup was approximated as the ratio of the superficial gas 

velocity to the combined velocities of the gas and liquid phases. For bubbly flow, a constant 

value of b\ = 0.106134 was observed whenever the bubble length was less than the 

(Lbld)Transuon proposed in Chapter 2: 

uL+uG 

Lb) {l-0.6lCa0
L

3
G

3f3 +2Ca2'3 

(3.4.17) 

v d ) T r a m m o n (l - OMCal^f + 3.33Ca2
L

13 

While the pressure drop predicted by Eq. (3.4.15) was closer to experimentally 

observed values than those predicted by Eq. (3.4.4) (Fig. 3.13), the proposed b\ multiplier 

has limited potential for generalization beyond this study. Nonetheless, Eq. (3.4.15) provides 

insight into the applicability of Eq. (3.4.4) at elevated WeLG, and the potential source of the 

model's deviation from experimental measurements under these conditions. 

Consider slug flow operating at high values WeLG and ReLG- Based on Eq. (3.4.6), the 

film thickness surrounding the gas bubble increases substantially with COLG, possibly leading 

to an increase in the frictional pressure losses along the length of the bubble film. The liquid 

slug length observed for these conditions was also comparable to the channel diameter, and 

would likely contain intense circulation patterns with a higher rate of energy dissipation than 

that observed in fully developed Hagen-Poiseuille flow. Both of these factors would lead to 

an increase in the frictional contribution to pressure drop per unit cell length, which can be 

achieved in Eqs. (3.4.12) and (3.4.15) by increasing either Ls or b\. Meanwhile, bubble 

grouping and coalescence during the transition from plug to unstable 
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Figure 3.14 Dependence of b\ on WeLG and gas holdup for a straight channel. 

plug and slug flow at higher gas flow rates would increase the Laplacian contributions to 

pressure drop. 

For the operating conditions encountered in this study, b\ typically increased with 

WeLG and sG (Fig. 3.14), except in the presence of low gas phase holdups where bubbly flow 

was more likely to occur. The subsequent analysis of pressure drop in the serpentine 

geometry uses Eq. (3.4.12), (3.4.15) and (3.4.16) to account for the pressure drop along the 

inlet and outlet straight channel lengths when determining the total pressure drop across the 

serpentine unit cells. 

3.4.4 Two-phase pressure drop in serpentine channels 

Two-phase flow experiments were carried out for the rc = 6 mm, Nuc = 4.5 and 

rc = 3 mm, Nuc = 3.5 serpentine geometries for gas and liquid flow rates ranging from 10 to 

180 cm3/min STP and 15 to 95 cm3/min, respectively. At each operating condition, the inlet 

and outlet pressures were recorded (Pin and Pout), along with the inlet bubble and slug size 

distributions and flow pattern variations within the serpentine (discussed in section 3.4.2 and 
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Chapter 2). This information was subsequently used in conjunction with Eqs. (3.4.15) and 

(3.4.16) to predict the pressure drop along the inlet and outlet straight channel lengths, 

resulting in an estimate for the pressure drop across the serpentine unit cells. 

Consider a serpentine geometry operating at UL and UG, having an inlet and outlet 

pressure of P,„ and Pout. The pressure at the inlet of the serpentine unit cells, Pserp,m, can be 

determined using the methodology outlined in section 3.4.3, where Eq. (3.4.5) is used to 

predict the inlet bubble length and a constant slug length of Ls = 1.045<i is applied: 

P = P _ [L^ Ls PL(UL+UGY f fr (34 l9) 
rserp,m in JQ ( l + l ) 2d straight"* \J.H.i.y) 

The pressure at the outlet of the serpentine can be similarly determined by integrating from 

the exit of the outlet straight channel, back to the exit of the last unit cell. Using the inlet 

bubble and slug lengths, Eqs. (3.4.13) and (3.4.14) are applied to determine the bubble 

volume and gas velocitiy at the exit of the geometry. After the subsequent determination of 

Ls, Lb, and fslight, the pressure at the outlet of the serpentine can be found: 

_ t^ouiiei L/g p^yJ£ ~\~ UG I r j si A ^ n \ 
.\erp,out ~ ,out "•" JQ ~TZ r \ W~j J straight "X ( - 3 . 4 . Z U ) 

With the inlet and outlet pressures of the serpentine unit cells known, the pressure drop 

predicted by Eq. (3.4.12) can be assessed for different values of rc and expressions for/ 

The pressure drop estimates obtained through the direct application of Eq. (3.4.4) are 

shown in Figs. 3.15 and 3.16, where fs was determined from Eqs. (3.3.5) and (3.3.6) for rc = 

3 mm and rc = 6 mm, respectively. The predicted pressure drop was significantly higher than 

that observed experimentally for both geometries, especially in the bubbly flow regime 
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Figure 3.15 Predicted pressure drop obtained using Eq. (3.4.4) with a\ = 0.17 for rc = 3 mm. 
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Figure 3.16 Predicted pressure drop obtained using Eq. (3.4.4) with ax = 0.17 for rc = 6 mm. 
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where Laplacian contributions are less than predicted by Eq. (3.4.4) for idealized Taylor 

flow. 

As discussed in Chapter 2, the serpentine geometry can have a significant effect on 

the flow pattern distribution: causing bubble grouping and coalescence, separation of the 

bubble film from the channel wall, and deformation and breakup of the leading and trailing 

interfaces. While Eqs. (3.3.5) and (3.3.6) account for the increased frictional pressure losses 

due to secondary flow formation in single phase flow, the vortices structures in two phase 

flow can vary significantly due to confinement of the liquid slug by the two bubbles. 

Separation of the bubble film from the channel wall creates liquid regions with decreased 

secondary flows and reduces the length of the liquid slugs, both of which contribute to a 

reduction inf. Meanwhile, deformation and breakup of the interface can notably effect the 

Laplacian contributions to pressure drop within a single unit cell. For the purpose of 

correlating the pressure drop in the serpentine channel, an additional multiplier, c\, was 

introduced for as a method of accounting for the serpentine-induced flow pattern transitions. 

Re, r j . 64 d 
f = fs+cxai 

R e i G Ls 

r \1/3 

'LG 

\^aLG J 

(3.4.21) 

At each of the operating conditions tested, the value of c\ which equated the predicted 

and experimentally observed pressure drops was determined. Including bubbly flow, five 

operating regions were identified (Fig. 3.17) based on the flow pattern present and the 

dependence of c\/Lc on UG/UL and WeLGLc, where Lc = 0.5d I rc is the dimensionless 

characteristic length parameter of the serpentine geometry. For the bubbly flow regime, 

c\ILc was a linear function of the gas holdup, Weia and Lc-
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Figure 3.17 Four regimes of plug/slug flow in serpentine channels, identified by the variation in 

error associated to pressure drop predictions made using a single set of CA through CE to fit all of the 

experimental data. 

P- = -1.07761 -0.65941cG -0.0044*reLG + 2.4628ZC (3.4.22) 

A generalized expression was used to correlate the remaining four regimes, Eq. (3.4.23), 

where each regime was distinguished by a sudden change in the trend of prediction errors 

obtained from fitting all of the experimental data with a single set of parameters (Fig. 3.17). 

log(c,Zc) = CA +CB \og(sG)+Cc log{WeLGLc) ^ 

+CD\og{eG)\og(WeLGLc)+CE\og(Lc) 

The boundaries and fitted parameters, CA through CE, are given in Table 3.1 for the entire 

data set and individual regimes. 
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Table 3.1 Fitted parameters and boundary conditions for each of the four regimes identified for 

plug/unstable plug/slug flow. 

Regime WetaU £G CA C„ Cr CD cE 
#ofc, 
values 

Fit to all Data 
(regime identification) 

N/A N/A -0 5739 11314 0 37971 0 39583 0 50951 272 

Minimal topological 
changes 

Deformations, extrusions 
& bag breakup 

Continuous breakup of 
small and large bubbles 

Slug / unstable annular 

flow, high £G 

<27 

> 2 7, 
< 15 5 

>15 

-0 1502 10283 0 21014 154363 0 87277 

< 0 75 -0 5988 2 1332 0 24771 -0 7670 0 38947 

-0 4550 0 2249 0 25343 0 75203 0 58746 

N/A > 0 75 -0 7081 14636 0 48082 0 97814 0 36673 

27 

141 

58 

46 

The five flow regimes (bubbly flow, and the four regimes identified in Fig. 3.17 and 

Table 3.1) are separated by either critical values of WeLcLc, or a predominance of one phase 

over the other. For bubbly flow, the liquid phase holdup is typically quite high, with the 

serpentine shape having the greatest effect on c\. In contrast, the slug/unstable annular flow 

regime occurred for gas holdups exceeding 0.75, where the presence of multiple interfaces 

and shorter bubble lengths resulted in values of c\ between 1 and 2.5. Although the three 

regimes dependent on WeLGLc were identified from trend deviations in the prediction error 

resulting from the use of parameters fitted to all of the experimental data, the boundary 

values correspond to changes in the extent of deformation and breakup within the serpentine 

geometry (see Fig. 2.15 in Chapter 2). 

For WeLGLc < 2.7, only mild deformations and wave instabilities were observed on 

the leading and trailing edges of the bubble as it traveled through the serpentine. Under these 

conditions, ci was primarily dependent on the gas phase holdup, ranged from 0.1 to 0.85 as 
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the gas holdup increased from 0.25 to 0.7. For 2.7 < WeLGLc < 15.5, bubbles undergo 

increasingly severe deformations, eventually leading to breakup at WeLcLc ~ 10. While 

small satellites are broken off from extruded regions of bubbles between WeLcLc =10 and 15, 

they are typically not large enough in size to significantly affect Laplacian contributions and 

the flow patterns within the liquid slugs. It is not until WeLGLc ~ 15 that a continuous string 

of breakup and sizeable bubble formation is observed, at which point the value of c\ is 

increasingly dependent on the serpentine geometry, relative lengths of the bubble and slug, 

and secondary flow strength within the liquid phase. 

12000 

0 0.5 1 1.5 2 2.5 3 3.5 

Superficial gas velocity at inlet conditions (m/s) 

Figure 3.18 Predicted pressure drop obtained for rc = 3 mm using Eq. (3.4.12), a\ = 0.17, and c\ 

determined from Eqs. (3.4.22) and (3.4.23). 
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45000 

<£ 40000 

Superficial gas velocity at inlet conditions (m/s) 

Figure 3.19 Predicted pressure drop obtained for rc = 6 mm using Eq. (3.4.12), a\ = 0.17, and c\ 

determined from Eqs. (3.4.22) and (3.4.23). 

The pressure drops predicted by Eq. (3.4.12) agreed well with experimental values 

(Figs. 3.18 and 3.19) when Eqs. (3.4.23) and (3.4.22) were used for the plug/unstable-

plug/slug flow regime and bubbly flow regime, respectively. 

Due to the highly empirical nature of the methodology applied to predict pressure 

drop within the serpentine channel, generalization of Eqs. (3.4.22) and (3.4.23) beyond the 

scope of this work may be limited. Assuming that experimental error associated with flow 

control and pressure drop measurements were negligible, the elimination of inlet and outlet 

contributions using the correlation proposed in section 3.4.3 and the variability in bubble and 

slug lengths generated by the cross-flow T-junction makes Eqs. (3.4.22) and (3.4.23) highly 

geometry-dependent. Although the LJd and Lsld generated within the rc = 3mm, Nuc = 3.5 
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and rc = 6mm, Nuc = 4.5 were shown to be similar (section 3.4.2), the c\ values are 

inevitably affected by the bubble and slug length variability which can differ significantly for 

other contactor configurations. 

Combined with previous work on flow pattern transitions within the serpentine 

channel (Chapter 2), the boundaries for the different pressure drop regimes further justifies 

the use of WeLGLc to characterize the interaction between the bubble interface and curvature 

induced secondary flows. However, as neither the channel diameter nor process fluids have 

been significantly varied over the course of this work, it is possible that the selected 

dimensionless parameters and resulting c\ values may not fully account for their effects on 

the flow behavior within the serpentine geometry. 

3.5 Conclusions 

In this work, curvature-induced variations in pressure drop were studied for water and 

air/water flow in d = 1 mm circular serpentine mini-channels with rc = 3 mm and 6 mm, 

operating at 350 < ReL < 3900 and 500 < ReLG < 7200 . 

Single phase experiments carried out in straight and serpentine geometries provided 

the friction factors for a two-phase separated flow model. In the straight channel, the 

pressure drop was well defined by laminar theory (f= 64/ReL) up to ReL = 2300, at which 

point Eq. (3.3.2) was used to describe the transitional regime to turbulence. The friction 

factor within the serpentine unit cell was consistent for the three geometries with rc = 3 mm 

and variable Nuc, decreasing slightly as rc was increased to 6 mm. The magnitude and 

behavior of the serpentine friction factors for both values of rc was accurately correlated 

using a simple power model, with values between that of a straight channel and that of fully 

developed flow in a helical coil with equivalent rc. 
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The two-phase pressure drop model proposed by Kreutzer et al. (2005a) for straight 

channels and WeLG - 0 ( 1 ) was extended to increasing values of WeLG through the use of the 

b\ multiplier. When bubbly flow was present, the Laplacian pressure term in Eq. 3.4.4 was 

consistently reduced by 90%, but could not be ignored for the current channel dimensions 

and operating conditions. In plug, unstable plug, slug and unstable annular flow, bi typically 

increased with gas holdup and WeLc, but remained less than 1 for WeLG < 10. 

A similar approach was taken for the prediction of multi-phase flow in the serpentine 

geometry, resulting in the identification of five regions of pressure drop behavior 

characterized by either a high volume fraction of one phase, or critical values of 2.7 and 15.5 

for WeLcLc. These values correspond to flow transition boundaries between different extents 

of bubble deformation and breakup within the serpentine, where: minimal deformation was 

observed for WeLGLc < 2.1; continuous breakup and large satellite bubble formation was 

observed for WeLcLc > 15.5; and intermediate values corresponded to conditions of moderate 

deformation and breakup of the bubble cap, where any satellite bubbles forming have a 

minimal effect on circulation within the liquid slug and negligible pressure drops. Empirical 

correlations for fin each region were developed and discussed, followed by estimates of the 

pressure drop across the rc = 3 mm, Nuc = 3.5 and rc = 6 mm, Nuc = 4.5 geometries. 

Although generalization of the reported values for the fitted parameters in Eq. 

(3.4.23) is limited, identification of five regions for pressure drop behavior in the serpentine 

geometry could have important implications to mini-scale multi-phase application design. 

The interaction between pressure drop and flow pattern transitions within the serpentine unit 

cell will be similar for geometries with comparable geometric configurations and process 

fluids. 
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Nomenclature 

a\ Empirical constant for Eq. (3.4.4) 

b\ Laplacian multiplier for two-phase flow in a straight channel 

CA,B,C,D,E Empirical constants for Eq. (3.4.23) 

Cab Bubble capillary number 

CaG ML Modified gas phase capillary number 

CaL Liquid phase capillary number 

CaLG Combined phase capillary number 

c\ Laplacian multipler for two-phase flow in a serpentine channel 

d Diameter [m] 

De Dean number 

/ Friction factor 

fhehcai Single phase friction factor in a helical coil 

fs Single phase friction factor 

ferP Single phase friction factor in the serpentine 

ferp,3mm Single phase friction factor in the rc = 3 mm serpentine 

ferp,6mm Single phase friction factor in the rc = 6 mm serpentine 

82 



ftrmght Single phase friction factor in the straight channel 

Lb Current bubble length [m] 

Lb,m Bubble length initially generated by the cross-flow T-junction [m] 

Lc Dimensionless characteristic length for curved geometries 

Lchanmi Total length of the channel (straight geometry) [m] 

L,„iet Length of the straight inlet section [m] 

Loutiet Length of the straight outlet section [m] 

Ls Current slug length [m] 

LStm Slug length initially generated by the cross-flow T-junction [m] 

Nuc Number of repeating serpentine unit cells in series 

AP Differential pressure [Pa] 

P, Absolute pressure at the current point in the geometry [Pa] 

Pin Absolute pressure at the inlet of the geometry [Pa] 

Pout Absolute pressure at the outlet of the geometry [Pa] 

Pserp.m Absolute pressure at the inlet of the first serpentine unit cell [Pa] 

Pserp.out Absolute pressure at the outlet of the last serpentine unit cell [Pa] 

rc Radius of curvature of the serpentine [m] 

ReL Liquid phase Reynolds number 

ReLG Combined phase Reynolds number 

Ub Bubble velocity [m s"1] 

UG Superficial gas velocity [m s"1] 

UL Superficial liquid velocity [m s"1] 

Vb Current bubble volume [m3] 
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Vb,m Bubble volume at the geometry inlet [m3] 

Vcap Current volume of the liquid surrounding the hemi-spherical caps [m3] 

Vfiim Current bubble film volume [m3] 

WeLG Combined phase Weber number 

8 Bubble film thickness [m] 

sG Gas phase holdup 

//, Current bubble volume [kg m"1 s"1] 

pL Liquid phase density [kg m" ] 

a Surface tension [N m" ] 
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Abstract 

Four numerical frameworks are derived to investigate the impact of underlying 

assumptions on the predicted mass transfer between a Taylor bubble and liquid slug in 

circular capillaries. The separate influences of bubble velocity and film length, slug length, 

and bubble film thickness on foa were compared to empirical predictions by Bercic & Pintar 

(1997) and CFD simulations by van Baten & Krishna (2004). Reasonable agreement was 

obtained using the Slug Film model, which accounted for diffusion-limited mass transfer 

between the slug film and circulating bulk without the need for an iterative numerical 

solution. Subsequent investigation of the relative contributions of film and mass transport 

for industrially relevant conditions suggest that both mechanisms need to be accounted for 

during the prediction of ^ a . 

With the importance of mass transfer through the bubble cap confirmed, conservative 

estimates were obtained for the enhancement ofkLtCapacap due to curvature-induced secondary 

flow and cap deformation in a planar serpentine passive mixing arrangement. A 2 to 7% 

increase in mass transfer was predicted using the Slug Film model; however, experimental 

values are expected to be significantly higher in actual applications where the contact time 

between a liquid packet and bubble surface will be shorter than assumed by this analysis. 

Keywords: Taylor flow, mass transfer coefficient, film, cap, bubble deformation, serpentine. 
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4.1 Introduction 

Monolith reactors and capillary micro-reactors continue to receive attention from 

both industry and academia due to their low pressure drop, high mass transfer rates and ease 

of scale-up when compared to conventional reactor technology (Edvinsson & Cybulski 1995; 

Nijhuis et al. 2001; Stankiewicz 2001; Kreutzer 2003; Shao et al. 2010). Commonly 

considered for heat and mass transfer limited reactions such as hydrogenations (Edvinsson & 

Cybulski 1995; Edvinsson et al. 1995; Nijhuis et al. 2003), hydrodesulphurization (Irandoust 

& Gahne 1990), oxidations (Klinghoffer et al. 1998) and Fischer-Tropsch synthesis (de 

Deugd et al. 2003a,b), the monolith reactor's performance is highly dependent on the liquid-

phase mass transfer coefficient, kLa. Accurate predictions of this value are instrumental to 

the design and optimization of these systems. 

The Taylor flow pattern illustrated in Fig. 4.1 is frequently observed in mini and 

micro-scale two-phase flow, consisting of alternating gas bubbles and liquid slugs flowing 

concurrently along a capillary length. While a multitude of numerical frameworks and 

empirical correlations are available in literature to describe mass transfer between the bubble, 

bubble film, liquid slug bulk and liquid slug film for both reacting and non-reacting systems 

(Irandoust & Andersson 1988; Irandoust et al. 1992; Bercic & Pintar 1997; van Baten & 

Krishna 2004; Vandu et al. 2005; Nedeltchev et al. 2007; Zheng et al. 2007; Pohorecki 

2007); there continues to be a broad range of assumptions applied in the regression of mass 

transfer data making it difficult to compare results from different sources of literature. One 

parameter which is of significant interest in these studies is the relative magnitude of film 

and cap mass transport, which dictates the efficacy of passive mixing arrangements as a 

method of improving inter-phase mass transfer through the introduction of secondary flows 
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Figure 4.1 Schematic of idealized Taylor flow, where shaded regions represent the liquid phase. For 

a moving frame of reference, the velocity at the capillary wall is set to -Ub, corresponding to 

movement from left to right. 

and redistribution of the film and cap area via bubble breakup (Kirpalani et al. 2008; Fries & 

van Rohr 2009). If film transport is the dominant mechanism of mass transfer, then the cap 

deformation and secondary flows observed in many passive mixing arrangements would 

have a minimal impact on the overall &z,a. 

This work explores the effects of different simplifying assumptions on the predicted 

behavior of the volumetric gas-liquid mass transfer coefficient and the ratio of film to cap 

mass transfer for idealized Taylor flow. The resulting numerical frameworks are used to 

investigate the dependency of kLa on the characteristic parameters of Taylor flow, while 

determining the conditions under which film or cap mass transfer can reasonably be 

neglected. A brief analysis of the potential mass transfer implications of bubble deformation 

due to curvature-induced secondary flow is discussed for a planar serpentine mixer 

configuration to determine its suitability for enhancing mass transport in mini and micro-

scale reactors. 
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4.2 Homogeneous mixture model for idealized Taylor flow 

Inter-phase mass transfer in Taylor flow involves complex interactions between a 

bubble's surface, the lubricating liquid film, and internal circulation within the liquid slug. 

Homogeneous mixture models attempt to simplify these interactions into a single term, 

kLa(l-Cs), where Cs is the dimensionless cup-mixed average concentration within the 

liquid normalized against the saturation concentration of the gas phase within the liquid, and 

kLa is a weighted mass transfer term accounting for the different mass transfer mechanisms 

and specific surface area per unit cell volume. An example of one such model is that 

proposed by van Baten & Krishna (2004) and applied by Vandu et al. (2005) for gas-liquid 

mass transfer in square and circular capillaries. 

k,a = k, a +k, f, ar, (4.2.1) 
L L,cap cap L, film film \ r " ' " - x / 

The specific cap and film area per unit cell volume, acap and ajum, are determined 

based on the assumption of spherical caps for the leading and trailing bubble surfaces and a 

negligible film thickness relative to the bubble radius: 

a^.^-.-J^-.A. (4.2.2) 
Vuc 0.25nd Luc Luc 

_ Afiim _ xdLfllm _ 4 Lfllm , . , , , 
"film - l r ~ r\^c J2T ~ J T ^ - Z " - V 

Vuc 0.257vd Luc d Luc 

The cap mass transfer coefficient can be determined from the Higbie penetration 

model provided the gas diffusivity within the liquid, D, is known and a reasonable 

approximation can be obtained for the contact time of a liquid packet travelling across the 

cap of a bubble, tc,caP-

kL,cap=2\-^- (4.2.4) 
V MC,cap 
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In their work, van Baten & Krishna (2004) assumed a contact length equivalent to 

half the bubble circumference and a packet velocity equivalent to the bubble velocity, Ub, 

thus yielding an estimate for kL,cap'-

A contact length equivalent to 0.57id is likely an overestimate considering a liquid packet 

will travel from the nose of the cap to the film (or vice versa), corresponding to only l/4th of 

the bubble's circumference or 0.257id. A packet velocity of Ub may also be an overestimate, 

and can be replaced by the liquid velocity at the centerline of the slug predicted by 

Thulasidas et al. (1997): 

Ucenlerlme=2(UL+UG)-Ub (4.2.6) 

Though Ucenterime and Ub are approximately equal at low capillary numbers, there can be a 

significant discrepancy as CaLG = ^{UL + UG )/cr increases. 

Applying the shorter contact length and the centerline velocity results in an 

alternative expression for k^cap-

±jmL±pEzi (4.2.7) 
n V d 

The film mass transfer coefficient can also be determined directly from the Higbie 

penetration model, using Lf,im as the contact length and Ub as the packet velocity: 

Kfiim = \ \ ^ ~ (4-2.8) 

While this approach is simple to apply, its validity starts to decrease with longer 

contact times when interactions between the liquid packet and the film bulk can no longer be 

neglected. Mass transport theory for laminar falling films is thus applied in determining 
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kLfiim- Based on Pigford's work on transient mass transfer for laminar falling films 

(summarized in Sherwood et al. 1975), and Thulasidas et a/.'s (1995) characterization of 

bubble-train flow in capillaries; the mass transfer coefficient can be evaluated for both short 

and long contact times as: 

""LJilm 

. I D ln(l/A) . _ n . 
2 / , v / ' for Fo<0.\ 

\rtCfilm (1-A) ( 4 2 9 ) 

3.41— for Fo>\.0 
Sb 

Where A = 0.7857 exp(- 5.212Fo)+ 0.1001 exp(-39.21Fo) + 0.0360exp(- 105.6Fo)+ ... 

The Fourier number, Fo = Dtc filmj'8b, acts as an indicator of the contact time 

between the bubble and film. Values of Fo < 0.1 correspond to short contact times, while 

values of Fo > 1 correspond to long contact times where the film approaches saturation. The 

film contact time can be approximated as tc fllm = Lfilm/Ub, while the thickness of the bubble 

film, 8b, can be determined from the correlation of Aussilous & Quere (2000) for 

10"3 <Cab = itUb/cr<\.4: 

d l + 3.34CaA
2/3 ' 

Note that many of these correlations require knowledge of the bubble velocity, Ub, before 

either k^cap or kLjum can be determined. For the remainder of this analysis, the bubble 

velocity is approximated using the correlation proposed by Liu et al. (2005): 

rj UL+UG^ (4.2.11) 
* l-0.61Ca^3 } 

Combining Eqs. (4.2.1) through (4.2.11) produces a homogeneous mixture model 

theoretically capable of describing the effects of Lf,im, Luc, COLG, D and d on inter-phase 
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mass transfer. In addition to providing estimates for faa, the relative contributions of film 

and cap mass transfer can be assessed, thereby identifying the dominant mass transfer 

mechanism and the potential effects of flow pattern modifications on overall mass transport. 

There are a number of key limitations to this approach which must be considered 

during application. Since the average liquid phase concentration is used to determine the 

driving force for mass transfer, concentration polarization near the interface is unaccounted 

for, potentially resulting in overestimates of mass transport. Likewise, the use of the unit cell 

volume when determining acap and af,im requires division of the resulting kLa by the liquid 

phase holdup, \ — sG, when approximating the change in concentration within the liquid 

phase: 

dCs _ kL,capacap +/CL,filmafilm A „ \ (4 2 12) 

dt \~£G 

4.3 Numerical simulation of inter-phase mass transfer 

A diverse collection of numerical frameworks and assumptions appear in previous 

literature for predicting inter-phase mass transfer in idealized Taylor flow (Irandoust & 

Andersson 1988; Irandoust et al. 1992; Bercic & Pintar 1997; van Baten & Krishna 2004; 

Vandu et al. 2005; Nedeltchev et al. 2007; Zheng et al. 2007; Pohorecki 2007). The 

complexity of each approach has ranged from simple homogeneous mixture models to 

detailed computational fluid dynamic (CFD) simulations, all with the intent of quantifying 

the effects of bubble and slug length, velocity, channel diameter and fluid properties on mass 

transfer. The range of assumptions applied in each of these studies has led to inconsistencies 

in the reported dependence of mass transfer on the aforementioned parameters, as well as the 
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relative importance of transfer across the bubble film and cap. A systematic analysis of the 

impact of common assumptions on mass transfer predictions would provide a basis for 

comparing previous literature, and a guideline for the minimum numerical complexity 

required to capture the mass transfer dynamics in two-phase flow. 

The following three models represent numerical frameworks with levels of 

complexity between the two extremes: the homogeneous mixture model and full CFD 

implementation. The first model, referred to as the perfectly mixed model, assumes that the 

entire liquid slug is perfectly mixed and the liquid film from the preceding bubble circulates 

into the body of the slug. The second model, referred to as the slug film model, assumes that 

a film surrounds the perfectly mixed liquid slug, whereby mass transfer between this film 

and the bulk is diffusion limited. The final model, the circulating slug model, partitions the 

liquid slug into 7 regions. The regions near the bubble cap are assumed to be perfectly 

mixed, while scalar transport equations are solved for the remaining regions based on the 

analytical solution proposed by Thulasidas et al. (1997) for the velocity profile in a liquid 

slug. 

4.3.1 Perfectly mixed model 

Similar to the homogeneous mixture models, the perfectly mixed model operates 

under the assumption that a single concentration can be used for the liquid slug. As such, it 

is reflective of very long liquid slugs, where the dissolved species in the concentrated film 

has time to fully diffuse into the slug bulk. Figure 4.2 illustrates the region over which a 

mass balance is performed to derive the numerical model. 
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Cap Mass ' „ _ , . , . , - _, , • •_, ~ N C a P Mass 
T r a n s f e r - . Perfectly M.xed Liquid Region ,_1 Transfer 

Film entering at W a l 1 moving at -Ub to make bubble surfaces stationary Liquid exiting at 

high concentration bulk concentration 

Figure 4.2 Liquid flow region used in the derivation of the perfectly mixed model. 

As with most numerical simulations of Taylor flow, stationary interfaces are obtained 

by applying a moving frame of reference with a velocity equivalent to Ub. Defining the bulk 

concentration as Cs, and the film concentration entering the mixed region, Cfnm, the mass 

balance over the liquid slug is expressed as: 

g lit = 'Cap P s'+ ^ S ~ film &f>lm Sef (4.3.1) 

Note that in the derivation of the mass balance and subsequent equations, flow from left to 

right has a negative sign. The liquid slug volume and cap area can be determined once the 

thickness of the bubble film is calculated from Eq. (4.2.10): 

Vslug =*d2(Luc- Lfllm)-4d-28b)
3/6 (4.3.2) 

AaP=4d-28bf (4.3.3) 

The volumetric flow rate of the bubble film is approximated from a mass balance across two 

channel cross-sections: one within the bubble, and the other within the liquid slug. Using the 

relations of Thulasidas et al. (2005), Qf,im is calculated as: 

Qfi,m = f iuL+UG)d2-Ub{d-28b)
2} (4.3.4) 

Correcting for the moving frame of reference, the volumetric flow rate of the film used in the 

perfectly mixed model is determined: 
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Qn. 
nd1 

filmjef \(uL+uG)-ub) (4.3.5) 

With VsiUg, Acap and Qfiim.ref known, the only parameters remaining are Cf,im and kL,cap, 

with the latter approximated from Eq. (4.2.7). 

Determination of a reasonable value for Cf,im is non-trivial due to the time 

dependence of the bulk concentration entering the bubble film and the non-uniform radial 

velocity profile within the film. The concentration exiting the liquid film at the current time, 

t, is the result of mass transfer to liquid entering the bubble film at time, t - tcjiim, with a 

concentration of Cf,im ,„. For the purpose of maintaining computational simplicity for the 

perfectly mixed model, a minimal variation in Cs was assumed over an elapsed time of tcjiim 

(Cflim m = Cs), and the Higbie penetration theory from the homogeneous mixture model was 

applied to determine the flux into the bubble film. When determining kLjnm from Eq. (4.2.9), 

the value of tcfilm must be corrected to account for the average velocity in the bubble film: 

n{d2-{d-8b)%llm (i-(i-sjd)2) 
lC,film . ~ ~ TT (TT , TT \^f>l"> 

-Q film,ref Ub-{UL+UG) f" 
(4.3.6) 

Based on these assumptions, an analytical expression for Cfum was derived 

C , ; m = l - ( l - C s ) e x p 4d-28b)
kLJ"mLfUm 

*ifilm,ref 
(4.3.7) 

Incorporating this expression into the overall mass balance for the mixed liquid 

region yields: 

Qfu, dC 

dt 
s _ 

r / 
k A O ' 

L,cap cap zZfilm,ref slug slug 
exp 

v 

n{d-28b)
kh'mLm 

Qn, film ,ref 

- 1 ( i -Q) (4.3.8) 

Note that the cap mass transfer term is unchanged from that of the homogeneous mixture 

model, while the film mass transport term is modified to account for the difference in 
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concentration driving force within the bubble film region. Subsequent determination of the 

analytical solution for Cs is trivial, and is given below for an initial value of Cs = 0. 

l n ( l - Q ) = -
r / 
k A O ' 

L,cap cap , zifilm,ref 

* — + ——— exp 
slug V slug V 

x(d-2Sb)b^h!!L 
Qr, ftlm,ref 

- 1 
j) 

>t (4.3.9) 

As shown in section 4.4, the perfectly mixed model provides a better approximation 

of mass transport to the bubble film, but the mass transfer driving force is still overestimated 

and the instantaneous mixing of the bubble film with the liquid slug ignores the time required 

for diffusion from the liquid film to the bulk of the slug. Regressions of experimental data 

using this model would fail to account for the effects of liquid slug length, and would 

consistently underestimate kL,cap and kLf,im due to the overestimation of the driving force. 

4.3.2 Slug film model 

The slug film model is an extension of the perfectly mixed model, whereby the liquid 

slug is described as a perfectly mixed core surrounded by a thin film. This approach 

attempts to account for the effects of the liquid slug length while still avoiding the need for a 

iterative numerical solution. Figure 4.3 illustrates the regions over which mass balances are 

performed. 

Cap Mass / 
Transfer i . s 

Perfectly Mixed Liquid Region 

t 

\_ Cap Mass 
-1 Transfer 

Slug Film Region 

Film entering at 
high concentration 

Well mevlnfl at -Ub to make bubble surfaces stationary Liquid exiting at 
bulk concentration 

Figure 4.3 Liquid flow regions used in the derivation of the slug film model. 
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Liquid flowing from the bubble film no longer mixes with the circulating bulk of the 

liquid slug. Instead, it continues to travel into the slug film region where diffusive transport 

occurs with the slug bulk. Similar to the perfectly mixed model, there would be time delays 

associated to the concentrations entering and exiting the bubble and slug films. For 

computational simplicity, the variation in concentration within these time periods is assumed 

to be negligible. As a result, the concentration entering the slug film, Csjiim m, is assumed 

equal to the concentration leaving the bubble film, Cfum. Likewise, the concentration 

entering the bubble film, Cjum m, is assumed equal to the concentration leaving the slug film, 

^sjiim out-

Falling film theory is applied to both the bubble and slug films. The outlet 

concentration for the bubble film is easily obtained as in the perfectly mixed model. 

^ film * V *-S,film out )' lexp 
k T 

(J ^ <? \ LJilm^film 

7t{d-28by Q» filmsef 

(4.3.10) 

Where the contact time used in the determination of kijum is that of Eq. (4.3.6). A similar 

solution can be obtained for Csfiim out, provided the slug bulk concentration, Cs, is assumed to 

remain fairly constant for the purpose of estimating the concentration driving force. 

, *L,slugfilm \LuC ~ Lfllm ) 
^S,film out ~^S V^S ^film)QXP 7t(d-28s)-

Qr, film,ref 

(4.3.11) 

Note that the length of the film is assumed equal to the slug length and the axial bubble cap 

lengths combined, or the difference between the unit cell length and bubble film length, 

LuC~ Lfilm. 

The thickness of the film in the liquid slug, 8S , is determined such that the flow rate 

in the film is equivalent to Qfiim>ref- This is expressed in mathematical form as: 
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[ld/2_27rU(r)rdr = Qfllmref (4.3.12) 

Where U(r) is the axial velocity at a radial distance, r, from the channel's center. Using the 

analytical solution for U(r) proposed by Thulasidas et al. (1997), the value of 8S which 

satisfies Eq. (4.3.12) is given by: 

U{r)=2(UL+UGjh 
4r2-\ 

d 2 

J 

ss-
d-

s 2 
1 - . 2 - ^ 

v V uL+uGJ 

-Ub (4.3.13) 

(4.3.14) 

For the determination of k^siug/iim, the contact time is based on the slug film length 

and average velocity: 

_ Kiugfiim _(i-{i-ss/df), _ \ 
lC,slugfilm _ n ~ TJ _(TJ TJ \ V % C ^film) \*.3.1D) 

*Zfilm,ref U b \U L + UG ) 

Where VslugJllm = 7r/4(d2 -{d-28S)
2\LUC -Lfllm). 

The overall mass balance for the perfectly mixed slug region requires an 

approximation of mass transport through the bubble caps and the boundary between the slug 

body and film. Mass transport through the bubble caps is determined from penetration 

theory, as was done in the homogeneous and perfectly mixed models. Mass transfer through 

the film is more difficult to estimate, as there are multiple concentration dependencies. One 

possible solution involves averaging the fluxes which would be necessary for the 

concentration drop predicted by Eq. (4.3.11) to occur. 

dcA t„ \ -Q 
= (cfiim -CSJlmoul)—^^— (4.3.16) 

V w ' J film transport slug slug film 
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In order to express Eq. (4.3.16) solely as a function of Cs, Cf,im and Csfiim out must be 

eliminated using Eqs. (4.3.10) and (4.3.11). Inter-substitution results in the following 

expressions: 

C S,film out 

C film 

Where 

M= 

[B} = 

Q ( I - [ J ? D + M I - M ) 
1-lBlA] 

(i-M)+M(i-[fl]fc 
l-[A\B] 

(4.3.17) 

(4.3.18) 

exp 

exp 

7i{d-28bf
LJ'lmLf'lm 

Hfilm,ref 

7t{d - 28s ) 
^L,slugfilm\Luc Lfdm) 

Qn, film,ref 

(4.3.19) 

(4.3.20) 

Substituting into Eq. (4.3.16) yields the contribution of film mass transport to the 

temporal change of Cs'. 

dCs 

~dt /film transport 

= (l_C ) ( l - M X l - M ) -Qfilmsef 
( l - [ 5 p j ) Vslug-Vslugfllm 

(4.3.21) 

The overall change in Cs with respect to time can subsequently be determined: 

dCQ k A 
L,capcap 

dt I V siug "slug film 

•(l-MXi-M)" 
\-[B[A] . 

Qfi, film,ref 

V -V 
slug slug film 

( i -Q) (4.3.22) 

For which the analytical solution is given for an initial value of Cs = 0 (no dissolved gas): 

ln(l-Cs)=-\—^'capAcap 

V -V 
slug slug filrr, 

(i-MXi-W 
l-[B\A] . 

Qn film.ref 

V -V 
slug slug film 

(4.3.23) 
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The slug film model provides the ability to determine the effect of liquid slug length 

on film mass transfer, albeit with a number of assumptions regarding the temporal variation 

in concentrations over a timeframe comparable to the contact times, tcfiim and tc,siugfiim- The 

concentration driving force between the slug bulk and the film and cap regions is still over­

estimated due to the perfectly mixed assumption for the slug bulk; however, it is closer to 

actual conditions than the perfectly mixed model. The slug film model represents one of the 

more comprehensive numerical frameworks for which a computationally simplistic 

analytical solution can be obtained. Subsequent elimination of assumptions necessitates the 

use of iterative solutions, eventually leading to full CFD simulations. 

4.3.3 Circulating slug model 

The circulating slug model is an intermediate step between highly simplified Taylor 

flow representations and full CFD simulations requiring the solution of the Navier-Stokes 

and convection-diffusion scalar transport equations. The model is designed based on 

analytical solutions for developed flow within the bubble film and liquid slug, and the use of 

perfectly mixed regions to transition between the fully developed flow patterns. While the 

proposed approach does avoid the Navier-Stokes equation, it still requires the numerical 

solution of scalar transport equations describing mass transport in the slug film and bulk, and 

bubble film. 

Figure 4.4 illustrates the different regions of the idealized Taylor flow pattern, and 

the general discretization strategy used within each region. Three grid resolution parameters 

were utilized to ensure consistency between each of the regions: Number of radial cells 

within the film region, Njum,radtai', number of radial cells within the slug bulk, Nbuik,radiaf, and 

number of axial cells per channel diameter length, A^ra/, applicable to both the slug and 
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Discretized 
'\ Slug Bulk and Film 
52\ regions 

Discretized Film 
Region 

U(r) 

Slug Bulk Region 

-v Slug Film Region 

Wall moving at -U b to make bubble surfaces stationary 

Figure 4.4 Liquid flow regions used in the derivation of the circulating slug model. 

t Perfectly Mixed 
Cap Region 

Perfectly Mixed 
Film Region 

bubble regions. The radial cell widths were determined such that the cross-section for flow 

was equivalent for each cell within a given region. Additional constraints were placed on the 

radial cells within the slug bulk, such that the forward flowing and backward flowing sub-

regions contained an equal number of cells. 

The velocity profile within the slug region (slug bulk and slug film) was determined 

from Eq. (4.3.13) for U(r), proposed by Thulasidas et al. (1997). The velocity profile within 

the bubble film, Uf,im(r) was assumed to be parabolic, with a maximum velocity at the film's 

surface equivalent to 1 .SQfilmLfllm /Vfllm - Ub : 

UfiM=h5QfrLf,im 

film 

1-
{r-0.5d + 8bf 

•U„ (4.3.24) 

The predicted profile is consistent with the classical solution for falling films (Sherwood et 

al. 1975), and closely matches CFD results presented by van Baten & Krishna (2004). 

For the bubble film region, the following scalar transport equation was applied in 

conjunction with the boundary conditions and indexing structure described in Figure 4.5. 

Note that Ufiimj is negative for flow from left to right, and that an upwind scheme is applied. 

104 



3. 
m 

6' 
ii 

=3 

e. 

o c 

'•> 

E 

Bubble/film interface, C0O5)= 1 
0 0 5) 

(1*1) 

(1^1 

0*1) 

1 

1 

1 

. 2 C.N,mi»i» 

5 w.™ > 

u i i 

(u-1) 

(IJ) 

Oj^l) 

OU) 

Film/wall interface, dC/dr = 0 

Figure 4.5 Circulating slug model indexing structure and boundary conditions applied within the 

bubble film. 

v "Cfilm,{i J) 

dt 
' UJilm,j^b,cor,v,j X-film,(, j) *" film,(i-\,j)J (4.3.25) 

+D A,d,ff,j-0 5 l r _ r \ A,d,ff,i+0S (r _ r \ 
. V~Jita,( 'J-l) ^film,{i,j)) r \-film.{ij) ^film,0,j*V)) 

Lb,diff,j-t>5 Lb,<l<g,j+tM 

For /' = 1 to NaxiaiLfiimld) and j = 1 to Nf,imiradiai, the parameters required for the 

solution of the concentration within each cell of the film, Cfiim,(tj), are the convection and 

diffusion areas, Ab,Com>j and A^diffj, the diffusion lengths, Lb,diffj, and the integrated axial 

velocity, Ujumj, and the cell volumes, Vb,(,jj. 

Aeon, j =^fe+0 5 - C o s ) (4-3-26) 

Ab,diff,J ~ ^•Wb,J N axial 

"b,d,ff,j 

f0.25(r4>25-rM5) for j = 0.5 

[0.5{rbj+,-rbj_,) for j>\.5 

U film,] 
_ *•* zZfilm film 

film 

' x _ (O.Sd-Sj _ (0.5d-Sb)
2 (Co s - Co 5) + fc+°s + Co 5) 

** 2# (Co5-Co5) 2# 

(4.3.27) 

(4.3.28) 

-U„ (4-3.29) 
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*.(',y) _ ^Xbj+O 5 rb,j-0 5 ) 
N 

(4.3.30) 
axial 

Where the radial positions of cell faces, r}, are determined by: 

r»j = 
1 7-0.5 
2\\N 

[d2 -{d-28b)
2]+(d-28b) (4.3.31) 

film,radial 

A similar approach was taken in the slug body and film, resulting in the following 

scalar transport equation and associated parameters. Note that the i+sign(Usiugj) subscript in 

the convection term enforces an upwind scheme for convective mass transport, where signQ 

returns either 1 or -1 depending on value of UsiugJ-

dC, 
" s,(,,,-) 

dt 

(±LL-I! A (r -C ) 

+D 
4S,d,ff,,-0 5 (r _ r \ AS,d,ff,nt>S t r _ r \ 
j V^s/ug.Oj-l) '"ilug.O.j)) T \-*lugt,ij) *~>lug,{,,j + \)J 
^S,diff,j-0 5 ^S.diff j+0 

^S,conv,j ^\S,j+0S rSj-0 5j 

(4.3.32) 

(4.3.33) 

^S.dlffj ~ J^m's,j 
N axial 

JS,diff,j 

\0.25(rS25-rS05) for 7 = 0.5 

[0.5(rs>;+1-rSj_,) for j>l.5 

UsiugJ = 2(UL +UGj^-jr fc+o s + r^-o s) -u„ 

(4.3.34) 

(4.3.35) 

(4.3.36) 

*S,(I,J) ~ ^ysj+o 5 rs,j-o 5 ) 
N axial 

(4.3.37) 

rs,j=< 

1 y-0.5 
2\ N 

(d-28sy for j < Nt bulk,radial 

bulk,radial 

J_ I J 0 ' ^ ^ bulk,radial 

*• V ^ film,radial 

d 2 - ( d - 2 8 s ) 2 + ( d - 2 8 s ) 2 for j > JV 

(4.3.38) 

bulk,radial 

106 



Within the combined slug cap and film region, the axial and radial cell indices ranged 

from / = 1 to NacaiLsiug/d and from 7 = 1 to Nbuik,radiai + Nfiim>radiai, respectively. The following 

boundary conditions were applied to account for the flow direction of the circulating slug, 

symmetry along the centerline of the channel, and interaction with the mixed region 

transitions between the bubble film and slug bulk/film regions. 

„ _\(-S,cap,in J 0 r J' — Mbulk,radial 
Cstug,(0,j) ~ i C r • N 

\^S,film,in Jur J ^ ivbulk,radial 

c =c 
^slugXUN^L,,^ Id,]) ^S,cap,out 

dC 

dr 
= 0 

r=0,r=d/2 

The only remaining expressions required to complete the circulating slug model are 

the mass balances on the mixed slug inlet and outlet cap and film regions. Note that the cap 

mass transfer coefficient, kL,Cap, is approximated from Eq. (4.2.7). 

dC« N^.,^12 

y S,cap,m _ V-"r, A C + > 7 / A C 
V S,cap,m , ~ 2-1 ilug.J^S.convj^-slugXlj)^ 2-1U >'•>£ J^S.conv.j^S.cap.m (A *t -}Q\ 

m J-I J="M radial'^ + > ^T.J.J7^ 

I c"P'f'm (r -C )+k A i\-C \ 
T , \-'S,film,in '-'S.capjn P n'L,capr'capV ^S.cap.mJ 

diff,cap,film 

A C Xf>imrad,ai Nb.ik,rad,ai*Hfim,ad,di 

T7 ut~S,film,m _ Y , , A C -4- V / 7 A r 
'S,film,m , — 2-1U film,j/1b,conv,j'~ film,(N ^^L„,mld,,y 2-1 *l»g,J S,c°"v,J S.film.in (A "2 A(X\ 

DAcap,film (r _ r \ 
T j \--S,cap,m ^S.filmjn) 

L diff,cap,film 

sjC ^bult radial/2 NbuBi,radial 

y "^s,cap,out _ V f ; A C — V f/ A C 
vS,cap,oul . 2—1 slug.) S, com, j*-S, cap, mil 2^,U dug,}•/1S,ccmv„I s ' »« , («„ , j i , , „ j /< / , ; ) (A 'X A\\ 

J~^ J = l'bu!*fadia!'2 + ' ^ ' 

+ capJUm_lr _ c \ , . L _ r \ 
T , V " S , film, out ^S,cap,oul ™^L.cap^capV ^ S ,cap,aut ) 

diff,cap, film 

/JC "film, radial ^bulk ,radild + ^ f i l m .radial 

V "w,film,QUI _ Y r / A r - Vf/ A c 
' S.film,mil , 2-1 film,i^1b.conv,j'-S,film.oul 7 .Uilm > A f t.tmv ,*-.ih,e (N .1\.Jd ,\ (A "2 AO) 

J=i J = ̂ bulk j-adial +1 V * * / 

DAcap,film (r _ r \ 
T j X~S,cap,out ^S,film,mil / 

diff, cap, film 
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For each of these equations, the film and cap volumes and mass transfer areas for the inlet 

and outlet regions are equivalent, and can be expressed as: 

Vs,f,tm,oU, = ys,fiim,,„ = Ad5» Sl\0.5d-Sb)+(SS -SbX0.5d-Sj -(Ss -Sj(0.5d-Sb)/3\ ( 4 . 3 . 4 3 ) 

Vs,cap,out =Vs,cap,m = j [d2-(d-28b)
2]-VSJllmm ( 4 . 3 . 4 4 ) 

Aapjtm -4d-2SJ-(Ss-^-28b)/2\ (4.3.45) 

Acap=^(d-28j (4.3.46) 

The circulating slug model was implemented in Matlab®, using a Runge-Kutta-

Fehlberg method for temporal discretization (ode45). The flux of gas dissolving into the 

bubble film and mixed cap region were monitored at each time step, and subsequently used 

to determine the overall kLa: 

[Cap Fluxx Cap Area) + (Bubble Film Flux x Film Area) 1 
lira— (^ l.3.^•/) 

\-C V 
reference reference 

The reference concentration and volume, Creference and Vreference, have varied in 

existing literature, significantly affecting the magnitude of the resulting kLa values. In van 

Baten & Krishna's work (2004), Vreference was equated to the unit cell volume, 0.25mi2Luc, 

and a cup-mixed concentration was determined at the center of the liquid slug using the 

velocity field in the reference frame: 
lial+^ film,radial 

£ys,Piiug,jCs, 'slugXOSN^L^Idj) 
7=1 

J reference 

2-Xs,P slug,} 

r = J— (4 3 481 
reference N..„. .J._,+A'„,_ _J„, \-r.->.-rvj 

While Eq. (4.3.48) provides an accurate estimate of the average concentration experienced 

by the bubble within the moving frame of reference, it is difficult to directly compare to 
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experimental data where the concentration measured at a channel's outlet is reflective of the 

cup-mix concentration in a stationary frame of reference. For the purpose of comparing the 

results obtained from circulating slug model to published data, the following reference 

concentration was used: 

lial+Nfilm, radial 

c 7=1 

lOSN^L^/dj) 

reference "bulk /adial*" film .radii il+^filmj-adiql . 

Y.VsAUsiug^Ub) 

(4.3.49) 

7=1 

Likewise, a reference volume equivalent to the liquid volume is typically applied when 

regressing experimental data (Bercic & Pintar 1997), whereby Vreference = 0.25(l - sG)mi2Luc. 

As the circulating slug approach requires discretization of the bubble film and slug 

regions, the minimum grid resolution needed for mesh-independent solutions was 

determined. The concentration profile and faa were calculated using different values of 

Naxtai, Nbuik,radtai and Nsiug,radiai for the following simulation parameters: Luc=0.005 m, 

2 -

° * i.«H 
•u ©' 
B H 

1.7 

Parameter Varied: 
- " JV«™/ (JV»«rw*ir30-iv/an,„rf,ir40) 

NfiHradU PVmar30JV ta i t raa ij=40) 

5.5 

5 ^ S 
a> II 

h 4.5 M S 
2 U 

Q -

4 

Parameter Varied: 

^/Ilm.radlal C ' V „ l f l , = 3 0 J V j u a , < 1 & ^ 4 0 ) 

0 10 20 30 40 
Resolution 

50 60 

Figure 4.6 Variation in kLa predicted by the circulating slug model with increased mesh resolution. 
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Lf,im=0.003 m, d=\ mm, D=2xl0"9 m2/s, and two capillary numbers, CaLG=0.00278 and COLG 

=0.0278. Based on the variation in the predicted faa (Fig. 4.6), values of Naxmi = 30 , 

Nbuik,radiai= 40 and Nsiug.radtai= 40 were used for all of the subsequent simulations. 

4.4 Results and discussion 

4.4.1 Numerical approximations of kLa 

In their work on gas-liquid mass transfer in 1.5, 2.5 and 3.1mm diameter capillaries, 

Bercic & Pintar (1997) derived an empirical correlation for the average faa measured during 

methane absorption into water along a 1.12m capillary length. 

(U +U )"9 

[f).-sG)Luc\ 

The values of £/,a used to derive this correlation were obtained for long gas bubbles (Fo > 1), 

using the liquid concentration exiting the capillary length, Cexit: 

k,a=UL+UGln\— (4.4.2) 

A comparison between Eq. (4.4.1) and the instantaneous faa values predicted by the 

four models discussed in this work was carried out to gauge the performance of each 

numerical framework. For the homogeneous mixture, perfectly mixed and slug film model, 

a direct comparison is possible. For the circulating slug model, simulations were carried out 

and the average faa was determined from Eq. (4.4.2) using the cup-mix concentration, Eq. 

(4.3.49), for C„„. The results are provided in Fig. 4.7 for 0.03 < UL + UG < 0.45 m/s, 

0.09 <sG <0.9, Luc =0.017,0.057,0.11,0.22 m, and d = 1.5, 2.5 and 3.1 mm; assuming 

values of D = 2 x 10"9 m2 s"1, cr = 0.072 N m"1 (assumed equivalent to air/water), and a 

liquid viscosity of ju = 0.00089 kg m"1 s"1. 
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Figure 4.7 Comparison of Bercic & Pintar (1997) correlation to kLa values predicted by the four 

models discussed in this work. 

The homogeneous mixture model, Fig. 4.7(a), overestimates faa for the majority 

simulated conditions, eventually performing better as Fo decreased below 1. This was to be 

expected considering the concentration driving force used in Eq. (4.4.2), where Bercic & 
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Pintar (1997) assumed an identical driving force for both cap and film mass transport. If the 

concentration rise within the bubble film is not accounted for, a reduction in kLjnm is needed 

to achieve the same flux through the interface. As a result, many of the kLa values predicted 

by Eq. (4.4.1) will be lower than those obtained from the homogeneous mixture model. 

While specific conditions could be selected to obtain similar estimates (low gas holdup and 

high velocities, leading to a reduction in Fo and less concentration polarization in the bubble 

film), the general trend in data was inconsistent with that of Bercic & Pintar (1997). 

The perfectly mixed model, Fig. 4.7(b), also yielded higher faa values than Eq. 

(4.4.1) at equivalent conditions, but started showing improved agreement since the 

concentration rise in the bubble film was accounted for. The continued discrepancy between 

predicted Â a values was attributed to the absence of a resistance term for mass transfer from 

the slug film to the slug bulk, and over-estimation of the concentration driving force across 

the bubble cap. Both the homogeneous mixture model and perfectly mixed model assume 

that the primary resistance to mass transfer is across the interface of the bubble, despite the 

fact that transfer between slug film and bulk is diffusion limited. For short liquid slugs, there 

may be insufficient time for the species dissolved in the film to fully equilibrate with the slug 

bulk, creating a slug-length dependency for mass transport. A concentration gradient will 

also exist within the internal recirculation patterns of the liquid slug, whereby the liquid 

contacting the slug film and bubble cap is at a higher concentration than the average. All of 

these factors would contribute to an increase in faa values relative to experimental 

measurements derived from Eq. (4.4.2). 

The slug film model incorporated the additional resistance term needed to account for 

diffusion limited mass transport between the slug film and bulk. Subsequent kLa predictions, 

Fig. 4.7(c), were closer in magnitude to those of Bercic & Pintar (1997) when compared to 
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both the homogeneous mixture model and perfectly mixed model. Nonetheless, the 

predicted faa continued to exceed that determined from Eq. (4.4.1). 

The impact of assumptions applied in the development of the slug film model was 

assessed by comparing predicted faa values to those obtained using the circulating slug 

model, Fig. 4.7(d). One of the key limitations of the slug film model is the assumption that 

the slug concentration does not vary appreciably within a time scale comparable to tcfiim and 

tc.siugftim- This assumption is avoided in the circulating slug model through discretization of 

the bubble film and slug and the subsequent solution of scalar transport equations. As can be 

seen in Fig. 4.7(d), the faa predicted by the circulating slug model (closed symbols) is 

consistently lower than those predicted by the slug film model (open symbols). Such a 

discrepancy is to be expected considering the length and extended contact time of the liquid 

slugs involved, for which Cs cannot be assumed constant. 

All of the aforementioned simulations were completed for gas and liquid bubble 

lengths many times that of the channel diameter. Industrially practical unit cell lengths are 

typically much smaller, ranging from 0.005 to 0.0015 m where k^a values are higher and Fo 

< 0.1. CFD simulations were performed in this operating region by van Baten & Krishna 

(2004) to determine the effects of Ub, Luc, Lfi/m, A d, and 8b on the overall mass transport 

coefficient. A similar analysis was completed for the four models presented here, and 

compared to the CFD results reported by van Baten & Krishna (2004). It should be noted 

that for these simulations, 8b and Ub were explicitly set, ULG was determined from the 

velocity profiles reported in their work, and all faa values were normalized against a 

reference volume equivalent to the unit cell volume. 
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• vanBaten&KrisnnaCFD(2004) 
SlugFilm Model 

Perfectly Mixed Model 
Homogeneous Mixture Model 

40 60 80 100 

Thickness (urn) 

Figure 4.8 Comparison of CFD results by van Baten & Krishna (2004) to kLa values predicted by the 

four models discussed in this work. Unless otherwise specified simulations were carried out at 

Luc=0.04m, J=3mm, Lfdm=5.321mm, Z)=lxl0-9m2/s, I4=0.45m/s, and Sb = 45um. 

Figures 4.8(a) through 4.8(c) compare the predicted faa values to those reported by 

van Baten & Krishna (2004) for specific variations in Ub, Luc, Lf,im and 8b. There are three 

significant observations which can be made from these results: the slug film model showed 

reasonable agreement with the CFD results for variations in Ub, Luc and 8h; the circulating 

slug model underestimated most values of kLa; and despite repeated validation of the 

homogeneous mixture model, the level of agreement reported by van Baten & Krishna 

(2004) could not be reproduced. 

Another phenomenon of interest was the discrepancy between film length 

dependence of faa predicted by the CFD results and those predicted by the slug film and 

circulating slug models. As the length of the bubble film increases, kLfiimafiim will also 

increase at a rate proportional to L°fl]m . However, as Lpm increases for a set Luc, the length of 

the slug film must decrease accordingly, causing a similar reduction in 

h.siug fiimGsiug film- When the two lengths are comparable (Lfi/m=20mm), the variations in 

kLfiimCifiim and kL,siug fi/mCisiug film are of a similar order of magnitude, resulting in minimal 
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variations in the overall kya with changes in Ljnm. While this was observed for both the slug 

film and circulating slug model, the CFD results reported by van Baten & Krishna (2004) did 

not appear to capture this interplay between bubble and slug film lengths. 

In summary, the homogeneous mixture model and perfectly mixed model 

consistently over predicted mass transfer in idealized Taylor flow, and failed to account for 

the effects of slug length on the overall faa. The slug film model provides an analytical 

expression which accurately captures many of the parametric dependencies reported by van 

Baten & Krishna (2004), while avoiding the numerical complexity and time commitments 

associated to CFD simulations. While the circulating slug model provided insight into some 

of the interactions between the bubble film, slug film and slug bulk; the increased complexity 

associated to its implementation would only be justified for long slug film contact times, 

where the assumptions used in deriving the slug film model are no longer appropriate. 

4.4.2 Film vs. cap mass transfer 

The ratio of film and cap mass transfer is an important parameter in determining if 

inter-phase mass transport can be improved through redistribution of cap and film area via 

bubble breakup and flow pattern transitions. In the CFD simulations of van Baten & Krishna 

(2004), film mass transfer typically accounted for 60% of the overall transfer between the 

bubble and liquid slug. In a subsequent experimental analysis of gas-liquid flow in a vertical 

capillary, Vandu et al. (2005) used a variation of the homogeneous mixture model to 

simulate mass transfer while assuming a dominance of film transport. As part of their 

analysis, the slug film contact time was identified as an appropriate indicator of the 

dominance of film mass transport. For values of J(UL +UG)l\Luc -Lfilm) greater than 
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3 s"°5, the film contact times are fairly short, increasing the relative magnitude of film mass 

transfer (compared to mass transfer through the bubble caps). For values less than 3 s"°5, the 

long film contact times resulted in a reduced relative magnitude of film mass transfer. While 

this criteria does capture the reduced importance of film mass transport when long contact 

times are present, it fails to account for the reduction in mass transfer which would be 

observed when there is insufficient contact time for mass transport to occur between the 

bubble, bubble film, slug film and slug body. 

The slug film model was used to explore the impact of key design parameters on the 

relative ratio of film and cap mass transport. From Eq. (4.3.22), the ratio of film to cap mass 

transport can be expressed as: 

\dfilm,ref 

(4.4.3) R i-[*M 
film leap k A 

L,cap cap 

By combining Eqs. (4.2.7), (4.2.9), (4.2.10), (4.2.11), (4.3.5), (4.3.6), (4.3.14), (4.3.15), 

(4.3.19) and (4.3.20), an expression for Rf,im/Cap was derived which was only a function of 

four dimensionless parameters: COLG, LfiiJd, (Luc- Lf,im)/d, and a Peclet number accounting 

for the effects of diffusivity, Pe = d(UL + UG)ID: 

n D _ 
film I cap . £• 

(i-MXi-W 
\-\B\A\ . 

Pe 
0.6\Ca 0 33 ^ 
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0.6 \Ca 0 33 ~\ 
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Where: 
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(4.4.8) 

<5S \Pe 

Note that c^/J, £s/<i and Fo for the bubble and slug film can be determined once CaLG is 

known. 

The sensitivity of Rfiim/cap to each of the dimensionless parameters was explored for 

10" 4 <Ca i G <l , 0.\<(Luc-Lfllm)/d-l<lO, and 0.\<Lfilm/d <10. For simplification 

purposes, a constant diffusivity was selected and Pe determined for a 1mm channel diameter 

and the physical properties of an air/water system (D = 2x10" m/s , <r = 0.072 N/m, 

ju = 0.001 kg/(m s)). The resulting variations in percentage total mass transfer attributed to 

the film are shown in Figs. 4.9 through 4.11 for a broad range of CaLc, Lfiim and 

(v-vJ/^- 1 values-
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(LlC-l^ld 

Figure 4.9 Percentage of total mass transport attributed to the film at different bubble and slug film 

lengths for D = 2x10"9 m2/s, Caw = 0.004, d = 1 mm, cr = 0.072 N/m, and // = 0.001 kg/(m s). 

Figure 4.10 Percentage of total mass transport attributed to the film at different bubble film lengths 

and capillary numbers for D = 2x10"9 m2/s, (Luc - Lfiim)/d - 1 = 3, d = 1 mm, cr - 0.072 N/m, and 

ju = 0.001 kg/(ms). 
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Figure 4.11 Percentage of total mass transport attributed to the film at different bubble film lengths 

and capillary numbers for D = 2x10"9 m2/s, Lfilmld = 8, d = 1 mm, cr - 0.072 N/m, and 

ju = 0.001 kg/(ms). 

The effects of bubble and slug film length at a CaLG = 0.004 are illustrated in Fig. 4.9, 

where an increase in either parameter corresponds to an increased importance of film mass 

transport. It is important to note that at this capillary number, neither film or cap mass 

transport becomes dominant enough to neglect either of the mechanisms. The interplay 

between capillary number and bubble film length is shown in Fig. 4.10 for a slug film length 

of approximately 4d, or (Luc - Lftim)/d - 1 = 3 . Two interesting observations can be made 

from this graph: the film contribution to total mass transport is almost independent of bubble 

film length at low capillary numbers, where the thin bubble film and long contact times 

would lead to rapid saturation; and there is a maximum film contribution at COIG~0.0003 for 

Lflimld=0.\, ranging to Caz,G~0.006 for Lfiimld=\00. The location of the maximum film 
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contribution represents the point at which an increase in the velocity results in insufficient 

contact time for mass transfer between the slug film and bulk. At this point, increasing CaLG 

will enhance cap mass transfer to a greater magnitude than film mass transfer, resulting in 

the observed leveling-off/drop in percentage contribution to total mass transport. Fig. 4.11 

confirms this behavior, whereby the film mass transfer contribution becomes almost 

independent of CaLo at values comparable to the maximums observed in Fig. 4.10. As the 

slug film length increases, the minimum contact time required for transfer to the slug bulk is 

reached at greater values of CaLG-

To obtain a better understanding of the interplay between the four dimensionless 

parameters and the relative contributions of film and cap mass transport, the film mass 

transfer percentage, Rf,im/cap/(Rfiim/cap+l), was determined for two channel diameters (1mm 

and 3mm) over a broad range of CaLG, (Luc - Lf,im)/d - 1 and LjuJd values. The results are 

plotted in Fig. 4.12 as contours in 3D space, where four film mass transfer percentage 

contours were used in each figure: 33%, 50%, 66% and 80%. The variation in contours for 

the two different diameters is minimal, with a slight increase in film mass transfer observed 

in the 3mm channel at lower capillary numbers. This would indicate the Peclet number has a 

minimal effect on the relative ratio of film to cap mass transport, but still impacts the overall 

^a. Both the bubble and slug film lengths have a similar impact on the relative importance 

of film mass transport, consistent with Fig. 4.9. Perhaps of greatest importance is the relative 

equivalency of film and cap mass transport for a wide range of operating conditions. The 

bubble and slug films need to be on the order of 50 channel diameters in length before the 

cap mass transport could be reasonably neglected (i.e. film mass transport accounting for 

over 80% of the total mass transfer). 
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33% 50% 66% 80% 

Figure 4.12 Contours of percentage film contributions to total mass transport in 1mm (left) and 3mm 

(right) circular capillaries for Z)=2xl0"9 m2/s, cr = 0.072 N/m, and ju = 0.001 kg/(m s) 

4.4.3 Effects of deformation on cap mass transfer 

From Eqs. (4.2.7) and (4.2.8), the mass transfer coefficient for the cap typically 

exceeds that of the film for any value of Lfiim > nd/4. As a result, methods of increasing the 

cap area per unit cell volume could lead to significant enhancements in overall mass 

transport provided faa was not dominated by film contributions. 

Most methods of increasing cap area involve the introduction of high shear regions to 

deform/break the leading and trailing edges of the bubble interface, thereby reducing the slug 

film length and increasing UL+UG . The previously mentioned criteria for film transfer 

dominated flow, J{UL + UG )/{Luc - Lfllm j , would indicate that operating under the 

conditions necessary to induce bubble deformation and breakup would actually lead to a 

dominance of film mass transport, making modifications to the cap area irrelevant. The slug 

film model demonstrated that cap and film contributions to mass transfer remain comparable 
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even at elevated capillary numbers, prompting a brief analysis of the potential effects of 

elevated shear on mass transfer across the bubble's cap. 

Taylor bubbles flowing in circular capillaries are commonly assumed to have hemi­

spherical caps in contact with the liquid slugs. In an effort to characterize the effects of shear 

on this cap region, the applicability of droplet in shear theory was assumed. Consider the 

classical solution for the extent of deformation of a spherical droplet in simple shear at low 

shear capillary numbers and viscosity ratios, Cashear < 0.5 (Taylor 1932, 1934; Cox 1969; 

Rallison 1981; Pozrikidis 1993; Loewenberg & Hinch 1996): 

0,^®«&L->-± (4.4.9, 

cr l + b 

For a given viscous shear capillary number, CaShear, the major, /, and minor, b, axis lengths of 

an initially spherical droplet deforming into a prolate ellipsoid can be approximated 

assuming conservation of volume during deformation. 

2 

f l + CaShear^ 

1 — ^aShear j 

2/3 

(4.4.10) 

b = -J— (4.4.11) 
2 V 2/ 

When Higbie penetration theory is applied, kiiCapAcap is dependent on the surface area of the 

cap, Acap, the bubble's axial perimeter, P, and the velocity of the liquid packet travelling 

along the bubble's surface, Upacket-

k A az
A^Ju~~l (4.4.12) 

L,cap cap FZZ ^j packet v ' 

The axial perimeter and surface area of a prolate ellipsoid can be approximated as: 

Aap = 2 ^ 
b2 | 2 arccosfo//) 

tan(arccos(6//)) 
(4.4.13) 
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Figure 4.13 Serpentine geometry illustrating the bend radius of curvature, rc, and localized stationary 

frame of reference. 

P = x\3(l + b)- j(3l + b\l + 3b)\ (4.4.14) 

Thus, the only information needed to determine the impact of droplet deformation in shear 

on mass transfer is an approximation of Upacket for a set CaShear-

Consider a 2D serpentine geometry (Fig. 4.13) with bends having a radius of 

curvature, rc. A stationary frame of reference could be established in a localized area of the 

bend by applying velocities of U/nsia-e and Uoutstde on the inner and outer walls of the 

geometry. The magnitudes of Ui„slde and Uoutstde are determined by assuming a constant 

linear residence time for each surface, whereby Uoutside is greater than UjnSide due to the 

increased length of the outer wall. For the purpose of defining a relationship between UL+UG 

and CaShear, deformation of the bubble cap within this localized area will be considered 

equivalent to that of a droplet suspended between two moving plates, with a shear rate 

equivalent to (Uoutside - UInside)ld. 

TJ _ Llns,de _ (JJ +TJ 4i d_ 
Inside 

flow 2r, 
(4.4.15) 

c J 
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1 

'flow V Zrc J 

Ca shear 
d_ 

2r 
Ca LG 

(4.4.16) 

(4.4.17) 

In reality, shear rates along the interface would be much higher due to the presence of 

curvature induced secondary flows, resulting in conservative estimates for the potential 

increase in faa. With this in mind, the packet velocity was set equal to that at r = rc+d/4 to 

reflect the increased velocities and refreshment rate of the interface. 

uPacket = {uL+uG{\+^- (4.4.18) 

With expressions for Acap, P and Upacket defined for deforming bubble caps in a serpentine 

arrangement, the effects geometry and deformation were explored. For a system with 

physical properties consistent with air and water, the ratio of the serpentine k^cajAcap to the 

straight channel kL,capAcap is shown in Fig. 4.14 for 0.001 < CaLG < 0.1 and 1 < rjd< 6. 
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Figure 4.14 Predicted enhancement of kL,capAcap due to shear-induced deformation of air/water flow 

within a serpentine geometry. 
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The current analysis predicts a 1% to 7% increase in k^capAcap with the introduction 

of curvature, where rjd has the greatest impact on the observed mass transfer enhancement. 

The reduction in the serpentine to straight kL,capAcap ratios as CaLG increases is due to the 

interaction between A P and U te, predicted by Higbie penetration theory. Figure 4.15 
cap 

illustrates the variation in AcapP at the aforementioned conditions. The introduction of 

deformation results in a decrease in AcapP~°5, correspond to a longer packet contact length 

per unit surface area. As a conservative estimate for the packet velocity was used, the net 

effect of increasing COLG for a set rjd is a slight increase in the packet contact time and a 

corresponding decrease in k^cajAcap- In an actual serpentine geometry, significant secondary 

flows form in both the axial and radial direction (Fries & von Rohr 2009) resulting in a 

packet contact time proportional to the eddy dimensions and rotation rate. As a result, the 

contact time would decrease and the enhancement to k^capAcap would be significantly greater 

than predicted here. 
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Figure 4.15 Variation in path length per unit surface area due to shear-induced deformation of 

air/water flow within a serpentine geometry. 
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4.5 Conclusions 

In this work, four models predicting the overall inter-phase mass transfer coefficient 

for idealized Taylor flow were derived and the impacts of underlying assumptions discussed 

for a range of operating conditions. While simple to implement, the homogeneous mixture 

and perfectly mixed models frequently overestimated kua and mass transfer when the cup-

mixed concentration of the liquid slug was used to determine the concentration driving force. 

The inclusion of mass transfer resistance between the slug film and bulk in the slug film 

model significantly improved estimates of kua when compared to the experimental data of 

Bercic & Pintar (1997) and the CFD results of van Baten and Krishna (2004), while still 

having an analytical solution for the temporal evolution of Cs. The circulating slug model 

represented an intermediate step between the slug film model and a full CFD simulation of 

mass transport, producing kLa estimates slightly lower than those of the slug film model, but 

with similar trends in the dependence of mass transport on the characteristic parameters of 

ideal Taylor flow. 

Thus, the ratio of film to cap mass transfer was explored for a broad range of 

operating conditions using the slug film model to determine the conditions, if any, in which 

either film or cap mass transfer can be ignored. For unit cell lengths practical in industrial 

applications, film mass transport accounted for 50 to 66% of the overall mass transport even 

at high capillary numbers. With the importance of cap mass transfer confirmed, a 

conservative analysis of the potential enhancement to k^capAcap was completed for a planar 

serpentine geometry. A 1 to 7% increase was predicted for the simplifying assumptions 

used, and is expected to be higher in an actual system where curvature-induced secondary 

flows would significantly decrease the packet contact time for the cap. 
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For the range of conditions discussed here, Eq. (4.3.23) is recommended for practical 

estimation of kt.a. The use of this correlation requires the estimation of additional properties 

relative to the homogeneous mixture model and perfectly mixed models, but yields results 

comparable to CFD simulations without the need for an iterative solution. 
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Nomenclature 

Ab.convj Area open to convective flow in computational cell (i,j) in the bubble film [m2] 

Ab.diffj Area open to diffusion in computational cell (i,j) in the bubble film [m2] 

acap Cap interfacial area per unit volume [m"1] 

Acap Cap interfacial area [m2] 

afiim Bubble film interfacial area per unit volume [m"1] 

Afiim Bubble film interfacial area [m2] 

As,convj Area open to convective flow in computational cell (i,j) in the slug [m2] 

As,diffj Area open to diffusion in computational cell (i,j) in the slug [m2] 

[A] Exponential term for bubble to bubble film mass transfer 

b Minor axis length of a deforming droplet [m] 

[B] Exponential term for slug film to slug bulk mass transfer 

Cab Capillary number, based on Ub 

CaLG Capillary number, based on UL+UG 

Cashear Capillary number for a droplet in simple shear flow 

Cexit Concentration exiting a given capillary length 

Cfiim Concentration exiting the bubble film 

Cfiim,(tj) Concentration within computational cell (i,j) in the bubble film 

Creference Reference concentration used to determine faa in the circulating slug model 

Csiugfij) Concentration within computational cell (i,j) in the slug 

Cs Cup-mixed average concentration 

Cs,cap,m Concentration within the mixed cap region in contact with the slug film inlet 

Cs,caP,out Concentration within the mixed cap region in contact with the slug film outlet 



Csfiim m Concentration entering the slug film from the bubble film 

Csfiim out Concentration exiting the slug film 

d Capillary diameter [m] 

D Diffusivity [m2 s"1] 

Fo Fourier Number 

/ Axial index used in circulating slug model 

j Radial index used in circulating slug model 

kL Overall mass transfer coefficient [m s"1] 

kL.cap Gas bubble to slug bulk mass transfer coefficient (via the cap) [m s"1] 

kLfiim Gas bubble to bubble film mass transfer coefficient [m s"1] 

kL.siugftim Slug body to slug film mass transfer coefficient [m s"1] 

[k]Lfiim Dimensionless bubble film mass transfer coefficient multiplier 

[k]L,siugfiim Dimensionless bubble film mass transfer coefficient multiplier 

/ Major axis length of a deforming droplet [m] 

Lb.dtffj Diffusion length between cells (i,j-0.5) and (i,j+0.5) in the bubble film [m] 

Ldiff,capfiim Diffusion length between the mixed cap and film regions [m] 

Lfiim Bubble film length [m] 

Linnde Inside wall length of a single bend in a serpentine configuration [m] 

Loutside Outside wall length of a single bend in a serpentine configuration [m] 

Ls.diffj Diffusion length between cells (i,j-0.5) and (i,j+0.5) in the slug [m] 

Luc Unit cell length [m] 

Naxiai Axial cells per diameter length along the bubble film and slug 

Nfiim,radtai Number of radial cells within the bubble and slug film regions 

Nbuikjadmi Number of radial cells within the slug bulk region 



P Axial perimeter of a deforming droplet 

Pe Peclet number 

Qfiim Volumetric flow rate of the film in the stationary reference frame [m3 s"1 

Qfiim.ref Volumetric flow rate of the film in the moving reference frame [m3 s"1] 

r Radial position from the capillary's centerline [m] 

rbj Radial position of cell center of cell (i,j) in the bubble film [m] 

rc Radius of curvature of a single bend in a serpentine configuration [m] 

Rfiim/cap Ratio of film to cap mass transfer 

rSj Radial position of cell center of cell (i,j) in the slug [m] 

t Time [s] 

tc.cap Cap contact time [s] 

tcfiim Bubble film contact time [s] 

tc.siugfiim Slug film contact time [s] 

tjjow Average residence time of two-phase flow in a serpentine bend [s] 

Ub Bubble velocity [m s"1] 

Ufiimj Axial velocity in computational cell (i,j) in the bubble film [m s"1] 

UQ Superficial gas velocity [m s"1] 

Uinside Inside wall velocity required for a stationary frame of reference [m s"1] 

UL Superficial liquid velocity [m s"1] 

Uoutside Outside wall velocity required for a stationary frame of reference [m s"1] 

Upacket Velocity of a liquid packet travelling along a bubble's surface [m s"1] 

Usiugj Axial velocity in computational cell (i,j) in the slug [m s"1] 

U(r) Axial velocity at position r [m s"1] 



VU(r) Velocity gradient in simple shear flow [s"1] 

Vbfij) Volume of computational cell (i,j) in the bubble film [m3] 

Vfiim Bubble film volume [m3] 

Vreference Reference volume used to determine faa in the circulating slug model [m3] 

Vsiug Volume of the slug bulk [m3] 

Vslug film Volume of the slug film [m3] 

Vsfij) Volume of computational cell (i,j) in the slug [m3] 

Vuc Unit cell volume [m3] 

8S Slug film thickness [m] 

8b Bubble film thickness [m] 

A Delta parameter for determining kijum and kL,sfiim 

sG Gas phase holdup 

ju Liquid phase viscosity [kg m"1 s"1] 

cr Surface tension [N m"1] 
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Abstract 

Originally developed for modeling near-critical fluid mixtures with high inter-phase 

miscibility, diffuse interface (DI) tracking methods are frequently extended to immiscible 

two-phase systems involving moving contact lines and extensive morphological changes. 

For computational simplicity, the double-well function describing miscible fluids is adopted 

as the bulk free energy density, with spontaneous drop shrinkage and loss of phase continuity 

reported. These losses are limited through constraints placed on the interfacial width and 

mobility parameter. With some exceptions highlighted in this work, the increased 

computational cost associated with minimizing the interfacial width has limited DI methods 

to 2D planar and axi-symmetric flow. 

In this work, a temperature-variant simplified energy density function (TVSED) is 

proposed to examine the effect of the metastable thermodynamic region on phase continuity. 

By varying a non-dimensional reduced temperature parameter, TR, free energy analysis and 

scalar transport simulations are performed for simplified energy densities ranging from the 

double-obstacle (TR = 0) to the double-well function (7^ = 1 ) . A correlation between 

spontaneous drop shrinkage and the choice of energy function is derived, where continuity 

losses are minimized in the absence of a metastable thermodynamic region (TR = 0). 

Pressure rise, collapsing column and droplet in shear simulations performed at TR = 0 

and TR=\ are compared to results obtained using a volume-of-fluid (VOF) based solver. In 

each case, continuity is maintained at TR = 0 due to the presence of a large spinodal 

thermodynamic region, whereas the large metastable region of the more commonly used 

double-well function (TR = 1 ) promoted inter-mixing in the bulk phases. Comparable 

solutions are obtained from the TR = 0 and VOF simulations, closely approximating those 
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reported in literature. At TR = 1, continuity losses introduced significant discrepancies, 

diluting the inertia transferred between impacting fluids and under-predicting deformation in 

shear. 

The proposed implementation addresses the fundamental source of perceived 

continuity losses in the DI approach and eliminates the spontaneous drop shrinkage 

phenomenon, relaxing the associated constraints on the mobility parameter and interfacial 

width. The comparable performance of TR = 0 and VOF simulations is a promising 

indication of the potential for application to complex 3D flows at reduced mesh resolution 

relative to existing DI methods. 

Keywords: Diffuse-interface method; Phase-field; Interface tracking; Cahn-Hilliard free 

energy theory; continuity; spontaneous drop shrinkage; critical drop radius. 
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5.1 Introduction 

Over the last decade, the diffuse interface (DI) method for multi-phase computational 

fluid dynamics (CFD) has been applied successfully to a variety of physical systems 

involving extensive topological changes and length scales commensurate with the thickness 

of the interface. Following the early stages of development (refer to the review by Anderson 

et al. 1998), applications of the DI method have generally followed the works of Jacqmin 

(1999) and Badalassi et al. (2003), with modifications made to incorporate high density ratio 

fluids (Inamuro et al. 2004; Yuan & Schaefer 2006; Takada & Tomiyama 2006; Ding et al. 

2007) and multi-component systems (Kim 2007). Extensions of the DI method to 

incompressible two-phase flow have provided insight into a variety of flow phenomena, 

including the impact (Khatavkar et al. 2007) and spreading (Ding et al. 2007) of droplets on 

treated surfaces, and droplet breakup in micro-fluidic geometries (De Menech 2006). 

Despite the continued evolution of the DI method, a number of inherent limitations exist due 

to the nature of the Cahn-Hilliard dynamics governing interfacial transport: spontaneous drop 

shrinkage and a perceived loss of continuity (Yue et al. 2007), increased grid resolution 

requirements relative to sharp interface tracking methods, and limited applicability to 

complex geometries due to spatial discretization requirements. 

The interface between fluids in the DI method is described as a finite region across 

which physical and thermodynamic properties are resolved. Transport of this region is 

governed by the convective Cahn-Hilliard equation (Cahn & Hilliard 1958, 1959), where the 

equilibrium profile of the order parameter used to delineate between phases is maintained 

through the minimization of free energy. Restorative diffusive fluxes are driven by gradients 

in the chemical potential, which are governed by the function selected to describe the bulk 

free energy density (Jacqmin 1999). The double-well function is commonly used for its 
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numerical simplicity, approximating the van der Waals Equation of State for highly-miscible 

mixtures near the critical point. When the location of an interface is visualized by a contour 

of the volume fraction (^ = 0.5), a gradual loss of continuity is observed. This perceived 

continuity loss is caused by a combination of three mechanisms: energy exchange between 

the interface and bulk that results in spontaneous drop shrinkage (Yue et al. 2007); initial 

conditioning and curvature induced losses due to discrepancies between the one-dimensional 

and actual equilibrium profile; and interfacial smearing during advection (Jacqmin 1999; 

Yue et al. 2004; Feng et al. 2005). While global continuity of ^ is maintained, the loss of 

continuity of the volume bounded by the ^ = 0.5 contour can lead to the incorrect 

interpretation of results, poor resolution of surface forces across an interface, variations in 

the physical properties of the bulk fluids as the phases interpenetrate, and the disappearance 

of small droplets. 

With a few exceptions discussed by Zhou et al. (2010), the mesh resolution necessary 

to mitigate the aforementioned limitations has led to the use of 2D planar or axisymmetric 

geometries in the majority of reported literature. Nonetheless, many engineering problems 

involve complex 3D geometries and multi-phase flow where 2D and 3D dynamics differ 

significantly (viscous encapsulation, spray formation, multi-phase micro-fluidic contactors). 

The inherent ability of the DI method to regularize singular events such as breakup, 

coalescence and moving contact lines has led to several attempts at 3D implementation 

within a framework that is practical both in complexity and computational cost (Badalassi et 

al. 2003; Jacqmin 2004; Zhou et al. 2010). Each of these implementations has attempted to 

either minimize the number of cells across the interface using high-order and spectral 

discretization, or minimize the total mesh size through adaptive mesh refinement in the 

139 



vicinity of the interface. The first approach has limited application in complex geometries, 

where the order of the spatial discretization techniques used is limited on unstructured 

meshes. The second approach requires additional cells across the interface to accurately 

resolve free energy variations and surface force contributions given the reduced order of the 

spatial discretization schemes available on unstructured meshes common to adaptive mesh 

refinement algorithms. Additional strategies have been suggested to minimize the perceived 

continuity loss, including guidelines for selecting the mobility parameter governing the 

magnitude of diffusive fluxes (Yue et al. 2007), and limiting the width of the interfacial 

region (Jacqmin 1999). While each of the reported approaches improved control over the 

extent of continuity loss within a quiescent system, such approaches may require significant 

mesh refinement. Additionally, such methods do not consider the mechanisms responsible 

for continuity loss in convective flow. 

Alternative energy functions for partially miscible or immiscible fluids are available 

in previous literature, such as the double-obstacle function (Langer et al. 1975; Oono & Puri 

1988) or equations of state (Yuan & Schaefer 2006; Takada & Tomiyama 2006). These 

functions typically have a larger spinodal thermodynamic region and smaller metastable 

region, limiting the extent of phase inter-mixing and improving the rate at which the 

equilibrium profile of the order parameter is restored when deformed. Aside from the 

limitations in applying an energy function for highly miscible fluids to describe the 

interaction of two immiscible fluids, the increased numerical complexity associated with the 

implementation of alternative energy functions has resulted in the continued use of the 

double-well function in most recent applications (Anderson et al. 1998; Jacqmin 1999; 

Badalassi et al. 2003; De Menech 2006; Ding et al. 2007; Kim 2007; Zhou et al. 2010). In 

order to apply the DI approach to 3D simulations of fluid flow through complex geometries, 
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the mechanisms responsible for continuity loss must be addressed without incurring 

excessive computational cost through mesh refinement. 

In this work, a temperature-variant simplified energy density function (TVSED) is 

proposed for describing a range of simplified energy density expressions transitioning from 

the double-well to the double-obstacle function. Through the variation of a parameter akin to 

the reduced temperature, the effects of the metastable thermodynamic region and inter-phase 

miscibility on spontaneous drop shrinkage and loss of continuity are explored. In order to 

maintain a numerical complexity comparable to that of approaches using the double-well 

function, a modified form of the Cahn-Hilliard equation is proposed in conjunction with a 

diffusive flux limiting methodology, minimizing variations of the order parameter that are 

beyond the bulk phase values. The proposed method is then applied to two-phase benchmark 

cases to compare the relative performance of the double-well function and an energy 

function with no metastable region. 

5.2 Free Energy Theory for Interface Tracking 

In the DI method, the equilibrium state of a binary mixture is governed by the 

minimization of the Helmholtz free-energy, H\<f\, defined using the Ginzburg-Landau 

functional as: 

#M=Jp-|/W+yM2j«/r (5-2.1) 

Where X is the mixing energy density, s is the capillary width of the interface, f((£) is the 

bulk free energy density, and 0.5^2|V^| is the excess free energy due to the presence of an 

interface. Generalized expressions for s and X can be derived from free energy 
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considerations for any energy density function, f($), with minimum energy states 

normalized to <f> = 0, 1: 

= V2y J A-q> 

£V/(^)-/(o)-4/0)-/(o)W 

(5.2.2) 

(5.2.3) 

Where y/ is the thickness of the interface on the computational domain, cr is the surface 

tension, and cp is the filtering parameter governing the extent of the interfacial region 

(cp < <j> < 1 - cp), commonly set at cp = 0.05 for the double-well function. 

The physical basis of an energy density's thermodynamic properties can have a 

significant effect on the computational behaviour of the interface, controlling separation 

dynamics and the extent of inter-mixing between phases. As a result, the proposition of a 

new form of f\<f) must begin with a review of the origins, advantages and limitations of 

energy density functions currently applied to the DI method. 

5.2.1 Equations of state (EOS) 

Equations of state of varying complexity are available in scientific literature for 

describing the energy variation during phase change, including the relatively simple van der 

Waal's equation (vdW) and the more complex Peng-Robinson expression. When 

implemented in the phase-field approach, EOS are commonly applied to a second virtual 

system (Inamuro et al. 2004; Seta & Kono 2004; Takada & Tomiyama 2006), where the 

value of the phase variable corresponds to the molar density of the mixture, <D. 

f{^h~\P^LosAos^EOS,T)dV^-^\P^a,b,^,Ty^ (5.2.4) 
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The EOS parameters for attraction, aEOS, repulsion, bEOS, and temperature, T, 

govern the critical properties of the fluid system, the order of magnitude of <D, and 

thermodynamic miscibility between phases. For the vdW EOS, the bulk free energy density 

function can be expressed as: 

fvdw{®) = ®RT In 
\l-bEos®; 

-aEOS®
2 (5.2.5) 

In Eq. (5.2.5), the minimum energy states correspond to the bi-nodal points, <&A and <DB, for 

which the double tangent condition is satisfied (Yuan & Schaefer 2006). To simplify 

implementation, the molar density can be defined as a linear function of the volume fraction, 

<j), of phase A, O = (<3>A - <t>B )$ + <£>B, thereby normalizing the energy minima to correspond 

with ^ = 0, 1. 

EOS-based energy density functions have a clear thermodynamic basis and enable the 

variation of inter-phase miscibility through the temperature parameter, T. However, they 

introduce additional complexities during implementation. Depending on temperature and 

EOS parameters used, <£>A and <E>B can differ by many orders of magnitude and become 

difficult to accurately resolve. The value of ^ is also subject to the stability constraint of 

^ > 0 B / ( 0 B — O^), where the disparity between molar densities increases as the reduced 

temperature approaches zero, TR=T/TC—>0, forcing <£B/(<DB-d>^)—»-0. At low 

reduced temperatures, even small variations in <f> below zero necessitates the use of 

polynomial approximations of f\(f>) for values of ^ below the stability limit. 

Frequently employed in Lattice-Boltzmann models (Yuan & Schaefer 2006), EOS-

based functions are avoided in Eulerian interface tracking studies due to the added 
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complexity of implementation resulting from the variable minimum energy states and 

stability constraints on (/> (Takada & Tomiyama 2006). Instead, simplified expressions are 

generally used to approximate the free energy variation at specific thermodynamic 

conditions. 

5.2.2 Simplified energy density functions 

Conventional DI methods have employed simplified energy density functions as 

approximations for f(<p). These functions are characterized by quadratic expressions with 

well-defined bi-nodal values, for which analytical solutions exist for the one-dimensional 

equilibrium profile of the phase variable, (/>. 

The double-well function, shown in Eq. (5.2.6), is the simplest of the non-singular 

approximations for /{</>). 

/ W = 0.25^2(l-^)2 (5.2.6) 

Originally developed as an approximation of the van der Waals equation at near-critical 

conditions, it was adopted by a number of interface tracking algorithms due to its numerical 

simplicity (Anderson et al. 1998; Jacqmin 1999; Badalassi et al. 2003; De Menech 2006; 

Ding et al. 2007; Kim 2007). For the simple case of a planar interface separating two 

phases, the one-dimensional equilibrium profile can be derived from energy-minimization 

considerations, and expressed as: 

^ = 0.5 + 0.5tanh 
f x ^ 
\42sj 

Where the capillary width and mixing energy density are defined as: 

¥ 

(5.2.7) 

—y=arctanh(l-2#>) (5.2.8) 
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i = -^ea (5.2.9) 

The double-well function is representative of the thermodynamics for near-critical 

phenomena involving highly miscible fluids and large interfacial widths. As the DI method 

has evolved into a generalized interfacial tracking technique, this expression has been 

increasingly adopted for immiscible fluid systems. As a result, phase inter-mixing due to 

high miscibility and poor separation dynamics has introduced continuity losses in dynamic 

simulations. 

Alternative energy density expressions for immiscible fluid systems have been 

proposed in the past, such as the double-obstacle function for immiscible fluids (Langer et al. 

1975; Oono&Puri 1988). 

, v [0.5d(l-d>) 0<d><l 

[ oo (p>l,<j)<0 

Or the following function having square-root behaviour in the bulk phases: 

/M=M 3 / 2 M| 3 / 2 (5-2.il) 

These expressions were mentioned by Jacqmin (1999), and dismissed due to the additional 

numerical complexity arising in the treatment of the bulk phases. In an effort to characterize 

the importance of f\<p) to phase continuity in the DI method, a temperature-variant 

simplified energy density function is proposed in § 2.3. Using this expression, these 

simplified energy density functions can be examined on a common framework through the 

variation of a dimensionless reduced temperature parameter, TR. 
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5.2.3 Temperature-variant simplified energy density (TVSED) 

The following function is proposed as a simplified energy density expression 

possessing well-defined bi-nodal points and a temperature dependency similar to that of the 

van der Waals equation of state. 

As the reduced temperature varies from 7^ = 1 at the critical point to TR — 0 for 

immiscible fluids, f(<fr) transitions from the double-well to the double-obstacle function 

within the 0 < <p < 1 region. From free energy considerations, the one-dimensional 

equilibrium profile, capillary width and mixing energy density can be derived and expressed 

as: 

X = S2TR-O5{1-20)2F1 ^;f ;0-*r (5.2.13) 

£ = 

2T«+05{l-2<p)2F] 

W 

r \ 1 + V ; ( i 2<p)2] 
_2 2 2 . 

(5.2.14) 

X = CTE2TR+05 
IFX 

i (i + r j . 3 ' 
2 ' 2 ' 2 ' 

(5.2.15) 

Where 2FX[a,,a2;bl;z] is the hypergeometric function: 

ck {k + ax jj\ + a2) 
2Fl[a},a2;bl;z] = l + '£ick 

k=0 Ck-X (* + * , X ^ + 1) 
C - , = l (5.2.16) 

The equilibrium <j> profile can be approximated at intermediate values of TR through 

the linear interpolation of the analytical solutions at TR = 1 and TR = 0. 
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^ = 0.5 + 0.5 TR tanh 
42t 

+ (l-rjsin 
TR=\ J 

mn~H 
V2 n I n 

maxK x,-—},— 
[£IR=0 2 2 

(5.2.17) 

£r„=i -

'T„=Q 

¥ 
2V2 arctanh[l - 2cp\ 

¥ 

(5.2.18) 

(5.2.19) 
v 2 arcsin[l - 2cp\ 

The added computational expense of evaluating the hypergeometric functions during 

initialization was insignificant when compared to that of the main simulation. 

5.2.4 Normalized excess free energy comparison 

The form of the simplified and EOS-based energy density functions can be compared 

through the use of a normalized excess free energy function, F(0), derived from the 

chemical potential. 

Fu\ = /M-/(o)-d/(i)-/(o)] 
v ' /(L)-/(o)-^LW)-/(o)] 

(5.2.20) 
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Figure 5.1 Normalized excess free energy (a) and thermodynamic regions (b) for the double-well, 

double-obstacle, vdW EOS (a = 1, b = 1), and TVSED energy functions. 
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The value of </>Cenler is such that f'{<f>Cenler) = f'(o)= f'(l) for 0<<j)Center <\. Normalized 

excess free energies for the EOS-based, simplified, and TVSED energy functions are shown 

in Fig. 5.1(a), along with the corresponding thermodynamic regions as a function of TR in 

Fig. 5.1(b). 

The convergence of the double-well and EOS-based F{<£) as the temperature 

approaches the critical point confirms it's applicability to highly miscible systems. As 

TR —> 0, the metastable region gradually recedes for both the EOS-based and TVSED F((fi), 

corresponding to a reduction in inter-phase miscibility and improved separation dynamics. 

At the lower limit, the spinodal region spans the entire range of interfacial values of (f>, 

coinciding with the double-obstacle function describing immiscible fluids. 

5.3 Equations of motion 

5.3.1 Convective Cahn-Hilliard equation 

The transport and reconstruction of the diffuse interface between two fluids, denoted 

A and B, is governed by the convective Cahn-Hilliard equation (Cahn and Hilliard 1958, 

1959): 

^ + V ( u ^ ) + V ( T J ) = 0 (5.3.1) 

dt 

Similar to sharp interface methods, the volume fraction of phase A is frequently 

applied as the order parameter delineating between phases, ^ .The temporal evolution of ^ is 
dependent on convective transport due to the divergence-free volume-averaged velocity, u, 

and diffusive transport due to gradients in the chemical potential, fj. = - SHyfy 8<j). The 

magnitude of the diffusive term is controlled by the mobility parameter, T, and the diffusive 

volumetric flux, J, which is a function of the gradient of the chemical potential. The non-
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dimensional form of Eq. (5.3.1) incorporates the mobility parameter into a Peclet number, 

necessitating the selection of a characteristic velocity. In this work, an alternative approach 

is proposed for the TVSED to address the numerical instabilities that arise in the treatment of 

the bulk phases for TR < 1. 

When interfacial diffusion is dominant over bulk diffusion (Langer et al., 1975), the 

mobility is defined as a function of the order parameter, T = Tc |^(l - ^) | , in which the critical 

mobility, T c , governs the temporal stability of diffusive transport. Through an analogy to 

convective transport, a diffusive Courant number, CT, is proposed to determine a suitable 

value for Tc given the characteristic grid cell length and time step, Ax and At respectively. 

Cr = At maxJ — — I (5.3.2) 
[Ax <j) J 

The advantage of this approach becomes apparent for the non-dimensional form of 

Eq. (5.3.1), where the time scale of diffusive transport is no longer coupled to a characteristic 

velocity through the Peclet number. In the DI method, the Peclet number represents the ratio 

of the diffusive time scale, E2L2J{XTC), to the convective time scale, Lc/Uc, which varies 

considerably depending on the selected length and velocity scales. In contrast, the diffusive 

Courant number represents the ratio of the time step to the diffusion-based cell residence 

time, with no direct dependence on the convective time scale. A local estimate of the Peclet 

number can be obtained from the ratio of C r to the convective Courant number, Cu, 

yielding the local ratio of the diffusive and convective time scales. 

To determine the magnitude of Tc and diffusive transport, the diffusive flux is 

calculated from the gradient of the chemical potential: 
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J = -VM = 4 (*2V(VV)- f'VF+) (5.3.3) 
£ 

The restorative diffusivity, f"\<f), is determined from the second derivative of f((f) with 

respect to <f>. For the TVSED, f"\(p) has the following form: 

J7"*-1 
/ ' M = (1 + TR y{TR - {4TR + 2)[^(1 - < ^ ( l - </>}'* • (5.3.4) 

For values of TR<\, fief) is numerically unstable in the bulk regions where 

^(l -(f) - 0. This instability can be eliminated through a combination and rearrangement of 

the diffusive flux and mobility to obtain the following expression for TJ : 

r j = rc4^Wi-^)]Mi-^)>2v(vV)-^)v^} (5.3.5) 
£ 

In which / ? o ^ ( l - ^ ) ] = l for ^ ( l - ^ ) > 0 and zero for negative values. The diffusivity, 

£{<p), is defined as: 

t{<f>) =(l + TR )(TR - {4TR + 2^(1 - ^ ( 1 - <f>f • (5.3.6) 

Incorporating Eq. (5.3.5) into the expression for CT and rearranging for the critical 

mobility at <f> = 0.5 yields: 

rc = Ar 2X 
1 max^ — 

[Ax 

( „i 
-v(vV) 4&V 

- i 

(5.3.7) 

Through the use of Eqs. (5.3.1), (5.3.5) and (5.3.7), the proposed TVSED function 

can be implemented as a diffuse interface tracking algorithm for which phase miscibility is 

varied to determine the effects on continuity. 
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5.3.2 Momentum equation 

The incompressible Navier-Stokes equation and continuity equation can be expressed 

for a two-phase mixture with variable viscosity and density as: 

p— + /7u-Vu = -V/? + V-(77(Vu + VuT))+F s+ /cg (5.3.8) 

V p u = 0 (5.3.9) 

Where p and g are the pressure and acceleration due to gravity, Fsis the surface force 

which is discussed in more detail in § 5.4, and p and TJ are the density and dynamic 

viscosity, defined as a function of the order parameter and the bulk-phase values: 

pdfi)=pJ + pB(l-4) (5.3.10) 

Tj(0) = T?J + T?B(l-0) (5.3.11) 

5.4 Numerical procedure 

5.4.1 Temporal discretization and solution procedure 

Numerical simulations carried out using OpenFOAM, an open-source math-based 

solver for computational fluid dynamics on unstructured meshes, employed a staggered grid 

approach with scalar variables and fluxes defined at cell centres and cell faces respectively. 

The time stepping procedure was based on a multi-step approach solving Eqs. (5.3.1) and 

(5.3.8) consecutively. Equation (5.3.1) was solved using a 4th order explicit Runge-Kutta 

(ERK4) method, and the results used to solve Eq. (5.3.8) without strictly enforcing the 

incompressibility constraint Eq. (5.3.9). The uncorrected velocity field was then projected 

onto the space of discrete divergence-free vector fields, and the pressure updated at each time 

step via the PISO algorithm. 
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The procedure for advancing a single time step from the current time, ^ , to a new 

time, tn+x = tn + At, is outlined below. 

Step 1: Solve the Cahn-Hilliard Equation: 

For each advancement in time, the evolution of <f> from its current value, <f>n, to its 

new value, <f)n+x, was determined using a 4th order Runge-Kutta technique. This technique 

requires the determination of four temporal slope functions (k^x, k^2, k^3 and k^ 4) , where 

each kj, is calculated from Eq. (5.3.1) using the velocity field at the current time step, un. 

^ = - V - ( T J , ) - V - ( u > , ) (5.4.1) 

For i = 1, $ is set equal to $n, and is used to determine Tc from Eq. (5.3.7). FJX is 

subsequently calculated from Eq. (5.3.5) using </>x and the diffusive flux limiting technique 

described in §4.2. The value of k^, is then determined from Eq. (5.4.1). Before proceeding 

to the calculation of k^2, the contribution to mass flux through each cell face is estimated for 

the current step in the ERK4 method for subsequent use when solving the momentum 

equation. 

M =(pA-pBtrJ,+Flux(uJl)] (5.4.2) 

The mass flux contribution, \pa\, accounts for the flux of the density difference 

between cells. If [pu\ is not explicitly determined for each step in the ERK4 method, the 

mass flux resulting from diffusive fluxes will not be accounted for in the momentum 

equation. 

For subsequent values of i = 2 —» 4 , Tc , TJ,, [pu\ and k^ are evaluating using the 

new value of </>, determined from Eq. (5.4.3). 
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* = *n + At[0.75 + 0.25(,ff|JJ(V.) (5-4.3) 

Following the calculation of each k^,, the value of 0n+l is determined from 

«̂+i =^« + ^ 4 ( ^ i + ̂ 4) /6 + (^ 2 +^ 3 ) /3J , and the total mass flux contribution for the 

current time step, \pa\„ , is determined from [pa]n = ([pu\ + [pa\ )/6 + d/w^ + [pa\ )/3 . 

Step 2: Solve the momentum equation: 

With the value of ^n+] and |/>u]„ known, the momentum equation is solved using the 

PISO algorithm to determine un+1. Excluding the pressure gradient term, Eq. (5.3.8) is used 

to determine the uncorrected velocity, u*. 

P(A+O s)IL^LL + [P"L • Vu* = V • ( ^ 5{vu + Vu*T))+ Fs + p{<f,n+0 5)g (5.4.4) 

In this equation, the surface force, Fs, density, p(^n+05), and viscosity, ij{^„+05), are 

evaluated based on an intermediate value of <j>: ^n+05 = 0.5(^ +^„+1). Once u* is known, the 

pressure field at the new time step, pn+l, is estimated through the solution of the Poisson 

equation: 

V-f-^SV^] = V-u* (5A5) 

Finally, the corrected velocity field at the new time step is determined: 

PWn+Os) 

5.4.2 Limiting diffusive flux to prevent non-physical variations in ^ 

Variations in <p" outside of the meaningful range of values frequently occur in the DI 

method due to discretization errors at the edges of the interface. The double-well function 

limits these variations; however, additional consideration is required for the double-obstacle 
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function and TVSED function when TR < 1. An adjustment method was employed to limit 

the fluxes through cell faces which resulted in values of </) < 0 or $ > 1. To maintain global 

continuity of <p", the algorithm was applied following the determining TJ, from Eq. (5.3.5), 

prior to solving for k^, and [pa\. The procedure for correcting the diffusive fluxes for a 

given step, i, in the ERK4 method is provided below: 

1) Calculate TJ1 from Eq. (5.3.5), storing the values on the faces of the cells. 

2) Determine the value of </>l+] that would result if convective transport were ignored and 

no flux limiting were applied: ji+1 =</>,- A/|0.75 + 0.25(r£f|rJ|v FJ,). 

3) Identify cells where <j>IJA < 0, and determine which cell faces have fluxes exiting the 

cell. This is done in OpenFOAM by creating a binary filter which is equal to 1 for all 

cells having a value of ,̂+1 < 0, and interpolating the filter to the cell face using an 

upwind scheme based on TJ,. Defining the binary filter as FilterLow = if(<fil+l < 0,1,0), 

the change in (/> resulting from fluxes exiting the cell face, A0Low, can be determined 

for the step from $ to </>l+l: 

WLOW =-A40.75 + 0.25^JJv.[interpolate(F/ferLoJa;wmd rjasvecJVJ,)\. 

4) Identify cells where $+1 > 1, and determine which cell faces have fluxes entering the 

cell. This is done in OpenFOAM by creating a binary filter which is equal to 1 for all 

cells having a value of </>l+x > 1, and interpolating the filter to the cell face using a 

downwind scheme based on TJt. Defining the binary filter as 

FilterHlgh = if($l+l >1,1,0), the change in (/> resulting from fluxes entering the cell 

154 



face, A(/>Hlgh, can be determined for the step from $ to $+1: 

A«W = - M 0 - 7 5 + 0-25(FltJ}7 " [ i n t e r p o l a t e ^ ^ \ _ ^ ^ _ ( T J , ) \ . 

5) Calculate the correction factors for TJ, from FilterLow, Filter-Hlgh, A<f>L(M, a n d A 0 H l g h : 

Factor LOW = rnin[max[(Fz7terIov),X^ + ^LOWM^LOW -2],3] 

FactorHl%h = min[max[(Fz7terffig/l \</> + A^gA - l J / A ^ -2J3J 

A correction factor of zero indicates that no change to the flux is required. A 

correction factor of 1 will set the entering or exiting flux to zero. It is possible to 

have correction factors greater than 1 or less than zero, indicating that an increase or 

reversal of the flux would be required to obtain a value of ,̂+1 between zero and one. 

For this algorithm, correction factors were limited to a minimum and maximum of -2 

and 3, enabling the algorithm to increase or reverse the flux as necessary while 

avoiding large changes to TJI. 

6) Adjust the diffusive flux using the calculated correction factors: 

VJ,,ad)USled = TJ, (l - interpolate[Factor io„ \ipwmd rj as vecior - interpolate [FactorHigh J ^ ^ r j ^ ̂  ) 

7) Solve for the current value of k^ ( and [pu\ using the adjusted flux, YJt adJusted . 

5.5 Results and discussion 

5.5.1 Spontaneous shrinkage of quiescent droplets 

When implemented with the double-well function, the DI method is subject to 

spontaneous drop shrinkage, whereby the Cahn-Hilliard dynamics reduces the total free 

energy in a system through an exchange between interfacial and bulk energies (Yue et al. 

2007). As a result of this exchange, the interfacial position of a droplet with initial radius, 

r0, shifts to a lower radius, r, until the total free energy is minimized. Through the analysis 
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of free energy variation with droplet radius, Yue et al. (2007) proposed an expression for a 

critical initial radius, rc, for which a droplet with r0 < rc will eventually disappear: 

rc 
( fc V/3 

Derived for the double-well function, rc is dependent on the volume of the computational 

domain, V, and the capillary width, £ = ^//4.164. 

A similar analysis was completed for the TVSED function. For a given droplet 

radius, the total free energy can be derived through the integration of H\</)\ over the 

computational domain: 

//(r,rJ=2^ + Aj[i + a^i_[i + 5^+V2
+ |Ml-NfR+H^-^2)} (5-5.2) 

In this equation, 80 represents the shift in the bulk value of <f> and can be expressed as: 

d(/) = wZ-r2) ( 5 _5 3 ) 

Neglecting d<j> terms of order greater than two, the temperature-dependent total free 

energy can be simplified and approximated as: 

H(r,TR)*2nr* + ^^\r0
2-rf+l (5.5.4) 

The surface tension, cr, is obtained from Eq. (5.2.15). The critical radius corresponds to the 

value of r for which dH(r,TR)/dr = 0 at the inflection point of Ff(r,TR), determined to be 

r, =r0/^2TR+l for a 2D droplet through the solution of d2H(rl,TR)/dr2 = 0 . Solving for 

the critical radius at r = r,: 
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r„ = 
VTT27^ 

V2(rfi+i) 
\ + 2TRV 

£FX 
i (i + r j . 3 / 
2' 2 ' 2 ' 

2rH+i 

(5.5.5) 

The critical radius of a 3-dimensional droplet can also be derived, for which 

rt=rX3TR+\Y": 

r„ = 
V2(l + 3rj"fl + 37:„ vy" 

(1 + ^ ) V TR 8 ; r . 

£ / ; i (i + r j . 3 " 
2' 2 ' 2 ' 

3r„+i 

(5.5.6) 

The variation of H{r,TR) with TK for a droplet with initial radius r0=0.1m, 

y/ = 0.04164m, cr = 0.05N m"1 and F = 4m3 is illustrated in Fig. 5.2. Under these 

conditions, the critical droplet radius at TR =1 is rc =0.157 m. As expected, the droplet 

would vanish at TR = 1 due to the absence of a minimum energy state at a radius above the 

-i 1 r 

0 02 0 04 0 06 0 08 0 10 0 12 

Radius, / 

Figure 5.2 Temperature dependency of the radial variation in total free energy for a 2-D droplet with 

initial radius, r0 = 0.1 m. y/ = 0.04164 m, a = 0.05 n m"1. 
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inflection point in H(r,TR). As TR decreases, a minimum energy state is introduced above 

the inflection point in Fig. 5.2, limiting the extent of drop shrinkage. At TR = 0 , the initial 

and minimum energy states converge, eliminating the mechanism responsible for the 

spontaneous drop shrinkage phenomenon. This result illustrates that the shrinkage 

phenomena greatly depends on the choice of energy function rather than being an inherent 

characteristic of Cahn-Hilliard dynamics. 

5.5.2 Metastable thermodynamics and phase separation 

As an interface tracking technique, the phase-field approach relies on the competing 

mechanisms of diffusive transport to maintain the equilibrium profile for $. The separation 

dynamics governing the reconstruction of an interface are dependent on the thermodynamic 

regions of the energy density function. Rapid phase separation occurs within the spinodal 

region while gradual phase separation or mixing can occur in the metastable region. When 

the interfacial profile deviates from the equilibrium profile during convection, the leading 

and trailing edges of the interface are subject to metastable dynamics that may result in 

insufficient restorative diffusive fluxes for preventing the formation of a metastable mixture 

in the bulk phases. As the continuity in the phase-field approach is commonly defined by the 

region within a (j> = 0.5 contour, the gradual inter-penetration of the phases and formation of 

metastable mixtures results in a loss of phase continuity. This phenomenon has frequently 

been reported in simulations adopting the double-well function (Jacqmin 1999; Yue et al. 

2004, 2007), even in the case where relaxed solutions for ^ were used as initial conditions to 

avoid spontaneous drop shrinkage. 

To illustrate the effect of the thermodynamic region on phase separation, spinodal 

decomposition simulations were carried out on a 128x128 grid with cyclic boundary 
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conditions using the TVSED function at TR = 0 and TR = 1. An initial distribution of <f> 

within the metastable region of TR=\ (0 < tp1 < 0.21) was used to represent a highly diffuse 

mixture, similar to what might be found at the trailing edge of a skewed interface. As seen in 

Fig. 5.3, separation of the initial $ distribution into distinct droplets was achieved for TR = 0 

(no metastable region), whereas a metastable mixture was formed for TR = 1. 

Another example illustrating the poor separation dynamics of the double-well 

function involves the absorption of a smaller droplet by a larger adjacent droplet via transfer 

of ^ through the metastable region. To examine this test case, two droplets with initial radii 

of 12 and 24 cells were placed at (x,y) = (64,32) and (64,84) respectively on a 128x128 

computational domain with cp = 0.05 , ip = 6 cells, Cr = 0.001, At = 0.001 s and cr = IN m"1. 

Fig. 5.4 illustrates the initial, transient and final interfacial profiles for simulations carried 

out at TR = 0 and TR = 1 until steady-state solutions were obtained. As shown in Fig. 5.4, he 

smaller droplet was gradually absorbed by the larger droplet at TR = 1. During the droplet 

Figure 5.3 Phase separation of an initially random distribution of <f> in the 

meta-stable region (middle) for TR - 0 (left) and TR = 1 (right). 
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absorption, the two adjacent interfaces were connected by a mixture within the metastable 

thermodynamic region, having typical values of <p less than 0.01. The total free energy of 

the system was then minimized by a diffusive flux of (f> through this region, resulting in the 

gradual absorption of the smaller droplet. In the case of TR = 0, this metastable mixture was 

absent, and the two drops remain in their original condition throughout the simulation. 

The resulting simulations illustrate the importance of the choice of energy function 

for interface tracking applications, in which the formation of metastable mixtures could have 

a significant impact on the validity of the results obtained. The remainder of this discussion 

focuses on comparing the solutions obtained using TR = 0 and TR = 1 for a number of cases 

commonly used to validate interface tracking capabilities, free surface flows, pressure force 

approximation and shear stress. These comparisons are presented to highlight the potential 

Results for TK = 1 

u 
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0.00 
«d*k U A 

Results for TR = 0 
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i[ E f r ^ lc E 
Figure 5.4 Effect of TR on the non-physical adsorption of an adjacent droplet arising from transport 

through the meta-stable region. Transient behaviour and (/> profiles obtained for simulation 

parameters: <p = 0.05, ip- = 6 cells, Cr = 0.001, At = 0.001 s and cr = 1N m"1. 
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shortcomings associated with the use of the double-well function, and to demonstrate the 

benefits of alternative energy expressions (such as the proposed TVSED function) in the 

framework common to diffuse-interface tracking applications. 

5.5.3 Interface tracking and phase continuity 

Of the three mechanisms leading to continuity loss, previous literature has frequently 

considered only the initial relaxation of the ID equilibrium profile and the spontaneous drop 

shrinkage phenomena (Jacqmin 1999; Yue et al. 2004; Feng et al. 2005). Phase inter-mixing 

and continuity loss during convection was characterized as an extension of the dynamics 

governing spontaneous drop shrinkage under quiescent conditions (Yue et al. 2007). To 

explore the effect of the metastable region on phase inter-mixing, diagonal convection 

simulations were carried out using the TVSED function at TR = 0 and 7^ = 1. 

A circular region with a 16-cell radius was initialized at the centre of a 128x128 
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•C 0 15% c o 

0 20% -

0 25% 4— 
1 

-Quiescent Droplet Conditioning 

Diagonal Convection 

Relaxation of initial equilibrium profile 

I | ^ <,r ' ' . / > / < 

-0 5 0 5 10 

Conditioning Time (s) Convection Time (s) 

Figure 5.5 Continuity loss of a circular region during relaxation and diagonal convection at TR = 0. 

Other simulation parameters: 128x128 mesh, r0 = 16 m, 7̂ = 0.05, 17 = 6111, Cr =0.001, 

C„ =0.001, o- = lNm1 . 
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cyclic computational domain using Eq. (5.2.17) with <p = 0.05, y/ = 6 cells, Cr =0.001, 

Ar = 7.8125xl0~6s (Cy =0.001), and CT = 1 N m"1. Applying a quiescent velocity field 

(u = v = 0 m s"1), the initial (/> profile was conditioned through the solution of Eq. (5.2.1) 

until a steady-state droplet radius was achieved. The projected area of the computational 

domain for which ^ > 0.5 was measured and compared to that of the initialized case to 

determine the loss of continuity observed. Figures 5.5 and 5.6 show the continuity loss 

during conditioning for TR = 0 and TR = 1 respectively. For both TR = 0 and TR = 1, a rapid 

loss of continuity was observed during the first few time steps as the one-dimensional 

equilibrium profile predicted by Eq. (5.2.17) relaxed to account for grid-dependent 

discretization error. This initial conditioning resulted in 0.175% and 0.488% continuity loss 

for TR = 0 and TR = 1 respectively. A steady-state, relaxed solution was obtained for TR = 0 

by t = 1 s, with a minimal loss in continuity beyond that already observed during the first few 

time steps. 

The simulation for TR — 1 did not reach a fully conditioned solution until t = 950 s, at 

which point the total continuity loss was 11.91%. The quiescent simulation results shown in 

Figs. 5.5 and 5.6 illustrate the elimination of the spontaneous drop shrinkage phenomena at 

TR=0, with the only observable continuity loss occurring due to the relaxation of the initial 

one-dimensional equilibrium profile. 

Applying a w = v = 128m s"1 velocity profile, continuity loss was monitored during 

diagonal convection of the fully conditioned TR -0 and TR=\ quiescent solutions. As seen 

in Fig. 5.5, an additional 0.05% of continuity loss was observed during the initial time 
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Figure 5.6 Continuity loss of a circular region during partial (inset) and full relaxation, and diagonal 

convection at TR = 1. Other simulation parameters: 128x128 mesh, r0 = 16 m, cp = 0.05, 7 = 6111, 

Cr =0.001, Q =0.001, cr = INm"1. 

steps for TR = 0, after which no significant losses occurred. The convection results for 

TR = 1 (Fig. 5.6) show a gradual loss of continuity with each traversal of the computational 

domain, despite a steady-state solution having already been obtained under quiescent 

conditions. To characterize any synergistic effects between spontaneous drop shrinkage and 

metastable mixing, the simulation was repeated at TR=\ for the case where the initial 

system was only partially conditioned (r conditioning = 5s). As shown in Fig. 5.7, the overall 

continuity loss was higher for the partially conditioned solution than the fully conditioned 

solution. However, when the continuity loss under quiescent conditions for the same time 

period was accounted for, the remaining convective component of the partially conditioned 

solution's continuity loss was almost identical to that of the fully conditioned simulation for 

TR=\. This confirms that the metastable mixing mechanism responsible for convective 
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Figure 5.7 Effect of TR and conditioning on continuity loss during advection for C r = 0.001. Other 

simulation parameters: 128x128 mesh, r0= 16 m, cp = 0.05, ip = 6 m, C,, =0 .001, o" = lNm' ' . 
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Figure 5.8 Effect of low (C r =0.001) and high ( C r =0.01) mobility on continuity loss during 

diagonal convection of fully and partially conditioned systems. Other simulation parameters: 

128x128 mesh, r0= 16 m, ^ = 0.05, ip = 6m, Crj =0 .001, (7 = lNm"1. 
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continuity loss is independent of the spontaneous drop shrinkage phenomenon. 

The convection simulations were repeated with a mobility courant number of 

C r = 0.01 to characterize the effects of increasing the relative magnitude of the diffusive flux 

on spontaneous drop shrinkage and metastable mixing. As seen in Fig. 5.8, the results for 

TR = 0 improved slightly, with no continuity loss observed beyond that which had already 

occurred during initial conditioning. For TR = 1, the convective component of continuity 

loss improved significantly for both the partially and fully conditioned cases. However, the 

improvement in the partially conditioned case was offset by the acceleration of spontaneous 

drop shrinkage, leading to a net increase in continuity loss of 2.75 percentage points over that 

observed at C r =0.001. The increase in Cr led to an increase in the magnitude of 

restorative diffusive fluxes, enhancing the rate at which deformations in the equilibrium 

profile of <f> were corrected. As a result, phase inter-penetration between the trailing 

interface and the surrounding bulk was minimized, thereby limiting the potential for 

continuity losses arising from the formation of metastable mixtures. 

Taking into account the extended length of time required for the TR = 1 simulation to 

reach a relaxed solution, one might argue that the continuity loss observed in a shorter 

simulation would be minimal. Yue et al. (2007) provided guidelines to this effect, 

suggesting limits on the mobility and a reduction in the Cahn number to reduce the extent of 

continuity loss within a given time frame. Even with these guidelines in place, continuity 

losses above 1% are not uncommon in reported literature (Yue et al. 2005, 2007). The use of 

these guidelines is further limited by the increased grid requirements and smaller time steps 

needed to avoid interfacial smearing during convection when the mobility and Cahn number 

are reduced. The proposed TVSED function avoids this issue as TR —» 0, with the only 
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significant source of continuity loss arising from the initial relaxation of the one-dimensional 

equilibrium profile. 

5.5.4 Spurious currents and pressure rise 

The surface force contribution to the momentum equation, Fs, can be approximated 

from free energy considerations, or through a continuous surface force formulation (CSF). 

The CSF formulation proposed by Kim (2005) for the DI approach has been applied to a 

variety of flow systems, approximating Fs as: 

Fs=-W-
fV^ 

(5.5.7) 

The efficacy of this formulation can be characterized by the pressure rise across an interface 

and the magnitude of spurious or parasitic currents, described as fictitious vortices forming at 

the edges of an interface due to errors in Fs. Kim's formulation has been validated 

extensively for the double-well function; however, the direct application to the TVSED 

function is complicated by the increased linearity of the equilibrium profile as TR —> 0. 

Consider the relative magnitudes of |V^|V^ for an interface at TR = 1 and TR = 0. 

At TR = 1, it was found that the surface forces are concentrated in the central region, with 

92% accounted for within the four central cells of a 6-cell interface. At TR = 0 , |V^|V^ is 

more widely distributed, and 5.2 cells are required to account for the same percentage of 

surface forces. The wider distribution leads to better estimates of |V^|V^ using lower-order 

discretization schemes; however, the surface force contributions extend closer to the centre 

of the radius of curvature, where the reduced tangential linearity of <p" causes an increase in 

error associated to the curvature approximation, V • (V^/|V^|). 
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To illustrate this point, pressure rise simulations were carried out at TR = 1 and 

TR = 0 for cases similar to those of Kim (2005). For a 1 m x 1 m computational domain 

with zero velocity on the top and bottom walls and periodicity in the x-direction, a droplet 

with initial radius, r0 = 0.25 m, was positioned at the centre of the domain and simulations 

were carried out for three levels of mesh refinement and interfacial width. The fluid 

properties and additional model parameters used were: p = 4 kg m"3, rj = 1 Pa s, C r = 0.01, 

A/ = 10_5s, and cr = IN m"1. In dimensionless terms, the relevant parameter is the 

Ohnesorge number, Oh = rj(crpr0 )~°5 =1.6737. For each refinement level 

(h = 1/32, 1/64, 1/128), three interfacial widths were used to evaluate the convergence of 

the spurious currents: y/= 0.1875 m, representing a constant interfacial width; 

y/ = 0.1875(32/7)m, representing a constant number of cells within the interface; and 

y/ = 0.1875V32/7 m, representing an intermediate between these two extremes. The resulting 

maximum spurious velocity magnitudes and pressure rise are shown in Tables 5.1(a) and 

5.1(b) for TR = 1 and TR =0 respectively. 

The convergence rates at TR = 1 coincided with those reported in Kim's work (2005), 

where second, zero and first order rates were observed for \p = 0.1875 m, yr = 0.1875(32/z)m, 

and y/ = 0.1875v32/z m respectively. Simulation results were obtained at TR = 0, however, 

the pressure rise approximation errors and spurious current magnitudes exhibited divergent 

trends. At xp = 0.1875 m, the low tangential linearity of ^ resulted in an over-estimation of 

the pressure rise that worsened with mesh refinement. Also, at y/ = 0.1875(32/?)m the poor 

resolution of |V^|V^ near the edges of the interface resulted in an increasing spurious 
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Table 5.1 Maximum velocity and pressure rise obtained after 200 time steps (At = 10 s) using 

Kim's formulation, Eq. (5.5.7), at TR = 1 (a) and TR = 0 (b), and using a linearized interfacial profile 

with n = 1.75, Eq. (5.5.8), at TR = 0 (c). 

a) TR= 1,(5.5.7) 

ip = 0.1875 
y/ = 0.1875(32/?) 

^ = 0.1875^327 

32x32 64x64 128x128 

£/„ AP Um AP U„ 

1.37X10"4 

1.37X10"4 

1.37X10"4 

- 2.27% 

- 2.27% 

-2.27% 

2.86x10" 

9.36x10" 

4.56x10" 

0.21% 

0.39% 

-0.43% 

6.91 xlO"6 

9.28 xlO"5 

2.23 xlO"5 

AP 
error 

ip--

v-
¥--

b) 

¥'-

¥--

¥--

c) 
n = 

= 0.1875 

= 0.1875(32/*) 

= 0.1875V32/z 

= 0, (5.5.7) 

= 0.1875 

= 0.1875(32/*) 

= 0.1875A/32/Z 

1.75,(5.5.8) 

3.48 xlO""4 

3.48x10^ 

3.48x10^ 

max 

8.88 xlO"5 

8.88 xlO"5 

8.88 xlO"5 

max 

2.25% 

2.25% 

2.25% 

AP 
error 

- 2.08% 

- 2.08% 

- 2.08% 

terror 

4.21 xlO"5 

2.28x10^ 

LOOxlO"1 

max 

1.48 xlO"5 

1.09 xlO"4 

1.13X10"4 

max 

1.47% 

1.66% 

0.57% 

AP 
error 

2.72% 

-0 .98% 

- 0.27% 

terror 

9.19x10^ 

1.90 xlO"4 

4.97 xlO"5 

max 

5.49 xlO"6 

1.93 xlO"4 

3.44 xlO"5 

max 

2.06% 

1.94% 

0.11% 

AP 
error 

3.92% 

-1 .03% 

0.37% 

terror 

1.41% 

1.29% 

0.06% 

current magnitude with mesh refinement. Despite these trends, the results obtained at TR = 0 

were found to be more favorable as compared to those at TR = 1, since the spurious current 

magnitude and pressure rise approximation errors were lower for smaller interfacial widths. 

To improve the performance of Kim's formulation at TR = 0 , the interfacial profile 

was linearized and an arbitrary energy function applied for the calculation of |V^|V^. For 

the 7 ^ = 0 equilibrium profile of ^ = 0.5 + 0.5sin(min(max(V2x/£-,-^/2J,^/2jJ, the 

linearized order parameter, </>', was expressed as </>' - arcsin(2^ - 1 ) . In addition, an arbitrary 

energy function was applied through the following surface force formulation: 

FS=-XV 
'V£^ 

IvflvfMi-^p (5.5.8) 

168 



Where n governed the distribution of the surface forces and X' is a modified mixing energy: 

(5.5.9) 

Values of n = 0.5 and n = 0.75 approximate the surface force distributions at TR = 0 and 

TR = 1 respectively. Higher values of n centralize the surface forces, where n > 1.5 results in 

greater than 99.9% of the surface forces being accounted for within the <p<^<\-<p region. 

By repeating the pressure rise simulations for n = 0.5 , 0.75, 1 25 and n = 1.75, the impact 

of centralizing surface forces on spurious current formation and pressure rise approximation 

error were characterized. At n = 0 5 and n = 0.75 , the results obtained are generally 

Figure 5.9 Velocity profiles obtained for h=\/64 and (// = 0 1875V32/* m after 200 time steps 

(At = 10" s) using Kim's formulation, Eq (5 5 7), at TR = 0(a) and TR=\(b), and using Eq (5 5 8) 

with n = 0.5 (c), n = 0.75 (d), n = 1.25 (e), and n = 1.75 (f) Contours represents ^ = cp (outside), 

0.5 (center), and 1 - cp (inside) 

X' = £cr 

J2 
j>(w)ro5^ 
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equivalent to or worse than those of Eq. (5.5.7) for TR = 0. However, as n increased to 1.25 

and 1.75, convergence rates and pressure rise error stabilized at all three levels of mesh 

refinement, yielding a more reliable solution. The results for n = 1.75 (X' = 140fcr/v2) are 

presented in table 5.1(c). 

In addition to making convergence rates and pressure rise approximation errors 

comparable to those of Eq. (5.5.7) at TR=\, the use of Eq. (5.5.8) resulted in a two-fold 

reduction in the magnitude of spurious velocity currents. The predominant source of error 

introduced by Eqs. (5.5.7) and (5.5.8) can be inferred from observation of the location of the 

maximum spurious currents. Figure 5.9 shows the velocity profiles resulting from Eqs. 

(5.5.7) and (5.5.8) for the case of h=l/64, y/ = 0.1875V32/? m, and varying values of n. 

Note that for TR = 1 and Eq. (5.5.7), the maximum spurious velocity occurs at the centre of 

the interface where |V^|V^ is highly non-linear. For TR =0 and Eq. (5.5.7), the maxima is 

located at the edge of the interface closest to the centre of the radius of curvature, confirming 

the transition in dominant error from |V^|V^ to the curvature approximation. The location 

of the maxima transitions back to the centre of the interface for Eq. (5.5.8) as n increases, 

with an overall reduction in the spurious current magnitude. Based on these results, 

subsequent simulations employ Eq. (5.5.7) for TR = 1 and Eq. (5.5.8), n = 1.75 for TR = 0. 

5.5.5 Free surface flow: collapse of a liquid column 

Scientific literature on conventional-scale free surface flows is dominated by sharp-

interface tracking techniques, where the low relative magnitude of surface forces does not 

justify the increased computational cost associated with a DI approach. Nonetheless, the 

performance of new interface tracking techniques is frequently benchmarked using free 
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surface flow systems, such as the collapse of a liquid column under gravity (Koshizuka & 

Oka 1996; Kim & Lee 2003; Sochnikov & Efrima 2003; Yue et al. 2003; Bonet et al. 2004; 

Cruchaga et al. 2007). Using the experimental data of Cruchaga et al. (2007), Koshizuka & 

Oka (1996) and Martin & Moyce (1952), the interface tracking capabilities of the VOF 

model built into OpenFOAM and the TVSED function at TR = 0 and TR = 1 were compared 

for the case of a collapsing column of water with initial width, L = 0.114 m, and aspect ratio, 

AR=H/L = 2. 

The computational domain illustrated in Fig. 5.10 was adapted from experiments by 

Cruchaga et al. (2007), in which the flow was described for both the initial collapse and 

subsequent settling of a column of water. Simulations were performed on a 140 x 210 mesh 

with no-slip boundary conditions on the bottom and side walls. Each case was initialized 

using the ID equilibrium profile Eq. (5.2.17) and conditioned through the solution of the 

Cahn-Hilliard equation Eq. (5.3.1) for 1000 time steps with C r = 0.01. After initial 

)'=0.66 

) =H-

}' = 0 -

140 Cells 1 

<t> = <P 

^<j> = 0.5 $ = 0 

/ ? = \-<p 
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l l 
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u 
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r-i 
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Figure 5.10 Case description of a collapsing column of water (^ = 1) in air (^ = 0) with initial 

width, L = 0.114 m, and aspect ratio, AR = HIL = 2 
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conditioning, simulations were carried out with the following fluid properties and 

parameters: C r = 0.01, Cu = AtU/Ax = 0.001, phq = 1000 kg in3, rj!iq = 0.001 Pa s, 

PgaS =1-2 kg m"3, xu = 0.018 m and cr = 0.072 N m"1. Simulations were performed at a gas 

viscosity equal to the liquid viscosity, rj = rj, (HV), as suggested by Cruchaga et al. 

(2007), and at the real viscosity of air, 77 = 0.01/7, (LV). A low value was used for the 

Courant number, Cu, to minimize temporal discretization error and to maximize the relative 

magnitude of restorative diffusive fluxes. The results obtained are presented in Figs. 5.11 to 

5.14. 

3.5 
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en 
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Figure 5.11 Dimensionless leading edge position, XIL, of a collapsing water column with aspect 

ratio, AR = 2, obtained using the TVSED function and a VOF method with a high air viscosity, 

0.001 Pa s (HV), and a low air viscosity, 0.00001 Pa s (LV). 
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Figure 5.12 Dimensionless height, Y/L, of a collapsing water column at X = 0 m. 
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Figure 5.13 Dimensionless height, Y/L, of a collapsing water column at X = 0.27 m. 

Defined as the point where the ^ = 0.5 contour intersects the bottom wall, the 

predicted leading edge position of the collapsing column was found to be similar for the 
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VOF, TR = 0 and TR = 1 simulations. The results of each model compared well with 

experimental data as well as alternative interface tracking techniques reported in literature 

for the initial collapse of a liquid column with AR = 2 (Martin & Moyce 1952; Takada & 

Tomiyama 2006; Cruchaga et al. 2007). However, following the initial collapse and contact 

of the leading edge with the wall (X = 0.42 m), significant differences were observed 

between the VOF and TVSED predictions. Using the VOF model as a benchmark, the 

results for TR = 0 were consistently closer than those of TR = 1. The position of the leading 

edge in Fig. 5.11 was higher at TR = 0 due to a degree of inter-mixing at TR = 1 in the high 

curvature region near the top-corner of the column. 

In Fig. 5.12, the peak heights for TR = 0 were closer to those of the VOF model near 

/ = 1 s, with both simulations predicting an intermediate peak just before the large 

0 0.5 1 1.5 2 
Time (s) 

Figure 5.14 Dimensionless height, Y/L, of a collapsing water column at X = 0.42 m. 
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peak at / = 2 s. The VOF and TR = 0 simulations both predicted a greater dimensionless 

height close to t = 1 in Fig. 5.13 due to a recession of the interface from the wall at X = 0.42 

m. Such similarities were also observed in Figs. 5.14 and 5.15, whereas the results for 

TR = 1 differed due to spontaneous drop shrinkage and shearing of the interface after t = 0.4 

s. 

As shown in Fig. 5.15, the VOF method predicted the formation of a thin column of 

droplets that eventually fall and impact with the interface at the base of the wall. Similar 

results were obtained for TR = 0, where the small droplets observed in the VOF simulation 

appeared as a partial interface along the wall since the grid resolution was insufficient to 

resolve each droplet. The eventual impact of the droplets caused the interface to recede 

away from the base of the wall, corresponding to the minima shown in Fig. 5.14 near 

t = 1 s. Despite the formation of a partial interface along the wall, there was little to no 

VolumL' Fuuion 
OOOtoOOl 
001 loOOS 

10 OS CO 0 SO 
0 SO lo 0 95 
0 9 M O 0 99 
0 99 to I 00 

Time (s), VOF 
0 90 0 4S 0 60 0 75 

Time (s), TR = 0 Time (s), TR = 1 

Figure 5.15 Temporal evolution of (/> following the contact of a collapsing column with a wall at 

X = 0.42 m for VOF (left), TR = 0 (middle) and TR = 1 (right). 
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smearing of the 0.01 <tp< 0.05 region in the 7^=0 simulations. At TR =1 , significant 

smearing of this region occurred as the interface travelled up and down the wall, introducing 

small gradients in ^ in the gas phase that caused the formation of large vortices. The 

vortices generated instabilities as the liquid travelled up the wall, resulting in the formation 

of the single satellite droplet shown in Fig. 5.15. The droplet then proceeded to gradually 

disappear due to spontaneous drop shrinkage, forming a metastable mixture while still 

suspended above the main fluid interface. The density of this mixture eventually caused it to 

fall to the base of the geometry; however, the mass was diluted until the inertia of the 

mixture impacting the liquid phase was insufficient to cause a recession from the wall. 

In the experiments of Cruchaga et al. (2007), a recession of the interface from the 

wall was not recorded near t = 1. The TR = 1 simulation was also found to predict this 

behaviour, but the similarity was solely due to spontaneous drop shrinkage, not the physical 

properties of the system. Nonetheless, the results from TR = 1 did provide insight into the 

source of the subsequent discrepancies between the experimental and numerical results 

shown in Figs. 5.13 and 5.14. As the interface receded from the wall, surface forces and 

inertia from droplet impacts resulted in an increase in the dimensionless height at X = 0.27 

m, leading to the over-prediction observed in Fig. 5.13 near // = ls for both the VOF and 

TR = 0 simulations. Combined with the error introduced by a delay due to increased droplet 

falling times, the simulations only possessed qualitative similarities to experimental data 

following the initial impact of the leading edge with the wall at X = 0.42 m. While 

discrepancies between the numerical predictions and experimental data can be partially 

accounted for by the absence of turbulence, wall friction, and vertical shear induced by the 
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removal of the initial obstruction, the inclusion of these factors was not required to 

successfully highlight the effects of the energy function on flow predictions. 

The results shown in Figs. 5.11 to 5.15 illustrate the performance similarities of the 

VOF model and TVSED function at TR = 0 for the case of flow with minimal curvature, 

negligible surface forces, and little to no viscous shear acting on the interface. As curvature 

and surface forces are introduced, spontaneous drop shrinkage is expected to be more 

significant at 7 ^ = 1 , with viscous shear compounding the problem by shearing off the 

0 < ^ < 0.05 region. Such a system represents a worst-case scenario for continuity loss, and 

is embodied in the simulation of a droplet in simple shear flow. 

5.5.6 Droplet in shear 

The deformation of a droplet in low Reynolds number simple shear flow has been 

studied extensively in literature for Newtonian fluids (see reviews by Acrivos 1983; Rallison 

1984; and Stone 1994). In a surfactant free system operated at low Reynolds numbers, the 

droplet shape and orientation are dependent on the viscosity ratio of the droplet and 

suspending medium, A = rjd /rjs, and the capillary number, Ca, representing the ratio of 

viscous (shear) force to surface force. For low viscosity ratios, A -> 0, and small 

deformations, Ca «1, the final deformation of a droplet is solely a function of Ca : 

D = Ca = ^ ^ - (5.5.10) 

cr 

Where r0 is the initial bubble radius, G is the shear rate, r]s is the suspending fluid viscosity 

and cr is the surface tension. The dimensionless deformation parameter, D = (l — b)/(l + b), 

is generally used to quantify the degree of deformation for elliptical droplets, where / and b 

are the lengths along the major and minor axes. This relationship has been confirmed for 
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Ca «l and A « 1 both experimentally and computationally (Taylor 1932, 1934; Cox 

1969; Rallison 1981; Pozrikidis 1993; Loewenberg & Hinch 1996). 

At higher capillary numbers, C a » l , Hinch & Acrivos (1980) assumed that the 

droplet had a circular cross section, and used slender body theory to predict l/ra for a 3D 

droplet: 

— s3.45Ca1/2 (5.5.11) 
ro 

Hence, the deformation parameter can then be estimated by fitting the predicted value of / to 

an ellipsoid, calculating the corresponding minor axis length which would result in a 

conserved droplet volume: 

Experiments carried out by Canedo et al. (1993) found that Eq. (5.5.11) resulted in an 

over-prediction of droplet deformation due to the presence of an elliptical droplet cross 

section. For the range of capillary numbers evaluated (3<Ca<50) , they found their 

deformation data for 3D droplets was well described by: 

— = 3.1Ctf043 (5.5.13) 
ro 

For intermediate capillary numbers and An = O(l0~7 J, Rust and Manga (2002) confirmed the 

validity of Eq. (5.5.10) up to Ca = 0.5, and Eq. (5.5.11) for Ca > 1. At values of Ca 

between 0.5 and 1, the majority of measured deformations were below those predicted by 

Eqs. (5.5.10), (5.5.11) and (5.5.13). 

Two-dimensional simulations were carried out within this intermediate capillary 

number range to maximize viscous shear and droplet deformation, while avoiding the 
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prohibitive mesh resolution required to capture the extremities of a droplet at high capillary 

numbers. The parameters used for the VOF and TVSED cases were based on the 

experimental values reported by Rust & Manga (2002) for an air bubble suspended in corn 

syrup: ps = 1360kg m"3, 77s=137Pa s, pd=\.2 kg m"3, rjd=\0~5J>a s and 

cr = 0.082 N m"1. A droplet with radius, r0 =0.001 m, was initialized in the centre of a 

0.01 m x 0.006 m 2D computational domain using Eq. (5.2.17), and conditioned for 1000 

time steps through the solution of Eq. (5.3.1) with C r = 0 . 0 1 . Following the initial 

conditioning, a steady-state solution was obtained for a shear rate of G = 0.38481 s"1 with 

Cu = 0.005, corresponding to a capillary number of Ca = 0.6429 . Mesh independence was 

confirmed for TR = 0 through the comparison of results obtained at three mesh resolutions: 

160x96 cells, y/ = 0.000375 m; 320x192 cells, xp = 0.0001875 m; and 640x384 cells, 

y/ = 9.375 xl0"5m. 

The deformation parameter and angle of deformation at each mesh resolution is 

provided in Table 5.2, where a 1% variation in the predicted values is observed when the 

mesh resolution is doubled from 320x192 cells to 640x384 cells. Under these conditions, 

Table 5.2 Mesh dependence of the deformation parameter and the angle between the major droplet 

axis and x-axis at t = 9 seconds for TR = 0. 

160x96 320x192 640x384 
y/ = 0.000375 ^ = 0.0001875 y/ = 9.375x10" 

Deformation: 0.5068 0.5899 0.5826 
Angle: 23.40 20.36 20.59 
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both Eqs. (5.5.10) and (5.5.11) predicted a deformation parameter of D = 0.6429, Eq. 

(5.5.13) predicted a value of D = 0.6082 , and the analysis of Rust and Manga's data (2002) 

yielded an experimental value of D = 0.5853 . 

The transient behaviour of the deformation parameter obtained with a 320x192 mesh 

resolution is illustrated for a 2D droplet in Fig. 5.16 for the VOF model and TVSED function 

at TR = 0 and TR = 1. All three models yielded similar results for the initial deformation, 

with deviations occurring as significant curvature was introduced on the elongated ends of 

the air bubble. The VOF model yielded a final deformation of D = 0.611, close to that 

predicted by Eq. (5.5.13), while the deformations predicted at 7^=0 and 7^=1 were 

D = 0.587 and D = 0.557 respectively. The results for the TVSED function approximate 

the empirical data from Rust & Manga (2002), where both TR = 0 and TR = 1 

0 1 2 3 4 5 6 7 8 9 

Time (s) 

Figure 5.16 Predicted deformation of an air droplet suspended in corn syrup due to simple shear: 

r0 = 0.001m, A^ = 7.3xl0~8, Ca = 0.6429 , Re = 3.82xl0~6. 
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Figure 5.17 Contours of f at t = 9 s for the simulation of an air bubble under shear, carried out 

using the TVSED function at TR = 0 (right) and TR = 1 (left). 

yielded values of D below those predicted for 3D droplets by Eqs. (5.5.10), (5.5.11) and 

(5.5.13). The source of the discrepancy between the TR =0 and TR =1 results can be 

determined from the distribution of </> within the computational domain. The contours of (/> 

at t = 9 s are shown in Fig. 5.17 for TR = 1 (left) and TR = 0 (right). As the droplet deformed, 

shear along the edges of the interface smeared the 0 < p < 0.05 region in the TR = 1 

simulation, causing a loss in continuity and an apparent decrease in the equivalent initial 

drop radius, r0. As a reduction in r0 leads to lower values of Ca, the continuity loss 

resulted in a lower prediction of the deformation parameter. The TR = 0 simulation was a 

true representation of a conservative diffuse interface model, where the 0 < <f> < 0.05 region 

remained intact and the equivalent initial radius remained constant. 

After the bubble reached a stable shape in each simulation, the shear flow was 

removed and the bubble was allowed to relax to its original shape. Figure 5.18 illustrates the 

variation in the bubble shape during relaxation by plotting the normalized major axis length, 

v ~ ro Fvo ~ro), versus tit, where l0 is the initial major axis length of the deformed bubble, 
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and r is the surface tension time scale or characteristic relaxation time (Toramaru 1988; 

Guido & Greco 2001): 

t = 
r
0ns (5.5.14) 

For an air bubble in corn syrup, t -1.67 s. Rust & Manga (2002) also provided an 

exponential fit for their experimental data, where the shape of a relaxing droplet was 

approximated by: 

/ -

I —r 
o o 

r_o_ _ e-0 67(//r) (5.5.15) 

The variation in bubble shape for TR=0 was almost identical to experimental values 

reported for similar initial radii. While the VOF model closely matched Eq. (5.5.15) during 
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Figure 5.18 The relaxation of an air bubble's shape after shear flow is ceased for VOF and TVSED 

simulations: ro = 0.001m, An = 7.3xlO"8, Ca = 0.6429, Re = 3.82xl0"6. Predicted values are 

based on the empirical fit to experimental data reported by Rust & Manga (2002). 
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Figure 5.19 Continuity loss during droplet deformation in shear and subsequent relaxation for VOF 

and TVSED based simulations of an air bubble suspended in corn syrup. 

the initial relaxation, the formation of spurious velocity currents resulted in a slower 

relaxation rate as the droplet neared its original shape. For TR = 1, the relaxation rate was 

slightly over-predicted due to smearing of the interface and continuity loss as the initially 

rapid contraction of the bubble occurred. The smeared region was eventually restored, where 

the slower relaxation rate from t/t = 2 to 4 was the result of a gradual reversal of the 

continuity loss observed shortly after shear flow was removed. This behaviour can be seen 

in Fig. 5.19, where the percentage continuity loss of the TR=\ simulation is reduced from 

1.56 % at t = 2r to 1.48% at t = 4t, representing approximately 50% of the continuity loss 

that occurred after the shear flow was removed. It is noteworthy that continuity loss was 

negligible throughout deformation and relaxation at TR = 0, highlighting the advantages of 

TR = 0 over TR = 1 for simulating shear flow. 
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5.6 Concluding Remarks 

The computational study of two-phase fluid mechanics often requires the tracking of 

fluid interfaces to resolve the interactions between phases leading to breakup and 

coalescence, phase transitions, and inter-phase mass and energy exchange. As an interface 

tracking technique, the DI approach offers many advantages when tracking such phenomena, 

at the expense of increased computational cost arising from greater mesh refinement. With 

few exceptions, the mesh resolution needed to resolve free energy variations across an 

interface and to control continuity losses from phase inter-penetration has limited the DI 

approach to 2D and axisymmetric flow in simple geometries. 

This paper explored the energy dependency of the three mechanisms responsible for 

continuity loss for a range of quadratic simplified energy densities described by the TVSED 

function. The existing limitations of the DI approach were illustrated through the solution of 

three scalar transport benchmark cases solved at TR = 0 and TR = 1: perceived continuity 

loss of a quiescent droplet (§5.5.1), spontaneous merging of adjacent droplets (§5.5.2), and 

continuity loss during scalar transport (§5.5.3). In brevity, free energy analysis and scalar 

transport simulations in §5.5.1 and §5.5.3 illustrated the elimination of spontaneous drop 

shrinkage as TR —> 0, where interfacial smearing during convection was significantly 

reduced due to the absence of a metastable thermodynamic region. The independence of 

spontaneous drop shrinkage and convective smearing was confirmed through diagonal 

convection simulations of partially and fully relaxed initial conditions, as illustrated by the 

overlap of convective continuity losses shown in Fig. 5.8. At TR = 0 , continuity loss was 

minimized, the adsorption of adjacent droplets through the metastable region was eliminated, 

184 



and the mobility parameter could be selected based on temporal stability constraints instead 

of continuity-based constraints. 

Three typical two-phase flow benchmark simulations were solved to compare the 

performance of the proposed DI method at TR = 0 and TR = 1 to that of the VOF approach. 

From the pressure rise simulations in §5.5.4, the need for a modified surface force term was 

identified for TR = 0, leading to the proposed linearization and centralization technique 

which significantly improved the performance of Kim's model (2005) at 7 ^ = 0 . The 

collapsing column simulation shown in Fig. 5.15 illustrated the similarities between VOF 

and TR = 0 results with minimal mesh refinement, while providing a clear example of 

spontaneous drop shrinkage impacting interfacial behaviour at TR = 1. Finally, simulations 

of droplet deformation and relaxation in simple shear flow highlighted the performance 

improvements of the proposed approach. At TR = 1, continuity losses caused by portions of 

the interface shearing away resulted in an under-prediction of the deformation parameter and 

an inconsistent droplet relaxation rate. In contrast, continuity was conserved at TR = 0, with 

the predicted droplet deformation and relaxation rates in reasonable agreement with 

empirical data reported by Rust & Manga (2002). 

This work has focused on eliminating the continuity-loss mechanisms responsible for 

the constraints placed on the mobility parameter and interfacial width, thereby reducing the 

mesh requirements in 2D and 3D simulations and improving the overall performance of the 

DI method. As such, the relative performance of the proposed implementation has been 

discussed for each two-phase benchmark case, rather than the detailed physics involved. 

Nonetheless, the proposed TVSED function was implemented and validated in a fully 

185 



parallelized math-based 3D unstructured mesh solver with adaptive meshing capabilities, and 

can be easily extended to multi-phase flow in complex 3D geometries. 
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Nomenclature 

aEOS van der Waals attraction parameter 

ai, a2 Hypergeometric function parameter 

AR Column aspect ratio 

bEOS van der Waals repulsion parameter 

bx Hypergeometric function parameter 

C r Diffusive Courant number 

Cv Convective Courant number 

f(<f>) Free energy density function 

f'(</)) Firs t de r iva t ive o f f{<f) w i t h respec t to </> 

f "(</>) S e c o n d der iva t ive o f f(<p) w i t h respec t to p 

2FX Hypergeometric function 

F\<p) Normalized excess free energy 

Fs Surface force contribution [kg m"2] 

g Acceleration due to gravity [m s"2] 

H\<p\ Helmholtz free energy function [kg m2 s"2] 

J Diffusive flux [kg m" s" )] 

kfj Temporal slope function for ERK4 method [s"1] 

L Initial column width [m] 

n Surface force modifier 

p Pressure [Pa] 



R Universal gas constant 

rc Critical radius [m] 

ri Inflection point radius [m] 

r0 Initial drop radius [m] 

t Time [s] 

T Absolute temperature [K] 

Tc Critical temperature [K] 

TR Reduced temperature 

u Volume averaged velocity [m s"1] 

V Volume of the computat ional domain [m ] 

x Radial posi t ion in 1-D equil ibrium profile [m] 

X Horizontal posi t ion [m] 

Y Vertical posit ion [m] 

Ax Grid cell characteristic length [m] 

cp Filtering parameter 

r Mobili ty [m3 s kg"1] 

T c Critical mobili ty [m3 s kg"1] 

E Capillary width [m] 

£(<f) Modified diffusivity function 

n Viscosity [Pa s] 

A Mixing energy density [kg m s" ] 



p Chemical potential [kg m" s" ] 

p Density [kg m"3] 

cr Surface tension [N m"1] 

<f) Volume fraction 

^center Centre value of the free energy function 

3* Molar density for E O S linearization 

xp Physical thickness of the interface [m] 

Subscripts 

A Phase A 

B Phase B 

C Critical 

High Filtering and Factor for <j> > 1 

i Inflection point for critical radius 

/ Current step in E R K 4 technique 

Low Filtering and Factor for <f> < 0 

n Current t ime step 

o Initial 

R Reduced 

S Surface force 

U Convective 

T Mobili ty 

(j> Term evaluated for volume fraction 
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5.A Appendix material: Initial conditioning continuity loss 

In a previous review of the manuscript contained in chapter 5, one of the reviewers 

expressed concern over the existence of the spontaneous drop shrinkage phenomenon 

reported by Yue et al. (2007). In the reviewer's response, the observed continuity loss was 

attributed to the transition from the ID analytical solution used to initialize each case to the 

true 2D equilibrium profile of <f>. The following analysis quantifies the change in the 

projected area of the <j> >= 0.5 region that would occur during this transition, and compares 

the results to those obtained from the numerical implementation outlined in this manuscript. 

5.A.1 Proposed form for the 2D solution 

Consider a two-dimensional simulation where a circular region of radius of r0 = 16 is 

placed at the center of a 128x128 computational domain. The distribution of the order 

parameter, p, at a given radial position, r, is initialized with the ID analytical solution for a 

given interfacial width, y/, where the following equations apply for TR - 0 and TR = 1: 

(assuming <f> = 1 inside the region) 

ID Solution for TR = 0: ^ = 0.5+ 0.5 sin 
\[2, , 

£ 
£ = ¥ 

V2arcsin(l-2<p) 

ID Solution for TR = 1: ^ = 0.5 + 0.5tanh 
We{r°-r) £ = 

¥ 
2V2 arctanh(l - 2cp) 

For a two-dimensional case, the requirements for equilibrium can be expressed in 

polar coordinates as: 

Requirements for Equilibrium (2D): —j- H — - ^ = 0 
dr r dr £ 



The solution to this second order nonlinear ODE cannot be obtained analytically, and 

a numerical solution would require two boundary conditions where only one could be 

defined without affecting the viability of the solution obtained (i.e. the value of <f> at any 

other point within the interface is unknown, and the slope is unknown). 

An alternative approach to obtaining a solution that satisfies the requirements for 

equilibrium in 2D involves the modification of the ID equilibrium profiles. Assuming that 

the addition of the term introduces a variable degree of skew into the 2D equilibrium 

r dr 

profile relative to the ID solution, the 2D profile can be approximated by incorporating a 

radius-dependent multiplication factor, b, into the ID solution: 

ForTR=0: ^ = 0.5+ 0.5 sin b (\2D-r) 
£ 

ForTR=\: ^ = 0.5 + 0.5tanh b- r - V0.2D r) J2e 

The expressions for £ remain the same as was used for the ID solutions. While the 

introduction of b into these equations would affect the true value of epsilon needed to control 

the interfacial width, this analysis is interested in the 2D solution that would be obtained for 

a case initialized with the ID equilibrium profile and epsilon value. 

5.A.2 Conditions for equilibrium 

Expressions for the derivatives and f'\<p) for each of the proposed solutions can 

subsequently be determined: 
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For TR=0 \ 

For TR=\ < 

dp _ b 

dr 42s 

d2p _ b2 

dr2 £ 

f\p) = \-2p 

dp 

dr 

d2(j) 

dr2 

cos b (r0,2D-r) 
£ 

sin b (r0,2D-r) 
£ 

2^2E 

' 2£2 

1- tanh 

tanh 

bj^(\2D-r) 

b7Ts{r°-r) - t a n h ' bj=-(r0,2D-r) 

f'fa) = 2tfL-+Xl-24) 

Substituting these expressions into the requirements for equilibrium and simplifying yields: 

b£ 
For TR = 0: (l-Z>2)sin b (\2D-r) 

£ 42i -cos 
h (r0j2D-r) 

£ 
0 

(z>2-l)tanlr 
For TR = 1: 

42t •(
r0,2D-r) 

b£ , 2 + -i=- tanh2 

42r 
bJ^(r°2D~r} 

+(l-/72)tanh bj=-(r02D-r) 
b£ 

-for 
= 0 

Note that in calculating the derivatives, we have assumed that b remains constant for 

simplicity (as the nature of the dependency of b on the radial position is not trivial). This 

assumption is fairly accurate near the edges of the interface, where is minimized and b 

r dr 

approaches a constant value. However, this assumption is not valid in the central region of 

the interface, where the only solution to the requirements for equilibrium derived here is b = 

0. Fortunately, p" in this region is almost linear, allowing for the use of linear interpolation 
to reconstruct the equilibrium profile. 
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For a given radial position, r, initial radius r02D, and epsilon, the value of b satisfying 

the requirements for equilibrium can be determined through the solution of each non-linear 

equation. Once b is known at a given radial position, <p" can be calculated directly. The 

continuity loss associated to the shift from the ID to 2D equilibrium profile can then be 

determined by comparing the radial position of the p" = 0.5 contour when both profiles have 

the same volume integral of (f>. 

5.A.3 Graphical representation of instability region 

Linear interpolation was used to estimate ^ in the central region of the interface 

where the method employed in this analysis could not yield an accurate solution. Figure 

5.A.1 illustrates the instability in the determined value of (/> for TR = 0, y/ = 6, and the 

corresponding linear fit within the region. As can be seen, <f> is fairly linear within the 

central region. 

Note that for TR = 0, the linear fit was constructed from 0.2 < ^ < 0.3 and 

0.6 < (f> < 0.7, while for TR = 1, the fit was constructed from 0.25 < ^ < 0.35 and 

0.65<^<0.75. 
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Figure 5.A.1 Linear fit applied in the central region of the 2D equilibrium profile of <j) 

5.A.4 Numerical implementation 

An Excel spreadsheet was developed to determine the value of r0 2D that would result 

in the 2D equilibrium profile having the same volume integral of ^ as a ID equilibrium 

profile of initial radius, r0 =16. 

For a given estimate of rQ 2D, the value of b was evaluated at radial positions ranging 

from 0 < r < 32, with each position separated by a user-defined step size, dr. The resulting 

^ profile was integrated using Simpson's 1/3 rule, where for a step size of dr = 0.1 the 

integral is evaluated as: 

2n{dr) 
Integral = 

to r=31 9 to r=31 8 "\ 

3 2 ^ + 4 5>£+2 Y/*r 
r=0 1,0 3,0 5 r=0 2,0 4,0 6 _, 
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This integral was then compared to that obtained from the ID equilibrium profile, 

evaluated at the same radial points and integrated using Simpson's 1/3 rule. The value r0 2D 

was increased if the 2D integral was less than the ID integral, and decreased if the 2D 

integral was greater. Once the integrals were evaluated at two different estimates for r02D, 

the false-position root-finding method was used to estimate the next value of r0 2D. 

This process was repeated until the ID and 2D volume integrals of ^ were equal, 

yielding the 2D equilibrium profile that would be obtained when a case was initialized with 

the ID analytical solution. The step size, dr, was subsequently reduced to check 

convergence, ranging from dr = 0.1 to dr = 0.05, dr = 0.025, and for one case, dr = 0.0125. 

For each converged solution, the radial position of </> = 0.5 was determined, and the 

projected area was compared to that of the ID equilibrium profile. 

CFD Simulations were also carried out for y/ = 6 and y/ - 3 at TR = 0 and TR = 1. 

The results have been used to validate the analysis proposed here, and to compare the 

predicted continuity losses to actual values observed in practice. 

5.A.5 Results: Validation of the 2D equilibrium profile 

In order to validate the 2D equilibrium profile obtained using this analysis, the 

deviation of the calculated profile from the initial ID analytical solution was compared to 

that obtained using CFD simulations completed with two grid resolutions. The results are 

shown in Fig. 5.A.2 for TR = 0, y/ = d. 
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Figure 5.A.2 Comparison of the deviation from the ID equilibrium profile obtained 

from CFD simulations and from the proposed analysis. 

Note that it would not be possible to accurately validate the 2D profile obtained at 

TR = 1 for the interfacial widths used, as any results from CFD simulations would be affected 

by the initial stages of spontaneous drop shrinkage. 

The predicted deviation of the 2D equilibrium profile from the ID analytical solution 

matched fairly well with the steady-state CFD results obtained at TR = 0. Note that a certain 

degree of error is present in the central region of the interface, as was expected when b was 

assumed constant for the purposes of taking the derivative of <j>. 

Regardless, the 2D equilibrium profile predicted by this analysis was close enough to 

the CFD solution to obtain reasonable approximations for the continuity loss associated to 

the shift in the equilibrium profile of ^ when initializing a case using the ID analytical 

solution. 
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5.A.6 Continuity loss results and convergence testing 

The variation in calculated continuity gain/loss with a reduction in dr (mesh 

refinement) is given in table 5.A.1, along with the corresponding continuity gain/loss 

observed in CFD simulations: 

Table 5.A.1 Initial gain/loss in continuity resulting from the use of the ID solution to initialize 

the equilibrium profile of a 2D droplet. 

TVSED: TR=1 (Double Well Function) 

Calculated Continuity Gain 

Thickness dr=0.1 dr=0.05 dr=0.025 dr=0.0125 CFD Result 

6 0.08000% 0.08199% 0.08280% — 0.00000% 
3 — 0.01989% 0.01986% — 0.01879% 

TVSED: TR=0 

Calculated Continuity Loss 

Thickness dr=0.1 dr=0.05 dr=0.025 dr=0.0125 CFD Result 

6 -1.35385% -0.18814% -0.18828% — -0.17934% 
3 -0.04518% -0.04438% -0.04591% -0.04590% -0.00223% 

The CFD results were obtained using the numerical implementation outlined in 

chapter 5. The values given represent the maximum continuity gain (7^ = 1) or loss (TR = 0) 

observed within the first 3 seconds of conditioning time for each simulation carried out on a 

128x128 domain with a cell width of 0.5 (256x256 mesh resolution). The selected 

conditioning time (3 s) was sufficient for the TR = 0 simulations to reach steady-state. 

Note that in the case where spontaneous drop shrinkage is eliminated (TR = 0), the 

results are very close to estimates obtained in this analysis. Likewise, the CFD results and 

estimated continuity loss were very close for TR = 1, xp- = 3 . The only significant deviation 

was for TR = 1, y/ = 6, where no continuity gain was observed. This was most likely due to 
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the initial stages of spontaneous drop shrinkage offsetting the very small continuity gain that 

would have been observed. In all cases, the maxima and minima were observed within the 

first time steps of conditioning, after which point either a stable value was observed for the 

projected area (TR = 0), or a gradual loss of continuity was observed (TR = 1). 

5.A.7 Conclusion 

In all cases tested for TR= I, the continuity gain associated to the shift in <p" from the 

ID to the 2D equilibrium profile was not significant when compared to the overall continuity 

loss observed during conditioning. This clearly illustrates that the spontaneous drop 

shrinkage phenomenon detailed in the work of Yue et al. (2007) does in fact exist, and is not 

simply the result of using the ID analytical solution to initialize multi-dimensional 

simulations. This analysis has also illustrated that the continuity loss observed for 7^ = 0 is 

primarily the result of the shift from the ID to 2D equilibrium profiles, as postulated in 

§5.5.3. 
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Chapter 6 

Conclusions and future research 

6.1 Conclusions 

Novel developments in chemical engineering processing are focused on 

miniaturization of reactor flow systems. As new applications for mini and micro-scale 

contactors are developed, mixing arrangements commonly employed for single phase flow 

are being considered in multi-phase systems. The planar serpentine channel is one such 

arrangement, found in compact heat exchangers, turbines, mini/micro-reactors and fuel cells. 

While extensive literature is available for configurations with long lengths between 

alternating 180° return bends, a limited understanding of the hydrodynamics and mass 

transfer characteristics exists when this distance is reduced. In order to address some of 

these issues, the flow pattern transitions, pressure drop, potential impact on mass transfer and 

suitability of common multi-phase CFD approaches were studied in this work. First, the air-

water flow pattern generated by a cross-flow T-junction contactor was characterized, and the 

variation in flow pattern studied for two serpentine geometries with different radii of 

curvature. Pressure drop in the straight and serpentine sections were measured for single and 

two-phase flow, and correlated using a modified separated flow model. Mass transfer 

models of varying numerical complexity were assessed for straight channels, and extended to 

curved flow to obtain conservative estimates for shear-induced enhancement of inter-phase 

mass transport. Finally, a diffuse interface CFD approach suitable for tracking topological 

transitions in surface-tension dominated flow is presented, with a detailed analysis of current 

limitations and modifications needed to enhance performance when modeling immiscible 
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fluids. An overall summary of conclusions, describing the findings in this thesis, are 

presented in this chapter. 

The initial formation of two-phase flow patterns in a cross-flow T-junction contactor 

and the resulting effect on the flow through serpentine geometries was studied to predict the 

initiation of bubble breakup and/or coalescence in planar serpentine arrangements. An 

investigation of the flow patterns formed and bubble size distributions generated by the 

cross-flow T-junction led to the extension of scaling laws derived for square micro T-

junctions to circular mini-scale systems; successfully predicting bubble lengths for bubbly 

and plug/unstable-plug flow at 545 < Re iG < 4675, 0.0035 < CaL < 0.025 and 

0.0015 <CaG <0.03, and enabling the use of an analytical expression to describe the 

transition between bubbly and plug flow. Single phase dimensionless analysis for curved 

geometries was extended to two-phase flow to identify the geometric dependence of critical 

bubble breakup. Further analysis performed showed that the characteristic length for curved 

geometries encountered in the Dean number for single-phase flow was suitable for capturing 

the effects of curvature on the initiation of bubble breakup. A critical value of WeLGLc =10 

was identified for predicting bubble breakup inception in the serpentine system, while values 

of WeLGLc * 3 and WeLGLc «15 corresponded to the initiation of appreciable bubble 

deformation and continuous breakup of large bubbles, respectively. The mechanisms of 

bubble coalescence were discussed, and the residence time within each 180° return bend 

identified as predominant factor affecting bubble grouping due to draining of the liquid slug. 

To maintain fully developed plug flow, rc should be minimized whenever curvature is 

introduced into a design; be it for enhancing radial mixing or increasing the reaction time 

within a given geometric footprint. 
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Single and two-phase pressure drop experiments carried out in straight and serpentine 

geometries provided the friction factors and empirical constants for a two-phase separated 

flow model. The single-phase friction factor in the straight channel followed laminar theory 

up to ReL = 2300, at which point the transitional regime to turbulence was observed. For the 

serpentine unit cell, the magnitude and behavior of the friction factors for both values of rc 

was accurately correlated using a simple power model, with values between that of a straight 

channel and fully developed flow in a helical coil. Two-phase flow pressure drop in the 

straight channel was well correlated by a WeLG and sG dependent empirical constant 

modifying the Laplacian contributions in the separated flow model. A similar approach was 

taken for the prediction of multi-phase flow in the serpentine geometry, resulting in the 

identification of five regions of pressure drop behavior characterized by either a high volume 

fraction of one phase (bubbly or unstable annular flow), or critical values of 2.7 and 15.5 for 

WeLGLc (plug, unstable plug and slug flow). These values correspond to flow transition 

boundaries between different extents of bubble deformation and breakup within the 

serpentine previously observed in Chapter 2. Empirical correlations for/in each region were 

developed and discussed, followed by estimates of the pressure drop across the rc = 3 mm, 

Nuc = 3.5 and rc = 6 mm, Nuc = 4.5 geometries. 

Four numerical frameworks for the prediction of mass transfer in idealized Taylor 

flow were studied to determine the effects of simplifying assumptions on the overall mass 

transfer coefficient. While simple to implement, the homogeneous mixture and perfectly 

mixed models frequently overestimated kLa and mass transfer due to the assumed mixing 

properties between the slug film and slug bulk. By accounting for mass transfer resistance 

between these regions, the slug film model was able to reproduce the parametric 
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dependencies of faa observed in previous experimental and CFD-based literature, while 

avoiding the need for an iterative solution. As an intermediate step between the slug film 

model and a full CFD simulation of mass transport, the circulating slug model produced faa 

estimates slightly lower than those of the slug film model. Nonetheless, the parametric 

dependencies of the predicted mass transfer coefficient were similar. In each of the 

aforementioned models, neither film nor cap mass transfer could be reasonably neglected for 

unit cell lengths and gas phase holdups suitable for industrial applications. Subsequent 

extension of the slug film model to a simplified representation of flow through a curved 

geometry predicted a 1 to 7% increase in mass transfer relative to a straight channel. Due to 

the simplifying assumptions applied, the mass transfer enhancement observed experimentally 

is expected to be higher, where curvature-induced secondary flows would significantly 

decrease the liquid packet contact time used by Higbie penetration theory in the prediction of 

kLa. 

The CFD analysis of multi-phase flow thorough serpentine mini-channels operating 

at elevated flow conditions is limited by a lack of interface tracking techniques suitable for 

modeling complex topological changes within an unstructured mesh at geometric scales 

where surface forces are dominant. While the diffuse interface approach was identified as a 

suitable candidate, it is currently limited to highly structured geometries where 2-D 

axisymmetric meshing can be applied in conjunction with higher-order spatial discretization 

schemes to mitigate numerical inaccuracies and spontaneous drop shrinkage arising from the 

continued use of the double-well energy density function. Through the use of the proposed 

TVSED function, the energy-dependence of current limitations of the diffuse interface 

approach was investigated, and a numerical methodology developed which eliminates the 

spontaneous drop shrinkage phenomena. Subsequent validation using traditional benchmark 
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simulations showed comparable performance between the VOF and proposed approach at 

conditions where the traditional double-well function failed to accurately capture the 

interaction between phases. The proposed methodology relaxes numerical constraints on the 

mobility parameter and Cahn number currently used for the double-well function, decreasing 

the mesh resolution needed for 3-D simulations and increasing the time step which can be 

taken without introducing numerical instability. 
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6.2 Future research 

The following recommendations are proposed for further research in the studies of 

two-phase flow in mini-scale serpentine channels: 

• Study the effect of channel diameter and additional radii of curvature to confirm the 

suitability of WeLGLc for characterizing curvature-induced flow pattern transitions, 

bubble breakup and pressure drop through the serpentine unit cells. 

• Examine alternate gas-liquid and liquid-liquid fluid pairs representative of actual 

industrial process conditions. 

• Experimentally investigate the enhancement of mass transfer within the serpentine 

geometry operating at elevated Weber numbers. One suggested approach is the use 

of either reactive absorption or gas phase absorption techniques commonly applied to 

Taylor flow in straight channels. 

• Numerically investigate the local interactions between circulation patterns within the 

liquid slug and the bubble cap using the VOF and Diffuse Interface CFD approaches; 

quantifying interfacial shear, temporal variation of cap and film area, and the 

suitability of the periodic unit-cell approach for modeling fully developed two-phase 

flow in the serpentine geometry. 

• Incorporate additional mass transport equations into the aforementioned CFD 

simulations to evaluate kLa between the deforming bubble and circulating liquid slug. 

• Extend the scope of this study to alternative mixing designs. 
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Appendix A.l 

Manufacturing technique for the serpentine geometries 

The following manufacturing technique for producing circular serpentine geometries 

suitable for visual investigation was developed in collaboration with David Smith at the 

National Research Council, M-4, 1200 Montreal Rd., Ottawa, Ontario, Kl A 0R6. 

A.l.l Geometry specifications 

Four geometries were manufactured using the techniques outlined in this appendix 

for the purpose of studying multi-phase flow through serpentine geometries. Each geometry 

was constructed of two mirror-patterned acrylic pieces bonded together to form a circular 

channel cross-section with a desired diameter of d = l±0.0762mm. Figure A.l.l through 

A. 1.3 shows an example of one of the milled acrylic pieces with 3.5 repeating serpentine unit 

cells and a radius of curvature, rc= 3mm. 

Figure A.l.l 3D representation of a manufactured piece with rc = 3mm and 3.5 serpentine unit cells. 
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Figure A.1.2 Key geometric parameters of a manufactured piece with rc = 3mm and 3.5 serpentine 

unit cells. 
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Figure A.1.3 Profile of raised portion of the geometry with a 1 mm grove cut for the flow path. 

A.1.2 Materials of construction 

All pieces were constructed from 3/8" cast acrylic. Extruded acrylic sheets were 

avoided due to the inherent stresses present from the extrusion process, which was found to 

create sufficient warping during manufacturing to significantly affect reproducibility and 

cutting tolerances. 
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A. 1.3 CNC equipment and cutters 

A Hass VF1 CNC machine along with Gibbs machining software were used to design 

and fabricate each of the geometries. The semi-circular groove was cut with a 1 mm carbide 

ball endmill, supplied by De Boer (#115-0100-202, #lmm 2F BN). A 2 mm carbide ball 

endmill was used for a 10mm length at each inlet and outlet for subsequent insertion of tube 

connectors (Scanivalve TC 063-040 R). 

A. 1.4 Machining (Courtesy of David Smith) 

Machining of each half of a patterned pair needed for the construction of each 

geometry was completed via the following steps: 

1) For a base-plate, a piece of aluminum was inserted into a vice and machined flat 

2) Oversized pieces of cast acrylic were then glued onto this flat surface (care had to 

be taken to ensure that the glue did not interfere with the machined channels. 

3) Using a 1/8" endmill , 1mm ball endmill , 2mm ball endmill , %" spot drill , 

0.180" drill, 6" facemill and a 0.1875" reamer. The parts would be machined as 

per the program developed for each application. 

a. A "skim cut" was done first, involving the removal of 0.01" of material 

from the entire piece to create a flat surface. 

b. The 1/8" endmill was used to machine away the material to create a raised 

portion (approximately 5 mm wide) on which the 1mm and 2mm grooves 

were then machined. The 1mm to a depth of .5 mm, the 2mm to a depth of 

lmm. 

c. The 2 mm groove was used to hold the tube connectors (Scanivalve TC 

063-040 R), the lmm groove was the test area for subsequent 

experiments. 
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d. The 0.180" drill and reamer created two holes that are used for location 

purposes only when bonding the two mirror-patterned pieces together. 

e. The V" spot drill was used to create a chamfer along the edge of the raised 

portion. This provided a "V groove" which allowed for better control of 

the gluing applicator when assembling the two pieces. 

4) The part was then cleaned and an inspection then took place. 

a. Using a dial indicator with a resolution of 0.0005 and a 0.031 diameter 

pin, the flatness and depth of the groove were inspected. 

b. Holding the indicator in the spindle of the machine, and using the machine 

controls, the indicator would be moved over the finished surface and any 

variances noted. 

c. If the part's flatness was not within 0.001" then a skim cut of 

approximately 0.003" was taken off the top face. 

d. The groove was inspected by inserting the 0.031 diameter pin into the 

lmm wide groove. If machined to the correct depth (0.5 mm 0.0197") 

the pin would be protruding above the reference surface by 0.0113". The 

part would be considered acceptable if the groove was within the tolerance 

of 0.0205" to 0.019" deep. 

e. If the groove was not within the acceptable tolerance, then the reference 

face would be machined or the depth of the groove would be machined. 

f. A number of machining passes were typically required to achieve the 

desired tolerance for the channel depth. 

5) The glue bond to the aluminum base-plate would then be broken by using a soft 

faced mallet. 
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6) The mirror image of that part would then be machined using the same procedure 

as above. 

7) Prior to bonding, the parts are washed thoroughly and the mating surfaces hand 

lapped using emery paper #240. This ensured that the parts were perfectly flat 

and that the glue would not migrate into the lmm groove. 

A.1.5 Bonding of mirror-patterned pieces 

Unlike conventional glued parts, the two pieces needed to be bonded together in such 

a way as to ensure a strong bond without introducing a gap between the pieces, and without 

allowing the bonding medium to migrate into the channel. Dichloromethane was 

subsequently selected as a solvent to melt the contacting surfaces between the two pieces, 

instantly resulting in a permanent bond which was capable of withstanding pressures up to 

30psig without leaking. 

The parts needed to be bound together using low normal forces to ensure the glue 

sealed the contacting surfaces without allowing the glue to enter into the machined lmm 

groove. Using a syringe needle with a Teflon extension tube, the solvent was applied along 

the mating edges of the two parts. The chamfer on the edge helped to guide the Teflon tube 

and also provided a valley for the glue to collect in. 

A.1.6 Testing 

The assembled parts were initially tested by inserting the glued assembly into water 

and injecting air into the grooves. Any large leaks would result in bubble formation along 

the glued edge, easily detected by visual inspection when the part was under water. If the 

bond appeared leak-proof, the system was pressurized to 30psi with water and rechecked. 

Depending on the extent of any leaks present, the part would either be patched or completely 

re-manufactured. 
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