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Abstract

In this dissertation, we examine specific network connectivity problems, and
achieve improved approximation algorithm and integrality gap results for them. We
introduce an important new, highly useful and applicable, network connectivity prob-
lem — the Vital Core Connectivity Problem (VCC). Despite its many practical uses,
this problem has not been previously studied. We present the first constant factor
approximation algorithm for VCC, and provide an upper bound on the integrality
gap of its linear programming relaxation. We also introduce a new, useful, exten-
sion of the minimum spanning tree problem, called the Extended Minimum Spanning
Tree Problem (EMST), that is based on a special case of VCC; and provide both
a polynomial-time algorithm and a complete linear description for it. Furthermore,
we show how to generalize this new problem to handle numerous disjoint vital cores,
providing the first complete linear description of, and polynomial-time algorithm for,
the generalized problem.

We examine the Survivable Network Design Problem (SNDP) with multiple
copies of edges allowed in the solution (multi-SNDP), and present a new approxi-
mation algorithm for which the approximation guarantee is better than that of the
current best known for certain cases of multi-SNDP. With our method, we also ob-
tain improved bounds on the integrality gap of the linear programming relaxation of
the problem. Furthermore, we show the application of these results to variations of
SNDP. We investigate cases where the optimal values of multi-SNDP and SNDP are

equal; and we present an improvement on the previously best known integrality gap



bound and approximation guarantee for the special case of SNDP with metric costs
and low vertex connectivity requirements, as well as for the similar special case of the
Vertex Connected Survivable Network Design Problem (VC-SNDP).

The quality of the results that one can obtain for a given network design problem
often depends on its integer linear programming formulation, and, in particular, on
its linear programming relaxation. In this connection, we investigate formulations
for the Steiner Tree Problem (ST). We propose two new formulations for ST, and

investigate their strength in terms of their associated integrality gaps.
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Chapter 1

Introduction

1.1 Introduction

From communication lines, to pipelines, to roads, to railways, to electric circuitry,
to power lines, networks (and thus the design of networks) play an important role
both in our lives and in the functioning of our nation. Disruption of these networks
can have numerous and serious consequences, both in terms of cost, and in terms
of people’s lives. For example, snowstorms, forest fires, avalanches, floods, etc., can
occur which block or destroy roads or railway lines or bring down telephone poles.
This can isolate whole regions, especially those in remote locations, causing many
problems. Failure of a power line can cause loss of power to whole regions or to
critical power stations, unless another routing for that power is available. Similarly,
failure of a wire in a circuit board can have grave consequences if the wiring is not
constructed in a way that can survive such a failure. Fibre optic telecommunication
networks rely heavily on having a certain amount of robustness to loss of lines [25, 31].
When this is not the case, substantial loss can occur. For example, in 1993, a large
snow storm on the East Coast of the United States brought down the entire nation-

wide network of bank machines, causing the banking industry an estimated loss of
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about one hundred million dollars [57]. Clearly, the network had not been designed
with such a disruption in mind, nor had it been designed to limit or contain such a
disruption to a given region.

From these few examples, it is easy to see that the construction of survivable
networks is of paramount importance. Since we do not wish any of these networks,
and many others like them, to break down readily in the event of natural catastrophes
(ice storms, earthquakes, etc.) or man-made catastrophes (accidents, terrorism, etc.),
it is critical to be able to design reliable networks that can survive certain degrees of
loss to either links, centres, or a combination of both. In other words, given a network
of centres and specific non-negative costs for connecting any two centres with a link,
it is important to find a cheapest way to construct a network so that it can survive
the loss of a certain number of links (i.e., so that the network remains connected
even if a certain number of the links are lost). In addition, we may also have the
requirement that the network has the property that if certain centres are lost the
remainder of the network not only remains connected but also can survive the loss of
a certain (possibly different) number of links. In designing such networks, we would
clearly also prefer the networks to be constructed at the lowest possible cost, since
finding a solution that is either optimal or very close to optimal means substantial
financial savings for companies constructing such networks.

In this context of network design, “cost” can be interpreted as the construction
cost, and “reliable” as the continuation of services in the event of a catastrophe
causing the loss of a given number of “links” (i.e. communications cables, pipeline
segments, or transportation roads). Such a continuation of services is ensured by the
network having been designed in such a way that service can be restored by re-routing
through other existing centres and links. In some applications, it is useful to allow
more than one link (i.e., multi-links) to be built between a pair of centres in order
to build a reliable network at lower cost. Instances of this occur in the laying of

underwater cables between islands and a mainland, where a link failure is considered
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to be the failure of a cable.

Problems dealing with the design of reliable networks lie in the relatively recent
field of combinatorial optimization. This field is heavily used in modelling and is
related to the field of operations research, which came into being during World War
IT. Among other things, combinatorial optimization involves optimization problems
(minimization or maximization), linear programming, and approximation algorithms.
The applications include network design (transportation, communication, wiring of
microchips, neural networks in the brain, etc.), scheduling, and routing, to name a few.
For an excellent history of combinatorial optimization up until 1960, see Schrijver’s
work [56].

In combinatorial optimization, networks are generally modelled using graphs.
Graphs were first introduced and used in modelling in the 1700s when the Swiss
mathematician Leonhard Euler constructed one for the first time in answering the
previously long-standing question of the Konigsberg bridges problem!. A graph G =
(V, E)) is a structure consisting of a set of vertices V' and a set of edges E. In a simple
graph, every edge joins a unique pair of distinct vertices (so that there are no “loops”
where an edge joins a vertex to itself, nor are there any copies of an edge). If there
are multiple copies of an edge between at least one pair of distinct vertices in a graph,

the graph is called a multi-graph. In modelling network design problems, the vertices

Kénigsberg was the capital city of East Prussia (now Kaliningrad, Russia). The problem was
to determine if townsfolk could cross each of the city’s seven bridges exactly once and end at the
spot they had started (in later mathematical terms, the question was to determine if an Euler tour
existed). In solving this question, Euler removed distracting extraneous information by converting
the problem to a more abstract representation - what later became known as a graph - in which the
bridges (or “links”) were drawn as lines, and the islands and distinct pieces of land (or “centres”)
were drawn as circles. Using a graph representing the problem, Euler proved that the answer to the
Konigsberg bridges problem was “No” — in order to have a “network” in which all the links can be
travelled exactly once and one finishes where one started (i.e., at the same centre, or land mass), all

of the centres must be joined to an even number of links.
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of a graph represent the centres of the network, and the edges of the graph represent
the links of the network. A complete graph is one in which there is an edge between
every pair of distinct vertices. A weighted graph is a graph that has weights, or costs,
on its edges. Such costs represent the cost of building or maintaining that edge in the
network. For our purposes, these costs are always non-negative. When there are no
costs associated with the edges, the graph is called an unweighted graph. A subgraph
is a graph that consists of a subset of the vertices and edges of a given graph.

As we will see, many network connectivity problems are NP-hard. This implies
that they are hard to solve exactly to optimality. It is also considered highly unlikely
that a practical and efficient algorithm can ever be found that solves them. For such
problems, one aims at obtaining approximate, or near-optimal, solutions. To do this,
fast and efficient algorithms are developed which are guaranteed to return a feasible
solution that has a total cost within a small constant factor of the cost of the optimal
solution. This approach is useful since it can be done without knowing the optimal
solution, or even knowing the total cost of the optimal solution. An efficient algorithm
that can guarantee a solution whose cost is at most « times the cost of an optimal
solution (for some constant « > 1), is called an a-approzimation algorithm.

To express a network design problem (represented by a graph) in a way that can
be more easily explored mathematically, integer linear programming formulations are
often used. The relaxations of such formulations are useful in many solution tech-
niques that are used for NP-hard problems, and provide important lower bounds on
the value of the minimum cost solutions. Generally, different integer linear program-
ming (ILP) formulations exist for the same problem, some of which have linear pro-
gramming (LP) relaxations that yield better results for the problem than do others.
Thus, we also examine integrality gaps — a way of measuring how “good” the lower
bound provided by a certain linear programming relaxation is for a given problem.

This dissertation examines some specific network connectivity problems, with the

goal of achieving improved approximation algorithm and integrality gap results for
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these problems. This dissertation also introduces an important new, highly useful and
applicable, network connectivity problem, and presents an approximation algorithm
and integrality gap for it (as well as other results).

One of the specific problems we study is the (edge connected) survivable network
design problem (SNDP). This problem consists of finding a cheapest way to construct
a network so that it can survive the loss of certain numbers of links in certain areas of
the network. This is used, for example, in designing fibre optic telecommunications
networks [2, 25, 32]. More specifically, given a complete graph G = (V, E') with non-
negative edge costs, and vertex connectivity requirements r; on all its vertices ¢ € V,
we let the edge connectivity requirement 7;; of each edge ij € E be the minimum
vertex requirement of its two endpoints. Problem SNDP is then the problem of finding
a minimum cost subgraph that has, for each pair of distinct vertices ¢ and j, at least
r;; edge-disjoint paths between those two vertices. In a feasible solution of SNDP, the
loss of any 0 < [ < max;jecg 1;; edges still allows all vertices with vertex connectivity
requirement greater than [ to be connected to each other. If SNDP allows multiple
copies of the edges to be chosen in the solution, it is denoted by multi-SNDP. When
the edge costs ¢ € R¥ of a graph are non-negative and satisfy the triangle inequality
Cow < Cuyp + €y for all distinct vertices w,v,w € V, the costs are called metric.
Problem SNDP with metric edge costs is denoted by metric SNDP. In its general
form, SNDP was first studied in the early 1990’s [2, 28]. A brief summary of some of
the previously known approximation algorithms for SNDP is given in [1]. Currently,
the best general constant factor approximation guarantee for multi-SNDP and SNDP
is 2 [37].

If, instead of edge-disjoint paths, we require a minimum cost subgraph that has,
for each pair of distinct vertices 7 and j, at least 7;; internally vertex-disjoint paths
between those two vertices, then the problem is that of the vertex connected survivable
network design problem (VC-SNDP). Problem VC-SNDP with metric edge costs is
denoted by metric VC-SNDP. There is a 2-approximation algorithm for VC-SNDP
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with vertex connectivity requirements r; € {0,1,2}, ¢ € V [20]; however, no constant
factor approximation algorithm exists for the general VC-SNDP [20]. For a short
summary of some of the known results on VC-SNDP, see [20, 50].

A special case of SNDP and VC-SNDP is the well-known Steiner tree problem
(ST). Given a graph and a subset of its vertices (vertices in this subset are called
terminal vertices), this is the problem of finding a minimum cost connected subgraph
that connects the terminal vertices and contains no cycles. It may include all, some,
or none of the non-terminal vertices.

Problem SNDP encompasses many network design problems other than ST. In
its general form, it ensures that certain parts of the network remain connected even
if a certain number of the network’s links are lost. However, this does not capture
networks that have the additional requirement that if certain centres are lost the
remainder of the network not only is connected but also can survive the loss of a
certain (possibly different) number of links. The usefulness and importance of such
a network can be seen in its applications to transportation systems such as subway
systems, as well as to military networks. Large subway systems, as with other complex
networks, are generally quite robust to random failure or attack [3, 5]. However,
since centres joining many links usually have an important function in the overall
connectivity of a network, subway stations with a high number of subway lines joined
to them are more vulnerable to targeted attack [5]. In such cases, we would like
the entire network to have a given edge connectivity, and also ensure that the loss
of certain more vulnerable stations not only does not disconnect the network but
also leaves the network with a given guaranteed edge connectivity. This could be
less than the overall edge connectivity, since a higher degree of connectivity is not
required until the vulnerable stations are restored and the entire network is back
in operation. This guaranteed edge connectivity of the remaining network makes it
harder for immediate subsequent attacks to disconnect it, and also forces a much

larger number of simultaneous attacks on different stations and lines in order to
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substantially disrupt the network, and thus making such attacks far more difficult
to perform. The value of having such a network is demonstrated by the March 2004
Madrid and July 2005 London subway bombings [5, 54].

The importance of such a reliable network extends very clearly and significantly
to our military as well. For instance, in combat operations, military outposts are often
placed in key locations such as mountain ranges, etc. These outposts are often more
vulnerable and susceptible to being disrupted by enemy attack or weather. As such,
it is useful to have a communications network linking these outposts to each other
and to the rest of the network (headquarters, outposts that are not as vulnerable,
etc.) that is capable of surviving the loss of a certain number of lines without being
disconnected, as well as being capable of surviving the loss of vulnerable outposts
and still have the remaining network able to survive the loss of a certain number of
additional lines without being disconnected.

Although it has important applications, the problem we have just been describ-
ing has not hitherto been examined. In this dissertation, we introduce this new
and important network design problem, calling it the wital core connectivity problem
(VCC). More specifically, VCC is as follows: Let G = (V, E') be a complete graph, let
k,l € Z,1 <1 <k, be non-negative integers, and let the vertices of GG be partitioned
into two sets — vital vertices V*, and secondary vertices V\V*. The problem of VCC
is to find a minimum cost subgraph such that there are at least k-edge disjoint paths
between every pair of distinct vertices in GG, and that if some or all of the secondary
vertices are lost there remains in the graph restricted to the vital vertices at least
l-edge disjoint paths between every pair of distinct vital vertices. Multiple copies of
edges can be included in the solution. We denote a particular instance of VCC by
VCC(k,1,V*). Although this problem arises naturally in many applications, and has
some similarities with other problems, to the best of our knowledge we present the
first study of it and provide the first approximation algorithm and integrality gap

results for it.
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1.1.1 Contributions

The major contributions of this dissertation are as follows:

1. We introduce a new network connectivity problem — the vital core connectivity
problem (VCC). We show that this is an NP-hard problem. Despite its many
practical uses, this problem has not been previously studied. We present the
first constant factor approximation algorithm for VCC, with an overall approx-
imation guarantee of at most %. We also provide an upper bound of at most %
on the integrality gap of the LP relaxation of VCC. We present further improved

results for special cases of VCC.

2. We introduce a useful generalization of the minimum spanning tree problem
(MST), called the eztended minimum spanning tree problem (EMST), which is
based on the special case of VCC for k =1 = 1. We provide a polynomial-time
algorithm that solves EMST, and provide a complete linear description for that
problem. Furthermore, we show how to generalize it to handle numerous disjoint
vital cores, providing the first complete linear description of, and polynomial-

time algorithm for, the wital core minimum spanning tree problem (VCMST).

3. We consider multi-SNDP, and present a new approximation algorithm for which
the approximation guarantee is better than the current best known approxima-
tion guarantee for certain cases of the problem. We also obtain improved inte-
grality gap bounds with our method. We show the application of these results

to variations of this problem.

4. We consider multi-SNDP, as well as VC-SNDP, with low vertex connectivity
requirements. We investigate cases where the optimal values of multi-SNDP
and SNDP are equal. We show that there is an upper bound of % on the
integrality gaps of the LP relaxations of both metric SNDP with vertex con-

nectivity requirements 0,1,2, and of metric VC-SNDP with vertex connectivity
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requirements 0,1,2. We also present %—approximation algorithms for both these
problems. These results are an improvement on the previously best known in-
tegrality gap bound and approximation guarantee for the problems, which was
2 [20]. Our % approximation guarantee and integrality gap bound applies to the
Steiner tree problem with either uniform or metric edge costs, and improves the

previous best known integrality gap bound for these cases.

5. The quality of the results that one can obtain for a given network design problem
often depends on its ILP formulation, and, in particular, on its LP relaxation.
In this connection, we investigate formulations for the Steiner tree problem
(ST). We propose two new formulations for ST and investigate their strength

in terms of their associated integrality gaps.

1.1.2 Outline

This dissertation is paper-based. Chapters 2, 3, 4, and 5 consist of individual papers,
each of which stands completely on its own. A list of references is found at the end
of each chapter, including at the end of Chapter 1 (Introduction) and Chapter 6
(Conclusion). An overview of this dissertation is as follows:

The remainder of Chapter 1 provides the general background for this dissertation.
We provide an introduction and examination of the concepts of NP-hard, approxima-
tion algorithms, and integrality gaps. We also present notation and terminology that
will be used throughout this dissertation. Finally, we examine each of the network
design problems we address in this dissertation. For each of them, we provide a formal
definition, special cases, and different versions, as well as a brief literature review for
the problem and its different versions.

In Chapter 2, we introduce the new vital core connectivity problem (VCC). We
show that VCC(2,1,V*), and thus VCC(k,l,V*), is NP-hard, but that there exists

a polynomial-time algorithm that solves the special case of VCC in which k =1 =1,
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which we call the extended minimum spanning tree problem (EMST). In addition, we
provide a complete linear description for EMST. This paper is the first to introduce
EMST, as well as the first to solve it. Both the polynomial-time algorithm and
polyhedral description of EMST are fundamental to obtaining our results for VCC.
We present the first constant factor approximation algorithm for VCC, as well as the
first upper bound on the integrality gap of the LP relaxation of VCC. In particular,
we show an approximation guarantee (and upper bound on the integrality gap) of %
for I > [£]; of 22 for 2 < 1 < [£7; and of 2 for [ = 1 or for [ = [£] and k even.
When [ = [g} and k is odd, the approximation guarantee and upper bound for the
integrality gap are at most %, and asymptotically approach g from above as k gets
large. We note our approximation guarantee (and upper bound on the integrality gap)
for several special cases. For example, for the special case VCC(k, k, V*), V* #£ V|
we get 2; for the special case VCC(2,1,V*) (in which the secondary vertices are

not a cut set), we have 2. Notice that when there is only one secondary vertex

2
r €V, VCC(2,1,V\{r}) has a 2 approximation guarantee (and upper bound on the
integrality gap) and finds a feasible multi-2EC (the special case of multi-SNDP with
vertex connectivity requirements r; = 2 for all ¢ € V') solution in which r is not a
cut vertex. This extends our %-approximation algorithm for multi-2EC in Chapter 4.
We present further improvements for the approximation guarantee and upper bound
of the integrality gap for certain special cases. We also provide the first complete
linear description of, and polynomial-time algorithm for, an extension of EMST to
numerous disjoint vital cores.

In Chapter 3, we examine the NP-hard problem multi-SNDP, and present results
which are improvements over the current best known results for certain cases of it. We
begin by presenting some required background information and results on minimum

cost perfect matchings, T-joins, and minimum cost spanning trees. Using such results,

we show that the integrality gap for the LP relaxation of multi-SNDP is at most %TT—T

3Tm

when 7, is even, and at most 3 -

+ 2%[ when 7, is odd, where r,, is the maximum
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vertex connectivity requirement and 7; is the smallest nonzero vertex connectivity
requirement. We present an approximation algorithm for multi-SNDP which has an
approximation guarantee the same as these upper bounds. These are improvements
for the best known bounds and approximation guarantees for certain special cases
of multi-SNDP, and we presented a family of examples demonstrating this. We also
show the applications of our results to various versions and special cases of SNDP,
and discuss the relationship of our approximation algorithm and the improved tree
heuristic of Goemans and Bertsimas [28].

In Chapter 4, we examine the special cases of both the survivable network design
problem and the vertex connected survivable network design problem (and related
variations of these problems) with low vertex connectivity requirements. We demon-
strate that multi-SNDP and metric SNDP are closely related for r; € {0, 1,2}, i € V;
and we show that the upper bound for the integrality gap of the LP relaxation of met-
ric SNDP with r; € {0,1,2}, i € V, is 3/2, thus extending the known upper bound
of 3/2 for the integrality gap of the LP relaxation of metric 2EC [4]. We also show
that our multi-SNDP approximation algorithm (presented in Chapter 4), with certain
modifications, applies as well for metric SNDP with r; € {0, 1,2}, ¢ € V, thus giving
a %—approximation algorithm for that case. We investigate VC-SNDP, particularly

for small vertex connectivity requirements. We further modify our approximation

3_

s-approximation algorithm for metric VC-SNDP with

algorithm so that we get a
r; € {0,1,2}, 1 € V. We also show there is a % upper bound for the integrality gap
of the LP relaxation of this problem. Our % approximation guarantee and integrality
gap bound applies to the Steiner tree problem with either uniform or metric edge
costs. Restricted to metric 2VC (the problem, given metric edge costs, of finding a
minimum cost subgraph that has at least two internally vertex-disjoint paths between
every pair of distinct vertices), our algorithm (but not the proof) is similar to the

%—approximation algorithm for metric 2VC given by Frederickson and Ja’Ja’ [21], and

thus our proof can provide an alternate, more compact proof of their result.
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Finally, in Chapter 5 we investigate different ILP formulations for ST, and their
corresponding LP relaxations. The integrality gap of the LP relaxation of any network
problem depends on the formulation of the linear program — one LP formulation for
a given problem may give a smaller integrality gap than another LP formulation for
the same problem. Since ST is NP-hard, it is considered highly unlikely that we can
get an exact LP relaxation (i.e., with integrality gap 1) for ST like we can for its
special case MST. Our goal, then, is to obtain the best possible LP relaxation for ST;
in other words, to find an LP relaxation for ST that has an integrality gap as close
to 1 as possible. In particular, in this chapter we consider finding LP relaxations for
ST such that the LP relaxation, when restricted to MST, has an integrality gap of
1. Such an LP relaxation for ST may have an integrality gap closer to 1 and thus
be able to be used to obtain stronger results for ST. We examine some known ILP
formulations for ST, and the bounds on the integrality gap of their LP relaxations.
We then propose a new ILP formulation for ST that is based on the well-known
undirected cut formulation. However, for the special case of MST, the LP relaxation
of this proposed formulation does not have an integrality gap of 1, and thus the
formulation does not look promising to use in obtaining improved results for ST. We
propose a second new ILP formulation for ST, this one based on Steiner partitions.
For the special case of MST, the LP relaxation of this formulation does not have an
integrality gap of 1; however, it is 1 if we include a broader set of constraints. We
present a family of graphs that provides a lower bound of 8/5 = 1.6 for the integrality
gap of the LP relaxation of the proposed formulation.

We conclude this dissertation in Chapter 6 by summarizing the results that are
presented in it, and by presenting some recommendations and possible avenues for

future research.
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1.2 Background and Notation

1.2.1 NP-hard, Approximation Algorithms, and Integrality
Gap

A decision problem is a problem whose answer is “Yes” or “No.” Every optimization
problem has a corresponding decision problem. For example, a well-known optimiza-
tion and network design problem is the minimum cost 2-edge connected subgraph
problem: Given a graph which has an edge between every pair of distinct vertices,
and a non-negative cost associated with each edge for building that edge, find a cheap-
est set of edges to construct such that an edge can be lost without disconnecting the
network. The decision form of this problem (which has a “Yes” or “No” answer) is
as follows: Given a graph which has an edge between every pair of distinct vertices
and a non-negative cost associated with each edge for choosing that edge, and given
a number C, is there a set of edges such that if one of them is lost the network is still
connected and such that it has total cost less than or equal to C?

The class P (polynomial) is the set of decision problems that can be solved
in polynomial time (essentially, “efficiently” and “quickly”). The class NP (non-
deterministic polynomial) is the set of decision problems such that if the answer is
“Yes”, then a proof of that answer can be verified in polynomial time; i.e., it is the set
of decision problems such that, given a potential solution, we can verify in polynomial
time whether or not that candidate is in fact a solution to the problem [15]. Every
problem in P is also in NP, i.e. P C N'P; however it is a long-standing open problem
to determine if AP consists solely of problems in P, or if it in addition contains other
problems which are not part of P. Succinctly, it is an open problem to determine

whether P = NP 2. It is conjectured and generally thought that P # ANP. In

2Essentially, this would mean that if a solution can be verified in polynomial time, then a solution

can also be found in polynomial time [18].
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fact, the Clay Mathematics Institute (CMI) of Cambridge, Massachusetts, is offering
a $1,000,000 prize to anyone who can prove (or disprove) this conjecture [14].

A decision problem B that is in the class NP is polynomial-time reducible to a
decision problem A that is also in NP if there exists a polynomial time algorithm
which transforms an instance of problem B to an instance of problem A such that
the answer to the instance of B is “Yes” if and only if the answer to the instance of
A is “Yes” [15, 40]. A decision problem A is NP-complete if it is in NP and every
problem in NP is polynomial time reducible to A [15, 40]. Notice that this implies
that if one NP-complete problem can be proved to be solvable in polynomial time
(i.e., that it is in P), then every problem in NP is in P, and thus P = N'P. To prove
that a problem A in NP is a NP-complete problem, it is sufficient to show that an
already known NP-complete problem is polynomial-time reducible to A.

Given an optimization (or decision) problem P, an algorithm has oracle access
to P if it can solve an instance of P with a single instruction [63]. An optimization
(or decision) problem P is NP-hard if there is a polynomial time algorithm for an
NP-complete problem A when the algorithm has oracle access to P [63]. The term
“NP-hard”, although defined in general, is most frequently applied to an optimization
problem whose corresponding decision form is NP-complete [30, 63]. It follows that
if there exists a polynomial-time algorithm for finding an optimal solution to any
NP-hard problem, then P = NP (simply solve the corresponding decision problem
by running the polynomial time algorithm on an instance of the decision problem and
verify the solution’s total cost, thus solving the NP-complete problem in polynomial-
time and showing it to be in P). Figure 1.1 illustrates the relationship between
P, NP, NP-complete, and NP-hard problems [58]. An early compendium of NP
problems is given in [26], and a compendium of NP-hard problems up until 1998 is
given in [16].

We will show that many of the network design problems that we consider are

NP-hard. Since it is conjectured that P # NP, it is considered highly unlikely that
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\ NP-hard / NP-hard

= NP-complete

If P #NP IfP=NP

Figure 1.1: Relationship of P, NP, NP-complete, and NP-hard problems [58].

efficient algorithms for exactly solving NP-hard problems exist. We thus look at
designing efficient algorithms that return approximate, or near-optimal, solutions for
NP-hard problems. Given a problem, if an algorithm runs in polynomial time and
returns a solution whose value is always within a constant factor a« > 1 of the optimal

value, i.e.,

(cost of algorithm solution) < « - (cost of optimal solution),

then the algorithm is known as a (constant factor) a-approzimation algorithm, and
the factor « is called the approximation or performance guarantee of the algorithm.

In this dissertation, we deal with many different minimization problems on
weighted graphs (i.e., graphs with edge costs), in which we seek to find a set of
edges of the graph that satisfy a set of given properties and have minimum total cost.
Given such a minimization problem P, and a graph G = (V, E) with non-negative
edge costs ¢ € RF, ¢ > 0, let . represent the number of times each edge e € F is
included in a feasible solution of P on G. The vector = € N is called an incidence

vector on G. An integer linear programming (ILP) formulation of P minimizes the
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total edge cost over all the feasible solutions to P, and typically is of the form:

minimize cx

subject to axr > by,
de < by,
fx = bs,
r. > 0, forallee F,
Te integer, for alle e F,

where a,d, f € R and by, by, b3 € R. For a solution 2’ € Ngo to an integer linear
programming formulation of such a minimization problem on G, the corresponding
subgraph, H, of G is obtained by taking x/ copies of edges of G, for all e € E. A
linear programming (LP) formulation of P is a linear formulation in which the values
of the variables z, do not have to be integer.

An important and related concept to approximation guarantees is that of inte-
grality gaps. Given a minimization problem P, and its integer linear program (ILP)
@, a linear program (LP) is a linear programming relaxation, Qpp, of Q if every fea-
sible solution of () is also a feasible solution of Q)7 p. In this dissertation, we refer to
the LP relaxation of an ILP as the linear programming relaxation formed by relaxing
(i.e., removing) the integrality constraints in the ILP. In such a case, every integer
solution of Qpp is a solution of Q). Let opt(Q)) be the value of an optimal solution
to @, and let opt(Qrp) be the value of an optimal solution to @.p. The optimal
value of Q)rp is at most the optimal value of (), and thus provides a lower bound on
the optimal value of (). The question naturally arises as to how big a difference, or
“gap,” can possibly exist between opt((Q)) and opt(Qrp). This is where the notion of
integrality gap comes in.

Formally, the integrality gap of a linear programming relaxation of a minimization

problem P is the largest ratio opt(Q)/opt(Qrp) over all possible non-negative, and all
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not identically 0, objective cost functions. If it can be proved that this largest ratio
has a value 8 (where [ is some constant value), the linear programming relaxation is
said to have a (3 integrality gap; indicating that, in the worst possible case, opt(Q) is
no more than §-opt(Qrp). Thus, the integrality gap provides a measure of the quality
of the lower bound provided by Qrp for ). If the integrality gap of a problem’s LP
relaxation is 1, then that LP relaxation is said to be exact, and there is always an
optimal solution of that LP formulation that is integer and thus an optimal solution
for Q.

It is important to note that the integrality gap of a LP relaxation depends on
the formulation of the linear program — one formulation for a given problem may
give a better integrality gap than a different formulation for the same problem. This
can be seen simply from polyhedral theory®: Since the underlying polyhedron of Q p
contains the underlying polyhedron of @), taking a facet of the polyhedron associated
with @) and adding it as a constraint to ()1 p reduces the feasible area of the LP relax-
ation, thus giving a stronger LP relaxation and potentially reducing the difference,
or “gap”, between the value of an optimal solution to ) and the value of an optimal
solution to the new LP relaxation. Given a specific graph G with non-negative edge
costs, we refer to the integrality ratio as the ratio of the cost of an optimal solution
to a given ILP on G over the cost of an optimal solution to the LP relaxation of that
ILP. For a given ILP, every integrality ratio gives a lower bound on the corresponding
integrality gap of the LP relaxation.

Approximation guarantees and integrality gaps, although distinct concepts, are
closely related: A polynomial-time constructive proof for a bound g > 1 on the
integrality gap of an LP relaxation Qpp forms an [-approximation algorithm for
problem P. In other words, if, for all graphs, we can construct, in polynomial-

time, a feasible solution H (with total edge cost cost(H)) to @ such that cost(H) <

3For terminology and concepts of polyhedral theory, see [15]
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B opt(Qrp), then we have both

opt(Q) < cost(H) < opt(Qup); ie., % <
and
cost(H) < 3 opt(Qrp) < B opt(Q); i.e., Cj;f((g)) <8,

and hence we have an upper bound of 3 for the integrality gap for the LP relaxation
Qrp, as well as a (f-approximation algorithm for the problem P. In addition to this
connection, many approximation algorithms are based on an LP relaxation, with
the algorithm returning a feasible ILP solution whose cost is close to the cost of an
optimal LP solution [44] (for example, the primal-dual method). Thus, obtaining an
LP relaxation that has a small (close to 1) integrality gap, can aid in obtaining better
approximation algorithms for P. In fact, it has been observed that often the best
known approximation guarantee and the best known lower bound for the integrality

gap for a problem match [10].

1.2.2 Terminology and Notation

This section presents the notation that will be used throughout this dissertation.

Let G be a graph, with vertex set V(G) and edge set E(G). Such a graph G is
denoted G = (V, E), where V = V(G) and E = E(G). The number of vertices in the
set V' is denoted |V|, and the number of edges in the set E is denoted |E|. A graph G
is a complete graph if it has an edge between every pair of distinct vertices. Besides
being referred to directly by name, an edge in a graph can also be referred to by its
endpoints. In particular, if e € E joins the vertices u,v € V| u # v, then e can also
be written as uv (meaning the [undirected] edge joining the vertices u and v).

Given a graph G = (V, E), for S C V, let d¢(S) denote the set of edges {uv €
E:ue S vdg S} ie, the set of edges of G with exactly one end in S. The set d¢(.S)
is called a cut. Let v5(S) be the set of edges {uv € E : u,v € S}, i.e., the set of edges
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of G with both ends in S. The subscript G will be left out when it is clear to which
graph we are referring.

When there are no costs (or weights) on the edges of G, G is called an unweighted
graph. When the edge costs ¢ € RE of a graph G = (V, E)) are non-negative and satisfy
the triangle inequality cu., < cu» + Cuw for all distinet vertices u, v, w € V', the costs
are called metric. Given a complete graph G = (V, E') with non-negative edge costs
¢, the metric completion, G = (V, E), of G is obtained by setting the edge cost cﬁ
to be that of a minimum-cost path connecting vertices ¢ and j in G, for every edge
ij € E. Clearly, the edge costs ¢© are metric.

A multi-graph is a graph that, for at least one pair of distinct vertices, has
multiple copies of edges between that pair of vertices*. Such multiple copies of edges
are considered to be distinct edges, and may have distinct edge costs. On the other
hand, when there are no multiple copies of edges in G, G is simple.

A subgraph of a graph G = (V, E) consists of a set of vertices VV/ that are a subset
of V', and a set of edges E’ that are a subset of E' and for which both endpoints lie
in V’; i.e., the graph (V’, E’) is a subgraph of G if V' C V and E' C y4(V’) (C E).
A spanning subgraph of G is a subgraph of GG that includes all the vertices V' of G
(i.e., it is a graph (V, E') where E' C E). Let G[V'] be the subgraph of G induced by
the set of vertices V'. In other words, G[V'] consists of the vertices V'’ and the edges
Ya(V').

A tree, T, of a graph G = (V, F) is a subgraph of G that is connected and does
not contain any cycles. If the vertices of T" are all of V', then T is a spanning tree of
G.

A path from a vertex u to a vertex v in a graph G is an ordered sequence of
distinct vertices in G in which each adjacent pair of vertices is linked by an edge. A

graph G is connected if, for each vertex, there is a sequence of consecutive edges from

4A multi-graph does not allow loops.
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that vertex to every other vertex, i.e., there is a path between every pair of distinct
vertices. A set of paths between vertices ¢ and j is pairwise internally vertez-disjoint
if no two of the paths have an internal vertex in common (i.e., the only vertices any
of the paths have in common are the vertices i, 7). A path that starts and ends at
the same vertex is called a cycle. A graph is k-edge connected (respectively, k-vertex
connected) if it has at least k edge-disjoint (respectively, internally vertex-disjoint)
paths between every pair of distinct vertices (kK € Nsq); ie. if any & — 1 edges
(respectively, vertices) are removed, the graph is still connected.

If a graph G = (V, E) is k-edge connected, then, for every S C V, the cut §(S)
contains at least k edges; in particular, the degree of each of its vertices is at least
k. As well, if a graph is k-edge connected, then that graph is j-edge connected for
1 < j < k. A connected graph with n vertices and m edges (thus m > n — 1) has
edge connectivity at most [22] [34]. The trivial graph (consisting of a single vertex)
is defined to be k-edge connected, k € N>;.

A cut verter in a connected graph is a vertex whose removal disconnects the
graph. A graph is 2-vertex connected if and only if it has no cut vertices. In a k-
vertex connected graph, a vertex cut set is a subset U C V' whose removal disconnects
the graph (and such that |[U| < k — 1). If a graph is k-vertex connected, then it is
j-vertex connected for 1 < j < k, j € N3y, and it has at least k + 1 vertices. A
complete graph with n vertices is always (n — 1)-vertex connected [34]. It can be
shown that a connected graph with n vertices and m edges (n,m € N>y, m >n —1)
has vertex connectivity at least max{m — W, 0} and at most [22] [34]. All
k-vertex connected graphs are k-edge connected, but not vice versa. See Figure 1.2.

Given a minimization problem P defined on the edge set E of a graph G = (V, E),
its integer linear program Q, and its linear programming relaxation Qpp, let opts(Q)
be the total edge cost of an optimal solution to the integer linear programming prob-
lem Q on G, and let opte(Qrp) be the cost of an optimal solution to Qpp on G.

Given a solution H to problem P on G = (V, E), let x, represent the number of times
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@v@ NN

a cut vertex a vertex cut set

(@) (b)

Figure 1.2: (a) A graph that is 3-edge connected, but only 1-vertex connected (since
it has a cut vertex). (b) A graph that is 3-edge connected, 2-vertex connected (it is

not 3-vertex connected since it has some cut sets of size 2).

each edge e € E is included in the solution. For any edge set £’/ C E and = € R let
z(E") denote the sum ) _p z.. Let costq(z') := Y _.pcex, be the total edge cost
of a feasible solution 2’ to problem Q; and let costs(H) be the total edge cost of H,
where H is either a subgraph of G or a subset of edges of E. The subscript G will be
omitted when it is clear which graph we are discussing.

For terminology and concepts of polyhedral theory, we refer the reader to [15].

1.2.3 Network Connectivity Problems

In this section, we introduce various network connectivity problems, some of which
are well-known, and some of which are newly presented in the chapters of this dis-
sertation. In one way or another, this dissertation involves each of them — whether it
be using them in solutions to other problems, or obtaining further results for them,
or presenting approximation algorithms with improved approximation guarantees, or
finding improved bounds on integrality gaps. Notice that for most of these problems,
a complete graph is assumed. This can be accomplished without loss of generality

for weighted graphs (i.e., graphs with edge costs), since, if G is not complete, we
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can make it into a complete graph by simply adding in all the “missing” edges and

assigning each of them an appropriately large cost.

Spanning Tree Problem

Given a connected graph G with costs on its edges, the minimum cost spanning tree
problem (MST) is the well-known problem of finding a spanning tree of G that has
the lowest cost. This problem is one of the few network connectivity to an optimal

solution by using Prim’s or Kruskal’s polynomial-time algorithms [9, 15].

2-edge Connected and 2-vertex Connected Spanning Subgraph Problems

Given a complete graph G with non-negative edge costs ¢ € R”, the minimum cost 2-
edge connected spanning subgraph problem (2EC) is to find a minimum cost spanning
subgraph of G that is 2-edge connected. If the graph is unweighted, or, equivalently,
the edge costs are all 1 (or, equivalently, the edge costs are all uniform), the problem
is to find a minimum size (or minimum cardinality) subgraph of G (i.e., a subgraph
containing the minimum number of edges possible) that is 2-edge connected (denoted
min-size 2EC'). Since 2EC is a special case of all the network connectivity problems
we examine (except MST), we examine 2EC, and previously known results for it, in
a little more depth. When G has metric edge costs, 2EC will be referred to as metric
2EC. When multiple copies of edges are allowed in the solution of 2EC, the problem
will be referred to as multi-2EC.

Similarly, given a complete graph G with non-negative edge costs ¢ € R¥, the
minimum. cost 2-vertex connected spanning subgraph problem (2VC) is to find a min-
imum cost spanning subgraph of G that is 2-vertex connected. If the graph is un-
weighted, the problem is to find a minimum size (or minimum cardinality) subgraph
of G that is 2-vertex connected (denoted min-size 2VC'). When G has metric edge
costs, 2VC will be referred to as metric 2VC.
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It can be shown that the optimal values of metric 2EC and metric 2VC are equal.
This is an implicit result of the shortcutting method by Frederickson and Ja’Ja’ [21],
and is used by Carr and Ravi [9], and by Monma, Munson, and Pulleyblank [51].

Problems 2EC and 2VC are special cases of, among other problems, the graph
augmentation problem: Given a complete graph G = (V, E) with non-negative edge
costs ¢ € RF| and a subgraph (V,F), F C FE, find a set of edges £/ C E\F of
minimum cost such that the “augmented graph”, (V, FUE’), satisfies a given property
[21]. The graph augmentation problem can be used for improving the connectivity
of already existing networks. For 2EC, F' = ) and the property to be satisfied is
that the augmented graph (V, F U E") = (V, E’) must be two-edge connected. For
2VC, F = () and the property to be satisfied is that the augmented graph (V, F U
E') = (V. E’) must be two-vertex connected. For this reason, 2EC is sometimes
called the bridge-connected augmentation problem, and 2VC is sometimes called the
biconnected augmentation problem. Merging the problems together, we obtain the bi-
level augmentation problem, in which, for given Uy, Uy C V', we want to add edges in
a minimum cost or minimum size way to make the induced subgraph G[U;] 2-vertex
connected, and the induced subgraph G[U;| 2-edge connected. Clearly, 2EC and 2VC
are both special cases of this problem; with U; = 0, Uy =V, and U; =V, Uy, = 0,
respectively.

If G is a complete graph with unweighted edges, then the bridge-connected and
bi-connected augmentation problems (and hence min-size 2EC) can be solved exactly
by efficient (i.e., polynomial time) algorithms. Such an algorithm was presented by
Eswaran and Tarjan in 1976 [19]. In 1998, Hsu and Kao went further and presented an
algorithm that solves the unweighted bi-level augmentation problem (on a complete
graph) in linear time [36]. If, on the other hand, the problems are to be solved on
a general graph, or if the edges have different edge costs, then the augmentation
problems are NP-hard [16, 21]. In particular, min-size 2EC is NP-hard [43]. This can

be seen since the NP-complete Hamiltonian cycle problem (that of finding a cycle
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that traverses all the vertices of the graph exactly once) reduces to it®. Since min-size
2EC is a special case of 2EC, 2EC is also NP-hard. Similarly, min-size 2VC, and thus
2VC, is NP-hard [43, 51].

Initially, a 2-approximation algorithm was known for min-size 2EC. Khuller and
Vishkin were the first to improve on it in 1992, when they gave a %—approximation
algorithm based on depth-first search (they also presented a g—approximation al-

gorithm for min-size 2VC) [43]. In 1998, Cheriyan, Sebd and Szigeti provided a

17
12

approximation algorithm [12]. This approximation algorithm also formed a con-
structive proof that the integrality gap of the LP relaxation of min-size 2EC is at
most }—g

In 2000, Vempala and Vetta improved on the %—approximation guarantee, pre-
senting %—approximation algorithms for both min-size 2EC and min-size 2VC. The
running time of the algorithm is O(n?*m), where m is the number of edges in the graph,
and n the number of vertices [62]. This %—approximation algorithm for min-size 2EC
is significant, since an unverified implication of the %-TSP conjecture® in combinato-
rial optimization is that 2EC is approximable to within %. Since min-size 2EC is a
special case of 2EC, Vempala and Vetta’s %-approximation algorithm partially verifies
this, and thus lends support to the %—TSP conjecture.

Regarding 2VC, in 1982 Frederickson and Ja’Ja’ examined the biconnected aug-
mentation problem on complete graphs with metric edge costs [21]. In their significant
paper, they presented a %-approximation algorithm for metric 2VC.

The best approximation guarantee for 2EC and multi-2EC is 2. This guaran-

tee is from Jain, who, in 2001, presented a 2-approximation algorithm for finding

°Given an unweighted complete graph G = (V, E), if min-size 2EC returns |V| as the minimum

number of edges, then GG has a Hamilton cycle, otherwise, it does not.
6The famous travelling salesman problem (TSP) is the problem of finding a minimum cost Hamil-

ton cycle. The %—TSP conjecture says that, for metric costs, the integrality gap of the LP relaxation

of TSP has an upper bound of 4/3.
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a minimum-cost subgraph (of a multi-graph) having at least a specified number of
edges in each cut [37]. Problem 2EC is a special case of this problem. In addition to
providing an approximation guarantee, Jain’s approximation algorithm gives a con-
structive proof that the integrality gap of the integer relaxation of his problem is 2,
and at most 2 for all subclasses of the problem (such as 2EC). He also provides an
asymptotically tight example showing the integrality gap of the general class is 2. In
particular, Jain’s result implies that there is an upper bound of 2 on the integrality
gaps of the LP relaxations of 2EC and multi-2EC.

In 2006, Alexander, Boyd, and Elliott-Magwood proved that the integrality gap
for the LP relaxation of multi-2EC' is less than or equal to 3/2 [4].

The best approximation guarantee for 2VC is 2 [47].

k-edge Connected and k-vertex Connected Spanning Subgraph Problems

Given a complete graph, G' = (V, E), with non-negative edge costs ¢ € R, the k-edge
connected subgraph problem (KEC), k € Nxy, is the problem of finding a minimum cost
k-edge connected spanning subgraph of GG. Notice that 1EC is precisely MST. A kEC
problem with metric edge costs will be referred to as metric kEC. If multiple copies
of the edges are allowed in the solution of kEC, the problem will be referred to as
the multi-k-edge connected subgraph problem (multi-kEC). Both kEC and multi-kEC
(k > 2) are known to be NP-hard problems [26, 46].

Similarly, given a complete graph, G = (V| E), with non-negative edge costs
c € R¥, the k-vertex connected subgraph problem (kVC) is the problem of finding a
minimum cost k-vertex connected spanning subgraph of G. When multiple copies
of edges are allowed in the solution, we denote the problem by multi-k VC. Problem
EVC with metric edge costs will be referred to as metric k' VC. Since adding multiple
copies of edges does not increase the vertex connectivity, kVC with multiple copies

of edges in its solution is generally not considered. Problem kVC, generally for low
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values of k, is of particular interest for wireless networks, where the towers/centres
can fail, but the wireless “links” do not [39]. It is known that £VC is a NP-hard
problem [45].

For 3EC with G either a simple or a multi-graph and uniform edge costs (equiv-
alently, unweighted), there is a 4/3-approximation algorithm [33]. Concerning metric
2EC, there is a known upper bound of 3/2 for the integrality gap of the LP relaxation
of metric 2EC [4] and a %—approximation algorithm for metric 2EC [21]. For kEC on
a multi-graph with uniform edge costs, there is a 1.61 approximation algorithm [22].
For multi-kEC with uniform edge costs, a 1 + % approximation algorithm exists, as
well as an upper bound of 1 + % on the integrality gap of the LP relaxation of the
problem [23]. For kEC and multi-kEC, there is a 2-approximation algorithm as well
as an upper bound of 2 on the integrality gap of the respective LP relaxations [37].
For a summary of current results on the different versions of kEC, see [46].

Problems involving vertex connectivity are generally harder problems for which
to obtain results than are problems involving edge connectivity. For a summary of the
current known approximation guarantees on the different versions of kVC, see [46].
Currently, the best approximation guarantee for kVC, k > 2, is a k-approximation
algorithm [47]. There is also a 2-approximation algorithm for 3VC [6] and a 3-
approximation algorithm for 4VC and 5VC [17]. For metric kVC, a (24 (k —1)/n)-
approximation algorithm exists, where n = |V [47]. For metric 2VC, there is a 3-
approximation algorithm [21]. A (non-constant) upper bound for the integrality gap
of the LP relaxation of £VC is given in [48]. When edge costs are all 1 (i.e., uniform
edge costs, or, equivalently, on an unweighted graph), there is a 4/3-approximation

algorithm for 2VC [62].
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Edge-connected & Vertex-connected Survivable Network Design Problem

The (edge connected) survivable network design problem (SNDP) (also called the
generalized Steiner network problem) is as follows: Let G = (V, E) be a complete
graph with non-negative edge costs ¢ € R¥, and vertex connectivity requirements
r; € N>, 2 € V. Vertices ¢ € V with vertex connectivity requirement r; = 0 are
called Steiner vertices. For each pair of distinct vertices i, j € V, let r;; = min{r;, r;}.
The problem is to find a minimum cost subgraph that has, for each pair of distinct
vertices 4,7 € V, at least r;; edge-disjoint paths between ¢ and j. In a feasible
solution of SNDP, the loss of any 0 < | < max;jecpri; edges still allows all vertices
with vertex connectivity requirement greater than [ to be connected to each other
(ie., fori,j € V,if r; > [ and r; > [, then if any [ edges are removed there remains
at least one edge-disjoint path joining ¢ and 7).

If multiple copies of the edges are allowed in the solution of SNDP, the problem
will be referred to as the multi-survivable network design problem (multi-SNDP).
The equivalent cut requirement version of multi-SNDP is: Given a cut requirement
function f : 2V — Z defined on the subsets of V by f(S) = maxies, jgsri; for all
S C V, find a minimum cost multi-subgraph having at least f(S) edges in each cut
§(S), S C V. Note that if G is not complete, we can make it into a complete graph
by adding in all the “missing” edges and assigning each of them an appropriately
large cost. When the edge costs ¢ € R¥ of a graph are non-negative and satisfy the
triangle inequality c., < Cup + Cypyp for all distinct vertices u, v, w € V', the costs are

called metric. A SNDP problem with metric edge costs will be referred to as metric
SNDP.
Problems KEC and multi-kEC are special cases of SNDP and multi-SNDP, re-
spectively. Thus, SNDP and multi-SNDP are NP-hard problems (see also [26, 40]).
The vertex connected survivable network design problem (VC-SNDP) is as follows:

Let G = (V, E) be a complete graph with non-negative edge costs ¢ € R” and vertex
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connectivity requirements r; € N>g, 7+ € V. Find a minimum cost subgraph that
has, for each pair of distinct vertices i,j € V, at least r;; internally vertex-disjoint
paths between ¢ and j, where 7;; = min{r;,r;}. In such a feasible solution, the loss
of any 0 < | < max;jepri; vertices still allows all vertices with vertex connectivity
requirement greater than [ to be connected with each other (i.e., fori,j7 € V., if r; > [
and r; > [, then if any [ vertices are removed there remains at least one internally
vertex-disjoint path joining 7 and j). Note that all feasible solutions to VC-SNDP
are also feasible solutions to SNDP, but not vice versa. Thus, the optimal value of
VC-SNDP is always at least that of SNDP. A cut verter in a connected graph is a
vertex whose removal disconnects the graph. Generally, multiple copies of edges are
not allowed in the solutions of VC-SNDP, since multiple edges do not increase the
vertex connectivity. Clearly, kVC is the special case of VC-SNDP with r; = k for all
i € V. Since kVC is NP-hard [6], thus so is VC-SNDP.

A summary of some of the previously known results for SNDP is given in [1, 50].
The best general constant factor approximation guarantee that has existed for multi-
SNDP and SNDP has, to this point, been 2. This guarantee is due to Jain [37],
who, in 2001, presented a 2-approximation algorithm for finding, in a general graph
that may not be simple and has non-negative edge costs, a minimum cost subgraph
having at least a specified number of edges in each cut [37]. Initially, multiple copies
of edges are not allowed in the solution, however, as is noted near the end of Jain’s
paper, the 2-approximation algorithm holds as well for the case when multiple copies
of edges are allowed in the solution. In addition to providing an approximation
guarantee, Jain’s algorithm provides a constructive proof that the integrality gap of
the linear programming relaxation of the general problem he considers is at most 2.
In particular, Jain’s result implies that the integrality gap of the LP relaxation of
SNDP and multi-SNDP is at most 2.

In 1993, Goemans and Bertsimas [28] presented an approximation algorithm

(the improved tree heuristic) for multi-SNDP that, given distinct vertex connec-
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tivity requirements p, = 0 < p; < p2 < ... < pg, has approximation guarantee

=1 f(pj;ifj’l), where f(c) = 2¢ when ¢ is even, and f(c) = 342 when ¢ is odd
[28]. The proof used to obtain this is rather complex and involved, and, although not
indicated, implicitly yields an upper bound for integrality gap as well. As a special
case, this approximation algorithm has an approximation guarantee (and integrality
gap) for multi-kEC of % when k is even, and % + i when £ is odd.

Concerning VC-SNDP, there is a 2-approximation algorithm for VC-SNDP with
vertex connectivity requirements r; € {0,1,2}, ¢ € V' [20]. This is the first constant
factor approximation guarantee for VC-SNDP (with low vertex connectivity require-
ments). A non-constant approximation guarantee of glog! ~“n (for any fixed € > 0, and
for n = |V]) exists for VC-SNDP [45]; however, to date, no constant factor approx-
imation algorithm exists for VC-SNDP [20]. For VC-SNDP with r; € {1,2},i € V

on an unweighted graph, there is a 3/2-approximation algorithm [50]. For a short

summary of some of the known results on VC-SNDP, see [50].

Steiner Tree Problem

Given a general graph, G = (V, E), and a subset of vertices T C V', a Steiner tree
is a tree that connects the vertices in 7" (and may also include some, all, or no
vertices from V\T'). Vertices in T are called terminal (or required) wvertices, and
non-terminal vertices in V\T' are called Steiner vertices [29, 44]. Given a general
graph, G = (V, E), with non-negative edge costs ¢ € R¥, and a set of terminal (or
required) vertices 7" C V', the Steiner tree problem (ST) (sometimes also called the
Steiner minimal tree) is the problem of finding a minimum cost Steiner tree of G}
i.e., a minimum cost tree that contains all the terminal vertices 7" and any subset
(including the empty set) of the Steiner vertices. Equivalently, it is the problem of
finding a minimum cost tree that spans the vertex set 7' [13]. A feasible solution to

ST may include some, all, or no Steiner vertices. Problem ST is a special case of
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SNDP and multi-SNDP. Problem ST is the special case of SNDP with r; € {0, 1} for
all i € V. Notice also that ST is a special case of Jain’s general network problem [37].

Given a general graph G = (V, E) with non-negative edge costs ¢ € R¥ and vertex
connectivity requirements r; € {0, k} foralli € V| k > 1, the Steiner k-edge connected
subgraph problem (Steiner-kEC) is that of finding a minimum cost k-edge connected
subgraph of G that spans the set of terminal vertices S = {i € V | r; = k} C V;
i.e., such that there are at least k edge-disjoint paths between all pairs of distinct
vertices 7,7 € S. If G is a complete graph and multiple copies of the edges are al-
lowed in the solution of Steiner kEC, the problem will be referred to as the Steiner
k-edge connected multi-subgraph problem (Steiner multi-kEC). Problems Steiner kEC
and Steiner multi-£EC are special cases of SNDP and multi-SNDP, respectively. Fur-
thermore, problems KEC and multi-kEC are special cases of Steiner kEC and Steiner
multi-kEC, respectively. The related k-restricted Steiner tree problem is that of find-
ing a minimum cost Steiner tree whose full components (maximal subtrees whose
leaves are all the terminal vertices and whose internal vertices are Steiner vertices)
contain at most k terminal vertices.

Problem ST is an NP-hard problem [24, 26, 42]. As well, problem Steiner-2EC
with edge costs all 1 (i.e., uniform edge costs) is NP-hard [51]. Thus, Steiner-kEC is
an NP-hard problem.

For an early survey of Steiner tree heuristic results, see [64]. A very basic and
rudimentary 2-approximation algorithm for ST simply finds the minimum spanning
tree on the complete graph consisting of the terminal vertices T', with edge costs the
cost of a minimum cost path between ¢ and j in G, for all i, € T [27, 49]. The
approximation guarantee for ST was improved to 2(1 — ITI\) [59], then to 11/6 [65],
then to 16/9 [7], and so on [41, 52, 53, 66], to 1.598 [35]. Robins and Zelikovsky
[55] then obtained an approximation guarantee of 1 + % ~ 1.55 for ST, and a 1.28-
approximation guarantee for quasi-bipartite graphs (graphs in which no two Steiner

vertices are adjacent) and for complete graphs with edge costs in {0,1}. The long-
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standing best known upper bound on the integrality gap for the LP relaxation of ST
was 2 [37]. Very recently, Bykra et al. broke through this stalemate, presenting a
hypergraph-based LP relaxation for ST that has an integrality gap of 1.55 [8] (an
alternate proof and analysis is provided by [11]). Not only did this improve the
integrality gap for ST to less than 2 for general graphs, but also it matched the
best known approximation guarantee of 1.55 for ST. Bykra et al. also presented an
1.39-approximation algorithm for ST, which is currently the best known. It currently
remains an open problem to find an LP relaxation for ST that has an integrality gap

of 1.39.

Generalization of SNDP

In a seminal work in 2001, Jain presented an important larger class of network design
problems. Essentially, Jain’s problem is that of finding, in a multi-graph that may not
be simple and has non-negative edge costs, a minimum cost multi-subgraph having
at least a specified number of edges in each cut [37]. In his work, Jain introduced
an innovative and elegant technique (now known as iterated LP rounding), in order
to obtain a 2-approximation algorithm for his problem. In addition to providing
an approximation guarantee, Jain shows that his algorithm gives a constructive proof
that the integrality gap of the linear programming relaxation of his general problem is
at most 2 for all special cases of it. In many cases, these results provided improvements
on a large number of well known edge connected network problems which are included
as special cases of his problem [37]. As we refer to Jain’s problem a number of times
in this dissertation, we briefly describe it here.

The following definition is needed in order to state Jain’s problem: A function A :
2Y — 7 is weakly supermodular if (1) h(V) = 0, and (2) for every two sets A, B C V),
at least one of the following conditions holds: h(A) + h(B) < h(A\B) + h(B\A), or
h(A) 4+ h(B) < h(ANB)+ h(BUA). The general network problem stated by Jain is
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as follows [37]: Given a multi-graph G’ = (V, F) with non-negative edge costs ¢ € RE,
and a weakly supermodular cut requirement function f : 2" — Z, find a minimum
cost spanning multi-subgraph of G’ such that there are at least f(S) edges in every
cut 0(9), for all S C V. In other words, in a feasible solution to Jain’s problem, there
are at least f(S) edge-disjoint paths between vertices u,v, where u € S, v € V\S
[28]. Problem ST is a special case of Jain’s general network problem — simply set
f(S) = 1if § C V separates vertices of T' (i.e., S and V\S both contain some
vertices in T'), and set f(S) = 0 otherwise. Problem SNDP is the special case where
f(S) := max;jes(s) 145 for all S C V.

It is of interest that Jain provides an asymptotically tight example showing that
the approximation guarantee of his general network problem is exactly 2. This ex-
ample is as follows [37]: Consider the graph consisting of the wheel on the vertex
set V= {c,ai,as,...,a,}, where vertex c is the centre of the wheel and vertices
ay, as, . .., a, are on the “rim”. The edges incident to ¢ (the “spoke” edges) each have
cost 1, and the “rim” each have cost 2 — €. See Figure 1.3. The connectivity cut

requirements are as follows:

z(6(5)) = 1 VScV; S#{c} V\{c}
2(6(S)) > 0V S={c}, V\{c}

Notice that this example is in fact a special case of ST with metric edge costs.

As shown in Figure 1.3, the solution given by Jain’s approximation algorithm
choses a path of n — 1 outside “rim” edges, and thus is of total cost (n —1)(2 —¢€) =
2n —en — 2 4+ € &~ 2n — 2; while an optimal solution consists of the n “spoke” edges,
and has a total cost of n. The ratio of the cost of the heuristic solution over the cost

of an optimal solution is then 2"71—_2 =22

=, which asymptotically approaches 2 as
n gets large. Thus, for this example, Jain’s approximation algorithm asymptotically
reaches the approximation guarantee of 2. Furthermore, an optimal solution to the

(A b

LP relaxation on this example consists of solution values of 1/2 for all the “rim
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Figure 1.3: An example on which Jain’s approximation algorithm asymptotically
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reaches an approximation guarantee of 2 [37].

edges, and 0 for all the “spoke” edges. The cost of this is 2(2—¢)n = (1 — £)n. Thus,

the integrality ratio of the LP relaxation of this wheel example is ﬁ = 1_%, which
2 2

asymptotically approaches 1 as e approaches 0. Thus, the integrality ratio of the LP

relaxation of Jain’s wheel example asymptotically approaches 1.

New: Vital Core Connectivity Problem

In this dissertation we introduce a new network design problem, which we call the
Vital Core Connectivity Problem (VCC). Problem VCC is defined as follows: Given
a complete graph, G = (V, E)), with non-negative edge costs ¢ € R¥, non-negative
integers k,l € Z, 1 <[ < k, and the vertices partitioned into vital vertices V* and
secondary vertices V\V*, find a minimum cost k-edge connected spanning multi-
subgraph of G such that the subgraph restricted to V* is l-edge connected. We
denote a particular instance of VCC by VCC(k,l,V*). As we will see (Chapter 2,
Section 2), VCC is, in general, an NP-hard problem and is a generalization of MST

and KEC. Although this problem arises naturally in many applications, and has some
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similarities with other problems, to the best of our knowledge we present the first
study of it.

Special cases of VCC that are worth noting are as follows: When V* = V|
the special case VCC(1,1,V) is precisely the minimum spanning tree problem. The
more general special case VCC(1, 1, V*) will be referred to as the extended minimum
spanning tree problem (EMST). It is the problem of finding a minimum cost spanning
tree of G that is also a spanning tree of the vital core G[V*]. The special case
VCC(k,1,V*) (i.e., when [ = 1) is the problem of finding a minimum cost k-edge
connected spanning multi-subgraph of G such that the subgraph restricted to the
vital vertices V* is connected; in particular, such that the secondary vertices do not
form a cut set (i.e., a subset of vertices whose removal from a graph disconnects
that graph). When [ = 1 and the secondary vertices V\V* consist of a single vertex
r € V, then the problem is that of finding a minimum cost k-edge connected spanning
multi-subgraph of GG in which 7 is not a cut vertex (i.e., a vertex whose removal from
a graph disconnects that graph). As we will see, the special case VCC(k, [, V), i.e.
where V* = V| is precisely the problem of finding a minimum cost k-edge connected
spanning multi-subgraph of G' (denoted multi-kEC).

The VCC is related to, but distinct from, other connectivity problems. A com-
parison is made in Chapter 2, the chapter pertaining to VCC. We will also show that
VCC(2,1, V™), and thus VCC(k, [, V*), is NP-hard, but that there exists a polynomial-
time algorithm that solves VCC(1,1, V™).
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Abstract

Let G = (V, ) be an edge-weighted complete graph representing a network in which
the edges represent potential links, and the vertices (centres) are partitioned into two
classes — vital vertices, which represent the vital core of the network, and secondary
vertices. We consider the vital core connectivity problem (VCC), which is the problem
of finding a minimum weight spanning multi-subgraph of G which is k-edge connected
overall and whose vital core remains at least [-edge connected even if some or all of
the secondary vertices are removed. The VCC arises naturally in many practical
applications in which one wishes to design a network at minimum cost which will
not only survive the loss of a certain number of links overall, but for which the vital
core remains at least [-edge connected even if some or all of the secondary centres are
lost. We show that the VCC is, in general, NP-hard, and present the first constant
factor approximation algorithm for this problem, as well as give an upper bound on
the integrality gap of its linear programming relaxation. In particular, we show an
approximation guarantee (and upper bound on the integrality gap) of % for | > [g},
Y for 2 <1< [£], and 2 for I = 1. We also show that in the case that k = [ = 1, the
VCC results in a useful generalization of the minimum cost spanning tree problem, for
which we provide a complete linear description as well as a polynomial-time algorithm.
Lastly, we provide a complete linear description of, and a polynomial-time algorithm

for, an extension of a special case of VCC to numerous disjoint vital cores.
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2.1 Introduction

Given a network consisting of vital and secondary centres, specific non-negative costs
for connecting any two centres with a link, and non-negative integers k > 1, [ < k, we
examine finding a cheapest way to construct a network so that it is k-edge connected
(i.e., so that the network remains connected even if any k—1 of the links are lost), and
so that if some or all of the secondary centres are lost, the vital core of the network
(consisting of the vital centres) remains l-edge connected. We call this problem the
vital core connectivity problem.

This problem has a number of very useful applications in the construction of
survivable networks. For example, military outposts and/or remote transmitters are
often placed in key locations such as mountain ranges, etc.. Since these outposts
are often more vulnerable and susceptible to being lost through enemy attack or
weather, it is useful to have a communications network that is capable of surviving
the loss of a certain number of lines without being disconnected, as well as capable
of surviving the loss of any or all of the vulnerable (secondary) outposts and still
have the vital core remain connected. This holds as well for subway systems. Subway
stations with a high number of subway lines joined to them are more vulnerable to
targeted attack [1]. Thus, it is desirable for a subway network to be constructed in
such a way that not only is it able to sustain the loss of a certain number of subway
lines, but also that its vital core remains at least connected if some or all of the more
vulnerable (secondary) stations are lost. Such a network makes serious disruption
of the subway system through targeted attack much more difficult. Usefulness to
have such a network can be seen with the March 2004 Madrid and July 2005 London
subway bombings [1, 21]. Notice that finding a solution that is either optimal or very
close to optimal means substantial financial savings for companies constructing such

networks. Notice as well that in some applications, it is useful to allow more than
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one link (i.e., multi-links) to be built between a pair of centres in order to build a
reliable network at lower cost. Instances of this occur in the laying of underwater
cables between islands and a mainland, where a link failure is considered to be the
failure of a cable.

A graph is k-edge connected (respectively, k-vertex connected) if it has at least
k edge-disjoint (respectively, internally vertex-disjoint) paths between every pair of
vertices; i.e. if any k — 1 edges (respectively, vertices) are removed, the graph is
still connected. Given a complete graph G with non-negative edge costs, the k-edge
connected spanning subgraph problem (KEC) is the problem of finding a minimum
cost k-edge connected spanning subgraph of G. When multiple copies of edges are
allowed in the solution, we denote the problem by multi-kEC. The problem of finding
a minimum cost k-vertex connected spanning subgraph of G is denoted kVC.

We can now more formally define our problem. The wvital core connectivity prob-
lem (VCC) is defined as follows: Given a complete graph, G = (V, E), with non-
negative edge costs ¢ € R”, non-negative integers k,l € Z, k > [ > 1, and the vertices
partitioned into vital vertices V* and secondary vertices V\V*, find a minimum cost
k-edge connected spanning multi-subgraph of GG such that the subgraph restricted to
V* is [-edge connected. We denote a particular instance of VCC by VCC(k, [, V*).
As we will see, the VCC is, in general, an NP-hard problem and is a generalization of
the minimum spanning tree (MST) and k-edge connected (KEC) problems. Although
this problem arises naturally in many applications, and has some similarities with
other problems, to the best of our knowledge we present the first study of it.

Special cases of VCC that are worth noting are as follows: When V* = V|
the special case VCC(1,1,V) is precisely the minimum spanning tree problem. The
more general special case VCC(1, 1, V*) will be referred to as the extended minimum
spanning tree problem (EMST), and will be examined separately in this paper. It is
the problem of finding a minimum cost spanning tree of G whose subgraph induced

by V* is also a spanning tree of the vital core G[V*]. The special case VCC(k, 1, V™)
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(i.e., when [ = 1) is the problem of finding a minimum cost k-edge connected spanning
multi-subgraph of G such that the subgraph restricted to the set of vital vertices V*
is connected; in particular, such that the secondary vertices do not form a cut set
(i.e., a subset of vertices whose removal from a connected graph disconnects that
graph). When [ = 1 and the set of secondary vertices V\V* consists of a single
vertex r € V, then the problem is that of finding a minimum cost k-edge connected
spanning multi-subgraph of G in which r is not a cut vertex (i.e., a vertex whose
removal from a connected graph disconnects that graph). As we will see, the special
case VCC(k, [, V), i.e. where V* =V is precisely the problem of finding a minimum
cost k-edge connected spanning multi-subgraph of G; i.e., it is precisely multi-£kEC.

As it is considered highly unlikely that efficient algorithms for exactly solving
NP-hard problems exist, we look at designing efficient algorithms that return approx-
imate, or near-optimal, solutions. If an algorithm runs in polynomial time and returns
a solution whose value is always within a constant factor a of the optimal value, then
the algorithm is known as an a-approximation algorithm, and the factor « is called
the approximation guarantee of the algorithm. A related concept to approximation
guarantees is that of integrality gaps. Given a minimization problem P, its integer
linear program (), and its linear programming (LP) relaxation Qpp, the integrality
gap for the linear programming relaxation is the largest ratio opt(Q)/opt(Qrp) over
all possible edge costs. If the integrality gap of a problem’s LP relaxation is 1, then
there always exists an optimal solution of its LP formulation that is integer. The
integrality gap provides a measure of the quality of the lower bound provided by
Qrp for Q. Moreover, a polynomial-time constructive proof for a bound « on the
integrality gap provides an a-approximation algorithm for problem P.

In this paper, we present the first constant factor approximation algorithm for
VCC(k,l,V*), as well as the first upper bound for the integrality gap for its linear
programming relaxation. For VCC(k,[,V*), we show an approximation guarantee

k

(and upper bound on the integrality gap) of % for [ > [g}, % for 2 < 1 < [3],
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and 5 for [ = 1 or for | = [£] and k even. When | = [£] and k is odd the
approximation guarantee and upper bound for the integrality gap are at most %
and asymptotically approach g from above as k gets large. For the special case
VCC(2,1,V*) (in which the secondary vertices are not a cut set), our algorithm has
a % approximation guarantee, generalizing our previous %—approximation algorithm
for multi-2EC [3]. In particular, when there is only one secondary vertex r € V,
VCC(2,1,V\{r}) has a 2 approximation guarantee and finds a feasible multi-2EC
solution in which r is not a cut vertex. For the special case VCC(k, k, V*), V* # V our
approximation guarantee is 2; while for the special case VCC(k, [, V') (which is simply
multi-kEC), we have an approximation algorithm with approximation guarantee of
% when k is even, and % + i when k£ is odd (agreeing with our previous results [3]).
We also show that in the case that k = [ = 1, VCC results in a useful generalization
(EMST) of the minimum cost spanning tree problem; a generalization for which we
provide a complete linear description as well as a polynomial-time algorithm. This
polyhedral description and algorithm for EMST will be used as an essential tool for
the approximation algorithm and integrality gap results for the general VCC. We also
show that EMST can be extended naturally to a problem on numerous disjoint vital
cores, and provide a complete linear description of, and a polynomial-time algorithm
for, this problem.

The VCC is related to, but distinct from, other connectivity problems, some of
which we outline here.
VCC and k-vertex Connectivity

While not guaranteeing vertex connectivity, there are instances of VCC that, in
particular, guarantee that a given subset V' C V., |V’| < k, of vertices is not a cut
set. This is obtained by the instance VCC(k, 1, V\V'), |V’| < k; i.e., where the set
of secondary vertices is V’. On the other hand, kVC guarantees that the removal of

any k — 1 vertices does not disconnect the graph. In particular, VCC(2,1, V\{r})

finds a minimum cost 2-edge connected spanning multi-subgraph in which r € V is
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not a cut vertex; while 2VC finds a minimum cost simple spanning subgraph that

has no cut vertices. Notice that £kVC is a special case of VCC(k, 1, V\V’), |V'| < k.

The best known approximation algorithm for £VC has an approximation guarantee
5_ 2

of 2 [16]. For VCC(k, 1,V\V’), we provide an approximation guarantee of 3 — £ for

k even, and g — % for k odd.
VCC and Multi-k-edge Connectivity

The VCC is a generalization of multi-kEC, since, as we will see, multi-kEC is
precisely VCC(k, 1, V), i.e., the case where the set of vital vertices is V. The current
best general constant factor approximation guarantee for multi-kEC and kEC is 2,
from Kamal Jain [14]. In addition to providing an approximation guarantee, Jain’s
approximation algorithm provides a constructive proof that the integrality gap of
the LP relaxation of kEC and multi-kEC is at most 2. There exist approximation
algorithms that, as a special case, for multi-kEC have an approximation guarantee
(and integrality gap) of % when k is even, and % + i when k is odd [3, 13].! In this
special case, our approximation guarantee and integrality gap matches these results.
VCC and Element Connectivity Problem

In addition to allowing edge failures, VCC allows certain vertex failures. Thus,
the element connectivity problem (ELC-SNDP) [15], which is also an intermediate
problem between vertex and edge connectivity, is a problem that is related to VCC.
Let G = (V,E) be a graph with non-negative edge costs ¢ € RF, T C V be a
subset of vertices called terminals, and r,, be a non-negative integer connectivity
requirement, for each pair of distinct vertices u,v € T'. Elements are defined as the
edges in F and the vertices in V\T. ELC-SNDP is the problem of finding a minimum
cost (simple) subgraph of G such that there exist at least r,, element-disjoint paths

between every distinct pair of vertices u,v € T. The best known approximation

guarantee for ELC-SNDP is 2 [9]. Although both VCC and ELC-SNDP allow vertex

IThere is also a %—approximation algorithm for 2EC and 2VC when the edge costs are metric

(satisfy the triangle inequality) [10].
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and edge failures, the problems are clearly different: Let 7" = V* and let r;; = [ for
all i, € V*. A feasible solution of ELC-SNDP is such that between all distinct pairs
of vital vertices 7,7 € V*, there are at least [ edge-disjoint paths that are disjoint
with respect to the secondary vertices V\V*. There is no guarantee regarding the
overall edge connectivity of the subgraph. On the other hand, a feasible solution of
VCC(k,l,V*) is k-edge connected overall, but also is such that between all distinct
pairs of vital vertices 7,7 € V*, there are at least | edge-disjoint paths that do not
contain any vertices from V\V*.
VCC and Augmentation Problems

Given a, possibly disconnected, multi-subgraph H' = (V| E’) of a weighted graph
G = (V, E), and a non-negative integer k, the multi-edge connectivity augmentation
problem (multi-AUG) is the problem of finding a minimum cost set of edges ' C E
such that H' 4+ F' is a k-edge connected spanning multi-subgraph of G. The set F
may contain edges from E’, and may also contain multiple copies of edges. Although
Jain does not explicitly mention it, a 2-approximation algorithm can be obtained
for multi-AUG from Jain’s 2-approximation algorithm for his problem [14].? There
is a %-approximation algorithm for instances of multi-AUG in which H’ is a simple,
connected, unweighted graph and k£ = 2 [8]. In the special case where H' consists
of the secondary vertices V\V* plus an optimal multi-l-edge connected spanning
subgraph of G[V*], the solution to multi-AUG is a feasible solution to VCC(k, [, V*).
However, as shown in Figure 2.1, such a solution, while being a feasible solution to
VCC(k,1,V*), is not necessarily an optimal solution to VCC(k,l,V*). In Figure
2.1(a), we show a complete weighted graph on 5 vertices. In Figure 2.1(b) and
2.1(c), we find different optimal 1-edge connected subgraphs of G[V*] (the subgraphs
formed by the red, bold edges) and respectively solve multi-AUG with k£ = 2 (the

dashed edges are the edges added in the minimum cost augmentation). Clearly, the

2This can be obtained by simply applying Jain’s problem to the survivable network design problem

and adjusting the cut constraints by the appropriate amount.
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multi-AUG solutions shown in Figure 2.1(b) and (c) are both feasible solutions to
VCC(2,1,V*), but only Figure 2.1(c) is an optimal solution to VCC(2, 1, V*). Thus,
contrary to what might be expected, finding a minimum cost multi-l-edge connected
spanning subgraph on G[V*], and then augmenting it at minimum cost to a multi-k-

edge connected spanning subgraph on G, is not the same problem as VCC(k, [, V*).

@ (b) (c)

total cost=3+3=6 opt(VCC(2,1,V*)on G)=3+2=5

Figure 2.1: Example showing that finding a minimum cost multi-/-edge connected
spanning subgraph on G[V*], and then augmenting it at minimum cost to a multi-k-
edge connected spanning subgraph on G, does not always yield an optimal solution

to VCC(k, 1, V*).

An outline of this paper is as follows: In Section 2.2 we show that VCC(2, 1, V*),
and thus VCC(k, [, V*), is NP-hard, but that there exists a polynomial-time algorithm
that solves EMST. We also give a complete linear description for EMST. In Section
2.3.1, we present the results necessary for our approximation algorithm and integrality
gap results for the general VCC(k,[,V*). In Section 2.3.2, we present Algorithm
VCC, an approximation algorithm for VCC(k,l,V*); and present an upper bound
on the problem’s LP relaxation. In Section 2.3.3, we present the results for special
cases of VCC, as well as present special cases in which the approximation guarantee

and upper bound of the integrality gap can be further improved; in particular, when
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[ = 1. Both the algorithm and polyhedral description of EMST in Sections 2.2.1 and
2.2.2 are fundamental to Section 2.3. We conclude the section by making some final
observations and comparisons. In the final section, Section 2.4, we provide a complete
linear description of, and a polynomial-time algorithm for, an extension of EMST to
numerous disjoint vital cores.

We conclude this introduction with some notation. Given a minimization prob-
lem P, its integer linear program Q, and its linear programming relaxation Qpp,
let optg(Q) be the total edge cost of an optimal solution to the linear programming
problem Q on the graph G = (V, E), and let opt5(Qrp) be the total edge cost of an
optimal solution to the linear programming relaxation Qpp on G. Let costg(H) be
the total edge cost of a feasible solution H to problem Q. Note that the subscript
G will be omitted when it is clear what graph we are discussing. For V' C V, let
¢ (V') be the edge set consisting of the edges of G with both ends in V', and dg (V)
be the edge set consisting of the edges of G with exactly one end in V’. Let G[V']
be the subgraph of G induced by the vertex set V'; in other words, G[V’] consists of
the vertices V' along with the edges 7¢(V’). Let V(G) :=V and E(G) := E. Given
a subgraph H of G, let H + V be the subgraph H with the vertices V C V added
to it, and let H + E be the subgraph H with the edges E C E added to it. For the
notation and definitions of polyhedral theory, we refer the reader to Chapter 6 of [5].

2.2 Complexity of VCC; and the Extended Mini-
mum Cost Spanning Tree Problem

In this section we consider the complexity of the general VCC problem. We show that
VCC(2,1,V*), and thus VCC(k, [, V*), is NP-hard, but that there exists a polynomial-
time algorithm that solves VCC(1, 1, V*). We also give a complete linear description
for VCC(1,1,V*). Both the algorithm and polyhedral description of VCC(1,1,V™*)
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will be used in subsequent sections as an essential tool for the approximation algorithm

and integrality gap results for the general VCC(k, 1, V*).
Lemma 1 Problem VCC(2,1,V*) is NP-hard.

Proof: We show that VCC(2, 1, V*) is NP-hard by showing that the decision form of
multi-2EC is polynomial time reducible to the decision form of VCC(2,1,V*). The
decision form, D1, of VCC(2,1,V*) and the decision form, D2, of multi-2EC are

defined as follows:

D1: Given a complete graph G = (V, E) with non-negative edge costs ¢ € R a set
of vital vertices V* C V', and some L € R, is there a solution of VCC(2, 1, V*)

with total edge cost less than or equal to L?

D2: Given a complete graph G = (V, E) with non-negative edge costs ¢ € RE , and
some () € R>g, is there a solution of multi-2EC with total edge cost less than

or equal to Q7

Clearly, D1 is in NP. We will complete the proof that VCC(2, 1, V*) is NP-hard by
showing that D2 is polynomially reducible to D1. We create an instance of D1 from
an instance of D2 as follows. Let G be the complete graph obtained by adding a
non-empty set of vertices V' to G and edges such that GG is a complete; such that the
edge cost of edges in v5(V’) is 0, the edge cost of ru for some vertex u € V and some
vertex r € V' is 0, and all other edges in 0o (V") each have edge cost M, where M is
twice the total cost of the edges in G. See Figure 2.2. Let V* = V\V/(= V). Let
L:=Q.

Suppose H is a solution to VCC(2,1,V*) on G with total cost less than or equal
to L, i.e., we have a ‘yes’ instance of problem D1. Due to the edge costs, H has only
2 copies of the edge ru in the cut g (V’) (this satisfies the cut requirement that in

any feasible solution there are at least two edges in the cut d¢(V’), and taking any
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Figure 2.2: Illustration of G in the proof of Theorem 2. Edges in dg(V’)\{ru} have
cost M.

other edge in dg (V') will make the total cost greater than M). Thus, since H is a

A

multi-two-edge connected subgraph, the multi-subgraphs H[V’] and H[V] are both
multi-2-edge connected subgraphs. Hence, H [V] is a feasible solution to multi-2EC
on G [V] = (3. Furthermore, since the edge costs of ru and the edges in va(V') are 0,

A A

the total cost of H is equal to the total cost of H[V]. Thus, the total cost of H[V] is
less than or equal to @), and H [V] shows that we had a ‘yes’ instance of problem D2.

Conversely, suppose H is a solution to multi-2EC on G with total cost less
than or equal to (), i.e., we have a ‘yes’ instance of problem D2. Clearly, H' :=
H+V'+ {ru,ru} + E(G[V"]) is 2-edge connected and H'[V*] is connected. Thus, H’
is a feasible solution to VCC(2,1,V*) on G. The total cost of H’ is equal to the total
cost of H. Thus, the total cost of H' is less than or equal to ), and we had a ‘yes’
instance of problem D1.

Therefore, the decision form of multi-2EC is polynomial time reducible to the

decision form of VCC(2,1,V*). Since multi-2EC is an NP-hard problem [3, 12],
therefore VCC(2, 1, V*) is an NP-hard problem. [
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Theorem 2 Problem VCC(k,1,V*) is NP-hard.

Proof: Lemma 1 shows that VCC(2,1,V*) is NP-hard. The result then follows from
the fact that VCC(2,1,V*) is a special case of VCC(k, [, V*). [

2.2.1 A Polynomial-time Algorithm for VCC(1,1,V*)

We now consider VCC(1,1,V*), i.e., VCC when k = [ = 1: Given a complete graph,
G = (V,E), with non-negative edge costs ¢ € RF and a given non-empty subset
of vital vertices V* C V, find a minimum cost spanning tree 7" of G that remains
connected when the secondary vertices V' = V\V* are removed, i.e., such that T'[V*]
is also a spanning tree of the vital core G[V*]. We call this special case of VCC the
Extended Minimum Spanning Tree Problem (EMST). Instances of EMST are denoted
by EMST(V*). When V* = V| EMST reduces to the minimum cost spanning tree
problem (MST), which is the special case VCC(1, 1, V). Thus, we have the following

inequality:

Proposition 3 Given a complete graph G = (V| E) with non-negative edge costs
c € RE, and a non-empty subset of vertices V* C V, the following holds on G:
opt(MST) < opt(EMST(V*)).

The following characteristic of a feasible solution of EMST is used by the algo-
rithm for EMST(V*):

Lemma 4 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € RY,
and let V* C 'V be a non-empty subset of vertices. Let M be an optimal solution to

EMST(V*) on G. Then M[V*] is a minimum cost spanning tree of G[V*].

Proof: Since the removal of the secondary vertices does not disconnect M, therefore,
MI[V*] is a connected subgraph of G[V*]. Moreover, since M is a spanning tree of

G, therefore M[V*] is a spanning subgraph of G[V*]| and is acyclic. Since M[V*] is
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a connected, acyclic, spanning subgraph of the vital core G[V*|; thus, M[V*] is a
spanning tree of G[V*]. Therefore, M[V'] has connected components 71, ...,T; (for
some t € N-() which are each trees, and which are each connected in M to M[V*]
by a single distinct edge in dp (M [V*]), say e1, ..., e respectively.

Suppose B is a minimum cost spanning tree of G[V*]. Thus, we have that
cost(B) < cost(M[V*]). Suppose cost(B) < cost(M[V*]). Let M be the subgraph of
G obtained from M by replacing M[V*| by B; i.e., M is the subgraph of G consisting
exactly of the subtree B, the (disjoint) subtrees T, ..., T}, and the unique “connect-
ing” edges ey, ..., e (see Figure 2.3). It is easy to see that Mis a spanning tree of G.

Furthermore, M [V*] is connected, since M [V*] is precisely B (which is connected).

Figure 2.3: Replacing M[V*] by B in M.

Thus, M is a feasible solution to EMST(V*) on G, and

~

t t
cost(M) = cost(B)+ Z Ce, + Z cost(Ty)
i=1 i=1

t t
< cost(M[V*]) + Z Ce;, + Z cost(T;)
i=1 i=1
= cost(M),

which is a contradiction with the fact that M is an optimal solution to ENST(V*)
on G. Thus, cost(B) £ cost(M[V*]). Therefore, M[V*] is a minimum cost spanning
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tree of G[V*]. [ |

Notice, from Lemma 4, that in a feasible solution of EMST, every secondary
vertex v € V' = V\V* is either a leaf of the spanning tree, or is part of a branch of
the spanning tree such that, from v to the leaf/leaves of the branch, all the vertices
are secondary vertices.

Given a graph G = (V, E), and V* C V, define the multi-graph G/V* to be
the shrunk graph of G, obtained by identifying all the vertices in V* into a single
(“shrunk”) vertex w and deleting all the edges of G that have both endpoints in V*,
i.e., deleting all the edges v¢(V*). Notice that G/V* has |V|—|V*|+1 vertices, and its
edge set, Fy«, consists of all the edges of G that have exactly one or no endpoint in V*,
e, By« = E\va(V*) = 6q(V*) Urg(V\V*). Notice that edges iw, i € V' = V\V*,
in G/V* are in 1 to 1 correspondence with edges ij € E, j € V*. Edges in G/V*
that are not incident to the shrunk vertex w are in 1 to 1 correspondence with the
edges in G that do not have both endpoints in V*. Without loss of generality in this
paper, we can convert GG/V* into a simple graph by removing all but the lowest cost

edge in every set of parallel edges.

Lemma 5 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € R¥,
let V* C V be a non-empty subset of vertices, and let V' = V\V*. Let M be an
optimal solution to EMST(V*) on G. Then M restricted to the shrunk graph G/V*

is a minimum cost spanning tree of G/V*.

Proof: Notice that G/V* is connected (since G is connected), and thus contains a
spanning tree. Let M* be M restricted to the shrunk graph G/V*. Since M[V*] is
a spanning tree of G[V*] (by Lemma 4), therefore, M[V’] has connected components
Ti,...,T; (for some t € N.g) which are each trees, and which are each connected in
M to M[V*] by a single distinct edge in dp(M[V*]), say e, ..., e; respectively. Thus,
M* consists of the shrunk vertex w, the edges ey, ..., e;, and the subtrees T7,...,T;.

Therefore, M* is a spanning tree of G/V*.



2.2. COMPLEXITY OF VCC; AND EMST o7

Suppose A is a minimum cost spanning tree of G/V*. Thus, cost(A) < cost(M™).
Suppose cost(A) < cost(M*). Let M be the subgraph of G obtained from M by
replacing the edges of M™* by the edges of A; i.e., M is the subgraph of G consisting
exactly of the subtree M[V*], the (disjoint) subtrees Ay, ..., As (for some s € N+)

of A —w = A[V'], and the distinct “connecting” edges ef,..., e, where e joins

)8

the subtree A; with w in A (for each i € {1,...,s}). It is easy to see that M
is a spanning tree of G. By construction, cost(M) = cost(M[V*]) + cost(A) <
cost(M[V*]) + cost(M*) = cost(M). This is a contradiction with the assumption
that M is a minimum cost spanning tree of G. Thus, cost(A) = cost(M*), and M*
is a minimum cost spanning tree of G/V*. |

Based on Lemmas 4 and 5 above, we have the following polynomial-time algo-

rithm for EMST(V*):
Algorithm M

Input: A complete graph G = (V, E) with non-negative edge costs ¢ € R¥ and

a non-empty subset of vital vertices V* C V.

M1. Find a minimum cost spanning tree, M, of the vital core G[V*].
M2. Find a minimum cost spanning tree, M*, of the shrunk graph G/V*.

M3. Form the subgraph M’ = (V, E(M)U E(M)).

Lemma 6 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € R¥,
and let V* C V be a non-empty subset of vertices. The subgraph M' returned by
Algorithm M is an optimal solution to EMST(V*) on G, and can be constructed in

worst case running time O(|V]?).
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Proof: By Lemmas 4 and 5, an optimal solution to EMST(V*) on GG consists exactly
of the vertices V' along with the edges of a minimum cost spanning tree of G[V*] and
the edges of a minimum cost spanning tree of G/V*.2 This is precisely M’. Thus, M’
is an optimal solution to EMST(V*) on G.

For a connected graph with n vertices and m edges, a minimum cost spanning
tree can be found in O(nlogn + m) time [11]. This becomes O(n?) for a complete

graph. Thus, steps (M1) and (M2) can be implemented in worst case running time

O(|V?). |

2.2.2 A Complete Linear Description for VCC(1,1, V)

The following is needed in order to provide a complete linear description of EMST(V*),
which is the special case VCC(1,1,V*). The description we present will be used in
the next section to obtain our approximation algorithm and integrality gap results for
VC(k,1,V*). Given a complete graph G = (V, E), a partition P = (Vi,Va, ..., Vi,)
of the vertex set V, is a set of subsets of V' such that V; UVoU--- UV, =V and
VinV; =0 forall 4,5 € {1,2,...,kp}, i # j. Notice that in such a partition, each
part V; induces a complete subgraph G[V;] for alli = 1,2, ..., kp. In this paper, when
we refer to a partition P of GG, we are referring to a partition P of the vertex set of
G. The multi-graph Gp is the graph obtained by identifying all the vertices in V;,
1=1,2,..., kp, into a single vertex v; and deleting all the edges of G that have both
endpoints in the same part, V;, of the partition P. Thus, Gp has kp vertices, and its
edge set, Ep, consists of all the edges of G that have endpoints in different parts, V;,
of the partition P. In this paper, without loss of generality, we can convert Gp into

a simple graph by removing all but the lowest cost edge in every set of parallel edges.

3Notice that, without loss of generality, G/V* can be made into a simple graph by removing,
for each secondary vertex u € V', all the multiple copies of uw except for the copy of uw with the
cheapest edge cost. Thus, any algorithm for finding a minimum cost spanning tree can be used,

regardless of whether or not that algorithm starts on a simple or multi-graph.
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Let x. represent the number of times each edge e € E is included in a solution of a
given problem on G. The resulting vector z € Ngo is called an incidence vector on
G. For any edge set £ C E and z € R”, let 2(E’) denote the sum ), _p z.. The
next lemma follows from results from Chopra [4], as they apply to complete graphs.
The lemma states that we can find the cost of a minimum cost spanning tree by
solving a linear program that has no integrality constraints. Note that the spanning

tree polytope is the convex hull of spanning tree incidence vectors.

Lemma 7 ([4], Theorem 2.3) If G = (V,E) is a complete graph, and ¢ € R¥ with

¢ > 0, then the cost of a minimum cost spanning tree of G is equal to the optimal

value of
minimize cx (2.1)
subject to Z r. > kp—1, for all partitions P of G, (2.2)
ecEp
z. > 0, foralleeFE. (2.3)

Moreover, the feasible region of LP(2.1) is precisely the dominant of the spanning tree

polytope.

Consider the following linear programming (LP) formulation on a complete graph
G = (V,E) with non-negative edge costs ¢ € RF and a given subset of vertices

V* C V. We will show that this is a linear programming formulation for EMST(V*):

minimize cx (2.4)
subject to Z r. > kp—1, for all partitions P of G/V*, (2.5)
ecEp
Z re > kp—1, for all partitions P of G[V*], (2.6)
ecEp
r. > 0, foralleeFE. (2.7)

Notice that constraints (2.5) and (2.7) are precisely those constraints for the minimum

spanning tree LP(2.1) on the shrunk graph G/V* of G, and constraints (2.6) and (2.7)
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are precisely those constraints for the minimum spanning tree LP(2.1) on the vital
core G[V*].

We will now show that LP(2.4) is a linear programming formulation for EMST(V*)
whose integrality gap is 1; i.e., for which there always exists an optimal solution that
is integer. Let Pgassr(v+) be the associated polytope of EMST(V*), i.e., let Prarsrv+)
be the convex hull of the incidence vectors of solutions of EMST(V*). Let DP be the
dominant? of Pg), sTv+). Let Pygr be the associated polytope of the minimum cost
spanning tree problem. By Lemma 7, the dominant of P,;¢7 is given by the feasible

region of LP(2.1).

Theorem 8 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € RE,
and let V* C V. The dominant, DP, of Pgarsrv+) is given by the feasible region of
LP(2.4).

Proof: We show that every feasible solution to the constraints (2.5)-(2.7) can be ex-
pressed as a convex combination of incidence vectors of optimal solutions of EMST(V*),
i.e., extreme points of DP, plus some non-negative vector h € Rgo.

Let x be a feasible solution to the constraints (2.5)-(2.7), i.e., x is a point in
the feasible region determined by the constraints (2.5)-(2.7). Let x; be x restricted
to the edges in G[V*], and let x5 be z restricted to the edges in G/V*. Thus, by
Lemma 7, x1 and x5 are feasible points in the dominant of Py;sr on G[V*| and G/V*,
respectively. Thus, x; can be written as a convex combination of the extreme points
of the dominant of Pysr on G[V*], plus a non-negative vector f € RVZ((}/ *); ie., let
1 = My1 + Aoys + ...+ Ny + f where y; is an extreme point of the dominant of the
MST polytope on G[V*] (i.e., y; is the incidence vector of an MST of G[V*]), and A,
is a non-negative multiplier such that Ay +---+ X, =1, fori € {1,2,...,¢t}. Similarly,

Eye - .
let x9 = anzy + a2 + ... + a2, + g where g € RUY™ is a non-negative vector, z;

4The dominant of a polytope P is the polyhedron formed by P plus the non-negative orthant
R%).
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is an extreme point of the dominant of the MST polytope on G/V* (i.e., z; is the
incidence vector of an MST of G/V*), and «; is a non-negative multiplier such that
ag+--+a,=1,for je{l,2,... s}

By Lemmas 4 and 5 applied to the corresponding incidence vectors, any ;,
i€ {1,2,...,t}, combined with any z;, 7 € {1,2,...,s}, gives an extreme point of
DP. Let 3 be the lowest common denominator of A\i,..., Ay, aq,...,a,, and rewrite
each \; and each o; as a sum of 3. Expanding these out in the sums of x; and s,
we then get that z; and x5 are both a sum consisting of § terms (plus f, respectively
g), with each term having the multiplier 1/3. Therefore, combining together each
‘corresponding’ k™ term of x; and zo, k = 1,2,...,/, and letting h € Rgo be the
vector by combining f and g, we obtain x — h written as a linear combination of
extreme points of DP. Moreover, this combination has exactly § terms, each with a
multiplier of 1/, and thus the multipliers add up to 1. Therefore, 2 can be written
as a convex combination of extreme points of DP plus a non-negative vector in Rgo.
Thus, feasible region determined by the constraints (2.5)-(2.7) is the dominant of
Prrystve. u

Notice that Theorem 8 can also be proved using matriods.

Corollary 9 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE, and a non-empty subset of vertices V* C V, there exists an optimal solution to
LP(2.4) that is the incidence vector of a minimum cost spanning tree of G. Thus,
LP(2.4) is a linear programming formulation for EMST(V*) whose integrality gap is
1. In particular, the cost of an optimal solution to EMST(V*) is equal to the optimal
value of LP(2.4).

Proof: Since we are minimizing over DP, and, from Theorem 8, all the extreme
points of DP are incidence vectors of optimal solutions of EMST(V*), therefore there
exists an optimal solution to LP (2.4) that is the incidence vector of a minimum cost

spanning tree of G. |
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2.3 The Vital Core Connectivity Problem

In this section we present our integrality gap and approximation algorithm results for
VCC, and the preliminary results necessary in order to obtain them. Let G = (V| F)
be a complete graph with non-negative edge costs ¢ € R¥ let V* C V be a non-
empty set of vital vertices, V' = V\V* be the secondary vertices, and let k,l € Z,
1 <1 < k be non-negative integers. An integer linear programming formulation for

VCC(k, 1, V*) is as follows:

minimize cx (2.8)

subject to  x(dg(S)) > k, forall) CcSCV, (2.9)
z(dc+(S)) > 1, forall@cCScV™, (2.10)

z. > 0, foralleeF, (2.11)

Te integer, for all e € E. (2.12)

The constraints (2.9) ensure that the multi-subgraph is k-edge connected; and
the constraints (2.10) ensure that the multi-subgraph on the vital core V* is l-edge
connected. The linear programming formulation of the LP relaxation of VCC(k, 1, V*)
(denoted by VCC(k,1,V*)p) is ILP(2.8) without the integer constraints (2.12), and
will be referred to as LP(VCC). The linear programming formulation of the LP re-
laxation of multi-kEC on G (denoted by multi-kECp) is ILP(2.8) without the con-
straints (2.10) and (2.12).

Proposition 10 On a complete graph G = (V, E), problem VCC(k,1,V ) is equiva-
lent to multi-k EC, and their LP relazations are also equivalent. Thus, their optimal

values are equal, as are the optimal values of their LP relaxations.

Proof: When V* = V| the constraints (2.10) are: z(dg(S)) > 1, forall Cc S C V.

Since k > [, these constraints are redundant, and thus LP(VCC) consists of just the
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constraints (2.9) and (2.11), which is precisely the LP of multi-kEC,p. Clearly, the
same applies for the respective ILP formulation. The results follow. [ |

Notice that, from the proof of Proposition 10, we can, without loss of generality,

set | = k for instances of VCC in which V* = V.

2.3.1 Preliminary Results

Before proceeding to our approximation algorithm and an upper bound on the inte-
grality gap of the LP relaxation of VCC(k,[,V*), a few general results are needed.
We briefly present these results now.

Given a connected graph G = (V, E) with non-negative edge costs ¢ € R¥, and
given T C V, a minimum cost T-join is a minimum cost set of edges E C F such

that |0(v) N E| is odd if and only if v € T. The following theorem is needed:

Theorem 11 (Cook et. al. [5], Theorem 5.28) If G = (V. E), T C V with |T)|
even, and ¢ € RE with ¢ > 0, then the minimum cost of a T-join of G is equal to the

optimal value of

minimize cx (2.13)
subject to x(6(S)) > 1, forall SCV s.t.
1SOT)| odd, (2.14)

z. > 0, foralleeE. (2.15)

Lemma 12 Let T C V, |T| even. The following holds on G:

opta(T-join) < = opta(VCC(k, 1, V"), ) < ~ opta(VCC(k, 1, V).

o
o

Proof: Let z* be an optimal solution to LP(VCC). In particular, z* satisfies the
constraints (2.9). Thus, +z* satisfies z(0¢(S5)) > 1 for all § C S C V. Therefore Lz*

satisfies constraints (2.14). Additionally, since z* satisfies the constraints (2.11), 1z*
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also satisfies the constraints (2.15). Therefore, 12* satisfies the constraints (2.14) and

(2.15), and thus is a feasible solution of LP(2.13). Using Theorem 11, we have that

opt(T-join) < % cxt = % opt(VCC(k, L, V*), p) < % opt(VCC(k,1,V*)).

Corollary 13 Let T C V*, |T| even. The following relationship exists on G and
G[V*]:

—_
—_

optG[Vﬂ(T—join) < 7 opta(VCC(k, 1, V™), p) < 7 opta(VCC(k, 1, V™).

Proof: By Lemma 12, optapy+(T-join) < 7 optap+(VCC(1,1,V*), ). Clearly,
opte-(VCCI1L,V*), p) < opta(VCC(k,1,V*), p). The result follows. [
The next lemma gives an upper bound on EMST(V*).

Lemma 14 The following holds on G:

~I Do

opta(EMST(V™)) <

~I Do

opta(VCC(k,1,V*) p) < = opta(VCC(k, 1, V™).

Proof: Let 2* be an optimal solution to LP(VCC) on G and let ' = 22*. Since z*

satisfies the constraints (2.9) and (2.10), and since k > [, therefore 2’ satisfies

£(6(5) > 2

> - > 2, forallDc SCV (2.16)

and
xl(ég[vﬂ(S)) > T = 2, forall@ c S cCV*. (2.17)

Let P = (51,5, ...,Sk,) be a partition of G. For 2’ on G we have, using (2.16):

Soal = Sll0(S)) + Te3(S) + -+ e((Sk,)]
> %(k?PQ) = kp
> kp—1.
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Therefore, 2’ satisfies ZeeEP x> kp — 1, for all partitions P = (51,52, ..., Sk,) of
G. Thus, 2’ satisfies the constraints (2.5).
Similarly, let P = (T, T3, . .. , Tk.,) be a partition of G[V*]. For 2’ on G[V*] we
have, using (2.17):
1

Zi’f/e = §[x/C¥[V*](6(T1))+x/G[V*](6(T2))+"'+IJG[V*}(5(T1€13))}
EEEP
1
Z 3 (kp-2) = kp
> kp— 1.

Thus, o' satisfies ) . o xl, > kp — 1, for all partitions Pof G [V*], and therefore, o’
satisfies the constraints (2.6).

Clearly, o’ satisfies the constraints (2.7). Thus, 2/ = 22* is a feasible solution
of LP(2.4), and we therefore have that opt(EMST(V*)) < 2 opt(VCC(k,1,V*);p).

Noticing that opt(VCC(k,l[,V*), ) < opt(VCC(k,l,V*)) completes the proof. [
Corollary 15 The following holds on G:

opta(VCC(k, 1, V™)).

En

opta(MST) < % opta(VCC(k, 1, V"), p) <

Proof: Notice that MST is precisely the special case EMST(V). Thus, from
Lemma 14, opt(MST) < 2 opt(VCC(k,1,V);p) = 2 opt(VCC(k,1,V),p). By

Proposition 10, opt(VCC(k,1,V ), p) < opt(VCC(k,1,V*), ). The result follows. W

2.3.2 Vital Core Connectivity — Approximation Algorithm
and Integrality Gap

Lemmas 12 and 14, and Corollaries 15 and 13 will be used to create a solution for
VCC(k,1,V*) within a given bound of the optimal. Before presenting these upper
bounds, and the special cases in which the upper bounds can be further improved,

we present an approximation algorithm for VCC(k, [, V*). This algorithm forms a
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feasible solution for VCC(k, [, V*) by combining together copies of the following: An
extended minimum cost spanning tree of G with respect to V*, a T-join on G, a T-join
on G[V*], and a minimum cost spanning tree of G. Using appropriate combinations
of these, we can get a multi-subgraph H with the desired edge connectivity on H and
on H[V*|. Notice that for [ = 1, the approximation algorithm and its upper bound,
as well as the upper bound for the integrality gap, is in the Special Cases section

(Section 2.3.3).
Algorithm VCC

Input: A complete graph G = (V, E) with non-negative edge costs ¢ € R, a non-

empty subset of vital vertices V* C V| and non-negative integers k,l € Z, 2 <[ < k.

1. Using Algorithm M from Section 2.2.1, find an extended minimum cost spanning

tree, M’, of G with vital vertices V*. Let E' C E be the edge set of M’.

2. Let Vo < V be the set of vertices of G having odd degree in M’. Find a
minimum cost 7-join J C E, on G, where T = V¥ i.e., M’ has a corresponding
VOdd—join. This is accomplished by finding a minimum cost “pairing” of the odd

degree vertices of M’ using minimum cost paths from G.

3. Let M := M'[V*], i.e., M is the minimum spanning spanning tree of G[V*]
obtained by restricting M’ to G[V*] (cf Lemma 4). Let V¥ C V be the set of
vertices of G having odd degree in M. Find a minimum cost T-join J C E, on

G[V*], where T = V%,

da. If 1 > [£]:
copies of the edges E’, and let this form the edge set E”;
copies of the edges in J, and let this form the edge set J';

Take ( — [g}) copies of the edges in .J, and let this form the edge set .J'.
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4b.

D.

Combine these copies of the spanning tree M, of the T-join, and of the T-join,
i.e.: Form the multi-subgraph H := (V, E" U J' U .J").

If 1 < [£]:

copies of the edges E’, and let this form the edge set £

copies of the edges in J, and let this form the edge set J”;

Take L%J copies of the edges in J, and let this form the edge set J”.

Find a minimum cost spanning tree, M, of GG. Let E); C E be the edge set of
M. Take [%5!] copies of its edges, and let this form the edge set E};.

Let V°% C V be the set of vertices of G having odd degree in M. Find a
minimum cost T-join J C E, on G, where T' = V°%. Take [*!] copies of the
edges in J, and let this form the edge set .J'.

Combine these copies of the spanning tree M’, of the T-join, of the spanning

tree M, and of the T-join, i.c.: Form the multi-subgraph H := (V, E" U J" U
J'UE,U.J).

Return H.

Proposition 16 Algorithm VCC runs in polynomial time and produces a feasible

solution of VCC(k,1,V*).

Proof: A minimum cost spanning tree can be found in O(|V|log |V |+ |E|) time [11].

This becomes O(|V']?) for a complete graph. Finding a minimum cost T-join can be

done in the worst case running time O(|V|?) [3]. Therefore, using Lemma 6, Algorithm

VCC has worst case running time O(|V]? + [V 2 + [V + |V + [V]?) = O(|]V]?).

We now show that the graph H returned by Algorithm VCC is a feasible solution

to VCC(k, 1, V*). We show first that H is a k-edge connected spanning multi-subgraph

of G. Since a connected graph has a T-join if and only if |T'| is even, and every

graph has an even number of odd degree vertices, therefore, G has a V°%-join and a
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Vodd_join, and G[V*] has a V°%-join. Clearly, all the vertices of the multi-subgraph
K':=(V,E'U j) have even degree. This means that K’ is an Eulerian graph, i.e., it
contains an Euler tour. Hence, K’ is two-edge connected, i.e., it has two edge disjoint
paths between every pair of vertices. Similarly, the multi-subgraph K := (V, Ejy U J)
is two-edge connected.

Suppose | > [g} When £k is even, the edges of H partition into g extended
k

5 copies of K'). Hence, when k

spanning trees and % V"dd-joins (in particular, into
is even, H partitions into g Eulerian subgraphs, i.e., g 2-edge connected subgraphs.

Therefore, H is (% -2) = k-edge connected. When k is odd, the edges of H partition

into % extended spanning trees and % VOdd—joins; thus, H partitions into

k—1
2

Eulerian subgraphs and one (extended) spanning tree of G, i.e., % 2-edge connected
subgraphs and one connected subgraph. Thus, H has (% -2+ 1) = k edge-disjoint
paths (counting multiple copies of edges as distinct edges) between any two vertices,
and is therefore k-edge connected. Hence, H is a k-edge connected spanning multi-
subgraph of G. Next, consider the edge connectivity of H[V*]. Notice that the edges of
H|[V*] partition into [£] copies of the edges of M, and [ — [£7 copies of the edges in J.
Thus, H[V*] partitions into {—[£] Eulerian subgraphs of G[V*] and ([£]—(1—[%])) =
2[%1 — | spanning trees of H[V*], i.e., (l — [%1) 2-edge connected subgraphs and
(2[47 —1) connected subgraphs. Thus, H[V*] has (2 (I—TE7) + (214 —l)) = [ edge-
disjoint paths between any two vertices, and is therefore [-edge connected. Hence,
H[V*] is a l-edge connected spanning multi-subgraph of G[V*].

On the other hand, suppose that [ < [g} The edges of H[V*] partition into [%1
copies of the edges of M, and L%j copies of the edges in .JJ. Thus, H[V*] partitions
into [£] Eulerian subgraphs of G[V*] and ([{] — [4]) spanning trees of H[V*], i.e.,

|£] 2-edge connected subgraphs and ([L] — [£]) connected subgraphs. Thus, H[V*]
has <2Léj + ([41 - Léj)) = [ edge-disjoint paths between any two vertices, and
is therefore [-edge connected. Hence, H[V*| is a l-edge connected spanning multi-

subgraph of G[V*]. Next, the edges of H partition into [é} copies of the edges of
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M, Léj copies of the edges in J, [%1 copies of the edges of M, and L%J copies
of the edges in J. Thus, the edges of H partition into an [-edge connected subgraph
of G and a (k — [)-edge connected subgraph of G. Hence, H is (I + k — [) = k-edge
connected.
The result follows. |
We will use the following value repeatedly throughout the remainder of this

paper: Given non-negative integers k,l € Z with 2 <1 <k, define wy; to be:

e 1(3+%), when I > [£] and k is even;

%[(3 +5)+ (- %)}, when [ > [4] and k is odd;
e (3—1), when [ < [£] and k, [ even;

e 3—4%)+ 4, when! < [£] and [ odd, k even;

. (3 — é) + i, when [ < [g} and [ even, k odd;

e 3—4)+ (% —2), when I < [£] and k,1 odd.

2l 2k

Notice that wy; < 2% when [ > [g} and k is even; wy; < %—i—% = 2% when [ > [g}

and £ is odd; wy; < 3 when 2 <1 < [g} and k, [ even; and wy; < 3% when 2 <[ < [g}
and [ odd, k even or [ even, k odd or k,[ odd. Thus, in general, wy; < 2% = % when

[>[%4] and wyy < 3% =22 when 2 < 1 < [£].

Theorem 17 (Upper Bound of Integrality Gap of VCC(k,,V*).p) Let

G = (V,E) be a complete graph with non-negative edge costs c € RE, let V* C V be
a non-empty set of vital vertices, and let k,l € 7, 2 < | < k be non-negative integers.
The integrality gap for the linear programming relaxation of VCOC(k,l,V*) is at most

Wk, 1-
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Proof: Let H be the feasible solution of VCC(k, [, V*) that is returned by Algorithm
VCC. Case 1: Suppose [ > (%1 Then, using Lemma 14, Corollary 13, and Lemma

12, we have,

cost(H) = [g] Copta(EMST(V*)) + (z - @ ) optep (T-join)

+ LSJ - opte(T-join)

k1 2 k 1 ki 1
< S S e I R S
< (2 D3 1)
opta(VCC(k, L,V ), p). (2.18)
Case 1a: If k is even, (2.18) becomes
2 ky 1 k1
< Lz A PRI I *
cost(H) < > + (1 2) -+ 3 k) opta(VOO(k,1,V*), )

ko1
+1— o+ —) ~opta(VOC(k, 1, V), p)
k .
(3 + —) Copta(VCC(k, 1,V*), p). (2.19)

Case 1b: If k is odd, (2.18) becomes

cost(H) < ((%) % + (l — E)% + (%) %) ~opta(VOC(K,1,V" ), p)

20 21 200 21 2 2%k

1 1

_ <%+3+1_5 —i+1—i> opta(VCC(k,1,V*), )
%((3 + 7) + (7 - E)) ' OptG(VCC(kJ’V*)LP)' (2'20)
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Case 2: Suppose [ < [g} Then, using Lemmas 12 and 14, and Corollaries 15

and 13, we have,

cost(H) = %-‘ copta(EMST (V™)) + {%J - optap(T-join) + {%J - opte(T-join)

+ {%J -optg(T-join) + {kT_l-‘ -opta(MST)

< (152 -4+ (30 155D B+ 157-3)
opta(VCC(k, L,V ), p). (2.21)
Case 2a: When k,[ are even, (2.21) becomes

i < (124 4+ (3550 L e (5)2)

'OptG( VCC(kv l7 V*)LP)

1 1 1 1 l .
= (14—5—}—%4'5—%4-1—%)'OPtg(VCC(k’,l,V)LP)
= (3 — é) ~opta(VCCk, 1,V™ ), p). (2.22)

Case 2b: When [ is odd and k is even, (2.21) becomes

I+1\ 2 I—1\ 1 I—1 k—1—-1y\ 1
< ). = - ). = -
oat) = (595 + (57 + (5577
E—1+1\ 2 .

+ (T) . E) opta(VCO(k, 1,V*), )
— 1+1+1_L+L_i+l_i_i+l_£+l
B I 2 201 2 2k 2 2k 2k ko k
opta(VCC(k, L,V ), p)

= ((3 — é) + %) ~opta(VCC(k, 1,V™ ), p). (2.23)
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Case 2c: When [ is even and k is odd, (2.21) becomes

[ 2 [ 1 [ k—1—-1 1
< 2.z . T S
cost(H) < ( l+ l+<2+ 5 ) k:

(%) ~ %) opta(VOC(k, 1, V"), )
— ((3 — f) 4 i) ~opta(VOC(k, 1,V*), 1) (2.24)
k) 2k C e ’

Case 2d: When k, [ are odd, (2.21) becomes

ot < (597 (57 + (550 %

k—1y 2 *

N 11 .
= ((3 - E) + ﬂ - %) 'Optg(VCC(]{?,l,v )LP)' (225)
Therefore,
opta(VCC(k, 1, V™)) < cost(H) < wyy-opta(VCCKE,LV"), ),

ie.,

OptG(VCC(k>laV*)) < w
opta(VCC(k, 1, V*), ) —

(2.26)

where wy; is the bound from equation (2.19), (2.20), (2.22), (2.23), (2.24), or (2.25),
depending on whether we are in Case la, 1b, 2a, 2b, 2¢, or 2d, respectively. The

result follows. [ ]

The next corollary follows directly from Theorem 17 and its proof.

Corollary 18 Let H be the feasible solution of VCC(k,1,V*) that is returned by
Algorithm VCC on G. Then, on G,

cost(H) < wy - opt(VCC(k, [, V"), p) < wpy - opt(VCC(k, 1, V7™)).
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Proof: The first inequality follows directly from equations (2.19), (2.20), (2.22), and
(2.23). Noting that opt(VCC(k,1,V* ), p) < opt(VCC(k,1,V*)) completes the proof.
|

Corollary 19 (Approximation Guarantee of Algorithm VCC) LetG = (V, E)
be a complete graph with non-negative edge costs ¢ € R¥, let V* C V be a non-empty
set of vital vertices, and let k,l € Z, 2 < 1 < k be non-negative integers. Algorithm
VCC is an wy-approzimation algorithm for VCC(k,1,V*). In particular, Algorithm
VCC is an %-appmximation algorithm when | > [g} and a %-appmximation algo-

rithm when 2 < 1 < [£].

Proof: Follows directly from Proposition 16 and Corollary 18. |

2.3.3 Special Cases

It is worth noting some special cases: When k =1 and V* # V| Algorithm VCC is a
2-approximation algorithm, and the integrality gap for VCC(k, k, V*)p has an upper
bound of 2. Recall that, as shown in Proposition 10, VCC(k,[, V') is precisely the
problem multi-kEC, and we can, without loss of generality, set | = k. In this case,
we can modify step (4a) of Algorithm VCC by omitting all the edges in J and thus
forming H := (V, E” U J'). Since this is precisely our Algorithm A from [3], we have
an approximation guarantee for VCC(k, [, V') (and an upper bound on the integrality
gap for VCC(k, 1, V)p) of 3 when k is even, and 2 + J- when k is odd.

In the special case I = [£], notice that when k is even Algorithm VCC is a
g—approximation algorithm (and we have a g upper bound for the integrality gap);
and when k is odd the approximation guarantee and upper bound for the integrality

gap are at most % and asymptotically approach g from above as k gets large.
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The Special Case VCC(k,1,V*)

As mentioned earlier, the case of [ = 1, i.e., VCC(k, 1, V™), is treated separately. In

this case, we use the following approximation algorithm:
Algorithm E

Input: A complete graph G = (V, E)) with non-negative edge costs ¢ € RF, a non-

empty subset of vital vertices VV* C V| and non-negative integer k € Z>;.

1. Using Algorithm M from Section 2.2.1, find an extended minimum cost spanning
tree, M’, of G with vital vertices V*. Let E' C E be the edge set of M'. (If
k=1, set H:= M and go to Step 4.)

2. Let V% < V be the set of vertices of G having odd degree in M’. Find a

minimum cost T-join JcC E, on G, where T = Vodd,

3. Find a minimum cost spanning tree, M, of G. Let V¥ C V be the set of
vertices of G having odd degree in M. Find a minimum cost T-join J C F,
on G, where T = V% Take (%1 copies of the edges in M, and let this

form the edge set Ej,. Take [%32| copies of the edges in J, and let this form
the edge set J'. Take 1 copy of the edges in J. Form the multi-subgraph

H:=(V,EUJUE},,U.J).

4. Return H.

Proposition 20 Algorithm VCC runs in polynomial time and produces a feasible

solution of VCC(k,1,V*).

Proof: A minimum cost spanning tree can be found in O(|V|log|V| + |E|) time

[11]. This becomes O(|V|?) for a complete graph. Finding a minimum cost T-join
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can be done in the worst case running time O(|V'|?) [3]. Therefore, using Lemma 6,
Algorithm E has worst case running time O(|V > + [V ]2 + |V + |V |?) = O(|V]3).

We now show that the graph H returned by Algorithm E is a feasible solution

to VCC(k,1,V*). Clearly, H[V*| is connected, since it contains the spanning tree

M'[V*]. Next, the edges of H partition into 1 copy of the edges of M’ 1 copy of the

k—2

edges in J, [#57] copies of the edges of M, and |

k—2

5~ copies of the edges in .J. Thus,

the edges of H partition into a 2-edge connected subgraph of G and a (k — 2)-edge
connected subgraph of G. Hence, H is (2 + k — 2) = k-edge connected. The result
follows. |

The following lemma gives an improvement on the bound of Lemma 14 in the

case where [ = 1:

Lemma 21 Given a complete graph G = (V, E) with non-negative edge costs c € RY,
a non-empty subset of vital vertices V* C V', and a non-negative integer k € 7, k > 1,

the following holds on G:
opt(EMST(V*)) < opt(VCC(k,1,V*)p) < opt(VCC(k,1,V™)).

Proof: Since EMST(V*) is precisely the special case VCC(1,1,V*), we have that
opt(EMST(V*)Lp) < opt(VCC(k,1,V*)Lp). However, by Corollary 9, the cost of an
optimal solution to EMST(V*) is equal to the optimal value of its linear programming

relaxation. The result follows. [ |

Theorem 22 (Upper Bound of Integrality Gap of VCC(k,1,V*).p) LetG =
(V, E) be a complete graph with non-negative edge costs c € RF let V* C V be a non-

empty set of vital vertices, and let k € Z>, be a non-negative integer. The integrality

gap for the linear programming relazation of VCC(k,1,V*) is at most g — % when k

15 even, and at most g — % when k 1s odd.
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Proof: Let H be the feasible solution of VCC(k, 1, V*) that is returned by Algorithm
E on G. Using Lemma 12, Lemma 21, and Corollary 15 we have,

~

cost(H) = 1-optg(EMST(V*))+ 1 opta(T-join)

k—2 1 k—27 2
< <1'1+ <1+ {TD = 'E)
opta(VOC(k,1,V*), p). (2.27)
When £ is even, (2.27) becomes

cost(H) < (1 + <1 + k%) : % + <¥> : %) ~opt(VCC(k,1,V" ) p)

= (g - %) ~opta(VCC(k,1,V*), p). (2.28)

When £k is odd, (2.27) becomes

cost(H) < <1+ 1+ 222y L (B2 2) opta(VEC(, 1, V), )

2 k 2 k
- (5 - 3) opta(VCC(k 1, V) ). (2.29)
2 2k T Lp
Since opt(VCC(k,1,V*)) < cost(H), the result follows. [ |

The next corollary follows directly from Theorem 22 and its proof.

Corollary 23 Let H be the feasible solution of VCC(k,1,V*) that is returned by
Algorithm FE on G. Let o = % — % when k is even, and let o = g — % when k is odd.
On G,

cost(H) < a-opt(VCC(k,1,V*), p) < - opt(VCC(k,1,V™)).

Proof: The first inequality follows directly from equations (2.28), and (2.29). Noting
that opt(VCC(k,[,V*),p) < opt(VCC(k,1,V*)) completes the proof. |
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Corollary 24 (Approximation Guarantee of Algorithm E) Let G = (V, E) be
a complete graph with non-negative edge costs ¢ € RE, let V* C V be a non-empty

set of wvital vertices, and let k € Z>y be a non-negative integer. Algorithm E is

a (2 — 2)-approzimation algorithm for VCC(k,1,V*) when k is even and a (3 —

3
2k

approzimation algorithm for VCC(k,1,V*).

)-approzimation algorithm when k is odd. In particular, Algorithm E is an 3-

Proof: Follows directly from Proposition 20 and Corollary 23. |

From Theorem 22 and Corollary 24, notice that the special case VCC(2,1, V™)
(in which the secondary vertices are not a cut set) has a % approximation guarantee
and a % upper bound on the integrality gap. This generalizes our previous % results
for multi-2EC [3]. In particular, when there is only one secondary vertex r € V,
VCC(2,1,V\{r}) has a 3 approximation guarantee and finds a feasible multi-2EC
solution in which r is not a cut vertex.

Lastly, notice that when [ = 1 and £ = 1, we get an approximation guarantee

and upper bound of 1. This is as expected, since this is just the problem EMST.

VCC Heuristic from Combining Approximation Algorithms

We briefly examine approximation algorithms for VCC that can be obtained by
combining known heuristics for other problems, and note that our approximation
algorithms VCC and E do better in all instances. First, we need a few upper bounds.

By Lemmas 6 and 14,

[\]

opta-(MST) < optg(EMST(V*)) < 7 opta(VCC(k, 1, V™). (2.30)

Since the cost of an optimal multi-/EC solution on G[V*] is not greater than the cost

of an optimal solution of VCC(k, [, V*) on G restricted to G[V*],
optery+ (multi-lIEC) < optg(VCCO(k, 1, V™)). (2.31)
Since multi-kEC is a relaxation of VCC(k, [, V*),

opt(multi-kEC) < opta(VOC(k, 1, V). (2.32)
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Lastly, the approximation guarantee for multi-kEC using our Algorithm A from [3]
is 3, for k even; and 2 + -, for k odd ([3], Theorem 5).

When [ = 1, heuristic solutions for VCC(k, 1, V*), can be obtained by (a): finding
an optimal MST solution on G[V*], using our Algorithm A from [3] to find a feasible
multi-kEC solution on GG, and combining them together; or by (b): finding an optimal
EMST(V*) solution on G, using our Algorithm A from [3] to find a feasible multi-
(k — 1)EC solution on G, and combining them together. Using the inequality (2.30)
and the approximation guarantee from [3| for multi-kEC, when k is even method (a)
yields a feasible VCC(k, 1, V*) solution with cost less than or equal to % of the cost
of an optimal VCC(k, [, V*) solution; and when k is odd method (b) yields a feasible
VCC(k,1,V*) solution with cost less than or equal to % of the cost of an optimal
VCC(k, I, V*) solution. Algorithm E gives a better approximation guarantee than
this for all values of k.

When [ > 2, a heuristic solution for VCC(k, 1, V*) can be obtained by (c): using
our Algorithm A from [3] to find a feasible multi-/EC solution on G[V*], using our
Algorithm A from [3] to find a feasible multi-kEC solution on G, and combining them
together. Using the above mentioned approximation guarantee for Algorithm A for
multi-kEC ([3], Theorem 5), and the inequalities (2.31) and (2.32), method (c) is
a % + % = 3-approximation algorithm for VCC(k,[,V*) when k and [ are even; a
(3 + ) + 2 = (3 + 5)-approximation algorithm for VCC(k,1,V*) when k is even
and [ is odd; a 2 4+ (2 + J-) = (3 + 5 )-approximation algorithm for VCC(k,, V™)
when [ is even and k is odd; and a (2 + %) 4+ (3 + 5-) = (34 5; + 5 )-approximation
algorithm for VCC(k, [, V*) when k and [ are odd. Comparing these with Theorem
19, Algorithm VCC gives a strictly better approximation guarantee for all instances.
Appendix A presents the approximation guarantees of Algorithm VCC for certain
instances of VCC, and lists them against those of method (c). Not only this, but also
notice that method (c¢) does not yield an upper bound on the integrality gap for the

LP relaxation of VCC.
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Notice that finding a feasible multi-lEC solution on G[V*], finding a feasible
multi-kEC solution on the graph with V* identified as a single vertex (i.e., on G/V*),
and then combining them together does not necessarily solve VCC(k, [, V*).

2.4 Extension: Multiple Vital Cores

Instead of being defined for just one vital core, EMST can be generalized to include
numerous disjoint vital cores as follows: Given a complete graph, G = (V, E), with
non-negative edge costs ¢ € R¥, and a set of given non-empty pairwise disjoint sub-
sets of vital vertices V := {V*,Vf,..., V*} such that V; C V form = 1,2,...,q,
find a minimum cost spanning tree of G' that remains connected on each compo-
nent G[V/'], G[V5],..., G[V;] when the secondary vertices V' := V\(V;" U VU
-+ U V) are removed; i.e., whose induced subgraphs on each of the vital cores
G[VY], GIVS], ..., G[V,] are themselves a spanning tree on that vital core. We call
this generalization of EMST the vital core minimum spanning tree problem (VCMST).
Instances of VCMST are denoted by VCMST(V). Clearly, if G is not connected, there
is no solution to VCMST. Also, if GG is connected but not complete, we can make it
complete by adding in the “missing” edges and assigning them each a very large edge
cost. Clearly, without loss of generality, we can assume G is simple. When V consists
of a single subset V* C V, VCMST reduces to EMST. Thus, we have the following

inequality:

Proposition 25 Given a complete graph G = (V, E) with non-negative edge costs
c € RE, and a set of non-empty disjoint subsets of vertices V¥, Vi, ..., Vi CV, the
following holds on G: opt(EMST) < opt(VCMST).

In this section, we present a polynomial-time algorithm for solving VCMST, as
well as a complete linear description for VCMST. This generalizes EMST results from
Section 2.2.
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The following characteristic of a feasible solution of VCMST is used by the al-
gorithm for VCMST(V):

Lemma 26 Let G = (V, E) be a complete graph with non-negative edge costs ¢ €
RE, and let V = {V;*, V5, .. Vo) be a set of non-empty pairwise disjoint subsets
of wvertices such that VX C V' form = 1,2,...,q. Let M be an optimal solution
to VCMST(V) on G. Then MI[V] is a minimum cost spanning tree of G[V.*], for
m=1,2,...,q.

Proof: Consider the subset of vital vertices V¥, m € {1,2,...,¢q}. Since the removal
of the secondary vertices V' does not disconnect M[V*], therefore, M[V*] is a con-
nected subgraph of G[V,*]. Moreover, since M is a spanning tree of G, therefore M[V ]
is a spanning subgraph of G[V*] and is acyclic. Since M[V;*] is a connected, acyclic,
spanning subgraph of the vital core G[V;%]; thus, M[V*] is a spanning tree of G[V,*].
Since this holds for all m € {1,2,..., ¢}, therefore M[V’] has connected components
Ti,...,T; (for some t € Ny) which are each trees, and which are each connected in
M to each M[V*] by at most one distinct edge in &, (M[V)%]), respectively.

Suppose By, is a minimum cost spanning tree of G[V*]. Thus, cost(B,,) <
cost(M[V]). Suppose cost(B,,) < cost(M[V*]). Let M be the subgraph of G ob-
tained from M by replacing M[V*] by B,,. See Figure 2.4. It is easy to see that
M is a spanning tree of G. Furthermore, M([V*] is connected, since M[V*] consists
precisely of B, (which is connected). Thus, M is a feasible solution to VCMST(V)
on G, and cost(M) < cost(M), which is a contradiction with the fact that M is an
optimal solution to VCNST(V) on G. Thus, cost(B,,) £ cost(M[V.*]). Therefore,
M[V*] is a minimum cost spanning tree of G[V*], for m =1,2,...,¢. |

Notice, from Lemma 26, that in a feasible solution of VCMST, every secondary
vertex v € V' is either a leaf of the spanning tree, or is part of a branch of the
spanning tree such that from v to the leaf/leaves of the branch all the vertices are

secondary vertices.
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Figure 2.4: Replacing M[V*| by B, in M.

Given a graph G = (V, E), and V = {V;",V,..., V*} for non-empty disjoint
subsets V* CV,m =1,2,...,q, define the multi-graph G/V to be the shrunk graph
of G with respect to V, obtained by identifying all the vertices in V¥ into a single
(“shrunk”) vertex w,, and deleting all the edges of G that have both endpoints in
V¥ for m = 1,2,...,q. Notice that G/V has |V| — Y 1| |V*| + ¢ vertices, and its
edge set, F), consists of all the edges of G that have exactly one or no endpoint in
V. Notice that edges iw,,, i € V', in G/V are in 1 to 1 correspondence with edges
ije E,jeV:i me{l,2,...,q}. Edges wyw,, in G/V, m,p € {1,2,...,q}, m # p,
are in 1 to 1 correspondence with the edges in GG that have one endpoint in V* and
one endpoint in V7. Edges in G/V that are not incident to any of the shrunk vertices
w,, are in 1 to 1 correspondence with the edges in G' that do not have any endpoints

inVr foralm=1,2,...,q.
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Lemma 27 Let G = (V, E) be a complete graph with non-negative edge costs c € R¥,
and let V = {V{*, V5, ..., V*} be a set of non-empty disjoint subsets of vertices such
that V. CV form = 1,2,...,q. Let V' = V\V. Let M be an optimal solution to
VCMST(V) on G. Then M restricted to the shrunk graph G/V is a minimum cost
spanning tree of G/V.

Proof: Notice that G/V is connected (since G is connected), and thus contains a
spanning tree. Let M* be M restricted to the shrunk graph G/V. Since, by Lemma
26, each M[V*] is a spanning tree of G[V*], for m = 1,2,...,¢; it is easy to see that
M* is a spanning tree of G/V. See Figure 2.4.

Suppose A is a minimum cost spanning tree of G/V. Thus, cost(A) < cost(M*).
Suppose cost(A) < cost(M*). Let M be the subgraph of G obtained from M by
replacing the edges of M* by the edges of A. Clearly, M is a spanning tree of
G. By construction, cost(M) = S9_, cost(M[V;*]) + cost(A) < S0, cost(M[Vy*]) +
cost(M*) = cost(M). This is a contradiction with M a minimum cost spanning tree
of G. Thus, cost(A) = cost(M*), and M* is a minimum cost spanning tree of G/V.

[

Notice that, from Lemmas 26 and 27, any multiple copies of edges in G can be
removed, keeping only, for each pair of distinct vertices, the edge joining them which
has the cheapest edge cost. Thus, in considering VCMST, without loss of generality

we can always assume that G is simple.

Based on Lemmas 26 and 27 above, we have the following polynomial-time algo-

rithm for VOMST(V):
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Algorithm GM

Input: A complete graph G = (V, E') with non-negative edge costs ¢ € R, a set of vi-
tal cores V = {V*, V', ..., V. }, such that Vi NV* = ) for distinct m,p € {1,2,...,q},
and V¥ CV for m =1,2,...,q; and the set of secondary vertices V' := V\V.

G1. For m = 1,2,...,q, find a minimum cost spanning tree, M,,, of the vital core

G[V7].
G2. Find a minimum cost spanning tree, M*, of the shrunk graph G/V.
G3. Form the subgraph M’ = (V, E(M,)U---UE(M,) U E(M)).

Lemma 28 Let G = (V, E) be a complete graph with non-negative edge costs ¢ €
RE, and let V = {V*, Vs, ..., Vi) be a set of non-empty pairwise disjoint subsets of
vertices such that V2 CV form = 1,2,...,q. Let V' = V\V. The subgraph M’
returned by Algorithm GM is an optimal solution to VCMST(V) on G, and can be

constructed in worst case running time O(|V]?).

Proof: By Lemmas 26 and 27, an optimal solution to VCMST(V) on G consists
exactly of the vertices in V' along with the edges of a minimum cost spanning tree
of each of G[V/],...G[V/] and the edges of a minimum cost spanning tree of G/V.°
This is precisely M’. Thus, M’ is an optimal solution to VCMST(V) on G.

For a connected graph with n vertices and m edges, a minimum cost spanning
tree can be found in O(nlogn + m) time [11]. This becomes O(n?) for a complete

graph. Thus, steps (G1) and (G2) can be implemented in worst case running time

O(|V ). |

®Notice that, without loss of generality, G/V can be made into a simple graph by removing, for
each secondary vertex u € V', all the multiple copies of edges uv, v € {ws,...,wq} UV’, except for
the copy of uv with the cheapest edge cost. Thus, any algorithm for finding a minimum cost spanning

tree can be used, regardless of whether or not that algorithm starts on a simple or multi-graph.



2.5. CONCLUSION 84

A complete linear description of EMST is given in Section 2.2.2. Using the
same techniques as above, this can be extended naturally to form a complete linear

description of VCMST:

minimize cx (2.33)
subject to Z z. > kp—1, for all partitions P of G/V, (2.34)
ecEp
Z z. > kp—1, for all partitions P of (2.35)
ecEp

GVl GIVS], ..., G[V,], respectively,
r, > 0, forallee F. (2.36)

Constraints (2.34) and (2.36) are precisely those constraints for the minimum span-
ning tree LP(2.1) on the shrunk graph G/V of GG, and constraints (2.35) and (2.36)
are precisely those constraints for the minimum spanning tree LP(2.1) on the vital

cores G[Vy*], G[V5], ..., G[V/], respectively.

2.5 Conclusion

We have shown that in the case that £k = [ = 1, VCC results in a useful generalization
of the minimum cost spanning tree problem; a generalization for which we provide
a complete linear description as well as a polynomial-time algorithm. We have also
presented an approximation algorithm for VCC(k, [, V*), and have presented an upper
bound for the integrality gap for its linear programming relaxation. These results for
VCC are the first such to be presented. Although a better guarantee than that of
Algorithm VCC can be obtained for large differences between k and [, Algorithm
VCC yields the best guarantee both for smaller differences between k and [ and for
small connectivities.

For VCC(k, I, V*) with k > [ > [g}, as an upper bound Algorithm VCC has

an approximation guarantee (and upper bound on the integrality gap) of % for [ >
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(5], & for 2 < 1 < [%], and 2 for [ = 1 or for [ = [£] and k even. When | =

(%1 and k is odd the approximation guarantee and upper bound for the integrality

gap are at most % and asymptotically approach g from above as k gets large. For

the special case VCC(k, k,V*), V* # V| our approximation guarantee is 2. When
k

I < [5], Algorithm VCC is very similar to our previous approximation algorithm

(Algorithm A) for, in particular, multi-kEC [3]. This is because when I < [£], for
an optimal solution H of VCC(k,l,V*), H[V*] is [£]-edge connected, and thus is
certainly [-edge connected. The only difference in this case between Algorithm A
for multi-kEC [3] and Algorithm VCC (for VCC(k, [, V*)) is that Algorithm A uses
copies of an MST of G, whereas Algorithm VCC uses copies of an EMST(V*) of
GG. Thus, from Proposition 3, the approximation guarantee of Algorithm VCC is
expected to be at least that of Algorithm A, which is indeed the case. In the special
case VCC(k, 1, V), which is simply the problem multi-kEC, we have an approximation
algorithm with approximation guarantee of % when k is even, and % + i when £ is
odd (agreeing with our previous results [3]). Thus, Algorithm VCC generalizes our

previous approximation algorithm for multi-kEC.

Additionally, it is interesting to note that when [ = k£ — 1, Algorithm VCC

has an approximation guarantee of % + %(%) for k even, and % + %(sz}) for k
odd. In particular, when there is only one secondary vertex r € V, Algorithm VCC
is a %—approximation algorithm for VCC(2,1,V\{r}), i.e., in which r is not a cut
vertex. For the special case VCC(2,1,V*) (in which the secondary vertices are not
a cut set), Algorithm E has a % approximation guarantee, generalizing our previous
2-approximation algorithm for multi-2EC [3].

Finally, observe that our approximation algorithm for VCC has approximation
guarantee (and upper bound on the integrality gap) that is strictly less than 2 for the
special cases VCC(2,1,V*) and VCC(k, [, V).

Lastly, we have provided a complete linear description of, and a polynomial-time

algorithm for, VCMST (the extension of EMST to numerous disjoint vital cores).
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Appendix A
Comparison of Approximation (Guarantees

Near the end of Section 2.3.3, we briefly examined some approximation algorithms
for VCC that can be obtained by combining known heuristics for other problems, and
we noted that our approximation Algorithms VCC and E do better in all instances.
Among combinations of known heuristics that we mentioned, we noted what we called
Method (c): When [ > 2, a heuristic solution for VCC(k, 1, V*) can be obtained by
using our Algorithm A from [3] to find a feasible multi-lEC solution on G[V*], using
our Algorithm A from [3] to find a feasible multi-kEC solution on G, and combining
them together. Method (c) is a 3-approximation algorithm for VCC(k, [, V*) when k
and [ are even; a (3 + %)-approximation algorithm for VCC(k, [, V*) when k is even
and [ is odd; a (3 + ﬁ)—approximation algorithm for VCC(k, [, V*) when [ is even
and k is odd; and a (3 + & 4 5 )-approximation algorithm for VCC(k, I, V*) when k
and [ are odd. Algorithm VCC gives a strictly better approximation guarantee for
all instances.

The below table presents the approximation guarantees of Algorithm VCC for
certain instances of VCC, and lists them against those of Method (c). In the special
case that [ = 1, Algorithm E has an approximation guarantee of 1 when k = 1; of %

when k = 2; of 2 when k = 3,4; of % when k = 5; of % when k = 6; etc.
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Approx. Guarantee

Approx. Guarantee

k of Algorithm VCC of method (c)
k=1 2 3
k=2l 5/2 3
k, | even 6 8/3 3
6 9/4 3
10 13/5 3
8 13/6 3
10 14/6 3
14 18/7 3
16 21/8 3
k even, [ odd 4 13/6 19/6
8 67/24 19/6
6 21/10 31/10
8 23/10 31/10
12 161/60 31/10
14 96/35 31/10
8 29/14 43/14
10 31/14 43/14
12 33/14 43/14
16 295,/112 43/14
18 169/63 43/14
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Approx. Guarantee | Approx. Guarantee
l k | of Algorithm VCC of method (c)
kodd,leven | 2 | 3 7/3 19/6
5 27/10 31/10
415 43/20 31/10
7 17/7 43/14
9 47/18 55/18
6 | 7 44/21 43/14
9 41/18 55/18
11 27/11 67/22
13 67/26 79/26
k, 1 odd 3|5 12/5 49/15
7 8/3 68/21
9 25/9 29/9
5 | 7 78/35 111/35
9 22/9 142/45
11 13/5 173/55
13 174/65 204/65
719 136/63 197/63
11 178/77 240/77
13 32/13 283/91
15 18/7 326/105
17 313/119 369/119
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Abstract

Given a complete graph with non-negative edge costs and non-negative integer vertex
connectivity requirements, we consider the problem of finding a minimum cost sub-
graph that has at least r;; edge-disjoint paths between every pair of distinct vertices
i, J, where r;; is the minimum of the vertex connectivity requirements r; and r;. This
is known as the survivable network problem. When multi-edges are allowed in the
solution, we call this the multi-survivable network design problem. Let r,, be the
maximum vertex connectivity requirement and r; be the smallest nonzero vertex con-
nectivity requirement. We show that the integrality gap for the linear programming

relaxation of the multi-survivable network design problem is at most %T’T—;L when 7,

3Tm

is even, and at most 3 =

+ 2%1 when 7, is odd. We also present an approximation
algorithm with this bound as a performance guarantee. We show that these results

are improvements for the best known bounds for certain special cases of this problem.
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3.1 Introduction

The minimum cost k-edge connected subgraph problem, k& > 2, is an important
problem in network design. Given a network of centres and specific non-negative costs
for connecting any two centres with a link, this problem consists of finding a cheapest
way to construct a network so that it can survive the loss of £ — 1 links, i.e., so that
the network remains connected even if any k—1 of the links are lost. The problem has
many practical, cost-saving applications, such as the design of reliable communication
and transportation networks. Here, “cost” can be interpreted as the construction cost,
and “reliable” as the continuation of services in the event of a catastrophe causing
the loss of a “link” (i.e. a communications cable or a transportation road). For such
applications, finding a solution that is either optimal or very close to optimal means
substantial financial savings for the company constructing the network.

In some applications, it is useful to allow more than one link (i.e., multi-links) to
be built between a pair of centres in order to build a reliable network at lower cost.
For example, to connect two components of a network, it may be more practical and
more cost efficient to use multiple duplicate links between two centres of the network
components (one centre from each component) rather than a single link between two
centres and other single links between different pairs of centres of the two network
components. Instances of this occur in the laying of underwater cables between islands
and a mainland, where a link failure is considered to be the failure of a cable. Also,
in case of a wire failure, sensors in nuclear power plants are each connected by three
wires to the main system.

A more general problem in network design is the survivable network design prob-
lem. This problem consists of finding a cheapest way to construct a network so that it
can survive the loss of certain numbers of links in certain areas of the network. This

is used, for example, in designing fibre optic telecommunications networks [9, 12].
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3.1.1 Multi-SNDP, SNDP, Metric Ak EC, and Multi-kEC Prob-

lems

Given a graph G = (V, E), and any vertex set S C V, let 6(S) denote the set of edges
{uwwve E:ue S,vgSt.

The (edge connected) survivable network design problem (SNDP) (also called the
generalized Steiner network problem) is as follows: Let G = (V| E) be a complete
graph with non-negative edge costs ¢ € RP, and vertex connectivity requirements
r; € N>, 2 € V. For each pair of distinct vertices 7,j € V, let the edge connectivity
requirement be r;; = min{r;,r;}. The problem is to find a minimum-cost subgraph
that has, for each pair of distinct vertices i,j € V, at least r;; edge-disjoint paths
between i and j. In such a solution, the loss of any k& edges still allows all vertices
with connectivity requirement greater than k to be mutually connected.

If multiple copies of the edges are allowed in the solution of SNDP, the problem
will be referred to as the multi-survivable network design problem (multi-SNDP).
A multi-subgraph is a subgraph with multiple copies of at least one of its edges.
The equivalent cut requirement version of multi-SNDP is: Given a cut requirement
function f : 2V — Z defined on the subsets of V by f(S) = maxjes, jgsri; for all
S C V, find a minimum-cost multi-subgraph having at least f(S) edges in each cut
5(S), S € V. Note that if G is not complete, we can make it into a complete graph by
adding in all the “missing” edges and assigning each of them an appropriately large
cost.

When the edge costs ¢ € R¥ of a graph are non-negative and satisfy the triangle
inequality c,, < cup + Cup for all distinct vertices u,v,w € V', the costs are called
metric. A SNDP problem with metric edge costs will be referred to as metric SNDP.

A connected graph is said to be k-edge connected, k > 1, k € Z, if any k — 1
edges can be removed without disconnecting the graph, or, equivalently, if there are

at least k edge-disjoint paths between every pair of vertices, or, equivalently, if every
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cut §(5),S C V, has at least k edges.

Given a complete graph, G = (V, F)), with non-negative edge costs ¢ € R¥| the
k-edge connected subgraph problem (KEC), k > 1, is the special case of the SNDP
where r; = k for all ¢ € V. In particular, it is the problem of finding a minimum cost
k-edge connected spanning subgraph of G, k > 1. Note that 1EC is the well known
minimum cost spanning tree problem. A KEC problem with metric edge costs will be
referred to as metric kEC.

If multiple copies of the edges are allowed in the solution of kEC, the problem will
be referred to as the multi-k-edge connected subgraph problem (multi-kEC). We call
instances of multi-SNDP where r; € {0, k}, i € V, the Steiner multi-k-edge connected
subgraph problem (Steiner multi-kEC). Problems kEC and multi-kEC (and Steiner
multi-kEC) are special cases of SNDP and multi-SNDP, respectively. In this paper,
we examine multi-SNDP, and apply our results to SNDP, metric SNDP, multi-kEC,
kEC, and Steiner multi-kEC.

The SNDP is an NP-hard problem, since the Steiner tree problem, which has
been shown to be NP-hard [14], is the special case where r; € {0,1} for all 7 € V.
Thus, multi-SNDP is an NP-hard problem. Both kEC and multi-kEC (k > 2) are also
known to be NP-hard problems [10]. (The minimum cost spanning tree problem is
not NP-hard.) As it is considered highly unlikely that efficient algorithms for exactly
solving NP-hard problems exist, we look at designing efficient algorithms that return
approximate, or near-optimal, solutions. If an algorithm runs in polynomial time and
returns a solution whose value is always within a constant factor a of the optimal
value, then the algorithm is known as an a-approximation algorithm, and the factor
a is called the approximation or performance guarantee of the algorithm.

A related concept to approximation guarantees is that of integrality gaps. Given
a minimization problem P, its integer linear program (), and its linear programming
(LP) relaxation Qpp, the integrality gap for the linear programming relaxation is the

largest ratio opt(Q)/opt(Qrp) over all possible non-negative, and all not identically
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0, objective cost functions. If it can be proved that this largest ratio has value &, the
linear programming relaxation is said to have a k integrality gap. Furthermore, if the
proof of this is constructive and of polynomial time, then it forms a k-approximation
algorithm for the problem P.

The best general constant factor approximation guarantee that has existed for
multi-SNDP, SNDP, kEC and multi-kEC has, to this point, been 2. This guarantee
is due to Kamal Jain [13], who, in 2001, presented a 2-approximation algorithm for
finding, in a general graph that may not be simple and has non-negative edge costs,
a minimum cost subgraph having at least a specified number of edges in each cut
[13]. Initially, multiple copies of edges are not allowed in the solution, however,
as is noted near the end of his paper, the 2-approximation algorithm holds as well
for the case when multiple copies of edges are allowed in the solution. In addition to
providing an approximation guarantee, Jain’s algorithm provides a constructive proof
that the integrality gap of the linear programming relaxation of the general problem
he considers is at most 2. In particular, Jain’s result implies that the integrality gap
of the LP relaxation of kEC and multi-kEC is < 2.

Goemans and Bertsimas [11] in 1993 presented an approximation algorithm
(the improved tree heuristic) for multi-SNDP that, given distinct vertex connec-
tivity requirements p, = 0 < p; < p2 < ... < p,, has approximation guarantee

=1 f(pj;if’”), where f(c) = 3¢ when ¢ is even, and f(c) = 252 when ¢ is odd [11].
The proof used to obtain this is rather complex and involved, and, although not in-
dicated, implicitly yields an upper bound for the integrality gap as well. As a special
case, this approximation algorithm has an approximation guarantee (and integrality
gap) for multi-kEC of % when k is even, and % + ﬁ when £ is odd.

We present an upper bound for the integrality gap for the linear programming
relaxation of multi-SNDP; that is, we show that the integrality gap for the linear
programming relaxation of the multi-survivable network design problem is at most

%%L when 7, is even, and at most %’;—’7 + 2%[ when 7, is odd; where r,, is the maximum
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edge connectivity requirement induced by the vertex connectivity requirements, and
r; is the smallest nonzero vertex connectivity requirement. We present as well an
approximation algorithm for multi-SNDP which has a performance guarantee the
same as this upper bound. These are both improvements for the best known bounds
for certain special cases of the problem. We show the application of these results
(integrality gap and approximation algorithm) to SNDP, metric SNDP, multi-kEC,
EEC, metric kEC, and Steiner multi-kEC. Additionally, we discuss the relationship
between our approximation algorithm and the improved tree heuristic of Goemans
and Bertsimas [11].

Our results for the integrality gap and the approximation algorithms for multi-
SNDP and multi-kEC depend upon upper bounds for the optimal values of the min-
imum cost T-join and the minimum cost spanning tree in terms of the optimal value

of the LP relaxation of multi-SNDP, which are also presented.

3.1.2 Related Problems and Overview

Given a general graph G = (V, E) with non-negative edge costs ¢ € R¥ and vertex
connectivity requirements r; € {0,k} for all i € V| k > 1, the Steiner k-edge con-
nected subgraph problem (Steiner kEC) is that of finding a minimum k-edge connected
subgraph of G that spans the set of terminal vertices S ={i € V | r, =k} CV; ie.,
such that there are at least r;; = min(r;, ;) edge-disjoint paths between all pairs of
vertices 7,7 € V. This problem is NP-hard [17]. Problem kEC is a special case of
Steiner KEC, which is a special case of SNDP. If G is a complete graph and multiple
copies of the edges are allowed in the solution of Steiner kEC, the problem will be
referred to as the Steiner k-edge connected multi-subgraph problem (Steiner multi-
KEC). Problem multi-kEC is a special case of Steiner multi-kEC, which is a special
case of multi-SNDP.

Problem kKEC is a special case of the graph augmentation problem: Given a
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complete graph G = (V, E), a subgraph (V, F), FF C E, and a non-negative cost
function ¢ € R¥, find a set of edges £’ C E\F of minimum cost such that the
“augmented graph” (V, F'U E') satisfies a given property [5]. Among other things,
this problem can be used for improving the reliability (or survivability) of already
existing networks. For kEC we have F' = (), and the property to be satisfied is that
the augmented graph (V, FUE') = (V, E') must be k-edge connected. As is mentioned
earlier, kEC is a special case of SNDP and multi-£EC is a special case of multi-SNDP.

For a summary of the current known results on the different versions of kEC, see
[15].

The remainder of this paper is organized as follows. In Section 3.2, we give
some required background information on minimum cost perfect matchings, T-joins,
and spanning trees. In Section 3.3, we present the main results of the paper, along
with new upper bounds for the optimal values of the minimum cost T-join and the
minimum cost spanning tree in terms of the optimal value of the LP relaxation of
multi-SNDP. We also present a family of examples where our integrality gap for the
LP relaxation of multi-SNDP, and our approximation algorithm for multi-SNDP, are
improvements for the best known bounds of the problem. In Section 3.4, we show
the applications of our results to SNDP and metric SNDP. In Section 3.5, we show
the applications of our results to multi-kEC, kEC, metric kEC, and Steiner multi-
EEC, and discuss the relationship of our approximation algorithm for multi-kEC to

Goemans and Bertsimas’ improved tree heuristic.

3.2 Minimum Cost Perfect Matchings, 7T-joins, and
Spanning Trees

Before presenting our main results, the following background information is required.

A minimum cost perfect matching in a connected graph G = (V, E) with non-
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negative edge costs, is a minimum cost subset of edges of F such that each vertex in
V' is incident to exactly one edge in the subset. Using an efficient implementation of
Edmonds’ Blossom Algorithm, a minimum cost perfect matching in G can be found
in O(n(m+nlogn)) time [3], where n is the number of vertices and m is the number
of edges in G. If G is a complete graph, this becomes O(n?).

Given a connected graph G = (V, E) with non-negative edge costs ¢ € R¥, and
given T C V, a minimum cost T-join is a minimum cost set of edges E C E such
that |§(v) N E| is odd if and only if v € T. Note that a connected graph has a T-join
if and only if |T] is even [2].

Let z, represent the number of times each edge e € F is included in the solution
of a given problem on G. For any edge set £/ C E and x € R, let 2(E’) denote the
sum .. ) Te. The following theorem states that we can find the cost of an optimal

T-join by solving a linear program that has no integer constraints.

Theorem 1 (Cook et. al. [2], Theorem 5.28) If G = (V,E), T C V with |T|
even, and ¢ € R¥ with ¢ > 0, then the minimum cost of a T-join of G is equal to the

optimal value of

minimize cx (3.1)
subject to x(6(S)) > 1, forall SCV s.t.
|ISNT| odd, (3.2)

Te > 0, foralleeFE. (3.3)

A solution to the minimum cost 7T-join problem can be found in polynomial time
in the following way: Find a shortest (i.e. minimum cost) path, P,,, in G between
each pair of vertices u,v € T and let f,, be the cost of this path. Next, form a
complete graph G = (T, E) using the vertices in 7" and the edge costs fy,, and find
a minimum cost perfect matching M C E in it. The symmetric difference of the

edge-sets of the corresponding paths P, for uv € M, is a minimum cost T-join of G
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2, 4]. The shortest path between two vertices in a connected graph with non-negative
edge costs can be determined in O(nlogn +m) time [16]. For a complete graph, this
becomes O(n?) time. Thus, finding a shortest path between each pair of vertices in a
complete graph (i.e., finding all pairs shortest paths) takes, in the worst case, O(n?)
time. Therefore, finding a minimum cost T-join can be done, in the worst case, in
O(n? +n?) = O(n?) time.

A minimum cost spanning tree (MST) of a complete graph G = (V, F) is a tree
of G that includes all the vertices of G (i.e., a spanning tree of (G) and has minimum
cost. Such a spanning tree can be found in O(nlogn + m) time [6]. This becomes
O(n?) for a complete graph.

Before presenting a corollary that is foundational to our results, we need the
following definitions and proposition.

Given a graph G = (V, E), a partition P = (V}, Va,...,Vj,) of the vertex set V/
is feasible if each part V; induces a connected subgraph G[V;] for all i = 1,2, ..., kp.
The graph Gp is the shrunk graph of G with respect to P, obtained by identifying
all the vertices in V; into a vertex ¢; (for each i) and deleting all the edges of G that
have both endpoints in the same part, V;, of the partition P. Gp has kp vertices, and
its edge set, Ep, contains all the edges of G that have endpoints in different parts,
V;, of the partition P.

Let x. represent the number of times each edge e € F is included in a solution
of a given problem on G. The resulting vector z € Ngo is called an incidence vector
on GG. Given a connected graph G = (V| E), consider the collection of spanning trees
of GG. The incidence vector, x, corresponding to a spanning tree, T', has x. = 1 if T

contains e, and z, = 0 otherwise, for all e € E. Let m = |E].

Proposition 2 (Chopra [1]) Given a connected graph G = (V, E), the dominant
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of the spanning tree polytope is

{x € RY, : Z Te > kp — 1, for all feasible partitions P of V} ) (3.4)

ecEp

Notice that for a complete graph, all partitions of G are feasible.

Chopra [1] shows that, given a partition P of G, the partition inequality
> ecp Te = kp — 1 defines a facet of (3.4) if and only if the shrunk graph Gp is
two-vertex connected. In particular, this means that for a complete graph all the
partition inequalities of (3.4) are facet-inducing and thus necessary in the descrip-
tion.

The following corollary is foundational to our results, and follows directly from
Proposition 2. It states that we can find the cost of a minimum cost spanning tree

by solving a linear program that has no integrality constraints.

Corollary 3 If G = (V, E) is a connected graph, and ¢ € RE with ¢ > 0, then the

cost of a minimum cost spanning tree of G is equal to the optimal value of

minimize cx (3.5)

subject to Z xe > kp—1, for all feasible partitions P of V.,  (3.6)
ecEp

x. > 0, foralle€FE. (3.7)

Proof: Since the feasible region of constraints (3.6) and (3.7) is precisely the domi-
nant of the spanning tree polytope (Proposition 2), its extreme points are precisely
incidence vectors of spanning trees of G. Since LP(3.5) is minimizing over this re-
gion, there exists an optimal solution that is the incidence vector of a minimum cost

spanning tree. The result follows. |



3.3. INTEGRALITY GAP AND APPROXIMATION ALGORITHM 102

3.3 Integrality Gap and Approximation Algorithm

Problem multi-SNDP can be formulated as an integer linear program (ILP) as follows

[13]:

minimize cx (3.8)
subject to  x(d(S)) > ijrgx()é) rij, foralldc ScCV, (3.9)
re > 0, forallee F, (3.10)

Te integer.

The linear programming (LP) relaxation of multi-SNDP is:

minimize cx (3.11)

subject to  x(4(S)) > max i, forallp Cc SCV, (3.12)
1€

r. > 0, forallee E. (3.13)

The following notation and definitions will be used throughout the rest of this
paper: Given any multi-SNDP problem, i.e., given a complete graph G = (V| E)
with non-negative edge costs ¢ € R¥ and vertex connectivity requirements r; € N,
i€V, let rp, = max{ry | i,j € V}, r, = min{ry; | r;; >0, 4,7 € V}, and VT =
{i e V|r, >0} Let G" = (V*, Ey+) be the complete graph with vertex set V*,
respective vertex connectivity requirements from G, edge set Ey+ consisting of the
edges E that have both ends in V', and edge costs c;;, 1,7 € V7T, the cost of a
minimum-cost i-j path in G. Furthermore, let opt(multi-SNDP) be the cost of an
optimal multi-SNDP solution (i.e., the optimal value of the integer linear program
(3.8)) on G, and let opt(multi-SNDP 1 p) be the cost of an optimal solution to the LP
relaxation of multi-SNDP (i.e., the optimal value of the linear program (3.11)) on G.

Given a complete graph G = (V| FE) with non-negative edge costs ¢, the metric

completion, G* = (V, E), of G is obtained by setting the edge cost ci? to be that of a
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minimum-cost path connecting vertices 7 and j in G, for every edge 15 € E. Clearly,
the edge costs ¢® are metric. Note that, given a complete graph G/ with metric edge
costs, its metric completion does not necessarily have the same edge costs (although
both have metric edge costs). Clearly, GT is G® with the vertices {i € V | r; = 0}
removed along with their incident edges. Thus, G* is a subgraph of G*.

Notice that, for ) € S C VT, the right hand sides of the constraints (3.12) are
the same for G and G* (and for 7). This is true since r; = 0 for all i € V\V*, and
thus max ey +\g7; = max;ey\g 7y, for all ) € .S C V*. Clearly, max;cg7; remains the
same. Given a graph H, let 05 (S) be the cut induced by the set S C V(H). Then,
forcScVvV™,

max 7; = min{maxr;, max 7}
ij€d gt (S) i€ jevi\s
= min{maxr;, max r;}
€S jeVA\S
= max 7j [: max Tij]-
€S (S) ij€dc(S)

Theorem 4 (Theorem 3 Goemans and Bertsimas [11]) Let G = (V, E) be a
complete graph with non-negative edge costs ¢ € RF and a non-negative connectivity
requirement r;; for every (unordered) pair of vertices i,j € V. Let G = (V, E) be
the metric completion of G, with metric costs ¢ € RF. Then the optimal values
of multi-SNDP on G and on G* are equal (and the optimal values of their linear

programming relaxations are equal).

When Theorem 4 is applied to multi-kEC, &k > 1, the following corollary is

obtained.

Corollary 5 Given a complete graph G = (V, E) with non-negative edge costs c € R

and the metric completion G* of G,

opt(multi-kEC on G) = opt(multi-kEC on G*).
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Lemma 6 Given a complete graph G = (V, E) with non-negative edge costs ¢ € R¥,
opt(multi-SNDP) < opt(SNDP).

Also,
Opt(multi—SNDPLp) S Opt(SNDPLp).

Proof: The problem multi-SNDP is a relaxation of SNDP (relaxing the constraints
that each edge can be chosen at most once in the solution). Similarly, the linear
programming relaxation of multi-SNDP is a relaxation of the linear programming
relaxation of SNDP. |

The following proposition can be obtained directly by combining Lemma 6 with

Theorem 4.

Proposition 7 Given a complete graph G = (V| E) with non-negative edge costs
c € RE let G® = (V, E) be the metric completion of G, with metric costs ¢© € RE.
Then

opt(multi-SNDP on G) < opt(SNDP on G*)

and

opt(multi-SNDPrp on G) < opt(SNDPpp on G*).

The following theorem follows directly from the parsimonious property of Goe-

mans and Bertsimas [11].

Theorem 8 Given a complete graph G = (V, E) with metric edge costs ¢ € R¥
and vertex connectivity requirements r; € Nxq, © € V. The optimal value of the LP

relazation of multi-SNDP, LP (3.11), is equal to the optimal value of

minimize cx (3.14)
subject to  x(4(S)) > a7 foralld C SCV, (3.15)
x(6(i)) = 0, forallie V\VT, (3.16)

r. > 0, foralleeE. (3.17)
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Proposition 9 below shows that the optimal value of LP (3.11) is the same for
G+, G*, and G.

Proposition 9 Given a complete graph G = (V| E) with non-negative edge costs

c € R?,

opt(multi-SNDPpp on GT) = opt(multi-SNDPpp on G*)

= opt(multi-SNDPpp on G).

Proof: Let G with cost function ¢® be the metric completion of G. Let z* be an
optimal solution to LP(3.14) on G®. Let y be z* restricted to G, with edge costs
¢t as defined at the beginning of the section. Since x* satisfies the constraints (3.16),
i.e., since 7 = 0 on all the edges incident to vertices ¢ with 7, = 0, we have that
cty = c®2*. By Theorem 8, c®z* = opt(multi-SNDPpp on G*).

Clearly, y satisfies the LP relaxation of multi-SNDP (LP(3.11)) on G*. Suppose
that y is not an optimal solution of LP(3.11) on G™. Let w be an optimal solution
of LP(3.11) on G*. Then c¢tw < ¢Ty. Form a solution w’ on G* by setting w' = 0
on all the edges that are incident to a vertex i € V\V*, and v’ = w otherwise.
Note that w’ is a solution to LP(3.14). Then c®w’ = ctw < ¢ty = ¢~z*. This is
a contradiction, since z* is an optimal solution to LP(3.14). Thus, y is an optimal
solution of LP(3.11) on G, i.e., ¢Ty = opt(multi-SNDPrp on G*). Hence, we have
that

opt(multi-SNDPrp on GT) = ¢ty = ®a* = opt(multi-SNDPpp on G*).

From Theorem 4, opt(multi-SNDPpp on G*) = opt(multi-SNDPrp on G). The
result follows. [

Let opt(T-join) be the cost of a minimum cost 7-join on G.
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Lemma 10 Given a complete graph G = (V, E) with non-negative edge costs ¢ € R¥
and vertex connectivity requirements r; € Nso, i € V. Let T' C V*, |T| even. The
following holds on G:
opt(T-join) < % opt(multi-SNDPrp) < % opt(multi-SNDP).

Proof: Let z* be an optimal solution to the multi-SNDP linear programming re-
laxation LP(3.11). In particular, z* satisfies the constraints (3.12). Notice that
max;jesw) rij > 0, and hence z*(6(U)) > 0, for all ) € U C V. We show that Til:c*
satisfies the constraints (3.2), i.e., that Tilx* satisfies z(0(U)) > 1 forall) CU C V
such that |UNT] is odd. We do this by examining the following two cases for the set
pcUcCV:

Case 1: Either r; = 0 for all i € U, or r; = 0 for all j € V\U, or both. Thus,
we have that either max;cyr; = 0, or max;ey\pr; = 0, or both. Notice that, in a
complete graph,

max 7;; = min{maxr;, max r;}.
ijed(U) e’ JjeV\U

Then max;jesw) ri; = 0 and thus 2*(6(U)) > 0. Without loss of generality, assume
that r; = 0 for all i € U. Since there does not exist a vertex i € T" such that r; = 0, we
have that T C V\U. Thus, we have that [(V\U)NT| = |T| is even, and |[UNT| =0
is even. Thus, for all ) C U C V for which either r;, = 0 for all : € U, or r; = 0 for
all 7 € VA\U, or both, then T,ilx* satisfies z(6(U)) > 0 and |U NT| is even.

Case 2: There exists i € U, j € V\U such that r; > 0 and r; > 0. Thus, r;; >0

and z* satisfies x(6(U)) > ;. Since
T = min{m | r; >0, 1€ V} = min{rij | Ti; > 0, 7,7€V, 27&]},

therefore r;; > 7. Therefore z* satisfies x(6(U)) > 1, and hence ;-a* satisfies
z(0(U)) = 1.
Thus, T%:c* satisfies the constraints (3.2) forall ) C U C V.
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In addition, since x* satisfies the constraints (3.13), T%[E* also satisfies the in-
equalities . > 0 for all e € E. Thus, T,il:c* satisfies the constraints (3.2) and (3.3).
This means that Tila:* is a feasible solution of LP(3.1). Using Theorem 1, we therefore
have that, for T"C V', |T'| even,

1 1 1
opt(T-join) < — cx* = — opt(multi-SNDPp) < — opt(multi-SNDP).
T T T

[
Given a complete graph G = (V, E) with non-negative edge costs ¢ € R, let
opt(MST) be the cost of a minimum cost spanning tree (i.e., the optimal value of

LP(3.5)) on G.

Lemma 11 Given a complete graph G = (V, E) with non-negative edge costs c € RF

and vertex connectivity requirements r; € Nxg, i« € V, the following holds:

2 2
opt(MST on G*) < = opt(multi-SNDPp on G) < = opt(multi-SNDP on G).

T T
Proof: Let G with cost function ¢® be the metric completion of G. Let z* be an
optimal solution to LP(3.14) on G2. Let y be x* restricted to G, with edge costs ¢*
(G, ¢ as defined at the beginning of this section). Since z* satisfies the constraints

(3.16), i.e., since ¥ = 0 on all the edges incident to vertices ¢ with r; = 0, we have

that
cty=cta* (3.18)
and
y(6(S)) > max ry, foralllcSc VT, (3.19)
ij€46(S)
ye > 0, forallee Ey:. (3.20)

Since y satisfies the constraints (3.19) and since, for all § € S C VT,
max;jes(s) 7ij = 71, therefore %y satisfies

2
y(0(S)) > —(max r;) > 2, foralpc ScC V™. (3.21)
T ijes(s)
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Let P = (S1,S59,...,Sk,) be a partition of GT. Note that P is always feasible

since G is a complete graph. Using (3.21) above, we have, for T—zly,

Su = OS) + y0(S:)) + -+ y(5(Si,)]
> 2 (hp-2)
= kp
> kp— 1.

Thus, %y satisfies ) . ye > kp — 1, for all feasible partitions P = (51, S, ..., Sk,)
of GT.

Note that y also satisfies the constraints (3.20). Thus, T%y satisfies the constraints
(3.6) and (3.7) for the graph (V*, Ey+). This means that %y is a feasible solution of
LP(3.5) on (VT Ey+). Using Corollary 3 and equation (3.18),

2
opt(MST on GT) < - AV

2 VAL
8]

Applying Theorems 8 and 4, we therefore have that

2
opt(MST on GT) = = opt(multi-SNDPp on G*)

= — opt(multi-SNDPp on G)

IN

— opt(multi-SNDP on G).

Tl
|
Lemmas 10 and 11 will be used to create a solution for multi-SNDP within a
given bound of the optimal. Before doing this, we need to define two special graphs.
These two graphs will be used for the remainder of this section. Let G = (V, E)

be a complete graph with non-negative edge costs ¢ € R” and vertex connectivity
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requirements 7; € N>, ¢ € V. Vertices with r; = 0 are called Steiner vertices. Let
M = (V,F) be a minimum cost spanning tree of G*. Let V°¥ C V be the set
of vertices of G having odd degree in M. Let J C E be a minimum cost 7-join
on G*, where T = V°¥._ Let E' be the edge set consisting of [“2] copies of the
edges in F', and J' be the edge set consisting of || copies of the edges in J. Let
K* = (V,E'UJ"). Let K be the multi-subgraph of G that is formed from K* by
adding the Steiner vertices of G to K™ and by replacing the edges of K by the
minimum-cost paths in G that gave rise to their edge costs. It will be seen at the end
of this section that K is the heuristic solution to multi-SNDP that is returned by our
approximation algorithm.

The following proposition is needed:

Proposition 12 Let G = (V, E) be a complete graph with non-negative edge costs
c € RE and vertex connectivity requirements r; € Nxsg, i € V. The graph K+ is a
rm-edge connected spanning multi-subgraph of G, the graph K is a r,,-edge connected

multi-subgraph of G, and the total cost of K is equal to the total cost of K.

Proof: We show first that K is a r,,-edge connected spanning multi-subgraph of
G*. Since a connected graph has a T-join if and only if |T| is even [2], and it is
known that every graph has an even number of odd degree vertices, therefore, G*
has a V°%_join.

Clearly, all the vertices of the subgraph H = (V, F'U J) of GT have even degree
(note that H may contain multiple copies of the edges). This means that H is an
Eulerian graph, i.e., it contains an Euler tour. Hence, H is two-edge connected, i.e.,
it has two edge disjoint paths between every pair of vertices.

Thus, when ry, is even, K™ partitions into % Eulerian subgraphs, i.e., &5 2-edge
connected subgraphs. Thus, K™ has %z - 2 pairwise edge-disjoint paths (counting
parallel edges as distinct edges) between each pair of vertices, and is thus r,,-edge

connected. When r,, is odd, K partitions into Tm—z_l Eulerian subgraphs and one
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minimum spanning tree, i.e., % 2-edge connected subgraphs and one connected
subgraph. Thus, K has 21 .2+ 1 = r, pairwise edge-disjoint paths (counting
parallel edges as distinct edges) between each pair of vertices, and is thus r,,-edge
connected. Hence, K is a r,,-edge connected spanning multi-subgraph of G™.
Form the multi-subgraph, K, of G from KT by adding the Steiner vertices of
G to KT and by replacing the edges of K™ by the minimum-cost paths in G that
gave rise to their edge costs. For each pair of distinct vertices in V', the number of
pairwise edge-disjoint paths in K is clearly the same as in KT, hence K is r,,-edge
connected. By construction, the total cost of K is equal to the total cost of K. H

Lemmas 10 and 11 lead to the following theorem:

Theorem 13 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE and vertex connectivity requirements r; € Nso, i € V. The integrality gap for the
linear programming relaxation of multi-SNDP is at most %% when r,, is even, and

3rm+l _ 3rm 4 1 1
at most e =5t g when r,, 1s odd.

Proof: Let cost(K) be the cost of K, and cost(K') be the cost of K. Let
opt(M on GT) be the cost of a minimum cost spanning tree of G*, and let opt(J on GT)

be the cost of an optimal V°%-join on G*. Using Lemma 10 and Proposition 9,
1
opt(J on G*) < — opt(multi-SNDPpp on GT)
T

1
= — opt(multi-SNDPp on G).
T

If rp, is even, then [%] = [%*| = 2, and, using Proposition 12 and Lemma 11

we have,

cost(K) = cost(K™)

Im, opt(M on G*) + %ﬂ -opt(J on GT)

2
2
< %n - — opt(multi-SNDP 1p on Q)
Tl
1
+%n - — opt(multi-SNDPp on Q)
T
= 37m opt(multi-SNDP pp on G). (3.22)

27’1
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Therefore, on G,

opt(multi-SNDP) < cost(K) < gr_m opt (multi-SNDP ),

T
ie.,

opt(multi-SNDP) - 37m
opt(multi-SNDP.p) = 27’

(3.23)

Thus, when r,, is even, the integrality gap for the linear programming relaxation of
multi-SNDP is at most %’;—’7

Similarly, if r,,, is odd, then |7 | = L;l, (] = L;l, and we have

m+ 1
cost(K) = cost(K") = L 2+ opt(M on GT) +

Tm + 1
2

T'm —

! -opt(J on GV)

IN

2
- — opt(multi-SNDP p on G)
]

m 1 1 .
r 5 opt(multi-SNDPp on G)
]

B <3rm+1

5 ) opt(multi-SNDP p on G)
T

1
= <§T—m + —) opt(multi-SNDP p on G). (3.24)
Therefore, on G,
opt(multi-SNDP) < cost(K) < <—— + —) opt(multi-SNDP 1p),

ie.,

opt(multi-SNDP) - 3rm+ 1
opt(multi-SNDPrp) — 271, 21

(3.25)

Thus, the integrality gap for the linear programming relaxation of multi-SNDP when

1 1 3rm 1
T is odd is at most 3 ot g [ |

From Theorem 13, we obtain the following two corollaries.
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Corollary 14 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE and vertex connectivity requirements r; € Nso, i € V. The cost of K is less than
or equal to %% of the optimal solution value for the LP relaxation of multi-SNDP if
%TT—;‘ + 2%[ of the optimal solution value for the

LP relazation of multi-SNDP if r,, is odd.

rm 1S even, and less than or equal to

Proof: By equations (3.22) and (3.24). [ |

Corollary 15 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE and vertex connectivity requirements r; € Nsg, i € V. The cost of K is less than
or equal to %T’T—;‘ of the optimal solution value for multi-SNDP if r,, is even, and less

than or equal to %’;—’7 + 2% of the optimal solution value for multi-SNDP if r,, is odd.

Proof: We know that opt(multi-SNDP p) < opt(multi-SNDP). Combining this with
equations (3.22) and (3.24) we obtain the result. [ |
The constructive proof of Theorem 13, along with Corollary 15, yields the fol-

lowing approximation algorithm for multi-SNDP:
Algorithm A

Input: A complete graph G = (V, E) with non-negative edge costs ¢ € RF and
vertex connectivity requirements r; € N>g, ¢ € V.
Output: An r,,-edge connected spanning multi-subgraph (i.e., subgraph with multi-

ple copies of the edges allowed) of GG, having cost within %’;—’7 of the optimal solution

3 rm

value for multi-SNDP, if r,, is even, and within 5 =

for multi-SNDP, if r,, is odd.

+ % of the optimal solution value
1

AQ. Form the complete graph G with vertex set V', respective vertex connectivity

+

requirements from G, and edge costs ¢, i, € VT, where c;; is the cost of a

minimum-cost ¢-j path in G.
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Al. Find a minimum cost spanning tree, M = (V, F'), of G* and take [%5] copies
of each of its edges. Let this form the edge set E'. Let VV°% C V be the set of

vertices of GT having odd degree in M.

A2. Find a minimum cost T-join J C E, on G*, where T = V°¥ ie.. M has
a corresponding V°%-join. This is accomplished by finding a minimum cost
“pairing” of the odd degree vertices of M using shortest paths from G*. Take

| " | copies of the edges in .J, and let this form the edge set .J'.

A3. Combine the minimum cost spanning trees from (Al) and the T-joins from

(A2), i.e., form the multi-subgraph K™ = (V, E' U J").

A4. Form a multi-subgraph, K, of G from KT by adding the Steiner vertices of G
to K and by replacing each edge of K+ by the corresponding minimum-cost

path in G that gave rise to its edge cost.

Theorem 16 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE and vertex connectivity requirements r; € Nso, i € V. The above algorithm yields,
in polynomaial time, a feasible multi-subgraph K which is r,,-edge connected and which
has cost less than or equal to %T’T—;‘ of the optimal solution value for multi-SNDP when
rm 1S even, and cost less than or equal to %% + 2%1 of the optimal solution value for
multi-SNDP when r,, is odd. Thus, it is a %%—appmm’mation algorithm for multi-
SNDP, for r,, even, and a (3= + %n)-approzimation algorithm for multi-SNDP, for

2 7
T odd.

Proof: From Theorem 13, K is an r,,-edge connected spanning multi-subgraph of
G. By Corollary 15, it has cost less than or equal to %%opt(multi—SN DP) when r,,
is even, and cost less than or equal to (%% + %ﬁ)opt(multi—SNDP) when r,, is odd.

From the discussion in Section 3.2, this algorithm has worst case running time O(n?).
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Jain [13] gave both an approximation guarantee of 2 for multi-SNDP, and an
integrality gap of 2 for the LP relaxation of multi-SNDP. Given distinct vertex con-
nectivity requirements p, = 0 < p; < p2 < ... < p,, Goemans and Bertsimas’ [11]
improved tree heuristic for multi-SNDP has approximation guarantee Z?:l f(pj;if"’l),
where f(c) = 3¢ when c is even, and f(c) = 24 when ¢ is odd. Although not indi-
cated, the proof of this implicitly yields an integrality gap of 23:1 f(pj;ijp”’l).

For r,, even, our approximation guarantee (and the integrality gap of the LP re-
laxation) for multi-SNDP is strictly less than 2 (and is thus an improvement on Jain’s
result when applied to multi-SNDP) when 7;,—’7 < %. For r,, odd, our approximation
guarantee (and the integrality gap of the LP relaxation) for multi-SNDP is strictly
less than 2 when =+ 3%[ < %.

When r,, = r, = k (i.e., when we are looking at the special case of multi-
kKEC), our approximation guarantee and integrality gap, and those of Goemans and
Bertsimas are the same — equaling % for k even, and % + i for k odd. When r,, > r,
there are certain instances where our approximation guarantee and integrality gap is
an improvement both on the bounds of Goemans and Bertsimas and on the bounds
of Jain, hence providing for those instances a better approximation guarantee for
multi-SNDP and integrality gap for the LP relaxation of multi-SNDP than has been
previously known. It is difficult to determine all the instances where our bound is an
improvement on the best known bounds, however, for an example of a family of such
instances, see the family in Section 3.3.1.

Thus, our integrality gap for the LP relaxation of multi-SNDP and our approxi-

mation algorithm for multi-SNDP are an improvement on the best known bounds for

special cases of multi-SNDP.
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3.3.1 A Family of Examples

Recall that Jain [13] presented an approximation guarantee (and upper bound on
integrality gap) of 2 for multi-SNDP. Recall also that Goemans and Bertsimas [11]
presented an approximation guarantee (and upper bound on integrality gap) for multi-
SNDP of »79_, mj;i;j*”, where f(c) = 3¢ when ¢ is even, and f(c) = 25 when ¢
is odd; and where p, = 0 < p; < p2 < ... < p, are the distinct vertex connectivity
requirements.

In this section, we present a family of examples for multi-SNDP where the ap-
proximation guarantee for multi-SNDP of Theorem 16, and the integrality gap of the
LP relaxation of multi-SNDP of Theorem 13, are both less than Jain’s result and less
than that of Goemans and Bertsimas (and hence are an improvement on the best
known bounds). Let G = (V| E) be a complete graph with non-negative edge costs

¢ € RE and vertex connectivity requirements r; € Nsg, i € V. Let F be the family

of multi-SNDP problems such that:
(i) 1 <ry <ryifr,iseven; and 1 < r; <r, —1if r, is odd
(i) 2 < 3 if 7, is even; and 4 3% < 3 if rp, is 0dd

(iii) for all » € {r,rm + 1,7+ 2,...,7 — 1,7}, there exists a vertex in G with

vertex connectivity requirement 7.

Note that under conditions (i)-(iii), the bound of Goemans and Bertsimas is

L18r41) 3,
5131 2 2 2 . ST 2 2 2
o tiatam et forrmodds and 25+ =g+ =5+ + - for g even.

Recall that our bound (both approximation guarantee and integrality gap) for
multi-SNDP is at most %’;—’7 when 7, is even, and %’;—’7 + 2%[ when 7, is odd. We
now show that on the family F this is an improvement on the best known bounds for
multi-SNDP. First, we will show that condition (ii) ensures that our bound is strictly

less than 2 for the family F, and hence an improvement on Jain’s bound [13]. This
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is seen by noting that %T’T—;L < 2 if and only if T’T—;‘ < %; and %T’T—;‘ + 2% < 2 if and only if
g <

Secondly, we will show that conditions (i)-(iii) ensure that our bound is strictly
less than that of Goemans and Bertsimas [11]. Note that when r,, = r;, our bound
and that of Goemans and Bertsimas is the same, and less than that of Jain. Thus we
only examine instances where r; < 7,,.

Notice that when 7, = 1 and r,, is even, condition (ii) implies that r,, = 0, which
is a contradiction with r; < r,,. When r, = 1 and r,, is odd, condition (ii) implies that
rm < 1, which is a contradiction with r; < r,, — 1. Thus we state that r, > 1. Note
that for both r,, even and r,, odd we have, by condition (ii), that % < %, and thus
i > 4%. Furthermore, notice that r, <r+1<r+2<...<r, —1<r, implies

1
Tl+2

%. To show that conditions (i)-(iii) ensure

> ..> 1>

rm—1

1 1
that T_l > p—) >
that our bound is strictly less than that of Goemans and Bertsimas for problems in
the family F, we consider two cases.

Case 1: r; is odd, and r,, is even or odd. Notice that r; is odd and r, < 7,

automatically implies that r; < r,, — 1 when r,, is odd. The bound of Goemans and

Bertsimas [11] for problems in F with r; odd is

13+ 1) 2 2 2 3r+1 2 2 2
+ +...+— > +—+—4 ...+ —
7 rn+1 r+2 Tm 2r; T Tm Tm

= 3Tl+1+(7“ —7“l)i

27’1 " ’l“m.

For both r,, even and r,, odd we have i > 4%, and thus

13 +1) 2 2 2 3r +1 3
2 i
o= > 2)(ry, — —
T +7’1—|—1 +7“l+2 * +rm 27 + @) ) <4rl)
B 3Tl+1+3Tm—37”1
N 27”1 27”1
37T 1
T2 2y
3Tm
>

27
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Since our bound is at most %T’r—;‘ when r,, is even, and %’;—’7 + 2% when r,, is odd, it
follows that Goemans and Bertsimas’ bound is always greater than our bound for
problems in family F with r; odd and r,, even or odd.

Case 2a: r; is even, and 1, is even. The bound of Goemans and Bertsimas [11]

for problems in F with r; even is

%rl 2 2 2 3 2 2 2
24 - Fot— > S+
7 rm+1 r+2 Tm 2 rm Tm T

3+( )2

= = Ty — T7)—.

2 lrm

Applying i > 4%, we have

§Tl 2 2 2 3 3
Wittt 7 g <2><rm‘”>(4—n)
3 3rpm — 31
T2 2r
 3rm
= 3

Since our bound is at most %’;—’ZL when 7, is even, it follows that Goemans and Bert-
simas’ bound is always greater than our bound for problems in family F with r; even
and r,, even.
Case 2b: r; is even, and r,, is odd. Notice that if r; is even, r,, is odd, and
r; = T — 1, then our bound is not strictly less than that of Goemans and Bertsimas:
3y,

. . . 37«-m L 3" l . § l . . .
Assume it is, i.e., assume that g, < + =35+ Substituting in

T ™m

2?2:7’:1’}) < 37“2’;?:4. Simplifying, this leads to 0 < —8, which is a

=T, — 1, we get
contradiction. Thus, we must have that r; < r,, — 1 when r,, is odd.

The bound of Goemans and Bertsimas [11] for problems in F with r; even is

My 2,2, 282 2, 2 2
o orn+l or+2 T, 2 rp—1 rp,—1 """ r,—=1 r,
3 2 2
- S a(r,—r—1 il
2+<T i >7‘m—1 T'm
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Since our bound is at most %T’T—;‘ + 2% when r,, is odd, it follows that Goemans and
Bertsimas’ bound is always greater than our bound for problems in family F with r;

even and 7, odd provided that

3 2 2 3Tm 1
— m— 11— 1 — > ——+ —, 3.26
2+(T & )rm—1+rm 2rl+2rl ( )

i.e., provided that,

77"31 — 3ry, — 4r,r — 4 - 3r, +1
27 (T — 1) 2rp

This is true provided that

Triry — 3rpry — Arprd —drp — (3, + 1) (r2, — 1)

Tt (T — 1)

> 0,

ie.,

7r,2nrl — 3r,r — 4rmrl2 —4r; — 3T§n + 27}2;@ +7r, > 0.

Notice that r,, > r, + 1, r; even, and 7, odd imply that r,, = r; + n, where n € N is
odd and n > 3. Substituting in r,, = r; + n, where n > 3 is odd, we obtain that the

above inequality is equivalent to
(n—rf+ (=20 +n—=3)r+ (=3n*+2n*+n) > 0, n>3, nodd. (3.27)

Note that r,, < 3r; — 3 (from condition (ii)) and ry, = r; +n, n > 3 odd, implies
that v, > 3n + 1, i.e., that r, > 3n + 3 for n > 3 odd. Using this, it is easily seen
that inequality (3.27) is true. Thus, inequality (3.26) is true. Hence, Goemans and
Bertsimas’ bound is always greater than our bound for problems in family F with r;
even and r,, odd.

Therefore, Goemans and Bertsimas’ bound is always greater than our bound for

problems in family F. Hence, for problems in family J, our bound is an improvement

on both the bound of Jain and the bound of Goemans and Bertsimas.
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3.4 Application of Multi-SNDP to SNDP and Met-
ric SNDP

As application to SNDP, applying Proposition 7 to Lemmas 10 and 11, we obtain the

following;:

Corollary 17 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RZ, let G = (V, E) be the metric completion of G, with metric costs ¢~ € R¥. Then

1 1
opt(T-join on G) < — opt(SNDPrp on G®) < — opt(SNDP on G*),
T T
and
2 A 2 A
opt(MST on G) < — opt(SNDPLp on G=) < — opt(SNDP on G°).
Tl
Applying this to metric-SNDP, we obtain
Corollary 18 Given a complete graph G' = (V, E) with metric costs,
1 1
opt(T-join) < — opt(metric SNDPyp) < — opt(metric SNDP),
v Tl
and

2 2
opt(MST on G'") < = opt(metric SNDPrp on G') < — opt(metric SNDP on G').
Tl T

Setting r; = k, Corollary 17 applies to kEC, and Corollary 18 (with G't = &)

applies to metric kEC.

3.5 Application of Multi-SNDP to Multi-kEC, kEC,
and Steiner Multi-£AEC

The results for multi-SNDP apply to multi-kEC as follows: Lemmas 10 and 11 hold
for multi-kEC. Simply set r; = k for all « € V. As we will see, the remainder of the
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results are similar, except that adjustments need to be made based on the fact that
the graph G is no longer required (since there are no Steiner vertices).

When considering multi-kEC, we need to define a special graph. Let G = (V| F)
be a complete graph with non-negative edge costs ¢ € R¥ and vertex connectivity
requirements r; € Nsg, i € V. Let M = (V, F) be a minimum cost spanning tree of
G. Let Vo C V be the set of vertices of G having odd degree in M. Let J C E be
a minimum cost T-join on G, where T' = V% Let E’ be the edge set consisting of
[72] copies of the edges in F', and J' be the edge set consisting of | " | copies of the
edges in J. Let K = (V, E'U J’). It will be seen that K is the heuristic solution to
multi-£EC that is returned by our abbreviated approximation algorithm.

The following proposition is obtained from Proposition 12.

Proposition 19 Given a complete graph G = (V, E) with non-negative edge costs
ceRE k>2 keZ The graph K = (V,E'UJ") is a k-edge connected spanning

multi-subgraph of G.

Theorem 13 (on integrality gap), Corollary 14, and Corollary 15, all apply to
multi-kEC. Simply set r,, = =k and r; = k for all : € V.

When applying the approximation algorithm for multi-SNDP in Section 3.3 to
multi-kEC, r,, = 1, = k, and steps A0 and A4 can be omitted. It follows directly
from Theorem 16 that this is a %—approximation algorithm for multi-kEC, for £ even,
and a (% + i)—approximation algorithm for multi-£EC, for k odd.

Note that the bounds for integrality gap and our approximation algorithm hold
as well for Steiner multi-kEC, and, in this case, are strictly less than 2 and equal
to the bounds of Goemans and Bertsimas. Hence, they are equal to the best known
values to date.

When the edge costs are uniform in a general graph, Gabow et al. [8] give a
rounding algorithm that has an approximation guarantee of 1 + % for kEC when

k > 1, and provide tight examples for these guarantees. In addition, Gabow et al. [§]
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show that the integrality gap of the LP relaxation of kEC with uniform edge costs
is at most 1 + %, both for undirected and directed graphs. It is also interesting to
note that, for uniform edge costs in a general multi-graph, there is a %-approximation
algorithm for finding a 3-edge connected (spanning) subgraph [7].

Setting r; = k, Corollary 17 applies to kEC, and Corollary 18 applies to metric
EEC.

3.6 Conclusion

In this paper, we showed that the integrality gap for the linear programming relax-

3rm

ation of multi-SNDP is at most 3”= when r,, is even, and at most 5

5 + 2%1 when
rm is odd, where 7, is the maximum vertex connectivity requirement and r; is the
smallest nonzero vertex connectivity requirement. We presented an approximation
algorithm for multi-SNDP which has a performance guarantee the same as this upper
bound. These are improvements for the best known bounds for certain special cases
of the problem, and we presented a family of examples demonstrating this. We also
discussed the relationship between our approximation algorithm for multi-kEC and
the improved tree heuristic of Goemans and Bertsimas [11].

Our results for integrality gap and the approximation algorithms for multi-SNDP
and multi-kEC depend upon new upper bounds for the optimal values of a minimum
cost T-join and an MST in terms of the optimal value of the LP relaxation of multi-
SNDP, bounds which we also presented.

Lastly, we showed the application of our integrality gap and approximation algo-

rithm results of multi-SNDP to SNDP, metric SNDP, multi-kEC, kEC, metric kEC,
and Steiner multi-£EC.
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Abstract

We examine the special cases of both the survivable network design problem and the
vertex connected survivable network design problem (and related variations of these
problems) with low vertex connectivity requirements. We investigate cases where the
optimal values of the multi-survivable network design problem and the survivable
network design problem are equal. We show that there is an upper bound of % on the
integrality gaps of the linear programming relaxations of both the metric survivable
network design problem with vertex connectivity requirements 0,1,2, and the metric
vertex-connected survivable network design problem with vertex connectivity require-
ments 0,1,2. We also present %—approximation algorithms for both of these problems.
Our results are an improvement on the previously best known integrality gap bound
and approximation guarantee for the problems, which was 2 [11]. These results also
extend the following previously known results: A % upper bound on the integrality
gap of the linear programming relaxation of the metric 2-edge connected problem [1];
a %-approximation algorithm for the metric 2-vertex connected problem [12]; and, on
an unweighted graph, a %—approximation algorithm for the vertex-connected surviv-
able network design problem with vertex connectivity requirements 1,2 [26]. Our %
approximation guarantee and integrality gap bound applies to the Steiner tree prob-
lem with either uniform or metric edge costs, and improves the previous best known

integrality gap bound for these cases.
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4.1 Introduction

An important general problem in network design is the survivable network design
problem. Given a network of centres and specific non-negative costs for connecting
any two centres with a link, this problem consists of finding a cheapest way to con-
struct a network so that specific parts of the network remain connected even if certain
numbers of links are lost. The problem has many practical, cost-saving applications,
such as the design of reliable communication and transportation networks, and is used
in designing fibre optic telecommunications networks [13, 18]. Here, “cost” can be
interpreted as the construction cost, and “reliable” as the continuation of services in
the event of a catastrophe causing the loss of a given number of “links” (i.e. commu-
nications lines, pipeline segments, or roads). A continuation of services in the event
of certain losses is ensured by the network having been designed in such a way that
service can be restored by being re-routed through other existing centres and links.
For such applications, finding a solution that is either optimal or very close to opti-
mal means substantial financial savings for the company constructing the network.
In some applications, it is useful to allow more than one link to be built between a
pair of centres in order to build a survivable network at lower cost. Instances of this
occur in the laying of underwater cables between islands and a mainland, where a
link failure is considered to be the failure of a cable. There are many networks, such
as telecommunications networks, whose centres and links have very low failure prob-
abilities [27], thus it is of use to examine the survivable network design problem (and
its variations) for special cases when certain parts of the network are connected, and
other parts remain connected even if one of the network’s links is lost (or, respectively,

if one of the network’s centres is lost).
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4.1.1 Definitions and Problems

More formally, the (edge connected) survivable network design problem (SNDP) is
defined as follows: Let G = (V, E)) be a complete graph with non-negative edge costs
c € RE, and vertex connectivity requirements r; € Nxg, i € V. Vertices i € V with
vertex connectivity requirement r; = 0 are called Steiner vertices. For each pair of
distinct vertices 4, j € V, let the edge connectivity requirement be 7;; = min{r;, r;}.
The problem is to find a minimum cost subgraph that has, for each pair of distinct
vertices 4,7 € V, at least r;; edge-disjoint paths between ¢ and j. In a feasible
solution of SNDP, the loss of any 0 < | < max;jcgpr;; edges still allows all vertices
with vertex connectivity requirement greater than [ to be connected to each other
(i.e., fori,j € V,if r; > L and r; > [, then if any [ edges are removed there remains at
least one edge-disjoint path joining i and j). When the edge costs ¢ € R¥ of a graph
are non-negative and satisfy the triangle inequality c., < cu + ¢y for all distinct
vertices u,v,w € V, the costs are called metric. Problem SNDP with metric edge
costs will be referred to as metric SNDP.

A multi-subgraph is a subgraph that may have multiple copies of at least one
edge. If multiple copies of the edges are allowed in the solution of SNDP, i.e., a
multi-subgraph is allowed, the problem will be referred to as the (edge-connected)
multi-survivable network design problem (multi-SNDP).

A set of paths between vertices i and j is pairwise internally verter-disjoint
if no two of the paths have an internal vertex in common (i.e., the only vertices
any of the paths have in common are the vertices i,7). Given a complete graph
G = (V, E) with non-negative edge costs ¢ € R, and vertex connectivity require-
ments r; € N>g, ¢ € V, when the problem is to find a minimum cost subgraph that
has, for each pair of distinct vertices 7,j € V, at least r;; pairwise internally vertex-
disjoint paths between ¢ and j, the problem is referred to as the vertex connected

survivable network design problem (VC-SNDP). In such a feasible solution, the loss
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of any 0 < | < max;jepri; vertices still allows all vertices with vertex connectivity
requirement greater than [ to be connected with each other (i.e., fori,j7 € V., if r; > [
and r; > [, then if any [ vertices are removed there remains at least one internally
vertex-disjoint path joining ¢ and j). Problem VC-SNDP is a special case of SNDP,
since all feasible solutions to VC-SNDP are also feasible solutions to SNDP, but not
vice versa. Thus, the optimal value of VC-SNDP is always at least that of SNDP.
Problem VC-SNDP with metric edge costs will be referred to as metric VC-SNDP.
Generally, multiple copies of edges are not allowed in the solutions of VC-SNDP, since
multiple edges do not increase the vertex connectivity. A cut vertex is a vertex whose
removal disconnects a connected graph. A vertex cut set is a subset U C V such that
|U| < (max;jep ;) — 1 and whose removal disconnects the graph.

Unless otherwise stated, in this paper we are assuming that the given G is com-
plete. This can be done without loss of generality, since, if G is not complete, we
can make it into a complete graph by simply adding in all the “missing” edges and
assigning each of them an appropriately large cost.

A graph is k-edge connected (respectively, k-vertex connected), k > 1, k € Z, if
it has at least k edge-disjoint (respectively, internally vertex-disjoint) paths between
every pair of vertices; i.e. if any k& — 1 edges (respectively, vertices) are removed, the
graph is still connected. All k-vertex connected graphs are k-edge connected, but
not vice versa. If a graph is k-vertex connected, then it is j-vertex connected for
1 < j < k, and it has at least k + 1 vertices. A graph is 2-vertex connected if and
only if it has no cut vertices.

The special case of SNDP where r; = k, k € Z>4, for all ¢ € V is called the k-
edge connected subgraph problem (KEC). In particular, kEC is the problem of finding
a minimum cost k-edge connected spanning subgraph of G. Notice that 1EC is simply
the well known minimum cost spanning tree problem (MST). Problem AEC problem
with metric edge costs will be referred to as metric kK EC. If multiple copies of the edges

are allowed in the solution of KEC, the problem will be referred to as the multi-k-edge
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connected subgraph problem (multi-kEC). Clearly, kEC and multi-kEC are special
cases of SNDP and multi-SNDP, respectively.

Similarly, the special case of VC-SNDP where r; = k, k € Z>,, for all i € V is
called the k-vertex connected subgraph problem (kKVC). When multiple copies of edges
are allowed in the solution, we denote the problem by multi-k VC. Problem kVC with
metric edge costs will be referred to as metric k' VC. Problem 2VC is sometimes called
the biconnected augmentation problem [12]. It can be shown that the optimal values
of metric 2EC and metric 2VC are equal. This is an implicit result of the shortcutting
method by Frederickson and Ja’'Ja’ [12]), and is used by Carr and Ravi [6], and by
Monma, Munson, and Pulleyblank [28].

Given a general graph, G = (V, E), with non-negative edge costs ¢ € RE, and
a subset of vertices T' C V, the Steiner tree problem (ST) is the problem of finding
a minimum cost subgraph that spans all the vertices T'. Vertices in the subset T’
are called terminal (or required) vertices. The non-terminal vertices V\T are called
Steiner vertices [20, 23]. A feasible solution to ST includes all the terminal vertices
and may include some, all, or no Steiner vertices. Problem ST is the special case of
SNDP where r; € {0,1}, i € V.

The special case of SNDP where r; € {0,k}, k € Z>y, for all i € V is called the
Steiner k-edge connected subgraph problem (Steiner-kEC). In other words, Steiner-
EEC is the problem of finding a minimum cost k-edge connected subgraph of G
that spans the set of terminal vertices T'= {i € V | r;, = k} C V; i.e., such that
there are at least k edge-disjoint paths between all pairs of distinct vertices 7,5 € S.
Similarly, the special case of multi-SNDP where r; € {0,k}, k € Z>y, for all i € V
is called the Steiner k-edge connected multi-subgraph problem (Steiner multi-kEC).
Problems Steiner kEC and Steiner multi-kEC are special cases of SNDP and multi-
SNDP, respectively. Furthermore, problems kEC and multi-kEC are the special case
of Steiner-kEC and Steiner multi-kEC, respectively, where T = V. The related k-

restricted Steiner tree problem is that of finding a minimum cost Steiner tree whose
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full components (maximal subtrees whose leaves are all the terminal vertices and
whose internal vertices are Steiner vertices) contain at most &k terminal vertices.

Problem ST is an NP-hard problem [14, 15, 22]. As well, problem Steiner-2EC
with edge costs all 1 (i.e., uniform edge costs) is NP-hard [28]. Thus, Steiner-kEC
is an NP-hard problem. Since ST is a special case of SNDP, SNDP is an NP-hard
problem. Thus, multi-SNDP is also an NP-hard problem. Both #kEC and multi-kEC
(k > 2) are also known to be NP-hard problems [15]. Finally, KVC is NP-hard [2],
and thus so is VC-SNDP.

It is considered highly unlikely that efficient algorithms for exactly solving NP-
hard problems exist. Thus, we look at designing efficient algorithms that return
approximate, or near-optimal, solutions. If an algorithm runs in polynomial-time and
returns a solution whose value is always within a constant factor « of the optimal
value, then the algorithm is known as an a-approzimation algorithm, and the factor «
is called the approximation guarantee (or performance guarantee) of the algorithm. A
related concept to approximation guarantees is the concept of integrality gaps. Given
a minimization problem P, its integer linear program (), and its linear programming
(LP) relaxation Qrp, the integrality gap for the linear programming relaxation is the
largest ratio opt(Q)/opt(Qrp) over all possible non-negative, and all not identically
0, objective cost functions, over all instances of graphs. If it can be proved that
this largest ratio has value k, the linear programming relaxation is said to have
a k integrality gap. If the integrality gap of a problem’s LP relaxation is 1, then
there always exists an optimal solution of its LP relaxation that is integer. The
integrality gap provides a measure of the quality of the lower bound provided by Q) p
for (). Furthermore, a polynomial-time constructive proof for a bound o > 1 on the
integrality gap provides an a-approximation algorithm for problem P. Let opt(Q) be
the value of an optimal solution to @, and let opt(Qrp) be the value of an optimal
solution to Qpp.

In previous work [4], we examined multi-SNDP and showed that the integral-
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ity gap for the linear programming relaxation of multi-SNDP is at most %%‘ when
rm is even, and at most %’;,—’7 + 2% when r,, is odd; where 7, is the maximum edge
connectivity requirement induced by the vertex connectivity requirements, and r; is
the smallest nonzero vertex connectivity requirement. We also presented an approx-
imation algorithm for multi-SNDP which has a performance guarantee the same as
this upper bound, and showed that these are both improvements for the best known
bounds for certain special cases of the problem. Concerning metric 2EC, there is a
known upper bound of 3/2 for the integrality gap of the LP relaxation of metric 2EC
[1], and a 3-approximation algorithm for metric 2EC [12].

Concerning VC-SNDP, there is a k-approximation algorithm for £VC on a com-
plete graph with non-negative costs [25]; and a 2-approximation algorithm for VC-
SNDP on a general graph with non-negative edge costs and vertex connectivity re-
quirements r; € {0,1,2} [11]. For metric 2VC, there is a %—approximation algorithm
[12]. When edge costs are all 1 (i.e., uniform edge costs, or, equivalently, on an un-
weighted graph), there is a %—approximation algorithm for VC-SNDP with r; € {1,2}
[26], and a 4/3-approximation algorithm for 2VC [30]. For a summary of the current
known approximation guarantees on the different versions of kVC, see [24]. For a
summary of some of the known results on SNDP and VC-SNDP, see [26].

The best known approximation guarantee for ST is an approximation guarantee
of 1.39 for a weighted graph! [5], and a 1.28-approximation guarantee for quasi-
bipartite graphs (graphs in which no two Steiner vertices are adjacent) and for com-
plete graphs with edge costs in {0,1} [29]. The best known upper bound on the
integrality gap of the LP relaxation of ST is 1.55 [5].

LA weighted graph is a graph with non-negative edge costs.
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4.1.2 Overview

In this paper, we examine the special cases of both SNDP and VC-SNDP (and related
variations of these problems) with low vertex connectivity requirements (i.e., r; €
{0,1,2}, 7 € V). We investigate cases where the optimal values of multi-SNDP and
SNDP are equal. We demonstrate that problems multi-SNDP and metric SNDP are
closely related for r; € {0,1,2}, i € V. We show that the upper bound for the
integrality gap of the LP relaxation of metric SNDP with r; € {0,1,2}, ¢ € V, is
%, thus generalizing the known upper bound of 3/2 for the integrality gap of the
LP relaxation of metric 2EC [1]. We also show that our multi-SNDP approximation
algorithm [4], with a given modification, applies as well for metric SNDP with r; €
{0,1,2}, i € V, thus giving a %—approximation algorithm for metric SNDP with
r; € {0,1,2}, ¢ € V. This result extends the known result of a %-approximation
algorithm for metric 2EC [12]. Our % approximation guarantee and integrality gap
bound applies to the Steiner tree problem with either uniform or metric edge costs,
and improves the previous best known integrality gap bound for these cases [8].

We further show that these results for integrality gap and approximation guar-
antee can be expanded to include the related problem where vertex rather than edge
connectivity is examined, i.e., to metric VC-SNDP r; € {0,1,2}, « € V. Our %—
approximation algorithm for metric VC-SNDP with r; € {0,1,2}, ¢ € V| is an im-
provement on the previously best known integrality gap bound and approximation
guarantee for the problem, which was 2 [11]. It also provides a more general result
than Krysta and Kumar [26], who provided a %—approximation algorithm for VC-
SNDP with r; € {1,2}, i € V, on a general graph with edge costs all 1; and than
Frederickson and Ja’Ja’ [12], who provided a %—approximation algorithm for metric
2VC. Restricted to metric 2VC, our algorithm (but not the proof) is similar to the
%—approximation algorithm for metric 2VC given by Frederickson and Ja’Ja’ [12], and

thus our proof can provide an alternative, more compact proof of their result.
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The remainder of this chapter is organized as follows: In Section 4.2, we discuss
the metric completion of a graph, and provide some of our key theorems and results
from [4] to which we will be referring throughout this paper. In Section 4.3, we
show how multi-SNDP and metric SNDP are closely related for r; € {0,1,2},i € V
and we investigate cases where the optimal values of multi-SNDP and SNDP are
equal. In Section 4.4, we show the relationship of the integrality gaps for the LP
relaxations of metric SNDP and multi-SNDP with r; € {0,1,2}, i« € V; and prove
that the integrality gap for the LP relaxation of metric SNDP with r; € {0,1,2},
1 € V, has an upper bound of % We also show that our multi-SNDP approximation
algorithm [4], with certain modifications, applies for metric SNDP with r; € {0, 1,2},
1 € V, thus giving a %-approximation algorithm for that case. Finally, in Section 4.5,
we investigate VC-SNDP, particularly for small vertex connectivity requirements.
We further modify our approximation algorithm so that we get a %—approximation
algorithm for metric VC-SNDP with r; € {0,1,2}, i € V. We also show there is a %

upper bound for the integrality gap of the LP relaxation of this problem.

4.2 Background

4.2.1 Metric Completion

Given a complete graph G' = (V, E') with non-negative edge costs ¢, the metric com-
pletion, G = (V, E), of G is obtained by setting the edge cost cﬁ to be that of a
minimum-cost path connecting vertices ¢ and j in G, for every edge ij € E. Clearly,
the edge costs ¢ are metric.

For any complete graph G’ with metric costs, a complete graph G with non-
negative edge costs can be created such that G’ is the metric completion of G. Such
a graph G is not necessarily unique: Let ¢ € R¥ be the edge costs of G'. Let p;; be

a path of length at least two (i.e., containing at least two edges) connecting vertices
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i and j in G', and let ¢(p;;) be the cost of that path. Let P,; be the set of all such
i-j paths in G’. Such a graph G is formed as follows: Take the edges ij in G’ such
that ¢j; = min, ep, {c(pi;)}, and assign them each respectively a cost c¢;; such that
cij > min,, cp, {c(pi;)}. This choice is not unique, hence such a graph G'is not unique.
See, for example, Figure 4.1. If ¢}; < min, ep, {c(py;)} for all edges ij in G', then G
will be precisely GG’. In this case, such a graph G is unique. For example, take the
family of complete graphs with one edge of cost 1 and the other edges of cost 2 (or

edge costs consisting of any multiple of these costs). See Figure 4.2.

3,

Figure 4.1: An example where such a graph K is not unique. Edge costs are shown

on the edges.

Figure 4.2: The instances |V| = 3 and |V| = 4 for G’, respectively, in a family of
graphs for which G is precisely G'. Edge costs are shown on the edges.

On the other hand, a complete graph G = (V| F) is its own metric completion
when there are no edges ij € E with cost greater than the cost of a minimum-cost

path connecting vertices ¢ and j in GG. In other words, a complete graph is its own
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metric completion when the cost of each of the edges 17 € E is precisely the cost of

a minimum-cost path connecting vertices ¢ and j in G.

Proposition 1 Euvery complete graph G' = (V, E) with metric edge costs ¢ € RE is

its own metric completion; i.e., G'> = G'.

Proof: Let ¢® € R be the edge costs of the metric completion G'®. Let p;; be a
path of length at least two (i.e., containing at least two edges) connecting vertices 4
and j in G, and let ¢, be the cost of that path. Let P;; be the set of all such i-j
paths in G'. Since G’ has metric costs, ¢;; < min,, cp, {cp,, } for each ij € E. Then,

cﬁ = min{c;;, min, ep, {¢p, }} = ¢;; for all ij € E. Thus, G'> = G |

Proposition 2 Let G = (V, E) be a complete graph with non-negative edge costs
c € RF. Let G* be the metric completion of G. The following holds:

opt(MST on G) < opt(MST on G*).

Proof: Let M* be a minimum cost spanning tree of G®. Let M’ be the spanning
(multi-)subgraph of G obtained by replacing each edge in M* by the corresponding
minimum cost path in G that gave rise to its edge cost. Notice that the total cost
of the two subgraphs are equal, i.e., cost(M*) = cost(M'). Since M’ may contain
cycles and/or multiple copies of edges, the cost of a spanning tree, T', of M’ is less
than or equal to the cost of M’. Further, since M’ is a spanning multi-subgraph of
G, T is also a spanning tree of G. Thus, opt(MST on G) < cost(T) < cost(M') =
cost(M*) = opt(MST on G*). [

4.2.2 Multi-SNDP, and Background Results

Given a complete graph G = (V, ), and any vertex set S C V, let §(S5) denote the
set of edges {uv € F : u € S;v € S}. Let G[S] be the subgraph induced by the
vertex set 9, i.e., the subgraph consisting of the vertices S and all edges of G that
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have both ends in S. Problem multi-SNDP can be formulated as an integer linear

program (ILP) as follows [21]:

minimize cx (4.1)
subject to  x(8(S)) > i]rg%) rij, foralldc ScCV, (4.2)
r. > 0, forallee E, (4.3)

z. integer. (4.4)

Constraints (4.2) are called cut constraints, and constraints (4.3) are called non-
negativity constraints. The linear programming (LP) relaxation of multi-SNDP is
ILP(4.1) without the integer constraints (4.4), and will be referred to as LP(4.1). No-
tice that, in a complete graph G = (V, ), max;jcs(s) 13 = min{max;eg r;, max;en\s 1},

for all ) € S C V. For example, see Figure 4.3.

Figure 4.3: An example of max;jcs(s) 75 = min{max;cg r;, max e\ g 7;} in a complete

graph.

Given any multi-SNDP problem, i.e., given a complete graph G = (V, E') with
non-negative edge costs ¢ € RF and vertex connectivity requirements r; € N,
ieV,let rp, = max{ry | i, € V}, r, = min{ry; | r;; >0, 4,7 € V}, and V' =
{i €e V|r; >0} Let GT = (V' Ey+) be the complete graph with vertex set V',

respective vertex connectivity requirements from G, edge set Fy+ consisting of the
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edges F that have both ends in V', and each edge costs c;;, i,7 € VT equal to the
cost of a minimum-cost i-j path in G. Furthermore, let opt(multi-SNDP) be the
cost of an optimal multi-SNDP solution (i.e., the optimal value of the integer linear
program (4.1)) on G, and let opt(multi-SNDP 1 p) be the cost of an optimal solution
to the LP relaxation of multi-SNDP (i.e., the optimal value of the linear program
LP(4.1)) on G. For § C S C V', the value max;jes(s) 73 is the same for G and G*
(and for G) [4].

We list some theorems and results from our previous work [4], to which we will

be referring in this paper.

Lemma 3 (Lemma 6, Boyd and Cameron [4]) Given a complete graph G = (V, E)

with non-negative edge costs ¢ € RY,
opt(multi-SNDP) < opt(SNDP).

Also,
Opt(multi—SNDPLp) S Opt(SNDPLp).

Theorem 4 (Goemans and Bertsimas [16]) Let G = (V, E) be a complete graph
with non-negative edge costs ¢ € R¥ and a non-negative connectivity requirement
ri; for every (unordered) pair of vertices i,j € V. Let G® = (V,E) be the metric
completion of G, with metric costs ¢~ € RF. Then the optimal values of multi-
SNDP on G and on G* are equal (and the optimal values of their linear programming

relazations are equal).

Corollary 5 (Corollary 5, Boyd and Cameron [4]) Given a complete graph G =

(V, E) with non-negative edge costs ¢ € RE and the metric completion G* of G,

opt(multi-kEC on G) = opt(multi-kEC on G*).
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Using new upper bounds for the optimal values of the minimum cost 7-join and
the minimum cost spanning tree in terms of the optimal value of the LP relaxation
of multi-SNDP, we obtained the following upper bound on the integrality gap of
multi-SNDP:

Theorem 6 (Theorem 13, Boyd and Cameron [4]) Given a complete graph G =
(V, E) with non-negative edge costs ¢ € RE and vertex connectivity requirements
r; € N>, © € V. The integrality gap for the linear programming relazation of multi-
SNDP is at most %T’T—;‘ when 1y, is even, and at most Fmtl — %’;—’7 + 2 when 1, is

2r; 2r;
odd.

The following is an approximation algorithm for multi-SNDP [4]:
Algorithm A

Input: A complete graph G = (V, E) with non-negative edge costs ¢ € RF and
vertex connectivity requirements r; € N>g, i € V.

Output: A r,-edge connected spanning multi-subgraph (i.e., subgraph with multiple
copies of the edges allowed) of GG, having cost within %TT—“; of the optimal solution value
for multi-SNDP, if r,, is even, and within %T’T—;L + 2%1 of the optimal solution value for

multi-SNDP, if r,, is odd.

AQ. Form the complete graph G with vertex set V', respective vertex connectivity

+

requirements from G, and each edge cost ¢;;, 4,7 € VT, equal to the cost of a

minimum-cost ¢-j path in G.

Al. Find a minimum cost spanning tree, M = (V, F), of G* and take ["] copies

of its edges. Let this form the edge set E’. Let V°% C V be the set of vertices
of GT having odd degree in M.
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A2. Find a minimum cost T-join J C E, on G*, where T' = V¥ ie., M has
a corresponding V°%-join. This is accomplished by finding a minimum cost
“pairing” of the odd degree vertices of M using shortest paths from G*. Take

[ "] copies of the edges in J, and let this form the edge set .J'.

A3. Combine the minimum cost spanning trees from (Al) and the T-joins from

(A2), i.e., form the multi-subgraph K+ = (V, E' U J').

A4. Form a multi-subgraph, K, of G from K* by adding the Steiner vertices of G
to KT and by replacing each edge of K* by the corresponding minimum-cost

path in G that gave rise to its edge cost.

We now proceed to the main results of this paper.

4.3 Investigation of Equality in Lemma 3, and Fur-
ther Results

Given a complete graph G’ = (V, FE)) with metric edge costs and |V| > 3, Alexander,
Boyd, and Elliott-Magwood ([1], Lemma 3) show that there is always an optimal
solution of multi-2EC that is simple. In particular, this means that equality holds in
(the first part of) Lemma 3 for the special case where r; = k =2 for alli € V in a

complete graph G’ = (V, E) with metric edge costs and |V| > 3.

Theorem 7 (Lemma 3, Alexander, Boyd, and Elliott-Magwood [1]) Given
a complete graph G' = (V, E), with |V| > 3 and with metric edge costs ¢ € RE,

opt(multi-2EC on G') = opt(2EC on G").

Problems multi-2EC and metric 2EC are closely related. This is shown by the

following proposition.
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Proposition 8 Given a complete graph G = (V, E), |V| > 3, with non-negative edge
costs ¢ € RE, let G® = (V,E) be the metric completion of G, with metric costs
c® € RE. Then

opt(multi-2EC on G) = opt(2EC on G*).

Proof: Set k = 2 in Corollary 5 and apply Theorem 7 with G’ = G*. |

We will show in Corollary 13 and Theorem 14, that Theorem 7 and Proposi-
tion 8 can respectively be generalized to complete graphs with vertex connectivity
requirements 7; € {0, 1,2} for all vertices 7, and at least three vertices with vertex
connectivity requirement 2, i.e. that equality holds in (the first part of) Lemma 3 for

the special case of metric edge costs and r; € {0, 1,2}, for all vertices i.

4.3.1 Equality Does Not Hold in General

It is important to note that equality in (the first part of) Lemma 3 does not hold
in general. In fact, equality does not even hold in general for kEC and multi-kEC
for k > 2, even for metric edge costs. For example, take the family of complete
graphs on k + 1 vertices, & > 2. Arrange the vertices in a circle. Assign edge
costs 1 to all the “outside” edges, and edge cost 2 to all the “inside” edges. These
edge costs are metric. The optimal KEC solution is the graph itself, with total cost
I(k+1)+ 2[%] = k* — 1 (note that the only simple graph that is k-edge
connected on k + 1 vertices is the complete graph). An optimal multi-kEC solution,
for k even, is obtained by taking g copies of all the outside edges, with total cost
%(l{: +1) < k? — 1. An optimal multi-kEC solution, for k odd, is obtained by taking
k41

*5= copies of k of the outside edges and (

edge, with total cost (2:1)(k) + [(B2) — 1] = 3(k* + 2k — 1) < k* — 1. Thus, for

k+1

+=) — 1 copies of the remaining outside

this family of graphs with metric edge costs and k > 2, opt(multi-kEC') < opt(kEC).

Figures 4.4 and 4.5 illustrate this family of graphs for k = 3 and k = 4, respectively.
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Figure 4.6 provides another counter example that demonstrates that equality in (the

first part of) Lemma 3 does not hold in general.

G’ opt(multi-3EC on G") =7 opt(BECon G') =8

Figure 4.4: k = 3 in the family of graphs. Edge costs are shown on the edges.

1
@
@ﬁ 1&— /1
1
G’ opt(multi-4EC on G’) = 10 Opt(4EC on G’) = 15

Figure 4.5: k = 4 in the family of graphs. Edge costs are shown on the edges.

1
@
2 2 Zg /2
1
G’ opt(multi-4EC on G") = 12 Opt(4EC on G’) = 15

Figure 4.6: Another counter example of equality in Lemma 3. Edge costs are shown

on the edges.

Further, notice that equality in (the first part of) Lemma 3 still does not hold

in general for kEC and multi-kEC, k£ > 2, even when the number of vertices in a
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complete graph with metric edge costs is increased past a certain point so that there
is a “large enough” number of vertices. The following is a counter example:

Take the family of complete graphs on n vertices, where n > k + 1 and k£ > 2.
Arrange the vertices in a circle. Assign edge costs 1 to all the “outside” edges, and
edge cost 2 to all the “inside” edges. These edge costs are metric. In a feasible kEC
solution, the degrees of all the vertices are at least k. Also, twice the number of edges
in a feasible kEC solution is at least the sum of the vertex degrees. Thus, the number
of edges in a feasible kEC solution is at least %kn In an optimal kEC solution, n of
those minimum %l{:n edges are outside edges (each of cost 1), and the remainder of the

edges are inside edges (each of cost 2). Thus, opt(kEC) > n(l)+@(2) = (k—1)n.

An optimal multi-kEC solution, for k even, is obtained by taking g copies of

all the outside edges; with total cost opt(multi-kEC) = %/m An optimal multi-

EEC solution, for k£ odd and n even, is obtained by alternatingly taking % copies

k+1 n
2

copies of the other 7 outside edges; with total

of § of the outside edges and

cost opt(multi-kEC) = £21(2) + H1(2) = lkn. An optimal multi-kEC solution,

for k odd and n odd, is obtained by alternatingly taking % copies of "T_l of the
k+1 n

outside edges, 2= copies of the other Z outside edges, and

k+1
2 2 2

copies of the last
outside edge; with total cost opt(multi-kEC) = EL(2L) 4 ELl(ntly — gy 4 1
Thus, opt(multi-kEC) = 1kn + § for k odd and n odd; and opt(multi-kEC) = Lkn
otherwise.

Notice that k£ > 3 implies that % —-1> % Combining this with the fact that n >
k+1> 4, we obtain that (£ —1)n > 2. Thus, (£~1)n > 0and (£—1)n—1 > 0. But,
(% —1)n > 0 is equivalent to %l{:n —n > 0, which is equivalent to kn—n > %/m, which
is equivalent to (k—1)n > 1kn. Also, (5—1)n—3 > 0 is equivalent to skn—n—1 > 0,
which is equivalent to kn —n > %kn + %, which is equivalent to (k — 1)n > %k‘n + %
Hence, $kn < (k — 1)n and tkn + 3 < (k — 1)n, respectively. Thus, for this family
of graphs with metric edge costs, k > 2 and n > k + 1, opt(multi-kEC) < opt(kEC).

Since this holds for any number of vertices greater than k, increasing the number
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of vertices still does not make equality hold in general in Lemma 3 for kEC and
multi-kEC with k& > 2.

Figure 4.7 provides an example with non-negative edge costs and vertex connec-
tivity requirements that are not all the same where equality does not hold in general

in (the first part of) Lemma 3.

NN

@1 >Q@ @——

1
opt(multi—-SNDP) = 3 Opt(SNDP) = ¢

Figure 4.7: A counter example to equality in Lemma 3 that has non-uniform vertex
connectivity requirements. Edge costs are shown on the edges, and vertex connectivity

requirements on the vertices.

4.3.2 Equality Holds for r; € {0, 1,2}

We have seen that equality holds in Lemma 3 for the special case where we are given a
complete graph G’ = (V, E) with metric edge costs and |V| > 3, and where r; = k = 2
for all 7+ € V', but does not hold in general when r; = k > 2 for all ¢« € V, even for
KEC and multi-kEC (for k£ > 2), even for metric edge costs; even when the number
of vertices is increased past a certain point so that there is a “large enough” number
of vertices. The question then arises: Does equality hold in general in Lemma 3 if
r; € {0,1,2}, for all i € V7 We show that equality holds for r; € {0,1} for general
graphs and non-negative edge costs, i.e., for ST. We also show that equality holds for
r; € {0,1,2} for complete graphs and metric edge costs, provided there are at least

three ¢ € V such that r; = 2.
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Let G = (V, E) be a complete graph with non-negative edge costs ¢ € R¥, and
vertex connectivity requirements r; € N>g. Let 2* be an optimal solution of multi-
SNDP on G, and let =} be the number of times each edge e € E is included in
the solution z*. Let H be the corresponding multi-subgraph of G, with exactly z}
copies of the edge e, for all e € E. Without loss of generality, assume that H is
edge-minimal; that is, E(H) does not properly contain (as a multi-set) F(H’) for
any optimal solution H’ of multi-SNDP on GG. As a point of interest, notice that any
multi-edge in an optimal multi-SNDP solution M that is not edge-minimal must have
edge cost 0. This is true since if M is not edge-minimal , there exists an edge (or
copy of an edge) that can be removed from M without violating the cut constraints.
If this edge does not have cost 0, removing it would yield a cheaper solution (which
is a contradiction). Also, notice that if H is not edge-minimal, then there is another
optimal multi-SNDP solution that is. This is true since if H is not edge-minimal, there
exists an edge (or copy of an edge) that can be removed from H without violating
the cut constraints. This edge must have cost 0, otherwise removing it would yield a
cheaper solution (which is a contradiction). Removing all such extra copies of edges,
we get an optimal multi-SNDP that is edge-minimal. In particular, notice that any
multi-edge in an optimal multi-SNDP solution that is not edge-minimal must have
edge cost 0.

Let E(H) denote the set of (multi-)edges of H. Let the cut 0 (S) in H be the
set of (multi-)edges {uv € E(H) :u € S;v ¢ S}. We call 05(S) a k-cut in H if the
size of 6 (S) is k, i.e., if *(dy(9)) = k. We call a k-cut in H tight if there exists an
S"cV, S # 0, such that 64 (S’) is the k-cut, x(6(S’)) > k is a constraint in (4.2),
and z*(dy(S")) = k.

We use the following lemma repeatedly.

Lemma 9 Let G = (V, E) be a general graph with non-negative edge costs ¢ € R,

V| > 3, and vertex connectivity requirements r; € Nso, i € V. Let x* and H be
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defined as above. Let max;jepri; = k and let € € E be such that x¥, > k. Then

x¥ =k and the k copies of € form a tight k-cut in H.

Proof: Since max;jcpr;; = k, the largest right hand side in the constraints (4.2) is
k. Since H is edge-minimal, we thus have that 2% < k for all e € E(H). Therefore,
xl = k.

We claim that the k copies of ¢/ in H are in a tight k-cut in H (i.e., there exists
an S C V, S # (), such that dy(S’) consists of the k copies of ¢/, x(§(S")) > k is a
constraint in (4.2), and z* (0 (5")) = k). Suppose this is not true, i.e., suppose that
the k copies of ¢ in H not are in a tight k-cut in H. Then for every S C V whose cut
contains €, either the right hand side of the corresponding constraint in (4.2) is at
most k — 1; or the right hand side of the corresponding constraint in (4.2) is at most
k and 2*(6(S)) > k+ 1. Thus, we can remove a copy of €’ from H and the resulting
multi-graph will still be feasible. This is a contradiction, since H is edge-minimal.

Thus, the k copies of €' in H are in a tight k-cut in H. [ |

Lemma 9 implies the following corollary.

Corollary 10 Let G = (V, E) be a general graph with non-negative edge costs ¢ € RE,
V| > 3, and vertex connectivity requirements r; € Nxo, i € V. If max;jepr; = k,
then there will never be an edge of k + 1 copies in an edge-minimal optimal multi-

SNDP solution on G.
The following corollary applies to the Steiner tree problem.

Corollary 11 Let G = (V, E) be a general graph with non-negative edge costs ¢ € R¥,

|V| > 3, and vertex connectivity requirements r; € {0,1}, i € V.. Then,
opt(multi-SNDP) = opt(SNDP).

The following theorem constructively shows that if a complete graph with metric

edge costs has at least three vertices with vertex connectivity requirements max;jcp 745,
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then there exists an optimal solution to multi-SNDP which contains at most (max;;ep 7;;)—

1 copies of any edge.

Theorem 12 Let G = (V, E) be a complete graph with metric edge costs ¢ € R¥,
\V| > 3, vertex connectivity requirements r; € Nxo, k = max;jep 1 > 2, and with at
least three vertices 1 € V' such that r; = k. Then there exists an optimal multi-SNDP

solution that contains at most k — 1 copies of any edge.

Proof: Let H and z* be defined as above (see the paragraph preceding Lemma 9).
If H is simple, then we are done. Suppose H is not simple, i.e., suppose H has at
least one multi-edge. Recall that, since H is edge-minimal, z} < k for all e € E. If
xr <k —1for all e € E/, then we are done. Suppose H has at least one multi-edge
consisting of k copies of that edge. Let ¢/ = uv € E be that edge, i.e., ¥, = k. From
Lemma 9, there is an S C V', S" # (), such that 05 (S") consists of the k copies of ¢/,
x(6(5")) > k is a constraint in (4.2), and x*(dg(S")) = k; and there exists an ¢ € S’
and an j € V\S' such that r; = r; = k. Without loss of generality, assume u € 5’
and v € V\S'.

Let H[S’] be the subgraph of H with vertex set S” and edgeset {fg € E(H) | f,g9 €
S’}. By assumption, there exists h € V| h # i, h # j, such that r;, = k. Without loss
of generality, assume h € S’. Notice that some of i, j, or h could be u or v, but at
least one of them must be different from w or v. Without loss of generality, assume

Since H is an optimal solution, there exist at least k edge-disjoint paths in H
between i and j. In fact, since i € S’ j € V\S’, 65 (5’) consists of k copies of ¢/, and
x% = k, we know that ¢/ = uv is in each of these paths (and thus there are exactly k
edge-disjoint i-j paths in H). Thus, in particular, there are at least k edge-disjoint
paths, Py, Ps, ..., Py, in H[S'] from i to u. Let w € S’ be the vertex adjacent to u in
Py. Create J from H by removing the edge uw (note that if uw is a multi-edge, then

just remove one copy of it) and one copy of the edge uv, and adding the edge ww.
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Since the edge costs are metric, this can be done at no increase in cost. Also note
that wv was not an edge in H. Let y € R be the solution vector corresponding to
J, i.e., y. represents the number of times each edge e € F is included in J. In other
words, Yo =25 — 1=k -1y =2, — i Ypw =2, +1 =0+1=1; and y. = 2}
for all e € E\{€¢/,uw,vw}. Thus, we have that y» = k — 1, and J has no increase
in the number of copies of each multi-edge of H (a new single edge was added, but

no more multi-edges or copies of multi-edges were created). See Figure 4.8. We now

show that J is a feasible (multi-)SNDP solution.

k copies

S WS’

Figure 4.8: Hlustration of proof of Theorem 12.

To show that J is a feasible (multi-)SNDP solution, we need to check that the
cut values satisfy the cut constraints. Let ) C A C V. We have the following cases:

(i) wo,uw ¢ 6y(A): Then wv ¢ dy(A) and hence dy(A) = 0;(A). Thus,
y(65(A)) = 2*(dy(A)), which satisfies the constraints.

(ii)) wv € dy(A) and uvw & dg(A): Then vw € 0;(A). Note that vw & dy(A),
since w € S’, v € V\S', and dy(S”) consists of k copies of ¢ = wv. Thus, y(0,(A)) =
x*(0g(A)) =141 =2"(0g(A)), which satisfies the constraints.
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(iii) wv € 0y (A) and uw € dy(A): Then vw € §;(A), and the proof is the same
as in (ii).

(iv) uv,uw € dy(A): Then vw & 6;(A). Thus, y(d;(A)) = 2*(du(A)) — 2.
Without loss of generality, assume u € A. Then, v,w ¢ A. Note also that ANS" # (),
and (AN S") & S'. Furthermore, notice that 6y (A) = dg(ANS") Udg(AN (V\S)).
Thus, z*(0g(A)) = 2* (g (ANS"))+a* (g (AN(V\S"))) and y(d,(A)) = y(6,(ANS"))+
y(0,(AN(V\S")). Butv € Asov & (AN(V\S")), and thus wv, uw & og(AN(V\S)).
By case (i), y(0,(AN(V\S"))) = z*(0g (AN (V\S"))). Thus, we only need to examine
the cut values of the subsets AN S". If 6;,(A NS’ satisfies its corresponding cut
constraint, then so does 0;(A). Let ) € B C S’, u € B, w ¢ B. Notice that §;(B))
contains k — 1 copies of edge wv, and thus y(0;(B))) > k — 1.We have the following
three cases:

(iv-a) r, € {0,1,2,...,k — 1} for all ¢ € B: Recall that the cut constraint
is 2(0(B)) > maxggesp) rqa- Since rqgq = min{ry,rqg} € {0,1,2,...,k — 1} for all
qd € 0(B), the cut constraint is at most x(6(B)) > k — 1. Notice that the k copies
of uwv and the (multi-)edge uw are in §y(B). Thus, z*(0y(B)) > ¥ + xf, > k+ 1.
Since y(05(B)) = 2*(0y(B)) —2> (k+1) —2 =k — 1, y is a feasible solution.

(iv-b) @ € B: Since i € B C S" and r; = k, and since j € V\S" and r; = k,
then r;; = k and ij € §(B). The cut constraint is then x(6(B)) > k. Let P be
the ¢-w path P; — {wu}. Since i € B and w ¢ B, there exists an edge, fg, in P
that is contained in the cut 0y (B). Thus, the k copies of uv and the (multi-)edges
uw, fg are in 0y (B), and therefore z*(0y(B)) > x} + xy,, + 2}, > k + 2. Since
y(0s(B)) =x*(0p(B)) —2 > k, y is a feasible solution.

(iv-c) h € Band i € S'"\B: Since h € B C 5" and rj, = k, and since j € V\S" and
r; =k, then r,; = k and hj € §(B). The cut constraint is then z(6(B)) > k. Since
i€ S"\B and u € B, there exists an edge, fg, in the i-u path P, that is contained in
the cut 6 (B). Thus, the k copies of uv and the (multi-)edges ww, fg arein éy(B), and
therefore 2*(0n (B)) > x} + a3, + 23, > k+ 2. Since y(6,(B)) = 2*(0u(B)) —2 > k,
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y is a feasible solution.

Therefore, y is a feasible (multi-)SNDP solution, with cost no more than the
cost of x*, with no increase in the number of copies of each multi-edge in H, with no
creation of new multi-edges, and with one less copy of the multi-edge ¢’. Since z* is
an optimal multi-SNDP solution, the cost of y is equal to the cost of x*. Thus, y is
an optimal (multi-)SNDP solution, with no increase in the number of copies of each
multi-edge in H, with no creation of new multi-edges, and with one less copy of the
multi-edge €. The above procedure can be repeated until all the k-multi-edges are
removed, thus obtaining an optimal (multi-)SNDP solution that has at most k& — 1
copies of each of its multi-edges. [ |

Notice that Theorem 12 does not specifically use the fact that there are at least
three vertices i € V such that r; = k. Rather, it uses the fact coming from that, that
at least one of the vertices with connectivity type k is not an end of the k-multi-edge.

Notice that k = max;jcg r;; in Theorem 12 means that either there exist at least
two vertices with vertex connectivity requirement k; or that there exists at least one
vertex with vertex connectivity requirement k£ and exactly one vertex with vertex
connectivity requirement k£ + 1. Theorem 12 does not hold in general either (i) when
there are exactly two vertices with vertex connectivity requirement k, or (ii) when
there is exactly one vertex with vertex connectivity k and exactly one vertex with
vertex connectivity requirement k£ + 1. Figure 4.9 provides such a counterexample.
Notice that in the case of Figure 4.9, the two ends of the k-multi-edge are precisely
the two vertices with vertex connectivity requirement k. Notice as well that the
counterexample still holds if one of those ends has vertex connectivity requirement
k + 1. However, if uv € E(H) is a multi-edge with x}, = k, and (i) holds and either
r. # k or r, # k (or, (ii) holds and either r, # k or r, # k + 1), then the proof
of Theorem 12 can be applied, and an optimal multi-SNDP solution that has k — 1
copies of uv can be obtained. Thus, Theorem 12 is also true when there are exactly

two vertices u,v € V such that r, = r, = k (or, there is exactly one vertex u € V
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such that r, = k and exactly one vertex v € V such that r, = k+ 1), and no optimal

multi-SNDP solution contains k copies of the edge uv.

G optimal multi—-SNDP solutior

Figure 4.9: A counterexample of Theorem 12 when there are only two vertices ¢ € V'

such that r; = k = max;jcp rij.

The following corollary, obtained directly from Theorem 12, generalizes

Theorem 7.

Corollary 13 Let G = (V, E) be a complete graph with metric edge costs ¢ € R¥,
V| > 3, vertex connectivity requirements r; € {0,1,2}, i € V, and at least three

vertices 1 € V' such that r; = 2. Then
opt(multi-SNDP) = opt(SNDP).

Proof: From the proof of Theorem 12 with £ = 2, we obtain that y is an optimal
(multi-)SNDP solution with one less multi-edge. Repeating the procedure until all
multi-edges are removed, we obtain an optimal SNDP solution with cost equal to that
of an optimal multi-SNDP solution. |

As with Theorem 12, Corollary 13 does not specifically use the fact that there
are at least three vertices ¢ € V' such that r; = 2, but rather uses the fact (coming
from that) that at least one of the vertices with connectivity type 2 is not an end of
the multi-edge. As we show in the next section, Corollary 13 does not hold in general

when G has exactly two vertices ¢,7 € V such that r; = r; = 2 and an optimal
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multi-SNDP solution of GG has 5 as a multi-edge. We will see in Section 4.3.3 that
Corollary 13 does not hold in general when there are only two vertices that have a
vertex connectivity requirement of 2.

In the proof of Theorem 12, notice that for tight k-cuts, k = max;jcprij, k > 3,
that involve a single multi-edge €', once we shortcut and remove one of the copies of
e/, we no longer have a tight cut consisting of just multiple copies of ¢’. Repeating
this on all of the tight k-cuts consisting of single multi-edges, we obtain an optimal
multi-SNDP solution whose tight k-cuts all contain at least one other (multi-)edge
in addition to a multi-edge. Notice that this never happens for r; € {0, 1,2}, and is
what the proof of Corollary 13 relies upon. Thus, the proof of Corollary 13 does not
hold for max;;jcp r;j > 3.

The following theorem shows that we can partially generalize our result in Corol-
lary 13 to complete graphs with general edge costs, and that the problems multi-SNDP
on G and SNDP on the metric completion of GG are closely related for G with vertex
connectivity requirements r; € {0,1,2}, 7 € V', and at least three vertices i € V' such

that r; = 2. The following theorem also generalizes Proposition 8.

Theorem 14 Let G = (V, E) be a complete graph with non-negative edge costs ¢ €
RE, |V| > 3, vertex connectivity requirements r; € {0,1,2}, i € V, and at least three
vertices i € V such that r; = 2. Let G* = (V, E) be the metric completion of G, with

metric edge costs ¢> € RF. Then
opt(multi-SNDP on G) = opt(SNDP on G*).

Proof: Follows directly from Corollary 13 and Theorem 4. |

Thus, equality in (the first part of) Lemma 3 does not hold in general when
ri =k > 2 for all i € V, nor does it hold in general for kEC and multi-kEC (for
k > 2), even when the edge costs are metric. However, equality does hold for general

graphs with non-negative edge costs and r; € {0,1} (i.e., for ST); as well as for
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complete graphs with metric edge costs and r; € {0, 1,2} (provided there are at least
three ¢ € V such that r; = 2).

4.3.3 Special Case

Notice that Corollary 13 does not hold in general when there are only two vertices
1 € V such that r; = 2. This is because this case includes the special case when G
has exactly two vertices 7,5 € V such that r; = r; = 2 and an optimal multi-SNDP
solution of G has ij as a multi-edge. Figure 4.10 is a counterexample that illustrates
why Corollary 13 does not hold in general for this special case when r; € {1,2}, and
Figure 4.12 is a counterexample that illustrates why it does not hold in general for

this special case when r; € {0,2}.

O<€PL) @1
] £ 1@/\
@

G opt(multi-SNDP) =4 < Oopt(SNDP) =5

Figure 4.10: A counterexample of Corollary 13 for the special case. Edge costs are
shown on the edges, and vertex connectivity requirements on the vertices. Edge costs

are shown on the edges, and vertex connectivity requirements on the vertices.

Notice that, in general, the “normal” shortcutting can not be done in the special
case: Let H, x*, and S’ be defined as before. Let u,v € V' be such that r, = r, = 2,
and let r; = 1 for all i € V\{u,v}. Let ¢ = uv, ¥, = 2, and 2z} € {0,1} for all
e € E\{¢'}. Without loss of generality, assume u € S" and v € V\S'. Since |V| > 3,
there exists at least one vertex in G other than v and v. Without loss of generality,

assume |S’| > 2. From the cut constraints, z*(dg(V\S" U {u})) > 1. Thus, there
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exists k € §', k # u, such that uk € 5 (V\S" U {u}). Note that r, = 1. Create J
(respectively, y) from H (respectively, x*) by removing edges ku,uv and adding the
edge kv. Since the edge costs are metric, this can be done at no increase in cost.
Let B C S', B # ', such that u € B. Since wv € §(B), the cut constraint for B
is z(0(B)) > 2. But y(d,(B)) > 1, thus y is not a feasible solution. Therefore, the
method of shortcutting can not be done in the special case.

Notice that this does not mean that an optimal SNDP solution of equal cost to
an optimal multi-SNDP solution does not exist; it only means that such a solution
can not be obtained from shortcutting the multi-SNDP solution as in Theorem 12 (in

this special case). As an example, see Figure 4.11.

OEPBL) )

Q—1—0
|k @/ FRT
@ @ @TCD

H

G .
opt(multi-SNDP) = 4 Snorteutting on H..
not a feasible solution

Opt(SNDP) =4

Figure 4.11: An instance of the special case, in which an optimal SNDP solution
exists at equal cost to an optimal multi-SNDP solution, but it can not be obtained

from shortcutting the multi-SNDP solution.

The following is a counterexample for why equality does not hold in general for
this special case when r; € {0,2}.

Let G = (V, E) be the complete graph in Figure 4.12, with metric edge costs
as shown. Let 7,7 be the two vertices in V with r; = r; = 2. Thus, 7; = 2 and
rqr = 0 for all edges gf € E, gf # ij. It is easily seen that all the cuts 6(S) must
have value at least 0, except for the cuts corresponding to the subsets S = {i} such

that 7, = 2, or S = {i,k} such that r; = 2 and r, = 0. The optimal multi-SNDP
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1@\)/
© © ©®

G opt(multi-SNDP) =2 < Opt(SNDP) = 4

Figure 4.12: A counterexample of equality in general in Lemma 3 for r; € {0, 2}.

solution is obtained by taking two copies of the edge ij, for a total cost of 2. To
obtain a feasible SNDP solution, the cut constraints z(d({i})) > 2 and z(6({j})) > 2
imply that the solution must contain at least three edges. Since the edge costs are
all at least one, a feasible solution for SNDP must have cost at least three. Thus, an
optimal SNDP solution for this example will have cost strictly greater than that of

an optimal multi-SNDP solution.

4.3.4 Other Properties of Multi-SNDP for Small r;’s

As defined earlier, given a complete graph G = (V, E) with metric edge costs ¢ € R”
and vertex connectivity requirements r; € {0, 1,2}, let 2* be an optimal solution of
multi-SNDP on G. Let H be the corresponding multi-subgraph of G, with exactly
x} copies of the edge e, for all e € E. Suppose H has at least one multi-edge. Let
¢/ = uv € E be that edge, where u € S’ and v € V\S’. Then, from Lemma 9, we
have that 2}, = 2 and ¢’ is in a tight 2-cut in H (i.e., there is an S’ C V| S" # 0,
such that z(6(S5")) > k and x*(05(S’)) = k). In addition to Lemma 9, there are a few
other properties regarding parallel edges and tight cuts in solutions for multi-SNDP
when all the vertex connectivity requirements are small. We see this in the following

lemmas.
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Lemma 15 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € R¥,
V| > 3, and vertex connectivity requirements r; = {1,2}. If ¢’ = uv € E is a multi-
edge of an optimal solution H of multi-SNDP, S’ CV,u e S, v e V\S', and 0g(S5")
is a tight cut, then €' is not in any tight 2-cut other than 0y (S’).

Proof: Suppose not, i.e., assume there is an ) € A C S, A # 5, such that the
cut constraint is z(0(A)) > 2, and dy(A) consists of the 2 copies of €. Hence,
x*(0g(A)) = 2. Since ¢ = uwv € dy(A), without loss of generality assume u € A.
Consider the subset D = S"\A. Since V.= DU (5" N A) U (V\Y5’), then oy (D) =
Srs (D) U dupra (D). Since w ¢ D and D C 5’ there are no edges in 6y (D)
between D and V\S'. Also, since u € A, v € V\5, and dy(A) consists of the 2
copies of uv, there are no edges in dy (D) between D and S’ N A. Thus, oy (D) = 0.
Thus, z*(6g(D)) = 0. This is a contradiction, since the cut constraint is at least
z(dg(D)) > 1 and z* is an optimal solution. Thus, €’ is not in any tight 2-cut other

than 054(S5"). [

Lemma 16 Let G = (V, E) be a complete graph with non-negative edge costs c € R¥,
V| > 3, and vertex connectivity requirements r; = {0,1,2}. Let ¢ = uv € E be a
multi-edge of an optimal solution H of multi-SNDP, S C V, v € §', v € V\S,
and oy (S") be a tight cut. If € is in any tight 2-cut other than 6y (S'), say du(A),
DcAcCS, A#S' whereue A, v A, thenr; =0 for all i € S\ A.

Proof: Let D = S\ A. From the proof of Lemma 15, 2*(d5 (D)) = 0. Thus, either
r;=0foralli € D, orr; =0 for all i € V\D. Since there exists j € V\S’ such that
r; =2, and V\S" C V\D, therefore we must have that r; = 0 for all i € D. [ |

Lemma 17 Let G = (V, E) be a complete graph with non-negative edge costs ¢ € RE,
|V| > 3, and vertex connectivity requirements r; € Nso. Let e € E be an edge such

that x> =1 and e is in a tight 1-cut in H. Then e is not also in a tight 2-cut in H.
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Proof: Suppose not, i.e., assume there is an ) C A C S such that the cut constraint
is (0(A)) > 2, and such that e € §y(A) and 2*(dy(A)) = 2. Let éy(B),0 C BCV,
be the tight 1-cut in H containing e. So z*(dy(B)) = 1 and 6y (B) = {e}. This
means that either r; € {0, 1} for all i € V\ B and there is at least one i € V'\ B such
that r; = 1; or, r; € {0,1} for all i € B and there is at least one ¢ € B such that
r; = 1. Without loss of generality, assume that r; € {0,1} for all ¢ € V\ B and there
is at least one ¢ € V\B such that r, = 1. Consider the subset D = B\A. Then
there exists at least two vertices i,j € V such that r; = r; = 2. Since r; € {0,1}
for all i € V\B, there exists i,j € B such that r;, = r; = 2. Furthermore, since
the cut constraint is z(d(A)) > 2, without loss of generality assume i € AN B and
j € B\A = D. The cut constraint corresponding to D is x(6(D)) > 2. There are two
cases:

Case (a): If e & 0y (D), then the only edges in 05 (D) are between D and AN B.
Thus, there must exist at least two edges, f, g, in H between D and AN B. Therefore,
{e, f,g} € dy(A) and thus z*(dy(A)) > 3, which is a contradiction.

Case (b): If e € 6 (D), then, since z(5(D)) > 2, there must exist at least one
edge in H between D and AN B. Since z*(dy(A)) = 2, there can in fact be only one
edge in H between D and A N B. Furthermore, this can be the only edge in the cut
du(ANB) (since e € 0y(D) and 0y (B) = {e}). Thus, 2*(dx(A N B)) = 1. However,
the cut constraint corresponding to AN B is z(6(AN B)) > 2 and z* is an optimal
solution. Hence, this is a contradiction.

Therefore, if an edge e such that x> =1 is in a tight 1-cut in H, then e will not

also be in a tight 2-cut in H. |
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4.4 Metric SNDP for r; € {0,1,2}

In 2006, Alexander, Boyd, and Elliott-Magwood showed that the integrality gap
of the LP relaxation of multi-2EC (and metric 2EC) is < 3/2 [1], and gave the
exact integrality gap for graphs of up to 10 vertices, and a tight lower bound for the
integrality gap for graphs of 11 to 14 vertices. In both [6] and [1], it is mentioned
that examples exist with an integrality gap ratio which asymptotically approaches
6/5, thus indicating that the integrality gap for the LP relaxation of multi-2EC (and
metric 2EC) is between 6/5 and 3/2. In 1998, Carr and Ravi [6] conjectured that the
integrality gap is in fact 4/3, and presented a result that provides some support for
this. In 1982, Frederickson and Ja’Ja’ presented a 3/2-approximation algorithm that
applies to metric 2EC [12].

We now show some results on the upper bound of the integrality gap for the
linear programming relaxation of metric SNDP with r; € {0, 1,2} (in particular, that
there is an upper bound of 3/2 for its integrality gap), as well as a 3/2-approximation
algorithm for metric SNDP with r; € {0,1,2}. This extends the above-mentioned
results of [1] and [12], respectively.

The following lemma gives the relationship between the integrality gaps for the
linear programming relaxation of multi-SNDP and for the linear programming relax-
ation of metric SNDP for r; € {0,1,2}; in particular, the relationship between the
linear programming relaxation of multi-2EC and the linear programming relaxation

of metric 2EC.
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Lemma 18 Let G’ = (V,E) be a complete graph with metric edge costs ¢ € RE,
V| > 3, vertex connectivity requirements r; € {0,1,2}, i € V, and at least three
vertices i € V' such that r; = 2. Then the integrality gap of the LP relazation of
SNDP on G’ is less than or equal to the integrality gap of the LP relaxation of multi-
SNDP on G'. (In particular, the integrality gap of the LP relaxation of 2EC on G’ is

less than or equal to the integrality gap of the LP relaxation of multi-2EC on G'.)

Proof: By Lemma 3, opt(multi-SNDPyp on G') < opt(SNDPrp on G'). By Corol-
lary 13, opt(multi-SNDP on G') = opt(SNDP on G'). We therefore have that

opt(SNDP on G') - opt(multi-SNDP on G')
opt(SNDPrp on G')  —  opt(multi-SNDPrp on G')
|
The following lemma is obtained by combining Lemma 18 and Theorem 6. It
both agrees with, and generalizes, Alexander, Boyd, and Elliott-Magwood’s result
that the integrality gap of the LP relaxation of multi-2EC (and metric 2EC) is < 3/2

[1].

Lemma 19 Given a complete graph G' = (V, E), |V| > 3, with metric edge costs
¢ € RE, wvertex connectivity requirements r; € {0,1,2}, i € V, and at least three
vertices i € V' such that r; = 2, the integrality gap of the LP relaxation of metric
SNDP is at most % (In particular, the integrality gap of the LP relaxation of metric
2EC is at most 3.)

Proof: By Lemma 18 and Theorem 6, the integrality gap of the LP relaxation of
metric SNDP with r; € {0,1,2}, i € V, and at least three vertices ¢ € V' such that

3Tm

5o Here, r,, = 2. The constructive proof of Theorem 6 returns a

r; = 2, is at most
rm-edge connected spanning multi-subgraph of G’. Thus, without loss of generality,

set 77 = 2. The result follows. [ |
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4.4.1 Approximation Algorithm for Metric SNDP with r; €
{0,1,2}

In 1982, Frederickson and Ja'Ja’ examined the biconnected augmentation problem
on complete graphs with metric edge costs and F' = ) [12], i.e., metric 2VC. Follow-
ing a similar idea to that of Christofides’ %—approximation algorithm for the metric
travelling salesman problem [8], Frederickson and Ja’Ja’ presented a %-approximation
algorithm for metric 2EC and metric 2VC.

Given a complete graph G’ = (V, E), |V| > 3, with metric edge costs, the
approximation algorithm, Algorithm A, for multi-kEC that we presented in [4] (and
which we re-stated for reference in Section 4.2.2 of this paper) can be modified to get a
%—approximation algorithm for metric 2EC that is similar to that of Frederickson and
Ja’Ja”s. This modification can be extended even further to get a %-approximation
algorithm for metric SNDP for r; € {0,1,2},¢ € V, max;;ep 7;; = 2. The modification
is as follows: Set r,, = 2 and let K be the heuristic solution obtained from our
approximation algorithm (cf [4], Algorithm A) applied to G'. If just metric 2EC is
being considered, then r; = 2 and steps (A0) and (A4) may be omitted, since there
are no Steiner vertices. Note that K is a 2-edge connected spanning multi-subgraph.
Also note that any multi-edges of K consist of exactly two parallel edges. (Otherwise,
we can remove at least one copy of the parallel edges without affecting the 2-edge
connectivity, thus obtaining a cheaper solution.) We can remove the parallel edges of

K as follows [12]:

A5. For each edge uv in J'NE": (a) remove uv from J'; (b) find an adjacent edge ux
or vw in E’, remove it from E’ and replace it with either va or uw, respectively;
(c) insert the remaining edges of J' into E’, and call this combined set of edges

E. Form the resulting subgraph H = (V, E).2

2 Alternatively, we can remove the parallel edges of K as follows: For each parallel edge uv in
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Theorem 20 Given a complete graph G' = (V, E), |V| > 3, with metric edge costs
¢ € RE and vertex connectivity requirements r; € {0,1,2}, i € V, the approzimation
algorithm Algorithm A [4] (with v, = 1 = 2), with the addition of step (A5) above,
is a %-approzimation algorithm for metric 2EC (for this case, steps (A0) and (A})
may be omitted), and for metric SNDP with r; € {0,1,2}, i € V', respectively.

Proof: Set r,, = r; = 2 and let H be the heuristic solution obtained from our approx-
imation algorithm ([4], Algorithm A) applied to . By [4], H is a feasible multi-2EC
solution. Let H be the resulting subgraph after applying the transformation in the
above step (A5) to H.

Note that, by construction, all the vertices of H have even degree. Without loss
of generality, assume that the edge ux is removed along with uv in the step (A5)
above, and zv is added. The degree of u decreases by two, and the degree of x and
v remain the same. Since the vertex u was incident with the parallel edge uv and
the edge ux, and its degree was even, therefore the degree of u was greater than or
equal to four. Thus, decreasing the degree of u by two does not disconnect u from
the graph. Hence, the resulting subgraph H is connected and all vertices of H have
even degree. As well, no new parallel edges are created, since the edge xv is not in
H (if zv were in E' then (V, E') would contain a cycle (cycle zuvz) and thus would
not be a minimum spanning tree; and if xv were in J' then J' would contain a cycle
and thus not be a minimum cost T-join for 7' = V°%). Since zv replaces the edge ux
in edge set E', (E"\{uz})Uzwv is the edge set of a spanning tree B in G. In addition,
the edge set J'\uv is the edge set of a T-join with respect to the odd-degree vertices

in B. Thus, we can repeat step (A5) as many times as necessary. Repeating for each

K, there exists a cut §(5), ) € S C V, such that §(S) = {uv}. Since |V| > 3, either u or v has a
neighbour other than v or u, respectively. Without loss of generality, assume that « has a neighbour
w # v. Deleting one copy each of uv and uw, and adding the edge vw maintains 2-edge connectivity
at no increase in cost, while, at the same time, removing a parallel edge from the subgraph. This is

shown by Alexander, Boyd, and Elliott-Magwood [1] in the proof of their Lemma 3.
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of the parallel edges of H, we see that the resulting subgraph H is connected and all
vertices of H have even degree. Hence, H is 2-edge connected. H is also simple.

Due to metric costs, the transformation of step (A5) is performed at no increase
in total edge cost. Thus, H is a 2-edge connected spanning simple subgraph of G’
with cost at most opt(metric 2EC). Since step (A5) can also be done in polynomial
time, this yields a %—approximation algorithm for metric 2EC. Thus, this also yields
a %—approximation algorithm for metric SNDP with r; € {0,1,2},i € V. [ |

It is worthwhile noting that, given a complete graph G = (V,E) with non-
negative edge costs, a %—approximation algorithm for multi-2EC can be obtained
by taking the metric completion G® of G, applying Frederickson and Ja'Ja’s %—
approximation algorithm for metric 2EC [12], and then using the transformation
by Goemans and Bertsimas in the proof of their Theorem 3 [16], to transform the
heuristic solution on G back to a heuristic solution on G at no increase in cost and
no decrease in edge connectivity.

For unweighted (equivalently, edge costs all 1) SNDP on a general graph with
vertex connectivity requirements r; € {1,2}, ¢ € V there is a %—approximation al-
gorithm [26]. For the special case where the unweighted problem is on a complete
graph, our result of Theorem 20 is a stronger, more general, result. Notice that
unless the unweighted problem is on a complete graph, we cannot compare results,
even if we make the general unweighted graph a complete graph by adding in the
“missing” edges with appropriately large edge costs, since the edge costs would no
longer be metric (and hence only our approximation algorithm for multi-SNDP with

r; €{0,1,2}, 7 € V, would apply).
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4.5 VC-SNDP and £VC

Given a complete graph G = (V, E) and U C V, let G — U be the subgraph of G' with
vertex set V\U and edge set 75(V\U). Problem £VC on G can be formulated as an
integer linear program (ILP) as follows [17]:

minimize cx (4.5)

subject to  x(dc(5))

v
kD

forall Cc SCV, (4.6)
z(0g_v(S)) > 1, forall ) C U C V such that U] =k —1,

and for all ) ¢ S C V\U, (4.7)
0<z, < 1, foralle€e E, (4.8)
Te integer.

More generally, the following is an integer linear programming formulation for

VC-SNDP [19]:

minimize cx (4.9)
subject to  x(de(S)) > max 1y, forall@C S CV, (4.10)
1j€6c(S)
z(dG—U(S)) > ]-7 for all i7j€V7 7’7&]’

and for all 0 C U C V\{i, 7} such that |U| =r;; — 1,

and for all € S C V\U such that
i€S, jdS, (4.11)
0<z, < 1, forallee E, (4.12)

Te integer.

Constraints (4.10) are called (edge) cut constraints, constraints (4.11) node cut
constraints, and constraints (4.12) non-negativity constraints. Constraints (4.11) en-

sure that, for any pair of vertices ¢,j € V, the removal of any 7;; — 1 vertices does
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not disconnect ¢ and j (i.e., it still leaves at least one path from i to j in GG). Notice

that the following constraints may be given in place of constraints (4.11) [18]:

z(0g—u(S)) > max ry; —|U|, foralli,jeV, i#j,
ij€46(S)

and for all ) C U C V\{4,j} such that |U| <r; — 1,
and for all ) € S C V\U such that i € S, j & S. (4.13)

These constraints ensure that, for all distinct pairs 7,5 € V, deleting any set of
vertices U such that |U| < r;; — 1 leaves at least (max;jes(s)7i;) — |U| internally
vertex-disjoint paths between ¢ and j in the remaining graph. For all distinct pairs
i,j € V, when |U| = r;; — 1, we obtain the constraints (4.11). Since the removal
of any set of vertices which contains a cut set also disconnects a graph, constraints
(4.13) contain redundant constraints, and constraints (4.11) defines the same solution
set as the constraints (4.13).

Let a partition of V be a set Vi, Vs, ..., V, such that 0 C V, C V, V, NV, =0 for
all a,b € {1,2,...,p},and ViUV, U...UV, = V. ILP(4.5) can be strengthened by
replacing the node cut constraints (4.7) by the following node partition constraints
(17, 18]: 137 2(6g-u(Sa)) = p—1, for all € U C V such that |U| =k — 1, and
for all non-trivial partitions Sy, Ss,...,S, of V\U, for p > 2.

Notice that ILP (4.9) reduces to the ILPs for kVC and 2VC when r; = k, or
r; = 2, respectively, for all © € V. Also, removing the node cut constraints from the
ILPs of kVC and VC-SNDP yields the ILPs for kEC and SNDP, respectively. Clearly,
VC-SNDP is a special case of SNDP.

Notice that Steiner tree is the special case of both SNDP and VC-SNDP, where
r; € {0,1} for all i € V. Also, MST is the special case of both SNDP and VC-SNDP,
where r; = 1 for all ¢ € V. Thus, for the case where r; € {0,1} for all ¢ € V', or for
the case where r; = 1 for all ¢ € V| the problems SNDP and VC-SNDP are the same
[19]. Indeed, when r; € {0, 1}, constraints (4.11) are a subset of constraints (4.10).

The following proposition is easily seen. Its proof is based on [26].
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Proposition 21 Problem SNDP (resp., VC-SNDP) on a complete graph with posi-
tive, non-zero integer edge costs ¢ € Ngl and vertex connectivity requirements r; €
N>, i € V, and problem SNDP (resp., VC-SNDP) with edge costs all 1 on a gen-
eral graph (equivalently, the unweighted problem) and vertex connectivity requirements

r; € N>o, 2 € V, are equivalent.

Proof: Let G = (V| F) be a complete graph with positive, non-zero integer edge costs
cE Ngl, and vertex connectivity requirements r; € N>¢, ¢« € V. Replace each edge
e € F with edge cost ¢, > 1, by a path P, of length c., consisting of ¢, — 1 Steiner
vertices (vertices i € V with vertex connectivity requirement r; = 0) and ¢, edges with
edge cost 1. The resulting graph I = (‘7, E) can be made complete by adding in the
“missing” edges 7j and assigning them appropriately large edge costs. The resulting
graph, I= (f/, E), is complete and has positive edge costs. Replacing all the paths P,
in the optimal SNDP (resp., VC-SNDP) solution on I by the corresponding original
edges e yields a feasible SNDP (resp., VC-SNDP) solution on G with equal total edge
cost, which is thus an optimal SNDP (resp., VC-SNDP) solution on G. Thus, SNDP
(resp., VC-SNDP) with positive and non-zero integer edge costs ¢ € Ngl, and vertex
connectivity requirements r; € Nxg, ¢ € V can be solved by SNDP (resp., VC-SNDP)
with edge costs all 1, and vertex connectivity requirements r; € N>, ¢ € V. Clearly,
the reverse holds. Thus, the two problems are equivalent. [ |

Notice that the problem SNDP (resp., VC-SNDP) with edge costs all 1 on a gen-
eral graph (equivalently, the unweighted problem) and vertex connectivity require-
ments r; € N>, ¢ € V, in Proposition 21 is not a special case of metric SNDP (resp.,
VC-SNDP) with vertex connectivity requirements r; € Nxg, i € V| since it is on a
general graph and not a complete graph. Thus, Proposition 21 and its proof cannot
be used to generalize our %—approximation algorithm result in Corollary 25 to VC-
SNDP with positive and non-zero integer edge costs ¢ € Ngl and vertex connectivity

requirements r; € {0,1,2}, 7 € V. A different approach is necessary.
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Recall that, in general, opt(kEC) < opt(kVC). It can be shown that
opt(metric 2EC) = opt(metric 2VC') [7]. This is an implicit result of Frederick-
son and Ja’Ja”s shortcutting method ([12]). Notice, however, that this result does
not hold in general for higher connectivities, i.e., for £ > 3. For families of counter
examples, see ([7], Appendix A) and ([3], Figure 1). However, it can be generalized

to include lower connectivities:

Proposition 22 Let G’ = (V, E) be a complete graph with metric edge costs ¢ € RY
and vertex connectivity requirements r; € {0,1,2}, i € V. There exists an opti-
mal SNDP solution on G’ that is also an optimal VC-SNDP solution on G'. Thus,
opt(metric SNDP) = opt(metric VC-SNDP).

Proof: Without loss of generality, assume |V| > 3 and there are at least two vertices
with vertex connectivity 2. Let H be an optimal SNDP solution on G’ that is not
a feasible VC-SNDP solution. Problems SNDP and VC-SNDP are the same when
r; € {0,1}, i.e., the edge/vertex connectivity holds for all distinct vertex pairsi,j € V'
with r; € {0,1}. Thus, there is at least one ¢ € V with r; = 2 for which there exists
a j € V with r; = 2 such that there are at least two edge-disjoint paths, P, P,
connecting ¢ and j in H, but less than two internally vertex-disjoint paths connecting
i and j in H. Thus, P; and P, are not internally vertex-disjoint, and there is a “cut”
vertex v € V, v # i and v # j, that is in both P, and P,. Let u,w € V be such
that wv and wv are in P,. Let P, and P, be the sections of P, between ¢ and v
and between v and j, respectively. Let P, and Py, be the sections of P, between i
and u and between w and 7, respectively. Remove edges uv and vw from H, and add
edge uw to form the subgraph H’ (note that this edge exists since G’ is a complete
graph). Any path that uses edges uv and vw in H now uses edge uw in H'. Thus, all
“local” edge connectivities 7,4, ¢,p € V\{v} remain unchanged. For example, path
P, remains the same, but path P, becomes P, uw Py,. Thus, there still exist at least

two edge-disjoint paths between 7 and j. Also, there are still at least two edge-disjoint
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paths between i and v; for instance, paths P, and Py, uw Psy, Pyp. Similarly, there
are still at least two edge-disjoint paths between j and v. Since 7, < 2, all “local”

edge-connectivities r4,, ¢ € V\{v}, are preserved. See Figure 4.13.

Figure 4.13: Illustration of proof of Proposition 22.

Thus, H' is a feasible SNDP solution. Moreover, since the edge costs are metric,
and the cost of H is optimal, H’ is an optimal SNDP solution. Repeat for all such
internally “shared” vertices of P; and P,. We obtain an optimal SNDP solution in
which ¢ and j have two internally vertex-disjoint paths connecting them. Repeating
foralli,j € V, r; = r; = 2, such that there is only one internally vertex-disjoint path
connecting ¢ and j in H’, we obtain an optimal SNDP solution that is also a feasible
VC-SNDP solution, r; € {0,1,2}, i € V. Since opt(SNDP) < opt(VC-SNDP), this
solution is an optimal VC-SNDP solution for the case with r; € {0,1,2}, i€ V. R
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Theorem 23 Given a complete graph G = (V, E) with non-negative edge costs ¢ €
RE. All optimal solutions for multi-k VC are either optimal solutions for kVC or
have multi-edges only on edges with edge cost 0. In particular, opt(multi-kVC') =
opt(kVC).

Proof: Let H be an optimal solution to multi-kVC on G. If H is simple, we are
done. Let e € E(H) be an edge that has more than one copy in H. Let u,v € V.
There are at least k internally vertex-disjoint paths from u to v in H. If more than
one of them contains e, then they are no longer internally vertex-disjoint. Thus, at
most one of them contains e. This is true for all distinct vertex pairs in V. Thus,
removing all the multiple copies of edge e from H (and leaving just a single copy of e
in H) yields a (multi)-subgraph H' of G that is k-vertex connected and whose total
cost is less than or equal to the total cost of H. Since H is an optimal solution to
multi-kVC on G, the total cost of H' equals the total cost of H. Thus, the edge cost
of e must be 0. Repeating this argument for each multi-edge of H, we obtain a simple
subgraph H of G with total cost equal to the total cost of H.

Hence, every optimal solution for multi-kVC is either an optimal solution for
kEVC (i.e., it is simple), or its multi-edges only involve edges with edge cost 0; and

opt(multi-kV' C) = opt(kV C). [

Corollary 24 Given a complete graph G = (V, E) with positive edge costs ¢ € RE.
Problems multi-k VC and kVC are equivalent.

Proof: Follows directly from Theorem 23. |



4.5. VC-SNDP AND kVC 169

4.5.1 Approximation Algorithm for Metric VC-SNDP with
T € {0, 1, 2}

Applying the construction in the proof of Proposition 22 to any feasible solution to
metric SNDP with r; € {0,1,2}, i € V, we obtain in polynomial time, a feasible
solution to metric VC-SNDP with r; € {0,1,2}, i € V, with equal total edge cost.
Thus, any a-approximation algorithm for metric SNDP with r; € {0,1,2},7 € V, can
be turned into an a-approximation algorithm for metric VC-SNDP with r; € {0, 1, 2},
1 € V. In the case where we have a feasible metric 2EC solution, as we do from
step (A5) in Section 4.4.1, this construction reduces to Frederickson and Ja’Ja”s

shortcutting method [12], becoming as follows:

A6. For each cut vertex v of H: Take edges uv and vw in E such that u and w
are in different blocks (maximal two-vertex connected subgraphs of the graph);
replace uv and vw by uw € E. Repeat until all the blocks of the subgraph are

merged and no cut vertices remain.

Step (A6) transforms, at no increase in total edge cost, a feasible metric 2EC
solution into a 2-vertex connected spanning simple subgraph. We can generalize this

to apply to metric VC-SNDP with vertex connectivity requirements r; € {0,1,2}:

Corollary 25 Given a complete graph G' = (V, E), |V| > 3, with metric edge costs
¢ € RE and vertex connectivity requirements r; € {0,1,2}, i € V, the approzimation
algorithm from ([4], Algorithm A) (with r,, = r; = 2), with the addition of steps
(A5) and (A6), is a 3-approzimation algorithm for metric 2VC (for this case, steps
(A0) and (A4) may be omitted), and for metric VC-SNDP with r; € {0,1,2},i €V,

respectively.

Proof: Let H be the heuristic metric 2EC solution returned by the approximation

algorithm in ([4], Algorithm A) (with 7, = r; = 2) with the addition of step (A5). If
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H has no cut vertices, then H is 2-vertex connected and we are done. Let v € V' be
a cut vertex of H. Let X and Y be two blocks of H which share v. Thus, v lies on a
cycle Cx in X and a cycle Cy in Y. Let u € V and w € V be adjacent to v on C'y and
Cly, respectively. Remove the edges uv and vw from H and add the edge uw to H to
form the subgraph H on G'. The blocks X and Y are now one block. Since the degree
of v in H was at least 2(the number of connected components of H —{v}) > 4, the
degree of v in H is at least 2(the number of connected components of H—{v})—2 > 2.
All other degrees remain unchanged. Thus, H is 2-edge connected and is a spanning
subgraph of G'. Repeat this until all the blocks sharing v are merged into one block,
i.e., until v is no longer a cut vertex in H. Since the edge costs are metric, the cost
of H is less than or equal to the cost of H. Repeat the above for all the cut vertices
of H. The resulting subgraph, N, of G’ is spanning, 2-vertex connected, and has
total edge cost no more than that of H. Since step (A6) can be done in polynomial
time, and Algorithm A has a % approximation guarantee for this case, this yields a
%—approximation algorithm for metric 2VC.

From the proof of Theorem 20, the heuristic solution of metric SNDP, r; €
{0,1,2}, i € V, that is obtained from the approximation algorithm in ([4], Algorithm
A) (with 7, = r = 2) with the addition of step (A5), is a spanning subgraph
that is 2-edge connected and simple. Thus, step (A6) can be applied to the heuristic
solution of metric SNDP, r; € {0, 1,2}, i € V, that is obtained by that approximation
algorithm (i.e., the algorithm consisting of steps (A0) to (A5)). From the argument
above, the resulting subgraph of G’ is spanning, 2-vertex connected, and has total
edge cost no more than that of H. Thus, this is a heuristic solution for metric VC-
SNDP, r; € {0,1,2}, ¢ € V. Since this can be done in polynomial time, we have a
%—approximation algorithm for metric VC-SNDP, r; € {0,1,2},7 € V. [ |

The proof of our %—approximation algorithm for metric 2VC provides an alter-

nate, simpler, and more compact proof for Frederickson and Ja’Ja”’s result.
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The best constant factor approximation algorithm for VC-SNDP with general
edge costs ¢ € RE and vertex connectivity requirements r; € {0,1,2}, i € V, is cur-
rently a 2-approximation algorithm [11]. For unweighted (equivalently, edge costs all
1) VC-SNDP on a general graph with vertex connectivity requirements r; € {1,2},
1 €V, there is a %—approximation algorithm [26]. Thus, our %—approximation algo-

rithm for metric VC-SNDP, r; € {0, 1,2}, i € V, extends the result of [26].

Integrality Gap, Metric VC-SNDP with r; € {0,1,2}

Our integrality gap results can be extended to an upper bound on integrality gap of

the linear programming relaxation of metric VC-SNDP, r; € {0,1,2},i € V.

Lemma 26 Let G' = (V, E), |V| > 3, be a complete graph with metric edge costs ¢ €
R and vertex connectivity requirements r; € {0,1,2}, i € V, and let G have at least
3 wvertices with r; = 2. Then the integrality gap for the linear programming relazation
of VC-SNDP on G', r; € {0,1,2}, i € V, is less than or equal to the integrality gap

for the linear programming relaxation of multi-SNDP on G', r; € {0,1,2}, i € V.

Proof: By Lemma 3, and since the linear programming formulation for SNDP is a

relaxation of the linear programming formulation for VC-SNDP,
opt(multi-SNDPLp on G') < opt(SNDPLp on G') < opt(VC-SNDPLp on G').

By Theorem 14, opt(multi-SNDP on G') = opt(SNDP on G'), forr; € {0,1,2},i € V,
and by Proposition 22, opt(SNDP on G') = opt(VC-SNDP on G'), for r; € {0, 1,2},
1 € V. We therefore have that

opt(VC-SNDP on G') - opt(multi-SNDP on G')
opt(VC-SNDPp on G')  —  opt(multi-SNDPLp on G')’

for r; €{0,1,2}, 1€ V. [ |

The following lemma is obtained by combining Lemma 26 and Theorem 6.
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Lemma 27 Given a complete graph G' = (V, E), |V| > 3, with metric edge costs
¢ € RE and vertex connectivity requirements r; € {0,1,2}, i € V, the integrality gap
for the LP relazation of metric VC-SNDP, r; € {0,1,2}, i € V', is at most %

4.5.2 2VC and 2EC on a 2-vertex Connected Multi-graph

Let G¥ be a 2-vertex connected multi-graph with non-negative edge costs. In this
section, we examine the following question: When we are finding an optimal solution
for 2VC or 2EC on G", when can we consider, without loss of generality, just the

underlying simple graph of G?

Proposition 28 Let G be a 2-vertex connected multi-graph with non-negative edge

costs and |V| > 3. Every optimal solution to 2VC on G is simple.

Proof: Let K be an optimal solution of 2VC on G. Suppose K has a pair of parallel
edges eq, es between vertices a,b € V. Since K is 2-vertex connected, there exist at
least two internally vertex-disjoint paths, P, and P, in K from a to b. Assume e; is
in P and e isin P. If { P}, P»} is a maximal set of pairwise internally vertex-disjoint
paths from a to b, then {e;, e2} form a cut in K, and thus at least one of a and b is a
cut vertex. This is a contradiction since K is 2-vertex connected. Thus, there exists
another path P from a to b in K such that {P;, P», P} is a set of pairwise internally
vertex-disjoint paths. Note that P can not include e; or e;. Thus, either e; or e, can
be removed from K without decreasing the vertex connectivity of K. In doing this,
we have decreased the total edge cost of K. This is a contradiction. Therefore, K
can not be a multi-subgraph, i.e., K must be a simple subgraph of G*. [ |

Proposition 28 shows that, for 2VC on G, we can delete the parallel edges of
highest cost (since they will never be used), and solve 2VC on the underlying simple
subgraph of G".

By [30], in a 2-vertex connected multi-graph with uniform edge costs, there is

an optimal solution for 2EC that is simple. However, when considering 2EC on G"
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(where the edge costs are not uniform), we cannot consider just the underlying simple
subgraph — the cost of an optimal solution of 2EC on G* can be strictly less than that
on the underlying simple subgraph of G¥. For example, see the multi-edge “spaceship”
example in Figure 4.14; showing a 2-vertex connected multi-graph on which there is

a cheaper optimal solution to 2EC than on the underlying simple subgraph.

2VC multigraph G underlying simple graph G’

Zan A
Y o— %

min—cost 2EC solution of G min—cost 2EC solution of G’
M
O O
%@ N@
0
cost=0 < cost=2

Figure 4.14: An example where an optimal solution of 2EC on a 2-vertex connected
multi-graph is cheaper than an optimal solution of 2EC on the corresponding under-

lying simple subgraph.

To better understand why this occurs, suppose the min-cost solution H of G
contains two multiple edges ab, call them e; and e;. If e; and ey are the only edge-
disjoint paths between a and b in GG, then neither one can be removed for the solution
to still remain feasible (i.e., 2EC). Therefore we can not just consider the underlying
simple graph of G. On the other hand, if {e;, e5} is not a maximal set of edge-disjoint
paths from a to b, then there exists a path P from a to b including neither e; nor

ey. If cost(P) < cost(ab) (non-metric cost), then the solution would have used P
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instead of e; or ey. If cost(P) = cost(ab), then we might be able to delete e; or e; and
replace it by P (if z. can be > 1; otherwise, if not, then H would not have parallel
edges). If cost(P) > cost(ab), then we can’t remove either e; or e; and replace it by
P to get a solution of same value. Therefore, we can’t in general change the optimal
min-cost 2EC multi-subgraph into a simple subgraph of the same value. Thus, for
2EC, when the edge costs are not uniform we can not consider just the underlying
simple subgraph of a 2-vertex connected multi-graph G".

Thus, when finding an optimal solution for 2VC (general non-negative or uniform
edge costs) or for 2EC (uniform costs only) on a 2-vertex connected multi-graph,
we can, without loss of generality, consider just the underlying simple graph of G.
This is because, as we have shown, all the respective solutions will be simple. This
is not, however, possible to do for optimal solutions of the 2EC with general non-
negative edge costs, since the optimal solution of 2EC on the 2-vertex connected
multi-graph can have total edge cost less than that of an optimal solution of 2EC on

the corresponding underlying simple graph.

4.6 Conclusion

In this paper, we presented extensions, and applications, of the results of our previous
work in [4] to related problems, and investigated cases where the optimal values of
multi-SNDP and SNDP are equal. We found an upper bound of % on the integrality
gaps of the LP relaxations of metric SNDP with r; € {0,1,2}, ¢ € V, and of metric
VC-SNDP r; € {0,1,2}, @ € V. This improves on the previously known upper
bound of 2 for the integrality gap of the LP relaxation of metric 2EC [1]. Our
% approximation guarantee and integrality gap bound applies to the Steiner tree
problem with either uniform or metric edge costs, and improves the previous best

known integrality gap bound for these cases [5].

By making certain modifications to our multi-SNDP approximation algorithm
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[4], we presented a 3-approximation algorithm for metric SNDP with r; € {0,1,2},
i € V, and metric VC-SNDP with r; € {0,1,2},4 € V. This is an improvement on the
previously best known integrality gap bound and approximation guarantee for this
special case of metric VC-SNDP, which was 2 [11]. This also extends the known results
of a %—approximation algorithm for metric 2EC [12], a %—approximation algorithm for
VC-SNDP with r; € {1,2}, i € V, on a general graph with edge costs all 1 [26]; and
a %—approximation algorithm for metric 2VC [12].

Lastly, it is interesting to take note of a problem that is related to £AVC, and
which is somewhat of an intermediate problem between £VC and VC-SNDP. A graph
is called k-out-connected from r if there exist k pairwise internally vertex-disjoint
paths from a given vertex r to every other vertex in the graph [2]. Given a complete
graph, G = (V, F), with non-negative edge costs ¢ € R¥ and a vertex r € V, the k
vertex out-connected-from-r spanning subgraph problem (kVC{r}) is the problem of
finding a minimum cost spanning subgraph of G that has k pairwise internally vertex-
disjoint paths between r and v, for all v € V', v # r. Clearly, a feasible solution to
EVC also has k edge-disjoint paths from r every other vertex in the graph. Thus,
kVC is a special case of kVC{r}. On the other hand, a feasible solution to kVC{r} is
not necessarily k-vertex connected. For example, a k-out-connected-from-r spanning
subgraph may contain cut sets, and there may be cut sets even when the degree of
r in such a subgraph is exactly k. For example, consider the complete graph on 8
vertices, with edge cost 1 on the edges that are shown in Figure 4.15, and edge cost
20 on all other edges. There is a feasible solution to 4VC{r} on this graph that,
although not containing any cut vertices, contains a cut set of size 3 (and in which
the degree of r is 4). See Figure 4.15. Thus, a feasible solution to kVC{r}, although
vertex connected, is not necessarily k-vertex connected (even when the degree of r
in the solution is exactly k). An exception is when k = 2, in which case 2VC{r} is

precisely 2VC.
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O = a cut set of size 3

—— =remaining subgraph after
removing the cut set

Figure 4.15: A feasible solution, H, to 4VC{r} on a complete graph with edge costs
1 on the edges shown, and edge cost 20 on all other edges. Notice that H has no cut
vertices, the degree of r in H is 4, and H has a cut set of size 3 (therefore H is not

4-vertex connected).

The following is an ILP formulation of kVC{r} on G:

minimize cx (4.14)

subject to  x(d(.5))

v
ko

forall) C S CV, (4.15)
(0 (S)) > 1, forall C U C V such that |U| =k — 1,
and for all ) ¢ S € V\U such that r € S, (4.16)

5
v

0, foralleeFE, (4.17)

ZTe integer.

Notice that this ILP is very similar to the ILP for kVC. The difference is that the
constraints (4.16) are a subset of the constraints (4.7), since we only need k pairwise
internally vertex-disjoint paths between r and every other vertex, not between all
distinct pairs of vertices. Indeed, the optimal value of EVC{r} provides a lower
bound on the optimal value of kVC, since kVC{r} is a relaxation of kVC (relaxing
the node cut constraints (4.7)). In other words, if G = (V, E) is a complete graph with
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non-negative edge costs ¢ € R and k € N, k > 2, then opt(kVC{r}) < opt(kVC).
Problem kVC{r} is an interesting problem to consider, since it is a step further
than £VC, but it is not as involved as VC-SNDP. This problem is also of interest
since the 2-approximation algorithm for 3VC in [2] calls a subroutine that returns a
feasible solution of kVC{r} with total cost at most twice the optimal value [9]. If the
approximation guarantee of 2 for kVC{r} can be improved, then the approximation
guarantee of 2 for 3VC can also be improved. Thus, future work needs to be done on
EVC{r} to investigate if the current approximation guarantee of 2 for kVC{r} can

be improved.
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Abstract

The quality of the results that one can obtain for a given network design problem
often depends on its integer linear programming formulation, in particular, on its
linear programming relaxation. This paper investigates different formulations for the
Steiner tree problem. We examine known integer linear programming formulations
for the Steiner tree problem, and the bounds on the integrality gap of their respective
linear programming relaxations. We propose two new formulation for the Steiner tree
problem and investigate their strength. The first proposed formulation is shown to
not be very promising. The second proposed formulation has a lower bound of 8/5

for the integrality gap of its linear programming relaxation.
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5.1 Introduction

Given a network consisting of critical centres, intermediate centres, and possible links
connecting the centres, we seek to construct a network that connects the critical
centres. When each link has a cost associated to building it, we seek to construct such
a network in the cheapest way possible. This is known as the Steiner tree problem.
Since any, all, or none of the intermediate centres may be used in constructing the
network, we can often construct a connected network with smaller cost than if the
network could not use any of the intermediate centres.

The Steiner tree problem originally arose in geometry, where one wished to find a
set of lines of minimum total length that connected a given set of points in a Euclidean
plane [14]. These lines could intersect each other at points that were not part of the
given set of points. Such intersection was useful since it could frequently reduce
the total length of the connecting lines. This problem was eventually generalized to
networks. For a survey of the early work on the Steiner problem, see [21].

From its beginning in geometry, the Steiner tree problem has developed into
an important problem in network design, with numerous important applications.
For example, designing a minimum cost road network that connects rural towns,
given a finite number of permissible intersections (based on terrain, development, and
other considerations) can be modelled as a Steiner network problem [3]. The Steiner
tree problem also has applications to designing communication, snow removal, and
drainage systems [3], and is applicable to organizational design [29] and phylogenetic
tree reconstruction in biology [22]. The Steiner tree problem is highly applicable to
VLSI (Very Large Scale Integration, or Microelectronics) layout [31]; such as opti-
mally designing wire layouts in circuit boards, microprocessors, etc.

We now formally define the Steiner tree problem: Given an (undirected) graph

G = (V,E) and a subset of vertices T' C V| a Steiner tree is a connected subgraph
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of G that includes the vertices in 7' (and may also include some, all, or no vertices
from V\T) and that does not contain any cycles. Let |V| = n, n € Nyg. Vertices
in T are called terminal (or required) wvertices, and non-terminal vertices in V\T'
are called Steiner vertices. Given non-negative edge costs ¢ € R, the Steiner tree
problem (denoted ST), sometimes also called the Steiner minimal tree, is the problem
of finding a minimum cost Steiner tree of (G; i.e., a minimum cost tree that contains
all the terminal vertices 7" and any subset (including the empty set) of the Steiner
vertices. Notice that there is never a need to use more than one copy of any edge in
a solution to ST, since any multiple copy of an edge can always be removed without
disconnecting that solution. When the edge costs ¢ € RF of a graph G = (V, E) are
non-negative and satisfy the triangle inequality ¢, < ¢y, + o for all distinet vertices
u,v,w € V', the costs are called metric. If the edge costs are metric (or unweighted),
then the problem is referred to as the metric Steiner tree problem.

The following definitions will be used throughout this paper: Given a graph
G = (V,E), let §(5) denote the set of edges {uv € £ :u € S;v € S}, i.e, the set of
edges with exactly one end in S. Let v(S) be the set of edges {uv € E : u,v € S},
i.e., the set of edges with both ends in S. The set §(S5) is called a cut. A subset
S C V separates vertices of T if SNT # () and SNT # T, i.e., there is at least one
terminal vertex in S and at least one terminal vertex not in S. A partition of V' is a
set P = (P, P,...,P,)) such that P, CVfori=1,2,...,p, V=P UPU...UP,,
and P,NP; = 0 for 4,5 € {1,2,...,p}, ¢ # j. In this paper, when we refer to a
partition P of GG, we are referring to a partition P of the vertex set of G. A Steiner
partition is a partition II = (Vi, Vs, ..., Vi, ) of V| where each part V; contains at
least one terminal vertex, i.e., V;NT ## () fori = 1,2, ..., k. A Steiner partition with
kn = 2 is called a Steiner cut. Let G/II be the multi-graph obtained by identifying
(or “shrinking”) each part V; in Il as a vertex v}, i = 1,2,..., kp, and keeping the
edges of G whose ends lie in different parts of II. This “shrunk” graph G/II has ky

vertices, and edge set Ey corresponding to the set of edges of G whose ends lie in
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different parts of II. Notice that for this paper, without loss of generality, we can
convert GG/I into a simple graph by removing all but the lowest cost edge in every
set of parallel edges. Let G[V;] be the subgraph of G induced by the vertices V;; in
other words, G[V;] is the induced subgraph consisting of the vertices V; and the edges
v(V;). For basic definitions in polyhedral theory, see [13].

There are two well known special cases of ST that are solvable in polynomial
time. The minimum spanning tree problem (MST) is the special case of ST where all
the vertices are terminal vertices, i.e., where T' = V. The shortest s-t path problem is
the special case of ST where the set of terminal vertices T" is simply the subset {s,t}.
Although these two special cases of ST can be solved in polynomial time!, the Steiner
tree problem is NP-hard [16, 21, 24].

Since it is considered highly unlikely that efficient algorithms for exactly solving
NP-hard problems exist, we look at designing efficient algorithms that return approxi-
mate, or near-optimal, solutions. If an algorithm runs in polynomial-time and returns
a solution whose value is always within a constant factor a of the optimal value, then
the algorithm is known as an a-approzimation algorithm, and the factor « is called the
approximation guarantee of the algorithm. Interestingly, not only is ST NP-hard, but
it has also been shown that it is NP-hard to even obtain an approximation guarantee
better than 8 for ST [9].

An important and related concept to approximation guarantees is that of inte-
grality gaps. Given a minimization problem P, and its integer linear program (ILP)
@, a linear program is a linear programming (LP) relazation, Qrp, of @ if every
feasible solution of () is also a feasible solution of Q);p. In this paper, we refer to
the LP relaxation of an ILP as the linear programming relaxation formed by relaxing
the integer constraints. Let opt(Q)) be the value of an optimal solution to @, and

let opt(Qrp) be the value of an optimal solution to rp. The optimal value of Qrp

'For example, MST can be solved by Prim’s or Kruskal’s algorithm; and the shortest path problem
can be solved by Dijkstra’s algorithm [8, 13].
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is at most the optimal value of (), and thus provides a lower bound on the optimal
value of (). The question naturally arises as to how big a difference, or “gap,” can
possibly exist between opt(Q) and opt(Qrp). This is where the notion of integrality
gap enters.

Formally, the integrality gap of a linear programming relaxation of a minimization
problem P is the largest ratio opt(Q)/opt(Qrp) over all possible non-negative, and all
not identically 0, objective cost functions. If it can be proved that this largest ratio
has value [ (where [ is some constant value), the linear programming relaxation is
said to have a (3 integrality gap; indicating that, in the worst possible case, opt(Q) is
no more than 3 opt(Qrp). Thus, the integrality gap provides a measure of the quality
of the lower bound provided by Qpp for Q. If the integrality gap of a problem’s LP
relaxation is 1, then that LP relaxation is said to be exact, and there is always an
optimal solution of that LP formulation that is integer.

It is important to note that the integrality gap of a LP relaxation depends on the
formulation of the linear program — one formulation for a given problem may give a
better integrality gap than a different formulation for the same problem. This can be
seen simply from polyhedral theory: Since the underlying polyhedron of Q7 p contains
the underlying polyhedron of (), taking a facet of the polyhedron associated with @)
and adding it as a constraint to (J;p reduces the feasible area of the LP relaxation,
thus giving a stronger LP relaxation and potentially reducing the difference, or “gap”,
between the value of an optimal solution to () and the value of an optimal solution
to the new LP relaxation. Given a specific graph G with non-negative edge costs, we
refer to the integrality ratio as the ratio of the cost of an optimal solution to ) on
G over the cost of an optimal solution to QQrp on G. Every integrality ratio gives a
lower bound on the integrality gap of Qpp.

Approximation guarantees and integrality gaps, although distinct concepts, are
closely related: A polynomial-time constructive proof for a bound « on the integrality

gap of an LP relaxation ()pp provides an a-approximation algorithm for problem P.
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In other words, if we can construct, in polynomial-time, a feasible solution H (with

total edge cost cost(H)) to @ such that cost(H) < 3 opt(Qrp), then we have both

opt(Q) < cost(H) < B opt(Qrp); i.e., % <P,
and
cost(H) < 3 opt(Qrp) < B opt(Q); i.e., 700();;((5) <8,

and hence we have an upper bound of 3 for the integrality gap for the LP relaxation
Qrp, as well as a [f-approximation algorithm for the problem P. In addition to this
connection, many approximation algorithms are based on an LP relaxation, with
the algorithm returning a feasible ILP solution whose cost is close to the cost of an
optimal LP solution [27] (for example, the primal-dual method). Thus, obtaining an
LP relaxation that has a small (close to 1) integrality gap, can aid in obtaining better
approximation algorithms for P. In fact, it has been observed that often the best
known approximation guarantee and the best known lower bound for the integrality
gap for a problem match [6].

The Steiner problem is part of an important larger class of network design prob-
lems, to which we will refer in this paper. This general network problem, stated by
Jain [23], is as follows: Given a multi-graph? G’ = (V| E) with non-negative edge
costs ¢ € R”, and a weakly supermodular cut requirement function f : 2V — Z,
find a minimum cost spanning multi-subgraph of G’ such that there are at least f(5)
edges in every cut dg/(S), for all § C V. Notice that ST is a special case of Jain’s
general network problem — simply set f(S) =11if S C V separates vertices of T', and
f(S) = 0 otherwise. See Figure 5.1. For the special case of MST, Jain’s LP relax-
ation for his general network problem gives an integrality gap that is asymptotically

close to 2 [23, 36]. Thus, Jain’s LP relaxation for his general network problem has an

2A graph G is a multi-graph if it can have multiple copies of an edge between at least one pair
of distinct vertices in G. In a weighted multi-graph, multiple copies of edges are considered to be

distinct edges.
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Figure 5.1: An example of a Steiner tree, along with some separating sets and their

corresponding cut requirements f(.5).

integrality gap asymptotically close to 2 for Steiner trees, as well as for his general
network problem.

As mentioned earlier, the integrality gap of the LP relaxation of a problem de-
pends on the formulation of the linear program — one linear programming formulation
for a given problem may give a smaller integrality gap than another linear program-
ming formulation for the same problem. For example, for the special case of MST,
Jain’s LP relaxation of his general network problem [23] gives an integrality gap that
is asymptotically close to 2, however, MST can be solved exactly in polynomial time.
In particular, there are well known LP relaxations of MST that have an integrality
gap of 1. Clearly, Jain’s LP relaxation is not the best LP relaxation to use when
examining MST.

In this paper, we examine LP relaxations for ST, and their corresponding inte-
grality gaps. Since ST is NP-hard, we know that, unless P=NP, we cannot get an
exact LP relaxation (i.e., with integrality gap 1) for ST like we can for its special case
MST. Our goal, then, is to obtain the best possible LP relaxation for ST; in other
words, to find an LP relaxation for ST that has an integrality gap as close to 1 as

possible. Thus, we investigate various LP formulations for ST to see if we can find
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one which yields a smaller integrality gap than is currently known.

There are more results on approximation algorithms for ST and their approxi-
mation guarantees than there are on integrality gap of LP relaxations for ST. A very
basic 2-approximation algorithm for ST simply finds the minimum spanning tree on
the complete graph consisting of the terminal vertices T', with edge costs the cost of a
minimum cost path between ¢ and j in G, for all 7,7 € T [17, 28]. This was improved
toa2(1— ﬁ)—approxima’cion algorithm which, starting with the tree 77 consisting of
a vertex v; € T, constructs the tree T;,1 by adding in a vertex in T\V(7;) that has
the minimum cost path between it and one of the vertices in T}, for all : = 1,2,...|T|
(this is a generalization of Prim’s algorithm for MST') [35]. For a more complete early
survey of Steiner tree heuristic results, see [39]. The approximation guarantee for ST
was subsequently improved to 11/6 [40], then to 16/9 [4], and so on [25, 31, 32, 41], to
1.598 [20]. Robins and Zelikovsky [34] then obtained an approximation guarantee of
1+ % ~ 1.55 for ST, and a 1.28-approximation guarantee for quasi-bipartite graphs
(graphs in which no two Steiner vertices are adjacent) and for complete graphs with
edge costs in {0,1}. However, in spite of this progress in obtaining approximation
algorithms with better approximation guarantees for ST, the best known integrality
gap for an LP relaxation of ST remained at 2. The fact that approximation guar-
antees and integrality gaps often are the same, suggested that perhaps there existed
a different LP relaxation for ST that gives a smaller integrality gap. It remained a
long-standing open problem to find an LP relaxation for ST that had an integrality

gap less than 2 [27]. Konemann et al. presented an LP relaxation for ST with an

d 2041

o1 127] for b-quasi-bipartite graphs, but the integral-

integrality gap between % an
ity gap for ST on a general graph remained at 2. Very recently, Bykra et al. broke
through this stalemate, presenting a hypergraph-based LP relaxation for ST that has
an integrality gap of 1.55 [5] (an alternate proof and analysis is provided by [7]). Not
only did this improve the integrality gap for ST to less than 2 for general graphs, but

also it matched the best known approximation guarantee of 1.55 for ST. However,
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Bykra et al. also presented a 1.39-approximation algorithm for ST. It currently re-
mains an open problem to find an LP relaxation for ST that has an integrality gap
of 1.39.

In this paper, we investigate different ILP formulations for ST, and their corre-
sponding LP relaxations. We consider finding LP relaxations for ST such that the
LP relaxation, when restricted to MST, has an integrality gap of 1. Such an LP
relaxation for ST may have an integrality gap closer to 1 and thus be able to be used
to obtain stronger results for ST. Section 5.2 examines some known ILP formulations
for ST, and the bounds on the integrality gap of their LP relaxations. In Section 5.3,
we propose a new ILP formulation for ST that is based on the well-known undirected
cut formulation. We give an example for which the integrality gap of the LP relax-
ation has a lower bound of 3/2; thereby, for this example, improving the integrality
gap of the LP relaxation from being tight at 2 to having a lower bound of 3/2. How-
ever, we also show that when restricted to MST, the LP relaxation of this proposed
formulation does not have an integrality gap of 1. Thus, the formulation does not
look promising to use in obtaining improved results for ST. In Section 5.4, we pro-
pose a second new ILP formulation for ST, this one based on Steiner partitions. We
show that, when restricted to MST, the LLP relaxation of this proposed formulation,
although similar to an LP for MST which has integrality gap 1, has a lower bound of
3/2 for its integrality gap (for MST). Additionally, a family of graphs is given that
provides a lower bound of 8/5 = 1.6 for the integrality gap of the LP relaxation of

this proposed formulation.

5.2 Linear Programming Relaxations of ST

In this section, we state some known ILP formulations for ST, and the integrality gap
of their respective LP relaxation. Let G = (V, E') be a graph with non-negative edge

costs ¢ € RF, and let T C V be the terminal vertices. Let . represent the number
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of times each edge e € F is included in the solution. For any edge set £/ C E and
z € R”, let 2(E’) denote the sum Y, _p ..

5.2.1 Undirected Cut Formulation

An integer linear programming formulation of the minimum Steiner tree problem is

[2]:

min cx (5.1)
subject to  x(d(S)) > 1, forall S CV, S separates T,

r. € {0,1}, foralle e E.

This is known as the wundirected cut formulation. Notice that this formulation is
precisely that of Jain’s general network ILP [23] for the special case of ST (since for
ST f(S) € {0,1}, and we can remove the cut constraints z(d6(5)) > 0, since they are
automatically satisfied). Thus, the LP relaxation of the undirected cut formulation
has an integrality gap of 2 [23]. Notice that in the LP relaxation of the undirected
cut formulation, the constraints x. <1 for all e € E are redundant [38] and thus can
be omitted.

For the special case of MST (i.e., T = V), the LP relaxation of the undirected
cut formulation gives an integrality gap that is asymptotically close to 2. This can
be seen as follows [23, 36]: Consider a cycle on n vertices, with all edges of edge cost
1. The optimal integral solution of MST on this graph is the solution consisting of
n — 1 edges (for a total edge cost of n — 1). However, an optimal solution of the LP
relaxation of the undirected cut formulation for the special case of MST consists of
an . value of 1/2 for each edge (for a total edge cost of n/2). See Figure 5.2. The
ratio of the two solutions is 2 — 2/n, which approaches 2 as n gets large. Thus, the
integrality gap of the LP relaxation of the undirected cut formulation has a lower

bound that is asymptotically close to 2. Thus, the integrality gap of 2 is tight.
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Figure 5.2: (a) An optimal solution of the undirected cut formulation, ILP(5.1), on
the cycle, for the special case of MST. (b) An optimal solution of the LP relaxation
of ILP(5.1) on the cycle, for the special case of MST. Edge costs are 1.

5.2.2 Bi-directed Cut Formulation

Another integer linear programming formulation for ST is the bi-directed cut formu-
lation. This formulation is on a directed graph. To formulate the bi-directed cut
relaxation for an undirected weighted graph G = (V, E') with the set of terminal ver-
tices T C V, replace each undirected edge uv € E by two directed edges (arcs) uv
and vu, each of cost c¢,,. Denote the new directed graph by G = (V, ﬁ) Let the
root r € T be an arbitrary vertex in 7. A set S C V is a walid set if it contains at
least one terminal vertex and V'\\S contains the root r, i.e., if [SNT| > 1and r ¢ S.
See Figure 5.3.

The following integer linear programming formulation solves the problem of find-
ing a minimum cost collection of edges from E in such a way that each valid set has

at least one arc directed out of it [33]:

min cx (5.2)
subject to  x(d(S5)) > 1, for all valid sets S C V,

—
ze € {0,1}, forallee E
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—

G=(V,E) G = (V,E)
root r

®-T - —- = avalid set

Figure 5.3: An example of transforming a graph to the proper form for the bi-directed

cut relaxation.

An optimal solution to ILP(5.2) is a minimum cost directed Steiner in-tree rooted
at r, i.e., a minimum cost directed Steiner tree that has no arcs directed out of
r and every other terminal vertex has exactly one arc directed out of it [11, 37].
Removing the directions on the edges in the solution yields a feasible solution to ST.
The constraints on valid sets S C V are called Steiner cut constraints. They ensure
that in every feasible solution there is a path from r to any other terminal vertex.
The LP relaxation (i.e., with x, > 0 for all e € E)) of ILP(5.2) is called the bidirected
cut relazxation for the metric Steiner tree problem. Notice that there is no need in the
relaxation to explicitly have the constraints z. <1 for all e € E 137].

The bi-directed cut relaxation was shown by Edmonds to be exact for the special
case of MST [6]. In other words, the integrality gap is 1 for MST using this LP
relaxation.

The integrality gap of the bi-directed cut relaxation is at most 2 [38]; however,
the bi-directed cut relaxation is conjectured to have an integrality gap close to 1

[36, 37]. For this relaxation, the worst known examples, from Goemans and Skutella
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respectively, have an integrality ratio of % 27, 38]. Skutella’s example consists of the
Fano graph with edge costs 1. An optimal Steiner tree solution has cost 10, while an
optimal solution for the LP relaxation has . values of 1/4 on every edge, for a total
cost of %. See Figure 5.4. Hence, Skutella’s example has an 8/7 integrality ratio.
Thus, we have that the integrality gap of the bi-directed cut relaxation is between

8/7 (=~ 1.14) and 2.

@ terminal vertices

— an optimal Steiner
tree solution

Figure 5.4: Skutella’s example [27], which shows that the bi-directed cut formulation

has an integrality gap of at least %. Edge costs are all 1.

For these reasons, and more (see [11]), the bi-directed cut relaxation is considered
to be a better LP relaxation than the LP relaxation of the undirected cut formulation,
and is used in many linear programming approaches for developing approximation
algorithms with better (smaller) approximation guarantees for ST [1, 26]. For some

of the more recent results for the bi-directed cut formulation, see [6, 33, 36].
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5.2.3 ILP Formulation by Chopra and Rao

Chopra and Rao [11] show that the following is an integer linear programming for-

mulation for ST:

min cx (5.3)
subject to  x(d(S)) > 1, for all S C V,S is a minimal Steiner cut of G

. > 0, forallee F,

Te integer, for all e € F.

Notice that this is similar to the undirected cut formulation, and, like the undirected
cut formulation, the restriction of its LP relaxation to MST (7" = V') does not have
an integrality gap of 1.

A connected graph is 2-vertex connected if any vertex can be removed without
disconnecting the graph. Chopra and Rao [11] present some families of facet-defining

inequalities for the Steiner tree polyhedron. In particular, they show the following:
Theorem 1 (Chopra and Rao, [11]) The Steiner partition inequalities

Z Te > ki — 1, for all Steiner partitions 11
ec by

are valid for the Steiner tree polyhedron. Furthermore, these inequalities are facet
defining for the Steiner tree polyhedron if and only if the shrunk graphs G/I1 are 2-
vertex connected and the corresponding induced subgraphs G[V;i], i = 1,2,... ky, are

connected.

5.2.4 Other ILP Formulations

See [5, 7] for a hypergraph-based LP relaxation of ST. This LP relaxation has an
integrality gap between 8/7 and 1.55 [5].
For more ILP formulations of ST, see [11, 12, 19, 27, 30]. For other facet defining

inequalities for the Steiner tree polyhedron, see [18].
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5.3 A New ILP formulation for ST

We investigate obtaining an ILP formulation for ST such that its LP relaxation has
an integrality gap close to 1, and its LP relaxation has an integrality gap of 1 for
MST.

In Section 5.2.1, we saw that ILP(5.1), the undirected cut formulation for ST,
has an LP relaxation whose integrality gap is 2. We also saw that the LP relaxation
of ILP(5.1) on the graph consisting of a cycle on n vertices and edge costs all 1 has
an integrality gap asymptotically close to 2 for MST (thus making the integrality gap
tight). This is due to the fact there as an optimal solution of the LP relaxation on that
graph that has an z, value of 1/2 for each edge. Cutting off this solution, i.e., adding
a constraint(s) such that this solution is no longer feasible for the LP relaxation,
might yield an LP relaxation whose restriction to MST has integrality gap less than
2 and closer to 1. Notice that $n # n — 1. Thus, the constraint Y., pz. > |T] — 1
will cut off the solution (recall that T is the set of terminal vertices, and 7' =V for
MST). We thus propose a new ILP for ST by adding the constraint ) _,z. > [T -1
to ILP(5.1):

min cx (5.4)

subject to  x(6(S5)) > 1, forall S C V, S separates T,

x> |T|-1,

ecly
z. € {0,1}, foralle € E.

For the special case MST (i.e., T'= V), the LP relaxation of ILP(5.4) becomes:

min cx (5.5)

subject to  x(46(S)) > 1, forall S CV,

er > n—1,

eck
0<z, < 1, forallee F.
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5.3.1 Integrality Gap of LP(5.5)

We investigate the strength of this LP relaxation for MST by comparing it with the
following well-known LP formulation for MST that has integrality gap 1 [15]:
min cx (5.6)

subject to  z(y(S)) < |[S|—1, forall S CV,

er = n—1,

ecFE
r, > 0, forallee F

If the LPs are equivalent (i.e., their feasible regions are identical), then LP(5.5) has in-
tegrality gap 1 for MST, and thus the LP relaxation of ILP(5.4) might be a promising

LP formulation to consider for ST.
Lemma 2 All feasible solutions of LP(5.6) are also feasible solutions of LP(5.5).

Proof: Suppose we have a feasible solution = of LP(5.6), i.e., = satisfies the con-

straints of LP(5.6). Then, for any S C V', we have that

z(y(S)) < |[S|—1, and
z(y(VAS)) < [VAS|—-1.

Adding these inequalities we get
z(7(5) +x(v(VAS)) < [S[+ [VAS| -2 =n—2. (5.7)
From properties of cuts, y(V) = E = v(S)Uy(V\S)Ud(S), thus z(y(V)) = z(y(S))+
2(y(V\S)) + z(6(S)). Rearranging, we get
2(6(5)) = 2((V)) = 2(7(5)) — (v (V\5)).
From the constraints of LP(5.6), 2(y(V)) = n — 1 and thus,

2(0(5)) = (n—1) —x(y(5) —2z(v(V\9))
2(0(5) —n+1 = —u(y(5)) —z(v(V\S)). (5.8)
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Multiplying (5.7) by —1, yields: —z(7(5)) —z(y(V\S)) > —n+2. Inserting this into
(5.8), we obtain

z(6(S)—n+1 > —n+2
e, z(6(5)) > 1.

In addition, notice that for subsets S C V of size 2, z(7(S)) < 1, which implies that
z. < 1 for all e € E. Therefore, x is also a feasible solution of LP(5.5). Thus, we

have that the solution space of LP(5.6) is contained in the solution space of LP(5.5).
|

Lemma 3 There exist feasible solutions of LP(5.5) that are not feasible solutions of
LP(5.6).

Proof: Consider the triangular graph shown in Figure 5.5. In this graph, costs on
the edges are 1 and the z, values of a feasible solution of LP(5.5) are the values
shown on the edges. Note that such an x satisfies the constraints > _pz. =n — 1,
as well as the constraints x(§(S)) > 1 for all S C V, and thus is a feasible solution
of LP(5.5). However, such an x does not satisfies the constraints z(y(S5)) < |S| — 1
for all S C V, and thus it is not a feasible solution of LP(5.6). To see this, let S’ be
the set of vertices of one of the “corner triangles” of the example in Figure 5.5. Then
z(1(8) =25 £ |5 - 1=2. u

Thus, from Lemmas 2 and 3, LP(5.5) and LP(5.6) are not equivalent. However,
as a minimization problem, the optimal extreme points of the underlying polytope of
LP(5.5) may still be integer (i.e., the lower part of the feasible region of LP(5.5) may
match that of LP(5.6) and thus the optimal solutions of LP(5.5) may be precisely the
optimal solutions of LP(5.6)), and thus LP(5.5) may still have an integrality gap of
1 for MST. That this is not the case can be seen by the following example: Consider
the triangular graph mentioned in the proof of Lemma 3 and let the edges of the

three small triangles have edge cost 1, and the remaining three edges have edge cost
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,’ 5// 5/6 \

| 1/2 !

1/2 12

5/ 5/6

5/6

Figure 5.5: Example showing that LP(5.5) is not equivalent to LP(5.6). Edge costs

are all 1.

1/\

/’\1

€)

5/ /
X
1/2 /

1/2 2

1 5/6/. \{: 12 %/6
o
5/6

5/6 12

cost =10 cost=9.5

(b) (©

Figure 5.6: Example that LP(5.5) does not have an integrality gap of 1: (a) the edge
costs on the graph, (b) an optimal MST solution, z*, (¢) a feasible LP solution, z,

with smaller total cost.
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2. See Figure 5.6(a). An optimal MST solution uses six edges of cost 1 and two edges
of cost 2, for a total cost of 10. See Figure 5.6(b). The feasible solution of LP(5.5)
that we just examined has, for these edge costs, a total cost of 9.5. See Figure 5.6(c).
Therefore, the cost of an optimal solution to LP(5.5) is no more than 9.5, and thus the
integrality ratio is at least % = %. Since we have an example where the integrality
ratio is greater than 1, therefore LP(5.5) does not have an integrality gap of 1 for
MST.

5.3.2 A Lower Bound of 3/2 for the Integrality Gap of the
LP Relaxation of ILP(5.4) for ST

Consider the wheel graph, consisting of three “rim” vertices and one “center” vertex.
See Figure 5.7. Costs on the rim edges are 2— (3, 0 < # < 1, and costs on the “spoke”

edges are 1. The rim vertices are terminal vertices.

/@ \1\ © @ terminal vertices T

Figure 5.7: A wheel example for which the ratio of the costs of the optimal solutions
of ILP(5.4) and its LP relaxation asymptotically approaches 3/2. Edge costs are

shown on edges.



5.3. NEW ILP FORMULATION FOR ST 203

For this wheel example, the relaxation of ILP(5.4) is (since |T'| — 1 = 2):

min cx (5.9)
subject to  x(6(S5)) > 1, V.S CV that separates T,

D e 2 2

eck

0<z, < 1, Ve€ekFE.

The separating sets S are the vertex sets {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, and
their complements {1,2,.4}, {1,3.4}, {2,3.4}, {1,4}, {2,4}, {3,4} (which give the same

constraints). Thus, specifically, the relaxation of ILP(5.4) on this wheel example is:

min (2 — B)x12 + (2 — B)z13 + 214 + (2 — B) 223 + Tos + T34

subject to x19+ 213+ 21y > 1
T2+ T3+ w24 > 1

Ti3 + Toz +x30 > 1

Ti3 + iy + Tog + 220 > 1

Tiz + Ty + Toz +x34 > 1

Tiz + Tog + T13 + 234 > 1

T2 + T13 + T1g + Toz + Tog + Tza > 2
0<z, < 1

0<z3 <1

0<zy < 1

0<m3 < 1

0<my < 1

0<wyy < 1
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An optimal integer solution, z’, to ILP(5.4) for the wheel has 2/ = 0 for the rim
edges and z/, = 1 for the spoke edges (see Figure 5.8a). The cost of this optimal ILP
solution is 3. Using the dual of the above LP, an optimal LP solution x* for the wheel
is a}, = xj; = 23, = 3, = 1 and 2}, = 233 = 0 (see Figure 5.8b). Thus, the optimal
value for the LP relaxation is (2 — #) + 1 = 3 — . The ratio of the optimal ILP

and optimal LP relaxation of ILP(5.4) for this wheel is 2=, which asymptotically

3-8°
approaches 3/2 as 3 approaches 1.
12,/ B \o
BN
0 1/2
cost=3 cost=3 -B
(a) (b)

Figure 5.8: (a) An optimal solution of ILP(5.4) for the wheel example in Figure 5.7,
and (b) a basic solution of the corresponding LP relaxation, LP(5.9).

Therefore, there is a lower bound of 3/2 on the integrality gap of the LP relaxation
of ILP(5.4).

5.4 Another New ILP formulation for ST

In Section 5.3, we presented an ILP formulation of ST whose LP relaxation did
not allow solutions consisting of =, values of 1/2 on cycles through just the terminal
vertices (and x. values of 0 everywhere else). However, that LP relaxation still permits

solutions consisting of x. values of 1/2 on cycles through a combination of terminal
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and Steiner vertices. See Figure 5.8b. We can obtain a stronger LP relaxation of ST
by cutting off these solutions as well. Adding to ILP(5.4) the constraint that the sum
of the z, values must be at least |T'| plus the number of Steiner vertices used, minus
1, would accomplish this; however, this is difficult to state as a constraint. On the
other hand, notice that the Steiner partition inequalities in Theorem 1 for Steiner
partitions with kp > 3 also cut off solutions consisting solely of a cycle of z, values
of 1/2. See, for example, Figure 5.9. Thus, we investigate using Steiner partition

inequalities in an LP formulation for ST.

.- 12
e NA2 32 42
\ // // . \\
’ /1/2,' _ N
/‘/o /<— a Steiner partition
e Y2

Figure 5.9: A Steiner partition inequality of size 3 cutting off a solution consisting of
a cycle of edges with z. values 1/2. Edges shown have x, value 1/2. All other edges

have x, value 0.

Notice that, for Steiner partitions of size 2, the Steiner partition inequalities
reduce to: x(0(S)) > 1 for all S C V such that S separates 7. These are precisely
the cut constraints of the undirected cut formulation of ST, ILP(5.1). Since, by

Theorem 1, the Steiner partition inequalities are valid for ST, the following integer
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linear programming formulation is an ILP for ST:

min cx (5.10)

subject to Z re > kg —1, for all Steiner partitions II (of G) of
ec by
size ki € {2, 3} and such that each

G[V;] is connected, i = 1,2, ..., ky,

r. € {0,1}, forallee FE.
For the special case of MST, the LP relaxation of ILP(5.10) is the following:

min cx (5.11)

subject to Z re > kp—1, for all partitions P (of G) of size
ecEp

kp € {2,3}, and such that each
G[V;] is connected, i = 1,2,..., kp,

r, > 0, VeekFE.

This is similar to, but broader than, Chopra’s LP relaxation of MST, which has

integrality gap 1 [10]:

min cx

subject to Z r. > kp—1, V feasible partitions P of G,
ecEp
r. > 0, VeekFE,

where a partition P = (\71, Voo, Vkp) of V' is feasible if each induced subgraph G[VZ]
is connected. Notice that Chopra’s LP has constraints for all feasible partitions of
G, whereas LP(5.11) has constraints for only feasible partitions of size 2 or 3. Thus,
although similar to Chopra’s LP, LP(5.11) does not necessarily have an integrality
gap of 1 for the LP relaxation of MST.
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5.4.1 A Lower Bound for the Integrality Gap of the LP Re-
laxation of ILP(5.10)

Cycle Example

Let G to be the cycle on n vertices, with all edges of cost 1 and T'= V. The optimal
solution of ILP(5.10) (in this case, the optimal MST solution) consists of n — 1 edges.

An optimal solution to LP(5.11) has z. values of 2/3 on each edge. See Figure 5.10.

The ratio of the two solutions is % = 3(2;1) = % — %, which approaches % as n gets

large.

Xoy =™ Xe% [ )

e .1/.\0. 2./3/ \2/:
L / il 2/3 / 2/3
.1\0/ }0

(@) (b)

2/3

Figure 5.10: An example that has a ratio of 3/2 for the ratio of the optimal cost of
ILP(5.10) to the optimal cost of the LP relaxation of ILP(5.10), restricted to MST:
(a) an optimal solution of ILP(5.10), (b) an optimal solution of LP(5.11).

This gives a lower bound of 3/2 on both the integrality gap of the LP relaxation
of ILP(5.10) and the integrality gap of LP(5.11). It also shows that, while solutions
that are cycles consisting of x. values of 1/2 are cut off by our formulation, solutions
that are cycles consisting of x. values of 2/3 are not cut off. As we see in the next
example (Section 5.4.1), there is a larger lower bound for the integrality gap of the
LP relaxation of ILP(5.10).
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Odd-hole Example

An odd-hole graph H, = (Vi, Ey) is a graph that has 2k vertices (k € Nyg), with
terminal vertices Ty = {t1,t2,...,1;} and Steiner vertices Vi\T} = {v1,va, ..., %}
placed alternating in a cycle. The edge set E} consists of the “rim” edges connecting
the alternating terminal and Steiner vertices in an “exterior” cycle (i.e., the edges
of the form ey, and ey, ,, i = 1,2,...,k, where v4, := v;), and the edges that
join just the Steiner nodes in an “interior” cycle (i.e., the edges of the form e, ,,
i=1,2,...,k, where t; 1 :=t1).

Let Psr(G) be the Steiner tree polyhedron on graph G. Chopra and Rao [11]

present a family of odd-hole inequalities that is facet-defining for the Steiner tree

polyhedron on the odd-hole graphs, Hy.

Theorem 4 (Chopra and Rao, [11]) Given the odd-hole graph Hy, the odd-hole
inequality

> w2k —1) (5.12)

ecEy

is valid for Psp(Hy) if k > 3. Furthermore, the odd-hole inequality is facet defining
for Psp(Hy) if k is odd and k > 3.

We use these odd-hole facet-defining inequalities for the odd-hole graph to create
an example on which to investigate the LP relaxation of ILP(5.10).

In general, to form an example from a facet-defining inequality az > b for a poly-
tope on G, P(G), we do the following: For each edge e of GG, we take the coefficient
of x. in the inequality and set it to be the cost of e, i.e. set ¢, = a.. Then ax is
precisely the objective function of the LP. Since the inequality is valid for P(G), we
know that the value of the objective function is at least b. Thus, if we find an integer
solution with value b, then we know it is an optimal solution. Since the coefficients

of the odd-hole inequality (5.12) are all 1, set all the edge costs in the odd-hole graph
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to be 1. We look at the LP relaxation of ILP(5.10) on the odd-hole graph Hj with
edge costs 1, for k = 3, k =5, and as k gets large.

Odd-hole with k =3
Consider the odd-hole graph H3 with edge costs all 1 (see Figure 5.11). Appendix
A contains the formulation of the LP relaxation of ILP(5.10) on Hj.

O

®

@ terminal vertices

edge costs =1

4

Figure 5.11: The odd-hole graph Hy = 3. Edge costs are all 1.

Using the dual, an optimal solution for the LP relaxation of ILP(5.10) on Hj

consists of x. values % on the “outside” edges, and x. values i on the “inside” edges,

15

for a total cost of 2,

or 32 (see Figure 5.12). Notice that the tight constraints are
precisely the inequalities whose corresponding Steiner partition has a part consisting
of just a terminal node. An optimal solution ILP(5.10) on Hj consists of a path,
starting from a terminal vertex, of 4 outside edges. This gives an integrality ratio of
I = 1.06.

It can be easily seen that for this odd-hole graph Hj, edge costs all 1 yields the
largest integrality ratio. It is interesting to note that, for this example, the addition
in the LP relaxation of ILP(5.10) of constraints corresponding to Steiner partitions

of size 2 or 3 for which the induced subgraphs G[V;], ¢ € {1, 2, 3}, are not necessarily

connected, does not change the optimal fractional solution®.

3Indeed, running the CPLEX Interactive Optimizer on the LP formulation with constraints cor-

responding to all the Steiner partitions of size 2 or 3 returned the same LP solution as we obtained
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1/2/0% . terminal vertices
1/4

@ == an optimal ILP solution

1/2 /4 1/ 1/2 <— an optimal LP solution

4 3 _
12 1/2 edge costs =1

Figure 5.12: Optimal ILP and LP solutions for ILP(5.10) and its LP relaxation,
respectively, on the odd hole graph Hs. Edge costs are all 1.

Odd-hole with k =5
Consider the odd-hole graph Hs with edge costs all 1 (see Figure 5.13). Appendix
B contains the formulation of the LP relaxation of ILP(5.10) on Hs.

. terminal vertices

edge costs =1

Figure 5.13: The odd-hole graph Hj. Edge costs are all 1.

Using the dual, an optimal solution for the LP relaxation of ILP(5.10) on Hj

1

1 1
4

5 on the inside edges,

consists of x, values 5 on the outside edges, and z. values

for a total cost of 2, or 6% (see Figure 5.14). The tight constraints are precisely

4

the inequalities whose corresponding Steiner partition has a part consisting of just a

for the LP relaxation of ILP(5.10).
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terminal node. An optimal solution ILP(5.10) on Hj consists of a path, starting from

a terminal vertex, of 8 outside edges. This gives an integrality ratio of % = 1.28.

Py ML | |
@ 1/2 terminal vertices
1/2 U == an optimal ILP solution
(o :

1/4 1/2
—

an optimal LP solution

1/2
edge costs =1

Figure 5.14: Optimal ILP and LP solutions for ILP(5.10) and its LP relaxation,
respectively, on the odd hole graph H;. Edge costs are all 1.

Notice that this optimal LP solution is of the same form as that for the odd-hole
graph Hs. For the odd-hole graph Hj, edge costs of all 1 gives the largest integrality
ratio. The same holds for the odd-hole graph Hj.

Odd-hole with large k

Generalizing the results for the odd-hole graphs H; and Hj, we obtain that for the
odd-hole family of graphs Hy, £ > 3, with edge costs 1, an optimal basic solution for
the LP relaxation of ILP(5.10) on Hy, consists of . values % on the outside edges, and
. values 1 on the inside edges, for a total cost of 2k(3) +k(5) = k+k(5) = 2k. The
tight constraints are precisely the inequalities whose corresponding Steiner partition
has a part consisting of just a terminal node. An optimal solution of ILP(5.10) on
Hy consists of a path, starting from a terminal vertex, of 2k — 2 outside edges, for a

total cost of 2k — 2. Thus, the integrality ratio for the LP relaxation of ILP(5.10) on

this odd-hole family of graphs for & > 3 is 2’%;2 = (2k — 2)% = % = % — %, which

approaches % = 1.6 as k gets large.
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Thus, the integrality ratio for the LP relaxation of ILP(5.10) on for the odd-hole
family of graphs Hy, k > 3, using just the facet-defining Steiner partitions of size 2
and 3, asymptotically approaches % = 1.6.

Therefore, we have that the lower bound on the integrality gap for the LP relax-
ation of ILP(5.10) asymptotically approaches %.

5.5 Discussion

Notice that there are Steiner partitions of size 4 (such that the induced subgraphs
on the parts of the Steiner partition are connected) that cut off the optimal LP
solution to the LP relaxation of ILP(5.10). For example, for the odd-hole graph Hs,
the Steiner partition ({1,2},{3,4,5,6},{7},{8,9,10}) is a Steiner partition of size
4 whose induced subgraphs on the parts are connected, and whose corresponding
constraint cuts off the optimal LP solution we saw in Section 5.4.1, since ) . By Le =

4(3) +3(3) =22 # 3. See Figure 5.15.

edge costs =1

Figure 5.15: A Steiner partition of size 4 whose induced subgraphs on the parts are
connected, which cuts off the optimal LP solution to the LP relaxation of ILP(5.10)
on the odd-hole graph Hj.

Notice that there are also Steiner partitions of size 4 that cut off the cycle of
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x. values of 2/3 in the optimal solution of LP(5.11) for the cycle example in Section
5.4.1. Clearly, adding in constraints corresponding to Steiner partitions of size 4 (such
that the induced subgraphs on the parts of the Steiner partition are connected), can
only possibly make the integrality gap of the LP relaxation of ILP(5.10) smaller.
Further investigation could be done to see whether adding inequalities corresponding
to Steiner partitions of size 4 or greater (such that the induced subgraphs on the
parts of the Steiner partition are connected) to ILP(5.10) would greatly change the
8/5 lower bound on the integrality gap, or whether there is a different example that
gives a larger lower bound on the integrality gap.

In this paper, we have proposed and investigated two ILP formulations of the
Steiner tree problem. The first proposed formulation cuts off some solutions of the
undirected cut formulation, thus, for one example, reducing the integrality gap from
being tight at 2 to having a lower bound of 3/2. However, for the special case of
MST the LP relaxation of this proposed formulation does not have an integrality gap
of 1, and thus the formulation does not look promising to use in obtaining improved
results for Steiner tree.

The second proposed ILP formulation of Steiner tree is based on Steiner parti-
tions. For the special case of MST, the LP relaxation once again does not have an
integrality gap of 1, but is similar to an LP relaxation of MST which does have an
integrality gap of 1. A family of graphs was presented that provides a lower bound of
8/5 = 1.6 for the integrality gap of the LP relaxation of this proposed formulation.
The hypergraph-based LP relaxation of ST by Byrka et al. [5], with an integrality
gap of 1.55, remains the current LP relaxation with the lowest known integrality gap.

It remains an open problem to determine whether or not the integrality gap of
the bi-directed cut relaxation is less than 2 [5]. It also remains an open problem to
find an LP relaxation for ST that has an integrality gap of 1.39 (thus matching the

current best known approximation guarantee of 1.39 for ST [5]).
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APPENDIX A

Appendix A
LP of Odd-hole Graph H;

The LP formulation for the LP relaxation of ILP(5.10) on the odd-hole graph Hs,
in an lp form that can be submitted to CPLEX] is the following. Backslashes are

comments in CPLEX, and the number in brackets at the end of each line indicates

the partition giving rise to that constraint.

Minimize

obj: x12 + x23 + x34 + x45 + x56 + x16 + x26 + x24 + x46

Subject To

\ steiner partition facets, size 2

cl:
c2:
c3:

\

cd:
co:
c6:
cT:
c8:
c9:

\

cl0: x16 + x26 + x24 + x34 >=1
cll: x23 + x24 + x46 + xH6 >=1
cl2: x12 + x26 + x46 + x45 >=1

X124+ x16 >=1  \(1)
X234+ x34>=1  \(3)
<45+ x56 >=1  \(5)

x16 4+ x23 + x26 + x24 >=1
x12 4+ x26 + x46 + xH6 >=1
x34 4+ x12 + x26 + x24 >=1
x23 + x24 + x46 + x45 >=1
x56 + x46 + x24 + x34 >=1
x45 4+ x46 + x26 + x16 >=1
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cl3:
cl4:
clb:

\

x45 + x46 + x26 + x12 >=1 \(2,34)
x23 + x24 + x46 + x56 >=1 \(3,4,5)
x34 4+ x24 + x26 + x16 >=1 \(4,5,6)

\ steiner partition facets, size 3

cl6:
clT7:

\

cl8:
cl9:
c20:
c21:
c22:
c23:

x12 + x34 + xH6 + x26 + x24 + x46 >= 2 \(1,6)(2,3)(4,5)
x23 + x45 + x16 + x26 + x24 + x46 >= 2 \(1,2)(3,4

x23 + x34 + x24 4 x46 + x56 >= 2
x45 + x56 + x23 + x24 + x46 >= 2
x45 4 x56 + x12 + x26 + x46 >= 2
x12 + x16 + x26 + x46 + x45 >= 2
x23 + x34 + x24 4 x26 + x16 >= 2
x12 4 x16 + x26 + x24 + x34 >= 2

Bounds
0<=x12<=1
0<=x23<=1
0<=x34 <=1
0<=x45 <=1
0 <=x56 <=1
0<=x16 <=1
0<=x26 <=1
0<=x24 <=1
0<=x46 <=1
End

\(1,2,6)(4,5)(3)
\(1,2,6)(3,4)(5)
\(2,3:4)(1,6)(5)
\(2,34)(5,6)(1)
\(4,5,6)(1,2)(3)
\(4,5,6)(2,3)(1)
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Appendix B
LP of Odd-hole Graph H;

The LP formulation for the LP relaxation of ILP(5.10) on the odd-hole graph Hs,
in an lp form that can be submitted to CPLEX] is the following. Backslashes are
comments in CPLEX, and the number in brackets at the end of each line indicates

the partition giving rise to that constraint.

Minimize

obj: x12 + x23 + x34 + x45 + x56 4+ x67 + x78 + x89 + x910 + x110 + x24 + x46
+ x68 + x810 4 x210

Subject To

\ steiner partition facets, size 2

x12 + x110 >=1 \(1)

x23 +x34 >=1 \(2)

x45 4+ x56 >=1 \(3)

xX67 + x78 >=1 \(4)

x89 4+ x910 >=1 \(5)

\

x110 4+ x23 + x24 + x210 >=1 \(1,2)
x12 4+ x210 4+ x24 + x34 >=1 \(2,3)

x23 + x24 + x45 + x46 >=1 \(3,4)
x34 + x24 + x46 + x56 >=1 \(4,5)
x45 + x46 + x68 + x67 >=1 \(5,6)
X56 + x46 + x68 + x78 >=1  \(6,7)

x67 + x68 + x810 + x89 >=1 \(7,8)
X78 + x68 + x810 + x910 >=1  \(8,9)
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x89 + x810 + x210 + x110 >=1 \(9,10)
x12 4+ x210 + x810 + x910 >=1 \(1,10)
\

X34+ x24 + x210 + x110 >= 1 \(1,2,3)
x12 + x210 + x45 + x46 >=1  \(2,3.4)
X23 + x24 + x46 + x56 >= 1 \(3.4,5)
x34 + x24 + x68 + x67 >=1 \(4,5,6)
X45 + x46 + x68 + x78 >=1  \(5,6,7)
X56 4+ x46 + x810 + x89 >=1  \(6,7.8)
X67 + x68 + x810 + x910 >=1  \(7.8,9)
X68 + x78 + x210 + x110 >=1  \(8,9,10)
X89 + x810 + x210 + x12 >=1  \(9,10,1)
X910 + x810 + x23 + x24 >=1  \(10,1,2)
\

X110 + x210 + x45 + x46 >= 1 \(1,2,3,4)
x12 + x210 + x46 + x56 >=1 \(2,3,4,5)
X23 + x24 + x68 + x67 >=1  \(3,4,5,6)
x34 + x24 + x68 + x78 >=1 \(4,5,6,7)
45 4+ x46 + x89 + x810 >=1  \(5,6,7.8)
x46 + x56 + x810 + x910 >=1  \(6,7,8,9)

x67 + x68 + x210 + x110 >=1  \(7,8,9,10)

XT8 + x68 4+ x12 + x210 >=1  \(8,9,10,1)
X80 + x810 + x23 + x24 >=1  \(9,10,1,2)

x810 + x910 + x34 + x24 >=1  \(10,1,2,3)

\

X110 + x210 + x46 + x56 >=1  \(1,2,34,5)

X12 + x210 + x67 + x68 >= 1  \(2,3.4,5,6)
x23 + x24 + x68 + x78 >=1 \(3,4,5,6,7)
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X34+ x24 + x89 + x810 >=1  \(4,5,6,7,8)

45 4+ x46 + x810 + x910 >=1  \(5,6,7,8,9)

\

\ steiner partition facets, size 3

x12 + x110 + x210 + x24 + x34 >= 2 \(1)(2,3)
x23 + x34 + x24 + x46 + xH6 >= 2 \(3)(

x45 + x56 + x46 + x68 + x78 >= 2 \(5)(
x67 + x78 + x68 + x810 + x910 >= 2 \(7)(
x89 + x910 + x12 + x210 4 x810 >= 2 \(9)
x12 + x110 + x89 + x810 + x210 >= 2 \(1)(9,10)
x23 + x34 + x110 + x24 + x210 >= 2 \(3)(

x45 + xH6 + x23 + x24 + x46 >= 2 \(5
x67 + x78 + x45 + x46 + x68 >= 2 \(7
x89 + x910 + x67 + x68 + x810 >= 2 \(9)(7,8)

\
x12 + x110 + x210 + x45 + x46 >=2  \(1)(2,3,4)

x23 + x34 + x24 + x68 + x67 >= 2 \(3)(4,5,6)
x45 + x56 + x46 + x810 + x80 >=2  \(5)(6,7.8)
X67 + xT8 + x68 + x210 + x110 >= 2 \(7)(8,9,10)
x89 + x910 + x810 + x23 + x24 >= 2 \(9)(10,1,2)
x12 + x110 + x68 + x78 + x210 >= 2 \(1)(8,9,10)
x23 + x34 + x910 4 x810 + x24 >= 2 \(3)(10,1,2)
x45 + x56 + x12 + x210 + x46 >= 2 \(5)(2,3,4)
x67 + x78 + x34 + x24 + x68 >= 2 \(7)(4,5,6)

x89 4 x910 + x56 + x46 + x810 >= 2 \(9)(6,7,8)
\

x12 + x110 + x210 + x46 + x56 >= 2 \(1)(2,3,4,5)
x23 + x34 + x24 + x68 + x78 >= 2 \(3)(4,5,6,7)
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45 + x56 + x46 + x810 + x910 >= 2 \(5)(6,7,8,9)
X67 + xT8 + x68 + x12 + x210 >=2  \(7)(8,9,10,1)
x89 + x910 + x910 + x34 + x24 >= 2 \(9)(10,1,2,3)
x12 + x110 + x67 + x68 + x210 >= 2 \(1)(7,8,9,10)
x23 + x34 + x89 + x810 + x24 >= 2 \(3)(9,10,1,2)
x45 + x56 + x110 + x210 + x46 >=2  \(5)(1,2,3,4)
x67 + x78 + x23 + x24 + x68 >= 2 \(7)(3,4,5,6)
X89 + X910 + x45 + x46 + x810 >= 2 \(9)(5,6,7.8)

\

(
(

x110 + x23 + x24 4 x210 + x45 + x46 >= 2 \(1,2)(3,4)
x12 + x210 + x24 + x34 4 x46 + x56 >= 2 \(2,3)(4,5)
x23 + x24 + x45 + x46 + x68 + x67 >= 2 \(3,4)(5,6)

X34 4 x24 + x46 + x56 + x68 + x78 >= 2 \(4,5)(6,7)

X45 + x46 + x68 + x67 + x810 + x89 >=2  \(5,6)(7,8)
%56 + x46 + x68 + x78 + x810 + x910 >=2  \(6,7)(8,9)
X67 + x68 + x810 + x89 + x210 + x110 >= 2 \(7,8)(9,10)
X78 + x68 + x810 + x910 + x12 + x210 >= 2 \(8,9)(10,1)
x89 + x810 + x210 + x110 + x23 + x24 >= 2 \(9,10)(1,2)
x12 + x210 + x810 + x010 + x24 + x34 >= 2 \(1,10)(2.3)
\

x110 + x23 4+ x24 4 %210 + x46 + xH6 >= 2 \(1,2)(3,4,5)
x12 + x210 + x24 + x34 4 x68 + x67 >= 2 \(2,3)(4,5,6)
x23 + x24 + x45 + x46 + x68 + x78 >= 2 \(3,4)(5,6,7)
x34 + x24 + x46 + x56 + x810 + x89 >= 2 \(4,5)(6,7,8)
x45 4 x46 + x68 + x67 + x810 4+ x910 >= 2 \(5,6)(7,8,9)
x56 + x46 + x68 + x78 + x210 4 x110 >= 2 \(6,7)(8,9,10)
x67 4+ x68 + x810 + x89 4 x210 + x12 >= 2 \(7,8)(9,10,1)
X78 + x68 + x810 + x910 + x23 + x24 >= 2 \(8,9)(10,1,2)
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x89 + x810 + x210 + x110 + x34 + x24 >= 2
x12 + x210 4+ x810 + x910 + x45 + x46 >= 2
\

x110 + x23 + x24 + x210 + x68 + x67 >= 2
x12 4+ x210 + x24 4 x34 4 x68 + x78 >= 2
x23 4+ x24 + x45 + x46 + x89 + x810 >= 2
x34 4+ x24 + x46 + x56 + x810 4 x910 >= 2
x45 4 x46 + x68 + x67 + x210 4+ x110 >= 2
x56 + x46 + x68 + x78 4 x12 + x210 >= 2
X67 + x68 + x810 + x89 + x23 + x24 >= 2
X78 4+ x68 + x810 + x910 + x34 + x24 >= 2
x89 + x810 + x210 + x110 + x45 + x46 >= 2
x12 + x210 4+ x810 + x910 + x46 + xH6 >= 2
\

x34 4+ x24 + x210 + x110 + x68 + x67 >= 2
x12 4 x210 + x45 4 x46 4 x68 + x78 >= 2
x23 + x24 + x46 + x56 + x810 + x89 >= 2
x34 4+ x24 + x68 + x67 + x810 4+ x910 >= 2
x45 + x46 + x68 + x78 4+ x210 + x110 >= 2
x56 + x46 + x810 + x89 + x210 + x12 >= 2
x67 4+ x68 + x810 + x910 + x23 + x24 >= 2
x68 4 x78 + x210 + x110 + x34 + x24 >= 2
x89 + x810 + x210 + x12 4 x45 + x46 >= 2
x910 + x810 + x23 + x24 4 x46 + x56 >= 2
Bounds

0<=x12<=1

0<=x23 <=1

0<=x34 <=1

\(1,2)(3,4,5,6)

2
\(2,3)(4,5,6,7)
\(3,4)(5,6,7.8)

\(4,5)(6,7,8,9)
\(5,6)(7,8,9,10)
\(6,7)(8,9,10,1)
\(7,8)(9,10,1,2)
\(8,9)(10,1,2,3)
\(9,10)(1,2,3,4)
\(1,10)(2,3,4,5)

\(1,2,3)(4,5,6)
\(2,3,4)(5,6,7)
\(3:4,5)(6,7.8)
\(4,5,6)(7.,8,9)
\(5,6,7)(8,9,10)
\(6,7,8)(9,10,1)
\(7,8,9)(10,1,2)
\(8,9,10)(1,2,3)
\(9,10,1)(2,3,4)
\(10,1,2)(3.4,5)
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0<=x45 <=1
0 <=xb6 <=1
0 <=x67 <=1
0<=x718<=1
0 <=x89 <=1
0 <=x910 <=1
0 <=x110 <=1
0<=x24 <=1
0 <=x46 <=1
0 <=x68 <=1
0 <=x810 <=1
0 <=x210 <=1
End



Chapter 6

Conclusion

In this dissertation, we examined some specific network connectivity problems, with
the goal of achieving improved approximation algorithm and integrality gap results
for these problems. We also introduced an important new, highly useful and appli-
cable, network connectivity problem, and presented an approximation algorithm and
integrality gap for it.

In Chapter 2, we introduced the new vital core connectivity problem (VCC).
We showed that it is NP-hard, but that there exists a polynomial-time algorithm
that solves EMST (the special case of VCC in which & = [ = 1). In addition, we
provided a complete linear description for EMST. Chapter 2 is the first paper to
introduce EMST, as well as the first to solve it. In Chapter 2, we also presented
the first constant factor approximation algorithm for VCC, as well as the first upper
bound on the integrality gap of the LP relaxation of VCC. In particular, we showed an
approximation guarantee (and upper bound on the integrality gap) of % for [ > [%L of
Yior2<l<[f];and of 2 forl = 1orforl=[%] and k even. When ! = [£] and k is

odd, the approximation guarantee and upper bound for the integrality gap are at most

wloo

, and asymptotically approach g from above as k gets large. We took note of our

approximation guarantee (and upper bound on the integrality gap) for several special

228
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cases. For example, for the special case VCC(k, k,V*), V* # V' we have 2; for the
special case VCC(2, 1, V*) (in which the secondary vertices are not a cut set), we have

3. The special case of VCC(2,1,V\{r}) finds a feasible multi-2EC solution in which

3

S approximation guarantee (and

r is not a cut vertex, and for it our results give a
upper bound on the integrality gap). This extended our %—approximation algorithm
for multi-2EC in Chapter 4. Finally, we provided the first complete linear description
of, and polynomial-time algorithm for, an extension of EMST to numerous disjoint
vital cores.

In Chapter 3, we examined the NP-hard problem multi-SNDP, and presented
results which are improvements over the current best known results for certain cases
of it. In order to achieve this, we presented some results on minimum cost perfect

matchings, T-joins, and minimum cost spanning trees. Using these results, we showed

that the integrality gap for the LP relaxation of multi-SNDP is at most %% when

3Tm

T is even, and at most 3 n

+ 2%1 when r,, is odd, where r,, is the maximum vertex
connectivity requirement and r; is the smallest nonzero vertex connectivity require-
ment. Along with this, we presented an approximation algorithm for multi-SNDP
which has an approximation guarantee the same as these upper bounds. These are
improvements for the best known bounds and approximation guarantees for certain
special cases of multi-SNDP, and we presented a family of examples demonstrating
this.

In Chapter 4, we examined multi-SNDP, SNDP, VC-SNDP, and other variations,
with low vertex connectivity requirements. We presented extensions and applications
of our results in Chapter 3 to related problems, and we investigated cases where the
optimal values of multi-SNDP and SNDP are equal. Furthermore, we demonstrated
that multi-SNDP and metric SNDP are closely related for r; € {0,1,2}, 7 € V; and
we showed that the upper bound for the integrality gap of the LP relaxation of metric
SNDP with r; € {0,1,2}, i € V, is 3/2, thus extending the known upper bound of

3/2 for the integrality gap of the LP relaxation of metric 2EC [1]. We also showed
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that our multi-SNDP approximation algorithm that was presented in Chapter 3, with
certain modifications, applies as well for metric SNDP with r; € {0,1,2}, ¢ € V, thus
giving a %—approximation algorithm for that case. We then moved on and investigated
the related VC-SNDP, particularly for small vertex connectivity requirements. We
further modified our approximation algorithm to obtain a %—approximation algorithm
for metric VC-SNDP with r; € {0,1,2}, ¢ € V. We also showed that there is a
upper bound for the integrality gap of the LP relaxation of this problem. Our

N[w Nlw

approximation guarantee and integrality gap bound applies to the Steiner tree
problem with either uniform or metric edge costs.

In the last chapter, Chapter 5, we investigated different ILP formulations for the
Steiner tree problem (ST), and their corresponding LP relaxations. We considered
finding stronger LP relaxations for ST in terms of the integrality gap of the LP
relaxation. In particular, we considered finding LP relaxations for ST such that the
LP relaxation, when restricted to MST, has an integrality gap of 1. We proposed
two new formulations for ST, one based on the undirected cut formulation and the
other on Steiner partitions, and investigated their strength in terms of their associated

integrality gaps.

6.1 Future Work

There are a number of open problems and avenues for future research.

It remains an open problem to find an ILP for the Steiner tree problem such
that its LP relaxation has an integrality gap of 1.39 (or, at the very least, better
than the current integrality gap of 1.55 [3]), thus matching the current best known
approximation guarantee of 1.39 for ST [3]. It also remains an open problem to
determine whether or not the integrality gap of the bi-directed cut relaxation for ST
is less than 2 [3].

Further work on the k vertex out-connected from r spanning subgraph problem
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(kVC{r}), briefly considered at the end of Chapter 4, could be done. This problem
is of particular interest, since the 2-approximation algorithm for 3VC in [2] calls a
subroutine that returns a feasible solution of kVC{r} with total cost at most twice
the optimal value [4]. If the approximation guarantee for kVC{r} can be improved,
then the best known approximation guarantee of 2 for 3VC can also be improved.

The 2-approximation algorithm (and upper bound on integrality gap) for multi-
SNDP and SNDP comes from Jain’s results using iterated LP rounding [6]. Although
it runs in polynomial time, Jain’s algorithm makes use of the Ellipsoid method, which
in practice is prohibitive. It remains open to find for SNDP an approximation algo-
rithm that does not use the Ellipsoid method and that has an approximation guar-
antee of 2 or better. It is also a long-standing open problem to obtain any constant
factor approximation algorithm for VC-SNDP. The best result so far connected to
this is a 2-approximation algorithm for VC-SNDP with vertex connectivity require-
ments r; € {0,1,2}, ¢ € V [5], and a k-approximation algorithm for £VC [8]. It has
been shown that iterative rounding will not work for VC-SNDP [5]. An intermedi-
ate problem is the element connectivity problem [7], in which only edges and certain
vertices can fail. Problem SNDP is a special case of this problem. The best known
approximation guarantee for the element connectivity problem is 2, and is obtained
from iterative rounding [5].

Problem VCC that we introduced in this dissertation can be generalized as fol-
lows: Let G = (V, E) be a multi-graph with non-negative edge costs ¢ € R¥ and vertex
connectivity requirements r; € Ny for all i € V, and t; € N5 for all i € V* (so ver-
tices in V* each have two vertex connectivity requirements). Let r;; = min{r;,r;}
for each pair of distinct vertices 4,5 € V, and let ¢;; = min{t;,¢;} for each pair of
distinct vertices 7,7 € V*. The problem is to find a minimum-cost subgraph that
has, for each pair of distinct vertices ¢,7 € V, at least r;; edge-disjoint paths in G
between i and j; and that also has, for each pair of distinct vertices 7,5 € V*, at least

ti; edge-disjoint paths in G[V*| between ¢ and j. We call this the survivable network
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vital core connectivity problem (SNVCC). It is easy to see that SNVCC is NP-hard.
Problem SNVCC can be generalized even further to a problem which includes Jain’s
general problem as a special case. We call this the wvital core network connectivity
problem (CORE), and define it as follows: Let G = (V, E) be a multi-graph with (1)
non-negative edge costs ¢ € R¥, (2) vertices partitioned into vital vertices V* C V
(which form a “vital core”) and secondary vertices V\V*, (3) given weakly supermod-
ular cut requirement functions f : 2" — Z and g : 2V — Z, and (4) a given edge
capacity function u : E — Z>1, where u, := u(e) is an upper bound on the number
of copies of edge e € F that may be used by a solution. The problem is to find a
minimum cost spanning multi-subgraph of G such that there are at least f(S) edges
in every cut dg(S), for all S C V, and at least g(5’) edges in every cut dgp+(S'),
for all S C V*. Although this problem arises naturally in many applications, and
has some similarities with other problems, as well as encompasses a great number of
problems, this problem has not yet been studied. If it can be shown that every basic
solution z* of CORE’s corresponding LP relaxation contains an edge ¢/ € E such that
x> 1/2, then it is straightforward to show that Jain’s iterated LP rounding method
[6] can be extended to CORE to obtain a 2-approximation algorithm for CORE (and
thus for SNVCC as well, since SNVCC is a special case of CORE). More work needs
to be done on this to determine if such an edge always exists in a basic solution of
the LP relaxation of CORE. Work could be done as well investigating whether other

approaches yield any approximation algorithm for CORE.
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