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Abstract

During the startup phase of a production process while statistics on the
product quality are being collected it is useful to establish that the process
is under control. Small samples {n(i)}__, are taken periodically for ¢ peri-
ods. We shall assume each measurement is multivariate. A process is under
control or on-target if all the observations are deemed to be independent and
identically distributed. Let F* represent the empirical distribution function
of the i** sample. Let F' represent the empirical distribution function of all
observations. Following Lehmann (1951) we propose statistics of the form
S [T (F ) - Flo)Yars). ©01)
i=17 "
The asymptotics of nonparametric g-sample Cramer-Von Mises statistics
were studied in Kiefer (1959). The emphasis there, however, is on the case
where n(i) — oo while ¢ stayed fixed. Here we study the asymptotics of a
family of randomness statistics, that includes the above. These asymptotics
are in the quality control situation (i.e ¢ — oo while n(3) stay fixed).

Such statistics can be used in many situations; in fact one can use ran-
domness statistics in any situation where the problem amounts to a test of
homoscedasticity or homogeneity of a collection of observations. We give
two such applications. First we show how such statistics can be used in non-
parametric regression. Second we illustrate the application to retrospective

quality control.
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Chapter 1

Introduction

Testing for homoscedasticity has many applications in statistical analysis.
For example regression analysis may be viewed as determining the set of pa-
rameters that makes the residuals homoscedastic. Also off-line quality control
1s equivalent to a test of homoscedaticity on past quality measurements.

Assume for each i = 1,--- ¢ a small sample n(z) observations is collected.

Let
e N= Z?:l n(z),

® F is the empirical distribution function of the i** sample,

-

¢ F is the empirical distribution function of all the samples taken to-

gether.

The problem is to test if these samples are homoscedastic. Lehmann (1951)

considered the problem of testing the equality of the distributions of q sam-



ples. He proposed
> [(F ()= FOIPAFE),

Here we present the following statistics

Sq= 'Z:;/'"/kq(N,i,F(sl,---,Sd),F(sl,...,sd))n(i)dF"(sl,...,sd).

These statistics are examples of the Crdamer-Von Mises family of statis-
tics. The asymptotic properties of these statistics were studied by Kiefer
(1959). He considered the case where n(i) — oo while ¢ stayed fixed. Mc-
Donald (1991) considered the situation where ¢ — oo and n(i) stays fixed
for univariate observations. In Chapter 2 of this thesis a family of statistics
called randomness statistics which contains the above statistics is introduced.
The asymptotics of such a family of statistics constitutes the main theoret-
ical result of this thesis. Note that these asymptotics deal with the case of
multivariate observations and they are in the case where ¢ — oo while n(z)
stay fixed.

A typical application of the above statistics would be the case of a startup
phase of a quality control procedure in which we do not dispose of the nom-
inal control values nor of sufficient information on the distribution of the
measured qualities. Usually we assume that the process is in control dur-
ing this phase and we use the first measurements to collect statistics on the
product qualities. The non-parametric statistics presented here allow us to
do retrospective tests on the past measurements to ensure that the process
was always in control. This application is presented in Chapter 4 of this

work.

T ey



Chapter 3 presents another application of the above statistics to regres-

sion analysis.



Chapter 2

Asymptotics of
multidimensional randomness
statistics

2.1 Introduction

During the startup phase of a production process while statistics on the
product quality are being collected it is useful to establish that the process is
under control. Small samples {n(i)}{-, are taken periodically for ¢ periods.
We shall assume each measurement is an R? random vector. A process is un-
der control or on-target if all the observations are deemed to be independent
and identically distributed. Testing if the process is on target is therefore
equivalent to test if a collection of g small samples forms a sequence of i.i.d
random vectors. Lehmann (1951) considered nonparametric tests of equality

of the distributions of ¢ samples. He proposed the following statistic (for

R et ]



d=1)

> [ (F6) = Fle)eF( | .1

where F* represents the empirical distribution function of the i** sample and
F represents the empirical distribution function of all observations. Note
that this statistic is a measure of distance between the overall empirical
c.d.f and the empirical distributions of each of the ¢ samples. The fam-
ily of such statistics is known as the family of g-sample Cramer-Von Mises
statistics. The asymptotics of nonparametric q-sample Cramer-Von Mises
statistics were studied in Kiefer (1959). The emphasis there, however, is on
the case where n(i) — oo while ¢ stays fixed. Here we study the asymp-
totics of a Cramer-Von Mises family of statistics when ¢ — oo while n(i)’s
stay small. In the rest of this chapter we shall define a family of random-
ness statistics and then we shall establish the asymptotic normality of these

statistics under some regularity assumptions.

2.2 Randomness Statistics

Let U be a random variable on R? with distribution Fy. Then for any ¢ € R¢
with components ¢, dzfine the generalized distribution function Fy = {G,:
a € T} whose a** component is of the form
Ga:=E [] X(-ootsl II Xitwsoo)(D)
k€l kelg
where I, is a subset of {1,2,---,d} and IS denotes the complement. The

index a ranges over all 2% subsets of {1,2,---,d}. Suppose, for each i =

-
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1,---,q, we have a sequence {(7.-,- :3=1,---,n(i)} of indepehdent random
vectors with values in R? with distribution F; and generalized distribution
Fi. Let F = ¥%,n(i)F./N denote the mean generalized distribution. Let
Ui = {(7;,- :j=1,---,n(i)}. We may define the corresponding generalized
empirical distributions of the i** block: |

-,

‘ 0 ) |
Fi®) .= == I xt-cotul [I Xiteoo)(Uis)y  F* = {Fi}aez
n(i) j=1kel, kels

and of the total sample:

2

1 )

F(t) = N X—ooits] 1] Xiteoo)(Tis)s  F* = {F}aer.

q9
i=1j=1kel, kelg

<
Il
—

For &; = (ti1, -+, tin(i)) Where t;; € R and a € {1,---,q} define S,(£) =
{Folti;) : 5 =1,---n(3)} and §*(F) = {F(t;) : j = 1,---n(i)}. The local
structure of the i** block is given by $*(0;) = {F*(Uy;) : j = 1,---n(i)}. De-
fine the global structure of the it* block §*(0;) = {F*(U;;): 5 =1,---n(3)}.
We also define S(U;) = {F(Uy) : j = 1,---n(i)} and S;(T;) = {F(Uy;) : j =

1;---n(i)}. These vectors are all in the space H; := {hjs;7 € {1,2,:--,n(i)},a €

T}. We denote the norm of vectors & in H; by

. n(i)
Al = 3 3_ h%.12
j=la€&Tl
If k(3,%) is a function on H; x H; taking real values then we denote the
derivative in the direction & € H; by #'- V;k(5,t). Furthermore we denote the
Hessian applied to vectors #' and @ by # - V:k(5,t) - @. Mixed derivatives

have the analogous notation.

¢ maererae



Definition 2.1 We say S, is a multidimensional randomness statistic with

kernel k, if it is of the form
q —bo —p - —d
Se =D ky(N,4,5(T5), 5°(i)).
=1

We shall impose some of the following regularity conditions on the ran-
domness statistic. For all positive integers {N, ¢, i} and for all vectors § and

tin H; with components in [0, 1]:
Cl Elky(N,i, S0, 8(00)) — Eko(N,i, 5 (T5), ST} < Kan(i)®.
C2 |7+ Viko(N, 5, £, D] < /n(i)k1]17]; for all & € Hi.
C3 |7 Viike(N,i,5,8) - 0| < wo||¥]lsl|wll; for all 7 and @ in Hi.
Ct [T Voko(N,i,5,8)| < y/n(@mal3 for all 7 € Hi.

We remark that these randomness statistics extend the univariate ran-
domness statistics discussed in McDonald (1991). Define the rankings R =
{Riyqnan) ¢ 3 = 1,---n(i)} of the n(i) values Uj; of the i** block when
ranked among the N points of the g blocks. Here Ri(; denotes the rank of
the 7* largest of the i** block. We say S, is a univariate regular randomness
statistic with kernel k, if it is of the form

g i
Se = gkq(N, i, Ri);
where k, satisfies conditions C2 and C3. Note that condition C1 follows

automatically if all F}'s are equal (for more detail see the proof of Corollary



2.2). A typical univariate Randomnes.s statistic was defined in Chouinard
and McDonald (1985) as follows:

n(i) . N 2
R, = z=j / (n(i)+1F(s)——mF”(s)) n(i)dF(s)

q n(é) N . i 2

Clearly R, is small if the sample is homoscedastic. Moreover R, is distribu-

tion free so the mean and variance can be explicitly calculated :

a)
N ]
ExiF W =ao+n

n(2n + 1) E n(i)(2n() + 1) (2.2)

b) E® =3+ 6(n(i) + 1)

t_.

1
VarR, = m{"(q —-1)+(2¢—2n-5) (; (i) + 1)

+ (n+2) (E CIOE 1)2)

=1

q 1 2 ,
('; DTl 1) +q(~q+3)} (2.3)

A natural multivariate (bivariate for simplicity) extension of this statistic
can be given. In this case F(z,y) = (F(z,y), F(z,00) — F(z,y), F(00,y) —
F(z,y),1 — F(z,00) — F(00,y) + F(z,y)) and we define

g n()

ZZ |F*(U;) = F*(Us)|1*

i=1j=1



Again R; is smallif the sample is homoscedastic but the distribution depends
on the underlying distribution F. It is easy to check that ®; is a Randomness
statistic.

The following alternative multivariate (bivariate for simplicity) Random-
ness statistic can be useful in the quality control situation where the compo-
nents of the observations should be uncorrelated. We remark that statistic
generalizes the one given in Ghoudi (1990). Let F% be the empirical marginal
distribution of the first component based on the observations in all g blocks.
Let f; be the corresponding empirical marginal distribution of the second
component. Define Fiy (z,y) = (Fx(z)Fs (), Fx(z)(1 - Fp(¥)), Fy(y)(1 -

- Fy(x)), (1 - Fx(x))(1 — F3(y)) and
g n(i) . )
Ra =D |IF'(Ui) = Fxy (Ui)lI*.
. =1 j=1
Clearly R is small if the sample is homoscedastic and the components are
independent. Moreover R; is distribution free so the mean and variance can

be explicitly calculated (see Chapter 4 for more detail).

2.3 Asymptotic Normality

Next we propose to study the asymptotics of randomness statistics given
in Definition 2.1. First consider a Taylor series expansion of the kernel
ky(n,i,5,t) in the variable ¢ around S@;). Weget S, = Ty + Ag + Ly

where

T, = 3 k(. i, 800, S0, | (24)
i=1



Ag = 32(5* (T — SO Veko(N, 5, (T, 5T) (2.5)

=1
and
Lq = %i( —‘.(U‘i) - g((js)) Vttkq(N,ia gi(ﬁi)’og.([j‘) + (1 - 6)§(L7,))
i=1
(5*(T:) - 8(T)). (2.6)

where @ is some stochastic number in (0, 1)

Proposition 2.2 Let Wy, .-, W, be i.i.d R%-random vectors with common
distribution F' then for all a € T and for every ¢ > 0 there exists a constant

Ca,e such that
P{sup () - (9] 2 ) < Cucerp(—(2 - ) |
terR :

Proof
This proposition is a consequence of Kiefer’s Theorem in Kiefer (1960). In
fact one needs only to notice that each F) is the empirical distribution

function of N i.i.d random vectors having F, as their common distribution

function. o

Corollary 2.3 There ezists a universal constant C which depends only on

d such that for all i and a’s

)

E{ sup [(5°E) - G@Eniy < 9 o

G E(RA() n(a)

10



a Py 4 Cn(i)?
B(_swp 176 - LGN < Ty

Proof:

E{ sup |I(§*(&) - Sa(EDI}
fig(RA)O)
n(i)
= E{ sup ZZ(P(ttJ)"Faa(tu))z}

t;€(RI)MD j=1aeT

< Y E{n() sup |F2(t) — Faa(t)[*}
a€l terd

Cn(i)

P ition 2.2.
(@) by Proposition 2.2

For the second part of the corollary using Jensen’s inequality we get

E{ sup [($o(E) - Sa@ENI}

E(RAE
n(i)
< E{ sup n(i)2?d 3 (Fo(t) — Fa(ti))'}
G &R~ j=1a€T
< 2¢ Z E{'n(z)2 sup |Fa (t) — aa(t)l4}
a€l
Cn(i)? .
(a)? by Proposition 2.2.

Proposition 2.4 There ezists a constant C that depend only on d, the di-
mension of the space, such that

Cn(i)

E|(5*(Ti) - SOinE < =

11



Proof:
In fact ||(5*(T) - $(O)I? = =) L2 (F2(Uis) ~ Ga(Uiy))? end from
the definition of F it follows

E{(F2(Uss) - Ga(U))?} E{Z 2 (r4 (U ~ Fu)?

= Z n](\g E’(F:(Uij) - Fla(Uij))2

< z "(”E{sup{n(z)(ﬂ (t) = Fu®)?)}
C

< where C depends only on d.

The second equality follows from the fact that if ! # h then at least one of
them is not equal to i and hence E{(F!(U;;)—Fia(Ui;)) (F2(Uij) = Fra(Ui5))} =

0. The last inequality follows from Proposition 2.2 o
Proposition 2.5 If k, satisfies C3 then E|Ly| < C < oo.

Proof:
From C3 it follows that

E|L,| < nzjzlE||<S‘°(ﬁi)-s‘(ﬁi))||?

< C by Proposition 2.4. o

The next three propositions will give some insight about A4 but first we

shall write A, as the sum of U; and W, where

U= 3 3 HHS () - SOy VekoV,1, 300, 50 @)

=1 a=1

a#i

12




and

W= fjﬁl(g‘(ﬁe) — §,(00)) Viko(N, 3, § (D), §(T5)). (2.8)

=1

Now note that EU, = 0. Moreover, if we let
wia(U, Ua) = n(e)(5*(0h) = Sa(U2)) Veko(N, 3, 5*(03), S(0))

then one can easily see that E{um(ﬁ;,ﬁa)|a(ﬁ,~)} = E{ui(U;,U,)} = 0.
Also let
-~ q -
Uy = >_ E{Uqlo(Un)}
=1

Proposition 2.6 Let tia(Us) = E{ui(U;, Us)lo(Ua)} then

Proof:
Note that if | # i and | # a then E{uia(T:, Ua)lo(U1)} = E{wia(Ti, Us)} =
0 and if = i # o then E{uia(U;, Ua)|o(Ur)} = 0 by the above remark o.

Proposition 2.7 If k, satisfies condition C2 then
. cJd
Var(U, - U,) < i S n(i)?
i=1

Proof:
Let Ui (Ui, Ua) = wia(U;, Ua)—ﬂm(ﬁa). From the definition of 4 it follows
that Wi (U;, U,) is o(U;, U,) measurable and

E{¥ia(T:, U)o (U:)} = E{¥ia(T;, Ua)lo(Ta)} = 0.

13




Since U, — U,, = —1}7 3¢ AN DY \Il;a((j,-, (ja) it follows that
a#i

N 1 L 3 _ - " -
Var(Uy - Ug) = 75 § ; E{¥:0 (T, Ua)}? + E{%ia(Ui; Ua) Yai(Ua, Ui)}-

First we see that

E{tia(Ui, Ua) = ia(Ua)}?
2E {uia (Ui, Ua)}? + 2E{tia(Ua)}>

E{¥:u (T, Ua)}?

IA

IA

4E{uis(U;,U,)}* by Jensen’s inequality
4kin(i)n(a)?E| 82 (T;) — S.(T)|? by Condition C2

IA

IN

akin(iyn(@)?E{_ sup [[(§*(E) — Sa@ENI?}
(RO

IN

Cn(i)*n(a) . by 1) in corollary 2.3.

Moreover
0 o 1
E{Wia(0;, Ua)Wai(Ta, U} < [E{Wia(Th, Ua) PE{¥ai(Ta, U P2]? < Cr(i)n(a).

Therefore

R q
Var(U, — U,) < ¢ S n(l)?
N =1
Proposition 2.8 If k, satisfies condition C2 then

Var(W,) < %gn(l)z.

14




Proof:

q

w2 < 3D - S VekoM, 1,50, ST

< K1Y N |S*(U:) — Si(U)|I by Condition C2.
i=1

The first inequality follows from Jensen’n inequality. Now Corollary 2.3 gives

q
Var(W,) < E(W,) < % Ya: o
=1

Theorem 2.9 If S, is ¢ Randomness statistic satisfying conditions C1, C2
and C3 and liminf, . —‘{“;—S" > 0 and limg.co 17— n(i)?/¢% = 0 then (S, —
ES,)/+/VarS, = Z(0,1) where Z(0,1) indicates a standard normal random

variable.

Proof:
If liminfy oo &';—Si > 0 and limg—_..o 20, n(2)2/¢® = 0 then Propositions

2.5, 2.7 and 2.8 imply that (S,— ES,)//Var(S,) is asymptotically equivalent

to (Tq—ETq+[7q) //Var(S,). One can easily verify that lim,_., Var(S,)/Var(T;+

Uq) = 1 and hence we just need to check the Lyapounov conditions for
T,— ET,+ U, = T1_, & where after a change of the order of summation and
a relabeling of 7 and a we get
& = ky(n,i, 500, §(00)) - Ekg(n, 5, § (0, 50N + 5 g 1o (TF)
a#i
are independent random variables.

E{€!} < 8E{ky(n,i,5(0), 8(0:) — Eky(n,s, 5'(0:), S(U:))}

15



8 & . -
+']WE{ Z uo,-(U.-)}4
a=1

a#Ft
q —d
< Cn(i)?+ %—E{ 3 4ai(Us)}* - by Condition C1
P |
q —do o g -
< Cn(i)?+ %E{ > n(i)\/r(@)|5(Ta) = 5T la}* by Condition C2
a;éc
< Cn@)+ E'{ Z n(z)) 15%(Ta) - Si(Ua)I4} by Jensen’s inequality
a;és
. 1 Cn(a)? .
< Cn(i)?*+ az—:l 222) :((1)3 by Corollary 2.3 (ii)
a#i
< Cn(i)>.

The above plus the hypothesis liminf,_.c YLS* > 0 and limg—.oo Y0 n(2)%/¢% =
0 gives the Lyapounov condition for the fourth moment. o
Using the same proof we can have different hypotheses yielding the asymp-

totic normality.

Definition 2.1 Alternate forms of condition C1 are
Clae Elk,(N,i,5(T),5(0,)) - Ekq(N,i,é‘(ﬁi), ST = xkan(i)?.
C1b Elky(N,i, S:(T), §(0:)) — Eky(N,i, 5i(Th), S(T0))¢ = kan(3)>2.

Theorem 2.10 If S, is ¢ Randomness statistic satisfying one of the follow-

ing sets of conditions

e Cla, C2, C8 and C4 and the F; are all equal to F

16




o C1b, C2, C8and C4

e C2 C8 C4and
- | = - —t ﬂ»(i) . - - —
kq(N,i, 8% (U5), §°(U3)) = X _ ko(N, 4, F*(Uy), F*(Uyy))

j=1

where k; is bounded

then if

VarS,

liminf

q—oo

q
>0 and qllran(i)’/qQ =0
i=1
then (S, — ES,)/\/VarS, = Z(0,1) where Z(0,1) indicates a standard

normal random variable.

Proof:

In fact condition C1 is'only used to establish that
E{ky(n,i, 5(0:), §(00) — Eko(n,i,5(0), ST} < Cn(e)*  (29)

therefore to prove Theorem 2.10 we just need to verify inequality (2.9). First
consider the conditions Cla and C4 and all the F;’s equal. A Taylor series

development of kq(n,3,5,) in the variable § around S(U;) gives

E{kq(nviv gt((jt)ag([j%)) - EkQ(nvz’S“(Ut)7§((jt))}4
< 27E{kqy(n,i, S(0), 8(0)) — Eky(n, i, 5(05), ST:))}*
+S4E{(§(T) — 500 Vakq(n, i, (05 () + (1 — )S(5), ST}

17




Using Condition Cla and C4 the above gives
E{ky(n,i, 5 (0:), S(T.)) — Eky(n,i, 5 (T:), S(Ti))}
< 27Cn(i)? + 54nin (i) E{I15*(T) - ST}
< Cn(i)2.

The last inequality follows from Corollary 2.3(ii) and the fact that all Fi’s
are equal.
Next consider the conditions C1b and C4 and we see that a Taylor series
development of k,(n,i, 5, t) in the variable 5 around ,S-",-([j,-) gives
E{ky(n,i, §(05), §(0)) — Eky(n, i, 5(0h), 5(0:))}*
S 27E{kq(n’ i’ 'i(ﬁt)s g(ﬁl)) - Ekq(n’ i) ‘S.'l(ﬁi)f 'S-"((-jt))}4
+54E{(5' (i) — 8i(T))' Voky(n, i, (05F(T) + (1 — 0)5:(T3), ST}
Using Condition Clb and C4 the above gives
E{ky(n,i, §(0,), S(0))) - Eky(n,i,5(0), 50))}*
< Cn(i)? + 54nin(i)*E{IS*(05) - Si(TO)II{}
< Cn(i)* by Corollary 2.3(ii).
Finally if ko(N,i, $(05), S*(Th)) = £38) KA(N, 4, F¥(U;;), F*(U;)) where
k is bounded we show that C1b holds. We need only note that
ko(n,3,$(05), §(05)) — Ekq(n,i, Si(Th), S(0:)

is the sum of n(i) bounded independent and mean zero random variables so
its fourth moment is less than Cn(i)2. o

The main result in McDonald (1991) should have been stated as follows.
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Corollary 2.2 If S, satisfies conditions C2 and C8 and if

VarS, >0

q
lim 3 n(i)*/q* =0, and liminf
=1

then (Sq— ESg)/+/VarS, = Z(0,1) where Z(0,1) indicates a standard nor-

mal random variable.

The hypothesis lim sup,_,, ’—v;,@ < 00 was never used.
Proof: By Theorem 2.9 it suffices to verify condition C1. Using the smooth-

ness of k, and expanding around the point

L 1 2 n(i)
p"“(n(i)+1’n(i)+1’ "n(i) +1

)

ko(N,i,U;) = Ekg(N,i, ;)
n(o)
Z q (N 1 pt)(Ul(J) ( ) T 1) + (L ELq)

where

™) ™ g a% m
;mi_: 20z 'J (N 7' 0U+(1 o)ps)( i)~ ()+1)( i(m)— _'(‘z)__*_‘i)

By hypothesis the absolute value of Lg is bounded by
n(i) j R
K2 Z(Ut(J) n(z) + 1)

Hence,

Elky(N,i,Us) = Eky(N, 4, l7.-)]‘

n(i)
< 7By 5 SN ) Ui = I+ 27ECES) + 27(EL,)Y)
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n(i) .
< 2T YO (N, 5)E(Uiy — — I + SAE(L)
j=1 Y~ii

n(i) + 1
n(i) .
< 2700 S KE(Uigy — —=2—)* + S4E(L?
< 27n(d) jz___;": Uiy = ory77) + 3480
using Jensen'’s inequality. Next,
EL! < EK,%[%(U;(')— J )2]4
¢ = = n()+1
R iy
< ) E(Uij) — —=
> I‘izn(l) Jzzl ( () n(z) +1) ‘
P iy ?
< 3 E(Uig) = == ?
< Rl X Bl — 5y |

again using Jensen’s inequality and the fact that [Ui;) — j/(n() + 1)| < 1.
The fourth central moment of order statistics can be shown to be of order
1/n(i)? so we conclude |

Elky(N,i,U;) = Bky(N,i, U)]* < wn(3)?

where x is some constant depending only on x; and k3. The result now
follows. o

The corollary below follows as in McDonald (1991).

Corollary 2.11 If, ¥
12 g
liggiogfa > 1{n(i) > 2} > 0, Jim, Y- n(i)?/g* =0,
=1 i=1

then (Ry — ER,))/\/Var(R:1) = Z(0,1).
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Chapter 3

Nonparametric regression

3.1 Literature review

Consider a multivariate linear regression model. Observations of a dependent
vector y = (y1,¥2, * - ,¥q) and independent variables x = (z,,z2,- - -, Zp) are

indexed by t =1,---, N and are governed by the model

y: = (x:)(8) + &

with p unknown parameters (3) = (8,02, *,0,). We assume through-
out that the errors ¢, are independent identically distributed d dimensional
vectors with unknown distribution F. Analysing the above model and deter-
mining an estimate of 3 is known as regression analysis. It is one of the most
common routines in statistical analysis. In this analysis the least squares
technique is commonly used for two reasons. First, it became a tradition
and second it is easily implemented. Statistics for the least squares repose
on the assumption of normal errors and it is now well understood that the

least squares technique is very sensitive to outliers or departure from the

o
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normal assumption. In fact Gauss introduced the normal distribution as the
distribution that makes the least squares technique optimal. To overcome
this weakness we need a robust procedures in the sense that the estimate
is less sensitive to departure from normality and to the presence of outliers.
First we shall present a brief review of the most common robust procedures
in regression analysis. For an extensive literature review see Huber (1972,
1981) and Rousseeuw and Leroy (1987).

The notion of outliers is quite old; Bessel (1818) noted that three of
his test samples show higher frequency of large errors than what a normal
model would predict. He then decided to disregard those samples. In 1931
Pearson noted the high sensitivity to departure form normality of some stan-
dard procedures (tests of equality of variances). Because of the sensitivity of
these tests Box (1953) introduced the term ” Robustness”. Edgeworth (1887)
argued that least squares is sensitive to outliers because the residuals are
squared so he proposed the least absolute values regression estimator which
is determined by minimizing the sum of absolute value of the residuals. This
is also known as the L, regression. L, estimates were known even before
1887. In fact Laplace used this idea in the case of one dimensional obser-
vations which gave him the sample median. He also introduced the double
exponential or the Laplace distribution as the error distribution for which the
median is optimal. Careful study (see Rousseeuw and Leroy 1987 for more
details) of the L, regression estimate shows that this later is less sensitive

than the least squares for outliers in the y direction but it is very sensitive

22
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to outliers in the z direction, the so-called leverage points.

Generalizing the above idea, Huber (1973) introduced the use of the M-
estimator for regression. He proposed minimizing Y7, p(r;) where the r;
are the residuals and p is an even function having a unique minimum at
zero. Because M-estimators are also sensitive to leverage points generalized
M-estimators were introduced (see Rousseeuw and Leroy (1987)).

The next direction was that of L-statistics (Bickel (1973) and Koenker
and Bassett (1978, 1982) . Bickel (1973) generalized the use of linear combi-
nations of order statistics from the location problem (e.g. median, trimmed
mean) to the one dimensional (i.e. d = 1) linear model. Koenker and Bas-
sett (1978, 1982) and Bassett and Koenker (1982) introduced the regression
quantile for linear model in the following way. They defined their estimate
for 8 as the argument of ming =, pe(Y; — Xi3) where py is the 6** quantile
of the residuals and 0 < 6 < 1. In fact they characterized the regression
quantiles as solutions of a family of linear programs. Gutenbrunner and
Jureékova (1992) studied the properties of the dual solutions of the above
linear programs. They called these solutions rank scores and they proved
that these statistics can be used for regression.

The last direction is that of R-estimators (also for d = 1) was first in-
troduced in the work of Jureékova (1971). Generalizing an idea of Adichie
(1967) she proposed estimating the regression coefficients by taking £ in the
set Dy = {8 : Ti-1ISn;(Y — XB)| = ming TF_; [Snj(Y — XB)|} where
Sni(Y — XB8) = VNN (Xs — X;)an(Ri(B)) where Ri(f) is the rank of

23
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the i* residual ¥; — X;3 and an (i) = E¢(U®) or ¢(i/(N + 1)) and where
¢ is non-decreasing square integrable function. Second we cite the work of
Jaeckel (1972) who introduced estimates of the regression coefficients based
on a minimization of the dispersion of the residuals. He also proved that
his estimates are asymptotically equivalent to those proposed by Jureckova
(1971). In fact in his method, presented below, he considered measures of
dispersion which are weighted sums of the residuals. His weights a; are func-
tions of the ranks of the residual Z;’s. The Wilcoxon score is the case where
a; = R; — (N + 1)/2 where R; is the rank of Z; among Z,,...,Zn; see also
Hettmansperger and McKean (1977). The estimate for 3 is the value that
minimizes D(Y — X () where D is a measure of dispersion having the form
D(Z2) =%, azZ.

All the above methods consider generalizing the Least Sum of Squares
technique by changing the square of the residuals to some other measure of
dispersion that is less sensitive to outliers. The first idea departing from this
framework was due to Siegel (1982) who proposed a repeated median estimate
defined as follows. Take all groups of p.observations (X;,, Y3,),- -, (Xi,,Y5,)
which determine a unique parameter vector 3(iy, . .. , i) whose j** coordinate

is denoted fB;(i1,...,%p). The repeated median estimate (3 of the parameter

- vector 3 is given

B = med (med (-~ (med (By(ix, i) --)
i i ip
It can be shown that this method has a breakdown point of 50% where

the breakdown point is the smallest fraction of contamination of the data
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that causes the estimate to take values arbitrarily far away. It also means
the smallest fraction of comtamination that makes the estimate have an
infinite bias (see Rousseeuw and Leroy (1987) for a more precise definition).
Rousseeuw and Leroy (1984) proposed changing the least sum of squares
method not by changing the squares but by changing the sum. In fact they
proposed the least median square technique which consists in minimizing the
median of the squares of the residuals. They also showed that their method
has a breakdown point of 50%.

3.2 Introduction

In many experimental designs there are replicate experiments for a fixed value
of x;. In this case, group into blocks i = 1,-- -, ¢ all the observations having
the same independent variables (z},z?,---,xf). Index the observations in
block 7 by j = 1,---,n(i). The n(i) observations in block ¢ satisfy
yii = (x:5) (B) + €

where (x;;) = (z},2?,---,2¥)'. In practice even if there are no replicates
we may simply pave the parameter space of the dependent variables with
contiguous blocks indexed by i = 1,---,q such that within the same block
the (x;;)’ are close to each other.

For any choice of # we may calculate the residuals of the dependent vector.
Denote the j** residual in the it* block by U;;. The true (unknown) value for

B, say (o, makes the residuals i.i.d. hence the best fit or best choice of 3 is

the one that makes these residuals homoscedastic. Suppose the block sizes

P
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are {n(i)}{_, for a total of N = £, n(i) observations. Let F* represent the
empirical distribution function of the i** block. Let F represent the empirical
distribution function of all the observations. Consider the following Cramér-

Von Mises statistic

®(8)

l"ln i

/ /F"(sl,-.-,s.,)-F(sl,.--,sd))zn(i)dp"’(sl,--.,sd)
n(i)
Z (F(USJ) - F(Uu))

j=1

.
il
—

w.

In principle the above statistic should be small when the residuals are ho-
moscedastic since the empirical distribution of the residuals of each group
would then have the same empirical distribution as the entire sample (see
Chapter 2 for more details).

In Section 2 we give an efficient algorithm for finding the value B min-
imizing the statistic () as a function of 8 which compares well with the
standard least squares estimator. Since the statistic R(3) is based on empir-
ical distributions it works well when the errors are not normal and even if
outliers are present.

Having found ,3 we calculate the N residuals. If B is close to B these
residuals should be homoscedastic. Following Hoeffding (1952), consider all
N! permutations of these residuals and suppose we recalculate the  for each.
Consequently R(3) is one among N!/(n(1)n(2)! - - - n(g)!) possible values for
the R statistic. By sampling from the permutation group we can estimate
the percentiles of the R statistic. If, in fact, homoscedasticity is violated one

would expect that SZ(B) lies in the upper percentiles of this bootstrap distri-
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bution. If this proves to be the case we reject homoscedasticity and hence
the regression model. Numerical studies in Section 4 show this procedure
has good power for detecting deviations from .the regression model.

When the sample size N increases it is typical that ¢ — oo while the
n(i) stay relatively small (we call this the quality control situation. For more
detail see Chapter 4).

Theorem 2.9 gives the asymptotic normality of ®, but to use this theorem
we need to calculate ER(G,) and W which unfortunately depend

on the distribution F of the error e. Using Maple we can show

Proposition 3.1 The expected value of R(F)) is

e} Z(n n(i))? + EF(e)[gn® — Nn + 6nq — 32 ( ) — 3N]
i=1 i=1
+ EF?(e)[n®N — 3n’q + 2n2 - Tj — (n? — 20— 2)N + 2n(n - 2)q].

The asymptotic variance of R(B,) is by equation 4.7

If d = 1 then F(e) is uniformly distributed on the unit interval so the
above expressions simplify. But from now on we shall use the statistic ,
defined in Chapter 2 whenever we are dealing with d = 1. Note the expected
value and the variance of R, are given by (2.2) and (2.3) respectively. Using
this we may give a confidence region for By. We know that with probability
1 — a the statistic R(8p) is less than L, := ER + 2z, \/i_;a—r(ﬁ)-. Hence the set
of 3 such that R(8) < L, is a (1 —a)-100% confidence region for (). Since
R(B) < R(Bo) it follows that if R(f) exceeds L,, homoscedasticity must be

rejected. Numerical examples in the next section show the confidence region

o
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is comparable to the region associated with the least squares estimates for
a normal model. If the errors are Cauchy the least squares estimates fail
miserably but this nonparametric technique continues to give good results.
When d > 1 the statistic ®(5) is asymptotically normal but is not a
rank statistic and is not distribution free. We need to estimate ER(G) and
\/m(_ﬂoﬁ in order to do as in the d = 1 case and construct a (1—a)-100%
confidence region for 5. The mean and variance in Proposition 3.1 are given
by functionals of the copula of the underlying distribution F' of the error (for
instance we need EF(¢), EF?(¢)). It is natural to propose the U-statistics

estimators

F¥EFU), L F)
which are consistent by the Glivenko-Cantelli Lemma. Numerical examples
in the next section show that even for the multivariate case the confidence
region is comparable to the region associated with the least squares estimates
for a normal model.

For functionals F which are more general than the R statistic the boot-

strap is the only possible way of giving a confidence region for fo.

3.3 Properties
In this section we present some of the properties of the estimate B.

3.3.1 Invariance properties
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Proposition 3.2 The estimate B is regression equivariant in the sense that

for any v € RP, B(X,Y + Xv) = B(x, Y) +v.

Proof:

Denote Z(X,Y, 3) the vector of residuals (i.e Z(X,Y,8) = Y — Xf) and
R(X,Y,H) the statistic R(3). Now note that for any g € R?, Z(X,Y,[5) =
Z(X,Y +Xv, 8+v). Hence R(X,Y, 8) = R(X, Y +Xv, f+v) and F(X,Y +
Xv)= /X, Y)+v ©

Proposition 3.3 The estimate B is scale eguivariant in the sense for any
positive real c, B(X, cY) = cﬁ(X, Y).

Proof:

Using the same notation as above, we see that Z(X,cY,cf) = cZ(X,Y, 3).
Since the empirical copula function (or even the generalized empirical cop-

ula function defined in Chapter 2) is unchanged if all the observations are
multiplied by a positive constant we have ®(X, cY,c6) = R(X,Y,5) o
Proposition 3.4 The estimate 8 is affine equivariant in the sense for any
nonsingular matriz A; we have B(XA, Y)= A‘lﬁ(X,Y).

Proof:

Note that Z(XA,Y,A"!8) = Z(X,Y,[). Therefore R(XA,Y,A"18) =
R(X,Y,H) and B(XA,Y) = A-15X,Y) o

3.3.2 Existence

The statistic R(G)can take at maximum (;) values. In fact this statistic

changes values only at the values of 3 for which there exist p design points

P
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that satisfy the linear system of equations Y = X /. This insures that there

exists at least a 3 where R(3)attains its minimum.

3.3.3 Consistency

We show that for d = 1 if the errors have a continuous distribution function’
G with density g and if the design points X; satisfy the conditions stated at
the end of this section for any 3 # 3, then

o ER(6) = ER(Bo) _

gq—oo ﬁ

First, for any 8 € R? we have

q n(i) -
ER,(B) — ER1(Bo) = N . Z_;X_: (z) —1E[Riti)(Bo) = Rigiy ()]
Now
ERy(;(6)

= j+ Shon() [ ( n(i) - ) F@)F(@)-*(1 — Fi(z))"-1dF(z)

Next let F(z) = 1/N L n(i)Fi(z)

ER,(8) — ER1(Bo)
= S0 e 2= [INF(z) — n(@) F(2)]((n() - 1)F(2) + 1]dF(2)
~ [¥2[INF(z) — (i) R(@)][(n(i) - 1):F(z) + 1|dF(z)]
= 2L 3L, [72(Fi(z) — F(z)tQsREEH 4R ()

= Tl el [+2(Fy(x) — F(z)) Fi(z)dFi(z)

-
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Wikkehis

+ X v e (Fi(z) = F(z))dFi(z)

Integrating by parts we get

ER,(8) — ER1(6o) _
= L, o () — 1) (122 F(@)?dF (z) - [*3 F(x)*dFi(2))
+2 (/22 Fi(z)dFi(z) - [23 Fi(z)dF(2))]
= S0, i () = 1) (J22 R(2)?dF (@) - [33 F(z)*dF(z))
+2(J32 F@)dF(z) - J22 F(2)dF(z))] -

Now assume n(i) = n(0) for all i’s. From the definition of F' we easily verify

that
> [T R@F@ =Y [ F@iFE
=177 i=17—%®

which reduces the difference of the expected values to

BR(0) - BRu(6) = > a4 L (R~ F@ire)

-—00

- (Nji(?)(?r)z@)li 1) [/: 2 () - F (x>2>dF<x>]

B (Nji(’f)(?,z(;)lj_ ) [/: 2 (Filz) - F(x»’dF(x)] :

Note that for the regression problem F;(z) = G(z — Xi(8 — (o)) therefore

ER(8) — ER1(5o)
= 0= [t [Gla— Xi(B ~ o) — L TL, Gz - Xi(B - )]
d(t =L, Gz — Xi(B — fo))).
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Now assume G has a density g and assume the sequence of measures that put
weight 1/q at the points X; converge weakly to some probability measure u.
then

i ER1(8) = ER:(B0)

g—oco q
= J23 E[G(z — V(B - Bo)) — EG(z — V(B — Bo))I*
Eg(z - V(8 — fo)))dz = h. (3.1)

Where V is a random variable having probability measure u and h is some

constant depending of G, 8 and ..

Proposition 3.5 If u is such that h is strictly positive for all B # Bo. Then
for any B # [o

lim P{6 € CR} =0. | (3.2)

where CR is the confidence region given by the set of all B for which R,(8) <
ER(Bo) + Zay/Var(R1i(Bo)).

Proof:
First, Var(R;(8)) < CN follows form the representation of R; as the sum
of q independent random variables (see the proof of Theorem 2.9 in Chapter

2 for more details). Next

N? (& n(d) 2 7.n()?
F—(§Q)s T

Now
 P{B e CR}
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P{R1(B) < ER1(Bo) + Zay/Var(R1(5))}
P{R4(8) — ER.(B) < ER1(Bo) — ER1(B) + Zay/Var(R1(5o))}

< P{|R:(8) — ER1(B)| = ER(B) — ER(Bo) + Zay/Var(Ri(5))}
< Var(R.(8)) :

T (ER(B) — ER1(Bo) + Zay/Var(R1(5o)))?

< o

= (hg)*

The second last inequality follows from Chebychev’s inequality. Now the
condition limg—.c 37, n(2)2/¢® = 0 completes the proof. o

3.4 Algorithm

In this section we present an algorithm for computing the estimate B de-
scribed a.l_)qve. The main idea of this algorithm is to perform a search for i
inthesetof Bs; J =1,..., (:) , defined below. Consider all possible subsam-
ples of p different points and index them by J; J = 1,..., (:) Let 3; be the
vector of coefficients of the regression surface passing through the p points
of subsample J. The computation of such a 3; amounts to the solution of
a linear system of p equations with p unknowns. The search procedure goes
as follows: for each §; we compute the corresponding residuals and then the
corresponding statistics Sq(8s) which allows as to determine the argument
A of the minimum of S, and it provides us also with the curve of S; as a
function of 3.

We note here that the number m-of §’s that should be examined is (:)
which varies rapidly in n and p. Rousseeuw and LeRoy (1984) used the same

P
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basic idea for their algorithm to compute the LMS estimate. To overcome
this rapidly growing number of search points, they proposed randomly select-
ing m subsamples where m is choosen in a way to insure a high probability
of selecting a "good subsample”. In the algorithm they are using such an m
does not exceed 3000 for the extensive search option and 1500 for the quick
search option. The values of m used in their program is given in Rousseeuw

and LeRoy (1987) Table 2 page 199.

3.5 Numerical Results

We first consider the case d = 1 of univariate dependent variables. First we
consider the model y = 4z + ¢ where € is normal with mean 0 and variance
1. We make 5 observations {yi; : 7 = 1,2,---,5} at z; = ;i = 1,2,---,10
The graph of R(B3) is given in Figure 3.1 and the minimum ?R(B) = 1.12111
is obtained at ,3 = 3.9033.

Next we calculate the residuals y;j—ﬁzg. We then sample at random from
the set of permutations of these residuals and then arrange these values in 10
blocks of 5 and recalculate ®. The histogram of these resampled values of
are given in Figure 3.2. We notice that the value %(5)0 = 1.12111 obtained
above is in the center of this histogram (at 33.6 percentile) so we conclude the
linear model is compatible with our results. Finally the value Loos = 1.88111
is plotted on Figure 3.1 and the associated confidence interval is [3.647,4.096].
The corresponding least squares estimate and confidence interval are 3.892

and [3.782,4.001). We repeated this experiment 50 times and the histogram
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Figure 3.1: R as a function of §

of the values of f is given in Figure 3.3. The histogram of the percentile of
the observed value of §R(,[§) in the bootstrapped distribution of R is given in
Figure 3.4.

Suppose the above model is modified to y = 4z+0.1z%+¢ and we assumed
that the model is still y = 4z +e¢. The graph of R(A) is given in Figure 3.5 and
the minimum is obtained at R(5) = 2.27444 is obtained at 3 = 5.1516. Next
we calculate the residuals y;; — Bz;. Again we sample at random from the set
of permutations of these residuals and then arrange these values in 10 blocks
of 5 and recalculate R. The histogram of these resampled values of R is given
in Figure 3.6. We notice that the value §R(B) = 2.27444 obtained above is at
the 99.3 percentile of this histogram. We conclude that the assumed linear

-
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Figure 3.2: Histogram of the resampled values of R
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Figure 3.3: Histogram of the values of B
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Figure 3.4: Histogram of the percentile of the observed value of R(A)

model ¥ = 4z + ¢ must be rejected. Note that an application of the least
square technique gives 3 =5.1343a coefﬁcient of determination of 0.9943 and
the Shapiro-Wilk test of normality of the residuals is not significant i.e. the
assumed linear model is accepted under these circumstances. We repeated
the above 50 times. The result summarized in figures 3.7 and 3.8 shows that
this is consistent fact not just a particular case.

Now modify the first model by changing the distribution of the error ¢
from a standard normal to a standard Cauchy distribution. The graph of
R(B) is given in Figure 3.9 and the minimum R(B) = 0.9478 is obtained
at 3 = 3.8478. Again we calculate the residuals ;; — Bz; and again we
sample at random from the set of permutations of these residuals and then
arrange these values in 10 blocks of 5 and recalculate R. The histogram of
these resampled values of R are given in Figure 3.10. We notice that the

-
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Figure 3.5: R as a function of 8
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Figure 3.7: Histogram of the values of B
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Figure 3.8: Histogram of the percentile of the observed value of §R(B)
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value R(8) = 0.9478 obtaiﬁed above is in the center of this histogram so we
conclude the linear model is compatible with our results. Finally the value
Loos = 1.86111 is plotted on Figure 3.9 and the associated confidence in-
terval is [3.567,4.234). The comparable least squares estimate for the slope
is 3.289 and the associated confidence interval is [1.907,4.671]. We repeated
the above experiment 50 times. Figure 3.11 gives the histogram of the ob-
served values of 3 and shows the consistency of this value. It is clear that our
nonparametric procedure is much more successful than the traditional least

squares procedure which in some of the above experiments gave estimates

like —30.
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Figure 3.9: R as a function of

40




—0.12

—0.10

—0.07

—0.05

— 0.02

Figure 3.10: Histogram of the resampled values of &

3.7 3.8 3.9 4.0

0.4

— 0.3

4.2

Figure 3.11: Histogram of the values of 4

41




0.4

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 3.12: Histogram of the percentile of the observed value of R(B)

Now we consider the Lactic acid concentration data set given by Afifi and
Azen (1979), see also Rousseeuw and L&oy (1987). This data give the true
concentration (z;) and the measured concentration (y;) during the calibration
af an instrument. It fits perfecty our framework in the sense that we have
replicates for the same value of the design parameter (z). A plot of this
data with the least squares, the least median squares and our estimate is
given in Figure 3.13. It shows that the estimate given by our method is very
comparable to both the least squares and the least median squares estimates.
Now we shall introduce an outlier to the above set of observation; in fact we
will deform the value of one of the observations. Figure 3.14 shows the new
data set as well as the estimate given by the above three methods. This
shows that our estimate is less sensitive to outliers.

We now consider the case of multivariate dependent variables (d > 1).
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Consider the model (y(1),¥(2)) = (4,1)x + (e(1),€(2)) where the compo-
nents of € are normal with mean 0 and variance 1 and the correlation is
0.5. We make 5 observations {(vi;(1),%:;(2)) : 5 =1,2,---,5} at = = 41 =
1,2,---,10. The graph of R(3) is given in Figure 3.15 and the minimum
R(B) = 4.78 is obtained at B = (4.07,1.08). Next we calculate the residuals
(%:5(1), %:3(2)) - Bz;. We then sample at random from the set of permuta-
tions of these residuals and then arrange these values in 10 blocks of 5 and
recalculate R. The histogram of these resampled values of R are given in
Figure 3.16. We notice that the value §R(B) = 4.78 obtained above is in the
center of this histogram so we conclude the linear model is compatible with
our results. Finally the value Loos = 6.552 is plotted on Figure 3.16. The

comparable least squares estimate for the slope is (4.08,1.07).
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Figure 3.15: R as a function of 8

44



—0.15

—0.10

—0.05

Figure 3.16: Histogram of the resampled values of &

45



Chapter 4

Multivariate quality control

4.1 Literature review

Installing an industrial quality control procedure requires three steps. We
start with a nonparametric quality cont;ol procedure. After a period of op-
eration without an out of control signal we decide to use the information
collected to get precise values of the control limits. But before doing $0
we need to make sure that the information collected is representative of an
in control or on target process. We, therefore, need to implement a ret-
rospective, preferably nonparametric, quality control scheme. Finally, if the
retrospective scheme does not signal, we use the new estimates of our process
parameters to build sequential parametric quality control procedure. Next
we shall give a quick review of the most common quality control procedures.
We begin by dividing these procedures into posterior detection schemes and

on line detection schemes.
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4.1.1 Posterior detection

This class of methods deal with the first problem mentioned above and can be

divided into two major subclasses which we describe in the following sections.

Parametric posterior detection

Hinkley (1970) , Darkhovskii (1976) and Darkhovskii and Brodskii (1980,1987)
posed the problem in the following way.

Let Xi,...,Xxn be a sequence of random variables and it is known that
Xi,...,Xn, have known distribution function Fy and the remaining vari-
ables have known distribution function F; The problem consists of giving
an estimate of the change point ng based on the sequence X;,...,Xy. The
problem of testing if the sequence X, ..., X,, contains a change was consid-
ered by Chernoff and Zacks (1964), Kander and Zacks (1966) and Gardner
(1969).

Nonparametric Posterior detection

Sen and Srivastava (1975) presented a non-parametric method for testing
whether the means of each variable in a sequence of independent random
variables can be taken to be the same, against alternatives that a shift might
have occurred after some point r. The same problem has been studied by
Page (1954,1955) and Bhattacharya and Johnson (1968). Most of the papers
on non-parametric posterior detection were focussed on a shift in the mean

of the random variables.
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4.1.2 Fastest detection of a change in distribution

In this section we will consider methods devoted to the detection of a change
in distribution. A very wide literature exists on this subject and for more
detail the reader may refer to Jandhyala (1985) who presented detailed lit-
erature review and a wide bibliography of this subject. As in the previous
section we divide the methods into parametric and non-parametric and we

start our description by the parametric ones.

Parametric Approach

The parametric approach itself can be divided into two subclasses. The first
class uses a Bayesian approach and the second class groups the non-Bayesian
approaches to the problem.

The Bayesian approach to the problem was first presented and solved by
Shiryayev (1963, 1978). He posed the problem as stated below. Suppose one
is able to sequentially observe a series of independent observations X;, Xa, ...
whose distributions may change from a known distribution Fp to a known
distribution F; at some unknown point in time v. Formally X, X, ... are
independent random variables such that X;, X,,..., X, are independent
identically distributed with distribution function Fp and X,, X,4,,..., are
independent identically distributed with distribution F; and where v is re-
ferred as the disorder time and is such that 1 < v < 0o. He introduced a cost
structure in which he assumed that one loses one unit (i.e inspection cost)

if one stops before the change (i.e 7 < v) and one loses ¢(7 — v) units if one
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stops after the change (i.e 7 2 v). He also supposed that the disorder time v
has a geometric prior distribution. He proved that the optimal stopping rule
is of the form 7* = inf{n : m, > A}, where =, is the conditional probability
that the change occurred given (Xj,...,X,) and where A is a constant.

Next we cite the most known non-Bayesian approaches dealing with the
disorder problem. The first optimality results in this context were presented
by Lorden (1971). His results are based on the restriction that the stop-
ping rule 7 must satisfy E(r/v = oo0) 2 B ( this denote the expectation
of the stopping rule giving that no change has occured. It also controls
the false alarm rate). His criteria of selecting the best stopping rule is
{esssupE(r—v+1)*/Xy,...,X,-1)} which represents the speed with which
the stopping time detects the change. He proved that a certain class of stop-
ping rules is asymptotically (i.e B — oo) optimal and that Page’s procedure
(Page 1954) Belongs to this class. A generalization of his results are pre-
sented by Moustakides (1986) .

Bojdecki (1979,1984) presented a probability maximizing approach for a
somewhat generalized disorder problem. His aim was to find a stopping rule
7* such that P{|r* —v| < m} = sup{P{|r— v| < m}; T € T} where 7 is the
set of all possible stopping rules. His generalization of the problem consists
of considering the shift to an unknown distribution F; that belongs to a finite

(or countable) family of distributions.
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Pollak (1985) presented a non-Bayesian setting in which he derived a
stopping rule 7 that minimizes E(r/7 > v) subject to the constraint E(7/v =
oo) > B. He proved that this stopping time can be written as the limit of a
sequence of Bayesian rules identical to those presented by Shiryayev (1963).

He also presented an almost minimax stopping rule.

Nonparametric approach for the disruption problem

This set of methods is also divided in two subclasses; those using a Bayesian
technique and those using non-Bayesian techniques.

First we cite the work of Zacks (1981) who used the same framework
and the same cost structure as Shiryayev (1963) to solve a non-parametric
version of the disorder problem. He considered the case of a change from an
unknown binomial distribution with parameter § to an unknown binomial
distribution with parameter ¢ > #. He also assumed a prior h(8, ). He

showed that the optimal stopping rule is of the form:
* =inf{n: m(Xn) = ba(Xa)},

where 7,(X,) has the same definition as m, above except that it depends on
the past observations X,, = (X},...,X,) and where b,(X,) is a funct;i.on of
n and X,. Although the case considered is very simple the computation of
bn(X,,) is extremely difficult if not impossible.

Battacharya and Frierson (1981) designed a nonparametric but not com-
pletely sequential cumulative sums (Cusum) procedure to detect small dis-

orders based on sequential ranks. The main result of their paper deals with

-~
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the asymptotic behavior of such procedure. McDonald (1990) presented a
nonparametric cumulative sum procgdure based also on sequential ranks de-
signed to detect a change in the sampling distribution to a stochastically
larger distribution. Gordon and Pollak (1991,1992) developed a nonpara-
metric analogue of the Shiryayev procedure based on sequential ranks. Hackl
and Ledolter (1989) presented a nonparametric technique using exponentially
weighted moving averages(EWMA) on sequential ranks. Their sequential
ranks were different than in McDonald (1990) and Battacharya (1981). They
ranked the last observation among the g last observations where g is a fixed
parameter for the procedure. Darkhovskii and Brodskii (1988) discussed a
nonparametric method for the fastest detection of a change in the mean of a
random sequence. They didn’t base their analysis on the whole past but they
only consider the last N observations (N is called memory size). They estab-
lished that for a special choice of N their method is asymptotically optimal

for a sequence of independent random variables.

4.1.3 Multivariate case

The literature dealing with the multivariate case is mostly devoted to practi-
cal rules such as Cusums and T-charts. Crosier (1988) proposed two different
techniques for constructing multivariate Cusum procedures. The first tech-
nique consists in reducing each multivariate observation to a scalar and then
constructing the cusum on the scalars. The second procedure consists in
forming a cusum vector directly from the observations. The same ideas are

also discussed by Woodall and Ncube (1985). Hotelling (1950) and Jackson

-
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(1959,1979,1957) proposed some multidimensional T-charts to test if past

observations are in control.

4.2 Introduction

Next we present a retrospective scheme based on the family of randomness
statistics defined in Chapter 2. More precisely we shall consider two partic-
ular statistics of this family and based on these we shall construct tests for
the off-line quality control problem. We note that the above statistics are
defined for any dimension of the quality measurement therefore they can be
used for univariate observation as well as multivariate observations. In the
simulation study given in sections 2 and 3 we limit ourselves to bivariate
observations, for simplicity.

Recall the following randomness statistics defined in Chapter 2.

g n(i)

§RZ = ;2 "F(Uu) - F.(Uu)”2 (4°1)
q n()

Rs = EZ "F(Uu) i,Y(Uij)lP (4.2)

-
]
-

.
]
—

In a typical quality control situation the components X and Y of U are
independent (i.e both X and Y consist of a nominal value plus a noise).
An out of control situation induces a change in the joint distribution of X
and Y. The most common change are shifts in the mean of these random
variables, but in reality the processes are more complex and a loss of control

may result in a correlation of these components or a more realistic mixture

-
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of shifts, correlation and scaling. In the rest of this section we shall conduct
a simulation study with the above statistics and we shall try to see their
performances in detecting an out of control situation. This study will be
decomposed into two parts. The first part uses the central limit theorem
proved in Chapter 2 to construct a test of the in-control situation. We
also note that a second approach using a permutation test, introduced in
Chapter 3 with the statistics ®2 and Rs, can be applied. The method is
exactly equivalent to the one used in Chapter 3. It consists in permuting the
quality observations and testing if the sequence observed forms an unlikely
permutation (i.e the value of the statistic ®; or R; associated with this
permutation falls in the upper tails of the of the distribution of ; or R;
for all possible permutations). Since the method is essencially the same as
in Chapter 3, here we put more emphesis on the use of the central limit
theorem. Note that the expected values and the variances of 2 and R3 can
be given explicitly in terms of some functional of the underlying distribution

function. For example,

q

B%; = ) Wl)n; [(6nn(3) + n*n(3) — n(@)n — 3n(i)? - 30} E{F,(V))
+(2n? + n(3)%n + 2n(3)? — 4nn(i) — n’n(3))
x(E{Fo(U)}* + E{F(U)}Y* + E{F(U)}* + E{Fu(U)}?)
+(—n(3)?*n - n(3)? + 2nn(i) — n? + n?n(i))
x(E{Fy(U)} + E{F(U)} + E{F4(U)})

+ — 2nn(i) + n(i)® + n? . (4.3)
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Under the hypothesis of independent compbnents, computation is much sim-

pler and we have

z": ~10n(:)*n+10nn(i)+7n(:)*+7n2 — 14nn(i)

E®; = 18n2n(7)

(4.4)

=1

and

ERs = = 18n(i)n*

The computation of the variances of ®; and R; in terms of functionals of
the distribution function is theoretically possible, but very messy. For the in-
dependent component hypothesis both R; and R; are distribution free, there-
fore one can easily estimate these variances using Monte Carlo simulation.
Table (4.1) gives, for the sets of parameters (g and n()) we are interested in,
the expected values R, and R3 given by formulas (4.4) and (4.5) respectively,
and estimate of the variances of R; and R3, given by 1000 replications in a
Monte Carlo simulation, under the hypothesis of independent components.

We recall the statistic R introduced in Chapter 3

g n(i)
k= §§(F(Uu) - F*(U;j))>. (4.6)

In fact R represent the first piece in the four pieces constituting R,. The

asymptotic variance of R is given by

G , C 2B
VarR ~ g Cs+ n(:) n(i‘;,, + n(il)2 + % (Bz + ?;(T;)] (4.7)

where

Cy = E{F(Xl)F(Xz) - F(X1 A XQ)}z.

-
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Z": 10n(i)n3(n — 1)+7n(i)*n? — 8n(i)n? — 8n3n(i)*+2n(5)*+7n

.(4.5)




Expresions for C3, C,, Cy, B, and B,; shall be given in the appendix. One
can also find in this appendix the Maple program that computed these ex-
pressions.
Note the quantity inside the brackets in (refvar) is a variance and hence is

non-negative. Also note that if C; > 0 then VarR will be of order g provided

7, I{n(3) 2 n(0)} = O(q) here n(0) is such that the quantity inside the
brackets in (4.7) is strictly positive for n(i) = n(0). We conjecture that such
n(0) < 3. The heuristics behind this conjecture is that, for equal n(¢)’s for
example, such expression is polynomial of degree 3 of n(1) divided by n(1)®
which is greater or equal to zero for all integers n(1). Therefore it can only
be zero at most in three integers two of which must be consecutive. Due to
the nature of the statistic we see that if the VarR is of order ¢ for equal
n(i)’s satisfying n(i) > m it must also be of order g for equal n(3)’s satisfying
n(i) > m+1.
Remark
In one dimension (i.e if d = 1) one can see that C; > 0 and we can even
give its value for all continous distributions. If d > 1 C; may be zero,
moreover, we can exhibit a distribution function with uniform marginals for
which C; = --- = C4 = Bl = B2 = 0. For example for d = 2 this distribution
function is defined on the unit square by F(z,y) = max{0,z + y — 1}. It
corresponds to the Fréchet lower bound (see Genest and MacKay (1986)).
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q | n(@@) ER; | VarR, ER3 | VarR,
10 5| 5.6300( 0.8111 5.7837 | 0.8594
50 5 130.9571 | 4.2484 || 31.1123 | 4.5927

100 5| 62.6230 | 9.0052 || 62.7783 | 9.4183
50 | 10| 29.0897 | 4.3006 || 29.2229 | 4.3011

Table 4.1: Expected values and variances of R, and R;
4.3 Use of the central limit theorem

In this section we consider quality measurements which are bivariate random
variables with independent components under the in control hypothesis. We
shall introduce a change of the distribution at some point in time and we
shall see how the statistics R, and R, react to this change. Different changes,
ranging from a shift in mean to a combihation of shifts and correlation, shall

be considered.

4.3.1 Shift in one direction

In this section we consider an out of control situation that can be summarized
by a shift in the mean of (;ne of the components. Precisely we shall carry the
following simulation study. Assume we are observing quality measurements
Ujfori=1,...,qgand j = 1,...,n(i). We assume U;; = (Xj, Y;;) where for
t=1,...,7 Xi; and Y;; are independent normal with mean 0 and variance
1and fori =7+ 1,...,¢9 X;; becomes a normal with mean s and variance
1. We only consider the case of equal n(z)’s. The simulation study consist in

generating random variables according to the above scheme, and for each set

-
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of N = Y%, n(i) we compute the values of the statistics ®; and R3;. We say
that the statistic R, (respectively R3) detects an the out of control situation
if the observed value of R; (respectively R3) is bigger than ER; + Z,v/VarR,
(respectively ER3 + Z,+/VarRs), where ER; and VarR, (respectively ER3
and VarR;) are given in Table (4.1). Here Z, is (1 — a)100 quantile of the
normal distribution and in fact we just consider & = 0.05. Based on 1000
repetitions of the above procedure Table (4.2) gives the percentage of times
the statistic R, (respectively R3) detects an out of control situation. The
last column of this table gives the probability that a Shewart chart detects
an out of control situation. Note that this Shewart chart is the traditional X
chart designed such that for a given ¢ and n(i)’s and under the hypothesis of
no change in distribution the probability of a false alarm is a (i.e the same
as for R, and R3).

It is wdrth noting here that both statistics are performing comparably
to the parametric Shewart procedure. Is also important to remark that the
conditions of the simulation were chosen to get the best performance of the

Shewart chart (i.e normal observations with known mean and variance).

-

4.3.2 Shift in both directions

In this section we consider changes in distribution that consist of a shift of the
mean of both components X and Y. We first restrict ourselves to equal shifts
in both directions. In fact the setting of this experiment is exactly as in the
preceding section with the exception that both X and Y get shifted by s after
time 7. Table (4.3) gives a summary of a 1000 replication simulation study.

-~
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[ a]nG)] 7[Shift| R3] R, ] Shewart ]
100 5] 100 — 5 5 5

100 5( 80} 05]16.2|17.2 22.2
100 5| 80 1[71.0] 72,6 91.7
100 5| 80| 1.5]99.4]99.0 100
100 5| 80 2| 100} 100 100

50 10| 50 5 5 5
50| 10 30| 0.5 45.6 | 45.6 60.9
50| 10| 30| 0.7)|84.3| 844 95.5

50| 10| 30| 1.0]99.9( 100 100
50| 10 30| 15| 100| 100 100
50| 10| 30| 2.0] 100| 100 100

Table 4.2: Percentage of time the statistics %3 and R, detected a shift in the
x coordinate

As in Table (4.2) the last column of Table (4.3) gives the exact probability
that a Shewart X and Y chart, designed such that for-a given q and n(i)’s
the probability of false alarm is 0.05, detect an loss of control.

Comparing with the above results, one can see that the performance of
both statistics is improving, in fact both performances are getting closer to

the performance of the Shewart chart and even excelling it for small shifts.

4.3.3 Correlation

The change in distribution considered in this section is very particular. In
fact after time 7 we keep both the marginals of X and Y unchanged and we
make X and Y correlated with a correlation coefficient p. Table (4.4) has

the same structure as Table (4.2) and it summarize the simulation results for
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qln(@) 7| Shift | R3| R | Shewart
100 5[100]. 0.5 5 5 5
100 5| 80| 05276224 36.3
100 5| 80 1]71.0]945 99.3
100 5| 80 1.5 | 100 | 100 100
100 5| 80 2] 100| 100 100
50| 10] 50 5 5 5
50 10 30} 0.5]83.9]|804 84
50 10} 30 0.7 1 99.8 | 99.7 99.7
50 10| 30 1.0 100 | 100 100
50 10| 30 1.5| 100 | 100 100
50 10} 30 2.0} 100 | 100 100

Table 4.3: Percentage of time the statistics ®; and R, detected a shift in
both coordinate z and y
the above experiment. In this case the Shewart chart is the same as in the
shift in two directions case. It essentially behaves like under the no change
in distribution hypothesis.

One immediate conclusion is that the statistic ; is out performing, by

a large margin, both the statistic ®; and the Shewart chart.

4.3.4 Combined shifts and correlation

In this section we consider a more general change in the distribution of the
quality measurements. In fact after the change point X and Y become
correlated with a correlation coefficient p and their means get shifted by
small shift s. Table (4.5 gives the simulation results for this case. The

Shewart chart is the same as in the shift in two directions case. It is only
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q | n(3) 7 | Correlation | R3 | R,
100 5| 100 50| 5.0
100 5| 80 03| 84| 4.8
100 5| 80 05| 99| 38
100 5| 80 071149 ] 4.3
100 5| 80 09]365] 54

50| 10| 50 501 5.0
50| 10} 30 03]169] 6.6
50 10} 30 051343 5.0
50 10] 30 0.7|746 | 12.5
50 10| 30 0.9 ] 100 | 26.9

Table 4.4: Percentage of time the statistics R; and R, detected a correlation
of the two coordinate z and y
sensitive to the shift and it behaves as if the only change is a shift in the
mean (see Table 4.2).

Here we note that the statistic R3 is collecting the effect of different
changes and is therefore performing better than the parametric Shewart chart

which only detects the presence of shifts.

4.4 Conclusion

It is worth mentioning, that the precision of these randomness statistics
increases when the sample sizes n(i)’s increase. This is be explained by the
fact that when the size, n(), of sample i increases, the empirical distribution
function F* gets closer to the true distribution function of this sample, say

F; and any deviation from the global empirical is easier to detect.
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q | n(z) 7 | Shift | Correl | R3[| R»

100 5 | 100 5 5

100 5| 8] 0.5 03| 34182

100 5| 8] 0.5 0.5]39.5| 18

100 51 8] 0.5 0.7147.9 1 14.8

100 5| 8] 0.7 0.3 653 ]44.3
5

100 80 ] 0.7 0.5]70.1 | 42.4
100 5| 8| 0.7 0.7 | 78.8 | 43.0

50 10| 30| 0.5 03[91.3]78.1
50| 10 30} 0.5 0.5[97.5]|81.4
50| 10| 30| 0.5 0.7 199.7 | 87.1
50| 10 30| 0.7 0.3 ]99.9 | 99.7
50| 10| 30| 0.7 0.5 100 | 99.7

Table 4.5: Percentage of time the statistics R®3 and R, detected a mixture of
shifts and correlation of the two coordinates z and y
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Appendix A

Asymptotic variance of ®

In this appendix we give the expressions of the constants Cy, Ci, Ca, Ci,
B; and B; introduced in Chapter 4. Note that throughout this appendix
X, and X, denote two independent identically distributed random vectors .

having distribution F. We let
n =U(X1, Xy), p2 = U(X2, X1)
where U(X,, X3) =1 if X; < X, and is equal to zero otherwise. Also
ps=F(X1), pa=F(Xa), ps=F(XiNXp),
Fi = E{F(X1)}, F, = E{F(X1)}?, Fs = E{F(X1)}® and Fy = E{F(X1)}*.
We have
Cs = E[-3pyp} — 5TF} + 5212 Fy — 13F} + 6pips + 6paps — 12p?
~3p1p — 12p1paps + 2F2 — 18paps — 2F + 16p1psp; — pj + 3F%

—12papaps + 3p2ps + 3p1ps — 10p1psp3 — 10papsps — 18paps
+16p2p3pa + 60papsps — 6FF — p? + ps + 9ps + py|

-
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C,=F [21p,p§ + 174F2 — 192F, F; + 19F? — 18p,ps — 18paps + 22p?
+21p,p2 + 36p1paps — 4F + 54paps + 17Fy + 3p; — 4p1ps + 3py — 64p1psp?
+7p3 — 26F, + 36p2paps — 21paps — 2101p4 + 46p1paps + 46p2paps — 4paps

+54p3ps — 64papips — 152p4paps + 62F7 + 7p3'— Tps — 27ps — Tp4]

Cy = E [~18pyp} — 120F} + 144F,Fy — 4F} + 12p1ps + 12pops — 125
—18p1p2 — 24p1paps — 36paps — 15F) — 3py + 4p1ps — 3p2 + 48p1psp} — 6p3
+24F, — 24popsps + 18p2ps + 18p1ps — 36p1pspa — 36p2paps + 4p2py
—36p3ps + 48pap3ps + 96p4paps — 60FF — 6p3 + 6ps + 18ps + 6p4]

By;=F [2p2p§ + 16F} — 28, Fy + 12F}? + 2p1p3 — 4F2 + 10pyps + 4F,
—2p1psp3 + 29} — 2p2ps — 2p1ps + 2p1Paps + 2p2paps

+10paps — 2p2p3ps — 12papsps + 2p% — 2ps — 8ps — 2p4)

Bi=E [6p1p4 — 12F} — 6p1psps + 8papaps — 6psps
—12F12 + 24F2F1 + 2p1p3 - 4p1p3
—12F + 8F; — 8pyps — 4p3 + 8ps — 2p; + 6ps + 6p4 + 4p1pap; — 6p3]
In the rest of this appendix we give the Maple program used to compute

the above coefficients. Note that the same program can be used to compute

the exact variance, not just the asymptotic variance, but the result becomes

lengthy.
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Maple program computing the variance of R

#For the multi dimensional case
#This maple program computes the expected value And the variance of R
# We use a moment generating function for the random vector
# M(s,t) and we compute the partial derivative at (0,0)
# a and b are defined later f, g, k and h are used to simplify the computation.
pnntlevel =-1;

—f(s,t)*g(s t)*a*k(s,t)*b;
M1122:=simplify(diff(M,s,s,t,t));
M1122:=subs(diff(f(s,t),s,s,t,t)=F1122(s,t), diff(g(s,t),s,s,t,t)=g1122(s,t),
diff(k(s,t),s,s,t,t)=k1122(s,t), diff(k(s,t),s,s,t)=k112(s,t),

diff(k(s,t),s,t,t)=k122(s,t), diff(k(s,.t),s,s)=k11(s,t), diff(k(s,t),t,t)=k22(s,t),

diff(k(s,t),s,t)=k12(s,t), diff(k(s,t),t,s)=k21(s,t), diff(k(s,t),t)=k2(s,t),

diff(k(s,t),s)=k1(s,t), diff(f(s,t),s,s,t)=F112(s,t), diff(g(s,t),s,s,)=g112(s,t),

diff(f(s,t),s,t,t)=F122(s,t),diff (g(s,t),s,t,t)=g122(s,t),

diff(f(s,t),s,s)=f11(s,t),diff(g(s,t),s,s)=gl1(s,t),

diff(f(s,t),s,t)=f12(s,t),diff(g(s,t),s,t)=g12(s,t),

diff(f(s,t),t,8)=£21(s,t),diff(g(s,t),t,s)=g21(s,t),

diff(f(s,t),t,t)=f22(s,t),diff(g(s,1),t,t)=g22(s,1),

diff(f(s,t),t)=F2(s,t),diff(g(s,t),t)=g2(s,t),

diff(f(s,t),s)=f1(s,t),diff(g(s,t),s)=g1(s,t),M1122);

printlevel:=-1;

t:=0; s:=0;a: -y-2;b:=n-y;

£(0,0):=1;

£1(0,0):=(n-y)*(1+p1); £2(0,0):=(n-y)*(1+p2);

£11(0,0):=(n-y)*2*(1+3*p1); £22(0,0):=(n-y)*2*(1+3*p2);

£12(0,0):=£1(0,0)*£2(0,0); £21(0,0):=f12(0,0);

£111(0,0):=expand(f11(0,0)*£1(0,0)); £111(0,0):=subs(p1~2=p1,f111(0, O))

£112(0,0): =expand(fl 1(0,0)*£2(0,0)); £121(0,0):=f112(0,0);

£122(0,0):=expand(f22(0,0)*£1(0,0));

£1122(0,0):=expand(f11(0,0)*£22(0,0));

£(0,0):=1;

£1(0,0):=(n-y)*p3; g2(0,0):=(n-y)*p4;

811(0,0):=(n-y)*2*p3; g22(0,0):=(n-y)"2*p4;

£12(0,0):=(n-y)*2*p5; g21(0,0):=(n-y)*2*p5;

g111(0,0):=(n-y)*3*p3; g112(0,0):=(n-y)*3*p5;
£121(0,0):=(n-y)*3*p5; g122(0,0):=(n-y)*3*pS;

gl 122(0 O) —(n-y)"4*p5 gl 121(0,0):=(n-y)*4*pS5;

k(0,0

k1(0, 0) —-Y"‘p3, k2(0,0):=-y*p4;

k11(0,0):=y~2*p3; k22(0,0):=y"2*p4;

k12(0,0):=y~2*pS; k21(0,0):=y*2*p5;

k111(0,0):=-y*3*p3; k112(0,0):=-y*3*pS5;

k121(0,0):=-y*3*p5; k122(0,0):=-y*3*p5;

k1122(0,0):=y~4*pS; k1121(0,0):=y*4*p5;

printlevel:=-1; M1122:=collect(M1122,n);

printlevel:=1; Mf4:=coeff(M1122,n,4);

printlevel:=-1; s:='s";t:='t";

M1 1:=simplify(diff(M,s,s)); -

M11:=subs(diff(f(s,t),s,s,t,t)=f1122(s,t), diff(g(s.t),s,s.t,t)=g1122(s,t),

diff(f(s,1),s,s,t)=F112(s,t),diff(g(s,t),s,s,t)=g112(s,t),
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diff(£(s,t),s,t,t)=F122(s,t),diff(g(s.t),s,t,t)=g122(s,1),
diff(f(s,t),s,s)=f11(s,t),diff(g(s.t),s,s)=g1 1(s,t),
diff(k(s,t),s,8.t,0)=k1122(s,t), diff(k(s,t),s,5,)=k112(s,t),
diff(k(s,t),5,,)=k122(s,t), diff(k(s,t),s,8)=k11(s,0), diff(k(s,t),t,0)=k22(s,t),
diff(k(s,t),t)=k2(s,1), diff(k(s,1),s)=k1(s.0),
diff(f(s,t),s,t)=F12(s,t),diff(g(s,1),s,t)=g12(s,t),
diff(f(s,t),t,5)=F21(s,t),diff(g(s,t),t,s)=g21(s,t), diff(f(s,t),t,t)=f22(s,t),
diff(g(s,),t,t)=g22(s,t), diff(£(s,t),)=F2(s,t),diff(g(s,1),0)=82(s.1),
diff(£(s,1),8)=F1(s,t),diff(g(s.t).5)=g1(s.,t),.M11);

t:=0;s:=0;printdevel:=-1;

M11:=collect(expand(M11),n); printlevel:=1;
M11:=subs(p3=h1,pl=h1,h142=F2,h1=F1,M11);

printlevel:=-1;

M11:=expand(M1142);

NF4:=Mf4-coeff(M11,n,4);

NF4=normal(NF4);

C4:=collect(normal(NF4),y); :
C4:=subs(p32*p4+2=F272 p3Ar2*p4=F1*F2,p4*p3~3=F1*F2,p3*p4"2=F1 *F2,
par2+*p3=F1*F2,p3*p4=F142,p4*p3=F112,C4);
C4:=subs(p1*p2=0,p1*p2*p3=0,p1 *p2*p4=0,p1 *p2*p5=0,p1 *p2*p342=0,
pl*p2*p4~2=0,

pl*p2*p3*p4=0,p1*p2*p4*p3=0,C4);

printlevel:=1;

C4:=collect(C4,y);

printlevel:=-1;

M1122:="M1122';M11:=M11"; M:='M; :
f1:="f1";£2:="f2";f11:="f11";f12:="f12"f111:="f111",
gl:='gl';g2:="g2"gl1:="g11';g12:="g12";gl11:="g111’;
kl:='k1k2:='k2";k11:='k11;k12:='k12k111:=k111";

s:='s';t:="t"; a:='a";b:='b";

M:=f(s)*g(s)*a*k(s)*b;

M1111:=simplify(diff(M,s,s,s,s));
M1111:=subs(diff(f(s),s,s.s,s)=f1111(s), diff(g(s).s.s,s,s)=g1111(s),
diff(k(s).s,s,s,5)=k1111(s), diff(k(s),s,s,s)=k111(s),diff(k(s),s,s)=k11(s),
diff(k(s),s,s)=k11(s),diff(k(s),s)=k1(s), diff(f(s),s.s,s)=f111 (s),diff(g(s),s,s,s)=g111(s),
diff(£(s),s,s)=F11(s),diff(g(s),s,s)=g 11(s), diff(f(s),s)=f1(s),diff(g(s),s)=g 1(s),M1111);
printlevel:=-1; t=0; s:=0;a:=y-1;b:=n-y;

f(0):=1;

£1(0):=(n-y); f11(0):=(n-y)*2;

f 1(1))1 (0):=expand(f11(0)*f1(0)); £1111(0):=expand(f11(0)*f11(0));

£(0):=1;

g1(0):=(n-y)*p3; g11(0):=(n-y)*2*p3; gl111(0):=(n-y)*3*p3;
g1111(0):=(n-y)*4*p3;

k(0):=1;

k1(0):=-y*p3; k11(0):=y*2*p3; k111(0):=-y*3*p3; k1111(0):=y"4*p3;
Mll11l:=collectM1111l,n);

Mf4:=coeff(M1111,n,4);

printlevel:=-1; s:='s";t:="t;

M11:=simplify(diff(M,s,s));

M1 1:=subs(diff(f(s),s,s)=F11(s),diff(g(s),s.s)=g 1 1(s),
diff(k(s),s,s)=k11(s),diff(k(s),s)=k 1(s),
diff(f(s),s,s)=F11(s),diff(g(s),s,s)=g11(s),
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diff(f(s),s)=f1(s),diff(g(s),s)=g1(s),M11);
t:=0;s:=0;
M11:=collect(expand(M11),n);
M11:=subs(p3=h1,pl=h1,h142=F2,h1=F1,M11);
M11:=expand(M11°2);
NF4:=Mf4-coeff(M11,n,4);
C4a:=collect(NF4,y);
printlevel:=1;
Cda:=subs(p3~4=F4,P343=F3,P3*2=F2,p3=F1,C4a);
C4:=collect(normal(y*(y-1)*C4+y*C4a),y);
C44:=coeff(C4,y 4);
C43:=coeff(C4,y,3);
C42:=coeff(C4,y,2);
C41:=coeff(C4,y,1);
s:="s";t:="t";
M1122:='M1122";M11:='M11"; M:="M;
f1:="f1":£2:="f2";f11:="f11";,f12:="f12";f111:="f111";
gl:='gl’;g2:='g2";gl11:="g11';g12:='g12";gl11:="g111";
k1:='k1":k2:='k2"k11:='k11"k12:='k12";k111:=k111";

='s";t:="t"; a:="a";b:='b'"; c:='c’;
M:=u(s,t)*v(s,t);
printlevel:=-1;
M1122:=simplify(diff(M,s,s,t,t));
MM:=subs(diff(u(s,t),s,s,t,t)=U1122, _
diff(v(s,1),8,8,t,1)=V1122,diff(v(s,t),s,5,t)=V112, diff(v(s,t),s,t,)=V 122,
diff(v(s,b),s,0)=V 12, diff(v(s,t),s,8)=V11, diff(v(s,t),t,0)=V22,
diff(v(s,t),t)=V2, diff(v(s,t),s)=V1, diff(u(s,t);s,s,t)=U112,
diff(u(s.t),s,t,)=U122, diff(u(s,t),s.t)=U12, diff(u(s,t),s,s)=U11, diff(u(s,t),t,t)=U22,
diff(u(s,t),t)=U2, diff(u(s,t),s)=U1, M1122); :
printlevel:=-1;
u0(s,t):=f(s,t)*g(s.t)*a; vO(s,t):=k(s,t)*b*k(s,t)*c;
ul(s,t):=diff(u0(s,t),s); u2(s.t):=diff(u0(s,t),t);
ull(s,t):=diff(ul(s,t),s); ul2(s,t):=diff(ul(s,t),t); v22(s,t):=diff(u2(s,t).t);
ul22(s,0):=diff(ul12(s,t),t); ul12(s,t):=diff(ul1(s,t),t); ul122(s,t):=diff(ul 12(s,t),t);
v1(s,t):=diff(k(s,) b*h(s,t)*c,s); v2(s,t):=diff(k(s,t)*b*h(s,1)"c,1);
v11(s,t):=diff(v1(s,t),s); v12(s,t):=diff(v1(s,0),t); v22 (s,t):=diff(v2(s,t),t);
v122(s,0):=diff(v12(s,t),t); v112(s,t):=diff(v11(s,t),t); v1122(s,t):=diff(v1 12(s,t),t);
printdevel:=-1;
U1122:=subs(diff(f(s,1),s,5,t,)=F1122(s,t), diff(f(s,t),s,s,t)=f112(s,t),
diff(£(s,t),8,t,0)=F122(s,t), diff(£(s,t),s,5)=F11(s,t),diff(f(s,t),L,0)=F22(s,1),
diff(f(s,t),s,t)=f12(s,t),diff(f(s,t).t)=F2(s,t), diff(f(s,t),s)=L1(s,1),
diff(g(s.t),.5,L,t)=g1122(s,1), diff(g(s,t),s,8,0)=g112(s,t),diff(g(s,1),8,t,)=122(s.t),
diff(g(s,1),s,8)=g1 1(s,t),diff(g(s,t),t,)=g22(s,t), diff(g(s,t).s,)=g12(s.t),
diff(g(s,1),0)=82(s,t), diff(g(s.t),s)=g1(s.1), ul122(s,));
U112:=subs(diff(f(s,t),s,s,t)=f112(s,t), diff(f(s,t),s,s)=f1 1(s,t),diff(£(s,t),t,t)=f22(s,t),
diff(f(s,t),s,)=F12(s,t),dif f(f(s,t),t)=F2(s,1), Qiff(f(s,t),s)=L1(s,t),
diff(g(s,1),s,5,t)=g112(s,t), diff(g(s.t),s,8)=g11(s,1),diff(g(s.1),1,)=g22(s,1),
diff(g(s,1),s,)=g12(s,1),diff(g(s.t),)=g2(s,t), diff(g(s,0),8)=g1(s,1), ull2(s,h));
U122:=subs(diff(£(s,1),s,t,)=f122(s,t), diff(f(s,t),s,5)=F11(s,t),diff(£(s,t),t,)=F22(s,1),
diff(f(s,t),s,t)=F12(s,1),diff(£(s,t),t)=£2(s,t), diff(f(s,t),8)=f1(s,1),_ .
diff(g(s,t),s.t,t)=g122(s,t), diff(g(s,t),s,s)=gl 1(s,t),diff(g(s,t),t,t)=g22(s,t),
diff(g(s,t),s,t)=g12(s,1),diff(g(s,t),t)=g2(s,t), diff(g(s,t),s)=g1(s,t), ul22(s,t));
U12:=subs(diff(£(s,t),s,s)=f 1 1(s,t),diff(£(s,t),t,0)=F22(s,1),diff(£(s,L),s,t)=E12(s,1),
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diff(£(s,t),t)=F2(s,1), diff(f(s.t),s)=f1(s.t),
diff(g(s,t),s,s)=g11(s,1),diff(g(s,t),t,t)=g22(s,1),

diff(g(s,t),s,0)=g 12(s,t),diff(g(s,t),)=g2(s,t), diff(g(s,1).5)=gl(s.t), ul2(s,1);

U1 1:=subs(diff(f(s,t),s,s)=f11(s,t),diff(f(s.1),t,)=£22(s,1),
diff(£(s.1),8,t)=F12(s,t),dif f(£(s,t),0)=F2(s,t), diff(£(s,t),s)=f1 (s,t),
diff(g(s.1),s.8)=g11(s,0),diff(g(s,1),t,1)=g22(s,t),diff(g(s,1),5.)=g12(s.),
diff(g(s,b),t)=g2(s,0),diff(g(s,1),5)=g 1(s,t), ull(s,));
U22:=subs(diff(f(s,t),s,s)=f11(s,t),dif f(f(s,t),t,)=22(s,1),
diff(£(s,1),s,0)=F12(s,t),diff(£(s,t),)=F2(s,1),dif f(£(s,0).8)=f1(5,1),
dif)f(g(s,t),s,S)=g1 1(s,1),diff(g(s,1),t,t)=g22(s,1),diff(g(s.1),5,t)=g 12(s,1),diff (g(s,1),)=g2(
s,t),

diff(g(s,t),s)=g1(s.1), u22(s,1); ’
U2:=subs(diff(f(s,t),t)=t2(s,t),diff(g(s,t),t)=g2(s,t),diff(g(s,t),s):gl(s,t), u2(s.t));
Ul:=subs(diff(f(s,t),s)=f1 (s,1),diff(g(s,t),t)=g2(s,1),diff (g(s,t),8)=g1(s,1), ul(s,t));

V1122:=subs(diff(k(st),s,s.t,t)=k1122(s,t),diff(k(s,t),s,s,)=k112(s,1),
diff(k(s,b),8,1,0)=k122(s,t),diff (k(s,1),5,8)=k11(s,t),dif f(k(s,1),t,t)=k22(s,1),
diff(k(s.t),s,t)=k12(s,t),diff (k(s,t),0)=k2(s,t),diff (k(s,t),s)=k1(s,1),
diff(h(s,t),s,8,t,)=h1122(s,1),diff(h(s,t).s,s,t)=h112(s,1),diff(h(s,1),8,t,t)=h 122(s,t),
diff(h(s,t),s,s)=h11(s,t),diff(h(s,t),t,t)=h22(s,t),diff(h(s,t),s,t)=h 12(s,t),diff(h(s,t),t)=h2(

s,t),

diff(h(s,t),s)=h1(s,t), vl 122(s,t));

V112:=subs(diff(k(s,t),s,s,t)=kl 12(s,t),diff(k(s,t),s,s)=k11 (s,1),diff(k(s,t),t,t)=k22(s,t),
diff(k(s,t),s,t):kl2(s,t),diff(k(s,t),t)=k2(s,t),diff(k(s,t),s)=k1(s,t),

diff(h(s,t),s,s,t)=hl 12(s,v),diff (h(s,t),s,s)=h1 1(s,t),diff (h(s,t),t,t)=h22(s,t),

diff (h(s,t),s,t):hl2(s,t),diff(h(s,t).t)=h2(s,t),diff(h(s,t),s):h 1(s,t), v112(s,1));

Vi1 22:=subs(diff(k(s,t),s,t,t)=k122(s,t),diff(k(s,t),s,s):kl 1(s,t),diff(k(s,t),t,t)=k22(s,t),
diff(k(s,t),s,t):k12(s,t),diff(k(s,t),t)=k2(s,t),diff (k(s,t),8)=k1(s,t),

diff(h(s,t),s,t,t)=h 122(s,t),diff(h(s,t),s,s)=h1 1(s,t),diff(h(s,t),t,t)=h22(s,t),

diff (h(s,t),s,t):h12(s,t),diff(h(s,t).t)=h2(s,t),diff(h(s,t),s):h 1(s,t), v122(s,1));
V12:=subs(diff(k(s,t),s,s)=k1 1(s,t),diff(k(s,t),t,0)=k22(s,t),

diff(k(s,t),s,t)=k12(s,t),diff (k(s,t),t)=k2(s,t),diff(k(s,t) .8)=k1(s,t),

diff(h(s,t),s,s)=hl 1(s,t),diff(h(s,t),t,t)=h22(s,t),diff(h(s,t).s,t):h 12(s,t),diff(h(s,t),t)=h2(

s,t),

diff(h(s,t),s)=h1(s,t), v12(s,1));

V11:=subs(diff(k(s,t),s,s)=k1 1(s,b),diff(k(s,t),t,t)=k22(s,t),diff(k(s,t),s,t)=k 12(s,t),
diff(k(s,t),t)=k2(s,t),diff(k(s,t),s)=k1(s,t),diff(h(s,t),s,s)=h1 1(s,t),diff(h(s,t),t,t)=h22(s,t)

diff(h(s,t),s,t)=h12(s,t),diff(h(s,t),t)=h2(s,1),diff(h(s,t),s)=h1(s,t), V11(s,t));
V22:=subs(diff(k(s,t),s,8)=k11(s,t),diff(k(s,t),t,t)=k22(s,1),

diff(k(s.0),s,0)=k12(s,t),diff (k(s,t),t)=k2(s,t),diff(k(s,t),5)=k 1(s,t),
diff(h(s,t),s,s)=h11(s,t),diff(h(s,t),t.0)=h22(s,1),diff(h(s,t),8,t)=h12(s,t),diff (h(s,t),t)=h2(

s,0),

diff(h(s,t),s)=h1(s,t), v22(s,t));
V2:=subs(diff(k(s,t),t)=k2(s,t),diff(h(s,t),t)=h2(s,t),diff(h(s,t),s)=h1(s,1), v2(s.1));
V 1:=subs(diff(k(s,t),s)=k1(s,t),diff(h(s,t),t)=h2(s,t),diff(h(s,t),s)=h1(s,t), V1(s,1));

printlevel:=-1;

t:=0; s:=0;

£(0,0):=1; £1(0,0):=(n-x)-x*p1; £2(0,0):=(n-y)-y*p2;
£11(0,0):=expand(f1(0,0)*2); £11(0,0):=subs(p1*2=p 1,£11(0,0));
£22(0,0):=expand(f2(0,0)"2); £22(0,0):=subs(p2+2=p2,£22(0,0));
£12(0,0):=£1(0,0)*£2(0,0); £21(0,0):=f12(0,0);
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£112(0,0):=expand(f11(0,0)*£2(0,0));

£122(0,0):=expand(£22(0,0)*£1(0,0));

£1122(0,0):=expand(f11(0,0)*£22(0,0));

£(0,0):=1; g1(0,0):=(n-x)*p3; £2(0,0):=-y*p4;

£11(0,0):=(n-x)*2*p3; g22(0,0):=y*2*p4;

£12(0,0):=-y*(n-x)*p5; £21(0,0):=-y*(n-x)*p5;

£112(0,0):=-y*(n-x)*2*p35; £121(0,0):=-y*(n-x)"2*p5;

£122(0,0):=y"2*(n-x)*p5; £1122(0,0):=y*2*(n-x)*2*p5;
k(0,0):=1;k2(0,0):=(n-y)*p4; k1(0,0):=-x*p3; )
k22(0,0):=(n-y)*2*p4; k11(0,0):=x*2*p3; k12(0,0):=-x*(n-y)*p5;
k21(0,0):=-x*(n-y)*p5; k122(0,0):=-x*(n-y)*2*pS; k121(0,0):=x*2*(n-y)*p5;
k112(0,0):=x*2*(n-y)*p5; k1122(0,0):=x/2*(n-y)"2*p5; :

h(0,0):=1; h1(0,0):=-x*p3; h2(0,0):=-y*p4; hl 1(0,0):=x"2*p3; h22(0,0):=y*2*p4;
h12(0,0):=x*y*p5; h21(0,0):=x*y*p5; h112(0,0):=-y*x"2*p5; h121(0,0):=-y*x"2*p5;
h122(0,0):=-y*2*x*p5; h1122(0,0):=x*2*y"2*p5;

printlevel:=-1;

a:=x-1;b:=y-1;c:=n-x-y; u(0,0):=1;v(0,0):=1;

M1122:=M1122;

ul122(s,t):="ul122(s,t)"; v1122(s,t):='v1122(s,t)';u 122(s,1):='ul22(s,t)';
v122(s,t):="v122(s,t);ul 12(s,t):="ul12(s,1)"; vl 12(s,t):='v112(s,t)";
ull(s,D):="ull(s,t); v11(s,0):='v11(s,t)’; ul2(s,t):="ul2(s,n)" v12(s,t):="v12(s,t)";
u22(s,t):="u22(s,t)"; v22(s,1):="v22(s,t)';

MM 1 :=collect(U1122*v(s,t),n); MM1:=coeff(MM1,n,4);
MM2:=collect(V1122*u(s,t),n); MM2:=coeff(MM2,n,4);
MM3:=collect(2*U112*V2,n); MM3:=coeff(MM3,n,4);
MM4:=collect(2*V112*U2,n); MM4:=coeff(MM4,n,4);
MMS5:=collect(U11*V22,n); MMS5:=coeff(MMS5,n,4);

MMG6:=collect(V11*U22,n); MM6:=coeff(MM6,n,4);
MM7:=collect(2*U122*V 1,n); MM7:=coeff(MM7,n,4);
MM8:=collect(2*V122*U1,n); MM8:=coeff(MM8,n,4);
MMO9:=collect(4*U12*V12,n); MM9:=coeff(MM9,n,4);
Mf4:=MM1+MM2+MM3+MM4+MM5+MM6+MM7+MM8+MM9;

printlevel:=-1;

Mf4:=normal(Mf4);Mf4:=collect(Mf4,x);

printlevel:=-1;

MK 1:=collect(U1122*v(s,t),n); MK 1:=coeff(MK1,n,3);
MK2:=collect(V1122*u(s,t),n); MK2:=coeff(MK2,n,3);
MK3:=collect(2*U112*V2,n); MK3:=coeff(MK3,n,3);
MK4:=collect(2*V112*U2,n); MK4:=coeff(MK4,n,3);
MK5:=collect(U11*V22,n); MKS5:=coeff(MKS5,n,3);

MK6:=collect(V11*U22,n); MK6:=coeff(MK6,n,3);
MK7:=collect(2*U122*V 1,n); MK7:=coeff(MK7,n,3);
MKS8:=collect(2*V122*U1,n); MK8:=coeff(MK8,n,3);
MK9:=collect(4*U12*V12,n); MK9:=coeff(MK9,n,3);

Mf3:=MK 1+MK2+MK3+MK4+MK5+MK6+MK7+MK8+MKO9;

printdevel:=-1;

Mf3:=normal(Mf3);Mf3:=collect(Mf3,x);

s:="s";t:="t";

M1 1:=simplify(diff(M.s,s));printlevel:=-1;

M1 1:=subs(diff(u(s.t),s,s,t,t)=U1122, diff(v(s,t),s,s,t,t)=V1 122 diff(v(s,t),s,s5,t)=V112,
diff(v(s,t),s,t,0)=V122, diff(v(s,t),s,)=V12, diff(v(s,t),s,5)=V11, diff(v(s,t),t,t)=V22,
diff(v(s,1),t)=V2, diff(v(s,t),s)=V1, diff(u(s,t),s,s,t)=U112,
diff(u(s,b),s,t,t)=U122, diff(u(s,t).s,t)=U12, diff(u(s,t),s,s)=U11, diff(u(s,t),t,t)=U22,
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diff(u(s,t),t)=U2, diff(u(s,t),s)=U1, M11);

t:=0;s:=0;printlevel:=-1;

M11:=collect(normal(M11),n);

M11:=subs(p1=F1,p3=F1,F142=F2,M11);

s:="s";ti="t";. -

M22:=simplify(diff(M,t,t));printlevel:=-1;

M22:=subs(diff(u(s,t),s,s,t,t)=U1122, diff(v(s,t),s,s,,t)=V1 122,diff(v(s.t),s,s,t)=V112,
diff(v(s.b0),s,,0)=V122, diff(v(s,1),s,t)=V12, diff(v(s.t),s,5)=V11, diff(v(s,t),t,t)=V22,
diff(v(s,t),0)=V2, diff(v(s,t),s)=V1, diff(u(s,t),s,s,t)=U112,

diff(u(s,t).s,t,0)=U122, diff(u(s,t),s,t)=U12, diff(u(s,t),s,s)=Ul1, diff(u(s,t),t,t)=U22,
diff(u(s,t),t)=U2, diff(u(s,t),s)=U1, M22);

t:=0;s:=0;printlevel:=-1;

M22:=collect(normal(M22),n);

M22:=subs(p2=F1,p4=F1,F142=F2,M22);

MN:=collect(M11*M22,n);

MN3:=normal(coeff(MN,n,3));

MN4:=normal(coeff(MN,n,4));

printlevel:=1;

C4b:=collect(collect(normal(Mf4-MN4),x),y);
C4b:=subs(p3"2*p4"2=F2"2,p4"2*p3"2=F2"2,p3*p4"2=F1*F2,p4"2*p3=F1*F2,
p3~2*p4=F1*F2,p4*p3~2=F1 *F2,p3*p4=F1~2,p4*p3=F142,p4/2=F2,p32=F2,
p373=F3,p4”3=F3,p3=F1,p4=F1,C4b);

C3:=collect(collect(normal(Mf3-MN3),x),y);
C3:=subs(p342*p4r2=F2/2,p472*p342=F212,

p3*p4r2=F1*F2,p4*2*p3=F1*F2,
p3"2*p4=F1*F2,p4*p3"2=F1*F2,p3*p4=F1"2,p4*p3=F1"2,C3);
C32:=coeff(coeff(C3,y,1),x,1);

C31:=coeff(coeff(C3,y,0).x,1);

quit;
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