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INTRODUCTION

A von Neumann algebra is an involutive subalgebra of L(H),

the algebra of all continuous linear operators on & Hilbert space,""

which is equal to its bicommutent. It is also called & ring of
operators or a W¥-algebra, S. Sakal [11] has shown that a
C%-algebra is a von Neumann algebra if and only if it is the

conjugate space of a - Banach space (cf. 8 243),

Knowing the fact that the bidual of a C*Qalgebra A can
be identified with the enveloping von Neumgnn algebia of A
(ef. 8 3.1 )Jwe are able to solve a number of ‘problema in C*= "
algebras by using von Neumann algebra methods, We do this in

Chepters III and IV,

The contents of this thesis may briefiy be described as
follows. In Chapter I, we assemble together some basic definie
tions and results in C¥-algebra which are uged throughout the |
work. In Chapter II, we define the four basic topologies on “L(H)
and establish some useful properties of von Neumann algebras.

Ve also discuss other difinitions of a von Neumann algebra and
give the proofs of their equivalence. The.final section of this

chapter ( 8 2.5 ) is devoted to & characterization of factors

of type I.

Chapter III dis devoted to the discussion of the envelo=

ping von Neumann algebra of a C¥-algebra. We show that the bidual
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of a C¥-algebra is isometrically iaomorphié to its. enveloping

von Neumann algebra. We: uge the enveloping von Neumenn algebra to

obtain a characterization of the equivalence of irreducible rep=- _.'J

resentations of a C*=glgebra defined by pure states. In fact, if
Te 7@g are two irreducible representations of a C*-algebra

A corresponding to the pure states f and g on A, then

Te -and 7Tg are equivalent if and only if the extensions Qf y
% of £ and g , respectively, to the envéloping von Neumann
algebra of A have equivalent - supports. In Chapter’IV,

we discuss the polar decomposifion and the enveloping polar decom- '
position of a continuous linear functional on a C¥-algebra. W;:'_
givé geveral applications of these decompositions; in partcular,
we show that if g is a hermitian continuous linéar functional .
on a C*-algebra A , then there exists a unique couple (£, £')

of positive functionals on A such that g = £ -f' and

et = tE+ 1e .

I am very much indebted to Dr. B. J+ Tomiuk, who suggested
this topic and with paiience and generous encouragement direoted
its development . I wish to thank the University of Ottawa for -
the finencial support that was extended %o me during ny atgdies

here for the past two years,
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Chapter 1

C*-algebra‘

g8 1, UXNotation and terminologx

Definition. Iet A be an algebra over the field € of complex
numbers., A mapping x—>x¥ of A into A is called an invo-

Tution if it satisfies the following conditions s -

(1) (=F)*=x ;

(1)  (x+gh¥=xbspe
(111)  Qx)* = Ax*

(iv) (xy)* = yx*

=

for ell x,y in A and for all A in €, An algebra A

_with an involution is called an involutive algebra.

Remark : ZProperty (1) implies that an involution on A is neces=

sarily a bijection.

An element x in an involutive algebra A is called her-
mitian if x = x* . The set of all hermit;&ﬂ elements of A is

denoted by 4y . Every element of A has a unique representation

in the form
X = xl + ix2 ’
where Xy % € Ay In fact, we have

X, = I(x + x*) and = 3i(x - x*) .

X2

If a hermitian element x is of the form X = yy¥ , for some ¥y



in A, then x is called a positive element of A and write

x > 0 ., The set of all positive elements of A is denoted by At, |

Definition., A nofmed algebra with an involution such that

uxﬁl:ﬂxﬂ for all x in A is called an involutive normed algebra.

If A is complete, then A is called an involutive Banach al=-

gebra. An involutive Banach algebra A such that ||x012 = [ix*xll

for all x in A is called a C*-algebra,

A linear functional £ defined on an involutive algebra A

is called & positive functional if f(x*x) > 0 for all x in

A, I £ is a linear functional defined on A , the functional

n—

% on A defined by £*(x) = £(x*) for-all x in A is also

linear and f* is called the adjoint linear functional of £,

It is easy %o see that f* has the following properties :

(1) Pt = £
(11) (2 + gl* =% + g ;
(1i1)  (Ae)* = Az* ,

for all linear functionals £ , g on A and for all A in €,

If £=f£%, then I 1is called hermitian (or self-adjoint).Every

linear functional £ on A has a unique representation in the

form

£=2 +it)

where fl y f2 are hermitian linear functionals. In fact, we have
£ = 3(£ + £¥) and £, = 2i(f - £%) ,

et £ and g be two linear functionals defined on an

iuvolutive algebra 4 , If £ - g 1s positive, we say that £

N\




majorizes g end write £ 2 g+ Det £ be a non-zero positive

continuous functional on A ., Ifevery positive continuous func=

tional g on A such that g £ £ is of the form AL (04 A1),

then f is called a pure functional. Let £ be a non-zero con=

tinuous linear functional on an involutive normed algebra A, 1L

£l =1, then £ is called a gtate of A.

From now on, let H denote a (complex) Hilbert space and
L(H) . the Banach algebra of all continuous linear operators on H,

normed with the usual operator bound.

Definition. Let A and B be two involutive algebras, Then a

homomorphisn $> of A into B is called a *~homomorphism if

9(x¥) = (P(x))* forall x in 4, Similarly, an isomorphism

with this property is called a *.igomorphism,

Definition. DLet A be an involutive algebra. Then & *=homomor-

phism of A into IL(H) is called a representation of A in H,

Tet 70 be a representation of an involutive algebra A
in a Hilbert space H and let § bean element in H . The clo-
sure of 7T(A)§ ig a closed vector subspace of H dinvariant

with respect to 7((A) . If this closed subspace is H, theng

is called & topologically cyclic vector for T .

Tet A be an involutive algebra and £ a positive func-

tional on A , Then, for 211 x and ¥ in A , we have

2(y*x) = £(x*¥y) . In fact,

(1) 0 £ £{(nx + By)*lx+ By))




= |ofPe(x*x) + Puz(y*x) + Balz(aty) + [plPe(y*y)

forall x,y 4o A and o, g in €. Since £(x*x) > 0
and f£(y*y) 2 0 are real,. ’éotf(y*x) + ﬁo'f:f(x*y) is real for
all o , B . Take of = B =1, then £(y*x) + £(x*y) is real
and so Im(£(y*x)) = -Im(2(x*y)) , Teke ol=1, P=1i, then
-i(y*x) + 42(x*y) is real and so Re(£(y*x)) = Re(2(x¥y)). ‘
Therefore ZI(y¥*x) = E(?*_y) « Moreover, the following Cauchy -

Schwartz inequality holds
|22 £ 2Com)z(yty)

for all x eand y in A . In fact, in the inequality (l), let

ol be any real number and @: £(y¥x) , then we have
w22(xx) + of [2(y*x)|2 + oL £(y*x)E(x¥y) + |2(y*x) |3(y*y)
= o28(x¢x) + 2o]e(y¥x)|? + |2(y*x) [22(y%y) .

Since this holds for all real o/ , the discriminant of the quad-

ratic is negative or zero., Therefore the inequality follows, It

ig clear that if A has an identity, then
2(x*) = £(x) and lf(x)l2 £ 2(1)(x¥*x)

holds for all x in A,

A get I is said to be directed upward or an increasing

directed set if I is partially ordered and if for every of ,

P in T there is a Y in I such that of & Y, @_A_Y . Tet
(e 0() T be a family of elements in a normed algebra A , indexed -
by an increasing directed get I . The family (eo‘)o(el is called

an apprbximate identity of A provided @




(i) llegl & 1 foreachof in I ;
(11) Lin [leyx = xll=0 end lm |lxew = x1l= 0
for each x in .A .

Let A be an algebra and let A= AXC be the cartesian
o~
product of A and € , Define in A the operations of additionm,

multiplication and muptiplication by scalars as follows kR
(g0t ) + (73 B) = (x+ 7, o+ ) 3
(x,0)(yy p) = (xy + oty + Bx, ofp)
Kz, ) = (px, fot)

forall X,y 4in A and &, p in ¢ , Then with these opera=-
tions, X becoxﬁes an associative algebra. Moreover, if A 1s
an involutive normed algebra then ;\.I is an involutive normed
algebra with the involution given by (x,&()* = (x¥,ol ) and the
norm, for example, Il(x,ot )l = x|l + 1] ('K is also an invo=
lutive normed algebra under the norm " x, )|l = |x|l2 ‘e(la)%
or I (xy o]l = max{lix1l, lo{1) ). It is clear that if A is
complete then I is complete and that A car-l be considered as
a maximal closed two sided ideal of ’K . /K is called the algebra
obtained from A by adjunction of an identiiy. It A is a C¥=

~
algebra, then there exists a unique norm under which A is a

C*-algebra. In fact, if A has an identity element, then R’ is
& C¥-algebra under the norn |I(x, o )l = max( Bz, |l Jo I£ A
hes no identity element, we consider the left regular represen-
tation x—%DL, of TA./ . Then under the norm lx|l = {|Igfl , I

is a C*-algebra,(cf. 1.3.3, 1.3.7 and 1.3.8 in [3] )'

- o - -
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If £ is a positive continuous linear functional on an
involutive normed algebra A , define S on X by the relation
~N ~ ‘
£((x,0¢)) = &Il + £(x) . Then £ dis a positive continuous
. N !
linear functional. f is called the canonical extension of £ >

$0 & . (cfe 2.1.5 in [3])

TLet A be an algebra over the complex field ¢ . We define

in A ‘the circle operation by the relation

XOYy=X+Y =Xy,

An element of A which has a (left, right) inverse relative to

sne cirele operation is said to be (left, right) guasi-regular,

An element which is not (left, right) quasi-regular is called

1
{
(lefL right) quasi-gingular, v :

Tet A be a complex normed algebra with an identity. An

element x in A is said to be left (right) regular provided

there exists y in A such that yx=1 (xy=1 ). An element

which is both left and right regular is called regular, If an

clement is not (left, right) regular then it is called (left,

.,right) singular., When A has no identity, then every element of

A is regarded as singular.

Tet A be a complex algebra and Xx be any element of A,
Then the spectrum of x in 4 1is the set SpA(x) of all comp=-
lex numbers eo! such that o("lx is quasi-singular, plus zero if

x is singular. ?(x) = sup { ol ¢ otE SpA(x) } is called

the spectral radius of X . f’(x) = Illixg, ]lxn[ll/n (ef. p30 inl9l),

~N
SpA(x) denotes the spectrum of x in A , where x is consi-




~ _—
dered as an element of A . We have Sp"x(x) = Spi(x*) and

0o ¢ SpA(x) for every x in A ., It is clear that

SpA(x) = {o} U S A(x) « We observe that & hermitien element x
in & C¥-algebra A is positive if and only if SpA(x) 20 .

(ef. 1.1.6. and 1.6.1. in [3] ).

Definition. A non-zero homomorphism of a commutative algebra A

into its field is called a character of 4 .

Tet A be a commutative complex Banach algebra. Each cha- .

racter of A is of norm £ 1 (ef. Corollary I(3.1.7) in [9] ).
The get of all characters of A , with the weak*-topology, is &
locally compact ﬁausdroff space and is called the carrier space
of A, denoted by @A . For each Ix in A , the function

9( — 9((1:) on §A is called the _Gelfand trensformation of

x and is denoted by \'9;: . If A is a commutative C¥-algebra
then A is isometrically *-isomorphic to the algebra Co( @A)

of all continuous complex~valued functions on @A which vanish

gt infinity. (cf. Theorem (4.2,2) in T9] )

Let {Hi t 1€ I} be a family of Hilbert spaces, and
let H be the family of all functions ('§i) on I which

satisfy the following conditions ¢

(1) gie H, forall i in I ;

(i1) (gi) contains at most & denumerasble number of

elements which are different from zero

(1ii) the series Zi ﬂg“z converges e
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It is easy to see thét H is closed under the operations of ad-
dition, multiblication by scalars and the inner‘product given by
the foilowing relations :

() +(N) =@ +1)

«(€,) = ME,) ;

(), (N)) = 61,

where (§i) , (T)i) ¢ H and ol ¢ € . In fact, with these

operations H ‘is a Hilbert space and is called the direct (Hilbert)

sum of H, , denoted by (48] Hi .

1 . 11 |
Tet M denote the vector space of all bounded sequenses

of compiex nuﬁbers iy e (sl,sz,.....) o Then M is & Banach
space under the norm ugu = 1?blsi| o A Banach limit is any cone
tinuous linear functional defined on M such that

(1) £(s) = £(7Ts) ﬁhere T8 = (92,93,.....);

(i1) £(s) 2 0 ifs 2 0 forall i ;

(1i1)  f£(e) = 1 where 6= (L,lyevece) o
We write IIM 8, = £(s) . If s is a convergent sequence, then

N»R

IIMs =1limns . (cf. pp. 64=65 First course in functional
me B e I

‘analysis by OC. GoPfman and G. Pedrick and p.73 in [4] ) .

§ 2, Some useful results on C¥-algebras .

Theorem (1,2,1), Let A be an involutive Banach algebra 4 B a
C¥=glgebra and ¢ & *-homomorphism of A into B . Then

(Nl £ jixil  for ell x in A,

Proof : [3] Por each hermitian element y-in B, liy2ll =lly*yll =
= nynér._By indﬁction, we have ”yznug-n = [[¥i] o Hence

CHIY ply) = v

where Q(y) is the spectral radius of ¥ . We have
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sp(@ (x)) C spj(x) o In fact, if there exists 0 # A€ sp}(@(x))
such that A & Spl's_(x) , then A~lx is quasi-regular, Hence
2710(x) is quasi-regular é.nd A& Sp:'B(<P(x)) ; & contradiction,
since  P(@(x)) = supflg|: § €Spp(P(x))} ¢ sup{lg]s g espy(x)}

= P(x) , we have P( P(x)) £ Px) £ |ixil for every x in

A, Hence, by (1) and the fact that x*x is hermitian, it follows

that

IR = 199G = kel = PO (b))
< kil £ el = i

and this completes the proof,

Theorem (1.2.2‘).' Let A be a C¥-algebra, B an involutive normed

algebra and ¢ an injective *~homomorphism of A into B , Then

He(xMl > lxif for all x in 4,

Proof : [3] Let x & A, Pirst, let us assume thai | x is a po-
sitive element. Replacing ¢ by its restriction to the sub-C¥=-
algebra of A generated by x , we may assﬁme that A is commu~
tative. Replacing B first by ¢ (A) , then by its completion,
we may assume that B is commutative and complete, Replacing A
by i y B LY B (where % and B are the algebras obtained
frorﬁ A and B by adjunction of an identity), We may assume
that A and B have identity elements. Briefly, we may assume
that A and B are commutative, complebe and with identity.

TLet A and T be the carrier spaces of A and B respectively,
then, by Corollary (3,1,11) in [9], S and T are compact Haus-
droff spaces, For each £ in T , fof is a character of 4,
i.e., Zo® € S which we denote by ¢'(f) . For & fixed x in

A, P (2)(x) = £(@(x)) is a continuous function of £ . Given

f, € 1, let



ous function g' on S such that g' #0 and g |q)' (?)=0,

10

i={ge 5: [(¢() - )| <€ €50}
then M is an open neighborhood of q)' (fo) in S, But (P'(.f)(x)
is a continuous function of £ , hence '

N= {2 er: [(¢(£) - @), E>0}
is an open neighborhood of £, in T , We have @' (N) cC ¥,
Since x and 1 are the generators of A , it follows that~q>"
is continuous (ef. pp. 122 =123 in [9] ). Since T is compact,
then @'(T) is a compact subset of A, If @' (T) #S, tﬁen
there exist two continuous functions g and g' on S such

that g=1 on (p'(T) and g'# 0, gg' =0 . In fact, let

U € S be an open set containing (P'(T) . By Urysohn Lemma,

there exists a continuous function g on S such that

g lcp'('.[‘) =0 and ng = U=0, Similarly there exists a continu-

e e imheote

By Theorem (4.2.2) in [9] , & and g' correspond to two elements
y end y' in A such that yy' =0, y#0 and 2(p(y)) =1
for 1l £ in T , Thus, by Corollary (3.1.9) in [9] , ¢P(x) is
reguler. Now Xy = 0 implies that P(x)¢(y) = P(xy) =0,

Since  @(x) is regular, it follows that ¢(y) = 0 . But this

ig a contradiction because ¢ is an injection and y #0.

Therefore (1) =S and
lxll= sup|n(x)| = sup |¢'(£)(x)| = sup|2(@(x))] £ lig(x)Il,
hes feT LeT

Now if x is any element of 4 , then we apply the argument

above to the element x*x which is positive and obtain

I = et € lgler)ll = (9)*Q()I € (¢IP

which completes the proof.

Remark : Let A be a C¥-algebra and let J[ be a representation

of A in a Hilbert space H . From Theorem (1.2.1) if follows



1l

that I € xll . for all x din A, IZ T0 is & faithful -
representation, then from Theorems (1.2.1) and (1.2.2),-11; £0l-

lows thet IR(zN = x|l for all x in A .

Tet A be a C¥-algebra, (Hi) ey © family of Hilbert spaces
‘and Hs= @ -Hi . For each i in the index set I , let 7, be
iel ' i
a represen‘baﬁibn of A in Hi . Then ]pri(x)ll < ixli for
ell x in A andell i in I, Let (Ei) ¢ H and x ¢ A

Then (Ki(x)Ei) € H ; in fact

IO, (8 YIR = (7, G8;) (T E,))
(*) - T Ty, = By IS,
¢ 7 I @IRIEIR ¢ mPICE I

Let  Tx) be the operator on H defined by

T(x)(5,) = (T (x)5) »
Then clearly TM(x) is a linear operator 'on‘ H for each x
in A and, by inequality (*) , T((x) is also bounded. Since
each 7(1 is a representation of A in Hy , it is easily

seen that 7J{ is & representation of A in H.

Theorem (1.2.3)_. Let A bea (*%.algebra with identity and £

a con‘cinuous' linear functional on 4 . Then f is positive if
and only it lj£l= 2(1) .

Proof ¢ { [3], [9] ) Suppose £ is positive. Since, for every X

in Ay with yxll £ 1, by 1.2.3. in {3 , 1-x has the form
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v*y , it follows that £(1 = x ) > 0, i.e., £(x) £ 2£(1) .
I x' € A and |x'l £ 1, then flx**x'l £ 1 and , by

2.1.5. in [3] , |
2(x)]? € £()z(x*x') € 2(1)2

Hence [|Zll £ 2(1). But Izl 2 £(1). Therefore izl = £(1)
Conversely, suppose [|1£ll = £(1) . We may assume that
Mell=1 . ‘Write £=2 + ifz where £, and .f2 ‘are hermi=
tian functionals. Since £(1) , fl(l) and f2(l) are real, it
follows that f2(1) = 0 . we show now that £,=0. et x be

an arbitrary hermitian element of A and set u= A= ix , where

A is an arbitrary real number., Then ' '
@) ful? = rekuil = A = 1A = 1)l = (1A + 1x)(A = 1)l

= A2 + 22l & A% +qxl®
Also

(2)  Je(w)]?

(g, + 12)) (A = 1) 12 =|A - 12 (x) + 2,12

(A+ 2,(x))2 + £2(x) = 22 + 2A8,(x) + 23(x) 4220a)

Merefore, solving for A% in (2) and substituting in (1), we

obtain . ‘

Mal2 & [2(@)[2 - 2Ag,(x) = £5(x) = 22(x) + il

& )% - 2ae,(x) + 2 £ Tl - 232)(x) +ixi

Hence 2)\f2(x) £ ]|$cl|2 ., Since this inequality holds for all
hermitian x and real A , we have 1’2- =20, Hence £ is a
hermitian linear functional, Now suppose there exisis a hermitian
element x such that x 2 0 while f(x) { 0, We can assume
04 x £ 1, sothat , by spectral mapping theorem ,

04 1-x£1.Since 1-x is hernitian, then
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1=2(1) =201 -x) +£(x) ¢ £(1-x) £ M1=-xl £1

But this is a contradiction and so £ d1is a positive functionél.

This completes the proof.

Iet A be an involutive Banach algebra and Ah be the
set ofvall hermitian elements of A . Then, by Lemma ; in (11],
Ay is a real Banach space. Let £ be a hermitian continuous
linear functional on A . Then the mapping £ —r g = fIAh is
s continuous isomorphism between the set of all hermitian con-
tinuous linear functionals on A and all real-vglued continuous
linear functionals on Ah . In fact, we have [ifli=1llgll

(ef. 1.2.6. in T3] )

Theorem (1.2.4), Let A be a C¥-algebra and g a hermitian

continuous linear functional on A , Then there exist two positive

functionals £ end f£' on A such that g= £« £' and .

lgll = 1211+ 11l

Proot: ( [31, (6] ) Let B be the set of all positive functionals

on A with norm £ 1 . Then, by 2,5.5. in [3]) , B is q(A¥,A)-
compact (i.e., B is weak¥=compact)e Since V(Ah*, Ah)uis the
topology on A ¥ induced by the topology U(A¥, A) on A¥, by
the remark above, B can be considered as & U(Ah*, Ah)-compact
convex subset of the dual space Ah* of Ah + The polar BO of
B in Ah is equal to the closed unit ball S of Ah ..In
fact, let c(B) be the set of all continuous real-valued func=
tions on B . For each ‘x in Ah , define a continuous real-
valued function Fy on B by Fx(f) = f(x)' for all £ in B.

Then, by 2.6.3. in EZ] , the mapping ¢ :‘x¥—+-Fx is an isome=

\
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txlc isomorphism of A, onto C(H) . Hence S 4is isometrically

isomorphic to the set

im0 s fInl g 2} = B € o) ¢ swin (el 1}

- {Fx € c(s) : ;:g[f(x)lélf .

Now, by definition, 0= {x € 4 3 guplf(x)l ¢ 1}, There-
' €8
fore B% =S ., The closed unit ball S' of A¥ is equal to

the set {f' € A% sup|£'(x)] ¢ l} , which is the polar
xS

of § in A%, i.e., S'= $° . Thus S' 4s the bipolar of B

in A% . By Corollary 1, p.36 in [10] , S* is the U’(A.h*, A.h)-

closed absolutely convex envelope of B , Since B is (4%, A)- ]
closed and convex. then , by Theorem 3.4-F in [16] ', S' is the :
absolutely convex envelope of B .Therefore, by Theorem 3.4~E

in [16] , each element of S' is of the form oiu = Bv with

u, v in B | and olyf positive scalars, of+p £1 . Let us

assume that |/gll = 1. Then the restriction &, .of g 1o Ah

belongs to S' . Thus g = £ -f with £=ou and £' = Pv.

Honce g=f - £' where £ 2 0, £ Z 0. Ve also have
1=ligll & e+l < o(+§ L1 .

Hence ||g]|=lIZll +1I2']l . This completes the proof.

Tet A be an involutive Banach algebra with an approximate

identity and £ a positive continuous functional on A . We
would like to recall briefly the construction of a representation

~
of A corresponding to f . Let A be the involutive Banach

. n
algebra obtained from A by adjunction of an identity, £ the
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-~ ~ ~ ’
canonical extension of f to A and N= {x € A : £(x¥x) = 0}.
Define an inner product on 4 /N by (%, ) = ?(y*x) where
5:, y € A and %X, ¥ represent the equivalence classes of x

~ ~ '
and y in A /N. Then HY=A/N becomes & (Hausdroff) prehil-

bert space. Let Hf be the Hilbert spacé completion of H}: .

N - R
For each x in 4, let 'K'(x) be the operator in HY obtained

£
by passing to the quotient of the left multiplication ‘by x in

~; .
A . Let '§f be the canonical image of 1 in Hé » Then we have

the following results:

(1) Every 7'(x) can be uniquely extendéd to a continue
ous linear operator T(x) on Hy 3 |

(i1) The mapping x — N(x) (x € A) is a representa-
tion of A in Hf H |

(iii) g is topologically eyclic for J(A)

(iv) 2£(x) = (K(x)§f, §f) for all x in A .

H 'Kf and ‘S‘i, are called the space, representation and

f’
vector defined by £ ,respectively . (cfo 2.4.4s in 131 )




Chapter II

von Neumann algebra

5 1. Topologies on L(H) .

Definition, The topologies on L(H) defined by the following
semi-norms are called the strong, weak, ultragtrong and ultrar '

Weék topologies respectively :
() r—slzel (2 €nm), §€W)  (stoong)
(11) 17— |(z, )| (2 € 1(8), §,ME€H) (weak)

(111) ©— [g umgiIIQ]‘% (v € u{H), ;€ E end

iZ=l I §ill2 < - ) (ultraétrong)
(v) ~2—> [é(wgi, ol (@ esm, g, Y, €8
o0 | 0 | ) :
an 2 ulvrawe
¢ Usdic w00 ZoIMT <) (uasmend)

These topologies are related as follows :

norm topology > ultrastrong topology > strong topology
v v
ultraweak topology > weak topology

("> " means stronger than ) (for the proof of most of these

relations , see M. A. Naimark , Normed Rings , Noordhoff, Gro=-

ningen (1959) pp. 441 - 444 )

Theoren (2.1.1). Strong (resp. weak) and ultrastrong (respe

ultraweak) topologies coincide on each bounded subset of L(H).

{
e
'0
!

:
.




17

Proof: [2] Without any loss of generality, we may assume that
A= { s JITl £ 1} . Let N be anultrastrong neighborhood

of 0 in A ., Ve mey assume that.

{ ¢ ( o0 203 o) '2

v={r€4: %{lmgill 3¢ 1, 2;:1“’51" oo, § € H} .
0

Since Z:lugl"z ¢ 0q » there exists & positive integer n
i=

00 2 Nl 2
such that iZ lggl® < 3o Tet W ={'.n €4 iZl 12801°¢ %}.

-
=3

Tt ig clear that N' is a strong neighborhood of 0 in A, 'For

each T in XN' , we have

' 0 \ Nl D0
f:-}“mﬁ“a: é 25,012 + é g1
%
< & +ml §||§i“2< Lebal o

Thus T € N, N' C N and N is a strong neighborhood of O,
Hence strong topology coincides with ultrastrong topology on A.

Let M' be anultraweak neighborhood of O in. A, Ve

may assume that

o x 0
Mt =fT €A lz:l(ﬂ?;‘i, M) |< 1, i[;l” §112¢00 i%“"\illz(oo}o

o 0 X
Since g’.’i g% 00 end § IN12< 0o » then iZ;lnfinur)Lu <
Hence there existsa-positive integer n such that
o) n-l :
iZleggmr)iu ¢h.Tet M={TEA: lg_:1 (rg, NI < 3},
=n A=

Mhen M is a weak neighborhood of 0 in A . For each T in

i , we have
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n-l

(2
15 5 1) £ I s | +]28 (x5 ]
£ g+ i élngi"nr]i“ Lh+d=1 .

Thus M C M' , Hence ultraweak topology conincides with weak

topology on A . This completes the proof of the theorem.

§ 2, Properties of von Neumann algebras and their preduals

Tet M be a subset of L(H) . We call the commutant M!

of M the set of all elements of L(H) which commute with the

elements of M., (M')! = M'' is called the bicommutant of M.

It ig clear that 1 &€ M' and M' is a subalgebra of L(H) .
I ¥ €N, then M' D N', Since M C M'', then
o (@)t =urt, M C (Mr')*r =M "' and M'= MUY,

Thus we have
M' = MUt = M(E) = seesceee

goeut =1 o i

Theorem (2.2,1). H' is weakly closed in L(H) .

Proof, Let {Td} be a net in M' which converges to some T
in L(E) in the weak topology, i.e., (T«§ ) — (TOE, n)
for all §, N} in H . Hence ( Q‘Tg,f}) —> (2,260 ) end
('Txg, 1)) —> (Tog, T*q) for a1l T in IL(H) . Thus
(mg,)’])——» (17,8, 1)) * Since 2%, = TyT for all T in M,

(202, f)) = (1€, r)) and T, =10 , lees, T & M .

It is clear that L(E) with the involution T —>T¥

(where' ™% is the adjoint operator of T) is a C¥-algebra,

UL T =S S = 5 c -
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If ¥ C L(H) is inverient under the involution, i.e.,
¥ C M, them N' is an involutive subalgebra of L(H); in fact
iz T, € M', then T ¥T = (I¥Io)¥ = (TT¥)¥ = ITg*  for all
T in M,eand % in M',If M¥C M, H' isan involu-

tive subalgebra of L(H) .

Definition, An involutive subalgebra A of L(H) 4is called a

von Neumenn algebra if A = A'! .

Remarks @

(i) A ven Neumanﬁ'algebra A is weally closed, hence (norm)
closed, Thus A is a C¥-algebra. It is clear that L(H) is a
von Neumann algebra.

(11) If M is a subset of L(H) such that M¢ C M, then M'
and M'' are von Neumann algebras because M' = ' and

M o= M(4) . If A is a von Neumann algebra containing I 4 then

MY € A'Y = Ay Hence M'' is the smallest von Neumann algebra

containing M .

If M is any subset of L(H) and N=MNU M¥, then it
is clear that any von Neumann algebra which contains M also

contains N and conversely . Thus there exists a smallest von

Neumann algebra conteining M , By Remark (ii), this von Neumann

algebra is N'' . N't is called the von Neumann algebra generated

by M.

Notation :

(1) For all €,/ in E and T in L(H) ', let Aw,,y,(m) = (16,1) |

and wg,g = Mg ., It is clear that &g is weakly continuous on

e A

W ERST

M



L(H) and tJg is positive.

(i1) Tet X* denote the dual (con;ugate) space of a locally
convex topological space X

(1ii) Let I, denote the set of all weakly continuous linear
functionals on D(H) and I, denote the (norm) closure of Iy
in Lf(' .

(iv) For each couple of vectors %, in H, let {g,n} ‘Gew

note & linear mapping of rank 1 on H into H. such that

{§,V}}Y = (Y, )N for all { in H . Since
NN £ asinpm

then {§,Y]} is continuous end hence it is completely continuous.

Theoren (2.2.2). Let £ be a linear functional on L(H),

(i) The following conditions are equivalent

(ia) 2= Z wg NA | y with Z “§"2<°°7 Z ”r)i"2400 J
i=1 M i=1

(ib) £ is ultreweakly continuous ;
(ie) £ is ultrastrongly continuous.

(11) Iz £ is ultrastrongly continuous, then £ belong to Dye

Proof: [2] (i). (ia) = (ib) # (ic) 4s clear, We have only

to prove (ic)=> (ia) . Suppose that f is wltrastrongly con
sinuous. Since L(E) with the ultrastrong topology is a locally
convex space, then , by Theoren 3.8=C in [16] , there exists a
semi-norm P on L(H) such that lz2(n) £ e(p) (2 € L(H) ).

In other words, this means that there exist §l in H (1 =1,

2yeeeees) and Z [§,12 <®  such that lf(m)l Llemg 12z “

00 -

for all T in L(H) . Let %= i@l Hy where H; -3 . For

oy x’w":A‘__..;.:n_ R T

e b e e airasacEen
et ERSITY
T .

[,
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each T in IL(H) , we define an operator T on H by

~, N ’ n ~N
2(Y) = (TYi) for all Y = (Yi) in H . It is clear that
the set M= { ‘.Afg : 7 & L{#)] is a subspace of H + Define

e linear functional ¢ on M by 9(T) = £(T) + Themyas

N X é ;..u
4@ - 1=l [0 Nage]? = fesg,)ll = WA

%) is continuous on M . By Hahn - Banach Theorenm, (P can be
extended to a continuous linear functional (P' on H. By
Riesz representation theorem for linear 'func'bionals on a Hilbert

space, 'bhere exists a f]: (f]) (S H such that (P (7) =. (Y, '])

for all Y in H.In particular,
x

2(n) = O(F) = (RE ) = 23 (35, 0y o

i=1

o
- éwﬁ)’u .

Hence

oQ n ' .
P = = . . T I‘
(ii). Tet £ 125 L and £ %wﬁ:’)* hen £ € Lw

and

£ - 2, = sup [£(2) - fn(T)| sup ‘ Z (78, qi)l

iThéd ML) i=ntl

Z nv;lunniu .

ru- 1=n

Since il“giﬂz(oo ’».and Z:jl” Y)i“?' {o¢ oy then

. Therefore J|f = fnﬂ—-> 0

l;i;ﬂ,lngi" llf)lll ~> 0 as n—>00

as n—= O o Hence £ belongs to Iy o

P [ 2 1 J
Temma (2.2.3). et &= %{gjr l']j} ?‘Pfi_” g. = g{gk’ qk}

U ERSITY e OTTavva
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be two continuous linear mappings of finite rank on .H into H.

If g=g' , then

M=

W = i%(d " nt
2 “egply = ek
Proof : [2] For each couple of vectors Y y ' in H, we

have

7 (g 12010 1)

1

P

E 1
IRURELTRY

(o, &) =, et M)
q

(v 5 {r, £)

=0 ep -

k=1

Tet P be the set of all operators of finite rank in H . Then

T is weskly dense in L(H) . (Since F'! = L(H) eand since

1§ + 1€ T, §€ H} is demse in H , by Corollaryl of

Theorenm 2, p.44 in [2] *, F is wealdly dense in L(E). ) By the

weak continunity end linearity , we have -

¥ (25,5 1) = él (2gL, N3

=1

for all T in L(H) , ie€ey

p Q .
% Weyr g = AT

k=1

Temme (2.2.4) Let £ & Iye Then there exists two orthogonal

(ei,...,eé) and positive numbers Ay

systenms Kel""’en) )

(i = 1,00000s,n) such that

T T A

WV ERSITY <O O




p4Y n .
£l = 12.—.111 and f= . }\iwei,e‘ .
Proof: [2] By (?ropoétion 11, Chap. IV, B 2, in [l ),
p .
f= % ng,qj

: P
The mepping & = Zl {gj’ r}n} is continuous and of finite
a:

. rank, hence it is completely continuous (cfo pel2 in [13] ) \ By

Theorem T in [13] p.18, there exist two orthonormal systems

(ei)isién and (ei)iéiﬁn and positive scalars }; such that
n . n » .
g = Zl Afesrefl = Z:l {23850 e"} . By Tema (2,2.3),
i=
n
£= g e;98] = Z;’l J\iwei,e{ . Thus

n .
(ol &5 Aglitite iiel = qt2l 2 Ay
i=1 : o=l

n ;
gence fll £ i Ay o Set M= Y {ei, éi} then
=1 i ;

i=1l

fovfl £ 1. In fact, let (e)yes be on orthonormal basis of
(

H , which contains (ei>1$i=‘=n . For each ‘S’ in H , writel

§ §’ . Then

;;,Z_l él. (g, {ei, ei}ek = Z;jl (§, ei)ei )

“T'(§)||2 ( Z (g; ey )elv iZ= (§7 e

5 2 2 _ iell2
iz;:l\og, NS ;le(g, )! IEl? .

. T Ll L A e

TIess T

L
{
-
L
)
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Therefore we have i

£(01)

i

L

Al (T"ei’ e;_) = él. Ai( -

M M

)\1( i (eys 33)63’ e'i) = ﬁn Xy ¢

i=l =1

n
ms  |IZf 2 Zi. Ay e This completes the proof.
i=

Theoren (2.2.5). If £ belongs to Iy , then £ is ultraweakly

continuous,

Proof: [2] Since £ € Ly , We may write f = ﬁ £ with
— = £

£ € Iy and "ka & 27K | By Tema (2.2.4),

By
I = Z K )k 1k ki — det¥ll = 1 k
X~ 2 Ai@ef, otk witn |lefll = lle Kl=1, pk 2 o ant

apeihdiysichpete R 3

(
t
{
)
;
:
g
w
:
5

i
k=pz || £ 27K . Hence
o< nk

( 2, wogpeg, 0 Pers)

i

[o'4) oy 4 o nk .
i) & 2 (5 AS)
él.(kl“ul i =1 1Z=l; 3
2":9 X
. 2
L& (s
x cl vk 2 |
Similarly, Z ( i .)%‘1{" )& 00 o Hence f is ul-
=1 i=l

traweakly continuouse

Gorollary (2.2.6)s Iy coincides with the set of all ultraweakly

continuous linear functionals on (") .
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Proof ; This is immediate from Theorems (2.2,2) and (2.2.5),

Theorme (2.2.7). L(H) is the dual space of I, (considered as

a Banach space) .

Proof : [2] Let E be the dual space of Iy o For each T in

A
L(K) , define © din B by 2(£) = £(1) Zorell £ in Iy «
Tet © be a linear mapping on L(H) into E such that |
o(n) = % . © is contimuous on L(H) with topology o(L(H), I,)
into E with topology U(E, I) . In fact, for each T, in
A
L(H) , the set N={G €E: |D(2) - 6(2)|<E, £E€ Iy, €y 0}
A
is a neighborhood of (%) = T, in T(E, I,) « Det .
wo={1 € L(E) : |£(1) - 2(DICE , £ € I,) o Then N' is

. A
a neighborhood of T, in 7(n(H), I,) . Since T(g) = £(1) ,

o(N) C N end so © is continuous. By Corollary (2.2.6),

a

L(H), L,) is just the ultraweak topology on L(H) o If
R :
6(1) = § = 0 for some T in L(H) , then £(7) = 0 for all £

in L. .-Sinee U(L(H), I,) is a locally couvex space, Te=0,

Therefore © i1is one-one . Let Bl and El be the closed unit

palls of L(H) and E, respectively. By (Corollary 3 of Theorem

1, Chap. IV, B8 2 in 1l ), B, is T(L(H), I,)-compact. Since

! =Hall = sup llT\(i’)l = swp |2(D)] £

6 is continuous end  11&(T)
I£H4L Il

< izl 6(131)‘ is G(B, L,)-compact and contained in Ej.

—

e(Bl) is dense in E; o In fact, if it were not, there would

A
exist e, € By and 6o > O such that |eo(£) = 2(£)] > &o

for all £ in I, and T in B, . Choose £, in I, such

that Ufoll =1, Since B, 18 wltraweakly compact and £, 1is

ultraweakly continuous, there exists I, ¢ B such that
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£,(1,) = 1 . Ve may assune o(2o) = Zo(%o) > €, (otherwise,
consider =T, ). Hence e(fy) > &g * £o(T) > 174 But
‘eo(fo)l £ "eoullfon < 1 ; a contradiction, Thue e(ial) = El
because e(Bl) ig closed. Moreover, © is isometric ; for if
it were not, there would exist & y in Bi guch that |
llo()l < fyll « Bemee e(y/lie(y)l) € By and y/ie()l & A
Therefore 6 is not one-to-one j & contradiction, Thus

8(L(H)) = E , 164y L(E) is isometrically isomorphic %o E .

This completes the proof.

Theorem (2.2.8), Let A be a von Neumann algebra and Am

(vesp. Ay ) be the set of all weakly (respe wltraweakly) con-
tinuous linear functionals on A . Then Ay is. the (norm) closure

of An in A% and A is the dual space of Aye

Proof: [2]1 By Theorem (2.2.2) (resp. Lemna (2.2.4) ), each ele-

ment of A, (resp. Aw ) is of the form b) with
i 510l

X 2
112 18 (respe
2 sl <o 0 2 I ngi,,h
Hence A, is the (norm) closure of Aﬁ,.. By Corollary (2.2.6),

G(L(H), Iy) is just the ultraweak topology on L(g) and there-

sore A is U(n(H), I I,)-closed, By Theoren (2.2.7), L(H) 1is
the dual space of Iy . Hence, by Theorem 4,62-A in riel , A

is just the vector subspace of L(H) orthogonal to the set
ta { g €L, : £2(4) = o} , deesy A= (A‘L)J' . The mapping
p—> T, where T € (T,)% = L(H) end T is defined by

iz + &) = 2(£) (£ € L) , is en isometric jsomorphism of
Af)L = A onto (L/AM)* ; we write A %Y (L/AN)* (cf. PaT2

s [47 ) . Thus A*Z (T,/A*)** D 1,/ 5 that is to say

Ut S ¢ ¥ O s s vy

LN st




27

L*/A* is & subspace of A¥ , Since every f£ E»I%/A+ C A* is
ultraweakly continuous on A and £(A) #0, then £ € Ay o

On the other hand, for each g in A, , g can be éxtended $0
an ultraweakly contimuous linear functional on L(H) (efs
Theoren (4.3.3) )y & € L*/KL . Hence L*/A'L = A, o This

completes the proof.

Definition., (with the notation of Theorem (2.2.8)) 4, is

called the predual of A .

Remark ¢ By Theorem (2.2.2), A, 1is also the set of all ultra=

strongly continuous 1inear functionals on A,

§ 3. Alternative definitions of.a von.Neumann algebra.

There are several ways %0 define & von Neumann algebras
In this section, we shall discuss some alternative definitions

of a von Neumann algebra and give the proofs of their equivalences

Theorem (2.3.1). Let A Dbean involutive subalgebra of L(H).

The weak, strong, ultraweak and ultrastrong closures of A

coincide. Let B ‘be this closure and K be the closed vecior
subspace of H generated by ¢ (T € A geH). if K=H,

then B = A” .

Proof. The first part of the theorém Pollows immediately from

Theorven 2, Chap. I, 8 3,in (2], By Theoren (2.2.1), A'' iB
weakly closed. Since A''  contains A , then A'! also contains

B . Because K =H , by Temaa 6, in [2] p.43 , We have

A'Y € B . Hence AV =B .

Lo P T

AR SRR g - ) » R
: S S b S oY S A A T T R e o e L TR

o oy PR AL
T3 DR B EYERTERILT I A THIER

LT
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Corollary (2.3.2). Let A be a weakly closed involutive subal=

gebra of IL(H). Then A is & von Neumann algebra if.and only
i£ 1 €A, |

Proof: If A is a von Neumenn algebra, then 1 € A'' = A,

e ————

Conversely if 1 € A, then K =H . By Theoren (2.3;i), A 1is

a von Neumann algebra .

Corollary (2.3.3). Let 1 € A Then A is a von Neumann alge-

bre if and only if A is (ultraweakly, ultrastrongly , weakly,

strongly) closed.

Proof: This is clear.

Thus we can give another definition of a von Neumann algebras

Definition . An involutive subalgebra A of o(H) is called

s von Neumann algebra provided that 1 € A (or X=H) and

A is (ultrastrongly, strongly, ultraweakly, weakly) closed,

In what follows, we assume that A is a C*-algebra which

is the dual space of some Banach space B and Al is the closed

unit ball of A . It is well=known that Al is U(A, B)~-compacts

Lema (2.3.4). A .has an identity element,

Proofs Since A, 1is convex and (A, B)-compact, by Krein =.

lMilmann Theorem, Al contains some extremal point, Hence, by

Theorem 2.1 in [12] , A has an identity.

Meoren (2.3.5). A is a von Neumann algebra.

Proof: 1 Let 2 be the set of all positive v(A, B)=-contin-

L N =

e

L e o)




29

uous linear funf:tionals on A . For each £ in P, let T(f ' §f

and Hf_ be the representation, vector and Hilbert space defined

by f,H the direct sum of N, and TC the direct sum of T(,

(f-E p), 1f (x) = 0 for some x in A, thenm, by Lemma 2, in

[ , x=0 . Thus T is one-to-one, By Theorems (1.2.1) and (1.2.2),
T is isormetric, Therefore JU(A) is isometrically isomorphic 0

A ., By Lemna (2.3.4), 1€ ')T(A). Hence, in order to prove that A'

is a von Keumann algebra, we have only to prove T((A) is ultre-
weakly closed. Since T((Alf\ Ah) is gtrongly closed (e, Do TT1,
1ines 20~21 in [12] ), by Theorem 1 (iv), Chap. I §3 in rel , T((Ah)

is ultraweakly closed, Since A = At i (i.e., every x ¢ A is

of the form x = X ¥ ixy With X, % € A) () = T(a ) + 1Ma,).

ey

. Tor each z in JUA), the ultraweak closure of TR(A), let {m]} be

a pet in JU(A) such that z,— 2 in the ultrawealk topology. Since

the mapping y—>y¥ 1is ultraweakly continuous on IL(H) (cf. D36,

in €2] ), g5 —> z% in the ultraweak topology. VWrite
=2, * iz, = Mz + z¥) +-i%3_-(z - %),

ot = ngy * iy =t w) i2(g = 2d)

since Zyy 1 Zxp é 'JT(A.h) and  Zgq —> %y = 2 ultra-

weakly and,since T[(Ah) ig ultraveskly closed, zl‘ and 2z, belong

to W(Ah) . Therefore z €& T(A). This completes the proof,

Remari : It follows from Theorems (2.2.8) and (2.3.5) that a

(*eglrebra is & von Neumann alpgebra if and only if it is a dual

space oi sone Banach space. Therefore we can give another defini-

+ion of & von Heumann algebra due to S. Sakai [11)

4 a von Hewmani alrebra if it is

Definition. A C*-algebra is calle

a dual space of some Banach spaces

IV LICIE S B Serm S @ A== -
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§ 4, The support of & normal positive functional

In what follows, let Py denote the (orthogonal) projec-

tion on H such that Px(H) =X o

| Let T belong to L(H). It is clear that the set

fgeH :15=0 1 is a closed vector subspace of H . Let X
be its orthogonal complenent. Then = PX is called the 5222233
of T . B is the smallest projection in L(H) satisfying the
equality TE, =T , where E, isa projection in L(H) . Let

¥ be the closure of T(H) and let F =Py, then Py 1is the

support of I¥ (cf, Appendix III in el );

Tet U € L(H) end E be the support of U.U is called

partially isometric if U 1is isometric on X = E(H) . u(g) = u(x)

is a closed vector subspace of H . Let M= U(X) and F=DPy.

We say that E (resp. X ) is the initial projection (resp. ini-

tial subspace) of U and F (vesp. M) the final projection

(resp. final subspacg) of U ., U¥ ig also partially igometric,

having initial projection F and final projection E'. We have

Uy = E and UU¥ = F (c£, Appendix III in 21 ).

Iet T € L(H) , E the support of T, P the support of
.
o , X = E(H) , M= P(H) and 1T]= (7#1)% , Then IT] hes
support E and the closure of |P1(H) is equal to X . The

" 1inear mapping |T1§ —> 1§ (¢ ¢ H) is {gometric from

121(#) onto T(H) eand therefore cen be extended to an ismoet-

rically continuous linear mepping V of X onto M . Let )

be a partielly igometric operator on H with support B such

. o
PRSI S TR G A ey e 4
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that U conicides with V on X, Then I= Ulel . This equa-

lity is called the polar decomposition of T o This decomposi-
tion if unique, The equality T#* = u*(U|T|U*) is the polar
decomposition of T¥ , We also have |2%| = U[?{U*  end

|2l = u*|2%|U , (cf. Appendix III in 21 ).

Lemme (2.4.1). If M is en ultraweakly closed subset of L(H),

then MW¢ = {M : T & M} is also ultraweakly closeds
Proof: ZLet NF be the ultraweak closure of M¥, Por each X

in I* , let {xu*} be & net in M¥ which converges ultreweakly

to X . Since the mapping y—> y* is ultraweakly continuous

on L(H) , then x4 = X** —» x* ultraweakly, Hence x* € M

and X% =x € M¥ ,

Lemme (2.4.2). Let A be a von Neumanu algebra and M an ul-

traweakly closed left ideal of A . Then there exists a unique

projection E in A such that M = AE . If M is a two sided

jdeal, then E pelongs to the center of A .

Proof: [2] -Let N = ® A N* . Then N is an involutive subal-
gebra and by Lemna (2.4.1), ¥ is ultraweakly closed, Let E De
the greates?t projection in N (the existence of E is given by
Mheoren 2 , P.43 in 2] ). Since N C M, AB C M . Now, for

each T in M let p = UJT| be its polar decomposition, Since

wr = vkulel = lTl , 120 €M and , since Ip| = |2]% € W*,

|r| € N . But , by Theorem 2 in T2 , ps 43 , We have LRI

Therefore TE = UITIE = vlrl = T and 80 7 € AE , Hence

M=AE, IfF is a projection of A such that M= AF, then

E EF , so that & 4 F, Similarly, we have F £ E , Hence
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=%, If M is a two-sided ideal, then ET € Nl.for all T
in A . Let G be a unitary element of A (i.e., GG¥ = G*G = 1),
since EG € 1 , then (EG)E = EG . Thus (BG)BG¥ = FGG¥ = E.
Then B = B¥% = GEG¥E = GEG* because GEG¥ € N . Therefore
LG = GEG*G = GE « By Proposition 3 in [21 , p.4 y E commutes

with every element of A and hence belongs %o the center of A,

Definition. A positive linear functional £ defined on a von

Feumenn algebra A 1is called normal if it belongs to the pre-

dual of A

Theoren (2.4.3)e Let A be a von Neunmann algebra and £ &

AR“‘ >' ‘:‘“’ 2 ..-n— A

T A - ST

—

normal positive linear functional on A . Then, among the pro=

v s o &

jections ¢ in A such that f(G) = 0, there exists a projec=

tion I greater than all the others. We also have that

2(1F) = £(r2) = 0 for all T in AL |

Proofs [2] Set M= { T € A £(T*T) = 0 } . Then M is a

1eft ideal, for if T € A, T €M, by 2150 in [3] ,

0 £ f((T"T)*(T‘T)) = g(me(Tr*0)T) £ “T'*T'Ilf(T*Tl) =0

By Ceuchy-Schwartsz inequality, We have
M={TeAzf(S*T)=o,fora11 S in A}-

Since the mapping p—> S¥7 and f are ultraweakly continuous,

[T &h: £(S*1) = 0} is ultraweakly closed for all g% in A

and since M = s@x fz€a g(s¢1) = 0 ] , M is ultraveskly
closed, By Lemma (2.4.2), there exists a unique projection Fel

cuch that M ={T € 4 . p=TF} . Thus £(7) = £(P¥F) = 0 .

I¢ G is & projection in A such that 2(¢) = 0 , then
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2(¢) = £(G*¢) = 0 . Hence G € M and G = GF ; so that P2 G,

Finally, for each TA in A, we have

|2(2)|2 = |2((2*)¥p)[2 & 2(DT*)2(T*F) = 0
|

Similarly , ]f(FT)l2 £ #(m*1)2(F) = 0, : | y

Definition, (with the above notation) The projection E=1 = F |

is called the support of £ .

§ 5. A characterization of factors of type I i

Definition., 4 von Neumann algebra is called & factor if its l

center contains only scalar multiples of the identity operators _ 3

- anasa e .

Definition. A von Neumann algebra is called of type I if 1

T - AR T IRy

is isometrically igomorphic to & von Neumann algebra whose cone

s o

-7

{
i
{
mutant is abelian. ‘ ‘15‘ }
i

Definition. Let A , B be two von Neunann algebras and Q a

homomorphisn of 4 iﬁto B. CP is called normal if for ea.ch'

increasingly directeﬁ gubset T C A" with least upper bound

x € AT, then @(x) is the 1east upper bound of P(F) .

Let A be an involutive algebra, H & Hilbert

space and N & representation of A in H, 7Cis called

topologically jrreducible if the only closed subspaces inva=

riant with respect to T(4) are (0) and 3.

Let A be a von Neumann algebra. Then the center Z of

A is equal to A f AY . Let T € A, E the support of T

and B={G €Z:Gisa projection, 16 = 0} . By definition

v ' »
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of E ,G62E (¢ € B). Therefore , by Lemma (2.5.4), there
exists the smallest projection P in 24 such that F 2 E,
Since TG = (GT)* = (76)* = ™ for all G in B, F is also
the smallest projection in 2 which is greater than the support
of ™ , As T6 = TE =T, we have IGF = TEF , ;.e., P =TE="T,
Since 1 ‘= P is the largest projection in 2 such that

p(1 - B) = 0, it follows that if P is any projection in 2

such that TP = 0 , then P is orthogonal to F . F is called

the central support of T .

Temma(2.5.1). Let A be an involutive subalgebra of L(H)

and X a closed vector subspace of H. Then X is invariant
with respect to A (i.e., D(X) C X forall T in A) if and
only if the projection P = Py € A'.

Proof, [2] If P € A', then, for each T in A and x in X,
we have Tx = TPx = PTx , Therefore Ix € X (x € X, T € A
Conversely, if X is invariant with respect to A, then, for
each T in A, we have pp(g) € T(x) € X, so that

PIP(E ) = TP(€) for all § in H ., Thus

pr = (T¥p)* = (PT¥P)¥ = PTP = TP

and so P € A' .,

Lemma (2.5.2), Let R be a family of positive continuous funce

tionals defined on a C¥-algebra A T=" i’% T, and

H= & H, . Then T is non-degenerate, i.e.y (A)H = H
"f€R * : _ .

(norm closure).
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Proof : let F, be the vector defined by £ (£ € R). It is
well-known that Wf(A)gi, = H, o Considering g, as & vector
in H, wehave N(AH D 7((.'\.)’§f = H, (£ € R), Hence

gD WaE > P He = H . This completes the proofs
feR

Gorollary (2.5.3). The weak closure of 7(A) is a von Neumann

algebra.

Proof : This is immediate £row Theorem (2.3.1) and Lemma (2.542)0

Temma (2.5.4), Let A be a von Neumann algebra, 2 its center

and P a projection in A . Then there exists the smallest pro-

jection P' in Z such that P> P

Proof : Let [R,}“A be the family of all (orthogonal) projec=
tion in % which are greater than P, Since 1 € %2 and 12PF,
{P.,‘]“A ig not empty. Let Ky be the range of By . Then Ky

is closed for each o €A« Tet P'= P«QK“ ., Then P' 48 en ortho-
gonal projection. Since % € %, TEy € Ku for every T € A
and every oL€A. Therefore TP' = P'T for every T € A and so
P! ¢ A' , Similarly TRy C Ky for every T € A' and €4,
ﬁence P' & A'' = A and so Pt e 2. 1% ig ‘clear that P'<L Iy

for “every «eA and by definition of P',P'2 P

Tneoren (2.5.5). In order that a factor A, congidered as a

Banach space, be the bidual space of a C*.algebra ©C 4 1% is
necespary and sufficient that A be of type L.

Proof : [14] Let 4 be a factor of type I, Then A is ¥-iso-
pace H (cf. P,221

morphic to L(H) for some suitable Hilbert s

in (2] ). et C be the get of all completely continuous opera=

TN AT N AT A, £

— s
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tors on E ., Then ¢ is a C*-algebra (cf. Lemma 4 and Theorem 5
in [13] p.13) and , by Theorem 3 in[13] p.48, its bidual C¥¥ a
can be identified with L(H) . This proves the sufficiency of |
the condition.

Conversely let us suppose that A. is the bidual of a
C*~glgebra C . Let S be the set of all pure states on C ,
end for each £ in 8§ ; let Hf and ')( be the space and.

Trf ’H=®Hf

representation defined by £ . Let 7('- @
fes
)

end let M be the weak closure of J(C) in L(H) + By Corol-

lary (2.5.3), M is a von Neumann algebra., Let IE’f PHf for
|

NN SN O U ST SIS

T eI T Y S PR T A ETRE Ty

£ € S. Identifying Pfﬁ with Hf , we see that. Hf is inva=

riant with respect to ' 7((0) and therefore with respect to M.

Thus, by Lemma (2.5.1), ?f € M' and so PfMPf f « By Pro-

position 1 in 2] p.18, MPf_ is a von Neumann algebra for each )
£ & S . Clearly T(C) P, C up, . Since MR, can be considered
as a von Weumann algebra of operators in Hf end since T((C)P 2 x |
can be identified with 7(f(c), we can write MP, 2 7rf(c) .

Since f is pure, by 2.5.4 in [3] , TG is irreducible and

so, by 2.3.1. in [3] , (T (C))' consists of the scalar mul-
tiples of the identity operator. Therefore (71}(0))" = L(H ) .

Since T, is irreducible , by Theorem (2+3. 1), 'R'f () = 7'(;,(0)"

where 7[1,(0) denotes the weak closure of 7‘(' (¢) in L(Hf).

But MPf ig weakly closed, hence MP D ‘)Tf(C) and 80

1w, = L(Hf) . Therefore, M, is of type I o Now, by Lemma (2.5.4),
there exists the smalles? projection Pi, in the center of M

such that Pf £ P% . Then MP% is *-isombrphic t0 Iu‘l]?f e In

fact, it is clear that Pn,? ig the central support of ?f o By
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Proposition 1 in [2] p.18, NP, and MP, are von Neumann alge=

£
bras, (ﬁ'P') = (MP')' and (M'Pf) = (MP )t , It is clear that

P% is the identity of M'Pé and P, fP' € M‘P' + Hence ,

by Proposition 2 in {2 , p.19, (M'P'f)' = MIP% is *=igomorphic

0 (M'P%Pf)' = WP, . Tet I end g be any two elements of S

and let. G = I’é(H) Since PfP' I’Pf , either H € G or

B, D G, Now, for each x in A and I) €G , we have
Tolx) = Txzi(N) = 2, T a)(N) € ¢

Therefore & is invariant with respect %o ‘}(f(x) + Since ‘}Tf
is irreducible, H _‘b G . Hence H, C G holds for all £ in |

= ! \
S and so f?s Hf C G c 4 o Thus G B and so Pg lﬁ .
Since M}?g is ¥-igomorphic to MP:g M and MPg is of type

I ,it follows thal M is of type I.
Let T be the set of all states on © and W= O,
gl &

By'Theorem 14 in 7] , A is isomorphic or anti-isomorphic to the

weak closure VW of w(c) in L(Hy). Since the type of factor

ig invariant for anti-igomorphism, we may assume that A is iso~-

morphic %o W{ . By Theorem 2 in T14], there exists a normal homo-

norphism <P of A onto M . A does not contain non-trivial ult-

raweakly closed two-pided ideals. (In fact, if N is a non=zero

ultraweskly closed two-sided jdeal in A , then, by Lemna(2.4.2),

there exists a projection E . in the center of A such that

N = EA, Since A is a factor, B is necessarily equal to 1.

Hence 1L €N and N = A), 4s @ is ultraweakly continuous, ite

xernal X = (0) (ef, Appendix 427 in (3] ) end so ¢ is one-to-

one, Hence A , being *_igomorphic to M, is & factor of type I.




Chapter III

The enveloping von Neumenn algebrs of a C*-algebra

8 3,1, The enveloping von Neumann algebra and some of its

proporties

Definition. Let Q be the family of all positive continuous

functionals on a C¥-algebra A . The representation J= @ 7‘(f
feqQ
|

is called the universal representation of A .

Remark ¢

(1) By Temma (2.5.2), Tis nondegenerate.

(ii) By Theorems (1.2,1) and (1.2.2), TC is isometric .

Lemna (3.1.1). If A is. a von Neumann algebra, then each ele-

TR AWAA.AACL{-GTAMO,

ment of the predual P of A is a linear combination of normal

positive functionals on 4 o

|
l
i
!

Proof: [2] Tet £ € P . By Theorem (2.2,2), each element of P

r ey
is of the form 2. O
=5

S e 2 an 5 112 . Now, for all ’T in L(H),
Hisica = LI i,

y where Ej ’ nj ¢ H and

we have

“(mg, 1)) = (205 + s G+ N - By s g - 1)
ra(elgy + 3f)s 5 4
- i(2(g; - :u)j), g - u}j) .
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%)

-1 é wga_lnj) .

As each functional having the form 605 is positive, the lemma

follows,

Theorem (3.1.2). Let A be a C¥-algebra, T its universal

representation and B the weak closure of JU(A) in L(Hx).
Then

(1) Every normal positive functional on B is of the form

We (€ € Hy )e Every ultraweakly continuous linear functional:

on B is weakly continuous.
(ii) If £ € A¥ , then there exists a unique weakly con-

$inuous linear functionsl f on B such that £(M(x)) = 2(x)

for all x in A,

(iii) The mapping f —> ? is an isometric isomorphism of
A¥ onto the predual of B which transforms the set of all po~
sitive functionals on "A into the get of all normal positive

- .
functionals on B ; we also have (£¥) = (£)* for all f in A¥,

(iv) For each y in B, let & be the linear functional

£f—> f(y) on A% . Then the mapping Y defined by ‘l/!(y) = 'y\

is an isometric isomorphism of B onto A¥¥ whose composition o

with JC (i.e., $oX ) is the canonical inje¢tion of A into A¥¥,
(v) This isomorphism 1P is bicontinuous for the weak (op=-

erator) topology on B and the ((a%%, A¥)-topology on A¥¥

Remark : By Corollary (2.5.3), B is a von Neumann algebrae

prof of Theovem (3.1.2) ¢ [3] For each 2 in (T(A))*,

we define the functional £ on A by

#r
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(1) 2l = 2 (W) x €4
Then £ is linear and continuous because £' is linear and i
l2Gx)| = |2 ()] £ et WA = nz*iii=tl

Thus NeW< N2l o Since [£'( M(x))| = f2(x)| £ nebilxil =Hed iRl
then [I£YIl _<f lI£ll and hence [I£'l = [|£]l .+ Also, for each £ in
A% , (1) defines a linear functional £' in (T(a))* aﬁch
“that {2 = i€}l + Therefore the mapping @ defined by |

@(£) = £' is an isometsic ° -isomorphism of A% onto (T0(A))*,
Since T((x) ’,Z 0 if and only if x 2> 0, it follows that £
ig positive if and only if £' 1is positive,

(1) Let I be & normal positive functional on B. Then

£ = ?IT((A) is positive on Ti(A) . Hence £ = q)"l(f') is

positive on A . Let '}l'f and ‘§f be the representation and

R et

vector defined by f , then we have £(x) = (ﬂ'f(x)ff, Ef) for |
all x in A, Since TT= @ T(f , then £(x) = (’JT(x)E,E) \
feQ :

(where €= gf is considered as a vector in Hy )e Thus:
£1(T(x)) = 2(x) = (M(x)§,§) for all x in A . Since, by
Theorem (2.3.1), T(A) is ultraweakly dense in B, then, by

: LY
the ultrawesk contimmity, I(¥) = (¥& g) forell y in B

i.e., F = 60; . Hence ¥ is weakly continuous. Therefore it

follows from Lemme (3.1.1) that each ultraweakly continuous linear
functional on B is weakly continuous. This proves (i)'.‘

(ii) If W' is a positive functional on T(A), then
h = <p'1(h') is positive on A and so 1 € Q (where Q is

the set of all positive lipeer functionals on A ). Therefore

n'(T(x)) = n(x) = (Tf(x)§h, §h) . Hence h' is weakly conti-
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muous on  JWA) . Since each g in T{A)* is of the form

8= 8 +;g2 s Where gy and g, are hérmitian, by Theorem
(1.2.4), g is a linear combination of positive functionals on
7T(A) and therefore weakly continuous . It follows that if

£ ¢ A% , then £' = @(f) is weekly continuous on 7((A). Hence
£' can be extend;é to & unique weakly continuous linear func=
$ionel £ on B . Moreover, we have 2(M(x)) = f'()((x))‘ = £(x)
for 811 x in A . This proves (ii).

(11i)., If £ € (70(A))* , then' £ is weakly continuous and
hence is.ultraweakly continuous. Let ; be the unique extension
of. £' to B by weak continunity. By 12.1.1. in 3] , the
napping f'— ? is an isometric isomorphism of ( TC(A))*
onto the predual of 3B . Since the mapping £ —>»f! is an iso-
morphism of A¥ onto ( Te(a))*, ¢ —»f ig an isometric iso=
morphism of A¥ onto the predual of B . ;f £ 20 ,'then,
by the saxﬁe argument as in (i1), 2'= <P(f)‘=w§* on TM(4) .«
Hence, by the weak continunity, 3 =¢o§f on B . Therefore z

ig positive and normal. ¢ £ € A% , then £* € A¥, Since

p*t = g% g% g T(A)¥ . We have
() () = 24(x) = 1) = (TG = (@)

for 21l x in A . Hence, by the weak continunity , (f'*f'(y) =

= (g)*(y) for all y in B . This proves (1)

(iv). Since (70(4))* is isometrically igomorphic to A¥,

py 12.1.1. in (3] , we ge¥ (iv).
(v), From (1) we know that the predual of B is also the

- functionals on B . By (iii),
N
ontinuous linear functional on B has the form £

set of all weakly continuous linea

every weakly ¢

e T iy T i - SR T AR I ‘:‘ aAr2A =4
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with £ € A¥ , Now a sub-base of O-neighborhoods XN for the

weak topology in B is the family of sets of the form |
{yes: [eplce, e>0, 26}

and a sub-base of O-neighborhoods . N' for the topology T(A**, A¥)

in A® is the family of sets of the form

{§ewr: |fON<E, >0, €}

Since the isomorphism y —» 9 trasforms the elements of XN
into the elements of N' and its inverse transforms the elements
of 'N' into the'elemenfs of ¥ , it follows that y —r ?

is bicontinuous.

Definition. (with above notation) B is called the enveloping

von Keumann algebra of A and 7{ is called the canonical homo-

morphism of A into B.

Corollary (3.1.3)., The bidual A¥¥ of a C*-algebra A is iso=-

metricelly isomorphic to the enveloping von Neumann algebra of A,

Proof : This is immediate from Theorem (3.143)0

8§ 3,2,  Equivalence of representationg

Definition,. Let X -—v?ﬁﬂx) and X -—>7E(x) be two repre=-
sentations of an involutive algebra A in two Hilbert spaces

H. and H. respectively. The two representations are said to

1 2
be equivalent if there exists 'an isometric igomorphism U of

= U forall x in A,
H2 onto Hl guch that UTQ(x) 'ﬂiﬂx) 0

In this case, we write 7 # 7'52 .

A AT AR, DAL A .

R0 I WS
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Remark : It is easily seen that the relation 7‘(1 o 7(2  ig

an equivalence relation.. ' iy

Definition. DLet A be a von Neumann algebra, E and F be
two projections in A , We say that E and 'F are equivalent
(relative to A) and write E ~ F if there exists an eiement
U in A such that U¥U=E , UU*¥ =P . Wewrite B { F
or F > E if there exists a projection P in A such thét

P~ E and PELF.,

Remerks @

(1) U is isometric on B(E) , for if x & E(H) , then

(xv x) = (Exy x) = (U*Ux, x) = (ny Ux) .

gy A, o ST AR, L

(ii) It is clear that the relation E F is an equivalence

T S )

relation and that the relation B { T is reflexive and tran-

sitive (cfQ p.225 in [2] ) .

In what follows, let A De & (%-algebra, B the enveloping
. () .
von Neumamn algebra of A , £ and g two pure states on 4,

TG and 7'(g the (irreducible) representations of A defined

~
by £ and g respectively ; f and % the normal positive

linear functionals on B induced by £ and ‘g (cf. Theorem
(3.1.3) ), e; and ez the supports of £ and £, and T3 ‘ i
and '}’(.. the (:.rreduclble) representations of B defined by :‘3' P
and £ 7(f and 7( the representations of B in Hf and

Hg respectively,such that 'ITf('K(X)) = T (I) and 7( (TM(x)) =

7( (x) for all x in A , where ‘}'[ is the universal repre-

~ ~ .
sentation of A . By 12.15 in (3, T, end T(g are normal
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representations of B .,

Lemma (3,2.1), T(a% Nf .

(o34
Proof : Since 71}(A)§f = Hy '}[}(B)gf = H, . For each x in

A, we have (with the notation as in Theorem (3.1,2) )

] =
2 (K(x)) 2(x) = (T0,(x) §f, §,) = 7(f(7((x))§f, )
Since T(A) 4is ultraweakly dense in B and ¥ is ultraweakly
continuous, then, by the ultraweak continunity, we have

f(y 7(f y)gf, ff for all y in B . But (y) = (Kf(y)ff,gi;

for all y in B . Hence, by Theorem (4.4,3) in [9] , '}'l'%g ng .

Theorem (3.2.2). 7[f v 7(g if and only if Tl o 7('g .

Proof : if ¥ Tl , then , by Leuna (3.2.1), T f(g
Thereforev there exists an isometric isomorphism U from Hf
onto Hg such that U;&(y) = ﬁ'g(y)U for all y in B .
Therefore Uﬂ'f(x) = T('g(x)U for a1l x in A . Hence 'Il'fgﬂ'g .

Conversely, let us suppose 7'(f ~ 7(g . .Then there exists
an isometric isomorphism V ZIrom Hf onto Hg guch that
V](f(x) = 7%(x)v for all x in A ., When A is regarded as
a subalgebra of B , by means of the universal representation
of A, A is ultraweakly dense in B . Since f'(r(n(x))= Rf(x)
and (7((::)) 7(&(::) for every x in A and since ﬁf
and 'ffg are ultraweakly continuous (cf. Appendix A27 in 3] ),
it follows that V7§(y) = Wg(y)v for all y in B, Hence

T(f o ’)‘(g and so0, by Lemma (3.2,1), T=zxz j’(g .

Theorenm (3.2.3). f is & pure state.
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Proof : By Theorem (3.1.2), NZll=|[ifll =1 . By 2.5.4, in [3] ,
we have only to prove tha‘c. 7(%' is irredﬁciblé. Since £ 1is
pure, 7(f is an irreducible representation of A , Therefore
ﬁf is an irreducible representation of T(4) on Hy « As

B D T(4), fl[f is an irreducible representation of B on.
H, . But by Lemma (3.2.1), ﬁfg Ty + Hence Ty is irredu-

hig
cible , and the proof is'complete.

Terma (3.2.4). ey 1is a minimal projection in B,

Proof : Tet Ne={x € B:2(x*x)=0] . Ten ¥ isanul-
traweakly closed left idesl and so,by Lemma (2.432), there exists
a unique projection F in B such that N = BF . By definition
we have es = 1-F, Itis evident that BF @ Bei,' =‘B and

BF N\ Beg = (0) . Since T is a pure state, by 2.9.5. in 3] ,

§¥ is o maximal modular ideal of B . Therefore ex is & mini=

mal projection in B .

Since ey is & minimal projection in B, for x , ¥y in
B , we have efy*xe;;_; = ey , where A is a scalar . Let
{xeg, yez> = Ao Then (xey, yex) ig an inner product on B‘ef
which makes Be%- into a Hilbert space (cf. po160, Annihilator
algebras by I.F. Bonsall and A. W. Goldie, Proc. London Math,
Soc. (3) 4, (1954)). We shall show later on that the given norm

in Beg is jdentical with the norm defined by this imner pro-

duet (ef. proof of Theorem (3.2.7)).

Lemma (3.2,5). Let T be the left regular representation

of B in Bey (ie€ey ﬂl(x)(ye%') = xyey for all X, y in

B). Then T(;2 J&

53 £ s e e e o ©

S-S
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Proof : Sinece £ isa pure state, the mapping U defined by
U(Ye"f') = ﬂ;(yeﬁ)gf g for all y in ,B y i an ,i‘eometrie iso=
morphism from Bey onto Hy (cf. Theorem 2 in [15] ) . Moreofrer,

for all x, y in B, we have
U (x)(yeg) = Ulxyeg) = Ta(xyey)§y = T () s (yex 5
= Tx(x)0(yes) .,

Therefore U}[l(x) = W%(X)U and 'Kl":’. 71}’ .

Temma (3.2.6), Let Eg end E§ be the central supports of

es and eg in B . Then E~f1 and EE are minimal projections

in the center Z of B . Moreover, if Ef = E'é y then ey N eg
in B,

Proof : Let h be a projection in Z such that h ¢ EY o

. Since h and ey commute, henf isaprojection element of B,

Then hey < Eyeg = o3 . As ey 15 & mininal projection in B,
hey = 0 » Thus (l-h)eg: ey end so 1-h 2 By > h , Hence
h = 0, Therefore Eg: is & minimal projection in Z . Suppose

that Eg = Eg . Then there exist two non-zero equivalent projec-

tiong Gl.and G, in B such that G1‘< ey and G, < ey
(cf. Lemme 1 in [2] p.227 ). Therefore, by definition, there

exists two non-zero projections Pl and Pé in B such that
Gl ~ Pl and Pl £ ey ; Gr2 ~ P2 and P2 £ eé » But oy
and e,é/ are minimal projections. Hence ‘Pl = ey and 1’2 = eg .

Consequently eg ~ Gl_ ~ G2 ~ eg .

Theoren (3.2.7). ¥ Ny % and only if ey ey .

Proof : [17] If T(f?:’ 7(8___, then, by Lemna (2.3.1), T(gg Kg .
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Since T(g (resp ‘J(,é) is equivalent to the left regular re-
presentation J; of B in Bey (resp. TN, of B in Be~),
we have ')'(l 7‘(2 « Therefore there exists an isometric isomor-
phism U from Bey onto Beg such that 7'('2(::) = U)Tl(x)U"'l

for 211 x in B . Then for all x, y in B, we have
UKl(x yu-1 yen) = 7( (x) (yegé) = Xyey o '

Let E%: and E§ be the central supports of °§’ and eg I68m

pectively. By Lemma (3.2.6), both Ex and Eg are minimal pro-

i
jections in the center Z of B and therefore either Ei;Eé =0
or By= By holds. If BgBy= 0, then for all x in B,

we have

4l 1 - D - 0 .
(1) U'R;L(Ef)U’ (xe,é) Wz(Df)(xeg) x(EgEé)eE =0
On the other hand, for all y in B, we have

(2) 7(1(E~ = Egyeg = yEuef = yey )

Since U is one=-to-one and onto, for each ¥ in B , there
exists x in B such that .yef= U‘i(xeg) . Thus, by (2), we
have '}('l(E*%)U'l(xe,é) = yeg . Therefore (1) implies that

U(yef) -0 for all y in B ; a contradiction, Hence By = Eg
and therefore, by Lemma (3.2.1), eg A~ e'é..'

Conversely, let us suppose that ey~ eg . By definition,
there exists a partially igometric operator v in B such that
vy = e and vvk = ey o Define a mapping U on Bey 1o Beé
by Ulye ) yv*e,w JFor each y in B, we have yey = yesoy=
= yvv*e,é = U(yveig) and hence' U is a onto mapping. Moreover,

for each y in B, we have

4
4
\)
i
<
i
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() llotyepll2 = livveyf = Ilyvervrl2 = |lyegoell
= Il(yefﬁ)*(yeg\r*)" = [Ivegy*yepv|
o [logrtvogril = llvogiyoghll
= Iivogriyegli = llegr*veg]] = lved®

Tet |+| be the norm in Bey defined by the inner product h

(xeg, yeg) = efy*xef . Then |ye§| = Hyefﬂ. In fact, by definition
]y |2 = {yey, yeod = A and jpeyp=e viyex o
¥ ¥r JO¢ CAef = epyyeR
Then
llyegi? = [legr*vezll = llaezll = Allezli = A -
£ T £
Hence lyefl = ”yé§|| . Therefore (3) shows that U. is: isometric

on Bey omto Boy . Fimally, forall ¥ sud y in B, we have
o (x)u-2(yey) = UKl(x)U‘l(yegz) = T (x)U-L(yvveey)
- ) vep) = Ulayvey) = vveoy
= xyey = Wz(x)(yeg) .

Hence Ty » T, » Therefore Ty Kg end TG & T, .'mhis.‘_

completes the proof.
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Chapter IV

The polar decompogitions of the elements

of the predual of a von Neumann slgebra

8 1. The existence theorem of the polar decompositions

Let A be a C¥-algebra, A% its dual, £ an element in
A¥ and x an element in A . Define a functional Xx.f (reép.
£.x )on A by (x£)(y) = £(xy) (resp. £.x(y) = £(yx) ) for
all y in A, Then it is clear that x.f and I,x are linear

and

x2 = sup |EGe)l & ngli=n ,  Jleaxl] £ Nl
liyiig 1

Thus x.f and f£.x belong to A¥ , For each y in A , we. have

(x.2)%(y) = (.2)(y*) = £(xy*) = £¥(yx*) = £r.x*(y) &

Hence (x.£)% = £*,x¥ . Let A be a von Neumann algebra and £
ultraweakly continuous. Since the mappings y— Xy end
y—>yx are ultraweakly continuous on A4 , x.f and f.x are

also ultraweakly continuous.

Theorem (4.1.1). Let A be & von Neumann algebrs, I an ele-

ment of the predual of A . Then there exists & pair (P, u)

with the following properties :

(i) p is a normel positive functional on A and liell = ll£ll
(ii) u is a partially isometric element in A whose final
projection is equal to the support of p 3

(1ii) £=up , p=vukp .

Proof : [3] We may assume thet el = 1 Let B= {X e s lxigal

c
i
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and B'={x € B: £(x) =1} . By (Corollary 3 to Theorem 1,
Chapter IV, B 2 in ), B is weakly compact and hence ultra-
~weakly compact., Since £ is ultraweakly continuous, there exists
en x in B such that If(x)l = 1 , By multiplying by a scalar,
we may assume that 2£(x) = 1, so that x € B' and B' # 4.
Since B' is ultraweakly closed and contained in B, B' is
ultraweakly compact. It is clear that B! ‘:‘us.. a;lso- convex:, Theree
fore, by Krein - Milmenn Theorem , B! has an extremal point v.
It is easily seen that v is also an extremal point of B, Ih

fact, 1 v= As+ (1 =A)t where 0L AL 1 and syt ¢ B, then

1= 2(v) = Az(s) + (1 -A)2(t)

u

Since s , t ere in B and £l =1, l2(s))] ¢ 1 and
l2(+)| .{ 1, Write f£(s) = a + ib and £(t) = ¢ + id , where
a, b, cand d are real numbers. Since 1 =az(e) + (1 - A)2(4),
be=d=0,Hence l=ja+ (L=A)c andso a=c=1. Thus
#(s) = £(t) =1 , i.esy 5 and % are in B' , As v is an ex=

tremal point in B' , v =8= t , so that v is also an extre=

mel point of B . By 12.2.2. in [31 , v*v is a projection, Hence

vl = Hv’"vn% -1, For each ¥ in v*v(H) , we have

IEN2 = (5, §) = (vvg, §) = (vg vE) = vel? .

Therefore v is partially isometric. Let p = Vof o Clearly p

is ul‘craﬁeakly continuous and “p]l £ |Mliigll= 1 o Since -

p(1) = 2(v) =1, |Iplj =1, and 80, by Theorem (1.2.3), P is

positive. Hence P is pormal. Because v¥v is the initial pro=-

jection of v, VVEV = V. Thus p(v¥v) = £(vvév) = £(v) = 1,

and p(l - v¥v) = 0 . Iet e De the support of p . Then ,

;
|
]
|
i
i
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l-véky £ 1=-0, 80 that e £ v¥v . Put u = evk , then it is
clear that w is partially isometric. Now, since uu¥ = ev¥ve =
=e2 = o , U has final projection e . For each x in A, we

have .
(u*,2)(x) = 2{u¥x) = £(vex) = v.£(ex) = p(ex) = p(x) -

Hence p = u¥,f , Let u*u = e' . Then
lleto £l € Hhu*ulillzll = Thuurliell = llellligll = 1 o

On the other hand, since

¥l £ Jiv]ilel} = 1

_ and

(61.2)(u¥) = 2lwrun¥) = £(ure) = 2(w¥) = 2(ve) = ple) = 1 .

We have le'.Zll 2 1, Thus lle'.fll = 1 = |ifl] + By 12.2,3. in
(3] 5 e'.f =%, For all x in A , We have

(uap) (x)

plux) = £(vux) = £(vev¥x) = £{u¥ux)

2(e'x) = (e'e£)(x) = 2(x) o

Thus £ = u.p and the proof is complete.

Remark : If £ is a normal functional , the support B of £

is the seme as that of p , and E = uu*.

Definition. (with the notation of Theorem (4.1,1)) p 1is called

the absolute value of f and is denoted by [£] . The equality

£ = w. |2l is called the polar decomposition of I .

Remark : By 12.2.4. in [3] , this decomposition 18 unique .

Definition. Let A be a C*-algebra, B its enveloping von Neu-

mann algebra, f a continuous linear functional on A and £
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the unique extension of f to B . The polar decomposition

N ~ '
P = v.lfl is called the enveloping polar decomposition of .

Temma (4.1.2), Let A be a C¥-algebra with identity, £ a con-

tinuous linear functional on A, p a (continuous) positive func=-

tionel on A and v an element of A such that Iivil £ 1,

vep =f and |lpif = lizl . I£ u is an element of A such that

Mul € 1, uwf .2 0 and |fu.tll =2l , then wf=1p ., -

_Proof: [3] We may assume that |{pll = £ = 1 . Let '§p and TI'p

be the vector and representation defined by p , then

(3 T (axv*)E ) = (T, (vl §,) = p(wa) = 2(u) 53

= (u£)(2) =lluetll= el = 1 . §

Since ' _ .é:?
€ §) = (LIS, 3) = p() =tiwil =2 | ‘,r

we obtain ,
€, €)= € HwE) < [l (i
UENAR & sl < g -

N

Hence ﬂb(u*v*)gp gp . Furthermore, we have 1

(u,2)(x) = £{ux) = p(vux) = (KP(WX)EP, Ep)
(7(9(X)‘§p, T(p(u*V*)Ep) = (ﬂp(X)Ep, fp) = p(x)

1l

for all X in A . Hence UL =p

Mneoren (4.1.3), Let A be a von Neumann glgebra and £ an

clement of the preduel of A . Then the absolute values of the

polar decomposition and the enveloping polar decomposition of

. ~. ~ :
£ coincide, i.esy || = 1#] , where |fl is the unique exien-

\ .
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sion of £l to B .

Proof : [3] Let £ =u.]f| be the polar decomposition of £,

B the enveloping von Neumann algebra of A and JU the universal
representation of A . Por convenience, we write |f|=p « By
Theoren (3.1.2), there exist two weakly continuous linear func—
tionals £ and P on B such that P(M(x)) = £(x) and

(=)
1= Upll = ltell = UET] and F((uw*x)) = £lu*x) = w¥.£(x) = p(x)

o(x) for all x in A , By Theorem (4.,1.1), we have

for all x in A . Since 7[(A) is ultraeweakly dense in B ,
by the ultraweaek continunity, we have f((?’((u*))y) = 'f)'(y) for
all y in B, i.e., (uw*),F =3 . Hence (M%) E11 = 1311 =
= 131l . We also have [[M(uw¥)ll=fmil £ 1. et £ = v.|%l

be the enveloping polar decomposition of £ . By Lemma (44142),

we have J(w¥).E = |21 . Hence § = IZ| . This completes the

proof,

Remark : The polar decomposition of £, in general, is distinet

from its enveloping polar decomposition.

Bxemple : [3] Tet H be a Hilbert space with a countable ortho-

normal basis (el, e2,...) . For each e, 1 Gen is a one dimen=

sional closed subspace of H . Let F = Pey for n=1,2y000

Then it is clear that P ¢ L(H) and PR, =0 if n#éme.

w .
Hence Z Pn is a projection., Let A be the von Neumann
n=1

algebra generated by {Pn} . Since Pan = PmPn (my n= 1,2,..)

the set {Pn} is contained in the center of A ., We ghow now

that each element T of A is of the form i 7\nPn with
n=1
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the sequence of scalars { J’\n}ox;l bounded, Tet T € -A . Since

T mmut i = | =
co es with Pn ’ Ten j\nen and 8o Ten = AnPnen

(n= 1,2,...) . Since for each ¥ in H, §= i Bnen , We have
n=1

% = Z::Z\ (BnTen= Z B Al = g)\nrn(g) A

1 n=1

(.
Thus each T € A is of the form > A, end, since
.

ol 2 Nze i = iagll (8= 1,2y000) 5 {A,} is bounded .

Tet f be the linear functional on A defined by

. 00 [rd] 5
£(2) = £( %;‘1 Adn) = §1 A,
o0

&
where T = Zl Afy e Since sup[A (< 00 ZL n‘zﬁn <00
n= n=1

Thus f is well-defined, Moreover, we have
00

%;1-%%@) ) i”‘l e o) = Z;l 22 AF0 )
= ), .oy =) .
n=1

It follows tha\t £ is positive and ultraweakly continuous, hence
normal, Let E Dbe the support of £ and F=1=E, Then, by
Theorem (2.4.2), 2(IF) = £(FF) =0 for ell T in A . Since

0
T is of the form T = Z o{nl’n , for each Pj , we have
n=1

o0 ) 2,
0= i’(FPj) = £( '?'1_:':1 o(nPn?j) = i’(o(ij) = o(ji’(l’j) = 7

Hence otj=0 and s0 F= 0, Thus E=1.

Let g be a continuous linear functional on A defined by

oQ
g(1) = & élﬁnl’n) = LA, »

where LIM )~ denotes the Banach limit of the sequence { A} o
Tiv ot

Then
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o0
g(z*1) = g %;1 |Agl%2y) = g}glj\n‘z > 0 .

o od AT« & e o Ak £ A At e

Hence g is positive, Let B be the enveloping von Neumann al=-

gebra of A and let f and be the unique extensions of £

o tim el b B

¥
~ ‘~
and g to B, Then f and g are normal functionals on B

ﬁ. T oo . = i ' :
(¢f. Theorem (3.1.2) )o et Qn L Pn+i ¢ ACB. s

Pn+i1)n+j =0 f,°r iéd, Q, isa projection, Since {Qn} ig

e decreasing sequence of projections, it converges to & projec=

tion Q in the strong topology. But, by Lemma 1 in [11], Bt

is strongly closed. Hence, since Qn € B , Q & Bt ». Since

e traaare

1 AVY A WS

Q is the greatest lower bound of the sequence (Qn} and since
% is normal and Z(Q n) =1 for all n, we have &(Q) =1
(cf. Appendix A 25 , in [3] )e Thus Q # O o On the other hand,

f(Qn) = ) (n+ 1) . since ). (n+ i)*2 is. convergent ,
i=0 i=0

§(Qn)——> 0 as n—> , As £ is normal on B, 2(Q) = 0,

Let. % be the support of f and F=1 -TE‘; . Then, by Theoren
(24442), F2Q ,'so that P # 0 and consequently §.= 1-F#1.
Thus the support of £ relative to A is 1, and relative to

B, is not equal to 1 . This shows that the polar decomposition

of T is different from its enveloping polar decomposition.
w¥=E=1 and

If £=u.p and f=wvp , then

W)e:%?[lo

g 2, Some applications of the polar decompositions

tneoven (4.2.1), Let A Dbe avon Neumann algebra, £ an ultra-

weakly continuous linear functional on A and P @ (continuous)

positive functionel on A . Then p = |£| if and only if
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HP”-‘-“f” and lf(x)|2 £ |lgllp(a*x) for all x in A,

Proof : [5] Let £ = u.|f| be the polar decomposition of £ .

If p = |£l. , then we have |pll = |i£ll and B
12(x)12 = [u.p(x)|2 = | p(ux)[2 & s(u*u)p(x¥x)

£ oo (x¥x) = [i#p ()

Conversely, let us suppose that ||pl] = ||£]l and ]f(x)|2 £ 12l (x*x).

Let Hp ,Kp and §p be the space, representation and vector

defined by p , Then, for all x in A, we have’

[2(x)]2 £ Jillp(otx) = NENOT (g, §,) = AT ()51
[l21]2 = [a.2(2)]2 = [elsa) |2 £ T, (v 2

Since wu* is a projection, (L - uu*) is also a projections
Now, as x*x = x¥uu¥x = (1 = uut)x = ((1 = w*)x)*(1 = w¥)x , .
we nave p(x¥x = xXFuu¥x) Z 0 ,i.eq, p(x*x) > p(x*uu¥x) . Hence :

”)'(p w¥x §' | < HJT (x)§ || » Therefore, Ilfl (x)12< Ilf”]mp x)§' “2

Since 7( (A)§ = Hp , we can define a linear functional ¢ on
H) by Q(){p(x)gp) = ufu'%lfl(x) Then, &s;
@) < ImEE?
§ is contimuous, Therefore there exists a g' in H such that
<P(7(p(x)§p) = (7( (x)‘f;' g') for all x in A . Hence
2] (x ( )§ , lezg') = (T[p(x §p? €)
where = ufn‘zgt . Choose y in A such that -ﬂ-p(y)gp =g .

Then

€, )2 = |lz1(®)]|? S'.llfll'lljg,(y)gpllgﬁ Hell pai?

sence Jigl < [l . We aleo nave pil = p(1) = (G5, §) =

LT

by
‘4

I
i.
;
2‘
(
’
)
{
4
¢
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.—.“-gp“Q . Therefore
5, 5) = (5, 5) = l£1(2) = st = slBlelf

2 [i5plligi

But (§0§) < |iglEll  + Henee (50 §) = igfligil and
(§p, g) = [IEll = |jpl| = “§p”2 . Therefore §= §p and

|£1(x) = Ufp(x)gp, gp) = p(x) for all x in A, This completes '

the proof.

Pheoren (4.2.2), Let £ and g be two elements of the predual

of & von Neumann algebra A and let £ =u.[f[ , g = v.|g| and
£+ g=w.|f+gl be the polar decompositions of f,g and

£ + g , respectively. Then, for all x in A , we have
lle + gl(x) 1% € (lzil + i) (2l (exx) + |gl (x*x)) o
Proof : {5] By Theorem (4,1.1), |2 +g|l=wt(2+g ). . Therefore
e + g2 = [wka(e + RIZ = (2 + @) 2

= |12l (i) + e 1 (vwtx)] 2
< (gt [+ |jgl Gon)])?
£ (l Gerbiel (amml? + (gl (e gl (o) 2)2
¢ (el et + a1e) (k)2
= Jlgil 2] (*x) + [fefllg] (k) +
v olieile (o) Bl g1 (x4e)2
< el |2} (x¥x) + yell gl (x¥x) + llflltg)(:c*x)

+ (il 12] (x¥x)

= (12l + nen (12l (x*x) + 2] (x*x))
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Theoren (4.2,3), Let A be a C¥-algebra with identity and {fy}

a net in A¥ converging. to an £ € A¥ in the weak¥ topology.
If ||Z,ll also converges to [I£ll , then the net |£,| converges

to {f] in the weak* topology.

Proo? : [5] (Identify £, £, and A with %, % and J(4)
as in Theorem (3.1.2) ). Let £ = u.lfl and £y = ye|fyl be
the enveloping polar decompositions of £ and Iy respectivély.

Since WIgH] = 2il end |||&l[l = lifzll , we have that

115 Il —> £ |l- and so we may assume that the net {Ifgl} is

pounded., As bounded closed subsets in A* are weakly¥ compact,
then, by Theorem 2, Chap. V in [8] , {l&cI} has at least one
cluster point. Therefore we have only to show that |£| is the
only cluster point of {lf&l} . et I3l be a subnet wealkly*
converging to & functional p , then |f8|(x*x)-—-+ p(x*x)

(x € &) and so p is positive., By Theorem (4s241)

.|f6(x)|2.£ “fN[]fpl(x*x) for.all x in A . Therefore

¢ |igllp(x*x) for all x in 4 . By Corollary (341.3),

-—

|2(x) 12
A¥% ig the enveloping von Neumann algebra of A, so that A

is ultraweakly dense in A*¥ , When regarded as elements of the
predual of A¥¥ , f and p are ultraweakly continuous, there=
tore |2(y)12 £ IiElp(y*y) for all y in A¥* . As gl — I£IL
and (5l = gl (1) —> p(1) = fipll 5 Ngll = |ipll + Thus, by Theoren

(4.2.1), p= [£] + This completes the proof.

Definition, DLet A be a von Neumann algebra, £ and f' two .
normal positive functionals on A end e and e!' their supporis

respectively, Then £ and £' are called disjoint if ee' = 0.,

l

-
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Theoren (4.2.3). Let A be a C*-algebra with identity and (£}

a net in A¥ converging to an £ € A¥ in the weak* topology.

If ||£,ll also converges to |[I£ll , then the net |fy| converges

to |f] in the weak¥ topology.

Proof : [5] (Identify £, f, and A with ¥, % and J(A)
as in Theorem (3.1.2) ). Let £ = u.lfl and £y = u.e|fl be
the enveloping polar decompositions of £ and £y respectivély.
Since Wizl = N2l and [|I%l]l = |lZzll 5 we have that

1% 11— 11i£H [ and so we may assume that the net {lfgl} is
bounded. As bounded closed subsets in A¥ are weakly* compact,
then, by Theorem 2, Chap, V in [8] , {l&|} has at least one
cluster point. Therefore we have only to show that £l is the
only cluster point of {Ifu} . Let |fgl be a subnet weakly¥*
converging to & functional p , then Ifal(x*x)-—-+»p(x*x)

(x € ) and so p is positive, By Theorem (4.2.1)

'lfﬁ(x)lz.ﬁ “fN||f@|(x*x) for.all x in A . Therefore

|2(x)12 £ |i£llp(x*x) for ell x in A . By Corollary (3.143),
A¥%* ig the enveloping von Neumann algebra of A, so that A

is ultraweakly dense in A¥¥ , When regarded as elements of the
predual of A¥¥ , £ and p are ultraweakly continuous, there=
fore |f(y)|2 £ lIellp(y*y) for all y in A¥¥ , Ag gl — JIZIL
and (I5ll = (fbl(l) — p(1) = 1ol » iglh = |lpHl « Thus, by Theorem

(4.2.1), p = |fl . This completes the proof,

Definition., Let A be a von Neumann algebra, f and £' two
normal positive functionals on A end e and e' their supporis

respectively. Then £ and f! are called disjoint if ee' =0,

H
‘.
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Theorem (4.2.4). Let A be a von Neumann algebra end g an

ultraveakly continuous hermitian linear functional on A . Then
there exists a unique pair (£, £') of disjoint normal positive

functionals on A such that g=£ - £' .

: [3] Let A, be the predual of A ., By Theorem (1e244),

Hy

Proo

there exists two positive functionals £ and £' in A¥ pguch
that g= £ - £' and |igl = [igll + UEN o Tet B De the enve=
loping von Neumann algebra of A and let ¥ y F1 oand & be
the unique extensions of I, f' and g to B . Then, by Theo-
ren (3.1.2), f and f' are normal and ||Zll = Hgﬂl,n§q|== N2l
1l = 1zll . Therefore lEll = U + NE and 80, by 12.3.1. (ii),
in (3 , I8l =%+ 2 . But, by Theoren (4.2.3), 121 = T8l «
Hence (gl = £ + £'', Since [g] and g are in A, and since
£=%(1g + &) and I' = L|gl -g), £ and £' arein Ay
and hence normal, Therefore, by 12.3.l1. (1) 4n (3], £ and £'
are disjoint, Suppose that we also have g="h = h' , where h
and h' are disjoint normal positive functionals on A . Then
£+ ' =g =h+h' end T- £' = g=h -h' and so we get

f=h, £'= h' . This completes the proof,

Gorollary (4.2.5)s Let A bea (*%-algebra and g & hermitien

continuous linear functional on A . Then there exists a unique

couple (f, ') of positive functionals on A such that
g=1~-2" eand ligl = el = .
Proof : (3] The existence of such a decomposition is given by

Pheoren (l.2.4). The uniqueness follows from Theorem (44244)

end Theoren (3+1.2) (1ii) , which allows us %o identify isomet-

po—

'l
h
i
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rically gy: € and £' with elements in the predual of the envee

loping von Neumann algebra of A,

g 3, Extensions of functionals

Iet H be a Hilbert space. In what follows Cp is the ' i

one~dimensional von Neumann algebra. CH = { }\olﬁ s A ls scalar} .

Tet H. and H. be two (complex) Hilbert spaces and let

1 2

H, be their algebraic tensor product, which is a (complex) '
|

vector space. Then there existis on Hy a unique prehilbert '

space structure defined by the inner product

(§1 ] §21 ’]1 & n2) = (§17 ']1)(§2, 02) ’

where €, 0 f; € B, (i=1, 2). H, 1is also & Hausdroff

space, The Hilbert space completion of HO ig called the tensor

product Hilbert space of Hl .and H2 and is denoted by Hl® H2 .
Let (ei)ieI be an orthonormal basis of H2 o Then each & in

. i
H can be expressed uniquely in the form £ = ZiéI gl ® ey
where (gli)iéI ig & family of elements in Hl y containing

a+ most a countable number of elements which are different from

zero and such that Ziél |[§li][2 ¢ 0 o Ve also have

1E12 = Wyerllg T2 (o pp2z - 24 4 (2] )

Let Al and A2 be two von Neumenn algebras on two Hil-
bert speces Hl and H2 respectively o Let H = H1® H2 .

Then the operators of the form

x1® x2+yl® y2+o.ovooo-¢+ Zl® 22 )
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where X; 5 J; seeey 33 € Ay (i =1, 2), form an involutive

subalgebra A, of L(H) , containing the identity operator 1

m

of L(H) . The von Neumann algebra generated by A, 1is called

the tensor product von Neumann algebra of Al and A2 and is.

denoted by A1Q9 A, If A, = CH2 , then the mapping

Xy — xlﬁg 1H2 (xl é Al) is an *~isomorphism of Al onto

4@ o, (cfe ppe24 = 26 in [2] ).

Temna{4.3.1). Let A be a von Neumann algebra. If a%m is
positive on A , then there exists a Y in H such that

ﬁ)g’,]= Wy «
Proof : [2] Por each T in AT , we have
4Qgy(0) = 2(25, N) + 2(5, 1) = 2025, + 2(20, §)

(2(g + My €+ M) - (2(5=0), (€=M

'

(a(g+ M)y §40) = Wey(®

Thus 4 a%ﬂ) is majorized by ao§+n , end so, by Lemma 1 ,

in I2] , p.50 , there exists a T' in A' auch that

blgp= Wpifgan) 0 B0 Won™ Wppi(gan) o ThAs completes”

the proof.

n o0
Lemma (4.3.2). Let £ = EEZ Cdg (resp, £ = Z:; A
=1 &M

o=l 5i'M
o0 o¢
with zE: Hgi“z <00 9 Z:% \\Wiﬂz ¢ o0 ) Dbealinear
i=l 1=

functionai on a von Neumann algebra A . Let K be a finite
dimensional (resp. infinite dimensional with a countable basis)
Hilbert space and (P the mapping X -—»x@lK from A onto

A Cg . Then there exist g end Y] in H@K such that
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£(x) = (9(x), ) . Moreover, if §, = ), forall i, then

we: can put - §=l’] . ' ]

o0
Proof : [2] Let wus suppose, for example, thet £ = Z
=1 mgi"]i

o] » : o0 ) : o
with }'__’\ EdP <o » 2201200 o Tet (o),
: i=1 i=1 :
be an orthogonal basis of K , and let
0 o4
g= )5 §,@e » M= 2 N:1® e
i=1, i=1
Then g 4 1) ¢ H@K . Ve have

(9(x)3, 1)

(X@lK(g),n) ‘ }

= ‘ 00 y
(L 68 10(5,8 o), IER-TN

i=1

of o)
= z;a xE; @ ey g;i N8 ey)
= lin & %60 cw :LS s ®ey)

L]

n
1im Z(ygg\e lm@ei)

o

mee 3=l L

n 1]
o >
oh A
e =S
=
St —
—~
! ®
| o
| =Y -
P
a] o
~r |
~—
[ ]

Iz gi = r)i s then 13 =f) . This completes the proof, .

Theoren (4.3.3). Let I be an ultraweakly contimuous linear

functional defined on a von Neumann algebra A , Then there eX:
ists an ultraweakly continuous linear functional g on L(H), -

extending T (iee., g|h =2 ) and such that |gil= (4l

Proof : (T3] , 112] ) (we use the notation of Lemma (44342))
[*4]

Since f is ultraweakly continuous, = Z Al with
i=1  5i'fi
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e XN '
g0 omy €8 e TP co0 o LM <o

Dy Lema (4.3.2), we have £(x) = (P(x)§, ) with g, N in
H@ XK . Suppose that £ > O . Then, by Lemma (4.3.1), there ex-.

ists ¥ in HE®K such that £(x) = (@ (x)¥, V) , where

00 . & 2
Y:‘iz-l [;@¢e with f, ¢ H and g’i-llwin <o e

Then
x
(x)om (9GO, 1) = 2 (xYy, ¥y) (ke &) -
i=1
Define g(x) = ‘Z—:l(XYi’ yi) (x ¢ L(H) ) o Then g is a nor=

pmel positive functional on L{(H) and so, by Theorem (1.2.3),
el = g(1) = £(1) = g1l . If £ is not a positive functional,
let £ = u.|fl Dbe the polar decomposition of £ . By Theorem
(4.1.1), If! is a normal positive functional on 4 . By the
above argument, |f| can be extended to a normal positive funce
tionel h on L(H) . et g = ud . Then g is an ultraweakly
continuous linear functional on L(H) and is an extension’of

. £ . We also have
”g” = quentt € mil = n(2) = £ (2) = menl =qgd .

But g extends £ , hence |lgll= Ifll . This completes the

proof.
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