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Abstract

The thesis presezgs a method of-evaiuating temperatgre-
distribution in a certain c¢lass of plates in’ terms of Fourier
series. Detalled procedure developed for L shaped plates is
equally applicable to any other plate which can be divided into
rectangular regions. It is shown that, wrthln the computational
limitations of any given hardware, the results obtained by the
proposed teghnique are vastly supgrior to those obtained from
the finite differ.\ce method. An interesting application of

symmetry is also shown as a corollary.
. ~ . -
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, ' I. Introduction

Applications of harmonic nalysis (Fourier series) N

to conductive heat transfer in reéctangular plates are the
subject of elementary heat ;;ansfer textbooks. Recently,
A. Feingold [1] provided an exact solution for a particular

class of such plates, namely those with linear temperature

distribution along the boundaries. sz\\
e , - A

Unfortunately, it is not possible: to apply-Fourier's

" ideas to L-shaped plates by a simple superposition of‘Boundary
conaiiioné as it is done in rectanéular plates, and only very
exceptional,boundary conditions would enable us to :zﬁzfn an
exact solution by Feingold's method (an'example of t£his is
discussed in Chapter VIII)..

Numerical methods, sﬁch as for instance the\ finite
difference method, are of course available and the?é utility
has been greatly enhanced by the advent of digita?}computers.
What is less generally known, is the degree to whirh the
necessarily limited capacity of ordinarily availahle computing
faci;ities affects the inaccuracy of the results.?‘In fact, one
of the achievements of the present work is to demonstrate the
danger of e%cessive confidence in the real;sff&ally obtainable
accuracy of the mést commonly employed nuﬁ;rical ﬁethod.

The central idea of this thesis is an extension of

Fourier analysis as applied to rectangular plates to fields

which can be divided into rectangular regions, an L-shaped

plate being used as a convepientfexample.

o
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The plate havirng thus been divided, the/temperétpré

", distributipn along the division lines is expressed in terms

of Fourier series Qith undetermiﬁed coefficieﬁts. The‘temberature‘
field in each region is'then formulated-as\g %unction of these
coeff1c1ents, and a series expre551on/ﬂf wrltten for the
temperature gradlent at each division line in the dlrectlon

perpendlcqlar to.that llne. The gradients in two adjoining

!

regions are then matched at any desired number of equidistant .-

L

3

points, along their goﬁﬁgn boundary,-lgading to an equal number
of equations-ih which the previously mentioned coefficients are
;the” unknowns. ertlng as many equatlons as we choose to have
Eoefflclents, we produce a llnear sysFem which ig solved in the
usual manner. Once the coefficiénts have been obtainé?,'the
temperatures can be célcplateq at any desired number of'pofnts'
throughout the entire plate irrespective of the choiqe of
locaticns at which the gradients were matched.

The -accuracy of this métﬁtd is, of course, also subjected
to the limitations of the available computing device and the
crucial quéstion now is wh;ther, within that necessarily limited
precision, the resulting approf/iatlon is better than the best
that can be obtained from the same computer_by using, say, the

finite difference method. .

As will be shown, the answer to this gquestion appears to
be clear{ at least in those two cases for which complete sets
of calculations have been prspared; the convergence of the

method of undetermined coefficients is far superior to that of

the finite difference method.
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IT. The Method of Undetermined Coefficients

Consider an L-shaped plate with adiabatic-f?ces:and--

L

. _:with prescribed témperatﬁre distribution along its edges. It

"is assumed that the thermal conductivity is gonstant. The plate

is subdivided as shown in Fig.1l. The'unknﬁwn'temperature
. functions F(x) and G(y)'alohg the separation..-lines 251W91l as
the given tempefatu;e funétions along the ‘boundaries are
indicated in Fig.2. ‘ |

-+

Temperature TA at a generic point of area A can be

" estimated as the. sum of four temperatures obtained by the super-

position cf the four cases shown in Fig.3. Thus,

T. =T

A Ve

+ T

Ta, 2t Ta, 3% Ta g | (1)

the first three temperature distributions on the right-hand side
of Eg.(l) are easily obtainable from the boun#lary conditions,

while T contains the undetermined coefficients of the

A, 4

assumed series

F(x) = 2 A_ sin 21X (2)
. n=1 n W1

©_ sinh mn (h-y) w1

2 w1 . mux ._omux

T = =— .sin F({x) sin dx {3)
A4 W1 927 ginp Mrh2 jo

. Wi

K g

The development of Eq. (3) is shown in Append&:mA.l.
T ‘Combining Egs.(2) and (3) and rearranging, we get
. <

2
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-— ‘ .
, - sinh mn (h-y) w1
— s W mw X . nwx
TA 4 Wi An nahyp sin . . s1in w1
r = 1 . M =
i m=1 sinh w1 n=1 od
& i . ‘
. mnXx
sin': dx (4)
=~ X %1

The definite integral in Eq. (4) has the value of zero

when m # n and the valué of w1/2 when'm = n, as is demonstrated

in Appendix A.3.

Hence, ‘ " ) - F 4
' % sinh 2r{h-y) g ~
Ty, = :E:-An e sin 21X (5)
*% - n=1 sinh ~%—3 1
.

-

The substituticn of Eg.(5) into Eq. (1) yields

~

= ' sinh 22{07Y)
. W1 . nrx €
= + SLLEL
Ta = a0t Th ot Tyt gl 2, oinn D7h2 sin = ()
. . ~ ‘ wl

and the temperature gradient in the y direction is

fad

hS

aTA - a:[‘A,l } aTA,Z gTA,3
3y 9y 3y -9y
@ | cosh nw (h-oy)
- :E: A n W1 sin 2XX ’ (7)
W nmrha’ w1 -

n .
=1 sinh . ;
N wl r.

Approaching the line separating A from B this temperature

gradient becomes



a

(BTA) ) (BTA,l) . (aTA’Z) / . (aTA,3
3 ) 3 ’ 3
Y Jy=h, Y Jy=n Y Jy=m Y [ y=hy

G4

With the notation shown in Fig.4, we can write in the

same manner )

T, =T + T, , + T + T \ (9)

Assuming the temperature function G(y) is in the form

- = . nw . : -
G(y) ngl c, sin —-Xhl _ » (10)

where Cn are the undetermined coefficients, just as An were

in Eq.(2), , L ’\

('"\ , - siﬁh mt (w=x) hy .
. hi . mmry .. mmy oS
T = sin & (y) sin - dy (11)
G4 o sinh m;% hljo : hy

Clearly, applying the same reasoning which got us from

Eq. (3) to Egq. (5), we can now write

o sinh BT{W-X) >

= z hy .o Amy ‘
TC,4 - Cn T nnw St TR {12)
n= sinh hy




-
-,
T = Sg(x)
.O [a )
0 1l
& C.l 3]
T =20
T =20
. o
I 1l
"B c,3 B
: T = SG(X) .
]—\‘4
oh

=3

T =20
™
O L
~
I v .
B C,2 ]
e o
T =0
T =0
2 o
© 1
1 C,4 o
H
) T = 0
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"Combining Egs. (9) and (12), we gef

. ny (w-x) .
o sinh ————
X : h . Ny
T, =T + T + T + E C 1 sin v (13)
C c,1 c,2 C,3 o=l B Cinh nng . h,
: 1

"and the temperature gradient in x direction is

. o ny {w-x)
aTC _ aTC,l N 3TC,2 ; BTC,B _n j{: c a cosh __E;—_
ax ax I X Wy ;e sinh PrW2
hy
* sin 20Y
. by

i

Approaching the line deparating C from B, this temperature

gradient becomes

(BTC) _ (%, . . R . (aTC,3)
X x=wy 4 X=w1 X X=w; axX ;x=w1

- %— :Z: c,n coth 2%21 sinlﬂﬁx l T (14)
1 pn=1 1 1

For area B, following again a similar reasoning, we obtain with

the notation of Fig.5

& sinh 2%1 nrx
T, =T + 7T + A - n
B B,1 B,2 =1 ™ sinh nrh, w1
w1
w sinh n;x- nn
+ c. —————L sin _Hx (15}
n= % simh 211 1
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We shall how develop the expressions for the temperature ”
gradients corresponding to those in Egs. (8),and {14) but o
approaching the ‘separation lines from the side of region B.’
' nn
T 3T 3T : ] . cosh LS 4
- B _ aB,l ¥ .38,2 L T " A n nwh] sin n:;x
¥ Y Y wig=1 P sinh, —1 1 *
Wi
. V nrx
sinh -
+ = C.n h cos any
hy Z_ n nmwi h
n= sinh
hl 14

~

) n
Along the line y = h;, knowing that cos nm = {(-1) , the

temperature gradient will be

3T AT, - 3T , = ‘
(___a B) =( aB’l) + ( BB,Z) + :,-— z An n coth ——Ln;:h

Y

X ® (-l)n n sinh n;x
‘ sin %J + %— N e —L (16)
A 1 M1 5=l sinh 7L

The temperature gradient in x-direction is

. . nwm
AT 3T 3T = sinh 22X
X X W1 p=1 sinh ———=! 1
. w1
= cosh anx
+ 1_T__ ) C n ___—Ll— Sin M
h, — n - - NwwWy h
: n=1 ginh By



and

(&) _ (?_T_B) . - )
Ix X=w1 X X=w1 - NG

Combining Egs. (8), (16) and (18), and rearranging, we get

o0

I A n {coth E%El + coth 2153) sin 2IX
1

Y1 n=1

. (-1)™ n sinh Eﬁi
+ %_ Ch nTw L = R(x)
1 n=1 sinh —2*L

(18)

(19)

(20)



R f‘\

where
Rix) = (3TA,1) +(_"TA_2) . (EA_A) K (WLI)
3 Iy . Ay :]
Y /y=h Yo [y=hy Y Jy=h Y Jy=h .
4 . B (BTB,Z) :
. 3
Y Jy=n
Similarly, combining Egs.(14), (17) and (19), we obtain
\ N .
Y
T = o nnw nywo . nny
i C_ n"(coth 21 + coth ) sin
hy ngl n h, . hy hy
w0 ~ n 1 n_"Y_ Lf i
i (~1)" n sinh wy [ .
a2 By — = R(y) (21}
1 np=1 sinh =21 '
w1
where

X=

Eg. (20) must be valid at any point along the line y = hj

and, therefore, it may be written as -many times as we choose for
different values of x betwéen zero and w;. Similarly, Eq. (21)

can be written for any number of values of y between zero and h,.

If we desire to truncate each series after the first p terms,
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’

we shall have to determine'p coefficientsiAn and p coefficients
Cn’ for a total of 2p coefficiepts. '

Cleariy, if we.wr@te 2p equations (arbitrarily distributed
between those of type (20) and those of type (21){, we'w;uld
have a linear system of 2p equations with 2p unknowns which can
readily be solved.

Once the coeffiﬁients have been_determined in this manner,
Egs. (6), (13) and (15) cén be empioyed to calculate the temperature
in regions A, C and B, respectiﬁely. Such temperature can be

calculated at any point, independently, of the choice of values

of x and y used in Egs. (20) and (21) for the purpose of dgtermining

the coefficients An and Cn'

b
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,C.

III.  Accuracy

Like any solution based on harmoric analysis, our
method will increase its accuracy%éith'the increase of number
of terms in the truncated seriés.i'The capaciéy of computational
facilities provides here .the limit as it would in any numerical
method. An idea of the iapidity_of_convergence can be cobtained
by comparing several sets of éolutioﬂ§ with the number of equaticns
increasing in arithmetical proéression, taking first 2p = ky
then 2p = k + 2m, then 2p = k + 4m; etc. The difference between
the temperatureé calculatea from two consecutive sets must
diminish with the increased numbgr of equations, otherwise the
method does not converge. When that difference is deemed to be
sufficiently small, we may assume to be ciose to £he "true"
value.

In order to get a realistic appreciation of the pgactical
worth of our method, we shall apply it in the following chapters

to a variety of boundary conditions.
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IV. Sinusocidal Temperature Distributions

along Some Segmeﬁts of the Boundary

" Consider the boundary conditions éhown‘in Fig.6 where we
héve sinuSoidai‘température distributions on two segments of the
boundary while the remaining segments are maintéined at zero.
Clearly, we need only‘to find R(x) and R(y) in Egs. (20) and
{21);.respectively.

Adopting the nomepclature of'Figs.Z, 3, 4 and 5, we have

in this case .

Ta, 2= Ta,35 5,15 T5,2"T¢,2=T,3=0 (22)

and, therefore, all the derivatives of these temperatures are

also zero. This reduces R(x) and R(y) to the following simple

expressions

3T aT : '
R(x) = (—ap‘—l) and  R(y) = (—af{—l) (23)
y y=h, . X=w

From Eq. (119) in Appendix A.2, taking into account the

transformation of the coordinate system, we have

= sinh X B ' o
Ta 1"1?21_ mhz sin mﬂzgh-y) S1(y) sin m‘“ur(lh— " ay
' 2 =1 sinh BI¥1 2 2
hy h
(24)

but in this case
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Sl{y) = Ty ; sin Ei%:XL ' . o (25)
’ 2__“__7

Combining Egs. (24) and f25), we get

) 2Ty, & sinh E%E i (hey) hy o (hey)
T = -t 2_ gin SLAATY . sin 122X/
A,l hsp #=1 =inh HEW] h, hqy
2
—— .
- sin BV ay (26)

The definite iftegral in Eq. (26) has the value of zero
.when m ¥ 1 and the value of -h,/2 when m = 1, as is demonstrated
in Appendix A.4 (compare with a similar procedure adopted with

respeCt to Eq. (4)).

N

Hence,
sinh 1% 7 (h-y)
T =T sin . (27)
\ A,l M,1 sinh 'n";l’] ho )
2

The temperature gradient in y direction is

3T n T sinh ,
L M, 1 B b os (hoy),
¥ h, sinh lﬁl 2
2

Along the line y = hy, knowing that H, = h — h; and

cos = -1, the gradigkﬁ will be



. X
(aTA,l _ T TM,l sinh ha
4 y=hy hy sinh E%i'

sinh L.
T '-_- T . h2 sin M
A M,1 sinh 'Ir;!:] ho
2
- nn (h-y)
+ Z A sinh "1%]— sin 22X
n=1 sinh BRT22 1
W1

Using Egs. (23) and (28), Eq.(20) becomes now
; .

\
i A_ n{coth by, coth n"h?)‘:;-:in nrx
Wy p—3 R Wy, ' 1 .o
n=1 o R
’ . nnx ‘.
L c (-1) n’51nh Ry _ n TM,l sinh n
f 1
by 7,3 ™» sinh 2T¥L h, sinh 1¥1
h; ha
Following the same reasoning based.on -
_ T (wex)
[Sg(x). =T sin —————

we obtain

-20

(28)

(29)

(20a)

(30)



‘ 21
) sinh XX
e _ w2 .o (w-x) . ,
TC,l =T 2 aho Sin ——= - (31)
sinh —;l 2 .

The temperature gradient in x direction approaching the

line x.= wy is now

-~
i Yy
3T¢ 1 T TM'2 sinh o2 32)
0 X=w) w2 sinh Tr_h_]_ '
W2 .
and Egs. (13), <(22) and (31) yield
inh 1Y
T, =T i W2 sin n(w-x)
C M, 2 sinh 'n'h] Wa
w2
. ny (w—-x)
@ sinh
+ > ¢ by sin 20X (33)
n=1 sinh D02 : 1 \
h, 1
[N
Bearing in mind Egs. (23) and (jﬁf, we can rewrite
Eg. (21) in this- form:
1 17_ = nrw Nnnw2z . nmy
h; Eg; C, n (coth ~HTL + coth hy ) sin Ty
= (-1" n sinh BT 5o ginn 1Y ,
+ S A Wiy o M2 w2 (21a)
n . nnth . Th . )
Y1 n=1 sinh ==L wy sinh —1

LAl Wo



As for T, we observe that according to Eq. (22), Ty 1 and
: oo r

Ts 5 appeariné in Eq. (15) are both zero. Thus
, ,

B, =l sinh 2201 w1 -
w1 /
. nmx
© sinh
+ cg;———?h-‘lr sin 2EY : (34)
n=1 sinh _%TL 1
e »

We are now ready to determine the values of coefflclents.
Ah and C by means of the solution of a number of 51multaneous

linear equatmons;which can be written by repeating Egs. (20a) and

(21a) for'diffe;eﬁt values of n as many times as we please (see

Chapter II). These values of A and Ch are now inserted into
the ‘series in Egs. (29), (33) and (34) to calculate Tpr To and
TB’ respectively.

- Evidently, in numerical_caiculetions we must assigq-a
number representiﬁg sb,many units of iength to each segment.of
plate beundary. We have chosen iﬂtegral dimensions fer the sake“

. -
of simplicity, taking however caxe that the plate will not be
symmetr;cal‘of exhibit_any perﬂieularly'simple length ratio, in
order to preserve generallty We have used the same dimensions
for all our examples. The dlmen51ons and the particular values
of- M 1 and TM'Z used an our calculatlons are shown in Fig.7.
The computatlon has been carried out using built-in subroutine
' c}lled GELG [2].

-
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We had to determine the maximum number p of coefficients

in each series-which our computer could process. This turned

' out to be 37, meaning that we had a total of 74 equations

containing 37 Al and 37 C_ coefficients. As can be seen later,

we have also performed calculations. with several smaller numbers

of coefficients in order to test the répidit§'of convergence of
oyr- method. . : :
‘Table 1 contains the values of all the coefficients when
th’ir total numbex was 2 x 37 = 74. ' ,
Figure 8 depic%s the family of isothermal c%iiks‘for the
boundary conditions and dimensions shown in Fig.7. In tRis
case, as also in those considered further Eéléw, the isoth&rms

wede plotted on the basis of temperatures computed at intervals

of 0.2 units of length throughout thé-entire plate.
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Table 1.. The Coefficients Obtained Using Egs.(20a) and (21la)
o for the Boundary Conditions Shown in Fig.7? '
n An Cn
1 1.09672 x 10 1.36763 % 10
2 -4,21351 x 100 -5.61987 x 10°
3 2.22875 x 10¥ 2.94885 % 10°
4 -1.39208 x 10° ~1.81427 = 10°
5 9.57355 x 10-! 1.23118 x, 10°
6 -7.00520 x 10-! -8.91254 x 107!
7 5.35106 g 107! 6.75039 x 10~!
8 -4.21808 x 1071 -5.28527 x 107!
9 3.40519 x 10-! 4.24366 x 10-1
10 -2.80041 x 107!} -3.47487 x 1071
11 2.33742 x 1071 2.89018 x 10-!
12 -1.97450 x 1071 -2.43441 % 107!
13 1.68423 x 107! 2.07167 x 107’
14 -1.44816 x 107! -1.77791 % 107!
15 1.25351 x 107! 1.53645 x 107!
16 -1.09083 x 107! -1.33534 x 107!
17 9.53453 x 10~2 1.16591 x 10-!
18 -8.36253 * 1077, -1.02172 * 107!
19 7.35423 x 10~2 . 8.97892 x 10-2
20 -6.48031 x 10~° -7.90665 x 1072 .
21 5.71605 x 1072 6.97103 x 1072
22 -5.04423 x 1072 -6.14939 x 10-2
23 4,45013 x 10-2 5.42315 x 101g
24 -3.92127 x 1072 ~4.77738 x 1072
25 3.44794 x 10”2 4.20002 % 1072
26, -3.02266 x 102 -3.68107 x 10-2
27 2.63824 x 1072 3.21253 x 1072
28 ¢2.331z4 x 1072 -2.78766 x 1072
29 1.97159 x 10-2 2.40016 x 1072
30 -1.68B057 x 1072 -2.04601 x 1072
31 1.41352 % 102 1.72048 x 10™2
32  -1.16665 x 1072 -1.42001 = 1077
.33 9.37796 x 1073 - 1.14161 x 1072
34 25334 % 1073 -8.82819 x 1073
35 5.26839 x 10-° 6.41138 x 10-3
36 -3.40663 x 10-° -4.14799 x 10-°
37 ° 1.65559 x 10-3 2.01527 x 10-°
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L Fig. 8 The Family of Isothermal Curves
for the Boundary Conditions and
Dimensions Shown in Fig.7.
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V. Linear Temperature Distribution along

Segments of the Boundary

The example treated in the previous chapter was
particularly simple bécause of the sinuscidal distribution
along two segments of the boundary; In any other case, the
formulatién of temperatures TA,l and TC,l is a little more
complicated. The following example will illustrate the

Y

procedure.

Consider the boundary conditions shown in Fig.9.
Eqﬁations (22) and (23) are still vé;id. It will be convenient
to express the temperature functions along segments 1 and 8
of the boundary in terms of coordinates xi and y; sid trans-

form the coordinate system to x and y at the end. Thus,

) 2T Y1
_ M1 av
T, . when 0 < y; < 5
e
S1lvy) = 135)
2 T (hs-vy4)
M,1 2 h
iy when 51 < y] < hy
14
27T X1
M, 2 when 0 < xp < %3
Wo 0
Sgi(xy) = (36)

. 2 TM'2 (wp—x1) . /

w
when == < X3 < W3
Wo 2 .




' W2—P~|

i

Ty, 2
hy
T T =
/ T (=) \
- : -
Fig. 9

B e PEP
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Before going any further, we must expand Egs.(35) and
(36) into Fourier series.

For Eq.(35i, we shall write

Si(yy) = >_ B sin Z1 (37)
n=1 2
where
hj
_ 2 . N7y,
Bn = h, S, (Y1) s1ln T, dy

or, substituting for S;(y;) the appropriate expression given

in Eg. (35),
ha _ hy
2 27T v . 2 T, ,(ha-yq)
_ 2 M,1 ! . nuy, 2 M,1
By T 1, T, S Ty W YRy ~h,
0 ha
; 2
sin “—;‘IY-L dyq (38)
2

and finally

’



. e | A,,v//

30
ho ,
2z h
4 T 2 : 4 T 2
B, = —M.1 y15in E%XL dyy + ——EELL sin E%XL dy,
h 2 2 2
2 Y0 1}
P
.h - »
4 T 2
o, L yysin 2L gy, (39)
h2 2
2 Jhp
2

The integration will be perfdrmed with the aid of standard

integral tables [5]. The general expression

j-YI sin ayidy; = %7 sin ay; - %l cos ay) - {40)

will give us

ha hy
2 2 : 2
vy sin 2IYL gy, = _:hzz_g, sin BrYa1 _ hoyy o DUYR
0 1 h2 1 neTw h2 nn .
0
2 2
_ h? ng _ hj nm
= W sS1in 3 2N cOos 5 (41)
and
h2 h2 h h2
mrg] = 2 . n-nz] _ 22] nnz]
. Y1 sin by dy, o2,z sin By o cos hy
a . hy
2
! 2 2 2
- h? - h ng , ho nn
= - 3= cosns :ﬁ%;y sin 5% + 52— cos > (42)



The middle integral in Eg. (39) is simply

h2 . h2
. nny, - _ EZ. nryj
sin fy dy, [ e COS hy by
ha Ve
2

= -2 oenn + B2 gos BT
ny nm 2

After the substitution of Egs.(41), (42) and

Eqg. (39) becomes

8 T
Bn = _ Ml sin %1
n2x2
0 WQ%P n is even
But  sin 2L = .
2 n-1 .
(-1) when n is odd
thus b
n'—-l "
. 2
8 TM l(—l)
B = L - n=1, 3,5, «.-..
_ n2q2
and, with this, Eq.(37) reads
‘ , n-1
8 T - 2
Sy(yy) = ——~g§l :f;:; L) g4 E%EL
hl)

n=1,3,5... n?

31

(43)

(43), ;

(44)

(45)
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: |
p ' i
. : . “
To return to the original coordinate system, we |
substitute y; = h - ¥y }
( m n-1 f
/8 T a4y 2 _ | ;
8, (y)f —t Z D sin ———Y-—n"lﬂh ) (46) -
2 n=1,3,5... n2 2 ' - !
’ Y. ~ SN
Similarly, Fourier expansion for the temperature function
Sg{xy) is
r
- n-1
8 T 2
Sg(x;) = M,2 E (-1) sin BIX]
‘ 2 W2
. n n=1,3,5... n
and, with the substitution of x; = w - X,
- n-1
. 8 T 2 o :
SB(X) = _M E __-—--(‘ 1) sin o iW"X’ (3 X) {(47)
72 n=1,3,5... n? 2

Now we are ready to evaluate the temperature distributions

TA,l and TC,l' #

Recall Eg. (24):

. m h
w_ sinh : 1
’ 2 m=1 sinh —%—l 2 h 2

Substituting Eq. (46) into Eq. (24) and bearing in mind that
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hy
~ gin mn (h-y) o;y; nrlh-y) dy =
ho ho
h ’ '

- %3 when m = n
{see Appendix A.4), we get
-
n-1
8 T = (1) sinh X
M,1l . -
Ta,1 = : nmw L sin E;%}Jﬂ, (48)
! T2 n=1,3,5... n? sinh “‘EL 2
Consequently,
n-1
oo : 2 . naXx
aTA,l _ 8 TM,l :E:: (-1) sinh h, (49)
2 y=h, L n=1,3,5... n sinh 2I¥L

Equation (6), which will be used to calculate the

temperatures in region A, is transformed by Egs. (22) and (48)

into
n-1
o 2 . nrx

. 8T :z : (-1) sinh _

T2 n=1,3,5... 12 sinh —%—l- 2

. 2
© sinh Elih:i) . '

+ E A bl sin ngx . (50)
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In a manner analogous to the- procedure developed above-in _relation

to T we can obtain

- . : '
. . n-1
T 2 _, . nuy B
~ 8 TM,2 ( 1)_ .- sinh W ' (w=x) .
Tc 1 T . T n7h sin o (51) y
! 72 n=1,3,5... n? sinh —-‘;-Z—L 2 !
5 .
. n=1 .
¢ e o o -2 . .NEY
. ‘ . — > .
T\ T Z - L F vsioh T (52)
9X - %I'WZ : nrh N , .
X=wW1 n=1,3,5.-. n s:.nh.—J-w i
. ’ - Y
. o i \
and, . . .
) . ¢ ' "
n-1 .. . ' ‘ .
®, _ 2 . nry - - -
T o= 8 TM,Z . (-1) sinh Wo _ .. nm (w-xF .’_
T = —*= — Th sin ————=_ -
n? %=1,3,5... .n? sinh -Tz-l- oy 2
o sipn 2TEZX L
+ > C 1 sin —hX ] S . (53)
n= sinh _rm 1 - - . i
h; ' .
L

The temperatures in'region-B are calculated from Eg. (IS)‘ which, ;o

-
-

taking into accoupnt Egq. (22), reads

]



w© sinh M

T = 2 a W] n nwx

B n= n slnh MI. wl
w1

o sinh nux o : ‘
+ > cC IR 1 EPAT R 10 AN (54)

n=1 sinh n—;"—"l By

1

We must now return to Egs. (20) and (21).from.whi,ch we
shali be calc‘:ula}iing the va‘lues- o.f undetermined coefficients Al
and C,- In each case, all the deriva ﬁes’*onjthe right-hand

| 5;1(49) and (52), are zero.

side, except the ones calculated in E

Hence, Egs. (20) and (21} become respectively

.
I E A_ n{coth athy | coed m) sin 21X
Wi n=1 n W1 Wi Wi
’ . nnx
+;—ZC (l)ns:.nhh '
1 =1 *® sinh 201
hy
n-1 .
g8 T {(-1) % sinh BIX -
= .& . hy - {20b)
mhy n=1,3,5... n sinh n_;u ' '
U +2
W,
and . —
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I C_ n(coth "MW1 coth El‘—"’2-) sin B2IY
h; = n h, hy h,
‘ . T e (-1)" n sinh ¥ ‘
+ IS a -
ig=1 M sinh arhy ’
5 o
. n-1 ‘ .
8 T, * (-1) % sinn BIY
= M1 : w2 . (21b)
™ . e nrth .
2. ael,3,5 n sinh “# :
P

Figire 10 shows the dimensions and temperatures used in
the numerlcal calculation which agaln was performed for several
values of P as in Chapter IV The maximum value of P was again
37 and the coefficients. calculated with this value of p are

reported in Table 2. The temperature map appears in Flg.ll.
. o
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\\ (
. \\
HOre . -
L
T /
T=0
—
[+]
1=50 ,
-k —d
. ] K
N
15 i ’ &
[ ]
=70
\ '® -/
T=0 -
T=0
TI=0
| ]
- 15 -
Fig. 10
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Table

2. The Coefficients Obtained Using Egs. (20b) ai

for the Boundary Conditions Shown in Fig.10

n An .Cn
1 8.88972 x 100 1.10856 x 10
2 -3.41536 x 10° -4.55530 * 10°
3 1.80655 = 10° 2.39025 x '10°
4 -1.12836 x 10° ~1.47059 % 10°
.5 7.75993 X 10~ 9.97960 x 10-1
6 “  -5.67816 x 107! -7.22425 x 10~!
7 4.33744 x 10”1 5.47167 x 10~}
8 -3.41911 x 10-1 -4,28409 x 10-!
9 2.76016 * 10~! 3.4397g x 10~}
10 -2.26991 x 10~} -2.81664 *x 10~!
11 1.89460 * 10-! 2.34271 x 10!
12 -1.60045 .x 10~} -1.97326 * 10 !
13 1.36522 x 10~} 1.67924 x 10-1
14 -1,17387 x 10! ~1.44112 x 101!
15 1.01609 x 10-1 1.24540 % 10-1
16 -8.84196. % 10~2 -1.08239 x 10!
17 7.72821 x 10~2 _3;95054 10-°
18 -6.77813 x 10-2 ~g§728171 * 10~°?
19 5.96120 x 10-? 7.27810 x 10~°
.20 ' -5.25220 x 10~2 -6.40897 x 10-2
.21 - 4.63351 x 10”2 5.65055 x 1072
22 -4.08867 x 10~2 -4.98457 x 10-2
23 3.60698 x 1072 4.39586 * 1077
24 -3.17821 x 10-2 -3.87249 x 10-°
25 2.79470 * 102 3.40450 x 10-2
26 -2.45012 x 1072 -2.98384 % 1072
27 2.13870 x 10~2 2.60402 * 1072
28 -1.85592 x 10-° -2.25958 % 10~
29 1.59805 x 1072 1.94554 x 102
30 -1.36207 *x 10~?2 -1.65846 * 10-2
31 £ 1.14567 x 10~2 1,.39455 x 10-2
32  ~9.45694 X 107° -1.15100 x 10-2
33 v 7.60346 x 10~° 9.25383 x 10~3
34 -5.88063 x 10-3 -7.15591 x 1073
35 4.27058 x, 1073 © 5.19721 x 10-3
36 -2.76026 x 10-3 -3.36221 % 10-3
37 1.34078 x 103 1.63349 x 103
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i‘-‘ig. 11 - The Temperature Map for the Boundary Conditions
/and Dimensions Shown in Fig.10.
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VI. Comparison between the Method of Undetermined

Coefficients and Finite Difference Method

—— . 7

In_the finite difference method applied to a two-
dimensional field, the entire field is covered with a grid.

A set of difference equations involving the magnitudes of the
reqﬁi;éd'variables at grid points can be written so as to turn
tﬂe problem into the solution of a linear system. ’

Thé closer the mesh, the more accurate will be the
qalculated>values. The true degree of accuracy is, of course,
not known since no exact solution is generally available. In
eibeptional cases where an exact closed-form solution does
exist, there is nc point in looking for an approximate one.

Nevertheless, it is.of practical importance to have some
idea as to the degree of convergence of any numerical method
we may be employing. In the case of finite difference mefhod!
the best one can do is to determine the variation; of the
resylté with the increase of the number of points until the
ébmguting capac;ty has been exhausted, énd, if this var%ation
is not too great, one aSspmes that one is fairly cloéé to an:
"exact" temperature distribution. !

\ For a square mesh the algorithm for thqgfinite differe;§e

method corresponding to Laplaie's equation is B

-

mn = Tmon-1 + Tm,ml + Tm—l,n + Tm_!_l’n P (55)

with the meaning of the symbols shown in Fig.12.

~——



n+1
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‘- ]
- "\"
Tm, n+1
Tm-1." Ton,n ATmat,n
Tm.n—1
m-1

Fig. 12

m+1

N S

.41.
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- employed - a unit of length and ope half of that unit -

42

We have considered the results obtained for the two
cases illustrated in Chapters IV and V which fit the boundary
conditions indicated in Figs.7 and 10, respectively. It was
thought that the comparigon will be clearer, if rather simple
boundary conditions were used. The two examples employ
respectively,.noﬁ-linear and linear temberature distributions
along the segments of the, boundary with non-zero te%peratures,
in order to see whether li%?arity affects the outcome of our

.

comparisons.

For the finite difference method, two intervals were

)
involving 138 and 605 equations respectively.

Even with 605 x 605 matrix special measures were requiréd
to accommodate the problem to the available storage space.
Subroutine GELB [2] allowed us to cope with this matrix size,
but a still smaller mesh interval could not be used even with

this additional software. It may be worthwhile noting that

with the interval of 0.2 the number of equations would rise to

3986,
Tables 3 and 4 allow to compare the results of temperature

calculations with various degrees of approximation. Table 3

corresponds to Fig.7.and Table 4 to Fig.1l0. For each point

four values were obtained using the method of .undetermined
coefficients with 2x22, 2x27, 2x32 and 2x37 coefficients

respéctively.
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Table 3. Comparison of the Result of Temperature Calculations
for the Case Shown.in Fig.7

N

Method of undetermined coefficients

Finite difference method

Number of undetermined coefficients

in each series

Square mesh Sqguare mesh
of unit- of one half

S =22 p =27 p=32 p-=37 le2gch  unit-length
1 1] 0.25330 0.25493 0.25600 0.25675 | 0.2256¢ 0.24633
1 2] 0.50767 0.51096 0.51312 0.51463 0.45201 0.49364
1 3] 0.76327 0.76825 0.77152 0.77381 0.67917 0.74206
1 4| 1.01867 1.02535 1.02974 1.03281 0.90611 - 0.99029
1 5| 1.27047 1.27877 1.28422 1.28804 1.13061 1.23521
1 6| 1.51295 1.52263 1.52899 1.53345 1.34933 1.47176
1. 7| 1.73726 1.74787 1.75484 1.75974 1.55738 1.69208
1 8| 1.92892 1.93981 1.94697 1.95201 1.74601 1.88312
1 9] 2.06304 2.07287 2.08088 2.08659 1.89683 2.02213
110 | 2.10670 2.11593 2.12201 2.12629 1.97436 2.07322
1 11| 2.01389 2.02145 2.02643 2.02992 1.92619 1.99121
1 12| 1.74890 1.75455 1.75827 1.76088 1.70236 . 1.73641
1 13| 1.30027 1.30397 1.30641 1.30813 1.28203 1.29503
114 0.69526 0.69709 0.69829 0.69913 0.69076 0.69377
2 1| 0.50538, 0.50862 0.51074 0.51223 0.45057 0.49159
2 2| 1.01382 1.02036 1.02465 1.02766 0.90323 .0.98597
2 3| 1.52638 1.53633 1.54286 1.54744 1.35855 1.48410
'2 4| 2.04059 - 2.05402 2.06284 2.06902 1.81467 1.98366
2 5| 2.54978 2.56660 2.57765 2.58539 2.26704 2.47852
2 6| 3.04321 3.06302 3.07603 3.08515 2.70934 2.95915 .
2 7|-3.50556 3.52745 3.54184 3.55194 3.13418 3.41226
2 8| 3.91226 3.93484 3.94969 3.96012 3.52983 3.81656
2 9| 4.22087 4.24037 4.25381 4.26378 3.86695 4.13087
2 10 | 4.34986 4.36882 4.38133 4.39010. 4.07444 4.28017
2 11 | 4.20431 4.21965 4.22975 4.23685 4.02802 4.15858
2 12| 3.68830 3.69960 3.70705 3.71229 3.60122 3.66474
2 13 | 2.76384 2.77117 2.77600 2.77939 2.73500 2.75528
2 14 | 1.48508 1.48866 1.49102 1.49267 1.48101 . 1.48337
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Table 3 {Continued)
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Finite difference method

Method of undetermined coefficients
Number of undetermined coefficients

Square mesh Square mesh

]

Xy - in each series oieﬁntﬁ— ﬁf.ggi haii
. p=22 p=27" p=32 p=37 sige o siggg'
3 1] 0.75406 0.75882 0.76194 0.76413 0.67342  0.73382
3 2| 1.51524 1.52491 1.53126 1.53570 1.35176 - 1.47419
3 3| 2.28713 2.30196 2.31169 2.31850 2.03716 2.22428
3 4| 3.06686 3.08710 3.10038 3.10969 2.72698 ©2.98137
3 5| 3.84418 3.86990 3.88679 3.89863 3.41352 3.73582
3 6| 4.60325 4.63406 4.65429 4.66848 4.08682 4.47332
3 7| s5.32622 5.36083 5.38358 5.39953 4.74020 "5.17899
3 8| 5.99013 6.02617 6.04988 6.06653 5.37215 5.83561
3 9] 6.54078 6.58052 6.59969 6.61757 5.96671 6.40030
310 | 6.87023 6.90000 6.91960 6.93338 6.42837 6.75837
311 | 6.77490 6.79838 6.81386 6.82472 6.51024 6.70586
+ 312 | 6.05259 6.06944 6.08055 6.08836 5.93953 .6.02157
3 13| 4.59847 4.60915 4.61619 4.62114 4.57573 4.59090
3 14 | 2.49161 2.49675 2.50014 2.50252 2.49831 2.49239
4 1] 0.99498 1.00112 1.00515 1.00797 0.89134 0.96909
4 2 2.00485 2.01739 2.02561 2.03137 1.79323 1.95193
4 3| 3.03870 3.05812 3.07086 3.07978 2.71136 2.95672 -
4 4 | 4.09456 4.12148 4.13914 4.15152 3.64256 3.98123
4 5| 5.15660 5.19157 5.21452 5.23060 4.57322 5.01017
4 6} 6.19916 6.24219 6.27045 6.29025 5.48424 6.01956
4 7| 7.20201 7.25176 7.28445 7.30737 6.36758 '6.99236
4 8 | 8.16616 8.21899 8.25374 8.27811 7.25186 7.93752
4 9 | 9.08654 9.13198 9.16302 9.18816 8.19937 8.86371
410 | 9.80861 9.85088 9.87873 9,89825 9.16211 9.64427
4 11 | 9.99024 10.02211 10.04311 10.05787 1 9.64506 9.89933
4 12 | 9.18182 9.20366 9.21805 9.22816 9.07092 9.15061
4 13 | 7.11963 7,13297 7.14177 7.14794 7.13005 7.12024
4 14 | 3.90362 3.90990 3.91404 3.91695 3.93650 3.91100
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Table 3 (Continued)

Method} of undetermined ;:oefficien'ts Finite difference method

Number of undetermined coefficients |Square mesh Square mesh
x v in .each geries o{ un:';;:- of_on?- halﬁ

p=22 p=27 p=32 p=37 . tenet unitosengt
5 1{ 1.22004 1.22730 1.23206 1.23539 1.09873 ©1.18993
5 2| 2.46859° 2.48349 2.49326 2.50011 2.21844 2.40642
s 3| 3.76577 3.78912 3.80444 3.81516 3.373¢ 3.66786
5 4| "5.11408 5.14706 5.16869 5.18384 4.5586 4.97555
5 5| 6.48915 6.53321 6.56212 6.58237 5.75255
5 6] 7.83946 7.89589 7.93292 7.95886 6.90934
5 7| 9.11813 9.18663 9.23161 9.26313 7.99405
5 8]10.36920 10.44499 10.49481 10.52973 9.06834 10.04263
5 9] 11.75606 11.83081 11.88017 11.91473 10.41681 11.43519
5 10 | 13.27289 13.33007 13.36774 13.39418 12.37551 13.04146
5 11§ 14.22930 14.26883 14.29489 14.31319 13.83696 14.12450
512 | 13.63108 13.65614 13.67266 13.68427 13.56909 13.61238
5 13 | 10.85981 10.87432 10.88387 10.89059 | L10#93704 10.87783
5 14| 6.04225 6.04887 6.05323 6.05630 6.11764 6.06065
6 1| 1.41526 1.42324 1.42847 1.43214 1.28514 1.38324
6 2| 2.88072 2.89721 2.90802 2.91559 2.60930 2.81388
6 3| 4.43708 4.46318 4.48029 4.49227 4.00148 4.32966
6 4| 6.10152 6.13904 6.16364 6.18087 5.46716 5.94473
6 5| 7.84528 7.89695 7.93084 7.95456 6.96889 7.62786
6 6| 9.56593 9.63552 9.68116 9.71312 8.40652 9.27683
6 7 {11.09493 11.18634 11.24632 11.28833 9.63087 10.72799
6 8 |12.40823 12.51921 12.59212 12.64322 10.61065 11.95267
6 9 |14.20234 14.29562 14.36263 14.42078 12.02404 13.66525.
6 10 {17.22273 17.29672 17.3455 17.37978 16.08615 16.91928
6 11 | 20.10226 20.14528 20.17365 20.19359 19.75819 20.01033
6 12 |20.38924 20.41336 20.42926 20.44044 20.43137 20.39890
6 13 |16.76849 16.78149 16.79007 16.79608 16.93129 16.80925
6 14 | 9.47571 9.48143 9.48520 9.48785 9.59703 9.50616
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Table 3 (Continued)

Method o% undetermined coefficients | Finite difference method

Number of undetermined coefficients | Square mesh Square mesh

Xy in each series ‘ oieﬁnii- of.oge half

p=22 p=27 p=32 p=37 sagt unit- ength
7 1 1.55883 1.56702 - 1.57239 1.57615 1.43254 1.52805
7 2 3.19831 3.21530 3.22642 3.23421 2.93212 3.13344
7 3 4.99294 5.01999% 5.03772 5.05013 4.55696 4.88678
7 4 6.99694 7.03632 7.06212 7.08019 6.33956 6.83699
7 5 9.20923 9.26469 9.30103 9.32648 8.24933 8.97525
7 6 ]111.49250 11.57062 11.62182 11.65765 10.11699 11.15452
7 7 }13.41382 13.52704 13.60122 13.65315 11.51227 12.93832
-7 8 14.15045 14.32004 14.43125 14.5091¢0 11.71933 13.53249
7 9 §14.71900 14.97288 15.05238 15.13048 10.98253 13.70436
7 10 | 21.18454 21.26489 21.31798 21.35532 20.18674 20.91631
7 11 | 28.81377 28.84671 28.86845 28.88374 28.67831 28.78220
7.12 | 31.32690 31.34270' 31.35312 31.36044 31;46733 31.36354
7 13 1 26.56477 26.57271 26.57793 26.58160 26.75975 26.61435
7 14 | 15.21159 15.21497 15.21720 15.21877 15.33919 15,24388
8 1 1.61761 1.62805 1.63497 1.63803 1.51290 1.59479
g8 2 3.35922 3.37555 3.38597 3.39313 3.12967 3.30278
8 3 5.33504 5.35494 5.37416 5.38694 4,95472 5.24077
8 4 7.65999 - 7.70459 7.72426 7.74378 7.08479 7.52546
8 5]10:45075 10.50408 10.54075 10.56698 9.57189 10.24668
8 6:113.70478 13.77476 13.81739 13.84916 12.29986 13.36920
8 7 |16.94099 17.03754 17.12845 17.16425 14.58178 16.39294
g8 8 1?.94174 18.24722 18.40274 18.44232 13.77188 16.91270
9 1 1.56785 1.57475 1.57926 1.58243 1.48939 1.54889
g 2| 3.28189 3.29614 3.30547 3.31201 3.11892 3.24256
9 3| 5.30858 5.33116 5.34594._ 5.35629 5.04747 5.24584
9 4 7.8569Q 7.88937 - 7.91064 7.92551 7.47290 7.76502
9 5111.20106 11.24575 11.27499 11.29546 10.65357 i1,07010
9 6| 15.69270 15.75280 15.79212 15.81961 14.92878 15.50768
9 7121.72191 21.8QQ61 21.852Q4 21.88795 20.74312 21.47731
9 8} 29.60123 29.689373 29.74731 29.78745 28.78642 29.40901

‘ 4
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Table 3 {Continued)

Me;hod of undetermined coefficients | Finite difference method

Number of undetermined coefficients Square mesh Square mgsh
Xy in each series ofegniﬁ— of_oEe half

p=22 p=27 p=232 p=37 sagt unitolength
10 1 1.37195 1.37747 1.38107 1.38360 . 1.32574 1.36068
10 2 2.90022 2.91155 2.91898 - 2.92417 2.80914 2.87803
10 3 4.77527 4.79302 4.80465 4.81278 4.64334 4.74328
10 4 7.26825 7.29325 7.30962 7.32106 7.10578 7.22912
10 5 110.80928 10.84230 10.86391 10.87902 10.64064 10.76919
10 6 |16.13844 16.i7940 16.20616 16.22487 16.01859 16.11177
10 7 }24.64066 24.68584 54.71533 24.73593 24:67558 24.65761
10 8 [39.21538 39.25069 39.27371 39.2897¢ 39.48579 7 39.30042
11 1 1.02512 1.02893 1.03143 1.03318 1.00444 1.01996
11 2 2.18443 2.19223 2.19734 2.20091 2.14853 2.17548
11 3 3.64873 3.66081 3.66872 3.67425 3.61104 3.63938
11 4 5.67903 5.69566 5.70655 5.71416 5.66625 5.67615
11 5 8.72502 8.74613 8.75993 8.76358 8.78461 8.74105
11 6 {13.62673 13.65109 13.66700 13.67813 13.82943 13.68093
11 7422.04683 22.07068 22.08626 22.09712 22.45@83 22.15674
11 8 }37.38982 37.40570 37.41608'37.42331 37.90735 37.52882
2 1 0.54976 0.55170 0.55297 0.55387 0.54349 0.54813
12 2 1.17755 1.18151 1.18510 1.8592 1.16951 1.17542
12 3 1.98511 1.99119 1.99516 1.99794 ‘ 1.98603 1.98518
12 4 3.13341 3.14165 3.14703 3.1508a0 3.16356 3.14095
12 5 4.90950 4.91963 4.92630 4.93094 5.00196 4,.93326
12 6 7.86258 7.87379 7.88112 7.88624 B8.05968 7.91403
12 7 |13.08365 13.09396 13.10069 13.10540 13.40735 13.16873
12 8 [22.75462 22.76105 22.76524 22.76817 23.11488 ©22.84911

-~



48

Table 4. Comparison of the Result of Temperature Calculations

3

e '\

for the Case Shown in Fig.l0

Method of undetermineglcoefficients Finiﬁe difference method

Number of undetermined coefficients | Square mesh Square mesh

x v in each sgeries T oiegniﬁ— Eﬁizﬂiegatﬁ
p = 22 p =27 p = 32 p =37 sige ' side ?
1 1 | 0.20532 0.20664 - 0.20751 0.20812 0.17621 0.19194
1 2 | 0.41150 0.41417 0.41592 0.41714 0.35306 0.38452
1 3 | 0.61868 0.62272 0.62537 0.62723 .0.53077 - 0.57780
1 4 | 0.82571 0.83112 0.83468 0.83717 0.70876 0.77082
1 £ 1.02980 1.03653 1.04095 1.04404 |- 9.88570 0.96143
1 6 | 1.22635 1.23420 1.23935 1.24297 1.05953 1.14625
1 7| 1.40816 1.41677 1.42242 1.42639 1.22714 1,32002
1 8 1.56352 1.57235° 1.57816 1.58224 1.38229 1.47337
T 9| 1.67223 1.68019 1.68669 1.69131 1.51058 1.58877
110 | 1.70755 i.71504 1.71997 1.72343 1.58281 1.63708
111 | 1.63240 1.63852 1.64256 1.64539 1.55435 1.58021
112 | 1.41768 1.42226 1.42527 1.42739 1.38091 . 1.38376
113 | 1.05396 1.05696. 1.05894 1.06033 1.04294 1.03493
1 14 | 0.56349 0.56497 0.56594 0.56662. | 0.56248 §.55525
2 1| 0.40965 0.21227 0.41399 .0.41519 0.35197 0.38317
~2 2| 0.82177 0.82708 0.83055 0.83299 | 0.70528 0.76823
2-3) 1.23724 1.24531 1.25060 1.25431 | 1.06124 1.15573
2 4| 1.65404 1.66493 1.67207 1.67708 - 1.41857 1.54390
.2 51 2.06677 2.08041 2.08936 2.09564 1.77450 1.92846
2 6| 2.46673 2.48279 -2.49333 '2.50073 | 2.12527 2.30311
2 7| 2.84149 2.85924 2.87091 2.87909 . 2.46674 2.65945
2 8| 3.17116 3.18946 3.20150 3.20995 2.79145 2.98315
2 9] 3.42131 3.43713 3.44803 3.45609 3.07722 3.24339
* 2 10| 3.52550 3.54088 3.5510L 3.55812" 3.26630 3.37971
2 11 3.40788 3.42032 3.42851" 3.43426 3.2536§ 3.30283
2 12| 2.98998 2.99915 3.00519 3.00943 592636 - 5.92444
2 13| 2.24029 2.24623 2.25014 2.25289 2.22835 2.20515
2 14| 1.20340 1.20630 1.20821 1. ' 1.18874

D

-

20955 1.20700
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Table 4 (Continued)
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Method of undetermined coefficients

Finite difference method

Number of undetermined coefficients

Square mesh Square mesh

x vy in each series - ofegniﬁ— zﬁ_:gi haii
3 1| 0.61121 0.61508 0.61761 0.61938 0.52557 0.57234
3 2| 1.22821 1.23605 1.24119 'ITEZi?g 1.05506 1.14923
3 3|, 1.85387°1.86590 1.87378 1.87930 1.59034 1.73269
3 4 | 2.48590 2.50231 2.51308 2.52062 2.12980 2.32040
3 5| 3.11596 3.13683. 3.15052 3.16011 2.66845 2.90527
3 6 | 3.73125 3.75623 3.77263 3.78413 3.20033 3.47776
3 7| 4.31727 4.34533 4.36377 4.37670 3.72312 4.02967
"3 8| 4.85541 4.88464 4.90385 4.91734 4.23952 4.55262
3 9| 5.30175 5.33396 5.34950 5.36400 | - 4.74057 5.01790
3 10 | 5.56704 5.59118 5.60707 5.61824 5.15144 5.33540
3 11 | 5.49152 5.51056 5.52310 5.53191 5.26775 5,33348
312 | 4.90779 4.92146° 4.93046° 4.93678 4.84250 4.81715
3 13| 3.72737 3.73604 3.74174 3.74575 '3.73709 3.68319
"3 14 |. 2.01788 2.02205 2.02479 ' 2.02672 2.03719 2.00071
4 1| 0.80650 0.81148 0.81474 0.81703 0.69546 ' 0.75663
4 2| 1.62507 1.63523 1.64190 1.64657 ¥.39906 1.52311
4 3| 2.46307 2.47882. 2.48914 2.49637 2.11525 2.30492
4 4| 3.31892 3.34075- 3.35506 3.36509 2.84185 3.00995
4 5| 4.17977 4.20813 4.22673 4.23976 3.56916 3.89479
4 6) 5.02484 5.05974 5.08263 5.09869 4.28448 4.67345
4 7] 5.83772 5.87807 5.90455 5.92313 |’ 4.98587 5.42701
4 8| 6.619237666207 6.69023 6.70999 5.70293 6.17205
4 9] 7.36527 7(40210 7.42725 7.44763 6.49411 6.92872
4 10| 7.94216 7.B37644 7.99901  8.01486 7.33115 7.60672
4 11| 8.09773 8.12358 8.14060 8.15255 | 7.82339 7.89090" -
4 12| 7.45096 7.46866 7.48032 7.48852 7.43880 7.35101
4 13 5.77091 5.78173 5.78886 5.79387 5.84031 5.73101
4 14} 3.15577 3.16086 3.16422 3.16657 3720467 3,14202
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Method of undetermined coefficients

Finite difference method

Number of undetermined coefficients

in each series

Square mesh
of unit-

Square mesh
of one half

* NN o -2 p=27 p=32 p=37 |° length unitolength
5 1] 0.98893 0.99482 0.99867 1.00137 0.85721 0.93056
5 2| 2.00095 2.01304 2.02096 2.02651 1.173043 1.88064
5 31 3.05241 3.07135 3.08376 3.09245 2.62975 2.86316
5 4| 4.14531 4.17205 4.18958 4.20186 3.55319 3.87730
5 5| 5.25989 5.29563 5.31905 5.33546 4.48188 4.90206
5 6| 6.35442 6.40018 6.43018 6.45121 5.38256 5.89805
5 7] 7.39086 7.44641 7.48286 7.50841 6.23296 6.83532
.5 8| 8.40494 8.46640 8.50677 8.53509 7.09222 7.76719
5 9] 9.52009 9.58970 9.62974 9.65774 '8.20178 8.88558
5 10 | 10.71845 10.76482 10.79535 10.81679 9.85554 10.25450
5 11°| 11.53327 11.56533 11.58644 11.60128 11.25589 11.29604
5°12 | 11.09003 11.11035 11.12374 11.13315 11.24899 11.01658
5 13| 8§.80208 8.81384 8.82159 8.82703 8.98071 8.78748
5 14 | 4.85753 4.86290 4.86643 4.86891 | . 4.94116 4.85248
6 1t 1.14716 1.15364 1.15788 1.16084 . 1.00295 1.08415
6 2| 2.33502 2.34840 2.35715 2.36328 2.03572 2.20405
6 3| 3.59656 3.61772 3.63158 3.64129 3.12014 3.38734
6 4| 4.94569 4.97612 4.99606 5.01002 4.25929 4.64199
6 5| 6.35913 6.40104 6.42850 6.44772 5.42252 5.93867
6 61 7.75384 7.81027 7.84725 7.87315  6.53094 7.19162
6 .7 | 8.99320 9.06732 9.11592 9.14997 7.47112 8.27135
6 8 |10.05771 10.14771 10.20678 10.24821 8.23124 9.17058
6 9 ]11.51198 11-58762 11.64191 11.68906 9.36524 10.48970
6 10 |13.77016 13;5§q16 13.86969 13.89748 12.63335 13.17132
6 11 |16.28632 16.32121 16.34419 16.36037 16.09564 16.07001 ::>
6 12 |16.73067 16.75023 16.76312 16.77219 17.32057 " 16.76416
6 13 113.58410 13.59464 13.60159 -13.60647 13.89230 13.51550(
6 14 | 7.49067 7.49531 7.49837 7.50052 7.57927 . 7.49090
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._Method of undetermined coefficients

Number of undetermined coefficients

Finite difference method
Square mesh Square mesh

x y in each series oiezniﬁ— | Of'zfi hati

p = 22 p = 27 p:? 32 p = 37 sige unlsidzng
Za

7 1] 1.26353 1.27018 1.27453 1.27757 1.11886 1.20104
7 2| 2.59245 - 2.60623 2.61524 2.62155 2.28935 2.46177
7 3| 4.04711 4.065906 4.08342 4.09348 3.55578 3.83576
7 4| 5.67149 5.70343 5.72434 5.73898 4.94130 5.35754
7 5| 7.46471 7.50968 7.53913 7.55976 6.41800 7.01186
"7 6] 9.31545 9.37881 9.42029 9.44933 | 7.84757 8.66787
7 7 |10.87281 10.96461 11.02473 11.06682 8.88937 9.96320
7 8 [11.46990 11.60741 11.69753 11.76063 8.99635 10.28163
"7 9 111.93074 12.13662 12.20103 12.26434 8.39461 10.26752
7 10 [16.30118 16.36632 16.40933 16.43962 15.21685 15.73958
7-11 | 23.23586 23.26257 23.28020 23.29259 23.17278 23.10829
7 12 | 26.47403 26.48683 26.49527 26.50121 28.04549 26.84795
7 13 [21.41290 21.41934 21.42357 21.42654 | 21.68866 21.45930
7 14 [11.45977 11,46251 11.46432 11.46559 11.48365 11.45071
8 1} 1.31117 1.31965 1.32525 1.32774 1.18315 1.25757
8 2| 2.72287 2.73612 2.74456 2.75036 - 2.44705 2.60416
8 3| 4.32441 4.34056 4.35613 4.36648 3.87235 4.13099
8- 4| 6.20895 6.24512 6.26105 6.276¢86 5.53212 5.92724
8 5] 8.47103 8.51429 8.54401 8.56527 7.46061 8.05502
8 6 |11.10868 11.16542 11.19997 11.22571 9.55199 10.46132
8 7 |13.73190 13.81019 13.88397 13.91304 11.24232 12.68683
8 8 ]|14.54310 14.79082 14.91686 14.94893 10.47020 12.75577
9 1| 1.27085 1.27644 1.28010 1.28266 1.16669 1.22546
9 2] 2.66018 2.67175 2.67931 2.68460 2.44334 2.56643
¢ 3| 4.30289 4.32121 4.33319 4.34157 3.95444 4.15443
9 4| 6.36806 6.39441 6.41164 6.42369 5.85417 6.15385
9 51| 9.07604 9.11228 9.13598 9.15255 8.34033 8.77794
9 6{12.69903 12.74777 12.77962 12.80190 11.65747 12.28965
9 7 ]17.46899 17.53282 17.57449 17.60361 16.05771 16.92722
9 8 123.09538 23.16710 23.21376 23.24628 21.64214 22.55670
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Method‘of undetermined coefficients

Finite difference method

Number of undetermined coefficients

in each sgeries

of unit-

Square mesH Square mesh

of one half

o~
S

C Y| P-22 p=271 p=32 p=37 length . unitoiength
10 1| 1.11206 1.11654 1.11946 1.12151 1.04027 1.07981
10 2| 2.35083 2.36003 2.36604 2.37025 2.20519 2.28588
10 3 |- 3.87073 3.88513 3.89455 3.90114 | 3.64793 13.77290
10 4| 5.89171 5.91199 5.92525 5.93452 5.58978 5.76312
10 5| 8.76363 8.79042 8.80793 8.82016 8.38902 8.61406
10 6 | 13.09430 13.12750 13.14919 13.16435 12.67988 12.95642
10 7 |20.05826 20.09489 20.11879 20.13548 19.68890 20.02341
10 8 | 32.33820 32.36684 32.38548 32.39850 32.04068, 32.54510

1 1] 0.83093 0.83202 0.83605 0.83747 0.78921 0.81133
11 2| 1.77063 1.77696 1.78110 1.78399 1.68922 1.73253
1% 3| 2.95759 2.96739 2.97379 2.97828 2.84231 2.90432
11 4| 4.60354 4.61703 4.62585 4.63202 4.46801 4.54356
11 51 7.07420 7.09132 7.10250 7.11032 6.94612 7.02692
11 6 |11.05838 11.07813 11.09102 11.10004 10.98411 11.06508
Q\ 7 }17.95578 17.97513.17.98773 17.99655 17.97737 18.09378
11° 8 | 30.85844 30.87134 30.87973 30.88559 30.83179 31.19127
12 1| 0.44561 0.44719 0.44822 0.44894 0.42734 0.43665
12 2| 0.95448 0.95769 0.95979 0.96126 0.92016 0.93762
12 3{ 1.60900 1.61393 1.61715 1.61940 1.56407 1.58713
12 4| 2.53936 2.54604 2.55041 2.55346 2.49383 2.51877
12 5| 3.9763@¢ 3.98454 3.98992 3.99368 3.94325 3.96848
12 6| 6.35218 6.36127 6.36721 6.37136 6.33306 6.37236 .
12 7 | 10.46713 10.47549 10.480Q95 10.48476 10.40490 10.51612
12 8 1 17.54567 17.55089 17.55429 17.55666 17.30916 17.56833



As can be seen, the différence between consecutive
values obtained by this method are rather small, and, more
importantly, there is in every case a monotonic diminishing
rate of increase indicating that we aré quite close to an
assymptotic "exact" value.

As opposed to this, the two values obtained from the
finite difference method with 138 and 605 mesh points,
respectively, differ considerably from each other.

. Since the algorithm used in the finite difference
method¥tends to give more correct results as the mesh size
becomes smalier, we have calculated.the temperatures at
3986 points (mesh size 0.2) with our method using 2x37 co- -
effiqieﬂts and subjected the temperatures thus obtained for
sets of points such as the ones shown in Fig.l3 to a test
using Eqg. (55). -The results are extremely accurate, as can
be judged from the saﬁples reported in Tables 5 and 6 which
refer to the boundary anditions shown in Figs.7 and 10, .

respectively.
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Table 5. Application of Eq.(55) with Mesh Interval of 0.2 to
Temperatures Calculated by the Method of Undetermined
) Coefficients with p = 37 for the Case Shown in Fig.7
Ty = Ty, = Tq = Ty = 1
XYy Tx,y T;—U.Z,y Ti+0.2,y Ti,y—o.z T:c,y+0.2 _(Tl;zi;g)
4 5  5.23660 4.96266 5.49933 5.01541 5.44500 §j23060
4 71 7.30737| 6.92147 7.69514 7.10782 7.50504 7.30737
4 9| 9.18816| 8.65713 9.72644 9.01475 9.35439 9.18818
4 11]110.05787} 9.34373 10.81220 10.09189 9.98363 §10.05786
6 5| 7.95456| 7.67873 ..8.23069 7.59658 - 8331222 7.95456
6 7]|11.28833]10.87148 11.71652 10.99530 11.57022 {11.28838
6 9114.42078(13.97351 14.79169 13.97222 14.91818 {14.41390
6 11 é0.19359“18.84462 21.65002 19.76683 20.51321 |20.19367
8 5[10.56698110.34375 10.77205 9.96430 11.19188 |10.567995
8 7117.16425 16.33371 18.07004 16.56328 ,17.72873 17.17394‘
10 5/10.87902 11.08525’,10;60329 10.05429 11.77339 |10.87906
10 7(24.73593 24.51831‘ 24.72377 22.67622 27.02628 | 24.73615
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6. Application of Eg. (55) with Mésh Interval of 0.2 to
Temperatures Calculated by the Method of Undetermined

Coefficients with p =

37 for the Case Shown in Fig.l0

¥

AY

Ty = T, = T, = Ty = 1
, ¥ Tx,y T;—O.Z,y Ti;O.Z,y Ti,y—o.z T;,y+0.2 _(Tl;fi;u)
\? 4 5|4.23976| 4.02258 4.45759 4.06534 4.41356 | 4.23977
4 7|5.92313| 5.61033  6.23745 5.76138  6.08336 | 5.92313
4 ol 7.4a763| 7.01717 7.88387  7.30707 7.5981 | 7.44701
4 11| 8.15255| 7.57372  8.76398  8.17753  8.09500 | 8.15256
6 51| 6.44772| 6.22414  6.67154. 6.15755 6.73763 | 6.44772
6 7|9.14997| 8.81209 9.49705 B8.91245  9.37846 | 9.15001
6 9111.68906(11.32652 -11.98971 11.32546 12.03608¢[11.66944
6 11 [16.36037|15.27024 17.53526 15.95349 16.68262 |16.36040
8 5| 8.56527| 8.38431  8.73026 8.07675 9.07175 | B.56577
8 7(13.91304]13.23974 14.59590 13.42583 14.37048 [13.90799
10 5| 8.82016] 8.98618° 8.59753 8.15105 9.54602 | 8.820195
10 7120.13548[19.90721 20.16556 18.43919 22.03090 [20.13572
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VII. Convergence of the Method of

Undetermined Coefficients

~
An examination of the-results obtained by the method
of undetermined céefficienfs which is reported in Tables 3 and
4 reveals that the temperature T(x,y) calculated gt any given

point increases with the 'increased number p of coefficients

~employed. The rate of increase, as we have pointed out,

diminishes visibly, and if we were to plot a T-p curve, such

a curve would be assymptotic to a horizontal line passing
through the true value of T.

It may be interesting tb fit curves of this kind to the
tabulated data in order to obtain a feeling for’ what the ™

assymptotic value in each case may be.

= J

T = + c ) (56)

A hyperbola of the form

is probably the simplest curve which can be made to pass through

three points while fitting the required condition

daT _ '
(ﬁ) = 0 (57)

pre

In fact, for p+= we have T = c.
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We have calculated the values of a, b and c at each

. point shown in Fig.1l3 using the’tempgrature values for p = 27,

p = 32 and p = 37 in Tables 3 and 4. We have also checked
_whether the resulting ﬁyperbolas would give a good approximation
“to the tabulated value of T for p = 22. -Fhis check gave
suéprfsfﬁgly good results, thus cohfirhing the reasonableness

of our choice of curve form.

For example, for pocint (4,5) in Table 7, the hyperbola

becomes

-3.05178

T = 5=3.59389

+ 5.32195

y
which for p = 22 gives T = 5.15615, agreeing within four
significant figures_with the tabulated value presented in
Table 3, and for p-e gives_T = 5.32195. If this last number
indeed gives us a good idea of what the "true" value of T may
be, then it would appear that our best approximation was within
less than 2 percent off £hat true value. Similarly, convincing
results were cbtained for the other points; these results are

presented in Tables 7 and 8.
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Table 7. Convergence of the Method of Undetermined Coefficients
for a Set of Points Shown in Fig.l13 for the Boundary

a

001&%ﬁwo:m Presented in Fig.7 i

Temp€rature obtained using nsmlamﬁnom The constants obtained for T for p=22

% of undetermined nommmwnwmuﬁm‘ the hyperbola in Eq. (56) OUMWMMmm

p = 22 p = 27 p = 32 p = 37 One©+& a b L Eg. (56)
4 5.15660 W.wamq 5.21452 m.wwomo * 5.32195 w.oquw -3.59389 5.15615
4 7.20201 7.25176 7.28445 7.30737 7.43783 4.36509 =-3.54043 7.20136
4 9.08654 9.13198 9.16302 9.18816 9.42754 12.59403 15.61017 mqomumm
4 11] 9.99024 10.02211 10.04311 10.05787 |10.14246 2.84665 -3.34615 9.98985
6 7.84528 w.mmmww q.wuom» 7.95456 | 8.08893 4.47757 -3.67650 7.84456
6 11.09493 .HH.Hmmum” 11.24632 HH.mmmwm 11.52676 -~ 7.95831 -3.62215 |11.09372
6 14.20234 14.29562 Hu.uwmmu 14.42078 Hm.mwmmww\mw.wmmop wm.mummw 14.21756
um 11}20.10226 No.Hpmwm 20.17365 20.19359 |20.30786 3.84562 -3.34638 |20.10170
8 10.45075 10.50408 10.54075 10.56698 }10.72501 5.55084 -1.87548 110.44919
8 16.94099 17.03754 17.12845 Hu.Hmwmm 17.24656 1.35783 -20.50390 [16.33898
. 10 10.80928 Ho.mamwo. Ho.mmuwp 10.87902 |10.96438 2.83789 |u.qumm 10.80885
10 24.64066 24.68584 24.71533 24.73593 124,.85200 lw.mmqwo 24.64012

T

3.85026
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Table 8.

convergence of t
for a Set of Points S

rw Method of Undetermined Coefficients

conditions Presented in Fig.10

hown in Fig.l13 for the Boundary

emammﬁmﬂﬁﬂm obtained using the method The oosmﬁmuﬂm\MVﬁmH:ma for T for p=22
x y of undetermined coefficients the hyperbola in Eq. (56) ovwwwwmm
p = 22 p = 27 p = 32 p = 37 nueﬁ+e a b Eq. (56)
4 5| 4.17977 4,20813 4,.22673 4,.23976 4.31375 . 2.47085 -3.60682) 4,17942
4 7| 5.83772 m“mqmoq. 5.90455 5.92313 6.02911 3.55223 -3.48101 5.83729
4 9 7.36527 7.40210 7.42725 7.44763 q.m»mwm 10.25659 15.72537 7.37028
4 11| 8.09773 8.12358 8.14060 8.15255 8.22083 M.Nmmmp -3.42998 ‘8.09739
¢ 5| 6.35913 6.40104 6.42850 6.44772 | 6.55660 w.mmmmw_ ~3.67476 | 6.35860
6 7] 8.99320 m.omqu. 9.11592 9.14997 9.34339 m.amommu -3.59794 8.99231
6 9]|11.51198 11.58762 11.64191 11.68906 }12.35893 mc.wunqqm 39.03641 11.52444
6 11/16.28632° 16.32121 16.34419 1636037 |16.45355 w.Hbmmw -3.20588 16.28600 )
.m 5 m.quou 8.51429 8.54401 8.56527 8.69338 - 4.50061 -1.86998 8.46981
g 7|13.73190 13.81019 13.88397 13.91304 }|13.97991 H.Hﬁumm rmo.pmmwo Hu.mnmwﬂ
10 5| 8.76363 8.79042 8.80793 8.82016 8.88905 2.28447 -3.83712 8.76327
10 7120.05826 20.09489 -20.11879 ~20.13548 |20.22944  3.11460 ~3.85160 |20.05782

.
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oY

VIII. A Case for Which a Closed-form Solution Exists . -

2.

Féingold,[l] has shown that for a feétangular,platefwith

temperature varying linearly along each segment of the boundary
";here exists a closed-form solution for the temperature field.

He has shown, in fact, Ehat the temper;tures along any line
x = constant or y = constant in such a piaté also vary linearly.

This allows us to construct for anlL—sHaped plate a set
of boundary conditions such that the entire temperatJ}e field
be known exactly.

Consider the rectangular plate in Fig.l4. According to‘
Feingéld, the temperature at a generic point (x,y)‘of that

plate is

= xy + {w-x) {h-y)

T (x,y) Max. wh

If we now took the L-shaped plate used in our previous
examples as being a part of a rectangular leiS plate, we could
choose for ccnvenience TMax. = 13(15) = 195. The temperature
at any piint of the plate would then be

J .
T(x,y) = xy + (13-x) (15~y) (58)
and, in particular at the point N (Fig.l5)
T, = 102 deg.

N /
[
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N 4
”~
Oon the other hand, from the original boundary condipions

= 120 deg. and T = 195 2

2 = = 117 deg.

Bearing in mind that, as said before,'the temperature
variations along LN and NR are linear, we now have a set of
boundary conditions for an L-shaped plate for which.Eq. (58)
givés the field temperatures exactly.

The object of this whqle exercise is to calculate the
same temperatﬁ?es with +he method of undetermined coefficients
and see by how much will the results thus obtained differ from
the exact ones.

Figure 16 represents ouf special boundary conditions.
Figure 17 shSWS the three regions, A, B and C, with the
appropriate temperature functions bearing th; same nomenclature
as in Chapter II. \

The temperature in region A can be obtained by super-

position of the five boundary conditions shown in Fig.18. \

-
’

) o ginh Eléﬁ:l)
T, =T, 1.1+ Tyq 1o+ T + T +§A 1
A "Aa,l-1 A,l-2 a,2 " "a,3 <= D inn n:rfl:z
sin XX (59)..
w1 o

For T, ,_,s we have the solution in integral form.
! .
A

)

- doland
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T = F(x)".
TN .

T=’F(x)‘

ST = Sy ly)
g |
T = G(y)
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) . nnx h
«» sinh :
2 ‘ h . nm(y=hy)
T * = 2 gin S (y)
As1-1 'h EE; sinh 2I¥1 he -1
' h2 hl
.
sin I-‘“—Uh%hli ay - (60)
But
r.fl«.‘ N . I
' - fy-h )
}1—1(3’) =y . | (61)
\" <
thus, TA,l-l reads .
. nnXx . h
. _ 2 TL sinh h nr (y=h1) (y=h1) |
A,1-1 ~ 2 . nrw, o0 h ¥~
' hZ n=1 sinh —/<L 2
2 . hp 1
sin Eﬂiﬁiﬁll dy (62)-
§

Setting Y.= y~h; in the integral and changing the integration

limits accordingly, we have

(63)

I
'
2l
Q
Q
0
5
El
|

N

ot ]

T

B L

=
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Substituting the result of the integration into Eq. (62), we get

n . nrx
Ta,1-1 =~ i il v sin Doly=hy) (64)
T " n=1 n sinh E%El ha
2.
Similarly,

_ (h-y) |
S, ¥) = ——hizi— Ty (65)

which leads to

27, = (-1)" sinh ZIX, o
Ta,1-2 = = 5 Z.—[ 2 sin 2r{hoy) (66)
d n n#] n sinh 5%—l 2
2

Let us now introduce TA,l as the sum of TA,l—l and

Ty 1-2 in order to adopt the procedures used in Chapter II
’

(-1)™ sinn BIX

' R ho . nrn(y-hp)
T =.- 4 E - (T; sin
Al " h=1 n sinh E;_Wl. L - h
. R 2 —-
+ T gin Arih- )) ) {(67)
N S h,

Taking the first derivative with respect to y'along the line

Y = hy,.we get



(-1)" sinh “;x
2
hj
. nrx
" ha

For T, ,, an equation analogous to Eq. (60) is
, ;

o sinh Bnly-hy)

But

_x
52 (X) - W] TL

and

-
f x sin 2% gy =
Wl .
0 .

therefore

oy
. nwx .
5, (x
sin lejr 2 {X) sin
0

_ w? (—1)n_

g
(-1}" sinh nr (y-hy)
] W1 sin nnx
‘n sinh B2 \ w1
Wi

nnx

W1

dx

70

(68)

(69)

(70)

(71)

(72)
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Approaching the line y = h;, the temperature gradient in y-

direction is L

: n _._ nmx
'aTA’2 _ 2 TL EE; (-1)" sin w5 (73)
4 y=h, Y1 n= sinh 5%21

"'u

Going through the same steps with respect to TA 3+ we have
r

: nmw (W "X) : hl
[ sinh -4
0oL S T ety [0
4 2 n=1 sinh E_.;_WL v 2 h
2

ds

sin El%%:x)dy

L]
h, | .
2 n
(h-y) sin ———Kn“g:‘ ) ay = B2 G {=1)

h ¢

and, ' finally,

_ . w  (_1 D s nm (wy-x)
s ot e ST B h ey

(74)




(PRI

~from which the temperature gradient in y direction at y = hy is

_ - . nn(w]¥x)
aTA,3 - 2 TMax. * Sinh hs (75)
oy y=hy b n=1 sinh‘Eﬁgl

N

We now have all the reéuired expressions to be inserted into

Eq. (59) and the temperature in region A finally reads

o (-1)" sinh 21X
T o= 2 :E: h (T. sin prly=hy) 4 o sin ELLE:x))
A ki =1 n sinh n;TIW] L hs N hs
2
- _3n nn (y-hy)
2 T, (-1)"" sinh W1 nrx
- sin
Ton= n sinh 2rh2 v
- 1 -
- 131 nn (wy-x)
_ 2 h2 Tyay. :E: (-1)" sinh hj aip D (h-y)
hx n=1 n sinh 2I¥1 hy
hj
- sinh DT(h=y) -
+ > A Tl sin 22X (76)
n=1 sinh ==2 1
— 1

Clearly, everythiﬁg related to region A is equally

-

applicable to region C with an appropriate transposition of

symbols. Thus, x becomes y, h becomes w, w becomes h and TL



4 73

™~

-

becomes TR' TN aqd TMax. of course, remain the same.

Consequently, we have (see Fig.19)
-

. _ n . nw .
rey - 230 EL N e T e
c,1 Ll n sinh nnh, R Wo
: . Wo
+ P sin Pr(Ww-x) an "
- N W2

" N - w2 . (78)

R h . nny
T = - Z 1 sSiln (79)

.2 T  n=1 n sinh 27¥W2 By

hy
v v
' )
5T 2T, = (-1)" ginh B2Y
C,2 = - ___B_ h, (80)
ax X=W; Bi §51  sinp W2



H T T
. L R N\I
(= o
c,1-1 ] : o C,1-2
B B
T =10 T =20
TC= 0 -s,\'\ T =0
E o
<
c,2 w f c,3
1 B
=
= Sg (x)
=% AT
w2
L TMax
T =20
o
— o
U]
I C.4 !
B
3]
T =20

74
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o - n : nﬂ(h —‘) .
B 2 wy TMax_. (=1)" sinh —L-Iwz o (i)
Te,3 = " T e TR sin BEWSX) (g1
’ i n=1 n sinh ——%——1- 2
3T 2 T ® .sinh RT(1-y).
c,3 - Max. , W) (82)
Ix = \i — . nrh
X=w =1 ginh —1-w2

T_ sin 2T X7W31 (x-wy)

n sinh Eﬂ]_ R Wo .
Wo
\ .
+ T, sin =T (W"X)]
N Wor
) -— n : n“(x"w])
2 TR ( }) ’Einh hl n
- T nmw sSln -——y-h
n= n sinh —h——l 1
i

. _qy 0 nn (hy-y)
) 2 wy TMax. Z {(-1) sinh o Ciq BT (=)
w o n sinh nrh) Wa
n=1
. nm (w=-x)
- sinh —————=—
+ Z Cn nh&;- sin —-—X-n;; v (83)
n=1 sinh -l’h—z 1 .
1



L

v

+

.‘The temperature in reglon B w1ll be obtalned by the

superposltlon of six boundary condltlons shown in Flg 20.

id 'E .
. ; o o f‘sinh'E%x
T, =T, .~ . + T + T + T + A —l
B~ "B,1-1 ~ "B,1-2 B,2-1 B,2-2 © £ “n’ T n:,h\
‘B -
_,/ . o
: . nmx .
nnx = Sinh h nw '
sin - + C _,—n"—‘{?—t n '—hY- (84)
. 1 n=] sinh _%TL 1 ’ .
] oo - -
’ TB 1-1 is obtained by-traﬁsforming Eq.(ﬁ&) in the ,
! ’ - .
following manner: T, becomes hzTMax'/h, X becomes wi-x,
'+ h, becomes h, and’ y-h;, becomes y. '
.,:}. )
o n .. nr{w;-x)
o, (= AWy A
i .2 hzTMax. (-1Y" sinh R ' .
TB,1-1 = 7 TR 2 TR s (83)
Al m n=1 n sinh ~%—l ' ‘ 1 .
. ) 1 w A
<n v .
. ,
In a similar way, TB 1- é 15 obtained by transformlng
~ . * .
apﬁ?bprlately Eg*(66) y-
'; . .
2 .
B l(; (86)

% g e

o imas
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As was done in TA 17 Wwe shall now introduce TB 1 to represent
' . [

the sum of TB,l—l and TB,l—Z:
’ w (_q\D nu (wy -x)
. . 2 hy Tyoo (~1)" sinh h cin DY
B,1 /'E. L = n sinh nmwj | hy

. 27 | = i L
- —haKs & . whl sin BT (El y) (87)
: n=1 n sinh —IT;TL 1

The temgeratu;e TB,2 = TB,2—1 f TB,2-2 can be calculated-
by a suitable transformation of Eq. (77) which refers to
TC,l = TC,l—l + TC,1~21 The §1m11ar1ty of the respective
boundary conditions can be observed by comparing Figs.l19 and

20. The result is

2 w,.T,, = (-1)" sinp 2rii-Y) |
7 - Max. EE: W1 sin DX
B,2 W = n-éinh nrh, . w1
' . . Wi
-~ v \-
= n n (h; y)
2T w  (-1)" sinh ——1T
Max. :z: - §1 sin nn(w];x) (88)
y n=l ¢ _ n sinh /=L \
W1 .

- ) ? L.
=~ ) . . . . ~

-
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(-1)™ sinh RT{A1=X)

2 h2 T oo
o o= - Max. Z n-nwhl sin _y_n;;
B hn n=1 n sinh —h;-l- 1
_1y D nn (w) -X)
_ 2 Ty, (-1)" sinh hy oip O (11: —v)
m n=1 n sinh D-%—?—L 1
2 wa T o (-1)™ sinh DTu=Y) |
Y2 “Max. :E: D) sin DRX
wr n=1 n sinh BTRL
. w1
. £ 3
' .. n7m(hi-y)
2T @ (-1)" sinn 2TE1TX _
- Max. >~ n'zl sin n“f:] X)
T n= n sinh =1 1
* Wi
) sinh __xn:; -
’ + Z An nwh n ™
n=1 sinh ——Wl- 1
o Y Q#\ ,
= sinh 21X : -
+ > ¢ i—DBi_gip ¥ | ‘ o (89)
n=1 " sinh —%%L 1
. . . ) ¢ .
d ¢ . A . - ., . . . ‘ . N . -
- . ~ I ] . ﬁ

. The derivatives 'o..f Tp 1 and Tp 5 with respect .to'y along
) v c . r D

A\

K ’ . .
y = h, are o R ¢ : T~



(BTB'l o
2
Y Jy=h; .

and

=1
The derivatives of

X = w) are -

3T 2
| r‘grl -
X
. X=W
+

. . 80

2T @ S;y/n sinh D (w; —x) ’
Max. ez hq . (90)
hy- n=1 sinh LLUALS W
hy
n _._  nmx
2wy Tyayx, < (-1} sin W1
ww

Thax., - W)
w z nth (91)
1 h= sinh ‘ﬁ‘l : .

s

the same temperatures with respect to x at
J ¥ L]

2"1‘ (1) sin 20X

Max Z h,
=1*- HKnh W1
h,y )

LS

§S



and

: R .+ o (hy-y) ’
3T 5 _-??2§w2 Trax. sinh o
axX X=W) w1 n=1l  sinh E%?l
- S : I nr (hy-vy)
O
W1

Now everything is ready to produce Eqs. (20) and

1

s8inh nrh, .
W1

Y O
(21). in theyf

final form for the particular,boundary conditions considereqd

in this chapter.

Substituting Eqs. (68), (731,:(75), (90) and (91) into
the 1eft:hand side of Eq. (20Q), we obtain

[
. T
. W

:E: An n (coth

S

-~

nuhy . coth Rrhzy i nmx \)
Wi W1 Wy

1 pn=1
. X . ¢
N
n . nnx - n . nmrx '
. T Z c (-1)" n sinh hy _ - 2 T Z (-1)" sinh hy
hy g3 » sinh‘gﬁﬁl s b2 n=1 sinh E%El
1 2
. -
. (:‘
: f.; inh R7X o (_q\D _._ nmx "
+'2 Ty sinh h, 2.TL (-1)" sin Wy iif
-0
hy™ 23 sinh Eﬁgl W1 p= sinh E%?l

(93)



- . nt {w;—-x) w

. Trax. :E; sinh ——-Hé—— . 2 hy Thax. :E; B
h - e DTW - hhy = niw,
n=L <é&3h h, n sinh hiy

n .
e Tvak. :E: (1) sinh - Max. sin —

h; n=1 sinh BTW1 W n=1 sinh DTRL

hl w1

2T = (-1)" sin BT¥=X) _
- —_hax. :E; ' 2 (20¢)

W1 n= ' sinh E.lrﬂl_ *
. Wi

Similarly, from Egs. (21), (78),.(%gi, (82), (92)“and (93), we *

obtain °
V' . :
— = nnw nrw . nm ////f
L E_, Wy nrwa nry
h{ 2 Cn n (poth By + coth m ) sin R
o -n° inh 27Y o. sinn Prthi-y)
. E—::E: A (-1)" n sinh i _ 2 Ty, sinh vy
V1=l ® sinn BIBL v A=l  sinh BZB1
Wi ' . W2
27, @ (-1)%.sinh B 2 1. o (1) .ginh BY
‘ _ R hl . R . W
R o B=y { sinh” BTW2 Y2 n= sinh nphy
hl v : ' Wo



- . nry _1yn nny
. 2 Ty & sinh Wy 2 hy Tyou. (-1)" sin By
W2 =1 sinh RTRL hh, n=1 sinh 3E¥1
WZ ) h]_\
2T e (-1)" sin Briboyd o5 sinp BT (u-y)
Max. h, 2 “Max. W1
hy n=1 sinh Z2IYW1L ww1 n=i sinh 2By
h, w1
T (-1)" sinh nn (hy -y)
1 »~ Max. W1 (21C)
wl n=1 Sinh m .
w1

'

Equations (20c) and (21c) are agaim\written for different

G .
values of x and y, respectively, in the manner already described

for other boundary conditions, and the resulti g linear system

is solved for the coefficients A and €, which are listed in

Table 9.

With these coefficients, we use Egs. (76), (83) and {89)

to evaluate the temperaﬁures in.the different regions of the

'plafe. ‘It remaims now to compare these values with the exact-

ones obtained from“Eq.(SB). This comparison is presented in

‘Table iO.

It can be seen that, -even in the case of diverse boundary

conditions béiné-appliqg to'all segments of the bouhdary,‘;he

results provide a good practical approximation in all regioné

.k

>

..‘.q
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with the accuracy deteriorating mainly in the vicinity of the
inner corner N (see Fig.l1l5)% This is not an importapt defect,
because in the temperature map the corréct end of thé isothermal
lines at«the boundary is known and each one can be faired

., between that known pdint and the other more distant from the
boundary tﬁus providing a degree of correct}on to the least
accurai"values. Remains perhaps to repeét that we Qere limited
to 2x37 undetermined coefficients and with a larger number the

'rﬁ§plts would be more accurate.

Figure 21 represents the temperature map for this éase.
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Table 9. The Coefficients Obtained I:éing Egs. (20c) and (2lc)
@ for the Bounday Conditions Shown in Fig.l6 with
T, = 120°, Ty = 102°, Tp = 117° and 7, = 195
n A C ]
n n
.1 1.07489 x 102 ¢ - 1.06350 x 102
2 ~4.57405 x 10° -5.67924 x 10°
3 3.26442 x 10 3.24361 x 10
4 -1.67022 109 ~2.21464 x 10°
5 1.79936 x 10 1.79794 x 10
6 -8.53148 x 1071, -1.19810 x 10°
7 1.18163 x 10 1.18712 x 10
8 ~5.03976 x 10-1 -7.44629 x 1071.
9 8.43635 x 10" 8.52086 x 10° 8
10 -3.24199 x 10°' ~5.00548 * 10”1 '
11 6.31821 x 100 __ 6.41440 x. 10°
12 ~2.20670 x 10°1! -3.53922 x 10~
13 4.87411 x 10° 4.97304 x 10°
14 -1.56669 * 10~ -2.59087 * 10-!
15 3.83170 * 107 3.92810 x 10° °
16 -1.14602 x 10~} -1.94440 x 107! Coon
© 17 3.04736 x 10° 3.13803 x 10° '
18 ~8.57728 % 10-2 -1.48432 * 107}
19 .2.43827 % 10° 2.52123 * 10°
20 -6.51890 x 10~2 ~1.14605 x 107! o
21 1.95313 x 100 , 2.02729 x.10° -
: _ ; i2 _ w =2 . ",
22 5.00636 x 10 8.89216 > 10 I ;
23 1.55884 x 100 1.62359 x 100 '
24 -3.8435%9 x 10-2 -6.89527 x 1072
25 1.23278 x 10° 1.28788 x 10°
. 26 -2.94207 x 1072 -5.30635 x 1072 -
27 9.59078 x 107} 1.00457 = 10°
28 -2,21028 * 1072 - ~4.01193 x 1072
29 7.26319 x_ 10~} 7.62423 x 10~1
30 -1.62259 * 1072 ~2.94400 x 1072 X
31 5.25957 x 10~1 5.53108 x 10~! °
32 -1.11723 x 1072 ~2..04222 % 1072
33 3.51694 x ig~1 3.70316 x 1071
o, . ~6.94545 x 1073 -1.26749 * 107 %¢
35 1.98442 * 107} 2309181 * 10}
36 .-3.25761 x 1073 -5.93356 x 1073 o
37 e 6.25125 x 1072 6.58919 x 1072
. .
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v
Table 10. Comparison of the Result of Temperature Calculations
for the Case Shown in Fig.l6 with .
T, 2.1200' Ty = 102°, Tp = 117° and Ty, . = 195°
. T obtained T obtaiﬂed ‘ T obtained T obtained
using the using using the using
X y method of Eg. (58) x y method o? Eqg. {58)
undetermined| (Exact undetermined| (Exact
coefficient |solution) coefficient |[solution)
with p=37 — . with p=3?
1 1! 168.85205 169.0 3 1| 142.54997 143.0
1 2| 157.70453 . 158.0 3 2| 135.11401 136.0
1 3| 146.55519 147.0 3 3| 127.68951 129.0
1 4 | 135.39815 136.0 3 4| 120.25926 122.0
1 5| 124.21880 125.0 3 5| 112.80721 115.0
1 6 | 112.97812 114.0 3, 6 | 105.33347 108.0
1 7 |-101.54015 103.0 37 97.87494 101.0-
1 8 89.36879 ) | 92.0 3 8 90.54515 . 94.0
19 76.30739.7 | 81.0 3 9| 83.54427 87.0
1 10 67.49457 . | 70.0 3 10 77.00334 80.0
1 11 57.77542 59.0 3 11 70.70314 73.0
1 12 | 47.29680 48.0 3 '12 | 64.40602 66.0
1 13 36.59436 37.0 3 13 58.01477 59.0
1 14 25.81166 26.0 3 14 51.53256 52.0
2 1 | 155.70331 156.0 4 1| 129.37903 130.0
2 2*| 146.41039 147.0 4 2| 123.80370 125.0
2 3| 137.11815 138.0 4 3| 118.26666 120.0
2 4 | 127.81622 129.0 4 4 112.72685 | 115.0
2 5 | 118.48799 120.0 4 5] 107.15359 110.0
2" 6 |.109.10565 | 111.0 44" 6] 101.55800 105.0
2 7 | 99.61885 102.0 4 7 96.02473 100.0
“2 8 90.01198 93.0 4 8 90.73233 95.0
2 9 80.74802 84.0 4 -9 85.87602 90.0
2 10 | 72.28162 75.:0 4 10 81.47820 . 85.0
2 11 64.11708 . 66.0 .4 11| _77.31834 80.0
2 12 55.76993 57.0 4 12 73.15195 75.0 N
2 13 | 47.25835 48.0  +|4 13| 68.86732 70.0
2 14 ) 38.65089 39.0 ‘4 14| 64-46608 65.0
I

- R
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T obtained |T obtained T obtained |T obtained.
using the using using the using
x v method og Eq. (58) % y method o? Eq. (58)
undetermined| (Exact undetermined|} (Exact
coefficient |solution) coefficient |solution)
with p=37 with p=37 .
5 1| 116.14990 117.0 7 1 88.55214 aﬁgl.o
5 2| 112.44943 114.0 -7 2| .89.39673 92.0
5 3| 108.84872 111.0 7 3 90.15820 5| 93.0
5 4 | 105.23457 108.0 7 4 90.63733 - 94.0
5 5 | 101.53456 105.0 7 5 90.79298 1 95.0
5 6 97.73793 102.0 7 6 90.48575 96.0
5 7 93.94232 99.0 7 7 89.36610 97.0
5 8 | 90.44881 96. 0 7 8| 86.83311 98.0
-5 9 87.68501 93.0 7 9 B6.43167 99.0
5 10 85.71373 90.0 7 10 94.45439 100.0
5 11 83.96841 87.0 7 11 98.66953 101.0
512 82.03542 84.0 7 12| 100.84891 102.0
5 13 | 79.84338 81.0 7 13| 102.40689 103.0
5 14 77:46638 78.0 7- 14| 103.74243 104.0
6 1 | 102.72200 104.0" g8 1 73.50809 78.0
6 2| 100.99068 103.0 g 2 78.02614 81.0
6 3 99.45305 102.0 8 3 81.12558 84.0
6 4 | 97.83737 101.0 g8 4| 83.74281 "87.0
6 5 | 96.02823 100.0 8 5| 85.98657 90.0
6 6 93.95236 99,0 8 6 87.74156 93.0
6 7. | 91.60114 98.70 8 7| 88.55339 96.0
6 8 | 89.35432 97.0 8 8| 86.38310 | 99.0
6. 9 | 88.63664 96.0 9 1 62.66023 65.0
§ 10 89.76736 | 95.0 9+ 2 67.62115 70.0
6 11 90.87437 94.0 9 3 72.52016 75.0
6 12 | 91.19684 93.0 1o 4| -77.18184 | . 80.0
6 13 | 91.00513 _ | 92.0 9 5! 81.61700 | 85.0
6 14 90.55522(§, 91.0 9 6 85.81575 90.0

A S

-f



—~~—

Table 10 (Continued)

g8

T obtained T obtained T obtained T obtained
using the using using the using :

% v method of | Eg. (58) x y method of Eqg. (58)

x undetermined{ (Exact undetermined| (Exact
coefficient solution coefficient solution
with p=37 with p=37

9 7 89.82045 95.0 11 4 64.57333 - 66.0

9 8 94.44212 . 10040 11 5 73.37819 75.0 .

10 1 50.92998 52.0 11 6 82.25995 840
10 -2 57.41989 59.0 11 7 91.37343. 93.0
lQ 3 64.13560 66.0 11 8] "100.94495 102.0
10 4 70.83989 73.0 12 1 25,75281 26.90
10 5 77.48204 8Q.0 12 2| 36.55489 37.0
10 6 | 84.11739 87.0 12 3] 47.40990 N} 48.0
10 7 90.98050 94.0 12 4 58.29800 59.0 °°
10 8| 98,71835 101.0 - 12 5! 69.21479 Qo
111 33./;5/6%1_ ' 39.0 12 6| 80.18958 '81.0
11 2 47.0534% 48.0 12 7 91.28581 92.0 #
l; 3 . 55.75008 57.0 277 8 102.56490 103.0

P ~

o, | - |
. o
j . @‘/
s .

R L
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-Fig. 21 The Family of*l_gthermal Curves for the
Boundary Conditions Shown in F1g916 with

TL 3;120 TN_— 102% TR‘_ 117° and'T ax_h*lQS__

. ) : Exact soiﬁtion‘obtained frém Eqa{SB) )
: ~ . ——===  Solution obtained(by the method of
C, R . ‘ . u?gfte;mined coefiicfgnts

x

RV S R
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IX. Practical Appdlication

- k - 4 o . !

We ghall‘now develop an interesting gorollary wniéh will
extend th% direct application of our study of L-shaped plaées
to a symmeérical hollow rectangle which occurs in a variety 6f
practical situations;‘ It maf,.e.g., fepresent a secﬂion through
a thick-walled furnace. ‘

Consider the shaded area in Fig.Zé.' The tempefature

iétribution along-khe_outer and the inner boundary of this
area‘is arbitrary bdt symmetripaldwith‘régpect,to x' and y'
axes.  In order to determine the temperature distriﬁutioni
throughout the ehtire area, 'it is énougﬁ té study one duarter
df:}¢¢ We shall powever, exaﬁine the L-shabed region pounded
by“lhe heavy line ABCDEF. ‘The reason for so doing will soon
bezome obvious. The temperatures along the lines AB, AF, Dﬁ
_and DE are given, whi;e those along}BC and EF are, because of

the symmetry, the same as those expressed by our Fourier series

along MD and DN respectively. There is, thus, no diff}culty in-

applying the method of undetermined coefficients with the

—

appropriate modifications to accommodate these particular

boundafy conditions. We have :

X
mr (y=h;) ! :
T = 2 S Sinn W1 in WX S, (x) sin ™MX gx - E
WA 2! i
A,2 W1 =1 sinh nnho W . :
1 0 1
ép‘. N

Q. - e

\/?\ .
P -
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. Fig. 22




but

Sy (x) = F(x)

F(x) = A_ sin n;x
n= , e
and
W, -
sin X gin BIX dx =
1
0
AN
b
\I
{}
therefore A

o sinh Eii%:ﬁL) o
1

n=1 * sinh E%EZ
1

and. the temperature gradient

y=hy n=1

-

N

Equations (6) and (95) yield

9T © .
A,2 = I
( 9 4 - wl Z An n

0 when m #‘n
El when m = n
-
sin 22X T
w1

in y directibﬁ’at y = h;
/ .

is

92

A{2)

(95)
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‘ .
® sinh o (y—hy )
- _ Wy nmx
T, =T + A sin + T
A A,l ; n .o p hrhp Wy A,3
= sinh 227X th-y) ‘ :
-+ A - ?h sin n;rvx (97)
> n= sinh ....TT_Z_ . ]
P W W1 ‘
v Having in mind that -
. ! '-
S7(y) = Gly) }
— -
and L
G(y} = C_ 8in Y . (10) rep.
h= n . h, .
we derive TC'~2 in a manner similar to what we did for TA o
r - r
" but using an appropriate transformation of j@inates:
. sinh BL(ETwWi)
R c, DL g5yp AOY (98)
! ‘n=1 sinh ——2 1
hy
The temperature gradient in x direction approaching the line
x = w, is )
aT o sin m .
C,2 _ T E . h,
ax " hy Ch B . nmWp . (99)
X=W, 1 n=] sinh
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Combining Egs. (13} and (98), wé have : .
N ‘-\"‘——/
«  sinh —————Lml_squ ) . .
T, =T + - C. sin LA 4 + T
C c,1 n; n $inh nnws _ h, ¢ C,3
h]_ ' /D
. . nw (w—);)- ‘ :
L= sinh ——
. h . nw : .
+ . C L sin S1X (100)-~" K>
, nZ=l T sinh n—;ﬁz- hy /\
‘ 1T
. {\\
S B
For region B, recall Eq. (15)
T,=T, .+ T + A —1
B B,1 B,2 =1 " sinn n;:h] S Wy
1 .
, nwx\, /\) ‘
+ C sinh h, nry N
n=1 " sinh 2I¥1 hy
hy .
/\\:/'\
Substituting Eq. (96) 1Y’to Eq. (20} and rearranging, we get
m = nnh nrhs 1 . NTX
I A_ n (coth —/=1 + coth - sin
Wi A=1 n Wy Wi sinh n-nhz) w1
Wi
. nrxx
Lo z c (-1)" n sinh Thy aTA,l . aTA,3
hy 7=y n . Nrw, 3y _ 3y _
n= sinh I y=h, y=h,
- 1 - (E.2 (20Q)
y=h, y=hy :

(
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In a similar manner, Eqgs.(20) and (99) give

i nww nmwo A . nm
T C n (coth =22l 4+ coth 2 - sin 21X
hl =1 n ( h]_ " h‘l sinh DEWZ ) hl
1
o (-1)" n sinn X R MW 3
. -+ L_. A . W] = ! -+
Y1 am1 M sinh E%El 8 x X=wW) ax X=wy
1

_(fTs 1 . [2TB, 2} (214)
93X ax - »

X=W X=w)

Equations (20d) and (21d) are now ready for the application of
the method of undetermined coefficients. )
As an/égample, we shall consider a.simple case of the

outer surface temperature, T being zero, while the inner

o,s’

surface temperature, T. , 1s maintained at a constant value.

i,s
Thus,

TA'3 = TB,l = TB,2 = TC,3 = 0 (101)

and, therefore, all the derivatives of these temperatures are

also zero.
Accordingly; all that is now required are the expressions

for TA}l’ Tc,l’ (aTA,l/By)y=h1 and (aTC'l/ax)

)

X=W1 .



In this case

: » ginh 3TX h ’
e L 2 ho .onw{y=-hy).-f - . nw{y-hj)
A1 " b > — sin Ty Ti,s S0 Ty 4
hz hl

is being constant, this reduces to
r

n . nTx '
. _ 2 Ti;S‘ {1-(-1}"") sinh —H; cin nﬂ(y_hj)
Asl T n=1 n sinh E%El h
2
‘ ~
0 when n is even

but (1-(-1)%) =

2 when .n is odd
therefore, : I
. ) . nvx - '
4 T. sinh :
;= S > Be _ gip Bnly=hy) 15
Ay T n=1,3,5... n sinh E%EL: h2
. 12

i

and the temperature gradient in y direction along y = h; is

o) . nmnx -
aTA,l _ 4 Ti,s :EE: sinh ho (103)
8Y | y=h, h2  4=173,5... sinh DO¥L -
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For the temperature distribution in region A, Egs. (97)., (101)

and (102) give

4 T sinh _
o, = L. Z h12111w sig 0T (hz hy)
T n=1,3,5 n sinh —1—]?1- 2
© sin 31X ’
+ E A :‘h {sinh ﬂv_g)’_'.ll]_) + sinh M)) (104)
n=1 sinh =2 1
Wi
Similarly,
0 sinh n_'”Y_ w
Tc L= 2 w “ nn {x-wj) P sin 7 (x-wq} dx
' Wo h=1 sinh l'lTl'hI Wa ) S Wa
Because in our case Ti S is constant, this becomes
r
4 T. m. sinh m .
' e n=1,3,5... 1 sinh —v;—L 2
and the required derivative is
~ ’ ) . nry
3T 4 T. : sinh -
\l c,l - i,s E > W2 _ (106)

5' 3x X=w1 W2 n=1,3,5... sinh E%EL
N 2
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N ’ . B ‘
The temperature distribution in the entire region C is obtained
p

from gs. (100), (101) and (105) :

4, N  sinh DTY . -
T o= i,s .E W sin BT (x-wy)
c T n=1,3,5... n sinh 21R1 . Wa '
. W2
' . nw . .
© sin X : : .
+ C, ———_  (gipp DTlx=wy) siph BT002X)) 7000
« n=1 ™ ginn E%EL hy - ' hy
1

Equations (15) and (101) give the temperature Tyt
\. . .
o sinh -.n_ﬁx
Ty = :E: Al —_———-E%— sin XX
n=1 sinh 2701 w1
. Wy .
. . nyx
o sinh
+ > C, _____Héé_ sin 5%1 (108)
n=1 sinh ﬁ{fJ- 1
1 .
. ’ j
Returning to Egs. (204) and (21d), we now insert the
appropriate expressions for the partial derivatives to obtain
T = nnh. nnh 1 . nwx
U A n (coth =IL 4 gotp B2 _ sin
Wy ;g; n ( wy . oW sinh nnhz) oWy
. w1
. nmx . nwx
Lo :z: - (-1)" n sinh By _ 4 Tl,S sinh i
hl n=1 sinh E”T_WL hz n=1,3,5..._ sinh ML
hl h2
(20e)




9%

" and

n ' nrw NTwWo 1 . onmy
— C_ n (coth — + coth - } sin
S hy h sinh E%HL h
1

I (-1)® n sinh 22X 4 T, = sinh 2LX

+ I A 1 — ' 1,S E
W1gp=1 P sinh E%El W2 n=1,3,5 sinh BTL
1 .
(21e)
‘The calculations were performed for T - = 0 and T. =
: : ©,s i,s

i j . )
200 degrees using Egs. (20e) and (21e}<” The dimensions of one

quarter of tﬁe fﬁrnace cross-section are the same_as‘thpse used
in previous examﬁies.f The fesulting 2x37 coefficients-are
presentéd in Table -11. _The temperatures in various regiéns
were calculated from Eqs;(104); (107) and (108): The temperature

map for this case is shown in-Fig.23. ~

B e T T U
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Table 11. The Coefficjerts Obtained Using Egs. {20€) and (2le)
: for a Furn#fce Cross—-section with T = 0% and
T, = zoq?ig ©rS :
L,S - - . .

n A_ ///ﬁ\\\ o c,

1 8.99030 % 10 8.67995 % 10

2" -4.5¥968 x 10 -4.57522 % 10

3 2.96223 * 10 2.89467 * 10

4 -2.13166. x 10 —2/?7418 x 1§
5 1.62897 1.67451 * 10

6 © -1.293637 ~1.31961 * 10

7 1.05510 % 10 1.10030 x 10

8 ~8.77490 x 10° ~9.21317 x 10°

9 7.40655 x 10° 7.82782 x 10°
10 -6.32426 x 10° -6.72652 x 10°
11 5.44990 x 10° 5.83223 x 10° .
12 ~4.73122 *x 10° -5.09327 x 10°
13 4.13220 * 10° .4.47366 % 10°
14 -3.62669 x. 109 -3.94771 x 10°
15 3.19569 x 109 3.49664 x 100
16 -2.82489 x 10° - -3.10609 x 10°
17 2.50129 * 10° 2.76532 x .10°
18 -2.22239 x 10° -2.46580 *x 10°
19 "1.97550 x 10° ©2.20089 x 10°

20 ~1.75717 x 10° . -1%.96523 x 100

21 1.56307 x 109 ~1.75442 x 10°
22 -1.38973 x 10° ~1.56505 ¥ 10°
23 '1.23405 x 10° 1.39412 x 100
24 -1.09377 * 10° -1.23919 x 10°
25 - 9.66810 x 107! 1.09821 x 10Y
26 ~8.51428 * 10~ ~9.69504 * ‘10~
27 '7.46204 x-107! 8.51512 x 101
28 ~6.49853 * 107} “7.43051 x 107!
29 5.61393 x 107! 6.43016 x 107!
30 - -4.79861 x 1071 ~5.50502 x 107!
31 4.04432 x 107! v  4.64615 x 107!
32 ~3.34441 x 107! -3.84692 x 107}
33 2.69399 x 10~' 3.10129 x 10!
34 -2.08575 x 10~} -2.40337 x 10-?%
35 1.51607 x 107! 1.74825 x 10~°
36. .9.81122 x 10-2 ~1.13185 x 107!
37 4.76702 * 1077 5350178 * 10-2

y



Fig. 23 " The T'emperature Map for One Quarter of the
: Furnace Cross-section with T_ - = 0° and
T, _ = 200° | S - ‘

i,s .

r
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‘ . X. Conclusion : | : . '
".‘K o : .

It should be pointed out that the new method is not
limited to L-shaped& plates. It can, indeed,'Withiﬁ ocbvious
practical limitations, be applied to any area divisible into
rectangles. Thus, for instance, the areéfgggwn in Fig.24 can
be divided'infa five rectangles by means of four separation

¢ | | ! |
lines, along which we have four temperature functions expressible
in the form of Fourier series with undeter ned coefficients.
The rest of the process is identical with the one employed for 3

L-shaped plates, the only difﬁexence being that we shall end

with a system of 4p ragﬁer than 2p equations.
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XI. A endices
s ?? . .
> . *
A.l Cbn51der a thin adiabatic plate shown in Flg 25 with

the boundary condltlons

T =20 'at_).c=0’ - P

T =10 at x = a' o
| : ‘ (109)
T =20 at y = 0 ) o ‘ ' ) Co
.T=F(x) aty=»> . N
. ’ ‘
The solution T(x,y) must satisfy the Laplace equation
2 2 - ‘ .
T .
7+ —Tgy =0 (110)

and the four boundary conditions [4].

Assume the exieieafe\of a product solution’ <

T = XY
Al

where Xis a function of x alone and Y is a function of vy.
: iy St

Laplace equation becomes

‘ml /\\/—\
% 9?2 3 _
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FA

Y
'y
T = F (%)
l T =0 T =
S "d

hd Y

Fig.

25

|

.105
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2X'

= -1
Y

o7}

1
X

no
=
P

(111)
where u.is the separation constant.:
' . “~

Three cases are possiﬁTe: . )

=3

i. w =212 > 0 leading to

X = ¢; sinhax + €, coshix :
: ' (112)
¥ = ¢33 simay + c, cosxy .

ii. =122 <0 leading to :

. X = ¢y sin ax + C, COs)x

(113)
¥ = ¢y sinhay + ¢, coshay

iii.  uw =12 = 0 for which the general solution is in the form of

X = cy + CoX
o (114)
Y = C3 + CLy

It is clear that the solution (112) and (114) cannot

satisfy the conditions shown in Fig.25 so the product solution

in this case can only be . » //J/
T = (c; sinmax + ¢, cosix) (c3_sinh Ay + ¢, coshiy)
— .

Applying the first boundary condifion, we get
Cz=0
- and the third boundary condition yields

cy = 0



-

This reduces the:solution to
T = ¢ sinix sinhiy
With the 'second boundary condition, this becomes

0 = ¢ sinra sinhay

Because ¢ can clearly not.be zero} this can only be

for all values of y when

. Inm
A =3

-
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satisfied

This gives an infinite number of values of » with a different

value of ¢ corresponding to each of them.

i s

Because any linear combination of solutions is itself

a solution of the given problem, we obtain the series

-
-~

‘ . m ,
T = c_ sinh —11 sin i X
m d a

Applying the fourth boundary condition, we get
-~

_ - . | ﬁDb .‘ ma
F(x) = Eél cm,51nh a sin —

If we expand the left-hand side into a Fourier series, we get

. msb _ 2 . .- TaTX
Ch sinh 2 = 3 f Fix) sin = dx

N ) N
-a . .
_ . mwx
s ,/( F(x) sin fg—,dx
0 _ - o

- 2
c
~ a sinh

=

a

(116}

e A WS RAEARES LS T m e A bR Sl R N A o L el ol e
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Substituting Eq. (116) into Eqg. (115), we obtain

G (y) at//= a

Clearly, the

» . sinh m x b
P = % mba sin E%K G(y) sin E%X dy (119)
m=1l sinh — . - '
b 0
'If:instead of boundary conditions given by Eq.(lOBj'we_had

T=0  at'x =0

T =20 at x = a L
{120)

T=PFP(x) at y =0

T =20 at y = b



i b

T = G(y)

Fig.

26
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this would be tantamount to a shift of x axis and y in Eq. (117)
would be replaced by (b-y). -

Similarly, with boundary conditions

/"

T =20 at y = 0
‘T =0 at y = b .
' (121)

T =G(y) atx=0

T =0 at x = a
X in Eq. (119) would be replaced by (a-x).

A.3 W)
sin 2LX gin BIX gy
Wi w1
o]
.The integration of an indefinite integral of this form
produces [5]
. . _ sintk-p)x _ sin(k+p)x
j/gln kx 51? px dx = 7 (k=p) Z(k*p)
* 7
when k # p (otherwise the first term on the right-hand side
becomeé indefinite). Thus for m # n we shall have
w1
Wi sinn_ﬂ.-—m-_“.x Sinn_ﬂ+m_wx
. ongx . muX _ Wy Wi W1 Wi
sin —— sin dx = -
w1 Wi o Om _ mIm o Bm  Tm
0 w1 W1 w1 W1 0
_ sin(nr-mn) _ sin{nw+mn) 0
o Or _mm 5 N L mE

W1 w1 Wi Wi
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When m = n, we have

W1
w1
sin2 nnx d - -1 ‘cas nnrx 5 nmx + X
1 2T W’l Wi 2
0. 0]

= - %1 cosnn sin ny + 9L = W1
21 2 2

Summing up: )

‘ | \\\\Ql
' Wy i 0 when m # n

NTX Sip MTX 9. - (122)

sin sin

when m = n L2

[
s

—_ h, o

gin Rrth-y) _. mr(h-y) dy
h, h,

h

With?the transformation

Y =nh - y ' (
we have //

h, ' ho
sin ?1%3:1) sin EE%E:XL dy = —J//’ sin XY gin BrY gy
2 2
; 0

hj h,
h
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Therefore, according to Appendix A.3,
e .
hy - ‘ 0 when m # n
f. sin T_l'ﬁT(h:Y_) sin, ,TR_WISL:Y_) dy = ‘ (123)
2 2 ,
h - }_21_1 when m = n




)( h)
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