Multi-Agent Reinforcement Learning Approach
Based on Reduced Value Function Approximations

Mohammed Abouheaf

School of Electrical Engineering and Computer Science
University of Ottawa
Ottawa, Canada
mohammed.abouheaf@uottawa.ca

Abstract—This paper introduces novel online adaptive
Reinforcement Learning approach based on Policy Iteration for
multi-agent systems interacting on graphs. The approach uses
reduced value functions to solve the coupled Bellman and
Hamilton-Jacobi-Bellman equations for multi-agent systems.
This done using only partial knowledge about the agents’
dynamics. The convergence of the approach is shown to depend
on the properties of the communication graph. The Policy
Iteration approach is implemented in real-time using neural
networks, where reduced value functions are considered to
reduce the computational complexity.

Keywords—Cooperative Control, Graphs, Reinforcement
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L INTRODUCTION

The large scale optimization problem for multi-agent
systems suffers from the amount of the required computational
effort, especially in the cases where the solutions of the
optimization problems depend on finding matrix inverses of
the solving structures. Full size value function structures based
on coupled Bellman equations are developed for dynamic
graphical systems in [1]-[2]. This motivated us to build
reduced value function structure to solve the optimal control
problem for multi-agent systems on graphs. This structure is
based on the coupled Hamiltonian equations of the dynamic
graphical systems. An online policy iteration algorithm is
proposed to solve the optimal control problem using the data
available to each agent. The introduced policy iteration
approach is shown to have fast convergence properties. The
implementation of the adaptive learning algorithm is done in
real-time using the neural network structures. Unlike the least
squares approaches, the developed approach doesn’t require
calculating the matrix inverses of the solving structures.

The cooperative control problems are divided into
synchronization and consensus control problems [3]-[4]. In the
synchronization problem, the agents select the policies to
synchronize to the leader’s dynamics. In the consensus control
problem, the agents reach a common value or a common goal
[5]-[7]. The Hamilton-Jacobi (HJ) equations are used to solve
the optimal control problem by selecting the policies that will
minimize the cost-to-go function [9]-[10].
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Approximate Dynamic Programming (ADP) is used to
solve the Dynamic Programming problems [12]-[15]. The
optimal control problems are solved using adaptive learning
techniques [13], [15]. The adaptive learning techniques are
concerned with learning from interactions in dynamic
environments [16], [17]. Value Iteration is used to solve the
graphical game online in real-time [1]. Dual Heuristic
Programming is used to solve the graphical games in [18]. Q-
learning is used to solve the differential dynamic
programming problem in [19]. Online Policy Iteration used
ADP to solve Riccati equations in [20]. Policy Iteration
solution for the adaptive optimal control problem can be
obtained by relaxing the Hamilton-Jacobi-Bellman (HJB)
equation to the equivalent optimization problem [21].

Actor-critic neural network structures are Temporal
Difference methods with separate structures that explicitly
represent the policies apart, from the value structures [22].
These structures involve forward-in-time algorithms for
computing optimal decisions, that are implemented online in
real-time. The actor component applies control policies to
their environment, while the critic rewards some decisions and
punishes other decisions [16]. Actor-critic neural network
implementation for policy iteration is developed in [23].

The paper is organized as follows; Section 2, briefly
introduces the graph structure and the consensus control
problem. Section 3, shows the optimal control formulation of
the problem. Section 4, describes the Policy Iteration
algorithm along with its proof of convergence. Section 5, uses
actor-critic neural networks to implement the online solution.
Section 6, shows the simulation results for a graphical
example.

II. COOPERATIVE CONTROL FOR MULTI-AGENT SYSTEMS

In this section, the mathematical setup of the
synchronization problem is introduced for discrete-time multi-
agent systems interacting on graphs. This setup will highlight
the tracking error dynamics between the agents.

A. Communication Graph Structures
The communication graph G is a structure of a number of
vertices v and edges ¢ < {q,mev,m# q} . Herein, directed



graphs are considered (q,m) e¢. The adjacency matrix
A= [aqu of the graph G is a matrix with nonzero elements
a,, #0< (m,q) €. The set of neighbors of node ¢ can be

defined as Nq:{mevzaqm¢O}z{mev:(q,m)eg}.

B. Consensus and Graph Laplacian

The graph Laplacian L is defined for the cooperative
control problem. A graph G of order N has adjacency matrix
A=[a,,] and in-degree matrix A=A(4) with diagonal in-

N
degree elements d, = Za

m=1
by L =A(A)—A . The second eigenvalue 4,(L) of the graph

Laplacian, determines how fast the multi-agent systems would
converge to the leader’s dynamics.

The graph Laplacian is defined

qm *

C. The Multi-Agent Systems Control Objectives
Each agent follows the dynamics

Xitks) = Axy + Buy, (D

i

where x, € R"is the state of agent i, 4 and B, are the agent’s

parameters, and u, € R™ is the control input for the agent.

The agents are required to follow a leader with the
dynamics

Xok+1) = Axy, 2
where x, € R" denotes the leader’s state.

Thus, the objective of the synchronization problem is to
select local voting protocols such that, the agents will follow

the leader }im ||x”c — X, || =0,Vi. In order to do that, pinning

ideas are considered (the leader is exchanging information with
few agents at least one) [24]. The tracking error ¢, € R" for

agent i is designed to include local and team objectives such
that

Eip = Z a; (x/'k =X )+ & (Xor — X)) 3

jeN;
where g, is the pinning gain of each agent i.

The pinning gain g, is positive and exists when the agent
exchanges information with the leader [25]. The
synchronization error is shown to be bounded when the graph
is strongly connected [24]. Thus, the local neighborhood
tracking error dynamics for each agent i is given by [1]

= Ag; — (g, +d)Bu, + Z a;Bu. (4)

Eik+1y i
JEN;

III. FORMULATION OF THE OPTIMAL CONTROL PROBLEM

In this section, Bellman and Hamiltonian optimality
equations are structured using forms of reduced value functions

[1]-[10]. Finding the optimal policy will require solving the
underlying coupled Hamilton-Jacobi-Bellman (HIB) equations.
Furthermore, a form of Bellman equations that solves the Dual
Heuristic Dynamic Programming is introduced.

A. Performance of the Multi-Agent Systems

Each agent is communicating to its neighbors, thus the
associated optimal control problem needs to take into
consideration the local and team objectives given by (4). The
performance of each agent i is evaluated by the following
performance index

Ji = z U (&gt u_y ), 5)
k=0

where u_; = {uj | je Ni} are the policies of the neighbors and
U, is the cost function.
This performance index (5) reflects the local, team, and

control objectives of each agent i. The cost function U, is
given by
Ui (gik Uy ’u—ik) :% (gizQiigik + uiiRiiuik + Z u;Riiu/.k ), (6)
jeN;

m;xm

where 0, >0eR™, R, >0 R™™, and R, >0 R are
the weighting matrices.

The value function for each agent i is given by
Vi) = z U (&y,uy,u_y), (7
I=k

where g, is a local error vector of the states of each agenti &,
and its neighbors & ,, .

Herein, a reduced value function form is proposed for each
agent 7 such that

ACARETAIEN ®

where T, € R .

Remark 1: This value function enables a reduced solution
frame work compared to that proposed in [1], [18]. This will
lead to reduction in the computational complexity. Moreover,
this will make it smoother, to implement algorithms like Policy
Iteration using neural networks. This form utilizes the local
information available to each agent i. ]

B. Coupled Bellman Optimality Equations
Equation (7), under the policy 7z, yields the discrete-time
Bellman equation such that

- T T T —
V(&)= %(giinigik +my Ry + Z ”ijij”jk )+VT (8i(k+1) ),(9)

Jeh;

with initial values V;"(0)=0.



Applying Bellman optimality principle yields the optimal
value function for each agent i such that

Ve (&) = min(V,(5,) = min(Y U, (e,u,.,)). - (10)
i U

where V°(g,) is the optimal value function for each agent i.
This results in the optimal control policy such that,
uy = (g, +d )R, B/VV (£.,) =OVV () (1D
V" (i)
oe

i(k+1)

where VV" (&) = and O, =(g, +d,)R;'B/ .

Thus, the coupled Bellman optimality equation is given by

i

0= 1 0= o=
v, (gik) =E(gi£Qiigik +V7, (gi(kﬂ))TOiTRiiOiVVi (g'(k+1))+
; VIV &) O ROV (@4 DV ()
JeN;
(12)

C. The Hamiltonian Functions

The Hamiltonian functions will be of great importance to
implement the adaptive learning approach. Using (4) and (5),
the Hamiltonian function for each agent i is given by

_ r -
H, (&, /11'(1(+1) Uy, U_y ) = /li(kﬂ)gi(kﬂ) +U, (g sty ,u_y ). (13)

where A,

.1 18 the costate variable for each agent i.

The optimal policy is found by applying the stationarity
condition (0H, / Ou, ) =0 such that

i =argmin(H; (&, Aany > Uy 7)) (14)

.

Then,
”;( = Oi/li(kﬂ)' (15)

Remark 2: The relation between the coupled Hamiltonian
functions and Bellman equations (i.e. the Hamilton Jacobi (HJ)
Theory) explains the relation between the costate variable and
the value function for each agent. Moreover, solving the
optimal control problem requires, solving the underlying
coupled Hamilton-Jacobi-Bellman (HJB) equations. [

D. Hamilton-Jacobi-Bellman Equations
The Hamilton-Jacobi (HJ) theory relates the coupled
Hamiltonian functions (13) and the coupled Bellman equations
(9) [1],[11],[18]. The coupled Hamilton-Jacobi (HJ) equation

for each agent i is found using the procedure in [1] such that
AVi” (Exk ) -V V;” (‘S_'i(kﬂ) )T g

i(k+1)

T = T = (16)
+Hi (‘9ik’VVi (gi(kﬂ))’uik’ﬂ.—ik) =0,

where AV (£,) =V (&) =V (&).

This equation relates the costate variable 4, to the reduced

(k+1)
value function V;(&,,,,) such that

/11'(“1) =Vrr (g‘i(k+l))’ (17)

The optimal polices resulting from the coupled Hamiltonian
functions and the coupled Bellman optimality equations (11)
and (15) are shown to be related [1], [18]. Equations (12), (14),
and (16) with the optimal policies (11) result in a set of coupled
Hamilton-Jacobi-Bellman (HJB) equations for each agent i
such that

H, (g,,VV’ (Ei(kﬂ) Yoty U’y ) =

o= T—= o o 0 (18)
\24 (gi(kﬂ)) Eilk+1) +Ui(gik7uik7u—ik)=0’ v, (0)=0.

E. Bellman Optimality Equations Based on Costate
Structures

Dual Heuristic Programming based on Value Iteration for
cooperative control problems on graphs was proposed in [18].
The coupled Bellman optimality equations have been derived
using the costate equations and the coupled Hamiltonian
expressions. Thus, the costate-based Bellman optimality
equation based on that frame work would look like

— 1
S;V Vi(gik) = E(E;Qr‘igr‘k _u;Rr‘iuik - Z u;kRi/u/k )
JeN; (19)
+(g, +d)VY, (gi(kﬂ) )T Bu, — z e, VYV, (Ei(kﬂ) )T Bu,.
jeN,
Remark 3: This expression was implemented using Value
Iteration. Herein, a simplified approach based on reduced value
functions is developed. A simplified Policy Iteration structure
will be developed based on the Hamilton-Jacobi-Bellman
(HJB) equation. [

IV. POLICY ITERATION SOLUTION

In the sequel, an online Policy Iteration algorithm is
developed for multi-agent systems based on the reduced value
function structures. This solution doesn’t require the full
knowledge of the agent’s dynamics and solves simultaneously
‘in real-time’ the coupled Bellman optimality equations and the
coupled Hamilton-Jacobi-Bellman (HJB) equations.

A. Policy Iteration Algorithm
Algorithm 1. Real-Time Policy Iteration Algorithm

1. Initialize the values @} (Z,),Vi and the policies uj,,Vi

with admissible values.

2. Evaluate ©!(.), Vi such that
— u[v,uﬁ,, = u,[ ,Ll{l _ :
VG)II'(‘S}E/{%) A))T giikil) ?) = _Ui(gik’ui]k’uiik ), Vi. (20)
3. Evaluate the policy u.",Vi such that

ik

i

uy' = (g, +d)R;'B/VO,(&.,) Vi, (21)



4. End when "@f+l —@f ",Vi is converging. ]

Definition 1: The control actions u, = {u, },_,,Vie N are
said to be admissible if they stabilize (4) and guarantee that
V.(g,),Vi are finite. [

Remark 4: The following theorem, shows the convergence
of Algorithm 1 when all agents update their policies
simultaneously using (21). The convergence proof uses the
reduced value function structures. Consequently, the chosen
reduced value function structures will impact the structure of
the optimal policy for each agent i. The graph connectivity
properties will also impact the convergence of the proposed
Policy Iteration algorithm. Assumptions about the connectivity
of the graph will be made to maintain convergence. ]

Theorem 1. Let all agents use (12) or (20) and update their
policies according to (21) simultaneously. Then

1) The policies u. ,Vi,l >0 are admissible, if the value
E(R;j] R;) is chosen small for each agent i.

2) Algorithm 1 generates a sequence for each agent i
@ <.< ®fk+1 < ®1 such that Qj,Vi are the solutions of (12)
or (2()).

Proof: 1) The Hamilton-Jacobi (HJ) equation relates the
costate variable to the reduced value function. The Hamilton-
Jacobi-Bellman (HJB) and Bellman optimality equations yield

VO! (Bl ) Flii'n) <0,i,1, (22)

t(k+l) t(k+l)

and

@1 _(“:A ul ,()) @1 (E;M,k Mi,/\v)) < O’ vi,L (23)

Eitk+1)

Thus, ® works as Lyapunov function. The initial policies

uy,Vi are admissible, then the values @!,Vi satisfy (7) or

equivalently (20) such that
@ (—(UM u,‘,{)) > @ (EI;(UM u,‘,{)). (24)

In order to fulfill the following inequality

I+ 141

@ (g(um Mw)) > @l —(M u ,;f)) (25)

an assumption can be made such that

Z (u/k _ul+1) R (u 1+1) u(1+1)TR (ul+1 /-k) > 0. (26)
JEN; 2

Applying the norm on this inequality yields,

—o-(RU Al > (g, +d )RR )||v 0z |||B,.k |-@n

where (M) and &(M) are the minimum and maximum

1+1

singular values of a matrix M and Au' # = WUy )

Under the assumption of having large values for R,

compared to R, , then the inequalities (24), (25), and (26) yield

® (—(uM u,m)) > ® (—(uM u,l,\ )) > @I (_(’411\ u,,‘)) (28)

Thus, the policies uf,: ' Vi,l are stabilizing and admissible.

2) Since, the following inequality holds

1 1+l 141 1+ 141 1+ 1+l 1+

@ (—(uA U k)) @ (—(uk U k)) < ®l+l —(uy U k)) ®l+l(—(zu . k))

t(k+l) tk t(k+l)
(29)
Applying infinite summation yields
é(@,(itw“) CHEREE
2@ @ - E ),
=K
This inequality yields
(_I?;%I uH,,)) @l(—(u,\ b K)) < @1”(_151;%' u”,)) ®l+] —(u,z1 uMK))
Stability results in part (1) ensures that, ®' (_,E‘;O;" %)) -0 and
@/ (£ **)) -0 such that
®1+1(—(uk o A))<® (—(uk' N A)) (30)
This yields,
0" <0 <..<0!, Vil (31)

This sequence is converging to a lower bound ®; , which is
the solution to (12) or (18) such that

0<..<0,.<0" <0 <.<0), Vil (32)m

Remark 5: The Policy Iteration implementation will be
done using neural networks rather than using the traditional
least square methods. This is a new prospective to use the
neural networks with reduced value functions to implement the

online Policy Iteration algorithms. [

V.  ACTOR-CRITIC NEURAL NETWORKS IMPLEMENTATION

In this section, an online implementation for Policy
Iteration Algorithm I in real-time is introduced. Two neural
network structures namely critic and actor are used to
approximate the reduced value functions (20) and the optimal
policies (21) respectively. This is done simultaneously, using
the local information available to each agent i. It is worth to
note that, this implementation presents an easier alternative to
the least square approach in terms of the stability and
applicability.

The value function ®,, is approximated by

0,(10,)= ’6" (33)

i :k’

where O, are the critic weights approximations for agent i.
The policy for agent i is approximated by
=0 z (34)

i ik



where @, are the policy approximations weights for agent i.

A. Critic Neural Networks Approximations

The value function ©,, (.| T,) is restructured such that
0,(10,)=0]Z,, (35)

where Z, and (_5,. are the appropriate vector transformations

(matrices to vectors transformations). N,. is a number

i.J

indicating the count of agent i and its neighbors (Z, € R™).

The Hamilton-Jacobi-Bellman (HJB) equation (20) along
with the approximations (34) and (35) can be represented by

= 1 R R N N
—UTZ.WD :E(eizQﬁgik +OLR A, + Z u?le.iu/.k ). (36)

[ i ik
JeN;

The target values of the value function —Z_SfZ,.(M) are given by

- 1 . . R R
5;’”10 = 5 (gl: Qiigik + uii Riiuik + Z u;fRz/ujk ) (3 7)

JeN,
The error in the critic approximation is given by
critic critic | meT
ET =6 +0; Zitkany- (38)

The positive sign in (38), follows directly the structure of
the Hamilton-Jacobi-Bellman (HJB) equation. Using gradient
descent to tune the critic weights yields

O =0 =8, (367 =032, )37

i(k+1)>

(39

where 36" stacks (n’N, ; —1) instances of & in a vector,
3Z, 4.1 18 @ square matrix that stacks (nZNl.,/. —1)samples of
Ziy»and 0 <&, <1 is the critic learning rate.

B. Actor Neural Networks Approximations
The target value of the policy is given by

é‘iacmr — (gl +dl)szlBT TE Vi. (40)

i i Cik?

The approximation error for the actor neural network is
given by

Eiactm‘ — é‘iacmr _ q)i E’k . ( 4 1)
Using gradient descent yields

I+ _ I actor l— \=T
O =D, =&, (5 - Dz, ),

i%ik J ik >

(42)
where 0 <¢&,; <1 is the actor learning rate.

The following algorithm is developed to tune the actor-
critic neural network weights in real-time using data measured
along the system trajectories.

Algorithm 2. Actor-Critic Online Implementation of Policy
Iteration Algorithm.

1. Initialize the weights O, ®! Vi .

2. Loop 1 ( iterations) {
2.1 Initialize the states z°, Vi .
Loop 2 ( p iterations) {
- Update the value function weights 007 =0, Vi .
- Evaluate 4, Vi using (40).
- Measure the states &, Vi.
- Evaluate the value Q:)I.k (10,),Vi.
End Loop 2 when p =(n’N,, -1)}.
2.2 Update the critic weights using (39).
2.3 Update the actor weights using (42).
2.4 End Loop 1 when "(Si.“ -0 " converges}. u

VI.  SIMULATION RESULTS

An example, composed of six agents is considered. The
agents have the following parameters

1 1 0.2 0.3 0.25 0.2 0.2 0.21
A= B = ,B, = B, = ,B, = ,B = B, = .
-09 0 002 ° [0.15] ° [0.18 0.1] ° [0.19 0.29

The connectivity weights are a,, =0.8,a,, =0.7,a,, = 0.6,
a,, =0.7,a,, =0.8,a,, =0.7,a,, =0.7,a5, =0.7,a,, =0.7.

The leader is agent number 5. The weighting matrices are
chosen such that 0 =10, R=1. The critic and actor learning rates

are chosen such that £, =&, =0.1,Vi .

The simulation results show and discuss how fast the agents
can converge to the leader’s dynamics using the proposed
online adaptive learning algorithm. Figure 1 shows the update
of the critic weights for agent No.1. It is shown that, the critic
weights converge after few iterations. The critic weights are
not updated at each iteration, as imposed by the policy iteration
structure. The critic weights of the agents are updated every 7
or 11 iterations, depending on the connectivity structure
available to each agent in the communication graph example.
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Figure 1 Critic Weights Update of Agent No.1.

Figures 2 and 3 show the asymptotic stability properties of
the developed learning structure, Figure 2 shows that, the
tracking error dynamics are vanishing and the agents



synchronize to the dynamics of the leader (agent number No.
5). Figure 3 shows the dynamics of the agents. The simulation
results show the validity of the proposed adaptive learning
algorithm.

25

2
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=]
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Tracking Error Dynamics
o
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Figure 2 Tracking Error Dynamics.
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Figure 3 Agents’ Dynamics.

VII. CONCLUSION

This paper introduces novel online adaptive learning
approach based on reduced value function structures for multi-
agent systems interacting on graphs. The online Policy
Iteration algorithm is implemented in real-time using local
information available to each agent without knowing all the
agent’s dynamics. The implementation is done using means of
actor-critic neural networks. The convergence of the algorithm
is shown to depend on the graph connectivity. Thus
assumptions were made to guarantee convergence. The
proposed technique overcomes the difficulties arising from the
mathematical manipulations of the extensive large dimensions
of the solving structures.
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