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sample size
number of input variables

noise samples

noise prior distribution
examples

target distribution
output of the discriminator (input x)
generated samples

distribution of the generated samples

output of the discriminator (input z,)

weights of the generator

bias introduced in the generator

parameters of the generator

initial parameters of the generator

parameters of the discriminator
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range of 09

range of g%

loss function of the discriminator
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In Section 4, we design three algorithms. Since parameters and hyper-parameters of the
discriminator vary from algorithm to algorithm, they are defined below separately for specific
algorithms.

Algorithm 1 with Maxout layer in the discriminator:

Notations in Algorithm 1 Descriptions
11Q (qg=1,...,.Q) number of Maxout units
2 | K (k=1,...,.K) number of neurons in each Maxout unit
3 ,u {[L]k} e {0,1}7°K a binary mask used in the Maxout layer
4 = {Wi} e RPK weights for each Maxout unit
5 = {b{} e RE bias introduced in each Maxout unit
6 @d = (W4 p9)T ¢ RP+D*K | parameters of the discriminator
7| veRY a coefficient vector for combining Q Maxout units
8 | hi—argmaz € {1,..., K }me argmax among neurons in a Maxout unit (input z,)

Algorithm 2 with sigmoid activation function and without hidden layers in the discriminator:

Descriptions

Notations in Algorithm 2
1 = {Wi} eR?
2 eR
3] 64= W p!)T ¢ R+

weights of the discriminator
bias introduced in the discriminator

parameters of the discriminator

Algorithm 3 with sigmoid activation function and one hidden layer in the discriminator:

Notations in Algorithm 3

Descriptions
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number of neurons in the hidden layer
neurons in the hidden layer (input x)

neurons in the hidden layer (input z,)

parameters between the input layer and
the hidden layer of the discriminator
bias between the input layer and

the hidden layer of the discriminator

parameters between the hidden layer and
the output layer of the discriminator

parameters of the discriminator
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Abstract

This thesis is an exploration of the properties of shallow generative adversarial
networks (GANs). We focus on several aspects of GANs to investigate the
learnability of a class of distributions using shallow GANs and conduct experiments
to explore the influence of these aspects on the performance of the GAN models.
We identify and analyze several pathological phenomena in theoretical analysis
and experiments, and propose potential solutions for them.

Keywords: distribution learning theory, logit-normal distribution, pathological

phenomena, range of initial parameters.



Preface

Shallow perceptron networks have been extensively studied and while their deep versions
still hold mysteries, the shallow ones are easy to describe and study explicitly. People
know for example the decision boundary [17] of a single perceptron or shallow net of these.
Generative adversarial networks (GANs) on the other hand, though they are typically built
of perceptrons and have had spectacular practical success, have not had this treatment and
remain somewhat mysterious. Therefore, our goal of this thesis is to explicitly study shallow
GANSs both theoretically and experimentally. Our original contributions include establishing
the hypothesis class for the generator of a shallow GAN in a specific setting, and consequences
of this for learning.

In Section 1, we give a brief introduction to generative adversarial networks, the related
work on GANs and distribution learning theory. We then summarize the main contributions
of the thesis.

In Section 2, we list several aspects that we will explore in the thesis and give the reasons
why we choose them. We show the architecture diagrams of shallow GAN models in Section
2.1. Then we list some other aspects which are noise prior distribution and target distribution
in Section 2.2, and some parameters and hyper-parameters in Section 2.3.

In Section 3, we use the generator defined in Section 2.1 with sigmoid activation function,
and set both noise prior distribution and target distribution discussed in Section 2.2 to be
normal distributions. In Section 3.1, we discover that the generated distribution is a logit-
normal distribution. In Section 3.2, we define in Section 3.2.1 and investigate in Section
3.2.2 and 3.2.3 a distribution learning problem of the generator’s task based on the results
in Section 3.1.

In Section 4, we conduct experiments to explore the properties of shallow GAN models
shown in Section 2.1 based on the distributions, parameters and hyper-parameters listed in
Section 2.2 and 2.3. We present the architecture diagrams of shallow GANs under specific

settings in Section 4.1. In Section 4.2, we choose several noise prior distributions and
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target distributions, and list their combinations in a table. In Section 4.3, we introduce
the visualization tools we will use to analyze the performance of the algorithms. In Section
4.4, we discuss concretely the results of the experiments. In the experiments, we identify
several pathological phenomena and propose potential solutions to alleviate them. There is
a remarkably wide range of different settings to consider and we structure our investigation

into these in Sections 4.4.3 to 4.4.5 as follows:

(i) In Section 4.4.3, there are three parts a, b and c. In part a and part b, we discuss the
performance of two activation functions in the discriminator respectively. In part ¢, we

compare the differences between them.

(ii) In Section 4.4.4, there are also three parts a, b and c¢. In part a and part b, we discuss
the performance when different ranges of #%° or #9° are used respectively. In part c, we

summarize the pathological phenomena in part a and part b.

(iii) In Section 4.4.5, there are two parts a and b. In part a, we analyze the improvement
of the algorithm with a hidden layer in the discriminator. In part b, we identify the

outstanding issues unsolved by the algorithm.

In Section 5, we draw conclusions based on the discussion in Section 3 and Section 4.
In Section 6, we analyze the limitations in the theoretical investigation and experimental

exploration and raise some open questions.
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1 Introduction

1.1 Generative adversarial networks

Generative adversarial networks (GANSs) are learning frameworks designed by Goodfellow
et al in 2004 [1]. They estimate generative models via an adversarial process. In a GAN,
a generative model (also called “a generator”), denoted as G, simulates the target data
distribution (also called “a target distribution”, or “a target”) by transforming a noise
prior distribution and a discriminative model (also called “a discriminator”), denoted as D,
estimates the probability that a sample of the generator comes from the target distribution.
Both generator and discriminator can be neural networks.

Given enough capacity and training time, a GAN is expected to recover the target

distribution. The training procedure is a minimax game and its value function is
min mas V(D, G) = By, ollog D)) +Eevy oo~ DGR (L)

During the process of training a GAN model, we alternate between several steps of
optimizing D and one step of optimizing G. The discriminator maximizes the probability
of making a mistake by ascending its parameters by the stochastic gradient (proposed by
Lemarechal et al in 2012 [30]) of evaluation function J; as in Equation (1.2). Then the
generator minimizes the mistake by descending its parameters by the stochastic gradient of

evaluation function J, as in Equation (1.2) as below:

Ja= =3 [log DY) + log(1 — D(G(=)))].
) - (1.2)
Ty = =3 log(1 = D(GD)).

The following diagram shows the process of training a GAN model:
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In the diagram, z, z, and z are noise samples, generated samples and examples (data
samples from the target distribution) respectively. The generator (G in the diagram) transforms
noise samples z to generated samples z,. Then the discriminator (D in the diagram) computes
D, (respectively D, ), its estimate of the probability that the generated sample (respectively
the sample from the target distribution) comes from the target distribution. Now perform
back-propagation as follows (shown as dotted lines in the figure above). Compute J; based on
the probabilities D, and D,. Then update parameter of the discriminator §¢ by its stochastic
gradient VyaJy. Input z, and compute again the probability D, using the discriminator with
the updated parameter. Then compute J, and its gradient Vg, J; based on generated samples

24 and the information from the discriminator. In the end, update parameter of the generator

09.

1.2 Related work

Generative adversarial networks are an incredible Al technology with various applications.
See Langr for an overview 2019 [2]. Creswell et al in 2018 [3] and Hong et al in 2019
[4] overviewed the researches done on GANs and challenges in their theory and application.
GANSs can be viewed as introducing an “adversarial perturbation” to deep learning to achieve
a better performance as discussed by Hazan in 2017 [5]. From a game-theoretic perspective,
two neural networks of a GAN are two players in a game aiming for a joint optimization; the
GAN seeks for a Nash equilibrium, as covered by Salimans et al in 2016 [6], Goodfellow et

al in 2017 [7], Heusel et al in 2018 [8] and Paget in 2019 [9]. From an information-theoretic
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view, Paget in 2019 [9] analyzed the theoretical behavior of GANs during optimization.
From a topology perspective, inspired by optimal transport theory, Wesserstain GANs were
proposed by Arjovsky et al in 2017 [12]. In 2020, in [13, 14] An et al discussed more on
optimal transport by GANs.

Distribution learning of GANs was discussed by Arora et al in 2017 [16], and also Lucic
et al in 2018 [18] and Khayatkhoei et al in 2019 [19] though these papers mostly contribute
empirical results. More generally, the relationship between computational learning theory
and neural networks was discussed by Turan in 1994 [34]. However, there remains very little
distribution learning-theoretic analysis on neural networks or GANs. In the theory part of
this thesis, we take a distribution learning-theoretic view to analyze the generator of specific
shallow GANs.

More broadly, the performance of GANs or neural networks is known to be affected by
many aspects. Salimans et al in 2016 [20] discussed the importance of weight normalization;
Behnke et al in 2003 [21] stated that some activation functions introduce a non-linearity to the
output which can be used for decision making; Brownlee in blog post in 2019 [22] discussed
the importance of learning rates during training a neural network; Arjovsky et al in 2017
[23] discussed the unstablility and other pathological behaviors of GANs. In this thesis, we
choose several aspects that may have a significant influence on GANs and experimentally

explore potential pathological behaviors that may arise.

1.3 Main contributions

As discussed in the Preface, the main contribution of this thesis is to elucidate aspects
of shallow GANS, inspired by the way shallow multilayer perceptrons are fully understood.
Compared to these simple neural networks, however, even shallow GANs are much more
complex since each GAN includes two competing neural networks — a generator and a
discriminator — and is designed to both generate and judge authenticity of samples from
a target distribution. Moreover, GANs require both noise samples and target examples as

input. Our study therefore restricts to a certain type of noise input — normally distributed



noise — and for this restricted setting achieves some first results. Our first contribution is
that we consider a specific shallow GAN design and prove that for normally distributed noise
this GAN will always generate samples distributed according to a logit-normal distribution.
This is the first result of its kind, to our knowledge. For our second contribution, we then
study the generator of this GAN from a distribution-learning point of view, i.e. as a learner
of distributions, and show it is incapable of learning a specific kind of target distribution.
This is the first learning-theoretic study of GAN generators to our knowledge. Finally, in
experiments, we choose different options or values of the aspects to discover the properties

of shallow GANs and analyze the pathological phenomena we observed.



2 Our Focus on GANs

In this section, we list several aspects that we plan to study theoretically and experimentally

in the thesis.

2.1 Architecture diagrams

Consider there are p input variables of noise Z = (74, ..., Z,)* and example X = (X1, ..., X,)T.
Set the generator to be a one-layer shallow neural network as follows, in which 69 are

parameters of the generator. Assume there are p output variables of generated sample

Zg = (Zg1s oo 2gp) T

Set the discriminator to be a one-layer perceptron without hidden layers, in which ¢ are
parameters of the discriminator. Output D, (respectively D,) when input is z, (respectively

As a richer version of the discriminator, we will also consider adding a hidden layer in
the discriminator as below. Let W) to be the parameters between the input layer and the

hidden layer, and W%® to be the parameters between the hidden layer and the output layer.
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2.2 Noise prior distributions and target distributions

The generator transforms noise input z sampled from the noise prior distribution pz to
generated samples z, distributed as a generated distribution pg, based on the value of its
parameter 69. As training proceeds, #7 is adjusted gradually in order to bring the generated
pa close to our target distribution pg.,. Given a specific pz and pgqre, there might be some
cases where the parameters could not be adjusted properly, i.e. for which then the generator

could not bring pz close to pgata-

2.3 Parameters and hyper-parameters

There are some parameters and hyper-parameters that have a significant influence on the
performance of shallow GANs. We now list some of them we plan to study experimentally

in this thesis.

2.3.1 Steps of optimizing the discriminator in each epoch

If the number of steps of optimizing discriminator (L) is too large, this will optimize
the discriminator to completion with a fixed generator. However, we would like to avoid
this because the generator is improving during training and excessive time spent on D for
non-optimal G is wasted. If L is too small, on the other hand, the discriminator may not be
optimized enough, and then there will be a lack of information for the generator to improve.

Therefore, we have to take an appropriate number of steps according to the situation.



2.3.2 Learning rates of the parameters

The learning rates control how quickly the models are updated. On one hand, we wish
learning rates to be large enough, so that we could achieve the results in fewer epochs.
However, if learning rates are too large, the models will be likely to reach suboptimal results.
If learning rates are too small, we will waste much time on unnecessary training epochs.
Therefore, for each model we wish to choose a proper learning rate, which leads to a global

optimization of shallow GANs within an acceptable number of epochs.

2.3.3 Activation functions in the discriminator

In artificial neural networks, the activation function of a node defines the output of that
node. There are different kinds of activation functions, for example linear and non-linear
functions [10]. They sometimes introduce different structures into networks, for example,
Maxout layer proposed by Goodfellow et al in 2013 [29] introduces sparsity. Therefore, it
is valuable to explore the influence of different activation functions on the performance of

shallow GANSs.

2.3.4 Ranges of the initial parameters

We sample initial parameters of the discriminator (respectively generator) from a specific
range (i.e. difference of the maximum and the minimum value of the parameters). Ranges of
the parameters of each model then envolve during training. We investigate how the choice of
the initial ranges affects this evolution and whether different ranges may result in significantly

different performance of shallow GANs.

2.3.5 Hidden layers in the discriminator

A shallow discriminator may lack the ability to differentiate between real data and fake
data. The performance of shallow GANs without any hidden layers in the discriminator may

be significantly worse than the performance of those with hidden layers.



3 Some Theoretical Observations for Shallow GANs

In this section, we set the generator to be a one-layer shallow neural network (see the
first diagram in Section 2.1) with sigmoid activation function in the output layer; we have no
specific settings for the discriminator throughout the section; and we focus on the situation
that the noise prior distribution pz is a normal distribution.

We will prove from different perspectives in Section 3.1 and Section 3.2 when example X
lies within the interval (0, 1)? and target distribution pgay, is a truncated normal distribution
(see [33]) truncated to (0, 1), there is a pathological phenomenon that the generated distribution

pz fails to converge to Pyata-

3.1 Theory related to logit-normal distribution

In this section, we prove that the generated distribution is a logit-normal distribution
by probability distribution function (pdf) transformation [26] and it shapes as unimodal or
bimodal depending on the value of its squared scale.

Logit-normal distributions were first defined by Aitchison et al in 1976 [37] and we define

logit-normal distributions following the definition in Frederic et al in 2003 [36].

Definition 1. A random variable X is distributed as a logit-normal distribution if its logit

transformation logit(X) = log(X /(1 — X)) is normally distributed.

Since logit and logistic transformations are inverses of each other, the above is equivalent
to “a random variable X = P(Y’) where P is the standard logistic function is distributed as

a logit-normal distribution if the random variable Y is normally distributed.”

3.1.1 Transformation from normal distribution to logit-normal distribution

Assume a variable X is distributed as px = N(u,0?). The sigmoid transformation of X
is Xg = Sigmoid(X) denoted as S(X), then Xg = S(X) = 1/(1 + e ¥). Xy is distributed

as pxs = Logit Normal(u,o?) denoted as LogitN (u, o).



Assume a set of variables Z = (71, ..., Z,)" is distributed as pz = N(p,X) where p =
(H1, s )" and ¥ = diag(a?, ..., 07). Then its linear combination Y = w1 Zy + ... +w,Z, + b,
wy, ..., Wy, b € R is distributed as py = N(i/,0'%), in which p/ = wypq + ... + wplt, + b and
o = wlo? + .. + wio?. Its sigmoid transformation is Z, = S(Y') = 1/(1 4+ e™") which is
distributed as pg = LogitN (i, 0"?).

In the generator, when we use the sigmoid function as activation function, the first part

of the network produces a linear combination Y which the sigmoid transformation then maps

to the output Z, = S(Y) = =5, Zy ~ pa. Then y = S7'(z,) = In(2%-) = logit(z,) and

1—24
ds—! ds—! .
| dzizg)| - |%1_129L2| = —Zg(ll_zg), z, € [0,1], so |—dziz9)| > 1. Then by pdf transformation,
the pdf of pg (2, ~ pa) is
dS™(z,)
fe = fY\d—g|
<g
1 _[s—l(zwg(qgwbn? 1 a1
= —F€ 2weo —_— .
V2m|wlo 2g(1 = 2) (31)
1 o [logit(z‘g)—(ulu+b)]2
2w202

= e s
V2m|w|ozg(1 — 24)

which is the pdf of the logit-normal distribution Logit N (wu + b, w?c?), with location wu + b

2. The location and squared scale remain same as the ones of the

and squared scale w?c
distribution of y; however, shapes of the two distributions can be significantly different.
Logit-normal distribution shapes as unimodal or bimodal depending on its squared scale

parameter. In our case, it depends on the value of 69 = (w,b)” € R? with u and o? fixed.

3.1.2 PDF transformation used in the generator in shallow GANs

Proposition 1. In a shallow GAN model, in which the generator is a one-layer perceptron
with sigmoid activation function, if noise prior distribution is normal, the generated distribution

will be logit-normal.

Proof. In univariate cases, assume a variable X is distributed as N(u,0?) over R, then its

sigmoid transformation S(X) = 1/(1 + e~¥) is distributed as LogitN(u,c?). As we saw



above, the probability density function of Xg = S(X) (see Equation (3.3)) can be derived

from the pdf of X by pdf transformation:

Frals) = = cap{— [

B \/%st(l — x5> 2}’ UERS (O’ 1)‘ (32)

Shallow GANs however may have multivariate inputs and outputs (see the first diagram
in Section 2.1), we therefore need to consider multivariate Z as well. In multivariate cases,
assume Z = (24, ..., Z,)" are distributed as N (u, ¥) with p1 = (p1, ..., pp)" and X = diag(o3, , ..., 03).
Let the linear combination of the variables to be Y = w1 Z; + ... +w,Z, + b, wy, ..., w,, b € R,
which is distributed as N (1, 0'%) with p' = wips + ... + wyp, +b and o’ = wio? + ... + w02,
Then its sigmoid transformation Yg = S(Y) = 1/(1 +e~Y) is distributed as LogitN (i, o).

The pdf of Yy is

/

1 {1pm$g—u
= erpl—=|————
V2ro'ys(l — ys) P73 '

]2}7 Ys € (Oa 1)
1 [log(£5-) — (wipin + ... + wppy, + b)]?
= exp{-
\/QW(w%U% + . Fwio?) ys(1 —ys)

fys

).

2(wio} + ... + w2o2)

(3.3)

In experiment and the assumption of this section, we assume there are three independently
and identically distributed (i.i.d.) input variables Z = (Z;, Z,, Z3)T in the generator distributed
as pz = N(u, X) with g = (p, p, p)* and ¥ = diag(o?,0%,0%). Assume there is one output
variable Z, in the generator with parameters 69 = (wy, wa, w3, b)”. The generator performs a
composition of two transformations, namely a linear combination Y = w21 +wyZs+w3Z3+b

followed by a sigmoid transformation Z, = S(Y). Therefore, Z, is distributed as pg =

10



LogitN (i, 0"*) with ' = (wy 4+ wa 4+ ws)u + b and ¢”* = (w? + w} +w2)o?. The pdf of Z, is

B 1 1 logit(z,) — 19
fa,2) = oy o =5 s e 0,
_ 1 exp { _ logit(zg) — (w1 + w2 + w3)p + b)]2}
V2 (w? + w2 + w?)oz, (1 — 2,) 2(wi + wi + wi)o? .

(3.4)

In experiment, there are not only three inputs as above, but also three outputs of the

generator. Then parameters of the generator are set to be

W11 Wi2 W13 by
g _
07 = Wo1 W22 W23 by | >

w3 Wsz wsz b3

where each row corresponds to the multivariate setting just discussed above. Therefore there

are three linear combinations Y, = 25:1 WyjZj + by, uw=1,2,3 and corresponding sigmoid

transformations Z,, = S(V,), u=1,2,3. They are distributed as pg, = LogitN (fiy,0?2)
2

respectively with p, = Z?zl wyp + b, and o2 = 23:1 w;0%, u=1,2,3.

]

With a fixed Z ~ pz, parameters of the generator #9 are updated during the process of
training and this causes the probability density function of Z, ~ pq to change accordingly.
We now look more closely at properties of the logit-normal before studying (in Section 3.2)
the gradual change of pg during learning. For the sake of convenience of visualization we set
each variable of the target distribution to bei.i.d., and focus only on the marginal distribution
of each generated variable and compare between each pair of distributions of variables from

the example and the generated data.
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3.1.3 Property of logit-normal distribution used in shallow GANs

Properties of logit-normal distributions are discussed by Aitchison et al in 1980 [24] and
Frederic et al in 2008 [25].

Expectation and variance of Z ~ LogitN (i ,0’2) are determined respectively by two
functions E(Z,) = M(i/',0'*) and V(Z,) = V(i',0"*) (See Equation (3.6) below). Since
there is no closed algebraic expression of these functions, numerical integration is used to

compute their values [25].

E(Z,) = /ngngng

V(Zg) = E(Zg - E(Zg))2 = ZngngZg - E(Zg)Q-

(3.5)

Some density plots of typical logit-normal distributions are shown in Figure 1 as below.
For each location scale, the density curves switch from unimodal shapes to bimodal shapes
as the squared scale increases. At the same time, two modes of bimodal curves move away

towards 0 and 1.

12



Density plots of LogitN(-1,0'*2) Density plots of LogitN(0,0'2)

2.0
|

o |
N — 0o'=1 — 0'=1
— o'=3 — 0'=3
0 — 0'=5 0 — 0'=5
— ] - ]
2 2
‘0 o ‘n o
5 <] 5 < ]
A )
Te) Yo}
o o |
o _| . o _|
e T T T T T e T T T T T
-0.5 0.0 0.5 1.0 1.5 -0.5 0.0 0.5 1.0 1.5
N = 10000 Bandwidth = 0.2 N = 10000 Bandwidth = 0.2
Density plots of LogitN(1,0"*2) Density plots of LogitN(2,0*2)
S ]
N — 0'=1
2 2
) i
c c
(] [¢]
o) )
Q S
© T T T T T © N T T T T
-0.5 0.0 0.5 1.0 15 -0.5 0.0 0.5 1.0 1.5
N =10000 Bandwidth =0.2 N = 10000 Bandwidth =0.2
Figure 1

In the exposition by Frederic et al [25], the first and so far only direct analysis of the
logit-normal family, the authors remark that while the logit-normal densities always converge
to 0 as x — 0 or 1, when ¢’ is large the densities are increasingly bimodal. This results in
logit-normal tending to a delta function when ¢’ — 0 and an adherent mass when o’ — +o0.

Following [35], the delta function ¢;(z) on [0, 1] with spike at i can be loosely defined for
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i € (0,1) as follows.

0 T F£1
bi(z) = 7 : (3.6)

“suitably in finite” r=1

where “suitably infinite” means that for all intervals (i — 1,74+ a) C [0, 1], a > 0,

a+i
“/ di(x)dx =17, (3.7)

In the cases that ' = 0, the spike of fg+ keeps piling up to infinity and the rest goes down
to 0 gradually as ¢’ — 0. Based on the definition in Equation (3.7) and the property in
Equation (3.8), the density fg- tends to a delta function dg5(z), where 0 < z < 1, as o/ — 0.

Similarly we loosely define adherent mass function dg;(x) on [0, 1] with mass adhering to

0 and 1 as follows. Assume i < j,

0 T F1,]
5o () = 7 (3.8)

“suitably in finite” rT=1,]

where 4, j € [0,1] are “infinitesimally close” to 0 and 1 respectively, and “suitably infinite”

means that for all intervals (0,7 +a) C [0,1] and (j —a,1) C [0,1], a > 0,

i+a 1
“/ 501(I)d1‘ —f-/ (501($)d$ =1". (39)
0 j—a

Logit-normal gains bimodality as ¢’ becomes greater and two modes move away from each
other approaching 0" and 1~ at the same time. Both spikes of the density pile up to infinity
and the rest goes down to 0 as ¢/ — +o00. Based on the definition in Equation (3.9) and
the property in Equation (3.10), the density fg- tends to an adherent mass function g ()
where 0 <z <landi— 0%, j — 1.

We now discuss in more detail this limiting behaviour as ¢’ tends to 0 or 1. As stated
above, and from the exposition in [36] logit-normal tends to an adherent mass with its two

modes approaching 0 and 1 as ¢/ — +o0o, and it tends to a delta function with its single
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mode at % as 0/ — 0. For convenience of visualization we consider the case ' = 0 which is
depicted in Figure 2 and Figure 3 below, but the limiting behaviour we describe applies to
any p' by the analysis in Frederic [25]. In both scenarios with peaks piling up, with o’ set
to be different values, the density plots verify this rule (See Figure 2 and Figure 3 below)
and we see moreover the behavior between the two extremes of o’ € (0,+0c). When ¢’ is
relatively small, the distribution is unimodal and more concentrated. As ¢’ increases, the
distribution gains a bimodality gradually and its peaks move towards 0 and 1. At first the
peaks are lower, but as ¢’ becomes even larger, two modes of the density curve continue to

move away from each other while the peaks move upwards.
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Density function of LogitNormal(0,6%) and N(0.5,1)
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Assume our goal is to learn the target distribution N (g, Xo), where po = (0.5, ...,0.5)?
and ¥ = diag(l,...,1). To simplify the presentation, suppose furthermore the generated
distribution has learned the expectation of variable X, i.e. E(Z,) = 0.5 = E(X). We are
then in the regime of Figure 2 and Figure 3.

In the generator, each input Z,, is distributed as pg, ~ LogitN (p,’ ,Ju’2) with u, =

Z?Zl Wyt + by, and o,/” = Z;’:l w; ;0% as shown in Section 3.1. If we still set 4,/ to be 0,
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for a fixed pu and o, the generated distribution has a larger squared scale when Z?Zl wij is
larger. Since the logit-normal distribution could either be unimodal and with a small squared
scale or be bimodal and with a large squared scale, if the target normal distribution has a
large squared scale, intuitively it is impossible for the generated distribution to learn both
its unimodality and large squared scale (see Figure 3). If the algorithm updates 69 to reach

a larger Z?Zl wij, then what follows is bimodality.

2
uj

Note fixing pu,,” as discussed in last paragraph is infeasible in experiments, since Zi’:l w
will change along with the update of #9. However, it is still worth analyzing in this way,
because it helps us discover limitations on the ideal ability of the algorithm. In particular,

we will formulate the above intuition in learning-theoretic terms in Section 3.2.

3.2 Distribution learning-theoretic analysis

Distribution learning theory was first discussed by Kearns et al in 1994 [38]. In this
section, we take a distribution learning-theoretic view of the generator’s task, in particular

learning a class of distributions through the generator we set at the start of Section 3.

3.2.1 Definition of the distribution learning problem

Let C be a class of distributions over X, that is C is a set such that every A € C is
a probability distribution with support in X. To analyze the distribution learnability of
GANs, we focus on the generator of GANs with discriminator fixed but unknown. We set
the generator to be a one-layer shallow neural network with Sigmoid activation function and
would like to know if it can learn C.

In general, in Distribution Learning Theory (DLT) there are two common representations
used for a probability distribution A over X. A generator Ga takes noise samples z as
input and outputs Ga(z) € X distributed as the distribution A. This is our approach in
studying the GAN generator: we view it as a representation of the generated distribution
pa. Alternatively, an evaluator Pa is a probability distribution function of X ~ A. It

takes any examples x € X from distribution A as input and outputs Pa(z) which denotes
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the probability of = distributed as A. It can also take generated samples z, € X from
distribution A’ as input and output Pas(z,) which denotes the probability of z, distributed
as A’. This will not be our focus, but it is the way in which the discriminator can be viewed
as a representation of pg.

Assume a set of examples S = {(z1, 1), ..., (2m, T ) } is given in a constant amount of time
as the input, and it has access to an oracle GEN (A) returning a sample from the distribution
A. The GAN training algorithm is designed to find a target function ¢* that minimizes the
loss function of the generator of GANs. The generator’s task is shown in Equation (3.11).

' = argmin [ L(g(=))dpt),

g

(3.10)
69" — arg min / log [1 — D(G(=16°)16)] dp(2),

]

where L(g(z)) = log(1 — D(G(2]69)|69)) is the loss function in which g(z) = G(2]69). G(2]69)
denotes the function of the generator given parameters 9. Let z, = G(z]69), then D(z,|6¢)
denotes the function of the discriminator given parameters 0?. p(z,x) is the probability
distribution according to which the set of examples S is sampled. Therefore, the goal of DLT
is to find the target function ¢g* given § sampled from p. In our case, the goal is to find the
generator G(z|69%) with optimal parameters, denoted as G*.

Define the distribution learnability formally as below [11]:

Definition 2. A class of distributions C is called learnable if for everye >0 and0 < < 1
given access to GEN(A) for an unknown distribution A € C, there exists an algorithm A,
said learning algorithm of C, that outputs a generator or an evaluator of a distribution A’
such that

Prid(A,A') < el > 13,

where d(A, A") is a measure of distance between distributions A and A'.
If A" € C, then A is called a proper learning algorithm; if A’ ¢ C, A is called an

improper learning algorithm.
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If A is a polynomial time algorithm, then C is called efficiently learnable. A distribution
A is called to have a polynomial generator (respectively evaluator) if its generator (respectively

evaluator) exists and can be computed in polynomial time.

Set the class of distributions C to be univariate truncated normal distributions N (p, o?)
truncated to the range (0, 1) and noise prior distribution pz to be a specific univariate normal

distribution N (jg,0¢?). Based on Section 3.1, we know that the generated distribution is

pe = LogitN (i, o) with 1 = (wf + w§ + wf)po + 19 and o' = 1/ (w])?* + (w)? + (w§) o,
in which 09 = (w{,wj,w], b9)T are parameters of the generator.
The set of all the distributions the generator can produce — a set sometimes referred to

as the “hypothesis set” (H) — is:

H = {pc: f(z,) = F(G(2]69)) = f(Sigmoid(369)) | 69 € RPT*P » c RmxP} - (3.11)

in which Z is the noise sample z with an augmented column 1 and f(z) is a probability

density function or a probability mass function of a random variable X.

3.2.2 Investigation of the distribution learning problem

One standard measure of the “distance” between distributions in DLT is Kullback-Leibler
(KL) divergence. We will use this to measure the distance between the target distribution
Pdata and the optimal generated distribution pg« € H, denoted as K L(pgata||pg+). The KL

divergence is

__ " fe ()
KLpaiallpor) = = | Jaaala)log 25 Zda, 2 € 0.1),
_ o) _ 1 e
fdata(T) = S(CE) — () o(z) = Nk (3.12)
forle) = Sm e

2ro’xz(1 — x)

in which ¢(x) is the pdf of standard normal distribution and ®(z) is the cumulative distribution

function of . fyua(x) is the evaluator (pdf) of the target distribution pyu, € C and fo«(2)
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is the evaluator (pdf) of the generated distribution pg+ which minimizes the loss function of
the generator. Rescale pdf of normal distribution by dividing ¢(*>*) by 0(@(1%‘) —®(4)),
then we have the pdf of truncated normal distribution pgas,(z).

Since fe« () ~ LogitN(i/,0'®) ¢ C, the algorithm is an improper learning algorithm. We

then investigate whether the class of distributions C is learnable through the generator we

set above. With such a goal, we will prove the following Proposition 2.

Proposition 2. The class C of univariate truncated normal distributions truncated to the
range (0,1) is not learnable by the algorithm in which the generator is a one-layer shallow

neural network with sigmoid activation function.

Proof. An established property of KL divergence is that it is always non-negative.
This can be seen by recalling Equation (3.13), in which —log(z) is strictly convex and

[ fe+(x) = 1. Then based on Jensen’s inequality [28],

for 4.

fdata (313)
> —log(/fg*dx) = —logl=0.

KL(pdataHpG*) = _/fdata IOg

Another property of KL divergence is its nondegeneracy. This follows from

the equality case of the Jensen’s inequality (see Equation (3.14)): namely equality if and
fax

only if the log factor is zero almost everywhere, i.e. the ratio <

is 1. It implies that
two density functions fgue and fg« coincide. However, as shown above, the algorithm is
an improper algorithm, which means that the density functions of pg., and pg« will never
coincide. Therefore, K L(pgata||pg+) = 0 does not hold and we conclude K L(pgaia||pe+) > 0.

A third property of KL divergence is it is lower bounded by total variation
distance. Denote the total variation distance as 6(pgata, Po+). Based on Pinsker’s inequality
[32], since pgate and pg+ are two probability distributions, the following inequality holds on a

measurable space (A, X)), where ¥ is a og-algebra on A.

1
§(Pdatas Pe+) < \/iKLQ?dataHpG*)- (3.14)
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The definition of total variation distance [31] is
8(Pdata; PG+) = Sup {|pdam(X) — pa (X)HX =(0,1), X € ¥ is a measurable event}. (3.15)

This is closely related to the L' norm || fyaa — fo

1. Indeed a straightforward calculation

shows:

1
0(paata; P6+) = 5| faata = fe- |, (3.16)

in which L' norm is

||fdata - fG*

= / futa(@) — for (2)|da

1 sP(5H) 1 _ llogit(x)—p? (3.17)
- / ’ T oo € 20 \du,
o 1O(F) —@(F)  V2ro'z(1 - x)
22
¢(x) is the probability density function of standard normal distribution (¢(z) = \/%76 )

and ®(z) is the cumulative distribution function of ¢(z). Therefore,

1 S \/QKL(pdata‘ |pG*)
) (3.18)
1

Hfdata — fG*

KL(pulpc) > e~ I

We now prove there is a uniform bound in y/, ¢’ for KL divergence that is
strictly positive.

First, since pgaia # pa+, the L' norm at any specific ¢/ and o’ is greater than 0.

Second, assume we follow the setting in Section 3.1 that x4/ = 0. In this case, as discussed
in Section 3.1.3, logit-normal tends to an adherent mass as ¢/ — +o00 and a delta function
as 0’ — 0, which implies fg+ — 0 almost everywhere except the spikes when o’ — 0 or oc.

L' norm grows as y/ = 0 and o’ — 0.

a+1

a+1 a+1
/ | faata(z) — for (z)|dx — /_ | faata(T) — d05(x)|dx = / dos(x)dr =1 (3.19)

i—a —a
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at the spike x = 7 and

1

/0 (@) — fo- (@)lde + / fuatal@) = for(2)|da

+1

=+ [ aala) = Bos(@lde + [ |fanalz) = dus(o)lda
0 a-+1 (320>

i—a 1
:/ fdata(il;) —0dz + fdata(x) —0dx
0

a+t

1
~ [ fuaal)e =1
0

except the spike. Therefore L' norm approaches 2 as below,

1
L' norm = /o | faata(z) — fo=(x)|dz

1—a a+1 1
=/ MW@%WMMM+/ mmuwﬁﬂmm+/|mmw<muwx
0 i—a a+i
— 2.
(3.21)
L' norm grows as p/ = 0 and o/ — +o0.
a+i a+j a+ti atj
/ () — o (2)|dax + / | Finta () — fou ()| — / Son () + / Soyd = 1
i—a j—a i—a j—a
(3.22)

at the spikes © =i, j and

Jj—a

me—ﬂWMﬂ+/IMM@<b@W$

a+j

i—a j—a 1 1
_)/0 fdata($)d$ + /(H_i fdata(x)dx + fdata(x)dx = A fdata(aj)daj =1

a-+j

[ o) fo- e+

+1

(3.23)
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except the spikes. Therefore L! norm approaches 2 as below,

LY norm = /0 | faata(x) — for(x)|dx

a+ 7

Fuata() — feor(2)|da + /  Vfatal®) — o ()|

a+1

_ /OM | faata(2) — for(z)|dx +[

—a

a+j 1
+ / finta(@) — for (2)]dz + / fiota(@) — for (@)]d — 2

—a a+j

(3.24)

as 0’ — 400 when p/ = 0.

Moreover, since it behaves continuously over ¢’ € (0, +00), there must be a finite non-zero
o’ that minimizes it. We define the smallest distance as B.

Third, if we move p/ away from 0, it will only increase the L' norm, because the generated
distribution will be assymetric, while the standard normal is symmetric about x = %

Therefore, B is still the smallest value L' norm.

Therefore, the L' norm satisfies 0 < B < ||fgata — fa-

1 < 2. Based on Equation (3.19),
we have KL(pgatal|Pg+) > BTZ > 0.

In the end, we conclude that there is a uniform bound for KL divergence that is strictly
positive. Therefore, we cannot for Ve > 0 achieve that K L(pga||pc+) < € (at all, even for
large §).

In conclusion, the class of distributions C is not learnable by generator of the

algorithm. O

3.2.3 More discussion

We further set the KL divergence to be arbitrarily small yet achievable, i.e. K L(pgatal|pe+) <
€ but € > %2 (see Section 3.2.2). It holds for some interval I that ¢/ € I C (0,400). Let
the algorithm try to learn such an interval of ¢’ to push the generated distribution towards
the target. However, it may be unachievable, if the discriminator has prematurely converged

toD, =D, =1

5- Omne way such artificial convergence happens is that the parameters of
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the discriminator all converge to 0. In this case, looking at formula B.23, B.40 and B.57 in
Appendix B we see the gradients of 69 will converge to 0 at the same time. In practice, ¢
may not be exactly zero, just very close to zero. By postulating how fast it goes to zero, one
could look at how slow the change in 69 will be.

Here is a “trap” caused by the weakness of the discriminator. The discriminator forces
the algorithm to stop improving too soon, so that the generated distribution is stuck at some
point far away from the target. In a sense, the discriminator is convinced of the perfect job
it has done; however, the reality is just the opposite. Even for partial learnability results
(i.e. for some achievable €) we see that a weak discriminator can make the generator’s job
arbitrarily slow. To conclude, the class of distributions C defined in Section 3.2.1 is not
learnable in general by the generator of a shallow GAN, and even for achievable accuracies

the efficiency of learning will be highly dependent on the strength of the discriminator.
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4 Experiments

In this section, first, corresponding to Section 2.1 we present the architecture diagrams of
three GAN models used in the experiments in Section 4.1; second, corresponding to Section
2.2 we set specific noise prior distributions and target distributions in Section 4.2; third, we
introduce visualization tools in the experiments in Section 4.3, last but not least, we analyze
in Section 4.4 the experiment results of different options or values of the parameters and

hyper-parameters discussed in Section 2.4.

4.1 Architecture diagrams

In experiments, we consider both examples and noise samples as datasets with three
variables (X = (X1, Xy, X3)T and Z = (Z,, Z5, Z3)T). We set the generator to be a one-layer
shallow neural network with sigmoid activation function in the output layer shown in the

following diagram. This generator will be used in all of the following algorithms.

In Algorithm 1, we set the discriminator to be a one-layer shallow neural network with
Maxout layer proposed by Goodfellow et al. in 2013 [29] followed by a sigmoid transformation

as activation function in the output layer as shown here:
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In Algorithm 2, we set the discriminator to be a one-layer perceptron with sigmoid

activation function in the output layer as shown below:

6d

In Algorithm 3, we introduce a hidden layer in the discriminator as below. Sigmoid

activation function is used in both hidden layer and output layer.

Wwa(2)

()
R
[N\
e’

\

4.2 Noise prior distributions and target distributions

We set noise prior distributions to be normal and sample noise Z from four specific prior

distributions listed below:

Distributions
noise prior 1 (pl) | N(—1,0.64)
noise prior 2 (p2) | N(2,0.64)
noise prior 3 (p3) | N(—1,0.09)
noise prior 4 (p4) | N(2,0.09)

Our target distributions are truncated normal and example X lies in the interval (0,1).
We choose two specific distributions to be our targets listed below:
From each prior distribution, we sample a mini-batch of noise samples Z, based on which

the algorithm generates samples to fit a target distribution. There are eight combinations of
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Distributions

target 1 (t1)
target 2 (t2)

N(0.5,0.09) truncated to the range (
N(0.5,0.64) truncated to the range (0, 1)

0,1
0,1

priors and targets listed below.

From prior 1 (pl) to target 1 (t1), the algorithm learns to

generate samples distributed as a sharper shape and located on the right side based on noise

samples with a flatter distribution and located on the left side.

pl—tl | p2—tl | p3—tl | pd—tl | pl >t2 | p2—1t2 | p3—1t2 | p4 —t2
flat — sharp v v
both sharp v v
both flat v v
sharp — flat v v
left — right v v v v
right — left v v v v

4.3 Visualization tools

For observation and comparison of performance, we visualize performance of the algorithms
using three groups of figures, which display density plots of data, outputs of the discriminators
and ranges of the parameters. Furthermore, we formulate a unified evaluation standard to
interpret the information in figures, as well as organize a clear analysis in different scenarios.

Figures and descriptions are illustrated below followed by an evaluation standard.

4.3.1 Density plots

In each experiment, we will use a group of density plots to represent dynamic movements
of the generated data z,, noise samples z and examples = throughout training. Specifically,
for each experiment a figure will show empirical density curves of a variable of z,, z and x
in an epoch. In each density plot, black curve, red curve and purple dashed curve represent
target distribution pge, (density plot of examples z), noise prior distribution py; (density
plot of noise samples z) and generated distribution ps (density plots of generated samples

z,) respectively. In the upper right corner of a plot in an epoch, ranges of #¢ and 6 in the
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specific epoch are legended. We represent density plots in the last epoch when we discuss

the results of the experiments.
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Figure 4

If the algorithm performs well, we believe that the density curves of all variables of z,
will overlap with the curves of x. Similarly, if an algorithm performs better than another, its
curves of z, will reach a closer position or have a more similar shape (e.g. unimodality) to

the targets.

4.3.2 Outputs of the discriminators

Figure 5 displays outputs of a discriminator (red curve: D, and black curve: D,)

throughout training. X-axis shows the epoch times and y-axis is labeled with values of

29



outputs of the discriminator from 0 to 1 and curves of D, and D, display fluctuations of the

outputs.

Outputs of the discriminator with sigmoid activation function
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Figure 5

According to Goodfellow et al [1], D, represents the probability that z comes from pgu,
rather than pe. Similarly, D, represents the probablity that z, comes from pgq, rather than
pe. Based on Theorem 1 in [1], given a fixed generator, discriminator achieves its global
optimal if and only if pg = pgara, Which is equivalent to D, = D, = % based on Proposition
11in [1].

However, we observe that pg # Pgate when D, = D, = % Moreover, dynamic movement
of the density curves of z, throughout training is consistent with the fluctuations of D, and

D.. Specifically, if D, and D, converge to one half, z, will be stuck at some distribution
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and fail to converge to target. By then, the algorithm achieves its optimum and cannot be
optimized further.

Note that the algorithm must be given enough capacity and training time, so that the
Theorem 1 and Proposition 1in [1] hold. We know that the algorithm has been given enough
training time when it achieves its best. Therefore, capacity of the discriminator might not be
powerful enough, so that it cannot differentiate between real data and fake data. Additionally,
if D, and D, fail to converge to one half in some cases, the algorithm should be given more

training time to achieve its optimal performance.

4.3.3 Ranges of the parameters

There are two plots in Figure 6. The plot above displays fluctuation of the ranges of
69, which include minimum values (black curves), maximum values (red curves) and the
differences between maximum and minimum values of 69 (blue curves; we use ranges to

represent the differences sometimes). The plot below displays fluctuation of the ranges of <.
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Figure 6

We explore fluctuations of the ranges of ¢ and #9 throughout training. We alternate
between L steps of updating discriminator and one step of updating generator. The updated
parameters are a kind of expression of updated models. We use ranges (minimum, maximum
and the difference) to illustrate the parameters of the algorithms. For the discriminator,
fluctuations of the ranges of ¢ is consistent with the change of the outputs of the discriminator.
To be specific, ranges of §¢ change drastically when D, and D, fluctuate significantly. For
the generator, if the ranges of 9 fluctuate distinctly in the epochs, density plots of z, will

also wave back and forth significantly.
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4.4 Discussion of the experiments

In this section, we will discuss more on the parameters and hyper-parameters listed in

Section 2.3 experimentally. We conduct experiments to explore their influence on shallow

GANSs.

4.4.1 Steps of optimizing the discriminator in each epoch

For the case that our target distribution is target 1 (t1), we use noise prior distribution
prior 1 (pl) and set learning rates « of the discriminator and f of the generator to be fixed
values. We choose three different seeds to sample different mini-batches of initial parameters
(69 and #9°), examples (x) and noise samples (z). Run each algorithm three times with
different seeds. We choose different numbers of steps L to optimize the discriminator in the

inner loop of training. Specific values are listed below.

Hyper-parameter Option or Value

target distribution pgata target 1 (t1)

noise prior distribution pz prior 1 (pl)

size of mini-batch m = 256

steps of optimizing discriminator | L = {1, 5, 10, 20, 50, 100, 200}
learning rate of ¢ a=0.1

learning rate of #9 £ =10.01

range of initial 69 la,b] = [—1,1]

range of initial 64 [c,d] = [-1,1]

seeds of mini-batch 96, 54, 37

We choose L = 10 which provides the discriminator with enough steps to update, so that
the generator could receive enough information from the discriminator to optimize. It also

prevents the discriminator from being optimized to completion.

4.4.2 Learning rates of the parameters

To learn the target t1, we choose prior distribution pl to compare the effect of various
learning rates on the performance of the algorithm. We set 4 options for both o and f listed

below and conduct experiments to analyze all of the 16 combinations.

33



Hyper-parameter Option or Value

target distribution pgata target 1

noise prior distribution pz prior 1

size of mini-batch m = 256

steps of optimizing discriminator | L = 10

learning rate of ¢ a = {0.001,0.01,0.1,0.6}
learning rate of 69 f =1{0.001,0.01,0.1,0.6}
range of initial 69 la,b] = [-1,1]

range of initial 6¢ le,d] = [-1,1]

seeds of mini-batch 96, 54, 37

Given enough training time, density plots of z, perform similarly regardless of the values
of the learning rates a and 5. When « or § is 0.001, the algorithm requires too many epochs
to achieve its best performance. When « is 0.1, the algorithm can reach the best performance
within a proper number of epochs. Since values of 09 are very likely to be small decimals,
we choose a small 5 to avoid suboptimization. Therefore, we choose a = 0.1 and 5 = 0.01

to use in the following experiments.

4.4.3 Activation functions in the discriminator

We present experiments to compare Algorithm 1 and 2 which use different activation
functions in the discriminator. In Algorithm 1, the discriminator includes a Maxout layer
with two Maxout units and two neurons in each Maxout unit. Since the loss function of
GANSs requires the output of the discriminator to be a vector with elements in (0,1), we
further make an elementwise sigmoid transformation on the output of the Maxout layer.

In experiment, we use four noise prior distributions to learn two targets. We set some
specific values of other parameters and hyper-parameters listed in the table below. Run 1000

epochs for each case and compare the performance of two algorithms within such epochs.

a. Algorithm with sigmoid activation function
The algorithm with sigmoid activation function (Algorithm 2) has the following performance.
In all cases that use different noise prior distributions to learn different target distributions,

the algorithm reaches or almost reaches its optimal performance within 1000 epochs. The
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Hyper-parameter

Option or Value

target distribution pyutq

noise prior distribution py

size of mini-batch

steps of optimizing discriminator
learning rate of ¢

learning rate of 69

range of initial 67

range of initial 6%

seeds of mini-batch

epoch steps

both targets
all four priors

m = 256
L=10
a=0.1

g =0.01

[a,b] = [-1,1]
[c,d] = [-1,1]
96, 54, 37

N =1000

performance is similar in all cases, and the only difference is that training time needed to
reach its optimal performance varies in different cases with different seeds. We choose the
case that using priorl to learn target1 with seed1 to illustrate the performance. Density plots

of z,4, outputs of the discriminator and ranges of the parameters are discussed below.

a.1l Density plots

Throughout training, density plots of the generated samples z, move back and forth to
fit the density plots of 2. Most density curves of z, stay close to the targets; however, they
reach unimodal shapes whose peaks are higher than ones of the targets after 1000 epochs as

shown in the figure below.
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a.2 Discriminator

Outputs D, and D, converge to 0.5 in the end. Throughout training, D, and D, wave
up and down when density curves of z, swing back and forth significantly, which means that
the fluctuations of D, and D, are consistent with the movement of z,. Moreover, D, and D,

are likely to fluctuate in opposite directions as shown in the figure below.
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a.3 Ranges of the parameters

Fluctuation of the range of #? is consistent with the change of D, and D,. More
specifically, when D, or D, becomes large, maximum value of #¢ becomes large and meanwhile
minimum value becomes small, and vise versa. 6, converges to 0 in the end. Range of 69

fluctuates slightly and remains flat most time as shown in the figure below.
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Figure 9

Based on the results above, in the discriminator, D, and D, converge to one half and
0¢ converges to 0 in the end. In the generator, range of #9 fluctuates slightly. Although
density curves of z, stay close to the curves of z, they merely converge to the targets.
Considering both discriminator and generator, the discriminator has done its best since D,
and D, converged to one half; however, density plots of z, miss the targets. 87 collapses to
zero in the end, which results in the situation that the discriminator cannot be updated any
more. Therefore, the discriminator might not be strong enough to distinguish fake data from
real data, or to update itself throughout training. We will give a more specific explanation

regarding these phenomena below.
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b. Algorithm with Maxout layer
Performance of the algorithm with Maxout layer (Algorithm 1) varies from case to case.
We summarize two scenarios below to illustrate its performance. We first discuss the cases

that trained within 1000 epochs, and then discuss the cases given enough training time.

b.1 Within 1000 epochs

In most cases, this algorithm fails to achieve its best performance through 1000 epochs.

b.1.1 Scenario 1

Density plots of z, stay close to the targets in the end, but have sharper unimodal shapes
than targets and fail to move down. In these cases, D, and D, converge to one half in the
end, and meanwhile ranges of #? become flat and do not collapse to zero. Figure 10 to Figure
12 are from the case: targetl, priorl and runl(seedl), denoted as t1plrl. In this case, target
distribution is sharper and located on the right side and noise prior distribution is flatter and

located on the left side.
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b.1.2 Scenario 2

Some variables of z, are stuck at 0 or 1 and distributed sharper than targets; others
behave similarly to the cases discussed in last scenario. D, and D, fail to converge to one
half. In some cases, D, and D, are both less than one half and almost remain flat and
parallel to each other; in other cases, D, and D, swing more or less than one half and cannot
converge to 0. Ranges of ¢ fluctuate hugely when D, and D, wave significantly. Ranges of
69 almost keep flat similar to last scenario. Figure 13 to Figure 15 are from the case: t1p4r2.
In this case, target distribution and noise prior distribution are both sharp and target is

located on the left side.
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Figure 16 to Figure 18 are from the case: t1p4r3, which is another run of the previous

case.

45



Density

Density

Density

0.0 05 1.0 15 20

1.0 15 20

00 05

0.0 05 10 15 20

Density of variable 1

—Zz
—zg

range of theta_g = (-1.0035, 0.5546)
range of theta_d = (-3.0516, 5.7496)

N =256 Bandwidth=0.2

Density of variable 2

— 2
-z g
— X

range of theta_g = (-1.0035, 0.5546)
range of theta_d = (-3.0516, 5.7496)

-2 0

N =256 Bandwidth=0.2

Density of variable 3

—Z
—2z49
- X

range of theta_g = (-1.0035, 0.5546)
range of theta_d = (-3.0516, 5.7496)

-2 0

N =256 Bandwidth=0.2

Figure 16

46




1.0

0.8

0.6

0.4

0.2

0.0

Outputs of the discriminator with Maxout layer

— D _x
—D =

[ I I I \ I
0 200 400 600 800 1000

Iteration times

Figure 17

47




Ranges of theta_g

—— min of By
o | e,
‘——\/
O p—
o
! I T T | \ |
0 200 400 600 800 1000
lteration times
Ranges of theta_d
| — minof By
o - I et
] /\f\/_w—//
O p—
< _|
: T T T T I T
0 200 400 600 800 1000

lteration times

Figure 18

Ranges of 69 remain flat and wave slightly in all scenarios.

In the first scenario, the algorithm achieves its best performance. In this case (t1plrl),
density plots of z, and outputs of the discriminator (D, and D,) behave similarly to the ones
in Algorithm 2. Both algorithms reach their best within around 700 epochs in the same case
(t1plrl). The only difference is parameters of the discriminator. §¢ of the Algorithm 1 does
not collapse to zero throughout training.

In the second scenario, the algorithm fails to achieve its best. Since outputs of the
discriminator and ranges of the parameters have various behaviors, it is challenging for us to
analyze their patterns of fluctuation. Therefore, we run Algorithm 1 more epochs (N = 5000)

for two cases visualized above to get its best performance.
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b.2 Given enough training time

b.2.1 Scenario 1

In the case t1p4r2, density plots of z, perform better than before and D, and D, converge
to one half gradually throughout training. Ranges (maximum, minimum and their difference)
of % and #9 almost remain flat. When D, and D, increase between 2000 and 3000 epochs,

maximum and minimum values of 09 decrease and their difference increases.
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b.2.2 Scenario 2
In the case t1p4r3, D, and D, converge to one half through training; however, variable 2
of z, is still stuck at 1 and far away from the target. Ranges of 6% and 69 fluctuate significantly

when values of D, and D, change substantially between 1000 and 2000 epochs.
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Both cases once again show the consistence among three groups of figures. They use
same noise prior distribution to learn same target distribution, and the only difference is
mini-batches are sampled from different seeds. However, one of them reflects the algorithm’s
ability to learn the target’s location, but the other one does not. Therefore, the performance
of Algorithm 1 is very unstable and highly dependes on the mini-batch of data. We will

discuss this pathological performance more concretely below.

c. Comparision of two activation functions
In general, sigmoid activation function performs better than Maxout in shallow GANs

when target only contains a few variables. Based on the results we observed above, there
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are several pathological phenomena of the algorithms. We explore the crux that causes each
phenomenon and propose potential solutions as below.

Generated samples are stuck at around zero or one and fail to move towards
the targets through training. In Algorithm 1, in some cases, density plots of z, are stuck
at around zero or one (Figure 19) after D, and D, converged to one half (Figure 20). Since
this phenomenon only happens in Algorithm 1, we conjecture that it is because of the sparsity
introduced along with Maxout layer in the discriminator. To fix this problem, we could add
another fully connected layer to the discriminator. Due to limited time, we did not conduct
experiments for it. In the following, we give priorities to the discriminators using sigmoid
activation functions, since there are more pathological phenomena we want to explore with
regard to it.

The algorithms can learn the target distribution’s location, but fail to learn
the target’s squared scale. In both algorithms, density plots of z, distribute as unimodal
shapes sharing symmetric axises with the targets (Figure 4, Figure 7, Figure 16), but are
sharper than targets after D, and D, converged to one half (Figure 5, Figure 8, Figure
17). Therefore, we identify that the discriminators in both algorithms lack the ability to
distinguish fake data from real data. Intuitively, we blame it on the structures of the
discriminators which might be too simple to support a powerful discriminating capacity.
To solve the problem, we consider to replace the discriminators by multi-layer perceptrons
with more complex structures, for example, introducing hidden layers in the discriminators.

Parameters of the discriminator collapse to zero through training. In Algorithm
2, when outputs D, and D, of the discriminator converge to 0.5, ¢ always converges to 0.
In the discriminator, there is a very simple structure which makes it equivalent to logistic
regression. D, = S(wizy + woxg + wszrs + b) and D, = S(wizy + wazge + wizgs + b),
in which D, (respectively D,) are outputs (dependent variables) and x (respectively z,)
are inputs (independent variables). When dependent variables converge to 0.5, the easiest
solution for both regression functions is wy, ws, w3, b = 0 since 0.5 = S(0). Through training,

the algorithm tends to choose the easiest way to update the discriminator; however, the
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discriminator loses its discriminating ability when ¢ converges to 0. This is exactly the
“trap” discussed in Section 3.2.3. Against this problem, replacing the shallow discriminator
by the one with a more complex structure is a potential solution. We will introduce a hidden
layer in the discriminator (see Section 4.4.5) and compare it to the discriminator without
hidden layers.

Ranges of 09 keep almost flat. (See Figure 9 or Figure 15.) Ranges of 69 only show
a slight wave throughout training, which means that if we sample #9° from an interval (e.g.
[-1,1]), it is highly likely that 69 in the last epoch will still be in this interval. Since we sample
the initial #9 and ¢ from same intervals in all cases, we would like to try more intervals to
sample the initial parameters. Then we could have a better understanding of the influence of
ranges of the initial parameters on the fluctuations of ranges of the parameters throughout
training and on the performance of the algorithm. We will discuss it more concretely in

Section 4.4.4.

4.4.4 Ranges of the initial parameters

We sample the initial parameters in Algorithm 2 from different ranges and compare their
influences on the performance of the algorithm. We choose three ranges which are intervals

sharing a common center 0 but having different lengths listed below.

Hyper-parameter Option or Value

target distribution pyutq two targets

noise prior distribution py four priors

size of mini-batch m = 256

steps of optimizing discriminator | L = 10

learning rate of ¢ a=0.1

learning rate of 69 8 =0.01

range of initial 67 la,b] = {[-1,1],[-2,2],[-3, 3]}
range of initial 0% le,d] ={[-1,1],[-2,2],]-3,3]}
seeds 96,54, 37

Given different patterns of flunctuations of the ranges of #¢ and 69 observed above, ¢
always varies in a much wider range than 69. For example, in Figure 9 range of 69 is about 2

throughout training (blue curve in the upper plot); however, range of ¢ increases up to about
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15 and then decreases down to 0 (blue curve in the upper plot). Therefore, we conjecture

that the range of 8% will not be a factor as important as the range of #9 under this setting.

a. Range of %

In each case using a noise prior distribution to a target distribution, for a fixed range of
90, different ranges of % do not significantly influence the results. See the figures (of the
case: targetl, priorl, runl, #9° € [—1,1], denoted as t1p2r1G1) below. In this case, target
distribution is sharper and located on the left side and noise prior distribution is flatter and
(0

located on the right side. In each group of three figures below, are sampled from [—1, 1],

[—2,2] and [—3, 3] respectively.

a.1l Density plots
Density plots of each variable of z, in three figures have similar shapes, which means that

different ranges of #%° do not significantly influence the results of the generated data.
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a.2 Discriminator

Outputs of the discriminators are highly similar. They require similar epochs (about 800
epochs) to reach their best and values of D, and D, throughout training are similar as well.
Therefore, different ranges of §%° do not significantly influence the process of optimization of

the discriminator that we investigated.
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a.3 Ranges of the parameters

Ranges of 69 and #? fluctuate similarly throughout training as well. The upper right
corners of Figure 24 to Figure 26 provide ranges of the parameters in the last epoch.
Ranges of three variables of 69 in the last epoch are (—1.2340,0.9398), (—1.2344,0.9407)
and (—1.2348,0.9416) respectively; ranges of three variables of #¢ in the last epoch are
(—0.0313,0.0233), (—0.0328,0.0226) and (—0.0344, 0.0219) respectively. There is only a slight

difference among ranges of the parameters in the last epoch.
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Figure 33: Ranges of the Parameters 3
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Therefore, ranges of the initial 8¢ do not have a significant effect on the performance of

the algorithm in our cases. It partially confirms our conjecture at the beginning of Section

We will discuss two main scenarios below. In one scenario, density plots of the generated
data z, gain bimodality when wider ranges of #9° are used. In the other scenario, density
plots are distributed as unimdal shapes all the time. In both scenarios, in each group of three
figures below, #9° are sampled from [—1,1], [-2,2] and [—3, 3] respectively.

Below list figures of the first scenario (from the case: targetl, prior2, runl, 6% € [—1,1]




denoted as t1p2r1D1). In this case, target distribution is sharper and located on the left side

and noise prior distribution is flatter and located on the right side.

b.1 Scenario 1

Density plots of z, in the last epoch change from unimodal shapes to bimodal shapes
gradually when the range of #9° goes wider. Moreover, when density plots distribute as
unimodal shapes, it is very likely that they are sharper than targets; however, when bimodality

is gained, they distribute more flat and both modes are lower than targets.
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Figure 35: Density Plots 2
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Figure 36: Density Plots 3

Apparently, the algorithm requires much more epochs to train before reaching its best
(from about 800 epochs to 2500 epochs, then to 6000 epochs) when the range of #9° becomes
wider. Meanwhile, D, and D, flucuate more extremely through training (from about [0.2, 0.8]

to [0, 1]).
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Figure 39: Outputs of the Discriminator 3

We still have §¢ converging to zero in all figures. However, the range of §¢ waves more
broadly when the range of #9° becomes wider (from around [—10,15] to [—20,40], then to
[—30,60]). The range of #9 becomes slightly larger (blue lines) but remains flat most time.
Maximum and minimum values of #9 (red lines and black lines) decrease slightly and remain

flat most time throughout training.
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Figure 42: Ranges of the Parameters 3

b.2 Scenario 2
We will discuss the second scenario in the following (from the case: t1p4r3D1).

All density plots of z, are unimodal and sharper than targets.
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Figure 43: Density Plots 1
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Figure 45: Density Plots 3

Performance of the discriminator’s output is similar to that in the last scenario.
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Figure 46: Outputs of the Discriminator 1
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Figure 47: Outputs of the Discriminator 2
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Figure 48: Outputs of the Discriminator 3

6¢ converges to zero and its range fluctuates more when the range of #9° becomes wider.

Ranges (maximum, minimum and the difference) of 69 remain flat most time during training,.
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Figure 51: Ranges of the Parameters 3

c. Analysis of both ranges of % and §9°

In Section 4.4.4, we intend to analyze the influence of the ranges of #9° and 6% on the
performance of Algorithm 2. We observe some familiar performance discussed in Section
4.4.3. In the following, we will analyze the performance exclusively appearing in Section
4.4.4.

Performance of the algorithm is not significantly influenced by the range of
6%, Similarity of the density plots of z, reflects that different ranges of % do not have a
significant impact on the generated distribution. Similarity of the changes of D, and D,
shows that the discriminator is not significantly affected throughout training. Similarity

of the fluctuations of the ranges of #¢ and #9 and ranges of parameters in the last epoch
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illustrates that the iterative update process of the parameters is not significantly affected.
Similarity of the training epochs before reaching the best performance indicates that the
convergence rates of the algorithm remain stable. Therefore, we believe that different ranges
of 69 will not significantly affect the performance of Algorithm 2. Although ranges of 6%
are less important in this algorithm, it requires further exploration as to whether it will have
a significant impact on the performance of GANs under other settings.

Density plots of the generated data gain bimodality when the range of 69
goes wider. Ranges of #9 remain almost flat during training. 9 in the last epoch shares a
similar range with #9°. Since ranges of §9° are centered at 0, the range of §9 will be larger
if we use a wider range of #°. As shown in Section 3.1.2, z, is distributed as a logit-normal
distribution. Greater values of |#9] lead the generated distribution to be bimodal as shown
in the figures above, and lower values of |#9] lead it to a unimodal shape. Therefore, the
experiment results are consistent with previous proof in Section 3.1.3.

It takes longer time to train the algorithm before achieving its best when
the range of 0% is wider. Since when the range of #9° is wider, it is likely that the
range of #9 throughout training is wider. Therefore, there are more values of 69 that can be
covered throughout training. Furthermore, if the range of #9° is wider, the absolute values
of parameters of the generator will be larger. Then with fixed gradients of the parameters,
it takes longer time to train if the values of parameters are larger.

Outputs and parameters of the discriminator fluctuate more exaggeratedly
throughout training when the range of 6% is wider. With fixed mini-batches of noise
samples, larger 9 gives us larger values of generated samples. Then during the update of the

discriminator, the gradients are larger, so that the values of #? change more significantly.

4.4.5 A hidden layer in the discriminator

We introduce a hidden layer in the discriminator to solve previous problems and name it
Algorithm 3. Sigmoid activation function is used in both hidden layer and output layer. We

use four prior distributions and choose three ranges of #9° to learn two targets. Run each
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case three times with different seeds.

Hyper-parameter Option or Value

target distribution pgaia two targets

noise prior distribution py four priors

size of mini-batch m = 256

steps of optimizing discriminator | L = 10

learning rate of ¢ a=0.1

learning rate of 69 £ =10.01

range of initial 69 [a,b] = {[—1,1],[-2,2],[-3, 3]}
range of initial 64 [c,d] = [-1,1]

seeds 96, 54, 37

In general, Algorithm 3 solves some of the problems occurred when we use Algorithm
2. It improves the discriminator with a stronger discriminating capacity and a more robust
parameter update process. In the following, we will discuss the improvement of Algorithm 3

and identify the unsolved issues.

a. Improvement of Algorithm 3

We compare the results of alogrithm 3 to the ones of Algorithm 2. Figure 52, Figure 54
and Figure 56 show the results of Algorithm 2 in a case (t1p1r2G3). Figure 53, Figure 55
and Figure 57 display the results of Algorithm 3 in the same case.

Density plots of the generated distribution fit the targets better especially
when the range of §9° is large. In Figure 52, density curves of z, (purple dashed lines) fail
to take on the unimodality of the target curves and show bimodality instead. This problem
is eliminated in this case by using Algorithm 3, since density curves of z, are unimodal and
fit the targets better (see Figure 53). Therefore, given same noise samples, examples and
initial parameters, Algorithm 3 has potential to learn the targets better than Algorithm 2.
Moreover, both algorithms can learn the unimodality when ranges of #9° are small, i.e. [—1,1].
In Algorithm 2, density plots are more likely to distribute as bimodal shapes when #9° are
sampled from a large range, i.e. [—3,3]. However, Algorithm 3 can learn the unimodality
even ranges of 69° are large in this case. Therefore, range of the initial parameters of the

generator has less effect on the results of Algorithm 3 than on the ones of Algorithm 2.
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Figure 53: Density Plots 2

Discriminator gains improved discriminating capacity. 0? are optimized more
robustly and more values of #9 can be reached throughout training. In Figure 54 and 56,
D, and D, converge to one half and #? converges to 0 within 3000 epochs, which means
that Algorithm 2 has been optimized within around 3000 iterations. However, in Figure 55,
outputs of the discriminator do not converge to one half throughout training and D, and D,
stay almost parallel to each other after 4000 epochs. In Figure 57, ¢ (WY and W%?)) does

not collapse to 0 any more, and ranges of 69 fluctuate more widely than in Figure 56.
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Figure 57: Ranges of the Parameters 2

b. Outstanding issues

Wider ranges of the initial parameters of the generator tend to worsen the
results. Figure 58 to Figure 60 show density plots of #9° sampled from ranges [—1, 1], [-2, 2]
and [—3, 3] respectively in a case (t1p2r2). Density plots show unimodality in the first two

figures; however, density curves of z, gain bimodality in the third figure.
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Figure 58: Density Plots 1
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Figure 59: Density Plots 2
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Figure 61: Outputs of the Discriminator

Discriminator shows a periodic trend and fails to converge. Figure 61 displays
outputs of the discriminator corresponding to Figure 60. D, and D, show periodic changes
and fail to converge to one half after fifteen thousand epochs. It proved once again that a
wider range of the initial parameters of the generator can lead to bad performance of an
algorithm. In these cases, the discriminator can differentiate between real data and fake data
during the periodic update, but it cannot guide the generated distribution to move closer to
the target. Moreover, when the parameters are large, the generated data is more likely to
show a bimodal shape with the two peaks of the generated distribution swinging back and

forth and the generated distributions failing to converge to the target.
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5 Conclusions

We identify several pathological phenomena in the theoretical analysis and experiments.

When noise prior distribution is normal and generator is a one-layer perceptron
using sigmoid activation function, the class of normal target distributions is
not learnable through the algorithm consisting of this generator and a weak
discriminator. We prove that in this case, the generated distribution is logit-normal. Then
for a normal target, the generator will never generate a distribution which can converge to
the target. From a distribution learning-theoretic view, we prove that the class of normal
distributions is not learnable in this case. Furthermore, a weak discriminator can make
the generator’s work even more difficult, in the sense that even for a specific achievable
generalization error €, the time taken by the generator to learn this accuracy will depend
directly on the weakness of the discriminator.

Sigmoid activation function performs better than Maxout in the algorithm
with no hidden layers in the discriminator. In the algorithm with sigmoid activation
function in the discriminator, the generated distribution can recover the target distribution’s
location. However, the algorithm with Maxout layer fails to learn the target’s location. It
may be because of the sparsity introduced to the discriminator along with the Maxout layer.
Since there are only three target variables in our cases and the discriminator is a one-layer
perceptron, the sparsity along with Maxout may worsen the performance by filtering out
some important information.

The algorithms with sigmoid activation function and without hidden layers in
the discriminator have several pathological behaviors. The probabilities D, and D,
both converge to one half, but the generated distribution does not converge to the target.
9¢ collapses to zero through training and range of #9 keeps almost flat. The algorithm can
learn the targets’ locations, but it fails to learn the targets’ squared scales in most cases.
When the range of #9° is small, the generated distribution can learn the unimodality of

the target, but has a sharper shape than the target. As the range of #9° becomes larger,
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the generated distribution gains bimodality; the algorithm requires longer training time to
achieve its best; outputs and parameters of the discriminator fluctuate more exaggeratedly
throughout training.

The algorithm with a hidden layer in the discriminator performs better than
the other two algorithms; however, there are several pathological behaviors as
well. The generated distribution fits the target better using the algorithm with a hidden
layer in the discriminator than using the other algorithms especially when the range of §9°
is large. ¢ does not collapse to zero any more and range of 69 does not stay almost flat
any more. However, in some cases, the generated distribution still gains bimodality when
the range of §9° becomes wider. The discriminator’s capacity improves, but sometimes the

discriminator tends to have a periodic trend and fails to converge.
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6 Limitations

In this thesis, we only focus on some aspects and explore their effects on shallow GANs.

This simple model has the advantage that we can obtain concrete theoretical and experimental

insight. However, even here are more values or options of the aspects and more aspects that

could be explored in the future.

In the learning-theoretic analysis, we only analyze the learnability of a class

of distributions using a shallow GAN algorithm with a specific setting. There

are more settings open to analyze, for example, the discriminator or generator with other

activation functions or with more hidden layers, other noise distributions and etc.

In the experiments, there are different pathological phenomena when we use

different algorithms as below:

(i)

(iii)

(iv)

We choose several seeds to sample mini-batches of data. In some cases, the results
vary significantly when different mini-batches of data are used. Due to the limitation

of time, we did not sample enough many mini-batches of data in some cases.

Maxout layer in Algorithm 1 does not perform well in our cases. The performance may
be better, if we use examples with more variables or introduce more hidden layers in

the discriminator.

Distribution generated by Algorithm 2 gains bimodality gradually when range of #9°
becomes wider. This pathological phenomenon is alleviated slightly when we add a
hidden layer to the discriminator; however, it still exists. Expand the hidden layer or

add another hidden layers to the discriminator may alleviate this problem further.

In some cases when pg., and pg are close enough, pgu, is unimodal but ps can be
bimodal, so pg may never converge to pg.q. Since the bimodality of pg comes from the
logit-normal distribution, the bimodality may be eliminated if we use a uniform prior

distribution to learn a target normal distribution.
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A  Functions and Pseudo-codes

All functions are highlighted in color red.

A.1 Algorithm 1

Functions:

o Sigmoid(z): Compute Sigmoid transformation of z. Input: random noise z; output:

2 =1/(1+e).

o Generator(07,z): Compute output of generator calling Sigmoid function. Input: noise

samples z and parameters in generator 69; output: generated samples z,.

o Mask(x,;): Compute new datasets after using a binary mask. Input: examples x or
generated samples z, and a binary mask p; output: examples Z and generated samples

Zg-

o Discriminator-MaxSig(x,0¢,1,v): Compute output of discriminator calling Mask and
Sigmoid function. Input: generated samples z, or examples x, parameters in discriminator
69, a binary mask p and a coefficient vector v for combining Maxout units (e.g.v =
(1,-1)); output: D,(input z,4) or D,(input x), new datasets & or Z, and the argmax

among nodes in a Maxout unit Aqrgmaz-

o Gradient-D-MaxSig(x,z,,0% 1,v): Compute gradient of §? calling Discriminator-MaxSig
function. Input: examples z, generated samples z, and parameters in discriminator 6¢,
a binary mask p and a coefficient vector v for combining Maxout units; output: VgaJy:

gradient of 6.

o Gradient-G-MaxSig(z,09 76daDZahz—argm,axa,u): Compute gradient of #9 calling Generator
function. Input: noise samples z, parameters in generator 69, a binary mask pu,
parameters in discriminator #¢ and other information from discriminator D, and h2—argmaz

when z, is the input of discriminator; output: VygsJ,: gradient of 69.

vi



o 0GAN-MaxSig(m,p,pz.Paatas---,a,b,¢,d,p,c, 5,N | L v, seeds,Q,K): whole algorithm including

99 and 09 update and visualization calling all the above functions.

Pseudo-codes:

Algorithm 1 GAN with Maxout layer (function oGAN-MaxSig)
1: Set a seed.

2: Set initial parameters % and #9° by sampling from continuous uniform distribution.

3: Create numerical vectors D, and D, with length N to save the results of discriminator
in N iterations.

4: Create numerical matrix norm(69) and norm(6?) to save norms in each iteration.

5. for number of training iterations N do

6: for L steps do

7 Sample mini-batch of m noise samples {z(!), ..., 2(™} from noise prior py(2).

8: Generator: Generate samples using Generator given {1, ..., 2(™} sampled above.
9: Sample mini-batch of m examples {z(), ..., 2™} from target distribution paaa(z).
10: Update the discriminator by ascending its stochastic gradient:

11 Gradient-D-Sigmoid: VgaJy = Vgat S [logD(2®]6%) + log(1 — D(z{"|6%))]

12: Gnew = 04 + aVpaJy

13:  end for

14:  Sample mini-batch of m noise samples {z™), ..., 2™} from noise prior pz(z).

15:  Generator: Compute generated samples in generator given new noise samples.

16:  Discriminator-MaxSig: Compute information from discriminator (D, and h,_argmaz)
given new generated samples and updated §¢

17:  Update the generator by descending its stochastic gradient:

18:  Gradient-G-Sigmoid: VgsJ, = Vs 2log[l — D(G(z1)|09)]g%ew)]

19: 09w =09 — Vo J,

20:  Compute and save norms of 69 and 6.

21:  Visualize empirical density plots of examples x, noise samples z and generated samples

Zg-

vii



22:

23:

24:

25

26

27

Compute mean of outputs of discriminator D,.
Discriminator-MaxSig: Compute outputs of discriminator D, given updated §¢ and

new noise samples z for visualization and compute its mean value.

end for
. Visualize mean values of D, and D,.
. Visualize norms of #9 and 6<.

: Save latest 69.

A.2 Algorithm 2

Functions:

Sigmoid(z): Compute Sigmoid transformation of z. Input: noise samples z; output:

c=1/(1+e).

Generator(67,z): Compute output of generator calling Sigmoid function. Input: noise

samples z and parameters in generator 69; output: generated samples z,.

Discriminator-Sigmoid(x,0?): Compute output of discriminator calling Sigmoid function.
Input: generated samples z, or examples z, and parameters in discriminator §%; output:

D, (input z,4) or D, (input z).

Gradient-D-Sigmoid(x,z,,0?): Compute gradient of ¢ calling Discriminator-Sigmoid
function. Input: examples z, generated samples z, and parameters in discriminator 6¢;

output: VgaJy: gradient of 69.

Gradient-G-Sigmoid(z,09,0%): Compute gradient of #9 calling Generator and Sigmoid
function. (Sigmoid function and ¢ provide the information D, from discriminator
when input is zg.) Input: noise samples z, parameters in generator #9 and parameters

in discriminator 8%; output: VgJ,: gradient of 69.

oGAN-Sigmoid (m,p,pz . Paatas---,a,b,¢,d,c,3,N,L,seeds): whole algorithm including 6¢

and 09 update and visualization calling all the above functions.
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Pseudo-codes:

Algorithm 2 GAN with Sigmoid Activation Function (function oGAN-Sigmoid)
1: Set a seed.

69 and #9° by sampling from continuous uniform distribution.

2: Set initial parameters

3: Create numerical vectors D, and D, with length N to save the results of discriminator
in N iterations.

4. Create numerical matrix norm(69) and norm(6?) to save norms in each iteration.

5. for number of training iterations N do

6: for L steps do

7: Sample mini-batch of m noise samples {1, ..., 20™} from noise prior pz(z).

8: Generator: Generate samples using Generator given {z(V), ..., 20™} sampled above.
9: Sample mini-batch of m examples {z(V) ..., 2™} from target distribution paasa (7).
10: Update the discriminator by ascending its stochastic gradient:

11: Gradient-D-Sigmoid: VgaJy = Ve 37 [logD(zD]6%) + log(1 — D(z57167))]

12: Gdnew = 0% 4 aVpaJy

13:  end for

14:  Sample mini-batch of m noise samples {1, ..., 2™} from noise prior pz(z).

15:  Update the generator by descending its stochastic gradient:

16:  Gradient-G-Sigmoid: VgsJ, = Vs log[1 — D(G(21)|69)]g%new)]

17: 09w =09 — Vo J,

18:  Compute and save norms of #9 and 6.

19:  Visualize empirical density plots of examples x, noise samples z and generated samples
2g.

20:  Compute outputs of discriminator D, and D, given updated §¢ and new samples z for
visualization.

21: end for

22: Visualize outputs of discriminator D, and D,.

23: Visualize norms of #9 and 6%,

X



24: Save latest 69.

A.3 Algorithm 3

Functions:

o Sigmoid(z): Compute Sigmoid transformation of z. Input: noise samples z; output:

z=1/(1+e77).

o Generator(09,z): Compute output of generator calling Sigmoid function. Input: noise

samples z and parameters in generator 7; output: generated samples z,.

« Discriminator-Sigmoid-h(x,1¥7" W *)):  Compute values in hidden layer and output
layer of discriminator calling Sigmoid function. Input: generated samples z, or examples
x, and parameters in discriminator ¢ (W® and W®); output: D, and z(input z,),

or D, and x1(input ).

o Gradient-D-Sigmoid-h(x,z,, W W ®#)): Compute gradient of #¢ calling Discriminator-
Sigmoid-h function. Input: examples z, generated samples z, and parameters in

discriminator ¢ (W and W®); output: gradients VgaJj.

. Gradient—G—Sigmoid—h(z,0",DZﬁz;./V’V (M W 2): Compute gradient of §9 calling Generator
function. Input: noise samples z, parameters in generator #9 and information from

discriminator (D, z}) and parameters in discriminator 6% output: Vgs.Jy: gradient of

9.

o 0GAN-Sigmoid-h(m.,p,Q.pzPaata,---;b,c,d,cv,3,N L seeds): whole algorithm including

69 and 09 update and visualization calling all the above functions.

Pseudo-codes:

Algorithm 3 GAN with a hidden layer and Sigmoid transformation function in

discriminator (function oGAN-Sigmoid-h)

1: Set a seed.

2: Set initial parameters % and #9° by sampling from continuous uniform distribution.



3: Create numerical vectors D, and D, with length N to save the results of discriminator

in N iterations.

4: Create numerical matrix norm(69) and norm(6%) to save norms in each iteration.

5. for number of training iterations N do

6: for L steps do

7: Sample mini-batch of m noise samples {z(!)| ..., 2(™} from noise prior pz(2).

8: Generator: Generate samples using Generator given {2, ..., 20™} sampled above.

9: Sample mini-batch of m examples {z(V, ..., 2™} from target distribution paaa(z).

10: Update the discriminator by ascending its stochastic gradient:

11: Gradient-D-Sigmoid-h: Vi Jg = Vipoy = Z;L[logD(x(i)|W(1))—|—log(1—D(z§i)|W(1)))]

12: Gradient-D-Sigmoid-h: Vi@ Js = Vipe = S [logD(z®|W ) 4log(1—D (24 |W®))]

13: WWnew = WO 4+ aVy,0)Jy

14: W&new = W 4+ aV e Jy

15:  end for

16:  Sample mini-batch of m noise samples {2V, ..., 20™} from noise prior pz(z).

17:  Get information from discriminator (D, and z) given newly updated 6.

18:  Update the generator by descending its stochastic gradient:

19:  Gradient-G-Sigmoid-h: Ve Jy = Vs Llog[l — D(G(21)]69)]§%ew)]

20:  @Irew =09 — BV J,

21:  Compute and save norms of #9 and 6.

22:  Visualize empirical density plots of examples x, noise samples z and generated samples
Zg.

23:  Compute outputs of discriminator D, and D, given updated §¢ and new samples z for
visualization.

24: end for

25: Visualize outputs of discriminator D, and D,.

26: Visualize norms of #9 and 6%,

27: Save latest 69.

X1



B Proof of Gradients

B.1 Algorithm 1

1. In discriminator:

Apply a binary mask to input examples x or generated samples z,,

/’L = {Mq:]} E RQXP? j: 17 "'7p7 q = 17"‘7@

Fo={E)} eR™P i=1,..m

Zyq={31 } € R

(3

) )
9 7.9

In ¢'* Maxout unit, input examples z,

07 = (W bHT = (W, ..., W pT € REXw+)
0" = {00}, =1,..p+ 1 k=1,.,K
By = (T4 1) = (X1, ) Tgp, 1) € RTXEHD
hox () = 67(£,0)T € RF
ho(z®) = maz{h(z)}, ¢=1,..,Q
kq(x(i)) = argmaxk{th(x(i))}

h(@) = {hy(z")}.

In ¢'" Maxout unit, input examples z,,

0 = (WHT b)) = (W, .., Wi b")T e RFEPHD
0'={07}, j=1....p+1, k=1.K

20 a= (200 1) = (24 g1, - Zg qp, 1) € RTXPFD

Xii

(B.1)
(B.2)

(B.3)

(B.4)

(B.5)

(B.6)



th(z(i)) = Qd(z; q(i))T e REx1 (B.8)
hQ(Z(Z)) = ma${hQK(Z(i))}7 q= 1, ) Q
kzq(z(")) = argmaa:k{th(z(i))}

h(z) = {hy(')}. (B.9)

In output layer,

DY = S(h(z)Tv) (B.10)

D = S(h(z)Tv) (B.11)

2. Update parameters in discriminator:

Loss function is,

ZlogD @169 4 log(1 — (z;“\ed))] (B.12)

Z logD{ + log(1 — DW)).

Compute gradients VWdei).
deJd == {ijdjd},j = 1, P
1 «— i
Viada= — Zl Viya s (B.13)

={wi}, k=1,..K, j=1,..,p

Vel ={V '}

VM = {VMlgzjq} e RKx(p+1)><Q><m
VMG, =0, VM ) =)
; 0
i) —_ pW
Vw:‘f,de awhj [1ogD + log(1 — D)) (B.14)
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=(1-DMVMI o

1 & . :
_ ? (2)
Vg, Ja=— E‘_l: (1= DYVM v]. (B.15)
Update 6,
We=W*+aVya,. (B.16)

3. In discriminator:

Get information from discriminator again using newly updated <.

Inp/LLt: /’L = {MQJ} e RQXP? ] - ]‘""7p7 q = 17"'7Q

Zyq={3" } € R

9 3,4
0= 25 i (B.17)
Mazxoutunit : h((jl)( = 0%(z; )T € REX! (B.18)
h((;) = max{héil)(}, g=1,...Q
k’y) = argma:vk{hé%}
Rl — {hgi)}
Output : DY = S((hD)Tv). (B.19)
4. In generator:
Input layer : 2= (z 1), 2= (21,..., %)
Output layer : z, = S(269) (B.20)

p+1
Z‘((]Z)Zl' = S<Z chl)wZ,j)J = 17 my g = 1? e P-
u=1

5. Update parameters in generator:

Loss function is,

Xiv



Jy = —Zlog (1 — D(G(2?69)6%)) (B.21)
= —Zlog (1= D(z716%))

= — Z log(1 — DW)

Given information from discriminator u, D,, k, and 6¢, output of generator z, and noise

samples z, compute Vg J,.

1 .
VWg Jg == E Z VWg J(Z) (B22)

w,j 9 ’
) ) (@) (@) j

VWﬁ,j Jg(z) =-DY Z [QZ(S”J(ZQZJMQJ)Q - Zglj“qd)zvsz)vq} (B.23)

qg=1

1 ;
Vs Jo =~ Vs JJ). (B.24)
i=1
Update 69,

W9 =W?9 — Ve, (B.25)

B.2 Algorithm 2

During iterations, there are five main steps for updating parameters in discriminator and
generator.

1. In discriminator:

Given z, z, and 67, compute output of discriminator. Sigmoid activation function is used
in discriminator (Sigmoid function: S()).

Input @, i=1,...,m,

XV



Input layer : 2(0) = (9 1), @ = (:cgi), ozt

7p

Output layer : 0% = (WHT vH)T = (WL, .., Wlfl,bd)T, 64 = {9?}, j=1,..

p+1

DY = 8(zety = 53" {0,
j=1
Input z_((,i), i=1,....m,

Input layer : ééi) = (Z!(]i) 1), Z!(]) ( 5121)7- ,zé?)

Output layer : 0% = (WHT vH)T = (W¢, ... Wd DT g4 = {Qd} j=1,.

~ p+1
DY = S(z"60") = 5(3_ 2,6)-
j=1
2. Update parameters in discriminator:
Loss function is,
1« ; .
Jo=— > [logD(z[6%) + log(1 — D(={"|6%))]
i=1
1 i i
= Z[logDi) +log(1 — D).
i=1

Compute gradients VyyaJ éi).

Viada = {Vipada},j =1,
1 — ;
Viada = — vadjy

= {w;l}, j=1,...p
Vipa ) = {vwdjd“},j =1,..,p

i 0
v’w]d‘]c(l) ENE] [logD + log(1 — D(’))]
Wi
_pi - Dé’))m(i) —Dpi(1 - D?))Z@
o j 1_pl 9

XVi

p+1

»p+1

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)



=(1 Dx))xj - Dg)zg i
1 & Nz N G
Vosda = — > (1= DMzl — DO, (B.33)
=1
Update 6,
W =W+ aVya,. (B.34)

3. In discriminator:

Get information from discriminator again using newly updated 6,

Input : Z(i), 1=1,...m

g
p+1 0 (B.35)
. ) — i) pd
Output : D\ = S(Z z, ;05
j=1
4. In generator:
Input layer : 2= (2 1), z = (z1,..., %)
Output layer : z, = S(269) (B.36)
) p+1 A
z_f]z)j = S(Z zl(f)wzd-),i =1,.m, j=1,..,p.
u=1

5. Update parameters in generator:

Loss function is,
Zlog (1-— =0]69)0%)) (B.37)
= —Zlf)g (1 - D(z{"10%)

= — Z log(1 D(Z

Given information from discriminator D, and ¢, output of generator 24 and noise samples

z, compute Vg Jy.

xXvii



1 «— .
VWng - E Z VWQJ;)
=1

Vwed, = {ngng}, u=1,...,p, j=1,...,p

VWng(i) = ngvjjéi), u=1,....p, 7=1,...,p

gy 0J 0%,

vu)g J(z) — = -
wi 9 (i)wz’j azéz)j awﬂ,j
[ i (l)
_ DY -DY) 02
1 Dzz') I w?
p¥(1-DY) (i) \ ()
- 1 _ pW 052, 5(1 = 27;)z
W g = — . 2 (1 — 27z
79 m 1 Dgz) i”g j g 3/%;

Update 09,

B.3 Algorithm 3

1. In discriminator:

W9 =W9 — BVpald,

(B.38)

(B.39)

(B.40)

(B.41)

Given z, z, and 6% (W4 and W), compute output of discriminator. Sigmoid

activation function is used in both hidden layer and output layer. (Sigmoid function:

SO)

Input 2@, i=1,....m,

Hidden layer :

xviil

(B.42)



Output layer - DY = §( @Cll(i)w;m))_

Input zéi), i=1,....m,

Input layer : 2\ = (Z(i) oy 2D 29 = (20 1

Hidden layer : =2 = S(é(i)wf](l))

j=1
i 1(i 16
Zg() = (Zg(l)u 7Zg(Q)>
Agl(i) — (Z;(i) 1)
Q+1 A
Output layer : DY) = S(Z 2’;(21@3(2)).
q=1
2. Update parameters in discriminator:
Loss function is,
RS i i
Jg = . Z[ZogD(x( )169) + log(1 — D(zé )16%))]
i=1
] — , ,
= — [logD¥ +log(1 — DY
m;[og » +log( )]

Compute gradients Vya Jg) (Viyae Jg and Vypaa) Jq).

From output layer to hidden layer, compute Va2 /4,

Ve Jg = {ng@) Jat,a=1,..,Q

Vipae ) = {V 0 JNg=1,..,Q

Vw;z(z)J(gi) =~ [long) + log(1 — Dg))}

Wq

0 _ p 01 _ pi
_ D1 - Dy )xm) N —D:’(1 - D: )Zm)

Dy ‘ 1- DY

Xix

(B.43)

(B.44)

(B.45)

(B.46)

(B.47)



— (1 - D)zl — p 10

z g4
RS N1 i) (i
v, iedi=— ; (1= D)zl — D10 (B.48)
From hidden layer to input layer, compute Vyjaa)Jg,
de(l)Jd - {qu(l)Jd},j = ]-7 Py 4= 17 EEE) Q
2.9
Vivaw Jy) = {V a8} 5 =1 p, ¢=1,..,Q
7,9
(4) (i) 5..10) (i) o, 1(i)
wi ) d D 1(i) 5 d(1) 1() o d(1) :
, w;, Oxq Qw;, 0zg'q Ow;,
DO — DIl 910 p(1 - POy 9210
0w -0 ou®
D(i)(l _ D(i))w;i@) » o —D(i)(l _ D(i))wd(2) .
_ z T () _.1(9) (%) z z q 1(4) 1(4) (4)
Dg(ci) Tq (1 Tq )xj + 1— Dgi) “g q(l % q)zgj
— (1 _ @Y, d@) 10 (1 100 ), ,d2) ,16) (1 L16)N (0
= (1 = Dy )wg V(1 — 2 )z DY wi Pz (1= 2,') 2,
1 & . ,
\V/ J, = — 1— D(z) d(2),.1(2) 1 — 1(0)y,.(8) D(z) d(2) ,1(4) 1— 1(7) (Z) B.50
W zzl: [( x )wq x, T, 2 Wy "% ( g q)Zg ]} ( )
Update 6,
W = Wi 4 oV ) Jy (B.51)
WD = Wi 4 aVyae Jy (B.52)
3. In discriminator:
Get information from discriminator again using newly updated <,
Input : zéi), 1=1,...m
_ ptl
Hidden : =)) =S 2{ai)).q=1,..,Q (B.53)
j=1
Output : D) = S(Z 2;(;)105(2)). (B.54)
q=1



4. In generator:

Input layer : 2% = (zy), ...,z(i)), 200) — (z(i) 1)

p
Output layer : z, = S(ZW?7) (B.55)
p+1
zéz)] = S(Z sz)wzj),] =1..,p
u=1

5. Update parameters in generator:

Loss function is,
1 — A
@:7%§:w¢1—pan5%mw%) (B.56)
i=1
1 «— .
= =3 log(1 = D(={|6"))
=1

1 & ,
== log(1—DW
m£1@( )

Given information from discriminator D, z}, W and W% output of generator z,

and noise samples z, compute VyyqJ,.

i Q i 1(i (@)
v, g0 8Jg§) _ Z [ajsg) 9 g(q)} 92y (B.57)
oy~ & o o o, |
Q D@1 _ p LY
_ Z[_ 2 (1-D: )wd(2)z (1)(1 _ Zl(z)>w{i(1)] 9
1_ p® a “g 9a/) %5 31119]-
q:l z u,
Q (i) (4)
—D: (1 —D: ) d(2) J1(3) 1(4)y,,,d(1)y (%) (i) \ @
- Z[ 1_ pW q( g q (1 Zg(q)wj,q ]Zg ](1 % ])Z'l(t)
q=1 #
J d(1)y(3) (4)
i i 7 1 % 7 i
= —DW Z[zl(q)(l z;(q))wj(z)wj’q Jz, (1 =2 )2W
q=1
Update 09,
W9 =W?9 — BVwel, (B.58)

XX1



