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Abstract

This thesis explores applications of Interior Point methods as popularized by Karmarkar
[36] for solving Multicommodity Network Flow problems (MCNF). In these problems,
several commodities must be shipped between various nodes of a network. The n‘oal
is to satisfy the shipping requirements at a minimum cost, while respecting processing
capacities on the joint flow of commodities.

The thesis presents a unified view of current methods for multicommodity networks,
from the early formulations to current work that has involved nonlinear and interior
point methods. It compares and contrasts some Interior Point methods, and discusses
how they can be applied to the MCNF problem.

It builds upon the first Interior Point partitioning method proposed to solve MCNF, and
implements a related partitioning method. This scheme allows network subploblerns to
be solved using eflicient network simplex algorithms: then the results are coordinated
using a linear program that is solved with an Interior Point affine scaling algorithm. It
presents computational results, comparing the results from the partitioning method with
those found by solving an LP forrnulat]on of the problem using the affine scaling method.
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Chapter 1

Introduction

1.1 Problem Statement

In the Multicommedity Network Flow problem (MCNF), several commodities must be shipped between
various nodes of a network. Units of a commodity are processed along each arc at a variable cost, and
processing capacities may constrain the joint flow of commodities. The goal is to satisfy the shipping
requirements at a minimum cost.

Commodities may share various chacacteristics that influence the process in varying ways, such as: rnass,
density, length, width, height, area. volume, viscosity, critical mass!. Processing limits [or each characteristic
result in a set of joint constraints.

Multicommodity Networks have been used to model a variety of applications. MCNF was first formulated
o describe the routing of messages in communicalions networks [22,34], and subsequently by Hu 132]
and White [68].

Scheduling problems involving transportation systems have been another area for applications of MCNT.
Early work included planning of urban traffic systems [15,55]. Railway car [11,61] and airline scheduling
[65] are ongoing areas for research. Recently, several authors have used USAF Military Airlift Command
problems for a Patient Distribution System that determines how well patients can be evacuated {rom
Europe [38,60, 62).

Inventory and transportation .nodels introduce natural network structures combined with production
constraints, and generate AICNT problems. Applications have included warehouse location (24], manu-
facturing planning [30], and operations scheduling for oil refinerics [43].

In the realm of social planning, MCNF has heen used to assigning students to schools to achieve desired

!For nuelear fissionables like Plutonium and Uranium 235

-1



ethnic compositions [19].

1.2 Multicommodity Network Flow Formulation

To define MCNF lormally, consider a nelwork processing X commodities where:

o A* defines the set of arcs for commodity kyfork=1,... K

« 2 is the flow of commodity k from node i to node j,

. c:-”'_j is the cost per unit of flow of commedity & [rom node { to node 4,

. g}“’ is the requirement of cominodity & at node j,

o h¥; is the flow usage of mutual resources by commodity k from node 7 10 J,
i S : k

e h;; is the mutual resource capacity [rom node i to j,

. u‘fj is the bound on the flow usage of commodity & from node i to j.

The MCNF problem may be delined as:

Linea: Program Formulation 1

Minimize
ko k
Z Gty
kg

subject o

Yoaki =S ak = gbtorall (i,5) € AF, (o) e AF, k=1, K (1.1)
i 0
~ Fie
S ohEsat; < hiy forall (4,5) € L 4%, (1.2)
& k=1
uf; >2f, >0fral(i,jk) e, k=1, K. (1.3)

Equation 1.1 describes flow conservation constraints. Flows of each commodity into a node must equal
the flows out of the node, except at sources and sinks, wlere there will either be net inflows or net
outflows.

Equation 1.2 describes a general set of joint capacities.

It is assumed for ease of notation that A* = A% for any two commodities & £ &', although computational

speed may be gained by recognizing that they can vary widely.



For each commodity, Equation 1.3 limits the amount of flow that can traverse each individual arc. To
simplify the presentation, the upper bound u is omitted from most fornwlations presented in the thesis.
When necessary, the individual capacity bounds are represented explicitly. The software developed can
accomodate such individual bounds.

The equations 1.1 and 1.2 defining the MCNF problem can be represented in block format as:

Minimize
€1Z] + ¢T3 + €33 + ... + CirTH
subject to
Gz = g1,
Gazs = an
Gz = 83
Grkzx = gk,
Hizy + Hars + Hzzz 4+ ... + Hgzx < R
Ty, T2, ZTa, ... Tf > 0,
where Gy, Ga,...,Gk represent network node incidence matrices, &1, a,...,2x represent the flows of
each commodity, and Hy, Ha, ..., Hx describe the joint constraints relating to each commodity.

Here is a diagram of an MCNF problem:

AGS, BEI) AB <= 5

AR4 BE-3. AB <

B:15 1

!

> 8V 08 v

A: 10

ET

This picture displays costs and covstraints on flows of commodities A and B as follows; the arc marked

N

bg
(9))
43, BE2, B <

N\ AG.2 BR4 AB
/

withfe4, B@3,A+B <= 15% denotes thal:
¢ Each unit flow of A has a cost of 4,

+ Each unit flow of B has a cost of 3,



*» The joint capacity constraint is A+ B < 15, i.e. commodities A and B must share a total capacity

of 15 units for the arc.

1.3 Motivation: MCNF versus Pure Network Flow Problems

Whereas special purpose algorithms can solve pure network flow problems hundreds of times faster than
general linear programming methods, improvements found for MCNF are less spectacular ~~ on the
order of 3 times that of the general decomposition method for linear programming [3}. Therefore, there
is opportunity for performance improvements by investigaling new methods for large linear programs,
Interior Point algorithms solve linear programming problems in polynomial time, and in practice accel-
erate the solution of very large linear programs. Unlike the simplex method, which travels from one
extreme vertex to the next, Interior Point algorithms travel through the interior of the feasible region of
possible solutions.

Another approach is to use the special structure of MCNF. This approach, long exploited with the
simplex method, has been re-explored in the context of Interior Point methods and parallel algorithms.
This thesis explores the potential of Interior Point methods to solve MCNF mmore efficiently. Beyond

MCNF, this thesis addresses a relatively unexploited method: combining Interior Point methods and

decomposition methods,

1.4 Achievements in the Thesis

This thesis presents an original synthesis of the decomposition and partitioning approaches for MCNF,

by examining them in a nonlinear programming framework. Original relationships are derived between

methods, as delineated below:

¢ New non-simplicial methods of solving MCNF were thoroughly compared,

¢ Various Interior Point methods described in new implementations [27,49,50,60] are compared in

Section 5.3.

e In Section 3.2, the work of Kapoor and Vaidya [35] is corrected (Equation 3.13) and is related to

the classical partitioning and decomposition methods for MCNF.
» The classical gradient and Newton projections are related to simplex partitioning in Section 4.1.

A shifted barrier method and augmented Lagrangian methods are shown to vield similar relaxations

in Section 5.4, as envisioned in the conclusion of C. J. Staniec’s dissertation (62].

10



+ Jwo methods of solving MCNF by Interior point methods: shified barrier and central pricing

methods of Goffin et al. [27] are shown to follow the same trajectory in Section 5.3.3.

¢ Rosen’s partioning method is shown in Section 4.3 to follow the steps ol the dual partition method

of Grigoriadis and White [20].

¢ Nonsimplicial partitioning was chosen for implementation.

The implementation of a partitioning method which combines interior and exterior trajectories, an
eriginal approach not found in the literature, is described in Secti~u 6.1.4. Interior Point methods
are mostly used for very large scale problems, using sophisticated data structures and numerical
methods, which are often proprietary. The affine scaling algorithm that was used did not have
very good accuracy, and was fairly slow. Therefore it was neither possible nor beneficial to test it

on extensive data. llowever, initial estimates of efficiency are perlormed.

Based on experimentation there was no evidence of superiority of partitioning using affine scaling

over using afline scaling to solve the larger linear program formulation.

1.5 Plan of Thesis

Chapter 1 defines and positions the problem. The classical literature on MCNF is reviewed in Chapter 2
with a brief introduction to Interior Point methods and their applications to MCNF. Chapter 3 lays the
foundations for the application of Interior Point Methods to MCNF and corrects a partitioning method
proposed by Kapoor and Vaidya [35]. Partitioning techniques are analyzed in depth in Chapter 4,
as a prerequisite to an algorithm that was implemented. An alternative strategy has been widely
used: Decomposition methods, surveyed in Chapter 5, span such well-known methods as simplicial,
Lagrangian, Dantzig-Wolfe, and Augmented Lagrangian decompositions. Recent implementalions of
these decompositions using Interior Point methods suggest techniques to improve the efficiency of the
partiticning method. Chapter 6 uses the methods devised in the previous two chapters to design an
affine scaling and partitioning algorithm. Computational experiments compate algorithmic strategies
and assess their performance, based on the size of MCNF problems. Chapter 7 proposes directions for

further development.

11



Chapter 2

Literature Review

2.1 Classical Solution Methods for MCNF

This section contains a chronological review of the solution methods for MCNTF. After a review of classical
methods, Interior Point methods are introduced for a better understanding of more novel approaches.
Early Linear Program Formulation of MCNF

Kalaba & Juncosa [34] describe one of the earliest multicommodity network formulations used to solve

routing problems for telecommunication networks, involving stations, links and users. They describe

three sets of linear constraints, relating to:
1. Supply/Demand at each station
2. Capacities for each arc

3. Capacities for each switching station

They propose maximizing a functional that involves a combination of cost and performance, and point
out that a similar formulation could be used to model flows of traffic in either urban or national trans.
portation systems. They informally envisage how such a formulation could assist in the design of

telecommunications systems by attaching costs to the presence/absence of stations and arcs.

Shortest Chain Algorithm for MCNF

One of the earliest analyses of multicommodity networks was done by Ford and Fulkerson [22]. They

describe the difficulty of solving MCNF: the mutual capacity constraints prevent the use of algorithms

12



dedicated to single commodity nelwork optimization, and the large size of MCNF problems makes direct
use of the simplex method impractical. To aobviate the large requirements of the simplex method, they
propose an algorithm that searches for shortest chains within the networks. They note that even this

method would not be sufficient to solve large problems.

Partitioning

Partitioning methods for MCNT attempt to capitalize on the success of the simplex methods for network
optimization. Many steps of the simplex algorithm to solve NICNF can be performed efficiently within
the network substructure that MCNT problems possess. In particular, a network Lasis is completed at
each iteration to {orm part of the basis of the NICNF problem. The remainder of the network structure
is then manipulated by nonspecialized simplex steps.

Grigoriadis and White [29] describe a dual partitioning method to solve the MCNF problem in which
they first compute optimal solutions to the network subproblems, and then determine pivot adjustments
based on a set of curreni constraints, representing those mutual constraints that are “most binding,”

i.e., constraints whose slack variable is nonbasic, or “nearly nonbasic.”

Decomposition Methods

Unlike partitioning methods, decomposition methods do not complete bases, but solve separate sub-
problems, the solutions of which are cootrdinated by a general linear program.

Tomlin [63] applied the principle of Dantzig-Wolfe decomposition to MCNF and presents its equivalence
to the shortest chain construction of Ford and Tulkerson.

Ali and Kennington [4, 39] describe primal decomposition of multicommodity flow problems using a price
directive decomposition.

Kennington and Shalaby [40] implement a resource directive decomposition to reallocate scarce resources
using a subgradient optimization approach.

Ali et al. [5] compare the performance of these methods to that of a partitioning method. They found
that the resource directive decomposition method determined solutions approximately twice as quickly as
either partitioning or price directive decomposition. Unfortunately, the resource directive decomposition

did not guarantee convergence to an optimum, whereas the other methods did guarantee convergence.

Penalty Methods

Classical decomposition algorithms are reputed to have slow convergence rates near optimality. Non-

linear penalty methods have been applied to overcome this difficulty {62]. The Reduced Simplicial

13



Decomposition has been successfully applied to this nonlinear optimization.

Combinatorial Aspects of MCNF

A review of the early MCNTF literature would not be complete without reference to the first textbook
devoling considerable space to MCNF. Ilu [32] describes several variations of the Multicommodity Net-
work Flow problem (MCNF). Ile shows how MCNF is distinct from single cotnmodity networks. In
such networks, arc flows in opposing directions cancel one avother. In MCNF, the flows of differing
commodities do not cancel one another. The book emphasizes the structural properties of the problem
rather than computational methods. It is a useful reference as it presents relationships between MCNF

and pure network flow problems; among the {ollowing topics, the latter two still form challenging areas

of research.

* Feasibility — Is there a solution chat allows all flows to get from the sources to the sinks?

¢ Maximumn flow - What is the maximum possible flow through the network? This requires a
value function so that flows of diffe/ing commeodities may be appropriately traded off against each

other. The determination of such a value function may be a problem.

* Integer solutions — Can ax integer solution be found? Integrality can often be easily guaranteed

with simpler networks, but it is more difficult to force integrality for MCNF problems. There may

be a unique non-integral solution.

» Synthesis of a Communication Network — One interpretation of a multicommodity network
1s as the model of a communications network in which nodes represent stations, and each commodity
represents a message that must be communicated from one station to another, The major issue in

this case is whether or not the required information flows are feasible.

2.2 Development of Interior Point Methods

The focus of the literature review of this thesis temporarily shifts to a new method of solving linear

programs, the Interior Point method, because many subsequent designs of MCNF algorithms are hased

on it,

Interior Point methods may be distinguished from the simplex method as follows:
‘The sequence of solutions provided by the simplex method travels along the edges of the feasible region,

from vertex to vertex. Interior Point methods produce a sequence of points, each of which is interior to

the feasible region.

14



Motivation for Interior Point Methods

The computation time of simplex algorithms to solve linear programs can increase exponentially with
problem sizes. There have been many attempts to produce tmproved Linear Programming algorithms
that can guarantee worst-case polynomial time performance. The first Linear Programming method
that was shown to run in polynomial time was the Ellipsoid method of Khachian [41]. It established the
existence of polynomial algorithms for linear programming, a long standing theoretical question, but has
not yielded any practical algorithms because the matrices that it generates get increasingly dense.

Karmarkar [36] presents a polynomial-time algorithm for linear programming, that has been mnore prac-
tical to use. Thus, Interior Point methods have revived interest in many applications of linear program-
ming. In the past few years, many new algorithms to solve pure networlk flow problems or MCNF either
refer to Interior Point methods or directly apply them. A presentation of the basic elements of the

methods is necessary for a full understanding of the progress of the research described in this chapter.

Projective Method of Linear Programming

Karmarkar’s method [36] consists of applying repeatedly a projective transformation to the feasible set

of the problem:
fminez: Az =0, Tz =1, 2 >0}
X

In the transformed space, the non-negativity constraints are replaced by a sphere, and a step improves the
objective at a rate sufficient to guarantee convergence of a polynomial number of such transformations
to an optimum solution of tlie problem. These steps are next reviewed in detail.

Karmarkar’s algorithm creates a sequence of points z%, 2!, ..., z* satisfying the constraints of the linear

program. It computes z*+! using z* as follows:

¥ 0 0
AD_x 0 2% 0
Let B = — | where Dy = ) . This notation for the diagonal matrices has
e 0 .0
0 0 2k

been adopted throughout the thesis. e is used to refer to the column vector (1,1,...1, 1) throughout

the thesis, and is assumed to have conformable dimensions with the vector/matrix equations in which

it is used.

Compute the direction of improvement
¢ = [I - BY(BBT)™'B] Dac”.
Apply a projective transformation yielding the new point 2’

15
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T = e Do’
then the iterate
2" =g — ar P
lep|
where: 7 is the radius of the inscribed sphere. Usually r = 1 a € (0,1) is the proportion of

n(n—l)'
the distance towards the edge that is traversed. Karmarkar’s proof of polynomial convergence assumes

a=1/4,

Apply the inverse projective transformation to ="

k+l .ka :L'”

r = -
ErDzk !

Several commercial LP solvers are based on Karmarkar’s algorithm or its variants. Most of the ongoing
work on Interior Point methods is based on a simplification of Karmarkar’s original method that avoids

projective transformations. These affine scaling methods do not guarantee polynomial convergence, but

perform quite well in practice.

Affine Scaling Method

Dikin [21], and later Barnes [6] and Vanderbei et al. [64] describe afline scaling versions of Karmarkar’s

algorithm. A projected gradient search is used to find the optimum:

e Compute the direction of improvement, cpt
¢p = [I - BY(BBT)™'B] D,ac7,
where B = AD,:.

¢ Determine the maximum step size that maintains feasibility:

3
= axi(Por c);

where P, = I — 13;4‘1:'"(}1D;;’AT)"1.¢1DJE Is the projection of z onto the null space of AD.

¢ Compule the new point z¥+1

ghtl = ok _ apey

@ € (0,1) ensures that all coordinates of z*+1 remain greater than zero.

The implementation used in this thesis is based on that of Vanderbei et al [64]. Affine scaling methods

were later applied to primal-dual formulations of linear programs with great success {42,46,51,52), as
described in Appendix A.

16



2.3 Advanced Methods for Large Scale MCNF

The successful application of Interior Point methods to very large problems (i.e. airlift of commodi-
ties [60]), has renewed interest in MCNF. For example, Lustig and Li [45] use a predictor-corrector
interior point method to solve a combination of the primal and dual formulations. The ensuing research

is merely surveyed next with no further explanation because it is analyzed in later chapters.

Partitioning for Interior Methods

Kapoor and Vaidya [35] present ways to specialize the Interior Point method for MCNF, accelerating its
convergence. They restrict their attention to the feasibility problem, i.e., inding a flow satislying the
constratnts of NICNF. Their method, which is discussed in more detail in Chapter 3.2, has not yet been

implemented.

Decomposition for MCNF

Meyer and Schultz [60} apply a method of optimizing block angular problems, using variant Interior
Point methods, to find approximate solutions of multicommeodity network flow problems.
Jones et al.[33] apply Interior Point methods to a node-chain formulation of the multicommodity network

flow problem.

Parallelization

One of the additional benefits of decomposition methods is that they allow problems to be parallelized
(60,73,75]. The smalier single-commodity networks can be solved much more quickly than the larger
networks, so that the solutions are found faster even if they are solved serially. They may be solved in
parallel on separate processors, further decreasing the time required.

Interior Point methods used to solve master problems that arise from decomposition methods for MCNF

may be performed partly in paralle] for each cormmodity. This reduces memory consumption so that

larger problems can be solved on smalier computers.

17



Chapter 3

Large Scale LP Implementation of

MCNF

In this chapter, MCNF is treated as a large linear program. Interior Point methods are applied to it,
and its size is reduced by adapting the reduction techniques of Kapoor and Vaidya. This is a prelude to
the partitioning techniques analyzed in Section 4.3 and implemented in Section 6.1 .4.

Early analysis of MCNF [22] involved formulating the problem as a linear program, and then atiempting
to solve it using a general simplex method. Unfortunately, these linear programs grow to enormous
size, even for apparently small problems. For instance, a problem involving 20 nodes, 50 arcs, and 20
commodities would require 1000 variables and 400 network constraints, ignoring the joint constraints.
This makes the use of Interior Point methods, which are more efficient than the simplex method for very

large problems, appealing.

3.1 Interior Point Method for Linear Programming

Interior Point methods are first analyzed on general linear programs:

Linear Program Formulation 2
{mincz: Az =10, 2 >0},

and then specialized to MCNF. Whereas the main steps of the algorithm have been described in See-

tion 2.2, the following sections focus on initialization and reduction schemes.

18



3.1.1 Canonical Form

Traditionally, Interior Point methods have considered an alternative formulation, the canonical form of
Karmarkar [36]
Linear Program Formulation 3
{fminez: Az =0, T2 =1, x>0},
&£
in which
0

¢ z° = £ is a feasible interior point in this formulation,

s the optimum objective value is cz* = 0.

3.1.2 Initialization

Several transformations can be used to transform an LP from Formulation 2 to Formulation 3. The best
known is the original transformation of Karmarkar {36]. An alternative affine transformation is reviewed

in Appendix B. Consider a given instance of Linear Program Formulation 2:
Linear Program Formulation 4

Minimize

subject to

With a classical scheme using one artificial variable, Karmarkar produces an interior peint [17]: choose
an arbitrary initial point, * > 0 (which may not satisfy Az* =), and let a = §' — A’2*; define the new

system:

Linear Program Formulation 5

Minimize
cdr+ Mz
subject to
Az +az =¥,
z>0,z>0.
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Formulation 5 may be relabelled {mincz : Az =&, x > 0}, for which an interior point {z*,1) has been
defined. Alternatively, in keeping with the simplex method, & may be replaced by a vector of artificial
variables, which avoids the dense column a. Initialization schemes specialized to MCNT are introduced

in Section 3.2, and compared in Section 6.1.3.

3.2 Interior Point Method for MCNF

In this subsection, Interior Point methods are tailored to MCNF. A reduction method decreases the

number of calculations required by the algorithm. Consider now MCNT in restricted block form:

Linear Program Formulation 6

Minimize
cx
subject 1o
Gr=y,
He+ Iy =h,
z,y 20,

where [ is an identity matrix of size n, and n is the number of arcs. Assume here that Gr = g contains

artificial variables (which may be cast as part of the network as flows on artificial arcs); their large
2

objective coefficients will drive them to zero, eliminating infeasibility. Let w = vy |; Karmarkar’s

2z

. . bz
projective transformation [36, pages 386-387) T (w) = E—TT‘f';—:—;I transforms the initial starting point
wo
wp to the centre of the simplex, yielding:
Linear Program Formulation 7
Mintmize
eDyw'
subject to
GD:2' — g =0, (3.1)
HD 2"+ Dyy' —hs' =0, (3.2)
eTw =1, (3.3)
w >0, {3.4)



where w' = { 3

The projective method seeks a feasible direction w? that reduces the cost of the objective function

by solving an optimization problem in a sphere that replaces Equation 3.4. For ease of notation, the
:BH'
transformed space is translated so that its origin is the centre of a sphere. Let w" = ! =

L

L3 &

w' — ~%=. Since ;%5 satisfies Equations (3.1)-(3.3), the translation produces a zero right-hand side, and

the direction of descent is the solution of:

Linear Program Formulation 8

Alinimize
cDyw'
subject 1o
Gh, 2" —gs" =0, (3.5)
HD.2" 4+ Dy’ — h" = 0, {3.6)
eTw’ =0, (3.7
wTuw" < 1. (3.8)

3.2.1 Reduction Technique

To diminish the size of the problem, the capacity constraints (3.6) can be eliminated from Linear Pro-

gram Formulation §. Reexpressed as 3y’ = Dy“lhz” - D;lffD,,-m”, Equations 3.6 can be used to sub-

I 0
stitute for the slack variables /. The matrix, R = _D;U{Dz D;lh defines the reduction
0 1
.,BH
T:x= — w"’ = Rx.
zH
R transforms w”Tw” < 1 to Equation 3.12, where:
|- I+DHTD:*HD, —-D . HTD:%h
Q= ¥ ¥ ¥ w = RTR. (3.9)
—hT D72 H D, 1+ ATDg % |

With 3 eliminated, the system can be described as:
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Linear Program Formulation 9

Minimize
x (3.10)
subject lo
Ax =0, (3.11)
xTQx <1, (3.12)
where
Ao G Dy 0
e —ef DyVID, 1+elDyth
and

v=cDR.

For this reduced problem, Kapoor & Vaidya’s caleulation of the optimal direction, ¢, is incorrect in

[35). Using the Lagrangian multiplier described by Karmarkar [36], an optimal solution — repreventing a

step direction - is given as;
¢ = Q-1 —Q-1AT (AQ—IBT)—IAQ—I] AT (3.13)

In summary, by eliminating the slack variables of the mutual capacity constrainis, a more compact
calculation of the projective step may be obtained. The implementation described in Section 6.1.4 is

based on a similar reduction using the flow conservation constraints Gz = .

3.2.2 Kapoor and Vaidya’s formulation as a Phase I method

Kapoor and Vaidya’s original algorithm [35] actually uses a somewhat different formulation. They seek
only a feasible solution of MCNF by stipulating a cost function featuring only artificial variables, which
vanish at the optimum. For each commodity, their network has one supply node and one demand node.

This special network formulation can replace the network flow formulation {1.1)~(1.3) by adding for each

commodity:

* a source node and a sink node, commonly called “super source” and “super sink,” and

e arcs directed from demand nodes in the original network to the sink node, and arcs directed from

the source node to the supply nodes of the original network, which replace supplies and demands

by capacities on the arcs.
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Analyzing a network with unique supply and demand nodes for each commodity, Kapoor and Vaidya
add backflow arcs directed from the sink to the source, and transform the termulation into a circulation
problem. The total demand for the commodity is treated as a capacity constraint, the slack of which is

an artificial variable. Using this approach, (1.1)-(1.3) can be transformead to:

Linear Program Formulation 10

Meazimize
eTay
subject 1o
r b 3
-1, 0 0
z,
G 0 0 0
Ty,
0 Ia, 0 =0,
L .
0 < 0 -1 fork=1,..., K,
T Ty
| 0 0 —eg 1]
Tz, € hyy,
Idkwa'k < hdk, )

Hz < h,

z>0

2

where s indexes the supply nodes, d indexes the demand nodes, and b indexes the backflows. The
formulation of a circulation problem is closer to Karmarkar’s canonical formulation because the right
hand side 7 is 0. However, K nodes and arcs are added, with carresponding capacity constraints,
increasing tie size of the problem solved. Because each of these nodes is only connected to the original

nodes bearing supply or demand for the particular commodity, the increase is moderate. In Linear

~I,, 0
Program Formulation 10, the arcs A* are represented by | ¢ 0 0 |, therefore the assumption
Q Ta,

[+ x - -
that A* = A* must be waived for the new arcs st and dy. It can also be waived for the rest of the
network, which may allow the elimination of arcs and nodes that are not used for a given commodity k.

To distinguish the ny additional ares indexed by s,d or b, Kapoor and Vaidya reorder the columms. The
Iy 0

resulting identity incidence matrix I,,, contains in Iy all of the hackilows created: Iy, =
0 Iy-k

Then the expanded mutual capacity constraint matrix is

In, 0
H = n 4+ ns,
0 H
\—w‘,_/

Kn4ng
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in which the original mutual capacity coeflicient matrix is

11 1 0 0 0 0 0 ]
00 0 1 1 1 0 0 ]
H= n
0 0 0 0 0 0 11 1
Kxn

A simple labeling method introduces an initial point corresponding to a positive circulation, scaled to
satisly the joint constraints. In case a super source and a super sink had to be added, the formulation

of Kapoor and Vaidya can be reduced by omitling the backflow and the capacity constraint of each

commodity.
Mazimize
K
Zesz’k
k=1
subjeet o
Y
I, 0
T
G ] 0
Zy, =0,
0 Ly, i
. - 24, fork=1,... K,
0 e —ey,
Iakmsk S. hakl
Idk:cdk < hdk) )

Hz < A,

z>0.
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Chapter 4

Partitioning

This chapier presents the partitioning method used in the implementation and its relationship with

Interior Point methods.

4.1 Introduction to the Partitioning Method for MCNF

Kapoor and Vaidya’s method has been presented as a specialization of a general projective algorithm,
where the numerical steps to calculate the iterate can be streamlined. Viewing the method as an

application of a logarithmic barrier optimization provides additional insight. Given the following LP

formulation:
Minimize
c2
subject lo
1a = b,
x>0,

an optimal solution may be found as the limit solution of a nonlinear program in which a barrier function

forces the variables to remain positive:
. )
. \

lim minez — g In 2;
=0 :
1

subjecl to

Az =b.



Gill, Murray, Saunders, Tomlin and Wright [25] show that Karmarkar’s step can be replicated by a
projected Newton step on the barrier funclion for an appropriate choice of the parameters g. This alter-
native view and the associated formulation eases the understanding of Kapoor and Vaidya’s approach: it
preserves the original variables and constraints, and the nonlinear program can be solved using classical

partitioning or decomposition methods for MCNF, such as are presented in Chapters 5 and 6.

Application of Logarithmic Barrier Functions to MCNF

The logarithmic barrier technique may also be applied when the constraint matrix consists of several

blocks, as is the case for MCNT problems. Consider the MCNF problem formulation:

Linear Program Formulation 11

Minimize
cr
sulject to
Gr=y,
Hr4+y=h,
z,y 2 0.

A barrier function replaces the non-negativity constraints by modifyving the objective function:

AMinimize
cr — i Zlnx,-—i-Zlnyj
i i
subject to
Gz =g,
He+y=h

y 2 0 does not need to be enforced explicitly, therefore it may be permanently replaced by (h — Hz)

leaving:

Minimize
cr— Zlum; -+ Z In{h; — H;z)
i i

subject 1o

Gr=g.
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This problem can be solved as a uonlinear program with network flow conservation constraints, In
the absence of joint capacities, this method has recently been implemented [56,57] as an Interior Point
algorithm to solve pure network flow problems. Solving MCNT using an Interior Point method could be
an extension of this algorithm to a more general logarithmic barrier function.

Interior Point methods have been successful for very large pure network flow problems. If the size is not
extremely large, a more classical solution approach, which prefigures the partitioning algorithm proposed
in this thesis, is to maintain the nonnegativity constraint z > 0, to relax the problem as a nonlinear

network flow problem and to solve it by variants of the very eflicient simplex algorithm for pure networks.

Minitmize

cx—p Y In(h; — H)

subject to

Gz =y,

z > 0.

The nonlinear component of the objective {unction Fj,(x) = cx — ¥, In(h; — H;x) is represented in
Figure 4-1. Solution of pure network flow problems with linear or nonlinear objective functions is

described in the next section.

Cost,

/‘ h— Hz

Figure 4-1: Logarithmic barrier function
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4.2 Solution of Pure Network Flow Problems

The review focuses on pure Network Flow problems with linear objective functions, and their use to

solve the subproblems of the nonlinear problem.

4.2.1 Methods for Networks with Linear Objective Functions

Simplex-Based Methods

The classical methods of solving network flow problems involve specializations or variants of the simplex
method. These combinatorial methods are usually quite efficient because they can search through
alternative solutions very quickly. On the other hand, they do not guarantee any convergence rate. The
simplex method usually performs well in spite of the theoretical disadvantages.

Recent research has focused on the design of polynomial and strongly polynomial algorithms, such as
the dual simplex algorithm due to Orlin [54] that performs O(n3logn) pivots.

Helgason & Kennington [38] present an extensive treatment of classical algorithms, and Ahuja et al. i3]

reviews recent advances in minimum cost network flow algorithms.

Relaxation Algorithins

Among many relaxation algorithms, some use classical methods such as the simplex framework, or
subgradient optimization, for a survey, see Bertsekas [12]. Some of the most successful are by Bertsekas

et al. [13], part of a family of relaxation algorithms that either:

¢ augment flow from an excess node to a deficit node along a path whose arcs all have reduced costs

of zero, or

¢ adjust the potentials of some subset of the nodes.

Using Interior Methods

Resende and Veiga [56,57] propose the use of a dual affine scaling algorithm for linear programming to
solve minimum cost network flow problems. Interior methods tend to be less affected by degeneracy than
the simplex method, which can easily stall under such conditions, Primal network simplex algorithms
have the advantage of being implemented using integer arithmetic, as compared to the floating point
required for interior point methods. However, the number of iterations required for interior methods

tend to grow slowly with problem size, in contrast to the simplex method. Thus, one would expect

Interior Point methods to become competitive for very large problem sizes.
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Resende and Veiga’s [56,57] initial results indicate that this interior point method is competitive, and
their DLNET software found solutions more quickly than the network simplex code NETFLO [38] for the
larger problems tested. The point at which they found that the methods perform equally well is when
the number of arcs is on the order of 50,000.

An additional advantage of using interior point algorithras as compared to the simplex method is that

it is often possible to parallelize the interior algorithm, which is quite difficult with the simplex method.

Double Scaling

The algorithms with the best polynomial orders have required sophisticated data structures, which has
caused high computational overheads, making them impractical for use [3, page 176].

The most recent work has been on a “double scaling” algorithm due to Ahuja et al. [2]. Tt runs in order
O(nmnin¥ InnC) time, where n is the number of nodes, m is the number of arcs, I/ is an upper bound
for the arc bounds, and € is the maximum cost over the arcs.

Ahuja et al. [3] report that “it appears that the relaxation algorithm of Bertsekas and Tseng [13] and the
primal simplex algorithm due to Grigoriadis [28] are the two fastest algorithms for solving the minimum

cost flow problem in practice.”

4.2.2 Methods for Networks with Nonlinear Objective Functions

Many applications of network problems have nonlinear costs. Others arise from various barrier or penalty
schemes to enforce non-negativity or side constraints such as MCNF joint capacity constraints. Consider

a network problem with the nonlinear objective function F(z):

Minimize
Fz)
subject 1o
Gz =y,
x>0,
Nonlinear partitioning methods rely on the the block structure & = [ Gs | Gn }, where B indexes

a regular submatrix of G. Thus, Ggzp + Gyzy = g4, or 25 = G5'(g - Gnzn). Denote F(zp, xy) as
F'(zn). A reduced problem features ouly the variables 2 x:
Minimize

F’(IN)
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subjec: to

Gyl(g — Gyen) > 0,

UJNZU:

which is related to the logarithmic barrier formulation of the reduced probiem found in Section 4.3.
Various methods reduce the cost while preserving feasibility of the network subproblems, such as Wolfe’s
reduced gradient VF/(zp) — (G’EIGN)T VFp(zp,zn) [69,70], Zangwill’s convex simplex method [71,
72}, or Bertsekas and Gafni’s Newton step [14].

For example, Beck, Lasdon and Engquist [10] describe a computer implementation of an algorithm that
solves problems with a nonlinear objective function and linear network constraints, based on the method
of Murtaugh and Saunders [33]. The algorithm partitions the decision variables into thiree sets: basic z B,
superbasic zs and fixed nonbasic zx. The basic and non-basic variables are computed as they would
be in a simplex-based algorithm, using the linear constraints. The “superbasic” variables are positive
nonbasic variahles called forth by nonlinearities.

Beck, Lasdon and Engquist found that this method was less efficient than the network simplex method
for a linear objective function. They compared the performance of a two phase version in which the
initial linear phase is solved using the simplex method to that of a single phase “Big M” version, in which
the problem is nonlinear from the beginning. The two phase version dominated the “Big M” method
both in terms of the number of iterations required and in CPU time.

Many other nonlinear methods have been applied to network flow problems, including Frank & Wolfe’s

decomposition [23] and Reduced Simplicial Decomposition [31], both of which are reviewed in Section 5.3.

For a survey, see Dembo et al. [74].

4.3 Partitioning

Even before nonlinear methods were introduced, early Linear Programming algorithms exploited the

partial network structure of MCNF [22). In particular, partitioning uses the block structure of the

problem. Consider again the restricted block formulation of MCNT:

Minimize
cx
subject to

Az

it
==
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where A has the block structure:

G | 0
A= |———
H | I

and G is the node-arc incidence matrix describing a network problem. In Section 3.2.1, partitioning
was applied intuitively by using the block I to reduce the number of explicit constraints and variables.
Similarly, in a simplex algorithm (or the nonlinear optimization of Section 4.2.2), partitioning uses a

partial basis, Gp, that spans the columns of [G | 0] . Let Gy denote the remainder of the columns.

G G;
A= —i——!—v Vb= g . Simplex calculations are speeded by the ease with which solutions,
Hg | Hy h

z, to the systems Gpz = o or 2Gg = B can be found using specialized network algorithms (where o
or 3 represents any quantity arising in the partitioning). An implementation of this method by Barr,
Farhangian and Kennington [7] for network optimization with additional general constraints resulted
in code approximately twice as fast as MINOS and XMP, two popular LP solvers. Kennington et al.

describe a primal partitioning method directly adapted to MCNF [5].

4.3.1 Dual Partitioning Methods

In a dual simplex method, g > 0 is temporarily relaxed. If a variable xg is negative, it can leave the
basis, i.e. be placed in the set of variables for which the nonnegativity property is enforced. In the
dual partitioning method [29], the negative basic slack variables considered first {or possible enforcement,
are those which are violated by the most recent network solution. Iterations of dual partitioning are

described in Tableaux G, and I, in Subsection 4.3.3, as it is compared to Rosen’s partitioning method.

4.3.2 Rosen’s Partitioning Algorithm

Rosen’s partitioning algorithm [59] uses the basis to reduce the problem explicitly, as in Section 4.2.2.

The constraint matrix may be replaced by Az = b, where

i I G3'GN
0 | Hy-HpGy'Gw
and
= B¢
h— HgGg'g

Ignoring the non-negativity constraints x5 > 0, the reduced problem is:
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Linear Program Formulation 12

Zc;mEN = mianiz,—N : fo{zm = h:), oin >0
i i i
whete
¢ = cin —cipGig Gin
Hl = Hiny — H,-BG,:-}%G;N
h'=h— Hpzpg.

The algorithm must ensure that the flow adjustments —G;;G,-NJ:QN suggested by the reduced problem
are applied back to the networks. After adjustment, the basic variables of the subproblem satisfying
zlg = @ip — GigGinz}y < 0 are exchanged for some positive variables of the reduced problem. If
one pivot reestablishes feasibility, Rosen asserts that this method follows the dual simplex algorithm.

Lasdon [43] notes that the method ts a dual ascent method. The two results are combined below to show

that the method follows the same sequence of steps as dual partitioning.

4.3.3 Implementation of Rosen’s partitioning as a Dual Simplex Algorithm

First, Rosen’s partitioning method is reviewed in tableau format. Consider a block schematic tableau
of Rosen’s partitioning method after optimization of the reduced problem, where the last row (indexed
by s) symbolizes the subproblems, the remainder (indexed by r) symbolizes the reduced problem, and
A, b, ¢ are simple mnemonics indicating current quantities {e.g. reduced cost):

Tablaau A

0 0 EN
0 I A b
I Asp Ay | by

Suppose that the solution is not optimal, i.e. the basic subproblem variables z, = b, — A,gb, Z 0. Some
basic variables of the reduced problem (to be indexed by Ry} will replace some negative basic variables

(to receive the index 3) of the subproblem to make the subproblem feasible again. Before expressing the

exchange, the preceding tableau is expanded as:

Tablean B
0 ¢ 0 0 N

I ] Ainy | b

0 0
0 0
I 0 Asg, Azg, Asn |3
0 I Asm, Aip, Aun | bs
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-1
A3R,

0
The exchange, performed by premultiplying the bottom two rows by ( ), vields the

—A431Agjlh
following tableau:
0 0 0 0 CN
0 0 I 0 Ain b
0 0 0 I Aoy by
38, 0 I ASh Asr, Asp, Asn A3r, ba
—dapA3n, 1 0 Asp,— AsrAgp Asr.  Aan — Aap AR Asv | ba = Aap, A3 bs

Note that Rosen’s method does not specify how the subproblem feasibility had to be restored. A primal
algorithm is suggested, but a dual simplex algorithm can be used, eventually amounting to the same

premultiplication. Next, a new reduced problem is formed using Linear Program Formulation 12:

0 0 0 0 cN
~A3R, 0 0 —Azp, Asr, Aln — Agp Asn by — A3f ba
0 0 0 I Aan ba
AR 0 I ASp, Asr, Az Asn A3pbs
AsryAzp, 1 0 Asry— Asmi AR Asr,  Asn ~ Asp Agh Aan | bs — Asp AT) b
A basis of the reduced preblem is then restored by a premultiplication by (_AOSRl _A;R:)
Tablean C
0 0 0 0 en
I 0 0 0 Asv — Asr, Aiv — Asr, Aoy | bz — Agr b1 — Aap,be
0 0 0 I Aoy ba
A3R, 0 I A, Asra Ap, Asv AZg bs
—AmlA;él I 0 Asp, — Agr, ASj, Asr. Aan — Asry A:?.é, Asn by — A‘leA:’;'%l:zbii

Since bz — Aggp, by — Aag,bz 3 0, feasibility of the reduced problem must be restored. Permuting columm

blocks 1 and 3, Tableau C can be summarized as:

Tableau D
0 0 N

0 I ArN Br
1 A,p Anw |5,

Suppose that a series of pivots will exchange some nonbasic variables (to be indexed by N) for some

basic variables (to be indexed by R;). First expand the preceding tableau to yield Tableau E:
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Tahleaun E

0 0 0 En, ENa
0 I 0 AN, Awv, | B
0 0 I Aan, Ay, | b
1 Agp, A, Asny Asng | D
Pivoting yields the tableau:
Tableau F
0 —&nv Ay, 0 0 En, — En, ATy, A1ng
0 Alw, 0 I ATR A, ATy b
0 —AawAfh 1 0 Agy, —Aaw, Afh Auny | Bo= Auw AT By
I AR, Ap, Asw, Asn, b,

Next, Rosen’s partitioning is compared with the dual simplex method. First, suppose a dual simplex

algorithm was used to process the initial tableau, Tableau A, transforming it into:

Tablean G
0 0 CN
0 I ArN b,
I 0 AsN - AsRArN by — Asrbe

which, once expanded consistently with Tableau B, yields:

Tablean H

0 0 0 0 Y

0 0 I o0 Ainv by

0 0 0 1 Aoy b2

I 0 0 0 Asy~Ayp Aty — AsmyAuy | bs — Ask, b — Asp, bo
0 I 0 0 A4y —Asrdiny—AipyAan | by — Agr by ~ Aan,bs

Since by — Asp, by — Azr.b2 2 0, dual pivots to restore feasibility apply to row 3 of the preceding tableau.
To simplify the algebraic description of further pivots, notice that rows 2 and 3 of Tableau H are the
same as rows 2 and 1 of Tableau C. The similarity is enhanced by permutin g rows 1 and 3 of Tableau H,

obtaining a tableau which by comparison with Tableau D can be written as:



Tablean T

0 0 N
0 I An b,
I 0 -‘JLN - js.RA‘Lr'N Bs - A“.sRBr

Tableau I, expanded consistently with Tableau D, yields the following:

Tabhleau J

0 0 0 En, N,y

0 I 0 An, A, by

0 0 1 Aap, Aan, ba

I 0 0 A —Apg Ay, —Ap Aax,  Ajny = Agp Ain, — A, Aong | by — Ap, b1 — A, b

After this change of notation, the series of dual pivots, identical to those performed on Tableau E, vields

the tableau:

Tahlean K

0 —in .‘—1:‘,1,1 0 0 én, — E_,\rl/il_;,l Arn,

0 ATy, 0 I ATv, A, AT b

0 _A_?N; Al—f\lfl I 0 AQNE - AﬁL’Nl 4‘11_;%'1 AIN; 52 - AEN:. A——J":'ll El

0 Aq 0 0 Aa g
where

Ar=- (‘:1“\"1 - -’I.rﬁlAhU\H - f?,R:AL’N;) ‘ql_.-‘t\’
A? = f_i.u\"-; b ‘igﬂl‘ql.‘\rg - "‘ist*‘ng\rQ - (A‘J.Nl - ‘qsﬂl‘;ilf\h e 4‘15}?:-‘1'_’!\'3) -'il_j\i':‘;ih\ﬁv

4= 5,1\"2 — .&,ngl - A‘".!RQEE - (-‘LN; - fLRl“—th — fi_,n::’i?‘vl) 4‘?1_\1151

Simple algebraic calculations show that Tableau K is identical to Tableau L below, which would be

obtained by bringing Rosen’s partitioning’s final Tableau F to standard form:

Tableau L

0 —evAy, 0 0 en, —inATE A,

¢ AR, 0 I ATr, Arw, A by

0 —Aen ATV 1 0 Aoy, - Aoy ATy, Ain, | by — Aoy, AT By
1 Ay Y Ao B




where

T i- 1. i q-1
A.l = ASR_[ —445N1f1]§r1 +A3R:A2N1'4lh’1’
- . B _ S iy -
Ao = Agpy =~ AJNxA]_}\l,'lAlNg — A, g, (Aan, — Aoy ATy, Atwa)

Bo =bo — A, ATy b~ Ay, (bs — Ao, ATY, B) -
The identity of the last two Tableaux proves the following property:

Property 1

If in the subproblems of Rosen’s parlitioning method, a dual algorithm restores feastbility, every step of

the method corresponds to a slep of dual pariitioning.

Even if the feasibility of the subproblems is restored by a primal problem, the {ollowing holds:
Property 2

Every slep of the reoptimization of the reduced problem of Rosen’s pariitioning can be identified with one

of the steps of a dual partitioning.

Thus, the results of Grigoriadis and White [20] should prefigure our implementation.
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Chapter 5

Decomposition Methods

Decomposition methods have been widely used to solve MCNF. Although the implementation of the
thesis is based on partitioning, it also applies some ideas proposed in decomposition methods. This
chapter also unifies ideas vsed in state of the art MCNF methods, e.g. sliding logarithmic barrier

methods and augmented Lagrangians, with the partitioning method.

5.1 Inner and Outer Approximations and Simplicial Decom-
position

In Section 4.1, the objective function with its barrier penalty function was treated as a general con-
vex function, Fyu(z) = cx — u 3 ;In(h; — Hjz), and solution methods were described in Section 4.2.
In this chapter, alternative nonlinear programming methods are reviewed, such as Frank and Wolle's
algorithm [23] or simplicial decomposition [31,66]. To solve {min, Fu(2): Gz =g, z > 0} by simpli-
cial decomposition requires solving two approximations simultaneously: an inner approximation, and a
tangential {or outer) approximation. The inner approximation of Iy, given by selecting some feasible
points z7, 7 =1,....1,1s min F(z)|z € conv{(z™),7 = 1,...,t} , often presented explicitly as a Master
problem: B

T'ioblem Formulation 1

subject 1o
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I3
dpiel =k, k=1,...K.
=1

The tangential approximation of F, at &' is Fu(#') + VF,(2)(z — ') , which yields the following

rclaxation of the problem:
Linear Program Formulation 13 Relazed (Sub)problem
Fu(&) + VE, () (2" — 2 = min Fu(2') + VF(2*) (2 — &)

subjeci 1o

where F,(2') and VF,(£")7° are constant terms. In the case of MCNF, the subproblems described in
Formulation 13 can be solved as K independent minimal cost network flow problems. Each relaxation
makes use of points generated by the other one. When both approximations yield a common estimate,
the optimal value has been found.

Various implementations of this general scheme consider a relaxation of the master problem by restricting
the set of feasible points, 2™, 7 =1,...,t. In Reduced Simplicial Decomposition [31] (RSD), the number
of points z” that are retuined to resolve the master problem is limited by a parameter r. As long as the
limit r is not reached, the method is identical to the original simplicial decomposition of Hohenbalken
[66]. It has been found that the convergence rate improves as r increases, with the tradeoff that the
master problem becomes larger and correspondingly more time consuming to solve.

When the size of the vertex set is constrained to 1, the method coincides with the classical decomposition
algorithm of Frank and Wolfe [23].

The network subproblems of MCNF, which represent the outer approximation, are relatively easy to
solve accurately. On the other hand, the inner approximation, which forms the master problen:, can
itself be approximated by a further inner approximation without lampering the use of the method.

Thus, the master problem is generally approximated in the implementations reviewed in this chapter.
5.2 Using Decomposition with a Sliding Logarithmic Barrier
Function

Meyer and Schultz [60] apply RSD to logarithmic barrier functions arising from block angular problems

such as multicommodity network flow problems. The principle is implemented in Section 6.1.3.
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Linear Program Formulation 14
Minimize

ca -+ AMv
subject 1o
Gx=yg
He+Ily—~Iv=1"h

a,y,v=>0,

where v is a vector of artificial variables that vanish at the optimum, due to their large objective
coefficient, M.
As in Section 4.1, replacing the nonnegativity requirements y > 0 by a logarithmic barrier function yields

the compact formulation:

Minimize
cx+ Mv—~ ,uZln(v,- + hy — Hiz)
i
subject o
Gz=g
z,v>0,

A pure network flow algorithm produces a feasible solution. Instead of explicitly introducing v as an
artificial variable, Meyer and Schultz modify these variables parametrically, using a modified barrier
function: —pu Zf,_,l In(h; — Hiz), where & = h+v and at iteration ¢, p, = 10/2'. The objective function

is depicted graphically in Figure 5-1. If the problem has a solution, the value of &' is decreased, as:

h; if Hizt < by

ﬁ1_+1 —
Hizt+ A i H2 > Iy

where A > 0 is a constant. (Meyer and Schultz propose A = 1.) Various updates of p have been
proposed. A popular one used in the primal dual method of McShane et al. [46] is u = P-’TTT‘;Fi (where
= represents the dual values), a scaled duality gap which converges to zero as the solution becomes
optimal.

When h reaches 4, a feasible solution of the MCNF problem has been found.

For each value of g, the authors minimize F, approximately using a method similar to RSD, with a

Master problem:
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Problem Formulation 2 Minamaze

e - ;LZ i (hy — Hizh)

subject to

1
Soei=1k=1.K,
T=1
t

Zp:{.a:; =&, k=1,...K.
T=1

This master problem will be compared with that of Section 5.3.3.

5.3 Penalty Methods

The objective Munction F,, may arise from a barrier function, or alternatively from a penalty method, a
classical solution method reducing constraint violations. Penalty functions & are distinct from barrier

functions, which prevent violations, vet they receive similar algebraic treatient [26].

III)iIUl Fu{z)=cr + ®,(h ~ Hz)

subject to

(rr=g.

Quadratic functions have been widely used to tmpose penalties. A quadratic penalty &, () = p|(h -
Ha)t|? as shown in Figure 5-2 has been applied o large scale multicommodity transshipment problems
(62]. Note that when a constraint is [easible, tixe corresponding penalty is zero. The guadratic penally

is analyzed in the more general framework of augmented Lagrangian methods in Scetion 5.4.

5.3.1 Lagrangian Relaxation

Lagrangian rclaxation is a special case of a linear penalty method: ®u{x) = u(h — Hz). Unlike other
penalty functions, &, not only penalizes constraint violations, but also rewards feasibility. The optimum
is found at a saddle point:

l}léié\' I;l:_i»]c} cr — Ah— Hz)

subjert fo

Gr<g.
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(The Lagrangian multiplier will be denoted X instead of j, because both A and g are used with the
Augmented Lagrangian of Section 5.4.) As in all penalty methods, the constraints Ha < & of the
original problem are permitted to be violated during interim stages of solution. Through increases in
the Lagrange multipliers A;, the cost of violations is increased as necessary for all of the constraints to
eventually be satisfied. Section 5.3.2 describes Dantzig-\Volle decomposition, a classical implementation

of Lagrangian relaxation.

Combining Phases Via “Big M” Method

Lagrangian Relaxation is used implicitly in the popular “Big M method of finding an initial feasible
point. (see for instance Sections 3.1.2 and 5.2.) In its simplest form, A is the unique value of the
Lagrangian muliipliers. A widely used variant is to decrease M as infeasibility decreases. More sophis-
ticated versions of the “Big M” method resembles typical implementations of Lagrangian relaxation,
particularly when feasibility is obtained in several phases. For instance, with MCNF, one phase could
search for a set of flows that satisfy mutual capacily constraints!, but that may not satisfy the network
flow conservation consiraints. A second phase would search for a solution that also satisfies the conser-
vation constraints, without considering the cost of the solution. A last phase in which the true costs are
used would follow.

By allowing simultaneous rather than phased relaxation, the optimization problein may travel in a less
constrained way towards the optimum, thus finding a solution more quickly. On the other hand, keeping
the phases separate has some advantages. Tirstly, each phase may preserve the nature of a subproblemn,
such as a pure network flow problem. Secondly, if no feasible solution is reached, a final unconstrained

solution may not provide much information about the cause of the infeasibility (see also Section 7).

5.3.2 Implementation by Dantzig-Wolfe Decomposition

This classical technique [20,38] has been widely implemented [or Lagrangian relaxation. The following
paragraph shows informally that Dantzig-Wolfe Decomposition can be viewed as a specialization of RSD
to the dual function F(z) = maxayocx + A(Hz — h). For a formal treatment, see Rockafellar [58]. Since
a minimum of the function is sought, only finite values of the maximum need to be considered, i.e. the
minimization can be restricted o X = {Hz — h <0}. Over X, F(z) = cx, and the master problem

becomes:

Linear Program Formulation 15

min ez
p20E!

1See Section 7

41



subject 1o

T=1
¢
Yorm=1, k=1, K,
T=1
t
Zpiwl:“i k=1,...K.
T=1

Let A* determine a subdifferential of F at #: VF(#!') = ¢ + A'H; then F(&')y + VF(@E)(z — 2') =
i + M(HE ~ h) + (c+ N H)(z - 2") = cz+ X(Hz - h). As an application of the RSD algorithm,

one gets:
Linear Program Formulation 16 Subproblem
mincx + A (Hz — h)
x

subject to

Gz =g,

z > 0.

The master problem has much fewer constraints than the original problem. A new set of prices, A' are
assoclated with each arc and are given to the subproblems via the reduced costs ¢ = ¢+ A'H. The
solution of the subproblems produces a new point, for the master problem. Thus, in the MCNF literature,

this method is called Price Directive Decomposition [38].

5.3.3 Dantzig-Wolfe Decomposition by Interior Point Methods

Goffin et al. {27] describe an algorithm for solving nondifferentiable optimization problems which they
apply to nonlinear MCNF. In the restrictive context of linear MCNF, this methed can be viewed as

solving the master problem by an interior point method, namely:

Linear Program Formulation 17

: At

min cd* — E In:

p20,8¢ Himy
1

subject to
t

Zp}_fHa:E-}-y: h

Tl



t
Zp{r{ =8, k=1,...K.

By elimination of the slack variables, the problem becomes:
Problem Formulation 3

' in &l — e pT HixT
‘]‘l_l_l"'ljplénulglcz ,uZln(hz prHiat)

subject to

Note the resemblence between Problem Formulation 3 and Problem Formulation 2, used for the sliding
barrier method [80]. As in the simplex algorithm, dual variables A'*! can be calculated. They are

solutions of an Interior Point method formulation of the dual master problem (Problem Formulation 3):

Linear Program Formulation 18
max o
I
subject fo
og<eca” +AHzT—h) T=1,...,t,

which can be obtained by applying a logarithmic barrier penalty to the nonnegative slack variables:
Linear Program Formulation 19

hm maxa + i Z log ™

p—0ah5
subject {o

c=cx’ + AN (Hz" = h)—¢r, 7=1,...,1

Rather than finding the optimum of the master problem as p — 0, Goffin et al. find a feasible solution
of a master problem in which ¢2* < z replaces the objective function, where 7 is an upper bound on
the value of the master problem, which is equivalent to using a value # = 7 — z. An approximate dual
solution A} is then used to solve a new subproblem. The subproblems will be identical to those of the

sliding barrier method [60] if the barrier parameter of the latter is:

=, (hi — Hid').

Since this condition is satisfied by the parameter gz and the optimal value A* of Problem Formulation 19,
the subproblems of both methods will be identical if they use the same barrier parameter and solve the
master problems exactly.

The preceding result shows:
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Property 3
If the same barrier parameter u is chosen to solve the master problem of the sliding barrier method as

5 used in the logarithmic barrier approzimation of the master problem of Dantzig-Wolfe decomposition,

then the methods will follow the same trajectory.

In fact, Goffin et al. use the primal formulation of the master problem (Problem Formulation 3) as they
find it easier to add a column corresponding to a new point z'+! than a constraint, using a method
described in [49,50]. Note that ez + A'(Ha — &) is a tangential approximation of F, and not merely F,.
Thus, every point generated by previous values participates in the approximate solution of the master
problem; similarly for the shifted barrier method, the optimum found for a parameter g > pocould be

used to solve the master problem with parameter .

5.4 Augmented Lagrangian

Augmented Lagrangian metheds combine nonlinear penalty functions and Lagrangian relaxation (for a
detailed presentation, sce Luenberger [44, page 406]). Augmented Lagrangian methods were originally

designed to relax equality constraints; one way of handling the inequality constraints #z < h is to add

z
a slack z7z. Denote z = and H(Z) = Hz + 27z — h. MCNF is reformulated as:

(3]

Problem Formulation 4

Minimize
cE

subject 1o

H(z) =0,

Gz =g,

220
The augmented Lagrangian is the function
Fux(Z) = c + XH(5) + §|H+(a?)|2, with > 0, A > 0. (5.1)

This function clearly has the components of both the Lagrangian relaxation and a quadratic penalty

function (pure quadratic penalties for MCNF is a special case of Equation 5.1 for z = 0 and = including

slack variables).
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e 'The Lagrangian component of the objective function may not be convex, and the oplimal A™ may
not yield a minimum 2= of the objective function Fo (1} = cr + AH(#). The penalty function
makes the problem convex, for a sufficiently large value of the penalty parameter g, and makes z°

a minimum point rather than just a stationary point.

e If only the penalty function is used, the problems tend Lo be ill-conditioned, since gt often must
be very large. As the Lagrange multiphier A approachies its optimal value, A*, the Lagrangian
component of the objective function vanishes; the problem has become a pure penalty function

problem, aund yet excessively large values of p have been avoided.

The explicit dependence of F on the additional variable z can be removed by neting that LT
continuous at the boundary of the mutual capacity constraint, and can be cxpressed analytically as

7= max[0, -7l — -’\;J-] Thus, Fya(E) is simplified as {ollows:
Fuafz)= mrin er + Z -:;7 [max {0, A + pllie}? — A7)

Figure 5-3 shows a family of such augmented Lagrangian functions. Note the resemblance to the shifted
barrier method of Meyer and Schultz [60] displayed in Figure 5-1. This indicates a fink belween shifted
barrier and angmented Lagrangian functions.

Dual Methods

Since the augmented Lagrangian can be treated as a convex function, it is natural to consider the method
fromi the dual viewpoint. Hl-conditioning is mitigated as follows: if a penalty term is incorporated into
a problent, the primal problem becomes increasingly ill-conditioned as g — 0. The dual problem
stmultaneously becomes correspondingly more well:conditioned, so that the iterations that determine

new values for A become more accurate, which allows the penalty factor g to be reduced in size.

5.4.1 Implementation of the Augmented Lagrangian Approach

To solve the MCTP (Multi-Commodity Transportation Problem), Stanice {62) uses an augmented La-
grangian penaltly function which is optimized by Reduced Simplicial Decompasition. Details of the

method are given next for comparison with the partitioning method implemented in Chapter 6.
Parameter update
The probletn is solved as follows, given some initial ultiplier A;, and a penalty multiplier ps:

1. Find a point &' that satisfies (&' = g and lowers the value of e(z) + A'H{x) + s HE ()]
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2. Find A" using a first order update A{*! = max {0, A} + p,(Hi&! — b;)).
3. Determine py4,, typically in one of the following ways:

(a) p remains constant [44],

(b) p increases towards a finite value prim [44],

{c) p grows towards infinity (piy) = rpy, 7 > 1) [44,62],

(d) pis increased when convergence (based on modifying A) seems to stall {26).

Staniec {62, page 94] found that the best results were achieved for his set of MCTP problems with a

small initial value of py, and a slow increase, p, = 1.2'pq.

Gill, Murray & Wright {26] suggest that a complete minimization of the ob jective function with respect
to z is not worthwhile. Since the accuracy of the multiplier A is limited, particularly in the early stages
of solution, and this restrains the rate of convergence of # towards z", it may be desirable to update A

more often.

Staniec’s Implementation

Augmented Lagrangians can be solved by Reduced Simplicial Decomposition. Staniec apparently does
not treat the subproblem as a product of single commodity flows zy, therefore the index & is omitted.

This implementation is slightly simplified to:

Algorithm 1 7. Indtialize

Let 1 = 0.
Determine an initial point £°, e.g. ¢2® = min, cx | Gz =g,z > 0.

Set Fp|,\(:f:0) = 0.
2. Solve the Subproblems
22"y = VR, y (82!t = min Vi z(&')z |Gz =g,2 20

If z(x*!) = VF, A(2")#", then the optimum for the relaxation with p has been found. In this
case, if the current optimum for the relaxation z{2'*1) is not an optimal solution of the original

problem, increase p so as to make violations more expensive; otherwise, STOD.

3. Update the Master problem

Fpa(8'1) = min Fy 5 (2)|2 € conv(X?)
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If [X*] = », then discard from X! the vertex corresponding to {g = argmin,=i, ., p° (See Sec-

tion 5.1 for a definition of p7).
Discard from X* the points 27 for which p7 = 0. Increment ¢, and go to Step 2.

Every r iterations, perform a resource allocation, P(2#!*1} (see LP Formulation 22), using £'+!
as an upper bound on each are, corresponding to a fragment of the mutual capacity apportioned
to the flow of each commodity currently traversing it. If the current solution violates a mutual
capacity constraint, the violation is distributed evenly over the commodities (62, page 46]. This

forces the solution to periodically become feasible.

5.5 Using a Decomposition Method for Resource Allocation

Another decomposition has been applied to a variant of the formulation of MCNF [40]. In this Section,
no attempt is made to analyze conspicuous parallels with Price directive decompaosition (described in

Section 5.3.2) or other decomposition methods.

Linear Program Formulation 20

subject o

5.5.1 Master and Subproblems

For a feasible vector Z*, the K subproblems may be defined as:

Linear Program Formulation 21
Pe(zl): mineray
EN

subject {o

Gz = gu,
0<zp <zl

The dual formulation of the subproblems is:
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Linear Program Formulation 22

Pr(Z}) © gane — Thée = max gpy — 2L
T £k
subject {o
nwG — & <o,
& 2 0.
The dual prices 7,7, ¢+ are communicated to the master problem, given here in its dual form:

Linear Program Formulation 23

subject io
Hz = h,

29y —%, tr=1,...t+1, 3>0.

The master problem produces an allocation z!'*! of available resources satisfying the joint capacity

constraints HZ = h to be used by the subproblems.

However, Z is a very large vector, having K elements for each arc in the network, therefore the master
problem is very large, even if the methods reviewed for other master problems are applied. Yet, in
practice, many arcs not involved in the joint capacity constraints can be eliminated in a pre-processing

stage. The individual flows in such arcs would be bounded simply by the upper hounds.

5.5.2 A Decomposition Algorithm

An algorithm that uses the resource directive decomposition is as follows:

Algorithm 2

1. Initialize the problem with « feasidle sel of individual network flow bounds z.

& may be initialized using known upper bounds on individual flows, or using heuristics to satisfy
Hz=h,

Alternatively, resource allocation could be combined with relaxation by adjusting the constraint
bounds & to £ (see Section 6.1.3) to obtain an initial solution to the network subproblems. Penal-

ties would be attached to the objective coefficients of the corresponding artificial variables to

progressively cancel them.
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2. Solve the k subproblems.

A network simplex algorithm could use the solution of the previous subproblenn,

3. Generale new culs o3 > gm{.“ - a‘:;cé;'fv,'H for the master problem, using the dunl prices 7{,‘"1 and

&Yt from cach subproblem k.

Sirce memory resources are usually limited, and increasing the size of the master problem tends
to lengthen its solution time, it is common to restrict the number of constraints to some maximuin
size, r. The progressive construction of the master problem of Linear Program Formulation 23
is a process dual to that forming the master problem described in Section 5.1; redundant and

nonbinding constraints will be the first to be eliminated: those that are most binding will be kept.

o

Use an interior point method to find a new point in the masicr problem. If ils objective value is
within € of the sum of the objective values of the preceding subproblems, STOP. Otherwise, go 1o
Step 2.

There is some leeway in the choice in the stopping criterion - the algorithm could require improve-

ments of either a scalar value of ¢, or of a factor of ¢.

5.6 Decomposition and Chain Formulation of MCNF

The master problem of Linear Program Formulation 1 represents a chain formulation of MCNF [22].
Hence, simplex decomposition can be viewed as building this formulation dynamically as it is optimized.
Barrier and penalty decompositions can also be viewed as barrier and penalty solutions of the chain
formulation.

Jones et al. [33] solve the chain formulation of MCNT using an Interior Point method; in effect, they
solve the master problem explicitly.

Direct application of Interior Point methods to very large problems generated by columns has been

implemented for crew scheduling [18] and other set covering problems [37].
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Chapter 6

Implementation

This thesis proposes a simple implementation of the affine scaling method, as a basis for testing the
benefit of a partitioning method. The affine scaling algorithm used in this thesis has not been designed
for computational speed, because the hardware available (Sun Sparc 10, 64MB memory) does not allow
testing of large scale problems over which the algorithm should have the best comparative performance.
For example, Resende and Veiga [57] found that their Interior Point algorithm only cutperformed the
network simplex method for very large problems. Moreover, to attain this efficiency, they needed to use
preconditioned conjugate gradient methods on parallel processors.

The CPU time taken by an affine scaling algorithm is roughly the product of the number of iterations
and the time to perform one iteration. Improving the {atter would require methods bevond the scope of

this thesis.

On the other hand, compariscus basad on the number of iterations are a useful indicator of the relative

efliciency of the partitioning approach.

6.1 Algorithmic Strategies

6.1.1 Network Generation

It was necessary to write a network generator that would produce random multicommodity network flow
problems in the form described in Appendix E.1.

Given the parameters:
* 7t - the number of nodes,

e K - the number of commodities,

o
o%



o P - the number cf paths desired lor each commeodity,

s L - the average path length,

*

Gy, Gy, - the desired range of costs for each are,

Fi, £y - the desired range of flows {or each path, and

*

A - the number arcs added in order to augment the density of the network,

the following algorithm generates data stipulating a feasible MCNF problem, primarily using an aug-

menting path algorithm.

Algorithm 3 Generate random Multicommodity Nelwork Flow problem
e Sel initial arc bounds to zere.

s For each commedity,

For each desired path, a random sequence of nodes ny, na, ... n, is selecled, where r is a random
variable with a mean value # = L, chosen from the exponential distribution and then adjusied into
the integer range [2,n]. A flow f in the range [F}, F}) is chosen along the path [ng, na, .. el The
bound for each arc along the path is increased by f, and the supply el node n; and the demand ai

node n, is increased by f.

* X arcs are randomly selected and the corresponding flow bounds are augmented by a value chosen

uniformly from the integer distribution [Fy, Fy]. In most of the tesi problems, no such arcs had

their bounds qugmenied,

¢ If any nodes do not have any ouigoing arcs, then one is randomly added 1o cach such node, with

a bound chosen uniformly from the integer distribution [(F1, Fy), to evoid having nodes that are

trivially redundant.
» The price for each arc is chosen uniformiy from the iateger distribution [C1, Cu).

The code implementing this algorithni was written in the Perl language, and is presented in Ap-

pendix E.14,

6.1.2 Solution by Affine Scaling

The generic affline scaling step is described on page 16. Further details used in the implementation are

presented in this section.



Stopping Rule

Optimality is determined using the properties of complementary slackness and dual feasibility. Let the
reduced price r(z) = ¢ — AT(ADIAT)='ADZcT. The degree of complementary slackness is measured
by setting v(2) = max; {r;(z)z:}; dual feasibility is measured by 6(z) = — min; ri{x).

It is shown in [64, PROPOSITION 6] that if the algorithm terminates when v(z*) + §(z*)M < ¢/n, where
M is an upper bound on the objective function value, then z! is an <-optimal feasible solution of the

problem. In practice, M is an approximation of the upper bound, thus the stopping criterion is only

approximate,

Upper Bounding

The algorithm can accomodate upper bounds u on the flow on each are. 1t is modified using the following

formulae:

D, = dliag (min {z;, u; — 2;}),

&L U — Tg

(o) = s {mx { (Ducy)i _(Decy) }}

where e; is a unit vector.

Initial Interior Point

In Section 3.1.2, the typical strategy used to initialize an interior point method was to choose some

arbitrary vector 27, and add an artificial variable #. Typical choices for initial points are:

2% =(1,1,1,...,1,1)7 [64],
2% = %(1,1,1,...,1,1)’*r [36],

o, 1l
o= aey U

For the affine scaling algorithm, Adler et al. [1] note that it is “desirable that (the) initial point be far
from the facets of the polyhedral set defining the solution space.” With the preceding values, z° may

be near a facet, and convergence of the problem will suffer.

Based on the results in Section 6.3, in which several choices of initial points are examined, it is clear

that the choice of the initial point affects the efliciency of the algorithm.
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6.1.3 Alternative Feasibility Phases for MCNF

Several sets of artificial variables have been proposed to initialize MCNL.
In Table 6.1, I denotes the number of mutual capacity {and inequality) constraints, K the number of

commodities, and n the number of nodes in an MCNF problem.

Single Artificial Variable

Many Interior Point implementations [25,46,64] try to alleviate the numerical burden of introducing a

dense column by attempting to eliniinate the artificial variable as soon as possible.

Shifted Barrior

As in Section 5.2, one artificial variable, 14, is added for each inequality. Then the algorithm decreases
it explicitly, canceling it when an interior point satisfies the constraint. The single arlificial variable
method of Section 6.1.3 can be used simultaneously to satisly the equality constraints, unless a labeiling
procedure provides a positive {low for each arc, as proposed in [60).

In the implementation, non-slack variables are assigned the value 0.25, slack variables are initialized as:
y = max {0.25, min {h — 0.25He?, u— 0.25)}

where u is a vector of upper bounds on the arcs.
Another initialization is y = %, if the value also satisfies the individual flow bound u. The performance

of the alternative initializations are compared in Section 6.3.

6.1.4 Solution by Partitioning

Consider the partitioning method of Rosen [59], as discussed in Section 4.3. The following algorithm
adapts it to the MICNF problem. Although provisions for upper beounding of variables are included in

the computer programs, they are omitted from the equations and evoked briefly.

1. With a primal simplex algorithm, find a basic optimal sclution to each of the individual minimal
cost network subproblems, {mineyzi : Gyap = gx, 21 > 0). The basic varinbles are denoted by

z g, and the non-basic variables by zp .

2. Construct the reduced coupling problem, the constraints of which represent jeint capacities from
which the n — [ basic variables of each commodity network have been eliminated (sce Linear

Program Formulation 12).

. P . ' '
min E CpZyn = Min E CLTinN = E Hizin = hy, 2y 20
& k k
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An affine scaling algorithm solves the reduced problem. This determines an estimate of values of
the nonbasic variables, apny for k = 1,... K. Let N* denote the index set of variables 2y > 0

(actually 0 < 2y < u.).

3. Uz, p= sz—G;éGkNa:l.N 2 0forallk = 1,..., K, then an optimal solution has been determined.

Terminate with the optimal solution (z}, zy).

4. Otherwise feasibility of the subproblems is restored by including positive nonbasic variables zen+(<
u) of the reduced problem. A dual simplex method could be designed to restore subproblem

feasibility. A primal pricing approach is implemented:

For each negative component of :r:;B =arp — G;éGkNa:;cN, let the cost &y in the subproblem be
equal to a Big M value (for components ::LB that exceeded the bound, let the cost &5 be equal

to —Af); let the cost &;p be zero otherwise. The modified subproblem & is therefore:

{minCipzin + Gn+ - wen+ : Crparn + Gry+Tin+ = g, 2k > 0}

This problem can usually be solved using only a few pivot steps, based on the previous basic
network solution. The primal algorithm, which for problems of non-trivial size accounted for less

than 0.5% of the total solution time, provided quite adequate performance.

Return to Siep 2.

The algorithmic choices of Section 6.1.2 apply to the selution of the reduced preblem, e.g. the treatment

of the upper bound w.

6.2 Software Design

6.2.1 Network Generator

The network generator computer program, mnetgen, produces random feasible networks that were used
for testing purposes, in the form described in E.1. The algorithm used is described in Section 6.1.1.
mnetgen and several other data manipulation utilities were written in the Perl language!, a semi-compiled

scripting language that runs under UNIX and other sufficiently similar operating systems. Its user-

transparent dynamic storage allocation and “associative arrays” allow easy implementation of the sparse

data structures that are used in network problems. It is also a good tool for “rapid prototyping,” allowing
rapid development of computer programs, particularly those involving file manipulations.

The format of the output is described in Appendix E.1

! Praztical Extraction and Reporting Language [57]
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6.2.2 Affine Scaling

An affine scaling algorithm written in FORTRAN by Dr. Wun-Hwa Chen, which included routines from
LINPACK, was translated to €, using a computer program called £2c, and is used to solve the reduced
probiem.

For comparison purposes, a computer prograrm called solveaff was wrilten which uses this affine scaling
algorithm to solve general linear programs,

It accepts the following parameters options:

e 20 — The default value for variables; this is also used to represent the distance that the sliding

scheme backs off from inleasibility. The default value ig 0.25.

¢ slideld — This price is used in the sliding scheme to pull the solution towards feasibility. The

default value is slideM = —1000000.0.

6.2.3 Partitioning

Computer programs were developed in the € language to solve multicommodity network flow problems.
The main computer program, called menf, uses the partitioning algorithm described in 6.1.4, and is
listed in Appendix E.3. The functions used by menf include a network simplex function based on one
written in FORTRAN by Shan [61]. This function was also translated to € by £2¢, and then extensive
work was done to make it better reflect the coding styles prevalent in ¢. The coordination problem was
solved using the affine scaling code described in Section 6.2.2.

The default values for the parameters used by the affine scaling algorithm are as described in 6.2.2.

The format of input files are described in Appendix E.1.

6.3 Computational Experiments

The experiments assess the feasibility of affine scaling and partitioning, and the performance of algo-
rithmic strategies for each method.

For the pure affine scaling method described in Section 6.2.2, three strategies were considered:

+ Initialization of the Interior Point algorithm using the “Big M” scheme, using the point ¢.25¢7 as

an initial point. This is dc.aoted in Table 6.3 by NORMAL.

¢ Initialization of the Interior Point algorithin using the “Big M?” scheme, using a midpoint hased

on the upper bound, u. The initial vector is 0.5¢. This is denoted in Table 6.3 by MIDPT.



* Inilialization of the Interior Point algorithm using the “sliding barrier” scheme of Section 5.2 to
initialize the slack variables, where all variables other than the slacks are initialized to 0.25. This
is denoted in Table 6.3 by SLIDE. This initialization method combines the “sliding barrier” scheme
to initialize inequalities with the “Big Af” scheme to initialize the other constraints; this combined

approach is unique and has not been presented elsewhere.

In the table, VARS refers to the number of variables (before any addition of artificial variables), CONS
refers to the number of constraints, Al and II refer respectively to the total number of affine scaling

iterations, and the number of such iterations within the infeasible region.

Similarly, three strategies were considered for solving problems using the partitioning scheme described
in Section 6.1.4:

* Initialization of the Interior Point algorithm for solution of the reduced problem using the “Big

M” scheme, using the point 0.25¢T as an initial point. This is denoted in Table 6.2 by NORM.

¢ Initialization of the Interior Point algorithm for solution of the reduced problem using the sliding

barrier scheme of Section 5.2, using the point 0.25¢T as an initial point. This is denoted in the

data table by SLIDE.

* Initialization of the Interior Point algorithm for solution of the reduced problem using the sliding

barrier scheme of Section 5.2, using a weighted midpoint /K as an initial point. This is denoted

in the data table by SMID.

In Table 6.2, VARS and CONS refer respectively to the number of variables and constraints in the
reduced problem. PI refers to the number of iterations of the partitioning algorithm (i.e. - the number
of times that a reduced problem is constructed and solved). Al refers to the total number of affine scaling

iterations required to solve the successive reduced problems. In most cases, problems were solved using

all six options.

6.3.1 Data Tables

In the experimentation, it became clear that the behaviour of the affine scaling algorithm varied greatly
depending on the choice of starting points. The variance was the mo.* marked with the partitioning
problems, where the “standard” sliding scheme was often several times faster than the other schemtes.

As was expected, increases in problem size resulted in increased iterations and CPU time for virtually

all problems.
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6.3.2 Pure Affine Scaling

¢ Some early experimentation indicated that the scheme proposed in Section 6.1.2 resulted in con-
vergence about hall as fast as when the standard starting point e/4 was used with the “Big Af”

method.

e Using an initial midpoint between lower and upper bounds provided performance very similar to

the performance when the value 2% = ¢/4 was used.

¢ In the sliding scheme, slack variables were treated as in Section 6.1.3. In most cases, the other two

schemes outperformed the sliding scheme.

s On the average, the “midpoint” initialization scheme did best, followed by the “Big A" scheme
£ p g

initialized by e/4. The sliding scheme was consistently slowest.

+ Contrary to expectations, the number of iterations before reaching a feasible point (II) is not
proportional to the overall number of iterations and CPU time. For instance, in problem c02n10b
for the “Big M” scheme, only 2 of the 29 iterations were performed in the feasible region. In
contrast, for the other two schemes, virtually none of the iterations were performed in the feasible
region, and yet the performance was very similar. In fact, the “midpoint” scheme, which produced
points in the infeasible region up to the very end, actually found the optimum faster, and in fewer

iterations.

6.3.3 Partitioning Problems

¢ Early partitioning experiments using either e or a random vector as an initial point had approxi-

mately the same performance, unlike the varied performances of pure Affine Scaling implementa-

tions.

* The sliding scheme converged faster than the normal “Big M” method in most cases, and solved

all of the problems, contrary to either the “Big M" or the midpoint sliding schemes.

*+ A midpoint sliding scheme in which arc values were initialized to a weighted midpoint ui /(KN +1)
rarely performed as well as the “standard” sliding scheme, and tended not to work as well as the
normal “Big M method. This may be explained by the nature of the reduced problem, which
supplies adjustments to the uncapacitated network flow problem, and can be expected to have

more zero variables than the linear program for the complete MCNF problem.

¢ The experiments confirm that the partitioning scheme is a dual ascent algorithm, where Clps >

“ops for each iteration ¢, where C% p, is the cost of the network flows as adjusted by the solution
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to the reduced problem. At each iteration ¢ of the partitioning algorithm, C%p; = Ck + C%
where C} is the objective value associated with the latest feasible solution of the pure network

flow problem, and C}; is the cost of the solution to the ensuing reduced problem.

The two relationships indicate that the solulion estimates begin with an approximation based

primarily on the optimal pure network flow solution, and converge monotonically towards the

optimal feasible solution.

* In certain cases, the three initialization schemes generated different numbers of reduced problems
(Linear Programming Formulation 12). This may be caused caused by degeneracy of the reduced
problem, or by the lack of accuracy of the affine scaling algorithm, which yielded slightly different
“optimal” sclutions. These cases required more iterations to find an optimal MCNTF solution,
(or failed because of round-off errors). The first iteration of the partitioning algorithm was a
good indicator of performance; the scheme that achieved the lowest value of C} converged to the

optimum faster than the other schemes.

¢ The number of partitioning iterations (denoted PI in Table 6.2) tended to increase with the number

of commodities.

6.3.4 Comparing Partitioning to Pure Affine Scaling

¢ The subproblems are solved much [aster than the coordination problem. For the small problem
presented in Appendix E.1, only 2.75% of the time was spent solving the subproblem. In the set
of test problems, as the size of the problems increased, the proportion of time spent solving the

subproblems fell to less than 0.5% of the total time. Other coordination problems may yield similar

results.

» The experiments showed that Interior Point methods are quite amenable to progressive changes in
the cost function while searching for feasible solutions. With an Interior Point method, revising

some costs will have a global and immediate effect on the direction of travel.

In contrast, with the simplex method, in any iteration, changing costs influences the basis with a

grainier effect. Thus, changes to the objective function may require a number of iterations to take
eflect,

Changing the costs associated with the slack variables was used quite successfully in the imple-
mentation Section 6.1.3 of the Sliding Barrier method for initializing the partitioning method. It

was not very successful when used to solve MCNY problems with the pure affine scaling method.
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It may be practical to use Interior Point methods to solve problems with nonlinear objective
functions by, at each iteration, presenting the method with a linear approximation of the objective

function.

¢ Surprisingly, the number of afline iterations required to solve the reduced problem tended to be
larger than the number required to solve the MCNF LP formulation. This may be explained by
the kigh degree of degeneracy in the reduced problem. Since the reduced problem is much smaller
than the full MCNF LP formulation, the CPU time was nonetheless lower. A method that hetter

exploits the solution of the previous reduced problem might yield faster solutions.

The following graph depicts the ratio of the relative speed of fastest strategy for each mcthod, as a
function of the number of partitioning iterations. The regression line (R? = 0.67) indicates that the
performance of partitioning degrades with the number of partitioning iterations. Again, a warm start
that decreases the number of affine iterations required to solve the reduced problems would be necessary

in order for the partitioning method to be competitive with pure afline scaling.

6.3.5 Conclusions

There was no evidence to establish clear superiority of the partitioning method over pure affine scaling
or vice versa,

Table 6.4 indicates that there were cases in which partitioning was much faster than pure affine scaling,
and vice versa. No conspicuocus relationship between relative performance of the methods and the
different aspects of problem size can be detected with the data sets tested, but the number of partitions
performed strongly influences the overall computing time.

The use of differing initialization methods had clear influence on the convergence of solutions. For
the partitiviing reduced problem, which tends to be extremely degenerate, tle shifted barrier method

improved performance greatly. The shifted barrier method was less effective with the full LP formulation

of MCNF.
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Number of
Method Artificial Constraints Relaxed Sectlon
Variables

Single Artificial Variable [36] 1 All simultaneously 3.1.2

Shifted Barrier [60] I Mutual capacities 5.2

Backllow Ares [35] < 2Kn Supply and demands 3.2.2

Table 6.1: Methods to Initialize MCNF
Table 6.2: Partitioning Results

Problem | Vars | Cons | NORM (s) | PI Al | SLIDE (s) | PL| AI[SMID(s) [ PI Al
c02n03 4 4 0.031 1 10 0028 | 1 9 0.043 1 9
c02n10 70 44 4.248 1 49 1861 1| 21 2.897 1 33
c02n10b 78 48 7.642 1 66 2987 | 1| 24 3.851 1 31
c02n14 104 65 22.445 1 80 7703 1| 27 12.647 1 44
c03n05 30 14 0.434 2 41 0570 3| 70 0.197 1 28
c03n06 42 19 0.684 2 53 1.340 | 3| 106 1.519 41 119
¢03n10 120 49 21.279 2| 115 6271 2| 35 13.041 2 72
¢03n10b 66 31 7.514 3 90 7592 3| 88 7.616 3 85
¢03nls 138 60 74.890 4| 225 70.810 | 4 | 224 104.637 6] 336
c04n05 56 18 0.539 1 34 0502 | 1| 36 0.661 1 39
<04n08 132 40 44.076 51 264 58.029 | 5 | 289 52.488 5| 307
c05n06 120 29 5.058 1 87 1446 | 1| 22 2414 1 40
e05n06b | 115 28 i1.284 51 207 13.254 | 4| 248 10.942 4| 201
¢05n10 175 44 20.450 1 86 6226 | 1| 25 8.209 L 34
c0bnlh 350 84 1661.598 9 484 1536.177 | 6 | 475 | 2175337 | 10| 704
c06n08 234 46 142.102 7] 335 203.448 | 7 | 466 153.309 6 353
c07nl0 336 57 650.242 T 494 1057.019 | 8 | 787 835.598 61 613
c07nl0b | 497 80 6083.438 T | 1206 86293 | 1] 19 183.531 1 40
c(8n08 344 50 261.813 51 289 517.556 | 3 | 565 335.512 4] 368
c08nl0 424 62 1306.574 9| B88 1864.037 | 9| 813 | 2674.599 | 12 | 1243
¢08nl0b | 424 62 1265.538 81 0650 1823.721 | 5 | 817 | 2288.857 | 11 | 1065
c08n15 8§72 | 123 Not Run | n/a | n/a | 19399.614 | 7 | 958 | FAILED n/a| n/a
cl0nl0 600 89 2023.603 71 499 3844.205 | 10 | 957 | 5806.447 | 12 | 1473
clOnl0b | 820 91 5405.511 31 540 485.971 { 1| 41 588.496 1 61
¢10nlh 610 75 2960.175 T 609 1978.583 | 7| 405 | 2895.730 7| 566
cInlQ0 950 | 1049 0.3532 1 0 0388 | 1 0 0.366 1 0
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Table 6.3: Pure Affine Scaling Results

PROBLEM | VARS | CONS | NORMAL (5) | Al ] 1] MIDPT () | AL| Il | SLIDE (5) | AL| O
¢02n03 8 10 0.026 9 2 0.044 | 16 | 19 0.025 8 1
c02n10 88 64 5.206 | 27 2 5196 { 26 | 1 5.357 | 27 3
¢02n10b 96 68 6.697 | 29 2 5.082 | 22 | 22 6983 | 28| 25
c02nl4 130 93 23574 | 31 3 20241 1 26 | 1 21.887 | 29 G
c03n03 42 29 0.672 | 27 3 0552 | 26 | 1 0.752 | 40 6
c03n06 57 37 1.390 | 35 2 1284 f 33 | 1 3.546 | 90 1
c03n10 147 79 36.907 t 30 2 30.820 ) 27| 1 34.194 | 28 5
c03n10b 93 61 8.984 | 36 1 6811 | 27| 1 14.234 | 51 5
¢03n15 180 165 40.703 | 37 1 35.606 | 26 | 0 152.537 | 110 3
¢04n05 72 38 1444 | 29 1 1640 1 33| 2 1.997 | 40 6
¢04n08 160 72 21.646 | 33 2 18.920 | 29 1 0.844 | T8 )
c05n06 145 59 8.057 { 35 2 §.742 | 38 | 1 9.153 } 39 3
c05n06b 140 58 8.528 | 31 2 9.014 | 33| 1 18.483 | 68 4
c05n10 220 94 53.537 | 42 3 49.305 | 41{ 2| FAILED |n/a {n/a
c05n15 420 159 952.548 | 65 1 411.994 | 27| 1 2047.135 | IT1 3
c06n08 276 94 78.352 | 38 3 61.366 | 30§ 1 208.527 | 146 4
c07nl10 399 127 314.219 | 37 2 280.339 | 34 | 2 064.825 | 115 5
c07n10b 560 130 87G.350 | 49 | 49 936.484 | 53 | 53 601.023 | 34 | 34
c08n08 400 114 444.620 | 63 2 223658 | 31| 2 744.367 | 113 4
¢08n10 496 142 913.268 | 38 2 486.163 | 36 | 2 1714.296 | 127 5
c08n10b 496 142 $93.238 | 48 3 575.017 | 39| 2| 3087.138 | 222 { 10
c08n15 984 243 FAILED | n/a | n/a 3207.714 | 36 | 2 FAILED | n/a | n/a
e10nl0 690 169 871.055 | 3a 3 946.588 | 38 | 2 2239.269 | 90 5
¢10n10b 910 191 2780472 | 59 | 59 1269.020 | 29 | 29 | 1968.496 | 45 | 45
c10nl5 750 225 4040.062 | 60 2 2183.713 | 38 | 3| 3237.058 | &6 4
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Table 6.4: Performance ratio, Pure Affine vs. Partitioning, as a function of the number of Partitioning
iterations (Semilogarithmic scale)
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o
-%:\:'.

Log(AffineTime/Partitioning Time)

Number of Partitioning lterations
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Chapter 7

Directions for Further Development

Suggestions for improving the efficiency of the algorithms have been ranked from speed-up techniques,

to needs for methodological advances.

e Introducing a feasible solution using backflow arcs

The method proposed by Kapoor and Vaidya [35] uses one artificial variable for each commodity,
reflecting a “backflow” from sink to source. The addition of up to 2K’ n arcs (where X represents
the number of commodities, and n the number of nodes) increases the size of the problem, but
preserves its network structure. Kapoor and Vaidya suppose that a positive circulation has been
found by a labeling method. An alternative strategy is to use an Interior Point method to find
a positive circulation. The following text describes a method by which the network conservation

constraints may be perturbed while satisfving the joint capacity constraints.

To each arc in the network, Gz = g, a nominal flow level, 2* is assigned. The flows are scaled
to satisfy the joint capacity constraints by multiplying by a factor, €, that allows 2’ = ez* to
satisfy the joint capacity consirainls, Hz' < h. This represents a relaxation of the network flow
conservation constraints. The value of ¢ may be determined by € = min. f!;‘“— Fer the /f structure
described by Kapoer and Vaidya this may be simplified to ¢ = min; }‘% This results in a set of
flows 2" = ¢e that satisfy the joint constraints, but do not necessarily satisfy the flow conservation

constraints, which have an imbalance at each node i of 4;),.

A “super-node” is then introduced for each commodity, transforming the problem into a circalation

problem.

Two arcs are then attached to the nodes that connect to the appropriate “super-node:”



~ An arc is directed towards the super-node if the node is a demand node, or away from the

super-itode if the node is a supply node.

— A “backllow” arc maintains the “circulation” property. If the node reflects a net supply after
adding the first arc, then this arc is directed to the super-node, and carries the appropriate

flow to balance the flow of commodity & in node i to zero.

This resuits in an initial interior solution to the problem. This method could be combined with the
“sliding barrier” method, allowing the back{lows and the arcs representing supplies and demands
to share an arc. Because of the enormous problem size that results, this method was not considered

for implementation in this thesis.

TFurther work to determine a “good” initial interior point.
B

It was found that the performance of the interior point method depended greatly on the iaitial
interior peint. Using some of the structure of the problen to determine the initial point may assist

greatly in improving convergence to the optimum.
Warm start

Since the reduced problem is not expected to vary tremendously between partitioning iterations,
it may be possible to perform a warm start, starting the algorithm near the optimum. Warm start

in the simplex and Interior Point methods are usually fledgling dual algorithms, full versions of

which may be elficient.

Determination of the barrier parameter u

A way of determining y; for Meyer & Schultz’s primal formulation that does not require dual
values is p: = 3, hy — h;. It exhibits the desirable characteristic that as ihe solution becomes
“more feasible,” p correspondingly decreases towards a limitieg value of zero. If the problem

remains infeasible, y remains correspondingly large. This represents an alternative to the formulae

found in Section 5.2.

Use of more advanced interior point methods to solve the reduced problem

The current code is a relatively straightforward application of the Householder transformuiion to
perform a QR reduction of the problem matrix. It does not take particular advantage of matrix

sparsity; the Cholesky decompesition may take more advantage of sparsity.

The code also does not take advantage of the fact that L) does not change very much between
iterations. Karmarkar [36, Section 6.1] describes a method to update [412A47]=! rather than

recomputing it between iterations of the Interior Point algorithm.
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+ Use of more advanced algorithms to selve the nelwork subproblems

As written, the network simplex code is quite effective at solving network problems with several
hundred ares; for much larger problems, it may be more effective to use a dual simplex network
algorithm, or one of the modified network simplex algorithms that has been proven to rum in

polynomial time, or an interior point method.

¢ Simplification of the coordination problem

While it seems of little value to optimize the solution of the subproblems since they take up so
little of the solution time, it seems correspondingly more worthwhile to simplify the coordination
problem, perhaps first by improving the bounds for individual variables, and perhaps by eliminating

redundant variables or constraints altogether.

Chang [16] documents a set of heuristics that can be used to make matrices “more sparse,” b
3 y

performing a variety of reductions. This may reduce the complexity of the coordination problem.

o Interpretation cf results with infeasibility

This thesis highlights the importance of choosing an adequate initial feasible point. Ou the other
hand, if the problem is not feasible, the various methods provide different information about
infeasihility.

If a particular MCNF problem proves to be infeasible, the values of tlie artificial variables may
indicate why the infeasibility occurred, which may make it casier to reformulate the problem so that
it is feasible. If the formulation of Kapoor & Vaidya is used, one can determine which commedities
were involved in the inleasibility. If the formulation of Meyer & Schultz [60] is used, the results
will show which joint constraints were forcibly violated. Both sets of information may be useful in
determining the causes of infeasibility. 1f only a single artificial variable is introduced, there may

be little interpretable information available.
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Appendix A

Primal Dual Method

Megiddo [47,48] introduces the idea of combining the primal and dual problems, and using logarithmie
barrier functions to solve the resulting set of constraints. Using these properties, Kojima et al [42] propose
a primal-dual interior point method. The paper by McShane et. al [46] discusses the development of
computer software using this method.

First consider the primal problem: [46)

Linear Program Formulation 24
{mincz : Az =5, z > 0}

Tts dual is:

Linear Program Forniulation 25
{mingd :yd+z=1¢, = >0}
The logarithmic barrier function for Formulation 24 is
n
flz, ) = ex =~ uZ]n z;
i=1

The optimum can be characterized for a given value of p in the combined primal and dual system as

follows:

DyD.e = pe
Ax=1bd
vA+zr=c
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The first equation along with the second assures primal feasibilily; the first and third assure dual
feasibility, and as y — 0, optimality is assured,
First, let

v{p) = DDe — pee,

Using Newton’s method, corrections are found to x,y and z, called Az, Ay, and Az, respectively.

Ar(p) = (D7 = D7D AT(ADIY D ATy Y ADT V()
AyT(p) = —(AD; DL AT) L ADT M u(p)

ATy = AT(ADI D ATY P ADT Y u(y)
or:

AyT(p) = —(AD7 D AT) ™ ADT Vo (p)
Az{p) = Ay(p)A

Ax(p) = D7l vo(p) — D7D AT ()

T,y, : are updated by subtracting some multiple & of the A values, choosing o such that # and z remain

positive. g must converge towards zero; to that end, the authors use

by —c2
Hrnil = nE

which is a scals 1 duality gap. As the solution approaches optiimality, the primal cost ex approaches by,

sopu—0.

A.1 Initial Solution

In most metheds, an initial interior point is forced by adding an artificial variable corresponding to a
“known” interior point (in interior methods, this point is often ¢/n). Then, either a two phase method
or the “Big M™ Method is used to find the optimum.

McShane et al. need to add a constraint for the dual formulation. They then use the “Big AI” method

in order to find the optimum (See Section 6.1.3), and propose using values of?
M. = 30n° max €]

My = 300" max |b;]
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A.2 Comparing Primal Affine Scaling with Primal-Dual Meth-
ods

Vanderbei et al. [64] use the directions in the Affine Scaling algorithm:

ep= (I — D AT(ADIATY ' AD,) D"
The computation is dominated by finding the solution w of the system:

(ADZATY Yy = AD2CT (A1)
McShane et al. [46] use the [ollowing directions in the primal-dual affine scaling algorithm:
cyp = (—AD P AV TAD V()
Czp = —Cypd
cep = D7 o(4) = D7 Dyczy

For the primal-dual method, the corresponding problem is to solve for s in:

(ADFD7?AT)s = ADTH(D.Dse ~ pe),

which has approximately the same difficulty as solving Equation A.1. ‘Therefore, the primal-algorithm

can solve a larger system in the same order of computationai steps as the primal affine scaling algorithm.



Appendix B

A Classical Affine Transformation

to Canonical Form

This appendix presents a review of Bazaraa’s (8] affine transformation that transforms an LP into

canonical form. Consider the LP {minez : Az = b, z > 0}.

B.1 Step 1: Regularizing the problem

Using Beale’s classical method [9], add a constraint:

n
22 <Q
i=1

where @ is some known bound on the sum of the variables. Alternatively, adding a slack variable

Tnyy > O
ntl

er :Q (Bl)

i=1
B.2 Step 2: Homogenization of the constraints

Add an artificial variable, £,,43, identical to 1, in order to homogenize Equation B.1.

Az =Tz, 2=0 (B.2)

el 4 2yt~ Qupin =0 (B.3)
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Note that the column based on & that is introduced to the constraint matrix will in general be dense,

which maj make the problem more difficult to solve by algorithms that expect sparse matrices (see

Section 6.1.3).

The value 2,42 = 1 can be enforced by the additional equation:

eT.’I.' + Tndgl + Lp4a = Q +1 (B4)

B.3 Step 3: Variable Rescaling

The variables are normalized by a:;- = 51}1' in order to transform the final constraint to

Za,; =1 (1B.5)

Since the other equations are homogeneous, their coefficients are unchanged by this transformation. The

original has then been transformed to the canonical form.

B.4 Step 4: Introducing an initial feasible solution

In order for the problem to have an initial feasible solution of the form £, another artificial variable

x;,+3 is added such that a feasible point is =/ = :55 The final formulation is as follows:

Linear Program Formulation 26
Minimize
ez’ + 11£fa:;+3

subject 1o

Az’ = by — [Ae ~ by 5 =0,

eTal + o1 — QTuqr~(n+1-— Q2,2 =0,
R TSN |
:c;- >0V

A value of M of order O(29) will ensure that z;+3 is zero for an optimal solution, and therefore that

the optimal solution of Formulation 26 is also a feasible solution of Formulation 2.1

! The algorithm could alternatively start with A = max; (cq),

and double A any timne that x,43 does not diminish in
an iteration of the algorithm.



B.5 Finding a value for )

Theoretically, @ can be given the value

Q= [1+1g{1 4+ maxic;]) + lg | max (det 4)]]

where ¢; are the cost coefficients, and a’s are square submatrices of the constraint matrix A. Unfortu-
nately, the time and memeory space required to compute the determinant matrices make this determina-
tion of ¢ impractical.

A practical value can often be determined by examining the structure of the problem under consideration.
In the case of Kapoor and Vaidya’s MCNF formulation, a minimal value for @ is readily available, as
@ = ce + 1. If a particular formulation invelves upper bounding, i.e. 0 € 2 < wu, one choice would be
Q=eTu

If the value of Q cannot be easily determined by some examination of the linear program formulation,

the following method could be used to find an appropriate Q:

B.5.1 Exponential Search
1. Choose an initial estimate of @, say @
2. Attempt to solve the system, using the estimate for @Q;

3. If zn41 converges towards zero, then the estimate Q; was too small. Generate a €iy1 > Q;, and
resolve the system. A practical choice is to set Qi1 = rQy, with » > 1. The interim results will
be usable, since the only variable that needs to change to ensure feasibility of the current solution
in the changed system is 2,41, which is a free variable whose value depends primarily on the value

of Q.

B.5.2 Optimal value of zero

There are two major approaches in the literature to achieve an optimal value of zcro.

Using the Dual Problem

According to duality theory, if there is an optimal solution to the original problem, then the dual problem
has the same optimal solution. The primal may therefore be combined with the dual, and by subtracting
the chjective functions from each other, the optimal value of 0 is achieved. Solving this problem yields

both vhe primal and dual optimal solutions.
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Unfortunately, this makes the problein much larger, since n constraints and m variables® are added.

Sliding Objective Function

A more attractive method of achieving an optimum of zero would be to modify the objective function
so that its optimum becomes zero.

A peneral scheme for adjusting the objective function is as follows:

Suppose an upper bound % and a lower bound ! are known for the optimal value v. An easily known

upper bound » would be the best iterate of the primal LP, cz?, and an { would be the smallest coefficient

3
;.

The objective function is modified by subtracting %(u — {) from it; since Pier®i =1 Hu=0(C7)
may instead be subtracted. This allows the objective function to remain homogeneous.

The linear program is next solved using an interior point method. There are now two possibilities:

1. The optimum lies between w and 1(u+ )

In this case, the search algorithm terminates, with a violation of the expectation that the optimum

was +(u + 1), An optimal point has been found.

2. The optimum lies between $(u +!) and !

In this case, the search algorithm finds an optimum value of zero for the sliding obJective function.
It is not known if this value is optimal, so the upper bound is adjusted to Upey = %(uo:d +1), which

generates a new objective function. If the value was optimal, then there will be no improvement

in the next iteration.

?Where m and n are respectively the number of constraints and variables in the original problem.
3 min; (¢5) is a lower bound since it is trivially a minimum value of the related problem:

Linear Program Formulation 27

Minimize
cr
subject to
eTz=1
>0



Appendix C

Newton’s Method with Steepest

Ascent

This appendix describes a modified Newton’s Method which has a close relationship to the partitioning
method implemented in 6.1.4, in which the coordination problem is solved using an affine scaling algo-
rithm. In this case also, Newton’s Method would be used to solve the coordination problem, while a
steepest ascent algorithm would be used to solve the network subproblems, providing an equivalent to
the network simplex algorithm.

Consider the equality constrained problem:

Problem Formulation 5

subject 1o

where G(z) = Gz — 9. An unconstrained penalty problem corresponding with this is:
. 1 .
min F(z) = F(z) + —ipg"(a,')
Glven an iterate z*, let A/ (z!) be the subspace tangent to
S={z : §(x) = G(=")}

N(z') is the subspace generated by the gradients of M(z?), as evaluated at z?.
Newton’s method is applied to z' over the subspace N(z!), oblaining w! (determined below).

From w', a steepest descent step is taken over M (z') in order to obtain zt+!.

=1
[} ]



Algoritlun 4 CQuasi-Newlon Method, with a partial Stcepest Asceni Step

1. Caleulate §* = -1V G(2*)T[VG(z ) VG (') VG2 VT F (') as the approzimation Lo the New-
ton direction.

Find minge F(w') where w' = z' + '6' (usually, 8* = 1 will provide an improved value)., This

represenis the approzimated Newlon step in N(z').
8. Caleunlate 8' = —VF(w')T. This is the Steepest Ascent direction.
Find ming: F(z't1) where 2"t = w! 4 o*@*. This represents the Steepest Ascent step in M.
This can be applied to the MCNT problem;: {mingy {c2} : Gz =g, He+y =h, 2,y > 0}, after

transforming into the barrier form:

Fle,y) =cz+p Zln(rj)-i-Zln(hg—Hix) +p/2(Gz - g)*
f :

1This involves an estimate of L{=z*), which is cosLly to compute explicitly, since it involves all of the constraints
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Appendix D

Random Choice of Starting Point

This appendix proposes a method of ¢hoosing a random starting point 2 for the affine scaling algorithm
applied to the linear program {minex : Az =5, u > 2 > 0}. It is augmented by introducing an artificial

variable, #, resulting in the following formulation:
{mincz + Mz : Aztar =06, u>2>0,2>0}

29 is chosen to be 1, and receives a very large cost, A7, such that at optimality, = = 0.

In most cases, this should provide a point that is distant from the facets of the feasible region.

‘The initial point will be chosen from a uniform random distribution. An appropriate rapge must be
selected to ensure that floating point overflow is avoided. Consider a maximum permissible fioating
point value of Fryax. The arithmetic operations involved in most interior point methods, including the

method used in this thesis, are summarized by:
. -
.‘L‘A+] = .?."L — XD,:k kaD‘rk c,

Pr=1- D AT(AD2ATY 1 AD,.

Let M AX = /Frax/n. The following conditions are sufficient for z¢ to avoid overflow for the calculation

of (AD?AT) and D« PoxDoxe:

[Ai;le? < MAX for all §

le;|e? < MAX

Since % = 1, the value chosen for A7 is MAX,

~1
-1



To respect the additional bound,

Q’.‘? Sui!

an upper range for the uniform distribution should be 20 < m;, where

™M; = min (ui,

MAX )
max {|e;|, max; |as;{} /-

It is similarly necessary that z) not be too small, both to avoid overflow in the solution of (AD24AT)s =
ADgz, and to prevent the initial point from being too close to the faces of the polytope {z{ > 0},

therefore, the points must satisfy the lower bound condition:
2} > ¢

A reasonable choice for the lower bound ¢; would be:

m;
€ = —
nt

@, the vector of constraint coefficients of the artificial variable, is typically chosen as ¢ = b — Az0.
This method was implemented in the function InitialSolution() described in Appendix £.13, and
tested on various problems. Since it did not perform as well as the “normal” initialization, 2% =

(1,1,1,...,1,1)7, on any of the problems solved, it was not considered for the final implementation.



Appendix E

Software Documentation

E.1 Data Format

Numbers may be input ir a free-form format. For instance, the following inputs would be treated as

entirely equivalent:

1234|

[1.0 2.003.0000000000400e-02]

Note that combinations of white space and line brezks arc used to delimit numbers.
A problem to be solved by MCNF appears in the following form, illustrated by reference to a problem

found in Helgason & Kennington [38, page 147].

e Number of arcs, nodes, and commodities.

For example:

s For each arc:

— llead node, tail node
~ Costs for flow of each commodity

— Fiow hound for the arc

For example:

03142



This describes an are going from node 0 to node 3, with an upper hound of 2, with costs of 1 and

4 associated with the respective commodities.

¢ Tor cach node, net supply (demand) for each conmodity. For example:
22

This describes a node which supplies 2 units of both commodities.

The sample problem appears as [ollows:

9862
¢ 142
¢c4823
05933
1 10 3 3
133
423
4 18 3
i0 4 3

433

oy
[ S < R " < 4 " - 74 B . B N ]

‘The output for this problem appears as fo!lows!:

menf - MultiCommodity Network Flow Solver
(C) 1992 by Christopher Browne
cbbrowneQcsi.uottawa.ca

$Id: proglist.tex,v 8.1 1993/03/31 18:22:56 cbbrowne Exp cbbrowne $

Determined the optimal solution

INote that debugging information that is typically printed out has been omitted.
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Arc: Head Tail Bound Flow: c 1 Slack

(VY] 3 2.00 1.50 0.50 0.00
10 4 3.00 0.00 1.50 1.50
20 5 3.c0 ¢.6C 0.00 2.50
31 3 3.00 .00 1.50 1.50
41 4 3.00 2.00 0,00 1.00
5 1 5 3.00 0.00 0.50 2.50
6 2 3 3.60 0.50 0.060 2.50
72 4 3.00 ¢.00 0.50 2.50
g2 5 3.00 1.50 1.50 0.00

Total cost: 33.000000 (Dptimum)

Time report:
Breakdown: Networks Affine Scaling Building Red. Other
% 2.481 77.910 0.755 18.854
Seconds 0.002 0.075 0.001 0.018
Elapsed time: 0.0953965
Size of problem:
Fodes: & Arcs: 9 Commodities: 2
Size of Affine Scaling Problem:

Variables: 17 Constraints: 9
Number of partitioning iterations: 2
Number of affine scaling iteratioms: 27
Number of affine scaling iterations in which
the problem is infeasible : 1
Optimal cost: 33.000000

dynamic: done!

E.2 SOLVEAFF.C

"This computer program uses the affine scaling algorithm implemented in [E.13] to solve linear programs

described in matrix form in terms of A, b, ¢ and u, solving the problem:

&1



Linear Program Formulation 28

min ¢
£

subject 1o

In order to use this solve multicommodity network flow problems, MCNFAFF (see [E.15]) translates problem

formulations in the form described in E.1 into matrix form.

E.3 MCNF.C

This computer program is the “main program” for the partitioning algorithm described in 6.1.4. Tt cails
a function implementing a network simplex algorithm [E.12] to solve the individual networks, constructs
a reduced problem using the function buildreducedproblem() [E.4] and then ca.'s an affine scaling
interior point method [E.13] in order to solve the reduced problem. The results of the reduced problem

either provide an optimal solution, or allow the network subproblems to be modified and resolved.

‘x 8Id: menf.c,v 8.0 93/01/20 18:40:35 cbbrowne Exp Locker: cbbrowne § =/
#define MAIN

#include “menf . b

#include "boolean.h”

#include "linpro.h"

tinclude "solntype.h"

#include <sysfiime.h>

#include <timeh>

/xp-:m*x#z**x*nmx:****kn 7 e M e T TE G KR 3K e 320 3 2 R

- menf.c L 10
" By Christopher Browne e

b University of Ottawa *e

=x Prepared for Master of Systems Science Thesis o

e e 3 3k 2 9 3 0 e 3 3 3 R Rk * a0 3je 3k e e e EE L bl

*x This program solves MultiComumodity Network Flow probletns. -

»x [t initially uses a network simplex mothod to solve the o

*» individual subproblems. This partitions Jie problem into ==

*x sets of basic and nonbasic variables. It then uses an ==

=* affine scaling algorithin to minimize a reduced joint =

== capacity formulation. This determines a set of basic e ar
== variables that ought to be eliminated from ihe basis, ==
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Hkxz*x*h!****l*!“*i*****i*ﬂ*l*:ﬁ‘il****kx*‘*k*xu*xk!*xwmnmg'x****'fgn/

IS

= PARAMETERS: - Defined in menf.h NODES = NUMBER OI"* NODIES IN
= NETWORK ARCS = NUMBER OF LINKS IN NETWORK MLNK = THE MAXIMUM

= NUMBER OF LINKS NEEDED TO BE HANDLED = ARCS + NODES VNODES
= TOTAL NODES INCLUDING “SUPERNODE"” = NODES 4 1 RVARS =

~ Number of variables in the reduced subproblem (Multiplied by NOK for

= total) = ARCS-NODES+1 NCK = COMMODITIES

x 2 INPUT FILES REQUIRED:

e

(I) NETWORIK DATA: 1 line for each “arc” {each of which involves NOK
= commodities) Each line contains NOK+3 numbers:

=- A <— Node at the head B L
= Node at the tajil 1 .. NOK <— Costs for each comunodity Joint
= Capacity <— Aggregate capacity of the arc

~ {II) SOURCE FILE: NOK column matrix indicating supplies/demands for each
= commodity Positive - Supply node
=0 - No net supply/demand Negative > Demand node

=/

double
=ubound = NULL, =tound = NULL, =xduali = NULL, »supplyi = NULL,
=z = NULL, «flowest = NULL, wrduals = NU..L, =vbounds = NULL,
=redcosts == NULL, =c¢ = NULL, =b = NULL, =flowi = NULL, wcosti =
NULL;

double
==flow = NULL, «xmubound = NULL, =~duel = NULL, ==supply = NULL,
s=aitsupply = NULL, ==altflow = NULL, =xcost = NULL, ==newcos! =
NULL, =xd = NULL;

int

=potat = NULL, =headnode = NULL, =link = NULL, =tailnode = NULL;

boolean

= basici = NULL, ==basic = NULL, ==eliminate = NULL:

I

= Here are some arrays used by the subprobiems that need to be preserved

83
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* between iterations
=/
int
spred! = NULL, »pred = NULL, wdepih = NULEL, =thread = NULL,
wrthrd NULL;

boolean

* down = NULL;

/* The BIG arrays in which they are prescrved = f

int

=xgpred!

=xgrlhrd = NULL;

boolean

wx gdown = NULL;

int

NOK =0, ARCS = 0, NODES = @

int

infeasibleiters = 0;

/’-r Important parameters x/

double mu = 0.25;

double slided] = —10000000.0;
double artAf = 10000000.0;
double nethd = 100.0;

boolean sliding = FALSE;
boolean midpeinl = FALSE,
boolean randompoint = FALSE;
void

mein(int arge, char =erge[])

{

void menf{void);
extern char =pplary;

int ary;

cliar ¢

while ({c = getopt(arge, argv, "suimrh?v)) '= EQF)
switcl (c) {

case 's': /= Sliding oplion ON «/

84

NULL, =xspred = NULL, #xsdepth = NULL, ==sthread =

NULL,
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sliding = TRUE;

break;
case '7'; 110
case ‘h':

printf("$Xd: mcnf.c,v 8.0 93/01/20 18:40:35 cbbrowne Exp Locker: cbbrowne $\n");

printf{"0ptions:\n");

printf{"~? or -h  Display this option list. Depending on your shell, -7 may be\na little difficult to generata.\
printf("-s Use the sliding option for slack variables (default = FALSE)\n");

printf("-u Set the value of mu (distance slid back from infeasibility\n");

printf(" Default.value: mu=%1£\n", mu);

printf("-m Initialize x[] with a bound midpoint (default = FALSE)\n");

printf("~r Initialize x[3 with a random point (default = FALSE)\n");

120
exii(0);
break;
case 'u': /= Modily mu value =/
sscanf{optarg, “N1f", &mu);
if (mz <= 0.0) {
printf("Error; mu <= 0.0 - value of %lf\n", mu);
exit(0);
}
if (mx > 10.0)
prindf{"¥arning: mu = %1f > 10.0.\n", mu); 130
break;
case 'm': [« Choose “midpoeint” initialization =/
midpoint = TRUE;
break;
case 'r':  [= Choose “random” initialization =/
printf(“Warning: randem initial peint option not currently implemented!\n");
randompoint = TRUE,
break;
140
default:
break;
}
if ((rendompoint && midpoint)) {
printf("Can't use both ~m and -r optiens.\a");
exit{0);
}
menf(};
150
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void

menf(void)

/= Local variables =/

static

iut

i, J, commodily, &k, n, arc, nede;

static

double

optimaleost, adjustment, Uflow, r—i, lotalcosi,

totelflow;

static

int

istate, {ters, pricedoui, dstart, nonbasics;

static

boolcan

optimalnciwork, optimal;

#include
#include
#include
#include
tinclude
#include
#include
#include

#include

extern

void

“initnetw.h"
“'lpcode.h"

“dualtree.h"
"nsimplex.h"
"savenetw.h"
“shornet h*
"dvnamic,h"
"buildraed.h"

"decisien h"

Round Answer(

extern

double =z,
double xrs’zosts,
int _AfAXVARS,
double =rduals,

int _1RCS);
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void
Adjust_Network(

boolean == basic,
double ==fTlow,
double =z,
double =lound,
double xxmbound,
double *=cost,
double =xnewcost,
double =rduals,
double *xaltflow,
int =headnode,
iut =tailnode,
int =wsdepth,
int x=spred,
int ==spredi,
boolean == sdown,
double *rbounds,
double xredcosts,

double ==newsupply);

/= Time info. for use in timing... =/
double
Begintime, Endtime, nettime, buildtime, affinetime,

otheriime, totaltime;

struct timevel

starttime, endiime;

struct {imezone

f2p;
int beginsecs;
int effinetterations = O;
int iHerations = O;

/= Output header information =/

printf("menf - MultiCommodity Network Flow Solver\n");

printf("(C) 1992 by Christopher Browna\n");

printf(*cbbroane@esi.uottana.ca\n");

prinif("*$Id: menf.c,v 8,0 93/01/20 18:40:35 cbbrowne Exp Locker: cbbrowne $ \n")
printf{"\n\n");
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tifdef DEBUGGING
printf("Reading in Network:\n"});
#endif
/= READ IN NETWORK DATA FILE x/
/=
= Starts with # of arcs # of nodes # of commodities

=/

scanf ("%d Yd %d", &ARCS, &NODES, &NOK);

prinif ("ARCS : %3d\a", ARCS);
prinif ("HODES: %5d\n", NODESY);
printf ("NOK; %3d\n", NOK);

/* Now, we malloc the double arrays =/
prinif (“menf: Allocate memory!\n"};
dynamic(AT LOCATEY;

/= Set up the decision table =/
init_Decision_table( VNODES);

prinif{"Done allocation\n");

for (node = 0; node < VNODES: noded-+)
point[node] = NOTHING;

/=
« Format: Head Tail . Costl Cost2 Cost3 ... CostK To.talBound
=/
for (arc = 0; are < ARCS; are++) {
seanf(* %d %dv, &Lheadnode[arc], &tailnode[arc]);
/= Test for illegal values: =/
if ({heednodefare] >= ARCS) || (headnode[arc] < —0)) {
printf ("ERRDR: headnode[%d] value = %d - fut of range 0. .%d\n",
arc, headnodefarc], ARCS — 1);
exif(0);
}
if ({tetlnode[are] >= ARCS) || (tailiodelarc] < —0)) {
printf ("ERROR: tailnode[%d] value = %d - Dut of range 0. .%d\n",
ere, tailnodefarc], ARCS - 1);
exii(0);
}
for (commodity = 0; commodity < NOK; commodity++} {
scanf(I1E", &costfarc][commoedity]);

88

W



if (cost[arc][commodity] < 0) 280

neweost[arcl{commodity] = 0.0
else
newcost{arc][commodity] = costfarc][commodity];

scanf (41", Lubound[are]);
/= Check for error! =/
if (ubound[arc] < €.0) {
printf("ERROR: Upper bound for arc %d = ¥%1f - Less than zero error\n",
ubound[arc]); 200
erit(D);
}
“sundfarc] = ubsund[arc];
for {commedity = 0; commoedity < NOK; commodily++) {

mubound[erc){commodity] = ubound[are];

/= Link the nade in... I almost understand this... =/

fink[are] = point[headnode[are]]; 300

point[heednode[arc]] = arc;

for {commaodity = 0; commodity < NOK; ++commodity) {
basiclarc){commodity] = TRUE;

} /= For all ares =/

/= READ IN SUPFLY/DEMAND DATA FILE =/
for (node = 0; node < NODES; nodet+) {
for (cemmodily = 0; commodily < NOK: ++commodity) 310
scanf("U1E", &supply[nodel{commodity]);
/=
= Put in the linking informati .n for the artificial node -
= this information is not, and SHOULD NOT be actually used.

= I'm just completing the array for completeness purposes.

=/

Unk[ARCS + node]l = point[NODES];

point[NODES] = node + ARCS;
} 320
/= Test supply /demands for summing to zero =/

for {(commodily = 0; commodity < NOK; commodity++) {
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tolalflow = 0.0;
for (node = 0; nede < NODES; nodet+)
tolalflow += supply[node][commedity];
if ((totalflow > 0.001) || (totalfiow < —0.001)) {
printf(*ERRDR: Net supply for commedity %d is %1f - not zero\n",
commodity, totalflow);

exit{0);

}
/=
* Qutput the matrices as input - just see if they're as they should
= bel
=/
printf("Supply/Demands:\n"};
for (node = 0; node < NODES; node++) {
for {commodity = 0; commodity < NOK; commodity++)
printf(* U7.21£", supply[node][commodily]);
printf("\n");

printf{"Fode links:\n");
for {arc = 0; are < ARCS; are4-4) {
printf(" Frem ¥d to %d : Max: Y8.21f Costs: *,
headnode[are], tailnode[arc], uboundiarc]);
for (commodity = 0; commodily < NOK; commodity++)
prindf (" %B.2LE", costarc)[commodity]);

printf("\n");

/= Set up starting time =/

gettimesfday(&starttime, &izp);

beginsecs = starttimetvosec;

Begintime = slaritime.fu_usee f 1000000.0;

prinif(“Beginning time: Y%d %d\n", staritime.tv_sec, steritime.dvouser),
nellime = 0.0;

buildtime = 0.0
affinetime = Q.0
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= STEP 1: Optimize the network subproblems without consideration of
= Lhe joint constraints
=/

prinff(“Starting Phase I - Finding feasible subproblem solutiens\n"); 3o

for {commodity = 0; commodily < NOK; commodity++} { /= For all commodities =/
/= Set up initial costs =/
for (arc = 0; arc € ARCE; arc++) {
costifare] = 0.0;
}
/= Set up initial node values =/
for (node = 0; node < NODES; nodet+4)
supplyifnode] = supply[nodel[commodity];

380
InitiatizeNet(flowi, duali, costi, bound, supplyi, thread, rihrd,
depth, pred, predi, basici, down, link, point,
keadnode, tailnode);
/= Optimize the network =/
prinif("Ready to make Betwork # %3d feasible \n", commodity);
sifdef VERBOSE
Show Network(MLNK, VNODES, headnode, tailnode, bound,
fowi, costi, basici, down, pred, predl, 390
depth, thread, rthvd, duali);
#endif
/= Do the “*Stage I” optimization, seeking feasibility. =/
naimplez(MLNK, VNODE! point, link, headnode, tailnode,
costi, bound, flowi, duali, basici, predl, pred,
depth, thread, rthrd, down);
printf('Optimized Network # %3d \nResults:\n", commodity);
400

tifdef VERBOSE
Show Nelwork(MLNK, VNODES, headnode, tailnode, bound,
Howi, cosioo sicl, down, pred, predi,
depth, thread, rihrd, duali);
#tendif

printf(“Saving network %d\n", commodily);
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Seve_Network(basic, basici, spredl, pred!, flow, flowi, mubound,
bound, sdown, down, spred, pred, sdepth, depth,
sihread, thread, srthrd, rthrd, duel, duali,

commodity);
printf("Saved network ¥d\n", commodily);

3 /= For all commodities =/

I
= Zero out bounds for the feasibility arcs. This prevents them from
= re-entering the basis. There's a spezific test for this in
= nsimplex{)

=f

for (commodily = 0; commodity < NOK; commadity++) {
for (node = 0; node < NODES; noded+) {
mubound[ARCS + node)lcommodity] = 0.0,
cost[ARCS + nede)[commadity] = 0.0;
newcost[ARCS + nodel[commodity] = 0.0;

altsupply[nodel[commodily] = 0.0,

}

for (node = 0; node < NODES; node++) {
2bound[ARCS + node] = 0.0;
bound[ARCS + node] = 0.0;

/u
= Now, use the REAL costs, and reoptimize the networks, if
* necessary. If there aren’t any costs (i.e. - they're all zero),
= this step will in fact get skipped.

=/

printf("Starting Phase II ~ Finding optimal subproblem solutions\n")

¥

selup_all_duals(dual, headnode, tailnode, sdepth, spredl, spred,

sdown, cost, altsupply, busic);

/* Resolve networks =/
for {commodity = 0; commodity < NOK; commodity++) {
oplimalnetwork = TRUE,
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Restore_Network (basic, bosici, spred!, predl, flow, flows,
mubound, bound, sdown, down, spred, pred,
sdepth, depth, sthread, threed, srthrd, rihrd,
headnode, tailnode, point, lnk, dual, duali,

allsepply, coramodity);

for (are = 0; arc < ARCS; arct4) {
eosti[are] = costlarc][commodity];
if (costi(node} = 0) 460
optimalmetwort = FALSE,

if (optimainetwork) {
printf("Betwork %d is optimal. HNo need to resolve.\n", commedity);
} else {

prinif("Network %d not at optimality. Resalving.\n", commodily);

nsimpler(MLNEK, VNODES, point, link, headnode, failnode, costi,
bound, flowi, duali, basici, predl, pred, depth, 470
thread, rthrd, down);

printf("Uptimized Network # %d \nResults:\n", commodity);

#ifdef VERBOSE
Show-Network{MLNK, VNODES, headnode, failnode, bound,
fowt, costi, basici, down, pred, predi,

deplh, thread, rihed, duali);

tendif
480
Seve_Network(basic, basies, spred!, predl, flow, fowi,
mubound, bound, sdown, down, spred, pred, sdepth,
depth, sthread, thread, srthrd, rihrd, dual,
duali, commodily);
} /= I (eptimalnetwork) =/

} /* for all commodities =/

printf(“Step O complete - Found optimal solutions to the individualin“};

printf("networks.\n"}; 490

/* End of Step 0 =/

gettimeofday(Sendtime, Sctzp);
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nettime += endtimedvosec — staritimelv_sec —

starttime.tv_xsec [/ 1000000.0 + endtime.tv_usec / 1000000.0;
printf(“Beginning: Time: %d %d\n", endlime.lv.sec, endtime.tv_usec);

#ifdef DEBUGGING
printf(*Solved all of the initial network subproblems\n");
printf(#How we need to apply the joint capacity constraintsi\n “);

#endif

/= Phase III: Main program loop =/
do {

/= This gets repeated until an optimum is determined =/

/= Display and test the current network solution. If it's =/
/=
= [easible, then it is necessarily optimal, and we may

= terminate

=/
tetaleost = 0.0;

printf(“Interim selution at iteration %d\n®, ilerations);

printf(*Arc; Head Tail Bound Flow: "};

for {commodity = 0; commodity < NOK; commodity++)
printf(“%7d", commodity);

prinif(" Slack\n");

sptimal = TRUE,;

for (arc = 0; are < ARCS; are4+4) {
lotalflow = 0.0;
printf{"%4d Y4d %4ad ¥7v.21f *, arg, headnode[are],
tailnode[arce], wbound[arc]);
for (commodily = 0; commodity < NOK; commodity++} {
printf(*i6.21% *, flow{arc{commodity});
totalflow += flow[arc)[commodity);
totalcost += flow[are][commodity] = cost[arc]{commodity];
}
printf (" %6.21f\n", vbound[are] — totaiflow);
if (tofelflow > uboundarc]}
oplimael = FALSE;



printf("Total cost: %1f (Pure network simplex solutien)\n", fotalcost);
iteralions 44

/= I the injtial sclution was optimal, Lthen take benefit. »/
i ((iterations == 1) && optimal) {
for (commedity = 0 ; commodity < NOK ; sommodily ++) {
for (arc = 0 ; are < ARCS ; arc ++4) {
altflow[arc][commodity] = fow[aerci[commodity];

}

break;

/u
= STEP 1:  Coustruct the reduced zoupling problem,
= using the
*/
/= flow and basis information generated in the subproblems. =/
/=
* \min \sum_{iHd~{"}{i} x-{i2}} : \; {i}{ M_{i} x{i2}} =
= b={"}{e}, \s x-{i2} \geq 0
=/
/=
* Compute A = D_{n} - D_{b} “A.{b}~{-1}" “A_{n}"
*/
IE
= Compute ¢ = c.{n} - e-{b} “A_{b}~{-1}" “A_{n}”
*f

/* Compute b = d - D{b} x_{b} =/
#ifdefl DEBUGGING

printf("Constructing Reduced problem\n")
#endif

L

gettimeofday(&starttime, &izp);

/=
* Note that we use the ORIGINAL bounds for the reduced
= problem. ..

/

buildreducedproblem (b, 4, ¢, basic, headnode, tailnode, cost,
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fow, uwbound, spredi, spred, sdepth, sthread,

stthrd, sdown, rhounds, z, aliflow);

getttmeofday(&endtime, &izp);

buildtime += endlimedv_sec — startéime.fv.sec —
staritime.iv_usec / 1000000.0 +
endtime.tu_usee J 1000000.0,

printf(“"Reduced problem Constructed\n");

tifdef DEBUGGING
printf("Looks like:\n");
printf{"D matrix:\n");
for (arc = 0; arc < ARCS; arct++) {
for (j = 0: j < NOK = (RVARS); j+4)
printf("ha.11f =, d[ere][/1):
printf{*\n"};

prinif("\nb - RES vector\n");
for (are = 0; arc < ARCS; arct++) {
if (erc % 3 == 0)
printf("\n");
printf("¥1f ¢, blarc]);

printf("\n\nCost Vector\n");
for (i = 0; i < NOK = (RVARS); i+4) {
if (i % 3 == 0)
prinif (“\n");
printf ("h1E , c[i]);

printf("\n\nBound vector\n");
for (i = 0; i < NOK = RVARS + 1; i+4) {
if (i % 5 == 0)
printf{"\n"};
prinif("%41f ", rhounds[i]);
}

rendif

printf("\n\nSolve Reduced problem\n");
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gettimeofday(&startiime, &izp};

lpcode(d, &, ¢, o, rduals, &istate, &ilers, rbounds, redcosts,

VARS, CONSTRAINTS, sliding);

effineiterations += iters; 630
gettimeofday (& endtime, &izp);
affinetime += endlime.ty_sec — startfime fv_sec —

sterttime.dv_usec / 1000000.0 -+

endiime.tv_usec / 1000000.0;

printf("Solved Reducaed problem\n");
Round_Answer(z, redcosts, MAXVARS, rduals, ARCSY, 640
/* This determines x_{n} «/
/ﬂ

= Compute estimate of x_{b} based on x_{n} x.{b}~{'} =

« x{b} - “AL{b}*{1}" “A_{n}" x-{n}

=/

Adjust_Network(basic, flow, =z, ubound, mubound, cost, newecost, rduals,

aliflow, headnode, tailnode, sdepth, spred,

spredl, sdown, rhounds, redeosts, altsupply); 850
/= Report prevalence of each price: wf
reporiprevalences();
printf("Resat dual values in networks\n");
setupoall_duals(dual, headnode, tailnode, sdepth, spredl, spred,
sdown, newcost, altsupply, basic);
printf("How, resolve the netwerks\n"); 560

gettimeofdoy(Scstaritime, &izp);

/* Resolve networks =/

for (optimal = TRUE, commodity = g; commedity < NOK; commodity++) {
printf(“Restoring Network #Y3d\n", commodily)

.



optimalnelwork = TRUE;

Restare_Network(basic, basici, spredi, pred!, flow, flowi,
mubound, bound, sdown, down, spred, pred, 870
sdepth, depth, sthread, thread, srthrd, rthrd,
headnode, tailnode, point, link, dual, ducli,
altsupply, commodity);

for (node = 0; node < MLNK; nodes++) {
costi[node] = newcost[nodel{commodity];
if (altflow[node][commodity] « ~ NONZERQ)
pplimalnetwork = FALSE,

680
#ifdef DEBUGGING
ShowNetwork(MLNK, VNODES, headnode, tailnode, bound,
flowd, costi, basiel, down, pred, pred!,
depth, thread, rthrd, duali};
#endif
if (optimalnetwork) {
printf("Fetwork %d is optimal. Wo need to resolve.\n", commodity);
} else {
printf("Hetvork %d net at optimality, Resolving.\n", commodily);
690
optimal = FALSE, /= The solution is
= proven here to be
= suboptimal =/
nsimplez(MLNK, VNODES, point, link, headnode, tailnode, costi,
bound, flowd, duali, basici, predl, pred, depth,
thread, rihrd, down);
prinif("Optimized Fetwork # %d \nResults:\n", commodity);
700

zifdef VERBOSE
Show Network (MLNK, VNODES, headnode, tailnode, bound,
flowi, costi, basici, down, pred, predl,
depth, threaed, rihrd, duali);
#endif

Save_Network(basic, basici, spred!, pred], fow, Rowi,

mubound, bound, sdown, down, spred, pred, sdepth,

depth, sthreed, thread, srthrd, rthrd, dual,
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duali, commadity);

} /# If {optimalnetwork) =/

} /= for all commodities =/

gettimeofday(&endtime, &tizp);

netlime += endlime.fv.sec - storliime.iv_sec —
staritime.tv_usec / 1000000.0 4
endtime.lv_usec / 1000000.0;

}

while (loptimal);

gettimeofday(&endiime, &izp);

totallime = —Beginlime — beginsecs + endlime {v_sec +

endlime.tv_usec / 1000000.0;

/* Determined an optimal solution! =/

prinif("Determined the optimal solution\n");

/= Print header =/

printf(“Arc: Head Tail Bound Flom: "%

for (commodity = 0; commodity < NOK; commodity+4}
printf (“4Td", commodity);

printf (" Slack\n");

0.0;

for (arc = 0; arc < ARCS; are++4) {
totalflow = 0.0;
printf("i4d %4d Y4d %7.21f "y are, hezdnode[are],

totaleost

|
=

tailnodelarc], wbound[arc]);
for (commodity = 0; commodity < NOK; commodity++} {
printf{vU6_21¢€ v, altflowferc]{commodity]);
tetelflow += aliflow[are][commodity];
totalcost += aliffow([arc][commodity] = costlarc]{commodity];
}

printf (" U8.21f\n", whonndlare] — totalflow);

}

printf(“Total cost: %1f (Optimum)\n®, totalcost);

printf(“\nTime report:\n");

otheriime = {otaltime — {nettime + affinetime + buiidtime);
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printf("Breakdown: Networks hffine Scaling Building Red. Other \n"“);

printf (V4% %6.31f %6.31f %6.31F %6.31£\n",
100.0 = nettime [ tofaliime,
100.0 = affinetime [ totaltime,
100.0 = buildtime [ totaltime,
100.0 = athertime [ totaltime);

printf("Seconds %6.31f %6.31f %6.31f %6.31f\n",
netiime,
affinetime,
buildtime,

otherfime};

printf("Elapsed time: A1f\n", totaltime);
printf(¥Size of problem:\n");
printf(“Nodes: %d Arcs: ¥%d Commodities: %d\n",
NODES, ARCS, NOK);
prinif(#Size of Affine Scaling Problem:\n"});
printf(" Variatles: %d Constraints: %d\n",
VARS, CONSTRAINTS);

prinif("Fumber of partitioning iterations: ¥%d\n", ilerations);
prinif{"NHumber of affine scaling iterations: Yd\n", affineilerations);
printf(“Humber of affine scaling iterations in which \nthe problem is infeasible : %d\n", infeasibleiters);
printf("Optimal cost: %1f\n", fotalcost);
prinif("Options chosen:\n");
grinif(»Sliding: ");
it (sliding)

printf(“0¥\n");
else

printf (“0FF\n");
printf("Initialization: ");
if (midpoint)

printf{“"MIDPOINT\n");
else

printf ("HORMAL\n");

/= Free up the dynamically allocated mermeory =/
dynemic(FREE);
erit(0);
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E.4 BUILDRED.C

The function buildreducedproblem() is used to produce the reduced problem. Since the joint constraint
matrix H takes on the simple form [IT...7], the internal representation of the reduced matrix H, is

particularly simple. Much of the work in modifying the software to use more coniplex joiut consiraints

would lie in modifying this function.

/* §$1d: buildred.c,v 8.0 93/01/20 18:40:23 cbbrowne Exp § =/
#include "boolean.h"

#include "ment.L"

15 i e s o e o o e e R R 2 e ARG M 2 K
o buildred.c =
e By Christopher Brownc ==
o University of Ottawa =
e Prepared for Master of Systemns Science Thesis o
G 50 3 o e 7 S K L = S e 2 2R S
=» This function takes the solutions to the MCNF network R 10
= subproblems, and constructs a “reduced problem.” This ==
== problem takes the joint capacity constraints, and reduces -
=* the number of variables by removing those variables that o
=% were basic in the subproblems. e
nukn:m-t-snnuxnn:t*xu*uu-:xmen*xn**uuuux**nx*x--q»mmxx:.m-m**-x*x:mx*xuxu-:[
int
~db, /= These describe the matrices D.b and D.n. =/
/= D-b[i,dbfi]] =1, and D.b[i,*] = 0.0 =/
xdn; /* dn[] is used in the same way =/
20
extern double mu;
extern double  siidelS;
extern double  arfAf;
extern boolean shiding;
extern bdoolzen midpoint;
extern boolean rendompoint;
void
buildreducedproblem ( 30

double =,
double =xd,
double =¢,
boolean == basic,

int xheadnode,
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int =tailnode,
double ==cost,
double ==flow,
double =bound,
int ==spredl,

int =»aspred,

int ==sdepih,

int =-staread,
int =x=srthrd,
boolean == sdown,
double =rbounds,
double =z,

double s==oldflow

#include "getabian.h"

int

node, are, i, j, var, commodily; /= Assortment of loop

= counters =/

int

bas, nonbas; /= Counters used Lo partition basic

= and nonbasic =/

static
double

sum, o, hi;
static
double

cosi_adjusiment; /= This is the amount by
= which the TOTAL cost gets
= adjusted when a vartahle

= was at the bounds =/

/-
= The structure of the computations of this function is as follows:

= We need to determine

= A = D_{n} - D_{b} “A_{b}~{1}" “A{n}" ¢ = c.{n} - c{b} “A_{b}~{-1}"
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* “A_{n}' b =d- D.{b} x_{b}

Ed

~D=[I1I2.,, 1.k}

= b is simply equal to the slacks achieved when the valucs of the

« subproblems are introduced into the mutual capacity constraints.

* Note some bfi] values could be negative,

=/
cosl-adjustment = 0.0;

/= Set up the b} vector x/
for {arc = 0; arc < ARCS; arct+)

blarc] = toundarc);

for (commodity = 0; commodity < NOK: commodify-r) {
I
= At this point, D refers to a matrix made up of [NOK]
= identity matrices.
-
= Use of a D matrix of more general form is left to later

= implementation

=/

/= Determine the partitioning =/
bas = nonbas = 0
Tor (arc = 0; arc < ARGS; arct++) {
if (basicfarc][commodity]) { /= Arc is in the basis =/
dblbas+4] = are;
} else {
dn[nonbas] = arc;

rbounds[nonbas + commodity = RVARS] = bound[erc);

IE
= Here is where the initial value is put

= into the x{] array

hi = bound[are] — mu;

lo = mu;

if (hi — lo < my) {
[
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= i & lo are too near Lo one

= another

=/

printf("BuildReducedProblem(): Arc %d: bound: %lf mu: %1f Error:
}
/= Choose value =/
if (midpeint) {

z[nonbas + commodity = RVARS]
} else {

znonbar + commodily = RVARS] = mu;

U

bound[are] / (NOKN + 1);

/=

x[nonbas+commodity=RVARS) =

oldflow[arc){commodity]; This scheme necds
= to adjust oldflow[][] if it gives <= O or
= >= bound

=/

nonbas4+;
} /= Endif =/
rhounds[RVARS =« NOK 4 arc] = bound[ere];
} /= For all ARCS =/

/= compute D' =/
/= First, fill in D.n matrix with zeros «f
for (j = 0; j < RVARS; j++) { /= For each column «/
var = RVARS = commodity + j;
for (erc = 0; arc < ARCS; arct+) /= Zero out the column =/
d[arc]fvar] = 0.0;

/= Fill in the appropriate 1 =/
dldn[j]][var] = 1.0

/= Get a column of A_b~{-1} A_n =/
abinvan(

Feadnode[da[f]],

teilnode[dn{f]],

commodity,

sdepth,

spred,

spredl,

sdown,
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NODES);
#ildef DEBUGGING
printf{"abianlid --> %d]: *, heednode[dn(j]], tailnodeldn [5]}};
for (node = 0; node < NODES; node++) {
printf (" U1f v, abian[node]);
} 170
printf("\n");
#endif
/= adjust the cost -> [j] =/
sum = 0.0
for (nede = 0; node < NODES; nodet+)

sum += ghian[node] = costsprediinode][comm odity])[corimadity];

/=
« Note: No need to test here to see if the are js
= valid, since if it js not, abian[i] will be ZERO 180
=/

clvar] = cost[dnli]}{commodity] = sum:

/= Adjust the column of D =/
for (node = 0; node < NODES; nodet+) {
are = spredi[node][commodity];
tifdefl DEBUGGING
prinif (“Adjusting arc %d for variable %d by %1f\n",

are, var, abien[node]);

#endif 190
if {erc < ARCS) { /= Is the arc a valid
= one? =/
dlarc){var] —= abian{nodej;
}
/=
= Note that this was REALLY simple since D
* is real simple
=/
}
} /= Yor all variables (of reduced subproblen) =/ 200

/* Adjust the columns if necessary 4
for (j = 0; § < RVARS: i+ {
var = RVARS =x commodily + j;
it (Aow[dnli]l[commodity] > NONZERO)} { /= var. at bound x/
for {arc = 0; wre € ARCS; arct+4) {

dlarc][var] = —d[erc)[var];
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}
efwvar] = ~clvar];

costoadjustment += c[var] = rbounds{var];

} /= For all commodities =/

printf{"Constant by which the selution to the reduced problem is \
adjusted: ¥1fi\n",
cost.adjustment);
/= Fill in an identity matrix for the slack variables =/
for (i = NOK = RVARS; { < NOK = RVARS 4+ ARCS; i++) {
for (j = 0 § < ARCS; j++) {
][] = 0.0;
}
dli = NOK = RVARSIH] = 1.0
efli] = 0.04
z[{] = mu;
if (z[i] >= rbounds[i]) {
printf("Error: Slack variable for arc %d has bound=%1f, less than mu = Yif\n",
i — NOK = RVARS, bound[i], mu);
exit(—1});

/= Now, remove basic flows from b{] =/

for {commodity = 0; commodity < NOK; commodity++) {

nonbas = 0;

for (arc = 0; arc < ARCS; are++) | /= For each arc =/
blare] —= flow[are][commodity];

} /= For each arc =/

} /= For each commodity =/
/= Now, insert flow values into the x[] matrix =/

return;

} /= End function buildreducedproblem() =/

void
Initialize_build({)

{
sifdefl DEBUGGING

printf("buildred: allocating memory\n");
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#endif
db = (int =} malloe(NODES = sizeof{int));
dn = (int =} malloc{HVARS « sizeof(int));
#ifdefl DEBUGGING
prinif("buildred: allecated memory\n");

#endif

}

void

Closebuild() 260

{
free(db); -
free(dn);

3

E.5 DUALTREE.C

The functions in this file are used to rebuild the dual values for the networks in Preparation for re-

optimization. The function setmup.all duals() is the only one that is to be used externally. The

methodology is as follows:

1. A tree is built to represent the basis of the network.

The data structures that are used within nsimplex() allow travel towards the root of the tree, bug
not {rom the root to the leaves. The arrays basis_tree [VNODES] [VNODES] £E¥0K] and successors [VNODES] [NOK

describe the basis tree in a form that allows easy traversal from the root towards the leaves.
This takes O(NODES) time, and O(NODES?) space.
2. Each arc cost is applied to the the appropriate node of the tree.

The cost for each arc is initially attached just to the root of the subtree that is affected, and a tree

traversal is performed to apply all costs to the respective subtrees.
This takes O(ARCS) time, and O(NODES) space.
3. Search for the root.

This is simply done by starting (arbitrarily) at the first node, and climbing the tree until a node

of depth 1 is reached.

An alternative heuristic could be faster: Pick the better of the current node and the node following

it (i.e. — pick the one that has the least depth).
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The current method takes O(depth(NODES)) time, and is not wortl optimizing further.
4. Lastly, the dual values are adjusted by applying the cost adjustinents found in the second step to:

e The current node; and

» Recursively, to its successors
This takes O(NODES) time, and O(max,, depth{n)) space.

The overall complexity is O(ARCS) in time, and O(NODES?) in space.

f= §Id: dualtree.c,v 8.0 93/01/20 18:40:29 cbbrowne Fxp § =/

#include "boolean.h"

tinclude "mcnf.h"
R R e T 5
== dualtree.c ==

== By Christopher Browne ==

== University of Ottawa »x

== Prepared for Master of Systems Science Thesis »=

R R 20 T K S K R
== This set of functions Luilds a basis tree; inserting each == 10
== basic arc into the tree, linking it to its successors. ==

== This information is required when meodifying the dual we

== values; we need a list of all successors for a given node. ==

== It may also be useful in producing the A_{N}A_{B}~{-1} ==

wm ALTIX. ==

R R K R R o
== Notable Statistics: ==

== Time complexity: ==

== for build_tree: O{VNODES) «=

== for get_subtree: O(VNODES) == 20
== Memory consumption: ==

== NODES=NODES integers ==

*= + up to NODES recursive calls within s

== build_partial_subtree ==

--nxnum::xu-:xzx:-unx-um-un-axx--zinuuu:-:ﬁnnu‘u-:---:nxn*uxnxnxuux*xx-/

int

mxSuUsCESsoTs, =xxbasis.tree;

double 30

==deost;
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void

build_tree(
int =xpred!,
int xxpred,
int x«depik,

int commodity)

static
int

node, a, b, are, tmp;

/= Initialize to zero - NOTHING is in Lhe tree »/
for (node = 0; node < VNODES; node+++)

successors(node][commodity] = 0;

for {node = 0; node < VNODES; nodet+) {
if (depth[node][commoadity] == 0)

continue; /= Node has no predecessor =/

#ifdef DEBUGGING

printf("Fode: %d Depth: %d\n", node, depth[node][commodity]);

#endif

arc = predi{node][commodity];
a = node;

b = pred[node][commodity];

H (depth[e][commodity] > depth[b][commodity])} {

tmp = a;
a = b
b = tmp;
h
#ifdef DEBUGGING

prin{f{"buildtrea(): inserting %d-> %d\n", q, b);

tendif

imp = suceessors[a)commodity]++;
basis_tree[e][tmp][commodity] = &;
#ifdef DEBUGGING

prinif("succeeded.\n");
#endif

}

return;

void
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determine_dual_adjustments(
int =headnode,
int =tailnode,
int w=depth,
double *=cost, 80
int commodily,

boolean wx basir)
static int are, node;

for (node = 0; nede < VNODES; nodet+)
deost[node]lcommedily] = 0.0
for (arc = 0; are < MLNK; arc++4) {
if (basic[arc][commodity]} { /= Insert dual costs only for
= basic arcs =/ 90
if (depth[headnode[are]][commodity] > depthteilnode[are]][commodity]) {
deost{headnode[arc]][commodity] —~= cost[arc][commodity];
} else {

deost[taiinode[arc]l[commodity] += costarc][commodity];

}
tifdef DEBUGGING

printf{"\nDual adjustments to distribute over subproblem %d\n",

commodity);

100
Tor {node = 0; node < VNODES; node++} {
printf(“Node: %d Adjustment: ¥If \n", node, deost[node][commoedity]);
}
tendif
return;
}
int
find.root(int ==depth,
int wxpred, 110

int commodily)

static int reol = 0

while (depth[root][commodity] 1= 0)

root = pred[root][commodity];

return (reol);
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120
int
adjual.duals_of_sublree(int node,
int commodity,
double deita,
double =xdual)
{
int i, 8 /* Can NOT be static! This function
= recurses! =/
#ifdef DEBUGGING
printf("Adjusting trea rooted at %d by #1f (%d successors)\n", node, 130
delta 4 deosi[node][commodity], sueeessors[node][commodity]);
#endif
s = successorsinode][commodity];
for (i = 0; i < 35 i++)
adjust-duals-of._su&tree(basis-tree[node][i][commadi{y], commodily,
delta + deosi[node][commodity], dual);
dual[node][commodity] += delta + dcosi{node][commodity);
}
140
void
setuup_all duals(double =xdual,
int wheadnode,
int ={ailnode,
int =xdepth,
int s«predi,
int ==pred,
boolean =x down,
double *xcost,
double =xaltsupply, 150
boolean == bagic)
{
static int root, commodity, node;
extern void Adjust_Ave_Names(
double ==alisupply,
boolean *= Basic,
int =headnode,
int xtailnode,
int commodity);
160

for (commedity = 0; commodity < NOK; commodity++) {
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Adjust.Arc Names{altsupply, basic, headnode, tailnode, commodily);
for (node = 0; node < VNODES; nodet+)
duellnode][commodity] = 0.0;
build_tree(pred, pred, depth, commodity);
tifdef DEBUGGING
printf(“Tree built.\n");
tendif
determine_dual_adjustments(headnode, taiinode, depth, cost,
commodity, basic);
tifdef DEBUGGING
printf(*Adjustments allocated to nodes.\n"};
tendif
root = find_root(depth, pred, commodity);
tifdef DEBUGGING
printf (“Root: 4d \n", root};
rendif

adfjust_duals_of subtree(rool, commodity, 0.0, dual);

void
Initialize_dualiree()

{

int i, 73

successors = (int »=) malloc(VNODES « sizeof(int =));
for (i = 0; i < VNODES; i++)

successorali] = (int =) malloc(NOK = sizeof(int));

dcost = (double =) malloc(VNODES = sizeoi{double =));
for {i = 0; i € VNODES; i++)
deost[i] = (double =} malloe(NOK x sizeof{double));

basis_tree = (int ===) melloc(VNODES = sizeof(int ==));
for (i = 0; i < VNODES; i++) {
basis_tree[i] = (int ==) malloc( VNODES = sizeof(int =});
for (j = 0; J < VNODES; j++4)
basis_tree[i][j] = (int =) malloe(NOK = sizeof(int));

void

Close_dualtree()
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int i j;

for (i = 0; { < VNODES; i++)
Jree(suecessorsfi]);

Jree{successors); 210

for (i = 0; i < VNODES; i++)
Jree(deost[i]);
JFree(dcost);

for (i = 0; i < VNODES; i++) {
for (j = 0; j < VNODES; j+4)
free(basis.treefi][5]};
Sree(basis_tree[i]);

}

Sree(basis.iree);

(5]
(2]
Q

E.6 GETABIAN.C

The function abinvan{) computes a column of the matrix Gb_lGn, placing the result in the array
abian{NODES]. These columns, that with the arc passed in to the function describe the cycle involving
the basic arcs and the parameter, are used in the production of the reduced problem, and in interpreting
the results. The approach is to choose a (headnode, tailnode) combination, and then climb the basis

tree in order to determine the set of basic arcs involved in the cycle between the two nodes.?

[* 81d: getabian.c,v 8.0 93/01/20 18:40:32 chbrowne Exp $ */

#include “boolean.h"

/****ux****x**mﬁm**&uu*******m&x***m' * > 2k 2 a2
== abinvan.c ==

=% By Christopher Browne =x

== Unjversity of Ottawa wx

== Prepared for Master of Systems Science Thesis #x

3 4 3 e e 4 oM M e o R ® “"‘"“*****H***i****lwn*kx**xnuhx!
»* This function takes two nodes (defining an arc} as input, =«
== and computes the corresponding column of F_{b}~{-1} F_{n}. = i0

3 2N s 2 e e ¢ 2N 3 N » . **"‘***"**"**/

2The (headnode » tailnede) combination normally is used in this context to describe a nonbasic arc, but the algorithm
will produce an appropriate cycle array for basic arcs and for non-existent arcs as well.
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double wabhinn; /= The vector that contains the computed

= column =/

void
abinvan(
int head,
int feil,
int commodity,
int ==depth,
int ~=pred,
int ==predl,
boolean == down,

int NODES

int left, right, sign;

int i

for (i = 0; 1 < NODES; i++4)

abian[i] = 0;

/=
= Determine which node is at the greatest depth, and put it on the
= left side
=/
if (depthfhead][commodity] > depthitail][commodity]) {
sign = -1,
left = head;
right = {atl;
} else {
sign = 1;
right = head;
left = teil;
}

/= Clitab up the left branch until the two sides are at equal depths =/
while (depth{ieft][commodity] > depth[right][commaedity]) {
if (dewn[predi[left)lcommodity]][commodity]) {
abian[left] = sign;
} else {
ebian[left] = —sign;
}

left = pred[left)lcommodity];
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/= Now, climb up both branches simultancously until they coincide =f

while (left '= right) {
/* Climb the left branch =/
if (down[predi[icfi][commodity]][commodity]) {
abian[left] = sign:
} else {
abian[lefl] = —asign;
b

left = pred[left][commodity];

/= Climb the right branch =/
it (down[predi{right][commodity]}[commodity]) {

abioniright] = —sign;
} else {
abian{right] = sign;
}
right = pred[right][comm odity];
}
return;
}
void
Initielize_abian(int NODES)
{

#ifdef DEBUGGING

printf("getabian; Allocating space\n");
#endif

abian = {double x} malloc{NODES = sizeof(double));
#ifldef DEBUGGING

printf{"getabian: Allocated space\n");
tendif

}

void
Close_abian()
{
free{abian);
}
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E.7 ADJUSTNT.C

The function Adjust Network() performs adjustments on the parameters of the individual subproblems,

based on the values of the estimated flows z, determined in the reduced problem. Tt refers to the function

newprice() (described in E.8) for new prices for the network subproblems.

/= 8Id: adjustnt.c,v 8.0 63/01/20 18:40:22 chbrowne Exp Locker: cbbrowne § =/
#¥include "mecnf.h"

#include “boolean.h"

#include "decision.h"

/uxkxl*xHxlikxt.*‘!xi!xn*!ﬂ*ﬂxﬂxax#x*n-:xx**lxuﬂlkﬂ**iiﬁ*:i::*u**:!*

e adjustnt.c ok
=% By Christopher Browne W
= University of Qttawa o
P Prepared for Master of Systems Science Thesis ux

e N R S M 5 e 6 R R A e ol 1 R S o0 a2

»» The function Adjust_Network() produces modified prices (and e
== possibly adjusts flows) for the network subproblems, as o
== products of the solution of the Reduced problem, x._n {and %

=* possibly the dual values/reduced prices associated with that ==
== solution) s

S 2 3 A M 020 0 U N N 0T G 3 A T R 0 M e i 2 2 e e 2 ****u*u/

extern double getAf;

void

Adjust Network(
boolean == basic,
double ==flow,
double =z,
double =bound,
double x=mbound,
double ==cost,
double *==newcost,
double =rduels,
double =xaitiflow,
int =headnode,
int =tailnode,
int w=sdepth,
int xxspred,
int ==spredi,

boolean == sdown,
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double xrbsunds,
double =redcosts,

double =xnewsupply)

static
int

commodity, arc, node, nonbasics, method;

static
double

flowe, reoste, deliaflow, totalflow, totalcost;

#include "“getabian.h"

30
[* Zero/infinity out the costs /
for (commodity = 0; commodity < NOK; commodity++) {
for (arc = 0; arc < ARCS + NODES; arc++) {
newcost[are][commodity] = 0.0;
}
}
/* Now, based on x[], determine the “alternative flows”. wf
for (commodily = 0; commaodity < NOK; commodity++) {
nonbasics = 0 50
/%
* Adjust x_{n} for the nonbasic arcs that were at the upper
* bounds
*/
for {ere = 0; are < ARCS: arc++) {
if (basiclarc][commodity]) {
altflow[arc][commodity] = flow[arc][commodity);
} else {
altflow[arc]lcommodity] = z[nonbasics + RVARS = commodity];
T0
e
* This IF statement may not be necessary -
* to test!
*f

it (Row(arc][commodity] > NONZERO)

eliflowfarcl[commodity] = bound[arc] = altflow|arc][commedity];

nonbasics 443



} /= For all ares =/

/= Adjust the flows through basic arcs by the x.n values =/
for (arc = 0; arc < ARCS; arc++) {
i (Masie[erc][commodity]) {
ehinvan(headnode[arc), tailnode[are], commodity,
sdepth, spred, spredl, sdown, NODES);
/= Compute alternative flows in the network =/
for (node = 0; nede < NODES; node++) {
i (spredinedelfcammodity] < ARCSY { a0
tifdef DEBUGGING
printf{"Adjust rede %d by Ylf\n", spredilnodelfeommodity],
abian{node] = (flow[are]{commodity] —
eliflow[are][commedity]));
#$endif
altflow[spredi[node][commodity]]izcommodify] 4= abian[node] =
{flow[arc)lcommodity] - altflow[arc][commodity});
} f=if =/
} /= for node =/
} I if =/ 100
} /= for are =/
} /* For commodity =/

/= Display the current network solution. =/
totaleost = 0.0;
prindf ("MCHF solution as adjusted by the reduced problem:\n");
prinif(*Arc: Head Tail Bound Flow: “);
for (commodity = 0; commodity < NOK: commodity++)
printf(*47d", commoedily);
prinif{" Slack\n"); 110

for (arc = 0; ar¢e < ARCS; are++) {

totalflow = 0.0;

prinif{“f4d Yad %4d %7.21f ", are, headnsde[arc],
tailnode[arc], bound|are]);

for (commodity = 0; commodity < NOK; commodily++) {
printf("16.211 », altflow{arc][commodity]);
totalflow += altflow[arc][commodity];
totalcost += aliflow[are][commodity] = cost[arc][commodity];

} 120
prinif(" %6.21\a", bound[arc) — totelflow);

118



t

prinif("Total cost: %1f (Network adjusted by reduced problem!\n",
totalcost);

[*
* QOriginal: if {1 is basie, and x'§ < 0, then c_i = INFINITY if
= f_j is basic, and %'i > bound, then c_i = -INFINITY c_i = 0 130

* otherwise also, if altflow[t] = 0, set the bound to 0.

=/

prinif("From this, determine which members of x_b mould be negative,\n"};
prinif("and cught to be eliminated from the basis set.\n ")
for (commedily = 0; commodity < NOK; eommodiiy++) {
printf{“Alternative x.b flows:\n");
prinif("Determine new cost function for network subproblems\n")
printf("NODES = Yd\n", NODES);
for {arc = 0; ere < ARCS; arct++) { 140

T

printf(“Are: %3d *, ere);

printf(“FNet§. flow: %5.21f »,
flow[arc][commadity]);

printf ("Alt.flow: %5.21f »,
eltflowfarc][commodity]);

newcost{arc][commodity] = newprice(basic[are]{commodity],
fow[aere][commodity],
eltflow[arc][commodity],

bound[arc]); 150
} /= for commodity =/

printf("Adjustments made: Returning\n");

return;

E.8 DECISION.C

The function newprice() determines the revised costs that are used to resolve the network subproblems.

/* 8Id: decision.c,v 8.0 93/01/20 18:40:25 cbbrowne Exp Locker: cbbrowne § «/
#include "boolean.h

tinclude "menf.nv
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/xguuxuu!x‘::-x--in:!w*ﬂxﬂux!mukHuiiHK--::--x--:-xx-:-knxnnuumumuni*

e decision.c ==
e By Christopher Browne e
= University of Ottawa -
e Prepared for Master of Systems Science Thesis ==

M T DK M R A 0 RV U T A B L G e
== This function determines the new prices for the netwark E

== subproblems, based on a decision table. P

xxuuuumuuxuxxzx--*xx-:u-nxxxxnuu--u--u-t----:x-----*xanxxxnuuuuuuun/

extern double  netdf;

#define T 1
#define F 0

#define ZERO O
#define I& 1
#define UP 2
tdefine LTZ 3
#define GTU 4

tdefine ERROR (-1)

double price[2](3[5];
int prevalence[2][3][5];

#ifdef NEVERDEFINED

Key set:

BASIC =
{T|F}
T means that the are was in the basis

F means that the arc was nol in the basis

NETVALUE =

{ZERO | IN | UP}

ZERO means that the arc flow in the nelwork problem was O

IN means that the arc flow in the nelwork problem was in the range
0 < FLOW < Upper bound

UP means that the are flow in the network problem waos at the upper

bound

ALTVALUE =
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{LTZ | ZERQ | IN | UP | GTU}

LTZ means that the alternative arc flow estimale is less than O

ZERO, IN, and UP have unalogous interpretalions fo those for NETVALUE
GTU means that the alternative are flow estimate is greater than the

upper bound

#endif /* NEVERDEFINED =/
void

tnit_Decision_table(int Nodes)

{
int if, net, off;
double Besic.violetion_price, NonBasic_pricel, M3, NonBasic_price2;
Basic_violation_price = meil;

NonBasic_price! = Basicovioletion.price = (Nodes + 1.0);
NonBesic_price2 = NonBasic_pricel = {Nodes + 1.0);
Mg = 0.0; /= NonBasic_price = (Nodes + 1.0); =/

/=
* A cost of netM = (Nodes+2) is sufficent to make this cost overpower any
= path at cost -netM, even if such a path passed through all nodes in the
= network, which is the longest possible such path

=/

/= Set up data table =/
/= BASIC NETVALUE ALTVALUE NEWCOQST =/

price[FI[IN][ZERO]) = ERROR;
price[F|[IN][IN] = ERROR;
priceFIlIN][UP] = ERROR;

price[F)[INI[LTZ] = ERROR;
price[F|[IN][GTU} = ERROR;

price(Fl[ZERO|[LTZ] = ERROR:
price[F){UP][LTZ] = ERROR:
price[FYZERO]|GTU] = ERROR;
price[FYUP)|GTU] = ERROR:

price[ TI[ZERO)[ZERO] = M3;
price[T)[ZERO][IN] = 0.0;

price[ TI[ZERO)[UP] = — M3,

price[ TI[ZERO)LTZ] = Basic_wiolation_price;
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price[T|[ZERO|[GTU]) = —Basic_violution_price;

price( TI[IN)[ZERO] = MS;
price[T][IN][IN] = 0.0;
price[TI[IN][UP] = —MS5;

price[T][IN][LTZ] = Basie_viclation_price;
price[T[IN][GTU] = —Basic_violation_price;

price[T|[UP][ZERO] = M3
price[T|[UP][IN] = 0.0;
price[T[UP}[UP] = —AL3;

price[TI{UPILTZ] = Basic_violation_price;
price[THUPJ{GTU] = —Basie_viclation_price;

pricelF|[ZERO)[ZERO) = NonBasic_price2;

price[F|[ZERO][IN] = 0.0;

price[F){ZERO)UP] = 0.0; /= - NonBasic_pricel; =/

price[FI[UP][ZERQ] = NonBasic_price!;
price[FI[UP][IN] = 0.0;
price[FI[UP][UP] = 0.0;

for (aff = 0; off < 5; aff +4) {
for {net = 0; net < 3, net4+) {
for (tf = 0; tf < 25 tf++4) {
printf("price");
if (if == T) {
printf{"[T1");
} else if (if == F) {
printf (" IF]");
} else {
printf ("ERRDR!\n");
exit{~1);

if (net == ZERO) {
printf (“[ZERD]");

} else if (net == IN) {
prinif (»[IN]");

} else if (net == UP) {
printf ("[UPI");

} else {
printf ("ERROR !'\n"};

/= - NonBasic_price2; =/
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}
}
}

exit{—1);

if (aff == ZERO) {
printf ("[ZERD]");

} else if (eff == LTZ) {
printf (" [LTZ]");

}else if (off == GTU) {
printf (" [GTUI");

} else if {aff == IN) {
printf (" [1¥]");

} else if (aff == UP) {
printf {*[UP]");

} else {
prinif ("ERROR !\n");
exit{—1);

}

printf(" = U1f\n", price[tf][net][2F1);

prevalence{if][net]{ef] = 0;

return;

}

double

newprice(

{

boelean basic,

double netflow,
double aliflow,
double bound)

static int basici, neti, alti;

static double chosenprice;

printf(“pricef");

it (basic) {
basici = T
prinif{“T");

} else {
basici = F
prinif{"F");

}

123

140

150

160



printf(~10");

if (netflow < NONZERO) {
nelt = ZEROQ;
printf("ZERQ");
} clse if (netflow > bound — NONZERO) {
neti = UP;
prinif ("UP");
} else {
neli = IN;
printf("IN");
}
printf ("1["):
it (altflow < 00) {
alti = LTZ;
printf{“LTZ");
} else if (altflow < NONZERO) {
alti = ZERO;
printf {"ZERD");
} else if (eltflow < bound — NONZERO) {
alti = IN;
printf (“IN");
} else if (afiflow > bound) {
alti = GTU;
printf("GTU");
} else {
altit = UP;
printf ("UP");
}
chosenprice = price[basici][neti]lalti];
prevalence[basici][neti][alti]++;
printf{*] = Y1f\n", chosenprice};
if (chosenprice == ERROR) {

printf("Frrer! Contradiction in network repricing!\n");

printf("Netflow: %4.11f Altflow: %4.11f\n", neiflow, aliflow);
exit{—1);
} else {

return {chosenprice);
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void
reporiprevalences{void)
{
static int
aff, net, if;
tifdef VERBOSE
for (aff = 0; aff < 5; eff++) {

for (net = 0; net < 35 net++) {

for (#f = 0; ¢f < 2; if++) {

printf("pravalence”);

if (f == T) {
printf (»[T1");

} else if (if == F) {
prinif (" [F1");

} else {
prinif ("ERROR!\n");
exit(—1);

}

if (net == ZERO) {
prinif (#[ZERD]");

} else if (net == IN) {
prinff (" [1¥]");

} else if (ret == UP) {
printf (" [UP]1");

} else {
printf ("ERROR !\n");
erit(—1);

}

if (off == ZERO) {
printf (*[ZERD]");

} else if (aff == LTZ) {
prindf (" [LTZ]");

} else if (eff == GTU) {
printf (*[GTUI");

} else if (eff == IN) {
printf (*[1N]");

} else if (af == UP) {
printf (» [UP]");

} else {
prinif ("ERROR ! \n"};
exit(—1);
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}
printf(“of: Y1f", price[tf][net]af]);
printf(* = %d\n", prevalence[if][net][afF]);

}

tendif

}

E.9 SAVENETW.C

‘The function Save Network() copies the values determined in the network simplex code, nsimplex()
in [E.12], from the singly dimensioned arrays to arrays in which they are saved so that the interim
solutions can be modified and passed back to nsimplex() using Restore Network() so that they can

be resolved.

E.10 SHOWNET.C

The function Show Network() is used to display solutions of the network subproblems. This is mostly

useful for debugging purposes.

E.11 INITNETW.C

The function initializenet() is used to generate an initial feasible solution to a network problem.
This initial solution is created by adding an artificial node, and connecting arcs from each of the “real”
nodes to this node, with “Big M” costs. The initial solution is to allow all flows from sources to go to
the artificial node, and for all flows to sinks to come from the artificial node. If the problem is feasible,

the high costs applied to the artificial arcs will force their flows to zero.

E.12 NSIMPLEX.C

The function nsimplex(), based on Shan’s submk. £ [61], solves the single commodity network subprob-

lems using the network simplex method.
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E.13 Affine Scaling Code

E.13.1 Overall Structure

The alfine scaling lunctions have the following overall structure:

e affine.h

This file contains various parameters that are used throughout the affine scaling algorithms.
e Ipcode.c

This contains the function, 1pcode() that drives the solution of the linear program,
e firsts.c

The function InitialSelution() is used to introduce &a interior point for the initial solution. It
adds an artificial variable to the LP model such that the initial point 1/2 x €7 is a feasible solution.

An extremely high cost is attached to the artificial variable so that it will be “driven out” of the

solution as quickly as possible.

Some experimentation has been done with alternative methods for introducing initial solutions,

specifically:

— Random generation of an initial point, as described in Appendix [6.1.2]

= Generation of a point using a “sliding barrier method” similar to that of Meyer and Schultz

[60]. This methed requires a number of modifications of the Interior Point method:

1. The constraints that slide must be of the form Az < b; that is, there must be slack
variables. In the MCNF reduced problem, this requirement is satisfied by all of the
constraints. More general Linear Programs are likely to have equality constraints.

If there are strict equality constraints, they may be dealt with using the “standard” Big
M method with the addition of an artificial variable. This correspondingly complicates
the code, since there are two different forms of feasibility being sought simultaneously.

2. The right hand side, b, is modified, and may be remodified in each iteration until feasibility
is reached. This required the introduction of an array, borig[] in which the original &

is stored. A new function, ChangeDelta, is used to perform the modifications to both b

and the objective function, ¢.

It would be possible to use a combination of the initialization schemes, choosing a random

initial point within the “sliding barrier” method.
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e rprice.c

The function OptimalDirection() is used to determine the optimal direction of travel, ¢p, stored
in the vector r[]. It uses quadratic decomposition methods developed for solving least-squares
problems.

- dqrdc.c

The function QRFactorize() computes a QR decomposition using Householder transforma-

tions. It uses the sub-function EuclideanNormal().
— dgrsl.c
The function SolveleastSquares() takes the matrices determined using QRFactorize(),
and determines the minimizing value 2*. For our problem, this value becomes the optimal
direction, ¢, that reduces the value of the objective function, while remaining feasible for all
of the constraints.
¢ chekup.c
The function StoppingRule() determines whether or not the current solution z* is epsilon-optimal.
That is, it provides one of three answers:
— The solution is not optimal, and more work must be done.
— The solution is optimal. Terminate.

— An optimal solution cannot be found. Terminate.

¢ updatx.c

The function UpdateX() updates the solution z*, by adding an appropriate multiple of c;‘. It

attempts to eliminate the artificial variable that was added to ensure feasibility.

E.14 MNETGEN

This computer program, written in the Perl language, produces random feasible networks that were used

for testing purposes, in the form described in E.1. The algorithm used is described in Section 6.1.1.

eval ‘exec fusr/lecal/bin/perl -5 $0 ${1+"$@"}' # = Perlom
if O;

# SId: mnetgen,v 7.0 93/01 /04 23:09:04 cbbrowne Exp Locker: ¢bbrowne $
# By: Christopher Browne
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# Date: June 8, 1992

# This program generates a random multicommodity network
# Parameters;

# Coming [rom <stdin>

# {1) COMMODITIES - number of commodities

# (2) NODES - number of nodes

# (3) ROUTES - number of sources/sinks per comurodity

# (4} EXTRAS - number of additional links

# added %just for fun"

# (6) LO, HI - minimum, max. price for arcs

# (8) MINR, MAXQ - mipimum, maximum quantity of flows
# (9) AVG - Average path length (exponential dist™)

®

# Qutput:

# (I) NETWORK DATA:

# 1 line for each “arc” (each of which involves NOK commodities)

# Each line contains NOK+3 numbers:

# A <~— Node at the head

# B <— Node at the tail

# Costs 1 .. NOK <— Costs for each commodity

# Joint Capacity <— Aggregate capacity of the arc
#

# (I1) SOURCE FILE: NOK column matrix indicating supplies/demands for each

# commodity

# > For each node

# Positive => Supply node

# 0 > No net supply/demand
t Negative > Demand node

# First: Get the parameters
if (S#ARGV < 8) {

print "Insufficient paramaters\n”;

print “Needad: COMMODITIES NODES ROUTES AVG EXTRAS\n'™;

print “COSTLD COSTKI MINQ MAXQ\n'";

die{~1);
}
SCOMMODITIES =$4RGVI(0];
SNODES =$4RGV[1];
SROUTES =$ARGV]2);
sAvVG =$ARGV[3);
SEXTRAS =$4RGV[4];
$COSTLO =SARGVS);
$COSTHI =SARGV[8);
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SMING =$ARGV[7);
$MAXQ =SARGV[8);

# Second; Set up paths
foreach SCOMM (1 .. §COMMODITIES) {

foreach §p {1..8NODES) {
Ssupply[&key(Sp,SCOMAI]=0; # Zero out the supply matrix

foreach $p (1..8ROUTES){
Lrandomizepeth;
Sflow=8MINQ 4 int(0.5 4 rand({SAMANQ-SAINQ));
# We'll use an exponential distribution for the route length...
Slength = int{l — $AVG = 2.3025851 = log(l—rand(1)));
# 2.3025851 is a “magic number”, specifically equal to In(10)
if (Slength > SNODES) { # Max. length is SNODES. ..
Slength = SNODES,
}
Ssupply[&key($path[1],8COMM)] += $flow;
Ssupply[fkey(Spath(Slength],SCOMMY] ~= $flow;
foreach §n (1..$length) {
Llink($path[8n],Spath[Sn+1),5A0w);
1 # foreach $n
} # foreach $p
} # foreach $COMM

# Third: Add some random arcs
foreach $k (1..$EXTRAS) {
Shead=0;
Stail=0;
while (Shead==5tail) {
Shead=int(l+rand(SNODES));
Stail=int(1+rand(SNODES));
}
# Link in this node
Ssize= SMINQ+int(1+rand(SMAXQ-$AING));
Llink($head, Stail, Ssize);

# Fourth: See if there are any nodes that aren’t linked to anything
foreach 8head (1..SNODES) {
NODE: {
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foreach S$tail (1..8NODES) {
last NODE if (Sarc{ckey(Shead,$tail)} > 0);
}
# If it gets here, then the node wasn't linked to anything.
# This code forces there to be at least one arc going out of

# each node.

$tail=8head; # Initialize the Tail so that there's
# at least one iteration of the while 100

# loop

while ($tail==8head) {
$tail=int(14+-rand(SNODES));

}

Ssize = SMINQ + int(0.5+rand(SMAXQ-SMING));

&link(Shead, $tail, $size);

# Now, everything is linked. Count the arcs.
SARCS = 0;

foreach $head (1..SNODES) {
foreach $iail (1..$NODES) {
if (Serc{&key(Shead,$1ail)} > 0) {
$4ARCS +4 ;

# Print out the size of the problem
print "$ARCS\n$NODES\n3>COMMODITIES \n";

foreach $head (1..SNODES) {
foreach $tail (1..8NODES) {
if (Sarc{Skey(Shead,$tail)} > 0) {
print v ", 8head—1, v v, Slail-1 s " "; # Print head, tail
# Note that 1 is subtracted - This program starts node
# numbering at 1, whercas the other software wants the 130
# numbering to start at 0,
foreach $n (1..§COMMODITIES) {
Erint int(1+rand(SC~'OST1’H—$C-'OSTLO)+S‘COSTLO)," "
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print Sare{&key(Skead,$iail}}, "\n";

# Now, supply/demand
foreach Snode (1..8NODES) {
foreach §comm (1..§COMMODITIES) {
print * $supplyl&key($nade, $commdJ*;

}

pl‘i nt u\nn;

# Display the parameters as input

print “Nodes: $HODES\n';

print “Commodities: $COMMODITIES\n'";

print "Humber of routes: $ROUTES\n";

print "umber of additional arcs: $EXTRAS\n":
print "Cost Range: $COSTLO $COSTHIn";

print “Supply/Demand Range: $MINQ: $MAXQ\n";
print "Average path length: $AVG\n";

exit(0);

sub randomizepath {
# This creates a random permutation of the nodes so that up to §NODES of
¥ them can be choser: without replacement
foreach $kk {1..§NODES) {
Spath[Skk]=Skk;
}
foreach Skk (1..8NODES) {
Sswep = int(l4+rand(SNODES));
Stmp = Spath[Skk};
Spath[Shk]=Spatha[Sswap];
Spath[Sswap]=8tmp;
}
# print “Path: ";
foreach Skk (1..8NODES) {
# print Spath[$kk],* ";
}
# print “\n";

}
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sub key {
# This converts the (head,tail) pair into ONE value
return($.[0]=(SNODES+8COMMODITIES)+3.1]}

H 180
}
sub link {
# connect $_[0] to 8.[1], with a capacity of §_2]
Sarc{&key(8_[0],8111}} += S.[2];
}

E.15 MCNFAFF

This computer program, written in the Perl language, translates the networks produced by ¥NETGEN (E.14]

into the matrix form

Alb

i

The computer program, SOLVEAFF, (see [E.2]) is then used to solve this problem using an affine scaling

algorithm,
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