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Abstract

This thesis is primarily concerned in studying the relationship between different ex-
ponents of Diophantine approximation, which are quantities arising naturally in the
study of rational approximation to a fixed n-tuple of real irrational numbers.

As Khinchin observed, these exponents are not independent of each other, spurring
interest in the study of the spectrum of a given family of exponents, which is the set
of all possible values that can be taken by said family of exponents.

Introduced in 2009-2013 by Schmidt and Summerer and completed by Roy in
2015, the parametric geometry of numbers provides strong tools with regards to the
study of exponents of Diophantine approximation and their associated spectra by
the introduction of combinatorial objects called n-systems. Roy proved the very
surprising result that the study of spectra of exponents is equivalent to the study of
certain quantities attached to n-systems. Thus, the study of rational approximation
can be replaced by the study of n-systems when attempting to determine such spectra.

Recently, Roy proved two new results for the case n = 3, the first being that
spectra are semi-algebraic sets, and the second being that spectra are stable under
the minimum with respect to the product ordering. In this thesis, it is shown that
both of these results do not hold in general for n ≥ 4, and examples are given.

This thesis also provides non-trivial examples for n = 4 where the spectra is
stable under the minimum.

An alternate and much simpler proof of a recent result of Marnat-Moshchevitin
proving an important conjecture of Schmidt-Summerer is also given, relying only on
the parametric geometry of numbers instead. Further, a conjecture which generalizes
this result is also established, and some partial results are given towards its validity.
Among these results, the simplest, but non-trivial, new case is also proven to be true.

In a different vein, this thesis considers functions of the form

θ(q) =
∞∑
k=0

xkq
−p(k),

where p(n) is a quadratic polynomial with p(N) ⊂ N, and where xk > 0 is rational
for each k ∈ N, thereby generalizing the theta function T (q) =

∑
k∈N q

−k2 . We show
under additional conditions on xk that [Q(θ(q)) : Q] ≥ 3 for each integer q ≥ 2.
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1.5 Generalized n-Systems . . . . . . . . . . . . . . . . . . . . . . . . 43
1.5.1 Ordered Sequences of Division Points . . . . . . . . . . . . . 44

iii



CONTENTS iv

2 Results on the Spectra of (ψj, ψj) 46
2.1 Regular System Conjecture . . . . . . . . . . . . . . . . . . . . . 46

2.1.1 First Version of the Conjecture . . . . . . . . . . . . . . . . 47
2.1.2 Equivalent Form of the Conjecture . . . . . . . . . . . . . . 48
2.1.3 Reduction of Conjecture 2.1.9 . . . . . . . . . . . . . . . . . 51
2.1.4 A Further Reduction . . . . . . . . . . . . . . . . . . . . . . 53

2.2 The Conjecture for Quasi-Regular Systems . . . . . . . . . . . . 55
2.3 Marnat-Moshchevitin Theorem . . . . . . . . . . . . . . . . . . . 58

2.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.3.2 Spectrum of (ψ1, ψ1) for n ≥ 3 . . . . . . . . . . . . . . . . . 60

2.3.3 Spectrum of (ψn−1, ψn−1) for n ≥ 3 . . . . . . . . . . . . . . 62

2.4 Spectrum of (ψ2, ψ2) for n = 4 . . . . . . . . . . . . . . . . . . . 66

2.5 A Test Case for (ψ2, ψ2) in Dimension n = 5 . . . . . . . . . . . . 68

3 Existence of Non-Semialgebraic Spectra 71
3.1 Semialgebraic Geometry . . . . . . . . . . . . . . . . . . . . . . . 71

3.1.1 Tarski-Seidenberg Theorem . . . . . . . . . . . . . . . . . . 72
3.1.2 Positive Loci of Rm-Valued Maps . . . . . . . . . . . . . . . 72
3.1.3 Convex Polytopes in Rm . . . . . . . . . . . . . . . . . . . . 73

3.2 A Family of Non-Semialgebraic Spectra . . . . . . . . . . . . . . 74
3.2.1 Preliminary Results . . . . . . . . . . . . . . . . . . . . . . . 75
3.2.2 Main Construction . . . . . . . . . . . . . . . . . . . . . . . 77
3.2.3 Characterization for the Main Construction . . . . . . . . . 78
3.2.4 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Spectra which Are Stable under the Minimum 83
4.1 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.2 Proof of Theorem 4.1.3 . . . . . . . . . . . . . . . . . . . . . . . 85
4.3 Limits of Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.4 Main Construction . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.4.1 Self-Similar Case . . . . . . . . . . . . . . . . . . . . . . . . 88
4.4.2 Approaching the Point E1 . . . . . . . . . . . . . . . . . . . 89
4.4.3 Approaching the Set F(P) . . . . . . . . . . . . . . . . . . . 90
4.4.4 Connecting Sequences of Division Points . . . . . . . . . . . 90
4.4.5 General Case . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5 Spectra which Are Not Stable under the Minimum 93
5.1 Main Construction . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.2.1 Spectra which Are Not Stable under the Minimum . . . . . 95
5.3 Proof of Theorem 5.2.1 . . . . . . . . . . . . . . . . . . . . . . . 97



CONTENTS v

5.3.1 Key Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

6 On Values of Theta-Like Functions 103
6.1 Estimates on Gaps of Representations . . . . . . . . . . . . . . . 104
6.2 Proof of Theorem 6.0.1 . . . . . . . . . . . . . . . . . . . . . . . 108

6.2.1 Preliminary Lemmas . . . . . . . . . . . . . . . . . . . . . . 109
6.2.2 Proof of Theorem 6.2.1 . . . . . . . . . . . . . . . . . . . . . 112

Bibliography 118



Introduction

One can attach several exponents of Diophantine approximation to each non-zero
vector ξ = (ξ1, . . . ξn) ∈ Rn. They measure how well the point ξ can be approximated
by rational subspaces of Rn for a given dimension d ∈ {1, . . . , n− 1}, as in [1, 12, 23].
We adopt the following convention: Let ‖ · ‖ denote the standard Euclidean norm,
and for a wedge product x ∧ y with x = (x1, . . . , xn),y = (y1, . . . , yn) ∈ Rn, the
Euclidean norm of x ∧ y is defined as the quantity

‖x ∧ y‖ =

√ ∑
1≤i<j≤n

(xiyj − xjyi)2.

An exposition on the topic of wedge products can be found in [13, Chapter 16].
For the case d = 1, one considers the exponent λ(ξ), respectively λ̂(ξ), defined

as the supremum of all real numbers λ > 0 such that

‖x‖ ≤ X and ‖x ∧ ξ‖ ≤ X−λ

admits a non-zero solution x ∈ Zn for arbitrarily large values of X, respectively for
every sufficiently large value of X. For the case d = n− 1, one considers instead the
dual exponent τ(ξ), respectively τ̂(ξ), defined as the supremum of all real numbers
τ > 0 such that

‖x‖ ≤ X and |x · ξ| ≤ X−τ

admits a non-zero solution x ∈ Zn for arbitrarily large values of X, respectively for
every sufficiently large value of X.

As Khinchin first observed in [10, 11], these exponents are not independent of
each other. This led to the study of the spectrum of a given family of exponents,
which is the set of all possibles values that can be taken by this family of exponents
when restricting to ξ with ξ1, . . . , ξn linearly independent over Q.

For instance, the spectrum of (λ, λ̂, τ, τ̂) is the set of points

(λ(ξ), λ̂(ξ), τ(ξ), τ̂(ξ))

where ξ runs through the non-zero points ξ ∈ Rn with ξ1, . . . , ξn linearly independent
over Q. Optimal constraints on these exponents were determined and shown to

1



INTRODUCTION 2

describe the full spectrum by Laurent for n = 3 in [12]. However, determining optimal
constraints on these four exponents remains an open problem for n ≥ 4. Nevertheless,
several related results are known.

When ξ1, . . . , ξn are linearly independent over Q, Khinchin’s transference princi-
ple [10, 11] yields the inequalities

τ(ξ)

(n− 2)τ(ξ) + n− 1
≤ λ(ξ) ≤ τ(ξ)− n+ 2

n− 1
.

Jarńık proved in [6, 7] that these inequalities are best possible. Constraints on the
pair (λ̂(ξ), τ̂(ξ)) were also determined by Jarńık in [8] for n = 3 and by German for
n ≥ 4 in [4]. Jarńık proved that these constraints are best possible for n = 3 in [9],
and Marnat proved they are best possible for n ≥ 4 in [14].

The spectra of (λ, λ̂) and (τ, τ̂) for n = 4 were determined respectively by
Moshchevitin in [17] and by Schmidt and Summerer in [27]. Recently, Marnat and
Moshchevitin determined both of these spectra for n ≥ 5 in [15].

The notion of height of a subspace V of Rn or Cn in relation to a fixed number
field K was introduced by Schmidt in 1967 [23]. This allowed him to approximate
a vector subspace V by vector subspaces S defined over K of a given dimension d.
This thesis considers the case of real vector spaces with K = Q. Given a non-zero
subspace S defined over Q, the height of S is defined by

H(S) = ‖x1 ∧ · · · ∧ xk‖,

where {x1, . . . ,xk} is a basis of S ∩ Zn as a Z-module, and where ‖ · ‖ is the usual
Euclidean norm. Note that this is independent of the choice of basis. Given such a
subspace S and a non-zero point ξ ∈ Rn, the projective distance between ξ and S is
defined by

d(ξ, S) =
‖ξ ∧ x1 ∧ · · · ∧ xk‖

‖ξ‖H(S)
,

noting again that this is independent of the choice of basis {x1, . . . ,xk}.
In [12], Laurent considers for each j ∈ {1, . . . , n− 1} the intermediate exponent

ωj(ξ), respectively ω̂j(ξ), defined as the supremum of all real numbers ω > 0 such
that

H(S) ≤ Q and H(S)d(ξ, S) ≤ Q−ω (0.0.1)

is satisfied for some j-dimensional subspace S of Rn defined over Q, for arbitrarily
large values of Q, respectively for every sufficiently large value of Q. These exponents
are more general than the four exponents λ, λ̂, τ, τ̂ since λ, λ̂ are the same as ω1, ω̂1,
and τ, τ̂ are the same as ωn−1, ω̂n−1.

Laurent obtained constraints for the spectrum of (ω1, . . . , ωn−1) in [12], and Roy
proved that they describe the full spectrum in [21].
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In order to study spectra of exponents in greater generality, Schmidt and Sum-
merer introduced the parametric geometry of numbers in [25, 26], a theory which was
completed by Roy in [20]. This theory is based on the geometry of numbers.

The geometry of numbers was introduced by Minkowski in 1910. This theory
studies convex bodies C in Rn, which are subsets C of Rn with non-empty interior
such that C is compact, convex, and centrally symmetric, i.e. 0 ∈ C and −C = C.
The theory is concerned with the study of convex bodies in relation to lattices Λ
in Rn. Minkowski proved two fundamental theorems in this direction. The first is
Minkowski’s first convex body theorem, which states that a convex body C with

vol(C) ≥ 2nvol(Rn/Λ)

contains a non-zero point in Λ. The second is concerned with the successive minima

λ1(C,Λ), . . . , λn(C,Λ)

of a convex body C, where λi = λi(C,Λ) is defined as the infimum of all λ > 0 such
that λC contains at least i linearly independent points in Λ, for i = 1, . . . , n. It is
easily verified that

0 < λ1 ≤ · · · ≤ λn <∞.

Minkowski’s second convex body theorem states that

2nvol(Rn/Λ)

n!
≤ λ1 · · ·λnvol(C) ≤ 2nvol(Rn/Λ).

The geometry of numbers has lead to important advances in the study of rational
approximation to a fixed n-tuple of real irrational numbers. For instance, let

ξ = (ξ1, . . . ξn) ∈ Rn

with ξ1 = 1 and ξ1, . . . , ξn linearly independent over Q. For each q > 0, the set

C(q) = {x ∈ Rn | |x1| ≤ q and |x1ξi − xi| ≤ q−1/(n−1) for i = 2, . . . , n}

is a convex body in Rn. Since the volume of C(q) is 2n for q > 0, then Minkowski’s
first convex body theorem implies that C(q) contains a non-zero point in Zn. Since
ξ1 = 1, then a non-zero point x ∈ C(q) ∩ Zn is such that that the line L passing
through the origin and the point x is an approximation of the line L′ passing through
the origin and ξ, in the sense that the angle between L and L′ is small. Thus, letting
q go to infinity yields increasingly better rational approximations to the point ξ.

Along this line of reasoning, Schmidt and Summerer introduced the parametric
geometry of numbers in order to study such convex bodies C(q) by studying the
parametric family of convex bodies (C(q))q≥0. With respect to the theory, there are a
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number of ways of redefining the convex bodies C(q). Certain authors instead study
the convex bodies defined by

C?ξ(q) = {x ∈ Rn | ‖x‖ ≤ e(n−1)q and ‖x ∧ ξ‖ ≤ e−q} (q > 0).

This thesis however adopts the convention used by Roy [22], which is to consider the
parametric convex bodies given by

Cξ(q) = {x ∈ Rn | ‖x‖ ≤ 1 and |x · ξ| ≤ e−q} (q > 0).

The convex bodies C?ξ(q) and Cξ(q) are in some sense dual. In order to study the
latter parametric family, define the map Lξ : R+ → Rn by

q 7→ (log λ1(q), . . . , log λn(q)),

where λi(q) is the ith minimum of Cξ(q) in relation to Zn. The case where ξ1, . . . ξn
are linearly independent over Q is equivalent to the case where Lξ,1 is unbounded.

Schmidt notes in [24] the importance of the maps Lξ with regards to Diophantine
approximation. Furthermore, translated to the conventions of [22], he observes that

Lξ,1(q) ≤ · · · ≤ Lξ,n(q) (q ≥ 0),

that Minkowski’s second convex body theorem implies that

|Lξ,1(q) + · · ·+ Lξ,n(q)− q| = O(1) (q ≥ 0),

and that each Lξ,i is a continuous piecewise linear map with slopes either 0 or 1.
To see the relation between the maps Lξ and the aforementioned exponents of

Diophantine approximation, define for each ξ ∈ Rn\{0} the quantities

ϕ
i
(ξ) = lim inf

q→∞
q−1Lξ,i(q) and ϕi(ξ) = lim sup

q→∞
q−1Lξ,i(q),

for i = 1, . . . , n, as well as the quantities

ψ
j
(ξ) = lim inf

q→∞
q−1

j∑
i=1

Lξ,i(q) and ψj(ξ) = lim sup
q→∞

q−1
j∑
i=1

Lξ,i(q),

for j = 1, . . . , n. Roy notes in [20] that

ϕ
1
(ξ) =

1

1 + τ(ξ)
, ϕ1(ξ) =

1

1 + τ̂(ξ)
, ϕ

n
(ξ) =

λ̂(ξ)

1 + λ̂(ξ)
and ϕn(ξ) =

λ(ξ)

1 + λ(ξ)
,

for each non-zero ξ ∈ Rn. Since

|q−1Lξ,1(q) + · · ·+ q−1Lξ,n(q)− 1| = o(1) (q ≥ 0),
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then
ψ
n−1(ξ) = 1− ϕn(ξ) and ψn−1 = 1− ϕ

n
(ξ),

and so we also have that

ψ
n−1(ξ) =

1

1 + λ(ξ)
and ψn−1(ξ) =

1

1 + λ̂(ξ)
,

for each non-zero ξ ∈ Rn. More generally, Roy shows in [21] that

ψ
j
(ξ) =

1

1 + ωn−j(ξ)
and ψj(ξ) =

1

1 + ω̂n−j(ξ)
,

for each non-zero ξ ∈ Rn, for j = 1, . . . , n− 1, where the ωn−j(ξ), ω̂n−j(ξ) quantities
are defined as in (0.0.1). The spectra of pairs (ψ

j
, ψj) where j ∈ {1, . . . , n− 1} play

an important role in this thesis.
We also consider generalized exponents of Diophantine approximation. These

were introduced by Roy [22], and they are defined as follows.
For each linear map T = (T1, . . . , Tm) : Rn → Rm, define ϕ

T
and ϕT to be the

functions which take each non-zero point ξ ∈ Rn to the m-tuples

ϕ
T

(ξ) = (ϕ
T1

(ξ), . . . , ϕ
Tm

(ξ)) and ϕT (ξ) = (ϕT1(ξ), . . . , ϕTm(ξ)),

where

ϕ
Ti

(ξ) = lim inf
q→∞

q−1Ti(Lξ(q)) and ϕTi(ξ) = lim sup
q→∞

q−1Ti(Lξ(q)),

for i = 1, . . . ,m. The functions ϕ
Ti

, ϕTi are called generalized exponents of Dio-

phantine approximation. The spectrum of ϕ
T

is the set of points ϕ
T

(ξ) where ξ runs
through the points ξ ∈ Rn with ξ1, . . . , ξn linearly independent over Q.

Observe that the preceding examples of exponents can be recovered through
these generalized exponents, as verified by the identities

ϕ
i

= ϕ
πi
, ϕi = ϕπi and ψ

j
= ϕ

σj
, ψj = ϕσj ,

where πi(x) = xi and σj(x) = x1 + · · ·+ xj, for all x = (x1, . . . , xn) ∈ Rn.
The notion of an n-system was proposed by Schmidt and Summerer in [26] as a

model for the functions Lξ. In that paper, they are called (n, 0)-systems. In [20], Roy
gives a definition which is adapted for the context of parametric families of convex
bodies (Cξ(q))q≥0. In this context, an n-system is a map P : I → Rn satisfying the
following simple properties:

• The domain I is a closed subinterval of R with min I > 0.
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• For each q ∈ I, we have that

0 ≤ P1(q) ≤ · · · ≤ Pn(q) and P1(q) + · · ·+ Pn(q) = q.

Moreover, by writing Si = P1 + · · ·+ Pi for i = 1, . . . , n, we have the following
properties for each i ∈ {1, . . . , n}.

• The map Si is a continuous piecewise linear map with slopes either 0 or 1.

• If q ∈ Io and j ≥ 0 are such that S ′i(q
−) = 1 6= S ′i+j(q

+), then we have

Pi(q) = Pi+j+1(q).

An equivalent definition of an n-system is given in the first chapter.
Roy shows in [20] that, for each map Lξ, there exists an n-system P such that

P and Lξ have bounded difference. Conversely, Roy shows in [20] that, for each n-
system P, there exists a non-zero vector ξ ∈ Rn such that P and Lξ have bounded
difference. Studying the maps Lξ is in this sense equivalent to studying n-systems.
The benefit of studying n-systems instead of the maps Lξ comes from the simplicity
in their description, and how it eliminates the need to consider the points ξ directly.

To see how n-systems can be used to study exponents, define for each linear map
T : Rn → R and each n-system P the quantities

ϕ
T

(P) = lim inf
q→∞

q−1T (P(q)) and ϕT (P) = lim sup
q→∞

q−1T (P(q)).

If ξ ∈ Rn\{0} is such that Lξ and P have bounded difference, then

ϕ
T

(P) = ϕ
T

(ξ) and ϕT (P) = ϕT (ξ).

Thus, the spectrum of ϕ
T

is the set of points ϕ
T

(P) where P runs through the n-
systems P with P1 unbounded. Such an n-system is called proper.

The following notation is often useful when studying spectra. To each n-system
P : I → Rn with unbounded domain, one defines the set F(P) to be the set of all
points y ∈ Rn such that y is the limit of q−1i P(qi) for some unbounded sequence
(qi)i∈N in I. We also define the set K(P) to be the convex hull of F(P). Since
convexity is preserved by linear maps, and since the infimum remains unchanged by
taking the convex hull, it follows that

ϕ
T

(P) = inf T (F(P)) = inf T (K(P))

for each linear map T : Rn → Rm.
The first chapter of this thesis presents numerous notions and results which are

related to the study of n-systems, following the work of Roy in [20, 22, 21]. We also
develop certain results which are original to this thesis.
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In the second chapter of this thesis, we study the spectra of pairs (ψ
j
, ψj). For

the case n ≥ 3, Marnat and Moshchevitin recently determined the set of all such
pairs for j = 1 and j = n − 1 in [15]. The proof of Marnat and Moshchevitin uses
some results from the parametric geometry of numbers, but relies largely on a more
traditional approach. This thesis reproduces their result, but relying only on the
parametric geometry of numbers. The proof is also markedly simpler. The idea is
motivated by a transformation of proper n-systems P into canonical n-systems P̃
preserving the maps Sj = P1 + · · ·+Pj for a given j. This transformation is given in
the first chapter, and is original to this thesis.

We also give a conjecture describing all possible values (ψ
j
(P), ψj(P)) for a given

pair (n, j), and we prove that the conjecture holds true for a special subclass of n-
systems which we call quasi-regular. We also prove the case (4, 2), which completes
the case n = 4 in light of the result of Marnat and Moshchevitin. Though not included
in this thesis, we also tested by computer, checking for several pairs (n, j), that the
conjecture for j holds true for many n-systems. A non-trivial test case for the pair
(5, 2) is also proven to hold true using elementary algebra arguments.

In the third chapter, we prove the existence of spectra of n-systems which are
not semialgebraic sets, for each n ≥ 4. This is in contrast to a remarkable result
of Roy proving that spectra of n-systems are semialgebraic sets for n = 2, 3 in [22].
Moreover, the existence of such spectra is made explicit for a certain family of linear
maps T : Rn → Rn+1.

The idea of the proof is to show, for certain linear maps

T = (T0, . . . , Tn) : Rn → Rn+1,

that the intersection of the spectra ST of ϕ
T

with the semialgebraic set

AT = {x ∈ Rn+1 |T0(x) > 0 and Ti(x) ≥ 0 for i = 1, . . . , n}

is not a semialgebraic set. Since the intersection of semialgebraic sets remains so
itself, this allows us to conclude that ST is not semialgebraic. The proof is done in
two steps: First, we consider the set S̃T of points ϕ

T
(P) where P runs through an

important subclass of n-systems called self-similar. We then show that S̃T ∩AT is an
infinite discrete subset of Rn+1, which in turn implies that S̃T is not semialgebraic.
Second, we prove that every image point ϕ

T
(P) in AT of a proper n-system P is also

the image point ϕ
T

(P̃) in AT for some self-similar n-system P̃. Hence, we conclude

that ST = S̃T , which completes the proof.
This reduction relies on proving that certain limits of sequences of n-systems

remain n-systems themselves. To this end, in the first chapter we introduce maps
called prototypes, which share many properties with n-systems. For a given integer
n ≥ 2, the class of prototypes is strictly larger than the class of n-systems, but has
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the advantage of being closed under uniform convergence. Under certain added con-
ditions, we can show that certain limits of prototypes are in fact n-systems. Another
important result in this direction is a natural generalization of the Arzelá-Ascoli the-
orem, which we will use to prove that an arbitrary sequence of n-systems defined on
a compact interval I of (0,∞) has a subsequence which converges uniformly.

For each x = (x1, . . . , xm),y = (y1, . . . , ym) ∈ Rm, we define the minimum

min{x,y} = (min{x1, y1}, . . . ,min{xm, ym}).

The fourth chapter gives a condition under which certain spectra S ⊆ Rm of 4-systems
are stable under the minimum, i.e. for each x,y ∈ S, the point min{x,y} ∈ S. This
expands upon another result of Roy proving that spectra for n-systems are stable
under the minimum for n = 2, 3 in [22].

The main result leading to this condition of stability under the minimum is
the proof of the following result: For each proper 4-system P, there exists a proper
4-system R such that K(R) is the convex hull of

F(P) ∪ {(1, 1, 1, 1)/4}.

On the other hand, the fifth chapter proves the existence of spectra of 4-systems
which are not stable under the minimum. The proof relies on the construction of two
proper 4-systems R and S with the following property: If T is a proper 4-system,
then K(T) is not equal to the convex hull of F(R) ∪ F(S).

In a different vein, the sixth and final chapter considers functions of the form

θ(q) =
∞∑
k=0

xkq
−p(k),

where p(n) is a quadratic polynomial with p(N) ⊂ N, and where xk > 0 is rational
for each k ∈ N, thereby generalizing the theta function T (q) =

∑
k∈N q

−k2 . While
it is known by an application of Nesterenko’s theorem that T (q) is transcendental
for each algebraic q 6= 0 with |q| > 1, this thesis shows that θ(q) is not an algebraic
number of degree less than 3 at integers q ≥ 2, under certain height constraints on
the polynomial p and the numbers xi. The proof uses a gap argument relying on a
result of Richards.



Chapter 1

Preliminaries on Parametric
Geometry of Numbers

This chapter is divided into several sections. The first on parametric geometry of
numbers gives a brief introduction to the theory, following conventions of Roy. The
second introduces the notion of a system, the main object of study throughout this
thesis, and intends to help the reader develop an intuition towards how these objects
are used as tools in the study of exponents of Diophantine approximation, primarily
with regards to their spectra. The remaining sections cover several results concerning
systems, most of which are key in proving the results in the following chapters.

Throughout this chapter, fix an integer n ≥ 2.

1.1 Parametric Geometry of Numbers

The contents of this section describing the parametric geometry of numbers are at-
tributed to [22]. It is also worth noting that while the conventions in [22] differ
than those used by Schmidt and Summerer [25, 26], the theory remains essentially
equivalent.

A convex body C in Rn is a subset C of Rn which has non-empty interior, and which
is compact, convex, and centrally symmetric, i.e. 0 ∈ C and −C = C. Introduced by
Minkowski [16], the geometry of numbers studies convex bodies in relation to lattices
Λ in Rn. A first important result in this direction is Minkowski’s first convex body
theorem, which states that a convex body C with vol(C) ≥ 2nvol(Rn/Λ) contains
a non-zero point in Λ. A second important result is concerned with the successive
minima λ1(C,Λ), . . . , λn(C,Λ) of a convex body C, where each λi = λi(C,Λ) is defined
as the infimum of all λ > 0 such that λC contains at least i linearly independent
points in Λ. One readily verifies that 0 < λ1 ≤ · · · ≤ λn < ∞, and Minkowski’s

9



1. PRELIMINARIES ON PARAMETRIC GEOMETRY OF NUMBERS 10

second convex body theorem is thus stated

2nvol(Rn/Λ)

n!
≤ λ1 · · ·λnvol(C) ≤ 2nvol(Rn/Λ).

In [25], Schmidt and Summerer go one step further by studying certain para-
metric families of convex bodies stemming from the study of rational approximation,
thus initiating the parametric geometry of numbers.

For each non-zero point ξ ∈ Rn, define the parametric family (Cξ(q))q≥0 of convex
bodies in Rn by defining for each q ≥ 0 the convex body

Cξ(q) = {x ∈ Rn | ‖x‖ ≤ 1 and |x · ξ| ≤ e−q},

where ‖x‖ denotes the Euclidean norm of x in Rn and x · ξ denotes the standard
scalar product of x and ξ in Rn. The parametric geometry of numbers implicitly
studies the quantities λi(Cξ(q),Zn) as functions of the parameter q ∈ R+ by taking
their logarithms, in an effort to simplify the exposition and theory. To this end, define
for each i ∈ {1, . . . , n} the function Lξ,i : R+ = [0,∞)→ R by

Lξ,i(q) = log λi(Cξ(q),Zn) (q ≥ 0),

and define the function Lξ : R+ → Rn by

Lξ(q) = (Lξ,1(q), . . . , Lξ,n(q)) (q ≥ 0).

Schmidt notes in [24] the importance of the maps Lξ with regards to Diophantine
approximation. Further, translated to the conventions of [22], he observes that

Lξ,1(q) ≤ · · · ≤ Lξ,n(q) (q ≥ 0),

that Minkowski’s second convex body theorem implies that

|Lξ,1(q) + · · ·+ Lξ,n(q)− q| = O(1) (q ≥ 0),

and that each Lξ,i is a continuous piecewise linear map with slopes either 0 or 1.

Proposition 1.1.1. Let ξ = (ξ1, . . . , ξn) ∈ Rn\{0}, and let m ∈ {0, . . . , n − 1} be
maximal such that Lξ,i is bounded for each i with 1 ≤ i ≤ m. It follows that

n−m = dim〈ξ1, . . . , ξn〉Q.

Proof: Let m′ = n − dim〈ξ1, . . . , ξn〉Q, and so there exists linearly independent
points a1, . . . , am′ ∈ Zn such that ai · ξ = 0 for i = 1, . . . ,m′. By letting λ be such
that a1, . . . , am′ ∈ λCξ(q), it follows that Lξ,m′ ≤ log λ, and so m′ ≤ m. For the
reverse inequality, note that Lξ,m ≤ log λ for some λ > 0, and so λCξ(t) ∩ Zn is
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finite and contains at least m linearly independent points for each t ≥ 0. Thus, as
λCξ(s) ⊆ λCξ(t) for each s, t with s > t ≥ 0, it follows as t → ∞ that the finite set
λCξ(t)∩Zn stabilizes at some t = M , that is λCξ(M)∩Zn = ∩t≥0Cξ(t)∩Zn. By letting
c1, . . . , cm be linearly independent points in λCξ(M) ∩ Zn, it follows that ci · ξ = 0
for i = 1, . . . ,m, and so m ≤ m′.

Finally, the work by Schmidt and Summerer in [25, 26], completed by Roy in
[20], provides a complete characterization of all possible maps Lξ : [0,∞) → Rn, up
to bounded difference in Rn, and is described in the following section on n-systems.

1.1.1 Spectra of Families of Exponents

Of primary interest in this theory are quantities called exponents of Diophantine
approximation, which are named as such because they manifest as critical exponents in
problems of Diophantine approximation. Some common examples are the quantities

ϕ
i
(ξ) = lim inf

q→∞
q−1Lξ,i(q) and ϕi(ξ) = lim sup

q→∞
q−1Lξ,i(q),

for i = 1, . . . , n, as well as the quantities

ψ
j
(ξ) = lim inf

q→∞
q−1

j∑
i=1

Lξ,i(q) and ψj(ξ) = lim sup
q→∞

q−1
j∑
i=1

Lξ,i(q),

for j = 1, . . . , n, which will play an important role in this thesis. The following
definition generalizes these exponents.

Definition 1.1.2. For each linear map T = (T1, . . . , Tm) : Rn → Rm, define ϕ
T

and
ϕT to be the functions which take each non-zero point ξ ∈ Rn to the m-tuples

ϕ
T

(ξ) = (ϕ
T1

(ξ), . . . , ϕ
Tm

(ξ)) and ϕT (ξ) = (ϕT1(ξ), . . . , ϕTm(ξ)),

where

ϕ
Ti

(ξ) = lim inf
q→∞

q−1Ti(Lξ(q)) and ϕTi(ξ) = lim sup
q→∞

q−1Ti(Lξ(q)),

for i = 1, . . . ,m. The functions ϕ
Ti

, ϕTi are called generalized exponents of Diophan-
tine approximation.

Observe that the preceding examples of classical exponents can be recovered
through these generalized exponents, as verified by the identities

ϕ
i

= ϕ
πi
, ϕi = ϕπi and ψ

j
= ϕ

σj
, ψj = ϕσj ,
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where πi(x) = xi and σj(x) = x1 + · · ·+ xj, for all x = (x1, . . . , xn) ∈ Rn.
Given linear maps T : Rn → Rm and T ′ : Rn → Rm′ , it is in general difficult to

determine the image of (ϕ
T
, ϕT ′). This leads to the following definition.

Definition 1.1.3. For linear maps T : Rn → Rm and T ′ : Rn → Rm′ , the spectrum
of (ϕ

T
, ϕT ′) is the set of values (ϕ

T
(ξ), ϕT ′(ξ)) where ξ = (ξ1, . . . , ξn) runs through

the points in Rn having Q-linearly independent coordinates.

Remark that ϕ−T = −ϕ
T

for each linear map T : Rn → Rm, so that one can
study spectra in general by instead studying spectra of functions of the form ϕ

T
.

In order to study spectra of maps ϕ
T

, it is important to know something about
the maps Lξ. Extending the notion of exponents to maps is useful in this regard.

1.1.2 Exponents of Maps

The following notation is often used throughout this thesis.

Definition 1.1.4. For each map f : S → Rn defined on a subset S of R, and for each
linear map T : Rn → Rm, define the functions ϕ, ϕT : S\{0} → Rm by

ϕ(q; f) = q−1f(q), ϕT (q; f) = q−1T (f(q)) (q ∈ S\{0}).

Upon writing ϕ = (ϕ1, . . . , ϕn), also define for each j ∈ {1, . . . , n} the map

ψj =

j∑
i=1

ϕi.

Moreover, for i = 1, . . . ,m, if S is bounded, then define the quantities

ϕ
Ti

(f) = inf
q∈S

ϕTi(q; f) and ϕTi(f) = sup
q∈S

ϕTi(q; f),

and if S contains an interval [q0,∞) for some q0 ∈ S, then define the quantities

ϕ
Ti

(f) = lim inf
q→∞

ϕTi(q; f) and ϕTi(f) = lim sup
q→∞

ϕTi(q; f).

The quantites ϕ
i
, ϕi, ψj, ψj associated to f are defined similarly. Finally, define

ϕ
T

(f) = (ϕ
T1

(f), . . . , ϕ
Tm

(f)) and ϕT (f) = (ϕT1(f), . . . , ϕTm(f)),

and the quantities ϕ(f), ϕ(f) similarly.

Remark. ϕ
T

(Lξ) = ϕ
T

(ξ) for each ξ ∈ Rn\{0} and each linear map T : Rn → Rm.

It is worth mentioning that the distinction between maps defined on bounded
domains and those whose domain contains an interval of the form [q0,∞) stems
naturally from considerations in this thesis. Specifically, when studying ϕ, ϕT for
maps with unbounded domains, it is always the case that only the limiting behaviour
is of interest when studying infima and suprema.
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1.1.3 Approximation Criterion

The goal of this subsection is to determine a general criterion under which maps L and
P satisfy ϕ

T
(L) = ϕ

T
(P) independently of the choice of a linear map T : Rn → Rm.

The following definitions, observations, and lemma lead to this criterion.

Definition 1.1.5. Let f : S ⊆ R → Rm be a map, for some m ∈ N+, and let
q ∈ R ∪ {±∞}. A point y ∈ Rm is said to be a limit point of f at q if there exists a
sequence (qi)i∈N of elements in S converging to q and such that f(qi) → y. The set
of such y is denoted by lim(f, q) = limx(f(x), q).

In particular, for a bounded map f : [q0,∞)→ R, it follows that

inf(lim(f,∞)) = lim inf
q→∞

f(q) and sup(lim(f,∞)) = lim sup
q→∞

f(q). (1.1.1)

It is also worth noting that if g : Rm → Rm′ is a continuous map, then

g(lim(f, q)) ⊆ lim(g ◦ f, q), (1.1.2)

and that equality holds if the image of f is bounded on some neighbourhood of q.
Before stating the lemma, note for maps L, h : [q0,∞)→ R that L = O(h) means

that there exists a positive constant C such that |L(q)| ≤ Ch(q) for every sufficiently
large q, and note that L = o(h) means that h(q) > 0 for every sufficiently large q
and that limq→∞ L(q)/h(q) = 0. In practice, this thesis considers the cases where the
map h(q) is either the identity mapping q or the constant mapping 1.

Lemma 1.1.6. Let L, P, h : [q0,∞)→ R be maps with h(q) > 0 for every sufficiently
large q and such that L − P = o(h). It follows that lim(L/h,∞) = lim(P/h,∞).
Moreover, if L/h and P/h are bounded, then

lim inf
q→∞

L(q)

h(q)
= lim inf

q→∞

P (q)

h(q)
and lim sup

q→∞

L(q)

h(q)
= lim sup

q→∞

P (q)

h(q)
.

Proof: Let x be a limit point of L/h at infinity, and so

lim
i∈N

L(qi)

h(qi)
= x

for some sequence (qi)i∈N with qi →∞. It follows that

lim
i∈N

P (qi)

h(qi)
= lim

i∈N

P (qi)

h(qi)
+ lim

i∈N

L(qi)− P (qi)

h(qi)
= lim

i∈N

L(qi)

h(qi)
= x.

A symmetric argument completes the proof of the first claim.
If L/h and P/h are bounded, then (1.1.1) yields the second claim.
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Definition 1.1.7. For each q0 > 0 and each map f : [q0,∞) → Rn, define the set
F(f) = limq(ϕ(q; f),∞), and denote its convex hull by K(f).

In other words, the set F(f) is the set of limits in Rn of sequences (q−1i f(qi))i∈N
where (qi)i∈N is a sequence of positive reals with qi →∞.

Remark. If ‖f(q)‖ = O(q), then ϕ(q; f) is a bounded function, and if T : Rn → R
is a linear map, then T ◦ ϕ(q; f) = ϕ(q;T ◦ f), and so (1.1.2) implies that

T (F(f)) = F(T ◦ f). (1.1.3)

This remark is key in proving the following proposition.

Proposition 1.1.8. Let L,P : [q0,∞) → Rn be maps such that ‖L(q)‖ = O(q) and
‖L(q)−P(q)‖ = o(q). It follows that ‖P(q)‖ = O(q), and that

ϕ
T

(L) = ϕ
T

(P) = inf T (F(P))

for each linear map T : Rn → R.

Proof: Note that T (L(q))− T (P(q)) = ‖T‖o(q), and that ‖P(q)‖ = O(q) since

‖P(q)‖ ≤ ‖P(q)− L(q)‖+ ‖L(q)‖ = o(q) +O(q) = O(q).

Hence, ϕ(q; L), ϕ(q; P) are bounded, so Lemma 1.1.6 implies ϕ
T

(L) = ϕ
T

(P). Finally,

ϕ
T

(P) = lim inf
q→∞

ϕT (q; P) = inf lim
q

(ϕ(q;T ◦P);∞) = inf F(T ◦P)

by (1.1.1), and F(T ◦P) = T (F(P)) by (1.1.3), completing the proof.

Note that the infimum is preserved by taking convex hulls, and that convexity
is preserved by linear maps. Thus, as the maps ‖Lξ(q)‖ are known to be O(q), it
follows that if ξ ∈ Rn\{0} and P : R+ → Rn satisfy ‖Lξ(q)−P(q)‖ = o(q), then

ϕ
T

(ξ) = ϕ
T

(P) = inf T (F(P)) = inf T (K(P)), (1.1.4)

for each linear map T : Rn → Rm, where the infimum is taken with respect to the
product ordering on Rm, i.e. (x1, . . . , xm) ≤ (y1, . . . , ym)⇔ xi ≤ yi for i = 1, . . . ,m.
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1.2 n-Systems

In this section, the definition of objects known as n-systems is given, and some impor-
tant subclasses of these objects are defined. Two important theorems proven by Roy
in [20], one of which implies that studying the functions Lξ is in some sense equiva-
lent to studying n-systems, are stated. Some tools are also developed, many of which
are key in proving results in the following chapters, and some examples and illustra-
tions are given to help the reader develop an intuition towards better understanding
n-systems and how they may be used in proofs.

Let e1, . . . , en denote the canonical basis elements of Rn, and define the sets

∆n = {x ∈ Rn | 0 ≤ x1 ≤ · · · ≤ xn} and Σn = {x ∈ Rn |x1 + · · ·+ xn = 1}.

Definition 1.2.1. A map P : I → Rn is called an n-system if I is a closed subinterval
of R with non-zero length and min I > 0, and if the following properties hold for each
q ∈ I:

(S1) The point P(q) lies in ∆n, that is 0 ≤ P1(q) ≤ · · · ≤ Pn(q).

(S2) The point q−1P(q) lies in Σn, that is P1(q) + · · ·+ Pn(q) = q.

(S3) There exists k, l with Pk(q) ≥ Pl(q) and a neighbourhood U of q such that

P(q′) =

{
P(q) + (q′ − q)ek if q′ ≤ q,

P(q) + (q′ − q)el if q′ ≥ q;
(q′ ∈ U).

Thus, writing P = (P1, . . . , Pn), the components P1, . . . , Pn are monotone increasing
and continuous, and the pair (k, l) is unique when q is in the interior of I.

Moreover, it is non-degenerate if the following condition holds for each q ∈ I:

(S4) For any i ∈ {1, . . . , n− 1} such that Pi(q) = Pi+1(q), it follows that{
P ′i (q

−) = 1 if q > inf I,

P ′i+1(q
+) = 1 if q < sup I,

where q− (resp. q+) indicates left (resp. right) differentiation at q.

Observe that if P1(q), . . . , Pn(q) are distinct, then (S4) holds automatically at q.

Figure 1.2.1 illustrates the combined graph of some non-degenerate 3-system
P = (P1, P2, P3), which is the graph obtained by superimposing the graphs of the
individual components P1, P2 and P3. Observe by property (S1) that there is no
ambiguity in determining which line segments correspond to which component.
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Figure 1.2.1: Some non-degenerate 3-system P

Definition 1.2.2. A system refers to any m-system where m ∈ N with m ≥ 2.

Verifying that a map is an n-system can be simplified via the following criteria.

Proposition 1.2.3. Let a, b, d0, . . . , dk > 0 with a = d0 < · · · < dk = b, and suppose
that P : [a, b] → Rn is a map which is affine on [di−1, di] for i = 1, . . . , k. If one of
the properties (S1), (S2), (S3) holds at each di for i = 0, . . . , k, then it holds on [a, b].

Proof: Let i ∈ {1, . . . , k}, write x = P(di−1) and y = P(di), and let z = P(q)
where q = λdi−1 + (1− λ)di for some λ ∈ (0, 1). Hence, as P is affine on [di−1, di], it
follows that z = λx + (1− λ)y. Now, if (S1) holds at di−1 and di, then one finds for
each l ∈ {1, . . . , n− 1} that

zl = λxl + (1− λ)yl ≤ λxl+1 + (1− λ)yl+1 = zl+1,

and that z1 = λx1 + (1−λ)y1 ≥ 0, so that (S1) holds at q. On the other hand, if (S2)
holds at di−1 and di, then the sum of the coordinates of z is λdi−1 +(1−λ)di = q, and
so (S2) holds at q, completing the proof of the first implication. Finally, if property
(S3) holds at di, then P′(q) = P′(d−i ) implies that it holds at q.

Remark. The original definition of an n-system by Schmidt and Summerer was given
in terms of the maps Si = P1+ · · ·+Pi, as seen through the present context in Section
2 of [20]. This interpretation can lead to certain simplifications, especially through
the application of the following proposition in certain proofs.

Proposition 1.2.4. Let P : I → Rn be an n-system, and write Si = P1 + · · · + Pi
for each i ∈ {1, . . . , n}. If q ∈ Io and k, l ∈ {1, . . . , n} are such that k ≤ l and
S ′k(q

−) = 1 6= S ′l(q
+), then Pk(q) = · · · = Pl+1(q).
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Proof: Suppose that S ′k(q
−) = 1 6= S ′l(q

+), and so S ′l(q
+) = 0. Then, there exists

k′, l′ such that k′ ≤ k ≤ l < l′ and P ′k′(q
−) = 1 = P ′l′(q

+), from which properties (S1)
and (S3) yield Pk′(q) = Pl′(q). Hence, property (S1) yields Pk(q) = · · · = Pl+1(q).

This may all seem nebulous at first, especially properties (S3) and (S4), and so
further discussion illustrating how one might better interpret these systems will be
given in the sequel. However, before doing so, some terminology and a theorem giving
a natural correspondence between n-systems and the points ξ ∈ Rn\{0} are given.

1.2.1 Correspondence Theorem

In order to make sense of the following definition, note that properties (S1) and
(S2) imply that the image of a system is unbounded if and only if its domain is
unbounded. Hence, a system is called unbounded if either its domain or image is
unbounded. Also, observe for an unbounded n-system P : I → Rn that if Pi is
bounded for some i ∈ {1, . . . , n}, then property (S1) implies that each P1, . . . , Pi−1 is
bounded as well. In particular, it follows from property (S2) that Pn is unbounded.

Definition 1.2.5. Let P : I → Rn be an n-system, and let m ∈ {0, . . . , n} be
maximal such that Pi is bounded for each i with 1 ≤ i ≤ m, and so Pi is unbounded
for each i = m+ 1, . . . , n. The dimension of P is the quantity given and denoted by

dim P = n−m ∈ {0, . . . , n},

and an n-system is said to be proper if dim P = n, i.e. if the dimension is maximal.

Remark. A system has dimension zero if and only if it is bounded.

The following proposition gives properties of components based on whether or
not they are bounded. It is especially important in studying proper systems, which
are important in the study of spectra, as Theorem 1.2.10 will show.

Proposition 1.2.6. Let P : I → Rn be an unbounded n-system, let m be such that
dim P = n−m, and let i ∈ {1, . . . , n− 1}. If i ≤ m, then Pi is eventually constant,
and if i > m, then Pi(q) = Pi+1(q) for arbitrarily large values of q ∈ I.

Proof: Write Si = P1 + · · ·+ Pi, and suppose that Pi is not eventually constant.
Property (S3) implies for each N ∈ N that P ′i (qN) = 1 for some qN > N . Hence, as
Pn is unbounded, for each N ∈ N there exists tN minimal with tN > qN such that
S ′i(t

+
N) = 0, and so S ′i(t

−
N) = 1. Proposition 1.2.4 then yields for each N ∈ N that

Pi(tN) = Pi+1(tN).
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For each N ∈ N and each q ≤ tN , it follows that Pi+1(q) ≤ Pi+1(tN) = Pi(tN).
Hence, if Pi is bounded, then Pi+1 is bounded, since tN → ∞ as N → ∞. Now,
suppose that Pi+1 is eventually constant, and so there exists M such that Pi(tN) =
Pi+1(tN) = Pi+1(tM) for each N > M . As Pi is monotone, it follows that Pi is
eventually constant, which is a contradiction. Hence, Pi+1 is not eventually constant.

Now, if i ≤ m, then as Pi is bounded, induction yields that Pi, . . . , Pn are all
bounded, which is a contradiction. Therefore, if i ≤ m, then Pi is eventually constant.

Finally, if i > m, then Pi is unbounded, and so is not eventually constant. Since
tN →∞ as N →∞, then Pi(q) = Pi+1(q) for arbitrarily large values of q ∈ I.

The following theorem is due to Roy in [20], stated differently but equivalently.

Theorem 1.2.7. For each ξ ∈ Rn\{0}, there exists an n-system P : [q0,∞) → Rn

such that ‖P − Lξ‖ = O(1). Conversely, for each n-system P : [q0,∞) → Rn, there
exists ξ ∈ Rn\{0} such that ‖P − Lξ‖ = O(1). Moreover, the coordinates of ξ are
linearly independent over Q if and only if P is proper, i.e. if dim P = n.

The following corollary of Proposition 1.1.1 refines the last statement.

Corollary 1.2.8. Let P : [q0,∞) → Rn be a map and let ξ = (ξ1, . . . , ξn) be a
non-zero point in Rn. If ‖P− Lξ‖ = O(1), then

dim P = dim〈ξ1, . . . , ξn〉Q,

i.e. the rank of {ξ1, . . . , ξn} over Q is the dimension of P.

Proof: Let m ∈ {0, . . . , n−1} be maximal such that Lξ,i is bounded for each i with
1 ≤ i ≤ m. Since ‖P−Lξ‖ = O(1), then Pi is bounded if and only if Lξ,i is bounded,
and so dim P = n−m. Therefore, as Proposition 1.1.1 yields n−m = dim〈ξ1, . . . , ξn〉Q,
the conclusion follows.

The following theorem is also due to Roy in [20], presented in a form which is
weaker but sufficiently strong with regards to the scope of this thesis.

Theorem 1.2.9. Let P : I → Rn be an unbounded n-system. There exists a non-
degenerate n-system P̃ : I → Rn such that ‖P− P̃‖ = O(1).

Taking into consideration the approximation criterion given by Proposition 1.1.8,
and combining the results of Theorems 1.2.7 and 1.2.9 with Corollary 1.2.8, the image
and spectra of functions of the form ϕ

T
can be described as in the following theorem.

Before its statement, let Sn denote the set of unbounded n-systems.



1. PRELIMINARIES ON PARAMETRIC GEOMETRY OF NUMBERS 19

Theorem 1.2.10 (Correspondence). For each d ∈ {1, . . . , n}, write

Rn
d = {(ξ1, . . . , ξn) ∈ Rn | dim〈ξ1, . . . , ξn〉Q = d},

and
Snd = {P ∈ Sn | dim P = d}.

It follows for each linear map T : Rn → Rm that

ϕ
T

(Rn
d) = ϕ

T
(Snd ) = ϕ

T
({P ∈ Snd |P is non-degenerate}).

In particular, the spectrum of ϕ
T

is the set of m-tuples ϕ
T

(P) where P runs through
the set of proper non-degenerate n-systems.

1.2.2 Division Points and Non-Degenerate Systems

As the correspondence theorem shows, it suffices to consider proper non-degenerate
systems in order to determine the spectra of families of exponents. Incidentally, it is
somewhat easier to work with non-degenerate systems as they have simpler pointwise
properties. In order to see this, consider the following notion, and define the sets

∆j = ∆n
j = {x ∈ ∆n |xj = xj+1},

for each j ∈ {1, . . . , n− 1}.

Definition 1.2.11. Fix an n-system P : I → Rn, and let q ∈ I. If k, l can be chosen
to be distinct for the property (S3) at q, then q is called a division number, and P(q)
is called a division point. If k < l, then q is called a transition number and P(q) is
called a transition point. If k > l, then q is called a switch number and P(q) is called
a switch point.

In particular, a number q ∈ Io is not a division number with respect to P if and
only if the derivative of P exists at q, in which case P′(q) = ei for some i ∈ {1, . . . , n}.
Moreover, since the domain of an n-system is closed by definition, the set of division
numbers has the following property.

Proposition 1.2.12. Let P : I → Rn be an n-system, and D its set of division
numbers. The set D is enumerable in increasing order, and |D| =∞⇔ supD =∞.

Proof: Assume without loss of generality that |D| = ∞. Now, suppose that the
set D has a limit point q in R, and so q ∈ I as I is closed. By property (S3), there
exists a punctured neighbourhood U of q such that P′ is defined on U . Thus, D ∩ U
is empty, which is a contradiction as q is a limit point of D. Hence, D is a closed
discrete set, and so D is finite in each compact interval.
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Definition 1.2.13. Let P : I → Rn be an n-system, and let (di)i∈J be its increasing
sequence of division numbers. The sequence (P(di))i∈J is called the ordered sequence
of division points of P.

The following proposition highlights a property of non-degenerate systems.

Proposition 1.2.14. Let P : I → Rn be a non-degenerate n-system, and let q ∈ I.
If P(q) ∈ ∆i ∩∆j for some i, j ∈ {1, . . . , n}, then i = j and q is a transition number.

Proof: Suppose that q > inf I, and so property (S4) yields P ′i (q
−) = 1 = P ′j(q

−),
while property (S2) implies that i = j. The case q < sup I is proven similarly.

For a non-degenerate n-system P : I → Rn and each q ∈ I, it follows that P(q)
either has distinct coordinates or lies in ∆j for a unique choice of j ∈ {1, . . . , n− 1}.

Corollary 1.2.15. If P : I → Rn is an n-system, then P is non-degenerate if and
only if for all q ∈ I, the point P(q) has distinct coordinates when P′(q) is defined.

Proof: If P : I → Rn is a non-degenerate n-system and q ∈ I, then Proposition
1.2.14 implies that P(q) has distinct coordinates if q is not a transition number. Con-
versely, if an n-system P has distinct coordinates wherever its derivative is defined,
and if P(q) ∈ ∆i for some q, i, then property (S3) guarantees that P has distinct co-
ordinates in a punctured neighbourhood of q. It follows that P ′i (q

−) = 1 if q < sup I
and that P ′i+1(q

+) = 1 if q > inf I, and so property (S4) holds at each q ∈ I.

Combining Propositions 1.2.6, 1.2.12 and 1.2.14 yields the following theorem.

Theorem 1.2.16. Let P : I → Rn be a non-degenerate n-system, and T its set of
transition numbers. The set T can be partitioned by sets T1, . . . , Tn−1 so that

P(q) ∈ ∆j ⇔ q ∈ Tj (q ∈ I),

for j = 1, . . . , n − 1. In particular, the set Tj is enumerable in increasing order and
satisfies |Tj| =∞⇔ supTj =∞⇔ Pj is unbounded, for each j ∈ {1, . . . , n− 1}.

The following proposition shows that an n-system is non-degenerate if and only if
it is non-degenerate at some point of each affine segment, which is key in determining
when Theorem 1.2.16 can be applied. In particular, it is non-degenerate if it is non-
degenerate at each division point.

Proposition 1.2.17. Let P : [a, b]→ Rn be an n-system, let d0, . . . , dk be its succes-
sive division points, and suppose that property (S4) is satisfied at some ti ∈ [di−1, di]
for each i = 1, . . . , k. It follows that P is non-degenerate.
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Proof: Let i ∈ {1, . . . , k}, let qλ = (1−λ)di−1+λdi for λ ∈ [0, 1], and let µ ∈ [0, 1]
be such that qµ = ti. Since there are no division points in (di−1, di), there exists j
such that P′(qλ) = ej for each λ ∈ (0, 1). Hence, for each λ ∈ [0, 1], it follows that
Pm(qλ) = Pm(di−1) = Pm(di), for m 6= j, and that

Pj(qλ) = Pj(di−1) + λ(Pj(di)− Pj(di−1)) = Pj(di−1) + λ(di − di−1).

Now, fix λ ∈ (0, 1), and suppose that P(qλ) does not have distinct coordinates, and
so there exists l such that P(qλ) ∈ ∆l. If j = l, then

Pj(di) > Pj(qλ) = Pj+1(qλ) = Pj+1(di) ≥ Pj(di),

which contradicts (S1), and if j = l + 1, then

Pj(di−1) ≥ Pj−1(di−1) = Pj−1(qλ) = Pj(qλ) > Pj(di−1),

which contradicts (S1). Hence, j /∈ {l, l + 1}, and so P(q) ∈ ∆l for all q ∈ [di−1, di].
If µ ∈ (0, 1), then P′(qµ) is defined and so Corollary 1.2.15 implies that P(qµ) has
distinct coordinates, which is contradiction. Therefore, µ ∈ {0, 1}, and so combining
property (S4) with Pj(d

+
i−1) = 1 = P ′j(d

−
i ) yields j ∈ {l, l+ 1}, which is also a contra-

diction. Thus, P(q) has distinct coordinates for each q ∈ (di−1, di), and so Corollary
1.2.15 implies that (S4) holds everywhere on [di−1, di].

A nice consequence of Theorem 1.2.16 lies in how much simpler it is to deal with
non-degenerate systems and their combined graphs.

1.2.3 Combined Graphs

The following notion provides a very useful visualization technique with regards to
the study of systems, especially those which are non-degenerate.

Definition 1.2.18. Let S ⊆ R and let P = (P1, . . . , Pn) : S → Rn be a map. The
combined graph of P is the union of the graphs of its components P1, . . . , Pn : S → R.

In view of property (S1), it is typically easy to recover a system from its combined
graph, but this can be difficult locally, since multiple maps can coincide ambiguously.
For instance, the 5-systems P,P′ : [10, 11]→ R5 defined by

P(10 + t) = (1, 2, 2, 2, 3) + te4 and P̃(10 + t) = (1, 1, 2, 3, 3) + te3 (t ∈ [0, 1])

share the same combined graph as in Figure 1.2.2.
As Theorem 1.2.16 guarantees, this is not a problem for non-degenerate systems,

since one can locally recover a non-degenerate system from its combined graph on any
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subinterval of I with positive length: This is easy for points with distinct coordinates
as a consequence of property (S1). Hence, the only potentially problematic points
are transition points, except that these are easily resolved as well, since it suffices to
know any information on either the slopes to the right or the slopes to the left of
a transition point in order to determine which two coordinates are coinciding. For
instance, one observes that the 3-system P : [4, 5]→ R3 defined by

P(q) = (1, 1, 2) + (q − 4)e2 (q ∈ [4, 5])

has its combined graph as in Figure 1.2.3, and that the slopes right of P(4) imply
that P1 = P2 at 4, while the slopes left of P(5) imply that P2 = P3 at 5.

Meanwhile, property (S2) allows one to recover the abscissa of an image point
by summing its coordinates, and allows one to recover a single coordinate if the other
coordinates and the abscissa are known. In other words, the n+ 1 data consisting of
the n coordinates and the abscissa have n degrees of freedom.

Finally, property (S3) can be divided into three cases: Let k, l, U be as in property
(S3) defining an n-system P : I → Rn at a point q ∈ I. If k = l, then the combined
graph of Pk = Pl on U is just a line segment with slope 1. If k < l, then properties
(S1) and (S3) imply that Pk(q) = Pl(q), and so the combined graph of (Pk, Pl) on U is
as illustrated in Figure 1.2.4. Finally, if k > l, then (S1) implies that Pk(q) ≥ Pl(q). If
Pk(q) = Pl(q), then (S3) implies Pk(q+ε) < Pl(q+ε) for some ε 6= 0. This contradicts
(S1), and so Pk(q) > Pl(q), and Figure 1.2.5 illustrates the combined graph of (Pk, Pl)
on U . The combined graph of Pi on U is a flat line for i /∈ {k, l}.

In particular, if P is non-degenerate, then l = k + 1 in Figure 1.2.4.

1.2.4 Construction of Systems

In general, given two n-systems R : [a, b]→ Rn and S : [b, c]→ Rn with R(b) = S(b),
it follows that the map P : [a, c] → Rn defined by P = R on [a, b] and P = S on
[b, c] satisfies properties (S1) and (S2) which define an n-system. Moreover, if (S4) is
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satisfied by R and S, then it is satisfied by P as well. On the other hand, while (S3)
must still hold at points q ∈ [a, c] not equal to b, it is conceivable that it no longer
holds at b. For instance, the map P : [2, 4] → ∆2 defined by the combined graph in
Figure 1.2.6 is a 2-system on [2, 3] and [3, 4] but does not satisfy property (S3) at 3.

P
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2

3

q
2 3 4

Figure 1.2.6

Hence, in order for P to be an n-system, it is necessary and sufficient to check
that property (S3) holds at b. This leads to the following definition and result, which
in particular provides a simple criterion for gluing non-degenerate n-systems.

Definition 1.2.19. Let R : [a, b] → Rn and S : [b, c] → Rn be n-systems with
R(b) = S(b), and define a map P : [a, c]→ Rn by

P(q) =

{
R(q) q ∈ [a, b],

S(q) q ∈ [b, c];
(q ∈ [a, b])

If property (S3) holds at b for the map P, then the pair (R,S) is said to connect, and
the map P : [a, c]→ Rn is an n-system called the connection of (R,S). Similarly, if a
sequence (R(i) : [ai, ai+1] → Rn)i≥0 is such that (R(i),R(i+1)) connects for i ≥ 0 and
such that (ai)i≥0 has no accumulation point, then the sequence is said to connect,
and the map P : ∪i≥0[ai, ai+1]→ Rn defined by

P(q) = R(i)(q) (q ∈ [ai, ai+1], i ≥ 0)
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is an n-system called the connection of (R(i))i≥0.

Theorem 1.2.20. Let R : [a, b]→ Rn, S : [b, c]→ Rn be n-systems with R(b) = S(b).
If R and S are non-degenerate, and if R(b),S(b) ∈ ∆j for some j ∈ {1, . . . , n − 1},
then the pair (R,S) connects, and their connection is non-degenerate.

Proof: By gluing R and S into a map P, it suffices to check that (S3) holds at b.
As R and S are non-degenerate, and as R(b),S(b) ∈ ∆j, then P ′j(b

−) = 1 = P ′j+1(b
+).

Thus, as Pj(b) = Pj+1(b), it follows that (S3) holds at b, completing the proof.

The following theorem gives criteria determining when a pair (x,y) ∈ ∆i ×∆j,
for some i, j ∈ {1, . . . , n−1}, are such that a non-degenerate n-system P : [a, b]→ Rn

can be constructed with P(a) = x and P(b) = y. In this way, a simple criterion for
gluing such systems together is given by Theorem 1.2.20.

Theorem 1.2.21. Let x,y ∈ ∆n such that x ∈ ∆i and y ∈ ∆j for a unique choice
of i, j ∈ {1, . . . , n− 1}. Suppose that either

j ≤ i and


xk < yk if k ∈ {j, i+ 1};
xk ≤ yk if j < k < i+ 1;

xk = yk else,

(1.2.1)

or
j > i and (x1, . . . , x̂i, . . . , xn) = (y1, . . . , ŷj, . . . , yn), (1.2.2)

where the hat on a coordinate means that it is omitted. Then, there exists a non-
degenerate n-system P : [a, b]→ Rn with P(a) = x and P(b) = y.

Proof: Suppose that (1.2.1) is satisfied, and write zm = (x1, . . . , xm, ym+1, . . . , yn),
letting dm be the sum of its coordinates, for m = 0, . . . , n. It follows that dn, . . . , d0
is an increasing sequence with zm−1 = zm + (ym − xm)em = zm + (dm−1 − dm)em for
m = 1, . . . , n. Letting a = dn and b = d0, define a map P : [a, b]→ Rn by

P(dm + t) = zm + tem (t ∈ [0, dm−1 − dm],m ∈ {1, . . . , n}).

Note that (1.2.1) implies that a = dn = di+1 < di and dj < dj−1 = d0 = b, and so
the division points in (a, b) form the set {dj, . . . , di}. Also note that properties (S1)
and (S2) hold at a = dn and b = d0 by construction. Thus, Propositions 1.2.3 and
1.2.17 imply that it remains to verify that the properties hold at di, . . . , dj. Towards
this, let m ∈ {j, . . . , i}, and observe by construction that property (S2) holds at dm.
Also, note that

P ′m+1(d
−
m) = 1 = P ′m(d+m),
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and so property (S3) holds at dm. Moreover, as j ≤ m ≤ i, it follows that

x1 < · · · < xm and ym+1 < · · · < yn.

Note that (1.2.1) yields xi = xi+1 < yi+1, and xm < xm+1 ≤ ym+1 if m < i. Thus, zm
has distinct coordinates, and so properties (S1) and (S4) hold at dm, while (S4) holds
at a, b by definition, completing the proof that P is a non-degenerate n-system.

Now, suppose that (1.2.2) is satisfied, and write zm = (y1, . . . , ym, xm+1, . . . , xn),
letting dm be the sum of its coordinates, for m = i, . . . , j. It follows that di, . . . , dj
is an increasing sequence with zm−1 = zm − (ym − xm)em = zm − (dm − dm−1)em for
m = i+ 1, . . . , j. Letting a = di and b = dj, define a map P : [a, b]→ Rn by

P(dm − t) = zm − tem (t ∈ [0, dm − dm−1],m ∈ {i+ 1, . . . , j}).

As before, it suffices to verify that the properties hold at di+1, . . . , dj−1. To this
end, let m ∈ {i+1, . . . , j−1}, noting that property (S2) holds at dm by construction.
Also note that the choice of i, j being unique by hypothesis implies by (1.2.2) that
xm < ym and xj < yj so that dm− dm−1 > 0 and dj − dj−1 > 0. Hence, it follows that

P ′m(d−m) = 1 = P ′m+1(d
+
m).

Note that (1.2.2) yields that zm ∈ ∆m if m = i, . . . , j − 1, while yj = yj+1 = xj+1 by
hypothesis, so that zj ∈ ∆j. It follows that (S1), (S3), and (S4) hold at dm, while (S4)
holds at a, b by definition, completing the proof that P is a non-degenerate n-system.

In providing examples of this construction, Figure 1.2.7 gives a combined graph
for the case j ≤ i, while Figure 1.2.8 gives a combined graph for the case j > i.

Pi = Pi+1

Pi+2

Pj−1

Pj = Pj+1

Figure 1.2.7: Case j ≤ i

Pi−1

Pi = Pi+1

Pj+2

Pj = Pj+1

Figure 1.2.8: Case j > i

The following result generalizes Theorem 1.2.21 to sequences.

Theorem 1.2.22. Let N ⊆ N, and let (xk)k∈N be a sequence with xk ∈ ∆ik for a
unique choice of ik, for each k ∈ N . If each pair (xk,xk+1) ∈ ∆ik × ∆ik+1

satisfies
either (1.2.1) or (1.2.2) as in Theorem 1.2.21, then there exists a non-degenerate
n-system P : ∪k∈N[ak, ak+1]→ Rn with P(ak) = xk for each k ∈ N.
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Proof: This follows immediately by applying Theorems 1.2.20 and 1.2.21.

Observe that in order for two n-systems R : [a, b] → Rn and S : [b′, c′] → Rn to
connect, it is required that R(b) = S(b′). However, as long as R(b) is proportional to
S(b′), one might be able to form a connection between R and a rescaling of S.

1.2.5 Rescaling Systems

Before explaining what it means to rescale an n-system, the following general con-
struction of a group action G on maps X → Y is given. In practice, this thesis
considers the group eR = (0,∞) with standard multiplication, and maps R→ Rn.

Let G be a group which acts on sets X, Y , and let F (X, Y ) denote the set of
maps S → T where S ⊆ X and T ⊆ Y . Since G acts on X and Y , it follows that
G acts naturally on the powersets P(X) and P(Y ). In this way, the group G is seen
to act on F (X, Y ) as follows. For each g ∈ G and each f : S → T with S ⊆ X and
T ⊆ Y , define the map g · f : gS → gT by

(g · f)(q) = gf(g−1q) (q ∈ gS).

Indeed, if 1 is the identity for the group G, then 1 · f = f , and if g, h ∈ G, then

((gh) · f)(q) = ghf(h−1g−1q) = g(h · f)(g−1q) = (g · (h · f))(q)

for each q ∈ ghS, and so (gh) · f = g · (h · f).

Definition 1.2.23. This action is called the natural group action of G on F (X, Y ).

Now, consider the action of eR = (0,∞) on Rk,P(Rk) for k = 1, n by scalar
multiplication, i.e. for each ρ ∈ eR, ρ · x = ρx for all x ∈ Rk, and ρS = {ρs | s ∈ S}
for all S ⊆ Rk. Thus, for an n-system P : I → Rn and ρ ∈ eR, the natural group
action of eR on F (R,Rn) induces a map ρ ·P : ρI → Rn by

ρ ·P(q) = ρP(ρ−1q) (q ∈ ρI).

The map ρ ·P is called a rescaling of P.

Proposition 1.2.24. Any rescaling ρ ·P : ρI → Rn is an n-system.

Proof: Let q ∈ I and write q′ = ρq. Since ρ > 0, it follows that ρ ·P(q′) = ρP(q)
satisfies property (S1). Moreover, the sum of the coordinates of ρ ·P(q′) is the sum of
the coordinates of ρP(q), which is ρq = q′, and so property (S2) holds at q′. Finally,
by letting k, l with Pk(q) ≥ Pl(q) and P ′k(q

−) = 1 = P ′l (q
+), one finds that if q is in

the interior of I, then ρ · Pk(q) ≥ ρ · Pl(q) and

(ρ · Pk)′(q′−) = P ′k(q
−) = 1 = P ′l (q

+) = (ρ · Pl)′(q′+),
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since (ρ ·P)′(q′) = ρρ−1P′(ρ−1q′) = P′(q), thereby completing the proof.

In particular, if two n-systems R : [a, b] → Rn and S : [b′, c′] → Rn are such
that ϕ(b; R) = ϕ(b′; S), that is b−1R(b) = b′−1S(b′), then one can define a map
P : [b, bc′/b′] → Rn as in Definition 1.2.19 with S replaced by (b′/b) · S. Moreover,
the pair (R, (b/b′) ·S) connects if and only if property (S3) holds at b for the map P.

An important notion related to rescaling is that of self-similar systems.

1.2.6 Self-Similar Systems

Definition 1.2.25. An n-system P : I → Rn is said to be self-similar if there exists
ρ > 1 such that P(ρq) = ρP(q) for each q ∈ I. Such ρ is called a period of P.

In particular, if P : I → Rn is a self-similar n-system with period ρ, then ρI ⊆ I,
and so I is unbounded, and ρ ·P = P|ρI . Moreover, P is proper if and only if P1 > 0.

Remark. Let P : I → Rn be a self-similar n-system, and let ρ be the infimum of all
periods of P. Since n > 1, property (S3) implies that ρ > 1, and so ρ is a period of P
by continuity. Moreover, if ρ̃ is a period of P with ρ̃ > ρ, then there exists m ∈ N+

and r ∈ [0, 1) such that ρ̃ = ρm+r. Thus, as ρmP(ρrq) = P(ρ̃q) = ρm+rP(q) for each
q ∈ I, it follows by the minimality of the period ρ that r = 0, and so ρ̃ = ρm.

Now, if P : [a, ρa] → Rn is an n-system such that (P, ρ · P) connects, then
(ρi ·P)i∈N connects to form a self-similar n-system P̃ : [a,∞)→ Rn.

Definition 1.2.26. Let P : [a, ρa]→ Rn be an n-system such that (P, ρ·P) connects.
The connection P̃ : [a,∞)→ Rn of (ρi ·P)i∈N is said to be generated by P.

Remark. For each r ∈ (0,∞), the map r ·P generates P̃, up to rescaling.

These systems play a major role in simplifying the study of spectra. For instance,
the following theorem is a somewhat weaker version of a result proven by Roy in [22].

Theorem 1.2.27. Let T : Rn → Rm be a linear map. The spectrum of ϕ
T

is a
compact and connected subset of Rm, and the set of all points ϕ

T
(P) where P is a

proper non-degenerate self-similar n-system is dense in the spectrum of ϕ
T

.

The following helps to compute the set K(P) of a self-similar n-system P, which
is useful in computing ϕ

T
(P) = inf T (K(P)) for linear maps T : Rn → Rm.

Proposition 1.2.28. Let P : I → Rn be a self-similar n-system with period ρ.
Writing ϕ(q) = ϕ(q; P), it follows for each q0 ∈ I that F(P) = ϕ([q0, ρq0]).
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Proof: Since ϕ(ρq) = ϕ(q) for each q ∈ I, it follows that ϕ([q0, ρq0]) ⊆ F(P).
On the other hand, if x ∈ F(P), then x is a limit point of the set ϕ([q0, ρq0]). Since
[q0, ρq0] is compact and ϕ is continuous, it follows that ϕ([q0, ρq0]) is compact, and
hence closed. Thus, x ∈ F(P), and so F(P) = ϕ([q0, ρq0]).

The following weaker result is sometimes sufficient.

Corollary 1.2.29. Let P̃ be a self-similar n-system which is generated by some
bounded n-system P. Writing ϕ(q) = ϕ(q; P), it follows if d0, . . . , dk are the ordered
division numbers of P, then K(P̃) is the convex hull of ϕ(d1), . . . , ϕ(dk).

1.2.7 Regular Systems

Consider the following construction defined for strictly increasing sequences (αm)m∈N
of non-negative real numbers.

Define for each m ∈ N the points xm,ym ∈ ∆n by

xm = (αm, αm, αm+1, . . . , αm+n−2) and ym = (αm, . . . , αm+n−3, αm+n−2, αm+n−2),

and observe that i = 1 and j = n− 1 are the unique indices such that xm ∈ ∆i and
ym ∈ ∆j. Since x = xm and y = ym satisfy 1.2.2 and x = ym and y = xm+1 satisfy
1.2.1 in Theorem 1.2.21, then Theorem 1.2.22 can be used to define an n-system
R(m) : [am, bm] ∪ [bm, am+1] → Rn as in Figure 1.2.9 for each m ∈ N, where am and
bm are the respective sums of the coordinates of xm and ym.

Moreover, since xm ∈ ∆1 for each m ∈ N, Theorem 1.2.20 implies that the
sequence (R(m))m∈N connects to form the map R : [a0,∞)→ Rn.

ai bi ai+1

. . ....
...

αi

αi+1

αi+n−3

αi+n−2

αi+1

αi+n−3

αi+n−2

αi+n−1

Figure 1.2.9: Combined graph of R(m)
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Definition 1.2.30. Such a map R is said to be generated by (αi)i∈N. If there exist
ρ > 1 and m ∈ N+ such that αm+i = ραi for each i ∈ N, then R is a self-similar
n-system with period ρ and is said to be quasi-regular and generated by (α0, . . . , αm).
If there exists ρ > 1 such that αi+1 = ραi for each i ∈ N, then R is called regular.

Remark. If ρ is minimal in the definition and ρ̃ and m̃ also satisfy αm̃+i = ρ̃αi for
each i ∈ N, then there exists k ∈ N such that ρ̃ = ρk, and so m̃ = km. Hence, the
polynomials xm = ρ and xm̃ = ρ̃ share the same unique positive root, say α.

Definition 1.2.31. The quantity α is called the mean geometric reason of such a
map R, and simply the geometric reason when R is regular.

Although these classes are sparse in the class of self-similar systems, they play
an important role in the study of spectra of pairs (ψ

j
, ψj) where j ∈ {1, . . . , n − 1},

especially with respect to the boundary of such spectra.

1.3 Qualitative Behaviour of ψj

This section provides for each j ∈ {1, . . . , n − 1} a construction which canonically
transforms an n-system P into a simpler n-system P̃ while preserving the sum of the
first j components, i.e. P̃1 + · · ·+ P̃j = P1 + · · ·+ Pj. Thus, the spectrum of (ψ

j
, ψj)

is determined by these canonical systems.

1.3.1 Type of an Interval

This subsection introduces the notion of the type of an interval.

Definition 1.3.1. Let P : I → Rn be a map defined on an interval I ⊆ R. An
interval J ⊆ R is of type i (with respect to P) if the component Pi varies on J ∩ I,
i.e. if Pi|J∩I is not a constant function. The type of J is the set of indices i such that
J is of type i, and is denoted type(J) = type(J ; P).

For the sake of compactness, define type(q, q′) = type([q, q′]) for all q, q′ ∈ I, and
note that type(q, q′) = ∅ if q′ ≤ q.

The following proposition highlights some elementary properties of this map.
These properties are key both in proving the results of this section, as well as in
proving results in the section on limits of systems. Though there are numerous
properties, each one follows easily from the definitions, and so their proofs are omitted.

Proposition 1.3.2. Let P : I → Rn be a map, let J,K, L be subintervals of I, and
let q, q′ ∈ I.

1. If J ⊆ K, then type(J) ⊆ type(K).
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2. If L = J ∪K and J ∩ L 6= ∅, then type(L) = type(J) ∪ type(K).

3. If P is nowhere locally constant, then type(J) = ∅⇔ Jo = ∅.

4. If P is continuous, then type(J) = type(J̄).

5. If P1, . . . , Pn are monotone on [q, q′] with q ≤ q′, then

type(q, q′) = {i ∈ {1, . . . , n} |Pi(q) 6= Pi(q
′)}.

6. If P is an n-system and k ∈ type(q, q′), then P′(t) = ek for some t ∈ (q, q′).

The next theorem provides insight into how the type of an interval is useful in
studying the qualitative behaviour of systems.

Lemma 1.3.3. Let P : I → Rn be an n-system, let Sk = P1 + · · · + Pk for some
k ∈ {1, . . . , n}, and let r, s ∈ I with r < s. The following statements hold:

1. If S ′k(r
+) = 1 and k < max type(r, s), then P(q) ∈ ∆k for some q ∈ (r, s).

2. If S ′k(s
−) = 0 and k ≥ min type(r, s), then P(q) ∈ ∆k for some q ∈ (r, s).

Proof: Let m = max type(r, s), and suppose that S ′k(r
+) = 1 for some k < m.

Since m ∈ type(r, s), there exists t ∈ (r, s) such that P ′m(t) = 1. Thus, there exists
q ∈ (r, t) such that S ′k(q

−) = 1 6= S ′k(q
+), proving the first result by Proposition 1.2.4.

Let l = max type(r, s), and suppose that S ′k(s
−) = 0 for some k ≥ l. Since

l ∈ type(r, s), there exists t ∈ (r, s) such that P ′l (t) = 1. Thus, there exists q ∈ (t, s)
such that S ′k(q

−) = 1 6= S ′k(q
+), proving the second result by Proposition 1.2.4.

Theorem 1.3.4. Let P : I → Rn be a non-degenerate n-system. Suppose that there
exist r, s ∈ I with r < s and i, j ∈ {1, . . . , n− 1} such that P(r) ∈ ∆i and P(s) ∈ ∆j.
Letting l = min type(r, s) and m = max type(r, s), the following statements hold:

1. For each k = i, . . . ,m− 1, Pk+1(r) ≤ Pk(s) and P(q) ∈ ∆k for some q ∈ [r, s).
Moreover, the integer interval {i+ 1, . . . ,m} is contained in type(r, s).

2. For each k = l, . . . , j, Pk+1(r) ≤ Pk(s) and P(q) ∈ ∆k for some q ∈ (r, s].
Moreover, the integer interval {l, . . . , j} is contained in type(r, s).

In particular, i+ 1, j ∈ type(r, s), and the following statements hold:

1. If j ≥ i− 1, then Pk+1(r) ≤ Pk(s) for each k = l, . . . ,m− 1

2. If j ≥ i, then type(r, s) = {l, . . . ,m}.
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Proof: Let Sk = P1 + · · ·+ Pk for k = 1, . . . , n, and note that

Pi+1(r) = Pi(r) ≤ Pi(s) and Pj+1(r) ≤ Pj+1(s) = Pj(s).

The first two results are proven by induction as follows:
Note that m ∈ type(r, s). Suppose that k + 1 ∈ type(r, s) for some k with

i < k < m. Since k < m and S ′k(r
+) = 1, Lemma 1.3.3 yields q ∈ (r, s) with

P(q) ∈ ∆k. As i < k, it follows that

Pk(r) < Pk+1(r) ≤ Pk+1(q) = Pk(q) ≤ Pk(s).

Hence, k ∈ type(r, s) and Pk+1(r) ≤ Pk(s). Hence, induction yields k ∈ type(r, s)
and Pk+1(r) ≤ Pk(s) for k = i+ 1, . . . ,m− 1.

Note that l ∈ type(r, s). Suppose that k ∈ type(r, s) for some k with l ≤ k < j.
Since l ≤ k and S ′k(s

−) = 0, Lemma 1.3.3 yields q ∈ (r, s) with P(q) ∈ ∆k. As k < j,
it follows that

Pk+1(r) ≤ Pk+1(q) = Pk(q) ≤ Pk(s) < Pk+1(s).

Hence, k+ 1 ∈ type(r, s) and Pk+1(r) ≤ Pk(s). Hence, induction yields k ∈ type(r, s)
and Pk+1(r) ≤ Pk(s) for k = l, . . . , j − 1.

1.3.2 Computing ψj and ψj

For the remainder of this section, suppose that n ≥ 3 and fix j ∈ {1, . . . , n−1}. Also
fix a non-degenerate n-system P : [r, s]→ Rn with the property that

P(q) ∈ ∆j ⇔ q ∈ {r, s}.

Write Sj = P1 + · · ·+ Pj.

Lemma 1.3.5. There exists t ∈ (r, s) such that S ′j = 0 on (r, t) and S ′j = 1 on (t, s).

Proof: Since P is non-degenerate, then P ′j+1(r
+) = 1 = P ′j(s

−). It follows that
S ′j(r

+) = 0 6= S ′j(s
−), so there exists maximal t ∈ (r, s) such that S ′j = 0 on (r, t).

Now, if q > t is such that S ′j(q
−) = 1 6= S ′j(q

+), then P(q) ∈ ∆j, which implies that
q = s, and so S ′j = 1 on (t, s).

Corollary 1.3.6. The extrema of ψj(q) = q−1Sj(q) can be computed as follows.

ψj(P) = max{ψj(r), ψj(s)} and ψ
j
(P) =

Sj(r)

Sj(r) + (s− Sj(s))
.
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Proof: By Lemma 1.3.5, noting that ψj < 1, one observes that ψj is decreasing
on [r, t] and that it is increasing on [t, s], proving the first equality as well as showing
that ψj is minimal at t. Now, since S ′j = 0 on (r, t), then Sj(t) = Sj(r), and since
S ′j = 1 on (t, s), then t− Sj(t) = s− Sj(s), proving the second equality.

Remark. If R : I → Rn is a proper non-degenerate n-system, then Theorem 1.2.16
implies that the set of points q ∈ I with R(q) ∈ ∆j is infinite and enumerable in
increasing order.

Thus, the following corollary can be stated and follows from Corollary 1.3.6.

Corollary 1.3.7. Let R : I → Rn be a proper non-degenerate n-system, and let
(qi)i∈N be the strictly increasing set of division numbers qi with R(qi) ∈ ∆j for each
i ∈ N. By writing ψj(q) = ψj(q; R) and Tj = R1 + · · ·+Rj, it follows that

ψj(R) = lim sup
i∈N

ψj(qi) and ψ
j
(R) = lim inf

i∈N

Tj(qi)

Tj(qi) + (qi+1 − Tj(qi+1)
.

Hence, one can compute the pair (ψ
j
(R), ψj(R)) of a proper non-degenerate n-

system R by simply knowing the values of R at each q with R(q) ∈ ∆j. This result
is key in the chapter devoted to the spectrum of (ψ

j
, ψj).

1.3.3 Canonical Transformation Preserving ψj

Let the notation be as in the previous subsection. The following theorem provides
a canonical transformation of the non-degenerate n-system P : [r, s] → Rn into a
non-degenerate n-system P̃ : [r, s]→ Rn with Sj = P1 + · · ·+ Pj = P̃1 + · · ·+ P̃j.

Theorem 1.3.8. Write x = P(r) and y = P(s), let t be as in Lemma 1.3.5, and let
l = min type(r, s) and m = max type(r, s). Define the points

x′ = (x1, . . . , xj, xj+2, . . . , xm, xm, . . . , xn) ∈ ∆m−1

and
y′ = (y1, . . . , yl, yl . . . , yj−1, yj+1, . . . , yn) ∈ ∆l,

and let r′ and s′ be the sums of the coordinates of x′ and y′, respectively. There exists
a canonical non-degenerate n-system P̃ : [r, s]→ Rn with the following properties.

• Sj = P̃1 + · · ·+ P̃j,

• P̃(q) ∈ ∆j ⇔ q ∈ {r, s},
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P̃

Pl(r)

Pj(r) = Pj+1(r)

Pm(r)

Pl(s)

Pj(s) = Pj+1(s)

Pm(s)

·· ·

·· ·...

...·· ·

·· ·

r t sr′ s′

Figure 1.3.1: Combined Graph of P̃

• P̃(r) = x, P̃(r′) = x′, P̃(t) = P(t), P̃(s′) = y′, P̃(s) = y.

Figure 1.3.1 gives the combined graph of P̃.

Proof: Since the pairs (x,x′) and (y′,y) satisfy (1.2.2) as in Theorem 1.2.21,
it remains to show that (x′,y′) satisfies (1.2.1) as in Theorem 1.2.21 in order to
construct the map P̃. Since xk < yk for k = l,m, and since Theorem 1.3.4 yields
xk+1 ≤ yk for k = l, . . . ,m − 1, it follows by the definition of l and m that (x′,y′)
satisfies (1.2.1). The map P̃ is thus constructed by applying Theorem 1.2.22 to the
sequence (x,x′,y′,y), and this map P̃ satisfies

P̃(q) ∈ ∆j ⇔ q ∈ {r, s}.

Finally, by writing S̃j = P̃1 + · · · + P̃j, the construction also implies that S̃ ′j = 0 on

(r, t) and S̃ ′j = 1 on (t, s), and so Lemma 1.3.5 implies that S ′j and S̃ ′j are equal on

(r, t) and (t, s). Since Sj and S̃j are equal at r, s, and t, it follows that Sj = S̃j.

1.4 Limits of Systems

Definition 1.4.1. If a sequence (fi : X → Y )i∈N of functions converges to a function
f : X → Y such that for each point x ∈ X, convergence is uniform on some neigh-
bourhood of x then the convergence is said to be locally uniform, and f is called the
local uniform limit of (fi)i∈N.

Remark. If every point in X has a compact neighbourhood, e.g. X = R, then local
uniform convergence is equivalent to uniform convergence on every compact subset.
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This section is devoted to the study of local uniform limits of sequences of sys-
tems. In particular, such a limit need not be a system in general, even when the
domain is compact. In light of this, certain criteria establishing when such a limit is
in fact a system are given, and are proven using some fairly technical notions and re-
sults. The notion of a generalized system, as introduced by Roy [21], is also provided,
and shown to be a special subclass of the class of such limits.

Definition 1.4.2. For each closed subinterval I of R with non-zero length and
min I > 0, define SnI to be the set of n-systems defined on I, and define S̄nI to
be the set of maps P : I → Rn which can be realized as the local uniform limit of
some sequence in SnI .

Maps in S̄nI need not have left and right derivatives at an interior point, and so
it is important to study the way in which these maps vary locally without relying on
differentiation. This observation leads to a class of maps called prototypes of systems,
and this class is shown to contain the class of local uniform limits of systems. In this
way, instead of characterizing such limits directly, properties can be deduced through
the properties of prototypes.

1.4.1 Local Variation of Real-Valued Continuous Functions

This section introduces the notion of local variation of continuous maps, in contrast to
the much stronger notion of continuous variation, the latter of which forms the basis
of calculus. Local variation is significantly weaker than calculus in that its foundation
lies in simply studying whether or not a continuous map is constant or not “near” a
point. Though such considerations might appear trivial, its strength lies in studying
whether or not a map is constant on a left or right neighbourhood of a point, similar
to how a map can be left or right differentiable at a point.

Consider an R-valued map f defined on some interval J ⊆ R, and a point q ∈ J .

Definition 1.4.3. Such a map f is said to be locally constant at q if it is constant
on a neighbourhood of q, and is said to be constant to the left of q if it is constant
on a left neighbourhood of q. In contrast, f is said to vary near q if it is not locally
constant at q, and is said to vary to the left of q if it is not constant to the left of q.
One can similarly define right versions of these definitions replacing “left” by “right”.

The following technical lemma is key in proving the next proposition.

Lemma 1.4.4. Let (xα)α∈A be a family of non-negative real numbers indexed by an
uncountable set A. Define

∑
α∈A xα as the supremum of sums

∑
α∈C xα where C is an

at most countable subset of A. Let A′ ⊆ A be the set of indices α satisfying xα > 0.
If A′ is uncountable, then

∑
α∈A xα =∞.
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Proof: Note that A′ is the union of the countable family of sets (Bm)m∈N, where
Bm = {α ∈ A |xα > 1/m}. Now, suppose that A′ is uncountable, and so Bm is
uncountable for some m ∈ N. Letting C be a countable subset of Bm, it follows that∑

α∈A

xα ≥
∑
α∈C

xα =∞,

as xα > 1/m for each α ∈ C.

Proposition 1.4.5. Let a, b ∈ J with a < b. If f is continuous and f(a) 6= f(b),
then f varies to the left and to the right of uncountably many q ∈ (a, b).

Proof: Let Y = f((a, b)). The intermediate value theorem implies that Y is
uncountable. If y ∈ Y is such that f−1(y) ∩ (a, b) contains no interval with posi-
tive length, then f varies to the left and right of every point in f−1(y) ∩ (a, b). By
Lemma 1.4.4, a family of disjoint intervals contained in [a, b] and having positive
length is at most countable. Thus, there exists uncountably many y ∈ Y such that
f varies to the left and right of every point in f−1(y)∩(a, b) 6= ∅, proving the claim.

Corollary 1.4.6. If f is continuous and varies to the left (resp. right) of q, then f
varies to the left and to the right of some arbitrarily close t < q (resp. t > q).

Proof: Suppose that f varies to the left (resp. right) of q, and so there exists
arbitrarily close q′ < q (resp. q′ > q) with f(q′) 6= f(q). Proposition 1.4.5 implies
that f varies to the left and right of some t ∈ (q′, q) (resp. t ∈ (q, q′)).

1.4.2 Type of a Point

This subsection introduces the notion of the type of a point, which is useful in keeping
track of which components of a map P vary locally, and which do not.

Definition 1.4.7. Let P : I → Rn be a map defined on an interval I ⊆ R. A point
q ∈ I is of type i (with respect to P) if the component Pi varies near q, i.e. if Pi is
not constant in a neighbourhood of q. The type of q is the set of indices i such that q
is of type i, and is denoted type(q) = type(q; P). Similarly define the type of q− and
the type of q+ by respectively replacing “varies near” by “varies to the left of” and
“varies to the right of”, and replacing “neighbourhood” by “left neighbourhood” and
“right neighbourhood”.
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The type of a point can be seen as a limit notion of the type of an interval
neighbourhood of a point, in that it coincides with the intersection of the sets type(J),
where J runs through the interval neighbourhoods of that point, as follows.

Remark. For each q ∈ I, one finds that type(q) = type(q−) ∪ type(q+), where
type(q−) = {i |Pi varies left of q} and type(q+) = {i |Pi varies right of q}. Moreover,
if Iq is the set of interval neighbourhoods of q, and I−q , I+q are the sets of left/right
interval neighbourhoods of q, respectively, then

type(q) =
⋂
J∈Iq

type(J); type(q−) =
⋂
J∈I−q

type(J) and type(q+) =
⋂
J∈I+q

type(J).

It is also worth noting that type({q}) = type([q, q]) = type(q, q) = ∅, in contrast to
the set type(q) being empty if and only if P is locally constant at q.

1.4.3 Prototypes

The following notion of a prototype is a generalization of maps which are systems.

Definition 1.4.8. A continuous map P : I → Rn is called a prototype if I is a closed
subinterval of R with non-zero length and min I > 0, and if it satisfies the following:

(P1) For each q ∈ I, the point P(q) lies in ∆n, that is 0 ≤ P1(q) ≤ · · · ≤ Pn(q).

(P2) For each q ∈ I, the point q−1P(q) lies in Σn, that is P1(q) + · · ·+ Pn(q) = q.

(P3) The function Pi : I → R is monotone increasing, for each i ∈ {1, . . . , n}.

(P4) For each q ∈ I, if (k, l) ∈ type(q−)× type(q+), then Pk(q) ≥ Pl(q).

Denote by S̃nI the set of prototypes defined on I with values in Rn.

In particular, each n-system P : I → Rn is also a prototype. The following
proposition provides some elementary properties of prototypes.

Proposition 1.4.9. Let P ∈ S̃nI . The following properties hold:

1. If a, b ∈ I, with a ≤ b then 0 ≤ Pi(b)− Pi(a) ≤ b− a for each i = 1, . . . , n.

2. The map P is 1-Lipschitz continuous with respect to each p-norm on Rn.

3. Let q ∈ I. If q > inf I, then type(q−) 6= ∅, and if q < sup I, then type(q+) 6= ∅.

4. For each q ∈ I, if k, l are such that Pk(q) < Pl(q), then{
k ∈ type(q−) ⇒ i /∈ type(q+) for i = l, . . . , n,

l ∈ type(q+) ⇒ i /∈ type(q−) for i = 1, . . . , k.
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5. For each q ∈ I, if k ∈ type(q−), then Pk(r) < Pk(q) for each r ∈ I with r < q,
and if l ∈ type(q+), then Pl(s) > Pl(q) for each s ∈ I with s > q.

Proof: The first property follows from (P3) and (P2). The second follows from

‖P(b)−P(a)‖p ≤
n∑
i=1

‖(Pi(b)− Pi(a))ei‖p =
n∑
i=1

|Pi(b)− Pi(a)| · ‖ei‖p = |b− a|,

having applied the first property. Since (P2) implies that P1 + · · ·+ Pn varies to the
left (resp. right) of each q > inf I (resp. q < sup I), the third property follows. The
fourth property follows from (P1) and (P4), and the fifth follows from (P3).

1.4.4 Limit Theorem

As part 4 of Proposition 1.4.9 shows, if a component varies at a point, then another
component might be forced to be constant on either some left or right interval neigh-
bourhood of that point. The following lemma and corollary provide effective lower
bounds on the lengths of these neighbourhoods, and is in particular key in proving
the main result of this subsection.

Lemma 1.4.10. Let P ∈ S̃nI , and let j, k ∈ {1, . . . , n− 1}. For each q ∈ I:

1. If k ≥ j ∈ type(q−), then i /∈ type(q, q + Pk+1(q)− Pk(q)) for i = k + 1, . . . , n.

2. If k < j + 1 ∈ type(q+), then i /∈ type(q + Pk(q)− Pk+1(q), q) for i = 1, . . . , k.

Proof: Let q ∈ I, suppose that k ≥ j ∈ type(q−), and assume without loss of
generality that Pk(q) < Pk+1(q). Letting Tk+1 = Pk+1+· · ·+Pn, property (P4) implies
that Tk+1 is constant to the right of q, and so there exists a maximal t ∈ (q, sup I]
such that Tk+1 is constant on [q, t]. Without loss of generality, assume that t < sup I,
and so Tk+1 varies to the right of t. Thus, as Tk+1 is constant to the left of t, part 3 of
Proposition 1.4.9 implies that Pj′(t) ≥ Pl(t) for some j′ ≤ k < l, and so (P1) implies
that Pk(t) = Pk+1(t) = Pk+1(q). Since Pk(q) + t− q ≥ Pk(t) = Pk+1(q), then

t ≥ q + Pk+1(q)− Pk(q),

which implies the first claim. A similar argument yields the second claim.

The following corollary extends the above result, and is far more practical.

Corollary 1.4.11. Let P ∈ S̃nI , and let k, l ∈ {1, . . . , n}. For each q ∈ I:
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1. If k ∈ type(q−), then l /∈ type(q, q + Pl(q)− Pk(q)).

2. If l ∈ type(q+), then k /∈ type(q + Pk(q)− Pl(q), q).

Proof: To prove the first claim, first observe that if k ≥ l, then Pk(q) ≥ Pl(q),
and so type(q, q + Pl(q) − Pk(q)) is empty. Thus, assume without loss of generality
that k < l. It will be shown by induction on l = k + 1, . . . , n that

i /∈ type(q, q + Pl(q)− Pk(q)) for i = l, . . . , n. (1.4.1)

The base case holds by Lemma 1.4.10. Now, suppose that (1.4.1) holds for some
l ∈ {k+ 1, . . . , n− 1}. Hence, there exists j with j < l such that Pj varies to the left
of t = q + Pl(q)− Pk(q). Hence, Lemma 1.4.10 implies that

i /∈ type(t, t+ Pl+1(t)− Pl(t)) for i = l + 1, . . . , n.

The induction hypothesis says that Pl and Pl+1 are constant on [q, t], and so

t+ Pl+1(t)− Pl(t) = q + Pl+1(q)− Pk(q).

Therefore, the induction hypothesis also implies that

i /∈ type(q, q + Pl+1(q)− Pk(q)) for i = l + 1, . . . , n.

Hence, (1.4.1) holds for l+ 1, and so it holds in general by induction. Hence, the first
claim holds true. The second claim is proven similarly.

The following theorem implies that SnI ⊆ S̄nI ⊆ S̃nI .

Theorem 1.4.12. The set S̃nI is closed under local uniform convergence.

Proof: Since the properties defining prototypes are local properties, it suffices to
prove the theorem when I is a compact interval with non-empty interior. In this case,
local uniform convergence is uniform convergence. Hence, let (P(m))m∈N be a sequence
of maps in S̃nI converging uniformly to a map R : I → Rn. Since the properties (P1),
(P2), and (P3) are preserved under pointwise convergence, it suffices to show for each
q ∈ Io that (P4) holds for R at q.

To this end, let q ∈ Io, and suppose that k, l are such that Rk varies to the left
of q and that Rl(q) > Rk(q). It remains to show that l /∈ type(q+). Let δ be such
that

0 < 4δ < Rl(q)−Rk(q) and q ± δ ∈ I. (1.4.2)

Note by part 5 of Proposition 1.4.9 that Rk(q− δ) < Rk(q), and so there exists ε such
that

0 < 2ε < Rk(q)−Rk(q − δ) < δ. (1.4.3)
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Now, let N be such that ‖P(m) −R‖∞ < ε for all m > N , and choose m > N .
It follows from (1.4.3) that Rk(q − δ) + ε < Rk(q)− ε, and so

P
(m)
k (q − δ) < Rk(q − δ) + ε < Rk(q)− ε < P

(m)
k (q).

Thus, Proposition 1.4.5 implies that P
(m)
k varies to the left of some qm ∈ (q − δ, q).

Since

P
(m)
l (qm) ≥ P

(m)
l (q)− (q − qm) > (Rl(q)− ε)− δ > Rl(q)− 3δ/2,

and since
Rk(q) > P

(m)
k (q)− ε > P

(m)
k (qm)− δ/2,

then (1.4.2) implies P
(m)
l (qm) > Rl(q)−3δ/2 > Rk(q)+5δ/2 > P

(m)
k (qm)+2δ. Hence,

P
(m)
l (qm)− P (m)

k (qm) > 2δ.

Thus, as P
(m)
k varies to the left of qm, Corollary 1.4.11 yields that P

(m)
l is constant on

[qm, qm + 2δ] ∩ I ⊇ [qm, q + δ] ⊃ [q, q + δ].

Since this holds for all m > N , then Rl is constant on [q, q + δ]. Therefore, Rl does
not vary to the right of q.

1.4.5 Relationships between Prototypes and n-Systems

The following theorem characterizes the n-systems among the prototypes.

Theorem 1.4.13. Let P ∈ S̃nI . The prototype P is an n-system if and only if for
each q ∈ I, the sets type(q−) and type(q+) have cardinality at most 1.

Proof: The condition is necessary by property (S3) defining an n-system. To
prove that it is sufficient, note that P satisfies properties (S1) and (S2) by definition.
To see that (S3) holds, let q ∈ I. By part 3 of Proposition 1.4.9, one may assume
without loss of generality that type(q−) has cardinality 1 if q > inf I and that type(q+)
has cardinality 1 if q < sup I. Thus, by property (P4), there exists k, l ∈ {1, . . . , n}
with Pk(q) ≥ Pl(q) such that type(q−) ⊆ {k} and type(q+) ⊆ {l}. Now, there exists
closed left and right neighbourhoods V − and V + of q such that Pi is constant on V −

for i 6= k and such that Pi is constant on V + for i 6= l, respectively. Hence, property
(P2) implies for each q ∈ V = V − ∪ V + that

P(q′) =

{
P(q) + (q′ − q)ek if q′ ∈ V −,
P(q) + (q′ − q)el if q′ ∈ V +.
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Therefore, P satisfies property (S3) at q.

In order to effectively use this characterization, it is important to have a better
understanding of the sets type(q−) and type(q+), as in the following theorem.

Theorem 1.4.14. Let P ∈ S̃nI , and let q ∈ I. If k, l ∈ {1, . . . , n} satisfy either
k, l ∈ type(q−) or k, l ∈ type(q+), then Pk(q) = Pl(q). Moreover, the sets type(q−)
and type(q+) are integer intervals.

Proof: Suppose first that k, l ∈ type(q−). Suppose further that Pk(q) 6= Pl(q).
By permuting k and l if necessary, one may assume that l > k. It follows that
Pl(q) > Pk(q), and so set M = Pl(q) − Pk(q) > 0. Corollary 1.4.6 implies the
existence of some t ∈ (q −M/2, q) such that k ∈ type(t−), and so Corollary 1.4.11
implies that l /∈ type(t, t+ Pl(t)− Pk(t)). As Pk(t) ≤ Pk(q), it follows that

Pl(t)− Pk(t) ≥ (Pl(q)−M/2)− Pk(q) = M/2,

and so l /∈ type(t, t + M/2) ⊇ type(t, q), which implies that l /∈ type(q−), which is
a contradiction, and so Pk(q) = Pl(q). To see that type(q−) is an integer interval,
suppose that there exists j /∈ type(q−) with k < j < l. Thus, there exist ε > 0 such
that Pj(q−ε) = Pj(q). Since Pk(q) = Pl(q), property (P1) implies that Pl(q) = Pj(q).
Since l ∈ type(q−), part 5 of Proposition 1.4.9 yields Pl(q − ε) < Pl(q), and so

Pl(q − ε) < Pl(q) = Pj(q) = Pj(q − ε),

which contradicts property (P1). The statements for type(q+) are proven similarly.

The following lemma will also prove useful in the theorems which follow.

Lemma 1.4.15. Let P ∈ S̃nI , let [a, b] ⊆ I, and suppose that there exists some
k ∈ {1, . . . , n− 1} such that Pk < Pk+1 on (a, b). The following statements hold:

1. If k ∈ type(a+), then i /∈ type(a, b) for i = k + 1, . . . , n.

2. If k + 1 ∈ type(b−), then i /∈ type(a, b) for i = 1, . . . , k.

Proof: Suppose that k ∈ type(a+) and let ε ∈ (0, b− a). Corollary 1.4.6 implies
that k ∈ type(c−) for some c ∈ (a, a+ ε). Since Pk(c) < Pk+1(c), there exists a maxi-
mal t ≤ b such that Pk+1 + · · · + Pn is constant on [c, t]. Suppose that t < b, and so
Pk(t) < Pk+1(t). Hence, as P1 + · · ·+ Pk varies to the left of t, property (P4) implies
that Pk+1 + · · · + Pn is constant to the right of t, contradicting the maximality of t.
Thus, t = b, and so i /∈ type(a+ ε, b) for each ε ∈ (0, b− a) and each i = k+ 1, . . . , n.
Therefore, Pi is constant on (a, b], and on [a, b] by continuity, for i = k + 1, . . . , n.
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The second claim is proven similarly.

The following notion and theorems are key in proving that there exist spectra
which are not semialgebraic sets.

Definition 1.4.16. A prototype P ∈ SnI is said to be plain if whenever P(q) ∈ ∆i∩∆j

for some q ∈ I and i, j ∈ {1, . . . , n− 1}, then i = j.

Theorem 1.4.17. Let P ∈ S̃nI \SnI be plain. There exists q ∈ I and k ∈ {1, . . . , n−1}
with P(q) ∈ ∆k such that the following property is satisfied. For each ε > 0, there
exists a point r ∈ I with 0 < |r − q| < ε satisfying

P(q)−P(r) = 1
2
(ek + ek+1)(q − r).

In particular, P(r) ∈ ∆k.

Proof: Theorem 1.4.13 yields q ∈ I and distinct indices k, l that are both contained
in either type(q−) or type(q+). By Theorem 1.4.14 this implies that Pk(q) = Pl(q).
Since P is plain, it follows that l = k+1 and that either type(q−) or type(q+) is equal
to the set {k, k + 1}. Suppose that type(q−) = {k, k + 1}. Then, there exists a left
neighbourhood V of q on which all Pj with j 6= k, k + 1 are constant. It follows that

P(q)−P(q′) = (Pk(q)− Pk(q′))ek + (Pk+1(q)− Pk+1(q
′))ek+1

for each q′ ∈ V . Now, let ε > 0 with q − ε ∈ V , and suppose that Pk < Pk+1 on
(q − ε, q). Lemma 1.4.15 implies that k /∈ type(q − ε, q), which is a contradiction as
k ∈ type(q−). Thus, there exist r ∈ (q − ε, q) such that Pk(r) = Pk+1(r). Hence,

P(q)−P(r) = (Pk(q)− Pk(r))(ek + ek+1),

and so property (P2) implies that q − r = 2(Pk(q) − Pk(r)). This proves the result
when type(q−) = {k, k+1}. The case when type(q+) = {k, k+1} is proven similarly.

Theorem 1.4.18. Let P ∈ SnI be degenerate and plain. There exist q ∈ I and
i ∈ {1, . . . , n− 1} with P(q) ∈ ∆i such that the following property is satisfied. There
exists j ∈ {1, . . . , n} with j /∈ {i, i+ 1} and a neighbourhood U of q such that

P(q)−P(r) = (q − r)ej.

In particular, P(r) ∈ ∆i for each r ∈ U .
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Proof: As P is degenerate, Corollary 1.2.15 yields q ∈ Io such that P′(q) is
defined and P(q) ∈ ∆i for some i ∈ {1, . . . , n − 1}. By property (S3), there exists
j ∈ {1, . . . , n} and a neighbourhood U of q such that P(q′) = P(q) + (q′ − q)ej for
each q′ ∈ U . If j = i and q′ ∈ U with q′ > q, then Pi(q

′) > Pi(q) = Pi+1(q
′), and if

j = i + 1 and q′ ∈ U with q′ < q, then Pi+1(q
′) < Pi+1(q) = Pi(q

′). Either case is a
contradiction, and so j /∈ {i, i+ 1}.

1.4.6 A Generalization of the Arzelà-Ascoli Theorem

This subsection shows that any sequence of prototypes defined on the same compact
interval I has a subsequence which converges locally uniformly to some prototype
defined on I. This result and the above Theorems 1.4.17 and 1.4.18 are key in
proving that not all spectra are semialgebraic sets.

Throughout this subsection, let I ⊆ R be a compact subinterval, and let

f (m) = (f
(m)
1 , . . . , f (m)

n ) : I → Rn

be a map for each m ∈ N. The sequence (f (m))m∈N is said to be equicontinuous if for
each ε > 0, there exists δ > 0 such that

‖f (m)(x)− f (m)(y)‖ < ε

for all x, y ∈ I with |x−y| < δ, and each m ∈ N. The sequence is said to be uniformly
bounded if there exists M ∈ R such that for all x ∈ I, and each m ∈ N,

‖f (m)(x)‖ ≤M.

If (f (m))m∈N is equicontinuous or uniformly bounded, then (f
(m)
i )m∈N is respec-

tively equicontinuous or uniformly bounded, for i = 1, . . . , n. The following lemma is
a useful criterion for determining that a sequence is equicontinuous.

Lemma 1.4.19. Let K ∈ R with K > 0, and suppose for each m ∈ N that the map
f (m) is K-Lipschitz continuous, i.e.

‖f (m)(x)− f (m)(y)‖ ≤ K|x− y|,

for all x, y ∈ I. It follows that the sequence (f (m))m∈N is equicontinuous.

Proof: Let ε > 0, let δ = ε/K, and let x, y ∈ I with |x− y| < δ. It follows that

‖f (m)(x)− f (m)(y)‖ < Kδ = ε,

for each m ∈ N. Therefore, (f (m))m∈N is an equicontinuous sequence.
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The following theorem is a mild generalization of the Arzelà-Ascoli theorem. The
original theorem corresponds to having maps with image in R instead of Rn.

Theorem 1.4.20 (Arzelà-Ascoli). If (f (m))m∈N is equicontinuous and uniformly bounded,
then there exists a subsequence of (f (m))m∈N converging uniformly.

Proof: By Arzelà-Ascoli’s original theorem, there exists a subsequence f (g1(m))

such that f
(g1(m))
1 converges uniformly. Since f (g1(m)) is a subsequence of an equicon-

tinuous and uniformly bounded sequence, it remains equicontinuous and uniformly
bounded as well. Therefore, there exists a subsequence of this subsequence, f (g1(g2(m))),
such that f

(g1(g2(m)))
2 converges uniformly. Since f (g1(g2(m))) is a subsequence of f (g1(m)),

then f
(g1(g2(m)))
1 converges uniformly as well. By iterating this line of reasoning and

noting that n is finite, there exists a subsequence f (h(m)) such that f
(h(m))
i converges

uniformly to a function fi for each i = 1, . . . , n. Now, let ε > 0, and note that there
exists Mi ∈ N, for each i ∈ {1, . . . , n}, such that

|f (h(m))
i (x)− fi(x)| < ε/n

for all x ∈ [a, b], and each m > Mi. It follows that

‖f (h(m))(x)− f(x)‖ ≤ |f (h(m))
1 (x)− f1(x)|+ · · ·+ |f (h(m))

n (x)− fn(x)| < ε

for all x ∈ [a, b], and each m > max{M1, . . . ,Mn}, proving the theorem.

Theorem 1.4.21. Suppose that I is compact and let (P(m))m∈N be a sequence in S̃nI .
There exists a subsequence which converges uniformly to some P ∈ S̃nI .

Proof: Part 2 of Proposition 1.4.9 implies that prototypes are 1-Lipschitz, and
so Lemma 1.4.19 implies that the sequence is equicontinuous. Meanwhile, proper-
ties (P1) and (P2) imply that sup I is a uniform bound for the sequence. There-
fore, Arzelá-Ascoli Theorem yields a subsequence converging uniformly to some map
P : I → Rn. Theorem 1.4.12 implies that P : I → Rn is a prototype.

1.5 Generalized n-Systems

Define for each i, j ∈ {1, . . . , n} with i ≤ j the vector

ei,j =
ei + · · ·+ ej
j − i+ 1

,

which is a unit vector with respect to the 1-norm.
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Definition 1.5.1. A map P : I → Rn is called a generalized n-system if I is a closed
subinterval of R with non-zero length and min I > 0, and if the following properties
hold for each q ∈ I:

(G1) The point P(q) lies in ∆n, that is 0 ≤ P1(q) ≤ · · · ≤ Pn(q).

(G2) The point q−1P(q) lies in Σn, that is P1(q) + · · ·+ Pn(q) = q.

(G3) There exist k, k, l, l with Pk(q) ≥ Pl(q) and a neighbourhood U of q such that

P(q′) =

{
P(q) + (q′ − q)ek,k if q′ ≤ q,

P(q) + (q′ − q)el,l if q′ ≥ q.
(q′ ∈ U).

Denote by GnI the set of generalized n-systems defined on I, and denote by ḠnI the set
of maps which are the local uniform limits of sequences of maps in GnI .

Observe that SnI ⊆ GnI ⊆ ḠnI ⊆ S̃nI , and that the left and right derivatives are
defined wherever relevant. The following theorem from Section 4 in [21] shows that
unbounded generalized n-systems can be approximated by n-systems.

Theorem 1.5.2. Let P : I → Rn be a proper generalized n-system. There exists a
proper n-system R : I → Rn such that ‖P−R‖ = O(1), and so F(P) = F(R).

One can also define division points of generalized n-systems analogously to the
case of n-systems.

Definition 1.5.3. Fix an n-system P : I → Rn, and let q ∈ I. If (k, k), (l, l) can
be chosen to be distinct pairs for the property (G3) at q, then q is called a division
number, and P(q) is called a division point.

In particular, the endpoints of I are division numbers. Moreover, a number
q ∈ Io is not a division number with respect to P if and only if the derivative of
P exists at q, in which case P′(q) = ei,j for some i, j ∈ {1, . . . , n}. Moreover, like
n-systems, the set of division numbers D of P is enumerable in increasing order, and
|D| = ∞ ⇔ supD = ∞ (cf. Proposition 1.2.12). The ordered sequence of division
points is defined analogously to Definition 1.2.13.

1.5.1 Ordered Sequences of Division Points

This subsection considers the ordered sequences of division points coming from bounded
generalized systems, and so in particular from bounded systems as well. These consid-
erations extend naturally for the case where the generalized systems are unbounded.

The first observation is that a bounded generalized system is determined entirely
by its ordered sequence of division points. Thus, an ordered sequence of division
points for a bounded generalized system defines this generalized system.

Now, consider the following construction of certain piecewise linear maps.
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Definition 1.5.4. Let (xi)i∈J be a sequence in Rn, and let di denote the sum of the
coordinates of xi for each i ∈ J . If (di)i∈J is strictly increasing, then (xi)i∈N is called
an ordered sequence in Rn, in which case the piecewise linear map P associated to
(xi)i∈N is defined as follows. Let

I =

sup J−1⋃
i=inf J

[di, di+1],

and define P : I → Rn as the piecewise linear map such that

1. P(di) = xi for each i ∈ J ,

2. P is affine on each [di, di+1].

The quantities di and P(di) are called the division numbers and division points of P,
respectively. In particular, if λ ∈ [0, 1] and inf J ≤ i < sup J , it follows that

P(λdi + (1− λ)di+1) = λP(di) + (1− λ)P(di+1).

The following proposition provides criteria determining when a sequence in Rn

is an ordered sequence of division points for a generalized n-system. Its proof is
omitted as it follows automatically from the properties (G1), (G2) and (G3) defining
a generalized n-system.

Proposition 1.5.5. Let (xi)i∈J be a finite ordered sequence in Rn, let P be the piece-
wise linear map associated to it, and let (di)i∈J be its increasing sequence of division
numbers. The sequence (xi)i∈J is an ordered sequence of division points for a gener-
alized n-system if and only if for each i ∈ N,

1. The point xi is a non-zero point in ∆n,

2. Property (G3) is satisfied for the map P at di,

in which case (xi)i∈N is the ordered sequence of division points of P.

It is worth noting that if moreover property (S3) is satisfied for the map P at
each division number di, then P is an n-system.



Chapter 2

Results on the Spectra of (ψj, ψj)

This chapter provides several partial results towards determining the spectra of pairs
(ψ

j
, ψj) for n ≥ 2 and j = 1, . . . , n− 1. The cases j = 1 and j = n− 1 were recently

solved by Marnat and Moshchevitin in [15]. This thesis completes the case n = 4
by solving the case j = 2 when n = 4. An alternate proof for the cases j = 1 and
j = n−1 when n ≥ 3 is also given, relying on the parametric geometry of numbers and
elementary algebra arguments. A conjecture for the general case is also established
and demonstrated to hold true when restricting to quasi-regular n-systems.

2.1 Regular System Conjecture

This section establishes a conjectures generalizing the recent result in [15], and is
given in terms of n ≥ 3 and j ∈ {1, . . . , n − 1}. Specifically, if the conjecture holds
true for the pair (n, j), then it completely determines the spectrum of (ψ

j
, ψj) for

n-systems. Alternative versions of this conjecture are also established, and are shown
to be equivalent to the original conjecture.

The following notation will be used throughout the remainder of this chapter.

Definition 2.1.1. For each integer n ≥ 2, each j ∈ {1, . . . , n−1}, and each n-system
P : I → Rn, write

ψj(q) = ψj(q; P) = q−1(P1(1) + · · ·+ Pj(q)),

and define a map χj : I → R+ ∪ {∞} by

χj(q) = χj(q; P) =
1− ψj(q)
ψj(q)

(q ∈ I),

so that

χj =
Pj+1 + · · ·+ Pn
P1 + · · ·+ Pj

and ψj =
1

1 + χj
. (2.1.1)

46
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Also define the quantities

χ
j

= χ
j
(P) =

1− ψj(P)

ψj(P)
and χj = χj(P) =

1− ψ
j
(P)

ψ
j
(P)

. (2.1.2)

Remark. If ξ ∈ Rn\{0} and P : I → Rn is an n-system such that

‖P− Lξ‖ = O(1),

then
χ
j
(P) = ω̂n−j(ξ) and χj(P) = ωn−j(ξ)

for j = 1, . . . , n− 1

Thus, the notion of spectrum extends naturally for the pairs (χ
j
, χj) as follows.

Definition 2.1.2. For each integer n ≥ 2 and each j ∈ {1, . . . , n−1}, the spectrum of
(χ

j
, χj) is the set of points (χ

j
(P), χj(P)) where P runs through all proper n-systems.

The spectrum of χ
j

and χj are similarly defined.

2.1.1 First Version of the Conjecture

The first version of the conjecture uses the following function.

Definition 2.1.3. For each n ≥ 3 and each j ∈ {1, . . . , n − 1}, define the function
θnj : R2 → R by

θnj (x, y) =
n−2∑
k=j−1

(
y

x

)k
− x

j−1∑
k=0

(
y

x

)k
.

Conjecture 2.1.4 (Version I). Let n ≥ 3 and let j ∈ {1, . . . , n − 1}. The spectrum
of (χ

j
, χj) is the set S ∪ S ′, where

S = {(x, y) ∈ R2 | (n− j)/j ≤ x ≤ y and θnj (x, y) ≥ 0},

and

S ′ =

{
[(n− j)/j,∞]× {∞} if 1 ≤ j ≤ n− 2,

[1/(n− 1), 1]× {∞} if j = n− 1.

The spectrum Sψ of (ψ
j
, ψj) is related to the spectrum Sχ of (χ

j
, χj) as follows.

Let g : [0, 1]→ [0,∞] and h : [0,∞]→ [0, 1] be the maps given by

g(x) =
1− x
x

and h(x) =
1

1 + x
.
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Observe that g is the inverse map of h, and that they are continuous for the usual
topologies on [0, 1] and [0,∞]. Now, define the maps

G(x, y) = (g(y), g(x)) and H(x, y) = (h(y), h(x)).

Since G is inverse to H, then (2.1.2) implies that

G(Sψ) = Sχ and H(Sχ) = Sψ. (2.1.3)

In particular, the topological subspace Sψ of [0, 1]2 is homeomorphic to the topological
subspace Sχ of [0,∞]2.

2.1.2 Equivalent Form of the Conjecture

In order to state the second version of the conjecture, we define the following map.

Definition 2.1.5. For each n ≥ 3 and each j ∈ {1, . . . , n − 1}, define the map
fj : [0,∞]→ [0,∞] by

fj(x) =
xj−1 + · · ·+ xn−2

1 + · · ·+ xj−1
,

taking the appropriate limit when x =∞.

Note that fj is continuous for the usual topology on [0,∞]. The map fj is also
strictly increasing, which can be seen as a consequence of the following proposition.

Proposition 2.1.6. Let D,E be finite non-empty subsets of R with minD ≥ maxE.
Let ad, be be positive reals for each d ∈ D and e ∈ E, and let P,Q : (0,∞) → R be
the maps defined by

P (x) =
∑
d∈D

adx
d and Q(x) =

∑
e∈E

bex
e.

It follows that (P/Q)′ ≥ 0 on (0,∞). If moreover P/Q is not constant, then the
inequality is strict on all of (0,∞), and P/Q is strictly increasing on (0,∞).

Proof: Let M = minD and N = maxE, and so as the coefficients ad, be are
positive, it follows for each x ≥ 0 that xP ′(x) ≥ MP (x) and NQ(x) ≥ xQ′(x).
Hence, if x > 0, then P (x), Q(x) > 0, and so

P ′(x)/P (x) ≥M/x ≥ N/x ≥ Q′(x)/Q(x).

It follows that (P/Q)′ = (P ′Q − PQ′)/Q2 ≥ 0, on (0,∞). Moreover, if P/Q is not
constant, then either |D| > 1, |E| > 1, or M > N , and so either xP ′(x) > MP (x),
NQ(x) > xQ′(x) or M > N . which implies that (P/Q)′ > 0 on (0,∞). The funda-
mental theorem of calculus implies that P/Q is strictly increasing on (0,∞).

The following corollary will be used later in the chapter.
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Corollary 2.1.7. Let D,E, P,Q be as in Proposition 2.1.6. Suppose that P 6= Q and
that P −Q has a positive root z. Then, for all x > 0, it follows that

sgn(P (x)−Q(x)) = sgn(x− z).

In particular, z is the unique positive root of P − Q. Moreover, if minE ≥ 0, then
P −Q is strictly increasing on [z,∞).

Proof: Since P 6= Q and P (z) = Q(z), it follows that P/Q is not constant, and
so Proposition 2.1.6 implies that P/Q is strictly increasing on (0,∞). Thus, if x > 0,
then sgn(x− z) = sgn(P (x)/Q(x)− 1) = sgn(P (x)−Q(x)), as Q(x) > 0.

Now, suppose that minE ≥ 0. Thus, Q is monotonically increasing on (0,∞).
Since P/Q is strictly increasing on (0,∞), then P/Q − 1 is strictly increasing on
(0,∞). Since P/Q− 1 ≥ 0 on [z,∞), it follows that P −Q = Q(P/Q− 1) is strictly
increasing on [z,∞), as Q is positive and monotonically increasing on (0,∞).

As previously mentioned, Proposition 2.1.6 implies that fj is strictly increasing.
Hence, by computing fj(1) and fj(∞), it follows that

fj([1,∞]) =

{
[(n− j)/j,∞] if j < n− 1;

[(n− j)/j, 1] if j = n− 1.
(2.1.4)

The second version of the conjecture uses the following result.

Proposition 2.1.8. If P is a proper n-system, then there exists a unique ρj ∈ [1,∞]
such that χ

j
(P) = fj(ρj). In particular, the spectrum of χ

j
is contained in fj([1,∞]).

Proof: Let P : I → Rn be a proper n-system. Since P1 ≤ · · · ≤ Pn, then by
(2.1.1), we have that (n− j)/j ≤ χ

j
. By Proposition 1.2.6, we have P(q) ∈ ∆n−1 for

some arbitrarily large q. Since χn−1(q) ≤ 1 whenever P(q) ∈ ∆n−1, it follows that
χ
n−1 ≤ 1. Now, since fj is strictly increasing, then by (2.1.4), there exists a unique

ρj ∈ [1,∞] such that
fj(ρj) = χ

j
(P).

It follows that the spectrum of χ
j

is contained in fj([1,∞]).

Though we will later prove that fj([1,∞]) is exactly the spectrum of χ
j
, only the

above proposition is required to make sense of the following version of the conjecture.

Conjecture 2.1.9 (Version II). Let n ≥ 3 and let j ∈ {1, . . . , n− 1}. The spectrum
of (χ

j
, χj) is the set

S̃ = {(x, y) ∈ [0,∞]2 |There exists ρ ∈ [1,∞] such that x = fj(ρ) and y ≥ ρx}.
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Theorem 2.1.10. Let n ≥ 3 and let j ∈ {1, . . . , n−1}. The following are equivalent.

1. Conjecture 2.1.4 holds for the pair (n, j).

2. Conjecture 2.1.9 holds for the pair (n, j).

Proof: Let S, S ′ be as in Conjecture 2.1.4, and let S̃ be as in Conjecture 2.1.9.
Let (x, y) ∈ R2 such that y ≥ x = fj(ρ) for some ρ ∈ [1,∞]. Suppose that

y <∞. Since fj is strictly increasing, we have that (x, y) ∈ S̃ if and only if

y ≥ ρx⇔ y/x ≥ ρ⇔ fj(y/x) ≥ fj(ρ) = x.

On the other hand, we have that (x, y) ∈ S if and only if

θnj (x, y) ≥ 0⇔
n−2∑
k=j−1

(
y

x

)k
≥ x

j−1∑
k=0

(
y

x

)k
⇔ fj(y/x) ≥ x.

Hence, we have (x, y) ∈ S̃ if and only if (x, y) ∈ S, when y <∞.
This is also true when y =∞ because

(x,∞) ∈ S ∪ S ′ ⇔ x ∈ [(n− j)/j, fj(∞)]⇔ (x,∞) ∈ S̃.

Therefore, we have that S̃ = S ∪ S ′, which proves the claim.

A careful examination of the above proof yields the following corollary.

Corollary 2.1.11. Let n ≥ 3, let j ∈ {1, . . . , n− 1}, and let P : I → Rn be a proper
n-system with χj(P) <∞. By letting ρ ≥ 1 be such that χ

j
(P) = fj(ρ), we have that

θnj (χ
j
(P), χj(P)) ≥ 0 ⇐⇒ χj(P) ≥ ρχ

j
(P).

Moreover, we have θnj (χ
j
(P), χj(P)) = 0 if and only if χj(P) = ρχ

j
(P).

Moshchevitin proved the case n = 4 and j = n − 1 in [17]. The case n = 4
and j = 1 was later proved by Schmidt and Summerer in [27]. In [27, Section 3],
they conjectured that the case n ≥ 3 and j = 1 holds, and that the case n ≥ 3 and
j = n− 1 holds. This was recently proved by Marnat and Moshchevitin in [15].

Theorem 2.1.12 (Marnat-Moshchevitin). Conjecture 2.1.9 holds true for the case
n ≥ 3 and j = 1, as well as for the case n ≥ 3 and j = n− 1.

This thesis reproduces this result using only the parametric geometry of numbers,
while the larger part of [15] is based on a more traditional approach.

This thesis will also prove the following case, thereby completing the case n = 4.

Theorem 2.1.13. Conjecture 2.1.9 holds true for the case n = 4 and j = 2.

This will be proven in Section 2.4.
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2.1.3 Reduction of Conjecture 2.1.9

We show that Conjecture 2.1.9 is equivalent to the following conjecture.

Conjecture 2.1.14 (Version III). Let n ≥ 3 and let j ∈ {1, . . . , n − 1}. For each
proper n-system P : I → Rn, we have that

χj(P) ≥ ρjχj(P),

where ρj ∈ [1,∞] is characterized by fj(ρj) = χ
j
.

The proof that this statement is equivalent to Conjecture 2.1.9 uses the follow-
ing result whose proof is based on a construction analogous to that of Marnat and
Moshchevitin [15] for the cases j = 1 and j = n− 1.

Theorem 2.1.15. For each j ∈ {1, . . . , n− 1}, the set

{(fj(ρj), ρρjfj(ρj)) | ρj ∈ (1,∞), ρ ∈ [1,∞)}

is contained in the spectrum of (χ
j
, χj).

Proof: Let j ∈ {1, . . . , n− 1}, ρj ∈ (1,∞), and ρ ∈ [1,∞). We need to show that
there exists a proper n-system R with

(χ
j
(R), χj(R)) = (fj(ρj), ρρjfj(ρj)).

Towards proving this, define

x = (1, . . . , ρj−1j , ρj−1j , . . . , ρn−2j ), x′ = (1, . . . , ρn−3j , ρn−2j , ρn−2j ),

y′ = ρ(ρj, ρj, ρ
2
j , . . . , ρ

n−1
j ) and y = ρρjx.

Now, construct an n-system P : [r, s] → Rn by applying Theorem 1.2.22 to the
sequence (x,x′,y′,y). Let t ∈ (r, s) be such that P1 + · · · + Pj has slope 0 on [r, t]
and slope 1 on [t, s], as in Lemma 1.3.5. Figure 2.1.1 gives the combined graph of P.

Since P1 + · · ·+ Pj has slope 0 on [r, t] and slope 1 on [t, s], then

χ
j
(P) = min{χj(r), χj(s)} and χj(P) = χj(t).

Thus, letting R be the self-similar n-system generated by P, it follows that

χ
j
(R) =

ρj−1j + · · ·+ ρn−2j

1 + · · ·+ ρj−1j

= fj(ρj) and χj(R) =
ρρjj + · · ·+ ρρn−1j

1 + · · ·+ ρj−1j

= ρρjfj(ρj),

thereby completing the proof.

We deduce that the spectrum contains the following larger set.
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ρj
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Figure 2.1.1: Combined Graph of P

Corollary 2.1.16. For each j ∈ {1, . . . , n− 1}, the set

S = {(fj(ρj), ρρjfj(ρj)) | ρj ∈ [1,∞], ρ ∈ [1,∞]}

is contained in the spectrum of (χ
j
, χj).

Proof: Let j ∈ {1, . . . , n− 1}, and define

S̃ = {(fj(ρj), ρρjfj(ρj)) | ρj ∈ (1,∞), ρ ∈ [1,∞)},

and
S = {(fj(ρj), ρρjfj(ρj)) | ρj ∈ [1,∞], ρ ∈ [1,∞]}.

Theorem 2.1.15 yields that S̃ is contained in the spectrum Sχ of (χ
j
, χj).

Now, let G and H be as in (2.1.3) following Definition 2.1.2. It follows that

H(S̃) = {H(fj(ρj), ρρjfj(ρj)) | ρj ∈ (1,∞), ρ ∈ [1,∞)}

is contained in the spectrum Sψ of (ψ
j
, ψj). Theorem 1.2.27 implies that Sψ is closed,

and so as H and fj are continuous maps, it follows that

H(S) = {H(fj(ρj), ρρjfj(ρj)) | ρj ∈ [1,∞], ρ ∈ [1,∞]} ⊆ Sψ.

Therefore, S = G(H(S)) ⊆ G(Sψ) = Sχ.

Since the spectrum of χ
j

is contained in fj([1,∞]) for j = 1, . . . , n − 1, then

Corollary 2.1.16 automatically implies the following result.

Corollary 2.1.17. For each j ∈ {1, . . . , n− 1}, the spectrum of χ
j

is fj([1,∞]).
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The following theorem is a consequence of these last two corollaries.

Theorem 2.1.18. Let S be as in Corollary 2.1.16, i.e.

S = {(fj(ρj), ρρjfj(ρj)) | ρj ∈ [1,∞], ρ ∈ [1,∞]},

and let H : [0,∞]× [0,∞]→ [0, 1]× [0, 1] be the map defined by

H(x, y) =

(
1

1 + y
,

1

1 + x

)
.

The following conditions are equivalent for the pair (n, j).

1. Conjecture 2.1.14 holds.

2. The set S is the full spectrum of (χ
j
, χj).

3. The set H(S) is the full spectrum of (ψ
j
, ψj).

Proof: Suppose that the first condition holds true. By Corollary 2.1.17, the spec-
trum of χ

j
is equal to fj([1,∞]). Hence, if (a, b) is in the spectrum of (χ

j
, χj), then

there exists ρj ∈ [1,∞] such that a = fj(ρj). Conjecture 2.1.14 implies that b ≥ ρja,
and so there exists ρ ∈ [1,∞] such that b = ρρja. Thus, (a, b) ∈ S, and so Corollary
2.1.16 implies that S is the full spectrum of (χ

j
, χj). Therefore, the second condition

holds true. Conversely, if the second condition holds true, then Conjecture 2.1.14
automatically holds true, which means that the first condition holds true. Finally,
the second and third conditions are equivalent by (2.1.3).

2.1.4 A Further Reduction

We use the following lemma to simplify Conjecture 2.1.4.

Lemma 2.1.19. Let P : I → Rn be a proper n-system, and let j ∈ {1, . . . , n− 1}.

1. If χj(P) =∞, then Conjecture 2.1.14 holds for P.

2. If χ
j
(P) = fj(∞), then χj(P) =∞.

Proof: The first claim is trivial. Now, assume without loss of generality that P
is non-degenerate, and suppose that χ

j
(P) = fj(∞). If j < n− 1, then

χj ≥ χ
j

= fj(∞) =∞.
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Hence, suppose that j = n − 1, and so χ
j

= 1. To prove that χj = ∞, suppose

otherwise. Then (2.1.2) implies that ψ
j
> 0, which implies that ϕn = 1 − ψ

j
< 1.

Now, since 1− ϕn = ϕ1 + · · ·+ ϕn−1 ≤ (n− 1)ϕn−1, it follows that

0 < 1− ϕn = lim inf
q→∞

(1− ϕn(q)) ≤ (n− 1) lim inf
q→∞

ϕn−1(q) = (n− 1)ϕ
n−1,

and so
ϕn
ϕ
n−1
≤ (n− 1)ϕn

1− ϕn
= B <∞.

Theorem 1.2.16 implies that there exists arbitrarily large r, s ∈ I such that each
q ∈ [r, s] satisfies

P(q) ∈ ∆n−1 ⇐⇒ q ∈ {r, s},

and such that n− 2 ∈ type(r, s). Theorem 1.3.4 implies that Pn−1(r) ≤ Pn−2(s), and
so by letting t ∈ (r, s) be as in Lemma 1.3.5, it follows that

Pn(s)

Pn−2(s)
=

Pn(t)

Pn−2(s)
≤ Pn(t)

Pn−1(r)
=

Pn(t)

Pn−1(t)
=

ϕn(t)

ϕn−1(t)
.

Thus, since r, s, t are arbitrarily large, and since

ϕn(s) =
Pn(s)

P1(s) + · · ·+ Pn−2(s) + 2Pn(s)
≤ 1

Pn−2(s)/Pn(s) + 2
≤ 1

ϕn−1(t)/ϕn(t) + 2
,

it follows that ϕ
n
≤ 1/(B−1 + 2) < 1/2. However, a simple computation shows that

χ
n−1 = 1 ⇐⇒ ψn−1 = 1/2 ⇐⇒ ϕ

n
= 1/2.

This is a contradiction since χ
n−1 = 1.

The second part of the above lemma implies that, for each proper n-system
P : I → Rn and each j ∈ {1, . . . , n− 1}, we have

χj(P) <∞ =⇒ χ
j
(P) < fj(∞).

In view of the above, of Corollary 2.1.11, and of the first part of the above lemma,
we deduce that Conjecture 2.1.14 is equivalent to the following conjecture.

Conjecture 2.1.20 (Version IV). Let n ≥ 3 and let j ∈ {1, . . . , n − 1}. For each
proper n-system P : I → Rn, with χj(P) <∞, we have that

θnj (χ
j
(P), χj(P)) ≥ 0. (2.1.5)
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2.2 The Conjecture for Quasi-Regular Systems

This section verifies that the conjecture holds when restricting to quasi-regular sys-
tems. Further, it is shown in this case that an even stronger result holds, and that
this stronger result does not hold in general. It is also shown that those quasi-regular
systems which are sharp with respect to (2.1.5) are in fact regular systems.

Fix P to be the quasi-regular n-system generated by some fixed strictly increasing
sequence (αi)i∈N of non-negative real numbers satisfying αm+k = ραk for some ρ > 1,
m ∈ N+, and for each k ∈ N. Fix α to be the mean geometric reason of P, i.e. the
unique α ≥ 0 satisfying αm = ρ.

The following lemma is key in proving the main results in this section.

Lemma 2.2.1. Let a1, . . . , ar, b1, . . . , bs > 0, let k1, . . . , kr, l1, . . . , ls ∈ N, and let
(εi)i∈N be a periodic sequence of positive real numbers with period T . Identifying
numerators and denominators, consider the quantities

A

B
=
a1 + · · ·+ ar
b1 + · · ·+ bs

and
Aj
Bj

=
εj+k1a1 + · · ·+ εj+krar
εj+l1b1 + · · ·+ εj+lsbs

(j ≥ 0),

One of the following statements holds:

1. Aj/Bj = A/B for each j ≥ 0.

2. There exist indices k, l ≥M with Ak/Bk < A/B < Al/Bl.

Proof: Suppose that both (1) and (2) are false. Then, upon reversing fractions
if necessary, assume without loss of generality that Aj/Bj ≤ A/B for all j ≥ 0, and
that Aj/Bj < A/B for all j ≥ 0 with j ≡ k mod T for some k ≥ 0. By letting

E =
∑T

j=1 εj, noting that E =
∑N+T

j=N+1 εj for each N ∈ N, it follows that

B

T∑
j=1

Aj < A

T∑
j=1

Bj

B
T∑
j=1

r∑
i=1

εj+kiai < A
T∑
j=1

s∑
i=1

εj+libi

BE
r∑
i=1

ai < AE
s∑
i=1

bi

BEA < AEB,

which is a contradiction.
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Corollary 2.2.2. There exists k, l ≥M with Ak/Bk ≤ A/B ≤ Al/Bl.

For the following proposition, recall the functions

fj(x) =
xj−1 + · · ·+ xn−2

1 + · · ·+ xj−1
(j = 1, . . . , n− 1),

as in Definition 2.1.5.

Proposition 2.2.3. Let j ∈ {1, . . . , n− 1}. With the above notation, we have that

χ
j

= χ
j
(P) ≤ fj(α) and χj = χj(P) ≥ αfj(α).

In particular, the conjecture is satisfied for P.

Observe that in this statement, the number α depends only on P and not on the
choice of j. This result is stronger than Conjecture 2.1.9 in that it implies a non-
trivial property for the spectrum of (ψ

1
, ψ1, . . . , ψn−1, ψn−1) for quasi-regular systems,

as will be shown later.

Proof: (Proposition 2.2.3)
Define for each i ∈ N the quantity εi = αi/α

i > 0, and note that

αm+iεm+i = αm+i = ραi = αmαiεi ⇒ εm+i = εi, (2.2.1)

for all i ∈ N. Corollary 2.2.2 yields k, l ∈ N such that

fj(α) =
αj−1 + · · ·+ αn−2

1 + · · ·+ αj−1
≥ αj−1εk+j−1 + · · ·+ αn−2εk+n−2

εk + · · ·+ αj−1εk+j−1
,

and

αfj(α) =
αj + · · ·+ αn−1

1 + · · ·+ αj−1
≤ αjεl+j + · · ·+ αn−1εl+n−1

εl + · · ·+ αj−1εl+j−1
.

Hence, (2.2.1) implies that

fj(α) ≥ αk+j−1 + · · ·+ αk+n−2
αk + · · ·+ αk+j−1

≥ χ
j
,

and that

αfj(α) ≤ αl+j + · · ·+ αl+n−1
αl + · · ·+ αl+j−1

≤ χj,

proving the claim.
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Corollary 2.2.4. Let j ∈ {1, . . . , n − 1}. Suppose that θj(χj, χj) = 0. Then P is a

regular system.

Proof: Corollary 2.1.11 implies fj(α
′) = χ

j
and α′fj(α

′) = χj for some α′ > 1.

Proposition 2.2.3 yields

fj(α
′) = χ

j
≤ fj(α) and α′fj(α

′) = χj ≥ αfj(α),

from which it follows that α′ ≤ α ≤ α′, as fj(x) and xfj(x) are increasing on [0,∞].
This implies that

fj(α) = χ
j

and αfj(α) = χj.

Thus, for each k ≥ 0, it follows that

αj−1 + · · ·+ αn−2

1 + · · ·+ αj−1
= χ

j
≤ αk+j−1 + · · ·+ αk+n−2

αk + · · ·+ αk+j−1
=
αj−1εk+j−1 + · · ·+ αn−2εk+n−2

εk + · · ·+ αj−1εk+j−1
;

αj + · · ·+ αn−1

1 + · · ·+ αj−1
= χj ≥

αk+j + · · ·+ αk+n−1
αk + · · ·+ αk+j−1

=
αjεk+j + · · ·+ αn−1εk+n−1
εk + · · ·+ αj−1εk+j−1

.

Applying Lemma 2.2.1 to each of these two inequalities yields equality throughout
for each k. Thus, since fj(α) = χ

j
and αfj(α) = χj, it follows that

fj(α) =
αk+j−1 + · · ·+ αk+n−2
αk + · · ·+ αk+j−1

and αfj(α) =
αk+j + · · ·+ αk+n−1
αk + · · ·+ αk+j−1

,

for each k. It follows that αk+1 + · · ·+ αk+j = α(αk + · · ·+ αk+j−1), for each k. This
is a linear recurrence relation, and its characteristic polynomial is

xj + · · ·+ x− α(xj−1 + · · ·+ 1) = (x− α)(xj−1 + · · ·+ 1) = (x− α)

j−1∏
l=1

(x− e2liπ/j).

A standard result implies the existence of c, cl ∈ C such that

αk = cαk +

j−1∑
l=1

cle
2kliπ/j (k ∈ N).

Since limk→∞ αk =∞, then c 6= 0. Hence, as |e2liπ| = 1 < α for each l = 1, . . . , j − 1,
it follows that

limαk+1/αk = cαk+1/(cαk) = α.

Meanwhile, as αk+m = ραk for all l ∈ N, it follows for each l = 0, . . . ,m− 1 that

αkm+l+1

αkm+l

=
ρkαk+1

ρkαk
=
αk+1

αk
(k ∈ N).
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Thus, the sequence (αk+1/αk)k∈N is periodic and converges to α, which implies that it
is the constant sequence (α)k∈N. Therefore, αk+1 = ααk for each k ∈ N, which means
that P is a regular system.

Observe by Proposition 2.2.3 that the conjecture restricted to quasi-regular sys-
tems not only holds true, but is quite stronger. Indeed, by defining βj, γj such that
fj(βj) = χ

j
and γjfj(γj) = χj, the inequality θj(χj, χj) ≥ 0 is equivalent to the claim

that the interval [βj, γj] is non-empty. In the case of quasi-regular systems, one de-
duces further that the intersection of these intervals for j = 1, . . . , n−1 is non-empty,
following from the fact that α is contained in each of them.

However, while the regular system conjecture might still be true in general, this
stronger variant is not. For example, consider the self-similar 5-system generated by
the 5-system P : [24.5, 73.5]→ R5 with period 3 as in Figure 2.2.1.

3

3.5

4

11

33

12

10.5

9

Figure 2.2.1: Combined Graph of P

Some straightforward computations yield

χ
1

=
43

6
; χ

2
=

37

13
; χ

3
=

10

7
; χ

4
=

22

43
,

and that χj = 3χ
j

for each j = 1, 2, 3, 4. Meanwhile, one finds numerically that

β1 = 1.40645...; γ1 = 1.80346...; β2 = 1.49878...; γ2 = 1.93646...;

β3 = 1.73082...; γ3 = 2.21118...; β4 = 1.89324...; γ4 = 2.49529....

Since γ1 < β4, the intersection of the intervals [βj, γj] is empty.

2.3 Marnat-Moshchevitin Theorem

This section provides an alternate proof of the recent result of Marnat and Moshchevitin
in [15]. It relies only on the parametric geometry of numbers, while the larger part
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of [15] is based on a more traditional approach. The novelty of the proof also lies in
its simplicity. In particular, the number of points considered in the proof is in some
sense minimal.

2.3.1 Preliminaries

Fix n ≥ 3, fix P be a proper non-degenerate n-system, and define Si = P1 + · · ·+ Pi
for i = 1, . . . , n − 1. Fix j ∈ {1, . . . , n − 1}, fix (qi)i∈N to be the unbounded and
increasing sequence of division numbers of P with P(qi) ∈ ∆j, and define

Mk = Sj(qk) and Nk = qk − Sj(qk),

as well as

αk = inf
i>k

(Ni/Mi), gk = sup
i>k

(Mi+1/Mi) > 1 and hk = sup
i>k

(Ni+1/Ni) > 1,

for each k ∈ N. Observe by Corollary 1.3.7 that

χj =
1

ψ
j

− 1 = lim sup
i∈N

Sj(qi) + qi+1 − Sj(qi+1)

Sj(qi)
− 1 = lim sup

i∈N

Ni+1

Mi

,

and that

χ
j

=
1

ψj
− 1 = lim inf

i∈N

qi
Sj(qi)

− 1 = lim inf
i∈N

Ni

Mi

= lim
k∈N

αk. (2.3.1)

The following lemma is based on a crucial observation by Marnat and Moshchevitin
in [15]. It is key in proving the regular system conjecture for j = 1 and j = n− 1.

Lemma 2.3.1. If g = limk∈N gk and h = limk∈N hk, then χj/χj ≥ max{g, h}.

Proof: There exist unbounded subsets I, J ⊆ N such that

g = lim
i∈I

Mi+1

Mi

and h = lim
i∈J

Ni+1

Ni

.

Hence,

χj = lim sup
i∈N

Ni+1

Mi

≥ lim sup
i∈I

Ni+1

Mi

= lim sup
i∈I

gNi+1

Mi+1

≥ lim inf
i∈N

gNi+1

Mi+1

= gχ
j
,

χj = lim sup
i∈N

Ni+1

Mi

≥ lim sup
i∈J

Ni+1

Mi

= lim sup
i∈J

hNi

Mi

≥ lim inf
i∈N

hNi

Mi

= hχ
j
,

proving the claim.
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2.3.2 Spectrum of (ψ1, ψ1) for n ≥ 3

Suppose that j = 1, with the notation of Subsection 2.3.1.
For this subsection, an integer m ∈ N is said to be of type I if I ∈ type(qm, qm+1).

By Theorem 1.2.16, there exist infinitely many m ∈ N of type n. Moreover, by
hypothesis, every m is of type 1 and of type 2. Hence, Theorem 1.3.4 implies that if
m is of type k, then it is of type i for i = 1, . . . , k. Hence, fix N ∈ N arbitrarily large.
There exist m1, . . . ,mn−2 ∈ N with N < m1 < · · · < mn−2 satisfying the following
properties.

mn+1−I is of type I (I = 3, . . . , n), (2.3.2)

m is not of type I for each m ∈ (mn−I ,mn+1−I) (I = 3, . . . , n− 1). (2.3.3)

Define the quantities

a
(k)
i = Pi(qmk

), b
(k)
i = Pi(qmk+1),

and
Ak = Nmk

= a
(k)
2 + · · ·+ a(k)n , Bk = Nmk+1 = b

(k)
2 + · · ·+ b(k)n ,

for each k = 1, . . . , n− 2 and each i = 2, . . . , n. Define also

h = hN and α = αN > 1,

and note that hAk ≥ Bk, Ak ≥ αa
(k)
2 and Bk ≥ αb

(k)
2 for k = 1, . . . , n− 2.

The following proposition provides a key inequality in the proof of the result.

Proposition 2.3.2. α(B1 + · · ·+Bn−3) +Bn−2 ≥ (α− 1)(A1 + · · ·+ An−2).

Proof: For I = 4, . . . , n, condition (2.3.3) implies for k = I, . . . , n that

a
(n+2−I)
k = b

(n+1−I)
k ,

while condition (2.3.2) and Theorem 1.3.4 imply for k = 2, . . . , I − 1 that

a
(n+1−I)
k+1 ≤ b

(n+1−I)
k ,

and that a
(n−2)
3 ≤ b

(n−2)
2 . Hence, it follows for I = 4, . . . , n that

Bn+1−I ≥
(
a
(n+1−I)
3 + · · ·+ a

(n+1−I)
I

)
+
(
a
(n+2−I)
I + · · ·+ a(n+2−I)

n

)
,

and that Bn−2 ≥ αb
(n−2)
2 ≥ αa

(n−2)
3 . Thus,

Bn−2+α
n∑
I=4

Bn+1−I ≥ αa
(n−2)
3 +α

n∑
I=4

(
a
(n+1−I)
3 +· · ·+a(n+1−I)

I +a
(n+2−I)
I +· · ·+a(n+2−I)

n

)
.
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Reordering the summation on the right yields

Bn−2 + α

n∑
I=4

Bn+1−I ≥ αa
(n−2)
3 +

(
α

n∑
I=3

(
a
(n+1−I)
3 + · · ·+ a(n+1−I)

n

)
− αa(n−2)3

)
,

and the right hand side is equal to

α

n−2∑
k=1

(
Ak − a(k)2

)
≥ (α− 1)

n−2∑
k=1

Ak,

completing the proof.

Theorem 2.3.3. α− 1 ≤ h+ · · ·+ hn−2.

Proof: Define Fk = h+ · · ·+ hk,

Ck = A1 + · · ·+ Ak and Dk = B1 + · · ·+Bk,

for k = 1, . . . , n− 2, and let C0 = D0 = 0. Define the inequality Tk by

Tk : αDn−2−k + h−1FkBn−1−k ≥ (α− 1)Cn−1−k,

for k = 1, . . . , n−2. Since F1 = h, then Proposition 2.3.2 states that T1 holds. Now, if
Fk > α−1 for some k ∈ {1, . . . , n−3}, then Fn−2 > α−1, which proves the theorem.
Thus, assume without loss of generality that Fk ≤ α− 1 for k = 1, . . . , n− 3.

Now, let k ∈ {1, . . . , n − 3} and suppose that Tk holds. Having assumed that
Fk ≤ α− 1, the following statements automatically hold true.

1. Fk ≤ α− 1

2. Cn−1−k = Cn−2−k + An−1−k

3. Dn−2−k = Dn−3−k +Bn−2−k

4. An−1−k ≥ Bn−2−k

5. hAn−1−k ≥ Bn−1−k

6. Fk + 1 = h−1Fk+1

Using (5) on Tk yields

αDn−2−k + FkAn−1−k ≥ (α− 1)Cn−1−k.
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By (2), it follows that

αDn−2−k + (Fk − (α− 1))An−1−k ≥ (α− 1)Cn−2−k.

Since (1) implies that Fk − (α− 1) ≤ 0, then (4) yields

αDn−2−k + (Fk − (α− 1))Bn−2−k ≥ (α− 1)Cn−2−k.

Substituting by (3) yields

αDn−3−k + (Fk + 1)Bn−2−k ≥ (α− 1)Cn−2−k.

Finally, (6) implies that Tk+1 holds. It follows by induction that Tn−2 holds, and so

Fn−2B1 ≥ (α− 1)hA1 ≥ (α− 1)B1 ⇒ α− 1 ≤ Fn−2,

completing the proof.

Corollary 2.3.4. Let h = limk∈N hk. It follows that χ
1
≤ 1 + · · ·+ hn−2.

Proof: As k →∞, hk → h, and αk → χ
1
, proving the result by continuity.

Corollary 2.3.5. χ
1
≤ 1 + · · ·+ (χ1/χ1

)n−2.

Proof: Let P (x) = 1 + · · · + xn−2 and Q(x) = χ
1
, noting that P,Q satisfy the

conditions of Proposition 2.1.6. Corollary 2.3.4 yields that P (h)−Q(h) ≥ 0, and so
Corollary 2.1.7 implies that P −Q is strictly increasing on [h,∞). Thus, as Lemma
2.3.1 yields χ1/χ1

≥ h, it follows that

P (χ1/χ1
)−Q(χ1/χ1

) ≥ 0,

from which the conclusion follows.

2.3.3 Spectrum of (ψn−1, ψn−1) for n ≥ 3

Suppose that j = n− 1 with the notation of Subsection 2.3.1.
As in Subsection 2.3.2, an integerm ∈ N is said to be of type I if I ∈ type(qm, qm+1).

By Theorem 1.2.16, there exist infinitely many m ∈ N of type 1. Moreover, by hy-
pothesis, every m is of type n and of type n−1. Hence, Theorem 1.3.4 implies that if
m is of type k, then it is of type i for i = k, . . . , n. Hence, fix N ∈ N arbitrarily large.
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There exist m1, . . . ,mn−2 ∈ N with N < m1 < · · · < mn−2 satisfying the following
properties.

mn−1−I is of type I (I = 1, . . . , n− 2), (2.3.4)

m is not of type I for each m ∈ (mn−1−I ,mn−I) (I = 2, . . . , n− 2). (2.3.5)

Define the quantities

a
(k)
i = Pi(qmk

), b
(k)
i = Pi(qmk+1),

and
Ak = Mmk

= a
(k)
1 + · · ·+ a

(k)
n−1, Bk = Mmk+1 = b

(k)
1 + · · ·+ b

(k)
n−1,

for each k = 1, . . . , n− 2 and each i = 1, . . . , n− 1. Define also

g = gN and α = αN < 1,

and note that Bk ≤ gAk, αAk ≤ a
(k)
n−1 and αBk ≤ b

(k)
n−1 for k = 1, . . . , n− 2.

The following proposition provides some key inequalities in the proof of the result.

Proposition 2.3.6. αAi + Ai+1 + · · · + An−2 ≤ (1 − α)(Bi + · · · + Bn−2), for each
i ∈ {1, . . . , n− 2}.

Proof: Since Bi ≤ Ai+1 and α < 1, then

−αAi − Ai+1 + αAi+1 ≤ −(1− α)Bi,

for i = 1, . . . , n− 3. Hence, if the claim holds for i = 1, then the claim holds for each
i = 1, . . . , n− 2 by a simple recurrence argument. Thus, it suffices to prove the claim
when i = 1.

For I = 1, . . . , n− 3, condition (2.3.5) implies for k = 1, . . . , I that

a
(n−1−I)
k = b

(n−2−I)
k ,

while condition (2.3.4) and Theorem 1.3.4 imply for k = I, . . . , n− 2 that

a
(n−1−I)
k+1 ≤ b

(n−1−I)
k ,

and that a
(1)
n−1 ≤ b

(1)
n−2. Hence, it follows for I = 1, . . . , n− 3 that

An−1−I ≤
(
b
(n−2−I)
1 + · · ·+ b

(n−2−I)
I

)
+
(
b
(n−1−I)
I + · · ·+ b

(n−1−I)
n−2

)
.

and that αA1 ≤ a
(1)
n−1 ≤ b

(1)
n−2. Thus,

αA1 +
n−3∑
I=1

An−1−I ≤ b
(1)
n−2 +

n−3∑
I=1

(
b
(n−2−I)
1 + · · ·+ b

(n−2−I)
I + b

(n−1−I)
I + · · ·+ b

(n−1−I)
n−2

)
.



2. RESULTS ON THE SPECTRA OF (ψj, ψj) 64

Reordering the summation on the right yields

αA1 +
n−3∑
I=1

An−1−I ≤ b
(1)
n−2 +

( n−2∑
I=1

(
b
(n−1−I)
1 + · · ·+ b

(n−1−I)
n−2

)
− b(1)n−2

)
,

and the right hand side is equal to

n−2∑
k=1

(
Bk − b(k)n−1

)
≤ (1− α)

n−2∑
k=1

Bk,

completing the proof.

Theorem 2.3.7. (1− α)gi ≥ α(gi−1 + · · ·+ 1), for i = 1, . . . , n− 2.

Proof: Define Fk = 1 + · · ·+ gk−1 for k = 1, . . . , n− 2, let

Ci = Ai + · · ·+ An−2 and Di = Bi + · · ·+Bn−2,

for i = 1, . . . , n− 2, and let Cn−1 = Dn−1 = 0. Define the inequality Ti,k by

Ti,k : αFiAk + gi−1Ck+1 ≤ (1− α)gi−1Dk,

for i = 1, . . . , n− 3 and k = i, . . . , n− 2. Since F1 = 1, then Proposition 2.3.6 states
that T1,k holds for k = 1, . . . , n− 2.

Now, let i ∈ {1, . . . , n− 3} and suppose that Ti,k holds for each k = i, . . . , n− 2.
In particular, Ti,n−2 implies that

αFiAn−2 ≤ (1− α)gi−1Bn−2 ≤ (1− α)giAn−2 ⇒ αFi ≤ (1− α)gi. (2.3.6)

Hence, the following statements automatically hold true.

1. αFi ≤ (1− α)gi

2. Ck+1 = Ck+2 + Ak+1, when k ≤ n− 3

3. Dk = Dk+1 +Bk

4. Bk ≤ Ak+1

5. Bk ≤ gAk

6. Fi+1 = Fi + gi
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Using (5) on Ti,k yields

αFiBk + giCk+1 ≤ (1− α)giDk.

By (3), it follows that

(αFi − (1− α)gi)Bk + giCk+1 ≤ (1− α)giDk+1.

Since (1) implies that αFi − (1− α)gi ≤ 0, then (4) yields

(αFi − (1− α)gi)Ak+1 + giCk+1 ≤ (1− α)giDk+1.

Substituting by (2) if k ≤ n− 3 yields

(αFi + αgi)Ak+1 + giCk+2 ≤ (1− α)giDk+1.

Finally, (6) implies that Ti+1,k+1 holds for k = i, . . . , n − 3. Hence, Ti+1,k holds for
k = i+1, . . . , n−2. It follows by induction that Ti,n−2 holds for each i = 1, . . . , n−2.
Thus, (2.3.6) yields

(1− α)gi ≥ αFi,

for i = 1, . . . , n− 2, completing the proof.

Corollary 2.3.8. Let g = limk∈N gk. It follows that gn−2 ≥ χ
n−1(g

n−2 + · · ·+ 1).

Proof: As N →∞, gN → g, and αN → λ̂, which proves the result by continuity.

Corollary 2.3.9. (χn−1/χn−1)
n−2 ≥ χ

n−1((χn−1/χn−1)
n−2 + · · ·+ 1).

Proof: Let P (x) = xn−2 and Q(x) = χ
1
(xn−2 + · · ·+ 1), noting that P,Q satisfy

the conditions of Proposition 2.1.6. Corollary 2.3.8 yields that P (g)−Q(g) ≥ 0, and
so Corollary 2.1.7 implies that P −Q is strictly increasing on [g,∞). Thus, as Lemma
2.3.1 yields χ1/χ1

≥ g, it follows that

P (χ1/χ1
)−Q(χ1/χ1

) ≥ 0,

from which the conclusion follows.
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2.4 Spectrum of (ψ2, ψ2) for n = 4

This section is devoted to proving that the regular system conjecture holds in the
case j = 2 when n = 4, thereby completing the proof of the conjecture for n = 4.
The conjecture for this case is the claim that each proper 4-system P satisfies

(χ2/χ2
)2 + (χ2/χ2

) ≥ χ
2
((χ2/χ2

) + 1).

Since this inequality is equivalent to

χ2/χ2
≥ χ

2
,

the following theorem is equivalent to the conjecture in the case n = 4 and j = 2.

Theorem 2.4.1. If P : I → R4 is a proper 4-system, then χ2 ≥ χ2
2
.

Proof: Let P be a non-degenerate proper 4-system, and let (qi)i∈N be the increas-
ing sequence of division numbers with P(qi) ∈ ∆2. For each k = 1, 2, 3, 4, let Jk ⊆ N
be the set of indices i such that Pk(qi) < Pk(qi+1), noting that Jk is infinite as P is
proper. Furthermore, J2 = J3 = N since P is non-degenerate.

Let N ∈ N, recall that ψ2 = (1 +χ2)
−1 and χ2 = (P3 +P4)/(P1 +P2), and define

α = inf
q≥qN

χ2 and β = sup
q≥qN

χ2.

Note that there exist i ∈ J4 and j ∈ J1 with N ≤ i ≤ j. Fixing such j, assume
without loss of generality that i is maximal. Let a, b, c, d, e, f ∈ R be such that

P(qi) = (a, b, b, c) and P(qj+1) = (d, e, e, f).

Let t ∈ [qi, qi+1] be as in Lemma 1.3.5 for P|[qi,qi+1], i.e. P1 + P2 is constant on [qi, t]
and P3 + P4 is constant on [t, qi+1]. Hence, as k /∈ J4 when i < k ≤ j, it follows that
P4 is constant on [t, qj+1], and so P4(t) = P4(qj+1). Thus, there exists c′ ∈ R such
that

P(t) = (a, b, c′, f).

Assume without loss of generality that the form of P on [qi, qi+1] is canonical, as in
Theorem 1.3.8. The rest of the proof is done by dividing in two cases.

For the first case, suppose that i = j. Figure 2.4.1 gives the combined graph of
P on [qi, qj+1].

Define the quantites

A′ = a+ b; A = b+ c; B′ = d+ e; B = e+ f,

and note that A ≤ B′, and by the definitions of α and β that

α ≤ min{A/A′, B/B′} and β ≥ χ2(t) = B/A′.
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a

b

c
d

e

f

tqi qj+1

Figure 2.4.1: Case i = j

It follows that

α2β−1 ≤ AB

A′B′
· A
′

B
=

A

B′
≤ 1.

For the second case, suppose that i < j. Figure 2.4.2 gives the combined graph
of P on [qi, qj+1]. Since χ2 = (P3 + P4)/(P1 + P2), it follows by the definitions of α
and β that

α2 ≤ f + e

d+ e
· c+ b

a+ b
and β ≥ χ2(t) =

f + c′

a+ b
≥ f + c

a+ b
.

Now, since b ≤ c ≤ d ≤ e ≤ f , it follows that

α2β−1 ≤ f + e

d+ e
· c+ b

a+ b
· a+ b

f + c
=
f + e

d+ e
· c+ b

f + c
≤ f + e

d+ e
· c+ d

f + c
≤ f + d

d+ d
· d+ d

f + d
= 1.

Thus, α2 ≤ β in general. As N can be arbitrarily large, it follows that χ2
2
≤ χ2.

a

b

c

···
d
e

f

tqi qj+1

Figure 2.4.2: Case i < j
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2.5 A Test Case for (ψ2, ψ2) in Dimension n = 5

This section shows that the conjecture holds for a small subclass of those n-systems
which are canonical with respect to the spectrum of (ψ

j
, ψj) as in Theorem 1.3.8.

Consider a 5-system with the switch points

(a, b, b, c, d)→ (a, b, c, d, f)→ (a, c, d, e, f)→ (c, d, d, e, f),

with 0 < a < b < c < d < e < f and with (c, d, d, e, f) = ρ(a, b, b, c, d) for some ρ > 1.
Figure 2.5.1 gives the combined graph of this 5-system.

a
b

c
d

c
d

e
f

Figure 2.5.1

This 5-system generates a self-similar 5-system P depending on the choice of
a, b, c, d, e, f . Note that ρ = c/a, that d, e, f are fixed by any choice of a, b, c, and that
the block is well-defined for any choice of a, b, c with 0 < a < b < c. Hence, write
P(a,b,c) = P, and consider the subset

S ′ = {P(a,b,c) | a, b, c ∈ R with 0 < a < b < c},

of the set of all proper 5-systems. The main result of this section is the following.

Theorem 2.5.1. Let P ∈ S ′, and write α = χ
2
, β = χ2 and g = β/α. We have

1. g2 + 2g ≥ 2α,

2. g3 + g2 + g ≥ α(g + 1).

In particular, P satisfies the regular system conjecture.

Proof: To prove the first result, let a, b, c with 0 < a < b < c be such that

P = P(a,b,c).

By the definition of α, the first switch point of P implies that

α ≤ b+ c+ d

a+ b
=
b/a+ c/a+ (b/a)(c/a)

1 + b/a
.
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By the definition of β, the second switch point of P implies that

β ≥ c+ d+ f

a+ b
=
c/a+ (b/a)(c/a) + (b/a)(c/a)2

1 + b/a
.

Since scaling a, b, c does not change the value of α and β, assume without loss of
generality that a = 1. Hence,1 < b < c, and

α ≤ A =
b+ c+ bc

1 + b
and β ≥ c+ bc+ bc2

1 + b
.

Let g = β/α > 1, and note that

g ≥ G =
c+ bc+ bc2

b+ c+ bc
.

Now, define f(x, y) as the polynomial

(y+xy+xy2)2(1+x)+2(y+xy+xy2)(x+y+xy)(1+x)−2(x+y+xy)(x+y+xy)2,

and note that
G2 + 2G ≥ 2A⇔ f(b, c) ≥ 0.

Now, the polynomial f(b, y) is equal to

(y + by + by2)2(1 + b) + 2(y + by + by2)(b+ y + by)(1 + b)− 2(b+ y + by)(b+ y + by)2

which can be rewritten, following a series of computations, as

(b3 + b2)y4 + 2(b3 + b2 − b− 1)y3 − (b3 + b2 − 3b− 3)y2 − 2(2b3 + b2 − b)y − 2b3.

Since b > 1, then the coefficients of y3 and y4 are positive, while the coefficients
of 1 and y are negative. Hence, Corollary 2.1.7 implies that f(b, y) has a unique
non-negative root y0 in y, and that

sgn(f(b, y)) = sgn(y − y0) (y ≥ 0). (2.5.1)

After another of series of computations, one finds the polynomial

h(x) = f(x, x)/x2 = x5 + 3x4 + x3 − 7x2 − 3x+ 5.

Observe that h(1) = 0, and note that the derivative of h is given by

h′(x) = 5x4 + 12x3 + 3x2 − 14x− 3.

Corollary 2.1.7 yields a unique non-negative root for the polynomial h′(x), say x0,
and that x0 satisfies sgn(h′(x)) = sgn(x − x0) for x ≥ 0. Since h′(1) = 3 > 0, it
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follows that x0 < 1, and so h′(x) > 0 for all x ≥ 1. It follows that h(x) ≥ h(1) = 0 for
all x ≥ 1, and so f(x, x) ≥ 0 for all x ≥ 1. Thus, f(b, b) ≥ 0, and so (2.5.1) implies
that c > b ≥ y0, which in turn implies that f(b, c) > 0, and so G2 + 2G ≥ 2A. Since
g ≥ G and A ≥ α, then

g2 + 2g ≥ G2 + 2G ≥ 2A ≥ 2α,

proving the first result. Now, since g > 1, then the first result yields

g2 ≥ 2(α− g)⇒ g3 ≥ 2g(α− g)⇒ g3 ≥ (g + 1)(α− g).

It follows that
g3 + g(g + 1) ≥ α(g + 1),

proving the second result. Hence, P satisfies the regular system conjecture.



Chapter 3

Existence of Non-Semialgebraic
Spectra

This chapter provides a brief introduction to the theory of semialgebraic geometry,
whose primary objects of study are semialgebraic sets, defined in the following section.
This section also introduces some terminology relevant to the study of such sets, with
a focus on convex polytopes, which are a generalization of convex polyhedra in higher
dimensions. The Tarski-Seidenberg theorem is also stated, and is key in the proof of
the main result in this section.

The main result in this chapter is the existence for each n ≥ 4 of a family of
spectra of n-systems which are not semialgebraic sets. Although not as natural as the
exponents associated to the maps ϕi and ψj, they remain simple to define using certain
linear maps T : Rn → Rn+1. The proof relies on a relatively simple construction
and characterization of systems P with T (P) ⊆ [0,∞)n+1, and uses theorems from
Section 1.4, in particular the Arzèla-Ascoli theorem. This is in contrast to a recent
and remarkable result of Roy in [22] proving that spectra of n-systems are always
semialgebraic sets for n = 2, 3.

3.1 Semialgebraic Geometry

Throughout this section, fix m ∈ N+. For a more thorough exposition of the theory
which follows, the reader can refer to [28], [29] and [3].

Definition 3.1.1. A subset X in Rm is said to be semialgebraic if it can be realized
as a finite combination of intersections, unions and complements of sets which are
defined by systems of polynomial equalities and inequalities with real coefficients.

In this way, semialgebraic sets are related to the problem of determining existence
of a real solution to a system of polynomial equalities and inequalities with real

71
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coefficients. A result in [28] shows that any semialgebraic set can be written as
follows.

Theorem 3.1.2. Let X ⊆ Rm be semialgebraic. There exists k, s1, . . . , sk ∈ N+ and
polynomials Pi(x), Qi,j(x) in R[x1, . . . , xm] such that

X =
k⋃
i=1

{x ∈ Rm |Pi(x) = 0 and Qi,j(x) > 0 for j = 1, . . . , si}.

3.1.1 Tarski-Seidenberg Theorem

The Tarski-Seidenberg theorem is an important theorem in semialgebraic geometry.
It is often stated as follows, though different versions exist (cf. [28], [3].)

Theorem 3.1.3. Let X ⊆ Rm+k be semialgebraic, and let π : Rm+k → Rm be the
projection onto the first m-coordinates. The set π(X) is a semialgebraic set in Rm.

This is a key theorem in the proof that spectra of 3-systems are always semial-
gebraic [22], and is used in this chapter to deduce that a certain family of spectra
consists of sets which are not semialgebraic.

There also exists a version providing an algorithm, as well as a version focused on
systems of polynomial equalities and inequalities allowing quantifiers [3]. However,
neither of these are used in this thesis, and their statements are omitted.

3.1.2 Positive Loci of Rm-Valued Maps

Recall that Rm is partially ordered by the product ordering, i.e. if x = (x1, . . . , xm)
and y = (y1, . . . , ym) are points in Rm, then

x ≤ y⇔ xi ≤ yi for i = 1, . . . ,m.

In particular, x ≥ 0 if and only if xi ≥ 0 for i = 1, . . . ,m. The inequality is said to
be strict, denoted x < y, if x 6= y, i.e. x < y⇔ x ≤ y and x 6= y.

Whereas algebraic geometry can be said to study the zero loci of polynomials,
i.e. the set of zeroes of polynomials, semialgebraic geometry can be said to study the
positive loci of polynomials. In general, consider the following definition.

Definition 3.1.4. The positive locus of a map f : X → Rm is the set P of points
x ∈ X such that f(x) ≥ 0 for each x ∈ P . If the inequality is instead strict, the
resulting set P is instead called the strictly positive locus of f . The negative locus
and strictly negative locus are defined similarly.
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In particular, the positive locus of f is the disjoint union of its zero locus Z and
its strictly positive locus S. It is also worth noting that the zero locus of f is the
intersection of the positive loci P and P̃ of the maps f and −f . In this way,

Z = P ∩ P̃ and S = P\Z = P\P̃ ,

and so zero loci and strictly positive loci can be studied using only positive loci.

3.1.3 Convex Polytopes in Rm

This thesis considers a generalization of convex polyhedra in R3 called convex poly-
topes. Before stating its definition, consider the following proposition and corollary.

Proposition 3.1.5. Let T : Rn → Rm be a linear map, and let x,y ∈ Rn, z ∈ Rm.
If T (x), T (y) ≥ z, then T (λx + (1− λ)y) ≥ z for each λ ∈ [0, 1].

Proof: If λ ∈ [0, 1], then T (λx + (1− λ)y) = λT (x) + (1− λ)T (y) ≥ z.

Corollary 3.1.6. If T : Rn → Rm is a linear map, then its positive locus P is convex.

Definition 3.1.7. A convex polytope in Rm is a non-empty, bounded subset P of Rm

which can be realized as the positive locus of a map L = (L1, . . . , Lk) : Rm → Rk

where each Li is a polynomial of degree 1.

Convex polytopes are indeed convex sets by Proposition 3.1.5. Moreover, the
definition remains equivalent if the maps Li are allowed to be of degree at most 1.
Indeed, if all the maps are constant, then the set of solutions is either Rm, which is
unbounded, or the emptyset. Moreover, adding a constant map Lk+1(x) = c either
gives the emptyset when c < 0, or does not change the set of solutions when c ≥ 0.
This leads to the following observation.

Remark. If A ∈ Matk×m(R) and b ∈ Rk, then the set of solutions x ∈ Rm to the
inequation Ax ≥ b is a convex polytope if and only if it is non-empty and bounded.

Given a linear map T : Rn → Rm, recalling that one can compute for an un-
bounded n-system P the quantity ϕ

T
(P) as being equal to inf T (K(P)), the following

definition will prove useful.

Definition 3.1.8. If f : X → Y and F : Y → Rm are maps such that f(X) is
contained in the positive locus of F , then f is said to be positively oriented by F .
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In other words, f is positively oriented by F if and only if F (f(x)) ⊆ [0,∞)n.
For example, in light of Corollary 1.2.29, the bounded set K(P) for a self-similar
n-system P is the convex hull of finitely many points. Hence, linear algebra can be
used to determine a linear map T : Rn → Rm such that K(P) is the positive locus of
T , and so P is positively oriented by T by self-similarity. Conversely, if an unbounded
n-system P is positively oriented by some linear map T : Rn → Rm, then K(P) is
contained in the positive locus of T by continuity.

3.2 A Family of Non-Semialgebraic Spectra

Throughout the remainder of this chapter, fix an integer n ≥ 4, fix α ∈ (1,∞), and
define the linear map T = (T0, T1, . . . , Tn) : Rn → Rn+1 by

T0(x) = x1; T1(x) = xn − αn−2x1; Tn(x) = xn − αn−3x2,

and by
Tj(x) = αxj − xj+1 (j = 2, . . . , n− 1).

The goal of this section is to prove the following theorem.

Theorem 3.2.1. The spectrum of ϕ
T

is not a semialgebraic set.

Its proof relies on several results, among which the following lemma is key.

Lemma 3.2.2. Let P : I → Rn be a map with Pn > 0 and positively oriented by T .
Suppose for some q ∈ I and j ∈ {1, . . . , n− 1} that Pj(q) = Pj+1(q). It follows that

Pi+1(q) = αPi(q) for each i ∈ {2, . . . , n− 1}\{j}.

In particular, if k is such that Pj(q) = Pj+1(q) and Pk(q) = Pk+1(q), then k = j.

Proof: If j = 1, then P1(q) = P2(q), and the hypothesis yields

αn−2P1(q) = αn−2P2(q) ≥ αn−3P3(q) ≥ · · · ≥ Pn(q) ≥ αn−2P1(q),

which implies equality throughout. If j ≥ 2, then Pj(q) = Pj+1(q), and so

αn−3P2(q) ≥ · · · ≥ αn−j−1Pj(q) = αn−j−1Pj+1(q) ≥ · · · ≥ Pn(q) ≥ αn−3P2(q),

which implies equality throughout. The second claim follows automatically.

In particular, Lemma 3.2.2 applies to n-systems P as well as prototypes P, since
these always have Pn > 0. Moreover, Lemma 3.2.2 can be interpreted as follows.
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Corollary 3.2.3. With the notation and hypotheses of Lemma 3.2.2, it follows that{
P(q) = (c, c, cα, . . . , cαn−2) if j = 1;

P(q) = (d, e, . . . , eαj−2, eαj−2, . . . , eαn−3) if j ≥ 2,
(3.2.1)

for some c, d, e > 0. In particular, e ≥ αd.

Proof: This first claim follows automatically from Lemma 3.2.2. To conclude that
e ≥ αd, note that T1(P(q)) = eαn−3 − αn−2d ≥ 0 when j ≥ 2.

The following notation will be useful.

Definition 3.2.4. For each x ∈ Rn, define the quantity |x| to be the 1-norm of x,
i.e. |x| = |x1|+ · · ·+ |xn|. If x is also non-zero, then define the quantity x̄ = x/|x|.

In particular, this notation is consistent with the absolute value notation in the
case where n = 1. Moreover, recalling the notation

∆n = {x ∈ Rn | 0 ≤ x1 ≤ · · · ≤ xn} and Σn = {x ∈ Rn |x1 + · · ·+ xn = 1},

it follows that if x ∈ ∆n, then |x| = x1 + · · · + xn, and x̄ ∈ ∆n ∩ Σn when x 6= 0.
Thus, if P : I → Rn is an n-system, then properties (S1) and (S2) imply for each
q ∈ I that |P(q)| = q and ϕ(q; P) = P(q) ∈ ∆n ∩ Σn, as min I > 0. In view of this,
define the set

∆̄n = ∆n ∩ Σn,

and define for each j ∈ {1, . . . , n− 1} the sets

∆̄j = ∆̄n
j = ∆n

j ∩ Σn,

recalling that
∆j = ∆n

j = {x ∈ ∆n |xj = xj+1}.

3.2.1 Preliminary Results

The following lemmas and corollaries will prove useful in the main construction.

Lemma 3.2.5. Let P : I → Rn be an n-system, let r, s ∈ I with r < s, and let
k, l ∈ {1, . . . , n}. If k ∈ type(r, s) and l /∈ type(r, s), then

Pk(r)

Pl(r)
<
Pk(s)

Pl(s)
,
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Proof: Since Pk is monotone, it follows that Pk(r) < Pk(s), while Pl(r) = Pl(s).

Lemma 3.2.6. Let P : I → Rn be a non-degenerate n-system, and let r, s ∈ I be
transition numbers with r < s such that there are no transition numbers in (r, s). If
i, j are such that P(r) ∈ ∆i and P(s) ∈ ∆j, then the following statements hold:

1. min type(r, s) = j and max type(r, s) = i+ 1.

2. If j > i, then j = i+ 1 and P(s) = P(r) + (Pi+2(r)− Pi+1(r))ej.

3. There exists t0, . . . , tn ∈ [r, s] with r = tn ≤ · · · ≤ t0 = s such that

P ′k(q) = 1⇔ q ∈ (tk, tk−1)

for k = 1, . . . , n.

Proof: Since there are no transition numbers in (r, s), the non-degeneracy of P
and Theorem 1.3.4 imply the first result. The second result follows from the first.
Now, if q ∈ (r, s) with P ′k(q

−) = 1 = P ′l (q
+), then k ≥ l, since there are no transition

numbers in (r, s), from which the third result follows.

Corollary 3.2.7. Under the hypotheses of Lemma 3.2.6, the following hold:

1. If i+ 1 < n, then Pi+2(s)/Pk(s) < Pi+2(r)/Pk(r) for k = j, i+ 1.

2. If j > 1, then Pk(r)/Pj−1(r) < Pk(s)/Pj−1(s) for k = j, i+ 1.

Proof: Both statements follow automatically by Lemmas 3.2.5 and 3.2.6.

The following proposition will be useful in the proof of non-semialgebraicity.

Proposition 3.2.8. Let P : I → Rn be an unbounded and non-degenerate n-system,
let i ∈ {1, . . . , n−1}, and let Ti be the set of transition numbers q such that P(q) ∈ ∆i.
Suppose that Pi is unbounded and that there exists δ > 0 such that ϕ

i
(P) ≥ δ. There

exists B > 1 such that Ti ∩ (q, Bq] 6= ∅ for each q ∈ Ti.

Proof: Note by Theorem 1.2.16 that supTi =∞. Now, let A ∈ I be such that

q−1Pi(q) = ϕi(q; P) > δ/2

for all q ≥ A, and let r, s be successive numbers in Ti with A < r < s. Lemma 1.3.5
implies that there exists t ∈ (r, s) such that P1 + · · · + Pi has slope 0 on (r, t) and
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slope 1 on (t, s). Hence, Pi(r) = Pi(t) and Pi+1(t) = Pi+1(s). Proposition 1.4.9 yields
Pi+1(t)− Pi+1(r) ≤ t− r, and so s−1Pi(s) > δ/2 implies

(δ/2)s < Pi(s) = Pi+1(s) = Pi+1(t) ≤ Pi+1(r) + t− r = Pi(r) + t− r,

Since Pi(r) = Pi(t) > (δ/2)t, it follows that t < (2/δ)Pi(r), and so

s <
2

δ

((
1 +

2

δ

)
Pi(r)− r

)
<

2

δ

((
1 +

2

δ

)
r − r

)
<

4

δ2
r.

It follows that 4/δ2 > 1, and that if B = 4A/δ2, then the claim holds for each q ∈ Ti
with q > A. Hence, B = (4A/δ2)(A/ inf I) satisfies the claim holds for each q ∈ Ti.

3.2.2 Main Construction

This subsection provides a construction for each k ∈ N+ of an n-system P(k) which
is positively oriented by a certain linear map T (k), and it is shown that P(1), . . . ,P(k)

are in some sense the only n-systems which are positively oriented by T (k).
Recall that α has been fixed in (1,∞). Define

α0 = (1, 1, α, . . . , αn−2) ∈ ∆1,

a = |α0| = 2 + α + · · ·+ αn−2, and bk = αka,

and define the points

αk,2 = (1, αk, αk, αk+1, . . . , αk+n−3) ∈ ∆2,

αk,3 = (1, αk, αk+1, αk+1, αk+2, . . . , αk+n−3) ∈ ∆3,

...

αk,n−1 = (1, αk, . . . , αk+n−4, αk+n−3, αk+n−3) ∈ ∆n−1,

αk,n = (1, αk, . . . , αk+n−2) ∈ ∆n,

for each k ∈ N+. Writing βl = αl,2, . . . , αl,n for l ∈ N+, Theorem 1.2.22 implies that

α0, β1, . . . , βk, α
kα0

provides the division points for an n-system P(k) : [a, bk] → Rn. Moreover, as each
successive division point changes value in exactly one coordinate, then these are the
only division points, and so the map P(k) is determined uniquely by this sequence.

Define for each k ∈ N+ the linear map T
(k)
0 : Rn → R by

T
(k)
0 (x) = αkx1 − x2,
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and the linear map T (k) = (T
(k)
0 , T1, . . . , Tn) : Rn → Rn+1, recalling that

T1(x) = xn − αn−2x1; Tn(x) = xn − αn−3x2,

and
Tj(x) = αxj − xj+1 (j = 2, . . . , n− 1).

The following proposition will be useful in computing part of the spectra of ϕ
T

.

Proposition 3.2.9. Let k ∈ N+. It follows that ϕ
T

(P(k)) = (yk, 0, . . . , 0), where

yk =
1

1 + αk(1 + α + · · ·+ αn−2)
> 0,

Moreover, for each m ∈ N+ with m ≤ k, it follows that

ϕ
T (k)(P

(m)) ≥ 0,

with equality if and only if m = k. In particular, P(m) is positively oriented by T (k).

Proof: By Proposition 3.1.5, it suffices to consider the division points of P(k). It
is straightforward to check that each division point of P(m) is in the positive locus of
T and in the positive locus of T

(k)
0 for each m ∈ N+ with m ≤ k. Moreover, one finds

that Tj(α0) = 0 for j = 1, . . . , n − 1 and that Tn(α1,2) = 0. Letting u ∈ [a, bk] be
such that P(k)(u) = αk,n, the construction of P(k) implies that P ′1 = 0 on (a, u) and
P ′1 = 1 on (u, bk). Hence, yk = ᾱk,n is the global minimum of ϕ1(u; P(m)), completing

the proof of the first claim. Observe that T
(k)
0 (αk,n) = 0, and that each division point

of P(m) is in the strictly positive locus of T
(k)
0 for each m ∈ N+ with m ≤ k.

This result is key in the proof that the spectrum ST of ϕ
T

is not semi-algebraic,

as it will be shown that ST intersected by {(y,y) ∈ Rn+1 | y > 0,y ≥ 0n} is exactly
the set {(yk,0n) | k ∈ N}. Since this set is easily shown to be not semialgebraic, it
will follow that ST is not semialgebraic as well.

3.2.3 Characterization for the Main Construction

Throughout this subsection, let α and a be as in subsection 3.2.2, and fix b > a and
a non-degenerate n-system P : [a, b]→ Rn such that

P(q) ∈ ∆1 ⇐⇒ q ∈ {a, b}.

Suppose that P is positively oriented by T (k) for some fixed k ∈ N+. The following
theorem fully characterizes such n-systems P, and is proven after the next lemmas.
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Theorem 3.2.10. With the above notation, P = P(m) for some m ∈ {1, . . . , k}.

For the following two lemmas, let r, s ∈ [a, b] be transition numbers of P with
r < s such that there are no transition numbers in (r, s), and let i, j ∈ {1, . . . , n− 1}
be such that P(r) ∈ ∆i and P(s) ∈ ∆j.

Note that j = i+ 1 if and only if there are no switch numbers in (r, s).

Lemma 3.2.11. If i < n− 1, then j = i+ 1.

Proof: Suppose that j 6= i + 1, and so Lemma 3.2.6 implies that j < i + 1, from
which Lemma 3.2.2 yields Pi+2(q) = αPi+1(q) for each q ∈ {r, s}. Since i + 1 < n
Corollary 3.2.7 implies

α =
Pi+2(s)

Pi+1(s)
<
Pi+2(r)

Pi+1(r)
= α,

which is a contradiction.

Lemma 3.2.12. If i = n−1, then j ∈ {1, 2}, and there is exactly one switch number
t in (r, s). Further, (P2(t), P2(t), . . . , Pn(t)) is proportional to α0.

Proof: Note that j ≤ n−1 = i, and suppose that j ≥ 3, from which Lemma 3.2.2
yields Pj(q) = αPj−1(q) for each q ∈ {r, s}. Since j > 1, Corollary 3.2.7 yields

α =
Pj(r)

Pj−1(r)
<

Pj(s)

Pj−1(s)
= α,

which is a contradiction, and so j ≤ 2. Now, let t0, . . . , tn ∈ [r, s] as in Lemma 3.2.6.
Since P is non-degenerate, P ′n(r+) = P ′i+1(r

+) = 1 and P ′j(s
−) = 1, which implies

r = tn < tn−1 and tj < tj−1 = s.

Thus, tn−1 and tj are switch numbers, possibly the same, and there are no switch
numbers in (r, tn−1) ∪ (tj, s). Hence, it remains to show that t = tn−1 = tj and that
(P2(t), P2(t), . . . , Pn(t)) is proportional to α0 = (1, 1, α, . . . , αn−2).

Suppose that tn−1 < t2, and so there exists k ∈ {3, . . . , n−1} such that tk < tk−1.
Since Pk is constant on [r, tk] and Pk−1 is constant on [r, tk−1], Lemma 3.2.2 yields

Pk(tk−1) > Pk(tk) = Pk(r) = αPk−1(r) = αPk−1(tk−1). (3.2.2)

Since P is positively oriented by Tk−1(x) = αxk−1−xk, then αPk−1(tk−1) ≥ Pk(tk−1),
which contradicts (3.2.2), and so tn−1 = t2. Hence, P3, . . . , Pn−1 are constant on [r, s].

Now, since j ≤ 2 < n− 1, Corollary 3.2.3 yields Pn(s) = αPn−1(s) and

P(r) = (c, d, . . . , dαn−3, dαn−3) ∈ ∆n−1,



3. EXISTENCE OF NON-SEMIALGEBRAIC SPECTRA 80

for some c, d with 0 < c < d. Since Pn is constant on [tn−1, s], Lemma 3.2.2 yields

Pn(tn−1) = Pn(s) = αPn−1(s) = αPn−1(r),

and so
P(tn−1) = (c, d, . . . , dαn−3, dαn−2).

Letting t = tn−1, it follows that (P2(t), P2(t), . . . , Pn(t)) is proportional to α0.
Now, if j = 2, then tn−1 = t2 implies that t is the only switch number in (r, s),

completing the proof. On the other hand, if j = 1, then

P(s) = (P2(t1), P2(t1), dα, . . . , dα
n−2).

Corollary 3.2.3 implies that P(s) is proportional to α0, and so P2(s) = d = P2(r).
Hence, t2 = t1, and so t is the only switch number in (r, s).

Theorem 3.2.10 can now be proven using Lemmas 3.2.11 and 3.2.12.

Proof: (Proof of Theorem 3.2.10)
Lemma 3.2.2 implies that P(a) = α0, and so Lemma 3.2.11 implies that α1,2 is the
following division point of P.

Now, if αm,2 is a division point of P for some m ∈ N, then a simple recurrence
argument shows that αm,3, . . . , αm,n−1 are the following division points. If αm,n−1 is
a division point of P, then Lemma 3.2.12 implies that αm,n is the following division
point, and that either αm+1,2 or αmα0 is the division point following αm,n.

Therefore, writing βl = αl,2, . . . , αl,n for l ∈ N+, the sequence of division points
of P is given by

α0, β1, . . . , βm, α
mα0

for some m ∈ N+, and so P = P(m). Letting u ∈ [a, b] be such that P(u) = αm,n, and

recalling that P is positively oriented by T
(k)
0 , it follows that

αmP1(u) = P2(u) ≤ αkP1(u),

which implies that m ≤ k.

3.2.4 Main Result

Let ST denote the spectrum of ϕ
T

, noting that ST ⊆ Rn+1, and define the set

A = {(a, a) ∈ ST | a > 0, a ≥ 0n}.
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Proposition 3.2.13. The set {(ym,0n) |m ∈ N+} is contained in A.

Proof: Observe for each m ∈ N+ that P(m) generates a self-similar n-system
P : [a,∞) → Rn, which is proper as P

(m)
1 > 0. Proposition 1.2.28 and 3.2.9 imply

that ϕ
T

(P) = ϕ
T

(P(m)) = (ym,0n).

The following lemma will be useful in showing that ST is not semialgebraic.

Lemma 3.2.14. Suppose that R : I → Rn is a prototype with R(sup I) ∈ ∆1, which
is positively oriented by T . Then R is a non-degenerate n-system.

Proof: Corollary 3.2.3 yields that R is plain, i.e. if R(q) ∈ ∆i∩∆j for some q ∈ I
and some i, j ∈ {1, . . . , n− 1}, then i = j. Let r, s be distinct points in I with r < s,
and suppose that there exists j ∈ {1, . . . , n− 1} such that R(r),R(s) ∈ ∆j.

Consider two cases: If j = 1, then Corollary 3.2.3 shows that R(r) and R(s) are
proportional, which implies that Rl(r) < Rl(s) for l = 1, . . . , n. Now, if j > 1, then
Corollary 3.2.3 implies that either Rl(r) < Rl(s) for l = 2, . . . , n or that Rl(r) = Rl(s)
for l = 2, . . . , n. To prove that Rl(r) < Rl(s) for l = 2, . . . , n, suppose otherwise.
Hence, Rl(r) = Rl(s) for l = 2, . . . , n, and so R′1 = 1 on (r, s). Since R(sup I) ∈ ∆1,
there exists a minimal t ∈ I with t > s such that R(t) ∈ ∆1. It follows that
R1 < R2 on [s, t). Now, if R1(q) = R2(q) for some q ∈ (r, s), then R′1(q) = 1 implies
that R2 < R1 on (q, s], which is a contradiction. Thus, R1 < R2 on (r, t). Since
R′1(r

+) = 1, Lemma 1.4.15 implies that Rl(r) = Rl(t) for l = 2, . . . , n. It follows
that R(t) ∈ ∆1 ∩ ∆j, which is a contradiction as j > 1 and R is plain. Therefore,
Rl(r) < Rl(s) for l = 2, . . . , n.

In both cases, Rl(r) 6= Rl(s) for l = 2, . . . , n. Thus, as n ≥ 4, Theorem 1.4.17
implies that R is an n-system, and Theorem 1.4.18 implies that R is non-degenerate.

That ST is not semialgebraic is a consequence of the following theorem.

Theorem 3.2.15. The set A is not semialgebraic. Indeed, A = {(ym,0n) |m ∈ N+}.

Proof: Let y ∈ A, and so y = (y,y′) for some y > 0 and for some y′ ∈ Rn with
y′ ≥ 0n. Since y ∈ ST , there exists a proper, non-degenerate n-system P : I → Rn

with
ϕ
T

(P) = y ≥ 0.

As P is proper and non-degenerate, Theorem 1.2.16 implies that there exists an
increasing sequence (di)i∈N satisfying P(di) ∈ ∆1. Moreover, since ϕ

1
(P) = y > 0,

Proposition 3.2.8 yields B > 1 such that di+1 ≤ Bdi, for each i ∈ N. Define for each
i ∈ N the n-system R(i) : [1, B]→ Rn by

R(i)(q) = d−1i P(diq) (q ∈ [1, B]).
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Lemma 1.3.5 yields ti ∈ (di, di+1) such that P ′1 = 0 on (di, ti) and P ′1 = 1 on (ti, di+1).
Since ti → ∞ and the local minima of ϕ1(q; P) occur only at those points q = ti,
there exists a subsequence (dij)j∈N such that t−1ij P1(tij) → ϕ

1
(P) = y. By applying

the Bolzano-Weierstrass theorem twice, there exists a subsequence of this subsequence
such that tij′d

−1
ij′
→ t and dij′+1d

−1
ij′
→ d as j′ → ∞, for some t, d ∈ [1, B]. By the

Arzelà-Ascoli theorem, there exists a subsequence of R(ij′ )|[1,d] converging uniformly
to some prototype R : [1, d]→ Rn. This prototype satisfies

t−1R1(t) = lim
j′→∞

t−1ij′ dij′R
(ij′ )

1 (tij′d
−1
ij′

) = lim
j→∞

t−1ij P1(tij) = y,

while similar limit arguments show that R1(d) = R2(d), and that R1 is constant
on [1, t] and has slope 1 on [t, d]. Moreover, the continuity of T implies that R is
positively oriented by T , as R([1, d]) ⊆ F(P) and ϕ

T
(P) ≥ 0. Hence, Lemma 3.2.14

implies that R is a non-degenerate n-system. Hence, since R(1),R(d) ∈ ∆1 and since
R′1 = 0 on (1, t) and R′1 = 1 on (t, d), then

R(q) ∈ ∆1 ⇔ q ∈ {1, d}.

Now, since (ym)m≥1 is a sequence tending to 0, there exists j ∈ N+ such that
y ≥ yj. It follows that R is positively oriented by T (j), and so Theorem 3.2.10 yields
m ≤ j such that a ·R = P(m), recalling that a = |α0|. Thus,

y = t−1R1(t) = ϕ
1
(R) = ϕ

1
(P(m)) = ym.

This shows that
A = {(yi,0n) | i ∈ N+}.

If A is semialgebraic, then by the Tarski-Seidenberg theorem, its projection

B = {yi ∈ R | i ∈ N+}

on the first coordinate is semialgebraic. By Theorem 3.1.2, a semialgebraic subset of
R is a finite union of points and intervals. This is a contradiction since B is an infinite
discrete set. Thus, A is not semialgebraic.

Hence, Theorem 3.2.1 is proven by the following reformulation.

Corollary 3.2.16. The set ST is not semialgebraic.

Proof: Suppose that ST is semialgebraic. Then the set A is the intersection of
two semialgebraic sets. Hence, A is semialgebraic, contradicting Theorem 3.2.15.



Chapter 4

Spectra which Are Stable under
the Minimum

A set S in Rm is said to be stable under the minimum if min{x,y} ∈ S for each
x,y ∈ S, where the minimum is taken with respect to the product ordering on Rm.
A result by Roy in [22] shows that spectra of n-systems are stable under the minimum
for n = 2, 3. This is not true in general for n = 4, as we will prove in the next chapter.
Nevertheless, in this chapter we give a condition on linear maps T : R4 → Rm under
which the spectrum of ϕ

T
is stable under the minimum.

4.1 Main Result

Define the point

E1 =
(1, 1, 1, 1)

4
∈ ∆̄4.

The main result of this chapter is the following theorem.

Theorem 4.1.1. Let T = (T1, . . . , Tm) : R4 → Rm be a linear map such that

Ti(x) ≤ Ti(E1) (i = 1, . . . ,m)

for each x ∈ ∆̄4. The spectrum of ϕ
T

is stable under the minimum.

This is proven by using the next two theorems, both of which are proven later
in this chapter.

Theorem 4.1.2. If P is a proper 4-system, then there exists a proper 4-system R
such that K(R) is the convex hull of F(P) ∪ {E1}.

Theorem 4.1.3. Let S and T be proper 4-systems with E1 ∈ K(S) ∩ K(T). There
exists a proper 4-system R with F(R) = F(S) ∪ F(T).

83
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Taking these results for granted, the main result can be proven as follows.

Proof: (Theorem 4.1.1)
For each proper 4-system P, Theorem 4.1.2 yields a proper 4-system P̃ such that
K(P̃) is the convex hull of F(P) ∪ {E1}. Since

ϕ
Ti

(P) = inf Ti(F(P)) ≤ Ti(E1) (i = 1, . . . ,m),

it follows that

ϕ
T

(P̃) = inf T (K(P̃)) = inf T (F(P) ∪ {E1}) = min{ϕ
T

(P), T (E1)} = ϕ
T

(P).

Now, for i = 1, 2, let x(i) be contained in the spectrum of ϕ
T

, and so there exists

a proper 4-system P(i) with x(i) = ϕ
T

(P(i)). Since E1 ∈ K(P̃(1)) ∩ K(P̃(2)), then
Theorem 4.1.3 yields a proper 4-system R such that K(R) is the convex hull of the
set F(P̃(1)) ∪ F(P̃(2)). Therefore,

ϕ
T

(R) = inf T (F(P̃(1)) ∪ F(P̃(2))) = min{ϕ
T

(P(1)), ϕ
T

(P(2))} = min{x(1),x(2)},

and so min{x(1),x(2)} is contained in the spectrum of ϕ
T

.

The spectrum of (ψ
1
, . . . , ψ

n−1) for the dimension n was determined by Roy in

[21]. The fact that it is stable under the minimum for the dimension n = 4 can be
seen as a consequence of Theorem 4.1.1, as in the following corollary.

Corollary 4.1.4. The spectrum of (ψ
1
, ψ

2
, ψ

3
) in dimension n = 4 is stable under

the minimum.

Proof: Let T = (T1, T2, T3) : R4 → R3 be the linear map defined by

T1(x) = x1, T2(x) = x1 + x2, and T3(x) = x1 + x2 + x3,

so that the spectrum of (ψ
1
, ψ

2
, ψ

3
) is the spectrum of ϕ

T
. Now, let x ∈ ∆̄4. Since

x1 + x2 + x3 + x4 = 1 and 0 ≤ x1 ≤ x2 ≤ x3 ≤ x4,

then
T1(x) ≤ 1/4, T2(x) ≤ 1/2, and T3(x) = 3/4.

It follows that

T (x) ≤ (1/4, 1/2, 3/4) = T (1/4, 1/4, 1/4, 1/4) = T (E1).

Theorem 4.1.1 implies that ϕ
T

is stable under the minimum.
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4.2 Proof of Theorem 4.1.3

The following notation and results are used to prove Theorem 4.1.3. Define

En
1 =

e1 + · · ·+ en
n

∈ ∆̄n.

Definition 4.2.1. For each unbounded n-system P, the set F(P, ei) is the set of
limits of sequences (q−1i P(qi))i∈N such that (qi)i∈N is unbounded and such that either
P′(q−i ) = ei or P′(q+i ) = ei for each i ∈ N.

Lemma 4.2.2. Let P be an n-system with En
1 ∈ F(P). It follows that En

1 ∈ F(P, e1).

Proof: Since En
1 ∈ F(P), there exists an unbounded sequence (qi)i∈N such that

q−1i P(qi) → En
1 as i → ∞. For each i ∈ N, let ri ≤ qi be maximal such that

P ′1(r
−
i ) = 1, and so P1(ri) = P1(qi). Since r−1i P1(ri) ≥ q−1i P1(qi) for each i ∈ N, then

lim inf
i→∞

r−1i P1(ri) ≥ 1/n.

Since r−1i P(ri) ∈ ∆̄n, then r−1i P1(ri) ≤ 1/n for each i ∈ N, and so

lim
i→∞

r−1i P1(ri) = 1/n.

Since En
1 is the only point in ∆̄n whose first coordinate is 1/n, and since ∆̄n is com-

pact, it follows that r−1i P(ri)→ En
1 . Hence, En

1 ∈ F(P, e1).

The next two theorems are special cases of results due to Roy [20, Theorem 1.3],
[22, Corollary 8.3].

Theorem 4.2.3. Let P be an unbounded n-system. There exists an unbounded n-
system R whose division points lie in Nn such that ‖R−P‖ = O(1).

Theorem 4.2.4. Let S and T be n-systems whose division points lie in Nn. Suppose
that F(S, e1) ∩ F(T, e1) is not empty. Then, there exists a proper n-system R such
that F(R) = F(S) ∪ F(T).

Theorem 4.1.3 is the special case of the following corollary for n = 4.

Corollary 4.2.5. Let S and T be proper n-systems with En
1 ∈ K(S) ∩ K(T). There

exists a proper n-system R with F(R) = F(S) ∪ F(T).

Proof: First suppose that the division points of S and T lie in Nn. Since En
1 is

an extreme point of ∆̄n, it follows that En
1 is an extreme point of K(S) and K(T).

Thus, En
1 ∈ F(S) ∩ F(T), and so Lemma 4.2.2 implies that

En
1 ∈ F(S, e1) ∩ F(T, e1).
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Theorem 4.2.4 provides the desired n-system R. In general, Theorem 4.2.3 implies
that S and T can be replaced by n-systems S̃ and T̃ with division points in Nn such
that F(S) = F(S̃) and F(T) = F(T̃). The above argument provides an n-system R
with F(R) = F(S̃) ∪ F(T̃) = F(S) ∪ F(T).

4.3 Limits of Sets

This section introduces the notion of limits of sets in Rn, and establishes a funda-
mental property for such limits. This notion is key in proving Theorem 4.1.2.

Definition 4.3.1. For non-empty bounded subsets A,B ⊆ Rn, define the distance
d(A,B) between A and B as the infimum of real numbers ε ≥ 0 such that

A ⊆ B + [−ε, ε]n and B ⊆ A+ [−ε, ε]n.

The function d satisfies the triangle inequality, and d(A,B) = 0 implies that
A = B when A and B are closed. Hence, the set of all non-empty compact subsets of
Rn together with d form a metric space. Moreover, if A,B,C are non-empty compact
subsets of Rn, then

d(A ∪ C,B ∪ C) ≤ d(A,B) and d(KA, KB) ≤ d(A,B),

where KA and KB are the convex hulls of A and B, respectively.

Definition 4.3.2. Consider a sequence (Ai)i∈N of non-empty subsets of Rn. Its inner
limit is the set of points x ∈ Rn which are limits of sequences (xi)i∈N with xi ∈ Ai
for each i ∈ N, and its outer limit is the set of points x ∈ Rn which are limits of
subsequences of such sequences. This inner limit and outer limit are respectively
denoted

lim inf
i→∞

Ai and lim sup
i→∞

Ai.

In particular, the inner limit of a sequence is contained in the outer limit.

Proposition 4.3.3. Let (Ai)i∈N be a sequence of non-empty compact sets in Rn, and
suppose that it converges to some compact subset A of Rn. It follows that

lim inf
i→∞

Ai = A = lim sup
i→∞

Ai.

Proof: Let εi = d(Ai, A) for each i ∈ N, and so εi → 0 as i→∞. Let a ∈ A, and
note that there exists ai ∈ Ai with a− ai ∈ [−εi, εi]n, for each i ∈ N. Hence, ai → a
as i→∞, and so a ∈ lim infi→∞Ai. Now, let a ∈ lim supi→∞Ai, and so there exists a
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sequence (ai)i∈N such that ai ∈ Ai for each i ∈ N, and that has a subsequence (aij)j∈N
converging to a. For each j ∈ N, there exists bj ∈ A with aij−bj ∈ [−εij , εij ]n. Hence,
bj → a as j →∞, and so a ∈ A, since A is closed. Therefore,

A ⊆ lim inf
i→∞

Ai and lim sup
i→∞

Ai ⊆ A,

and so both inclusions are equalities.

4.4 Main Construction

The main goal of this section is to show that for any proper 4-system P, there exists
a proper 4-system R such that K(R) is the convex hull of F(P) ∪ {E1}. The result
is first proven for the case when P is self-similar, and then for the general case.

Recall that ∆̄n = ∆n ∩ Σn, where

∆n = {x ∈ Rn | 0 ≤ x1 ≤ x2 ≤ · · · ≤ xn} and Σn = {x ∈ Rn |x1 + · · ·+ xn = 1},

and recall that ∆̄i = ∆̄n
i = ∆n

i ∩ Σn, where

∆i = ∆n
i = ∆n ∩ {x ∈ Rn |xi = xi+1},

for each i = 1, . . . , n− 1.
Also recall that |x| = x1 + · · ·+ xn and x̄ = x/|x| for each non-zero x ∈ ∆n, and

define a map π : ∆n\{0} → ∆̄n by

π(x) = x̄ (x ∈ ∆n\{0}).

Definition 4.4.1. An n-system P is said to project in a set S ⊆ ∆̄n if π(P) ⊆ S.

The following proposition due to Roy [22, Proposition 3.4] is key in what follows.

Proposition 4.4.2. Let ν : R+ → R+ be a strictly increasing function, and define

ν(x1, . . . , xn) = (ν(x1), . . . , ν(xn)) (x1, . . . , xn ∈ R+).

Let P : I → Rn be an n-system, and let q1, . . . , qm ∈ I be finitely many consecutive
division numbers of P. The sequence ν(P(q1)), . . . , ν(P(qm)) is the ordered sequence
of division points of some n-system R : J → Rn.
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4.4.1 Self-Similar Case

Let P : I → R4 be a self-similar, non-degenerate, proper 4-system with period ρ > 1,
and let K be the convex hull of F = F(P)∪{E1}. The goal is to prove the existence
of a proper 4-system R with K(R) = K.

Since P is proper and non-degenerate, there exist division numbers r, s ∈ I with
r < s such that P1, P4 are constant on [r, s] and such that P ′1(r

−) = 1 = P ′4(s
+). In

particular, it follows that

P(r) ∈ ∆1 and P(s) ∈ ∆3.

Let (qi)i∈N be the ordered sequence of division numbers of P on [r,∞), with q0 = r.
Let t be the index such that s = qt+1. Also let

Ai = P(qi) (i ∈ N),

noting that P(r) = A0 and P(s) = At+1. Further, let m ∈ N+ be such that qm = ρq0.
Thus, qNm+i = ρNqi for each i, N ∈ N.

Since P is non-degenerate, the hypotheses on r, s imply that

A0 = (x, x, y, w), A1 = (x, y, y, w), At = (x, z, z, w), At+1 = (x, z, w, w),

for some x, y, z, w ∈ R with 0 < x < y ≤ z < w. Define the point

E = (w,w,w,w),

noting that π(E) = E1.
Now, for each λ ∈ [0, 1], define

aλ = λa+ (1− λ)w (∀a ∈ R),

and
Aλ = (aλ1 , a

λ
2 , a

λ
3 , a

λ
n) = λA+ (1− λ)E (∀A = (a1, a2, a3, a4) ∈ R4).

Observe for each A ∈ ∆4 and λ, µ ∈ [0, 1] that

(Aλ)µ = (λA+ (1− λ)E)µ = µ(λA+ (1− λ)E) + (1− µ)E = Aλµ,

and that if π(A) ∈ F(P), then π(Aλ) is in the convex hull K of F(P) ∪ {E1}.
Moreover, if λ > 0, then the map a 7→ aλ is strictly increasing. Thus, if B1, . . . , Bk

is the ordered sequence of division points of some n-system, then Proposition 4.4.2
yields for each λ > 0 that Bλ

1 , . . . , B
λ
k is the ordered sequence of division points of

another n-system. The idea of the proof is to use this transformation to construct an
n-system R such that

F(P) ∪ {E1} ⊆ F(R) ⊆ K,
where K is the convex hull of F(P) ∪ {E1}.
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4.4.2 Approaching the Point E1

Since z ∈ (x,w), there exists l ∈ (0, 1) such that z = lx+(1−l)w. Let u = ly+(1−l)w,
noting that x < y < w implies that u ∈ (z, w). Now, define

B = (x, z, u, w),

and note that
Al0 = (z, z, u, w) = B + (z − x)e1.

Since u ∈ (z, w), it follows that B is a convex combination of At and At+1, and so
π(B) ∈ K(P). Hence, the sequence

(A0, A1, . . . , At, B,A
l
0)

is the ordered sequence of division points for some non-degenerate 4-system P̃ which
projects in K. Figure 4.4.1 gives the combined graph of P̃.

x

y

w

·· ·
z

u

w

BAtA0 A1 Al0

Figure 4.4.1: Combined Graph of P̃

Proposition 4.4.2 yields for each λ > 0 that

(Aλ0 , A
λ
1 , . . . , A

λ
t , B

λ, Alλ0 )

is the ordered sequence of division points for some non-degenerate 4-system P̃(λ) which
also projects in K. Thus, as A0 ∈ ∆1, the sequence (P̃, P̃(l), . . . , P̃(lN−1)) connects to
form an n-system for each N ∈ N+, and the ordered sequence of division points of
this n-system is(

A0, . . . , At, B,A
l
0, . . . , A

l
t, B

l, . . . , Al
N−1

0 , . . . , Al
N−1

t , BlN−1

, Al
N

0

)
.

Proposition 4.4.2 yields for each N ∈ N+ and each λ > 0 that

Aλ
N =

(
Aλ0 , . . . , A

λ
t , B

λ, Alλ0 , . . . , A
lλ
t , B

lλ, . . . , Al
N−1λ
0 , . . . , Al

N−1λ
t , BlN−1λ, Al

Nλ
0

)
,
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is the ordered sequence of division points of some n-system.
Now, note for each λ ∈ (0, 1] that lNλ→ 0 as N →∞. It follows that

lim
N→∞

Al
Nλ
0 = E,

and so the n-systems obtained from AλN take values approaching E as N →∞.

4.4.3 Approaching the Set F(P)

For each i, N ∈ N and each λ ∈ [0, 1], observe that there exist cN(λ), eN(λ) such that

AλNm+i = (ρNAi)
λ = λρNAi + (1− λ)E = cN(λ)A

eN (λ)
i .

Indeed, a simple computation shows that

cN(λ) = λρN + (1− λ) and eN(λ) = λρN/cN(λ).

For each λ > 0 and each N ∈ N+, Proposition 4.4.2 yields that

Bλ
N =

(
Aλ0 , A

λ
1 , . . . , A

λ
m . . . , A

λ
Nm, A

λ
Nm+1, . . . , A

λ
Nm+m

)
is the ordered sequence of division points for some n-system. For each λ > 0, observe
that

lim
N→∞

eN(λ) = lim
N→∞

λρN

λρN + 1− λ
= 1.

It follows that
lim
N→∞

AλNm+j/cN(λ) = lim
N→∞

A
eN (λ)
j = Aj

for j = 0, . . . ,m.

4.4.4 Connecting Sequences of Division Points

Theorem 4.4.3. Let P be a self-similar, non-degenerate, proper 4-system, and let K
be the convex hull of F = F(P) ∪ {E1}. There exists a proper 4-system R such that

F ⊆ F(R) ⊆ K.

In particular, it follows that K(R) = K.

Proof: Let the notation be as in the preceding subsections. Let N = (Ni)i∈N be a
sequence of positive integers, and define iteratively two sequences (λi)i∈N and (ρi)i∈N
of real numbers starting with λ0 = ρ0 = 1 using the following recurrence formulas.

λi+1 =

{
lNiλi if i ≡ 0 mod 2

eNi+1(λi) if i ≡ 1 mod 2,
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and

ρi+1 =

{
ρi if i ≡ 0 mod 2

ρicNi+1(λi) if i ≡ 1 mod 2,

By construction, one has that{
ρiA

lNiλi
0 = ρi+1A

λi+1

0 if i ≡ 0 mod 2

ρiA
λi
Nim+m = ρi+1A

λi+1

0 if i ≡ 1 mod 2.

It follows for each i ∈ N that the last point of ρ2iA
λ2i
N2i

is the first point of ρ2i+1B
λ2i+1

N2i+1
,

and that the last point of ρ2i+1B
λ2i+1

N2i+1
is the first point of ρ2i+2A

λ2i+2

N2i+2
. Thus, let CN

be the sequence obtained by connecting the sequences

ρ0A
λ0
N0
, ρ1B

λ1
N1
, ρ2A

λ2
N2
, . . .

so that the connecting points are equal.
Note that A0 ∈ ∆1, and that all ordered sequences of division points involved in

the construction of CN yield 4-systems which start with increasing 2nd coordinate and
which end with increasing 1st coordinate. It follows that CN is the ordered sequence
of division points of some 4-system R(N) with

F(R(N)) ⊆ K.

It remains to show that there exists a choice of N for which F ⊆ F(R(N)). To this
end, recall that lN , eN(λ) ∈ (0, 1), for each N ∈ N and λ ∈ (0, 1), and that lNλ → 0
and eN(λ)→ 1 as N →∞. Thus, the integers Ni can be defined iteratively so that{

lNiλi < 2−i if i ≡ 0 mod 2

eNi
(λi) > 1− 2−i if i ≡ 1 mod 2.

Let R = R(N) for this choice of N. Since limi→∞ π(ρ2iA
lN2iλ2i
0 ) = E1, it follows that

E1 ∈ F(R).

Now, for each i ∈ N, let Ii = [di, d
′
i] where

di = |ρ2i+1A
λ2i+1

N2i+1m
| and d′i = |ρ2i+1A

λ2i+1

N2i+1m+m|,

so that the ordered sequence of division points of R|Ii is

ρ2i+1

(
A
λ2i+1

N2i+1m
, . . . , A

λ2i+1

N2i+1m+m

)
.

Since
lim
i→∞

π(ρ2i+1A
λ2i+1

N2i+1m+j) = lim
i→∞

π
(
A
eN2i+1

(λ2i+1)

j

)
= π(Aj),
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for j = 0, . . . ,m, it follows that

lim
i→∞

π(R(Ii)) = [π(A0), π(A1)] ∪ [π(A1), π(A2)] ∪ · · · ∪ [π(Am−1), π(Am)],

where [A,B] denotes the line segment between any two points A,B ∈ R4. Since the
left hand side is contained in F(R) while the right hand side is equal to F(P), then

F = F(P) ∪ {E1} ⊆ F(R) ⊆ K.

Moreover, since K is the convex hull of F , then K(R) = K.

4.4.5 General Case

The next two theorems, due to Roy [22, Theorem 7.1 and Corollary 8.4], are used to
prove Theorem 4.1.2

Theorem 4.4.4. Let P be a proper n-system. For any ε > 0, there is a self-similar,
non-degenerate, proper n-system S with d(F(P),F(S)) ≤ ε.

Theorem 4.4.5. Let (R(i))i≥1 be a sequence of proper n-systems. Then, there is a
proper n-system R such that

lim inf
i→∞

F(R(i)) ⊆ F(R) ⊆ lim sup
i→∞

F(R(i)).

Theorem 4.1.2 can now be proven.

Proof: (Theorem 4.1.2)
Let P be a proper 4-system. Theorem 4.4.4 yields for each i ∈ N a self-similar, non-
degenerate, proper 4-system P(i) with d(F(P),F(P(i))) ≤ 2−i. For each i ∈ N, let
Fi = F(P(i)) ∪ {E1}, and let Ki be its convex hull. Theorem 4.4.3 yields for each
i ∈ N a proper 4-system R(i) such that Fi ⊆ F(R(i)) ⊆ Ki.

Now, let F = F(P) ∪ {E1} and let K denote its convex hull, noting that

d(K,Ki) ≤ d(F ,Fi) ≤ d(F(P),F(P(i))) ≤ 2−i

for each i ∈ N. It follows that

F = lim
i→∞
Fi and K = lim

i→∞
Ki.

Proposition 4.3.3 implies that

F = lim inf
i→∞

Fi ⊆ lim inf
i→∞

F(R(i)) and lim sup
i→∞

F(R(i)) ⊆ lim sup
i→∞

Ki = K.

Theorem 4.4.5 yields a proper 4-system R with F ⊆ F(R) ⊆ K.



Chapter 5

Spectra which Are Not Stable
under the Minimum

The main result of this chapter is the existence of a family of spectra S of 4-
systems which are not stable under the minimum, i.e. there exists x,y ∈ S such that
min{x,y} /∈ S. The proof relies on a construction of proper generalized 4-systems
R,S satisfying the following property: There does not exist a proper 4-system P such
that K(P) is the convex hull of K(R) ∪ K(S).

5.1 Main Construction

Fix α, β ∈ R with α, β > 1, and define

A1 = (1, 1, 1, α), A2 = (1, 1, α, α) A3 = (1, 1, α, α2),

and
B1 = (1, β, β, β), B2 = (1, β, β2, β2) B3 = β(1, 1, β, β).

The sequences
(A1, A2, A3, αA1) and (B1, B2, B3, βB1),

are sequences of division points of generalized 4-systems R̃α and S̃β, respectively.
Moreover, R̃α and S̃β generate self-similar generalized 4-systems Rα and Sβ, respec-
tively. The figures below give the combined graphs of R̃α and S̃β.

The next result will be proven later in this chapter.

Theorem 5.1.1. Let Rα,Sβ be as above, with 1 < α < β, and let K be the convex hull
of F(Rα) ∪ F(Sβ). There does not exist a proper 4-system P such that K(P) = K.

Remark. With the notation in Theorem 5.1.1, if instead 1 < β < α, then on the
contrary there exists a proper 4-system P such that K(P) = K. We have proven this
in draft form, but it is not included in thesis.
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1

α

Rα
1 = Rα

2

Rα
1 = Rα

2

α

α2

Figure 5.1.1: Graph of R̃α

1

β

Sβ3 = Sβ4
Sα3 = Sβ4

β

β2

Figure 5.1.2: Graph of S̃β

5.2 Main Result

Recall that Ā = A/|A| for all non-zero points A ∈ R4, as in Definition 3.2.4.
Suppose throughout this section that 1 < α < β, with the notation of the

previous section, and let K be the convex hull of F(Rα) ∪ F(Sβ).
Define the linear maps L0, L1, L2, L3 : R4 → R by

L0(x) = (α− 1)αβx2 − (α2 − β)x3 − (β − α)x4,

L1(x) = (β − 1)x4 − (α− 1)βx1 − (β − α)x2,

L2(x) = (α− 1)βx1 + (β − 1)αx3 − (α− 1)βx2 − (β − 1)x4,

L3(x) = (α− 1)αβx1 + (β − 1)x3 − (α− 1)αx2 − (β − 1)x4,

for each x = (x1, x2, x3, x4) ∈ R4. Also define the half-spaces

Fi = {x ∈ R4 |Li(x) ≥ 0} (i = 0, 1, 2, 3).

SinceK is the convex hull of {Ā1, Ā2, Ā3, B̄1, B̄2, B̄3}, some rather lengthy but straight-
forward linear algebra shows that

K = F0 ∩ F1 ∩ F2 ∩ F3 ∩ ∆̄4.

Moreover, K is a three-dimensional convex polyhedron with 6 faces. Two of its faces
are the quadrilaterals

Ā1Ā2B̄3Ā3 ⊆ ∆̄1 and B̄1B̄2B̄3Ā2 ⊆ ∆̄3.

The other four faces are the triangles

Ā3B̄3B̄2 ⊆ ∂F0, Ā1Ā2B̄1 ⊆ ∂F1,

B̄1Ā1Ā3 ⊆ ∂F2, and B̄1B̄2Ā3 ⊆ ∂F3,

where ∂Fi denotes the boundary of Fi for i = 0, 1, 2, 3. However, the results in this
chapter do not make use of these facts concerning the geometry of K. Instead, define

K̃ = F1 ∩ F2 ∩ F3 ∩ ∆̄4 = {x ∈ ∆̄4 |Li(x) ≥ 0 for i = 1, 2, 3}. (5.2.1)
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As mentioned above, a series of straightforward computations yields

Ā1, Ā2, Ā3, B̄1, B̄2, B̄3 ∈ K̃. (5.2.2)

It follows that K ⊆ K̃. In particular, as B̄1 ∈ F(Sβ), it follows that

B̄1 ∈ K ⊆ K̃. (5.2.3)

The following theorem will be proven later in this chapter.

Theorem 5.2.1. Let P be a proper 4-system. If B̄1 ∈ K(P) ⊆ K̃, then K(P) ⊆ ∆3.

Theorem 5.1.1 is a particular case of the following corollary.

Corollary 5.2.2. If P is a proper 4-system, then K(P) 6= K and K(P) 6= K̃.

5.2.1 Spectra which Are Not Stable under the Minimum

This subsection defines a certain family of spectra, and proves that these spectra are
not stable under the minimum. The proof takes Theorem 5.2.1 for granted.

Recall that L1, L2, L3 : R4 → R are the linear maps associated to the half-spaces
F1, F2, F3, respectively, and let L4 : R4 → R be the linear map L4(x) = x4 − x3.
Define

L =

{ 4∑
i=1

λiLi

∣∣∣∣λi > 0 for i = 1, 2, 3, 4.

}
.

Lemma 5.2.3. Let L ∈ L and x ∈ K̃. It follows that L(x) ≥ 0, with equality if and
only if x = B̄1 = (1, β, β, β).

Proof: Since K̃ = F1 ∩ F2 ∩ F3 ∩ ∆̄4, then Li(x) ≥ 0 for i = 1, . . . , 4. This
implies that L(x) ≥ 0. Further, some computations show that Li(1, β, β, β) = 0 for
i = 1, . . . , 4, and so L(B̄1) = 0. Now, suppose that L(x) = 0. Since Li(x) ≥ 0 for
i = 1, . . . , 4, it follows that Li(x) = 0 for i = 1, . . . , 4. Hence, x3 = x4, and

0 = L1(x) + L2(x) = α(β − 1)x3 − α(β − 1)x2 ⇒ x2 = x3 = x4.

It follows that

0 = L1(x) = (β − 1)x4 − (β − α)x2 − (α− 1)βx1 = (α− 1)(x2 − βx1),

and so x2 = βx1. Thus, x = (1, β, β, β) = B̄1.

Taking Theorem 5.2.1 for granted, the main result can be proven as follows.
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Theorem 5.2.4. Let L ∈ L, and let T = (L1, L2, L3, L,−L4). The spectrum of ϕ
T

is not stable under the minimum.

Proof: Theorem 1.5.2 implies that ϕ
T

(Rα), ϕ
T

(Sβ) are in the spectrum of ϕ
T

.

Lemma 5.2.3 yields L(B̄1) = 0, and so Li(B̄1) = 0 for i = 1, . . . , 4. It follows that

ϕ
T

(Sβ) = (0, 0, 0, 0, 0).

A straightforward series of computations shows that

L1(A1) = L2(A3) = L3(A3) = 0, and − L4(A1) = 1− α < 0.

Hence, since K(Rα) ⊆ K̃, then there exists a ≥ 0 and b > 0 such that

ϕ
T

(Rα) = (0, 0, 0, a,−b).

Now, suppose that there exists a proper 4-system P such that

ϕ
T

(P) = min{ϕ
T

(Rα), ϕ
T

(Sβ)} = (0, 0, 0, 0,−b).

The first three coordinates being zero implies that K(P) ⊆ K̃. Hence, as the fourth
coordinate is zero, and since K(P) is closed, Lemma 5.2.3 implies that B̄1 ∈ K(P).
Theorem 5.2.1 implies that K(P) ⊆ ∆̄3, and so b = 0, which is a contradiction.
Therefore,

min{ϕ
T

(Rα), ϕ
T

(Sβ)}

is not in the spectrum of ϕ
T

.

For example, consider the case α = 2 and β = 3. Then,

L1(x) = −3x1−x2+2x4, L2(x) = 3x1−3x2+4x3−2x4, L3(x) = 6x1−2x2+2x3−2x4.

Letting

L(x) = 1
2
L1(x) + 1

2
L2(x) + 1

2
L3(x) + L4(x) = 3x1 − 3x2 + 2x3

and
T = (L1, L2, L3, L, x3 − x4),

the above theorem implies that the spectrum of ϕ
T

is not stable under the minimum.
Moreover, the proof shows that

ϕ
T

(S3) = (0, 0, 0, 0, 0) and ϕ
T

(R2) = (0, 0, 0, 4,−2),

but that
(0, 0, 0, 0,−2) = min{ϕ

T
(S3), ϕ

T
(R2)}

is not contained in the spectrum of ϕ
T

.
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5.3 Proof of Theorem 5.2.1

Now, suppose that there exists a proper 4-system P : I → R4 such that

B̄1 ∈ K(P) ⊆ K̃.

The goal is to show that K(P) ⊆ ∆̄3, thereby proving Theorem 5.2.1. Since K(P) =
K(P̃) for some non-degenerate 4-system P̃, one may assume without loss of generality
that P is non-degenerate.

Now, write
ϕ(q) = ϕ(q; P) = q−1P(q) (q ∈ I).

A result by Roy [22, Lemma 4.1] yields for each δ > 0 some Qδ ∈ I such that

{ϕ(q) | q ≥ Qδ} ⊆ F(P) + [−δ, δ]4.

Moreover, the points of F(P) + [−δ, δ]4 are contained in the convex sets

K̃δ = K̃ + [−δ, δ]4 ⊆
(
F1 + [−δ, δ]4

)
∩
(
F2 + [−δ, δ]4

)
∩
(
F3 + [−δ, δ]4

)
.

Now, define for each δ > 0 the half-spaces

F δ
i = {x ∈ R4 |Li(x) + ciδ ≥ 0} (i = 1, 2, 3),

where each ci is the sum of the absolute values of the coefficients of Li. Since

Fi + [−δ, δ]4 ⊆ F δ
i (i = 1, 2, 3)

for each δ > 0, then it follows that

{ϕ(q) | q ≥ Qδ} ⊆ F δ
1 ∩ F δ

2 ∩ F δ
3 , (5.3.1)

for each δ > 0.

5.3.1 Key Results

The proof of Theorem 5.2.1 uses the maps κ1, κ2, κ3 : I → R defined by

κ1(q) = βϕ1(q)−ϕ2(q), κ2(q) = ϕ4(q)−ϕ2(q) and κ3(q) = ϕ4(q)−ϕ3(q). (5.3.2)

The idea of the proof is to consider the ordered sequence (wi)i∈N of points in I such
that P(wi) ∈ ∆2 for each i ∈ N, and to show that the following property: If κ1, κ2, κ3
are small at some wN , then they remain small for each wi with i ≥ N . Moreover, κ3
remains small on all of [wN ,∞). This will be made precise in the next subsection.

This property will allow us to conclude that

lim sup
q→∞

κ3(q) = 0,

thereby proving that K(P) ⊆ ∆3, which in turn proves Theorem 5.2.1. To this end,
the following lemma will be useful.
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Lemma 5.3.1. The following statements hold for all δ > 0 and q, r ∈ I with q < r:

1. If P1(q) = P1(r), then rκ1(r) ≤ qκ1(q).

2. If P4(q) = P4(r), then rκi(r) ≤ qκi(q), for i = 2, 3.

3. 0 ≤ κ3(q) ≤ κ2(q).

4. If q ≥ Qδ, then (α− 1)κ1(q) ≤ (β − 1)κ2(q) + c1δ.

5. If q ≥ Qδ and P2(q) = P3(q), then (β − 1)κ3(q) ≤ (α− 1)κ1(q) + c2δ.

6. If q ≥ Qδ, then (β − 1)κ3(q) ≤ α(α− 1)κ1(q) + c3δ.

Proof: The maps P1, . . . , P4 are monotone increasing and satisfy P1 ≤ · · · ≤ P4,
from which the first three statements follow. Now, suppose that q ≥ Qδ, and let
x = (x1, x2, x3, x4) = ϕ(q). Thus, (5.3.2) yields

κ1(q) = βx1 − x2, κ2(q) = x4 − x2 and κ3(q) = x4 − x3.

The inequality coming from F δ
1 yields

(α− 1)βx1 + (β − α)x2 ≤ (β − 1)x4 + c1δ.

Subtracting (β − 1)x2 from both sides yields

(α− 1)βx1 + (1− α)x2 ≤ (β − 1)x4 − (β − 1)x2 + c1δ

(α− 1)κ1(q) ≤ (β − 1)κ2(q) + c1δ,

proving the fourth result. Now, the inequality coming from F δ
2 yields

(α− 1)βx2 + (β − 1)x4 ≤ (α− 1)βx1 + (β − 1)αx3 + c2δ.

Since P2(q) = P3(q), then x2 = x3, and so subtracting αβx2 = αβx3 from both sides
yields

−βx2 + (β − 1)x4 ≤ (α− 1)βx1 − αx3 + c2δ.

Adding (1− β)x3 + βx2 = αx3 + (1− α)x2 to both sides yields

(1− β)x3 + (β − 1)x4 ≤ (α− 1)βx1 + (1− α)x2 + c2δ,

(β − 1)κ3(q) ≤ (α− 1)κ1(q) + c2δ,

proving the fifth result. Now, the inequality coming from F δ
3 yields

(α− 1)αx2 + (β − 1)x4 ≤ (α− 1)αβx1 + (β − 1)x3 + c3δ.
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Finally, subtracting (β − 1)x3 and (α− 1)αx2 from both sides yields

(β − 1)κ3(q) ≤ (α− 1)ακ1(q) + c3δ,

proving the sixth result.

Before stating the next lemma, the following notation is established. Recall that
1 < α < β. Define a variable ε1 ≥ 0, and the dependent variables

δ =
(β − α)ε1

2c4β
≥ 0 with c4 =

c1 + c3
α− 1

, (5.3.3)

and

ε2 = ε3 =
α(α− 1)ε1 + c3δ

β − 1
≥ 0. (5.3.4)

Note that
ε1ε2ε3δ = 0 ⇐⇒ ε1 = ε2 = ε3 = δ = 0,

and that
lim
ε1→0

δ = lim
ε1→0

ε2 = lim
ε1→0

ε3 = 0. (5.3.5)

Now, define the quantity

Ω(ε1) =
1 + 2ε3 + 3(c2 + αc4)δ

β − 2βε2 − (1 + 3α2)ε1
α +

c4δ

ε1
. (5.3.6)

It follows from (5.3.3) and (5.3.5) that

lim
ε1→0

Ω(ε1) =
α

β
+ lim

ε1→0

c4δ

ε1
=
α

β
+
β − α

2β
=
α + β

2β
< 1.

Thus, there exists ε0 > 0 such that

ε1 ∈ (0, ε0) =⇒ Ω(ε1) < 1 and β − 2βε2 − (1 + 3α2)ε1 > 0.

The following lemma provides the basis for a recurrence argument on the sequence of
points P(q) ∈ ∆2, which will be used to show that K(P) is contained in ∆̄3.

Lemma 5.3.2. Let ε1 ∈ (0, ε0), so that ε2, ε3, δ > 0 and Ω(ε1) < 1. Let q ≥ Q = Qδ,
and suppose that κi(q) < εi for i = 1, 2, 3. Let w ∈ I be minimal with w > q such
that P2(w) = P3(w). Then we have κi(w) < εi for i = 1, 2, and

κ3(q
′) < ε3

for all q′ ∈ [q, w].
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Proof: First, suppose that P1(q) = P1(w). For each q′ ∈ [q, w], it follows that
P1(q

′) = P1(q), and so part 1 of Lemma 5.3.1 yields

κ1(q
′) ≤ (q/q′)κ1(q) ≤ κ1(q) < ε1. (5.3.7)

Hence, part 6 of Lemma 5.3.1 implies that

κ3(q
′) ≤ α(α− 1)κ1(q

′) + c3δ

β − 1
<
α(α− 1)ε1 + c3δ

β − 1
= ε3, (5.3.8)

for all q′ ∈ [q, w]. Since P2(w) = P3(w), then κ2(w) = κ3(w). Hence, κ2(w) < ε3 = ε2,
completing the proof when P1(w) = P1(q).

Now, suppose that P1(q) 6= P1(w). The goal is to first determine some key
division numbers in (q, w). Since P2 6= P3 on (q, w), there exists r ∈ [q, w) such that
P1 + P2 has slope 0 on (q, r) and slope 1 on (r, w). Since P1(q) 6= P1(w), there is a
minimal s ∈ [r, w) such that P ′1(s

+) = 1. Then, there exist t ∈ (s, w) minimal such
that P(t) ∈ ∆1 and u ∈ [t, w) maximal such that P(u) ∈ ∆1. It follows that the
division numbers r, s, t, u ∈ (q, w) satisfy r < s < t < u, and we have

P(s) = (P1(q), P2(s), P3(r), P4(r)), P(t) = (P2(s), P2(s), P3(r), P4(r)),

P(u) = (P1(u), P1(u), P3(r), P4(r)), and P(w) = (P1(u), P3(r), P3(r), P4(r)).

For each q′ ∈ [q, s], as P1(q) = P1(s), part 1 of Lemma 5.3.1 yields (5.3.7), and so
κ1(q

′) < ε1. Moreover, part 6 of Lemma 5.3.1 implies (5.3.8), and so κ3(q
′) < ε3.

Now, since P4(r) = P4(w), part 2 of Lemma 5.3.1 yields

κ3(q
′) ≤ (r/q′)κ3(r) ≤ κ3(r) < ε3 (q′ ∈ [r, w]).

Since r ≤ s, it follows that κ3(q
′) < ε3 for each q′ ∈ [q, w]. Since

κ2(w) = κ3(w) < ε3 = ε2,

it remains to show that κ1(w) < ε1. Applying successively part 4 and part 2 of
Lemma 5.3.1, using κ2(w) = κ3(w) and P4(r) = P4(w), we find

(α− 1)κ1(w) ≤ (β − 1)κ2(w) + c1δ = (β − 1)κ3(w) + c1δ ≤ (β − 1)κ3(r)(r/w) + c1δ.

Applying successively part 6 and part 1 of Lemma 5.3.1, using P1(q) = P1(r), we also
find

(β − 1)κ3(r) ≤ α(α− 1)κ1(r) + c3δ ≤ α(α− 1)κ1(q)(q/r) + c3δ.

Combining the above two inequalities yields the following first bound on κ1(w):

κ1(w) ≤ α(q/w)κ1(q) +
c3(r/w) + c1

α− 1
δ < α(q/w)ε1 + c4δ. (5.3.9)
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Now, since wκ3(w) = P4(w)− P3(w) = P4(r)− P3(r), then

w = P1(u) + 2P3(r) + P4(r) = P1(u) + 3P4(r)− 2wκ3(w). (5.3.10)

Since P2(w) = P3(w), then κ3(w)−κ1(w) = ϕ4(w)−βϕ1(w). Hence, part 5 of Lemma
5.3.1 yields

−c2δ ≤ (α− 1)κ1(w)− (β− 1)κ3(w) = ακ1(w)−βκ3(w) +ϕ4(w)−βϕ1(w). (5.3.11)

Since P1(u) = P1(w) and P4(r) = P4(w), then multiplying (5.3.11) by w yields

P4(r) ≥ β(P1(u) + wκ3(w))− w(ακ1(w) + c2δ) > βP1(u)− w(ακ1(w) + c2δ).

Hence, (5.3.10) yields

w ≥ P1(u)(1 + 3β)− w(2κ3(w) + 3ακ1(w) + 3c2δ).

Since P1(u) ≥ P2(s) ≥ P2(q) = βP1(q)− qκ1(q), it follows that

w ≥ q(βϕ1(q)− κ1(q))(1 + 3β)− w(2κ3(w) + 3ακ1(w) + 3c2δ). (5.3.12)

Now, since 1 = ϕ1(q) + · · ·+ ϕ4(q), it follows that

1 + 3κ1(q)− 2κ2(q) + κ3(q) = (1 + 3β)ϕ1(q).

Hence, by noting that κ3(q) ≥ 0, (5.3.12) yields

(1 + 2κ3(w) + 3ακ1(w) + 3c2δ)w/q ≥ (1 + 3β)(βϕ1(q)− κ1(q))
≥ β(1 + 3κ1(q)− 2κ2(q))− (1 + 3β)κ1(q)

= β − 2βκ2(q)− κ1(q)
> β − 2βε2 − ε1,

i.e.
(1 + 2κ3(w) + 3ακ1(w) + 3c2δ)w/q > β − 2βε2 − ε1. (5.3.13)

Now, (5.3.9) implies that (w/q)κ1(w) < αε1 + (w/q)c4δ, and so

(1 + 2κ3(w) + 3ακ1(w) + 3c2δ)(w/q) < (1 + 2ε3 + 3(αc4 + c2)δ)(w/q) + 3α2ε1.

Thus, (5.3.13) implies that

q

w
<

1 + 2ε3 + 3(c2 + αc4)δ

β − 2βε2 − (1 + 3α2)ε1
,

since β−2βε2− (1 + 3α2)ε1 > 0 as ε1 ∈ (0, ε0). Substituting this inequality in (5.3.9)
yields

κ1(w) <
1 + 2ε3 + 3(c2 + αc4)δ

β − 2βε2 − (1 + 3α2)ε1
αε1 + c4δ = Ω(ε1)ε1,
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by (5.3.6). Since ε1 ∈ (0, ε0)⇒ Ω(ε1) < 1, then κ1(w) < ε1.

The following theorem will be used to prove Theorem 5.2.1.

Theorem 5.3.3. Let ε > 0. There exists q ∈ I such that κ3(q
′) < ε for all q′ > q.

Proof: Assume without loss of generality that ε < ε0. Let ε3 = ε, and set
ε1, ε2, δ > 0 as in (5.3.3), (5.3.4). Among the points Ā1, Ā2, Ā3, B̄1, B̄2, B̄3, the point
B̄1 = (1, β, β, β) is the only one which is contained in ∆2 ∩ ∆3. Since K is the
convex hull of these points, it follows that B̄1 is an extremal point of K. Thus, as
B̄1 ∈ K(P) ⊆ K by the choice of P, it follows that B̄1 is an extremal point of K(P).
Hence, B̄1 ∈ F(P), and so there exists q ≥ Qδ such that

ϕ(q) ∈ (1, β, β, β)

1 + 3β
+ [−ε′, ε′]4,

where ε′ = min{ε1, ε2, ε3}/(β + 1). It follows that

|βϕ1(q)− β/(1 + 3β)| < βε′ and |ϕj(q)− β/(1 + 3β)| < ε′ (j = 2, 3, 4).

Hence, as 2 < β + 1, it follows that

κ1(q) < (1 + β)ε′ ≤ ε1, κi(q) < 2ε′ < εi (i = 2, 3). (5.3.14)

Now, since P is proper and non-degenerate, the numbers w ∈ I with w > q such
that P2(w) = P3(w) form an unbounded sequence (wi)i∈N. To complete the proof, it
remains to show by induction on i ∈ N that we have

κ1(wi) < ε1, κ2(wi) < ε2, and κ3(q
′) < ε3 = ε (q′ ∈ [q, wi]). (5.3.15)

In light of (5.3.14), the base case i = 0 holds by Lemma 5.3.2 since q ≥ Qδ. Now,
suppose that (5.3.15) holds for some i ∈ N. Since wi ≥ Qδ, and since wi+1 is minimal
among the points w > wi with P2(wi+1) = P3(wi+1), Lemma 5.3.2 gives that (5.3.15)
holds for i+ 1. As (wi)i∈N is unbounded, induction gives κ3(q

′) < ε for all q′ > q.

Theorem 5.2.1 is a consequence of the following result.

Corollary 5.3.4. If x ∈ K(P), then x3 = x4.

Proof: For each ε > 0, Theorem 5.3.3 yields q ∈ I such that ϕ4(q
′)−ϕ3(q

′) ∈ [0, ε)
for all q′ ≥ q. Hence, letting x ∈ F(P), it follows that x4− x3 ∈ [0, ε) for each ε > 0.
Thus, x3 = x4, and so F(P) ⊆ ∆3. Since ∆3 is convex, it follows that K(P) ⊆ ∆3.



Chapter 6

On Values of Theta-Like Functions

This chapter is separate from the rest of the thesis, presenting a result in transcen-
dence theory. The theta function

T (q) =
∑
n∈N

q−n
2

is transcendental for each algebraic number q with |q| > 1. As noted in [2], the proof
relies on Nesterenko’s theorem [18]. In this chapter we consider a family of functions
θ(q) generalizing the function T (q), and we show that θ(q) is not an algebraic number
of degree less than 3 for each integer q ≥ 2. The proof relies on a gap method, using
a result of Richards [19]. The main result is the following theorem, recalling our
convention that N = {0} ∪ N+.

Theorem 6.0.1. Let a, b, c ∈ Z with a ≥ 1, and let p ∈ Q[x] be the polynomial given
by

p(x) =
a

2
(x2 + x) + bx+ c.

Define a map θ : (1,∞)→ R by

θ(q) =
∞∑
n=0

xnq
−p(n) (q > 1)

where (xn)n∈N is a fixed sequence of positive rational numbers such that the right hand
side converges for each q > 1. Define maps χ : R+ → R and ∆ : R+ → R by

χ(t) = max{x0, . . . , xbtc} (t ≥ 0),

and
∆(t) = min{d ∈ N+ | dxi ∈ N for i = 0, . . . , btc} (t ≥ 0),

103
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and define H(t) = ∆(t)χ(t). Suppose that there exists q0 > 1 such that

H(t)� tγ(q0),

where γ(q0) = (log q0)/(64a). Then 1, θ(q), θ(q)2 are linearly independent over Q, i.e.

[Q(θ(q)) : Q] > 2,

for each q ∈ N with q > q0

In particular, we automatically have the following corollary.

Corollary 6.0.2. Let p, (xn)n∈N, θ, and H be as in Theorem 6.0.1. Suppose that

H(t)� to(1).

Then 1, θ(q), θ(q)2 are linearly independent over Q, i.e.

[Q(θ(q)) : Q] > 2,

for each q ∈ N with q ≥ 2.

Observe that a polynomial p ∈ R[x] is such that

p(Z) ⊆ Z with p(t)→∞ as t→∞

if and only if p is of the same form as in Theorem 6.0.1.

6.1 Estimates on Gaps of Representations

For this section, fix the polynomial p as in Theorem 6.0.1. The proof of Theorem
6.0.1 will require that we better understand gaps among the set of integers which
can be represented by sums p(n1) + p(n2) with n1, n2 ∈ N. To this end, define the
functions rm, r

′
m : Z→ N by

rm(n) = |{(n1, . . . , nm) ∈ Nm | p(n1) + · · ·+ p(nm) = n}|,

and
r′m(n) = |{(n1, . . . , nm) ∈ Nm |n2

1 + · · ·+ n2
m = n}|.

In other words, rm(n) counts the number of representations of n as a sum of m
numbers p(k) with k ∈ N. The mth power of the formal q-series

∑∞
n=0 q

−p(n) is then
given by ( ∞∑

n=0

q−p(n)
)m

=
∑
n∈Z

rm(n)q−n.

Only the cases m = 1 and m = 2 are used in the proof of the main result.
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Definition 6.1.1. For each N ∈ Z, define k(N), respectively k′(N), as the smallest
integer k > 0 such that r2(N + k), respectively r′2(N + k), is not equal to 0.

In particular, the integers N + 1, . . . , N + k(N) − 1 cannot be represented by
sums of the form p(n1) + p(n2) with n1, n2 ∈ N, for each N ∈ Z.

The following result and proof comes from modifying a result and proof of
Richards in [19]. For its statement, let P denote the set of prime numbers. It is
worth noting that the original result of [19] is a stronger result for the case M = 0.
The general case M ∈ N, however, is original, although its proof stems from only
slightly modifying the original proof in [19].

Theorem 6.1.2 (Richards + ε). For each n ∈ N+, let

Pn = {q ∈ P | q ≡ 3 mod 4 and q ≤ 4n},

and write β(q) = max{α ∈ N | qα ≤ 4n}. Also define

Pn =
∏
q∈Pn

qβ(q)+1 ∈ 1 + 2Z,

and define yn ∈ {1, . . . , Pn − 1} as the solution to the congruence

4yn ≡ −1 mod Pn.

There exists a sequence (εn)n∈N in R+ with limn→∞ εn = 0 such that

n ≥ logPn
4(1 + εn)

,

for each n ∈ N+. Moreover, for each M ∈ N, we have that

k′(MPn + yn) > n,

that is the numbers MPn + yn + 1, . . . ,MPn + yn + n are not sums of two squares.

Observe that if yn is as above, then

4yn =

{
Pn − 1 if Pn ≡ 1 mod 4,

3Pn − 1 if Pn ≡ 3 mod 4.
(6.1.1)

The proof below uses the following classical fact [5, Theorem 366]: A number N
is the sum of two squares if and only if each prime factor q of N with q ≡ 3 mod 4
has even exponent in the standard prime factorization of N .
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Proof: (Theorem 6.1.2)
The prime number theorem for arithmetic progressions implies that

|Pn| ∼
2n

log 4n
.

Thus, for each n ∈ N+, there exists εn ≥ 0 such that limn→∞ εn = 0 and

|Pn| ≤ (1 + εn)
2n

log 4n
.

Now, let n ∈ N+. Since qβ(q)+1 ≤ (4n)2 for each q ∈ Pn, then

Pn ≤ (4n)2(1+εn)2n/ log 4n = e4n(1+εn).

Thus,

n ≥ 1

4(1 + εn)
logPn,

proving the first result. Now, let M ∈ N. For each j ∈ {1, . . . , n}, note that

4(MPn + yn + j) ≡ 4j − 1 mod Pn.

Since 4j − 1 ≡ 3 mod 4, then 4j − 1 has a prime divisor q ≡ 3 mod 4 such that

qα|4j − 1 and qα+1 6 |4j − 1,

for some α ∈ N, with α odd. Since 4j − 1 < 4n, then α ≤ β(q), and so qα|Pn. It
follows that

qα|4(MPn + yn + j).

Since qα+1|Pn and qα+1 6 |4j − 1, then

qα+1 6 |4(MPn + yn + j).

Since q is coprime to 4, it follows that

qα|(MPn + yn + j) and qα+1 6 |(MPn + yn + j).

Since q ≡ 3 mod 4 and α is odd, it follows that MPn + yn + j is not a sum of two
squares for j = 1, . . . , n, proving the second claim.

We deduce the following analogue for sums of the form p(n1) + p(n2).
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Corollary 6.1.3. For each n ∈ N+, let Pn, yn be as in Theorem 6.1.2, and let

y′n =

⌊
yn + 2c′

8a

⌋
, where c′ = 8ac− (a+ 2b)2.

Then, there exists a sequence (εn)n∈N in R+ with limn→∞ εn = 0 such that

k(MPn + y′n) >
logPn

32a(1 + εn)
,

for each n ∈ N+ and each M ∈ N.

Proof: Let b′ = a+ 2b and recall that c′ = 8ac− (a+ 2b)2, so that

p(n) =
a

2
(n2 + n) + bn+ c =

(2an+ b′)2 + c′

8a
.

Let n ∈ N+, M ∈ N and j ∈ N+. Suppose that r2(MPn + y′n + j) > 0. Then, there
exists m1,m2 ∈ N such that p(m1) + p(m2) = MPn + y′n + j. Hence, we have that

(2am1 + b′)2 + (2am2 + b′)2 = 8aMPn + 8ay′n + 8aj − 2c′.

Since a, b′,m1,m2 ∈ Z, it follows from the last equality that

r′2(8aMPn + 8ay′n + 8aj − 2c′) > 0.

Hence, as
8ay′n + 8aj − 2c′ ≥ 8a(y′n + 1)− 2c′ ≥ yn + 1,

Theorem 6.1.2 implies that

yn + n < 8ay′n − 2c′ + 8aj ≤ yn + 8aj,

and so j > n/(8a). Hence, Theorem 6.1.2 yields εn ≥ 0 such that limn→∞ εn = 0 and

k(MPn + y′n) >
n

8a
≥ logPn

32a(1 + εn)
,

which completes the proof.

The following lemma provides an upper bound on the gaps between integers of
the form p(n1) + p(n2).

Lemma 6.1.4. For each sufficiently large N ∈ N and each A ∈ [p(N), p(N + 1)), we
have k(A) ≤ 2a

√
N .
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Proof: Let N ∈ N with p(N) < p(N + 1), and let A ∈ [p(N), p(N + 1)). Let
m′N ,mN ∈ N be minimal such that

A < p(N) + p(m′N) and p(N + 1) < p(N) + p(mN).

Note that m′N ≤ mN . By definition, we have that A+ k(A) ≤ p(N) + p(m′N), and so

k(A) ≤ p(m′N).

The choice of m′N gives p(N) + p(m′N − 1) ≤ A < p(N) + p(m′N) when m′N > 0.
Hence, in general, we have

k(A) ≤ max{p(0), p(m′N)− p(m′N − 1)}.

Since p(x)− p(x− 1) = ax+ b is increasing, and since m′N ≤ mN , we deduce that

k(A) ≤ max{p(0), p(mN)− p(mN − 1)}. (6.1.2)

By construction, we have that p(mN) > p(N + 1) − p(N). Since p(x) − p(x − 1) is
unbounded, it follows that mN tends to infinity with N . Thus, the right hand side of
(6.1.2) is bounded above by p(mN)− p(mN − 1) for each sufficiently large N , i.e.

k(A) ≤ p(mN)− p(mN − 1) = amN + b (N � 1). (6.1.3)

Now, for each sufficiently large N , we have mN > 0, and so the choice of mN

implies that
p(mN − 1) ≤ p(N + 1)− p(N) = aN + a+ b.

Since p(mN − 1) ∼ am2
N/2, then m2

N ≤ 3N for each sufficiently large N . By (6.1.3),
we get

k(A) ≤ 2a
√
N,

for each sufficiently large n ∈ N.

6.2 Proof of Theorem 6.0.1

For the remainder, fix an integer q ≥ 2, fix p, (xn)n∈N, θ, χ,∆, H as in Theorem 6.0.1,
and write θ = θ(q). Also set

b′ = a+ 2b, c′ = 8ac− (a+ 2b)2,

so that

p(n) =
a

2
(n2 + n) + bn+ c =

(2an+ b′)2 + c′

8a
. (6.2.1)

Theorem 6.0.1 is an automatic consequence of the following result.
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Theorem 6.2.1. Suppose that there exists γ < (log q)/(64a) such that

H(t)� tγ.

Then 1, θ, θ2 are linearly independent over Q, i.e. [Q(θ) : Q] > 2.

Since ∆(t) ≥ 1 and χ(t) ≥ x0 > 0, the hypothesis of the theorem yields

max{∆(t), χ(t)} � ∆(t)χ(t) = H(t)� tγ. (6.2.2)

6.2.1 Preliminary Lemmas

We give some notation and lemmas which will be used in the proof of Theorem 6.2.1.

Definition 6.2.2. For each x ∈ R, let ‖x‖ denote the distance between x and a
nearest integer.

We prove Theorem 6.2.1 by contradiction, assuming that θ is an algebraic number
of degree at most 2. Hence, there exist c0, c1, c2 ∈ Z not all zero such that

c2θ
2 + c1θ + c0 = 0.

In particular, at least one of the constants c1, c2 is non-zero.
Now, for each D ∈ N, we have that

‖Dc2θ2 +Dc1θ‖ = 0,

which in turn implies that
‖Dc2θ2‖ = ‖Dc1θ‖. (6.2.3)

We will arrive at a contradiction by constructing a sequence of integers Dl with
the property that (6.2.3) does not hold for D = Dl for each sufficiently large l.

Definition 6.2.3. Let Pn, y
′
n be as in Corollary 6.1.3, for each n ∈ N+. For each

l ∈ N+, define
Al = 8aP 2

l + y′l.

Denote by N(l) ∈ N the smallest integer such that Al < p(N(l) + 1), and define

Dl = ∆(N(l))2qAl .

We will show that ‖Dlc1θ‖ and ‖Dlc2θ
2‖ both tend to zero as l tends to infinity,

but at a different rate. Thus, (6.2.3) does not hold with D = Dl, for each sufficiently
large l ∈ N.

The following lemma will be key in studying how rapidly ‖Dlc1θ‖ tends to zero.
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Lemma 6.2.4. For each sufficiently large l ∈ N, we have that

p(N(l) + 1)− Al > N(l)/4.

Proof: Let C1 = 2a+ b′. Multiplying p(N(l) + 1) by 8a > 0 yields

(2aN(l) + C1)
2 + c′ = 8ap(N(l) + 1) > 8aAl = (8aPl)

2 + 8ay′l.

By (6.1.1), we have yl ≥ (Pl − 1)/4, and so y′l → ∞ as l → ∞. Hence, we have
8ay′l > c′ for each sufficiently large l ∈ N. Combining this observation with the above
inequality yields

8aPl < 2aN(l) + C1, (6.2.4)

for each sufficiently large l ∈ N. Since both sides of (6.2.4) are integers, then

8a
(
p(N(l) + 1)− Al

)
= (2aN(l) + C1)

2 + c′ −
(
(8aPl)

2 + 8ay′l
)

is bounded below by

(2aN(l) + C1)
2 + c′ − (2aN(l) + C1 − 1)2 − 8ay′l ≥ 4aN(l)− 8ay′l + C2,

for some constant C2 which does not depend on l. Hence, we have

p(N(l) + 1)− Al ≥ N(l)/2− y′l + C2/8a, (6.2.5)

Since 8ay′l ≤ yl + c′ < 3Pl/4 + 2c′, then (6.2.4) implies that

−8ay′l + C2 > −8aPl + C1 > −2aN(l),

for each sufficiently large l ∈ N. Dividing this inequality by 8a > 0, by (6.2.5) we get
that

p(N(l) + 1)− Al > N(l)/4,

for each sufficiently large l ∈ N.

In order to estimate Dlθ
2, we need to better understand θ2. To this end, define

for each n ∈ Z the quantity

Xn =
∑

p(n1)+p(n2)=n

xn1xn2 .

Thus, we have that

θ2 =

( ∞∑
n=0

xnq
−p(n)

)2

=
∑
n∈Z

Xnq
−n.

To estimate the coefficients Xn, we will use the following lemma.
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Lemma 6.2.5. There exists a constant C3 > 0 such that

Xn � no(1)χ(C3

√
n)2,

where the implicit constant coming from � does not depend on n.

Proof: Define f : R+ → R by

f(n) = max{r′2(i) | i ∈ N with 0 ≤ i ≤ n} (n ∈ R+).

By [5, Chapter 18, Section 7, Analogue of Theorem 317], we have

f(n) ∼ no(1). (6.2.6)

Now, if n ∈ Z and n1, n2 ∈ N are such that p(n1) + p(n2) = n, then (6.2.1) yields

(2an1 + b′)2 + (2an2 + b′)2 = 8an− 2c′.

In particular, since the map x 7→ 2ax+ b′ is injective, then accounting for sign yields

r2(n) ≤ 4r′2(8an− 2c′) ≤ 4f(8an− 2c′).

Hence, by (6.2.6) we have that
r2(n)� no(1). (6.2.7)

Now, there exists C3 > 0 such that, for each n ≥ 1, we have

p(n1) + p(n2) = n =⇒ ni ≤ C3

√
n (i = 1, 2),

for each sufficiently large n ∈ N. Combining this fact with (6.2.7) yields

Xn =
∑

p(n1)+p(n2)=n

xn1xn2 � no(1)χ(C3

√
n)2,

which proves the claim.

The following lemma gives a bound on the denominators of the coefficients Xn.

Lemma 6.2.6. There exists C4 ≥ 0 and N0 ∈ N such that for each n,N ∈ Z with
N ≥ N0 and n ≤ p(N + 1)− C4, we have

∆(N)2Xn ∈ N.
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Proof: Since a > 0, there exists N0 ∈ N such that p is increasing on [N0,∞), and
there exists C4 ≥ 0 such that p(n) > −C4 for each n ∈ N. Hence, for each N ≥ N0

and each m, k ∈ N, we have

p(N + 1 + k) + p(m) > p(N + 1)− C4.

Thus, if n1, n2 ∈ N are such that p(n1) + p(n2) ≤ p(N + 1) − C4, then n1, n2 ≤ N .
Hence, we have

∆(N)2Xn =
∑

p(n1)+p(n2)=n

(
∆(N)xn1

)(
∆(N)xn2

)
∈ Z,

for each n ∈ N with n ≤ p(N + 1)− C4.

6.2.2 Proof of Theorem 6.2.1

Let Al, N(l), and Dl be as in Definition 6.2.3. Recall that the hypothesis of the
theorem yields

max{∆(t), χ(t)} � ∆(t)χ(t) = H(t)� tγ,

as noted by (6.2.2), where γ < (log q)/(64a). We will prove Theorem 6.2.1 using the
following two lemmas.

Lemma 6.2.7. For all sufficiently large l ∈ N, we have

0 < ‖Dlθ‖ � q−N(l)/5.

Proof: For each n ≤ N(l), we have p(n) ≤ Al, which implies that qAl−p(n) ∈ N
and that ∆(N(l))xn ∈ N. Hence, we have

Dlθ =
∞∑
n=0

∆(N(l))2xnq
Al−p(n) ≡

∞∑
n=N(l)+1

∆(N(l))2xnq
Al−p(n) mod 1. (6.2.8)

The right hand side is bounded above by

∞∑
n=N(l)+1

∆(n)2χ(n)qAl−p(n) �
∞∑

n=N(l)+1

H(n)2qAl−p(n) �
∞∑

n=N(l)+1

n2γqAl−p(n).

Since (
n+ 1

n

)2γ

qp(n)−p(n+1) =

(
n+ 1

n

)2γ

q−(an+a+b) < 1/2
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for each sufficiently large n ∈ N, then the previous inequality implies that

∞∑
n=N(l)+1

∆(n)2χ(n)qAl−p(n) � (N(l) + 1)2γqAl−p(N(l)+1) = qO(logN(l))qAl−p(N(l)+1).

Lemma 6.2.4 yields Al − p(N(l) + 1) < −N(l)/4, and so

0 <
∞∑

n=N(l)+1

∆(N(l))2xnq
Al−p(n) � q−N(l)/5.

By (6.2.8), the middle term above is equal to ‖Dlθ‖ for each sufficiently large l ∈ N,
because q−N(l)/5 tends to zero as l tends to infinity.

Lemma 6.2.8. There exists δ > 0 such that, for all sufficiently large l ∈ N, we have

q−2a
√
N(l) � ‖Dlθ

2‖ � N(l)−δ.

Proof: Since Al < p(N(l)+1)−N(l)/4, Lemma 6.2.6 implies that ∆(N(l))2Xn ∈ N
for each n ≤ Al, so

Dlθ
2 =

∞∑
n=0

∆(N(l))2Xnq
Al−n ≡

∞∑
n=Al+1

∆(N(l))2Xnq
Al−n mod 1,

for each sufficiently large l ∈ N. Since Xn = 0 for Al < n < Al + k(Al), this yields

Dlθ
2 ≡

∞∑
n=Al+k(Al)

∆(N(l))2Xnq
Al−n mod 1, (6.2.9)

for each sufficiently large l ∈ N.
Now, let C3 > 0 be as in Lemma 6.2.5. Since Al � N(l)2, then N(l) ≤ C5

√
Al

for some C5 > C3. Hence, for each n ≥ Al, we have

∆(N(l))2Xn ≤ ∆(N(l))2χ(C3

√
n)2no(1) ≤ H(C5

√
n)2no(1) � nγ+o(1).

Lemma 6.1.4 gives k(Al) ≤ 2a
√
N(l) for each sufficiently large l ∈ N. Hence, we have

Al + k(Al)� Al, and so the above inequality yields

∞∑
n=Al+k(Al)

∆(N(l))2Xnq
Al−n �

∞∑
n=Al+k(Al)

nγ+o(1)qAl−n � A
γ+o(1)
l q−k(Al).
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Since N(l)2 � Al � P 2
l , Corollary 6.1.3 implies that

k(Al) ≥
logN(l)

32a(1 + o(1))
,

for each sufficiently large l ∈ N. Thus, we have that

A
γ+o(1)
l q−k(Al) � N(l)2γ+o(1)N(l)−(log q)/(32a(1+o(1))).

Since 2γ < (log q)/(32a), then there exists δ > 0 such that

∞∑
n=Al+k(Al)

∆(N(l))2Xnq
Al−n � N(l)−δ. (6.2.10)

Now, since Al < p(N(l) + 1)−N(l)/4 and since k(Al) ≤ 2a
√
N(l), then

Al + k(Al) ≤ p(N(l) + 1)− C4,

with the constant C4 > 0 from Lemma 6.2.6, for each sufficiently large l ∈ N. Hence,
Lemma 6.2.6 gives that ∆(N(l))2XAl+k(Al) ∈ N, which in turn implies that

∞∑
n=Al+k(Al)

∆(N(l))2Xnq
Al−n ≥ q−k(Al),

for those l. Assuming l large enough so that k(Al) ≤ 2a
√
N(l), the above inequality

combined with (6.2.10) yields

q−2a
√
N(l) ≤

∞∑
n=Al+k(Al)

∆(N(l))2Xnq
Al−n � N(l)−δ.

By (6.2.9), the middle term above is equal to ‖Dlθ‖ for each sufficiently large l ∈ N,
because N(l)−δ tends to zero as l tends to infinity.

We can now prove Theorem 6.2.1.

Proof: (Theorem 6.2.1)
Suppose that [Q(θ),Q] ≤ 2, and so there exists c0, c1, c2 ∈ Z not all zero such that

c2θ
2 + c1θ + c0 = 0.

In particular, at least one of the constants c1, c2 is non-zero. As previously noted, we
have that

‖c1Dlθ‖ = ‖c2Dlθ
2‖
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for each l. By Lemmas 6.2.7 and 6.2.8, we have

|c2| · ‖Dlθ
2‖ = ‖c2Dlθ

2‖ = ‖c1Dlθ‖ = |c1| · ‖Dlθ‖ (6.2.11)

for each sufficiently large l ∈ N. Suppose that c2 = 0. Then, ‖Dlθ‖ = 0 for each
sufficiently large l ∈ N, which contradicts Lemma 6.2.7. Hence, c2 6= 0, and so
Lemmas 6.2.7 and 6.2.8 yield

|c1| · ‖Dlθ‖ � q−N(l)/5 and q−2a
√
N(l) � |c2| · ‖Dlθ

2‖,

respectively. Hence, by (6.2.11), we have

q−2a
√
N(l) � q−N(l)/5.

This is a contradiction, as the right hand side converges to zero too rapidly compared
to the left hand side. Therefore, we have

[Q(θ) : Q] > 2,

proving the claim.
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Mathématique de Rennes, pages 1–78, 2002.

[4] O.N. German. Intermediate Diophantine exponents and parametric geometry of
numbers. Acta Arithmetica, 154:79–101, 2012.

[5] G.H. Hardy and E.M. Wright. An Introduction to the Theory of Numbers. Oxford
University Press, 2008.
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[7] V. Jarńık. Über einen Satz von A. Khintchine II. Acta Arithmetica, 2:1–22, 1936.
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