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Abstract

This thesis is primarily concerned in studying the relationship between different ez-
ponents of Diophantine approximation, which are quantities arising naturally in the
study of rational approximation to a fixed n-tuple of real irrational numbers.

As Khinchin observed, these exponents are not independent of each other, spurring
interest in the study of the spectrum of a given family of exponents, which is the set
of all possible values that can be taken by said family of exponents.

Introduced in 2009-2013 by Schmidt and Summerer and completed by Roy in
2015, the parametric geometry of numbers provides strong tools with regards to the
study of exponents of Diophantine approximation and their associated spectra by
the introduction of combinatorial objects called n-systems. Roy proved the very
surprising result that the study of spectra of exponents is equivalent to the study of
certain quantities attached to n-systems. Thus, the study of rational approximation
can be replaced by the study of n-systems when attempting to determine such spectra.

Recently, Roy proved two new results for the case n = 3, the first being that
spectra are semi-algebraic sets, and the second being that spectra are stable under
the minimum with respect to the product ordering. In this thesis, it is shown that
both of these results do not hold in general for n > 4, and examples are given.

This thesis also provides non-trivial examples for n = 4 where the spectra is
stable under the minimum.

An alternate and much simpler proof of a recent result of Marnat-Moshchevitin
proving an important conjecture of Schmidt-Summerer is also given, relying only on
the parametric geometry of numbers instead. Further, a conjecture which generalizes
this result is also established, and some partial results are given towards its validity.
Among these results, the simplest, but non-trivial, new case is also proven to be true.

In a different vein, this thesis considers functions of the form

0(q) = arg "W,
k=0

where p(n) is a quadratic polynomial with p(N) C N, and where z; > 0 is rational
for each k € N, thereby generalizing the theta function T'(q) = >, .y ¢ . We show
under additional conditions on xj that [Q(0(q)) : Q] > 3 for each integer g > 2.
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Introduction

One can attach several exponents of Diophantine approximation to each non-zero
vector & = (&1,...&,) € R™. They measure how well the point & can be approximated
by rational subspaces of R" for a given dimension d € {1,...,n— 1}, asin [1, 12, 23].
We adopt the following convention: Let || - || denote the standard Euclidean norm,
and for a wedge product x Ay with x = (z1,...,2,),y = (Y1,---,Yn) € R", the
Euclidean norm of x Ay is defined as the quantity

eAyll= [ > (e — o)
1<i<j<n
An exposition on the topic of wedge products can be found in [13, Chapter 16].

For the case d = 1, one considers the exponent (), respectively A(€), defined
as the supremum of all real numbers A > 0 such that

Ix| <X and [xAgl <X

admits a non-zero solution x € Z" for arbitrarily large values of X, respectively for
every sufficiently large value of X. For the case d = n — 1, one considers instead the
dual exponent 7(&), respectively 7(£), defined as the supremum of all real numbers
7 > 0 such that

[x[ <X and [x-£ < X7

admits a non-zero solution x € Z" for arbitrarily large values of X, respectively for
every sufficiently large value of X.

As Khinchin first observed in [10, 11], these exponents are not independent of
each other. This led to the study of the spectrum of a given family of exponents,
which is the set of all possibles values that can be taken by this family of exponents
when restricting to € with &1, ..., &, linearly independent over Q.

For instance, the spectrum of (A, AT, 7) is the set of points

(M), A(€),7(£),7(8))

where & runs through the non-zero points £ € R” with &, ..., &, linearly independent
over Q. Optimal constraints on these exponents were determined and shown to
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describe the full spectrum by Laurent for n = 3 in [12]. However, determining optimal
constraints on these four exponents remains an open problem for n > 4. Nevertheless,
several related results are known.

When &, ..., &, are linearly independent over Q, Khinchin’s transference princi-
ple [10, 11] yields the inequalities
7(€) T(§) —n+2

AE) <

(n—2)7(§)+n—1" n—1

Jarnik proved in [6, 7] that these inequalities are best possible. Constraints on the
pair (5\(5), 7(&)) were also determined by Jarnik in [8] for n = 3 and by German for
n > 4 in [4]. Jarnik proved that these constraints are best possible for n = 3 in [9],
and Marnat proved they are best possible for n > 4 in [14].

The spectra of (A, A) and (7,7) for n = 4 were determined respectively by
Moshchevitin in [17] and by Schmidt and Summerer in [27]. Recently, Marnat and
Moshchevitin determined both of these spectra for n > 5 in [15].

The notion of height of a subspace V' of R” or C" in relation to a fixed number
field K was introduced by Schmidt in 1967 [23]. This allowed him to approximate
a vector subspace V' by vector subspaces S defined over K of a given dimension d.
This thesis considers the case of real vector spaces with K = Q. Given a non-zero
subspace S defined over Q, the height of S is defined by

H(S)=||x1 A Axgl,

where {x1,...,Xy} is a basis of S NZ" as a Z-module, and where || - || is the usual
Euclidean norm. Note that this is independent of the choice of basis. Given such a
subspace S and a non-zero point & € R", the projective distance between &€ and S is

defined by
o ||£/\X1/\"'/\Xk||

d(€7 S) - )
IEIH(S)
noting again that this is independent of the choice of basis {x3,...,xx}.
In [12], Laurent considers for each j € {1,...,n — 1} the intermediate exponent

w; (&), respectively w;(§), defined as the supremum of all real numbers w > 0 such
that
H(S)<@Q and H(S)d(,5) <Q™™ (0.0.1)

is satisfied for some j-dimensional subspace S of R" defined over Q, for arbitrarily
large values of @), respectively for every sufficiently large value of (). These exponents
are more general than the four exponents A, 5\, T,T since A, \ are the same as w1, W1,
and 7,7 are the same as w,_1,w,_1.

Laurent obtained constraints for the spectrum of (wyq,...,w,_1) in [12], and Roy
proved that they describe the full spectrum in [21].
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In order to study spectra of exponents in greater generality, Schmidt and Sum-
merer introduced the parametric geometry of numbers in [25, 26], a theory which was
completed by Roy in [20]. This theory is based on the geometry of numbers.

The geometry of numbers was introduced by Minkowski in 1910. This theory
studies conver bodies C in R", which are subsets C of R"™ with non-empty interior
such that C is compact, convex, and centrally symmetric, i.e. 0 € C and —C = C.
The theory is concerned with the study of convex bodies in relation to lattices A
in R™. Minkowski proved two fundamental theorems in this direction. The first is
Minkowski’s first convex body theorem, which states that a convex body C with

vol(C) > 2"vol(R"/A)
contains a non-zero point in A. The second is concerned with the successive minima
M(C,A), ..., A (CA)

of a convex body C, where \; = \;(C, A) is defined as the infimum of all A > 0 such
that AC contains at least 7 linearly independent points in A, for ¢ = 1,...,n. It is
easily verified that

0<)\1§"'§)\n<00.

Minkowski’s second convex body theorem states that

27yol(R"/A)

n!

< Ay Avol(C) < 2"vol(R™/A).

The geometry of numbers has lead to important advances in the study of rational
approzimation to a fixed n-tuple of real irrational numbers. For instance, let

£=(&,---&) eR”
with & =1 and &,,. .., &, linearly independent over Q. For each ¢ > 0, the set
C(q) = {x € R"||zy]| < qand |26 — 2] < gV Vfori=2,...,n}

is a convex body in R"™. Since the volume of C(q) is 2" for ¢ > 0, then Minkowski’s
first convex body theorem implies that C(gq) contains a non-zero point in Z". Since
& = 1, then a non-zero point x € C(¢) N Z" is such that that the line L passing
through the origin and the point x is an approximation of the line L’ passing through
the origin and &, in the sense that the angle between L and L’ is small. Thus, letting
q go to infinity yields increasingly better rational approximations to the point &.
Along this line of reasoning, Schmidt and Summerer introduced the parametric
geometry of numbers in order to study such convex bodies C(¢q) by studying the
parametric family of convex bodies (C(q)),>0. With respect to the theory, there are a
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number of ways of redefining the convex bodies C(q). Certain authors instead study
the convex bodies defined by

Ce(q) = {x e R"|[Ix]| < "™ and [|x A gl < e} (¢ > 0).

This thesis however adopts the convention used by Roy [22], which is to consider the
parametric convex bodies given by

Celq) = (x € R"[|x]| <1 and |x- €| <%} (¢ 0).

The convex bodies Cf(q) and C¢(g) are in some sense dual. In order to study the
latter parametric family, define the map L¢ : R — R™ by

q— (IOg )‘1(Q)7 ce 710g /\n(Q)),

where \;(q) is the " minimum of C¢(q) in relation to Z™. The case where &y, ...¢&,

are linearly independent over Q is equivalent to the case where L¢; is unbounded.
Schmidt notes in [24] the importance of the maps Lg¢ with regards to Diophantine

approximation. Furthermore, translated to the conventions of [22], he observes that

Lea(q) < - < Lealq) (¢20),

that Minkowski’s second convex body theorem implies that

[Lea(q) + -+ Lenlq) =gl = O(1) (¢ 20),

and that each Lg¢; is a continuous piecewise linear map with slopes either 0 or 1.
To see the relation between the maps Lg and the aforementioned exponents of
Diophantine approximation, define for each & € R™\{0} the quantities

¢,(€) = liminf ' Lei(q) and F(€) = limsup g~ Lea(q).

q—00
fori=1,...,n, as well as the quantities
J . J
¥,;(§) =liminfg™" Zl Lei(a) and ;(¢) = lim sup ¢ Zl Le,i(q),
for j =1,...,n. Roy notes in [20] that

1 1 A&

_ ) _
= ma ?1(8) ¢ (&) =—=— and B,(§)

2l “Tre 29T

for each non-zero £ € R". Since

¢ Lea(q) + -+ q 'Len(q) — 1] = 0(1) (¢ >0),
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then B
ﬂn,l(s) =1- @n(&) and @anl =1- fn(€)7
and so we also have that
1 — 1
%nfl(f) = T)\(E) and 1, (&) = TS\(E)’

for each non-zero £ € R™. More generally, Roy shows in [21] that

1

v I

L (€> and Ej (6)

- 1+ wnfj(g)

for each non-zero £ € R", for j = 1,...,n — 1, where the w,,_;(§), ©,—;(§) quantities
are defined as in (0.0.1). The spectra of pairs (gj,ﬂj) where j € {1,...,n — 1} play
an important role in this thesis.

We also consider generalized exponents of Diophantine approximation. These
were introduced by Roy [22], and they are defined as follows.

For each linear map 7' = (11,...,T,,) : R* — R™, define ¢, and p to be the
functions which take each non-zero point & € R™ to the m-tuples

0, (6) = (0, (€),- -y (€) and Br(€) = (B, (). ... P, (€)),

where
er. (&) = ligginf qilTi(Lg(q)) and P, (§) = limsup qilTi(Lg(q)),
o0 q—00
for « = 1,...,m. The functions P, Pr, are called generalized exponents of Dio-

phantine approrimation. The spectrum of ¢, 1s the set of points fT(ﬁ) where & runs
through the points & € R" with &, ..., &, linearly independent over Q.

Observe that the preceding examples of exponents can be recovered through
these generalized exponents, as verified by the identities

=¥

) L,

) @1 = Ewi and y] = fo.jv E] - @o‘ﬁ

where m;(x) = x; and 0;(x) =z + -+ + x5, for all x = (2y,...,2,) € R™

The notion of an n-system was proposed by Schmidt and Summerer in [26] as a
model for the functions Lg¢. In that paper, they are called (n,0)-systems. In [20], Roy
gives a definition which is adapted for the context of parametric families of convex
bodies (C¢(q))g>0. In this context, an n-system is a map P : I — R" satisfying the
following simple properties:

e The domain [ is a closed subinterval of R with min 7 > 0.
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e For each ¢ € I, we have that
0< Pg) <---<Fulg) and Pi(g)+---+ FPulg) = ¢

Moreover, by writing S; = P, +---+ P, for i = 1,...,n, we have the following
properties for each i € {1,...,n}.

e The map S; is a continuous piecewise linear map with slopes either 0 or 1.

e If g€ [° and j > 0 are such that Sj(¢7) =1 # Si,;(¢"), then we have
Pi(q) = Piyj41(q)-

An equivalent definition of an n-system is given in the first chapter.

Roy shows in [20] that, for each map Lg, there exists an n-system P such that
P and L¢ have bounded difference. Conversely, Roy shows in [20] that, for each n-
system P, there exists a non-zero vector & € R" such that P and L¢ have bounded
difference. Studying the maps L¢ is in this sense equivalent to studying n-systems.
The benefit of studying n-systems instead of the maps Lg comes from the simplicity
in their description, and how it eliminates the need to consider the points & directly.

To see how n-systems can be used to study exponents, define for each linear map
T : R"™ — R and each n-system P the quantities

¢, (P) = liminf ¢ 'T(P(g)) and @;(P) = limsupq 'T(P(q)).

q—00 q—o0

If £ € R"\{0} is such that L¢ and P have bounded difference, then

o, (P)=¢,(§) and pr(P) =pr(£).

Thus, the spectrum of ¥, is the set of points fT(P) where P runs through the n-
systems P with P, unbounded. Such an n-system is called proper.

The following notation is often useful when studying spectra. To each n-system
P : I — R™ with unbounded domain, one defines the set F(P) to be the set of all
points y € R”™ such that y is the limit of ¢; 'P(g;) for some unbounded sequence
(¢i)ien in I. We also define the set K(P) to be the convex hull of F(P). Since
convexity is preserved by linear maps, and since the infimum remains unchanged by
taking the convex hull, it follows that

¢.(P) = inf T(F(P)) = inf T(K(P))

for each linear map 7' : R* — R™.

The first chapter of this thesis presents numerous notions and results which are
related to the study of n-systems, following the work of Roy in [20, 22, 21]. We also
develop certain results which are original to this thesis.
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In the second chapter of this thesis, we study the spectra of pairs (yj,aj). For
the case n > 3, Marnat and Moshchevitin recently determined the set of all such
pairs for j = 1 and j = n — 1 in [15]. The proof of Marnat and Moshchevitin uses
some results from the parametric geometry of numbers, but relies largely on a more
traditional approach. This thesis reproduces their result, but relying only on the
parametric geometry of numbers. The proof is also markedly simpler. The idea is
motivated by a transformation of proper n-systems P into canonical n-systems P
preserving the maps S; = P + - - - + F; for a given j. This transformation is given in
the first chapter, and is original to this thesis.

We also give a conjecture describing all possible values (¢ .(P), %(P)) for a given
pair (n,j), and we prove that the conjecture holds true for a special subclass of n-
systems which we call quasi-reqular. We also prove the case (4,2), which completes
the case n = 4 in light of the result of Marnat and Moshchevitin. Though not included
in this thesis, we also tested by computer, checking for several pairs (n, j), that the
conjecture for j holds true for many n-systems. A non-trivial test case for the pair
(5,2) is also proven to hold true using elementary algebra arguments.

In the third chapter, we prove the existence of spectra of n-systems which are
not semialgebraic sets, for each n > 4. This is in contrast to a remarkable result
of Roy proving that spectra of n-systems are semialgebraic sets for n = 2,3 in [22].
Moreover, the existence of such spectra is made explicit for a certain family of linear
maps T : R* — R*1,

The idea of the proof is to show, for certain linear maps

T =(Ty,...,T,) : R* = R"",
that the intersection of the spectra St of Cr with the semialgebraic set
Ar = {x e R"|Ty(x) >0 and Tj(x) > 0 fori=1,...,n}

is not a semialgebraic set. Since the intersection of semialgebraic sets remains so
itself, this allows us to conclude that St is not semialgebraic. The proof is done in
two steps: First, we consider the set St of points ¢ (P) where P runs through an

important subclass of n-systems called self-similar. We then show that SrN Az is an
infinite discrete subset of R™™! which in turn implies that S7 is not semialgebraic.
Second, we prove that every image point gT(P) in A7 of a proper n-system P is also

the image point ET(P) in Ay for some self-similar n-system P. Hence, we conclude

that Sy = Sy, which completes the proof.

This reduction relies on proving that certain limits of sequences of n-systems
remain n-systems themselves. To this end, in the first chapter we introduce maps
called prototypes, which share many properties with n-systems. For a given integer
n > 2, the class of prototypes is strictly larger than the class of n-systems, but has
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the advantage of being closed under uniform convergence. Under certain added con-
ditions, we can show that certain limits of prototypes are in fact n-systems. Another
important result in this direction is a natural generalization of the Arzeld-Ascoli the-
orem, which we will use to prove that an arbitrary sequence of n-systems defined on
a compact interval I of (0,00) has a subsequence which converges uniformly.

For each x = (21, ..., Zmn),y = (Y1, .-, Ym) € R™, we define the minimum

min{x,y} = (min{xy, 41}, ..., min{x,, ym}).

The fourth chapter gives a condition under which certain spectra S C R™ of 4-systems
are stable under the minimum, i.e. for each x,y € S, the point min{x,y} € S. This
expands upon another result of Roy proving that spectra for n-systems are stable
under the minimum for n = 2,3 in [22].

The main result leading to this condition of stability under the minimum is
the proof of the following result: For each proper 4-system P, there exists a proper
4-system R such that IC(R) is the convex hull of

FP)u{(1,1,1,1)/4}.

On the other hand, the fifth chapter proves the existence of spectra of 4-systems
which are not stable under the minimum. The proof relies on the construction of two
proper 4-systems R and S with the following property: If T is a proper 4-system,
then IC(T) is not equal to the convex hull of F(R) U F(S).

In a different vein, the sixth and final chapter considers functions of the form

0(q) =Y aeg ™,
k=0

where p(n) is a quadratic polynomial with p(N) C N, and where z; > 0 is rational
for each k € N, thereby generalizing the theta function T'(q) = >, ¢ ¥. While
it is known by an application of Nesterenko’s theorem that 7'(¢q) is transcendental
for each algebraic ¢ # 0 with |g| > 1, this thesis shows that 6(q) is not an algebraic
number of degree less than 3 at integers ¢ > 2, under certain height constraints on
the polynomial p and the numbers x;. The proof uses a gap argument relying on a
result of Richards.



Chapter 1

Preliminaries on Parametric
Geometry of Numbers

This chapter is divided into several sections. The first on parametric geometry of
numbers gives a brief introduction to the theory, following conventions of Roy. The
second introduces the notion of a system, the main object of study throughout this
thesis, and intends to help the reader develop an intuition towards how these objects
are used as tools in the study of exponents of Diophantine approximation, primarily
with regards to their spectra. The remaining sections cover several results concerning
systems, most of which are key in proving the results in the following chapters.
Throughout this chapter, fix an integer n > 2.

1.1 Parametric Geometry of Numbers

The contents of this section describing the parametric geometry of numbers are at-
tributed to [22]. Tt is also worth noting that while the conventions in [22] differ
than those used by Schmidt and Summerer [25, 26], the theory remains essentially
equivalent.

A convex body C in R™ is a subset C of R™ which has non-empty interior, and which
is compact, convex, and centrally symmetric, i.e. 0 € C and —C = C. Introduced by
Minkowski [16], the geometry of numbers studies convex bodies in relation to lattices
A in R™. A first important result in this direction is Minkowski’s first convexr body
theorem, which states that a convex body C with vol(C) > 2"vol(R"/A) contains
a non-zero point in A. A second important result is concerned with the successive
minima A\ (C,A), ..., \(C, A) of a convex body C, where each \; = \;(C, A) is defined
as the infimum of all A > 0 such that AC contains at least ¢ linearly independent
points in A. One readily verifies that 0 < Ay < --- < )\, < oo, and Minkowski’s
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second convex body theorem is thus stated

M < Ap- - Apvol(C) < 27vol(R™/A).
n.

In [25], Schmidt and Summerer go one step further by studying certain para-
metric families of convex bodies stemming from the study of rational approximation,
thus initiating the parametric geometry of numbers.

For each non-zero point £ € R, define the parametric family (C¢(q))q>0 of convex
bodies in R™ by defining for each ¢ > 0 the convex body

Ce(q) = {x e R"[[Ix]| < T and [x- & < e},

where ||x|| denotes the Euclidean norm of x in R™ and x - € denotes the standard
scalar product of x and & in R". The parametric geometry of numbers implicitly
studies the quantities \;(C¢(q), Z"™) as functions of the parameter ¢ € R by taking
their logarithms, in an effort to simplify the exposition and theory. To this end, define
for each i € {1,...,n} the function L¢,; : Rt = [0,00) — R by

Lei(q) = log Mi(Ce(q),Z") (g >0),

and define the function L¢ : RT — R™ by

Le(q) = (Lea(q), s Len(q)) (g2 0).

Schmidt notes in [24] the importance of the maps L¢ with regards to Diophantine
approximation. Further, translated to the conventions of [22], he observes that

Lei(q) < -+ < Len(q) (g 2>0),

that Minkowski’s second convex body theorem implies that

[Lea(q) + -+ Len(q) —al = O(1) (¢ 20),
and that each Lg¢; is a continuous piecewise linear map with slopes either 0 or 1.

Proposition 1.1.1. Let & = (&1,...,&,) € R"\{0}, and let m € {0,...,n — 1} be
mazimal such that Le; s bounded for each © with 1 < i < m. It follows that

n—m =dim(,...,&)o.

Proof: Let m’ = n — dim(&, ..., &,)q, and so there exists linearly independent
points ay,...,a,, € Z" such that a; - & = 0 for i = 1,...,m/. By letting A\ be such
that aj,...,a, € AC¢(q), it follows that L¢,, < logA, and so m’ < m. For the
reverse inequality, note that L¢,, < logA for some A > 0, and so AC¢(t) N Z" is
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finite and contains at least m linearly independent points for each ¢ > 0. Thus, as
ACe(s) € ACe(t) for each s,t with s > ¢t > 0, it follows as t — oo that the finite set
AC¢ (t)NZ" stabilizes at some ¢ = M, that is ACe(M)NZ" = My>0Ce(t)NZ". By letting
Ci,...,Cp be linearly independent points in AC¢(M) N Z™, it follows that ¢, - & = 0
fori=1,...,m, and som <m/. |

Finally, the work by Schmidt and Summerer in [25, 26|, completed by Roy in
[20], provides a complete characterization of all possible maps L¢ : [0,00) — R", up
to bounded difference in R”, and is described in the following section on n-systems.

1.1.1 Spectra of Families of Exponents

Of primary interest in this theory are quantities called exponents of Diophantine
approzimation, which are named as such because they manifest as critical exponents in
problems of Diophantine approximation. Some common examples are the quantities

¢ (&) = liminf qing,i(q) and (&) = limsup qilL&i(q),

- q—0 q—00
fori=1,...,n, as well as the quantities
J B j
Y (&) = liminf ¢! Z Lei(q) and (&) =limsupq ™’ Z Lei(q),

—J q—00
i=1 400 i=1

for 5 = 1,...,n, which will play an important role in this thesis. The following
definition generalizes these exponents.

Definition 1.1.2. For each linear map 7' = (17, ...,T,,) : R* — R™, define ¢, and
@7 to be the functions which take each non-zero point £ € R" to the m-tuples

(&) = (24, (8), -, 0, (€)) and pr(€) = (21,(8), - - P, (£)),

where
v, (&)= lim inf ¢ 'Ti(Le(q)) and @7, (&) = limsup ¢~ 'Ti(Le(q)),
@ o0 q—o0
fori=1,...,m. The functions P P, are called generalized exponents of Diophan-

tine approximation.

Observe that the preceding examples of classical exponents can be recovered
through these generalized exponents, as verified by the identities

fi = fﬂ'z” @z = @m and gj = £0j7 Q/)j - @a’ﬁ
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where m;(x) = x; and 0;(x) =1 + - - + x5, for all x = (2y,...,2,) € R™.
Given linear maps T : R” — R™ and 7" : R — R, it is in general difficult to
determine the image of (¢, ;). This leads to the following definition.

Definition 1.1.3. For linear maps 7' : R® — R™ and 7" : R” — R™, the spectrum

of (¢, Py) is the set of values (p,.(§), P/ (§)) where & = (&,...,&,) runs through
the points in R™ having Q-linearly independent coordinates.

Remark that _; = —¢_, for each linear map 7" : R" — R™, so that one can
study spectra in general by 1nstead studying spectra of functions of the form ¢, .

In order to study spectra of maps ¢, it is important to know something about
the maps L¢. Extending the notion of e_xponents to maps is useful in this regard.

1.1.2 Exponents of Maps

The following notation is often used throughout this thesis.

Definition 1.1.4. For each map f : S — R" defined on a subset S of R, and for each
linear map 7' : R® — R™, define the functions ¢, pr : S\{0} — R™ by

pla: f)=a"f(@), erlaf)=a"'T(f(e) (qeS\{0}).
Upon writing ¢ = (1, ..., ¢y), also define for each j € {1,...,n} the map

J
= Z Pi-
i=1

Moreover, for ¢ = 1,...,m, if S is bounded, then define the quantities
o, (f)=1inf or,(¢; f) and B7,(f) = sup e, (q; f),
i qeSs q€eSs
and if S contains an interval [gg, c0) for some gy € S, then define the quantities

¢, (f) = liminfor,(g; f) and @y, (f) = limsup oz,(q; f).

q—o0

The quantites ;5 Pis yj,ﬁj associated to f are defined similarly. Finally, define

e (f) = (g, () -0y, () and Br(f) = (@7, (f), - - Pr, (),

and the quantities ¢(f), @(f) similarly.
Remark. ¢ (L¢) = ¢ (§) for each £ € R"\{0} and each linear map 7": R" — R™.

It is worth mentioning that the distinction between maps defined on bounded
domains and those whose domain contains an interval of the form [gg,00) stems
naturally from considerations in this thesis. Specifically, when studying ¢, o1 for
maps with unbounded domains, it is always the case that only the limiting behaviour
is of interest when studying infima and suprema.
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1.1.3 Approximation Criterion

The goal of this subsection is to determine a general criterion under which maps L and
P satisfy ¢ (L) = ¢, (P) independently of the choice of a linear map 7" : R" — R™.
The following definitions, observations, and lemma lead to this criterion.

Definition 1.1.5. Let f : S € R — R™ be a map, for some m € N7, and let
q € RU{+oo}. A point y € R™ is said to be a limit point of f at q if there exists a
sequence (¢;)ien of elements in S converging to ¢ and such that f(g;) — y. The set
of such y is denoted by lim(f,q) = lim,(f(x),q).

In particular, for a bounded map f : [g, 00) — R, it follows that

inf(lim(f, 00)) = liggg)lff(q) and sup(lim(f, 00)) = limsup f(q). (1.1.1)

q—o0

It is also worth noting that if g : R™ — R™ is a continuous map, then

g(lim(f,q)) C lim(go f,q), (1.1.2)

and that equality holds if the image of f is bounded on some neighbourhood of gq.

Before stating the lemma, note for maps L, h : gy, 00) — R that L = O(h) means
that there exists a positive constant C' such that |L(q)| < Ch(q) for every sufficiently
large ¢, and note that L = o(h) means that h(q) > 0 for every sufficiently large ¢
and that lim,,~, L(q)/h(q) = 0. In practice, this thesis considers the cases where the
map h(q) is either the identity mapping ¢ or the constant mapping 1.

Lemma 1.1.6. Let L, P, h : [qo, 00) — R be maps with h(q) > 0 for every sufficiently

large q and such that L — P = o(h). It follows that lim(L/h,o0) = lim(P/h,o0).
Moreover, if L/h and P/h are bounded, then

L(q) P(q) L(q) P(q)

liminf —= =liminf —= and limsup ——= = limsup —.
avee h(g)  amee h(g) oo @) amee D(g)

Proof: Let x be a limit point of L/h at infinity, and so

ieN h(q;)
for some sequence (g;);en With ¢; — oo. It follows that
P(q; P(q; L(a.) — P(qg; L(a:
fim 20 o Pla) L) = Pla) g Lla)

ieN h(q;)  ieN h(g) = ieN h(q;) ieN h(q;)

A symmetric argument completes the proof of the first claim.
If L/h and P/h are bounded, then (1.1.1) yields the second claim. i
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Definition 1.1.7. For each gy > 0 and each map f : [go,00) — R", define the set
F(f) = lim,(¢(q; f),00), and denote its convex hull by IC(f).

In other words, the set F(f) is the set of limits in R™ of sequences (g; " f(q:))ien
where (¢;)ien 1S a sequence of positive reals with ¢; — oo.

Remark. If ||f(q)]| = O(q), then ¢(q; f) is a bounded function, and if 7' : R" — R
is a linear map, then T o ¢(q; f) = p(¢; T o f), and so (1.1.2) implies that

T(F(f)=F(Tof). (1.1.3)
This remark is key in proving the following proposition.

Proposition 1.1.8. Let L, P : [gy,00) — R™ be maps such that |L(q)|| = O(q) and
IL(q) — P(g)ll = o(q). It follows that [P (q)|| = O(q), and that

o, (L) = ¢ (P) =inf T(F(P))
for each linear map T : R™ — R.

Proof:  Note that T'(L(q)) — T'(P(q)) = ||T||o(¢q), and that [|P(q)|| = O(q) since
IP(g)[l < [[P(g) = Lig)ll + [[L(g)[| = o(g) + Olg) = Olq).
Hence, ¢(q; L), ¢(q; P) are bounded, so Lemma 1.1.6 implies £T(L) = fT(P)' Finally,

¢, (P) = liminf pr(g; P) = inflim(p(q; 7' 0 P); 00) = inf F(T' o P)
— q—ro0 q

by (1.1.1), and F(T o P) = T(F(P)) by (1.1.3), completing the proof. i

Note that the infimum is preserved by taking convex hulls, and that convexity
is preserved by linear maps. Thus, as the maps ||L¢(q)|| are known to be O(g), it
follows that if £ € R"\{0} and P : Rt — R"™ satisfy ||L¢(q) — P(¢)|| = o(q), then

gT(ﬁ) = £T(P) =inf T'(F(P)) = inf T(KL(P)), (1.1.4)

for each linear map T : R” — R™, where the infimum is taken with respect to the
product ordering on R™ i.e. (x1,...,2n) < (Y1, ,Ym) S x; <y fori=1,...,m.
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1.2 n-Systems

In this section, the definition of objects known as n-systems is given, and some impor-
tant subclasses of these objects are defined. Two important theorems proven by Roy
in [20], one of which implies that studying the functions L is in some sense equiva-
lent to studying n-systems, are stated. Some tools are also developed, many of which
are key in proving results in the following chapters, and some examples and illustra-
tions are given to help the reader develop an intuition towards better understanding
n-systems and how they may be used in proofs.
Let eq,...,e, denote the canonical basis elements of R”, and define the sets

A"={xeR"|0<z; <---<x,} and X' ={xeR"|x;+ -+, =1}

Definition 1.2.1. A map P : I — R" is called an n-system if I is a closed subinterval
of R with non-zero length and min / > 0, and if the following properties hold for each
qel

(S1) The point P(g) lies in A", that is 0 < Pi(q) < --- < P,(q).
(S2) The point ¢~'P(q) lies in X", that is Pi(q) + -+ + P,(q) = q.

(S3) There exists k, [ with Py(q) > P,(q) and a neighbourhood U of ¢ such that

Plg)+ (¢ —qler ifq <gq,
P(g)+ (¢ —qler if ¢ > g;
Thus, writing P = (P, ..., P,), the components P, ..., P, are monotone increasing

and continuous, and the pair (k,1) is unique when ¢ is in the interior of I.
Moreover, it is non-degenerate if the following condition holds for each ¢ € I:

(S4) For any i € {1,...,n — 1} such that P;(q) = P,+1(q), it follows that
{Pi’(q_)zl if ¢ > inf I,
Pl i(qt) =1 ifg<supl,
where ¢~ (resp. ¢7) indicates left (resp. right) differentiation at q.
Observe that if Pi(q),..., P,(q) are distinct, then (S4) holds automatically at g.

Figure 1.2.1 illustrates the combined graph of some non-degenerate 3-system
P = (P, P, P3), which is the graph obtained by superimposing the graphs of the
individual components Pj, P, and P;. Observe by property (S1) that there is no
ambiguity in determining which line segments correspond to which component.
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P
9

= Ot Oy

Figure 1.2.1: Some non-degenerate 3-system P

Definition 1.2.2. A system refers to any m-system where m € N with m > 2.
Verifying that a map is an n-system can be simplified via the following criteria.

Proposition 1.2.3. Let a,b,dy,...,d;, > 0 witha =dy < --- < d = b, and suppose
that P : [a,b] — R™ is a map which is affine on [d;_1,d;] fori=1,... k. If one of
the properties (S1), (S2), (S3) holds at each d; fori =0, ...k, then it holds on [a,b].

Proof:  Let i € {1,...,k}, write x = P(d;,_1) and y = P(d;), and let z = P(q)
where ¢ = Ad;_1 + (1 — \)d; for some X € (0,1). Hence, as P is affine on [d;_1, d;], it
follows that z = Ax + (1 — A)y. Now, if (S1) holds at d;_; and d;, then one finds for
each [ € {1,...,n — 1} that

2] = /\CL’[ + (1 — )\)yl S /\xl+1 + (1 — A)yl-i-l = Zl+17

and that z; = Az1+ (1 — M)y > 0, so that (S1) holds at ¢. On the other hand, if (S2)
holds at d;_; and d;, then the sum of the coordinates of z is A\d;_; + (1 —\)d; = ¢, and
so (S2) holds at ¢, completing the proof of the first implication. Finally, if property
(S3) holds at d;, then P’(¢) = P’(d;) implies that it holds at g. i

Remark. The original definition of an n-system by Schmidt and Summerer was given
in terms of the maps S; = P, +- - -+ P;, as seen through the present context in Section
2 of [20]. This interpretation can lead to certain simplifications, especially through
the application of the following proposition in certain proofs.

Proposition 1.2.4. Let P : I — R"™ be an n-system, and write S; = P, +---+ P;
for each i € {1,....,n}. If ¢ € I° and k,l € {1,...,n} are such that k < | and
Sela™) =1 # 5[(q"), then Pi(q) = - -+ = Pia(q).-
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Proof:  Suppose that S;(¢7) =1 # S/(¢"), and so S/(¢") = 0. Then, there exists
K',l' such that k' <k <l <! and P}, (¢”) =1= P/(¢"), from which properties (S1)
and (S3) yield Py (q) = Py(q). Hence, property (S1) yields P.(¢) = -+ = Py1(q). 1

This may all seem nebulous at first, especially properties (S3) and (S4), and so
further discussion illustrating how one might better interpret these systems will be
given in the sequel. However, before doing so, some terminology and a theorem giving
a natural correspondence between n-systems and the points & € R™\{0} are given.

1.2.1 Correspondence Theorem

In order to make sense of the following definition, note that properties (S1) and
(S2) imply that the image of a system is unbounded if and only if its domain is
unbounded. Hence, a system is called unbounded if either its domain or image is
unbounded. Also, observe for an unbounded n-system P : [ — R” that if P; is
bounded for some ¢ € {1,...,n}, then property (S1) implies that each P,..., P, is
bounded as well. In particular, it follows from property (S2) that P, is unbounded.

Definition 1.2.5. Let P : [ — R" be an n-system, and let m € {0,...,n} be
maximal such that P; is bounded for each ¢ with 1 < i < m, and so P; is unbounded
for each e =m+1,...,n. The dimension of P is the quantity given and denoted by

dimP=n—-me€{0,...,n},
and an n-system is said to be proper if dim P = n, i.e. if the dimension is maximal.
Remark. A system has dimension zero if and only if it is bounded.

The following proposition gives properties of components based on whether or
not they are bounded. It is especially important in studying proper systems, which
are important in the study of spectra, as Theorem 1.2.10 will show.

Proposition 1.2.6. Let P : I — R" be an unbounded n-system, let m be such that
dimP =n—m, and leti € {1,...,n—1}. If i < m, then P; is eventually constant,
and if i > m, then P;(q) = Pi11(q) for arbitrarily large values of q € I.

Proof: Write S; = P, + - -+ + P;, and suppose that P; is not eventually constant.
Property (S3) implies for each N € N that P/(qx) = 1 for some gy > N. Hence, as
P, is unbounded, for each N € N there exists ¢ty minimal with ¢ > ¢y such that
Si(t%) =0, and so Si(ty) = 1. Proposition 1.2.4 then yields for each N € N that

Pi(tn) = P (tn).
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For each N € N and each g < ty, it follows that P,1(q) < Piii(tny) = Pi(tn).
Hence, if P; is bounded, then P;; is bounded, since ty — oo as N — oo. Now,
suppose that P,y is eventually constant, and so there exists M such that Pi(ty) =
Piy1(ty) = Piya(ty) for each N > M. As P; is monotone, it follows that P; is
eventually constant, which is a contradiction. Hence, P;,; is not eventually constant.

Now, if ¢ < m, then as P; is bounded, induction yields that P;,..., P, are all
bounded, which is a contradiction. Therefore, if © < m, then P, is eventually constant.

Finally, if ¢ > m, then P; is unbounded, and so is not eventually constant. Since
ty — oo as N — oo, then P;(q) = Pi11(q) for arbitrarily large values of g € 1. i

The following theorem is due to Roy in [20], stated differently but equivalently.

Theorem 1.2.7. For each & € R"\{0}, there ezists an n-system P : [gy,00) — R"
such that |P — L¢|| = O(1). Conwversely, for each n-system P : [qp,00) — R", there
evists & € R"\{0} such that |P — L¢|| = O(1). Moreover, the coordinates of § are
linearly independent over Q if and only if P is proper, i.e. if dim P = n.

The following corollary of Proposition 1.1.1 refines the last statement.

Corollary 1.2.8. Let P : [go,00) — R"™ be a map and let & = (&,...,&,) be a
non-zero point in R™. If |[P — L¢|| = O(1), then

dim P = dim(¢y, ..., &0,

i.e. the rank of {&1, ..., &} over Q is the dimension of P.

Proof:  Letm € {0,...,n—1} be maximal such that Lg ; is bounded for each ¢ with
1 <i < m. Since |P —L¢|| = O(1), then P, is bounded if and only if L¢ ; is bounded,
and so dim P = n—m. Therefore, as Proposition 1.1.1 yields n—m = dim(&y, ..., &) o,
the conclusion follows.

The following theorem is also due to Roy in [20], presented in a form which is
weaker but sufficiently strong with regards to the scope of this thesis.

Theorem 1.2.9. Let P : [ — R" be an unbounded n-system. There exists a non-
degenerate n-system P : I — R"™ such that |P — P|| = O(1).

Taking into consideration the approximation criterion given by Proposition 1.1.8,
and combining the results of Theorems 1.2.7 and 1.2.9 with Corollary 1.2.8, the image
and spectra of functions of the form ¥, can be described as in the following theorem.
Before its statement, let S™ denote the set of unbounded n-systems.
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Theorem 1.2.10 (Correspondence). For each d € {1,...,n}, write

i = (& &) e R [ dim(&y, .., &)o = d},

and
S ={P e S"| dimP = d}.

It follows for each linear map T : R™ — R™ that
0, (RG) = ¢,(S87) = ¢, ({P € 8 | P is non-degenerate}).

In particular, the spectrum ong is the set of m-tuples fT(P) where P runs through
the set of proper non-degenerate n-systems.

1.2.2 Division Points and Non-Degenerate Systems

As the correspondence theorem shows, it suffices to consider proper non-degenerate
systems in order to determine the spectra of families of exponents. Incidentally, it is
somewhat easier to work with non-degenerate systems as they have simpler pointwise
properties. In order to see this, consider the following notion, and define the sets

Aj= AT = {x € A |a; =y},
for each j € {1,...,n —1}.

Definition 1.2.11. Fix an n-system P : I — R", and let ¢ € I. If k,[ can be chosen
to be distinct for the property (S3) at ¢, then ¢ is called a division number, and P(q)
is called a division point. If k < I, then q is called a transition number and P(q) is
called a transition point. If k > [, then ¢ is called a switch number and P(q) is called
a switch point.

In particular, a number ¢ € I° is not a division number with respect to P if and
only if the derivative of P exists at ¢, in which case P’(q) = e; for some i € {1,...,n}.
Moreover, since the domain of an n-system is closed by definition, the set of division
numbers has the following property.

Proposition 1.2.12. Let P : [ — R" be an n-system, and D its set of division
numbers. The set D is enumerable in increasing order, and |D| = co < sup D = 00.

Proof: Assume without loss of generality that |D| = co. Now, suppose that the
set D has a limit point ¢ in R, and so ¢ € I as [ is closed. By property (S3), there
exists a punctured neighbourhood U of ¢ such that P’ is defined on U. Thus, DN U
is empty, which is a contradiction as ¢ is a limit point of D. Hence, D is a closed
discrete set, and so D is finite in each compact interval. |
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Definition 1.2.13. Let P : [ — R” be an n-system, and let (d;);c; be its increasing
sequence of division numbers. The sequence (P(d;));c, is called the ordered sequence
of division points of P.

The following proposition highlights a property of non-degenerate systems.

Proposition 1.2.14. Let P : [ — R" be a non-degenerate n-system, and let q € 1.
IfP(q) € A;NA; for somei,j € {1,...,n}, theni = j and q is a transition number.

Proof: ~ Suppose that ¢ > inf I, and so property (S4) yields P/(¢7) =1 = Pi(q7),
while property (S2) implies that i = j. The case ¢ < sup [ is proven similarly. i

For a non-degenerate n-system P : [ — R™ and each ¢ € [, it follows that P(q)
either has distinct coordinates or lies in A; for a unique choice of j € {1,...,n —1}.

Corollary 1.2.15. If P : I — R" is an n-system, then P is non-degenerate if and
only if for all ¢ € I, the point P(q) has distinct coordinates when P’'(q) is defined.

Proof: If P: I — R"is a non-degenerate n-system and ¢ € I, then Proposition
1.2.14 implies that P(g) has distinct coordinates if ¢ is not a transition number. Con-
versely, if an n-system P has distinct coordinates wherever its derivative is defined,
and if P(q) € A; for some ¢, i, then property (S3) guarantees that P has distinct co-
ordinates in a punctured neighbourhood of ¢. It follows that P/(¢~) =1 if ¢ < sup [
and that P/, ,(¢") =1 if ¢ > inf I, and so property (S4) holds at each ¢ € I. |

Combining Propositions 1.2.6, 1.2.12 and 1.2.14 yields the following theorem.

Theorem 1.2.16. Let P : I — R" be a non-degenerate n-system, and T its set of
transition numbers. The set T' can be partitioned by sets Ty, ..., T,,_1 so that

Plg)eAj<qeT;, (gel),

forj =1,...,n—1. In particular, the set T is enumerable in increasing order and
satisfies |T;| = oo < supT; = oo < P; is unbounded, for each j € {1,...,n —1}.

The following proposition shows that an n-system is non-degenerate if and only if
it is non-degenerate at some point of each affine segment, which is key in determining
when Theorem 1.2.16 can be applied. In particular, it is non-degenerate if it is non-
degenerate at each division point.

Proposition 1.2.17. Let P : [a,b] — R" be an n-system, let dy, . .., dy be its succes-
sive division points, and suppose that property (S4) is satisfied at some t; € [d;_1,d;]
for each v =1,... k. It follows that P is non-degenerate.
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Proof: Letie {1,...,k},let g = (1—N)d;_1+Ad; for A € [0,1], and let u € [0,1]
be such that g, = t;. Since there are no division points in (d;_1,d;), there exists j
such that P’(¢\) = e; for each A € (0,1). Hence, for each A € [0, 1], it follows that
Po(q\) = Pn(di—1) = Py(d;), for m # j, and that

Pi(gx) = Pj(di—1) + A(Pj(di) — Pi(di—1)) = Pj(di—1) + M(di — di-1).

Now, fix A € (0,1), and suppose that P(gy) does not have distinct coordinates, and
so there exists [ such that P(g\) € A;. If j =, then

P;i(d;) > Pj(qx) = Pjyi(qn) = Pia(di) > Py(d;),
which contradicts (S1), and if j = [ + 1, then
Pi(di-1) 2 Pj-1(di-1) = Pi-1(qn) = Pi(an) > Pi(di-1),

which contradicts (S1). Hence, j ¢ {l,l+ 1}, and so P(q) € A, for all ¢ € [d;_1, d;].
If o € (0,1), then P’(g,) is defined and so Corollary 1.2.15 implies that P(g,) has
distinct coordinates, which is contradiction. Therefore, 1 € {0, 1}, and so combining
property (S4) with Pj(d; ) =1 = Pj(d;) yields j € {l,l+ 1}, which is also a contra-
diction. Thus, P(q) has distinct coordinates for each ¢ € (d;_1,d;), and so Corollary
1.2.15 implies that (S4) holds everywhere on [d;_1, d;]. |

A nice consequence of Theorem 1.2.16 lies in how much simpler it is to deal with
non-degenerate systems and their combined graphs.

1.2.3 Combined Graphs

The following notion provides a very useful visualization technique with regards to
the study of systems, especially those which are non-degenerate.

Definition 1.2.18. Let S C R and let P = (Py,...,P,) : S — R" be a map. The
combined graph of P is the union of the graphs of its components Py, ..., P, : S — R.

In view of property (S1), it is typically easy to recover a system from its combined
graph, but this can be difficult locally, since multiple maps can coincide ambiguously.
For instance, the 5-systems P, P’ : [10, 11] — R® defined by

P(10+1t) = (1,2,2,2,3) + te;, and P(10+1t) =(1,1,2,3,3) +te; (t€[0,1))

share the same combined graph as in Figure 1.2.2.
As Theorem 1.2.16 guarantees, this is not a problem for non-degenerate systems,
since one can locally recover a non-degenerate system from its combined graph on any
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subinterval of I with positive length: This is easy for points with distinct coordinates
as a consequence of property (S1). Hence, the only potentially problematic points
are transition points, except that these are easily resolved as well, since it suffices to
know any information on either the slopes to the right or the slopes to the left of
a transition point in order to determine which two coordinates are coinciding. For
instance, one observes that the 3-system P : [4,5] — R? defined by

Pg) = (1,1,2) + (¢ —4)ex (g€ [4,5])

has its combined graph as in Figure 1.2.3, and that the slopes right of P(4) imply
that P, = P, at 4, while the slopes left of P(5) imply that P, = P5 at 5.

Meanwhile, property (S2) allows one to recover the abscissa of an image point
by summing its coordinates, and allows one to recover a single coordinate if the other
coordinates and the abscissa are known. In other words, the n + 1 data consisting of
the n coordinates and the abscissa have n degrees of freedom.

Finally, property (S3) can be divided into three cases: Let k, [, U be as in property
(S3) defining an n-system P : I — R™ at a point ¢ € I. If k = [, then the combined
graph of P, = P, on U is just a line segment with slope 1. If k < [, then properties
(S1) and (S3) imply that Py(q) = Fi(q), and so the combined graph of (P, F;) on U is
as illustrated in Figure 1.2.4. Finally, if £ > [, then (S1) implies that P.(q) > P,(q). If
Pi.(q) = P/(q), then (S3) implies P.(q+¢) < P(q+¢) for some € # 0. This contradicts
(S1), and so Px(q) > F,(q), and Figure 1.2.5 illustrates the combined graph of (P, P,)
on U. The combined graph of P; on U is a flat line for ¢ ¢ {k,(}.

In particular, if P is non-degenerate, then [ = k + 1 in Figure 1.2.4.

1.2.4 Construction of Systems

In general, given two n-systems R : [a,b] — R" and S : [b, ¢] — R™ with R(b) = S(b),
it follows that the map P : [a,c] — R™ defined by P = R on [a,b] and P = S on
[b, c] satisfies properties (S1) and (S2) which define an n-system. Moreover, if (S4) is
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satisfied by R and S, then it is satisfied by P as well. On the other hand, while (S3)
must still hold at points ¢ € [a, ¢] not equal to b, it is conceivable that it no longer
holds at b. For instance, the map P : [2,4] — A? defined by the combined graph in
Figure 1.2.6 is a 2-system on [2, 3] and [3, 4] but does not satisfy property (S3) at 3.

P

Figure 1.2.6

Hence, in order for P to be an n-system, it is necessary and sufficient to check
that property (S3) holds at b. This leads to the following definition and result, which
in particular provides a simple criterion for gluing non-degenerate n-systems.

Definition 1.2.19. Let R : [a,b] — R™ and S : [b,¢] — R™ be n-systems with
R(b) = S(b), and define a map P : [a,c] — R" by

~ JR(@) q€]al],
P(Q)_{S(Q) q € [b,d;

If property (S3) holds at b for the map P, then the pair (R, S) is said to connect, and
the map P : [a, ] — R™ is an n-system called the connection of (R, S). Similarly, if a
sequence (R : [a;, a;41] — R");50 is such that (R® RE*D) connects for i > 0 and
such that (a;);>0 has no accumulation point, then the sequence is said to connect,
and the map P : U;>o[a;, a;11] — R™ defined by

P(q) =R(q) (q € las, ai11],i > 0)

(q € [a,b])
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is an n-system called the connection of (R®);>o.

Theorem 1.2.20. Let R : [a,b] — R"™, S : [b,c] = R™ be n-systems with R(b) = S(b).
If R and S are non-degenerate, and if R(b),S(b) € A; for some j € {1,...,n — 1},

then the pair (R, S) connects, and their connection is non-degenerate.

Proof: By gluing R and S into a map P, it suffices to check that (S3) holds at b.
As R and S are non-degenerate, and as R(b), S(b) € A, then Pj(b~) =1 = P;,,(b").
Thus, as P;(b) = Pj+1(b), it follows that (S3) holds at b, completing the proof.

The following theorem gives criteria determining when a pair (x,y) € A; x A},
for some i,j € {1,...,n—1}, are such that a non-degenerate n-system P : [a, b] — R"
can be constructed with P(a) = x and P(b) = y. In this way, a simple criterion for
gluing such systems together is given by Theorem 1.2.20.

Theorem 1.2.21. Let x,y € A" such that x € A; andy € A; for a unique choice
ofi,7 €{1,...,n—1}. Suppose that either

e <ye ifke{jit+1}
j<i and v <y fj<k<i+l; (1.2.1)

Tr =1y else,

or
g>i and (x1,..., T ..., %) = (Y1, Yjr- -5 YUn), (1.2.2)

where the hat on a coordinate means that it is omitted. Then, there exists a non-
degenerate n-system P : [a,b] — R™ with P(a) = x and P(b) =y.

Proof:  Suppose that (1.2.1) is satisfied, and write z,, = (1, ..., Zm, Yms1, - - - Yn),
letting d,, be the sum of its coordinates, for m = 0,...,n. It follows that d,, ..., dy
is an increasing sequence with z,,_1 = Z,, + (Ym — Tm)€m = Zm + (d_1 — din)€y, for
m=1,...,n. Letting a = d,, and b = dy, define a map P : [a,b] — R" by

P(dy, +1) = 2z + ten, (£ €[0,dpr — dn],m € {1,...,n}).

Note that (1.2.1) implies that a = d,, = d;41 < d; and d; < dj_1 = dy = b, and so
the division points in (a,b) form the set {d;,...,d;}. Also note that properties (S1)
and (S2) hold at @ = d,, and b = dy by construction. Thus, Propositions 1.2.3 and
1.2.17 imply that it remains to verify that the properties hold at d;, ..., d;. Towards
this, let m € {j,...,i}, and observe by construction that property (S2) holds at d,,.
Also, note that

Prlrb—f—l(d;z) =1= Pém(d:;)?
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and so property (S3) holds at d,,. Moreover, as j < m < i, it follows that
1 < < Ty and Yy < < Ype

Note that (1.2.1) yields z; = 2,41 < yir1, and 2, < Ty1 < Yo if m < i. Thus, z,,
has distinct coordinates, and so properties (S1) and (S4) hold at d,,, while (S4) holds
at a,b by definition, completing the proof that P is a non-degenerate n-system.
Now, suppose that (1.2.2) is satisfied, and write z,, = (Y1, .. ., Ym, Tint1, - - - Tn),
letting d,,, be the sum of its coordinates, for m = i,...,j. It follows that d;,...,d,
is an increasing sequence with z,, 1 = 2z, — (Y — Tm)€m = Zm — (di, — d_1)€s, for
m=1i+1,...,j. Letting a = d; and b = d;, define a map P : [a,b] — R" by

P(d,—t) =2z, —te, (te€0,dy,—dna],me{i+1,...,75}).

As before, it suffices to verify that the properties hold at d;1,...,d;—1. To this
end, let m € {i+1,...,j—1}, noting that property (S2) holds at d,, by construction.
Also note that the choice of i, j being unique by hypothesis implies by (1.2.2) that
T < Ym and z; < y; so that d,,, —d,,,—1 > 0 and d; —d;—; > 0. Hence, it follows that

P(d,) =1=P,.(d,).

Note that (1.2.2) yields that z,, € A, if m =14,...,5 — 1, while y; = y;11 = x;41 by
hypothesis, so that z; € A;. It follows that (S1), (S3), and (S4) hold at d,,, while (S4)
holds at a, b by definition, completing the proof that P is a non-degenerate n-system. li

In providing examples of this construction, Figure 1.2.7 gives a combined graph
for the case j < ¢, while Figure 1.2.8 gives a combined graph for the case 7 > i.

Pig —— Pjio

F Pj = Py
P = Pi+1 ‘

P, =Py Z—

| Pj_l Pl.il |
Figure 1.2.7: Case j <1 Figure 1.2.8: Case j > 1

The following result generalizes Theorem 1.2.21 to sequences.

Theorem 1.2.22. Let N C N, and let (xx)ren be a sequence with x, € A;, for a
unique choice of iy, for each k € N. If each pair (Xi,Xp+1) € A, X A, satisfies
either (1.2.1) or (1.2.2) as in Theorem 1.2.21, then there exists a non-degenerate
n-system P : Ugen|ag, axr1] — R™ with P(ay) = xy for each k € N.
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Proof: This follows immediately by applying Theorems 1.2.20 and 1.2.21. i

Observe that in order for two n-systems R : [a,b] — R" and S : [V/, ] — R™ to
connect, it is required that R(b) = S(b’). However, as long as R(b) is proportional to
S(b'), one might be able to form a connection between R and a rescaling of S.

1.2.5 Rescaling Systems

Before explaining what it means to rescale an n-system, the following general con-
struction of a group action G on maps X — Y is given. In practice, this thesis
considers the group e® = (0, 00) with standard multiplication, and maps R — R".

Let G be a group which acts on sets X, Y, and let FI(X,Y’) denote the set of
maps S — T where S C X and T C Y. Since G acts on X and Y, it follows that
G acts naturally on the powersets P(X) and P(Y). In this way, the group G is seen
to act on F(X,Y) as follows. For each g € G and each f: S — T with S C X and
T CY, define the map g- f : ¢S — ¢gT by

(- F)a)=9f(g7a) (q€g9)
Indeed, if 1 is the identity for the group G, then 1- f = f, and if g, h € G, then

((gh) - f)(a) = ghf(h"'g™'q) = g(h- f)(g™"a) = (g- (h- [))(a)
for each g € ghS, and so (gh)- f =g (h- f).
Definition 1.2.23. This action is called the natural group action of G on F(X,Y).

Now, consider the action of ef = (0,00) on R¥, P(R¥) for k = 1,n by scalar
multiplication, i.e. for each p € €, p-x = px for all x € R*, and pS = {ps|s € S}
for all S C R*. Thus, for an n-system P : I — R" and p € e®, the natural group
action of e® on F(R,R") induces a map p- P : pI — R" by

p-Plg)=pP(p~'q) (q€pl).
The map p - P is called a rescaling of P.
Proposition 1.2.24. Any rescaling p- P : pI — R" is an n-system.

Proof:  Let g € I and write ¢’ = pg. Since p > 0, it follows that p - P(¢') = pP(q)
satisfies property (S1). Moreover, the sum of the coordinates of p-P(¢’) is the sum of
the coordinates of pP(q), which is pg = ¢/, and so property (S2) holds at ¢’. Finally,
by letting k, ! with Px(q) > P/(q) and P/(¢”) = 1 = P/(¢"), one finds that if ¢ is in
the interior of I, then p- Py(q) > p- P(q) and

(p-Pu)(q7)=PFulq")=1=PF(q") = (p- R)'(¢7),
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since (p-P)'(¢') = pp~'P'(p~1¢') = P'(q), thereby completing the proof. i

In particular, if two n-systems R : [a,0] — R™ and S : [V/,¢] — R" are such
that p(b;R) = (V/;S), that is b'R(b) = b'~'S(¥'), then one can define a map
P : [b,bc/b'] — R™ as in Definition 1.2.19 with S replaced by (b'/b) - S. Moreover,
the pair (R, (b/b') - S) connects if and only if property (S3) holds at b for the map P.

An important notion related to rescaling is that of self-similar systems.

1.2.6 Self-Similar Systems

Definition 1.2.25. An n-system P : I — R” is said to be self-similar if there exists
p > 1 such that P(pq) = pP(q) for each ¢ € I. Such p is called a period of P.

In particular, if P : I — R" is a self-similar n-system with period p, then pI C I,
and so [ is unbounded, and p- P = P|,;. Moreover, P is proper if and only if P, > 0.

Remark. Let P : I — R” be a self-similar n-system, and let p be the infimum of all
periods of P. Since n > 1, property (S3) implies that p > 1, and so p is a period of P
by continuity. Moreover, if p is a period of P with p > p, then there exists m € N*
and r € [0,1) such that p = p"™*". Thus, as p""P(p"q) = P(pq) = p"""P(q) for each
q € 1, it follows by the minimality of the period p that » = 0, and so p = p™.

Now, if P : [a,pa] — R" is an n-system such that (P,p - P) connects, then
(p" - P)ien connects to form a self-similar n-system P : [a, 00) — R".

Definition 1.2.26. Let P : [a, pa] — R" be an n-system such that (P, p-P) connects.
The connection P : [a,00) — R" of (p' - P);cy is said to be generated by P.

Remark. For each r € (0,00), the map r - P generates P, up to rescaling.

These systems play a major role in simplifying the study of spectra. For instance,
the following theorem is a somewhat weaker version of a result proven by Roy in [22].

Theorem 1.2.27. Let T : R® — R™ be a linear map. The spectrum of P U8 a
compact and connected subset of R™, and the set of all points fT(P) where P 1s a
proper non-degenerate self-similar n-system is dense in the spectrum of O

The following helps to compute the set IC(P) of a self-similar n-system P, which
is useful in computing ¢_(P) = inf T'(K(P)) for linear maps 7" : R" — R™.

Proposition 1.2.28. Let P : I — R" be a self-similar n-system with period p.
Writing ©(q) = ¢(q; P), it follows for each qy € I that F(P) = ©([qo, pqo])-
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Proof: Since p(pq) = ¢(q) for each ¢ € I, it follows that ¢([qo, pq]) C F(P).
On the other hand, if x € F(P), then x is a limit point of the set ¢([qo, pgo]). Since
(90, pqo] is compact and ¢ is continuous, it follows that ¢([qo, pgo]) is compact, and
hence closed. Thus, x € F(P), and so F(P) = ¢([qo, pqo])-

The following weaker result is sometimes sufficient.

Corollary 1.2.29. Let P be a self-similar n-system which is generated by some
bounded n-system P. Writing p(q) = ¢(q; P), it follows if dy, ..., dy are the ordered

division numbers of P, then IC(P) is the convex hull of o(dy), ..., p(dy).

1.2.7 Regular Systems

Consider the following construction defined for strictly increasing sequences (ay,)men
of non-negative real numbers.
Define for each m € N the points x,,,y,, € A" by

Xm = (am7 Ay O 15 -+ - s am+n—2> and Ym = (Oém, <o Omgn—3; Am4n—2, am+n—2):

and observe that i = 1 and j = n — 1 are the unique indices such that x,, € A; and
Ym € Aj. Since X = x,, and y = y,,, satisfy 1.2.2 and x =y,, and y = x,,,11 satisfy
1.2.1 in Theorem 1.2.21, then Theorem 1.2.22 can be used to define an n-system
R : [aym, byn] U [byn, @my1] — R™ as in Figure 1.2.9 for each m € N, where a,, and
b,, are the respective sums of the coordinates of x,, and y,,.

Moreover, since x,, € A; for each m € N, Theorem 1.2.20 implies that the
sequence (R(™),,cn connects to form the map R : [ag, 00) — R™.

L Qipn—1
/ :
!
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| |
| |
i l l

|
l
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Do . | o
. | 1 ! .
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a; b; Qi1

Figure 1.2.9: Combined graph of R(™
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Definition 1.2.30. Such a map R is said to be generated by («;);en. If there exist
p > 1 and m € NT such that «,,,; = pa; for each i € N, then R is a self-similar
n-system with period p and is said to be quasi-regular and generated by (ay, . .., Q).
If there exists p > 1 such that a;,1 = pa; for each ¢ € N, then R is called regular.

Remark. If p is minimal in the definition and p and m also satisty a4, = pa; for
each i € N, then there exists k € N such that p = p*, and so m = km. Hence, the
polynomials 2™ = p and 2™ = p share the same unique positive root, say a.

Definition 1.2.31. The quantity « is called the mean geometric reason of such a
map R, and simply the geometric reason when R is regular.

Although these classes are sparse in the class of self-similar systems, they play
an important role in the study of spectra of pairs (%" Y;) where j € {1,...,n — 1},
especially with respect to the boundary of such spectra.

1.3 Qualitative Behaviour of 1),

This section provides for each j € {1,...,n — 1} a construction which canonically
transforms an n-system P into a simpler n-system P while preserving the sum of the
first j components, i.e. P, +---+ P; = P; +--- 4+ P;. Thus, the spectrum of (%" Y;)
is determined by these canonical systems.

1.3.1 Type of an Interval

This subsection introduces the notion of the type of an interval.

Definition 1.3.1. Let P : I — R™ be a map defined on an interval I C R. An
interval J C R is of type i (with respect to P) if the component P; varies on J N1,
i.e. if P;|jnr is not a constant function. The type of J is the set of indices ¢ such that
J is of type i, and is denoted type(J) = type(J; P).

For the sake of compactness, define type(q, ¢') = type([q, ¢]) for all ¢, ¢’ € I, and
note that type(q,¢) = @ if ¢ <q.

The following proposition highlights some elementary properties of this map.
These properties are key both in proving the results of this section, as well as in
proving results in the section on limits of systems. Though there are numerous
properties, each one follows easily from the definitions, and so their proofs are omitted.

Proposition 1.3.2. Let P : I — R"™ be a map, let J, K, L be subintervals of I, and
let q,¢' € 1.

1. If J C K, then type(J) C type(K).
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2. If L=JUK and JN L # &, then type(L) = type(J) U type(K).

3. If P is nowhere locally constant, then type(J) = & & J° = &.

4. If P is continuous, then type(J) = type(J).

5. If Py, ..., P, are monotone on [q,q'] with ¢ < ¢, then
type(q,¢') = {i € {1,...,n}| Pi(q) # Pi(d)}-

6. If P is an n-system and k € type(q,q'), then P'(t) = ey, for some t € (q,q).

The next theorem provides insight into how the type of an interval is useful in
studying the qualitative behaviour of systems.

Lemma 1.3.3. Let P : I — R™ be an n-system, let S, = P + --- + P, for some
ke{l,...,n}, and let r,s € I with r < s. The following statements hold:

1. If Si(r*) = 1 and k < maxtype(r, s), then P(q) € Ay for some q € (1, s).
2. If S;.(s7) =0 and k > mintype(r, s), then P(q) € Ay for some q € (r,s).

Proof: Let m = maxtype(r, s), and suppose that Si(r*) = 1 for some k£ < m.
Since m € type(r, s), there exists t € (r,s) such that P/ (t) = 1. Thus, there exists
q € (r,t) such that S} (¢7) = 1 # Si.(¢"), proving the first result by Proposition 1.2.4.

Let | = maxtype(r,s), and suppose that Si(s~) = 0 for some k& > [. Since
[ € type(r, s), there exists ¢t € (r, s) such that P/(t) = 1. Thus, there exists g € (¢, s)
such that S;.(¢7) =1 # S;.(¢"), proving the second result by Proposition 1.2.4. |

Theorem 1.3.4. Let P : [ — R"™ be a non-degenerate n-system. Suppose that there
evistr,s € [ withr <s andi,j € {1,...,n—1} such that P(r) € A; and P(s) € A,.
Letting | = min type(r, s) and m = maxtype(r, s), the following statements hold:

1. For each k =1i,...,m —1, Poy1(r) < Pi(s) and P(q) € Ay for some q € [r,s).
Moreover, the integer interval {i +1,...,m} is contained in type(r,s).

2. For each k = 1,...,7, Per1(r) < Pi(s) and P(q) € Ag for some q € (r,s].
Moreover, the integer interval {l,...,j} is contained in type(r,s).

In particular, i + 1,7 € type(r, s), and the following statements hold:
1. If j > i —1, then Pyi1(r) < Py(s) for each k=1,...,m—1

2. If j > 1, then type(r,s) ={l,...,m}.
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Proof: Let S, =P +---+ P, for k=1,...,n, and note that
Pia(r) = Fi(r) < Pi(s) and  Pji(r) < Piy(s) = Pj(s).

The first two results are proven by induction as follows:

Note that m € type(r,s). Suppose that k + 1 € type(r,s) for some k with
i < k < m. Since k < m and S (r") = 1, Lemma 1.3.3 yields ¢ € (r,s) with
P(q) € Ay. As i < k, it follows that

Pi(r) < Prya(r) < Prera(q) = Pr(q) < Piu(s).

Hence, k € type(r,s) and Pyi1(r) < Py(s). Hence, induction yields k € type(r, s)
and Pyyq(r) < Py(s) for k=i+1,...,m—1.

Note that [ € type(r, s). Suppose that k € type(r, s) for some k with [ < k < j.
Since [ < k and Si(s7) = 0, Lemma 1.3.3 yields ¢ € (r,s) with P(q) € Ag. As k < j,
it follows that

Prya(r) < Peya(q) = Pe(q) < Pi(s) < Prya(s).
Hence, k+ 1 € type(r, s) and Pyi1(r) < Pyx(s). Hence, induction yields k € type(r, s)
and Py, q1(r) < Py(s) for k=1,...,5—1. i

1.3.2 Computing v¢; and w_]

For the remainder of this section, suppose that n > 3 and fix j € {1,...,n—1}. Also
fix a non-degenerate n-system P : [r, s] — R™ with the property that

P(q) € Aj & q e {rs}.
Write SJ:P1++F)J
Lemma 1.3.5. There exists t € (r,s) such that S; =0 on (r,t) and S; =1 on (t, s).

Proof: Since P is non-degenerate, then P;, (r") = 1 = Pj(s7). It follows that
Si(r*) = 0 # Si(s7), so there exists maximal ¢ € (r,s) such that S; = 0 on (r,1).
Now, if ¢ > t is such that Si(¢”) = 1 # Sj(q¢"), then P(q) € A;, which implies that
q=s,and so S =1 on (t,s). |

Corollary 1.3.6. The extrema of ¥;(q) = ¢ *S;(q) can be computed as follows.

S;(r)
Sj(r) + (s = S;(s))

;(P) = max{;(r),v(s)} and 1 (P)=
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Proof: By Lemma 1.3.5, noting that 1; < 1, one observes that 1; is decreasing
on [r,t] and that it is increasing on [¢, s|, proving the first equality as well as showing
that 1; is minimal at t. Now, since S} = 0 on (r,t), then S;(t) = S;(r), and since
S%=1on (t,s), then t — S;(t) = s — 5;(s), proving the second equality.

Remark. If R : I — R" is a proper non-degenerate n-system, then Theorem 1.2.16
implies that the set of points ¢ € I with R(¢q) € A; is infinite and enumerable in
increasing order.

Thus, the following corollary can be stated and follows from Corollary 1.3.6.

Corollary 1.3.7. Let R : I — R" be a proper non-degenerate n-system, and let
(gi)ien be the strictly increasing set of division numbers q; with R(q;) € A; for each
i € N. By writing 1;(q¢) = ¢¥;(¢;R) and T; = Ry + - - - + R;, it follows that

o - e Ti(q:)
¥;(R) =limsupvy(q,) - and o, (R) =lminf 7 o=y

Hence, one can compute the pair (@j(R),Ej(R)) of a proper non-degenerate n-

system R by simply knowing the values of R at each ¢ with R(q) € A;. This result
is key in the chapter devoted to the spectrum of (yj, wj).

1.3.3 Canonical Transformation Preserving 1);

Let the notation be as in the previous subsection. The following theorem provides
a canonical transformation of the non-degenerate n-system P : [r,s] — R" into a
non-degenerate n-system P : [r,s] - R" with S; =P +---+ P, =P +---+ P;.

Theorem 1.3.8. Write x = P(r) andy = P(s), let t be as in Lemma 1.3.5, and let
[ = min type(r, s) and m = maxtype(r, s). Define the points

/
X = (T1, 0 T T2,y ey Ty Tony oo, ) € Dy

and
y/: (yla"'aylayl---a j—layj+17"-7yn) EAla

and let v" and s' be the sums of the coordinates of x' and'y’, respectively. There exists
a canonical non-degenerate n-system P : [r; s] — R™ with the following properties.

o S;=DP +--+ P,

° ls(q) € A; & qe{rs},
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Figure 1.3.1: Combined Graph of P

o P(r) =x,P() =x,P(t) = P(t),P(s) = y/,P(s) = y.
Figure 1.8.1 gives the combined graph of P.

Proof: Since the pairs (x,x’) and (y’,y) satisfy (1.2.2) as in Theorem 1.2.21,
it remains to show that (x',y’) satisfies (1.2.1) as in Theorem 1.2.21 in order to
construct the map P. Since z, < yr for k = [,m, and since Theorem 1.3.4 yields
Tpr1 < yp for k =1,...,m — 1, it follows by the definition of [ and m that (x',y’)
satisfies (1.2.1). The map P is thus constructed by applying Theorem 1.2.22 to the
sequence (x,x’,y’,y), and this map P satisfies

P(q) € A; & g€ {r s}
Finally, by writing S’j =P 4+ ]5j, the construction also implies that 5']’ =0 on
(r,t) and SJ’ =1 on (t,s), and so Lemma 1.3.5 implies that S} and S‘; are equal on
(r,t) and (¢, s). Since S; and S*j are equal at r, s, and ¢, it follows that S; = S'j. |

1.4 Limits of Systems

Definition 1.4.1. If a sequence (f; : X — Y);en of functions converges to a function
f + X — Y such that for each point x € X, convergence is uniform on some neigh-
bourhood of x then the convergence is said to be locally uniform, and f is called the
local uniform limit of (f;)ien.

Remark. If every point in X has a compact neighbourhood, e.g. X = R, then local
uniform convergence is equivalent to uniform convergence on every compact subset.
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This section is devoted to the study of local uniform limits of sequences of sys-
tems. In particular, such a limit need not be a system in general, even when the
domain is compact. In light of this, certain criteria establishing when such a limit is
in fact a system are given, and are proven using some fairly technical notions and re-
sults. The notion of a generalized system, as introduced by Roy [21], is also provided,
and shown to be a special subclass of the class of such limits.

Definition 1.4.2. For each closed subinterval I of R with non-zero length and
min/ > 0, define 8P to be the set of n-systems defined on I, and define S} to
be the set of maps P : I — R™ which can be realized as the local uniform limit of
some sequence in S7.

Maps in S need not have left and right derivatives at an interior point, and so
it is important to study the way in which these maps vary locally without relying on
differentiation. This observation leads to a class of maps called prototypes of systems,
and this class is shown to contain the class of local uniform limits of systems. In this
way, instead of characterizing such limits directly, properties can be deduced through
the properties of prototypes.

1.4.1 Local Variation of Real-Valued Continuous Functions

This section introduces the notion of local variation of continuous maps, in contrast to
the much stronger notion of continuous variation, the latter of which forms the basis
of calculus. Local variation is significantly weaker than calculus in that its foundation
lies in simply studying whether or not a continuous map is constant or not “near” a
point. Though such considerations might appear trivial, its strength lies in studying
whether or not a map is constant on a left or right neighbourhood of a point, similar
to how a map can be left or right differentiable at a point.

Consider an R-valued map f defined on some interval J C R, and a point ¢ € J.

Definition 1.4.3. Such a map f is said to be locally constant at q if it is constant
on a neighbourhood of ¢, and is said to be constant to the left of ¢ if it is constant
on a left neighbourhood of ¢. In contrast, f is said to vary near ¢ if it is not locally
constant at ¢, and is said to vary to the left of q if it is not constant to the left of q.
One can similarly define right versions of these definitions replacing “left” by “right”.

The following technical lemma is key in proving the next proposition.

Lemma 1.4.4. Let (4)aca be a family of non-negative real numbers indexed by an
uncountable set A. Define ) ., T as the supremum of sums ) . o where C is an
at most countable subset of A. Let A" C A be the set of indices « satisfying x, > 0.
If A" is uncountable, then ) . 4 To = 00.
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Proof: Note that A’ is the union of the countable family of sets (B,,)men, where
B, = {a € A|z, > 1/m}. Now, suppose that A" is uncountable, and so B,, is
uncountable for some m € N. Letting C' be a countable subset of B,,, it follows that

Zxa > ZZ‘QZOO,

acA aeC

as ro, > 1/m for each o € C. i

Proposition 1.4.5. Let a,b € J with a < b. If f is continuous and f(a) # f(b),
then f wvaries to the left and to the right of uncountably many q € (a,b).

Proof: Let Y = f((a,b)). The intermediate value theorem implies that Y is
uncountable. If y € Y is such that f~*(y) N (a,b) contains no interval with posi-
tive length, then f varies to the left and right of every point in f~(y) N (a,b). By
Lemma 1.4.4, a family of disjoint intervals contained in [a,b] and having positive
length is at most countable. Thus, there exists uncountably many y € Y such that
f varies to the left and right of every point in f~(y)N(a,b) # @, proving the claim.

Corollary 1.4.6. If f is continuous and varies to the left (resp. right) of q, then f
varies to the left and to the right of some arbitrarily close t < q (resp. t > q).

Proof: Suppose that f varies to the left (resp. right) of ¢, and so there exists
arbitrarily close ¢ < ¢ (resp. ¢ > q) with f(¢') # f(q). Proposition 1.4.5 implies
that f varies to the left and right of some ¢t € (¢, q) (resp. t € (¢,q')). |

1.4.2 Type of a Point

This subsection introduces the notion of the type of a point, which is useful in keeping
track of which components of a map P vary locally, and which do not.

Definition 1.4.7. Let P : I — R" be a map defined on an interval I C R. A point
q € I is of type i (with respect to P) if the component P; varies near g, i.e. if P; is
not constant in a neighbourhood of ¢. The type of ¢ is the set of indices ¢ such that ¢
is of type 4, and is denoted type(q) = type(q; P). Similarly define the type of ¢~ and
the type of g% by respectively replacing “varies near” by “varies to the left of” and
“varies to the right of”, and replacing “neighbourhood” by “left neighbourhood” and
“right neighbourhood”.
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The type of a point can be seen as a limit notion of the type of an interval
neighbourhood of a point, in that it coincides with the intersection of the sets type(J),
where J runs through the interval neighbourhoods of that point, as follows.

Remark. For each ¢ € I, one finds that type(q) = type(¢~) U type(q™), where
type(q~) = {i| P; varies left of ¢} and type(q*) = {i| P, varies right of ¢}. Moreover,
if Z,, is the set of interval neighbourhoods of ¢, and Z ,I; are the sets of left /right
interval neighbourhoods of ¢, respectively, then

type(q) = ) type(J); type(q™) = () type(J) and type(q") = [ type(J).

Jel, JET; Jezf

It is also worth noting that type({q}) = type([q,q]) = type(q, q¢) = &, in contrast to
the set type(q) being empty if and only if P is locally constant at g.

1.4.3 Prototypes
The following notion of a prototype is a generalization of maps which are systems.

Definition 1.4.8. A continuous map P : I — R" is called a prototype if I is a closed
subinterval of R with non-zero length and min / > 0, and if it satisfies the following:

(P1) For each ¢ € I, the point P(q) lies in A™, that is 0 < Py(¢q) < --- < Py,(q).
(P2) For each ¢ € I, the point ¢ 'P(q) lies in X", that is Pi(q) + -+ + P.(q) = q.
(P3) The function P; : I — R is monotone increasing, for each i € {1,...,n}.
(P4) For each q € I, if (k,1) € type(q~) x type(q™), then Py(q) > Pi(q).

Denote by 5‘? the set of prototypes defined on I with values in R".

In particular, each n-system P : I — R™ is also a prototype. The following
proposition provides some elementary properties of prototypes.

Proposition 1.4.9. Let P € 5’}1 The following properties hold:
1. Ifa,be I, witha <b then 0 < Pj(b) — P,(a) <b—a for eachi=1,...,n.
2. The map P is 1-Lipschitz continuous with respect to each p-norm on R".
3. Letq e I. If ¢ > inf I, then type(q~) # &, and if ¢ < sup I, then type(q™) # &.
4. For each q € I, if k,1 are such that Py(q) < Pi(q), then

k € type(q™) =i ¢ type(q™) fori=1,...,n,
[ € type(qt) =i¢type(q™) fori=1,... k.
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5. For each q € I, if k € type(q™), then Py(r) < Py(q) for each r € I withr < g,
and if | € type(q™), then P(s) > P/(q) for each s € I with s > q.

Proof:  The first property follows from (P3) and (P2). The second follows from

120 HPSZII a))eill, = Z|P a)l - |lell, = [b—al,

having applied the first property. Since (P2) implies that P, 4 - - - + P, varies to the
left (resp. right) of each ¢ > inf I (resp. g < sup /), the third property follows. The
fourth property follows from (P1) and (P4), and the fifth follows from (P3). i

1.4.4 Limit Theorem

As part 4 of Proposition 1.4.9 shows, if a component varies at a point, then another
component might be forced to be constant on either some left or right interval neigh-
bourhood of that point. The following lemma and corollary provide effective lower
bounds on the lengths of these neighbourhoods, and is in particular key in proving
the main result of this subsection.

Lemma 1.4.10. Let P € SP, and let j,k € {1,...,n —1}. For each q € I:
1. If k > j € type(q™), then i ¢ type(q,q + Pit1(q) — Pi(q)) fori=k+1,....n
2. If k <j+1€type(q"), then i ¢ type(q + Pi(q) — Pry1(q),q) fori=1,... k.

Proof: Let ¢ € I, suppose that k > j € type(¢™), and assume without loss of
generality that Py(q) < Piy1(q). Letting Ty 1 = Pyi1+- - -+ Py, property (P4) implies
that Ty, is constant to the right of ¢, and so there exists a maximal ¢ € (g, sup ]
such that T}, is constant on [¢,t]. Without loss of generality, assume that ¢ < sup I,
and so T}y varies to the right of t. Thus, as T}, is constant to the left of ¢, part 3 of
Proposition 1.4.9 implies that Pj(t) > B(t) for some j' < k <, and so (P1) implies
that Py(t) = Pyi1(t) = Pry1(q). Since Pi(q) +t — q¢ > Pi(t) = Piy1(q), then

t > q+ Peyi(q) — Pu(q),

which implies the first claim. A similar argument yields the second claim. i

The following corollary extends the above result, and is far more practical.

Corollary 1.4.11. Let P € S}, and let k,l € {1,...,n}. For each q € I:
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1. If k € type(q™), then I & type(q, q + Pi(q) — Pr(q))-

2. If | € type(q™), then k ¢ type(q + Pi(q) — Pi(q),q).

Proof: To prove the first claim, first observe that if k& > [, then Py(q) > P/(q),
and so type(q,q + Pi(q) — Py(q)) is empty. Thus, assume without loss of generality
that £ < [. It will be shown by induction on [ =k +1,...,n that

i ¢ type(q,q + P(q) — Pu(q)) fori =1,...,n. (1.4.1)

The base case holds by Lemma 1.4.10. Now, suppose that (1.4.1) holds for some
le{k+1,...,n—1}. Hence, there exists j with j < [ such that P; varies to the left
of t = ¢+ Pi(q) — P.(q). Hence, Lemma 1.4.10 implies that

i ¢ type(t,t+ Pyi(t) — B(t)) fori=1+1,...,n.
The induction hypothesis says that P, and P, are constant on [g,¢], and so
t+ Pa(t) — Bi(t) = ¢+ Pa(q) — Prlq)-

Therefore, the induction hypothesis also implies that

i ¢ type(q, ¢ + Pra(q) — Pi(q)) fori=1+1,...,n.

Hence, (1.4.1) holds for [+ 1, and so it holds in general by induction. Hence, the first
claim holds true. The second claim is proven similarly. i

The following theorem implies that S} C Sp C Sp.
Theorem 1.4.12. The set S’}‘ is closed under local uniform convergence.

Proof: Since the properties defining prototypes are local properties, it suffices to
prove the theorem when [ is a compact interval with non-empty interior. In this case,
local uniform convergence is uniform convergence. Hence, let (P(™),,cx be a sequence
of maps in S}‘ converging uniformly to a map R : I — R". Since the properties (P1),
(P2), and (P3) are preserved under pointwise convergence, it suffices to show for each
q € I° that (P4) holds for R at q.

To this end, let ¢ € I°, and suppose that k,[ are such that R; varies to the left
of ¢ and that R;(q) > Ri(q). It remains to show that [ ¢ type(¢™). Let 0 be such
that

0 <40 < Ri(q) — Ri(q) and ¢+ €l (1.4.2)

Note by part 5 of Proposition 1.4.9 that Ry(q¢— ) < Rx(q), and so there exists ¢ such
that
0 <2 < Ri(q) — Ri(qg—9) < 6. (1.4.3)
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Now, let N be such that |[P™ — R||s < € for all m > N, and choose m > N.
It follows from (1.4.3) that Ry(q¢ —9) + ¢ < Ri(q) — ¢, and so

P (q—6) < Ri(q—6) +¢ < Rulq) —e < P (q).

Thus, Proposition 1.4.5 implies that Pk(m) varies to the left of some ¢,, € (¢ — 9, q).
Since

P (gn) > P (q) = (g — gm) > (Ri(q) — €) — 6 > Ri(q) — 36/2,

and since
Ri(q) > P (q) — e > P{" (qm) — 6/2,

then (1.4.2) implies P (g,) > Ri(q) —36/2 > Ry(q)+56/2 > P™ (¢,) +26. Hence,
Thus, as P,gm) varies to the left of ¢,,, Corollary 1.4.11 yields that Pl(m) is constant on

Gy @ + 28] VT D gy g + 0] D [g,q + 0]

Since this holds for all m > N, then R; is constant on [gq, ¢ + 0]. Therefore, R; does
not vary to the right of q. i

1.4.5 Relationships between Prototypes and n-Systems
The following theorem characterizes the n-systems among the prototypes.

Theorem 1.4.13. Let P € S’}‘. The prototype P is an n-system if and only if for
each q € I, the sets type(q~) and type(q™) have cardinality at most 1.

Proof: The condition is necessary by property (S3) defining an n-system. To
prove that it is sufficient, note that P satisfies properties (S1) and (S2) by definition.
To see that (S3) holds, let ¢ € I. By part 3 of Proposition 1.4.9, one may assume
without loss of generality that type(¢~) has cardinality 1 if ¢ > inf I and that type(¢™)
has cardinality 1 if ¢ < sup I. Thus, by property (P4), there exists k,l € {1,...,n}
with P(q) > P/(q) such that type(q~) C {k} and type(q*) C {l}. Now, there exists
closed left and right neighbourhoods V= and V't of ¢ such that P; is constant on V'~
for i # k and such that P; is constant on V' for i # [, respectively. Hence, property
(P2) implies for each ¢ € V =V~ UV that

P(q’) — P(Q) + (q/ - Q)ek if q/ € V_7
Plg)+(d —qles ifg eV
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Therefore, P satisfies property (S3) at g. |

In order to effectively use this characterization, it is important to have a better
understanding of the sets type(¢~) and type(¢™), as in the following theorem.

Theorem 1.4.14. Let P € S}, and let ¢ € I. If k.1 € {1,...,n} satisfy either
k,l € type(q) or k,l € type(q™), then Pi(q) = PFi(q). Moreover, the sets type(q™)
and type(q™) are integer intervals.

Proof: Suppose first that k,l € type(¢~). Suppose further that Py(q) # Fi(q).
By permuting k£ and [ if necessary, one may assume that [ > k. It follows that
P(q) > Pi(q), and so set M = P,(q) — P.(q) > 0. Corollary 1.4.6 implies the
existence of some t € (¢ — M/2,q) such that k € type(t~), and so Corollary 1.4.11
implies that [ ¢ type(t,t + Pi(t) — Pi(t)). As Py(t) < Pi(q), it follows that

Bi(t) = Pi(t) = (Pi(q) — M/2) — Pi(q) = M/2,

and so | ¢ type(t,t + M/2) D type(t, q), which implies that [ ¢ type(q~), which is
a contradiction, and so Py(q) = F,(¢). To see that type(q~) is an integer interval,
suppose that there exists j ¢ type(q~) with k < j < . Thus, there exist € > 0 such
that P;j(¢—e) = P;(q). Since Py(q) = P/(q), property (P1) implies that P,(¢) = P;(q).
Since [ € type(q~), part 5 of Proposition 1.4.9 yields P,(¢ — ) < F,(¢), and so

Pq—¢) < P(q) = Pi(q) = Pj(q —¢),

which contradicts property (P1). The statements for type(¢™) are proven similarly. il

The following lemma will also prove useful in the theorems which follow.

Lemma 1.4.15. Let P € 3}7’, let [a,b] C I, and suppose that there exists some
ke{l,...,n—1} such that Py < Pyy1 on (a,b). The following statements hold:

1. If k € type(a™), then i & type(a,b) fori=k+1,... n.
2. If k+ 1 € type(b™), then i & type(a,b) fori=1,... k.

Proof: Suppose that k € type(a™) and let € € (0,0 — a). Corollary 1.4.6 implies
that k& € type(c™) for some ¢ € (a,a+¢€). Since Py(c) < Pyi1(c), there exists a maxi-
mal ¢t < b such that Py + -+ + P, is constant on [c,t]. Suppose that ¢ < b, and so
Pr(t) < Pry1(t). Hence, as Py + - - - + Py varies to the left of ¢, property (P4) implies
that Py + --- + P, is constant to the right of ¢, contradicting the maximality of ¢.
Thus, t = b, and so i ¢ type(a+¢,b) for each € € (0,b—a) and eachi =k+1,...,n.
Therefore, P; is constant on (a, b, and on [a,b] by continuity, for i = k+1,...,n.
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The second claim is proven similarly. |

The following notion and theorems are key in proving that there exist spectra
which are not semialgebraic sets.

Definition 1.4.16. A prototype P € S} is said to be plain if whenever P(q) € A;NA;
for some g € I and i,j € {1,...,n — 1}, then i = j.

Theorem 1.4.17. Let P € SP\S} be plain. There existsq € I and k € {1,...,n—1}
with P(q) € Ay such that the following property is satisfied. For each ¢ > 0, there
exists a point v € I with 0 < |r — q| < € satisfying

P(q) = P(r) = 3(ex + epr1)(q — 7).
In particular, P(r) € Ay.

Proof:  Theorem 1.4.13 yields ¢ € I and distinct indices k, [ that are both contained
in either type(q~) or type(q"). By Theorem 1.4.14 this implies that Py(q) = Fi(q).
Since P is plain, it follows that [ = k+1 and that either type(q™) or type(q™") is equal
to the set {k,k + 1}. Suppose that type(¢~) = {k,k + 1}. Then, there exists a left
neighbourhood V' of ¢ on which all P; with j # k, k + 1 are constant. It follows that

P(q) = P(q¢") = (Pe(q) — Pe(q))ex + (Prr1(q) — Per1(q))ers

for each ¢ € V. Now, let ¢ > 0 with ¢ — ¢ € V, and suppose that P, < P.,1 on
(¢ —¢,q). Lemma 1.4.15 implies that k ¢ type(q — &, q), which is a contradiction as
k € type(q~). Thus, there exist r € (¢ — ¢, ¢q) such that Py(r) = Pyy1(r). Hence,

P(q) = P(r) = (Pu(q) — Pi(r))(ex + €r41),

and so property (P2) implies that ¢ —r = 2(Px(¢q) — Pr(r)). This proves the result
when type(q~) = {k, k+1}. The case when type(¢™) = {k, k+1} is proven similarly. il

Theorem 1.4.18. Let P € S} be degenerate and plain. There exist ¢ € I and
ie{l,...,n— 1} with P(q) € A; such that the following property is satisfied. There
exists j € {1,...,n} with j ¢ {i,i+ 1} and a neighbourhood U of q such that

P(q) =P(r) = (¢ —1)e;

In particular, P(r) € A; for eachr € U.
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Proof: As P is degenerate, Corollary 1.2.15 yields ¢ € I° such that P’(q) is
defined and P(q) € A,; for some i € {1,...,n — 1}. By property (S3), there exists
j € {1,...,n} and a neighbourhood U of ¢ such that P(¢') = P(q) + (¢’ — q)e; for
each ¢ € U. If j =i and ¢’ € U with ¢’ > ¢, then Pi(¢') > P;(q¢) = Pi+1(¢'), and if
j=1i+1and ¢ € U with ¢’ < g, then Pi11(¢") < Pi11(q) = Pi(¢'). Either case is a
contradiction, and so j ¢ {i,i + 1}. i

1.4.6 A Generalization of the Arzela-Ascoli Theorem

This subsection shows that any sequence of prototypes defined on the same compact
interval [ has a subsequence which converges locally uniformly to some prototype
defined on I. This result and the above Theorems 1.4.17 and 1.4.18 are key in
proving that not all spectra are semialgebraic sets.

Throughout this subsection, let I C R be a compact subinterval, and let

SO = (F Y T 5 R

be a map for each m € N. The sequence (f(™),,cn is said to be equicontinuous if for
each € > 0, there exists § > 0 such that

1™ (@) = F™ ()l < e

for all z,y € I with |x—y| < 0, and each m € N. The sequence is said to be uniformly
bounded if there exists M € R such that for all x € I, and each m € N,

LF (@)l < M.

If (f (m))meN is equicontinuous or uniformly bounded, then ( fi(m))meN is respec-

tively equicontinuous or uniformly bounded, for i = 1,...,n. The following lemma is
a useful criterion for determining that a sequence is equicontinuous.

Lemma 1.4.19. Let K € R with K > 0, and suppose for each m € N that the map
) s K -Lipschitz continuous, i.e.

17 (@) = [T () < Kz —yl,
for all x,y € 1. It follows that the sequence (f™)en is equicontinuous.

Proof: Lete >0,let 6 =¢/K, and let x,y € I with |z —y| <. It follows that
1" (@) = F™ ()] < K6 =,

for each m € N. Therefore, (f™),,en is an equicontinuous sequence. |
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The following theorem is a mild generalization of the Arzela-Ascoli theorem. The
original theorem corresponds to having maps with image in R instead of R™.

Theorem 1.4.20 (Arzela-Ascoli). If (f7™)men is equicontinuous and uniformly bounded,
then there exists a subsequence of (f™)en converging uniformly.

Proof: By Arzela-Ascoli’s original theorem, there exists a subsequence f(91(m)
such that fl(gl(m)) converges uniformly. Since f@1(™) is a subsequence of an equicon-
tinuous and uniformly bounded sequence, it remains equicontinuous and uniformly
bounded as well. Therefore, there exists a subsequence of this subsequence, f1(92(m))
such that f{@™)) converges uniformly. Since f@1020m) ig a subsequence of f£(91(m),
then f9'@2™) converges uniformly as well. By iterating this line of reasoning and
noting that n is finite, there exists a subsequence f*(™) such that fi(h(m)) converges
uniformly to a function f; for each 7 = 1,...,n. Now, let € > 0, and note that there
exists M; € N, for each i € {1,...,n}, such that

£ @) = fi@) < efn
for all = € [a,b], and each m > M;. It follows that

LFPD () — f()]| < 1A (@) = ful@)] + -+ [P (@) — fulx)] <€

for all x € [a,b], and each m > max{Mj, ..., M, }, proving the theorem. |

Theorem 1.4.21. Suppose that I is compact and let (PU™),,cy be a_sequence in g}””
There exists a subsequence which converges uniformly to some P € S7.

Proof: Part 2 of Proposition 1.4.9 implies that prototypes are 1-Lipschitz, and
so Lemma 1.4.19 implies that the sequence is equicontinuous. Meanwhile, proper-
ties (P1) and (P2) imply that sup [ is a uniform bound for the sequence. There-
fore, Arzeld-Ascoli Theorem yields a subsequence converging uniformly to some map
P : 1 — R" Theorem 1.4.12 implies that P : I — R" is a prototype. |

1.5 Generalized n-Systems

Define for each 7,5 € {1,...,n} with i < j the vector

e+ -+ e

€ ;=" 1
j—1+1

which is a unit vector with respect to the 1-norm.
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Definition 1.5.1. A map P : I — R" is called a generalized n-system if I is a closed
subinterval of R with non-zero length and min I > 0, and if the following properties
hold for each q € I:

(G1) The point P(q) lies in A™, that is 0 < Py(q) < --- < P,(q).
(G2) The point ¢~ 'P(q) lies in X", that is Pi(q) + -+ + P,(q) = q.
(G3) There exist k, k, L, 1 with P.(q) > P;(q) and a neighbourhood U of ¢ such that

Denote by G the set of generalized n-systems defined on I, and denote by G7 the set
of maps which are the local uniform limits of sequences of maps in G}.

Observe that S} C GF C Gp C SP, and that the left and right derivatives are
defined wherever relevant. The following theorem from Section 4 in [21] shows that
unbounded generalized n-systems can be approximated by n-systems.

Theorem 1.5.2. Let P : [ — R" be a proper generalized n-system. There exists a
proper n-system R : I — R™ such that |P — R|| = O(1), and so F(P) = F(R).

One can also define division points of generalized n-systems analogously to the
case of n-systems.

Definition 1.5.3. Fix an n-system P : I — R", and let ¢ € I. If (k, k), (l,]) can
be chosen to be distinct pairs for the property (G3) at ¢, then ¢ is called a division
number, and P(q) is called a division point.

In particular, the endpoints of I are division numbers. Moreover, a number
q € I° is not a division number with respect to P if and only if the derivative of
P exists at ¢, in which case P'(q) = e;; for some i,5 € {1,...,n}. Moreover, like
n-systems, the set of division numbers D of P is enumerable in increasing order, and
|D| = 00 < sup D = oo (cf. Proposition 1.2.12). The ordered sequence of division
points is defined analogously to Definition 1.2.13.

1.5.1 Ordered Sequences of Division Points

This subsection considers the ordered sequences of division points coming from bounded
generalized systems, and so in particular from bounded systems as well. These consid-
erations extend naturally for the case where the generalized systems are unbounded.
The first observation is that a bounded generalized system is determined entirely
by its ordered sequence of division points. Thus, an ordered sequence of division
points for a bounded generalized system defines this generalized system.
Now, consider the following construction of certain piecewise linear maps.
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Definition 1.5.4. Let (x;);c; be a sequence in R™, and let d; denote the sum of the
coordinates of x; for each i € J. If (d;);cs is strictly increasing, then (x;);cy is called
an ordered sequence in R™, in which case the piecewise linear map P associated to
(X;)ien is defined as follows. Let

sup J—1

I= J [didini),

i=inf J
and define P : I — R"™ as the piecewise linear map such that
1. P(d;) = x; for each i € J,
2. P is affine on each [d;, d;1].

The quantities d; and P(d;) are called the division numbers and division points of P,
respectively. In particular, if A € [0,1] and inf J <7 < sup J, it follows that

P(Ad; + (1 = Ndiy1) = AP(d:) + (1 — AP(diy1).

The following proposition provides criteria determining when a sequence in R”
is an ordered sequence of division points for a generalized n-system. Its proof is
omitted as it follows automatically from the properties (G1), (G2) and (G3) defining
a generalized n-system.

Proposition 1.5.5. Let (x;);cs be a finite ordered sequence in R™, let P be the piece-
wise linear map associated to it, and let (d;);cs be its increasing sequence of division
numbers. The sequence (X;);cy 18 an ordered sequence of division points for a gener-
alized n-system if and only if for each 1 € N,

1. The point x; is a non-zero point in A",
2. Property (G3) is satisfied for the map P at d;,
in which case (X;)ien 1s the ordered sequence of division points of P.

It is worth noting that if moreover property (S3) is satisfied for the map P at
each division number d;, then P is an n-system.



Chapter 2

Results on the Spectra of (¢;, ;)

This chapter provides several partial results towards determining the spectra of pairs
(gj,ﬂj) forn>2and j=1,...,n—1. The cases j = 1 and j = n — 1 were recently
solved by Marnat and Moshchevitin in [15]. This thesis completes the case n = 4
by solving the case j = 2 when n = 4. An alternate proof for the cases j = 1 and
j =n—1whenn > 3is also given, relying on the parametric geometry of numbers and
elementary algebra arguments. A conjecture for the general case is also established
and demonstrated to hold true when restricting to quasi-regular n-systems.

2.1 Regular System Conjecture

This section establishes a conjectures generalizing the recent result in [15], and is
given in terms of n > 3 and j € {1,...,n — 1}. Specifically, if the conjecture holds
true for the pair (n,j), then it completely determines the spectrum of (%,Ej) for
n-systems. Alternative versions of this conjecture are also established, and are shown
to be equivalent to the original conjecture.

The following notation will be used throughout the remainder of this chapter.

Definition 2.1.1. For each integer n > 2, each j € {1,...,n—1}, and each n-system
P: 1 — R" write

bi(a) = ¥i(q;P) = ¢~ (Pi(1) + -+ + Pi(q)),
and define a map x; : I — R U {oco} by

@) = x(eP) = Y g e),

so that
P+t FR 1

= d ;= . 2.1.1
N MM T (21.1)

46
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Also define the quantities

1—.(P) 1 -1 (P)
X.=x.P)=—2>2—- and Y, =x;(P)=—"FL—. (2.1.2)
;(P) T
Remark. If £ € R"\{0} and P : I — R" is an n-system such that
[P = Le[| = O1),

then
3,(P) =0, y(8) and T,(P) = w, ()
forj=1,....n—1
Thus, the notion of spectrum extends naturally for the pairs (Xj’ X;) as follows.

Definition 2.1.2. For each integer n > 2 and each j € {1,...,n—1}, the spectrum of
(Xj, X;) is the set of points (Xj(P), X;(P)) where P runs through all proper n-systems.
The spectrum of X; and x; are similarly defined.

2.1.1 First Version of the Conjecture

The first version of the conjecture uses the following function.

Definition 2.1.3. For each n > 3 and each j € {1,...,n — 1}, define the function

07 - R? — R by
n—2 j—1 y
VEDIE ) 2 ()
k=j—1 k=0
{

J

Conjecture 2.1.4 (Version I). Let n > 3 and let j € {1,...,n — 1}. The spectrum
of (Xj,yj) is the set S US’, where

S={(x,y) eR*|(n—j)/j<x <y and 0}(x,y) >0},

and
1/t —1),1] x {oo} ifj=n—1.
The spectrum S, of (gj,ﬂj) is related to the spectrum S, of (Kj,ij) as follows.
Let g : [0,1] — [0,00] and A : [0,00] — [0, 1] be the maps given by
1l—x 1

g(x) = - and h(z)= T o
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Observe that g is the inverse map of h, and that they are continuous for the usual
topologies on [0, 1] and [0, 0o]. Now, define the maps

G(z,y) = (9(y), 9(x)) and  H(z,y) = (h(y), h(z)).
Since G is inverse to H, then (2.1.2) implies that
G(S¢) = SX and H(SX) = Slp. (213)

In particular, the topological subspace Sy, of [0, 1]? is homeomorphic to the topological
subspace S, of [0, co]?.

2.1.2 Equivalent Form of the Conjecture

In order to state the second version of the conjecture, we define the following map.

Definition 2.1.5. For each n > 3 and each j € {1,...,n — 1}, define the map
f3+10,00] = [0.00] by N 2
x]f _|_ . e + l‘nf

taking the appropriate limit when x = oc.

)

Note that f; is continuous for the usual topology on [0, cc]. The map f; is also
strictly increasing, which can be seen as a consequence of the following proposition.

Proposition 2.1.6. Let D, E be finite non-empty subsets of R with min D > max E.
Let aq,be be positive reals for each d € D and e € E, and let P,Q : (0,00) — R be
the maps defined by

P(z) = Zadxd and Q(x) = Z bex.
deD eck
It follows that (P/Q) > 0 on (0,00). If moreover P/Q is not constant, then the
inequality is strict on all of (0,00), and P/Q is strictly increasing on (0, 00).

Proof: Let M = minD and N = max E, and so as the coefficients a4, b, are
positive, it follows for each x > 0 that xP'(x) > MP(z) and NQ(x) > zQ'(x).
Hence, if z > 0, then P(x),Q(z) > 0, and so

P'(z)/P(x) 2 M/x 2 N/z > Q'(z)/Q(x).

It follows that (P/Q)" = (P'Q — PQ')/Q* > 0, on (0,00). Moreover, if P/Q is not
constant, then either |D| > 1, |E| > 1, or M > N, and so either zP'(z) > M P(z),
NQ(z) > xQ'(x) or M > N. which implies that (P/Q)" > 0 on (0,00). The funda-

mental theorem of calculus implies that P/Q is strictly increasing on (0, 00). i

The following corollary will be used later in the chapter.
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Corollary 2.1.7. Let D, E, P,Q be as in Proposition 2.1.6. Suppose that P # Q) and
that P — Q) has a positive root z. Then, for all x > 0, it follows that

sgn(P(x) — Q(z)) = sgn(x — 2).

In particular, z is the unique positive root of P — Q). Moreover, if min & > 0, then
P — Q is strictly increasing on [z, 00).

Proof:  Since P # @ and P(z) = Q(z), it follows that P/Q is not constant, and
so Proposition 2.1.6 implies that P/Q is strictly increasing on (0, 00). Thus, if x > 0,

then sgn(z — 2) = sgn(P(x)/Q(z) — 1) = sgn(P(z) — Q(x)), as Q(x) > 0.

Now, suppose that min £ > 0. Thus, @ is monotonically increasing on (0, o).
Since P/Q is strictly increasing on (0,00), then P/Q) — 1 is strictly increasing on
(0,00). Since P/Q —1 > 0 on [z,00), it follows that P — Q = Q(P/Q — 1) is strictly

increasing on [z,00), as ) is positive and monotonically increasing on (0, 0o). |

As previously mentioned, Proposition 2.1.6 implies that f; is strictly increasing.
Hence, by computing f;(1) and f;(c0), it follows that

ey [ =5)/500] if G <n—1;
o) {[("—J)/j,l] ifj=mn—1. (2.1.4)

The second version of the conjecture uses the following result.

Proposition 2.1.8. If P is a proper n-system, then there exists a unique p; € [1, 0]
such that X; (P) = fi(p;). In particular, the spectrum oij is contained in f;([1,00]).

Proof: Let P : I — R™ be a proper n-system. Since P, < --- < P,, then by
(2.1.1), we have that (n —j)/j < X;- By Proposition 1.2.6, we have P(q) € A, for
some arbitrarily large ¢. Since x,-1(¢) < 1 whenever P(q) € A,_4, it follows that
X, , < 1. Now, since f; is strictly increasing, then by (2.1.4), there exists a unique
p; € [1,00] such that

filpj) = x(P).

=y
It follows that the spectrum of X; is contained in f;([1, 00]). i

Though we will later prove that f;([1, c0]) is exactly the spectrum of X; only the
above proposition is required to make sense of the following version of the conjecture.

Conjecture 2.1.9 (Version II). Let n > 3 and let j € {1,...,n— 1}. The spectrum
of (Xj,yj) is the set

S = {(z,y) € [0,00]* | There exists p € [1,00] such that x = f;(p) and y > px}.
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Theorem 2.1.10. Letn > 3 and let j € {1,...,n—1}. The following are equivalent.
1. Conjecture 2.1.4 holds for the pair (n, 7).

2. Congecture 2.1.9 holds for the pair (n,j).

Proof: Let S, S’ be as in Conjecture 2.1.4, and let S be as in Conjecture 2.1.9.
Let (z,y) € R? such that y > = = f;(p) for some p € [1,00]. Suppose that
y < oo. Since f; is strictly increasing, we have that (z,y) € S if and only if

y=prey/r=pe fily/v) = filp) =
On the other hand, we have that (z,y) € S if and only if

0" (z,y) > 0 = nf (g)k > xf (%)k & fily/z) > =

k=j—1 k=0

Hence, we have (z,y) € S if and only if (z,y) € S, when y < oc.
This is also true when y = oo because

(z,00) € SUS" & x € [(n—j)/j, f;(00)] & (z,00) € 5.
Therefore, we have that S = S U S’, which proves the claim. |

A careful examination of the above proof yields the following corollary.

Corollary 2.1.11. Letn >3, let j € {1,...,n—1}, and let P : [ — R" be a proper
n-system with X;(P) < oco. By letting p > 1 be such that Xj(P) = f;(p), we have that

0 (PLTP) 20— T(P) > py (P).
Moreover, we have Gy(xj(P),Yj(P)) = 0 if and only if X;(P) = pXj(P).
Moshchevitin proved the case n = 4 and j = n — 1 in [17]. The case n = 4
and j = 1 was later proved by Schmidt and Summerer in [27]. In [27, Section 3],

they conjectured that the case n > 3 and j = 1 holds, and that the case n > 3 and
j =n —1 holds. This was recently proved by Marnat and Moshchevitin in [15].

Theorem 2.1.12 (Marnat-Moshchevitin). Conjecture 2.1.9 holds true for the case
n >3 and 7 =1, as well as for the casen >3 and j =n — 1.

This thesis reproduces this result using only the parametric geometry of numbers,
while the larger part of [15] is based on a more traditional approach.
This thesis will also prove the following case, thereby completing the case n = 4.

Theorem 2.1.13. Conjecture 2.1.9 holds true for the case n =4 and j = 2.

This will be proven in Section 2.4.
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2.1.3 Reduction of Conjecture 2.1.9

We show that Conjecture 2.1.9 is equivalent to the following conjecture.

Conjecture 2.1.14 (Version III). Let n > 3 and let j € {1,...,n —1}. For each
proper n-system P : I — R", we have that

Yj (P) 2 ijj (P)7

where p; € [1,00] is characterized by f;(p;) = X

The proof that this statement is equivalent to Conjecture 2.1.9 uses the follow-

ing result whose proof is based on a construction analogous to that of Marnat and
Moshchevitin [15] for the cases j = 1 and j =n — 1.

Theorem 2.1.15. For each j € {1,...,n— 1}, the set

{(fi(pi), prifi(pi)) | pi € (1,00), p € [1,00)}
is contained in the spectrum of (Xj,yj).

Proof: Letje {l,...,n—1}, p; € (1,00), and p € [1,00). We need to show that
there exists a proper n-system R with

(. (R), X (R)) = (fi(ps)s poi fi(ps))-

J

Towards proving this, define

X = (17 Ce ,p;:_l,pj:_l, Ce ’ng—Q)’ X/ — (1’ . 7p?—3’p?—27p?—2)’

Y = p(pj, 05,05, 057 and y = pp;x.
Now, construct an n-system P : [r,s] — R" by applying Theorem 1.2.22 to the
sequence (x,x’,y’,y). Let t € (r,s) be such that P, + --- + P; has slope 0 on [r, ]
and slope 1 on [t, s], as in Lemma 1.3.5. Figure 2.1.1 gives the combined graph of P.
Since P, + - -+ + P; has slope 0 on [r,t] and slope 1 on [t, s, then

x;(P) = min{x;(r), x;(s)} and %;(P) = x;(#).
Thus, letting R be the self-similar n-system generated by P, it follows that

j—1 n—2
pi o+t _
XJ(R) = 1+ & p;:_1 = fj(p;) and Xj(R)

o)
Lot i

= pp;i fi(p;);

thereby completing the proof. |

We deduce that the spectrum contains the following larger set.
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Figure 2.1.1: Combined Graph of P

Corollary 2.1.16. For each j € {1,...,n — 1}, the set

S =A{(fi(ps): ppifi(pi)) [ ps € [1,00], p € [1, 00}
is contained in the spectrum of (Xj,yj).

Proof:  Let j € {1,...,n— 1}, and define

S ={(fi(ps). ppifi(p;)) | p; € (1,00),p € [1,00)},

and
S ={(Fi(ps): ppifi(ps)) [ s € [L, 00], p € [1, 00]}.
Theorem 2.1.15 yields that S is contained in the spectrum S, of (Xj,yj).
Now, let G and H be as in (2.1.3) following Definition 2.1.2. It follows that

H(S) = {H(f;(p;). ppifi(ps)) | pj € (1,00),p € [L,00)}

is contained in the spectrum S, of (yj, E]) Theorem 1.2.27 implies that Sy, is closed,
and so as H and f; are continuous maps, it follows that

H(S) = {H(f;(p;), prifi(pj)) | pj € [1,00],p € [1,00]} C Sy.

Therefore, S = G(H(S)) C G(Sy) = Sy. i

Since the spectrum of X; s contained in f;([1,00]) for j = 1,...,n — 1, then
Corollary 2.1.16 automatically implies the following result.

Corollary 2.1.17. For each j € {1,...,n — 1}, the spectrum oij is f;([1, 00]).
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The following theorem is a consequence of these last two corollaries.

Theorem 2.1.18. Let S be as in Corollary 2.1.16, i.e.

S =A{(f;(pj): pr;fi(pj)) | pj € [1,00], p € [1, 00]},

and let H : [0, 00] x [0,00] — [0,1] x [0, 1] be the map defined by

1 1
li pr— — .
(z.y) (1—|—y’ 1—|—x>

The following conditions are equivalent for the pair (n,j).

1. Congecture 2.1.14 holds.

2. The set S is the full spectrum of (Xj,yj).

3. The set H(S) is the full spectrum of (yj,@j).

Proof: Suppose that the first condition holds true. By Corollary 2.1.17, the spec-
trum of X; is equal to f;([1,00]). Hence, if (a,b) is in the spectrum of (Xj,yj), then

there exists p; € [1, 00] such that a = f;(p;). Conjecture 2.1.14 implies that b > pja,
and so there exists p € [1, 00| such that b = pp;a. Thus, (a,b) € S, and so Corollary
2.1.16 implies that S is the full spectrum of (Kj’ X;). Therefore, the second condition

holds true. Conversely, if the second condition holds true, then Conjecture 2.1.14
automatically holds true, which means that the first condition holds true. Finally,

the second and third conditions are equivalent by (2.1.3).

2.1.4 A Further Reduction

We use the following lemma to simplify Conjecture 2.1.4.

Lemma 2.1.19. Let P : I — R™ be a proper n-system, and let j € {1,...,n — 1}.

1. If X;(P) = oo, then Conjecture 2.1.14 holds for P.

2. Iij(P) = fj(o0), then X;(P) = oc.

Proof: The first claim is trivial. Now, assume without loss of generality that P

is non-degenerate, and suppose that Xj(P) = fi(o0). If j <n —1, then

X; = X; = f](oo) = 0.
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Hence, suppose that 7 = n — 1, and so X; = 1. To prove that X; = 0o, suppose

otherwise. Then (2.1.2) implies that yj > 0, which implies that @, =1 — yj < 1.

Now, since 1 — p, =1+ -+ @o1 < (n—1)p,_1, it follows that
0<1-7,=Iliminf(1 —¢,(¢q)) < (n—1)liminfp,_1(¢) = (n—1)p _,

q—o0 q—

and so

Theorem 1.2.16 implies that there exists arbitrarily large r,s € I such that each
q € [r, s] satisfies

P(g) e Any = qe{rs},
and such that n — 2 € type(r, s). Theorem 1.3.4 implies that P,_1(r) < P,_s(s), and
so by letting ¢ € (r, s) be as in Lemma 1.3.5, it follows that

Pn(s) o Pn(t) < Pn(t) o Pn(t) Son(t)

Pa(s) B Poa(s) = Pua(r)  Paa(?t) B n-1(t)
Thus, since 7, s,t are arbitrarily large, and since

_ P,(s) < 1 < 1
Pi(s) 4+ Pya(s) +2P,(s) =~ Pu—a(s)/Pul(s) +2 =~ wn_1(t)/on(t) +2’

©n(s)

it follows that p <1/ (B~!' +2) < 1/2. However, a simple computation shows that

X =1 = ¢, ,=1/2 < fnzl/Q.

Zn—1

This is a contradiction since X, , =1L |

The second part of the above lemma implies that, for each proper n-system
P: 71— R"andeach j € {1,...,n— 1}, we have

X;(P)<oo = Kj<P) < f(o0).

In view of the above, of Corollary 2.1.11, and of the first part of the above lemma,
we deduce that Conjecture 2.1.14 is equivalent to the following conjecture.

Conjecture 2.1.20 (Version IV). Let n > 3 and let j € {1,...,n — 1}. For each
proper n-system P : [ — R™, with X;(P) < oo, we have that

07 (x,(P),X;(P)) = 0. (2.1.5)
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2.2 The Conjecture for Quasi-Regular Systems

This section verifies that the conjecture holds when restricting to quasi-regular sys-
tems. Further, it is shown in this case that an even stronger result holds, and that
this stronger result does not hold in general. It is also shown that those quasi-regular
systems which are sharp with respect to (2.1.5) are in fact regular systems.

Fix P to be the quasi-regular n-system generated by some fixed strictly increasing
sequence (q;);en of non-negative real numbers satisfying ., +x = pay, for some p > 1,
m € Nt and for each & € N. Fix a to be the mean geometric reason of P, i.e. the
unique « > 0 satisfying o™ = p.

The following lemma is key in proving the main results in this section.

Lemma 2.2.1. Let ay,...,a,,b1,...,bs > 0, let ky,... k-, l1,....ls € N, and let
(€:)ien be a periodic sequence of positive real numbers with period T. Identifying
numerators and denominators, consider the quantities

A a + -+ a, é_sj%lal—i—---—k&j%rar

- d ) > 0),
B bl_'_...+bs an B] €]+l1b1+"'+8]+l5b3 (j - )

One of the following statements holds:
1. A;/B; = A/B for each j > 0.
2. There exist indices k,l > M with A,/B, < A/B < A;/B;.

Proof: Suppose that both (1) and (2) are false. Then, upon reversing fractions
if necessary, assume without loss of generality that A;/B; < A/B for all j > 0, and
that A;/B; < A/B for all j > 0 with j = k& mod T for some k£ > 0. By letting
E = Zle g, noting that E = E;EVTH gj for each N € N, it follows that

T T
BY Aj<A> B
=1 j=1
T r T s
Bzzgj+kiai < AZ Zgj-l-lz‘bi

j=1 i=1 =1 i=1

=1 =1
BEA < AEB,

which is a contradiction. |
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Corollary 2.2.2. There exists k,l > M with Ax/B, < A/B < A;/B,.
For the following proposition, recall the functions

R R o
1_|_..._|_1'j*1

f]<l'): (j:17"'7n_1)7

as in Definition 2.1.5.

Proposition 2.2.3. Let j € {1,...,n — 1}. With the above notation, we have that

X, =X, (P) < fila) and X; =X;(P) > afj(a).

S &y
In particular, the conjecture is satisfied for P.

Observe that in this statement, the number o depends only on P and not on the
choice of j. This result is stronger than Conjecture 2.1.9 in that it implies a non-
trivial property for the spectrum of (¥ » Uy, yni ¥ 1, ) for quasi-regular systems,
as will be shown later.

Proof: (Proposition 2.2.3)
Define for each i € N the quantity ; = a;/a’ > 0, and note that

Oém+i€m+i = Q4 = PO,; = OémOéigi = Em+i = &, (221)
for all « € N. Corollary 2.2.2 yields k,! € N such that

J 1+---4+ai-t — gk—l—--~—i—oﬂfl€k+]’71

Y

and , ,
o’ + .. +an71 < OZJ&H—j + .. +an715l+n_1

Oéfj(a) B 1+ 4ai=t — 51+"'+Oéj_1€l+j_1
Hence, (2.2.1) implies that

Qptj—1+ -+ Qkyn—2 >
- -9

Qg+ -+ Qryj -

fila) >

and that n n
Qg T T Qpgn-1 _
Oéf](a) S ] S X]a
Qp+ -+ Qg

proving the claim. i



2. RESULTS ON THE SPECTRA OF (ﬁ,@b_]) 57

Corollary 2.2.4. Let j € {1,...,n — 1}. Suppose that Qj(xj,yj) =0. Then P is a
reqular system.

Proof: Corollary 2.1.11 implies f;(a/) = X; and ' fj(a’) = X, for some o/ > 1.
Proposition 2.2.3 yields

fila') = x; < fi(a) and  dfi(a') = X; = afi(@),

from which it follows that o/ < o < d/, as f;(x) and = f;(z) are increasing on [0, oo].
This implies that

fila) = x, and afj(a) =X;.
Thus, for each k > 0, it follows that

j—1 —2 j—1 —2
- — L - ) — !
14 .+ il =g o+ Qg Ept+ -+ e
O{J+"‘+Oén_1 _Y Oék—‘,—j_'—".—i_ak—i-n—l _Oéjgk‘i‘]—i_...—’_an_lgk—kn—l
1+---4+ai-1 J = ap + -+ Oftj—1 Ep + -+ Oéj_lgkﬁ»jfl

Applying Lemma 2.2.1 to each of these two inequalities yields equality throughout
for each k. Thus, since f;(a) = X; and afj(a) =X;, it follows that

Qg A_l_{_..._’_ak: _9 Qg +.+ak _1
+J +n and Oéfj (Oé) _ +J +n :
Qp + v+ Qg Qp + v+ Qpgja

fila) =

for each k. It follows that i1 + -+ + cuyj = ooy + -+ - + g j—1), for each k. This
is a linear recurrence relation, and its characteristic polynomial is

j—1
4tz —a@@ 4 D)= ()@ 1) = (x—a)H(w—tei”/j).
=1

A standard result implies the existence of ¢, ¢; € C such that

j—1
oy, = ca + Z i (ke N).

=1

Since limy_,o o, = 00, then ¢ # 0. Hence, as [e?!"| =1 < a foreach [ =1,...,j — 1,
it follows that
lim ajpq /o, = e /(ca®) = a.

Meanwhile, as oy, = pay for all [ € N, it follows for each [ = 0,...,m — 1 that

Qkm+i+1 P _ Ok (k € N)

O+l Pk e93 o
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Thus, the sequence (a11/au)ken is periodic and converges to a, which implies that it
is the constant sequence («)gen. Therefore, a1 = aay, for each k£ € N, which means
that P is a regular system. i

Observe by Proposition 2.2.3 that the conjecture restricted to quasi-regular sys-
tems not only holds true, but is quite stronger. Indeed, by defining 3;,~; such that
fi(B;) = X; and v; f;(7;) = X, the inequality 6; (Xj,yj) > 0 is equivalent to the claim
that the interval [3;, ;] is non-empty. In the case of quasi-regular systems, one de-
duces further that the intersection of these intervals for j = 1,...,n—1 is non-empty,
following from the fact that « is contained in each of them.

However, while the regular system conjecture might still be true in general, this
stronger variant is not. For example, consider the self-similar 5-system generated by
the 5-system P : [24.5,73.5] — R® with period 3 as in Figure 2.2.1.

33
11 4 2
10.5
/ ’
4 /
3.5
3

Figure 2.2.1: Combined Graph of P

Some straightforward computations yield

43 37 10 22

Xlzg; X2:1—3; &)’:7; &_Ev
and that x; = 3&, for each 7 = 1,2, 3,4. Meanwhile, one finds numerically that
b1 = 1.40645...; v, = 1.80346...; [y = 1.49878...; v, = 1.93646..;

By =1.73082...; ~3=2.21118...; By =1.80324...; ~4 = 2.49529....

Since y1 < B4, the intersection of the intervals [§;, ;] is empty.

2.3 Marnat-Moshchevitin Theorem

This section provides an alternate proof of the recent result of Marnat and Moshchevitin
in [15]. It relies only on the parametric geometry of numbers, while the larger part
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of [15] is based on a more traditional approach. The novelty of the proof also lies in
its simplicity. In particular, the number of points considered in the proof is in some
sense minimal.

2.3.1 Preliminaries

Fix n > 3, fix P be a proper non-degenerate n-system, and define S; = P, +---+ P,
fori =1,...,n—1. Fix j € {1,...,n — 1}, fix (¢;)ien to be the unbounded and
increasing sequence of division numbers of P with P(¢;) € A;, and define

My, = Sj(qr) and N = q. — Sj(qr),
as well as

Qp = i.n£<Ni/Mi)v gr = sup(M1/M;) > 1 and  hy, = sup(N;1/N;) > 1,
1>

i>k >k

for each k£ € N. Observe by Corollary 1.3.7 that

1 Si(qi) + giv1 — S;(a : N;
X; = — — 1 =limsup i(@) + G ](q+1)—1:11msup +1,
ﬂj iEeN Si(a:) ien M,
and that . N
T T P B iinf 2V
X; = Ej 1 hriréll\lnf (@) 1 hriréll\]nf 72 }Clerg Q. (2.3.1)

The following lemma is based on a crucial observation by Marnat and Moshchevitin
in [15]. Tt is key in proving the regular system conjecture for j =1 and j =n — 1.

Lemma 2.3.1. If g = limpey g and h = limyey hy, then Yj/Kj > max{g, h}.

Proof: There exist unbounded subsets I, .J C N such that

. ; . N;
g = lim “loand b= lim —
i€l i ieJ i
Hence,
) N; . N; ) N: o N,
X; = limsup it > lim sup i sup 9in1 > lim inf gVl _ gX .,
€N i i€l i i€l i+1 ieN i+1 -
: Ni : N; . ... hN;
X; = limsup 1> Jim sup L Jim sup —— > liminf —— = hy ,
ieN i icJ ; icJ i ieN M =

proving the claim. i
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2.3.2 Spectrum of (¢, ) for n >3

Suppose that 7 = 1, with the notation of Subsection 2.3.1.

For this subsection, an integer m € N is said to be of type I if I € type(gm, Gma1)-
By Theorem 1.2.16, there exist infinitely many m € N of type n. Moreover, by
hypothesis, every m is of type 1 and of type 2. Hence, Theorem 1.3.4 implies that if
m is of type k, then it is of type ¢ for i = 1,..., k. Hence, fix N € N arbitrarily large.

There exist my,...,m,_s € N with N < m; < --- < m,_» satisfying the following
properties.

Mps1—ris of type I (I =3,...,n), (2.3.2)

m is not of type I for each m € (my,_r,my1-1) (I =3,...,n—1). (2.3.3)

Define the quantities
k k
az(‘ )= Pi(qu>7 bg )= Pi(qfnk+1)7

and
Ay = Np, :agk)+---+a§f), Bi, = Nyt :bg’f)+...+bgc),

foreach k=1,...,n — 2 and each 7 = 2,...,n. Define also
h=hy and a=ay>1,

and note that hA, > By, A, > aagk) and By > ozbék) fork=1,...,n—2.
The following proposition provides a key inequality in the proof of the result.

Proposition 2.3.2. a(B;+ -+ B, 3)+ B, 2> (a—1)(A1 + -+ A, _2).
Proof:  For I =4,... n, condition (2.3.3) implies for k = I,...,n that

algn+2—1) _ b](cn—i_l_l) :

while condition (2.3.2) and Theorem 1.3.4 imply for k =2,...,I — 1 that

Q=D (n+1—1)
Uy Sy

and that aén 2) < b . Hence, it follows for I =4,...,n that
Buiior > (a§™ 70 4 al0) 4 (a&”“‘” b alrt2D)Y)

and that B,_o > abé"_Q) > ozaé"_2). Thus,

Bua+ay  Bupiog > aas'” +az (a0l T D gD,
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Reordering the summation on the right yields

By 2 +OzZBn_H > aa?)n 2) + (az (a§n+1—1) 4. _‘_a7(zn+1—1)) . aa:())n_z))’
I1=3

and the right hand side is equal to

N

n—

(0% (Ak — an) Z Z Ak,

1

£
Il

completing the proof. |

Theorem 2.3.3. a — 1 < h+--- 4+ h" 2.

Proof: Define Fj, = h + --- + h*,
Ch=A1+---+A;, and Dp=B;+: - -+ By,

for k=1,...,n—2, and let Cy = Dy = 0. Define the inequality T} by
Te:aDy, o ) +h 'FBy 1 > (a—1)Cpq4,

fork=1,...,n—2. Since I} = h, then Proposition 2.3.2 states that T holds. Now, if
F, > a—1for some k € {1,...,n—3}, then F,,_s > a— 1, which proves the theorem.
Thus, assume without loss of generality that F, <a—1fork=1,...,n—3.

Now, let £ € {1,...,n — 3} and suppose that T} holds. Having assumed that
F, < a —1, the following statements automatically hold true.

1. F, <a-1
2. Cro1p=Cho ik + Ap1i
3. Dy_o =Dy 3 4+ Brai
4. Ap1—k > Bnoi
5. hA, 1k > Byp_1_4
6. Fp+1=h"'Fu

Using (5) on T}, yields

aDy o+ FrAn_ 11 > (o = 1)Crmip.
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By (2), it follows that
aDy, o+ (Fp—(a—1)A 1% > (a—1)Cho_.
Since (1) implies that F, — (o — 1) <0, then (4) yields
aDy, o g+ (Fp,—(a—1))Bpok > (a—1)Ch_o_k.
Substituting by (3) yields
aD, s+ (Fr+1)Bya g > (. — 1)Chay.
Finally, (6) implies that Ty, holds. It follows by induction that 7T}, 5 holds, and so
F, 2B > (a—1)hA; > (a—1)Bi=a—-1<F, ,,

completing the proof. |

Corollary 2.3.4. Let h = limyen hy. It follows that x, < 1+---+ hn=2.

Proof: As k — oo, hy — h, and ap — X,» broving the result by continuity. |

Corollary 2.3.5. x, <1+ -+ (X1/x)" %

Proof: Let P(z) = 1+ ---+2a"* and Q(z) = x,, noting that P,Q satisfy the
conditions of Proposition 2.1.6. Corollary 2.3.4 yields that P(h) — Q(h) > 0, and so
Corollary 2.1.7 implies that P — @ is strictly increasing on [h,00). Thus, as Lemma
2.3.1 yields Yl/& > h, it follows that

P(Yl/xl) - Q(Xl/zl) > 0,

from which the conclusion follows. |

2.3.3 Spectrum of (¢,,_1,%,_1) for n >3

Suppose that 7 =n — 1 with the notation of Subsection 2.3.1.

Asin Subsection 2.3.2, an integer m € N is said to be of type I if I € type(gm, Gm+1)-
By Theorem 1.2.16, there exist infinitely many m € N of type 1. Moreover, by hy-
pothesis, every m is of type n and of type n — 1. Hence, Theorem 1.3.4 implies that if
m is of type k, then it is of type i for ¢« = k, ..., n. Hence, fix N € N arbitrarily large.
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There exist my,...,m, 9 € N with N < m; < --- < m,_» satisfying the following
properties.

Mp_1-risof type I (I=1,...,n—2), (2.3.4)

m is not of type I for each m € (mp_1_r,mp—y) (I =2,...,n—2). (2.3.5)

Define the quantities
k k
az(‘ )= Pi(qu>7 bg )= Pi(qfnk+1)7

and
Ap=My =a? + - +a®), Bi= My =6+ 0,

n—1

foreach k=1,...,n—2and each 7 =1,...,n — 1. Define also

g=gny and a=ay <]I,

(k

and note that By < gA, aAy < an_)1 and aB, < bﬁf’_)l fork=1,...,n—2.

The following proposition provides some key inequalities in the proof of the result.

Proposition 2.3.6. aA; + A1+ -+ A2 < (1 —a)(B;+ -+ + B,_»), for each
ie{l,...,n—2}

Proof: Since B; < A;;1 and a < 1, then
—aA; — A +adi < —(1—-a)B,

fori=1,...,n—3. Hence, if the claim holds for ¢ = 1, then the claim holds for each
1=1,...,n—2 by a simple recurrence argument. Thus, it suffices to prove the claim
when ¢ = 1.

For I =1,...,n — 3, condition (2.3.5) implies for k = 1,..., I that

alg:nflfl) _ b](canfI)

Y

while condition (2.3.4) and Theorem 1.3.4 imply for k = I,...,n — 2 that

(n—1-1)
k+1

—

Bl

Y

and that ag_)l < bfll_)? Hence, it follows for I =1,...,n — 3 that

A1 < (b§”‘2‘” +-- 4 bgn_Z_I)) + (b&"‘l_*’) 4t b("—l—f))‘

n—2

and that ad; < ag_)l < bﬁ}_)Q. Thus,

w

n—

n—3
aA; + Z A1 < ble_)z + (bgnizi[) + -+ b§n7271) + bgnilfl) NI bSL":Zl*I))'
I=1 1

~
Il



2. RESULTS ON THE SPECTRA OF (%,10_])

64

Reordering the summation on the right yields

n—3 n—2
0AL+ Y Ay <05+ (Z (B0 D) - bSlQ),
=1 =1
and the right hand side is equal to

2

3
|

n—2
(Be =) <(1—a)) B
k=1

e
Il

1

completing the proof.

Theorem 2.3.7. (1—a)g" > a(¢" '+ +1), fori=1,...,n—2.

Proof: Define F, =1+ ---+ ¢ fork=1,...,n—2, let
Ci=A;+---+A, o and D;=B;+---+ B,_o,

fori=1,...,n—2,and let C,,_; = D,,_; = 0. Define the inequality T;; by

Tig: aFj AL+ g7 0 < (1 —a)g" ' Dy,

fori=1,...,n—3and k =1,...,n — 2. Since F; = 1, then Proposition 2.3.6 states

that T3 holds for k =1,...,n — 2.

Now, let i € {1,...,n — 3} and suppose that T}, holds for each k =i,...,n —2.

In particular, 7; ,_o implies that
aFiA,_ s <(1—a)g ' By <(1—a)g'A,_s = aF, < (1—a)g".

Hence, the following statements automatically hold true.

—_

caf < (1-a)g

2. Cry1 = Chyo+ Agyq, when k <n —3
3. Dy = Dyy1 + By,

4. By < Ap

5. B < gAx

6. Fipn=F+¢g

(2.3.6)
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Using (5) on T yields

aF;By + ¢'Cri1 < (1 — a)g' Dy,
By (3), it follows that

(aF; — (1 — a)g")By + ¢'Cri1 < (1 — a)g'Dyyq.
Since (1) implies that oF; — (1 — a)g' < 0, then (4) yields
(@F; = (1= a)g") Aps1 + ¢'Cra < (1 = @)g' Dy
Substituting by (2) if & < n — 3 yields
(aF; + ag')Ag1 + ¢'Cria < (1 — a)g' Dy

Finally, (6) implies that T; ;41 holds for £ =4,...,n — 3. Hence, T;1; holds for
k=1+1,...,n—2. It follows by induction that 7T}, _5 holds for each ¢ =1,...,n—2.
Thus, (2.3.6) yields

(1-a)g' > aF,

for i =1,...,n — 2, completing the proof. |

Corollary 2.3.8. Let g = limyen g. It follows that g"=2 > &%l(gn_2 + -+ 1).

Proof: AsN — o0, gv — ¢, and ay — 5\, which proves the result by continuity. ll

Corollary 2.3.9. Wn—l/xn_l)n_z > Xn—1((Yn—1/Kn_1)n_2 +o41).

Proof:  Let P(z) = 2" 2% and Q(z) = X, (z""% + ...+ 1), noting that P, Q satisfy
the conditions of Proposition 2.1.6. Corollary 2.3.8 yields that P(g) — Q(g) > 0, and
so Corollary 2.1.7 implies that P — @ is strictly increasing on [g,00). Thus, as Lemma
2.3.1 yields X, /x, > g, it follows that

P(Yl/xl) - Q(Yl/zl) >0,

from which the conclusion follows. |
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2.4 Spectrum of (¢, 1) for n =4

This section is devoted to proving that the regular system conjecture holds in the
case j = 2 when n = 4, thereby completing the proof of the conjecture for n = 4.
The conjecture for this case is the claim that each proper 4-system P satisfies

(Xa/X,)? + (Xa/Xy) = X,((Xa/x,) + 1)

Since this inequality is equivalent to

Xo/ Xy = Xy
the following theorem is equivalent to the conjecture in the case n = 4 and j = 2.
Theorem 2.4.1. If P : I — R* is a proper 4-system, then Xy > X;

Proof: Let P be a non-degenerate proper 4-system, and let (¢;);en be the increas-
ing sequence of division numbers with P(¢;) € Ay. For each k =1,2,3,4, let J, CN
be the set of indices i such that Py(¢;) < Pr(giy1), noting that Jy is infinite as P is
proper. Furthermore, J; = J;3 = N since P is non-degenerate.

Let N € N, recall that ¢y = (1+ x2)~! and xo = (Ps+ Py)/(P, + ), and define

a= inf yo and [ = sup xo.
924N a>qN
Note that there exist ¢+ € Jy and j € J; with N < ¢ < j. Fixing such 7, assume
without loss of generality that ¢ is maximal. Let a,b,c,d, e, f € R be such that

P(¢;) = (a,b,b,¢) and P(gj11) = (d,e,e, f).

Let t € [¢i; gi+1] be as in Lemma 1.3.5 for P, 4,,,], i-e. P1 + P, is constant on [g;, ]
and P3 + P, is constant on [t, ¢;+1]. Hence, as k ¢ J; when i < k < j, it follows that
Py is constant on [t,¢j11], and so Py(t) = Py(gj+1). Thus, there exists ¢ € R such
that

P(t) = (a,b, ¢, f).
Assume without loss of generality that the form of P on [g;, ¢;41] is canonical, as in

Theorem 1.3.8. The rest of the proof is done by dividing in two cases.
For the first case, suppose that i = 5. Figure 2.4.1 gives the combined graph of

P on [g;, gj11]-
Define the quantites

A=a+b; A=b+c¢; B =d+e B=e+/,
and note that A < B’, and by the definitions of o and S that

a <min{A/A",B/B'} and j > x2(t) = B/A"
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t

»;QAAAA I

Figure 2.4.1: Case 1 = j

It follows that
9 1 AB A A
a“f7 < <1

= AB B B —

For the second case, suppose that ¢ < j. Figure 2.4.2 gives the combined graph
of P on [g;, ¢j+1]. Since xo = (Ps + Py) /(P + B), it follows by the definitions of «

and [ that

—

+e c+b _f+c’>f—|—c

2 < . d > vot )
@ “d+e a+b and = xa(t) a+b ~a+b

Now, since b < ¢ < d <e < f, it follows that

a’p

_1<f+e.c+b a+b f+e c+b<f+e c+d<f+d d+d

Thus, o? < /3 in general. As N can be arbitrarily large, it follows that XZ < Xs-

[ S
~

~ —d--
8

+

—

Figure 2.4.2: Case i < j

“d+e a+b f+c d+e f+c d+e f4+c—d+d f+d

1.
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2.5 A Test Case for (i»,1,) in Dimension n =5

This section shows that the conjecture holds for a small subclass of those n-systems
which are canonical with respect to the spectrum of (gj, v;) as in Theorem 1.3.8.

Consider a 5-system with the switch points
(a7b7b7 C7 d) _> (a”b7 C? d??) _> (Q? C7 d?é7 f) % (6?37 d? 67 f)7

with0<a<b<c<d<e< fandwith (¢,d,d,e, f) = p(a,b,b,c,d) for some p > 1.
Figure 2.5.1 gives the combined graph of this 5-system.

N1

aQ, O —

T A——

d
ZM/

Figure 2.5.1

This 5-system generates a self-similar 5-system P depending on the choice of
a,b,c,d, e, f. Note that p = ¢/a, that d, e, f are fixed by any choice of a, b, ¢, and that
the block is well-defined for any choice of a,b,c with 0 < a < b < ¢. Hence, write
P@b¢) — P and consider the subset

S' = {P@)|q b cecRwith0<a<b<cl,

of the set of all proper 5-systems. The main result of this section is the following.
Theorem 2.5.1. Let P € &', and write o = X, B =Xy and g = B/a. We have

1. ¢*+2g > 2a,

2. P+g¢*+g>alg+1).
In particular, P satisfies the reqular system conjecture.
Proof: To prove the first result, let a, b, c with 0 < a < b < ¢ be such that

P = P9,

By the definition of «, the first switch point of P implies that

< b+c+d bla+c/a+ (b/a)(c/a)
- a+b 1+b/a '
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By the definition of 3, the second switch point of P implies that

5>>C+d+:f:<#@+(WGXWW)+(WGXWGV
~ a+b 1+b/a '

Since scaling a, b, ¢ does not change the value of a and 3, assume without loss of
generality that a = 1. Hence,1 < b < ¢, and

2
a§A2b+c+bc . >c+bc—|—bc
1+0b

Let g = 6/a > 1, and note that

¢+ be + bc?

> = ——-—-—.
§= b+ c+bc

Now, define f(z,y) as the polynomial
(y+ay+oy?)?(1+2) +2(y +ay+oy?) (@ +y+ay)(1+2) — 2z +y +2y)(z +y+2y)?,

and note that
G? +2G > 2A < f(b,c) > 0.

Now, the polynomial f(b,y) is equal to
(y + by +by*) (1 +b) +2(y + by +by*) (b +y +by) (1 +b) —2(b+y + by)(b+y + by)?
which can be rewritten, following a series of computations, as

(b + 02y +2(0° + 0% — b — 1)y® — (b 4+ b? — 3b — 3)y* — 2(2b° + b? — b)y — 2b°.

Since b > 1, then the coefficients of y* and y* are positive, while the coefficients
of 1 and y are negative. Hence, Corollary 2.1.7 implies that f(b,y) has a unique
non-negative root gy in y, and that

sgn(f(b,y)) =sgn(y —yo) (y >0). (2.5.1)
After another of series of computations, one finds the polynomial
h(z) = f(x,2)/2* = 2° + 32" + 2 — T2* — 32 + 5.
Observe that h(1) = 0, and note that the derivative of h is given by
B (z) = 52* + 122° + 32 — 14z — 3.

Corollary 2.1.7 yields a unique non-negative root for the polynomial A'(z), say z,
and that x satisfies sgn(h’(x)) = sgn(x — x) for x > 0. Since A'(1) = 3 > 0, it
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follows that o < 1, and so h'(x) > 0 for all z > 1. It follows that h(z) > h(1) = 0 for
all x > 1, and so f(z,z) > 0 for all z > 1. Thus, f(b,0) > 0, and so (2.5.1) implies
that ¢ > b > 1o, which in turn implies that f(b,c) > 0, and so G* + 2G > 2A. Since
g > G and A > «, then

9> +29 > G?+2G > 24 > 2a,
proving the first result. Now, since g > 1, then the first result yields
g =20a-g) =g >29(a—g) =g > (g+1)(a—yg).

It follows that
9> +9(g+1)>alg+1),

proving the second result. Hence, P satisfies the regular system conjecture. i



Chapter 3

Existence of Non-Semialgebraic
Spectra

This chapter provides a brief introduction to the theory of semialgebraic geometry,
whose primary objects of study are semialgebraic sets, defined in the following section.
This section also introduces some terminology relevant to the study of such sets, with
a focus on convex polytopes, which are a generalization of convex polyhedra in higher
dimensions. The Tarski-Seidenberg theorem is also stated, and is key in the proof of
the main result in this section.

The main result in this chapter is the existence for each n > 4 of a family of
spectra of n-systems which are not semialgebraic sets. Although not as natural as the
exponents associated to the maps ¢; and 1);, they remain simple to define using certain
linear maps 7' : R® — R"™". The proof relies on a relatively simple construction
and characterization of systems P with T'(P) C [0,00)""!, and uses theorems from
Section 1.4, in particular the Arzela-Ascoli theorem. This is in contrast to a recent
and remarkable result of Roy in [22] proving that spectra of n-systems are always
semialgebraic sets for n = 2, 3.

3.1 Semialgebraic Geometry

Throughout this section, fix m € N*. For a more thorough exposition of the theory
which follows, the reader can refer to [28], [29] and [3].

Definition 3.1.1. A subset X in R™ is said to be semialgebraic if it can be realized
as a finite combination of intersections, unions and complements of sets which are
defined by systems of polynomial equalities and inequalities with real coefficients.

In this way, semialgebraic sets are related to the problem of determining existence
of a real solution to a system of polynomial equalities and inequalities with real

71
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coefficients. A result in [28] shows that any semialgebraic set can be written as
follows.

Theorem 3.1.2. Let X C R™ be semialgebraic. There exists k, sy, ...,sr € Nt and
polynomials P;(x), Q; ;(x) in Rlzy, ..., x,] such that

k
X:U{XERm]B-(x) =0 and Q;;(x) >0 forj=1,...,s;}.

i=1

3.1.1 Tarski-Seidenberg Theorem

The Tarski-Seidenberg theorem is an important theorem in semialgebraic geometry.
It is often stated as follows, though different versions exist (cf. [28], [3].)

Theorem 3.1.3. Let X C R™* be semialgebraic, and let 7 : R™F — R™ be the
projection onto the first m-coordinates. The set w(X) is a semialgebraic set in R™.

This is a key theorem in the proof that spectra of 3-systems are always semial-
gebraic [22], and is used in this chapter to deduce that a certain family of spectra
consists of sets which are not semialgebraic.

There also exists a version providing an algorithm, as well as a version focused on
systems of polynomial equalities and inequalities allowing quantifiers [3]. However,
neither of these are used in this thesis, and their statements are omitted.

3.1.2 Positive Loci of R™-Valued Maps

Recall that R™ is partially ordered by the product ordering, i.e. if x = (z1,...,z,)
and y = (y1,...,Ym) are points in R™, then

x<y&szgyfori=1....,m.

In particular, x > 0 if and only if z; > 0 for ¢ = 1,...,m. The inequality is said to
be strict, denoted x < y,if x #y,ie. x <y x<yand x #y.

Whereas algebraic geometry can be said to study the zero loci of polynomials,
i.e. the set of zeroes of polynomials, semialgebraic geometry can be said to study the
positive loci of polynomials. In general, consider the following definition.

Definition 3.1.4. The positive locus of a map f : X — R™ is the set P of points
x € X such that f(x) > 0 for each z € P. If the inequality is instead strict, the
resulting set P is instead called the strictly positive locus of f. The negative locus
and strictly negative locus are defined similarly.
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In particular, the positive locus of f is the disjoint union of its zero locus Z and
its strictly positive locus S. It is also worth noting that the zero locus of f is the
intersection of the positive loci P and P of the maps f and —f. In this way,

Z=PNP and S=P\Z=P\P,

and so zero loci and strictly positive loci can be studied using only positive loci.

3.1.3 Convex Polytopes in R™

This thesis considers a generalization of convex polyhedra in R? called convex poly-
topes. Before stating its definition, consider the following proposition and corollary.

Proposition 3.1.5. Let T : R" — R™ be a linear map, and let x,y € R", z € R™.
If T(x),T(y) > z, then T(Ax + (1 — \)y) > z for each X € [0,1].

Proof: If A € [0,1], then T(Ax+ (1 — N)y) = A\T(x) + (1 = N)T(y) > =z. i

Corollary 3.1.6. If T : R" — R™ is a linear map, then its positive locus P is convew.

Definition 3.1.7. A convex polytope in R™ is a non-empty, bounded subset P of R™
which can be realized as the positive locus of a map L = (Ly,...,L;) : R™ — Rk
where each L; is a polynomial of degree 1.

Convex polytopes are indeed convex sets by Proposition 3.1.5. Moreover, the
definition remains equivalent if the maps L; are allowed to be of degree at most 1.
Indeed, if all the maps are constant, then the set of solutions is either R™, which is
unbounded, or the emptyset. Moreover, adding a constant map Ly, 1(x) = ¢ either
gives the emptyset when ¢ < 0, or does not change the set of solutions when ¢ > 0.
This leads to the following observation.

Remark. If A € Maty,,,(R) and b € R* then the set of solutions x € R™ to the
inequation Ax > b is a convex polytope if and only if it is non-empty and bounded.

Given a linear map T : R"™ — R™, recalling that one can compute for an un-
bounded n-system P the quantity ¢, (P) as being equal to inf T'(K(P)), the following
definition will prove useful.

Definition 3.1.8. If f : X — Y and F : Y — R™ are maps such that f(X) is
contained in the positive locus of F', then f is said to be positively oriented by F.
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In other words, f is positively oriented by F' if and only if F'(f(z)) C [0, 00)™.
For example, in light of Corollary 1.2.29, the bounded set K(P) for a self-similar
n-system P is the convex hull of finitely many points. Hence, linear algebra can be
used to determine a linear map 7" : R™ — R™ such that IC(P) is the positive locus of
T, and so P is positively oriented by 7" by self-similarity. Conversely, if an unbounded
n-system P is positively oriented by some linear map 7' : R — R™, then I(P) is
contained in the positive locus of T' by continuity.

3.2 A Family of Non-Semialgebraic Spectra

Throughout the remainder of this chapter, fix an integer n > 4, fix o € (1, 00), and
define the linear map T' = (Ty, T3, ..., Ty,) : R® — R**! by
To(x) =2; T(x) =2, — " 2z, Th(x) =z, — " 3y,

and by
Tj(x)=az;—zjp1 (J=2,...,n—1).

The goal of this section is to prove the following theorem.
Theorem 3.2.1. The spectrum ong 1s not a semialgebraic set.

Its proof relies on several results, among which the following lemma is key.

Lemma 3.2.2. Let P : [ — R" be a map with P, > 0 and positively oriented by T.
Suppose for some g € I and j € {1,...,n— 1} that Pj(q) = Pj11(q). 1t follows that

Pii1(q) = aPi(q) foreachi e {2,...,n—1}\{j}.
In particular, if k is such that P;(q) = Pj+1(q) and Py(q) = Pyy1(q), then k = j.

Proof: If 7 =1, then Pi(q) = P»(q), and the hypothesis yields
a"?Pi(q) = a"?Py(q) > " Ps(q) > -+ > Pulq) > "2 Pi(q),
which implies equality throughout. If j > 2, then P;(q) = Pj+1(¢), and so
A" Py(q) = - > a" VTP (q) = " T Pra(g) = - = Palg) > o Py(q),

which implies equality throughout. The second claim follows automatically. i

In particular, Lemma 3.2.2 applies to n-systems P as well as prototypes P, since
these always have P, > 0. Moreover, Lemma 3.2.2 can be interpreted as follows.
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Corollary 3.2.3. With the notation and hypotheses of Lemma 3.2.2, it follows that

{P(q) = (c,c,ca, ..., ca™?) if j=1 (3.2.1)

P(q> = (d’ 67"'7eaj72’eaj727"'76an73) ij Z 27
for some c,d,e > 0. In particular, e > ad.

Proof:  This first claim follows automatically from Lemma 3.2.2. To conclude that
e > ad, note that T1(P(q)) = ea™ ™ — o™ *d > 0 when j > 2. ]

The following notation will be useful.

Definition 3.2.4. For each x € R", define the quantity |x| to be the 1-norm of x,
ie. x| =|z1|+ -+ |z,]. If x is also non-zero, then define the quantity x = x/|x|.

In particular, this notation is consistent with the absolute value notation in the
case where n = 1. Moreover, recalling the notation

A"={xeR"|0<z <---<zx,} and X"={xeR"|zy+ - +2x,=1},

it follows that if x € A", then |x| = 2, + -+ + 2, and X € A" N X" when x # 0.
Thus, if P : I — R"™ is an n-system, then properties (S1) and (S2) imply for each
q € I that |P(¢)| = g and ¢(¢;P) = P(q) € A" NX¥", asmin/ > 0. In view of this,
define the set

A" = AN X",
and define for each j € {1,...,n — 1} the sets
A=A =A'NE",
recalling that

3.2.1 Preliminary Results

The following lemmas and corollaries will prove useful in the main construction.

Lemma 3.2.5. Let P : I — R"™ be an n-system, let r,s € I with r < s, and let
k,le{l,...,n}. If k € type(r,s) and | ¢ type(r,s), then
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Proof:  Since P, is monotone, it follows that Py (r) < Pi(s), while P(r) = P(s). 11

Lemma 3.2.6. Let P : [ — R" be a non-degenerate n-system, and let r,s € I be
transition numbers with v < s such that there are no transition numbers in (r,s). If
i,j are such that P(r) € A; and P(s) € A;, then the following statements hold:

1. mintype(r,s) = j and max type(r,s) =i+ 1.
2. If j>1i, then j =i+ 1 and P(s) = P(r) + (Piy2(r) — Piyi(r))e;.
3. There exists tg, ..., t, € [r,s] withr =t, <--- <ty =s such that
Pilq) =1< q€ (ty,te1)
fork=1 ... n.

Proof: Since there are no transition numbers in (7, s), the non-degeneracy of P
and Theorem 1.3.4 imply the first result. The second result follows from the first.
Now, if ¢ € (r,s) with P/(¢7) =1 = P/(q"), then k > [, since there are no transition
numbers in (r, s), from which the third result follows. i

Corollary 3.2.7. Under the hypotheses of Lemma 3.2.6, the following hold:
1. If i+ 1 < n, then Pia(s)/Px(s) < Piya(r)/Pe(r) for k =j,i+ 1.
2. If j > 1, then Py(r)/Pi_1(r) < Py(s)/Pj_1(s) for k = j,i+ 1.

Proof: Both statements follow automatically by Lemmas 3.2.5 and 3.2.6. i

The following proposition will be useful in the proof of non-semialgebraicity.

Proposition 3.2.8. Let P : I — R™ be an unbounded and non-degenerate n-system,
leti € {1,...,n—1}, and let T; be the set of transition numbers q such that P(q) € A;.
Suppose that P; is unbounded and that there exists § > 0 such that o (P) > 6. There
exists B > 1 such that T; N (q, Bq| # & for each q € T;. N

Proof: Note by Theorem 1.2.16 that supT; = co. Now, let A € I be such that
¢ 'Pi(q) = pi(q; P) > /2

for all ¢ > A, and let r, s be successive numbers in T; with A < r < s. Lemma 1.3.5
implies that there exists ¢ € (r,s) such that P, 4+ --- + P, has slope 0 on (r,t) and
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slope 1 on (¢, s). Hence, P;(r) = P;(t) and P,41(t) = P;41(s). Proposition 1.4.9 yields
Piy1(t) — Py (r) <t —r, and so s71Bi(s) > §/2 implies

(0/2)5 < PA(s) = Pia(s) = Pia(t) < Poa(r) +t— 1 = Bi(r) + £ — 1,

Since P;(r) = P,(t) > (6/2)t, it follows that t < (2/0)P;(r), and so

8<§((1+§)H(7’)—r) <§<(1+§>r—r) <%r.

It follows that 4/6% > 1, and that if B = 4A4/6%, then the claim holds for each ¢ € T;
with ¢ > A. Hence, B = (4A/6?)(A/ inf I) satisfies the claim holds for each ¢ € T;. I

3.2.2 Main Construction

This subsection provides a construction for each k& € N* of an n-system P®*) which
is positively oriented by a certain linear map 7™, and it is shown that P, ... P®
are in some sense the only n-systems which are positively oriented by 7*).

Recall that a has been fixed in (1, 00). Define

a=(1,1,a,...,a" %) € Ay,

a=lag| =24+ a4+ ---+a" % and b, =c"a,

and define the points

_ k _k k+1 k+n—3
age = (1,0, ", a"" ..« ) € A,
_ k k41 k+1 k+2 k+n—3
Oék’g—(l,CY,CK , & , & g, O )€A37
o k k4+n—4 k4+n—3 k4+n—3
O‘k,nfl_(Laa---?a y X y Q& )EAnfla

pn = (1,0%, ... a""72) € A"
for each k € N*. Writing 3, = a2, ..., q, for [ € N*, Theorem 1.2.22 implies that

aO)ﬁla s aﬁkaakao

provides the division points for an n-system P®) : [a, b] — R™. Moreover, as each

successive division point changes value in exactly one coordinate, then these are the

only division points, and so the map P®) is determined uniquely by this sequence.
Define for cach k € N* the linear map 7." : R* — R by

To(k) (x) = aFr, — T,
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and the linear map T") = (To(k), Ty, ..., T,) : R* — R"" recalling that
T\(x) =z, — " 2x1; Th(x) =2, — " 31y,

and
Ti(x) =ax;—z41 (j=2,...,n—1).

The following proposition will be useful in computing part of the spectra of ¢ ..
Proposition 3.2.9. Let k € N*. It follows that £T(P(k)) = (Y, 0,...,0), where

1
1414 a+t- 4 an?)

Yk > 07

Moreover, for each m € Nt with m < k, it follows that

@0 (P) >0,

with equality if and only if m = k. In particular, P™ is positively oriented by T™*).

Proof: By Proposition 3.1.5, it suffices to consider the division points of P®*). Tt
is straightforward to check that each division point of P is in the positive locus of
T and in the positive locus of To(k) for each m € N* with m < k. Moreover, one finds
that Tj(ag) = 0 for j = 1,...,n — 1 and that T,,(a;2) = 0. Letting u € [a, b;] be
such that P (u) = ay,, the construction of P%*) implies that P{ = 0 on (a,u) and
P} =1 on (u,b;). Hence, y, = &y, is the global minimum of ¢, (u; P(™), completing
the proof of the first claim. Observe that 7| ék)(ak,n) = 0, and that each division point
of P is in the strictly positive locus of Tg" for each m € N* with m < k. i

This result is key in the proof that the spectrum St of ¥, is not semi-algebraic,
as it will be shown that Sy intersected by {(y,y) € R"™! |y > 0,y > 0,} is exactly
the set {(yx,0,) |k € N}. Since this set is easily shown to be not semialgebraic, it
will follow that St is not semialgebraic as well.

3.2.3 Characterization for the Main Construction

Throughout this subsection, let a and a be as in subsection 3.2.2, and fix b > a and
a non-degenerate n-system P : [a,b] — R™ such that

P(q) € Ay < g€ {a,b}.

Suppose that P is positively oriented by T for some fixed k € N*. The following
theorem fully characterizes such n-systems P, and is proven after the next lemmas.
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Theorem 3.2.10. With the above notation, P = P for some m € {1,..., k}.

For the following two lemmas, let r,s € [a,b] be transition numbers of P with
r < s such that there are no transition numbers in (7, s), and let 7,5 € {1,...,n— 1}
be such that P(r) € A; and P(s) € A;.

Note that 7 =i + 1 if and only if there are no switch numbers in (7, s).

Lemma 3.2.11. Ifi<n—1, then j =i+ 1.

Proof: Suppose that j # ¢ + 1, and so Lemma 3.2.6 implies that j <7+ 1, from
which Lemma 3.2.2 yields P 2(q) = aPiy1(q) for each ¢ € {r,s}. Sincei+1 < n

Corollary 3.2.7 implies

oo Pasls) _Pust)
Piii(s) Piyi(r)

which is a contradiction. |

Lemma 3.2.12. Ifi =n—1, then j € {1,2}, and there is exactly one switch number
t in (r,s). Further, (Py(t), Py(t), ..., P,(t)) is proportional to «.

Proof:  Note that 7 <n—1 =14, and suppose that j > 3, from which Lemma 3.2.2
yields P;(q) = aPj_1(q) for each q € {r,s}. Since j > 1, Corollary 3.2.7 yields
_ Bl B _
Pia(r) ~ Pials)

which is a contradiction, and so j < 2. Now, let ty,...,t, € [r,s] as in Lemma 3.2.6.
Since P is non-degenerate, P;(r*) = P/,,(r") = 1 and Pj(s~) = 1, which implies

r=1t, <th_1 and tj < tj—l = S.

Thus, t,—1 and t; are switch numbers, possibly the same, and there are no switch
numbers in (r,t,-1) U (¢;,s). Hence, it remains to show that ¢t = ¢,y = t; and that
(Py(t), Py(t), ..., Py(t)) is proportional to ap = (1,1, x,...,a""?).

Suppose that t,,_1 < t9, and so there exists k € {3,...,n—1} such that t; < t;_1.
Since Py, is constant on [r, tx] and Py_; is constant on [r,t;_;], Lemma 3.2.2 yields

Pk(tk—l) > Pk(tk) = Pk(T) = OéPk_l(’l”) = Oépk_l(tk_l). (322)

Since P is positively oriented by Tj_1(x) = axg_1 — =, then aPy_1(tg_1) > Pi(tr_1),
which contradicts (3.2.2), and so t,_; = t5. Hence, Ps, ..., P,_; are constant on [r, s].
Now, since j < 2 < n — 1, Corollary 3.2.3 yields P,(s) = aP,_1(s) and

P(r)=(cd,... ,dan_3,da"_3) AN
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for some ¢, d with 0 < ¢ < d. Since P, is constant on [t,,_1, s], Lemma 3.2.2 yields
P.(tn—1) = Pu(s) = aP,_1(s) = aP,_1(r),

and so
P(t,1) = (c,d,...,da""3 da™?).
Letting t = t,,_1, it follows that (Pa(t), Ps(t), ..., P.(t)) is proportional to «p.
Now, if j = 2, then t,,_; = t5 implies that ¢ is the only switch number in (r, s),
completing the proof. On the other hand, if j = 1, then

P(S) = (Pg(t1)7 P2<t1), dOé, .. ,dOén_Q).

Corollary 3.2.3 implies that P(s) is proportional to ag, and so Pa(s) = d = Py(r).
Hence, t3 = t1, and so t is the only switch number in (7, s). |

Theorem 3.2.10 can now be proven using Lemmas 3.2.11 and 3.2.12.

Proof: (Proof of Theorem 3.2.10)
Lemma 3.2.2 implies that P(a) = ap, and so Lemma 3.2.11 implies that oy o is the
following division point of P.

Now, if oy, 2 is a division point of P for some m € N, then a simple recurrence
argument shows that cu,3,...,an,—1 are the following division points. If v, ,—1 is
a division point of P, then Lemma 3.2.12 implies that o, , is the following division
point, and that either a,,112 or a™qy is the division point following ..

Therefore, writing 8, = aya, ..., for I € NT, the sequence of division points
of P is given by

o, 51, ce ,ﬁm, OszY()
for some m € N*, and so P = P™). Letting u € [a, b] be such that P(u) = a,, ., and
recalling that P is positively oriented by To(k), it follows that

Q™ Py(u) = Py(u) < o"Py(u),

which implies that m < k. |

3.2.4 Main Result
Let St denote the spectrum of ¢ _, noting that Sr C R"*!1 and define the set

A={(a,a) € Srla>0,a>0,}.
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Proposition 3.2.13. The set {(Ym,0,) | m € N*} is contained in A.

Proof: Observe for each m € Nt that P generates a self-similar n-system
P : [a,00) — R", which is proper as Pl(m) > (. Proposition 1.2.28 and 3.2.9 imply
that ¢ (P) = fT(P(m)) = (Ym, 0,). i

The following lemma will be useful in showing that St is not semialgebraic.

Lemma 3.2.14. Suppose that R : I — R" is a prototype with R(sup I) € Ay, which
15 positively oriented by T'. Then R is a non-degenerate n-system.

Proof:  Corollary 3.2.3 yields that R is plain, i.e. if R(¢) € A;NA; for some ¢ € 1
and some 7,5 € {1,...,n— 1}, then i = j. Let r, s be distinct points in I with r < s,
and suppose that there exists j € {1,...,n — 1} such that R(r),R(s) € A;.

Consider two cases: If j = 1, then Corollary 3.2.3 shows that R(r) and R(s) are
proportional, which implies that R;(r) < Ry(s) for [ = 1,...,n. Now, if j > 1, then
Corollary 3.2.3 implies that either R;(r) < R;(s) for l = 2,...,n or that R;(r) = R(s)
for | = 2,...,n. To prove that Ri(r) < Ry(s) for [ = 2,...,n, suppose otherwise.
Hence, Ry(r) = Ry(s) for I =2,...,n,and so R} =1 on (r,s). Since R(sup /) € Ay,
there exists a minimal ¢ € [ with ¢ > s such that R(¢) € A;. It follows that
Ry < Ry on [s,t). Now, if Ri1(q) = Ra(q) for some ¢ € (1, s), then R{(q) = 1 implies
that Ry < Ry on (g, s], which is a contradiction. Thus, R; < Ry on (r,t). Since
Ry (r*) = 1, Lemma 1.4.15 implies that R;(r) = R;(t) for | = 2,...,n. It follows
that R(t) € Ay NA,, which is a contradiction as j > 1 and R is plain. Therefore,
Ri(r) < Ry(s) for I =2,...,n.

In both cases, R(r) # Ry(s) for [ = 2,...,n. Thus, as n > 4, Theorem 1.4.17
implies that R is an n-system, and Theorem 1.4.18 implies that R is non-degenerate. |l

That St is not semialgebraic is a consequence of the following theorem.
Theorem 3.2.15. The set A is not semialgebraic. Indeed, A = {(ym,0,)|m € NT}.

Proof: Let y € A, and so y = (y,y’) for some y > 0 and for some y’ € R" with
y' > 0,. Since y € Sr, there exists a proper, non-degenerate n-system P : I — R”
with
e (P)=y=0.

As P is proper and non-degenerate, Theorem 1.2.16 implies that there exists an
increasing sequence (d;);en satisfying P(d;) € A;. Moreover, since ¢ 1(P) =y >0,
Proposition 3.2.8 yields B > 1 such that d;.; < Bd;, for each ¢ € N. Define for each
i € N the n-system R® : [1, B] — R" by

R (q) = d;'"P(diq) (q € [, B]).
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Lemma 1.3.5 yields ¢; € (d;, d;+1) such that P/ = 0 on (d;,t;) and P{ =1 on (t;,d;41).
Since t; — oo and the local minima of ¢1(q; P) occur only at those points ¢ = t;,
there exists a subsequence (d;;)jen such that t, 'p (t,) = ¢ 1(P) = y. By applying
the Bolzano—Weierstrass theorem twice, there exists a subsequence of this subsequence
such that t; ,d-' — t and d; /+1dZ, — d as j' — oo, for some t,d € [1, B]. By the

Z/ ’Ll

Arzela-Ascoli theorem, there exists a subsequence of R |[1,d] converging uniformly
to some prototype R : [1,d] — R™. This prototype satisfies

7R, (t) = lim ¢, 1d,,RZ')(tz,d“)_ lim ¢ Pi(t;,) = v,
j'—o0 j—o0

while similar limit arguments show that Ri(d) = Ry(d), and that R; is constant
on [1,¢] and has slope 1 on [¢,d]. Moreover, the continuity of 7" implies that R is
positively oriented by T', as R([1,d]) C F(P) and ¢_(P) > 0. Hence, Lemma 3.2.14
implies that R is a non-degenerate n-system. Hence, since R(1), R(d) € A; and since
Ry =0on (1,t) and R} =1 on (¢,d), then

R(q) € Ay & q € {1,d}.

Now, since (Ym)m>1 is a sequence tending to 0, there exists j € N such that
y > y,. It follows that R is positively oriented by T, and so Theorem 3.2.10 yields
m < j such that a - R = P™) recalling that a = |ag|. Thus,

y=1t"R(t) = o,(R) = ¢ (P") = yp,.

This shows that
A={(y;,0,) i € N+}.

If A is semialgebraic, then by the Tarski-Seidenberg theorem, its projection
B={y,eR|ie N}

on the first coordinate is semialgebraic. By Theorem 3.1.2, a semialgebraic subset of
R is a finite union of points and intervals. This is a contradiction since B is an infinite
discrete set. Thus, A is not semialgebraic. |

Hence, Theorem 3.2.1 is proven by the following reformulation.
Corollary 3.2.16. The set St is not semialgebraic.

Proof: Suppose that Sr is semialgebraic. Then the set A is the intersection of
two semialgebraic sets. Hence, A is semialgebraic, contradicting Theorem 3.2.15. |}



Chapter 4

Spectra which Are Stable under
the Minimum

A set S in R™ is said to be stable under the minimum if min{x,y} € S for each
x,y € 5, where the minimum is taken with respect to the product ordering on R™.
A result by Roy in [22] shows that spectra of n-systems are stable under the minimum
for n = 2,3. This is not true in general for n = 4, as we will prove in the next chapter.
Nevertheless, in this chapter we give a condition on linear maps 7' : R* — R™ under
which the spectrum of P s stable under the minimum.

4.1 Main Result

Define the point
(1,1,1,1)

4
The main result of this chapter is the following theorem.

E1 - S A4.

Theorem 4.1.1. Let T = (T3,...,T,,) : R* = R™ be a linear map such that
T(x) <T(E) (i=1,..,m)
for each x € A*. The spectrum of @, is stable under the minimum.

This is proven by using the next two theorems, both of which are proven later
in this chapter.

Theorem 4.1.2. If P is a proper 4-system, then there exists a proper 4-system R
such that IC(R) is the convex hull of F(P) U {E;}.

Theorem 4.1.3. Let S and T be proper 4-systems with Ey € IK(S) N K(T). There
exists a proper 4-system R with F(R) = F(S) U F(T).

83
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Taking these results for granted, the main result can be proven as follows.

Proof: (Theorem 4.1.1) )
For each proper 4-system P, Theorem 4.1.2 yields a proper 4-system P such that
KC(P) is the convex hull of F(P)U {E;}. Since

¢ (P) =inf T}(F(P)) < Ti(E1) (i=1,...,m),

it follows that

fT(P) =inf T(K(P)) =inf T(F(P)U{E;}) = min{gT(P),T(El)} = QT(P).
Now, for i = 1,2, let x9 be contained in the spectrum of [ and so there exists
a proper 4-system P with x) = ¢ _(P®). Since E; € KPD) N KP?P), then

Theorem 4.1.3 yields a proper 4-system R such that K(R) is the convex hull of the
set F(PW)u F(P?). Therefore,

ET(R) = infT(]:(f’(l)) UFP?)) = min{gT(P(l)),gT(P@))} = min{x® x?},

and so min{x", x®} is contained in the spectrum of ¢, .. 1

The spectrum of (gl, .

[21]. The fact that it is stable under the minimum for the dimension n = 4 can be
seen as a consequence of Theorem 4.1.1, as in the following corollary.

. yn_ 1) for the dimension n was determined by Roy in

Corollary 4.1.4. The spectrum of (yl,y?ﬁg) i dimension n = 4 is stable under
the minimum.

Proof:  Let T = (T}, Ty, T3) : R* — R? be the linear map defined by
Ti(x) =1, To(X)=x1+ 2, and T3(x)=1z1+ 22 + 23,
so that the spectrum of (gl,gyyg) is the spectrum of Do Now, let x € A*. Since
T+ r+r3t+ws=1 and 0< 2 <o < a3 < 1y,

then
Ti(x) <1/4, Ty(x)<1/2, and T3(x)=3/4.

It follows that
T(x) <(1/4,1/2,3/4) =T(1/4,1/4,1/4,1/4) = T(E).

Theorem 4.1.1 implies that P s stable under the minimum. |
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4.2 Proof of Theorem 4.1.3

The following notation and results are used to prove Theorem 4.1.3. Define

Er— St e An
n
Definition 4.2.1. For each unbounded n-system P, the set F(P,e;) is the set of
limits of sequences (g; 'P(q;))ien such that (¢;)ien is unbounded and such that either

P'(q;) = e; or P/(g") = e; for each i € N.
Lemma 4.2.2. Let P be an n-system with E} € F(P). It follows that E} € F(P,ey).

Proof:  Since E} € F(P), there exists an unbounded sequence (¢;)ien such that
¢ 'P(¢;) — E} as i — oo. For each i € N, let ; < ¢ be maximal such that
Pi(r;) =1, and so Py(r;) = Pi(g). Since r; *Py(r;) > q; *Py(g;) for each i € N, then

liminf r; ' Py (r;) > 1/n.

1—00
Since r; 'P(r;) € A", then r; ' Py(r;) < 1/n for each i € N, and so

lim r; ' Py(r;) = 1/n.

1—00

Since E7 is the only point in A" whose first coordinate is 1/n, and since A" is com-
pact, it follows that 7, 'P(r;) — E?. Hence, E? € F(P,e;). i

The next two theorems are special cases of results due to Roy [20, Theorem 1.3],
[22, Corollary 8.3].

Theorem 4.2.3. Let P be an unbounded n-system. There exists an unbounded n-
system R whose division points lie in N such that |[R — P|| = O(1).

Theorem 4.2.4. Let S and T be n-systems whose division points lie in N™. Suppose
that F(S,e1) N F(T,ey) is not empty. Then, there exists a proper n-system R such
that F(R) = F(S) U F(T).

Theorem 4.1.3 is the special case of the following corollary for n = 4.

Corollary 4.2.5. Let S and T be proper n-systems with E} € IC(S) N KC(T). There
exists a proper n-system R with F(R) = F(S) U F(T).

Proof: First suppose that the division points of S and T lie in N". Since E7 is
an extreme point of A", it follows that E} is an extreme point of K(S) and IC(T).
Thus, E} € F(S) N F(T), and so Lemma 4.2.2 implies that

ET’ S f(S,el) ﬂf(T,el).
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Theorem 4.2.4 provides the desired n-system R. In general, Theorem 4.2.3 implies
that S and T can be replaced by n-systems S and T with division points in N such
that F(S) = F(S) and F(T) = F(T). The above argument provides an n-system R
with F(R) = F(S) U F(T) = F(S) U F(T). |

4.3 Limits of Sets

This section introduces the notion of limits of sets in R”, and establishes a funda-
mental property for such limits. This notion is key in proving Theorem 4.1.2.

Definition 4.3.1. For non-empty bounded subsets A, B C R", define the distance
d(A, B) between A and B as the infimum of real numbers € > 0 such that

AC B+ [—¢,¢e]® and BC A+ [—e,e™

The function d satisfies the triangle inequality, and d(A, B) = 0 implies that
A = B when A and B are closed. Hence, the set of all non-empty compact subsets of
R™ together with d form a metric space. Moreover, if A, B, C' are non-empty compact
subsets of R", then

d(AUC,BUC) <d(A,B) and d(K4,Kp) <d(A,B),
where K4 and Kpg are the convex hulls of A and B, respectively.

Definition 4.3.2. Consider a sequence (4;);en of non-empty subsets of R™. Its inner
limit is the set of points x € R™ which are limits of sequences (z;);en with x; € A;
for each ¢ € N, and its outer limit is the set of points x € R™ which are limits of
subsequences of such sequences. This inner limit and outer limit are respectively
denoted
liminf A; and limsup A;.
100 i—00

In particular, the inner limit of a sequence is contained in the outer limit.

Proposition 4.3.3. Let (A;)ien be a sequence of non-empty compact sets in R™, and
suppose that it converges to some compact subset A of R™. It follows that
liminf A; = A = limsup A4;.
100 i—00
Proof: Let &; = d(A;, A) for each i € N, and so ¢; — 0 as i — 0o0. Let a € A, and

note that there exists a; € A; with a — a; € [—¢;,¢;]", for each ¢ € N. Hence, a; — a
as t — 00, and so a € liminf, ,, A;. Now, let a € limsup,_, . A;, and so there exists a
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sequence (a;);en such that a; € A; for each 7 € N, and that has a subsequence (a;; ) jen
converging to a. For each j € N, there exists b; € A with a;;, —b; € [—&;;,&,]". Hence,
b = a as j — 00, and so a € A, since A is closed. Therefore,

A Climinf A; and limsup A; C A,

=00 i—00

and so both inclusions are equalities. |

4.4 Main Construction

The main goal of this section is to show that for any proper 4-system P, there exists

a proper 4-system R such that IC(R) is the convex hull of F(P) U {E;}. The result

is first proven for the case when P is self-similar, and then for the general case.
Recall that A" = A" N X", where

A"={xeR"|0<z; <29 < ---<x,} and ¥"={xeR"|z;+ - +x, =1},
and recall that A; = A? = A" N X", where
Ai:A?:Anﬂ{XERn|Ii:JIH_1},

foreachi=1,...,n—1.
Also recall that [x| = 1 +- - + z,, and X = x/[x] for each non-zero x € A", and
define a map 7 : A"\{0} — A" by

T(x) =x (x € A™\{0}).
Definition 4.4.1. An n-system P is said to project in a set S C A" if 7(P) C S.
The following proposition due to Roy [22, Proposition 3.4] is key in what follows.
Proposition 4.4.2. Let v : RT — R" be a strictly increasing function, and define
vz, ... z) = ((xy),...,v(x,) (21,...,2, € RY).

Let P : I — R"™ be an n-system, and let q1,...,qn € I be finitely many consecutive
division numbers of P. The sequence v(P(q1)),...,v(P(qn)) is the ordered sequence
of division points of some n-system R : J — R".
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4.4.1 Self-Similar Case

Let P : I — R* be a self-similar, non-degenerate, proper 4-system with period p > 1,
and let I be the convex hull of F = F(P)U{E;}. The goal is to prove the existence
of a proper 4-system R with (R) = K.

Since P is proper and non-degenerate, there exist division numbers r, s € I with
r < s such that Pj, Py are constant on [r, s] and such that P{(r~) =1 = Pj(s7). In
particular, it follows that

P(?”) S Al and P(S) c Ag.

Let (gi)ien be the ordered sequence of division numbers of P on [r, 00), with ¢y = .
Let t be the index such that s = ¢;1. Also let

Ai =P(g) (ieN),

noting that P(r) = Ay and P(s) = A, ;1. Further, let m € Nt be such that ¢, = pqo.
Thus, qym+i = p" ¢; for each i, N € N.
Since P is non-degenerate, the hypotheses on r, s imply that

AU = (ZL',ZE,y,QU),Al = (mayava)aAt = (xazazaw)aAt—&-l = (ZL’,Z,U),’UJ),
for some z,y, z,w € R with 0 < z < y < 2z < w. Define the point
E = (w,w,w,w),

noting that 7(E) = E;.
Now, for each A € [0, 1], define

a*=Xa+ (1 -Nw (Va€eR),
and
AN = (a},ay,a3,a)) = AA+ (1 = ME (VA = (a1, a, as, as) € RY).
Observe for each A € At and \, i € [0,1] that

(AN = (AA+ (1= NE)* = p(AM+ (1 = VE) + (1 — p)E = AM,

and that if 7(A) € F(P), then 7n(A") is in the convex hull K of F(P) U {E;}.
Moreover, if A > 0, then the map a + a” is strictly increasing. Thus, if By, ..., By
is the ordered sequence of division points of some n-system, then Proposition 4.4.2
yields for each A > 0 that B7,..., By is the ordered sequence of division points of
another n-system. The idea of the proof is to use this transformation to construct an

n-system R such that
F(P)U{E} € F(R) C K,

where K is the convex hull of F(P) U {E;}.
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4.4.2 Approaching the Point E;

Since z € (z,w), there exists [ € (0, 1) such that z = lz+(1—{)w. Let u = ly+(1-1)w,
noting that * < y < w implies that u € (z,w). Now, define

B = (z,z,u,w),

and note that
AL = (z,z,u,w) = B + (2 — 1)ey.

Since u € (z,w), it follows that B is a convex combination of A; and A;yq, and so
m(B) € K(P). Hence, the sequence

(Ag, Ay, ..., Ay, B, AL)

is the ordered sequence of division points for some non-degenerate 4-system P which
projects in K. Figure 4.4.1 gives the combined graph of P.

w w

7

Ay A A, B Al
Figure 4.4.1: Combined Graph of P

Proposition 4.4.2 yields for each A > 0 that
(A}, A, ... A} B A

is the ordered sequence of division points for some non-degenerate 4-system P® which
also projects in . Thus, as Ay € Ay, the sequence (15, PO, ... ,f’(lN_l)) connects to
form an n-system for each N € N, and the ordered sequence of division points of
this n-system is

N—1 N-1 N-1 N
(AO,...,At,B,Ag,...,Ag,Bl,...,Ag LAY B ,A{)).
Proposition 4.4.2 yields for each N € N* and each A > 0 that

A A A pA gl X pIX IN-1) IN=IX pIN=1X 4N
AN_<AO,...,At,B,AO,...,At,B,...,AO Lo AT BIVTIA 4N
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is the ordered sequence of division points of some n-system.
Now, note for each A € (0, 1] that I\ — 0 as N — co. It follows that

lim AL = E

;
N—oo

and so the n-systems obtained from Ay take values approaching E as N — oo.

4.4.3 Approaching the Set F(P)
For each i, N € N and each A € [0, 1], observe that there exist cy(\), en(A) such that

A = (VAP = MV A; + (1= VE = ex (N AN,

7

Indeed, a simple computation shows that
en(A) =AY +(1=X) and en(A) = AN en(N).
For each A > 0 and each N € NT, Proposition 4.4.2 yields that

A A A A A A A
B) = (AO,Al,...,Am...,ANm,ANmH,...,ANmm)

is the ordered sequence of division points for some n-system. For each A > 0, observe
that

\ N
lim ey(A) = lim P

N—o0 N—>oo)\pN+1—/\:1

It follows that

. . en(A
]\}H}noo Af\vm+j/CN(/\) = A}LH;O AjN( = A;

for 7 =0,...,m.

4.4.4 Connecting Sequences of Division Points

Theorem 4.4.3. Let P be a self-similar, non-degenerate, proper 4-system, and let IC
be the conver hull of F = F(P)U{E;}. There exists a proper 4-system R such that

FC F(R)CK.
In particular, it follows that K(R) = K.

Proof: Let the notation be as in the preceding subsections. Let N = (N;);en be a
sequence of positive integers, and define iteratively two sequences (\;);en and (p;)ien
of real numbers starting with Ay = pp = 1 using the following recurrence formulas.

INi ), ifi=0 mod 2
A1 = e
en,+1(A;) ifi=1 mod 2,
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and
) pi ifi=0 mod 2
P = picn,+1(A;) ifi=1 mod 2,

By construction, one has that

A

pi AN = p AN ifi =0 mod 2
PiAN mam = leAéi“ ifi=1 mod 2.

It follows for each ¢ € N that the last point of pgiAf‘\?;i is the first point of p2i+1B?‘\,2;:1,

and that the last point of p2i+1B}\\f;:1 is the first point of p2i+2A]AV2;;22. Thus, let Cn
be the sequence obtained by connecting the sequences

Ao A1 A2
pOAN07 plBNlupQAN27 cee

so that the connecting points are equal.

Note that Ay € A1, and that all ordered sequences of division points involved in
the construction of Cy yield 4-systems which start with increasing 2"¢ coordinate and
which end with increasing 1% coordinate. It follows that Cy is the ordered sequence
of division points of some 4-system R™) with

FRM) C K.

It remains to show that there exists a choice of N for which F C F(RM™). To this
end, recall that IV, ey(N) € (0,1), for each N € N and A € (0,1), and that [\ — 0
and ey(A) — 1 as N — oo. Thus, the integers NN; can be defined iteratively so that

Vi), < 27 if7=0 mod 2
en;(A)>1—27" ifi=1 mod 2.

Let R = RM™ for this choice of N. Since lim;_,« W(inAéN%AZi) = E4, it follows that
E, € F(R).

Now, for each i € N, let I; = [d;, d;] where

_ A2i41 ’_ A2it1

so that the ordered sequence of division points of R|;, is

A2it1 A2i41
P2i+1 <AN2i+1m’ C Ny pamtm )

Since : A2i41 : €Ng; g (A2i+1)
Zli)rg) 7T<p2i+1A ) = lim 7T(A > = W(AJ),

Nojy1m+j iS00 J
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for 7 =0,...,m, it follows that
lim 7(R(Z;)) = [7(Ao), m(A)] U [ (A1), m(A)] U - U [ (A ), 7(Am)],

where [A, B] denotes the line segment between any two points A, B € R, Since the
left hand side is contained in F(R) while the right hand side is equal to F(P), then

F=FP)U{E;} CF(R)CK.
Moreover, since K is the convex hull of F, then L(R) = K. i

4.4.5 General Case

The next two theorems, due to Roy [22, Theorem 7.1 and Corollary 8.4], are used to
prove Theorem 4.1.2

Theorem 4.4.4. Let P be a proper n-system. For any € > 0, there is a self-similar,
non-degenerate, proper n-system S with d(F(P), F(S)) < e.

Theorem 4.4.5. Let (R(i))izl be a sequence of proper n-systems. Then, there is a
proper n-system R such that

lim inf F(R®) € F(R) C limsup F(RW).

100 i—00

Theorem 4.1.2 can now be proven.

Proof: (Theorem 4.1.2)
Let P be a proper 4-system. Theorem 4.4.4 yields for each ¢ € N a self-similar, non-
degenerate, proper 4-system P® with d(F(P), F(P®)) < 27" For each i € N, let
Fi = F(PO)U {E;}, and let K; be its convex hull. Theorem 4.4.3 yields for each
i € N a proper 4-system R such that F; C F(R®) C K.

Now, let F = F(P)U{E;} and let K denote its convex hull, noting that

d(K, K;) < d(F, F) < d(F(P), F(PY)) <27
for each 7 € N. It follows that
F=IlimF, and K = lim K,.

1—00 1—00
Proposition 4.3.3 implies that
F =liminf F; C liminf F(R) and limsup F(RY) C limsup K; = K.

t—00 1—00 i—00 i—00

Theorem 4.4.5 yields a proper 4-system R with F C F(R) C K. |



Chapter 5

Spectra which Are Not Stable
under the Minimum

The main result of this chapter is the existence of a family of spectra S of 4-
systems which are not stable under the minimum, i.e. there exists x,y € S such that
min{x,y} ¢ S. The proof relies on a construction of proper generalized 4-systems
R, S satisfying the following property: There does not exist a proper 4-system P such
that IC(P) is the convex hull of IC(R) U K(S).

5.1 Main Construction

Fix a, f € R with «, 8 > 1, and define
A= (1,1,1,a), Ay=(1,1,a,0) As=(1,1,a,a?),

and
Blz<1aﬁvﬁ7ﬁ)7 32:(176762762) B3:/8(1717576)

The sequences
(A1, Ay, As,aAy) and (B1, By, B3, BBy),

are sequences of division points of generalized 4-systems R® and S° , respectively.
Moreover, R® and S? generate self-similar generalized 4-systems R® and S?, respec-
tively. The figures below give the combined graphs of R* and S”.

The next result will be proven later in this chapter.

Theorem 5.1.1. Let R®, S? be as above, with 1 < o < B, and let K be the convex hull
of F(RY) U F(SP). There does not exist a proper 4-system P such that K(P) = K.

Remark. With the notation in Theorem 5.1.1, if instead 1 < § < «, then on the
contrary there exists a proper 4-system P such that IC(P) = K. We have proven this
in draft form, but it is not included in thesis.

93
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1 Ra a
R = Ry ] ———

Figure 5.1.1: Graph of R® Figure 5.1.2: Graph of S#

5.2 Main Result

Recall that A = A/|A] for all non-zero points A € R*, as in Definition 3.2.4.
Suppose throughout this section that 1 < o < f, with the notation of the
previous section, and let K be the convex hull of F(R%) U F(S?).
Define the linear maps Lg, L1, La, L : R* — R by

Lo(x) = (a — DaBzy — (o — B)as — (8 — a)zy,
Li(x)=(8—1xy — (a—1)Bz1 — (B — )z,

Ly(x) = (o —1)Bzy + (B — V)axs — (a — 1)Bxg — (B — 1)1y,
Li(x) = (o — 1)afx; + (B — as — (a — Vaxe — (8 — 1)y,

for each x = (21, 9, 73, 24) € R%. Also define the half-spaces
Fi={xeR'Li(x) >0} (i=0,1,23).

Since K is the convex hull of {A,, Ay, A3, By, By, B3}, some rather lengthy but straight-
forward linear algebra shows that

IC:FomFlﬂFnggﬂA4.

Moreover, K is a three-dimensional convex polyhedron with 6 faces. Two of its faces
are the quadrilaterals

A1A283A3 g Al and 8132831212 g Ag.
The other four faces are the triangles
A3B3By C OFy, A1 AyB, C OFy,

31A1A3 Q (9F2, and Blngg Q (9F3,

where OF; denotes the boundary of F; for ¢ = 0,1, 2,3. However, the results in this
chapter do not make use of these facts concerning the geometry of . Instead, define

K=FnNFEBNFNA*={xeA*|Li(x) >0 fori=1,2,3}. (5.2.1)
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As mentioned above, a series of straightforward computations yields
Ay, Ay, As, By, By, Bs € K. (5.2.2)
It follows that KX C K. In particular, as By € F(S?), it follows that
B eKCKk. (5.2.3)
The following theorem will be proven later in this chapter.
Theorem 5.2.1. Let P be a proper 4-system. If By € K(P) C K, then K(P) C As.

Theorem 5.1.1 is a particular case of the following corollary.

Corollary 5.2.2. If P is a proper 4-system, then K(P) # K and K(P) # K.

5.2.1 Spectra which Are Not Stable under the Minimum

This subsection defines a certain family of spectra, and proves that these spectra are
not stable under the minimum. The proof takes Theorem 5.2.1 for granted.

Recall that Ly, Lo, L3 : R* — R are the linear maps associated to the half-spaces
Fy, Fy, Fy, respectively, and let Ly : R* — R be the linear map L,(x) = x4 — w3.

Define )

i=1

A >0 for i = 1,2,3,4.}.

Lemma 5.2.3. Let L € £ and x € K. It follows that L(x) > 0, with equality if and

only if x = By = (1,3, 5, 8).

Proof: Since K = Fy N F, N Fy N A%, then Li(x) > 0 for ¢ = 1,...,4. This
implies that L(x) > 0. Further, some computations show that L;(1, 3,3, 5) = 0 for
i=1,...,4, and so L(B;) = 0. Now, suppose that L(x) = 0. Since L;(x) > 0 for
i=1,...,4, it follows that L;(x) =0 for i =1,...,4. Hence, x3 = x4, and

0=1L1(x)+ Lo(x) = a(f — 1)z3 — a8 — 1)x9 = 29 = T3 = 14.
It follows that

0=Li(x)=(—1ay— (B —a)ry — (a — 1)Bz; = (v — 1)(z2 — B1),

and so x = Bz;. Thus, x = (1,5, 8, 8) = By. |

Taking Theorem 5.2.1 for granted, the main result can be proven as follows.
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Theorem 5.2.4. Let L € L, and let T = (Ly, Lo, L3, L, —Ly). The spectrum of ¢,
1s not stable under the minimum.

Proof: Theorem 1.5.2 implies that gT(Ra),gT(S'B) are in the spectrum of ¢, .

Lemma 5.2.3 yields L(B;) =0, and so L;(B;) = 0 for i = 1,...,4. It follows that
©,(8%) =(0,0,0,0,0).
A straightforward series of computations shows that
Li(Ay) = Ly(As) = L3(A3) =0, and — L4(A;)=1—-a<0.
Hence, since K(R®) C K, then there exists a > 0 and b > 0 such that
QT(RQ) =(0,0,0,a,—b).
Now, suppose that there exists a proper 4-system P such that
¢.(P) = min{p_(R%),¢.(S")} = (0,0,0,0,—b).

The first three coordinates being zero implies that C(P) C K. Hence, as the fourth
coordinate is zero, and since K(P) is closed, Lemma 5.2.3 implies that B, € K(P).
Theorem 5.2.1 implies that K(P) C Az, and so b = 0, which is a contradiction.
Therefore,

min{g_(R), ¢,.(S”)}

is not in the spectrum of ¢ _. |

For example, consider the case @ = 2 and § = 3. Then,
Li(x) = =3x1—29+2x4, Lo(X) = 3w1—3xe+4x3—214, L3(xX) = 611—219+215—274.
Letting
L(x) = $L1(x) + 2 La(x) + 3 L3(x) + La(x) = 321 — 3wa + 2u3

— 2

and
T = <L17L27L3a Lal‘3 - .ZU4)7

the above theorem implies that the spectrum of ¥, s not stable under the minimum.
Moreover, the proof shows that

©,(8%) =(0,0,0,0,0) and ¢, (R*) =(0,0,0,4,-2),

but that
(0,0,0,0,-2) = min{yp,_(S%), ¢, .(R*)}

is not contained in the spectrum of O
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5.3 Proof of Theorem 5.2.1

Now, suppose that there exists a proper 4-system P : I — R* such that
B, € K(P)CK.
The goal is to show that K(P) C As, thereby proving Theorem 5.2.1. Since K(P) =

IC(P) for some non-degenerate 4-system P, one may assume without loss of generality
that P is non-degenerate.
Now, write

v(a) = ¢(;P) =q¢'P(q) (q¢€1).
A result by Roy [22, Lemma 4.1] yields for each § > 0 some Q5 € I such that
{0(q) g > Qs} C F(P) +[-4,0]",
Moreover, the points of F(P) + [—d,d]* are contained in the convex sets
K=K +[=0,81* C (Fi + [=6,0]) N (Fy 4 [—6,6]*) N (Fs + [—6,48]%).
Now, define for each 0 > 0 the half-spaces
FP={xeR"Li(x)+¢6 >0} (i=1,23),
where each ¢; is the sum of the absolute values of the coefficients of L;. Since
Fi+[-0,0* CF (i=1,2,3)
for each 0 > 0, then it follows that
{p(a)|a=>Qs} C FINENE, (5.3.1)

for each § > 0.

5.3.1 Key Results

The proof of Theorem 5.2.1 uses the maps k1, ko, k3 : I — R defined by
k1(q) = Ber(@)—p2(q),  r2(q) = palg)—p2(q) and  ks(q) = @alq)—ws(q). (5.3.2)

The idea of the proof is to consider the ordered sequence (w;);en of points in I such
that P(w;) € A, for each i € N, and to show that the following property: If k1, k2, k3
are small at some wy, then they remain small for each w; with ¢ > N. Moreover, k3
remains small on all of [wy, 00). This will be made precise in the next subsection.
This property will allow us to conclude that
lim sup x3(q) = 0,
q—00

thereby proving that K(P) C Ag, which in turn proves Theorem 5.2.1. To this end,
the following lemma will be useful.
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Lemma 5.3.1. The following statements hold for all 6 > 0 and q,r € I with g < r:
. Af Pi(q) = Pi(r), then rri(r) < gri(q).

If Py(q) = Py(r), then rr;(r) < qri(q), fori=2,3.

0 < r3(q) < ralq)

If ¢ > Qs, then (o — 1)k1(q) < (B — 1)ka(q) + 10.

If 4= Qs and Py(q) = Ps(q), then (8 — 1)rs(q) < (v — 1)rr(q) + 29,

If g = Qs, then (8 — 1)rs(q) < ala—1)k1(q) + 0.

~

S v e

Proof: The maps Pj,..., P, are monotone increasing and satisfy P < --- < Py,
from which the first three statements follow. Now, suppose that ¢ > @Qs, and let
x = (21, %2, 23, 24) = ©(q). Thus, (5.3.2) yields

k1(q) = Py — 2, ko(q) = x4 — 2o and K3(q) = x4 — x3.
The inequality coming from F? yields
(= 1)Bzy + (B — a)xe < (B — 1)xg + 10.
Subtracting (5 — 1)x2 from both sides yields

(a—1)Br1+ (1 —a)zy < (B— 1Dy — (6 —1)xg + 10
(= Dra(g) < (B = Dralg) + 16,

proving the fourth result. Now, the inequality coming from FY yields
(a = 1)Bra+ (B — 1)zg < (o —1)Bxy + (8 — 1)aws + 0.

Since Py(q) = Ps(q), then x5 = x3, and so subtracting aSzy = afxs from both sides
yields
—Bro+ (8 —1)xg < (o — 1)Bx; — aws + cd.

Adding (1 — B)z3 + fre = axs + (1 — a)xs to both sides yields

(1=08)xz3+ (8 —1)ag < (a—1)Bx1 + (1 — @)z + 26,
(6 = Drs(q) < (a = Dri(g) + 29,

proving the fifth result. Now, the inequality coming from F? yields

<
<

(a0 —Daxs+ (B — Dz < (o — Dafzy + (6 — 1)xg + c30.
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Finally, subtracting (8 — 1)z3 and (a — 1)axs from both sides yields

(6 = 1)rs(q) < (a = Daki(q) + esd,

proving the sixth result. i

Before stating the next lemma, the following notation is established. Recall that
1 < a < . Define a variable €; > 0, and the dependent variables

(B —a)e ) 1 +cs
=——""-2>0 th = 5.3.3
2e,86 T A “T T ( )
and . 5
ey ez Datad (5.3.4)
g—1
Note that
€169630 =0 <= e =¢g9=63=0=0,
and that
Elllr_>n0<5 = 6111I_>I10 €9 = 6111I_>I10 g3 = 0. (5.3.5)
Now, define the quantity
142 3 ) 4]
Q) = L1 20 ¥l +ac) ol (5.3.6)

ﬂ — 2562 — (1 + 3@2)5104 &1 '
It follows from (5.3.3) and (5.3.5) that

5 _
th(gl):g_,_thi:g_i_ﬁ a:@+6<

e1—0 /8 e1—0 €1 /8 26 2ﬁ

Thus, there exists g > 0 such that

1.

g1 € (0,¢e0) — Qe1) <1 and B —2Bey — (1+3a?)e; > 0.

The following lemma provides the basis for a recurrence argument on the sequence of
points P(q) € Ay, which will be used to show that KC(P) is contained in As.

Lemma 5.3.2. Let ¢; € (0,2¢), so that e3,e3,0 > 0 and Q(e1) < 1. Let ¢ > Q = Qs,
and suppose that k;(q) < g; fori =1,2,3. Let w € I be minimal with w > q such
that Py(w) = P3(w). Then we have k;(w) < &; fori=1,2, and

k3(q) < e3

for all ¢ € [q,w].
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Proof: First, suppose that Pi(q) = Pi(w). For each ¢’ € [q,w], it follows that
Pi(¢") = Pi(q), and so part 1 of Lemma 5.3.1 yields

r1(q) < (q/q")k1(q) < kalq) < e (5.3.7)

Hence, part 6 of Lemma 5.3.1 implies that

ala—1)r1(q") + 30 _ afa —1)er +c36
g—1 f—1 N

for all ¢’ € [¢, w]. Since Py(w) = Ps(w), then ko(w) = kz(w). Hence, ka(w) < g3 = &9,
completing the proof when P;(w) = P;(q).

Now, suppose that Pi(q) # Pi(w). The goal is to first determine some key
division numbers in (¢, w). Since P, # P; on (q,w), there exists r € [¢, w) such that
Py + P, has slope 0 on (¢,r) and slope 1 on (r,w). Since P;(q) # Pi(w), there is a
minimal s € [r,w) such that P{(s™) = 1. Then, there exist ¢t € (s,w) minimal such
that P(t) € A; and u € [t,w) maximal such that P(u) € A;. It follows that the
division numbers r, s, t,u € (g, w) satisfy r < s <t < u, and we have

P(s) = (P1(q), P2(s), P3(r), Pa(r)), P(t) = (Pa(s), Pa(s), Ps(r), Pa(r)),

P(u) = (Pi(u), Pr(u), P3(r), Pa(r)), and  P(w) = (Pi(u), Ps(r), Ps(r), Pa(r)).

For each ¢ € [q,s], as Pi(q) = Pi(s), part 1 of Lemma 5.3.1 yields (5.3.7), and so
k1(¢") < 1. Moreover, part 6 of Lemma 5.3.1 implies (5.3.8), and so k3(¢’) < e3.
Now, since Py(r) = Py(w), part 2 of Lemma 5.3.1 yields

r3(q) < €3, (5.3.8)

ra(q') < (r/q)rs(r) < ks(r) <es (¢ € [r,w]).
Since r < s, it follows that x3(¢") < e3 for each ¢’ € [q, w]. Since
Ko (w) = K3(w) < €5 = &3,

it remains to show that ki(w) < ;. Applying successively part 4 and part 2 of
Lemma 5.3.1, using ko(w) = r3(w) and Py(r) = Py(w), we find

(a = Dr(w) < (B —1Dke(w) + 16 = (B — 1)rz(w) + 10 < (8 — 1)k3(r)(r/w) + ¢10.

Applying successively part 6 and part 1 of Lemma 5.3.1, using P;(q) = Pi(r), we also
find

(B —1Dr3(r) < ala—1)k1(r) + 30 < ala — 1)kr1(q)(q/r) + c30.
Combining the above two inequalities yields the following first bound on x4 (w):

c3(r/w) + ¢

1 J < alg/w)er + cq0. (5.3.9)

ra(w) < afg/w)ri(q) +
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Now, since wkg(w) = Py(w) — Ps(w) = Py(r) — P3(r), then
w = Py(u) +2P3(r) + Py(r) = Py(u) + 3Py(r) — 2wrz(w). (5.3.10)

Since Py(w) = P3(w), then x3(w)— k1 (w) = ps(w) — Bp1(w). Hence, part 5 of Lemma
5.3.1 yields

—020 < (= D)rr(w) = (B = 1)rs(w) = ary(w) — Brs(w) + pa(w) — Ber(w). (5.3.11)

Since P,(u) = Py(w) and Py(r) = Py(w), then multiplying (5.3.11) by w yields
Py(r) = B(Pi(u) + wrs(w)) — w(aki(w) + c26) > BP(u) — w(ak (w) + 20).
Hence, (5.3.10) yields
w > Pr(u)(1 + 38) — w(2ks(w) + 3ak: (w) + 3c29).
Since P, (u) > Py(s) > Po(q) = BPi(q) — qra(q), it follows that
w > q(Be1(q) — r1(q)) (L +306) — w(2ks(w) + 3aky (w) + 3¢29). (5.3.12)
Now, since 1 = ¢1(q) + - - - + ¢a(q), it follows that
1+ 3r1(q) — 2r2(q) + r3(q) = (1 + 3B)¢1(q).

Hence, by noting that x3(q) > 0, (5.3.12) yields

(14 263(w) 4 3aky (w) + 3c2d)w/q > (1 4+ 38)(Be1(q) — k1(q))
> B(1 4+ 3r1(q) — 2k2(q)) — (1 + 3B)k1(q)
= — 2Bka(q) — k1(q)
> B —20ey — ey,

ie.
(14 2k3(w) 4+ 3aky (w) + 3c2d)w/q > f — 26e9 — €. (5.3.13)
Now, (5.3.9) implies that (w/q)k;1(w) < ag; + (w/q)cqd, and so

(1 + 2k3(w) + 3k (w) + 3¢20) (w/q) < (1 + 2e3 + 3(acy + c2)0)(w/q) + 3a’e;.
Thus, (5.3.13) implies that

a_ 1+ 2e5+ 3(ca + acy)d
w ﬂ - Zﬁég - (1 + 3@2)51’

since B —2fes — (14 3a?)e; > 0 as g1 € (0,g0). Substituting this inequality in (5.3.9)
yields
1+ 2e3 + 3(02 + &64)5

f—2Pes — (1 4+ 3a2)ey

Hl(w) < gl + 045 = 9(81)51,
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by (5.3.6). Since ¢1 € (0,e0) = Q(e1) < 1, then ry(w) < &. i

The following theorem will be used to prove Theorem 5.2.1.
Theorem 5.3.3. Let € > 0. There ezists ¢ € I such that k3(q') < e for all ¢ > q.

Proof: Assume without loss of generality that ¢ < g9. Let e3 = ¢, and set
€1,69,6 > 0 as in (5.3.3), (5.3.4). Among the points Ay, Ay, Az, By, By, Bs, the point
By = (1,53,83,8) is the only one which is contained in Ay N As. Since K is the
convex hull of these points, it follows that B; is an extremal point of K. Thus, as
B, € K(P) C K by the choice of P, it follows that B, is an extremal point of K(P).
Hence, By € F(P), and so there exists ¢ > Qs such that

(1,8,8,8) /

v(q) € 1135 + [T,

where ¢/ = min{ey,e9,e35}/(8 + 1). It follows that
Be1(q) — B/(1+38)| < Be’ and |g;(q) — B/(1+3B)| <& (j=2,34).
Hence, as 2 < B + 1, it follows that
ki(q) < (1+B8)e <e1, rilq) <26 <& (i=2,3). (5.3.14)

Now, since P is proper and non-degenerate, the numbers w € [ with w > ¢ such
that Py(w) = P3(w) form an unbounded sequence (w;);en. To complete the proof, it
remains to show by induction on ¢z € N that we have

/ﬁ(wi) <éq, lig(wi) < &9, and Iig(q,) < EeEg=¢ (q/ € [q, wz]) (5315)

In light of (5.3.14), the base case i = 0 holds by Lemma 5.3.2 since ¢ > Q5. Now,
suppose that (5.3.15) holds for some i € N. Since w; > ()5, and since w; is minimal
among the points w > w; with Py(w;11) = P3(w;41), Lemma 5.3.2 gives that (5.3.15)
holds for ¢ + 1. As (w;)sen is unbounded, induction gives r3(¢') < ¢ for all ¢ > q. 1

Theorem 5.2.1 is a consequence of the following result.
Corollary 5.3.4. If x € K(P), then 3 = x4.

Proof:  For each ¢ > 0, Theorem 5.3.3 yields g € I such that ¢4(¢") —v3(¢") € [0, ¢)
for all ¢ > g. Hence, letting x € F(P), it follows that x4 — x3 € [0, ¢) for each € > 0.
Thus, 23 = x4, and so F(P) C As. Since Az is convex, it follows that K£(P) C As. 1



Chapter 6

On Values of Theta-Like Functions

This chapter is separate from the rest of the thesis, presenting a result in transcen-
dence theory. The theta function

T(q)=> ¢™

neN

is transcendental for each algebraic number ¢ with |¢| > 1. As noted in [2], the proof
relies on Nesterenko’s theorem [18]. In this chapter we consider a family of functions
0(q) generalizing the function 7'(¢), and we show that 6(q) is not an algebraic number
of degree less than 3 for each integer ¢ > 2. The proof relies on a gap method, using
a result of Richards [19]. The main result is the following theorem, recalling our
convention that N = {0} UNT.

Theorem 6.0.1. Let a,b,c € Z with a > 1, and let p € Q[x] be the polynomial given
by

p(z) = g(xQ +z) + b +c.

Define a map 0 : (1,00) — R by
0(q) =D anqg ™™ (q>1)
n=0

where (x,)nen 18 a fized sequence of positive rational numbers such that the right hand
side converges for each ¢ > 1. Define maps x : RT — R and A : RT — R by

x(t) = max{xo,..., 2z} (t>0),

and
A(t) =min{d e N" |dz; €N fori=0,...,[t]} (t>0),

103
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and define H(t) = A(t)x(t). Suppose that there exists qo > 1 such that
H(t) < ¢,
where v(qo) = (logqo)/(64a). Then 1,0(q),0(q)* are linearly independent over Q, i.e.
[Q(0(g)) : Q] > 2,
for each ¢ € N with ¢ > qq
In particular, we automatically have the following corollary.
Corollary 6.0.2. Let p, (z,)nen, 0, and H be as in Theorem 6.0.1. Suppose that
H(t) < t°W.
Then 1,0(q),0(q)* are linearly independent over Q, i.e.
[Q(0(g)) : Q] > 2,
for each q € N with q > 2.
Observe that a polynomial p € R[] is such that
p(Z) CZ with p(t) - oo ast — oo

if and only if p is of the same form as in Theorem 6.0.1.

6.1 Estimates on Gaps of Representations

For this section, fix the polynomial p as in Theorem 6.0.1. The proof of Theorem
6.0.1 will require that we better understand gaps among the set of integers which
can be represented by sums p(n;) + p(ng) with ny,ny € N. To this end, define the
functions ry,, 1), : Z — N by

t(n) = {(n1, ..., nm) € N™ [ p(n1) + -+ + p(nn,) = n}l,

and
v, (n) = [{(n1,... ;) € N [0} + - + 0l = n}l.

)
In other words, r,,(n) counts the number of representations of n as a sum of m
numbers p(k) with k¥ € N. The m'™ power of the formal g-series P ¢ P is then

given by
(Z qp(’”) = ru(n)g "
n=0

nez

Only the cases m = 1 and m = 2 are used in the proof of the main result.
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Definition 6.1.1. For each N € Z, define k(N), respectively k'(NN), as the smallest
integer k > 0 such that ro(/N + k), respectively 4 (N + k), is not equal to 0.

In particular, the integers N + 1,..., N + k(N) — 1 cannot be represented by
sums of the form p(n,) + p(ng) with ny,ny € N, for each N € Z.

The following result and proof comes from modifying a result and proof of
Richards in [19]. For its statement, let P denote the set of prime numbers. It is
worth noting that the original result of [19] is a stronger result for the case M = 0.
The general case M € N, however, is original, although its proof stems from only
slightly modifying the original proof in [19].

Theorem 6.1.2 (Richards + ¢). For each n € Nt let
P.={q€P|¢g=3 mod4 and q < 4n},

and write $(q) = max{a € N|¢* < 4n}. Also define

P, = H PO e 1427,

qEPn
and define y, € {1,..., P, — 1} as the solution to the congruence
4y, = —1 mod P,.
There exists a sequence (£,)nen n RT with lim,, o €, = 0 such that

log P,
n>——-,
41 +¢€y,)

for each n € N*. Moreover, for each M € N, we have that
K(MP, + y,) > n,
that is the numbers M P, +vy, + 1,..., M P, + y, + n are not sums of two squares.

Observe that if y,, is as above, then

_ (6.1.1)
3P,—1 if P, =3 mod 4.

P,—1 ifP,=1 mod 4,
Yn =
The proof below uses the following classical fact [5, Theorem 366]: A number N
is the sum of two squares if and only if each prime factor ¢ of N with ¢ =3 mod 4
has even exponent in the standard prime factorization of N.
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Proof: (Theorem 6.1.2)
The prime number theorem for arithmetic progressions implies that

2n
log4n

|Pnl

Thus, for each n € N, there exists &, > 0 such that lim,_,. &, = 0 and

2n

< (1 .
[Pul < ( +€n)log4n

Now, let n € N*. Since ¢°@*! < (4n)? for each ¢ € P,, then

P, < (4n)2(1+€n)2n/10g4n _ pn(i4en)

Thus,

> log P,
n_4 og

(1+4¢,)
proving the first result. Now, let M € N. For each j € {1,...,n}, note that
AMP,+y,+j)=47—1 mod P,.
Since 47 — 1 =3 mod 4, then 47 — 1 has a prime divisor ¢ = 3 mod 4 such that
¢*l4—1 and ¢™* fAj -1,

for some a € N, with o odd. Since 4j — 1 < 4n, then a < 5(¢), and so ¢*|P,. It
follows that
q*[A(M Py + yp + J)-

Since ¢*™Y P, and ¢*™' J4j — 1, then
¢" " JAMP, + y, + ).
Since ¢ is coprime to 4, it follows that
¢*|(MP, +y, +j) and ¢*" f(MP, +y, + j).
Since ¢ = 3 mod 4 and « is odd, it follows that M P, + vy, + j is not a sum of two

squares for 7 = 1,...,n, proving the second claim. |

We deduce the following analogue for sums of the form p(ny) + p(n2).
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Corollary 6.1.3. For each n € N*, let P,,y, be as in Theorem 6.1.2, and let

n +2¢
Yy = {y g_a CJ, where ¢ = 8ac — (a + 2b)>.

Then, there exists a sequence (€,)nen n RY with lim,, o €, = 0 such that

log P,

K(MP, +1,) > —2n
(MEutwn) > 3500 e

for each n € N* and each M € N.
Proof:  Let ¥ = a+ 2b and recall that ¢ = 8ac — (a + 20)?, so that

(2an +V')* + ¢
8a '

p(n):%(nQ—l—n)—l—bn—l—c:

Let n € N*, M € N and j € NT. Suppose that ro(M P, + vy, + j) > 0. Then, there
exists mq, my € N such that p(my) + p(ma) = M P, + 3/, + j. Hence, we have that

(2amy + b')? + (2amg +b')* = 8aM P, + 8ay., + 8aj — 2¢.
Since a,b’, my, my € Z, it follows from the last equality that
1 (8aM P, + 8ay), + 8aj — 2¢") > 0.

Hence, as
8ay, + 8aj — 2¢' > 8a(y,, + 1) — 2¢ >y, + 1,

Theorem 6.1.2 implies that
Yn +n < 8ay,, — 2¢ + 8aj < y, + 8ay,

and so j > n/(8a). Hence, Theorem 6.1.2 yields €,, > 0 such that lim,,_, &, = 0 and

n log P,
K(MP, +y) > — > ——»5n
(MEutv) > 30 2 5501 7 2)

which completes the proof. |

The following lemma provides an upper bound on the gaps between integers of
the form p(ny) + p(ns).

Lemma 6.1.4. For each sufficiently large N € N and each A € [p(N),p(N + 1)), we
have k(A) < 2av/N.
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Proof: Let N € N with p(N) < p(N + 1), and let A € [p(N),p(N + 1)). Let
m’y, my € N be minimal such that

A<p(N)+p(mly) and p(N+1) <p(N)+p(my).
Note that m/y < my. By definition, we have that A+ k(A) < p(N) + p(m/y), and so
k(A) < p(my).

The choice of m/y gives p(N) + p(mly — 1) < A < p(N) + p(mly) when my, > 0.
Hence, in general, we have

k(A) < max{p(0), p(m}y) — p(my — 1)}.
Since p(x) — p(x — 1) = ax + b is increasing, and since my < my, we deduce that
k(A) < max{p(0), p(my) — p(my — 1)}. (6.1.2)

By construction, we have that p(my) > p(N + 1) — p(IN). Since p(x) — p(z — 1) is
unbounded, it follows that my tends to infinity with N. Thus, the right hand side of
(6.1.2) is bounded above by p(my) — p(my — 1) for each sufficiently large N, i.e.

k(A) < p(my) —pmy —1)=amy +b (N> 1). (6.1.3)

Now, for each sufficiently large N, we have my > 0, and so the choice of my
implies that
pimy —1) <p(N+1)—p(N)=aN +a+b.

Since p(my — 1) ~ am?/2, then m%, < 3N for each sufficiently large N. By (6.1.3),
we get

k(A) < 2aV'N,
for each sufficiently large n € N. |

6.2 Proof of Theorem 6.0.1

For the remainder, fix an integer ¢ > 2, fix p, (x,,)nen, 0, X, A, H as in Theorem 6.0.1,
and write 0 = 6(q). Also set

V=a+2b ¢ =8ac— (a+2b)

so that

2 b/2 /
p(n):g(n2+n)+bn+c: ( an—i—8a) Ry

Theorem 6.0.1 is an automatic consequence of the following result.

(6.2.1)
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Theorem 6.2.1. Suppose that there exists v < (logq)/(64a) such that
H(t) < 7.
Then 1,0,0% are linearly independent over Q, i.e. [Q(0) : Q] > 2.

Since A(t) > 1 and x(t) > xo > 0, the hypothesis of the theorem yields

max{A(t), y(t)} < At)x(t) = H(t) < t. (6.2.2)

6.2.1 Preliminary Lemmas

We give some notation and lemmas which will be used in the proof of Theorem 6.2.1.

Definition 6.2.2. For each z € R, let ||z| denote the distance between x and a
nearest integer.

We prove Theorem 6.2.1 by contradiction, assuming that 6 is an algebraic number
of degree at most 2. Hence, there exist ¢, ¢, co € Z not all zero such that

0% 4+ 10 + ¢y = 0.

In particular, at least one of the constants ¢y, ¢co is non-zero.
Now, for each D € N, we have that

HD0292 -+ DC19H = O,
which in turn implies that
| Dcab?|| = || Deyf)). (6.2.3)

We will arrive at a contradiction by constructing a sequence of integers D; with
the property that (6.2.3) does not hold for D = D; for each sufficiently large .

Definition 6.2.3. Let P,,y/ be as in Corollary 6.1.3, for each n € N*. For each
[ € NT, define
Ay =8aP? + ).

Denote by N(I) € N the smallest integer such that A; < p(N(l) + 1), and define
Dy = AN (D)*q™.

We will show that || D;c10]| and || D;c26?|| both tend to zero as [ tends to infinity,
but at a different rate. Thus, (6.2.3) does not hold with D = D,, for each sufficiently
large [ € N.

The following lemma will be key in studying how rapidly ||D;c;0|| tends to zero.
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Lemma 6.2.4. For each sufficiently large | € N, we have that
p(N()+1)— A, > N(I)/4.
Proof:  Let C} = 2a + b'. Multiplying p(N(I) + 1) by 8a > 0 yields
(2aN (1) + C1)* + ¢ = 8ap(N (1) + 1) > 8aA; = (8aP,)* + Say,.

By (6.1.1), we have y; > (P, — 1)/4, and so y; — oo as | — oo. Hence, we have
8ay; > ¢ for each sufficiently large [ € N. Combining this observation with the above
inequality yields

8aP, < 2aN(l) + C4, (6.2.4)

for each sufficiently large [ € N. Since both sides of (6.2.4) are integers, then
8a(p(N (1) + 1) — A;) = (2aN (1) + C1)* + ¢ — ((8aP)* + 8ay;)

is bounded below by

(2aN (1) + C)? + ¢ — (2aN (1) + Cy — 1)* — 8ay, > 4aN () — 8ay, + Cy,
for some constant Cy which does not depend on [. Hence, we have

p(N()+1)— A, > N()/2 -y, + Cs/8a, (6.2.5)
Since 8ay; <y, + ¢ < 3P, /4+ 2, then (6.2.4) implies that
—8ay, + Cy > —8aP, + C; > —2aN(l),

for each sufficiently large | € N. Dividing this inequality by 8a > 0, by (6.2.5) we get
that
p(N()+1)— A > N()/4,

for each sufficiently large [ € N. |

In order to estimate D;#?, we need to better understand 62. To this end, define
for each n € Z the quantity
X, = Z Ty Ty -

p(n1)+p(n2)=n
Thus, we have that
0o 2
# = (L) =X
n=0 nez

To estimate the coefficients X,,, we will use the following lemma.
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Lemma 6.2.5. There exists a constant C3 > 0 such that
X < n?Wx(Csv/n)?,
where the implicit constant coming from < does not depend on n.
Proof:  Define f : Rt — R by
f(n) =max{ry(i)|i € Nwith 0 <i<n} (neR").
By [5, Chapter 18, Section 7, Analogue of Theorem 317], we have
f(n) ~n°W, (6.2.6)

Now, if n € Z and ny,ny € N are such that p(ny) + p(n2) = n, then (6.2.1) yields

(2an; + ') + (2any + V') = 8an — 2¢.
In particular, since the map x — 2ax + b’ is injective, then accounting for sign yields

ro(n) < 4rg(8an — 2¢') < 4f(8an — 2¢').

Hence, by (6.2.6) we have that
ry(n) < n°W. (6.2.7)

Now, there exists C3 > 0 such that, for each n > 1, we have
p(ni) +p(n2) =n = n; <Csv/n (i =1,2),

for each sufficiently large n € N. Combining this fact with (6.2.7) yields

Xn = Z Ty Ty K no(l)X(Oii\/E)Qv

p(n1)+p(n2)=n

which proves the claim. |

The following lemma gives a bound on the denominators of the coefficients X,,.

Lemma 6.2.6. There exists Cy > 0 and Ny € N such that for each n, N € Z with
N > Ny and n < p(N + 1) — Cy, we have

A(N)2X, € N.
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Proof: Since a > 0, there exists Ny € N such that p is increasing on [Ny, o0), and
there exists Cy > 0 such that p(n) > —C4 for each n € N. Hence, for each N > N
and each m, k € N, we have

p(N+1+k)+p(m)>p(N+1)—Cy.

Thus, if ny,ne € N are such that p(ny) + p(na) < p(N + 1) — Cy, then ny,ny < N.
Hence, we have

ANPXy = > (AN)zn,) (AN)zy,) € Z,

p(n1)+p(n2)=n

for each n € N with n < p(N + 1) — Cj. i

6.2.2 Proof of Theorem 6.2.1

Let A;, N(I), and D; be as in Definition 6.2.3. Recall that the hypothesis of the
theorem yields
max{A(t), x()} < A(t)x(t) = H(t) <1,

as noted by (6.2.2), where v < (logq)/(64a). We will prove Theorem 6.2.1 using the
following two lemmas.

Lemma 6.2.7. For all sufficiently large | € N, we have
0 < ||Dif|| < ¢ N0,

Proof: For each n < N(I), we have p(n) < A;, which implies that ¢%—?™ ¢ N
and that A(N(l))z, € N. Hence, we have

Dy = AN(1) g™ " Z AN(1))z,qM ™ mod 1. (6.2.8)

The right hand side is bounded above by

Z A Az —p(n << Z 2 Az —p(n << Z nQWqu P(n)

n=N(l)+1 n=N(l)+1 n=N(l)+1

2y 2y
(n + 1) PP (n + 1) g-(antatt) <179

n n

Since
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for each sufficiently large n € N, then the previous inequality implies that

An)*x(n)g P <« (N(1) + 1)27gMPNO+) — (Oos N(1) g A=p(N()+1)
n=N(l)+1

Lemma 6.2.4 yields A, — p(N(l) + 1) < —=N(l)/4, and so

0< Y AND) wag™ ™ < g VOB,

By (6.2.8), the middle term above is equal to ||D;f|| for each sufficiently large [ € N,
because ¢~/ tends to zero as [ tends to infinity. i

Lemma 6.2.8. There exists 6 > 0 such that, for all sufficiently large | € N, we have
g 2VND < | D < N(1)~°.
Proof:  Since A; < p(N(I)+1)—N(l)/4, Lemma 6.2.6 implies that A(N(1))?X,, € N
for each n < A;, so
D> =) AND)Xug™ " => AN())*Xug™™" mod 1,
n=0 n:AH—l

for each sufficiently large [ € N. Since X,, =0 for A, < n < A; + k(A;), this yields

D*= > AN()’Xn¢"™" mod 1, (6.2.9)

n=A+k(A;)

for each sufficiently large [ € N.
Now, let C3 > 0 be as in Lemma 6.2.5. Since A; < N(I)?, then N(I) < C5v/4;
for some C5 > C3. Hence, for each n > A;, we have

AN Xy < AN D)2 (Cov/m)2noD < H(Cs/m)2noD « nie).

Lemma 6.1.4 gives k(A;) < 2ay/N(l) for each sufficiently large | € N. Hence, we have
A+ k(A;) < A, and so the above inequality yields

Z A(N(l))QanAz*n < Z n’7+o(1)qufn < AZ"'O(I)Q*’?(AZ)_
TL:Al+k(Al) n:Al+k(Al)
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Since N(1)? < A; < P?, Corollary 6.1.3 implies that

log N(1)
k() 2 32a(1 + o(1))’

for each sufficiently large [ € N. Thus, we have that

A g kA o (1)) (7)~losa)/(32a(1+o()
Since 2y < (logq)/(32a), then there exists § > 0 such that
i AN X gt < N(I)™. (6.2.10)
n=Ar+k(Ay)
Now, since 4; < p(N(I) + 1) — N(I)/4 and since k(4;) < 2a1/N(1), then
A+ k(A) < p(N() +1) = Cy,

with the constant Cy > 0 from Lemma 6.2.6, for each sufficiently large [ € N. Hence,
Lemma 6.2.6 gives that A(N(1))?X a,4k(4,) € N, which in turn implies that

Z A(N(l))QanAﬁn > qfk(Al)’
n=A;+k(4A;)
for those [. Assuming [ large enough so that k(A;) < 2a+/N(l), the above inequality
combined with (6.2.10) yields
VYO < 3 AN)PX < N
n=A;+k(A;)

By (6.2.9), the middle term above is equal to || D,0] for each sufficiently large | € N,
because N(I)~° tends to zero as [ tends to infinity. i

We can now prove Theorem 6.2.1.

Proof: (Theorem 6.2.1)
Suppose that [Q(6),Q] < 2, and so there exists cg, ¢1, ca € Z not all zero such that

0% 4+ 10 + ¢y = 0.

In particular, at least one of the constants c1, co is non-zero. As previously noted, we
have that
ler Db = [lea Dif?|
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for each [. By Lemmas 6.2.7 and 6.2.8, we have
2| - [|1Di0?[| = [lea Di?[| = [l Dif|| = Jea] - | D8] (6.2.11)

for each sufficiently large | € N. Suppose that ¢ = 0. Then, ||D,0|| = 0 for each
sufficiently large | € N, which contradicts Lemma 6.2.7. Hence, ¢; # 0, and so
Lemmas 6.2.7 and 6.2.8 yield

le] - | DB < ¢ VOB and ¢ 2VNO « eyl - || D8,
respectively. Hence, by (6.2.11), we have
q—2a\/N_(l) < q—N(l)/5'

This is a contradiction, as the right hand side converges to zero too rapidly compared
to the left hand side. Therefore, we have

[Q(0) - Q] > 2,

proving the claim. |
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