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Abstract

Statistics has become a crucial tool in various fields of life. The scope of statistical
application has been expanding with high celerity. Among the many fields of appli-
cations there is an increasing interest in environmental and medical questions. One
of the common questions arising in these fields is whether there is a time trend in one
or more of the variables being measured.

In environmental and medical studies, data is often recorded over time in an effort
to test for monotone trend. For example, we periodically measure the pH of a lake
to test for trend in acidification. In monitoring recovering patients, we often look for
trend in their vital signs. We may also simultaneously measure the pH of a few of
lakes at close proximity or monitor the vital signs composed of several factors of a
patient. In the multivariate case, correlations among variables have to be involved in
the statistical procedure.

When testing for trend one may be interested in either a monotone trend or a °
step trend. The former assumes that the population shifts monotonically over time
without specifing when the shift occurrs. The latter assumes that the observations
recorded before some specific time belong to a different population from the one
recorded after that time. Our interest will be focused on tests for monotone trend.

There exist parametric as well as nonparametric methods, univariate and multi-
variate, to test for monotone trend. Practically, it occurs more often than not that
some portion of the collected data are missing. There is at present a way to analyze
incomplete data in the univariate case. In this work, we introduce nonparametric
multivariate test statistics to test for monotone trend in the presence of missing data

and deduce some corresponding asymptotic properties.
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In chapter one, we review both parametric and nonparametric univariate test
statistics for monotone trend concluding with a discussion of the missing data case.
Chapter two develops the theoretical background of general multivariate linear rank
statistics and the necessary asymptotic tools. We review existing nonparametric mul-
tivariate test statistics for trend in chapter three. Two test statistics are considered.
One is based on the Kendall similarity measure and the other is on the Spearman
measure. The statistical procedures of chapter three assume that there are no missing
observations. We extend, in chapter four, the test statistics to treat the incomplete
data case. Specifically, Lemma 4.1.2, Theorem 4.1.1, Theorem 4.1.2 and 4.2.1 are
new. The asymptotic results exploit results of Patel (1973) which extend to the
multivariate case the Hijek and Sidék approach. In Chapter 5, we investigate the
performance of the proposed test statistics when the sample size is small under some

specific trend models.
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Chapter 1
Introduction

In this chapter we present some primary test statistics of time trend in the univariate
case and describe their distributions under the null hypothesis of no time trend. We

conclude with a discussion of the missing data case.

1.1 Univariate Trend Test

'To test for monotone trend statistically, there are parametric as well as nonparametric
methods. Let (t;, X3,), t; < tiy1, ¢ = 1, ..., , denote samples with ¢; measuring a time -
and X, an observation at time ¢;. Consider the null hypothesis that there is no time
trend. Then the primary parametric method for trend is simple linear regression,

where we assume
Xe =L+ bit + &
The terms (e;) represent uncorrelated error terms having mean zero and constant
variance. The least squares estimator £, of 8y is 3.7, X,.(t; — 1)/ > (t: —1)? and
B,of B,is X —BiL Testing the null hypothesis that there is no time trend is equivalent
to testing that §; = 0. To test it, we usually make the additional assumption that
(¢:) are independent and identically normally distributed with mean 0 and variance
o2, N(0,02). If o is known, we use the test statistic
)
Vo2 it — 1)
1




CHAPTER 1. INTRODUCTION 2

which is normally distributed under the null hypothesis. If ¢ is unknown, the test
statistic is R
_ B

VL (X — %)/ {0 — 2) T, (- D7)
with Xc,— = ﬂ:, + Blt,-. Under the null hypothesis, the distribution bf t* is that of a
student’s t-distribution with (n — 2) degrees of freedom.

Some nonparametric tests of trend are due to Mann-Kendall and to Spearman

t#

where it is supposed that observations are equally spaced in time. The observations
are ranked from smallest to largest. The strength of a trend is then measured in terms
of a similarity measure between the vector of ranks and the permutation 1,2,...,n).
More precisely, let 4 = (u(1), ..., u(n)) and v = (v(1), ...,v(n)) be any two permuta-
tions of the integers (1,...,n). The Spearman and Kendall distances between them
are defined respectively by

ds(u,v) = 5 > {u6i) - vG)Y

and

drc(n,v) = 3 {1 = s(u(d) — (N} s(G) — ()}

where s(u) is the sign function defined by

-1 u<0
s(u) = 0 u=0
1 u >0

These distances can be rewritten in terms of similarity measures A(u,v) as
d(p,v) =c— A(p,v) (1.1)

where for the Spearman and Kendall case brespectively we have

o = P-(”;—‘” As() =3 (“@ -5 1) (”(i) -3 1)

i=1

= "L () = 3 su) - w@)s(w) - (i)

i<J
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The nonparametric tests for trend then reject the null hypothesis of no trend if the
measure of similarity between the vector of ranks and the permutation (1,...,n) is
large. For small samples, tables of the distributions of the test statistics can be used
as given in Bradley (1968, p. 314, p. 364). For large samples, a normal approximation
is available. According to Bradley (1968, p. 96, p. 288), the nonparametric tests due
to Spearman and Kendall have an A.R.E of (3/7)!/® or .98 relative to the parametric
test based on the test of 81, when both tests are applied as tests of randomness against

normal regression alternatives.

1.2 Missing Data

We may extend the notion of a measure of similarity in the presence of missing
observations. In the following, we will denote an incomplete ranking of a subset of
k-objects by p* = (u*(1), ...u*(k)) or write this k-vector as a n-vector in which missing

ranks are denoted by the symbol “.”.

Definition 1.2.1 (Alvo and Cabilio, 1991) The complete ranking i of n objects is
said to be compatible with an incomplete ranking u* of a subset of k of these objects,
2 < k £ n, if the relative ranking of every pair of objects ranked in u* coincides with

their relative ranking in u.

To each fixed incomplete ranking u*, corresponds a compatibility class C(u*).
For example, let u* = (1,2,—). Then the compatibility class contains the rankings
{(2,3,1),(1,3,2),(1,2,3)}. The distance between x* and v*, denoted by d*(p*, v*),
is defined to be the average of all values of the distances d(u:, v;) taken over all
complete rankings u;, v; compatible with p* and v* repectively. From. (1.1), we write
d*(u*,v*) = ¢ — A(p*,v*), where A(u*,v*) is the average of the A(u;,v;) taken over
all complete rankings p;, v; compatible with u* and v*.

Consider the case of two incomplete rankings u*, v* of k;, ks objects respectively. For
a fixed incomplete k;-ranking p*, we define

n0) = 755 (w0 - 21 6
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where 6,(7) is 0 or 1 according to whether the object 7 is missing or not, and set

s(p*(7) — 1 (3) if both i and j are ranked
1—2p*(2)/(ky +1) if only iis ranked
2p*(7)/(ky +1) — 1 if only j is ranked

0 otherwise

au(iwj) =

Define 7, (%) and a, (3, 7) in a similar way for a fixed incomplete ko-ranking v*. Referring
to Alvo and Cabilio (1995), in the Spearman case it can be shown that

As(p™,v") =D (i), (3) (1.2)
i=1
whereas in the Kendall case,
Ar(pv") = au(i, §)au (3, 5) (1.3)
<J

For later use, it is useful to rewrite

. . _n(n+1)(2n+1) (n+1)2
ds(u",v") = 6 T it D+ 1) & Z“(’ Ju(@),

where u” = (u(1),...,u(n)) and vT = (v(1), ...,u(n)) are respectively the augmented
n-vector of p* and v* with (k; + 1)/2 replacing the missing observations. Recall from
Alvo and Cabilio (1995) the null h};pothesis H, whereby we assume that
1. k1 and ks, the number of ranked observations, are fixed with k1 < ks
2. the rankings for which we have incomplete data are uniformly distributed over the
n! permutations of (1,...,n)
3. the pattern of the missing observations are randomly selected from the set of all
possible patterns.
Consider test statistics As and Ag for H,. Under H;,

(n+1)* ki(k; — 1) ka(ka — 1)

144(n—1) ki +1 ko +1

VG,T'AS (14)

The next theorem provides the asymptotics of the statistic Ag(p*,v*) under the null
hypothesis H;.
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Theorem 1.2.1 (Alvo and Cabilio, 1995) Let ky — oo (and hence ky — 00 , n — 00)
with k1 /n — X > 0. Then, under H,, As is asymptotically normal with mean 0 and

variance given by (1.4)

Another interpretation of As and Ag in terms of conditional expectations is useful.

Under H;, for any pair of objects 7 < 7,

£ lu) - 252 1 ow)] = m)

Els(u(d) —p@) | CW)] = au(3,4)

Here the conditional expectations are over the compatibility classes. Then it follows

from the independence of the rankings that
As(p®,v") = E[As(p, v)|C(u7), C(v7)] (1.5)

and
Ar(p”, V") = E[Ak(p,v)|C (1), C(v™)] (1.6)

Using this interpretation and results from the complete ranking situation, Alvo and
Cabilio (1995) showed that

E (Ax —4/nAs)? = 0(n?)
Since O(0?(As)) = O(n®), we have

nAg As 2 _ . )
o (40(.45) N a(As)) =0(n™) (1.7)

From Theorem 1.2.1 and (1.7), Corollary 1.2.1 follows.

Corollary 1.2.1 (Alvo and Cabilio, 1995) Assume the conditions of the Theorem
1.2.1. Then, under Hy, Ag is asymptotically normal with mean 0 and variance
16 02(As)/n2.



Chapter 2

Goals And Setting

2.1 Objectives

In chapter 1 we presented two nonparametric univariate statistics useful in testing
for a monotone time trend. The statistics can be suitably modified in the presence
of missing data. Efforts have been made to develop multivariate counterparts for
complete data. Bhattacharyya and Klotz (1966) proposed a multivariate Spearman
statistic whereas Dietz and Killeen (1981) proposed a multivariate Mann-Kendall
statistic. These methods are suitable to analyze multivariate data recorded along
approximately equal time intervals. Dietz and Killeen (1981) cited the following ap-
plication. For one patient, four blood constituents were recorded at approximately
monthly time interval over a period of two years. Another example can be taken
from environmental studies. We measure pH simultaneously from four lakes at close
proximity in order to test for trend in acidification of the region. Our main goal in
this thesis is to extend the multivariate case in the presence of missing data and to

investigate asymptotic properties of the corresponding test statistics .
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2.2 Preliminaries

2.2.1 Multivariate Linear Rank Statistics

Here we present general limit theorems for multivariate rank statistics proved in Patel
(1973).

Let X = (XM, .., X®)T be a p-dimensional random vector with density function
f(z) where z € RP, the p-dimensional real space and let X; = (Xi(l), ...,Xi(p))T, 1<
¢ < n be n independent observation vectors from density function f (z). From now
on, we assume that the density function is continuous so as to preclude ties. Ranking
from smallest to largest, we denote the rank of Xi(g) among X l(g), e X9 by R;, where
1 < g < p. Consider the multivariate rank order statistic

n

Thg = Z(Cm - En)any(Rig)

i=1
where apg(a), 1 < a < n, g = 1,...,p, is a score function and the real vector

(ca1; ---y Cnn) satisfies

Z(cni —2,)2>0
=1

where

Cn = chi/n

=1
as well as the Noether condition
nli,nolo {Z(cni — an)z/ma$15i5n(0ni - @)2} =00 (2.1)
=1

Consider the null hypothesis H, whereby the X;s are independent and identically
distributed random vectors. Let F(z(, ..., z(P)) denote a common p-dimensional dis-
tribution function and F(9*) denote the joint distribution function of random variables
X and X™. The marginal distribution function of X is denoted by F(9). Assume
that there is some square integrable function ¢,(u), 0 <u <1, 1< g < p such that

1
7%, = [ ealw) = @) du > 0
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with @, = [} ¢, (u)du and
lim | {ang(1+un]) — ¢y(u)}* du =0 (2:2)

n=00
where [t] denotes the integer part of t.
For clarity of argument, let R(.) be the collection of all n p-dimensional vectors of
ranks such that R(.) = {(Ri, ..., Ryp),i = 1,...,n}. A permutation of a nonempty set
B is a one-to-one mapping from B onto B. Let II, be the set of all permutations of
the integers {1, ...,n}, and let m(R(.)), = € II,, be an ordered set of n p-dimensional
vectors such that
TR(.) = {(Rey1s -+ Rritp) 2 = 1, ..., i}

where the j-th element of the wR(.) is (Br(i)1s ---s Raiip)-
Then, under H,, P[rR(.)|R(.)] = 1/n!. According to Patel (1973), under Hy, the
conditional variance is

Var(TnglR()) =D (Cni ~ 20)? D (@ng(8) — @ng)?/(n — 1), (2.3)

i=1 i=1

and conditional é:ovariance is
cov(Trng, Tnr|R(\)) =
Z(Cm‘ — &,)? Z(ang(R,-g) — 8ng)(@na(Rin) = Gnn)/(n — 1) (2.4)

i=1 i=1
where @ng = 1/n 3" an, (7).
Denote the conditional correlation of Ty with Ty by Yngn and let v, be the correlation
matrix,
Y = (Yngn)

Let
oepon) = [ [ (04(0) = 2,)(on(w) ~ 8P, < Uy <),

where Uy = FO)(X9) and U, = F®(X®) and we define the correlation matrix
Y= (79/1.) (25)

where g, = 0(909, Soh)/‘f(pg"cph
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Lemma 2.2.1 (Patel, 1973) Assume that (2.2) holds. Then, under H,, v, converges
wn probability to v as n — oo.

Denote the joint conditional distribution of Ty,/(var(Thg|R(.)))¥2,1 < g < p by

Gn(z®, ...,z |R(.))

Theorem 2.2.1 (Patel, 1973) Assume that v given by (2.5) is positive definite and
(2.2) holds. Then, under the null hypothesis Hs, for every € > 0 there ezists 8. such
that

Z(Cni - 5n)2 > ,Bema-’lhgisn (Cni — C_in)2 (2-6)

=1

implies

.....

where ®(.|0, v)denotes the p-variate normal distribution function with mean vector 0

and dipersion matriz y

Theorem 2.2.2 (Patel, 1978) Under the assumptions of Theorem 2.2.1, for every
€ > 0 there ezists B, such that (2.6) implies

SUP,. ..o | P [Tt < 20001, oo, Top < 3P)0] — B(zM, ..., 2P0, 7)] < e > 1 — €

where

Theorems 2.2.1 and 2.2.2 provide sufficient conditions in order for the multivariate

linear rank statistics to have an asymptotic multivariate normal distribution.

2.2.2 Multivariate Tools

In this section, we collect some asymptotic results for multivariate random variables
to be used later. First we state a multivariate central limit theorem for random

variables having independent but possibly different distributions.
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Theorem 2.2.3 (Cramér, 1970, pp. 113-114) Let Vi, Vs, ... be a sequence of inde-
pendent random variables in RP, p-dimensional real space, such that every V,, has the
distribution function F,, with vanishing first order moments and finite second order

moments mgy,. Suppose that, as n — oo, the following two conditions are satisfied:

R -
;zmi(gh.) - mgh1 (gv h= 11 "-:p) (2'{)

=1

where the mg are not all equal to zero, and

> [ PR o (2.8)
n VI>eva

=1

. for every € > 0, where V = (v1, -, vp)T and |V| denotes ,/v? + ... +v2. Then the

distribution function of (Vi + ... + V) /\/n converges to a normal distribution with

first order moments 0 and second order moments mgyp,

Remark. If
> EIVi?

lim,, &= =0, (2.9)

it follows from

= 1 & VAL
3 / VIPdF: < —= > / IV2dF; < Z‘ﬂ%
n VI>evm N — JV|>en en

=1

that

1 n
limp,— / [VI?dF; = 00O
”Z VI>evm

=1

Here the notion of convergence in distribution can be expressed in several ways and

equivalent definitions are of great use in obtaining asymptotic distributions.

Theorem 2.2.4 (Hdjek and Siddk, 1967, pp. 168-170) Let V; = (Vay, ..., Vip)T,1 < 4
and Z = (2, ..., Z,)T be p-dimensional random vectors, each having a density func-

tion. The following definitions of convergence of V;,1 < i, to Z in distribution are
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equivalent.
D1: ER(V;) converges to ER(Z) for every uniformly bounded Sfunction h which is con-

tinuous on a set C such that P(Z € C) = 1.

D2: h(V;) converges to h(Z) in distribution for every function h which is continuous
on a set C such that P(Z € C) = 1.

D3: 3 7F_, a;Vi; converges in distribution to > F_1 &;Z; for every real vector (au, ..., ap).

D4: For each Borel subset A such that P(Z € the boundary of A) =0
lim P(V; € A) = P(Z € A) (2.10)
=00

holds.
D5: (2.10) holds for each p-dimensional interval A such that P(Z € the boundary of A) =

0

We can also determine the limit distribution of a random variable by identifing it

with that of a known random variable.

Theorem 2.2.5 (Hoeffding, 1948) Let Vi, Vs, ... be an infinite sequence of random
vectors Vi, = (Vau, ..., Vap)T, and suppose that the distribution Sfunction F,(v) of V,

tends to a distribution function F(v) as n — oo, where v is a p-dimensional vector.

Let Vg = Vag + dny where
liT{nE(dﬂg)2 =0, (¢9=1,...,p)

Then the distribution function of Vr = (V5 ..., V)T tends to F(v)



Chapter 3

Multivariate Trend Test: Complete

Case

3.1 Multivariate Test of Trend Using Kendall Mea-
sure
Let

X= : :
xH L x@

where p-dimensional vectors X; = (Xi(l), ...,Xi(p ) ) are observed over approximately
equal time intervals. Dietz and Killeen (1981) suggested a multivariate nonparamet-
ric test for trend using the univariate Mann statistic. Their definition of the statistic
was followed by the proof of the asymptotic distribution of the test statistic under
the null hypothesis H,. The limit distribution requires the notion of a U-statistic.

Their test statistic is of the x2 type.

As in Fraser (1957, p. 259), we define the grade correlation coefficient «g, of X9
and X®) by

Kgn = 3 / / [2 F@) () — 1][2 F® () — 1]dF9™) (09), (M)

12
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Since F'(X9)) represents the grade of the random variable X(9), ,;, has been called
the grade correlation coefficient of X and X®.
Replace X by the matrix of ranks

Rai - Ru

where R, is the rank of Xi(g) among the observations {Xi(g) |t =1,...,n}. The multi-
variate test statistic is obtained from univariate Mann statistics Kpnq) = 3, <j S(X. J(g )
X,-(g)),g = 1,..,p. Under the null hypothesis Hs, 0%(Ky,,) = (n — 1)(2n + 5)/18,
" g=1,...,p and each K, [/0(Kn(g)) is asymptotically N(0,1). Define the multivari-
ate Mann statistic K, = (Kn1)/0(Kn(1)): -1 Kn(p)/0(Kn)))T- The next theorem
provides the asymptotics for K.

Theorem 3.1.1 Assume T is positive definite where

r

1 K2 - Ky
ki2 1 ... Ry
> =
Kip Kzp ... 1 J

Under Hj, K, is asymptotically p-variate normal with zero mean vector and dipersion
matriz ¥ and the asymptotic distribution of KIL~K, is x*(rank(X)) where &~ is

any generalized inverse of T.

We reprove this result of Dietz and Killeen (1981) for completeness.
To obtain the asymptotic distribution of the multivariate statistic K,, we first note

that 2K, q)/n(n — 1), g = 1, ..., p, are U-statistics. In fact,

2Kp(g)/n(n —1) = mzs(x(g) X9

<7

= n(n_ ) D @, (X1, X))

i<J
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where (X}, X}) = s(j — )s(X{” — X) and X! = (4, X, ..., XP)T.
Since

y(zl, X7) = s(j — i)s(X® — X1)
we have that the projection

1-2F(E9)  ifi<j

E® (zi, X)) =
o(73> X;) {—(1—2F(x,‘.9))) ifi>j

Let 1
= (g) n o n—1 & ’ r
‘Illii) (X3) = ( 1 ) j—; _E(I)g(l'ian)
=Lj#1
Then )
, n+1—2z
Uiy (X)) = ——=—(1 - 2F(X¥))
Define

Wag = = Z T (X))

1—1

14

Hoeffding (1948) showed that the statistics Whig) and Ky, standardized by their
respective standard deviations o(Wp,(,) and o(Kn(g)) are asymptotically equivalent;

that is

lim E ( Wi _ _Kng )2 —0
n o(Wag) o (Kn(g))

Notice that 0'2(\115"8) (X7)) =(n+1—2i)%/3(n — 1)2.

Since
Z(n+1—2z = zn:[("+1)2—4i(n+1)+4i2]
) n(n+1)(n— 1)

= .

3

it follows that

o? (Z_j T (X:)) = Z o (Ti3(XD)
. (n+1—27)2 n(n+1)
Z 3(n—-12  9(n-—1)"

=1

(3.1)
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Hence (3.1) is equivalent to

n 2
Kn(g) _ 3 Zi—l ‘1’52) (X:) -0
o (Kn(g)) vn o

Let V; = (3%{) (X)), ..., 3%%)
Then, in the light of Theorem 2.2.5, the limit distribution of K, is that of "% V;/\/m.
Under H,, >, V;/\/n is asymptotically multivariate normal with zero mean vector
and covariance matrix X. In fact, since under Ho, the second order moments of Vi,

1<g,h<p,are

lim E

n

(XH)T, ¢ = 1,..., be a sequence of random vectors.

Migny = 9 W:Tl_—l)izj_,; (1-2F(xf) (1- 2F (X))

o, (n+1—29)2
pi e

it is true that

1 Sor(n+1—2i)2
=D mun = 3 &=L gh

—1)2
=1 TL(TL 1)
n+1l
= n_liigh_—}figh asn—»oo
It suffices to show that (2.9) is satisfied.
In fact,

Somwp = ey LA, B[Va—2rx®)+ o a—2r x|

i=1 =1 TL - 1I3
< 1I32|n+1—2z|33
i=1
27
S mnln et 1|3p3.

Since lim, np?/n%? — 0, it follows that

o BV
im} - =0
=1

and the result follows from Theorem 2.2.3.
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Consequently the limit distribution of K, is multivariate normal with zero mean

vector and covariance matrix & and KTS~K,, is asymptotically x2(rankL) O

When ¥ is unknown, it can be replaced by a consistent estimator 3, so that the
test statistic becomes K% K,. Dietz and Killeen (1981) defined

Ln = Cou(K4|R(.)),

and showed that this estimator is consistent.

Theorem 3.1.2 (Dietz and Killeen, 1981) Under H,, the conditional covariance of
Kn(g) and Kn.(h.) 18

Cov (Kn(g)’ Kn(h)IR(~)) = Kn(g,n)/3 + (n®— T )Tn(g,h)/9

where
Kngny = »_ s(X — X©)s(xP — xM)
i<j

and

12 <« n+1 n+1

Fatom = na_nizz;(&g- ) (Re =212
3
= D s(X - x)s(x™ — x M (3.2)
1,7,k

Theorem 3.1.3 (Dietz and Killeen, 1981) Under H,, Cov(K,|R(.)) — £ in proba-
bility
In view of Theorems 3.1.1 and 3.1.3, the limit distribution of K7 f); K, is x%(rank(2)).

They proposed it as a test statistic for testing trend which rejects the null hypothesis

for large values of the statistic.
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3.2 Multivariate test of Trend Using Spearman Mea-
sure

Bhattacharyya and Klotz (1966) suggested a distribution-free test of trend for bi-
variate data based on the Spearman measure. From the construction of the statistic
and the study of its asymptotic properties, it is evident that the extension to general
multivariate data is straightforward. Bhattacharyya and Klotz (1966) applied the
method to annual bivariate data collected for a lake composed of freezing days and

thawing days and tested for a warming trend.

Let YV; = (Xi(l),Xi(z)),l < 72 < n, be n independent observations from a con-
tinuous density function f(z) where z € R?, the 2-dimensional real space. By
Ry, we denote the rank of X}g) among Xl(g),...,X,(f) where g = 1,2. Define S, =
(Sn(1)/0(Sn(1))s Sn2)/0(Sn(2)))T where Sy, g = 1,2, are defined by

e 1 1
Sn(9)=2(7‘_n-2i- )(Rig_n—; )

=1

Under H,,
n?(n+1)2(n—-1
0%(Sng)) = Var(Spy) = ( 124( ) v 9=12
nin+1
Cov(Sury, SalR()) = 22X Dg

where S,(; 2) is defined by

e 1
Sn(1,2)=Z<-Ri1—"n;-1) (Riz—n;- )

i=1

Then, under Hy,

Cov(Sn(1)/0(Sn)), Sn@/0(Sn@)IR()) = Tn(1,2)
where r,,(; 5y is defined in (3.2).
Defining

n:

f‘ Fn if 'Tn(l,z)l < 1
[ lf lrn(l,g)l =1
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where

Fn. — 1 Tn(1,2)
Tn(1,2) 1

so that [, is always non-singular, they considered the test statistic STI';1S,. The fol-
lowing two theorems state the consistency of the statistic [,, and the limit distribution

of the test statistic.

Theorem 3.2.1 (Bhattacharyya and Klotz,1966) Under H,, I, converges in proba-
bility to T, where

Theorem 3.2.2 (Bhattachayya and Klotz, 1966) Under H,, if lk12] < 1, the test
statistic STL';LS, is asymptotically x*(2).



Chapter 4

Multivariate Trend Test:

Incomplete Case

In the same spirit as Dietz and Killeen (1981) or Bhattacharyya and Klotz (1966), we
will develop a method to analyze multivariate data in the presence of missing obser-
vations. Since in the complete data case, the multivariate test statistic is a function
of univariate statistics, similarly in the multivariate case we define the multivariate
statistic as a function of univariate Spearman statistics or of univariate Kendall statis-
tics for missing data. We discuss the Spearman case first for the sake of simplicity.
The proof of the asymptotic distribution of the Spearman measure will lead easily -
to that for the Kendall case. From the standpoint of multivariate rank statistics, we

achieve an extension from complete to incomplete data.

4.1 Spearman Measure

Let (1) (»)
xMs, .. xPe;,

X =

1) o -
5‘)5111 .- Xé-p)anp

19
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where
g _ { —  if X is missing

: X9 otherwise
Allowing that some observations are missing, we let kg, g = 1,...,p, be the number
of the non-missing values among Xi(g),i = 1,...,n. Replace X* by the matrix of
incomplete ranks,
Ry, .. R
R = Do
R .. R,
where R}, is the ranking of X; ) among the non-missing column values if X9 is S 0ot
missing, and is equal to (k, + 1)/2 if X is missing.

Consider the null hypothesis H; whereby we assume that

1. k5, g =1,...,p, the number of ranked observations for each component, are fixed.
2. for each component, the rankings for which we have incomplete data are uniformly

distributed over the n! permutations of (1, ..., n).
3. for each component, the pattern of the missing observations are randomly selected

from the set of all possible patterns.

Recalling (1.2), define the statistic Sz = (S n)/(Sny)s s Samy/ (S, (p)))T where

. on+l (z n+1) (R,_kg+1>
n(g) kg + 14 2 9 2
n+1 < n+1
= ; : 4.1
e (-7 B &

with (Ri,, ..., Ry,) being a permutation of (1,2, ..., kg — 1, kg, (kg +1)/2, ..., (k, +1)/2)
Under Hj, (Ri,, ..., R;,) is the random vector uniformly distributed over the per-
‘mutations of (1,2, .., kg — 1, kg, (kg + 1)/2, ..., (kg + 1)/2) and it follows from (2.3)

that
kg(kg — 1) n(n +1)3

kg +1 144

Let an, be a bijective monotone increasing function from {1,...,n} to {1/(k, +

Var (S:L(g) ) =
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1),..,1/2,..,1/2, .., k,/(ky + 1)} defined by

( i o [Bat1
kg + 1 =1 2
1 [k 1 k 1
ang(i)=J 5 g; ]<i<[g; J+n—kg+1
i—n+k, @+l]+n—@+1§i§n
\ kg +1 | 2

Then, under H;, we can identify (4.1) with (4.2)

= 1 .
:,_(g) = Z(TL -+ l) (Z —_ n;- ) ang(E,-g)

=1

21

(4.2)

where (Ey,, ..., Eqg) is the random vector uniformly distributed over the permutations

of (1,...,n). With this identification, it is only necessary to verify the conditions of

Theorems 2.2.1 and 2.2.2 in order to obtain the asymptotic distribution of the statistic

S:.

For the statistic Sh(g) Of (4.2), it is easy to show that the constants (1, ..., n) satisfy

the Noether condition (2.1). For all n,

5 (- - ey

i=1

G s i_n+1 2 _ 1_n+1 2
1<i<n ) = 2
_ (n—-1)?
o 4
Consequently,
: 2 /. n+1\? o n+1)\2
1171111{; (z - ) /mazi<i<n (z - ) } = 0o
Define
ky+1

by (1) = 20 3

(4.3)
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u u < Ag/2
we(u) = Ag/2 Ag/2 < u <1 —A,/2
u—(1=2X) 1—-X/2<u
Note that bs, is a bijective monotone increasing function from {1, ...,n} to {1/(n +
1),y (kg +1)/2(n+1),..., (kg +1)/2(n + 1), ..., k,/(n + 1)}. Under the assumption
that k;/n — Ay > 0 as n — oo, we will show that '

n—o

1
lim / [bnk, (1 + [un]) — g‘og(u)]2 du =0
o]
Recall Lemma 4.1.1 from Héjek and Siddk (1967).

Lemma 4.1.1 (Hdjek and Siddk, 1967, p. 164) Define brg(i) = g (727)- Then
1

lim [brg(1 + [un]) — ¢, (w)]*du=0 .

n—00 0

We now show that bk, and b,, are asymptotically equivalent in the L, norm.

Lemma 4.1.2 Let ky/n -+ Ay >0asn—00,g=1,...p. Then

lim : [bnk, (1 + [un]) — bng(1 + [un])]2 du=20

Tl—}OOo
Proof.
Define
1 ko+1
< g
( u u_n+1[ 2 ]
kg+1 1 [k+1 1 kg +1 )
N = <u< —ky+1
Py (1) ! 3t 'n+1[ 2] “ n+1([ 5 | T
n— kg 1 kg +1
- —k,+1)<u<l1
| * T a1 n+1([ > }“L” 9+)—“—

Note that from the definition bk, () = Pnk, (n :_ 1) , t=1,..,n.
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Since k,/n — Aq, there exists n, such that if n > n,

1 kg +1 kg +3
— =2 _ 4.4
n+1( 2 +1) Ao/ 2(n+1) Ag/2| <e (4-4)
and
1 kg +1 | k-1
n+1( 3 ‘1)—*9/2 = atmry "2 <c (4.5)

Let n > n,. It follows from (4.4), (4.5) and

kg—1 kg kg +1 kg +3
< <
n+1 n+1 n+1 n+1

that . .
. A N
— Agl < 2¢ and s gl < 2€
It also follows from (4,4), (4.5) and
kg—1 [ks+1 (kg +1 kg +3
57— < e J < =5 +1< 5

that

<€

1 [k, +1 1 ko +1
- —A/2
n+1[ 5 ] Ag/2| < € and n-l—l([ 3 ]+1) Ag/2

In the sequel, we will show that
lnk, (w) — pg(u)] < 2 forall0<u <1

To compare @, with @n,, we consider various possible cases.

Case 1. uSmin( - [kg+1],/\g/2).

n+1 2

Both ¢k, and ¢, are defined as u making the difference zero.

k
Case 2. ! [9+1

<u< .
n+1 2<]_u_/\9/2
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k 1 1 o k 1
Since 1 o + < u and kg + 1 < ot
n+1 n+1

2 2 —2(n+1)’
kg+1
lﬂankg(u)—@g(u)l = m-ul
< 1 [lcg-i-lJ_u
- in+1 2
1 k,+1
< g — /2
= n+1[ 2 ] a/
< €
1 k,+1
X <u< g )
Case 3 z\g/2_u_n+1[ 2 }
[onk, (©) —0g(v)| = |u—Ag/2|
1 k, +1
< g —A,/2
< €

Case 4.

1 Jkg+1 _ 1 kg +1
max{n+l[ 5 J,Ag/2}<u<mzn{l—/\g/2,n+l([ 5 J+n—k9—{-l>}.

It follows from @nk, = (kg + 1)/2(n + 1) and ¢, = A\,/2 that

ko +1

L <
2(n + 1) ¢

|S0nkg (u) —pg(u)] = ’\9/2.

1 ko +1
. —k < — Ag/2.
Case 5 n+1([ 5 ]+n g+1)__u<1 Ao/

n— kg
n+1
n

Note that ¢ns, (u) =u — and @g(u) = Ag/2. Then

oty () = pst)] = u= 252,
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}

kg +1
n+1

?

1 (kg +1
=1 ([ +1) -

< maa:{ —Ag

< 2e

1 ko417
Case 6. 1—/\9/2§u<n+1 ([ ”2 | +n—lcg+1>

. ky+1 '
Since @ng, (u) = m and @g(u) =u— (1—2,),
ky+ 1
|0k, (1) — pg(u)] = U+/\y—1—2(n_+1)
A k,+1 1 o + 1 k,+1
< 89" - - g I
= max{ 2 " 2nt1)|' | n+1(kg+ 2 [ 3 Dl}

(4.6)

and it follows from
kg 1 (kg+kg+1_[kg+1DSkg+1

n+l " n+1 2 2 n+1
that
1 ko +1 k,+1
Ag — k g — (2 2
g n+1(9+ 2 [ 2 Dl< €

Then (4.6) is less than 2e.

Case 7. ma:z:{l—/\g/Q, ! ([kg+1}+n—kg+l)}§u.

n+1 2

— %9 and py(u) = u— (1 A),

Since @nk, (1) = u — e

n+1
n—kg
|¢nk9(u)_¢g(u)| = |1-Ag— n+1
_ kg-i—l_
T n+1 g

< 2e
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- 1 - N
Since bny(7) = ¢, (%—) and by, (2) = Pnk, (%—1) it follows that if n > n,, for

alli =1, ..., n,
Bk (8) ~ by ()] < 2€

and consequently,
1
/ [b"-kg (1 + [LLTL]) - bng(l + [UTL])]2 du < 462 a
0

Theorem 4.1.1 Let ky/n — Ay >0 asn—00,g=1,....p. Then
1
lim [brk, (1 + [un]) — gog(u)]2 du = 0

n—roc 0

Proof.
The proof requires some notions of functional analysis.

Let p be a real number which is greater than or equal to 1. Then a measurable
function f defined on [0,1] is said to belong to the space L?[0,1] if j;l [f]P < oo. For

f € L?, we define a norm (Royden, 1968, p. 111),

it = (f Lfpye

One of the properties of the norm is

17+ glls < NI£1lp + llglls

Using this notation, we can rewrite Lemmas 4.1.1 and 4.1.2 as
li}}l”bng —wll3 = 0

and
H,fn”b"kg —bngll3 = 0

It follows from (4.7) that

|bng — @qllz < ”bnkg — bugll2 + ||bng — @gl|2

(4.7)

(4.8)

(4.9)

From (4.8) and (4.9), it follows that limy, {|bux, — 9|l = 0 and limy, ||bak, — @,|[2 = 0 O
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Corollary 4.1.1 Under the conditions of Theorem 4.1.1,

Iirrln/o [@ng(L + [un]) — /\;1<pg(u)]2 du=0

Proof.
Since
_ n-+1 _
ang(1+ [un]) = A7 '0p(0) = T oba (1+ [un]) — A3, (u)
kg +1
n+1 1
= {kg - E} brk, (1 + [un])

+1/’\g {bnkg(l + [un]) - ‘:09(“)} )

n+1

kg'*"l ”bnkg“2+Ag_1”bnkg —(pg”2

”ang - /\g_lcp9”2 < =1/,

Note that |[bn)¢g||2 is bounded by 1 and k;/n — A,. Hence

n+1
kg +1

— 1/2g| bng,l]2 =+ 0 as n = oo

and Theorem 4.1.1 completes the proof. O

Lemma 2.2.1 holds generally. In our case we can specify the matrix . From now

on, we will be concerned with the computation of the correlation matrix =.
Under Hj, from (2.4),

* * * n n + l) *
CO’U(Sn(g)a n(h)lR ()) = (—12“" n(g,h)

where 57, is defined by

(n+1)2 & kg+1)( kn+1
* = E py r —— i 52-
n(g,h) (kg + 1) (kh + 1) po 1g 9 th 2 69 h

and 9;, is defined by

s _Joi X is missing
¥ 1 otherwise
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Consider

x * * * * n(n + l) *
COU(SH(Q)/U(Sn(g)) 3 Sn(h)/a(sn(h)) IR ()) = 12 O’(S'( ))O'(S (h)) Sn(g,h)
n(g n

n(n + 1)(nd — n) -
144 0(S; ;)0 (Simy) n(g:h)
(4.10)

where

. 12 .
rn(y,h.) = nd—n n(g,h) (4.11)
We can rewrite

n

. 12 (n+ 1)2 . kg+1 . knt+1
Tn(g,r) = nd—n (kg + 1)(kh i 1) 12=1: (Rig - T ih — 5 ‘Sigaih

(n+1)? 3 @ _ 3@y v ® _ 3B
(kg +1)(kn +1) n3—n Z Z zk:S(Xig — X;7) (XY — Xi”)Big0590im0kn
i

n+1 n+1 (n=2)U%, . +3T5,n

kg+1 kn+1 n+1
where
- _ L ’ @ _ y@ B _ 3(h)
n(g;h) — n(n — 1)(n — 2) b 3S(Xig - Ajg )s(in - Xy )aig‘;jy&ihdkh
. 2 h h
Tn(g,h) = n(n——_l) ZS(X,;(g) — XJ(g))S(Xi( ) _ X,g ))5,;95_195.5;,_5]7,
i<y

and X' is the summation over all three different integers i, 7, k chosen from {1, ....,n}.

Lemma 4.1.3 Assume that kg/n — Ay > 0 as n — o0, g=1,..,p. Then, under Hj,

nn + 1)*(n* = n) " .
" - Th — Kgn (AgAr)* in probability
144 0(Sy )0 (Shyy) O T TR

Proof.
Under Hj,

. _ 1 / (9 (9) (h) (h)
E(Un(gyh)) - n(n — 1) (n — 2)2 3E (S(Xig - ng )S(Xi - Xk )) E (5ig5jg5ih5kh)
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Since
B (35062 — X5 = X)) = 3 [ [ s(al® — 5Pl - )
dF(9:h) (xz(ﬁ) : :z:gh))dF(g) (xg-g))dF(h) (:I:gl))
= K
and

E (6:g0550in0kn) = E (834054) E (8in0rn)
kg(kg — 1) kn(kn — 1)
nn—1) n(n-1) °’

it follows that
ky(ky — 1) kn(kn — 1)

nn-1) nn—1) "

By the assumption that k,/n — A, as n — oo, g=1,..,p, E(U;(g,h)) converges to
Kkgn(AgAn)?, as n — oo. Since (n+1)/(k,+1) and (n+1)/(kr+1) converge respectively
to A\;' and A;' as n — oo and |E(Trgn)! < 1, it follows that lim, E(rhgn) —
K'gh./\g/\h as n — oo.

To show that r;( ah) KghAgAn in probability, it suffices to show lim, Var(r;( g’h)) =
0. First we identify Uy, ) as a U-statistic with symmetric kernel ®(yryand vector

E(U;:(g,h)) = Kgh

arguments z;, To, I3
1,2,3
o (@1, T2, 73) =1/6 D 3s(z — z)s( — 5{") 819060
gtk itk ~
It follows from Hoeffding (1948) that

Var(Us,n) = S(n —5 (3 ( n ; 3 ) Ci(kgn) + 3(n — 3)Ga(kgn) + Cs(l-cgh)>

Gilrgn) = E®(42(X1) — 2,
Glrgn) = B®{yp* (X1, X2) — gy
Ga(kgn) = E®n) (X1, Xa, X3) — K2,
Bgny(21) = E(gn)(z1, X2, X3)
Do) (21, T2) = E®(gn)(21, 22, X3)
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Since @y ) (1, T2, T3) is bounded in absolute value by 3, ¢; (Kgn), C2(kgn), (3(rqn) are
all bounded by some M > 0 and it folllows that

Var(Upmn) < g 1E)S(n —5 (3 ( " ; 3 ) +3(n—3)+ 1) M =O(n™?)

(4.12)
It also follows from
'S(:L‘gg) - $_.(,-g))8($z(h) - 3.7,(:1))5{95]'95,715]7,_, S 1
that
Var (am) _ _L_p|_ 2 D (X — X)s(XP — X)6106540:m05m 2
n+1 (n+1)2 n(n —1) < P i k )0ig0jg0in0j
< 1/(n+1)? (4.13)

From (4.12) and (4.13),
2

. 3

n—2 . n
Cov (n +1 U"(g"‘) T n+ lT"(-"'h))

—2,. 3 .
m——) n(g,h)> Var (n T lTn(g,fz))

— 0 asn— oo (4.14) -

< Var(

Combining (4.12), (4.13) and (4.14), we prove that lim,, Var(rngr) =0.
As a consequence, under Hj,
n(n +1)%(n® —n)
144 o (S;(g))o’ (S:;(h))

Thign) —* Kgn (AgAn)/?  in probability

since
n(n+1)(n*—n)  nm+1)(n®—n) Vke+1IVkr +1 144
144 0(S; )0 (Shy) 144 Vkg(kg — 1) /En(kr — 1) n(n +1)3

— (MAgAn) Y% asn — oco. O

The next Theorem provides the asymptotic distribution of S under Hj.
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Theorem 4.1.2 Assume kg/n = Ag >0, g =1,....,p, and the matric T is positive
definite, where
1 r1a(A1A2)2 L. Kip(A1A,)1/?
= : : :
""117()‘1’\17)1/2 Kop(A2Ap)/? .. 1
Under Hj, S}, is asymptotically normal with zero mean vector and covariance matriz

z

Proof.
It suffices to ensure that the statistic S: satisfies the conditions of Theorem 2.2.2. In

(4.3), we have shown the Noether condition is satisfied. Corollary 4.1.1 shows the

existence of ¢ required in (2.2). Lemma 4.1.3 completes the proof. O

Let
OnS(gh) = COU(S:(g) /o (5;(9))’ SZ(h)/ g (5;(/1)) |R*(.))
n(n +1) .
12 0(55,))0(Shiny) "M

As a Corollary to Theorem 4.1.2, we can provide the asymptotic distribution of the

test statistic S:T3-.S* where

1 OnsS(1,2) - OnsS(Lp)
Sns = : :
Ons(ip) Ons2p) - 1
Corollary 4.1.2 Under the same conditions as in Theorem 4.1.2, the limit distribu-
tions of S;TS~S; and S:TS.S: are X2 (rank(Z)) '

4.2 Kendall Measure

From (1.3), we can also define a similarity measure based on Kendall rank correlation

in the presence of missing observations.
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Let
Ry - R,
RI: — . -
RI::.I o R,;;.p
where R’} is the ranking of Xi(g) among the non-missing column values if Xi(g) is
not missing, and is denoted by the symbol “” if X,-(g) is missing. Let R™(.) =
{(R';, - R',)li = 1,...,n} be given. Recall that II, is the collection of all permuta-

P
tions of {1, ...,n}. For m € I1,,, recalling (1.3), we define
;W(g) = Z Cnr(g) (’L, .7) (4.15)
i<j
where
[ s(R'%y, — R'ow,)  if both X, and X, are ranked

1 —2R';,,/(kg+1) ifonly X, is ranked

Gnr(g) (2, J) = <
2R} 1, /(kg+1) =1 ifonly X, is ranked

L 0 otherwise

Define the multivariate statistic

e (K Ky
" 40(Sypy)/m 40(S; ) /n

where K, is defined by (4.15) with « the identity permutation. Theorem 4.2.1

below provides the asymptotic distribution.

Theorem 4.2.1 Assume kg/n — Ay >0 asn — o0, g = 1,...,p and T is positive
definite, where T is defined in Theorem 4.1.2. Under Hs, the limit distribution of K;

is normal with mean vector zero and covariance matriz



CHAPTER 4. MULTIVARIATE TREND TEST: INCOMPLETE CASE 33

Proof.
Let & = (¢, ..., )T be any non zero real vector. Note that we can write
) X ) s 2y 1/2
nKn g n(g) ) n(g) Sngg)
DGty = D o = 3,
{ ( 40(Syg) i TSy Su) =Tl n(g))
Ko Sng)

< Zlgl

4o (S MOV CHEY N

From (1.7),
S*
,gl n(g) _ n(g) —O(n“l/z)
S el iy ~ e
and hence

() L S )
Koo _ n(g
(E ag4o_( E aga( )> —0 asn = o

(9) g=1 n(g)

It follows from Theorem 2.2.5 that the limit distribution of o K is the same as
that of a”'S;;. Since the asymptotic distribution of S* is multivariate normal with
zero mean vector and covariance matrix ¥, o K has the same distribution as oT N,
where N is multivariate normal with zero mean vector and dispersion matrix .

Reference to Theorem 2.2.4 completes the proof. O

It remains to determine a consistent. estimator of £. We introduce some notation.
For given R™*(.), let R,* x R},* be the collection of n vectors such that

R*x Ry* = {(R,*, Ryp)li=1,...,n}

g ?
Let mR,* and m(R,* x R},*) be ordered sets of n vectors such that
TR, = { @) 1P =1,. }
W(R;* X R;l*) = {(R"r(i)g" i)k )Iz = 1’ ...,Tl}

where the j-th element is respectively R’ () and (Rw(J)g , ;(j)h*). Then under Hj,
Plr(R’; x R)|R*()] = 1/nl.
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Let g = (u(1),...,u(n)) and v = (¥(1), ..., ¥(n)) be permutations of {1,...,n}. Also
let 74 be the permutation (7 (1), ..., mu(n)) and define K,(u), Kn(u, v) and ra(u, v)
respectively by

Ku(w) = Zs(u(j)—u(i))
Ku(p,v) = ZS(u(J') — p(@)s(v(5) — v(3))
ra(r) = o > (i) =~ ua(vli) - v(E)

1,7,k

Lemma 4.2.1 Under Hj,

Cov [Kn(g)i ;(h)lRl*(')] = Kugn/3+ (n® — )T/ 9

where K3 1y = 3 ;i an(r) (1, 7) n(g) (3, 7) and Tn(g.n) 'S defined in ({.11).

Proof.
Under Hj,

Cov [KG gy, K| R™()] = E (Ko K | Ry™ x Ry
- Z nr(g) Knx(n)
wGHn
(4.16)

and

;LEC( R"
where #(C(mR';)) is the number of elements belonging to C(wR’;). Note that
#(C(mR';)) = #(C(R';)) for any = € I1,. Similarly,

. 1
0 = FOER 2, )

vEC(nR,")

Therefore (4.16) is equivalent to

1
n! #(C(Ry)) #(C(Ry)) Z Z Z Ky (p)Kn(v) (4.17)

w€lln uEC(TR' ;) vEC(TR';,)
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It follows from

Do D EKuw= X Y Ka(mp)

T€l, peC(zR';) BEC(R';) w€lln

and
> Y ke Y X K
7€lln vEC(RR'}) veC(R'}) w€Ell,

that (4.17) equals
1 1
#(C(Ry)) #(C(Ry)) > 2 = D Kal(mp) Ka(mv)

REC(R' ;) vEC(R'}) e w€ll,

From Theorem 3.1.2,
= S Kalmi)Ka(mv) = Kn(i0)/3+ (1 = m)ra (s 1)/9

n! welln
It is true from (1.6) that

1
FCE) ZCE) 2 2= Kalwv) =Koy

HEC(R'3) vEC(R'})

and from (1.5)

1
FCE) ECE) 2= 2o ) =rign.

HEC(R'3) vEC(R'})

Summing up, we have shown that

Cov [Krgy, KamyR*()] = Krcom/3+ (n® —n)rig /9 O

Lemma 4.2.2 Assume the conditions of Theorem 4.2.1. Then, under H;,
Cov [nK;, 0)/ 40 (Sn(q))s nE 1y /40 (S IR ()] = Kgn(AgAn)? in probability

Proof.

Note that
C' K 4 Kt 4 S* RI* _ n- K‘r:(g h)
ov [nKZ g /40 (Siq))s nEam/ 40 (Sim) R ()] = = )0 (G
n(g n

N n2(n3 —'n,)rn(gh)
144 of n(g))a( (h))




CHAPTER 4. MULTIVARIATE TREND TEST: INCOMPLETE CASE 36

‘The fact that Vi < j, |an((%,7)| < 1, g =1,..., p shows that

n2

<
= 48 0(S5p))o(Shin)

2 *
n Kn(g,h)

48 U(S;(g))o_(sr:(h))

> [an(g) (@ 3) | @ncay (G )]

i<y

n®(n —1)
96 a(S;(g))a(S;(h)-)

Oo(n ) —>o0

because o(S; ) = O(n®?) and o(S},,) = O(n*?). On the other hand, compari-
son of n?(n® — n)ry, /144 o (Sn))o(Shny) with (4.10) shows that it converges to
gr{AgAn)/? in probability because (4.10) does. The lemma follows. O

Let
Onk(gh) = Cov (nK;(g)/ 4o (S;(g))'l nK;(h)/ 40 (Sﬁ(h)-) |R*(.))
and
1 a'11.1((1,2) .- &nK(l,p)
2111{ — . .
&nK(l,p) &nK(2,p) 1

In summary, Lemma 4.2.2 implies S, x — £ in probability and we state the following
counterpart to Corollary 4.1.2.

Corollary 4.2.1 Under the same conditions as in Theorem 4.2.1, the limit distribu-
tions of K;TS™K: and K:TS7 K= are x2(rank(%))



Chapter 5
Simulation

In this chapter, we report on the result of a simulation study where we compare the
power of our test statistics with the naive statistic which ignores the missing obser-

vations.

We introduce some notation. Consider experiments of the following models de-

noted respectively by (a, p) and by (b, p):
(@, p) : y; ~ multinormal ((sp x 7,0,0),) i =1,....,n

(b, p) : y; ~ multinormal ((sp x 7, —sp x 4,0),%) i =1,...,n

where
L pop
X=1p 1 p
pp 1
and sp is the slope. We assume some missing observations occurr for the first and
the second variables. The missing pattern obeys the conditions specified by H;. By
(a, p,m = p), we denote the model (a, p) with the missing proportion p respectively
for the first and the second variables.
We take two kinds of tests into account. The one is based upon statistic Sy o=
(Sny/9(Snwy) Sna)/0(Sni2))s Sniz)/o(Si(sy)), and the other is based on the Spearman

37
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measure after deleting the missing observations. Figure 1 exhibits the power of the
test when the sample size is 20 and the models are (a, p,m = p), where p = .3, .5, .7,
p = .1, .2. Dashed lines denote our statistic and dotted ones denote the naive statistic.
The figure makes a noticeable point. The weaker the correlation between variables
and the higher the proportion of missing observations, the better the statistic Sk
performs with respect to the naive statistic. Even though the naive appoach gains
more power than S, in the case of (a,.7, m = .1), generally the proposed statistic is at
least as good as the naive one. Figure 2 is the graph drawn under models (b, p, m = D)
with sample size 20, where the values p, p,n correspond to those in Figure 1. Figure
2 shows a similar pattern as Figure 1.

Figures 3 and 4 exhibit similar results but for a sample of size 30. Similarly our
statistic does not perform well when the correlations between variables are high. Our
statistic performs less efficiently than the naive statistic when the sample size is 20.

In order to determine when our statistic works well regardless of correlation, more
simulations would need to be done. Since the general pattern of the graphs indicates
that there is no significant difference between model (a,p) and (b, p), we will be
concerned only with model (a,p). Suppose 20% of the observations are missing for
each variable. Appling model (q, p), we obtain Figures 5 and 6. Figure 5 is done with
a sample size of 30 and Figure 6 with a sample size of 40.

In summary, we conclude the following:

1. the choice of sample size and proportion of missing data has an effect upon the
perfomance of our statistic.

2. when the sample size is large, our statistic is more powerful than the naive one
whenever the proportion of missing observations is large.

3. when the correlations between variables is weak, our statistic performs better than

the naive statistic irrespective of sample size and proportion of missing observations.
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Appendix A

Splus Programme of The

Simulation

We introduce the Splus programme of the simulation under the model (a,.3,m =.1)

with a sample of size 20.

Generate a sample from multivariate normal distribution with mean vector mu

and covariane matrix vmat

rmultnorm_function(n,mu,vmat,tol=1e-07)
{
p_ncol(vmat)
if (length(mu) ! =p)
stop("mu vector is the wrong length")
if (max(abs(vmat-t(vmat)))>tol)
stop("vmat not symmetric")
vs_svd(vmat)
vsqrt_t(vs$v %) (t(vs$u)*sqrt(vs$d)))
ans_matrix(rnorm(n*p), nrow=n) %*% vsqrt
aﬁs_sweep(ans,2,mu,"+")
dimnames (ans)_list (NULL, dimnames (vmat) [[2]])
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Make an incomplete ranking with replacing missing observations with (k+1)/2

detect_function(x,r,k)

{
for (i in 1:r){
if (x[i,11>k) x[i,1]_0 else x[i,1] _(x[i,1]1-(k+1)/2)
}

ans_x

ans

}

Calculate the Spearman rank correlation in the presence of misssing observations

and calculate the variance.

spear_function(mul,mu2)
{
t_nrow(muil)
k1l_length(mui[!is.na(mul)])
k2_length(mu2[!is.na(mu2)])
mul_matrix(rank(mui) ,ncol=1) .
mu2_matrix(rank (mu2) ,ncol=1)
ans_((t+1)“2/((k1+1)*(k2+1)))*sum(detect(mul,t,kl)*detect(mu2,t,k2))
ans
}
vhis_function(mu)
{
t_nrow (mu)
kl_length(mul!is.na(mu)])
ans_(ki1x(k1-1)/(k1+1))*(t*(t+1) ~3/144)

ans
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Main Programme

d_matrix(c(1:12) ,ncol=2)

y-matrix(1:60,ncol=3)

n_500

ql_0

q2_0

for (s in 1:6){

for (i in 1:n){
for (j in 1:20){

mu_c(.04*(s-1)*j,0,0)
vmat_c(1,.3,.3,.3,1,.3,.3,.3,1)
vmat_matrix(vmat,ncol=3)
yLj,] _rmultnorm(1l,mu,vmat,tol=1e-07)

tau_matrix(c(1:20) ,ncol=1)
t_nrow(tau)

vyl matrix(y(,1],ncol=1)
y2_matrix(y[,2],ncol=1)
y3_matrix(y[,3],ncol=1)

ml1l_sample(20,2)
m12_sample(20,2)
yilc(mi1),1]_NA
y2[c(m12),1]_NA

x_matrix(c(spear(tau,yl),spear(tau,y2),spear(tau,y3)),ncol=1)
rhol12_t (t+1)/12*spear(yl,y2)
rhol3_t (t+1)/12*spear(y1l,y3)
rho23_t (t+1)/12*spear(y2,y3)
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x_matrix(c(spear(tau,yl),spear(tau,y2),spear(tau,y3)),ncol=1)
rho12_t(t+1)/12*spear(yl,y2)

rhol13_t (t+1)/12*spear(yl,y3)

rho23_t(t+1)/12*spear(y2,y3)

rho_matrix(c(vhis(yl) ,rho12,rho13,rho12,vhis(y2),rho23,
rho13,rho23,vhis(y3)) ,ncol=3)

result_t (x)%*%solve(rho) %*%x

if (pchisq(result,3)>.95) ql_qi+1

yi[lc(m12),1]_NA

yilc(mi3),1]_NA

y2[c(mi1),1]_NA

y2[c(m13),1] _NA

y3[c(mi1),1] _NA

y3[c(m12),1]_NA
yyl_matrix(yi[!is.na(y1)],ncol=1)
yy2_matrix(y2[!is.na(y2)],ncol=1)
yy3_matrix(y3[!is.na(y3)],ncol=1)
kk_length(yy1)

tt_matrix(c(1:kk) ,ncol=1)

xx_matrix(c(spear(tt,yyl) ,spear(tt,yy2),spear(tt,yy3)),ncol=1)
rh12_kk*(kk+1)/12*spear (yyl,yy2)

rh13_kk*(kk+1) /12*spear (yyl,yy3)

rh23_kk*(kk+1) /12*spear (yy2,yy3)

rh_matrix(c(vhis(yy1) ,rhi12,rh13,rh12,vhis(yy2),rh23,
rh13,rh23,vhis(yy3)) ,ncol=3)

result_t (xx)%*%solve (rh) %*%xx
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if (pchisq(result,3)>.95) q2_q2+1

d[s,]_c(q1/500,q2/500)

print(d)

49



Bibliography

(1] M.Alvo and P.Cabilio (1991), On the Balanced Block Design for Rankings.
Ann.Statist. 19, pp. 1597-1613

[2] M.Alvo and P.Cabilio (1995), Rank Correlation Methods for Missing Data. The
Canadian Journal of Statistics 23, pp. 345-358

[3] G.K Bhattacharyya and J.H Klotz (1966), The Bivariate Trend of Lake Mendota,
Technical Report No.98, University of Wisconsin, Madison, Dept. of Statistics.

[4] J.V. Bradley (1968), Distribution-Free Statistical Tests. Prentice-Hall.

[5] H.Cramér (1970), Random Variables and Probability Distributions. Third Edi-

tion. Cambridge Univ. Press.

[6] E.J. Dietz and T.J. Killeen (1981), A Nonparametric Multivariate Test for Mono-
tone Trend With Pharmaceutical Applications. Journal of the American Statis-
tical Association, 76, pp. 169-174

[7] D.A.S. Fraser (1957), Nonparametric Methods in Statistics. John Wiley & Sons.

[8] J.Héjek and Z.Sidék (1967), Theory of Rank Tests. Second Edition. Academic

Press.

[9] W.Hoeffding (1948), A Class of Statistics With Asymptoticallly Normal Distri-
bution. Ann.Statist. 19, pp. 293-325

[10] K.M Patel (1973), Héjek and Siddk Appoach to the Asymptotic Distribution of
Multivariate Rank Order Statistics. Journal of Multivariate Analysis 3, pp. 57-70

50



BIBLIOGRAPHY

[11] H.L Royden (1968) Real Analysis, Second Edition. The Macmilan Company.





