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‘subspaces in projective geometries.

" code with length n=(qm+1-1)/(q—1), q=25, and minimum

4
) Tas
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Finding generator polynomials and parity-check

sums for encoding and deco@&sg binary projective

—

geometry cod?s‘ is considered i this thesis. The
generator ‘//polynomials are found through . the
Sy - . : T .' - .

determination of coset representatives, The parity-

check sums are found through the construction of

)

Let V be an (n,k,d) binary projective geomefry

-~

distance d 2 [(qm“r+1ﬁl)/(q-l)]+l. This code is rsstep

majority-logic decodable. With rgferénce to GF(qm+1)

0Ln(q—l)—l}

{0,1, a, a2, ey , the generator polynomial

g{X) of V has @’ as.a root if and only if v has the form

O=l<s

i(g-1) and max Wd{sz) T < (m;r)(q-l), wzere Wq0££:3
indicates the radix-q weight of the number 27v.'

Regarding the above condition, we note that if v
is an acceptable number,; then séf\Ts’ every number

belonging to the cyclotomic coset containing v. " Thj




£

suggests that -if we can find a coset representative f}om
each acceptable céset, then we can obtain g(X) easily.
By using this line of attack, we determine the coset
representatives for the cases of m-r=1, with any s, and
m-r=2, with ;92.

Oon the decoding .side of V, we note that for any
(r-1)-flat and any point not belonging to it, there is a
unique r-fiat in PG(m,q) | which contains both the
{r-1)-flat and the point. By recursively épplying this
for r=1,2,...,m"1, we determine the r-flats in PG(m,q)
that- intersect on. a given (r-1)-flat in PG(m,q);

Furthermore, at each level of orthdgonalization, we

. examine the generating orthogonal flat f(X) such that

every flat in the orthogonal check set can be expressed
as a multiple of f(X) and hence the sequential-code-

reduction decoding can be implemented. R

)‘ | \
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‘ .
‘ . » NOMENCLATURE
™ . ) :
. b - . | ’
N , ’ ' : ¥ ﬁ . ’
. GF(q) : Galois field with q elements;
GF(qm+1) : Extended Galois [figld of dimensio§$m+l
- N and over the prime field GF(q);
PG(m,q) ', m-dimensional projective geometry over GF(q):;
| deg ?Lx) : _ The degree of polynomial P(X); .
P*(X)': : \4fﬁgﬁrqciprocal polynomial of P(X);

A

d
E
e,
5

P(X) §ivid$§ Q(X): v

Primitive element of GF(q):;

o s
B : Primitive element of GE(qm+1);

' C3 Cyclotomic coset havfng coset element i; °

M:(X) Minimal polfﬁomial'of field element ai;\

g(x) : Generator poiynomial}-

h(X) : - Parity-check pdlynoﬁial}

E(X) : | Idempotent polynomial;

£(X) : Incidence.polynomial of r-flat F(f);

'also, the generating orthogonal flat;

C X)) : The jth tap-coefficlent poiynomiél used
J in sequential-code-reduction decoding;
Z, ¢ - Set of integers {0, 1, 2, ..., t-1};
St -Set of nonzero numbers v such that
v o’ is a root of g(X): :

(ai) : A point (0-flat) in PG(m,q);

F(r):

An r-flat in PG(m,q);
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‘:_‘ N
W_ (v} & The weight of the radix-q representatlon
4 of the numbet v; :
max W (2£v)':' " The maximum of the radlx-qlwelghts
. 4»05£<s q . Wo(V)r Wgl2v), .oy Wy (2571vy;
GCD(x,yf : - The Greatest Common Divisor of x and y,‘
. ' usually abbreVLated as (x,y):
[(x/y] = .- The greatest integers 1ess than -
or equal to x/y; . '
% E q-ary Gaussian b1nom1a1 coeff1c1ent,
. " 1 q - q:]
¥ deflned as [ ] II —_—
y 3=0 a¥ - qd -
x\: - y-combinations oﬁ‘x objects,
1 ) or Clxyy) = defined as (X) - x!
efined as = ——————
Y LY y!gx—y)!
x €5_  Element x belongs to the set S_;
x = ymod z .y is congruent to x with operation

: taken modulo z; .

<iprdqr eevr ig> ¢ The abbreviated designation, pf
0r=1e ’ t. the number 2£8 ff‘ . +21€-

,{iO'il' ey it}'- A set consists of elements io,‘il, ceer By
Ffr)u Fér)U... U F(r) . Union of r-flats Ffr), Fér), ..., and Fér);

F(r) - F(r'l) : Difference set o rEiSIat F(F)

and (r-1)-flat F

(n,k) code : _ A linear code with codeword length n
o *  and number of information symbols k;

(r,s)th- PG code : The largest cyclic code whose dual
’ - contains ‘all the 1nc1dence vecto
the r-flats in PG(m,p ).
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Chapter 1
INTRODUCTION

1.1 BASIC CONCEPT OF ERROR CONTROIL. CODING

- -

Communication links transmit information from here
to there. Computer memories transmit information from
now to_then. In eitHer case, noise causes ,the received
data to differ slightly from the original data. Error
control coding enables aAsystem to achieve a-higgldegree‘
of reliabiiity despite the presence of noise. f?n
addition to the data bits one wishes to transmit, one
also . transmi;s some additional rédG;gant-check ‘bits.
Even though ghe noise causes some errors in both the
transmi;ted data bits and thé transmitted check bits,
there is usualiy‘still enough informatioen ava{lable te_ «
the receiver to allow a.sophisticéted decoder to correct

all of the errors unless the noise is extremely severe.

l
|

hY

The' reasons for thelg increasing applicétions of
coding are numerous: the rapid growth -in satellite

communications; the revolution in digital " integrated

-y

.



circuits with large scale integration; the increasing
emphasis on the reliable transmission of digital data

‘and of digitally coded analog signals; the availability

.of relatively inexpensive computers for system,

algorithm, and hardware simulation; . the- increasing
digitalization of modems, switches, and interconnected
facilities; ' and the increasing sophistication of the

user community.

Deﬁe;opments,within the coding field are equally
important. The discoveries of new classes of cbées and
the inventions of powerful decoding algorithms have been
critical to the significant application of coding
theory.

. |
N The main thrust of coding theory has been directed
towards finding codes tha; satisfy Shannon's noisy
ceding theofem [40]. ”fhe theoreﬁ states that the
probability * of transmission error  can be made

arbitrarily small by suitable coding procedures as
long .as the tyansmission rate ofl information is
iess thaﬂ tﬁe channel capacity. The rate can be

reduced~to accommodate the channel capacity by



adding redundancy to the information prior to its

transmission, and removing it at the receiver. This

-redundancy is incorporated in a structured fashion such

that a given information sequence always results in the
jdentical redundancy being added to it by the channel
encoder. '
The block diagram shown in Figure 1.1 illustrates
the basic elements of a digital communications system

employing coded waveforms.

The purpose of the channel enco T is to introduce
some structured redundancy to the source output I(X), on
the basis of a one-to-one assignment rule that produces
a channel codeword V(X). The added redundancy is used
by the channel decoder in its attempt to remove the

errors introduced by the noisy channel.

The binary digits from the encoder are fed into a

modulator which maps each bit into an elemehfary signal-

waveform. The channel over whicli. the waveforms are
transmitted is a spatial link between the source and the

sink such as a cdable or a satellite link, It can also

.-

kY
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5
be a storage medium such as a magnetic tape, disc, or
semiconductor memory. In all cases, the channel has the

capability of corrupting’ the informa®ion beiryg

" .transmitted or stored.

On the receiver side, the  demodulator can be
viewed as the matched filter to the signal wavefofm
corresponding to each transmitted bit.‘ Ite 'output is
quantized to bit seﬁuence and 1is fed into the channel
decoder: The channel decoder can detect or.correct the
errors caused by the channel, as lbng as the number of
errors per codeword does not exceed the errof-detectiﬁg
or error-correcting capability of the code. The
function of the decoder is to categofize the many
possible channel outputs into a generally much smaller
number of channel decoder_/éutbuts. The decoder output

is T(X), an estimate of-the channel encoder input I{(X).

Error-control codes [2], [23] .are used for the
correction or detection of errors occurring during
transmission over a noisy channel, For the Binary
Symmetric Channel (BSC) model consfaéféa"aBbVE, the
effect of errors occurring during transmission can be

described by the addition of an error-vector e(X) to the

-
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transmitted code vector°v(X), resulting in the reception

of the vector R(X)=V(X)+e(X), where -addition is
p%rfd?med in GF(2). The extent by which code sequences
differ from each other and from the received sequence,

is measured by the Hamming distance which is defined as

the number of dissi@ilar bit positions. 'Associated with.

this is the definition. of Hamming weight, which is the

number of "one" bits in a given sequence. On this basis
the Hamming distance between the transmitted vector gnd
the received vector equals the Hamming weight of the

error vector.

With the rapidly incrgasing range and variety of
channel ceding teqpniques, there has been a
correspondinglyfincreasing need for systems-designers to
assess the benefits of these technigues guantitatively,
both for comparison of different codes and to gauge
whether, 1in given circumstances, coding should be used

at all. The concept of Net Coding Gain [4], [7] has

been used to express the improvement attained by coding

in terms of effective signal-to-noise ratio so that the
effect of coding can be compared with other expedients,
such as increasing the energy per bit. J For a constant

information rate, the modulation rate has to be

<
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increased if coding 1is used. This generally leads to

reduced energy per bit, and hence a higher error rate

~during -transmissioﬁ than for the uncoded case.  The

. comparison to be made 1is thus between an ‘unprotected

system transmitting k bits/sec, and a coded system
transmitting n bits/sec, where n > k. The coded system
has a higher ghanﬁel—error rate, but, if adequ%teiy
designed, should more than compensate for this by the
action of thé. decoder, so that a positive gain can be

F

achieved.

There have been two fundamentally different
approaches to Ehe error-control coding problem, namely
block coding and convolutional coding. 1In block coding,
the channel encoder p§rtitions-the continuous sequence

of information digits into k-symbol blocks. It then

"encodes each block independently, according to the

particular code to be employed, and producing an n-
symbol code word containing n-~k parity checkrsymﬁols.
This n-symbol block is then transmitted over the
channel, éorrupted by noise, and decoded independently
of all other code wérds., The codé which maps a block of
k information symbols into a block of n channel symbols

is called an (n,k) block code. The quantity n is called



e | : 8.
the block length, and k is called the dimension of the
code. Since the code uses n symbols to send k messagé
symbols, it ;s said to have code rate k/n.

In convolutional ceding, “the channel encoder
. processes the ipformation ~continuously and associates
each long (perhaps semi-infinite) information sequence
with a code sequence containing somewhat more digits.
The encoder b;éaks its inputr sequence into ko-symbol

blocks, where Kk, is wusually a small number. These

» .

k,~tuble information symbols are sequentially shifted

through a K-stage shift register. Then, on the basis of

tﬂq; ko—tuple and the preceding (K-1) k,~tuple
information symbols, an nO-SYmbol section of the code.

sequence.is generated and transmitted. The length K of
the shift“ register is called the constraint 1length of

the code, and the code rate is ko/no.

Block codes and convolutional codes have similar
error correcting capabilities and the .same fundamental
1imitations. In particular, Shannon's fundamental
theorem for the discrete noisy channel holds for both
types of codes. However, from a practical standpoint,

the essential limitation of all coding and decoding

t
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schemes proposed to dqte has not been ‘Shannon's capacity
but the~comb1exity {and cost) of the decoder. For this
reason, efforts have been directed toward the design of
coding and decoding schemes fhat- could be easily

implemented.

1.2 MAJORITY-LOGIC DECODABLE CODES

A significant development in the study of block
codes was the introduction of gqroup codes or linear
block codes by's;epian [42], [a3]. These codes were a
generalization of the error-correcfing codes of Hamming
and all "Systematic Codes" [16]. The codewords of linear

block codes were shown to correspond to the elements of

"a-suitably defined group. In general, the code words of

an {n,k) linear block code over a finite field GF(q)
define a k-dimensional subspace of the space of n-tuples
of elements of GF(qg). Thus, a linear (n,k) block code

k code vectors.

contains g
Even more  structure was introduced by the
discovery of a subset™of the linear block codes‘called

gyclié codes. Cyclic codes are characterized by the

By
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additionalfproperty that any cyclic permutation of the
digits of a éode word is also a code word. Cyclic codes
are reasonably practical as they can be encoded and

decoded by relatively simple devices called linear

feedback shift registers.
L
-
Among the <classes of cyclic c¢odes, that of
majority-logic-decodable codes is an interesting one.

This 1s because the majority-logic decoding scheme

pqssesseggthe following advantages:

v
(1) It can be, very easily implemented;
(2} the decoding delay is short; and
(3) it can outperform the bounded
distance decoding. ‘
For the above reasons, majority—logic\decodable cyclic

codes are very suitable for error control purposes in

high speed digital data transmission systems.

In the class of majority-logic decodable codes,
the: l-step decodable codes can be most simply and
quickly implemented [27], [41], since they employ a
single majority-logic gate. However, since there are

only a few codes ‘that are so decodable, there is .also
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.considerable interest in majority-logic decoding with
more than one step [12]. A 2-step majority-logic
decoder, for instance, will estimate in the first step a
set of J parity-check sums which are -orthogonal on a..:
particular error digit €3. Such a set will then be used
in the second decoding step to estimate errdy digit eq-

- Finite geéometry codes [8], {10] is a large class

of multirstep majority-logic decodable codéds. One

subclass of these codes is that of the Projective
Ge@metry (PG) codes. ° This class o cyclit; codes
contains as proper subclasses the difference-set codes
and the ﬁaximum—length codes. Also, ‘the even-weighted
subset of shortened Reed~Mﬁller (RMf codes [29], [35] u,
fall in this élass. The codes are defined as orthogonal !
on some tactical configurations 1in finite projective
geometries [3],.[11], [26].

Just like any linear cyclic code, the code vectors

) PG code satisfy a set of n-k linearly

independent linear equations. In other words, . any
vector of the code is orthogonal to the (n-k} . x n
matrix of the coefficients of these n-k linear

equations., This matrix 1is usually called the parity-

S
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check '"matrix, and its n-ﬁ,ﬂrows define the parity-check
rules, which_are the linear equations safisfied'by any
vector of the code. Obviously, any vector in the (n-
k)—dimensib;al space generated by .the rows of the
parity;check matrix also defines a parity-check rule.
We shall refer to the parity-check space defined by the

nonzero vectors of the dual space of the code. This

latter is usually called the dual of the PG code.

An (r,s)th-order binary projective geometry code
of length n=(qm+1-l)/(q—l), with g=2% is the largest
cyclic code over GF(2) whose dual space (i.e., paéity—

check space) contains the incidence vectors of all the

r-flats in the projective .geometry PG(m,q). By an
incidence vector of an r-flat of PG(m,g), we mean a
binary n-tuple with ones in those “positions

corresponding to peints in the' r~flat and =zeros

elsewhere,
]

- Following the correspondences of the projective
geometries PG(m,g) and the Galois field GF(qm+1), the
conditions characterjzing ~ generator polynpmials of
binary projective geometry codes have been established

[15]. From these conditions, one can -be better off to
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rely on the basic approaches given in the book by
Berlekamp [1] or the book by Peterson aﬂQKWeldon [31] to
find roots of the generator polynomials. However, those
approaches involve the tabulation ‘of cyclotomic cosets,
the evaluation of'radix—q weights, aﬁd the selection of
valid roots power. For classes of long projective
geometry codes, the method becomes too cumbersome to be
aﬁplied. In this context, the author has proposed a

method [18] for certain-Subclasses of binary PG codes.

" The most thoroughly studied majority-lodic
decoding aléorithm for projective geometry codes is the
step;by—step Reed decoding algorithm. This algofithm
was devised in 1954 by Reed [35] for the class of codes
discovered by Muller [29].  Reed's algorithm was later
extended and generalized by many other coding
investigators. Unified formation of majority—logic
decoding algorithms can be found in the monograph by

Massey [27]. )

’
/

With conventional orthogonal parity-check sums, an
(r,s)th-order PG <code requires r . decoding steps.
Lmﬁfovements for decoding PG codes were suggested by

Chen [5] and by Weldon [48]. The concept of
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nonorthogonal parity-check sums has also brought out
that many more cYyclic codes can be decoded with
.majority-logic decoding, ‘such as the duals of primitive
polynomial codes [20], the generalized fIinite geometry

codes f9], [17], and others.

1.3 OUTLINE OF THE THESIS

We now conclude Eyis :Introduction with an outline

of the thesis.

In chapter II, ‘we develop the background material
necessary for the following chapters. First, in Section
2.1, 'the basic elements of finite field theory are
given. = This 1introduces the important concepts of the
Galois fields, the cyclotomic cosets, and the minimal
functions. In Section 2.2, the factorizakion of binary
primitivé polynomials over GF(qg), with g=2%, is
developed to obtain g-ary irreducible factors. These -
factors are useful for providing logics on constructing
points {or 0-flats) of the projective geometry PG(m,q),

m being the dimension of the geometry.



In"Section 2.3, the correspondences of the g-ary

field elements of GF(qm+1) and the: pdints ~of the
2N v )
projective geometry PG(m,q) aré indicated. Important

properties of the configurationg' of PG{m,q) ‘are
‘ned.  The (r,s)th-order binary p'rojective g_éoﬁetry
codes of length n=(qm+1-l)/(q-l) are introduced in
Section 2.4. ‘ﬁbé codes are defined as the classes of

cyclic codes. whqée parity—check\space contains all the

incidence vectors of the r-flats in PG(m,qg). With thi

definition, the roots characterizing §enérafor
. . /s

. - . ,/
polynomials oE{blnary PG codes aéfZP01ntEd olt. Some

< known results on the dimensions of ¢ertagn subcfasses of

PG codes are also indicated. _ -

- -

In chapter 111, baéed on tﬁf specified conditions
characterizing generator polynomiél . roots, several
results on. coset rebresentatives‘for fipding_generator
polynomials of binary PG cecdes are developsd. First, in
Section 3.1, we pfesent an approach for the families of
'(m;l,s)th- and (m-2,2)th-order binary~PG codes. Tpis
approach utilizes all possibléIZ's exponent combinatians

‘Ep form aeceptable ihtegérs.-which chatactepize foots éf
- {

the generator polynomial. A coset partition 1is then

-madeyon those.valid.odd numbers and different cyclotomic

.

».\/""
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cosets are formed. From each of these cyclotomic

cosets, an odd number . is selected as the representative.

Unfortunately, the above approach becomes too
cumbersome when the values of m and/or s grow large.
Concerning this, a slightly different approach on coset
representatives is, developed in Secéiéns 3.2 and 3.3.
This approach 'is based on the concept that the
cyclotomic cose® containing a positive integer v is the
union of 'the cyclic c}ass containing v and the cyclic

2

c}ﬁsses containing 2%v's, with 0 £ £ < s,

~
-

In Section 3.2, on the basis of the above concept
of cyclgc‘clésses,' we derive some sharper results for
the families’“of;pjnar;\PG —codes‘with parameters m-r=1
Pn& s=1,2. "Then in Section 3.3, following the same line
of thinking, we tabulate a sharp result for the coset

representatives of the binary (r=m-2,s=2)th-order PG
. r

- codes, ' The derivations treated here are lengthy and

laborious; buty the ;gsul:é\obtained are useful for quick

consultation.

To make clear what we discussed in Sections 3.1 to

3.3, some specific examples are taken in Section 3.4 to

-
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demonstrate the essential ideas.(of ' finding coset
represeptatives. We take the (1,3)th-, the (2,2)}th-,
and the (l,2)th-ordef binary-PG codes with lengths of 73
aﬁd 85, respectively, to illustrate our efforts 6n
finding generator ponnbmials of b&nary projective
geometry codes, ;

Chapter IV deals with the formation of orthogonal
parity-check sets. 1In Section 4.1, the general concepts
of majority-logic décoding and parity-check sets are
guoted. The construction of r-subspaces (r-flats) of
the projective geometry PG(m,q) is investigated in
Section 4.2. First, the points (the 0—flaté)-of.PG(m,q)
is generated. This is done through the shift register
logics provided by the g-ary primitive poiynomial
'faétors developed before on factorizing binary primitive
polynomials over GF(qg). Then, based on the above
0-flats, a recursng algorithm for constructing r~flats
of PG{m,q), r=1, 2,...., m-1l, is proposed. The parity-
check sums for majority-logic decoding (r,s)th- PG

codes are the incidence vectors of these r-flats.

with the above algorithm of constructing r-flats

in PG(m,g), it is seen that when the number of decoding

—
{
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steps and the number of parity-check sums within a check
set grow large, the formation of majority-logic gates
becomes prohibitive. In this aspect, the so-called
sequentiachqde—reduction (SCR) techniqgue is attractive.
This decoding scheme considerably .reduces the number of’
majority gates, but at the cost of inére%sing the
decoding delay. |

P J
In Section 4,3, through the so~called generating

- orthogonal flat f(X}, we investigate how the sequential-

code-reduction majorityflogic decoding technique works;
fhen, based , on the- Euclidean algorithm ~ amrd the
Idempotent functions, we give a detailed examination on
finding tap-coefficiént polynomials C;{(X)'s such tgét at
each level of orthogonaiization every flat in the check
set can be expressed as the pfoduct of £(X) and Ci(x),
in the s@hge.that the product is taken modulo 1+x ™

In Section 4.4, specific examples are used to

demonstrate the eggential' ideas . of the formation of

parity-check sums. We  take the (2,2)th- and the

{(1,2)th-order binary PG codes of the same length 85 to

illustrate our efforts on forming orthogonal parity-

check sets.
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Finally, in c;apter V,  conclusions and
recommendations for further work are presented based on
He results of this study. In® addition, we give a
partial list, in Appendices A and B, of the genérato;

polynomials and the parity-check sums for a few binary

PG ‘codes of moderate lengths.
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Chapter II

ALGEBRAIC PRELIMINARIES FOR PROJECTIVE
GEOMETRIES AND CODES

The structures of projective ~geometry codes are
connected with the configurations of -projectivé
geometries. In this chapter we shall sketch the basic
theory for this finite geometry. Certain 1mportant\\\\
properties of the projective geometry PG{m,q) of
dimension m and constructed over a finite field\gF(q)
will be examined. |

2.1 GALOIS FIELDS AND MINIMAL FUNCTIONS

A ’field is a set of elements closed under the

operations of ‘'addition' and ‘'multiplication’, and
containing additive and multiplicatiwve identity
elements, The .-addition and mﬁltiplication are
associative and commutative. The distributive law of

multiplication over addifion\holds in the set. Every
field element has a unique additive inverse, and every

nonzero element has a unigue multiplicative inverse.
. B

-
) Jl
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The order of a field is the number of elements in

the field. If the order is a finite number .q, it is
called a finite field or a Galois field and is
" designated by GF(q). Finite fields exist only when the
order és a prime number or a power of a prime:number,
the former are called prime or ground fields, .thié the

latter are called extension fields over the prime

fields.

Consider .a polynomial P{(X) of degree m with

coefficients from binary field GF(2)={0,1}:

1}

P(X)= Pg +p1x +p2X2 S +pmxm. Q&.Ol)

If the coefficients p, of the highest power of X is 1,
then polynomial P(X) is called monic. If the polynemial
P(X) contains no binary polynomiai”factors except itself
and 1, then P(X) is caiied irreducible over GF(2). Note
that, though a binary irreducible polynémial cannot be
factored using only elements from GF(2), it can always
have roots in an extension field. - Any binary monic

polynomial of degree sm can be uniquely factored into

monic irreducible polynomials over GF{2%).

et
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The 'reciproFal polynomial of P(X) of (2.01),

denoted by P*(X), is defined as

pr(x) = x3¢8 P(X)px-1y

i}

x™ p(x1)

i m-1 m
pm +pmf%§ +ean +p1x +p0x ,

1

{(2.02)

which is obtained by reversing the order of 'the
coefficients in P(X). It follows that the roots of the
reciprocal polynomial P*(X) are the reciprocals of roots

of the original polynomial P(X).

A polynomial P(X) is said to have exponent ¥ if M

divides 1+XY and not any 1+x° for any & < y.

Choose any irreducible polynomial P(X) of degree m
and exponent 2™-1, Let g be a root of P(X)=0. Then the
" set all polynomials in a of degree < m-1 and
coefficients from GF(2}), with calculations performed
modulo P{a), forms a field of order 2m. This field is
an extensioP field of GF(2), and is denoted by GF(2™).

The element g is called a primitive element of the

field Gr(2™). In general, any element of GF(2™) whose



23

powers generate all the nonzero elements of GF(2™ is
said to be primitive. The irreducible polynomial P(X)
of deqree m which has a primitive element of GF(2™ as a

root is called a primitivé polynomial.

The minimal function or minimal polynomial over

: i m'_ 2 - N
GF(2) of element a~ €GF(2 )= {0,l,0,00’y «.es Q@ } is
' the lowest degree monic polynomial Mi(x) such that

i . .. . .
My (@ )=0. This minimal function possesses the following

important properties [21}, [26]:

M1) M;(X) is irreduaible;
M2) If f(X) is any polynoﬁial over GF(2)
such that f(ai)=0, then Mi(x) | £(X);
M3) M;(X) | x(1+x2m'1)5
M4) deg M;(X) s m; _ o
M5) The minimal function of ; primitive .
element of GF(2™) has degree m;

M6) al and le have the same minimal function.

With respect to property M5), note that if a
primitive polynomial P(X) of degree m is used to
construct Gr(2") and « € GF(2™) is a root of P(X), then

obviously P(X) is the minimal function of a.

%
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On the other hand,. by property'ﬁG), we can see

that the powers of a3fall into disjoint sets, which we
shall call cyclotomic coseté. All aj where j runs
through a cyclotomic coéet have the same ‘minimal
function. ‘Basicaily, a qyciotomic coset containing iis

the set

C. = {i, 2i, 2%i, ..., 2™ "1y, (2.03)

1

‘where m' is the smallest positive integer such that 2™ 3

=1 mod'(Zm—l).

Cofrespondingr to each cyclotomic coset Cy of
(2.03), the minimal function M; (X) of di € GF(2™) can be
found by wvarious methods such as Beglekamp;s [1].
However, these have been compiled for most cases of
practical 1interest and there are available'tables of
binary 1irreducible polynomials like  those edited by

Peterson and Weldon [31, Appendix C].

In the tables of Peterson and Weldon's, we note
that among‘the given polynomial entries, the first one
is always a primitive polynomial. For elements
belonging to the same cyclotomic cosets, the

corresponding minimal functions are the same, 50 only
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those of coset leaders are 1listed in the table. Also,
of any pair consisting of. a polynomial and its

reciprocal, only one is listed.

2.2 FACTORS OF BINARY PRIMITIVE POLYNOMIALS
OVER GF(25} T[6]

As we have mentioned, a binary irreducible
polynomial cannot be factored over GF(2). However, it
can always have roots in an extension field. ..Let P(X)
be a binary primi;ive polynomial of éegree s{m+l). Over

GF(QS, a=2%, P(X) can be factored as

P(X) = pl(x)pz(x)...PS(x), (2.04)

where P;(X)'s are primi polynomials over GF{q) and

each is of -degree m+l, y
y 4"\)'&\7 }

Let -aGEGF(ZS( be a primitive root of P(X);

1 22 . azs (m+1)—1

then the elements ¢, g2 , g r ey are all

of the s(m+1) roots of P(X). These roots are

distributed ahong the polynomial facﬁ?rs P; (X)}'s. In

general, if a21—1 is a root of the factor P; (x),

1 £i< s, then the elements azl_l, a21—1q d21-1q2,

a21~1qm

are among the m+l roots of P (X). Hence

g
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each polynomial factor in (2.04) can be expressed as

i-1 i1 i-1
Pi(X) = (x+a® T ) (x4 ) (xea? AT,

(2.05)

~— To manipulate the above expressions, it is

necessary to find out the relationship between the

primitive element B of GF(g) and the primitive element q
. -~

of GF(qm+l). From the definitiom of a primitive
elemeﬁt, we see that . : .
6871 L1 ang @1 1, (2.06)
hence we have
g = o(@™-1)/(a-1) | o, (2.07)

After finding the expression of B in terms of «,
one simply needs to expand each of the factors of

(2.05). By wusing the logic provided for constructing

m+1)

GF (g y .one can express all coefficients of P; (X} into.

- forms of combinations of those basis elements of

+1. 0
GF(qm 1): x, al, a2, .eo, a™, Also, from the,

relationship of B=an, one can express all elements of
GF(q) into some combinations of powers of a. Therefore
the coefficients of each polynomial factor P; (X) can be

written in terms of elements from GF(q).

e
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In practice, as long as the first factor Pl(x)_ is

faund, it is not necessary to use the same procedures to

find pz(x), PB(X),' ~eer P_(X), As can be seen from
(2.05), all roots of P,(X) are the squarés of those of

bl(x), all roots of Pa(x) arg the twice squares of those

of P,(X), and so forth. Hence if Pi(X) is of the form

m+l . m :
Pl(X) = X +p?_mx ta +p11X +p10, (2.09)

then all coefficients of Pi(x)'s,will be

) pi-1 |
Pij = (py3) ' . (2.10)

where l €1 < s; 0 £ 3 <m, and pij

once one finds the expression for P,(X), the other

€GF(g). Therefore,

polynomials P,(X), PB(XJ, --+s P.(X) can all be obtained

by simply using the coefficients re ationship (2,10).

b\ V
To clarify the above discussi ns, let us consider

the case of s(m+1)=6 and q=25=4. In this case, the

polynomial P(X)=1+X+X6 is a primitive polynomial over

GF(2). Hence ii\;i is the primitive root of 1+X+X6=0,

then the logiC'dé a’can be used to construct the field

GF(2§). In such a field, every element can be written as

3

. 2
2 binary combination of the basis elements ao. al, a’, a

5

au’, andd .
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The polynomial P(X)=1+X+X6 can be factored into

two primitive polynomials over GF(4), each of degree 3:

i

P(X} = Py (X).P,o(x) .

2
(33.+Plzx +P11X *pyg)
(x7+p %2 4p_. X +p. ) (2.11)
. P22 *PpX +py), y

where Pj 3 GGF(4), and p2j=(p1j)2 for 0 < § < 2.4
: ¥

The roots of P(X) are a, a2, au, a8, alé, and a32.
» These roots are distributed to Pl(X) and PZ(X) as

follows:

16

P1(X) = (Xva )(x+a) (x+al0),

1l

P(X) (X+a2)(x+a8)(x+a32). o (2.12)

Taking the first factor P,(X) and expanding it, we get

thz\iigfiiijon
3 16 5 17,20 21

Pl(x) X +(a+a4+a )x2+(a +a X+

nl

I

X?+X2¥(a5+a4+a3+a)X+(a5+a4+a3+a+l),
{(2.13)

where all coefficients have been expressed as

"4 combination& of the basis elements of GF(26).
'% . .

A
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The primiiive element B of GF(4) is related to the
_primitive ele a of GF(26) as B=a21. Hence
i .' %
B = Qzl = a5 + g o+ QB + o + 1,
82 = a42 = a5 + a4 + a3 + a,
87 = %3 - 1. . — (2.14)

Qg =1+ B, : f' : ' (2.15)

e logic used to construct the field GF(4).

i~

t

Now, comparing the coefficients of ‘Pl(x) in
A

(2.13) with those of 8 and 82 in (2.14}, one immediately
gets\\\__ , -
_ y Y .
3 +x2 + Bzx + B, . (2.16)

)

P (X) =X

The coefficients of PZ(X) then are the squared powers of

the co responding coefficients in P, (X). That is,
N 9 1

T\~;, ' Pg}xi\= X3 + X2 + BX + 52. . F?.l?y

ﬁote that “the powe;s'of B are manipulated over the logic
82=1+B. * The polynbmialx P(x)=1+x+x6 is therefore
f%cto:éd into - )

P(X) = (X7+2%3%4p) (x+x%+px+p?) (2.18)
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where, each factor |is a primitive polynomial with

coefficients from GF(4).

The approach dedcribed above hglds fo? any values
of m and q=25. Hence it 1is possible to list some
results rather than gging. through all the necessary
st ps. ° Table 2.1 sﬁows the factors of <certain binary
primitive polynomials over different Galois fields. It
is based on these polynomial _factors we develop later .
tpg cgn;tchtign of finite projective geometr%es.

{f' =

2.3 CONFIGURATIONS OF PROJECTIVE GEOMETRIES

13

A finite projective geometry consists of a finite
set of points and a <collection-of subsets called ‘lines,

which satisfy the foilowing axioms [3], [26]:

(ii The set éontﬁihs a finite number of points.
N Every Lihe contains at least 3 points. N
(ii) There is a uniqﬁe line (PQ) passing through
any two dfstinct.points P and Q;' \
(iii) 1f P;_Q, and R are noncollinear points and if

a™Tine L contains a point A of the line (PQ)

“and a point B of the 1line (QR) but does not

\\\\\ﬂ/; contain P, Q, or R, then the line L contains

a point C of the line (PR)._
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(iv) For any point P there are at least two lines

not containing P, and for any line L there
~are at least two pofhts not‘on L.

(v) If P and Q are distinct_points of a subspace

of the projective geometry, then the subspace

contains all points of the line (PQ).

The most : important examples of projective

geometries are those constructed from the finite field

.

m+1)

GF(qg). Consider the Galois field GF{g which

contains GF(qg) as a subfield, where‘q is some power of a
prime, say q=2$. . Let o be a_ primitive elémént in
GF(qm+l). Then every nonzero element Gf‘GF(qm+1) can be
written:uniquely as éhpower o{ ¢, and uging the minimal

function, we can identify uniquély every such power with

m+1

an (m+l)}-tuple, over GE(q); Let n=(g "-1}/(g-1); then

the ‘order of g=a” is g-1l; 1i.e., aq"1 is a primitive nth

root of unity. The g elements 0, 1, B, 82, .o Bq'z

’

form the Galois field GF(g).

The projective geometry PG(m,qg) consists of

m+1_

(q 1)/{g-1) points and is defined by working with the

m+1)

nonzero-elements of GF(g There are g -1 such

- -

m+1

nonzero  elements, and - they are {divided into =
- - '.\'
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(qm+1-1)/(q-l) sets, each set constituting one point of

PG(m,q). Each point of PG(m,q) has qg-1, elements. of

m+1)

GF(g mapped onto it, and this projection suggests

the name projective geometry.

The rule fo(\ forming these sets is that whenever

i

Q is a nonzero element in GF(qm+l)

"and Bj is any
nonzero field element from GF(q), ai and‘Bja} are in the
same set; that is, they are'mabped onto the same poiqt
of PG(m,q). Hence, . the points of the préjgctive

geometry' can be identified with the n=(qm+1-1)/(q—l)

gistinét one-dimensional linear subspaces, of GF(qm+1)
over GF(g). .
= ' \

Specifically, with a and p=a" being the Spective
primitive elements of GF(qm+1) "and GF(g),| we partition
m+1)

the nonzero elements of GF (g into the following

disjoin£ subsets: )
0 0 20 q-2 0
{a”, Ba ", Ba , ..., Bq a},
1 1 2 -
fa”, Ba™, B al, ..., BY ?ai},
2 2 22 - qg-2.
fa”, Ba”T, B o, ..., Bq 3&2},

{a ., Ba e, p38em1y, (2.19)
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Each set consists of g-1 eléments and each element is a
multiple of the first element in" the set. 'No element in

one set can be a product of an element of GF(g) and an

element from a*é&fferent set. - Now, we represent each
set by its first element as A \
(at) t

= {a™ Bai, Bzmi, ceoy thzai}, (2.20)

1@ith 0 £ i < n. Then the n sets (ao), (al), (az), ..
n—l)

" (a will constitute the points of PG(m,q). Note

MLy if @ = gY%d wien

that, for any a? in GF (g
0 €£1<n, "then ad is represented by (al); the g-1

elements in {g™, sa’, Bzal, ceny ﬁq_zal} are considered

to be the same point. | ‘ /,///i/fh_—ﬂ
The projective geometry PG(m,q) of dimension m
over the field GF(g) is the set of the above

m+1—l)/(q—l) points, together with collections of

n=(g
subsets called r-flats, for r=0, 1, 2, ..., m-1, wﬁich
are recursively defined as'follows: The 0-flats . are the
points of PG{(m,q). For any r-flat p(r) and any point
(@ J) not belenging to FFr), there is a unique (r+l)-flat

F(r+l) in PG(m,q) which contains the set of points
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P L (@) o tlathaed))

{(a,atraud)l, (2.21)

It

where (a%) € F(r) and a;,a, € GF(q) are not both zero.
2o, 2 2 .
Let. (a O), (a 1), eeey, {a”T)y be r+l linearly
independent peints in PG(m,q). Then = the r-flat

. £ £ £ . .
containing (q 0), (g Ly, -evy, (a"T) consists of points

2 £ 2
of the form (aoa 0 *a o 1 . o *a a Ty, where a; €
GF(g) and not all a;'s are zero. There are qr+l—1
choices for 3gs 81, eee, C (a0= aj= ...=a=0 is not
allowed). Since there are always . g-1 choices of ag to*
a,. resulting in the same point in PG(m,q), there are
r+l
[r+1] Q" -1
' -
= q" +q" 4 vg Y (2.22)

i

points in an r-flat in PG(m,q).
Y
At this point, it should be noted that, because of
the properties of the underlying vector space, any r-
flat in PG(m,q) has itself the structure of a projective

geometry PG{r,q).



36

Following .the above definition of projective
geometfy,. the anber of r-flats in RG(m,qs._;an be
determined. It is the number of ways of choosiné.r+l
independent points in PG(m,q) . divided by the number of
ways of' choosing r+l independent peints in PG(r,q).

That is, the number of PG(r,q) contained in a PG(m,qg) is

m+1 J

m+ 1 r a --q
= TT - (2-23)

r+1p«3j=p0 qr+1- J

- 4q

This is a quantity known as the Q-ary Gaussian binomial

coefficient [26]. A similar argument proves that, for

any p'and r, with p i)rﬂ&{t\j)gi;en PG(u,qg) is properly
contained in exactly '

-y~ m-p J ‘ .
[m ‘”]:I}%l LI (2.24)

distinct l@:,q) which are contained in a given PG(m,q).

Y ¢
Let (aEI‘) be a point not in the r-flat

2 £ ' 2
7 F(i) = {(aoa 0 *a,a 1 *o.. ta Ty,
- (r)_ 20 21 Lra1
Then EQE r-flat F 1= {(aoak )+a1a ;_,_ +a£_1a .
Lyy _ r) 0 1 '
*a o )} and the r-flat F >'= {(aoa ,*aqa +...

I/ 2.
r-1 r
+ar_la *a_u )} have
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(r-1) _ (2 %0 f’/;fr friyy
PO = Hage P Fajat +... ta qa Y}
. )
as.a common (r-')-flat. We

F(r_l}. The number of r-flats in PG{(m,qg) that intersect

say that they intersect at

on a given (r-1)-flat in PG(m,q) is

- m-r+1 &
| ﬁi n m-r+l ) q - & ?
i 1 g -1

=g +q +... +q +1. (2.25)

L‘\\Jf’_ Every point outside an (r-1l)-flat F(r—l) is in one and

only one of the r-flats intersecting on F(r_l)

L
R - -

2.4 BINARY PROJECTIVE GEOMETRY (PG) CODES

Associated with each r-flat F(r) of -PG(m,q)’,- there

is a binary incidence vector* f  of length

n=(qm+1-l)/(q-l). L ' ' '
£ = (g £10 ener Epq),
whose ith component is

1, if (¢7) is a point in F(r);
' . '
0, otherwise.



In terms of polynomial, we have

r

_ _ 2 - n-1

" which is called the incidence polynomial of the r-flat

p(r)

In this thesis, if no confusion arises, the term

"flat' will be used to denote both the point set and the
agsociated incidence vecfor or incidence polynomial.
Also, due to the definition of projective geometry
corresponding .to the 1idea of conventional projective
space, we will interchangeably call 0-flats, l-flats and

2-flats points, lines and planes, respectively.

An {(r,s)th-order binary projective geometfy code
of length n=(qm+1—
cyclic code over GF(2) whose parity-check space contains

the incidence vectors of all the r-flats in PG(m;q).

To characterize the generator polynomial of a

binary projective geometry code, it ié_negessary to’

define the so-called radix-q weight, Let v be a

nonnegative integer léss than qm+1—l. This integer can
- q -

1

38

. -
1)/{g-1), with g=2%5, 1is the largest

-~
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be expressed in radix-q form as fol{bws:
Vo= W, + w. +ow,gt o+ +owogh . (2.26)
o 7 *19 24 < md \\‘ .

1

where 0 € w. £ gq-1 for 0 £ i S m. The radii—q weight of
v is defined as ‘

Wq(v) = Wyt oWy f y2.+'... W . (2.27)
with additioh over the integer field.:, P

‘From Egs. (2.26) and (2.27), the difference

between v and Wq(v) can be expressed ‘as

-

wilg™1.  (2.28)

||.L"] =N
|,_l

v—Wq(v) = i

Since the right side of (2.28) is divisible by g-1,

’

v—Wq(v) must be divisible 'by g-1. Hence, if v is
divisible by g-1, then wq(v) is divisible by g-1.
"Furthermore, it 1is' clear that 2£v "mod qm+1-1 is

divisible by g-1, and hence Wq(sz) s divisible by g-1.

Eét V be an (r,s)th-order binary PG code with
length n=(qm+1-l)/(q-l), where q=és., Let g(X). be the
generator. polynomiél of Y. With reference to the
GF(qul)= {0, 1, a, az, ...: an( )"1}, 'the element o’

is a root of g(X})- if and only if v 1is of the form

/4
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v=i(g-1l) and max W (2%v) < (m-r)(g-1), where W (2%v)
O<t<zs 9- . . q .

is the weight of the radix-q representation of 2°v [1].
The code V is r-step majority-logic decodable with
J=(qm’r+1—l)/(q-l) orthogonal check-sums so that “the

code has a mimimum distance of at least J+1.

Alternatively, the code V can be characterized by.
the roots of parity-check polynomial h(X)={1+X")/g(X).

With o being the primitive element of GF(qm+1)

. the

element ¢’ is a root of h(X) if and only if v is of the

form v=i(g~1) and max W (2£v) 2 (m-r+l1)(g-1), where
L O<g<s 9 . ,

wq(zﬂv) is the radix—q weight of the number 2%v.

¢

In the above, we note that all numbers 2£v are

" taken modulo qm+1

-1; that is, mbdulo n{qg-1). We also
note that v=0 is always wvalid for a” . fo be a root of
'gfx) and not a root of h(X). That is, 1+X is always a
factor of g(X) and not a factor of h(X). Since g(X) and
h(X) are dual, findiné eithé% of them assures fiﬁding
the  other, we wili consider here .the generator
polyndmial only. The same procedure surely can be
applied to :ﬁhat of finding par%ty-check- polynomial.
Since v=0 is always valid for charadlerizing g(X), we
will restrict our diécussion hereafter to nonzero

numbers of v.
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Prange [33]. first studied certain projective
géometry codes in the late 1950s. He_obtained many
. results on the distribution of ‘weights of the codewords
and coset leaders of certain binary codes based  on
projective geometries and on the. permufation groups

~
)

which preserve these codes.

Weldon [46] introduced difference-set codes, a
subclass of the projective geometry codes. The more
general classes of codes based g finité geometry.were
ﬁinﬁt presented by Rudolph [36],’[371h. Further results
on projective geometry. codes ha;e been ébtained by
Graham and MacWilliams [14], Goethals and Delsarte [10],
MacWilliams andeann [25], Smith [44], and Hartmaan, et
-al. [17].°

Following the above pioneering work, ‘certain
results on proj%Ftive geometry codes have been oBtained.
For example, the. dimension k of_the (r,1)th-order binary

m+1

PG code of length n=2 -1 is found to be

. .
k= I (mgl) | (2.29)
: i=1

These codes are equivalent to the even-weighted subset

of the shortened Reed-Muller codes. On the other hand,



42

the subclass'obtained with m+1=3 and r=1 is the class of

Weldon's difference-set cYclic codes, .. for which Graham

" T
and ‘MacWilliams [14] proved that

n-k =1+ 3% o (2.30)

For the case of s=1, the (1,l)th-order PG code becomes a
maximum-length code which is l1-step majority—logit—

decodable. - -

»

There 1s no simple formula for enumerating the//////
£

number of pariﬁy-check bits for general (r,s)th-order PG
code, Rather complicated combinatorial expressions for
the number ©of parity-check digits of PG codes can be
found in References 15 and 22. However for r=m-1, “the
number of_par;ty—check digits for the (m-1,s)th-order PG

code of length n = (2s(m+1)_1)/(2s_1) is
‘n -k = I+ (m+1)S, o (2.31)

-
=

This expression’ was obtained independently by Goethals
‘and Delsarte [10],AMacWilliams and Mann [25], and Smith
[44].



Chapter IiI

| COSET REPRESENTATIVES FOR FI‘NDING
GENERATOR POLYNOMIALS

Flndlng generator polynom1a1 'is central to _the
design of 11near feedback = shift register encodihg
circuit of an§jn,k) projective geometry code. This
family of éyclic codes can be encoded nonsystematically

by multiplication &f the’ information polynomial I(X)

' with.tﬁe fixed geﬁérato; polynomial ,g(x)=‘go +glx +92X2

*oo. *g, 3 X K o get the codeword V(X). ~Figure 3.la

shows such a multiply-by-g(x)' shift -register circuit. -
With this (n-k)-stage encoding circuit, we simply break
the\informatién'sequenée into k~5it blocks, insert a pad
of n—k'fzeros after everé block, ané pa%ggﬁtﬁé padded

stream through the encoder. This provides a sequence of

.« .

noninsfracting n-bit codewoéds
It is also.possiblé to encode an Sn,k) PG code
with a k-stage shift‘reéister. This iﬁ/éccomplished by

using the parity-check polynomial h(X)= (1-x")/g(x)= hy
5 .

+hy X +hoX . +thk. A systema%}c encoder having

I

-
-

..43-.



/,///ZFENEge therefore shlfted into the channel after the data.

LAY

oy

feedback connections based on the above h(X) is shown in

Figure 3.1b. With the initial switch position at D, the

*
k information bits are shifted simultaneously into the

register and the commupication channel. Then the switch

i£ thrown from<§S§E€€i; D to P' and the register is
[ ]

shifted n- k QﬁFes. The n- k parlty check b1ts formed at

‘Previously in Section 2.4, we mentioned if q is
the primitive element of GF(qm+%{, with g=2%, then for
any (r,s)th—drde: binary PG code\\iy of length

n=(qw+1-l)/(q—l), the element a’ € GF('qm+ ) is a root of

the generator polynomial' g&ﬁ) if-and'.oniy ‘if v is

divisible by g-1 an&. m%i Wq(2£v) < (m-r)(g-1), where
S ’ - !

Wq(2 %,} is the® weight of the radix-g representation of

the number 2¥v mod®n{g-1).

o

Regarding the above, we let S, be the set of

nonzerd numbers v=i(q;l5 such that oY is a root of g(X):

‘since the code V is binfry, .jijcan partition S, into

v
cyclotomic cosets.” From' the conditions characterizing

generator roots, . we know that ™~ we have to examine the

\‘

-nunbers g-1, 2{g-1), ..;,‘ {(n-1){(g-1). Among these

numbers, if i(g-1) 1is an, acceptable number - for some

;_. -’ . . . f

e
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value of i, then so is every number belonging to the

cyclotomic coset containiﬁg i(q-l).( This suggests that
if we can find a coset representative fgom each
acceptable cyclotomic coset, then we can obtain g(x)
easily,‘ since we can then refer to a table of

irreducible factors gs given in, say, Peterson and

. Weldon [31]. By a coset representative we mean an odd

+

. number in the cyclotomic coset.

In this chapter we will use the above line of

attack to derive certain results which are useful for

solving tﬁe,problem of finding g(X).

#

-
rd

3.1 A WAY OF FINDING COSET REPRESENTATIVES

The conventional approach given in [1] or [31] on
finding generator polynomials of binary projective
geometry codes involves the tabulation of cyclotomic

cdsets, . the evaluation of’radix-q weights, and the

selection of acceptable cosets. This series of tasks is

tedious and not suitable for very long PG codes. In
this regard, we propose here an alternative approach on

finding coset representatives for deértain classes of

binary PG codes. ’
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3.1.1 REPRESENTATIVES FOR {(m-1,s)TH- PG CODES

‘These  codes have length n=(qm+1-ll/jq-l) and

minimum distance d 2 g+2, where q=25, and are‘(m-l)-ste
: P

1

majority-logic-decodable.

Let anq_l).denotes the set of numbers {0, 1, 2,

-
v.., nf{g-1)-11. Since 0 < £ < s and m-r=1, . we must _

~

characterize the number v in zn(q—l) which satisfies
2 .

This can be‘easily done by expanding, Vv in binary form to

optaih

L -

s(m+1);1

r

: : ) '
v = bO +b12 +h22 +. +bé(m+1)-12
(3.02)

[l

where b, € 22={0,1}. By!grouping the summands in groups

of s, we obtain

. . s.;l;
v = [b0+b12+ .o +bS—12 ]

L \ _s-1._s
( +Lbs~+ bS+12 + .. * b25_12 12
o
+lb,_ +b s-1. ms
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' o !
which is the radix-g expansion of v, Consequently,
m+l s . -3
Wq(v) = I j§1 bgi-2 o . _ {3.03p)

Multiplying v by 2 modulo qm+1—l = Zs(@*l)—l corresponds

to a cyclic shift of the binéry coefficie by :
2v mod (28(m+1)—1) -
= 2 14
- [D(ms1)s-1 *Po2Z *b12° +... +b,_,25T]
2 . s-1-,s
+[bSTl * b2 + b 127 ol 4b,  S27TT ]2
o - |
: L 2 ' S~-1-.ms
+§f§s_l +bm52 +bm$+12 +... +b(m+1)s—22 ]27".

(3.042) -

From this, the radix-q weight of the number 2v is

obtained to be

_ m+l m+l s 1 ' R
Wy (2v) = 2 Pgig * I, j§2 bgs 32" -
Y (3.04p)
Comparing (3.03b) and (3.04b), it is apparent that
m+1 ,
ZWq(v) -Wq(Ev) = (g-1) igl'bSi‘l'- ] (3.05)

%
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+
Substituting the radix-q weights wq(v) = Wg(2v)
= g-1 into Equ. (3.05), we have
m+1 :
L b_; 4, =1. - (real sum)
) i=1 Sltl
Applying the same argument s times, we obtain
m+1

iEl bsi_j = l, j=l, 2, .«

; 5. {3.06)

The integers si-j are the integers in 21y (q-1) ¥hich are
congruent to s-j modulo s. Hence (3.06) says that the
integers in zn(q—l) satisfying condition (3.01). are

precisely the numbers

280 4ot ypt2 | yolset - (3.07)
'where"izsz med s, iz €‘Zs(m+1). We have therefore
‘proved the following .
‘THEOREM 3.1:

With q-—-zs, nf(qmﬂ'-l)/(q-l), wve have. that the

integers v in Zn(q—l) whose. radik—q weight satisfy

- £ .

wq(z v)=g-1l, 0 < £ < s, iéf.?r¢C1581Y thes numbers
f e § ‘ :

v =204, ... +2 Sql,

where i,=f mod s, and i, € Zs(m+1]- -

-3
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3

In connection with Theorem 3.1, we note that ‘the
number of acceptable integers is (m+1) 5, Hence, by also
uéing the fact that 14X is a factor of g(Xx), we have

straightaway the following

Corollary 3.1:

If g(X) is the generator polynomial of the
(m-1,s)th-order binary PG cede of length’

n=(qm+l-l)/(q—l), then the degree of q(X) is given by

deg g(X) = (m+1)% + 1. ‘ _
' ~
Example 3.1: Let s5=2 and m+l=6, . so- that
s(m+1)=12. The integers in 215 congrdént to 0 and to 1

.module 2 are:

0 med 2

fll

0, 2, 4, 6, 8, 10
1,3,5, 7,9, 11

L]

1 mod 2. »

-’}’



The numbers in 2212_1 satisfying Wu(v)=wu(2v)=3 are,

according to Theorem 3.1,

T 2013, . 2526, oMalag
2%23.g, 2%+23.12, 2%2304,
29+2°.33, 2 “r2°-36, 2%25.48,

2%4+27-129, 2 2272132, - 2%27a144
2%2% 513,  222%s16, etc,
2%2 5049, 2 %2112 2052, e

Let S, be the set of numbers described in Theorem
- a
3.1, 1.e., ‘the set of integers v € zn(q 1) having the
property that " (2%v)= =q-1, 0 2 £ <s. This set S, ¢
be partitioned into cyclotomic cosets. Our next task is
to find a representative from each of these cosets.
Recall that we are 1nterested only in odd numbers, The
ip . i1 lg-1
integers in S, are of the form 2 +2 ... +2 ,
where i, € zs(m+1) and 1,= ¢ mod s. Eor convenience we
19,11 ip ,1s-1
shall represent the number 2 Y +2 25 4,00 #2 by

the set

<ig, iy, ip0 eee, igg>. ~ (3.08a)
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This number will correspond to an odd integer if and

only if i,4=0. The only odd- integers in the coset
containing AO,'il, 12, oeny is—1> are seen to be |

<=l Iqmige eeer ig_gmip2y : (3.08b)

where i, GI{O,'%l, 1o, wuuy is—l}.and the entrjes are

reduced modulo s(m+l).

L]

Exéﬁble 3.2: With s=3 and m+l=4, so that
s{m+1)=12. The integers in 24, congruent to 0, to 1 and

to 2 modulo 3 are:

0, 3, 6, 9 0 mod 3

Hii

1, 4, 7, 10 1 mod 3

2, 5,8, 11 =2 mod 3.

The exponents of the odd numbers grouped by cosets aré

{<0,1,2>, <0, 1,11>, <0,10,11>}
{<0,1,5>, <0, 4,11>, <0, 7, 8>}
{<0,1,8>, <0, 7,11>, <0, 4, 5>}

- {<0,4,2>, <0,10, 2>, <6,10, 8>}
{<0,4,8>}

{<0,7,2>, <0, 7, 5>, <0,10, 5>},
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Therefore coset representatives are
1

20+21+22=7 = 2O 210 211-3073

20i2142%235 = 2%+27 428 385

2°+21+28=25§ = 20 b 125 a9
Y | g

NUPLIVTIN

0. .4 .8

2042%42%2271
204274222133,

)

3.1.2 REPRESENTATIVES FOR (m-2,2)TH- PG:CODES

These codes have length n= (qm+1-1)/(q-l)=
(4m+1—l)/3 -  §nd mipimum distanée” d 2

[(qm-r+1-1)/Lq:;)]+1=22, and are (m-2)-step majority-’

——

'iogic—decodable.

Y F’
Since 0 € £+< 5=2 and m-r=2, we have to
T ‘ -, ‘ . . .
characterize the numbers v in Zn(q—llIWhICh sgtlsfy
wq(zzv) = gq-1, 2(g-1), 2=0,1. C(3.09)
To‘do this, ~we separate the .above condition into four

'sub-conditions:

o~
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Wg(v) = Wq(2v) = g-1; ' -(3,09a)

. Wq(v) = Wq€2v) =.2(g-1); o : (3.09b)
Wq(v)=g-1, Wgal2v)=2(q-1); (3.09¢)
Wq(v)=2(g-1), W (2v)=g-1. - (3.094d)

' With respect to (3.09a), it is ear that the same

arguments of the case of m-r=1 can be applied Here.
Thus the integers in znfq—l) satisfying (3.09a) are

precisely the numbers

i i
204+ 271 (3.10)

where iBEE.mod s, i, € 2z

£ s(m+1)" -

As regards the condition (3.09b), if we substitute
wq(v)=wq(2v)=2(q—l) into (3.05), and follow the radix-q
weights of (3.03b) and (3.04b), we get ’

™Ay

A : -

m+1

E Psisf 2. j=1,2. , (3.11a)

-This says//;;;:. the  integers in Zn(q—l) satisfying’

(3.09b) are Precisely the numbers
% ) -

i it i il - ,
270 4 270 4 71, M (3.11b)

N

where /1, = £ mod s, 1,01, € zs(m+1J’ and 1p#1,.
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- +<  Similarly, for the conditiqq (3l09c) we have -

mel m+1 _
151 bSi-}zo’ ifl bgi_2=3, , ‘(3.12a)_”
and for the condition (3.096)'we have 1
< _m41 _ m+1 e ) .
12y Psi-r=d i§1 bsicp0- - (3.12b)

Hence tHé'integers in Zn(q-1) Satisfying (3.09¢c) are the

—

numbers

2 "

2 + 20, - (3.13a)

~and the ‘integers in zn(q-l) satisfying (3.09d@) are the

.qumbers -

i il in . . .
PRI I O . . (3.13b)

where ig,ié,?ﬁ =4 mod's, i,,ip,ip € Zgpugy, and

. [ ) =N
lz#lz?ﬁlz.

Summarizing the above discussions, we gét the

following

THEOREM 3.2:

‘With q=28=4, n=(qm+l-l)/(q-l), and 'm-r=2, we have
that the integers v in 2z whose radix-¢ weight
n{q-1) :

satisfy Wq(zzv)=q—l, 2(g-1), for £=0,1, are precisely

——
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the numbers

1A i4
+2°0 4271 471

i - iy if
271 4271 4371

' i i i
| 2704271, 1
* i il i‘l

270 4270 4270, )

- ' , '
where ip/igsiy = £ mod s, 1ovipiip € 2541y and

* > f L § 4

Once -the integers: described in Theorem 3.2 are
found;' they ‘can be. partitioned }nto cyclotomic coséts.
Again we want to find a representative from each of
these cosets, and wgﬁare 1nterested only 1n odd numbers.
Representlng .the numbers 2 O+2 1 2 O+2 +0 +2l1+2 1 nd

. 2 O+2 0+2 9 by the sets <1O, 1> 0,10,11,11> and
<10,1O,io>, ' respectively, "we see that the only odd

integers in the coset containing <ig,i4> are

. <iO-iu' il-iu>' iu € {10: il}; (3.14&)

.~.-tFe "only odd integers 1in ‘the coset “containing
<iO'16'il'ii> are S
<~ — LS ] . 3 * > B

YoTlyr o7y 1pTiys iiTip>,

i, € {io,ié, 11,1ii; (3.14b)

ol
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and the ohly odd integers 1in the coset containing
<ig,ig,ig> are

' - » ‘-l 3 LI L B : . !
<igTiys 1071y, 10712, . \

- e
lu € {10r io'r i(‘)‘]- b (3.14C) .

-

~ Note that all bﬁ the abové‘ent;ies are. reduced modulo

1
N

s{m+1).

Exémﬁle .3.3: With s=2 and m+l=5, s¢ that

1

s{m+1)=10, ‘the integers in z;g\bongruent. to 0 and to 1

modulo 2 are:

RS »i

o
~
N
-
F
o
-
[as]
m

O'Kyod 2 o
_l‘tmod 2.

[
w
wu
~J

~
({s]
L

¢

ig i -
The exponents of the odd numbers 2 04271 grouped by

cosets are

.

AN \ ¢
{<0, =, <0, 9>}
i N ; \
{<0, 3>, <0, 7>}
{<0, 5>3. |
I

: : ) ig 13 iy i{
The * exponents of the odd numbers 2 +2 +2 +2
grouped by cosets. are

-
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’ {<0!2lll3>f <0r8r1r9>' <018I7f9>}
6523?2,1,5>, <0,8,3,9>, <0,6,5,7>}

o {<0,2,1,7>, '<0,8,5,9>, <0,4,3,5>}

. 1<0,2,3,5>, &0,8,1,3>, . <0,8,5,7>}

{<0,2,3,7>, <0,8,1,5>, <0,4,7,9>, <0,6,3,5>]

:4,1,3>, <0,6,7,9>, <0,2,3,9>, <0,8,1,7>}
{<0,4,1,5>, <0,6,1,7>, <0,4,3,9>, %0,6,5,9>} -
{<0,4,1,7>, <0,6,3,7>, <0,6,3,9>, <0,4,3,7>)

V‘—_“ : ) . .
{<0,6,1,3>, <0,4,5,7>, <0,2,5,9>, <0,8,3,7>}
+{<0,6,1,5>, %oh4,5,9>},’

. . . - ig iy Lig
The exponents of the ‘odd numbers 2 ¥ +2 +2 grouped

by coset§”§§e

%;o,g,4>, <0,2,8>, %0,6,8>}

0,2,6>, <0,4,8>, <0,4,6>}.
AN

From each of the above cyclotomic cosets, one of the odd

¥ .
A

numbe \Ean be chosen as representative. Converted back
inte ecimals, the representatives are calculated as the

2's powér sums of the associated 2's exponent entries.
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- 3.2 SOME SHRARPER RESULTS FOR CODES WITH

I

m-r=1 AND §=2,3

Though the procedures aiscussed in Subsection
3.1.1 prove effective for finding coset representatives,

they are generally laborious when s or m becomes large.

.Concerning this, we have worked on two specific cases

(s=2 and s=3) to formulate sharper results. The main -

" ideas behind these results,afe as follows,

LY

5

r

: The radix-g representation of a positive integer
2£v5/0 €.t <s, 1is of the‘fbrm
AN ¢ B )
2 v = Wy +w1

£ 2 :
g +t... +w;)qm, w&)e Zq'

Since a "cyclic shift" of 2%y is the number

£ £ £ £ _2 £’
g.2"v = W&J +w%)q +wg)q oo, +w;21qm,

we conclude that the cyclotomic coset containing a
positive integer v is the union of the cyclic class
containing v and the cyclic classes containing 2v, 4v,

8v, ...,. and 2S-1,

. Note that by the cyélic class |
containing 2£v; ve mean set of 2°v and all of its eyclic

shifts.
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3.2.1 CODES WITH s=2 AND m-r=1
. o
A ) ‘ (
The codes with s=2 and m-r=1 are of -length
n=(4m+1—1)/3 and minimum distance d 2 [(4271)/3]+1=6,

and are (m-1)-step majority-logic-decodable.

Since 0 € £ < s=2 and m-r=)l, we are interested in
the numbers -~ v=i(g-1) and 2v=2i(g-1}) such that
Wy(v)=W,(2v)=3. Regarding this, we have to investigate

~only the numbers of the forms:

vi;=1.4% 418t v 189, 154 < sy
Vyp = 1.4O + 2.41, 1 <ismp
_ 0]
vig = 3.4, | » ~ (3.15)

Since W4(2v11)=6, the coset containing viy are
invalid. Thus we have to deal  with only vy, and Vi3
further. Again, we see that.the number Vi3 is contained

in the coset generated by Vip o = 1.4%2.4™, Thus we

0

are left with only v,, , = 1.4 +2.4%, with 1 € i < m-1.

We see that‘Wq_(v12 1)=3 ané that the coset generated by

. . . _ 0 m-1i
v12,1 has in it another number:\)lz'1 = l.47+2.4

L
which has the same form.as v12.1 and is a cyclic shift
of 2v

then each L11=l+2.4l will-produce a different coset.

-

12.1° This means that, if we chocse i < {m/2},-

=



THEOREM 3.3:

~
v

For the case of s¥2 and m-r=1, each number
L11=1+2.gl, 0 <is [m/2],

produces a different cyclotomic coset, and the union of

these cosets fs the set S,-

+

In éonnection with Theorem 3.3, we recall that S,

is the set of nonzero numbers v=i{g-1) sucﬂ that «¢" is a
root of g(Xx). ' -
.\ . .

From Theorem 3.3, and referring to the fact that

every binary PG code has 1+8 as a factor ‘of g(Xx), we

straightaway have the following

¥

Corollary 3.3:
For the case of s=2 and m—r=},' the generator

polynomial g(X) of the (r,s)th-order binary PG code is

given by
g(x) = (1+x).G0(x);G1(x)..L..Gk(xx,

where Gi(X) is the minimal function of ¢ €

GF(2S(m+1)) and x=[{m/2].



61
Example 3.4: For s=2 and m-r=1, cthider the case
of m+l=6, so that the code V has n=(46-1)/3=l365. ‘From

Theorem 3.3, we have the coset representatives to be
1+2.4%3, 1+2.4%9, ang 1+3.4%33.

We see, on referring to the table of irreduciblelfactors
in Peterson and Weldon, under the entry of deg;éé
s{(m+1)=12, that the minimal function of.a3 is MB(X)=
1+x+x3 +x%42% +x10x12)  that of o is Mg(R)= 1+x°+x
+X5+X6 +X?+x8 +39fx12, and that of a33 is M -

4

. 3

6 ) ' ‘ ' 33(x)=
1+X3+X,\'+X?+X9 +X10+X12. This means, in view of
Corollary 3.3, that

g(Xx) = (l+x).MB(IX).MQ(X).MBB(X)
’ = (1+X) (1+x+x x5 045104512,
(1+x2+x%x5+x6+x 74384594 x12)
(1+X +x 6+x 7+x9+x1.0+x1 2) .
implying that the code V has n-k=37.
3.2.2 CODES WITH s=3 AND m-r=1 - "

For the case of s=3 and m-r=1, we have to

investigate the numbers M=i?Q‘l), 2v=2i(g-1), and
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4v=4i(g-1) such_ that Ws(v)= Wg(2v}= Wglav)= 7. With
this requirement of radix-g weight, we need to

_invéstigate‘ only the numbers of the following valid

forms:
0 i
vy = 1.8° + 6.85,
vy, = 1.8% + 2.8 + 4l87,
- 2 g0 i
v23 = 3.8 + 4.87, ‘
T 0 g |
“24 = 7-8 r
0 oW1
U25 - 5-8 +‘2l8.' -
vy = 1.870 + a8 + 2,84, (3.16)
!
Examining the numbers v21=l+6.81, we have
i i+l ., .
2v =2 + 4,87 + 1.8 if i<m
21,1 = = . ' e
2v, , = 3 + 4.8%, if i=m (3.17a)
and
tvy 4 = 4+ 387", if i<n
4v21 5 = 7, if i=m. (3.17b) .
A cyclic shift of 2v,, ; gives
Vi 4 = 1% 2.8™ % + 4,8™, i<m, (3.18a)
] .
i
-



63
and a cyciic shift of 4v21'1 gives

V31,1 = 3 + 48777, icm, 7 (3.18b)

.

Comparing 2v21'2, 4y21’2, v21’1 and v21'1, we easily

- obtain

LEMMA 3.4.01:

~—Each number L21=l+6.81, with 1 < i < m, prodﬁces a

. -
. . e N -
different cyclotomic coset. Al)/numbers of the formsv 2

“éip Voo with j=m, Y23 and Vo, are contained ig_theSe

cyclotomic cosets.

As fér numbers of the form v22=1+2.81+4.83;2 we
- — . v . .
have the following

LEMMA 3.4.02:

Each number L22=1+2.8i+4.8j, with 1 3 i< [(ﬁ-l)/S]
and 2i+l 5 j S m~i, generates a different ¢gclotbmic
coset, In addition, éhen m=0 mod 3, the numﬁer Lé2=l
+2.8‘m/3 +4.82m/3 génerates another cyclotomic 'coset.

All numbers of the form v,, with j#m are contained in

these cyclotomic cosets, » Q;?
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Proof:
For the numbers of the form Viy = l+2.81+4.83, we

note that the numbers v = 1+2.8i+4.8m have alréady

22,2.

been covered in the cosets of Lemma 3.4.01. Hence we
- ‘ ' -
will restrigt ourselves here to the "numbers Vos'q =

1+2.8% +4.89, with j#m. We have

1 +2.8% +4.89, jem;

V22,1 7 .
L 1 J+1,
/—- 2\)22’1 - 2 +4-8. +ll8 .'
4v,, o = 4 +1.8171 42,8471, o (3.19)
, ;

Now let us.-consider numbers L22=1+2.81+4.83, with
2i+1 < j £ m-1i. Since 2i+l1 has to' be 5. m-i, it
immediately follows that 1 < i < [(m-1)/3]. The numbers

of the form v,,, in the coset of L,,, are given by

Lo, =1+ 2,80+ 4,89,
Vhp g = 1+ 2.8MJ 4 g .gMdt,
Via,q =1+ 28071 4 4 g™, (3.20)

where “é2,1 is a cyclic shifF of 2v22,1 and v%z,l__is‘a

cyclic shift of 4v,, 1°

Now we ask the‘question wvhether or not any, or
bq}h, of Vs g and “52,1 can belong to {L22}. Suppose

V5, 1 belongs. Then this means that 2(m-j)+1 < m-j+i
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< Jj. From the leftmost inequality we haveé m-j+l1 <€ i or
Ccejo2 meitl, This is against the supposition of j < m-i,
Therefore “éz,l cannot belong to {L22}. Neft'wé supposé
v%z’l belongs. Then this means that 2(j-i)+1 s m-i s
m-(j~i). From the fightmost inequality we have m-i < m-
~ j*i or j = 2i.. This is against the supposition o% j 2
4§h¥2i+1. Hence véz’l cannot belong to {L,,}. The number
L,o= 1+2.87+4.87, with 1 < i $ [(m-1)/3] and 2i+1 < j s,
m-i, thus generates a different coset, Each of these
coséts contains three numbers of the form Voo

~

‘At this poin{ we have to calculate the number of

) numbers v,, rcovered by the cyclotomic cosets generated
by Los's. Setting m-1=3M+), \» € {0,1,2}, we see, with
respect to L22,' that the number N.c of" the cyclotomic’

cosets is given by

£ M (m-3i)

mM - 3M(M+1)/2 ' ~

Ne

Ife

oo MoASl 3 meA-l moA+2
'3 2 3 3

(m-A-1) (m+x-2)/6.

’

For A=0,1, that is, for m=1,2 mod 3, N, reduces to

C(m-1,2)/3. Her C(x,y) refers to the y-combinations of

4



i

66
x objects and is defined by Clr yd=x!/y! (x-y}!, Since
each coset has three numbers of the form V22,1 and there-
are altogether C(m-l,2) numbers of the form “22,1: we
conclude that 511 numbers of 't:he-form-v'zz’1 are covered

by the cyclotomic cosets generated by Loo's when m=1,2
mod 3. o

-*
e

For the case of A=2 or m=0 modi3, " the number N
becomés [C(ﬁ—l,Z)-l]/3T\implying that C{m-1,2)-1 numbers
of the form v22’1 are covered in the_cosets generated by
Loo's. This means that, when m is a multiple of 3,
there is one more coset not covered'by- {L,,}.  That
coset is the one generated Ry L;,=1 -i-2.'8m/3 +4.82m/3.
This_coset has only one number of the form u22’1. This
we have proved the Lemma 3.4.02. '

.

As regards the numbers of the forms v25=5+2.8l
and v26=1+4.81+2.83, we have the followjnghlemmas. ’

h".k L

LEMMA 3.4.03: - )

Each number L25=5+2.81, with 1 ﬂ i < m-l,lgénerates

. . .
a different cyclotomic coset. All numbers.of the forms
Vag and V,¢g, with j=m or’ j=i+l, are contained in these

- . ot .
cyclotomic cosets.

.
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el

For the numbers of the form v25§5+2.81, we have the
Loa1 i+l

] . i _ '
numbers 2v25— 2+1, 8}+4 8 and 4v25— 4+2.87 +1.8

A cyclic shift of 2v25 g1ves v25~1 +4, 8m+l +2.8™, and a

ml

cyclic shift of 4v25 gives v25 =1 +4.8 +7_2.Bm_l+1

Therefore, if we let L25-5+%.8 ix i < m-1, then all
numbers of the forms v25, 26 1— 1+4.8 +2 8 .- and v26’2=

1+4, 8l +2. Bl+1 are contalned in the cyclotomic cosets

. produced by L25's. Thus we‘qbtain the .stated result.

/

‘LEMMA 3.4.04:

Each number L26=1+g.8i+2.aj;.with 1 i< [(m-2)/3]
and 2i+l s j_s_m-i-l, produces é different cyclotomic
coset. In addition, when m= l.mod 3, the number L26'
+4.8 (m-1)/3 +2. 82(m 1)/3+1 generates another cyclotomlc
coset. All numbers of the form “26' with j#m or j#i+l,

are contained in these cyclotomic cosets.

Proof:

.
For the numbers ox the form v26=1+4.81+2.83, we

have 2V ,¢=2 +1.81+1_‘§4<i:] and 4v,e=4 +2.877% 41,897,

Now 1let wus consider ‘\aumbers Q26=i+4.81+2.83, with

2i+1 £ '§ € m-i-1. Since 2i+l has to be < m-i-1, it
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immediately follows that 1 € i € [(m-2)/3]. *The numbers

of the form v, in the coset of L,¢ are given by
vhe = 1 + 4,897 4 o gmL S
vig =1 + 4,877 4 2,8

~

, (3.21)

where v, and V5 are ‘respectively the cyclic shifts of

2“26 and 4“26'

Now we ask the question whether or not v and/or

V36 can belong to {L,g}.  Suppose v)¢ belongs. Then we

get m-i £ m-i-1. But this is imposgible. Next suppose
Vg beléngs. - Then this means that 2(m=-j)+1 € m-j+i+l < -
m-i-1. From this we have m-3j € i or j 2 m—i.‘ This
contradicts the suppositzon of j < m-i-1, Hence both
Vg and Vg cannot belohg to {Logl. The ﬁu;ber Log=
1+4.8%42283, with 1 i < [{m-2)/3] and 2i+1 < j < m-
i-l, thus generates a different. coset. Each of these
cosets contains‘three numbers of the form v |

V26" .

4

L4

In calculating the number of numbers Vag covered
by the above cyclotoﬁic cosets, let us set m—é=3M+k, A€
{0,1,2}%. We see, with respect to Lyg, that the number
N, of the cyélotomic cosets is given by
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N, = ;»:ipfl (m-3i-1)
S = (m=1)M - 3M(M+1)/2 _
. m-x-2 3 m=2-2 - m-A+l
b e e MR ,
= (m-k-'Z)(rnﬂ—B)_/é- o -

<

. For )=0,1, N, reduces to C(m-2,2)/3, -ﬂPile for
A=2, N, reduces to [C(m-2,2)-1]1/3. Sincé each doset has
three numbers of the form Vog, we have 'that thére are
C(m-2,2} numbers of the form-v26 covered in the cééets
generated by L26's for X=0,1 or mfo,z mod 3. If A=2 or
m=1 mod 3, ‘there are C(m-2,2)-1 numbers of fhe form'v26
covered.in tﬁe above  cyclotomic cosets. ’heéides, the
ﬁﬁmber ©f numbers of the garm v26' contained in the
cosets  generated by’ Log's  is (ﬁ—i)f(m-2)=2m-3.
Therefore the number of numbers of the form 'Vv,g -~
contained in/the- cosets égﬁé;éted by Lps and Log is”
{(2m-3) +C(m¥2,2) ='C(m,2) for m=8%2 mod 3, ané (2m-3)
+C(m-2,2) 41 = C(m,2)-1 for m=l-mod 3. Since €{m,2) is
the total umber of numbers vzs's, .we~ conclude thaF,
when m=1 mod 3, ' there is one more coset not covered by
{L,ocl and {L,c}.  In searching: this coset,.we find that
Vog Vog Vog When i=(m-1)/3 and j=2(m~1)/3+1. This means
that the number L1 +4..8(m"1)/3 +2a82(m"1)/3%1 will
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produce another cyclotomic coset. This coset contains

only one number . 6f the_form Voge Thus we have proved
the Lemma 3.4.04. .
3 ~ : )
. . | . ]
O, the basis  of Lemmas. 3.4.01 to 3.4.04, we

cbncludé with the following theorem.

THEOREM 3.4: N .-
\\P ‘For the case of 5?3 and m-r=1l, the c¢yclotomic

cosets p}oduced by \

e

= 146.8%; with 1 € i < m, -

()
3V]
H

|

Lo, = 1+2,8%+4.89, with 2i+1 € j s m-i,

= 142.8™344.82/3 yitn m=3M, M=1,2,

X
b
I

Lys = 5+2.81, with 1.5 i < m-1,
L,g = I+4.8%+2,87, with 2i+1 < j < m-i-1,

and

Lig 1+4,g(@kl)/3¢2_82(m_1)/3+},
| With mf4+3Mr M=Orlr2'o-ol

\

-

are disjoint, and the union of these cosets is -

5

'the set Sv'

8 5 : ™~
L
2
.
rd
2l

* B

R g |
R ! - :

¢ C - (R
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: Exémple 3.5: PFor s=3 and m-r=1, consider the .case
of m+l=4, so that the code V has n=(84—1)/7=585. From

Theorem 3.4, we have coset‘representatives to be

1+6.81=49, 1+6. B?—385
T 1+46.89=3073, 1+2.81+4.8%=273,
1 2

- 5+42,87=21, .5+2.87=133,

Note  that . there are‘” no coset reprgsentaﬁives
cq:respon@ing to Ly, Log and Log- Thué, if Mi(x) is
the minimal function of al, i=21, 49, 133, 273, 385 and
3073, and CEi ¢ GF(212)r Eﬁen the genééator polynqmial,of
V.will be - | :

-

g(x)" (1+%). Moq (X)) Mug(x) M133(X)

>

!
. -

3.3 A-SHARP RESULT FOR (m-2,2)TH-ORDER BINARY PG CODES

: . 3
The procedures depicted in Subsection 3.1.2 for

finding cyclotomic coset -representatives of the

ﬁhiz,z)fhiordér'bfné:y PG codes are also cumbersome when

the value of m becomes large. - Regarding this;, we
: : : '
formulate in this section an exact result applicable to

« any value:xef m.



72
‘ &
~ For the case of 0 = £ < s=2 .and m-r=2, we have to
\&nvestigate the numbers.v=i(q-l) and 2v=2i{g-1) such
that Wp(v)=3,6 and wy(2v)=3,6. Recall that we are
interested only in odd numbers. .
 With respect to the radix-4 weight quzzv)=3, the

possible odd numbers arec(of the forms

Vg = 1.40 + 1.4i + 1.43, 1l <i<j=nmnm;
Vyp = 1.49+ 2.4%, 1 =i=sm _
- 0
v33 = 3.4., . (3.22)
) -

With reference to the previous discussion on Vi

and Vy 3 a little reflection shows that the same

arguments can be applied to 532 and v33. Thus we have

st%aightaway the following
. &

~

LEMMA 3.5.01:

Each number L32=l+2.41, - wit%. 0 i &[m/2],
D sl b .
produces a different cyclotomic coset.  All numbers of

w

" the forms Vg, and v4q are contained in these cosets.

' . »,

b

wi. 7 As regards the numbers vBr,-we have the foildwing
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-

LEMMA 3.5.02:
~ Each . number 4L31=1+4i+4j,' with 2i € § S m-i,
:generates aldiffgrent cyclotomic coset. In addition,
when mfZ mod 3, the number Lél=1 +4(m+1)/3 +42}m+1)/3
generates another cyclotomic coset. All numbers of the

form Va3 are contained in these cosets.

Proof:

The numbers of the form v31, ~in the coset of L31,
are given by LT | ¥
- 1 J
L31 = 1 + 1,4 f1.4 , o
vyl =1+ 1,470 g g mrl-0r
m+l-1

n j-i .
V3 1+ 1.4 + 1,4 , (3.23)

which ate all cyclic shifts of one another. *

-

Now we k the question whether!or not Vél and/or

L4
"

v3p can belong to {L31j“ Suppose V51 belongs. Then fhis
means that 2{m+l-j) < (m+l-j+i) = < j—l.vﬁ From this we
have j 2 m+l-i. This ‘cbntradicts.the supposition of
j £ m-i. -Next.we suppose v%l belongs. Then this means
that 2(j-i) € (p*l-i) € m-(j-i)." From this we have j <
2i-1, T '§“zontradicts4the supposition of j 2 2i:71
"Hence the hnumﬁers:vél and v51 cannot belgng to {LBI}'

The number Ly=1+4%+43, with 2i <3 s m-i, thus

\
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-géneg@teé a different cyclotomic coset. . Each of these

_cosets contains three numbers of the form Vg -

In calculating the number of numbers v3i covered

~

by the apove cosets,‘we find that, wh ; =0,1 mod 3: all
ﬁnumbérs of the form vslf'are covejzgm\ﬁy the above

MR

- coset’ not covered by {Lji}' That coset is the one

! N - 3 '
.cyclotomic cosets; when m=2 mod 3, there 15 one more

generated by Lél= 1 +4(m+1)/3 +42(m+1)/3 s coset

has only -one number _of Thus we have

‘ m va .
proved thaffle

This concludes the discussion of the numbers sz,
2=0,1, for which Wy (2by)=3.

. Next weiconsider ;ﬁé é§se of wu(zﬂv)=5. _With this

radix-4 weight we will look into the odd numbers of the

following forms:

cvyd o= 2,40+ 2.4 4 3.4d _
vy, = 1.40 + 3,40 + 2.4d ’
‘ vy = 3.40 + 308t ‘ ® ~
vy = 1,40 + 1.6b 4 2,49 4+ 2,48
=1.40 + 2,47+ 143 w2 Y, " t3.24)

VLF5
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Surely, . there are other forms of odd numbers having
: g . - .

weight Wu(zzv)=6, like “~the numbers 3+1.4l+2.43p

3+2.47+1.47, and 1+2.4%+2.49+1.4%.  But, these numbers

, are respectively the cyclic shifts of vy, vy, and vyu;

they are contained -in the cyclotomic cosets: with coset
tepfesgptatives derived from the above listed numbers of

(3.24):

A . ’ - /

Let us start with the numbers V=1 +2.4% +3.49,

We have
2vyy g = 2+2.47 a2 0109 dE gem, iveg
g 2 = 3+ 1.t e 200", i gem, i+led;
vy 3= 2 4 3,40+ 109 i gem, ie1eg;
2V oy = 3 F 5-4m. . if j=m, i+l=3,
) N .

i ' (3.25)

This méans‘thét, if j#m and i+1l#j on‘thé one hand,)or if
j=m and i=m-1 on the other, then the only number, of the
form vy, in the coset of Vyp. is vy .itself.  Thig
leads_th;t each numbég Ly 1= 1+2.4%+3,49, with §#m ;nd
£+1#j, or, with-j=m’and i=m-1, generates a different-
coset. {n tpege'cosets there ié no other number df Ehe:
forT “41'f - | \\45‘

- Fn ]
" W
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Now let wus discuss further 'the cases other{éhan
j#m and i+l#j, and j=m and i+l=j. For the case of'j=m

and i+l#j, we have
. ’ .

1+ 2,45 + 3.4™,

1

n

Vi, 2

vy, o= 3+ 14T+ 2.4, " (3.26a)

A cyclic shift of 2vyg 2 giveé

m-i-1

) _ I. m—i - .
. “41,2 1l + 2.4 + 3.4 AR (3.26b)

For the case of j#m and i+l=j, we have

1+ 2.4% + 3,471

7 4,3 . .
- - 2vyy 4= 2 3080 e 1t (3.27a)
A cyclic shift of 2vy, 3 gives
Vig g = 1+ 2,477 4 3l (3:27b)

Comparing Vi o with: Vil 3 and combaring'vﬁl > with
Vyp 30 . We easily obtain hat each number Ly o=

[ 3 o ’ R ) .
1+2.47+3.4", with 1 <'i < m-2, generates a different

coset. Each of.them has two numbers of the 'form Vi e

T_he‘number'of_numbérs_vql contained in the cosets
generated by Lyg 1 is given by 1 +[(m-3) +(m-4) +.... +1]

= (m2f5m+8)/2: The number of numbers vul-g%ntained in

‘ L ' .-
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the cosets generated by Ly , is given by 2(m-2)=2m-4,
Thereforé the number of numbers vqll contained in the
above cosets is given by-(m2-5m+8)/2 + (2m-4) = C{(m,2),

which is the number of numbers Vi -

Summarizing :the above discussion, we obtain the

following lemma,

LEMMA 3.5.03:

Each number L41=1+2.41+3;4J,‘with i+2 £ j £ m-1, or
with Jj=m and 1 s i € m-1, generates a different

cyclotomic coset. All. numbers of the form v, ‘are

.contained in these cosets.

Concerning the numbers u42=1+3.4l+2.43ﬁ we have

the following

. LEMMA 3.5.04:

Each number L42=1ﬂ§.4l+2.§3, with i+l £ j € m-1, or
;with jsm and 1 < i < [m/2], ' .generates a .different

.cyclotomic coset.  All numbers:of the form vy, _are

contained in these cosets.' .

/
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For the numbers v42=1+3.4l+2.43, we have

2 +2.a1 41,4171 4y 4 3% g jem;

V2,1 T _ _ B
2V, 5 = 3 + 2,41 + 1.4 gf gem, (3.28a)
This means that, if § # m, then the cyclotomic coset

containing Vio g has no other number of the form”vu2 1-
’ . L

This leads that each number L42,1= 1+3.4l+2.4J with

r

j <m, produces a different coset. (}iIn such a coset

there is only one number of the form v,.

T

On the other hand, if j = m, we have

Ci m
Vuz’z = 1 + 3.4 + 2.4%

. - m-i m y
v42'2 =1 + 3.4 + 2.4, | . (3.28b)
where'b&z 2 is a cyelic shift of 2V o Comparing
N » ’ .
“42,2 and Vi2,2' we easily obtain that e;ch number

Lyp 2= 1+3.4142, 4™, with 1 € i-5 [m/2], produces -a
. ? N

different coset. Each of these cosets cgntains two

numbers ‘of ‘the form vuz'except. that, when' m 1is even,

there is one coset 'containing only one number of the

Torm vj,. - . . ‘ )

o



‘of_v43. On the other hand, H&B o= 3+3.
, ,aacyclic shift of “43{2"has the form of V43.

79
~ The number of numbers vué'contained in the above

cyclotomic cosets is given by \1

C(m-1,2) + 2.[({m-1)/2] C{m,2), if m-is odd;

cim-1,2)+2{ [ (m-2)/2]+1
N .

1

I

C(m,2); if m is even.
: ! .

Since there are altogether C(m,2) numbers of: the form
\ - N

' Vior We conclude that all numbers of the f¢fm'V42 are

contained in the cosets of Lys 4 and Lys o.
1} ¥

As regards the number§ of the form_v43=3+3.4l, we
have already seen ‘in (3.25), while discﬁssing the
numbers of the ‘form Vigy that v43;1 = 3+3.4 and,
therefore, v&B 1 = 3+3.41 arfe contaitsed in the coset

LI R LN
generated by l¥2.4m"1+3.4m, a number of the form Ly, in

Lemma 3.5.03. - Thus we have to consider only

-~

1

-
= i R
VqB 2 = 3 + 3.4 y 1l < 1.:< m,
r N t : .
1 L1 i+l ’
2y43,2 =2+ 1.47 + 2,47 + 1.4 . {3.29)

This means that “no cyclic shift of 2v43 » has the form
) ) ] .

.4m+1_l, which is

— N
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The précéding discussion leads to . the conclusion

that each number Ly~ 3+3¢4¥i with 1 < i s {(ﬁ+1)/2],
generates a .differeht coset. | All of these cosets
contain two nﬁmbers'of the form Vi except that, whenvm
is odd, there is éne coset containing only one number of
the form v43.‘

[ 4

-

The number of numbers Vy3, 2 contained in the above{fﬁf\\:>
gpsets.is given by. ' :

2.[{m/2)-1] = m-2, if m is even;
l2.0(m+1)/2-2]+1 = m-2, if m is odd.

& S
Since there are altogether m-2 .numbers of the form

vy , we conclude the following’ ' ;ﬁﬁﬁ
3.2

LEMMA 3.5.05:

Each number Ly 3+3.4l, with 1 < i 5 [(m+1)/2],
generates a diffefent'cyclbtomic coset. All numbers. of
the form Vi3 with -1 <4 S m-1 are contained in these

cosets. . “ ; v s .

-

Next we consider the numbers- of the form ﬁau =

‘1+1,4% +2,49+2,4Y.. wWe have the following

' [ I . 7 .&_ o .
. »
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LEMMA 3.5.06:

Proof: ' _ , .

-«

Bach number Lyy=1 +1.4% +2.43 +2.4%, with i1 < j s

[m/2] and j*1 S u < m-l,"prodhces a different cyclotomic

coset. All numbers vyl w1th u s m- 1l are contained in

these cosets.’ o

'F r the numbers v44=1+1.4l+2.43+2.4u, we have

N -
2 +2.4% 41, 4J+1 +1.a% S e

[4

2Vl
2VuL 2

3 +2.4% 41, 4J+1, if u=m.

With reference to (3.28),‘cwe note that the numbers of

the férm,vuu » have already been accounted in the cosets
] - . .

generated by Ly, of Lemma 3.5.04. THerefore we have to

consider only the numbers . e

_ 1 J u N
\V.LPLP,]. =1+ 1.47 + 2.4% + 2.,4“, u < m;
2V 1

204 2.4% + 1,49t 4 g gutl

" on the basis of these two numbers we see that the

) cyclotom1c coset generated by “4b 1 has the humbers, of

the form vuu, g1ven by

. ‘.

q B
Vhy, = 1741.e R2,49) +2.4Y, uem
Vi o = 1 +1.4Y7d g2 aMd) o gm-IT 0 £
<o Vi 51 . |
y 3

3,
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‘ ir ket rms’ a v 1. d
Comparing the bracketted terms in “&4,1 and ?4%,1 an
following the previous methods on counting the numbers

covered in the cgclétomic cosets, we easily obtain 'the

stated result,

=y

7

~

Finally, we pass on to the last case; -namely, the

numbers of the form Vg™ 1+2.4% +1.4%+2.4". We have

2upg 1 o= 2 +1.atT w2.00 418", dE ie1e], uem;
2v45 2 = 3+ 1.4i+1 + 2.43, if i+1#j, u=m;
’ 295 5 = 2 + 3,47 + 148, if iv1=g, usm
2vy5 4 = 3+ 3.47, if i+l=j, u=m.
P - . This means that the numbers of  the form v45,' " for the

cases other than i+l#j and u#m, are all covered in the

1%chlotomic'cosets,considefed previously. Specifically,
.-

\ith respect to (3.25)-(3.27), the numbers of forms

-

Vs 2 and V45,3 argﬂfovered in the, dosets generatéd by

Ly, of Lemma 3.5.03. With respect to (3.29),. .the

numbers of the form v45 y are coﬁered in the cosets
. ? - "

"generated . by L43 of Lemma 3.5.05, Thus we have to

consider further only the.numbers of the form

Vg 4 = 1 +2.47 +l.43%¢27/;, i+1#3, ue#m;

5,y = 2 +1.4%0 12,49 w2l ¥, L (3.3D)



. B
' Now .let 'us con51der the nuhbers.-L45= i+2.4;
+1, 43+2 'Ae , with (3+1) S.p‘S (m-i-1) for (2i+1) < 3 <
[(m+1)/2], and (§+i+1) < u's (m-i-1) for [(m+1)/2]+1 < j
< (m-2i-2). From these Eonst;aints, it immediately
follows that 1 < i < [(m-2)/4] for the former and 1 S i
< [(m—s)/d] for the latter. The cyclotomié coset of Lys™>

oé
has three other numbers of the form Vyei namely,

gE?'

1 42 8 §3 #1497 +2.4m'3+1+1,

V45,1 T .
Vg q = 1 42,4978 4y g0d 4p g0t
Vs g o= 1 2.7 41 e™" UL +2.4M7 U,

(3.32)

‘where v&5’1 is a cyclic shift of:y45,1, énd “u5,1 and
v£3 1 are cyclic shifts of 2v45 1- .From these numbers
;t can be shown thét UiS,i' vﬁ5’l and “ub,l are not
I .' y ' L - . '+'l
members of {Lus} except when Vig g 15 w1th‘m. efen ané
cu=i=gj=(m+l)/2. The cyclotomic cosets generated by L45
thus each ' contains two numbers of the erm.av45 if.
j=(m+1)/2=u-i, * and four numbers of the form. v45iﬁ

otherwise.

C A
-EA

To calculate ‘the number .of numbers of the form. vhS
contained in the cosets generated by Lys, let us set -

m-2 = 4(M+1)+%, where A €1{0,1,2,3}, and M=0,1,2,

[



B4 o
Then the number N, of cyclotomic cosets proauéed by
LL‘"S iS . ‘ l - T
M+1 o (m+1)/2] 0 o s
NC = Eizl ELJ=2i+1 (m—-21-—3)
M m-2i-2 A
* Lo Ej=um+3)/aj(m"21'3"1)

’ L&
Following certain manipulgtions,- the above expressioﬁ\

‘ can be reduced to

(M+1) (2M+1) (4M+3) /3, for A=0;
(M+1)I8(M+1) 2411 /3, for. A=1;
N =
¢ (M+1) (2M+3) {4M+5) /3, for A=2;

(M+1) [4(2M+3) (M+2)+3]/3, for A=3. .

For m+l odd, =0 or. 2, N, reducés to C{m-2,3)/4.
Since .each coset has four numbers of the form u45’1, the
number of numbers of the form v45’1 contained :in the
cyclotomic cosets of Ly is C(m-2,3). This is'the.jggal
number of numbers of the form v45,1' For m+l even, A=x
or 3, there are M+l cosets each with two numbers of
V4;'1 and - NC—(M+1) cosets' each with four numb‘rf‘ of
Viys g - Therefore, in the case of m+l even, the number
of numbégs of the form Vys g containee in the cyélotomic

cosets of L45 is

o



2(M+1) + 4[NC~(M+1)],
8N, - 2(M+1)

-
3

ﬁﬁ ;%(M+1)[8(M+1)2+1]—2(M+1), : if A=1;
| §(M+l)[4(2M+3)(M+2)+3]-2(M+1), if A=3;

1]

Cc{m-2,3), if A=1; @)
. Y

C({m-2,3)-1, if Ar=3.

This means that, for A=1, all numbers of the form Vi q
are contained in the cosets produced by {thl for x=3,

there is one more coset not covered by {L45} That

- 4
coset is the one generated by L45 = 1 +2, 4(m 1)/

+1. 4(m+1)/2 +2. 4(3"“'1)/"F This coset has only one

number of the form v45 1;

-+

Summarizing the above discussion, we conclude the

pos

following lemma.

. LEMMA 3.5.07:

i

a

Each number L[+5 = ]_—!-2.41 +1_4J _;.2-.45‘.51’ with 1 < i"'S "

[(m-2)/4], 2i+1 < j < [((m+1}/2] and j+i s u < m-i-1"

on the one hand, and with 1 s i [(m-6)/41, [(m+1)/2]+1
< 3 £ m-2(i+l) and j+i+l € u € m-i-1 on the other hand,

generates a different cyclotomic coset. 1In addition,

-



-t

when m=1 mod. 4,,‘ the number Lds;, 1 'iﬂ (m—l)/@
9. 4(m+1)f/2 - 2 4(3m+1)/'1+

5 o . o

86"

+

coset. All numbers of the form v45, with i+1#j and u#m,

are contained in these cosets

On

pl

._,-"‘\-..\

the basis of Lemmas 3.5.01 to 3.5.07,

cBnclude the Theorem 3.5 Below; .

y

THEQREM 3.5:

For

-

N

N

we

the case of s5=2 and m-r=2, the cyclotomic

cosets produced by the following representatives

disjoint, and the union of these cosets is the set S,

Lio

[}

1461429, with 21 s § € mops

144 (M+1)/3, 2 (m+1 )/3

with m=5+3M, M=0,1, 2,00

1+2.4 » with i=0,1,2,...,[m/21;
1+2.4%+3.49, with i+2°s § € m-1,
or with j=m and 1 € i < m-1;
1+3.4%+2,49, yith i41 € § < m-1,
or with j=m and 1 < i < [m/2];
3+3.4i, with 1 < i 5 [(m+l)/2];

are

generates another cyclotomlc .

T



1+4+2,4942.4Y, with i+1 < § £ [m/2]

[
£ . A
= .

]

and j+1 S u € m-1;
Lys = 1+2.47+1.4%2.4%, with
j+i € u S m-i-1 for 2i+1 € j < [(m+1)/2],
: j+i+isu5m—i-1 for [{m+l)/2])+1sjsm-2(i+1); -
he = 142,48 E1) /My (41)/2,5 4y Gmed)/

with m=5+4M, M=0,1,2,....

1

¢

Exapmple 3.6% Consider the case of m+1=5. With s=2

P

énd"m-rhzh the coset representatives corresponding to
< ’ - -
© Lgy are % b
< - .
1+4%45%.31 ana 1+4+4360;

those corresponding to L32 are 3, 9 and 33, as discussed

in Example 3.4; those corresponding to Ly, are

[~

: 3 e o, .
1+2,4 +3,4-=201, 1+2.4 +3.4 =777,

1+2.4%+3.4%=801, 1+2.43+3.4%897;

those corresponding to Ly, are

1+3.4 +2.4%245, 1+3.4+2.4 =141,

1’1+3.42+2.43=1776.1+3.4+2.4“=525,
1+3.4%4+2,a%=561;

L.

87
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,-thos;\ggiiifponding to L43 and Ly, are respectively the
numbérs

)

iats 3+3.4%251 and 1+8+2.4%2.47=165;

and  finally, with m+1=5, there are no coset
representatives corresponding to Lﬁl' ﬁ45 and L¢5. It
is easily verified that all of ‘the above numbers are in
different cosets and that the radix-4 weightsl Sﬁ;khese

Fely

numbers and twice these numbers are 3 or 6.

3.4 DETATLS ABOUT CERTAIN CODES '

Throughout Bur discussions on finding coset
representatives, a few',examples have béen gfvén._to
illustrat the -essential poﬁnts. However, we still
think_it gs{ a good‘idea:to give some more ‘details here
for several moderate .length of projective ééometry
cheé. The Fodes chosen for our demonstrations are the .
(1,3)th—5rder binary PG code of length 73 and the
(2,2)th— and (1,2)th-order biné;y PG codes with the same
length g? BS. We hope that thg illustrations here will

make clear the essential ideas of this thesis,
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3.4.1 (1,3)TH-ORDER PG CODE OF LENGTH 73

)
Consider the, (1,3)th-order binary PG code of
length 73: .for which m+1=3, r=1,‘-s=3, bq=és=8, énd
n=(qm+l-1)/(q-l)=73. “This code has as its parity-check
space al} incidence J;;tors of the 1-flats in “the
projective geometry PG(2,23), ahd is tEerefore 1Fstep,'
majority-logic decodable." S
Let ¢ be 2 primitive element of GF(BB), and- let v
be a nonnegative integer less than qm+1~i=511. it
f&llows that the geﬁerator polynomial of the (1,3)th-
order binarf\é§\'code'bf length 73 has.a” as a root if

and only if v is divisible by g-1=7 and

0 £ max W8(2£vumod 511) < 7. (3.33)"
O=L<3 )

With respect to the above condition, and following the -
discussion of Theorem 3.1, ' we deduce the nonnegativVe
integers vy to be the numbers ‘
i i i ' \/
ve2 %42l 2 (3734)

.

where igzﬂ‘mod s=3, £=0;l,2, and 0-S»i£ < s{m+1)=9, (J

-
fart,
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_The integers Tess thaniﬁ(m+;)=9 and conéruent to

0, to 1, and to 2 modulo s=3 are:

6, 3, 6 =0 mod %
l, 4,7 =1 mod 3
- 2, 5,8 =2 mod 3.3 (3.35)
i) .
The  numbers less than qé+%-l=511 satisfying
Wal(v)=Wg(2v)=7 are, accofding to (3.34), ) -
20421452 50,452 20+2Z<gf,
20421425, 20:2%25, 20275,
20428428, 2042%28 2045758, )
27421422, 232M22, 23427422 L
2321425, 2342M425, 23427425,
23421428, 23:2%28, 23.57.,8,
26020022, 26igtep?, 26.57052
’ 20421425, 26:2%25, 2642745 f
26420428, 20iM08, 26278 T (336

Since we are

interested in odd numbers

RN

for coset

representatives, ‘ye'will,COhsider only the first three

I OWS

of the
i i i
27043714572

with thqr et

above numbers.

Representing the number

(i0:i1:i2>r

we obtain the

eﬁ%?qents %f the odd numbers grouped by cosets:

i

N

#-.

-~



{<0,1,2>, <0,1,8>, <0,7,8>1%,
{<0,1,5>, <0,4,8>, <0,4,5>},

{<0,4,2>, <0,7,5>, <0,7,2>}. (3.37)

Therefore, the nonzero coset representatives are
p

20 + 21 w2 - 7,
2%+ 2 4 25 o 35,
0 L 2

27+ 2 + 27 = 21, {3.38)
Alternatively, with reference to Theorem 3.4, we
can get & sharp result without resorting complicated
manipulations. Especially, according to Theorem 3.4,

the coset representatives cofresponding to Ly, are the

integers l+6.81=49 and 1+6.82=385;‘ the coset

1

representative corresponding to L25 is 5+2.87=21; and

there are no coset representatives corresponding to L22'

Lo, Lpog and Lig. Thus, the integers 21, 49 and 385 are’

' nonzero coset representatives.

-In the above two approaches, it should be noted
that the integers 2O+21+22=7 and l+6.82=385 are actually

r'in the same cyclotomic coset: : s

afEn .= {1,14,2?,56,1%2,224,448,385,259},

e

N
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lgg: =

0,1

and so are the integers 2 +2 +25=35 aﬁd‘l+6.é

st = {35,70,140,280,49,98,196,392,273}.

The integers 7, 21 .and 35 ére therefore the nonzero
coset representaﬁivesr_useful for finding the “generator
polynomial of the discussed PG code.

»

Now, with reference to the Appendix C of Peterson

.and Weldon, we have, under degree's(m+l)=9, the minimal

polynomial entries:

DEGREE 9.
1 1021E 3 1131E 5 1461G . 7 1231A
9 14236 11 1055 13 1167F 15 1541E 17 1333F
19 16056 21 1027A 23.1751E 25 1743H 27 1617H
29 1553H 35 1401C 37 1157F 39 17158 41 1563H
43 1713H 45 1175E. 51 1725G 53 1225 55 1275E
73 0013 75 1773G 77 1511C 83 1425G 85 1267E.

Here, following each coset leader, the minimal function
is given in an octal represenﬁatﬁon. Each digit of the
octal notation .can be transformed into fg}ee equivalent
binary digits which are the coefficients of the
pélynomial, with the high-order coefficients at ~the
left. ’ | |



s

- which has - as binary eguivalent 00

‘register ehcoding circuit for this code.

93

The minimal fynction qgﬁ;espohdlng to coset C? is
the octal (1231)g. The b1nary equivalent of (1231)g is

001 010 011 001, and hence the polynomial representation
is
M7(K) =1+ 1+ xu x4 x9-.
. . A

The mirimal function corresponding ff;e:21 is (1027) g,
1 010 -1;1, and

hence the polynomial representation

' M21(x) =1 + X +,x2 + x4 + X9.

The minimal function q&rresponding to C35 is (1401)8;

which has as binary eqguivalent 001 100 000 001, and

hence the polynomial representation

¢

"M35(X) =1 + X8 + X9.

e

From the above minimal polynomial factors, the generator

polynomial is calculated to be

.?(x) {1+X). M7(X) MZl(x) M35(X)

(1#0). Qexdexbax gy -

y

' 5 (14x+x7 +X +x7) . (1+x8 +x9) ' (3.39)

Hence the (1,3)th—order PG code of length 73 is a

(73,45) cyclic code. Flgure 3.2 gives a,2B-stage shift~
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3.4.2 (r,2)TH-ORDER PG CODE OF LENGTH 85
> -
Let m+l=4, r=2, s=2'and~q=25=4.f'- Con51der the
* - R . . -7
(2,2)th-order binary - _.PG ' code s of__'; length

-

"and only if v is divisible by 22-1=3 and

Vo

n_(qm+l -1)/(g-1)=85. Th;s code has .its. parzty check
k.

space all the 1nc1dence vecgors of the l- and 2- flats in

Qrogectlve geometry "PG(3, 22) .. and hence ‘is 2 step

majonity-logic decodable.-
Let o be the primitive* element of GF(2°). Let v

be a nonnegative integgr less than 24'2*1=255' It

- follows that the generator polynbmial of the (2 2)th—

order binary PG code of lenéth 85 has o’ as a root 1f

~

0 < max_ wWy(2*v mod 255) s 3. © (3.20)
Osg<2 - , ,

The nonzero integers that satisfy the conditions above.

are, accordlng to Theorem 3.1, the numbers

i i .
ve= 20 4 o3 . (3.41)

where izzz mod s=2, £=0,1, and 0 < i, < s{m+1)=8.

S

.,1*{
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polynomials listed in the Appendix C of Peterson

. . 96
The integers less than s(m+l)=8 and congruent to 0

and to 1 modulo s=2 are:

\P, 2, 4, 6 =0 mod 2
1, 3, 5,7 =1 mod 2. : . (3.42)

m+1

. The -odd numbers less than q -1=255 satisfying

w&(u)=w4(2v)=3 are, accdrdingnto:(3.40),

2%21.3,  2%23.0,

2%42°:33, 2%+27-129, (3.43)

I3 -
. i i &
Representing the number 2 0+2 1 with the set <io,}y¥f we

obtain the exponents ‘of the above odd numbers groyped by

cosets to be : k

~

{<0,1>, <0,7>};

3
Co

il

{<0,3>, <0,5>}. (3.44)

Therefore, the coset representatives are 20+21=3 and

2%+27=9.

‘With reference to the. table of .irreducible

and

Weldon, under the entry' of degree s{m+1)=8, we can

derive different minimal fynctions. The minimal

function corresponding to coset Cs is the octal (56




..\/‘23/ ,
’ 97a

‘The binary equivalent of (567)g is 101 110 111, and

hence the polynomial representation is

M3(x) = 1 +X +32 +xl” +x9 .+35\+x8. . a.

Similarly, the minimal function corresponding to coset
Cq is (675)g, which has bimary equivalent 110 111 101, -

. < . .
and hence the polynomial representation

Mg(x) = 1' +x% +x3 +x“ +x9 +x7 éxaf‘

Thus, the generator polynbmial is

gl(x)_ (1+X) . M3(x) M9(X)

{(1+%). (1+x+x +X +x5+x +X )

n

(1+X +x3+x +xs+x?+x )w o ',.4._(3.4'5)

implying that the ' code has n-k=17 parlty-check bits.
,—— . \ - :
Hence, the. (2,2)th-order PG code of length 85 is an

(85,68) . cyclic code. - Figure 3.3 gives a 17:stage
encoding circuit for this code. This circuit is in an
alternatiye‘form of the multiﬁly-by-g(i) circuits shown
in Figure 3.1la.- S ' . ™

g

‘At this point, we are also intqreéted.in finding . -

the generator polyntmial of the (1,2)th-order bihary PG
code of len%ﬁh-as; As we ® shall see,, the generator

ya
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. .
polynomial of °~ the (1,2)th-order PG code has the

. polynomial of (3.45) as a factor, and hence it forms a

subcode of the (2,2)th-order binary PG code of the same

'length. Since the (1,2)th- PG code of length 85 has the
~ parameters r=1l, s=2, q=2s=4,.and5h=(qm+141)/(q—l)=85, we

have m=3 and hence m~r=2, The discussions of Sections

3.1.2 and 3.3 can therefore be appl{ed here.

According to  Theorem 3.2, the odd numbers

satisfying max Wu(zzv mod 255)= 3, 6 are of the forms:
O=g<2

<, il>'
<0, ip, iy, if>,
_ <0, ié, 16>,

FA
corresponding to <0,il>'can be grouped into cosets as

where i,,if=f mod 2, i;#i;#0, and i,,i}<8. The numbers

those given in (3.44); the numbers corresponding to

<0,i3,i4,1i{> can be grouped into the cosets:

Cy5 = {<0,2,1,3>, <0,2,1,7>, <0,6,1,7>, <0,6,5,7>]}
Cy9 = {<0,2,1,5>, <0,6,3,7>, <0,4,1,7>, <0,4,3,5>}
Cys = {<0,2,3,5>, <0,2,5,7>, <0,6,1,3% <0,6,3,5>}
CZ? - {<0,4,1'3>' <0,4;5,7>, <0,2,3;7>, <0,§,1,5>§
Csy = {<0,4,1,5>,.<0,4,3,7>}; | f
’ (3.46)
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and the ¥numbers corresponding to <0,ij,ip> can be
grouped inte the coset -

. ’ ’ &
Czy = 1<0,2,4>, <0,2,6>, <0,4,65}. (3.47)

Thus, the integers 3, 9, 15, 21, 27, 39, 45 and 51 are*

the nonzero coset representatives,

¢

As an alternativé, the coset representativeé for
the (1,2)th-order binary PG code of length B5 can be
found through the approach depicted in Section 3.3.
According to Theorem 3.5, the coset représentative
corresponding to L3 is the integer 1+41+42=21;» the

coset representatives corresponding to L3y are the
numbers'l+2.4o=3 and i+2.41=9;A those corresponding to

N

Ly, are l+2.41+3.43;201 and 1+2, 243;43=225; those

i N
corresponding to Lyo are ‘1+3.41+2.42=45 and

l+3.g1+2.43=141; that correspoﬁdiqg to qu'is 3+3.42=51;
X , ) ‘

and there are no coset representatives corresponding to

~

L31s Lyy, Lyg and Ljc.

Among the above representatives, it can be

verified that the numbers 201, 225 and 141 are

respectively located in the cyclotomic cosets C39A C15

and CZ?' The . generator polynomial of the (l,2)th- PG
- ‘ '

i
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code of 1length 85 1is therefore._the product of the
minimal functions of_,_o;_If’i € GF(ZB), with L;= 0,3,9,
15,21,27, 39,45,51. That is,

g2(%) = (1+%).M3(X).Mg(X) .My 5(X) .My (X)

.
Y

Map(R) M3o(R) Myg(B) . Mg5i(X),  (3.48)

which has gl(x) of (3.45) ”as a factor and is of degree
61, implying that there are 61 pa;ity-check bits in the
code word.  Hence the‘(1,2)th-order binary PG céde of
length -85 is an (85,24) cyclic code.

(?T@ure 3.4 gives a 24-stage systematic e;:;;::;‘\
circuit for the (1,2)th-order binary (85,245 PG code.
Note that the tap-connections here are according to the

coefficients of the parity-check polynomial

(1+x°7) /g(x)

i

M3 (x).M9 (x).nz1 (X)

hp(X)

1

1 +X5+x?+x9 +x10,3x12,413
gl tag17,520 421,22, 20

+X

%3.49)

This is a more economical choice than that using a
61-stage shift register circuit corresponding to the

generator polynomial of (3.48).
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Chapter v

FINDING PARITY-CHECK SUMS FOR MAJORITY"
LOGIC DECODING

Having investigated the coset representatives for
. \

finding the generator polynomials of binary ﬁrojective
geométry codes, we now turn to consider the éroblem of
finding parity-check sums for decoding ﬁhe code,

Forming parity-check sums is central to the majority—

logic decoding of projective geometry codes, “J;

4.1 ORTHOGONAL CHECK SET AND MAJORITY-LOGIC DECCDING

For a iihear code, application of the paritchheck
rules on the received vector will pr&duce 2 -result which
only depends on the error vector. The value ;psulting
from the application of a parity-check rule on a
received vector will be called a parity-check. By a
symbol, we mean a coordinate of a vector, at a given
position. - When 2 parity check rule has a nonzero
coefficient at a position corresponding to a given
symbol, we shall say that the symbol is checked by that

parity check rule,

£ - - 102 -
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An ortheogonal check set of order J on a symbol is
defind to be tﬁe set consisting of ‘a collection of J
ﬁarity check rules, each of which checks that particular
symbol, and such that any other symboi is checked by at
most one parity—check rule of the set., When thE\pg;it
check space contains orfhogoﬁal check sets of order J on
each one of the n symbols,”™ then the very simp1e~
majority-logic decoding‘ methoé can be devised which
permits the correction of any combination of [3/2] er

fewer errors.

Considering the J parity-check rules that are
orthogonal on the first symbol, we observe that, for any
pattern of t errors, there are at most t among the J
parity check rules which fail to be satisfied,. whenever
~the first symbol is not corrupted by error, and at least
J-(t-1) whenever one of the ¢t érrors affesté;the first
symbol. Therefore, provided the number t of errors does
not exceg@ [3/2]), it can be decided by a majority vote
on the J.'parity checks whether or not the first symbol
was corrupted by error. Moreover, the actual value of
the error is given by a clear majority of the J parity
checks whenever the checking coefficient for the first -

symbol is 1 in each  parity check’fule. Now, applying
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the same procedure on each of the n symbols will correct
any combinatfon of [J/2] or . fewer errors. This

procedure is known as one-step majority-logic decoding,

Rudolph [37] first used incidence vectors .of
peints (0-flats) and iines (1-flats) in finite geometries
to construct one-step majority-logic decodable codes.

-However, his decoding procedure was, in general, far

from being able to correct the number of errors that the °

codes theoretically are able to correct. It turns out

that another decoding procedure, known as multiFstep-

majority-logic decoding, can be applied to these codes
to correct a considerébly' greater number of errors.
This ,decoding. procedure, . first introduced by Massey

[27], will now briefly be described.

Suppose there exists, in the parity-check space of
the code, a set of J parity-check rules, each of which
checks a given subset' of symbols; with the same
coefficients, and such that any other symbol.is checked
by at most one rule of. the set, then this set of parity
check rules is said to form an orthogonal check set of
order J on thefsubset cf symbols, anq a new parity check

b )

set can be determined as follows: Let the coefficients

."";k ~
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on_the glyen subset of symbols be 0%1, Ctg' .f." ctk.
Then, with the same reasoning as above, provided the
- total number of errors does not exceed {J/2], the value

of

24 Ctle-t’l’ ‘:'Ctzetz AP +Ctlet)\' : (4.01)

where etlg{etz, ey etk‘are the errors on the subset,
can be determined by a clear majority of the J parity
checks. iHence; the new parity check (4.01) can be
determinéd. Now, - éuppose J new parity checks . can be
determfned to form an orthogonal check set on ausmallér
subset. Then, in a second step, the same procedure will
produce a new parity check with a2 smaller number of
symbols iﬁvolved. If gg}s procedure can be applied
several times until an orthogonal check set of or@ep J
has been constructed on a single symbol, then, at the
last step, the actual value o; the error on that symbol
will be determined; If this can be done for each of the
n symbols, in at most r steps, and if, at each step, the
orthogonal check sets are of:an order at least J, then

the code is r-step majority-logic decodable for a number

of errors not exceeding [J/2].

als

3\
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decoder

shown in Figure 4.1, The error correction procedure is

as follows [23], t24]:

Step 1.

Step 2.

Step 3.

The received vector R(X)=rgy +rjX *+... +r

4

/
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terms of . the above description, a general

for an r-step majority-logic decodable code is

n-1
n—lx

is read into the buffer reqgister,

Parity-check sums orthogonal on certain properly
selected sets of error ‘digits- are forméd by
summing appropriate sets of received digits.

These check sums are then fed'in;o the first-

level majority-logic gates. The outputs of the-~=

first-level majority-logic gates are used to

form inputs to the second-level majority gates.
The outputs of the second-level majority—log}c
gates are then used to form inputs to the third-
level majority gates. This continues until the
last level 1is reached. The J ihputs to the

last-level gate are check sums orthogonal on the

error digit eq.

The first received -didit ro'is read out of the
buffer and is corrected by the output of the

last-level majority gate.
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Step 4. At the end of Step 3, the: buffer register has
beeg.shiftéd one ‘place to thé right. Now the
second received gigit ry is in the first stage
of the buffer reé@ster'and will be corrected in
exactly the same manner as the first received
digit ry was. The decoder repeats Step 2 and
Step 3.

Step 5. The received vector is decoded digit by digit in
the manner described aboyve for a total of n

shifts.

With the above discusgion, it is apparent that the
formaEién of parity check sﬁmg.ﬁiays a key role in the
design of majority-logic decoder.  For an (r,s)th-order
projective geometry code,  the parity-check sums are the

incidence vectors of the-r-flats in the projective

- gedmetry PG(m,ZS)L Hence, in the remainder of this

chapter, we will devote our efforts on the construction

of binary projective geometries.
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N | > n stages shift fegister ——;GE}—

1st level
majority
gate

2nd level

} ll.
(r-1)th level

2 rth level

Figure 4,1 General r-step majority-logic decoder. -
LY
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4,2 THE RECURSIVE FORMATION OF ORTHOGONAL CHECK SETS

o
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The orthogonal parity-cheék sets of binary PG

‘codes are associated with the structure of projective

‘geometries. They can be obtained from the construction

-

of.orfhogoﬁal ‘'r-flats intersecting on an (r-l1)~flat in
PG(m,q), with r=1, 2, ..., m-1l. This is done by f{rét
establishing a téﬁle list expressing all 0-flats of
PG(m;q) in terms of combinations of the basis elements

m+1)

of GF(qg . And then, according to the configuration of

PG(m,q), by rgcursively connecting an (r-1)-flat and a
point outside of it to form an r-flat. The details are
as described below.
~
AN
I

4.2.1 ESTABLISHING O-FLATS OF PROJECTIVE GEOMETRY

/

Previously in Section 2.2, we mentioned the *

 factorization of binary primitive polynomials inte g-ary

primitive polynomials. Especially, we gave a table list _
(Table 2.1) on polynomial factors over different Galois
fields. With respect to this table, we note that the

factors are monic polynomials of the form

m+1 m /’3&'

Pi(X) 'I= X .+Pimx +..a +Pi1X *+Pig» (4-.02) '



(F<)\>HETE the coefficients pij's are taken from GF(q).

. Corresponding to either of these factors, if ¢ is a

‘(m+l)~-stage shift register to generate

“elemelits of GF(q

110

primitive element of GF(dm+1),'then the eipression‘

n-*_ -

m+1 : ' ;
19 MERRS FET- 208 FYN (4703)

m
a = . +P.
plma pl , M=

will provide a logic for connecting feedback

aps of”an .
the field
m+1)"'”

LY

-

e

Preciselx, we connect the linear feedbé;k shift
regisﬁ?r in accordance with thé logic {4.03), aﬁd load
the memory cells with thé:ﬁﬁitial_malaf 000 ... 0O1.
éhen te the regular beat ‘of g cloég or other timing

device, the contents of each memory cell will shift to

_.\_‘
“the next cell. The instantaneous contents of the shift

register will form a fiel&“?lement of GF(qm+1), which is
an (m+l)~tuple over GF(q). ‘Since the" points of the
'Erojective geometry PG{m,g) are defined to correspoﬁé to
m+1) i 2ai

the nonzero elements of GF(qg with a%w Ba™, B

.., and Bq'zal considered to be the same point, B8 being

' the primitive element of GF(q), n=(qul—l)/(q}l) clock

times . ¥ill be enough to gengrétiffphe”‘p6§nts'of the
projective geometry PG(m,q). S

*
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From the definition of an r-flat in a'projective
geometry, we know that the incidence vectors of all of
the r-flats which contain a given (r-1)-flat define a
set of parity checks that are ortthonal on the sum of
the error digits : associated with the _points-of that
(r-1)-flat. For, given an (r-1)-flat F(r_;), any point
(aj) not belonging to F(r"l) is contained in precisely
one r-flat that contains F(r"l). Hence, by the majority

decoding algogﬁthm.described before, a new parity check

" can be obtalned that corresponds to the incidence vector

of the (r-1)- flat (r 1). This can be similarly done
for all of the (r-1)-flats that contain a diven

(r-2)-flat, * which in turn define a set of parity checks

‘orthogonal on that (r-2)-flat. Hence, by induction, we

~obtain after r steps a set of parity checks orthogonal

on a 0-flat, that is, on a, single error symbol.

Based on the above observation, we propose the

following construction of r-flats in PG(m,q). In this

approach, a scratch pad of memory is needed for.

rememheting ‘the location of any single point within the
constructed r- flat. For convenience, - without loss of
generality, we will take the 0-flat (ao) as our object

on forming r-flats orthogonal to it.
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4.2.2 COMPUTER ALGORITHM ON_FORMING ORTHOGONAL FLATS
{ ‘ B

P

To form orthogonal flats, we first select two

i
distinct points other than_(ao), say the peints (a'll

i
and (¢ 2). These two points will form a line consisting

. i is, :
of points of the form (ala 1+a2a 2), where a; and a, are

from GF(g)= {0,1,8,82, ooy Bq"z}, and a; and a,’'are not

both equal to zero. In other words, the line passing

i i
through («a 1) and (¢ ?) contains the points

@1y, (@), (@0 ) (e LeBa 2)
(@ g3 12y

!

e |
(@ lep a2y (4.04]

By arranging the above points in different 1-flats
(as shown by the marks X in Figure 4.2a), we can connect
each of them to the point () (the mark A in Figure

4,2a) and form g+l 1l-flats orthogonal on (ao):

t
Fq

(@9, (™, (d°+alég, («%+pa 1y
(%%, L. @iy,

Fy = (2%, (@2, (@%a'2), (a%pa’?)
%*2) 22y,

r

(aO+B al (a0+8

r s s s



. following we will use the notation F?
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(a%+8(a 1+al2)), cee,

(%489 2 tug i)y},

Faer= (00), (@llep? 22y
(%4 (@t 14p272422)y
(048 (a l4g8-3 12y .

.

(aO+B '2(ali+sq'2a12))}. ‘ (4.05)°

For more than one step majority—logic.decodable PG
codes, once the g+l 1-flats orthogogél on a 0-flat are
formed, .our next task is to form q*1 2-flats orthogonal
on each of these 1-flats. Apparéntly; the g+l 1-flats
of (4.05) can be united into a 2-fl§t. , This 2-flat
contains either ‘one of the ingredientjl-flats. In the

l,j'i i,j':l, 2, .80y

g+l, to-denote the 2-flats orthogonal on the 1-flat Fi.‘

On constructing 2-flats F{j's .qrthogonal on: the

l1-flat Fi, the first one can be simply the union of Fi
to F(i'l'l:

Fig = Ff UFp U ... UFguq. (4.06)

3
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5
This 2-flat surely contains the ingredient 1-flat F|.
Now suppose the point (an) is not in Fiq- Then the
line paSsihg through (ajz) and (¢’1y ¢ Fil-f?“is the set
made up of points of the form (alaj1+a2aj2), with ai,ao
€ GF{(q) 'éﬁd are not both zero. That is, we have the

following pointsf

'(aal),(aaz),(aJ1+aJZ),(aal+Ba32)
b 22 ] 3 -2 3
(®'1+8 aaz), cee, (a']1+Bq aJZ). (4.07)

4

Each of these poinés is located in different 2-flats
(the @ marks in Fiqure 4.2b). Hence we can associate
each of them with the 1-flat F; and form g+l orthogonal
2-flats.

To associate each of the points in (4.07) with the
1-flat Fi, we refer back to the procedures on farming

l-flats orthogonal to the 0-flat (ao

). That is, with
ky W .0 . Koy L. .
@ ") €F;-(a”) and with (¢ %) -being either of the
points in (4.07), we locate g+l points (the X marks
. ) -
in each.row of Figure 4.2b) on the line connecting (a 1)

k2 : 0y .. .
); then we associate {a ) with each of these

and (a
points to form g+l 1-flats. The union of these l-flats
is a 2-flat containing the 1-flat éi.

7

L

TN
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(@) Scratch pad- for censtructing 1- flats orthooona]
to. the 0-flat A,

(b) Scrotch pad for consfructlnq 2-flats orthogonol
to thé 1-flat denoted by AX

Flgure 4,2 SchematiC diagram on forming orthogonal flats.
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«-»r Q+l, ve can form g+l  2-flats F}; --- F}
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In the above manner, for each 1-flat-Fj, i=1, 2,

2Q+1

orthogonal on it, Figure 4.2b depicts 2 schematic

diagram on constructing J=qg+l1. 2-flats orthogonal  to a

or

specified 1-flat. : _ v

For more than two steps majority-logic decodable’
PG codes, we have to go Miurther to construct 3-flats

orthogonal on each of the above 2-flats. . Let Fiﬁu'

i,j,u=1, 2, ..., qg+*l, denote a 3-flat containing the
2-flat ng, which in turn contains the 1-flat F;, and

..

which in turn contains the 0-flat (ao). v

On constructing the 3-flats ?Eﬁu

the 2-flat F{j, the first one can be simply the union of

's orthogonal to _

Fil to Fi,q+1: )
Fi'yp = F{g UF, U oo UFY . (4.08)
This 3-flat surely contains the ingredient 2-flat FEj‘
_ : u
Now suppose the point (a <) is not in Fiﬁl' Then on the
u u
line passing through (a %) and (a 1) EFEBI_F{j we can

locate g+l points: : .

v

-



I

U ou ‘uq u u u
(@ 1), (a0 ), (Grta 2),(a L+Ba 9)
(au1+52qp2)' cees (au1+Bq-2au2),

-

Each of these :boints is in different 3-flats

marks in Figurel4.3)h so ,they can be each ass ciated

with the 2-flat Fij to result in g+l orthogonal 3

This is done by recursively referring back to

procedures on constructing 2- and l-flats..

{

To asSociate F;j with either one of the points

‘ : v
in (#.09), say the point (avz), we choose a point (ax 1) in
_ v

v _ 1 : 2
Fij F; and connect it to (aa ©)

consisting of g+l points (the @ marks in each row of

. This results in a line

?igﬁre 4.3); each can then associate with the l-flat-Fi "
to result 1in g+l 2-flats orthogonal on Fi. | This is

done by referring to the procedures on constructing .
1-flats. That is, with (¢'1) € Fi-(@®) and with (a"2)

being a point on the line connecting (avl) and (avz), we'
connect them tb form a line (the X marks in each sub-

column of Figure 4.3). Then we associate eacﬁ point of
the\line with the 0-flat (ao) and form g+l orthogonal
1-flats. The union of thesq l1-flats is a 2-flat. The

union of the above g+l 2-flats is a 3—-flat.
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. ® ® ®-
X X X-
X < e
| Q- &
o X— X X
X—% %
o @—¢ ®
| X X X
b :

Flgure 4.3 Scratch pad for ' -flats ortmogonagl
to a 2-flat depicted at the Ieftmost column,
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In the above manner, for each l1-flat Fi, i=1l,~ 2,

»rg*l, we can form g+l  2-flats Fj; -== F§ o4

orthogonal on it. . For each 2-flat F{j cdntaining the
1-flat Fi, j=1,2, ..., ag+l, we can form g+l '3-flats
Fi'yp == Fiﬁ,q+1 orthogonal on it. Figure 4.3 depicts a
schematic diagram on constructing J=qg+l 3-flats

orthogonal -to a specified 2-flat.

For (m-1)-step majority-loJ;:h\;;;odable PG codes,

by recursively applying the above procedures, we can
form J=g+1 1-flats orthogonal on a O*fiat, ‘J=q+1l
2-flats orthogonal on each of these g+1  1-flats, J=g+l

3-flats orthogonal on each of the above (q+1)?'"2-flats,

and so on. At the end of the recursions, there are

J=qg+1 (m-1)-flats intersecting on each of the (q+l)m_2
(m-2)-flats.

As for the (m-2)-step majority—logf& decodable
binary PG code of 1length 7n=(qm+1-l)/(q~1), the
orthogonal parity-check sets can be simply derived from
those of the‘(m-l,s)th-order binary PG code of the same
length. Recall that, in the (m-1)-step majority-logic
decodable PG code, at the {m-p)th decoding step, u=1l, 2,

veoy 'm-2, there are J=q+1 (m-p)-flats orthogonal on

P

. L
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"each of the g+l (m-p-1)-flats which are orthogonal on

an (m;u-Z)-flat. The first one of .thesel J=q+1

(m-p)-flats is the wunion of the g+l ‘(m-g—i)-fléls
;

formed for the (m-p-1)th decoding step of the (m- th-

order PG code of leﬁgth n.

Each of the above J=qgq+1 (m-p)-flats can be

decomposed into g+l (m-p-1)-flats. Totally, we will  —

get (q+1)2 (m-pu-1)-flats. However, the one the J=g+l
(m~p)-flats are orthogonal with is being counted g+l

times. ' Hence “~we have actually (q+l)2—(q+l)+1 =

(qj—l)/(th) different  (m-p-1)-flats which are -

intersecting on an (m-p-2)-flat. These (m-p~1)-flats

can be takegﬁgg,fhrm a set of J'=(q3~l)/(q—l) orthogonal

check sums for the (m-2,s)th-order binary PG code of

length n.

-

Further proceed the above procedures on the

.(m—2)—step majority-logic decodable PG code of 1length

n=(q™"-1)/(gq-1),  each  of the  d'=(q74)/(q-1)
(m-u-l)-flatslan be decomposed into g+1 (m-p-2)-flats.
Totally, there are (qu—l)/(q-l) different (m-u-2)-flats
which aré orthogonal on an {m-p-3)-flat. These

(m-p-2)-flats can then be taken to form J"=(q4¥l)/fq-l)

1
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orthogonal check sums for the (m—3;é)th- binary PG code

of length n..

-

In general,' by recursively applying the above
decomposition procedures to an (r,s)th-order binary PG
code of length n=(qm+1-l)/(q-l), r=m-1, m-2, ..., 3, 2,

each of the J=(qm_r+1

-1}/{a~1) (r-p+i)-flats orthogonal
on an (r-p)-flat, u=l, 2, ;.., r-1,: can-be decomposed
into g+l (r-p)-flats. Among these J(g+l) (r-p)-flats,

m-r+l

the one the J=(g "=1)/(g-1)- (r-p+l)-flats are

o;thogonal with is being counted J'Eimes. Hence we have
actually Jg+l= (qm-rfz-l)/(q—l) (r-p)-flats which are
interﬁecting on an (r-p-1)-flat. These (r-u)-flats can-
be tgken to form J'=s Jg+i= (qm"r+2—l)/(q—l) orthogonal
check sums suitaSle for the (r-1,s)th~order binary PG

code of length n.

4,3 SEQUENTIAL CODE REDUCTION (SCR) DECODING

Eor—large values of J and r, \the conventional rule
of orthogonalization for decoding long PG codes requires
a very_large number of majority-logic gates, and thus
the decoding complexity becomes prohibitive. However,

(-

S~
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if we are willing to sacrifice the dgcoding-speed, the

decoding complexity may be reduced)

For an r-steﬁ majority-logic decodable PG code,
only one J-input majority-logic gate is needed at each '
level of orthogonalizaticen. The successive check sums
formed at the output -of the pth-level majority-logic
gate, 1 s u € r-1, are first stored in a buffer register
and then combined to form J check sums that are
orthogonal on a ‘properly selected set of error digits.s
These J orthogonal éheck sums are-inputs to the (p+l)th-

level majority-logic gate. The successiu{\ check sums

_formed at the output of this (u+l)th-level gate are

again stored and combined to - form J check sums

orthogonal on another properly selected set of error

digits, These J new orthogonal check sums foﬁm the

inputs to thé (p+2)th-level 'majqrity-logic gate. This
ﬁrocess continues until the l;st level gf'
orthogonalization is reachéd; ‘the output of the last-
level majority-logic gate is the eétimated value of‘a

specific error digit.

"The majority-logic decoding algorithm described .

above ' is called sequential-code-reduction (SCR)
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majbrit?-logic decoding. This decoding scheme was first
proposed by Rudolph [38] and has brought a-new research
direction on the decoding complexity [39]. Usiﬁg this
decoding schémekd only r majority-logic gatés are
required for an r-step SCR majbfity—logic decodable
code, oﬁe majority-logic gate at each level " of

orthogonalization. A buffer register of no more than n

stages is needed between every two consecutive levels of

orthogonalization.

4,3.1 GENERATING ORTHOGONAL FLAT

kg//r\hw/ Consider the decoding of the lowest-order err?L

digit ey with sequential code reduction technigue. Let

.90 = eq + etl + etz LI etk (4.10)

be the.first check sum formed at the output of the

(p-1)th-level majority-logic:.gate, where 0 < tq <'t2 <

.;£1< tk' Let
t t t
= f(®) =1+x1+x24 4+ xr (4.11)
be the orthogonal polynomial associated to €o- At the

successive clock times, the outputs of the (u-l)ﬁh-level

_ majority-logic gate are the fbllowfaé check sums:
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kf§)= A S P TS = AN

=5
n

- . * \

> . o 0, = e, + et1+£ + et2+£ + ... F etl+2(

S . :
 éJ%. ‘ - . (i:j
T <i\; . en_l = €n-1 + etl+niff+ ves * etx+n—1' (4.12)-
AR _ K .
T " Note that the indices of the error_digits are cyclically

shi¥ted to the right one place?egeryvclock time . (if tj+£
is 2 n, it is replaced by tj+£—n). The polynomial
\\\;fésociated with the check sum 8, is therefore .- .

~

’ . . + + .
B SRR i S At SUTI'S SL S CPEE D

which is obtained by cyclicaliy shifting £(X) to the

right £ times, In fact, f(ﬂl(x)‘ is the remainder

o N\ resulting from dividing ng(x)'bf 1+x%,  That is, '
#:Ejijji_j” T i s g Wy o o
s or eduivaIént}y, : o ) '
a |
Q:* c @) e+ o, (k) (1) "
=2 £(x) moa (1+x™). (4.18)
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" Let the first check sum formed at the output of

the pth-level majority-logic gate-be

Sl =eO+e.ti+e.té+ ..."*'e.té. ‘ ‘(4-15)
N - .
" Using SCR majority-logic decoding, the check sums
. : orthogonal on Si are linear combinations of GO, 91, 92,
S cever Bp g ,hbt Si be a.check sum orthogonal on §,. Then -
< Si = €i0% *Ci1% "o+ "Ci,n-1%n-1 (4.16)

Let £;(X) be the orthogonal polynomial associated with

the ertor digits in S;. Then we have’

ELOX) = cof(R) + cyqt ) (0) . -

g Y AL c I8 (4.17)

Combining (4.14) and {(4.17), we obtain

It

Cey n-1
fl(X) (Ciof"cil}.("'....'*'ci'n_lx )E(X)

/‘/‘\

<

C(RIE(X) mod (1+&™). . (4.18)

From (4.18) we see that each orthogonal ﬁolynomial £;(X)

. at the pth-level ofvorthogcnaliiation is a multiple of

-

f(X) with operation taken modulo “1+X",

a : T
U '("
“Thé polynomial £(X)' is called the generating

orfhogonal flat. At each level of <ggg majority-logic

- »
"
'



126

decoding, if we know f(X) and £;(X) and if we are able

to express fi(x) in the form of (4.18), we can form

check sums Si orthogonal on S4 from_(4.16). Therefore,
‘a cyclic code is SCR méjoritf-logic ‘decodable if and
only if there exists a generating orthogonal flat at
each level -of orthogonalization. . In other words, a

necessary and sufficient condition for the existence of

an r-stage sequential-code-reduction algorithm is that

at each stage of majority-logic decoding there exists a
flat that divides each member of a set of J flats
orthogonal on a flat of lower dimension- at the next

stage [38].

4.3.2 FINDING TAP COEFFICIENTS FOR SCR DECODING

Finding the polynomial €;(X) to satisfy (4.18) is
equivalgnt-to finding polynomials C;(X) and D;(X) such
‘that

£1(X) = C;(ME(X) + D () (1+x"). (4.19)

To do this, we have to resort to the Ifamous Euclidean

algorithm [i], [28].



EUCLIDEAN ALGORITHM:

For any two polynomials a(X)

coefficients from some given field

ﬁolynomials s(X) and t(X) such that
s(X)a(X) + t(X)b(X) = (a(Xx),bf

where (a(X),b(X)) denotes the greates
(GCD) of a(X) -and b(X).

The above algorithm involves f
polynomials: (s;(x)), (éi(X)); (r; (X

The initial conditions are

s_1(X)=1, t_,(X)=0, r_,(X)=a(X
sp (X)=0, tg (X)=1, g (X)=b(X

For i 21, g;(¥) and ri(X). are -de
quotient and remainder, respectively,

divided by r; _,(X):

ri_Z(X) = ql(X)rl_l(X) + ri(X)
| - deg rj(X) < deg rj_;

The polynomials s;(X) and t;(X) are the

s;(X) si;zfx) - q;(X)s; ;(X)

5(X) =ty H(X) - qy(XEy (0]

and b(X)

x))r

our sequences

LR

r
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wf{i
, there exis

t common divisor

of

)), and (g;(x)).

Y. (4.20)
fined to be the
when r;_»(X) is
(x). (4.21)
n defined by
(4.22)
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Since the degrees of the remainders ri(X) are strictly
deo;easing, there Qill be a last nonzero one; call it
r,(X). It turns out that-rz(x) is the greatest common
factor of a{X) and b(X), and furthermore that s;(ﬁ)a(x)
+ t,(X)b(X) = r (X).

Now, suppose g{X) and h(X) are the generator and

the pariti;;heck polynomials of ‘binary PG subcéde, with

g*(Xx) and &#(x) being the respective reciprocals.. For
f£(X) being the generating orthogonal ‘flat “in the dual of

the subéodé, we have

. GeD(E(X), 1+x™) = h¥(x), . (4.24)
& \ i
where h*(X)= (l+xn)/§*(x),is the generator polynomial of
ey ‘,._,)‘
the dual subcode” The generating orthogonal flat f(X)

is therefore a multiple of h¥(X),

v f
£(X) = h¥*(X)Tp(X). | A (4.25)

Also, the flat f£i(X) is a codeword in the dual of the

Qubcode, and hence is a multiple of h¥*¥(X),
fi(X) = h*(X)Ii(§)' . (4.26)

i N

N
i
b d
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Equation (4.19) can therefore be written into the form

G5 (R)IRF(RIT (X)) + Dy(X)Ih*(X)g™(x)
= h¥{(X)1;(X). . (4.27)

In the above expression, we note- that I+(X) and
g¥*(Xx) are relatively  prime; otherwise the greatest
common divisor of f(X) and 1+X" will not be h¥(X), and
£(X) will not be the generating orthogonal flat of the
dual subcode. By using “the Euclidean algorithm
mentioned before, we can find polynomials PF§X) and

QF(X) such that

-PF(X)h*(X)If(X) + 0p(X)h*(X)g*(X)
§ = hHx). ' . . (4.28)
e .- . l

£

Comparing Egs. (4.27) and (4.28}, we obtain:

" Pp(X).15(X),

Cl(X) =
D; (X) = Qp(X).1;(X). | (4.29)
Alternatively, the tap-coefficient polynomial

Ci(k) can be ' found through the so-called idempotent

function [26], [32], [45]. For every cyclic code W,



~
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there exists a unique polynomial  E(X) called the.

idempotent of V such that

sy

1) E(X) = EX(X) = B(X7) mod (1+x");
: é) E(X) generates V, and
3) B(X)V(Z)=V(X) mod (1+X") for V(X) € V.

\ )

To find the above idempotent function for a dual
code V¥ of the ¢yclic code V, we recall that h*(X) and
g*(X) are respectively the generator and the parity-
check polynomials of V* if and only if g(X) and h(X) are
respectively the generator and the parity-check
polynomials of V., We have ,1+x”=h*(x)g*(x) for

polynomials over GF(2). Since .1+x"

+has distinct
factors, we also have that (h#*{X),g#*(X))=1. Hence, by
the Euclidean algorithm, there exist polynomials Pp(X)

and‘QE(x) such that

f Pe(X)h*(x) + Qr(X)g*(x) = 1. (4.30)

With respect to the above expression of (4.30),

let us define the term

E(X) = pﬁ(x)h*(x). o (4.31)

3
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Clearly, E(X) 1is a codeword in V¥, We multiply (4.30)
by Ppt(X)h*(X) so that

Pg(x)h*z(x)+PE(X)QE(K)h*(X)g*(X) oot
= Pé(x)h*z(x) mod (1+x7). - (4.32) J///”/

That is, ‘ o o

’ Pr(X)h*(X)

C o

E(X) = E(X) mod (1+x), (4.33)
50 E(Xf%PE(X)h*(X) is an idempotent function of V¥,
. )

- When sequential code reduction is applicable, f(X)

is a generating orthogonal flat of the dual of the

&

subcode. Consequently, there exist polynomials Pp(X)

and Qp{X) such that
pF}x)fix) * Qp(X) (1+x™) = n*(xh. (2.3
Multiplyiég the -above by PEtX) of (4;30), we obtain
p(xifix) + Q(§x(;+xn) = E(X) | (4.35)

P(X)

It

Pg(X).Pp(X);
Pr{X).Qp(X). - (4.36) .

)]

. Q(X)
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In other words, a polynomial P(X) can be found such that

P(X)E(X) = E(X) mod (1+K"), (8.37)

where E(X)' is the idempotent function of the dual of the

-~

subcode.

Since for any codeword fi(x) in the dual subcode,
the idempotent E(X) has the property that E(X)£; (X} =
£1(X) mod (1+X), every £](X) can be multiplied by P(X)
of (4.35).;to obtain a set of C; (X) which could be used
to impiﬁmenf seéuential code reduction. Precisely,
multiplying both sides of (4.35) by fi(X), ‘we get the

expression

»

P(X)E{(X)E(X) + QIX)E](X)(1+x")

= B{X)E](X). h - (4.38)
b @ r;?
This is exactly the equation, (2.19):
C; (X)E(X) + Dy (X)(1+X") = £!(X),

1
¢

with

C; (X) = P(X).£;5(X),

Di(X)n

Q(X).£5 (X). (4.39)
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4.4  EXAMPLES FQR (r,2)TH- PG CODES OF LENGTH 85
S

In this section, we will give examples on £Pnding
orthogonal parity-check sums for majority- logic decoding
projective geometry codes. The codes chosen for our
demdnstration here are the (r,2)th-order binary PG codes

of length 85, with r being 2 and 1.

4.4.1  CONVENTIONAL ORTHOGONAL PARITY-CHECK SUMS

As depicted before in Table 2.1, the binary

primitive polynomial P(X)= 1+X +X3+X4+x8 has two
primitive factors over GF(4)= {O,l,B,B }. By taking the
4 +x3

first factor Pl(x)= X +BX2 +8X +3, we have the

corresponding logic

oaLF = a3 + Ba2 + Ba + B. - (4.40)

From this logic, together with the logic 82=l+8, the

. (QBQ) of PG(3,22) can be

points (ao), (al), ..
gengrated.' Table 4.1 géves these 0-flats of the
geometry PG(3,22). It is b;sed on thié; table we
construct the 1- and 2-flats in PG(3,22) and accbrdingly

rm orthogonal check sums to decode the two-step

| majority-logic decodable (85,68) binary PG code.

“\
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TABLE 4.1 *

-
<

PG(3,2°)

Points of Projective Geometry

. [ .
ONMMHAHNOOHNOAOFAMMONNOODOMMANNASNMNOAHANONONAAANCMON

NNMAOCOOMAOMOMANNOAACOCONNMAMNOHNHOMANAMOMAON—HO A

ANANOOOMOAANNAMNAAOAAAAMAOANNNACOMAONOMANNOAA

. L .
HOOONNHAHMORNNAOMFE MMM AONHOAOONOMONM MMM mMNO

OACONOMONMHMMAHMHMNOONMNMAAAONNMMNANNONNNNAHN
e
/

v

COOCHHMMNMNOMAMONFAMNANNMNOAMNMOMOOACNOANMANNONNNAHOSO

ORNMPDORO A
—

* In this table, the first column re

o
o]
(7))
v M
QU e
0.0 >
T EA
oOJuw
e >
o
Qe
00
Cw o
] oF
0 tn
U -~
(TR W
Qo
m'
o0

col

g

in the remainin

and 3 represent elements B and B

element o;
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Consider the 1line passing through (al) and (a?)

vhich consists of points of the form (a1a1+a2a2), with

a;,ap € GF(4) and not both zero. These points are the

one-dimensional projective subspace of the - two-
- dimensional linear subspace of GF(44) over GF(4). From

Table 4.1, we see that these points are those field
elements al= pi3a3 +pi2a2 +pila1+pi0 having coefficients

ro-

Pig=P3370. That is, they are

L2

1), @®, %), («

(a ), (a9, (4.41)

Each of these points can then connect the point (ao) to

form five different lines intersecting on it.

In particular, the line passing through (ao) and
(«l) is

= 1%, b, @@y, ("

F. (a72)}; (4.42a)

=

the line passing through (ao) and (az) is

Fi o= {00, (0?), (@39, (59, (%%} (4.22b)

’

and the remaining three lines passing. through (ao) and

26

either one of the points (a“7), (auz) and (a?a) are

respectively

-



136

C Ry = 169, @), 60, 28, W0, (2.42¢)
F, = 1@, @), %), @20, %), (4.424) .

and - S
Fp= 12, @,6®), @), (aze)

Y

We have therefore constructed five 1-flats whi;ht are

orthogonal on the 0-flat (ao).

Once the five 1-flats which .have (ao) as 'the
common.O—flat areidetermined, our next task is to form
five 2-flats intersecting on each of these 1-flats. A
2 flat that contains the 1-flat {(aoao+alai)} is of the

\orm ((a ao+a1a1)+a2a3) where (aJ) is not in

{\hogo+a1a )}.  The 1l-flat F{ given before consists of

points (aoa0+a1a ). The points (az) and (a3) are not in

Fy and thus_form a line consisting of thé*points

(@®), (@), («? +a3)(a27)

(@Prpe)= ("), («4p%))- (4.43)

By arranging the above peints in different 2-flats, we.
can connect Fi to each of them and-form five orthogonal

2-flats?’
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2
For the 2-flat passing through F{ and (a”), we-"
follow the prev1ous d15cuss1ons on Fi to F5 aqg‘will get

1mmed1ately the following:

= 1a%; @l ), @), (™), 7y,

= (@®),9),59), %,

@, @, (02, (76,
(auzhwazz)(a2°>( 78,

(2, %), (a3°

)}. - (4.44)

—

{

Similarly, for forming the 2-flat passing through
Fi and (aj), we first locate those points on the linéﬂ

connecting (al)'and (aj); they are

3)(51

T @h, @), had)=odh)

(o D) e(a®), (¢ +a%3)=(4 8%,

P as |
0

then "we connect (a™) - to each of these points and

complete the fiollowing 2-flat:

P = 1eh: @, @), @), @7,
(@), (a® ), (5%, (83,

(@i (@, (), (8,
@), @18, (647, (o5

(a83),(a4§),(a57

)
), (a9, e a6)

Pk
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~In the above mahner,h the 2-flats péssing thfough

Firaﬁd the respeltive po{Ets of (az?), (a43) and (a7 }

can all be —simi;arly'de;ived. Table 4.2a indicates

thésevfivé 2-flats. Note'tha;, for easy references,-we

w "

'do  not put the points of ‘the 2-flats into their
.numerical order, Instead, ng%ntentlonally gather those

points (with the exception of the common 0O-flat {0}) of

R}
l-flats into units. =

TABLE %.2a%

a

Polynomials orthogonal on {0, 1,25,41,72}

. ~ - b
{0, 1,25,41,72; 2,50,59,82;26,23,28,76;
: 42,12,20,78;73, 8,30,661},

{0, 1,25,41,72; 3,-5,53,62;51,17,34,68;
: = 60,16,47,61;83,48,57,80};

{o, 1,25, 41 72;27, 7,19,49;24,40,71,84;
: 29.11.75.81:77,22.58. 651,

i - {0, 1.25, 41, 72:43,36,55,63;13,14,38,54;
¢ 21, 6,10,39; 7§ 4,15, 33}

{o, 1, 25 41 72 74, 18 64,70; 9,32,35,37;
31,44, 45 69 67,46,52, 56}

o -/

* In this and the following tables, the integers
inside the brackets are powers of X.

- ' . R

'y

4 Sep—
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| TABLE 4.2b
Pélynomials orthpéonal on {0, 2,50,55,82}
J -
-‘l\-?% .
{0, 2,50,59,82; 1,25,41,72;26,23,28,76;
(,,__/4/ 42, 12 20,78;73, 8,30, 66},
{0, 2,50,59,82; 3, S,53,62;27, 7,19,49; ,
=  43,36,55,63;74,18,6¢, 708, 1

{0, 2,50,59,82:51
21,

{0 2 50,59,82;60,
. 67,

{0, 2,50,59,82;83
31,

,17,34,68; '9,32,35,37;
6,10,39;29,11,75,81}

16, 47 61;24,40,71, 84
46,52,56;79, 4,15, 33}

,48,57,80;13,14}38,54;

44,45,69;77,22,58,65}.

]

\

~ : TABLE %.20
cPolynomials orthogonal on {0,26,23,28,76}
) $P ,‘ i1 on {0 1761

{0,26,23,28,76;: 1
Y

{0, 2q“33 28,76; 3,
: ©31,

(0,26, 23{&8 76; g;/

7,

43,

,25,41,72; 2,50,59,82;

,12,20,78;73, 8,30,66},
5,53,62;29,11,75,81;

44,45,69;79, -4,15,33},

17, 34 68;13,14,38,54;

7,19,49;67,46,52; :56},

{0 26,23,28,76;609,16,47, 61 9,32,35,37;

{0,26,23,28,76;83
24,

36,55, 63 77,22,88, 65},
,48,57,80;21,-6,10,39;

40,71}84;74,18)64,70&.

5 =
|

; ¥
i
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‘TABLE 4.2d
Polynomials orthogonal ‘on {0,42,12,20,78}

. {0,42,12,20,78; 1,25,41,72; 2,50,59,62;
26,23,28,76:73, 8.30.66},

{0,42,12,20,78; 3, 5,53,62; 9,32,35,37; - -
'13,14,38,54;24,40,71,84}, -

{0 42 12,20,78;51,17,34,68;74,18,64,70;
' 77,22,58,65:79 441533},

{o,42,12,20,78;60,16,47,61;21, 6,10,39¢
27, 7,19,49;31,44,45,69},

{0 42,12, 20 78;83, 48 57,80;29, ll 75,81;
-43, 36, 55 63;67,46,52 56}

TABLE 4. @ |
Polynomials orthogonal on {0,73, 8,30,66}

~

L]

{0,73, 8,30,66; 1,25,41,72; 2,50,59,82;
26,23,28,76;42,12,20,781,

{o,73, 8,30,66; 3, 5,53,62;21, 6,10,39;
67,46,52,56;77,22,58,651,

{0,73, 8,30,66;51,17,34,68;24,40,71,84;
'31,44,45,69;43,36,55.63},

{0,73, 8,30,66;60,16,47,61;13,14,38,54;
29,11,75,81:74.18.64.,70%,

{0,73, 8,30,66;83,48,57,80; 9,32,35,37; o
27, 7,19,49;79, 4,15,33}. o}
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Following .the above procedures,
Fi, 12 i s 5, we .can form five 2-f1
it. -The incidence vectors. of these
given in Tables 4.2a to 4.2e.  We
constructed the 1- and 2-flats of PG(3
2-flats orthogonal on an appropriate 1
five abpropriate l1-flatg orthogonal

0iflat (o0). -

Using the incidence polynomials o
given in Tables 4.2a to 4.2e, two level
sums can be formed  to decode the d

binary BG coag. Let Si denote the su
.at’;he 1ogations corféspdnding to the

1 £1i <5, Then for each-errqr sum Si
paritﬁ-qﬂeck sums S{lq Sior  eees ;5

which are formed based on the incidenc

Thus, S: c

five orthogonal 2-flats. i

corfectly‘provided that there are two o
the error‘vector. rThe egror sums Si,
areforthbgonal on t@e error digit egy-
can be determined from these error su
(85,68) binary PG code is two-ste
decodable. Figure 4.4a shows a two-lev

decoding cirtuit for the above PG code.
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for each-l-flat
ats orthogonal on

25 2-flats "are

have therefore
,22), wiﬁb'five
-flat, and with

on the specific

f the 25 2-flats
s of parity-check
iscussed (B85,68)
m of error digits
points on F. for
, there are five
orthogonal on it
e vectors of the

an  be determined

Sé, Sé, SA and Sé,

ConsequentIy,.eO

ns.  Thus, the
ﬁ .
p majority-logic

2]l majority-logic

r fewer errors in
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As for the (1,2)th-order (85,24) binary PG code,

we note %hat' it is l=-step majority-logic decodable and
"hence has its parity-check spéce ~all the incidence
vectors of thé l-fiats in PG(3,22). From the previéJs
discussions on forming Z;flats of PG(3;§2), we recall
that the 2-flats are unions of the _éppropriate 1-flats
in PG(3,22). Hence we can simply de&&mpose the 2-flats
.to gFt 1-flat. components. The collection of these
l-flats will then form a check set for the (1,2)th- PG

code of length 85, 1
r
. 3
For ‘example, on refenrinq Table 4.2a, the 2-flat.
Fyq of (4.44) 'can‘be decomposed into the five 1-flats
given in (4.42);: the -2-flat Fj, of- (4.46) can be

decomposed into the five 1-flats:

{0, 1,25,41,72}, _
{o, 3, s5,53,62}, {0,51,17,34,68}, N
{0,60,16,47,61}, {0,83,48,57,80}; . {(4.47a)

the 2-flat F£3 of the 3rd row of Table . 4.2a can be

decomposed intc the five l-flats:

{o, 1,25,41,72}, ‘ .
{0,27, 7,19,49}, {0,24,40,71,84},
{0,29,11,75,81}, {0,77,22,58,65}; .\ (4.47D)



‘and so on _foé\the ‘Eﬁber 2-flats. We can therefore

-
»
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obtain 21 1-flats orthégonal on the 0-flat {0}. Table
4.3 gives the incidénce éolynomials for these 21
1-flats. The error digit ey can therefore be éetermined
correctly ffom‘the ipafity-cheqk sums formed from ' the
above l-flats provided that there are 10 or,fewerierroréf
in the error vector. Figure 4.4b schematically gives the:
one-level majority-logic decoder for the (85,24) PG_podé}
J TABLE 4.3 |

Incidence Polynomials for (1,2)th-order ‘
binary PG code of length 85 , RS

{o, 1, 25, 41, 72} | {0, 16, 47, 60, 61}
{o, 2,50, 59, 82} {0, i?, 34, 51, 68}
{0, 3, 5, 53, 62} {0, 18, 64, 70, 74}
{0, 4; 15, 33, 79} {0, 22, 58, 65, 77}
{0, .6, 10, 21, 55} {0, 23, 26, 28, 76} ,
{0, 7, 19, 27, 49} {o, %, 40, 71, 84} '
{0, 8, 30, 66, 73} {0, 31, 44, 45, 69}
‘{0, 9, 32, 35, 37} {0, 36, 43, 55, 63}
{0, 11, 29, 75, 81} {9, 4s, 52? 56, 67)
{0, 12, 20, 42, 78} {0, 48, 57, 80, 83}

//vaa&é, 14, 38, 54} C

/ .
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4.4.2 CHECK SETS FOR SEQUENTIAL-CODE-REDUCTION
- DECODING

-

So far, the conventional rule of orthogvonalization
has been used for decoding the (2,2)th-order binary
(85,68) PG ;ode. It is seen that two levels pf
orthogonalization. and a total of six fivé—input
majority—logic'gﬁ%eé are nee?ed. However, if we examine
the geometry-PG(3}22) carefully, the code can be decoded
in two steps using sequentiél-code—reduction majority-

logic decoding.

«Consider the five 1-flats Fi to Fé given in
(4.42a)--(4.42e). 2 " The incidence polynomials

corresponding to these 1-flats are:

£1(R) = 1+ X + %77 +x0 4+ x7%

fé(-x) =1 + x2 + XSO + 359 + 1_:82,

£3(x) = 1 v %23, 5267 vx28 + %70,

E4(8) = 1+ x*% 4 x20 4 "2, 378 |
ELX) =1 + x8 + 230 +.x66 4§73, (4.48)

These 1-flats are orthogonal on the dfflat fo(X)=1.

Furthermore, for each of the above 1-flats, there exist

five 2-flats orthogonal on it, -

«

c
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In order.to‘form parity-check sums for sequential-
code-reduction majority-logic decoding, we have to find
a flat among f£;(X) to fé(x) such that this flat divides
all qther flats, in the sense that the manipulations are
taken modulo,1+385. The condition for the existence of“
~such a generating orthbgonal flat f(X) ~ is that
GCb(f(ﬁ),l+KBs) is ‘the reciprocal of the parity-check
polynomial of the (1,2)th-order binary PG code of length
85. Equivalently, it is the generator polynomial of the
‘dual of the (85,24) PG subcode. ‘ |
By taking f;(X)= 1+X+x25 41 ?2, and with gJ M)

being the reciprocal of (3.48), we find that
ge
.. GCD (£1(X), 1+x2).
rd

= 1 +x2 +x7 +x® 4x7 4310 4x11
x12 4xl% 4515 4217 4319 g2%

(1+x %) /g%(x) = n¥@). (4.49)

This is exactly the generator polynomial of the dual of
the (1;2)th-order binary (85,24) PG code. Hence, by
letting f(X) f (x)~ 1+X+325¥Xul 72 "be the polynomial
assoc1ated to the flrst par1ty check sum Si formed at
the output of the first- level majority-logic gate, gach
incidence polynomial'fi(x) given in (4.48) éag bey

expressed as a multiple of f(X) mod (1+X85):



=

+X
/B 52 155 555 x5 558 1360 262 163,65
66 68 69.+x?3 74 76 .82 83

.Y
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Sbecificélly, with reference to the generator and’

parity-check polynomials “of the (1,2)th-order binary |

(85,24) PG code, as given iniEqs. (3.48) and (3.49),
we have )

~

 pg(x)= 1+x2 +x12,x18 {422,,30 .32 .34
j+x36+;38 +X46+348 +x52+x54+x56 (4.50) i

to be' the polynomial defining the idempotent’function.

E(X) = PR(X)hf(X) of-the dual - of the (85,24) PG code.

Also, we have

Pp(X)= x5exOrxt Cax x5 x 1 751945 22,5 23
+x25,x28,529,x31 ,x33,35,238,439
_+x41+xqu+x45+x4? +x OrxSlag 52,4 5 (4.51)
to be__the polynomial defining PR(X)£(X) = uf(xﬁ mod
(1+x85). Hence we have the polynomial '
. Chs
P(X)= PR(X)Pp(X) mod (1+§85) .
= 1+x +x%+x° +x%+x8 +x9+xlf'+xlz+xlé-+x19+x20
452l 43?2 g2 325 527 (g31 533 g3 1435

+X-

36 537 1539 +x¥0 gt g6 M7 Lz507 451

-

+X +X +X +X +X +X +X .

:(4.52)

p

.
-
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From the above polynomial P(X), together with the

1-flats given in (4.48), the tapvcoefficient polynomials

satisfying £;(X) =\Fi(x)f(x) mod (1+385) are found to be

c (X)) = P(X)ES(X) = 1,
C5(x) = B(X)E )

=1+ x+ x5 3", x7?

r

C4(X) = é(x)fﬁ(x) N
o 2 gl3 ., gx26, Kz?.+ 51 . x67,
Cy(X)=P(X) £, (X)

=;+x+33 +xu+x6 +X1+x” X7 4x

X X X!
+322+X _24+X 25 +X 26+X 30+X32 +X35+X 3?+X 38
o230 ¥ x50 #6489, 50,51

7 .8 11 14 +x2O+x21

+x55+x56+x58 +3-59+X60+363 +x6u+x68
+x71+x73+x76'+x77+x80+382 +x83+x84,

Co(x)=P(RIELR) -
~x2+x8sx9rx10sx124x1 3 g1 L4184
+325+x26+327 +Xz9+x31+333 +xBu+x
+X38+}'§3c,>+xu3 g ag #6547
556,559,561 6%, 565,68

ke g 76 g 77ug 794550

+x48+x
+x7%x
+x81+X

LY

20,423

36,437
51,452
71,472
8l

(4:53)
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Based on the above tap-coefficient polynomialé,

the two-stagé.sequénti;i-dode—redﬁction majority-logic
decoding circuit for‘ the (B5,68) binary PG code is as

1

that shown in Figqure 4.5. !

>

y -

~
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‘code of length n= (g

" acceptable number .for a € GF (g

"

'représgntatives of acceptab

thapter v
CONCLUDING REMARKS
- - ‘"
In thig thesis, we have examined the highly
maﬁhematical étructured brojeéfive geometry codesﬁ§ Our
main - emphasis has 'beejzéﬁ on - determining coset

cyclotomic cosets and on

comstructing - flats "in . finite  projective geometry

Pd(m,q).‘ The knowledge of coset representatfveé plays

an important role in finding the generator polynomial to

_ehcodé the code. ‘The _knowledge of flats in PG{(m,q)

plays-an important Eole in. forming parity-c%eck sums to
decode the codé. N

On the . encoding~ side, we first gquoted the
conditions characterizing roots ~ of generator polynomial

g(%) for an (r,s)th-order binary p}ojective geometry

hl
m+1—1)/(q—1), q=28: Based on these

conditions, .together with  the fact that if v 1is an

v m+1)

to be a roof of-

g(X), then so 1is every  number belonging to the

: cyclotomic"coset containing v, ve devéloped two

- 151 - ’
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different approaches on £he'problem3 ding coset

representatives,

In the 2's exponenti approach. depicted in Section
hle 2's exponent combinations

to form acceptable integers - whiich characterize roots of

&
those valld gdd. numbers = and different cﬁclbtomid

/ .
osets formed From each of these cyclotomic cosets, an

odd number is selected as the representative.:

~ .
| -

In thHe cyclic- classes approach discussed- in

}_Sections 3\2‘end 3.3,. on the ba51s of the concept that

L]

hy » . -
the cyclotomic coset contalnlng a positive 1nteger v is

the wunion of the cycllc class contalnlng v and the

£

0 <% <s, we derived
1Zita1n sharper results. The‘derivatibns ‘involved in

tiis -approach are mueh more colelcated but the results

|
are much eastr for quick references.
. \

N -
. \

A By using the above, ltp| pf-attack, we have
Successfully built up rules for tackling coset
representatives for the,(m—l,s)th— .and the (m-2,2)th-

binary PG codes. In particular, we tabulated sharper

»

nomials. A coset partition.is then made

4
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results for codes with?parameters m-r=1‘and s=2,3, -and
for cbdes with m-r=2 aﬁd séz. From these tabulations, i
if the representatives are Ly=0, Li, Lo, .f., Ly, then

the generator polynomial g{X) is simply the product of

‘the minimal functions of the elements aLi's which'belong

1'1'1+1) . . ' ) . -

[N

to GF(q

—
-

Though our discussions on coset representatives
x L3

have been reg%ricted to limited c%iESes of PG codes, we

'feel that the same idea can be similarly .extended to

other classes of PG codes. Foy example, with. reference
to the discussion of Section 3.3, the (m-2,s)th-order PG

8

codes can be considered for q=2 sub-conditions

characterizing the radix~q weights max W (2£V) <
O<i<s 4,
2(g-1); the (m-3,s)th-order PG codes can be considered
for q=2S sub-conditions cHaracterizing the radix-g
weights "max W‘(2£v) < 3(gq-1); and so on for the other
| Osf<s 4 .
PG codes. Obviously, the problem lies in that when s
becomes large, the logical "conditions to\be considered
grow enormous. - Hence, how to minimize these logical
conditions is an important subject for a further

research.
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‘combinations of the basis elements of GFl(g

| | ¥
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e

Oon the gecbding side, we first justified the -
correspondences between the projective geometry PG(m,q)

and the Galois field GF(qm+1). By choosiné a binary

<(
primitive polynomial of degree s(m+1) Ind factorizing it
methodically, we obtained s irreducible polynomial
factors over GF(Q), each of dégree m+l. Any one of

these primitive factors can then be used as a’iogic to

- construct points of PG(m,gY. These | points are also

termed. O-flats.

The O0-flats derived above can ! be expressed as
"1y, This
alternative expression “ is convenient for’ making
calculations qver”Gqum+1) and hence useful for deriving
r-flats in PG(m,q). -For any (r-1)-flat and anj point
not belonging to it, there is a unique r-flat in PG(m;q)

which contains both the (r-1)-flat and the point. . By

recursively applying this configuration of projective

geometry for r=1, 2, ..., m-1, we determined the r-flats
in PG(m,g) that intersect on given (r-1)-flat  in
PG(m,q). The recursion procedurés here involved series

of searches over the table of 0-fléts expressed in

combinatjpns of the basis elements of GF(am+1).
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- From the above recursion algorithm, it is seen
that‘the proper connection between -an (r-1)-flat and the
appropriate boints plays the key role on constructing an
r-flat. To find these approp;iate points and to
allocate points within the r-flat, a scratch pad of
memory is required to remember the location of all sub-
flats. Apparently, for large values of‘ code lengtﬁs
aﬁd/or large numbers of decoding steps, the scratch pad

of storage grows enormously, Though sequential-code-

reduction technique can lessen. this problem a little, it

is still one of the aspects worth of taking a further

investigation.

Through sequential code reduction (SCR) technique,
a significant reduction in decoder complexity can be
obtainedvat the expense of a modest‘increase'ih deceoding
time. In geﬁeral, for PG codes with large r and J, the
SCR majority-logic decoding technique can gre§t1y reduce
the number of majority-logic gates. Furthéfmore, the
number of‘quulo-z adders needed to form chéck %:Sg are

alsc reduced significantly. There -is an. ingxeﬁ%e of

buffer storaée, from one buffer register of n stages
{for storing the received Egc%cr+~fb r buffer registers;
The major disadvantage of tR majorfty-logié'decoding is




-

A
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the increase in decoding time. The conventional

majority-logic decoding requires n clock times to decode

~the received vector; however, the SCR majo;ity—loéic

decoding réquires nr clock times to decode the received

vector.

-4

The difficulty with SCR majority-logic decoding is

that it is hard to find the - generating orthogonal flat
. {,— -

at each level of orthogonalization. Also, it is still

not fet_ known whether the qeﬁerating- orthogonal flats
exist for the whole class of PG codes. Only through
éqmputer verifications, it is shown that all pfojective
9eome£}y codes of = length n < 5461 can be decoded by an

r-stage sequential code reduction .algorithm using J

orthogenal check sums and one majorityflogic gate at

each stage.: Though we are unable to prove whether thié

holds for all PG codes, we conjectpre that any r-step

orthogonalizable PG code can be decoded up to d=3+1 by
an SCR majofity-iogic decoding: algorithm. If . this
conjecturé proves fo hold, then itJ%écBmes}possible to
consider the  use of very long r—step“?rthdgoﬁglizable PG

codes in practical error-control systems,



Appendii A

GENERATOR POLYNOMIALS OF CERTAIN BINAR
PG CODES '

The generator pdlyno@ialsgi;gggggin.L:Ts4%h—order
binary projective /,gspméf?gjﬁcodes of length n=
(§m+1—l)/(q-1) are .given ﬁéré,, “where g=2°. "They\are
given in octal representétions. . Each digié in the

representation is coded as follows:

0 — 000, 1 — 001, 2 — 010, 3 — 011,
4 — 100, -5 — 101, 6 — 110, 7 — 111.
When the octal representation is expanded ~ in
binary, the binary digits are the coefficients of the
polynomial, with the high-order coefficients at.the left

for the regular polYnomial?(.), and with the high-order

coefficients at the right for the reciprocal polynomial

()%, ,



m+l = 3, r =1, § = 2
g(X) = (063) .(127) .(015)
=- 2325
m+l = 4, r = 2, 5 = 2:
gl(X) = (003) .(5677%.(675)
= 407005
N
m+l =4, r =1, s = 2
g2(x) =

n

gl(X) .(727) .(613) .(477)
.(477)*.(471) .(037)
260230230235241131241

158
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‘m¥l = 5, r =3, 5 = 2:
&
g1 (X) = (0003) .(2017) .(2257) .(0075)
» = 467017713
mtl = 5, r = 2, 58 = 2 y
_ 92(X) = gl(X) .(2653) .(3753) .(3573) .(2107)
.(3061) .(2547) .(3121) .(2701) .(2437)
.(0067) .(3607) .(2355) .{(0051)
= 51537520253115753537131513777746567614
01000733103 .
m+l = 5, r =1, s = 2:
g3(X) = g2(X) .(2653)*,(2311) .(3777) .(3121)*

]

-(2311)*,(2107)*.(3573)*.(3315) .(3607)*
.(3061)*. (2547)%. (3315)+, (2355)*. (0067)*
.(2437)*,(0051)*
767337675032376750444451426557567023620275
020767341146032575047570122224767341171014
756743704033641 |

159
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|

m+l = 6, r = 4, s = 2:
'g1(X) = (00003) .(12133) .(11765) .(13311)
= 3062010324541 - '
‘m+1=6,r=3',s=2:
g2(x) = gl(X) .(13077) .(10065) .(14405) .(13321) °

.(15173) .(10355) .(12331) .(16663) .(16267)
- (¥7545) .(17323) .(13617) .(10571) .(13571)
.(17657) .(13517) .(10621) .(16017) .(00165)
.(14067) .(00023) .(15775) .(17073) .(00013)
727157276113101322072111357002545443477506
224614503433253627611327525507276306130377

. 51666240007005317



.

_ L .
\, .

- ‘;7_.d.,-/ ’ L. -

u;__//mii =6,/r =2, 5= 2: , ‘\;~;
‘*—-.-,-/ R . . . - -
g3(%) = g2(X) .(10761) .(17361) .(14755) .(15415)

.(16475) .(13475) .(13475)*,(10213) .(14111)
.(13535) .(10603) .(16457) .(11657) .(10167)
.(13737) .(10603)*.(15415)*, (16137) .(17141)
+(13737)*.(11763) .(17777) ".(17233) .(11703)
 .(16003) .(14537) .{15347) .(11045) .{10167)*
.(13003) .(10077) .(14313) .(11073) .(10743)
,\;//,//'. . (15353} .(14313)*,(14111)*, (11657)*. (12265)
.(14411) .(10743)* . T14411)*.(10077)*.(11073)*
.(11045)*. (12345) . (16571) . (16571)*. (00037)

m+*l = 6, r =1, § = 2 -

g4(X) = g3(X) .(13077)*.(16475)*%. (17141)*. (14755)*
‘ -{12331)%.(17233)%.(16137)*, (10571)*. (17361 ) *

.(13321)*%. (14405)*. (16457)%. (11763)*. (13617) %

.(11703)*,(13571)*, (15173)*. (10355)*. (13003)*
. (15347)%.(14067)*. (14537) %, (13517)%, (17323)*
. (16003)*.(15775)*. (16017)*. (00165) *. (T0213) *
.(17657);:(16267)*.€00007) .(12265)*.(10621)*
.(17073)*,(000i3)* =~ o

-4



. (54058) .

.(46425)
~(74247)
.{57745)
.(54175)
.(53043)
.(00253)
. (62055)
. (77211)

(52737)

. (62603)
. (72501)
. (46047)
. (51275)
. (66031) -
. (71323)
.(41551)
.(00271)

162

. (00203)

.(62115)
.(73757)
.(47727)
.(47043)

(54473)

.(43723)I
.(41171)

151521310200354764246225375431700754354264

476767370212652500527155371224724666313521

211436771042312402324370232533316012763447

716475146474324221111151243123433040372175

m+l = 7-r =5, g = 22
gl(X) = (00003) .(40547)
= 67652252233647405
m+l = T, £ = 4, =Py
g2(X) = gl(X) .(47645)
. (64715) .(67653)
. (60523) .(56733)
. (76175) .(42711)
.(62431) .(53747)
.(50343) .(65645)
.(55247) .(43377)
.(74117) .(00217)
33151163165403572161
Jo o



‘m+l = 8,°r = 6, s = 2: 4

él(x) = {(000003) .(2i5435) .(225657)

_.A310327) . (357047)
= 6243054373063650164731

m+l = 8, r =5, s =-2f/1

n .

gl(x) .(311513) .(363501) .(357333)
-(374111) .(237403) .(314061) .(323527)

g2(X)

-(261105) .(351641) .(365705) .(315633)

. (371771) .(301663). .(245351) .(362053)

 (362555) .(317171) .(344733) .(273211)

.(271725) .(271251) .(200365) .(254241)

.(341343) .(241245) .(277215) .(311661)

.(277745) .(371643) .(322367) . .(273007)

.(317531) .(223561) .(222123) .(000573)

-(310267) .(343055) .(307713) .(243043)

, © .{222541) .(333515) .(254651) .(331173)
.{323157) .(351701) .(000771)

163

.(327721) -

. (237421)
. (230535)
;.k3472115
. (Z07753)

.(227157)

.{205003)

. (261177)

. (223463)

. (253207)

. (361707)

-



3,

~

(0003) . (1231) . (1027) .(1801)

- (10065) . (10377)
. (00023)

T

-{15115) .(10011)
.(16757) . (13535)
(16757)*.(14315)*.(12315) 

m+l = r =1, s-q?éﬁ
| l
g{&) =
= 2120014741 @
mtl = 4, r =2, 5 = 3;
91(X) = .(00003) .(12153)
-(17703) ., (11433
= 5161070255137170012505"
m*l = 4, r =1, s = 33|
g2(X) = gl(X) .(10761)
.(14315) .(17657)
- (13563) . (10167) .
A17777) - (11637)

(12673) .(15347)

.{(10167)*, (14043)* (10245) .(15353)

-(12673)*,
.{00007)

546704452763566i414330262506774134066@E“Th o

(13413)

. (10245) %, (12345)

.(13617)
. (13157)

.(14043).
.(00111)
.(00037)

770567212067626264760454171566763536077475

465567057456065402364003327625256050037024

11126571

164
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165 -

~

(000003) .(125253) ,(127701) .(137733) . (125263)
(1227077 .(103751) .(136321) -(121125) .(000057)

. 1863714747622037320437411155056673325442401

- 4{10571) .(10621) .(00165) .(00013)
2425002105200666750745212005

m+l = §, r=3’,s=3:‘.
g(x) =
3 =
‘m+1.= 3,. r = 1,'s = 4:
g(x) =

(00003) .(13077) .(15173) .(16267) .(13617)

- H

.(383515) *.(331173)

Pad

Y

»

(000003) J/(311513) .(374111) .(237421) .(365705)
-(3\5633) . (245351} ,(347211) .(317171) .(277215)
- .(273007) £(317531) .(222123) .(243043), . (253207)

5507660133230472721525565510324337144277720

4652436774717206‘5532526237‘2465§200020252425

-

1



m+) =

3

166

, £ =1, 5 = 5 . .

g(x)

]

(000003) . (103437) .(124677)‘.(155451) .(142327)
.(114533) .(134105) .(133611) .(121437) .(115313)
-(163761) .(166761) .(147553) .(104073) .(160335)
+(121055) .{100725) .(000013) '

3340446147065252631044d56‘7124100645322343-7

2262630673454750377726563741752025212405




Appendix B
PARTIAL LIST OF PARITY-CHECK SETS OF
(m—l,s)TH— PG CODES

-

[l

For the ji;sﬁ 5évera1' (r=m-1,s)th-order binary PG
codes of lengﬁh ;= (qh+1-l)/(q—l), q=2%, we list here
‘one of the orthogonal parity-check sets used at each
u-th decoding step, 1 £ p < r. Note that, for want of
Space, whé& B2z, thg common (u-1l)-flat to which the
g+l pu-flats are of%ﬁogonal with is simply put on the,
toé of the check set.

s

-The numbers 1listed are the indexes corresponding

.to the bit positions within the code block. For easy

references, these position - indexes are not put into

their.numeri%af order, Instead, they are intentionally"

¢

gathered in units of sub—flatsk\ With this arfangemehf,

Ny

it 1% easy to succes:i;i}y decompose the given .check

sums into those of the{m-p,s)th-order PG codes of the
: . / . .

same, block léngth n. -

-

- A
»

- 167 - ’



A

m+l-= 3, s = 2, = 1:

.0 1 6

0 2 12

0 7 5

0 9 .3

0 19 10

mtl = 4, s =2, r = 2:

0 1 25

-0 2 50

0 26 23

- 0 42 12-

. 0 73 8

. _

\\B\\\__l. Y25 7 4l 72 -
/ - .

2 50 59 ' 82

42 12 4 20 78

3 5 53 62

60 16 47 . 61
o 9 19 a9
29 11 75. 81

$X 36 55 63
21 6 10 39

N 74 18 64 70
31 44 45 69

15
17

13

41
59
28
20
30

26’

73

51
83

24

77

13

79

67

18,
16,

20,

66

11,

14.

72,
82,
76,
78,

23

17

48

40
22

14

32
46

, 28
30

34
57

71
58
-38
15

38
.52

. 5%

- 168 . °

76
66,

N

8o, -

84
65,

33, -

L7l

37
56.



118

m*l =5, s = 2, r =
0 1 32 77 242,
0 2 64 143 154,
0 33- 37 161 319,
0 78 49 151 274, .,
-0 243 58 109 204,
0 1 32 77 242
.2 4 183 .. 154 33 - 37 161 319
. 78 49 151 274 243 58 109 204,
L 3 107 92 222 65 126 295 300
144 69 - 228 271 155 105 193 325,
3¢ 52 233 281 38 170 186 291 .
162 135 147 175 320 96 216 284,
79 90 277 279 50 88 220 236
152 - 62 141 339 275 8 231 256,
244 81 238 258 59 22 55 183
110 25 24 118 205 72 114  306.
S Y w
o 1 32° 77, 242
> T64 143 184 33 37 161 319
78 49151 274 743 58 109 204
.3 10 92 222 65 126 - 295 . 300
< 144. 69 228 271 155 - 105 193 325
34 52 233 281 38 170 186 291
162 135 147 175 320 ° 96 - 216 284
—~ 79 90 . 277 279 50 §8 220 236
152. 627 141 339 275 8 231 - 256
244 81 238 258 59 22 55 183
110 25 44 205 72 114 306, .

'\;\.3



%

187

217

286
297

264

116
289
207

28

149
133
195
251
177
253

l64

180

54
140
185
104

108
230
134

188

190
112 -
Yy

46

309
27
201

198
248
84
166
139
75
41
13

168-
124
16 .
29
101

99

14
261

192
169
7
21
150
31
270
43

212
130
B6
6
17

+122

308
316 223
. 322 127
265 301
218 © 70
-323 272
302 106
329 3261
240 53
269 282
246 171
330 292 -
260 136
303 176
327 97
213 . 285
71 91
255 280
283 89
125 237
273 63
160 340
235 9
290 257
224 82
268 - 259
293 ., 23
317 184
172 | 26°
310 119
40 73
288 307
\_‘y 4

196
is

-200

267 .

197
313
214
159
167
179

191
304
121
102
208
100
178
315

227

174

219
117
203

76
294
113

''331

245
173

20
287
129
263
199

-

170

o



o

ml =6, 5=2, r =

342

0 3 724! 877 1080, :
i .

0 1 448| 794 1000, |

I i

¢ . 0 224 397| 500 683,

- |

0 636 381| 621 1183, :

0O 897 649! BOO 907.
"0 3 724 877 1080

1 448 794 : 1000 224 397 500

636 381 621 1183 B97 649 800
o .

.,2 .223. 635, 896 450 24 191

796 355 , 933 1281 1002 55 454

449 235 429 i 1298 7 .64 - 311

430 199 1257 | 1344 1273 170 837

' z

795 "6 83 | 389 84 439 880

236 701 7491083 763 531 592

'1001 762 1242 1272 390 325. - 585
1243 181 270« 342 1299 671 1006

0 3 724 877 2080

71448 794 Y000 224 397 500 683
636 381 g2l 1183 897 _ 649 800 507
2 223 635 896 450 24 191

796 355 933 1281 1002 55 454

449 235 429 1298 7 64 311

430 - 199 1257 1344 1273 170 837

795 6 83 . 389 84 439 880

236 701 749 1083 763 531 592

1001 762 1242 1272 390 325 585

1243 181 © 270 129% 671 1006

171

332
1028
1210
1223
1017

727
1235
1045,



797
725
356
878
333
1081

455.

225

1274

398
672
501
1007
684
1046

637

237

382
182
622

1184 .

343

898
431
650
1236
801
586
908
326

446
680

©1233

395
937
340
520

166
B73
1149
782
710
1131
540

948_

1118
266
664
803
128

- 829

419

858
940
1105

629
133.
695 .+

639
384

1270

'+ 997

1342
644
669

1325

1181
715

778

993
1323
1311
1197
1136
1121
1064

1179
944
900
818

1055
862

1062
985

1231
1097
1170

1360

472
718
- 693
1217

451
1003
25
1030

1282
192
934

85
1300
171
881
838
1018
440
1224

1244 -

750
271
1211
312
1084

391
728

1345

. 532
1258
200
593

21

C 220
322
156
293
512
712
870
666

. 1294

845
773
" 250
605
1205
902
11033

892
#256
910
768
. 364
612
142
409

790
435
542
916
474
1107
1186
284

172
1278 .
759
1172

1123

" 1288

1291
1285,

1319

975
1304
1024

686
1332
1191

1175
745
1040
1069
1126 - |
1198
979
964,

1338
1328
887
1151
523
1355
1248
624,



L

3 724 a}gr 1080 .
1 425 704 1000 224 - 397 500 683
636 381 621 1183 B97 ;649  B00 007
2 223 635 896 450 | 24 191 333
796" 355 033 1281 1002 V55 254 1099
445 235 429 1298 7 64 311. 1210
430 199 1257 1344. 1273 170 837 1323
735 6 83 389 B4 439 BBO 1017
236701 749 1083 763 531 B892 727
1001 762 1242 1272 390 325 ~EBE T53%
1243 181 270 342 1299 @71 1006 104%
; 4 427 446 1270 451 21 220
797 618 680 937 1003 178 = 322
725 647 1233 1342 ., 25 71 156
356 153 641 644 1030 39 293
878 168 395 669 56 125 512
333 467 937 1325 1282 306 712
1081 309 340 1181 . 192 163 870
455 130 520 715 - 934 509 666
225 12 166 778 85 1101 1294
1274 318 873 993 -1300 195 B4S
398 860 1149 1323 171 135 773
672 215 782 1311 881 112 250
501 227 710 1197 838 32 605
1007 400 1131 1136 1018 503 1205
684 362 ._sgg 1121 440 42 902
1046 296 9 1064 1224 118 1033
637 159 1119 1179 8 854 B892
"237.  74. 266 944 1244 28 256
382 48 664 900 65 260 910
182 563 B03 818 750 652 768
622 14 128 1055 271 241 . 364
702 515 = 829 862 1211 59 612
1184 © 89 161 1062 312 50 142
343 16 419 985 1084 91 409
898 470 858" 1231 391 . 335 790
431 351 940 1097 764 96 435
650 + 780 1105 1170 728 482 542
1236 229 629 1360 1345 849 916
. 801 37 133 472 532 148 * 474
" 586 78 695 718 1258 458 1107
908 110 639 693 200 568 1186
326 375 384 1217 "593 100 284

Cﬁ\\\x B

173

1278
758
1172
359
1123
1288
1291
1285
1319
975
1304
1024
686
1332
1191
1057
1175
745
1040
1069
1126
1199
979
964
1338
1328
887
1151
523
1355
1248
624,

-



5., 234
638 36
428 388
779 109
447 793

1180 394
1271 82
471 469
( 726 54
398 947
N 648 499
665 305
1234 1016
861 73
1343 331
134 604
879 63
623 147
169 180
228 717
396 380
711 152
670 23
1106 915
1082 190
90¢ 611
310. 324
111 41
341 453
694 335
1182 682
640 508
452 189
432 348
22 353
941 253
a 221 633
..267 582
1279 53
976 . 406
- 26 94
751 462
- 72 973
1070 486
157 425
769 138
1173 678
783 460
e

634
1169
761
132
999
445
222
692
269
974
620
643
1209
963
700
992
354
434
530
1216
723
679
748
939
198
853
438
‘1318
591
374
906
617

931
1042 °

1095

1099

1241 226
1230 899
895 160
857 859
1364 167
646 1232
1297 13
1104 1120
B36 383
1310 802
876
996 1324
1280 . 473
1068 901
1005 49
1032 1150
584 502
886 651
1028 15
1337 781
799 129
1284 1171
1256 1056
1247, 1198
1044° 685
978 1185
932 90
1331 541
1222 363
28 1063
1979 162
1287 1122
1078 238
1228 1301
1027 846
1116 945
1363 196
1239 352
875 75
1059 1098
‘316 .673
967 1259
1276 ¢ 459
840 1312
856 . 216
1253 1356
1336 653
. 1050 1108

. B33

' 539

1054
127

609 -
247
884
115
6l .
. 52
.34,
315
412
279
L 173
277
174

570
558

1
3087,

777 1148
1061 1118

826 1052

1146 1308

1167 1357

" 537 1188,

232 834

. 188 632

145 1352
775 872
1142 1144

554




193 °

1047

1065

1292

1008

264
. 675

1177
1013
743

- 245

890
1035
852
414
1117

116
207
946
579

349

956

1229
1201
757
954

995 -

1088
1317

1154.

1268

. 347

. 942
918

991-

1112

- 1255

- 961
1208

1335

1221
889
1296

1026

" 771
812
1353
953

1038 .

1091
1321
1334
1134
1349

603
1264

1195 -

1193

-1330

968
1215
491
538

1020 .

417
577
962
831

. 201,

1085
92
1187
297
1249
569
965
703
1346
516
1132
830
1137
401
1152

9

1333

735
733
. 262

144
370
30k
137
607
659
824

67
527
422
489
120
553

842
122
506

+212

479
68
378
1207
737
487
550

- 534

574
548

114
551

208

275

252
289
484
287
206
494
246
423
525
544
411

573

175 -

920 1314

785 921"

929. 1315
581 825
1158 1260
597 11347

- 485 924

731 736
738 1348

919 923~

302 - 496
559 1213
1073 1250
‘988 1109
442 810

1140 13086,

990 -1316
303 464
517 867
-770 1021

626 913

150 © 290
497 S04
1220 1254
1072 1111
.655 1156

~



0

1004
1245
179

323
994
760
746

.- 57,
729

126
513

483 -

1124
543

- 456

594
131

521 .

986

. 716

119
1031
183

475
294
819
360
564

368
151
413
282
865

373
105
. 407

273
338
601

835
372
379
565
590
443
233
© 589
1203
1110

708
- 989
. 847

970

123 -

—~490
- 1067
951
1147
415

1048
248
526
518

1089
507
402

868 .
546

691
697

1015

690
747
1214
505
756
792
1014
1358
1350
1168
1093
1129
1138
885
820
1309

1155

1340
1219
1302
1165

258

987"

983
1262

-977 -

12
1
1092

1060
1036

765
1275
29
319
257
1329
436
874
272

839

33

. 1129
‘242

606
365

687

344

1225

17
1058
285
1034
101
420

172

533
136
804
524

1305

149
774

-~ 560 .661
175 424
707 1128

18,615
45 815
602 +1133
386 528
721 1077
6001160
461 958
536 1051
371 588
298 367
244 784
366- 813
421 495
299 556
1049 1075
676> 720
231 1145
288 1009
369 674
205 477
243 535
278 557
705 811
300 580
1210. 950
184 493
186- 345
121 377
631 1115

176

1037
677
1202
1267
1066
1194-
698
1362
1261
1252
1238
814
754
928
1159
658
1114

1143

755
1166

-1162

805
957

" 832

1090
1313°
1161
1265
823
866
1227.



La57

mtl = 3, s = 3, 1:

0 1 12 20
0 2 40 66
0 27 63

.0 38 .72 11
0 13 15 53
0 3 7 " 4
0 21 61 B
0 36 42 49
0 58 68 22

m+l 4, =3, r=2:

0 1 37 84
0 2 395 178
0 491 227 10
0 38 81 431
0 85 428 301
0. 559 493 248
0 90 229 233
0 329 298 188
0 405 286 563

[

26

70

56 .

10

18

17

71

89
74
55

115
12

450

434 -

579
278

30
24
43
19
37
67
23
51
68

328

71
363
463
388

541

565
-57
365

33
41

69
25
65
48
14
16
50

404

168

-t
419
147
23

312 .

371
437
62

177 |
.\/ :

35 . 57,

66 525

55 44,

32° 29,

54 6,

.47 89,

45 62,

28 46,

39 38,
490 558,
223 531,
188 417,
129 173,
126 309, .
527 290,
377 121,

441 208,
103 574,



404

490

1 37 84 328 558
. T, i I | R
. 2° 395 178 . 74 71 ' 168 223
491 227 10 55 363 419 488
38 81 421 115 463 | 147 129
85- 428 301 12 388 23 126
559 493 248 450 541 - 412 527
90 229 233 434 565 371 377
329 298 188 579 57 437 441
405 286 562" 278 365 62 103

| ' PN

3, 107 324 516 514 152 9
532" 373 - 507 118 322 273 133
396 536 210 51 150 381 185
179 499 423 95 132 96 - 184
7 268 198 318 105 385 .224
7 69 176 166 221 393 583
169 466 283 157 458 242 180
224 343 .41 216 512 523 500
492 226 187 70 285 387 120
418 411 61 80 440 564 . 427
228 247 578 22, 146 561 167
11 376 73 297 ,114 289 416
56 222 128 232 277 . 4438 125
364 433 540 172 530 308 43§

420 487 300 102 207 526 177.

489 557 327 584 .88 36 403

39,200 275 518 305 398 .98
174 254 - 153 16 235 568 29

B2 432 448 . 21° 461 415 - 101 .

422 117 215 392 515 156 50
116 64 111 517 355 .. 431, 27
464 313 554 112 444 . 250 . 108
148 205 446 477 356 1336 _ 142
130 195 455 325 390 260, 520

L ) . a7

86 270 509 154. 218 265. 18] .
310 123 349 30 408 | 193 . 243
429 479 359 546 . 266 : 161 59
302 183 544 471 175. 482 262
13 238 552 .569 576 137 158
389 354 414 - 467 155 202 15
24 .. 271 252 33 17 46 191
127 369 284 87 296 307 8

LEA

"178

- 531 .

417
173
309
290
121
208

' 574,

460 -
472
263
68
483
529

. 545

462
394

573

362
370.
83 |

468 "
7

439
317

256
4-
“ 65,

182 :°
510 -
236
459
219
255°

~ 170
410,



560

291
. 494

249
451
542
413

' 528

91
122
230
234
435

- 566

372
378

330

299
189
580

438
442

406
575
287
563
279
366

104

525

549
397

400
261

380

383
295

- 430

246
505

163
939
276

570
315

551

144
502
407
143
124
337
357
443
149

53

571
253
186~
504

358~ -

b22
425

162
259

484
106
213

345
282
288
339
497
508
274
352

538

475
556
245
503
447
321

212

473
501
217
495

145
293

457

171
548
334
141
550

3g2

264
272

77
203
346
445

347

342
280

134
323
119

399

496
348
567

. 138
‘244

409
344

1206
524

335
513

426

453
© 292
391 -

211

34
192
384

13

543
257
312
231
331
535

_-93

159
220
577
140
401

1470
316

332

320
481

‘539
311
350
304
511

581
474

353.

281
572
164

379 -

194

201,

478
135
225
202
333
214
582.



m+1 3, =4, r =
) ¥

0 1 18
175 181
0 2 89
29 67
0 211 . 79
52 20

0 259 106
205 179
0 271 34
90 265
0 70 185
225 263
0 176 94
22 Al
0 152 192
255 240
0 19. 119
97 140
0 132 38
81 48
0 56 31
a1 57

46
183
267

36

188
117

148
62

65
87

16
15

156

195

230
28

177
253

60
238

74
266

55
210

92
223

160

142

204
82

27 -

241

61

198

80
26

113
165 .

1122

123

109

102
125

69
217

138
262

86
50

188

201

155
108

196

lee

200
235

252
37

32
168

63
246

187
111

131
248

93
147

139

197

114
101

75

145

12

33

25
208

199
163

66

107

214
244

- 226

237

-

< 151
258

77

110

127
-~ 38

141
112

81
260

232
84

43
242

133
51

24
'59

233
194

239

53

180

170
270,

161
243,

143
44,

250
222,

136
221,

146
190,

206
10,

157
256,

30

191,
64

118,

207
231,



0 182
.. 68
L S

0 47
- 78

0 | 184
xe 186
0 218
236

o 171
123

0 249

116

17
216

13
121

220
49

©.227

144 .

193 -
14

- :" ry

—,

r

24% 209
45 ° 257
7
234 11
40 . 158
21 134
72 173
120 96
126 76
137 228
202 135
95 .. 6
153 98

150 °

169

104
254

178

115
203

224
85

42
99

154
261

155
162

128
245

35

83

251
213

264
219

212
23

228

73

215

128,

164
105,
268
167.
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