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Abstract

We consider a general class of first-order nonlinear delay-differential equations (DDEs)
with reflectional symmetry, and study completely the bifurcations of the trivial equi-
librium under some generic conditions on the Taylor coeficients of the DDE. Our
analysis reveals a Hopf bifurcation curve terminating on a pitchfork bifurcation line
at a codimension two Takens-Bogdanov point in parameter space. We compute the
normal form coefficients of the reduced vector field on the centre manifold in terms of
the Taylor coefficients of the original DDE, and in contrast to many previous bifur-
cation analyses of DDEs, we also compute the unfolding parameters in terms of these
coefficients. For application purposes, this is important since one can now identify
the possible asymptotic dynamics of the DDE near the bifurcation points by comput-
ing quantities which depend explicitly on the Taylor coefficients of the original DDE.
We illustrate these results using simple model systems relevant to the areas of neural
networks and atmospheric physics, and show that the results agree with numerical
simulations. Finally, note that most of the results of this thesis have already been
refereed and published elsewhere (see [26]).
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Chapter 1
Introduction

In this thesis we consider the following class of scalar delay-differential equations

Z2(t) = f(a(0), 2(¢ - 9)), )
where § > 0 is the delay, and f is an arbitrary smooth function which has reflectional
symmetry in the following sense: f(~a,—b) = —f(a,b) for all real a and b. The
reflectional symmetry of f in (1) implies that f(0,0) = 0, i.e. the origin is an
equilibrium solution. In this thesis, we will be interested in the bifurcations of this
trivial equilibrium. Specifically we focus on the Taylor expansion of equation (1)
around (0, 0), which yields, after a rescaling of time:

%x(t) = z(t) + az(t — 7) + Nzt + 2 z(t)? z(t — 1)

+7z(t) o(t — 7)° + v z(t — 7)° + O(Iz]*), (2)

where 7 = D, f(0,0)8, a = D,£(0,0)/Dy £(0,0), 71 = D111 £(0,0)/6D1£(0,0), 7 =
D112£(0,0)/2D1 £(0,0), v3 = D122 £(0,0)/2D1 (0, 0), and 4 = Doz £(0,0)/6D, £(0, 0).
In our notation, D;f(0,0) denotes the first-order partial derivative of the function f
with respect to its ith argument (¢ = 1, 2), evaluated at (0, 0), with similar notation
used for higher order partial derivatives. Here we have assumed that the Taylor co-
efficient D, f(0,0) is positive in order to achieve a coefficient of 1 for the z(t) term in
(2). We will see that in this case codimension one bifurcation curves can intersect,
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leading to a codimension two bifurcation point. The case where D, f (0,0) < 0 can be
studied without any added difficulty. However, it is a somewhat simpler case in the
sense that the codimension one bifurcation curves do not intersect (3]; it has in fact
been previously treated elsewhere in the literature (see e.g. [2, 15]).

Equation (2) encompasses a wide variety of possible physical situations. For ex-
ample, the case

%z(t) = z(t) — 2(t)® + az(t — 7) (3)

corresponds to the equation of motion of a particle in an overdamped bistable sym-
metric potential known as the “standard quartic” potential, with an additional linear
force due to its motion in the past. The motion in the absence of delayed feedback has
two coexisting fixed points, separated by the unstable origin. Whether this delayed
force is restoring or not (with respect to the origin) may depend on its magnitude
and sign, which in turn will depend on the full dynamics of the system. In particular,
we will see that our bifurcation analysis of such a system reveals parameter regions
where the origin is stabilized by this delayed force.

The fact that the origin is unstable even without delayed feedback is a distin-
guishing feature of the DDE class equation (2). This is in contrast with work on
e.g. neural circuits and networks with one [2, 5, 23] or more [6, 8, 9, 16, 31, 32, 33
delays. Our particular interest in this class of DDE'’s stems from their relevance to
coupled bistable detector arrays [14, 21]. Such arrays can use noise and coupling
to synchronize transitions between states to the fluctuations of small input signals,
thereby amplifying these signals. We are currently extending the coupling of such
elements to include delayed feedback. This connectivity is suggested in particular by
neural circuitry involved in signal detection and processing (see e.g. [4] and references
therein). In this context, it is known that bistable systems are also a good approxi-
mation to the dynamics of certain neurons [7, 22]. In particular, they have recently
been shown to be powerful building blocks for neural networks performing associative
memory tasks [11]. Further, there has also been a recent study of combined bistability
and delay and noise in the context of a simple neuron model [25].

Thus, inspired by research on bistable systems and on neural dynamics and in-
formation processing, we have been developing versions of such neural networks and
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detector arrays that include delayed feedback. It has become crucial, in this context,
to understand the basic dynamics of bistability with feedback. We also anticipate
that the dynamics studied here will be of relevance to studies of chemical reactions
with global delayed feedback (see [20] and references therein).

Specific instances of equation (2) have also found applications in atmospheric
physics, namely as early heuristic models of the El Nifio/Southern Oscillation (ENSO)
phenomenon [1, 28]; this “delayed oscillator” approach to ENSO is summarized in
Chapter 8 as a preamble to the examples chosen to illustrate our analytical results.
Such models had only been analyzed using linear stability analysis as well as nu-
merical analysis; their full bifurcation analysis had not been done, and in particular,
the presence of a codimension two bifurcation point had escaped earlier numerical
analyses. Although current models of ENSO are more sophisticated, our analysis of
these earlier models improves our understanding of the dynamical complexity that
the delayed oscillator picture may hold in this and other contexts.

The thesis is organized as follows. In the next Chapter, we will study the linearized
stability of the trivial equilibrium of (2), and show that in the (a, 7)-parameter space,
there are two codimension one bifurcation curves: a Hopf bifurcation curve and a
pitchfork curve. The Hopf curve terminates at the pitchfork curve in a point where
the characteristic equation has a double zero root. This corresponds to a codimension
two Takens-Bogdanov bifurcation of the trivial equilibrium. We next review the
literature on the double zero eigenvalue in Chapter 3. This will include a normal
form analysis and a bifurcation analysis. In Chapter 4, we briefly review the theory
of centre manifold reduction for parameter dependent DDEs, and then in the next two
Chapters we perform centre manifold reductions for both the Hopf and the pitchfork
bifurcations in (2). In particular, we compute both the first Liapunov coefficient of
the Hopf bifurcation, and the coefficient of the cubic term in the pitchfork normal
form in terms of the coefficients a, T and 7;,1 < i < 4, of (2). In Chapter 7, we
study the Takens-Bogdanov bifurcation for (2). Because of the reflectional symmetry
of f in (1), the centre manifold equations will also have reflectional symmetry. It is
well-known that generically, there are two distinct topological types (normal forms)
for this bifurcation. As a by-product of our analysis, we will give conditions on
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the coefficients 7;,1 < i < 4, of (2) which determine which type of Takens-Bogdanov
bifurcation will occur in (1). Thus, provided these generic conditions are satisfied, our
analysis completely describes the local bifurcations of the trivial equilibrium solution
in (1), regardless of the fifth and higher order terms in (2). Finally, in Chapter 8 we
will illustrate our results with some numerical integrations of certain models which
fall into the class of equations described by (1). A conclusion follows in Chapter 9.



Chapter 2
Linear stability analysis

In this Chapter we locate the region of stability of the equilibrium solution z(t) =0
of equation (2). Linearizing (2) near this equilibrium solution we obtain
%x(t) = 2(t) + az(t — 7). (a)

Substitution of the ansatz z(t) = e* into (4), where ) is a complex parameter, gives
the characteristic equation
A=1+ae™. (5)

We have the following theorem (Theorem A.5 of [19]):

Theorem 1 (Hale and Lunel [19]) All roots of the equation (z + a)e* + b = 0, where
a and b are real, have negative real parts if and only if

a>-1
a+b>0 (6)
b<({sin{ —acos(,
where ¢ is the root of { = —atan{,0< (<7, ifa #0 and{=7w/2ifa=0.
Using Theorem 1 we find that all roots of (5) have negative real parts if and only if
T<l1
a< -1 (7)

ar > —(sin{ - rcos(,

5
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where ( is theroot of { = 7tan{,0 < { <, and ( = m/2 if 7 = 0. Since 7 must be
positive (for the physically interesting case), the region defined by (7) is illustrated
as the hashed region in Figure 1.

LS
ik LD
T
0.5¢
0
<30 =5 0
o

Figure 1: Stability diagram for the equilibrium solution z(t) = 0 of (2). Hashed area
corresponds to the stability region.

On the top and right-hand boundaries of the hashed region in Figure 1, equation
(5) has a finite number of solutions with zero real part, and all other solutions have
negative real part. Therefore bifurcations occur for parameter values on these two
curves. The top boundary curve is characterized by setting A = iw in (5). After
separating real and imaginary parts in (5), we obtain

1 = —acoswr

(8)

w = —asinwT.

Squaring both equations and adding, we get

w=*xvaz-1. 9)
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The right-hand boundary curve is characterized by setting A = 0 in (5). This substi-
tution gives

a=-1. (10)

We see that the right boundary line a = —1 in Figure 1 is a line where the character-
istic equation has a single zero root. Because of the reflectional symmetry of (2), this
line corresponds to a pitchfork bifurcation curve. The top boundary curve in Figure 1
is a curve where the characteristic equation has purely imaginary complex conjugate
roots (i.e. it is a Hopf bifurcation curve). At the point (@, 7) = (=1, 1) where these
two curves meet, (5) has a double zero root, i.e. (4) has two linearly independent
solutions z(t) = 1 and z(t) = ¢. This point thus corresponds to a Takens-Bogdanov
bifurcation.



Chapter 3

The double zero eigenvalue

3.1 Normal form analysis

Consider the equation dz/dt = g(z) on R?, with g smooth and with reflectional
symmetry, i.e. g(—z) = —g(z) for all real z € R2. Note that the reflectional symmetry
of g implies that g(0) = 0. Taylor’s theorem then allows us to write

%x(t) = J z(t) + F3(z(t)) + O(|z(¢)[%), (11)

where z = [z),2]T € R?, J is a 2 x 2 matrix in Jordan canonical form, and F;
consists entirely of third order terms. Note that the reflectional symmetry of g forces
the quadratic and quartic terms to be zero. For the double zero eigenvalue case, we
shall assume that J has the form

(1)

To begin with, we will reduce equation (11) to normal form (up to third order). For
more details on normal form transformations, see e.g. [17]. We define H? = linear
space of 2-vector valued homogeneous polynomials on 2-variables of degree 3. That
is, let HZ be the span of the following set of vectors

)0 () ()G ()-(0)- ()

8
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We now introduce the homological operator L; on the space H? defined by
L;[hs(z)] = Dhs(z)Jz — Jhs(z), (12)

where h3(z) € H3. It can easily be checked that L; is linear. We now wish to solve
the following equation for h3(z)

Lj[h3(.'l?)] = Dh3(1§)J$ - Jha(z‘) = F3(1‘). (13)

If F3 is such that (13) can be solved for k3, then the near-identity change of coordinates
z — z + hs(z) transforms (11) to

2 2(t) = T 2(t) + O(I=(t) ). (14)

However, in general it is not possible to solve (13) because L; may not be invertible.
We may, however, be able to eliminate many of the cubic terms. Discovering which
terms can be eliminated is the goal of the next set of calculations. A general element
hs(z) € H? has the form

( a 2‘;’ +0.22%22 + a3 leg + a4 Zg )

as 23 + ag 2222 + a7 222 + ag 23

where a,,...,as € R. It is easy to compute
—as Z:l, -+ (301 - as) 2%22 + (2(12 - a7) 212% + (03 - as) Zg
L;[hs(z)] = ,
3as 2225 + 206 2122 + a7 23

Thus,

3 2 2 3
Lo(H2) = -2 , 2§29 ’ 2125 ’ 25 , 0 ’ 0 .
s (Hs) sPan{(az%zz) ( 0 ) ( 0 0 22 2

So we see that
H? = L;(H?) & G;,

oem{(3)(2)

where
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is the complimentary space to L,(H3). Thus, although we cannot solve (13) com-
pletely, we can eliminate the terms of F3 which lie in L;(H%). So equation (11) can
be reduced, by a nonlinear transformation of coordinates z — z + h3(z), to a system
of the form

d
321 = 2z + O(|z|®)

%zz = az +b222 + O(|z]")

where the constants a and b are determined by the coefficients in Fj (z).

(15)

3.2 Bifurcation analysis

It is well-known [29] that the normal forms for the Takens-Bogdanov singularity with
reflectional symmetry are determined to cubic order and are given by

4ray
B, 2
7 az’ + bzxcy,

when a and b are both non-zero. That is, the local dynamics near the origin for the
full system (15) are topologically equivalent to the local dynamics near the origin
for the truncated system (16). The following two-parameter family then provides a
versal unfolding for (16) (17, §7.3]

iz = y

d
£y=,313:+ﬂ2y+a:c3+bx2y,

Note that up to reflections and a reversal of time, there are precisely two topological
normal forms in (17). These can be chosen to be the cases with (1) ¢ < 0, b < 0,
and (2) a > 0, b < 0. However, in our case time reversals are not possible since we
are dealing with a DDE. Thus, we must also consider the two cases where b > 0.
However, it is easy to see that these are obtained from the two standard cases by
merely reversing the direction of the flow, reflecting the phase space across the Y
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axis, and reflecting the parameter space across the 8; axis. We now consider each
topological case individually.

Case l: a >0
In this case all possible dynamics near the Takens-Bogdanov point are summarized
in Figure 2a for the case b < 0 (reverse the direction of the arrows, reflect the phase

space across the y axis and reflect the parameter space across the 8, axis for the case
b > 0). The line 8, = 0 (8; < 0) is a Hopf bifurcation line, and the line 8, = 0 is a

(a) (b)

Figure 2: Unfolding of both topological cases of the Takens-Bogdanov bifurcation
with reflectional symmetry. All possible dynamics near the Takens-Bogdanov point
(the origin in this figure) are summarized. In (a) we have a > 0, b < 0 and in (b) we
have a < 0, b < 0 in equation (17).

pitchfork bifurcation line. It remains to determine what line C is in Figure 2a. We
make the following change of variables to system (17) (assuming 8; < 0)

x=\/-%u, y:%v, t—= v-pit (18)
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and obtain
4., = o
da ~
d _ B2 b 2 3
5 = u+\/$;v+a Bruv + u’. (19)

Since we are only looking for a linear approximation to line C in Figure 2a, we will
set 82 = ¢ f1, where c is a constant to be determined. So when 8, =0 equations (19)
become the following integrable system

iu = v
da =
d 3
FU = “utv, (20)
with Hamiltonian
v? w2 ol 91
H(u,v)—?+—2-—z. ( )

The level curves of H are given in Figure 3. We see a double heteroclinic connection
between the equilibria (—1,0) and (1,0). We will compute the Melnikov function
(see e.g. [17]) for the top heteroclinic orbit (denoted ¥*), which corresponds to
H(u,v) = 1/4, and which connects the equilibria (—1,0) and (1,0); the computation
for the bottom heteroclinic orbit (denoted v~) is identical. We proceed as follows.
For notational purposes we first rewrite system (19) as follows

d

"Eu = fi(u,v) +eg(u,v)

d

d—tv = fa(u,v) + ego(u,v), (22)
where, fi(u,v) = v, gi(u,v) = 0, fo(u,v) = —u + 43, g2(u,v) = —cv + 2u?v, and

€ = v/=PBi. Then the Melnikov function (see e.g. [17]) is

M@ = [ i)l - f o v)d (23)

(= <] b 2
= / v(—cv+-u v) dt
-0 a
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Figure 3: Level curves of H (21).

- —c / vdu-{-g- wvdu, (24)
7t eAl

- V3 (_cfol(u2-1)du+§ /oluz(uz—l)du), '(25)

. 2

where we have used v = du/dt to convert the time integral into a contour integral
over the top heteroclinic orbit 4* in Figure 3, and we have used H(u,v) = 1/4 to
express v as a function of u. We see that M(c) has a simple root for ¢ = +2 And

a

since dM/d(c) # 0, it can be shown (see [17]) that for parameters on the line

b= 260+ O(~61%) and f <0, (21)

system (17) (with @ > 0, b < 0) has a double heteroclinic connection. Equation (27)
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is line C of Figure 2a. This completes the bifurcation analysis for Case 1.

Case2: a <0

In this case all possible dynamics near the Takens-Bogdanov point are summarized
in Figure 2b for the case b < 0 (reverse the direction of the arrows, reflect the phase
space across the y axis and reflect the parameter space across the 8, axis for the case
b > 0). Let us investigate this case in a little more detail. The characteristic equation
for system (17) for the equilibrium at the origin is

A2 = BoA — B =0, (28)

TSNS (20)

Thus, for S = 0 and B, < 0 we have a pair of purely imaginary eigenvalues, and
dRe)/dB; = 1/2. It follows from the Hopf Bifurcation Theorem that the line given
by 82 =0 and B, < 0 is a Hopf bifurcation line. This is the line separating regions 1
and 2 in Figure 2b. We now show that the Hopf bifurcation is supercritical. We first
use the linear transformation

with eigenvalues

0 1/V/=-5
P= .
1 0
to transform (17) (with 8, = 0) into the following system
d
7%= ~V-Biy+ay*/(—-f1)¥? - bzy?/p )
0
d
Zy=Vhs
Then, using formula (3.4.11) from [17], we get
1 {-2b 6a
Qcritical = E ( B, + _ﬂ:ls/z) : (31)

So we see that in the case we are interested in (8; < 0,2 <0, b < 0) this coefficient is
negative. Therefore the Hopf bifurcation is supercritical and Figure 2b is the correct
phase diagram.



CHAPTER 3. THE DOUBLE ZERO EIGENVALUE 15

Next we consider the line 8) = 0 in Figure 2b and show that this is a pitchfork
bifurcation line. Indeed, when 8; = 0 we see that (28) has a simple zero, and the
linearized vector field near the origin has an associated right eigenvector v = (1,0)7

and left eigenvector w = (—B,,1). Also, if we let f(8,, z,y) denote the righthand side
of (17), then we can check that

wfﬁl(oa 0, 0) =0,

w [l)fpl (0,0,0) v] =1,
w [D?£(0,0,0)(v,v)] =0,
w [Daf(07 0, 0) (’U, v, 'U)] =6a.

It follows (see [17]) that the line 8, = 0 is a pitchfork bifurcation line for the trivial
equilibrium. Furthermore, since the ratio w[D3f(0,0, 0)(v, v, v)]/w[D f5,(0,0, 0)v] =
6a/1 < 0 (since a < 0 in this case), the two nontrivial fixed points appear for 5, > 0,
as is shown in Figure 2b. The criticality of this bifurcation is given by the sign of the
product —5; a. The bifurcation is supercritical if 8, < 0 and subcritical if B2 > 0.

Continuing our clockwise path around the origin in Figure 2b which began in
region 1, we arrive at the line separating regions 3 and 4 in Figure 2b. We will show
that this is a Hopf bifurcation line for the nontrivial fixed points. Indeed, we saw in
the last paragraph that as we pass from region 2 into region 3 two nontrivial fixed
points appear via a pitchfork bifurcation. These nontrivial fixed points are given by
(z,y) = (£\/—B1/a,0). By symmetry we only need to consider one of the nontrivial
fixed points. Centering system (17) around one of these fixed points and linearizing,
we obtain the following characteristic equation

A2+(§ﬂl-ﬂz))~+2ﬂl=o, (32)

with eigenvalues

A= (&-%ﬂl)i%\/(gﬂx-ﬁz)z-wl. (33)

DN -
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Thus, to obtain a complex pair of pure imaginary eigenvalues, we must have
b
B2 = ;ﬂl and 5, >0 (34)

which is the line separating regions 3 and 4 in Figure 2b. It can be shown using the
same technique as before that this bifurcation is indeed a Hopf and is subcritical.
And this concludes the linear analysis of system (17). Lines C and S in Figure 2b
will be derived using nonlinear analysis.

On line C we have a double homoclinic connection of the trivial equilibrium. To
show this and to derive a linear approximation to line C, we proceed as follows. We
make the following change of variables to system (17) (assuming 3, > 0)

z=\/—%u, y=j;_l_av, t— Bt (35)
and obtain

iu = v

a7

d _ .32 b 2 3

7’ = u+\/3.1.v 2 Bru‘v —u°. (36)

Again we write 8, = cf,, where c is a constant to be determined. So when Br=0
equations (36) become the following integrable system
d

z’u = v,
d 3
FU = u—v (37)
with Hamiltonian
2 u? oyt 38
H(u,v)—?—?+z-. (38)

The level curves of H are given in figure 4. We see that a double homoclinic orbit oc-
curs for H(u, v) = 0. We will compute the Melnikov function for the right homoclinic
orbit (denoted v*) as follows; the computation for the left homoclinic orbit (denoted

77) is identical. For notational purposes we first rewrite system (36) as follows

d
Eu = fl(uav)+egl(urv)

gt-'u = fg(u, 'U) + 592("'1 v)’ (39)
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Figure 4: Level curves of H (38).

where, fi(u,v) = v, g1(u,v) = 0, fo(u,v) = u—u, g2(u,v) = cv—2 4y, and e = V3.
Then

M@ = [ (il 0)0a0,0) = foo,v)os(w, ) de (40)
= /_:v (cv - %uzv) dt
= c[+vdu-§[,+u2vdu (41)
= 2 (cfoﬁuﬁ-_uz/_zdu -~ % /oﬁusmdu) (42)
- ;(c-gg) (43)

where we have used v = du/dt to convert the time integral into a contour integral
over the right closed homoclinic orbit in Figure 4, and we have used H(u,v) = 0 to
express v as a function of u. We see that M(c) = 0 has a simple zero for ¢ = %%.
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And since dM/d(c) = 4/3 # 0, it can be shown (see [17]) that for parameters on the
line ib
B2 = 5 ;51 +0(8Y%) and B, > 0. (44)

system (17) (with e < 0, b < 0) has a double homoclinic connection. Equation (44) is
line C of Figure 2b. To determine any information about the saddle node (of periodic
orbits) bifurcation, we must also study the perturbations of the closed level curves
lying within and outside of the double homoclinic orbit in Figure 4. This was done
by Carr [10]. Let v = (u(t), v(t)) denote one such level curve with hamiltonian value
h and period T. Using Melnikov theory we get the following Melnikov function

T
MBi,Ba) = fo (f1 (0, 0)92(t,v) = falu, v)gy (u, v)) dt (45)
_ [T (B b
= /; v(t) (ﬁ—:v(t) - Eu(t)"’v(t)) dt
= %/vdu—g—/uzvdu, (46)
e 4 v

where we have used v = du/dt to convert the time integral into a contour integral on
the closed orbit v. Using the Hamiltonian (38), we can express v as a function of u
and h for integration. For a given closed orbit to remain after perturbation, we must
have M =0, or
afy_ fwvdu o
b B I L vdu
By numerical integration we plot R(h) in Figure 5 (with limits of integration u = 0,
v = \/1++v1+4h ). The function R(h) has a unique minimum at energy value
hs ~ 0.089 giving an approximate value of 0.752 for R. Solving equation (47) for 3,
when R = 0.752 gives

R(R). (47)

B2 =~ 0.752 g B and B; >0, (48)

which is the linear approximation to line S in Figure 2b, the saddle node bifurcation
of periodic orbits. This completes the bifurcation analysis of system (17) in Case 2.
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Figure 5: Zeros of the Melnikov function as a function of the energy value h. For
R(h) < 0.752, no limit cycles survive the perturbation. When R(h) = 0.752, approx-
imately, exactly one limit cycle survives the perturbation. This corresponds to the
saddle node bifurcation of periodic orbits. For R(k) > 0.752, two limit cycles survive
the perturbation; one stable and the other unstable.



Chapter 4

Centre manifold reduction with
DDEs

In this Chapter, we briefly summarize the theory for centre manifold reductions of
DDEs with parameters (see for example [12], [13], [18], and [19]). In the next two
chapters we will apply these results to compute normal forms for both the Hopf and
pitchfork bifurcations of the trivial equilibrium in (2). We will perform a similar
analysis for the Takens-Bogdanov bifurcation in Chapter 7.

We first let X & C([-,0],R™*P), 7 > 0 denote the space of continuous func-
tions from the interval (-7, 0] into R'*?. Consider the following autonomous delay
differential equation

Lu(t) = Lo+ Fw), ¢20, (49)
where y(0) = [z(t +0), 1t +0),...,.p(t+60)T € X, -1 <0 <0, L: X >
R!*? is a bounded linear operator, and F € C"(X,R*P), r > 1 is some smooth

nonlinearity with F(0) = 0 and DF(0) = 0. Note that (49) should be viewed as
a suspended system where the p parameters are included as dynamic variables with

<
2

trivial dynamics. For our purposes, the dimension p of the parameter space for the
suspended system will equal 1 or 2, depending on the bifurcation under study. The
linearization of equation (49) about the trivial equilibrium is given by

d
&y(t) =Ly, t>0. (50)

20
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Since £ is a bounded linear operator from X into R!*? it follows from Riesz’s Theorem
that £ can be represented by a Riemann-Stieltjes integral

0
£o= | [n@)6@), ¢<X, (51)

where 7(6),—-7 <8 <0, is a (1 +p) x (1 + p) matrix whose elements are of bounded
variation. We may then rewrite equation (50) in the following form

0
290 = [ @n@)ve+0), t20, (52)

Define X’ = C([0, 7], R*?)*), where R(*P)* is a space of row vectors. The transpose
of equation (52) is (see formula (1.8), Chapter 7 of Hale and Lunel)

d 0
0 =- [ -0, t<0, w=yex. (53)

For ¢ € X and ¢ € X', the following bilinear form is defined:

[1] [’}
(W, 8) = $(0)$(0) — / fo (€ — 6) [dn(6)] H(€) de. (54)

In the definition of the bilinear form as stated above, the integral over dn(0) is per-
formed last (with integration limits —7 to zero).

Since (49) has p components with trivial dynamics, then the characteristic equa-
tion corresponding to equation (50) always has p eigenvalues on the imaginary axis
(at the origin). Thus, at a bifurcation, this characteristic equation has m + D eigen-
values (counting multiplicity) on the imaginary axis and we will assume that all other
eigenvalues have negative real parts. Then there exists an (m + p)-dimensional cen-
tre subspace P C X for equation (52) which is invariant under the semi-flow for
(50). We will denote a basis for P by the (1 + p) x (m + p) matrix ®; the columns
of ® are the basis vectors. There is a corresponding (m + p)-dimensional subspace
P' of X' of solutions to the transposed equation (53). We will denote a basis for
P’ by the (m + p) x (1 + p) matrix ¥'. Hale and Lunel have shown [19] that the
(m + p) x (m + p) matrix (¥, d) is always nonsingular. We then define a new basis
¥ for P' by ¥ = (¥, ®)~'¥’ so that (¥, &) = I. The space X can be split as

X=PaQ,
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where Q is infinite-dimensional and invariant under the semi-flow for (50). It can
then be shown using integral manifold techniques [19] that there exists a locally

exponentially attracting (m + p)-dimensional centre manifold MF for equation (49)
given by

Mp={peX:¢p=®z+h(2,F), zina neighbourhood of zero in R™ *?},

where h(z, F) € Q for each z and is a C™! function of z. The flow on this centre
manifold is given by

Ye = ®2(t) + h(z(t), F),
and z satisfies the ordinary differential equation

2 2= Bz + W(O)F(82 + h(z, F), . (55)

where the (m + p) x (m + p) matrix B satisfies the relation

d
&= ®B. (56)

That is, B is a matrix with eigenvalues with zero real parts and correspond to the
solutions to the characteristic equation that lie on the imaginary axis (B is unique
once @ is specified). Therefore, the flow of the (m + p)-dimensional system (55)
approximates well the long term behaviour of the flow of the full nonlinear infinite-

dimensional system (49) near the origin. This is the framework in which we will study
the bifurcations of the trivial equilibrium in (1).



Chapter 5

Pitchfork bifurcation

We have seen that the trivial equilibrium for (2) undergoes a pitchfork bifurcation
when a = —1 and 7 # 1. Thus, in this Chapter we treat « as a bifurcation parameter
near —1, and we assume that 7 is fixed and not equal to 1. Using the notation of the
previous Chapter, we thus have m = 1 and p = 1. We may rewrite equation (2) in
the following form

%z(t) = z({t)—z(t—T)+pzt-7) +Nnz@t)} + v z@t)zt-7)+
732(t) 2(t — 7)? + va2(t — 7)° + O(|z[°),
2ut) = o, (57)

where we have set @ = u — 1. Linearizing (57) at the trivial equilibrium, we get the
following

Slt) = =(t) —alt - ),

Lue) = o (58)

We may write the right hand side of (58) in integral form as follows:
0

Lo = ~ [dn(8)] 4:(9), ¢: € X, (59)
where

(60)

d,,(o)=(6(e>-a(e+r) o) i

0 0

23



CHAPTER 5. PITCHFORK BIFURCATION 24

and ¢¢(f) = (z(t + @), u(t + 6))T. Next, we note that the transposed system to
equations (58) is

Sa(t) = ~a() +alt +7), Su(t) =0. (61)

A basis for the centre subspace of the linear system (58) is

&= 10 ,
01

and a basis for the transposed system (61) is

v=or=(1Y%).
0 1

The bilinear form (54) for this problem is given by (see Appendix A for the derivation
of this bilinear form)

0
.0 =960 - [ v+ ( X g) #(6) de. (62)

1-7 0
0 1
L 0
(W', Q)_l = .
0 1

L 9
¥ =(37,8)"1¢T = [ " :
0 1

be a basis for the transposed system to equations (58). We note that the matrix
(¥, ®) is the 2 x 2 identity matrix, as required. Also, the matrix

B= 00 ’
00

We then compute

and

We let
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satisfies relation (56). Write z = [2;, u|7 for the coordinates on the centre manifold.
Finally, we note that the nonlinear terms in (57) can be written as

F([vi,v]") = [v2(0) v(—7) + mui(0)® + Y201 (0)%v1 (—7) +
Yav1 (0)vi (-7 )2 + ’74”1(—7)3 + 0(|U|5)a OIT— (63)

Retaining up to first order terms in x, and up to third order terms overall, we get the
following equations on the centre manifold

d 1

T = Tat(n+ e+ 1+ )] (64)
d

ZH = 0 (65)

Note that the denominator 1 — 7 of (64) is non-zero if and only if 7 # 1. Thus, the
above reduction breaks down (as expected) at this point which, as we will see, is in
fact a Takens-Bogdanov point. Generically, the cubic coefficient Mm+r2+v3+7s)is
non-zero, and thus (64) is a normal form for a pitchfork bifurcation. In terms of the
original model parameters in (2), equation (64) becomes

d 1
azl = T—_T[(a + 1)21 + (71 +7r+7+ 74)2?.]' (66)

We have thus proved the following.

Theorem 2 In equation (2), assume that v, + v+ 73+ 74 # 0, and T # 1. Then
the local dynamics of (2) near the origin and for a near —1 reduces to the pitchfork
bifurcation normal form (66), regardless of the O(|z(t)|%) term in (2).



Chapter 6
Hopf bifurcation

We now suppose that (ag, 7o) is a point on the top boundary curve in Figure 1. In
this case equation (5) has a pair of purely imaginary roots, and all other roots have
negative real parts. We rewrite equation (2) as

%z(t) = 2(t) + aoz(t — o) + pz(t — 7o) + M 2(t)° +
Y2 2(@)? z(t — 10) + Y3 () T(t — 1) + Yo z(t — 70)% + O(|zl®),
Zut) = o, (67)

where we have set & = u + ap. The linearization of this equation at the trivial
equilibrium is

La(t) = o(t) +aos(t - ),

d
ZHE®) = 0. (68)
We may write the right hand side of (68) in integral form as follows:

0
Lo = ~ [dn(0)] $:(6), ¢: € X, (69)

where

(70)

dn(a)=(6(0)+a06(0+1’0) 0) i

0 0

26
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and ¢(0) = (z(t +86), u(t+06))T. The transposed system to equations (68) is written
as

d d
d_tz(t) = ~z(t) — apz(t + 1), E#(f) =0. (71)
A basis for the centre subspace of the linear system (68) is
&= sin(wof) cos(wef) 0
0 0 1)’
and a basis for the transposed system (71) is
sin(wef) O
V=0¢"=| cos(wd) 0 |,
0 1

where wo = \/af — 1 by (9). The bilinear form (54) reduces to (see Appendix A for
derivation of bilinear form)

0
(. 8) = w(0)9(0) +a0 [ (€ +m0) (; g) #(€) de. (72
We then compute

) (1] —woTg 0
2 2

(@9 =| 4 1m0
0 0 1

and

lnp wmn
2 2
4
! -1 zwory l-mp
(‘I’ ! (D) (1 - To)z + (ono)2 2 2 0

0 0 1

]

where we have made use of (8). We let
sl—fo!sin!woo2!+wo‘ro cos(wof) 0 bl (0) 0

V= (QT’ Q)-l@T =K ~woTo sin(woa)-;(l-'ro)cos(woa) 0 def ba(6) ©

0 k-1 0o 1
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be a basis for the transposed system to equations (68), where k = 4/((1 — 7p)? +

(wo70)?). It can easily be checked that the matrix

0 —Wp 0
B = wo 0 0 ’
0 0 0

satisfies relation (56). Write z = [2;, z,, [.L]T for the coordinates on the centre manifold.

The nonlinear terms in (67) are given by

F([v,,%]") = [w(0)vi(~m0) + 1101(0)? + 7201 (0)%v1 (—70) +
Y301 (0)v1 (=70)% + Y1 (—70)® + O(jvl®),0]".

(73)

Substituting the above results into equation (55) and truncating, we get the following

ordinary differential equations on the centre manifold

d .
azl = —wo2z + b1(0)[u(~—sin(woTo) 21 + cos(woTo)22) + 7123
+7223 (— sin(woTo) 21 + cos(woTo)22)
+’7322(— sin(wo'r'o)21 + COS((-:JQT())Zg)2
+74(‘ Sin(w°T0)21 + COS(ono)22)3]
d .
F2 = W + b2(0)[us(— sin(womo) 21 + cos(woTo)22) + 1125
+7223(— sin(woTg) 2, + cos(woTo)22)
+7329(— sin(wg7) 21 + cos(woTo)22)?
+’Y4(- Sill(wofo)21 + COS(ono)Zg)al
d
ZH = 0.
Now consider the linear part (in (2;, 22)) of equations (74) and (75),
d '
preie Bz,

where
B ( —b1(0)psin(womo)  —~wo + b1 (0)u cos(woTo) )

wo — b2(0)p sin(woTo) b2(0) i cos(woTo)

(74)

(75)

(76)

(77)
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and where we have redefined 2 such that z = [z, z,]T. By a linear change of variables
in z, the matrix B’ can be brought into the following Jordan normal form

" i —C
B" = ,
C2 (4}
where, for example, to first order in y

o = %u(bg(o) cos(woTo) — b1 (0) sin(woro)). (78)

After a further (nonlinear) change of variables the equations on the centre manifold
can be brought into normal form and truncated at third order to give

%zl = (a1 +a(2f +22))z — (c2 + b(22 + 223)) 2, (79)
%zz = (c+b(22 + )z + (e + a(2? + 22)) 22, (80)

where a and b are constants. In polar coordinates these equations simplify further
and become

d
o7 = ar+ ard, (81)
i0 = cp+br? (82)
a '
The first Liapunov coefficient a can be computed and is given by
1
a(p) = 21 = 70)2 + (@or0)] [11(3/2 ~ 370/2) + v2(aoT0/2 + To/ap — 3/(2a0)) +
73(1/2 — 310/2 + 1/a) + 1a(3c070/2 — 3/(2a0))] + O(1e), (83)

where the constants ag, 79, and wp are such that equations (8) are satisfied.
Equations (79)-(80) are a normal form for the standard Hopf bifurcation provided
that the first Liapunov coefficient a(0) and the eigenvalue crossing speed dc; /9| =0
are both finite and non-zero. We immediately see that this breaks down (as expected)
at the point (ag, 70) = (—1,1), which will be shown below to be a Takens-Bogdanov
point. A straightforward computation reveals that for all (ag,79) # (—1,1) on the
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Hopf curve, we have dc,;/du| u=0 > 0, so the crossing condition is always satisfied.
However, the coefficient a(0) can be zero at isolated points on the Hopf curve away
from the Takens-Bogdanov point. The exact places where this occurs will depend on
the values of the coefficients v;,1 < i < 4. At such points, (79)-(80) are no longer a
normal form for the Hopf bifurcation (fifth order terms are required). We have thus
proved the following.

Theorem 3 In equation (2), assume that (a,7) = (o, 7o) # (—1,1) are such that
(8) is satisfied for some wy # 0. Furthermore, assume that %, 1 <1 < 4 are such
that a(0) # 0 in (83). Then the local dynamics of (2) near the origin and for a near
o reduces to the Hopf bifurcation normal form (81)-(82), regardless of the O(|z(t)|?)
term in (2).



Chapter 7

Takens-Bogdanov bifurcation

In this Chapter, we will compute a centre manifold/normal form reduction of (2)
near the point (o, 7) = (—1,1), and show that the trivial equilibrium undergoes a
Takens-Bogdanov bifurcation at this point. Since this singularity has codimension 2,
we perform the centre manifold suspension with both parameters. By rescaling time
in units of the delay we may rewrite equation (2) in the following form

%z(t) =

d
E#l(t) =

d
E#z(t)

z(t) ~ ot — 1) + p2(z(t) — 2(t — )] + (1 + p2) [zt - 1) +

N z(t) +nx)?z(t — 1) + B zt) 2t - 1) +

1az(t - 1)* + O(|z]*)] (84)
0,

0,

where we have set a = y, — 1 and 7 = p, + 1. Linearizing (84) yields

%z(t) = z(t) - z(t-1)
Zm(®) = o, (85)
%ﬂz(t) = 0.

31
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We may write the right hand side of (85) in integral form as follows:

0
£oo= [ (@) 60), 4 X, (36)
where
806)-606+1) 0 0
dn(9) = 0 00 |dd (87)
0 00

and ¢¢(0) = (z(t +6), u1(t +6), p2(t +6))T. The transposed system to equations (85)
is

d d d
=) = —z(t) +2(t+1), Zm(t) =0, —u(t)=0. (88)
A basis for the centre subspace of the linear system (85) is
16600
¢=10010],
0001

and a basis for the transposed system (88) is

1 00
¥ =T = 6 00
010
001
The bilinear form (54) reduces to (see Appendix A for derivation of bilinear form)
] 100
(¥, ) = ¥(0)¢(0) —/-1 P(E+1) (0 0 0 | #(&)ds, (89)
000

We then compute

(0 1/2 0 0\
~1/2 1/6 0 0

(¥, @) =
0 0 10

\ 0 0 01}
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and
(2/3 -2 0 0)
2 0 00
(W, )~ =
0 0 10
\ 0 0 01}
Let
2/3-20 0 0
¥ = (37, 8)"1¢7 = 2 00t
0 10
0 01

be a new basis for the transposed system to equations (85). It can easily be checked
that the matrix

o © O O
S O O -
o O O O
o O O O

satisfies relation (56). We write z = (21, 22, 1, 2] for the coordinates on the centre
manifold. Finally, we note that the nonlinear terms in (84) are given by

F(lvi,v2,]T) = [v3(0) (v1(0) = v1(=1)) + (1 + v3(0)) (v2(0) vy (~1) +
7M1v1(0)* + %21 (0)?v1(=1) + 7301 (0)v; (—1)?
+74vl(—1)3 + O(lvls)): 01 OIT' (90)

Retaining up to first order terms in u; and y,, and up to third order terms overall,
we get the following truncated equations on the centre manifold

d 2
a—tzl = 22+§[#222+#1(21—22)'*'013:1’+a2z¥z2+a3zlzg+a4z§] (91)

d
72 = 2[pez2 + (21 — 22) + @128 + a2 22 23 + a3 21 22 + a4 23 (92)

d
d_t uw = 0 (93)
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S = o, (94)
where

@ = n+r+tntn (95)

az = —7—-273—37 (96)

a3 = v3+37 (97)

ay = —7. (98)

Equations (91) to (94) can be simplified by the following near-identity nonlinear
transformation of coordinates z — z + h3(z) to normal form (see Chapter 3 for
details), where

((1/3) as + (2/9) a2) 2} + ((1/3) a3 + a4) 2222 + (2/3) aq 2,22
(—2/3) a1 23 + a3 2222 + 2 a4 2 22
0
0

This transformation gives, to third order, the following equations on the centre man-
ifold

ha(Z) =

-2z =z
g 1= 22 (99)
EZQ = 2[#22‘2 + #1(21 - (2/3) Zz) + (01 + 02) 2%22 +a; Zﬂ.
In terms of the original parameters, equations (99) become
d
Ezl = 22,
%zz = (2a+2)z, + (—4a/3 + 27 — 10/3) z, (100)

+2(n =1 = 2M) 222 + 2N + 2 + 12 + 7a) 2.
Thus, comparing (100) and (17), we can immediately read off the relations between
the original DDE parameters a, 7, ¥;, i = 1,...,4 and the parameters 3,, 8., a and
b in the versal unfolding (17) of the Takens-Bogdanov singularity with reflectional
symmetry.
Thus, we have shown the following.
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Theorem 4 In equation (2), assume that the following generic conditions are satis-
fied

N+v+1+7#0, and v —-73-2v#0,
Then the local dynamics of (2) near the origin and for (a,T) near (—1,1) reduces to

the Takens-Bogdanov bifurcation normal form (100) (with phase diagram of Figure
2), regardless of the O(|z(t)[°) term in (2).



Chapter 8

Applications to ENSO

This Chapter is devoted to the study of specific examples of equation (2) along with
comparisons with numerical simulations. The simulations were done using a fixed-
step fourth-order Runge-Kutta method with linear interpolation for the required two
midpoint evaluations of the delayed variable. A range of time steps was used to ensure
the accuracy of our simulations. In all cases, constant initial functions were used. See
Appendix B for the FORTRAN code used to do the numerical simulations in this
Chapter.

8.1 Example 1

The first case we study is that of a simple standard bistable system with delayed linear
feedback. As mentioned in the Introduction, such equations have received attention
in the context of the ENSO phenomenon, where they serve as a simple heuristic
model known as the Delayed Action Oscillator [28]. It is also being investigated in
the context of neural networks with intrinsic bistable elements. It has the form

Za(t) = z(t) + az(t - ) — 2(0), (101)

where a,7 € R, with 7 > 0. In the context of ENSO, the dependent variable z
represents the sea surface temperature (SST) anomaly. The first term on the right-
hand side represents unstable ocean-atmosphere perturbations, while the third term

36
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represents the nonlinear effects that limit its growth (e.g., advective processes in the
ocean and moist processes in the atmosphere). A side effect of the unstable ocean-
atmosphere perturbations is the generation of oceanic waves. The delayed feedback
term represents the effect of these oceanic waves (i.e. westward propagating Rossby
waves on the ocean thermocline that, after reflecting from the western boundary, be-
come eastward propagating Kelvin waves that reenter the coupled ocean-atmosphere
system after a time delay equal to their transit time). Note that this model (equation
(101)) is a special case of equation (2) with (v, vz, 73, 74) = (-1,0,0,0). It follows
immediately from our analysis in Chapter 7 that (101) falls into Case 2 of the Takens-
Bogdanov classification (See Figure 2b). Indeed, we obtain the following equations
on the centre manifold

4, -
dt 2 = 2
%Zg = (2a+2)z; + (~4a/3 + 21 — 10/3)z; — 222, — 23. (102)

In addition to the trivial fixed point (z = 0), equation (101) has nontrivial fixed points
at z = ++/1 + a. We may do a linear stability analysis around these nontrivial fixed
points to obtain more information about this system. In fact, by symmetry, we need
only do the analysis for one of the nontrivial fixed points. Following the procedure in
Chapter 2, we first “centre” equation (101) around the fixed point z = v/1 + a and
neglect any nonlinear terms to get

d

d—t-y(t) = (=2 = 3a)y(t) + ay(t — 7). (103)
Substitution of the ansatz y(t) = e into (103), where ) is a complex parameter,
gives the characteristic equation

A=-2-3a+ae™™". (104)

Again using A.5 of [19] we find that all roots of (104) have negative real parts if and
only if
27 +3ar > -1

27 +2ar >0 (105)
ar > —(sin{ + (27 + 3ar) cos ¢,
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where ( is the root of { = —(2r + 3ar)tan(, 0 < ¢ < m, if 27 + 3ar # 0 and
= m/2 if 27 + 3ar = 0. We now obtain Figure 6. The solid line for o < —1

Figure 6: Bifurcation diagram for the “Delayed Oscillator” equation (101). This figure
should be compared to Figure 2b. The solid line for & < —1 is the Hopf bifurcation
line for the trivial fixed point. The solid line for @ > —1 is the Hopf bifurcation
line for the nontrivial fixed points (i.e. £v/1+ a). The line @ = —1 is the pitchfork
bifurcation line. The dots are numerical simulations of equation (101) approximating
the bifurcation curve labelled S in Figure 2b. Note that line C from Figure 2b has
not been plotted. Indeed, this line is difficult to determine in DDE (101) because the
distinguishing features in regions 4 and 5 are unstable and only appear as transients.

is the Hopf bifurcation line for the trivial fixed point which we already met. The
solid line for @ > —1 is the Hopf bifurcation line for the nontrivial fixed points
(ie. £v1+a) obtained via equations (105). This is the same line as in Figure 2
of [28]. The line & = —1 is the pitchfork bifurcation line. The dots are numerical
simulations of equation (101) approximating the bifurcation curve labelled S in Figure
2b. This curve is a nonlinear effect (a saddle node of periodic orbits), and we cannot
obtain an expression for this curve via a linear stability analysis near the fixed points.
Note also that line C in Figure 2b has not been plotted. Indeed, regions 4 and 5
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would be difficult to distinguish with numerical simulations of DDE (101) because
the structures which would distinguish them (limit cycles around the nontrivial fixed
points in Region 4 and a large amplitude limit cycle in Region 5) are unstable. These
unstable effects could only be seen as transients. However, close to the Takens-
Bogdanov point, for parameter values on line C in Figure 2b, we simulated the DDE
(101); the results are shown in figure 7.

0.005

0.004 -

0.003 -

0.002 4

0.001 -

0.000

0 500 1000 1500 2000
time

Figure 7: Numerical solution to equation (101) for parameters “on” line C of figure
2(b) (a = —0.99999,T = 1.000014667) very close to the Takens-Bogdanov point. For
parameters on line C equation (101) has an (unstable) double saddle connection at
the trivial equilibrium. Solutions on this line have infinite period. In this figure we
can detect the presence of this saddle connection by the large period of the solution.
The vertical scale is z and the horizontal scale is time ¢.

It is interesting to note that in [28] Suarez and Schopf (from now they will be
referred to as SS) claim “This simple system [referring to equation (101)] has multiple
stationary states which can all become unstable. When this happens, solutions are
self-sustained oscillations whose period is at least twice as long as the assumed delay”.
This statement may lead one to believe that it is only when the nontrivial fixed



CHAPTER 8. APPLICATIONS TO ENSO 40

points become unstable that this large amplitude oscillation results, i.e. that the
large amplitude oscillation will only appear by crossing the solid line (in the direction
of increasing 7) to the right of @« = —1 in Figure 6, when in fact our analysis has
shown that the large amplitude oscillation will appear before (for smaller values of
the delay) the nontrivial fixed points become unstable, and there will be a region
of tristability (two stable fixed points and a stable limit cycle). Indeed, numerical
simulations support our claim (see Figure 8). In other words, the large amplitude
oscillation will appear by crossing the dotted line in Figure 6 to the right of the line
a = —1 as the delay is increased from zero.

04 .02 0.0 02 04

Figure 8: Multistability: ~Numerical simulation of (101) with (a,7) =
(—19/20,647/600). These parameter values fall in Region 4 of Figure 2b, where
the DDE exhibits tristability. The vertical axis is # and the horizontal axis is z.

In that same paper the authors study the period of the oscillations as a function
of the delay. Indeed, they obtain Figure 9. SS wish to demonstrate that the period
of the large amplitude limit cycle is everywhere greater than two times the delay
and their figure seems to support this claim. However upon closer inspection, the
solid line in their figure is obtained by a linear stability analysis of the nontrivial
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Q. 3. Period of the neutral solutions 10 (4) as a function of the
delay. The period is sverywhere greater than 23, Dots indicate nu-
merically determined periods for the full nonlinear model near neu-
trality.

Figure 9: Figure 3 from [28]. The figure shows how the period of the large amplitude
(amplitude denoted by 7 in this figure) oscillation found in equation (101) changes as
a function of the delay (denoted by 4 in this figure). This figure was reprinted with
permission from the American Meteorological Society.

fixed points, which while giving information about the period of the unstable limit
cycles generated around the nontrivial fixed points, does not provide any informé.tiop
about the large amplitude oscillations! So their figure does not provide any evidence
for their claim, other than the fact that the dots obtained by numerical simulations
seem to agree with it. So how does one obtain information about the period of the
large amplitude oscillation? This is not a completely trivial problem. We know from
our work in Chapter 3 that for parameter values on Line S in Figure 2b (close to
the Takens-Bogdanov point), the large amplitude limit cycle found in (101) has an
“energy” value of h, =~ 0.089 (see Figure 5). Solving for v in equation (38) (and
ignoring the negative root) we get

v= %\/Sh, + 4u? — 2ut, (106)

Substituting this result into the first equation in (37) we get the following separable
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differential equation

%u = -\/ 8hs + 4u? — 2ut (107)
Therefore
Vv1+4dh, r u
=2 108
/“/H. Vvi+ah, V8h +4u§—2u‘ ( )

where T}, is the period of the large amplitude periodic orbit that appears on line S
in (b) of the Takens-Bogdanov classification. This however is not the period of the
large amplitude oscillation that appears in our original DDE because we have scaled
time by a factor of v/2ar+ 2 (see (35)). The period we are after is then given by
Ts,/V2a+2. Finally, we wish to obtain an expression for the period as a function
of the delay 7, not a. We can obtain this expression by using equation (48). We get
following expression

V2 +3c 1+vVi+dh, u
=2 YT ———du,
V6(r = 1) J\/T5vizan: 3VBhs + 4u? = 2u3

where T is the period of the large amplitude oscillation, ¢ &~ 0.752, and h, ~ 0.089.
This integral can easily be evaluated numerically with programs like MAPLE (see
figure 10).

In Figure 10, the solid curve is the curve given by equation (109). The straight line
originating from the origin is the line T = 27, and the dots are numerical simulations
of equation (101) for parameter values on the line of saddle node bifurcations of
periodic orbits, i.e. for parameter values of the dotted line in Figure 6. This Figure
should be compared with Figure 9 taken from [28]. Note that equation (109) is only
accurate for 7 very close to, but larger than 1. In fact, we see that this equation
starts to diverge from numerical results for 7 > 1.3. So it seems that the conjecture

(109)

of SS, that the period of the large amplitude oscillation is everywhere greater then
27 is true, as least for say 1 < 7 < 10. But what happens as T approaches infinity?
SS say “for large values of [the delay], the solutions approach a square wave, with
a period of twice the delay”. Our numerical simulations agree with their statement
(see Figure 11). We have tried to prove that this is indeed the case, but had little
success. So we leave it as an open conjecture for now.
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Figure 10: This figure shows how the period of the large amplitude (T') oscillation
found in equation (101) changes as a function of the delay (7). The solid curve is
given by equation (109) and the diagonal line is the line T = 27. The points are
numerical simulations of equation (101) for parameter values on the line of saddle

node bifurcations of periodic orbits. This figure should be compared to the previous
one taken from [28].

Conjecture 1 The period of the large amplitude oscillation which appears by a saddle
node bifurcation of periodic orbits in equation (101) as the delay is increased (and
a > —1) is everywhere greater than twice the delay. Further, solutions approach a
square wave of period ezactly twice the delay as the delay approaches infinity.

Numerical simulations strongly suggest that this conjecture is true. If we assume
that it is true, what more can be said about equation (101)? Consider the following
heuristic argument. Rescaling time in units of delay equation (101) becomes

%i‘:)- = z(t) + az(t — 1) — z(t)3. (110)

Letting 7 — o0, the equation simplifies to

z(t)® - z(t) = az(t - 1), (111)
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Figure 11: Solutions to equation (101) approach square waves for —o0o < a < 0.5
when the delay gets large. This figure shows a numerical solution to equation (101)
with @ = —0.5 and 7 = 100. Note that the period is only slightly greater than twice
the delay, and the amplitude is /1 — a & 1.225.

from which we obtain the following “map”
z?H»l = Tp4l = ATy (112)
Now this “map” is not well-defined. Divide through by z,,; to obtain

2 In

zn+1—1=a

(113)

Intl

Suppose now that conjecture 1 is true. Then, by the symmetry of equation (101), we

see that z,/T,4+; = —1, so that we may solve equation (113) to get
Tn+1 = (-1)"V1i-o. (114)

This map correctly predicts the behaviour of equation (101) for & > —1, in the limit
of large delay. Further, it predicts that the amplitude of the oscillation will be vVi-«a
(again see figure 11).
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This concludes our analysis of equation (101). It should also be mentioned that
Battisti and Hirst in [1] argue for use of the parameter range a < —1. We will refer
to parameter values with @ < —1 as region R,, and with @ > —1 as region R,.
This follows the notation of Battisti and Hirst. Operating equation (101) in either
regime, R, or R,, will yield similar effects. Both will produce a large amplitude
oscillation as the delay is increased. However, the oscillation produced in R; is via
a Hopf bifurcation. And we can obtain limit cycles of arbitrarily small amplitude.
In contrast, the limit cycle produced in R, appears with finite amplitude, and the
amplitude does not vary much as the delay is increased. Further, in Region R, there
exists a region of tristability-a stable limit cycle and stable El Nifio and La Niiia
states. With a further increase in the delay the El Nifio and La Niiia states remain,
but are unstable. In Region R, no such El Nifio or La Niiia states exists. We expect
these differences will become more pronounced when noise and periodic forcing are
added to the system. As for which regime more realistically models ENSO, we will
have to wait for further investigations to determine this.

8.2 Example 2

In Battisti and Hirst [1], the authors analyze a simple coupled ocean-atmosphere
model. They argue that the essential physics in this model can be described by a
linear delayed oscillator (the Suarez and Schopf model without the cubic nonlinearity)

%x(t) = 2(2) + az(t — 7). (115)

They proceed in identifying the leading order correction (see [1}) to the linear oscillator
(115) and obtain the following DDE

%x(t) =z(t) + az(t — ) —ef[z(t) — rz(t - 7). (116)

Finally, they consider equation (116) when the nonlinear damping depends only on
the instantaneous temperature z(t) (i.e. set 7 = 0 in (116)) and obtain

%z(t) =z(t) + az(t — 1) —ex(t). (117)
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In all cases, z represents the SST anomaly, and e and r are positive real parameters.
As in [1] we will study each of these equations in turn.

Equation (115) does not fall into our classification scheme because the non-
degeneracy conditions (see Chapter 7) are not satisfied. However, the linear stability
analysis of Chapter 2 still holds. Battisti and Hirst use parameter range R, when
studying this equation. For this parameter range we see from Figure 1 that equation
(115) undergoes a “Hopf” bifurcation, in the sense that a pair of complex eigenvalues
cross the imaginary axis with non-zero speed as the delay is increased, and all other
eigenvalues have negative real parts. However, there is no nonlinearity to limit its
growth and we obtain unbounded oscillations. Of course, Battisti and Hirst would
agree that this is a nonphysical result, but argue that it is this bifurcation (a linear
effect) that accounts for the ENSO oscillation, and that any nonlinear term primarily
acts to bound the amplitude of the oscillations. They state that “the fundamental
frequency of ENSO events is determined by linear processes”. Note that this is in di-
rect opposition to SS who argue that the ENSO oscillation appears for parameters in
R,, where we have showed that the oscillations appears via a saddle node bifurcation
of periodic orbits (a nonlinear effect) so that the fundamental frequency of ENSO is
determined by nonlinear processes.

As mentioned above, equation (116) contains the leading order correction to the
linear model equation (115). Note that this model is a special case of equation (2) with
(71, 72,73, 74) = (—e,3er, —3er? er3). Provided r # 1 and e # 0, our results from
Chapter 7 show that near the point (a,7) = (-1, 1) in parameter space equation (116)
is well approximated near the trivial equilibrium by the centre manifold equations

4o =z
dt 1 = 2
%zz = (Qa+2)z; + (—4a/3+27 —10/3)z;, +

—e+3er? —2er%) 222 + (—e+3er — 3er? +erd)zd. 118
1

It can easily be shown that regardless of the value of the parameter e in equation
(116), the coefficient of the 2?2z, term in equations (118) will be negative for all values
of r # 1, and that the coefficient of the 23 term in equations (118) will be negative if
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r < 1 and will be positive if r > 1. To summarize, if r > 1 then the dynamics near the
Takens-Bogdanov point are described in Figure 2a, and if r < 1 then the dynamics
near the Takens-Bogdanov point are described in Figure 2b. In [1] the authors use a
value of r that is less than 1. Their model therefore falls into Case 2 of the Takens-
Bogdanov classification (see Figure 2b). Qualitatively this more complicated model
behaves similarly to the SS model, equation (101), at least for parameters values near
the Takens-Bogdanov point.

Finally we consider equation (117) which is the same equation postulated by SS
(see equation (101)). This model has already been studied in depth in the previous
section. We again note, however, that although this equation is the same as the SS
model, Battisti and Hirst operate this model with parameter values in the range R,.
It is important to note that it is not simply a disagreement about parameter values
that BH operate their model in R; and not R;. The BH model highlights a very
different balance in the fundamental processes than the SS model. It is not currently
known which is the better model of the two.

As an aside, we want to mention that equation (116) has recently appeared in
[24] with parameters (a,e,r) = (~1,1,1). In that paper the author studies a model
for a single-mode semiconductor laser with weak optical feedback, in which he shows
resonant behavior caused by the interplay of noise and delayed feedback. He then
goes on to argue that this resonant behaviour is not particular to the model equations
used by showing the same effects in equation (116) with the parameters mentioned
above. But with these parameters, equation (116) is highly degenerate and does not
fall into the Takens-Bogdanov classification scheme (the nondegeneracy conditions
in Theorem 4 are not satisfied) . This means that its dynamics are not described
by Figure 2 and fifth-order terms must be considered in the analysis. So perhaps
the effect is a peculiarity of the high degeneracy of equation (116) and the model
equation? Based on the work done in [30] however, it seems that this resonant effect
is in fact quite general. But it is interesting nevertheless to note another context in
which this class of delay equations is being studied.



Chapter 9
Conclusions and future work

We have performed a bifurcation analysis of a class of first order nonlinear delay-
differential equations with reflectional symmetry. Our results reveal the presence of
a Takens-Bogdanov bifurcation point which acts as an organizing centre around the
origin. Our results are also original in that they also provide the unfolding of this
bifurcation in terms of the parameters of the original DDE. This was made possible
due to our centre manifold analysis of the suspended DDE, i.e. of the DDE augmented
with the (trivial) parameter dynamics.

Future work will involve looking into the origin of chaotic behaviour that we have
found numerically. Specifically, consider the following DDE which is again a special
case of equation (2) with (71,72, 73,7) = (0, =2,1,0)

%z(t) =ot) +az(t —7) ~ 22(t2(t — 7) + () z(t —7)%.  (119)

Since 71 -3 —2v4 = —1 and 7, + 2 +v3+74 = —1, we fall into Case 2 of the Takens-
Bogdanov classification (See Figure 2b). It can easily be verified with equation (83)
that near the Takens-Bogdanov point the Hopf bifurcation is supercritical (that is, the
coefficient a in equation (81) is negative). Far from this point, however, the criticality
may change. In fact, the Hopf coefficient a is positive if @ < —1.65 approximately.
Near the point where the Hopf coefficient a is null the DDE exhibits what seems to be
chaotic behaviour (to be investigated later). For example, let (a, 7) = (—1.65, 0.705).
Figure 12 is a numerical simulation of the DDE with these parameter values.

48
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Figure 12: Chaotic solution to the DDE? Numerical simulation of (1 19) with (e, 7) =
(—1.65,0.705). The vertical axis is z, and the horizontal axis is z.

Future work will address increasingly more realistic models for ENSO. For exam-
ple, we can modify the “Delayed Action Oscillator” as follows

%z(t) =z(t) + az(t — 1) — z(t)® + Acos(2m ft) + V2DE(t), (120)

where the cosine term of amplitude A represents the interaction of annual seasonal
forcing, and £(t) is Gaussian white noise with (£) = 0 and Var(€) = 1 which repre-
sents random (say day-to-day) environmental fluctuations. The above equation has
been studied by [30], but in the context of noise-induced dynamics. They find that
the linear response to the external periodic force has maxima at the frequencies cor-
responding to the inverse delay time and its harmonics (and subharmonics). It is
expected that many of the results obtained in this context would be of interest to
the ENSO community who may be able to provide a physical understanding of these
resonant effects.

More recent models for ENSO (see e.g. [27]) have added a delay to the unstable
z(t) term in equation (101) to represent an eastward propagating Kelvin wave which
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reflects off the South American coast and reenters the system after a delay time
strictly less than the delay time for the westward propagating Rossby wave. This
leads to the study of a DDE with linear part

%z(t) = .‘B(t - 1’1) -+ ax(t - Tz), (121)

where a € R, witha < 0,and 7 > 7, > 0. The difficulty in understanding equation °
(121) will reside in the linear stability analysis. This equation retains the reflectional
symmetry. Thus, £ = 0 is a fixed point. Substitution of the ansatz z(t) = e* into
(121), where X is a complex parameter, gives the characteristic equation

A=e" 4 qe™", (122)

Setting A = iw in (122), and separating real and imaginary parts, we obtain the
following equations

0 = cos(wn) + acos(wTy), (123)
= —sin(wn) ~ asin(wn,). (124)

Solving these equations for a and 7, we get

arctan (“ﬂ'-'i“'—“l) + k7

a = tv/cos(wn)? + (w + sin(wn)))2, T2 = c“:m y  (125)

where k is an integer. For a given value of 7, these equations can be used to plot
parametrically (with parameter w) the lines of purely imaginary eigenvalues in (a, 72)-
space. One small technicality should be mentioned when plotting with these equa-
tions: For a given value of w (and 7, and k), the sign of & must be chosen so as to
satisfy equations (123) and (124). It remains to determine which of these curves de-
fine the region of stability for the equilibrium solution z(t) = 0. We know that when
71 = 0, the characteristic equation (122) reduces to (5), the characteristic equation
we studied in Chapter 2 with region of stability given in Figure 1. So by a continuity
argument, the stability region for (122) should be very similar to Figure 1 when 7,
is close to zero. Indeed, we can use this fact to show that the stability regions for
11 = 1,2,3,4,5 are given by the hashed regions in Figures 13,14,15,16,17, respec-
tively. It can also be checked that the Takens-Bogdanov bifurcation point occurs
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at (@, 7,7) = (=1,7,1+7) (simply check that the linearly independent functions
z(t) = 1 and z(t) = t are solution to equation (121) for these parameter values). It
is interesting to see how the region of stability changes as the value of 7 increases,
and to note the intersections of bifurcation curves which occur on the boundary of
the stability region. For example, in Figure 17, near the point (a, 1) = (—1.29,0.62)
we have the intersection of two Hopf bifurcation curves which leads to very interest-
ing dynamics (see Figure 18). Also note in Figure 17 that the point (a, ;) = (-1, 4)
corresponds to the intersection of the Hopf bifurcation curves and the pitchfork bifur-
cation curve. Finally, in that same Figure we see that the Takens-Bogdanov point has
become even more degenerate with the Hopf bifurcation curve looping back on itself
and crossing the point where it originated. The point is that we can now apply the
same analysis that was done in this thesis for the one-delay equation to these points.
This further analysis may be of interest to the Atmospheric Science community.

Figure 13: Stability region for equation (122) with 7, = 1. For parameters on the
other curves, the characteristic equation has purely imaginary roots, but also at least
one eigenvalue with positive real part.
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Figure 14: Stability region for equation (122) with 7, = 2. For parameters on the
other curves, the characteristic equation has purely imaginary roots, but also at least
one eigenvalue with positive real part.
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Figure 15: Stability region for equation (122) with 7; = 3. For parameters on the
other curves, the characteristic equation has purely imaginary roots, but also at least
one eigenvalue with positive real part.
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Figure 16: Stability region for equation (122) with m, = 4. For parameters on the
other curves, the characteristic equation has purely imaginary roots, but also at least
one eigenvalue with positive real part.
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Figure 17: Stability region for equation (122) with 7, = 5. For parameters on the
other curves, the characteristic equation has purely imaginary roots, but also at least
one eigenvalue with positive real part.
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Figure 18: Double Hopf point. This figure is a numerical simulation of equation (121)
near the point 7; = 5, 7, = 0.62, @ = —1.29 (see Figure 17). Note the effect of the two
frequencies. The FORTRAN code in Appendix C was used to generate this figure.



Appendix A
Bilinear form

In chapter 4 we defined the following bilinear form

0 '}
(%, 6) = $(0)$(0) - [ /0 W(E — 0) [dn(6)] H(€) de. (126)

With this definition we will show how equations (62), (72) and (89) used in Chapters

5, 6 and 7, respectively, were found. We begin by changing the order of integration

to obtain o

" p(€ - 6) [dn(8)] 4(€) de. (127)

Reversing the limits of integration in the second integral, we get

0 re
(¥,¢) = ¥(0)4(0) + ¥(§ — 6) [dn(0)] 6(€) d§. (128)

-~ -—T

v.8) = w090 - [

- E

For our problem we have

dn(0)=(a5(o+¢)+5(o)[ 0 )do,

0 | No
where Nj is the p x p zero matrix. Plugging this result back into (128), we obtain the
following

(129)

ad(@+7)| 0
0 [N

¢
(¥, 8) = ¥(0)6(0) + /_ ’ (-9 ( ) d6 ¢(£) d§

0 e 50)] o
+[ _?w(e—o)( - No)does(e)ds. (130)

87
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So we must consider the following two double integrals

0 13
f_ / (€ — 6) 6(8 + 7)d0 (£) e, (131)
and 0 e
/_ [~ wie-0)56)d8 9(6) . (132)

In the first case, the only time the integrand is nonzero in the triangular region defined
by the limits of integration (see Figure 19) is when § = —7 and —7 < £ < 0. So the
first integral reduces to

0
[ (€ + 7)B(€) de. (133)

-r
For the second integral, the only time the integrand is nonzero in the triangular region
defined by the limits of integration (see Figure 19) is when 6 = 0 and £ = 0, which
is just one point. So the second integral is zero. Plugging these results back into
equation (130), we obtain the following simplified bilinear form

0
Y ) é(§) d§. (134)

0

0
,6) =v(@8(0) + [ w(E+) ( ;’
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Figure 19: Region of integration.
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Appendix B

Fortran code 1

This code numerically integrates a delay differential equation of the form
dd—t:z:(t) = z(t) + az(t — 1) — z(t)?

using a fourth-order Runge-Kutta integration method with linear interpolation for
the required two midpoint evaluations of the delayed variable. Below is a commented
printout of the FORTRAN code. Note that comments begin with the symbol “!”.

'REAL VARIABLES

!xdel(1000000): a vector that records the values of x for one entire delay interval
Ix: the value of x at one time

Idxdt: the RHS of DDE at one time
Ixh: value of x after one iteration of rk4
Idelt: step size of the delay interval
Itau: delay parameter

Ixtau: x(t-tau)

Ixtinit: initial condition

Irealt: real time

lalph: parameter in DDE

60
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IINTEGER VARIABLES

'deldiv: number of step sizes (delt) in one delay interval
Intau: delay number counter

Intaumax: maximum number of delays to run simulation
lk: a loop counter

! MAIN PROGRAM

program shnl
implicit none

I variable declarations

real*8 xdel(1000000),realt,alph
real*8 x,dxdt,xh,delt,tau,xtau,xtinit
integer deldiv,k,ntau,ntaumax

! global variables

common/eqparam/alph,xdel,delt,tau
common/deloop/k

| open and rewind the output file

open(6.file="mydatal.dat')
rewind 6

| set parameter values for simulation

alph=-1.5
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tau=1.2
xtinit=1.0d-2
delt=1.0d0/1.0d3
ntaumax=100

! divide delay interval into 1/delt points
deldiv=ifix(sngl(1/delt))

! record initial condition in xdel

do 30 k=1,deldiv+1

xdel(k)=xtinit

30 continue

! start looping through delay intervals

do 100 ntau=1,ntaumax

I set x to value at far right of delay interval

x=xdel(deldiv+1)

! start looping through one delay interval
do 101 k=1,deldiv+1

! calculate the real time

realt=(ntau-1+(k-1)*delt)*tau
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I set xtau to xdel(k)
xtau=xdel(k)
! output to file

write(6,001) realt,x,xtau
001 format(’ ',6f15.10)

! call subroutine derivs to calculate the RHS of DDE

call derivs(realt,x,dxdt,xtau)

! call subroutine rk4 to calculate next value of x, output as xh
call rk4(x,dxdt,realt,xh)

! set xdel(k) to x

xdel(k)=x

! set x to xh calculated by rk4

x=xh

! end loop on k

101 continue

! end loop on ntau
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100 continue

! close output file
close(6)

! end main program

stop
end

! subroutine to calculate the RHS of DDE

subroutine derivs(realt,x,dxdt,xtau)

implicit none

real*8 alph,xtau,x,dxdt,xdel(1000000),delt,tau,realt
common/eqparam/alph,xdel,delt,tau
dxdt=x+alph*xtau-x**3

return

end

! fourth-order Runge-Kutta integration subroutine, slightly
! modified to handle DDEs.

subroutine rkd4(x,dxdt,realt,xh)

implicit none

real*8 x,dxdt,xh,xdel(1000000),realt,delt, tau
real*8 xt,dxt,dxm,hh,h6,th,tprime,xtau,alph
integer k
common/eqparam/alph,xdel,delt,tau
common/deloop/k

64



APPENDIX B. FORTRAN CODE 1

! the time step equals deit*tau
! F1,F2,F3,F4 represent the four calls to derivs needed in RK4

hh=delt*tau/2.0d0
h6=hh/3.0d0
th=realt+hh
xt=x+hh*dxdt !dxdt=F1!

! at this point we take xtau to be the average of

! xdel(k) and xdel(k+1). This is what is meant by “Linear

I interpolation for the required two midpoint evaluations (for F2 and F3) of
! the delayed variable”.

xtau=(xdel(k)+xdel(k+1))/2.0d0 !=x(t+hh-tau)!
call derivs(th,xt,dxt,xtau) !F2=dxt!
xt=x+hh*dxt

call derivs(th,xt,dxm,xtau) !F3=dxm!
xt=x-+delt*tau*dxm

dxm=dxt+dxm !F2+F3!

! for the last step take xtau=xdel(k+1) !=x(t+2*hh-tau)!

xtau=xdel(k+1)

tprime=realt+delt*tau

call derivs(tprime,xt,dxt,xtau) !F4=dxt!
xh=x+h6*(dxdt+dxt+2.0d0*dxm) !=x+hh/3*(F1+2*F2+2*F3+F4)!
return

end
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Fortran code 2

This code numerically integrates a delay differential equation of the form
d
Ex(t) =z(t-n)+az(t— )

with 71 < 73, using a simple Euler integration method. It was used to generate Figure
18. Again note that the symbol “!” begins a comment.

IREAL VARIABLES

Ixdel(1000000): a vector that records the values of x for one
llarge delay interval

Ix: the value of x at one time

ldxdt: the RHS of DDE at one time

Ixh: value of x after one iteration of euler
Idelt: step size of the delay interval tau2
Itaul: the small delay parameter

Itau2: the large delay parameter

Ixtaul: x(t-taul)

Ixtau2: x(t-tau2)

Ixtinit: initial condition

Irealt: real time

lalph: parameter in DDE
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IINTEGER VARIABLES

!deldiv: number of step sizes (delt) in one large delay interval
Itau2

Intau: large delay number counter

Intaumax: maximum number of large delays to run simulation

lk: a loop counter

'd1: deldiv minus the number of delts in small delay interval taul

! MAIN PROGRAM

program shnl
implicit none

! variable declarations

real*8 xdel(1000000),realt,aiph

real*8 x,dxdt,xh,delt,taul,tau2,xtaul,xtau2,xtinit
integer deldiv,k,ntau,ntaumax,d1

! global variables

common /eqparam/alph,xdel,delt, tau2
common/deloop/k

! open and rewind the output file

open(6 file="mydatal.dat')
rewind 6
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! set parameter values for simulation
alph=-9.0d-1

taul=1.0d-1

tau2=1.5d0

xtinit=1.0d-2

delt=1.0d0/1.0d4
ntaumax=40

! divide large delay interval into 1/delt points
deldiv=ifix(sngl(1/deit))

I record initial condition in xdel

do 30 k=1,deldiv+1

xdel(k)=xtinit

30 continue

! start looping through large delay intervals

do 100 ntau=1,ntaumax

! set x to value at far right of large delay interval
x=xdel(deldiv+1)

! start looping through one large delay interval

do 101 k=1,deldiv+1
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! calculate the real time
realt=(ntau-1+(k-1)*delt)*tau2
! set xtau2 to xdel(k)
xtau2=xdel(k)

! calculate d1
dl=ifix(sngl((deldiv+1)*(1.0d0-taul /tau2)))
! calculate xtaul

if (k.le.(deldiv+1)-d1) then
xtaul=xdel(k+d1)

else
xtaul=xdel(k-(deldiv+1)+d1)
endif

! output to file

write(6,001) realt,x,xtaul, xtau2
001 format(’ *,4f15.10)

I call subroutine derivs to calculate the RHS of DDE
call derivs(realt,x,dxdt,xtaul,xtau2)

I call subroutine euler to calculate next value of x, output as xh
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call euler(x,dxdt,realt,xh)
I set xdel(k) to x
xdel(k)=x

I set x to xh calculated by euler
x=xh

! end loop on k

101 continue

! end loop on ntau

100 continue

I close output file
close(6)

! end main program

stop
end

! subroutine to calculate the RHS of DDE

subroutine derivs(realt,x,dxdt,xtaul,xtau2)
implicit none



APPENDIX C. FORTRAN CODE 2

real*8 alph,xtaul,xtau2,x,dxdt,xdel(1000000),delt,tau2,realt
common/eqparam /alph,xdel,delt,tau2
dxdt=xtaul+alph*xtau2

return

end

! a simple euler integration subroutine

subroutine euler(x,dxdt,realt,xh)

implicit none

real*8 alph,x,dxdt,xh,xdel(1000000),realt,delt,tau2,hh
common/eqparam/alph,xdel,delt,tau2

! the time step equals delt*tau

hh=delt*tau2
xh=x+hh*dxdt
return

end
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